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  PART ONEPART ONE

INTRODUCTIONINTRODUCTION

Operations  Research  (or)  OR  management  Science  (MS)  providesOperations  Research  (or)  OR  management  Science  (MS)  provides
methodology  for  solving  managerial  problems.  Management  OR/MSmethodology  for  solving  managerial  problems.  Management  OR/MS
methodology  is  appropriate  to  some but  very  important  problems,  whichmethodology  is  appropriate  to  some but  very  important  problems,  which
managers  encounter  in  various  functional  areas  such  as  in  finance,managers  encounter  in  various  functional  areas  such  as  in  finance,
operations or production, human resource management, marketing, and inoperations or production, human resource management, marketing, and in
general  application  areas  such  as  in  investment   planning,  projectgeneral  application  areas  such  as  in  investment   planning,  project
management, and decision analysis. The course deals with mainly decisionmanagement, and decision analysis. The course deals with mainly decision
processes by way of model building and OR techniques, linear programmingprocesses by way of model building and OR techniques, linear programming
models using Simplex procedures, sensitivity analysis and stochastic modelsmodels using Simplex procedures, sensitivity analysis and stochastic models
that are decision theories and network analysis. that are decision theories and network analysis. 

During the 1950s, there was substantial progress in the application of ORDuring the 1950s, there was substantial progress in the application of OR
techniques for civilian activities along with a great interest in the professionaltechniques for civilian activities along with a great interest in the professional
development and education in OR. Many colleges and universities introduceddevelopment and education in OR. Many colleges and universities introduced
OR  in  their  curricula.  They  were  generally  schools  of  engineering,  publicOR  in  their  curricula.  They  were  generally  schools  of  engineering,  public
administration,  business  management,  applied  mathematics,  economics,administration,  business  management,  applied  mathematics,  economics,
computer science, etc. Today, however, service organizations such as banks,computer science, etc. Today, however, service organizations such as banks,
hospitals, libraries, airlines, railways, etc., recognize the usefulness of OR inhospitals, libraries, airlines, railways, etc., recognize the usefulness of OR in
improving efficiency. In 1948, an OR club was formed in England which laterimproving efficiency. In 1948, an OR club was formed in England which later
changed its name to the operational Research Society of UK. Its journal, ORchanged its name to the operational Research Society of UK. Its journal, OR
Quarterly,  first  appeared  in  1950.  The  Operations  Research  Society  ofQuarterly,  first  appeared  in  1950.  The  Operations  Research  Society  of
America (ORSA) was founded in 1952 and its journal, Operations ResearchAmerica (ORSA) was founded in 1952 and its journal, Operations Research
was first published in 1953. In the same year, the institute of Managementwas first published in 1953. In the same year, the institute of Management
Sciences (TIMS) was founded as an international society to identify, extendSciences (TIMS) was founded as an international society to identify, extend
and unify scientific knowledge pertaining to management. and unify scientific knowledge pertaining to management. 

Course objectives :Course objectives :
Upon completion of this course, students are expected toUpon completion of this course, students are expected to

a.a. identify and describe basic concepts in modeling and model use as identify and describe basic concepts in modeling and model use as 
appropriate to management problemsappropriate to management problems

b.b. appreciate representative problems which managers encounter in appreciate representative problems which managers encounter in 
managing their business firmsmanaging their business firms

c.c. appreciate the logical approach to the analysis of problems; andappreciate the logical approach to the analysis of problems; and
d.d. apply to a limited degree, the concepts and techniques they have apply to a limited degree, the concepts and techniques they have 

learned to sample exercise problemslearned to sample exercise problems



CHAPTER ONECHAPTER ONE

INTRODUCTIONINTRODUCTION

Chapter OverviewChapter Overview

Operations research attempts to provide a systematic and rational approachOperations research attempts to provide a systematic and rational approach
to the fundamental problems involved in the control of systems by makingto the fundamental problems involved in the control of systems by making
decisions  which,  in  a  sense,  achieve  the  best  results  considering  all  thedecisions  which,  in  a  sense,  achieve  the  best  results  considering  all  the
information that can be profitably used. A classical definition of OR is giveninformation that can be profitably used. A classical definition of OR is given
by Chruchman et al, ". . . Operations Research is the application of scientificby Chruchman et al, ". . . Operations Research is the application of scientific
methods,  techniques  and  tools  to  problems  involving  the  operations  ofmethods,  techniques  and  tools  to  problems  involving  the  operations  of
systems  so  as  to  provide  those  in  control  of  operations  with  optimumsystems  so  as  to  provide  those  in  control  of  operations  with  optimum
solutions  to  the  problems."  *  Thus,  it  may  be  regarded  as  the  scientificsolutions  to  the  problems."  *  Thus,  it  may  be  regarded  as  the  scientific
method  employed  for  problem  solving  and  decision-making  by  themethod  employed  for  problem  solving  and  decision-making  by  the
management. management. 

Objectives of the chapterObjectives of the chapter
After completing this chapter students are expected to :After completing this chapter students are expected to :

a.a. Identify the basic tenets of operations researchIdentify the basic tenets of operations research
b.b. Grasp the significant features of management scienceGrasp the significant features of management science
c.c. The  development  of  operations  research  as  a  science  through  itsThe  development  of  operations  research  as  a  science  through  its

various stagesvarious stages
d.d. Application of management science to solve managerial problemsApplication of management science to solve managerial problems

Topic 1- IntroductionTopic 1- Introduction
It  is  generally  agreed that  operations  research  came into  existence  as  aIt  is  generally  agreed that  operations  research  came into  existence  as  a
discipline during World  War  II  when there was a  critical  need to managediscipline during World  War  II  when there was a  critical  need to manage
scarce resources. However, a particular model and technique of OR can bescarce resources. However, a particular model and technique of OR can be
traced back to much earlier times. The term 'operations research' was coinedtraced back to much earlier times. The term 'operations research' was coined
as a result of research on military operations during this war. Since the waras a result of research on military operations during this war. Since the war
involved strategic and tactical problems which were greatly complicated, toinvolved strategic and tactical problems which were greatly complicated, to
expect adequate solutions from individuals or specialists in a single disciplineexpect adequate solutions from individuals or specialists in a single discipline
was  unrealistic.  Therefore,  groups  of  individuals  who  collectively  werewas  unrealistic.  Therefore,  groups  of  individuals  who  collectively  were
considered specialists in mathematics, economics, statistics and probabilityconsidered specialists in mathematics, economics, statistics and probability
theory, engineering, behavioral, and physical science were formed as specialtheory, engineering, behavioral, and physical science were formed as special
units within the armed forces to deal with strategic and tactical problems ofunits within the armed forces to deal with strategic and tactical problems of
various military operations.various military operations.

Such groups were first formed by the British Air Force and later, the AmericanSuch groups were first formed by the British Air Force and later, the American
armed forces formed similar groups. One of the groups in Britain came to bearmed forces formed similar groups. One of the groups in Britain came to be
known as Blackett's  Circus.  This group, under the leadership of Prof.  PMSknown as Blackett's  Circus.  This group, under the leadership of Prof.  PMS
Blackett  was  attached  to  the  Radar  Operational  Research  unit  and  wasBlackett  was  attached  to  the  Radar  Operational  Research  unit  and  was
assigned the problem of analysis the coordination of radar equipment at gunassigned the problem of analysis the coordination of radar equipment at gun
sties. The efforts of such groups, especially in the area of radar detection aresties. The efforts of such groups, especially in the area of radar detection are
considered vital in Britain winning the air battle. Following the success of thisconsidered vital in Britain winning the air battle. Following the success of this
group, such a mixed-team approach was also adopted in other allied nations.group, such a mixed-team approach was also adopted in other allied nations.



After the war ended, scientists who had been active in the military OR groupsAfter the war ended, scientists who had been active in the military OR groups
made efforts to apply the operations research approach to civilian problems,made efforts to apply the operations research approach to civilian problems,
related to business, industry, research and development, etc. There are threerelated to business, industry, research and development, etc. There are three
important  factors  behind  the  rapid  development  in  the  use  of  operationsimportant  factors  behind  the  rapid  development  in  the  use  of  operations
research approach. research approach. 

(i)(i) The economic and industrial boom after World War II  resulted inThe economic and industrial boom after World War II  resulted in
continuous  mechanization,  automation,  decentralization  ofcontinuous  mechanization,  automation,  decentralization  of
operations  and  division  of  management  functions.  Thisoperations  and  division  of  management  functions.  This
industrialization also resulted in complex managerial problems, andindustrialization also resulted in complex managerial problems, and
therefore application of operations research to managerial decision-therefore application of operations research to managerial decision-
making became popular.  making became popular.  

(ii)(ii) Many operations  researchers  continued their  research  after  war.Many operations  researchers  continued their  research  after  war.
Consequently, some important advancements were made in variousConsequently, some important advancements were made in various
operations  research  techniques.  A  key  person  in  the  post  waroperations  research  techniques.  A  key  person  in  the  post  war
development of OR was Geroge B Dantizing. In 1947, he developeddevelopment of OR was Geroge B Dantizing. In 1947, he developed
the concept of linear programming and its solution by a methodthe concept of linear programming and its solution by a method
known as simplex method. Besides linear programming, many otherknown as simplex method. Besides linear programming, many other
techniques  of  OR,  such  as  statistical  quality  control,  dynamictechniques  of  OR,  such  as  statistical  quality  control,  dynamic
programming,  queuing  theory  and  inventory  theory  were  wellprogramming,  queuing  theory  and  inventory  theory  were  well
developed before the end of the 1950. developed before the end of the 1950. 

(iii)(iii) Analytic power was made available by high-speed computers, TheAnalytic power was made available by high-speed computers, The
use of computers made it possible to apply many OR techniques foruse of computers made it possible to apply many OR techniques for
practical decision analysis.   practical decision analysis.   

1.2 Definition1.2 Definition
An operations research approach seeks to obtain an optimal solution to theAn operations research approach seeks to obtain an optimal solution to the
problem under analysis. For this, a measure of desirability (or effectiveness)problem under analysis. For this, a measure of desirability (or effectiveness)
is  defined,  based  on  the  objective(s)  of  the  organization.  A  measure  ofis  defined,  based  on  the  objective(s)  of  the  organization.  A  measure  of
desirability so defined is then used to compare alternative courses of actiondesirability so defined is then used to compare alternative courses of action
with respect to their outcomes. with respect to their outcomes. 

 Operations research is the application of the methods of science toOperations research is the application of the methods of science to
complex  problems  in  the  direction  and  management  of  largecomplex  problems  in  the  direction  and  management  of  large
systems  of  men,  machines,  materials  and  money  in  industry,systems  of  men,  machines,  materials  and  money  in  industry,
business,  government and defense.  The distinctive approach is  tobusiness,  government and defense.  The distinctive approach is  to
develop  a  scientific  model  of  the  system  incorporatingdevelop  a  scientific  model  of  the  system  incorporating
measurements  of  factors  such as  chance  and risk,  with  which  tomeasurements  of  factors  such as  chance  and risk,  with  which  to
predict  and  compare  the  outcomes  of  alternative  decisions,predict  and  compare  the  outcomes  of  alternative  decisions,
strategies  or  controls.  The  purpose  is  to  help  management  instrategies  or  controls.  The  purpose  is  to  help  management  in
determining its policy and actions scientifically.   determining its policy and actions scientifically.   

                        Operations Research Society, UK Operations Research Society, UK 
 Operations research is concerned with scientifically deciding how toOperations research is concerned with scientifically deciding how to

best design and operate man-machine systems usually requiring thebest design and operate man-machine systems usually requiring the
allocation of scare resources. allocation of scare resources. 
Operations Research Society, America Operations Research Society, America 

Apart  form  being  lengthy,  the  definition  given  by  operational  ResearchApart  form  being  lengthy,  the  definition  given  by  operational  Research
Society of UK, has been criticized because it emphasizes complex problemsSociety of UK, has been criticized because it emphasizes complex problems
and large systems, leaving the reader with the impression that it is a highlyand large systems, leaving the reader with the impression that it is a highly
technical approach suitable only to large organizations. The definition of ORtechnical approach suitable only to large organizations. The definition of OR
Society of America contains an important reference to the allocation of scarceSociety of America contains an important reference to the allocation of scarce
resources.  The  keywords  used  in  the  above  definitions  are  scientificresources.  The  keywords  used  in  the  above  definitions  are  scientific
approach,  scarce  resources,  system  and  model.  The  British  definitionapproach,  scarce  resources,  system  and  model.  The  British  definition
contains no reference to optimization, while the American definition has nocontains no reference to optimization, while the American definition has no



reference to the word, best. A few other definitions which are commonly usedreference to the word, best. A few other definitions which are commonly used
and are widely acceptable are as follows:  and are widely acceptable are as follows:  

 Operations  research  is  the  systematic  application  of  quantitativeOperations  research  is  the  systematic  application  of  quantitative
methods, techniques and tools to the analysis of problems involvingmethods, techniques and tools to the analysis of problems involving
the operation of systems.    the operation of systems.    

 Operations  research  is  essentially  a  collection  of  mathematicalOperations  research  is  essentially  a  collection  of  mathematical
techniques and tools which in conjunction with a systems approach,techniques and tools which in conjunction with a systems approach,
are applied to solve practical decision problems of an economic orare applied to solve practical decision problems of an economic or
engineering nature. engineering nature. 

These two definitions imply another view of OR as being the collection ofThese two definitions imply another view of OR as being the collection of
models  and  methods  which  have  developed  largely  independent  of  onemodels  and  methods  which  have  developed  largely  independent  of  one
another. another. 

 Operations  research  utilizes  the  planned  approach  (updatedOperations  research  utilizes  the  planned  approach  (updated
scientific method) and an interdisciplinary team in order to representscientific method) and an interdisciplinary team in order to represent
complex  functional  relationships  as  mathematical  models  for  thecomplex  functional  relationships  as  mathematical  models  for  the
purpose of  providing a quantitative basis for decision-making andpurpose of  providing a quantitative basis for decision-making and
uncovering new problems for quantitative analysis. uncovering new problems for quantitative analysis. 

 This new decision-making field has been characterized by the use ofThis new decision-making field has been characterized by the use of
scientific  knowledge  through  interdisciplinary  team  effort  for  thescientific  knowledge  through  interdisciplinary  team  effort  for  the
purpose of determining the best utilization of limited resources.purpose of determining the best utilization of limited resources.

These two definitions refer to the interdisciplinary nature of OR. However,These two definitions refer to the interdisciplinary nature of OR. However,
there is nothing which can stop one person form considering several aspectsthere is nothing which can stop one person form considering several aspects
of the problem under consideration. One of the best definitions is as follows. of the problem under consideration. One of the best definitions is as follows. 

 Operations  research,  in  the  most  general  sense,  can  beOperations  research,  in  the  most  general  sense,  can  be
characterized  as  the  application  of  scientific  methods,  techniquescharacterized  as  the  application  of  scientific  methods,  techniques
and tools, to problems involving the operations of a system so as toand tools, to problems involving the operations of a system so as to
provide those in control of the operations with optimum solutions toprovide those in control of the operations with optimum solutions to
the problems.        the problems.        

 Operations  research  is  the  art  of  winning  wars  without  actuallyOperations  research  is  the  art  of  winning  wars  without  actually
fighting them. fighting them. 

This  definition  refers  to  the  military  origin  of  the  subject  where  team ofThis  definition  refers  to  the  military  origin  of  the  subject  where  team of
experts were not actually participating in military operations for winning theexperts were not actually participating in military operations for winning the
war  but  providing  advisor  and  intellectual  support  for  initiating  strategicwar  but  providing  advisor  and  intellectual  support  for  initiating  strategic
military actions.  military actions.  

 Operations research is the art of finding bad answers to problems toOperations research is the art of finding bad answers to problems to
which otherwise worse answers are given. which otherwise worse answers are given. 

This  definition refers operations research as a technique for selecting theThis  definition refers operations research as a technique for selecting the
best course of action out of several courses of action to reach a desirablebest course of action out of several courses of action to reach a desirable
solution of the problem. solution of the problem. 
A few other definitions of OR are as follows: A few other definitions of OR are as follows: 

 Operations research has been described as a method, an approach,Operations research has been described as a method, an approach,
as  set  of  techniques,  a  team  activity,  a  combination  of  manyas  set  of  techniques,  a  team  activity,  a  combination  of  many
disciplines,  an  extension  of  particular  disciplines  (mathematics,disciplines,  an  extension  of  particular  disciplines  (mathematics,
engineering, economic), a new discipline, a vocation, even a religion.engineering, economic), a new discipline, a vocation, even a religion.
It is perhaps some of all these things. It is perhaps some of all these things. 

 Operations research may be described as a scientific approach toOperations research may be described as a scientific approach to
decision-making  that  involves  the  operations  of  organizationaldecision-making  that  involves  the  operations  of  organizational
system.                                  system.                                  

 Operations  research  is  a  scientific  method of  providing  executiveOperations  research  is  a  scientific  method of  providing  executive
departments  with  a  quantitative  basis  for  decisions  under  theirdepartments  with  a  quantitative  basis  for  decisions  under  their
control.                                                control.                                                



 Operations  research  is  applied  decision  theory.  It  uses  scientific,Operations  research  is  applied  decision  theory.  It  uses  scientific,
mathematical, or logical means to attempt to cope with the problemsmathematical, or logical means to attempt to cope with the problems
that confront the executive, when he tries to achieve a thorough-that confront the executive, when he tries to achieve a thorough-
going rationality in dealing with his decision problem. DW Miller andgoing rationality in dealing with his decision problem. DW Miller and
MK  Stan  through-going  rationality  in  dealing  with  his  decisionMK  Stan  through-going  rationality  in  dealing  with  his  decision
problems.                            problems.                            

 Operations research is a scientific approach to problem-solving forOperations research is a scientific approach to problem-solving for
executive management.                                        executive management.                                        

As the discipline of operations research grew, numerous names were given toAs the discipline of operations research grew, numerous names were given to
it,  such  as  Operations  Analysis,  Systems  Analysis,  Decision  Analysis,it,  such  as  Operations  Analysis,  Systems  Analysis,  Decision  Analysis,
Management Science, Quantitative Analysis, Decision Science. However, eachManagement Science, Quantitative Analysis, Decision Science. However, each
of these emphasizes the quantitative approach to the analysis and solution ofof these emphasizes the quantitative approach to the analysis and solution of
management problems. management problems. 

The basic and dominant characteristic feature of operations research is that itThe basic and dominant characteristic feature of operations research is that it
employs mathematical representations or models to analyse problems. Thisemploys mathematical representations or models to analyse problems. This
distinctive approach represents an adaptation of the scientific methodologydistinctive approach represents an adaptation of the scientific methodology
used by other physical sciences. The scientific method translates a real givenused by other physical sciences. The scientific method translates a real given
problem  into  a  mathematical  representation,  which  is  solved  and  re-problem  into  a  mathematical  representation,  which  is  solved  and  re-
transformed into the original context. The OR approach to problem solvingtransformed into the original context. The OR approach to problem solving
consists of the following steps. consists of the following steps. 

1.1. Formulate the problem.  Formulate the problem.  
2.2.   Determine  the  assumptions  (model  building)  and  formulate  theDetermine  the  assumptions  (model  building)  and  formulate  the

problem in a mathematical framework. problem in a mathematical framework. 
3.3. Acquire the input data. Acquire the input data. 
4.4. Solve the model formulated and interpret the results. Solve the model formulated and interpret the results. 
5.5. Validate the model. Validate the model. 
6.6. Implement the solution obtained. Implement the solution obtained. 

However, one step need not be completed fully before the next is started. InHowever, one step need not be completed fully before the next is started. In
fact, one or more of the steps may be modified to some extent before finalfact, one or more of the steps may be modified to some extent before final
results are implemented. This would of course, necessitate the subsequentresults are implemented. This would of course, necessitate the subsequent
steps being modified.steps being modified.

Activity 1.1.Activity 1.1.
What is Operations Research?What is Operations Research?
What are the main applications of management science?What are the main applications of management science?
Why is operations research named management science?Why is operations research named management science?
What types of managerial problems are addressed by OR?What types of managerial problems are addressed by OR?

1.1.1.1. Decision processes and relevance of ORDecision processes and relevance of OR
The significant features of operations research are  The significant features of operations research are  

1.1. Decision-makingDecision-making Primarily, OR is addressed to managerial decision - Primarily, OR is addressed to managerial decision -
making or problem solving. A major premise of OR is that decision-making or problem solving. A major premise of OR is that decision-
making, irrespective of the situation involved, can be considered as amaking, irrespective of the situation involved, can be considered as a
general systematic process that consists of the following steps: general systematic process that consists of the following steps: 

(a)(a) Define the problem and establish  the criterion,  which will  beDefine the problem and establish  the criterion,  which will  be
used. The criterion may be the maximization of profits, utilityused. The criterion may be the maximization of profits, utility
and minimization of costs and so on. and minimization of costs and so on. 

(b)(b) Select the alternative courses of action for consideration. Select the alternative courses of action for consideration. 
(c)(c) Determine  the  model  to  be  used  and  the  values  of  theDetermine  the  model  to  be  used  and  the  values  of  the

parameters of the process. parameters of the process. 



(d)(d) Evaluate the alternatives and choose the one that is optimal Evaluate the alternatives and choose the one that is optimal 
2.2. Scientific approachScientific approach OR employs scientific methods for the purpose of OR employs scientific methods for the purpose of

solving problems, and there is no place of whims and guesswork in it. Itsolving problems, and there is no place of whims and guesswork in it. It
is  a  formalized  process  of  reasoning  and  consists  of  the  followingis  a  formalized  process  of  reasoning  and  consists  of  the  following
steps: steps: 

(a)(a) The problem to be analysed is defined clearly and the conditionsThe problem to be analysed is defined clearly and the conditions
for observations are determined. for observations are determined. 

(b)(b) Observations are made under varying conditions to determineObservations are made under varying conditions to determine
the behavior of the system. the behavior of the system. 

(c)(c) On the basis of the observations, a hypothesis describing howOn the basis of the observations, a hypothesis describing how
the various factors involved are believed to interact and the bestthe various factors involved are believed to interact and the best
solution to the problem is formulated. solution to the problem is formulated. 

(d)(d) To test the hypothesis, an experiment is designed and executed.To test the hypothesis, an experiment is designed and executed.
Observations are made and measurements are recorded. Observations are made and measurements are recorded. 

(e)(e) Finally,  the  results  of  the  experiments  are  analysed  and  theFinally,  the  results  of  the  experiments  are  analysed  and  the
hypothesis is either accepted or rejected. If  the hypothesis ishypothesis is either accepted or rejected. If  the hypothesis is
accepted, the best solution to the problem is obtained. accepted, the best solution to the problem is obtained. 

3.3. ObjectiveObjective: OR attempts to locate the best or optimal solution to the: OR attempts to locate the best or optimal solution to the
problem under consideration. For this purpose, it is necessary that aproblem under consideration. For this purpose, it is necessary that a
measure of effectiveness be defined which is based on the goals of themeasure of effectiveness be defined which is based on the goals of the
organization. This measure is then used as the basis to compare theorganization. This measure is then used as the basis to compare the
alternative courses of action. alternative courses of action. 

4.4. Inter-disciplinary team approachInter-disciplinary team approach: OR is inter-disciplinary in nature: OR is inter-disciplinary in nature
and requires a team approach to a solution to the problem. No singleand requires a team approach to a solution to the problem. No single
individual  can  have a  through knowledge of  the  myriad  aspects  ofindividual  can  have a  through knowledge of  the  myriad  aspects  of
operation  research  and  how  the  problems  may  be  addressed.operation  research  and  how  the  problems  may  be  addressed.
Managerial  problems  have  economic,  physical,  psychological,Managerial  problems  have  economic,  physical,  psychological,
biological, sociological and engineering aspects. This requires a blendbiological, sociological and engineering aspects. This requires a blend
of  people  with  expertise  in  the  areas  of  mathematics,  statistics,of  people  with  expertise  in  the  areas  of  mathematics,  statistics,
engineering, economics, management, computer science and so on. Ofengineering, economics, management, computer science and so on. Of
course,  it  is  not  always  so.  Some  problem  situations  may  becourse,  it  is  not  always  so.  Some  problem  situations  may  be
adequately handled even by one individual. adequately handled even by one individual. 

5.5.     Digital ComputerDigital Computer Use of a digital computer has become an integral Use of a digital computer has become an integral
part  of  the  operations  research  approach  to  decision-making.  Thepart  of  the  operations  research  approach  to  decision-making.  The
computer may be required due to the complexity of the model, volumecomputer may be required due to the complexity of the model, volume
of data required or the computations to be made. Many quantitativeof data required or the computations to be made. Many quantitative
techniques are available in the form of 'canned' programmes. techniques are available in the form of 'canned' programmes. 

1.1. Model buildingModel building: Once the problem is defined, the next step is to build: Once the problem is defined, the next step is to build
a suitable model. As already mentioned, the concepts of models anda suitable model. As already mentioned, the concepts of models and
model-building  lie  at  the  very  heart  of  the  operations  researchmodel-building  lie  at  the  very  heart  of  the  operations  research
approach to problem solving. A model is a theoretical abstraction of aapproach to problem solving. A model is a theoretical abstraction of a
real-life  problem.  In  fact,  may  real-life  situations  tend  to  be  veryreal-life  problem.  In  fact,  may  real-life  situations  tend  to  be  very
complex because there are literally innumerable inherent factors incomplex because there are literally innumerable inherent factors in
any given situation. Thus, the decision-maker has to abstract from theany given situation. Thus, the decision-maker has to abstract from the
empirical  situation  those  factors  which  are  most  relevant  to  theempirical  situation  those  factors  which  are  most  relevant  to  the
problem.  Having selected  the critical  factors,  he combines  them inproblem.  Having selected  the critical  factors,  he combines  them in
some logical manner so that they form a counterpart or a model of thesome logical manner so that they form a counterpart or a model of the
actual problem. actual problem. 

Thus, a model is a simplified representation of a real-world situation that,Thus, a model is a simplified representation of a real-world situation that,
ideally,  strips  a natural  phenomenon of  its  bewildering complexity  andideally,  strips  a natural  phenomenon of  its  bewildering complexity  and



replicates its essential behavioral. Models may be represented in a varietyreplicates its essential behavioral. Models may be represented in a variety
of ways. They can be classified as physical and symbolic models. of ways. They can be classified as physical and symbolic models. 

(a)  Physical  models(a)  Physical  models:  A  physical  model  is  a  physical  or  schematic:  A  physical  model  is  a  physical  or  schematic
representation of the real thing. There are two types of physical models:representation of the real thing. There are two types of physical models:
iconic and analogue. iconic and analogue. 
(i) Iconic models-They are essentially the scaled-up/down versions of the(i) Iconic models-They are essentially the scaled-up/down versions of the
particular thing they represent.  A model aeroplane in a wind tunnel,  aparticular thing they represent.  A model aeroplane in a wind tunnel,  a
model of a proposed building provided by an architect, models of the sunmodel of a proposed building provided by an architect, models of the sun
and its planets housed in a planetarium, a model of a particular molecularand its planets housed in a planetarium, a model of a particular molecular
structure of a chemical are examples of iconic models, because they lookstructure of a chemical are examples of iconic models, because they look
like what they represent (except size). Maps, pictures or drawings maylike what they represent (except size). Maps, pictures or drawings may
also be categorized as iconic models since they represent essentially thealso be categorized as iconic models since they represent essentially the
images of certain things. images of certain things. 
The chief merit of an iconic model is that it is concrete and specific. ItThe chief merit of an iconic model is that it is concrete and specific. It
resembles visually the thing it represents and, therefore, there are likelyresembles visually the thing it represents and, therefore, there are likely
to be fewer problems in translating any 'findings' from the model into theto be fewer problems in translating any 'findings' from the model into the
real-life situation. However, the disadvantage of such models is that theyreal-life situation. However, the disadvantage of such models is that they
often of not lend themselves to manipulation for experimental purposes.  often of not lend themselves to manipulation for experimental purposes.  
(ii) Analogue models. The analogue models use one set of properties to(ii) Analogue models. The analogue models use one set of properties to
represent another set. To illustrate, an electrical network model may berepresent another set. To illustrate, an electrical network model may be
used as an analogue model to study the flows in a transportation system.used as an analogue model to study the flows in a transportation system.
Similarly,  a  barometer  that  indicates  changes  in  atmospheric  pressureSimilarly,  a  barometer  that  indicates  changes  in  atmospheric  pressure
through movements of a needle is an example of analogue model and thethrough movements of a needle is an example of analogue model and the
contour  lines  on  a  map  are  analogues  of  elevation.  In  general,  thecontour  lines  on  a  map  are  analogues  of  elevation.  In  general,  the
analogue models are less specific and concrete but they are easier toanalogue models are less specific and concrete but they are easier to
manipulate as compared to the iconic models.manipulate as compared to the iconic models.
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Structural Analysis of OR Application Process in an organization Structural Analysis of OR Application Process in an organization 
Because of OR's multi-disciplinary character and application in varied fields, itBecause of OR's multi-disciplinary character and application in varied fields, it
has a bright future, provided people devoted to OR study can help meet thehas a bright future, provided people devoted to OR study can help meet the
needs of society. Some of the problems in the area of hospital management,needs of society. Some of the problems in the area of hospital management,
energy conservation, environmental pollution, etc., have been solved by ORenergy conservation, environmental pollution, etc., have been solved by OR
specialists and this is an indication that OR can also contribute towards the specialists and this is an indication that OR can also contribute towards the 

improvement in the social life and areas of global need. However, in order to improvement in the social life and areas of global need. However, in order to 
make the future of OR brighter, its specialists have to make good use of themake the future of OR brighter, its specialists have to make good use of the
opportunities available to them. opportunities available to them. 

1.3 Models and model building1.3 Models and model building  

Both simple and complex systems can easily be studied by concentrating onBoth simple and complex systems can easily be studied by concentrating on
some portion or key features instead of concentrating on every detail of it.some portion or key features instead of concentrating on every detail of it.
This approximation or abstraction, maintaining only the essential elements ofThis approximation or abstraction, maintaining only the essential elements of
the  system,  which  may  be  constructed  in  various  forms  by  establishingthe  system,  which  may  be  constructed  in  various  forms  by  establishing
relationships  among specified  variables  and parameters  of  the  system,  isrelationships  among specified  variables  and parameters  of  the  system,  is
called a  model.  In  general,  models  attempt  to  describe the essence of  acalled a  model.  In  general,  models  attempt  to  describe the essence of  a
situation or activity by abstracting from reality so the decision-maker cansituation or activity by abstracting from reality so the decision-maker can
study the relationship among relevant variables in isolation. Models do notstudy the relationship among relevant variables in isolation. Models do not
attempt to duplicate reality in  all  aspects,  but for  models,  that  do revealattempt to duplicate reality in  all  aspects,  but for  models,  that  do reveal
nothing. Hence, models do not, and cannot, represent every aspect of realitynothing. Hence, models do not, and cannot, represent every aspect of reality
because  of  the  innumerable  and  changing  characteristics  of  the  real  lifebecause  of  the  innumerable  and  changing  characteristics  of  the  real  life
problems  to  be  represented.  Instead,  they  are  limited  approximation  ofproblems  to  be  represented.  Instead,  they  are  limited  approximation  of
reality. For example, to study the flow of material through a factory, a scaledreality. For example, to study the flow of material through a factory, a scaled
diagram on paper showing the factory floor, position of equipment, tools, anddiagram on paper showing the factory floor, position of equipment, tools, and
workers can be constructed. It would not be necessary to give such details asworkers can be constructed. It would not be necessary to give such details as
the color of machines, the heights of the words, or the temperature of thethe color of machines, the heights of the words, or the temperature of the
building. In other words, for a model to be effective, it must be representativebuilding. In other words, for a model to be effective, it must be representative
of  those aspects  of  reality  that  are  being  investigated and have a  majorof  those aspects  of  reality  that  are  being  investigated and have a  major
impact on the decisions situation. impact on the decisions situation. 

From the above discussion, it appears that a model is constructed to analyseFrom the above discussion, it appears that a model is constructed to analyse
and  understand  the  given  system  for  the  purpose  of  improving  itsand  understand  the  given  system  for  the  purpose  of  improving  its
performance. The reliability of the solution obtained from a model dependsperformance. The reliability of the solution obtained from a model depends
on the validity of the model in representing the system under study. A model,on the validity of the model in representing the system under study. A model,
however,  allows  the  opportunity  to  examine  the  behavioral  changes  of  ahowever,  allows  the  opportunity  to  examine  the  behavioral  changes  of  a
system without disturbing the on-going operations. system without disturbing the on-going operations. 
The key to model-building lies in abstracting only the relevant variables thatThe key to model-building lies in abstracting only the relevant variables that
affect the criteria of the measures-of-performance of the given system andaffect the criteria of the measures-of-performance of the given system and
expressing the relationship in a suitable from. However, a model should be asexpressing the relationship in a suitable from. However, a model should be as
simple as possible so as to give the desired result. But oversimplifying thesimple as possible so as to give the desired result. But oversimplifying the
problem  can  lead  to  a  poor  decision.  Model  enrichment  is  accomplishedproblem  can  lead  to  a  poor  decision.  Model  enrichment  is  accomplished
thought he process of changing constants into variables, adding variables,thought he process of changing constants into variables, adding variables,
relaxing linear and other assumptions, and including randomness. relaxing linear and other assumptions, and including randomness. 

There are  many ways to  classify  models.  Classification schemes can  alsoThere are  many ways to  classify  models.  Classification schemes can  also
provide a useful frame of reference for models. There are eight classificationprovide a useful frame of reference for models. There are eight classification
schemes for models as shown in Table 1.1. schemes for models as shown in Table 1.1. 



Table 1.1 Model classification Scheme Table 1.1 Model classification Scheme 
1. Function1. Function

 Descriptive Descriptive 
 Predictive Predictive 
 NormativeNormative

4. Degree of certainty 4. Degree of certainty 
 Certainty Certainty 
 Conflict Conflict 
 Risk Risk 
 Uncertainty Uncertainty 

7. Degree of closure 7. Degree of closure 
 Closed Closed 
 Open Open 

2. Structure 2. Structure 
 Iconic Iconic 
 Analog Analog 
 Symbolic Symbolic 

5. Time reference 5. Time reference 
 Static Static 
 Dynamic Dynamic 

8. Degree of Quantification 8. Degree of Quantification 
 Qualitative Qualitative 
 Mental Mental 
 Verbal Verbal 

3. Dimensionality 3. Dimensionality 
 Two-dimensional Two-dimensional 
 Multi-dimensional Multi-dimensional 

6.  Degree  of6.  Degree  of
generality generality 

 Specialized Specialized 
 General General 

 Quantitative Quantitative 
 Statistical Statistical 
 HeuristicHeuristic
 Simulation  Simulation  

A summary classification scheme of OR models based on different criteria isA summary classification scheme of OR models based on different criteria is
given in Fig. 1.2 and few of these schemes are discussed below: given in Fig. 1.2 and few of these schemes are discussed below: 

Table 1.1. Classification Based on Structure Table 1.1. Classification Based on Structure 

 Physical Models Physical Models 
These models provide a psychical appearance of the real object under studyThese models provide a psychical appearance of the real object under study
either reduced in size or scaled up. Physical models are useful only in designeither reduced in size or scaled up. Physical models are useful only in design
problems because they are easy to observe, build and describe. For example,problems because they are easy to observe, build and describe. For example,
in the aircraft industry, scale models of the proposed new aircraft are builtin the aircraft industry, scale models of the proposed new aircraft are built
and tested in  wind tunnels  to  record the stresses experienced by  the airand tested in  wind tunnels  to  record the stresses experienced by  the air
frame Since these models cannot be manipulated and are not very useful forframe Since these models cannot be manipulated and are not very useful for
prediction, problems such as portfolio selection, media selection, productionprediction, problems such as portfolio selection, media selection, production
scheduling, etc., cannot be analyzed with a physical model. Physical modelsscheduling, etc., cannot be analyzed with a physical model. Physical models
are classified into the following tow categories. are classified into the following tow categories. 

(i)(i) Iconic ModelsIconic Models. Iconic models retain some of the physical properties. Iconic models retain some of the physical properties
and characteristics of the system they represent.  An iconic modeland characteristics of the system they represent.  An iconic model
is either in an idealized form or is a scaled version of the system. Inis either in an idealized form or is a scaled version of the system. In
other worlds, such models represent the system as it is by scaling itother worlds, such models represent the system as it is by scaling it
up or down (i..e. enlarging or reducing the size). up or down (i..e. enlarging or reducing the size). 

Examples  of  iconic  models  are,  blueprints  of  a  home,  maps,  globes,Examples  of  iconic  models  are,  blueprints  of  a  home,  maps,  globes,
photography, drawings, airo planes, trains, etc. photography, drawings, airo planes, trains, etc. 

Iconic models are simple to conceive, specific and concrete. An iconic modelIconic models are simple to conceive, specific and concrete. An iconic model
is  used  to  describe  the  characteristics  of  the  system  rather  than  beingis  used  to  describe  the  characteristics  of  the  system  rather  than  being
explanatory.  This  means  that  such models  are  used to  represent  a  staticexplanatory.  This  means  that  such models  are  used to  represent  a  static
event and characteristics which are not used in determining or predictingevent and characteristics which are not used in determining or predicting
effects due to certain changes in the actual system. For example, color of aneffects due to certain changes in the actual system. For example, color of an
atom does  not  play  any  vital  role  in  the  scientific  study  of  its  structure.atom does  not  play  any  vital  role  in  the  scientific  study  of  its  structure.
Similarly, type of engine in a car has no role to play in the study of parkingSimilarly, type of engine in a car has no role to play in the study of parking
problem. problem. 

(ii)(ii)   Analogue ModelsAnalogue Models. These models represent a system by a set of. These models represent a system by a set of
properties different from those of the original system and does notproperties different from those of the original system and does not



resemble it physically. After the problem is solved, the solution isresemble it physically. After the problem is solved, the solution is
re-interpreted in terms of the original system.   re-interpreted in terms of the original system.   

      
For  example,  the  organizational  chart  represents  the  state  of  formalFor  example,  the  organizational  chart  represents  the  state  of  formal
relationships  existing  between  members  of  the  organization.  Maps  inrelationships  existing  between  members  of  the  organization.  Maps  in
different  colours  may  represent  water,  desert  and  other  geographicaldifferent  colours  may  represent  water,  desert  and  other  geographical
features.  Graphs  of  time  series,  stock-market  changes,  frequency  curves,features.  Graphs  of  time  series,  stock-market  changes,  frequency  curves,
etc., may be used to represent quantitative relationships between any twoetc., may be used to represent quantitative relationships between any two
properties  and  predict  how  a  change  in  one  property  effects  the  other.properties  and  predict  how  a  change  in  one  property  effects  the  other.
Theses models are les specific and concrete but are easier to manipulate andTheses models are les specific and concrete but are easier to manipulate and
are more general than iconic models. are more general than iconic models. 

 Symbolic models Symbolic models 
These  models  use  symbols  (letters,  numbers)  and  functions  to  representThese  models  use  symbols  (letters,  numbers)  and  functions  to  represent
variables and their  relationships to describe the properties of the system.variables and their  relationships to describe the properties of the system.
These  models  are  also  used  to  represent  relationships  which  can  beThese  models  are  also  used  to  represent  relationships  which  can  be
represented in a physical form. Symbolic models can be classified into tworepresented in a physical form. Symbolic models can be classified into two
categories. categories. 

(i)(i) Verbal  Models.  Verbal  Models.  These  models  describe  a  situation  in  written  orThese  models  describe  a  situation  in  written  or
spoken language. Written sentences, books, etc., are examples of aspoken language. Written sentences, books, etc., are examples of a
verbal model.verbal model.

(ii)(ii) Mathematical  Models.Mathematical  Models. These  models  involve  the  use  of These  models  involve  the  use  of
mathematical  symbols,  letters,  numbers  and  mathematicalmathematical  symbols,  letters,  numbers  and  mathematical
operators  (+,  -,  operators  (+,  -,  ,  x)  to  represent  relationships  among  various,  x)  to  represent  relationships  among  various
variables of the system to describe its properties or behaviors. Thevariables of the system to describe its properties or behaviors. The
solution  to  such  models  is  then  obtained  by  applying  suitablesolution  to  such  models  is  then  obtained  by  applying  suitable
mathematical technique. mathematical technique. 

The relationship among velocity, distance and acceleration is an example of aThe relationship among velocity, distance and acceleration is an example of a
mathematical model. In accounting, the cost-volume-profit model is also anmathematical model. In accounting, the cost-volume-profit model is also an
example of a mathematical model. Symbolic models are precise and abstractexample of a mathematical model. Symbolic models are precise and abstract
and can be analysed and manipulated by using laws of mathematics.  Theand can be analysed and manipulated by using laws of mathematics.  The
models are more explanatory rather than descriptive.models are more explanatory rather than descriptive.
  
Classification Based on Function or Purpose Classification Based on Function or Purpose 
  
Models based on the purpose of their utility include the following types. Models based on the purpose of their utility include the following types. 

Descriptive models Descriptive models 

Descriptive models simply describe some aspects of a situation, based onDescriptive models simply describe some aspects of a situation, based on
observation,  survey,  questionnaire  results  or  other  available  data  of  aobservation,  survey,  questionnaire  results  or  other  available  data  of  a
situation and do not predict or recommend anything.situation and do not predict or recommend anything.
Examples of such models are: Organization chart, plant layout diagram, blockExamples of such models are: Organization chart, plant layout diagram, block
diagram representing an algorithm or method for solving a problem, etc. diagram representing an algorithm or method for solving a problem, etc. 

Predictive models Predictive models 

These  models  indicate  'if  this  occurs,  then  that  will  follow."  They  relateThese  models  indicate  'if  this  occurs,  then  that  will  follow."  They  relate
dependent  and  independent  variables  and  permit  trying  out,  'what  if'dependent  and  independent  variables  and  permit  trying  out,  'what  if'
questions. In other words, these models are used to predict the outcomesquestions. In other words, these models are used to predict the outcomes
due to a given set of alternatives for the problem. These models do not havedue to a given set of alternatives for the problem. These models do not have
an objective function as a part of the model to evaluate decision alternatives.an objective function as a part of the model to evaluate decision alternatives.



For example, S = a + bA +cI is a model that describes how the sale (S) of aFor example, S = a + bA +cI is a model that describes how the sale (S) of a
product changes with a change in advertising expenditure (A) and disposableproduct changes with a change in advertising expenditure (A) and disposable
personal income (I). Here, a b and c are parameters whose values must bepersonal income (I). Here, a b and c are parameters whose values must be
estimated.  Thus,  having estimated the values of  a,  b and c,  the value ofestimated.  Thus,  having estimated the values of  a,  b and c,  the value of
advertising expenditure (A) can be adjusted for a given value of I to studyadvertising expenditure (A) can be adjusted for a given value of I to study
impact  of  advertising  on  sales.  In  these  models,  however,  one  does  notimpact  of  advertising  on  sales.  In  these  models,  however,  one  does  not
attempt to choose the best decisions alternative, but can only have an ideaattempt to choose the best decisions alternative, but can only have an idea
about each alternative available to him.about each alternative available to him.

1.4 OR Techniques1.4 OR Techniques  
As the term implies,  OR involves research on military  operations.  ThisAs the term implies,  OR involves research on military  operations.  This
indicates  the  approach  as  well  as  the  area  of  its  applications.  Theindicates  the  approach  as  well  as  the  area  of  its  applications.  The
operations research approach is particularly useful in balancing conflictingoperations research approach is particularly useful in balancing conflicting
the  area  of  its  applications.  The  operations  research  approach  isthe  area  of  its  applications.  The  operations  research  approach  is
particularly  useful  in  balancing conflicting objective (goals  or  interests)particularly  useful  in  balancing conflicting objective (goals  or  interests)
where  there  are  many  alternative  courses  of  action  available  to  thewhere  there  are  many  alternative  courses  of  action  available  to  the
decision-makers. In a theoretical  sense, the optimum decision must bedecision-makers. In a theoretical  sense, the optimum decision must be
one that is  best for the organization as a whole.  It  is  often called theone that is  best for the organization as a whole.  It  is  often called the
global optimum. A decision that is best for one or more sections of theglobal optimum. A decision that is best for one or more sections of the
organization  is  usually  called  sub-optimum decision.  The  OR  approachorganization  is  usually  called  sub-optimum decision.  The  OR  approach
attempts to find global optimum by analyzing inter-relationships amongattempts to find global optimum by analyzing inter-relationships among
the system components involved in the problem. One such situation isthe system components involved in the problem. One such situation is
described below. described below. 

Consider a large organization with a number of management specialists butConsider a large organization with a number of management specialists but
not necessarily well coordinated. For example, consider the basic problem ofnot necessarily well coordinated. For example, consider the basic problem of
maintaining stocks of finished goods. To the marketing manger, stocks of amaintaining stocks of finished goods. To the marketing manger, stocks of a
large variety of products are a means of supplying the company's customerslarge variety of products are a means of supplying the company's customers
with what they want and when they want it. Clearly, according to a marketingwith what they want and when they want it. Clearly, according to a marketing
manager, a fully stocked warehouse is of prime importance to the company.manager, a fully stocked warehouse is of prime importance to the company.
But the production manger argues for long production runs preferably on aBut the production manger argues for long production runs preferably on a
smaller product range, particularly if significant time is lost when projection issmaller product range, particularly if significant time is lost when projection is
switched from one variety to another. The result would again be a tendencyswitched from one variety to another. The result would again be a tendency
to increase the amount of stock carried but it is, of course, vital that the plantto increase the amount of stock carried but it is, of course, vital that the plant
should be kept running. On the other hand, the finance manger sees stocks inshould be kept running. On the other hand, the finance manger sees stocks in
terms  of  capital  ties  up  unproductively  and  argues  strongly  for  theirterms  of  capital  ties  up  unproductively  and  argues  strongly  for  their
reduction. Finally, there appears the personnel manager for whom a steadyreduction. Finally, there appears the personnel manager for whom a steady
level of production is advantageous for having better labour relations. Thus,level of production is advantageous for having better labour relations. Thus,
all these people would claim to uphold the interests of the organization, butall these people would claim to uphold the interests of the organization, but
they do so only form their specialized points of view. They may come up withthey do so only form their specialized points of view. They may come up with
contradictory solutions and obviously, they cannot all be right.    contradictory solutions and obviously, they cannot all be right.    

In  view  of  the  above  involving  the  whole  system,  the  decision-maker,In  view  of  the  above  involving  the  whole  system,  the  decision-maker,
whatever his specialization, will need help and it is in the attempt to providewhatever his specialization, will need help and it is in the attempt to provide
this assistance that OR has been developed. Operations research attempts tothis assistance that OR has been developed. Operations research attempts to
resolve the conflicts of interest among various sections of the organizationresolve the conflicts of interest among various sections of the organization
and  seeks  the  optimal  solution  which  may  not  be  acceptable  to  oneand  seeks  the  optimal  solution  which  may  not  be  acceptable  to  one
department but is in the interest of the organization as a whole. Further, ORdepartment but is in the interest of the organization as a whole. Further, OR
is concerned with providing the decision-maker with decision aids (or rules)is concerned with providing the decision-maker with decision aids (or rules)
derived from: derived from: 

(i)(i) A total system orientation A total system orientation 



(ii)(ii) Scientific methods of investigation, and Scientific methods of investigation, and 
(iii)(iii) Models  of  reality,  generally  based  on  quantitative  measurementModels  of  reality,  generally  based  on  quantitative  measurement

and techniques. and techniques. 

Thus,  successful  application of  OR techniques for  solving a problem mustThus,  successful  application of  OR techniques for  solving a problem must
involve the following steps. involve the following steps. 

1.1. Constructing  mathematical,  economics  or  statistical  model  ofConstructing  mathematical,  economics  or  statistical  model  of
the problem under study to treat situations of complexity andthe problem under study to treat situations of complexity and
uncertainty. This helps to view the problem in its entiretyuncertainty. This helps to view the problem in its entirety

2.2.   Analysing the relationships  among different  variables  and/orAnalysing the relationships  among different  variables  and/or
parameters  associated  with  the  problem,  so  as  to  determineparameters  associated  with  the  problem,  so  as  to  determine
consequences of decision alternatives. consequences of decision alternatives. 

3.3. Suggesting suitable  measures  of  desirability  (effectiveness  orSuggesting suitable  measures  of  desirability  (effectiveness  or
objective  function)  in  order  to  evaluate  the  relative  merit  ofobjective  function)  in  order  to  evaluate  the  relative  merit  of
decisions alternatives (courses of action, acts or strategies). decisions alternatives (courses of action, acts or strategies). 

The techniques can be categorized thus:The techniques can be categorized thus:

1.4.1. A Quantitative Approach to Decision-making 1.4.1. A Quantitative Approach to Decision-making 

Decision-making in today's social and business environment has become aDecision-making in today's social and business environment has become a
complex task. The uncertainty of the future and the nature of completion andcomplex task. The uncertainty of the future and the nature of completion and
social  interaction  greatly  increase  the  difficulty  of  managerial  decision-social  interaction  greatly  increase  the  difficulty  of  managerial  decision-
making. Knowledge and technology are changing rapidly, the new problemmaking. Knowledge and technology are changing rapidly, the new problem
with little or no precedents continually arise. Well-structured problems arewith little or no precedents continually arise. Well-structured problems are
routinely  optimized  by  computerized  systems  at  the  operational  level  ofroutinely  optimized  by  computerized  systems  at  the  operational  level  of
organizations, and increased attention is now focused on broader tactical andorganizations, and increased attention is now focused on broader tactical and
strategic issues. Hence, in order to effectively address these problems andstrategic issues. Hence, in order to effectively address these problems and
provide  leadership  in  the  advancing  global  age,  decision-makers  cannotprovide  leadership  in  the  advancing  global  age,  decision-makers  cannot
afford  to  make  decisions  by  simply  applying  their  personal  experiences,afford  to  make  decisions  by  simply  applying  their  personal  experiences,
guesswork or  intuition,  because the consequences of  wrong decisions areguesswork or  intuition,  because the consequences of  wrong decisions are
serious and costly. Fore example entering the wrong markets, producing theserious and costly. Fore example entering the wrong markets, producing the
wrong products, providing inappropriate services, etc., will have major, oftenwrong products, providing inappropriate services, etc., will have major, often
disastrous consequences for organizations. disastrous consequences for organizations. 

