Chapter -2

Random variable and probability distribution
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probability distribution

2.2. Expected value and variance of
discrete random variable

2.3. Continuous random variables (CRV)
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continuous random variable
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2.1 Discrete random variable and their probability
distribution

* Probably distribution: This depicts the
possible out comes of an experiment and the
probability of each of these outcomes.

* Random variable: If S is a sample space
with a probability measure and X is a valued
function defined over the elements of S, and

then X is called random variable.

> |t is a quantity resulting from an experiment
that, by chance, can assume different values.

» Random variable may have two forms which
are discrete random variable and continuous
random variable.




Discrete random variable (DRV) : A variable that
can assume only certain clearly separated values
resulting from a count of some item of interest or if a
random variable X can assume only a particular finite or
countable infinite set of values, it is said to be discrete
random variable.

v Toss a coin n-times and count the number of heads
v Number of children in a family

v Number of defective item in given company
Example

1.The number of students earning a grade of A in 1st
year economic class. Here, there can be 25A’s, but
can not be 25.15 A grades.

2.Suppose, when a coin is tossed 5 times, then the

number of heads from the given experiment will be:
X=0,1,2,3,4,5 (e, if we let X be the number of
heads, then the values for x are those.)



3. For an experiment in which we roll a
pair of dice say die A and die B,
observing that the random variable X

X 2 3 4 5 o6 7 8 9 10 11 12

P(X)=X 1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1//36

Each of the possible out comes has the probability 1/36.

S={(L1).(1,2). (2. 1).(1,3),(3.1).(2,2).(1,4), (4, 1,), (2. 3). (3. 2). (1, 5).
(5.1),(2.4),(4.2).(3.3).(1,6), (6, 1), (2,5).(5.2),(3.4). (4, 3), (2. 6),
(6,2),(3,5),(5,3),(4,4),(3,6),(6,3),(4,5),(5,4),(5,5), (4, 6), (6, 4),
(3. 6). (6.5), (6, 6)]

Definition 2.2 If X 15 a discrete random variable, the function given by f(x) = P(X=x) for

each X with m the range of X 1s called the probability distribution of X.



Theorem 2.1 A function can serve as a

probability distribution of a discrete

random variable its value f(x), satisfy

the conditions:
1.f(x):=10 for each value within its

domain

2. where the summation
extends over all the values within its
domain

Example: Consider the experiment of
MTx |2 |3 |a |5 |6 |7 |8 |9 |10 |11 |12
rP(x 1/3 (2/3 |3/3 [4/3 |5/3 |6/36 |5/3 [4/3 [3/36 |2/3 |1/36
\‘) §) §) 6 6 §) .fn..6~\._.vn.6
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2. For the probability of the total number of
heads obtained in 4 tosses of a coin.

Describe the probability distribution for the
given experiment.

* Solution: Let the possible out comes of
heads be noted by X the random variable

¥ anAd itc rAnrracnnnAdinn nrnhahilitiac hy

X 0 1 2 3 il

o P(X) 1/16 4/16  6/16  4/16 1/16

—_

S= HHHH,HHHT, HHTH, HHTT,HTHH,HTHT,HTTH, HTTT,
THHH, THHT, THTH,THTT, TTHH,TTHT,TTTH, ~TTTT



Definition 2.3 If a discrete random
variable, the function given F(x) = P(X<
X) =, for-o < x <o, where f(t) is the
value of the probability distribution of X
at t Is called the distribution function or
the cumulative distribution of X.

Theorem 2.2 the values F(X) of the
distribution function of a discrete random

Vi) F-o)=0and F(»)=1
11) [fa<b, then F(a) < F(b), for any real numbers a & b.
u) O0<Fx) <1



* Example: Find the distribution function
of the total number of heads obtained
INn five tosses of a coin.

 Solution:

* S=  HHHHH,HHHHT,HHHTH, je
........ [TTTH,TTTTI

we get f(0) = 1/32; f(1) = 5/32; f(2) =
10/32; f(3) = 10/32; f(4) = 5/32; f(5) =
1/32




F(0) = f(0) = 1/32
F(1)=£(0)+f(1)=1/32+5/32=6/32=F(0) + f(1) = if(x)
F(2)=f0)+f(1)+f(2)=1/32+5/32+10/32=16/32=F(1) + f(2) = if(x)
F(3)=f(0)+1f(1)+1f2)+f(3)=1/32+ 5/32 + 10/32 + 10/32 =26/32=F(2) + f(3)= i £l(x)
F)=1f0)+1f(1)+£(2)+1£(3)+1f(4)=1/32+5/32+10/32 +10/32 +5/32 ﬂ
=31/32 +F(3) + f(4) Zif(x]
F (5)=£(0) + f(1) + f(2) + f(3) + f{4) + f(5) = 1/32 + 5/32 + 10/32 + 10/32

