WAVE FUNCTIONS

=1 What is a Wave Function

Bl Connection with Trig Identities

rlier ..
Iﬂ FlFammum and Minimum Values
>

Solving Equations involving the Wave
Function

” Exam Type Questions



The Wave Function
Heart beat

Expressing acosx+bsinx inthe form

kcos(x +a) or ksin(x o).

Many wave shapes, whether occurring as
sound, light, water or electrical waves,
can be described mathematically as a
combination of sine and cosine waves.
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Q)

ape fory = sinx+ cosx
1.Like y = sin(x) shifted left

2.Like y = cosx shifted right
erbical height diffefe




The Wave Function

Whenever a function is formed by adding cosine and
sine functions the result can be expressed as a
related cosine or sine function. In general:

acosx+ bsinx =koos(x +a)
or

a,b,k and a are constants
' Given a and b we can caculate k and «

With these constants the expressions on

acosx+ bsinx =ksin(x +«)

the right hand sides — those on the left hand
side
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The Wave Function

Worked Example:

4doosx+3sinx =koos(x- a)°

S—
4dcosx+3sinx = kcosa cosx+ Ksina sinx

The left and right hand sides must be equal
for all values of x.

So, the coefficients of cos x and sin X must be
equal:

koosa =4 . : :
o A pair of simultaneous equations to be
ksina =3
solved




The Wave Function

kcosa =4

ksina =3 o %

d add >

‘sin(+) and
cos(+)

Square an

k?cos® a + k*sin’ a =4% + 3°
k2(cos®*a +sin*a ) =16+ 9




The Wave Functio

Note:
sin(+) and
cos(+)

4doosx+ 3sinx =koos(x- «)°

4dcosx+ 3sinx =5cos(x- 36.9)°



Expand and
equate
coefficients

The Wave Fun

Exampl

Write cosx- +/3sinx in the fo

COSX - \ﬁ’)sinx =Rcosxcosa - RSinxSina Find tan ratio

R - note: =
05 =1 - , sin(+) al
Rsina =+/3 cos(+900

-y

I
180 0°
- \T |/
270°

=« is in the first quadrant 3t

2




The Wave Function

a= 1[T} =60° § « is in the first quadrant
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Finally:

COSX + \/f’)sinx




Expand and
equate
coefficients

The Wave FG

Exampl

S Write 5c0s2x+12sin2x in the form ksin(2x+ «a), where 0<a <300°

500s2Xx +12sin2x =ksin2xcosa + kcos2xSing

NSVl < Square and adc

T

Find tan ra3

ksina =5
- — . notlng S|g§ —
k*cos* o + k*sin* a =12% + 5° sin(

15 ﬂk’
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270°
= « Is in the first quadrant I
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The Wave Function

a IS in the first quadrant

SREIUWVAl Scos2x+12sin2x  =13sin(2x+ 22.6)°




Maximum and Minimum Values

Worked Example:

a) Wnte sinx- cosx In the form koos(x- «)

b) Hence find:

1) lts maximum value and the value of x
at which this maximum occurs.

1) lts minimum value and the value of x at
which this minimum occurs.




Expand and
equate
coefficients

Maximum and Mini

OO
) | =KCosxcosa + Ksinxsina

—  — W
ksinag =1 ‘u

k*(cos’a +sin®a) = 1+1 =2 O
. k=42

Find tan ralio
note: S%

sin(’

= ¢ isinthe 2" quadrant




Maximum and Minimum Values

Maximum, we SIn X- COSX =\/§COS(X- 135)°

I/ maximum of y=+/2cos(x- 135)°
/1 the maximumof y=cosx’ is 1 when x=0
[ the maximum of y=+v2cosx’ is /2




Maximum and Minimum Values

Minimum, we SINn X- COSX =\/§COS(X- 135)°

occurrs when
x- 135 =180
= x=31%
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T 50 100 150 200 250 300 350 4

I/ minimum of y=+/2cos(x- 135)°
/the minimum of y=cosx” is -1 when x =18
the minimum of y=+v2cosx® is - +/2




Maximum and Minimum Values

Example

A synthesiser adds two sound waves together to make a new
sound. The first wave is described by V = 75sin t° and the
second by V = 100cos t°, where V is the amplitude in
decibels and t is the time in milliseconds.