The practice of operations research (OR) must maintain stride with aboveThe practice of operations research (OR) must maintain stride with above
said trends in the global age. Criticism has periodically been leveled at thesaid trends in the global age. Criticism has periodically been leveled at the
failure of OR to adequately meet the needs of business and industry. Oftenfailure of OR to adequately meet the needs of business and industry. Often
the reasons for failure are behavioral in nature, and significant research onthe reasons for failure are behavioral in nature, and significant research on
implementation  process  has  been  carried  out.  Focusing  on  implantation,implementation  process  has  been  carried  out.  Focusing  on  implantation,
however,  presumes  that  the  definition,  analysis,  modeling,  and  solutionhowever,  presumes  that  the  definition,  analysis,  modeling,  and  solution
phases of an OR project have been adequately performed. One can easilyphases of an OR project have been adequately performed. One can easily
hypothesize that among the reasons for implantation failure is the lack ofhypothesize that among the reasons for implantation failure is the lack of
creative problem solving abilities by the analyst. This module introduces thecreative problem solving abilities by the analyst. This module introduces the
set of operations research techniques for decision-makers to help them makeset of operations research techniques for decision-makers to help them make
rational and effective decisions by having a basic knowledge of mathematicsrational and effective decisions by having a basic knowledge of mathematics
and  statistics,  as  well  as  the  use  of  computer  software  needed  forand  statistics,  as  well  as  the  use  of  computer  software  needed  for
computational purposes. computational purposes. 

Operations research as one of the quantitative aid to decision-making offersOperations research as one of the quantitative aid to decision-making offers
the decision-maker a method of evaluating every possible alternative (act orthe decision-maker a method of evaluating every possible alternative (act or
course  of  action)  by  using  various  techniques  to  know  the  potentialcourse  of  action)  by  using  various  techniques  to  know  the  potential



outcomes. This is not to say, however, that management decision-making isoutcomes. This is not to say, however, that management decision-making is
simply about the application of operations research techniques. simply about the application of operations research techniques. 

In  general,  while  solving  a  real-life  problem,  the  decision-maker  mustIn  general,  while  solving  a  real-life  problem,  the  decision-maker  must
examine  it  both  form  quantitative  as  well  as  qualitative  perspective.examine  it  both  form  quantitative  as  well  as  qualitative  perspective.
Information about the problem from both these perspectives needs to beInformation about the problem from both these perspectives needs to be
brought together and assessed in the context of the problem. Based on somebrought together and assessed in the context of the problem. Based on some
mix of the two sources of information, a decision should be taken by themix of the two sources of information, a decision should be taken by the
decision-maker. For example, consider a problem of an investor consideringdecision-maker. For example, consider a problem of an investor considering
investments  in  three  alternatives:  Stock  market,  Real  Estate  and  Bankinvestments  in  three  alternatives:  Stock  market,  Real  Estate  and  Bank
Deposit.  To  suggest  an  acceptable  solution,  we  need  to  consider  certainDeposit.  To  suggest  an  acceptable  solution,  we  need  to  consider  certain
quantitative  factors  and  information  to  be  examined  in  the  light  of  thequantitative  factors  and  information  to  be  examined  in  the  light  of  the
problem. For instance, factors like financial ratios from the balance sheets ofproblem. For instance, factors like financial ratios from the balance sheets of
several  companies  whose  stocks  are  under  consideration;  real  estateseveral  companies  whose  stocks  are  under  consideration;  real  estate
companies' cash flows and rates of return for investment in property; andcompanies' cash flows and rates of return for investment in property; and
how much the investment will be worth in future when deposited at a bank athow much the investment will be worth in future when deposited at a bank at
a given interest rate for a certain number of years, need to be examined.a given interest rate for a certain number of years, need to be examined.
However, before reaching a conclusion, certain other qualitative factors, suchHowever, before reaching a conclusion, certain other qualitative factors, such
as weather, state and central policies, new technology, the political situation,as weather, state and central policies, new technology, the political situation,
etc., need to be considered. These factors may be difficult to quantify.  etc., need to be considered. These factors may be difficult to quantify.  

The evaluation of each alternative is extremely difficult or time consuming forThe evaluation of each alternative is extremely difficult or time consuming for
two reasons: First, the amount and complexity of information that must betwo reasons: First, the amount and complexity of information that must be
processed, second the number of alternative solutions could be so large thatprocessed, second the number of alternative solutions could be so large that
a decision-maker simply cannot evaluate all of them to select an appropriatea decision-maker simply cannot evaluate all of them to select an appropriate
one. For these reasons when there is a lack of qualitative factors, decision-one. For these reasons when there is a lack of qualitative factors, decision-
makers  increasingly  turn  to  quantitative  methods  and  use  computers  tomakers  increasingly  turn  to  quantitative  methods  and  use  computers  to
arrive  at  the  optimal  solution  to  problems  involving  a  large  number  ofarrive  at  the  optimal  solution  to  problems  involving  a  large  number  of
alternatives. The study of these methods and how decision-makers use themalternatives. The study of these methods and how decision-makers use them
in the decision process is the essence of operations research approach. in the decision process is the essence of operations research approach. 

However, still there is an imperative need for an analytical research in thisHowever, still there is an imperative need for an analytical research in this
subject to present a structural analysis by critically examining the levels ofsubject to present a structural analysis by critically examining the levels of
interaction between the application process of operations research and theinteraction between the application process of operations research and the
systems and organizations. Figure 1.1 summarizes the operations researchsystems and organizations. Figure 1.1 summarizes the operations research
approach by sketching the conceptual framework of the main elements of theapproach by sketching the conceptual framework of the main elements of the
analysis. analysis. 

The steps are shown in Figure 1.1 and we now discuss each of these one byThe steps are shown in Figure 1.1 and we now discuss each of these one by
one. one. 

 Problem formulation:Problem formulation: The first step in quantitative analysis is to The first step in quantitative analysis is to
develop a clear and concise statements of the problem. In manydevelop a clear and concise statements of the problem. In many
cases, defining the problem proves to be the most important andcases, defining the problem proves to be the most important and
difficult step. It is essential, therefore, that the root problem shoulddifficult step. It is essential, therefore, that the root problem should
be identified and understood in the first place. Logically speaking,be identified and understood in the first place. Logically speaking,
we cannot expect to get the right answer if the problem is identifiedwe cannot expect to get the right answer if the problem is identified
incorrectly. In that case, the solution derived from it is apt to beincorrectly. In that case, the solution derived from it is apt to be
useless and all the efforts in that direction shall be a waste. Theuseless and all the efforts in that direction shall be a waste. The
problem  should  be  identified  properly  because  often  what  isproblem  should  be  identified  properly  because  often  what  is
described  as  a  problem may only  be  its  symptom.  For  exampledescribed  as  a  problem may only  be  its  symptom.  For  example
excessive costs per se do not constitute a problem. They are onlyexcessive costs per se do not constitute a problem. They are only



an indication of some problem that may, for instance, be improperan indication of some problem that may, for instance, be improper
inventory  levels,  excessive  wastage  and  the  like.  Often  theinventory  levels,  excessive  wastage  and  the  like.  Often  the
symptoms of  a  problem may extend beyond a single  manager'ssymptoms of  a  problem may extend beyond a single  manager's
control  to  other  personnel  and  other  departments  in  ancontrol  to  other  personnel  and  other  departments  in  an
organization. It is essential, therefore, to go beyond symptoms oforganization. It is essential, therefore, to go beyond symptoms of
the problem and identify  their  actual  causes.  Also,  one problemthe problem and identify  their  actual  causes.  Also,  one problem
may be related to other problems and solving one problem withoutmay be related to other problems and solving one problem without
having  regard to  the  others  may make the matters  worse.  It  ishaving  regard to  the  others  may make the matters  worse.  It  is
essential,  therefore,  that  an  analysis  be  made  as  to  how  theessential,  therefore,  that  an  analysis  be  made  as  to  how  the
solution to one problem is likely to affect other problems or thesolution to one problem is likely to affect other problems or the
situation in general. Further, it is likely for an organization to havesituation in general. Further, it is likely for an organization to have
several problems. However, an analyst usually cannot deal with allseveral problems. However, an analyst usually cannot deal with all
the problems and has to focus only on a few of them. For mostthe problems and has to focus only on a few of them. For most
companies  it  translates  in  to  selecting  those  problems  whosecompanies  it  translates  in  to  selecting  those  problems  whose
solutions  are  likely  to  result  in  greatest  profit  increases  or  costsolutions  are  likely  to  result  in  greatest  profit  increases  or  cost
reductions. Thus, it is imperative that right problems be selected forreductions. Thus, it is imperative that right problems be selected for
solution. In sum, it is necessary for an analyst to understand thatsolution. In sum, it is necessary for an analyst to understand that
the  formulation  of  a  problem  develops  from  a  complicatedthe  formulation  of  a  problem  develops  from  a  complicated
interaction that  involves the selection and interpretation of  datainteraction that  involves the selection and interpretation of  data
between him and the management.between him and the management.

Once the problem has been identified, it is categorized as being standard orOnce the problem has been identified, it is categorized as being standard or
special. The standard special. The standard 

Problems are also known as  programmed problems.  As has already beenProblems are also known as  programmed problems.  As has already been
motioned,  they are the well-structured problems characterized by routine,motioned,  they are the well-structured problems characterized by routine,
repetitive decisions that utilize specific decision-making techniques in theirrepetitive decisions that utilize specific decision-making techniques in their
solution  strategy.  Standard  solution  procedures  have  been  developed  tosolution  strategy.  Standard  solution  procedures  have  been  developed  to
handle such prototype problems. Examples of  these problems include thehandle such prototype problems. Examples of  these problems include the
assignments  of  workers  to  jobs,  fixing  the  product-mix  for  a  month  andassignments  of  workers  to  jobs,  fixing  the  product-mix  for  a  month  and
determination of the quantity of materials to be bough. On the other hand,determination of the quantity of materials to be bough. On the other hand,
there are special or non-programmed problems. They are unique and non-there are special or non-programmed problems. They are unique and non-
recurrent in nature and, therefore, ill-structured. Undertaking of a researchrecurrent in nature and, therefore, ill-structured. Undertaking of a research
and  development  project  and  the  merger  and  consolidation  decisionsand  development  project  and  the  merger  and  consolidation  decisions
illustrate such type of decision situations.       illustrate such type of decision situations.       

 Interdisciplinary Approach Interdisciplinary Approach 

Interdisciplinary teamwork is essential because while attempting to solve aInterdisciplinary teamwork is essential because while attempting to solve a
complex  management  problem,  one  person  may  not  have  the  completecomplex  management  problem,  one  person  may  not  have  the  complete
knowledge  of  all  its  aspects  (such  as  economic,  social,  political,knowledge  of  all  its  aspects  (such  as  economic,  social,  political,
psychological, engineering, etc). This means we should not expect a desirablepsychological, engineering, etc). This means we should not expect a desirable
solution to managerial problems. Therefore, a team of individuals specializingsolution to managerial problems. Therefore, a team of individuals specializing
in  mathematics,  statistics,  economics,  engineering,  computer  science,in  mathematics,  statistics,  economics,  engineering,  computer  science,
psychology, etc., can be organized so that each aspect of the problem couldpsychology, etc., can be organized so that each aspect of the problem could
be analysed by a particular specialist in that field in order to arrive at anbe analysed by a particular specialist in that field in order to arrive at an
appropriate and desirable solution of the problem. However, there are certainappropriate and desirable solution of the problem. However, there are certain
problem situations which may be analysed even by one individual. problem situations which may be analysed even by one individual. 

 Methodological Approach   Methodological Approach   

Operations research is the application of scientific methods, techniques andOperations research is the application of scientific methods, techniques and
tools to problems involving the operations of systems so as to provide thosetools to problems involving the operations of systems so as to provide those



in control of operations with optimum solutions to the problems (Churchmanin control of operations with optimum solutions to the problems (Churchman
et al.). The scientific method consists of observing and defining the problem;et al.). The scientific method consists of observing and defining the problem;
formulating and testing the hypothesis; and analyzing the results of the test.formulating and testing the hypothesis; and analyzing the results of the test.
The data so obtained is then used to decide whether the hypothesis shouldThe data so obtained is then used to decide whether the hypothesis should
be  accepted  or  not.  If  the  hypothesis  is  accepted,  the  results  should  bebe  accepted  or  not.  If  the  hypothesis  is  accepted,  the  results  should  be
implemented. Otherwise an alternative hypothesis has to be formulated.  implemented. Otherwise an alternative hypothesis has to be formulated.  

 Objectivistic Approach Objectivistic Approach 
1.4.2. Scientific Method In Operations Research 1.4.2. Scientific Method In Operations Research 

The most important feature of operations research is the use of the scientificThe most important feature of operations research is the use of the scientific
method  and  building  of  decision  models.  There  are  three  phases  of  themethod  and  building  of  decision  models.  There  are  three  phases  of  the
scientific method on which OR approach is based. scientific method on which OR approach is based. 

 Judgment Phase Judgment Phase 

This phase includes: (i) identification of the real-life problem, (ii) selection ofThis phase includes: (i) identification of the real-life problem, (ii) selection of
an appropriate objective and the values of various variables related to thisan appropriate objective and the values of various variables related to this
objective,  (iii)  application  of  the  appropriate  scale  of  measurement,  i.e.objective,  (iii)  application  of  the  appropriate  scale  of  measurement,  i.e.
deciding the measures of effectiveness (desirability) and (iv) formulation ofdeciding the measures of effectiveness (desirability) and (iv) formulation of
an appropriate model of the problem, abstracting the essential information,an appropriate model of the problem, abstracting the essential information,
so that a solution to the decision-maker's goals can be obtained.so that a solution to the decision-maker's goals can be obtained.

 Research Phase Research Phase 

This phase is the largest and longest among other two phases. However, theThis phase is the largest and longest among other two phases. However, the
remaining two are also equally  important as they provide the basis for  aremaining two are also equally  important as they provide the basis for  a
scientific method. This phase utilizes: (i) Observations and data collection forscientific method. This phase utilizes: (i) Observations and data collection for
a  better  understanding of  the problem,  (ii)  formulation of  hypothesis  anda better  understanding of  the problem,  (ii)  formulation of  hypothesis  and
mode, (iii)  observation and experimentation to test  the hypothesis on themode, (iii)  observation and experimentation to test  the hypothesis on the
basis  of  additional  data,  (iv)  analysis  of  the  available  information  andbasis  of  additional  data,  (iv)  analysis  of  the  available  information  and
verification of the hypothesis using pre-established measures of desirability,verification of the hypothesis using pre-established measures of desirability,
(v) prediction of various results from the hypothesis, and (iv) generation of(v) prediction of various results from the hypothesis, and (iv) generation of
the result and consideration of alternative methods. the result and consideration of alternative methods. 

 Action Phase Action Phase 

This  phase  consists  of  making  recommendations  for  implementing  theThis  phase  consists  of  making  recommendations  for  implementing  the
decision by an individual who is in the position to implement results: Thisdecision by an individual who is in the position to implement results: This
individual must be aware of the environment in which the problem occurred,individual must be aware of the environment in which the problem occurred,
objective, assumptions and omissions of the model of the problem. objective, assumptions and omissions of the model of the problem. 

Review Questions 1.1 Review Questions 1.1 
1.1. Briefly trace the history of operations research. What happened to theBriefly trace the history of operations research. What happened to the

development of operations research after World War II? development of operations research after World War II? 
2.2.   Is  operations  research  a  discipline  or  a  profession  or  a  set  ofIs  operations  research  a  discipline  or  a  profession  or  a  set  of

techniques or a philosophy or a new name for old things? Discuss. techniques or a philosophy or a new name for old things? Discuss. 
3.3. What are the situation (areas) where OR techniques will be applicable? What are the situation (areas) where OR techniques will be applicable? 
4.4. Discuss the following: Discuss the following: 

(a) OR is an inter-disciplinary approach. (b) Scientific method in OR.(a) OR is an inter-disciplinary approach. (b) Scientific method in OR.
(c) OR is more than a quantitative analysis of the problem.  (c) OR is more than a quantitative analysis of the problem.  

5.5. What are the essential characteristics of operations research? MentionWhat are the essential characteristics of operations research? Mention
different   phases  in  an  operations  research  study.  Point  out  itsdifferent   phases  in  an  operations  research  study.  Point  out  its
limitations, if any.               limitations, if any.               



6.6. Define operations research as a decision-making science. Define operations research as a decision-making science. 
(a) Give the main characteristics of OR. (a) Give the main characteristics of OR. (b)  Discuss  the scope of(b)  Discuss  the scope of
OR. OR. 

7.7.   (a) Outline the broad features of the judgment phase and the research(a) Outline the broad features of the judgment phase and the research
phase of the scientific method in OR. Discuss in detail any one of thesephase of the scientific method in OR. Discuss in detail any one of these
phases.phases.
(b) What are various phases of the OR problem? Explain them briefly. (b) What are various phases of the OR problem? Explain them briefly. 
(c)  State  the  phases  of  OR  study  and  their  importance  in  solving(c)  State  the  phases  of  OR  study  and  their  importance  in  solving

problems. problems. 
8.8. What is the role of operations research in decision making? What is the role of operations research in decision making?   
9.9. Define operations research. Explain critically the limitations of variousDefine operations research. Explain critically the limitations of various

definitions as you understand them. definitions as you understand them. 
10.10.Give any three definitions of operations research and explain Give any three definitions of operations research and explain 

Fig. 1.2 Classification of Models Fig. 1.2 Classification of Models 

Normative (or Optimization) models Normative (or Optimization) models 
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These models provide the 'best' or 'optimal' solution to problems subject toThese models provide the 'best' or 'optimal' solution to problems subject to
certain  limitations  on  the  use  of  resources.  These  models  providecertain  limitations  on  the  use  of  resources.  These  models  provide
recommended course of action. For example, in mathematical programming,recommended course of action. For example, in mathematical programming,
models are formulated for optimizing the given objective function, subject tomodels are formulated for optimizing the given objective function, subject to
restrictions on resources in the context of the problem under considerationrestrictions on resources in the context of the problem under consideration
and non-negativity of  variables.  These models  are also called prescriptiveand non-negativity of  variables.  These models  are also called prescriptive
models because they prescribe what the decision-maker ought to do. models because they prescribe what the decision-maker ought to do. 

1.4.3. Classification Based on Time Reference 1.4.3. Classification Based on Time Reference 

 Static models Static models 

Static models represent a system at some specified time and do not accountStatic models represent a system at some specified time and do not account
for changes over time. For example, an inventory model can be developedfor changes over time. For example, an inventory model can be developed
and solved  to  determine  an  economic  order  quantity  for  the  next  periodand solved  to  determine  an  economic  order  quantity  for  the  next  period
assuming that the demand in planning period would remain the same as theassuming that the demand in planning period would remain the same as the
for today. for today. 

 Dynamic Models Dynamic Models 

In a dynamic model, time is considered as one of the variables and allows theIn a dynamic model, time is considered as one of the variables and allows the
impact of changes due to change in time. Thus, a sequence of interrelatedimpact of changes due to change in time. Thus, a sequence of interrelated
decisions over a period of  time are made to select the optimal course ofdecisions over a period of  time are made to select the optimal course of
action to optimize the given objective. Dynamic programming is an exampleaction to optimize the given objective. Dynamic programming is an example
of a dynamic model. of a dynamic model. 
1.4.4.  Classification Based on Degree of Certainty 1.4.4.  Classification Based on Degree of Certainty 

 Deterministic models Deterministic models 

If all the parameters, constants and functional relationships are assumed toIf all the parameters, constants and functional relationships are assumed to
be known with certainty when the decision is made, the model is said to bebe known with certainty when the decision is made, the model is said to be
deterministic. Thus, in such a case, the outcome associated with a particulardeterministic. Thus, in such a case, the outcome associated with a particular
course of action is known. That is, for a specific set of input values, there is acourse of action is known. That is, for a specific set of input values, there is a
uniquely determined output which represents the solution of the mode underuniquely determined output which represents the solution of the mode under
conditions of certainty. The results of the models assume single value. Linearconditions of certainty. The results of the models assume single value. Linear
programming models are examples of deterministic models. programming models are examples of deterministic models. 

 Probabilistic (Stochastic) models Probabilistic (Stochastic) models 

Models  in  which at  least  one parameter  or  decision variable  is  a  randomModels  in  which at  least  one parameter  or  decision variable  is  a  random
variable are called probabilistic  (or stochastic)  models.  Since at least  onevariable are called probabilistic  (or stochastic)  models.  Since at least  one
decision variable is random, therefore, an independent variable which is thedecision variable is random, therefore, an independent variable which is the
function  of  dependent  variable(s)  will  also  be  random.  This  meansfunction  of  dependent  variable(s)  will  also  be  random.  This  means
consequences or pay-off due to certain changes in the independent variableconsequences or pay-off due to certain changes in the independent variable
cannot  be  predicted  with  certainty.  However,  it  is  possible  to  predict  acannot  be  predicted  with  certainty.  However,  it  is  possible  to  predict  a
pattern of values of both the variables by their probability distribution.  pattern of values of both the variables by their probability distribution.  

Insurance against risk of  Insurance against risk of  firm,firm, accidents, sickness, etc. are examples where accidents, sickness, etc. are examples where
the pattern of events is studied in the form of a probability distribution. the pattern of events is studied in the form of a probability distribution. 



1.4.5. Classification Based on Method of Solution1.4.5. Classification Based on Method of Solution
                    or Quantification or Quantification 

 Heuristic Models Heuristic Models 

These models employ some sets of rules which, though perhaps not optimal,These models employ some sets of rules which, though perhaps not optimal,
do facilitate solutions of problems when applied in a consistent manner. do facilitate solutions of problems when applied in a consistent manner. 

 Analytical models Analytical models 
These models have a specific mathematical structure and thus can be solvedThese models have a specific mathematical structure and thus can be solved
by  known  analytical  or  mathematical  techniques.  Any  optimization  modelby  known  analytical  or  mathematical  techniques.  Any  optimization  model
(which required maximization or minimization of an objective function) is an(which required maximization or minimization of an objective function) is an
analytical model. analytical model. 

 Simulation models Simulation models 
These  models  also  have  a  mathematical  structure  but  are  not  solved  byThese  models  also  have  a  mathematical  structure  but  are  not  solved  by
applying mathematical  techniques to get a solution.  Instead,  a  simulationapplying mathematical  techniques to get a solution.  Instead,  a  simulation
mode is essentially a computer-assisted experimentation on a mathematicalmode is essentially a computer-assisted experimentation on a mathematical
structure of a real-life problem in order to describe and evaluate its behaviorstructure of a real-life problem in order to describe and evaluate its behavior
under certain assumptions over a period of time.  under certain assumptions over a period of time.  
Simulation models are more flexible than mathematical ones and therefore,Simulation models are more flexible than mathematical ones and therefore,
can  be  sued  to  represent  a  complex  system which  otherwise  cannot  becan  be  sued  to  represent  a  complex  system which  otherwise  cannot  be
represented mathematically. These models do not provide general solutionrepresented mathematically. These models do not provide general solution
like those of mathematical models. like those of mathematical models. 

1.4.6. General Methods for solving operations research models 1.4.6. General Methods for solving operations research models 

In general, the following three methods are used for solving OR modes. In allIn general, the following three methods are used for solving OR modes. In all
these methods, values of decision variables are obtained that optimize thethese methods, values of decision variables are obtained that optimize the
given objective function (a measure of effectiveness). given objective function (a measure of effectiveness). 

 Analytical (or Deductive) Method Analytical (or Deductive) Method 

In  this  method,  classical  optimization  techniques  such  as  calculus,  finiteIn  this  method,  classical  optimization  techniques  such  as  calculus,  finite
difference and graphs are used for solving an OR model. In this case, we havedifference and graphs are used for solving an OR model. In this case, we have
a  general  solution  specified  by  a  symbol  and  we  can  obtain  the  opticala  general  solution  specified  by  a  symbol  and  we  can  obtain  the  optical
solution in a non-iterative manner. For example, in the inventory model, insolution in a non-iterative manner. For example, in the inventory model, in
order to calculate economic order quantity (optima order size), the analyticalorder to calculate economic order quantity (optima order size), the analytical
method requires that the first derivative of the mathematical expression. method requires that the first derivative of the mathematical expression. 

TC = (D/Q) CTC = (D/Q) Coo + (Q/2)C + (Q/2)Chh  
where TC = total variable inventory cost where TC = total variable inventory cost D = annual demand D = annual demand 

Co = ordering cost per order Co = ordering cost per order CChh = carrying cost  = carrying cost 
Q = size of an order Q = size of an order 

Be taken and equated to zero as the fist step towards identifying optimumBe taken and equated to zero as the fist step towards identifying optimum
value of, EOQ(A) = value of, EOQ(A) = This is because of the concept of maxima andThis is because of the concept of maxima and
minima  for  optimality.  Here,  it  may  be  noted  that  the  validity  of  theminima  for  optimality.  Here,  it  may  be  noted  that  the  validity  of  the



conclusion depends only on the validity of the mathematical approach that isconclusion depends only on the validity of the mathematical approach that is
being used. being used. 

 Numerical (or Iterative) Method Numerical (or Iterative) Method 

When analytical methods fail to obtain the solution of a particular problemWhen analytical methods fail to obtain the solution of a particular problem
due  to  its  complexity  in  terms  of  constraints  or  number  of  variables,  adue  to  its  complexity  in  terms  of  constraints  or  number  of  variables,  a
numerical (or iterative) method is used to get the solution. In this method,numerical (or iterative) method is used to get the solution. In this method,
instead of  solving  the problem directly,  a  general  algorithm is  applied toinstead of  solving  the problem directly,  a  general  algorithm is  applied to
obtain a specific numerical solution. obtain a specific numerical solution. 
The numerical method starts with a solution obtained by trial and error, and aThe numerical method starts with a solution obtained by trial and error, and a
set of rules for improving it towards optimality. The solution so obtained isset of rules for improving it towards optimality. The solution so obtained is
then  replaced  by  the  improved  solution  and  the  process  of  getting  anthen  replaced  by  the  improved  solution  and  the  process  of  getting  an
improved solution is repeated until such improvement is not possible or theimproved solution is repeated until such improvement is not possible or the
cost of further calculation cannot be justified. cost of further calculation cannot be justified. 

 Monte Carlo Method Monte Carlo Method 

This  method is  based upon the idea of  experimenting on a mathematicalThis  method is  based upon the idea of  experimenting on a mathematical
model by inserting into the model  specific values of  decision variables atmodel by inserting into the model  specific values of  decision variables at
different points of time and under different conditions and then observingdifferent points of time and under different conditions and then observing
their  effect  on the criterion chosen for  variables.  In  this  method,  randomtheir  effect  on the criterion chosen for  variables.  In  this  method,  random
samples  of  specified  random  variables  are  drawn  to  be  known  what  issamples  of  specified  random  variables  are  drawn  to  be  known  what  is
happening  to  the  system  for  a  selected  period  of  time  under  differenthappening  to  the  system  for  a  selected  period  of  time  under  different
conditions.  The  random  samples  form  a  probability  distribution  thatconditions.  The  random  samples  form  a  probability  distribution  that
represents  the  real-life  system and  from  this  probability  distribution,  therepresents  the  real-life  system and  from  this  probability  distribution,  the
value of the desired random variable can be estimated. value of the desired random variable can be estimated. 

1.4.7. Advantages of Models1.4.7. Advantages of Models

Models  in  general  are  used  as  an  aid  for  analyzing  complex  problemsModels  in  general  are  used  as  an  aid  for  analyzing  complex  problems
However, a model can also serve other purposes as given below: However, a model can also serve other purposes as given below: 

1.1. A  model  provides  economy in  representation  of  the  realties  of  theA  model  provides  economy in  representation  of  the  realties  of  the
system. That is, models help the decision-maker to visualize a systemsystem. That is, models help the decision-maker to visualize a system
so that he can understand the system's structure or operation in aso that he can understand the system's structure or operation in a
better way. For example, it is easier to represent a factory layout onbetter way. For example, it is easier to represent a factory layout on
paper than to construct it. It is cheaper to try out modifications of suchpaper than to construct it. It is cheaper to try out modifications of such
systems by rearrangement on paper. systems by rearrangement on paper. 

2.2. The  problem viewed  in  its  entirely,  with  all  the  components  beingThe  problem viewed  in  its  entirely,  with  all  the  components  being
considered simultaneously.considered simultaneously.

3.3. Models serve as aids to transmit ideas and visualization among peopleModels serve as aids to transmit ideas and visualization among people
in  the  organization.  For  example,  a  process  chart  can  help  thein  the  organization.  For  example,  a  process  chart  can  help  the
management to communicate about better work methods to workers. management to communicate about better work methods to workers. 

4.4. A model allows us to analyse and experiment in a complex situation toA model allows us to analyse and experiment in a complex situation to
a  degree  that  would  be  impossible  in  the  actual  system  and  itsa  degree  that  would  be  impossible  in  the  actual  system  and  its
environment. For example, the experimental firing of  environment. For example, the experimental firing of  INSATINSAT  satellitesatellite
may cost millions of birr and required years of preparation. may cost millions of birr and required years of preparation. 

5.5. Models simplify the investigation considerably and provide a powerfulModels simplify the investigation considerably and provide a powerful
and  flexible  tool  for  predicting  the  future  state  of  the  process  orand  flexible  tool  for  predicting  the  future  state  of  the  process  or
system. system. 
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1.4.8.  Methodology of Operations Research 1.4.8.  Methodology of Operations Research 

Every OR specialist may have his/her own way of solving problems. However,Every OR specialist may have his/her own way of solving problems. However,
for effective use of OR techniques, it is essential to follow some steps that arefor effective use of OR techniques, it is essential to follow some steps that are
helpful  for  decision-makers  to  make  better  decisions.  The  flow  diagramhelpful  for  decision-makers  to  make  better  decisions.  The  flow  diagram
representing the methodology of operations research is also shown in Fig.representing the methodology of operations research is also shown in Fig.
1.3. 1.3. 
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Step 1 Formulating the Problem Step 1 Formulating the Problem 

Problem formulation  involves  an  analysis  of  the  system under  study,  theProblem formulation  involves  an  analysis  of  the  system under  study,  the
objectives of the decision-maker, and alternative courses of action, etc., so asobjectives of the decision-maker, and alternative courses of action, etc., so as
to  understand  and  describe,  in  precise  terms,  the  problem  that  anto  understand  and  describe,  in  precise  terms,  the  problem  that  an
organization faces. organization faces. 

The analysis begins by detailed observation of the organizational structure,The analysis begins by detailed observation of the organizational structure,
climate, communication and control system, its objectives and expectations.climate, communication and control system, its objectives and expectations.
Such information will help in assessing the difficulty of the study in terms ofSuch information will help in assessing the difficulty of the study in terms of
costs, time requirement, resource requirement, probability of success of thecosts, time requirement, resource requirement, probability of success of the
study, etc. study, etc. 

The major steps which have to be taken into consideration for formulating theThe major steps which have to be taken into consideration for formulating the
problems are as follows: problems are as follows: 

The first component of the problem to be defined is the decision-maker whoThe first component of the problem to be defined is the decision-maker who
is  not  satisfied with  the existing state of  affairs.  The interaction with  theis  not  satisfied with  the existing state of  affairs.  The interaction with  the
decision-maker will help the OR specialist in knowing his objectives. That is,decision-maker will help the OR specialist in knowing his objectives. That is,
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either he has already obtained some solution of the problem and wants toeither he has already obtained some solution of the problem and wants to
retain it, or he wants to improve it to a higher degree. If the decision-makerretain it, or he wants to improve it to a higher degree. If the decision-maker
has conflicting multiple objectives, he may be advised to rank his objectiveshas conflicting multiple objectives, he may be advised to rank his objectives
in  order  of  preference;  overlapping  among  several  objectives  may  bein  order  of  preference;  overlapping  among  several  objectives  may  be
eliminated. eliminated. 

Decision environmentDecision environment It is desirable to know about the resources such as It is desirable to know about the resources such as
manager, employees, equipments, etc., which are required to carry out themanager, employees, equipments, etc., which are required to carry out the
policies of the organization considering the social and ecological environmentpolicies of the organization considering the social and ecological environment
in which the organization functions. Knowledge of such factors will help inin which the organization functions. Knowledge of such factors will help in
modifying the initial set of the decision-maker's objectives. modifying the initial set of the decision-maker's objectives. 

Alternative courses of actionAlternative courses of action The problem arises only  when there are The problem arises only  when there are
several courses of action can be prepared in the process of going through theseveral courses of action can be prepared in the process of going through the
above  steps  of  formulating  the  problem.  Course  of  action  which  are  notabove  steps  of  formulating  the  problem.  Course  of  action  which  are  not
feasible with respect to objectives and resources may be ruled out. feasible with respect to objectives and resources may be ruled out. 

Measure  of  effectivenessMeasure  of  effectiveness A  certain  measure  of  effectiveness  or A  certain  measure  of  effectiveness  or
performance is required in order to evaluate the merit of the several coursesperformance is required in order to evaluate the merit of the several courses
of action listed above. The performance or effectiveness can be measured inof action listed above. The performance or effectiveness can be measured in
different  units  such  as  birr  (net  profits),  (share  of  market  desired),  timedifferent  units  such  as  birr  (net  profits),  (share  of  market  desired),  time
dimension  (service  or  waiting  time).  In  order  to  bring  uniformity  in  thedimension  (service  or  waiting  time).  In  order  to  bring  uniformity  in  the
measurement, one of the performance criteria must be chosen to express themeasurement, one of the performance criteria must be chosen to express the
value in terms of the value of the criterion chosen earlier. value in terms of the value of the criterion chosen earlier. 

Qualitative  objectives  which  cannot  be  quantified  must  be  assignedQualitative  objectives  which  cannot  be  quantified  must  be  assigned
weightage and probability measures to their attainability. weightage and probability measures to their attainability. 

Step 2 Collecting Data and Constructing a Mathematical Model Step 2 Collecting Data and Constructing a Mathematical Model 

After  the  problem is  clearly  defined  and  understood,  the  next  step  is  toAfter  the  problem is  clearly  defined  and  understood,  the  next  step  is  to
collect  required  data  and  then  formulate  a  mathematical  model.  Modelcollect  required  data  and  then  formulate  a  mathematical  model.  Model
construction consist of hypothesizing relationships between variables subjectconstruction consist of hypothesizing relationships between variables subject
to and not subject to control by decision-maker. Certain basic componentsto and not subject to control by decision-maker. Certain basic components
required in every decision problem model are: required in every decision problem model are: 

Controllable (decision)Controllable (decision)  variablesvariables These are the issues or factors in the These are the issues or factors in the
problem whose values are to be determined (in the form of numerical values)problem whose values are to be determined (in the form of numerical values)
by solving the model. The possible values assigned to these variables areby solving the model. The possible values assigned to these variables are
called decision alternatives (strategies or courses of action). For example, incalled decision alternatives (strategies or courses of action). For example, in
queuing theory, the number of service facilities is the decision variable. queuing theory, the number of service facilities is the decision variable. 
Uncontrollable  variablesUncontrollable  variables These  are  the  factors  whose  numerical  value These  are  the  factors  whose  numerical  value
depends upon the external environment prevailing in the organization. Thedepends upon the external environment prevailing in the organization. The
values of these variables are not under the control of the decision-maker andvalues of these variables are not under the control of the decision-maker and
are also termed as state of nature. are also termed as state of nature. 

Objective functionObjective function It is a representation of (i) the criterion that expresses It is a representation of (i) the criterion that expresses
the  decision-maker's  manner  of  evaluating  the  desirability  of  alternativethe  decision-maker's  manner  of  evaluating  the  desirability  of  alternative
values of the decision variables, and (ii) how that criterion is to be optimizedvalues of the decision variables, and (ii) how that criterion is to be optimized
(minimized  or  maximized).  For  example,  in  queuing  theory  the  decision-(minimized  or  maximized).  For  example,  in  queuing  theory  the  decision-
maker may consider several criteria such as minimizing the average waitingmaker may consider several criteria such as minimizing the average waiting



time of customers, or the average number of customers in the system at anytime of customers, or the average number of customers in the system at any
time.  time.  

Constraints (or Limitations)Constraints (or Limitations) These are the restrictions on the values of the These are the restrictions on the values of the
decision variables. These restrictions can arise due to limited resources suchdecision variables. These restrictions can arise due to limited resources such
as space, money, manpower, material, etc. The constraints may be in theas space, money, manpower, material, etc. The constraints may be in the
form of equations or inequalities. form of equations or inequalities. 

Functional relationships In a decision problem, the decision variables in theFunctional relationships In a decision problem, the decision variables in the
objective  function  and  in  the  constraints  are  connected  by  a  specificobjective  function  and  in  the  constraints  are  connected  by  a  specific
functional  relationship.  A  general  decision  problem model  might  take  thefunctional  relationship.  A  general  decision  problem model  might  take  the
form: form: 

Optimize (Max or Min) Z = f(x) Optimize (Max or Min) Z = f(x) 
subject to the constraints subject to the constraints 

ggii(x) {(x) {, = , = ,} b,} bii; i = 1, 2, .. . , m ; i = 1, 2, .. . , m 
and and x x  0  0 
were, were, x = a vector of decision variables (xx = a vector of decision variables (x11, x, x22, . . . . , x, . . . . , xnn))

f(x) = criterion or objective function to be optimized f(x) = criterion or objective function to be optimized 
ggii(x) = the (x) = the iith constraint th constraint 
bbii = fixed amount of the  = fixed amount of the iith resource th resource 

A model is referred to as a linear model if all functional relationships amongA model is referred to as a linear model if all functional relationships among
decision variables xdecision variables x11, x, x22, . . . . , x, . . . . , xnn in f(x) and g(x) are of a linear form. But if in f(x) and g(x) are of a linear form. But if
one or more of the relationships are non-linear, the model is said to be a non-one or more of the relationships are non-linear, the model is said to be a non-
linear model.linear model.

ParametersParameters These are constants in the functional relationships. Parameters These are constants in the functional relationships. Parameters
can be deterministic or probabilistic in nature. A deterministic parameter iscan be deterministic or probabilistic in nature. A deterministic parameter is
one whose value is assumed to occur with certainty. However, if constantsone whose value is assumed to occur with certainty. However, if constants
are  considered  directly  or  explicitly  as  random  variables,  they  areare  considered  directly  or  explicitly  as  random  variables,  they  are
probabilistic parameters. probabilistic parameters. 

Step 3 Solving the Mathematical Model Step 3 Solving the Mathematical Model 

Once a mathematical model of the problem has been formulated, the nextOnce a mathematical model of the problem has been formulated, the next
step is to solve it, that is, to obtain numerical values of decision variables.step is to solve it, that is, to obtain numerical values of decision variables.
Obtaining these values depends on the specific form or type, of mathematicalObtaining these values depends on the specific form or type, of mathematical
model. Solving the model requires the sue of various mathematical tools andmodel. Solving the model requires the sue of various mathematical tools and
numerical procedures. In general, the following two categories of methodsnumerical procedures. In general, the following two categories of methods
are used for solving an OR model. are used for solving an OR model. 

(i)(i) Optimization Methods These methods yield the best values for theOptimization Methods These methods yield the best values for the
decision  variables  both  for  unconstrained  and  constraineddecision  variables  both  for  unconstrained  and  constrained
problems.  In  constrained  problems,  these  values  simultaneouslyproblems.  In  constrained  problems,  these  values  simultaneously
satisfy all of the constraints and provide an optimal or acceptablesatisfy all of the constraints and provide an optimal or acceptable
value for the objective function or measure of effectiveness. Thevalue for the objective function or measure of effectiveness. The
solution so obtained is called the optical solution to the problem.  solution so obtained is called the optical solution to the problem.  

(ii)(ii) Heuristic Methods These methods yield values of the variables thatHeuristic Methods These methods yield values of the variables that
satisfy  all  the  constraints,  but  not  necessarily  provide  optimalsatisfy  all  the  constraints,  but  not  necessarily  provide  optimal
solution. However, these values provide an acceptable value for thesolution. However, these values provide an acceptable value for the
objective function. objective function. 



Heuristic methods are sometimes described as rules of thumb which work. AnHeuristic methods are sometimes described as rules of thumb which work. An
example of a commonly used heuristic is 'stand in the shortest line'. Althoughexample of a commonly used heuristic is 'stand in the shortest line'. Although
using this rule may not work if everyone in the shortest line requires extrausing this rule may not work if everyone in the shortest line requires extra
time, in general, it is not a bad rule to follow. These methods are used whentime, in general, it is not a bad rule to follow. These methods are used when
obtaining optimal solution is either very time consuming or model is complex.obtaining optimal solution is either very time consuming or model is complex.

Sometimes difficulties in problem solving arise due to lack of an appropriateSometimes difficulties in problem solving arise due to lack of an appropriate
methodology for it and psychological perceptions on the part of the problemmethodology for it and psychological perceptions on the part of the problem
solver. The major difficulties in problem solving can be grouped into severalsolver. The major difficulties in problem solving can be grouped into several
categories: categories: 

i) Failure to recognize the existence of a problem i) Failure to recognize the existence of a problem 
 Some people tend to personalize problems Some people tend to personalize problems 
 Information is not received to signal that a problem exists Information is not received to signal that a problem exists 
 Problems arise in contexts with which people have had no experience.Problems arise in contexts with which people have had no experience.
 There is a lack of objectives or standards There is a lack of objectives or standards 

ii) Failure to define the correct problem ii) Failure to define the correct problem 
 One situation may contain many intertwined problems One situation may contain many intertwined problems 
 Obvious problems are often the symptoms of much deeper problems Obvious problems are often the symptoms of much deeper problems 
 An  inability  to  identify  accurately  what  is  going  on  can  lead  toAn  inability  to  identify  accurately  what  is  going  on  can  lead  to

inaccurate problem identification. inaccurate problem identification. 
 Incorrect inferences can lead to inaccurate problem identification.Incorrect inferences can lead to inaccurate problem identification.
 Attitudes and beliefs can blind the problem solver to the real causes ofAttitudes and beliefs can blind the problem solver to the real causes of

an undesirable situation. an undesirable situation. 
 Problems and their causes are oversimplified Problems and their causes are oversimplified 
 Fixation on either a ‘World view’ or ‘ functions’ provide too narrow aFixation on either a ‘World view’ or ‘ functions’ provide too narrow a

scope scope 

iii) Failure to use all available information iii) Failure to use all available information 
 The problem –solver fails to seek out information The problem –solver fails to seek out information 
 Perceptual blocks to thinking exist.Perceptual blocks to thinking exist.

iv) Failure to recognize or question assumptions iv) Failure to recognize or question assumptions 
 It is assumed that there is a solution to every problem It is assumed that there is a solution to every problem 
 Rigid thinking limits one’s viewpoint Rigid thinking limits one’s viewpoint 

v) Failure to consider a wide range of alternatives v) Failure to consider a wide range of alternatives 
 problem definition is limited problem definition is limited 
 Premature evaluation or judgment takes place Premature evaluation or judgment takes place 
 Lack of time is cited as an excuse  Lack of time is cited as an excuse  

Step 4 Validating the Solution Step 4 Validating the Solution 

After solving the mathematical model, it is important to review the solutionAfter solving the mathematical model, it is important to review the solution
carefully to see that the values make sense and that the resulting decisionscarefully to see that the values make sense and that the resulting decisions
can be implemented. Some of the reasons for validating the solution are: can be implemented. Some of the reasons for validating the solution are: 

i)i) The  mathematical  model  may  not  have  enumerated  all  theThe  mathematical  model  may  not  have  enumerated  all  the
limitations of the problem under consideration.limitations of the problem under consideration.

ii)ii) Certain aspects of the problem may have been overlooked, omittedCertain aspects of the problem may have been overlooked, omitted
or simplified. or simplified. 



iii)iii) The data may have been incorrectly estimated or recorded, perhapsThe data may have been incorrectly estimated or recorded, perhaps
when entered in to the computer. when entered in to the computer. 

Step 5 Implementing the Solution Step 5 Implementing the Solution 

The decision-maker has not only to identify good decision alternatives butThe decision-maker has not only to identify good decision alternatives but
also  to  select  alternatives  that  are  capable  of  being  implemented.  it  isalso  to  select  alternatives  that  are  capable  of  being  implemented.  it  is
important to ensure that any solution implemented is continuously reviewedimportant to ensure that any solution implemented is continuously reviewed
and updated in the light of a changing environment. The behavioral aspectsand updated in the light of a changing environment. The behavioral aspects
of  change are  exceedingly  important  to  the  successful  implementation ofof  change are  exceedingly  important  to  the  successful  implementation of
results.  In  any  case,  the  decision-maker  who  is  in  the  best  position  toresults.  In  any  case,  the  decision-maker  who  is  in  the  best  position  to
implement results must be aware of the objective, assumption, omissions andimplement results must be aware of the objective, assumption, omissions and
limitations of the model. limitations of the model. 

Step 6. Modifying the Model Step 6. Modifying the Model 

For  a  mathematical  model  to  be  useful,  the  degree  to  which  it  actuallyFor  a  mathematical  model  to  be  useful,  the  degree  to  which  it  actually
represents  the system or  problem being modeled  must  be established.  Ifrepresents  the system or  problem being modeled  must  be established.  If
during validation, the solution cannot be implemented, one needs to identifyduring validation, the solution cannot be implemented, one needs to identify
constraint that were omitted during the original problem formulation or toconstraint that were omitted during the original problem formulation or to
find if some of the original constraints that were omitted during the originalfind if some of the original constraints that were omitted during the original
problem  formulation  or  to  find  if  some  of  the  original  constraints  wereproblem  formulation  or  to  find  if  some  of  the  original  constraints  were
incorrect and need to be modified. In all such cases, one must return to theincorrect and need to be modified. In all such cases, one must return to the
problem formulation step and carefully make the appropriate modifications toproblem formulation step and carefully make the appropriate modifications to
represent more accurately the given problem. represent more accurately the given problem. 
A  model  must  be  applicable  for  a  reasonable  time period and should  beA model  must  be  applicable  for  a  reasonable  time period and should  be
updated from time to time, taking in to consideration the past, present andupdated from time to time, taking in to consideration the past, present and
future aspects of the problem. future aspects of the problem. 

Step 7 Establishing Controls over the Solution Step 7 Establishing Controls over the Solution 

The dynamic environment and changes with in the environment can haveThe dynamic environment and changes with in the environment can have
significant implications regarding the continuing validity of models and theirsignificant implications regarding the continuing validity of models and their
solutions.  Thus,  a  control  procedure  has  to  be  established  for  detectingsolutions.  Thus,  a  control  procedure  has  to  be  established  for  detecting
significant  changes  in  decision  variables  of  the  problem  so  that  suitablesignificant  changes  in  decision  variables  of  the  problem  so  that  suitable
adjustments can be made in the solution without having to build a modeladjustments can be made in the solution without having to build a model
every time a significant change occurs. every time a significant change occurs. 

1.4.9. Advantages of Operations Research Study 1.4.9. Advantages of Operations Research Study 

A  decision-maker  in  business  and  industry  comes  across  the  problem  ofA  decision-maker  in  business  and  industry  comes  across  the  problem  of
making decisions in his day to day activities. In addition to learning aboutmaking decisions in his day to day activities. In addition to learning about
various OR models useful in making a decision, the decision maker can alsovarious OR models useful in making a decision, the decision maker can also
get several other advantages listed below. get several other advantages listed below. 

Structured Approach to Problems Structured Approach to Problems 

A substantial  amount of  time and effort  can be saved in  developing  andA substantial  amount of  time and effort  can be saved in  developing  and
solving OR models if one uses a logical and consistent approach. This impliessolving OR models if one uses a logical and consistent approach. This implies
that  the decision-maker  has  to  be careful  while  defining  controllable  andthat  the decision-maker  has  to  be careful  while  defining  controllable  and
uncontrollable variables, availability of resources man, machine, material anduncontrollable variables, availability of resources man, machine, material and
money,  etc....  functional  relationships  among  variables  in  the  objectivemoney,  etc....  functional  relationships  among  variables  in  the  objective



function and constraints. This will also reduce the chance of conceptual andfunction and constraints. This will also reduce the chance of conceptual and
computational  errors.  Any  such  error  can  also  be  detected  easily  andcomputational  errors.  Any  such  error  can  also  be  detected  easily  and
corrected early. corrected early. 
Critical Approach to Problem Solving Critical Approach to Problem Solving 

The  decision-maker  will  come  to  understand  various  components  of  theThe  decision-maker  will  come  to  understand  various  components  of  the
problem and accordingly select a mathematical model for solving the givenproblem and accordingly select a mathematical model for solving the given
problem.  He  will  be  aware  of  the  explicit  and  implicit  assumptions  andproblem.  He  will  be  aware  of  the  explicit  and  implicit  assumptions  and
inherent limitation of such models. Problem solutions are examined criticallyinherent limitation of such models. Problem solutions are examined critically
and the effect of any words, the ability to judge applicability and limitationsand the effect of any words, the ability to judge applicability and limitations
of solution techniques to a particular problem, as weel as to critically analyseof solution techniques to a particular problem, as weel as to critically analyse
a proposed solution and data on which they are based, is bond to be a valueda proposed solution and data on which they are based, is bond to be a valued
skill in any business organization. skill in any business organization. 

