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CHAPTER 1Introdu
tion

1



A Very Brief Intro to MatlabA few general prin
iples� Type 
ommands at the prompt and press Enter .� Unless de
lared otherwise, variables are row ve
tors (1� n arrays).� The 
ommand syms x de
lares x to be a symboli
 variable.� Matlab is 
ase sensitive, i.e. X 6� x.� The 
ommand 
lear will 
lear all variables. Always 
lear before starting a new
omputation. The 
ommand 
lear will not 
lear the s
reen.� Ending a 
ommand with a semi
olon \;" suppresses the output.� Enter all 
ommands exa
tly as given in the assignments.� ans indi
ates the output from the pre
eeding 
ommand. Two useful 
ommands arepretty(ans) and simple(ans).� Matlab does both symboli
 and numeri
al 
al
ulations.� When you make a mistake, you do not have to retype the whole 
ommand. Use "and # to return to a line, 
orre
t the errors and re-press Enter . (Sometimes you alsoneed to 
lear.)� A

ess Help by 
li
king Help ! Help Window , or by typing helpdesk or helpwin.� Text may be added to your work after the symbol %.� Save, print and exit by 
li
king the File i
on.� Many advan
ed pro
edures may be a

omplished using Toolboxes.� Matlab may be used as a programming language.� For a more details on Matlab and how to use it we suggest: A Guide to Matlabfor Beginners and Experien
ed Users, by B. Hunt, R. Lipsman, and J. Rosenberg,Cambridge Univeristy Press, New York, 2001.



Some basi
 
ommands using a symboli
 variable (try them).� syms x This makes a symboli
 variable.� f = x*sin(x) This makes f a symboli
 fun
tion.� f1 = diff(f) f1 is the derivative of f.� f2 = diff(f,2) f2 is the se
ond derivative of f.� F = int(f) F is the antiderivative of f.� int(f,0,pi) This is a de�nite integral.� limit(log(
os(x))/x^2,0) Matlab uses L'Hopital's rule to �nd limits.� limit(log(x)^2/x,inf) Also for 1=1.� ezplot(f) Plot a graph using the default interval.� ezplot(f,0,4*pi) Plot a graph for spe
i�ed interval.� polyn = x^5 - x^4 - 7*x^3 + x^2 + 6*xfa
tor(polyn)solve(polyn) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . This solves the equation \polyn = 0"� expr = 
os(x)^5 + sin(x)^4 + 2*
os(x)^2 - 2*sin(x)^2 - 
os(2*x)simple(expr)� ode = 'Dx = -a*x'dsolve(ode,'x(0)=3')Some basi
 
ommands using arrays.� t = 0:.01:8*pi; Makes t a ve
tor with entries from 0 to 8� in :01 in
rements.y = t.*sin(t); This evaluates t sin(t) for ea
h entry of t.plot(t,y) This plots the pairs of points (t(k); y(k)) for k = 1; 2; : : :.� x = -2:.05:2; y = x;Z = sin(x'*y); mesh(Z) ' means transpose.A �gure window will appear with a graph. Cli
k on Tools and sele
t Rotate 3D .Point the 
ursor at the graph and \
li
k and drag" to rotate the graph.� A = [1 2 3; 4 5 6; 7 8 10℄, C = [1 2; 3 4; 5 6℄A*C multiplies the matri
es.b = [1 2 3℄', A\b solves Ax = b by Gaussian elimination.



CHAPTER 2Preliminary Exer
ises { Do Not Skip!!In these two preliminary exer
ises we 
onsider one of the foundational issues that is needed touse Matlab intelligently. Namely� Symboli
 vs. Numeri
 
omputationTo illustrate the di�eren
e between the two, 
onsider the equationx2 � 2 = 0:Manipulating this equation symboli
ally, we arrive at two solutions,x = �p2:If we enter the square root of 2 on a 
al
ulator and obtain(1) 1:4121356237then the 
al
ulator has performed a numeri
al 
al
ulation and output a numeri
al answer.What we will mean by symboli
 
al
ulation is to manipulate symbols in a exa
t fashion. Bynumeri
, we mean to manipulate 
oating point numbers with a �xed number of digits, whi
husually implies rounding o�. Sometimes very simple operations qualify as both symboli
 andnumeri
, su
h as solving the equation 2x = 4, but usually an operation 
an be 
lassi�ed asone or the other.We need to distinguish the two types of 
omputation be
ause modern software pa
kages likeMatlab are 
apable of doing both types and there are important di�eren
es between the two.The 
hief advantage of a symboli
 
omputation is obvious; it is perfe
tly a

urate, assumingthat it was performed 
orre
tly. Why then do anything else? One reason is that symboli

omputations are not always possible. For instan
e in the relatively simple 
ase of �nding theroots of a polynomial. If the degree is greater than four, then it is known that in general theroots 
annot be found with symboli
 
omputations. In this 
ase we have no 
hoi
e but toapproximate the roots using numeri
al 
omputations.Whereas symboli
 
omputations are exa
t, numeri
 
omputations are usually approximations.This is �ne for most appli
ations, but 
are must always be taken to ensure that the approx-imation is a

urate enough to suit the need. This 
an be tri
ky. For instan
e in the se
ond4



exer
ise we en
ounter graphing a fun
tion. When a 
omputer graphs a fun
tion it does a �nitenumber of numeri
 approximations and then \
onne
ts the dots". As you will see, this 
anhave pitfalls.



1. Fa
toring Expressions and Solving Equations(1) At the prompt, type the following 
ommands and press Enter :
learsyms xexpr1 = (x-1)*(x-2)*(x-3)*(x-4)*(x-5)expr2 = expand(expr1)fa
tor(expr2)solve(expr2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . This solves the equation expr2 = 0Explain what happened. What is the relationship between solving and fa
toring?(2) Type and enter:expr3 = x^4 + 3*x^3 + 3*x^2 + x + 3fa
tor(expr3)solve(expr3)double(ans)Explain what happened. Explain why an exa
t, symboli
 solution may not be asuseful as an approximation.(3) Try to solve expr3 - 3. Why is the answer so ni
e?(4) Make expr4 be equal to expr1 + 1 . ( expr4 = expr1 + 1 )Try to fa
tor expr4 and to solve expr4 = 0 .Why do you think Matlab produ
es a numeri
al solution (for solve), rather thansymboli
? Hint: Is it possible in this 
ase to give a symboli
 solution? Why?(5) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.

The user learns basi
 algebrai
 manipulation 
ommands and is led to 
onsider the di�eren
e betweennumeri
al and symboli
 solving te
hniques. The user must 
onfront the foundational fa
t that asymboli
 solution is not always possible.



2. De�ning, Evaluating and Plotting Fun
tions(1) At the prompt type: syms x and then press Enter .Now type f = sin(x) and then press Enter .(2) Type (at the prompt and then press Enter ):subs(f, 2)subs(f, '2')double(ans)Whi
h of the above answers are numeri
al and whi
h are symboli
? (You may wantto type: help subs and help double for explanations)(3) Enter: ezplot(f)(4) Following the example above, de�ne and plot the fun
tion g(x) = exp(x) by typing:syms xg = exp(x)ezplot(g)Then adjust the domain in the plot by typing: ezplot(g, -2, 2)(5) Enter: ezplot(x^2)(6) Plot fun
tion sqrt(x^2-.00001) by typing: ezplot(sqrt(x^2 - .00001)).Plot the fun
tion x^7 - x by typing: ezplot(x^7 - x).Be
ause of the domain 
hosen by the 
omputer, important features of the graphs aremissing. What are they? Try adjusting the domains until these features are shown.(7) Plot the fun
tion sin(x^5) by typing: ezplot(sin(x^5)). A 
omputer plots afun
tion by lo
ating a �nite number of points and \
onne
ting the dots". How doesthis go wrong for sin(x^5)?(8) Prepare a brief (< 2 page) written report des
ribing what happened, answering all thequestions and sket
hing the plots. Use 
omplete senten
es and standard mathemati
alnotation. Do not get a printout.
These exer
ises introdu
e basi
 
ommands for de�ning and plotting fun
tions. They 
onsider thedi�eren
e between numeri
al and symboli
 evaluation of a fun
tion and the pro
esses by whi
h thesoftware makes plots. They address issues of s
ale and the e�e
ts of rapid os
illation on plotting.



CHAPTER 3Di�erential Cal
ulusOne of the great su

esses of symboli
 
omputation programs is that the derivative of almostany fun
tion 
an now be produ
ed symboli
ally at in
redible speed and with absolute relia-bility. It is when one begins to use the derivative in appli
ations that problems begin. Forinstan
e, when one wants to determine an extreme value of a fun
tions, then one usually musttry to solve the equation f 0(x) = 0:As seen in the previous 
hapter, solving equations 
an qui
kly be
ome a nontrivial a�air.We begin this 
hapter with some exer
ises involving limits and the de�nition of derivative.The main purpose is to assist students in grasping these topi
s that have proven to be diÆ
ultfor many. Along the way we review issues of symboli
 vs. numeri
 
omputation and diÆ
ultiesin reliability of 
omputer generated plots. We also explore Newton's Method, whi
h is usuallythe student's �rst en
ounter with an a
tual numeri
al algorithm. We look at issues of speedof 
onvergen
e as well as potential pitfalls of the method.

