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CHAPTER -3
Special probability 

distribution and 
densities
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3.1 DISTRIBUTIONS

 A number of applied problems in experimental 
situation have been utilized to the formulation of 
various discrete probability distribution formulae. 

 These distributions are probability distribution. 
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1. THE DISCRETE UNIFORM 
DISTRIBUTION

 If a random variable can take on k different values 
with equal probability, we say that it has a discrete 
uniform distribution. 
 Definition:  A random variable X has a discrete 

uniform distribution and it is referred to as a discrete 
uniform random variable  its probability distribution 
is given by f(x) = 1/k ,for x = x1 , x2 …….. xk, where  xi 
≠ xj , when i ≠ j. 

 The mean and the variance of this distribution are 
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2. THE BERNOULLI DISTRIBUTION 
 In this type of distribution a success may be 
            getting heads with a balanced coin, 
            catching pneumonia, 
            passing /or failing an examination, 
            gaining/ or losing a profit  in Business activities. 
        This inconsistency is carried over from the days 

when probability theory was applied only to games of 
chance. For this reason we refer to an experiment to 
which the Bernoulli distribution applies as a “Bernoulli 
trial”. There fore if an experiment has two possible 
outcomes, “success” and “failure”, and their 
probabilities are, respectively P and (1 –P), then the 
number of successes, 0 or 1, has a Bernoulli 
distribution. 
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 Definition: A random variable X has a Bernoulli 
distribution and it is referred to  as a Bernoulli random 
variable  iff

  its probability distribution is given by: 
        f(x; p) = Px ( 1 – p)1-x , for x = 0,1 
 Example : In an industry’s quality control system it 

was observed that there is a 95% success in producing 
quality product 

i)What is the probability of obtaining defective products? 
ii) List the probabilities for values x = 0,1. 
 Solution : f (0 ; 0.95) = 0.950 (1 – 0.95) 1-0 = 0.05 
            f (0; 0.95) = 0.05; f(1;0.95) = (0.95)1 (1 – 0.95) 1-1 
= 0.95 
    In general, if we have p – success and the random 

variable x = 0, 1 then f(0;p)= p0(1- P) 1 -0 = 1 – p, 
                                        f(1;p) = p1(1-p)1-1 =p 
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3. THE BINOMIAL DISTRIBUTION 
 Repeated trials play a vital role in various disciplines 

in general and in probability and statistics in 
particular, especially when the number of trials is 
fixed,……

…….the parameter P (probability of success) is the 
same for each trial, and the trials are all independent. 
This type of distribution has many applications, for 
instance, it applies if we want to know the probability 
of getting 6 heads in 16 flips of a coin, the probability 
that 35 of 60 persons will escape from a poverty line, 
the probability that 18 of 20 persons will recover from 
HIV. However, this is the case only if each of the 20 
person has the same   chance of recovering from the 
disease and their recoveries are independent (say, 
they are treated by different physicians in different 
hospitals). To derive the formula for the probability 
here is the definition. 
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 Definition 3.3. A random variable X has a binomial 
distribution and it is referred to as a binomial random 
variable  iff…

 its probability distribution is given by: 
                                              for x=0,1,2,…,n.

 Where: n-be the number of trials; x- be the number of 
observed success; p- be the probability of each trial; 

 Characteristics of the binomial distribution
 An outcome of an experiment is classified into one of the 

two mutually exclusive categories i.e., success or failure.
 The data collected are the results of counts.
 The probability of success stays the same for each trial.
 The trials are independent.
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 Example1. In binomial situation n=4 and p=0.25, 
determine the probabilities of the following events. i) 
X=2; ii) x=3

 Solution: To solve the given problems apply the 
formula  

                                                 for x=0, 1,2,…,n. 

 i) b(2;4,0.25)= 

 ii) b(3;4,0.25) 
 Example2. A tele center marketer makes six phone 

calls per hour and is able to make a sale on 30% of 
these contacts. During the next two hours, find:

     i) The probability of making exactly four sales.
    ii) The probability of making no sales.
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 Solution:

 Example3. Suppose 50% of the people in the region 
prefer inferior goods, we select 10 people for further 
study. What is the probability 5 of those surveyed will 
prefer inferior goods?

