ECE3103: Probability and Random Processes :
WORKSHEET

Problem 1.

Let X and Y be jointly continuous random variables with joint PDF

cx+1 Lyz0x+y <l

fxy(x.y)=
0 otherwise

1. Find the constant C
5 Find the marginal PDFs fy (X) and f (y)

3. Find P(Y = 2X2)
Answer:

1.

To find the constant C

1=] | fxy(xy)dxdy
l. 1—=x
= cx +1 dydx
0 0

=] (ex+1)(1—-%) dx
0

1 N 1
2760

|
Thus. we conclude ¢ = >

fx® =1 fxy®ydy
1—=x
= 3x+1 dy
0
GBx+1)1—-x), forxe][0,1].
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fey) =] fxy(xy)dx

1=y
= | 3Ix+1 dx
0

1
= 5(1 -y)(5—3y), forye][0,1].

fy(y) =
0 otherwise
oo 2x2
P(Y <2XH) =] | fxy(xv)dydx
1 min(2x’.1-x)
= ] 3x+1 dydx
0 0

1
=] (B3x+1)min(2x* 1-x) dx
0

1
3 1
=] " 2x*(3x+1) dx+] (Bx+D(1-x) dx

=
P | =

Problem 2.

Let X and Y be jointly continuous random variables with joint PDF

Ge(2x13y) X,y=>0
fxy(x,y)=

0 otherwise

1. Are X and Y independent?

2. Find E[Y [X = 2]
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3FndP(X>7Y)

1. We can write

fy(x) =2e
and
fy(y) =3¢
Thus, X and Y are independent

2. Since X and Y are independent, we have
E[Y |X>2]=E[Y]

ro— 1
EY T
3. We have
PX>Y)=] | 6 dxdy
0 y

=J 3™ dy
0
3
g.

Problem 3

Let X and Y be two jointly continuous random variables with joint PDF

6y 0<x<1,0<y<x

fxy(x.y)=
0 otherwise
1.
Find £ (X) and fy(V)
2.

AreX andY independent?

3.
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Find the conditional PDF of X given Y =y fXIY (K‘Y)

4.
Find E[X]Y =]
5.

Find Var(X|Y =)

Q.N. 1
fx® =] fxy(xy) dy
Vx
= | oxy dy
1]
= 3x~.
3x-2 0<x<1
fx(®) =
0 otherwise
fy(¥) =] fxrxy) dx
D;.
=] 6xy dx
=3y(1—y")
3y(1 —y*) 0<y<l
fy(y) =
0 otherwise
2.

X andY are not independent. since fv (}{, jf) + 1, (‘i)fy(j’)

3.
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. f ,
fxv X[y) = };YY(E; )Y)

2x 2
{1_}'4 y-=x=1

0 otherwise

(==

EIX]Y =y]=] xfyy(y) dx

—o0

. 2xX
y? K1_3’4
_21-y°)
S 3(1-yh)

= | dx

[#.8]

E[X?Y =y]=] x*fyy(xly) dx

Il
e
b

1-y®

Var(X|Y =y) =E[X*|Y =y]-(E[X]Y =y])’
Syt 20y
21-v%)  3(1-yH

Problem: 4

Let X andY betwo jointly continuous random vanables with joint PDF

2 y+x<1,x>0,y>0
fxy(X.y)

0 otherwise

Find Cov(X,Y )
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» Solution
o For0 <x <1 0<x<1, we have

oo

fx(®) =] fxy(xydy

—00

I—x

2dy

-

0

= 2(1 —x).

Thus,

2(1 —x)
fx(x) =

0

Similarly, we obtain

2(I=y)
fy(y) =

0

EX=] 2x(1-x)dx

EX? =] 2x*1-x)dx

0
1
= _=EY~>.

6

Thus,

Var(X)=Var(Y ) = i
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1 I—x
EXY =] | 2xydydx

Problem The random variable X has a range of {0.1.2} and the random variable Y has

a range of {1.2}. The joint distribution of X and Y is given by the following table:

z y|PX=zY=y)

0 1 0.2
0 2 0.1
| ] 0.0
1 2 0.2
2] (.3
2 2 0.2

1. Write down tables for the marginal distributions of X and of Y, i.e. give the values of

P(X =z) for all z, and of P(Y =y) for all y.

r | P(X =ux)
0 0.3
1 0.2
2 0.5
y [PV =y)
1 0.5
2 0.5
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2. Write down a table for the conditional distribution of X' given that Y =2, i.e. give the

values of P(X =z |Y =2) for all z.

