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Chapter 4:  The Simplex Method 
4.1   Introduction 

4.2   The Simplex Algorithm 

4.3   Starting Basic Feasible Solution  
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4.1   Introduction
The  procedure ,  called simplex method (algorithm), is 
designed by Dantzig (1947)   to solve any LP problem:   
max  cx   s.t.  Ax=b,    x≥0  
Recall that  an optimal solution of this problem, if exist,  
occurs at  a  basic feasible solution (BFS)  of  the system 
Ax=b.
Thus, the simplex procedure searches an optimal solution 
of an LP from among its BFSs iteratively (step by step).  
Generic form of Simplex Procedure , to solve     max  cx     
  

                                                                                        s.t    
Ax=b,    x≥01.  Start with an initial BFS

2.Optimality Test: Is the current BFS an optimal 
solution?
                                  

   If Yes, Stop   (The current BFS is 
optimal)
If No, move to adjacent  BFS with better 
value; 
     and repeat from step 2.
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  4.2   The Simplex Algorithm
This section presents the simplex algorithm to 
solve max

s.t 
  0

cx
Ax b
x



We assume that a BFS, called initial BFS, is known 
at the beginning.  Other case is considered in the 
next section.
 If each constraint has slack variables, then the 
slack variables are the initial BFS. 
 In particular,  Simplex procedure is applied on an 
LP with perfect standard form (PSF)  as defined 
below  
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max        j j B
j N
c x z




 s.t     +I    

                 0
j j B

j N
A x x b

x








and                  .0b

Definition:  An LP in standard form is said to be in 
perfect standard form (PSF) if  it is of the 
following form 

I.e.,   1. every constraint equation contains only one 
BV with  coefficient 1. 

         2.  Objective function is expressed in terms of 
NBVs only

         3.  The RHS of each constraint, bi , is 
nonnegative.   
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1 1 2 2

11 1 12 2 1 1 2

1 1 2 2

 ...
   ... +              

                                                   
        ... +               
   

max

         0     

s.t.
k n

n n n

m m mn n n m m

i

cx c x c x
a x a x a x x b

a x a x a x x b
x i





  
   

   
 

 

. 

where                              ,  and  zB  is a 
constant.

for a0 l   lib i

For instance,  if an LP  is         max  cx
                                                   s.t.    Axb
                                                            x≥ 0
   with b 0,   then we use slack variables  xn+1 , 
…, xn+m  to  change the problem into equivalent  
PSF: 
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If so, the simplex method starts with the initial 
BFS  1 1

2 2

  
   ,

        
 

n

n
B

mn m

x b
x bx

bx







   
   
   
   
     

  

 


1

2

 0 
 0 

        
0 

N

n

x
xx

x

   
   
   
   
        

 


and the value 
of objective 
function at 
this BFS is  
zB. 

  The LP in PSF can be formulated as  

1 1 2 2

11 1 12 2 1 1 1

21 1 22 2 2 2 2

max  
  ...                           
         ...                     
         ... +                 
                           

k n B

n n n

n n n

z
z cx c x c x z
a x a x a x x b
a x a x a x x b





     
    
   

1 1 2 2

                               
          ... +                    m m mn n n m ma x a x a x x b   



  
Setting

1 1 2 2 ...  k k Bz cx c x c x z     
1 1 2 2 ...     k k Bz cx c x c x z    
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The data  in the above formulation is displayed  
in a table, called  the simplex tableau.  as 
follows:  

BV x1    x2  …   xn  xn+1  xn+2… 
xn+m

RHS

 –z c1    c2 …   ck    0     0  ….   
 0

 –zB

xn+1 
 

xn+2 
  
xn+

m 

a11    a12…   a1k   1     0  ….   
 0
a21    a22…   a2k   0     1  ….   
 0
                                       
       
am1    am2 …  amk  0     0 ….   
 1

b1  
b2 
  
bm

   XN
   XB

objective 
row
(Row 0) Row 1
 Row 2

 Row m

Current BVs,  
xB

Objective value 
at current BFS = 
zB
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 Thus, Simplex Procedure  incorporates important 
rules to the Gauss-Jordan  pivoting operations  so 
that
1.  Only BFSs  are generated at every pivoting steps.
2.  Check whether a  BFS  is optimal or not
3.  If a BFS at hand is not optimal,  generate adjacent  

BFS that  improves objective value.
4.  Identify the case when the LP is unbounded.    

