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Introduction

® Quantities called moments of

inertia arise repeatedly in
analyses of ‘engineéring
problems.

® Moments of inertia of areas

are used in the study of
distributed forces and in
calculating deflections of
beams.

®The moment exerted by the
pressure on_a submerged. flat
late can be expressed in
terms of the moment of
inertia of the plate s area.



Moment of Inertia of an

* Whenever a distributed loading acts
perpendicular to an area and its intensity
varies lmearly, the computation of the
moment of the loading distribution about an
axis will involve a quantity called the
moment of mertia of the area.

* For example, consider the plate fig 10.1
which 1s subjected to a fluid pressure p.

* This pressure varies linearly with depth,
such that p= yy

* Thus, the force acting on the differential
area dA of the plate 1s dF= pdA=(yy)dA




ﬁ Moment of Inertia of an
~ Area

-
()

Fig. 10-2




| Moment of Inertia of an Area by
Integration

* Second moments or moments of

dA=dxdy _ . . .
inertia of an area with respect to

*—. thlexx:filjljgld%axe = J«de A
I, ;Zysz a,-2aa - * Evaluation of the integrals is
y y simplified by choosing dA to be a

dA =ydx

thin strip parallel to one of the

coordinate axes.
* For a rectangular area,

h
woei Iy =[y*dA=[y*bdy=1bK’
0

* The formula for rectangular areas
may also be applied to strips

pzicfﬁllze% }/gdt%l © agfyse X°dA=x? ydx




Polar Moment of Inertia

* The polar moment of inertia is
an important parameter in
problems involving torsion of
cylindrical shafts and rotations

of jslaps

* The polar moment of inertia is
related to the rectangular

momEREs OLIEFIR— x2dA+ [y2dA

=I,+1I,



fRadius of Gyration of an
Area

* Consider area A with
moment of inertia I..

Imagine that the area is

concentrated in a thin strip

parallelteishe x, '%With
[uwi(ﬂenll:agﬁus of gyration with

respect to the x axis
° | * * Similarly,

A/;'ff 2 \/E
" I, =k{A Kk, =,|—=

y Ry YT\ A

Jo =kGA ko 3/”%0

k(z) :k§+k32,




ﬁ Sample Problem 9.1

Determine the
moment of inertia
of a triangle with

respect to its base.

SOLUTION:

* A differential strip parallel to
the x axis is chosen for dA
dl, =y’dA  dA=Id)
* For similar
tr}a_n}gﬁ;s, h-y _h-y
h

= [ =b—~
b h h

. Integrating dI from y = 0 to
Vilhpaa-| bl Yay=; W b

:blhf '

dy

bH
[.=——
0 X 12

3 4




ﬁ Sample Problem 9.2

SOLUTION:

* An annular differential area
element is chosen,
djp =u’dA  dA=2rudu

Jo =[dJo :rfuz(Zn udu):27r’:[u3du
0 0

: Jo="r
a) Determine the 2
centroidal polar
moment of inertia of a * From symmetry, I,

circular area by direct =T T 4

: : ¥, +1, =2 —r= =2

integration. Joxho+ly =2 5 X
b) Using the result LjiameterIx =%r4

of part a, determine the

mmant AF s rwnAardFia AF A



Parallel Axis Theorem

- L f{.r’ + d,)? dA
A

‘, = /_1": dA + th,f}" dA + df/;h‘[
Y A A A

¢

Fig. 10-3 i 1, = f., + Ad;

And finally, for the polar moment of inertia, since Jo = I, + [, and
d* = d; + d;j.we have

| Jp =T + Ad? (10-5)

9-11



ParaIIeI AXIs Theorem

* Moment of inertia I of a
circular area with respect to a

tangent ig&hegl@ﬁéldn r2 )2

_5_.4
4Jﬂ"

* Moment of inertia of a triangle
with respect to a centroidal
axis, _

; Ian =Igg +Ad?
— 2 _1 1 1
Igg =Ipn - Ad® =LbI? - 1pHin)

—1
_S—beﬁ




Moments of Inertia of Composite

Areas

* The moment of inertia of a composite area A
about a given axis is obtained by adding the
moments of inertia of the component areas A, A,,

