UNIT V

PROBABILITY

THEORY & DISTRIBUTION



* Basic Definitions: Events, Sample Space,
and Probabilities

* Basic Rules for Probability
* Conditional Probability
* Independence of Events

* Combinatorial Concepts

* The Law of Total Probability and Bayes’
Theorem

* Joint Probability Table



5-1 Probability is:

A quantitative measure of
uncertainty

A measure of the strength of
belief In the occurrence of an
uncertain event

A measure of the degree of chance
or likelihood of occurrence of an
uncertain event

Measured by a number between 0O
and 1 (or between 0% and 100%)



Types of Probability

1. Objective or Classical
Probability
v'Based on equally-likely events

v'Based on long-run relative frequency of
events

v'"Not based on personal beliefs
v'Is the same for all observers (objective)

v Examples: toss a coin, throw a die, pick
a card



Types of Probability

(Continued)

2. Subjective Probability

v’ Based on personal beliefs, experiences,
prejudices, intuition - personal judgment

v Different for all observers (subjective)

vExamples: elections, new product
introduction...



5-2 Basic Definitions

* Set - a collection of elements or
objects of interest
v Empty set (denoted by @)
* a set containing no elements
v'Universal set (denoted by S)
* a set containing all possible elements

v Complement (Not). The complement of
A s

° a set containing all elements of S not in A



Complement of a Set

Venn Diagram illustrating the Complement of an event




Basic Definitions
(Continued)

v Intersection (AANB)

- a set containing all elements in
both A anCAy B)

v'Union (Or)

- a set containing all elements in A or
B or both




Sets: A Intersecting with B

@

ANB




Sets: A Union B

aD

AUB




Basic Definitions
(Continued)

°* Mutually exclusive or disjoint sets

—sets having no elements in common, having
no intersection, whose intersection is the
empty set

* Partition

—a collection of mutually exclusive sets which
together include all possible elements, whose
union is the universal set



Mutually Exclusive or
Disjoint Sets

have nothing in common




Sets: Partition




Experiment

* Process that leads to one of several
possible outcomes *, e.q.:

v Coin toss
* Heads, Tails

v Throw die
° 1.2.3.4,5 6

v’ Pick a card
- AH, KH, QH, ...

v Introduce a new product
®* Each trial of an experiment has a single
observed outcome.
* The precise outcome of a random
experiment is unknown before a trial.

* Also called a basic outcome, elementary event, or simple eve




Events : Definition

* Sample Space or Event Set

¥ Set of all possible outcomes (universal set) for a
given experiment

* E.g.: Roll a regular six-sided die
- §=14{1,2,3,4,5,6}

* Event

¥ Collection of outcomes having a common
characteristic

* E.g.: Even number
- A= {2,4,6}

- Event A occurs if an outcome in the set A occurs
* Probability of an event

¥ Sum of the probabilities of the outcomes of which
It consists
* P(A) = P(2) + P(4) + P(6)



Equally-likely Probabilities

®* For example:

v Throw a die
* Six possible outcomes {1,2,3,4,5,6}

* If each is equally-likely, the probability of each is 1/6 =
0.1667 = 16.67%

P(e) _—

. Probaggﬁ'?y of each equally-likely outcome is 1 divided
by the number of possible outcomes

v  Event A (even number)
e P(A) =P(2) + P(4) + P(6) =1/6 +1/6 + 1/6 =1/2
I’(A) :ZP(Q) forein A
~nA) 3 1

S 6 2



5-3 Basic Rules for
Probability

* Range of Values for PE&R)A) <1

* Complements - Probability of not A
P(A) =1- P(A)

°* Intersection - Probabily f both A and
B P(AN B) E’Q%géi

P(ANC) =0

v Mutually exclusive events (A and C) :




Basic Rules for Probability
(Continued)

®* Union - Probability of A or B or both (rule of

unlolg(szzuB) :n(,;lx(LSJ)B) —P(A)+ P(B)- P(AN B)

v s BATisO Rl BAZHEA s RUBAIy

exclusive, then




5-4 Conditional Probability

* Conditional Probability - Probability of A
given B

P(AB) =¥ (lf(g)B),wheré’(B) £0

P(AB) =P(A)

v Independent events: P(BA)=P(B)




Conditional Probability
(continued)

Rules of conditional probability:

_P(ANB) so P(An B)=P(AB)P(B
P(AB) =="pp; (AN ):PEQA;PEA;

If events A and D are independent events:

P(AD) = P(A
AD)=PA " b AnD)=PA)PD)

P(DA) = P(D)



Examplel: Suppose there are 30 applicants for a job In a certain organization, which are
cross- classified by their sex and color.

