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Multiple Random Variables

Outline
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" The Joint Cumulative Distribution Function
" The Joint Probability Density and Mass Functions
" Marginal Statistics
" Independence
" Conditional Distributions
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" Functions of Two Random Variables
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One Function of Two Random
Variables

Given two random variables X and Y and a
function g(x,y), we form a new random
variable Zas  _ (X, Y).

fxvr(X V), f2(2),
Given the joint pdf how does one
obtain the pdf of Z ? Problems of this
type are of interest from a practical
standpoint. For example, a receiver output

signalusually consists of the desired signal;
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It is important to know the statistics of the
incoming signal for proper receiver design. In
this context, we shall analyze problems of the

following type:

X+Y
maxX,Y) . X-Y
minX,Y) «— — XY
oS X/Y
tan'(X/Y)

The cdf of Z is given by:
F,(2) =PZ(w) sz)y:P(g(X,Y) <2)

= f J;’y fxy(X y)dxdy A
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Example -1: letZ=X+Y, find
. fz(z .
Solution:

Since the required region in the xy planc}a} gvhere
is the shaded area shown below t% the

left of the line Integrating over the
horizontal strip along the x-axis first (inner
integral) followed by sliding that strip along the
y-axis from to (outer integral) we

cover the entire siladed area.

E,(2) =P(X +Y <z)—f+oo Jz_y fiy (X, Y)dXd)y

777777777777 X :Z = y
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We can fin 2 by differen’lc:ie(lting
directly. In 1his context, it is 5&Ful to recall the
differentiation rule by Leibnitz. Suppose

H(2) = f’( (:))h(x, 2)dx

Then,
dH(z) dHz) _dd?2) (20h(x, 2)
e h(b(2),2) 0 hla(2),2)+ Jab( I dx

Using the above two equations, we get

+00 +00
- 0

@)= [;f:yfxy(x,y)dX] dy= | [fxy(z' yy)- 0+ [TV g,

i 0Z

= [ (2= vy, @
Alternatively, the above integration can be

carried out first along the y-axis followed by6
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In the second case
E@=[" [ fulydxdy Y

and differentiating the
above equation gives y=e

dE,(z o0
fy(2) = ()— azjj_ fer (X, y)dy|dx x

X=00

:f fiv (X, 2- X)dx (ii)
If X and Y are independent, then

- X

fr (V) = () 5 () (iii)
and inserting equation (iii) into equations (i)
and (ii), we get

L@ =" fi VEWdy=[" f(0fiz-0dx  (iv)
7
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of the functions and expressed two
differenttMays. Wedthus reach the following
conclusion: If two random variables are
independent, then the density of their sum
equals the convolution of their density
functions.

fx(x) =0 x<0 fr(y) =0

As w<$pecial case, suppose that for
and for then we can use the
following figure to determine the pdf of Z.

(2,0)
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In the above case,
F(2 = [ fi(xydxds

or

o et 0 78

On the other hand, by considering vertical
strips first in above figure, we get

F@=[_ [ fulxydyds

or

f7(2) :fz fry (X, Z- X)dx:{J;ofX(X)fY(Z' x)dx z>0,
- 0, z <0,

if X and Y are independent random variables.
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letZ =X+ Y Determme
Solution: We have
f2(2).
and we can/nvdakéeuisexbf (1B)yte BHyain the
pdfof Z=X+Y.

f,(2) = JOZ 2e e " ¥dx=p%e J: dx=z1"e *U(2).

As the next example shows, care should be
taken in using the convolution formula for r.vs
with finite range.

Example-3: X and Y are indegendent uniform
r.vs in the commoXiintedtvak20,1). Determine
where Z = X + Y. Solution: Clearly,
here, and as following figure shows
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X=2- yf

X=2-

.
.
VI777477aN

»X

(a) O<z<1 (b) 1<z<2

For0<z<],

B -y Z
E,(2) = f;o J;) 1 dxdy= J;)(z— ydy="-, 0<z<l.

