CHAPTER-V
Two Degree of Freedom

Introductio

" In earlier classes we have discussed analysis of

single degree of freedom systems

) gz
: Degree of freedom:
K It is the number of
K | independent co-ordinates
J ™ . required to describe the
] | motion of a vibratory
. v i system
Linear and
Torsional

Vibratory systems



Systems with two degree of
irRePeQuttio

nDegree of freedom of a system =

(Number of masses in a system) x (number of
possible types of motion of each mass

It iIs well known that each mass point has SIX
degrees of freedom in space

AZ
4y’ .
0, ;e'y Translation: x, y and z
— N direction
g’x Rotation: x, y and z

x direction



Systems with two degree of

freeaittio
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Linear and Torsional

2 DOF
systems

Vibratory
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Systems with two degree of
irRePeQuttio

n

A two-degree freedom system is one that requires
two coordinates to describe its motion.

These coordinates are called generalized
coordinates when they are independent of each
other.

A two DOF system has two equations of motion,
which can be solved to obtain two natural
frequencies



Systems with two degree of

freedwsie Governing
Z eqNahitomss
method
K1X1
K, A
Obtain the *T m,X,
- equations of T,
=1} the motion KX, )
of the .
I system

i
2

m, .Force equilibrium
Tx diagram




Systems with two degree of

GevdpAiing
dpWABIOBS
method

K1)(1
A

*? m, X,
1

\4

'From Force equilibrium diagram of

mam-{anr KX - Ky (X%, - %) =0

mx, + (K, +K,)x - K,x, =0 1*" Eqn. of

motion

'From Force equilibrium diagram of

maSF‘anQZZ + K, (%, - X;) =0

2" Egn. of
motion



Systems with two degree of
GevdpAiing

ARtAEIons

form

Mjxj +[K]xj =|0]

/7 nl N R V\
Mass generalized
matrix force vector

generalized Stiffness generalized
acceleration matrix displacement
vector vector



Systems with two degree of

KEeRAPIN of governing

fAYRHMIBle to have pure harmonic free vibration for
both the masses.
Let us assume X, =Asinlwt+ ¢)

X, =A,sin(Wt + @)

The above equations have to satisfy the governing
equations of motions
mx, + (K, +K,)x - K,x, =0 1st Egn. of
) motion
mX, - K, x; + K, x, =0 2" EqQn. of
motion



Systems with two degree of

KEeRAPIN of governing

equations
(K, +K,) - mlwszlsin(wt + @) - K,A,sin(wt+¢) =0

- KA sint + ) - (K, - mw?)A,sint+ @) =0

In above sint+ @) #0

THe'3b3VR equations reduces to: (characteristic
equation) (K, +K,) - mw?|A, - K,A, =0

- KA, - (K, - mw?)A, =0



Systems with two degree of

fS'SRF{Rm of governing
e so u?on of equations
IS:
(K1+K2)- mlwz - Kz _0
-k, K, - mw?

The above equation is referred as a characteristic
determinant

Solving, EASE [m, (K, +K,) + mK, Jw? + KK, =0

e [(|<1+|<2)+ Kz}w2+ KK, _

my m, m,m,
Frequency
equation




Systems with two degree of

KEeRAPIN of governing
(Ia:gllf"gﬂ]%'ﬁﬁcation, let us K, =K, =K
consider : m,=m,=m
The frequency equation changes
to: 2
Wt - [ZK+ K w2+K—2=0
m m m
2
w? - BK}w + K—2 =0
m m
putw’ =\ , in the above

equation:



Systems with two degree of

KEeRAPIN of governing
equations
2 i 2 _
A2 [3|< )\+K— —0 AN =wlw? = b ++/b? - 4ac
m 115 2a
3K, J BK] 4K’
— 2
M =whwf =
2
% + 5K22 (3 i\/g)%
W2, w2 = m m W, Wi =
10 W2 > P



Systems with two degree of
KEeRAPIN of governing

eCIuation\f@_ \/E)E \/(3+£)K
W, = m W, = > m
2

w, =0.61w, W, =1.61w, radians/
sec

As the system has two natural frequencies,
under certain conditions it may vibrate with
first or second frequency, which are referred as
principal modes of vibration




