Chapter 4: The Simplex Method
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4.2 The Simplex Algorithm

4.3 Starting Basic Feasible Solution
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4.1 Introduction

« The procedure, called simplex method (algorithm), is
designed by Dantzig (1947) to solve any LP problem:

max cx s.t. Ax=b, x=0
* Recall that an optlmal solution of this problem, if exist,

occurs at a basic feasible solution (BFS) of the system
Ax=Db.

* Thus, the simplex procedure searches an optimal solution

of an LP from among its BFSs iteratively (step by step).
“« Generic form of Simplex Procedure , to solve max c¢x

s.t
AxLpStaft with an initial BFS

2.0ptimality Test: Is the current BFS an optimal

solution?
R If Yes, Stop (The current BFS is
optimal)
“If No, move to adjacent BFS with better
value;
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4.2 The Simplex Algorithm

* This section presents the simplex algorithm to

1Nax CX
s.tAx =b

solve

x =0

« We assume that a BFS, called initial BFS, is known

at the beginning. Other case is considered in the
next section.

« If each constraint has slack variables, then the
slack variables are the initial BFS.

« In particular, Simplex procedure is applied on an
LP with perfect standard form (PSF) as defined
below
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Definition: An LP in standard form is said to be in
perfect standard form (PSF) if it is of the
following form

Max ) C;X; +2;

JeN
st D Ax. Hx; =b
JEN
x>0
and b=0

l.e., 1. every constraint equation contains only one
BV with coefficient 1.

2. Objective function is expressed in terms of
NBVs only

3. The RHS of each constraint, b,, is
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For instance, ifan LP is max cX
s.t. Ax<b
x= 0
with b >0, then we use slack variables x, ., ,
.., X,... to change the problem into equivalent

PSF:
max ¢ X +GX, +...+C.X

st ax+a,x+..+a,x +x , =b,
X + QX + oot Gy X T Xem =D
x >0 Vi.
whereb >0 forall i , and z, is a

constant.
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“If so, the simplex method starts with the initial

BFSx ., b, X 0
b and the value
Xg = X2 | | P2 - 5 NI 0 of objective
: : N . . :
: : : : function at
Xosm b, X 0 this BFS is
Z;.
2 Z=CcXx +C,X,+..+CXxX + 2z,

Setti _
N9 _ >+ cx +C,X, +...+ G X, =- 2,
“* The LP in PSF can be formulated as

Max 2
- Z+CX +CX, F .+ C X, =-z
a X + X ...+ d, X, + X 4 — D,

ay X +dpX, +...+a, X, + Xh42 — D,

a X +a.,x+..+a, x + Xem =D,
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“The data in the above formulation is displayed
in a table, called the simplex tableau. as

follows:
Objective value
% at current BFS =
| = . : | Zs Z
BV X1 XZ Xn Xn+1 Xn+2 RHS// ) .
Y 2 <_objectlve
row
! -Z Cl CZ 'TT) Ck 0 0 EEEEm -ZB <_(R°w D)
1) <— Row 2
.
Xpep | @y Gppeee dqe 1 0 L. b,
| 0 b, <—Rowm
Xn+2 a21 a22lll a2k 0 1 EEEE :
. 0 bm
Cuyrent BVs,
Xg !
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“ After the data of an LP is placed in a table as above,
the simplex procedure applies special elementary
row operations , called Gauss-Jordan Elimination

(GJE) , to generate BFS.
“Ina general case, GJE with arbitrary pivot element

can produce a non feasible basic solution that has

.ho use for LP.
“ Thus, Simplex Procedure incorporates important

rules to the Gauss-jJordan pivoting operations so
that
1. Only BFSs are generated at every pivoting steps.

2. Check whether a BFS is optimal or not

3. If a BFS at hand is not optimal, generate adjacent
BFS that improves objective value.

4. Identify the case when the LP is unbounded.
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 In particular, starting at a tableau with a PSF, we apply
GJE in such a way that the structure of the PSF is

preserved
** Since pivoting changes each entry in the table, we put

bar on each 'symbol” for generaiisy. Initially
XgC, - - - 5] .- C, ,
z |7 = ... 7 0 n 2, =0
o11 o Gt in x C
_ _ _ Ty j is called
""" g o the net gain per
X unit of Xj
rall j,
then, the current BFSO i al
>0 , for some j, basis exchange! Pivot
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“ If C, >(0) , for some non-basic columnj, then an
increase of Xx; from O to positive increases the

soPAuelide ‘!eléiﬂ'ers basis.