8



Matlab Commands for Di�erential Cal
ulus



1. Limits(1) Try the following 
ommands (at the prompt and press Enter ):(a) x = sym('x')(b) f = x^2(
) limit(f, 2)(d) limit(f, inf)(e) limit(1/x, inf)(f) limit(log(abs(x)), 0)(g) limit(1/x, 0)(h) Explain what happened in ea
h example, that is, why did it give the answer itdid.(2) Use Matlab to �nd the limits of the following fun
tions at the given points:(a) sqrt(x) at x = 0 �Type as: limit(sqrt(x), 0)�(b) sqrt(x^2 - .00001) at x = 0 �Type as: limit(sqrt(x^2 - .00001), 0)�(
) sqrt(x) at x = -1 �Type as: limit(sqrt(x) , -1)�(d) sin(x) at x = inf �Type as: limit(sin(x), inf)�(e) sin(1/x) at x = 0 �Type as: limit(sin(1/x), 0)�(f) Explain what happened in ea
h example.(3) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.

The user en
ounters usual limits, limits at in�nity and in�nite limits, 
omplex limits and os
illatoryfun
tions.



2. Limits and Derivatives(1) Try the following 
ommands:syms x hf = x^3 + x^2 + x + 1m = (subs(f,x+h)-f)/hf1 = limit(m, h, 0)Explain what happened.(2) Try the following sequen
e:syms x hf = exp(sin(x))m = (subs(f,x+h)-f)/hf1 = limit(m, h, 0)subs(f1, pi)X = -10:.05:10; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Makes an array of x values.F = subs(f, X); . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Makes an array of f(x) values.F1 = subs(f1, X);plot(X, F, 'b', X, F1, 'r')Explain what happened.(3) Now repeat the steps above for the fun
tion:f(x) = (x� 1)2px (f = (x-1)^2*sqrt(x)):Is the fun
tion de�ned for all real numbers? What about the derivative? How is thegraph misleading?(4) Next repeat this pro
edure for the fun
tion f(x) = (x � 1)2x1=3. Are the fun
tionand its derivative de�ned for all real numbers? How is this graph misleading?(5) Use ezplot(f) and ezplot(f1) to get another pi
ture for f and f 0 from (4). In whatways are these graphs misleading?(6) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.
This assignment is intended to reinfor
e the user's understanding of the de�nition of the derivative.They should think about the domains of a fun
tion and its derivative.



3. Derivatives(1) Try the following 
ommands:(a) syms x(b) f = x^2(
) f1 = diff(f)(d) X = -3:.05:3; . . . . . . . . . . . . Makes X into an array with entries from -3 to 3(e) F = subs(f, X);(f) F1 = subs(f1, X);(g) plot(X, F, 'b', X, F1, 'r')(h) Explain exa
tly what happened.(2) Repeat the above pro
edure for the fun
tiong(x) = x5 + x3 + 28x+ 1 (Input as: g = (x^5 + x^3 + 2) / (8*x + 1)):(3) Use the 
ommand ezplot(g1, [0 3℄) and then 
hange the interval until you 
ana

urately guess a solution of g'(x) = 0. Then try:(a) Enter solve(g1) and des
ribe the results. Whi
h part of the output is rele-vant? Did the 
omputer �nd this output symboli
ally or numeri
ally?(b) What is the per
entage error of your guess.(4) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.

The user must 
onsider the derivative as a fun
tion, and they must 
onsider issues of s
ale inplotting fun
tions with asymptotes.



4. Newton's Method(1) (a) Try the following 
ommands (at the prompt and press Enter ):syms xformat long . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Sets displayed digits to 15.f = x^3 - 3*x^2 + 1f1 = simplify(diff(f))g = simplify(x - f/f1)p = .1p = subs(g, p)(b) Repeat the 
ommand p = subs(g, p) until p stops 
hanging. (Use the up-arrow key to re
all the 
ommand instead of typing it.)(
) Assuming the �nal value is 
orre
t, how many steps did it take to get 7 de
imalpla
es of a

ura
y? How many steps for 14 de
imal pla
es?(2) (a) Type p = .5 and repeat p = subs(g, p) until p stops 
hanging. To whatdo the approximations 
onverge this time?(b) Repeat, but start with p = 3.0.(
) Why 
an Newton's method give three di�erent answers for three di�erent startingpoints? (Hint: Use ezplot(f) to look at f(x).)(3) Set p = .11065934333376 and repeat p = subs(g, p) until it 
onverges. Howmany iterations does it take this time?(4) Repeat the pro
ess in (1), starting with p = .1 for the fun
tionf(x) = (x� 3=4)1=3x1=3 � f = ((x-3/4)^(1/3))/(x^(1/3)) �Write down the �rst 20 iterations. Do they seem to be 
onverging to anything? Plotthem on the interval [0; 1℄.Does f(x) = 0 have a solution on [0; 1℄? Try that point as the initial guess andsee what happens.Next, try starting with p = 0.0. What is the value of f at 0:0?(5) Can one always rely on Newton's method? What are some things to be 
areful about?(6) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.The user observes that Newton's method 
onverges very fast for the 
ertain fun
tions and 
ertainstarting points. The 
onvergen
e 
an be slow for other starting points and the �nal answer 
andepend on the starting point. Further, some fun
tions lead to Newton's method iterations whi
hare a
tually 
haoti
 (random-like).



5. Exponentials vs. Powers(1) Enter the following sequen
e 
ommands:Important note: Do not omit the semi
olons! Also, do not omit the . beforethe ^ !(a) x1 = -1.15:0.01:1.15; . . (This makes x1 a ve
tor with entries from �1:15 to1:15 in :01 in
rements.)(b) x2 = -1.39:0.01:1.39;(
) y1 = x1.^10; . . . . . . . . . . . . . . . . . . . . . . (This evaluates x110 for ea
h entry of x1.)(d) y2 = exp(x2);(e) plot(x1, y1, 'b', x2, y2, 'r')These plots of y = x10 and y = ex suggest that the equation x10 = ex has twosolutions | one positive and one negative. Approximate these two solutions (to threede
imal pla
es) by \zooming". (To \zoom in" 
li
k on the button that looks like amagnifying glass with a plus sign, and then 
li
k on the graph. To \zoom out" sele
tthe magnifying glass with the minus sign.)(2) Explain why there must be another positive solution of x10 = ex larger than the onethat you found in #1.By 
hanging the beginning and ending values of x1 and x2 (you may leave thein
rements the same) and plotting as above, determine an interval that reveals thislarger solution. (Note. You 
an use the up-arrow key to do this, but you mustreevaluate y1 and/or y2 ea
h time you 
hange x1 and/or x2.)Approximate this solution (to two de
imal pla
es) by \zooming".(3) Explain why it may be ne
essary to use several di�erent domain intervals when study-ing 
omputer plots.(4) On a separate pie
e of paper, prepare a brief written report giving explanations whererequested and answering all the questions. In
lude all of the approximate solutions.Use 
omplete senten
es and use standard mathemati
al notation. Do not hand in aprintout.
This assignment reinfor
es the fa
t that the exponential fun
tion, exp(x), will eventually ex
eedany power of x. It also illustrates the importan
e of s
ale when 
onsidering 
omputer plots.



CHAPTER 4Integral Cal
ulus and SeriesSin
e integration is just the inverse pro
ess of di�erentiation, one might guess that the te
h-niques for 
omputing them would be similar. In pra
ti
e this is not the 
ase. Whereas thederivative of any elementary fun
tion 
an be found symboli
ally, most elementary fun
tions
annot be integrated symboli
ally. In fa
t, it is known that the antiderivatives of most ele-mentary fun
tions 
annot be expressed in terms of elementary fun
tions. In appli
ations thisoften leads to the need to 
al
ulate de�nite integrals numeri
ally. As with any other numeri

al
ulation, a

ura
y be
omes an issue. One of the main problems in obtaining a

urate in-tegrals numeri
ally is similar to the problem of obtaining a

urate graphs: the 
omputer onlyhandles a �nite amount of dis
rete information. There might not be enough of this informationto a

urately determine what the fun
tion is doing.In our exer
ises on series the main point we want to make is that speed of 
onvergen
e matters.One of the primary uses of series is to approximate fun
tions. The series is an in�nite symboli
expression, but for approximations only a �nite number of terms 
an be used. The a

ura
y of
ourse depends on the number of terms used, and one must use as many terms as ne
essary toa
hieve the desired a

ura
y. The more terms needed for a

ura
y, the slower the 
omputationwill be. If the number of terms need is too large, then the method is not pra
ti
al. Thus, thefaster a series 
onverges the better.

15



Matlab Commands for Integral Cal
ulus



1. Inde�nite Integrals(1) Enter the following sequen
e 
ommands:(a) syms x(b) int(x^2)(
) diff(ans)(d) Explain exa
tly what happened.(2) Repeat steps (b)-(
) for the fun
tion:x(x� 1)(x + 2)(x2 � 1)(x+ 1)(Typing: int(x / ((x-1)(x+2)(x^2-1)(x+1))) for 
ommand(b))Then enter the 
ommand: simplify(ans)(3) Repeat the above sequen
e for the following fun
tions:(a) 1=(1 + 3x+ x5) (Typing: int(1/(1 + 3*x + x^5)) for 
ommand (b))(b) sin(sin(x3)) (Typing: int(sin(sin(x^3))) for 
ommand (b))(
) (1 + x6)3=4 (Typing: int((1 + x^6)^(3/4)) for 
ommand (b))Why do you think thatMatlab was not able to �nd antiderivatives for some of thesefun
tions? Why was it su

essful for the rational fun
tion in #2, but not su

essfulfor the rather simple fun
tions in #3?(4) Prepare a brief (< 1 page) written report answering all the questions. Do not get aprintout. Use 
omplete senten
es and standard mathemati
al notation.

