CHAPTER 2: POWER SERIES

OBJECTIVES: At the end of this chapter students will be able to

1.Use polynomials to approximate the values of some functions which have no
exact values.

2.Determine the Power series representation of a given function.

3.Derive Taylor series representation of a given function.

4.Determine the Taylor series representation of a given function.

5.Determine the intervals of convergence of a power series.

6.Differentiate and integrate a power series.

7.Determine the power series representation of a function using the properties of
derivatives and integrals of power series.

8.Determine the Fourier series representations of functions.

9.Use Fourier series expansion to obtain the sum of an infinite series.



POLYNOMIAL APPROXIMATION

Suppose {1s defined at x = a and in the neighborhood of a that is for values of x near x = a,

e WA= f /
f tufin — > fricdr fluf4 f s — o= cy 4 ¢ —afi... 010

Where ¢ = ftufiand ¢, = f tuf
Fq. 1 is the linear approximation of the function f near x = a.
Let, pytudi= frigti+ f tiutiic — ad, then we will have the following relations hold
pfudi= ftudand p,td=fma  ..(2)

The above relation can be generalized on the basic assumption that the approximation becomes
better and better as we proceed to higher degree polynomials such as quadratic, cubic, and etc.



Table 1: The approximated values of f(x) = In x near x = 1 using
polynomial approximations

Taylor Polynomial Function Value at x = 1.1
p=l-1 1)
B =L+ 2-050 0050
gy =-18333 432 - 150* +0.333%" 00933223
gy =-20833 44z - 32 +13333¢° - 0251 00952973




Now, we may generalize Eq. 2 for the n® degree polynomial

P, A= cy + ¢t — a¥i+ cytic — a + c3tic — a@ + - 4 ¢, e —ad ... (B4

. pli‘izﬁ: f?b?i
g pl’?iz?i J vl
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p1 (a) = N [ (a)
. .. (4)

"ﬁ?‘ffff!

_5"a) = fm()

Since we have n +1 coefficients cy,cy,ca,c3,

...,Cy, and n + 1 equations (Fq. 4), we can obtain each
coefficients. Finally we obtain the Taylor polynomial

") (a)ti — aet
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First some examples

(onsider the following example series:

v [What does our intuition tell us about the convergence or divergence of this series”

v WWhat test should we use to confirm our intuition’



Power Series

Now we consider a whole family of similar series:

00 09 00 0.9 1 ¢ 0.9
ok -1 -4t By 214"

K X k! B IR )
k=0 k=0 k=0 k=0 k=0

* What about the convergence or divergence of these ook

series”? K
. . . . k=0
* What test should we use to confirm our intuition?

We should use the ratio test; furthermore, we ’

can use the similarity between the series to test
them all at once.



How does it go? We start by setting up the appropriate imit.

) 1
[et 0 =— then lmﬂ—ﬂ-lm—:
k! k=0 IHOO]H'

By the Ratio Test the interval of converqence is Tt-oc,ocftind the radius of convergence
b xk
is R=o0 That isthe series — — converges absolutely for all values of .

kl
k=



What are Power Series?

It’s convenient to think of a power series as an infinite

polynomial:

Polynomials:
2—z+31% —122°

1
1+($—1)+3?iv—1?‘?—1ﬁv—1?‘f’

Power Series:

0 9]

1422 +322 +423 + = 1k + 17"

k=0
e +34 tfp+3d m43d  rp+3d B
S T R TR A TR

k=0

fir + 3¢
Rk +14d




Definition: Power Series
An expression of the form

qtortorttar’+= 1
n=()

is a power series centered at x = () and an expression of the form

q+c(r—a)+olit—af +ote—a® + = ¢ lie—ad
n=(0

1S a power series centered at © = a.
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Checking for Convergence

I should use the ratio
test. It is the test of
choice when testing for
convergence of power
series!




Checking for Convergence

Example 1: Checking on the convergence of

0

1420432 +40° + = 1+ 16"
k=0

How does it go? We start by setting up the appropriate limit.

a E+2 . ..
Let a; = (k+ 1)z, then %gﬁ%ﬂz ]}Lrgo@mma: ara

By the Ratio Test,the series converges whenawa< 1= —1 <x <1.