_' 4 [ o
Assume that each applicant is equally likely to be chosen for a job. What is the probability that

the applicant chosen 1s
a) black b) white ¢)male d)female  ¢) male and black

f) female and black ~ g) male and white  h) female and white




Solution: Let B stands for the set of black applicant W stands for white applicant M stands for

male applicant and F stands for female applicant

2+4 8 8+6 7
3P (B)= —— 50 0 b) P(W)= — F T
_2+8 1 Akl 3
PM)== == OPF=— "=
12
P (MAB)= )P(MAW)= ﬁ
NP(FAB)= DPEAW)=

30 30



Example2: In Example | above find the probability that an applicant chosen is

a) male given that black 1s chosen  b) male given that white is chosen

¢) female given that black 1s chosen d) female given that white is chosen

P(MnB |2 5 2 3
Solution: a) P (M/B) = [F{E} ) o
b) P (M/W) = P{;:;Tﬁ = j} _ ]_f 5 %

¢) P (F/B) = Ff{;? _ 3;‘:} , % =?11

d) P (F/W) = PFAW) 6 15 3

P(W) 30 7 7



2-5 Independence of Events

onditions for the statistical independence of events A and E

P(AB) =P(A)
P(BA) =P(B)
and
P(ANnB) =P(A)P(B)

P(Acen Heart)

P(Heart N Ace)

P(Ace Heart) = P(Heart Ace) =

. P(Heart) ; P(Ace)
52 _ 1 _ _52 _1_
—13—13—P(AC€) =4 _4_P(Heart)
52 52
P(AcenHeant= 4413_1 =P(AceP(Heant

52 52 52



Independence of

Events Television (ﬁgﬂ'ﬁiﬁboard (B) are assumed
to be independent.

Product Rules for Independent Events

> probability of the intersection of several independent ev
he product of their separate individual probabilities:

P(A NA,NAN---NAY) =P(A)P(A,)P(A) - P(A))
P(A VA, UAU-UAY) =1- P(A)P(A)P(AY)-- P(Ay)

1e probability of the union of several independent events
1 minus the product of probabilities of their complements:



5-6 Combinatorial Concepts

Consider a pair of six-sided dice. There are six
possible outcomes from throwing the first die
{1,2,3,4,5,6} and six possible outcomes from
throwing the second die {1,2,3,4,5,6}. Altogether,
there are 6*6 = 36 possible outcomes from
throwing the two dice.

In general, if there are n events and the event i
can happen in Ni possible ways, then the
number of ways in which the sequence of n

: . * - Pick 5 cards from a deck
Udentarmdpoeciris NIN2gNg. Without

replacement r‘?P'za*CETgiltg* .
v 52*5*5%5)%5) =525 52*%51*50*49%48 =
380,204,032 different 311,875,200 different

possible outcomes possible outcomes



More on Combinatorial Concepts
(Tree Diagram)

Order the letters: A, B, and C

C

® ABC
B

® ACB
C___ eBAC
A

¢ BCA
B

® CAB
A

e CBA



Factorial

How many ways can you order the 3 letters A, B,
and C?

There are 3 choices for the first letter, 2 for the
second, and 1 for the last, so there are 3*2*]1 = 6
possible ways to order the three letters A, B, and C.

How many ways are there to order the 6 letters A,
B, C, D, E, and F?
(6*5*4*3*2*]1 = 720)

Factorial: For any positive integer n, we define n
factorial as:

* n(n-1)(n-2)...(1). We denote n factorial as n!.
e The niimber n! 1 the niimber of wave 1in which n



Permutations (Order is
Important)

What if we chose only 3 out of the 6 letters A, B,
C D E, and F?