This assignment introdu
es the 
ommand for inde�nite integrals. Matlab is not able to �nd anintegral for some fun
tions. It is a fundamental fa
t that not all fun
tions have an antiderivative interms of elementary fun
tions. The di�eren
e between this 
on
ept and the 
on
ept of integrabilityshould be 
onsidered.



2. De�nite Integrals and Numeri
al Approximations(1) Enter the following sequen
e 
ommands:format longsyms xint(x^2, 0, pi) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Computes symboli
ally.double(ans) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Converts to a numeri
al value.quad('x.^2', 0, pi) . . . . . . . . . . Computes numeri
ally using Simpson's method.(2) Use both int and quad to integrate the following fun
tion on the interval [0; 1=2℄(When you use quad, you must follow the example and en
lose the fun
tion in ' ',and the operations: \* / ^" must be typed as: \.* ./ .^ ". This is be
ause quadtreats x as a matrix.): x(x� 1)(x + 2)(x2 � 1)(x+ 1)Whi
h answer do you trust?(3) Use both int and quad to integrate the following fun
tions on the interval [0, 1℄:(a) 1=(1 + 3x+ x5) . Type as:int(1/(1 + 3*x + x^5), 0, 1)double(ans)quad('1./(1 + 3.*x + x.^5)', 0, 1)(b) sin(x3) . Type as:int(sin(x^3), 0, 1)double(ans)quad('sin(x.^3)', 0, 1)(
) (1 + x6)3=4 . Type as:int((1 + x^6)^(3/4), 0, 1)double(ans)quad('(1 + x.^6).^(3./4)', 0, 1)How many de
imal pla
es of a

ura
y does it seem like you get in ea
h? Whi
h wayis more a

urate for these integrals?(4) Prepare a brief (< 1 page) written report des
ribing what happened and answeringthe questions. Use 
omplete senten
es and standard mathemati
al notation. Do notget a printout.The user should observe that even for some relatively simple integrands, the integrals 
annot befound in terms of elementary fun
tions. However the 
omputer 
an obtain a numeri
al answerusing pie
ewise polynomial approximations to the integrand (Simpson's method).



3. Numeri
al Integration(1) Enter the following sequen
e 
ommands:maple('with(student)') . . . . . . . . . . . . . . . . This adds the Maple `student pa
kage'.syms xmaple('rightsum(3*x^2, x=0..2, 10)')maple('evalf(%)')Here 10 is the number of intervals used. How 
lose is the right sum to the exa
t valueof the integral?(2) Next try:(a) maple('leftsum(3*x^2, x=0..2, 10)')maple('evalf(%)')(b) maple('trapezoid(3*x^2, x=0..2, 10)')maple('evalf(%)')(
) maple('middlesum(3*x^2, x=0..2, 10)')maple('evalf(%)')(d) maple('simpson(3*x^2, x=0..2, 10)')maple('evalf(%)')What are the errors in ea
h of the above? (Compare it with the exa
t value that you
an 
al
ulate by hand.) Explain why the approximation gets better as we go downthe list.(3) Repeat the above sequen
e but 
hange the number of intervals used from 10 to 1000in the 
ommand.(4) Use trapezoid and simpson with 1000 intervals on ea
h of the following fun
-tions:(a) sin(sin(x)) with x=0..2, by typing the following 
ommands:maple('trapezoid(sin(sin(x)), x=0..2, 1000)')maple('evalf(%)')maple('simpson(sin(sin(x)), x=0..2, 1000)')maple('evalf(%)')(b) x5 
os(x6) with x=0..5*Pi^(1/6) . . . . . . . . . . . . . . . . . Maple uses Pi, Matlab piby typing the following 
ommands:maple('trapezoid((x^5)*
os(x^6)), x=0..5*Pi^(1/6), 1000)')maple('evalf(%)')maple('simpson((x^5)*
os(x^6)), x=0..5*Pi^(1/6), 1000)')maple('evalf(%)')



(5) Use the Matlab 
ommand int(f(x), a, b) to evaluate the integral for ea
h ofthe two fun
tions in #4. For example, for the �rst one use format long followed byint(sin(sin(x)), 0, 2) and double(ans). How 
lose were the approximationsin 4. to the approximations obtained here? Was 1000 big enough for these integrals?(6) Using 
omplete senten
es and standard mathemati
al notation, prepare a brief (< 1page) written report answering all the questions. Do not get a printout.

The user 
ompares some basi
 numeri
al s
hemes and 
onsiders their a

ura
y. The e�e
t ofpartition size and the problem of rapid os
illations are also 
onsidered.



4. Monte Carlo Integration(1) Enter the following sequen
e 
ommands:(a) n = 10(b) total=0; for i=1:n, total=total+rand^3; end; avg=total/n(
) Use the up-arrow key to re
all this line and then press enter again.(d) Obtain 10 estimates this way and re
ord the values you get along with the abso-lute error of ea
h estimate. You 
an haveMatlab 
al
ulate the absolute error foryou 
onveniently by in
luding at the end of line of #1(b): error = abs(.25 - avg).(e) Explain why this is an approximation of R 10 x3 dx.(2) Enter the 
ommand n = 100 and use the up-arrow key to re
all the line in#1(b) again. Press the enter key to exe
ute this line. Obtain and re
ord 10 estimatesthis way along with the absolute errors.(3) Repeat this pro
ess using n = 1000, n = 10000, and n = 100000.(4) Make a 
hart showing the relationship between the sample size n and the arithmeti
mean of the absolute errors of the estimates with sample size n. Use the data towrite a formula whi
h approximately des
ribes the relationship (Try En � Kn�r anduse logarithms to determine K and r).(5) Compare the a

ura
y of this method with the Trapezoid and Simpson's methods ofnumeri
al integration. (For the Trapezoid rule r = 2 and for Simpson's rule r = 4.)(6) Prepare a brief written report answering all the questions. Use 
omplete senten
esand standard mathemati
al notation. Do not get a printout.

Many people are surprised that this te
hnique for numeri
ally approximating an integral is usedsometimes in pra
ti
e be
ause it is eÆ
ient in higher dimensions.



5. Hyperboli
 Fun
tions and the Gateway Ar
hThe Gateway Ar
h in St. Louis has the shape of an inverted 
atenary. Rising 630 feet at its
enter and stret
hing 630 feet a
ross its base, the ar
h's shape 
an be des
ribed byy = �127:7 
osh(x=127:7) + 757:7for � 315 � x � 315:(1) Enter the following sequen
e 
ommands:(a) syms x(b) f = -127.7*
osh(x/127.7) + 757.7(
) ezplot(f, -315, 315)Does the graph look like an ar
h?(2) To 
ompute the area beneath the Gateway Ar
h enter the following sequen
e of
ommands:(a) int(f, -315, 315)(b) double(ans)(3) To 
ompute the length of the Gateway Ar
h enter the following sequen
e of 
om-mands:(a) int(sqrt(1+diff(f)^2), -315, 315)(b) double(ans)Are you surprised that the symboli
 answer is expressed in terms of exponentialfun
tions rather than hyperboli
 fun
tions? Why or why not?(4) On a separate pie
e of paper, prepare a brief written report des
ribing what happenedand answering all the questions. In
lude the results of all of the 
omputations. Use
omplete senten
es and use standard mathemati
al notation. Do not geta printout.

Students may have little or no exposure to hyperboli
 fun
tions in their 
al
ulus 
ourses. Thisassignment gives a real-life appli
ation of hyperboli
 fun
tions.



6. Improper Integrals(1) Enter the following sequen
e of 
ommands:syms xint(1/sqrt(x^6+1), 0, inf) . . . . . . . . . . . . . . . . . . . . . . . . . .Cal
ulates symboli
ally.double(ans) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Converts to a numeri
 format.quadl('1./sqrt(x.^6+1)', 0, inf) . . . . . . . . . . . . . . . . . . . Cal
ulates numeri
ally.(2) Use the 
ommands above to evaluate the following integrals (you will en
ounter errormessages in some of them):(a) Z 10 1x2=3 dx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(Use 1/x^(2/3) .)(b) Z 11 1x+ 1dx(
) Z 11 lnxx2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (Use log for natural logarithm.)(d) Z 10 sin2(x)dx.(3) Try to use Matlab to evaluate the following fun
tions using 
ommands in #1:(a) Z 1�1 1x2dx(b) Z 10 1pxdx.(4) What are some problems with 
al
ulating improper integrals numeri
ally?(5) Try the following:int(1/x^5, 1, inf)int(sin(x^3)/x^5, 1, inf) .Comparing the integrands of these two integrals, should the se
ond one 
onverge?What might be 
ausing Matlab to make this mistake?(6) Prepare a brief (< 1 page) written report des
ribing what happened and answeringall the questions. Use 
omplete senten
es and standard mathemati
al notation. Donot get a printout.
This exer
ise explores improper integrals both symboli
ally and numeri
ally. Evaluating improperintegrals symboli
ally is pre
arious be
ause it is hard for the 
omputer to handle the symbol 1
orre
tly. Evaluating numeri
ally is diÆ
ult be
ause one 
annot a
tually 
ompute all the way to1, one must stop at some �nite pla
e.