Y. Y AT 43 & -
AL, 'L.. Jlwith respéct to the same axis.
lf' =g b .\ | A
Rectangle . I = %bhg‘ Semicirel ' *r='y T 3
g e emicircle ] - lm“l
| ! =
L i 1, = 1b% ] ~ 071
| b | T | Jeenbh®2 k)
T.-Lpns Ix=Iy—%:zr4
Triangle Ly = 35 bk Quarter circle 1
x’' I =%bh3 ]():5'7”'
X
S
L= meb
5 w4
Circle fe=ty = et Ellipse I, = S rad%
]O =é E’r4 p X Y 4
J,, = 3 mabla® + b?)




| Moments of Inertia of Composite
Areas

Part | Area A | dx Ads?r | Ady? Ix Iy

&

Sums |ZAdx? | 3Ady?| 1= | 2l




Moments of Inertia of Composite

. - Axis X-X Axis Y-Y
e e pe WA L L B g T . s
- Designation  mm? | mm mwm | 106mm* mm mm | 1°mm* mm  mm
W460 X 1131 14400 463 280 554 196.3 63.3 66.3
W Shapes W410 % 85 10800 417 181 316 170.7 1794 406
(Wide-Flange W360 X 57 7230 358 172 160.2 149.4 11.11 394
Shapes) W200 X 46.1 5890 203 203 45.8 88.1 1544 513
S460x 8141 10390 | 457 152 | 335 1796 866 290
S Shapes | S310x473 eo32| 305 137 | 807 1227 390 254
(American Standard | s250x378  4806| 954 118 | 516 @ 1034 283 249
Shapes) Smox186 0 opaRel d%e o B4 B 620 | 0758 17.91
C310 x 30.8% 3929 305 74 53.7 117.1 1.615 2029 17.73
C Shapes C250 % 22.8 2897 254 65 28.1 98.3 0949 18.11 16.10
(American Standard C200 % 17.1 2181 203 57 13.57 79.0 0.549 1588 14.50
Channels) C150 x 12.2 1548 152 48 5.45 59.4 0.288 1364 13.00




ﬁ Sample Problem 9.4

SOLUTION:

= 23 * Determine location of the
centroid of composite section
CHr | with respect to a coordinate
s system with origin at the

centroid of the beam section.
* Apply the parallel axis theorem

({o]
:5..
-.—.Mc,a

A

P to determine moments of
6.77 in. inertia of beam section and
The strength of a W14x38 plate with respect to composite

rolled steel beam is increased , $€ctio Illil:goliggl axis

. . alculate t 1us of gyration
by attaching a plate to its from the moment of inertia of
upper flange.

the composite section.
Determine the moment of

inertia and radius of gyration

with respect to an axis which is

parallel to the plate and passes

through the centroid of the




Sample Problem 9.4

SOLUTION:

éin
7 0.

!—-—91n—>| ¢

7.425 in.

:

Determine location of the centroid of
composite section with respect to a
coordinate system with origin at the

gglét:{‘g%ld of th X beam se ijﬁol?l VA in3
Plate 6.75 7425 5012
Beanbection11.20 0 0

> A=1795 D yA=5Q012

> _YJA_5012in’ —579%n
SA 17950 |

YYA=3YA



Sample Problem 9.4

_* Apply the parallel axis theorem to

m

le— & |00

[+—9in.—~ determine moments of inertia of beam
= 7 section and plate with respect to
ce | GopIposite SecRON eRITeidel A
=4723in*
el I plate=Ix + Ad® =L O3 + 6737425 2.79F
o-7Tin. ~1452in*
J Iy :Ix',beamectioﬁ" Ix',plate:4723+ 1452
N — _fz_ . ;
7425in. | | , Iy =61dn
P "
OD 1 x ¢ Calculate the radius of gyration from the
? moment of inertia of the composite section.
. 4
— =[x _blom ke =5.87in

A 17.9%5n2



Sample Problem 9.5

SOLUTION:

<240 mm —— * Compute the moments of
- inertia of the bounding
rectangle and half-circle with

r spect to the x axis.
. e moment of inertia of the

shaded area is obtained by
subtracting the moment of
inertia of the half-circle from
the moment of inertia of the
rectangle.

Determine the

moment of inertia of
the shaded area with
respect to the x axis.