At the end points we get the series 07 (k + 1)1 and o2 (k+1) which are both
divergent.

Hence,the interval of convergence is (—1,1) and the radius o f convergence is 1.
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Example 2: What about the convergence of

1 36wl f4dd e R (Y

_ o= i ———
T T T T 2+ 11

How does it go? We start by setting up the appropriate limit.

[et —mrﬁm 3t then i L o
" e Rk 22k 1 3)

By the Ratio Test,the interval of convergence is fi-oc,ocfund the radius of convergence

tip 1+ 37f
Lk + 14

X0
is R= oo That is the series  ti-ld
k=(

converges absolutely for all valuesof z.
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Now you work out the convergence of

1 M3 3t f+3d i _OOW{Q"‘“W
5 T Ty T Qk + 14




How does it go? We start by setting up the appropriate limit.

Let m?ﬁ +3d® th lim = | +33= ar+3a
= Rk + o aj, 1m @Ziw w

By the Root Test,the series converges whenar +3a< 1= —4 <1 < -2,

In addition to this, we tested for convergence at the end points as follows:

o0
At x =—4,we get _Omk_l_mwhichis divergent by the Integral Test.
At 2 toon:_l?iC hich i t by Alternating Series Test
T =—2,we ge _O?Qk+1?'iw ich is convergent by Alternating Series Test.

Therefore, the interval of convergence is (-4,-2] and the radius of convergence is — _2( 4y,

14
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Interval of Convergence of a power series
Definition: The set of all real numbers x for which a
power series converges is said to be the interval of
convergence.

A power series can have the following intervals of
convergence.

1)(-1, 1), [-1, 1), (-1, 1], or [-1, r]. Here the radius of
convergence isr.

2)(-0, ). Here the radius of convergence is .

3)At a single point x = a. Here the radius of convergence
is 0.



Fxample 3: Find the inferval and radius of convergence of the following power series.

0

I nlf-2d

n=(

. T . L
Solution: Let , = n! e 26 then lim ¥—l= lm iy + 1% - 2a

Nn—=X an -0
By the ratio test,the series converges whenlm, . fia + 1% - 2a< 1 2 v~ Ja=02 1=,

Hence the series converqes af only « = 2 and the radius of comvergence is R=

16



) e — 3"
' n2"
n=0
, fic — 3 n -3
Solution: Let a,, = ,then lim W—W— lim W—il
n—0 @, n—oon + 1 2

T—3
By the Ratio Test the series converges when W2—W< l=>ar—3a<2=> 1<z <5,

In addition to this, we tested for convergence at the end points as follows:

ST
Atz =1,we get
n

n=0

which is convergent by Alternating Series Test.

o0

1
Atx=>5weget — whichisdivergent by P— Series Test.
n
n=0

Therefore, the interval of convergence is (1, 5] and the radius of convergence is 52—1 =2.
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3 (i —4e
A
n=l
| fip — 41 -4 g4
Solution: Let 0, =——then | m?&@a B ma—2@ il

2 )

2

7—4
By the oot Test the series converges when NQ—N< [2a-4a< 22 1< <b.

. . -1 . .
At the end points we get the series 07 n% and 0, S which are both divergent,

Hence, the interval of convergence is (2,6) and the radius of convergence is 2.

18



00

4 i
ot
n=0

n

Solution: Let an— —t then | ln ?fpa E 1m T—&O

By the Root Test the interval of convergence is f-oa,octund the radius of convergence
is R=0a
Exercises: Find the interval and radis of convergence of the following power seres.

