Chapter - 4

JOINT AND CONDITIONAL
PROBABILITY DISTRIBUTION



* |In most cases the outcomes of an
experiment may be characterized by more
than one random variables.

* And hence, If a given experiment
characterized by two random variables it is
called bivariate distributions.

* Where as three or more random variables,
for instance in the case where X may be
iIncome and Y the total expenditures of a
house hold and Z is a family size,.......

........................ It Is possible to observe a
different combinations of variables (X,Y,Z) and
this type of distribution is called multivariate
distribution.




Definition: If X and Y are discrete
random variables, the function given by
f(x, y) = P(X = X, Y = y) for each pair of
values (X, y) within the range of x and y Is
called the joint probability distribution of x

and vy.



Example 1: Assuming that if the variable x
denotes the sex of the person and the variable y
denotes whether the person is smoker or not.
Based on the above understanding if the
probability of male who is smoker is 50%,

probability of female who smoker is 20%,

probability of male who is non-smoker is 20%
and probability of female who is non - smoker is
10%. Then the joint probability distribution of x

. Joint distribjution of x and ¥

Walue of x
Values of v

X1 =male X1 — Female
% smoker .50 .20

Y 2= non — smoker .20 .10




Theorem: A bivanate function can serve on the joint probabilitv distnibution of a pair of discrete

random vanable, x and v < its values f(x, v), satisfv the conditions:

1) fix, v)= Ofor each pair of values (x, v). within its domain,

) T 2 fw)=L

Where the double summation extends over all possible pairs (x.v) within its domain.
Examples:

1) Check theorem based on problem one from the above example one.

Solution:

) ey 209 f(0,0)=05 £ =02 £, =02 (2,3, =01

1) Z Zf(ﬁ?)=1:="’f(3‘51=}'1}+f[3’f1=}':)+ f(f"ffh}'l)"'f@f:}':)

=05+02+02+0.1=1



Example 2: Determine the value of k for
which the function given by f(Xx, y) =
kly(y-x)], for x=0,1,2 &y =0,1,2 Can serve as
a joint probability distribution.

Solution:

* Substituting the various value of x, and
y, we get

f(0,0) = 0:;f(0,1) = k; f(0,2) = 4k, f( 1,0) =

0:f(1,1) = 0; f(1,2) = 2K ; f(2,2) =0,

f(2.0)= 0;f(2,1)=-k is not a probability

distribution since it violets the first

condition of theorem




3) Determine the value of K for each the
function given by f(x, y) =k(x + y), for
x=1, 2; y=1, 2.

Solution ff:;‘@(,}b)—-lgz%lﬁft +f3k(+]4k :%(}3+?+§-!ﬁ;) :flj(Zk 1)
=3k;f(2,25=4k 12

Definition 4.2 If X and Y are discrete random vanables the function given by:

Fx,y)=PX<xT £y)=) > fls.0) for-w<x<w-w<y<ow,

siredy)

Where {(s, t) 1s the value of the joint probability distnbution of x and v at (5, t), and 1s

Called the jont distnibution function or the joint commutative distnbution of x and v.



Examples:

1) If the wvalues of the joint probabilitv distribution of x and v are as shown in the table:

0 1 2
Y
0
1
2

%6 | 1256 | e
846 | He 0
14s |0 0

Solmtiom

i F (2.0) = f{0.0) +~ £f{1_ O + (2.0 = P(= 2_1 = O)
1,1 1 _ 7
& 3 12 12
i) FCl.1) = £(0_0) +£(0_.1) f{1_0) +f(1. 1) = P(=1_3 = 1)
& 2 12 & 32 23
-+ —+ —+ _— = = —
36 36 36 36 36 =
iii) F(3_ 43y =£f(0_0) + £f{0O_13 + £{0_2) + £{0_3) + £{0_4) +

