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Unit 7

Vectors and transformation

1. Vectors and calculation with vectors

Definition: A quantity that have both magnitude and direction is called a
vector.

Example: acceleration, velocity, force,

- Vector is denoted by arrow

) ) V=4B
E.g. vectora=a vectorv=yv A =B
Initial Terminal
Note: Point Point

1. If V=x,i+y,jthen || denotes magnitude or norm of Vv, defined as
ol=ix, ey,

2. Two vectors d and p are said to be equal if and only if they have the
same direction and equal magnitude and denoted by G=bh.

3. Two vectors d and p are said to be opposite if they have the same

—

magnitude but opposite in direction and denoteé/Ezig/;nb

—

E.g. If G=2i-3j and hb=-2i+3j, then G=-2i+3 j= —(-2i+3j] =—b and |d|=p|
tells us they are opposite direction and equal in magnitude resp.
-~ d and pare opposite.
Addition of vectors
Tail-to-tip rule

Al

o

E.g. Add @ andv.

Note: Tail of v is fixed to
tip of U keeping its dxn.
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Definition: If ﬁ=(x1,y1) and V=[x, Y,/, then U+V=[x;+X,,y;+y,| and
ki=(kx,,ky,| for ke R.
Example 1: If =(-3,2) and V=

4,3|, then find:

(a) T+V (b) 2T+3V (c) 3a+%\7
Solution: (a) U+v = (-3,2+4,3]= (-3+4,2+3|=(1,5]
(b) 2T+3V = 2(-3,2+3(4,3)=-6,4+(12,9]= (-6+12,4+9/=(6,13)

- 1. , 1 3 3 15
(c)3u+2v-3h32)ZPLB—F9,6+2,2- 9+2iH2-%7,2)
Theorem 8.1-8.2: For any three vectors u, v andw
(i) u + v =v + u ..Commutativity
(ii) (a+v)+w = U+/v+w| ..Associativity 5

vV C
Associativity
U+v+w|=AB+/BC+CD|=AB+BD=AD
V+U=BC+CD=BD Gi+V|+Ww=|AB+BC|+CD=AC+CD=AD
— U+V=V+1 = U+ V+W|=(U+V]+W

Multiplication of a vector by a scalar

Definition: Let d be any vector and k be scalar. Then, the vector ka is a
vector whose magnitude is |ka|=|k||d| where:

i. If G=0 then (a) for k>0, kd has the same dxn as d
(b) for k<@, kd has opposite direction with a
ii.ka=0 if k=0 or =0 27

a///7-

Theorem 8.3: For all vectors gab and k, 1 € R
i.kla+b| = ka+kb ii. (k+)d = ka+la iii. (klla=k(la)=1kdl

Homework 8.1: Do Exercise 8.2 on page 301, #1,2,4

Coordinate representation of vectors
= Vector v = v= |a,b] «v= ai +bj where i=(1, 0) and j=(0, 1). i & j are
called unit vectors.
. ai +bj =a(1,0) + b(0,1)
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E.g., v=2i -3j =(2,-3) =(2,0) +(0,-3)= 2(1,0) - 3(0,1)

Definition: (i) a vector with magnitude 1 is called a unit vector.

—

. . . . . . . %
(ii) unit vector in the direction of v can be given by Eﬂ.

Example 1:
Example 2: Let d=i-3j and b=2i+2j..Then find
a) unit vector in the direction of a
b) unit vector in opposite direction to b
c) unit vector in the direction of g B
__a __i- 3J _i-3j_ 1,
Solution: a. tale V‘ F V10 JlO JlO

- (ZHZJ] _-21-2)_=2i- 2] J‘ N

V 1y =
o bl 2P B 22 =

—»

a-b _ li-3j-2i+2j
od-ble di-3j-2i+2 jlk
Scalar (Dot) product of vectors

-

Definition: suppose @ and b be two vectors and 0 (0=60=m| jis an angle

C {VMnﬁ{a$°‘

between @ and b(let d=Xi*ViJ g b:X2P+y2J), then the dot product of @ and

-
-

b is dented by @.b and defined as d

) 6
(i) a.b=|d|/p|coso b
(ii) or equivalently d.b=dX0 V1% Yo =X1 Xt Y1
cosf= XXt ViVa

(iii) ~albre * (derived from d.b=ia//blcosB=x,X,+Y, Y, )

Note: - Ifaﬁ{héthen 6=0=d.b=:ca//bli imaximum
. If dlb, then 6=90°=d.b=0

- -

- If angle between 4@ and b is 180° that is if d is anti-
parallel with b, then @.b=ia//b/cos180°=—ia//blii

. a.d=iallalcos0=ical?ii

. a.b=b.@ (commutative property)

_ la+ B):*2+2a b+b?
—24.b+b?

=a*
B) a2-b*=ial*~iblii
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Theorem 8.4:Let i, vAW be vectors and k be a scalar. Then

(1) klU.V|=kT].V e associative property
(i) T.[V+W|=TU.V+U. W s distributive property
U.0>0 if §=0 and ©.U=0 if =0. Here, 0=(0,0/=0i+0 j.