Oognxnﬂ 2 X . Oo5nm_1;cf>n
) mibrt )_0 n + 14
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Additional Exercises

"The interval of convergence of the power series

P
(a) (—1,1)
(b) (1.3)
(c) [1, 3]
(d) (1.3]

{E!:] {_13 3]

20



The interval of convergence I and the radius of convergence
R of the power series

£ (2 — 1)

))

n=1 T - 2”

(a) I =|-1,3] and R =2

(b) I=(-1,3)and R =2
(c) I=(-1,1)and R=1

(d) I=[-22] and R =2

(e) I=[-1,3)and R =2




The interval of convergence [ and the radius of convergence

o0 Iﬂ
R of the power series — 1)
P .nz=:1{ ) 4n . n?

are

(a) T=[-3,3), R=3
(b) I=(-4,4], R=4
() I=(3.4), R=7

(d) I=[-4,4, R=4




—+ o
If the power series » ° c,(x+2)" has a radius of convergence
n=>0

R = 3, then which one of the following is TRUR?

—“+o0 c}_ﬂ . )
(a) > on is divergent

—+o0
(b > (—1)"¢,5" is convergent
n=>0

—+o0
(c) 3 ¢,2" is divergent
n=>0

00
(d) > ¢,4" is convergent
n=>0

oD
(e) > ¢, is convergent
=0




o 2 T
The interval of convergence of the series > (—1)" (z+2)

1S

(a) [-6,2]
(b) (=6,2]
(c) [-2,2]
(d) [-6,2)

(e) (=6,2)




The radius of convergence of the power series

O
> 2"nP(x + 1)", where p is a constant,

=0

1
(a) 5
(b) 2
(c¢) 1

(d) 4




is "
o [4

o [

@ (-39

@ (b




‘ . e (20— 3)7
The interval of convergence of the power series »

n=1 .n42n

w [229)
o (2.2
o (2




Theorem: Dif ferentiation and Integrationof Power Series

0

[f the power series ftwd= ¢, —af" hasradius of convergence R>0,the fisboth

n=0

dif ferentiable and integrable onthe interval T — R.a + Rijand

X0 00 X0

: d d
1) futi=—¢ cfu—aflg= —1 i —oti'= ne, i — g
dz dz
n=0 n=l1 n=l1
00 0

Jofitile= vg ¢ ft-alodr= oc,fit-adr=

nZO nZO n:O

: ¢, 1 — g !
n+l

28



o0
n

T /
Eramle 1:If —',shaw that f twdi= fowd
n!

n=()
o0 o0 o0
, , d z" d z"
Solution: f (x) = 9 0= o %é =
n=0 n=1 . n=l

29
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Erample: Find the power series representation of the following functions,

I [+1

)1nﬁl+:c3?ib n@l—p

| 3 i 3$2 i 2 | i 2 ¥
Solutiona): il + "= —dr=2 3 dr=2 3 tiegt" da
0 1 ‘HU 0 ]. - (_ZE ) O n_o

00 00
i i

=0 3¢ el dr=3n  AldaE

O n=(

Z)33n+3
=3 pildEd i ol —
n+1

n=( 0 n=0

n={
X X
I



0 0 n
Solution ) x L 14» ' ﬁcknf <) = dﬁ«k
B 2-1) xdxa—:cw:2d:c$1_f 2dz R " 21d:c2
n= n=
0 0 0
ronz™ o onpgv opgr
== —¢¢ = ——¢¢ =

) 7 99 ot forwi<?

n:l n:l n=1

31



00 00

Slutionc):np—p= o —dr+o —dr=0  fafde+o 1" foraa< 1
@ITZE 01+ZE 01_33 On:() On:()
Yo Yo x xnﬂ * {EnH

= fdde+ o1'dr= B —+ —
n:()0 n:OO n=) HH n:()nH

32



Problems: Find the power sries representation ofthe following fmetons,

T b I4]

Fvercise: Evaluatethe indetinite infeoral s & power sxies

o h(1-1]
0)9) — s b)) ——
1= o

33



Theorem taylor Seriest Suppose that f hs derivatives of all orders at a.thenthe Taylor Series

| | ' ey — g
generated by f 1s the power series —
Lo
I
Note that: Whena = 0,uwe obtain a special type of series '
nl
n={

whichis known as Maclaurine series.