 Solution:  b(5;10,0.5)
 Example 4: In binomial, a binomial distribution 

n=8 and p=0.30, find the probabilities’ of the 
following events.   
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 Theorem: The mean and the variance of the 
binomial distribution are: = np and = npq 
respectively.

 Example 5: If the probability of defective goods in a 
particular factory is 0.1, find the mean and the 
variance, for the distribution of defective goods in a 
total of 200. 

 Solution:- Given:  n = 200; p =0.1; q = 1-p = 1-0.1= 
0.9, hence    =np = 200 x1/10=20 &         npq 
=200(0.1)(0.9)=18 

 Example 6: For a binomial distribution,   =4 and var 
= 2.4, find the parameters p and q. 

 Solution:-Given:    =np=4;      = npq = 2.4, 
Then,   
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4. The hyper geometric distribution

 Here we are choosing, with out, replacement, n of the 
N elements contain in the set, there are        ways of 
choosing x of the M successes and        ways of 

 choosing (n–x) of the (N–M) failures and, 
hence,             ways of choosing x successes and (n–x) 
failures. 

Since there are       ways of choosing n of the N 
elements in the set, assuming that they are all equally 
likely, there fore, the probability of “x successes in n 
trials” is 
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 Definition: A random variable X has a hyper 
geometric distribution and it is referred to as a hyper 
geometric random variable  iff 

 its probability distribution is given by: 
                                             , for x = 0, 1, 2, …, n. 

     X ≤ M and n – x ≤ N – M
     N – The size of the population 
     M – Number of successes in the population 
     n – The size of sample (number of trials) 
     x – Number of successes in the sample (n) 
     C – The symbol for a combination  
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 The hyper geometric distribution should be applied: 
 If the sample is selected from a finite population 
The size of the sample n is more than or equal to 

5% of the population N
 It is especially appropriate when the size of the 

population is small 
 Example 1: A factory employs 50 people in the assembly 

department 40 of the employees belong to a union. 5 
employees are selected at random to form a committee to 
meet with management regarding shift starting times. What 
is the probability that 4 of the 5 selected for the committee 
belong to a union?

 Solution:  N=  50 the number of employees 
                     M = 40 the number of union employees 
                     X = 4 the number of union employees selected 
                     n = 5 the number of employees selected
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Or it is possible to solve the above 
problem using binomial distribution hence 
   let p=(M/N) =(40/50) = 0.8, n = 5, x = 
4, then       b(4;5,0.8) = 5C4 (0.8)4 (1-0.8)5-1 

                       = 5!/4!/! (0.8)4 (.2)1 
                = 5 X 0.4096 X 0.2 = 0.410
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Theorem: The mean and the variance 
of the hyper geometrical distribution 
are: 
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 Example 2:  Suppose the Economics Department of 
X- University wants to recruit four people for a 
teaching position and for this 16 applicants have 
applied. Among the 16 applicants for a teaching 
position, 10 have university degree. If 4 of the 
applicants are randomly chosen for interviews, what 
are the mean and the variance?

 Solution: N=16;m=10;n=4,then 
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Example 3: Based on the example  above, if 
two of the four will be taken for the job, 
what will be the probability? 
Solution:
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5. THE POISSON DISTRIBUTION
    We have seen the binomial distribution so far. 
 As the number of trials (n) be come large the calculation of 

binomial probabilities with the formula of definition 3.3 will 
involve a prohibitive amount of work. 

 For instance to calculate the probability that 2 of 10,000 persons 
watching (celebrating) a ceremony of” timket” on a very hot day 
will suffer from heat exhaustion,

  we first have to determine          and if the probability is 0.0005, 
that any one of the 10,000 persons cerebrating the ceremony 
will suffer from heat exhaustion we also have to calculate the 
valve of [0.0005]2(0.9995)9998. 

 So in this case, since it gives a burden we are forced to look at 
the poison probability distribution. 

 Therefore the limiting form of the binomial distribution where the 
probability of success p is very small and n is large is called the 
Poisson distribution [                     ]
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 Definition: A random variable X has a Poisson distribution 
and it is referred to as a poison random variable iff

 its probability distribution is given by: 
           P(x; m) = p (X =x) =                , for x=0,1,2,3, ------

 Where     =np, e= 2.71828 is the base of the system of 
natural logarithm. 

 Poisson distribution will provide a good approximation to 
binomial probabilities when n≥30 and p ≤ 0.05 and np<5. 

