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Notations, examples and graphs X
® Limit and continuity
® partial Derivatives
® Directional Derivatives and Gradient

® Total Differential and tangent plane
approximation

® Chain Rule and Implicit Differentiation

® Relative Extreme of functions of two
variables

” Largest and smallest values of function oj
QIVEII bEL

[
. l_ LMAMA n ﬂlllAﬁ IIIAAIAIﬂ AAIAFLM‘IIAL




A real-valued function of two variables f, consists of

1. A set 4 of ordered pairs of real numbers (x, y)
called the domain of the function.

2. A rule that associates with each ordered pair in

the domain of /one and only one real number,
denoted by z = f(x, y).

i.e {f(¢y): (x,y) € D}
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®* Let f be the function defined by
f(x,y) SxxgywyzH2 = 2
= Compute (0, 0), (1, 2), and f(2, 1).

f (0/000,0) & @HOYQ) £00°+2 27 2
f (1/21,2) £ LHAN2) £224+2 29 9
f(2ART) 2 2HOY) £1+22 T 7

® The of a function of two variables f(x, y),
IS a set of ordered pairs of real numbers and
may therefore be viewed as a subset of the xy-
plane.
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EXAMPLE 2

« Find the domain of the function
f,y)=xxt gy’

Solution

« f(x, y) Is defined for all real values of x and y, so
the domain
of the function fis the set of all points (X, y) in
the xy-plane.
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EXAMPLE

3
* Find the domain of the )
function g(x,y)= -
: = Y
Solutio

A g(x, y) is defined for all x 3/& y, so the domain of
the function
yisdlom didteqf & Ixpoints (x y) in the xy-plane
Breept those
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EXAMPLE 4

« Find the domain of the function

h(x, DA Ex -

Solution

« \We require that 1 -2~ ¥2..)0 or x2 + y2 -l 1
which is the set of all points (x, y) lying on and
Inside the circle of radius 1 with center at the
origin: |4

&
./
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1. Fi . ;
g(x,y) x/ m X2

2. For each of the following functions, evaluate
and find the domain.

f(ix,y,z)=In(z-y) +
Xy sin z
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GRAPHS OF FUNCTIONS OF TWO
VARIABLES

« Consider the task of locating P(1, 2, 3) in 3-
space:

= One method to achieve this is to start at the
origin and measure oyt from there, axis by
axis:

, 2, 3)

4>y
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GRAPHS OF FUNCTIONS OF TWO
VARIABLES

"¢ P(1, 2, 3) in 3-space:
> find the Xy coordinate
from there elevate Z
AZ
oP(1, 2, 3)
3
2 -
O D)




GRAPHS OF FUNCTIONS OF TWO
VARIABLES

3-space
Q(1, 2,3) R(1, 2, —2) S(1, -1, 0)

2Q(—l, 2,3)

3

L

S(]-a _13 0) 0O

[

X 2|
Y R(1,2,-2)
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GRAPHS OF FUNCTIONS OF TWO

VARIABLES
® 1he graph ofia funct

Habtamu Garoma

B

3-space is a surface

jonin

z = f(x,y)

N
ety
sadaly
AR

g

@ For every (x, y) in the domaip, of f there is a z value on the
surface

(X, ¥)

11
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LEVEL CURVES

=« The graph of a function of two variables is often
difficult to sketch.

It can therefore be useful to apply the method
used to
construct topographic maps.

= This method is relatively easy to apply and
conveys sufficient information to enable one to
obtain a feel for the graph of the function.

12
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= Sketch a contour map of the function f(x,
y) = x2 + y2. Solution
= The function f(x, y) = x2 + y2 Is a revolving
parabola called a

parabolojd.

f(x, y) = x>+ y2

/I\y
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=« Alevel curve is the graph of the equation x2 + y2
= @desghileds a circle with ¢

« Taking different values of ¢ we

obtain:

AAZ

f(x, y) = x>+ y? y
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« Sketch level curves of the function f(x, y) = 2x2 -

y
correspondingtoz = -2, -1, 0, 1, and 2.

« The level curves are the graphs of the equation 2x2
-y =kor fork= 110, 1, 2:

= =2,
2x2—y=-—2
2x2—y=—1
2x>—y =10
2x2—y =1
L =)

T

16
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Sketch the graph of the
function
f(x,y) =6-3x-
2y

Sket _ ;
g(x,y) "9 m X2 e

. Find the domain and range and sketch the
graph of

h(x, y) = 4x2 + y2

17



Define of functions of two variables

Learn to use to show that a limit does
not exist.

Define and discuss continuity.
We want to compare the behaviors of
2

sin(x” + 1) X’ .
)= d
f(x,y) vay sbey)="5 .

d The next two slides show tables of values
and for points near the origin:



TABLE 1 Values of f(x, y)

= 1.0

—0.5

—=0.2

0

0.2

0.5

1.0

0.455

0. 739

0.829

0.841

0.829

0.759

0.455

0.739

0.959

0.986

0.990

0.986

0.959

0.7359

0.829

0.986

0.999

1.000

0.999

0.986

0.829

0.841

0.990

1.000

1.000

0.990

0.841

0.829

0.986

0.999

1.000

0.999

0.986

0.829

0.759

1.959

0.986

0.990

0.986

0.959

0. 709

0.455

1.429

0.829

0.841

0.829

0.759

0.455




TABLE 2 Values of g(x, y)

—1.0

—0.5

—(.2

0

0.2

0.5

1.0

0.000

0.600

0.923

1.000

0.923

0.600

0.000

—0.600

0.000

0.724

1.000

0.724

0.000

—0.600

—{.923

—0.724

0.000

1.000

0.000

—0.724

—(.923

—1.000

—1.000

—1.000

—1.000

—1.000

— 1.000

—0.923

—0.724

0.000

1.000

0.000

—0.724

—£.923

—0.600

0.000

0.724

1.000

0.724

0.000

—0.600

0.000

0.600

0.923

1.000

0.923

0.600

0.000




* It appears that as approaches

= the values of approach , whereas
= the values of aren’t approaching any
number.

sl 4y r-y
Im ————=1 ad  Im ——= doesnotexst

-00  x+ )’ (xy)-0.0) x° T )’
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« In general, we use the
notation:

Jim fxy)=L

to indicate that the values of approach the
number as the point approaches the
point along any path that stays within the

domain of

22



Definition of the Limit of a Function of Two Variables

Let f be a function of two variables defined, except possibly at (x,, y,), on an
open disk centered at (x,, ¥,), and let L be a real number. Then

lim  f(x,y) =L

(x, ¥)— h’{}» .‘*'u]

if for each € > 0 there corresponds a 6 > 0 such that

|f(x,y) = L| < & whenever 0 < /(x — x,)> + (y — y,)* < §&.

=

~

I g
i i
e i

-

&,

L] 1

® e

— |
LD pr Vo) N\
Disk of radius &




® For functions of , when we let © approach ,
there are only two possible directions of approach, from

® If the limits from these two directions are , then the
function itself has as « approaches

the situation is more
complicated because (x, y) can approach (4, b)...

= from number of directions,

° in any manner whatsoever, as long as remains in
the domain of f.