34



Example 1: Find the Taylor Series for the fticticentered at the given point.
a) fiedi=2 -3z +52% ,a =2. b) fikd=Inr,a =1

* ety — 2

Solution a):

n!
n=0
fO%pey — 2 fUDe —2d  fRE — 208 TR — 24
= , + + +
0! 1! 2! 3!
R — 20
+ m 4 =16 + 170 — 26+ 107k — 207

/ 1 /7 1 177 2 6 24
Solutionb): f ticti=—, f twd=—— [ twd=—, f"%id= ——, fOiri=—, .
T T T T T

ti-le g — 14 ti-1e g — 14
= flRfr— = flpri—

" AL

Floe
0o =17 22‘1‘@ 1dfm?m%_2?ﬂ 00 (1) i — 2
ence f o n! » n2m

35



Erample 2: Find the Maclaurine series for fauti

a) frifi=e™ where k s any real mumber dif ferent from.

X fﬁzﬁmmn ] X [y

n! o

Solution: ™ iti= " e > fVMA= " > fiipi=

n= n={
X 7! X 7! ¥ anrm
Note that:a) Whenk =1,¢" = - b) forme R =" —= —
| il n

36



b) ffifi= cosn

Lwhenn=048,..
Solution: ™= ndouhenn=135...
~Lwhenn=2610,..

’ fm%%” | ot OO?H?‘W
e Tam
n= n=

— fﬁm‘:

R 1+1O°rbwmm?n
T T o
n=

37



Erercises
1. Find the Talor Series representations for the following functions centered of the indicated points.
o) fiti=54+2 -3 =1 b fifi=shna=1 ¢ friti=r%e"
). ind the Maclaurine Series for T

i

:
o) fili==b) fifl=sindy ¢ fii=1 Lsin's
!

38



The Fourier Series of a function

Let f(x) is periodic fuction of period 27 on the interval -7T<x < T,
then ffx) has a Fourter series

+Z a, c05—+b sian ) —>1

'— fi=l1

where the fourier coeficients a,,a, and b, are

T
nﬂzl ‘f[.r)dr -2
T -
a —l{f( ]L‘DSETGF\ —3
! I-, T ‘
b —i?f( ]5i11£wfr -4 n=123, -
" T T iy

Note.l. The Fourier series (1) converges to f(x) at all points

where f(x) 1s continuous.



Note.2. The Fourter series (1) converges to

%[ Fle+0)+ flx- 0)] at all points of jump discontinity of ffx)

Note.3. Pertodic Function: Any finction which repeatsitself after a
certatn pertod 1s known as perdiodic function.
Examples
sin(x + 27)=sin x Period 27
cos(X +27)=cos x Period 27
flx+2T)=flx) Period 2T
sin(x + 2077 )=sin x Period 27

f(x)=f(x+P)=f(x+2P)=f(x+3P)=--, Period P.

40



Special Case

the Fourierseriesis

Jx)= %JrZ(aH cosnx+b_sm nx)—>5

n=1

where a, = ].f(x)dx =20
T -7

a, L ]f(x)cosm#dx ]
T ="

b, = 2 j £(x)sin nxdx — 8
T -7

If ffx) 1saperiodicfunctionof period 27 oninterval [-7. 7],

b
(2

41



Example: 1.

Find the Fourier series of the tfunction

-T<XxX<T |,

Jx)=x
Solution:
4o

Fouries series 1s f(X)=

n=1

J(x+2m) = f(x)

+> (a, cosnx +b, sinnx)—9

l ¢ 1l x-* 1|7 7«
g =— |xdn=——| =—| —— =
a T 2., x| 2 2
i 1| sinnx cosnx |{°
a, =— |xcosnxdx =—|x ——
T T 7 I
1 SN 17T sin(—nx)
- —|\T——7
T n n
N 1 [ cosnz cos(—nrx)
Tl n° n-
1 |
~—[o-0]+—[0]=0
T T

42



1+ . 1 cosnx  sinmx
b :—jxsnmxdr:—. — X — ‘

S T n 7
| cCosnx | 7
-—— | —X +0
T no |
~ N
l (_1) —2 1
b =—|2x :—(—1)
T 7 n

Substituting values of a4, a, and b, 1n equation 9

ftx) = 22 )

n=l L

sinnx, 1s Fourterseries of  fix)=x, -7<x <7

43



Example:2

Find the Fourier senie of the function

f(:«:'):.nc2 , -l<x <l ,f(x-l—Z):f@:)

