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[ The Binomial ]
Expansion

Powers of a

+ b
In this presentation we will develop a

formula to enable us to find the terms of
the expansion of :
(a+b)

where n is any positive

integer.

We call the expansion binomial as the
original expression has 2 parts.
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[ The Binomial ]

Powers of a Expansion
wé Kdhow
that
(a+b)% = (a+b)@a+b)
= a2 + 2ab+ b>

We can write this as

—1a% + 2ab+1b>
so the coefficients of the terms are 1, 2

and 1
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[ The Binomial

]

Powers of a Expansion

+ b
(a+b)> = (a+b)a+b)?

=(a+ b)ga2 + 2ab+ b?)
—1a° + 2a’b+ 1 ab’
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[ The Binomial ]

Powers of a Expansion
+ b 5
(a+b)°> = (@a+b)a+b)
—(a+ b)a? + 2ab+b?)

—1a3 + 2a%b+ 1ab?
- + 1(12b+2a172+1b3

Al et
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[ The Binomial ]

Powers of a Expansion
+ b 5
(a+b)°> = (@a+b)a+b)
—(a+ b)a? + 2ab+b?)

—1a3 + 2a°b+ 1ab?
+ + 1a%b+2 ab® +1b3
1a3 + 3a%b+ 3ab> +1b°>
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[ The Binomial ]

Powers of a Expansion
+ b
(a+b)> = (a+b)a+b)>
—(a+ b)a? + 2ab+b?)

—1a3 + 2a°’b+ 1ab?
+ + 1a%b+2 ab® +1b3
1a3 + 3a%b+ 3ab> +1b°>

so the coefficients of the expansion(of b)3
arel, 3, 3and 1
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[ The Binomial ]

Powers of a Expansion
+ b
(a+b? = (a+b)Ya+b)3
=(a+ b)a> + 3a®b+ 3ab?® + b3)

=1a? + 3a3b+ 3a%b? +1ab°>
+ + 1a°b+ 3a%b? + 3ab> +1b*
la* + 1a3b+6a%b> +4ab> +1b*
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[ The Binomial ]

Powers of a Expansion
+ b
(a+b? = (a+b)Ya+b)3
=(a+ b)a> + 3a®b+ 3ab?® + b3)

—1a? + 3a°b+ 3a%b? +1ab>
3 21.2 3 4
+ + la”b+ 3a°b® +3ab" +1b
lat + 4a3b+6a°b? +4ab> +1b*

U R

coefficient . . .
e ?s found by adding 3 and 1; the

coefficients that are i(a+b)3
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[ The Binomial ]

Powers of a Expansion
+ b
(a+b? = (a+b)Ya+b)3
=(a+ b)a> + 3a®b+ 3ab® + b3)

=1a? + 3a°b+ 3a%b? +1ab°>
+- + 1a3b+ 3a°b? + 3ab> +1b?
1a? + 4a3b+6a°b? +4ab3 +1b*

ST

coefficient . . .
e ?s found by adding 3 and 1; the

coefficients that are i(a+b)3
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[ The Binomial ]
Expansion

Powers of a

+ b
SO0, we now have

5 Coefficient
Expression

S

(a+b)* 1 2

(@+b)’> 1303
@+h?* 1 a4 6
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[ The Binomial ]
Expansion

Powers of a
+ b

90, we 1now r1iave

5 Coefficient
Expression

S

(a+ b)* o e
(a+b)’ AR
AN SRR RN AN VAR MR

Each nhumber in a row can be found by adding
the 2 coefficients above it.
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[ The Binomial ]
Expansion

Powers of a

+ b
SO0, we now have

5 Coefficient
Expression

S

(a+b)?
(a+b)3 \/ \/

(a+b)? \2/\/\4/ 1

Each nhumber in a row can be found by adding
the 2 coefficients above it.
The 1<t and last numbers are always 1.
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[ The Binomial ]
Expansion

Powers of a

+ b
SO0, we now have

5 Coefficient
Expression

(a+h)° X 1

(a+b)’ Y @
(a+b)* A R |

(a+b)? R LR R\

@EDS IS NN

To make a triangle of coefficients, we can fill
in the obvious ones at the top.
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[ The Binomial ]
Expansion