= This is illustrated on the next slide:



>
X

FIGURE 1




® This can be summarized as

If f(x,y) — Ly as (x,y) — (a, b) along a path C; and f(x, y) — L, as

(x,y) — (a, b) along a path C,, where L, # L,, then lim(, y— .5 f(x, y) does

7w

not exist.

Example 1: show that = y2 does not exist:

Iim ——=
(x,y)->(0,0) x + Y
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m Let

m First we approach (0, 0) along the x-axis:
for all x # 0, so f(x, y) approaches
1 as (x, y) approaches (0, 0) along the x-axis.
= Next we approach (0, 0) along the y-axis:
for all v # 0, so f(x, v)

approaches —1 as (x, y) approaches (0, 0) along
the y-axis.

27



® Since has its along two different lines, the
given limit

® (This confirms the conjecture we made earlier on the basis of
numerical evidence.)

FIGURE 2
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= 1t does llm X,
exist? (ey) (0, mf( ]/)

m Solution: Again we consider various
paths:

- ) : for all x # 0, so f(x, y) approaches
0 as (x, v) approaches (0, 0) along the x-axis.

m A -=— for all y #0, so approaches

0 as (x, y) approaches (0, 0) along the y-axis as
well.

29



SOLUTION (CONT'D)

Although we have obtained identical limits along the axes,

that that the given limitis .
Let’s now approach along another line, say
For all x = 5

f (x / x) = zx ) = 1
X +x 2
Therefore approaches '~ as (x, y) approaches
along

Since we have obtained
, the given limit , as the next slide
illustrates.



SOLUTION (CONT'D)

The ridge above the line corresponds to the fact that
for all (x, y) on that line except the origin.




Example 3

. 3x%1
Iim . 7 .
(x,y)—(0,0) x + 1

Solution

= But, this doesn’t prove that the given limit is

= S50, we begin to suspect that the Iimit does exist and

ic anniial ¥fA 0O
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CONT'D

« Lete > 0. Wewanttofindd >0

=

" To prove this we look at the distance from /(v, /) to O:

3x7y
X+

0

3x°y

X+

_ 3xy
- xZ +y2

33



® Noticetha > =~

X

So

x® +1y°

Thus,

By: Habtamu Garoma 3/25/2017

" because 12 = 0.
<1

let

34
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CONT’

35



CONTINUITY

3| Definition A function f of two variables is called continuous at (a, b) if

lim  f(x,y) = fla, b)

(x,y)—(a,b) "

We say f is continuous on D if f is continuous at every point (a, b) in D.

" The of continuity is that
if the point changes by a small amount,

then the value of changes by a small amount.



This means that a surface that is the graph of a continuous
function Or

Using the properties of limits, we can see that

sums,

differences,

products, and

quotients
of continuous functions are continuous on their domains.
For instance,

is a polynomial, whereas

2x1+1
glx,y) =32

X+

is a rational function.



® Evaluate

Solution: Since 1S a

J

it is continuous everywhere.

So, we can find the limit by direct substitution:

Iim Sx*y° o x°y° =

=|x;]/

EEE LY BB 02 _ 31
_2-42° 11




) )
® Where is the function X =l continuous?
fla, )=

2 2
X- 1
The function f is at because it is
not defined there. Since f is , it is continuous
on its domain, which is the set
" Let

) .
wX ey i 53X,V = s
g=lx/y LX =3

B A VT :g(,OyEE 8

= =

o

0,0
" Here gisdefinedat ~' butyg is still at
because  lim ¢ —x,y = does not exist, as show n
~@hove.

— 7



Let

x3x2y— if X, o
f=|x,]/ axz 2 O= y =

: 0
O == (Y if :-X// yEE -
= Lx
— O/O =
We know f is contirtéious for (x, y) = (0, 0,) since it is equal
to
a rational function there.

AISF L R e e L )

%}][/ o o f
2

The;e?ore f is continuoud é?t?ﬂ@@s) gad so it is continuous
throughout the plane.

The next slide shows the graph of f:



EXAMPLE (CONT'D)

FIGURE 6




® We can show that if
fis a continuous function of two variables and

¢ is a continuous function of a single variable that is
defined on the range of f,

then the composite function defined by
is also a continuous function.

® Example: Where is the function
continuous?



The function is a rational function and therefore

continuous except on the line

" The function g(t) = arctan t is continuous everywhere.

" So the composite function  ¢(f(x, y)) = arctan(y/x) =
h(x, y)

1S continuous

FIGURE 7
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exist?
x Find the limit, if it exists, or show that the [imit

does not exist.

xa) [ A

b) L ¥ d) X
=|m =o=0s= X4 . =) - A
AlNsdoes not exist BN \1c:0

= 3 y4 = y 44




)

When both are
continuous
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FIRST PARTIAL DERIVATIVES

First Partial Derivatives of f(x, y)

® Suppose f(x, y) is a function of two
variables x
and y.

® Then, the ﬁrst partial derlvatlve of f

with respgft ﬁxqthtﬁe ?8}'}5 X, Y) IS

QM{ héo ':' lim
provided Ep§ limit exists.

® The first partlal derivative of f with
respect to y at the point (X, y) Is

g LTS g
@){Y ko0 k 11m
(X, )

provided the' limit

\___exists.

f(x = hy) o f

m f

46
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GEOMETRIC INTERPRETATION OF THE PARTIAL

DERIVATIVE

v,

Y
N,

y

[N
L]

N

e

-
A a2,
e 22

X

ml

What does g mean?

47



What does — mean?

ml

X
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CONT’

<~— y = b plane

48
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CONT'D

(2
=
-]
o
=

S|
3
&

.=

Z

=

E

Y

49




3/25/2017

Habtamu Garoma

By

?

0

What does — mean

4
()
R
i
Uy

.@%\
.u_...v..:

-\
BN
C,

=

= ¢ plane —

X

Y

ml
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% Find the partial derivatives %and g—; of the function

x U rate of change of fin the x-
direction and in the y-direction at the point (1, 2) .

Solution:

x To compute % , think of the variable y as a constant and
differentiate the resulting function of x with respect to x:

f() % X amy'x |
%“if" 2X
y2

AAX

51
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ﬂ'

of
oy’
differentiate the resulting function of y with respect to y:

x To compute think of the variable x as a constant and

fG) 7 XXy |

1 jif o
3y’
x The rate of cidhge of f in the x-direction at the point (1, 2) is

. -

mX (1,2)

x The rate of change of fin the y-direction at the point (1, 2) is
given by

M 2XY =

52
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EXAMPLE 2

w Find the first partial derivatives of the function

w(x, y) =

: Xy
Solution >
X =

[—]

2
x To compute %—1\/ think of the variable y as a constant and
differentiate the resulting function of x with respect to x:

Xy
y(x,, y)= 2 oyp
v, (2% 7)Y v (2x)

X)) ()
Y )
U s’ ¥ ) :

12 )2
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x To compute %v think of the variable x as a constant and

" differentiate the resulting function of y with respect to y:

Xy
w(x, y) =
D( y) 2oy

Qv (27 VI3 3y (2y)
W2y (P e’)
Yoo x(* )
RUSTS
v

54
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% Find the first partial derivatives of the function

g(s,t) & (s° .. St =
Solution t? )5
og

» To compute 3’ , think of the variable t as a constant and
differentiate the resulting function of s with respect to s:

g(s,0) = (5 an St =]
t2)5

‘;i o =S(g] st 4g)' @5 2P
QA 56?(25— D(sF(s st 8t)’

_ l-2)4

55
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SOLUTION
(CONT'D)
0g

% To compute e think of the variable s as a constant and
differentiate the resulting function of t with respect to t:

0 2 274
g}gg:”s(g(s”f ‘Sj\tfs% )g ﬁ_)s +21)
QMS (—J 2t)

2 5572t 5)(sf(s2sta92)"

_ tZ )4
Exercise

»x Find the first partial derivatives of the function _

MV

56
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= Find the first partial derivatives of the
function

“ Here
X, Yy, and z,
and we arer

ml ot

=« For short, we can label these first partial

AAarinvintFivwine roaenactinwialyvr Ff F AnA £

57
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SOLUTION
(CONT'D)

3 To find f,, think of the variables y and z as a
constant and

differentiate the resultina function of x with
respw® f(x,y,2) ® xyz .. xe” = ‘

|
Egzﬂrw@r lny = Inoy

To find f,, think of the variables x and z as a

constant and differentiate the resulting function
Y we [y ® e

[—]

w °
x1
f xzz-xzeer —
- y

[=]}

58
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SOLUTION
(CONT'D)
w To find f,, think of the variables x and y as a constant and
differentiate the resulting function of z with respect to z:

I% = Xy/—xye

xye
x Exercise:
. 07 oL ... : B :
Find By and oy if Z is defined implicitly as a function of x and y by

the equation

59
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SECOND ORDER PARTIAL DERIVATIVES

« The first partial derivatives f,(x, y) and f (x, y) of a
function f(x, y)
of two variables x and y are also functions of x and
2

= As such, we may differentiate each of the functions
f, and f, to obtain the second-order partial

derivatives of f.

: Dif'ferentia1f Equfn (f) f. with respect to x

XX

leads to th 2 X7 X | derivative

()
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O But the function f, can also be differentiated with

respect to y
leading to a different second partial derivative

fo e ® ()

MY X Y

< Similarly, differentiating the function f, with
respect to y leads to the second partial derivative

e e ()
NA4 w&y y)\&y

« Finally, the function f, can also be differentiated with

respkeadiog to the second partial 2
derivative e LI
: LY X ¢
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= Thus, four second-order partial derivatives can
be obtained of a function of two variables:

_
A
2 f 2 f
M g ~m
f >
MY X
Wlfhh)ﬁbﬂy are
M continuous

62



EXAMPLE 1

partial derivatives of

“ Find the
the function FOLY) T X o 3KY = 3X)

=Y

Solutio
B First, calculate f, and use it to find f,,
= 3x° .. 6xy =

and ”
f =2 3Ky = 3% =

172 ) M 3y
X
8 2 2 a 2 2
fem g 0 YD) fom g o0 YD)

3V 6ix gy Ve g6y
6y =

266£x- 1) 2)6(5£3,y x)
X



CONT'D

Then, calculate f,and use it to find f,

andpgt
[, - =X W 3XYy = 3Xy" =| 2 -3;3% 6y6rR y
yi) MM =2y
y
fr= e G2 fy 22038 x5 23)
2y) x 2y) ¥
2 —QaBK6y —Yémz
=0y =
2 66§y ) S 1
ﬁa}gtlal

- Exercfie: Find the
de’ﬁu\v‘a:thwz)e< f(x y) ©
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DIRECTIONAL DERIVATIVE AND GRADIENT

VECTOR
DIRECTIONAL DERIVATIVE

® |In this section, we introduce a type of derivative,
called a , that enables us to
find: The rate of change of a function of two or more
variables in any direction.

Recall that, if then the partial
derivatives ' and
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DIRECTIONAL DERIVATIVE AND GRADIENT

VECTOR
« DIRECTIONAL DERIVATIVES
Definition:
(Xor¥o- ),

/‘~ 4
UGBS 7

=« (QObserve that if

of(%f ,yhl(l):l ]]H:] f(xo = h’yo)M f(xoa.);o)on Of

h

66
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THEOREM

®* et be differentiable function at (x,, ¥,). Then f has

a directional derivative at (x,, y,) In every

B VviEsraifunit vector,
then

Duf(xo’yo) = fx(XO’.yO)al S fy(XO’
Y,)a,

J Suppose the unit vector u makesan angle with

thexp Osétslvsﬁwown Then, we u

=
SAQ W\e?ormula in the above THkES:

67
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CONT'D

S GOSN [ (x, y) © 6 o 3x* Y andu® ' L gingp 1,
ot T ﬁj ind D, f (

Notice that u is a unit vector, we will
compute

by the above equation. First we have to

bif)a) = BIHGN T 352
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CONT'D

Note: The directional derivative in the direction of
aoradeitoargctor is defined to be

where Example 2
Find the directional derivative of the function 1(x, y)
= Xx2y? -4y

at the point (2, -1) in the direction of the vectorv =
21+ 5.
“f(x,y) T 2xy’is (3XTyT
4) ]

69
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CONT’

D
« Note that v Is not a unit vector. | V| o\/ ,

However, since unit vector iIn the the
directiaies Lo

« Therefore, we

D (2, . 1)° “f(2, 1) u

D

- (M4i —) 8j = —— o
27 J29 I+

70
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EXAMPLE 3

Find the directional derivative D (x, y)if:

sl < Vi L > the
e given

Mlutlon From the above formula we have:

-

D, f[xy)" f (x y)gos ,
y) sin

O

3y)
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v

u f(X,y)nfx(X,y)a% fy(X,y)b

O

= (X Y), [,(X,Y) ax




Definition of Gradient of a Function of Two Variables

Let z = f(x, y) be a function of x and y such that f, and /, exist. Then the
gradient of f, denoted by Vf(x, y), is the vector

Vi, y) = £, )i + £, y)j.

Vf is read as “del f.” Another notation for the gradient is grad f(x, y). In
Figure 13.48, note that for each (x, y), the gradient Vf(x, y) is a vector in the
plane (not a vector in space).

Z




PROPERTIES OF THE GRADIENT

{ :
Maximum
/

ncrease

THEOREM 3.1 Properties of the Gradient
Let f be differentiable at the point (r, ).

L 16Yf(x,y) = 0,then D, f(x, ) = Oforall u
2. The direction of maximum increase of f is given by Y, y). The maximun

value of D) f{x, ) s [Vl )}

3, The direction of minimum inctease of f is given by = Vf(x, y). The minimun
value of D, f(x, y)is = | Vflx, )

i (50.f59)




THEOREM 13.12 Gradient Is Normal to Level Curves

If f is differentiable at (x,, v,) and Vf(x,, v,) # 0, then Vf(x,, y,) is normal to
the level curve through (x,, y,).




