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“At the end of this unit students enable to:
®Define the derivative of a function at a point.

®Determine the slope of the tangent line to
the graph of a function at a given point.

®State the basic properties of derivatives.

®]dentity whether a given function is
differentiable at a given point or not.

®Find the derivative of polynomial,
exponential, logarithmic, trigonometric,
hyperbolic functions, inverse functions, etc.

®Find the higher (or nt ) derivatives of a
given function.
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2.1. Definitions, Notions and Examples

Defmition: Let a be ano in the domain of a function f. If the limit
llm f(X) - f(a)
a  X- (
exists, we call this limit the derivative of fat a and we
writeitas f'(a). So that

]C’(Cl) —lim f(X)' f(a) (1)

x~a  X- (@
> If the limit in Eq. (1) exists, we say that
- f has derivative at a
- fisdifferentiable at a
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> If the limit in Eq. (1) does not exist we say that f is not
differentiable at a or f has no derivative at a.
> If we put x = a+ h then, Eq. (1) can be wnitten in form

Fa =lim(a* hli - f(a) 2

> This Eqg. (2) is an altemative way of writing the derivative of
function f at a.
Notations: The derivative of a function fat a may also be given by

dix f| ., Df(@ or Z—i’(a) where, y =f(x)

X=a
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2.2. Differentiability

Note that: The denvative of a function f with respect to x isa
functionwhose domain is the set of numbers for which fis
differentiable and whose value at any real number x is given by
fl(X) zhmf(t)' f(X)
oo x | (3)

e f(x+h)- f(x)
f(x) =lim ,

Defimition: If fis differentiable at each numberin its domain, then

f is said to be a differentiable function.
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Example ©1: Let fix) =2xX - 3x+ 6, thenfind (1)
Solution: Using Eq. (1), we have

1 x-1
2 — —
m 2 T XA 6 O o121
x—1 X - ]_ x—1

Therefore fis differentiable at 1 and (1) =1.

Exanple 2: Let f{x) = ¢, where ¢ is a constant, show that f'(x) =0
forall x.
Solution: By definition of the derivative we find that

F00 =lim? BT 1€ € yimo=0, vx
[- x t-x F- x tox

t— x
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Fxanple 3 Show that f(X) =X", ne N is a differentiable

functionand f'(X) =nx™" forall x.
Solution:
Notethat: t" - X" = (t-X) (tn'2+ tn'3X2+... .|_b<"'2+ X"l'l)

Wehave f'(x) =limJ =T b= X
tbx - X tx - X
=1tim(t”'1 F XA 4 L+ DT XY
:limgx’”+x’"2x+ X+ 0+ )
tx{] 0 0 00O0DCO0O00O0OO0OOUOOODO OO0

n- terms

= nxt!

Since f(X) =nx"' is defined for all x, f is a differentiable

function.

=
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Observe that: we have derived the basic formmila of calculus

f'(x) Zi(X”)ZnX“'l, ne N
dx

Forexample, if f(x) = X7, then f'(x) =17x'°.

Exanmple4: Let f(x) =V x+1, then find the derivativeof fatx =3
Solution: Using Eq. (1) we have

x— 3 X - X—>3 X - 3
\/ +1- 2 \/ +1+2 .
=lim

1
=3 Ix+1+2 3 Ix+1+2

Therefore f is differentiable at 3 and f'(3) :%: .

1
4
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Exanple 5: Let f(x) =|x+4], then f in f'(-4).
Solution: Using Eq. (1) we have
f'(-4) =lim f)- 9 —hm‘XHH

-4 x+4 -4 x+4

_[x+4, if x=-4
O e’rha.t|x+4{ _[- (x+4), if x<-4

Thes, tim 5% 21 and 1m X4 21

-4 x+4 -4 X+4

Since lim x+4 # lim e fj , it follows that fis not differentiable at

x—-4" X+ x--4 X+

x=-4.
Follows that f is not differentials at x =- 4.
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Example 6: Let f(x) = x*, showthat f'(x) = 2x forall xin %.
Solution: Using Eq. (3),
f'(X) :llmf(t)- f(X)

£ X t- x

2 2 _
:limt X :lim(t X+ X) =lim(t + x) =2x
t-x - X t— x - X t— x

Example 7: Let f(x) = cosx, showthat f'(x) =- sinx, Vx in%.
Solution: Using limit definition of derivative, we have:
f(x+h)- f(x)

h

() =lim
i 0oS(x+ h) - cosx _y;  cos(x)cos(h) - sin(x)sin(h) - cosx

h—0 h h>0 h
. (cos(h) - 1)_

=cos(x) }}_}H& A

SiD(X):Il]LITO]SiD(h) =0- sinx =sinx
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Actvity 1:
I. Use the definition of derivative to determine whether the given
function has denvative at a ornot. If itis differentiable at a find ' (a).