r | PX=r|Y=2)

0 0.2
1 0.4
2 0.4

3. Compute E(X) and E(Y).

E(X) = 0x03+1x02+2x05 = 1.2
E(Y) = 1x054+2%05 = 15

4. Compute E(XY).

E(XY) = (0x1)x0.24 (0x2)x 0.1+ (I1x1)x0.0+ (1x2)x0.2+ (2x1)x0.3 + (2x2)x0.2
=138

5. Are X and Y independent? Explain why or why not.

No, they are not independent, as can be seen from the fact that P(X = 1,Y = 1) #
P(X =1)P(Y =1). (The left side is 0, but the right side 15 0.2 x 0.5=10.1.)
Note that the fact that E(XY) = E(X)E(Y) does NOT imply that X and Y are

independent. E(XY) = E(X)E(Y) is implied by X and Y being independent, but not
the other way around.

Problem

. You roll one red die and one green die. Define the random variables X and Y
as ['u”c WS,

X
v

The number showing on the red die

The number of dice that show the number six
For example, if the red and green dice show the numbers 6 and 4, then X =6 and Y = 1.

Write down a table showing the joint l'l'u|m|»ilii\' mass function for X and Y, find the
marginal distribution for Y, and compute E(Y').
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Here is a table showing the joint probability mass function, with the marginal distribution
for'Y on the right:
X =
123 456
01 5/36 5/36 5/36 5/36 5/36 0 | 25/%
Y= 1|1/36 1/36 1/96 1/36 1/96 5/36| 10/36
2l 0 0 0 0 0 1/36] 1/3%

The expectation of Y is
E(Y) = 0x25/364+1x10/36 +2x 1/36 = 12/36 =1/3

Question 3. Suppose you roll two fair, six-sided dice, one of which is red and the other of
which is green. Define the following random variables:

X = The number shown on the red die

0 if the two dice show the same number
Y = {1 if the number on the green die is bigger than the number on the red die

2 if the number on the red die is bigger than the number on the green die

a) Write down a table showing the jomt probability mass function for X and Y,

X =
12 3 4 5 6
136 173 1/36 1/36 1/36 1/36
5/3 4/36 3/36 2/36 1/36 0
0 13 2/36 3/36 4/36 5/36

—

| SN
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b) Find the marginal probability mass function for Y, and compute its expected value.

y | P(Y =y)
0| 6/36
1| 15/36
2| 15/36

E(Y) = 0x(6/36)+1x (15/36) +2 x (15/36) = 45/36
¢) Find the conditional probability mass function for X given Y = 1.

xY -
| 2 : 4 5
5715 4715 315 2715 /15 0

[sp}

Correlation Coefficient:

X—EX Y —EY

pxy = Cov(U,V) = Cov( R )
Ox Oy
X Y
= Cov( , )
Cx Oy
~ Cov(X,Y)
OxOy -
Cov(X,Y)
PX.Y) =

N Var(X)Var(Y)

Problem: 5

Let X be a continuous random variable with PDF

2x 0<x<1
fx(x) =

0 otherwise
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We know that given X = X the random variable Y is uniformly distributed on [—X, X]

1. Find the joint PDF fXY (X, }*’)
2. Find £y (y)
3. Find P(|Y | < X?3)

1. First note that. by the assumption

3 X<V=X
fY|X (yx) =
0 otherwise
Thus. we have
1 0=<x=<lx<y<x
fxy (X.y) = fyx(¥Xfx (X) =
0 otherwise
Thus,
1 ly|<x<1
fxy (X,y) =
0 otherwise

2. First. note that Ry = [—1.1] . To find fy(y) we can write

fy) =]  fxy(xy)dx

1
= | 1dx
Iy
=11yl
Thus. 1 —y| vl =1
fv(y) =
0 otherwise
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3.Tofind P([Y | <X 3 ) . we can use the law of total probability

1
P(Y[<X*) =] P(Y|<X*[X=x)fx(x)dx
0
1
=[ P(IY|<x*[X =x)2xdx
0
1 2X3
=| (gﬁxdx snce Y [X =x ~ Uniform(—x, x)
0
!
5

Problem: 6

Let the probability density function of X be given by

6x(l — ), 0 < = « 1
f(z) = { ‘ ’

QO otherwise

Now find the probability density of Y = X*.