» That is, we choose this column for pivot column.

» But, how far x; can increase without violating
the constraints?

“ If x; = 8 > 0, while the other NBV are 0, the
constralntsXar_Ie_ A S b

where A, is the current j-t‘)3c)olumn of the

cons_tramts S
< Denoting the BV in i-th row be x,, (3) can be

written as ao=hb, i=12,..,m
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“Thus, we have to choose a positive § such that

x =h - @6 =0, Vi=12,..m ......
o E (4)
* Here, two different cases can occur

« Case 1: Suppose aij <0, Vi=1l2...m

In this case, 6 can be arbitrarily large without
violating any of the non-negativity condition (4).

Conseguentjy,+ .5 — oo
Thus, we obtained the following result

Theorem: (Criterion for unbounded LP)

Given a BFS with respect a basis B, if there is a
non-basic column j such that

¢;>0 and B'A, =A; <0
then the LP max{ cx|Ax=b, x>0} is

nnnhoinnnded

i I N O i i I i W'
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« Case 2: Suppose, in the pivot column j, there is

a; > O, forsome ie{l,z,...,rr} :
Then, from (4), X 25 - ;0 >0 Vi=1l2..m

provided that 6 < b /@d,, foreveryi st d, >0.
" Thus, in order to choose § as large as possible we
take (T = | = _
o =mim b /a;| @;>0} (Min
" If the minimum of these ratio occ@r®d in r-th row,

then b /a .
" That is, for old BVX. —b (a D /a,j) =0

and, for the new X, =0 = /
PNis is a basis exchange. X; enters basis and

x, leaves the basis.
"That is, row ris a pivot row that yields a new

BFS.
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" Thus we have the following resulit.

Theorem 3: (Basis Exchange)

In the simplex tableau of an LP, suppose that
- G2 0 for some non-basic column (pivot

column) j; C; A

e column under , L.e, , has at least one

p05|t|19e entry; Min

. anglétm@{ll a Rlat‘ﬂy %Q&ccurreq;{igtrgw r. i.e.,
Rule

Then, choosmg r-th row as pivot row, pivotifg with
yields a new BFS (i.e., x; enters basis & x,

leaves basis).

Moreover, the vaTle,of @he objective function at the
new BFS is increased by

" Collecting the above results together, we have the

following algorithm (solution procedure).
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The Simplex Algorithm: To solve max {cx | Ax=b, x

T 8011struct the simplex tableau of the LP in PSF and
start with initial BFS .

2. Optimality Test:Cjf=0, VJ STOP. The current
BFS is optimal solution, and the optim?i< Gb?'gctive
value is

(the negative of the entry at RHS of row 0 )
Else; Cj >0
Choose a non-basic column j with largest
(Column j isZilPe_:pjvw colummh

3. Unboundedness: If, , then

STOP - the

LP is unbounded.
Else qgﬂlrﬁ{stbls/@clpamgjgs & prﬂ]g\@,:...,nj

- Choose a pivoié row r in which the ggllowing min
occurs: 2

Berhanu G (Dr)
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Example : Using the simplex algorithm solve the
following LP problems.

1) INBX - 2x; + 4x, + X Optimal solution:

s.t. 2x +2x,- 2x; <2 A L
4x, +2x, <4 X =% =3
- X +2X% - X5 <6 X3 2
X, %, X =0 ZF =14

2) mMax 2X, + X
Unbounded
st X +x-2x5<7 ( )
- 3+ X, +2x;, <3

X, X%y, X =0
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4.3 Starting Basic Feasible Solution
*« Recall: Simplex method starts with an initial BFS ( in
PSF).
‘For the LP with type Ax < b, where b>0, the slack
variables are used for starting basic variables.
“In general, however, starting BFS may not be obvious.
‘ Exax{piex Let Phe constraints of 559 L,_P%mt& all x; Oilze
- X+ X >1 x,,x,:surplus; _ X 4+ X - X —1
X, <3 x.:slack 1 > i —
%, X, + X, =3
* To get a starting BV, for each constraint that has no

slack variable, we introduce a so called artificial
variable.