5
+5/32+1/32=1=F(4) +f(5)=>_ f(x)
0



Hence. the distribution function is:

0, for,x <0
1 |
—., for0<x<l1
32
6 |
—., forl<x<?2
32
16
F(X)=4{—. for2<x<3
32
26
—. for3=x <4
32
31
— . for 4 <x <35
32
l, for,x =5




2) Fd the distribution function (X) of the random variable of the probabilities given:
£(0)=3/28,1(1)=1528:£(2)=10/28
Solution: F (0)=1(0)=3/28: F (1)=1(0)+ 1 (1)=3/28 + 15/28 = 18/28,

F(2)=1f(0)+1(1)+1£(2)=3/28 +15/28 +10/28 =1

0, for,x <0

f"‘.}

—  for0<x<l1
28 f

18

—  forl=sx<?2
28 f

L for,x =2

F(X) =+

11



Theorem 2.3. If the range of a random
variable X consists of the values x; < x,

<X3<.iiir... <Xn, then f(x;) = F(x1), and f
(x;) = F(x;) - F (X_,), fori=2,3,...,n.

Example:- 11 /=0 n function of X
IS glven b‘ iﬁfm*.ﬂlzxﬁ:l

6
16
32
26
32
31
32
I, for,x =5

Lforl<x<?2
F(xX)=4—. for2<x<3

L for3<x<4

,for4<x <5




Solution - Using theorem 2.3.
f(0) =F(0) =1/32
f(1) =F(1)-F(0) =6/32-1/32 =5/32
f(2) =F(2)-F (1) =16/32 - 6/32 = 10/32

f(3)=F(3)- F(2) =26/32 -16/32 =
10/32

f(4)=F(4)-F(3) =31/32-26/32 =
5/32

f(5) =F (5)-F(4) =32/32 - 31/32 = 1/32

This is thee total number of heads obtained
INn five tosses of a coin.



2.2. Expected value and variance of discrete random variable

In order to summarize the behavior of the
probability distribution, some of the most common
measures include measuring central tendency and
measures of dispersion.

And these terminologies, the so called average and
dispersion are known as the expected value and the
variance of the probability distribution respectively.

The mean of a population is the expeated value of
the population and it is denoted by E(X) or

Therefore; the mean:
» Reports the central location of the data

> |s the long run average value of the random variable in
probability distribution

» |Is a weighted average



Defn : If X is discrete random variable
and f(x) is the value of |ts probablhty
distribution at x, the#=El Z”"f “Jalue of
X IS:

Example: Alot of 12 TV sets includes 2
with white cords. If 3 of the sets are
chosen at random for shipment to a
hotel, how many sets of white cords

“EER tHe SRiB & ERPEL (e o R 8" tHE™ "

: 8}@1&%30%1912 sefs can be chosen in ’ ways and, then ’ possihilities are

X\ FX 3 3

equi-probable, we find thet the probahility distnbution of X, the mumber of sets with white
cords shipped o the hotel is given by:




f[x]z—[-—]— forx=01.2 x 0
: fi(x) 6/11 9/12

b3
b

And then, E) = 3 x.f(x)= ox( 6/11) + 1x (9/22) + 2x(1/22) = ¥

Theorem 2.4 If X is a discrete random variable and f(x) 1s the value of its probability

distribution at x, the expected value of g(x) is given by E[g(x)] = > g(x) f(x)

-
v

Example: - (2) If X is the number of points rolled with a balanced die, find the expected value
of g(x) = 2X+1.

Solution: Since each  possible outcome  has the  probabilitv  1/6 weget:

E[g(x)]= Z 2 ¥ +1)1/6=0x T +1).1/6+2x 27 +1).1/6+(2x 3 +1).1/6+(2x 4* +1).1/6
fml

2x§ +1).16 +(2x6G +1) .1/6=1/6 [3 + 9 +19 +33|+ 51+73] = 188/6 = 94/3




Properties of expectation

1. If a and b are constants then the
expected value of ax+b is given by: E
(ax+b) = a E (x) +b

2.1fwesetb=0o0ra=0, it follows from
the above that: If a Is constant, then

3. The expectation of the sum of two fumctions o(x) and h(x) is the sum of the expectations.

Le, £ [g(x) hix)] =E [g(x])] & [bx)

4. Ifx andy are tworandom vanables, then E(x+vy)=E(x) +E(y)

). Ifxandy are twomdependent random vanables, then E (xv)=E (x). E ()