Let G(y) denote the value of the distribution function of Y at y and write

G(y) =P((Y < wy)
=P(X® < y)

—P(Xx < v7)

— / 6xr (1 — x)dx
Jo

a

w'
- / (6 — 622)dx
0

‘ - 1/3
= (3.1", - 23 H':
=323 — 2y

Now differentiate G(y) to obtain the density function g(y)

d G (y)

g(y) = v
/
dy
=2y~ 1/8 - 2
=2(y 2 —1),0 <« y <1
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Problem:7

Let X and Y be two jointly continuous random variables with joint PDF

2 y+x<1,x>0,y>0
fxy (X, y) =

0 otherwise

Find Cov(X,Y ) and p(X,Y)

s Solution
o ForO < x <1 0<x<1,we have

o

f}( (X) - I o fX‘f (Xn y)dy

1—x

= 2dy
0
= 2(1 —X).

2(1 —x) 0<x<1
fx(x)=

0 otherwise

2(1 —v) O=sy=1
fyv(y) =

0 otherwise

Thus,

Similarly, we obtain

Thus. we have

EX =] 2x(1-—x)dx

EX? =] 2x%*1-x)dx
0
1
- _=EYZ
.6
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1
Var(X)=Var(Y) = TR
1 1—=x
EXY = ] 2xydydx
0 0
1
=] x(1- x)%dx
0
_ 1
12
Cov(X,Y)=EXY —EXEY
. ;2
1 _(1)
12 "3
1
36°
Cov(X.Y)
PX,Y) =~
vV Var(X)Var(Y)
1
>
Properties:

The covariance has the following properties:

- Cov(X, X) = Var(X)

~if X and Y are independent then Cov(X,Y ) = 0
Cov(X,Y ) = Cov(Y ,X)
Cov(aX,Y)=aCov(X,Y)
CovX+¢,Y)=Cov(X,Y)

CoviX+Y . Z)=Cov(X,Z)+Cov(Y .Z)

[a—

=

n Lh
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Let X and Y be two independent N (0, ) random variables and

Z=1+X+XY?,
W=1+X.
Find Cov(Z, W)

e Solution

Cov(Z. W) =Cov(l +X+XY?, 1+X)
= Cov(X +XY?2.X)
= Cov(X.X) + Cov(XY2,X)
= Var(X)+E[X*Y?]-E[XY?]EX
= 1 +E[X?]E[Y?] - E[XJPE[Y?]
=1+1-0=2.

Problem: 8

A random Variable definded as X() = A cos(wr) + Bsin(wr). where A and B are
random variables with density functions fy(a) and fg(b). We have to find the conditions
under which X(7) will be stationary:

1. Mean:
E[X(1)] = E[A cos(wt) + B sin(wf)] = cos(wt)E[A] + sin(wr)E[B]

If E[X(z)] 1s to be independent of f, then E[A] = E[B] =0, in which case
E[X(t)] = 0.
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2. Autocorrelation:

Rx(1). 1) = E[X(1)X ()] = E{[A cos(ot)
+ Bsin(wi))][A cos(wfr) + Bsin(wry)]}
= E{A” cos(wt)) cos(wh) + B sin(wt, ) sin(wr;)
+ AB[sin(wt;) cos(wt,) 4 cos(wt) sin(wty)] }

| I
= EE[A'][COS(G)(E —11) + cos(o(ty +11))]

|
+ EE[B'][COS(G)(T: —11)) — cos(w(ty +11))]

+ E[AB]sin(w(t: + 11))

The conditions under which this equation will be dependent only on (#;, — t;) are
E[A?] = E[B?] and E[AB] = 0. In this case

Ry(11.12) = E[A’][cos(w(ry — 11))] = E[A*][cos(w)]

We can now summarize the conditions for stationarity:
(a) E[A] = E[B] =0

(b) E|A®] = E|B’]

(c) E[AB] =0

Problem 9

Let a random variable X(t) defined as X(r) = A sin(wy + @), where
A and @ are independent and A is uniformly distributed over (0,1) and 4 is uniformly
distributed over (0.27) and find whether it is ].lnglC or not
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We have already seen in Example 19.2.1 that

E[X(N] = E[A]E[sin(wot + )] =0
Ry(T) = E[X(T)X(f + T)] = E[Al]E[SiH(_&)[)T + D) sin(wy? + wyT + (I))]

1 5
= EE[A-] cos(woT)
and X(7) is indeed stationary. In fact, it is also strict-sense stationary. We will check first
whether it is mean-ergodic. Since the mean value is zero, Cx(T) = %E[Ag] cos(wgT). The
variance of the time average O'flx is given by