Corollary 8.1:If U=(a,,a,|AV=|b,,b,
Proof: see page 308.
Application of Scalar (Dot) product of vectors

,2then U.v=a,b,+a,b,.

Example 1:
Example 2:
Example 3:
] o=21
1. Vectors @ and b makes an angle 37 if ¢ali3 and ¢blid calculate
5. a.b b, d.d c la-bll2a+b,

a.E:La//b/COSG:S.4.005120:12x—%:—6

Solution: a)
.d=éa/lalcosO=ial*.3%=9
b|.|2d+b|=2¢2+d.b-2d.h-b?
=2/a/*+a.b-2a.b—-ib/?i ¢
=2(3)*-6-2(-6)-4°=18+6-16=8
2. Given two vectors @ and b such that ¢a/a/b/él | If the angle between d
and b is 60°, find (a+blii
Solution: ¢@+b/2ia?+2a.b+b2=:a/?+2/a// {b/cos60°+ib/2;

o /a+bliNi af+21a/f {bjcosB+ibi%
=(142(1)(1)c0s60%+1=yT+1+1=3

Homework 8.2:Do Exercise 8.4 on page 310, #1,2.
Corollary 8.2: Let uAv be vectors. Then

(1) (G- [a+v

)
(ii) [TV =0*+£20.v+V* where @?=u.ud|d/’and ¥2=v.vi[v[

Example 4: If uav make an angle
9=2g1, i|=3 and |v|=4,then calculate:
(a) u.v (b) [d—V|.[u+V]| (c) [u+v).[u+v] (d)[2T+v|

Solution: (a) T.v=: [i[¥]cosO=0(3) (4)cosZE ((3)(4)(0.5/=6
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() [U+V).[U+V) = W2+20.v+V* =[u[+[v[+20.v= [a)*+|v|*+20.V

=[af*+[o] +2lalplcos 2 =37+4%+2(6)=37

20+V| =/]20+vf =V2T+V].[2T+V] =\4[t?)+40.9+V* =\/4[G] +[v[+4T.V

=\/4|ﬂ\2+|\7|2+4|ﬁ\|\7|cos2—H =y/4(3%]+42+4(3/4(0.5)= V76

3
Example 5: If |u|=13, |v|=19 and
i+V|=24, then calculate:
(a) ©.V (b) [d—7| (c)[3T+47]

Solution: (a) @.v=¢ [u||v|cos® will not workout b/c 6 is not given. So,
find T.v from |g+vf°. But, [G+v['= (G+V).[Q+V =02 +21.V+V*.
=>|a+v|2=\a|2+\v|2+2u.v=>2u v=|a+vf | - [’
—=21.V=24%-13"-19’=46 = U.V =23.
b) |t —|=y[u—v|*=\[t-V].[a—V=TP—20.v+V?
=[] +[v[ -27.9=113%+19*-2(23)
=J/484 =22 where #.Vv =23 is taken from (a).
|3u+4v|JBu+4v\ 3u+4V|.[3u+4V) J9( H24ﬁ.3+16ﬁz

=Jolaf +16[vf+241.v=V9(13%)+ 16(19042)+24(23),=V7849=88 . 59
Corollary 8.3: Let uAV be non-zero vectors. If 6 is the angle b/n them,
then
(i) 6 is acute if and only if u.
(ii) © is obtuse if and only if

v>0
u.v<0

(iii) 9&%—(&AV are L or orthogonal)if and only if ©.v=0

Example 6: Determine k so that the
angle b/n u=(6,-5k)and v=(-3,2) is
(a) ¢ (b)obtuse (c) 90°
Solution: Let 6 be the angle b/n zand v.
(a) 6 is acute iff T.v=¢ (6,-5k/.(-3,2)>0 = 6(-3)+(-5k)2>0
= 10k<-18 = k<-1.8
(b) 6 is obtuse iff u.v=¢ (6,-5k|.[-3,2)<0 = k>-1.8
(c) 9&%-(ﬁAV are L or orthogonal) iff @.v=¢ (6,-5k|.[-3,2/=0 = k=-1.8
Example 7: Show that:
(a) =0 (i.e.,u=[0,0]) if T.v=0for all non-zero V.(6,-5k)and v=(-3,2)
(b) TU+vand T-vare perpendicular(or orthogonal) iff |u|=|v|=0
Solution: Let 6 be the angle b/n ziand v.
(a) Suppose T=0. Then by Corollary 8.3(u=0,v=0AlL.v=0gives) ULV
But, this is impossible b/c a vector u cannot be L all non-zero vectors(
V)
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Thus, the supposition (that 7=0¢ is wrong and its negation will be
true.

