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Preface

This is the second volume of a planned series of books of problems in

mathematical analysis� The book deals with real functions of one real

variable� except for Section ��� where functions in metric spaces are

discussed� Like the �rst volume� Problems in Mathematical Analysis

I� Real Numbers� Sequences and Series� the book is divided into two

parts� The �rst part is a collection of exercises and problems� and

the second contains their solutions� Although often various solutions

of a given problem are possible� we present here only one� Moreover�

problems are divided into sections according to the methods of their

solutions� For example� if a problem is in the section Convex Func�

tions it means that in its solution properties of convex functions are

used� While each section begins with relatively simple exercises� one

can still �nd quite challenging problems� some of which are actually

theorems� Although the book is intended mainly for mathematics

students� it covers material that can be incorporated by teachers into

their lectures or be used for seminar discussions� For example� follow�

ing Steven Roman �Amer� Math� Monthly� 	� ��
	��� pp� 	�
�	�
��

we present a proof of the well known Fa�a di Bruno formula for the nth

derivative of the composition of two functions� Applications of this

formula to real analytic functions given in Chapter � are mainly bor�

rowed from the book A Primer of Real Analytic Functions by Steven

G� Krantz and Harold R� Parks� In fact� we found this book so stimu�

lating that we could not resist borrowing a few theorems from it� We

xi

                

                                                                                                               



xii Preface

would like also to mention here a generalization of Tauber�s theorem

due to Hardy and Littlewood� The proof of this result that we give

is based on Karamata�s paper �Math� Zeitschrift� � ��
�	���

Many problems have been borrowed freely from problem sections

of journals like the American Mathematical Monthly� Mathematics

Today �Russian� and Delta �Polish�� and from many textbooks and

problem books� The complete list of books is given in the bibliog�

raphy� As in the �rst volume� it was beyond our scope to trace all

original sources� and we o�er our sincere apologies if we have over�

looked some contributions�

All the notations and de�nitions used in this volume are stan�

dard� However� in an e�ort to make the book consistent and to avoid

ambiguity� we have included a list of notations and de�nitions� In

making references we write� for example� ������ or I� ������� which

denotes the number of the problem in this volume or in Volume I�

respectively�

We owe much to many friends and colleagues with whom we have

had many fruitful discussions� Special mention should be made� how�

ever� of Tadeusz Kuczumow for suggestions of several problems and

solutions� and of Witold Rzymowski for making his manuscript ��	�

available to us� We are very grateful to Armen Grigoryan� Ma�lgorzata

Koter�M�orgowska� Stanis�law Prus and Jadwiga Zygmunt for drawing

the �gures and for their help with incorporating them into the text�

We are deeply indebted to Professor Richard J� Libera� University of

Delaware� for his unceasing help with the English translation and for

his valuable suggestions and corrections which we feel have greatly

improved both the form and the content of the two volumes� Fi�

nally� we would like to thank the sta� at the AMS for their dedicated

assistance �via e�mail� in bringing our work to fruition�

W� J� Kaczor� M� T� Nowak

                

                                                                                                               



Notation and
Terminology

This is a supplement to the notation and terminology of Problems in

Mathematical Analysis I� Real Numbers� Sequences and Series�

If �X� d� is a metric space� x � X and A is a nonempty subset of X�

then

� Ac � X nA is the complement of the set A�

� BX�x� r�� BX�x� r� denote the open and the closed ball cen�

tered at x and of radius r � �� respectively� If X is 	xed we

omit the index and simply write B�x� r� or B�x� r��

� A� is the interior of A in the metric space �X� d��

� A denotes the closure of A in the metric space�

� �A � A �X nA is the boundary of A�

� diam�A� � supfd�x� y� 
 x� y � Ag denotes the diameter of

the set A�

� dist �x�A� � inffd�x� y� 
 y � Ag denotes the distance be�

tween x and the set A�

� A is of type F� if it is a union of countably many sets which

are closed in �X� d��

� A is of type G� if it is an intersection of countably many sets

which are open in �X� d��

xiii

                

                                                                                                               



xiv Notation and Terminology

� X is said to be connected if there do not exist two nonempty

disjoint open subsets B and C of X such that X � B �C�

�

�A�x� �

�
� if x � A�

� if x � �X nA�

is the characteristic function of A�

� if A � X and if f is a function de	ned on X� then fjA denotes

the restriction of f to A�

If f and g are real functions of a real variable� then

� f�a�� and f�a�� denote the right�hand and the left�hand limit

of f at a� respectively�

� if the quotient f�x��g�x� tends to zero �or remains bounded�

as x� x�� then we write f�x� � o�g�x�� �or f�x� � O�g�x����

� C�A� � the set of all continuous functions on A�

� C�a� b� � the set of all continuous functions on an open interval

�a� b��

� f �n� � the nth derivative of f �

� Cn�a� b� � the set of all functions n times continuously di�er�

entiable on �a� b��

� f ���a�� f
�
��a� � the right� and the left�hand derivative of f at

a� respectively�

� C��
a� b�� denotes the set of all functions continuously di�eren�

tiable on 
a� b�� where at the endpoints the derivative is right�

or left�hand� respectively� The set Cn�
a� b�� of all functions

n times continuously di�erentiable on 
a� b� is de	ned induc�

tively�

� C��a� b�� C��
a� b�� � the set of functions in	nitely di�eren�

tiable on �a� b� and 
a� b�� respectively�
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Chapter �

Limits and Continuity

���� The Limit of a Function

We adopt the following de�nitions�

De�nition �� A real function f is said to be increasing �resp� strictly

increasing� decreasing� strictly decreasing� on a nonempty set A � R

if x� � x�� x�� x� � A� implies f�x�� � f�x�� �resp� f�x�� �

f�x��� f�x�� � f�x��� f�x�� � f�x���� A function which is either in�

creasing or decreasing �resp� strictly increasing or strictly decreasing�

is called monotone �resp� strictly monotone��

De�nition �� By a deleted neighborhood of a point a � R we mean

the set �a� �� a� �� n fag� where � � 	�

������ Find the limits or state that they do not exist�

lim
x��

x cos



x
� �b� lim

x��
x

�



x

�
��a�

lim
x��

x

a

�
b

x

�
� a� b � 	� �d� lim

x��

�x�

x
��c�

lim
x���

x
�p

x� � 
� �
p
x� � 


�
� �f� lim

x��

cos
�
�
� cosx

�
sin�sin x�

��e�




                                     

                

                                                                                                               



� Problems� �� Limits and Continuity

������ Assume that f � ��a� a� n f	g � R� Show that

�a� lim
x��

f�x� � l if and only if lim
x��

f�sinx� � l�

�b� if lim
x��

f�x� � l� then lim
x��

f�jxj� � l� Does the other impli�

cation hold�

������ Suppose a function f � ��a� a� n f	g � �	���� satis�es

lim
x��

�
f�x� � �

f�x�

�
� �� Show that lim

x��
f�x� � 
�

������ Assume f is de�ned on a deleted neighborhood of a and

lim
x�a

�
f�x� � �

jf�x�j

�
� 	� Determine lim

x�a
f�x��

����	� Prove that if f is a bounded function on �	� 
� satisfying

f�ax� � bf�x� for 	 � x � �
a
and a� b � 
� then lim

x���
f�x� � f�	��

����
� Calculate

lim
x��

�
x�
�

 � � � 
� � � ��

�



jxj
���

��a�

lim
x���

�
x

��



x

�
�

�
�

x

�
� � � ��

�
k

x

���
� k � N��b�

������ Compute lim
x��

�P �x�	
P ��x	� � where P �x� is a polynomial with positive

coe�cients�

������ Show by an example that the condition

�	� lim
x��

�f�x� � f��x�� � 	

does not imply that f has a limit at 	� Prove that if there exists a

function � such that in a deleted neighborhood of zero the inequal�

ity f�x� � ��x� is satis�ed and lim
x��

��x� � 	� then �	� implies

lim
x��

f�x� � 	�

����
�

�a� Give an example of a function f satisfying the condition

lim
x��

�f�x�f��x�� � 	

                

                                                                                                               



���� The Limit of a Function �

and such that lim
x��

f�x� does not exist�

�b� Show that if in a deleted neighborhood of zero the inequalities

f�x� � jxj�� �
� � � � 
� and f�x�f��x� � jxj hold� then

lim
x��

f�x� � 	�

������� Given a real �� assume that lim
x��

f�ax�
x�

� g�a� for each pos�

itive a� Show that there is c such that g�a� � ca��

������� Suppose that f � R � R is a monotonic function such that

lim
x��

f��x�
f�x� � 
� Show that also lim

x��

f�cx�
f�x� � 
 for each c � 	�

������� Prove that if a � 
 and � � R� then

�a� lim
x��

ax

x
� ��� �b� lim

x��

ax

x�
� ���

������� Show that if � � 	� then lim
x��

lnx
x�

� 	�

������� For a � 	� show that lim
x��

ax � 
� Use this equality to prove

the continuity of the exponential function�

�����	� Show that

lim
x��

�

 �




x

�x
� e� �b� lim

x���

�

 �




x

�x
� e��a�

lim
x��

�
 � x�
�
x � e��c�

�����
� Show that lim
x��

ln�
�x� � 	� Using this equality� deduce that

the logarithmic function is continuous on �	����

������� Determine the following limits�

lim
x��

ln�
 � x�

x
� �b� lim

x��

ax � 


x
� a � 	��a�

lim
x��

�
 � x�� � 


x
� � � R��c�

                

                                                                                                               



� Problems� �� Limits and Continuity

������� Find

lim
x��

�lnx�
�
x � �b� lim

x���
xsin x��a�

lim
x��

�cosx�
�

sin� x � �d� lim
x��

�ex � 
�
�
x ��c�

lim
x���

�sinx�
�

ln x ��e�

�����
� Find the following limits�

lim
x��

sin �x� � arctan
x� 
x�

ln�
 � 
x� sin� x� � xex
� �b� lim

x��

ln cosx

tanx�
��a�

lim
x���

p

� e�x �p


� cosxp
sinx

� �d� lim
x��

�
 � x��cotx��c�

������� Calculate

�a� lim
x��

�
tan

	x

�x� 


� �
x

� �b� lim
x��

x
�
ln
�

 �

x

�

�
� ln

x

�

�
�

������� Suppose that lim
x���

g�x� � 	 and that there are � � R and

positive m and M such that m � f�x�
x�

� M for positive x from

a neighborhood of zero� Show that if � lim
x���

g�x� lnx � 
� then

lim
x���

f�x�g�x� � e� � In the case where 
 �� or 
 � �� we assume

that e� �� and e�� � 	�

������� Assume that lim
x��

f�x� � 
 and lim
x��

g�x� ��� Show that if

lim
x��

g�x��f�x� � 
� � 
� then lim
x��

f�x�g�x� � e� �

������� Calculate

lim
x���

�
� sin

p
x�

p
x sin




x

�x

��a�

lim
x��

�

 � xe�

�

x� sin



x


�e �

x�

��b�

lim
x��

�

 � e�

�

x� arctan



x�
� xe�

�

x� sin



x


�e �

x�

��c�

                

                                                                                                               



���� The Limit of a Function �

������� Let f � �	����� R be a function such that each sequence

ff�a�n�g� a � 	� converges to zero� Does the limit lim
x��

f�x� exist�

�����	� Let f � �	���� � R be a function such that� for any

positive a� the sequence ff�an�g converges to zero� Does the limit

lim
x��

f�x� exist�

�����
� Let f � �	����� R be a function such that� for each a � 	

and each b � 	� the sequence ff�a� bn�g converges to zero� Does the
limit lim

x��
f�x� exist�

������� Prove that if lim
x��

f�x� � 	 and lim
x��

f��x��f�x�
x

� 	� then

lim
x��

f�x�
x

� 	�

������� Suppose that f de�ned on �a���� is bounded on each �nite

interval �a� b�� a � b� Prove that if lim
x���

�f�x�
�� f�x�� � l� then

also lim
x���

f�x�
x

� l�

�����
� Let f de�ned on �a���� be bounded below on each �nite

interval �a� b�� a � b� Show that if lim
x���

�f�x � 
� � f�x�� � ���

then also lim
x���

f�x�
x

� ���

������� Let f de�ned on �a���� be bounded on each �nite interval

�a� b�� a � b� If for a nonnegative integer k� lim
x���

f�x����f�x�
xk

exists�

then

lim
x���

f�x�

xk��
�




k � 

lim

x���

f�x� 
�� f�x�

xk
�

������� Let f de�ned on �a���� be bounded on each �nite interval

�a� b�� a � b� and assume that f�x� � c � 	 for x � �a����� Show

that if lim
x���

f�x���
f�x� exists� then lim

x���
�f�x��

�
x also exists and

lim
x���

�f�x��
�
x � lim

x���

f�x� 
�

f�x�
�

                

                                                                                                               



� Problems� �� Limits and Continuity

������� Assume that lim
x��

f
�	

�
x


��
�
� 	� Does this imply that the

limit lim
x��

f�x� exists�

������� Let f � R � R be such that� for any a � R� the sequence�
f
�
a
n

��
converges to zero� Does f have a limit at zero�

������� Prove that if lim
x��

f
�
x
�
�
x
� 	 �

x


��
� 	� then lim

x��
f�x� � 	�

�����	� Show that if f is monotonically increasing �decreasing� on

�a� b�� then for any x� � �a� b��

f�x�� � � lim
x�x�

�

f�x� � inf
x�x�

f�x�

�
f�x�� � � sup

x�x�

f�x�

�
��a�

f�x�� � � lim
x�x��

f�x� � sup
x�x�

f�x�

�
f�x�� � � inf

x�x�
f�x�

�
��b�

f�x�� � � f�x�� � f�x�� �
�
f�x�� � � f�x�� � f�x�� �

�
��c�

�����
� Show that if f is monotonically increasing on �a� b�� then for

any x� � �a� b��

lim
x�x��

f�x�� � f�x�� ���a�

lim
x�x��

f�x�� � f�x�� ���b�

������� Prove the following Cauchy theorem� In order that f have a

�nite limit when x tends to a� a necessary and su�cient condition is

that for every � � 	 there exists � � 	 such that jf�x� � f�x��j � �

whenever 	 � jx�aj � � and 	 � jx��aj � �� Formulate and prove an

analogous necessary and su�cient condition in order that lim
x��

f�x�

exist�

������� Show that if lim
x�a

f�x� � A and lim
y�A

g�y� � B� then

lim
x�a

g�f�x�� � B� provided �g 
 f��x� � g�f�x�� is well de�ned and

f does not attain A in a deleted neighborhood of a�

                

                                                                                                               



���� Properties of Continuous Functions �

�����
� Find functions f and g such that lim
x�a

f�x� � A and lim
y�A

g�y�

� B� but lim
x�a

g�f�x�� �� B�

������� Suppose f � R � R is an increasing function and x ��
f�x��x has the period 
� Denote by fn the nth iterate of f � that is�

f� � f and fn � f 
 fn�� for n � �� Prove that if lim
n��

fn���
n

exists�

then for every x � R� lim
n��

fn�x�
n

� lim
n��

fn���
n

�

������� Suppose f � R � R is an increasing function and x ��
f�x� � x has the period 
� Moreover� suppose that f�	� � 	 and p

is a �xed positive integer� Let fn denote the nth iterate of f � Prove

that if mp is the least positive integer such that fmp�	� � p� then

p

mp

� lim
n��

fn�	�

n
� lim

n��

fn�	�

n
� p

mp

�

 � f�	�

mp

�

������� Suppose f � R � R is an increasing function and x ��
f�x�� x has the period 
� Show that lim

n��

fn�x�
n

exists and its value

is the same for each x � R� where fn denotes the nth iterate of f �

���� Properties of Continuous Functions

������ Find all points of continuity of f de�ned by

f�x� �



	 if x irrational�

sin jxj if x is rational�

������ Determine the set of points of continuity of f given by

f�x� �



x� � 
 if x is irrational�

	 if x is rational�

������ Study the continuity of the following functions�

�a� f�x� �

���
��

	 if x is irrational or x � 	�


�q if x � p�q� p � Z� q � N� and

p� q are co�prime�

                

                                                                                                               




	 Problems� �� Limits and Continuity

�b� f�x� �

���
��
jxj if x is irrational or x � 	�

qx��q � 
� if x � p�q� p � Z� q � N� and

p� q are co�prime�

�The function de�ned in �a� is called the Riemann function��

������ Prove that if f � C��a� b��� then jf j � C��a� b��� Show by an

example that the converse is not true�

����	� Determine all an and bn for which the function de�ned by

f�x� �



an � sin	x if x � ��n� �n� 
�� n � Z�
bn � cos	x if x � ��n� 
� �n�� n � Z�

is continuous on R�

����
� Let f�x� � �x�� sin	x for x � R� Study the continuity of f �

������ Let

f�x� � �x� � �x� �x���x	 for x � 


�
�

Show that f is continuous and that it is strictly increasing on �
����

������ Study the continuity of the following functions and sketch

their graphs�

f�x� � lim
n��

nx � n�x

nx � n�x
� x � R��a�

f�x� � lim
n��

x�enx � x

enx � 

� x � R��b�

f�x� � lim
n��

ln�en � xn�

n
� x � 	��c�

f�x� � lim
n��

n

r
�n � x�n �




x�n
� x �� 	��d�

f�x� � lim
n��

�n
p
cos�n x� sin�n x� x � R��e�

����
� Show that if f � R � R is continuous and periodic� then it

attains its supremum and in�mum�

                

                                                                                                               



���� Properties of Continuous Functions 



������� For P �x� � x�n � a�n��x
�n�� � � � � � a�x � a�� show that

there is x� � R such that P �x�� � inffP �x� � x � Rg� Show also

that the absolute value of any polynomial P attains its in�mum� that

is� there is x� � R such that jP �x��j � inffjP �x�j � x � Rg�

�������

�a� Give an example of a bounded function on �	� 
� which achieves

neither an in�mum nor a supremum�

�b� Give an example of a bounded function on �	� 
� which does not

achieve its in�mum on any �a� b� � �	� 
�� a � b�

������� For f � R � R� x� � R and � � 	� set


f �x�� �� � supfjf�x�� f�x��j � x � R� jx� x�j � �g

and 
f �x�� � lim
����


f �x�� ��� Show that f is continuous at x� if and

only if 
f �x�� � 	�

�������

�a� Let f� g � C��a� b�� and for x � �a� b� let h�x� � minff�x�� g�x�g
and H�x� � maxff�x�� g�x�g� Show that h�H � C��a� b���

�b� Let f�� f�� f� � C��a� b�� and for x � �a� b� let f�x� denote that

one of the three values f��x�� f��x� and f��x� that lies between

the other two� Show that f � C��a� b���

������� Prove that if f � C��a� b��� then the functions de�ned by

setting

m�x� � infff��� � � � �a� x�g and M�x� � supff��� � � � �a� x�g

are also continuous on �a� b��

�����	� Let f be a bounded function on �a� b�� Show that the functions

de�ned by

m�x� � infff��� � � � �a� x�g and M�x� � supff��� � � � �a� x�g

are continuous from the left on �a� b��

                

                                                                                                               




� Problems� �� Limits and Continuity

�����
� Verify whether under the assumptions of the foregoing prob�

lem the functions

m��x��infff��� � � � �a� x�g and M��x��supff��� � � � �a� x�g
are continuous from the left on �a� b��

������� Suppose f is continuous on �a��� and lim
x��

f�x� is �nite�

Show that f is bounded on �a����

������� Let f be continuous on R and let fxng be a bounded se�

quence� Do the equalities

lim
n��

f�xn� � f� lim
n��

xn� and lim
n��

f�xn� � f� lim
n��

xn�

hold�

�����
� Let f � R � R be increasing and continuous and let fxng
be a bounded sequence� Show that

lim
n��

f�xn� � f� lim
n��

xn���a�

lim
n��

f�xn� � f� lim
n��

xn���b�

������� Let f � R � R be decreasing and continuous and let fxng
be a bounded sequence� Show that

lim
n��

f�xn� � f� lim
n��

xn���a�

lim
n��

f�xn� � f� lim
n��

xn���b�

������� Suppose that f is continuous on R� lim
x���

f�x� � �� and

lim
x��

f�x� � ��� De�ne g by setting

g�x� � supft � f�t� � xg for x � R�

�a� Prove that g is continuous from the left�

�b� Is g continuous�

                

                                                                                                               



���� Properties of Continuous Functions 



������� Let f � R � R be a continuous periodic function with two

incommensurate periods T� and T�� that is�
T�
T�

is irrational� Prove

that f is a constant function� Give an example of a nonconstant

periodic function with two incommensurate periods�

�������

�a� Show that if f � R � R is nonconstant� periodic and continuous�

then it has a smallest positive period� the so�called fundamental

period�

�b� Give an example of a nonconstant periodic function without a

fundamental period�

�c� Prove that if f � R � R is a periodic function without a funda�

mental period� then the set of all periods of f is dense in R�

�������

�a� Prove that the theorem in part �a� of the preceding problem re�

mains true when the continuity of f on R is replaced by the

continuity at one point�

�b� Show that if f � R � R is a periodic function without a funda�

mental period and if it is continuous at least at one point� then

it is constant�

�����	� Show that if f� g � R � R are continuous and periodic and

lim
x��

�f�x�� g�x�� � 	� then f � g�

�����
� Give an example of two periodic functions f and g such that

any period of f is not commensurate with any period of g and such

that f � g

�a� is not periodic�

�b� is periodic�

������� Let f� g � R � R be continuous and periodic with positive

fundamental periods T� and T�� respectively� Prove that if T�
T�

�� Q�

then h � f � g is not a periodic function�

                

                                                                                                               




� Problems� �� Limits and Continuity

������� Let f� g � R � R be periodic and suppose that f is continu�

ous and no period of g is commensurate with the fundamental period

of f � Prove that f � g is not a periodic function�

�����
� Prove that the set of points of discontinuity of a monotonic

function f � R � R is at most countable�

������� Suppose f is continuous on �	� 
�� Prove that

lim
n��




n

nX
k��

��
�kf
�
k

n

�
� 	�

������� Let f be continuous on �	� 
�� Prove that

lim
n��




�n

nX
k��

��
�k
�
n

k

�
f

�
k

n

�
� 	�

������� Suppose f � �	��� � R is a continuous function such that

f�x� � f�nx� for all positive x and natural n� Show that lim
x��

f�x�

exists ��nite or in�nite��

������� A function f de�ned on an interval I � R is said to be

convex on I if

f��x� � �
� ��x�� � �f�x�� � �
� ��f�x��

whenever x�� x� � I and � � �	� 
�� Prove that if f is convex on an

open interval� then it is continuous� Must a convex function on an

arbitrary interval be continuous�

������� Prove that if a sequence ffng of continuous functions on A

converges uniformly to f on A� then f is continuous on A�

���� Intermediate Value Property

Recall the following�

De�nition� A real function f has the intermediate value property on

an interval I containing �a� b� if f�a� � v � f�b� or f�b� � v � f�a��

                

                                                                                                               



���� Intermediate Value Property 
�

that is� if v is between f�a� and f�b�� there is between a and b a c

such that f�c� � v�

������ Give examples of functions which have the intermediate value

property on an interval I but are not continuous on this interval�

������ Prove that a strictly increasing function f � �a� b�� R which

has the intermediate value property is continuous on �a� b��

������ Let f � �	� 
�� �	� 
� be continuous� Show that f has a �xed

point in �	� 
�� that is� there exists x� � �	� 
� such that f�x�� � x��

������ Assume that f� g � �a� b� � R are continuous and such that

f�a� � g�a� and f�b� � g�b�� Prove that there exists x� � �a� b� for

which f�x�� � g�x���

����	� Let f � R � R be continuous and periodic with period T � 	�

Prove that there is x� such that

f

�
x� �

T

�

�
� f�x���

����
� A function f � �a� b� � R is continuous� Prove that� given

x�� x�� � � � � xn in �a� b�� there exists x� � �a� b� such that

f�x�� �



n
�f�x�� � f�x�� � � � �� f�xn�� �

������

�a� Prove that the equation �
 � x� cosx � sinx has at least one

solution in �	� 
��

�b� For a nonzero polynomial P� show that the equation jP �x�j � ex

has at least one solution�

������ For a� � b� � a� � b� � � � � � an � bn� show that all roots of

the polynomial

P �x� �

nY
k��

�x� ak� � �

nY
k��

�x � bk�� x � R�

are real�

                

                                                                                                               




� Problems� �� Limits and Continuity

����
� Suppose that f and g have the intermediate value property

on �a� b�� Must f � g possess the intermediate value property on that

interval�

������� Assume that f � C��	� ��� and f�	� � f���� Prove that there

exist x� and x� in �	� �� such that

x� � x� � 
 and f�x�� � f�x���

Give a geometric interpretation of this fact�

������� Let f � C��	� ���� Show that there are x� and x� in �	� ��

such that

x� � x� � 
 and f�x��� f�x�� �



�
�f���� f�	���

������� For n � N� let f � C��	� n�� be such that f�	� � f�n�� Prove

that there are x� and x� in �	� n� satisfying

x� � x� � 
 and f�x�� � f�x���

������� A continuous function f on �	� n�� n � N� satis�es f�	� �

f�n�� Show that for every k � f
� �� � � � � n � 
g there are xk and x�k
such that f�xk� � f�x�k�� where xk � x�k � k or xk � x�k � n� k� Is

it true that for every k � f
� �� � � � � n � 
g there are xk and x�k such

that f�xk� � f�x�k�� where xk � x�k � k�

������� For n � N� let f � C��	� n�� be such that f�	� � f�n�� Prove

that the equation f�x� � f�y� has at least n solutions with x�y � N�

�����	� Suppose that real continuous functions f and g de�ned on

R commute� that is� f�g�x�� � g�f�x�� for x � R� Prove that if the
equation f��x� � g��x� has a solution� then the equation f�x� � g�x�

also has �here f��x� � f�f�x�� and g��x� � g�g�x����

Show by example that the assumption of continuity of f and g in

the foregoing problem cannot be omitted�

�����
� Prove that a continuous injection f � R � R is either strictly

decreasing or strictly increasing�

                

                                                                                                               



���� Intermediate Value Property 
�

������� Assume that f � R � R is a continuous injection� Prove that

if there exists n such that the nth iteration of f is an identity� that

is� fn�x� � x for all x � R� then
�a� f�x� � x� x � R� if f is strictly increasing�

�b� f��x� � x� x � R� if f is strictly decreasing�

������� Assume f � R � R satis�es the condition f�f�x�� � f��x� �

�x� x � R� Show that f cannot be continuous�

�����
� Find all functions f � R � R which have the intermediate

value property and such that there is n � N for which fn�x� �

�x� x � R� where fn denotes the nth iteration of f �

������� Prove that if f � R � R has the intermediate value property

and f���fqg� is closed for every rational q� then f is continuous�

������� Assume that f � �a��� � R is continuous and bounded�

Prove that� given T � there exists a sequence fxng such that

lim
n��

xn � �� and lim
n��

�f�xn � T �� f�xn�� � 	�

������� Give an example of a continuous function f � R � R which

attains each of its values exactly three times� Does there exist a

continuous function f � R � R which attains each of its values

exactly two times�

������� Let f � �	� 
�� R be continuous and piecewise strictly mono�

tone� �A function f is said to be piecewise strictly monotone on

�	� 
�� if there exists a partition of �	� 
� into �nitely many subinter�

vals �ti��� ti�� where i � 
� �� � � � � n and 	 � t� � t� � � � � � tn � 
�

such that f is strictly monotone on each of these subintervals�� Prove

that f attains at least one of its values an odd number of times�

������� A continuous function f � �	� 
�� R attains each of its values

�nitely many times and f�	� �� f�
�� Show that f attains at least one

of its values an odd number of times�

                

                                                                                                               




� Problems� �� Limits and Continuity

�����	� Assume that f � K � K is continuous on a compact set

K � R� Moreover� assume that an x� � K is such that each limit

point of the sequence of iterates ffn�x��g is a �xed point of f � Prove

that ffn�x��g is convergent�

�����
� A function f � R � R is increasing� continuous� and such

that F de�ned by F �x� � f�x�� x is periodic with period 
� Prove

that if ��f� � lim
n��

fn���
n

� then there is x� � �	� 
� such that F �x�� �

��f�� Prove also that f has a �xed point in �	� 
� if and only if

��f� � 	� �See Problems 
�
��	 � 
�
�����

������� A function f � �	� 
� � R satis�es f�	� � 	 and f�
� � 	�

and there exists a function g continuous on �	� 
� and such that f � g

is decreasing� Prove that the equation f�x� � 	 has a solution in the

open interval �	� 
��

������� Show that every bijection f � R � �	��� has in�nitely many

points of discontinuity�

�����
� Recall that each x � �	� 
� can be represented by a binary

fraction �a�a�a� � � � � where ai � f	� 
g� i � 
� �� � � � � In the case where

x has two distinct binary expansions we choose the one with in�nitely

many digits equal to 
� Next let a function f � �	� 
� � �	� 
� be

de�ned by

f�x� � lim
n��




n

nX
i��

ai�

Prove that f is discontinuous at each x � �	� 
� but nevertheless it

has the intermediate value property�

���� Semicontinuous Functions

De�nition �� The extended real number system R consists of the

real number system to which two symbols� �� and ��� have been

adjoined� with the following properties�

�i� If x is real� then �� � x � ��� and x�� � ��� x�� �

�� and x
�� � x

�� � 	�

�ii� If x � 	� then x � ���� � ��� x � ���� � ���

                

                                                                                                               



���� Semicontinuous Functions 
�

�iii� If x � 	� then x � ���� � ��� x � ���� � ���

De�nition �� If A � R is a nonempty set� then supA �resp� infA�

is the smallest �resp� greatest� extended real number which is greater

�resp� smaller� than or equal to each element of A�

Let f be a real�valued function de�ned on a nonempty set A � R�

De�nition �� If x� is a limit point ofA� then the limit inferior �resp�

the limit superior� of f�x� as x� x� is de�ned as the in�mum �resp�

the supremum� of the set of all y � R such that there is a sequence

fxng of points in A which is convergent to x�� whose terms are all

di�erent from x� and y � lim
n��

f�xn�� The limit inferior and the limit

superior of f�x� as x � x� are denoted by lim
x�x�

f�x� and lim
x�x�

f�x��

respectively�

De�nition �� A real�valued function is said to be lower �resp� upper�

semicontinuous at an x� � A which is a limit point ofA if lim
x�x�

f�x� �
f�x�� �resp� lim

x�x�
f�x� � f�x���� If x� is an isolated point of A� then

we assume that f is lower and upper semicontinuous at that point�

������ Show that if x� is a limit point of A and f � A� R� then

lim
x�x�

f�x� � sup
���

infff�x� � x � A� 	 � jx� x�j � �g��a�

lim
x�x�

f�x� � inf
���

supff�x� � x � A� 	 � jx� x�j � �g��b�

������ Show that if x� is a limit point of A and f � A� R� then

lim
x�x�

f�x� � lim
����

infff�x� � x � A� 	 � jx� x�j � �g��a�

lim
x�x�

f�x� � lim
����

supff�x� � x � A� 	 � jx� x�j � �g��b�

                

                                                                                                               



�	 Problems� �� Limits and Continuity

������ Prove that y� � R is the limit inferior of f � A � R at a

limit point x� of A if and only if for every � � 	 the following two

conditions are satis�ed�

�i� there is � � 	 such that f�x� � y� � � for all x � A with

	 � jx� x�j � ��

�ii� for every � � 	 there is x� � A such that 	 � jx��x�j � � and

f�x�� � y� � ��

Establish an analogous statement for the limit superior of f at x��

������ Let f � A� R and let x� be a limit point of A� Prove that

�a� lim
x�x�

f�x� � �� if and only if for any real y and for any � � 	

there exists x� � A such that 	 � jx� � x�j � � and f�x�� � y�

�b� lim
x�x�

f�x� � �� if and only if for any real y and for any � � 	

there exists x� � A such that 	 � jx� � x�j � � and f�x�� � y�

����	� Suppose f � A � R and x� is a limit point of A� Show that

if l � lim
x�x�

f�x� �resp� L � lim
x�x�

f�x��� then there is a sequence

fxng� xn � A� xn �� x�� converging to x� such that l � lim
n��

f�xn�

�resp� L � lim
n��

f�xn���

����
� Let f � A� R and let x� be a limit point of A� Prove that

lim
x�x�

��f�x�� � � lim
x�x�

f�x� and lim
x�x�

��f�x�� � � lim
x�x�

f�x��

������ Let f � A � �	��� and let x� be a limit point of A� Show

that

lim
x�x�




f�x�
�




lim
x�x�

f�x�
and lim

x�x�




f�x�
�




lim
x�x�

f�x�
�

�We assume that �
�� � 	 and �

�� � ����

������ Assume that f� g � A � R and that x� is a limit point of A�

Prove that �excluding the indeterminate forms of the type ����

                

                                                                                                               



���� Semicontinuous Functions �


and ����� the following inequalities hold�

lim
x�x�

f�x�� lim
x�x�

g�x�� lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x�� lim
x�x�

g�x�

� lim
x�x�

�f�x� � g�x��� lim
x�x�

f�x� � lim
x�x�

g�x��

Give examples of functions for which �� � in the above inequalities

is replaced by �� ��

����
� Assume that f� g � A� �	��� and that x� is a limit point of

A� Prove that �excluding the indeterminate forms of the type 	�����

and ���� � 	� the following inequalities hold�

lim
x�x�

f�x� � lim
x�x�

g�x� � lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x�

� lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

Give examples of functions for which �� � in the above inequalities

is replaced by ����

������� Prove that if lim
x�x�

f�x� exists� then �excluding the indeter�

minate forms of the type ���� and �����

lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

Moreover� if f and g are nonnegative� then �excluding the indetermi�

nate forms of the type 	 � ���� and ���� � 	�
lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

������� Prove that if f is continuous on �a� b�� l � lim
x�a

f�x� and

L � lim
x�a

f�x�� then for every � � �l� L� there is a sequence fxng of

points in �a� b� converging to a and such that lim
n��

f�xn� � ��

                

                                                                                                               



�� Problems� �� Limits and Continuity

������� Find the points at which f � R � R de�ned by

f�x� �



	 if x is irrational�

sinx if x is rational

is semicontinuous�

������� Determine points at which the function f de�ned by

f�x� �



x� � 
 if x is irrational�

	 if x is rational

is semicontinuous�

������� Show that the function given by setting

f�x� �

���
��

	 if x is irrational or x � 	�
�
q

if x � p
q
� p � Z� q � N�

and p� q are co�prime

is upper semicontinuous�

�����	� Find the points at which the function de�ned by

�a� f�x� �

���
��
jxj if x is irrational or x � 	�
qx
q�� if x � p

q
� p � Z� q � N�

and p� q are co�prime�

�b� f�x� �

���
��

����qp
q�� if x � Q 
 �	� 
� and x � p

q
� p� q � N�

and p� q are co�prime�

	 if x � �	� 
� is irrational

is neither upper nor lower semicontinuous�

�����
� Let f� g � A � R be lower �resp� upper� semicontinuous at

x� � A� Show that

�a� if a � 	� then af is lower �resp� upper� semicontinuous at x�� If

a � 	� then af is upper �resp� lower� semicontinuous at x��

�b� f � g is lower �resp� upper� semicontinuous at x��

                

                                                                                                               



���� Semicontinuous Functions �


������� Assume that fn � A � R� n � N� are lower �resp� upper�

semicontinuous at x� � A� Show that sup
n�N

fn �resp� inf
n�N

fn� is lower

�resp� upper� semicontinuous at x��

������� Prove that a pointwise limit of an increasing �resp� decreas�

ing� sequence of lower �resp� upper� semicontinuous functions is lower

�resp� upper� semicontinuous�

�����
� For f � A� R and x a limit point of A de�ne the oscillation

of f at x by

of �x� � lim
����

supfjf�z�� f�u�j � z� u � A� jz � xj � �� ju� xj � �g

Show that of �x� � f��x�� f��x�� where

f��x� � maxff�x�� lim
z�x

f�z�g and f��x� � minff�x�� lim
z�x

f�z�g�

������� Let f�� f�� and of be as in the foregoing problem� Show that

f� and of are upper semicontinuous� and f� is lower semicontinuous�

������� Prove that in order that f � A � R be lower �resp� upper�

semicontinuous at x� � A� a necessary and su�cient condition is

that for every a � f�x�� �resp� a � f�x��� there is � � 	 such that

f�x� � a �resp� f�x� � a� whenever jx� x�j � �� x � A�

������� Prove that in order that f � A � R be lower �resp� upper�

semicontinuous on A� a necessary and su�cient condition is that for

every a � R the set fx � A � f�x� � ag �resp� fx � A � f�x� � ag�
be open in A�

������� Prove that f � R � R is lower semicontinuous if and only if

the set f�x� y� � R� � y � f�x�g is closed in R� �

Formulate and prove an analogous necessary and su�cient con�

dition for upper semicontinuity of f on R�

������� Prove the following theorem of Baire� Every lower �resp� up�

per� semicontinuous f � A� R is the pointwise limit of an increasing

�resp� decreasing� sequence of continuous functions on A�

                

                                                                                                               



�� Problems� �� Limits and Continuity

�����	� Prove that if f � A� R is upper semicontinuous� g � A� R

is lower semicontinuous and f�x� � g�x� everywhere on A� then there

is a continuous function h on A such that

f�x� � h�x� � g�x�� x � A�

���� Uniform Continuity

De�nition� A real function f de�ned on A � R is said to be uni�

formly continuous on A if� given � � 	� there exists � � 	 such that

for all x and y in A with jx� yj � � we have jf�x�� f�y�j � ��

��	��� Verify whether the following functions are uniformly continu�

ous on �	� 
� �

f�x� � ex� �b� f�x� � sin



x
��a�

f�x� � x sin



x
� �d� f�x� � e

�
x ��c�

f�x� � e�
�
x � �f� f�x� � ex cos




x
��e�

f�x� � lnx� �h� f�x� � cosx � cos 	
x
��g�

f�x� � cotx��i�

��	��� Which of the following functions are uniformly continuous on

�	����

f�x� �
p
x� �b� f�x� � x sinx��a�

f�x� � sin� x� �d� f�x� � sin�x����c�

f�x� � ex� �f� f�x� � esin�x
����e�

f�x� � sin�sinx�� �h� f�x� � sin�x sin x���g�

f�x� � sin
p
x��i�

��	��� Show that if f is uniformly continuous on �a� b�� a� b � R� then
lim
x�a�

f�x� and lim
x�b�

f�x� exist as �nite limits�

                

                                                                                                               



��	� Uniform Continuity ��

��	��� Suppose f and g are uniformly continuous on �a� b� ��a�����

Does this imply the uniform continuity on �a� b� ��a���� of the func�

tions

�a� f � g� �b� fg� �c� x �� f�x� sinx�

��	�	�

�a� Show that if f is uniformly continuous on �a� b� and on �b� c�� then

it is also uniformly continuous on �a� c��

�b� Suppose A and B are closed sets in R and let f � A � B � R

be uniformly continuous on A and on B� Must f be uniformly

continuous on A �B�

��	�
� Prove that any function continuous and periodic on R must

be uniformly continuous on R�

��	���

�a� Show that if f � R � R is continuous and such that lim
x���

f�x�

and lim
x��

f�x� are �nite� then f is uniformly continuous on R�

�b� Show that if f � �a���� R is continuous and lim
x��

f�x� is �nite�

then f is uniformly continuous on �a����

��	��� Examine the uniform continuity of

�a� f�x� � arctanx on �������

�b� f�x� � x sin �
x

on �	����

�c� f�x� � e�
�
x on �	����

��	�
� Assume that f is uniformly continuous on �	���� Must the

limits lim
x���

f�x� and lim
x��

f�x� exist�

��	���� Prove that any function which is bounded� monotonic and

continuous on an interval I � R is uniformly continuous on I�

��	���� Assume f is uniformly continuous and unbounded on �	����

Is it true that either lim
x��

f�x� � �� or lim
x��

f�x� � ���

                

                                                                                                               



�� Problems� �� Limits and Continuity

��	���� A function f � �	��� � R is uniformly continuous and for

any x � 	 the sequence ff�x � n�g converges to zero� Prove that

lim
x��

f�x� � 	�

��	���� Suppose that f � �
���� R is uniformly continuous� Prove

that there is a positive M such that jf�x�j
x

�M for x � 
�

��	���� Let f � �	��� � R be uniformly continuous� Prove that

there is a positive M with the following property�

sup
u��

fjf�x� u�� f�u�jg �M�x� 
� for every x � 	�

��	��	� Let f � A � R� A � R� be uniformly continuous� Prove

that if fxng is any Cauchy sequence of elements in A� then ff�xn�g
is also a Cauchy sequence�

��	��
� Suppose A � R is bounded� Prove that if f � A � R

transforms Cauchy sequences of elements ofA into Cauchy sequences�

then f is uniformly continuous on A� Is the boundedness of A an

essential assumption�

��	���� Prove that f is uniformly continuous on A � R if and only

if for any sequences fxng and fyng of elements of A�

lim
n��

�xn � yn� � 	 implies lim
n��

�f�xn�� f�yn�� � 	�

��	���� Suppose that f � �	��� � �	��� is uniformly continuous�

Does this imply that

lim
x��

f
�
x� �

x

�
f�x�

� 
�

��	��
� A function f � R � R is continuous at zero and satis�es the

following conditions

f�	� � 	 and f�x� � x�� � f�x�� � f�x�� for any x�� x� � R�
Prove that f is uniformly continuous on R�

                

                                                                                                               



��
� Functional Equations ��

��	���� For f � A� R� A � R� we de�ne


f ��� � supfjf�x��� f�x��j � x�� x� � A� jx� � x�j � �g
and call 
f the modulus of continuity of f� Show that f is uniformly

continuous on A if and only if lim
����


f ��� � 	�

��	���� Let f � R � R be uniformly continuous� Prove that the

following statements are equivalent�

�a� For any uniformly continuous function g � R � R� f � g is uni�

formly continuous on R�

�b� The function x �� jxjf�x� is uniformly continuous on R�

��	���� Prove that the following condition is necessary and su�cient

for f to be uniformly continuous on an interval I� Given � � 	� there

is N � 	 such that for every x�� x� � I� x� �� x������f�x��� f�x��

x� � x�

���� � N implies jf�x��� f�x��j � ��

���� Functional Equations

��
��� Prove that the only functions continuous on R and satisfying

the Cauchy functional equation

f�x� y� � f�x� � f�y�

are the linear functions of the form f�x� � ax�

��
��� Prove that if f � R � R satis�es the Cauchy functional equa�

tion

f�x� y� � f�x� � f�y�

and one of the conditions

�a� f is continuous at an x� � R�
�b� f is bounded above on some interval �a� b��

�c� f is monotonic on R�

then f�x� � ax�

                

                                                                                                               



�� Problems� �� Limits and Continuity

��
��� Determine all continuous functions f � R � R such that

f�
� � 	 and

f�x� y� � f�x�f�y��

��
��� Show that the only solutions of the functional equation

f�xy� � f�x� � f�y�

which are not identically zero and are continuous on �	��� are the

logarithmic functions�

��
�	� Show that the only solutions of the functional equation

f�xy� � f�x�f�y�

which are not identically zero and are continuous on �	��� are the

power functions of the form f�x� � xa�

��
�
� Find all continuous functions f � R � R such that f�x��f�y�

is rational for rational x� y�

��
��� For jqj � 
� �nd all functions f � R � R continuous at zero

and satisfying the functional equation

f�x� � f�qx� � 	�

��
��� Find all functions f � R � R continuous at zero and satisfying

the equation

f�x� � f

�
�



x

�
� x�

��
�
� Determine all solutions f � R � R of the functional equation

�f��x� � f�x� � x

which are continuous at zero�

��
���� Find all continuous functions f � R � R satisfying the

Jensen equation

f

�
x� y

�

�
�

f�x� � f�y�

�
�

                

                                                                                                               



��
� Functional Equations ��

��
���� Find all functions continuous on �a� b�� a� b � R� satisfying

the Jensen equation

f

�
x� y

�

�
�

f�x� � f�y�

�
�

��
���� Determine all solutions f � R � R of the functional equation

f��x� 
� � f�x�

which are continuous at �
�

��
���� For a real a� show that if f � R � R is a continuous solution

of the equation

f�x� y� � f�x� � f�y� � axy�

then f�x� � a
�x

� � bx� where b � f�
�� a
� �

��
���� Determine all continuous at zero solutions of the functional

equation

f�x� � f

�
x


� x

�
� x �� 
�

��
��	� Let f � �	� 
� � �	� 
� be continuous� monotonically decreas�

ing and such that f�f�x�� � x for x � �	� 
�� Is f�x� � 
� x the only

such function�

��
��
� Suppose that f and g satisfy the equation

f�x� y� � f�x� y� � �f�x�g�y�� x� y � R�
Show that if f is not identically zero and jf�x�j � 
 for x � R� then

also jg�x�j � 
 for x � R�

��
���� Find all continuous functions f � R � R satisfying the func�

tional equation

f�x� y� � f�x�ey � f�y�ex�

��
���� Determine all continuous at zero solutions f � R � R of

f�x� y�� f�x� y� � f�x�f�y��

                

                                                                                                               




	 Problems� �� Limits and Continuity

��
��
� Solve the functional equation

f�x� � f

�
x� 


x

�
� 
 � x for x �� 	� 
�

��
���� A sequence fxng converges in the Ces�aro sense if

C� lim
n��

xn � lim
n��

x� � x� � x� � � � �� xn
n

exists and is �nite� Find all functions which are Ces�aro continuous�

that is�

f�C� lim
n��

xn� � C� lim
n��

f�xn�

for every Ces�aro convergent sequence fxng�

��
���� Let f � �	� 
�� �	� 
� be an injection such that f��x�f�x�� �
x for x � �	� 
�� Prove that f�x� � x� x � �	� 
��

��
���� Form di�erent from zero� prove that if a continuous function

f � R � R satis�es the equation

f

�
�x� f�x�

m

�
� mx�

then f�x� � m�x� c��

��
���� Show that the only solutions of the functional equation

f�x� y� � f�y � x� � �f�x�f�y�

continuous on R and not identically zero are f�x� � cos�ax� and

f�x� � cosh�ax� with a real�

��
���� Determine all continuous on ��
� 
� solutions of

f

�
x� y


 � xy

�
� f�x� � f�y��

��
��	� Find all polynomials P such that

P ��x� x�� � �P �x����

                

                                                                                                               



��
� Functional Equations 



��
��
� Let m�n � � be integers� Find all functions f � �	��� � R

continuous at at least one point in �	��� and such that

f

�



n

nX
i��

xmi

�
�




n

nX
i��

�f�xi��
m for xi � 	� i � 
� �� � � � � n�

��
���� Find all not identically zero functions f � R � R satisfying

the equations

f�xy� � f�x�f�y� and f�x� z� � f�x� � f�z�

with some z �� 	�

��
���� Find all functions f � R n f	g � R such that

f�x� � �f
�



x

�
� x �� 	�

��
��
� Find all solutions f � R n f	g � R of the functional equation

f�x� � f�x�� � f

�



x

�
� f

�



x�

�
� x �� 	�

��
���� Prove that the functions f� g� � � R � R satisfy the equation

f�x�� g�y�

x� y
� �

�
x� y

�

�
� y �� x�

if and only if there exist a� b and c such that

f�x� � g�x� � ax� � bx� c� ��x� � �ax� b�

��
���� Prove that there is a function f � R � Q satisfying the

following three conditions�

�a� f�x� y� � f�x� � f�y� for x� y � R�
�b� f�x� � x for x � Q�
�c� f is not continuous on R�

                

                                                                                                               




� Problems� �� Limits and Continuity

���� Continuous Functions in Metric Spaces

In this section X and Y will stand for metric spaces �X� d�� and

�Y� d��� respectively� To shorten notation we say that X is a metric

space instead of saying that �X� d�� is a metric space� If not stated

otherwise� R and Rn are always assumed to be equipped with the

Euclidean metric�

������ Let �X� d�� and �Y� d�� be metric spaces and let f � X � Y�

Prove that the following conditions are equivalent�

�a� The function f is continuous�

�b� For each closed set F � Y the set f���F� is closed in X�

�c� For each open set G � Y the set f���G� is open in X�

�d� For each subset A of X� f�A� � f�A��

�e� For each subset B of Y� f���B� � f���B��

������ Let �X� d�� and �Y� d�� be metric spaces and let f � X � Y

be continuous� Prove that the inverse image f���B� of a Borel set B

in �Y� d�� is a Borel set in �X� d���

������ Give an example of a continuous function f � X � Y such

that the image f�F� �resp� f�G�� is not closed �resp� open� in Y for

a closed F �resp� open G� in X�

������ Let �X� d�� and �Y� d�� be metric spaces and let f � X � Y

be continuous� Prove that the image of each compact set F in X is

compact in Y�

����	� Let f be de�ned on the union of closed sets F��F�� � � � �Fm�

Prove that if the restriction of f to each Fi� i � 
� �� � � � �m� is con�

tinuous� then f is continuous on F� � F� � � � � � Fm�

Show by example that the statement does not hold in the case of

in�nitely many sets Fi�

����
� Let f be de�ned on the union of open sets Gt� t � T� Prove

that if for each t � T the restriction fjGt
is continuous� then f is

continuous on
S
t�T

Gt�

                

                                                                                                               



���� Continuous Functions in Metric Spaces 



������ Let �X� d�� and �Y� d�� be metric spaces� Prove that f � X�
Y is continuous if and only if for each compact A in X the function

fjA is continuous�

������ Assume that f is a continuous bijection of a compact metric

space X onto a metric space Y� Prove that the inverse function f��

is continuous on Y� Prove also that compactness cannot be omitted

from the hypotheses�

����
� Let f be a continuous mapping of a compact metric space X

into a metric space Y� Show that f is uniformly continuous on X�

������� Let �X� d� be a metric space and let A be a nonempty subset

of X� Prove that the function f � X� �	��� de�ned by

f�x� � dist�x�A� � inffd�x� y� � y � Ag
is uniformly continuous on X�

������� Assume that f is a continuous mapping of a connected metric

space X into a metric space Y� Show that f�X� is connected in Y�

������� Let f � A� Y� � �� A � X� For x � A de�ne

of �x� �� � diam�f�A 
B�x� �����
The oscillation of f at x is de�ned as

of �x� � lim
����

of �x� ���

Prove that f is continuous at x� � A if and only if of �x�� � 	

�compare with 
���
� and 
����	��

������� Let f � A � Y� � �� A � X and for x � A let of �x� be the

oscillation of f at x de�ned in the foregoing problem� Prove that for

each � � 	 the set fx � A � of �x� � �g is closed in X�

������� Show that the set of points of continuity of f � X � Y is

a countable intersection of open sets� that is� a G� in �X� d��� Show

also that the set of points of discontinuity of f is a countable union

of closed sets� that is� an F	 in �X� d���

                

                                                                                                               




� Problems� �� Limits and Continuity

�����	� Give an example of a function f � R � R whose set of points

of discontinuity is Q�

�����
� Prove that every F	 subset of R is the set of points of dis�

continuity for some f � R � R�

������� Let A be an F	 subset of a metric space X� Must there exist

a function f � X� R whose set of points of discontinuity is A�

������� Let �A be the characteristic function of A � X� Show that

fx � X � o
A�x� � 	g � �A� where of �x� is the oscillation of f at x

de�ned in 
���
�� Conclude that �A is continuous on X if and only

if A is both open and closed in X�

�����
� Assume that g� and g� are continuous mappings of a metric

space �X� d�� into a metric space �Y� d��� and that a set A with a

void interior is dense in X� Prove that if

f�x� �



g��x� for x � A�

g��x� for x � X nA�

then

of �x� � d��g��x�� g��x��� x � X�

where of �x� is the oscillation of f at x de�ned in 
���
��

������� We say that a real function f de�ned on a metric space X

is in the �rst Baire class if f is a pointwise limit of a sequence of

continuous functions on X� Prove that if f is in the �rst Baire class�

then the set of points of discontinuity of f is a set of the �rst category�

that is� it is the union of countably many nowhere dense sets�

������� Prove that if X is a complete metric space and f is in the

�rst Baire class on X� then the set of points of continuity of f is dense

in X�

������� Let f � �	��� � R be continuous and such that� for each

positive x� the sequence
�
f
�
x
n

��
converges to zero� Does this imply

that lim
x���

f�x� � 	 � �Compare with 
�
�

��

                

                                                                                                               



