Chapter 2:
___________________________________________________ C _Q_m_pu_t_@ Arithmetic




Does the calculations

Everything else in the computer is there to
service this unit

Handles integers
May handle floating point (real) numbers



ALU Inputs and Outputs
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Integer Representation

---------- e Only have 0 & 1torep@em everything

® Positive numbers stored in binary
® ¢.g.41=00101001

® No minus sign

® No period

®* Sign-Magnitude

* Two’s compliment

-1101.0101, = —13.3125,,
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Sign-Magnitude Representation

----------- '-""I:eft"m'ost"bti't"'i'S"'sign"'b@
®* 0 means positive

®* 1 means negative
®* +18 = 00010010
* -18 =10010010

* Problems

* Need to consider both sign and magnitude in
arithmetic

®* Two representations of zero (+0 and -0)
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Twos Complement Representation

O

® Like sign magnitude, twos complement representation
uses the most significant bit as a sign bit,

® Easy to test whether an integer is positive or negative.

® Differs from the use of the sign-magnitude representation
in the way that the other bits are interpreted

®+3 =00000011
®+2 =00000010
®+1 =00000001
®+0 = 00000000
¢©-1=11111111
©-2=11111110
¢ -3=11111101




* One representation\aof,zero
* Arithmetic works easily (see later)
* Negating is fairly easy

—3 = 00000011

—Boolean complement gives 11111100
—Add 1 to LSB 11111101



Negation Special Case 1
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Negation Special Case 2

O

©.128 = 10000000
® bitwise not 01111111
®Add 1 to LSB +1
® Result 10000000
® So:

®-(-128) =-128 X
® Monitor MSB (sign bit)
® It should change during negation
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Main Features

Range —2"~! through 2"~" — 1
Number of Representations One
of Zero
) Take the Boolean complement of each bit of the corresponding
Negation positive number, then add 1 to the resulting bit pattern viewed
as an unsigned integer.
. . Add additional bit positions to the left and fill in with the value
Expansion of Bit Length pos
of the original sign bit.
If two numbers with the same sign (both positive or both
Overflow Rule negative) are added, then overflow occurs if and only if the
result has the opposite sign.
Subtraction Rule Tu ﬂljljtract B from A, take the twos complement of B and add
1t to A.
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* 8 bit 2s compliment
—+127 = 01111111 = 27 -1
— -128 = 10000000 = -27
* 16 bit 2s compliment
—+32767 = 011111111 11111111 =215-1
— -32768 = 100000000 00000000 = -2%>



Positive number pack/with leading zeros
+18 = 00010010

+18 = 00000000 00010010

Negative numbers pack with leading ones
-18 = 11101110

-18 =11111111 11101110

l.e. pack with MSB (sign bit)



Normal binary addition
Monitor sign bit for overflow

Take twos compliment of substahend and
add to minuend

—l.e.a-b =a+ (-b)

So we only need addition and complement
circuits



Addition and Overflow rule
1001 = —7 1100 = —4
+0101 = 5 +0100 = 4
1110 = -2 20000 = 0
(a) (=7) + (+5) (b) (—4) + (+4)
Q011 = 3 1100 = —4
+0100 = 4 +1111 = -1
0111 = 7 21011 = -5
() (+3) + (+4) (d)(—4) + (—1)
0101 = 5 1001 = =7
+0100 = 4 +1010 = —6
1001 = Overflow 20011 = Overflow
(e) (+3) + (+4) (O(=T)+ (—6)
If two numbers are added, and they are both positive or
both negative, then overflow occurs if and only if the result
has the opposite sign.

Computer Architecture and




Subtraction and overtlow
""""""" 0010 = 2 0101 = 5
+1001 = —7 +1110 = —2
1011 = —5 10011 = 3
(a) M = 2 = 0010 (b) M = 5 = 0101
s = 7 = 0111 s = 2 = 0010
—S = 1001 —s = 1110
1011 = —5 0101 = 5
+1110 = —2 +0010 = 2
11001 = —7 0111 = 7
(c) M =5 = 1011 (dy M = 5 = 0101
S = 2 = 0010 S =—2 = 1110
—S = 1110 —S = 0010
0111 = 7 1010 = —6
+0111 = 7 +1100 = —4
1110 = Overflow 10110 = Overflow
(e) M = 7 = 0111 (£f)y M = —6 = 1010
s = -7 = 1001 s = 4 = 0100
—S = 0111 —Ss = 1100
Figure 9.4 Subtraction of Numbers in Twos Complement Representation (M — S)
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Hardware for Addition and Subtraction

| B Register . | A Register .