7. Summation of Series(1) Enter the 
ommands:syms x kformat long(2) Enter: symsum(.5^k,0,inf)What kind of series is this? Is the result of the 
omputation an approximation or isit exa
t? Was it done numeri
ally or symboli
ally?(3) Enter: symsum(.5^k, 0, 10) followed by double(ans).Here n = 10. In
rease n until 5 de
imal pla
es of a

ura
y are rea
hed.(4) Enter: symsum(.99^k, 0, inf) and symsum(.99^k, 0, 10)Again in
rease n until 5 de
imal pla
es of a

ura
y are rea
hed. Compare this withthe value of n in the previous 
omputation, i.e., what is the di�eren
e and what 
ausesit?(5) Try to repeat the pro
ess used in #2 and #3 for the series 1Xk=1 1k1:1 . Using an integralestimate (by hand), how many terms are needed for 5 de
imal pla
es a

ura
y? Whatmakes the 
onvergen
e so slow?(6) Try to guess what the results of the 
ommand: symsum(x^k/sym('k!'),k,0,inf)will be, then enter it. Think about how amazing the program is.(7) Prepare a brief (< 1 page) written report des
ribing what happened and answeringthe questions. Use 
omplete senten
es and standard mathemati
al notation. Do notget a printout.

Rate of 
onvergen
e is 
onsidered. For series to be useful for 
al
ulations whi
h are used often,
onvergen
e must be relatively fast.



8. Taylor SeriesMatlab has an intera
tive Taylor series 
al
ulator 
alled taylortool. It plots f and theN -th degree Taylor polynomial on an interval. After taylortool is started, we 
an 
hange f ,N , the interval, or the point a.(1) (a) Enter the 
ommand: taylortool('sin(x)')(b) In the taylortool window, 
hange N to be 3. You 
an 
hange the degree N usingthe buttons >> or <<. Also you 
an just enter the value for N in the box for N .(
) For what domain does the Taylor polynomial appear to be a good approximationof the fun
tion?(d) Now use the button >> to in
rease N until the approximation appears to bea

urate on the whole interval.(e) For the degree N above, use Taylor's Formula (by hand) to �nd an upper boundon the error of the approximation.(2) In the taylortool window, 
hange the fun
tion to f(x) = ex (use exp(x)), theinterval to [-3, 3℄ and N to 3. Repeat the pro
ess above.(3) Repeat the above pro
ess for sin(ex) on the interval [0; 3℄. What problems do youen
ounter. What do you think 
auses this? Does sin(ex) equal its Taylor series?For roughly what range of x and N would TN (x) be a pra
ti
al approximation tool?What might be a more reasonable strategy for approximating sin(ex)?(4) Prepare a brief (< 1 page) written report des
ribing what happened and answeringthe questions. Use 
omplete senten
es and standard mathemati
al notation. Do notget a printout.

The taylortool 
an help us gain some appre
iation for the loss of a

ura
y of the Taylor approx-imation as x varies farther from the approximation point a. We also en
ounter the diÆ
ulty ofapproximating a fun
tion that os
illates. Although a Taylor Series does a
tually equal a 
ertainfun
tion, 
omputers 
an only do polynomial operations. So for instan
e, the sine fun
tion on
al
ulators or 
omputers must be approximated using polynomial 
omputations and knowing thea

ura
y is important.



CHAPTER 5Multiple Variable Cal
ulusOne of the good features of Matlab and similar programs is that they 
an be used to visualizetwo and three dimensional mathemati
al obje
ts. However, just as 
omputer plots of singlevariable fun
tions 
an be misleading or even wrong, so too 
an plots of higher dimensionalobje
t have problems. The main diÆ
ulty is the same as for single variable plots, i.e. the
omputer 
an only represent a �nite amount of information, but a fun
tion 
ontains in�niteinformation. A problem whi
h is unique to three dimensional obje
t, su
h as the graph of afun
tion of two variables is that one must 
onsider it from various angles. Matlab allows theuser to rotate an obje
t and one should always take advantage of this feature.Appli
ations of multiple variable 
al
ulus, su
h as the method of Lagrange multipliers, oftenlead to the need to solve a system of equations with multiple variables. Unless the system islinear, solving the equations 
an be diÆ
ult and often requires numeri
al method, su
h as ahigher dimensional version of Newton's method.
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Matlab Commands for Multiple Variable Cal
ulus



1. Plotting Curves(1) Enter the 
ommands:ezplot('x^2 + y^2 = 9')ezplot('x^2 + x*y + y^2 = 9')ezplot('x^2 - y^2 = 9')ezplot('x^2 - y = 9')What is the geometri
 obje
t in ea
h of the above?(2) Use ezplot to plot the equations:sin2 x+ sin2y � log(xy) = 0 (Use ezplot('sin^2(x)+sin^2(y)-log(x*y)=0'))x5 + y5 + xy = 0 (Use ezplot('x^5 + y^5 + x*y = 0'))x + y = 100 (Use ezplot('x + y = 100'))Are these plots produ
ed numeri
ally or symboli
ally? Sket
h the graphs for yourreport and dis
uss any problems en
ountered.(3) Try the following 
ommands:t = 0:pi/50:10*pi;plot3(sin(t), 
os(t), t)Sket
h the graph for your report.(4) Try the following 
ommands:t = 0:1:10*pi;plot3(sin(t.^2), 
os(t.^3), t)Eplain why the plot looks as it does.(5) Try the following 
ommands:t = 0:pi/50:10*pi;plot3(sin(t.^2), 
os(t.^3), t)Explain why the plot looks as it does.(6) Using 
omplete senten
es and standard mathemati
al notation, prepare a brief writ-ten report. Do not get a printout.
The user plots 
urves given both by equations and by parametri
 fun
tions. The user also en
ountersdiÆ
ulties with under-sampling and with 
hoi
e of domain.



2. Polar Coordinates(1) Enter the following sequen
e 
ommands:syms tr = 
os(4*t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Use t in pla
e of �.ezplot(r*
os(t), r*sin(t), [0,2*pi℄)Explain exa
tly what happened.(2) Plot the polar equations r = 
os(n�) and r = sin(n�) for several positive integers n.(Use the " key.) Find a formula for the number of loops.(3) Plot the polar equation r = sin(p�/q) for various integers p and q, satisfyingp > q > 0. Write p/q in lowest terms and plot over the interval [0, 2�q℄. Find aformula for the number of loops.(4) Plot the polar equation r = sin(p2�) on the interval [0, 100�℄. Explain the resultingplot.(5) Plot the polar equation r = e
os� � 2
os4�+ sin5(�=12) for 0 � � � 24�. (This 
urvewas dis
overed by Temple H. Fay.)(6) On a separate pie
e of paper, prepare a brief written report des
ribing what happenedand answering all the questions. Use 
omplete senten
es and use standard mathe-mati
al notation. Hand-in sket
hes of graphs or 
omputer plots as dire
ted by yourinstru
tor.

Polar equations 
an be plotted by transforming them into parametri
 equations.



3. De�ning and Plotting a Fun
tion of Two Variables(1) Enter the following 
ommands:syms x yezmesh(sin(x)*
os(y),[0,10,0,10℄)(2) Cli
k on Tools and then 
li
k Rotate 3D . Point at the graph, press the left mousebutton and hold it down, and then move the pointer around slowly. The graph shouldrotate. Move it until you �nd the best pi
ture possible (in your opinion).(3) Use ezmesh to plot the fun
tion f(x; y) = x2 � y2. First use the same domain as in#1 and then use [-2, 2, -2, 2℄. Whi
h is a better pi
ture?(4) Plot the fun
tion f(x; y) = sinx5 � 
os y using the default domain, i.e. omit it fromthe 
ommand. What are the problems with the resulting graph?(5) Carefully sket
h by hand the \best" graphs for the two fun
tions in #1 and #3. Besure to 
learly label axes.(6) Explain brie
y why the plot of the fun
tion in #4 does not represent the true graphof the fun
tion. Use 
omplete senten
es and standard mathemati
al notation.

The goal of this proje
t is to familiarize the user with the higher dimensional plotting 
apabilitiesof the program and to introdu
e them to the notion that views and domains must be adjusted toobtain a useful pi
ture. The problem of plotting rapid os
illations is reviewed.



4. Contour Plots(1) Enter the following 
ommands:[X, Y℄ = meshgrid(-1:.2:1);Z = X.^2 - Y.^2;
ontour(Z)Noti
e the labelling of the axes. In order to �x this enter instead: 
ontour(X, Y, Z)(2) Also try the following variations and report what happens:
ontourf(X, Y, Z)
ontour(X, Y, Z, 10)
ontour(X, Y, Z, 20)
ontourf(X, Y, Z, 20)What is the problem with the last 
ouple of plots?(3) Now try the following alternative way to make 
ontour plots:syms x yez
ontour(x^2 - y^2)(4) Try both 
ommands above to plot the level 
urves of z = p1� x2 � y2. Noti
e thesquiggles in the 
urves near the edge. Should those be there? Can you �nd a way toimprove this?(5) Write a brief report, using 
omplete senten
es and standard mathemati
al notation.

