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Introduction

A random variable X is a function that assigns a real number

X(w) to each outcome w in the sample space €2 of a random

experiment.

The sample space £ is the domain of the random variable and

the set Ry of all values taken on by X is the range of the random

variable.

" Thus, Ry is the subset of all real numbers.

X(w) =x

Q
(®

» Real Line

X
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Introduction Cont’d......

“ If X is a random variable, then {w: X(w)< x}={X< x} is an event

for every X in Ry.

Example: Consider a random experiment of tossing a fair coin three

times. The sequence of heads and tails is noted and the sample
space €2 is given by:
Q ={HHH,HHT,HTH,THH,THT , HI'T, TTH, TTT}

Let X be the number of heads in three coin tosses. X assigns
each possible outcome w in the sample space £ a number from

the set R,={0, 1, 2, 3}.
w: HHH HHT HTH THH THT HTT TIH TIT

X(w):3 2 2 2 1 1 1 0
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The Cumulative Distribution Function

The cumulative distribution function (cdf) of a random variable
X is defined as the probability of the event {X< x}.

F, (x) =P(X <Xx)
Properties of the cdf, Fy(x):

The cdf has the following properties.

i. F,(x)isanon-negative function, i.e.,

0 <F,(x) =1
ii. Ilm F, (x) =1
iii. lim F, (x) =0
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The Cumulative Distribution Function Cont’d.....

iv. F,(x)isanon-decreasing function of X, i.e.,
If x, <x,,then F, (x,) <F, (x,)

v. P(x, =X =Xx,) =Fy(x,)- Fy(x,)

vi. P(X >x)=1- F, (x)

Example:

Find the cdf of the random variable X which is defined as the

number of heads in three tosses of a fair coin.
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The Cumulative Distribution Function

Solution:

v" We know that X takes on only the values 0, 1, 2 and 3 with
probabilities 1/8, 3/8, 3/8 and 1/8 respectively.

v Thus, Fx(x) is simply the sum of the probabilities of the

outcomes from the set {0, 1, 2, 3} that are less than or equal to x.
0, x<0

1/8, 0=<x<1
SF (x) =41/2, 1<x<2
7/8, 2<x<3

1, x=3

.
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Types of Random Variables

There are two basic types of random variables.

i. Continuous Random Variable

v" A continuous random variable is defined as a random variable
whose cdf, Fx(x), is continuous every where and can be written as

an integral of some non-negative function f(x), i.e.,
Fy(x) = [ f(u)du

ii. Discrete Random Variable

v A discrete random variable is defined as a random variable whose
cdf, Fx(x), is a right continuous, staircase function of X with

jumps at a countable set of points x,, X;, X,,......
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The Probability Density Function

" The probability density function (pdf) of a continuous random

variable X is defined as the derivative of the cdf, Fx(x), i.e.,

_dFy (x)
fy(x) = dx

Properties of the pdf, fx(x):
i. Forallvaluesof X, f,(x)=0

i ﬁo f. (x)dx =1
iii. P(x, <X <x,) = f f. (x)dx
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The Probability Mass Function

" The probability mass function (pmf) of a discrete random

variable X is defined as:

Py (X =Xx;) =Py (x;) =F, (x;) - Fx(x;.,)

Properties of the pmf, Py (x;):
i. 0<P,(x)=l k=12,...

ii. P,(x)=0,if x #x,,k =1, 2,.....

ii. Y P,(x,) =1
k
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Calculating the Cumulative Distribution Function

The cdf of a continuous random variable X can be obtained by

integrating the pdf, i.e.,

Fy(x) = [ fy(u)du

Similarly, the cdf of a discrete random variable X can be obtained by

using the formula:

Fy (%) =3, Py (x)U(x~ x,)
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Expected Value, Variance and Moments

i. Expected Value (Mean)

The expected value (mean) of a continuous random variable X,
denoted by pyx or E(X), is defined as:

ty =E(X) = [ xfy (x)dx

Similarly, the expected value of a discrete random variable X is

given by:

iy =E(X) =Y %P, (x,)