+FCL1.0) + FC1_1) + £1_2) + £C1_3) + 1 _4)+
+F(2_0) +F(2_1) + £(2_2) + f(2_.33 + (2_4) +
+Ff(3_0) +F(3.1) + £f(3_.2) + £f(3.3) + (3_4) =

o
-5 ., 8, to+0+12,° i 0+04+04+— &
365 365 36 36 36 36

O+0+0+04+04+0+0+0+0 =
L = 1 12 [ =3 36

-+ -+ —+ -+ -+
36 36 365 365 36 36 36
INIIFE(C-2_1 = 0O, there is no value of x==—"0_ there fore P[0 »=({013] =0



Definition: A bivariate function with
values f(Xx, y), defined over the x y- plane,
IS called a joint probability density
function of the continuous random
variables (CRVe rl(x.y)e] = [ 4] f(x.»dxd:egion A
in the x y= plane.

Theorem 4.3 A bivariate function can
serve as a joint probability density

function of a pair of continuous random

variahles x and v if its valiles. f(x. v).
S 1y Fx. v) =0, for-— o <x <00, —00 < V=< OC

2) [~ [ fCra)exdy =1



Examples 1) If the joint probability density of x and v 1s given bv fix. v)

x
E[I-l-}'l foro<x<20<y<l,

—

0, elsewhere

ﬂﬂxﬂ%ﬁﬂyﬂh

-

Find P [(x. v) EA]. where A is the region {[;r; V)

Solution

P[(x. v) EA] P[ﬂ-::xc:émmc:l [[’”xﬂjaixm—

X +n}c:-ixm——[[ y ]:,aiL=

.h

[ :;— —1,;}.::.-1 _x_[ 1+ y)dy = %:x: [v+ %]5:

—

5
l:x: [1+ :}_l:x:g:x:ézi
5 9 2 5 9 2 B0

10



| Rx(x-y). for0<x<l-l<y<l
Example 1) Determine R, so that f(x, v) =
0 elsewhere

Solution:

1 ¢l 1l ;
1= [ [ Relx-pedy=R[ [ (s - pieivdy =

R S R T

=R, G-yl =R[, G-Ddb=
vy 11, .1 1. 2

=R(Z-)} = R(=-)-(-=-2)=ZR
R(S 4}\-1 (G757



Defmifion 4.4 If x and v are contmuous random vanables (CRVs), the function given by:

Fiy) =Py )= | Sl for-w<rem=ncy < wheed(s st

Value of the jomt probability distrbution at (5, t), 15 called the jomt distnbution function of x and v.
Example 1) Find the jomt probability density of the two random vamables x and v whose jomt
distnbution function is given by:
i v) { -p” } -g* \ for x> 0.and.y »0.).elsewhere, dlso usethe joint probability densiy to
\ \ )

determme P (1<x< 21 €01<y£)).

12



Solution

[ we have to find the prmutive (joint distnbution function of x and v) function. Hence

% Pl =;r—iﬂf(s=fldmi_=f(s ) ni—i{( Y- e'-"-‘n:afe*-%u—e*-‘)=

= Oxly? e e ¥ = O xlyle ™) But joint probability density P (l<x< 1< y£2)
t [gm B gty = P}e [—e =

= (E_:I:L: _E—:]:n.:}L‘ 3}':E?-I-:QEU - (E-l a E-E)[_E-J'.: ]1] :‘

=) ('eY)= (E—I_E—S) =gl )ete s



Marginal probability distribution

Definition: If x and y are discrete

random variables and f(x, y) is the value
of their joint probability distribution at *=/*”
y), the function given by g(x) =

for each x within the range of x is called
the marginal distribution of x. PIEGEES

Correspondingly, the function given by
h(y) = for each y within the range of

y Is called the marginal distribution of vy.



Definition: If Xx and y are continuous
random variables (CRVs) and f(x, y) is the
value of their joint probability density at (X,

Y), T s ir-2<xcal gIVEN DY
g(x)= Is called the marginal

den[ f:::ld:::ﬂ:f n<y<m
Correspondingly, the function given by

h(y)= fley)= (;r:+1]ﬁnr;r: 0123,y=012, fod

marginal d\...q.q iy,

Examples 1:The joint probability
distribution of X and Y is given by:

|. The marginal distribution of x.