The goal of this proje
t is to familiarize the user with the 
ontour plot 
apabilities of the program.They should noti
e that the methods the program uses to produ
e the plots have limitations.



5. Partial Derivatives(1) Enter the following 
ommands:syms x yf = x*y*(x^2-y^2)/(x^2+y^2)fx = diff(f ,x)fx = simplify(fx)subs(fx, {x, y}, {0, y}) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . This is fx(0; y).(2) De�ne f(0; 0) = 0 and 
ompute, by hand,fx(0; 0) = limh!0 f(h; 0)� f(0; 0)h :Why is it ne
essary to use the de�nition to 
ompute fx(0; 0)?(3) Try: fy = simplify(diff(f,y))subs(fy, {x, y}, {x, 0}) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . This is fy(x; 0).Then, 
ompute fy(0; 0) by hand.(4) Compute, by hand,fxy(0; 0) = (fx)y(0; 0) = limk!0 fx(0; k) � fx(0; 0)k and fyx(0; 0) = limh!0 fy(h; 0) � fy(0; 0)h :What do you noti
e about fxy(0; 0) and fyx(0; 0)?(5) Try: fxy = diff(fx, y)fxy = simplify(fxy)ezmesh(fxy)What do you noti
e about the graph of fxy?(6) Either obtain a printout of the graph, or, 
arefully sket
h it by hand, making sure to
learly label axes.(7) Using 
omplete senten
es and standard mathemati
al notation, write a brief report,showing your hand 
al
ulations and answering all the questions.
The user is reminded of the de�nition of derivative and en
ounters a situation where it mustbe used. The user also en
ounters a situation where se
ond derivatives are not 
ontinuous andfxy 6= fyx.



6. Gradients(1) Enter the following 
ommands:[X, Y℄ = meshgrid(-2:.2:2);Z = X.*exp(-X.^2 - Y.^2);mesh(X, Y, Z)Rotate this plot into various positions until you fully understand the shape.(2) Next enter the following:[DX, DY℄ = gradient(Z);
ontour(X,Y,Z)hold onquiver(X,Y,DX,DY)hold off(3) Repeat the above steps for the fun
tions: f(x; y) = exp(�x2�y2) and f(x; y) = x+y.(4) Write a brief report, using 
omplete senten
es and standard mathemati
al notation.

The goal of this proje
t is to familiarize the user with the ve
tor �eld plot 
apabilities of theprogram and aid in the understanding of the meaning of the gradient.



7. Lagrange Multipliers(1) To �nd the points on the ellipse 4x2+9y2 = 36 that are nearest to and farthest fromthe point (1; 1), using the method of Lagrange multipliers, one needs to solve thesystem of equations 2(x� 1)� 8�x = 02(y � 1)� 18�y = 04x2 + 9y2 � 36 = 0Carefully derive this system by hand. Do NOT try to solve the system by hand.Instead, solve the system using the 
ommands:� syms L x y . . . . . . . . . . . . . . . . . . . . . . . . . . (Note that we use \L" instead of \�".)� [L,x,y℄ = solve(2*(x-1)-8*L*x, 2*(y-1)-18*L*y, 4*x^2+9*y^2-36)� double([L,x,y℄) (Elements in square bra
kets must be in alphabeti
al order.)Explain what happened. What is the nearest point? What is the farthest point?Give solutions to four de
imal pla
es.(2) Adapt the pro
edure in #1 to �nd the points on the ellipsoid64x2 + 144y2 + 36z2 = 576that are nearest to and farthest from the point (1; 1; 1). Write down the system youare solving and answer the questions above for this example.(3) What are your observations about symboli
 versus numeri
al 
omputations from #1and #2?(4) Using 
omplete senten
es and standard mathemati
al notation, write a brief report(1 page only), showing your hand 
al
ulations and answering all the questions.

The system of equations resulting from relatively straightforward Lagrange multiplier problems 
anbe very diÆ
ult, if not impossible, to solve in 
losed form. In this exer
ise Matlab is used solvesu
h systems. Students are asked to 
ompare symboli
 versus numeri
al solutions.



8. Double Integrals(1) Enter the following 
ommands:format long . . . . . . . . . . . . . . . . . . . . . . . . .Sets the number of digits displayed to 15.f = inline('x*y^2') . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .De�nes a fun
tion.f(2, 3)dblquad(f, 0, 1, 0, 1)Cal
ulate this double integral by hand to 
on�rm the answer. To get an explainationof the 
ommand, you may want to enter: help dblquad(2) Next try to use dblquad to integrate the following fun
tions on the same domain asabove:f = inline('x^2*y^2')f = inline('x.^*y^2')f = inline('x.^*y.^2')Cal
ulate this double integral by hand to determine whi
h of the outputs is 
orre
t.You should 
on
lude the following: for the dblquad 
ommand to work properly, xmust be a ve
tor and y must be a s
alar.(3) The following is a tri
k that 
an be used for double integrals on regions that are notsquare:f = inline('(x.^2*y^2).*(x+y <= 1)')dblquad(f, 0, 1, 0, 1)This should 
al
ulate the integral of x2y2 on the triangle with 
orners at (0, 0), (1,0), and (0,1). Cal
ulate this integral by hand to 
om�rm the 
al
ulation above.(4) Write a brief report in
luding your hand 
al
ulations. Use 
omplete senten
es andstandard mathemati
al notation.

The goal of this proje
t is to familiarize the user with the double integration 
apabilities of theprogram. Just as hand 
al
ulations of multiple integrals are tri
ky, so are 
omputer 
al
ulations.



CHAPTER 6Di�erential EquationsMatlab 
an be used both symboli
ally and numeri
ally to study di�erential equations. Forinstan
e, if the equation is separable, then one 
an simply use Matlab's symboli
 integration
ommand, `int', to �nd the antiderivatives of both sides. Matlab also has a symboli
 
om-mand `dsolve', that tries to solve initial value problems symboli
ally, even when the equation,or the initial 
onditions involve symbols. For solving numeri
ally, Matlab provides severalalgorithms, in
luding `ode45', whi
h employs the Runga-Kutta45 method, the most 
ommonlyused algorithm in appli
ations.When using `ode45' for se
ond or higher order equations, the equation must �rst be put intothe form of a system of equations. For instan
e 
onsider the equation(2) x00 + ax0 + bx = sinx:As with all se
ond order equations one 
onverts to system form by the substitution(3) x1 = x; and x2 = x0:With this substitution, one arrives at the equationsx01 = x2x02 = �ax2 � bx1 + sinx1:(4)

36



Matlab Commands for Di�erential EquationsBelow are two ways to solve the initial value problem:dydt = y; y(0) = 1:Solving symboli
ally:� y = dsolve('Dy = y','y(0)=1')� ezplot(y,-4,4)Solving numeri
ally:� F = inline('y','t','y') . . . . . . . . . . . . . . . . . . . . . . . . . . Makes a fun
tion F (t; y) = y.� T = -4:.1:4; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Make a ve
tor of time values.� [T,Y℄ = ode45(F,T,1);� plot(T,Y)



1. Separation of Variables� Enter the following sequen
e of 
ommands:syms tf = sqrt(9-t^2)int(f) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .An antiderivative of f .int(f, -3, 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . The de�nite integral.g = t*a
os(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . a
os(t) is ar

os tdiff(g)pretty(ans)diff(g, 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .The se
ond derivative of g.pretty(ans)diff(g, 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . The third derivative of g.pretty(ans)ezplot(f, [-3, 3℄)ezplot(g, [-1, 1℄)� Remarks.The graph of f should be the upper half of a 
ir
le. It will be distorted be
ause ofthe default s
ale on the y-axis. Display the graph again and in the Figure window,
li
k on Edit . Pull down to Axis Properties. Reset the y-limits to be -1.5 and 3.1,
li
k on Apply and then OK . The graph should now appear more like a semi
ir
le.Type help sym/diff or help int in Matlab for more info on the use of diffor int.Following the methodology above, using a separate pie
e of paper, do the following.(1) Find the parti
ular solution to the ODE y00 = se
 y0 that is tangent to the t-axis atthe origin. Use the method of separation of variables, and make sure to in
lude all ofthe steps. Use Matlab to 
ompute the appropriate integrals.(Hint. Let u = y0 and remember to add a 
onstant of integration where appro-priate.)(2) Find the area under the graph of the solution of the IVP in part (a) on the interval[�1; 1℄. Make sure to write the formula you use, not just the answer. Again, useMatlab to 
ompute the appropriate integrals.(3) UseMatlab to plot the solution of the IVP in part (a) on the interval [�1; 1℄. Sket
hthe graph, by hand. DO not get a printout.(4) Find the absolute maximum value of the solution on the interval [�1; 1℄.