. Gi=0acute iff U.V=¢ (6,-5k|.(-3,2)>0 = 6(-3)+(-5k)2>0

(b) By Corollary 8.3 u+v& t—vare L iff [U+V|.[u—V

= [U+V).[a-V=0 -9 =i’ - p/'=0 =[u[c|v} =]

Applications of vectors

1. Applications of the dot product of vectors
Example 8: Find the angle between u=:(2i-j and v=(6i+2j.
Solution: Let the angle between 1 and v be 6. Then U.v=( |il|v|cos®

gV _(2,-1).(62)  [2]6+(-1)2) _ 10 _ 10 __ 10 _
—COSTERT [2,-1)6.2)] T V22+—1PV62+22  VBvA0  V5vAv5vZ | 10v2
1
2
—9=C0S " % =45°,

Self-task: Do/see example 2&3 on page 312-313.
Remark: AB=—BA. i.e., if V has initial pt A and terminal pt B, then v
can be given by v=AB or v=—BA.
Example 9: If u,v,w,Zare vectors from the origin to the points
A,B,C,D
respectively andv—u=w-Zz,then show that ABCD is a parallelogram.
Solution: Assume the points on the coordinate plane look the ff.
You can see below that AB=v-u and in a similar way DC=Ww-2, BC=w-v
and DA=T-Z.

e e o YA B
But, it is given that v-u=w-z.

‘51»)| See how, |/ T from

= ——— ——
AB=-CD |AB|=

A
K

BN\
>

the figures(As
of the //gram) given below)
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From v—ii=Ww-Z, we have V—w=U-Z. But,V-W=—BCandi—-2=DA.
—_BC=DA —|BC|=|DA
=The two pairs of opposite sides AB&CD and BC&AD
are equal/congruent.
~ ABCD is a parallelogram

w C

DA=1-2

Homework 8.1:
Homework 8.2:
Homework 8.3:
Homework 8.4:Do Exercise 8.5 on page 319-20, #4,8,9,10

1.
2. Vectors and lines

If a line passes through (Myyd and parallel to the vector a:Pﬁ,aﬂ

the equation
i. (x, y)= (Xe, Yo)+ A(a, b) for AE R is vector equation of the line.
ii. x = X +Aa and y= ye +Ab is parametric equation of the line.

then

iii.'x;xozjkéyo is rectangular (standard) form of equation of the line.
/
P(x,y, P,n -
b fz P,-P,
P &P v

\

P, and P, are position vectors corresponding to P, and P; resp.
Here, VIl and |v|= P.P,
Pl—P0= (a-xe,b-yg)=\7

P-F,=P,P= N P,~P,|, where Ais a scalar(i.e., A€ R )
7| Page



P—P,=AV =P=P+AV = (X, y)= (Xo, Yo)+ A(a, b)

X=X,+Aa b 0 0 i t1 £ the Ui
=|y=y,+2b (a, b)= (0, 0)... parametric equation o e line

= A= X_ax(’:y;)yo ......... standard equation of the line

R

Yo Xo

b

X
=

- =0....General linear equation form

+%+

o a
oy
Q

= Ax+By+C=0 where A =%, B =

Example 10:
1. Find the vector, parametric & rectangular form of equation of a line
£ that passes through 32 and parallel to the vector 53)
Solution: X0, Yo/=[-3,2], 5:(01,02):(5,3) then X, YI=(xq, Yo/ +tay, a,]
— |x,y=-3,2}+t(5,3] is vector equation
— |x,yl=[-3+5t,2+3t|

_Xx+3 t:y—2

t
= x=-3+5t § Y=2+3t is parametric equation = 5 and 3
X+3_y-2

= 5 3 is rectangular form of equation of £
= 3x+9=0y-10= 3x-5y+19=0 jis general form of equation of £
3. Vectors and Circles

A circle with center C (Xo, yo) and radius r >0 is the set of all points P (x, y) in the
plane such that [0P -OC|=r =*|5_5—55‘2:r2 ..... squaring both sides
loP-0C|.|0P-0C|=r"...... vector form representation of equation of the circle.
OP.OP-20P.0C+0C.OC=r?

Substituting the corresponding components of OP and OC,
|OP-0C|.|0OP-0C|=r* gives (x-Xo, y-Yo). (X-Xo, y-Yo) = I

Which is equivalent to the form:

=(X-X0)? +(y-yo)? = 1% ........ standard equation of a circle centered at (xo, yo) with

radius r.
OP —OCl|is
the radius




Example 11: Find an equation of a circle centered at

radius3.
Solution: since CP=r, CP=r.
Then OC+CP=0P =0OC +F=0P
—F=0P-0C = |f|=|oP-0OC
—|rP=|oP-ocC/,
Here, OP-OC=Ix, y|-(-3,2=x+3,y—-2|
=>r2:|(x+3,y—2)|2=(\/(x+3)2+(y—2)2)2
—r?=(x+3+(y -2
In short, the circle can be described by:
r=|x+3, y-2||

7’ =r?