Computer Software for Operation Research Computer Software for Operation Research 

Prentice-  Hall  distributes  some  of  the  leading  software  packages  forPrentice-  Hall  distributes  some  of  the  leading  software  packages  for
quantitative approach to decision making. Features of a few such softwarequantitative approach to decision making. Features of a few such software
packages are explained below. packages are explained below. 
Quantitative Systems for Business plus (QSB+) Version 3.0, by Yih-long changQuantitative Systems for Business plus (QSB+) Version 3.0, by Yih-long chang
and Roberts Sullivan, is a software package that contains problem solvingand Roberts Sullivan, is a software package that contains problem solving
algorithms for operations research/ management science, as well as modulesalgorithms for operations research/ management science, as well as modules
on  basic  statistics,  non-linear  programming  and  financial  analysis.  QSB+on  basic  statistics,  non-linear  programming  and  financial  analysis.  QSB+
describes  tips  for  Many  real-life  OR  models  require  long  and  complexdescribes  tips  for  Many  real-life  OR  models  require  long  and  complex
mathematical calculations. Thus, Computer software packages that are usedmathematical calculations. Thus, Computer software packages that are used
to  do  these  calculations  rapidly  and  effectively  have  become  part  of  orto  do  these  calculations  rapidly  and  effectively  have  become  part  of  or
approach  to  problems  solving  computer  facilities  such  spread  sheets  orapproach  to  problems  solving  computer  facilities  such  spread  sheets  or
statistical and mathematical software packages make such analysis readilystatistical and mathematical software packages make such analysis readily
available to a decision maker. available to a decision maker. 

SummarySummary
  
There is no unique set of problems which can be solved by using OR modelsThere is no unique set of problems which can be solved by using OR models
or techniques. Several OR models or techniques can be grouped in to someor techniques. Several OR models or techniques can be grouped in to some
basic categories as given below. In this module, a large number of OR modelsbasic categories as given below. In this module, a large number of OR models
have been discussed in detail. have been discussed in detail. 

 Allocation Models Allocation Models 

Allocation models are used to allocate resources to activities in such a wayAllocation models are used to allocate resources to activities in such a way
that  some  measure  of  effectiveness  (objective  function)  is  optimized.that  some  measure  of  effectiveness  (objective  function)  is  optimized.
Mathematical programming is the broad term of the OR techniques used toMathematical programming is the broad term of the OR techniques used to
solve allocation problems. solve allocation problems. 

 Inventory models Inventory models 

Inventory models deal  with the problem of determination of how much toInventory models deal  with the problem of determination of how much to
order at a point in time and when to place an order. The main objective is toorder at a point in time and when to place an order. The main objective is to
minimize the sum of three conflicting inventory costs: The cost of holding orminimize the sum of three conflicting inventory costs: The cost of holding or
carrying extra inventory, the cost of shortage or delay in the delivery of itemscarrying extra inventory, the cost of shortage or delay in the delivery of items
when it  is  needed, a cost of ordering or set-  up. These are also useful  inwhen it  is  needed, a cost of ordering or set-  up. These are also useful  in
dealing with quantity discounts and selective inventory control. dealing with quantity discounts and selective inventory control. 



 Waiting Line ( or Queuing) Models Waiting Line ( or Queuing) Models 
These models have been developed to establish a trade-off between costs ofThese models have been developed to establish a trade-off between costs of
providing service and the waiting time of a customer in the queuing system.providing service and the waiting time of a customer in the queuing system.
Constructing  a  model  entails  describing  the  components  of  the  system:Constructing  a  model  entails  describing  the  components  of  the  system:
Arrival  process,  queue  structure  and  service  process  and  solving  for  theArrival  process,  queue  structure  and  service  process  and  solving  for  the
measure performance – average length of waiting time, average time spentmeasure performance – average length of waiting time, average time spent
by the customer in the line traffic intensity, etc., of the waiting system. by the customer in the line traffic intensity, etc., of the waiting system. 

 Competitive (Game Theory) Models Competitive (Game Theory) Models 
These  models  are  used  to  characterize  the  behavior  of  two  or  moreThese  models  are  used  to  characterize  the  behavior  of  two  or  more
opponents    (called players) who compete for the achievement of conflictingopponents    (called players) who compete for the achievement of conflicting
goals.  These  models  are  classified  according  to  several  factors  such  asgoals.  These  models  are  classified  according  to  several  factors  such  as
number of competitors, sum of loss and gain, and the type of strategy whichnumber of competitors, sum of loss and gain, and the type of strategy which
would yield the best or the worst outcomes. would yield the best or the worst outcomes. 

 Network Models Network Models 

These  models  are  applied  to  the  management  (Planning,  controlling  andThese  models  are  applied  to  the  management  (Planning,  controlling  and
scheduling) of large –scale projects PERT/CPM techniques help in identifyingscheduling) of large –scale projects PERT/CPM techniques help in identifying
potential trouble spots in a project through the identification of the criticalpotential trouble spots in a project through the identification of the critical
path. These techniques improve project coordination and enable the efficientpath. These techniques improve project coordination and enable the efficient
use of resources network methods are also used to determine time cost tradeuse of resources network methods are also used to determine time cost trade
– off, resource allocation and updating of activity time. – off, resource allocation and updating of activity time. 

 Sequencing models Sequencing models 
  
The sequencing problem arises whenever there is a problem in determiningThe sequencing problem arises whenever there is a problem in determining
the sequence (order)  in  which a number of  tasks can be performed by athe sequence (order)  in  which a number of  tasks can be performed by a
number of service facilities such as hospital, plant etc., in such a way thatnumber of service facilities such as hospital, plant etc., in such a way that
some measure of performance, for example, total time to process all the jobssome measure of performance, for example, total time to process all the jobs
on all the machines is optimized on all the machines is optimized 

 Replacement Models Replacement Models 

These models are used when one must decide the optimal time to replace anThese models are used when one must decide the optimal time to replace an
equipment for one reason or the other –for instance, in the case of equipmentequipment for one reason or the other –for instance, in the case of equipment
whose efficiency deteriorates with time or fails immediately and completely.whose efficiency deteriorates with time or fails immediately and completely.
For  example,  in case of an automobile,  the user has his own measure ofFor  example,  in case of an automobile,  the user has his own measure of
effectiveness. So, there will not be a single optimal answer for everyone eveneffectiveness. So, there will not be a single optimal answer for everyone even
if each automobile gives exactly the same service. if each automobile gives exactly the same service. 

 Dynamic Programming Models Dynamic Programming Models 

Dynamic Programming may be considered as an outgrowth of mathematicalDynamic Programming may be considered as an outgrowth of mathematical
programming involving the optimization of  multi-stage (sequence of  inter-programming involving the optimization of  multi-stage (sequence of  inter-
related decisions) decision processes. The method starts by dividing a givenrelated decisions) decision processes. The method starts by dividing a given
problem in to stages or sub-problems and then solves those sub-problemsproblem in to stages or sub-problems and then solves those sub-problems
sequentially until the solution to the original problem is obtained. sequentially until the solution to the original problem is obtained. 

 Markov-Chain Models Markov-Chain Models 



These models are used for analyzing a system which changes over a periodThese models are used for analyzing a system which changes over a period
of time among various possible outcomes or states. The model while dealingof time among various possible outcomes or states. The model while dealing
with such systems describes transitions in terms of transition probabilities ofwith such systems describes transitions in terms of transition probabilities of
various  states.  These  models  have  been used to  test  brand –loyalty  andvarious  states.  These  models  have  been used to  test  brand –loyalty  and
brand  switching  tendencies  of  consumers,  where  each  system  state  isbrand  switching  tendencies  of  consumers,  where  each  system  state  is
considered  to  be  a  particular  brand  purchase.  These  have  been  used  inconsidered  to  be  a  particular  brand  purchase.  These  have  been  used  in
reliability analysis, where the states of the system are the various levels ofreliability analysis, where the states of the system are the various levels of
performance of the equipment being monitored. performance of the equipment being monitored. 

 Simulation Models Simulation Models 

These  models  are  used  to  develop  a  method  to  evaluate  the  merit  ofThese  models  are  used  to  develop  a  method  to  evaluate  the  merit  of
alternative courses of action by experimenting with a mathematical model ofalternative courses of action by experimenting with a mathematical model of
the problems where various variables are random. That is, these provide athe problems where various variables are random. That is, these provide a
means of generating representative samples of the measures of performancemeans of generating representative samples of the measures of performance
variables.  Thus,  repetition  of  the  process  by  using  the  simulation  modelvariables.  Thus,  repetition  of  the  process  by  using  the  simulation  model
provides an indication of the merit of alternative course of action with respectprovides an indication of the merit of alternative course of action with respect
to the decision variables. to the decision variables. 

 Decision Analysis Models Decision Analysis Models 

These models deal with the selection of an optimal course of action given theThese models deal with the selection of an optimal course of action given the
possible  payoffs  and  their  associated  probabilities  of  occurrence.  Thesepossible  payoffs  and  their  associated  probabilities  of  occurrence.  These
models are broadly applied to problems involving decision making under riskmodels are broadly applied to problems involving decision making under risk
and uncertainty. and uncertainty. 

Some of the industrial/ government /business problems which can be Some of the industrial/ government /business problems which can be 
analysed by OR approach have been arranged by functional areas as follows:analysed by OR approach have been arranged by functional areas as follows:

 Finance and Accounting Finance and Accounting 
 Marketing Marketing 
 Purchasing, Procurement and Exploration Purchasing, Procurement and Exploration 
 Production Management Production Management 

i) Facilities Planning i) Facilities Planning 

ii) Manufacturing ii) Manufacturing 

iii) Maintenance and project scheduling iii) Maintenance and project scheduling 

Personnel Management Personnel Management 

Techniques and General Management  Techniques and General Management  

Government Government 

Economic Planning, natural resources, social planning and energy. Economic Planning, natural resources, social planning and energy. 
Urban and housing problems Military, police, Pollution control, etc. Urban and housing problems Military, police, Pollution control, etc. 



PART TWOPART TWO
DETERMINISTIC MODELSDETERMINISTIC MODELS

OverviewOverview
Linear programming is a mathematical technique that makes use of linearLinear programming is a mathematical technique that makes use of linear
algorithms to find solutions to constrained optimization problems.algorithms to find solutions to constrained optimization problems.
In  a  managerial  decision  making  process,  the  decision  maker  undertakesIn  a  managerial  decision  making  process,  the  decision  maker  undertakes
various analyses. These analyses are supported by the decision maker’s ownvarious analyses. These analyses are supported by the decision maker’s own
experience, intuition, and so on; or by mathematical (scientific) techniques.experience, intuition, and so on; or by mathematical (scientific) techniques.
One of the mathematical techniques is LP model. One of the mathematical techniques is LP model. 
This model has wide areas of application. Some of them are: problems thatThis model has wide areas of application. Some of them are: problems that
involve product mix, diet, portfolio selection, job assignments, distribution,involve product mix, diet, portfolio selection, job assignments, distribution,
inventory planning etc.  inventory planning etc.  

Activity 2.1.Activity 2.1.
What is linear programming?What is linear programming?
What are the applications of linear programming?What are the applications of linear programming?
What  is  the  role  of  linear  programming  to  the  decision  makingWhat  is  the  role  of  linear  programming  to  the  decision  making
process?process?



CHAPTER- 2CHAPTER- 2

MATHEMATICAL MODEL FORMULATION OF LINEARMATHEMATICAL MODEL FORMULATION OF LINEAR
PROGRAMMING (LP) PROBLEMSPROGRAMMING (LP) PROBLEMS

To understand the model very well,  we have to be familiar  with its  basicTo understand the model very well,  we have to be familiar  with its  basic
characteristics. We classify them into two as: components and assumptions.characteristics. We classify them into two as: components and assumptions.

                a) The components a) The components 
Do  you  remember  the  different  groups  of  mathematical  expressionsDo  you  remember  the  different  groups  of  mathematical  expressions
(equations)  in  a  linear  programming  model?  Knowing  these  groups  of(equations)  in  a  linear  programming  model?  Knowing  these  groups  of
equations can help us better understand the components of an LP model. Theequations can help us better understand the components of an LP model. The
components are the structural units or the building blocks of an LP model.components are the structural units or the building blocks of an LP model.
The following are the components of an LP model: The following are the components of an LP model: 

 Objective:Objective: Every  linear  programming  model  represents  a  certain Every  linear  programming  model  represents  a  certain
problem. The focus of the decision maker is to solve that problem. Thisproblem. The focus of the decision maker is to solve that problem. This
is  his  objective.  This  objective  is  one  component  which  must  beis  his  objective.  This  objective  is  one  component  which  must  be
included in an LP model. It is only one. We can not entertain two orincluded in an LP model. It is only one. We can not entertain two or
more  objectives  in  a  single  model.  Since  linear  programming  is  amore  objectives  in  a  single  model.  Since  linear  programming  is  a
constrained  optimization  model,  our  objective  will  be  eitherconstrained  optimization  model,  our  objective  will  be  either
maximization  or  minimization  but  not  both.  Maximization  problemsmaximization  or  minimization  but  not  both.  Maximization  problems
usually  involve  profit,  market  share,  return  on  investment,  etc.usually  involve  profit,  market  share,  return  on  investment,  etc.
Whereas minimization problems involve cost, time, distance, etc. ForeWhereas minimization problems involve cost, time, distance, etc. Fore
example,  if  our  problem  is  to  get  an  optimal  level  of  profit,  theexample,  if  our  problem  is  to  get  an  optimal  level  of  profit,  the
objective is maximization. This objective is expressed mathematicallyobjective is maximization. This objective is expressed mathematically
using  a  function  called  using  a  function  called  Objective  FunctionObjective  Function.  The  objective  function.  The  objective  function
incorporates the profit per unit of each variable to the objective.incorporates the profit per unit of each variable to the objective.

 Decision  variables:Decision  variables: These  are  variables  under  the  control  of  the These  are  variables  under  the  control  of  the
decision maker. By making an appropriate choice in the level of thedecision maker. By making an appropriate choice in the level of the
decision  variables,  the  decision  maker  controls  the  level  of  thedecision  variables,  the  decision  maker  controls  the  level  of  the
objective function. This means the role of the decision maker here is toobjective function. This means the role of the decision maker here is to
determine the level of each variable involved in the model (to find thedetermine the level of each variable involved in the model (to find the
best  combination)  so  as  to  know the optimal  level  of  the objectivebest  combination)  so  as  to  know the optimal  level  of  the objective
function. For example, if a company is engaged in the production andfunction. For example, if a company is engaged in the production and
sale of four products to generate profit, the focus of the decision makersale of four products to generate profit, the focus of the decision maker
is  how  to  get  an  optimal  profit.  It  is  obvious  that  unless  there  isis  how  to  get  an  optimal  profit.  It  is  obvious  that  unless  there  is
problem in the market (low demand for the product), we can increaseproblem in the market (low demand for the product), we can increase
profit by increasing the quantity of the products. But this is not theprofit by increasing the quantity of the products. But this is not the
case in reality. We cannot increase the quantity of the products withcase in reality. We cannot increase the quantity of the products with
out limit. Of course the quantities for each variable vary between zeroout limit. Of course the quantities for each variable vary between zero
and  the  maximum  possible  quantity.  From  this  wide  variation  inand  the  maximum  possible  quantity.  From  this  wide  variation  in
quantity, the manager decides on the best quantity combination thatquantity, the manager decides on the best quantity combination that
gives the optimal level of the objective function. That is why we saygives the optimal level of the objective function. That is why we say
these variables decision variables.these variables decision variables.
The decision variables  will  be defined in  terms of  a  quantity  of  anThe decision variables  will  be defined in  terms of  a  quantity  of  an
amount  which is  usually  represented by  a  variable  and a  subscriptamount  which is  usually  represented by  a  variable  and a  subscript
number like xnumber like x1,  1,  xx2,  2,  xx3...  3...  If  for  example our  case is  to maximize profitIf  for  example our  case is  to maximize profit
through  the  production  and  sell  of  two  products,  xthrough  the  production  and  sell  of  two  products,  x1  1  represents  therepresents  the



quantity of the first product and xquantity of the first product and x2 2 the quantity of the second product.the quantity of the second product.
It is this way we express decision variables in the model.It is this way we express decision variables in the model.

 Constraints:Constraints: In the previous paragraph we have seen some role of the In the previous paragraph we have seen some role of the
decision maker to choose the level of decision variables. His ability todecision maker to choose the level of decision variables. His ability to
do  so  is  subject  to  certain  limiting  factors  or  restrictions.  Thesedo  so  is  subject  to  certain  limiting  factors  or  restrictions.  These
restrictions are called  restrictions are called  ConstraintsConstraints. Constraints may reflect availability. Constraints may reflect availability
of resources like material, financial, time, space etc. All the constraintsof resources like material, financial, time, space etc. All the constraints
that are called for in the model should be expressed mathematically.that are called for in the model should be expressed mathematically.
The  solution  to  the  model  must  satisfy  all  these  constraintsThe  solution  to  the  model  must  satisfy  all  these  constraints
(restrictions). There is a constraint common to all LP models -the non-(restrictions). There is a constraint common to all LP models -the non-
negativity constraint.negativity constraint.
Constraints may be in terms of an upper limit, lower limit or equality.Constraints may be in terms of an upper limit, lower limit or equality.
So when you formulate the model, carefully differentiate which one isSo when you formulate the model, carefully differentiate which one is
called for. If for example one constraint says “at least 20 unit of thecalled for. If for example one constraint says “at least 20 unit of the
first product must be made”, the constraint will be expressed as: xfirst product must be made”, the constraint will be expressed as: x1  1  
20. If it were “to a maximum of 20 units of the first product must be20. If it were “to a maximum of 20 units of the first product must be
made”, the constraint will be: xmade”, the constraint will be: x1  1     20. And had the constraint been 20. And had the constraint been
explained like “exactly 20 units of the first  product is  needed”,  theexplained like “exactly 20 units of the first  product is  needed”,  the
constraint could have been xconstraint could have been x1 1 = 20. The usual way to write constraints= 20. The usual way to write constraints
is by putting the variables in the left side of the expression while ais by putting the variables in the left side of the expression while a
constant  alone is  placed on the right  side.  This  constant  is  usuallyconstant  alone is  placed on the right  side.  This  constant  is  usually
referred to as the referred to as the Right hand side value Right hand side value (RHS)(RHS)

 Parameters:Parameters: The  objective  and  the  constraints  in  the  model  are The  objective  and  the  constraints  in  the  model  are
mathematical  expressions  (equations).  Each  equation  consists  ofmathematical  expressions  (equations).  Each  equation  consists  of
numerical  values  and  symbols.  The  symbols  represent  decisionnumerical  values  and  symbols.  The  symbols  represent  decision
variables,  whereas  the  numerical  values  are  called  variables,  whereas  the  numerical  values  are  called  ParametersParameters..
Parameters specify the impact that a unit of each decision variable willParameters specify the impact that a unit of each decision variable will
have on the level of the objective function, and on the numerical valuehave on the level of the objective function, and on the numerical value
(RHS) of each constraint.(RHS) of each constraint.

                    b) The Assumptionsb) The Assumptions
The assumptions represent the framework within which the model  will  beThe assumptions represent the framework within which the model  will  be
valid.  The major assumptions are: linearity, divisibility, certainty, and non-valid.  The major assumptions are: linearity, divisibility, certainty, and non-
negativity.negativity.

 Linearity: Linearity: Linearity assumption in LP models has two aspects:Linearity assumption in LP models has two aspects:
the first is that every decision variable has a linear impact onthe first is that every decision variable has a linear impact on
the objective function and the constraint in which it appears.the objective function and the constraint in which it appears.
The second aspect of this assumption is that all the constraintThe second aspect of this assumption is that all the constraint
functions in the model must be linear functions. (i.e. functionsfunctions in the model must be linear functions. (i.e. functions
to the first degree). to the first degree). 

 For example, look at the following constraint functions:For example, look at the following constraint functions:
 2x2x11 + 3x + 3x2 2 = 20= 20
 xx1 + 1 + 2x2x11xx2 2 =40=40

 2x2x1122 + 3x + 3x2 2 =10=10
Only  the  first  one  is  a  linear  function  hence  can  be  a  constraintOnly  the  first  one  is  a  linear  function  hence  can  be  a  constraint
function in a linear programming model.function in a linear programming model.

 Divisibility:  Divisibility:  According to this assumption, non-integer valuesAccording to this assumption, non-integer values
for decision variables are acceptable. For example an optimalfor decision variables are acceptable. For example an optimal
solution to a decision variable can take values like 3.5, 1.2, 2.5solution to a decision variable can take values like 3.5, 1.2, 2.5



etc… regardless of the nature of the item represented by theetc… regardless of the nature of the item represented by the
decision variable.decision variable.

 Certainty:Certainty: Certainty has two aspects in LP models.  The first Certainty has two aspects in LP models.  The first
relates to the parameters in the model. It means that we knowrelates to the parameters in the model. It means that we know
for certain these parameters (numerical values). If for examplefor certain these parameters (numerical values). If for example
we do have an objective function: Maximize profit Z = 2xwe do have an objective function: Maximize profit Z = 2x1 1 +3x+3x22,,
the parameters (coefficients) 2 and 3 represent the per unitthe parameters (coefficients) 2 and 3 represent the per unit
contribution of xcontribution of x1  1  and xand x2  2  and we now these unit contributionsand we now these unit contributions
for certain. for certain. 

 Non-negativity:  Non-negativity:   It customary to see one common constraint It customary to see one common constraint
at the end of every linear programming model. This constraintat the end of every linear programming model. This constraint
is about the exclusion of negative values from our solution tois about the exclusion of negative values from our solution to
the  decision  variables.  This  is  because  decision  variablesthe  decision  variables.  This  is  because  decision  variables
represent quantities and there is  no negative quantity.  Onlyrepresent quantities and there is  no negative quantity.  Only
positive values and zero will be allowed.  positive values and zero will be allowed.  

Distance learner; make sure that you are very clear about the characteristicsDistance learner; make sure that you are very clear about the characteristics
of LP models. of LP models. 

  Formulating LP ModelsFormulating LP Models
  It is worth acquiring  knowledge of formulating LP models since the model isIt is worth acquiring  knowledge of formulating LP models since the model is
the representative (abstraction) of the real problem at hand. That is, if thethe representative (abstraction) of the real problem at hand. That is, if the
model  is  ill-formulated,  it  will  fail  to  represent  the  problem  properly.model  is  ill-formulated,  it  will  fail  to  represent  the  problem  properly.
Therefore, solving a model which is ill-formulated means ending up with aTherefore, solving a model which is ill-formulated means ending up with a
wrong conclusion about the problem. Take care when you formulate a model!wrong conclusion about the problem. Take care when you formulate a model!

Formulation of the model is the same as assembling the components that areFormulation of the model is the same as assembling the components that are
mentioned  above.  Each  component  will  be  depicted  as  a  mathematicalmentioned  above.  Each  component  will  be  depicted  as  a  mathematical
expression or equation in the linear programming model. You are assumed toexpression or equation in the linear programming model. You are assumed to
have the appropriate skill to express these components mathematically. Justhave the appropriate skill to express these components mathematically. Just
to refresh your memory, the following are steps involved in the formulation ofto refresh your memory, the following are steps involved in the formulation of
linear programming models:linear programming models:

 Identifying the decision variablesIdentifying the decision variables
 Determining the objective functionsDetermining the objective functions
 Identifying the constraintsIdentifying the constraints
 Determining  appropriate  values  for  parameters  (i.e.  determiningDetermining  appropriate  values  for  parameters  (i.e.  determining

whether an upper limit, lower limit, or equality is involved).whether an upper limit, lower limit, or equality is involved).
 Building the model using the informationBuilding the model using the information
 Validating the model. (Checking if the model is in conformity withValidating the model. (Checking if the model is in conformity with

the assumptions we have seen before)the assumptions we have seen before)



CHAPTER -3CHAPTER -3

GRAPHICAL AND ANALYTICAL SOLUTION OF (LP)GRAPHICAL AND ANALYTICAL SOLUTION OF (LP)
PROBLEMSPROBLEMS

There are two approaches to solving linear programming models. The firstThere are two approaches to solving linear programming models. The first
one is the one is the Algebraic approach which is also called the Graphical approach Algebraic approach which is also called the Graphical approach andand
the  second  approach  isthe  second  approach  is the  simplex  approach. the  simplex  approach. We  are  going  to  have  a We  are  going  to  have  a
discussion on these two approaches.discussion on these two approaches.

3.1. Graphical approach to solving LP problems3.1. Graphical approach to solving LP problems
This is a simple and straightforward approach for determining the optimalThis is a simple and straightforward approach for determining the optimal
solution to certain linear programming problems. This is done by plotting thesolution to certain linear programming problems. This is done by plotting the
constraints and determining the solution space (which is equivalent to theconstraints and determining the solution space (which is equivalent to the
feasible solution) and pointing out the optimal solution from the solution. Thefeasible solution) and pointing out the optimal solution from the solution. The
graphical approach is only applicable to problems that involve two decisiongraphical approach is only applicable to problems that involve two decision
variables. This is because we can’t plot an equation having more than twovariables. This is because we can’t plot an equation having more than two
variables in a two- dimensional coordinate plane. variables in a two- dimensional coordinate plane. 

There are about three basic steps in finding the optimal solution using theThere are about three basic steps in finding the optimal solution using the
graphical approach:graphical approach:

1.1. Plotting each of the constraintsPlotting each of the constraints
2.2. Determining the region or area that contains all of the points thatDetermining the region or area that contains all of the points that

satisfy the entire set of constraints (the solution space)satisfy the entire set of constraints (the solution space)
3.3. Determining the optimal solutionDetermining the optimal solution

Illustration:Illustration:
Solve the following linear programming model using graphical approach:Solve the following linear programming model using graphical approach:

Maximize         10xMaximize         10x1 1 + 16x+ 16x2 2 (profit)(profit)
            Subject toSubject to
                                                                          8x8x1 1 + 20x+ 20x2  2    120120

 25x 25x1 1 + 20x+ 20x2 2   200200
  x  x1,          1,          xx2   2        0   0

Now we can solve the above model following the above mentioned steps.Now we can solve the above model following the above mentioned steps.
Plotting the constraintsPlotting the constraints

Plotting  the  constraint  functions  starts  by  plotting  the  non-negativityPlotting  the  constraint  functions  starts  by  plotting  the  non-negativity
constraints. This is the same as taking only one quadrant of the coordinateconstraints. This is the same as taking only one quadrant of the coordinate
plane (where both X and Y have positive values).plane (where both X and Y have positive values).



The other two constraints can be plotted usually by determining the verticalThe other two constraints can be plotted usually by determining the vertical
and horizontal intercepts of them and then by connecting the two points toand horizontal intercepts of them and then by connecting the two points to
draw (plot)  the straight line representing the constraint  function. The firstdraw (plot)  the straight line representing the constraint  function. The first
constraint is plotted by connecting two points (0, 6) and (15, 0) which are theconstraint is plotted by connecting two points (0, 6) and (15, 0) which are the
vertical and horizontal intercepts respectively. And the second constraint isvertical and horizontal intercepts respectively. And the second constraint is
plotted  by  connecting  points  (0,  10)  and  (8,  0)  again  the  vertical  andplotted  by  connecting  points  (0,  10)  and  (8,  0)  again  the  vertical  and
horizontal intercepts. Look at the following figure.horizontal intercepts. Look at the following figure.

As can be seen from the above figure (shaded region), the solution space isAs can be seen from the above figure (shaded region), the solution space is
the region that represents all  points that satisfy all  the constraints (thesethe region that represents all  points that satisfy all  the constraints (these
points are called feasible solutions to the model).points are called feasible solutions to the model).
The  last  step  is  the  determination  of  the  optimal  solution.  The  optimalThe  last  step  is  the  determination  of  the  optimal  solution.  The  optimal
solution is represented by a point  which is in the solution space. There aresolution is represented by a point  which is in the solution space. There are
infinitely  many  points  in  the  solution  space  from which  we  are  going  toinfinitely  many  points  in  the  solution  space  from which  we  are  going  to

     
X2

     
X1

Non-negativity 
    constraints

Area of 
feasibility 

158

6

8x1 + 20x2   120

25x1 + 20x2  200

Solution 
space

1
0

 X1

    
  



determine  the  point(s)  representing  the  optimal  solution  to  the  problem.determine  the  point(s)  representing  the  optimal  solution  to  the  problem.
There are different approaches to determine the optimal point.There are different approaches to determine the optimal point.

We  shall  discuss  two  approaches,  one  involves  graphing  the  objectiveWe  shall  discuss  two  approaches,  one  involves  graphing  the  objective
function (objective function approach) and the other involves examining thefunction (objective function approach) and the other involves examining the
points at the edges of the feasible solution space (corner point approach).points at the edges of the feasible solution space (corner point approach).

3.1.1. Objective function approach:3.1.1. Objective function approach: This approach is done by plotting the This approach is done by plotting the
objective function like we did in the case of  constraint  functions.  But theobjective function like we did in the case of  constraint  functions.  But the
objective function is not an equation like the constraint functions. Therefore,objective function is not an equation like the constraint functions. Therefore,
we have to make it first an equation by assigning any number arbitrarily towe have to make it first an equation by assigning any number arbitrarily to
the right side. In our example the objective function 10xthe right side. In our example the objective function 10x 1  1  + 16x+ 16x2  2  is not anis not an
equation because it does not include an equality sign. We make it by simplyequation because it does not include an equality sign. We make it by simply
setting  it  equal  to  any  quantity.  Suppose  we  decide  to  set  the  objectivesetting  it  equal  to  any  quantity.  Suppose  we  decide  to  set  the  objective
function equal to 40. That is,function equal to 40. That is, 10x10x1  1  +  16x+  16x2  =2  = 40,  we  can  now  plot  the 40,  we  can  now  plot  the
function by just  following the same procedure we used to plot  constraintfunction by just  following the same procedure we used to plot  constraint
functions. Connecting two points (4, 0) and (0, 2.5) which are the horizontalfunctions. Connecting two points (4, 0) and (0, 2.5) which are the horizontal
and vertical intercepts respectively. Look at the following figure.and vertical intercepts respectively. Look at the following figure.

Then we can identify  the optimal  point  by plotting parallel  lines  with  theThen we can identify  the optimal  point  by plotting parallel  lines  with  the
objective function. Look at lobjective function. Look at l11, l, l22, and l, and l3  3  above. These parallel lines are drawnabove. These parallel lines are drawn
to pass through the corner points of the solution space. If we take lto pass through the corner points of the solution space. If we take l 1 1 it passesit passes
through point (0, 6), our intention here is to check if the point is the optimalthrough point (0, 6), our intention here is to check if the point is the optimal
point. This point is not the optimal point because there are points above thepoint. This point is not the optimal point because there are points above the
line which are  in  the solution  space and can still  maximize  the objectiveline which are  in  the solution  space and can still  maximize  the objective
function. The same is true for lfunction. The same is true for l22. But look at l. But look at l3, 3, there is no point which is abovethere is no point which is above
the line and in the solution space, the line passes only through one pointthe line and in the solution space, the line passes only through one point
which is in the solution space. This indicates that this point is the optimalwhich is in the solution space. This indicates that this point is the optimal
solution.solution.
To determine the optimal solution to the model we will just determine theTo determine the optimal solution to the model we will just determine the
coordinate values of the point we have identified to be the optimal. This couldcoordinate values of the point we have identified to be the optimal. This could
be done by finding out the intersection point of the two constraint functions.be done by finding out the intersection point of the two constraint functions.
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The intersection is  when xThe intersection is  when x1  1  =  =   and x and x2  2  =  =  .  This  means the  optimal.  This  means the  optimal
solution to the model. The optimal profit is approximately 113. Computed bysolution to the model. The optimal profit is approximately 113. Computed by
substituting the optimal solution to the objective function substituting the optimal solution to the objective function 

10x10x1 1 + 16x+ 16x2  2    10(10( ) + 16() + 16( ) = ) = 112.94112.94
Exercise Exercise 
Solve the following linear programming model graphically.Solve the following linear programming model graphically.

MaximizeMaximize 60x60x1 1 + 50x+ 50x22
Subject toSubject to

4x4x1 1 + 10x+ 10x2 2   100100
2x2x1 1 + 1x+ 1x2 2               2222
3x3x1 1 + 3x+ 3x2 2                 3939

Solution: xSolution: x1 1 = 9 and x= 9 and x2 2 = 4= 4

3.2 The extreme point approach:3.2 The extreme point approach:  
This approach is less efficient as compared with the previous one (plottingThis approach is less efficient as compared with the previous one (plotting
the objective function). However, it better reflects the nature of non graphicalthe objective function). However, it better reflects the nature of non graphical
approaches to solve linear programming models.approaches to solve linear programming models.

This approach states that the optimal solution to the model will occur at anThis approach states that the optimal solution to the model will occur at an
extreme or corner points of the feasible region. Thus, we only consider cornerextreme or corner points of the feasible region. Thus, we only consider corner
points in searching for an optimal solution. This is done by determining thepoints in searching for an optimal solution. This is done by determining the
value of the objective function at each extreme point. For the example above,value of the objective function at each extreme point. For the example above,
the corner point approach is summarized by the following table.the corner point approach is summarized by the following table.

Points (Coordinates)Points (Coordinates) Value of the objective functionValue of the objective function
          A                        (0, 0)A                        (0, 0)                       10(0) + 16(0) =    010(0) + 16(0) =    0
          B                        (0, 6)B                        (0, 6)                       10(0) + 16(6) =  9610(0) + 16(6) =  96
          CC        (       ( ,, ))                   10(10( ) + 16() + 16( ) = 113) = 113
          D D       (8, 0)      (8, 0)                       10(8) + 16(0)  = 8010(8) + 16(0)  = 80

Since our objective is maximization, we will take the point which gives us theSince our objective is maximization, we will take the point which gives us the
largest value of the objective function. That is point C. largest value of the objective function. That is point C. 
If our problem is a minimization problem our selection will be the least valueIf our problem is a minimization problem our selection will be the least value
to the objective function. Otherwise all the procedures we used in the aboveto the objective function. Otherwise all the procedures we used in the above
example (a maximization problem) are the same.example (a maximization problem) are the same.

3.3. Some Special Issues3.3. Some Special Issues::  
The  following  are  some  of  the  special  issues  that  may  arise  during  theThe  following  are  some  of  the  special  issues  that  may  arise  during  the
formulation of linear programming problems:formulation of linear programming problems:

a)a) No feasible solutionsNo feasible solutions
b)b) Unbounded problemsUnbounded problems
c)c) Redundant constraintsRedundant constraints
d)d) Multiple optimum solutions Multiple optimum solutions 

No feasible solutionsNo feasible solutions: These are cases when it is not possible to formulate the: These are cases when it is not possible to formulate the
problem because it is impossible to satisfy all the constraints that are calledproblem because it is impossible to satisfy all the constraints that are called



for in the model. It may happen for example when there is mix of greaterfor in the model. It may happen for example when there is mix of greater
than and less than constraints. It looks like the following graph.than and less than constraints. It looks like the following graph.

Unbounded problems: Unbounded problems: This is the case when we can increase the value of theThis is the case when we can increase the value of the
objective  function  without  limit.  This  case  happens  if  the  objective  isobjective  function  without  limit.  This  case  happens  if  the  objective  is
maximizing while all the constraints are greater than constraints. maximizing while all the constraints are greater than constraints. 

Redundant Constraints:  Redundant Constraints:  When a constraint does not form a boundary to theWhen a constraint does not form a boundary to the
feasible solution region, this constraint is a redundant constraint. Its absencefeasible solution region, this constraint is a redundant constraint. Its absence
(removal) does not make change to the feasible solution space.(removal) does not make change to the feasible solution space.
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Multiple  Optimal  Solutions:  Multiple  Optimal  Solutions:  Linear  programming problems sometimes mayLinear  programming problems sometimes may
have multiple optimal solutions, where different combination of values of thehave multiple optimal solutions, where different combination of values of the
decision variable can yield the same optimal value for the objective function.decision variable can yield the same optimal value for the objective function.
This  will  happen  when  any  of  the  constraint  functions  is  parallel  to  theThis  will  happen  when  any  of  the  constraint  functions  is  parallel  to  the
objective function. The entire portion of this line (parallel  to the objectiveobjective function. The entire portion of this line (parallel  to the objective
function) which makes the boundary of the feasible solution space will touchfunction) which makes the boundary of the feasible solution space will touch
the objective function. All points in this segment will yield the same optimalthe objective function. All points in this segment will yield the same optimal
value to the objective function (i.e. Points on the segment are solutions to thevalue to the objective function (i.e. Points on the segment are solutions to the
problem). The following graphs indicate the above cases. problem). The following graphs indicate the above cases. 
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CHAPTER- 4CHAPTER- 4

THE SIMPLEX METHOD OF SOLVING LP PROBLEMSTHE SIMPLEX METHOD OF SOLVING LP PROBLEMS

The  graphical  approach  is  useful  in  solving  linear  programming  modelsThe  graphical  approach  is  useful  in  solving  linear  programming  models
having only two variables. When the model has more than two variables, thehaving only two variables. When the model has more than two variables, the
appropriate approach is the Simplex procedure.appropriate approach is the Simplex procedure.
The simplex procedure is a general purpose approach that can be used in anyThe simplex procedure is a general purpose approach that can be used in any
LP model regardless of the number of decision variables. This procedure isLP model regardless of the number of decision variables. This procedure is
discussed  in  different  conditions:  Maximization  problems  having  only  discussed  in  different  conditions:  Maximization  problems  having  only  
constraints, Minimizations and Maximizations with mixed constraints (havingconstraints, Minimizations and Maximizations with mixed constraints (having
some constraints that are not some constraints that are not  type). type).

4.1. Overview of the simplex Method4.1. Overview of the simplex Method
The simplex  approach  is  an  algebraic  technique  to  solve  LP  problems.  ItThe  simplex  approach  is  an  algebraic  technique  to  solve  LP  problems.  It
begins  with  a  feasible  solution  which  is  not  optimal,  and  the  solution  isbegins  with  a  feasible  solution  which  is  not  optimal,  and  the  solution  is
improved through continuous algebraic  manipulations (iterations)  until  theimproved through continuous algebraic  manipulations (iterations)  until  the
optimal solution is determined. optimal solution is determined. 

In our previous discussion (graphical approach), we learned that to identifyIn our previous discussion (graphical approach), we learned that to identify
the optimal solution we have to first identify the feasible solution space. Thisthe optimal solution we have to first identify the feasible solution space. This
will  help us to know where to concentrate our attention in the process ofwill  help us to know where to concentrate our attention in the process of
finding the optimal solution. Even from the feasible solution space the cornerfinding the optimal solution. Even from the feasible solution space the corner
points (extreme points) along the boundaries of the feasible solution spacepoints (extreme points) along the boundaries of the feasible solution space
are  the  only  solutions  that  are  worthwhile  to  examine  because,  optimalare  the  only  solutions  that  are  worthwhile  to  examine  because,  optimal
solution  is  one  of  these  points.  The  simplex  method  has  a  very  similarsolution  is  one  of  these  points.  The  simplex  method  has  a  very  similar
approach that enables us to do just the same! approach that enables us to do just the same! 

Like we identified the feasible solution space first in the graphical approach,Like we identified the feasible solution space first in the graphical approach,
here also we identify the initial feasible solution first. Then this solution willhere also we identify the initial feasible solution first. Then this solution will
be tested for  optimality  using a certain approach,  if  not  optimal,  anotherbe tested for  optimality  using a certain approach,  if  not  optimal,  another
feasible  solution  (called  basic  feasible  solution)  will  be  developed.  Thisfeasible  solution  (called  basic  feasible  solution)  will  be  developed.  This
procedure will continue until the optimal solution is identified. This will beprocedure will continue until the optimal solution is identified. This will be
achieved through the help of a table called the simplex tableau. achieved through the help of a table called the simplex tableau. 

4.2. Steps in the simplex procedure4.2. Steps in the simplex procedure  
            (for a Maximization LP Problem)(for a Maximization LP Problem)
The following  are  the  steps  in  the  simplex  procedure  for  a  maximizationThe following  are  the  steps  in  the  simplex  procedure  for  a  maximization
linear programming model with all the constraints with linear programming model with all the constraints with  signs: signs:
1)1) Initial simplex tableau Initial simplex tableau 

(1)(1) Write the LP model in a standard form:Write the LP model in a standard form:  This is writing This is writing
each constraint in a way that all the variables are on the lefteach constraint in a way that all the variables are on the left
side of the constraint function and the non-negative constantside of the constraint function and the non-negative constant
in the constraint is on the right side. Then add (introduce) ain the constraint is on the right side. Then add (introduce) a
slack variable to the left side of the constraint, to make it anslack variable to the left side of the constraint, to make it an
equality.equality.

Slack variables are variables we introduce to the left side of  Slack variables are variables we introduce to the left side of   constraints to constraints to
make them an equality.  These variables represent  the amount of  unusedmake them an equality.  These variables represent  the amount of  unused
scarce resources or capacity. A slack variable is denoted by letter ‘S’ with ascarce resources or capacity. A slack variable is denoted by letter ‘S’ with a



subscript  number  to  indicate  the  constraint  to  which  the  variable  issubscript  number  to  indicate  the  constraint  to  which  the  variable  is
introduced. For example Sintroduced. For example S1 1 indicates the value of a slack variable in the firstindicates the value of a slack variable in the first
constraint.constraint.
Given the following LP problem, Given the following LP problem, 

                          Maximize Maximize             10x            10x11+6x+6x22+7x+7x33
                          Subject toSubject to

                                          MaterialMaterial 4x4x11+8x+8x22+5x+5x33   860 860
                                                              LaborLabor 2x2x11+3x+3x22+1x+1x33   400 400

                    xx11,  x,  x22,     x,     x 3 3      0     0

The standard form will be:The standard form will be:
Maximize Maximize             10x            10x11+6x+6x22+7x+7x3 3 +0S+0S11 +0 S +0 S22
Subject toSubject to

MaterialMaterial 4x4x11+8x+8x22+5x+5x3 3 + S+ S11 = 860 = 860
                  LaborLabor          2x         2x11+3x+3x22+1x+1x3 3 + S+ S22 = 400 = 400

    xx11,  x,  x22, x, x 3,  3, SS11, S, S2 2      0     0

Do  you  see  the  coefficients  of  variables  in  the  objective  function  of  theDo  you  see  the  coefficients  of  variables  in  the  objective  function  of  the
standard form? Slack variables are assigned coefficients of zero because theystandard form? Slack variables are assigned coefficients of zero because they
have no any real contribution to the objective.have no any real contribution to the objective.

(2)(2)   Develop the initial Simplex tableauDevelop the initial Simplex tableau

(a)(a) List  the variables across the top of  the table and write theList  the variables across the top of  the table and write the
objective function coefficient just above it.objective function coefficient just above it.

(b)(b) Provide one row for each constraint in the body of the tableau.Provide one row for each constraint in the body of the tableau.
List each slack variable in the basis column, one per row.List each slack variable in the basis column, one per row.

(c)(c) Enter the objective function coefficient of 0 in the C column forEnter the objective function coefficient of 0 in the C column for
each slack variable.each slack variable.

(d)(d) Compute values for row ZCompute values for row Z
(e)(e) Compute values for row C – ZCompute values for row C – Z

By using the following notations for a general reference purpose,By using the following notations for a general reference purpose,
ccjj = Coefficient of variable  = Coefficient of variable jj in the objective function in the objective function
aaij ij = Coefficient of variable= Coefficient of variable j j in constraint  in constraint ii
bbi i  = Right hand side value of constraint  = Right hand side value of constraint ii    

we can have the following general format for a linear programming model:we can have the following general format for a linear programming model:
              MaximizeMaximize           c          c11xx11 + c + c22xx22 + c + c33xx33 +… + c +… + cmmxxn n +0S+0S11 + 0S + 0S2 2 + 0S+ 0S33 +…+ +…+
0S0Snn
            Subject toSubject to

aa1111xx11 + a + a1212xx22 + a + a1313xx33 + … + a + … + a1m1mxxnn + S + S1   1   = b= b11
aa2121xx11 + a + a2222xx22 + a + a2323xx33 + … + a + … + a2m2mxxnn +     S +     S22 = b= b22
aa3131xx11 + a + a3232xx22 + a + a3333xx33 + … + a + … + a3m3mxxnn +          S +          S33 = b= b33
aam1m1xx11 + a + am2m2xx22 + a + am3m3xx33 + … + a + … + amnmnxxnn +          S +          Snn = b = bnn

                                                              
                                                                                    xx1,              1,              xx2,             2,             xx3 … 3 … xxn,    n,    SS1,1,     S     S2,     2,     SS3… 3… SSn  n  00



The initial simplex tableau for the above general format looks like:The initial simplex tableau for the above general format looks like:

CC11 CC22 CC33 …… 00 00 00 00 …… 00 RHSRHS
BasisBasis XX11 XX22 XX33 …… XXnn SS11 SS22 SS33 …… SSnn valuesvalues

SS11 00 aa1111 aa1212 aa1313 …… aa1m1m 11 bb11
SS22 00 aa2121 aa2222 aa2323 …… aa2m2m 11 bb22
SS33 00 aa3131 aa3232 aa3333 …… aa3m3m 11 …… bb33
SSnn 00 aam1m1 aam2m2 aam3m3 …… aamnmn 11 bbnn

ZZ OptimaOptima
l l 

C-ZC-Z Level Level 

Example:Example: Develop  the  initial  simplex  tableau  for  the  following  linear Develop  the  initial  simplex  tableau  for  the  following  linear
programming modelprogramming model

MaximizeMaximize             10x            10x11+6x+6x22+7x+7x33 (Profit) (Profit)
Subject toSubject to

MaterialMaterial 4x4x11+8x+8x22+5x+5x33   860 860
                        LaborLabor 2x2x11+3x+3x22+1x+1x33   400 400

   x   x11,   x,   x22,   x,   x33        0    0

The standard form for the model is as developed above. Therefore we canThe standard form for the model is as developed above. Therefore we can
just go to the representation of the standard form using the simplex tableau.just go to the representation of the standard form using the simplex tableau.

Before  developing  the  initial  simplex  tableau,  we  have  to  be  able  toBefore  developing  the  initial  simplex  tableau,  we  have  to  be  able  to
understand the meaning of each bits and pieces of information depicted in it.understand the meaning of each bits and pieces of information depicted in it.
Before  coming  to  this  discussion  it  is  worth  saying  something  about  theBefore  coming  to  this  discussion  it  is  worth  saying  something  about  the
relationship  between  the  number  of  variables  in  a  standard  form  linearrelationship  between  the  number  of  variables  in  a  standard  form  linear
programming model and the number of constraint functions. If you look atprogramming model and the number of constraint functions. If you look at
the number of variables, we do have a total of three decision variables, andthe number of variables, we do have a total of three decision variables, and
two slack variables. This indicates that the number of constraints is less thantwo slack variables. This indicates that the number of constraints is less than
the  number  of  variables.  The  number  of  slack  variables  is  equal  to  thethe  number  of  variables.  The  number  of  slack  variables  is  equal  to  the
number of constraints. number of constraints. 

The simplex tableau in the simplex procedure is equivalent to the solutionThe simplex tableau in the simplex procedure is equivalent to the solution
space and the checking process is done for each corner points. The cornerspace and the checking process is done for each corner points. The corner
points represent the intersection of two constraints. (i.e. the coordinate valuepoints represent the intersection of two constraints. (i.e. the coordinate value
for decision variables at the intersection point). The variables in the basis of afor decision variables at the intersection point). The variables in the basis of a
simplex tableau are like variables at  the intersection point.  The value forsimplex tableau are like variables at  the intersection point.  The value for
these variables at this point is found from the RHS column of the tableau. Allthese variables at this point is found from the RHS column of the tableau. All
constraints must also be represented in the simplex tableau if the simplexconstraints must also be represented in the simplex tableau if the simplex
procedure is to yield a solution that takes all the constraints into account.procedure is to yield a solution that takes all the constraints into account.

Having this in mind, in a maximization problem to get the optimal cornerHaving this in mind, in a maximization problem to get the optimal corner
point using the graphical approach obviously we don’t test the origin wherepoint using the graphical approach obviously we don’t test the origin where
the value of the decision variables is zero. But the simplex procedure startsthe value of the decision variables is zero. But the simplex procedure starts
checking from this point, where the value of all the decision variables is zero.checking from this point, where the value of all the decision variables is zero.
If we start from the origin by assuming a value of zero for all the decisionIf we start from the origin by assuming a value of zero for all the decision
variables, and if all the constraints are to be represented in the tableau; howvariables, and if all the constraints are to be represented in the tableau; how
can we develop the initial simplex tableau?can we develop the initial simplex tableau?



The initial simplex tableau represents all the constraints in the model withoutThe initial simplex tableau represents all the constraints in the model without
violating the assumption of starting from the origin through the help of otherviolating the assumption of starting from the origin through the help of other
variable(s). These variables are slack variables. Look at the basis in followingvariable(s). These variables are slack variables. Look at the basis in following
simplex tableau.simplex tableau.

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11 00 44 88 55 11 00 860860
SS22 00 22 33 11 00 11 400400

ZZ 00 00 00 00 00 00
C-ZC-Z 1010 66 77 00 00

The meaning of the above simplex tableau is that the solution to the model isThe meaning of the above simplex tableau is that the solution to the model is
SS1 1 = 860, S= 860, S11 = 400, and all the decision variables are equal to zero. And the = 400, and all the decision variables are equal to zero. And the
level of the objective function at this point is 0.level of the objective function at this point is 0.

Then our next task is to check if the solution so determined is the optimalThen our next task is to check if the solution so determined is the optimal
solution to the model. This will be proved by looking at the net evaluation rowsolution to the model. This will be proved by looking at the net evaluation row
(C-Z) row in the tableau. The rule is check if there is any positive value in this(C-Z) row in the tableau. The rule is check if there is any positive value in this
row. If there is one, the solution is not an optimal solution to the model. Thatrow. If there is one, the solution is not an optimal solution to the model. That
is the level of the objective function can be improved by searching for otheris the level of the objective function can be improved by searching for other
combination(s) of variables. This demands the development of subsequentcombination(s) of variables. This demands the development of subsequent
simplex tableau(s). In our example, there are three positive numbers. Thissimplex tableau(s). In our example, there are three positive numbers. This
indicates that the initial simplex tableau doesn’t give us the optimal solutionindicates that the initial simplex tableau doesn’t give us the optimal solution
to the model.to the model.

2)2) Subsequent tableausSubsequent tableaus

(1)(1) Identify the variable that has the largest positive value in row C-Identify the variable that has the largest positive value in row C-
Z (the net evaluation row). This is the next variable to come intoZ (the net evaluation row). This is the next variable to come into
the solution mix (basis). The largest positive value in the abovethe solution mix (basis). The largest positive value in the above
example is 10. The column containing this largest positive valueexample is 10. The column containing this largest positive value
is called the pivot column; and the variable in the pivot columnis called the pivot column; and the variable in the pivot column
is the incoming variable to bring about the improvement in theis the incoming variable to bring about the improvement in the
level of the objective function.level of the objective function.