There are 6 ways to choose the first letter, 5 ways to
choose the second letter, and 4 ways to choose the
third letter (leaving 3 letters unchosen). That makes
lg*rnﬂ;%tallonsp gl)ISeS 1%%16 Oorscél Iimglsd%ll:eﬂeg‘elp%!@ntsl% " objects
out of a total of n obJects The number of permutatlons of n
objects ta

np I _(Tl— T‘)

Forexample
o! o! 6* 5k 4* 3FF 2F]
6'33: — _— = =
(6- 3! 3 3k 2]

—6*5*4 =1 2C



Combinations (Order Is not

Important)
Suppose that when we pick 3 letters out of the 6 letters
A, B, C, D, E, and F we chose BCD, or BDC, or CBD, or
CDB, or DBC, or DCB. (These are the 6 (3!)
permutations or orderings of the 3 letters B, C, and D.)
But these are orderings of the same combination of 3
letters. How many combinations of 6 different letters,

bitgitings 3@t thd posjAerediheties of ritems from a group of @i'ten
rdlgss of the order of selection. The number of combinations is denhote
is read as n choose r. An alternative notation is nCr. We define the nt

ymbinations of r out of n elements as:

n!
ri(n- r)!

n

=Cr =
r
r

Forexample
ol O  6*%5*%4*x3*2*%]1 ©6*5*4 120

n .
=6C3 = - (R D* *1) kD%
J6- 3! IF (3*2*1)(3F2*1) 3*2*1 §)

20

r




5-7 The Law of Total Probability and
Bayes’ Theorem

The law of total probability:
P(A)=P(AnB)+ P(An B)

In terms of conditional probabilities:

P(A)=P(An B)+ P(A B)

-P(AB)P(B)+ P(4B)P(B)



Bayes’ Theorem

* Bayes’ theorem enables you, knowing
just a little more than the probability of

A given B, to find the probability of B
given A.

* Based on the definition of conditional
probability and the Ilaw of total

Prombaﬂg{gﬁ

_ P(ANB) Applyiqg the law of total
- PLANB)+ PAND) Genominator
P(AB)P(B) Applying the definition of

P (AB)P(B) + P(AB) P(B) ¢onditional probability throughot



Bayes’ Theorem Extended

* Given a partition of events

B1,B2,...,Bn:
P(ANnB
p(B|4) =T AN B)
P ( A) Applying the law of total
probability to the denominator
P(ANB)

— Applying the definition of
Z P ( A M B ) conditional probability throughout
1

_ P(AB)P(B)

1

Y P(AB)P(B)




Example

* An economist believes that during periods of high
economic growth, the U.S. dollar appreciates with
probability 0.70; in periods of moderate economic
growth, the dollar appreciates with probability
0.40; and during periods of low economic growth,
the dollar appreciates with probability 0.20.

* During any period of time, the probability of high
economic growth 1is 0.30, the probability of
moderate economic growth is 0.50, and the
probability of low economic growth is 0.50.

. Suppose the dollar has been appreciating during

Parti resent period. What is t%%};?@m we are
- Hlk% gl"ll(e)%lv H%ﬁ_@er18%8f high
20

M - Moderate growth P(M) = 0.50 P(A
L - Low growth P(L) = 0.20 O




Cont’d

P(HNA)
P(A)

P(H[A) =
- P(HNA)
~ P(HNA)+ P(MNA)+ P(LNA)
P(AH)P(H)

~ P(AH)P(H) + PCAM)P(M) + P(AL)P(L)
(0.70)(0.30)

~(0.70)(0:30) + (040)(050) + (0.20)(0:20)
021 021

~021+020+ 004 ~ 045
— 0467



Tree Diagram

Prior Condition  Joint
Probabiliti al . Probabilitie
es i P(4nH) =(030)(0.70) =0.21

P(ANH) =(030)(0.30) =0.09

P(AnM) =(050)(0.40) =0.20

P(ANnM) =(050)(0.60) =0.30

P(AL) =020 P(ANL) =(0.20)(0.20) = 0.04

P(L) =02

P(ANL) =(0.20)(080) =016

P(AL) =0.



5-8 The Joint Probability
Table

* A joint probability table is similar to a
contingency table , except that it has
probabilities in place of frequencies.

* The joint probability for Example 2-11 is

shown below.