 After the data of an LP is placed in a table as above, 
the simplex procedure applies  special elementary 
row operations , called Gauss-Jordan Elimination 
(GJE) , to generate BFS.

 In a general case, GJE  with arbitrary pivot element  
can produce a non feasible basic solution  that has 
no use for LP. 
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Optimality test:

 In particular, starting  at a tableau with a PSF,  we apply 
 GJE  in  such a way  that the structure of the PSF is 
preserved

Since pivoting changes each entry in the table, we put 
bar on each “symbol”  for generality.  

In the simplex tableau,  if  0  jc  for all  j,
then, the current BFS  is optimal 
solution

        xN                                      

xB

RHS

z  
     
     
     
     
     
     
    

                                  0   
0…  0

 –zB

xB  
 

                                  1   0 
…. 0
                                         
 
                                   0   
0…. 1

   
  

1b

mb

11 11j na a a 

1 mj mnma a a 

1 j nc c c 

  If             , for some j ,   basis exchange!  Pivot 
column?

 0  jc 

Initially
,
zB =0

             is  called  
the    net gain per 
unit of xj  

jc
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 That is, we choose this column for pivot column.
 But,  how far  xj   can increase  without violating 

the constraints?         

 If              ,  for some non-basic column j,  then  an 
increase  of   xj   from 0  to positive increases the   
objective value.   

 If xj =  > 0, while the other NBV are 0,  the 
constraints are:        B jx A b  .   .  .  .  .  .  .   

(3)

 Denoting the BV in i-th  row be xi ,   (3)  can be 
written as  

       ,   1,2,...,   i ij ix a b i m  

So, we let  xj enters basis. 

 0  jc 

     where   Aj  is the current j-th column of the 
constraints
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Thus, we have to choose a positive  such that 

Here, two different cases can occur

  B jcx z c    

.   .  .  .  .  .  .   
(4)

Thus, we obtained the following result 

       0,   1,2,...,   i i ijx b a i m    

Case 1:  Suppose 0,   1,2,...,   ija i m  
  In this case,  can be arbitrarily large without 
violating any of the non-negativity condition (4). 
Consequently,    

Theorem:  (Criterion for unbounded LP)
Given a BFS with respect a basis B, if  there is a 
non-basic column j such that

1and  0   , j j jc B A A  0
then the LP  max{ cx | Ax = b,  x  0 }  is 
unbounded. 
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  If the minimum of these ratio occurred in r-th row, 
 then   

Case 2:  Suppose, in the pivot column j,  there is   
 for some 1,2,..., . 0,     ij ma i

  Then, from (4),      0,   1,2,...,   i i ijx b a i m    

provided that  for every s.t. / ,        0.i ij ijb a i a  
 Thus, in order to choose  as large as possible we  

take  
 min{ / |  0 }i ij ijb a a  

 /r rjb a 
  That is,  for old BV   ( / ) 0r r rj r rjx b a b a  
 and,  for the new 
BV

 /j r rjx b a 
 This is a basis exchange:   xj  enters basis and 
                                               xr  leaves the basis.
 That is,  row r is a pivot row that yields a new 
BFS. 

(Min 
Ratio)
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 Thus we have the following result.

min{ |  0 }ir
ij

rj ij

bb a
a a
 

 Then, choosing r-th row as pivot row, pivoting with   
     yields a new BFS  ( i.e.,  xj enters basis & xr 
leaves basis).  

 Moreover, the value of the  objective function at the 
new BFS is increased by 

 Theorem 3:  (Basis Exchange)
 
•                 for some non-basic column (pivot 
column) j;
•   column under       ,  i.e,       , has at least one 
positive entry;  
•   and  let the Min Ratio  be occurred in row r.  i.e.,  

0jc 

rja

 /j r rjc b a

 Collecting the above results together, we have the 
following algorithm (solution procedure).  