(2)(2) Using  the  constraint  coefficients  in  the  entering  variable’sUsing  the  constraint  coefficients  in  the  entering  variable’s
column  (called  substitution  rates),  divide  each  one  into  thecolumn  (called  substitution  rates),  divide  each  one  into  the
corresponding quantity column value. However, do not divide bycorresponding quantity column value. However, do not divide by
a  0  or  a  negative  value.  The  smallest  non  negative  ratioa  0  or  a  negative  value.  The  smallest  non  negative  ratio
indicates which variable will leave the solution mix.indicates which variable will leave the solution mix.

This resulting values (ratios) so computed indicates the quantity or units ofThis resulting values (ratios) so computed indicates the quantity or units of
the incoming variable that we can get by replacing it with another variablethe incoming variable that we can get by replacing it with another variable
which  was  previously  basic.  In  our  example,  the  column  containing  thewhich  was  previously  basic.  In  our  example,  the  column  containing  the
entering variable (pivot column) as indicated below contains the substitutionentering variable (pivot column) as indicated below contains the substitution
rates  that  indicate  the amount of  slack variable  to  be given up so as  torates  that  indicate  the amount of  slack variable  to  be given up so as  to
increase the incoming variable just by one unit. That is in order to increase xincrease the incoming variable just by one unit. That is in order to increase x 11
by one unit; we need to give up 2 units of Sby one unit; we need to give up 2 units of S1  1  and 4 units of Sand 4 units of S22. And to know. And to know
the total number of xthe total number of x11 that we can get by giving up any of the basic variables that we can get by giving up any of the basic variables



is  determined by  dividing  the RHS values  with  corresponding substitutionis  determined by  dividing  the RHS values  with  corresponding substitution
rates. In our example, we will take two ratios:  rates. In our example, we will take two ratios:   and   and   which is 215 which is 215
and 200. This means if we give up Sand 200. This means if we give up S1 1 and bring xand bring x1 1 into the basis we will haveinto the basis we will have
an additional 215 units of xan additional 215 units of x1  1  whereas additional 200 units of xwhereas additional 200 units of x11 by giving up by giving up
SS22. . 

Our objective is maximization; per unit contribution of xOur objective is maximization; per unit contribution of x1  1  to our objective isto our objective is
10. This shows that we have to have as much x10. This shows that we have to have as much x1  1  as possible. Therefore, theas possible. Therefore, the
largest ratio is the largest contribution to profit; and the least ratio meanslargest ratio is the largest contribution to profit; and the least ratio means
least contribution to profit. That is why the variable with the least positiveleast contribution to profit. That is why the variable with the least positive
ratio is the leaving variable. Sratio is the leaving variable. S2 2 is therefore the leaving variable.is therefore the leaving variable.

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11 00 44 88 55 11 00 860860 ==
215215

  SS22 00 22 33 11 00 11 400400 ==
200200

ZZ 00 00 00 00 00 00

C-ZC-Z 1010 66 77 00 00

(3)(3) Compute  replacement  values  for  the  leaving  variable:  DivideCompute  replacement  values  for  the  leaving  variable:  Divide
each  element  in  the  pivot  row  by  the  pivot  element.  Theseeach  element  in  the  pivot  row  by  the  pivot  element.  These
resulting values will be the values in the same row (major row)resulting values will be the values in the same row (major row)
of the new tableau. This row will also contain the new variableof the new tableau. This row will also contain the new variable
(entered the solution mix) together with its objective function(entered the solution mix) together with its objective function
coefficient next to it in column C. Look at the following tableau.coefficient next to it in column C. Look at the following tableau.

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11
XX11 1010 11 3/23/2 1/21/2 00 1/21/2 200200

ZZ

Pivot 
element

Pivot 
column

Entering 
variable

Leaving 
variable



C-ZC-Z

(4)(4) Compute values for each of the other constraint equations: ThisCompute values for each of the other constraint equations: This
will  be  done  in  such  a  way  that  all  the  entries  in  the  pivotwill  be  done  in  such  a  way  that  all  the  entries  in  the  pivot
column of the previous tableau will  be converted from top tocolumn of the previous tableau will  be converted from top to
down with zero except the one which is the pivot element by thedown with zero except the one which is the pivot element by the
application of elementary row operations. Every other entry inapplication of elementary row operations. Every other entry in
the heart of the former tableau will also be converted as a resultthe heart of the former tableau will also be converted as a result
of the row operations to make the entries for the new tableau. of the row operations to make the entries for the new tableau. 

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11 00
XX11 1010 11 3/23/2 1/21/2 00 1/21/2 200200

ZZ
C-ZC-Z

The entries in the pivot column are now converted into zero except the pivotThe entries in the pivot column are now converted into zero except the pivot
element. By the way, would you go back to the initial simplex tableau andelement. By the way, would you go back to the initial simplex tableau and
see what is common to all the columns containing basic variables? see what is common to all the columns containing basic variables? 

As you might  have successfully  realized,  these columns are unit  columnsAs you might  have successfully  realized,  these columns are unit  columns
(having entries of all zeros and only a single one at the intersection point of(having entries of all zeros and only a single one at the intersection point of
the column and the row containing that same variable). Fore example lookthe column and the row containing that same variable). Fore example look
the column containing Sthe column containing S1 1 one of the basis, it has a one in the first row where itone of the basis, it has a one in the first row where it
is in; and a zero in the other row. To develop our new tableau in the sameis in; and a zero in the other row. To develop our new tableau in the same
fashion, we will identify appropriate row operations that can yield the desiredfashion, we will identify appropriate row operations that can yield the desired
outcome. outcome. 

Elementary row operations may be:Elementary row operations may be:
(a)(a) Multiplying  (dividing)  all  of  the  elements  in  a  row  by  aMultiplying  (dividing)  all  of  the  elements  in  a  row  by  a

constant.constant.
(b)(b) Adding or subtracting the multiple of a row to or from another row. Adding or subtracting the multiple of a row to or from another row. 

The desired value in the other entry for the pivot column is zero. But thisThe desired value in the other entry for the pivot column is zero. But this
value  was  4  in  the  previous  tableau.  So  we  have  to  search  for  the  rowvalue  was  4  in  the  previous  tableau.  So  we  have  to  search  for  the  row
operation that helped to convert 4 into 0. This can be achieved by multiplyingoperation that helped to convert 4 into 0. This can be achieved by multiplying
the second row of the new tableau by -4 and adding it to the entries in thethe second row of the new tableau by -4 and adding it to the entries in the
first row of the former tableau. This way, entries in the second tableau arefirst row of the former tableau. This way, entries in the second tableau are
constructed.               constructed.               

22ndnd Simplex tableau Simplex tableau

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11 00 00 22 33 11 -2-2 6060 -4R-4R2 2 +R+R11

  XX11 1010 11 3/23/2 1/21/2 00 1/21/2 200200
ZZ 1010 1515 55 00 1010 2000 = 2000 = ProfitProfit

C-ZC-Z 00 -9-9 22 00 -10-10

(5)(5) Compute values for row Z: For each column take the sum of theCompute values for row Z: For each column take the sum of the
products  of  the  row  coefficients  (constraint  coefficients)  andproducts  of  the  row  coefficients  (constraint  coefficients)  and



coefficients  of  basic  variables  (row values in  column C).  Forecoefficients  of  basic  variables  (row values in  column C).  Fore
example the first entry is determined as: 0(0) + 1(10) = 10example the first entry is determined as: 0(0) + 1(10) = 10

(6)(6) Compute values for row C – Z (the net evaluation row): For eachCompute values for row C – Z (the net evaluation row): For each
column, subtract the value in row Z from the objective functioncolumn, subtract the value in row Z from the objective function
coefficient  values  in  row  C  at  the  top  of  the  tableau.  Forecoefficient  values  in  row  C  at  the  top  of  the  tableau.  Fore
example the first entry is determined as: 10 – 10 = 0example the first entry is determined as: 10 – 10 = 0

(7)(7) Test  the  solution  for  optimality  by  looking  if  there  is  anyTest  the  solution  for  optimality  by  looking  if  there  is  any
negative value in the C – Z row. If there is a positive value, thenegative value in the C – Z row. If there is a positive value, the
solution  is  not  optimal  and  hence  we have  to  develop  othersolution  is  not  optimal  and  hence  we have  to  develop  other
tableau.  This  is  done  by  repeating  step  tableau.  This  is  done  by  repeating  step  BB.  This  process  will.  This  process  will
continue until you get an optimal solution (all the entries in thecontinue until you get an optimal solution (all the entries in the
last row are converted into zeros or negatives but no positives). last row are converted into zeros or negatives but no positives). 

The  pivot  column  is  the  one  with  the  largest  positive  value  in  the  netThe  pivot  column  is  the  one  with  the  largest  positive  value  in  the  net
evaluation row. The only positive value in the row is 2. The column containingevaluation row. The only positive value in the row is 2. The column containing
this value is therefore the pivot column as indicated below.this value is therefore the pivot column as indicated below.

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

SS11 00 00 22 33 11 -2-2 6060
  XX11 1010 11 3/23/2 1/21/2 00 1/21/2 200200

ZZ 1010 1515 55 00 1010 2000 2000 
C-ZC-Z 00 -9-9 22 00 -10-10

This will lead us to the development of the fourth tableau. The major row inThis will lead us to the development of the fourth tableau. The major row in
the fourth tableau is the first row (the pivot row in the third tableau). Then bythe fourth tableau is the first row (the pivot row in the third tableau). Then by
dividing every element in the pivot row by the pivot element, we develop thedividing every element in the pivot row by the pivot element, we develop the
major row of the new tableau. The remaining entries are determined throughmajor row of the new tableau. The remaining entries are determined through
the help of elementary row operations as usual. Look at the following tableau:the help of elementary row operations as usual. Look at the following tableau:

44thth Tableau Tableau

  C C 1010 66 77 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 valuesvalues

XX33 77 00 2/32/3 11 1/31/3 -2/3-2/3 2020
  XX11 1010 11 7/67/6 00 -1/6-1/6 5/65/6 190190 -1/2(R-1/2(R11))  + R+ R22

ZZ 1010 70/670/6 77 4/94/9 11/311/3 2040 = 2040 = Optimal profitOptimal profit
C-ZC-Z 00 -5.67-5.67 00 -4/9-4/9 -11/3-11/3

The fourth tableau is the optimal tableau because there is no any positiveThe fourth tableau is the optimal tableau because there is no any positive
value in the net evaluation row. This indicates that the optimal level of profitvalue in the net evaluation row. This indicates that the optimal level of profit
is achieved when: xis achieved when: x1  1  = 20, x= 20, x22 = 0, x = 0, x3  3  =190, S=190, S11 = 0, S = 0, S22 =0 and S =0 and S33 = 0. The = 0. The
maximum profit is 2,040.maximum profit is 2,040.

4.3. Some special issues4.3. Some special issues
Unbounded ness Unbounded ness 
When the problem was not correctly formulated, constraints don’t properlyWhen the problem was not correctly formulated, constraints don’t properly
bind  the  solution,  or  a  minimization  problem  incorrectly  stated  as  abind  the  solution,  or  a  minimization  problem  incorrectly  stated  as  a
maximization problem; unbounded ness can be the case. This condition canmaximization problem; unbounded ness can be the case. This condition can
easily be identified in the simplex procedure. When we try to determine theeasily be identified in the simplex procedure. When we try to determine the
leaving variable in the construction of a new tableau, we have said that weleaving variable in the construction of a new tableau, we have said that we
identify the least positive ratio of values in the RHS column and values in theidentify the least positive ratio of values in the RHS column and values in the



pivot column. But in this special case all the ratios will be either negative orpivot column. But in this special case all the ratios will be either negative or
zero. Therefore we can’t identify the leaving variable. zero. Therefore we can’t identify the leaving variable. 
Example:Example: Solve the following linear programming model using the simplex Solve the following linear programming model using the simplex
procedure.procedure.

Maximize Maximize 2x2x11 + 3x + 3x22  
Subject toSubject to

  -x  -x11 + x + x22          1    1
-1/2x-1/2x11 + x + x22      3    3

                x                x11, x, x22         0     0  
The final tableau for the problem is:The final tableau for the problem is:

  C C 1010 66 77 00 RHSRHS
BasisBasis XX11 SS11 SS11 SS22 valuesvalues

XX22 00 00 11 -1-1 22 55
  XX11 1010 11 00 -2-2 22 44

ZZ 22 33 -7-7 1010 2323
C-ZC-Z 00 00 77 -10-10

Even though there is a positive value in the net evaluation row indicating thatEven though there is a positive value in the net evaluation row indicating that
the solution is not optimal (can be improved by bringing the variable in thethe solution is not optimal (can be improved by bringing the variable in the
pivot column into the solution mix), we can’t determine the variable to bepivot column into the solution mix), we can’t determine the variable to be
replaced because there is no positive ratio in the pivot column. This specialreplaced because there is no positive ratio in the pivot column. This special
condition is referred to as condition is referred to as unbounded nessunbounded ness.  .  
DegeneracyDegeneracy

Student, think about what will you do to develop the next simplex tableauStudent, think about what will you do to develop the next simplex tableau
after recognizing that a tableau is not optimal.after recognizing that a tableau is not optimal.
Normally you will identify the leaving and entering variables and make theNormally you will identify the leaving and entering variables and make the
appropriate replacement. In some cases however, when you are determiningappropriate replacement. In some cases however, when you are determining
the leaving variable, there may be a tie for the lowest positive ratio. Such athe leaving variable, there may be a tie for the lowest positive ratio. Such a
case is known to be the case of case is known to be the case of degeneracy.degeneracy. If you try to generate the next If you try to generate the next
tableau by just taking any one variable with the least ratio, you encounter notableau by just taking any one variable with the least ratio, you encounter no
problem in the procedure but there will be no improvement in the solutionproblem in the procedure but there will be no improvement in the solution
(level of the objective function); it will rather be the same as the previous(level of the objective function); it will rather be the same as the previous
solutions. solutions. 

Multiple optimal solutionsMultiple optimal solutions
This is the condition when same maximum value of the objective functionThis is the condition when same maximum value of the objective function
might be possible with a number of different combinations of values of themight be possible with a number of different combinations of values of the
decision variables. It occurs when the objective function is parallel to any ofdecision variables. It occurs when the objective function is parallel to any of
the binding constraint function. Two functions are said to be parallel if thethe binding constraint function. Two functions are said to be parallel if the
ratio of coefficients of variables is the same.ratio of coefficients of variables is the same.
When using the simplex approach, we can recognize alternate optima if theWhen using the simplex approach, we can recognize alternate optima if the
C-Z row contains a zero value for one or more of the non-basic variables inC-Z row contains a zero value for one or more of the non-basic variables in
the final simplex tableau.the final simplex tableau.

4.4. Simplex maximization with mixed constraints4.4. Simplex maximization with mixed constraints

As we have discussed earlier,  the simplex technique requires that  the LPAs we have discussed earlier,  the simplex technique requires that  the LP
model  should  be  in  its  standard  form first.  To  put  an  LP  model  with  allmodel  should  be  in  its  standard  form first.  To  put  an  LP  model  with  all
constraints having constraints having   in standard form, we added a slack variable to the leftin standard form, we added a slack variable to the left
sides of the constraint functions. But constraints with  sides of the constraint functions. But constraints with    and = signs will beand = signs will be



handled differently. Our attention in this section is to solve LP models with allhandled differently. Our attention in this section is to solve LP models with all
the =, the =, ,,  and and     signs. This is what is meant by mixed constraints.signs. This is what is meant by mixed constraints.

In  the  case  of  equality  constraints  slacks  are  not  applicable.  TheseIn  the  case  of  equality  constraints  slacks  are  not  applicable.  These
constraints  require  an  exact  (precise)  amount.  But  to  use  the  simplexconstraints  require  an  exact  (precise)  amount.  But  to  use  the  simplex
technique in solving a maximization problem we assume to start from thetechnique in solving a maximization problem we assume to start from the
origin by making the values of decision variables zero (excluding them fromorigin by making the values of decision variables zero (excluding them from
the basis of the initial simplex tableau). In the simplex procedure we need tothe basis of the initial simplex tableau). In the simplex procedure we need to
represent each constraint function through the help of a variable. This impliesrepresent each constraint function through the help of a variable. This implies
that having a variable that will  serve this end in the simplex tableau is athat having a variable that will  serve this end in the simplex tableau is a
must. Therefore, we will introduce a variable to the equality constraint calledmust. Therefore, we will introduce a variable to the equality constraint called
an an artificial variableartificial variable. Artificial variables have no physical interpretations, they. Artificial variables have no physical interpretations, they
merely serve as a device to enable us use the simplex procedure. Because ofmerely serve as a device to enable us use the simplex procedure. Because of
this  fact,  after  serving  their  purpose,  artificial  variables  should  leave  thethis  fact,  after  serving  their  purpose,  artificial  variables  should  leave  the
simplex process (solution mix) as quickly as possible. The optimal solutionsimplex process (solution mix) as quickly as possible. The optimal solution
should  never  contain  an  artificial  variable  with  non-zero  value  (artificialshould  never  contain  an  artificial  variable  with  non-zero  value  (artificial
variable should not appear in the basis of the final simplex tableau).variable should not appear in the basis of the final simplex tableau).
Example:Example: Let us assume we do have the following constraint in an LP model Let us assume we do have the following constraint in an LP model
under considerationunder consideration

2x2x1 1 + 10x+ 10x2 2 = 30,= 30,
Its standard form will be: 2xIts standard form will be: 2x1 1 + 1x+ 1x2 2 + A+ A11 = 30  = 30 
AA11 does mean an artificial variable in the first constraint of an LP model. does mean an artificial variable in the first constraint of an LP model.
What  will  happen if  our  constraint  is  with   What  will  happen if  our  constraint  is  with     sign?  In a  sign?  In a    constraint,  theconstraint,  the
restriction is to meet a specific lower limit. The constraint is never allowed torestriction is to meet a specific lower limit. The constraint is never allowed to
have a value which is  less  than the minimum amount designated by thehave a value which is  less  than the minimum amount designated by the
constraint. But it can have a value which exceeds the minimum designatedconstraint. But it can have a value which exceeds the minimum designated
amount. This excess amount is referred to as amount. This excess amount is referred to as SurplusSurplus. This surplus amount is. This surplus amount is
subtracted from the left side of the constraint function to put it in standardsubtracted from the left side of the constraint function to put it in standard
form.form.

Example:Example:  4x 4x1 1 + 11x+ 11x2 2     60 will be look like: 60 will be look like: 
4x4x1 1 + 11x+ 11x2 2 – S– S1 1 = 60, where S= 60, where S1 1 = the surplus amount for the first= the surplus amount for the first

constraint.constraint.

By subtracting the surplus, the constraint becomes equality.  Therefore,  toBy subtracting the surplus, the constraint becomes equality.  Therefore,  to
allow for the initial solution that will be less than that amount, an artificialallow for the initial solution that will be less than that amount, an artificial
variable must be added. Thus the above constraint will be put in its standardvariable must be added. Thus the above constraint will be put in its standard
form as:form as:

4x4x1 1 + 11x+ 11x2 2 – S– S1 1 + A+ A1 =1 = 60 60

Our next vital issue is how to express these surplus and artificial variables inOur next vital issue is how to express these surplus and artificial variables in
the objective function.the objective function.
Surplus variables are expressed in exactly the same way as slack variables.Surplus variables are expressed in exactly the same way as slack variables.
They are assigned coefficients of zero.They are assigned coefficients of zero.

Assigning coefficients for artificial variables depends on whether the problemAssigning coefficients for artificial variables depends on whether the problem
is  a  maximization  or  minimization  problem.  Moreover,  we  don’t  want  theis  a  maximization  or  minimization  problem.  Moreover,  we  don’t  want  the
artificial variables to appear in the final solution because they are not realartificial variables to appear in the final solution because they are not real
variables.variables.
In a maximization problem, we assign a large negative number denoted by In a maximization problem, we assign a large negative number denoted by MM
to facilitate the solution. Which means, the contribution of the variables willto facilitate the solution. Which means, the contribution of the variables will



be  negative  (reduction)  to  the  level  of  the  objective  function  for  abe  negative  (reduction)  to  the  level  of  the  objective  function  for  a
maximization problem (opposing the objective of the model).  The simplexmaximization problem (opposing the objective of the model).  The simplex
procedure does exclude a basic variable that has least contribution to theprocedure does exclude a basic variable that has least contribution to the
objective function and brings another variable (previously non basic) with theobjective function and brings another variable (previously non basic) with the
most desirable contribution to the basis. This being the procedure, assigningmost desirable contribution to the basis. This being the procedure, assigning
large negative number to be the coefficient of the artificial variable in thelarge negative number to be the coefficient of the artificial variable in the
objective function for a maximization problem will facilitate the exclusion ofobjective function for a maximization problem will facilitate the exclusion of
the artificial variable from the basis.the artificial variable from the basis.
Example: Example: 

Maximize Maximize 2x2x1 1 + 3x+ 3x22 + 0S + 0S1 1 + 0S+ 0S22 - MA - MA2   2   indicates that the firstindicates that the first
constraint in the model is a constraint in the model is a   constraint and the second is a constraint and the second is a   constraint. constraint. 
In  a  minimization  problem,  we assign  a  large  positive  number  to  be  theIn  a  minimization  problem,  we assign  a  large  positive  number  to  be  the
coefficient  of  the artificial  variable.  This  will  have the same effect on thecoefficient  of  the artificial  variable.  This  will  have the same effect on the
variable under consideration. Here also the large positive number is denotedvariable under consideration. Here also the large positive number is denoted
by by MM..

Solving Maximization problems that have mixed constraintsSolving Maximization problems that have mixed constraints

The simplex procedure can also be applied here. All the logics we have seenThe simplex procedure can also be applied here. All the logics we have seen
so fare holds true again. The only difference is the way we will be treating theso fare holds true again. The only difference is the way we will be treating the
new variables we introduced to the model (i.e. the artificial variable A and itsnew variables we introduced to the model (i.e. the artificial variable A and its
coefficient M). Let’s look at the following example:coefficient M). Let’s look at the following example:
ExampleExample         Maximize        Maximize             6x            6x1 1 + 8x+ 8x22

Subject toSubject to
           x           x2 2                       44
            xx1 1 + x+ x2  2  ==                      99
6x6x1 1 + 2x+ 2x2  2                  2424
    x    x11, x, x22             0         0  

As usual, the simplex procedure starts solving LP models first by putting themAs usual, the simplex procedure starts solving LP models first by putting them
into their standard form. The standard form to the above problem is:into their standard form. The standard form to the above problem is:

MaximizeMaximize       6x      6x1 1 + 8x+ 8x22 + 0S + 0S11 + 0S3 – MA + 0S3 – MA22 – MA – MA33
Subject toSubject to

                x                x2 2 + S+ S1                            1                             = =                      44
                    x                  x1 1 + x+ x22 + A + A2                   2                   = =                     99

         6x         6x1 1 + 2x+ 2x22 – S – S33 + A + A3     3     =  =              2424
                   x                   x11, x, x22, S, S11, S, S33, A, A11, A, A33           0           0    

Then we will develop the initial simplex tableau.Then we will develop the initial simplex tableau.

The initial simplex tableauThe initial simplex tableau

  C C 66 88 00 00 -M-M -M-M RHSRHS
BasisBasis XX11 XX22 SS11 SS33 AA22 AA33 valuesvalues

SS11 00 00 11 11 00 00 00 44
AA22 -M-M 11 11 00 00 11 00 99
AA33 -M-M 66 22 00 -1-1 00 11 2424

ZZ -7M-7M -3M-3M 00 MM -M-M -M-M -33M-33M
C-ZC-Z 6 + 7M6 + 7M 8 + 3M8 + 3M 00 -M-M 00 00

The next step is testing the initial simplex tableau for optimality. The next step is testing the initial simplex tableau for optimality. 
Remember  that  the test  is  done by  checking whether  there is  a  positiveRemember  that  the test  is  done by  checking whether  there is  a  positive
number in the net evaluation row, and taking the largest one if  there arenumber in the net evaluation row, and taking the largest one if  there are



more than one positive numbers in that row. So, what is the largest positivemore than one positive numbers in that row. So, what is the largest positive
number? number? 

The variable M is just a very large number, therefore when we try to identifyThe variable M is just a very large number, therefore when we try to identify
the largest positive number, what we do is just to take the positive M with thethe largest positive number, what we do is just to take the positive M with the
largest coefficient regardless of the constant number added with it. In thelargest coefficient regardless of the constant number added with it. In the
above tableau, we do have two positive numbers, 6 + 7M and 8 + 3M. Fromabove tableau, we do have two positive numbers, 6 + 7M and 8 + 3M. From
these two, the first one is the larger even though 8 is greater than 6. This isthese two, the first one is the larger even though 8 is greater than 6. This is
because M is very large as compared with the difference between 8 and 6.because M is very large as compared with the difference between 8 and 6.
This indicates that the next variable to enter the solution mix is XThis indicates that the next variable to enter the solution mix is X11..
The leaving variable is determined in the same way as we did in our previousThe leaving variable is determined in the same way as we did in our previous
discussions. The one with the least positive ratio will be the leaving variable.discussions. The one with the least positive ratio will be the leaving variable.

  C C 66 88 00 00 -M-M -M-M RHSRHS
BasisBasis XX11 XX22 SS11 SS33 AA22 AA33 valuevalue

ss
SS11 00 00 11 11 00 00 00 44
AA22 -M-M 11 11 00 00 11 00 99
AA33 -M-M 66 22 00 -1-1 00 11 2424

ZZ -7M-7M -3M-3M 00 MM -M-M -M-M -33M-33M
C-ZC-Z 6 + 7M6 + 7M 8 + 3M8 + 3M 00 -M-M 00 00

Entering variableEntering variable
Don’t forget to exclude the third artificial variable from the simplex tableauDon’t forget to exclude the third artificial variable from the simplex tableau
when you develop the second tableau. The second tableau will look like:when you develop the second tableau. The second tableau will look like:

Second TableauSecond Tableau

  C C 66 88 00 00 -M-M RHSRHS
BasisBasis XX11 XX22 SS11 SS33 AA22 valuesvalues

SS11 00 00 11 11 00 00 44
AA22 -M-M 00 00 11 55
XX11 66 11 00 -- 00 44

ZZ 66 2 - 2 - MM 00 -1 --1 - MM -M-M 24 – 5 M24 – 5 M
C-ZC-Z 00 6 + 6 + 

MM
00 1 +  1 +  

MM
00

The largest  positive number in the net  evaluation row is  6  +  The largest  positive number in the net  evaluation row is  6  +  M. ThisM. This
shows that the next variable to enter the basis is Xshows that the next variable to enter the basis is X2. 2. And the leaving variableAnd the leaving variable

Leavin
g 
variabl
e



is Sis S11. Therefore, we develop the next tableau by taking the above facts into. Therefore, we develop the next tableau by taking the above facts into
consideration.consideration.

Third TableauThird Tableau

  C C 66 88 00 00 -M-M RHSRHS
BasisBasis XX11 XX22 SS11 SS33 AA22 valuesvalues

XX22 88 00 11 11 00 00 44
AA22 -M-M 00 00 -- 11
XX11 66 11 00 -- -- 00

ZZ 66 88 6 + 6 + M M -1 - -1 - -M-M 48 - 48 - MM
C-ZC-Z 00 00 -6 - -6 - MM 1 +1 + 00

Still we do have a positive number in the net evaluation row. Therefore, weStill we do have a positive number in the net evaluation row. Therefore, we
have to search for a better solution. We need to determine the next variablehave to search for a better solution. We need to determine the next variable
to enter the solution mix and the one which must leave the basis. Look at theto enter the solution mix and the one which must leave the basis. Look at the
following table.following table.

  C C 66 88 00 00 -M-M RHSRHS
BasisBasis XX11 XX22 SS11 SS33 AA22 valuesvalues

XX22 88 00 11 11 00 00 44
AA22 -M-M 00 00 -- 11
XX11 66 11 00 -- -- 00

ZZ 66 88 6 + 6 + M M -1 - -1 - -M-M 48 - 48 - MM
C-ZC-Z 00 00 -6 - -6 - MM 1 +1 + 00

The next tableau will be developed by excluding AThe next tableau will be developed by excluding A22 from the basis and  from the basis and 
bringing Sbringing S33 to the basis.  to the basis. 
Fourth TableauFourth Tableau

  C C 66 88 00 00 RHSRHS
BasisBasis XX11 XX22 SS11 SS33 valuesvalues

XX22 88 00 11 11 00 44
SS33 00 00 00 -4-4 11 1414
XX11 66 11 00 -1-1 00 55

ZZ 66 88 22 00 6262
C-ZC-Z 00 00 -2-2 00

Look at the above tableau. There is no positive number in the net evaluationLook at the above tableau. There is no positive number in the net evaluation
row. This means, we cannot get an improved solution by introducing anotherrow. This means, we cannot get an improved solution by introducing another
variable (developing the next tableau). Therefore, the fourth tableau is thevariable (developing the next tableau). Therefore, the fourth tableau is the
final tableau.final tableau.

4.5. Solving Minimization Problems4.5. Solving Minimization Problems
The simplex procedure to solving minimization problems is almost the sameThe simplex procedure to solving minimization problems is almost the same
as  the  procedure  for  maximization  with  mixed  constraints  except  theas  the  procedure  for  maximization  with  mixed  constraints  except  the
following differences:following differences:

 The M coefficients in the objective function are given positiveThe M coefficients in the objective function are given positive
signs instead of negative signs.signs instead of negative signs.



 The selection of the variable to enter the solution is based onThe selection of the variable to enter the solution is based on
the largest negative value in the C – Z row.the largest negative value in the C – Z row.

Note also that minimization problems always require at least one artificialNote also that minimization problems always require at least one artificial
variable. variable. 
What do the M variables and the values in the C – Z row indicate? If you knowWhat do the M variables and the values in the C – Z row indicate? If you know
the answer to this question, you will also know the reason behind the abovethe answer to this question, you will also know the reason behind the above
differences between maximization and minimization problems.differences between maximization and minimization problems.
M,  the  coefficient  of  artificial  variables  when  we  indicate  them  in  theM,  the  coefficient  of  artificial  variables  when  we  indicate  them  in  the
objective function, has same meaning as other coefficients of variables in theobjective function, has same meaning as other coefficients of variables in the
objective function. It indicates the extent of the artificial variable’s per unitobjective function. It indicates the extent of the artificial variable’s per unit
contribution to the level of the objective function. contribution to the level of the objective function. 
The values in the net evaluation row indicate the extent of possible increaseThe values in the net evaluation row indicate the extent of possible increase
to the level of the objective function as a result of bringing an additional unitto the level of the objective function as a result of bringing an additional unit
of the variable in that column to the solution mix. of the variable in that column to the solution mix. 
Therefore, in a minimization problem, a large positive coefficient to a variableTherefore, in a minimization problem, a large positive coefficient to a variable
in the objective function means a large undesirable impact towards achievingin the objective function means a large undesirable impact towards achieving
the objective of the model (minimizing). And a large negative number in thethe objective of the model (minimizing). And a large negative number in the
net  evaluation row means large desirable  contribution to the level  of  thenet  evaluation row means large desirable  contribution to the level  of  the
objective function.objective function.

The first one, creating an adverse impact towards achieving the objectiveThe first one, creating an adverse impact towards achieving the objective
seams paradox. The reason is to exclude the artificial  variable (a variableseams paradox. The reason is to exclude the artificial  variable (a variable
with no real meaning) from the basis and the tableau as a whole as quickly aswith no real meaning) from the basis and the tableau as a whole as quickly as
possible.  Assigning a large positive coefficient is  the appropriate measurepossible.  Assigning a large positive coefficient is  the appropriate measure
since we are solving the model using the simplex procedure. If you considersince we are solving the model using the simplex procedure. If you consider
the simplex procedure; each iteration in the procedure is about excluding athe simplex procedure; each iteration in the procedure is about excluding a
variable  with  least  contribution  to  the  achievement  of  the  objective,  andvariable  with  least  contribution  to  the  achievement  of  the  objective,  and
replacing it with another variable which is the most desirable contributor ofreplacing it with another variable which is the most desirable contributor of
those which previously were not in the basis. Therefore, assigning a largethose which previously were not in the basis. Therefore, assigning a large
positive number to be the coefficient of an artificial variable will force thepositive number to be the coefficient of an artificial variable will force the
variable to be the first to leave the solution mix.variable to be the first to leave the solution mix.

Selecting  the  largest  negative  number  from  the  net  evaluation  row  is  aSelecting  the  largest  negative  number  from  the  net  evaluation  row  is  a
straight forward action in a minimization problem. Large negative number instraight forward action in a minimization problem. Large negative number in
this row means large deduction to the level of the objective function. This willthis row means large deduction to the level of the objective function. This will
facilitate the achievement of the objective of the model (minimization).facilitate the achievement of the objective of the model (minimization).
To  sum up;  in  minimization problems,  while  the variable  with  the largestTo sum up;  in  minimization problems,  while  the variable  with  the largest
negative value in the net evaluation row enters the next tableau, the variablenegative value in the net evaluation row enters the next tableau, the variable
with the least positive ratio will leave the solution mix like the maximizationwith the least positive ratio will leave the solution mix like the maximization
case.case.



CHAPTER- 5CHAPTER- 5

SENSITIVITY ANALYSIS AND DUALITYSENSITIVITY ANALYSIS AND DUALITY
Post optimality is concerned about the study of possible changes to a linearPost optimality is concerned about the study of possible changes to a linear
programming model and the associated impacts to the solutions to the modelprogramming model and the associated impacts to the solutions to the model
and to the level of the objective function. Such a kind of analysis is done afterand to the level of the objective function. Such a kind of analysis is done after
the determination of the optimum solution to the model. That is why we referthe determination of the optimum solution to the model. That is why we refer
it as “post optimality analysis.” It is also called “sensitivity analysis” becauseit as “post optimality analysis.” It is also called “sensitivity analysis” because
we are observing the sensitivity of the model to possible changes. we are observing the sensitivity of the model to possible changes. 

Activity 5.1Activity 5.1
What is post optimality Analysis?What is post optimality Analysis?
How do you perform sensitivity analysis?How do you perform sensitivity analysis?
What is the physical interpretation of sensitivity analysis?What is the physical interpretation of sensitivity analysis?

When we were developing the LP models, we assumed that we know all theWhen we were developing the LP models, we assumed that we know all the
parameter values for certain (Certainty assumption). However, in reality, theparameter values for certain (Certainty assumption). However, in reality, the
parameter  values  are  just  educated  guesses.  Therefore,  the  optimumparameter  values  are  just  educated  guesses.  Therefore,  the  optimum
solutions computed under this assumption may not be optimal depending onsolutions computed under this assumption may not be optimal depending on
how sensitive that solution is to alternate values of parameters. That is whyhow sensitive that solution is to alternate values of parameters. That is why
the decision maker needs to perform sensitivity analysis before implementingthe decision maker needs to perform sensitivity analysis before implementing
the solution.the solution.

Changes to a model might happen due to changes in any of the parametersChanges to a model might happen due to changes in any of the parameters
(coefficients  of  the objective function,  to  the coefficients of  the constraint(coefficients  of  the objective function,  to  the coefficients of  the constraint
functions, or to the RHS values of the constraints). In our discussion in thisfunctions, or to the RHS values of the constraints). In our discussion in this
section, the possible changes to the model will be seen being classified intosection, the possible changes to the model will be seen being classified into
two categories. The first one is a change to the coefficients of the objectivetwo categories. The first one is a change to the coefficients of the objective
function, and the second is a change to the RHS values of the constraints. Butfunction, and the second is a change to the RHS values of the constraints. But
we will not discuss the change to the coefficients of constraints.we will not discuss the change to the coefficients of constraints.
Changes can also be resulted due to changes in the product lines especiallyChanges can also be resulted due to changes in the product lines especially
when introducing a new product. To deal with these kinds of changes, we usewhen introducing a new product. To deal with these kinds of changes, we use
a  technique  called  “duality.”  Duality  is  another  way  of  formulatinga  technique  called  “duality.”  Duality  is  another  way  of  formulating
(representing) linear programming models. (representing) linear programming models. 

We shall analyze the above changes by using the final simplex tableau We shall analyze the above changes by using the final simplex tableau 
(optimal solution) as a starting point.(optimal solution) as a starting point.

5.1. Sensitivity Analysis5.1. Sensitivity Analysis  
Here, we will be concentrating on the sensitiveness of the solutions of theHere, we will be concentrating on the sensitiveness of the solutions of the
model to changes in the parameter values of the model. Special attention ismodel to changes in the parameter values of the model. Special attention is
given to changes in RHS values of Constraints and Changes in the coefficientsgiven to changes in RHS values of Constraints and Changes in the coefficients
of the objective function.of the objective function.

    5.1.1. A change in the RHS of a constraint 5.1.1. A change in the RHS of a constraint 

Our analysis will be made by looking at the impact one unit change in theOur analysis will be made by looking at the impact one unit change in the
constraint would have on the value of the objective function. If we know this,constraint would have on the value of the objective function. If we know this,



we will  be able to  determine the total  impact of  change in the RHS of awe will  be able to  determine the total  impact of  change in the RHS of a
constraint to the level of the objective function. constraint to the level of the objective function. 
But this kind of analysis has some other associated questions: But this kind of analysis has some other associated questions: 

How can we determine the impact of a per unit change in the RHSHow can we determine the impact of a per unit change in the RHS
value of a constraint? value of a constraint? 

To what extent can the RHS value of a constraint be changed andTo what extent can the RHS value of a constraint be changed and
still the per unit impact (marginal value) is the same?still the per unit impact (marginal value) is the same?

If we get the answer to these questions, we can make our decision withoutIf we get the answer to these questions, we can make our decision without
being  persecuted  by  possible  changes  to  the  RHS  values  of  constraints.being  persecuted  by  possible  changes  to  the  RHS  values  of  constraints.
Therefore, our discussion in this section will focus on getting answers to theTherefore, our discussion in this section will focus on getting answers to the
above questions.above questions.
As indicated in the beginning, our analysis is based on the optimal solution ofAs indicated in the beginning, our analysis is based on the optimal solution of
a linear programming problem. Therefore, all our discussions right now area linear programming problem. Therefore, all our discussions right now are
based  on  final  simplex  tableaus.  The  following  simplex  tableau  is  a  finalbased  on  final  simplex  tableaus.  The  following  simplex  tableau  is  a  final
tableau for an LP model  representing an LP problem presented below fortableau for an LP model  representing an LP problem presented below for
simplicity purpose.simplicity purpose.

ABC Company is  to start  a production of two spare parts.  The productionABC Company is  to start  a production of two spare parts.  The production
manager would like to produce so many parts to earn per unit profit of Birr 60manager would like to produce so many parts to earn per unit profit of Birr 60
from the sale of type I and Birr 50 from the sale of type II parts. However, thefrom the sale of type I and Birr 50 from the sale of type II parts. However, the
total available time to assemble the items, to inspect them and the space fortotal available time to assemble the items, to inspect them and the space for
their  storage  is  limited  to  100  hours,  22  hours  and  39  square  feettheir  storage  is  limited  to  100  hours,  22  hours  and  39  square  feet
respectively. Four hours of assembly time, two hours of inspection time andrespectively. Four hours of assembly time, two hours of inspection time and
three square feet of storage space is required to produce each unit of type Ithree square feet of storage space is required to produce each unit of type I
spare  part.  On  the  other  hand  10  hours  of  assembly  time,  1  hour  ofspare  part.  On  the  other  hand  10  hours  of  assembly  time,  1  hour  of
inspection time and 3 square feet of storage space is needed to produce eachinspection time and 3 square feet of storage space is needed to produce each
unit of  type II  spare parts.   How many of each item should the Companyunit of  type II  spare parts.   How many of each item should the Company
produce and sale to maximize its profit?produce and sale to maximize its profit?

  The following is an LP model representing the above problem and its finalThe following is an LP model representing the above problem and its final
tableau.tableau.

Maximize     60xMaximize     60x11 + 50x + 50x22
Subject to Subject to 

4x4x11 + 10x + 10x2 2 100100
2x2x11 +    x +    x2 2   22  22
3x3x1 1 +  3x+  3x2 2    39   39
       x       x11, x, x2 2     0    0

  C C 6060 5050 00 00 00 RHSRHS
BasisBasis XX11 XX22 SS11 SS22 SS33 valuesvalues

SS11 00 00 00 11 66 -16/3-16/3 2424
xx11 6060 11 00 00 11 -1/3-1/3 99
xx22 5050 00 11 00 -1-1 2/32/3 44

ZZ 6060 5050 00 1010 40/340/3 740740
C-ZC-Z 00 00 00 -10-10 -40/3-40/3

Now let’s go back to the above two questions. To get an answer to the firstNow let’s go back to the above two questions. To get an answer to the first
question (determining the per unit impact of a change in the RHS value ofquestion (determining the per unit impact of a change in the RHS value of
constraints to the objective function), look at the slack column values in the Zconstraints to the objective function), look at the slack column values in the Z
row of the above tableau. These values are called “shadow prices.” That is 0,row of the above tableau. These values are called “shadow prices.” That is 0,



10 and 40/3. They indicate the impact that one unit change in the constraint10 and 40/3. They indicate the impact that one unit change in the constraint
would have on the value of the objective function. would have on the value of the objective function. 
To be specific, if the value of the second constraint in the above problemTo be specific, if the value of the second constraint in the above problem
increases just by one unit (i.e. inspection time rose from 22 hrs to 23 hrs),increases just by one unit (i.e. inspection time rose from 22 hrs to 23 hrs),
profit  will  be increased by 10.  This  value (10) also shows the amount byprofit  will  be increased by 10.  This  value (10) also shows the amount by
which the value of  the objective function will  be decreased due to a unitwhich the value of  the objective function will  be decreased due to a unit
decrease in the level of the constraint. If  the value of the third constraintdecrease in the level of the constraint. If  the value of the third constraint
(storage space) increases by one unit, the level of the objective function will(storage space) increases by one unit, the level of the objective function will
also  be  increased  by  40/3.  But  a  unit  increase  or  decrease  in  the  firstalso  be  increased  by  40/3.  But  a  unit  increase  or  decrease  in  the  first
constraint has no effect to the level of the objective function. constraint has no effect to the level of the objective function. 

However, knowing the impact of a unit change is not sufficient; because, weHowever, knowing the impact of a unit change is not sufficient; because, we
cannot make changes to the values of the constraints with out limit. Forecannot make changes to the values of the constraints with out limit. Fore
example, we have said that the unit increase in inspection time will result inexample, we have said that the unit increase in inspection time will result in
an increase to the level of the objective function by 10. This means, if wean increase to the level of the objective function by 10. This means, if we
increase inspection time by 2 units, the level of the objective function will beincrease inspection time by 2 units, the level of the objective function will be
increased  by  20.  But,  we  can  not  increase  time  (a  precious  resource)increased  by  20.  But,  we  can  not  increase  time  (a  precious  resource)
unlimitedly. And also we can not decrease it without limit, because we needunlimitedly. And also we can not decrease it without limit, because we need
time to produce our product. Therefore, we should be informed that we cantime to produce our product. Therefore, we should be informed that we can
have a change to the RHS value of constraints only within a certain range.have a change to the RHS value of constraints only within a certain range.
This indicates that, our effort to analyze the impact of changes to the RHSThis indicates that, our effort to analyze the impact of changes to the RHS
values of constraints should also include knowing the range within which thevalues of constraints should also include knowing the range within which the
possible change to the RHS values of constraints can happen and still havepossible change to the RHS values of constraints can happen and still have
the same shadow price. This range is called the the same shadow price. This range is called the “range of feasibility” or “the“range of feasibility” or “the
RHS range.”RHS range.” This leads us to the second question we raised at the beginning This leads us to the second question we raised at the beginning
of our discussion.of our discussion.

We can determine the upper and lower limits of the range of feasibility fromWe can determine the upper and lower limits of the range of feasibility from
the final simplex tableau. To do so, take the ratios of the entries in the RHSthe final simplex tableau. To do so, take the ratios of the entries in the RHS
column to the corresponding entries in each slack column. This will give youcolumn to the corresponding entries in each slack column. This will give you
the amount by which the level of the constraint function can be increased orthe amount by which the level of the constraint function can be increased or
decreased. This is summarized as follows:decreased. This is summarized as follows:

 Allowable decrease: The smallest positive ratioAllowable decrease: The smallest positive ratio
 Allowable increase: The smallest negative ratioAllowable increase: The smallest negative ratio

This means, we add the smallest negative ration to the original RHS value toThis means, we add the smallest negative ration to the original RHS value to
determine the upper limit  of  the range of  feasibility  and we subtract  thedetermine the upper limit  of  the range of  feasibility  and we subtract  the
smallest positive ratio from the original RHS value to determine the lowersmallest positive ratio from the original RHS value to determine the lower
limit of the range of feasibility. Look at the following table.limit of the range of feasibility. Look at the following table.

Slack variablesSlack variables
SS11 SS22 SS33 AssemblyAssembly InspectioInspectio

nn
StorageStorage

11 66 -16/3-16/3 24/1=124/1=1 24/6 = 424/6 = 4   = -4.5= -4.5
00 11 -1/3-1/3 9/0 = Undif.9/0 = Undif. 9/1 = 99/1 = 9   = -27= -27
00 -1-1 2/32/3 4/0 = Undif.4/0 = Undif. 4/-1 = -44/-1 = -4   = 6= 6

Original AmountOriginal Amount           100100 22                 3922                 39
Upper LimitUpper Limit           NoneNone 22 + 4 =26     39 + 4.5  = 22 + 4 =26     39 + 4.5  = 

43.543.5
Lower LimitLower Limit 100-100-

24=7624=76
22 – 4 = 18     39 – 6 = 3322 – 4 = 18     39 – 6 = 33



As can be clearly observed from the above table, the range of feasibility forAs can be clearly observed from the above table, the range of feasibility for
each constraint is:each constraint is:

Assembly time, from 76 hrs to no upper limitAssembly time, from 76 hrs to no upper limit
Inspection time, from 18 hrs to 26 hrsInspection time, from 18 hrs to 26 hrs
Storage space, from 33 cubic feet to 43.5 cubic feetStorage space, from 33 cubic feet to 43.5 cubic feet

To this point, the decision maker knows the extent to which the right handTo this point, the decision maker knows the extent to which the right hand
side value of constraints can be changed. But what would be the impact ofside value of constraints can be changed. But what would be the impact of
this possible change to the level of constraints to the optimal solutions of thethis possible change to the level of constraints to the optimal solutions of the
model and to the level of the objective function? The answer to this questionmodel and to the level of the objective function? The answer to this question
will increase the level of confidence of the decision maker. To determine this,will increase the level of confidence of the decision maker. To determine this,
you just multiply the proposed amount of increase or decrease in the level ofyou just multiply the proposed amount of increase or decrease in the level of
the constraint and multiply it by the corresponding substitution rates in thethe constraint and multiply it by the corresponding substitution rates in the
slack column. slack column. 

For example, let us assume that inspection time is increased by 4 hours. TheFor example, let us assume that inspection time is increased by 4 hours. The
impact is calculated as:impact is calculated as:

BasisBasis SS22
CurrentCurrent
SolutionSolution ChangeChange RevisedRevised

solutionsolution
SS11 66 2424 +4 (6) = +24+4 (6) = +24 4848
XX11 11 99 +4(1) = +4+4(1) = +4 1313
XX22 -1-1 44 +4(-1) = -4+4(-1) = -4 00
ZZ 1010 740740 +4(10) = 40+4(10) = 40 780780

NB.  NB.  If  we try to increase or decrease inspection time by more than 4, itIf  we try to increase or decrease inspection time by more than 4, it
would be beyond the feasible region. However, we can calculate the impactwould be beyond the feasible region. However, we can calculate the impact
to changes to the level of inspection time by any value within the range ofto changes to the level of inspection time by any value within the range of
feasibility by using the above approach.feasibility by using the above approach.

5.1.2. A Change in an Objective Function Coefficient   5.1.2. A Change in an Objective Function Coefficient   

The coefficient of variables in the objective function indicates the per unitThe coefficient of variables in the objective function indicates the per unit
contribution  of  that  variable  to  the  objective  function.  A  change  to  thecontribution  of  that  variable  to  the  objective  function.  A  change  to  the
objective  function  coefficient  means  therefore,  a  change  in  the  per  unitobjective  function  coefficient  means  therefore,  a  change  in  the  per  unit
contribution of variables to the level of the objective function. contribution of variables to the level of the objective function. 

A change in the objective function coefficient can occur because of changedA change in the objective function coefficient can occur because of changed
costs,  new pricing policies, product or process design changes, as well  ascosts,  new pricing policies, product or process design changes, as well  as
other factors. Here, the direction of our analysis is geared towards knowingother factors. Here, the direction of our analysis is geared towards knowing
the  extent  to  which  the  contribution  of  a  given  decision  variable  to  thethe  extent  to  which  the  contribution  of  a  given  decision  variable  to  the
objective function can be changed without altering the optimal solution.objective function can be changed without altering the optimal solution.

When we talk about a change in the coefficient of decision variables in theWhen we talk about a change in the coefficient of decision variables in the
objective  function,  we  should  not  forget  the  fact  that  the  variable  underobjective  function,  we  should  not  forget  the  fact  that  the  variable  under
consideration may or may not be a basic variable in the optimal solution mix.consideration may or may not be a basic variable in the optimal solution mix.
On the basis of whether the variable is basic or non basic, we can determineOn the basis of whether the variable is basic or non basic, we can determine
two types of ranges to the possible changes in the coefficients of variables intwo types of ranges to the possible changes in the coefficients of variables in
the objective function. These are:the objective function. These are:



 The  range  over  which  a  non-basic  variable’s  objective  functionThe  range  over  which  a  non-basic  variable’s  objective  function
coefficient  can  change  without  causing  that  variable  to  enter  thecoefficient  can  change  without  causing  that  variable  to  enter  the
solution mix (range of insignificance).solution mix (range of insignificance).