Mean represents the average value of the random variable in a

very large number of trials.
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Expected Value, Variance and Moments Cont’d.....

ii. Variance

The variance of a continuous random variable X, denoted by
02y or VAR(X), is defined as:

o’x =Var(X) =E[(X - u,)*]

= o’x =Var(X) = [ (x- 1) fx (x)dx
" Expanding (x-ux)?in the above equation and simplifying the

resulting equation, we will get:

o’x =Var(X) =E(X*)- [E(X)T
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Expected Value, Variance and Moments Cont’d.....

" The variance of a discrete random variable X is given by:

o’x =Var (X) =D (x, - ty)’ Py (x,)

" The standard deviation of a random variable X, denoted by oy, is

simply the square root of the variance, i.e.,

oy =VE(X - 1y)* =\Var (X)

1ii.Moments

" The nt moment of a continuous random variable X is defined as:

E(X") = ﬁox” fy(X)dx, n=1
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Expected Value, Variance and Moments Cont’d.....

Similarly, the nt moment of a discrete random variable X is

given by:

E(X)=) x"P,(x,), n=xl

Mean of X is the first moment of the random variable X.
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Some Special Distributions

i. Continuous Probability Distributions
1. Normal (Gaussian) Distribution

The random variable X is said to be normal or Gaussian

random variable if its pdf is given by:

1 > >
fX (x) = e (2o
\J27wo?

The corresponding distribution function is given by:

f 1 e'()"ﬂ)2/2(72dy :G[ X = M
* A 2o
1

O
here G(x) = [ —e”"’?d
wihere () f\/ﬂ y

o0

F,(x) =
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Some Special Distributions Cont’d......

" The normal or Gaussian distribution is the most common continuous probability distribution.

t 1 (%)

SN

u

Fig. Normal or Gaussian Distribution

\ 4
~
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Some Special Distributions Cont’d......

2. Uniform Distribution i fX(X)
1 _________
( 1 b-a
. , a=<x=<b - X
S a @« b
. Xponentia 1strjputa .
"0, otherwise.

Fig. Uniform Distribution

1)

rl "X ¥
—e , x =0,
fX(X):</1 g

» X

0, otherwise.

.

Fig. Exponential Distribution
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Some Special Distributions Cont’d......

4. Gamma Distribution

5. Beta Distribution

fx(x)=-

where

fx (x) =

o-1

X e—x//a’

I'(a) "

0, otherwise.

, x =0,

/J)(]_ b) Xa-l(l_ X)b_l, 0< x <1,
a,
0, otherwise.

B(a,b) :[ua'l(l- u)? ' du.
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Some Special Distributions Cont’d......

6. Rayleigh Distribution

7. Cauchy Distribution

X -x% /207

—e
8. Laplace Distrwﬁ}'gﬁ (X ) — O 2 ’
O, otherwise.

x =0,

fX(x): a/m - o< X< +oo,

a’ +(x- u)?*’

i (X) :ie'w’l, - 00 < X < 400,
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Some Special Distributions Cont’d....

i. Discrete Probability Distributions

1. Bernoulli Distribution
P(X =0) =q, P(X =1)=np.

2. Binomial Distribution

n
P(X =k) =[k]p"q”"‘, k =0,1,2,---

3. Poisson Distribution

5 A

P(X :k) —e 7, k :O,]_,Z,“',OO.
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Some Special Distributions Cont’d....

4. Hypergeometric Distribution

m N-m]
p(x =k) ="k )

n

5. Geometric Distribution

max(0,m+n- N) <k <min(m,n)

P(X =k) =pqg“, k =0,1,2,---,00, g =1- p.

6. Negative Binomial Distribution
k-1

P(X =k) :[

Semester-1l, 2013/14
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Random Variable Examples

Example-1:

The pdf of a continuous random variable is given by:

kx, 0<x<1
fx(x) =

0, otherwise

where k is a constant.
a. Determine the value of k.
b. Find the corresponding cdf of X.
c. Find P(1/4 <X <1)

d. Evaluate the mean and varianceof X.
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Random Variable Examples Cont’d......