Complementer

N

Iﬂ_ Adder

OF = overflow bit
SWo= Switeh (select addition or subtraction )
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Complex

Work out partial product for each digit
Take care with place value (column)
Add partial products
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Multiplicand

1I":I-nu-l £ @ ?I"I‘II
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Multiplying negative numbers

1001 (9) 1001 (=7)

x0011 (3) x0011 (3)
00001001 1001 x 2° 11111001 (=7) x 2° = (=7)
00010010 1001 x 2° 11110010 (=7) x 2' = (—=14)
00011011 (27) 11101011 (—21)

(a) Unsigned integers (b) Twos complement integers

Figure 9.11 Comparison of Multiplication of Unsigned and Twos
Complement Integers
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Multiplying Negative Numbers

1OL WOILK
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Booth’s Algorithm
_____

A 0,Q, 0O
M Multiplicand
Q  Multiplier
Count n

Arithmetic Shift

Right: A, Q, Q_l
Count  Count — 1

Mo
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Example of Booth’s Algorithm

A Q Q_1 M
0000 0011 0 0111 Initial values

1001 0011 0 0111 A &« A -_M}' First
1100 1001 1 0111 Shift cycle

Second

1110 0100 1 0111  shift —

0010 1010 0 0111 Shift cycle

Fourth

000l 0101 0 0111 Shift cycle

0101 0100 1 0111 A« A +.M£_ Third
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Division
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Integers

@
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Flowchart for Unsigned Binarv Division
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Twos complement division
L.oad the divisor into the M___rter and the dividend into the A,Q

If M and A have the same signs, perform A-M else perform A+M
The preceding operation is successful if the sign of A is the same as

* if the operation is successful or A = 0, then set Q, =1
* if the operation is unsuccessful and A is = not 0 then set Q, =0

Repeat steps 2 through 4 as many times as there are bit positions in

1.

registers. N2/
2. Shift A,Q left one position.
3.
4,

before, after the operation,

and restore the previous value of A.
5.

Q.
6.

The remainder is in A. If the signs of the divisor and dividend is
the same, then the quotient is Q, else it is the twos complement of

Q.




Is this correct?
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Signed Division
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Real Numbers
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sign of
significand

«4— 8 bits - 23 bits
\T biased exponent significand
(a) Format

®* +/- .significand x 2exponent

®* Point is actually fixed between sign bit and body
of mantissa

* Exponent indicates place value (point position)



Floating Point Examples

0

sign of

(a) Bormat
1.1010001 X Elnmn = 0 10010011 10100010000000000000000 = 1.638125 X Egn
-1.1010001 X Elnlnn = 1 10010011 10100010000000000000000 = -1.638125 X Ezn
1.1010001 X E_IMM = 0 01101011 10100010000000000000000 = 1.638125 X E_EU
-1.1010001 x 2°10100 _ 31 91101011 10100010000000000000000 = -1.638125 x 2-20
(b) Examples
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Slgns for Floatmg Point
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* FP numbers are usual@rmalized

* i.e. exponent is adjusted so that leading bit
(MSB) of mantissa is 1

® Since it is always 1 there is no need to store it

¢ (c.f. Scientific notation where numbers are
normalized to give a single digit before the
decimal point

® e.g. 3.123 x 103)



Accuracy
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Expressible Numbers
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Slgns for Floatmg Point
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Density of Floating Point Numbers
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IEEE 754
""""'""'S't'an'd'ard'"for"ﬂoatin'g"@t"storage""
¢ 32 and 64 bit standards

* 8 and 11 bit exponent respectively

* Extended formats (both mantissa and exponent)
for intermediate results
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IEEE 754 Formats

hit =52 Dils—p— 23 bils -
binszed )
exponent e

(a) Single format

sLgn

hit I [ [ - S—— 52 bils -
exnenent Iraction

(b} Double format
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FP Arithmetic +/-
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Flowchart
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FP Arithmetic x/

* Add/subtract exponents

* Multiply/divide significands (watch sign)
* Normalize

* Round

* All intermediate results should be in double
length storage

Computer Architecture and




Floatina Point Multinlication

MULTIPLY

Add
Exponents

Subtract Bias

RETURN

Report
Underflow

Multiply
Significands

MNormalize
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Floating Point Division

Subtract
Exponenits

Add Bias

Report
Underflow

Divide
Signilicands

Normalize
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End of Chapter 2
O
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