Powers of a

+ b
The triangle of binomial coefficients is called
Pascal’s triangle, after the French
mathematician.
Notice that the 4t row gives the coefficients

o (@+bp

. but it’s easy to know which row we want
as, for example,

(a+b)3 starts with 1 3

@+ willstart 1 10
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[ The Binomial ]
Expansion

Exercis /
e
Find the coefficients in the expansio(uefb)6

Solution: We need 7 1
rows

Coefficien 1 2 1
ts D> 0 9


../../../../../../0%20Contents.ppt

[ The Binomial ]
Expansion

Powers of a

+ b
vwe usuany waht to know the complete

expansion not just the coefficients.
e.g. Find the (a+b)5

‘Jansmn of
tio Pascal’s triangle gives the

coefﬁaents1 1

1 9) ke |
The full expansion 0 0

1S
1a° + 5({7%- 1 a3b? + - a’b3 +5ab*+ 1b°

0 J 70
Tip: The powérs in each term sum

to 5
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[ The Binomial ]

Powers of a Expansion

+ b \ "
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

CAtetnding, peuersdushmeans that the 1=

N{¢erm must Iiave 1he Iq;lvestdoow r of x and

\ﬂﬁelﬁ'ﬂié powers must increase.
that
(a+ 1)4— i+4 a3 b+6 & b%+4 g, 3+ bt

To get we need to replace a byl
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

ﬁ?lutlo The coefficients are
We know g 4 6 4 1
that

(1+ b)4 = 14+4(1? b+ t'i(l)2 b2+4(1)b3+ b4
To get (1- X)4We need to replace abyl
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

ﬁ?lutm The coefficients are
We know 1 4 6 4 1
that

(1+ (') ) =14 4(1)1' +(11)1') 2 4(11') 3+(') 4
To gefY(l_ X)Me needx o repface a by
and

Theibwplifkdtayare vital, otHerwise thé®¥ign¥)will be

wrgnopls a
[Be careful! The minus s
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.
Solutio
n:
We know
that - = ) n
(1+ ;(() )4 =13 4(1)1) + fil_ii) 2y 4(1i)_ 3+;) 4
Since we know tha power of 1 equals
1, we could have written 1 here . ..

The coefficients are
1 4 (§) 4 1

gives

(- X)4 =1- 4x + 6x2- 4x3 + x1
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

ﬁ?lutm The coefficients are
We know 1 4 6 4 1
that 2
(1+())4—1 +4(1)'i +(‘(1 2+4(1i)3 (
Since we know tha power of 1 equals

1, we could have written 1 here . ..

gives

(- X)4 =1- 4x + 6x2- 4x3 + x1
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

ﬁ?lutlo The coefficients are
We know . 4 6 4 1
that

(1+())4—1 +4(1) | + 1; 2+4(1i)3 (- 4

. . . and missed these 1s out.
L P L [T\ ¥ =AY

gives
1- N2 =1- 4x + 6x% 3 +x?
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[ The Binomial ]

Powers of a Expansion

+ b \ %
e.g. < write out the expansion ¢f- x) in

ascending powers of x.

ﬁ?lutlo The coefficients are
We could golstraflght 6 4 1
to 3 v
(1 + )4_ 1 +45() +6() 2+4() 2 L)‘l
Slmpllfylng
gives

(1- X)4 =1- 4x + 6x2- 4x3 + x2

A%
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[ The Binomial ]
Expansion

Exercis

e
1. Find the expansion dil + 2}\()5 in ascending

powers of x.

Solution: The coefﬁcienlts are
1 > RON"H IR

0
So, (1+2x)° =
1+ 52x) +102x)% + 102x)3 + 52x)* + 2x)°

=1+ 10x + 40x° + 80x> + 80x* + x>
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[ The Binomial ]

Powers of a Expansion
+ b
If we want the first few terms of the
: 20 :
expansion of, fé@-elmple, , Pascal’s

triangle is not helpful.