Torsional Vibration

Example TORSIONAL VIBRATION
DI85 8 B i
K
Ol e JG
[ ] J1 L
0. K2

Equations of motion
for 9,: J1é1='K191' K2(0:-62)

J1é1 +K16:+K2(6:-62)=0



Torsional Vibration

Equations of motion for

0,: 3
J20,=-K2(02-61)
J2é2+K2(92'81)=0

Assume: 0;=ACogwt-¢) 0,=BCogwt-¢)

Differentiating the above equations twice:

6,=-w"ACogwt-¢) 9,=-w’BCogwt-¢)



Torsional Vibration

Substituting equations the displacement
equations the EOM vyields the following.

-J10° A+(K;+K2)A- K, B=0
-J20°B+K,B-K,A=0

Find the solutions to the two independent
frequencies by solving the determinant and

ﬁndinT H,%? _l_]:"légp lvaz)ﬂ es. K,
-K> (Kz']za)z)
KiK:+K5-KiJ 20°- Ko 20°- K2 J 10° + J 1] 200" - K5=0

=0

JiJ20*-(Ki+K2 )] 207 - K2 J 100° + K1 K2=0



Torsional Vibration

J1

i | (KitKz) Kz

J2.

wz_l_KlKZ _0

JiJ2

Solve for the Eigen Values:

)L=a)2 1112—

-bi_\/bz-élac

2d



Systems with two degree of

Forced
Vibra¥

F, =F,sinwt




Systems with two degree of

Maldlem- Governing

1 Z egNahitomss
method

K, kal

- <rs gl
F\l( m, T v 1

Y X Kz(xz'xl)
A

i
2

m, | T 'Force equilibrium
v X diagram




Systems with two degree of

GevdpAiing
ApwAbIoBS
method 'From Force equilibrium diagram of
KX, .
A mqsrf’x +# K X, - X;) =F,sinwt
\4 | rnlxl _ — : 1st
F sirwt TTh mlx1+(K1+K2)x1 K,X, =F,sinwt fan
Kz(’iz'xl) 'From Force equilibrium diagram o6f
. mas motio
*1‘ m, X, r'iﬂerzz + K, (%, - x;) =0 n
? mX, - K,x, + K,x, =0 2r Eqn. of

motion



Systems with two degree of

KEeRAPIN of governing

fAYRHMIBle to have pure harmonic free vibration for

both the masses. |
Let us assume X, =ASINWL  where o is the

X, =A,sinwt forcing frequency
Be the forced response of the system, where A, and A,
are the amplitudes to be obtained

The above equations have to satisfy the governing
equations of.mot(' ns

myX; + (K; + Ky )% - Kyx, =Fgsinwt 1st Eqn. of
. motion
m,x, - K,x; +K,x, =0 2nd Eqn. of

motion



Systems with two degree of

KEeRAPIN of governing

equations
{(K1 +K,) - ml(uZJAlsin(wt + @) - K,A,sin(wt + @) =F,sinwt

- KLA sinWt + ) - (K, - mw?)Asint+ ¢) =0

In above sint+ @) =0
equations

The above equations reduces to: (characteristic
equation)

(K, +K,) - mw?|A, - K,A, =F,sinwt
- KA, - (K, - mw?)A, =0



Systems with two degree of

Y§RAMA of governing
equations |k +K,)- mw?|A, - K,A, =F,sinwt

- KA, - (K, - mw?)A, =0



Solution of governing

uati
?r m a ove equations obtain A, and A, by

Cramer’s rule

FO - K2
. 0 I.<2 ) mzwz
A
(K, +K,)- mw’ F,
) K2 ....... O
A, = A

where A is the determinant of characteristic

equatloAns (K, +Ky)- mw’ K,




Systems with two degree of
D‘jmdnnt vibration

The system can be used
Main system as Dynamic vibration

having absorber

forced (Tuned damper)

vibration Choose K,, m, such that
vibrations of mass m, is

Absorbe minimized

-
system




Systems with two degree of

Dyramic vibration
ahsorber
lﬁndeswed maximum vibrations can occur only when

main system is under resonance, or iar b i.e

So, to reduce undesired vibration of main system
mass m,, we choose K,, m, in sucha ¥gy that

( K, K _K
m, m, My
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