Example
a. [fXis thetotal number of heads obtained in two tosses of a coin, find the expected value
of g(x) =3x + 3.
Solution: E (3x +3)=3=0+3) %M+ ((x1+3) 24+ 3 =2+3) %

=3[0 x Y%+ 1x2/4 + 2x1/4] + 5=3x 44 + 5=32/4

e 0 1 2
b. Given

fi(x) | 3/28 15/28 10/28

Find the expected value of g(x) = 4x?
Solution: E[z(x)] = E (4x%) =4 [0+ =3,/28 + 1<

L 1528 + 24 =10/28]
=4[0+15 +5 ]=4=35=35
28 S6 a6 14
G 5
- 1ven e 0 1 2 4
Fi(x) | 011 .53 0.16 .20
Solution:

E(3)=3=011=3=053+3=016+3=020=3=020=
B[0.11+053+0.16+ 020]=3



Variance of the discrete random variable

* The variance is the amount of
spread/varlat|on of distribution of a

Definition 2.5. /) is called the vanance of the distnbution of X, or simply the vanance of X,

5

and it is denoted by ¢ . var (x): (7 is the positive square root of the variance, and s called the

standard deviation. Therefore [L= E [(_j{— ﬂﬂ :Z (_]j— ﬂ)J f [:::]

Varianceof X in terms of expectation
o N TR TR
Proof o =E[X— 4L ]
=E [X?—2 ff X+ Jff2]
=SEXII-2HERRIFE[LT] o EExD =3
o Mt=2 4 4 - gt
= A& i3



Some properties on variances of a
discrete random variable

1. If X 1s a random variable and b 1s a constant, then the variance of the sum/ difference/ of

the random variable X and the constant b is given by :
2

O = Var (x+b) = Var (x), where b is constant.
Proof:- E(X+b) =E(x) + E(b) =E(x) +b
Var (x2b) =E [(x £b) — (E (x) +b)]*=E [xtb — E(x) . b]’
=E (x - E®J* = E(x’) - 2E (x) E®)+ [E ®)]°
=E () - [E®)]" = Var (x)

.. Variance 1s independent of change of origi.

- 2 .
2. Var (ax) = ( var (x). where a 1s constant

Proof:- var (ax) = E [ax — E(ax)]” = E[ax —aE(x)]"
=FE [a {x- E (ax)]"=a”" E [x — E(®x)]* = a” var (X)

. Variance 1s not independent of change of scale 50



-

. : : 2 2 2
3. If X 1svariance ¢y . then var (ax+b) =a”
2
Or var (ax + b) = var (ax) = a~ var (x)
. 2 .
1.e, var (ax+b) =a” var (X) ...... by property number 1.
4. wvar (b) =0, where b 1s constant.

Proof: - Var (b) =E [b—E (b)]* = E[b -b]* = E(0) =0

5. Ifx and y are mdependent random variables, then the variance of the sumof X and Y 1s

given by:
V (X£Y) =V (X) + V(Y)
: C . 2

6. Ifaand b are constants, then the variance of ax+by 15 given by: Var (ax+by) =a" var (x)
+ b var (v) in general, if x and v are two random variables, then the variance of their
sum 1s given by: var(x+y)=Var (x) + Var (y) - 2 cov (x,y) and var(x-y)=Var (x) - Var (y)
—2 cov (x,y). Note that cov (x,y)=0, 1f x and y are independent.

21



* Examples(1) Calculate the variance of
X, representing the number of points
rolled with a balanced die.

“olution: = E{x}=£i xf\x J=1x1/6 +2x1/6 +3x1/6 +4x1/6+5x1/6 + 6x1/6 =712
o=
#1:: E(x2) = 12x1/6+ 22x1/6 + 3x1/6 +42x1/6 + 52x1/6 + 62x1/6 = 91/6
Hence, 5 = #1: —(u)P =916 —(12P=3512 Or f(x)=1/6: X=1,2.345.6
=0 =% (x—u)
=(1=T0PsL64QT00 n 16+ (- 70 16+ (- TP x 16 (- T2P x 16 +6- 0P x
16=16 [254 + 94+ Y+ %+ 94+ 254 = 165 704 =35/12.

22



* 2. Calculate the variance of g(x) =
x?+1, representing the number of
points rolled with a balanced die.