Soluy o

i) The marginal distribution of =_

g(x) = Z: F( . vy, for == 0123
i EE

1 2 3
£(0) = £(0.0) + £(0.1) + FO.2) = O+ + —— — —
e(1) — £C1 .03 + FC1_ 13+ (1 2y — L 4+ = 4 > _ O
30 30 30 30
s(2) = FL2.0) + FC2 1)+ F(2. 2y = — 4+ > 4 =+ _ 2
30 30 30 30
=(3) — £(3.0) + F(3.1) + F(3.2) — — 4+ , = _ 12

1) The marginal distribution of v

hiv) =3 F(x 1):forv =012

h(0) = £(0.0) + £f{1.0) + £{2.0) + £f(3.0) = 0+ TR R

h(l) =fO0. 1)+ f1. D+ f2. D+ f3.1)= —+— +—+— =

h(2) = f0.2)+ £(1.2 + F2. D+ 3.2y = ~ + >+ + > _14
30 30 30 30 30




Here we can also illustrate in diagram (tabular) form as follows:

X 0 1 2 3 Marginal

v distribution
of ¥

’ ’ 1/3{ 0 ; 30 % 0 %El

1 %: 0 : 30 % 0 L1/?{[] > 30

: : 30 % 0 L}gﬂl ; 30 l%ﬂl

Marginal %El % ) %El 12 ; 1

distribution

of X




Example 2) Given the Jomt probability

denSIt)I %(Ex+}'lﬁ:r:ﬂ-ci:r:cil;[]-::}'-::l:amr
f(x, y)

Solution

0. elsewhere

1) The marginal densitv of x._

_ '- (42 + 21)

= aﬁ,_"[ (2% + V) =

) = [ (xadav =

D" 20+ 1 @]

= Z(2x+ 1;}=—[:4x+1}|
i1. The marginal densitv of .
= 172} L |
h(v) = [ fCeadax= [ Z2x+ax =1 [ Qx+dc=

P

[

+'L-I]:,——[[:I +'LI]:,=—[]_ + w(l))y — [D + v(0N] = —[:1+_:L-':I-

| b

-



Conditional Distribution and Independence

Definition: If f(x, y) is the value of the joint
probability distribution of the discrete random
variables x and y at (x, y) and h(y) is the value of
the marginal distribution of y at vy,

the function given b f(x.-',r}=f;i}:hmim for each of
X within the range of x, I1s callea tne conditional

distribution of x given Y=x

Correspondingly, if g(x) is the value of the marginal
distribution f(y, x) at x, the function given by

for each y within the range of y, is called the

conditional distribution of y given x=v
(/)=

.g(x) =0,

g(x)



Examples 1: Given the joint probability

distribuizg-1 f(Xx, y) =

andy = 1,2,3, find the conditiona

distribution of x giv«

|

36
Ys | Y %ﬁ hilil=§
| %ﬁ %ﬁ %ﬁ hi33=%

forx =1,2,3
=t
m D:f(ll) L T
M) AR+ 6D 1><1+’f><1+31 [E]
R I
2x]
[——]
oy S 36 _ 2
A R 1,.2,3 6
36 36 36
oo
_ JGI 36 31
3= = =—=—
Aty 1,23 62

36 36 36



Example 2) Suppose if a textile factory is
Interested to know the relation ship between
the work experience of employees (x) and
their grade (work level) in the factory (y) and
If these two bivariate random variables are
constructed as a joint probability distribution
denoted by f(X, y)

forx =0,1,2and y=0, 1,2 when the
individual employee is selected at random
there may be 9 possible outcomes. These are
shown in the table below as follows which
depicts the relation ship between work
experience of employees and their level of
work in a textile factory.



x= Number of work expenence of employees

y=emplovees work leve] (grade)

g(x) =marginal distnbution of x.

h(v) =margmal distribution of v.