���� Continuous Functions in Metric Spaces 
�

������� Let F denote a family of real functions continuous on a com�

plete metric space X such that for every x � X there is Mx such that

jf�x�j �Mx for all f � F �
Prove that there exist a positive constant M and a nonempty open

set G � X such that

jf�x�j �M for every f � F and every x � G�

������� Let F� � F� � F� � � � � be a nested collection of nonempty

closed subsets of a complete metric spaceX such that lim
n��

diamFn �

	� Prove that if f is continuous on X� then

f

�
��
n��

Fn

�
�

��
n��

f�Fn��

�����	� Let �X� d�� be a metric space and p a �xed point in X� For

u � X de�ne the function fu by fu�x� � d��u� x� � d��p� x�� x � X�

Prove that u �� fu is a distance preserving mapping� that is� an

isometry of �X� d�� into the space C�X�R� of real functions continuous

on X endowed with the metric d�f� g� � supfjf�x�� g�x�j � x � Xg�
�����
� Prove that a metric space X is compact if and only if every

continuous function f � X� R is bounded�

������� Let �X� d�� be a metric space and for x � X de�ne ��x� �

dist�x�X n fxg�� Prove that the following two conditions are equiva�

lent�

�a� Each continuous function f � X� R is uniformly continuous�

�b� Every sequence fxng of elements in X such that

lim
n��

��xn� � 	

contains a convergent subsequence�

������� Show that a metric space X is compact if and only if every

real function continuous on X is uniformly continuous and for every

� � 	 the set fx � X � ��x� � �g� where � is de�ned in 
������ is

�nite�

                

                                                                                                               




� Problems� �� Limits and Continuity

�����
� Give an example of a noncompact metric space X such that

every continuous f � X� R is uniformly continuous on X�

                

                                                                                                               



Chapter �

Di�erentiation

���� The Derivative of a Real Function

������ Find the derivatives �if they exist� of the following functions�

f�x� � xjxj� x � R��a�

f�x� �
p
jxj� x � R��b�

f�x� � �x� sin���x�� x � R��c�

f�x� � �x� �x�� sin���x�� x � R��d�

f�x� � ln jxj� x � R n f�g��e�

f�x� � arccos
	

jxj � jxj � 	��f�

������ Find the derivatives of the following functions�

f�x� � logx 
� x � �� x �� 	��a�

f�x� � logx cosx� x �
�
��
�




�
n f	g��b�

������ Study di�erentiability of the following functions�

�a� f�x� �

�
arctanx if jxj � 	�
�
� sgnx�

x��
� if jxj � 	�


�

                                     

                

                                                                                                               




� Problems� �� Di�erentation

�b� f�x� �

�
x�e�x

�

if jxj � 	�
�
e

if jxj � 	�

�c� f�x� �

�
arctan �

jxj if x �� ��
�
� if x � ��

������ Show that the function given by

f�x� �

�
x�
��cos �

x

�� if x �� ��

� if x � �

is not di�erentiable at xn � �
�n�� � n � Z� but is di�erentiable at zero�

which is a limit point of fxn� n � Zg�

������ Determine the constants a� b� c and d so that f is di�erentiable

on R�

�a� f�x� �

���
�	

�x if x � ��

ax� � bx� c if � � x � 	�


� 
x if x � 	�

�b� f�x� �

���
�	

ax� b if x � ��

cx� � dx if � � x � 	�

	� �
x

if x � 	�

�c� f�x� �

���
�	

ax� b if x � 	�

ax� � c if 	 � x � 
�
dx���

x
if x � 
�

����	� Find the following sums�

nX
k��

kekx� x � R��a�

�nX
k��

��	�k



n

k

�
kn� n � 	��b�

nX
k��

k cos�kx�� x � R��c�

                

                                                                                                               



���� The Derivative of a Real Function 
�

����
� Prove that if ja� sinx�a� sin 
x� � � ��an sinnxj � j sinxj for
x � R� then ja� � 
a� � � � �� nanj � 	�

������ Assume that f and g are di�erentiable at a� Find

�a� lim
x�a

xf�a�� af�x�

x� a
� �b� lim

x�a

f�x�g�a�� f�a�g�x�

x� a
�

������ Suppose that f�a� � � and that f is di�erentiable at a� De�

termine the limits

�a� lim
n��

�
f


a� �

n

�
f�a�

� �
n

� b� lim
x�a



f�x�

f�a�

� �
ln x�ln a

� a � ��

�����
� Let f be di�erentiable at a� Find the following limits�

�a� lim
x�a

anf�x�� xnf�a�

x� a
� n � N�

�b� lim
x�a

f�x�ex � f�a�

f�x� cosx� f�a�
� a � �� f ���� �� ��

�c� lim
n��

n



f
�
a�

	

n

�
�f
�
a�




n

�
�� � ��f

�
a�

k

n

�
�kf�a�

�
� k � N�

�d� lim
n��



f
�
a�

	

n�

�
� f
�
a�




n�

�
� � � �� f

�
a�

n

n�

�
� nf�a�

�
�

������� For a � � and m� k � N� calculate

lim
n��



�n� 	�m � �n� 
�m � � � �� �n� k�m

nm��
� kn

�
��a�

lim
n��



a� �

n

�n 

a� �

n

�n � � � 
a� k
n

�n
ank

��b�

lim
n��


�
	 �

a

n�

�

	 �


a

n�

�
� � �
�
	 �

na

n�

��
��c�

                

                                                                                                               



�� Problems� �� Di�erentation

������� Assume that f��� � � and that f is di�erentiable at zero�

For a positive integer k �nd

lim
x��

	

x

�
f�x� � f

�x



�
� f

�x



�
� � � �� f

�x
k

��
�

������� Let f be di�erentiable at a and let fxng and fzng be two

sequences converging to a and such that xn �� a� zn �� a� xn �� zn for

n � N� Give an example of f for which

lim
n��

f�xn�� f�zn�

xn � zn

�a� is equal to f ��a��

�b� does not exist or exists but is di�erent from f ��a��

������� Let f be di�erentiable at a and let fxng and fzng be two

sequences converging to a and such that xn � a � zn for n � N�

Prove that

lim
n��

f�xn�� f�zn�

xn � zn
� f ��a��

�������

�a� Show that f de�ned on ��� 
� by setting

f�x� �

�
x� for rational x � ��� 
��


x� 	 for irrational x � ��� 
�

is di�erentiable only at x � 	 and that f ��	� �� �� Is the inverse

function di�erentiable at 	 � y � f�	��

�b� Let

A � fy � ��� 
� � y � Q� py �� Qg�
B � fx � x �

	



�y � ��� y � Ag�

De�ne f by setting

f�x� �

���
�	

x� for rational x � ��� 
��


x� 	 for irrational x � ��� 
��


x� � for x � B�

                

                                                                                                               



���� The Derivative of a Real Function �	

Show that the interval ��� 
� is contained in the range of f � and

that the inverse function is not di�erentiable at 	�

�����	� Consider the function f de�ned on R as follows�

f�x� �

�
� if x is irrational or x � ��

aq if x � p
q
� p � Z� q � N� and p� q are co�prime�

where the sequence faqg is such that lim
n��

nkan � � for some integer

k � 
� Prove that f is di�erentiable at each irrational which is alge�

braic of degree at most k �that is� at each algebraic surd of degree at

most k��

�����
� Let P be a polynomial of degree n with n di�erent real roots

x�� x�� � � � � xn and let Q be a polynomial of degree at most n�	� Show

that

Q�x�

P �x�
�

nX
k��

Q�xk�

P ��xk��x � xk�

for x � R n fx�� x�� � � � � xng and �nd the sum
nP

k��

�
P ��xk�

� n � 
�

������� Using the result of the foregoing problem� establish the fol�

lowing equalities�

nX
k��



n

k

�
��	�k
x� k

�
n�

x�x� 	��x� 
� � � � �x� n�

�a�

for x � R n f�n���n� 	�� � � � ��	� �g�

nX
k��



n

k

�
��	�k
x� 
k

�
n�
n

x�x� 
��x� �� � � � �x� 
n�

�b�

for x � R n f�
n��
�n� 	�� � � � ��
� �g�

������� Let f be di�erentiable on R� Describe the points of di�eren�

tiability of jf j�

                

                                                                                                               



�
 Problems� �� Di�erentation

�����
� Assume that f�� f�� � � � � fn are de�ned in some neighborhood

of x� are di�erent from zero at x� and are di�erentiable at x� Prove

that 

nQ

k��

fk

��
nQ

k��

fk

�x� �

nX
k��

f �k�x�
fk�x�

�

������� Assume that functions f�� f�� � � � � fn � g�� g�� � � � � gn are de�

�ned in some neighborhood of x� are di�erent from zero at x� and are

di�erentiable at x� Prove that�
nY

k��

fk
gk

��
�x� �

nY
k��

fk
gk

�x�

nX
k��



f �k�x�
fk�x�

� g�k�x�
gk�x�

�
�

������� Study the di�erentiability of f and jf j when

�a� f�x� �

�
x if x � Q�
sinx if x � R n Q�

�b� f�x� �

�
x� 	

�k if x � Q � � �
�k�� �

�
�k��

�
� k � 
�

sin


x� 	

�k

�
if x � �R n Q� � � �

�k�� �
�

�k��

�
� k � 
�

������� Show that if the one�sided derivatives f ���x�� and f ���x��
exist� then f is continuous at x��

������� Prove that if f � �a� b� 	 R assumes its largest value at

c � �a� b�� that is� f�c� � maxff�x� � x � �a� b�g� and there exist

one�sided derivatives f ���c� and f ���c�� then f ���c� � � and f ���c� �
�� Establish the analogous necessary condition that f assumes its

smallest value�

������� Prove that if f � C��a� b��� f�a� � f�b�� and f �� exists on

�a� b�� then

infff ���x� � x � �a� b�g � � � supff ���x� � x � �a� b�g�

                

                                                                                                               



���� The Derivative of a Real Function �


�����	� Prove that if f � C��a� b�� and f �� exists on �a� b�� then

infff ���x� � x � �a� b�g � f�b�� f�a�

b� a
� supff ���x� � x � �a� b�g�

�����
� Prove that if f �� exists and is continuous on �a� b�� then f is

di�erentiable on �a� b� and f ��x� � f ���x� for x � �a� b��

������� Does there exist a function f � �	� 
�	 R such that f ���x� �
x and f ���x� � 
x for x � �	� 
��

������� Let f be di�erentiable on �a� b� and such that

f�a� � f�b� � ���i�

f ��a� � f ���a� � �� f ��b� � f ���b� � ���ii�

Prove that there is c � �a� b� such that f�c� � � and f ��c� � ��

�����
� Show that f�x� � arctanx satis�es the equation

�	 � x��f �n��x� � 
�n� 	�xf �n����x� � �n� 
��n� 	�f �n����x� � �

for x � R and n � 
� Show also that for m � ��

f ��m���� � �� f ��m������ � ��	�m�
m���

������� Show that

�a� �ex sinx��n� � 

n
� ex sin

�
x� n

�

�

�
� x � R� n � 	�

�b� �xn lnx��n� � n�
�
lnx� 	 �

	



� � � �� 	

n

�
� x � �� n � 	�

�c�
� lnx

x

��n�
���	�nn�x�n��

�
lnx� 	� 	



� � � � � 	

n

�
� x � �� n � 	�

�d�
�
xn��e

�
x

��n�
� ��	�n e

�
x

xn��
� x �� �� n � 	�

                

                                                                                                               



�� Problems� �� Di�erentation

������� Prove the following identities�

�a�
nX

k��



n

k

�
sin
�
x� k

�




�
� 


n
� sin

�
x� n

�

�

�
� x � R� n � 	�

�b�
nX

k��

��	�k�� 	

k



n

k

�
� 	 �

	



� � � �� 	

n
� n � 	�

������� Let f�x� �
p
x� � 	 for x � 	� Show that f �n��x� � � if n is

odd� and f �n��x� � � if n is positive and even�

������� For f�n�x� � ln�	 � x�n�� n � N� show that f
��n�
�n ��	� � ��

������� For a polynomial P of degree n� prove that

nX
k��

P �k����

�k � 	��
xk�� �

nX
k��

��	�k P
�k��x�

�k � 	��
xk���

�����	� Let ��� ��� � � � � �n be such that �k� � �k� � � � � � �kn � � for

any k � N� Then f given by

f�x� �
	

�	� ��x��	� ��x� � � � �	� �nx�

is well de�ned in some neighborhood of zero� Show that for k � N�

f �k���� � �

�����
� Let f be n times di�erentiable on ���
�� Prove that for

positive x�

	

xn��
f �n�



	

x

�
� ��	�n



xn��f



	

x

���n�

�

������� Let I�J be open intervals and let f � J 	 R� g � I 	 J
be in�nitely di�erentiable on J and I� respectively� Prove the Fa�a di
Bruno formula for the nth derivative of h � f � g�

h�n��t� �
X n�

k��k�� � � � kn�
f�k��g�t��

� g����t�
��

�k��g����t�
��

�k�
� � �

�g�n��t�
n�

�kn
�

where k � k� � k� � � � �� kn and summation is over all k�� k�� � � � � kn
such that k� � 
k� � � � �� nkn � n�

                

                                                                                                               



���� Mean Value Theorems ��

������� Show that the functions

�a� f�x� �

�
e�

�
x� if x �� ��

� if x � ��

�b� g�x� �

�
e�

�
x if x � ��

� if x � ��

�c� h�x� �

�
e�

�
x�a�

�
x�b if x � �a� b��

� if x �� �a� b��

are in C��R��

�����
� Let f be di�erentiable on �a� b� and such that for x � �a� b�

we have f ��x� � g�f�x��� where g � C��R�� Prove that f � C��a� b��

������� Assume that f is twice di�erentiable on �a� b� and that for

some real �� 	� 
 such that �� � 	� � ��

�f ���x� � 	f ��x� � 
f�x� � �� x � �a� b��

Prove that f � C���a� b���

���� Mean Value Theorems

������ Prove that if f is continuous on a closed interval �a� b�� di�er�

entiable on the open interval �a� b�� and if f�a� � f�b� � �� then for

a real � there is an x � �a� b� such that

�f�x� � f ��x� � ��

������ Let f and g be functions continuous on �a� b�� di�erentiable on

the open interval �a� b�� and let f�a� � f�b� � �� Show that there is a

point x � �a� b� such that g��x�f�x� � f ��x� � ��

                

                                                                                                               



�� Problems� �� Di�erentation

������ Assume that f is continuous on �a� b�� a � �� and di�erentiable

on the open interval �a� b�� Show that if

f�a�

a
�

f�b�

b
�

then there is x� � �a� b� such that x�f
��x�� � f�x���

������ Suppose f is continuous on �a� b� and di�erentiable on the open

interval �a� b�� Prove that if f��b��f��a� � b��a�� then the equation

f ��x�f�x� � x has at least one root in �a� b��

������ Assume that f and g are continuous and never vanishing on

�a� b�� and di�erentiable on �a� b�� Prove that if f�a�g�b� � f�b�g�a��

then there is x� � �a� b� such that

f ��x��
f�x��

�
g��x��
g�x��

�

����	� Assume that a�� a�� � � � � an are real numbers such that

a�
n� 	

�
a�
n

� � � �� an��



� an � ��

Prove that the polynomial P �x� � a�x
n � a�x

n�� � � � � � an has at

least one root in ��� 	��

����
� For real constants a�� a�� � � � � an such that

a�
	

�

a�



�

�a�



� � � �� 
n��an��
n

�

nan
n� 	

� ��

show that the function

f�x� � an ln
n x� � � �� a� ln

� x� a� lnx� a�

has at least one root in �	� e���

������ Prove that if all roots of a polynomial P of degree n � 
 are

real� then all roots of P � are also real�

������ Let f be continuously di�erentiable on �a� b� and twice di�er�

entiable on �a� b�� and suppose that f�a� � f ��a� � f�b� � �� Prove

that there is x� � �a� b� such that f ���x�� � ��

                

                                                                                                               



���� Mean Value Theorems ��

�����
� Let f be continuously di�erentiable on �a� b� and twice di�er�

entiable on �a� b�� and suppose that f�a� � f�b� and f ��a� � f ��b� � ��

Show that there are x�� x� � �a� b�� x� �� x�� such that

f ���x�� � f ���x���

������� Show that each of the equations

�a� x�	 � �x	 � � � ��

�b� 
x � �x � �x

has exactly one real root�

������� For nonzero a�� a�� � � � � an and for ��� ��� � � � � �n such that

�i �� �j for i �� j� prove that the equation

a�x
�� � a�x

�� � � � �� anx
�n � �� x � ���
��

has at most n� 	 roots in ���
��

������� Prove that under the assumptions of the foregoing problem

the equation

a�e
��x � a�e

��x � � � �� ane
�nx � �

has at most n� 	 real roots�

������� For functions f � g and h continuous on �a� b� and di�eren�

tiable on �a� b�� de�ne

F �x� � det

������
f�x� g�x� h�x�

f�a� g�a� h�a�

f�b� g�b� h�b�

������ � x � �a� b��

Show that there is x� � �a� b� such that F ��x�� � �� Use this to derive

the mean value theorem and the generalized mean value theorem�

������� Let f be continuous on ��� 
� and twice di�erentiable on ��� 
��

Show that if f��� � �� f�	� � 	 and f�
� � 
� then there is x� � ��� 
�

such that f ���x�� � ��

                

                                                                                                               



�� Problems� �� Di�erentation

�����	� Suppose that f is continuous on �a� b� and di�erentiable on

�a� b�� Prove that if f is not a linear function� then there are x� and

x� in �a� b� such that

f ��x�� �
f�b�� f�a�

b� a
� f ��x���

�����
� Let f be continuous on ��� 	� and di�erentiable on ��� 	�� Sup�

pose that f��� � f�	� � � and that there is x� � ��� 	� such that

f�x�� � 	� Prove that jf ��c�j � 
 for some c � ��� 	��

������� Let f be continuous on �a� b�� a � �� and di�erentiable on

�a� b�� Show that there is x� � �a� b� such that

bf�a�� af�b�

b� a
� f�x��� x�f

��x���

������� Show that the functions x �	 ln�	 � x�� x �	 ln�	 � x�� and

x �	 arctanx are uniformly continuous on ���
��

�����
� Assume that f is twice di�erentiable on �a� b�� and that there

is M � � such that jf ���x�j � M for all x � �a� b�� Prove that f is

uniformly continuous on �a� b��

������� Suppose that f � �a� b� 	 R� b � a � �� is di�erentiable on

the open interval �a� b�� Prove that there is x� � �a� b� such that

f ��x�� � 	 � f��x���

������� Prove that if f is di�erentiable on �a� b�� and if

lim
x�a�

f�x� � �
� lim
x�b�

f�x� � �
��i�

f ��x� � f��x� � 	 � � for x � �a� b���ii�

then b� a � ��

������� Let f be continuous on �a� b� and di�erentiable on �a� b�� Show

that if lim
x�b�

f ��x� � A� then f ���b� � A�

                

                                                                                                               



���� Mean Value Theorems ��

������� Suppose f is di�erentiable on ���
� and f ��x� � O�x� as

x	
� Prove that f�x� � O�x�� as x	
�

������� Let f�� f�� � � � � fn and g�� g�� � � � � gn be continuous on �a� b�

and di�erentiable on �a� b�� Suppose� further� that gk�a� �� gk�b� for

k � 	� 
� � � � � n� Prove that there is c � �a� b� for which

nX
k��

f �k�c� �
nX

k��

g�k�c�
fk�b�� fk�a�

gk�b�� gk�a�
�

�����	� Assume that f is di�erentiable on an open interval I and

that �a� b� 
 I� We say that f is uniformly di�erentiable on �a� b�� if for

any � � � there is � � � such that����f�x� h�� f�x�

h
� f ��x�

���� � �

for all x � �a� b� and jhj � �� x � h � I� Prove that f is uniformly

di�erentiable on �a� b� if and only if f � is continuous on �a� b��

�����
� Let f be continuous on �a� b�� g di�erentiable on �a� b�� and

g�a� � �� Prove that if there is a � �� � such that

jg�x�f�x� � �g��x�j � jg�x�j for x � �a� b��

then g�x� � � on �a� b��

������� Let f be di�erentiable on ���
�� Show that if lim
x���

f�x�
x

�

�� then lim
x���

jf ��x�j � ��

������� Show that the only functions f � R 	 R satisfying the equa�

tion

f�x� h�� f�x�

h
� f �



x�

	



h

�
for x� h � R� h �� ��

are polynomials of second degree�

                

                                                                                                               



�� Problems� �� Di�erentation

�����
� For positive p and q such that p � q � 	� �nd all functions

f � R 	 R satisfying the equation

f�x�� f�y�

x� y
� f ��px� qy� for x� y � R� x �� y�

������� Prove that if f is di�erentiable on an interval I� then f �

enjoys the intermediate value property on I�

������� Let f be di�erentiable on ���
�� Show that

�a� if lim
x���

�f�x� � f ��x�� � �� then lim
x���

f�x� � ��

�b� if lim
x���

�f�x� � 

p
xf ��x�� � �� then lim

x���
f�x� � ��

������� Prove that if f � C���a� b�� has at least three distinct zeros

in �a� b�� then the equation f�x��f ���x� � 
f ��x� has at least one root
in �a� b��

������� Prove that if a polynomial P has n distinct zeros greater

than 	� then the polynomial

Q�x� � �x� � 	�P �x�P ��x� � x


�P �x��� � �P ��x���

�
has at least 
n� 	 distinct real zeros�

������� Let a polynomial P �x� � amx
m�am��xm��� � � ��a�x�a�

with am � � have m distinct real zeros� Show that the polynomial

Q�x� � �P �x��� � P ��x� has

�	� exactly m� 	 distinct real zeros if m is odd�

�
� exactly m distinct real zeros if m is even�

�����	� Assume that all zeros of a polynomial P of degree n � 
 are

real and write

P �x� � �x� a���x � a�� � � � �x� an��

where ai � ai��� i � 	� � � � � n� 	� and

P ��x� � n�x� c���x � c�� � � � �x� cn����

                

                                                                                                               



���� Mean Value Theorems �	

where ai � ci � ai��� i � 	� � � � � n� 	� Show that if

Q�x� � �x� a���x� a�� � � � �x� an����

Q��x� � �n� 	��x� d���x � d�� � � � �x� dn����

then di � ci for i � 	� � � � � n� 
� Moreover� show that if

R�x� � �x� a���x � a	� � � � �x� an��

R��x� � �n� 	��x� e���x� e�� � � � �x� en����

then ei � ci�� for i � 	� 
� � � � � n� 
�

�����
� Under the assumptions of the foregoing problem� show that

�	� if S�x� � �x�a�����x�a�� � � � �x�an�� where � � � is such that

a� � � � an��� and if S��x� � n�x � f���x � f�� � � � �x � fn����
then fn�� � cn���

�
� if T �x� � �x � a���x � a�� � � � �x � an � ��� where � � � is such

that an � � � a�� and if T ��x� � n�x� g���x� g�� � � � �x� gn����
then g� � c��

������� Show that under the assumptions of 
�
�
��

ai �
ai�� � ai
n� i� 	

� ci � ai�� � ai�� � ai
i� 	

� i � 	� 
� � � � � n� 	�

������� Prove that if f is di�erentiable on ��� 	�� and if

�i� f��� � ��

�ii� there is K � � such that jf ��x�j � Kjf�x�j for x � ��� 	��

then f�x� � ��

�����
� Let f be in C� on the interval ��	� 	�� and let J 
 ��	� 	�
be an interval whose length is �� Suppose that J is decomposed into

three consecutive intervals J��J� and J� whose lengths are ��� �� and

�	� respectively� �So we have J��J� �J� � J and �������	 � ���

Prove that if

mk�J� � inffjf �k��x�j � x � Jg� k � N�
then

mk�J� � 	

��
�mk���J�� �mk���J��� �

                

                                                                                                               



�
 Problems� �� Di�erentation

������� Prove that under the assumptions of the foregoing problem�

if jf�x�j � 	 for x � ��	� 	�� then

mk�J� � 

k�k���

� kk

�k
� k � N�

������� Assume that a polynomial P �x� � anx
n � an��xn�� � � � ��

a�x � a� has n distinct real zeros� Prove that if there is p� 	 � p �
n� 	� such that ap � � and ai �� � for all i �� p� then ap��ap�� � ��

���� Taylor�s Formula and L�Hospital�s Rule

������ Suppose that f � �a� b� 	 R is n � 	 times di�erentiable on

�a� b�� If f �n��x�� exists� then for every x � �a� b��

f�x� � f�x�� �
f ��x��
	�

�x� x�� �
f ���x��


�
�x� x��

�

� � � �� f �n��x��

n�
�x � x��

n � o��x � x��
n��

�This formula is called Taylor�s formula with the Peano form for the

remainder��

������ Suppose that f � �a� b� 	 R is n times continuously di�eren�

tiable on �a� b�� and f �n��� exists in the open interval �a� b�� Prove that

for any x� x� � �a� b� and any p � � there exists 
 � ��� 	� such that

f�x� � f�x�� �
f ��x��
	�

�x� x�� �
f ���x��


�
�x� x��

�

� � � �� f �n��x��

n�
�x � x��

n � rn�x��

where

rn�x� �
f �n����x� � 
�x � x���

n�p
�	� 
�n���p�x� x��

n��

is the Schl�omilch�Roche form for the remainder�

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule �


������ Using the above result� derive the following forms for the re�

mainder�

�a� rn�x� �
f �n����x� � 
�x� x���

�n� 	��
�x� x��

n��

�the Lagrange form��

�b� rn�x� �
f �n����x� � 
�x� x���

n�
�	� 
�n�x� x��

n��

�the Cauchy form��

������ Let f � �a� b� 	 R be n � 	 times di�erentiable on �a� b�� For

x� x� � �a� b� prove the following Taylor formula with integral remain�

der�

f�x� � f�x�� �
f ��x��
	�

�x� x�� �
f ���x��


�
�x� x��

�

� � � �� f �n��x��

n�
�x � x��

n �
	

n�

Z x

x�

f �n����t��x � t�ndt�

������ Let f � �a� b� 	 R be n � 	 times di�erentiable on �a� b�� For

x� x� � �a� b� prove the following Taylor formula�

f�x� � f�x�� �
f ��x��
	�

�x� x�� �
f ���x��


�
�x� x��

�

� � � �� f �n��x��

n�
�x� x��

n �Rn���x��

where

Rn���x� �

Z x

x�

Z tn��

x�

Z tn

x�

� � �
Z t�

x�

f �n����t��dt� � � � dtndtn���

����	� Show that the approximation formula

p
	 � x t 	 �

	



x� 	

�
x�

gives
p
	 � x with the error not greater than �

� jxj	� if jxj � �
� �

                

                                                                                                               



�� Problems� �� Di�erentation

����
� For x � �	� x �� �� show that

�	 � x�� � 	 � �x if � � 	 or � � ���a�

�	 � x�� � 	 � �x if � � � � 	��b�

������ Suppose that f� g � C����� 	�� and g��x� �� � for x � ��� 	�� and

f ����g����� �� f �����g����� For x � ��� 	�� let 
�x� be one of the numbers

for which the assertion of the generalized mean value theorem holds�

that is�
f�x�� f���

g�x�� g���
�

f ��
�x��
g��
�x��

�

Compute

lim
x���


�x�

x
�

������ Let f � R 	 R be n� 	 times di�erentiable on R� Prove that

for every x � R there is 
 � ��� 	� such that

f�x� � f��� � xf ��x� � x�



f ���x� � � � �� ��	�n��x

n

n�
f �n��x�

�a�

� ��	�n�� xn��

�n� 	��
f �n����
x��

f



x

	 � x

�
� f�x�� x�

	 � x
f ��x� � � � �� ��	�n x�n

�	 � x�n
f �n��x�

n�

�b�

� ��	�n�� x�n��

�	 � x�n��

f �n���
�
x��x�

��x

�
�n� 	��

� x �� �	�

�����
� Let f � R 	 R be 
n � 	 times di�erentiable on R� Prove

that for every x � R there is 
 � ��� 	� such that

f�x� � f��� �



	�
f �
�x



��x



�
�





�
f �	�

�x



��x



�	
� � � �� 


�
n� 	��
f ��n���

�x



��x



��n��
�




�
n� 	��
f ��n����
x�

�x



��n��

�

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule ��

������� Using the result in the foregoing problem� prove that

ln�	 � x� � 


nX
k��

	


k � 	



x


 � x

��k��

for n � �� 	� � � � and x � �

������� Show that if f ���x� exists� then

lim
h��

f�x� h�� 
f�x� � f�x� h�

h�
� f ���x���a�

lim
h��

f�x� 
h�� 
f�x� h� � f�x�

h�
� f ���x���b�

������� Show that if f ����x� exists� then

lim
h��

f�x� 
h�� 
f�x� 
h� � 
f�x� h�� f�x�

h	
� f ����x��

������� For x � �� establish the following inequalities�

ex �

nX
k��

xk

k�
��a�

x� x�



�
x	



� x�

�
� ln�	 � x� � x� x�



�
x	



��b�

	 �
	



x� 	

�
x� �

p
	 � x � 	 �

	



x� 	

�
x� �

	

	�
x	��c�

������� Prove that if f �n����x� exists and is di�erent from zero� and


�h� is a number de�ned by the Taylor formula

f�x�h� � f�x��hf ��x��� � �� hn��

�n� 	��
f �n����x��

hn

n�
f �n��x�
�h�h��

then

lim
h��


�h� �
	

n� 	
�

                

                                                                                                               



�� Problems� �� Di�erentation

�����	� Suppose that f is di�erentiable on ��� 	� and that f��� �

f�	� � �� Suppose� further� that f �� exists on ��� 	� and is bounded

�say jf ���x�j � A for x � ��� 	��� Prove that

jf ��x�j � A



for x � ��� 	��

�����
� Suppose f � ��c� c�	 R is twice di�erentiable on ��c� c�� and
set Mk � supfjf �k��x�j � x � ��c� c�g for k � �� 	� 
� Prove that

jf ��x�j � M�

c
� �x� � c��

M�


c
for x � ��c� c���a�

M� � 

p
M�M� for c �

r
M�

M�
��b�

������� Let f be twice di�erentiable on �a�
�� a � R� and let

Mk � supfjf �k��x�j � x � �a�
�g �
� k � �� 	� 
�

Prove that M� � 

p
M�M�� Give an example of a function for which

the equality M� � 

p
M�M� holds�

������� Let f be twice di�erentiable on R� and let

Mk � supfjf �k��x�j � x � Rg �
� k � �� 	� 
�

Prove that M� �
p

M�M��

�����
� Let f be p times di�erentiable on R� and let

Mk � supfjf �k��x�j � x � Rg �
� k � �� 	� � � � � p� p � 
�

Prove that

Mk � 

k�p�k�

� M
��k

p

� M
k
p
p for k � 	� 
� � � � � p� 	�

������� Assume that f �� exists and is bounded on ���
�� Prove that

if lim
x��

f�x� � �� then lim
x��

f ��x� � ��

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule ��

������� Assume that f is twice continuously di�erentiable on ���
��

lim
x���

xf�x� � � and lim
x���

xf ���x� � ��

Prove that lim
x���

xf ��x� � ��

������� Assume f is twice continuously di�erentiable on ��� 	� and

such that

�i� lim
x���

f�x� � ��

�ii� there is M � � such that �	� x��jf ���x�j �M for x � ��� 	��

Prove that lim
x���

�	� x�f ��x� � ��

������� Let f be di�erentiable on �a� b� and let f ��a� � f ��b� � ��

Prove that if f �� exists in �a� b�� then there is c � �a� b� such that

jf ���c�j � �

�b� a��
jf�b�� f�a�j�

������� Let f � ��	� 	� 	 R be three times di�erentiable and let

f��	� � f��� � �� f�	� � 	 and f ���� � �� Show that there exists

c � ��	� 	� such that f ����c� � 
�

�����	� Let f be n times continuously di�erentiable on �a� b� and let

Q�t� �
f�x�� f�t�

x� t
� x� t � �a� b�� t �� x�

Prove the following version of Taylor�s formula�

f�x� � f�x�� �
f ��x��
	�

�x � x�� � � � �� f �n��x��

n�
�x� x��

n � rn�x��

where rn�x� �
Q�n��x��

n
 �x� x��
n���

�����
� Assume that f � ��	� 	� 	 R is di�erentiable at zero� For

�	 � xn � yn � 	� n � N� such that lim
n��

xn � lim
n��

yn � �� form

the quotient

Dn �
f�yn�� f�xn�

yn � xn
�

Prove that

�a� if xn � � � yn� then lim
n��

Dn � f �����

                

                                                                                                               



�� Problems� �� Di�erentation

�b� if � � xn � yn and the sequence f yn
yn�xn g is bounded� then

lim
n��Dn � f �����

�c� if f � exists on ��	� 	� and is continuous at �� then lim
n��Dn �

f �����

�Compare with 
�	�	
 and 
�	�	���

������� For m � N� de�ne the polynomial P by setting

P �x� �

m��X
k��



m� 	

k

�
��	�k�x� k�m� x � R�

Show that P �x� � ��

������� Suppose that f �n��� is continuous on ��� x�� Prove that there

is 
 � ��� 	� such that

f�x� � f��� �
f ����
	�

x� � � �� f �n������
�n� 	��

xn�� �
f �n�

�
x

n��

�
n�

xn

�
n


�n� 	�
f �n����
x�

xn��

�n� 
��
�

�����
� Suppose that f �n�p� exists in �a� b� and is continuous at an

x� � �a� b�� Prove that if f �n�j��x�� � � for j � 	� 
� � � � � p � 	� and

f �n�p��x�� �� �� and

f�x� � f�x�� �
f ��x��
	�

�x� x�� � � � �� f �n����x��
�n� 	��

�x� x��
n��

�
f �n��x� � 
�x��x � x���

n�
�x� x��

n�

then

lim
x�x�


�x� �



n� p

n

�� �
p

�

������� Suppose that f is twice continuously di�erentiable on ��	� 	�
and that f��� � �� Find

lim
x���

h
�p
x

iX
k��

f�kx��

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule ��

������� Let f be in�nitely di�erentiable on �a� b�� Prove that if f

vanishes at in�nitely many points in the closed interval �c� d� 
 �a� b��

and supfjf �n��x�j � x � �a� b�g � O�n�� as n	
� then f vanishes on

an open subinterval of �a� b��

������� Suppose

�i� f is in�nitely di�erentiable on R�

�ii� there is L � � such that jf �n��x�j � L for all x � R and all

n � N�
�iii� f



�
n

�
� � for n � N�

Prove that f�x� � � on R�

������� Use l�Hospital�s rule to evaluate the following limits�

lim
x��

arctan x���
x���

x� 	
� �b� lim

x���
x




	 �

	

x

�x
� e

�
��a�

lim
x��

��� x�
�

x�� � �d� lim
x���



sinx

x

� �
x

��c�

lim
x���



sinx

x

� �
x�

��e�

������� Prove that if f is twice continuously di�erentiable on R such

that f��� � 	� f ���� � �� and f ����� � �	� then for a � R�

lim
x���



f
� ap

x

��x
� e�

a�

� �

�����	� For a � �� a �� 	� evaluate

lim
x���



ax � 	

x�a� 	�

� �
x

�

                

                                                                                                               



�� Problems� �� Di�erentation

�����
� Can l�Hospital�s rule be applied to evaluate the following

limits�

lim
x��

x� sinx


x� sinx
��a�

lim
x��


x� sin 
x� 	

�
x� sin 
x��sinx� 
��
��b�

lim
x���




 sin

p
x�

p
x sin

	

x

�x
��c�

lim
x��



	 � xe�

�
x� sin

	

x�

�e �
x�

��d�

������� Is the function given by

f�x� �

�
�

x ln � � �
�x�� if x �� ��

�
� if x � �

di�erentiable at zero�

������� Suppose f is n times continuously di�erentiable on R� For

a � R� establish the equality

f �n��a� � lim
h��

	

hn

nX
k��



��	�n�k



n

k

�
f�a� kh�

�
�

�����
� Prove the following version of l�Hospital�s rule� Suppose

f� g � �a� b� 	 R� �
 � a � b � �
� are di�erentiable on �a� b��

Suppose� further� that

�i� g��x� �� � for x � �a� b��

�ii� lim
x�a�

g�x� � �
 ��
��

�iii� lim
x�a�

f ��x�
g��x� � L� �
 � L � �
�

Then

lim
x�a�

f�x�

g�x�
� L�

                

                                                                                                               



���� Convex Functions �	

������� Use the above version of l�Hospital�s rule to prove the fol�

lowing generalizations of the results given in 
�
�

� Let f be di�er�

entiable on ���
�� and let a � ��

�a� If lim
x���

�af�x� � f ��x�� � L� then lim
x���

f�x� � L
a
�

�b� If lim
x���

�af�x� � 

p
xf ��x�� � L� then lim

x���
f�x� � L

a
�

Are the above statements true for negative a�

������� Assume that f is three times di�erentiable on ���
� and

such that f�x� � �� f ��x� � �� f ���x� � � for x � �� Prove that if

lim
x��

f ��x�f ����x�
�f ���x���

� c� c �� 	�

then

lim
x��

f�x�f ���x�
�f ��x���

�
	


� c
�

������� Assume that f is in C� on ��	� 	�� and that f��� � �� Prove

that if g is de�ned on ��	� 	� n f�g by g�x� � f�x�
x
� then there exists

an extension of g which is in C� on ��	� 	��

���� Convex Functions

A function f is said to be convex on an interval I 
 R if

�	� f��x� � �	� ��x�� � �f�x�� � �	� ��f�x��

whenever x�� x� � I and � � ��� 	�� A convex function f is said to be

strictly convex on I if strict inequality holds in �	� for x� �� x�� f is

concave on I if �f is convex�

������ Prove that a function f di�erentiable on an open interval I is

convex if and only if f � is increasing on I�

������ Prove that a function f twice di�erentiable on an open interval

I is convex if and only if f ���x� � � for x � I�

                

                                                                                                               



�
 Problems� �� Di�erentation

������ Prove that if a function f is convex on an interval I� then the

following Jensen inequality

f���x� � ��x� � � � �� �nxn� � ��f�x�� � ��f�x�� � � � �� �nf�xn�

holds for any points x�� � � � � xn in I and any nonnegative numbers

��� � � � � �n such that �� � �� � � � �� �n � 	�

������ For x� y � � and p� q � � such that �
p
� �

q
� 	� establish the

inequality

xy � xp

p
�
yq

q
�

������ Prove that

	

n

nX
k��

xk � n

vuut nY
k��

xk for x�� x�� � � � � xn � ��

����	� Show that if a �� b� then

eb � ea

b� a
�

ea � eb



�

����
� For positive x and y� establish the inequality

x lnx� y ln y � �x� y� ln
x� y



�

������ For � � 	 and for positive x�� x�� � � � � xn� prove that

�
	

n

nX
k��

xk

��

� 	

n

nX
k��

x�k �

                

                                                                                                               



���� Convex Functions �


������ Let x�� � � � � xn � ��� 	� and let p�� � � � � pn be positive and such

that
nP

k��

pk � 	� Prove that

	 �

�
nX

k��

pkxk

���
�

nY
k��



	 � xk
xk

�pk
��a�

	 �
nP

k��

pkxk

	�
nP

k��

pkxk

�
nY

k��



	 � xk
	� xk

�pk
��b�

�����
� Let x � �
n

nP
k��

xk with x�� � � � � xn � ��� ��� Show that

nY
k��

sinxk � �sin x�n��a�

nY
k��

sinxk
xk

�


sinx

x

�n
��b�

������� Prove that if a � 	� and x�� � � � � xn � ��� 	� are such that

x� � � � �� xn � 	� then

nX
k��



xk �

	

xk

�a
� �n� � 	�a

na��
�

������� For n � 
� verify the following claim�

nY
k��


k � 	


k��
�



� 


n
�

	

n � 
n��
�n

�

                

                                                                                                               



�� Problems� �� Di�erentation

������� Establish the following inequalities�

n�

x� � � � �� xn
� 	

x�
� � � �� 	

xn
� x�� � � � � xn � ��

�a�

	
��
x�

� � � �� �n
xn

� x��� � � �x�nn � ��x� � � � �� �nxn

�b�

for �k� xk � �� k � 	� 
� � � � � n� such that
nX

k��

�k � 	�

x��� � � �x�nn � y��� � � � y�nn � �x� � y��
�� � � � �xn � yn�

�n

�c�

for xk� yk � �� �k � �� k � 	� 
� � � � � n� such that

nX
k��

�k � 	�

mX
j��

nY
i��

x�ii�j �
nY
i��

�
� mX

j��

xi�j

�
A

�i
�d�

for xi�j � �� �i � �� i � 	� 
� � � � � n� j � 	� 
� � � � �m� such that

nX
k��

�k � 	�

������� Show that if f � R 	 R is convex and bounded above� then

f is constant on R�

������� Must a convex and bounded function on �a�
� or on ��
� a�

be constant�

�����	� Suppose that f � �a� b� 	 R is convex on �a� b� �the cases

a � �
 or b � 
 are admitted�� Prove that either f is monotonic

on �a� b�� or there is c � �a� b� such that

f�c� � minff�x� � x � �a� b�g
and f is decreasing on �a� c� and increasing on �c� b��

                

                                                                                                               



���� Convex Functions ��

�����
� Let f � �a� b�	 R be convex on �a� b� �the cases a � �
 or

b �
 are admitted�� Show that �nite or in�nite limits

lim
x�a�

f�x� and lim
x�b�

f�x�

exist�

������� Suppose that f � �a� b�	 R is convex and bounded on �a� b�

�the cases a � �
 or b �
 are admitted�� Prove that f is uniformly

continuous on �a� b�� �Compare with 
���	���

������� Let f � �a� b� 	 R be convex on �a� b� �the cases a � �

or b � 
 are admitted�� Prove that one�sided derivatives of f exist

on �a� b� and are monotonic� Prove moreover that the right� and left�

hand derivatives are equal to each other except on a countable set�

�����
� Assume that f is twice di�erentiable on R and f� f � and f ��

are strictly increasing on R� For �xed a� b� a � b� let x	 ��x�� x � ��

be de�ned by the mean value theorem� that is�

f�b� x�� f�a� x�

b� a� 
x
� f �����

Prove that the function � is increasing on ���
��

������� Using the result in 
���� prove H�older�s inequality� If p� q � 	

and �
p
� �

q
� 	� then

nX
i��

jxiyij �
�

nX
i��

jxijp
� �

p
�

nX
i��

jyijq
� �

q

�

������� Using H�older�s inequality� prove the Minkowski inequality� If

p � 	� then�
nX
i��

jxi � yijp
� �

p

�
�

nX
i��

jxijp
� �

p

�

�
nX
i��

jyijp
� �

p

�

������� Prove that� if a series
�P
n��

a�n converges� then
�P
n��

an

n
�
�

also

converges�

                

                                                                                                               



�� Problems� �� Di�erentation

������� For xi� yi � �� i � 	� 
� � � � � n� and p � 	� establish the

inequality

��x� � � � �� xn�
p � �y� � � � �� yn�

p�
�
p � �xp��yp��

�
p �� � ���xpn�ypn�

�
p �

������� Prove the following generalized Minkowski inequality� For

xi�j � �� i � 	� 
� � � � � n� j � 	� 
� � � � �m� and for p � 	�

�
� nX

i��

�
� mX

j��

xi�j

�
A

p�
A

�
p

�
mX
j��

�
nX
i��

xpi�j

� �
p

�

�����	� Assume that f� continuous on an interval I� is midpoint�

convex on that interval� that is�

f



x� y




�
� f�x� � f�y�



for x� y � I�

Prove that f is convex on I�

�����
� Show that the continuity is an essential hypothesis in 
���
��

������� Let f be continuous on an interval I and such that

f



x� y




�
�

f�x� � f�y�




for x� y � I� x �� y� Show that f is strictly convex on I�

������� Assume that f is a convex function on an open interval I�

Prove that f satis�es the Lipschitz condition locally on I�

�����
� Let f � ���
�	 R be convex and let

lim
x���

f�x� � ��

Prove that the function x �	 f�x�
x

is increasing on ���
��

                

                                                                                                               



���� Convex Functions ��

������� We say that f is subadditive on ���
� if for x�� x� � ���
��

f�x� � x�� � f�x�� � f�x���

Prove that

�a� if x �	 f�x�
x

is decreasing on ���
�� then f is subadditive�

�b� if f is convex and subadditive on ���
�� then x �	 f�x�
x

is a

decreasing function on that interval�

������� Suppose f is di�erentiable on �a� b� and for x� y � �a� b��

x �� y� there is exactly one � such that

f�y�� f�x�

y � x
� f �����

Prove that f is strictly convex or strictly concave on �a� b��

������� Let f � R 	 R be continuous and such that for each d � R
the function gd�x� � f�x� d�� f�x� is in C� on R� Prove that f is

in C� on R�

������� Assume that an � � � � � a� � a�� and f is convex on the

interval �an� a��� Prove that

nX
k��

f�ak���ak �
nX

k��

f�ak�ak���

where an�� � a��

������� Suppose that f is concave and strictly increasing on an in�

terval �a� b� �the cases a � �
 or b � 
 are admitted�� Prove that

if a � f�x� � x for x � �a� b� and

lim
x�a�

f ���x� � 	�

then for x� y � �a� b��

lim
n��

fn���x�� fn�x�

fn���y�� fn�y�
� 	�

where fn denotes the nth iterate of f �see� e�g�� 	�	�����

                

                                                                                                               



�� Problems� �� Di�erentation

���� Applications of Derivatives

������ Using the generalized mean value theorem� show that

	� x�


�
� cosx for x �� ���a�

x� x	


�
� sinx for x � ���b�

cosx � 	� x�


�
�
x�

��
for x �� ���c�

sinx � x� x	


�
�
x�

��
for x � ���d�

������ For n � N and x � �� verify the following claims�

x� x	


�
�
x�

��
� � � �� x�n�	

��n� 
��
� x�n��

��n� 	��
� sinx�a�

� x� x	


�
� � � �� x�n�	

��n� 
��
� x�n��

��n� 	��
�

x�n��

��n� 	��
�

	� x�


�
�
x�

��
� � � �� x�n��

��n� ���
� x�n��

��n� 
��
� cosx�b�

� 	� x�


�
� � � �� x�n��

��n� ���
� x�n��

��n� 
��
�

x�n

��n��
�

������ Let f be continuous on �a� b� and di�erentiable on the open

interval �a� b�� Show that if a � �� then there are x�� x�� x	 � �a� b�

such that

f ��x�� � �b� a�
f ��x��

x�

� �b� � ba� a��
f ��x	�

x�	

�

������ Prove the following generalization of the result in 
�
�

� Let

f be a complex valued function on ���
�� and let � be a complex

number with a positive real part� Prove that if f is di�erentiable and

lim
x���

��f�x� � f ��x�� � �� then lim
x���

f�x� � ��

                

                                                                                                               



���� Applications of Derivatives ��

������ Let f be twice di�erentiable on the interval ���
�� Prove that

if lim
x���

�f�x� � f ��x� � f ���x�� � L� then lim
x���

f�x� � L�

����	� Let f be three times di�erentiable on ���
�� Does the exis�

tence of the limit

lim
x����f�x� � f ��x� � f ���x� � f ����x��

imply the existence of lim
x��� f�x��

����
�

�a� Let f be continuously di�erentiable on ���
� and let f��� � 	�

Show that if jf�x�j � e�x for x � �� then there is x� � � such

that f ��x�� � �e�x� �
�b� Let f be continuously di�erentiable on �	�
� and let f�	� � 	�

Show that if jf�x�j � �
x
for x � 	� then there is x� � � such that

f ��x�� � � �
x��
�

������ Assume that f and g are di�erentiable on ��� a� and such that

f��� � g��� � � and g�x� � �� g��x� � � for x � ��� a�� Prove that if
f �

g� increases on ��� a�� then also f
g
increases on that interval�

������ Show that each of the equations

sin�cosx� � x and cos�sinx� � x

has exactly one root in ��� ��
�� Moreover� show that if x� and x�
are the roots of the former and the latter equation� respectively� then

x� � x��

�����
� Prove that if f is di�erentiable on �a� b�� f�a� � �� and there

is a constant C � � such that jf ��x�j � Cjf�x�j for x � �a� b�� then

f�x� � ��

������� Using the mean value theorem� prove that if � � p � q� then

	 �

x

p

�p
�



	 �

x

q

�q
for x � ��

                

                                                                                                               



�� Problems� �� Di�erentation

������� Show �rst that ex � 	 � x for x � R� and then� using this

result� prove the arithmetic�geometric mean inequality�

������� Show that

xy � ex � y�ln y � 	�

for x � R and positive y� Show also that the equality holds if and

only if y � ex�

������� Suppose that f � R 	 ��	� 	� is in C� on R� and that

�f����� � �f ������ � �� Prove that there exists x� � R such that

f�x�� � f ���x�� � ��

������� Establish the following inequalities�

x�

	

x

�
arctanx � 	 for x � ���a�


 tanx� sinhx � � for � � x �
�



��b�

lnx �
x

e
for x � �� x �� e��c�

x lnx

x� � 	
�

	



for x � �� x �� 	��d�

�����	� Decide which of the two numbers is greater�

�a� e� or �e�

�b� 

p
� or e�

�c� ln � or 
�

�����
� Verify the following claims�

ln
�
	 �

x

a

�
ln



	 �

b

x

�
�

b

a
� a� b� x � ���a� �

	 �
x

m

�m �
	� x

n

�n
� 	� x � R n f�g� m� n � N� m� n � jxj��b�

ln�	 �
p
	 � x�� �

	

x
� lnx� x � ���c�

                

                                                                                                               



���� Applications of Derivatives �	

������� For x � �� establish the following inequalities�

ln�	 � x� �
xp
	 � x

��a�

�x� 	�� � x ln� x��b�

������� Show that

x�
x�



� x	

�
� �x � 	� ln�	 � x� � x�

x�



for x � ���a�

ln�	 � cosx� � ln 
� x�

�
for x � ��� ����b�

�����
� For x � �� verify the following claims�

ex � 	 � xex� �b� ex � 	� x � x�ex��a�

xe
x
� � ex � 	� �d� ex � �	 � x���x��c� 

x� 	




�x��

� xx��e�

������� Show that �e� x�e�x � �e� x�e�x for x � ��� e��

������� Show that if x � 	� then ex�� � lnx� 
x� 	 � ��

������� Establish the following inequalities�

	



tanx�






sinx � x for � � x �

�



��a�

x�
 � cosx� � 
 sinx for x � ���b�

cosx �
sin� x

x�
for � � x �

�



��c�

������� Show that if � � 	� then for � � x � 	�

	


���
� x� � �	� x�� � 	�

                

                                                                                                               



�
 Problems� �� Di�erentation

������� Show that if � � � � 	� then for x� y � ��

�x� y�� � x� � y��

�����	� For � � ��� 	� and x � ��	� 	�� show that

�	 � x�� � 	 � �x � ���� 	�

�
x��

�����
� Prove the following generalizations of the result in the fore�

going problem� For B � � and x � ��	� B��

�	 � x�� � 	 � �x � ��	� ��


�	 �B��
x� if � � � � 	��a�

�	 � x�� � 	 � �x � ��	� ��


�	 �B��
x� if 	 � � � 
��b�

������� Prove that

sinx � 


�
x for x � ���

�



���a�

sinx � 


�
x�

x

�	
��� � �x�� for x � ���

�



���b�

������� Prove that for x � ��� 	��

�x�	� x� � sin�x � �x�	� x��

�����
� Prove that for a positive x and a positive integer n�

ex �
nX

k��

xk

k�
�

x

n
�ex � 	��

������� For a positive integer n� �nd all local extrema of the function

f�x� �



	 � x�

x�


�
� � � �� xn

n�

�
e�x�

                

                                                                                                               



���� Applications of Derivatives �


������� For positive integers m and n� �nd all local extrema of the

function

f�x� � xm�	� x�n�

������� For positive integers m and n� �nd the maximum value of

the function

f�x� � sin�m x � cos�n x�

������� Determine all local extremum points of f�x� � x
�
	 �	� x�

�
	 �

������� Find the minimum and maximum values of the function

f�x� � xarcsinx�
p
	� x� on ��	� 	��

�����	� Find the maximum value of f on R� where f is given by

f�x� �
	

	 � jxj �
	

	 � jx� 	j �

�����
� Show that for nonnegative a�� a�� � � � � an the following in�

equalities hold�

	

n

nX
k��

ake
�ak � 	

e
��a�

	

n

nX
k��

a�ke
�ak � �

e�
��b�

nY
k��

ak �





e

�n
exp

�
	




nX
k��

ak

�
��c�

������� Determine all local extremum points of the function

f�x� �

�
e�

�
jxj

p


 � sin �
x

�
if x �� ��

� if x � ��

                

                                                                                                               