4. Tangent line to a circle

('31

2) with

It is known that a radius drawn to the point of tangency is perpendicular

(orthogonal) to the tangent line.
That is, P,CLP,P and the circle is (x,—h)*+(y,—k)*=r

—P,C.P,P=0 = (a-h, b-k). (x-a, y-b)=0 = (a-h)( x-a) + (b-k) (y-b)=0

Then by adding (x, —h)*+(y,—k)*=r? to it we have:

G —h)(x=x;) + (yl_k)(y_yl>+(xl_h)2+(yl_k)2= r’

=0 —h)(x=x)) + (y,=k)(y=y,)+(x;—h)(x;=h)+(y,~k)(y,— k)= r?
=(X1_h)[(x_xl)+(xl_h)] + (y1_k)‘;+(y1_k)]= r

Thus, equation of the tangent 2| (x;—h)x—h| + [y,—k|(y—k)= r?

If the center is (0, 0), € i XXty y=r’

4
P1 (X1, Y1)
9,
P (x,
0 >
Example 12: Equation of the tangent 1line at (-1, 2)
x*+y*=5 is -1x+2y=5
Example 13: Equation of the tangent 1line at (2, -3)

(x=5)*+(y—1)*=25 is (x-5)(2-5)+(y—1)(-3-1)=25

to the

to the

In general to find tangent at (a, b) to a circle (x—h)*+(y—k)}=r?
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(x-h)(x-h) + [y-kl(y-k)=r’

|

Ia

Transformation of the plane

Definition: A mapping of a plane on to itself is called a rigid motion if
it preserves distance.

Types of rigid motion

1. Translation

Definition: If a very point of a figure is mapped along the same

direction through the same distances then the transformation is called a

translation or parallel movement.

Note: 1 - 1In rigid motion - point is mapped to point

- line is mapped to line - triangle mapped to triangle

Note: 2 — If a translation T takes the origin to the point (h,k), then

each point X,V is taken by T to the point [X+h, y+k|
-If a translation T takes the point |a.b] to the point [c.d| then each
point [X.¥/ is taken by T to the point &+c-ay+d-b) § o the

translation vector is (c-a, d-b).
Example 14:

1. A translation takes the origin to the point ¢ 2D, Find where it takes
the point Al2.3),B[3,-4/,C(2,-1]

\

Solution: (0'0 T —2,1)=>T=(—2,—0,1—0):(—2’1)
A 12,3)T721)A'0,4]
s |3,-4/121B'1,-3,
c. 12,-11=21C"0,0]
B(3,-4 B'[1,-3
T(-2,1)
A(2,3] Cl2,-1] A'04] C'0,0

Here, the real rigid motion (in this case, translation) Llooks the
following.
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Note: Each point of the triangle is moved
2 units| to left 1 unit up by T(-2,1)

2. Find the -equation of the 1image of the circle (X"1F+y2:4= when

translated by the vector AB where A=2,3] and B=[3,-4

T=AB=(3,-4-2,3 7=1,-7

- Then translate only the center keeping constant the radius =2
Center(lioyij7m2/_7)

-~ equation of the image becomes
x=2]+y+7/*=4

3.A translation T takes (-1,3)to(4,2|. Find the image of the line l:y=2x-3

under T.

Translating vector =T=4,2/-(-1,3]=(5,-1]

Change any point from £ and translate it by T.10,-3/ is on £
0,-3/75-1/5,-4)
NB. Translation is parallel movement, there for slope of £ and its image
are the same =mi=ml’

Equation of £' becomes ¥——4=2(x-5|=y+4=2x-10

= y=2x-14
Shortcut: To translate any geometric figure F(x, y) by T(a,b),simply
substitute (x-a,y-b) in place of (x, y).

Solution: Translating vector

is on the image

s0,1:y=2x-3 —L6G=» ['.y(~1)=2(x—5/-3

Summary
Translate Translated to
by vector | Translate

a point (a, b) point (a+h,b+k)
(h, k) a figure F(x,y) F'=F(x-h,y-k)
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2. Reflections

Definition: If P is a point not on L, then its mirror image is in L is

the point P’ such that

2
i PP'1L
ii, PO=P'0 _h .
iii. If P is on L, its image is P itsd\f ' 0 ' P
Types of reflection
Pix,y|
1. Reflection in an axes |
i. Reflection along the x-axis |
I
For any point Pix,y|x=as P (X,—y) i
E.g. \2,3)x—axis 2,—3) (—5,1 x—axis(—5,—1] 'p'{xl_y]
ii. Reflection along the y-axis P'l-x,y)
T Pll=x v G B Pix,y|
For any point I)X'yyyﬂmsp X,y |

E.g. 1. —24 02,4
2. [4,3))?(1;5(_4,3)
2. Reflection 1s the line V=X

R I’
For any point Ii(x,_y)y:xP (\y,x‘) _
E.g. i) P @=""> P (42 ii) a5, P (2, 1)
3. Reflection along the line X=d

AY
For any point

— Pxy) [(@y) (!
plx,yl=PIx',y'=? P&
[Xl,yl]:? >
Yy=Y' because in horizontal
movement y-is contant and
la,yl is the midpoint of P and P' x=a

a=X+X'=>x':20—x y:Ly':y.:y

= 2 2

p(X,y)[along the line x:a]PIfZG—X,yJ
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E.g.