Find the minimum value of the resultant
wave and the

V.., =75sint+100cost =Ksin(t- a)
For later,

V... =25(3sint +4cost) =25ksin(t- a)

remember K = 25k

3sint+4cost =ksin(t- a)



Expand and
equate
coefficients

Maximum and Minim

O
3sint+ 4cost =ksin(t- o)

3sint + 4cost =ksintcooso - koostsin( e RezlaNg= 810

p— note:
‘ _ -_..’. Squ nd ¢ Sin(') and
ksina =-4 S Q COS(+)
180 A 0°
-\
270°

a =300- 53.1=306.9" 2




Maximum and Minimum Values

|7 VAR (R 0RE)]  remember K = 25k =255 =
125

The minimum value of sin is -1 and it occurs where
the angle is 270°

Therefore, the minimum value of V IS -

result

t=_270+3069 =576 Sapess

subtracting 360°
leaves the sin
unchanged

t= 5769- 360 =216.9

t=216.9



Maximum and Minimum Values

VTl s ST Y=l V,...: =7/0sint+100cost =125sin(t- 216.9°)

minimum of y=125sin(x- 216.9)°
vinimum of y=sinx’ is -1 when x =270,
inimum of  y=125sinx” Is - 125

occurrs when x =216.9




True for ALL
X means
coefficients
equal.

Solving Trig Equati

cosx+sinx:ﬁ for 0<x<2n —~

SJ IOl \\rite /3cosx+sinx in the form kcos(x- «)
O

J300sX+sinx =koos(x- a).

@)

J3cosx+sinx =koosxoosa + ksinxsina
Compare

CO&Square &A™
koosa =+/3
ksinag = 1

k*oos’ a +k*sin’a =3+1




Find tan ratio
note:
sin(+) and

cos(+)

Solving Trig Equs

\f?)cosx+ Sinx =200S| X- %]



Solving Trig Equations

Step 2:
Re-write the trig. equation using your result from

step 1, then solve.




Solving Trig Equations




Expand and
equate

coefficients
Example

=
a) Express 200s2x- 3sin2x in the form ksin(2x- «a)

b) Hence solve 2cos2x- 3sin2x=1 for 0<x<2zas

- 3sin2x+ 2c0s2x =ksin(2x- «a) Find tan ratio
: : note:
=Kksin2xcosa - kcos2xsina sin(-) and
cos(-)

Square and a

i
——

OO
C

270°
3

2

a =180 + 33.7° =213.7°



Solving Trig Equations

b) We now have 2cos2x- 3sin2x =+/13sin(2x- 213.7)°

We solve 200S2x- 3sin2x =1

by solving  +/13sin(2x- 213.7) =

. 1
sin(2x- 213.7) ZE In the I quadrant  sin’’ %] =16.1°

2x - 213.7 = 16.1°, (180-16.1°),(360+16.1°),(360+180-

3919137 = 16.1°, 163.9°, 376.1°, 523.9°
2x = 229.8°, 310.2°,  589.9° 670.2°, ...
x = 114.9° 188.8°, 294.9°,

S~ 0O OO0



Solving Trig Equations

(From a past paper)

Exampl

& builder has obtained a large supply of 4 metre rafters. He
wishes to use them to build some holiday chalets. The
planning department insists that the gable end of each chalet
should be in the form of an isosceles triangle surmounting two

%C}“?F%% %Stﬁléo%@lig §H8v9ha%r?ﬁ% diagram and A

Is the area m? of the gable end, show that

A :8(2+ SIng° - 200380)

b) Express 8(2+sing°- 2c0s6°) in the form ksin(f - )’

c) Find algebraically the value of 6° for
which the area of the gable
end is 30m>.




Solving Trig Equations

(From a past paper)

Part

(a)
Let the side of the square frames be s.