* The row totals and column totals are
called marginal probabilities.




The Joint Probability Table

* A joint probability table is similar to a
contingency table , except that it has
probabilities in place of frequencies.

* The joint probability for Example 2-11 is
shown on the next slide.

°* The row totals and column totals are
called marginal probabilities.




The Joint Probability Table:
Example

* The joint probability table for the
previous Example is summarized

Mediu Low Total

$
Appreciate

S

0.2 0.04 | 0.45

$Depreciat
es

0.3 0.16 0.55

Marginal probabilities are the row totals and the column totals.




Example2: five cards bearing numerals 1, 3, 5, 7, and 9 are placed in a box and two are with
drawn at random. What 15 the probability that the sum of the numbers shown on the cards

drawn 1s
a)4 b)8 ¢)16 d)aneven number ¢)an odd number

Solution: U = {(1, 3), (1, 5), (1, 7),(1,9),(3,5) (3, 7),(3,9), (5, 7),(5,9), (7, 9)]
n(u) =10
DPE) =~ BPE) == oPE) = —

o0 W i S

dP(E,) =1 ¢€P(E)=0
Where E = {(1,3)}  E.={(1,7).(3,5)] E;={(7,9)! E,=uand Es={}



Example5: How many five-digit numerals can be written using the digits 1, 3, 5, 7 and 9 1f no

digit is repeated in each numeral? If each numeral is equally likely to be chosen, what is the
probability that the number chosen: -

a)isodd b)iseven ) has unit digit1s 9

d) 1s greater than 50,000 ¢) less than 40,000

Solution: The number of five digit numerals that could be wrnitten 1s P (5, 5) =5! =120
a) 1, since all the digit used to write the numerals are odd the unit digit is certainly odd
and thus all the five digit numerals are odd.
b) 0, since the unit digit can never be even, the first digit numeral can never be even, thus

it 1s an impossible event.

c) é since the number of the five digit numerals whose unit digit i1s 9 is 4! = 24 and the

=
probability of this event is 2o T 1
120 3



d) ; since for the number to be greater than 50,000 the 10,000" digit has to be selected

only from 6, 7 or 9 and there after any of the numbers 1, 3, 3, 7 or 9 which was not

already selected can be selected once. Hence there are 3 x 4% 3 x 2% | =72 different
n 3

numbers greater than 50,000. So the probability of his event is Tl

¢) % since there are 2 x4 x 3 x 2 x | =48 different five digit numerals less than 40,000,

.
S0 the probability of this event is% 2 g



Example6: From a jar containing 4 white, 3 red and 2 black balls all identical except color,
three balls are drawn at random. How many different out comes are there? What is the

probability that an out come consists of

a. 3 white balls b. 3 red balls ¢. 2 white and 1 red balls

d. 2redand | white balls  e. | whiteand I red balls  f. 2 red and | black
g. | red and 2 black h. | one from each color 1. 2 white and 1 black balls



Solution: Totally there are 9 balls. Hence the number of possible outcomes of drawing 3 balls
randomly is ¢ (9, 3) = B4. Thus

i phany=2lit . 4 1
c(9,3) 84 21
b pomy=CE:39 .1
c(9.3) 84
. PEW.IR)=4:D xcB,) _6x3 _18 3
' ' c(9.3) 84 84 14
d. POW 1R]=E{4.l}xc{3,2} _ 4 = 3 zi
’ c(9.3) 84 7
c. PAW. 2B)=S@.D) xc2,2) _ 4 _ 1
' . c(9.3) 84 21
£ PR, Ry=Chi xeldd) 6. 3
' ) c(9.3) 84 14
% PR . 2R)=S6:1) > c2,2) 3 _ 1
: . c(9,3) 84 28
h. P(1W. 1R, 1B) = c(4.1) = c(3.1)>x c(2.,1) - 4 x 3 x 2 =£
c(9,3) 84 7
c{4.,2) = c(2,1) O = 2 12

i. P(2W.1B)—= " - 2= L
c(9.3) 84 ¥ 7




Rule of complementary events: If E and E' are two complementary events of an experiment
then P(E) + P(E") =1

Example3: In rolling a regular die, what is the probability that the face appears up shows not

composite number?
Solution: U=1{1,234,5.6] LetE={4,6} the E = {1,2,3,5]
PE)= > and P(E)=1-P(E)=1-~ = -
L ME)=- an =1- =l== =
0 { { 0 0

Exampled4: |n tossing a fair coin three times, what is the
probability of achieving at least one head in the three tosses?