2. Dire
tion Fields� dfield6 is aMatlab program forMatlab Version 6 that may be retrieved from theweb site at http://math.ri
e.edu/~dfield/ and other versions are also available atthis site. If you don't have it, 
opy it into C:\Matlab\Work (or C:\MatlabR12\Work).� In Matlab, enter the 
ommand: dfield6� A DFIELD Setup window appears.� The di�erential equation x' = x^2 - t appears in the boxes forThe differential equation.� Using Matlab notation, 
hange these entries to enter the di�erential equationy' = sin y.� The independent variable by default is t so leave that entry un
hanged.� For The display window settings,{ enter -5 for The minimum value of t{ enter 5 for The maximum value of t{ enter -2*pi for The minimum value of y{ enter 2*pi for The maximum value of y.� Cli
k on the Pro
eed button. The dire
tion �eld for your di�erential equation willappear in another window.� At the top of this window, you 
an 
li
k on Options and pull down to Window settings.Here you 
an sele
t Arrows instead of Lines for your dire
tion �eld plot.� If you 
li
k at any point in the dire
tion �eld plot, a solution 
urve through that pointis plotted. Several solution 
urves 
an be plotted by 
li
king on more than one point.Following the methodology above, do the following.(a) Print out or 
arefully sket
h by hand the dire
tion �eld of the di�erential equationy0 = 2yt(Choose� 5 � t � 5and� 10 � y � 10:)(b) Superimpose some solutions (say, two above the t-axis and two below the t-axis) on thedire
tion �eld in part (a).(
) Use the information in parts (a) and (b) to guess a one-parameter family of solutions ofthe di�erential equation.



3. Homogeneous ODEs with Constant CoeÆ
ientsTry the following in Matlab:syms meqn1 = 'm^2 - 3*m-1 = 0'eqn2 = 'm^4 - 4*m^3 + 14*m^2 - 20*m + 25 = 0'solve(eqn1)solve(eqn2)For ea
h of the following di�erential equations:� Write down the auxiliary equation.� Write down, in standard mathemati
al notation, all of the solutions to the auxiliaryequation. (Use Matlab to �nd the solutions.)� Write down the general solution of the di�erential equation.(1) y"' + y" - 6y' - 18y = 0(2) y4 - 2y"' - 6y" + 16y' - 8y = 0(3) y4 - 3y"' + 7y" + 21y' - 26y = 0(4) y5 - 2y4 + 2y"' - 4y" + y' - 2y = 0(5) 2y5 - y4 - 4y"' + 3y" - 8y' - 12y = 0



4. Plotting Solutions to First Order Initial Value ProblemsEnter the following sequen
e of 
ommands:F = inline('sin(y)', 't', 'y') . . . . . . . . . . . . . . . . . . . .De�nes a fun
tion of two variables.T = 0:.01:10; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .De�nes a ve
tor. Do not skip the semi
olon.[T, Y℄ = ode45(F, T, 1);plot(T, Y)Remarks1. If you skip the semi
olon, you will get a list of the values in T.2. The third statement tells Matlab to numeri
ally solve the IVP:y0 = F (t; y); y(0) = 1:By using T as the se
ond argument in the 
all to ode45 we are indi
ating that we want thevalues of Y at the times given in the ve
tor T. If you want more info on the use of ode45, issuethe 
ommand help ode45.3. The fourth statement plots a graph of the points(T (1); Y (1)); (T (2); Y (2)); : : : ; (T (1000); Y (1000)):It should appear that the solution has a horizontal asymptote. Try extending the range ofthe t values to go from 0 to 20. You 
an re-type the se
ond statement as T = 0:.01:20; oryou 
an use the up-arrow key until the statement T = 0:.01:10; reappears and then use theleft-arrow key to move the 
ursor left and 
hange the 10 to 20, then press the Enter key. Nextyou 
an again use the up-arrow key to re
all ode45 and then press the Enter key. Plot thenew values. The up-arrow key and the down-arrow key allow the user to move up and downthrough the list of previous 
ommands. A 
ommand does not get entered until you press theEnter key.4. What would you guess for the value of the horizontal asymptote?Using the methodology des
ribed above, sket
h by hand, on a separate pie
e of paper, thesolution of the given initial-value problem on the given interval. DO not get a printout.Make sure you in
lude appropriate numeri
al values along the axes.(1) y0 = 12 � 
os t; y(0) = 1; [0; 30℄(2) dydt = 2t+ 1 � y2; y(0) = 2; [0; 30℄(3) y0 � y = t 
os t; y(0) = 0; [0; 20℄(4) tdydt + y = t; y(1) = 2; [1; 10℄



(1) Enter the following 
ommands:(a) y = dsolve('Dy=-0.1*y', 'y(0)=1')(b) ezplot(y, [-20,20℄)(
) Explain exa
tly what happened.(2) Repeat the above pro
edure to solve and plot the solutions for the following di�erentialequations. Use the same initial 
ondition as above.(a) y0(t) = sin t(b) y0(t) = �0:1y + sin t(
) Explain exa
tly what happened in ea
h example.(3) Compare the di�erential equations in the three examples. Then 
ompare the graphsof the solutions in the three examples. What do you observe from these 
omparisons?(4) Prepare a brief (less than 1 page) written report answering all the questions andsket
hing the graphs 
arefully by hand. Use 
omplete senten
es and standard math-emati
al notation. Do not get a printout.

Students observe that for a linear di�erential equations qualitative features of solutions tend to"add" as terms are added to the righthand side.



5. Linear First-order Equations(1) Enter the following 
ommands:(a) y = dsolve('Dy=-0.1*y', 'y(0)=1')(b) ezplot(y, [-20, 20℄)(
) Explain exa
tly what happened.(2) Repeat the above pro
edure to solve and plot the solutions for the following di�erentialequations. Use the same initial 
ondition as above.(a) y'(t) = sin(t)(b) y'(t) = -0.1 y + sin(t)(
) Explain exa
tly what happened in ea
h example.(3) Compare the di�erential equations in the three examples. Then 
ompare the graphsof the solutions in the three examples. What do you observe from these 
omparisons?(4) Prepare a brief (< 1 page) written report answering all the questions and sket
hingthe graphs 
arefully by hand. Use 
omplete senten
es and standard mathemati
alnotation. Do not get a printout.

Students observe that for a linear di�erential equations qualitative features of solutions tend to\add" as terms are added to the righthand side.



6. Linear Se
ond-order Equations(1) Enter the following 
ommands:(a) y = dsolve('D2y+y=0', 'y(0)=1', 'Dy(0)=1')(b) ezplot(y, [0,100℄)(
) Explain exa
tly what happened.(2) Repeat the above pro
edure to solve and plot the solutions for the following di�erentialequations. Use the same initial 
ondition as above.(a) y00(t) + y(t) = sin t(b) y00(t) + 0:1y0 + y(t) = 0(
) y00(t) + 0:1y0 + y(t) = sin t(3) Compare the di�erential equations in the four examples. Then 
ompare the graphsof the solutions in the examples. Based on things you have learned in 
lass, explainthe di�eren
es between the examples.(4) Prepare a brief (less than 1 page) written report answering all the questions andsket
hing the graphs 
arefully by hand. Use 
omplete senten
es and standard math-emati
al notation. Do not get a printout.

Students explore the intera
tion of damping, restoring, and for
ing e�e
ts on the solution.



7. A Spring-Mass System(1) Type the following 
ommands (at the prompt and then press Enter ):(a) dsolve('2*D2y + .5*Dy + 5*y = sin(a*t)', 'y(0)=1', 'Dy(0)=1')(b) y1 = sub(y, a, 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Substitutes \1" for a.(
) ezplot(y1, [0,50℄)(d) Explain exa
tly what happened.(2) Repeat (b) and (
) for di�erent values of a, both more and less than 1. By trialand error �nd a value of a that maximizes the amplitude of the solution. From theequation, what is its `natural' or `resonant' frequen
y? What should happen when ais set to this value? Test your hypothesis.(3) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.

The user examines what happens when a system is ex
ited at di�erent frequen
ies, the relationshipbetween natural frequen
y and amplitude of the for
ed, damped os
illator.



8. Lapla
e Transforms9. Linear versus Nonlinear(1) Try the following 
ommands (at the prompt and then press Enter ):(a) syms t y(b) dsolve('D2y + y = 0', 'y(0) = 2', 'Dy(0) = 2')(
) ezplot(ans, [0,50℄)(d) Change the initial 
onditions to y(0) = :2, y0(0) = :2. How does this a�e
t thesolution?(e) Explain exa
tly what happened.(2) Repeat the above pro
edure to solve the the following di�erential equation. Use theinitial 
onditions: y(0) = 1, y0(0) = 1.y00(t)� y(t) + y3(t) = 0Why is Matlab unable to solve this equation symboli
ally?(3) Note that the equation in #2 may be written as a system by the substitution y1 = y,y2 = y0. This produ
es the system:y1dt = y2y2dt = y1 � y31(5) Now try the following:(a) F = inline('[y(2);y(1) - y(1)^3℄','t','y') . . Makes F the r.h.s. of (1).(b) T = 0:.01:50; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Don't skip the semi
olon!(
) [T, Y℄ = ode45(F, T, [2,2℄);(d) plot(T, Y(:,1))Try 
hanging the initial 
onditions to y(0) = :2, y0(0) = :2. How does this e�e
t thesolution? How does this di�er from the linear 
ase?(4) Use the 
ommands you learned in #3 to numeri
ally solve and plot:y00(t)� y(t) + y3(t) = sin t; y(0) = 1; y0(0) = 1on the interval t = [0; 100℄. How does the graph of this solution di�er from all thegraphs of solutions you have seen for linear equations.(5) Prepare a brief (less than 1 page) written report answering all the questions. Use
omplete senten
es and standard mathemati
al notation. Do not get a printout.This assignment demonstrates that the solutions of linear equations are very \tame" 
omparedwith solutions of nonlinear equations.