Directional Derivative and Gradient for Three Variables

Let f be a function of x, y, and z, with continuous first partial derivatives. The
directional derivative of f in the direction of a unit vector u = ai + bj + ck is
given by

D, f(x,y,z) = af(x,y,z) + bf(x,y,2) + ofx, y, 2).
The gradient of f is defined to be

Vix, v, z2) = Ly, Di + fi(x, v, 2j + filx, y, Dk.
Properties of the gradient are as follows.
- D]]f(xsys Z) = Vf(xa}'s Z) s ua
. If Vf(x, y, z) = 0, then D, f(x, y, z) = O for all u.

. The direction of maximum increase of f is given by Vf(x, vy, z). The maximum
value of D f(x, y, z) is

||T»*'f(x, V., Z)” Maximum value of D, f(x, v, z)

. The direction of minimum increase of f is given by — Vf(x, v, z). The mini-
mum value of D f(x, v, z) is

— va(x, V. Z)” Minimum value of D, f(x, vy, z)
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CONT'D
If f(x, y) = sin X + e, then find grad
(0,1).

Solution: First we have to evaluate the gradiant of of the

function at x and y. Then

TP Y) T = s f) e

a

_, COS X

[ =)

ye',xe gy
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Example 2: If f(x, y, z) = x sin yz, find:
a. The gradient of f

b. The directional derivative of f at

INn the direction of

Solution: These
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CONT'D

= At we == f(1,3, ()) = |=|(),
have: , _
® The unit vectorin t 0,3 aH

® Hence, the above Equation
gives:
D, f(1,3,0)5 ;1

u
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MAXIMIZING THE DIRECTIONAL

DERIVATIVE
« Suppose we have a function f of

and we consider all possible

directional derivatives of f at a given point.

These give the rates of change of in all

possible directions.

In which of these directions does
change fastest?

What is the maximum rate of change?

80



Suppose f is a differentiable function of two or three

M?élaFHEﬁn T/%?ue of the directional derivative ‘ cF f(X)
IS :
It occurs when has E
It vector

rom

e previous Equation, we




« The maximum value of IS 1. This occurs

when : ,
= S0, the maximum value of
IS:
= It occurs when . that is, when u has the

samemction
a
S
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EXAMPLE ©

a. If f(x, y) = xev, find the rate of the point P(2,

change | of f 0)
ot 1N he direction from Pto O (Y2, 2).

b.In what direction does f have the maximum rate
of change?

c.What is this maximum rate of change?
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SOLUTION

 ——

® The unit vector in the PQ*"

oflgz ., O
:

So, the rate of change of f in the direction from
P to Q is:

D,f(2,0) % =IT(Z, 0) -

= 9ZEI5 5

- L@{S«\%’ =2 (4

® According to the above , f
in the

: direction of the gradient vecto ~ (2 0|) :1 |=|jr, 2‘5




1.Suppose that the temperature at a point
(X, ¥, Z) In space is given by

where:

T is measured in degrees Celsius.
X, Y, Z s measured in meters.

In which direction does the temperature
Increase fastest

at the point

\What ic the mavimiim rate of increace?



You have represented the surfaces in space primarily
by equations of the form

In the development to follow, however, it is
convenient to use the more general representation

For a surface S given by you can convert
to the general

form by defining F as

Because f(x, y) - z = 0, you can consider S to
be the level surface of F given by
F(x,y z)=0.



EXAMPLE

For the function
describe the level surface given
by . Solution:

The level surface given by F(x, y, z) =0
can be written as

X2+y2+2z2=4

which is a sphere of radius 2 whose
center is at the origin.



TANGENT PLANE AND NORMAL LINE TO A
SURFACE

In the process of finding a ,
you are also able to solve the problem of finding

Let S be a surface given by and let
be a point on

Let C be a curve on S through P that is defined by the
vector-

valued function

r(t) = x(t)i + y(t)j + z(t)k.
Then, for all t,



=« Suppose  has continuous partial derivatives. An
g rdnpddiibeo the at the point

SUEFACe = f (x,, y,)(X - X, )V FAXo0r Y)Y - ¥o)

1S.

Example 1: Find the tangent plane to the
elliptic paraboloid

at the point
Let f(x, y) = 2x2 + y2.Then,
f.(x, y) = 4x
f(x, y) =2y
f(1l,1) =4 f(1,1) =2
So, the above Equation gives the equation of

the tanaent nlane at (1 1 ) A<



If F Is differentiable and x'(t), y'(t), and Z/(t) all
exist, it follows from the Chain Rule that

0 = F(t)

At (x,, Vo, Z,), the equivalent

0 = VF(xg, yo, 20) = 1/(1).
\ J ‘\_V_J

Gradient Tangent
vector




TANGENT PLANE AND NORMAL LINE TO A
SURFACE

This result means that the gradient at P is
orthogonal to the tangent vector of every curve
on S through P. So, all tangent

lines on S lie Iin a plane that is normal to

and contains P, as shown in Figure.

T ahe

‘__P(IP, ¥os o) [

Tangent plane to surface 5 at P



Definitions of Tangent Plane and Normal Line

Let F be differentiable at the point P(x,. vy, Z,) on the surface S given by
F(x, v, z) = 0 such that

VF(xy, ¥, 29) # 0.

. The plane through P that is normal to VF(x,, v,. Z,) is called the tangent
plane to S at P,

. The line through P having the direction of VF(x,, v, z,) is called the
normal line to § at P.

To find an equation for the tangent plane to S at (x, y, Z,) ,

let (X, y, z) be an arbitrary point in the tangent plane. Then
the vector

V=X =x)i +(y =¥+ (2~ 2)k

lies in the tangent plane.



Because is normal to the tangent plane at
it must be orthogonal to every vector in the tangent plane,
and you have

which leads to the next theorem.

THEOREM 13.13 Equation of Tangent Plane

[f F is differentiable at (x,, ¥,, Z,), then an equation of the tangent plane to the
surface given by F(x, v, z) = 0 at (x;, ¥,, Z,) 1

F (g Yor o)X = %) + B (%0 Yor 200V = Yo) + F(Xg: Yo )2 = 29)




EXAMPLE 2

= Find an equation of the tangent plane to the
hyperboloid

at the point

Begin by writing the equation of the surface as
72-2x2-2y2-12 = 0.
Then, considering
F(x,y, z) =22-2x2-2y2- 12
We have



cont’d

At the point the partial derivatives are

Fx(lr _1r 4) = _41 Fy(lr _1r 4) = 4;
and F(1,-1,4) =8,

So, an equation of the tangent pla
IS

-4(x-1)+4(y + 1) + 8(z-4)
-4x +4 +4y + 4 + 8z - 32
-dx + 4y + 8z-24=0
X-y-2z+6=0.

- c Tangent plane to surface
Figure shows a portion of the : t
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TANGENT PLANE AND NORMAL LINE TO A
SURFACE

To find the equation of the tangent plane at a point

on a surface given by you can define the
function F by

Then S Is given by the level surface , and
by the above

dﬂ:[:"tﬂ? }:rl]' ] {-'r - 'ICI} + .f; (:"'t{}:- }?l]:l [:". - }.[I} T {: - f_.ﬂ] — l::] .

- Find the equations of

at the point to the
ellipsoid




In this section, we will learn how
to:

Approximate functions using

tangent planes and linear functions.