Solution:
2Irr=2=7T=1

N J— . -
flx)=—=+> (a,cosnmx +b, sin nax)
n=1
I

~

where a, = Ir‘d:t:
-1
1
2
a, = jr COs 11 TX dx
-1
1
b, = jr‘ SI 1T xdx
-1



1 1 2
{}fl:lz—‘ :—-I—::—
35, 3 3 3
1 . .
. » SIN 1T cosnmx _ sinnm,
a, :j.v cosnmxdx = X" ———+2x———2——
° nrw nome nTt 4
dcosnz  4(-1)"
== (W_ - n=123
n-z° )
1 .
(2 Sosnm SN COSNAX,
J smumdx = |- xT ———+2x———+2——| =0
nr T T
' . y L . .
The Fouries sertes of flx)=x"., —-l<x<lis

£(x) tr—+z4( 1) COS 717X

3~ n'x’

3B

n=l

COSTX

45
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Example:3.
Find the Fourier series for the square wave

f_ﬂ_joj -7<x<0
‘Ln_llﬁ O0<x<mrm
Solution:
f(x)= % + il(a” cos nx +b, sin nx)
a =l j: f(x)dx‘:l_ji (}.dx—l—il.dx-l— =lia’x =lx|f =1
{] T, ﬂ-_—*r 0 T% T o
1 % 1% | sinnx*
a, =— j f (x)cos xdx =—jcosmfdx = ‘ =0

T e " T W
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b, 2 [ £ (x)sin nxdx :i'[sin WEWL. ‘
S @ T T n
Ty
- ni
| o JO T<x<0 |
The Fourier series of f(x)=< =l 3
|1, 0<x<7
g 10,
1S X) &~ —+ SIN AX
/ 2 e nit
I 1 [(—1)‘—1] .
N ——— SIN NX
2 s ni



Example: 4.

Find the Fourier series of

HXI=€ - BEEEHA

Solution:
A, ~ .
Yoy 08 nx + b, sin nx
fi{z) > ;(aﬁ cos nx+b sinnx)
a, :i.[f(x)dx LJ‘ e dx :i —e ) —i[—e_” +e" |
e e T o BF
e’ —e "
T 1=
T

48



a,

49

(—cosnz+nsinng)-

:iJ. e " COSnxdyx i
T* T
__1_ e
_;_I-I-HE
B ]

_ﬂ{1+ﬂj

€

=

——(—cosnx +nsinnx) ‘
[+n ’

E,T

4

1+n°

(—cos(—n7)+nsin(-n7))




b, =—

= * L]

g 1| e
e sinnxdx =—| - J
T|l+n

— B

— 1

ﬂ'(l-l—h")_ -

—H

B FT'."(I—I—H: ‘

—I

(—sinnx +ncosnxy) |

-7

e Cos nx ‘

[e“? cos 11T —e" cos —Hﬂ:"]]

= ] [s_ (=1} —e? (—1)”}

f'r(fl%—;fr2

- WM

n(-1) -

- _| &" — g‘”] n

E(:I-FI.F:)_

i _1 b B
—I—Z (=1 |e” — E%"T]

[
e
b3
e

r;(—l)” 4 |
COS 7Y + : [E} —e ]5111 nx _.

r

;*T(‘l-l—?ifl ) |
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Example:5.
Find the Fourier series of fix) =|:

. SEEXET

Solution:
flx)= % + Z (a” cosnx + b sin nx )
n=1
f( ) X 1f O<x< v
)= x| =
— X it -7 <x<0

a = L j |:«,| dx =i_:':.1dx + I (— l)d1:|

I H

2
g
= 7F
2}

|
a [—
I—I
m



0

l T l T .
a = ) xdx = —J.:rcc}s nxdx —— | xcos nxdx
7 T T,
— T i —
2 2 [/ v
=—|cosnm -1 = —; [(—l] —l]
an n
1% . I L
b =—||x = —I xsinnxdx —— | xsinnxdx =0
s (2 T
The Fourter series of f (1) =|x| on [—R’, J’Z'] is
[(= 1)” =1}
f(.f)~—+z COS 71X.