4. Reflection along the line V=D

1 Pl-2,-4/=2(2(2)+2,-4/=(6,-4]
,. P5,3K=312(-3)-5,3=-11,3

AY P'(x'y
A similar proof of no.3 results: R
> x
The image of the point P(X,y)
x,h) > y=b
the line Y=b is p'lx.,2b-y|
E.g. 1. ~230F1-22(1)-3]=1-2,-1 Py
5. [=4,-35=75-4,2(~5)-=3/=1-4,-7
Shortcut:
Reflect on | (To find Image F') Substitute the ff in
place of (x,y) in formula F(x,y)
Figure | x-axis (x,-y) No need of
F(x,y) |y=k (x, -y+2k) selecting &
y-axis (-x,y) reflecting
x=k (-x+2k,y) particular points
y=X (y,X) from the figure.
y=-X (-y,-x)
m=tan0
Y
{ P' (x, l
A (x, :
i 6 P}(x,y)
0 ! ~a JY
— X : ! X

P (x, y)—lR—> P' (x',y') where x'= xc0s20 + ysin20 and
y'= xsin20 - ycos20

For easy remembering, rewrite it as dot product: x'= (x, y).(cos20, sin20)
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y'= (-y, x).(c0s20, sin20)

1-m? : _-2m . . . .
Here,cos260= > and sin20= 5. This will be summarized in table

1+m 1+m
later.
N.B: see proof on page 328.

Ip: y=x+1
6. Reflection in the line Y=mx+b
E.g. Find the image of the point P'(x,y)
1,-2lalong the line {=y=x+1
Here, WJJ:mﬁ:i:—l
m,

= equation of PP' is y—(-2)=-1ix-1| PO1.-2)
—y=-x-1 is equation of PP

- Find intersection point of PP'Al.
=-Xx—-1=x+1 =-2x=2 =x=-1
=y=x+1=-1+1=0

==>1;x:_ and:%;¥:0=:x:—3andy=2

--P(1,-2) y=x+1_ P'(-3, 2)

In short, P(l,dLLL_> P' (@', b") where (@', b')=(b-k, a+k)(see the table
below).
=(a’ ’ b’ )=('2'171+1)=('3r 2) .

Shortcut: The ff works in same way for both a fixed pt(a, b)&

(X, y) of F(x,y) Examp'Le 15:
Reflect on | (x,y)0( x', y') where .
y=x+k (x", y")=(y-k,x+k) No need of 1. Fin

Figure |y=-x+k (x", y')= (-y+k, -x+k) selecting & q the

Fx.y) ,l(x,y).(1-m?*,2m)] reflecting tmage
y=mx X 6 1em? particular points of

| o] from the figure. the

y'i (—yad.(1-m",2m] multiply as
(1+”f) dot product

o

y=mx+k o, y).(1-m®,2m)|-2mk
; (L) lp: y=-x12

y

A=y, x).(1-m?,2m)|+2k O'(h, k)

6
11+m? / ?\

circle \ oY
N
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2, .2 —
c: X'ty +2X—23W"2—0 under reflection
on the line y=—X+2

§gugimu_xaﬂﬂ+zx—2y—2=0
B Cix+1f+y-1)=4

Center:(-1,1) ( 1 1):‘X+2?
. 1
Slope of €=-1 & PP'LI =mW:F:1
1
Equation of 00' is y—-1=1(x—(-1]) = y=x+2.
- intersection point of IAOO’ is X+2=—x+2=x=0g y=x+2=0+2=2
_x-1 5— y+1

= =>x=1 =>y=3
And using mid-point formula, 2 & 2
Hence, the center of the image is “uﬁ.But, the radius is unchanged.
‘ 2 _n2
-- the equation of the image is [x—l)-ﬂy—{ﬂ =2

(- P +(y- 3P =4 x*+y*-2x-6y+6=0
Shortcut: C:(x+1/+(y—1=4  fr:y=-x+2 (here, k=2)
C:[—y+2+17+—x+2-1%=4  (x,y) 0 (-y+k,-x+k)
- y+3+—x+1)=4
Hly—3/+(x—1/=4

3.Rotation
Definition: Rotation about a fixed point 0 through on angle 6° transforms

a point P in to the point P' which is the same distance as P from 0 and
such that

‘ |_n0
m|PAP =0 (anti clock wise ©°>0), (clock wise ©°<O)
p|<a|’b|)
90
0 pla,b

Note: 1 — Rotation through an angle ©° may denoted by R6°

Rotation through an angle 6° about the origin
If R is a rotation of the plane about the origin through an angle 6, then
the point P(a, b) is mapped on to the point P(a’, b’).

i.e., P(a, :__L__)_> P'(a’, b’) where
a'= acose bsin® =(-b,a).(sinB,cos6) and
b’= asin®+bcos® =(a,b).(sin6,cosB)