F(x, v) =jomt probability distnibution of x and v

ate the margmal distnibution of x

ate the marginal distnbution of v

What is the probability that x = o given that v=17

\\x\\il 1 1 By)
g
| 144 011 | 003 | 068
1 0.11 006 |0 0.18
] R 0 L
gx) |09 |08 | 003 | Gy

1)  Caleu

1) Caleu

i)

v)

What 15 probability that v=1 given tat x =17

(Find the conditional distnbution of x =0 given v=17)



Solution:

i) gx)= > flxy) forx=0.12

2(0) = £(0.0) + £{0,1) + £{0.2) = 0.44 + 0.22 + 0.03 = 0.69
() =Ff1.0)+f1. )+ f(12)=022+006+0=028
2(2) = f2.0)+ f(2. 1)+ f(2.2)=0.03 + 0+ 0 =0.03

- g(x)=0.69, 028 003

i) h=Y f(xy). fory=012

hi=00+£1.00+£{2.00=044+ 022+ 003 =069
hil)={0.D+£f1.1)+£2.1)=022+006+0=028
hi2) =0+ 1.2+ £2.2)=003+0+0=0.03
S hiv) =069, 028, 0.03
And the joint probability distribution function or

Joint cumulative distribution of x and v=F(x, v) =1

0w =T — O v =f[[l1}=p[:r:=[l}'=1}= 0.22 =D_22
m) fx=0/y=D=p=0/y=1 h(1) plyv=1) 022+006+0 028
. T e i1 ey Sx=ly=D)  f(D) plx=Ly=1)
e P owsus S S e

0.06 _006_,,,

022+006+0 028



Definition: If f(Xx, y) is the value of the joint
density of the continuous random variables
(CRVs) X and Y at (x, y) and h(y) is the value of
the marginal density of y at y, the function

given by .’]‘M (v) 20, for—0 < x < 0y
f(X. h( } - N

Is called the conditional density of x given y=y,

* Correspondingly, if f(x) is the value of the
marginal density of x at x, the function given

by ; ;

th ) #0, for-0 < p< oy

| E(Ij I i

Is called the conditional density of y given x=x.



1
Z(Qx+y). for0ex<l<y<l
Example 1) given the jomt probability density f(x, y)=- 3( vty) ford<x<l<y<l

1

i.  Find the conditional density of y given X=x and use to evaluate

(. elsewhere

. Find the conditional density of x given v=y and use it evaluate p{xi NE

b | —
b |

[e—

1 ]
I=—V5-
I,

25



Solution
1. 1% find the marginal densitv of vat v

,,b’:"—[ flx. v)de= 2

2 2 Xa 1
Ixt+y)ax=—[2—+x], =
[ W 3 F} W :l

L A (v+1).

Lid | b2

-

e

Ix+y

then flx/v)= UACH) = 3,} . foro<x<l and f [:r: /y)=0 elsewhere =
;u-ﬂ} y+l

There fore, P[:r:*i —y :;] = 3(—1:r:+1}4:£}:

Loy _
=2 )+/} 20 +(0)°]=

11 [11 14x %

1}=1

23

(=+

h.:ln-—-

]
3




1. 1* find the marginal densitv of x at x

2 1V 1

e =" fee)dv= 2 (’fm)m JRo+—T=2 (:r:+)
)
) 3
then wiv/x) = — = for 0 <v <1 wiv/x) =0 elsewhere
g(x) :(F’I+l}
372
.1
["(;}_l_}'] “.|- 1 1 }qr:
== =Z (v +1). there fore, Ply< —/ x==]= [ Z(y+ 1)y
R)+4] 3 272
272
1
2 3 2 (/Y 1. 2 5 5
=—[—+m]§‘=—[ﬂ +o]=2xZ==
3 2 372 2 38 12



Independent random variables

Two or more random variables are independent
when all the marginal probability and the joint
probability of any group of them are unaffected
by values of any others.