Solution: U = (HHH, HHT, HTH, HTT, THH., THT, TTH, TTT}. LetE be an event
consisting of no head 1.e. E= {TTT} then E' 1s an event consisting of at least one head.

Since P(E) = é and P(E)=1-P(E)=1- % -

s | —1a



Example5: Suppose a family plan to have four children. What is the probability that not all
the children have the same sex if it is equally likely for a son or daughter to be born?

Solution: n (u)= 106, let E be an event that the children are all sons or all daughters i.e.

E={SSSS,DDDD} thenP(E)= = and P(E) =1-P(E)=1-= == =

Definition:




Example9: Suppose from a box containing 7 white and 3 black balls, we draw 2 balls turn by
turn with out replacement. What is the probability of drawing 1 white and 1 black ball?

7 3 21

Solution: The probability of drawing 1* white and then 2™ black is i g B The
probability of drawing 1* black and 2™ white is% X -;- = % Hence the total probability
of drawing | white and 1 black is

21 | a. .4 9 i PR c7,) xe(3,)) _7x3 7

9 90 90 IS5 ¢(10,2) 5

T



PROBABILITY
DISTRIBUTION

* A probability distribution is a correspondence,
which assigns probabilities to the values of a
random variable.

* Example 1: Construct a probability distribution for
the number of heads in tossing two fair coins
simultaneously once.

Solution: The sample space of the experiment
contains the following:

S = {HH, HT, TH, TT}
* Let the random variable X denotes the ‘number of
heads’. We then use the probability function P(X) to

assign probability to each outcome consequently;
the probability distribution is given below:




Probability, P(X) Y% % %

The probability distribution shows that the probability that the random variable can assume the

value 0 1s %, the value 1 1s %2 and the value 2 1s %4, Note that the sum of these probabilities is 1.

Example 2: The number of mistakes a typist made in ten days of assessment is shown in the

following table.
N* of mistakes 2 3 4 5
N* of days l 4 3 2

a) Construct a probability distribution for the number of mistakes she committed.

b) Represent graphically the probability distribution in part (a).



THE BINOMIAL PROBABILITY
DISTRIBUTION

* Properties of the Binomial
Experiment

" Each trial can have only two outcomes
or outcomes that can be reduced to
two outcomes (success or failure).

" There must be a fixed number of trials.

" The outcomes of each trial must be
independent.

" The probability of a success must
remain the same for each trial.




In a Binomial experiment, the probability of exactly x successes in n trials is given by:

!
n' X A—=X

P{_r}= (u— x}lx!'p ¢

Where x 1s the number of successes

Pfx) 1s the probability of success

n 1s the number of trials
P 1s the numerical probability of success

g 1s the numerical probability of failure



Example 1: Consider the experiment of tossing a coin three times. Show that 1t is a binomial

experiment and find the probability of getting exactly two heads.

Solution:

This 1s a binomial experiment since

1) There are only two outcomes, head and tail.

11)  The number of trials 1s fixed (three)

i) The probability of success, getting a head, does not change from trial to trial.
1v)  The trials or tosses are independent, since the outcome of any trial 1s not affected by

the outcome of any other trial



Then p=172, g=1-12=172

n=3 x=2
Galial = —Tr}Lﬂ i3
et 208



Example 2: A new drug is effective 60% of the time. What is the probability that in a random

sample of 4 patients, it will be effective on two of them?

Solution:

This 1s a Binomial experiment as the points of the experiment are satisfied. Define ‘effective

as ‘success and ‘non effective’ as ‘failure’. Then.

p=006, q=1-00=04, n=4, x=2

Required p(2)=?
4

i (4-2)2°

(0.6 . (0.4) = (6)(0.0576)=0.3456

Hence, the drug will be effective on two of a random sample of 4 patients with a probability of
0.3456 (or 34.56%).