15| Page



Example 16:
- Find the image of (2.5 obtained by rotating through 90°
a) anti-clock wise about (0.0]
b) €lock wise abﬁn+«?é?
Solution: a)P(2, Lj=r¥/, P'(a’, b’)
a'= 2c0s90°-55in90%= 2(0)-5(1)= -5
or =(-5,2).(sin90%,cos90°)= (-5,2).(1,0)=-5
b’= 25in90°+5c0s90°= 2(1)+5(0)=2
or =(2,5).(sin90%co0s90°)= (2, 5).(1,0)=2
= P’ (a', b')=(-5, 2)
Note: To rotate clockwise, replace —8 in place of 6 & do it the same way.

a) P(ﬂiﬁﬁigfn, P'(a’, b")
a'=(-5,2).(sin(-90%, cos(—90%)= (-5,2).(-1,0)=5
b’=(2,5).(sin(-90°),cos(-90%)= (2, 5) (-1,0)=-2

= Pl(alr b’)=(5’ '2)

Shortcut: shows a fixed pt(a, b)& (x, y) have the image of
rotations (a’, b’) & (x', y') resp. (x', y') 1is obtained by
directly substituting the variables of F(x, y) by appropriate
forms.

Rotate anti- (a’, b')= (x', y)=
a fixed clockwise by 6=
point m or 180° (-a, -b) (-x, -y)
(a, b) I o gee (-b, a) (y, -x)
or 2
E?i?;? E%I or 270° (b, -a) -y, x)

Rotation about any point (h, k) other than the origin

- To rotate point P(a,b) under the rotation of the given angle 6° about
point (h, k), follow the following steps:
=(-(b-k),a-h).(sin®,cos8)+h
b'=( a-h, b-k).(sin@,co0s0)+k
Example 17:
Find the image of the point (—3.4] obtained by rotating through 90° anti-

clock wise about the point (1.2,

Solution:

=(-(b- 2),a 1).(sin90°% co0s90%)+1
)

,-3-1).(1,0)+1=(-2,-4).(1,0)+1=[-2(1)+(-4)0]+1=-1
2).(sin90%,co0s90°)+2

(-(4
b'=( a-1,
(-3- 1, 4-2).(1,0)+2=(-4, 2).(1,0)+2=[-4(1)+2(0) ]+2=-2
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= (a', b")=(-1, -2)
Homework 8.2:
Homework 8.3: Do Exercise 8.8 on page 342, #2,3

Solved problems
1. Given the equation of a line £:3x-y-2=0. If it is translated by the

vector with initial point(4jj and end point L‘53J, find the image line ¢

2. The image of the line 3X+7y-2=0 after it has been rotated 180°
anti-clockwise about the origin 1is: .
3. Suppose a circle C has equationx®+y*~4x—-6y+9=0. What is the image

of the circle C after it has been reflected about the line V=X+3?

4. What is the image of the line X—3V-2=0 after a rotation about the
origin through an angle of 270° in a counter clock wise direction?

5. In reflection the image of the point P(3, 10) is P'(7, 2). The
equation of the line of reflection is
6. What is the equation of the image of a line Q y=2x-1 when it 1is
reflected about the line y = -x+37

7. A translation T takes the point (2,-4) to the point (0,-2). Then
what is the image of point P(0,1) under T?

8. What is the equation of the image of the parabola.yzxz_1 after

rotation about the origin through 90° in counter clock wise direction?

9. Let u=i+3j and v=mi+2 j, then for what value of m the angle between

t and v is 45°?

10. Find a parametric equation of the line that passes through (-1,2)
and (4,3).

11.Let d and p are two perpendicular vectors. Then show that:

‘&+BF:L=ﬂ52ﬂEf (ii) (@a-b) —%|
(i) (@-b) . (2a+3b)=2|af—3|b| (iv)d.(g+b) =|af
1.

2.
3.
4,
5.
6.
7.
8.
9.
10.
11.
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12.Find the area of the parallelogram having an adjacent sides with the
given points of vectors 2i+3j and 5i+j.

13.If d=2i-3j, b=3i—j and ¢=i—j, then find &.[2b-¢|.
14.1f @ and b are vectors such that |d|=4, |[b|=v3 and G.b=-3, then the
magnitude of 24+3b is

Solutions

1. Given equation of line £:3x-y-2=0 and

vector (4, 1) T » (-5, 3) = T.=(-5-4,3-1) = (-9, 2)
T

Then €:3x-y-2=0 > £': 3(x-(-9))-(y-2)-2=0 = 3(x+9)-y+2-2=0
applying the

shortcut: (x, y) Replacingby — ( y_(.9), y-2)

Hence, £': 3x-y+27=0

Self-exercise: Take any two points on ¢, translate them & find the line
containing the translated points (you’ll get the same answer).

2. Apply the shortcut: (x, ) Replacing . (-x, -y) while a figure is

h

rotated 180° about the origin.