 The range over which the objective function coefficient of a variableThe range over which the objective function coefficient of a variable
that is in solution can change without causing that variable to leavethat is in solution can change without causing that variable to leave
the solution mix (range of optimality).the solution mix (range of optimality).

A non-basic variable’s objective function coefficient would have to increaseA non-basic variable’s objective function coefficient would have to increase
by an amount that exceeds the C-Z value for that variable in the final tableauby an amount that exceeds the C-Z value for that variable in the final tableau
in order for it to be end up as a basic variable in the optimal solution. in order for it to be end up as a basic variable in the optimal solution. 
Example:Example:
Given  the  following  final  tableau  of  a  maximization  linear  programmingGiven  the  following  final  tableau  of  a  maximization  linear  programming
model:model:

  C C 1111 1010 1414 00 00 00 RHSRHS
BasisBasis XX11 XX22 XX33 SS11 SS22 SS33 valuesvalues

xx22 1010 .227.227 11 00 .227.227 .04.04
55

00 3.273.27

xx33 1414 .909.909 00 11 -.091-.091 .18.18
22

00 13.0913.09

SS33 00 11 00 00 00 00 11 13.0013.00
ZZ 1515 1010 1414 11 33 00 215.96215.96

C-ZC-Z -4-4 00 00 -1-1 -3-3 00

Determine the range of insignificance.Determine the range of insignificance.

The range of insignificance for a non-basic decision variable is a range overThe range of insignificance for a non-basic decision variable is a range over
which  the  objective  function  coefficient  of  the  variable  can  vary  withoutwhich  the  objective  function  coefficient  of  the  variable  can  vary  without
causing that variable to enter the basis as we have said earlier. Xcausing that variable to enter the basis as we have said earlier. X1  1  is a non-is a non-
basic decision variable as we can see from the final tableau of the abovebasic decision variable as we can see from the final tableau of the above
problem. This variable should have a positive value in the net evaluation rowproblem. This variable should have a positive value in the net evaluation row
to enter the solution mix. This will be achieved if its coefficient increases byto enter the solution mix. This will be achieved if its coefficient increases by
more than 4. This indicates that the range of insignificance for xmore than 4. This indicates that the range of insignificance for x 1 1 is less thanis less than
or equal to 15.or equal to 15.

The range of insignificance for a minimization problem will  be determinedThe range of insignificance for a minimization problem will  be determined
again by taking the step to determine the entering variable in the simplexagain by taking the step to determine the entering variable in the simplex
procedure into consideration. To remind you that step, the variable with theprocedure into consideration. To remind you that step, the variable with the
largest negative ratio in the net evaluation row will be selected to be the nextlargest negative ratio in the net evaluation row will be selected to be the next
variable to enter the basis in a minimization problem. The optimum tableauvariable to enter the basis in a minimization problem. The optimum tableau
therefore has no negative value in the C-Z row. This implies that the range oftherefore has no negative value in the C-Z row. This implies that the range of
insignificance for a non basic variable can include any value as far as thatinsignificance for a non basic variable can include any value as far as that
value  will  not  make  the  value  in  the  net  evaluation  row  will  not  makevalue  will  not  make  the  value  in  the  net  evaluation  row  will  not  make
negative. Any value that exceeds the Z value for that variable by more thannegative. Any value that exceeds the Z value for that variable by more than
the C-Z value for the same variable will satisfy this.the C-Z value for the same variable will satisfy this.

To determine the range of optimality for basic variables, the values in the C-ZTo determine the range of optimality for basic variables, the values in the C-Z
row will be divided by the substitution rates in the row of that variable torow will be divided by the substitution rates in the row of that variable to
have a series of ratios. The rules to determine the range of optimality forhave a series of ratios. The rules to determine the range of optimality for
both maximization and minimization problems are:both maximization and minimization problems are:



 Allowable increase: The smallest positive ratio of C-Z value and theAllowable increase: The smallest positive ratio of C-Z value and the
variable substitution ratevariable substitution rate

 Allowable  decrease:  The  smallest  negative  ratio  of  C-Z  value  andAllowable  decrease:  The  smallest  negative  ratio  of  C-Z  value  and
variable substitution ratevariable substitution rate

5.2. Duality5.2. Duality
Linear programming problems have two forms. The original formulation of aLinear programming problems have two forms. The original formulation of a
problem is known as its  problem is known as its  Primal  Primal  form. The other form formulated from theform. The other form formulated from the
primal is the dual form. The dual is the “mirror image” of the primal. Theprimal is the dual form. The dual is the “mirror image” of the primal. The
solution  to  the  primal  contains  the  solution  to  the  dual  and  vice  versa.solution  to  the  primal  contains  the  solution  to  the  dual  and  vice  versa.
Therefore, solving either of the two is enough to determine the solutions.Therefore, solving either of the two is enough to determine the solutions.
Analysis of the dual can help the decision maker assess the potential impactAnalysis of the dual can help the decision maker assess the potential impact
of a new product by determining the marginal  value of  resources. This isof a new product by determining the marginal  value of  resources. This is
generally  known  to  be  the  economic  interpretation  of  the  dual.  This  isgenerally  known  to  be  the  economic  interpretation  of  the  dual.  This  is
discussed later in this section.  But first  let’s  have a look at  the technicaldiscussed later in this section.  But first  let’s  have a look at  the technical
aspects of the dual-its formulation.aspects of the dual-its formulation.
5.2.1. Formulating the dual: 5.2.1. Formulating the dual: 

The dual for a primal problem of maximization with all  The dual for a primal problem of maximization with all   constraints,  is a constraints,  is a
minimization problem with all minimization problem with all  constraints The constraint coefficients of the constraints The constraint coefficients of the
primal are constraint coefficients of the dual except that the coefficients ofprimal are constraint coefficients of the dual except that the coefficients of
first “row” of the primal become the coefficients of the firs “column” of thefirst “row” of the primal become the coefficients of the firs “column” of the
dual,  and the coefficients  of  the second “row” of  the primal  become thedual,  and the coefficients  of  the second “row” of  the primal  become the
coefficients of the second “column” of the dual; and so on.coefficients of the second “column” of the dual; and so on.
The following procedures can be followed to formulate the dual:The following procedures can be followed to formulate the dual:

 For the objective function: Develop the objective function by making itFor the objective function: Develop the objective function by making it
a maximization if  the primal is  a minimization and vice versa; anda maximization if  the primal is  a minimization and vice versa; and
assign the right hand side (RHS) values of constraints of the primal toassign the right hand side (RHS) values of constraints of the primal to
be coefficients of the dual. be coefficients of the dual. 

 To construct the constraints: Make the objective function coefficientsTo construct the constraints: Make the objective function coefficients
of the primal, the right hand side (RHS) values to the constraints ofof the primal, the right hand side (RHS) values to the constraints of
the dual taken in order.the dual taken in order.

Example: Formulate the dual of the following problemExample: Formulate the dual of the following problem

Minimize    5xMinimize    5x1 1 + 7x+ 7x2 2 +9x+9x33
Subject toSubject to

20x20x1 1 + 10x+ 10x22 +30x +30x33    300  300
40x40x1 1 +  5x+  5x22 +10x +10x3 3    200 200

      X      X11, x, x22, x, x33   0 0

To formulate the dual, we start with the objective function. Since the primal isTo formulate the dual, we start with the objective function. Since the primal is
a minimization problem with all  a minimization problem with all   constraints, the dual will be maximization constraints, the dual will be maximization
with all  with all   constraints.  The RHS values of the primal will become objective constraints.  The RHS values of the primal will become objective
function coefficients of the dual. Therefore, the objective function for the dualfunction coefficients of the dual. Therefore, the objective function for the dual
isis

Maximize 300yMaximize 300y11 + 200y + 200y22
We usually use y’s as variables to the dual. The reason is to differentiate itWe usually use y’s as variables to the dual. The reason is to differentiate it
from variables of the primal.from variables of the primal.

The constraints of the dual are developed in the following way:The constraints of the dual are developed in the following way:



20y20y1 1 +40y+40y22   5 5
10y10y11 +  5y +  5y2 2 77
30y30y1 1 + 10y+ 10y22  99
         Y         Y11, y, y22   0 0

Student, please examine the following facts from the above dual constraints:Student, please examine the following facts from the above dual constraints:
 The number of primal decision variables is the same as the number ofThe number of primal decision variables is the same as the number of

dual constraints.dual constraints.
(i.e.  there  are  three  decision  variables  in  the  primal  and  three(i.e.  there  are  three  decision  variables  in  the  primal  and  three
constraints in the dual)constraints in the dual)

 The RHS values  of  the dual  constraints  are  equal  to  the objectiveThe RHS values  of  the dual  constraints  are  equal  to  the objective
function coefficients of the primal taken in order.function coefficients of the primal taken in order.
(The RHS values in the dual; that is 5, 7, and 9 are the coefficients of(The RHS values in the dual; that is 5, 7, and 9 are the coefficients of
decision variables in the primal objective function)decision variables in the primal objective function)

 The coefficients of the primal constraints are also the coefficients ofThe coefficients of the primal constraints are also the coefficients of
the dual constraints but in a different pattern. the dual constraints but in a different pattern. 

Exercise Exercise 
Formulate the dual of the following linear programming modelFormulate the dual of the following linear programming model

Maximize     60xMaximize     60x11 + 50x + 50x22
Subject to Subject to 

4x4x11 + 10x + 10x2 2 100100
2x2x11 +    x +    x2 2   22  22
3x3x1 1 +  3x+  3x2 2    39   39
       x       x11, x, x2 2     0    0

The dual to the above LP model is:The dual to the above LP model is:

Minimize    100yMinimize    100y1 1 +22y+22y2 2 +39y+39y33
Subject to Subject to 

4y4y11 +2y +2y22 + 3y + 3y3 3 6060
10y10y1 1 + y+ y22 +3y +3y3 3 5050

  y  y1, 1, yy2, 2, yy3 3  0 0
The final simplex tableau for the above LP model is given belowThe final simplex tableau for the above LP model is given below

Final tableau of the dualFinal tableau of the dual

    Primal shadow      Primal shadow      
pricesprices

                                    Primal solution quantitiesPrimal solution quantities

As we have seen earlier, the final simplex tableau for primal of the above LP As we have seen earlier, the final simplex tableau for primal of the above LP 
model is:model is:

Final tableau of the primalFinal tableau of the primal

  C C 100100 2222 3939 00 00 RHSRHS
BasisBasis yy11 yy22 yy33 SS11 SS22 valuesvalues

yy33 6060 16/316/3 00 11 1/31/3 -2/3-2/3 40/340/3

  yy22 5050 -6-6 11 00 -1-1 11 1010
ZZ 7676 2222 3939 -9-9 -4-4 740740

C-ZC-Z 2424 00 00 99 44



  C C 6060 5050 00 00 00 RHSRHS
BasisBasis XX11 XX22 SS11 SS22 SS33 valuesvalues

SS11 00 00 00 11 66 -16/3-16/3 2424
xx11 6060 11 00 00 11 -1/3-1/3 99
xx22 5050 00 11 00 -1-1 2/32/3 44

ZZ 6060 5050 00 1010 40/340/3 740740
C-ZC-Z 00 00 00 -10-10 -40/3-40/3

The following can be summarized about the solutions of the dual and the The following can be summarized about the solutions of the dual and the 
primal as can be seen from the above tableaus:primal as can be seen from the above tableaus:

1.1. If the primal problem has an optimum solution, the dual will also haveIf the primal problem has an optimum solution, the dual will also have
an optimum solution and vice versa. The optimum solution of the dualan optimum solution and vice versa. The optimum solution of the dual
and the primal are the sameand the primal are the same

2.2. Given the final tableau of the dual, the optimal solutions for decisionGiven the final tableau of the dual, the optimal solutions for decision
variables of  the primal  are given by the C –  Z row values of  slackvariables of  the primal  are given by the C –  Z row values of  slack
variables in the dualvariables in the dual

3.3. Given  the final  solution  of  the primal,  the  solution for  the decisionGiven  the final  solution  of  the primal,  the  solution for  the decision
variables of the dual are determined to be the Z row values of slackvariables of the dual are determined to be the Z row values of slack
variables  (shadow  prices)  of  the  primal;  and  the  solution  for  slackvariables  (shadow  prices)  of  the  primal;  and  the  solution  for  slack
variables of the dual are given by the C – Z  row values of decisionvariables of the dual are given by the C – Z  row values of decision
variables of the primalvariables of the primal

This indicates the technical importance of formulating the dual.  That is toThis indicates the technical importance of formulating the dual.  That is to
say, if you encounter problems in solving the primal problem, you can solvesay, if you encounter problems in solving the primal problem, you can solve
the dual and vice versa. Generally, we can reduce our computing time bythe dual and vice versa. Generally, we can reduce our computing time by
developing the two models and solving the easier. developing the two models and solving the easier. 

Beyond  the  above  importance  (technical),  the  dual  has  an  economicBeyond  the  above  importance  (technical),  the  dual  has  an  economic
interpretation. The following paragraph is about the economic interpretationinterpretation. The following paragraph is about the economic interpretation
of the dual.of the dual.

5.2.2. Economic Interpretations of the dual:5.2.2. Economic Interpretations of the dual:
The formulation of the dual can help us to analyze (evaluate) the feasibility ofThe formulation of the dual can help us to analyze (evaluate) the feasibility of
adding a new decision variable to the model. This may happen when a firmadding a new decision variable to the model. This may happen when a firm
decides to start a new product in addition to its current products by using itsdecides to start a new product in addition to its current products by using its
current capacity.current capacity.
Suppose ABC Company decided to start producing a new spare part by usingSuppose ABC Company decided to start producing a new spare part by using
available resources, the company’s manager should try to get an answer toavailable resources, the company’s manager should try to get an answer to
the following questions:the following questions:

 How much of each item should be given up in order to consider theHow much of each item should be given up in order to consider the
production of the new item?production of the new item?

 How much is the gain from the new item?How much is the gain from the new item?
 Is the gain less than, equal to or greater than the gain that is forgoneIs the gain less than, equal to or greater than the gain that is forgone

as a result of reduction in the quantity of the older items just to free aas a result of reduction in the quantity of the older items just to free a
resource that could be used in the production of the new item?resource that could be used in the production of the new item?

Economically speaking, for the firm to consider the production of the newEconomically speaking, for the firm to consider the production of the new
product, the amount of scarce resources that will be given up must produce aproduct, the amount of scarce resources that will be given up must produce a
return to the company that is at least to the foregone profit.return to the company that is at least to the foregone profit.

  To be more specific, for each unit of type I spare part that the companyTo be more specific, for each unit of type I spare part that the company
sacrifices  in  order  to  produce  the  new product,  it  will  gain  four  hours  ofsacrifices  in  order  to  produce  the  new product,  it  will  gain  four  hours  of
assembly time, two hours of inspection time and three cubic feet of storageassembly time, two hours of inspection time and three cubic feet of storage



space.  However,  ABC Company  will  also  give  up  a  unit  profit  of  Birr  60.space.  However,  ABC Company  will  also  give  up  a  unit  profit  of  Birr  60.
Therefore, the return from the new product should at least equal to or greaterTherefore, the return from the new product should at least equal to or greater
than the forgone profit (Birr 60). That is, the value of 4 assembly hours + 2than the forgone profit (Birr 60). That is, the value of 4 assembly hours + 2
inspection hours + 3 cubic feet of storage space bust be greater than orinspection hours + 3 cubic feet of storage space bust be greater than or
equal to Birr 60. The same logic holds true for the second item also. Theseequal to Birr 60. The same logic holds true for the second item also. These
two analyses results became the constraints of the dual. The variables in thetwo analyses results became the constraints of the dual. The variables in the
dual  problems  are  the  marginal  values  of  scarce  resources.  Look  at  thedual  problems  are  the  marginal  values  of  scarce  resources.  Look  at  the
constraint functions of the dual of ABC Company’s problem. constraint functions of the dual of ABC Company’s problem. 

CHAPTER- 6CHAPTER- 6
TRANSPORTATION PROBLEMSTRANSPORTATION PROBLEMS

The transportation problem arises frequently in planning for the distributionThe transportation problem arises frequently in planning for the distribution
of  goods  and  services  from several  supp0ly  locations  to  several  demandof  goods  and  services  from several  supp0ly  locations  to  several  demand
locations.  Usually  the quantity  of  goods  available  at  each supply  locationlocations.  Usually  the quantity  of  goods  available  at  each supply  location
(origin) is fixed or limited and there is a specified amount needed (demand)(origin) is fixed or limited and there is a specified amount needed (demand)
at user location (destination). With a verity of shipping routes and differingat user location (destination). With a verity of shipping routes and differing
cost for the routes, the objective how many units should be shipped fromcost for the routes, the objective how many units should be shipped from
each origin to each destination so that all destination demands are satisfiedeach origin to each destination so that all destination demands are satisfied
and total transportation costs are minimized. and total transportation costs are minimized. 

There  fore,  it  is  necessary  to  have  the  following  information  to  developThere  fore,  it  is  necessary  to  have  the  following  information  to  develop
transportation model these are. transportation model these are. 

 Supply quantity (capacity of each origin) Supply quantity (capacity of each origin) 
 Demand quantity of each destination Demand quantity of each destination 
 Unit transportation cost for each origin - destination route Unit transportation cost for each origin - destination route 

The  transportation  algorithm  requires  the  assumptions  that  all  goods  beThe  transportation  algorithm  requires  the  assumptions  that  all  goods  be
homogeneous so that any origin is capable of supplying any destination andhomogeneous so that any origin is capable of supplying any destination and
quantity shipped over any route. We shall add one additional requirementquantity shipped over any route. We shall add one additional requirement
that will  simplify the problems the total quantity available for shipment isthat will  simplify the problems the total quantity available for shipment is
equal to the total quantity demanded.equal to the total quantity demanded.
Example:Example: poster generators inc. is a firm that has production operation in poster generators inc. is a firm that has production operation in
Cleveland, (Ohio) Bedford (Ind) and York (pa).Production capacities for theseCleveland, (Ohio) Bedford (Ind) and York (pa).Production capacities for these
plants  over  the next  3  months planning period for  one particular  type ofplants  over  the next  3  months planning period for  one particular  type of
generator are as follows.generator are as follows.

OriginOrigin PlantPlant Three monthThree month
production capacityproduction capacity

(Units)(Units)
11 ClevelandCleveland 50005000
22 BedfordBedford 60006000
33 YorkYork 25002500

                                                        TotalTotal 13,50013,500

Suppose  that  the  firm  distributes  its  generators  through  four  regionalSuppose  that  the  firm  distributes  its  generators  through  four  regional
distribution centers located in Boston, Chicago, St. Louis, and Lexington anddistribution centers located in Boston, Chicago, St. Louis, and Lexington and
that the 3-month forecast of demand for the distribution centers is as follows.that the 3-month forecast of demand for the distribution centers is as follows.



DestinatioDestinatio
n n 

DistributionDistribution
centers centers 

3-month Demand3-month Demand
forecast (Units) forecast (Units) 

11 BostonBoston 60006000
22 ChicagoChicago 40004000
33 St. LouisSt. Louis 20002000
44 LexingtonLexington 15001500

                                                        TotalTotal 13,50013,500

Management would like to determine how much of its production should beManagement would like to determine how much of its production should be
shipped from each plant to each distribution center with identical productionshipped from each plant to each distribution center with identical production
costs at the three plants, the only variable costs involved are transportationcosts at the three plants, the only variable costs involved are transportation
costs. Thus the problem becomes one of determining the distribution routescosts. Thus the problem becomes one of determining the distribution routes
to  be  used  and  the  quantity  to  be  shipped  via  each  route  so  that  allto  be  used  and  the  quantity  to  be  shipped  via  each  route  so  that  all
distribution center demands can be met with a minimum total transportationdistribution center demands can be met with a minimum total transportation
cost. The cost for each unit shipped on each route is given in table below.cost. The cost for each unit shipped on each route is given in table below.
Destination 

OriginOrigin BostonBoston ChicagoChicago St. LouisSt. Louis LexingtonLexington
ClevelandCleveland 33 22 77 66
BedfordBedford 77 55 22 33

YorkYork 22 55 44 55

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
Cleveland Cleveland 33 22 77 66 50005000
BedfordBedford 77 55 22 33 60006000
YorkYork 22 55 44 55 25002500
DDDD 60006000 40004000 20002000 15001500 13,50013,500

A solution to a transportation problem consists of quantities that are assignedA solution to a transportation problem consists of quantities that are assigned
to the various routes (i.e. cells in the table). These values can range fromto the various routes (i.e. cells in the table). These values can range from
zero  which  implies  that  no  units  will  be  shipped  over  that  route  to  azero  which  implies  that  no  units  will  be  shipped  over  that  route  to  a
maximum that equals the smaller of two quantities,  the row (supply)  andmaximum that equals the smaller of two quantities,  the row (supply)  and
column (demand) totals. The logic of the maximum quantity is simple. Thecolumn (demand) totals. The logic of the maximum quantity is simple. The
quantity shipped cannot exceed the available supply in a row and it shouldquantity shipped cannot exceed the available supply in a row and it should
not exceed the amount demanded (column total). Such a solution is feasiblenot exceed the amount demanded (column total). Such a solution is feasible
solution. The starting point of the transportation method is feasible solution. solution. The starting point of the transportation method is feasible solution. 

6.1. Finding an initial Feasible Solution6.1. Finding an initial Feasible Solution  
The feasible solution is one in which assignments are made in a such a wayThe feasible solution is one in which assignments are made in a such a way
that all supply and demand requirements are satisfied. In general the numberthat all supply and demand requirements are satisfied. In general the number
of  non  zero  (occupied)  cells  should  equal  one  less  than  the  sum  of  theof  non  zero  (occupied)  cells  should  equal  one  less  than  the  sum  of  the
number of rows and the number of columns in a transportation table. In thenumber of rows and the number of columns in a transportation table. In the
case of a table with 3 rows and 3 columns, the number of occupied cellscase of a table with 3 rows and 3 columns, the number of occupied cells
should be 3+3-1 = 5 in order to be able to use the transportation algorithm. should be 3+3-1 = 5 in order to be able to use the transportation algorithm. 

Sometimes, fewer occupied or completed cells appear in a solution. WhenSometimes, fewer occupied or completed cells appear in a solution. When
that happens, the solution is referred to as a degenerate solution, such athat happens, the solution is referred to as a degenerate solution, such a
solution requires modification in order to be able to determine if it is optimal. solution requires modification in order to be able to determine if it is optimal. 



Aside  from  a  degenerate  case,  the  transportation  method  will  generateAside  from  a  degenerate  case,  the  transportation  method  will  generate
solutions that have the number of occupied cells equal to the no of rows plussolutions that have the number of occupied cells equal to the no of rows plus
no of columns minus one. Other feasible solutions that use more of the cellsno of columns minus one. Other feasible solutions that use more of the cells
are imaginable but not really desirable. A number of different approaches canare imaginable but not really desirable. A number of different approaches can
be used to find an initial feasible solution. Two of these are described here be used to find an initial feasible solution. Two of these are described here 

1.1. The north west corner methodThe north west corner method
2.2. An intuitive approach An intuitive approach 

6.1.1. The North West Corner Method 6.1.1. The North West Corner Method 

The northwest-corner  method is  a  systematic  approach for  developing anThe northwest-corner  method is  a  systematic  approach for  developing an
initial feasible solution. Its chief advantages are that it is simple to use andinitial feasible solution. Its chief advantages are that it is simple to use and
easy to understand. Its  chief draw back is  it  does not take transportationeasy to understand. Its  chief draw back is  it  does not take transportation
costs in to account consequently such a solution may require much additioncosts in to account consequently such a solution may require much addition
effort to obtain the optimal solution. effort to obtain the optimal solution. 
The northwest -corner method gets its name because the starting point forThe northwest -corner method gets its name because the starting point for
the  allocation  process  is  the  upper  left  hand  (north  west)  corner  of  thethe  allocation  process  is  the  upper  left  hand  (north  west)  corner  of  the
transportation table. For the foster Generators problem, this would be the celltransportation table. For the foster Generators problem, this would be the cell
that  represents  the  route  from Cleveland to  Boston.  The  following  set  ofthat  represents  the  route  from Cleveland to  Boston.  The  following  set  of
principles guides the allocation. principles guides the allocation. 

1.1. Begin  with  the upper  left-hand cell,  and allocate  as  many units  asBegin  with  the upper  left-hand cell,  and allocate  as  many units  as
possible to that cell. This will be the smaller of the row supply and thepossible to that cell. This will be the smaller of the row supply and the
column demand. Adjust the row and column quantities to reflect thecolumn demand. Adjust the row and column quantities to reflect the
allocation. allocation. 

2.2. Remain in a row or column until its supply or demand is completelyRemain in a row or column until its supply or demand is completely
exhausted or  satisfied,  allocating  the maximum number  of  units  toexhausted or  satisfied,  allocating  the maximum number  of  units  to
each cell in turn, until all supply has been allocated and all demandeach cell in turn, until all supply has been allocated and all demand
has been satisfied because we assume total supply and demand arehas been satisfied because we assume total supply and demand are
equal. equal. 

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
Cleveland Cleveland 5000      35000      3                             22                             77                             66 50005000
BedfordBedford 1000      71000      7                             55 1000      21000      2                             33 60006000
YorkYork                             22 4000      54000      5 1000      41000      4 1500      51500      5 25002500
DDDD 60006000 40004000 20002000 15001500 13,50013,500

    The sequence of distribution is as follows The sequence of distribution is as follows 
1.1. Beginning in cell  Cleveland. Boston 5000 units exhausting supply inBeginning in cell  Cleveland. Boston 5000 units exhausting supply in

row - 1 and leaving 1000 units of column 1. row - 1 and leaving 1000 units of column 1. 
2.2. The remaining 1000 unit demand of column - 1 is satisfied from theThe remaining 1000 unit demand of column - 1 is satisfied from the

second supplier row - 2 second supplier row - 2 
3.3. The remaining 5000 units of row 2 will be distributed to 2The remaining 5000 units of row 2 will be distributed to 2ndnd column and column and

22ndnd row cell 4000 and to 3 row cell 4000 and to 3rdrd column 2 column 2ndnd row 1000 units  row 1000 units 
4.4. To satisfy the 3To satisfy the 3rdrd column 1000 units will be transported from York to column 1000 units will be transported from York to

Louis Louis 
5.5. The remaining 1500 units from York to Lexington. The remaining 1500 units from York to Lexington. 

In terms of minimizing total transportation cost, the solution may or may notIn terms of minimizing total transportation cost, the solution may or may not
be optimal. We shall make that determination very shortly. At this point, let'sbe optimal. We shall make that determination very shortly. At this point, let's
simply compute the total cost simply compute the total cost 



Total cost = 3 x 5000 + 7 x 1000 + 5 x 4000 + 2 x 1000 + 4 x 1000 + 5 xTotal cost = 3 x 5000 + 7 x 1000 + 5 x 4000 + 2 x 1000 + 4 x 1000 + 5 x
1500 1500 

      = 123,000 Birr = 123,000 Birr 

AS noted before, the main draw back of the northwest corner method is thatAS noted before, the main draw back of the northwest corner method is that
it does not consider cell (route) costs in making the allocation. Consequentlyit does not consider cell (route) costs in making the allocation. Consequently
if this allocation is optimal, that can be attributed to chance rather than theif this allocation is optimal, that can be attributed to chance rather than the
method used. method used. 

6.1.2. The Intuitive Approach 6.1.2. The Intuitive Approach 

This approach is also known as the minimum cost method, uses lowest cellThis approach is also known as the minimum cost method, uses lowest cell
cost as the basis for selecting routes. The procedure is as follows. cost as the basis for selecting routes. The procedure is as follows. 

1.1. Identify the cell that has the lowest unit cost. If there is a tie, selectIdentify the cell that has the lowest unit cost. If there is a tie, select
one arbitrarily. Allocate a quantity to this cell that is equal to the lowerone arbitrarily. Allocate a quantity to this cell that is equal to the lower
of the available supply for the row and the demand for the column. of the available supply for the row and the demand for the column. 

2.2. Cross out the cells in the row or column that has been exhausted (orCross out the cells in the row or column that has been exhausted (or
both, if both have been exhausted) and adjust the remaining row orboth, if both have been exhausted) and adjust the remaining row or
column total accordingly. column total accordingly. 

3.3.   Identify the cell with the lowest cost from the remaining cells. AllocateIdentify the cell with the lowest cost from the remaining cells. Allocate
a quantity to this cell that is equal to the lower of the available supplya quantity to this cell that is equal to the lower of the available supply
of the row and the demand for the column. of the row and the demand for the column. 

4.4. Repeat step 2 and 3 until all supply and demand has been allocated. Repeat step 2 and 3 until all supply and demand has been allocated. 
Let us see how this method can be applied to the above problem Let us see how this method can be applied to the above problem 

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
Cleveland Cleveland 1000      31000      3                             22                             77                             66 50005000
BedfordBedford 2500      72500      7 4000      54000      5 2000      22000      2 1500      31500      3 60006000
YorkYork 2500      22500      2                             55                           44                             55 25002500
DDDD 25002500 40004000 20002000 15001500 13,50013,500

This  solution may or  may not  be  optimal.  In  the  next  section,  the
procedure for testing for optimality will be described. For now let us
simply compute the total cost of this solution and compare it to that of
the northwest corner solution. Here we have  

CellCell Cost /UnitCost /Unit No of unitsNo of units Transportation costTransportation cost
Clev - Bost Clev - Bost 33 10001000 30003000
Clev - ChicClev - Chic 22 40004000 80008000
Bed - Bost Bed - Bost 77 25002500 1750017500
Bed - Louis Bed - Louis 22 20002000 40004000
Bed-LexingtonBed-Lexington 33 15001500 45004500
York - Bost York - Bost 22 25002500 50005000
Total                                                                                     42000Total                                                                                     42000

Compared to the cost using the north west - corner method. This one has aCompared to the cost using the north west - corner method. This one has a
total cost that is $ 81000 less. The fact that this plan is less costly than thetotal cost that is $ 81000 less. The fact that this plan is less costly than the
previous one was expected.  The previous did  not  involve the use of  costprevious one was expected.  The previous did  not  involve the use of  cost
information  in  allocating  units.  Whether  this  plan  is  optimal  or  can  beinformation  in  allocating  units.  Whether  this  plan  is  optimal  or  can  be
improved up on remains to be seen.  improved up on remains to be seen.  



6.2. Evaluating a Solution for Optimality6.2. Evaluating a Solution for Optimality
The test for optimality for a feasible solution involves a cost evaluation ofThe test for optimality for a feasible solution involves a cost evaluation of
empty cells (i.e. routes to which no units have been allocated) to see if anempty cells (i.e. routes to which no units have been allocated) to see if an
improved  solution  is  possible.  We  shall  consider  two  methods  for  cellimproved  solution  is  possible.  We  shall  consider  two  methods  for  cell
evaluation. evaluation. 

1.1. The Stepping stone method The Stepping stone method 
2.2. The MODI method The MODI method 

The stepping stone method involves a good deal more effort than the MODIThe stepping stone method involves a good deal more effort than the MODI
method as you will note. However it provides an intuitive understanding ofmethod as you will note. However it provides an intuitive understanding of
the  evaluation  process.  More  over,  when  a  solution  is  not  optimal,  thethe  evaluation  process.  More  over,  when  a  solution  is  not  optimal,  the
distribution plan must be revised by reallocating units in to and out of variousdistribution plan must be revised by reallocating units in to and out of various
cells and only the stepping stone method can be used for the reallocation. Itcells and only the stepping stone method can be used for the reallocation. It
is there fore necessary to be able to use the MODI method and then, theis there fore necessary to be able to use the MODI method and then, the
stepping stone method, if necessary. stepping stone method, if necessary. 
6.2.1. Evaluation Using the Stepping Stone method 6.2.1. Evaluation Using the Stepping Stone method 

The stepping stone method involves tracing a series of closed paths in theThe stepping stone method involves tracing a series of closed paths in the
transportation  table,  using  one  such  path  for  each  empty  cell.  The  pathtransportation  table,  using  one  such  path  for  each  empty  cell.  The  path
represents a shift of one unit in to an empty cell, and it enables the mangerrepresents a shift of one unit in to an empty cell, and it enables the manger
or analyst to answer a what if question; what impact on total cost would thereor analyst to answer a what if question; what impact on total cost would there
be if  one unit were shifted in to a cell.  If  the shift  would result in a costbe if  one unit were shifted in to a cell.  If  the shift  would result in a cost
savings,  the  stepping  stone  path  also  can  be  sued  to  determine  thesavings,  the  stepping  stone  path  also  can  be  sued  to  determine  the
maximum number of units that can be shifted in to the empty cells, as well asmaximum number of units that can be shifted in to the empty cells, as well as
modifications to other completed cells needed to compensate for the shift inmodifications to other completed cells needed to compensate for the shift in
to the previously un used cell.to the previously un used cell.

The name stepping-stone relates to an analogy of crossing a pond or streamThe name stepping-stone relates to an analogy of crossing a pond or stream
by moving from stone to stone; in the case of a transportation solution theby moving from stone to stone; in the case of a transportation solution the
stone are the completed cells. The initial feasible solution we found using thestone are the completed cells. The initial feasible solution we found using the
northwest corner method is reproduced. in the following table.   northwest corner method is reproduced. in the following table.   

BostonBoston ChicagoChicago LovisLovis LexingtonLexington SSSS
Cleveland Cleveland 5000 5000 --    3    3             +      2+      2                             77                             66 50005000
BedfordBedford 1000  +  71000  +  7 4000  -   54000  -   5 1000      21000      2                             33 60006000
YorkYork                             22                             55 1000      41000      4 1500      51500      5 25002500
DDDD 60006000 40004000 20002000 15001500 13,50013,500

Initial feasible solution obtained using northwest corner method we know it isInitial feasible solution obtained using northwest corner method we know it is
not optimal because the intuitive method generated an initial solution thatnot optimal because the intuitive method generated an initial solution that
has a lower total cost. However it will be instructive to analyze the north westhas a lower total cost. However it will be instructive to analyze the north west
corner solution in order to see how the stepping stone method works and tocorner solution in order to see how the stepping stone method works and to
gain some insight in to the process of developing an improved solution onlygain some insight in to the process of developing an improved solution only
unoccupied cells need to be evaluated because the question at this point isunoccupied cells need to be evaluated because the question at this point is
not how many units to allocate a particular route but only if converting a cellnot how many units to allocate a particular route but only if converting a cell
from zero units to non - zero (a positive integer) would decrease or increasefrom zero units to non - zero (a positive integer) would decrease or increase
total costs. The un occupied cells are total costs. The un occupied cells are 

Clevel - Chicags Clevel - Chicags Clevel - Louis Clevel - Louis Clevel - Lexington Clevel - Lexington 
Bedfond - Lexington Bedfond - Lexington York - BostonYork - Boston York - Chicago York - Chicago 
    



They must be evaluated one at a time, but in no particular order. Let us beginThey must be evaluated one at a time, but in no particular order. Let us begin
with cell Clevel - Chicago. We start by placing a + in the cell being evaluated,with cell Clevel - Chicago. We start by placing a + in the cell being evaluated,
which stands for the addition of one unit to the cell. In order to maintain thewhich stands for the addition of one unit to the cell. In order to maintain the
column total of 6000 we must subtract one unit from an occupied cell, cellcolumn total of 6000 we must subtract one unit from an occupied cell, cell
Bedford - Chicago is the only option. This is designated by placing a - in cellBedford - Chicago is the only option. This is designated by placing a - in cell
Bedford -  Chicago. Because we subtracted one unit from row Bedford, weBedford -  Chicago. Because we subtracted one unit from row Bedford, we
must compensate for this, which we can do by adding a unit (placing a +must compensate for this, which we can do by adding a unit (placing a +
sign) in cell Bedford - Boston. Similarly, we compensate for the addition ofsign) in cell Bedford - Boston. Similarly, we compensate for the addition of
one unit  to column Boston by subtracting a unit  from cell  Cleve Leland -one unit  to column Boston by subtracting a unit  from cell  Cleve Leland -
Boston and place a in that cell to reflect this. Because we initially added oneBoston and place a in that cell to reflect this. Because we initially added one
unit to row Cleveland in cell Cleveland - Chicago, this last subtraction alsounit to row Cleveland in cell Cleveland - Chicago, this last subtraction also
compensates for that, and we have traced a completed path, which we cancompensates for that, and we have traced a completed path, which we can
use to evaluate Cleveland - Chicago. Before doing that let's consider rulesuse to evaluate Cleveland - Chicago. Before doing that let's consider rules
that guide tracking these paths. that guide tracking these paths. 

Rules for tracing Stepping - Stone path Rules for tracing Stepping - Stone path 
1.1. All unoccupied cells must be evaluated, Evaluate cells one at a time All unoccupied cells must be evaluated, Evaluate cells one at a time 
2.2. Except for the cell being evaluated, only add or subtract in occupiedExcept for the cell being evaluated, only add or subtract in occupied

cells (It is permissible to skip over occupied cells to find an occupiedcells (It is permissible to skip over occupied cells to find an occupied
cell from which the path can continue).  cell from which the path can continue).  

3.3. A path will consist of only horizontal and vertical moves, starting andA path will consist of only horizontal and vertical moves, starting and
ending with the empty cell that is being evaluated. ending with the empty cell that is being evaluated. 

4.4. Alternate  + and -  signs,  beginning  with  a  + sign  in  the cell  beingAlternate  + and -  signs,  beginning  with  a  + sign  in  the cell  being
evaluated. evaluated. 

Note that it is not necessary to actually alter the quantities in the variousNote that it is not necessary to actually alter the quantities in the various
cells to reflect the one unit change, the + and - signs suffice. cells to reflect the one unit change, the + and - signs suffice. 

The general implication of the plus and minus signs is that cells with +
signs mean one unit would be added. Cells with a - sign indicate one
unit would be subtracted. The net impact of such a one unit shift can
be determined by adding the cell costs with signs attached and noting
the resulting value. Thus for cell Cleveland - Chicago we have a net
change of +1 

++ --
22 55
77 33

1919 -8-8
This means that for each unit shifted into cell Cleveland-Chicago in this wayThis means that for each unit shifted into cell Cleveland-Chicago in this way
(which is the only way a shift could be made), the total cost would increase(which is the only way a shift could be made), the total cost would increase
by $1. Consequently such a shift would not be desirable. by $1. Consequently such a shift would not be desirable. 

Turning our attention to cell  Cleveland -  Louis,  we begin its evaluation byTurning our attention to cell  Cleveland -  Louis,  we begin its evaluation by
placing  a  +  sign  in  that  cell.  We  can  move  horizontally  or  vertically  toplacing  a  +  sign  in  that  cell.  We  can  move  horizontally  or  vertically  to
occupied cells. Suppose we move to cell Cleveland- Boston and place - sign,occupied cells. Suppose we move to cell Cleveland- Boston and place - sign,
then + Bedford - Boston and place + and then to Bed ford - Louis and place -then + Bedford - Boston and place + and then to Bed ford - Louis and place -
sign. sign. 
Evaluation of Clev-Louis = + 9Evaluation of Clev-Louis = + 9

++ --
77 33

9 - 8 = + 1



77 22

+14+14 -5-5
Hence, using this path for reallocation would increase total cost by $ 9 perHence, using this path for reallocation would increase total cost by $ 9 per
unit. Again this path would not be desirable. unit. Again this path would not be desirable. 
Evaluation Evaluation 
Clev - Lengidgton    Bedford - Lexigton    York - Boston         York - Chicago Clev - Lengidgton    Bedford - Lexigton    York - Boston         York - Chicago 

++ -- ++ --     ++ -- ++ --
66 55 33 55       22 77 55 55
44 22 44 22       22 44 22 44
77 33 77 7 = 07 = 0     +4+4 11 = -711 = -7 +7+7 -9 = -2-9 = -2

17 - 10 = + 717 - 10 = + 7
Not desirable Not desirable desirable desirable desirabledesirable

            Not desirable Not desirable 
The  negative  value  of  cell  York-Boston  and  York  -  Chicaogs   indicate  anThe negative  value  of  cell  York-Boston  and  York  -  Chicaogs   indicate  an
improved solution is possible. For each unit we can shift in to those cells, theimproved solution is possible. For each unit we can shift in to those cells, the
total cost will decrease by $ 7 and $ 2 respectively. The next question is tototal cost will decrease by $ 7 and $ 2 respectively. The next question is to
which cell  should reallocation be made? obviously to the highest negativewhich cell  should reallocation be made? obviously to the highest negative
value i.e. to York - Boston. How many units can be reallocated in to that cell?value i.e. to York - Boston. How many units can be reallocated in to that cell?
Before addressing that question, let's consider an alternative method for cellBefore addressing that question, let's consider an alternative method for cell
evaluation that avoids having to trace all of the evaluation paths. evaluation that avoids having to trace all of the evaluation paths. 

6.2.2. Evaluation using the MODI method6.2.2. Evaluation using the MODI method

The  MODI  (modified  distribution)  methods  of  evaluation  a  transportationThe  MODI  (modified  distribution)  methods  of  evaluation  a  transportation
solution for optimality involves the use of index numbers that are establishedsolution for optimality involves the use of index numbers that are established
for the rows and columns. These are based on the unit costs of the occupiedfor the rows and columns. These are based on the unit costs of the occupied
cells. The index numbers can be sued to obtain the cell evaluations for emptycells. The index numbers can be sued to obtain the cell evaluations for empty
cells with out the use of stepping-stone paths. There is one index number forcells with out the use of stepping-stone paths. There is one index number for
each column and one for  each row.  These can be conveniently displayedeach column and one for  each row.  These can be conveniently displayed
along  the  top  and  right   edges  of  a  matrix.  The  matrix  numbers  arealong  the  top  and  right   edges  of  a  matrix.  The  matrix  numbers  are
determined in such a way that for any occupied cells, the sum of the rowdetermined in such a way that for any occupied cells, the sum of the row
index and the column index equal the cells unit transportation cost. index and the column index equal the cells unit transportation cost. 

Row indexRow index + + Column index Column index = Cell cost = Cell cost 
            rr11                 +                  + kk11  = C= CIJIJ
  

The index numbers are determined sequentially in a manner dictated by theThe index numbers are determined sequentially in a manner dictated by the
position of occupied cells. The process always begins by assigning a value ofposition of occupied cells. The process always begins by assigning a value of
zero as the index number of row 1. zero as the index number of row 1. 

This method will be illustrated by developing index numbers for the initialThis method will be illustrated by developing index numbers for the initial
feasible solution for the above problem generated by the north - west cornerfeasible solution for the above problem generated by the north - west corner
method which is repeated below.method which is repeated below.

+3+3 +1+1 -2-2 -1-1
BostonBoston ChicagoChicago LouisLouis LexingtoLexingto

nn
SSSS

Cleveland Cleveland 5000   35000   3 +1+1
22

-9       7-9       7 +7        6+7        6 50005000 00

14 - 5 = + 9



Bedford Bedford 1000   71000   7 4000    54000    5 1000   21000   2 0          30          3 60006000 +4+4
YorkYork -7       2-7       2 -2        5-2        5 1000   41000   4 1500    51500    5 25002500 +6+6
DD DD 60006000 40004000 20002000 15001500 1350013500
  

We begin by assigning a value of zero as the index for row 1. once row indexWe begin by assigning a value of zero as the index for row 1. once row index
has been established, it will enable us to compute column index numbers forhas been established, it will enable us to compute column index numbers for
all occupied cells in that row. Similarly once a column index number has beenall occupied cells in that row. Similarly once a column index number has been
determined, index numbers for all  rows corresponding to occupied cells indetermined, index numbers for all  rows corresponding to occupied cells in
that column can be determined. that column can be determined. 

The index number for column 1 is based on the fact that the sum of its valueThe index number for column 1 is based on the fact that the sum of its value
and the row index number must equal the cell  cost of $ 3 for cell  Clev -and the row index number must equal the cell  cost of $ 3 for cell  Clev -
Boston. )0 + KBoston. )0 + K11 = 3, K = 3, K11 = +3 similarly using occupied cell Bed. Boston index = +3 similarly using occupied cell Bed. Boston index
number of row 2 is 3 + Rnumber of row 2 is 3 + R22 = 7. R = 7. R22 = +4. Using occupied cell Bed - Chicago = +4. Using occupied cell Bed - Chicago
index number for column 2 will be rindex number for column 2 will be r22 + K + K2 2 = 5 = K= 5 = K22 = 5-r = 5-r22 = 5 – 4= + 1. In the = 5 – 4= + 1. In the
same way using cell Bed -louis, the index number for column 3 is, rsame way using cell Bed -louis, the index number for column 3 is, r 22 + K + K33 = 2, = 2,
KK33 = 2 - r = 2 - r22 = 2 - 4 =  = 2 - 4 = --2 2 

Using occupied cell York - Louis, index number for rUsing occupied cell York - Louis, index number for r33 is r is r33 + K + K33 = 4 = r = 4 = r33 = 4 - k = 4 - k33 = =
4 - (-2) = + 6 4 - (-2) = + 6 

Using occupied cell York Lexington, index number for KUsing occupied cell York Lexington, index number for K44 is r is r33 + k + k44 = 5, k = 5, k44 = 5 - r = 5 - r33
= 5 - 6 = -1 = 5 - 6 = -1 

The complete set of row and column index number is shown in the previousThe complete set of row and column index number is shown in the previous
table.table.

We can now readily determine the cell evaluations (improvement potentials) forWe can now readily determine the cell evaluations (improvement potentials) for
each of the occupied cells, the sum of the row and the column index equaleach of the occupied cells, the sum of the row and the column index equal
the unit cell cost.the unit cell cost.

Cell evaluation = cell Cost - Row index- column index Cell evaluation = cell Cost - Row index- column index 
These determinations can be made in any order. These determinations can be made in any order. 
Eg the cell evaluation for York Boston is 2-6-3 = -7. This implies an improvementEg the cell evaluation for York Boston is 2-6-3 = -7. This implies an improvement
(decrease in total cost of $ 7 per unit for units that can be shifted in to cell York-(decrease in total cost of $ 7 per unit for units that can be shifted in to cell York-
Boston. Similarly for empty cell Clev - Chicago, the improvement potential is 2-0-Boston. Similarly for empty cell Clev - Chicago, the improvement potential is 2-0-
1=+1 which indicates any units shifted in to this cell would increase total cost by1=+1 which indicates any units shifted in to this cell would increase total cost by
$ 1 each. For un occupied cell York - Chicago is 5-1-6 = -2, for clev - louis 7-0 - (-$ 1 each. For un occupied cell York - Chicago is 5-1-6 = -2, for clev - louis 7-0 - (-
2) = +9, for clev - lexingta 6-0-(-1) = + 7, for Bed - Lexington, 3 - 4 - (-1) = 0.2) = +9, for clev - lexingta 6-0-(-1) = + 7, for Bed - Lexington, 3 - 4 - (-1) = 0.
These values are summarized below.These values are summarized below.

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
ClevelandCleveland 500      500      33 +1+1               2   2 +9+9                77 +7+7                66 50005000
Bed - fordBed - ford 1000     1000     77 4000     4000     55 1000    1000    22 00                    33 60006000

YorkYork -7-7                    22 -2         -2         55 1000     1000     44 15001500 25002500
DDDD 60006000 40004000 20002000 15001500 13,50013,500

Note that they agree with the values we computed earlier using the steppingNote that they agree with the values we computed earlier using the stepping
stone method. stone method. 
When cell evaluations are positive or zero, an optimal solution has beenWhen cell evaluations are positive or zero, an optimal solution has been
found, If one or more is negative, the cell with the largest negative shouldfound, If one or more is negative, the cell with the largest negative should
be brought in to solution because that route has the largest potential forbe brought in to solution because that route has the largest potential for
improvement per unit. In this case, we found that cell York - Boston hadimprovement per unit. In this case, we found that cell York - Boston had
an evaluation of -7 and cell York - Chicago (-2). Hence an improvementan evaluation of -7 and cell York - Chicago (-2). Hence an improvement
solution is possible.solution is possible.



6.3. Developing an Improved solution6.3. Developing an Improved solution  

Developing an improved solution to a transportation problem requires focusingDeveloping an improved solution to a transportation problem requires focusing
on the unoccupied cell  that has the largest negative cell  evaluation.  For theon the unoccupied cell  that has the largest negative cell  evaluation.  For the
above case York - Boston had the largest negative.above case York - Boston had the largest negative.

Improving  the  solution  involves  reallocating  quantities  in  the  transportationImproving  the  solution  involves  reallocating  quantities  in  the  transportation
table.  More specifically,  we want to take the advantage of  the improvementtable.  More specifically,  we want to take the advantage of  the improvement
potential of cell York-Boston by transferring as many units as possible in to thatpotential of cell York-Boston by transferring as many units as possible in to that
cell. The stepping stone method for that cell is necessary for determining howcell. The stepping stone method for that cell is necessary for determining how
many units can be reallocated while retaining the balance of supply and demandmany units can be reallocated while retaining the balance of supply and demand
for the table. The stepping stone for cell York - Boston is reproduced below.for the table. The stepping stone for cell York - Boston is reproduced below.

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
ClevelandCleveland 5000      5000      33 22 77 66 50005000
BedfordBedford 1000      1000      77

__
4000      4000      55 1000    1000    22

++
33 60006000

YorkYork 22

++
55 10001000 44

__
1500      1500      55 2500025000

DDDD 60006000 40004000 20002000 15001500 13,50013,500

The + signs in the path indicate units to be added, the - sign indicate units to beThe + signs in the path indicate units to be added, the - sign indicate units to be
subtracted.  The  limit  on  subtraction  is  the  smallest  quantity  in  a  negativesubtracted.  The  limit  on  subtraction  is  the  smallest  quantity  in  a  negative
position along the cell path. There are two quantities in negative positions (bothposition along the cell path. There are two quantities in negative positions (both
are 1000 units). So that amount will be shifted in the following manner. Subtractare 1000 units). So that amount will be shifted in the following manner. Subtract
1000 units from each cell on the path with a -ve sign and add 1000 units to the1000 units from each cell on the path with a -ve sign and add 1000 units to the
quantities of each cell with a + sing in it, A quick check reveals that the sum ofquantities of each cell with a + sing in it, A quick check reveals that the sum of
quantities in each row and in each column are equal to original row and columnquantities in each row and in each column are equal to original row and column
totals with each iteration, it is necessary to evaluate the empty cells to see iftotals with each iteration, it is necessary to evaluate the empty cells to see if
further improvement is possible. This requires use of either the MODI or thefurther improvement is possible. This requires use of either the MODI or the
stepping stone method. Both will yield the same value. stepping stone method. Both will yield the same value. 