« Thu with art {ficial variables x., %, = 0, the above
bec;}ﬁ\ s;} X -'F}% __Z
X, - X, +¢, =1
X T X5 =3

« Thus, x;, X;, X, are starting basic variables.

12/02/25 Berhanu G (Dr)
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* In general, if a BFS is not directly available in

Ax=b, x=0, -+ « .« ..
then, to each i-th equation, we addllghon -negative

artificial X’

vanable
AX + Ix? = b, X, X2>0, ... ..

where X? is vector of artificial varia“‘gg.
So, at the beginning x, = x2 = b.

* Note : The original system, (12), is consistent
(feasible) iff

* Hence, s 3é\rpnag::'v‘?nEhF?l‘githaxse_qL?ence of basis
exchange (pivoting) should find a BFS in which all
artificial variables are 0 (non basic).

At this stage, we get a BFS for (12)

* There are two ways of solving an LP with artificial
variables, namely, the big-M methods and the two-

phase
12/0223N e will discuss the former.c o
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Notation : e™= (1, 1, ...1). (So, ey =y,+y, +...+y,, Where y =

(i,.lﬁ)h'e"blrﬁ)rl\)ll Method: To solve the LP
max cx (1)
s,t, Ax=b, x=0
e Let the constraints be altered to Ax +x, =b, Xx,Xx
>0,
and let the objective function be f(x) = cx- Me'x,

where M is a large positive number (or M - « ), called

DT hys, the. big-M_ s to solve:

= cj)L('jS5 - 'Maxa 'for'any feas I;ée\'lalue of x; and any x, >0.

= Simplex methogltrem\ie&aljgrtiﬁcial vavipbles from basis
° a —

(for S#0)

a

x,x, =0,
using the simplex method starting with initial BFS x =0b

a

122125 " Berhanu G (Dr) 27



° Remark: To solve the problem with Big-M:

max cx- Me' x
st. Ax+Ix, =b
X, x >0,

1. Execute the simplex method without a need to specify a value
for M, but recall that -M is less than any number (and M >
any number)

2. Adjust the obj. row to PSF (i.e, coeff of x— 0 ) before starting

the simplex
method ( Add M times rows of artificial variables to objective
row )

3. A non-basic artificial variable is never considered for re-entry
into the basis.
Therefore, ignore the column of artificial variable once it
leaves the basis.

4. “f¥'all artificial variables are2&19h the optimal tableau, thén



« Example: Solve -

max - X + 2X
max - X, + 2X, ! 2

st Xx+x =2 (t:d . St x+X-X :21
standar - X + X - X —
X, =3 X,..., % =0
X, X, =0
= max - X + 2X, - M, - M,
(Big-M) _ _
S P S.t. X+ X - X X =

X ,..., % =0

Initial basic var. : xz= (X, X,, X;), X, = (X5 X5).

12/02/25 Berhanu G (Dr) 29



The Simplci:x procedure of the problem with

X1 2¥2M -M -M OSs Initial basis: B= (A,. A,
A.)
Artificial variables : Xx,,
X, .

First adjust the obj row
of x, to PSF by adding

M times 1st and 2" rows
to obj. row.

Continuing in this way,
we will get optimal
solution

x*= (x,, X,) = (0, 3),

K —
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« Exercises: Using the big-M method solve the following LP

max 3x + 2x, + X,

1)
st x +2x +2x =10
X+ X+ X =0
X, X, X =0
2) min 3x; + 2x,
st x +2x, =2
X, X, =0

3) max 3x + DX,
st. x+x <1
X - X =3

X, X =0
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4) MiNn X + X, + 2Xx;

st - x + X >3
x1 - X+ X =1
X, X, X =0

5) max 4x, + X, + 2Xxg

st. 2+ X, - x3 =5
ox, + 4x, - 3x3 <10
xl, X, X3 =0

6) max 2x + 3x,

st. x+x <1
- 3% +2x, =6
X, % =0
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