10. Spe
ial Fun
tionsThe antiderivatives of many elementary fun
tions are not, themselves, elementary fun
tions.Some of these antiderivatives arise frequently in 
ertain subje
ts and have been given names.These are examples of what are 
alled spe
ial fun
tions, and other antiderivatives 
an some-times be expressed in terms of these spe
ial fun
tions.Try the following Matlab 
ommands:syms tint(exp(-t^2))int(sin(t^2))Look up the de�nition of the spe
ial fun
tions involved using the mhelp 
ommand whi
h 
allsup the help feature in the Maple kernel.For the following �nd the general solution on the indi
ated interval, by hand, using the methodof variation of parameters, ex
ept using Matlab to integrate u01 and u02.Make sure you show all your work! Look up and write down, in standard mathe-mati
al notation, any spe
ial fun
tions that o

ur and any unfamiliar expressionsor 
onstants that appear in these de�nitions.(a) y00 � 3y0 = 1t ; t > 0(b) y00 � 2y0 + 2y = ett ; t > 0



CHAPTER 7Linear AlgebraMatlab is short for \Matrix Laboratory" and the original program was designed spe
i�
allyto handle matrix operations.When dealing with matri
es in real appli
ations, size and speed are 
onsiderations. Oneshould know that the pro
ess of solving equations by Gaussian elimination is a relatively fastoperation, it requires approximately n2 operations where n is the size of the matrix. On theotehr hand, �nding the determinant of a matrix in the 
on
entional way requires n! operations,whi
h is impossible even for fast ma
hines when n is moderately large.Symboli
 
omputations with matri
es are very limited be
ause of inherent limitations su
has the insolvability of quinti
 equations. So for instan
e, when Matlab tries to �nd theeigenvalues of a matrix bigger than 4�4, it 
annot do it symboli
ally with a determinant, butnumeri
ally with iterative approximations.
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Matlab Commands for Linear AlgebraMaking ve
tors: Unless otherwise spe
i�ed, variables are row ve
tors (1 x n arrays). Hereare examples of ways to form ve
tors. Try them:� b = [1 2 3 4℄� b = b'� xx = 0:.1:2� yy = linspa
e(0,3,13)Making matri
es:� A = [1 2 3; 4 5 6℄� C = eye(3)� D = ones(4)� E = zeros(5,3)� F = rand(2,3)� G = randn(5)� H = hilb(5)� P = pas
al(4)� Commands for other spe
iality matri
es in
lude: gallery, hadamard, hankel, invhilb,magi
, rosser, toeplitz , vander, wilkinson.Basi
 operations:� B = A'� A*C� C*A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Will not work, C is 3 by 3 and A is 2 by 3.� x = P \ba
kslash b . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Solves Px=b.� P*x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Che
ks the previous 
ommand.Some spe
iality 
ommands� [m n℄ = size(A)� P = pas
al(5), p = diag(P)� diag(p)� flipud(A)� fliplr(A)� v = randn(10,1), a = abs(v)� s = sort(v), m = max(v)� norm(v)



� norm(eye(4))� D, N = Null(D), D*N� rank(D)� det(D)� tra
e(D)� inv(G), N*G, G*N� 
ond(H)Some matrix de
ompostions:� [L U P℄ = lu(G)� [V m℄ = eig(G)� [U T℄ = shur(G)� [Q R℄ = qr(G)� [U S V℄ = svd(G)



1. Matrix Operations(1) Try the following 
ommands (at the prompt and then press Enter ):
learM = [1,3,-1,6;2,4,0,-1;0,-2,3,-1;-1,2,-5,1℄det(M)inv(M)(2) Repeat the above pro
edure for the matrix:N = 266664 �1 �3 32 �1 61 4 �12 �1 2
377775(3) MultiplyM and N using M*N. Can the order of multipli
ation be swit
hed? Why orwhy not? Try it to see how Matlab rea
ts.(4) Find the determinant and inverse of the following matrix:A = " 1:2969 :8648:2161 :1441 #(5) Let B be the matrix obtained from A by rounding o� to three de
imal pla
es. Findthe determinant and inverse of B. How do A�1 and B�1 di�er? Explain how thishappened.(6) Prepare a brief (< 1 page) written report des
ribing what happened and answeringall the questions. Use 
omplete senten
es and standard mathemati
al notation. Donot get a printout.

This exer
ise introdu
es some basi
 matrix operations, the importan
e of matrix dimen-sions, and numeri
al sensitivity.



2. Solving Linear Systems(1) Try the following 
ommands (at the prompt and then press Enter ):(a) A = [1.2969, 0.8648; 0.2161, 0.1441℄(b) b1 = [1.2969; 0.2161℄(
) x = A\b1(d) Repeat the pro
ess but with a ve
tor b2 obtained from b1 by rounding o� tothree de
imal pla
es.(e) Explain exa
tly what happened. Why was the �rst answer so simple? Why dothe two answers di�er by so mu
h?(2) Try the following 
ommands:(a) B = sym(maple(`matrix',`2,2',`(I,J)->sin(I*J)'))(b) 
 = [1;2℄and use x = B\
 to solve Bx = 
. Then 
hange the 2's to 3's in the �rst line, 
hange
 to [1; 2; 3℄ and try to solve again. Use x=double(x) to obtain an approximatenumeri
al value of the solution. Try the 
ommand Bn = double(B), then x = Bn\
.When would an exa
t symboli
 solution and when would an approximate numeri
alsolution be more useful? For big matri
es, whi
h type of 
omputation would befaster?(3) Input the matrix: C = " 1 22 4 #and solve Cx = d with d1 = [4; 8℄ and d2 = [1; 1℄. Use symboli
 and non-symboli
versions of C. Explain the results. Whi
h way gives more information?(4) Prepare a report as follows:(a) Using standard mathemati
al notation, write down the results of all the
omputations, ex
ept the symboli
 solution to the 3� 3 system in #2. Do notget a printout.(b) Using 
omplete senten
es, brie
y answer all of the questions. This in
ludesgiving explanations where requested.
The matrix in #1 is nearly singular, 
ausing the linear system to be very sensitive to perturbations.Students are exposed to both symboli
 and numeri
al solutions. The ideas of no solutions orin�nitely many solutions are reinfor
ed.



3. LU De
omposition4. Least Squares5. Eigenvalues and Eigenve
tors(1) Try the following 
ommands(a) digits(4)(b) A = sym([1,1; 0,1℄)(
) E = eig(A)(d) [V,E℄ = eig(A)Find the eigenvalues and eigenve
tors for this matrix by hand and interpret the out-put.(2) Input the symboli
 matrix (use sym as above):B = 264 3 �1 �1�1 0 21 1 �3 375and try the 
ommands:(a) SE = eig(B) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Finds eigenvalues symboli
ally.(b) NE = eig(vpa(B)) . . . . . . . . . . . . . . . . . . . . vpa 
hanges from symboli
 to numeri
.(
) [SV,SE℄ = eig(B)(d) [NV,NE℄ = eig(vpa(B))(3) Create a matrix using the 
ommand: C = sym(hilb(5)),and repeat the pro
ess in the previous part.(4) What are your observations about symboli
 vs. numeri
al 
omputations from the lasttwo parts?(5) Using 
omplete senten
es and standard mathemati
al notation, write a brief report.Show your hand 
al
ulations and answer all the questions.
In the �rst example students must 
onsider multipli
ities. The last part should lead to a dis
ussionof the fa
t that polynomials of degree 5 or higher 
annot in general be solved symboli
ally andso exa
t symboli
 eigenvalues 
annot be found for 5 by 5 matri
es. They should also noti
e thatsymboli
 solutions are sometimes too 
ompli
ated to be useful.



6. Eigenvalue Power Method(1) Enter the following sequen
e of 
ommands:format longA = hilb(5);m = eig(A)v = ones(5,1)w = v./norm(v);(2) Next enter the the following sequen
e:v = A*w;w = v./norm(v);ma = w'*A*w(3) Repeat the steps in part 2 until the value of ma stops 
hanging.How many iteratationsdid it take? Is this number 
lose to one of the eigenvalues? How 
lose?(4) Repeat the above experiment for the Pas
al matrix generated by: A = pas
al(5).(5) Repeat the experiment for a larger matrix.(6) Using 
omplete senten
es and standard mathemati
al notation, write a brief report.

This demonstrates the simplest form of the QR method. Most modern software in
luding Mat-lab's built-in fun
tion \eig" use improved versions of this algorithm.



7. Eigenvalues by the QR Method(1) Enter the following sequen
e of 
ommands:format longA = hilb(5)m = eig(A)m = flipud(m)(2) Next enter the the following sequen
e:[Q,R℄ = qr(A);A = R*Q;ma = diag(A);e = norm(m-ma)(3) Re
ord the value of e. Repeat the steps in the above sequen
e until the value of estops 
hanging. Assume that the errors satis�es en+1 = Kern and use the re
ordeddata to solve for r and K.(4) Repeat the above experiment for the Pas
al matrix generated by: A = pas
al(5).(5) Repeat the experiment for a larger matrix.(6) How do the 
omputed values of r and K vary in your experiments?(7) Using 
omplete senten
es and standard mathemati
al notation, write a brief report.