=|n general, to the
graph of a function f of two variables at the point
(a, b, f(a, b)) Is:

= The linear function whose graph isthis tangent
plane, namely

L(x, y) = f(a, b) + f(a, b)(x - a) +
f,(a, b)(y - b) is called

=The abproximation:
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CONT'D

= \We have defined tangent planes for surfaces

7 = f(x, v), where f has continuous first partial
derivatives.

What happens if 7, and 7, are no

= The figure pictures such a function

_Ui if (Xa y) LS (O)

o 21,2 2

. 0)
it (x,y) = (0,
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CONT'D

=You can verify that its
at the origin and,
N

fact, (0, 0) = 0 andf, (0, 0) = 0.
=However, ' and ' are not continuous.

= Thus, the linear approximation would be

However, at all points on the
line y = x.

=Thus, a function of two variables can behave badly
even though

both of its partial derivatives exist.

100



CONT'D

, for a function of one variable,
it

changes from a to
we defined the increment of y as:

Ay = f(a + Ax) - f(a)

= Now, consider a function of two variables,

= Suppose x changes from a to and y
changes from

to

=Then, the corresponding increment of

-y -y

IS:



® Thus, the increment A~ represents the change in the
value of f

when changes from (a, b) to (a + Ax, b + Ay).
It then f is differentiable at

If Az can be expressed in the form

Az =f(a, b) Ax + f(a, b) Ay + & MAx+ ¢,
Ay

where <, and £, - 0 as —

That is, the tangent plane approximates the graph of

f well



CONT'D

= |t's sometimes hard to use directly

to check the differentiability of a function.

However, the next theorem provides a
convenient sufficient

condition for differentiability.

Theorem:



EXAMPLE

a.Show that f(x, y) = xex Is differentiable
at and find Its

linearization there.
b.Then, use it to approximate
Solution: The partial

derivatives are:

Both 7, and f, are continuous
functions.

So, 7 is differentiable by the above
Theorem.



CONT'D

L(x, y) = 1f(1, 0) + f(1, 0)(x - 1) + F(1, O)(y -
0)

=1+1(x-1)+1 vy
=X+Yy

= The corresponding linear approximation is:

=-So, f(1.1,-0.1)=1.1-0.1=1

Compare this with the actual
value of



= For a differentiable function of one variable,
we

define the differential to be an independent
variable.

That Is, can be given the value of any real
number.

Then, the Is defined as:
dy = f'(x) dx

« For a differentiable function of two
variables, WE

define the differentials and to be
Independent variables.
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CONT’

Y dx sf ()
A d A X

= Sometimes, the notation d7 is used in place
of

= If we take and
In the above Equation , then the differential of z
IS:
dz = f(a, b)(x - a) + f,(a, b)(y - b)

107
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EXAMPLE

a.lfz=Hfx, y) = x2 + 3xy - y2, find the
differential dz.

0. If x changes from 2 to 2.05 and y changes from
3 to 2.96, compare Az and dz.
Sol

108
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CONT'D

« Putting x = 2, dx = Ax = 0.05, y = 3,

dy = Ay = -0.04, we get:

dz = [2(2) + 3(3)]0.05 + [3(2) - 2(3)1(-0.04)
= 0.65

Az = f(2.05, 2.96) - f(2, 3)

= [(2.05)2 + 3(2.05)(2.96) - (2.96)2] -
[22 +

3(2)(3) - 32]
= 0.6449
Notice that 109

1 1 =



CONT'D

¢ |n the above Example, IS close to
because the tangent plane is a good

approximation to the surface
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EXERCISE

1. The base radius and height of a right circular cone
are

measured as 10 cm and 25 cm, respectively, with

a possible error in measurement of as much as 0.1

cm In each.

a

111



, . and
can be defined In a similar
manner for functions of more than two

variables.

fix,y, z) = fla, b, c) + f(a, b, c)(x -a) + f[a,
b, c)(y - b) +

f,(a, b, c)(z-c)

The linearization Is the right side of

Ela s ~
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CONT'D

Q If w = f(x, vy, z), the increment of w Is:
Aw = f(x + Ax, y + Ay, z + Az) - f(x, y, 2)

® The differential IS defined In terms of the
differentials |, ,

and e

The dimensions of a rectangular box are
measured to be 75 cm, 60 cm, and 40 cm, and each
measurement is correct to within 0.4:
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SOLUTI

O]\
« |f the dimensions of the box are x, vy, and z, V =

its volume is _ Xyz
Thus, We are given that

|Ax| = 0.2, |[Ay| = 0.2, |Az| = 0.2

[0)4
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CONT’
-Thu AV = dV D

o 40)(0.2) + (75)
40%—9 50)(0.2)
= 1980
= S0, an error of only In measuring each

dimension could lead to an error of as much as

In the calculated volume.
This may seem like a large error.

However, it’s only about 17 of the volume of the box
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THE CHAIN RULE

In this section, we will learn about The Chain Rule and
Its
application in implicit differentiation
- Recall that the Chain Rule for
gives the following rule  for differentiating

a composite function.
® |f a e and are

differentiab nyis indirectly a
differentiab , and

functio 116



= The first version deals with  the case where

and each of the variables and Is, In turn, a

function of a variable .

This means that ~ is indirectly a function of 7,
and the Chain Rule gives a formula

for differentiating ~ as a function of .

Recall that this is the case when /. and 7, are
continuous
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THE CHAIN RULE (CASE 1)

: Suppose that z = f(x, y) is a differentiable
function of x and y, where x = g(t) and y = h(t) are
both differentiable functions of t. Then, zis a

differentia and

118



By: Habtamu Garoma 3/25/2017

EXAMPL

=
o [i'z=x2y + 3xy* whera x = sin 2t anc
y=cost e . whent=0

o The Chain Rule gives:

di"n Wz—dx

o

mZdy dt o, x dt

119
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CONT'D

« It's not necessary to substitute the expressions for
X and y in terms of t.

= We simply observe that, when t = 0, we have x
= sin 0 = 0 and

y = cos 0
Thus, dz

t

dt (0 = 3)(2 cos0) =

120



= |f, for instance, represents
the temperature at the point (x, y), then The

composite function represents
the temperature at points on C.
« The derivativ: represents

the rate %'ﬂﬁ/@lgl%ﬁ the temperature
along .
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CONT'D

e We now consider the situation where z = f(x, y),
but each of x and y is a function of two variables
sandt:x=g(s,t),y=h(s,t).

- Then, z is indirectly a function of s and t,

: .. 0Z 0Z
and we wish to find f}Sand 3t

e |[n computing % , we hold s fixed and compute

the derivative of z with respect to . So, we can
apply Theorem 1 to obtain:

ol —— —
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CONT'D

e A similar argument holds for g—g

e S0, we have proved the following version of the
Chain Rule.

THE CHAIN RULE (CASE 2)

e Suppose 7z = f(x, y) i1s a differentiable function of
xandy, where x =g(s, t) and y = h(s, t)
are differentiable functions of s and t.Then,

123
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EXAMPLE

¢|f z=e*sin y, where x = st? and y = s?t, find
0z 0z
A~ dlilll =3
os Ot

» Applying Case 2 of the Chain Rule, we get the
following results.