�� Problems� �� Di�erentation

������� Let

f�x� �

�
x�



 � sin �

x

�
if x �� ��

� if x � ��

Prove that f is di�erentiable on R and that at zero f attains its proper

absolute minimum� but in no interval ���� �� or ��� �� is f monotone�

�����
� For x � �� establish the inequalities

sinhxp
sinh� x� cosh� x

� tanhx � x � sinhx �
	



sinh 
x�

������� Using the result in the preceding problem� prove that� if a

and b are positive and a �� b� then



�
a
� �

b

�
p
ab �

b� a

ln b� ln a
�

a� b



�

r
a� � b�



�

The number L�a� b� � b�a
ln b�ln a is called the logarithmic mean of pos�

itive numbers a and b� a �� b� �It is also convenient to adopt the

convention that L�a� a� � a��

������� The power mean of positive numbers x and y is de�ned by

Mp�x� y� �



xp � yp




� �
p

if p �� ��

�a� Show that

lim
p��

Mp�x� y� �
p
xy�

�So it is natural to adopt the convention that M��x� y� �
p
xy��

�b� Show that if x �� y and p � q� then Mp�x� y� � Mq�x� y��

������� For � � 	� and for positive x� y� and for an integer n � 
�

prove that

p
xy � n

s
xn � yn � � ��x� y�n � xn � yn�


 � ��
n � 
�
� x� y



�

                

                                                                                                               



���� Applications of Derivatives ��

������� Prove that

sin�tanx� � x for x �
h
��
�

�

i
��a�

tan�sinx� � x for x �
h
��
�




i
��b�

������� Prove that if x � ��� ��
�� then

	

sin� x
� 	

x�
� 	� �

��
�

�����	� For x � �� show that

arctanx �

x

	 � 

p
	 � x�

�

�����
� Let ak� bk� k � 	� 
� � � � � n� be positive� Prove that the in�

equality

nY
k��

�xak � �	� x�bk� � max

�
nY

k��

ak�

nY
k��

bk

�

holds for x � ��� 	� if and only if�
nX

k��

ak � bk
ak

��
nX

k��

ak � bk
bk

�
� ��

������� Using the result in 
���	� show that

cosx� cos y � 	 � cos�xy� for x� � y� � ��

������� For positive x and y� establish the inequality

xy � yx � 	�

�����
� For an integer n � 
� prove that if � � x � n
n�� � then

�	� 
xn � xn���n � �	� xn�n���

                

                                                                                                               



�� Problems� �� Di�erentation

������� Let f be de�ned by setting

f�x� � x� x	

�
�
x�


�
sin

	

x
for x � ��

Prove that if y and z are positive and such that y � z � 	� then

f�y � z� � f�y� � f�z��

������� Prove the inequality

nX
k��

�k � nx��


n

k

�
xk�	� x�n�k � n

�
�

������� Assume that f is in C���a� b��� f�a�f�b� � � and f � and f ��

do not change their signs on �a� b�� Prove that the recursive sequence

de�ned by

xn�� � xn � f�xn�

f ��xn�
� n � �� 	� 
� � � � �

where we put x� � b if f � and f �� have the same sign� and x� � a in

the other case� converges to the unique root of the equation f�x� � �

in �a� b�� �This is the so�called Newton�s method of approximating a

root of the equation f�x� � ���

������� Under the assumptions of the foregoing problem� prove that

if M � maxfjf ���x�j � x � �a� b�g and m � minfjf ��x�j � x � �a� b�g�
then

jxn�� � �j � M


m
�xn � ���� n � �� 	� 
� � � � �

where � is the unique root of f�x� � ��

������� Find supf
�x � 
�
�
x � x � �g�

�����	� Let f be in�nitely di�erentiable on ��� 	�� and suppose that

for each x � ��� 	� there is an integer n�x� such that f �n�x���x� � ��

Prove that f coincides on ��� 	� with some polynomial�

�����
� Show by example that in the foregoing problem the assump�

tion that f is in�nitely di�erentiable on ��� 	� is essential� Show also

that the conclusion of 
����� is not true if lim
n��

f �n��x� � � for each

x � ��� 	��

                

                                                                                                               



��	� Strong and Schwarz Di�erentiability ��

���� Strong Di	erentiability and Schwarz

Di	erentiability

De�nition �� A real function de�ned on an open set A 
 R is said

to be strongly di�erentiable at a � A if

lim
�x��x����a�a�

x� ��x�

f�x��� f�x��

x� � x�
� f��a�

exists and is �nite� f��a� is called the strong derivative of f at a�

De�nition �� A real function de�ned on an open set A 
 R is said

to be Schwarz di�erentiable at a � A if

lim
h��

f�a� h�� f�a� h�


h
� fs�a�

exists as a �nite limit� fs�a� is called the Schwarz derivative or the

symmetric derivative of f at a�

The upper �resp� lower� strong derivative of f at a is de�ned by

replacing lim by lim �resp� lim� in De�nition 	 and is denoted by

D�f�a� �resp� D�f�a��� The upper and the lower Schwarz derivatives

are de�ned analogously� We denote them by Dsf�a� and Dsf�a��

respectively�

��	��� Show that if f is strongly di�erentiable at a� then it is di�er�

entiable at a and f��a� � f ��a�� Show by example that the converse

is not true�

��	��� Let f � A 	 R and let A�� A� denote the sets of points

at which f is di�erentiable and strongly di�erentiable� respectively�

Prove that if a � A� is a limit point of A�� then

lim
x�a
x�A�

f��x� � lim
x�a
x�A�

f ��x� � f��a� � f ��a��

��	��� Prove that each function continuously di�erentiable at a is

strongly di�erentiable at a�

                

                                                                                                               



�� Problems� �� Di�erentation

��	��� Does the strong di�erentiability of f at a imply the continuity

of f � at this point�

��	��� SupposeG 
 A is open� Prove that f is strongly di�erentiable

on G if and only if the derivative f � is continuous on G�

��	�	� Prove that if f is di�erentiable on R� then it is strongly dif�

ferentiable on a residual set� that is� on a set R nB� where B is of the

�rst category in R�

��	�
� Suppose f is continuous on �a� b� and the Schwarz derivative

fs exists on the open interval �a� b�� Show that if f�b� � f�a�� then

there is c � �a� b� such that fs�c� � ��

��	��� Let f be continuous on �a� b� and let f�a� � f�b� � �� Show

that if f is Schwarz di�erentiable on the open interval �a� b�� then

there are x�� x� � �a� b� such that fs�x�� � � and fs�x�� � ��

��	��� Let f be continuous on �a� b� and Schwarz di�erentiable on the

open interval �a� b�� Show that there are x�� x� � �a� b� such that

fs�x�� � f�b�� f�a�

b� a
� fs�x���

��	��
� Assume that f is continuous and Schwarz di�erentiable on

�a� b�� Show that if the Schwarz derivative fs is bounded on �a� b��

then f satis�es a Lipschitz condition on this interval�

��	���� Suppose that f and fs are continuous on �a� b�� Show that

f is di�erentiable and f ��x� � fs�x� for all x � �a� b��

��	���� Assume that f is continuous and Schwarz di�erentiable on

an open interval I� Prove that if fs�x� � � for x � I� then f increases

on I�

��	���� Assume that f is continuous and Schwarz di�erentiable on

an open interval I� Prove that if fs�x� � � for x � I� then f is constant

on I�

��	���� Let f be Schwarz di�erentiable on �a� b� and let x� � �a� b�

be a local extremum of f � Must the Schwarz derivative vanish at x��

                

                                                                                                               



��	� Strong and Schwarz Di�erentiability ��

��	���� A function f � R 	 R is said to have Baire�s property if

there exists a residual set S 
 R on which f is continuous� Prove

that if f has Baire�s property� then there exists a residual set B such

that for x � B�

Dsf�x� � D�f�x� and Dsf�x� � D�f�x��

��	��	� Prove that if f has Baire�s property and is Schwarz di�eren�

tiable on R� then f is strongly di�erentiable on a residual set�

��	��
� Let f be Schwarz di�erentiable on an open interval I and let

�a� b� 
 I� We say that f is uniformly Schwarz di�erentiable on �a� b��

if for any � � � there is � � � such that if jhj � ������f�x� h�� f�x� h�


h
� fs�x�

���� � �

whenever x � �a� b� and x � h� x � h � I� Assume that f is Schwarz

di�erentiable on I and �a� b� 
 I� Prove that if there is x� � �a� b�

such that lim
h��

jf�x��h�j � �
� and there is x� such that f is locally

bounded in �x�� x��� then f is not uniformly Schwarz di�erentiable on

the interval �a� b��

��	���� Assume that f is continuous on an open interval I containing

�a� b�� Show that f is uniformly Schwarz di�erentiable on �a� b� if and

only if fs is continuous on �a� b��

��	���� Show by example that in the foregoing problem the assump�

tion of continuity of f is essential�

��	��
� Prove that a function f locally bounded on an open interval

I is uniformly Schwarz di�erentiable on every �a� b� 
 I if and only if

f � is continuous on I�

                

                                                                                                               



                

                                                                                                               



Chapter �

Sequences and Series of
Functions

���� Sequences of Functions� Uniform

Convergence

We adopt the following de�nition�

De�nition� We say that a sequence of functions ffng converges uni�
formly on A to a function f if for every � � � there is an n� � N such

that n � n� implies jfn�x� � f�x�j � � for all x � A� We denote this

symbolically by writing fn �
A

f�

������ Prove that a sequence of functions ffng de�ned on A is uni�

formly convergent on B � A to f � B� R if and only if the sequence

of numbers fdng� where

dn 	 supfjfn�x�� f�x�j � x � Bg� n � N�

converges to zero�

������ Assume that fn �
A

f and gn �
A

g� Show that fn
gn �
A

f
g�

Is it true that fn � gn �
A

f � g�

�


                                     

                

                                                                                                               



�� Problems� �� Sequences and Series of Functions

������ Assume that fn �
A

f� gn �
A

g� and there is M � � such that

jf�x�j � M and jg�x�j � M for all x � A� Show that fn � gn �
A

f � g�

������ Let fang be a convergent sequence of real numbers� and let

ffng be a sequence of functions satisfying

supfjfn�x� � fm�x�j � x � Ag � jan � amj� n�m � N�

Prove that ffng converges uniformly on A�

����	� Show that the limit function of a uniformly convergent on A

sequence of bounded functions is bounded� Does the assertion hold

in the case of pointwise convergence�

����
� Show that the sequence of functions ffng� where

fn�x� 	

� x
n

if n is even�
�
n

if n is odd�

is pointwise convergent but not uniformly convergent on R� Find a

uniformly convergent subsequence�

������ Prove the following Cauchy criterion for uniform convergence�

The sequence of functions ffng� de�ned on A� converges uniformly

on A if and only if for every � � � there exists an n� � N such that

m � n� implies jfn�m�x� � fm�x�j � � for all n � N and all x � A�

������ Study the uniform convergence on ��� 
� of the sequence of

functions ffng de�ned by setting

fn�x� 	




 
 �nx� 
��
��a�

fn�x� 	
x�

x� 
 �nx� 
��
��b�

fn�x� 	 xn�
� x���c�

                

                                                                                                               



���� Sequences of Functions
 Uniform Convergence ��

fn�x� 	 nxn�
� x���d�

fn�x� 	 n�xn�
� x����e�

fn�x� 	
nx�


 
 nx
��f�

fn�x� 	




 
 xn
��g�

������ Study the uniform convergence of ffng on A and B when

fn�x� 	 cosn x�
� cosn x�� A 	 ��� ����� B 	 ����� ������a�

fn�x� 	 cosn x sin�n x� A 	 R� B 	 ��� ������b�

������� Determine whether the sequence ffng converges uniformly

on A when

fn�x� 	 arctan
�x

x� 
 n�
� A 	 R��a�

fn�x� 	 n ln

�

 


x�

n

�
� A 	 R��b�

fn�x� 	 n ln

 
 nx

nx
� A 	 ���	���c�

fn�x� 	
�n
p

 
 x�n� A 	 R��d�

fn�x� 	
n

p
�n 
 jxjn� A 	 R��e�

fn�x� 	
p
n
 
 sinn x cosx� A 	 R��f�

fn�x� 	 n� n
p
x� 
�� A 	 �
� a�� a � 
��g�

������� For a function f de�ned on �a� b� set fn�x� 	 �nf�x	

n

� x �
�a� b�� n � N� Show that fn �

�a�b

f�

������� Verify that the sequence ffng� where

fn�x� 	 n sin
p
���n� 
 x��

converges uniformly on ��� a�� a � �� Does ffng converge uniformly

on R�

                

                                                                                                               



�� Problems� �� Sequences and Series of Functions

������� Show that the sequence of polynomials fPng de�ned induc�

tively by

P��x� 	 �� Pn���x� 	 Pn�x� 




�

�
x� P �

n�x�
�
� n 	 �� 
� �� � � � �

converges uniformly on the interval ��� 
� to f�x� 	
p
x�

Deduce that there exists a sequence of polynomials converging

uniformly on the interval ��
� 
� to the function x 
� jxj�

������� Assume that f � R � R is di�erentiable and f � is uniformly

continuous on R� Verify that

n

�
f

�
x





n

�
� f�x�

�
� f ��x�

uniformly on R� Show by example that the assumption of uniform

continuity of f � is essential�

�����	� Let ffng be a sequence of uniformly continuous functions

converging uniformly on R� Prove that the limit function is also

uniformly continuous on R�

�����
� Prove the following Dini�s Theorem� Let ffng be a sequence

of continuous functions on a compact setK which converges pointwise

to a function f that is also continuous on K� If fn���x� � fn�x� for

x � K and n � N� then the sequence ffng converges to f uniformly

on K�

Show by example that each of the conditions in Dini�s theorem

�compactness of K� continuity of the limit function� continuity of fn
and monotonicity of the sequence ffng� is essential�

������� A sequence of functions ffng de�ned on a set A is said to

be equicontinuous on A if for every � � � there exists a 	 � � such

that jfn�x�� fn�x
��j � � whenever jx�x�j � 	� x� x� � A� and n � N�

Prove that if ffng is a uniformly convergent sequence of continuous

functions on a compact set K� then ffng is equicontinuous on K�

������� We say that a sequence of functions ffng� de�ned on a set

A� converges continuously on A to the function f if for x � A and for

every sequence fxng of elements of A converging to x the sequence

                

                                                                                                               



���� Sequences of Functions
 Uniform Convergence ��

ffn�xn�g converges to f�x�� Prove that if a sequence ffng converges
continuously on A to f � then for every sequence fxng of elements of

A converging to x � A and for every subsequence ffnkg�
lim
k��

fnk�xk� 	 f�x��

������� Prove that if ffng converges continuously on A to f� then f

is continuous on A �even if the fn are not themselves continuous��

������� Prove that if ffng converges uniformly on A to the contin�

uous function f � then ffng converges continuously on A� Does the

converse hold�

������� Let ffng be a sequence of functions de�ned on a compact

set K� Prove that the following conditions are equivalent�

�i� The sequence ffng converges uniformly on K to f � C�K��

�ii� The sequence ffng converges continuously on K to f �

������� Assume that ffng is a sequence of increasing or decreasing

functions on �a� b� converging pointwise to a function continuous on

�a� b�� Prove that ffng converges uniformly on �a� b��

������� Let ffng be a sequence of functions increasing or decreas�

ing on R and uniformly bounded on R� Prove that ffng contains a

subsequence pointwise convergent on R�

������� Show that under the assumptions of the foregoing problem�

if the limit function f of a pointwise convergent subsequence ffnkg
is continuous� then ffng converges to f uniformly on each compact

subset of R� Must ffng converge uniformly on R�

�����	� Show that the limit function of a sequence of polynomials

uniformly convergent on R is a polynomial�

�����
� Assume that fPng is a sequence of polynomials of the form

Pn�x� 	 an�px
p 
 an�p��x

p�� 
 � � �
 an��x
 an���

Prove that the following three conditions are equivalent�

�i� fPng converges uniformly on each compact subset of R�

                

                                                                                                               



�� Problems� �� Sequences and Series of Functions

�ii� there are p
 
 distinct numbers c�� c�� � � � � cp such that fPng
converges on fc�� c�� � � � � cpg�

�iii� the sequence of coe�cients fan�ig converges for i 	 �� 
� �� � � � � p�

������� Prove that if ffng is pointwise convergent and equicontinu�

ous on a compact set K� then ffng converges uniformly on K�

������� Let ffng be a sequence of functions continuous on a closed

interval �a� b� and di�erentiable on the open interval �a� b�� Assume

that the sequence ff �ng is uniformly bounded on �a� b�� that is� there

is an M � � such that jf �n�x�j �M for all n � N and x � �a� b�� Prove

that if ffng is pointwise convergent on �a� b�� then ffng is uniformly

convergent on that interval�

������� Study the convergence and the uniform convergence of ffng
and ff �ng on A� where

fn�x� 	
sinnxp

n
� A 	 R��a�

fn�x� 	
x


 
 n�x�
� A 	 ��
� 
���b�

������� Assume that ffng is uniformly convergent on A to the func�

tion f� Assume moreover that x� is a limit point of A and� beginning

with some value of the index n� lim
x�x�

fn�x� exists� Prove that

lim
n�� lim

x�x�
fn�x� 	 lim

x�x�
f�x��

Prove also that if ffng is uniformly convergent on �a�	� to f and�

beginning with some value of the index n� lim
x��

fn�x� exists� then

lim
n��

lim
x��

fn�x� 	 lim
x��

f�x��

The above equalities mean that if the limit on one side of the equality

exists� then the limit on the other side exists and the two are equal�

������� Let ffng be a sequence of functions di�erentiable on �a� b�

and such that ffn�x��g converges for some x� � �a� b�� Prove that if

                

                                                                                                               



���� Series of Functions
 Uniform Convergence ��

the sequence ff �ng converges uniformly on �a� b�� then ffng converges
uniformly on �a� b� to a function f di�erentiable on �a� b�� and

f ��x� 	 lim
n��

f �n�x� for x � �a� b��

������� For f � ��� 
� � R� let Bn�f� x� be the Bernstein polynomial

of order n of the function f � de�ned by

Bn�f� x� 	
nX

k��

�
n

k

�
f

�
k

n

�
xk�
� x�n�k �

Prove that if f is continuous on ��� 
�� then fBn�f�g converges uni�

formly on ��� 
� to f�

������� Use the result in the foregoing problem to prove the approx�

imation theorem of Weierstrass� If f � �a� b� � R is continuous on

�a� b�� then for every � � � there is a polynomial P such that

jf�x�� P �x�j � � for all x � �a� b��

���� Series of Functions� Uniform Convergence

������ Find where the following series converge pointwise�

�X
n��





 
 xn
� x �	 �
��a�

�X
n��

xn


 
 xn
� x �	 �
��b�

�X
n��

�n 
 xn


 
 �nxn
� x �	 �


�
��c�

�X
n��

xn��

�
� xn��
� xn���
� x �	 �
� 
��d�

                

                                                                                                               



�� Problems� �� Sequences and Series of Functions

�X
n��

x�
n��


� x�n
� x �	 �
� 
��e�

�X
n��

�
lnn

n

�x

��f�

�X
n��

xlnn� x � ���g�

�X
n��

sin����
p
n� 
 x����h�

������ Study the uniform convergence of the following series on the

given set A�

�X
n��

��
�
� arctan�n��
 
 x���

�
� A 	 R��a�

�X
n��

ln�
 
 nx�

nxn
� A 	 ���	���b�

�X
n��

n�x�e�n
�jxj� A 	 R��c�

�X
n��

x��
� x��n��� A 	 ��
� 
���d�

�X
n��

n�

p
n�
�xn 
 x�n�� A 	 fx � R � 
�� � jxj � �g��e�

�X
n��

�n sin



�nx
� A 	 ���	���f�

�X
n��

ln

�

 


x�

n ln� n

�
� A 	 ��a� a�� a � ���g�

������ Show that the series
�P
n��

fn�x�� where fn is de�ned by

fn�x� 	 � if � � x � �
�n�� or �

�n�� � x � 
�

fn�x� 	
�
n
if x 	 �

�n �

                

                                                                                                               



���� Series of Functions
 Uniform Convergence ��

fn�x� is de�ned linearly in the intervals �
���n 
 
�� 
���n��

and �
���n�� 
���n� 
���

is uniformly convergent on ��� 
� although the M�test of Weierstrass

cannot be applied�

������ Study the continuity on ���	� of the function f de�ned by

f�x� 	

�X
n��

x

��n� 
�x
 
��nx
 
�
�

����	� Study the continuity of the sum of the following series on the

domain of its pointwise convergence�

�X
n��

xn sin�nx�

n�
� �b�

�X
n��

xn
�

��a�

�X
n��

n�nxn� �d�
�X
n��

lnn�x
 
���c�

����
� Determine where the series
�P
n��

jxj
p
n converges pointwise� and

study the continuity of the sum�

������ Show that the series
�P
n��

x sin�n�x	
n�

converges pointwise to a

continuous function on R�

������ Suppose that the series
�P
n��

fn�x�� x � A� converges uni�

formly on A and that f � A � R is bounded� Prove that the series
�P
n��

f�x�fn�x� converges uniformly on A�

Show by example that boundedness of f is essential� Under what

assumption concerning f does the uniform convergence of the series
�P
n��

f�x�fn�x� imply the uniform convergence of
�P
n��

fn�x� on A�

������ Assume that ffng is a sequence of functions de�ned on A and

such that

�
� fn�x� � � for x � A and n � N�
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��� fn�x� � fn���x� for x � A and n � N�

��� sup
x�A

fn�x� ��
n��

��

Prove that
�P
n��

��
�n��fn�x� converges uniformly on A�

������� Prove that the following series converge uniformly on R�

�X
n��

��
�n��

n
 x�
� �b�

�X
n��

��
�n��

�
p
n
 x� 
 x�

��a�

�X
n��

��
�n��

p
n
 cosx

��c�

������� Show that if
�P
n��

f�
n�x� is pointwise convergent on A� and if

sup
x�A

� �X
n��

f�
n�x�

	
�	�

and
�P
n��

c�n converges� then
�P
n��

cnfn�x� converges uniformly on A�

������� Determine the domain A of pointwise convergence and the

domain B of absolute convergence of the series given below� More�

over� study the uniform convergence on the indicated set C�

�X
n��




n
�n��x� 
�n� C 	






�
�



�

�
��a�

�X
n��




n

�
x
 


x

�n

� C 	 �����
���b�

������� Assume that the functions fn� gn � A � R� n � N� satisfy

the following conditions�

�
� the series
�P
n��

jfn���x�� fn�x�j is uniformly convergent on A�

��� sup
x�A

jfn�x�j ��
n��

��
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 Uniform Convergence �


��� the sequence fGn�x�g� where Gn�x� 	
nP

k��

gn�x�� is uniformly

bounded on A�

Prove that the series
�P
n��

fn�x�gn�x� converges uniformly on A�

Deduce the following Dirichlet test for uniform convergence� As�

sume that fn� gn � A� R� n � N� satisfy he following conditions�

�
�� for each �xed x � A the sequence ffn�x�g is monotonic�

���� ffn�x�g converges uniformly to zero on A�

���� the sequence of partial sums of
�P
n��

gn�x� is uniformly bounded

on A�

Then the series
�P
n��

fn�x�gn�x� converges uniformly on A�

������� Show that the following series converge uniformly on the

indicated set A�

�X
n��

��
�n��x
n

n
� A 	 ��� 
���a�

�X
n��

sin�nx�

n
� A 	 �	� �� � 	�� � � 	 � ���b�

�X
n��

sin�n�x� sin�nx�

n
 x�
� A 	 R��c�

�X
n��

sin�nx� arctan�nx�

n
� A 	 �	� �� � 	�� � � 	 � ���d�

�X
n��

��
�n�� 


nx
� A 	 �a�	�� a � ���e�

�X
n��

��
�n�� e�nxp
n
 x�

� A 	 ���	���f�

�����	� Assume that the functions fn� gn � A � R� n � N� satisfy

the following conditions�

�
� the function f� is bounded on A�
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��� the series
�P
n��

jfn���x�� fn�x�j converges pointwise on A and

sup
x�A

� �P
n��

jfn���x�� fn�x�j
�
�	�

��� the series
�P
n��

gn�x� converges uniformly on A�

Prove that
�P
n��

fn�x�gn�x� converges uniformly on A�

Deduce the following Abel test for uniform convergence� Assume

that functions fn� gn � A� R� n � N� satisfy the following conditions�

�
�� for each �xed x � A� the sequence ffn�x�g is monotonic�

���� the sequence ffng is uniformly bounded on A�

����
�P
n��

gn�x� converges uniformly on A�

Then the series
�P
n��

fn�x�gn�x� converges uniformly on A�

�����
� Show that the following series converge uniformly on the

indicated set A�

�X
n��

��
�n��

n
 x�
arctan�nx�� A 	 R��a�

�X
n��

��
�n�� cos x
np

n
 cosx
� A 	 ��R�R�� R � ���b�

�X
n��

��
��
p
n
p

n�n
 x�
� A 	 ���	���c�

������� Suppose that fn� n � N� are continuous on A and the series
�P
n��

fn�x� converges uniformly on A� Show that if x� � A is a limit

point of A� then

lim
x�x�

�X
n��

fn�x� 	

�X
n��

fn�x���

                

                                                                                                               



���� Series of Functions
 Uniform Convergence ��

������� Verify the following claims�

lim
x���

�X
n��

��
�n��

n
xn 	 ln ���a�

lim
x��

�X
n��

��
�n��

nx
	 ln ���b�

lim
x���

�X
n��

�xn � xn��� 	 
��c�

lim
x���

�X
n��




�nnx
	 
��d�

lim
x��

�X
n��

x�


 
 n�x�
	

��

�
��e�

������� Suppose that the series
�P
n��

an converges� Find

lim
x���

�X
n��

anx
n�

������� Assume that the functions fn� n � N� are continuous on

��� 
� and
�P
n��

fn�x� converges uniformly on ��� 
�� Show that the series

�P
n��

fn�
� is convergent�

������� Find the domain A of pointwise convergence of the series
�P
n��

e�nx cos�nx�� Does the series converge uniformly on A�

������� Assume that fn � �a� b� � ���	�� n � N� are continuous

and f�x� 	
�P
n��

fn�x� is continuous on �a� b�� Show that the series

�P
n��

fn�x� converges uniformly on that interval�
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������� Suppose that
�P
n��

fn�x� converges absolutely and uniformly

on A� Must the series
�P
n��

jfn�x�j converge uniformly on A�

������� Assume that fn� n � N� are monotonic on �a� b�� Show that

if
�P
n��

fn�x� absolutely converges at the endpoints of �a� b�� then the

series
�P
n��

fn�x� converges absolutely and uniformly on the whole �a� b��

�����	� Suppose that
�P
n��

�
janj converges� Prove that

�P
n��

�
x�an con�

verges absolutely and uniformly on each bounded set A that does not

contain an� n � N�

�����
� For a sequence of real numbers fang� show that if the Dirich�

let series
�P
n��

an
nx

converges at x 	 x�� then the series converges uni�

formly on �x��	��

������� Study the uniform convergence on R of the series

�X
n��

x
sin�n�x�

n�
�

������� Assume that fn� n � N� are di�erentiable on �a� b��Moreover�

assume that
�P
n��

fn�x� converges at some x� � �a� b� and
�P
n��

f �n�x� con�

verges uniformly on �a� b�� Show that
�P
n��

fn�x� converges uniformly

on �a� b� to a di�erentiable function� and� �X
n��

fn�x�

	�
	

�X
n��

f �n�x� for x � �a� b��

������� Show that f�x� 	
�P
n��

�
n��x� is di�erentiable on R�

                

                                                                                                               



���� Series of Functions
 Uniform Convergence ��

������� Show that the function

f�x� 	

�X
n��

cos�nx�


 
 n�

is di�erentiable on
�
�
� �

���
�



�

������� Let f�x� 	
�P
n��

��
�n�� ln
�

 
 x

n

�
for x � ���	�� Show that

f is di�erentiable on ���	� and calculate f ����� f ��
�� and lim
x��

f ��x��

������� Let

f�x� 	

�X
n��

��
�n�� 
p
n
arctan

xp
n
� x � R�

Prove that f is continuously di�erentiable on R�

������� Prove that the function

f�x� 	
�X
n��

sin�nx��


 
 n�
� x � R�

is continuously di�erentiable on R�

������� Let

f�x� 	

�X
n��

p
n�tanx�n� x �

�
��

�
�
�

�

�
�

Prove that f is continuously di�erentiable on
���

� �
�
�

�
�

�����	� De�ne

f�x� 	

�X
n��

e�nx


 
 n�
� x � ���	��

Prove that f � C����	�� and f � C����	� and f ���� does not exist�

�����
� Show that the function

f�x� 	

�X
n��

jxj
x� 
 n�

is continuous on R� Is it di�erentiable on R�
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������� Prove that the Riemann 
�function de�ned by


�x� 	
�X
n��




nx

is in C��
�	��

������� Assume that f � C����� 
�� satis�es the following conditions�

�
� f �� ��

��� f �n	��� 	 � for n 	 �� 
� �� � � � �

��� for a sequence of real numbers fang� the series
�P
n��

anf
�n	�x�

converges uniformly on ��� 
��

Prove that

lim
n��

n�an 	 ��

������� For x � R let fn�x� denote the distance from x to the nearest

rational with the denominator n �the numerator and denominator do

not need to be co�prime�� Find all x � R for which the series
�P
n��

fn�x�

converges�

������� Let g�x� 	 jxj for x � ��
� 
� and extend the de�nition of g

to all real x by setting g�x 
 �� 	 g�x�� Prove that the Weierstrass

function f de�ned by

f�x� 	
�X
n��

�
�

�

�n

g��nx�

is continuous on R and is nowhere di�erentiable�

���� Power Series

������ Show that� given the power series
�P
n��

an�x � x��
n� there is

R � ���	� such that

�
� the power series converges absolutely for jx � x�j � R and

diverges for jx� x�j � R�

��� R is the supremum of the set of the r � ���	� for which

fjanjrng is a bounded sequence�

                

                                                                                                               



���� Power Series ��

��� 
�R 	 lim
n��

n

pjanj �here �
� 	 
	 and �

� 	 ���

R is called the radius of convergence of
�P
n��

an�x� x��
n�

������ Determine the domain of convergence of the power series given

below�

�X
n��

n�xn� �b�

�X
n��

�n

n�
xn��a�

�X
n��

�n

n�
xn� �d�

�X
n��

�� 
 ��
�n�nxn��c�

�X
n��

�
� 
 ��
�n
� 
 ��
�n��

�n

xn� �f�
�X
n��

�nxn
�

��e�

�X
n��

�n
�

xn
� �h�
�X
n��

�

 





n

����	nn�

xn��g�

������ Find the domains of convergence of the following series�

�X
n��

�x� 
��n

�nn�
� �b�

�X
n��

n

n
 


�
�x
 


x

�n

��a�

�X
n��

n�n

�n
xn�
� x�n� �d�

�X
n��

�n���

��n��
�x� 
�n��c�

�X
n��

p
n�tanx�n� �f�

�X
n��

�
arctan




x

�n�

��e�

������ Show that if the radii of convergence of
�P
n��

anx
n and

�P
n��

bnx
n

are R� and R�� respectively� then

�a� the radius of convergence R of
�P
n��

�an
bn�x
n is minfR�� R�g�

if R� �	 R�� What can be said about R if R� 	 R��

�b� the radius of convergence R of
�P
n��

anbnx
n satis�es R � R�R��

Show by example that the inequality may be strict�
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����	� Let R� and R� be the radii of convergence of
�P
n��

anx
n and

�P
n��

bnx
n� respectively� Show that

�a� if R�� R� � ���	�� then the radius of convergence R of the

power series

�X
n��

an
bn
xn� bn �	 �� n 	 �� 
� �� � � � �

satis�es R � R�

R�
�

�b� the radius of convergence R of the Cauchy product �see� e�g��

I� ����
� of the given series satis�es R � minfR�� R�g�
Show� by example� that the inequalities in �a� and �b� can be strict�

����
� Find the radius of convergence R of
�P
n��

anx
n� if

�a� there are � and L � � such that lim
n��

jann�j 	 L�

�b� there exist positive � and L such that lim
n��

jan�nj 	 L�

�c� lim
n��

jann�j 	 L� L � ���	��

������ Suppose that the radius of convergence of
�P
n��

anx
n is R and

� � R �	� Evaluate the radius of convergence of�

�X
n��

�nanx
n� �b�

�X
n��

nnanx
n��a�

�X
n��

nn

n�
anx

n� �d�

�X
n��

a�nx
n��c�

������ Find all power series uniformly convergent on R�

������ Find the radius of convergence R of the power series

�X
n��

x�n��

��n
 
���

and show that its sum f satis�es the equation f ��x� 	 
 
 xf�x��

x � ��R�R��

                

                                                                                                               



���� Power Series ��

������� Show that the series
�P
n��

x�n

��n	
 converges on R and the sum f

satis�es the equation f ���x� 
 f ��x� 
 f�x� 	 ex� x � R�

������� Let R � � be the radius of convergence of the power series
�P
n��

anx
n and let Sn�x� 	

nP
k��

akx
k� n 	 �� 
� �� � � � � Show that if f is

the sum of the series and if x� � ��R�R� is such that Sn�x�� � f�x���

n 	 �� 
� �� � � � � then f ��x�� �	 ��

������� Let fSng be the sequence of partial sums of
�P
n��

an and let

Tn 	 S��S������Sn
n�� � Prove that if fTng is bounded� then the power

series
�P
n��

anx
n�

�P
n��

Snx
n and

�P
n��

�n 
 
�Tnx
n converge for jxj � 
�

and
�X
n��

anx
n 	 �
� x�

�X
n��

Snx
n 	 �
� x��

�X
n��

�n
 
�Tnx
n�

������� Let f�x� 	
�P
n��

x�
n

� jxj � 
� Prove that there is an M � �

such that

jf ��x�j � M


� jxj � jxj � 
�

������� Prove the following Abel theorem� If
�P
n��

an converges to L�

then

�
�
�P
n��

anx
n converges uniformly on ��� 
��

��� lim
x���

�P
n��

anx
n 	 L�

�����	� Prove the following generalization of the Abel theorem� If

fSng is the sequence of partial sums of
�P
n��

an and the radius of con�

vergence of the power series f�x� 	
�P
n��

anx
n is 
� then

lim
n��

Sn � lim
x���

f�x� � lim
x���

f�x� � lim
n��

Sn�
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�����
� Prove the Tauber theorem� Assume that the radius of con�

vergence of the power series f�x� 	
�P
n��

anx
n is 
� If lim

n��nan 	 �

and lim
x���

f�x� 	 L� L � R� then
�P
n��

an converges to L�

������� Show by example that in the Tauber theorem the assumption

lim
n��

nan 	 � is essential�

������� Suppose that fang is a positive sequence and the radius of

convergence of f�x� 	
�P
n��

anx
n is 
� Prove that lim

x���
f�x� exists and

is �nite if and only if
�P
n��

an converges�

������� Prove the following generalization of the Tauber theorem�

Assume that the radius of convergence of f�x� 	
�P
n��

anx
n is 
� If

lim
n��

a� 
 �a� 
 � � �
 nan
n

	 � and lim
x���

f�x� 	 L� L � R�

then the series
�P
n��

an converges to L�

������� Assume that the radius of convergence of f�x� 	
�P
n��

anx
n is


� Prove that if
�P
n��

na�n converges and lim
x���

f�x� 	 L� L � R� then

�P
n��

an converges and has sum L�

������� Assume that an� bn � �� n 	 �� 
� �� � � � � and the power se�

ries f�x� 	
�P
n��

anx
n and g�x� 	

�P
n��

bnx
n both have the same ra�

dius of convergence� equal to 
� Moreover� assume that lim
x���

f�x� 	

lim
x���

g�x� 	 
	� Prove that if lim
n��

an
bn

	 A � ���	�� then also

lim
x���

f�x	
g�x	 	 A�

������� Prove the following generalization of the result in the fore�

going problem� Assume that the power series f�x� 	
�P
n��

anx
n and
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�


g�x� 	
�P
n��

bnx
n both have the same radius of convergence� equal

to 
� Moreover� assume that Sn 	 a� 
 a� 
 � � � 
 an and Tn 	

b� 
 b� 
 � � � 
 bn� n � N� are positive and both series
�P
n��

Sn and

�P
n��

Tn diverge� If lim
n��

Sn
Tn

	 A � ���	�� then lim
x���

f�x	
g�x	 	 A�

������� Show by example that the converse of the above theorem

fails to hold� Namely� the fact that lim
x���

f�x	
g�x	 	 A does not imply the

existence of lim
n��

Sn
Tn
�

������� Let the radius of convergence of the power series f�x� 	
�P
n��

anx
n with nonnegative coe�cients be 
 and let lim

x���
f�x��
�x� 	

A � ���	�� Prove that there are positive A� and A� such that

A�n � Sn 	 a� 
 a� 
 � � �
 an � A�n� n � N�

�����	� Prove the following theorem of Hardy and Littlewood� Let

the radius of convergence of the power series f�x� 	
�P
n��

anx
n with

nonnegative coe�cients be 
 and let lim
x���

f�x��
� x� 	 A � ���	��

Then

lim
n��

Sn
n

	 A�

where Sn 	 a� 
 a� 
 � � �
 an�

�����
� Let the radius of convergence of f�x� 	
�P
n��

anx
n be equal

to 
� Prove that if the sequence fnang is bounded and lim
x���

f�x� 	

L�L � R� then the series
�P
n��

an converges and has sum L�

������� Let the radius of convergence of f�x� 	
�P
n��

anx
n be equal

to 
� Prove that if lim
x���

�
� x�f�x� exists and is di�erent from zero�

then fang cannot converge to zero�
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���� Taylor Series

������ Assume that f is in C���a� b��� Show that if all derivatives

f �n	 are uniformly bounded on �a� b�� then for x and x� in �a� b��

f�x� 	
�X
n��

f �n	�x��

n�
�x� x��

n�

������ De�ne

f�x� 	

�
e�

�

x� if x �	 ��

� if x 	 ��

Does the equality

f�x� 	
�X
n��

f �n	���

n�
xn

hold for x �	 ��

������ De�ne f�x� 	
�P
n��

cos�n�x	
en

� x � R� Show that f is in C��R�

and the equality

f�x� 	

�X
n��

f �n	���

n�
xn

holds only at x 	 ��

������ Show that if � � R n N and jxj � 
� then

�
 
 x�� 	 
 


�X
n��

���� 
� � � � ��� n
 
�

n�
xn�

This is called Newton�s binomial formula�

����	� Show that for jxj � 
�

jxj 	 
� 


�
�
� x���

�X
n��

��n� ����

��n���
�
� x��n�

                

                                                                                                               



���� Taylor Series 
��

����
� Show that if the power series
�P
n��

anx
n has positive radius of

convergence R and f�x� 	
�P
n��

anx
n for x � ��R�R�� then f is in

C���R�R�� and

an 	
f �n	���

n�
� n 	 �� 
� �� � � � �

������ Prove that if x� is in the interval of convergence ��R�R��
R � �� of the power series f�x� 	

�P
n��

anx
n� then

f�x� 	

�X
n��

f �n	�x��

n�
�x� x��

n for jx� x�j � R� jx�j�

������ Assume that
�P
n��

anx
n and

�P
n��

bnx
n converge in the same in�

terval ��R�R�� Let A be the set of all x � ��R�R� for which
�X
n��

anx
n 	

�X
n��

bnx
n�

Prove that if A has a limit point in ��R�R�� then an 	 bn for n 	

�� 
� �� � � � �

������ Find the Taylor series of f about zero when

f�x� 	 sinx�� x � R��a�

f�x� 	 sin� x� x � R��b�

f�x� 	 sinx cos �x� x � R��c�

f�x� 	 sin� x
 cos� x� x � R��d�

f�x� 	



�
ln


 
 x


� x
� x � ��
� 
���e�

f�x� 	 ln�
 
 x
 x��� x � ��
� 
���f�

f�x� 	




� �x
 �x�
� x � ��
��� 
�����g�

f�x� 	
ex


� x
� x � ��
� 
���h�
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������� Find the Taylor series of the following functions f about the

point x 	 
�

f�x� 	 �x
 
�ex� x � R��a�

f�x� 	
ex

x
� x �	 ���b�

f�x� 	
cosx

x
� x �	 ���c�

f�x� 	
lnx

x
� x � ���d�

������� For jxj � 
� establish the following equalities�

arcsinx 	 x

�X
n��

��n� 
���

��n�����n
 
�
x�n����a�

arctanx 	

�X
n��

��
�n 


�n
 

x�n����b�

Using the above identities� show that

�

�
	




�



�X
n��

��n� 
���

��n����n�����n
 
�
and

�

�
	

�X
n��

��
�n 


�n
 

�

������� Find the Taylor series for f about zero when

f�x� 	 x arctanx� 


�
ln�
 
 x��� x � ��
� 
���a�

f�x� 	 x arcsinx

p

� x�� x � ��
� 
���b�

������� Find the sum of the series

�X
n��

��
�n��

n�n
 
�
� �b�

�X
n��

��
�nn
��n
 
��

��a�

�X
n��

��
�n
n� 
 n� �

� �d�

�X
n��

��
�n��

n��n� 
�
��c�

�X
n��

��
�n��n� 
���

��n���
� �f�

�X
n��

�n�n
 
�

n�
��e�
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��

������� Find the sum of the series
�P
n��

��n��	
	�

��n	
 ��x��n for jxj � 
�

�����	� Using the Taylor formula with integral remainder �see� e�g��

������ prove the following theorem of Bernstein� Assume that f is

in�nitely di�erentiable on an open interval I and all its derivatives

f �n	 are nonnegative in I� Then f is real analytic on I� that is� for

each x� � I there is a neighborhood �x� � r� x� 
 r� � I such that

f�x� 	

�X
n��

f �n	�x��

n�
�x� x��

n for jx� x�j � r�

�����
� Suppose that f is in�nitely di�erentiable on an open interval

I� Prove that if for every x� � I there are an open interval J � I with

x� � J� and constants C � � and � � � such that

jf �n	�x�j � C
n�

�n
for x � J�

then

f�x� 	

�X
n��

f �n	�x��

n�
�x� x��

n for x � �x� � �� x� 
 �� 
 J�

������� Assume that f is real analytic on an open interval I� Show

that for every x� � I there are an open interval J� with x� � J � I�

and positive constants A�B such that

jf �n	�x�j � A
n�

Bn
for x � J�

������� Apply the formula of Fa�a di Bruno �see� e�g�� ��
���� to show

that for each positive integer n and for A � ��

X k�

k��k�� � � � kn�A
k 	 A�
 
A�n���

where k 	 k�
k�
� � �
kn and the sum is taken over all k�� k�� � � � � kn
such that k� 
 �k� 
 � � �
 nkn 	 n�

                

                                                                                                               




�� Problems� �� Sequences and Series of Functions

������� Let I� J be open intervals and let f � I � J and g � J � R

be real analytic on I and J� respectively� Show that h 	 g � f is real

analytic on I�

������� Let f be in C� on an open interval I and ��
�nf �n	�x� � �

for x � I and n � N� Prove that f is real analytic on I�

������� Apply the formula of Fa�a di Bruno to prove that� for each

positive integer n�

X ��
�kk�
k��k�� � � � kn�

� �
�




�k�� �
�

�

�k�

� � �
� �

�

n

�kn

	 ��n
 
�

� �
�

n
 


�
�

where k 	 k�
k�
� � �
kn and the sum is taken over all k�� k�� � � � � kn
such that k� 
 �k� 
 � � �
 nkn 	 n� and

�
�
k

�
	 �����	������k��	

k
 �

������� Assume that f is real analytic on an open interval I� Prove

that if f ��x�� �	 � for an x� � I� then there are an open interval

J containing x� and a real analytic function g de�ned on an open

interval K containing f�x�� and such that �g � f��x� 	 x for x � J

and �f � g��x� 	 x for x � K�

������� Prove that if f is di�erentiable on ���	� and such that f�� 	

f �� then f is real analytic on ���	��

������� Prove that there is only one function f di�erentiable on

���	� and such that f�� 	 f ��

�����	� Prove that the only function satisfying the assumptions of

the foregoing problem is f�x� 	 axc� where c 	 ��
p
�

� and a 	 c��c�

�����
� Apply the result in ����
� to show that for x � ��� ���

ln�
 
 x� 	 �

�X
n��




�n
 


�
x

� 
 x

��n��

�

������� Let Mp�x� y� and L�x� y� denote the power mean and the

logarithmic mean of positive numbers x and y �see� e�g�� �����
 and

������ for the de�nitions�� Show that if p � �
� � then

L�x� y� � Mp�x� y� for x� y � �� x �	 y�

                

                                                                                                               



���� Taylor Series 
��

������� Show that� in the notation of ������� if p � �
� � then there

exist positive numbers x and y for which L�x� y� � Mp�x� y��

������� Show that� in the notation of ������� if p � �� then

L�x� y� � Mp�x� y� for x� y � �� x �	 y�

������� Show that� in the notation of ������� if p � �� then there

exist positive numbers x and y for which L�x� y� � Mp�x� y��
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Chapter �

Limits and Continuity

���� The Limit of a Function

������

�a� Since
��x cos �

x

�� � jxj� the limit is ��

�b� For x � �� ��x � x
�
�
x

� � � and for x � �� � � x
�
�
x

�
� ��x�

Therefore lim
x��

x
�
�
x

�
� ��

�c� As in �b�� one can show that the limit is equal to b
a
�

�d� The limit does not exist because the one�sided limits are dif�

ferent�

�e� The limit is equal to �
� �compare with the solution of I� 	�
����

�f� We have

lim
x��

cos
�
�
� cosx

�
sin�sinx�

� lim
x��

sin
�
�
� �� � cosx�

�
sin�sinx�

� lim
x��

sin
�
� cos� x

�

�
sin�sinx�

� lim
x��

sin
�
� sin� x

�

�
sin�sinx�

� lim
x��

�
sin x

�


 cos x�
� 
 sin x

� cos
x
�

sin
�

 sin x

� cos
x
�

� � sin �� sin� x
�

�
� sin� x

�

� ��

���

                                     

                

                                                                                                               



��
 Solutions� �� Limits and Continuity

������

�a� Suppose that lim
x��

f�x� � l� Then� given � � �� there is � � � � �
�

such that

��� jf�y�� lj � � if � � jyj � ��

Note also that if � � jxj � �� then � � jyj � j sinxj � jxj � ��

Thus� by ���� jf�sinx�� lj � �� which gives lim
x��

f�sinx� � l�

Now suppose that lim
x��

f�sinx� � l� Given � � �� there exists

� � � � �
� such that

�
� jf�sinx� � lj � � if � � jxj � ��

Now if � � jyj � sin �� then � � jxj � j arcsin yj � � and by �
� we

get jf�y�� lj � jf�sinx�� lj � �� This means that lim
x��

f�x� � l�

�b� The implication follows immediately from the de�nition of a limit�

To show that the other implication does not hold� observe that�

e�g�� lim
x��


jxj� � � but lim
x��


x� does not exist�

������ Clearly� f�x� � �
f�x� � 
� Hence� by assumption� given � � ��

there is � � � such that

� � f�x� �
�

f�x�
� 
 � � for � � jxj � ��

This condition can be rewritten equivalently as

��� � � �f�x� � �� �

�
�

f�x�
� �

�
� �

or

�
� � � �f�x�� ��

�
�� �

f�x�

�
� ��

Squaring both sides of ��� and using �
�� we get

�f�x�� ��� �

�
�

f�x�
� �

��

� �� � 
��

Consequently� �f�x�� ��� � �� � 
��

                

                                                                                                               



���� The Limit of a Function� ��	

������ Suppose that lim
x�a

f�x� exists and is equal to l� Then on

account of our condition� we get l � �
jlj � �� which implies l � ���

Now we show that lim
x�a

f�x� � ��� To this end observe that there is

� � � such that f�x� � � for x � �a��� a���nfag� Indeed� if in every
deleted neighborhood of a there were an x� such that f�x�� � �� then

we would get f�x�� �
�

f�x��
� 
� contrary to our assumption� Since

f�x� � �� the following inequality holds�

jf�x� � �j �
����f�x� � �

jf�x�j
���� �

������ There is M � � such that jf�x�j � M for x � 
�� ��� Since

f�ax� � bf�x� for x � 
�� �
a
�� f�a�x� � b�f�x� for x � 
�� �

a�
�� One

can show by induction that

f�anx� � bnf�x� for x �
�
��

�

an

	
� n � N�

Therefore

��� jf�x�j �M
�

bn
for x �

�
��

�

an

	
� n � N�

On the other hand� the equality f�ax� � bf�x� implies f��� � ��

which together with ��� gives the desired result�

������

�a� We have

x�
�
� � 
 � 	 � � � ��

�
�

jxj
	�

� x�
� �

h
�
jxj
i




�
�

jxj
	
�

It follows from the de�nition of the greatest integer function that

if � � jxj � �� then

�



��� jxj� � x�

�
� � 
 � 	 � � � ��

�
�

jxj
	�

� �



�� � jxj��

Consequently� the limit is �
� �

�b� As in �a�� one can show that the limit is k�k���
� �

                

                                                                                                               



��� Solutions� �� Limits and Continuity

����	� Since P is a polynomial with positive coe�cients� for x � �

we get
P �x�� �

P �x�
� 
P �x��

P �
x��
� P �x�

P �x� ��
�

Thus lim
x��

�P �x��
P ��x�� � ��

����
� Consider f � R � R de�ned by setting

f�x� �



����n if x � �

�n � n � �� �� 
� 	� � � � �

� otherwise�

Now if f�x� � 	�x�� then

	�x� � f�x� � �f�x� � f�
x��� f�
x� � �f�x� � f�
x��� 	�
x��

which gives lim
x��

f�x� � ��

������

�a� Consider� for example� f � R � R de�ned as follows�

f�x� �



����n if x � �

��n
� n � �� 
� 	� � � � �

� otherwise�

�b� If f�x� � jxj� and f�x�f�
x� � jxj� then

jxj� � f�x� � jxj
f�
x�

� jxj
j
xj� �

Since �
� � 
 � �� we see that lim

x��
f�x� � ��

������� We have g�a�
a�

� lim
x��

f�ax�
a�x�

� lim
t��

f�t�
t�

� g����

������� It follows from lim
x��

f��x�
f�x� � � that for any n � N�

lim
x��

f�
nx�

f�x�
� lim

x��

�
f�
nx�

f�
n��x�

f�
n��x�

f�
n��x�
� � � f�
x�

f�x�

�
� ��

Assume that f is increasing and c � �� Clearly� there is n � N � f�g
such that 
n � c � 
n��� Hence by the monotonicity of f we obtain

f�
nx� � f�cx� � f�
n��x�� which gives

lim
x��

f�cx�

f�x�
� � for c � ��

                

                                                                                                               



���� The Limit of a Function� ���

In view of the above� if � � c � �� then

lim
x��

f�cx�

f�x�
� lim

t��
f�t�

f� �
c
t�

� ��

�������

�a� Note �rst that if a � �� then lim
x�� ax � �	� Indeed� given M �

�� ax � M if and only if x � lnM
ln a � To see that lim

n��
an

n�� � �	�

write an

n�� � ����a����n

n�� and observe that by the binomial formula

�� � �a� ���n � n�n���
� �a� ���� Thus� given N� there is n� such

that an

n�� � N whenever n � n�� Now for x � n���� set n � 
x��

Then ax

x
� an

n�� � N� which gives lim
x��

ax

x
� �	�

�b� Clearly� lim
x��

ax

x�
� �	 for 
 � �� In the case when 
 � �� we

get

ax

x�
�

�
a
x
�

x

��

�

�
bx

x

��

�

where b � a
�
� � �� By �a�� lim

x��
bx

x
� �	� Consequently�

lim
x��

ax

x�
� lim

x��

�
bx

x

��

� �	

for positive 
�

������� It follows from the foregoing problem that lim
y��

�y
e�y

� ��

Substituting y � lnx yields lim
x��

lnx
x�

� ��

������� We know that lim
n��

a
�
n � lim

n��
a�

�
n � �� Suppose �rst that

a � �� Let � � � be given� There exists an integer n� such that n � n�

implies

�� � � a�
�
n � ax � a

�
n � � � � for jxj � �

n
�

Therefore lim
x��

ax � � for a � �� If � � a � �� it follows from the

above that

lim
x��

ax � lim
x��

�

���a�x
� ��

                

                                                                                                               