Use the cosine rule in the isosceles

triangle
S 2 =1’ + - 2bcoosA
(2s)’ =42 + 4% - 2x4x4cos0 M 4s* =32(1- coso)| s* =8(1- coso)

This is the area of one of the

squares. :
Tﬂe formula for the area of a trlangle

Areaof Triangle =1 x4 x4 xsing

Total area = Triangle + 2 «

square: A =8sin6 + 2x8(1- cosh)f =8(2+sind - 200s0)




Solving Trig Equations

(From a past paper)

Part (b)

Express 8sind - 16cos6 in the form ksin(6 - «)

Consider 8(sing - 200s8) =8tsin(6 - «)

Solve sind - 20086 =tsin(d- o) and rerr (AR UNEL

note:
sin(+ all

cos(+gge
i




Solving Trig Equations

(From a past paper)

Part (c)

Find algebraically the val -
20m> From diagram

A=8(2+sin6 - 2c0s0) =16 B0 < 9Qo
A =16+85sin(0 - 634)° ignore 2" quad

< g

sin(6 - 63.4) =

\ IS the

JU |
(-
4:\/6 ° \
. !’1 O

§- 63.4=sin’’ 7_*/5]

20
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- Previous

ksin(x+ a) =ksinxcosa + k cos xsina

kcosa=2  ksina =5 %/
K2 =22+5 k=29 /
tana :g acute d =068 a =68
2sinx+ 5008 x =+/29sin(x + 68)
(x+68) =270 — x=202 &
(202, - </29) 1/

. ‘A( .
Quit 4,9: Quit Next



-

Previous

ksin(x- a) =ksinxcosa- kocosxsina

koosa =1

kK> =1"+1°

tana =1

ksina =1

k=2

T
acute d y

sinx- cosx =+/2sin(x- 7

I’IBX:\/Q m'm:-\/i

_ 3
max at X_T

®

min at

Qui

Table of exact values

I
X=7

A

\ X4

« > H
t*th

V2

V2




8cos x- 6sin x koos(x+a) where k>0 and O<a< 360

- Previous

k cos(x+ a) =kcosxcosa- ksinxsina

kcosa =8 ksina =6

/|
K=8+6 k=10 v
tana :g acute d =37 a=37

8cosx- 6sinx =10cos(x+ 37)

/ &

. ‘A( .
Quit 4,9: Quit Next



COS X- SIN X

Rcos(x- a) =Rcosxcosa+ Rsinxsina

Rcosa =1 Rsina =-1 4

RZ :12 +12 R:\/E / //

— T /1
tana =-1 acute d =7 a 1

cosx- sinx =2 cos(x- 7%)

T ) _ T /
J2 (x +)=0 x=7
A =)
vAs :
- Previous 6 Quit 4,.: Quit Next ‘
v

Table of exact values -



2sin X’ - 5cos X ksin(x- ), 0<a <360 and k>0

ksin(x- a) =ksinxcosa- kcosxsina

kcosa =2 ksina =5 VAWA4
K*=2"+5 k=+29 v/
tna=>  acae a =68 a =68

2

200sX- 5sinx =+/29sin(x- 68) /

] . ‘A( [
- Previous Quit 1.: Quit Next ‘
\



y=3sin x-% , for O<x<2n
1 _om
( 2 X=%

T
3
N\
D

t&._ 5

. - vAs |
- Previous Quit <@ Quit Next ‘
v ¢



f(x) =200sX +3sinx’
koos(x- &) where k>0 and O <a <360
f(x) =0.5 for 0<x=<360

kcos(x- a) =kcosxoosa + ksinxsina

kcosa=2  ksina =3 VAR 4
K=22+3 k=y13 v
tana :325 acute d =50 a =56
2c0s X+ 3sinx =+/13cos(x- 56°)
J13cos(x- 56°) =0.5 cos(x- 56°) 23% (\
acute(x- 56 ) =82 x =138 or x =334

. - vAs /
- Previous Quit <@ Quit Next
\/



tanx ==

- Previous

acute X =68’

ksinx =5
koosx =2

Next

AN
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2sin X’ - 3cosX =2.5

Rcos(x- a) =Rcosxcosa+ Rsin xsina

Roosa =-3 Rsina =2 S/
R =2+(-3 R=J13 s
tana:-% acute d =34 a =146

2sinx- 3cosx =+/13cos(x- 146’)
J13cos(x- 146 ) =2.5 cos(x- 146’) = 7—
acute(x- 146°) =46 (\
X =192 or x =460 (outof range, sosubtract 360°) X =100° or x =192 /

] . ‘A( []
- Previous Quit <@ Quit Next ‘
\
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