1. fo0 =X ;a=0 2. f) =x"*; a=0
3 00 =[2x- 5§, a=2 4 f()=—,a=0
5. F(x) = -x*+4x for x<O
' Cx-1 for x=0, a=0
II. Determine whether the following function are differentiable or not
1. f5) =-2¢ +x + 1 2. f(x):;‘_*;
3. f(9) =x" 4. fix) =sinx
5. fix) = Vx+1 6. f() =|x- x
2x° -1 x=#1
Z'ﬂ”_+@<, x =1
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<.J0. GEoIMeELIrlCal 1Nnterprectation o1 e
Derivative

Let the graph of y = f{x) be represented by the curve APQB shown
in the figure below. The difference quotient

QR _fla+h)+ f(a) _
PR h
Is the slope of the secant line joining points P and Q of the curve.

Ash - 0, this secant line at the point P. Then

imd @*th- fla _SR_._

-0 h PR
is the slope of the tangent line to the curve at the point P.

tand
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A
y
}Q/Ly;f(X)
f(a+h)-f(a)
z a E
P , | ._._._._._._I
/: R i
i i fl(a)
A : : ;
— : : : >
0 a a+h ! X

An equation for the tangent line to the curve y = f{x) at a poin
where x = a is given by

v - fla) =f(a) (x - a)
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The fact that a function can be continuous at a point and yet not be
differentiable there is shown graphically in Fig. below. In this case
there are two tangent lines at P represented by lines PM and PN
and the slopes of these tangent lines are given by

xX— a X-d x— a* X-d

A
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Defmition: The tangent line to the graph of f at the point P(a, f(a))

is defined as:
a) The line containing P with slope f'(a) if f'(a) exists
b) Thevertical linex =aif f'(a) =« or f'(a)=-w.
Remark:
i. If neither (a) nor (b) holds the graph of f does not have a
tangent line at P.
il. The normmal line to the graph of f at the point P(q, f{a)) is the
line continuing P perpendicular to the tangent line.
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Example 8&: Find an equation of the tangent line and normal line to
the graph of f at the indicated points.

a f()=xX+2 P(,3 b. fiy =sinx, P (7, 1)
c. ) =3/x, P(O 0 d fy =|x- 2|, P(20)
Solution

By the definition of the slope of the tangent line to the graph of the
function f at the point P(aq, f{a)) is given by
fl(a) :limf(x)' f(Cl) or ]CI(CZ) :limf(a'l' h)_ f(Cl)
x—a X- h=0 h
a) For fix) =xX*+2and P = P(1,3) = slope = f"(a) =2.
Now using point slope form of equation of a line, the equation of
the tangent line to the graph of f at P(aq, f(a)) is given by
y =f(ax - a) + fla)
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Thus the required equation of the lineis

y=2(x-1 + 3 =2x + 1.

And an equation of the normmal line to the graph fat the point
P(q, fla)) is given by
1

f(a)
b) For f{x) =sinx andP=P[%,1]

— (x - __ 1.7
(x-a) + fla)=-(x - D3 SX*S

y=-

= slope = f[%] = (0 and an equation of the tangent line is the

line y = 1. Since the tangent is horizontal, the normal line is a
vertical line through the point P( % , 1).

Hence an equation of the normal lineisx=%.
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O Letfix) =3x and P(O, 0)

slope = f'(0), but f'(0) is not finite .
Hence the graph of f has a vertical tangent line at x = 0, and the
conresponding nornmal line to the graph of f of (O, 0) is the line y=0.
d) Letf{x) =|x- 2 and P(2, 0)

Since f'(2) does not exist, the graph fix) = |x- 2| has no
tangent line at the point P(2, 0O) and consequently there is no
normal line.

Adhivity 2: For the following functions find an equation of the
tangent line and the nonmal line at the given points if it exists.