ﬁ Sample Problem 9.5

SOLUTION:

* Compute the moments of inertia
of the bounding rectangle and
half-circle with respect to the x

Rectangl axisly =ibH =1(2400120=1382x1FPmnt

Half-circle:
moment of inertia with respect to

T AL =1at =100 =2576x1 Pmnt

moment of inertia with respect
to x

X

4 (90 I, =l - Ad =L576x1Fh272x1 )
=3, 3, oosmm =7.20x1 Pmnf
b=120a=81.8nm moment of inertia with
A=1m2 =170 1, LESRELR L0 Xox1 & + (1272x1 G A8 187

=1272x1 mnt —923x1 Pmnt




ﬁ Sample Problem 9.5

* The moment of inertia of the shaded area
is obtained by subtracting the moment of
inertia of the half-circle from the

Y Y Y

Iy = 1382 x1FPmnt - 923x1 Pmnt

I, =459x1(FPmnt




g

Product of Inertia

Ny * Product of Inertia:
| «__x__,f’f Iy = [xydA
(@) : l x
j /“’/
— * When the x axis, the y axis,

or both are an axis of
symmetry, the product of
inertia 1s zero.

* Parallel axis theorem for
products of inertia:

B Iy, =I,,+X)A




Principal Axes and Principal
Moments of Inertia

€ change of axes yields

I,+I, I.,-1
I, = Xz Y+ Xz Y cos2 - I,sin2g
| o Lo+I, I.-1, |
- I = 7 T cos) +I,sin2

x~ 1y .
IX:y’ :TSIHZH +IXyCOSQH

* The equations for I, and I,
Give ], = fysz I, = fxsz are the parametric
n

uatjong2fora cipele,
Iy = [y eguationsfpya
we wish to determine I :IX+Iy R= I-1y +]
moments and product of ave 2 2 Xy
inertia with respect to new
Rste X P04 X9 + ySing * The equations for I, and I,., lead

y =ycod - xsiny to the same circle.




Principal Axes and Principal
Moments of Inertig . boints A and B, I

J Xy

= 0 and I, is a maximum
and minimum,

Ly

respectivelylave™
21 Xy
- tani2g,,, =-
I,.-1
"“Imil X y

* The equation for @_

defines two angles, 90°
apart which correspond

to the principal axes of
(I, - I, +I2; =R? principdt dx

1ihe are about O.
. _are the

+13g, prmczpal moments of

inertia of the area about
O.




ﬁ Sample Problem 9.6

Determine the product of
Inertia of the right triangle
(a) with respect to the x
and y axes and

(b) with respect to
centroidal axes parallel to
the x and y axes.

SOLUTION:

* Determine the product of
inertia using direct
integration with the parallel
axis theorem on vertical

- AESEPRtaL AR RS ERR
theorem to evaluate the
product of inertia with
respect to the centroidal
axes.



ﬁ Sample Problem 9.6

Yel

SOLUTION:

* Determine the product of inertia
using direct integration with the
parallel axis theorem on vertical

differential areq, strips x
y—%f? bj d%—ﬁb?—%t a dx
Xol =X Vel =3V =3h 1- ;—;

Integrating dI, from x = 0 to x = b,
b
- 2
Ly = Jdby = PreerdA= ALh
0
_ hzl}{ X X2 X3

2

de

1- 2
b
2_
X2_X3_|_X4
4 3D gh>

b
dx=h

Eh

2 b 2p?

0

0

— 1 1212
I, =Lb*h




ﬁ Sample Problem 9.6

— * Apply the parallel axis theorem
to evaluate the product of
inertia with respect to the

ce%lg%)bdal aj}]cgs%.h

With the results from part a,
Iy =1y + XyA

Iy =2b? - pXInXipp

[ .. =-1p2H2
Iy =- 55b%h




ﬁ Sample Problem 9.7

2 R
S e
- 3 in. | l

For the section shown, the
moments of inertia with
respect to the x and y axes are
l,=110.38 in*and [, = 6.97 in*.

Determine (a) the orientation
of the principal axes of the
section about O, and (b) the
values of the principal
moments of inertia about O.

