Logarithms 2




Indices

* Definition - Any expression written as a" is
defined as the variable a raised to the power
of the number n

* nis called a power, an index or an exponent
of a

* Example - where n Is a positive whole

number,
al=a
a’=a X a
a’=axXaxa

Al = @b X AR A s n times



Indices satisfy the following

1) where nis pos:g‘\%lvevl%b number

=aXaXaX A n times
*eQg.23=2%x2x2 =38

2) Negative powers.....

1
a™n _a"

1

e.g. a2 =a’

° e.g
e 2

.Wherea=2 1 1
et or 22 xn" 4



* 3) A Zero power
a’=1
e.g. 8% =

* 4) A Fractional power

1
i —nlg
€.g. 9% :%/6 :\/6 :3
1
83 =38 =2




All indices satisfy the
following rules in

mathematical applications
Rulel am. an = am+n

e.qg. 22.23=2°>=32
e.g. 5.5t =52=25
e.g. 51 .50=51=

Rule Za e F 1 jlhiinhy 3
a” e.g.l > et = P

23
€g. 2 =0 =8

20



Rule 2 notes...

3
e.g. % R A e

e.q. %zzﬂ-m iy

-3
e.g. 22—2:2'3*2:2'5—1 L

£.984 3D



Rule 3

@™" =ams
eqg. (232 =2° = 64

Rule 4

a. b =Gb)"
e.g. 3 <47 =(3>)° =122 =144

Likewise,

an (a\t

| BLL! [b] if b==0
e.g.

2 2



Simplify the following using
the above Rules:
1) b =X1/4 ><X3/4
2) b=x* +x"
3) b=(X3/4)8
X2y3
Pb= x'y

These are practice questions for you to try at home!




Logarithms

A Logarithmis a mirmor inmage of an
index

If m =b’'thenlogym =n
The log of mto base bisn

If v =x"then n =log,y
"The log of vy to the base x is n

e.g
1000 =10° then 3 =logio 1000

0.01 =10° then -2 =logo 0.01



Evaluate the following:

s ) x=log?2
thelogof mtobaseb=n thenm=Db" thelogof mto base b =n thenm ="
thelogof 9tobase3=x then thelogof 2tobase4 =x  then
_AX
= 9=3 RIAT
> 9=3x3=3 = 2=\/4=41/2
x=1/2
= X =2




The following rules of logs
apply

D logh(x Xy) =loghLx +1log,y
eg. 1061023 =log g 2+ 10103

2) logs || =log,x - logyy

log 1o

€J.

%) =logi0 3- logip 2

3 log,x™ =m. log,x
e.d. 10910 32 :ZlOglo 3



From the above rules, it
follows that

1) log,1=0
(since =>1=L )

€.J. 10g101=0

and therefore,

log, &) =- logi,x
e.g. logio ('/3) =- 1ogio3






A Note of Caution:

* All logs must be to the same base in applying
the rules and solving for values

* The most common base for logarithms are

logs to the base 10, or logs to the base e (e
= 2.718281...)

* Logs to the base e are called Natural
_ogarithms

e log. X = In X

* If y = exp(x) = ex
thenlog.y=x or Iny=x



Features of y = e~

non-linear
always
positive
asTxget P
P
Tyand =
T slope =
of graph
(gets

0 0.02 0.05 0.1 0.15 0.2 0.25 0.5 0.75 1 1.25 15 175 2

steeper) X



Logs can be used to solve algebraic
equations where the unknown variable

An Example : Find the value of x
(4) = 64

1) rewrite equation so that it is no longer a power
* Take logs of both sides
log(4)* = log(64)
* rule 3 => x.log(4) = log(64)
2) Solve for x

° X= log69

Does nolp %Le)rtter what base we evaluate the logs, providing
the same base is applied both to the top and bottom of the
equation

3) Find the value of x by evaluating logs using (for example)
baseé.d@o:

* X= 06623

Check the solution
* (4)3 =64



LOgS Can be used to solve
algebraic equations where the
unknown variable appears as a

NA\IAYr

An Example : Find the value of x

200(1.1)x = 20000

Simplify
* divide across by 200
(1.1)x =100

to find x, rewrite equation so that it is no longer a power
* Take logs of both sides
log(1.1)* = log(100)
* rule 3 => x.log(1.1) = log(100)
Solve for x
.« x = logl00

logl.1)

no matter what base we evaluate the logs, providing the same base is applied both to
the top and bottom of the equation

Find the value of x by evaluating logs using (for example) base 10
« x= % =4832
0.041¢
Check the solution
e 200(1.1)x= 20000
e 200(1.1)+832 = 20004




Another Example:
Find the value of X
5 = 2(3)*

. rewrite equation so x is not a
power

Take logs of both sides

log(5%) = log(2x3%)

rule l => log 5 = log 2 + log 3*
rule 3 => x.log 5 = log 2 + x.log 3



~ Sadlve for x
X [log 5 — log 3] =log 2
rule 2 = X[log[ %] ] =log 2

log( 2)
X Tlog( 3)

Find the value of x by evaluating logs
using (for exanple) base 10

log( 2)  0.30103
X=log( ) = 02219 =1

Chedk the solution
5 =2(3)*=> 5" =2(3)*°= 8.9




An Foonomics Exanyple 1
Y=fK, 1L)=  AK"L"P
Y =f(OK, AL) =A (AK)*( AL)"

Y =A KL P> ) P =Yy ot

oa+H3 =1 Caonstant Retunrs to Scale
o+H =1 Increasing Retans to Scale
o3 =<1 Deareasing Retanms to Scale

Haommogeneous of Degreer if:

fOX,2Z2) =2 "1(X, Z2) =AY
Homogenous function if by scaling all
variables by 2., can write Y in terms of A"




An Foonomics Exanple 2
Y = National Income =£30,000 mill in
1964. It grows at 4% p.a. In 1984, Y =7

1964: Y =3

1965: Y =3(1.049)

1966: Y =3(1.04)2

1984: Y =3(1.04)20

1984: logY =log{3>(1.04)20}
logY =log3 +1og{(1.04)20}
logY =log3 +20.10g(1.04)

Evaluate to the base 10
logY =0.47712 +20(0.01703)
logY =0.817/88

Find the anti-log of the solution:

Y =6.5733

In1984, Y =£65733 mill



Good Learning Strategy!

* Up to students to revise and
practice the rules of indices and
logs using examples from
textbooks.

* These rules are very impor
for remaining topics in th
course.
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