1. f) =Jx; (4,2) 2.f0) =4-x5  (2,0)
3. fix) =2cosx; (0, 2) 4. fo) =|x+3;  (-3,0)
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2.4. Properties of Derivative
Since there are limit theorems of summs, products and quotients of
functions, there also corresponding theorems for derivatives, which
we will use them later as a tool for finding the derivatives of
various functions:
Theorenx If fis differentiable at a point a, then fis continues at a
i.e. if f'(a) exists, then lim f(x) = f(a).

x—dad

Proof: To show that fis continues at g, it suffices to show that

lim f(x) = f(a), orequivalently, {g?{ f(x) =f(a)| =0
Notice that f'(a) exists by hypothesis. Hence by the limit
theorems, we have
f>)- fla)

lim[ £ = f(@)] =lim~—— = x-a
im0 @D i ix- @)
x—dad X— a xX—d
= f(a).0=0
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Remark: The converse of the above theorem is not true.

For example, f(x)=|x is continuous at x=0, but not

differentiable at x =0.
Theorems: Let f and g be differentiable at a point a, then the
[ =g, the constant multiple Kf, the product f.g are all differentiable

at a and respectively given by
1. (f=9) (@) =f"(a) =g'(a)
2. (Kf) (@ = k.f (a), whenkis a constant

3. (£f.9) (@) =fFf(@D).g(@ + fla).g(a) (productrule)

a [E
g
rule)

Proof: left as an exercise for the readert

@ By: Solomon Bati
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Example 9: Let h(x) = X° + cos x, find a formula for h'(x) and
Solution: Let f{x) = and g(x) = cosx, then
h(x) = f(x) +g(x)
= h(x) =f0)+g(x)
= 2x- sinx, foral x
I - | L Y
and h[i] _f[2]+g[2J 2[ 2
Example 10:
a) Letf(x) =8'x, find a formmila for f'(x)
Solution: () =(8/%) =8(v/x) =%. Why?
d (43— Joxis Lo
b) Findd—x[4x J2x +7x3 20x + 8

@ By: Solomon Bati
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Solution: we find that

d 7 _ 4 1 _ _ _
— 47 - J2x +7x3 20x + 8| =28x° 4.-\/_x3+7x 20.
O Let f(x) = 5x’sinx. Find f'(x).

If we put h(x) =5x*and g(x) =sinx, then f(x) =h(x)g(x).
Since h'(x) =15x*and g'(x) =cos x, using product rule for
denvative we have

F(x)=h(x)g()+ h(x)g (x)

—=15x°sin x + 5X°0cos X
d) Find dix(&(ZX ~ 3) cos x)

Solution: %{&:2\/_ dx(zx 3) =2, dix(oosx)z-sinx
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d —(2x- da a5
2 (Vx(2x- 300sx) =(2x- Doosx-- (/) + Vxcos x5 (2x- 3)

+/ x(2x- 3)dix (cosX)

:2x -3
2/ x
3 :
e Let F(x) =G ox Find F'(x)
Solution: If f(x)=3x"and g(x) =x° - 2x, then
F(x) :5, F(x)=21x° and g’ (x) =3x* - 2

Therefore,
_ ') -g(x)- 9 -g'(x¥) _21xX°(x’ - 2x) - 3x’(3x* - 2)

cosx+2+/xcosx- /x(2x - 3)sin x

FI
> [g(x9]° (x* - 2x)°
2D - 42x7 - 9 +6x7 _12x7 - 36X’
B (> - 2x)? (- 2%)?
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) Show that dix(tanx) = sec” X.

Solulion: Since tanx = S X , 'wWe conclude that

COS X
{isinx] ‘COSX - SInx -i(cosx)
i(tanx):d Sin x :dx 2 adx
dx dx| cosx (cosx)
_ 0OSX -COSX - sin x(- sinx) _ 1 —soc? x
(cos x)” cos® x

Example 11. Show that dix(x'”) =-nx "', where ne Z".

Solution: We find that

d . _. d( 1 1 d 1
_(X ):_[_] —- n\2 ) Xn —" 2n
dx dx\| x" (X")* dx X
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Derivatives of the remaining trig functions
can be determined the same way.
d . d R
—SIN X =COS X d—XCOtX—- CSC X
d . d _
— COSX =- SInX —Secx =secx -tanx
dx )4
d ) d
— tan x =sec” x — CSCX =- CSCX -COt X
dx dx
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Adivity 5:
1. Find the derivative of the following functions
a) fOCI=-2+6x%-5x +2 ) F(x)=-4x3+2 cosx

b) f(x)=| x -%{ (x*+3sinx) g F)=vx(>*+3sinx)
i3 _-x+9

C) fix) =sin’x h) f(X)—X2+7

d) fix) =cscx i) fix) =cotx-~/xsec x

& f(x)=— *x ) f09 =X + 7 tanx

2. Use trigonometric identities to find di of the following functions
X

a) fix)=sin2x b) fix) =Cosz(12‘) c) f(x) =tan (-x)
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2.5. The Chain Rule
Consider the function F(x) =V x*+1. If we put f(x) =x* +1 and

g(x) =/x forall x then F is the composite of g and £, In this sub

topic, we are going to develop a general rule for the derivative of a
conposite function in terms of the denvatives of the conmponent

function.
Theorem (I'he Chain Rule): Let f be differentiable at a, and g be
differentiable at f{a), then gof'is ditferentiable at a and