AL ARt A AL Y

o

bl X by at

= (e*siny)(2st) = (e* cos y)
(s) - :

sin(s’t) = cos(s°t)




CONT'D

S t iIndependent variables
X % intermediate variables.
Z dependent variable

® To remember the Chain Rule, it's helpful to draw a
tree

diagram, as follows.




=« Then, we draw branches from x and y to the

and




To find 0z/ds, we find the product of the partial
derivatives along each path from z to s and
then add these products:

0z/ot




THE CHAIN RULE (GEN. VERSION)

® Write out the Chain Rule for the case

where w=f1f(x,y,z t) and x =x(u, v), y=y(u, V),
z=2z(u,v), t=tu, v

//\\

/\ /\ /\ /\
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CONT'D

« With the aid of the tree diagram, we can now
write the required expressions.




EXAMPLE

x |f ~where

find the value of — when

x With the help of this tree diagram
we have:

I

N

X y

NN /N

A S S 1§t
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CONT'D

=« \Whenr=2,s =1, and
t=0,
we have:

e (64)(2) = (16)4) =
(0)(0)

AD
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EXERCISES

L Ifg(s, t)=1(s? -t t? -s?)and fis
differentiable, show that g satisfies the

equation
g

t 9

- g™

= 0
- If z=1(x, y) nas continuous second-order
partial derivatives and x = r?2 + s2 and y = 2rs,
find:

0%z

0z
a) & D) ==

133



By: Habtamu Garoma 3/25/2017

IMPLICIT DIFFERENTIATION

® \We suppose that an equation of the
form
defines implicitly as a
differentiable function of

That is, where
for all x In the domain of f.

®If F Is differentiable, we can apply Case
1 of the Chain Rule to differentiate
both sides of the equation



“$Since both x and y are functions of X,
we obtain:

x However,

and obtain:
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CONT'D

® To get the equation, we assumed

defines y implicitly as a function of

® The Implicit Function Theorem,
proved
In advanced calculus, gives
conditions under which this
assumption is valid.

®* The theorem states the



Then, the equation defines y as a
function of x near the point and the

derivative of this function is given by the above
equation.

The given equation can be written as




* Now, we suppose that z is given implicitlyas a

function by an equation of the form

= This means that for all (x, y) in the
domain of
differentiate the as

« Hduane are differentiable, thgsnwee can use the
Chain Rule to

b —  — X

o
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CONT'D

# However,

M (%) and “(y)°
=1

0

e S0, that equation becomes:

ot —F

[=]

oF cF : :
o If E;t 0, we solve for 7 and obtain the first

formula in these equations.
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CONT'D

¢ The formula for %Z/ IS obtained in a similar

mannetr.

e Again, a version of the Implicit Function Theorem
gives conditions under which our assumption is
valid.
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CONT'D

® This version states the following.

Suppose F is defined within a sphere
containing

(a, b, c), where F(a, b, c) =0, F,(a, b, c) # 0,
and F,, F,, and F, are continuous inside the
sphere.

Then, the equation F(x, y, z) = 0
defines z as a function of x and y
near the point (a, b, ¢), =
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EXAMPLE

2
e. Find %and g_)z/ ifx3+y3+z23+6xyz=1

Solutions: Let Fix, %, 2) =x3+y3 +z3 + 6xyz - 1
Then, from the above Equations, we have:

142



By: Habtamu Garoma 3/25/2017

3.3

Maxima and Minima of
Functions of

143



« There are two points (a, b) where f has

—that
IS, where Is larger than nearby values of f(x
y). absolute
s Mmaximum
= The larger of maximum
these two i

values iIs the

e T e



= Likewise, f has two local minima —where f(a, b) Is
smaller than

nearby values.

absolute
= The smaller A Maximum
of these two _Joedl “
. Mmaximnum
values Is the
absolute
minimum.

local
minimum

absolute (i
minimum -




« Let f be a function defined on a
region R

containing the point (a, b).
= Then, f has a relative maximum at
(a, b)

If fA(x, y) «l f(a, b) for all points (x,
y) that are sufficiently close to (a,
b).
= The number f(a, b) is called a
relative
maximum value.

= Similarly, f has a relative minimum
at (a, b) if fix, y) = fla, b) for all




« A function of two variables has a local maximum at
(a, b) If

when(x, y) is near (a, b).

= This means that for all points (x, y) in
some disk
with center (a, b).

= The number f(a, b) is called a

when (X, y) is near (a, b), then
f has a local minimum at (a, b). f(a, b) is a local
minimum value.

If the inequalities in the above Definition hold
forall points iIn the domain of f, then 1 has
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Graphic Example

@ [hereis arelative maximum at (d, b):

148
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Graphic Example

¥ [hereis an absolite maximum at (¢, d): (It'is also a relative
maximum)
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Graphic Example

¥ [hereis arelative minimum at (e, /)

o
LN
TR

/
Y
TN
R
RS
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Graphic Example

@ [ hereis an absolute minimum at (g, i): (It is/also a relative
minimuin)

LT
e LI X
e
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Relative Minima

@ Simularly, ataiminimium point, the graph of the function
has a slope ofizero along a direction parallel to the y-axis:

| WA

LLZT 77
e o a2
S
72
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Relative Maxima

® At a maximum point of the graph of a function of two

variables; such as point (a, b) below, the plane tangent to the

graph of the function is horizontal (assuming the surface of
the'graphis'Smooth):
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Relative Maxima

dihis; attaimaximum point, the graph ofithe function hasia
slope of zero along a direction parallel to'the x-axis:

~(a, b)
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Saddle Point
@ |n the case ofia saddle point, both partials are equalto zero

1Imuin nor 4 mimnimuin

ither a max
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Saddle Point

Inithe case ofia'saddle pomnt; the funcionis at: a minmmm
along one vertical plane...

17
194,
17 17

1H7 i+
4 !!f!t’t’!f‘;,t‘ L
o T

“(a,b)
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... but at a maximum along the perpendicular vertical plane.
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Saddle Point

1177 e
e
i
e

“(a, b)
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¢ A maximum (or minimum) may also occur when both partial
derivatives are not defined, such as point(a, b) in the graph
below:

o(@ b, (g, b))

160



« If f has a local maximum or minimum at (&, )
and the first- order partial derivatives of f exist
there, then

fla, b) =0 and f(a, b)=0

Critical Point of a Function

=« A critical po
domain of f

mX : AN :
or at least one of the partial derl\yatlves does
not exist.




= | et

f.(X, y) = 2x
-2
f(x,y) =2y
- These partial-derivatives are equal to 0 when x = 1

and y = 3.
So, the only critical pointis (1, 3).

= By completing the square, we find:

= Since (x-1)2=0and (y - 3)2= 0, we have
for all
values of x and y.



= This can be confirmed geometrically from
the graph of f, which is the elliptic paraboloid with
vertex




Solution: Since f,= -2x and f,
critical pointis (0O, 0).

= Notice that, for points on the x-axis, we have y
= 0.