Definition: If f(x,, X,... X)) is the value of the joint
probability distribution of the n discrete random
variables x,, X,, ..., X, at (X{, X, ..., X,), and

f.(x.) Is the value of the marginal distribution of x.
at x. fori=1, 2, ..., n, then the n random
variables are independent if and only if

f(Xy, X5, oy X)) = (X )E(X,). ....F (X)), for all (x;, X,,
..., X,) within their range. i.e., f(x;, X,, "'ﬁﬁ(rﬂ =



Definition: If f(x,, x,, ..., X,) Is the value of the
joint probability density of the n continuous

random variables x,, X,, ..., X, at (x;, X,, ..., X,),
and f.(x) is the value of the marginal
distribution of xi at x, for =1, 2, ..., n, then the

n random variables ﬂ dependent if and only
if f(x,, X,, ..., X)) =f, L JeD (X,). ... T (x) =

, for all (x;, X5, ..., X,) with in their range.
Examples:10 independent tosses of a

balanced coin, let xi be the number of Heads (0
or 1) obtained in the 10thtoss fori =1, 2... 10.

Find the joint probability distribution of these 10
random variables.



Solution: Since each of the random
variables xi, fori =1, 2,......... , 10 has the
probability distribution f.(x;) = %2, for x, =
0,1 {H, T} i.e., head and/or tail and the
10 random variables are independent,
their joint probability distribut -(se-1-"
by - 1 ogup
f(Xy, X5, vovy Xg0) = T1(X1).55(X5) .0 T 5(Xq0)

wherex. =0or 1, fori=1, 2, ..., 10



Exercise !

1) Suppose 1, x; and x; are three mdependent random vanables with the probability densities:

=1z

g .fS‘.’:E}:'

O ELsenErE

fi(x)= 1

2 om0

f) (Rl') = { Ee.’sﬂm’e

f-y, fory

fi(xs) :{

0 eiminere

Find their joint probability density, and use it to evaluate the probability P[x; + %< 1, x.21)

31



Expectations

> If X is discrete random variable and f(x) is the value
of its probabilitv distribution at x the expected
value of =*7¢%) =

> If X is a continuous random variable and f(x) is the
value of its prok=hility; density at x, the expected
value of x is E(1.x=/(ax

»If X and Y are discrete random variables and f(x, y)

is the value of their joint probability iq’rrihlll’rinn at
(X, y) the expected value of g(x, y) is 'ZE x.V).f (x.y),
E[g(xr ];J ' .

»If X and Y are continuous random variables and f(x,

y) is the value of their joint probability density at
(X, y), the expected value of g(x, y) iSE[ (I:}'}..f(:r::}'}dmj_:

E[g(x,* 55



Example 1: Suppose two balls are selected
at random form a sack of containing three
red balls, two black balls and fouryellow
balls. If X and Y are, respectively, the
numbers of red balls and black balls included
among the two balls drawn from the sack,
then the probabilities associated with all
possible pairs of values of X and Y are (0,0),
(0,1), (1,0), (1,1),(0,2), and (2,0),and the
number of ways in which two of the nine
balls can be selected is =36.Then calculate

the expected value of g(x, y)= x+v.
Solution: f(X=x, Y=y)



Solution

1* find the probability of f(x.v), e, f{0.0)= —; f(0.]) =

1 . —_ -
: fL0)=-;

e | e

1

12

L con=L. 1002
(L f02)= /20
), I

Ex ty)= Z i(ﬁ}'}.f(:r::}'} :(D:D}El+(EI+1}}=::+(EI+2}}=:—+
10 10 b . 36

] ] ]
1+ e=+(1+Dx=+1240)x—=111
(#0414 ( JH J



%[r—y bojor Dexel leye2
Example: 2) If the joint probability density of X and Y is given by f{x, v) = E clsewhere

Find the expected value of g(x, v) = i4
v

Solution: E(x/y*) = f [ xﬁf:‘}ﬁm
-1 =0 1+

1| 21dy 2 1 1 dy 1 tay

il 117 1.1
‘ﬁ[ 5?1 [E}_l
=__[__1)__[_—1)_ L1 3088 o3

45 8 20 4 45 E 20 E_IEEDD



Covariance and correlation

Let X and Y are two random variables with
mean E(X) and E(Y).
Their relation ship iIs measured by

covariance and correlation between them.
Covariance and variance are interrelated,

» Covariance of X and Y measures how
these variables change together,

»While correlation measures the direction
and closeness (association) of the linear

relationship (association) between
them.