Solution:

a. [ fri(odx=1= Ikxdx —1

= fx(X) =

-

2X,
0,

Semester-1l, 2013/14
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Random Variable Examples Cont’d......

Solution:

b. The cdf of X is given by :
Fy(x) = [ fyx(u)du

Casel: for x<0O
F, (x) =0, since f,(x) =0, forx<0

Case2: for 0 <x<1

F,(x) :[ f (Wdu =f2udu —u’| =x°
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Random Variable Examples Cont’d......

Solution:

Case3: for x=1

F,(x) :[fx (u)du =I2udu =u”

.". The cdf is given by

0, x<0
F,(x)=1x%, 0=<x<l1

1, x =1

-

Semester-Il, 2013/14 By Welelaw Y.

26



Random Variable Examples Cont’d......

Solution:
c. P/4<X <1)
i. Using the pdf

P(1/4 <X <1) =f/4 fx ()dx = [2xdx

1
= P(1/4 <X <1) =x° =15/16

1/4
- P(1/4 <X <1) =15/16
ii. Using the cdf
P(1/4 <X <1) =F,(1)- F,(1/4)
= P(1/4 <X <1) =1- (1/4)° =15/16
-.P(1/4 <X <1) =15/16
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Random Variable Examples Cont’d......

Solution:

d. Mean and Variance

I. Mean
u, =E(X) = jxfx (x)dx = [2x2dx
2x> (1
= = =2/3
Ux 3 |0

Ii. Variance
oy’ =Var(X) =E(X*)- [E(X)]’
E(X?) = sz fy(x)dx = I2x3dx =1/2
= o,° =Var(x) =1/2- (2/3)* =1/18
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Random Variable Examples Cont’d........

Example-2:

Consider a discrete random variable X whose pmf is given by:

1/3, x, =-1,0,1
Py (%) =1

0, otherwise

Find the mean and varianceof X.
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Random Variable Examples Cont’d......

Solution:

iI. Mean

u, =E(X) :Zl'XkPX (x,) =1/3(-1+0+1) =0

k=1
1i. Variance

o,> =Var(X) =E(X?*)- [E(X)]
E(X?) =Zl’XkZPX (x,) =1/3[(- 1)* +(0)* +(D)*1=2/3

= o, =Var(x) =2/3- (0)*> =2/3
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Functions of One Random Variable

" Let X be a continuous random variable with pdf fx(x) and suppose g(x) is a function of the

random variable X defined as:

" We can determine the cdf%n:dgp(d)f(gf Y in terms of that of X.

" Consider some of the following functions.

aX +b

=
X
log X ;{/ )\(‘ VX

e | X [U(x)
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Functions of a Random Variable Cont’d.....

" Steps to determine fy(y) from fx(x):
Method I:
1. Sketch the graph of Y=¢g(X) and determine the range space of Y.

2. Determine the cdf of Y using the following basic approach.

3. Obtain fy(y) from Fy(y) by using direct differentiation, i.e.,

Fy(y) =P(g(X) =y) =P(Y =y)

dFY (y)
dy

fy(y) =
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Functions of a Random Variable Cont’d.....

Method II:
1. Sketch the graph of Y=g(X) and determine the range space of Y.

2. If Y=g(X) is one to one function and has an inverse transformation x=g-1(y)=h(y), then the pdf of Y is given by:

3. Obtain Y=g(x) is not one-to-one function, then the pdf of Y can be obtained as follows.

i. Find the real roots of the function Y=g(x) and denote them by x;

dh(y)
dy

() :? f,00 =2 ¢ 1y,
Y
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Functions of a Random Variable Cont’d.....

ii. Determine the derivative of function g(x;) at every real root x; i.e.,

iii. Find the pdf of Y by using the fgllowing formula.

g(x;) =

dy

fy fX(X) Zg(x)fx(x)
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Examples on Functions of One Random Variable

Examples:

a. LetY =aX +b. Find f, (y).

b. LetY =X°. Find f, (y).

c. LetY :%. Find f, (y).

d. Therandom variable X is uniform in the interval[- %, %].