BostonBoston ChicagoChicago LouisLouis LexingtonLexington SSSS
ClevelandCleveland 5000      5000      33 22 77 66 50005000
BedfordBedford 0           0           77 4000      4000      55 1000     1000     22 33 60006000

YorkYork 1000      1000      22 55 0         0         44 1500      1500      55 2500025000
DDDD 60006000 40004000 20002000 15001500 13,50013,500

We will continue in the same way and check for the rest un occupied cells.We will continue in the same way and check for the rest un occupied cells.
If we get 0 or +ve in all un occupied cells, then the table is in its optimalIf we get 0 or +ve in all un occupied cells, then the table is in its optimal
state other wise we will continue for iteration. state other wise we will continue for iteration. 



6.4. Special Issues6.4. Special Issues  
A number of special issues are discussed in this section in order to round outA number of special issues are discussed in this section in order to round out

your understanding of the transportation model. They are your understanding of the transportation model. They are 
1.1. Determining if there are alternative optimal solutions Determining if there are alternative optimal solutions 
2.2. Defining and handling degeneracy (too few occupied cells to permitDefining and handling degeneracy (too few occupied cells to permit

evaluations of a solution). evaluations of a solution). 
3.3. Avoiding unacceptable or prohibited route assignments Avoiding unacceptable or prohibited route assignments 
4.4. Dealing with problems in which supply and demand are not equal. Dealing with problems in which supply and demand are not equal. 
5.5. Solving maximization problems Solving maximization problems 

6.4.1. Alternate optimal solutions 6.4.1. Alternate optimal solutions 

Sometimes  transportation  problems  have  multiple  optimal  solutions.  In  suchSometimes  transportation  problems  have  multiple  optimal  solutions.  In  such
instances, it can be useful for a manager to be aware of alternative solutionsinstances, it can be useful for a manager to be aware of alternative solutions
because  this  gives  the  manger  an  option  of  bringing  non  quantitativebecause  this  gives  the  manger  an  option  of  bringing  non  quantitative
considerations in to the decision.considerations in to the decision.
In  the  case  of  the  transportation  problem,  the  existence  of  an  alternativeIn  the  case  of  the  transportation  problem,  the  existence  of  an  alternative
solution is signaled by an empty cell's evaluation equal to zero. We can find outsolution is signaled by an empty cell's evaluation equal to zero. We can find out
what that alternate solution is by reallocating the maximum number of unitswhat that alternate solution is by reallocating the maximum number of units
possible around the stepping stone path for that cell. possible around the stepping stone path for that cell. 

6.4.2. Degeneracy 6.4.2. Degeneracy 

A transportation problem is a degenerate when there are too few occupied cellsA transportation problem is a degenerate when there are too few occupied cells
to enable all the empty cells to be evaluated. In the case of the stepping stoneto enable all the empty cells to be evaluated. In the case of the stepping stone
method,  this  means that  there will  be  at  least  one empty  cell  for  which anmethod,  this  means that  there will  be  at  least  one empty  cell  for  which an
evaluation path cannot be constructed. For the MODI method it means that it willevaluation path cannot be constructed. For the MODI method it means that it will
be  impossible  to  determine  all  of  the  row and  column index  numbers.  It  isbe  impossible  to  determine  all  of  the  row and  column index  numbers.  It  is
relatively  simple  to  determine  if  a  solution  is  degenerate.  A  solution  isrelatively  simple  to  determine  if  a  solution  is  degenerate.  A  solution  is
degenerate if the number of occupied cells is less than the number of row plusdegenerate if the number of occupied cells is less than the number of row plus
the number of columns minus one. the number of columns minus one. 

Test for degeneracy Test for degeneracy 
Number of occupied cells must equal Number of occupied cells must equal 

R + C - 1 Where R = number of rows R + C - 1 Where R = number of rows 
                                                  C = number of Columns C = number of Columns 
A quick check of the alternate solution to the foster generator Inc. developed inA quick check of the alternate solution to the foster generator Inc. developed in
the preceding section will reveal that the solution was degenerate. The numberthe preceding section will reveal that the solution was degenerate. The number
of completed cells is five while the required number of completed cell is six. Itof completed cells is five while the required number of completed cell is six. It
should be mentioned that this particular case is  some what a typical  in thatshould be mentioned that this particular case is  some what a typical  in that
usually some paths can be traced but not all of them. Similarly if you want tousually some paths can be traced but not all of them. Similarly if you want to
compute index number for the rows and columns, you will be unable to computecompute index number for the rows and columns, you will be unable to compute
for some of the rows and column. for some of the rows and column. 

Obviously, some modification has to be made in order to determine if a givenObviously, some modification has to be made in order to determine if a given
solution  is  optimal.  The  modification  is  to  treat  some of  the  empty  cells  assolution  is  optimal.  The  modification  is  to  treat  some of  the  empty  cells  as
occupied cells. This is accomplished by placing a delta (occupied cells. This is accomplished by placing a delta () in one of the empty) in one of the empty
cells. The delta represents an extremely small quantity (eg 0.001 units), it is socells. The delta represents an extremely small quantity (eg 0.001 units), it is so
small  that  supply  and  demand  for  the  row  and  column involved  will  be  unsmall  that  supply  and  demand  for  the  row  and  column involved  will  be  un
affected even with out modifying other quantities in the row and column, and soaffected even with out modifying other quantities in the row and column, and so
small that total cost will not change. small that total cost will not change. 



The purpose of the delta is to enable evaluation of the remaining empty cells.The purpose of the delta is to enable evaluation of the remaining empty cells.
The choice of location for the delta can be some what tricky. Some empty cellsThe choice of location for the delta can be some what tricky. Some empty cells
may be unsuitable if  they do not enable evaluations of the remaining emptymay be unsuitable if  they do not enable evaluations of the remaining empty
cells. More over the delta cannot be placed in a cell which later turns out to be incells. More over the delta cannot be placed in a cell which later turns out to be in
a negative position of a cell path involved in reallocation, because delta will bea negative position of a cell path involved in reallocation, because delta will be
the smallest quantity in a negative position and shifting that minute quantitythe smallest quantity in a negative position and shifting that minute quantity
around the cell path will leave the solution virtually unchanged. Consequently aaround the cell path will leave the solution virtually unchanged. Consequently a
certain amount of trial and error may be necessary before a satisfactory locationcertain amount of trial and error may be necessary before a satisfactory location
can be identified for delta. can be identified for delta. 

6.4.3. Unacceptable Routes 6.4.3. Unacceptable Routes 
In some cases, certain origin - destination combinations may be unacceptable.In some cases, certain origin - destination combinations may be unacceptable.
This may be due to weather factors, equipment breakdowns, labor problems, orThis may be due to weather factors, equipment breakdowns, labor problems, or
skill  requirements  that  either  prohibit,  or  make  undesirable  certainskill  requirements  that  either  prohibit,  or  make  undesirable  certain
combinations. combinations. 
Suppose that  in  foster  generators  Inc.  route Cleveland Boston  was  suddenlySuppose that  in  foster  generators  Inc.  route Cleveland Boston  was  suddenly
unavailable  because  of  recent  flooding.  In  order  to  prevent  the  route  fromunavailable  because  of  recent  flooding.  In  order  to  prevent  the  route  from
appearing in the final solution (as it originally did), the manager could assign aappearing in the final solution (as it originally did), the manager could assign a
unit cost to that cell that was large enough to make that route uneconomical andunit cost to that cell that was large enough to make that route uneconomical and
hence prohibit its occurrence. One rule of thumb would be to assign a cost thathence prohibit its occurrence. One rule of thumb would be to assign a cost that
is 10 times the largest cost in the table. Thus because the largest cost is $ 7, ais 10 times the largest cost in the table. Thus because the largest cost is $ 7, a
unit cost of $ 70 could be assigned instead of the original cost of $ 3 per unit.unit cost of $ 70 could be assigned instead of the original cost of $ 3 per unit.
Then this revised problem could be solved using north - west corner, intuitive, orThen this revised problem could be solved using north - west corner, intuitive, or
VAM for an initial solution and either stepping - stone or MODI to evaluate theVAM for an initial solution and either stepping - stone or MODI to evaluate the
initial solution. initial solution. 

6.4.4. Un equal supply and Demand 6.4.4. Un equal supply and Demand 
Up to this point, the example has involved cases in which supply and demandUp to this point, the example has involved cases in which supply and demand
were equal. As you might guess, there are situations in which the two are notwere equal. As you might guess, there are situations in which the two are not
equal.  When  such  a  situation  is  encountered,  it  is  necessary  to  modify  theequal.  When  such  a  situation  is  encountered,  it  is  necessary  to  modify  the
original problem so that supply and demand are equal. This is accomplished byoriginal problem so that supply and demand are equal. This is accomplished by
adding either a dummy column, or a dummy row, a dummy row is added ifadding either a dummy column, or a dummy row, a dummy row is added if
supply is less than demand and a dummy column is added if demand is less thansupply is less than demand and a dummy column is added if demand is less than
supply. The dummy is assigned unit costs of zero for each cell, and it is given asupply. The dummy is assigned unit costs of zero for each cell, and it is given a
supply (if  a row) or a demand (if  a column) equal to the difference betweensupply (if  a row) or a demand (if  a column) equal to the difference between
supply and demand. Quantities in dummy routes in the optimal solution are notsupply and demand. Quantities in dummy routes in the optimal solution are not
shipped. Rather they indicate which supplier will  hold the excess supply, andshipped. Rather they indicate which supplier will  hold the excess supply, and
how much and which destination will not receive its total demand and how muchhow much and which destination will not receive its total demand and how much
it will be short. it will be short. 

6.4.56.4.5 Maximization Maximization 
Some  transportation  type  problems  concern  profits  or  revenues  rather  thanSome  transportation  type  problems  concern  profits  or  revenues  rather  than
costs. In such cases, the objective is to maximize rather than to minimize. Suchcosts. In such cases, the objective is to maximize rather than to minimize. Such
problems can be handled by adding one additional step as the start. Identify theproblems can be handled by adding one additional step as the start. Identify the
cell with the largest profit and subtract all the other cell profit from that value.cell with the largest profit and subtract all the other cell profit from that value.
Then replace the cell profits with the resulting values. These values reflect theThen replace the cell profits with the resulting values. These values reflect the
opportunity costs that would be incurred by using routes with unit profit that areopportunity costs that would be incurred by using routes with unit profit that are
less than the largest unit  profits.  Replace the original  unit  profits with theseless than the largest unit  profits.  Replace the original  unit  profits with these



opportunity costs and solve in the usual way for the minimum opportunity costopportunity costs and solve in the usual way for the minimum opportunity cost
solution. This will be identical to maximizing the total profit. solution. This will be identical to maximizing the total profit. 

6.4.6. Other Applications 6.4.6. Other Applications 
There  are  a  number  of  other  kinds  of  situation  in  which  the  transportationThere  are  a  number  of  other  kinds  of  situation  in  which  the  transportation
method has proved useful. They include the transportation problem, which is amethod has proved useful. They include the transportation problem, which is a
variation of a transportation problem and location analysis.variation of a transportation problem and location analysis.

6.4.6.1. Transshipment Problems 6.4.6.1. Transshipment Problems 
Certain  transportation  problems  may  involve  the  use  of  intermediateCertain  transportation  problems  may  involve  the  use  of  intermediate
destinations  where goods  are  temporarily  stored before being shipped on todestinations  where goods  are  temporarily  stored before being shipped on to
their final destinations. Thus these intermediate points are both destinations andtheir final destinations. Thus these intermediate points are both destinations and
origins. The transportation method can be used to handle such problem. Theorigins. The transportation method can be used to handle such problem. The
goal generally is the same as with other transportation problems to minimizegoal generally is the same as with other transportation problems to minimize
total transportation cost. total transportation cost. 

6.4.6.2. Location Analysis 6.4.6.2. Location Analysis 
Another use of the transportation methods is to compare transportation costs forAnother use of the transportation methods is to compare transportation costs for
alternative locations. For instance the company may be preparing to build a newalternative locations. For instance the company may be preparing to build a new
were  house,  and  there  may  be  a  number  of  potential  locations  underwere  house,  and  there  may  be  a  number  of  potential  locations  under
consideration. One aspect of the decision may be differences in transportationconsideration. One aspect of the decision may be differences in transportation
costs that would result from each alternative. costs that would result from each alternative. 

Suppose that currently the firm has three factories that supply four ware-housesSuppose that currently the firm has three factories that supply four ware-houses
and another ware house will be added. Suppose that two separate locations forand another ware house will be added. Suppose that two separate locations for
the new ware-house are being studied. The impact of each of the two potentialthe new ware-house are being studied. The impact of each of the two potential
locations can be determined by solving two transportation problems, one forlocations can be determined by solving two transportation problems, one for
each  location.  In  other  words,  one  extra  column  would  be  added  to  theeach  location.  In  other  words,  one  extra  column  would  be  added  to  the
transportation table representing one of the ware houses and the problem wouldtransportation table representing one of the ware houses and the problem would
be solved for the minimum total cost. The column then would be replaced in thebe solved for the minimum total cost. The column then would be replaced in the
table by a column representing the other  warehouse and again the problemtable by a column representing the other  warehouse and again the problem
would  be solved for  the minimum cost.  This  would  give  decision  makers  anwould  be solved for  the minimum cost.  This  would  give  decision  makers  an
opportunity  to  assess  the  impact  of  each  war  house  location  on  the  totalopportunity  to  assess  the  impact  of  each  war  house  location  on  the  total
distribution costs for the system.distribution costs for the system.

ExercisesExercises
1. Consider the following transportation problem 1. Consider the following transportation problem 

ToTo
FromFrom Store - 1Store - 1 Store 2Store 2 Store 3Store 3 SupplySupply

Warehouse AWarehouse A 1212 2020 1515 5050
Warehouse BWarehouse B 99 1111 44 1515
Warehouse CWarehouse C 2020 1414 88 5555

DemandDemand 2525 5050 4545 120120

a.a. Develop an initial feasible solution using the north west comer method,Develop an initial feasible solution using the north west comer method,
compute the total cost for this solutions. compute the total cost for this solutions. 

b.b. Evaluate the solution using the stepping stone method. Is the solutionEvaluate the solution using the stepping stone method. Is the solution
optimal? Explain optimal? Explain 

c.c. Repeat the evaluation using MODI and compare your cell evaluations toRepeat the evaluation using MODI and compare your cell evaluations to
those obtained using the stepping stone method. those obtained using the stepping stone method. 

d.d. Obtain an improved solution and evaluate it using MODI. Is it optimal?Obtain an improved solution and evaluate it using MODI. Is it optimal?
e.e. What is the total cost for your optimal solution? What is the total cost for your optimal solution? 



2.The Microsoft enterprise manufactures the central processing unit (CPU) for a2.The Microsoft enterprise manufactures the central processing unit (CPU) for a
line of personal computers. The CPUs are manufactured in Seatle, Columbus,line of personal computers. The CPUs are manufactured in Seatle, Columbus,
and New York, and shipped to warehouses in pitsbugh, mobile, Denver, Losand New York, and shipped to warehouses in pitsbugh, mobile, Denver, Los
Angeles and Washington DC for further distribution. The transportation tableAngeles and Washington DC for further distribution. The transportation table
below shows the number of CPUs available at each plant and the number ofbelow shows the number of CPUs available at each plant and the number of
CPUs required by each warehouse. The shipment costs are also shown below. CPUs required by each warehouse. The shipment costs are also shown below. 

WarehouseWarehouse
PiPitsburghPiPitsburgh MobileMobile DDenverDDenver Lo AngelesLo AngelesWashingtonWashington SSSS

SeattleSeattle 1010 2020 55 99 1010 90009000
ColumbusColumbus 22 1010 88 3030 66 40004000
NewyorkNewyork 11 2020 77 1010 44 80008000

DDDD 30003000 50005000 40004000 60006000 30003000 2100021000
a.a. Determine the amount that should be shipped from each plant to eachDetermine the amount that should be shipped from each plant to each

warehouse in order to minimize the total shipping cost. warehouse in order to minimize the total shipping cost. 
b.b. The pits burgh ware house has just increased its order by 1000 units andThe pits burgh ware house has just increased its order by 1000 units and

Microsoft has authorized the Columbus plant to increase productivity byMicrosoft has authorized the Columbus plant to increase productivity by
1000 units, Do you expect this development to lead to an increase or a1000 units, Do you expect this development to lead to an increase or a
decrease in total shipping costs? Solve for the new optimal solution. decrease in total shipping costs? Solve for the new optimal solution. 



CHATER- 7CHATER- 7

ASSIGNMENT PROBLEMSASSIGNMENT PROBLEMS

The assignment problem is also one of the areas of application of the linearThe assignment problem is also one of the areas of application of the linear
programming model. This problem arises in different situations of decisionprogramming model. This problem arises in different situations of decision
making such as, assigning jobs to machines, to workers, etc…making such as, assigning jobs to machines, to workers, etc…

The basic assumption within which we can solve assignment problems usingThe basic assumption within which we can solve assignment problems using
the linear programming is “assigning one job, project, etc… to one worker,the linear programming is “assigning one job, project, etc… to one worker,
machine, etc…” In doing so, we will be having different alternatives (sets) ofmachine, etc…” In doing so, we will be having different alternatives (sets) of
assignments; it is from these sets of assignments we will select the optimalassignments; it is from these sets of assignments we will select the optimal
one.  This  means,  that  with  the  least  possible  cost,  time;  the  maximumone.  This  means,  that  with  the  least  possible  cost,  time;  the  maximum
possible profit, etc…possible profit, etc…

7.1 Solution procedure: the assignment Problem7.1 Solution procedure: the assignment Problem
Read  the  following  assignment  problem.  The  procedure  for  solvingRead  the  following  assignment  problem.  The  procedure  for  solving
assignment problems is discussed next to the problem.assignment problems is discussed next to the problem.

XYZ  Company  is  to  undertake  market  studies  for  its  three  clients.  TheXYZ  Company  is  to  undertake  market  studies  for  its  three  clients.  The
company has to do the task of assigning project leaders to each of the threecompany has to do the task of assigning project leaders to each of the three
market studies. The Company’s management realizes that the time requiredmarket studies. The Company’s management realizes that the time required
by each of the three project leaders assigned to each study is different due toby each of the three project leaders assigned to each study is different due to
the  experience  and  ability  of  the  project  leader.  The  estimated  projectthe  experience  and  ability  of  the  project  leader.  The  estimated  project
completion times are summarized by the table below.completion times are summarized by the table below.

Table: Estimated project completion timesTable: Estimated project completion times

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 1010 1515 99
22 ChanieChanie 99 1818 55
33 KebedeKebede 66 1414 33

  
  The company would like to assign project leaders so that the total number ofThe company would like to assign project leaders so that the total number of
days required to complete all the projects is minimized. If a project is to bedays required to complete all the projects is minimized. If a project is to be
assigned to one and only one client, what assignments should be made?assigned to one and only one client, what assignments should be made?

The  Hungarian  method  makes  use  of  the  matrix  reduction  process  toThe  Hungarian  method  makes  use  of  the  matrix  reduction  process  to
determine the optimal solution to the assignment problem. There are threedetermine the optimal solution to the assignment problem. There are three
steps in the matrix reduction procedure:steps in the matrix reduction procedure:

Step 1: Step 1: Reduce the initial matrix by subtracting the smallest element in eachReduce the initial matrix by subtracting the smallest element in each
row from every element in that row. Then, subtract the smallest element inrow from every element in that row. Then, subtract the smallest element in
each column from every element in that column of the row-reduced matrix.each column from every element in that column of the row-reduced matrix.

By subtracting 9 (the smallest element in row 1) from row 1, 5 from row 2,By subtracting 9 (the smallest element in row 1) from row 1, 5 from row 2,
and 3 from row 3; we will have the following row-reduced matrix:and 3 from row 3; we will have the following row-reduced matrix:



Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 11 66 00
22 ChanieChanie 44 1313 00
33 KebedeKebede 33 1111 00

Column  reduction  will  also  be  performed  on  the  row-reduced  matrix  toColumn  reduction  will  also  be  performed  on  the  row-reduced  matrix  to
complete  step  1.  This  is  done  by  subtracting  1  from  the  first  columncomplete  step  1.  This  is  done  by  subtracting  1  from  the  first  column
elements,  6  from the second column elements,  and 0 from column threeelements,  6  from the second column elements,  and 0 from column three
elements. The reduced matrix becomeselements. The reduced matrix becomes

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 00 00 00
22 ChanieChanie 33 77 00
33 KebedeKebede 22 55 00

To reach the optimal solution, we shall go through the following two steps.To reach the optimal solution, we shall go through the following two steps.
Step 2: Step 2: Determine the minimum number of straight lines that must be drawnDetermine the minimum number of straight lines that must be drawn
vertically or horizontally to cover all the zeros in the reduced matrix. If thevertically or horizontally to cover all the zeros in the reduced matrix. If the
minimum number of lines is found to be the same as the number of rows orminimum number of lines is found to be the same as the number of rows or
columns, an optimal assignment can be made; otherwise, go to step 3.columns, an optimal assignment can be made; otherwise, go to step 3.

Let’s  now go back  to  our  example.  The minimum number of  lines
required to cover all the zeros is 2 as it is shown below. 

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 00 00 00

22 ChanieChanie 33 77 00

33 KebedeKebede 22 55 00

These numbers of  lines is  different from the number of  columns or rows.These numbers of  lines is  different from the number of  columns or rows.
Therefore, we must go to step 3.Therefore, we must go to step 3.

Step 3:Step 3: Subtract the value of the smallest uncovered element from every Subtract the value of the smallest uncovered element from every
uncovered  element  and  add  the  same  value  to  every  element  at  theuncovered  element  and  add  the  same  value  to  every  element  at  the
intersection of two lines. Return to step 2 and continue until the minimumintersection of two lines. Return to step 2 and continue until the minimum
number of lines required to cover all the zeroes in the matrix is equal to thenumber of lines required to cover all the zeroes in the matrix is equal to the
number of rows or columns. number of rows or columns. 



The minimum uncovered element is 2. Therefore, subtract 2 from all unlinedThe minimum uncovered element is 2. Therefore, subtract 2 from all unlined
elements and add it to the element at the intersection of the two lines to getelements and add it to the element at the intersection of the two lines to get
the following matrix.the following matrix.

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye
00 00 22

22 ChanieChanie
11 55 00

33 KebedeKebede
00 33 00

Check the above matrix for optimality (return to step 2). Did you find that theCheck the above matrix for optimality (return to step 2). Did you find that the
maximum number of straight lines required to cover the zeros is 3? Look atmaximum number of straight lines required to cover the zeros is 3? Look at
the following matrix.the following matrix.

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 00 00 22

22 ChanieChanie 11 55 00

33 KebedeKebede 00 33 00

As  can  be  seen  above,  three  lines  must  be  drawn  to  cover  the  zeros.As  can  be  seen  above,  three  lines  must  be  drawn  to  cover  the  zeros.
Therefore, we have reached the optimal solution.Therefore, we have reached the optimal solution.

Now, we can make our assignment. This assignment is done by first locatingNow, we can make our assignment. This assignment is done by first locating
a row or column that contains only one zero. Draw a circle or a square just toa row or column that contains only one zero. Draw a circle or a square just to
locate  an  assignment,  and  eliminate  that  row  and  column  from  furtherlocate  an  assignment,  and  eliminate  that  row  and  column  from  further
consideration. Proceed till you finish your assignment.consideration. Proceed till you finish your assignment.

When we come to our example, column 2 and row 2 have only one zero. ThusWhen we come to our example, column 2 and row 2 have only one zero. Thus
we  can  start  our  assignment  either  by  assigning  Taye  to  client  2  or  bywe  can  start  our  assignment  either  by  assigning  Taye  to  client  2  or  by
assigning Chanie to client 3. Let’s start by assigning Taye to client 2 first.assigning Chanie to client 3. Let’s start by assigning Taye to client 2 first.
Column 2 and row 1 will be out of further consideration. Then we go to row 2Column 2 and row 1 will be out of further consideration. Then we go to row 2
and assign Chanie to client 3; because, there is no other zero in this row. Thisand assign Chanie to client 3; because, there is no other zero in this row. This
will force us to cancel row 2 and column 3. Therefore, only row 3 is left now.will force us to cancel row 2 and column 3. Therefore, only row 3 is left now.



The only zero in this row is the one in column 1. This means, Kebede will beThe only zero in this row is the one in column 1. This means, Kebede will be
assigned to client 1. Of course we can automatically assign Kebede to client 1assigned to client 1. Of course we can automatically assign Kebede to client 1
since assignments are made to client  2 and 3.  The final  solution for XYZsince assignments are made to client  2 and 3.  The final  solution for XYZ
Company is shown below. Company is shown below. 

Project leaderProject leader ClientClient
11 22 33

11 TayeTaye 00 00 22

22 ChanieChanie 11 55 00

33 KebedeKebede 00 33 00

The value of  the optimum assignment is  determined by summing up theThe value of  the optimum assignment is  determined by summing up the
times  in  the  original  assignment  problem  associated  with  the  optimaltimes  in  the  original  assignment  problem  associated  with  the  optimal
assignment indicated by the rectangles.  That is, 15 + 5 + 6 = 26 days areassignment indicated by the rectangles.  That is, 15 + 5 + 6 = 26 days are
the optimal number of days that are required to complete the study for thethe optimal number of days that are required to complete the study for the
three clients.three clients.

SummarySummary
  This  chapter  was  about  the  most  famous  model  in  management-  linearThis  chapter  was  about  the  most  famous  model  in  management-  linear
programming  model.  To  understand  the  model,  we  have  to  know  theprogramming  model.  To  understand  the  model,  we  have  to  know  the
characteristics  of  the  model  and  the  assumptions  that  are  used  ascharacteristics  of  the  model  and  the  assumptions  that  are  used  as
frameworks in the construction of the model.frameworks in the construction of the model.
Solutions to the model can be seen being classified into two. The first one isSolutions to the model can be seen being classified into two. The first one is
the graphical approach. This model is applicable for models having only twothe graphical approach. This model is applicable for models having only two
constraints. If the number of constraints is greater than two, we cannot useconstraints. If the number of constraints is greater than two, we cannot use
the  graphical  approach.  In  this  case,  another  approach  –  the  simplexthe  graphical  approach.  In  this  case,  another  approach  –  the  simplex
procedure will be used. This procedure canprocedure will be used. This procedure can

The optimal solution is just a solution to the model. A model is an abstractionThe optimal solution is just a solution to the model. A model is an abstraction
of  reality.  So  there  may  be  a  chance  failure  for  the  model  to  perfectlyof  reality.  So  there  may  be  a  chance  failure  for  the  model  to  perfectly
represent the reality. In this sense, before using the optimal solution of therepresent the reality. In this sense, before using the optimal solution of the
model  as  an  input  in  the  decision-making,  we  have  to  consider  possiblemodel  as  an  input  in  the  decision-making,  we  have  to  consider  possible
changes to the model and the sensitiveness of the solution of the model tochanges to the model and the sensitiveness of the solution of the model to
these changes. This is what we mean by sensitivity analysis.these changes. This is what we mean by sensitivity analysis.

The other type of analysis that is covered under this chapter is duality. It isThe other type of analysis that is covered under this chapter is duality. It is
also a mechanism to analyze changes to the model that is related with thealso a mechanism to analyze changes to the model that is related with the
introduction  of  new  constraints.  It  is  widely  applicable  in  the  case  ofintroduction  of  new  constraints.  It  is  widely  applicable  in  the  case  of
introducing new product lines. It can also technically used as an alternativeintroducing new product lines. It can also technically used as an alternative
approach to solving the model. When we get the primal solution relativelyapproach to solving the model. When we get the primal solution relatively



more difficult to solve than the dual, we can solve the dual and save our timemore difficult to solve than the dual, we can solve the dual and save our time
and effort.and effort.

    



PART THREEPART THREE

STOCHASTIC MODELSSTOCHASTIC MODELS

Chapter overviewChapter overview

Most complex managerial decisions are made with some uncertainty. TheseMost complex managerial decisions are made with some uncertainty. These
problems are to be made by managers. That is why they are trained to do;problems are to be made by managers. That is why they are trained to do;
and that is why they hired; and that is why they get paid for doing. But theand that is why they hired; and that is why they get paid for doing. But the
manager has to have some specific knowledge before quantitative tools canmanager has to have some specific knowledge before quantitative tools can
be  used:  specification  of  organizational  goals;  knowledge  about  possiblebe  used:  specification  of  organizational  goals;  knowledge  about  possible
actions;  knowledge  about  possible  likelihood;  knowledge  about  expectedactions;  knowledge  about  possible  likelihood;  knowledge  about  expected
payoffs and specification of inferior on which decision will be made.payoffs and specification of inferior on which decision will be made.

Activity Activity 
1.1. What are stochastic models?What are stochastic models?
2.2. What is decision theory?What is decision theory?
3.3. What are the applications of decision theory?What are the applications of decision theory?
4.4. What are the practical applications of networks?What are the practical applications of networks?



CHAPTER -8CHAPTER -8

DECISION THEORIESDECISION THEORIES

Decision is the rational choice among alternatives. Decision making is theDecision is the rational choice among alternatives. Decision making is the
universal concern of every rational being. It is the heart of an organization’suniversal concern of every rational being. It is the heart of an organization’s
management. We cannot think of decision in the absence of options. i.e. ifmanagement. We cannot think of decision in the absence of options. i.e. if
there is  no alternative,  there is  no decision making. It  is  also known thatthere is  no alternative,  there is  no decision making. It  is  also known that
decision is a means not an end by itself. decision is a means not an end by itself. 
  
Decision making is an intellectual process which consists of a sequence ofDecision making is an intellectual process which consists of a sequence of
steps.  Let’s look at these steps using example of Muger Cement Factorysteps.  Let’s look at these steps using example of Muger Cement Factory
considering  several  alternative  methods  for  expanding  its  production  toconsidering  several  alternative  methods  for  expanding  its  production  to
accommodate an increase demand for its products.accommodate an increase demand for its products.
Step 1 Define the objective and identify the problemStep 1 Define the objective and identify the problem

Any decision is purposeful and hence the manager has to establish specificAny decision is purposeful and hence the manager has to establish specific
objectives to be achieved. A necessary condition for a decision is a problem.objectives to be achieved. A necessary condition for a decision is a problem.
If there is no problem, there is no decision. Well defined problem is halfIf there is no problem, there is no decision. Well defined problem is half
solved.solved.
Step 2  List all the viable alternativesStep 2  List all the viable alternatives

The second  action  a  decision  maker  must  take  is  to  list  all  the  possibleThe  second  action  a  decision  maker  must  take  is  to  list  all  the  possible
options that must be considered in the decision. In the case of our Mugeroptions that must be considered in the decision. In the case of our Muger
Cement  Factory,  the  company  planners  indicate  that  only  three  viableCement  Factory,  the  company  planners  indicate  that  only  three  viable
options are open to the company.options are open to the company.

Option one: Expand the present plantOption one: Expand the present plant
Option two: Build a new plantOption two: Build a new plant
Option three: Sub-contracting extra production to other factory.Option three: Sub-contracting extra production to other factory.

Step 3 Evaluate each alternativeStep 3 Evaluate each alternative

In this stage, once the viable alternatives are identified the decision makerIn this stage, once the viable alternatives are identified the decision maker
has  to  evaluate  and  compare  the  merit  and  demerit  of  each  viablehas  to  evaluate  and  compare  the  merit  and  demerit  of  each  viable
alternative. In the case our example, the company planners agree that theyalternative. In the case our example, the company planners agree that they
must add capacity. If they don’t, losses will be so great that doing nothingmust add capacity. If they don’t, losses will be so great that doing nothing
can’t be considered an alternative.can’t be considered an alternative.
Step 4 Identify the future events that may occurStep 4 Identify the future events that may occur

Having identified all the viable alternatives and get evaluated, the decisionHaving identified all the viable alternatives and get evaluated, the decision
maker must now list the future events affecting demand that may occur. Inmaker must now list the future events affecting demand that may occur. In
our example, the most significant future events concerned demands for theour example, the most significant future events concerned demands for the
product are listed as follows:product are listed as follows:

State of nature 1: State of nature 1: High demand (resulting high product acceptance)High demand (resulting high product acceptance)
State of nature 2:State of nature 2: Moderate  demand  (reasonable  product  acceptance  butModerate  demand  (reasonable  product  acceptance  but

heavy competitive response)heavy competitive response)
State of nature 3:State of nature 3: Low  demand  (resulting  from  low  productLow  demand  (resulting  from  low  product
acceptance)acceptance)
State of nature 4:State of nature 4: Failure (resulting from no acceptance of product)Failure (resulting from no acceptance of product)



Step 5 Construct a payoff table/Decision Tree/ Influence Step 5 Construct a payoff table/Decision Tree/ Influence 
DiagramDiagram
This step deals with the construction of payoff tables, which show the payoffsThis step deals with the construction of payoff tables, which show the payoffs
that would result from each possible combination of the decision alternativesthat would result from each possible combination of the decision alternatives
and state of nature.and state of nature.

Viable alternativesViable alternatives
            State of natureState of nature
HighHigh ModerateModerate LowLow FailureFailure

ExpandExpand
BuildBuild
Sub-contractingSub-contracting

Step 6 Make a choiceStep 6 Make a choice
Once the alternatives are identified and the different states of nature areOnce the alternatives are identified and the different states of nature are

clearly specified, the last step is selecting the best decision alternative basedclearly specified, the last step is selecting the best decision alternative based
on the decision criteria and then it will be ready for implementation.on the decision criteria and then it will be ready for implementation.

8.1 Decision Making Criteria8.1 Decision Making Criteria  
To select the best decision alternative, you should depend on the decisionTo select the best decision alternative, you should depend on the decision
criteria. The decision criteria; however differs from the different conditions.criteria. The decision criteria; however differs from the different conditions.
Let’s look at some of the decision criteria of the three decision environments.Let’s look at some of the decision criteria of the three decision environments.

8.1.18.1.1 Decision criteria under certainty conditionDecision criteria under certainty condition

Decision under certainty condition is a decision environment in which onlyDecision under certainty condition is a decision environment in which only
one state of nature exists. i.e. there is complete certainty about the future.one state of nature exists. i.e. there is complete certainty about the future.
Under  this  condition,  it  is  easy  to  analyze  the  situation  and  make  goodUnder  this  condition,  it  is  easy  to  analyze  the  situation  and  make  good
decision.  Although  this  environment  sometimes  exists,  it  is  usuallydecision.  Although  this  environment  sometimes  exists,  it  is  usually
uncommon to the business world and it is impossible to guarantee completeuncommon to the business world and it is impossible to guarantee complete
uncertainty about the future. uncertainty about the future. 

8.1.28.1.2 Decision criteria under risk conditionDecision criteria under risk condition

The  decision  environment  in  which  the  decision  maker  has  informationThe  decision  environment  in  which  the  decision  maker  has  information
supporting the assignment of probability values to each of the possible statesupporting the assignment of probability values to each of the possible state
of nature. In this situation, there are more than one state of nature. This kindof nature. In this situation, there are more than one state of nature. This kind
of  decision  environment  is  the  most  common in  the  business  world.  Theof  decision  environment  is  the  most  common in  the  business  world.  The
information  that  the  manager  have  can  be  past  records  or  subjectiveinformation  that  the  manager  have  can  be  past  records  or  subjective
judgments. There are three criteria for decision making under condition ofjudgments. There are three criteria for decision making under condition of
risk: Expand value criterion, criterion of rationality and criterion of maximumrisk: Expand value criterion, criterion of rationality and criterion of maximum
likelihood.likelihood.

Expected value criterion:Expected value criterion: A criterion which requires the decision A criterion which requires the decision
maker to calculate the expected value for each decision alternativemaker to calculate the expected value for each decision alternative
and  choose  that  decision  which  has  the  highest  (lowest)  expectedand  choose  that  decision  which  has  the  highest  (lowest)  expected
value among all of the available decision alternative.    value among all of the available decision alternative.    
Criterion of Rationality:Criterion of Rationality: In decision-making situations where we have little In decision-making situations where we have little
or no data on past demand, we can apply the criterion of rationality (alsoor no data on past demand, we can apply the criterion of rationality (also



called  the  principle  of  insufficient  reason).  This  criterion  says  that  in  thecalled  the  principle  of  insufficient  reason).  This  criterion  says  that  in  the
absence of any strong information to the contrary, you might as well assumeabsence of any strong information to the contrary, you might as well assume
that all states of nature equally likely. that all states of nature equally likely. 
Maximum likelihood criterion:Maximum likelihood criterion: A criterion which selects that the state of A criterion which selects that the state of
nature which has the highest probability of occurring and picks the decisionnature which has the highest probability of occurring and picks the decision
alternative which yields the highest payoff for that state. This decision criteriaalternative which yields the highest payoff for that state. This decision criteria
is rather widely used and will produce valid results when are state of natureis rather widely used and will produce valid results when are state of nature
is much more probable than any other; however, it is possible to make someis much more probable than any other; however, it is possible to make some
serious errors if we use this criterion in a situation where a large number ofserious errors if we use this criterion in a situation where a large number of
states of nature exist and each of them has a small, nearly equal probabilitystates of nature exist and each of them has a small, nearly equal probability
of occurrence.   of occurrence.   

8.1.38.1.3 Decision criterion under uncertaintyDecision criterion under uncertainty

This  is  the decision environment in  which more than one state  of  natureThis  is  the decision environment in  which more than one state  of  nature
exists  but  in  which the decision maker cannot  assign  probabilities  to  theexists  but  in  which the decision maker cannot  assign  probabilities  to  the
various states i.e. the decision maker has no knowledge about the variousvarious states i.e. the decision maker has no knowledge about the various
states,  not  even  sufficient  knowledge  to  permit  the  assignment  ofstates,  not  even  sufficient  knowledge  to  permit  the  assignment  of
probabilities to the states of nature. The criteria used for making decisionprobabilities to the states of nature. The criteria used for making decision
under the condition of uncertainty includes the maximax criteria, maxminiunder the condition of uncertainty includes the maximax criteria, maxmini
criteria and minimax regret criteria.   criteria and minimax regret criteria.   

Maximax criterion:Maximax criterion: An optimistic  criterion that  maximizes the maximum An optimistic  criterion that  maximizes the maximum
payoffs. In case of cost, minimize the minimum payoffs.payoffs. In case of cost, minimize the minimum payoffs.

Minimax regret criterion:Minimax regret criterion: A criterion that selects that decision alternative A criterion that selects that decision alternative
which  minimizes  the  maximum  regret.  Regret  or  opportunity  loss  is  thewhich  minimizes  the  maximum  regret.  Regret  or  opportunity  loss  is  the
difference  between  the  optimal  payoff  and  the  payoff  experienced.  Thisdifference  between  the  optimal  payoff  and  the  payoff  experienced.  This
criterion is neither purely optimistic nor purely pessimistic in its approach.  criterion is neither purely optimistic nor purely pessimistic in its approach.  

Maxmini  criterion:Maxmini  criterion: A  pessimistic  criterion  that  maximizes  the  minimum A  pessimistic  criterion  that  maximizes  the  minimum
payoffs. It is different for cost cases.payoffs. It is different for cost cases.

8.2 Tools used to aid Decision Analysis8.2 Tools used to aid Decision Analysis

For the purpose of decision analysis, a number of tools are used by decisionFor the purpose of decision analysis, a number of tools are used by decision
makers. Let’s look at some of the most common tools that help the decisionmakers. Let’s look at some of the most common tools that help the decision
analysis process to be easier and understood.analysis process to be easier and understood.

8.2.18.2.1 Payoff TablePayoff Table

It is a table that illustrates the payoffs (outcomes) which would result fromIt is a table that illustrates the payoffs (outcomes) which would result from
each possible  combination  of  decision  alternatives  and state  of  nature  ineach  possible  combination  of  decision  alternatives  and state  of  nature  in
decision analysis terminology, the outcomes resulting from making a certaindecision analysis terminology, the outcomes resulting from making a certain
decision and the occurrence of a particular state of nature as the payoff. Indecision and the occurrence of a particular state of nature as the payoff. In
general, entries in a payoff table can be stated in terms of profit, cost, or anygeneral, entries in a payoff table can be stated in terms of profit, cost, or any
other measure of output that may be appropriate for the particular situationother measure of output that may be appropriate for the particular situation
being analyzed. The notation we will use for the entries in the payoff table isbeing analyzed. The notation we will use for the entries in the payoff table is
v(dv(dii, , ssjj) which denotes the payoffs associated with decision alternative d) which denotes the payoffs associated with decision alternative d ii and and
state of nature sstate of nature sj   .j   .
8.2.28.2.2 Decision TreeDecision Tree



This  is  a  graphical  representation  of  the  decision  making  process  fromThis  is  a  graphical  representation  of  the  decision  making  process  from
decision  to  state  of  nature  to  payoffs.  Decision  tree  indicates  decisiondecision  to  state  of  nature  to  payoffs.  Decision  tree  indicates  decision
alternatives, states of nature, probabilities attached to the states of nature,alternatives, states of nature, probabilities attached to the states of nature,
and conditional benefits and losses. In decision analysis terminology, a nodeand conditional benefits and losses. In decision analysis terminology, a node
is a junction point at which branching takes place in a decision tree. The nodeis a junction point at which branching takes place in a decision tree. The node
can be decision node which is denoted by square or state of nature nodecan be decision node which is denoted by square or state of nature node
which is denoted by a circle. Note that, the tree shows the natural or logicalwhich is denoted by a circle. Note that, the tree shows the natural or logical
progression that will occur .i.e. first a form should make a decision; and then,progression that will occur .i.e. first a form should make a decision; and then,
once the decision is implemented, the state of nature will occur. The numberonce the decision is implemented, the state of nature will occur. The number
of each end point of the decision tree represents the payoffs associated withof each end point of the decision tree represents the payoffs associated with
a particular chain of events.a particular chain of events.

  
The merit of using decision analysis is as a tool in aiding a decision analysisThe merit of using decision analysis is as a tool in aiding a decision analysis
process includes:process includes:

 Decision tree structures the decision process in an orderly, sequentialDecision tree structures the decision process in an orderly, sequential
fashion.fashion.

 Decision  tree  requires  the  decision  maker  to  examine  all  possibleDecision  tree  requires  the  decision  maker  to  examine  all  possible
outcomes.outcomes.

 Decision tree communicates the decision making process to others.Decision tree communicates the decision making process to others.
 Decision tree allows a  group to discuss  alternatives by focusing onDecision tree allows a  group to discuss  alternatives by focusing on

each  individual  financial  figure,  probability,  and  underlyingeach  individual  financial  figure,  probability,  and  underlying
assumptions—one at a time.assumptions—one at a time.

 Decision tree can be used with a computer.Decision tree can be used with a computer.
                                                    

8.2.38.2.3 Influence DiagramInfluence Diagram

Influence  diagram  is  a  graphical  device  which  fills  the  gap  between  theInfluence  diagram  is  a  graphical  device  which  fills  the  gap  between  the
problem and the mathematical model. In the decision analysis terminology,problem and the mathematical model. In the decision analysis terminology,
the word influence means dependency of a variable on the level of anotherthe word influence means dependency of a variable on the level of another
variable. In the case of influence diagram, there are three variables: Decisionvariable. In the case of influence diagram, there are three variables: Decision
variable  (under  the  control  of  the  decision  maker)  which  is  denoted  byvariable  (under  the  control  of  the  decision  maker)  which  is  denoted  by
square;  Intermediate  variable  (any  variable  that  necessary  to  link  thesquare;  Intermediate  variable  (any  variable  that  necessary  to  link  the
decision variable to the outcome) which is denoted by circle and Outcomedecision variable to the outcome) which is denoted by circle and Outcome
variables  (attributes  used  by  the  manager  to  measure  the  performance)variables  (attributes  used  by  the  manager  to  measure  the  performance)
which are denoted by oval shape.which are denoted by oval shape.
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 Influence diagram can be developed from the decision tree. Unlike,Influence diagram can be developed from the decision tree. Unlike,
the decision tree, influence diagram is flexible, expandable and itthe decision tree, influence diagram is flexible, expandable and it
can indicate a wider range of complex relationships among differentcan indicate a wider range of complex relationships among different
variables.variables.

  
8.3 8.3 DECISION MAKING ENVIRONMENTDECISION MAKING ENVIRONMENT
8.3.1 Decision Making Under Certainty8.3.1 Decision Making Under Certainty

The decision environment,  in  which  any one  state  of  nature exists  underThe decision environment,  in  which  any one  state  of  nature exists  under
conditions of complete certainty, it is easy to analyze the situation and makeconditions of complete certainty, it is easy to analyze the situation and make
good decision. For example, if the manager knows for sure that the demandgood decision. For example, if the manager knows for sure that the demand
of a product is  moderate,  he/she will  choose the decision alternative thatof a product is  moderate,  he/she will  choose the decision alternative that
maximizes the payoff under the moderate demand state of nature. maximizes the payoff under the moderate demand state of nature. 

8.3.2. Decision Making Under an Uncertain Environment8.3.2. Decision Making Under an Uncertain Environment

As we have already seen, decision-making environment is categorized in toAs we have already seen, decision-making environment is categorized in to
two: decision-making under certain environment, and decision-making undertwo: decision-making under certain environment, and decision-making under
uncertainty  or  risk-filled  environment.  This  section  explains  the  seconduncertainty  or  risk-filled  environment.  This  section  explains  the  second
environment in which decision is made under uncertain situations, which isenvironment in which decision is made under uncertain situations, which is
also  the  main  essence of  the  also  the  main  essence of  the  decision analysis  model  decision analysis  model  of  managementof  management
science.science.

There  are  two  ways  of  approaching  the  decision-making  process  underThere  are  two  ways  of  approaching  the  decision-making  process  under
uncertain environment. The first one is decision-making without probabilities,uncertain environment. The first one is decision-making without probabilities,
and the other is decision-making using probability. We shall see each of themand the other is decision-making using probability. We shall see each of them
in detail as below.in detail as below.

8.3.2.1 Decision Making Without Probabilities8.3.2.1 Decision Making Without Probabilities

In  situations  where  the  decision-maker  has  little  confidence  in  his  or  herIn  situations  where  the  decision-maker  has  little  confidence  in  his  or  her
ability to assess the probabilities, or in which a simple best-case or worst-ability to assess the probabilities, or in which a simple best-case or worst-
case analysis in required, there are decision-making approaches that do notcase analysis in required, there are decision-making approaches that do not
require  application  of  probabilities.  These  approaches  do  not  requirerequire  application  of  probabilities.  These  approaches  do  not  require
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knowledge of  probabilities.  The following three non-probability approachesknowledge of  probabilities.  The following three non-probability approaches
are presented below and we shall see them in detail.are presented below and we shall see them in detail.

Optimistic /Maximax/ ApproachOptimistic /Maximax/ Approach

The optimistic approach evaluates each decision alternative in terms of theThe optimistic approach evaluates each decision alternative in terms of the
best  payoffbest  payoff that  can  be  obtained.  The  decision  alternative  that  is that  can  be  obtained.  The  decision  alternative  that  is
recommended  is  the  one  that  provides  the  best  possible  payoff.  For  arecommended  is  the  one  that  provides  the  best  possible  payoff.  For  a
problem in which maximum profit is desired, the optimistic approach wouldproblem in which maximum profit is desired, the optimistic approach would
lead  the  decision  maker  to  choose  the  alternative  corresponding  to  thelead  the  decision  maker  to  choose  the  alternative  corresponding  to  the
largest profit.  For  problems involving minimization,  this approach leads tolargest profit.  For  problems involving minimization,  this approach leads to
choosing the alternative with the smallest payoff. Let us see the applicationchoosing the alternative with the smallest payoff. Let us see the application
of this approach by taking the following example.of this approach by taking the following example.

Suppose XYZ Company, a real estate developer, is encountered with threeSuppose XYZ Company, a real estate developer, is encountered with three
decision alternatives to construct different-sized condominium complex. Thedecision alternatives to construct different-sized condominium complex. The
decision alternatives are to construct buildings with 30 condominiums, 60decision alternatives are to construct buildings with 30 condominiums, 60
condominiums or  90  condominiums.  The  objective  of  XYZ Company is  tocondominiums or  90  condominiums.  The  objective  of  XYZ Company is  to
choose the size of the complex that provides the maximum profit given thechoose the size of the complex that provides the maximum profit given the
uncertainty concerning the demand for the condominiums.uncertainty concerning the demand for the condominiums.