 Poison distribution may be obtained as a limiting case of 
Binomial probability distribution under the following 
conditions: 
n, the number of trials is indefinitely large 
P, the constant probability of success for each trial is 

indefinitely  small 
np =     , (say which is finite.) 
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 Example 1: Calculate the probability that 2 of 10000 
persons celebrating a ceremony of “ Timket” on a 
very hot day will suffer from heat exhaustion, if the 
probability is 0.0005, that any one of the 10000 
persons celebrating the ceremony will suffer from 
heat exhaustion 

 Example 2: If the probability that an individual 
suffers from allergy from the by-product of tannery’s 
factory is 0.001, determine the probability out of 2000 
individuals. 
a) x = 3     b) > 2
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Example 3: If 5% of the marble 
manufactured  by a company are 
defective, what is the probability that in a 
sample of 100 marbles.

a)none is defective 
b)5 marbles will be defective 
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Therefore: The mean and the variance 
of the poison distribution are    =     = 

Proof ??????
 Examples 4: In poison distribution, if p(x) for x = 0 is 

10%, find the mean and the variance of   the 
distribution. 

 Solution:

Examples 5: If the standard deviation of a Poisson 
distribution is    find the probability that x = 0,µ and  ?
Solution:

   2

2.3026ln10λ

ln10%e λln;e λ10%
0!

λ0e λ
 0)=P(x







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DENSITIES
1. The uniform density (Rectangular 
distribution) 
Definition. A random variable has a uniform 
distribution and it is referred to as a continuous 
uniform random variable      its probability 
density is given by: 

the parameters                 of this probability density are 
real constants numbers, with   
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Example 1. In a certain experiment, the error 
made in determining the density of a substance 
is a random variable having a uniform density 
with 
 α= - 0.015 and  β= 0.015. Find the probability 
that such an error will be between – 0.002 and 
0.003. 
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3.2.3. THE NORMAL DISTRIBUTION

Definition: A random variable X has a 
normal distribution and it is referred to 
as a normal random variable      its 
probability density is given by:

Characteristics of a normal probability 
distribution
i. This is bell shaped and has a simple peak at the 

exact center of the distribution. it is mesokurtic
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ii. Mean ( µ), mode (Mo) and median (Me) of the 
distribution are equal and located at the 
peak 

iii. Half the area under the curve is above the 
peak ,and the other half is below it 

iv. The normal probability distribution is 
symmetrical about its mean, 

v. The normal probability distribution is 
asymptotic i.e., the curve gets closer and 
closer to the axis but never actually touches 
it. 

The normal distribution with µ =0 and =1 is referred to 
as the standard normal distribution(Z-distribution). 
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Let us show it: we know that              ,  then we have 

Hence the probability density function of 
standard normal distribution 
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HOW TO READ THE STANDARD 
NORMAL PROBABILITY 
DISTRIBUTION
  This method calls for standardizing the distribution or 

changing from the X scale to Z- scale. 
 To find the area between a value of interest (x) and 

the mean ( µ), 
 we first compute the difference between the value (x) 

and the mean ( µ); 
 then we express that difference in units of standard 

deviation. 
 In other words we compute the value.

 Finally, we find the desired area under the curve, or 
the probability, by referring to a table whose entry 
corresponds to the calculated value of Z. 
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Therefore the valve of Z follows a normal 
probability distribution with a mean of zero 
and standard deviation of one unit. 

This probability distribution is called 
standard normal probability distribution. 

Thus we can converse any normal 
distribution to the standard normal 
distribution. 

Using normal distribution steps 
 Draw picture 
 Transform the given value to Z-value 
 Shade the area desired
 Read the area from standard normal distribution table 
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PROPERTIES OF THE STANDARD NORMAL DISTRIBUTION

 Same as a normal distribution, but also Mean is zero 
Variance is one and Standard Deviation is one 
 Areas under the standard normal distribution curve 

have been tabulated in various ways.
  The most common ones are the areas between Z=0 

and a positive of Z
 Given a normal distributed random variable X with 

Mean (µ)  and standard deviation ()
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 Examples 1: The monthly incomes of employees in a 
textile factory are normally distributed with a means 
of birr 2000 and a standard deviation of birr 200. 
a) What is the Z value for an in come of birr 2200?
b) What is the Z value for an income of 1700?