��� Solutions� �� Limits and Continuity

The case a � � is obvious� To show the continuity of the exponential

function x 
� ax� choose x� � R arbitrarily� Then

lim
x�x�

ax � lim
x�x�

ax�ax�x� � ax� lim
y��

ay � ax� �

�������

�a� Since �see� e�g�� I� 
���	�� lim
n��

�
� � �

n

�n
� e� given � � �� there

is n� such that if x � n� � �� and if n � 
x�� then

e� � �

�
� �

�

n� �

�n

�

�
� �

�

x

�x

�

�
� �

�

n

�n��

� e� ��

�b� We have

lim
x���

�
� �

�

x

�x

� lim
y���

�
�� �

y

��y

� lim
y���

�
� �

�

y � �

�y���
� �

�

y � �

�
�

Hence the required equality follows from �a��

�c� In view of �a� and �b� we get lim
x���

���x�
�
x � lim

y���

�
� � �

y

�y
� e

and lim
x���

�� � x�
�
x � lim

y���

�
� � �

y

�y
� e�

������� It is known that �see� e�g�� I� 
���	�� � � ln
�
� � �

n

�
� �

n
�

n � N� Moreover� given � � �� there is n� such that �
n��� � ��

Consequently� if jxj � �
n�
� then

�� � � �

n� � �
� ln

�
�� �

n�

�
� ln�� � x� � ln

�
� �

�

n�

�
�

�

n�
� ��

Hence lim
x��

ln�� � x� � �� To prove the continuity of the logarithmic

function take an x� � ���	�� Then

lim
x�x�

lnx � lim
x�x�

�
lnx� � ln

x

x�

�
� lnx� � lim

y��
ln y

� lnx� � lim
t��

ln�� � t� � lnx��

                

                                                                                                               



���� The Limit of a Function� ���

�����	�

�a� By the result in ������ and by the continuity of the logarithmic

function �see ��������

lim
x��

ln�� � x�

x
� lim

x��
ln�� � x�

�
x � ln e � ��

�b� Note �rst that the continuity of the logarithmic function with

base a� a � �� a �� �� follows from the continuity of the natural

logarithm function and from the equality logax � lnx
lna � So� by

�a��

lim
x��

loga�� � x�

x
� logae�

Set y � ax � �� Then

lim
x��

ax � �

x
� lim

y��

y

loga�y � ��
�

�

logae
� ln a�

�c� Put y � �� � x�� � �� Clearly� x tends to zero if and only if y

tends to zero� Moreover�

�� � x�� � �

x
�

y

ln�� � y�
� ln�� � y�

x
�

y

ln�� � y�
� 
 ln�� � x�

x
�

This and �a� give lim
x��

���x����
x

� 
�

�����
�

�a� Set y � �ln x�
�
x � Then ln y � ln�lnx�

lnx � lnx
x
� Hence� by �����	 and

by the continuity of the exponential function� lim
x��

�ln x�
�
x � ��

�b� Set y � xsinx� Then ln y � sinx
x

� x ln x� By �����	�

lim
x���

x lnx � lim
t���

� ln t

t
� ��

Again by the continuity of the exponential function� we obtain

lim
x���

xsin x � ��

�c� Setting y � �cosx�
�

sin� x � we see that

ln y �
ln�cosx�

cosx� �
� cosx� �

sin� x
�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

Now� by ������ �a�� lim
x��

�cosx�
�

sin� x � e�
�
� �

�d� For su�ciently large x�

e



�
x

� �ex � ��
�
x � e�

Since lim
x�� 


�
x � � �see �������� the limit is e�

�e� We have lim
x���

�sinx�
�

ln x � ea� where

a � lim
x���

ln sinx

lnx
� lim

x���

ln sinx
x

� lnx

lnx
� ��

The last equality follows from the continuity of the logarithmic

function �see ��������

�������

�a� We have

lim
x��

sin 
x� 
arctan	x� 	x�

ln�� � 	x� sin� x� � xex
� lim

x��

sin �x��arctan	x�	x�

x

ln���	x�sin� x�
x

� ex
� 
�

because� by �������a�� lim
x��

ln���	x�sin� x�
x

� 	�

�b� By �������a� we get

lim
x��


 ln cosx

�x� � lim
x��

ln��� sin� x�

�x� � ��

Hence lim
x��

ln cosx
tanx� � � �

� �

�c� We have

lim
x���

p
�� e�x �p�� cosxp

sinx
� lim

x���

p
��e�x�p��cosxp

xq
sinx
x

� ��

�d� We have lim
x��

�� � x��cotx � ea� where

a � lim
x��

ln�� � x��

tanx
� lim

x��

x�

x
� ��

because� in view of �������a�� lim
x��

ln���x��
x�

� ��

                

                                                                                                               



���� The Limit of a Function� ���

�������

�a� Observe �rst that

���

 ln tan �x

�x��

x
�

ln
�

�
cos� �x

�x��

� �
�

x
�

By ������ and ������ �d��

lim
x��

ln�x� ��

lnx
� lim

x��
ln�x � ��

�
ln x � lim

y��
ln�ey � ��

�
y � ��

Hence

�
�
lim
x��

ln
�

�
cos� �x

�x��

� �
�

x
� lim

x��

ln �
cos� �x

�x��

x

� lim
x��

�
 ln cos �x
�x��

x
�

Next� by ������ �e��

lim
x��

�
 ln cos �x
�x��

x
� lim

x��

�
 ln sin �
���x���

x
� lim

x��

 ln ���x���

�

x
�

The last limit is � �see �����	�� This combined with ��� and �
�

implies that the limit is ��

�b� We have

lim
x��

x
�
ln
�
� �

x




�
� ln

x




�
� lim

x��
ln
�
� � �

x

�
�
x

� lim
y��

ln �� � y�
�
�y

� 
�

where the last equality is a consequence of ������ �a��

������� Put b�x� � f�x�
x�

� Then

lim
x���

g�x� ln f�x� � lim
x���

�
g�x� ln x� g�x� ln b�x��

� lim
x���


g�x� ln x � ��

                

                                                                                                               



�
� Solutions� �� Limits and Continuity

������� By �������a��

lim
x��

g�x� ln f�x� � lim
x��

g�x�
ln�f�x�� � � ��

f�x�� �
�f�x�� �� � ��

�������

�a� Apply the result in ����
� with

g�x� � x� 
 � ��
 and f�x� � 
 sin
p
x�

p
x sin

�

x

and use the equality lim
x���

x ln
p
x � � �see� e�g�� �����	�� The

limit is ��

�b� Put

f�x� � � � xe�
�

x� sin
�

x

and g�x� � e

�

x� �

and note that lim
x��

g�x��f�x� � �� � �� Thus� by ����

� the limit

is ��

�c� As in �b� one can show that the limit equals e
�
� �

������� No� For a �xed positive and irrational 
� consider the func�

tion de�ned by

f�x� �



� if x � n
� n � N�
� otherwise�

This function satis�es our assumption� Indeed� if a � � and a�k � n


for some k� n � N� then there are no other k�� n� � N such that

a � k� � n�
� If there were� we would get k � k� � �n � n��
� a
contradiction� Clearly� lim

x��
f�x� does not exist�

������� No� Consider the function de�ned by

f�x� �



� if x � n n

p

� n � N�

� otherwise�

The limit lim
x��

f�x� does not exist� although the function enjoys the

property given in the problem� In fact� if a � �� and for some k� n � N

                

                                                                                                               



���� The Limit of a Function� �
�

we have ak � n n
p

� then there are no other k�� n� � N for which

ak� � n� n
�
p

� If there were� we would get

k

k�
�

n

n�


n��n

nn� �

a contradiction�

������� No� Consider the function de�ned in the solution of the fore�

going problem� To see that the function satis�es the given condition�

suppose that a and b are positive and a� bn � m m
p

� a� bk � l l

p



for some n�m� k� l � N such that n �� k� m �� l� Then

��� a �
nl l
p

�mk m

p



n� k
� b �

m m
p

� l l

p



n� k
�

If there were p� q � N such that p �� n� p �� k and q �� m� q �� l� and

a� bp � q q
p

� then in view of ��� we would get

m�p� k�
m
p

 � l�n� p�

l
p

 � q�n� k�

q
p

�

a contradiction�

�����	� Fix � � � arbitrarily� By assumption there is � � � such

that
jf�x�� f� ��x�j

jxj � �� whenever � � jxj � ��

Hence� for � � jxj � ��

����f�x�x

���� � lim
n��

�����f�x�� f
�

�
�n��x

�
x

�����
� lim

n��

n��X
k��

�
�k��

��f � x
�k��

�� f
�
x
�k

���
�

�k�� jxj

� lim
n��

n��X
k��

�


k��
� � 
��

                

                                                                                                               



�

 Solutions� �� Limits and Continuity

�����
� Put lim
x��

�f�x� ��� f�x�� � l and set

Mn � sup
x��n�n���

f�x� and mn � inf
x��n�n���

f�x��

The sequences fMng and fmng are well de�ned for n � 
a� � �� By

the de�nition of the supremum� given � � � there is fxng such that

xn � 
n� n� �� and f�xn� � Mn � �� Then

f�xn � ��� f�xn�� � � Mn�� �Mn � f�xn���� f�xn�� � �� � ��

and consequently�

l� � � lim
n��

�Mn�� �Mn� � lim
n��

�Mn�� �Mn� � l � ��

Since � � � can be arbitrarily chosen� lim
n��

�Mn���Mn� � l� In much

the same way one can show that lim
n���mn�� � mn� � l� It follows

from the Stolz theorem that �see also� e�g�� I� 
�	�
�

lim
n��

Mn

n
� lim

n��
mn

n� �
� l�

Hence� given � � �� there is n� such that for n � n��

��� �� � mn

n� �
� l � � and � � �

Mn

n
� l � ��

It follows from the above that if l � �� then f�x� � � for su�ciently

large x� Therefore if nx � 
x�� then

mnx

nx � �
� f�x�

x
� Mnx

nx
�

Now� by ���� we see that for x � n� � ��

�� � mnx

nx � �
� l � f�x�

x
� l � Mnx

nx
� l � ��

For l � �� one can show that

mnx

nx
� f�x�

x
� Mnx

nx � �

                

                                                                                                               



���� The Limit of a Function� �
	

and proceed analogously� In this way the assertion is proved for l ��
�� To show that our assertion is also true for l � �� put Mn �

sup
x��n�n���

jf�x�j� As above� one can �nd a sequence fxng such that

jf�xn���j�jf�xn�j�� � Mn���Mn � jf�xn���j�jf�xn�����j��

and show that lim
n��

Mn

n
� �� Since

��� f�x�x

��� � Mn

n
for x � 
n� n � ���

we get lim
x��

f�x�
x

� ��

������� For n � 
a� � � set mn � inf
x��n�n���

f�x�� By the de�nition

of the in�mum� given � � �� there is a sequence fxng such that

xn � 
n� n� �� and mn � f�xn� � mn � �� Then

f�xn���� f�xn�� � �� � mn�� �mn � ��

This� in turn� implies lim
n��

�mn�� �mn� �	� By the Stolz theorem

�see also I� 
�	���� lim
n��

mn

n
� �	� If x � 
n� n���� then f�x�

x
� mn

n�� �

which gives lim
x��

f�x�
x

� �	�

������� Using notation introduced in the solution of Problem ����
��

one can show that

lim
n��

Mn�� �Mn

nk
� lim

n��
mn�� �mn

nk
� l�

Now by the Stolz theorem �see� e�g�� I� 
�	�����

lim
n��

Mn

nk��
�

�

k � �
lim
n��

Mn�� �Mn

nk

and

lim
n��

mn

nk��
�

�

k � �
lim
n��

mn�� �mn

nk
�

To prove our assertion it is enough to apply the reasoning analogous

to that used in the solutions of the two preceding problems�

������� Set lim
x���

f�x���
f�x� � l and note that the function x 
� ln�f�x��

satis�es the assumptions of Problem ����
�� Therefore we obtain

lim
x��

ln�f�x��
x

� ln l� Hence

lim
x���

�f�x��
�
x � eln l � l�

                

                                                                                                               



�
� Solutions� �� Limits and Continuity

������� No� Consider the function de�ned by

f�x� �



� if x � �

n
� n � �� 
� � � � �

� otherwise�

������� No� Let us take the function de�ned as follows�

f�x� �



� if x � �

n
n
p
�
� n � �� 
� � � � �

� otherwise�

and proceed as in the solution of ����
��

������� Given � � �� there is �� � � � � �� such that if � � jxj � ��

then ����f
�
x

�
�

x
�
�
�

x

	������ � ��

Now take n � N so large that �
n
� �� For � � s � �

n�� � set x � ��s
n
�

Then
�

n� �
�

�� �
n��

n
�

�� s

n
� x �

�

n
�

Thus n � �
x
� n� � and

�
�
x

�
� n� Consequently�

x

�
�

x
�
�
�

x

	�
� x

�
�

x
� n

�
� �� �� s

n
n � s�

Finally� if � � s � �
n�� � then jf�s�j � ��f �x � �

x
� � �

x

����� � �� For

s � �� one can proceed analogously�

�������

�a� Assume that f is monotonically increasing on �a� b�� If fxng is a
decreasing sequence convergent to x�� then ff�xn�g is also mono�

tonically decreasing and bounded below by f�x��� Thus �see� e�g��

I� 
������ lim
n��

f�xn� � inf
n�N

f�xn�� Clearly�

inf
n�N

f�xn� � inf
x�x�

f�x��

Moreover� given x � x�� there is an n such that xn � x� and

consequently� f�xn� � f�x�� Hence

inf
n�N

f�xn� � inf
x�x�

f�x��

                

                                                                                                               



���� The Limit of a Function� �
�

In this way we have proved that if fxng is monotonically decreas�

ing to x�� then

lim
n��

f�xn� � inf
x�x�

f�x��

Now assume that fxng is a sequence convergent to x� and such

that xn � x�� Then �see� e�g�� I� 
���
�� fxng contains a mono�

tonically decreasing subsequence fxnkg� In view of the above�

lim
k��

f�xnk� � inf
x�x�

f�x��

If the sequence fxng contained a subsequence fznkg such that

lim
k��

f�znk� �� inf
x�x�

f�x�� then we could �nd a monotonic subse�

quence of it not convergent to inf
x�x�

f�x�� a contradiction� This

implies that lim
x�x

�

�

f�x� � inf
x�x�

f�x��

It is worth noting here that the above analysis shows that to de�

termine a one�sided limit it is enough to consider only monotonic

sequences�

The same reasoning applies to the other equalities in �a� and �b��

�c� Assume that f is monotonically increasing� Since f�x� � f�x��

for x � x�� f�x
�
� � � inf

x�x�
f�x� � f�x��� Likewise� one can show

that f�x�� � � sup
x�x�

f�x� � f�x���

�������

�a� It follows from the solution of the foregoing problem that

f�t� � f�x�� � f�x� whenever a � x� � t � x�

If x� x�� � then t� x�� � and therefore

f�x�� � � lim
t�x

�
�

f�t� � lim
x�x

�
�

f�x��

and

lim
x�x

�
�

f�x�� � f�x�� � � lim
x�x

�
�

f�x��

Consequently� lim
x�x

�

�

f�x�� � f�x�� ��

�b� This follows by the same reasoning as in �a��

                

                                                                                                               



�
� Solutions� �� Limits and Continuity

�����	� Necessity of the condition follows immediately from the def�

inition of a limit� Indeed� if lim
x�a

f�x� � l� then given � � �� there is

� � � such that the relation � � jx � aj � � implies jf�x� � lj � �
� �

Consequently�

jf�x�� f�x��j � jf�x�� lj� jf�x��� lj � ��

Now we show that the condition is su�cient� Suppose that it is satis�

�ed and f does not have a limit at a� Take fxng such that lim
n�� xn �

a� xn �� a and ff�xn�g does not converge� Consequently� ff�xn�g is
not a Cauchy sequence� On the other hand� since lim

n��
xn � a� there is

n� such that if n� k � n�� then � � jxn�aj � � and � � jxk�aj � ��

It follows from the assumption that jf�xn�� f�xk�j � �� a contradic�

tion�

In an entirely similar manner one can show that in order that the

�nite limit lim
x�� f�x� exist the following condition is necessary and

su�cient� for every � � � there exists M � � such that x� x� � M

implies jf�x�� f�x��j � ��

�����
� Let fxng� xn �� a� be an arbitrary sequence converging

to a� It follows from the de�nition of the limit of a function at

a that lim
n��

f�xn� � A� Set yn � f�xn�� Since f�x� �� A in a

deleted neighborhood of a� f�xn� �� A for su�ciently large n� Hence

lim
n��

g�yn� � B� or equivalently� lim
n��

g�f�xn�� � B� This means that

lim
x�a

g�f�x�� � B�

������� Consider the functions f and g de�ned as follows�

f�x� �



� if x � �

n
� n � �� 
� � � � �

sinx otherwise�

g�y� �



� if y � ��
sin y
y

otherwise�

Then

g�f�x�� �



� if x � �

n
� n � N� or x � k�� k � Z�

sin�sinx�
sinx otherwise�

                

                                                                                                               



���� The Limit of a Function� �
�

and lim
x��

f�x� � � and lim
y��

g�y� � �� but lim
x��

g�f�x�� does not exist�

������� By the periodicity of x 
� f�x� � x� f�x � �� � f�x� � ��

Consequently� for any integer n� f�x � n� � f�x� � n� x � R� Since

each real x can be written as the sum of its integral and fractional

parts �that is x � 
x� � r� where � � r � ��� we get

��� f�x� � f�r� � 
x��

The monotonicity of f gives

f��� � f�r� � f��� � f��� � � for � � r � ��

One can prove by induction that

fn��� � fn�r� � fn��� � � for � � r � � and n � N�
Therefore�

fn���

n
� fn�r�

n
� fn���

n
�

�

n
�

These inequalities prove our assertion in the case when � � x � ��

Moreover� by ���� fn�x� � fn�r� � 
x�� which implies that the asser�

tion holds for the other x � R�

������ 
�� page ���� Observe �rst that

x� f���� � � 
x� � f��� � f�
x�� � f�x�

� f�� � 
x�� � f��� � 
x� � �

� x� f��� � ��

Now we show by induction that for n � N�
��� x� n�f���� �� � fn�x� � x� n�f��� � ���

Fix n arbitrarily and assume that ��� is true� Then� as in the solution

of ������� we get

fn���x� � f�fn�x�� � f�
fn�x�� � r�

� 
fn�x�� � f�r� � fn�x� � f���

� x� n�f��� � �� � f��� � �

� x� �n� ���f��� � ���
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� Solutions� �� Limits and Continuity

where r � fn�x� � 
fn�x��� This proves the right inequality in ����

In much the same way one can prove the left inequality� Again by

induction� we will prove that

�
� fn�mp������ � np � fnmp���� n � N�
For n � � the inequalities follow from the de�nition of mp� Suppose

that they hold for an arbitrarily �xed n� Then

f �n���mp��� � fmp�fnmp����

� fmp�� � np� � fmp��� � np

� p� np�

Likewise�

f �n����mp������ � fmp���fn�mp������� � fmp���� � np�

� np� fmp�����

� np� p�

Thus the inequalities �
� are proved�

Any positive integer n can be written as n � kmp � q� where

� � q � mp� By ��� and �
� we obtain

kp� q�f���� �� � fq�kp� � fq�fkmp����

� fn��� � fq�k�fk�mp�������

� fq�k�kp� � kp� �q � k��� � f�����

which implies

�	�
kp

n
�
q�f���� ��

n
� fn���

n
� kp

n
�
k � q

n
�� � f�����

Since lim
n��

k
n

� �
mp

and lim
n��

q
n

� �� the required inequality is a

consequence of �	��

������ 
�� page ���� Note that by ������ it is enough to show that

lim
n��

fn���
n

exists� If f��� � �� then the limit is �� Assume now that

f��� � �� Then either for any positive integer p there is an integer m

such that fm��� � p� or there is a positive integer p such that fm��� �
p for all m � N� In the latter case ffn���g is a bounded sequence

                

                                                                                                               



���� Properties of Continuous Functions �
�

and� consequently� lim
n��

fn���
n

� �� In the �rst case lim
p��

mp � 	�

where mp is de�ned as in ������� Passage to the limit as p � 	
in the inequalities given in ������ shows that lim

p��
p
mp

exists� and

consequently lim
n��

fn���
n

also exists�

In the case where f��� � � one can prove an inequality similar to

�
� in the solution of the foregoing problem� and proceed analogously�

���� Properties of Continuous Functions

������ The function is discontinuous at each x� �� �k� where k � Z�
Indeed� if fxng is a sequence of irrationals converging to x�� then

lim
n��

f�xn� � �� On the other hand� if fzng is a sequence of ratio�

nals converging to x�� then� by the continuity of the sine function�

lim
n��

f�zn� � lim
n��

sin jznj � sin jx�j �� �� Similarly� one can show

that f is continuous at k� with k � Z�
������ As in the solution of the foregoing problem we can show that

f is continuous at �� and at � only�

������

�a� Observe �rst that if fxng converges to x� with xn � pn
qn
� where

pn � Z and qn � N are relatively prime� and xn �� x� n � N�

then lim
n�� qn � 	� So� if x is irrational and fxng is as above�

then lim
n��

f�xn� � lim
n��

�
qn

� � � f�x�� If fzng is a sequence

of irrationals converging to x� then lim
n��

f�zn� � � � f�x�� This

means that f is continuous at every irrational� Likewise� one

can show that � is a point of continuity of f � Suppose now that

x �� � and x � p
q
� where p and q are co�prime� If fxng is a

sequence of irrationals converging to x� then lim
n��

f�xn� � � ��
f�x�� Consequently� f is discontinuous at every rational di�erent

from zero�

�b� Suppose x � R n Q and let fzng be a sequence of irrationals

di�erent from x approaching x� Then lim
n�� f�zn� � lim

n�� jznj �
jxj� If fxng is a sequence of rationals approaching x� then� by the

                

                                                                                                               



�	� Solutions� �� Limits and Continuity

remark at the beginning of the solution of �a��

lim
n��

f�xn� � lim
n��

xnqn
qn � �

� x�

This means that f is continuous at every positive irrational and

discontinuous at every negative irrational� Similarly� one can

show that f is continuous at zero� Now let � �� x � p
q
�p� q

co�prime�� Then

xn �
p

q
� �np� ��q � �

�np� ��q

converges to p
q
� Note that the numerator and denominator of xn

are relatively prime� Therefore�

lim
n��

f�xn� � lim
n��

�np� ��pq � p

�np� ��q� � �
�

p

q
�� p

q � �
�

Thus the function is discontinuous at every rational di�erent from

zero�

������ Let f � C�
a� b�� and let x� be a point in 
a� b�� Given � � ��

there is � � � such that if x � 
a� b� and � � jx � x�j � �� then

jf�x�� f�x��j � �� Now the continuity of jf j at x� follows from the

obvious inequality
��jf�x�j � jf�x��j�� � jf�x�� f�x��j�

The function given by

f�x� �



� for x � Q � 
a� b��

�� for x � 
a� b� n Q�
is discontinuous at each point in 
a� b�� although jf j is a constant

function and therefore continuous on 
a� b��

������ In order that f be continuous on R� a necessary and su�cient

condition is that

lim
x��n�

f�x� � lim
x��n�

f�x� and lim
x���n����

f�x� � lim
x���n����

f�x�

for each n � Z� This gives
bn � � � an and an�� � bn � ��

Consequently� by induction� an � 
n�a� and bn � 
n���a�� a� � R�
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������ Since the function is odd� we will study its continuity only for

x � �� Clearly� f is continuous at each x �� p
n� n � �� 
� � � � � Now

suppose that n � k�� where k is a positive integer� Then

lim
x�k�

f�x� � n lim
x�k�

sin�x � �

and

lim
x�k�

f�x� � �n� �� lim
x�k�

sin�x � ��

Hence the function is also continuous at every n � k�� If n � N is not

a square of an integer� then

lim
x�pn�

f�x� � n lim
x�pn�

sin�x � n sin��
p
n�

and

lim
x�pn�

f�x� � �n� �� sin��
p
n��

We conclude that f is discontinuous at x � 
pn� where n �� k��

����	� We get

f�x� �



� if x � 
 �� � ���

n� �x� n�n if x � 
n� n� ��� n � N�
Consequently� the function is continuous at each x �� n� n � N�

Moreover� lim
x�n�

f�x� � lim
x�n�

f�x� � n � f�n�� So� f is continuous

on 
 �� �	��

Now we show that f is strictly increasing on 
��	�� Clearly� f is

strictly increasing on each interval 
n� n � ��� If x� � 
n � �� n� and

x� � 
n� n� ��� then

f�x��� f�x�� � �x� � n�n � �� �x� � n� ��n�� � �x� � n�n � ��

It then follows that f�x�� � f�x�� � � for x� � 
m�m � �� and

x� � 
n� n� ��� if m � n� ��

����
�

�a� We have

f�x� �

���
��

� if x � ��

� if x � ��

�� if x � ��
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The function is discontinuous only at zero�

�b� By the de�nition of f �

f�x� �



x� if x � ��

x if x � ��

The function is continuous on R�

�c� We get

f�x� � lim
n��

ln�en � xn�

n
� lim

n��
n� ln �� � �x�e�n�

n
�

Consequently�

f�x� �



� if � � x � e�

lnx if x � e�

The function is continuous on 
��	��

                

                                                                                                               



���� Properties of Continuous Functions �		

�d� f�x� � maxf�� x�� �
x�
g� The function is continuous on R n f�g�

�e� f�x� � maxfj cosxj� j sinxjg� Clearly� f is continuous on R�

������ Let T � � be a period of f� By the continuity of f on 
�� T �

there are x� � 
�� T � and x� � 
�� T � such that f�x�� � inf
x����T �

f�x� and

f�x�� � sup
x����T �

f�x�� The desired result follows from the periodicity

of f �

������� Since P is a polynomial of even degree� we obtain lim
x��

P �x�

� lim
x���

P �x� � �	� Therefore for any M � � there is a � � such

that if jxj � a� then P �x� � M� Let x� � 
�a� a� be such that

P �x�� � inf
x���a�a�

P �x��

If P �x�� � M� then we can set x� � x�� If P �x�� � M� take b � �

such that P �x� � P �x�� whenever jxj � b� By continuity there exists

                

                                                                                                               



�	� Solutions� �� Limits and Continuity

x� � 
�b� b� such that P �x�� � inf
x���b�b�

P �x��

To prove the second assertion� observe that

lim
x���

jP �x�j � lim
x��

jP �x�j � �	

and proceed analogously�

�������

�a� Set

f�x� �




x� � if x � ��� ���

� if x � � or x � ��

�b� For n � N� put

An �



��

�


n
�




n
�
	


n
� � � � �


n � �


n

�

andB� � A�� Bn � Ann
n��S
k��

Ak � AnnAn��� Clearly�
�S
k��

Ak �

�S
k��

Bk� De�ne f as follows�

f�x� �

��
� � if x � 
�� �� n

�S
k��

Ak�

�
�n � � if x � Bn� n � N�

For any a and b� � � a � b � �� inf
x��a�b�

f�x� � ��� �� is not

attained by f on 
a� b��

������� Observe �rst that

��� 
f �x�� ��� � 
f �x�� ��� whenever � � �� � ���

Assume that lim
	���


f �x�� �� � �� Then� given � � �� there is �� � �

such that 
f �x�� �� � � if � � ��� Consequently� if jx � x�j � � � ���

then jf�x�� f�x��j � �� which proves the continuity of f at x��

Assume now that f is continuous at x�� Then� given � � �� there

is �� � � such that jx� x�j � �� implies jf�x��� f�x�j � �
� � Hence�

in view of ���� if � � � � ��� then


f �x�� �� � 
f �x� ��� � ��
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and consequently� lim
	���


f �xo� �� � ��

�������

�a� Let x� � 
a� b� and � � � be chosen arbitrarily� It follows from the

continuity of f and g that there is � � � such that if x � 
a� b�

and jx� x�j � �� then

f�x���� � f�x� � f�x���� and g�x���� � g�x� � g�x�����

Hence

h�x� � minff�x�� � �� g�x�� � �g���

� minff�x��� g�x��g� � � h�x�� � �

and

f�x� � f�x���� � h�x���� and g�x� � g�x���� � h�x�����

Consequently�

�
� h�x� � h�x��� ��

The continuity of h at x� follows from ��� and �
�� In much the

same way one can prove that H is continuous on 
a� b��

�b� As in �a� one can show that maxff�� f�� f	g and minff�� f�� f	g
are continuous on 
a� b�� Continuity of f follows from

f�x� � f��x� � f��x� � f	�x��maxff��x�� f��x�� f	�x�g
�minff��x�� f��x�� f	�x�g�

������� Since f is continuous� the functions m and M are well de�

�ned� Let x� be in 
a� b� and let � � �� By the continuity of f � there

is � � � such that

sup
jhj�	

jf�x� � h�� f�x��j � ��

It follows from the de�nition of m that

��� m�x� � h��m�x�� � inf

��a�x��h�

f���� inf

��a�x��

f��� � ��
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Observe that if the �rst in�mum is attained at a point in 
a� x��� then

the equality holds in ���� So� suppose that xh � 
x�� x� � h� and

m�x� � h� � inf

��a�x��h�

f��� � f�xh��

Then for jhj � ��

m�x� � h��m�x�� � f�xh�� inf

��a�x��

f��� � f�xh�� f�x�� � ���

because jxh � x�j � jhj � �� We therefore have shown that m is

continuous at each x� in 
a� b�� The same argument can be applied to

show that M is continuous on 
a� b��

������� Since f is bounded� the functions m and M are well de�ned

and bounded� Moreover m is decreasing on �a� b� and M is increasing

on 
a� b�� For x� � �a� b�� by ����	��

lim
x�x

�

�

m�x� � inf

��a�x��

m��� � m�x���

If inf

��a�x��

m��� � m�x��� then there is a positive d such that

inf

��a�x��

m��� � m�x�� � d�

Thus� for each � � �a� x���

m��� � inf
a�x�


f�x� � m�x�� � d�

and consequently� f�x� � m�x�� � d for every x � 
a� x��� a contra�

diction� So� we have proved that lim
x�x

�

�

m�x� � m�x��� The continuity

from the left of M can be proved in precisely the same manner�

������� No� Consider the following function�

f�x� �

���
��


 if x � 
�� ���

� if x � 
�� 
��

	 if x � 

� 	��

Then m� is not continuous from the left at x� � �� and M� is not

continuous from the left at x� � 
�
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�����	� Set lim
x��

f�x� � l� Then� given � � �� there is M � a such

that jf�x��lj � � for x � M� Thus if x � M� then l�� � f�x� � l���

Obviously� since f is continuous� it is bounded on 
a�M ��

�����
� Suppose that lim
n��

xn � a� By the continuity of f � for every

� � � there exists � � � such that

��� jf�x�� f�a�j � � for jx� aj � ��

It follows from the de�nition of limit inferior that there is a sequence

fxnkg for which jxnk � aj � � beginning with some value k� of the

index k� Now by ��� we get jf�xnk � � f�a�j � � for k � k�� We

therefore have shown that

lim
n��

f�xn� � f� lim
n��

xn��

We now show by example that this inequality may be strict� Take

f�x� � �x� x � R� and xn � ����n� n � N� Then
�� � lim

n��
f�xn� � f� lim

n��
xn� � ��

In an entirely similar manner one can show that

lim
n��

f�xn� � f� lim
n��

xn��

The same example can be used to show that this inequality may also

be strict�

�������

�a� It has been shown in the solution of the preceding problem that

for any bounded sequence fxng and for any continuous function

f the following inequalities hold�

lim
n��

f�xn� � f� lim
n��

xn�

and

lim
n��

f�xn� � f� lim
n��

xn��

Put lim
n��

xn � a� Then there exists a sequence fxnkg such that

��� f �xnk � � f�a� � �
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�see the solution of the foregoing problem�� Clearly� for su��

ciently large n we have xn � a� 	
� � Hence by monotonicity and

continuity of f we obtain

f�xn� � f

�
a� �




�
� f�a�� ��

Combined with ���� this gives lim
n��

f�xn� � f� lim
n��

xn��

�b� The proof of this equality runs as in �a��

������� Apply ��
��� to �f �

������� Note that g is well de�ned and increasing on R�

�a� By Problem ����	��

��� g�x�� � � sup
x�x�

g�x� � g�x���

Suppose that g�x�� � � g�x��� Then there is a positive d such that

g�x�� � � g�x��� d� Consequently� for every x � x��

supft � f�t� � xg � g�x��� d�

or equivalently� t � g�x�� � d if f�t� � x� This implies that

t � g�x���d if f�t� � x�� which gives g�x�� � supft � f�t� � x�g
� g�x��� d� a contradiction�

�b� The function g may be discontinuous� as the following example

shows� If

f�x� �

���
��

x for x � ��

�x� 
 for � � x � 
�

x� 
 for x � 
�

then

g�x� �



x for x � ��


 � x for x � ��
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������� We know that the set
n
m� nT�

T�
� m�n � Z

o
is dense in

R �see� e�g�� I� �������� Thus� given an x � R� there is a sequencen
mk � nk

T�
T�

o
convergent to x

T�
� By the periodicity and continuity of

f we get

f��� � lim
k��

f�mkT� � nkT�� � f�x��

Let T� and T� be two incommensurate numbers and let

W � fx � R � x � rT� � sT�� s� t � Qg�
De�ne f by setting

f�x� �



� for x � W �

� for x � R n W �

Then T� and T� are periods of f �

�������

�a� Assume that Tn� n � N� are positive periods of f such that

lim
n��

Tn � �� By the continuity of f � given x� � R and � � ��

there exists � � � such

jf�x�� f�x��j � � whenever jx� x�j � ��

Since lim
n��

Tn � �� there exists n� for which � � Tn� �
	
� � Then at

least one of the numbers kTn� with k � Z belongs to the interval

�x� � �� x� � ��� Consequently�

jf�x��� f���j � jf�x��� f�kTn��j � ��

It then follows from the arbitrariness of � � � and x� � R that f

is constant� contrary to our assumption�
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�b� The Dirichlet function de�ned by setting

f�x� �



� if x � Q�
� if x � R n Q�

is periodic� Every rational number is its period� Therefore a

fundamental period does not exist�

�c� Assume that the set of all periods of f is not dense in R� Then

there exists an interval �a� b� which does not contain any period

of f � As in �a�� one can show that there is a period T and an

integer k such that kT � �a� b�� A contradiction�

�������

�a� Let x� � R be a point of continuity of f � Since f is not constant�

there is x� �� x� such that f�x�� �� f�x��� If there were no minimal

positive period of f � there would exist a sequence fTng of positive
periods of f converging to zero� Take � � � � jf�x�� � f�x��j�
It follows from the continuity of f at x� that there is � � � such

that

��� jf�x�� f�x��j � � whenever jx� x�j � ��

Since lim
n��

Tn � �� there exists an index n� for which � � Tn� �

	
� � Thus at least one of the numbers kTn� � k � Z� belongs to the

interval �x� � x� � �� x� � x� � ��� Consequently� x� � kTn� �
�x� � �� x� � �� and� by ����

jf�x��� f�x��j � jf�x� � kTn��� f�x��j � ��

A contradiction�

�b� This is an immediate consequence of �a��

������� Let T� and T� be positive periods of f and g� respectively�

Suppose that f �� g� Then there is x� such that f�x�� �� g�x��� or in

other words�

��� jf�x��� g�x��j �M � ��

For � � � � M
� � there is � � � such that

�
� jf�x� � h�� f�x��j � � whenever jhj � ��
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By the assumption lim
x��

�f�x� � g�x�� � �� there is a positive integer

k such that� if x � x� � kT�� then

jf�x�� g�x�j � ��

Consequently� for any positive integer m�

�	� jf�x� � kmT��� g�x� � kmT��j � ��

By �
�� �	� and the periodicity of f and g we get

���

jf�x��� g�x��j
� jf�x��� f�x� � kmT�� � f�x� � kmT��� g�x� � kmT��j
� jf�x��� f�x� � kmT��j� jf�x� � kmT��� g�x� � kmT��j
� jf�x��� f�x� � kmT� � nT��j

� jf�x� � kmT��� g�x� � kmT��j � �� � � 
��

whenever

��� jmkT� � nT�j � ��

However� since 
� � M� ��� would contradict ��� if there were m � N
and n � Z satisfying ���� On the other hand� if T�

T�
is rational� ��� is

obviously satis�ed for some integers m and n� If T�
T�

is irrational� then

��� is also satis�ed �see� e�g�� I� ��������

�������

�a� Set f�x� � sinx and g�x� � x � 
x� for x � R� Then f and

g are periodic with fundamental periods 
� and �� respectively�

Therefore no period of f is commensurate with any period of g�

Put h � f � g� If h were periodic with period T� then we would

get

sinT � T � 
T � � �� sin��T �� T � 
�T � � ��

Consequently� �T � 
T �� � ��T � 
�T �� � �� which would imply

T�
T � � �� This would mean that T is an integer� a contradiction

with sinT � ��

�b� 
A� D� Kudria�sov� A� S� Me�seriakov� Mathematics in School� �

������� ���
� �Russian�� Let 
� � and � be such real numbers

that the equality a
� b�� c� � �� where a� b� c � Q� holds if and
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only if a � b � c � �� Such numbers do exist� One can take� for

example� 
 � �� � �
p

 and � �

p
	� De�ne

W � fa
� b� � c� � a� b� c � Qg�
Consider two functions f and g de�ned by setting

f�x� �


 �b� c� b�� c� if x � a
� b� � c� � W �

� if x �� W �

g�x� �



a� c� a�� c� if x � a
� b� � c� � W �

� if x �� W �

Note that each number r
� r � Q nf�g� is a period of f and each

number s�� s � Q nf�g� is a period of g� We will show that these

functions do not have any other periods� If T is a period of f � then

f�� � T � � f���� and because f��� � �
� we get � � T � W �

Consequently� T � W � Therefore T � r
 � s� � t� with some

r� s� t � Q� Since f�T � � f���� we obtain �s� t� s� � t� � �� or

equivalently� �s�t����s�t� � ��We now show that ��s�t �� ��

Indeed� if � � s� t � �� then T � r
� s� � �� � s��� Using

��� f�x� T � � f�x��

with x � ��� we get �s � s � s� � s� � � � �� or s � ���
Therefore T � r
 � �� Now substituting x � � into ��� yields

f�r
� � f���� and consequently� � � �� � �� a contradiction�

Thus we have proved that � � s � t �� �� It then follows that

s� t � �� Hence T � r
� s�� s�� The task is now to show that

s � �� To this end we take x � � in ���� and we get

�s� s� �� s� � �s� ��� � �� � ��

which implies s � �� In an entirely similar way one can show that

the only periods of g are those mentioned above� So no period of

f is commensurate with any period of g� Note now that h � f�g

is given by the formula

h�x� �



a� b� a�� b� if x � a
� b� � c� � W �

� if x �� W �

As above� one can show that the only periods of h are the numbers

t�� where t � Q and t �� ��
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�����	� Suppose that h � f � g is periodic with period T� Since
T�
T�

�� Q� we see that T
T�

�� Q or T
T�

�� Q� Assume� for example�

that T
T�
�� Q� By the periodicity of h we get f�x � T � � g�x � T � �

h�x � T � � h�x� � f�x� � g�x� for x � R� Therefore the function

H de�ned by setting H�x� � f�x � T � � f�x� � g�x� � g�x � T �

is continuous and periodic with two incommensurate periods T� and

T�� By the result in ��
�

� H is constant� This means that there is

c � R such that f�x� T � � f�x� � c for x � R� Suppose that c �� ��

Substituting x � � and then x � T in the last equality� we get

f�
T � � f�T � � c � f��� � 
c�

One can show by induction that f�nT � � f����nc� which contradicts

the boundedness of f �see� e�g�� ��
���� Hence c � � and T is a period

of f� Consequently� T � nT� with some n � Z� a contradiction�

�����
� The proof of this result is a modi�cation of that presented

in the solution of the preceding problem� Assume that T� is the

fundamental period of f� As in the solution of the foregoing problem

one can show that the function H given by the formula

H�x� � f�x� T �� f�x� � g�x�� g�x� T �

is identically equal to zero� Therefore T is a common period of f and

g� a contradiction�

������� Suppose� for example� that f is monotonically increasing�

Let x� be a point of discontinuity of f � By the result in ����	��

f�x�� ��f�x�� � � �� This means that f has a simple discontinuity at x��

With each such point x� we can associate an interval �f�x�� �� f�x
�
� ���

It follows from the monotonicity of f and from the result in ����	� that

the intervals associated with di�erent points of discontinuity of f are

disjoint� Taking one rational number from each interval� we obtain a

one�to�one correspondence between the set of points of discontinuity

of f and a subset of Q�

������� Since f is uniformly continuous on 
�� ��� given � � � there

exists n� � N such that for 
n � n� and for k � �� 
� � � � � 
n we have����f
�
k


n

�
� f

�
k � �


n

����� � ��
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Thus if 
n � n�� then

jS�nj �
����� �
n

�nX
k��

����kf
�
k


n

������ � �



�

Moreover�

jS�n��j �
����� �


n� �

�n��X
k��

����kf
�

k


n� �

������ � n


n� �
��

�


n� �
jf���j�

It then follows that

lim
n��

�

n

nX
k��

����kf
�
k

n

�
� ��

������� As in the solution of the foregoing problem� note �rst that f

is uniformly continuous on 
�� ��� Hence� given � � �� there is n� � N
such that if n � n� and k � �� �� 
� � � � n� then����f

�
k

n

�
� f

�
k � �

n

����� � ��

Consequently� for n � n��

Sn �
�


n

nX
k��

����k
�
n

k

�
f

�
k

n

�

�
�


n

n��X
k��

����k
�
n� �

k

��
f

�
k

n

�
� f

�
k � �

n

��
�

Therefore

jSnj � �


n

n��X
k��

�
n� �

k

�
�

�



�

������� Put M � lim
r�� sup

x�r
f�x� and m � lim

r�� inf
x�r

f�x�� Suppose

that M � m� Then there is a real number k such that M � k � m�

and there exists a satisfying f�a� � k� By the continuity of f there

exists b � a such that f�t� � k for all t � 
a� b��

                

                                                                                                               



���� Properties of Continuous Functions ���

Take p � ab
b�a � Then

x
a
� x

b
� � whenever x � p� Indeed�

x

a
� x

b
� x

�
�

a
� �

b

�
�

x

p
� ��

Therefore there is a positive integer n� between x
b
and x

a
� that is�

x
a
� n� � x

b
� or equivalently� a � x

n�
� b� By assumption�

f�x� � f

�
n�

x

n�

�
� f

�
x

n�

�
� k

for all x � p� which contradicts the de�nition of m� Consequently�

m �M� which means that lim
x��

f�x� exists and is �nite or in�nite�

������� Let f be convex on �a� b� and a � s � u � v � t � b� It

follows from the geometric interpretation of convexity that the point

�u� f�u�� lies below the line passing through �s� f�s�� and �v� f�v���

This means that

��� f�u� � f�s� �
f�v�� f�s�

v � s
�u� s��

Similarly� the point �v� f�v�� is below the line passing through

�u� f�u�� and �t� f�t��� Thus

�
� f�v� � f�u� �
f�t�� f�u�

t� u
�v � u��

Inequalities ��� and �
� give

f�s� �
f�u�� f�s�

u� s
�v � s� � f�v� � f�u� �

f�t�� f�u�

t� u
�v � u��

It follows from these inequalities and the squeeze law that� if fvng is
a sequence converging to u from the right� then lim

n��
f�vn� � f�u��

which means that lim
x�u�

f�x� � f�u�� Likewise� lim
x�u�

f�x� � f�u��

Thus the continuity of f at any point u in �a� b� is proved�

The following example shows that the assertion is not true if an

interval is not open�

f�x� �



x� if x � 
�� ���


 if x � ��
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������� It follows from the uniform convergence of ffng that� given

� � �� there exists n� such that

jfn�x�� f�x�j � �

	
� for n � n�� x � A�

Fix a � A� By the continuity of fn� at a there is � � � such that

jfn��x�� fn��a�j �
�

	
� whenever jx� aj � ��

Thus

jf�x��f�a�j � jfn��x��f�x�j� jfn��x��fn��a�j� jfn��a��f�a�j � ��

���� Intermediate Value Property

������ Let f be de�ned on 
a� b� by setting

f�x� �



sin �

x�a if a � x � b�

� if x � a�

Clearly� f enjoys the intermediate value property on 
a� b� but it is

discontinuous at a�

We now construct a function enjoying the intermediate value

property and having in�nitely many points of discontinuity� Let C

denote the Cantor set� Recall that the Cantor set is de�ned as fol�

lows� We divide the interval 
�� �� into three equal parts� remove the
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interval
�
�
	 �

�
	

�
� and denote by E� the union of the intervals

�
�� �	

�
and�

�
	 � �

�
� At the second stage we remove the open middle thirds of the

remaining two intervals and set

E� �

�
��
�

�

	
�
�



�
�
	

�

	
�
�
�

�
�
�

�

	
�
�
�

�
� �

	
�

Proceeding analogously� we remove at the nth stage the union of the

open middle thirds of the remaining 
n�� intervals and we denote by

En the union of 
n closed intervals� each of length 	�n� Then

C �
��
n��

En�

Note that if �ai� bi�� i � �� 
� � � � � is the sequence of removed intervals�

then

C � 
�� �� n
��
i��

�ai� bi��

De�ne the function g by setting

g�x� �



� if x � C�
��x�ai�
bi�ai � � if x � �ai� bi�� i � �� 
� � � � �

It follows from the construction of the Cantor set that each interval


a� b� � 
�� �� contains an open subinterval disjoint with C� Indeed� if

�a� b� is free of points of C� then �a� b� is one of the removed intervals

�ai� bi� or its subinterval� If there is x � �a� b� � C� then there are

n � N and k � f�� �� 
� � � � � 	n � �g such that x � � k
	n �

k��
	n

� � �a� b��

Then the open middle third of
�
k
	n �

k��
	n

�
� which in fact is one of the

intervals �ai� bi�� is an open subinterval free of points of C�

The function g is discontinuous at each x � C� and it follows

from the above that g enjoys the intermediate value property�

������ Let x� � �a� b� be arbitrarily �xed� It follows from the mono�

tonicity of f that

sup
a�x�x�

f�x� � f�x�� � � f�x�� � f�x�� � � inf
x��x�b

f�x�

�see� e�g�� ����	��� Suppose now that

f�x�� � f�x�� ��
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Then there is a strictly decreasing sequence fxng� xn � �x�� b�� con�

verging to x� and such that lim
n��

f�xn� � f�x�� �� Since f is strictly

increasing� f�xn� � f�x�� � � f�x��� By the intermediate value prop�

erty� there is x� � �x�� xn� such that f�x�� � f�x�� �� Then

inf
x��x�x�

f�x� � inf
x��x�b

f�x� � f�x���

On the other hand� by the strict monotonicity of f � inf
x��x�x�

f�x� �

f�x��� a contradiction� So we have proved that f�x�� � f�x�� �� The

equalities f�x�� � � f�x��� f�a� � f�a��� and f�b� � f�b�� can be

proved in an entirely similar manner�

������ The function g de�ned by g�x� � f�x� � x� x � 
�� ��� is

continuous� and g��� � f��� � �� and g��� � f��� � � � �� Since g

has the intermediate value property� there exists x� � 
�� �� such that

g�x�� � ��

������ Consider the function h�x� � f�x� � g�x�� x � 
a� b�� and ob�

serve that h�a� � � and h�b� � �� By the intermediate value property

there is x� � �a� b� such that h�x�� � ��

������ De�ne the function g by setting

g�x� � f

�
x�

T




�
� f�x��

Then g is continuous on R� g��� � f�T� � � f���� and g�T� � � f����
f�T� �� Thus there is x� � 
�� T� � for which g�x�� � ��

������ Put

m � minff�x��� � � � � f�xn�g and M � maxff�x��� � � � � f�xn�g�
Then

m � �

n
�f�x�� � f�x�� � � � �� f�xn�� �M�

Consequently� there is x� � �a� b� such that

f�x�� �
�

n
�f�x�� � f�x�� � � � �� f�xn�� �
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����	�

�a� Set f�x� � �� � x� cosx � sinx� Then f��� � � and f��� �

� sin � � �� Therefore there is x� � ��� �� satisfying f�x�� � ��

�b� It is well known that �see� e�g�� �����
�

lim
x��

e�xjP �x�j � � and lim
x���

e�xjP �x�j � �	�

Consequently� there is an x� � R such that e�x� jP �x��j � ��

����
� Let us observe that

sgnP ��al� � ����l and sgnP ��bl� � ����l��� l � �� �� � � � � n�

By the intermediate value property� there is a root of the polynomial

P in every interval ��bl��al�� l � �� �� � � � � n�

������ No� Consider� for example� f and g de�ned as follows�

f�x� �



sin �

x�a if a � x � b�

� if x � a�

and

g�x� �


 � sin �
x�a if a � x � b�

� if x � a�

������� Set

g�x� � f�x� ��� f�x�� x � 
�� ���

Then g��� � f�
�� f��� � �g���� Hence there exists x� � 
�� �� such

that f�x� � �� � f�x��� So� we can take x� � x� � � and x� � x��
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������� Consider the function

g�x� � f�x� ��� f�x�� �



�f�
�� f����� x � 
�� ���

and apply the reasoning analogous to that used in the solution of the

preceding problem�

������� De�ne the function g by the formula

g�x� � f�x� ��� f�x� for x � 
�� n� ���

If g��� � �� then f��� � f���� So suppose� for example� that g��� � ��

Then f��� � f���� If also f�k��� � f�k� for k � �� 
� � � � � n� �� then

we would get

f��� � f��� � f�
� � � � � � f�n� � f����

A contradiction� It then follows that there is a k� such that g�k�� � �

and g�k� � �� � �� Since g is continuous� there is x� � �k�� k� � ��

for which g�x�� � �� Consequently� f�x� � �� � f�x��� Analogous

reasoning can be applied when g��� � ��

������� The function f can be extended on 
��	� so as to have period

n� The extended function is denoted also by f � For an arbitrarily �xed

k � f�� 
� � � � � n� �g� de�ne
g�x� � f�x� k�� f�x�� x � ��

Now we show that there is x� � 
�� kn� such that g�x�� � �� Indeed�

if g��� � �� then x� � �� So suppose� for example� that g��� � �� If

also g�j� � � for all j � �� �� 
� � � � � kn� k� then we would get

f��� � f�k� � f�
k� � � � � � f�kn� � f����

A contradiction� It then follows that there is j� such that g�j�� � �

and g�j� � �� � �� Since g is continuous� there is x� � �j�� j� � ��

for which g�x�� � �� Consequently� f�x� � k� � f�x��� Suppose �rst

that x� � 
�l � ��n� ln� k� for some � � l � k� It then follows from

the periodicity of f that f�x�� � f�x� � �l � ��n� and f�x� � k� �

f�x� � �l � ��n � k�� Therefore we can take xk � x� � �l � ��n and

x�k � x�� �l� ��n� k� If x� � 
ln� k� ln�� then x�� k � 
ln� �l���n��
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and we have f�x� � �l � ��n� � f�x�� � f�x� � k� � f�x� � ln� k��

So we can take xk � x� � �l � ��n and x�k � x� � ln� k�

It is not true that for any k � f�� 
� � � � � n� �g there are xk and

x�k such that xk � x�k � k and f�xk� � f�x�k�� In fact� it is enough to

consider the function

f�x� � sin
��


x
�

for x � 
�� ���

It is easy to see that f�x� 	� �� f�x� for all x � 
�� ���

������� The following solution of this problem is due to our student

Grzegorz Michalak�

Without loss of generality we can assume that f��� � f�n� � ��

The case n � � is obvious� So suppose that n � �� We will consider

�rst the case where f��� � �� f�
� � �� � � � � f�n � �� � �� For k �

�� 
� � � � � n � �� we set gk�x� � f�x � k� � f�x�� The function gk is

continuous on 
�� n�k�� and by assumption gk��� � � and gk�n�k� �

�� Consequently� there is xk � 
�� n � k� such that gk�xk� � �� or in

other words� f�xk � k� � f�xk�� This shows that the assertion is

true in this case� In an entirely similar manner we can see that it is

also true if f��� � �� f�
� � �� � � � � f�n � �� � �� Suppose now that

f��� � � �resp� f��� � ��� the numbers f���� f�
�� � � � � f�n � �� are

distinct and di�erent from zero� and there is m� 
 � m � n� �� with

f�m� � � �resp� f�m� � ��� Then there are integers k�� k�� � � � � ks
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between � and n� 
 such that

f��� � �� f�
� � �� � � � � f�k�� � ��

f�k� � �� � �� f�k� � 
� � �� � � � � f�k�� � ��

� � �

f�ks � �� � �� f�ks � 
� � �� � � � � f�n� �� � �

�or f�ks � �� � �� f�ks � 
� � �� � � � � f�n� �� � ��

�resp� f��� � �� f�
� � �� � � � � f�k�� � �� � � � �� Now reasoning similar

to that in the proof of the �rst case shows that there are k� solutions

in 
�� k����� k��k� solutions in 
k�� k����� and so on� Clearly� in this

case all these solutions must be distinct and therefore the assertion is

proved� Finally� consider the case where there are integers k and m�

� � k � m � n� with f�k� � f�m�� Suppose also that the numbers

f�k�� f�k � ��� � � � � f�m � �� are distinct� It follows from the above

that there are m� k solutions in the interval 
k�m�� Next de�ne

f��x� �



f�x� if � � x � k�

f�x�m� k� if k � x � n� �m� k��

Clearly� f� is continuous on 
�� n � �m � k�� and f��n � �m � k�� �

f���� � �� If f����� f����� � � � � f��n� �m�k���� are distinct� then by

the �rst part of the proof we get n� �m�k� solutions which together

with the m � k solutions obtained above give the desired result� If

some of the numbers f����� f����� � � � � f��n � �m � k� � �� coincide�

the procedure can be repeated�

������� Suppose� contrary to our claim� that the equation f�x� �

g�x� has no solutions� Then the function h�x� � f�x� � g�x� would

be either positive or negative� Hence

� �� h�f�x�� � h�g�x��

� f�f�x��� g�f�x�� � f�g�x�� � g�g�x��

� f��x�� g��x��

A contradiction�

The following example shows that the assumption of continuity

is essential�

f�x� �


 p

 if x � R n Q�

� if x � Q�
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g�x� �



� if x � R n Q�p

 if x � Q�

������� Assume� contrary to our claim� that there are x�� x� and

x	 such that x� � x� � x	 and� for example� f�x�� � f�x�� and

f�x�� � f�x	�� By the intermediate value property� for every u such

that f�x�� � u � minff�x��� f�x	�g there are s � �x�� x�� and

t � �x�� x	� satisfying f�s� � u � f�t�� Since f is injective� s � t�

contrary to the fact that x� � s � x� � t � x	�

�����	� It follows from the result in the foregoing problem that f is

either strictly decreasing or strictly increasing�

�a� Suppose that f is strictly increasing and there is x� such that

f�x�� �� x�� Let� for example� f�x�� � x�� Then fn�x�� � x��

contrary to our assumption� Similar arguments apply to the case

f�x�� � x��

�b� If f is strictly decreasing� then f� is strictly increasing� Since

fn�x� � x� we get f�n�x� � x� which means that the nth iteration

of f� is the identity� Therefore� by �a�� f��x� � x�

�����
� Note that f is injective� Indeed� if f�x�� � f�x��� then

�x� � f��x�� � f��x�� � �x�� Hence x� � x�� It follows from ��	���

that if f were continuous� then it would be either strictly increasing

or strictly decreasing� In both cases f� would be strictly increasing�

A contradiction�

������� As in the solution of the foregoing problem� one can show

that f is injective on R� Analysis similar to that in the solution of

��	��� shows that f is either strictly increasing or strictly decreasing�

In both cases f�k� k � N� is strictly increasing� Consequently� the

integer n in the condition fn�x� � �x has to be odd� If f were

strictly increasing� fn also would be strictly increasing� which would

contradict our condition� So� f is strictly decreasing� Moreover� since

f��x� � f�fn�x�� � fn�f�x�� � �f�x��
we see that f is an odd function �and so is every iteration of f��

Now we will show that f�x� � �x� x � R� Suppose that there

is an x� such that x� � f�x�� � �x�� or in other words� �x� � x��
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It then follows that x� � f�x�� � f��x�� � �f�x�� � �x� � x��

One can show by induction that if xk � f�xk���� then ����nxn � x��

which contradicts our assumption that xn � fn�x�� � �x�� Similar

reasoning applies to the case where f�x�� � �x�� Hence f�x� � �x
for all x � R�

������� Suppose that f has a discontinuity at x� Then there exists a

sequence fxng convergent to x such that ff�xn�g does not converge

to f�x�� This means that there exists � � � such that for every k � N
there is nk � k for which

jf�xnk �� f�x�j � ��

So f�xnk � � f�x� � � � f�x� or f�xnk � � f�x� � � � f�x�� Assume�

for example� that the �rst inequality holds� There exists a rational

number q such that f�x�� � � q � f�x�� Thus f�xnk � � q � f�x� for

k � N� By the intermediate value property of f there is zk between

x and xnk such that f�zk� � q� which means zk � f���fqg�� Clearly�
lim
k��

zk � x� Since f���fqg� is closed� x � f���fqg�� and therefore

f�x� � q� A contradiction�

������� To prove our theorem it is enough to consider the case when

T � �� Set g�x� � f�x� T �� f�x�� Then there are two possibilities�

��� There exists x� � a such that g�x� is positive �or negative� for

all x � x��

�
� There is no such x��

In case ���� if� for example� g is positive on �x��	�� then the sequence

ff�x� � nT �g is monotonically increasing� Since f is bounded� the

following limit exists and is �nite�

lim
n��

f�x� � nT � � lim
n��

f�x� � �n� ��T ��

Therefore one can take xn � x��nT� In case �
�� by the intermediate

value property of g� for every positive integer n � a there is xn � n

such that g�xn� � ��
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������� Set

g�x� �

���
��

x� 
 if � 	 � x � ���
�x if � � � x � ��

x� 
 if � � x � 	�

and de�ne f by the formula

f�x� � g�x� �n� � 
n for �n� 	 � x � �n� 	� n � Z�

The function f has the desired property�

There is no continuous function on R that attains each of its val�

ues exactly two times� Suppose� contrary to this claim� that f is such

a function� Let x�� x� be such that f�x�� � f�x�� � b� Then f�x� �� b

for x �� x�� x�� So either f�x� � b for all x � �x�� x�� or f�x� � b

for all x � �x�� x��� In the former case there is one x� � �x�� x�� such

that f�x�� � maxff�x� � x � 
x�� x��g� Indeed� if there were more

points at which f attains its maximum on 
x�� x��� then there would

be values of f assumed more than two times in 
x�� x��� Consequently�

there is exactly one point x�� �outside the interval 
x�� x��� such that

c � f�x�� � f�x��� � b� Then the intermediate value property of f

implies that every value in �b� c� is attained at least three times� A

contradiction� Analogous reasoning can be applied to the case when

f�x� � b for x � �x�� x���

������� Assume that f is strictly monotone on each interval 
ti��� ti��

where i � �� 
� � � � � n and � � t� � t� � � � � � tn � ��

The set Y � ff�ti� � � � i � ng consists of at most n � � el�

ements y�� y�� � � � � ym� We can assume that y� � y� � � � � � ym�

Put z�i � yi� � � i � m� and choose z�� z	� � � � � z�m�� so that
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z� � z� � z� � z	 � � � � � z�m�� � z�m� Let

Xk � fx � 
�� �� � f�x� � zk g�
X � X� �X� � � � � �X�m � fx�� x�� � � � � xNg�

and let � � x� � x� � � � � � xN � �� For � � j � N� let kj
denote the only element of the set f�� �� 
� � � � � 
mg for which f�xj� �

zkj � Then k� and kN are even and kj � kj�� � 
�� � � j � N� It

then follows that the number N of elements of the set X is odd�

Consequently� one of the sets Xk � f���zk� has an odd number of

elements�

������� We �rst show that there are at most countably many proper

local extrema of f � Indeed� if x� � ��� �� and f�x�� is a proper local

maximum �minimum� of f � then there exists an interval �p� q� � 
�� ��

with rational endpoints such that f�x� � f�x�� �f�x� � f�x��� for

x �� x� and x � �p� q�� Consequently� our assertion follows from the

fact that there are countably many intervals with rational endpoints�

Since there are at most countably many proper local extrema of

f � there is a y between f��� and f��� which is not an extremal value of

f� Assume that f��� � f��� and put f���y� � fx�� x�� � � � � xng� where
x� � x� � � � � � xn� Moreover� set x� � � and xn�� � �� Then the

function x 
� f�x�� y is either positive or negative on each interval

�xi� xi���� and signs are di�erent in the adjoint intervals� Note that
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the function is negative in the �rst interval and positive in the last

one� Therefore the number of these intervals is even� Consequently�

n is odd�

������� De�ne the sequence fxng by setting xn � fn�x��� If there

is a term of this sequence which is a �xed point of f � then fxng is

constant beginning with some value of the index n� Thus it converges�

If there is a term of this sequence which is its limit point� then by

assumption� the sequence is as above� So it is enough to consider the

case where no term of the sequence fxng is its limit point� Suppose�

contrary to our claim� that the sequence is not convergent� Then

a � lim
n��

xn � b � lim
n��

xn�

Let xk� � �a� b�� Since xk� is not a limit point of fxng� there is an

interval �c� d� � �a� b� which does not contain any other term of the

sequence� Moreover� there are in�nitely many terms of the sequence

in each of the intervals ��	� c� and �d�	�� If there are no terms of

the sequence in �a� b�� then we can take c � a and d � b� Now we

de�ne a subsequence fxnkg of fxng in such a way that xnk � c and

xnk�� � d for k � N� Therefore� if g is a limit point of fxnkg� then
g � c and f�g� � d� This contradicts our assumption that each limit

point of the sequence is a �xed point of f �

������ 
��� By the result in �����
� we know that lim
n��

fn���
n

� 
�f�

exists� We will now show that there is x� � 
�� �� such that f�x�� �

x��
�f�� If f�x� � x�
�f��� for all x � 
�� �� and for some � � ��

then� in particular� f��� � 
�f�� �� We shall show by induction that

for n � N� fn��� � n�
�f� � ��� Indeed� setting r � f���� 
f����� we

get

f���� � f�f���� � f�
f���� � r� � 
f���� � f�r�

� 
f���� � r � 
�f� � � � f��� � 
�f� � �

� 
�
�f� � ���

Similar arguments can be applied to prove that fn��� � n�
�f� � ��

implies fn����� � �n � ���
�f� � ��� Now observe that if fn��� �
n�
�f� � ��� then 
�f� � 
�f� � �� a contradiction� In an entirely
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similar manner one can show that if f�x� � x � 
�f� � � for all

x � 
�� �� and for some � � �� then 
�f� � 
�f�� �� A contradiction

again� Consequently� by the intermediate value property there is x� �

�� �� such that F �x�� � f�x���x� � 
�f�� In particular� if 
�f� � ��

then x� is a �xed point of f � On the other hand� if x� is a �xed point

of f � then 
�f� � lim
n��

fn�x��
n

� ��

�����	� Let A � fx � 
�� �� � f�x� � �g� s � infA� and h � f � g�

Since h is decreasing� we get h�s� � h�x� � g�x� for x � A� Since g

is continuous� this implies that h�s� � g�s�� Consequently� f�s� � ��

It follows from our assumption that g��� � h��� � h�s� � g�s�� By

the intermediate value property of g� there exists t � ��� s� such that

g�t� � h�s�� Then h�t� � h�s� � g�t�� which gives f�t� � �� By the

de�nition of s� we have t � s� which implies that g�s� � h�s�� or

equivalently� f�s� � ��

�����
� Note �rst that f is not continuous on R� If f were continuous

on R� then by the result in ��	���� it would be strictly monotone� for

example� strictly increasing� In this case� if f�x�� � �� we would get

f�x� � � for x � x�� and f�x� � � for x � x�� which would contradict

the assumption that f maps R onto 
��	�� Similar analysis may be

used to show that f cannot be strictly decreasing� Consequently� f

is not continuous on R�

Suppose now� contrary to our claim� that f has a �nite num�

bers of points of discontinuity� say� x� � x� � � � � � xn� Then f is

strictly monotone on every interval ��	� x��� �x�� x��� � � � � �xn�	��

Consequently� by the intermediate value property of f �

f���	� x���� f��x�� x���� � � � � f��xn�	��

are pairwise disjoint open intervals� Hence


��	� n
�
f���	� x��� �

n���
k��

f��xk � xk���� � f��xn�	��

�

has at least n�� elements� On the other hand� the only elements of

R n
�
��	� x�� �

n���
k��

�xk � xk��� � �xn�	�

�
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are x�� x�� � � � � xn� Therefore f cannot be bijective� a contradiction�

So� we have proved that f has in�nitely many points of discontinuity�

������� We show that if I is a subinterval of ��� �� with nonempty

interior� then f�I� � 
�� ��� To this end� note that such an I contains a

subinterval
�

k
�n� �

k��
�n�

�
� So it is enough to show that f

��
k

�n� �
k��
�n�

��
�


�� ��� Now observe that if x � ��� ��� then either x � m
�n� with somem

and n�� or x �
�

j
�n� �

j��
�n�

�
with some j� j � �� �� � � � � 
n���� If x � m

�n� �

then f�x� � � and the value of f at the middle point of
�

k
�n� �

k��
�n�

�
is

also �� Next if x � � j
�n� �

j��
�n�

�
for some j� then there is x� � � k

�n� �
k��
�n�

�
such that f�x� � f�x��� Indeed� all numbers in

�
k

�n� �
k��
�n�

�
have the

same �rst n� digits� and we can �nd x� in this interval for which all

the remaining digits are as in the binary expansion of x� Since

lim
n��

nP
i��

ai

n
� lim

n��

nP
i�n���

ai

n� n�
�

we get f�x� � f�x��� Consequently� it is enough to show that f���� ���

� 
�� ��� or in other words� that for every y � 
�� �� there is x � ��� ��

such that f�x� � y� It follows from the above that � is attained� for

example� at x � �
� � To show that � is also attained� take x � �a�a� � � � �

where

ai �



� if i � 
k� k � �� 
� � � � �

� otherwise�

Then

f�x� � lim
k��

k


k
� ��

To obtain the value y � p
q
� where p and q are co�prime positive

integers� take

x � � �� � � ��� �z �
q�p

�� � � ��� �z �
p

�� � � ��� �z �
q�p

� � � �

where blocks of q � p zeros alternate with blocks of p ones� Then

f�x� � lim
k��

kp
kq

� p
q
� Now our task is to show that every irrational

y � 
�� �� is also attained� It is well known �see� e�g�� I� ������� that

there is a sequence of rationals pn
qn
� where each pair of positive integers
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pn and qn is co�prime� converging to y� Let

x � � �� � � � �� �z �
q��p�

�� � � ��� �z �
p�

�� � � ��� �z �
q��p�

� � � �

where q� � p� zeros are followed by p� ones� then q� � p� zeros are

followed by p� ones� and so on� Then

f�x� � lim
n��

p� � p� � � � �� pn
q� � q� � � � �� qn

� lim
n��

pn
qn

� y�

Since lim
n��

qn � �	� the second equality follows immediately from

the result in I� 
�	�� or from the Stolz theorem �see� e�g�� I� 
�	�����

���� Semicontinuous Functions

������

�a� Set sup
	��

infff�x� � x � A� � � jx � x�j � �g � a� Assume �rst

that a is a real number� We shall show that a � lim
x�x�

f�x�� By

the de�nition of supremum� for every � � �

�i� infff�x� � x � A� � � jx� x�j � �g � a�

and for every � � � there is �� such that

�ii� infff�x� � x � A� � � jx� x�j � ��g � a� ��

By �ii��

�iii� f�x� � a� � if � � jx� x�j � ���

Now let fxng be a sequence of points ofA di�erent from x�� If the

sequence converges to x�� then� beginning with some value of the

index n� � � jxn � x�j � ��� Therefore f�xn� � a� �� If ff�xn�g
converges� say to y� then we get y � a � �� and consequently�

lim
x�x�

f�x� � a� To show that also lim
x�x�

f�x� � a� we will use �i��

It follows from the de�nition of in�mum that� given �� � �� there

                

                                                                                                               



���� Semicontinuous Functions ���

exists x� � A such that � � jx� � x�j � � and f�x�� � a � ���

Taking � � �
n
� we get a sequence fx�ng such that

� � jx�n � x�j � �

n
and f�x�n� � a� ���

Combined with �iii�� this gives a� � � f�x�n� � a� ��� Without

loss of generality we may assume ff�x�n�g is convergent� Then its

limit is less than or equal to a���� It follows from the arbitrariness

of �� � � that

lim
x�x�

f�x� � a�

If a � �	� then� given M � �� there is �� such that

infff�x� � x � A� � � jx� x�j � ��g � M�

Hence if � � jx � x�j � ��� then f�x� � M� Consequently� if

fxng converges to x�� then� beginning with some value of the

index n� f�xn� � M� Thus lim
n��

f�xn� � �	� which means that

lim
x�x�

f�x� � lim
x�x�

f�x� � �	� Finally� if a � �	� then for any

� � ��

infff�x� � x � A� � � jx� x�j � �g � �	�

Therefore there is a sequence fx�ng convergent to x� such that

lim
n��

f�x�n� � �	� which gives lim
x�x�

f�x� � �	�

�b� The proof runs as in �a��

������ The result is an immediate consequence of ����	� and the pre�

ceding problem�

������ It follows from the result in the preceding problem that� given

� � �� there is � � � such that

� � y� � infff�x� � x � A� � � jx� x�j � �g � ��

By the de�nition of in�mum this is equivalent to the conditions �i�

and �ii��

By ����
 �b�� �y � lim
x�x�

f�x� if and only if for every � � � the

following two conditions are satis�ed�

��� There is � � � such that f�x� � �y � � for all x � A from the

deleted neighborhood � � jx� x�j � ��
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�
� For every � � � there is x� � A from the deleted neighborhood

� � jx� � x�j � � for which f�x�� � �y � ��

������

�a� By ����
�a�� lim
x�x�

f�x� � �	 if and only if for any � � �

infff�x� � x � A� � � jx� x�j � �g � �	�

This means that for any � � � the set

ff�x� � x � A� � � jx� x�j � �g
is unbounded below� which gives the desired result�

�b� The proof runs as in �a��

������ Let f�ng be a monotonically decreasing sequence of positive

numbers converging to zero� It follows from ����
�a� that

l � lim
n��

infff�x� � x � A� � � jx� x�j � �ng�

For a real l� this is equivalent to the following two conditions

��� For n � N there exists kn � N such that � � jx � x�j � �k
implies f�x� � l � �

n
for k � kn�

�
� For n � N there exist kn � n and xkn � A such that � �

jxkn � x�j � �kn and f�xkn� � l � �
n
�

Consequently� there exists a sequence fxkng convergent to x� such

that lim
n��

f�xkn� � l�

If lim
x�x�

f�x� � �	� then� by ������a�� for any n � N and � � �

there is xn � A such that � � jxn � x�j � � and f�xn� � �n�
Therefore lim

n��xn � x� and lim
n�� f�xn� � �	�

If lim
x�x�

f�x� � �	� then the existence of fxng follows immedi�

ately from the de�nition�

������ The result follows immediately from I� ����
 and from ������

����	� It is enough to apply I� ����� and ������
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����
� Note that

inf
x�A

�f�x� � g�x�� � inf
x�A

f�x� � inf
x�A

g�x�����

sup
x�A

�f�x� � g�x�� � sup
x�A

f�x� � sup
x�A

g�x���
�

Indeed� for x � A�

f�x� � g�x� � inf
x�A

f�x� � inf
x�A

g�x��

which implies ���� Inequality �
� can be proved analogously�

We �rst show that

�	� lim
x�x�

f�x� � lim
x�x�

g�x� � lim
x�x�

�f�x� � g�x���

By ���� we get

infff�x� � g�x� � x � A� � � jx� x�j � �g
� infff�x� � x � A� � � jx� x�j � �g
� inffg�x� � x � A� � � jx� x�j � �g�

Passage to the limit as � � �� and the result in ����
�a� give �	��

The inequality

��� lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x�

can be proved in an entirely similar manner� Furthermore� it follows

from Problem ����� and �	� that

lim
x�x�

f�x� � lim
x�x�

�f�x� � g�x�� g�x��

� lim
x�x�

�f�x� � g�x�� � lim
x�x�

��g�x��

� lim
x�x�

�f�x� � g�x��� lim
x�x�

g�x��

One can prove� in much the same way� that

lim
x�x�

f�x� � lim
x�x�

g�x� � lim
x�x�

�f�x� � g�x���
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To show that the inequalities can be strict� consider the functions

de�ned as follows�

f�x� �



sin �

x
if x � ��

� if x � ��

g�x� �



� if x � ��

sin �
x

if x � ��

For x� � � the given inequalities are of the form �
 ���� �� �� 
�

������ Observe �rst that if f and g are nonnegative on A� then

inf
x�A

�f�x� � g�x�� � inf
x�A

f�x� � inf
x�A

g�x�����

sup
x�A

�f�x� � g�x�� � sup
x�A

f�x� � sup
x�A

g�x���
�

The rest of the proof runs as in the solution of the foregoing problem�

To see that the given inequalities can be strict� consider the functions

given by setting

f�x� �



�

sin� �
x
��

if x � ��


 if x � ��

g�x� �



	 if x � ��

�
sin� �

x
��

if x � ��

For x� � � the given inequalities are of the form �

 � � � 	

� � 	 � ��

������� We have lim
x�x�

f�x� � lim
x�x�

f�x� � lim
x�x�

f�x�� So� by ������

lim
x�x�

f�x� � lim
x�x�

g�x� � lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

Therefore

lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x��

The other equalities can be proved analogously�
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������� If � � l or � � L� then the assertion follows immediately

from ������ So assume that � � �l� L�� Then by ������ there exist

sequences fx�ng and fx��ng both converging to a and such that

lim
n��

f�x�n� � l and lim
n��

f�x��n� � L�

It then follows that f�x�n� � � � f�x��n� beginning with some value of

the index n� Since f is continuous� it enjoys the intermediate value

property� Hence there is xn in the interval with the endpoints x�n
and x��n for which f�xn� � �� Since fx�ng and fx��ng converge to a� the
sequence fxng does also�

������� The function is continuous at every k� with k � Z �see� e�g��

��
���� Clearly�

lim
x�x�

f�x� �



sinx� if sinx� � ��

� if sinx� � ��

and

lim
x�x�

f�x� �



� if sinx� � ��

sinx� if sinx� � ��

Consequently� f is upper semicontinuous on the set�
Q �

�
k�Z

�
k�� �
k � ����

�
�
�
�R n Q� �

�
k�Z


�
k � ���� 
k��

�

and lower semicontinuous on�
Q �

�
k�Z

��
k � ���� 
k��

�
�
�
�R n Q� �

�
k�Z



k�� �
k � ����

�
�

������� We have

lim
x�x�

f�x� �



x�� � �� if x� � �� or x� � ��

� if x� � 
��� ���
and

lim
x�x�

f�x� �



� if x� � �� or x� � ��

x�� � � if x� � 
��� ���
Thus f is upper semicontinuous at each irrational in ��	��������	�

and at each rational in the interval 
��� ��� f is lower semicontinuous
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at each rational in ��	���� � 
��	� and at each irrational in the

interval ���� ���

������� The function f is continuous at zero and at each irrational

�see� e�g�� ��
�	�� Assume that � �� x� � p
q
� where p � Z and q � N

are co�prime� Then f�x�� �
�
q
and lim

x�x�
f�x� � � � �

q
� Hence f is

upper semicontinuous on R�

�������

�a� The function f is continuous at zero and at each positive irra�

tional �see� e�g�� ��
�	�� Assume that x� is a negative irrational�

Then lim
x�x�

f�x� � jx�j � f�x��� Therefore f is upper semicon�

tinuous at zero and at each irrational� If x� � p
q
� �� then

lim
x�x�

f�x� � p
q
� p

q�� � f�x��� This means that f is lower semi�

continuous at each positive rational� If x� �
p
q
� �� then

lim
x�x�

f�x� � �p

q
�

p

q � �
� f�x��

and

lim
x�x�

f�x� �
p

q
�

p

q � �
� f�x���

So f is neither upper nor lower semicontinuous at negative ratio�

nals�

�b� Note that for x � ��� ���

lim
t�x

f�t� � �x � f�x� � x � lim
t�x

f�t��

Thus f is neither upper nor lower semicontinuous on ��� ���

�������

�a� If x� � A is isolated in A� then the assertion is obviously true� If

x� � A is a limit point of A� then the assertion follows from the

fact that

lim
x�x�

af�x� �

��
�

a lim
x�x�

f�x� if a � ��

a lim
x�x�

f�x� if a � ��
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�b� Assume that x� is a limit point of A and� for example� f and g

are lower semicontinuous at x�� Then� by ������

lim
x�x�

�f�x� � g�x�� � lim
x�x�

f�x� � lim
x�x�

g�x� � f�x�� � g�x���

�����	� Assume� for example� that the fn are lower semicontinuous

at x�� Since sup
n�N

fn � fn for n � N� we get

lim
x�x�

sup
n�N

fn�x� � lim
x�x�

fn�x� � fn�x�� for n � N�

Consequently�

lim
x�x�

sup
n�N

fn�x� � sup
n�N

fn�x���

�����
� It is enough to observe that if ffng is an increasing �resp� de�
creasing� sequence� then lim

n��
fn�x� � sup

n�N
fn�x� �resp� lim

n��
fn�x� �

inf
n�N

fn�x�� �see� e�g�� I� 
����� and use the result in the foregoing prob�

lem�

������� By ����� we have

f��x� �maxff�x�� lim
z�x

f�z�g
� inf

	��
supff�z� � z � A� jz � xj � �g

� lim
	���

supff�z� � z � A� jz � xj � �g�

Similarly�

f��x� � lim
	���

infff�z� � z � A� jz � xj � �g�

Hence

f��x�� f��x� � lim
	���

supff�z� � z � A� jz � xj � �g
� lim

	���
infff�u� � u � A� ju� xj � �g

� lim
	���

supff�z�� f�u� � z� u � A� jz � xj � �� ju� xj � �g
� lim

	���
supfjf�z�� f�u�j � z� u � A� jz � xj � �� ju� xj � �g

� of �x��
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������� Let x be a limit point of A� and let fxng be a sequence of

points in A converging to x� Set �n � jxn�xj� �
n
� Then� jz�xnj � �n

implies jz� xj � 
�n� Consequently� see the solution of the preceding

problem�

f��xk� � lim
n��

infff�z� � z � A� jz � xkj � �ng
� infff�z� � z � A� jz � xk j � �kg
� infff�z� � z � A� jz � xj � 
�kg�

Passage to the limit as k � 	 gives lim
k��

f��xk� � f��x�� It then

follows that lim
z�x

f��z� � f��x�� and therefore the lower semicontinuity

of f� is proved� In an entirely similar manner one can show that f� is

upper semicontinuous� Now� by the result in the foregoing problem�

of �x� � f��x� � f��x�� which together with ������ proves the upper

semicontinuity of of �

������� We will prove our statement for lower semicontinuous func�

tions� Assume �rst that the given condition is satis�ed� Then for

a � f�x�� there is � � � such that f�x� � a whenever jx� x�j � �� If

fxng is a sequence of points in A converging to x�� then jxn�x�j � �

for su�ciently large n� Hence f�xn� � a� which implies lim
n��

f�xn� �
a� Because of the arbitrariness of a we get lim

x�x�

f�x� � f�x��� Now

assume that f is lower semicontinuous at x� and� contrary to our

claim� the given condition is not satis�ed� Then there is a � f�x��

such that for any n � N there exists xn � A for which jxn � x�j �
�n � �

n
and f�xn� � a� Thus the sequence fxng converges to x� and

lim
n��

f�xn� � a � f�x��� a contradiction�

������� Suppose that for every a � R the set fx � A � f�x� � ag is
open� Let x� be an element of A and take a � f�x��� Then there is

� � � such that �x�� �� x�� �� � fx � A � f�x� � ag� It then follows

by the result in the foregoing problem that f is lower semicontinuous�

Suppose now that f is lower semicontinuous on A� We shall show

that the set fx � A � f�x� � ag is closed in A� Let fxng be a

sequence of points in this set converging to x� Then f�xn� � a� and

                

                                                                                                               



���� Semicontinuous Functions ���

consequently� f�x� � lim
n��

f�xn� � a� which implies that x is also an

element of fx � A � f�x� � ag� So we have proved that this set is

closed� or equivalently that its complement is open in A�

������� Assume that f is lower semicontinuous on R� and set B �

f�x� y� � R� � y � f�x�g� Our task is to show that B is closed in R� �

Let f�xn� yn�g be a sequence of points in B converging to �x�� y���

Then

y� � lim
n��

yn � lim
n��

f�xn� � lim
x�x�

f�x� � f�x���

Hence �x�� y�� � B�
Assume now that B is closed and f is not lower semicontinuous at

an x� � R� Then the set Bc � f�x� y� � R� � y � f�x�g is open in R�

and there exists a sequence fxng� xn �� x�� converging to x� and such

that y � lim
n��

f�xn� � f�x��� Take g such that y � g � f�x��� Then

�x�� g� is in Bc� Hence there is a ball centered at �x�� g� contained

in Bc� This means that for su�ciently large n� �xn� g� are in B
c� or

equivalently� g � f�xn�� Therefore g � y� a contradiction�

Recall that f is upper semicontinuous on R if and only if �f is

lower semicontinuous on R� So f is upper semicontinuous on R if and

only the set f�x� y� � R� � y � f�x�g is closed in R� �

������ 

��� We show �rst that f is lower semicontinuous if and only

if the function g�x� � �
�
arctan f�x� is lower semicontinuous� To this

end we use the characterization given in ����
�� Suppose that f is

lower semicontinuous� To prove that g is also lower semicontinuous

it is enough to show that for every real a the set B � fx � A �
�
�
arctanf�x� � ag is open in A� Clearly� if a � ��� then B � A�

and if a � �� then B � �� If jaj � �� then B � fx � A � f�x� �

tan��� a�g� so it is open by assumption� Suppose now that g is lower

semicontinuous� Then fx � A � g�x� � �
�
arctanag is open for every

real a� Consequently� the set fx � A � f�x� � ag is open�
For n � N� a � A� de�ne 	a�n by setting

	a�n�x� � g�a� � njx� aj� x � R�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

and put

gn�x� � inf
a�A

	a�n�x��

Obviously�

gn�x� � gn���x� for x � R
and

gn�x� � 	x�n�x� � g�x� for x � A�
Hence for each x � A the sequence fgn�x�g is convergent� Now we

show that the functions gn are continuous on R� Indeed� for x� x� � R�

j	a�n�x�� 	a�n�x
��j � njx� x�j�

It then follows that

	a�n�x
��� njx� x�j � 	a�n�x� � 	a�n�x

�� � njx� x�j�

Consequently�

gn�x
��� njx� x�j � gn�x� � gn�x

�� � njx� x�j�

and therefore continuity of gn is proved� It follows from the above that

for x � A� lim
n��

gn�x� � g�x�� Our task is to show that lim
n��

gn�x� �
g�x�� Let x � A and let 
 � g�x�� Since g is lower semicontinuous at

x� there is � � � such that g�a� � 
 if jx� aj � �� Hence

��� 	a�n�x� � g�a� � 
 for jx� aj � ��

On the other hand�

�
� 	a�n�x� � �� � n� for jx� aj � ��

which combined with ��� gives

gn�x� � inf
a�A

	a�n�x� � minf
��� � n�g�

Therefore gn�x� � 
 for su�ciently large n� and consequently we get

lim
n��

gn�x� � 
� Finally� upon passage to the limit as 
 � g�x�� we

obtain lim
n��

gn�x� � g�x��

                

                                                                                                               



���� Uniform Continuity ���

������� It follows from the theorem of Baire �see the foregoing prob�

lem� that there are a decreasing sequence ffng and an increasing

sequence fgng of continuous functions converging on A to f and g�

respectively� Set

	��x� � f��x�� ���x� � minf	��x�� g��x�g�
� � � � � �

	n�x� � maxf�n���x�� fn�x�g� �n�x� � minf	n�x�� gn�x�g�
Then f	ng is decreasing� because the inequalities �n � 	n and fn �
	n imply

	n�� � maxf�n� fn��g � maxf�n� fng � maxf	n� fng � 	n�

Similarly� one can show that f�ng is increasing� Observe now that the

sequences of continuous functions f	ng and f�ng both converge� say

to 	 and �� respectively� One can show that 	�x� � maxf��x�� f�x�g
and ��x� � minf	�x�� g�x�g �see� e�g�� I� 
���
��� So if 	�x� �� ��x�

for some x� then 	�x� � f�x�� and since f�x� � g�x�� we have also

��x� � f�x�� a contradiction� Consequently� the sequences f	ng and
f�ng have a common limit� say h� such that f�x� � h�x� � g�x�� By

������� h is lower and upper semicontinuous� hence continuous�

���� Uniform Continuity

������

�a� The function can be continuously extended on 
�� ��� Therefore f

is uniformly continuous on ��� ���

�b� Note that for n � N�����f
�

�


n�

�
� f

�
�


n� � �
�

����� � �

although
��� �
�n� � �

�n���
�

��� can be arbitrarily small� Consequently�

the function is not uniformly continuous on ��� ���

�c� Since there exists a continuous extension of f on 
�� ��� the func�

tion f is uniformly continuous on ��� ���

                

                                                                                                               



��
 Solutions� �� Limits and Continuity

�d� We have����f
�

�

lnn

�
� f

�
�

ln�n� ��

����� � jn� �n� ��j � �

and
��� �
lnn � �

ln�n���

��� ��
n��

�� Hence f is not uniformly continuous

on ��� ���

�e� Since lim
x���

e�
�
x � �� the function can be continuously extended

on 
�� ��� Thus f is uniformly continuous on ��� ���

�f� The function is not uniformly continuous on ��� �� because����f
�

�


n�

�
� f

�
�


n� � �

����� � e
�

�n� � e
�

�n��� � 
� n � N�

�g� To see that the function is not uniformly continuous on ��� ���

note that ����f
�

�

en

�
� f

�
�

en��

����� � ��

�h� Observe that����f
�

�


n

�
� f

�
�


n� �

����� � cos
�


n
� cos

�


n� �
��
n�� 
�

So� the function is not uniformly continuous on ��� ���

�i� As above� one can show that the function is not uniformly con�

tinuous on ��� ���

������

�a� We will show that f is uniformly continuous on 
��	�� Indeed�

in view of the inequality

jpx� �px�j �
p
jx� � x�j for x�� x� � 
��	�

we have

jx� � x�j � � � �� implies jpx� �px�j � ��

�b� Note that ����f�
n��� f

�

n� �

�

n

����� ��n��

��

So� f is not uniformly continuous on 
��	��

                

                                                                                                               



���� Uniform Continuity ��	

�c� Since

j sin� x�� sin� x�j � j sinx�� sinx�j � j sinx��sinx�j � 
jx��x�j�
the function is uniformly continuous on 
��	��

�d� The function is not uniformly continuous on 
��	� because����f�p
n��� f

�r

n� �

�




����� � �

although
��p
n� �p
n� � �

�

�� ��
n��

��

�e� The function is not uniformly continuous on 
��	�� Indeed� it

follows from the continuity of the logarithm function that

j lnn� ln�n� ��j � ln

�
� �

�

n

�
��
n��

��

Moreover�

jf�lnn�� f�ln�n� ���j � ��

�f� One can show� as in �d�� that the function is not uniformly con�

tinuous on 
��	��

�g� Since

j sin�sinx��� sin�sinx��j � 


����sin sinx� � sinx�



���� � jx� � x�j�

f is uniformly continuous on 
��	��

�h� Note that����f�
n� � �


n�

�
� f�
n��

����
�

���� sin�
n� sin �


n�
�

�


n�
sin

�


n�

����� ��n��
sin ��

Consequently� the function is not uniformly continuous on 
��	��

�i� Observe that

j sinpx� � sin
p
x�j

�

����
 sin
p
x� �px�



cos

p
x� �

p
x�




���� � jpx� �px�j�

Now reasoning as in �a� proves the uniform continuity of f �

                

                                                                                                               



��� Solutions� �� Limits and Continuity

������ We will show that lim
x�a�

f�x� exists� By uniform continuity�

given � � � there exists � � � such that jf�x��� f�x��j � � whenever

jx� � x�j � �� Clearly� if a � x� � a � � and a � x� � a � �� then

jx� � x�j � �� It follows from the Cauchy theorem �see� e�g�� ����	��

that the left�hand limit of f at a exists� In an entirely similar manner

one can show also that the right�hand limit of f at b exists�

������

�a� It follows directly from the de�nition of uniform continuity that

the sum of two uniformly continuous functions is also uniformly

continuous�

�b� If f and g are uniformly continuous on a �nite interval �a� b��

then by the result in the foregoing problem the functions can

be continuously extended on 
a� b�� Thus f and g are bounded on

�a� b�� Consequently� the uniform continuity of fg on �a� b� follows

from the inequality

jf�x��g�x��� f�x��g�x��j
� jf�x��jjg�x��� g�x��j� jg�x��jjf�x��� f�x��j�

On the other hand� the functions f�x� � g�x� � x are uniformly

continuous on 
a�	� but f�x�g�x� � x� is not uniformly contin�

uous on this in�nite interval�

�c� By �b�� x � f�x� sinx is uniformly continuous on �a� b�� The

function need not be uniformly continuous on 
a�	�� as the ex�

ample in ����
�b� shows�

������

�a� Given � � �� there are �� � � and �� � � such that jf�x���f�b�j �
�
� if � � b � x� �

	�
� and jf�x�� � f�b�j � �

� if � � x� � b � 	�
� �

Setting � � minf��� ��g� we get

��� jf�x��� f�x��j � � if jx� � x�j � ��

For x�� x� � �a� b� or x�� x� � 
b� c�� ��� is clearly satis�ed with

some positive � � ��

                

                                                                                                               



���� Uniform Continuity ���

�b� No� Let A � N and B � fn � �
n
� n � Ng� and consider the

function f de�ned by

f�x� �



� if x � A�

 if x � B�

������ If f is constant� then it is uniformly continuous on R� If f

is a nonconstant periodic function� then its fundamental period T

exists �see ��
�
	�� Clearly� f is uniformly continuous on each interval


kT� �k� ��T �� k � Z� So� as in the solution of ������a�� one can show

that f is uniformly continuous on R�

����	�

�a� Set lim
x��� f�x� � L and lim

x��� f�x� � l� Then� given � � �� there

is A � � such that jf�x� � Lj � �
� for x � A and jf�x� � lj � �

�

for x � �A� This implies that if x�� x� � 
A�	� or x�� x� �
��	��A�� then jf�x�� � f�x��j � �� Obviously� f is uniformly

continuous on 
�A�A�� Finally� as in the solution of ������a� one

can show that f is uniformly continuous on R�

�b� The proof runs as in �a��

����
� It is enough to apply the result in the foregoing problem�

������ lim
x�� f�x� need not exist� To see this consider the function in

����
�c�� The limit lim
x���

f�x� exists �see ����	��

������� Assume that I � �a� b� is a bounded interval and� e�g�� f

is monotonically increasing� Then� as in ����	�� one can show that

lim
x�a�

f�x� � inf
x��a�b�

f�x� and lim
x�b�

f�x� � sup
x��a�b�

f�x�� Consequently�

f can be continuously extended on 
a� b�� So it is uniformly continu�

ous on �a� b�� If the interval I is unbounded� then the limits lim
x��

f�x�

and�or lim
x���

f�x� exist and are �nite� By ����� f is uniformly con�

tinuous on I�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

������� No� The following function is uniformly continuous on 
��	�

but the limit lim
x��

f�x� does not exist�

f�x� �

�����������
����������

x for x � 
�� ���

�x� 
 for x � 
�� 
��

� � �

x� n�n� �� for x � 
n�n� ��� �n� �����

�x� �n� ���n� 
� for x � 
�n� ���� �n� ���n� 
���

� � �

������� Let � � � be arbitrarily �xed� Choose � � � so that for

x� x� � �

jx� x�j � � implies jf�x�� f�x��j � �



�

Let x�� x�� � � � � xk be points in the interval 
�� �� such that for any

x � 
�� �� there is xi for which jx� xij � �� Since lim
n��

f�xi � n� � �

for i � �� 
� � � � � k� there is n� such that jf�xi � n�j � �
� for n � n�

and for i � �� 
� � � � � k� Suppose x � n� � � and set n � 
x�� Then

there is xi such that jx� �n� xi�j � �� It then follows that

jf�x�j � jf�x�� f�xi � n�j� jf�xi � n�j � ��

������� By uniform continuity of f on 
��	� there exists � � � such

that jf�x� � f�x��j � � if jx � x�j � �� Any x � � can be written in

the form x � � � n� � r� where n � N � f�g and � � r � �� Hence

jf�x�j � jf���j� jf�x�� f���j � jf���j� �n� ���

                

                                                                                                               



���� Uniform Continuity ���

Dividing by x gives

jf�x�j
x

� jf���j� n� �

� � n� � r
� jf���j� 


�
�M�

������� As in the solution of the foregoing problem� we �nd � � �

such that if x � n� � r� then for any u � �

jf�x� u�� f�u�j � n� ��

Therefore

jf�x� u�� f�u�j
x� �

� n� �

� � n� � r
� 


�
�M�

������� Assume fxng is a Cauchy sequence of elements in A� that

is� given � � � there is n� � N such that jxn�xmj � � for n�m � n��

By uniform continuity of f � given � � � there is �� � � such that

jf�xn� � f�xm�j � � if jxn � xmj � ��� Thus ff�xn�g is a Cauchy

sequence�

������� Assume� contrary to our claim� that f is not uniformly con�

tinuous on A� Thus there is � � � such that for any positive in�

teger n there exist xn and x�n in A such that jxn � x�nj � �
n
and

jf�xn� � f�x�n�j � �� Since A is bounded� there is a convergent sub�

sequence fxnkg of fxng� It follows from the above that the sequence

fx�nkg is convergent to the same limit� Thus the sequence fzkg with

terms xn� � x
�
n�
� xn� � x

�
n�
� � � � � xnk � x

�
nk
� � � � is convergent� and therefore

it is a Cauchy sequence� But jf�xnk � � f�x�nk �j � �� and so ff�zk�g
is not Cauchy� A contradiction�

The boundedness of A is essential� To see this� consider the

function f�x� � x� on ���	��

�����	� The necessity of the condition follows immediately from the

de�nition of uniform continuity� Now assume that the given condition

is satis�ed and f is not uniformly continuous onA� Then there is � � �

such that for any positive integer n there exist xn and yn in A such

that jxn � ynj � �
n
and jf�xn�� f�yn� � �� a contradiction�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

�����
� No� De�ne f by setting

f�x� �

��������
�������

�
� for x � ��� 
��
�
n

for x � n� n � 
�
�
n

for x � n� �
n
� n � 
�

x� n� �
n

for x � �n� n� �
n
�� n � 
�

� n��
�n����n���

�
x�n� �

n

�
� �

n
for x � �n� �

n
� n� ��� n � 
�

The function f is continuous on ���	�� lim
x��

f�x� � � and lim
x���

f�x�

� �
� � It then follows from ����� that f is uniformly continuous on

���	�� But

lim
n��

f
�
n� �

n

�
f�n�

� 
�

������� By the continuity of f at zero� given � � � there is � � �

such that jf�x�j � � for jxj � �� Hence the subadditivity of f implies

that� for x � R and jtj � ��

f�x� t�� f�x� � f�t� � � and f�x�� f�x� t� � f��t� � ��

Consequently� jf�x� t�� f�x�j � �� which proves the uniform conti�

nuity of f on R�

������� Observe that 
f is monotonically increasing on ���	�� Thus

�see ����	��

lim
	���


f ��� � inf
	��


f ��� � ��

                

                                                                                                               



���� Uniform Continuity ���

If lim
	���


f ��� � �� then given � � � there is � � � such that 
f ��� � ��

Consequently� if jx��x�j � �� then jf�x��� f�x��j � 
f ��� � �� This

means that f is uniformly continuous on A�

Assume now that f is uniformly continuous on A� Then given

� � � there is �� � � such that jf�x��� f�x��j � � for jx� � x�j � ���

Hence lim
	���


f ��� � 
f ���� � �� The arbitrariness of � � � yields

lim
	���


f ��� � ��

������� Clearly� it is enough to prove that �b� implies �a�� Let � � �

be arbitrarily �xed� Since fg is continuous at zero� there is �� � �

such that

jxj � �� implies jf�x�g�x� � f���g���j � �



�

Thus if jx�j � �� and jx�j � ��� then jf�x��g�x�� � f�x��g�x��j � ��

For jx�j � �� we have

jf�x��g�x��� f�x��g�x��j
� jg�x��j

jx�j jx�jjf�x��� f�x��j� jf�x��jjg�x��� g�x��j�

Consequently�

jf�x��g�x��� f�x��g�x��j
� jg�x��j

jx�j �jjx�jf�x��� jx�jf�x��j� jf�x��jjx� � x�j�
� jf�x��jjg�x��� g�x��j�

This combined with the result in �����	 gives

jf�x��g�x��� f�x��g�x��j � M jjx�jf�x��� jx�jf�x��j
�MLjx� � x�j� Ljg�x��� g�x��j�

where

M � sup


 jg�x�j
jxj � jxj � ��

�
�

L � max



supfjf�x�j � jxj � ��g� sup


 jxjjf�x�j
jxj � jxj � ��

��
�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

Thus the desired result follows from the uniform continuity of g�x�

and jxjf�x� on R�

������� Suppose that f is uniformly continuous on I� Then� given

� � �� there is � � � such that

�i� jx� � x�j � � implies jf�x��� f�x��j � ��

We will prove that� given � � �� there is N � � such that for every

x�� x� � I� x� �� x��

�ii�

����f�x��� f�x��

x� � x�

���� � N implies jf�x��� f�x��j � ��

Clearly� this implication is equivalent to

jf�x��� f�x��j � � implies

����f�x��� f�x��

x� � x�

���� � N�

By �i�� if jf�x�� � f�x��j � �� then jx� � x�j � �� Without loss of

generality we may assume that x� � x� and f�x�� � f�x��� Since

f�x�� � f�x�� � �� there are � � 
�� 
�� and a positive integer k

such that f�x�� � f�x�� � k�� Now the intermediate value property

of f on the interval 
x�� x�� implies that there are x� � z� � z� �

� � � � zk � x� for which f�zi� � f�x�� � i�� i � �� 
� � � � � k� We have

jf�zi� � f�zi���j � � � �� so jzi � zi��j � �� Thus jx� � x�j � k��

Setting N � ��
	
� we obtain����f�x��� f�x��

x� � x�

���� � k�

k�
�

�

�
� 
�

�
� N�

Assume now that �ii� is satis�ed� Then� given � � �� there is N � �

such that

jf�x��� f�x��j � � implies

����f�x��� f�x��

x� � x�

���� � N�

Consequently�

jf�x��� f�x��j � � implies jx� � x�j � �

N
�

This means that �i� is satis�ed with � � �
N
�
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���� Functional Equations

������ Clearly� the functions f�x� � ax are continuous and satisfy

the Cauchy functional equation� We show that there are no other

continuous solutions of this equation� Observe �rst that if f satis�es

��� f�x� y� � f�x� � f�y� for x� y � R�
then f�
x� � 
f�x� for x � R� One can show by induction that for

n � N�
�
� f�nx� � nf�x��

If in �
� we replace x by x
n
� we get

�	� f
�x
n

�
�

�

n
f�x��

If r � p
q
� where p� q � N� then �
� and �	� imply

��� f�rx� � f

�
p

q
x

�
� pf

�
�

q
x

�
�

p

q
f�x� � rf�x��

It follows from �
� that f��� � �� Combined with ���� this gives

� � f��� � f�x� � f��x�� or in other words� f��x� � �f�x�� Thus�
by ���� we get �rf�x� � f��rx� � �f�rx� for any negative rational

r� Since for any real 
 there is a sequence frng of rationals converging
to 
� and since f is continuous� by ��� we get

f�
x� � f� lim
n��

rnx� � lim
n��

f�rnx� � lim
n��

rnf�x� � 
f�x��

Setting x � �� gives f�
� � 
f���� Consequently� f�x� � ax� where

a � f����

������

�a� We will show that if f is continuous at at least one point and

satis�es the Cauchy functional equation� then it is continuous on

R� So� the assertion follows from the preceding problem� Clearly�

if f satis�es the Cauchy functional equation� then equalities �
��

��� in the solution of ����� hold� We �rst show that the continuity

of f at an x� implies the continuity at zero� Indeed� if fzng is

                

                                                                                                               



��
 Solutions� �� Limits and Continuity

a sequence converging to zero� then fzn � x�g converges to x��

Moreover� it follows from the equality

f�zn � x�� � f�zn� � f�x��

and from the continuity of f at x� that lim
n��

f�zn� � � � f����

Now if x is any real number and fxng converges to x� then fxn�xg
converges to zero� The equality f�xn � x� � f�xn� � f�x� and

continuity of f at zero imply lim
n�� f�xn� � f�x��

�b� We �rst show that if f satis�es the Cauchy functional equation

and is bounded above on the interval �a� b�� then it is bounded on

every interval ���� ��� � � �� To this end� consider the function

g�x� � f�x�� f���x� x � R�

Clearly� g satis�es the Cauchy functional equation� and it follows

from the solution of ����� that g�r� � � for r � Q� For x �
���� ��� one can �nd a rational r such that x � r � �a� b�� Then

g�x� � g�x� � g�r� � g�x � r� � f�x � r� � f����x � r�� which

implies that g is bounded above on ���� ��� and consequently� so

is f � Since f��x� � �f�x�� f is also bounded below on ���� ���
Now our task is to show that f is continuous at zero� Let fxng
be a sequence converging to zero� and choose a sequence frng
of rationals diverging to �	 so that lim

n��xnrn � �� Then the

sequence fjf�rnxn�jg is bounded above� say by M � and

jf�xn�j �
����f
�

�

rn
rnxn

����� � �

rn
jf�rnxn�j � M

rn
�

Hence lim
n�� f�xn� � � � f���� So our assertion follows from �a��

�c� Assume� for example� that f is monotonically increasing� It fol�

lows from �
����� in the solution of ����� that for � �
n
� x � �

n
�

� �

n
f��� � f�x� � �

n
f����

Thus f is continuous at zero� and our claim follows from �a��

                

                                                                                                               



���� Functional Equations ��	

������ Observe that f�x� � f�
�
x
�

� � �� If f attained zero at an

x�� then in view of f�x � y� � f�x�f�y�� f would be identically

zero� which would contradict f��� � �� Thus f is positive on R and

the function g�x� � ln f�x� is continuous and satis�es the Cauchy

functional equation� It follows from ����� that g�x� � ax� where

a � g��� � ln f���� Hence f�x� � bx� x � R� with b � f����

������ For x� y � ���	�� choose t� s � R so that x � et and y � es�

De�ne g by the formula g�t� � f�et�� Then g�t� s� � g�t� � g�s� for

t� s � R� and� by ������ g�t� � at� Thus f�x� � a lnx � logbx� where

b � e
�
a �

������ As in the solution of the foregoing problem� for x� y � ���	�

we choose t� s � R so that x � et� y � es� Next we de�ne g by

setting g�t� � f�et�� Then f satis�es the given equation if and only

if g�t� s� � g�t�g�s� for t� s � R� It follows from ����	 that g�t� � at�

Hence f�x� � alnx � xb� where b � ln a�

������ If f is continuous on R and f�x��f�y� is rational for rational

x � y� then g�x� � f�x � �� � f�x� is continuous and assumes only

rational values� It follows from the intermediate value property that

g is constant� Let f�x����f�x� � q� q � Q� If f��� � r� then f��� �

r�q� and by induction� f�n� � nq�r� n � N� Since f�x� � f�x����q�
we get f���� � �q � r� and by induction� f��n� � �nq � r� n � N�
For a rational p � n

m
� the function f�x � p� � f�x� is also constant�

Let f�x� p� � f�x� � �q� As above� one can show that f�kp� � k�q� r

for k � N� In particular� f�n� � f�mp� � m�q� r� On the other hand�

f�n� � nq � r� Hence �q � n
m
q and f

�
n
m

�
� n

m
q � r� Since p can

be arbitrarily chosen� f�x� � qx � r for x � Q� The continuity of f

implies that f is de�ned by this formula for all x � R�

����	� Observe that f��� � �� Moreover� for x � R we get

f�x� � �f�qx� � f�q�x� � �f�q	x��
One can show by induction that f�x� � ����nf�qnx�� Letting n�	
and using the continuity of f at zero� we see that f�x� � �� Thus only

the identically zero function satis�es the given equation�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

����
� We have f��� � � and

f�x� � �f
�



	
x

�
� x � f

��



	

��

x

�
� 


	
x� x�

One can prove by induction that for n � N�

f�x� � ����nf
��




	

�n

x

�
� ����n��

�



	

�n��

x� � � � � 


	
x� x�

We now pass to the limit as n � 	 and use the continuity of f at

zero� and get f�x� � 	
�x�

������ If in the equation we put y � 
x� we get

f�y� �
�



f

�
�



y

�
�

�


�
y �

�


�
f

�
�


�
y

�
�

�




y �

�


�
y�

One can prove by induction that

f�y� �
�


n
f

�
�


n
y

�
�

�


�n
y �

�


��n���
y � � � �� �


�
y�

Letting n�	 and using the fact that f��� � � and f is continuous

at zero� we conclude that f�y� � �
	y�

������� Set f��� � c� Putting y � � in the Jensen equation� we get

f
�x



�
�

f�x� � f���



�

f�x� � c



�

Hence
f�x� � f�y�



� f

�
x� y




�
�

f�x� y� � c



�

which gives� f�x��f�y� � f�x�y��c� Now set g�x� � f�x��c� Then
g satis�es the Cauchy equation �see ������� Therefore g�x� � ax� or

in other words� f�x� � ax� c�

������� We will �rst show that f is linear on every closed subinterval



� �� of �a� b�� By the Jensen equation�

f

�

�

�



�� � 
�

�
� f�
� �

�



�f���� f�
���
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Furthermore�

f

�

�

�

�
�� � 
�

�
� f

�

� ���

�




�

�
�



f�
� �

�



f
�
� �




�
� f�
� �

�

�
�f���� f�
��

and

f

�

�

	