(gof) (@) =g'(F (@) f (a) (1)

Ingeneral, (gof) (x) =g'(F (X)) f (%)
for all x such that fis differentiable at x and g is differentiable at

f(x).
Proof:

e By: Solomon Bati
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- g(x)- g(f(a))
Let G =| x- f@ o X*/a@
1g'(fla) for x=f(a)
By the definition of the denivative of g at f{a) and by the Substitution
Theorem, we have:

mG(f00) = lim G(y) = lim IV-FTID —g1 (@ =G(f(a)

Hence G is dlfferentlable at fla). On the other hand:
g(f(x)- g(f(a@ _ fx)- fla) g(f(x)- g(f(a))
X- d f)- f(a) X- d

_9U0N- 9(f@) FOI- f@ _ g iy
fGo- fla) X- a
- (gof) (@) :%Hgg(f(X)i- Cgl(f(a)) ~HmG(f(x)) Llj{}f(xi f(a)

=G(f(a) -f(a) =g'(f(a) f(a)

@ By: Solomon Bati
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Example 12 Differentiate the following function

i) h(x) =cos(2x) ii) h(x) =sin /(1+ >?)
iii) h(x) =(x- x*+4) iv) h(x) =tan
Solution:

1) h(x) =cos (2x). Let f{ix) =2x and g(x) =00sx,
Then h(x) = (gof) (x), [f(x)=2 and g'(x) =- sinx.

= h'GC) =g (f). (X))
=g’ (2x). 2=- sin(2x).2=- 2 sin(2x)

ii) h(x) =sin 1+ 8
Let fix) =1 +>8 and g(x) =/x, then h(x) = (gof) (%),

) =8% . ' (x) =L
f(x)=8x, g(x)—Z\/;<

S hHOG) =g (fFGD. /()=

7
. 4x

1 1
8x’ = .8x
2V1+ X° 271+ X8 271+ X8
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iii) h()=(x->¢+4)"
Let f(x)=x- X’ +4 and g(x) =x 7, then

hGO =(gof)), f'GI=1- 3¢ and g'(x)=-9x"
Therefore,
hH()=g'(f(). f'()

—9(F()) °.(1-33)=-9(x- x*+4) "(1-3x?)
iv) h(GO =tan (*)
Let f(x) =x*and g(x) =tan x, then
h(x) =(goff) (x), f(x)=2x and g'(x)=sec*x
Therefore, h'(x) =g'(F(x)) f'G)=sec® (F(:))2x = 2xsec? (>2).
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Remark: If k(x) =(hogof)(x)and f is differentiable at x, g is
differentiable at f{x) and h is differentiable at (gof)(x), then the
coniposition of h, g and fis differential at x and is given by:
k'GC)=h'"(g(fCIg'(f& ')
In Leibniz notation this becomes

Z}Lé :Zszy;gi where y = f(x), v= g(y) and u = h(v).
Exanple 13: Let F(x) =./sec(tanx) . Find the derivative of F.

Solution: If we take f{x) =tanx, g(x) =secx and h(x) =/ x, then
F (x) =(hogof )(x)
1

Now, f'(x) =sec®’x, g'(x)=secxtanx and h'(x) :F
%
- F'GI=h'(g(fFGI)g'(fF I F(x)

- Ng(l 50 Ctan( £ (DDsec? x

:%\/sec(tanx) tan(tan x)sec” x

e By: Solomon Bati
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-3
Example 14: Giveny =(\/X5- 6x) , ﬁndg—i]

Solution: Using Leibniz notation we have

dy:dydvdu
dx dvdu dx
Let u=x"- 6x, v=+Ju and y=v°, then
U _ 5yt - 6,ﬂ L anddy -3v?
ax du 2Ju
Therefore,
dy PR |
- 3v 5x* - 6
dx 2JE( )
-4 1
—=-3(/>® - 6x (5x* - 6)
( ) 28 - 6x

— 3(¢- 6x)2(5¢ - 6)

2
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d n n 21
Note: — x™ =— X"
ax m

Example 15: Let f(x)=(¢-1)
Solution: We have

£ :%(x?’- )" 3¢ :%1 (>3- 1)"

7/5

. Find F'(x).