So, f(x, y) = -x2 < 0 (if x # 0).
« For points on the y-axis, we have x = 0.
= So, f(x, y) = y2 > 0 (if y # 0).

= Thus, every disk with center (0, 0) contains points
where f takes positive values as well as points
where f takes negative values.

-2y, the only



« Example 2 illustrates the fact that a function need
not have a maximum or minimum value at a
critical point.

= The figure shows how this is possible.The graph of
fis the
hyperbolic paraboloid

= It has a horizontal
tangent plane |
(z=0) at the g
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THE SECOND DERIVATIVE TEST

o

= Suppose that the second partial
derivatives of f are continuous on a disk
with center (a, b).

f(a, b) = 0andf/(a, b) =0 (i.e. (a, b)is a

critical point of f).
Let D= D(a, b) = f,,(a,b) )fyy (a,b) -f? (a,b)
Yy

Then,

a.D(a, b) > 0 and f,(a, b) < 0 implies that
f(x, y) has a relative maximum at the
point (a, b).

b.D(a, b) > 0 and f,(a, b) > 0 implies that
f(x, y) has a
relative minimum at the point (a, b).

c. D(a, b) < 0 implies that f(x, y) has neither a

——retgtive maxiTTaTT o g retatve o a
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CONT'D

= To remember the formula for D, it’'s helpful to
write it as a
determinant:

: I 'nd the local maximum and minimum
values and saddle points of
fix,y)=x4+y+-4xy + 1
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SOLUTION

= \We first locate the critical points:

f,=4x3 - 4y
f,= 4y3 - 4x
= Setting these partial derivatives equal to 0, we
obtain:
x3-y=20
y3-x=20
= To solve these equations, we substitute y = x3

168



= 50, there are three real roots: x =0, 1, -1
= The three critical points are:

Next, we calculate the second partial

derivatives and D(x, y):

D(x, y) = ff, - (f,)2= 144x2y2 - 16

, It follows from case ¢ of the
Second
Derivatives Test that the origin is a saddle point.



CONT'D

IS a

we see from case a of the test that

HH AS
local

minimum.

= Similarly, we have D(-1, -1)

128 > O and fxx(_l, —1)

12 > 0.
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« Find the relative extrema of the IR —
Bgtien: we fo=2x  aha

DS find the critical 0oin?¥-we set f, = 0 and f,= 0 and

solve the
resulting system of simultaneous equations

2x =0 and 2y =0

obtaining x =0, y = 0, or (0, 0), as the sole critical
point.

: Mext, apply the =cporf) ecovang: tps’eto determine
cthsthétBFe ofs)thef c?tlca} pomt &(g

Thus =
E hav@B (X, y) = 4, and in particular,

D(0, 0) =*4.



By: Habtamu Garoma 3/25/2017

« Since D(0, 0) >0andf,, =2 > 0, we conclude
that f has a relative minimum at the point (O,
0).
- e Ferstlivie MR value, f (040) = 04,a)s0.+ -
ha@fpfens to be J/
relative

minimum value
(0, 0) =0

absolute
minimum

f
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« Find the relative extrema of the

function F(X,y)® 3% L 4xy = 4y .. 4x ‘
Solution: | _ 8y = 4

= \\e f. 2 65x4y4-4 .. dnd ﬁyn:d—43f;k'8y+8
DAY ring thextiz®h@rs, we set f, = 0 and f,=0

and solve the resulting system of simultaneous
equations

6Xx-4y-4=0 and -4x+ 8y + 8 =
O obtainingx =0,y = -1, or (0, -1), as the sole
critical point.

# Mé&t, apply the oy de8vand thsto

CogREFmMine thé—nature of the criggypgpoipt (O,
ThB). 4y = - ’
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CONT'D

= \We have D(x, y) = 32, and in particular, D(0, -1)
= 32.
« Since D(0, -1) > 0and f,, = 6 > 0, we conclude
that f has a

relative minimum at the point (0, -1).
« Wee relativf, © 2x and f, ° 12y .. ‘also

ha@ppensto2deg thecansciwe el fl=10@nd f, = 0
and solve

the result 2x % 0 and 12y* .. 24y .. 36‘1uations
« The first den— 0,

while the second equation |mpI|es that y =
-1 or y = 3.

« Thus, there are two critical points of f: (0O, -
1) and (0, 3). o
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= To apply the second derivative test, we calculate
fxx = fyy= 24(y - 1) ny= 0

D(x,y) = fo-f, -2 = (2)- 24(y - 1) - (0)2= 48(y -

1)
Xy

= Apply the second derivative test to the
critical point (0, -1):

=« \We have D(x, y) = 48(y - 1).

« |n particular, D(0, -1) = 48[(-1) - 1] = -
96

« Since D(0, -1) = - 96 < 0 we conclude that f has
a saddle point at (0O, -1).

« The saddle point value is f (0, -1) = 22, so there

IS a saddle

B P
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= Apply the second derivative test to the critical

point (0, 3):

= \We have D(x, y) = 48(y - 1).

« |n particular, D(0, 3) = 48[(3) - 1] = 96.

« Since D(0, -1) =96 >0and f,(0,3) =2 > 0,
we conclude that f has a relative minimum at
the point (0, 3).

« The relative minimum value, f (0, 3) = -106, so
there is a relative minimum at (0, 3, -106).
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EXAMPLE 2

* Find the shortest distance from the point (1, 0, -2)
to the plane
X+ 2y +z=4.

Solution:
The distar| . ':'(x JUN ) e Gl c point (1, O, -
2) Is:

« However, if (x, y, z) lies on the planex + 2y +
Z Z &, gher -

2y.

 WEaWninimize o by minimizing the simpler
BR¥Eassion
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CONT'D

* By solving the equations
fx = Z(XM]-)MZ(GMXsz)n 4X%

4y ,14° 0

11 5

we find that the oniy ciitical  [G.
~ BHYeF, = 4,f, =4,and f,,= 10, we have:
D(x, y) = fuf,, - (f,)2= 24 >0 and f,, > 0

= S0, by the Second Derivatives Test, f has a local
mirﬁt

There
must be a 178
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CONT,D

= |f x and y the
= 6 = 3 N

Exerci

A rectangular box witRout a lid is to be made
from 12 m2 of

cardboard. Find the maximum volume of such a
boxX.

A ———
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EXERCISE

1.Find and classify the criticalpoints of the function
f(x, y) = 10x2y - 5x2- 4y2- x4- 2y4
Also, find the highest point on the graph of 1.

2.The total weekly revenue that Acrosonic

realizes in producing and selling its

loudspeaker system is given by J’
R(x,y) = .. Ly o 3_y2 o 1xy = 300x
240 y

4 38 4
where X denotes the number of fully assembled

eno teé%g'ﬁér C(x,y) ® 180x =140y o |,

SRTIAR A - . 01
k| S
3 @ﬁgﬁgb{gp@glﬁlycgasgséﬁw&gﬁ%' oo the,.