�
�� � 
�

�
� f

�
�



� �

�




�

�

�



�� � 
�

��

�
�



f��� �

�



f

�

�

�



�� � 
�

�
� f�
� �

	

�
�f���� f�
�� �

Now we prove by induction that

f

�

�

k


n
�� � 
�

�
� f�
� �

k


n
�f���� f�
��

for k � �� �� 
� 	� � � � � 
n and n � N� Assuming the equality to hold

for m � n� we will prove it for n��� Indeed� if k � 
l� l � �� �� � � � � 
n�

then� by the induction hypothesis�

f

�

�

k


n��
�� � 
�

�
� f

�

�

l


n
�� � 
�

�

� f�
� �
l


n
�f��� � f�
��

� f�
� �
k


n��
�f��� � f�
���

Similarly� if k � 
l� �� l � �� �� � � � � 
n � �� then

f

�

�

k


n��
�� � 
�

�
� f

�
�




�

�

l


n��
�� � 
�

�
�
�




�

�

�


n
�� � 
�

��

�
�



f

�

�

l


n��
�� � 
�

�
�

�



f

�

�

�


n
�� � 
�

�

� f�
� �
k


n��
�f��� � f�
���

                

                                                                                                               



��� Solutions� �� Limits and Continuity

Since the numbers k
�n form a dense set in 
�� ��� the continuity of f

implies that

f �
� t�� � 
�� � f�
� � t�f���� f�
�� for t � 
�� ���

Setting x � 
� t�� � 
� gives

f�x� � f�
� �
f���� f�
�

� � 

�x� 
��

Now observe that under our hypothesis one�sided limits of f at a and

b exist� Indeed� for example� we have

lim
y�b�

f�y�



� f

�
x� b




�
� f�x�



with x � �a� b��

Clearly�

�a� b� �

��
n��



n� �n��

where f
ng is a decreasing sequence of points in �a� b� converging to a�
and f�ng is an increasing sequence of points in this interval converging
to b� Thus for x � �a� b� there is n� � N such that x � 

n� �n� for all

n � n�� It then follows that

f�x� � f�
n� �
f��n�� f�
n�

�n � 
n
�x � 
n��

If we let n�	� we get

f�x� � f�a�� �
f�b��� f�a��

b� a
�x� a��

������� For x � R� set

x� � x and xn�� �
xn � �



� n � �� 
� 	� � � � �

Then lim
n��

xn � �� and f�xn� � f�
xn�� � �� � f�xn���� n � N�

Hence f�x� � f�xn�� Letting n � 	� we see that f�x� � f�����
Thus only constant functions ful�ll our assumptions�

                

                                                                                                               



���� Functional Equations ���

������� Note that g�x� � f�x�� a
�x

� is continuous on R and satis�es

the Cauchy functional equation �see ������� Thus g�x� � g���x� which

gives

f�x�� a



x� �

�
f���� a




�
x for x � R�

������� By assumption�

f���� � f

�
��




�
� f

�
��

	

�
� � � � � f����

Moreover� for t �� ������ �
� �� �

	 � � � � we have

f�t� � f

�
t

t� �

�
� f

�
t


t� �

�
� f

�
t

	t� �

�
� � � � �

Since lim
n��

t
nt�� � �� the continuity of f at zero implies that f�t� �

f���� So the only solutions of the equation are constant functions�

������� No� In fact� there are in�nitely many such functions� For

a � ��� �� let g be a strictly decreasing and continuous transformation

of 
�� a� onto 
a� ��� Then f � de�ned as

f�x� �



g�x� for x � 
�� a��

g���x� for x � �a� ���

where g�� is the inverse of g� enjoys the desired property�

������� Suppose� contrary to our claim� that there is y� � R such

that jg�y��j � a � �� Set M � supfjf�x�j � x � Rg� By the de�nition

                

                                                                                                               



��� Solutions� �� Limits and Continuity

of the supremum� there exists x� � R for which jf�x��j � M
a
� By

assumption�

jf�x� � y��j� jf�x� � y��j � jf�x� � y�� � f�x� � y��j
� 
jf�x��jjg�y��j � 


M

a
a � 
M�

Hence jf�x� � y��j � M or jf�x� � y��j � M� a contradiction�

�����	� Note that g�x� � f�x�e�x satis�es the Cauchy functional

equation� It follows from ����� that f�x� � axex�

�����
� By assumption� f��� � � and f�
x� � �f�x���� By induction�

f�x� �
�
f
�x



���
�
�
f
� x


�

����
� � � � �

�
f
� x


n

���n
�

Hence

f
� x


n

�
� �n

p
f�x��

If f�x� � �� then upon passage to the limit as n � 	 we get � � ��

a contradiction� Thus only the identically zero function satis�es the

given equation�

������� Replacing x by x��
x

in

�i� f�x� � f

�
x� �

x

�
� � � x

gives

�ii� f

�
x� �

x

�
� f

� ��
x� �

�
�


x� �

x
�

Next replacing x by ��
x�� in �i�� we get

�iii� f

� ��
x� �

�
� f�x� �

x� 


x� �
�

Adding �i� to �iii� and subtracting �ii� from the sum yield


f�x� � � � x�
x� 


x� �
� 
x� �

x
�

Hence

f�x� �
x	 � x� � �


x�x� ��
�

                

                                                                                                               



���� Functional Equations ���

One can easily check that this function satis�es the given functional

equation�

������� For real x and y� de�ne fxng as follows� x�k�� � x and x�k �

y� k � �� 
� � � � � Then the equality f�C� lim
n��

xn� � C� lim
n��

f�xn�

implies

f

�
lim
n��

nx� ny


n

�
� lim

n��
nf�x� � nf�y�


n
�

which means that f satis�es the Jensen equation f
�
x�y
�

�
� f�x��f�y�

� �

As in the solution of ������� one can show that

�i� f

�
x�

k


n
�y � x�

�
� f�x� �

k


n
�f�y�� f�x��

for k � �� �� 
� 	� � � � � 
n and n � N� For t � 
�� ��� one can �nd a

sequence
�
kn
�n

�
convergent to t� Since every convergent sequence is

also Ces�aro convergent �to the same limit�� the sequence with the

terms xn � x � kn
�n �y � x� converges in the Ces�aro sense� By �i� the

sequence ff�xn�g converges to f�x� � t�f�y�� f�x��� Consequently�

f�x� t�y � x�� � f�x� � t�f�y�� f�x���

It follows from ��
�		 that f is continuous on R� Combined with �������

this shows that f�x� � ax� c�

������� Since f�
x�f�x�� � x and f is an injection� we get f���x� �


x� f�x�� Thus

�i� f�x�� x � x� f���x��

For x� � 
�� ��� de�ne the sequence fxng recursively by xn � f�xn����

It follows from �i� that xn � xn�� � xn�� � xn��� Therefore xn �

x��n�x��x��� Since jxn�x�j � �� we have jx��x�j � �
n
for n � N�

Consequently� f�x�� � x� � x��

������� We will show that the only continuous solutions of the given

equation are the functions f�x� � m�x� c�� If g�x� � 
x� f�x�
m

� then

g is continuous and

�i� g�g�x�� � 
g�x�� x for x � R�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

Thus g is a one�one function� Indeed� if g�x�� � g�x��� then we get

g�g�x��� � g�g�x���� which gives x� � x�� By the result in ��	���� g

is either strictly increasing or strictly decreasing on R� We will show

that the former case holds� By �i��

�ii� g�g�x��� g�x� � g�x� � x for x � R�
If g were strictly decreasing� then for x� � x� we would get g�x�� �

g�x��� and consequently g�g�x��� � g�g�x���� On the other hand� �ii�

gives

g�g�x���� g�x�� � g�x��� x�� g�g�x���� g�x�� � g�x��� x��

a contradiction�

It follows from �i�� by induction� that

gn�x� � ng�x�� �n� ��x for n � ��

where gn denotes the nth iteration of g� Hence lim
n��

gn�x�
n

� g�x��x�

Moreover�

�iii� gn�x�� gn��� � n�g�x�� x� g���� � x�

Thus� letting n�	 and using the monotonicity of g� we get

���
g�x� � x� g��� for x � ��

g�x� � x� g��� for x � ��

which in turn gives g�R� � R� So the inverse function g�� is de�ned

on R� Replacing in �i� x by g���g���y�� we see that g���g���y�� �


g���y��y� Since g�� satis�es �i�� one can show by the same method

that

g�n�y�� g�n��� � n�g���y�� y � g������ � y�

Next� upon passage to the limit as n�	� we get �as above�

�
�
g���y� � y � g����� for y � ��

g���y� � y � g����� for y � ��

We now show that g����� � �g���� Replacing x by g���y� in �ii�� we

obtain

g�y�� y � y � g���y��

which gives g����� � �g����

                

                                                                                                               



���� Functional Equations ���

Assume� for example� that g��� � �� Then g�x� � � for x � �� By

�
� with y � g�x� � �� we see that x � g�x� � g����� � g�x� � g����

Thus by ���� for x � � we get g�x� � x � g���� Since g����� � ��

we have g���y� � � for y � �� and as above one can show that

g���y� � y � g������ which means that g�x� � x � g��� for x � ��

Thus g�x� � x� g���� or equivalently� f�x� � m�x� g���� for x � R�

������� It is easy to verify that the given functions satisfy the desired

conditions� Now we will show that there are no other solutions� If in

the equation

�i� f�x� y� � f�y � x� � 
f�x�f�y�

we put x � � and a y such that f�y� �� �� we get f��� � �� Taking

y � � in �i�� we see that f�x� � f��x�� which means that f is even�

Since f is continuous and f��� � �� there exists an interval 
�� c� on

which the function is positive� We consider two cases� f�c� � ��

and f�c� � �� In the �rst case there exists �� � � � � �
� � such that

f�c� � cos �� Now rewrite �i� in the form

f�y � x� � 
f�x�f�y�� f�y � x��

Application of this equation with x � c� y � c� and x � c� y � 
c gives

f�
c� � 
 cos� ��� � cos 
� and f�	c� � 
 cos � cos 
��cos � � cos 	��

respectively� One can show by induction that f�nc� � cosn�� Now

applying �i� with x � y � c
� gives

�
f
� c



���
�

f��� � f�c�



�

� � cos �



� cos�

�
�




�
�

Since f
�
c
�

�
and cos

�
�
�

�
are positive� the last equation implies that

f
�
c
�

�
� cos

�
�
�

�
� and recursively f

�
c
�n

�
� cos

�
�
�n

�
for n � N� If we

start with the equation f�nc� � cosn� and repeat the above proce�

dure� we obtain

f
�mc


n

�
� cos

�
m�


n

�
for m�n � N�

Thus f�cx� � cos �x for x � m
�n � Since the set of numbers of the form

m
�n � m�n � N� is a dense subset of R� � the continuity of f implies that

                

                                                                                                               



��
 Solutions� �� Limits and Continuity

f�cx� � cos �x for x � �� Since f is even� the equality holds also for

negative x� Finally� f�x� � cosax with a � �
c
�

In the case where f�c� � �� there is � such that f�c� � cosh ��

To show that f�x� � cosh�ax�� reasoning similar to the above can be

used�

������� If we put x � tanhu� y � tanh v� then

x� y

� � xy
�

tanhu� tanh v

� � tanhu tanh v
� tanh�u� v��

Therefore the function g�u� � f�tanhu� satis�es the Cauchy func�

tional equation �see ������ and is continuous on R� Consequently�

g�u� � au� Hence f�x� � �
�a ln

��x
��x for jxj � ��

������� Assume that P is not identically zero and satis�es the equa�

tion� Set Q�x� � P �� � x�� Then Q�� � x� � P �x�� and the given

equation can be rewritten as Q���� x��� � �Q��� x��� or

�i� Q�x�� � �Q�x��� for x � R�
If Q is not a monomial� then it is of the form Q�x� � axk � xmR�x��

where a �� �� m � k � �� and R is a polynomial such that R��� �� ��

For such a Q� by �i��

ax�k � x�mR�x�� � a�x�k � 
axk�mR�x� � x�mR��x��

Equating coe�cients of like powers� we conclude thatQ�x� � axk� a ��
�� and that a � �� Consequently� P �x� � �� � x�k with k � N � f�g�
Clearly� the identically zero function also satis�es the given equation�

������ 
S� Kotz� Amer� Math� Monthly �
 ������� ���
������� For

simplicity of notation� we will write fm�xi� instead of �f�xi��
m� If in

the equation

�i� f

�
�

n

nX
i��

xmi

�
�

�

n

nX
i��

fm�xi�

we put xi � c� i � �� 
� � � � � n� we get

�ii� f�cm� � fm�c��

                

                                                                                                               



���� Functional Equations ��	

In particular� f��� � fm���� which implies f��� � � or f��� � �� or

f��� � �� in the case wherem is odd� Likewise� f��� � � or f��� � ��

f��� � �� if m odd� Putting c � x
�
m � x � �� in �ii�� we get

f
�
x

�
m

�
� f

�
m �x��

Replacing xi by x
�
m

i in �i� and using the last equality� we obtain

�iii� f

�
�

n

nX
i��

xi

�
�

�

n

nX
i��

fm�x
�
m

i � �
�

n

nX
i��

f�xi��

In particular� for x	 � x
 � � � � � xn � ��

f

�
x� � x�

n

�
�

�

n
f�x�� �

�

n
f�x�� �

n� 


n
f����

If in �iii� we put x� � x	 � � � � � xn � �� and replace x� by x� � x��

we get

f

�
x� � x�

n

�
�

�

n
f�x� � x�� �

n� �

n
f����

Consequently�

f�x� � x�� � f�x�� � f�x��� f����

So� the function g�x� � f�x� � f��� satis�es the Cauchy functional

equation and is continuous at at least one point� By the result in

����
� g�x� � ax for x � �� Thus

f�x� � ax� b� where a � f���� f���� b � f����

It follows from the above that b � � or b � �� or additionally� if m is

odd� b � ��� So� the only possible values of a are �
���� �� � or 
�

One can easily verify that

f�x� � �� f�x� � �� f�x� � x�

and� for odd m�

f�x� � ��� f�x� � �x
are the only solutions�

                

                                                                                                               



��� Solutions� �� Limits and Continuity

�����	� If f satis�es the given condition� then for any real a� b� b �� ��

f�a� b� � f��ab��z � z��z��b�� � f�ab��z � z�f�z��b�

� �f�ab��z� � f�z��f�z��b� � f�a� � f�b��

Hence f��� � � and f��x� � �f�x�� Moreover� f�n� � nf��� for any

integer n� If f is not identically zero� then there is c such that f�c� ��
�� But f�c� � f���f�c�� so f��� � �� If x �� �� then � � f�x�f�x����

and consequently� � �� f�x� � �f�x������� It follows from the above

that for integers p and q �� ��

f�pq��� � f�p�f�q��� � f�p��f�q���� � pq���

Note that for x � � we have f�x� � �f�
p
x��� � �� Thus if y� x � ��

then f�y � x� � f�y� � f�x� � �� This means that f is strictly

increasing� and f�x� � x if x � Q� It then follows that f�x� � x for

x � R�

�����
� A function f of the form

�i� f�x� � g�x�� g

�
�

x

�
�

where g is any real function on R n f�g� satis�es the given functional

equation� On the other hand� if f satis�es the given equation� then

f�x� �
f�x�� f

�
�
x

�



�

which means that f is of the form �i��

������� Observe that if f satis�es the given functional equation and

if we set

g�x� �
�




�
f�x� � f

�
�

x

��
� h�x� �

�




�
f�x�� f

�
�

x

��
�

then the functions g and h have the following properties�

�i� g�x� � g

�
�

x

�
and

�ii� h�x� � �h
�
�

x

�
� h�x� � h�x�� � �� h��x� � h�x��

                

                                                                                                               



���� Functional Equations ���

Now note that if g and h satisfy �i� and �ii�� then f � g � h satis�es

the given functional equation� So our aim is to �nd functions g and

h� As in the solution of the foregoing problem� one can show that all

functions satisfying �i� are of the form

g�x� � k�x� � k

�
�

x

�
�

where k is any function de�ned on R n f�g� To �nd functions h�

observe �rst that �ii� implies that h��� � �� Now for x � � set

h�x� � s�ln lnx�� Then s satis�es the functional equation

s�ln lnx� � s�ln�
 lnx�� � ��

which can be rewritten in the form

s�t� � s�ln 
 � t� � � for t � R�
This means that s can be any function such that s�t� � �s�ln 
 � t�

�note that s is periodic with period 
 ln 
�� There are in�nitely many

such functions� e�g�� one can take s�t� � cos �t
ln � � Next we extend

the function h onto ��� �� by setting h�x� � �h � �
x

�
� and then onto

��	� �� by setting h��x� � h�x��

������ 
S� Haruki� Amer� Math� Monthly �� ������� ��������� If in

the given equation we replace x by x� y and y by x� y� we get

���
f�x� y�� g�x� y�


y
� ��x��

Now replacing y by �y in ��� gives

f�x� y�� g�x� y�

�
y � ��x��

Consequently� for u� v � R we get

��u� v� � ��u� v� �
�


y
�f�u� v � y�� g�u� v � y�

� f�u� v � y�� g�u� v � y��

�
�


y
�f�u� v � y�� g�u� v � y��

�
�


y
�f�u� �v � y��� g�u� �v � y����

                

                                                                                                               



��� Solutions� �� Limits and Continuity

Thus

��u� v� � ��u� v� �
�


y
�
�v � y���u�� 
�v � y���u�� � 
��u��

If we set s � u � v and t � u � v� then this can be rewritten in the

form
��s� � ��t�



� �

�
s� t




�
� s� t � R�

Let A � R � R be given by A�s� � ��s�� ����� Then A��� � � and

�
�

A�t� �A�s� � ��s� � ��t� � 
����

� 
�

�
s� t




�
� 
����

� 
A

�
s� t




�
�

Putting t � � gives A�s� � 
A
�
s
�

�
� Next� replacing s by s� t� we get

A�s� t� � 
A

�
s� t




�
�

This and �
� imply

�	� A�s� t� � A�s� �A�t��

Thus equation ��� can be written in the form

���
f�x� y�� g�x� y�


y
� B �A�x��

where B � ���� and x 
� A�x� is a function satisfying �	�� If in ���

we put y � x and y � �x� respectively� then we obtain

f�
x� � g��� � 
Bx� 
xA�x� and g�
x� � f��� � 
Bx� 
xA�x��

Replacing 
x by x and using that fact that A�s� � 
A
�
s
�

�
� we get

f�x� � g��� �Bx�
�



xA�x�� g�x� � f��� �Bx�

�



xA�x��

Substituting these equations into ��� and applying �	�� we arrive at

g���� f��� � 
By � xA�y� � yA�x�


y
� ��x��

                

                                                                                                               



���� Functional Equations ���

Setting x � �� we �nd that

A�y� � dy � f���� g���� where d � 
�����A���� 
B�

Since A��� � �� we have f��� � g���� Hence A�x� � dx and f�x� �

g�x� � f��� �Bx� �
�dx

��

It is easy to check that f�x� � g�x� � ax� � bx � c and ��x� �

f ��x� � 
ax� b satisfy the given functional equation�

������� The set R can be regarded as a vector space over Q� A Hamel

basis for R over Q is a maximal linearly independent set� There exists

a Hamel basisH that contains �� Thus each x � R can be represented

in a unique way as

x �
X
h�H

wh�x�h�

where only �nitely many coe�cients wh�x� � Q are di�erent from

zero� Consequently� for x� y � R�

x� y �
X
h�H

wh�x� y�h �
X
h�H

�wh�x� � wh�y��h�

which implies wh�x � y� � wh�x� � wh�y�� So� in particular� f � w�

satis�es �a�� We will show that it has the other properties also�

Note that w���� � �� because � � � � � and � � H� Now we show

that w��x� � x for x � Q� By the additivity of w��

� � w���� � w�

�
�

q
�

�

q
� � � �� �

q

�
� qw�

�
�

q

�
�

Hence

w�

�
�

q

�
�

�

q
�

It then follows� by additivity again� that

w�

�
p

q

�
�

p

q
for p� q � N�

Moreover� w���� � �� because � � � � � and � � H� Thus

� � w���� � w�

�
p

q
�

�
�p

q

��
� w�

�
p

q

�
� w�

�
�p

q

�
�
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or� in other words�

w�

�
�p

q

�
� �p

q
�

So we have proved that w��x� � x for x � Q� Finally� we show that

w� is not continuous� If it were� we would get w��x� � x for all x � R�
This would contradict the fact that w� assumes only rational values�

���� Continuous Functions in Metric Spaces

��	��� We will show �rst that �a� �� �b�� Let F be a closed set in

Y� Then� if a sequence fxng of elements in f���F� is convergent to

x� then f�xn� � F� and by continuity of f � f�xn�� f�x�� Since F is

closed� f�x� � F� or in other words� x � f���F�� So we have proved

that f���F� is closed�

To prove that �b� �� �c� it is enough to note that every open

subset G of Y is the complement of a closed subset F� that is� G �

Y nF� Then� we have f���G� � X n f���F��

We will now prove that �c� �� �a�� Let x� � X and � � �

be arbitrarily �xed� By assumption� the set f�� �BY�f�x��� ��� is

open in X� Since x� is an element of f�� �BY�f�x��� ���� there is

� � � such that BX�x�� �� � f�� �BY�f�x��� ��� � Therefore we have

f �BX�x�� ��� � BY�f�x��� ��� which means that f is continuous at

x��

So we have proved that the �rst three conditions are equivalent�

Next� we show that �a� �� �d�� To this end� take y� � f�A��

By the de�nition of the image of a set under f � there is x� � A such

that f�x�� � y�� By continuity of f at x�� given � � � there is a ball

BX�x�� �� such that

f�BX�x�� ��� � BY�y�� ���

Since x� � A� we see that BX�x�� �� �A �� �� Thus

� �� f�BX�x�� �� �A� � BY�y�� �� � f�A��

which means y� � f�A��

                

                                                                                                               



��	� Continuous Functions in Metric Spaces ���

To show that �d� �� �e�� set A � f���B�� Then

f�f���B�� � f�f���B�� � B�

Hence f���B�� � f���B��

To end our proof we show that �e� �� �b�� If F is closed� then

F � F� By �e��

f���F� � f���F��

which means that f���F� is closed�

��	��� Let B�X� denote the family of all Borel subsets of X� that is�

the smallest ��algebra of subsets ofX containing all open sets� Denote

by �B the family of sets B � Y such that f���B� � B�X�� Then �B
is a ��algebra of subsets of Y� Since f is continuous� it follows from

the foregoing problem that the inverse image of any open set is open�

Consequently� �B contains all open subsets of Y � Hence B�Y� � �B�
which implies that if B � B�Y�� then f���B� � B�X��

��	��� Let X � Y � R be endowed with the usual Euclidean metric

d�x� y� � jx � yj� De�ne f�x� � sin�x and F �
�
n� �

n
� n � 


�
�

Then F is closed in the metric space X� because it contains only

isolated points� On the other hand�

f�F� �
n
sin

�



� � sin

�

	
� sin

�

�
� � � �

o
is not closed in Y because it does not contain zero� which is its accu�

mulation point�

Let X and Y be as above and de�ne f�x� � x�x � 
�� and G �

��� 	�� Then f�G� � 
�� 	��

��	��� If yn � f�F�� then yn � f�xn�� where xn � F� n � �� 
� 	� � � � �

If F is compact in X� then there exists a subsequence fxnkg of fxng
converging to an x � F� By the continuity of f � fynkg de�ned by

ynk � f�xnk � is a subsequence of fyng converging to f�x� � f�F�� So

the compactness of f�F� is proved�

��	��� Let fxng be a sequence of elements in F� � F� � � � � � Fm

converging to x� Then there is at least one set Fi containing a subse�

quence fxnkg� Consequently� the sequence fxng can be decomposed

                

                                                                                                               




�� Solutions� �� Limits and Continuity

into �nitely many subsequences in such a way that every subsequence

is contained in one set Fi� Since Fi is closed and f is continuous on Fi�

f�xnk � � fjFi�xnk � � fjFi�x� � f�x�� It then follows that ff�xn�g
is decomposed into �nitely many subsequences converging to f�x��

which means that ff�xn�g converges to f�x��
To see that the statement does not hold in the case of in�nitely

many sets� consider Fi de�ned as follows� F� � f�g� Fi �
�
�
i

�
�

i � �� 
� 	� � � � � The function given by

f�x� �



� for x � Fi� i � �� 
� 	� � � � �

� for x � F��

is continuous on each Fi� i � �� �� 
� 	� � � � � but is not continuous on

the set
�S
i��

Fi�

��	��� Let x� �
S
t�T

Gt be arbitrarily chosen� Then there is t� � T

such that x� � Gt� � SinceGt� is open and the restriction of f toGt� is

continuous� given � � � there is � � � such that if x � B�x�� �� �Gt� �

then f�x� � fjGt�
�x� � B

�
fjGt�

�x��� �
�
� B�f�x��� ��� which means

that f is continuous at x��

��	�	� Assume that for every compact A � X� fjA is continuous�

If a sequence fxng of elements in X converges to x� then the set

A � fx� x�� x�� x	� � � � g is compact in X� So� f�xn� � fjA�xn� �
fjA�x� � f�x�� Thus f is continuous on X� The other implication is

obvious�

��	�
� The continuity of f�� is equivalent to the condition that f�G�

is open inY for each openG inX� IfG is open inX� thenGc � XnG�

as a closed subset of the compact space X� is compact� By the result

in ������ f�Gc� � Y n f�G� is also compact� and therefore closed�

This means that f�G� is open�

To show that compactness is an essential assumption� consider

f � ��� ��� f
g � ��� �� given by f�x� � x for x � ��� �� and f�
� � ��

Obviously� f is a continuous bijection of ��� ��� f
g onto ��� ��� Since
f���x� � x for x � ��� �� and f����� � 
� the inverse function is not

continuous on ��� ���

                

                                                                                                               



��	� Continuous Functions in Metric Spaces 
��

��	��� Let d� and d� be metrics for X and Y� respectively� By con�

tinuity of f � given � � � and x � X there exists ��x� � � such that

��� d��y� x� � ��x� implies d��f�y�� f�x�� �
�



�

Since the family of the balls
�
B
�
x� ����x�

�
� x � X� is an open cover

of a compact space X� there is a �nite subcover

�
�



B

�
xi�

�



��xi�

�
� i � �� 
� � � � � n

�
�

Set � � �
� minf��x��� ��x��� � � � � ��xn�g and take x and y in X such

that d��x� y� � �� Since family �
� is a cover of X� there exists an

i � f�� 
� � � � � ng such that d��x� xi� �
�
���xi�� Then

d��y� xi� � d��y� x� � d��x� xi� � � �
�



��xi� � ��xi��

Consequently� by ����

d��f�x�� f�y�� � d��f�x�� f�xi�� � d��f�xi�� f�y�� � ��

��	���� For x�� x � X and y � A�
dist�x�A� � d�x� y� � d�x� x�� � d�x�� y��

Thus dist �x�A� � d�x� x�� � dist �x��A�� Hence

dist �x�A�� dist �x��A� � d�x� x���

Likewise� dist �x��A�� dist �x�A� � d�x� x��� Consequently�

jdist �x�A�� dist �x��A�j � d�x� x���

and therefore f is uniformly continuous on X�

��	���� If the set f�X� were not connected� then there would exist

nonempty� open and disjoint sets G� and G� such that G� �G� �

f�X�� Continuity of f implies that f���Gi�� i � �� 
� are open�

Clearly� they are nonempty and disjoint and their union is X� a con�

tradiction�

                

                                                                                                               




�
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��	���� Let d� and d� be metrics for X and Y� respectively� Assume

that f is continuous at x� � A� Then� given � � �� one can �nd

� � � such that f�x� � B�f�x��� ��
� whenever x � B�x�� �� � A�
Consequently� d��f�x�� f�y�� � � for x� y � B�x�� �� � A� It then

follows that of �x�� � �� Conversely� if of �x�� � �� then given � � �

there is �� � � such that

� � � � �� implies diam�f�A �B�x�� ���� � ��

Hence d��x� x�� � � implies

d��f�x�� f�x��� � diam �f�A �B�x�� ���� � ��

��	���� Set B � fx � A � of �x� � �g and let fxng be a sequence of

points of B converging to x�� Since B � A� x� � A� Therefore of �x��
is well de�ned� Moreover� for any � � � there is n � N such that

B�xn� ��
� � B�x�� ��� Hence

diam�f�A �B�x�� ���� � diam�f�A �B�xn� ��
��� � of �xn� � ��

It then follows that of �x�� � �� or in other words� x� � B�

��	���� By the result in �����
 the set C of points of continuity of f

is equal to the set on which the oscillation vanishes� Put

Bn �



x � X � of �x� �

�

n

�
�

It follows from the foregoing problem that the Bn are open in X� On

the other hand�

C �

��
n��

Bn�

that is� the set of points of continuity of f is of type G	 � It then follows

that the set X nC of points of discontinuity of f is of type F
 in X�

��	���� Consider the function de�ned by �compare with ��
�	�a��

f�x� �

���
��

� if x is irrational�

� if x � ��
�
q

if x � p
q
� p � Z� q � N� and p� q co�prime�
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���
���� Let

A be of type F
 in R� that is�

��
n��

Fn � A�

where the Fn are closed� Without loss of generality we can assume

that Fn � Fn�� for n � N� Indeed� it is enough to replace Fn by

F� � F� � � � � � Fn� If A � R� then� for example� f�x� � �Q�x� is

discontinuous at each x � R� If A �� R� then we de�ne a function g

by setting

g�x� �


 P
n�K

�
�n if x � A�

� if x � R nA�
where K � fn � x � Fng� and we put

f�x� � g�x�

�
�Q�x� � �




�
�

First we show that each point of A is a point of discontinuity of f �

Indeed� if x � A	� then every neighborhood of x contains a point at

which the sign of f is di�erent from the sign of f�x�� If x � �A �A�
then f�x� �� � and every neighborhood of x contains a point at which

f vanishes� Since A � A	� ��A�A�� the function f is discontinuous

on A� Our task is now to show that f is continuous on RnA� We have

f�x� � � if x �� A� If a sequence fxkg converges to x and xk � A�

then for each n there is a kn such that xk �� Fn for k � kn� �If there

were in�nitely many xk in some Fn� then x would be also in Fn��

Consequently� for k � kn�

g�xk� � �


n��
�

�


n��
� � � � � �


n
�

which means that lim
k��

g�xk� � � � g�x��

��	��	� No� Every function de�ned on a discrete metric space is

continuous�

��	��
� Assume �rst that x � �A � A � X nA� Since each ball

B�x� �� contains points of A and points of X nA� we get o�A�x� � ��
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Assume now that o�A �x� � �� This means that for every � � ��

supfj�A�x� � �A�y�j � y � B�x� ��g � o�A�x� �� � ��

Consequently� each ball B�x� �� must contain points of A and points

of X nA� Hence x � �A � A �X nA�
Clearly� if A is both open and closed� then �A � �� Therefore�

by �����
� �A is continuous on X� Conversely� if �A is continuous

on X� then �A � �� Now we show that A � A� If not� there is

x � A nA � X nA � X nA� a contradiction� One can show in an

entirely similar manner that X nA is also closed�

��	���� For x � A and � � � we have

of �x� �� � supfd��f�x�� f�y�� � y � B�x� ��g
� supfd��f�x�� f�y�� � y � A �B�x� ��g
� supfd��f�x�� f�y�� � y � �X nA� �B�x� ��g�

Thus

of �x� ��

� supfd��g��x�� g��y�� � y � A �B�x� ��g
� supfd��g��x�� g��y�� � y � �X nA� �B�x� ��g
� og��x� �� � supfd��g��x�� g��y�� � y � �X nA� �B�x� ��g
� og��x� ��

� supfd��g��x�� g��x�� � d��g��x�� g��y�� � y � �X nA� �B�x� ��g
� og��x� �� � d��g��x�� g��x�� � og��x� ���

Since g� and g� are continuous� we get� by �����
�

��� of �x� � d��g��x�� g��x���

Now our task is to show that for x � A�

�
� of �x� � d��g��x�� g��x���

Let f�ng be a sequence of positive numbers converging to zero� Since
A	 � �� the set XnA is dense in X� Thus each ball B�x� �n� contains
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a point yn of X nA� Consequently�
supfd��f�x�� f�y�� � y � B�x� �n�g
� supfd��g��x�� g��y�� � y � B�x� �n� � �X nA�g
� d��g��x�� g��yn���

This combined with the continuity of g� implies

lim
n��

supfd��f�x�� f�y�� � y � B�x� �n�g � d��g��x�� g��x���

which in turn gives �
�� It follows from ��� and �
� that the desired

equality holds for x � A� In an entirely similar manner �using the

density of A� one can show that this equality holds also for x � XnA�

��	���� Assume that ffng is a sequence of functions continuous on

X and such that f�x� � lim
n�� fn�x�� For � � �� put

Pm��� � fx � X � jf�x�� fm�x�j � �g

and G��� �
�S

m��
�Pm����

	� We will prove that C �
�T
n��

G���n� is

the set of all points of continuity of f � We show �rst that if f is

continuous at x�� then x� � C� Since f�x� � lim
n��

fn�x�� there is an

m such that

jf�x��� fm�x��j � �

	
�

It follows from the continuity of f and fm at x� that there exists a

ball B�x�� �� such that for x � B�x�� ���

jf�x�� f�x��j � �

	
and jfm�x� � fm�x��j � �

	
�

Consequently� jf�x� � fm�x�j � � if x � B�x�� ��� This means that

x� � �Pm����
	 � G���� Since � � � can be arbitrarily chosen� we see

that x� � C�
Now if

x� � C �

��
n��

G���n��

then� for any � � �� x� � G���	�� Thus there is a positive integer m

such that x� � �Pm���	��
	� Consequently� there exists a ball B�x�� ��
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such that if x � B�x�� ��� then
jf�x�� fm�x�j � �

	
�

Since fm is continuous� this shows that f is continuous at x�� Now

our task is to prove that X nC is of the �rst category� To this end�

de�ne

Fm��� � fx � X � jfm�x� � fm�k�x�j � � for all k � Ng�
The continuity of fn� n � N� implies that Fm��� is closed� Since

f�x� � lim
n��

fn�x�� x � X� we see that X �
�S

m��
Fm��� and Fm��� �

Pm���� Consequently�

��
m��

�Fm����
	 �G����

Now note that for any F � X the interior of F nF	 is empty� because

�F n F	�	 � F	 n �F	�	 � �� Moreover� if F is closed� then F n F	 is

closed and therefore F nF	 is nowhere dense� Since

X n
��

m��

�Fm����
	 �

��
m��

�Fm��� n �Fm����
	��

the set X n
�S

m��
�Fm����

	 is of the �rst category� Moreover� since

X n G��� � X n
�S

m��
�Fm����

	� the set X n G��� is also of the �rst

category� Finally� observe that

X nC � X n
��
n��

G���n� �
��
n��

�X nG���n���

Therefore the set X nC of points of discontinuity of f is of the �rst

category�

��	���� We will use the notation from the solution of the preceding

problem� We have

X nG���k� � X n
��

m��

�Fm���k��
	 �

��
m��

�Fm���k� n �Fm���k��
	��
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Hence

��
k��

�X nG���k�� �
��
k��

��
m��

�Fm���k� n �Fm���k��
	��

So� X n C is a subset of the union of countably many closed and

nowhere dense sets �their complements are open and dense in X�� It

then follows that C contains the intersection of countably many open

and dense sets� By the theorem of Baire� C is dense in X�

��	���� For � � � put

Fk � f�g �
�
n�k

n
x � � �

���f �x
n

���� � �
o
� k � �� 
� 	� � � � �

Since f is continuous� the sets are closed �see� e�g�� ������� By hy�

pothesis�
S
k��

Fk � 
��	�� According to the theorem of Baire� at least

one of the sets Fk has a nonempty interior� Consequently� there exist

a � �� � � �� and k � N such that �a � �� a � �� � Fk� Without loss

of generality we can assume that � � a
k
� If � � x � � and n �

�
a
x

�
�

then a� � � a�x � nx � a � a� �� and n � k� Thus nx � Fk� and�

by the de�nition of Fk�

f�x� �
���f �nx

n

���� � ��

which implies lim
x���

f�x� � ��

��	���� De�ne Fn as follows�

Fn � fx � X � jf�x�j � n for all f � Fg�

It follows from the continuity of f that the Fn are closed� By hy�

potheses� for every x � X there is a positive integer nx such that

jf�x�j � nx for all f � F � Thus x � Fnx � Consequently� X �
�S
n��

Fn�

Since �X� d�� is of the second category� there is an Fn� with nonempty

interior� Let G � F	n� � Therefore jf�x�j � n� for every f � F and

each x � G�
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��	���� We know that

f

� ��
n��

Fn

�
�

��
n��

f�Fn��

Now we show that if f is continuous� then

��
n��

f�Fn� � f

� ��
n��

Fn

�
�

Let y �
�T
n��

f�Fn�� Then� for any positive integer n� y � f�Fn�� or

in other words� y � f�xn� with an xn � Fn� By Cantor�s nested set

theorem�
�T
n��

Fn � fx�g for some x� � X� By the continuity of f �

y � lim
n��

f�xn� � f�x��� Thus y � f

� �T
n��

Fn

�
�

��	���� For u� v � X we have

d�fu� fv� � supfjd��u� x�� d��v� x�j � x � Xg � d��u� v��

Moreover�

d�fu� fv� � supfjd��u� x�� d��v� x�j � x � Xg
� jd��u� u�� d��u� v�j � d��u� v��

��	���� Assume �rst that X is a compact metric space and that

f � X � R is continuous� Then� given � � � and x � X� there

is �x � � such that jf�y� � f�x�j � � for jy � xj � �x� Since the

family fB�x� �x�� x � Xg is an open cover of X� there is a �nite

subcover B�x�� �x���B�x�� �x��� � � � �B�xn� �xn�� Therefore for x � X

there exists i � f�� 
� � � � � ng such that x � B�xi� �xi�� It then follows

that

jf�x�j � jf�x�� f�xi�j� jf�xi�j � ��maxff�x��� f�x��� � � � � f�xn�g�
which proves the boundedness of f on X�

Assume now that every real function continuous onX is bounded�

and suppose� contrary to our claim� that X is not compact� Then one

can �nd a sequence fxng of elements in X that does not contain any
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convergent subsequence� Then F � fxn � n � Ng is closed in X�

The function f given by f�xn� � n is continuous on F� According

to the Tietze extension theorem� there exists a continuous extension

of f de�ned on all of X� So� we have constructed a continuous and

unbounded function� a contradiction�

��	��	� First we prove that �a� implies �b�� So assume that �a� holds�

let lim
n��

��xn� � �� and suppose� contrary to our claim� that fxng
does not contain a convergent subsequence� Then there is a sequence

fyng of elements in X such that lim
n��

d��xn� yn� � � and yn �� xn

for n � N� If fyng contains a convergent subsequence fynkg� then by

lim
k��

d��xnk � ynk� � � the sequence fxnkg is also convergent� Thus

fyng does not contain any convergent subsequence� It then follows

that no term of the sequences fxng and fyng is repeated in�nitely

many times� Therefore there is a strictly increasing sequence fnkg
of positive integers such that the in�nite sets F� � fxnk � k � Ng
and F� � fynk � k � Ng are closed and disjoint� According to the

Urysohn lemma� there is a continuous function f � X � R such that

f is one on F� and zero on F�� Thus

jf�xnk �� f�ynk�j � � and lim
k��

d��xnk � ynk� � ��

Hence f is continuous but not uniformly continuous on X� which

contradicts �a��

To show that �b� implies �a�� denote by A the set of limit points

of X� By �b� every sequence of elements in A has a subsequence

converging to an element in A� Therefore A is compact� If X �� A�

then for �� � � put �� � inff��x� � x � X� dist�x�A� � ��g� We will

show that �� � �� If �� � �� then there is a sequence fxng of elements

in X such that lim
n��

��xn� � � and dist�xn�A� � ��� By �b�� fxng
has a subsequence converging to an element in A� a contradiction�

Let f � X � R be continuous and let � � � be arbitrarily �xed�

Then for x � A there is �x � � such that if d��x� y� � �x� then

jf�x� � f�y�j � �
��� Since A is compact� there are x�� � � � � xn � A

such that

A �
n�

k��

B

�
xk�

�

	
�xk

�
�
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Let �� � �
	 minf�x� � � � � � �xng and �� � � be as above� Put � �

minf��� ��g and let x� y � X be such that d��x� y� � �� If dist�x�A� �

��� then ��x� � ��� so d��x� y� � � � �� only if x � y� Then� obviously�

jf�x�� f�y�j � �� If dist�x�A� � ��� then there is an a � A such that

d��x� a� � ��� It follows from the above that there is k � f�� 
� � � � � ng
for which d��a� xk� �

�
	�xk � Consequently�

d��y� xk� � d��y� x� � d��x� a� � d��a� xk� � � � �� �
�

	
�xk � �xk �

Hence

jf�x�� f�y�j � jf�x�� f�xk�j� jf�xk�� f�y�j � �



��

�



� � ��

This proves the uniform continuity of f on X�

��	��
� It is well known� see� e�g�� ������ that every function contin�

uous on a compact metric space is uniformly continuous� We claim

that if X is compact� then each set fx � X � ��x� � �g� � � �� is

�nite� On the contrary� suppose that there is an � � � for which

the set fx � X � ��x� � �g is in�nite� Since the family of balls

fB�x� �� � x � Xg is an open cover of X� it has a �nite subcover�

which contradicts the fact that ��x� � � for in�nitely many x�

Assume now that every real continuous function on X is uni�

formly continuous and that every set fx � X � ��x� � �g is �nite� We

will show that X is compact� Let fxng be a sequence of points in X�

If a term in the sequence is repeated in�nitely many times� then obvi�

ously there is a convergent subsequence� If not� then lim
n��

��xn� � ��

because the sets fx � X � ��x� � �g are �nite� By the result in the

foregoing problem� fxng contains a convergent subsequence�

��	���� It is enough to consider X � 
�� �� � f
g � f	g � f�g � � � �

equipped with the usual Euclidean metric d��x� y� � jx� yj�

                

                                                                                                               



Chapter �

Di�erentiation

���� The Derivative of a Real Function

������

�a� We have

f�x� �

�
x� if x � ��

�x� if x � ��

Hence

f ��x� �
�
�x if x � ��

��x if x � ��

because

f ����� � lim
h���

h� � �

h
� � � f ������

�b� We get

f ��x� �

�
�

�
p
x

if x � ��

� �
�
p�x if x � ��

Since

f ����� � lim
h���

p
h� �

h
� ��

and

f ����� � lim
h���

p�h� �

h
� ���

the derivative of f at zero does not exist�

���
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�c� f ��x� � n� sin���x� for x � �n� n � ��� n � Z� Moreover	 for

n � Z�

f ���n� � lim
x�n�

n sin���x� � �

x� n
� lim

x�n�

n sin���x � �n�

x� n
� ��

f ���n� � lim
x�n�

�n� �� sin���x� � �

x� n
� ��

It then follows that f ��x� � �
x� sin���x��

�d� It follows from �c� that

f ��x� � �x sin���x��� � �
x� sin���x���

� sin���x� � ��x� 
x�� sin���x��

�e� f ��x� � �
x for x �� ��

�f� f ��x� � �
x
p
x���

if jxj � ��

������

�a� Since logx � �
ln �
lnx � we get

f ��x� � � ln �

x ln� x
� � logx � � logx e

x
�

�b� As in �a� we show that

f ��x� �
� tanx ln x� �

x ln cosx

ln� x

� � tanx logx e�
�

x
logx cosx � logx e�

������

�a� Clearly	

f ��x� �

�
�

��x� if jxj � ��

�
� if jxj � ��

We will now check whether the derivative exists at x � � and at

x � ��� We have

f ����� � lim
x���

�
� � x��

� � �
�

x� �
�

�

�
�

f ����� � lim
x���

arctanx� �
�

x� �
� arctan���� �

�

�
�
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So f ���� � �
� � We have also

f ������ � lim
x����

arctanx� �
�

x� �
� arctan����� � �

�
�

f ������ � lim
x����

��
� � x��

� � �
�

x� �
� ���

Therefore f ����� does not exist�
�b� We have

f ��x� �
�
�xe�x

�

��� x�� if jxj � ��

� if jxj � ��

Moreover	

f ����� � lim
x���

�
e � �

e

x� �
� ��

f ����� � lim
x���

x�e�x
� � �

e

x� �
� �x�e�x

�

��jx � �
� ��

Since f is even	 f ����� � ��

�c� Observe that f is continuous at zero� Moreover	

f ����� � lim
x���

arctan �
x � �

�

x
� lim

t� �
�
�

t� �
�

�
tan t

� lim
t��

�
�

�
t� �

�

�
tan t � ��

and

f ����� � lim
x���

arctan
�� �

x

�� �
�

x
� lim

t��
�
�

t� �
�

� �
tan t

� � lim
t��

�
�

�
t� �

�

�
tan t � ��

Thus the function is not di
erentiable only at zero�

������ Note �rst that

f ���� � lim
x��

x�
��cos �

x

��
x

� ��
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Clearly	 for x �� �
�n�� � n � Z� f ��x� exists� For xn � �

�n�� � n �

�� �� �� � � � � we get

f ���xn� � lim
x�x�n

x� cos �
x

x� xn
�
�
x� cos

�

x

��
jx � xn

� ��

f ���xn� � lim
x�x�n

�x� cos �
x

x� xn
�
�
�x� cos �

x

��
jx � xn

� ���

Similarly	 if xn � �
�n�� � n � �� �� �� � � � � then f ���xn� � � and

f ���xn� � ��� Since f is even	 f is not di
erentiable at xn� n � Z�

������

�a� Since f must be continuous	 we get c � � and a � b � �� Since

f ����� � �� f ����� � b� we get b � � and a � ��� It is easy to

verify that for such a� b and c the function f is di
erentiable on

R�

�b� a � d � ��� b � �� c � ��

�c� b � c � �� a � �� d � �
� �

����	�

�a� For x �� ��
nX

k��

ekx �
�� e�n���x

�� ex
�

Di
erentiating both sides of this equality	 we get

nX
k��

kekx �
ne�n���x � �n� ��e�n���x � ex

��� ex��
�

                

                                                                                                               



���� The Derivative of a Real Function ���

�b� Di
erentiating both sides of the equality

�nX
k��

����k
�
�n

k

	
ekx � �ex � ���n

n times	 we obtain

�nX
k��

����kknekx
�
�n

k

	
�
�
�ex � ���n

��n�
�

To calculate
�
�ex � ���n

��n�
at zero we set g�x� � ex � � and

note that the nth derivative of �g�x���n is a sum whose every

term contains a power of g�x� at least of order n �compare with

�������� So	 the nth derivative of x �� �ex � ���n at zero is ��

Consequently	
�nX
k��

����kkn
�
�n

k

	
� ��

�c� Di
erentiating the equality

nX
k��

sin�kx� �
sin nx

� sin �n���x
�

sin x
�

� x �� �l�� l � Z�

we get

nX
k��

k cos�kx� �
n sin x

� sin
��n���x

� � sin� nx
�

� sin� x
�

� x �� �l�� l � Z�

For x � �l��
nX

k��

k cos�kx� �
�

�
n�n� ���

����
� Put f�x� � a� sinx� a� sin �x� � � �� an sinnx� Then

ja� � �a� � � � �� nanj � jf ����j � lim
x��

����f�x�� f���

x

����
� lim

x��

����f�x�sinx

���� �
���� sinxx

���� � lim
x��

����f�x�sinx

���� 	 ��
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������

�a� We have

lim
x�a

xf�a�� af�x�

x� a
� lim

x�a

�x� a�f�a�� a�f�x�� f�a��

x� a

� f�a�� af ��a��

�b� As in �a� we have

lim
x�a

f�x�g�a�� f�a�g�x�

x� a

� lim
x�a

�f�x�� f�a��g�a�� f�a��g�x�� g�a��

x� a

� f ��a�g�a�� f�a�g��a��

������

�a� Since f is continuous at a and f�a� � �	 we see that f
�
a� �

n

�
� �

for su�ciently large n� Moreover	 since f is di
erentiable at a	

the function x �� ln�f�x�� is also� Consequently	

lim
n��

ln



f
�
a� �

n

�
f�a�

� �
n

� lim
n��

�

n�
ln f

�
a� �

n

�� ln f�a�
�
n

� � � �ln f�x���jx � a
� ��

Hence

lim
n��



f
�
a� �

n

�
f�a�

� �
n

� ��

�b� As in �a� we get

lim
x�a

ln

�
f�x�

f�a�

	 �
ln x�ln a

� lim
x�a

ln f�x�� ln f�a�

x� a
� x� a

lnx� ln a
�

f ��a�
f�a�

a�

�����
�

�a� By ������b� with g�x� � xn	

lim
x�a

anf�x�� xnf�a�

x� a
� �nan��f�a� � anf ��a��
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�b�

lim
x��

f�x�ex � f���

f�x� cosx� f���
� lim

x��

f�x�ex � f���

x

x

f�x� cosx� f���

� �f�x�ex��jx � �
�

�f�x� cosx��jx � �

�
f ���� � f���

f ����
�

�c�

lim
n��

n

�
f

�
a�

�

n

	
� f

�
a�

�

n

	
� � � �� f

�
a�

k

n

	
� kf�a�

	

� lim
n��

�
f
�
a� �

n

�� f�a�
�
n

� �
f
�
a� �

n

�� f�a�
�
n

� � � �� k
f
�
a� k

n

�� f�a�
k
n

	

� �� � � � � � �� k�f ��a� �
k�k � ��

�
f ��a��

�d� For k � N	
lim
n��

f
�
a� k

n�

�� f�a�
k
n�

� f ��a��

This implies that given � � � there is n� such that if n � n�� then

k

n�
f ��a�� k

n�
� � f

�
a�

k

n�

	
� f�a� �

k

n�
f ��a� �

k

n�
�

for k � f�� �� � � � � ng� Summing over k	 we obtain

n�n� ��

�n�
f ��a�� n�n� ��

�n�
� �

nX
k��

�
f

�
a�

k

n�

	
� f�a�

	

�
n�n� ��

�n�
f ��a� �

n�n� ��

�n�
��

It then follows that the limit is �
�f

��a��
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�������

�a� We have

lim
n��

�
�n� ��m � �n� ��m � � � �� �n� k�m

nm��
� kn

	

� lim
n��

�n� ��m � nm � �n� ��m � nm � � � �� �n� k�m � nm

nm��

� lim
n��


�
� � �

n

�m� �
�
n

� �

�
� � �

n

�m� �
�
n

� � � �� k

�
� � k

n

�m� �
k
n

�

�
k�k � ��

�
m�

Compare with �������c��

�b� By �������c�	

lim
n��

ln


�
a� �

n

�n �
a� �

n

�n � � � �a� k
n

�n
ank

�
�

k�k � ��

�

�

a
�

Thus

lim
n��

�
a� �

n

�n �
a� �

n

�n � � � �a� k
n

�n
ank

� e
k�k���

�a �

�c� Note that

lim
n��

ln

��
� �

a

n�

��
� �

�a

n�

	
� � �
�
� �

na

n�

�	

� lim
n��

�
ln
�
� �

a

n�

�
� ln

�
� �

�a

n�

	
� � � �� ln

�
� �

na

n�

�	

� lim
n��

�
ln

�
�

a
�

�

n�

	
� � � �� ln

�
�

a
�

n

n�

	
� n ln

�

a

	
�

It then follows by �������d� that

lim
n��

��
� �

a

n�

��
� �

�a

n�

	
� � �
�
� �

na

n�

�	
� e

a
� �
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������� We have

lim
x��

�

x

�
f�x� � f

�x
�

�
� f

�x
�

�
� � � �� f

�x
k

��

� lim
x��

�
f�x�� f���

x
�
f
�
x
�

�� f���

x
� � � �� f

�
x
k

�� f���

x

	

�

�
� �

�

�
�

�

�
� � � �� �

k

	
f �����

�������

�a� If f�x� � xm� m � N� then

lim
n��

f�xn�� f�zn�

xn � zn
� lim

n��
xmn � zmn
xn � zn

� mam�� � f ��a��

�b� Consider the function given by

f�x� �

�
x� sin �

x if x �� ��

� if x � ��

For

xn �
�

���n� ��
and zn �

�

�n�

we have

lim
n��

f�xn�� f�zn�

xn � zn
� � �

�
�� � � f �����

On the other hand	 if

g�x� �

�
x
�
� sin �

x if x �� ��

� if x � ��

and fxng� fzng are as above	 then

lim
n��

g�xn�� g�zn�

xn � zn
� ���

������� By hypotheses	

f�xn�� f�zn�

xn � zn
�

f�xn�� f�a�

xn � a
� xn � a

xn � zn
�
f�zn�� f�a�

zn � a
� a� zn
xn � zn

�

where

� �
a� zn
xn � zn

� �� � �
xn � a

xn � zn
� �

                