This demonstrates the simplest form of the QR method. Most modern software in
luding Mat-lab's built-in fun
tion \eig" use improved versions of this algorithm.



CHAPTER 8Programming in MatlabCommands for Matlab Programming
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1. Programming in the Command Window



2. Writing and Running an m-�le



3. De�ning a fun
tion in an m-�le



4. Determinates of Random Matri
es



5. Cobweb graphs for dis
rete dynami
al systems



6. Approximate Double Integrals(1) Go to the O.U. Matlab website (www.math.ohiou.edu/~matlab). In 263D, underthis assignment, 
li
k on: lowerleft.mThis will download a program �le; save it to your working dire
tory.(2) Open Matlab. In the 
ommand window, 
he
k the 
urrent dire
tory, and if needed,
hange to the dire
tory where you saved lowerleft.m.(3) In the 
ommand window, type the following 
ommands:format longf = inline('x*y^2','x','y')lowerleft(f,0,1,0,2,10,20)Matlab should return the answer 1.1115000000000. Cal
ulate the integral exa
tlyby hand and �nd the % error.(4) Cli
k on the �le i
on at the upper left 
orner and open the �le lowerleft.m, this willbe the program that was used in the 
ommand above by the same name. Read theprogram and 
omments.(5) Save the program as 
enterpoint.m. Modify it to do Riemann sums using the
enterpoint rather than the lowerleft point. You will need to 
hange the name of thefun
tion in the �rst line to 
enterpoint, otherwise, you will need to 
hange verylittle.(6) Test your new program on f(x; y) = xy2 by typing:
enterpoint(f,0,1,0,2,10,20)This answer should be 
loser to the right answer than lowerleft Test this using the% error.(7) Try out your new program on the following integral:Z 20 Z 50 pxy + y5 + x2 dy dxAlso try this integral using the 
ommand dblquad as in the previous homework. Form and n fairly large, does your program 
ome 
lose to Matlab's built in program?(8) Using 
omplete senten
es and standard mathemati
al notation, write a brief report.
This assignment gives student a 
han
e to work with Riemann sums and gives a very gentleintrodu
tion to programming in Matlab.



CHAPTER 9Sample SolutionsSome words about sample solutions.
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1. Sample Solution For: `Fa
toring Expressions and Solving Equations'(1) The 
ommand 
lear 
lears all variables.The 
ommand syms x de
lares x to be a symboli
 variable.The 
ommand expr1 = (x-1)*(x-2)*(x-3)*(x-4)*(x-5) gives the label expr1to the expression (x� 1)(x � 2)(x� 3)(x� 4)(x� 5).The 
ommand expand is used to expand or multiply out an expression. Expandingexpr1 yields x5 � 15x4 + 85x3 � 225x2 + 274x � 120The 
ommand fa
tor is used to fa
tor an expression. Here we fa
tor the expres-sion that results from expanding expr1. Thereby, we re
over expr1, whi
h is whatone would expe
t.Solving expr2 = 0 gives x = 1; 2; 3; 4; 5.The relationship between solving and fa
toring is as follows: Let p(x) be anypolynomial. x = x0 is a solution of p(x) = 0 if and only if (x�x0) is a fa
tor of p(x).(2) Matlab is not able to fa
tor x4 + 3x3 + 3x2 + x+ 3.Matlab is able to solve x4 + 3x3 + 3x2 + x+ 3 = 0, symboli
ally; however, thesolutions it gives are extremely long and 
ompli
ated.The 
ommand double(ans) numeri
ally evaluates ans, in this 
ase the symboli
solutions to x4 + 3x3 + 3x2 + x+ 3 = 0. (Note. double(ans) does not mean 2 � ans;double is short for double pre
ision.) The numeri
al solutions we obtain arex = 0:2289 � 0:8595i; �1:7289 � 0:8959iOne reason an exa
t, symboli
 solution may not be as useful as an approximationis that when we measure things we usually use de
imals or very simple fra
tions.(3) Solving expr3-3 gives x = 0;�1;�1;�1. The reason the answer is so ni
e is thatexpr3 - 3 isx4 + 3x3 + 3x2 + x = x(x3 + 3x2 + 3x+ 1) = x(x+ 1)3(4) Matlab is unable to fa
tor expr4 or to solve expr4=0, symboli
ally. Matlab givesthe numeri
al solutions (to four de
imal pla
es)x = 0:9615; 2:2093; 2:7342; 4:1510; 4:9541None of the algorithms Matlab uses to obtain symboli
 solutions to polynomialequations work for this equation, so Matlab provides an approximate numeri
alsolution.It is known from higher mathemati
s that, for polynomial equations of degree �veor higher, a symboli
 solution is not always possible.



2. Sample Solution For: `De�ning, Evaluating, and Plotting Fun
tions'(1) The 
ommand syms x de
lares x to be a symboli
 variable. The 
ommand f = sin(x)makes f the symboli
 fun
tion sinx.(2) The 
ommand subs(f, 2) numeri
ally evaluates f(2). The 
ommand subs(f, '2')symboli
ally evaluates f(2). The 
ommand double(ans) numeri
ally evaluates ans,in this 
ase sin 2. (Note. double(ans) does not mean 2 � ans; double is short fordouble pre
ision.)(3) The 
ommand ezplot(f) plots y = sinx using a default domain interval.(4) First, we plot y = exp(x) = ex using a default domain interval. Se
ond, we ploty = exp(x) using the domain interval [�2; 2℄.(5) This plots y = x2 using a default domain interval.(6) (a) The graph of y = sin(x5) os
illates (goes up and down) quite rapidly for nottoo large values of jxj. (For example, between x = 3 and x = 4, the graph ofy = sin(x5) os
illates 45 � 352� � 124 times.)Matlab 
annot a

urately portray the graph of a fun
tion that os
illates sorapidly.(b) For x not too 
lose to 0,px2 � :00001 � px2 = jxj;and this is what the graph looks like using the default domain interval. However,if jxj is 
lose enough to 0, then the graph looks di�erent (in fa
t,px2 � :00001 is not a real number if x2 < :00001.)Some distin
tive features of the graph are not apparent, be
ause of the s
ale thatMatlab 
hooses.(
) The value of jx7 � xj is relatively large for relatively small jxj. For example,27 � 2 = 126. Using the default domain it appears as though x7� x = 0 for x in[�1; 1℄, whi
h, of 
ourse, is not the 
ase. As in (b), some distin
tive features ofthe graph are not apparent, be
ause of the s
ale that Matlab 
hooses.(7) Matlab plots fun
tion by lo
ating points on the graph and 
onne
ting the points. Ifezplot is used, Matlab will 
hoose a default domain interval if one is not spe
i�ed.If the true graph os
illates too rapidly, the 
omputer may not �ll in enough pointsto give an a

urate representation. If the domain is not 
hosen properly, importantfeatures of the graph may be missed. Often, but not always, problems with plotting
an be alleviated by 
hoosing a di�erent domain interval.



3. Sample Solution for `Inde�nite Integrals'(1) (a) The 
ommand syms x de
lares x to be a symboli
 variable.(b) The 
ommand int(x^2) is used to �nd an antiderivative (inde�nite integral)for x2, namely, 13 x3. Note that Matlab omits \+C" from the answer.(
) The 
ommand diff(ans) is used to di�erentiate the previous answer. Theresult is x2.The derivative of an inde�nite integral of a fun
tion is the original fun
tion.(2) Using the 
ommand int we obtainZ x(x - 1)(x + 2) (x2 - 1)(x + 1) dx= 1(x - 1) - 136 ln(x - 1) - 29 ln(x + 2) + 14(x + 1) + 14 ln(x + 1)Note that Matlab uses log for the natural logarithm whi
h is denoted by ln inmost 
al
ulus textbooks.Using the 
ommand diff(ans) we obtain112(x - 1)2 - 136(x - 1) - 29(x + 2) - 14(x + 1)2 + 14(x + 1)The 
ommand simplify(ans) instru
ts Matlab to attempt to simplify theprevious answer. In this 
ase, we obtainx(x - 1)2(x + 2)(x + 1)2Sin
e x2 - 1 = (x + 1)(x - 1), this is easily seen to be equal to the original fun
tion.(3) (a) Matlab gives a long answer in terms of the (unknown) roots of a �fth degreepolynomial.(b) Matlab 
annot �nd an expli
it integral.(
) Matlab gives the answer in terms of another inde�nite integral whi
h is nosimpler.The fun
tion in #2 is a rational fun
tion for whi
h the denominator 
an easilybe written as the produ
t of linear fa
tors. There are well-known te
hniques forintegrating su
h a fun
tion.The fun
tion in #3(a) is also a rational fun
tion. However, there is no \formula"for fa
toring a general �fth degree polynomial into linear and irredu
ible quadrati
fa
tors. This a

ounts for the nature of the given solution.For the fun
tions in #3(b) and (
), none of the algorithmsMatlab uses to obtainexpli
it integrals are su

essful.It is a fundamental fa
t that not all elementary fun
tions have an antiderivativein terms of elementary fun
tions.
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