Given the statement of the problem, the decision is to select the best size forGiven the statement of the problem, the decision is to select the best size for
the  condominium  complex  that  will  give  the  maximum  profit  to  XYZthe  condominium  complex  that  will  give  the  maximum  profit  to  XYZ
Company. The decision alternatives are presented below:Company. The decision alternatives are presented below:

dd11 a small complex with 30 condominiumsa small complex with 30 condominiums
dd22 a medium complex with 60 condominiumsa medium complex with 60 condominiums
dd33 a large complex with 90 condominiumsa large complex with 90 condominiums

A  factor  in  selecting  the  best  decision  alternative  is  the  uncertaintyA  factor  in  selecting  the  best  decision  alternative  is  the  uncertainty
associated  with  the  chance  event  concerning  the  demand  for  theassociated  with  the  chance  event  concerning  the  demand  for  the
condominiums.  XYZ  Company  identified  two  possible  chance-eventcondominiums.  XYZ  Company  identified  two  possible  chance-event
outcomes:  a  strong demand and a  weak  demand.  In  a  decision  analysis,outcomes:  a  strong demand and a  weak  demand.  In  a  decision  analysis,
possible  outcomes  for  chance  events  are  referred  to  as  thepossible  outcomes  for  chance  events  are  referred  to  as  the states  of states  of
naturenature.  The states of nature are defined so that one and only one of the.  The states of nature are defined so that one and only one of the
possible  states  of  nature  will  occur.  In  our  example,  the  chance  eventpossible  states  of  nature  will  occur.  In  our  example,  the  chance  event
concerning the demand for the condominiums has two states of nature:concerning the demand for the condominiums has two states of nature:

ss11 strong demand for the condominiumsstrong demand for the condominiums
ss22 weak demand for the condominiumsweak demand for the condominiums

Therefore,  the summary of  the problem is to select a decision alternativeTherefore,  the summary of  the problem is to select a decision alternative
(size of the complex). Once the size of the complex is chosen, then XYZ’s(size of the complex). Once the size of the complex is chosen, then XYZ’s
profit will depend on the outcome of the states of nature (strong demand orprofit will depend on the outcome of the states of nature (strong demand or
weak demand). weak demand). 
Continuing with the example, suppose that the management of XYZ CompanyContinuing with the example, suppose that the management of XYZ Company
has a preliminary information on the possible profit levels corresponding tohas a preliminary information on the possible profit levels corresponding to
the three decision alternatives in each of the states of nature. The data isthe three decision alternatives in each of the states of nature. The data is
presented in the payoff (Table A) below:presented in the payoff (Table A) below:



Table ATable A Payoff Table For Xyz Condominium ProjectPayoff Table For Xyz Condominium Project
(Profits In $ Million)(Profits In $ Million)

Decision AlternativeDecision Alternative
State of NatureState of Nature
Strong Demand (Strong Demand (ss11)) Weak Demand (Weak Demand (ss22))

Small complex (Small complex (dd11)) 88 77
Medium complex (Medium complex (dd22)) 1414 55
Large complex (Large complex (dd33)) 2020 -9-9

To illustrate the optimistic approach, we first determine the maximum payoffTo illustrate the optimistic approach, we first determine the maximum payoff
for  each decision alternative;  then we select the decision alternative thatfor  each decision alternative;  then we select the decision alternative that
provides the overall maximum payoff. These steps systematically identify theprovides the overall maximum payoff. These steps systematically identify the
decision alternative that provides the largest possible profit. Table A.1 belowdecision alternative that provides the largest possible profit. Table A.1 below
shows these steps.shows these steps.

TABLE A.1 MAXIMUM  PAYOFF  FOR  EACH  DECISION
ALTERNATIVE

Decision AlternativeDecision Alternative Maximum PayoffMaximum Payoff
Small complex (Small complex (dd11)) 88
Medium complex (Medium complex (dd22)) 1414
Large complex (Large complex (dd33)) 2020 Maximum of the maximum Maximum of the maximum 

payoff valuespayoff values

Because  20,  corresponding  to  dBecause  20,  corresponding  to  d33,  is  the  largest  payoff,  the  decision  to,  is  the  largest  payoff,  the  decision  to
construct  the  large  condominium  complex  is  the  recommended  decisionconstruct  the  large  condominium  complex  is  the  recommended  decision
alternative using the optimistic approach.alternative using the optimistic approach.

Conservative/Maximin/ ApproachConservative/Maximin/ Approach
The conservative approach evaluates each decision alternative in terms ofThe conservative approach evaluates each decision alternative in terms of
the the worst payoffworst payoff that can occur. The decision alternative recommended is that can occur. The decision alternative recommended is
the one that provides the the one that provides the best of the worstbest of the worst possible payoff. For a problem possible payoff. For a problem
in which the output measure is profit, as in our example, the conservativein which the output measure is profit, as in our example, the conservative
approach  would  lead  the  decision  maker  to  choose  the  alternative  thatapproach  would  lead  the  decision  maker  to  choose  the  alternative  that
maximizes the minimum possible profit that could be obtained. For problemsmaximizes the minimum possible profit that could be obtained. For problems
involving  minimization,  this  approach  identifies  the  alternative  that  willinvolving  minimization,  this  approach  identifies  the  alternative  that  will
minimize the maximum payoff.minimize the maximum payoff.
      
To illustrate the conservative approach, we first identify the minimum payoffTo illustrate the conservative approach, we first identify the minimum payoff
for  each decision alternative;  then we select the decision alternative thatfor  each decision alternative;  then we select the decision alternative that
maximizes the minimum payoff. Table A.2 below shows these steps for XYZmaximizes the minimum payoff. Table A.2 below shows these steps for XYZ
Company.Company.

Table A.2Table A.2 Minimum Payoff For Each Decision AlternativeMinimum Payoff For Each Decision Alternative

Decision AlternativeDecision Alternative Minimum PayoffMinimum Payoff
Small complex (Small complex (dd11)) 77 Maximum of the minimum Maximum of the minimum 



payoff valuespayoff values
Medium complex (Medium complex (dd22)) 55
Large complex (Large complex (dd33)) -9-9

Because 7, corresponding to dBecause 7, corresponding to d11, yields the maximum of the minimum payoffs,, yields the maximum of the minimum payoffs,
the decision alternatives of a small condominium complex is recommended.the decision alternatives of a small condominium complex is recommended.
This decision approach is considered conservative because it identifies theThis decision approach is considered conservative because it identifies the
worst possible payoffs and then recommends the decision alternative thatworst possible payoffs and then recommends the decision alternative that
avoids the possibility of extremely ‘bad’ payoffs.avoids the possibility of extremely ‘bad’ payoffs.

Minimax Regret ApproachMinimax Regret Approach

MinimaxMinimax regret is an approach to decision making that is neither purely regret is an approach to decision making that is neither purely
optimistic nor purely conservative. To illustrate this approach, we continue tooptimistic nor purely conservative. To illustrate this approach, we continue to
use the example of XYZ Company’s decision alternatives.use the example of XYZ Company’s decision alternatives.

Suppose  XYZ  constructs  a  small  condominium  complex  (dSuppose  XYZ  constructs  a  small  condominium  complex  (d11)  and  demand)  and  demand
turns out to be strong (sturns out to be strong (s11). From our original Table A, it is shown that the). From our original Table A, it is shown that the
resulting profit would be $8 million. However, given that the strong demandresulting profit would be $8 million. However, given that the strong demand
state of nature (sstate of nature (s11) has occurred, we realize that the decision to construct a) has occurred, we realize that the decision to construct a
large condominium complex (dlarge condominium complex (d33), yielding a profit of $20 million, would have), yielding a profit of $20 million, would have
been  the  best  decision.  The  difference  between  the  payoff  for  the  bestbeen  the  best  decision.  The  difference  between  the  payoff  for  the  best
decision alternative ($20 million) and the payoff for the decision to constructdecision alternative ($20 million) and the payoff for the decision to construct
a  small  condominium  complex  ($8  million)  is  the  a  small  condominium  complex  ($8  million)  is  the  opportunity  loss,opportunity  loss, or or
regret,regret, associated  with  decision  alternative  d1  when  state  of  nature  s associated  with  decision  alternative  d1  when  state  of  nature  s11
occurs. For this case, the opportunity loss or regret is $12 million ($20 millionoccurs. For this case, the opportunity loss or regret is $12 million ($20 million
- $8 million).- $8 million).

The following expression represents the opportunity loss or regret.The following expression represents the opportunity loss or regret.

RRij ij = \V= \VJJ – V – Vijij\\
wherewhere

RRijij  = the regret  associated with decision alternative d= the regret  associated with decision alternative d ii and state  of and state  of
nature snature sj j 

VVJJ = the payoff value corresponding to the best decision for the state of = the payoff value corresponding to the best decision for the state of
nature snature sjj

VVijij = the payoff corresponding to decision alternative di and state of = the payoff corresponding to decision alternative di and state of
nature snature sjj

Applying the above equation on our example in Table A, we can compute theApplying the above equation on our example in Table A, we can compute the
regret associated with each combination of decision alternative dregret associated with each combination of decision alternative d ii and state and state
of nature sof nature sjj. Table A.3 below shows the opportunity loss, or regret, table for. Table A.3 below shows the opportunity loss, or regret, table for
XYZ Company.XYZ Company.

Table A.3Table A.3 Opportunity Loss, Or Regret, Table For Xyz Condominium ProjectOpportunity Loss, Or Regret, Table For Xyz Condominium Project
($ Million)($ Million)

Decision AlternativeDecision Alternative

State of NatureState of Nature
Strong Demand Strong Demand 
((ss11)) Weak Demand (Weak Demand (ss22))

Small complex (Small complex (dd11)) 1212 00



Medium complex (Medium complex (dd22)) 66 22
Large complex (Large complex (dd33)) 00 1616

The  next  step  is  in  applying  the  minimax  regret  approach  is  to  list  theThe  next  step  is  in  applying  the  minimax  regret  approach  is  to  list  the
maximum regret for each decision alternative, as shown in Table A.4 below.maximum regret for each decision alternative, as shown in Table A.4 below.
Selecting  the  decision  alternative  with  Selecting  the  decision  alternative  with  minimumminimum of  the   of  the  maximummaximum regret regret
values yields the minimax regret decision.values yields the minimax regret decision.

Table A.4Table A.4 Maximum Regret For Each Decision AlternativeMaximum Regret For Each Decision Alternative

Decision AlternativeDecision Alternative
Maximum Maximum 
RegretRegret

Small complex (Small complex (dd11)) 1212
Medium complex (Medium complex (dd22))

66
Minimum of the maximum Minimum of the maximum 
regretregret

Large complex (Large complex (dd33)) 1616

The three approaches discussed so far provide different recommendations.The three approaches discussed so far provide different recommendations.
They simply show the difference in decision-making philosophies. The mainThey simply show the difference in decision-making philosophies. The main
drawback of these approaches is that they do not consider any informationdrawback of these approaches is that they do not consider any information
about the probabilities of the various states of nature. about the probabilities of the various states of nature. 

8.3.2.28.3.2.2 Decision Making With ProbabilitiesDecision Making With Probabilities

In many decision-making situations, we can obtain probability assessmentsIn many decision-making situations, we can obtain probability assessments
for the states of nature. When such probabilities are available, we can usefor the states of nature. When such probabilities are available, we can use
the the expected value approachexpected value approach to identify the best decision alternative. to identify the best decision alternative.
The The expected value (EV)expected value (EV) of decision alternative  of decision alternative ddii is defined as: is defined as:

          
EV(EV(ddii) = ) = P(P(ssjj))VVijij

wherewhere
N = the number of states of natureN = the number of states of nature
P(P(ssjj) = the probability of state of nature ) = the probability of state of nature ssjj

The probabilities must satisfy two conditions:The probabilities must satisfy two conditions:

P(P(ssjj) )  0  0 for all states of naturefor all states of nature
P(P(ss11) + P() + P(ss22) + …+ P() + …+ P(ssNN) = 1) = 1

In words, the expected value of a decision alternative is the sum of weightedIn words, the expected value of a decision alternative is the sum of weighted
payoffs for the decision alternative. The weight for a payoff is the probabilitypayoffs for the decision alternative. The weight for a payoff is the probability
of the associated state of nature and therefore the probability that the payoffof the associated state of nature and therefore the probability that the payoff
will occur.will occur.
To illustrate the application of the expected value approach, we assume anTo illustrate the application of the expected value approach, we assume an
initial subjective probability assessment of 0.8 that demand will be strong (initial subjective probability assessment of 0.8 that demand will be strong (ss11))
and a corresponding probability of 0.2 that demand will be weak (and a corresponding probability of 0.2 that demand will be weak (ss22). Using). Using
the EV formula, the expected value of each decision alternative will be asthe EV formula, the expected value of each decision alternative will be as
follows:follows:

EV(EV(dd11) = 0.8(8) + 0.2(7)) = 0.8(8) + 0.2(7) = 7.8= 7.8

j=1

N



EV(EV(dd22) = 0.8(14) + 0.2(5)) = 0.8(14) + 0.2(5) = 12.2= 12.2
EV(EV(dd33) = 0.8(20) + 0.2(-9)) = 0.8(20) + 0.2(-9)= 14.2= 14.2

Thus,  using  the  expected  value  approach,  we  find  that  the  largeThus,  using  the  expected  value  approach,  we  find  that  the  large
condominium  complex,  with  an  expected  value  of  $14.2  million,  is  thecondominium  complex,  with  an  expected  value  of  $14.2  million,  is  the
recommended decision.recommended decision.

Expected Value of Perfect InformationExpected Value of Perfect Information

Suppose  that  XYZ  Company  has  the  opportunity  to  conduct  a  marketSuppose  that  XYZ  Company  has  the  opportunity  to  conduct  a  market
research study that would help evaluate buyer interest in the condominiumresearch study that would help evaluate buyer interest in the condominium
project and provide information that management could use to improve theproject and provide information that management could use to improve the
probability assessments for the states of nature. To determine the potentialprobability assessments for the states of nature. To determine the potential
value  of  this  information,  suppose  that  the  study  could  provide  value  of  this  information,  suppose  that  the  study  could  provide  perfectperfect
informationinformation regarding the states of nature; that is, we assume for the time regarding the states of nature; that is, we assume for the time
being that XYZ could determine with certainty, prior to making a decision,being that XYZ could determine with certainty, prior to making a decision,
which  state  of  nature  is  going  to  occur.  To  make  use  of  this  perfectwhich  state  of  nature  is  going  to  occur.  To  make  use  of  this  perfect
information, we will develop a decision strategy that XYZ should follow once itinformation, we will develop a decision strategy that XYZ should follow once it
knows which state of nature will occur. A  knows which state of nature will occur. A  decision strategydecision strategy is a decision is a decision
rule  that  specifies  the  decision  alternative  to  be  selected  after  newrule  that  specifies  the  decision  alternative  to  be  selected  after  new
information becomes available.information becomes available.

To help determine the decision strategy for XYZ, we again use Table A. If XYZTo help determine the decision strategy for XYZ, we again use Table A. If XYZ
knew  for  sure  that  state  of  nature  sknew  for  sure  that  state  of  nature  s11 would  occur,  the  best  decision would  occur,  the  best  decision
alternative would be dalternative would be d3, 3, with a payoff of $20 million. Similarly, if XYZ knew forwith a payoff of $20 million. Similarly, if XYZ knew for
sure that state of nature ssure that state of nature s22 would occur, the best decision alternative would would occur, the best decision alternative would
be dbe d1,  1,  with a payoff of $7 million. Thus we can state XYZ’s optimal decisionwith a payoff of $7 million. Thus we can state XYZ’s optimal decision
strategy when the perfect information becomes available as follows:strategy when the perfect information becomes available as follows:

If sIf s1, 1, select dselect d33 and receive a payoff of $20 million. and receive a payoff of $20 million.
If sIf s2, 2, select dselect d11 and receive a payoff of $7 million. and receive a payoff of $7 million.

Then the question follows: What is the expected value for this strategy? ToThen the question follows: What is the expected value for this strategy? To
compute  the  expected  value  with  perfect  information,  we  will  take  thecompute  the  expected  value  with  perfect  information,  we  will  take  the
previous probabilities for the states of nature: P(previous probabilities for the states of nature: P(ss11) = 0.8, and P() = 0.8, and P(ss22) = 0.2.) = 0.2.
Thus, there a 0.8 probability that the perfect information will indicate state ofThus, there a 0.8 probability that the perfect information will indicate state of
nature s1 and the resulting decision alternative d3 will provide a $20 millionnature s1 and the resulting decision alternative d3 will provide a $20 million
profit.  Similarly,  with  a 0.2 probability for  state of  nature s2,  the optimalprofit.  Similarly,  with  a 0.2 probability for  state of  nature s2,  the optimal
decision alternative d1 will provide a $7 million profit. Thus, the expecteddecision alternative d1 will provide a $7 million profit. Thus, the expected
value of the decision strategy that uses perfect information is:value of the decision strategy that uses perfect information is:

0.8(20) + 0.2(7) = 17.40.8(20) + 0.2(7) = 17.4

We refer to the expected value of $17.4 million as We refer to the expected value of $17.4 million as the expected value withthe expected value with
perfect informationperfect information (EVwPI).  (EVwPI). 
Previously, we showed that the recommended decision using the expectedPreviously, we showed that the recommended decision using the expected
value approach is  decision alternative d3, with a expected value of $14.2value approach is  decision alternative d3, with a expected value of $14.2
million.  Because  this  decision  recommendation  and  the  expected  valuemillion.  Because  this  decision  recommendation  and  the  expected  value
computation were made without  the benefit  of  perfect  information,  $14.2computation were made without  the benefit  of  perfect  information,  $14.2
million is referred to as the million is referred to as the expected value without perfect informationexpected value without perfect information
(EVwoPI). (EVwoPI). 



We have now obtained the expected value with perfect information as $17.4We have now obtained the expected value with perfect information as $17.4
million, and the expected value without perfect information as $14.2 million.million, and the expected value without perfect information as $14.2 million.
Therefore,  the expected value of the perfect information (EVPI) is  $17.4 -Therefore,  the expected value of the perfect information (EVPI) is  $17.4 -
$14.2 = $3.2 million. In other words, $3.2 million represents the additional$14.2 = $3.2 million. In other words, $3.2 million represents the additional
expected value that can be obtained if  perfect information were availableexpected value that can be obtained if  perfect information were available
about the states of nature. about the states of nature. 
Generally  speaking,  a  market  research  study  will  not  provide  “perfect”Generally  speaking,  a  market  research  study  will  not  provide  “perfect”
information.  However,  if  the  market  research  study  is  a  good  one,  theinformation.  However,  if  the  market  research  study  is  a  good  one,  the
information gathered might be worth a sizable portion of the $3.2 million.information gathered might be worth a sizable portion of the $3.2 million.
Given the EVPI of $3.2 million, XYZ Company should seriously consider theGiven the EVPI of $3.2 million, XYZ Company should seriously consider the
market  survey  as  a  way  to  obtain  more  information  about  the  states  ofmarket  survey  as  a  way  to  obtain  more  information  about  the  states  of
nature.nature.

In general,  the  In general,  the  expected value of perfect informationexpected value of perfect information is computed as is computed as
follows:follows:

EVPI = \EVwPI – EVwoPI\EVPI = \EVwPI – EVwoPI\
wherewhere

EVPI    = expected value of perfect informationEVPI    = expected value of perfect information
EVwPI  = expected value with perfect information about the states ofEVwPI  = expected value with perfect information about the states of

naturenature
EVwoPI = expected value without perfect information about the statesEVwoPI = expected value without perfect information about the states

of natureof nature

8.48.4 DECISION ANALYSIS WITH SAMPLE INFORMATIONDECISION ANALYSIS WITH SAMPLE INFORMATION

In  applying  the  expected  value  approach,  we  have  seen  how  probabilityIn  applying  the  expected  value  approach,  we  have  seen  how  probability
information about the states of nature affects the expected value calculationsinformation about the states of nature affects the expected value calculations
and thus the decision recommendation. Most of the time, decision-makersand thus the decision recommendation. Most of the time, decision-makers
have preliminary or prior probability estimates for states of nature that arehave preliminary or prior probability estimates for states of nature that are
the best probability values available.  However,  to  make the best  possiblethe best probability values available.  However,  to  make the best  possible
decision, the decision-maker may want to seek additional information aboutdecision, the decision-maker may want to seek additional information about
the states of nature.the states of nature.

This new information can be used to revise or update the prior probabilitiesThis new information can be used to revise or update the prior probabilities
so that the final  decision is  based on better probability  estimates for  theso that the final  decision is  based on better probability  estimates for  the
states  of  nature.  The  seeking  of  additional  information  is  most  oftenstates  of  nature.  The  seeking  of  additional  information  is  most  often
accomplished through experiments designed to provide sample informationaccomplished through experiments designed to provide sample information
about  the  states  of  nature.  Raw  material  sampling,  product  testing,  andabout  the  states  of  nature.  Raw  material  sampling,  product  testing,  and
market  research studies  are examples  of  experiments that  may enable  amarket  research studies  are examples  of  experiments that  may enable  a
revision or updating of the states of nature probabilities.revision or updating of the states of nature probabilities.

To illustrate the decision analysis approach, let  us consider the case of  aTo illustrate the decision analysis approach, let  us consider the case of  a
newly formed computer service which has the problem of selecting one of thenewly formed computer service which has the problem of selecting one of the
three computer systems; large,  medium, or small.  They differ in size andthree computer systems; large,  medium, or small.  They differ in size and
capacity. The three decision alternatives are denoted by d1, d2 and d3, ascapacity. The three decision alternatives are denoted by d1, d2 and d3, as
shown in the payoff table below:shown in the payoff table below:

Decision AlternativeDecision Alternative

State of NatureState of Nature
High Acceptance High Acceptance 
((ss11)) Low Acceptance (Low Acceptance (ss22))



Large system (Large system (dd11)) 200,000200,000 -20,000-20,000
Medium system (Medium system (dd22)) 150,000150,000 20,00020,000
Small system (Small system (dd33)) 100,000100,000 60,00060,000

Suppose  that  management  believes  that  s1  has  a  0.3  probability  ofSuppose  that  management  believes  that  s1  has  a  0.3  probability  of
occurrence and that s2 has a 0.7 probability of occurrence. Thus P(s1) = 0.3occurrence and that s2 has a 0.7 probability of occurrence. Thus P(s1) = 0.3
and  P(s2)  =  0.7.  At  this  point,  we  will  refer  to  these  initial  probabilityand  P(s2)  =  0.7.  At  this  point,  we  will  refer  to  these  initial  probability
estimates  as  the  prior  probabilities  for  the  states  of  nature.  Using  theseestimates  as  the  prior  probabilities  for  the  states  of  nature.  Using  these
probabilities,  we  find  that  d3,  the  decision  to  select  the  small  system isprobabilities,  we  find  that  d3,  the  decision  to  select  the  small  system is
optimal, yielding an expected valueoptimal, yielding an expected value of  of $72,000. From this figure, we can also$72,000. From this figure, we can also
expect that the value of the perfect information about the states of natureexpect that the value of the perfect information about the states of nature
could potentially worth as much as EVPI = $30,000.could potentially worth as much as EVPI = $30,000.

Suppose that management of the newly formed computer service decides toSuppose that management of the newly formed computer service decides to
consider  hiring  a  market  research  firm  to  study  the  acceptance  of  thatconsider  hiring  a  market  research  firm  to  study  the  acceptance  of  that
service. The market research study will provide new information that can beservice. The market research study will provide new information that can be
combined with the prior probabilities through the Baysian procedure to obtaincombined with the prior probabilities through the Baysian procedure to obtain
updated  or  revised  probability  estimates  for  the  states  of  nature.  Theseupdated  or  revised  probability  estimates  for  the  states  of  nature.  These
revised probabilities are called posterior probabilities. We refer to the newrevised probabilities are called posterior probabilities. We refer to the new
information obtained through research or experiment as an information obtained through research or experiment as an indicatorindicator and is and is
often referred to as sample information.often referred to as sample information.

Using  the  indicator  terminology,  we  can  denote  the  outcomes  of  theUsing  the  indicator  terminology,  we  can  denote  the  outcomes  of  the
marketing research study as follows:marketing research study as follows:

I1 = favorable market research reportI1 = favorable market research report
I2 = unfavorable market research reportI2 = unfavorable market research report

To make effective use of this indicator information, we must know somethingTo make effective use of this indicator information, we must know something
about the probability relationships between the indicators and the states ofabout the probability relationships between the indicators and the states of
nature.  For  example,  in  our  case problem, given that the state  of  naturenature.  For  example,  in  our  case problem, given that the state  of  nature
ultimately turns out to be high customer acceptance, what is the probabilityultimately turns out to be high customer acceptance, what is the probability
that the market research study will result in a favorable report? In this case,that the market research study will result in a favorable report? In this case,
we are asking about the conditional probability indicator I1, given state ofwe are asking about the conditional probability indicator I1, given state of
nature  s1,  written  as  P(I1\s1).  To  carry  out  the  analysis,  we  will  neednature  s1,  written  as  P(I1\s1).  To  carry  out  the  analysis,  we  will  need
conditional probabilities for all indicators given all states of nature, conditional probabilities for all indicators given all states of nature, 

i.e., P(I1\s1), P(I1\s2), P(I2\s1), and P(I2\s2).i.e., P(I1\s1), P(I1\s2), P(I2\s1), and P(I2\s2).

In our problem, assume that the following estimates are available for
the conditional probabilities:

State of NatureState of Nature
Market Research ReportMarket Research Report

Favorable (I1)Favorable (I1) Unfavorable (I2)Unfavorable (I2)
High acceptance (sHigh acceptance (s11)) 0.80.8 0.20.2
Low acceptance (sLow acceptance (s22)) 0.10.1 0.90.9

Note  that  these  probability  estimates  indicate  that  a  good  degree  ofNote  that  these  probability  estimates  indicate  that  a  good  degree  of
confidence can be placed in the market research report.confidence can be placed in the market research report.



8.4.1.Developing a Decision Strategy 8.4.1.Developing a Decision Strategy 

a decision strategy is a rule that is to be followed by the decision maker. In a decision strategy is a rule that is to be followed by the decision maker. In 
our case problem, it is a rule that recommends a particular decision based onour case problem, it is a rule that recommends a particular decision based on
whether the market research report is favorable or unfavorable.whether the market research report is favorable or unfavorable.

Using the decision tree terminology, we have now introduced an indicator Using the decision tree terminology, we have now introduced an indicator 
node, node 1, and indicator branches, I1 and I2. Selecting the best decision node, node 1, and indicator branches, I1 and I2. Selecting the best decision 
branch is equivalent to making the best decision. All states of nature branch is equivalent to making the best decision. All states of nature 
probabilities will be expressed in a P(sj\Ik) form.probabilities will be expressed in a P(sj\Ik) form.

An Optimal Decision StrategyAn Optimal Decision Strategy

An optimal decision strategy is the use of the expected value (EV) approach An optimal decision strategy is the use of the expected value (EV) approach 
to determine the decision strategy. Working backward through the decision to determine the decision strategy. Working backward through the decision 
tree, we first compute the EV of each state of nature node. Since the decisiontree, we first compute the EV of each state of nature node. Since the decision
maker controls the branch leaving a decision node and since we are trying to maker controls the branch leaving a decision node and since we are trying to 
maximize expected profits, the optimal decision at node 2 is d1, since d1 maximize expected profits, the optimal decision at node 2 is d1, since d1 
leads to an EV of $150,324. A similar analysis of decision node 3 shows that leads to an EV of $150,324. A similar analysis of decision node 3 shows that 
the optimal decision branch at this node d3,with EV of $63,480.the optimal decision branch at this node d3,with EV of $63,480.

As a final step, we continue working backward to the indicator node and As a final step, we continue working backward to the indicator node and 
establish its EV. We see that since node 1 has probability branches, we can establish its EV. We see that since node 1 has probability branches, we can 
not select the best branch. Rather, we must compute the EV. Thus, we have,not select the best branch. Rather, we must compute the EV. Thus, we have,

EV(node 1) = (0.31) EV(node 2) + (0.69) EV(node 3)EV(node 1) = (0.31) EV(node 2) + (0.69) EV(node 3)
= (0.31) (150,324) + (0.69) (63,480)= (0.31) (150,324) + (0.69) (63,480)
= $90,402.= $90,402.

The value $90,402 is viewed as the EV of the optimal decision strategy whenThe value $90,402 is viewed as the EV of the optimal decision strategy when
the market research study is used.the market research study is used.
The results of the decision analysis at this point have provided the followingThe results of the decision analysis at this point have provided the following
optimal decision strategy:optimal decision strategy:

If report favorable (I1), then select large system (d1)If report favorable (I1), then select large system (d1)
If report unfavorable (I2), then select small system (d3)If report unfavorable (I2), then select small system (d3)

Since the additional information provided by the market research firm willSince the additional information provided by the market research firm will
result  in  added  cost  in  terms  of  the  fee  paid  to  the  research  firm,  theresult  in  added  cost  in  terms  of  the  fee  paid  to  the  research  firm,  the
management of the newly formed computer service may question the valuemanagement of the newly formed computer service may question the value
of this market research information.of this market research information.
The value of sample information is often measured by calculating what isThe value of sample information is often measured by calculating what is
referred to as the EV of sample information (EVSI).referred to as the EV of sample information (EVSI).

EVSI = EV of the optimal decision - EV of the optimal decisionEVSI = EV of the optimal decision - EV of the optimal decision
   with sample information   with sample information   without sample information  without sample information

The decision tree calculations indicated that the EV of the optimal decisionThe decision tree calculations indicated that the EV of the optimal decision
with the market research information was $90,402, thus, this value is the EVwith the market research information was $90,402, thus, this value is the EV
with sample information; i.e., EVwSI = $90,402. When sample information iswith sample information; i.e., EVwSI = $90,402. When sample information is
not available, the EV approach resulted in recommending decision alternativenot available, the EV approach resulted in recommending decision alternative
d3  with  an  EV  of  $72,000;  thus,  this  value  is  the  EV  without  sampled3  with  an  EV  of  $72,000;  thus,  this  value  is  the  EV  without  sample
information; i.e., EVwoSI = $72,000. Therefore,information; i.e., EVwoSI = $72,000. Therefore,



EVSI = $90,402 - $72,000 = $18,402.EVSI = $90,402 - $72,000 = $18,402.

Thus,  the newly  formed computer  service should  be willing  to  pay  up  toThus,  the newly  formed computer  service should  be willing  to  pay  up  to
$18,402 for the market research information.$18,402 for the market research information.

Efficiency of Sample InformationEfficiency of Sample Information

From our previous analysis of EV of perfect information, we know that EVPIFrom our previous analysis of EV of perfect information, we know that EVPI
was $30,000. While we never expected the market research report to obtainwas $30,000. While we never expected the market research report to obtain
perfectperfect information, we  information, we can use an efficiency measure to express the valuecan use an efficiency measure to express the value
of  the  market  research  information.  With  perfect  information  having  anof  the  market  research  information.  With  perfect  information  having  an
efficiency rating of 100%, the efficiency rating E for sample information isefficiency rating of 100%, the efficiency rating E for sample information is
computed as follows:computed as follows:
Efficiency of sample information (E) = (EVSI/EVPI) x 100Efficiency of sample information (E) = (EVSI/EVPI) x 100

    = ($18,402/$30,000) x 100    = ($18,402/$30,000) x 100
    = 61.3%    = 61.3%

This means that, the information from the market research firm is 61.3% asThis means that, the information from the market research firm is 61.3% as
efficient as perfect information.efficient as perfect information.
Low efficiency ratings for  sample information (SI)  might lead the decisionLow efficiency ratings for  sample information (SI)  might lead the decision
maker  to  look  for  other  types  of  information.  On  the  other  hand,  highmaker  to  look  for  other  types  of  information.  On  the  other  hand,  high
efficiency ratings indicate that the SI is almost as good as perfect informationefficiency ratings indicate that the SI is almost as good as perfect information
(PI), and additional sources of information should not be worthwhile.(PI), and additional sources of information should not be worthwhile.

8.5.8.5. SENSITIVITY ANALYSISSENSITIVITY ANALYSIS  

Analyzing decisions under risk requires working with estimated values: BothAnalyzing decisions under risk requires working with estimated values: Both
the  payoff  and  the  probabilities  for  the  states  of  nature  are  typicallythe  payoff  and  the  probabilities  for  the  states  of  nature  are  typically
estimated values.  Inaccuracies in the estimates can have an impact on theestimated values.  Inaccuracies in the estimates can have an impact on the
choice  of  an alternative,  and  ultimately,  on the  outcome of  the  decision.choice  of  an alternative,  and  ultimately,  on the  outcome of  the  decision.
Sensitivity  analysis  can  be  used  to  determine  how  changes  in  theSensitivity  analysis  can  be  used  to  determine  how  changes  in  the
probabilities for the states of nature and/or changes in the payoffs affect theprobabilities for the states of nature and/or changes in the payoffs affect the
recommended decision alternative.  In many cases, the probabilities for therecommended decision alternative.  In many cases, the probabilities for the
states  of  nature  and  the  payoffs  are  based  on  subjective  assessments.states  of  nature  and  the  payoffs  are  based  on  subjective  assessments.
Sensitivity  analysis  helps  the  decision  maker  understand  which  of  theseSensitivity  analysis  helps  the  decision  maker  understand  which  of  these
inputs are critical to the choice of the best decision alternative. If  a smallinputs are critical to the choice of the best decision alternative. If  a small
change in the value of one of the decision analysis problem is sensitive tochange in the value of one of the decision analysis problem is sensitive to
that particular input. Extra effort and care should be taken to make sure thethat particular input. Extra effort and care should be taken to make sure the
input value is accurate as possible.  On the other hand, if a modest to largeinput value is accurate as possible.  On the other hand, if a modest to large
change in the value of one of the inputs does not cause a change in thechange in the value of one of the inputs does not cause a change in the
recommended  decision  alternative,  the  solution  to  the  decision  analysisrecommended  decision  alternative,  the  solution  to  the  decision  analysis
problem is not sensitive to that particular input.  No extra time or effort wouldproblem is not sensitive to that particular input.  No extra time or effort would
be needed to refine the estimated input value. Sensitivity analysis helps yoube needed to refine the estimated input value. Sensitivity analysis helps you
to identify the most important parameters (the probabilities and outcomes) into identify the most important parameters (the probabilities and outcomes) in
the model.the model.

8.5.1.8.5.1.Algebraic PresentationAlgebraic Presentation
Sensitivity to changes in the probability of the states of nature.Sensitivity to changes in the probability of the states of nature.   One  One
approach  to  sensitivity  analysis  is  to  select  different  values  for  theapproach  to  sensitivity  analysis  is  to  select  different  values  for  the
probabilities of the states of nature and/or the payoffs and then resolve theprobabilities of the states of nature and/or the payoffs and then resolve the
decision analysis problem. If the recommended decision alternative changes,decision analysis problem. If the recommended decision alternative changes,
we know that the solution is sensitive to the changes made. The drawback towe know that the solution is sensitive to the changes made. The drawback to



this approach is the numerous calculations required to evaluate the effects ofthis approach is the numerous calculations required to evaluate the effects of
several possible changes in the state of nature probabilities. several possible changes in the state of nature probabilities. 
Consider an example of a condominium project shown in the table below.Consider an example of a condominium project shown in the table below.

Table 1.   Payoff (in $ million)  using expected value approach for aTable 1.   Payoff (in $ million)  using expected value approach for a
condominium project.condominium project.

State of NatureState of Nature
(Demand)(Demand)

Expected ValueExpected Value

AlternativeAlternative (strong)(strong) (Weak)(Weak) EVEV
small complex (a1)small complex (a1) 88 77 7.87.8
Medium complex (a2)Medium complex (a2) 1414 55 12.212.2
Large complex (a3)Large complex (a3) 2020 -9-9 14.214.2

Prior probabilityPrior probability 0.80.8 0.20.2

The revised EV values for the three decision alternatives areThe revised EV values for the three decision alternatives are
EV(aEV(a11) = 0.2(8) + 0.8(7) = 7.2) = 0.2(8) + 0.8(7) = 7.2
EV(aEV(a22) = 0.2(14) + 0.8(5) = 6.8) = 0.2(14) + 0.8(5) = 6.8
EV(aEV(a33) = 0.2(20) + 0.8(-9) = -3.2) = 0.2(20) + 0.8(-9) = -3.2

From the results, it can be shown that the recommended alternative for theFrom the results, it can be shown that the recommended alternative for the
project would be to construct small  condominium (aproject would be to construct small  condominium (a11).  The change in the).  The change in the
probabilities of the states of nature has affected the previous assessment;probabilities of the states of nature has affected the previous assessment;
i.e.,  alternative  (ai.e.,  alternative  (a33)  is  highly  sensitive  to  the  change  among  the  other)  is  highly  sensitive  to  the  change  among  the  other
alternatives.alternatives.

8.5.2.8.5.2.Graphical PresentationGraphical Presentation
For the special case of two states of nature, a graphical procedure can beFor the special case of two states of nature, a graphical procedure can be
used to determine how changes for  probabilities  affect the recommendedused to determine how changes for  probabilities  affect the recommended
decision alternative. As illustrated in the example belowdecision alternative. As illustrated in the example below
The two states of nature in table1 sThe two states of nature in table1 s22 and s and s22 have probabilities of occurrence have probabilities of occurrence
p(s1) and p(s2) respectively.p(s1) and p(s2) respectively.

Let p(sLet p(s11)= )= pp, then p(s2)= 1- , then p(s2)= 1- pp. The expected value of three alternatives. The expected value of three alternatives
EV(aEV(a11) = ) = pp + 7 + 7
EV(aEV(a11) = 9) = 9pp + 5 + 5
EV(aEV(a11) = 29) = 29pp -  9 -  9

Plotting  the  graph  for  this  values,  we  can  conclude  that  the  decisionPlotting  the  graph  for  this  values,  we  can  conclude  that  the  decision
alternative A1 provides the largest value for p alternative A1 provides the largest value for p  0.25, decision alternative A2 0.25, decision alternative A2



provides  the  largest  expected  value  for  0.25  provides  the  largest  expected  value  for  0.25   p   p   0.70,  and  decision 0.70,  and  decision
alternative A3 provides the largest expected value for p alternative A3 provides the largest expected value for p  0.7.  Because  0.7.  Because pp is is
the probability of the state of nature sthe probability of the state of nature s11 and (1-p) is the probability of the and (1-p) is the probability of the
state of nature s2, we now have the sensitivity analysis information that tellstate of nature s2, we now have the sensitivity analysis information that tell
us how changes in the state of nature probabilities affect the recommendedus how changes in the state of nature probabilities affect the recommended
decision alternative.decision alternative.

Graphical sensitivity analysis shows how changes in the probabilities for theGraphical sensitivity analysis shows how changes in the probabilities for the
states of  nature affect  the recommended decision alternative.   Sensitivitystates of  nature affect  the recommended decision alternative.   Sensitivity
analysis can assist management in deciding whether more time and effortanalysis can assist management in deciding whether more time and effort
should be spent obtaining better estimates of payoffs and probabilities.should be spent obtaining better estimates of payoffs and probabilities.
  
8.6.8.6. UTILITY AND GAME THEORYUTILITY AND GAME THEORY
8.6.18.6.1 UtilityUtility

Although monetary value is a common basis for decision making, it is not theAlthough monetary value is a common basis for decision making, it is not the
only basis, even for business decisions. In certain instances, decision makersonly basis, even for business decisions. In certain instances, decision makers
use  multiple  criteria,  one  of  which  is  the  potential  satisfaction  oruse  multiple  criteria,  one  of  which  is  the  potential  satisfaction  or
dissatisfaction associated with possible payoffs.dissatisfaction associated with possible payoffs.

For example, a great many people participate in state lottery. However, fromFor example, a great many people participate in state lottery. However, from
a strict standpoint, lotteries have a negative expected value; the expecteda strict standpoint, lotteries have a negative expected value; the expected
return is less than the cost of buying the lottery. If it were not, the statesreturn is less than the cost of buying the lottery. If it were not, the states
would lose money by running lotteries. Why do people play lotteries then?would lose money by running lotteries. Why do people play lotteries then?
The answer is that they are hoping to win a large amount of money, and theyThe answer is that they are hoping to win a large amount of money, and they



are  willing  to  sacrifice  a  relatively  small  amount  of  money  to  have  thatare  willing  to  sacrifice  a  relatively  small  amount  of  money  to  have  that
chance. In other words, even though their chances of winning are close tochance. In other words, even though their chances of winning are close to
zero, they have a great utility for the potential winnings despite a negativezero, they have a great utility for the potential winnings despite a negative
expected value than for the amount of money they have to give up (pay) toexpected value than for the amount of money they have to give up (pay) to
participate in the lottery. Similar arguments can be made for other forms ofparticipate in the lottery. Similar arguments can be made for other forms of
wagering.  People  who  behave  in  this  fashion,  whether  for  purposes  ofwagering.  People  who  behave  in  this  fashion,  whether  for  purposes  of
wagering or in other forms of decision making, are sometimes referred to aswagering or in other forms of decision making, are sometimes referred to as
risk takersrisk takers. . 

Just the opposite happens when a person buying insurance giving up a fixedJust the opposite happens when a person buying insurance giving up a fixed
dollar amount to insure against an event (eg., a fire accident) that has verydollar amount to insure against an event (eg., a fire accident) that has very
little chance of occurring. Even so, if a fire or other insured event did occur,little chance of occurring. Even so, if a fire or other insured event did occur,
the consequences would be so catastrophic that an individual would not wantthe consequences would be so catastrophic that an individual would not want
to be exposed to that degree of risk. Thus, although buying insurance carriesto be exposed to that degree of risk. Thus, although buying insurance carries
a negative monetary value, most individuals recognize the merit of doing so.a negative monetary value, most individuals recognize the merit of doing so.
We refer to  such individuals as risk averters.  Of  course,  some individualsWe refer to  such individuals as risk averters.  Of  course,  some individuals
exhibit both forms of behavior in their decision making; they are risk takersexhibit both forms of behavior in their decision making; they are risk takers
for certain kinds of decisions, but risk averters for others.  A lottery playerfor certain kinds of decisions, but risk averters for others.  A lottery player
who owns a life insurance policy would be an example of this.who owns a life insurance policy would be an example of this.

Thus, utility is a measure of the potential satisfaction derived from money.Thus, utility is a measure of the potential satisfaction derived from money.
Although  utility  can  be  an  important  factor  in  certain  kinds  of  decisionAlthough  utility  can  be  an  important  factor  in  certain  kinds  of  decision
making, assessing and using utility values can be rather complex. Not onlymaking, assessing and using utility values can be rather complex. Not only
does utility varies with an individual for different types of situations, but itdoes utility varies with an individual for different types of situations, but it
also seems to vary among individuals for the same situation. That is, differentalso seems to vary among individuals for the same situation. That is, different
people might choose different alternatives in a given instance because ofpeople might choose different alternatives in a given instance because of
utility considerations.utility considerations.

8.6.28.6.2 Game TheoryGame Theory

Game theory deals with decision situations in which two intelligent opponentsGame theory deals with decision situations in which two intelligent opponents
have  conflicting  objectives.  Typical  examples  include  launchinghave  conflicting  objectives.  Typical  examples  include  launching
advertisement  campaigns  for  competing  products,  and  planning  waradvertisement  campaigns  for  competing  products,  and  planning  war
strategies for opposing armies. These situations are in contrast with the onesstrategies for opposing armies. These situations are in contrast with the ones
we  have  studied  so  far,  where  nature  is  viewed  as  a  non-malevolentwe  have  studied  so  far,  where  nature  is  viewed  as  a  non-malevolent
opponent.opponent.
In a game conflict, two opponents, known as In a game conflict, two opponents, known as players,players, will each have a finite will each have a finite
or infinite number of alternatives or strategies. Associated with each pair ofor infinite number of alternatives or strategies. Associated with each pair of
strategies is a payoff that one player pays to the other.strategies is a payoff that one player pays to the other.
In games, the success of one player is at the expense of the other.  EachIn games, the success of one player is at the expense of the other.  Each
participant  selects  and  executes  those  strategies,  which  he  believes  willparticipant  selects  and  executes  those  strategies,  which  he  believes  will
result  in his “winning the game”. In games, the participants make use ofresult  in his “winning the game”. In games, the participants make use of
deductive  and  inductive  logic  in  determining  a  strategy  for  winning.  Thedeductive  and  inductive  logic  in  determining  a  strategy  for  winning.  The
theory of games is of interest to us for tjis reason.theory of games is of interest to us for tjis reason.

8.6.2.1. Two-Person Zero-Sum Games8.6.2.1. Two-Person Zero-Sum Games

Our treatment of the theory of games will be limited to two-person games,Our treatment of the theory of games will be limited to two-person games,
that  is,  situations  of  conflict  where there are  only  two participants.  Manythat  is,  situations  of  conflict  where there are  only  two participants.  Many
management situations obviously involve the participation of many personsmanagement situations obviously involve the participation of many persons
and thus are not examples of two-person games. The mathematics for three-and thus are not examples of two-person games. The mathematics for three-
person and larger games, however, is too complex to include in this paper.person and larger games, however, is too complex to include in this paper.



We should remember that the basis underlying the generation of optimal orWe should remember that the basis underlying the generation of optimal or
winning strategies in conflict situations must respect the same principle ofwinning strategies in conflict situations must respect the same principle of
inductive and deductive logic,  regardless of the number of participants. Ainductive and deductive logic,  regardless of the number of participants. A
two-person game is illustrated as follows:two-person game is illustrated as follows:

If a player A has m strategies represented by the subscripted letter AIf a player A has m strategies represented by the subscripted letter A 1 1 , A, A22, A, A33,,
…Am and player B has n strategies represented by the subscripted letter B…Am and player B has n strategies represented by the subscripted letter B11,,
BB22,  B,  B33,  ………B,  ………Bnn.  The  number  m  and  n  need  to  be  equal.  The  total
number of possible outcomes is therefore, m X n. Here it is assumed
that  each player knows not only his own list  of  possible courses of
action but also, of his opponent. For convenience, it is assumed that
player A is always a gainer whereas player B is a loser. Let aij be the
pay off which player A gains from player B if player A chooses strategy
i  and player B chooses strategy j.  Then the payoff matrix is  shown
below:

Player A’s strategyPlayer A’s strategy
Player B’s StrategyPlayer B’s Strategy

BB11 BB22 … … BBnn
AA11 aa1111 aa1212…… aa1n1n
AA22 aa2121 aa2222…… aa2n2n
.. .. .. ..
.. .. .. ..
.. .. .. ..
AAmm aam1m1 aam2m2 aamnmn
By conversion, the rows of the payoff matrix denote player A’s strategies andBy conversion, the rows of the payoff matrix denote player A’s strategies and
the column denote player B’s strategies. Since player A is assumed to be thethe column denote player B’s strategies. Since player A is assumed to be the
gainer always, so he wishes to gain as large a payoff againer always, so he wishes to gain as large a payoff a ij  ij  as possible whileas possible while
player B will do his best to reach a small a value of aplayer B will do his best to reach a small a value of a ijij as possible. Of course, as possible. Of course,
the gain to player B and loss to A must be – athe gain to player B and loss to A must be – a ij ij . . 
Example: For the game with payoff matrix Example: For the game with payoff matrix 

Player A’s Player A’s 
Player B’s Player B’s 

BB11 BB2 2 BB33
AA11 -1-1 22 -2-2
AA22 66 44 -6-6

a)a) Determine the best strategies for player A and B.Determine the best strategies for player A and B.
b)b) Determine the value of game Determine the value of game 
c)c) Is the game fair? Strictly determinable?Is the game fair? Strictly determinable?

Solution: Solution: 
In this example, gains to player A or losses to player B are represented by theIn this example, gains to player A or losses to player B are represented by the
positive quantities. Whereas, losses to A and gains to B are represented bypositive quantities. Whereas, losses to A and gains to B are represented by
negative quantities. It is assumed that A wants to maximize his minimumnegative quantities. It is assumed that A wants to maximize his minimum
gains from B.  Since the payoffs given in the matrix are what  A receives,gains from B.  Since the payoffs given in the matrix are what  A receives,
therefore,  he  is  concerned  with  the  quantities  which  represent  the  rowtherefore,  he  is  concerned  with  the  quantities  which  represent  the  row
minimums. Now A can do now worse than receive one of these values, andminimums. Now A can do now worse than receive one of these values, and
best of them occurs when he chooses strategy A1. This choice provides abest of them occurs when he chooses strategy A1. This choice provides a
payoff of -2 to A when B chooses strategy B3. This refers to A’s choice of A1payoff of -2 to A when B chooses strategy B3. This refers to A’s choice of A1



as his maximum payoff strategy because this row contains the maximum ofas his maximum payoff strategy because this row contains the maximum of
A’s minimum possible payoff from his competitor B. A’s minimum possible payoff from his competitor B. 
 

Player A’s Player A’s 

Player B’s Player B’s Row minimumRow minimum

BB11 BB2 2 BB33

AA11 -1-1 22 -2-2 -2    -2    maximaxi
minmin

AA22 66 44 -6-6 -6-6
AA33
ColumnColumn
maximummaximum

66 44 -2-2 Mini maxMini max

Similarly, it is assumed that B wants to minimize his losses and wishes hisSimilarly, it is assumed that B wants to minimize his losses and wishes his
losses  to  A  be  as  small  as  possible.  There  are  column  maximums  thatlosses  to  A  be  as  small  as  possible.  There  are  column  maximums  that
represent the greatest payments, B might have to make to A. The smallest ofrepresent the greatest payments, B might have to make to A. The smallest of
these losses is -2, which occurs when A chooses his course of action, A1 andthese losses is -2, which occurs when A chooses his course of action, A1 and
B chooses his course of action B3. This choice of B3 by B is his mini max lossB chooses his course of action B3. This choice of B3 by B is his mini max loss
strategy  because;  this  column  amount  is  the  minimum  of  the  maximumstrategy  because;  this  column  amount  is  the  minimum  of  the  maximum
possible losses. In the immediately preceding table, the quantity -2 in the A1possible losses. In the immediately preceding table, the quantity -2 in the A1
row and B3 column is enclosed both in a box and a circle. That is, it is bothrow and B3 column is enclosed both in a box and a circle. That is, it is both
the minimum of the column maxima and the maximum of the row minima.the minimum of the column maxima and the maximum of the row minima.
This value is referred to as the saddle point.This value is referred to as the saddle point.
The payoff amount in the saddle point position is also called value of theThe payoff amount in the saddle point position is also called value of the
game. For this game value of the game V = -2, for player A. The value of thegame. For this game value of the game V = -2, for player A. The value of the
game is always expressed fro the point of view of the player whose strategiesgame is always expressed fro the point of view of the player whose strategies
are listed in the rows. The game is strictly determinable. Also since the valueare listed in the rows. The game is strictly determinable. Also since the value
of the game is not zero, the game is not fair.of the game is not zero, the game is not fair.

Exercise:Exercise:
Assume that two firms are competing for market Share for a particular
product. Each firm is considering what promotional strategy to employ
for  the  coming  period.  Assume  that  the  following  payoff  matrix
describes the increase in market share of firm A and the decrease in
the market share of firm B. Determine the optimal strategies for each
firm.