                                                                                                               



��� Solutions� �� Di�erentiation

and
a� zn
xn � zn

�
xn � a

xn � zn
� ��

It then follows that
f�xn�� f�zn�

xn � zn
is between

f�xn�� f�a�

xn � a
and

f�zn�� f�a�

zn � a
�

By the squeeze law for sequences	

lim
n��

f�xn�� f�zn�

xn � zn
� f ��a��

������ 
W� R� Jones	 M� D� Landau	 Amer� Math� Monthly ��

������	 ���������

�a� Note �rst that f is continuous only at �� If fxng is a sequence of

rationals di
erent from � converging to �	 then

lim
n��

f�xn�� �

xn � �
� lim

n��
�xn � �� � ��

If fxng is a sequence of irrationals converging to �	 then

lim
n��

f�xn�� �

xn � �
� lim

n��
� � ��

Thus f ���� � �� Clearly	 f is one�to�one on ��� ��� The inverse

function f�� is de�ned on ��� �� except for the rationals with

irrational square roots� This means that there are no interior

points in the domain of f��� So	 �f������� cannot be de�ned�

�b� Note �rst that f is de�ned on ��� ��
B� where B � ��� ����� Note

also that the restriction of f to ��� �� is a function de�ned in �a��

Thus f ���� � �� Since f�B� � A� the range of f contains ��� ���

However	 �f������� does not exist	 because each neighborhood of

� � f��� contains images under f of points in ��� �� and images

of points in B� Consequently	 even the limit of f�� at � does not

exist�
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�����	� By a theorem of Liouville �see	 e�g�	 J�C� Oxtoby	 Measure

and Category	 Springer�Verlag	 ����	 p� ��	 any algebraic surd x

of degree k is badly approximable by rationals	 in the sense that

there exists M � � such that
���x� p

q

��� � �
Mqk for all rationals p

q �

Consequently	 ������
f
�
p
q

�
� f�x�

p
q � x

������ 	Mqkjaqj�

It then follows by assumption that f ��x� � ��

It is worth noting here that if	 e�g�	 aq � ��q� then f is di
eren�

tiable at each algebraic surd�

�����
� Let P �x� � a�x� x���x � x�� � � � �x � xn�� Then

P ��xk� � a

nY
j��
j ��k

�xk � xj�� k � �� �� � � � � n�

The identity to be proved	

Q�x�

P �x�
�

nX
k��

Q�xk�

P ��xk��x� xk�
�

is equivalent to

Q�x� �
nX

k��

Q�xk�P �x�

P ��xk��x� xk�
�

which	 in turn	 can be written as

Q�x� �

nX
k��

Q�xk�

nQ
j��
j ��k

�x� xj�

nQ
j��
j ��k

�xk � xj�
�

Since Q is a polynomial of degree at most n� �	 it is enough to prove

that this equality holds at n di
erent points� Clearly	 the equality

holds at x � xk� k � �� �� � � � � n�
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In particular	 if Q�x� � �	 then

� �
nX

k��

�

P ��xk�

nY
j��
j ��k

�x� xj��

Equating the coe�cients of xn��	 we get

nX
k��

�

P ��xk�
� � for n � ��

������� Apply the result in the foregoing problem with

�a� P �x� � x�x � ���x� �� � � � �x � n� and Q�x� � n��

�b� P �x� � x�x � ���x� �� � � � �x � �n� and Q�x� � n��n�

������� Clearly	 the derivative of jf j exists at each x such that f�x� ��
�� Moreover	 if f�x� � � and f ��x� � �	 then jf j��x� � ��

�����
� There is a neighborhood of x where each of the functions fk
does not change its sign� Consequently	 jfkj is di
erentiable at x and

we have �
nQ

k��

jfkj
	�

nQ
k��

jfkj
�x� �



ln

nY
k��

jfkj
��

�x� �
nX

k��

jfkj��x�
jfk�x�j �

Our proof ends with the observation jfkj��x� � sgn�fk�x��f
�
k�x��

������� Apply the result in the preceding problem with fk replaced

by fk
gk
�

�������

�a� Clearly	 f and jf j are continuous only at x � ��Moreover	 f ���� �
� and jf j���� does not exist �compare with ��������

�b� f and jf j are continuous only at xk � 	
�k
� k � �� �� � � � � It is easily

veri�able that f ��xk� � �� and that jf j��xk� does not exist�
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������� Let � � � be chosen arbitrarily� By the de�nition of f ���x��	

��� �f ���x��� ���x� x�� 	 f�x�� f�x�� 	 �f ���x�� � ���x� x��

for x � x� su�ciently close to x�� Likewise	

��� �f ���x��� ���x� x�� � f�x�� f�x�� � �f ���x�� � ���x� x��

for x � x� su�ciently close to x�� Continuity of f at x� is an imme�

diate consequence of ��� and ����

������� Since f�c� � maxff�x� � x � �a� b�g� we have f�x��f�c� 	 �

for x � �a� b�� Therefore

f ���c� � lim
x�c�

f�x�� f�c�

x� c
� ��

Similarly	 f ���c� 	 ��

If f�c�� � minff�x� � x � �a� b�g� then we get f ���c�� � � and

f ���c�� 	 ��

������� Clearly	 the assertion is true if f is constant� Suppose	 then	

that f is not constant� Without loss of generality we can assume that

f�a� � f�b� � �� Then	 for example	 there exists x� � �a� b� for which

f�x�� � �� Let k be a real number such that � � f�b� � k � f�x���

Set c � supfx � �x�� b� � f�x� � kg� Then f�x� 	 k for x � 
c� b��

Moreover	 there exists a negative�valued sequence fhng convergent to
zero and such that f�c� hn� � k� Since f �� exists	

f ���c� � lim
n��

f�c� hn�� f�c�

hn
	 ��

So	 we have proved that infff ���x� � x � �a� b�g 	 �� In an entirely

similar manner one can show that supff ���x� � x � �a� b�g � ��

It is worth noting here that an analogous result can be obtained

for f ��� Namely	

infff ���x� � x � �a� b�g 	 � 	 supff ���x� � x � �a� b�g�
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�����	� To prove the assertion we apply the above result to the aux�

iliary function

x �� f�x�� f�b�� f�a�

b� a
�x� a��

A similar assertion can be proved for f ��� that is	

infff ���x� � x � �a� b�g 	 f�b�� f�a�

b� a
	 supff ���x� � x � �a� b�g�

�����
� By the result in the foregoing problem	

infff ���z� � z � �x� x � h�g 	 f�x� h�� f�x�

h
	 supff ���z� � z � �x� x� h�g

for x � �a� b� and � � h so small that x � h is in �a� b�� Since f ��
is continuous on �a� b�� upon passage to the limit as h � �� we get

f ���x� � f ���x��

������� It follows from the result in the preceding problem that such

a function does not exist�

������� By assumption	 f vanishes at at least one point of an open

interval �a� b�� Set

c � inffx � �a� b� � f�x� � �g�
Then f�c� � �� Since f ��a� � �� we have f�x� � � for x � �a� c��

Moreover	 since f ��c� exists	

f ��c� � lim
h���

f�c� h�� f�c�

h
� lim

h���

f�c� h�

h
	 ��

�����
� Clearly	 �� � x��f ��x� � �� which implies �� � x��f ���x� �
�xf ��x� � �� Using induction one can show that

�� � x��f �n��x� � ��n� ��xf �n����x� � �n� ���n� ��f �n����x� � ��

If we take x � �	 then by induction again	 we get f ��m���� � � and

f ��m������ � ����m��m���

������� The identities can be established easily by induction�
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�������

�a� Apply the Leibniz formula

�f�x�g�x���n� �

nX
k��

�
n

k

	
f �n�k��x�g�k��x�

and the identity �a� in the foregoing problem�

�b� Apply the Leibniz formula and the identity �b� in the foregoing

problem�

������� It is easy to see that if x � �� then f�x� � �� f ��x� � � and

f ���x� � �� Now di
erentiating

�f�x��� � x� � �

n times	 n � �� and using the Leibniz formula	 we get

�f�x�f �n��x� �

n��X
k��

�
n

k

	
f �k��x�f �n�k��x� � ��

The desired result can be obtained by induction�

������� We have

f�n�x� � ln�� � x�n� �

�nX
k��

ln�x� 	k��

where 	k � cos ��k����
�n � i sin ��k����

�n � Hence

f
��n�
�n �x� � ���n� ���

�nX
k��

�

�x � 	k��n
�

Putting x � ��	 we get

f
��n�
�n ���� � ���n� ���

�nX
k��

�

�� � 	k��n
�

An easy calculation shows that

f
��n�
�n ���� � i

��n� ���

��n

�nX
k��

����k
cos�n ��k����

�n

�
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Since f
��n�
�n ���� is real	 we see that f ��n��n ���� � ��

������� Denote by L�x� and R�x� the left and right side of the iden�

tity to be proved� Clearly	 L and R are polynomials of degree n�� and

L��� � R��� � �� So	 it is enough to show that L��x� � R��x�� x � R�
We have

L��x� �
nX

k��

P �k����

k�
xk � P �x��

R��x� �
nX

k��

����k P
�k��x�

k�
xk �

nX
k��

����kP
�k����x�

�k � ���
xk��

� P �x� � ����nP
�n����x�

�n� ���
xn�� � P �x��

�����	� There is a neighborhood of zero where f is positive� Thus

�ln f�x��� �
f ��x�
f�x�

�

�

�� 
�x
� � � �� 
n

�� 
nx
� g�x��

Hence f ��x� � f�x�g�x� and f ���� � 
��
�� � � ��
n � �� Moreover	

��� g�i��x� � i�

�

i��
�

��� 
�x�i��
� � � �� 
i��

n

��� 
nx�i��

	
�

By the Leibniz formula	

f �k��x� �

k��X
i��

�
k � �

i

	
g�i��x�f �k���i��x��

In view of ���	 it then follows by induction that f �k���� � �	 k � N�

�����
� We will proceed by induction� For n � � the equality is

obvious� Assuming the equality to hold for k 	 n� we will show it for
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n� �� We have

����n��

�
xnf

�
�

x

		�n���

� ����n��


�
xnf

�
�

x

		���n�

� ����n��n

�
xn��f

�
�

x

		�n�

� ����n��

�
xn��f �

�
�

x

		�n�

� � n

xn��
f �n�

�
�

x

	
� ����n��

�
xn��f �

�
�

x

		�n�

�

Moreover	

����n��

�
xn��f �

�
�

x

		�n�

� ����n��


�
xn��f �

�
�

x

		�n���
��

�

The induction hypotheses applied to f � with k � n� � gives

�

xn
f �n�

�
�

x

	
� ����n��

�
xn��f �

�
�

x

		�n���

�

Consequently	

����n��

�
xnf

�
�

x

		�n���

� � n

xn��
f �n�

�
�

x

	
�
�

�

xn
f �n�

�
�

x

		�

�
�

xn��
f �n���

�
�

x

	
�

������� The proof of this well known formula presented here is based

on S� Roman�s paper 
Amer� Math� Monthly �� ������	 ���������

Although methods of functional analysis are applied	 the proof is

elementary� Linear functionals L � P � R de�ned on the set P of all

polynomials with real coe�cients will be considered� Let hL� P �x�i
denote the value of L at the polynomial P �x�� Let Ak be a linear

functional such that

hAk � xni � n��n�k�

where

�n�k �

�
� if n � k�

� if n �� k�
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It is worth noting here that the value of Ak at xn is �xn�
�k�
jx��� Let

�P
k��

akA
k� ak � R� denote the linear functional de�ned by

� �X
k��

akA
k� P �x�



�

�X
k��

akhAk� P �x�i�

Since hAk � P �x�i � � for almost all k	 there are only �nitely many

nonzero terms in the sum on the right side of this equality� The task

is now to show that if L is a linear functional on P � then

��� L �
�X
k��

hL� xki
k�

Ak�

Indeed	 for n � ��� �X
k��

hL� xki
k�

Ak� xn


�

�X
k��

hL� xki
k�

hAk� xni � hL� xni�

Since L and Ak are linear	 we get

hL� P �x�i �
� �X

k��

hL� xki
k�

Ak� P �x�




for any polynomial P 	 which proves ���� According to the fact men�

tioned above that Ak at xn is �xn�
�k�

jx � �
� it seems natural to de�ne

the operation on Ak by setting

AkAj � Ak�j �

In view of ��� this operation can be extended to the operation de�ned

for any L�M � P � R as follows

LM �

�X
k��

hL� xki
k�

Ak
�X
j��

hM�xji
j�

Aj �

�X
n��

cnA
n�

where

cn �
nX

k��

hL� xki
k�

hM�xn�ki
�n� k��

�
�

n�

nX
k��

�
n

k

	
hL� xkihM�xn�ki�
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Hence by ���	

��� hLM� xni �
nX

k��

�
n

k

	
hL� xkihM�xn�ki�

Using induction	 one can show that

���

hL� � � �Lj � x
ni

�
nX

k������kj��
k������kj�n

n�

k�� � � � kj � hL�� x
k�ihL�� x

k� i � � � hLj � x
kj i�

Now de�ne the formal derivative L� of L by

�
A�
��
� ��

�
Ak
��
� kAk�� for k � N

and

L� �
�X
k��

hL� xki
k�

kAk���

Now we show that for any P � P �

��� hL�� P �x�i � hL� xP �x�i�

Clearly	 it is enough to show that h�Ak
��
� xni � hAk� xn��i� We have

h�Ak
��
� xni � hkAk��� xni � kn��n�k�� � �n�����n���k � hAk� xn��i�

To prove the Fa�a di Bruno formula	 set

hn � h�n��t�� gn � g�n��t�� fn � f �n��u�ju � g�t��

Clearly	

h� � f�g�� h� � f�g� � f�g
�
� � h	 � f�g	 � f��g�g� � f	g

	
� �

It can be shown by induction that

��� hn �
nX

k��

fkln�k�g�� g�� � � � � gn��
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where ln�k�g�� g�� � � � � gn� is independent of fj � j � �� �� �� � � � � n� To

determine ln�k�g�� g�� � � � � gn�	 choose f�t� � eat� a � R� Then fk �

akeag�t� and hn �
�
eag�t�

��n�
� It follows from ��� that

��� e�ag�t�
�
eag�t�

��n�
�

nX
k��

akln�k�g�� g�� � � � � gn��

Put Bn�t� � e�ag�t�
�
eag�t�

��n�
� n � �� It then follows by the Leibniz

formula that

���

Bn�t� � e�ag�t�
�
ag��t�e

ag�t�
��n���

� a � e�ag�t�
n��X
k��

�
n� �

k

	
gk���t�

�
eag�t�

��n�k���

� a

n��X
k��

�
n� �

k

	
gk���t�Bn�k���t��

For an arbitrarily �xed t � I� set Bn � Bn�t� and de�ne functionals

L and M on P by hL� xni � Bn� hM�xni � gn� Then hL� �i � B� � �

and hM� �i � g� � g�t�� Moreover	 by ���	

L �

�X
k��

Bk

k�
Ak and M �

�X
k��

gk
k�
Ak �

Now ��� combined with ��� and ��� yields

hL� xni � a

n��X
k��

�
n� �

k

	
hM�xk��ihL� xn���ki

� a

n��X
k��

�
n� �

k

	
hM �� xkihL� xn���ki

� ahM �L� xn��i�
So	 hL�� xn��i � ahM �L� xn��i� or in other words	

L� � aM �L�

This formal di
erential equation has solutions of the form L �

cea�M�g��� where c is a real constant� By the initial value condi�

tion	 � � B� � hL� �i � hcea�M�g��� �i � c� Hence L � ea�M�g��� It
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then follows that

Bn � hL� xni � hea�M�g��� xni �
�X
k��

ak

k�
h�M � g��

k� xni

�
�X
k��

ak

k�

nX
j������jk��

j������jk�n

n�

j�� � � � jk� hM�g�� xj� ihM�g�� xj� i � � � hM�g�� xjk i

�

�X
k��

ak

k�

nX
j������k��

j������jk�n

n�

j��j�� � � � jk�gj�gj� � � � gjk �

Equating the coe�cients of ak in ��� gives

ln�k�g�� g�� � � � � gn� �
n�

k�

nX
j������jk��

j������jk�n

gj�
j��

� gj�
j��

� � � gjk
jk�

�
n�

k�

nX
k������kn��
k������kn�k

k���k������nkn�n

k�

k�� � � � kn�
�g�
��

�k��g�
��

�k�� � ��gn
n�

�kn
�

Finally	

nX
k��

fkln�k�g�� � � � � gn� �

nX
k��

fk

nX
k������kn��
k������kn�k

k���k������nkn�n

n�

k�� � � � kn�
�g�
��

�k�� � ��gn
n�

�kn
�

which ends the proof�

�������

�a� We have

f ��x� �

�
�
x� e

� �
x� if x �� ��

� if x � ��

because �see	 e�g�	 �������

lim
x��

e�
�
x�

x
� ��
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It then follows that f � is continuous on R� Moreover	 for x �� �	

f ���x� � e�
�
x�

�
�

x

� � � �

x�

	
�

Again by the result in ������	 it can be shown that f ����� � ��

Consequently	 f �� is also continuous on R� Finally	 observe that

f �n��x� �

�
e�

�
x� P

�
�
x

�
if x �� ��

� if x � ��

where P is a polynomial� Therefore for every n � N	 f �n� is

continuous on R�

�b� As in �a� one can show that g�n���� � � for n � N� and that g is

in C��R��

�c� The function is a product of two functions f�� f� � C��R�� In�

deed	 f��x� � g�x � a� and f��x� � g�b� x�� where g is de�ned

in �b��

�����
� We have

f ���x� � g��f�x��f ��x� � g��f�x��g�f�x���

f ����x� � g���f�x���g�f�x��� � �g��f�x����g�f�x���

Therefore f �� and f ��� are continuous on �a� b�� One can show by in�

duction that f �n�� n � �� are sums of products of derivatives g�k��f��

k � �� �� �� � � � � n� �� Consequently	 they are continuous on �a� b��

������� If � �� �� then

f ���x� �
�
f ��x�� �f�x�

�
�

Consequently	

f ����x� �
�
f ���x� � �f ��x�

�
�

�
� � ���f ��x� � �
f�x�

��
�

One can show by induction that the nth derivative of f is a linear

combination of f and f ��

If � � �� then 
 �� � and f ��x� � ��
� f�x�� By induction once

again	

f �n��x� � ����n �
n


n
f�x��
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���� Mean Value Theorems

������ The auxiliary function h�x� � e�xf�x�� x � 
a� b�� satis�es the

conditions of Rolle�s theorem� Hence there is x� � �a� b� such that

� � h��x�� � ��f�x�� � f ��x���e�x� �

Consequently	 �f�x�� � f ��x�� � ��

������ The function h�x� � eg�x�f�x�� x � 
a� b�� satis�es the condi�

tions of Rolle�s theorem� Therefore there is x� � �a� b� such that

� � h��x�� � �g��x��f�x�� � f ��x���eg�x���

Hence g��x��f�x�� � f ��x�� � ��

������ Apply Rolle�s theorem to the function h�x� � f�x�
x � x � 
a� b��

������ Take h�x� � f��x�� x�� x � 
a� b�� in Rolle�s theorem�

������ Apply Rolle�s theorem to the function h�x� � f�x�
g�x� � x � 
a� b��

����	� Note that the polynomial

Q�x� �
a�

n� �
xn�� �

a�
n
xn � � � �� anx

satis�es the conditions of Rolle�s theorem on the interval 
�� ���

����
� The function

h�x� �
an

n� �
lnn�� x� � � �� a�

�
ln	 x�

a�
�
ln� x�

a�
�
lnx� x � 
�� e���

satis�es the hypotheses of Rolle�s theorem�

������ By Rolle�s theorem	 between two real zeros of the polynomial

P there is at least one real zero of P �� Moreover	 each zero of P of

order k �k � �� is a zero of P � of order �k � ��� Thus there are n� �

zeros of P �	 counted according to multiplicity�

������ By Rolle�s theorem applied to f on 
a� b� there is c � �a� b�

such that f ��c� � �� Next	 by Rolle�s theorem again applied to f � on

a� c�� we see that there is x� � �a� c� � �a� b� such that f ���x�� � ��

                

                                                                                                               



��� Solutions� �� Di�erentiation

�����
� Apply the reasoning similar to that used in the solution of

the foregoing problem�

�������

�a� Set P �x� � x�	��x	��� Then P ��� � �� and lim
x��

P �x� � ���

By the intermediate value property there is at least one positive

root of P �x� � �� If there were two distinct positive roots	 then

Rolle�s theorem would imply P ��x�� � � for some positive x��

This would contradict the fact that P ��x� � � if and only if

x � �� Finally	 observe that P �x� � � for x � ��

�b� Consider the function

f�x� �

�
�

�

	x

�

�
�

�

	x

� ��

Then f��� � �� If f vanished at another point	 then by Rolle�s

theorem its derivative would vanish at at least one point	 which

would contradict the fact that f ��x� � � for all x � R�

������� We will proceed by induction� For n � � the equation

a�x
�� � � does not possess zeros in ������ Assuming that for an

arbitrarily chosen n � N the equation

a�x
�� � a�x

�� � � � �� anx
�n � �

has at most n� � roots in ������ we consider the equation

a�x
�� � a�x

�� � � � �� anx
�n � an��x

�n�� � ��

which can be rewritten as

a� � a�x
����� � � � �� an��x

�n����� � ��

If the last equation had more than n positive roots	 then by Rolle�s

theorem the derivative of the function on the left side of this equal�

ity would have at least n positive zeros� This would contradict the

induction hypotheses�

������� Apply the last result	 replacing x by ex�
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������� Clearly	 F �a� � F �b� � �� and F is continuous on 
a� b��

Moreover	 F is di
erentiable on �a� b� and

F ��x� � det

������
f ��x� g��x� h��x�
f�a� g�a� h�a�

f�b� g�b� h�b�

������ �
By Rolle�s theorem there is x� � �a� b� such that F ��x�� � ��

Taking g�x� � x and h�x� � � for x � 
a� b�	 we get

F ��x�� � det

������
f ��x�� � �

f�a� a �

f�b� b �

������ � ��

which gives f�b� � f�a� � f ��x���b � a�� So	 we have derived the

mean value theorem� To get the generalized mean value theorem it is

enough to take h�x� � ��

������� It follows from the mean value theorem that there exist x�
in ��� �� and x� in ��� �� such that

f ��x�� � f���� f��� � � and f ��x�� � f���� f��� � ��

Now the assertion follows from Rolle�s theorem applied to f � on


x�� x���

�����	� Since f is not a linear function	 there is c � �a� b� such that

f�c��f�a��
f�b�� f�a�

b� a
�c�a� or f�c��f�a��

f�b�� f�a�

b� a
�c�a��

Suppose	 for example	 that

f�c� � f�a� �
f�b�� f�a�

b� a
�c� a��

Then

f�c�� f�a�

c� a
�

f�b�� f�a�

b� a
and

f�c�� f�b�

c� b
�

f�b�� f�a�

b� a
�

Consequently	 the assertion follows from the mean value theorem�

Analogous reasoning can be applied to the case where

f�c� � f�a� �
f�b�� f�a�

b� a
�c� a��
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�����
� Suppose �rst that x� �� �
� � Then either 
�� x�� or 
x�� �� has

length less than �
� � Suppose	 for example	 that this is 
x�� ��� By the

mean value theorem	

��
�� x�

�
f���� f�x��

�� x�
� f ��c��

and consequently	 jf ��c�j � �� Suppose now that x� � �
� and that f

is linear on
�
�� ��
�
� Then f�x� � �x for x � ��� ��� � Since f �

�
�
�

�
�

�� there is x� � �
� such that f�x�� � �� In this case the assertion

follows from the mean value theorem applied to f on 
x�� ��� Finally	

suppose that f is not linear on
�
�� ��
�
� If there is x� �

�
�� ��
�
such that

f�x�� � �x�� then to get the desired result it is enough to apply the

mean value theorem on 
�� x��� If f�x�� � �x�� then one can apply the

mean value theorem on
�
x��

�
�

�
�

������� Applying the generalized mean value theorem to the func�

tions x �� f�x�
x and x �� �

x on 
a� b�� we see that

bf�a�� af�b�

b� a
�

f�b�
b � f�a�

a
�
b � �

a

�

x�f
��x���f�x��

x��

� �
x��

� f�x��� x�f
��x���

������� By the mean value theorem	 for x�� x� � 
�����

j ln�� � x��� ln�� � x��j � �

� � x�
jx� � x�j 	 jx� � x�j�

Likewise	

j ln�� � x���� ln�� � x���j �
�x�

� � x��
jx� � x�j 	 jx� � x�j

and

j arctanx� � arctanx�j � �

� � x��
jx� � x�j 	 jx� � x�j�

�����
� Fix x� � �a� b�� Then for every x � �a� b� �by the mean value

theorem� there is c between x� and x such that f ��x� � f ��x�� �

f ���c��x � x��� Hence

jf ��x�j 	M jx� x�j� jf ��x��j 	M�b� a� � jf ��x��j�
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which means that f � is bounded� It then follows �as in the solution

of the foregoing problem� that f is uniformly continuous on �a� b��

������� Consider the function x �� arctanf�x�� By the mean value

theorem	 for a � x� � x� � b� x� � x� � �� we have

j arctan f�x��� arctan f�x��j � jf ��x��j
� � f��x��

�x� � x���

Hence	

� � jf ��x��j
� � f��x��

�x� � x���

and consequently	

jf ��x��j
� � f��x��

	 �

x� � x�
� ��

������� We have

arctan f�x��� arctanf�x�� �
f ��x��

� � f��x��
�x� � x��

for a � x� � x� � b� By �ii�	

arctan f�x��� arctan f�x�� � ��x� � x���

Letting x� � b� and x� � a� and using �i�	 we see that �� �
��b� a��

������� By the mean value theorem	

f ���b� � lim
h���

f�b� h�� f�b�

h
� lim

h���
f ��b� �h� � A�

������� Since f ��x� � O�x�� there are M � � and x� � ����� such

that jf ��x�j 	Mx for x � x�� By the mean value theorem	

jf�x� � f�x��j � jf ��x� � ��x� x���j�x � x��

	M�x� � ��x � x����x � x�� 	Mx�x� x�� 	Mx�

for x � x��
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������� The result follows from Rolle�s theorem applied to the aux�

iliary function

h�x� �
nX

k��

�
fk�x�� fk�a�� �gk�x�� gk�a��

fk�b�� fk�a�

gk�b�� gk�a�

	
�

�����	� Assume �rst that f is uniformly di
erentiable on 
a� b�� Then

for any sequence fhng converging to zero such that hn �� � and

x � hn � I for x � 
a� b�� the sequence of functions f f�x�hn��f�x�hn
g

is uniformly convergent on 
a� b� to f �� By the result in ������	 f � is
continuous on 
a� b��

Assume now that f � is continuous on 
a� b�� By the mean value

theorem	 for x � 
a� b�� x� h � I�
f�x� h�� f�x�

h
� f ��x� � f ��x� �h�� f ��x�

with some � � � � �� It then follows by uniform continuity of f � on

a� b� that f is uniformly di
erentiable�

�����
� Since f is continuous on 
a� b�� it is bounded� that is	 there is

A � � such that jf�x�j 	 A for x � 
a� b�� By assumption	

jg��x�j 	 � �A

j
j jg�x�j�

Now let 
c� d� be a subinterval of 
a� b� whose length is not greater than
�
�
j�j
��A � B

� and such that g�c� � �� For an x� � 
c� d�	 we get

jg�x��� g�c�j � jg�x��j � �x� � c�jg��x��j 	 B

�

jg�x��j
B

�

By repeating the process	 one can �nd a decreasing sequence fxng of
points in 
c� d� such that

jg�x��j 	 �

�
jg�x��j 	 � � � 	 �

�n
jg�xn�j 	 � � � �

Consequently	 g�x�� � �� To end the proof it is enough to decompose


a� b� into a �nite number of subintervals with lengths less than or

equal to B
� �

It is worth noting here that the assumption of continuity of f on


a� b� can be replaced by its boundedness on 
a� b��
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������� By the generalized mean value theorem	

f��x�
�x � f�x�

x
�
�x � �

x

� f���� �f �����

where x � � � �x� Hence

f��x�

�x
� f�x�

x
�

�

�x

�
f ����� f���

�

	
�

This implies that

� 	 jf ����j 	 �

����f��x��x
� f�x�

x

�����
����f����

���� �
Upon passage to the limit as x�� we obtain the desired result�

������� The result is a direct consequence of �������

�����
� By assumption	

��� f ��px� qy� � f ��qx � py� for x �� y�

If p �� q� then f � is a constant function� Indeed	 if f ��x�� �� f ��x���
then	 taking

x �
p

�p� �
x� �

p� �

�p� �
x� and y �

p� �

�p� �
x� �

p

�p� �
x��

we have x� � px���� p�y and x� � py���� p�x� which contradicts

���� So we have proved that if p �� q� then f is a linear function�

If p � q � �
� � then by the result in the foregoing problem	 f is a

polynomial of the second degree�

������� For 
a� b� � I� assume	 for example	 that f ��a� � f ��b�� Let

 be a number such that f ��a� � 
 � f ��b�� Consider the function

given by setting g�x� � f�x� � 
x� Then g��a� � � and g��b� � ��

Consequently	 g attains its minimum on 
a� b� at an x� in the open

interval �a� b�� Therefore g��x�� � �� or in other words	 f ��x�� � 
�
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�������

�a� Given � � �	 let a � � be such that jf�x� � f ��x�j � � for x � a�

Then by the generalized mean value theorem there is � � �a� x�

such that
exf�x�� eaf�a�

ex � ea
� f��� � f �����

Thus

jf�x�� f�a�ea�xj � �j�� ea�xj�
which gives

jf�x�j � jf�a�jea�x � �j�� ea�xj�
Consequently	 jf�x�j � �� for su�ciently large x�

�b� Apply the generalized mean value theorem to x �� e
p
xf�x� and

x �� e
p
x� and proceed as in �a��

������� It follows from the hypotheses that the function x �� e�xf�x�
has at least three distinct zeros in 
a� b�� Hence by Rolle�s theorem its

derivative x �� e�x�f ��x��f�x�� has at least two distinct zeros in this

interval� This in turn implies that the second derivative has at least

one zero	 which means that the equation e�x�f�x��f ���x���f ��x�� �
� has at least one root in 
a� b��

������� Observe �rst that Q�x� � F �x�G�x�� where

F �x� � P ��x� � xP �x� � e�
x�

�

�
e
x�

� P �x�
��
�

G�x� � xP ��x� � P �x� � �xP �x��
�
�

Let � � a� � a� � � � � � an be zeros of the polynomial P� By Rolle�s

theorem F has n � � zeros	 say bi� i � �� �� � � � � n � �� and G has n

zeros	 say ci� i � �� �� � � � � n� We can assume that

� � a� � b� � a� � b� � � � � � bn�� � an�

� � c� � a� � c� � a� � � � � � cn � an�

If bi �� ci�� for i � �� �� � � � � n� �� then the polynomial Q has at least

�n � � zeros� Now suppose that there is i such that bi � ci�� � r�

Then P ��r� � rP �r� � � � rP ��r� � P �r�� Hence �r� � ��P �r� � ��

Since r � �� this gives P �r� � �� a contradiction�
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������� Let x� � x� � � � � � xm be zeros of P � It follows from the

hypotheses that P ��xm� � � and P ��xm��� � �� and P ��xm��� �

�� � � � � Moreover	 we see that Q�xm� � �� Q�xm��� � �� � � � � If m is

odd	 then Q�x�� � �� If m is even	 then Q�x�� � �� Consequently	

by Rolle�s theorem	 Q has at least m � � real zeros when m is odd	

and at least m real zeros when m is even� Now we show that all real

zeros of Q are distinct� Since all zeros of P are real and distinct	

�P ��x��� � P �x�P ���x� for x � R� Indeed	 since
P �x� � am�x� x���x � x�� � � � �x � xm��

we see that for x �� xj � j � �� �� � � � �m�

P ��x�
P �x�

�

mX
j��

�

x� xj
�

Hence

P �x�P ���x�� �P ��x��� � �P ��x�

mX
j��

�

�x � xj��
� ��

Moreover	 for x � xj �

�P ��xj��� � � � P �xj�P
���xj��

Thus the inequality �P ��x��� � P �x�P ���x� is proved� Consequently	

P �x�Q��x� � P �x���P �x�P ��x�� P ���x��

� �P ��x��P ��x� � P ��x�� � ��P ��x��� � P �x�P ���x�

� �P ��x�P ��x�� �P ��x����

This means that

��� P �x�Q��x� � �P ��x�Q�x��

which shows that all zeros of Q are of the �rst order� If y� and y�
are two consecutive zeros of Q� then Q��y�� and Q��y�� have distinct
signs� Then by ��� P �y�� and P �y�� also have distinct signs� Therefore

between two consecutive zeros of Q there is at least one zero of P�

Thus	 when m is odd	 if Q had more than m � � real zeros	 then

P would have more than m real zeros	 which would contradict the

hypotheses� Similarly	 when m is even	 if Q had more than m real
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zeros	 it would have at least m � � real zeros	 and consequently	 P

would have more than m real zeros� A contradiction�

�����	 
G� Peyser	 Amer� Math� Monthly �� ������	 ����������� Let

us observe that if all zeros of a polynomial P of degree n are real	 then

by Rolle�s theorem all zeros of P � are real and lie between the zeros of

P � Thus P � is of the form given in the problem� We will prove only

the �rst assertion	 because the proof of the second one is analogous�

Clearly	 P �x� � Q�x��x� an�� Hence

�
� P ��x� � Q��x��x � an� �Q�x��

It is enough to consider the case ai � ai��� Suppose	 for example	

that P �x� � � for x � �ai� ai���� Then Q�x� � � for x � �ai� ai����

Moreover	 it follows from �
� that Q��x� � � for x � �ai� ci�� and

Q��ci� � �� Consequently	 di � ci� which ends the proof of the �rst

assertion�

�����
 
G� Peyser	 Amer� Math� Monthly �� ������	 ����������� As�

sume that an�� � an and � � �� Clearly	

S�x� � P �x�� �R�x��

where R�x� � �x � a�� � � � �x � an�� Suppose that	 e�g�	 P �x� � � for

x � �an��� an�� Then also S�x� � � and R�x� � � for x � �an��� an��

Since

��� S��x� � P ��x� � �R��x��

we see that S��cn��� � ��R��cn���� It follows from the foregoing

problem that R��cn��� � �� By ��� we have S��cn��� � �� Since S�

changes its sign from negative to positive at a point in the interval

�an��� an�� we see that fn�� � cn��� The other assertion can be

proved in an entirely similar manner�

������ 
G� Peyser	 Amer� Math� Monthly �� ������	 ����������� Set

W �x� � �x� ai�
i�x� ai���� If i � �� �� � � � � n� �� then W ��x� � � for

x � ai and for

x � c �
iai�� � ai
i� �

� ai�� � ai�� � ai
i� �

�
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If i � �� thenW � vanishes only at c� Applying the �rst result in ������
�n � i � �� times	 and next the �rst result in the foregoing problem

�i��� times with � equal to ai�a�� ai�a�� � � � � ai�ai��	 successively	

we arrive at

ci 	 c � ai�� � ai�� � ai
i� �

�

To get the left inequality one can apply the second parts of the last

two problems�

������� Observe that	 by the mean value theorem	 for every x in

��� ��K� � 
�� �� we have

jf�x�j 	 Kxjf�x��j 	 K�xx�jf�x��j 	 � � � 	 Knxx� � � �xn��jf�xn�j�

where � � xn � xn�� � � � � � x� � x� Thus jf�x�j 	 �Kx�njf�xn�j�
Since f is bounded	 it then follows that f�x� � � on 
�� ��K��
�� ��� If
K � �� one can show in an entirely similar manner that f�x� � � on


��K� ��K�� Repeating the process �nitely many times gives f�x� � �

on 
�� ���

�����
� For x� � J� and x	 � J��

f �k����x	�� f �k����x��

x	 � x�
� f �k����

with some � � �x�� x	�� Hence

mk�J� 	 �

x	 � x�
�jf �k����x	�j� jf �k����x��j�

	 �


�
�jf �k����x	�j� jf �k����x��j��

Taking the in�mum over all x� � J� and x	 � J� gives the desired

inequality�

������� We will proceed by induction on k� For k � �� the inequality

can be concluded from the mean value theorem and from the fact

that jf�x�j 	 �� Assume that the inequality to be proved holds for

an arbitrarily chosen positive integer k� Then by the result in the
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foregoing problem we get

mk���J� 	 �


�
�mk�J�� �mk�J���

	 �


�

�
�


k�
�
k�k���

� kk �
�


k	
�
k�k���

� kk
	

� �
k�k���

� kk
�

�


k�
�
�

�


k	
�

	
�

Putting 
� � 
	 �
k�

��k��� and 
� �
�

k�� 	 we obtain

mk���J� 	 �
�k����k���

� �k � ��k��


k��
�

������� We have

P �p����x���p����ap���
�p� ���

��
ap��x

��� � �� n�

�n� p� ���
anx

n�p���

It follows from Rolle�s theorem that between two consecutive real

zeros of P there is exactly one real zero of P �� Consequently	 the

polynomial P �p��� has n � p � � distinct real zeros and P �p� has

n� p distinct real zeros� As we have already mentioned	 between two

consecutive real zeros of P �p��� there is exactly one real zero of P �p��

Suppose	 contrary to our claim	 that ap�� and ap�� have the

same sign� Without loss of generality	 we can assume that both are

positive� Then there is � � � such that P �p��� is decreasing in ���� ��
and is increasing in ��� ��� Clearly	 P �p���� � �� If there were no other

zeros of P �p�� then we would get P �p����x� � P �p������ � � for x �� ��

a contradiction� If P �p� has nonzero zeros	 then denote by x� �� � the

nearest to zero� So between � and x� there is a zero of P �p���� On

the other hand	 P �p����x� � � on an open interval with ends � and

x�� a contradiction�
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���� Taylor�s Formula and L�Hospital�s Rule

������ Note that for n � � the formula follows immediately from the

de�nition of f ��x��� Now for n � � put

rn�x� � f�x��
�
f�x�� �

f ��x��
��

�x � x�� � � � �� f �n��x��

n�
�x� x��

n

	
�

Then rn�x�� � r�n�x�� � � � � � r
�n�
n �x�� � �� By the de�nition of the

nth derivative	

r�n���
n �x� � r�n���

n �x� � r�n���
n �x�� � r�n�n �x���x � x�� � o�x � x���

Consequently	 r
�n���
n �x� � o�x� x��� Using the mean value theorem	

we get

r�n���
n �x� � r�n���

n �x� � r�n���
n �x�� � r�n���

n �c��x � x���

where c is a point in an open interval with the endpoints x and x��

Since jc � x�j � jx � x�j� we see that r
�n���
n �x� � o��x � x��

��� By

repeating the process n times we obtain rn�x� � o��x� x��
n��

������ For x� x� � 
a� b�� set

rn�x� � f�x��
�
f�x�� �

f ��x��
��

�x � x�� � � � �� f �n��x��

n�
�x� x��

n

	
�

Without loss of generality we may assume that x � x�� On 
x�� x�

de�ne the auxiliary function � by

��z� � f�x��
�
f�z� �

f ��z�
��

�x� z� � � � �� f �n��z�

n�
�x� z�n

	
�

We have

��� ��x�� � rn�x� and ��x� � ��

Moreover	 �� exists in �x�� x� and

��� ���z� � �f �n����z�

n�
�x� z�n�

By the generalized mean value theorem	

��x� � ��x��

��x�� ��x��
�

���c�
���c�

�
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where � is continuous on 
x�� x� with nonvanishing derivative on

�x� x��� This combined with ��� and ��� gives

rn�x� �
��x�� ��x��

���c�
� f

�n����c�

n�
�x � c�n�

Taking ��z� � �x� z�p and writing c � x� � ��x� x��	 we arrive at

rn�x� �
f �n����x� � ��x� x���

n�p
��� ��n���p�x� x��

n���

������ Note that these results are contained as special cases in the

foregoing problem� Indeed	 it is enough to take

�a� p � n� ��

�b� p � ��

������ Integration by parts gives

f�x�� f�x�� �

Z x

x�

f ��t�dt �
���x� t�f ��t�

�x
x�

�

Z x

x�

�x � t�f ���t�dt�

Hence

f�x� � f�x�� �
f ��x��
��

�x� x�� �

Z x

x�

�x� t�f ���t�dt�

To get the desired version of Taylor�s formula it su�ces to repeat the

above reasoning n times�

������ For n � ��

R��x� �

Z x

x�

Z t�

x�

f ����t��dt�dt� �

Z x

x�

�f ��t��� f ��x���dt�

�f�x�� f�x��� �x � x��f
��x���

To derive the formula	 induction can be used�

����	� By Taylor�s formula	 with the Lagrange form for the remainder

�see	 e�g�	 ����� �a��	

p
� � x � � �

�

�
x� �

�
x� �

�

���
�� � �x��

�
�x	
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with some � � � � �� Consequently	

jp� � x� �� � �
�x� �

�x
��j 	 �jxj	

��� �� �
�
�

�

p
�jxj	
�

�
�

�
jxj	�

����
� Applying Taylor�s formula with the Lagrange form for the

remainder to f�x� � �� � x��� we get

�� � x�� � � � �x �
���� ���� � �x����

�
x�

with some � � � � �� Now it is enough to observe that

���� ���� � �x����

�
� � for � � � or � � ��

and
���� ���� � �x����

�
� � for � � � � ��

������ By Taylor�s formula	

f�x�� f���

g�x�� g���
�

f ����x� �
�f

������x��x�

g����x� �
�g

������x��x�
�

On the other hand	 the mean value theorem yields

f ����x��
g����x��

�
f ���� � ��x�f ����	�x��
g���� � ��x�g������x��

�

Using the above equalities and continuity of f �� and g�� at zero	 one
easily checks that

lim
x���

��x�

x
�

�

�
�

������

�a� By Taylor�s formula	

f��� �f�x� ��x�� � f�x� �
f ��x�
��

��x� � f ���x�
��

��x��

� � � �� f �n��x�

n�
��x�n � f �n����x� ��x�

�n� ���
��x�n���

Taking � � �� �� gives the desired equality�

�b� Observe that f
�

x
��x

�
� f

�
x� x�

��x

�
� and proceed as in �a��
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�����
� We have

f�x� �f
�x
�
�
x

�

�
� f

�x
�

�
�
f �
�
x
�

�
��

�x
�

�
� � � �� f ��n�

�
x
�

�
��n��

�x
�

��n

�
f ��n���

�
x
� � ��

x
�

�
��n� ���

�x
�

��n��

�

Similarly	

f��� �f
�x
�
� x

�

�
� f

�x
�

�
� f �

�
x
�

�
��

�x
�

�
� � � �� f ��n�

�
x
�

�
��n��

�x
�

��n

� f ��n���
�
x
� � ��

x
�

�
��n� ���

�x
�

��n��

�

Subtracting the above equalities yields

f�x� �f��� �
�

��
f �
�x
�

��x
�

�
�

�

��
f �	�

�x
�

��x
�

�	
� � � �� �

��n� ���
f ��n���

�x
�

��x
�

��n��

�
f ��n���

�
x
� � ��

x
�

�
� f ��n���

�
x
� � ��

x
�

�
��n� ���

�x
�

��n��

�

Since the derivative enjoys the intermediate value property �see	 e�g�	

�������	 the desired result follows�

������� Apply the foregoing problem with f�x� � ln�� � x�� x � ��

and observe that the odd derivatives of f are positive for positive x�

������� By Taylor�s formula with the Peano form for the remainder

�see	 e�g�	 ������	

�a�

lim
h��

f�x� h�� �f�x� � f�x� h�

h�

� lim
h��

�
f�x� � hf ��x� � h�

� f
���x� � o�h��

h�

� �f�x�� f�x� � hf ��x�� h�

� f
���x� � o�h��

h�

�
� f ���x��
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�b�

lim
h��

f�x� �h�� �f�x� h� � f�x�

h�

� lim
h��

h�f ���x� � o��h��� �o�h��

h�
� f ���x��

������� As in the solution of the foregoing problem one can apply

Taylor�s formula with the Peano form for the remainder�

�������

�a� It follows from Taylor�s formula that for x � ��

ex �

nX
k��

xk

k�
�

xn��

�n� ���
e	x �

nX
k��

xk

k�
�

�b� For x � � we have

ln���x� � x� x�

�
�
x	

�
� x�

�
�
x�

�

�

�� � ��x��
� x� x�

�
�
x	

�
� x�

�
�

Similarly	 for x � ��� x �� ��

ln�� � x� � x� x�

�
�
x	

�
� x�

�

�

�� � ��x��
� x� x�

�
�
x	

�
�

�c� Applying Taylor�s formula to the function x �� p
� � x� we get

p
� � x � � �

�

�
x� �

�
x� �

�

��
x	 � �

���
�� � ��x�

� 	
� x�

� � �
�

�
x� �

�
x� �

�

��
x	

and

p
� � x � � �

�

�
x� �

�
x� �

�

��
�� � ��x�

� �
�x	 � � �

�

�
x� �

�
x��
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������� By �����	

f�x�h��f�x��hf ��x��� � ��hn

n�
f �n��x��

hn��

�n� ���
f �n����x��o�hn����

On the other hand	

f�x�h� � f�x��hf ��x��� � �� hn��

�n� ���
f �n����x��

hn

n�
f �n��x���h�h��

Subtracting the �rst equality from the latter	 we get

f �n��x� ��h�h� � f �n��x�

h
�

f �n����x�

n� �
�
o�h�

h
�

Consequently	

��h� �

f �n����x�
n�� � o�h�

h

f �n��x�	�h�h��f �n��x�
	�h�h

�

The desired result follows from the fact that f �n����x� exists and is

di
erent from zero�

�����	� For � � x 	 ��

��� f��� � f�x� x� � f�x�� f ��x�x� f ���x � ��x�
x�

�
�

and for � 	 x � ��

���

f��� � f�x� ��� x��

� f�x� � f ��x���� x� � f ���x� ����� x��
��� x��

�
�

Note that ��� implies jf ����j 	 A
� � and ��� implies jf ����j 	 A

� � More�

over	 subtracting ��� from ��� gives

f ��x� �
�

�
�f ���x���x�x��f ���x������x�����x��� for � � x � ��

Hence

jf ��x�j 	 A

�
��x� � �x� �� �

A

�
� � � x � ��
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�����
�

�a� For x � 
�c� c��

��� f�c�� f�x� � f ��x��c � x� �
f ���x� ���c� x��

�
�c� x��

and

f��c�� f�x� � �f ��x��c � x� �
f ���x� ���c� x��

�
�c� x���

Hence

f ��x� �
f�c�� f��c�

�c

� �c� x��f ���x � ���c� x����c� x��f ���x� ���c� x��

�c
�

Consequently	

jf ��x�j 	 M�

c
� �c� � x��

M�

�c
�

�b� By ��� in the solution of �a�	 for x � 
�c� c�� we get

f ��x� �
f�c�� f�x�

h
� f ���x� ��h�

�
h�

where h � c � x � �� Thus jf ��x�j 	 �M�

h � �
�M�h� Now taking

h � �
q

M�

M�
gives jf ��x�j 	 �

p
M�M�� which in turn implies that

M� 	 �
p
M�M��

������� The inequality M� 	 �
p
M�M� is proved in the solution of

������ �b�� The equality is attained	 for example	 for f de�ned by

f�x� �

�
�x� � � if � � � x � ��
x���
x��� if � 	 x ���

Indeed	 we have M� � � and M� �M� � ��

������� For h � � and x � R�

f�x� h� � f�x� � f ��x�h� f ���x� �h�
h�

�

and

f�x� h� � f�x�� f ��x�h� f ���x� ��h�
h�

�
�
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Consequently	

f ��x� �
�

�h
�f�x� h�� f�x� h��� h

�
�f ���x� �h�� f ���x � ��h���

which implies

jf ��x�j 	 M�

h
�
h

�
M� for h � ��

To get the desired inequality it su�ces to take h �
q
�M�

M�
�

�����
� For p � � the result is contained in the foregoing problem�

Now we proceed by induction� Assuming the assertion to hold for

�� �� � � � � p	 we will prove it for p� �� We have

f �p����x� h� � f �p����x� � f �p��x�h� f �p����x� �h�
h�

�

and

f �p����x� h� � f �p����x� � f �p��x�h� f �p����x� ��h�
h�

�
�

Hence

f �p��x� �
�

�h
�f �p����x� h�� f �p����x� h��

� h

�
�f �p����x� �h�� f �p����x� ��h���

Consequently	

jf �p��x�j 	 Mp��

h
�
h

�
Mp��� h � ��

Taking h �
q
�
Mp��

Mp��
gives Mp 	

p
�Mp��Mp��� By the induction

hypothesis for k � p� �� upon simple calculation	 we get

��� Mp 	 �
p

�M
�

p��

� M
p

p��

p�� �

So the inequality is proved for k � p� Now we will prove it for � 	
k 	 p� �� By the induction hypothesis	

Mk 	 �
k�p�k�

� M
�� k

p

� M
k
p
p �
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which combined with ��� gives

Mk 	 �
k�p���k�

� M
�� k

p��

� M
k

p��

p�� �

������� Suppose jf ���x�j 	 M �M � �� for x � ������ By Taylor�s

formula for x� h � ������

f�x� h� � f�x� � f ��x�h� f ���x � �h�
h�

�
�

It then follows that

jf ��x�j 	 jf�x� h�� f�x�j
h

�
Mh

�
�

Since lim
x��

f�x� � �� given � � � there is an x� such that

jf ��x�j 	 �

h
�
Mh

�
for x � x�� h � ��

Taking h �
p
� 

M we get jf ��x�j 	 p

��M� x � x�� which means that

lim
x��

f ��x� � ��

������� For x � ��

f�x� �� � f�x� � f ��x� �
�

�
f ����� with some � � �x� x � ���

Hence

xf ��x� �
x

x� �
�x� ��f�x� ��� xf�x�� �

�
� x
�
� �f ������

Consequently	 lim
x���

xf ��x� � ��

������� For u� x � ��� ��� u � x	 by Taylor�s formula we get

f�u� � f�x� � f ��x��u� x� �
�

�
f ������u� x��

with some � � �x� u�� Taking u � x� ���� x�� � � � � �
� � we obtain

f�u�� f�x� � ���� x�f ��x� �
�

�
��f ���x � ����� x����� x��
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with some � � ��� ��� Upon letting x� �� we see that