We will now develop a method of getting the
coefficients without needing the triangle.
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[ The Binomial ]
Expansion

Powers of a

+ b
Let’s considefa+ b)6

We know from Pascal’s triangle that the

coefficients are

1 6 1 2 15 1

Eac entg\'gl)a@e F%%l@?gl \mﬁ’itlp\l’ym’g
theﬁrewo@ione by a fraétjon. The fractigns

form an easy sequence to spot.
So if we want the 4t coefficient without

finding the others, we would need

6 5 4 (3
= X=X — fractions )
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[ The Binomial ]
Expansion

Powers of a

+ b

For (a+ b)Z(\]Ne get N
1 2 190

q » 0\_/,, 0 etc.
20

1
19 18
e A 18
1 e Ty

The 9t coefficient of (a+b)20 is
20x19x18x17x16x15x14x13

IX2X3X4XDIX06X7X8
Even using a calculator, this is tedious to

simplify. However, there is a shorthand
notation that is available as a function on the

calculator.
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[ The Binomial ]
Powers of a Expansion

+ b _
20x19x18%. . . 3x2x1 '> called 20

Ve write factorial.

(20 follovfbu by an exclamation

mark )
We can 20x19x18x17x16x15x14x13

\rite IX2X3XAX5X6XTX8
- 20X19x18% . . . 14x13 X12x. . . 3x2Xx1
IX2X3IXAXIXOXT7X8 xX12X . . . 3x2X1
20!

- 8112 20!
The 9t term of(a+ b)20 is 3 lé!

a12b8
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[ The Binomial ]

Powers of a Expansion
g bl 20
20! can also be written ag()c8 S
8! 12! (8

20 . 20 12;.8
The 9t term of (a+ b)<" is then Cgab
/

This notation. . .
. . . gives the number of ways that 8

iiﬁemi (é%gﬁsfm,sm fJPénc %QOSing the letter

b 8 times from the 20 sets of brackets that
AKE& MP

m"'lﬁ . (ais chosen 12 times ).

20Cis read as “20 C 8” or “20 choose 8” ,0@
and can be evaluated on our calculators. \/\
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[ The Binomial ]

Powers of a Expansion
Thé& HInomial expansio 20
. pansioncaf

@+ =a®® + 20ab + 2%C»a"° +

+ 2C3a" D% + . . . +b?
We know from Pascal’s trlangle that the 1st

two coefficients are 1 and 20, but, to
complete the pattern, we can write these
using the C notation:

0 d 20=2001
20!

20
I — — '
Since CO 0120! ]-\le must define 0! as

equal to 1.
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[ The Binomial ]

Powers of a Expansion

+ b )
Any term of (a+ b)““can then be written as

ZOCr d 20- rbr

where ris any integer from 0 to 20.

Tip: When finding binomial expansions, it can
be useful to notice the following:

20! 20!
8112  12!8

(1:77
So, 20C 8is equalto  20C 12 &

)
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[ The Binomial ]
Expansion

Generalizatio

> The binomial expansion(@& b)"!  in
ascending powers of x is given by

(a+b)" =
Coa™ + "Cya™'b + "Cya™%b* +...+b"

» Any term of ncan be written in the
form (a s b)

ne an 'l
where r is any mteger from O to @

n.
> The expansion ofl+ x)" is

A+X)"="Cy + "Cyx + "Cy x> + ...+ X"
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[ The Binomial ]

Powers of a Expansion
+ b e first 4 terms Iin the expansion
o 18
sOlutio(ii' X) in ascending powers of x.

n

: 18
(1- X)18 . IBCO + 18C1(- X) + CZ - X)2 +

18 3
C3(-X) + ...
=1- 18x + 153x% - 816x° + ...

A%



../../../../../../0%20Contents.ppt

[ The Binomial ]

Powers of a Expansion

+ b
e.g.4 Find the 5% term of the expansior(df X)12

in ascending powers of X.

Solution: The 5th term £
contains
Itis 12 3 1
C4<L2) & \These
8 4 —numbers will
¥ =495(2)" x always be
,? the same.
U = 126720x*
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[ The Binomial ]

Exnansion

SUMMARY

> The binomial expansion(@¥ b)" in
ascending powers of x is given by

(@+b)" =
Coa™ + "Cya™ b + "Cra™%b* +...+D"
> The (r+ 1) *termiSC.a™"b"

> The expansion ofl+ x)" is
A+X)"="Cy, + "Cyx + "Cox* + ...+ X"
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[ The Binomial ]
Expansion