Adtivity 6

1. Prove that the derivative of an odd function is an even function.
2. Suppose f is an even function. If f'(a) =k, find f'(-a),

where a is an element of the domain of ', and k is a constant.
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In this sub unit, we are g%ﬂﬁ%%%ﬁl about the denvatives of
Logarithmic and Exponential functions.
"Theorem: Leta beapositivereal numbersuchthata %1, then
i — (logx) ——logﬁ = ii. 9 (nx) =2
xlna ax X
Proof: left as an exercise for the reader!
Examples 16: Find the derivatives of the following functions.
a) f(x) =log; b) g(x) =log,(x*- 4x+1) ) h(x) =In(sinx)
Solulion:

a) —(f(X)) _4d = (log) = —1—3

b) Since g(x) —1og2(x - 4x+1) is a composite function of s
and t where s(x) =log; and t(x) =x*- 4x+1, such that
g(x) =s(t(x)) =s(x - 4x+1) =log,(x* - 4x+1).

@ By: Solomon Bati
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Applying the Chain rule we get
d
—g(x) =s'(tCI)t’
dxg(x) s'(tC)E'(x)
_ : 1 (2x- 4) = 22x- 4
In2(x° - 4x+1) In2(x° - 4x+1)
C) dixh(x) :dixln(sinx) :si—rl1x -COSX :%( =CotXx.

There fore, dixln(sinx) =(C0SX
Theorem: Let a be a positive real number (a >0), such that a #1,

then dix(a") =(lna).a* forall xin %.

Proof: Let f(x) =a* = In f(x) =In(a*) =xIna
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Hence, dix (Ina®) :dix(xlna) =Ina

— =1
- a* dx(a ) hd

Therefore, —(a ) =a*Ina.
dx

Remarks: a) i(logj %)) = J )
folna

'
f(x)

C)d—xaf @ =a’™ f(x)Ina , where fis a differentiable fn.

)—ln( f(x) = , Where f1s a differentiable functn.

Moreover for any real number x, it holds that dix(ex) =
@ By: Solomon Bati /
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Examples 17: Find the dernivative of each of the following functions.

a) f(x)=5 c) gx) =e°
b) h(x) = h(x) =a* (a >0, a =1) d) k(x) =20sx
Solution:

d _d (o) e
a) — F() _dx(5 ) =5In5.

d . d o
b)d—xg(x)—d—x(exs)—SxeXB’.
C) dixh(x) —i(axz) =2x. a* .Ina.

d) d—xk(x) = —(2°°SX) —In2(- sinx)2°* =- sinx. In2(2°).
Adhvity 7: Find the denvallve of the following functions

a) f(x) =log> h) g(x) =logy™
b) h(x) =log!™ i) kKGO =In(1+ »2)’
Q) 1(x) = n[X—J“i] 5) M09 =tn(tanx+/>2 + 2)

X_
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Examples 18: Find

aiy=Inx
dy_]_ 2
dX—XJSX)
'd_'y:§
dx Xx
OR
dx T x dx x
b
=9V _44(1n4)(16 x°)
dx
C
— ) —
“dx a2z 20X T e

Cont....

d
-:ﬂ—— ] 3 1 2
T dx Sln(ln(4x ))4X3(12x )
.__d_y:_Bsin(ln(éLxS))
dx X
e)

:d_y_ 1 1 54 4 4
Ix " 3xte5T ln35(3x 5/7(15x*
.dy_ 75x"

dx [3x®+5]|In3
f

:ﬂ COS X _ 3

T dx 3°sx'(In3)(— sin x*)(4 x3|

LAY 433300 ginx4In3

" dx



2.7. Higher Derivatives
If f'(x) (the derivative of f at x) exists, then f'(x) is called the first

derivative of fat x, since f~ is a function that maps x to f'(x) we can
speak about the detivative of f~ at x denoted by f”(x) which is given by

F(x) =lim f i+ h}i " ') rovided this limit exists.
If the above limit exists, we call it the second derivative of at x.

Examples 19:
a) Let f(x) =sinx. Find aformal for f"(x).
Solution:
Since f'(x) =cosx, it follows that f"(x) =- sinx.

1

b) Let f(x) =3x2. Find a fonmula for f"(x).