[aYaya)



If f1s continuous on a closed, bounded , then f
setddin f(x;, y1) ana anattains
f(x,, y,) at some points (x;,
y1) and (x,, y,)
N
To find the absolute maximum and minimum

values of a continuous function f on a closed,
bounded set D:

1. Find the values of f at the critical points of f
in D.

2. Find the extreme values of f on the
boundary of D.

3. The largest value from steps 1 and 2 is the
absolute maximum value. The smallest is the

"\If\l-f\llll-f\ m:lﬁ\:MlIM \l"\lllf\



EXAMPLE

“ Find the absolute maximum and minimum values
of the
function on the rectangle

Solution:

= As fis a polynomial, it is continuous on the
closed, bounded rectangle

« According to In the above Method , we
first find the
critical points. These occur when

f,=2x-2y =0 f,=-2x+2=0

= S0, the only critical point is



= |n step 2, we look at the values of f on the

boungary @H3ists of the four line
segments

=« 0On L,;, we have y = 0rard
This Is an increasing function
of x. So,

= |ts
minimum
value is:

= |ts
maximum
value is:




« On L,, we have x = 3 and
f(3,y)=9- 0=y
4y <2
= $bj9ts mdrereasing fungsiomre is:
ahy.
= lts minimum value is:

f(lx,2)=x2-4x + 4 =
xX<3
« simply by observing that f(x, 2) = (x - 2)2, we
see
that:

o



= Maximum value f(0, 2) = 4

= Minimum value (0, 0) =0

= Thus, on the boundary,

< 0

= |n dtep Baxdruommparealddasvalues with the value
f(1, 1) = 1 at the critical point.

- We conclude that:

= The absolute maximum value of fon D is f(3, 0) =
9.



3.4
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Constrained Maxima and Minima
and the Method of Lagrange

Multipliers

fix,y) = 2x>+ y?

h(x) = 3x2—2x + 1

) g

~

186
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CONSTRAINED MAXIMA AND MINIMA

« I[n many practical optimization problems, we must
maximize or minimize a function in which the
iIndependent variables are subjected to certain
further constraints.

« We shall discuss a powerful method for determining
relative extrema of a function f(x, y) whose
iIndependent variables x and y are required to
satisfy one or more constraints of the form g(x, y) =
0.
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= To find the maximum and minimum values of
f(x, y, z) subject to the constraint g(x, y, z) = k
Eedsemengatbet drase eh s on the surface g(x, y,
and =N Z) = K],

a. WadPARFearias of x, y, z, and A

sutdenet:

an
d

b. Evaluate at result from
step a.

= The largest of these values is the maximum
value of f.

= The smallest is the minimum value of f.
= The number A in the equation is called a Lagrange
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LAGRANGE'S METHOD

= |f we write the vector equation in terms of its
components, then
the equatjons-in step-a becemey, 2)

« TRis is a system of TR in the four
unknowns x, v, z, and A. However, it is not

necessary to find explicit values for /.

For functions of two variables, the method of
Lagrange multipliers is similar to the method just

that:
unknown§: = Ag, f,= g(x, y)

Aa = k



= A rectangular box without a lid is to be made
from 12 m2of cardboard. Find the maximum
volume of such a box.

we let , and be the length, width,
and height,
respectively, of the box in meters.
= Then, we wish to maximize subject

to the constraint

HH USir E

|O.Ph|< fc

I
"4 diiu A SUcll uiae.  ~ = 4

gy V.= Ag,
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CONT

=»The equations becomeP
yZ = A(2z (2
+Yy) )
Xz = A(2z (3
+ X) )
Xy = A(2x + (4
3%, )
2XZ + 2yZ + Xy (5
=12 )

= There are no general rules for solving systems of
equations.

* In this example, you might notice that if we multiply

Equation 2 by x, Equation 3 by y, and Equation 4 by
Z, then left sides of the equations will be identical. =



«Doing so, we have:

(6
)
(7
=«\We observe thatxyz = B¢€2anse woJId imply
fropy 2) 18 This would

contradict Equation 5. )
= Therefore, from Equations 6 and 7, we have:

=which gives . However, (since
would give ).

= Thus
“From Equations 7 and 8, we have



“|f we now put x = y = 2z in Equation 5, we get:

« Since X, y, and z are all positive, we therefore have z
= 1, and so x
=2andy = 2.

Find the extreme values of the function
f(x, y) = x2+ 2y2o0n the circle x2+ y2= 1.

We are asked for the extreme values of f
subject to the constraint g(x, y) = x2
+ y2=1

“ yggg% Lagrs tipliers, we solve the equations
an -1, '



«They can also be

written as: 2x = 2xA (9)
4y = 2yA (10

X2+ y2=1 )
(11

=« From Equation 9 , we have x =)O orA=1
= If x = 0, then Equation 11 gives y = 1.

= IfA =1, then y = 0 from Equation 10; so, we
have x = +1.

= Therefore, f has possible extreme values at the
points

= Evaluating f at these four points, we find that:



CONT'D

= Therefore, the maximum value of f on the circle
X2+ y2=11Is:

= The minimum value is: f(+x1,0) =1

= Checking with the figure, w
values look reasonable.




EXAMPLE 3

Solution: According to the procedure in evaluating
extreme value in the previous Section, we compare the
values of f at the critical points with

values at the points on the boundary.
=Since f, = 2x and f, = 4y, the only critical point is (0,
0).

= We compare the value of f at that point with

the extreme values on the boundary from
Example 2:

f(O,0) =0 f(xl, 0) =1 f(O, £1) =2
« Therefore, the maximum value of f on the disk x2

1 25 o 9 A4 nA
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EXAMPLE 4

« Find the points on the sphere x2 + y2 + z2 = 4 that
are closest
to and farthest from the point (3, 1, -1).

= The dist

> , v
)OISHowever the algebra Is simpler if we instead

maxifiize anc risimize the squareof the
distargs:

197



= The constraint is that the point (x, y, z) lies on the
sphere, that is, g(x,y,z)=x2+y2+ 22= 4

=« According to the method of Lagrange multipliers,
we solve:

= That

gives: 2(x - 3) = 2xA (12)
2(y - 1) = 2yA (13)
2(z + 1) = 2zA (14)

X2+ y?2+2z2=4 (15)



» The simplest way to solve these equations is to
solve for x, y, and z in terms of A from Equations
12, 13, and 14, and then substitute these values
into Equation 15.

=« From Equation 12, we have:

or

= Notethat1l -A # 0 because A =1 is
Impossible
from

Equation 12.

= Similarly, Equations 13 and 14 give:
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CONT'D

= S0, from Equation 15, we
have:

= This gives (1 -A)2=11/4, 1 -
A=+




It's easy to see that f has a smaller value at the

first of these points.
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1. Find the maximum value of the

funckion 7) = x + 2y + 3z on the curve of
Intersection of the plane x-y+z=1 andthe
cylinder x2+ y2=1

2. The Manager of the Centeral Jimma Hotel, is
planning the addition of another swimming pool
to the Jimma Community.

The chief engineer has suggested that an area of
the form of an ellipse located in the rear of the path
floor would be suitable for this purpose.It has been
determined that the shape of the ellipse may be
described by the equation

x2+ 4y2 = 3600
where x and y are measured in meter.

" _ 1 2 - 9" .. - . &0 . €~ g B . . .2 - - ¥ . 5 g7
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