Exercis

- _
1. Find the 1<t 4 terms of the expansion(2#f 3;\()8

in ascending powers of Xx.
Solution:

8Co2°% + %C2°(3x) + %C,2°(3x)° + %C32°(3x)°
=256 + 3072x + 16128x* + 483847

2. Find the 6 term of the expansion(bf X)13
in ascending powers of Xx.

Solution: 1305(_ X)5

= - 1287x>
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[ The Binomial ]
Expansion

&

[\t
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[ The Binomial ]
Expansion

The following slides contain repeats
of information on earlier slides,
shown without colour, so that they
can be printed and photocopied.
For most purposes the slides can be

printed as “Handouts” with up to 6
slides per sheet.
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The Binomial
Powers of a Expansion

+b :
Pascal’s Triangle

: Coefficient
Expression

M+m0 : 1
(a+h)! RN |
(a+b)° e
(a+h)’ PR g

(a+b)4 { R | 6



The Binomial
Powers of a Expansion

+ b
We usually want to know the complete

expansion not just the coefficients.

e. g Find the 5
ansion of (@+h)
utio Pascal’s triangle gives the
coefﬁaents1 1

1 D D 1
The full expansion 0 0

1S
1a° + Sail?!r 1 a3b? + 1 a’b +5ab*+ 1b°

0 J 70
Tip: The powers in each term sum

to 5



The Binomial
Powers of a Expansion

+ b
e.g. 2 Write out the expansion ¢{- x)4 in

ascending powers of x.

ﬁ?lutlo The coefficients are
' 1 4 6 4 1
So,

(- \4_ (- (oo E=gEY
(1+X)) — | +4‘x) +6X) +4X) * )

Simplifying

gives
(1- X)4 =1- 4x + 6x2- 4x3 + x2



The Binomial
Powers of a Expansion
+ b

2
For(a+hb lee et
( ) 1 3 2 114

190

R g 0 etc.
20 19 18

X= X=X
1 2 3

The 9t coefficient of (a+b)20 is
20x19x18x17x16x15x14x13

IX2X3X4XIX0X7X8
Even using a calculator, this is tedious to

simplify. However, there is a shorthand
notation that is available as a function on the

calculator.
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Powers of a Expansion

+b _
20x19x18x%. . . 3x2x1 '> called 20

Ve write factorial.

(20 follovfbu by an exclamation

mark )
We can 20x19x18x17x16x15x14x13

\rite IX2X3XAX5X6XTX8
- 20X19x18X% . . . 14x13 X12x. . . 3x2X1
IX2X3XAXIXOXT7X8 xX12X . . . 3x2X1
20!

- 8112 20!
The 9t term of(a+ b)20 is 3 ﬁ!

a12b8




The Binomial

Powers of a Expansion
+ b' 0
20! can also be written ag()c8 ]
8! 12! | 8

The 9* term of (a+b)*’is then XCga'’p®

This notati(v

. . . gives the number of ways that 8

IFF{H% Cea}(rbgﬁsfgﬁ,s\?v% fa{?em c%gbsing the letter

b 8 times from the 20 sets of brackets that
a

HEy ) R

20Cgis read as “20 C 8” or “20 choose 8”

and can be evaluated on our calculators.



The Binomial
Powers of a Expansion

+b 0
Any term of (a+ b)““can then be written as

20 20- r.r
C.a™'b
where r is any integer from 0O to 20.

Tip: When finding binomial expansions, it can
be useful to notice the following:

20! 20!
81121 1218

So, 20C 8is equalto  20C =



The Binomial

Expansion
Powers of a P

e.d:gl Find the first 4 terms in the expansion

Cﬁ_ x)18

Solutio in ascending powers of x.
n

. 18
(1- X)18 i 18(;-0 + 18C1(- X) + C, - X)2 +

18 3
C3(-X) T Ne Mol o
—1- 18x + 153x2 - 816x3 + ...



The Binomial
Expansion
SUMMARY

> The binomial expansion(@# b)” in
ascending powers of x is given by

(@+b)" =
Coa™ + "Cia™'b + "Cya™?%b* +...+b"
> The(r+ 1) *termi8C.a™"b"

> The expansion ofl+ x)" is
A+ X)"="Cy + "Cyx + "Crx* # ... +X"
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