If Y =tan X, determine the pdf of Y.
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Examples on Functions of One Random Variable.....

Solutions:

a. Y =aX +b
i. Using Method - 1

Suppose that a >0

Fy(y) :P(Y Sy) :P(CIX + b Sy) :P[X Sy- b
a

F,(y) :FX[Lb]
a

dF,(y) _1
dy a

y-b
a

= fy(y) = fx

Semester-Il, 2013/14 By Welelaw Y.

36



Examples on Functions of One Random Variable.....

Solutions:

a. Y =aX +b
i. Using Method - I

On the otherif a <0, then

X>y_b

F,(y)=P(Y <y)=P(aX +b <y) =P
a

F,(y) =1- FX[Lb]
a

y-b
a

dEy (y) — 1

iy Iy

= fy(y) = (ii)
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Examples on Functions of One Random Variable.....

Solutions:

a. Y =aX +b
i. Using Method - I
From equations (i) and (ii) , we obtain :

1

£ () :H fx{%b], forall a
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Examples on Functions of One Random Variable.....

Solutions:

a. Y =aX +b
ii. Using Method - II
The function Y =aX +b is one-to-oneand therange

spaceof Yis IR

For any y, x :Lb =h(y) is the principalsolution
a

dx _dh(y) _1 _ dx| 1

dy dy a dy _|a|

) =5 S () = o) =g [y_b]
Y dy |a| a
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Examples on Functions of One Random Variable.....

Solutions:

b. The function Y =X ? is notone - to - one and the range
spaceof Yisy >0

For each y > 0, there are two solutions given by

X, :—\/; and x, =\/§
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Examples on Functions of One Random Variable.....

Solutions:

dx dx 1

b. a1 |ax) d
dy 2\/7 dy 2\/; .
dx, _ 1 _ dx,| 1
dy 2\/; dy| 2.y
fy d fX(X) = fy(y) = fX(X )+ fX(X )

—(fX(\/;)+ fX(- ﬁ)), y>0
() ={ 2y
0, otherwise

Semester-Il, 2013/14 By Welelaw Y. 41



Examples on Functions of One Random Variable.....

Solutions:

: 1 .
c. The function Y :Y is one - to - one and the range

space of Y is IR /[ O]

For any y, x zi —h(y) is the principal solution

dx _dh(y) _ 1

dy dy v’

fy(y) = dhly)

fX (x) —‘

£ () =i2 fx[l], IR/|0
Y y
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Examples on Functions of One Random Variable.....

Solutions:

d. Thefunction Y =tan X isone-to-oneand therange
space of Y is (-0, o0)
Forany y, x =tan ' y =h(y) is the principal solution

dx dh(y) 1
dy dy 1+y

2

fr (y) = fX(x) ‘ ()fx(h(yﬁ = f,(y) = ”Z
) =, -wm<y<w
Y a(l+y?)’
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Examples on Functions of One Random Variable.....

Solutions:

) . * v=1anx
4 f_ﬂ;(l) ) ‘
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Assignment-I1

1. The continuous random variable X has the pdf given by:

(k(2x- x?), 0<x<2
fyx(X) =

0, otherwise

where k is a constant.
Find:
a. thevalueof k.
b. thecdf of X.
c. P(X>1)

d. the mean and varianceof X.
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Assignment-II Cont’d.....

2. The cdf of continuous random variable X is given by:

-

0, x<0

FX(x):k&, 0<x<l1

1, x =1

\

where k is a constant.
Determine:
a. the valueof k.

b. the pdf of X.

c. the mean and varianceof X.
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Assignment-II Cont’d.....

3. The random variable X is uniform in the interval [0, 1]. Find
the pdf of the random variable Y if Y=-InX.
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