= €:3X+7y_2=%?:IRYU?' ': 3(-x)-7(-y)-2=0 = -3x+7y-2=0= 3x-7y+2=0
Hence, ¢': 3x-7y+2=0
3. Given the circle x*+y°-4x-6y+9=0 it is reflected by €r: y = x+3,

(X, y) Remxre (y-k, x+k) (shortcut for reflection about y=x+k )
X+ —Ax—6y+9=0 = (xX’—4x+4)+(yii2-6y+9)i=0+4 = (x-2)+(y-3)*=4
Then C:(x—2)*+(y-3)*=4 -fﬁiiig':«y—sy—2f+«x+3y—3f:4

= (y-5/+x’=4. This is done by:

Replacing by
(X, y) T (y-3, x+3)
Hence, C': x*+(y-5)*=4
Self-exercise: Reflect the center (2, 3) by &: y = x+3 & replace it in
place of (h, k) in (x—h)*+(y—k)/=4. (check: you get the same answer).
4. Apply the shortcut: (x, Replacing (-y, x) while a figure 1is

1

3

rotated 270° or ahnut the origin.

270°\ Y
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= 0:x-3y-2=0 0': (-y)-3(x)-2=0 = -y-3x-2=0= 3x+y+2=0
Hence, €': 3x+y+2=0

5. Given an unknown line of reflection £;, (3, fr > (7, 2)

= Iz: (y-b)=m, (x-a) where M (a, b) is midpoint of PP'and M, is slope of I.

M (a, b) = 3;7,1052 = (5, 6) and
_ _1.2-10 -8_1
e

Thus, Ii: (y—6)=%(x—5)

_ooLt, 7
=Y=27 2
=x-2y-7=0

« lg:x=2y-7=0is equation of the line of reflection.

6. Given the £:y=2x-1 when it is reflected about the line fr:y = -x+3,

(x, y) RBy=aex  (-y+k,-x+k) (shortcut for reflection about y= -x+k )
X+ Y —Ax—6y+0=A = (* 4 x+4)+(yii2-6y+9)i=0+4 = (x-2)°+(y-3)*=4
Then £:y=2x-1 V=3 g1:(x43)=2(-y+3)-1

= ' :-x+3=-2y+6-1. This is done by:(xﬁi§SEEE£Eg+ (-
y+3, -x+3)

= 0': O=x-2y+2
Hence, €': x—-2y+2=0
Self-exercise: Reflect any two points of €: y=2x-1 by &: y = -x+3 & find
the equation of the line containing the two image points. (check: you get

the same answer).

7. Recall the shortcut: translating by(c, d),
v substitute variable (x, y) by (x-c,y-d)

v substitute fixed point (a, b) by (a+c,b+d)
Tv

(21 '4T —> (01'2) - TV= (9'21'2+4)= ('212)
— (0, 1)_1ez ,  (0-2,1+2)= (-2,3)
~ P(0O, 1)__!l££L—> (-2,3) fixed pt. translation
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8. Apply the shortcut: (x, ' Replacing . (y,-x) while a figure is rotated

90° or %%about the origin.
R,(0,0)
— parabola P:y=x*-1 P's P:(—x)=(y)-1= x=1-y?
upward Left opening parabola

9. u=i+3j=(1,3) and v=mi+2 j=(m,2) and 6=45°

From i.v=[U|[V|cos@=u,,u,|.[v,,v,|=u, v +u,v,

=1/12+3%2/m?2+2%c0s45° =1m+3(2)

:\/1—0\/m2+4

]_ _
75| =m6 =/5Vm’+4 =m+6 —=5m’+20 =m’+12m+36

=4m*-12m-16=0 =m*-3m-4=0 = (m—4)(m+1)

=m=4 or m=-1
10.Let I be a line that passes through (-1,2) and (4,3).
Then ¢: (x, y)=[-1,2+(4—(-1),3-2|t=(x, y)=[-1,2]+(5,1|t using fixed (-1,2)
or €: (x, y)=(4,3)+/4—(-1),3-2]t=(x, y)=(4,3)+5,1]t

or replacing the fixed point by any point of ¢ and/or replacing the

direction vector (5,1 by any multiple of it, its parametric equation
can be represented by infinitely many ways. But, all are equation of
the same line.

11. Given 6L5=&.5:\&|‘5‘008900=O

() |a+Bf =v|af+2ab+|B=\[af+0+[p["=\|af+[5[

(i) (a—b).(2a+3b)= 2a*+3ab-2ab—3b>
=2(a+0-0-3|p[=2|af-3b[

(i) (a-B).b=d.b-b*=0—|b[=—|p|

(iv) d@.(g+b)=a’+a.b=|af+0=|af

12.Given d=2i+3j=(2,3) and b=5i+j=(5,1),

Ql

Area=(basel) (base2)cos6 0
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=|d||b|coso= (2,3).15,1]=2(5)+3(1)=13
~ Area=13 sq. units.
13.If d=2i-3j=(2,-3), b=3i—j=(3,-1) and &=i-j=(1,-1), then
a.l2b-¢) =2,-3/.[2(3,-1)-(1,-1)] =(2,-3.[(6,-2)-(1,- 1)
=(2,-3].(5,-1]=2(5/+(-3)(-1) = 10+3=13
a.l2b-¢|=13.
14.Given |d|=4,

=-3, then

the magnitude of 24G+3b =h5+35|=¢pa+35f=ﬂ2&+35%(2&+35)