Covariance

Let X and Y are two random variables with means
E(X) and E(Y). Then the covariance between the
two variables is defined as.

Cov(X,Y) = E[(X-E(X)) (Y-E(Y))
= E[Xxy - YE(X) - x E(y) +E(x) E(y)
=E(xy)-E(y)E(x ) E(X)E(y)+E
= E(xy) -2E(y)E(x)+E(y)E(X
= E(xy)- E(X)E(y)
Properties of covariance
1. var (x) = cov (X, X)
2. cov(x, y) = E(x) E(y) - E(x) E(y) =0, ifxand y are

independent
3. cov(a, + a, X, b, + byy) = a,b, cov(x, y)




If X and Y are discrete, the covariance is given bwv:

Cov (x.¥) = 3 3 (. — ECONy, —EQY)

= > > (. ¥ ) Fx,.v,) — E(x)E() = Elxy)— E(x)E(y). where.i and j

Are all Possible value of x and v subscripts respectivelw.

For a continuous case. we have:

Covxy = [ [ (x—ECONy —EQ))ebedy

= 7 [ s Caddedy— E(OEQ)

= = =

Example 1: For a discrete case, consider the following joint probability distribution function.

‘ 0 1 2 h(v)
Y
0 046 | 020 0.04 0.70
1 022 | 006 0 0.28
2 0.02 0 0 0.02
2(x) 0.70 | 0.26 0.04

Find cov (x.v)? Where g(x) and h(v) are the marginal probabilitv distribution functions.




Solution
Cov(x.y) = E(xy) ~E(x)E(y)
Let us 1°' compute E(x), E{v) and E (xv).

e

E(x)= Y x.f(x)= 0x0.70+1x 0.26+2x0.04 =0.34
o

-
e

E)= Y ».f(3)=0x0.70+70+1x0.28+2x0.02=0.32
o
Ey)=Y 3 (xx3)f(x)=0x0x046+0x1x0.22+0x2x0.02+
0 =D
+1x0=020+1x1=006+1x2=0+
12 0=004+2=1=0+2x2x0= 0068

There fore, cov (x.v) = E(xv) —E(x)E(v) = 0.06 — (0.34)(0.32) =- 0.0488



Correlation

The correlation between two variables may be
defined as the degree of relationship between
two variables.

If the number of variables is more than two then
we have multiple correlations.

The degree of relation ship between
in simple correlation, and it is expregf”=""

,where p- read as rho, stands for the populatlon
parameter, if the data for variables are obtained
form the sample, then the symbol for correlation
s “r" and o, and o, are standard deviation of x

and y respectively; - p,, Is the quantity of
coefficient correlation between the two variables.




The range of coefficient correlation is form negative
one up to positive one (i.e,—1 < py,, < 1) if the
coefficient of correlation is close to 1 thereis a strong
positive correlation and if it is close to -1, there is a
strong negative (inverse) correlation between
variables.

If cov (X, y) =0, then cov (y, x)=0 in this case the two
variables are said to be uncorrelated, which is that
variables are independent and their correlation is
Zero.

But zero correlation does not mean independence
because uncorrelated variables may be statistically
dependent in non- linear relationship.

There fore, in general of the correlation coefficient is
a measure of linear association between variables.