Solution: f'(x) =3| = 1 X2 :3°1X_% ::—gx'%
2 2 2
and F(x) = [ 1x%'1]:§[-1x'% = 31,
21 2 21 2 4
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For any positive integer n > 3 we can define the n™ derivative of f at x
denoted by f™(x) orD"f(x). By denoting f™? for the (n-1)"
denivative of f, we can write
(n-1) _ (n-1)
f(n) (X) lemf (X+ h) f (X)
h-o X

provided the limit exists.
The second derivative, the third derivate and so on are called higher
derivatives. We say that f is n times differentiable if ™ (x) exists for all

x in the domain of f.
Example 20:
Let f(x)=cosx. Find then™ derivative of f, for ne Z*.
Solution
f'(x)=-sinx, f'(x)=-cosx, f"(x)=sinx, f“*(x)=cosx,

f(5) (x) =- sinx, f(6) (x) =- cosx, ...,
]:(2n+1) (X) :(_ 1)n+1 SiIlX, ]C‘(2n) (X) :(_ 1)n COS X.

@ By: Solomon Bati
S /
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Example 21: Let f(x) =x° - 3x°+ 2x° + 1, find dll higher derivatives of f.

Solution: f'(x)=5x* - 9x° + 4x, fP(x) =120x
f'(x) =20 - 18x + 4, fP(x) =120
fP(x) = 60x*- 18, and [f™”(x) =0, Vvn=6

Note: L eibniz notation, the second, third and fourth denivatives are:
d’y d’y d'y

b’ dx’ dx,

Exanmple 22: 1.et y = x sin x. Using the Leibniz notation find the first four
derivatives of y.
Solution:

dy _ d’y . .
— =SinX+ XCOSX, =COSX+ COSX- XSinx =2C0SX- XSinx
dx ax’

d’y . . .

% =- 2SIin X - SINnX - XC0SX =- 3SInX — XCOSX

d*y . .

o =- 3C0SX - COSX + XSinx =- 4C0sSX + XSin x.

@ By: Solomon Bati
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Adivity 8:
1. Find the second denvative of the function

) ﬂX) =-12x° +%:X4— Ji- x. b) F0 =X+1

x-1

2. Find Z—E’ for the following functions

3
2

a)y =x c) y=0(*-tanx)
_ 1
b) y =secx D y=——
3. Find the third derivative of the function
1
a) f() = | ) OO =5

4. Find 3—2’ for the following functions
a) v =3 b) v =x2 -2
5. Find the n™ derivative of the function

a) fx) =sinx - cosx b) 100 =XL+1 0) f09 =sin(rx)

C) F(x) =+/+/x +sinx

e) __ X+ sinx
X+ 2
3x
X) =
o f(X) Toat
2
C) y—(l_ XY

e f(x) =ax’ +b +of +dx+e (@bcdeck a=0) ) fix) =™

@ By: Solomon Bati

d) f{x) =Inx

/




2.8. Implicit Differentiation
The differentiable functions we have encountered so far have been defined
by algebraic expressions such as
X% +1
3/—5@_ 1
define functions f and g where
x> +1
f) = o
However not all functions are defined in such an explicit way. If we
consider the equation
X - x=y* +3y+2,
it is not so easy to solved for y in terms of x. But there may exist a function
f'such that
2 - x =(FI) + 3 F(x) + 2, holds for every x in the domain of f,
Such a function is said to be defined inplicitly by the given equation and the
process of finding the derivatives of such function is called Inplicit

differentiation.
@ By: Solomon Bati /

y =sin(tanx?), etc

and g(x) =sin(tan>?).
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Example 23: Find the derivative of the implicit function given by
x> + y* =25 (Equation of circle)
Solulion: Assume y is differentiable function of x and differentiating both
sides with respect to x, we get:
dy . dy
2x+ 2y— =0 and solving for —, we have:
dx dx

a __x () —- X
-y or f'(x)

Example 24: Find %’ for the implicit functions
X

a) xy° - 3x*=xy+ 5x b) eY + ylnx =cos2x
Solution :
a) Differentiating both sides with respect to x.