=/43+12a.b+9b" =(4|df+12d.5+9[B] =/4(4/+12(~3)+9(v3} =V55

Summary Exercise

1. let 0=31=7] ang b=-2i+3j, C=I+2] then find
A 2d-3b |
5. [C~d+2b p. @.2b-¢
2. if 0=1=2] ang b=-2i43] ting
A. a unit vector in the direction of a-b
B. a unit vector in opposite direction to a+2b
3. Let =9, and a.b=-2, then find
A. la—2b|.[2a+3b| g |3a+bl.d-2b ¢ la-2b) D
4. Find the cosine of an angle between 0 and b if
A (=2i-], b=i-3j g (=-1-2], b=2i+5]
5. Let a= 3i+4 j ang b= Mi+2], for what value of i and D are
A. Perpendicular B. Parallel
6. Let 46ali6,/bli4d, and ¢a+b=10, then find
A. a.b B. ba-2010 C. t2a+3blii
7. what is the angle between the vectors 4=17] and v=2j
8. Find the image of [=2.-1] after it has been rotated 300°

A. anti-clockwise about the origin B. Clockwise about the origin
C. Anti-clockwise about 4.-1 D. Clockwise about 4.-1|
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9. What is the image of the point[3f” after it has been reflected about
the line A. X=-2 C. y=x+3 E. y=—X
B. y=3 D. V=X F. the x-axis G. the y-axis

2,4,2 -
10. What is the image of the circle X ) +2X-4)*'4—0, after it has been
reflected about the line
A x=1 B. y=—3 C. y=—x+1 D. V=X
11. If a translation T takes the point \-1.2| to [3.5/. What is the image of
the following points and lines under T?
A, (—4,8) B. [3,-2 C. Yy=x+2
12. Find the image of the line £:y=2x+3 if it is reflected on the line

whose equation is
A, y=2x-4 B. y=—x+1

21,2 -
13. What is the image of the circle X'ty +4X_43*‘0 after it has been
rotated 270° anti clock wise about the origin

14. Find the image of the line V=2X+6, after it has been rotated 90°
clock wise about the origin.

15. Suppose that the equation of the line £:2x-3y-7=0, Find the
different possible vector & parametric equation of the line.

16. The end points of the diameters of a circle are |a.b| and [1-a,1-b],
Then find the equation of the circle after it has been rotated 30°
counter clock wise about the origin.

17. Find the image of the line 2Y+3x=1 after it has been reflected by
the line Y+3x=2
18. Let £ be line that passes through (—2.3] and parallel to the vector

d=

4,1

, then find
A. The vector equation of Z
B. The parametric equation of £
C. The rectangular form of equation of £

19.The coordinate of the image of (4.2
through 135° is

after a rotation about the origin

—

20. Let U:F4410L V:%LB]. A unit vector in the direction of U-2V

21.The image of the point -13] when reflected along the line V=X is .

22.1f the line 3x-4y+10=0 is translated by T to 3X=4y+27=0 and the
image of the point(OJJ by T is[3»” then the value of t 1is

23. Let a:i_jand BZZi‘3J. What is the unit vector in opposite direction
with d-b?
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24,

25.
26.

27.
28.

29.

30.

31.

32.

33.

34.

35

36

37.

38.

.A translation T takes

-

Find the vector a perpendicular to b:2i+3j and Satisfying the
condition d.2i=j==67

The angle between the two vectors V=-3i-2i and'VZSi_j is .

Let T1x#5,y=16/=x+7,y=-8] 54 Tolx=3,y-1=1x+3,y=1] 3nq P=(7,4] then

T\(T,lpl] iq equal to

The image of pl=34] in the line X=2 is -

What is the image of the point “5/‘& when rotated 90° clockwise about
the point(5ﬂﬂ ?

If two vectors a=|x+y,1] and B:ﬂZ'ZX‘Jﬂ are equal vectors for some real
numbers x and y then what should be the values of x and y

respectively.
II

The equation of the image of the line x+y=12 when rotated 4 rad
anticlockwise about the origin 1is

The parametric vector equation of the line through(zﬂﬂ parallel to
the line 3x+y—4=0 js

What translation vector takes the parabola.V:X2+2X to a parabola
y=x*-4x+6?

1f UV and W are three vectors such that U=3i-4j, V=-2i+2j anq
M/:2i+j, then which of the following is not true?

If A:*‘Z3/ B:H,—H and CZJZJ” are vertices of a triangle, then what
is C0S<A where ¢A is the interior angle of A4ABC

A-D , G2

equation is given by(XfY%ﬂz'_”+H1JJ for all t€IR jis translated by T.
What is the image of £7

. If a line whose parametric

x-1F lys2f

.What is the image of the hyperbola 36 64 , when it is

reflected by the line YV=—X
A parametric vector equation of the line through 1L.3] and perpendicular
to the line containing the vector 12/ is

Let il denote the length of vector a Suppose 60/63/ b is a unit

=1
3

vector and ¢ and b makes a angle rad what is (a-2bf?
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