 Hence a Z- value of 1 indicates that the value of 2200 is 
one standard deviation above the mean of 2000, while 
a Z- value of 1700 is 1.5 standard deviation below the 
mean of 2000. 
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Examples 2:Find the area under the 
standard normal distribution which 
lies
a) Between Z=0 and Z=0.96
b) Between Z=-1.45 and Z=0
c) To the right of Z=-0.35
d) To the left of Z=-0.35
e) Between Z= -0.67 and Z=0.75
f) Between Z=0.25 and Z=1.25
g) P(Z>1.91) ?
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Examples 3:Find the value of Z if 
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Example 4:The daily water usage per person in 
Ethiopia is normally distributed with a mean of 
20 gallons and a standard deviation of 5 gallons. 
i. What is the probability that a person from 

Ethiopia selected at random will use less 
than 20 gallons per day?

ii. What percentage use between 20 and 24 
gallons?

iii. What percentage of the population uses 
between 18 and 26 gallons?

Solution:
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Relation between Poisson and normal distribution

Relation between binomial and normal 
distribution 
  Normal distribution is a limiting case of 
binomial probability distribution  under the 
condition that n, the number of trials, n close to 
large, and either P or q is very small, then since 
….
E(x) =np and var (x) =npq under binomial 
probability distribution. Hence standard 
Binomial variate: 
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 The normal distribution is sometimes introduced as a 
continuous distribution, which provides a close 
approximation to the binomial, which is a discrete one 

when n, number of trials is very 
large and P the probability of 
success on the individual trial is 
close to ½. 
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WHEN TO USE THE NORMAL APPROXIMATION

  The normal probability distribution is a good 
approximate to the binomial probability 
distribution where np and n (1-p) are both at least 
5. However,…

  before we apply the normal approximation,  we 
must make sure that our distribution of interest is 
in fact a binomial distribution.

  So, when we approximate a discrete probability 
distribution by a continuous one we need to make 
an adjustment called the continuity correlation. 

 In this adjustment, we add and/or subtract 0.5 to 
the value that the binomial distribution is 
approximated by the normal. 
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How to apply the correction factor  
 For the probability at least X occur, use the 

area above (X – 0.5)
 For the probability that more than  X occur, use 

the area above (X + 0.5)
 For the probability that X or fewer occur, use 

the area below (X + 0.5)
 For the probability that fewer than  X occur, use 

the area below (X – 0.5)
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Examples 5: A restaurant found that 70% of 
their new customers return for another meal. For 
a week in which 80 new customers were denied 
occurs at that restaurant’s, what is the 
probability that 60 or more will return for 
another meal? 



45

Examples 6:Assume a binomial probability 
distribution with n=50 and p=0.25, compute the 
following: 
A. the mean and the standard deviation of the 

random variable 
B. the probably that x is  15 or more
C. The probability that x is 10 or less
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Examples 7:If z is a random variable having the 
standard normal distribution, find the 
probabilities that it will take on a value: 

a) greater than 1.14 
b) greater than – 0.36 

 Solution:
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GAMMA PROBABILITY DISTRIBUTION
 The gamma probability distribution has found 

applications in various fields. 
  We describe the gamma function before we 

introduce the gamma probability distribution. 
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 The gamma density has two parameters, α and β. 
We denote this by Gamma(α, β). 

 The parameter α is called a shape parameter, and β 
is called a scale parameter. 

 Changing α changes the shape of the density, 
whereas varying β corresponds to changing the units 
of measurement (such as changing from seconds to 
minutes).

  Varying these two parameters will generate 
different members of the gamma family. 

 If we take α to be a positive integer, we get a special 
case of gamma probability distribution, known as the 
Erlang distribution. 

 This is used extensively in queuing theory to model 
waiting times.
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 If X is a gamma random variable with parameters α 
> 0 and β > 0, then E(X) = αβ and Var(X) = αβ2 and 
also, the moment-generating function is MX(t) =         
     ,t< 
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EXPONENTIAL DISTRIBUTION 
 In the pdf of the gamma, let α = 1, we get the pdf of 

an exponential random variable.  
 A random variable X is said to have an exponential 

probability distribution with parameter β if the pdf 
of X is given by 

 If X is an exponential random variable with parameters 
β > 0, then E(X) = β and Var(X) = β2. Also the moment-
generating function is  MX(t) =              , t< 
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            BETA DISTRIBUTION
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