- d d(oy d dx
i.e. d—X(xyB)— SFX(XZ)—dX(xy)+ 5dx

= y3+3xyzd—y— 6x:y+x%<]+5

dy 6x+y- yV+5
3 = §} D = .
= (39 - d =y+6x- Y+ ~ dx 3xy° - X

@ By: Solomon Bati
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b) €Y + ylnx =cos2x is also an implicit function. We have

da (exy + yﬁnx) :i (co 2x)
dx

= _yexy+xexydy+—+fnxﬂ] —=- 2SIin2x
dx x ax

. ‘y
= (Xe"y+fnx)z—xy — l251n2)(+_ygxy+¥ — i’ — 2XSln2X+>QBW

X dx x2e¥ + xtnx
Example 25: Find an equation of the line that is tangent to the circle
+ y* =25 at the point (3, -4).
Solution: The point (3,-4) lies on the circle, which is the graph of

a differentiable function y.
dy x dy 3
d—X—‘E. SO,thatd—X|(3’_4) —Z:.
Therefore the slope of the tangent line we seek is Z SO an equation of the
required line is
3 25
4) =— 3 == x- ==,
- (-4 (X ) Or y = 25 2

@ By: Solomon Bati
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Note: Differentiating an implicit function will create the
derivative () needed to calculate the slope of any tangent
on the curve or the rate of change at any value of the

dapgnderé yarable.

a.3x*+y‘=14 bix{’y’+3x=8 y’+1
dx dy
OX——+2Yy—>=0 = 35,29Y 3,20X /5, 30X _ 2 ¢
- XdX+ de Xy dx+3X dxy+3dx_24y(
=6x+2yg—i}:O =>5x3y43—§+3x2y5+3:24y23—3;
d d d
2y—2L=—6 3yrdy _ 20Y _ _342y5—
=>de X =>5><de 24ydx 3x°y’—3
~dy__6x =>ﬂ(5x3y4—24y2):—3x2y5—3
&__ 3 ™
SOy __oX .dy  —3x°y°-3
dx y

Cdx 5x°yt—24y°
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Example 27: Find the equation of the tangent and
normal lines for the following implicit function at the

%}‘;(egl+%(/)§nt (2 A2 )

Solution
dy __3x
H ere, v 7
dy __ 3(2]
m —
= tan dX \/E \/z
and M, ormal=— F
and

Equationof thenormalline: y — \f:%(x -2
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Note: If yis a function defined 1mpllClﬂy in tems of x, and if d 3’ exists,
2
we can differentiate Zi with respect to x to obtain d g]
Example 28: 1 .ct x> +y =25. Find %’ implicitly.
Solution: We already know that:
a_ X
dx y
d’y d [dy} d|-x (V* +x°) 25
and 5 = = — 3 —- -
dx* dxldx] dx| y y Vv
Adivity 9:
1. Use implicit differentiation to find the derivative of y with respect to x.
1- Jy siny
a) 3y =-2x* C) X= d =3x
) 3 ) Ty ) a1
b) y2=—X3 e) X + y2=i2
2- X X

@ By: Solomon Bati
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2. Use implicit differentiation to find the derivative of y with respect to x

at the given point.
a) X" +y-y; (0, 1) b) =2 (-2-1)
C) ' sin 2x =-2y; [%,—2] d) sinx=cosy; (z£,z)
& ——=1-y; (1,0)
X+ 2y
3. Find an equation of the line tangent to the graph of the equation at the
given point

a x/=18; (2 -3)
b) X4 =3y; (-V2,2)
c) sinx+y =2x; (O, 7 )

2
4. Use implicitly differentiation to find d y
a) X- ' =6 c) X sin2y =1
b) X‘Iny =y d 2q/=x%y

@ By: Solomon Bati
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Alternative techniques of differentiating some

functions

» This technique is useful in cases where it is easier to
FdiensRi 9 g dogarithm of a function rather than

the fU_I]ZCtIQ;l 1t5%6y 5 SimX cz,y:(l —X)Z(X+1)4

Solutlon
:l])’ly:h’l (2 sz> 31] Zi] 2+2Inx
=Iny=1n2+In (x*¥) —dyv _ ,.
= [ny=In2+2 xIn x 5; ]
1y g liomy T dx 2 ¢
y dx X
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Sin x sin x)

b.y=x"""=Iny=1n (x

=1V _ginxLlicosxinx— T2 N7 s

y dx X >

. dadN Sim > -
> -< <

= [ny=sinxIn x

ciy=(1—x(x+1)" =Iny=In ((1 = x(x+1]*)
=Iny=In(1 —x*+In(x+1/*

=Iny=2In|1-x|+41n (x+1)

=ld_y:2 1 <_1)+4 1 dy_ —2 N 4
ydx 1-—x

. d 2 4
..d—i]:(l —x*[x+1]




2.11. Hyperbolic Functions

® Certain even and odd combinations of the exponential
functions ex and e~ arise so frequently in
mathematics and its applications that they deserve to
be given special names.