2 :E[Aﬁ] rT [ Il cos(_mde
by 727 | o 2T 2

We can use the result from Fourier transform that time multiplication is frequency convo-
lution and evaluate the integral shown above. Substituting the Fourier transforms of the
triangular and the cosine functions

T 2 0S8
LT ST g SO0 T o+ an) + 8 — )]
27 Yl 2 2

in the equation for the variance, we obtain

5 1 E[A?] r‘ [sin(w?)
ol =— 27
My 2 2T | o T

_ E[A?] [sm(mnr)r

]-E [8(w + wp) + 3w — w))]dw
® 2

27 []§) T

and as 7 — o0, O3 — 0, for woy # 0. Thus X(r) is mean-ergodic.
Substituting E[A?] =1 in the variance equation. we obtain

. I [sin(wo7)7]
g, =——
Hx o6t wyl

To check for power ergodicity, it is simpler to use Eq. (19.3.16) rather than Eq. (19.3.17).
Thus

2

li ! Txg(r)dr = i l TA3~~'-‘( t + D) dt _A f 0
1m f,,r _ —Tll‘ﬂ ﬁ,,r CoS™(wof + = — or wy F

T—o0 —00 2

Since this expression does not converge to Ry(0) = % the process X(7) is neither power-
ergodic nor correlation-ergodic.

Problem 10

consider a random process X(7) = B + A sin(wyf + P). where
B. A. and & are independent random variables. A and B are uniformly distributed over
(0.1] and (0.2] respectively. We will check whether X(7) is mean-ergodic.

By Dr. RAM SEWAK SINGH



ECE3103: Probability and Random Processes :
WORKSHEET

We first determine whether X(¢) is stationary. The mean value py is given by

L[B + Asin(wor + P)] = pg + E[A sin(wyt + P)] = pg
since E[A sin(wpf + P)] = 0 from previous examples. The autocorrelation function is

Rx("l') = E{ [B + A Sin((i)[)r + (I))][B + A Siﬂ((l)[)f + 0T + (I-))]}
= E[B*] 4 0+ 0 + E[A%)E[sin(wot + P)A sin(wr + woT + D]

= E[B*]+ E[Az]%b‘[cos(mm) — cos(2wyt + woT + 2P]
= E[B’] + %E[Az] cos(woT)
Hence the process X(7) is stationary. The autocovariance function Cx(T) is given by
Cx(T) = Rx(7) — py = E[B]+ ;_E[Ag] cos(woT) — Py
=03 +%E[A2]cos(mn7)

and substituting this equation in Eq. (19.3.7), we obtain the variance of the time average as

) T I e I R |7]
gﬁX:ﬁ | ch+§b[A ] cos(wpT) l_ﬁ dr

1 S 2T [sin(woT) T . E[AY]Tsin(woT) ]
=_ | 2Tos + E[A°] — | —— - p—” - -
2T |: 7z + [ ]2’1T |: wol’ 78 + 27 wol
and
;L ,  E[AY[sin(woT)]? s
]!i_lllmoﬁx - ’1!!1—]33&’[0-‘Eg M 2[11] |:gmg:; )] } R

We find that even though X(#) is stationary, it is not mean-ergodic. Hence the time average

is not a good estimator of the ensemble average. We can now substitute E[A%] = % and

o7 =1 in the variance equation and write

E[AY] |:sin(m0T_):|2_ | [1 N Sil]((z)()T)]

2 wq T B § 2’1T(D[) T

Problem 11

A random process Y(r) is given by Yr) = X(1)
cos(wr + @), where X(7). a zero mean wide-sense stationary random process with autocor-
relation function Ry(7) = 2¢ "M is modulating the carrier cos(wr + @). The random vari-
able @ is uniformly distributed in the interval (0.27), and is independent of X(7).
to find the mean, variance, and autocorrelation of Y(r):
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Mean. The independence of X(r) and @ allows us to write
E[Y(n)] = E[X(D]E [cos(ot + D)]

and with E[X(1)] = 0 and E[cos(wr + P)] = 0 from Example 19.2.1, E[Y(z)] = 0.

Variance. Since X(r) and @ are independent, the variance can be given by
02}, = E[Y*(1)] = E[X*(f) cos® (of + D)] = cﬁ(}b’[cos2 (0t + D)]

However
) . 1 I ) . .
E[cos”(of + P)] = ibj[l + cosQwt 4+ 2P)] = 7 and oy = Cx(0) = Ry(0) =2

and hence 03, = 03/2 = 1.