Mean, and Variance of a Probability
Distribution

Definition
The mean, variance and standard deviation of a variable that has the Binomial

distribution is found as:
Mean H=n-p
Variance o =n "Pq

Standard deviation o= ./ npg



Poisson Distribution

* A discrete probability distribution that is
useful when n is large and p is small and
when the independent variables occur
over a period of time is called the
Poisson probability distribution.

* The Poisson probability distribution
assumes the following two conditions:

®» The probability of an occurrence is the
same for any two intervals of equal length.

®» The occurrence or non-occurrence in any
interval is independent of the occurrence or
non-occurrence in any other interval.






* Examplel: Past police records
iIndicate a mean of five accidents per
month while investigating the safety of
a dangerous intersection. The number
of accidents is distributed according to
the probability in any month of

a) Exactly 3 accidents.
b) Fewer than 2 accidents.
* Solution: By assumption the given

distribution is a Poisson probability
distribution.




Solution: By assumption the given distribution is a Poisson probability distribution.

Given that 2=5

) Ao-2=
x=13
P(3) = [5-‘). {23.1?153}‘* _ {125}[{1;1{1&?4}
= 0.1404

b) Fewer than 2 accidents comprise 0 and 1 accident during any month.

- (5°). (2.7183)°  (5')(2.7183)°
- 0! : I

0674 +0.3370
4044

. P(0)+ P(

—_

= =

11



* Example 2: If there are 200

typographical errors randomly
distributed N a 500-page
manuscript, find the probability that

a given page contains exactly 3
errors.

i=%=ﬂ.4

Or, 0.4 error per page.

Since x = 3,

—A ax y - 0.4 FAE
P(x.1)=* r"‘ ={“"]S'}"}3l 04) _ 0.00715
X :

Thus, there is less than a 1% probability that a give page contains less than 3 errors.



CONTINUOUS PROBABILITY
DISTRIBUTION

* THE NORMAL PROBABILITY
DISTRIBUTION

* The normal probability distribution is a
(¢ 7 Normal Distribution . ed

/// \\\

| | ] i
m — 3d m— 2d m—d 41 m+d m+ 2d m + 3d




Properties of the normal probability
distribution

Bell -shaped.

The mean, median and mode are equal and are
located at the center of the distribution.

The curve is Uni-modal

The curve is symmetrical about the mean.

The curve is continuous and never touches the x-
axis

The total area under the normal distribution curve is
equal to 1, or 100%

The area under the normal curve that lies within one
SD of the mean is approximately 0.68 or 68%,
within two SD’s about 0.95 or 95% and within three
SD’s about 0.997 or 99.7%



The standard normal probability
distribution
* A random variable that has a normal
distribution with a mean of O and a
standard deviation of 1 is said to
have a standard normal probability
distribution.

* Recall that the standard score (z-
score) of a value Is the number of
st that value Is

z= Value — Mean

fI‘C Standard Deviation

X—u
i)

Or, Z=



Example 1: Find the area under the normal
curve between z=0 and z=2.34

Example 2: Find the area under the normal
distribution curve between z = -1.93 and z
= 2.35

Example 3: Find the probability that the z-
value of a normally distributed variable lies
to the left of 1.651,.e P(z < 1.91)

Example 4: Find P(z > 1.91)

Example 5: The scores for an 1Q test are
normally distributed with a mean of 100 and
a standard deviation of 15. Find the
percentage of IQ scores that will fall below
112.




LZ=x-y =112-100=0.8
o 115

P(z<08)=P(z<0)+P(0<z<0.8)=0.5000 + 0.2881 = 0.7881
Hence, 78.81% of the I(Q scores fall below 112.

Example2: The monthly salaries of workers are
normally distributed with a mean of Br 550 and
standard deviation of Br 150 of workers whose
monthly salaries are;

a) Between birr 600 and 700

b) Less than birr 700.




Example: The scores for Statistics are
approximately normally distributed
with mean of 70 marks and standard
deviation 12 marks.

A. What score would a student need to
score Iin the top 16.6% of student’s
scores?

B. What is the probability that a randomly
selected group of 25 students will have
a mean score of more than 75 marks?



Binomial probability distribution:
P = (o) @) (@)

Poison probability distribution:
P(X) = (225

Normal distribution:
P{X) _ [ (E;H))
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