Min 
Ratio 
    Rule  

jA

 In the simplex tableau of an LP,  suppose  that

jc
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1. Construct the simplex tableau of the LP in PSF and 
start with initial BFS

2. Optimality Test:  If                        STOP. The current 
BFS is optimal solution, and the optimal objective 
value is   

       (the negative of  the entry at RHS of row 0 )
    Else;
       Choose a non-basic column j  with largest              
            (Column j is the pivot column) 
3. Unboundedness: If,                                        , then 

STOP – the
       LP is unbounded.
     Else  do basis exchange as follows: 
      - Choose a pivot row r  in which the following min 

occurs:
                          

        and perform pivot operation pivoting with  
     Then, Repeat the procedure from 2.   

The Simplex Algorithm: To solve max {cx | Ax=b, x 
 0 }  

0,  jc j 

0jc 

0, 1,...,ija i m  

 /  |  0,  1,2,...,min i ij ijb a a i m 
rja

* Bz z
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 Example : Using the simplex algorithm solve the 
following  LP problems. 

1)

2)

1 2 3

1 2 3

1 3

1 2 3

1 2 3

max 2 4
 s.t.   2 2 2 2
         4          2 4
         2 6
             , , 0

x x x
x x x
x x
x x x
x x x

  
  

 
   



Optimal solution:

1

2

3

0
* 3 ,  

2
  * 14

x
x x

x
z

   
       

     


2 3

1 2 3

1 2 3

1 2 3

max        2
 s.t.    2 7
     3 2 3
             , , 0

x x
x x x
x x x
x x x


  

   


( Unbounded)
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4.3  Starting Basic Feasible Solution 
  Recall: Simplex method starts with an initial BFS ( in 

PSF).
For the LP with type  Ax  b, where b0, the slack 

variables are used for starting basic variables. 
In general, however, starting BFS may not be obvious. 
Example: Let the constraints of an LP (with all xi0) be 1 2

1 2
2

   2
1

         3

x x
x x

x

 
  



      
x3 ,x4 :surplus;  
x5 : slack

To get a starting BV, for each constraint that has no 
slack variable, we introduce a so called artificial 
variable. 
Thus, with artificial variables x6, x7  0, the above 
becomes:

Thus, x5, x6, x7  are starting basic variables.  

1 2 3
1 2 4

2 5

           2
         1

                   3

x x x
x x x

x x

  
   

 

1 2 3 6
4

2
7

5
1 2

             +     2
               + 1

                              3

x x x
x x x

x
x

xx

  
   

 
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  In general, if a BFS is not directly available in
                       Ax = b,   x  0,                                   
     then, to each i-th equation, we add a non-negative 
artificial
     variable      .  

Note :  The original system, (12), is consistent 
(feasible) iff

                (13) has a BFS with xa = 0  

 where xa is vector of artificial variables.
 So ,  at the beginning   xB = xa = b.    

a
ix

       Ax + Ixa = b,          x ,  xa  0 

.   .  .  .  .  .  .   
(12)

.   .  .  .  .  .  .   
(13)

Hence,  staring with (13) , a sequence of basis 
exchange (pivoting)  should find a BFS  in which all 
artificial variables are 0 (non basic).      

     At this stage, we get a BFS for (12) 
There are two ways of solving an LP with artificial 
variables, namely, the big-M methods and the two-
phase

     We will discuss the former. 
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 I. The big-M  Method:    To solve  the LP 
                                                max  cx
                                                s,t,  Ax=b,  x0  
•   Let the constraints be  altered  to      Ax + xa   = b,   x, xa 
0 ,        
     and  let   the objective function be    f(x) = cx  MeTxa 
     where M is a large positive number  (or M   ), called 
penalty cost,
  cjxj    Mxa   for any feasible value of xj and any xa 0.
 Simplex method removes all artificial variables from basis 
(for S) 

max 
 s.t.    
          , 0,

T
a

a

a

cx Me x
Ax Ix b
x x


 


Notation :  eT= (1, 1, …1).     (So,  eTy = y1+y2 +…+ym  where y = 
(y1, y2, ..,ym)T )    

   using the simplex method starting with initial BFS    xa= b 
, x=0.