Solution: Var [g(x)] =E [+1) - EG+DP =E [ -E G)F
E (x2+1) = (12+1) 1/6 + (22 +1) x 1/6 + (3+1) 1/6 +42+1D)1/6+ (3:+1)1/6+ (62+1)1/6 = 1/6 [2 +

5 +10+17+26+37]= 97/6 =3 ['.r: £1)£(x)
fu]

E@2-9768=Y (x2-97/6) 1/6
fm]

=1/6 [(12-97/6)2 + (22 - 97/6) x (32— 97/6)2 + (42— 97/6)2 + (5% -
97/6) + (62 — 97/6)*]
=1/6 [1*+ 2% + 3* +34 +6%] - (97/6)

= 1/6 [1 +16 +81+256+625+1296]-(9409/36)
= (2275/6) - (9406/36) = (13630-9406)/36= (4241/36) = var(x2)



3. Calculate the variance of g(x) = 2 x~ for the number of points rolled with a
balanced die.
Var (2 x%) = 4 var (x%)

Solution: from example 2 we obtained that var (x%) =

=(4241/36), hence var (2x%)= 4 var (};‘2) =4 x (4241/36)=(4241/9)

24



2.3. Continuous random variables (CRV)

Continuous random variable is a variable that can
assume one of an infinitely large number of values

Example:-4 Height of a student
4 Weight of a student

Continuous probability distribution for a
continuous variable X is called the probability
density function and is represented by a curve
bounded by two values from the abscissa X =a
and X =b.

The region bounded by the two values and the
curve gives the probability that x lies between the
values

b
aandb [_e,p(aEXEb)fo(r)dT



* Therefore a function of the above
expression can serve as a continuous
probability density function of a

continuous random variable its value
D fx)=0

ii) [ flx)de=1

B

i) | fxlir=P@=X<b)

a

As in the discrete case, F(x) is called the cumulative probability of X, vou should note the

following here too.

i F(®)=0.F(+x)=l

i. F()-F() =|‘f flx)dx=P (a =X < b): for a<h.



2.4 Expected value and variance
of a continuous random variable

* Definition 2 If X is a continuous
random variable and f(x) is the value of
Its probablllty density ,_ .. _ (o acted

~ N7 u

1. A certain coded measurements of an objects diameter of threads of a fitting have the

probability density.

fix)=| 1 . find the expected value of this random varable.
] _ cfor 0 < x < 1, and
| & |1 + I- |
| 0, elsewhere

Solution: Using the definition of 2.6|

4 41 ! h4
U=E (x)= xﬁd = [ dx=——mnl +1] =— =044
£ ”I'|,1+1{_' T[1+T T 2 T 0 T

L}



Theorem 2.3 If X 15 continuous random vanable and f(x) 1s the value of its probability density

at x, the expected value of g(x) 1s given bv:  E[g(x)] = [g[:r:]. f (;r:]cir

E_x:ﬂnr:::: » (), and

0, elsewhere

Example;- If X has the probability density f{x) =

Find the expected value of g(x) =e 4y

Solution: According to theorem 2.3 we have:

{ Me o di= [eif— lwle

Il._i_,ll




Properties of expectation for
continuous random variable

* The properties of expectation for
discrete random variables work here
too.

For instance, If a and b are constant and X Is

Proof:- Let g(x) =— ax+b. then

Elax +b) = j: (ax + b)._F(x)dx

T T

—a J‘ﬂ.}‘“(*{‘ Y + b j F(x )~

— —

— a BE(x) +b




Variance of continuous random variable

Definition .2.7. L - is called the variance of the densitv of x or it is denoted bw

Ci': s var(x).  u= E[(I—#):] = T(I—#):f(x]if —» for continuous EWV.

1
. forl 3
Example: [f{fx) =) xm 37 = =%~ . find the variance
0. elsewhere
. 2 1 1 7 1 3 2
Solution: 1st find Ex)= [x ——dxr=——[de=——[x] = =1.44
1 xln 4 In 4 3 In 4 In 4
.:.-1=i3(.r—1 44 ) e Y Taav—2gefans 207 Lo
In 41 5 In 4|4 ] 3 x
Then, . 3
=1 | X _288x+207mx| =
In4| 2
1
1 |9 1
=] ——— —2.88x2+2.07In3
In4| 2 2

=072[[4-576+227]=072x0531=037



Moment generating function:

Definition: Let X be a random variable,
the moment generating function is
defined as be a random variable.

lts moment generating function is
defined as M(t) = E(e¥)
In the continuous case this becomes

ra

M) = [e”f(x)dx

[ —

In the continuous case this becomes

M) = > e p(x)



Properties of the moment

generating function:
Let X be a random variable with

probability generating function M(t).

1. M is a positive function with M(0)=1

2. If M(t) is finite In an interval (-€, €)
then

* E(X) = M'(0)

e E(X") = MN(0) (where M |s the r-th
derivative).

* Var(X) = M2(0) - (M’(0)2) (where M@ |s
the second derivative).
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