Conditional expectation

» If Xand Y are discrete random variable
v The conditional expectation (mean) of X
given Y=y is given by: E(X/Y=yY xfx/».fY) =

v The conditional expectation (m&aiiy ur Y

glven X = X IS given by: E(Y/yzlm 3 E(Y/X)

»If X and Y are a continuous random variable

¥ The conditional expectation (mean) of X
given Y=y is given by:u_[ﬂx-f(x-’}'}ﬂ*r /)=

v The conditional expectation (mean) of Y
given X = x is given E}'.f(l‘.-’x}aﬁ'.Y/X=X)=

42



Example: 1) Consider the following
probabilities given in the table bellow:

| X Solution:
0 1 ) ]
y ) E(y=D)= Y xf(x/y=))

0 | 0% | 00 | 0o PRV
={) x1(x=l/ =lly=a)rakflx=aly=a

N S Bl e )+ L =ty =42 fe=y =)
U}{UU” 1x( ’*}::U 0

S Bl M DRURD

Compute: BE(=0) =0x f(010) +1¢ £/ )42 (210
. / M I / /

2 Exy=)) :UKU.46+1K_U+_KU.U4:0.74:1.057

b. E(xy) =) 070 070 070 07

R O E(y=d)=0¢ FI0)+1x f(2 11+ 2x £/

U:==:004 1x( ’*:=<U
0.4 004 0.4

=(




2) If the joint probabilitv densitv of x and v is given bwv:

—{x+2y) forlax < D pal

fix v)= JL o
U ELEEWRsrE

. .. . 1
Find the conditional mean of x given v = 5
Soluiton
1) First calculate the marginal densitv of v_

Le h) =h() = [ fGen)de= [ 2 G+ 2)de =3 A+4).

i1) Find the conditional densitv of x given Y —=v

-
s FEF2Y o,
Hxiy) = ftx:}:}zﬁri = hI+4}= for O=mx<1
3
2x+4=— 5
iii. find f(x/2) = 2 _2x+2
- 1+ 4= —
2
v, finally, Ev/2) = [ SxGet Dare =3 [[ " ae+ et
. finally, B/ = |30 Dar =3 [ @t | x
7 a1 1 5 4 = =
37 3lc 20 3[3 2] 3 6 9

for O=y=<1.



Definition: If X is a discrete random variable
and f(x/y) is the value of the conditional
probability distribution of X given Y = y at x, the

conditional expectation of nf¥) aivenY =y |s:
E[g(ngx}fx y)

Correspondingly, iIf X is a continuous random
variable and f(x/y) is the value of the conditional
probability density of X given Y =y at x, the

conditional expectation of g{X) aiven Y = vy |s:
E[c-[ 2(x).f (x/ y)dx

* Similar expressions based on the conditional
probability distribution or density of Y given X
= X defined the conditional expectation of h(y)
given X = X.



Variance

1. For the discrete random vanables X and Y, the conditional vanance of

Xgiven Y =vyis defined as: var (X/Y-yv)=E{[X -E(X/] = VT =)

= LIX-EX/T =] f(x/3).
Similarlv, the conditional vanance of Y given X = x1s defined as:
Var(Y/X) = E{[Y-EFx)J* X =x]
= YT -EQ/ ] f(y/ %)

1. For continuous vanables, the conditional vanances are:

var XY)= [ [x=EGu/y)]" f(x/ p)d. and

var (YX)= | [y-EQ/ 01 S0/ Db,



Independence and Expectation

If Xand Y are independent, their
covariance is zero. I.e., If X and Y are

iIndependent, then E(XY)=E(X).E(Y), and
Example 1) If the jomnt probability distnibution of X and Y 1s given by:

f(1)= <. A1) =0.f-1) =

%_ (0.0) =0, £(01) =0
f1-)= . fL0)=0./1) =

Find the covanance of the two vanables.

£0.1)=



Solution: E(x)=(-1)x % +0x 1 +1x 1 =)

i 3
E@}_{I}HE-I-[]HD-HHI——I
3 i 3

E(xv)=(-1)-1)x é +0x(-1)x % +1(-1)x % +(-1)=0
0+0x0x0+1x0x0+
+(-1) (1):=<é+[:| % (1) 04+ [1}[1}:%%: I

0, = E(x) - B(x) E(y) =0 -0 [-%} =
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