SOLUTION:

* Compute the product of
inertia with respect to the
xy axes by dividing the
section into three
rectangles and applying

e parallel ehxis theorem
0%

gnine the orientation
of the principal axes (Eq.
9.25) and the principal
moments of inertia (Eq. 9.
27).




| Sample Problem 9.7

SOLUTION:

* Compute the product of inertia with

3in.

respect to the xy axes by dividing
the section into three rectangles.

Apply the parallel axis theorem to
each rectangie U, + xpa)

Note that the product of inertia with
respect to centroidal axes parallel to the xy
axes is zero for each rectangle.

1.25 in.

RectalrlgleAreaj,n2 X,in.| y,in. x—yA,in4
I 1.5]-125] +1.75 - 3.2¢

II 1.5 0 0 0

IIT 1.5 +1.25] - 1.75 - 3.2¢

D XyA =- 6.5¢€

I,y =5 XyA =- 6.56in"




ﬁ Sample Problem 9.7

* Determine the orientation of the

b ’ W principal axes (Eq. 9.25) and the
\\” N« principal moments of inertia (Eq. 9.
I il :.‘.‘w\-""/ 21 -
N 2 ZQ B 2A- 650 438"
i A I.-1, 1038 697

20, =734 and255.4
0, =377 and@,,=1277

I, +1
Imaxpin = X2 yi\/

2

I -1
X +I>%y

2

y

2
:1038; 6.97i\/[1038- 6.97] L C 6562

I, =I,.,=1545in"
I} =1, =1.897n"




"Mohr’s Circle for Moments and

Products of Inertia

* The moments and product of
inertia for an area are plotted as
shown and used to construct

.., Mohr’s circle,

I, +1 I,-1
Igve= X2 Y RZ\/[ XZ Y

* Mohr’s circle may be used to
graphically or analytically
determine the moments and
product of inertia for any other
rectangular axes including the
principal axes and principal
moments and products of inertia.

+I>%y




ﬁ Sample Problem 9.8

. SOLUTION:

A * Plot the points (I,, I,)) and

"“‘\ (I,,-I,,). Construct Mohr’s
A circle based on the circle

L152X 102x12.7 | .
|0 . diameter between the
T * Baydlé.on the circle,
The moments and product of determine the orientation

inertia with respect to the x and  of the principal axes and
y axes are |, = 7.24x106 mm*, I, {he principal moments of

= 2.61x106 mm*, and /,, = inertia.

2.54x106 mm®, * Based on the circle,
Using Mohr’s circle, determine evaluate the moments
(a) the principal axes about O, and product of inertia

(b) the values of the principal
moments about O, and (c¢) the
values of the moments and

with respect to the x’y’
axes.




f Sample Problem 9.8

106 mm4)

SOLUTION:
* Plot the points (I, I, )) and (I, ,-I,)).
Construct Mohr’s circle based on the

Y(2.61, +2.54)

. A circle diameter between the points.
’ (o OC=I,=10, +1,)=49251 Pmnt
X(7.24,-2.54) CD :%(IX -1 y) =2.315<1 Pmnt

R=\(CDF + (DX) =3437x1Pmnt

* Based on the circle, determine
the orientation of the principal

I, =7.24x1mnt
I, =2.61x1mnf

I,y =-2.54x1Fmnt axes and the principal moments
N\ ?§%6%£1.097 2, =476  [0m=238

\ / Iyax=0OA=I_ +R [0 =8.36x1mn|

Iyin=0B=I,,,- R Ipin =1.49x1Pmnt




ﬁ Sample Problem 9.8

* Based on the circle, evaluate the
moments and product of inertia with
respect to the x’y’ axes.

Y.

\-_ 6= 60° The points X’ and Y’ corresponding

e TG : to the x” and y’ axes are obtained by
rotating CX and CY

Y counterclockwise through an angle

© = 2(60°) = 120°. The angle that

2 CXIxfoPMsAt R aesx= hxe 924

1200-47.6° = 72~ﬁx9-:5.96><1(?mnf‘

3.437 X 106
mm?

!

O

I,, =OG=0C- CY'cosp =I,,e- Rcos724°

I, =389x10Pmnt

= e "Q1 — 2 (0]
0C=1,,,=4.925< Pmnt Iy =FX' =CY'sinp =Rsin724

R =3.437x1 Fmnt Iy =328x10mnt
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