• Thus,  the  big-M   is  to solve:   

  (2)  

  (1)
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max 
 s.t.    
          , 0,

T
a

a

a

cx Me x
Ax Ix b
x x


 


1. Execute the simplex method  without  a need to specify a  value 
for M,    but recall  that M  is less than any number  ( and M   
any number)  

2. Adjust  the obj. row  to PSF (i.e,  coeff  of xa 0 ) before starting 
the simplex

        method   ( Add M times rows of artificial variables to objective 
row  )

 3.   A non-basic artificial variable is never considered for re-entry 
into the basis. 

       Therefore, ignore the column of artificial variable  once it 
leaves the basis.     

4.  If all artificial variables are zero in the optimal  tableau, then 
the result is the optimal solution of the given LP.  Otherwise, 
i.e., if some artificial variable is positive at the termination,  
then the LP is infeasible. 

• Remark :    To solve  the problem with Big-M:   
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Example: Solve  -

1 2

1 2

1 2

2

1 2

max 2
s.t.      2
      1
                3
         , 0

x x
x x
x x

x
x x

 
 

  



1 2

1 2 3
1 2 4 7

2 5
7

6 7

6

1

max 2      
s.t.                +     2
                     + 1
                                     3
                 , , 0        

x x
x x x
x x

M

x
x x
x x

x Mx
x

x

 
  

 










 



1 2

1 2 3
1 2 4

52
1 5

max 2
s.t.               2
                1
                          3
            , , 0

x x
x x x
x x x

x
x

x
x

 
  

   
 



    
(standard
    form)

    
(Big-M)
x6, x7 artif. 

Initial basic var.  :   xB= (x6, x7, x5) ,         xa = (x6, x7). 
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      x1      x2        x3      x4      x5     
x6     x7

RHS

z 1      2        0      0     0   M    
M

    
 0   
(IT)     
  

x6   1       1     1     0      0     1    
  0

  2

x7 1       1       0   1      0     0     
 1

  1

x5   0       1       0      0     1     0   
   0

  3

Initial basis:  B= (A6.  A7, 
 A5)
Artificial  variables :  x6,  
 x7 .
First adjust  the obj row 
of  xa  to PSF by adding  
M times 1st and 2nd rows 
to obj. row. z 1+2M    0     M    2+M    0     

0   
2+M 

x6    2       0    1      1      0     1   
   

  1

x2  1       1      0    1      0     0    1
x5    1       0      0      1      1     0  

    
  2

Continuing in this way, 
we will get optimal 
solution 
 x*= (x1, x2) = (0,  3) ,    
z* = 6.

The Simplex  procedure  of  the problem  with 
big  M :

M
M

z 3         0       2       0       0   4
x4   2        0    1      1      0   1
x2   1        1    1      0      0   2
x5 1        0      1      0     1   1

1    2+2M  M   M     0      0  
    0 3M
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Exercises:   Using the big-M method solve the following  LP

1 2

1 2
1 2

1 2

min 3 2
s.t.   2 2
       3 4
        , 0

x x
x x
x x
x x


 
 


1 2

1 2
1 2

1 2

max 3 5
s.t.     1
          3
        , 0

x x
x x
x x
x x


 
 


1 2 3

1 2
1 2 3

1 2 3

min  2
s.t.        3
          1
        , ,  0     

x x x
x x
x x x
x x x

 
  
  



1 2 3

1 2 3
1 2 3

1 2 3

max 4 2
s.t.   2   5
       6 4 3 10
        , ,  0     

x x x
x x x
x x x
x x x

 
  
  



1)

2)

3)

5)

1 2 3

1 2 3
1 2 3

1 2 3

max 3 2
s.t.     2 2 10
             6
        , ,  0     

x x x
x x x
x x x
x x x

 
  
  



  4)

1 2

1 2
1 2

1 2

max 2 3
s.t.     1
    3 2 6
        , 0

x x
x x
x x
x x


 

  


6)
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