Forl<z<?2, notice that it is easy to deal with

the unshaded region. In that case
F(@=1-PZ>2D=1- [ [ 1dxdy
B . (2-27
emesters, =17 [ (1= 2+ ))dy=1- 2 1=z<2
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Finally, differentiating the cdf, we obtain

(2) =

dE(2) _i z 0=z2<]

By dire({f convBlutidnzfl<z<2 and we
obtain the same resulf»as abfv®. In fact, for
[Figure (a)] 0<z<1

£, = [f(z- ) f, 09dx= J; 1 dx=z.
and fon<z<2 [Figure (b)]
f,(d=[ 1dx=2-z

Figure (c) show&) which agrees with the
convolution of two rectangular waveforms as
well.
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T (0 t fx(z- X) 1 fx(z- ) (%)

> > X > X
1 X z-1 Z Z
(a) 0<z<1
1 A () [ fx(z-X) t fi(z- X f;, (%)
> X » X » X
1 z- 1 z z-1 1
(b) 1<z<?2
A fz(z)
0 1 2"
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Example-4. LZet: X_v Determl?z(?zyts

pdt
Solution:
F,(2) =P(X-Y <2)= f f Fr (X, Y)dXd)
and e
fz()_QPEPF - fz_y fXY(Xy)dx]dy f " fir Y+ 2, y)dy.

If X and Y are independent, then the above
formula egduqesia+y)f, (ydy=f (- 20 £, ()

fx( 2) f;/(Z) ]
which represents the convolution of with
X- y=2
ZZX=Y+2Z
| .

Ll 77777/
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HAAS d opcelldl Last, osuppusScCc

f+x(x) =0, x<0, and f,(y) =0, y<O.
In this case, Z can be negative as well as

positive, and that gives rise to two situations
that should be analyzed separately, since the

region of integration for and “a qul%e 3
different. For Zfrom Figure (a) ¥

FZ(Z) — J;}:) J;Oy fXY(X, y)dXd_) X =Z+

Z " X

and for® S 0 from Figure (b) "2 @)

E@="_ [ fulxydxd y

X=2Z+Yy

After differentiation, thls glves _,

fzﬁh424gy3ﬂdy z< 0. (b)
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runction.
Solution: We hgyg _ oy /y <2

e iInequalit
y cap he reiyaj@:/téﬁ as if ﬁ% r>0

P(X/Y <2) =P(X/Y <2Y>0+P(X/Y <2Y <0)
—P(X <YzY >0+ P(X >YzY < 0).

Figure (a) shows the area corresponding to the
first term, and Figure (b) shows that
corresponding to the second termyin the above
equation. ¥ X =yz

X=Yyz » X

@) (b)
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Integrating over these two regions, we get

E@=[" [ fotoydxdy [ [ fuolxydxdy
Differentiation with respect to z gives

f(2) = [ Vi (y2 )y fo LV Yz y)dy

= f:l VI fxr(Yzy)dy - o<z<+on.

Note that if X and Y are nonnegative random
variables, then the area of integration reduces
to that shown bel)c})w

 X= Y2
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Exercise

The joint pdf of two random variables X and Y is

given l}y:( \ x+y, 0=<x<l O<y<l
X, y) = .
xr % Y 0, otherwise
Find tgll.e Edéﬁf_gy}f c. /=XY
b 7= d Z=X-Y

Y
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Assignment-III

1. Suppose that two continuous random variables X
and Y have joint pdf given by:

k(2x+y), 2<x<6, 0<y<5
Frar % 9) :{O, otherwise
whekisaconstant.
a. Findtheconstarkt
b. Findthgointcdfof X andy.
c. Findthanarginadfandpdfof X andY.
d. AreX andY independ&h
e. Findtheonditiohpdfof X andY.
e. Evaluatehdollowingrobabil#s.

i. PB<X<4Y>2) iii. P(X+Y >4
ii. P(X >3 iv. P(O<Y<?2) 19
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Assignment-III Cont’d......

2. Let the joint pmf of two discrete random
variables X and Y is given by:

k(>§+y); x :1;2;3})/:1;2
Py (X, y;) :| ’

0, otherwise
whrekisaconstant.
a. Findthevaluefk.
b. Findhemarginpmfof X andy.
c. AreX andy independéh

Semester-11, 20
2013/14



Assignment-III Cont’d.....

3. Suppose that two continuous random variables X
and Y are independent and uniform in the
interval (0, 4).

Find thg pf of Z if :
b. Z=Y- X

c. L=X-Y

d. Z=XY

e. £ =—
X
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