® In many ways they are analogous to the
trigonometric functions, and they have the same
relationship to the hyperbola that the trigonometric
functions have to the circle.

Definitions of the Hyperbolic Functions

. E.r — ¢ X l |
sinhx = cschx = — Cx=0
2 sinh x
E.‘:’ _|_ l.':} X I
coshxy = sech x =
2 cosh x
sinh x | |
= cothx = r# 0

tanh x i
@ cosh x tanh x




The graphs of the six hyperbolic functions and
their domains and ranges are shown in Figure

ERE)
k.
/
/

¥
[

s

L
,
1+ .
.
.

-2 1

Domain: (— oo, oo)
Range: (— oo, cc)

[yzcmhx=
K

.

1 1
| 2

Domain: (—oo, 0) U (0, oo)
Range: (—oe, 0) U (0, co)

(-,

Range: [1, oc)

Domain: (— oo, oo)

Range: (0, 1]

} x
-2 —1 1 2
— __I L e o — =
_2__
Domain: (— oo, oo)
Range: (—1,1)
¥
)
‘}_thl_tanh_xr L
________ l________
I - X
-2 —1 | 2

Domain: (—oe, 0) U (0, o)
Range: (—oo, —1) U (1, o0)
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> Note that the graph of sinh x can be obtained
by adding the corresponding y-coordinates of
tflx) = %e*’.entiig(x) = —%e‘x.
and

» Likewise, the graph of cosh x can be obtained
Fr(x) = %ex the w(x) = 3¢ *.ding y-coordinates of
the exponential functions

and

@ By: Solomon Bati
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HYPERBOLIC IDENTITIES

cosh? x — sinh?x = 1 sinh(x + v) = sinh x cosh ¥y + cosh x sinh v
tanh? x + sech? x = 1 sinh(x — v) = sinh x cosh ¥y — cosh x sinh v
- ) . -
coth“ x — csch~x = 1 cosh(x + v) = cosh x cosh y + sinh x sinh v

cosh(x — v) = cosh x cosh v — sinh x sinh ¥
o — 1 + cosh 2x 5 1 + cosh 2x
sinh- x = cosh- x =
2 2
sinh 2x = 2 sinh x cosh x cosh 2x = cosh® x + sinh® x
Proof:
[ ]

Deritefile of Hyperbolic Functions
Derivatives can be found relatively easily using the

d IlitiOIlS. - X - X
: d e€-¢e e +e
sinh(x) ~ 5 5 cosh(x)

9 oshGy=2 €+e” _e-€ " _ LhGo)
dx dx 2 >

@ By: Solomon Bati
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iﬂﬁﬂh(X):d ex'e-x
ax dxe +e”*
(quotient :(ex+e'x)(ex+e"‘)- (ex- e‘x)(e"- e'x)
FU|E) (ex +e—x)2
_(QZX +2+e—2x)_ (QZX_ 2+e—2x)
N Q¥+éxf
4 (2 ) e
(e +e ™) e +e”
Furthermore,
9 coth(x) =- esch? (%), L sech(x) =- sech(x) tanhi(x)
ax g ax
@ By: Solomon Bati; CSCh(X) —- CSCh(X) COth(X)
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Remarks:

1. All of the derivatives are similar to trig
functions except for some of the signs. sinh,
cosh and tanh are positive. The others are
negative.

2. Any of the differentiation rules in Hyperbolic

Exafﬂﬁﬁg%gan be combined with the product
1. 4and Chain Rule.

inh inh 1 1
ST 2 sin f — tanhz — tanh x - 5 — tanh z (1— 5 )
coshz ,ﬂcnsh T cosh“z cosh“z

— tanh z - tanh®z = tanh®z. /

4. C;ix(ln(costh:

N,




Activity 11:

I. Find the derivatives of each of the functions in Exer-
cises 1-12. In some cases it may be convenient to do some
preliminary algebra. These problems involve hyperbolic
functions and their inverses.

1. f(z)=zsinhz® 2. f(z)=zsinh®z

3. f(z) = cosh(In(z* + 1)) 4. f(z)=3tanh?e”

_ tanhy/z

5. f(z)=+Vcosh®z +1

I. Use logarithmic differentiation to find the derivatives of
each of the functions in Exercises 1-3.

@ 1. (sinz)” 2. (secx)™ 3. (sin z)°*®~*




End of Chapter two
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