=1

52
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Note (1) f(x)=x+|x] on |[-7.,7]
B JII—:L 1f -7 < x<0
Lfﬁ)_lx—ﬁﬂj if O<x<r
0 1f -7 < x<0
) {Z;r 1f Dex<m
(i) f(x) =1—|x] 5D Ex.

fhﬂ:ﬁﬁj if -2<x<0

o 1l-x i 0<x<2



Even and Odd functions

EEEEEEEEEEEEEEENEEEEEEEEEEEEEEEEENEEEEENEEEEEEEEEEEEEEEEEEEEEEEEEES
* Even function E
. A function f(x) 1s an even function, 1if f(-x) = f(x). =
| n
L u

¢ 0dd function E
A function f{x) 1s an odd tunction, 1if f(-x) = -fix). .

54
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Example: 1. Test the nature of function

(i)  fix) =x
(i) fix) =x
(1) f(x)= cos x

Solution:
flx)=(=x) =2 = f(x)=x" is even.
.

(x)=(-x) ==x* = f(x)=x’ 1s odd.
)

f(=x)=cos(~x)=cosx= f(x)=cosx iseven.



Function Classification
X even
X odd
COSX even
SINX odd
\T even
Ix+2 neither
X+ x° sinx odd
sinx +cosx neither

56




Properties of even and odd function

i) (even)x(even) = even
ii) (odd)x(odd) = even
i) (even)x(odd) = odd

(i7v) If ffx) 1s even ,then ]1 I (x):fx =3 J I (x)dx

-d

57



Properties of even and odd function

(vi)  The Fourier series of an even function consists only of

cosine terms with coefficients

94 1N
4 = (r]cos
=7 [ flw)eos—

G

dt. =012

(vii) The Fourier series of an odd function consists
only of sine terms with coefficients:
T

b = %':[f(x)sin H}w dn =123,

58



Properties of even and odd function

(viif)Fourier Series: If f(x) is even function on[-7, T

T -
g = %If(x)cos n,;:a.

0

dx, n=012---—2

(ix) Fouries Series: If f(x) is an odd funchion on [-7,T]

f(x):ansinE —3
n=1 T
o B! nTx
b == x)sin Ix n=123... — 4
p = j f(x)sin="=c 53
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Example:1
Find the Fourier series of

f(x)=|x on (-7z,7)

60

Solution:

£(x)=l

fl— .T}=|— .1:| =|x|:‘>'
= X g2
r 2.3%
a, =—|xdx==.—
Ty x 2
a, =—jxcc:msndx =
q-

The Fourier series

a0

f(x) is even function = b_ = 0.
=

[=

0

F Fitl 0

2| sIn#wxX COSHX |""
T

-

_ 2 [cowm’—cos{]}

T 7
2[ (= -1
;T'_ h‘fl _
n—=1223,
ol 12| om—Rex< g i
(i =1

faZey2

= n=1 7T

- |COS X

n J
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Example:2
Find the Fourier series of the function
f(x)=2-x", exed
Solution:

fl=x)=2—(—x g =f (x )=f (x) is even function

i nmwT
== 4 I ]=?+§an cos - X dx
7.5 - xl2 8 4
a,==[(2-x")dx =2x -—| =4-Z==
©240 | 3 303
_2f(2 s oo™ &
a, = j- —x " )cos—x dx
2 2
: o B (W 4 ([ nmx \ 16 _ 4x
=[{2—x‘} sin—x — - ﬁ.lr| COS H %+‘ ——s11 '
' ‘nx 2 nm 2 mnr 2
16 —16 "
=———(cos7)=——(-1) =123
n-Te n-me
Fourier series of f(x)=2-x" on [-2.2] is

X
n=1 H‘:—rﬂ'l
1m+1
2 16 & (-1 nr
= —+ Z —COS—X
3 Mg N
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