Firm A Firm A 
Firm B Firm B 

No promotionNo promotion ModerateModerate
promotionpromotion

Much promotionMuch promotion

No promotionNo promotion               55           00               -10-10
ModerateModerate
PromotionPromotion

            1010           66                     22

Much promotionMuch promotion             2020       1515                 1010

i.i. Which firm would be the winner in terms of market share?Which firm would be the winner in terms of market share?



ii.ii. Would the solution strategies necessarily maximize profits for eitherWould the solution strategies necessarily maximize profits for either
of the firm?of the firm?

iii.iii. What might the two firms do to maximize the profit?What might the two firms do to maximize the profit?

CHAPTER -9CHAPTER -9
NETWORK TECHNIQUENETWORK TECHNIQUE

A project consists of number of activities involving the consumption of labour,A project consists of number of activities involving the consumption of labour,
time, material and money etc. Many of these activities will be interdependenttime, material and money etc. Many of these activities will be interdependent
and the rest can be carried out independently in order to achieve the desiredand the rest can be carried out independently in order to achieve the desired
objectives.  The  project  management  should  not  only  plan,  schedule,  co-objectives.  The  project  management  should  not  only  plan,  schedule,  co-
ordinate and optimize the activities of the various participants in the projectordinate and optimize the activities of the various participants in the project
effectively but should also identify and watch closely those critical activitieseffectively but should also identify and watch closely those critical activities
which must be completed within their allotted duration, otherwise, the totalwhich must be completed within their allotted duration, otherwise, the total
project  completion  time  will  require  extension.  On  the  there  hand,project  completion  time  will  require  extension.  On  the  there  hand,
management  should  take advantage of  those  activities  which have  somemanagement  should  take advantage of  those  activities  which have  some
spare time and allow flexibility of planning and economic utilization of thespare time and allow flexibility of planning and economic utilization of the
resources. resources. 

Unless the project happens to be a very small one, the number of activitiesUnless the project happens to be a very small one, the number of activities
involved will be so large that it will be very difficult for the management toinvolved will be so large that it will be very difficult for the management to
keep effective control. Therefore, to deal with large and complex projects orkeep effective control. Therefore, to deal with large and complex projects or
works, a number of management techniques called as ‘Net-Work Techniques’works, a number of management techniques called as ‘Net-Work Techniques’
have been developed. have been developed. 
A few of the more popular techniques are: A few of the more popular techniques are: 
a)  Critical Path Method (C.P.M.) a)  Critical Path Method (C.P.M.) 
b) Program Evaluation and Review Technique. (P.E.R.T.) b) Program Evaluation and Review Technique. (P.E.R.T.) 
c) Resource allocation and Multi-Project Scheduling (R.A.M.P.S.) c) Resource allocation and Multi-Project Scheduling (R.A.M.P.S.) 
Among these, C.P.M. and P.E.R.T. are considered to be most convenient forAmong these, C.P.M. and P.E.R.T. are considered to be most convenient for
application to various engineering projects. application to various engineering projects. 

The  use  of  this  management  technique   of  modern  network  system hasThe  use  of  this  management  technique   of  modern  network  system has
become very essential  in the developing countries. This was developed inbecome very essential  in the developing countries. This was developed in
1957 and is  suitable  for  the  construction  of  engineering  projects  and  for1957 and is  suitable  for  the  construction  of  engineering  projects  and  for
scheduling plant maintenance etc. C.P.M. was first used by the research teamscheduling plant maintenance etc. C.P.M. was first used by the research team
lead by Morgan R. Walker to determine how best to reduce the time requiredlead by Morgan R. Walker to determine how best to reduce the time required
to perform routine plant overhauling, maintenance and construction work. to perform routine plant overhauling, maintenance and construction work. 

With the help of C.P.M., a manager can know that which operation should beWith the help of C.P.M., a manager can know that which operation should be
started after completing a particular operation and what is the status of thestarted after completing a particular operation and what is the status of the
work as related to the scheduled timings. Although, an experienced personwork as related to the scheduled timings. Although, an experienced person
may  know  it  but  this  information,  available  from  the  network,  helps  allmay  know  it  but  this  information,  available  from  the  network,  helps  all
concerned. It also tells that at what moment and in which operations, timeconcerned. It also tells that at what moment and in which operations, time



schedules are adhered strictly so that future programme is not affected andschedules are adhered strictly so that future programme is not affected and
where it can be delayed and to what extent, with out affecting the last datewhere it can be delayed and to what extent, with out affecting the last date
of  completion  of  project.  The  network  can  be  prepared  in  the  followingof  completion  of  project.  The  network  can  be  prepared  in  the  following
phases: phases: 

 Preparation of network. Preparation of network. 
 Estimation of expected time to perform each activity. Estimation of expected time to perform each activity. 
 To compute the critical path schedule.To compute the critical path schedule.
 Interpretation of results.Interpretation of results.

OBJECTIVES OF NETWORK ANALYSIS  OBJECTIVES OF NETWORK ANALYSIS  
Network analysis  entails  a  group of  techniques  for  presenting informationNetwork analysis  entails  a  group of  techniques  for  presenting information
relation to time and resources so as to assist in the planning, scheduling, andrelation to time and resources so as to assist in the planning, scheduling, and
controlling  of  projects.  The  information  usually  represented  by  a  networkcontrolling  of  projects.  The  information  usually  represented  by  a  network
includes the sequences, interdependencies, interrelationship, and criticalityincludes the sequences, interdependencies, interrelationship, and criticality
of  various  activities  of  the  project.  A  net  work  analysis  has  followingof  various  activities  of  the  project.  A  net  work  analysis  has  following
objectives: objectives: 

1.1. Powerful tool of planning, scheduling and control.Powerful tool of planning, scheduling and control.
2.2. Shows the inter-relationships of  the activities  of  a  project  or  aShows the inter-relationships of  the activities  of  a  project  or  a

programme. programme. 
3.3. Minimize total cost where the cost of delays and cost of resourcesMinimize total cost where the cost of delays and cost of resources

required to carry out the tasks can be measured. required to carry out the tasks can be measured. 
4.4. Minimize  total  time  where  required  e.g.  in  maintenance  ofMinimize  total  time  where  required  e.g.  in  maintenance  of

production line machinery in a factory. production line machinery in a factory. 
5.5. Minimization of idle resources. Minimization of idle resources. 
6.6. Minimize production delaysMinimize production delays
7.7. To provide systematic approach in planning and scheduling. To provide systematic approach in planning and scheduling. 
8.8. Follow as integrated approach and bring about better coordinationFollow as integrated approach and bring about better coordination

between the departments. between the departments. 
9.9. Focuses attention on critical activities of the project. Focuses attention on critical activities of the project. 
10.10. Provides up-to-date status information.Provides up-to-date status information.
11.11. Suggests areas for increasing efficiency, reduction of cost. Suggests areas for increasing efficiency, reduction of cost. 

Applications Of Network Techniques Applications Of Network Techniques 
As  explained  earlier,  network  analysis  is  the  systematic  application  forAs  explained  earlier,  network  analysis  is  the  systematic  application  for
planning, scheduling, monitoring and controlling projects or programmes. planning, scheduling, monitoring and controlling projects or programmes. 

Network techniques can be applied to chain of events involving the use ofNetwork techniques can be applied to chain of events involving the use of
time, labour and physical resources. time, labour and physical resources. 

Some of other important applications are: Some of other important applications are: 
a)a) Construction projects Construction projects 

NETWORK TECHNIQUESNETWORK TECHNIQUES
b)b) planning planning 
c)c) Assembly line scheduling Assembly line scheduling 
d)d) Budget and auditingBudget and auditing
e)e) Programmers involving several activities Programmers involving several activities 
f)f) Installation of a complex new plant/ equipmentInstallation of a complex new plant/ equipment
g)g) Research and development Research and development 
h)h) Market penetration programmes Market penetration programmes 
i)i) Strategic and tactical planning Strategic and tactical planning 



j)j) Maintenance  and  overhauling  complicated  equipment  in  theMaintenance  and  overhauling  complicated  equipment  in  the
plants/factories. plants/factories. 

k)k) Organizing of large functions etc. Organizing of large functions etc. 

BASIC NETWORK CONSTRUCTION BASIC NETWORK CONSTRUCTION 

Activity and Events Activity and Events 
ActivityActivity. A project consists of several activities or operations, and the project. A project consists of several activities or operations, and the project
is said to be completed when all such activities are completed. Activity is theis said to be completed when all such activities are completed. Activity is the
actual performance of task. This consumes resources, I.e. time, manpower,actual performance of task. This consumes resources, I.e. time, manpower,
space, material, money etc. space, material, money etc. 

EventEvent. It is a start or completion of a task. In other words, an event is an. It is a start or completion of a task. In other words, an event is an
instantaneous point of time at which activity or activities start or finish. Thisinstantaneous point of time at which activity or activities start or finish. This
do not consume time or resources.do not consume time or resources.
  Following example will clarify the differences between an event and activity: Following example will clarify the differences between an event and activity: 
Start Machine Installation: An activityStart Machine Installation: An activity
Completion of Machine installation: An event Completion of Machine installation: An event 

CRITICAL PATH METHOD (C.PM.) CRITICAL PATH METHOD (C.PM.) 
Mainly there are two systems of network construction: Mainly there are two systems of network construction: 

1.1. AOA system, i.e., ‘Activity on the Arrow system’. AOA system, i.e., ‘Activity on the Arrow system’. 
2.2. AON system, i.e., ‘Activity on the Node system’.AON system, i.e., ‘Activity on the Node system’.

To avoid confusion, the discussion here will focus primarily on the activity-on-To avoid confusion, the discussion here will focus primarily on the activity-on-
arrow convention. arrow convention. 

A.O.A. SYSTEM A.O.A. SYSTEM 
In the ‘Activity on the Arrow system’ (Arrow Diagram Method) an activity isIn the ‘Activity on the Arrow system’ (Arrow Diagram Method) an activity is
graphically represented by an ‘arrow ‘ as shown on the left –side of Fig. Figgraphically represented by an ‘arrow ‘ as shown on the left –side of Fig. Fig
9.19.1

The tail  end of the arrow represents the start  and the head of the arrowThe tail  end of the arrow represents the start  and the head of the arrow
represents the finish or end of the activity. The description of the activity isrepresents the finish or end of the activity. The description of the activity is
written above the arrow. Events are represented by circles or nodes at thewritten above the arrow. Events are represented by circles or nodes at the
beginning and the end of activity arrow/ arrows as shown on the right handbeginning and the end of activity arrow/ arrows as shown on the right hand
side of Fig 9.1 . An event is a junction of two or more activities. side of Fig 9.1 . An event is a junction of two or more activities. 

                                                                                                                      
                                                ACTIVITY      EVENT                   EVENTACTIVITY      EVENT                   EVENT

                                  TAIL            HEAD TAIL            HEAD 
                                                                                            START                    FINISH START                    FINISH 
Fig.9.1. Representation of activity and event in AOA system. Fig.9.1. Representation of activity and event in AOA system. 
The simple network shown in Fig. 9.2 clarifies the representation of activitiesThe simple network shown in Fig. 9.2 clarifies the representation of activities
and events. In any project, certain activities have to be completed before theand events. In any project, certain activities have to be completed before the
commencement  of  certain  other   activist.  Some  of  the  activities  can  becommencement  of  certain  other   activist.  Some  of  the  activities  can  be
started  concurrently.  If  all  the  activities  and  events  in  the  project  arestarted  concurrently.  If  all  the  activities  and  events  in  the  project  are
graphically represented showing their interdependencies, then a Network isgraphically represented showing their interdependencies, then a Network is
obtained. Such a network represents the plan for the entire project. obtained. Such a network represents the plan for the entire project. 



Excavation           Excavation            Concreting           Building wallExcavation           Excavation            Concreting           Building wall
Started                   finished                 finished                completed Started                   finished                 finished                completed 
                                  
                      Excavate                 Concrete                Build wall Excavate                 Concrete                Build wall 
                                                      
                                                          Concreting               Building wallConcreting               Building wall
                                                              Started                       StartedStarted                       Started
                                                  
          Fig. 9.2 A simple Network.  Fig. 9.2 A simple Network.  

RULES FOR NETWORK CONSTRUCTION RULES FOR NETWORK CONSTRUCTION 
 The length of the arrow bears no relationship to the time which theThe length of the arrow bears no relationship to the time which the

activity takes or the resources which the activity consumes. activity takes or the resources which the activity consumes. 
 The arrow in a net work identifies the logical conditions of dependency.The arrow in a net work identifies the logical conditions of dependency.

The geometry of  arrow diagram is  of  no significance except  that  itThe geometry of  arrow diagram is  of  no significance except  that  it
should be aesthetically pleasing. should be aesthetically pleasing. 

 The direction of  the arrow indicates the direction of  work flow. TheThe direction of  the arrow indicates the direction of  work flow. The
normal convention is to go from left to right. normal convention is to go from left to right. 

 All networks are constructed logically on the principle of dependency. All networks are constructed logically on the principle of dependency. 
 No  event  can  be  reached  in  a  project  before  the  activity  whichNo  event  can  be  reached  in  a  project  before  the  activity  which

immediately  precedes  is  completed.  Similarly  no  activity  can  beimmediately  precedes  is  completed.  Similarly  no  activity  can  be
started  until  the  event  which  immediately   precedes  it,  has  beenstarted  until  the  event  which  immediately   precedes  it,  has  been
reached. reached. 

 Every  activity  in  the  net  work  should  be  completed  to  reach  theEvery  activity  in  the  net  work  should  be  completed  to  reach  the
objective or the end event. objective or the end event. 

 No set of activities can form a circular loop. No set of activities can form a circular loop. 

Numbering the events and activity identification Numbering the events and activity identification 

Rules for numbering events and identification of activities are as follows: Rules for numbering events and identification of activities are as follows: 
 All events must be numbered. All events must be numbered. 
 The same number cannot be used for more than one event. This isThe same number cannot be used for more than one event. This is

necessary in order to identify each activity. necessary in order to identify each activity. 
 Events can be numbered in any order but usually forward numberingEvents can be numbered in any order but usually forward numbering

system is more familiar. In this method, first event in the network issystem is more familiar. In this method, first event in the network is
numbered 1 (or zero) and the second 2 and so on. In such a way thenumbered 1 (or zero) and the second 2 and so on. In such a way the
event number at the tail of each activity arrow is always smaller thanevent number at the tail of each activity arrow is always smaller than
he event number at the head of that activity arrow. This implies thathe event number at the head of that activity arrow. This implies that
the final event of the network will have the largest number and will bethe final event of the network will have the largest number and will be
equal to the number of the nodes in the network. equal to the number of the nodes in the network. 

                                  Setting Out              Excavate           Erect Forms Setting Out              Excavate           Erect Forms 

  
      Order timber                                       Make Form Work Order timber                                       Make Form Work 
                  
                                                                                                          
  
  
  Fig.9.3. Numbering of events and activity identification. Fig.9.3. Numbering of events and activity identification. 

NETWORK TECHNIQUES NETWORK TECHNIQUES 



Fig.  9.3.  illustrates  the  forward  numbering  of  events  and  activitiesFig.  9.3.  illustrates  the  forward  numbering  of  events  and  activities
identification in a network. identification in a network. 

ActivityActivity
DescriptionDescription

Activity Identification Activity Identification 

Setting outSetting out 1-21-2
Order timberOrder timber 1-31-3
ExcavateExcavate 2-42-4
Make Form WorkMake Form Work 3-43-4
Erect FormsErect Forms 4-54-5

Use of Dummy Activities Use of Dummy Activities 

A dummy is an artificial activity introduced in a net work to: A dummy is an artificial activity introduced in a net work to: 
- Maintain a unique numbering system for the different activities. - Maintain a unique numbering system for the different activities. 
- Keep the logical sequence of activities and their interrelationships  correct. - Keep the logical sequence of activities and their interrelationships  correct. 

A dummy is shown by a doted arrow as indicated in Fig 9.4 . A dummy is shown by a doted arrow as indicated in Fig 9.4 . 

                                                                        Fig 9.4 . Fig 9.4 . 
Dummy does not consume Time or Resources. Dummy does not consume Time or Resources. 

                                                                                                                                                    Dummy Dummy 
                                                                    Fix Elect Fix Elect 
                                          Build Wall              Plumbing             Plaster WallBuild Wall              Plumbing             Plaster Wall
                                                                                                                                                  
                                                                                                                                                  Dummy Dummy 
                                                            Joiner’s Fixing Joiner’s Fixing 

Fig. 9.5 Fig. 9.5 

                                                                            Electrical Electrical 
                                                Fix Fix Conduit Conduit 
                      Build Wall     Build Wall      Plaster Wall  Plaster Wall 
                                        Plumbing Plumbing 

Joiner’s fixing Joiner’s fixing 

Fig 9.6 . Use of Dummies to identify activities.Fig 9.6 . Use of Dummies to identify activities.

Consider the network shown in Fig.9.5. Three of the activities in the networkConsider the network shown in Fig.9.5. Three of the activities in the network
of electrical conduits, plumbing and joiner’s fixing bear the same number 2of electrical conduits, plumbing and joiner’s fixing bear the same number 2
identification of activities is not unique. This situation can be corrected byidentification of activities is not unique. This situation can be corrected by
using as shown in Fig. 9.6 . Now fixing electrical conduits is identified by 2-3,using as shown in Fig. 9.6 . Now fixing electrical conduits is identified by 2-3,
plumbing joiner’s fixing by 2-4. Activities 3-5 and 4-5 are dummies. plumbing joiner’s fixing by 2-4. Activities 3-5 and 4-5 are dummies. 
                                                              E                 LE                 L

1 2 3 4



                                                                F                     MF                     M

                                                                                                        
                                                          G                     NG                     N

Fig.9.7 . Use of Dummies to show dependences.Fig.9.7 . Use of Dummies to show dependences.

Consider the network shown in Fig.9.7 . Let EFG represent the shuttering onConsider the network shown in Fig.9.7 . Let EFG represent the shuttering on
of a retaining wall and L,M and N, the corresponding concreting operations. Inof a retaining wall and L,M and N, the corresponding concreting operations. In
nature of the activities, it I reasonable to presuppose that in each case, thenature of the activities, it I reasonable to presuppose that in each case, the
shut precede concreting. As regards the labour, only one forward crew andshut precede concreting. As regards the labour, only one forward crew and
one concerti available. Dummies are used here to  represent the restraintone concerti available. Dummies are used here to  represent the restraint
and consequent intern .and consequent intern .

NET WORK DEVELOPMENT NET WORK DEVELOPMENT 
In developing a  network diagram, the following questions must be asked forIn developing a  network diagram, the following questions must be asked for
each each 

 What activity must immediately precede this operation? What activity must immediately precede this operation? 
 What activity should immediately follow this operation?What activity should immediately follow this operation?
 What activities can take place concurrently with this operation? What activities can take place concurrently with this operation? 

Based on these questions, each activity is connected with one or several ofBased on these questions, each activity is connected with one or several of
the way in Figs. 9.8. to 9.11.the way in Figs. 9.8. to 9.11.

Network RepresentationNetwork Representation InterpretationInterpretation
a) Sequential a) Sequential Activity B cannot start before activityActivity B cannot start before activity

A is  completed or  activity  B  followsA is  completed or  activity  B  follows
activity  A precedes B. activity  A precedes B. 
                        A                    BA                    B

Fig 9.8Fig 9.8
b) Diverging b) Diverging Activity Q and R con not start beforeActivity Q and R con not start before

the completion of activity p. Activitythe completion of activity p. Activity
Q and at the same time. Q and at the same time. 
                    P            QP            Q
                                                RR

Fig.  9.9 Fig.  9.9 

c) Converging c) Converging Activity  N  cannot  start  before  bothActivity  N  cannot  start  before  both
the activities L and M  are completed.the activities L and M  are completed.
                          LL
                                                    NN
                    MM
                              
                                    Fig. 9.10 Fig. 9.10 

d) Paralleld) Parallel In  these activity chains,  B follows AIn these activity chains,  B follows A
and F follows E but the activity chainsand F follows E but the activity chains
are completely  independent  of  eachare completely  independent  of  each
other. other. 



Fig.9.11.Fig.9.11.

In the first instance, it is important to prepare a network that represents theIn the first instance, it is important to prepare a network that represents the
time logical dependency of activates on one another, assuming availability oftime logical dependency of activates on one another, assuming availability of
unlimited resources. unlimited resources. 

It  is  useful  to  show each  arrow with  a  horizontal  portion  being  used  forIt  is  useful  to  show each  arrow with  a  horizontal  portion  being  used  for
activity description that should always be included in every network.  Thisactivity description that should always be included in every network.  This
layout  with  horizontal  zones  representing  either  separate  sections  of  thelayout  with  horizontal  zones  representing  either  separate  sections  of  the
project or perhaps different types of work such as design, contracting, civilproject or perhaps different types of work such as design, contracting, civil
works, etc. works, etc. 

With a more deterministic system as compared to that in P.E.R.T. This pointWith a more deterministic system as compared to that in P.E.R.T. This point
has been explained in the figure. The range and hence the uncertainty ishas been explained in the figure. The range and hence the uncertainty is
more and when the  range is  small,  and  the system tends  to  be  a  moremore and when the  range is  small,  and  the system tends  to  be  a  more
deterministic model. deterministic model. 

How to Draw the Network Diagram How to Draw the Network Diagram 
Before starting to draw the network,  following measures  should  be takenBefore starting to draw the network,  following measures  should  be taken
serially: serially: 

1.1. Prepare  a  list  of  the  activities  included  in  the  project  and  theirPrepare  a  list  of  the  activities  included  in  the  project  and  their
dependencies on other activities. dependencies on other activities. 

2.2. Draft the network roughly, usually by soft pencil and an eraser on aDraft the network roughly, usually by soft pencil and an eraser on a
large piece of paper. large piece of paper. 

3.3. The estimate of time required for each activity is made consideringThe estimate of time required for each activity is made considering
manpower and equipments available and in certain cases assumptionsmanpower and equipments available and in certain cases assumptions
are based on statistical approach and experience. are based on statistical approach and experience. 

4.4. These time estimates are then written on each activity. These time estimates are then written on each activity. 
5.5. Then  scheduling  computations  are  done  to  get  earliest  and  latestThen  scheduling  computations  are  done  to  get  earliest  and  latest

allowable start  and finish times for each activity,  to identify criticalallowable start  and finish times for each activity,  to identify critical
path and to indicate the amount of slack on non-critical paths. path and to indicate the amount of slack on non-critical paths. 

6.6. Now  this  is  prepared  in  final  form  for  use  in  the  field.  Project  isNow  this  is  prepared  in  final  form  for  use  in  the  field.  Project  is
controlled by checking the progress against the schedule. controlled by checking the progress against the schedule. 

ADVANTAGES OF CRITICAL PATH METHODSADVANTAGES OF CRITICAL PATH METHODS

Some of the important advantages are summarized here: Some of the important advantages are summarized here: 
 It helps in ascertaining time schedules. It helps in ascertaining time schedules. 
 With its help, control by the management becomes easy.With its help, control by the management becomes easy.
 It makes better and detailed planning possible.It makes better and detailed planning possible.
 In encourages discipline. In encourages discipline. 
 It  provides  a  standard  method  for  communicating  project  plans,It  provides  a  standard  method  for  communicating  project  plans,

schedules and cost performance. schedules and cost performance. 
 It identifies most critical activities and thus more attention can be paidIt identifies most critical activities and thus more attention can be paid

on these activities. The CPM technique requires greater planning thanon these activities. The CPM technique requires greater planning than
required otherwise. Thus, this method increases the planning cost butrequired otherwise. Thus, this method increases the planning cost but
this cost can easily be justified by concentrating attention on criticalthis cost can easily be justified by concentrating attention on critical
paths  only  and  avoiding  unnecessary  expenses  on  the  strictpaths  only  and  avoiding  unnecessary  expenses  on  the  strict
supervision over the whole programme. supervision over the whole programme. 

PROGRAMME EVALUATION AND REVIEW TECHNIQUE (PERT) PROGRAMME EVALUATION AND REVIEW TECHNIQUE (PERT) 



P.E.R.T. ( Programme Evaluation and Review Technique) is a technique usedP.E.R.T. ( Programme Evaluation and Review Technique) is a technique used
for scheduling and controlling the projects. It is helpful in the programmes,for scheduling and controlling the projects. It is helpful in the programmes,
where  activities  are  subject  to  considerable  degree  of  uncertainty  inwhere  activities  are  subject  to  considerable  degree  of  uncertainty  in
performance time. It  is very essential for timely execution of the projects.performance time. It  is very essential for timely execution of the projects.
Originally, it was used in designing and producing major Weapon Systems forOriginally, it was used in designing and producing major Weapon Systems for
the U.S. Military Establishments. Then, it was used in large concerns, whichthe U.S. Military Establishments. Then, it was used in large concerns, which
due to their size were using computers. After its becoming public property indue to their size were using computers. After its becoming public property in
1959,  producers  also  thought  it  to  use due to  the advantage that  it  has1959,  producers  also  thought  it  to  use due to  the advantage that  it  has
disciplined approach to planning, scheduling, controlling and monitoring thedisciplined approach to planning, scheduling, controlling and monitoring the
progress of variety of projects. progress of variety of projects. 

C.P.M uses only one-time estimate for each activity while P.E.R.T., uses threeC.P.M uses only one-time estimate for each activity while P.E.R.T., uses three
times estimates. But one time estimate is sufficient for small projects. times estimates. But one time estimate is sufficient for small projects. 

Difference between C.P.M. and P.E.R.T. Difference between C.P.M. and P.E.R.T. 

P.E.R.T. is a technique used for scheduling and controlling the projects, whereP.E.R.T. is a technique used for scheduling and controlling the projects, where
activities  are  subject  to  considerable  degree  of  uncertainty  in  theactivities  are  subject  to  considerable  degree  of  uncertainty  in  the
performance time. The methods of calculating time of start,  finish, criticalperformance time. The methods of calculating time of start,  finish, critical
path and project time of P.E.R.T. and C.P.M. are similar, still  there are somepath and project time of P.E.R.T. and C.P.M. are similar, still  there are some
differences between the two. These differences are: differences between the two. These differences are: 

(i)(i) C.P.M. is the activity oriented technique while P.E.R.T. is the eventC.P.M. is the activity oriented technique while P.E.R.T. is the event
oriented technique. Event means the beginning or ending of one ororiented technique. Event means the beginning or ending of one or
more activities. P.E.R.T. network diagram uses the line and arrow tomore activities. P.E.R.T. network diagram uses the line and arrow to
connect the events (shown by circles) which are related to eachconnect the events (shown by circles) which are related to each
other. other. 

                                                                                          
                                                                                              Activity Activity 

                            
                                      Activity                              Activity Activity                              Activity 

Fig.9.12 . Relation between event and activity.Fig.9.12 . Relation between event and activity.
(ii).  C.P.M. has one time estimate while P.E.R.T. has three time estimates. (ii).  C.P.M. has one time estimate while P.E.R.T. has three time estimates. 

Three-time Estimates for P.E.R.T.Three-time Estimates for P.E.R.T.
P.E.R.T. is based on the assumption that operation time cannot be estimatedP.E.R.T. is based on the assumption that operation time cannot be estimated
accurately, because of the various uncertainties involved in the working. Toaccurately, because of the various uncertainties involved in the working. To
take these uncertainties into account, the P.E.R.T. uses the following threetake these uncertainties into account, the P.E.R.T. uses the following three
time estimates: time estimates: 

NETWORK TECHNIQUES NETWORK TECHNIQUES 
 Optimistic time (a) Optimistic time (a) 
 Most Likely time (m) Most Likely time (m) 

Even
t 

Event 

Eve
nt 



 Pessimistic time (b)Pessimistic time (b)
Optimistic  timeOptimistic  time.   In  this,  it  is  assumed  that  every  thing  will  go  well,.   In  this,  it  is  assumed  that  every  thing  will  go  well,
therefore it is the estimate of the minimum possible time, which an activitytherefore it is the estimate of the minimum possible time, which an activity
takes for completion under ideal conditions. In this, no provision is made fortakes for completion under ideal conditions. In this, no provision is made for
delays  or  breakdowns  etc.  Always  conditions  better  than  normal  aredelays  or  breakdowns  etc.  Always  conditions  better  than  normal  are
assumed. This estimate of time is denoted by “a”.assumed. This estimate of time is denoted by “a”.

Most likely timeMost likely time. It is the value, which will probably be the actual time. It. It is the value, which will probably be the actual time. It
this, it is assumed that things go in the normal way, with a few delays or setthis, it is assumed that things go in the normal way, with a few delays or set
backs etc. This estimate of time, lies between the optimistic and pessimisticbacks etc. This estimate of time, lies between the optimistic and pessimistic
time. It is denoted by “m” time. It is denoted by “m” 
Pessimistic timePessimistic time.  This time is based on the assumption that every thing will.  This time is based on the assumption that every thing will
go badly. Thus, it is the maximum possible time taken for the completion ofgo badly. Thus, it is the maximum possible time taken for the completion of
an activity. This does not include major catastrophes like labour strikes, actsan activity. This does not include major catastrophes like labour strikes, acts
of God and unrest etc. This is denoted by “b”of God and unrest etc. This is denoted by “b”

Expected time or Average time Expected time or Average time 
According to  B  distribution,  we can get  the expected time (tAccording to  B  distribution,  we can get  the expected time (t ee)  by adding)  by adding
together  together  th  of  the  optimistic,  th  of  the  optimistic,  re  of  the  most  likely  and  re  of  the  most  likely  and  th  of  theth  of  the
pessimistic time estimates. Thus: pessimistic time estimates. Thus: 

    Or            Or            

Performance  of  these  activities  depends  upon  the  several  factors  likePerformance  of  these  activities  depends  upon  the  several  factors  like
weather, equipment and other personnel problems. To stick to schedule, ifweather, equipment and other personnel problems. To stick to schedule, if
difficulties  are  experienced  in  any   particular  activity,  then  additionaldifficulties  are  experienced  in  any   particular  activity,  then  additional
resources must be applied or specifications can also be related. resources must be applied or specifications can also be related. 

Equation (1) is important for P.E.R.T. analysis. It indicates as how to calculateEquation (1) is important for P.E.R.T. analysis. It indicates as how to calculate
the  expected  time  from  the  three-  time  estimates.  The  expected  timethe  expected  time  from  the  three-  time  estimates.  The  expected  time
indicates that there is a fifty- fifty chance of getting the job done within thatindicates that there is a fifty- fifty chance of getting the job done within that
time. time. 

Some Definitions used in P.E.R.T. Some Definitions used in P.E.R.T. 
1)1) Event.Event.  It is the start or completion of a task. It is represented by a  It is the start or completion of a task. It is represented by a

circle and do not consume time or resources. circle and do not consume time or resources. 
2)2) Activity.Activity. It is the actual performance of a task. It consumes time and It is the actual performance of a task. It consumes time and

resources, such as manpower, space, material etc. It is represented byresources, such as manpower, space, material etc. It is represented by
the line and arrow. the line and arrow. 

3)3) Successor Event.Successor Event. It is the event or events that immediately follow It is the event or events that immediately follow
another event. another event. 

4)4) Predecessor Event.Predecessor Event. It is an event which comes immediately before It is an event which comes immediately before
another event. another event. 

5)5) Earliest Expected Time (TEarliest Expected Time (TEE).  ).  It is the earliest expected completionIt is the earliest expected completion
time of the project and is equal to the sum of expected time (ttime of the project and is equal to the sum of expected time (tee) of all) of all
the activities along the longest path of the project. the activities along the longest path of the project. 

6)6) Latest Allowable Time (TLatest Allowable Time (TEE). ). It is the largest possible time an eventIt is the largest possible time an event
can take with out delaying the final completion date.can take with out delaying the final completion date.



TTL L   for an event= Total expected time for the end event of the project for an event= Total expected time for the end event of the project
from  longest  path-  total  expected  tome  for  the  event  underfrom  longest  path-  total  expected  tome  for  the  event  under
consideration from longest path. consideration from longest path. 

7)7) Slack.Slack. It is the difference of Latest Allowable Time (T It is the difference of Latest Allowable Time (TLL) and Earliest) and Earliest
Expected Time (TExpected Time (TEE) i.e., Slack = T) i.e., Slack = TLL-T-TEE.  it is the range of time available.  it is the range of time available
for  the  performance  of  an  activity  without  delaying  the  completionfor  the  performance  of  an  activity  without  delaying  the  completion
date of the project. This value of slack indicate that how much criticaldate of the project. This value of slack indicate that how much critical
that event is and how much stress have to be given on that activity. that event is and how much stress have to be given on that activity. 

8)8) Critical Path.  Critical Path.  This is a path on the network along which no slippageThis is a path on the network along which no slippage
is allowed. In this path, slack is either negative or zero. is allowed. In this path, slack is either negative or zero. 

9)9) Variance.Variance. Variance  Variance 

Where, a=tWhere, a=to  =  o  =  Optimistic time; b=tOptimistic time; b=tpp= Pessimistic time;  = Pessimistic time;   Standard Standard
deviation. deviation. 

Example -1                        Example -1                        PERT NETWORKPERT NETWORK
ActivitiesActivities

AA
BB
CC
DD
EE
F F 

PrecedingPreceding
Activity Activity 
--
AA
AA
BB
CC
D,ED,E

Time takenTime taken

4 weeks 4 weeks 
2   "2   "
8   "8   "
7   "7   "
2   "2   "
5   "5   "

Required: Draw PERT network and  determine critical activitiesRequired: Draw PERT network and  determine critical activities
O nodes (starting and ending Pts)O nodes (starting and ending Pts)

  Movement of activities Movement of activities 
                                                                                                        
                                                                (2)B                  (7) D                    (2)B                  (7) D                    

                                                                                                                                                F(5) F(5) 

                                                                    (8)C                       (2) E (8)C                       (2) E 

Possible paths: Possible paths: 

                                              A         B         D         F   =   4+ 2+ 7+ 5 = 18 wks A         B         D         F   =   4+ 2+ 7+ 5 = 18 wks 

Critical path     A         C         E         F   = 4+ 8+ 2+ 5 = 19 wks Critical path     A         C         E         F   = 4+ 8+ 2+ 5 = 19 wks 

Example -2 Example -2 
ActivitiesActivities
AA
BB
CC
DD
EE
FF
GG
HH

I                        I                        Preceding activity Preceding activity 
--
--
AA
BB
BB
CC
DD
EE

StarStar
tt En

d 

(4)A  



F,G,HF,G,H       TimeTime
10       weeks10       weeks
    5         "5         "
12         "12         "
15         "15         "
14         "14         "
2           "2           "
5           "5           "
7           "7           "
12         "12         "



Required: Draw PERT network and  determine critical activitiesRequired: Draw PERT network and  determine critical activities

Solution Solution 
AA CC FF

Start Start 
                                                                                                                                                          II
StartStart BB DD GG

                              E                 HE                 H

A       C        F         I   = 10+ 12+ 2+ 12 = 36 weeksA       C        F         I   = 10+ 12+ 2+ 12 = 36 weeks

B       D        G         I   = 5 + 15+ 5+ 12 = 37 weeksB       D        G         I   = 5 + 15+ 5+ 12 = 37 weeks

B       E        H         I   = 5 + 14+ 7+ 12 =   38    weeksB       E        H         I   = 5 + 14+ 7+ 12 =   38    weeks

:. path BEH is the critical path :. path BEH is the critical path 

Beta Distribution of a project Beta Distribution of a project 
Beta distribution is used when the exact time taken to complete an activity isBeta distribution is used when the exact time taken to complete an activity is
not exactly known. The calculation of beta distribution id based on optimisticnot exactly known. The calculation of beta distribution id based on optimistic
time, most likely time and pessimistic time time, most likely time and pessimistic time 

Mean expected time (tej) = Mean expected time (tej) = a+ 4m+ba+ 4m+b  
                                                                                            6 6 
Standard deviation        (Standard deviation        ( ) = ) = b-a  b-a   ,where  ,where 

66 a = optimistic time a = optimistic time 
m= most likely time m= most likely time 
b = pessimistic time b = pessimistic time 
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Example -3 
ActAct PrecedingPreceding

activity activity 
aa mm bb tejtej

AA -- 44
weeksweeks

5 weeks5 weeks 12 weeks12 weeks 6 weeks6 weeks   weeksweeks

BB -- 1     »1     » 1.5   »1.5   » 5      »5      » 2     »2     »
3
2           »»

CC AA 2     »2     » 3      »3      » 4      »4      » 3     »3     »             »»
DD AA 3     »3     » 4      »4      » 11    »11    » 5     »5     »             »»
EE AA 2     »2     » 3      »3      » 4      »4      » 3     »3     »             »»
FF CC 1.5   »1.5   » 2      »2      » 2.5    »2.5    » 2     »2     »

»»
GG DD 1.5   »1.5   » 3      »3      » 4.5    »4.5    » 3     »3     »             »»
HH B,EB,E 2.5   »2.5   » 3.5    »3.5    » 7.5    »7.5    » 4     »4     »             »»
II HH 1.5   »1.5   » 2       »2       » 2.5    »2.5    » 2      »2      »             »»
JJ F,G,IF,G,I 1      1      »» 2       2       »» 3       3       »» 2      2      »»             »»

Required: = 1. Draw PERT network Required: = 1. Draw PERT network 
                                      2. Calculate expected project completion time2. Calculate expected project completion time
                                      3. Draw beta distribution of the project and chances that project3. Draw beta distribution of the project and chances that project

can be completed with in 20 weeks.can be completed with in 20 weeks.

                                                                                      FF

                                        C                                                        JC                                                        J
AA              D            G                                             D            G                                

          E                                                  I                 E                                                  I                 
          B                          H                      B                          H                      
A         C           F           J   =  6+3+2+2 =13 weeksA         C           F           J   =  6+3+2+2 =13 weeks
A        D           G           J    =  6+5+3+2 =16 weeksA        D           G           J    =  6+5+3+2 =16 weeks

A        E         H        I        J = 6+3+4+2+2= 17 weeksA        E         H        I        J = 6+3+4+2+2= 17 weeks
B        H         I       J            = 2+4+2+2=10 weeksB        H         I       J            = 2+4+2+2=10 weeks
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Z=Z=                         

                                                    
  = = sum total of square of s.d of all critical activities sum total of square of s.d of all critical activities 

= = 

              = = 

                                                                                                                              
                                                                                                                                      z=z=
                                                                                                                                  = 1.818= 1.818
                                                                                                                      PP
                                                                                                                                                    = 0.5+0.4652= 0.5+0.4652
                                                                                                                                                    = 96.52%= 96.52%
                                        

Z                         0          1.81Z                         0          1.81
                    
                                1817=1.821817=1.82

1). Question1). Question: :     
  What is the probability that the project will be completed is 15 Wks? ExactlyWhat is the probability that the project will be completed is 15 Wks? Exactly

17 wks? 17 wks? 

2).  In  order  to  be  96.4  %  sure,  what  should  be  the  length  of  project2).  In  order  to  be  96.4  %  sure,  what  should  be  the  length  of  project
completion time?completion time?

Example -4 Example -4 
ActAct PrecedingPreceding aa mm bb tei tei 66
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activity activity 
AA -- 44 55 1212 66

BB AA 33 77 1111 77

CC AA 88 1010 1818 1111

DD BB 55 77 99 77

EE BB 33 44 1111 55

FF CC 77 99 1717 1010

GG DD 55 3.53.5 9.59.5

HH E,FE,F 11 11 11         
  00

II G,HG,H 55 1111 1717
    22

Required 1).  Draw PERT network, identify critical path and project completionRequired 1).  Draw PERT network, identify critical path and project completion
time, and the critical expected project comple time and P of probability thattime, and the critical expected project comple time and P of probability that
the project will be completed between 35to 45 weeks? the project will be completed between 35to 45 weeks? 

2). If one wants to be 95.05% sure how many weeks before the project should2). If one wants to be 95.05% sure how many weeks before the project should
be started? be started? 

                                                                                                                                  
1). 1). Solution Solution                                                                       
                                                                            D(7)D(7) G(4.75)G(4.75)

I(11)I(11)
E(5)E(5)

   B(7)   B(7)
                                        A(6)A(6) H(1)H(1)

C(11)C(11) F(10)F(10)

Alternative paths Alternative paths 

ABDGI = 6+7+7+4.75+11 = 35.75ABDGI = 6+7+7+4.75+11 = 35.75
ABEHI = 6+7+5+1+11 = 30ABEHI = 6+7+5+1+11 = 30
ACFHI = 6+11+10+1+11=39ACFHI = 6+11+10+1+11=39

cp  =  cp  =  

                  = = 
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                  =  =  
                  =  =  3.3673.367                                                                                                                        
ZZ1 1 = =   ,  Z  ,  Z2 2 = = 

                                                                                                                                                
                                                                                                                                                      z=-1.19 z=0            z=1.78z=-1.19 z=0            z=1.78
              =  =          =          =                                      

              =  =             =             =                                                                          
            =    -1.19           = 1.78    =    -1.19           = 1.78    
Required Required 
PP  = P = P + P+ P
                                      = p(z=-1.19)+p(z=1.78)= p(z=-1.19)+p(z=1.78)
                                      = .3830+.4625= .3830+.4625
                                      = .8455= .8455
                                      = = 84.55%84.55%

  Probability of completing the project with in 35-45 wks is 84.55% Probability of completing the project with in 35-45 wks is 84.55% 
2). Solution2). Solution
Given: P= .9505=95.05%Given: P= .9505=95.05%
          Required = How many weeks before the project should start to be 95.05%Required = How many weeks before the project should start to be 95.05%
confident? confident? 

          SolSolnn

  
          P (z) = .4505P (z) = .4505
          z=1.65z=1.65
            And And 
        Z=Z=                                                                                                                                                                       

1.65(3.367) = x-391.65(3.367) = x-39
                            x = 44.55 weeks x = 44.55 weeks 

    :. To be 95-05% sure the project should be started before 5.55 (44.55-39):. To be 95-05% sure the project should be started before 5.55 (44.55-39)
wks of the average completion time i.e. 39 wks. wks of the average completion time i.e. 39 wks. 

Exercise on Floating and CrashingExercise on Floating and Crashing
Float Time Float Time 
Definition:Definition: The time by which an activity can be delayed without affecting The time by which an activity can be delayed without affecting

total project completion time. total project completion time. 

Example: 1Example: 1
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Activity Activity PrecedingPreceding
Activity Activity 

DurationDuration EarliestEarliest
StartStart

LatestLatest
StartStart

Float Float 

AA -- 55 00 00 00
BB AA 22 55 22 22
CC AA 66 55 55 00
DD BB 1212 77 77 00
EE DD 1010 1919 1919 00
FF DD 99 1919 2121 22
GG DD 55 99 2222 1111
HH BB 99 77 1818 1111
II C,EC,E 11 2929 2929 00
JJ GG 22 2424 2828 44
KK F,I,JF,I,J 33 3030 3030 00
LL KK 99 3333 3333 00
MM H,GH,G 77 2424 2727 33
NN MM 88 3131 3434 33

Required:Required: Find Float  Find Float 

Solution Solution 
Float   = Latest start - Earliest Start or Float   = Latest start - Earliest Start or 

= Latest Finish -Earliest Finish  = Latest Finish -Earliest Finish  

Crashing  Crashing  
Definition:Definition: Process of completing an activity before normal time  Process of completing an activity before normal time 
Example - 2Example - 2

NormalNormal
Time (NT)Time (NT)

CrashinCrashin
g  Timeg  Time
(CT)(CT)

NormalNormal
CostCost
(NC)(NC)

CrashinCrashin
g  Costg  Cost
(CC)(CC)

AverageAverage
CrashingCrashing
cost (ACC) cost (ACC) 

AA -- 1010 88 8,0008,000 12,00012,000 2,0002,000
BB -- 77 66 20,00020,000 25,00025,000 5,0005,000
CC AA 1212 77 20,00020,000 25,00025,000 1,0001,000
DD BB 22 22 11,00011,000 11,00011,000 --
EE AA 1010 66 15,00015,000 23,00023,000 2,0002,000
FF DD 2020 1616 10,00010,000 12,00012,000 500500
GG EE 55 44 6,0006,000 9,0009,000 3,0003,000

Required:Required: a)  Draw  PERT  network,  b)  identify  critical  path,  c)  Project a)  Draw  PERT  network,  b)  identify  critical  path,  c)  Project
completion  time  and  minimum  project  completion  time  aftercompletion  time  and  minimum  project  completion  time  after
crashing. crashing. 

Points to be Noted Points to be Noted 
1.1. We always crush only critical activities which helps to reduce the totalWe always crush only critical activities which helps to reduce the total

project completion time. project completion time. 
2.2. First we crash those critical activities which have minimum averageFirst we crash those critical activities which have minimum average

crashing costcrashing cost
3.3. Should try to crush activities which are most common (if we have twoShould try to crush activities which are most common (if we have two

critical paths).  critical paths).  
Given:Given: Normal total cost of project is given as Birr 90,000 Normal total cost of project is given as Birr 90,000
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A   C G
F

D
 

End

Solution Solution 
a) PERT Diagram a) PERT Diagram 

b) Possible Paths b) Possible Paths 

C)             Av. Crashing Cost = C)             Av. Crashing Cost = 
Crashing of the projectCrashing of the project
Stage of Stage of 

          
CrashingCrashing

Alternative  Alternative  
PathsPaths

Project Project 
Completion Completion 
timetime

Normal Normal 
CostCost

Additional Additional 
Crashing Crashing 
CostCost

Total Total 
Project Project 
CostCost

1.  No1.  No
crashing   crashing   

AAC=22 C=22 wkswks
AAEEG=25wks   G=25wks   
BBDDF=29wksF=29wks

29wk29wkss
29wks29wks
29wks29wks

Br.90,000Br.90,000 -- Br.90,000Br.90,000

2.  Crash2.  Crash
activity  Factivity  F
by 4 weeksby 4 weeks

AAC = 22 wksC = 22 wks
AAEEG = 25wksG = 25wks

BBDDF =25 wksF =25 wks

25wk25wkss

25wks25wks

25wks25wks

Br.90,000Br.90,000 500x4= 2000500x4= 2000 Br.92,000Br.92,000

3.  Crash  A3.  Crash  A
by   1 weekby   1 week

AACC== 21wks 21wks
AAEEG = 24wksG = 24wks
BBDDF = 25wksF = 25wks

25wk25wkss
25wks25wks
25wks25wks

Br.90,000Br.90,000 2000x1=2002000x1=200
00

Br.94,000Br.94,000

4.  Crash  B4.  Crash  B
by 1 week  by 1 week  

AAC= 21wksC= 21wks
AAEEG = 24wksG = 24wks
BBDDF = 24 wksF = 24 wks

24wk24wkss

24wk24wkss

24wk24wkss

Br.90,000Br.90,000 5000x1=5005000x1=500
00

Br.99,000Br.99,000

Example 3
NTNT CTCT NCNC CCCC ACCACC

AA -- 88 66 8,0008,000 10,00010,000 1,0001,000
BB -- 77 55 6,0006,000 8,4008,400 1,2001,200
CC AA 55 44 7,0007,000 8,5008,500 1,5001,500
DD BB 44 33 3,0003,000 3,8003,800 800800
EE AA 33 22 2,0002,000 2,6002,600 600600
FF D,ED,E 55 33 5,0005,000 6,6006,600 800800

116

AC 10+12 = 22
AEG 10+10+5 =25
BDF 7+2+20 = 29



B

G
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d

En
d

F
D

E
A

GG CC 44 33 6,0006,000 7,0007,000 1,0001,000
Required Required 

i) Draw PERT Network i) Draw PERT Network 
ii) Find total min. Cost ii) Find total min. Cost 

Additional InformationAdditional Information
The manager  wants  to  complete  the  project  with  minimum time  but  notThe  manager  wants  to  complete  the  project  with  minimum time  but  not
authorized to use crashing more than Birr 5,000. authorized to use crashing more than Birr 5,000. 

Solution Solution 
i) PERT Diagram i) PERT Diagram 
                                      CC

        Crashing of the projectCrashing of the project
Stage of Stage of           
Crashing Crashing 

Alternative  PathsAlternative  Paths
ProjectProject
CompletioCompletio
nn time time

NormalNormal
CostCost

AdditionalAdditional
Crashing CostCrashing Cost

TotalTotal
ProjectProject
CostCost

1.No crashing1.No crashing
ACG = 17 wksACG = 17 wks
AEF = 16 wksAEF = 16 wks
BDF = 16 wks BDF = 16 wks 

17 wks17 wks
Br. 37000Br. 37000 -- Br. 37000Br. 37000

2.Crash2.Crash
activity  A  byactivity  A  by
1 wk1 wk

ACG = 16 wksACG = 16 wks
AEF = 15 wksAEF = 15 wks
BDF = 16 wks      BDF = 16 wks      

16 wks16 wks
Br. 37000Br. 37000 1000x1=10001000x1=1000 Br. 38000Br. 38000

3. Crash F by3. Crash F by
1 wk1 wk

ACG = 16wksACG = 16wks
AEF = 14 wksAEF = 14 wks
BDF = 15 wks     BDF = 15 wks     

16 wks16 wks
Br. 37000Br. 37000 800x1=800800x1=800 Br. 38800Br. 38800

4. Crash 'A' by4. Crash 'A' by
1 wk 1 wk 

ACG = 15 wksACG = 15 wks
AEF = 13 wksAEF = 13 wks
BDF = 15 wksBDF = 15 wks

15 wks15 wks Br. 37000Br. 37000 1000x1=10001000x1=1000 Br. 39800Br. 39800

5.  Crash  'F'5.  Crash  'F'
by 1 wkby 1 wk

ACG = 15wksACG = 15wks
AEF = 12 wksAEF = 12 wks
BDF = 14 wks      BDF = 14 wks      

15 wks15 wks Br. 37000Br. 37000 8000x1=80008000x1=8000 Br. 40600Br. 40600

6.Crash  G  by6.Crash  G  by
1 wk1 wk

ACG = 14 wksACG = 14 wks
AEF = 12 wksAEF = 12 wks
BDF = 14 wks      BDF = 14 wks      

14 wks14 wks Br. 37000Br. 37000 1000x1=10001000x1=1000 Br 41600Br 41600

  The  minimum project  completion  time  given  the  constraint  will  be  14The  minimum project  completion  time  given  the  constraint  will  be  14
weeks. weeks. 

117

A  C  G  = 8 + 5 + 4 =
17
A  E   F = 8 + 3 + 5 = 
16
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