Autocorrelation:
Ry(T) = E[Y(1)Y(t + 7)) = E[X(1) cos(wt + P)X (7 + 7T) cos(wf + oT + P)]

1
= R}((T)EE[COS(U)T) + cos(2w! + T + 2P)]

Rx(7)

— Rx(m) cos(wT) + 2' EfcosQwt + o1 + 2D)]

2

From Example 19.2.1 E[cos(2Qot + ot + 2®)] = 0, and hence

—2\r]

Ry(1) = X;T)cos(_m'r) =¢ cos(wT)

A graph of Ry(7) is shown in Fig. 19.2.7 with A = 0.5 and ® = 2.

By Dr. RAM SEWAK SINGH



ECE3103: Probability and Random Processes :

WORKSHEET
Problem 12
~ Consider a Gaussian random process X(t) with autocorrelation function::
Ry (1)
4

a. Find the total average power, E(X2).  E(X?) = Rx(0) = 4
b. var(X) = E(X?) - (E(X)’ =4 -2 =2
c. E(X(3)X(4)) = Rx(t; = 3, t = 4) = Rx(t = 1) = 3 (from the graph, by inspection)

Problem 13

A wide-sense stationary (WSS) random process X(t) has autocorrelation function
Ry(t) = 25 exp(-4 | t|) + 16 cos(207) + 36
a. E[X%(1)] = Rx(0) =25+ 16 + 36 = 77
b. E[X(1)] = %6
¢. var(X(t)) = E[X2(1)] - (E(X))* =77 - 36 =41

Problem: 14

Random variables X and Y have joint pdf
fxy(x,y) = | 4xy 0<x<l1, 0<y<1
0 else

Note: The joint pdf factors to give
fx(x)=2x 0<x<1, : : r S
fiy)=2y 0<y<l = X, Y indepdent, identically distributed (I1ID)

- . 1, 2 3
a. E(X) = E(Y) = 2 [x“dx==x =2/3
0 3 x=0
1 1
b. ECH=EY)=2 | Xdax=2x4 =1
> x=0 4 x=0 2

Var(X) = var(Y) = E(X?) - (E(X))* = (1/2) - 4/9 = 1/18
C. cov(X,Y) = 0, since independent = uncorrelated
EX+Y)=EX)+E(Y)=(2/3)+(2/3)=4/3
d. var(X +Y) = var(X) + var(Y) + 2 cov(X, Y) = (1/18) + (1/18) + 0= 1/9
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Final Exam Questions

1. (a)Explain the term central limit theory (CLT)
(b) Define the term random process and random variable.
(c) Define monotonic and non-monotonic function.
(d) What are the conditions for any stochastic process will be Ergodic process.

2. A discrete random variable X and Y has joint PMF which is given by

v ) = k(4xl+2yj)' xi=2,3and y]:2,3
p(x“y]) { 0, otherwise

Determine

The constant K values

The marginal PMF of X and Y
The conditional PMF of X and Y
Are X and Y independent?

oo o

3. Let XandY are two jointly distributed continuous random variables representing
voltages measured in Volts at two different nodes of a circuit. X has the marginal
density function

2241 bolt < x < 1volt
f(x)={ 5 volt < x < 1volts

0 , otherwise

You are also given the conditional density function

_ 2(x_+y), 0 volt < x < 1volt and O volt <y < 1 volt
fylx) = 2t
, otherwise
a. Compute P(Y < 0.5volts | X = 0.5 volts)
b. Compute P(0.25 volts < X < 0.5 volts, Y <0.5 volts)
c. Determine Mean of X and Y.
4.  Let X has PMF given by
2 1
=, X =
feG) =13
§ B X =2

If Y=X?+1,Find

a. PMFof Y
b. E[Y]



5. Two random variables X and Y have joint probability density function as

0<x <1, O0<y<i1

_ 2 - X — y )
fry(x,y) = { 0, Otherwise

Find Covariance of X and Y.

6. Let X be uniformly distributed random variable on [2, 4] and Y = 2%

a. Compute the CDF of .
b. Compute pdf of Y.
c. Find the mean of Y.

7. Consider the random process X(t) = B cos (2rt), random variable B follows the
exponential distribution as fz(b) = 2e~2? where b > 0, the mean and variance of B are

%and i respectively. Find

a. The mean value of X(t) .
b. The autocorrelation function of the random process X (t).
c. Isthe random process X (t) wide-sense stationary (WSS)? If yes or no, explain.