��� � � lim
x���

�
��� x�f ��x� �

�

�
�f ���x� ����� x����� x��

	
�

By the de�nition of the limit	 if �� � �� then

��� x�jf ��x�j 	 �� �
�

�
�jf ���x � ����� x��j��� x��

	 �� �
�

�

M�

���� ���

for x su�ciently close to �� Since � � � can be chosen arbitrarily	

��� x�jf ��x�j 	 ��� which means that lim
x���

��� x�f ��x� � ��

������� We have

f

�
a� b

�

	
� f�a� �

f ���x��
��

�
b� a

�

	�

and

f

�
a� b

�

	
� f�b� �

f ���x��
��

�
b� a

�

	�

�

with some x� �
�
a� a�b�

�
and x� �

�
a�b
� � b

�
� Hence

jf�b�� f�a�j �
�
b� a

�

	�
�

�
jf ���x��� f ���x��j 	

�
b� a

�

	�

jf ���c�j�

where jf ���c�j � maxfjf ���x��j� jf ���x��jg�

������� It follows from Taylor�s formula that

� � f��� �
�

�
f ����� �

f ����x��
��

and � � f���� � �

�
f ������ f ����x��

��

with some x� � ��� �� and x� � ���� ��� Thus
f ����x�� � f ����x�� � ��

which implies f ����x�� � � or f ����x�� � ��

It is worth noting here that the equality is attained	 for example	

for f�x� � �
� �x

	 � x���
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�����	� Write

��� f�t� � f�x� � �t� x�Q�t��

Di
erentiating both sides of this equality with respect to t gives

��� f ��t� � Q�t� � �t� x�Q��t��

Substituting x� for t	 we get

��� f�x� � f�x�� � �x � x��f
��x�� � �x� x��

�Q��x���

Di
erentiating ��� with respect to t	 next taking t � x�� and aided

by ���	 we obtain

f�x� � f�x����x�x��f
��x���

�

�
f ���x���x�x��

��
�

�
�x�x��

	Q���x���

To get the desired equality it is enough to repeat the above procedure

n times�

�����
� By Taylor�s formula given in �����	

f�yn� � f��� � f ����yn � o�yn��

f�xn� � f��� � f ����xn � o�xn��

Hence

��� f ���� �
f�yn�� f�xn�

yn � xn
� o�yn�� o�xn�

yn � xn
�

�a� Since xn � � � yn� we see that����o�yn�� o�xn�

yn � xn

���� 	 jo�yn�j
yn � xn

�
jo�xn�j
yn � xn

	 jo�yn�j
yn

�
jo�xn�j
�xn �

Consequently	

lim
n��

o�yn�� o�xn�

yn � xn
� ��

which along with ��� shows that lim
n��

Dn � f �����

�b� By ��� it is enough to show that lim
n��

o�yn��o�xn�
yn�xn � �� We have

lim
n��

o�yn�� o�xn�

yn � xn

� lim
n��

�
o�yn�

yn
� yn
yn � xn

� o�xn�

xn
� xn
yn � xn

	
� ��
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where the last equality follows from the boundedness of f yn
yn�xn g

and f xn
yn�xn g�

�c� By the mean value theorem	 Dn � f ���n�	 where xn � �n � yn�

The desired result follows from the continuity of f � at zero�

������� Observe �rst that P is a polynomial of degree at most m�

Di
erentiating the equality

��� y�m�� �

m��X
k��

�
m� �

k

	
����kyk�

we get

��� ��m� ����� y�m �

m��X
k��

�
m� �

k

	
����kkyk���

Taking y � � gives

��� � �

m��X
k��

�
m� �

k

	
����kk�

It follows from this equality that P �m������ � �� Next	 di
erentiat�

ing ��� and then putting y � �� we see by ��� that P �m������ � ��

Continuing this process	 one can show that P �j���� � � for j �

�� �� �� ���m� �� Moreover	 P �m���� � �� because

� � ��� ��m�� �

m��X
k��

�
m� �

k

	
����k�

Now it follows from Taylor�s formula that P �x� � ��

������ 
E� I� Po
ald	 Amer� Math� Monthly �� ������	 ��������� We

will need the following mean value theorem for integrals�

Theorem� Let f and g be continuous on 
a� b�� and let g have con�

stant sign on 
a� b�� Then there is � � �a� b� such that

Z b

a

f�x�g�x�dx � f���

Z b

a

g�x�dx�
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Proof� Set

m � minff�x� � x � 
a� b�g and M � maxff�x� � x � 
a� b�g�

Assume	 e�g�	 that g�x� � �� Then mg�x� 	 f�x�g�x� 	 Mg�x��

Integrating both sides of this inequality yields

m

Z b

a

g�x�dx 	
Z b

a

f�x�g�x�dx 	M

Z b

a

g�x�dx�

Hence

m 	
R b
a f�x�g�x�dxR b

a
g�x�dx

	M�

Since f enjoys the intermediate value property on 
a� b�� the assertion

follows�

Now following E� I� Po
ald	 we start the proof of the given for�

mula� By Taylor�s formula with integral remainder �see	 e�g�	 ������	

f �n�
�

x

n� �

	
� f �n���� � f �n������

x

n� �

�

Z x
n��

�

f �n����t�

�
x

n� �
� t

	
dt�

Hence

f��� �
f ����
��

x� � � �� f �n������

�n� ���
xn�� �

f �n�
�

x
n��

�
n�

xn

� f��� �
f ����
��

x� � � �� f �n������

�n� ���
xn��

�



f �n���� � f �n������

x

n� �
�

Z x
n��

�

f �n����t�

�
x

n� �
� t

	
dt

�
xn

n�

� f��� �
f ����
��

x� � � �� f �n������

�n� ���
xn��

�

Z x
n��

�

f �n����t�

�
x

n� �
� t

	
dt
xn

n�
�
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On the other hand	 by Taylor�s formula with integral remainder	

f�x� � f��� �
f ����
��

x� � � �� f �n������

�n� ���
xn��

�
�

�n� ���

Z x

�

f �n����t��x � t�n��dt�

Consequently	

f�x��
�
f��� �

f ����
��

x� � � �� f �n������

�n� ���
xn�� �

f �n�
�

x
n��

�
n�

xn
	

�
�

�n� ���

Z x

�

f �n����t��x� t�n��dt

�
Z x

n��

�

f �n����t�

�
x

n� �
� t

	
dt
xn

n�

�
�

n�

Z x
n��

�

f �n����t�

�
�x� t�n��

n� �
� xn

�
x

n� �
� t

		
dt

�
�

�n� ���

Z x

x
n��

f �n����t��x � t�n��dt�

Consider g de�ned by

g�t� �
�x� t�n��

n� �
� xn

�
x

n� �
� t

	
for t � 
�� x��

It easy to check that g��t� � � for t � ��� x� and g��� � �� Thus g is

positive on the open interval ��� x�� By the mean value theorem for

integrals �proved at the beginning of the solution�	 we get

Z x
n��

�

f �n����t�

�
�x� t�n��

n� �
� xn

� x

n� �
� t
�	

dt

� f �n�������

Z x
n��

�

g�t�dt

and Z x

x
n��

f �n����t��x� t�n��dt � f �n�������

Z x

x
n��

�x� t�n��dt�
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It follows from the above that

f�x��
�
f��� �

f ����
��

x� � � �� f �n������

�n� ���
xn�� �

f �n�
�

x
n��

�
n�

xn
	

�
�

n�
f �n�������

Z x
n��

�

g�t�dt�
�

�n� ���
f �n�������

Z x

x
n��

�x � t�n��dt�

Setting


� �

Z x
n��

�

g�t�dt and 
� �

Z x

x
n��

�x� t�n��

n� �
dt

we see that


� � 
� �
xn��n

��n� ����n� ��
�

By the intermediate value property	

f �n�������
R x
n��

� g�t�dt� f �n�������
R x

x
n��

�x�t�n��
n�� dt

xn��n
��n�����n���

� f �n�������

where � is between �� and ��� Consequently	

f�x��
�
f��� �

f ����
��

x� � � �� f �n������

�n� ���
xn�� �

f �n�
�

x
n��

�
n�

xn
	

�
�

n�
f �n������

xn��n

��n� ����n� ��
�

n

��n� ��
f �n������

xn��

�n� ���
�

To end the proof it is enough to set � � �
x �

�����
� It follows from the assumption and Taylor�s formula applied

to f �n� that

f �n��x� � ��x��x � x���

� f �n��x�� �
f �n�p��x� � ����x��x � x���

p�
���x��x � x���

p�
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Hence

f�x� � f�x�� �
f ��x��
��

�x� x�� � � � �� f �n��x��

n�
�x� x��

n

�
f �n�p��x� � ����x��x � x���

n�p�
�x� x��

n�p���x��p �

On the other hand	

f�x� � f�x�� �
f ��x��
��

�x � x�� � � � �� f �n��x��

n�
�x� x��

n

�
f �n�p��x� � ���x� x���

�n� p��
�x� x��

n�p�

Upon putting the last two equalities together	 we get

f �n�p��x� � ����x��x � x���

n�p�
���x��p �

f �n�p��x� � ���x� x���

�n� p��
�

Since f �n�p� is continuous at x� and f �n�p��x�� �� �� upon passage to

the limit as x� x�	 we obtain
�

�n�p�
 �
�

n
p
 lim
x�x�

���x��p�

Note that if p � �� then we get the result in �������

������� By Taylor�s formula	

���

h
�p
x

iX
k��

f�kx� �

h
�p
x

iX
k��

�
f ����kx�

�

�
f ����kx�k�x�

	

� f ����x

h
�p
x

i �h
�p
x

i
� �
�

�
� ��x��

where

��� ��x� �
�

�

h
�p
x

iX
k��

f ����kx�k�x��

Since f �� is bounded in a neighborhood of zero and
h

�p
x

iX
k��

k� �

h
�p
x

i �h
�p
x

i
� �
��

�
h

�p
x

i
� �
�

�
�
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��� implies that lim
x���

��x� � �� Now ��� shows that

lim
x���

h
�p
x

iX
k��

f�kx� �
f ����
�

�

������� It follows from the Bolzano�Weierstrass theorem �see	 e�g�	

I	 ������� that the set of zeros of f has at least one limit point	 say

p	 in 
c� d�� Clearly	 f�p� � �� Let fxng be a sequence of zeros of f

converging to p� By Rolle�s theorem	 between two zeros of f there is at

least one zero of f �� Therefore p is also a limit point of the set of zeros

of f �� Since f � is continuous	 f ��p� � �� and inductively	 f �k��p� � �

for k � N� Consequently	 by Taylor�s formula	

f�x� �
f �n��p� ��x� p��

n�
�x� p�n

with some � � ��� ��� Since supfjf �n��x�j � x � �a� b�g � O�n��� there

is M � � such that jf�x�j 	M jx� pjn for su�ciently large n� So	 if

x � �a� b� and jx� pj � �� then f�x� � ��

������� As in the solution of the foregoing problem	 one can show

that f �k���� � � for k � N� By Taylor�s formula	

f�x� �
f �n���x�

n�
xn� n � N�

Since given x� lim
n��

xn

n
 � �� we see that f�x� � � for x � R�

�������

�a� ��

�b� �e���
�c� ��e�

�d� ��

�e� e�
�

 �

������� To show that

lim
x���

�
f

�
ap
x

		x

� lim
x��� e

x ln f
�

ap
x

�
� e�

a�

� �

                

                                                                                                               



��� Solutions� �� Di�erentiation

one can use Taylor�s formula with the Peano form for the remainder

�see	 e�g�	 ������	 which gives

f�x� � �� x�

�
� o�x���

and next apply �������a�� One can also use l�Hospital�s rule in the

following way�

lim
x���x ln f

�
ap
x

	
� lim

t���

ln f�a
p
t�

t
� lim

t���

af ��a
p
t�

�
p
tf�a

p
t�

� lim
t���

a�f ���a
p
t�

�f�a
p
t� � �a

p
tf ��a

p
t�

� �a�

�
�

�����	� Assume �rst that a � �� Then by l�Hospital�s rule	

lim
x���

�
ax � �

x�a� ��

	 �
x

� a�

If � � a � �� then

lim
x���

�
ax � �

x�a� ��

	 �
x

� ��

�����
�

�a� Since lim
x��

��cos x
��cos x does not exist	 one cannot apply l�Hospital�s

rule� Clearly	 the limit is ����

�b� We are not allowed to apply l�Hospital�s	 because the derivative

of the function in the denominator vanishes at �
� � �n�� n � N�

On the other hand	 it is easy to show that the limit does not

exist�

�c� To �nd the limit of f�x�g�x� when x � �� it is enough to deter�

mine lim
x���

ln f�x�
�

g�x�

� However	 this limit cannot be calculated using

l�Hospital�s rule because the assumption that the limit of the quo�

tient of derivatives exists is not satis�ed� It is shown in �������a�

that the limit is ��

�d� The limit is � �see	 e�g�	 �������b��� However	 to �nd it one cannot

apply l�Hospital�s rule�

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule ���

������� We have

lim
x��

�
x ln � � �

�x�� � �
�

x
� lim

t��

�
ln���t� � �

t � �
�

ln���t�
ln �

� lim
t��

ln ���t� � ln�� � t�� t ln�� � t��

�t ln��� � t�

� � ln �

��
�

where the last equality can be obtained applying l�Hospital�s rule

several times in succession� Hence f ���� � � ln �
�� �

������� As in the solution of ������	 one can show that

nX
k��

����k
�
n

k

	
kr �

�
� if r � �� �� � � � � n� ��

n� if r � n�

Now to get the desired equality it is enough to apply l�Hospital�s rule

n times successively�

�����
� Assume �rst that lim
x�a�

g�x� � �� and L � R� By �iii�	

given � � �� there is a�� such that for x � �a� a���

��� L� � �
f ��x�
g��x�

� L� ��

Since g� enjoys the intermediate value property	 �i� implies that g� has
the same sign on �a� b�� Consequently	 g is strictly monotonic on �a� b��

For x� y � �a� a��� x � y� by the generalized mean value theorem	

f�x� � f�y�

g�x� � g�y�
�

f ��x��
g��x��

with some x� � �x� y� � �a� a��� Fix y for a moment� Then by ���	

L� � �

f�x�
g�x� � f�y�

g�x�

�� g�y�
g�x�

� L� ��

Thus if	 for example	 g is strictly decreasing in �a� b�� then

�L� ��

�
�� g�y�

g�x�

	
�
f�y�

g�x�
�

f�x�

g�x�
� �L� ��

�
�� g�y�

g�x�

	
�
f�y�

g�x�
�
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Letting x� a� gives

L� � 	 lim
x�a�

f�x�

g�x�
	 L� ��

which ends the proof in this case� The other cases can be proved

analogously�

Note that a similar result holds for the left�hand limit at b�

�������

�a� By l�Hospital�s rule �see �������	 we have

lim
x���

f�x� � lim
x���

eaxf�x�

eax
� lim

x���
eax�af�x� � f ��x��

aeax
�

L

a
�

�b� Likewise	

lim
x���

f�x�� lim
x���

ea
p
xf�x�

ea
p
x

� lim
x���

ea
p
x
�
f ��x� � a

�
p
x
f�x�

�
a

�
p
x
ea
p
x

� lim
x���

�

a
�af�x� � �

p
xf ��x���

L

a
�

To see that statements �a� and �b� are not true for negative a	

consider the functions f�x� � e�ax and f�x� � e�a
p
x� respec�

tively�

������� Using l�Hospital�s rule proved in ������	 we get

lim
x��

�
�� f ��x�

xf ���x�

	
� lim

x��

�
x� f ��x�

f ���x�

��
x�

� lim
x��

f ��x�f ����x�
�f ���x���

� c�

Hence

lim
x��

f ��x�
xf ���x�

� �� c�

By assumption	 we therefore see that c 	 �� Clearly	 if c �� �	 then

��� lim
x��

xf ���x�
f ��x�

�
�

�� c
�

Now we prove that lim
x�� f�x� � ��� By Taylor�s formula we have

f�x� h� � f�x� � f ��x�h � f �����
h�

�
� h � ��

                

                                                                                                               



���� Taylor�s Formula and L�Hospital�s Rule ���

Hence f�x � h� � f�x� � f ��x�h� Letting h � �� shows that

lim
x��

f�x� � ��� Now	 by l�Hospital�s rule again	

lim
x��

xf ��x�
f�x�

� lim
x��

f ��x� � xf ���x�
f ��x�

� � �
�

�� c
�

which combined with ��� yields

lim
x��

f�x�f ���x�
�f ��x���

� lim
x��

xf ���x�
f ��x�

� f�x�

xf ��x�
�

�

�� c
�

������� For x �� �� by the Leibniz formula	 we get

���

g�n��x� �

nX
k��

�
n

k

	
f �k��x�

�
�

x

	�n�k�

�
nX

k��

����n�kn�
k�
f �k��x�

�

xn���k �

Set g��� � f ����� Then an application of l�Hospital�s rule gives

g���� � lim
x��

g�x�� f ����
x

� lim
x��

f�x�� xf ����
x�

� lim
x��

f ��x�� f ����
�x

�
f �����
�

�

Thus g���� exists� Now we show that g� is continuous at zero� By ���

and l�Hospital�s rule	

lim
x��

g��x� � lim
x��

f ��x� � g�x�

x
� lim

x��

xf ��x� � f�x�

x�

� lim
x��

xf ���x�
�x

� g�����

So	 g is in C����� ��� Now we proceed by induction� Suppose that

g�n���� � f �n������
n�� and g � Cn���� ��� Then by ��� and l�Hospital�s
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rule we obtain

g�n������ � lim
x��

g�n��x�� g�n����

x

� lim
x��

nP
k��

����n�k n
k
 f �k��x�xk � xn��g�n����

xn��

� lim
x��

nP
k��

����n�k n
k
 f �k��x�xk � xn�� f
�n������
n��

xn��

� lim
x��

�n�����nf ��x� �
nP

k��

����n�k n
k
f �k����x�xk

�n� ��xn��

�

nP
k��

����n�k n

�k���
f

�k��x�xk�� � xnf �n������

�n� ��xn��

�

� lim
x��

�n�����nf ��x� �
nP

k��

����n�k n
k
f �k����x�xk

�n� ��xn��

�

n��P
k��

����n���k n

k
f

�k����x�xk � xnf �n������

�n� ��xn��

�

� lim
x��

xn�f �n����x�� f �n�������

�n� ��xn��
�

f �n������

n� �
�

Our task is now to show that g�n��� is continuous at zero� By ��� and

l�Hospital�s rule again	

lim
x��

g�n����x� � lim
x��

n��P
k��

����n���k �n���

k
 f �k��x�xk

xn��
�

                

                                                                                                               



���� Convex Functions ���

lim
x��

n��P
k��

����n���k�n���

k
 f �k����x�xk�

n��P
k��

����n���k�n���

�k���
 f �k��x�xk��

�n� ��xn��

� lim
x��

f �n����x�

n� �
� g�n�������

Summing up the above	 we see that the extended g de�ned above is

in C� on ���� ��� and g�n���� � f �n������
n�� � n � �� �� �� � � � �

���� Convex Functions

������ Assume that f is convex on I� Then for x� � x � x� we have

���
f�x� � f�x��

x� x�
	 f�x��� f�x��

x� � x�

�see ��� in the solution of �������� On the other hand	 since

x �
x� � x

x� � x�
x� �

x� x�
x� � x�

x��

we see that

f�x� 	 x� � x

x� � x�
f�x�� �

x� x�
x� � x�

f�x���

and consequently	

f�x��� f�x��

x� � x�
	 f�x��� f�x�

x� � x
�

This combined with ��� gives

���
f�x�� f�x��

x� x�
	 f�x��� f�x�

x� � x
�

Upon passage to the limit as x� x�� we see that

f ��x�� 	 f�x��� f�x��

x� � x�
�

Similarly	 letting x� x�� in ��� yields

f ��x�� � f�x��� f�x��

x� � x�
�

Consequently	 f ��x�� 	 f ��x��� which shows that f � is increasing�
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Assume now that f � is increasing on I� Let x� � x � x�� By the

mean value theorem	

f�x�� f�x��

x� x�
� f ������

f�x��� f�x�

x� � x
� f ������

where x� � �� � x � �� � x�� Therefore by the monotonicity of f �

we get inequality ���� Now we show that ��� implies the convexity of

f � To this end set x � 
x�����
�x�� where x� � x� and 
 � ��� ���

Then x � �x�� x��	

x� x� � ��� 
��x� � x�� and x� � x � 
�x� � x���

So ��� gives f�x� 	 
f�x�� � �� � 
�f�x��� It is worth noting here

that ��� is in fact equivalent to the convexity of f �

Note also that if f � is strictly increasing on I� then f is strictly

convex on I�

������ It su�ces to observe that the condition f ���x� � � for x � I

is equivalent to the fact that f � increases	 and to apply the result in

the foregoing problem�

������ We proceed by induction� The condition with n � � is the

de�nition of convexity of f on I� We therefore assume the inequality

to be proved is true for some n � � and show that it is also true for

n � �� Let 
�� 
�� � � � � 
n� 
n�� be nonnegative and such that 
� �


� � � � �� 
n � 
n�� � �� Since 
nxn � 
n��xn�� can be written in

the form �
n�
n���
�

�n
�n��n��

xn �
�n��

�n��n��
xn��

�
� by the induction

hypothesis we get

f�
�x� � 
�x� � � � �� 
n��xn���

	 
�f�x�� � 
�f�x��

� � � �� �
n � 
n���f

�

n


n � 
n��
xn �


n��


n � 
n��
xn��

	
�

Now we only have to apply the de�nition of the convexity of f to the

last summand�
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������ Since ln���x� � � �
x� � the function x �� lnx is concave on

������ Thus

ln

�
xp

p
�
yq

q

	
� �

p
lnxp �

�

q
ln yq � ln�xy��

������ Since x �� lnx is concave on ������ we get

ln
�x�
n

�
x�
n

� � � �� xn
n

�
� �

n
�lnx� � lnx� � � � �� lnxn�

�
�

n
ln�x� � x� � � �xn��

����	� The function x �� ex is strictly convex on R�

If	 for example	 a � b� then the area under the graph of y � ex from

x � a to x � b is less than the area of the trapezoid with vertices

�a� ��� �b� ��� �a� ea� and �b� eb�� Therefore

eb � ea �

Z b

a

etdt � �b� a�
ea � eb

�
�

����
� Consider the function given by f�x� � x ln x� x � �� Then

f ���x� � �
x � �� Thus f is convex� Consequently	

x� y

�
ln
x� y

�
	 x

�
lnx�

y

�
ln y�

������ Use the fact that x �� x�� � � �� is convex on ������
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������

�a� The function f�x� � ln
�
�
x � �

�
is convex on ������ because

f ���x� � � on that interval� So the result follows from the Jensen

inequality �see	 e�g�	 �������

Observe that if pk �
�
n for k � �� �� � � � � n� and if

nP
k��

xk � �� then

we get the inequality given in I	 �������a��

�b� It is enough to apply the Jensen inequality to the function

f�x� � ln

�
� � x

�� x

	
� � � x � ��

Observe that if pk �
�
n for k � �� �� � � � � n� and if

nP
k��

xk � �� then

we get the inequality given I	�������

�����
�

�a� De�ne f�x� � ln�sinx� for x � ��� ��� Since f ���x� � � �
sin� x

� ��

we see that f is concave on ��� ��� Now it su�ces to apply the

Jensen inequality �see	 e�g�	 ������ to �f �
�b� Consider the function de�ned by

f�x� � ln�sinx�� lnx� x � ��� ���

and observe that f ���x� � � �
sin� x �

�
x� � �� and apply the Jensen

inequality �see	 e�g�	 ������ to �f �

������� Note that the function f�x� �
�
x� �

x

�a
is convex on ������

because

f ���x� � a

�
x�

�

x

	a��


�a� ��

�
�� �

x�

	�

�
�

x	

�
x�

�

x

	�
� ��

By Jensen�s inequality �see	 e�g�	 ������	

�
n� � �

n

	a

�

�
BB� �

n

nX
k��

xk �
�

�
n

nP
k��

xk

�
CCA

a

	 �

n

nX
k��

�
xk �

�

xk

	a

�

                

                                                                                                               



���� Convex Functions ���

Hence
nX

k��

�
xk �

�

xk

	a

� �n� � ��a

na��
�

������� Applying Jensen�s inequality to x �� � lnx� x � �� we get

�

n

�
ln � � ln

�� � �

�
� ln

�	 � �

��
� � � �� ln

�n � �

�n��

	

	 ln

�
�

n

�
� �

�� � �

�
� � � �� �n � �

�n��

		
� ln

�
�� �

n
�

�

n�n��

	
�

�������

�a� Applying Jensen�s inequality to f�x� � �
x � x � �� we obtain

�
�
nx� �

�
nx� � � � �� �

nxn
	 �

n
� �

x�
�

�

n
� �

x�
� � � �� �

n
� �

xn
�

Hence
n�

x� � x� � � � �� xn
	 �

x�
�

�

x�
� � � �� �

xn
�

�b� By Jensen�s inequality applied to f�x� � � lnx� x � �� we have

ln�x��� x��� � � �x�nn � � �� lnx� � �� lnx� � � � �� �n lnxn

	 ln���x� � ��x� � � � �� �nxn��

Consequently	

��� x��� x��� � � �x�nn 	 ��x� � ��x� � � � �� �nxn�

If in ��� we replace xk by �
xk
� we get the left inequality�

�c� If one of xk or yk is zero	 then the inequality is obvious� So we can

assume that xk � yk � � for k � �� �� � � � � n� Then the inequality in

question can be rewritten as

x��� x��� � � �x�nn � y��� y��� � � � y�nn
�x� � y�����x� � y���� � � � �xn � yn��n

	 ��
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Now by �b� we get

x��� x��� � � �x�nn � y��� y��� � � � y�nn
�x� � y�����x� � y���� � � � �xn � yn��n

	 ��
x�

x� � y�
� � � �� �n

xn
xn � yn

� ��
y�

x� � y�

� � � �� �n
yn

xn � yn
� ��

�d� The inequality follows from �c� by induction on m�

������� Suppose	 contrary to our claim	 that f is not constant on R�

Then there exist x� � x� such that f�x�� � f�x�� or f�x�� � f�x���

Let x be such that x� � x� � x� Then we have

f�x�� � f

�
x� x�
x� x�

x� �
x� � x�
x� x�

x

	
	 x� x�

x� x�
f�x�� �

x� � x�
x� x�

f�x��

Thus

��� f�x� � x� x�
x� � x�

f�x��� x� x�
x� � x�

f�x���

If f�x�� � f�x�� � A with some positive A� then ��� implies that

f�x� � A x�x�
x��x� �f�x��� contrary to the assumption that f is bounded

above� Similarly	 if f�x�� � f�x��� then f�x�� � A�f�x�� with some

A � �� Now taking x � x� � x� we get

f�x� � A
x� � x

x� � x�
� f�x���

again contrary to the assumption that f is bounded above�

������� No� It is enough to consider f�x� � e�x� x � �a���� and

f�x� � ex� x � ���� a��

�����	� Suppose that f is not monotonic� Then there are a � x� �

x� � x	 � b such that

f�x�� � f�x�� and f�x�� � f�x	��

or

f�x�� � f�x�� and f�x�� � f�x	��

Since f is convex	 f�x�� 	 maxff�x��� f�x	�g� So the latter case

cannot hold� The continuity of f �see	 e�g�	 ������� implies that there
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is c � 
x�� x	� such that f�c� � minff�x� � x � 
x�� x	�g� By the

convexity of f we see that f�x�� 	 maxff�x�� f�c�g for x � �a� x���

Consequently	 since f�c� 	 f�x��� we have f�x�� 	 f�x�� It then

follows that if x� y � �a� c�� then

� x � y � x� implies f�y� 	 maxff�x�� f�x��g � f�x��

� x � x� 	 y implies f�y� 	 maxff�x��� f�c�g � f�x�� 	 f�x��

� x� 	 x � y implies f�y� 	 maxff�x�� f�c�g � f�x��

So we have shown that f is decreasing on �a� c�� In an entirely similar

manner one can show that f increases on 
c� b��

�����
� This is an immediate consequence of the result in the pre�

ceding problem�

������� Since f is bounded	 by the foregoing result	 one�sided limits

of f at a and b exist and are �nite� Consequently	 the assertion follows

from ������ and ������

������� Let x� � x� be two points in �a� b�� Then for a � y � x� �

x � x� we have �see ��� and ��� in the solution of ������

�
� f�y�� f�x��

y � x�
	 f�x�� f�x��

x� x�
	 f�x��� f�x��

x� � x�
�

This means that the function x �� f�x��f�x��
x�x� is increasing and

bounded below in �x�� b�� Consequently	 the right�hand derivative

f ���x�� exists and

�

� f ���x�� 	
f�x��� f�x��

x� � x�
�

Now note that for x� � x� � t � b	

f�x��� f�x��

x� � x�
	 f�t�� f�x��

t� x�
�

which gives
f�x��� f�x��

x� � x�
	 f ���x���

This combined with �

� shows that f ���x�� 	 f ���x��� To show

that the left�hand derivative exists and is increasing on �a� b�� sim�

ilar reasoning can be applied� Moreover	 it follows from �
� that for
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x� � �a� b� we have f ���x�� 	 f ���x��� Recall that	 by ��� in the solu�

tion of �����	 if x� � x � x�� then

f�x�� f�x��

x� x�
	 f�x��� f�x�

x� � x
�

This implies that

f ���x�� 	 f ���x���

Summing up	 we get

f ���x�� 	 f ���x�� 	 f ���x�� 	 f ���x�� for x� � x��

This shows that if one of the one�sided derivatives is continuous at a

point in �a� b�	 then both derivatives are equal at this point� Since a

monotone function can have only a countable number of discontinu�

ities �see	 e�g�	 �������	 the one sided derivatives are equal except on

a countable set�

An analogous statement is also true for concave functions�

�����
� Since f � is strictly increasing	 the inverse function �f ����

exists and

��x� � �f ����

�
f�b� x�� f�a� x�

b� a� �x

	
�

It then follows that � is di
erentiable on ������ Upon di
erentiating

the equality given in the problem	 we obtain

���
f ��b� x� � f ��a� x�� �f ����

b� a� �x
� f ��������x��

Now note that f �� � �� and since f �� is strictly increasing	 f � is strictly
convex �see	 e�g�	 ������� Hence �see the �gure below�

�b�a��x�
f ��b� x� � f ��a� x�

�
�

Z b�x

a�x
f ��t�dt � f�b�x��f�a�x��
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Thus
f ��b� x� � f ��a� x�

�
� f �����

Consequently	 by ���	 we see that ���x� � � for x � ��

������� Without loss of generality we may assume that
nP
i��

jxij � �

and
nP
i��

jyij � �� By ����� we get

jxij�
nP
i��

jxijp
	 �

p

� jyij�
nP
i��

jyijq
	 �

q

	 �

p

�
BBB� jxij�

nP
i��

jxijp
	 �

p

�
CCCA

p

�
�

q

�
BBB� jyij�

nP
i��

jyijq
	 �

q

�
CCCA

q

�

Upon summing both sides of this inequality from i � � to i � n	 we

obtain

nP
i��

jxiyij�
nP
i��

jxijp
	 �

p
�

nP
i��

jyijq
	 �

q

	 �

p

nX
i��

�
BBB� jxij�

nP
i��

jxijp
	 �

p

�
CCCA

p

�
�

q

nX
i��

�
BBB� jyij�

nP
i��

jyijq
	 �

q

�
CCCA

q
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�
�

p

nP
i��

jxijp
nP
i��

jxijp
�

�

q

nP
i��

jyijq
nP
i��

jyijq
�

�

p
�

�

q
� ��

������� For p � � the inequality is obvious� For p � �� let q be such

that �
p �

�
q � �� So	 q � p

p�� � Hence

nX
i��

jxi � yijp �
nX
i��

jxi � yijjxi � yijp��

	
nX
i��

jxijjxi � yijp�� �

nX
i��

jyijjxi � yijp��

	



nX
i��

jxijp
� �

p



nX
i��

jxi � yij�p���q

� �
q

�



nX
i��

jyijp
� �

p



nX
i��

jxi � yij�p���q

� �
q

�

�
�
 nX

i��

jxijp
� �

p

�



nX
i��

jyijp
� �

p

�
A
 nX

i��

jxi � yijp
� �

q

�

Consequently	

nX
i��

jxi � yijp
� �

p

	



nX
i��

jxijp
� �

p

�



nX
i��

jyijp
� �

p

�

������� By H�older�s inequality we have

NX
n��

janj
n

�
�

	



NX
n��

a�n

� �
�



NX
n��

�

n
�

��

� �
�

�

������� Set s� � x� � x� � � � � � xn� s� � y� � y� � � � � � yn and

S � �sp� � sp��
�
p � Then

Sp � sp� � sp� � �x�s
p��
� � y�s

p��
� � � �x�s

p��
� � y�s

p��
� �

� � � �� �xns
p��
� � yns

p��
� ��
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It then follows by H�older�s inequality that

Sp 	 �xp� � yp��
�
p �sp� � sp��

�
q � �xp� � yp��

�
p �sp� � sp��

�
q

� � � �� �xpn � ypn�
�
p �sp� � sp��

�
q

� S
p

q

�
�xp� � yp��

�
p � �xp� � yp��

�
p � � � �� �xpn � ypn�

�
p

�
�

which implies the desired inequality�

������� Set

si �

mX
j��

xi�j and S �



nX
i��

spi

� �
p

�

Then by H�older�s inequality	

Sp �
nX
i��

sis
p��
i �

nX
i��

mX
j��

xi�js
p��
i �

mX
j��

nX
i��

xi�js
p��
i

	
mX
j��



nX
i��

xpi�j

� �
p



nX
i��

spi

� p��
p

� Sp��
mX
j��



nX
i��

xpi�j

� �
p

�

which implies the desired inequality�

�����	� Let x� y � I and assume that x � y� For n � �� �� �� � � � � set

Tn �
�

i
�n � i � �� �� � � � � �n

�
� We show by induction that for n �

�� �� � � � and for s � Tn�

f���� s�x� sy� 	 ��� s�f�x� � sf�y��

Clearly	 if n � �� then s � � or s � �� and therefore the above in�

equality is obvious� Assuming the inequality to hold for an arbitrarily

chosen n � f�� �� � � �g and for s � Tn� we will prove it for n��� Sup�

pose that s � Tn��� Clearly	 it su�ces to consider the case s �� Tn�

Since there exist �� � � Tn such that s � ���
� � we see that

��� s�x� sy �

�
�� � � �

�

	
x�

� � �

�
y

�
��� �� � ��� ��

�
x�

� � �

�
y

�
���� ��x� �y� � ���� ��x � �y�

�
�

                

                                                                                                               



��� Solutions� �� Di�erentiation

By the midpoint�convexity of f 	

f���� s�x� sy� 	 f���� ��x � �y� � f���� ��x � �y�

�
�

By the induction hypothesis	

f���� s�x� sy� 	 ��� ��f�x� � �f�y� � ��� ��f�x� � �f�y�

�

�

�
�� � � �

�

	
f�x� �

� � �

�
f�y�

� ��� s�f�x� � sf�y��

Let t be an arbitrarily chosen point in 
�� ��� Since the set

T �
��
n��

Tn

is dense in 
�� ��� there is a sequence fsng of points in T such that

t � lim
n��

sn� Hence	 by the continuity of f 	

f���� t�x� ty� � lim
n��

f���� sn�x� sny�

	 lim
n��

���� sn�f�x� � snf�y��

� ��� t�f�x� � tf�y��

�����
� There are functions f � R � R which are additive and not

continuous �see	 e�g�	 �������� If f is such a function	 then for any

x � R�

f�x� � f
�x
�
�
x

�

�
� f

�x
�

�
� f

�x
�

�
� �f

�x
�

�
�

Thus f
�
x
�

�
� �

�f�x�� Consequently	 for x� y � R�

f

�
x� y

�

	
� f

�x
�
�
y

�

�
�

�

�
f�x� �

�

�
f�y� �

f�x� � f�y�

�
�

If f were convex on R	 then it would be continuous �see	 e�g�	 �������	

a contradiction�
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������� Suppose	 for example	 that x � y� For t � ��� �� set z �

��� t�x � ty� Then x � z � y and there are a � �x� z� and b � �z� y�

such that z � a�b
� � Analogously	 there are ta � ��� t� and tb � �t� ��

such that

a � ��� ta�x� tay and b � ��� tb�x� tby�

Since z � a�b
� � we have t � ta�tb

� � We know	 by the result in ������	

that f is convex on I� Now we show that f is strictly convex� We

have

f���� t�x� ty� � f�z� �
f�a� � f�b�

�

�
f���� ta�x� tay� � f���� tb�x� tby�

�

	 ��� ta�f�x� � taf�y� � ��� tb�f�x�x � tbf�y�

�

�

�
�� ta � tb

�

	
f�x� �

ta � tb
�

f�y�

� ��� t�f�x� � tf�y��

������� Since f is continuous on I �see	 e�g�	 �������	 it is locally

bounded� Let x� be in I and let � � � be so small that the interval


x� � ��� x� � ��� is contained in I� By the local boundedness of f

there is M � � such that

��� jf�x�j 	M for x � 
x� � ��� x� � ����

Take two distinct points x� and x� in 
x� � �� x� � ��� Then x	 �

x� �



jx��x�j �x� � x�� is in 
x� � ��� x� � ��� and

x� �
�

jx� � x�j� �
x� �

jx� � x�j
jx� � x�j� �

x	�

Since f is convex	 we see that

f�x�� 	 �

jx� � x�j� �
f�x�� �

jx� � x�j
jx� � x�j� �

f�x	��
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Consequently	

f�x��� f�x�� 	 jx� � x�j
jx� � x�j� �

�f�x	�� f�x���

	 jx� � x�j
�

jf�x	�� f�x��j�

which combined with ��� shows that f�x�� � f�x�� 	 �M

 jx� � x�j�

Finally	 since the roles of x� and x� can be interchanged	 we get

jf�x��� f�x��j 	 �M

 jx� � x�j�

�����
� Let x� � x� be chosen arbitrarily in ������ If � � x � x��

then

x� �
x� � x�
x� � x

x�
x� � x

x� � x
x��

It follows from the convexity of f that

f�x�� 	 x� � x�
x� � x

f�x� �
x� � x

x� � x
f�x���

Upon passage to the limit as x� ��	 we see that

f�x�� 	 x�
x�
f�x���

�������

�a� It follows from the monotonicity of x �� f�x�
x that for x�� x� � ��

f�x� � x�� � x�
f�x� � x��

x� � x�
� x�

f�x� � x��

x� � x�
	 f�x�� � f�x���

�b� Suppose that � � a � b� and set p � a
b and q � � � p� By the

convexity and subadditivity of f we see that

f�b� � f�pa� q�a� b�� 	 pf�a� � qf�a� b�

	 pf�a� � q�f�a� � f�b�� � f�a� �
�
�� a

b

�
f�b��

Thus
f�b�

b
	 f�a�

a
�
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������� Assume	 contrary to our claim	 that f is neither strictly con�

vex nor concave� Then there are points � � 
 in �a� b� such that

the line through ��� f���� and �
� f�
�� meets the graph of f at a

point ��� f����� where � � � � 
� By assumption	 there are unique

�� � ��� �� and �� � ��� 
� such that

f���� f���

� � �
� f ����� and

f�
�� f���


 � �
� f ������

Since ��� f����� �
� f�
�� and ��� f���� are collinear	 we see that

f ����� � f ������ which contradicts the hypothesis�

������� Note �rst that the so�called Dini derivatives

D�f�x� � lim
t���

f�x� t�� f�x�

t
� D�f�x� � lim

t���

f�x� t�� f�x�

t
�

D�f�x� � lim
t���

f�x� t�� f�x�

t
� D�f�x� � lim

t���

f�x� t�� f�x�

t

always exist ��nite or in�nite�� Moreover	 since gd is di
erentiable	

we get �see	 e�g�	 �������

D�f�x� d� � D�f�x� � g�d�x�� D�f�x� d� � D�f�x� � g�d�x��

D�f�x� d� � D�f�x� � g�d�x�� D�f�x� d� � D�f�x� � g�d�x�

for x � R� So each of the Dini derivatives of f at x� d is a translate

of the corresponding derivative at x� Next	 if a � b are arbitrarily

chosen	 we set m � �f�b� � f�a����b � a� and de�ne F �x� � f�x� �
m�x � a�� Then F �a� � F �b� � f�a�	 and therefore F attains its
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maximum or minimum value on 
a� b� at some point c � �a� b�� We

may assume without loss of generality that F �c� is the maximum of

F � So if c � t � �a� b�� then F �c � t� 	 F �c�	 or in other words	

f�c� t��f�c� 	 mt� This implies that D�f�c� 	 m 	 D�f�c�� Since
each of the Dini derivatives of f at x is a translate of the corresponding

derivative at c	 we see thatD�f�x� 	 D�f�x� for all x� If f is concave

on 
a� b�� then f is di
erentiable except on an at most countable set

�see	 e�g�	 �������� It then follows that f is di
erentiable on �a� b�� If

f is not concave on 
a� b�� then f attains also its minimum value on


a� b� at some point in the open interval �a� b�� Then	 as above	 one

can show that D�f�x� 	 D�f�x� for all x� Consequently	 D
�f�x� 	

D�f�x� 	 D�f�x� 	 D�f�x� for all x� So the di
erentiability of f

on R is proved�

Our task is now to show that f � is continuous� Assume	 contrary

to our claim	 that there is x� at which f � is not continuous� Then

there is a sequence fzng converging to x� such that ff ��zn�g converges
to f ��x���r with some r �� �� or ff ��zn�g is unbounded� In the latter

case	 we can �nd a sequence fyng such that ff ��yn�g diverges	 say	 to
��� Then

f�x��� f�yn�

x� � yn
� f ��yn� � o����

and upon passage to the limit as n � �� we get f ��x�� � ��� a

contradiction� In the former case	 since f � enjoys the intermediate

value property �see	 e�g�	 �������	 there is a sequence fyng such that

f ��yn� � f ��x�� � r��� Clearly	 we can assume that the sequence

approaches x� from one side	 say	 from above� By the hypothesis	 for

every x we can �nd such a sequence with the same r� Indeed	 since

x � x� � �x� x�� � x� � d and

f ��zn � d�� g�d�zn� � f ��zn� � f ��x�� � r � f ��x� � d�� g�d�x�� � r�

upon passage to the limit	

lim
n��

f ��zn � d� � f ��x� � r�

By the intermediate value property of f � again	 there is f�zng such

that f ���zn� � f ��x� � r��� Now we construct a sequence fxng as

follows� Let x be arbitrarily chosen and let x� be such that x �
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x� � x � ��� and f ��x�� � f ��x� � r��� Next let x� be such that

x� � x� � x� � ��� and f ��x�� � f ��x�� � r��� Continuing this

procedure	 we get a sequence fxng with
xn � xn�� � xn � ��n and f ��xn��� � f ��xn� �

r

�
�

Hence the sequence converges	 say	 to a� Moreover	 it follows from

the last equality that f ��xn� � f ��x�� � �n � ��r��� Consequently	

ff ��xn�g diverges to �� or ��� contradicting di
erentiability of f

at a� This ends the proof of the continuity of f �� Thus f � satis�es the
same hypothesis as f 	 so it too is continuously di
erentiable	 and by

induction so are all derivatives�

������� For n � � we get the obvious equality� So	 assume that n � �

and that fang is a decreasing sequence� Set

Sn � �f�an�a� � f�a��an� �
n��X
k��

�f�ak�ak�� � f�ak���ak��

Our task is to show that Sn � �� Since f is convex	 we see that

f�an� � f

�
an � an��

a� � an��
a� �

a� � an
a� � an��

an��

	

	 an � an��

a� � an��
f�a�� �

a� � an
a� � an��

f�an����

Hence

�an�� � a��f�an� � �an � an���f�a�� � �a� � an�f�an��� � ��

which means that Sn�� � Sn � �� Consequently	 Sn � S� � ��

������ 
M� Kuczma	 A� Smajdor	 Amer� Math� Monthly �� ������	

��������� Since f is strictly increasing and a � f�x� � x� we get

a � fn���x� � fn�x� � x for n � N and x � �a� b��

Consequently	 the sequence ffn�x�g converges to an l �the case l �

�� is possible�� Now we show that l � a� To this end	 recall that	

by the result in ������	 each fn is continuous� So	 if l � �a� b�� then

we would get

f�l� � f
�
lim
n��

fn�x�
�
� lim

n��
fn���x� � l�
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which would contradict the assumption f�x� � x for x � �a� b�� There�

fore l � a for each x � �a� b�� By ������ the right�hand derivative of f

exists and is decreasing on �a� b�� So	 if a � t� � t� � b� then �see the

solution of �������

��� f ���t�� 	
f�t��� f�t��

t� � t�
	 f ���t���

Taking t� � fn�x� and t� � fn���x�� we get

f ���f
n�x�� 	 fn���x� � fn���x�

fn���x� � fn�x�
	 f ���f

n���x���

It then follows from lim
x�a�

f ���x� � � that

lim
n��

fn���x�� fn���x�

fn���x�� fn�x�
� ��

and consequently	 for k � N�

���

lim
n��

fn�k���x�� fn�k�x�

fn���x�� fn�x�

� lim
n��

k��Y
i��

fn�i���x�� fn�i���x�

fn�i���x�� fn�i�x�
� ��

Since f �� decreases	 the equality lim
x�a�

f ���x� � � implies f ���x� 	 ��

Thus by ��� the function x �� f�x� � x decreases on �a� b�� Since

f�v�� v � ��

f�u�� u

f�v�� v
� � for v � u� u� v � �a� b��

Assume that a � y � x � b	 and put u � fn�x� and v � fn�y�� Then

fn���x� � fn�x�

fn���y�� fn�y�
� ��

On the other hand	 there is k � N such that fk�x� � y � x� This

implies that fn�k�x� � fn�y�� Since the function x �� f�x� � x de�

creases	 we see that

fn���y�� fn�y� 	 fn�k���x�� fn�k�x��
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Consequently	

� 	 fn���x�� fn�x�

fn���y�� fn�y�
	 fn���x� � fn�x�

fn�k���x� � fn�k�x�
�

which combined with ��� gives the desired equality�

���� Applications of Derivatives

������

�a� Applying the generalized mean value theorem to the functions

f�x� � �� cosx and g�x� � x�

� � we get

�� cosx
x�

�

�
sin �

�
� �

for x �� ��

�b� For x � �� consider f�x� � x� sinx and g�x� � x�

	
 � The general�

ized mean value theorem combined with �a� shows that

x� sinx
x�

	


�
�� cos �

	�

�


� ��

which implies that the inequality holds true� Note that for nega�

tive x we have sinx � x� x�

	
 �

�c� Apply the generalized mean value theorem to the functions

f�x� � cosx� � �
x�

�
� g�x� �

x�

��

on the interval with the endpoints � and x� and use �b��

�d� Apply the generalized mean value theorem to the functions

f�x� � sinx� x�
x	

��
� g�x� �

x�

��
� x � ��

and use �c��

������ Use induction and reasoning similar to that in the solution of

the foregoing problem�
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������ Applying the generalized mean value theorem to the functions

f and g�x� � x� g�x� � x� and g�x� � x	 in succession	 we see that

f�b�� f�a�

b� a
�

f ��x��
�

�
f�b�� f�a�

b� � a�
�

f ��x��
�x�

�

f�b�� f�a�

b	 � a	
�

f ��x	�
�x�	

�

������ Set f�x� � f��x� � if��x� and � � a � ib� a � �� It follows

from lim
x���

��f�x� � f ��x�� � � that

��� lim
x���

�af��x� � f ���x� � bf��x�� � �

and

��� lim
x���

�af��x� � f ���x� � bf��x�� � ��

Observe now that

lim
x��� eibxf�x� � lim

x���
eax�ibxf�x�

eax

� lim
x���

eax�f��x� cos bx� f��x� sin bx�

eax

� i lim
x���

eax�f��x� cos bx� f��x� sin bx�

eax
�

Using l�Hospital�s rule �given in �������	 by ��� and ��� we get

lim
x���

eax�f��x� cos bx� f��x� sin bx�

eax

� lim
x���

cos bx�af��x��f
�
��x��bf��x���sin bx�af��x��f

�
��x��bf��x��

a

���

Similarly	 one can show that

lim
x���

eax�f��x� cos bx� f��x� sin bx�

eax
� ��

So	 we see that lim
x���

eibxf�x� � �	 which immediately implies that

lim
x���

f�x� � ��

                

                                                                                                               



���� Applications of Derivatives ���

Finally	 let us remark that the proved result can be generalized as

follows� If lim
x���

��f�x��f ��x�� � L	 then lim
x���

f�x� � L��� Indeed	

in this case we have lim
x���

���f�x��L��� � �f�x��L����� � � and	

by what we have proved	 lim
x���

�f�x�� L��� � ��

������ Take �� �
�
� �

p
	
� i and �� �

�
� �

p
	
� i� Then

f�x� � f ��x� � f ���x� � ����f�x� � ��� � ���f
��x� � f ���x�

� �����f�x� � f ��x�� � ���f�x� � f ��x����

So	 by the result in the foregoing problem �see the �nal remark in the

solution�	 we get lim
x������f�x� � f ��x�� � L��� and lim

x��� f�x� �

L������� � L�

����	� No� Consider	 for example	 the function f�x� � cosx� x � ��

����
�

�a� Set g�x� � f�x� � e�x� x � �� Then g��� � �� g�x� 	 � and

lim
x��

g�x� � �� If g�x� � �� then f ��x� � �e�x for x � ������

So	 suppose that there is a � � such that g�a� � �� Then for

su�ciently large x	 say x � M 	 we have g�x� � �
�g�a�� Conse�

quently	 g attains its minimum value at some x� in ���M�� Thus

g��x�� � ��

�b� Apply reasoning analogous to that in �a��

������ We have�
f�x�

g�x�

	�
�

g��x�
g�x�

�
f ��x�
g��x�

� f�x�� f���

g�x�� g���

	
�

By the generalized mean value theorem	�
f�x�

g�x�

	�
�

g��x�
g�x�

�
f ��x�
g��x�

� f ����
g����

	
�

where � � � � x 	 a� Since f ��g� monotonically increases	 we see

that �
f�x�

g�x�

	�
� � for x � ��

                

                                                                                                               



��� Solutions� �� Di�erentiation

������ Setting f�x� � sin�cosx� � x	 we see that f��� � sin � and

f����� � ����� The intermediate value property implies that there

is an x� � ��� ���� such that f�x�� � �� Since f ��x� � � in ��� �����

there are no other zeros of f in this interval� In an entirely similar

manner one can show that there is a unique root in ��� ����	 say x��

of the equation cos�sinx� � x�

Moreover	 we have

x� � sin�cosx�� � cosx�� x� � cos�sinx�� � cosx��

Therefore x� � x��

�����
� Suppose	 contrary to our claim	 that there is x� � �a� b� such

that f�x�� �� �� Then the continuity of f implies that f�x� �� � for

x � ��� 
��We may assume	 for example	 that f�x� � � for x � ��� 
��

f��� � �� � � a� and f�
� � �� Then by the mean value theorem	

for � � � � 
 � ��

j ln f�
�� ln f��� ��j �
����f ����f���

���� �
 � �� �� 	 C�
 � �� ���

Letting �� ��� we obtain ��	 C�
 � ��� a contradiction�

������� Let � � p � q and let x be positive� It follows from the mean

value theorem that

ln
�
� � x

q

�
x
q

�
�

� � ��
�

�

� � ��
�

ln
�
� � x

p

�
� ln

�
� � x

q

�
x
p � x

q

�

                

                                                                                                               



���� Applications of Derivatives ���

where �� �
�
�� xq

�
� �� �

�
x
q �

x
p

�
� Hence

�
x

p
� x

q

	
ln

�
� �

x

q

	
�

x

q

�
ln

�
� �

x

p

	
� ln

�
� �

x

q

		
�

Consequently	
x

p
ln

�
� �

x

q

	
�

x

q
ln

�
� �

x

p

	
�

or in other words	

q ln

�
� �

x

q

	
� p ln

�
� �

x

p

	
�

������� The inequality ex � � � x� x � R� follows	 e�g�	 from the

mean value theorem� Indeed	 we have

ex � �

x
� e
 � � for x � ��

and
ex � �

x
� e
 � � for x � ��

If x � � we get the equality�

Let

An �
�

n

nX
k��

ak and Gn � n

vuut nY
k��

ak

denote the arithmetic and geometric mean of nonnegative numbers

a�� a�� � � � � an� If An �� �� then

e
ak
An

�� � ak
An

� � for k � �� �� � � � � n�

Thus

� � e� � e

nP
k��

� akAn���
�

nY
k��

e
ak
An

�� �
nY

k��

ak
An

�
Gn
n

An
n

�

which gives An � Gn� If An � �� then An � Gn � �� Since in

ex � � � x the equality is attained only for x � �� we see that

An � Gn if and only if a� � a� � � � � � an�

                

                                                                                                               



��� Solutions� �� Di�erentiation

������� If in the inequality et � �� t we replace t by x�z� we obtain

xez 	 ex � ez�z � �� for x� z � R�

So the desired result follows if we replace z by ln y�

������� By the mean value theorem	 there is a � ���� �� such that

jf ��a�j � jf���� f����j
�

	 jf���j� jf����j
�

	 ��

Similarly	 there is b � ��� �� such that jf ��b�j 	 �� Set F �x� � �f�x����

�f ��x���� The function F attains its maximum on 
a� b�� say	 at an

x�� Since F ��� � �� F �a� 	 �� and F �b� 	 �� x� is in the open

interval �a� b�� Then F ��x�� � �f ��x���f�x���f ���x��� � �� Note that

f ��x�� �� �� because f ��x�� � � would give F �x�� � f�x��
� 	 �� a

contradiction� Therefore f�x�� � f ���x�� � ��

�������

�a� The inequality to be proved is equivalent to

f�x� � �x� � �� arctanx� x � �� x � ��

Since f ��x� � �xarctanx���� � �� we see that f�x� � f��� � �

for x � ��

�b� By Taylor�s formula with the Lagrange form for the remainder	

��� � tanx � �x�
�

�
x	��

�
sin	 ��
cos� ��

�
�

�

sin ��
cos	 ��

	
x� � �x�

�

�
x	

and

��� sinhx � x�
x	

�
�

�

��

e�� � e���

�
x� � x�

x	

�
�

�

��

e
�
� � e

��
�

�
x��

We now show that e��� � �� To this end note that �see	 e�g�	 I	

������ ln���x� � �x
x�� for x � �� This implies that ln � � � ln � �

� ln�� � �� � �� Consequently	 � � e� � e���� It then follows that

e
�
� � e

��
�

�
�

e���

�
� ��

                

                                                                                                               



���� Applications of Derivatives ���

which combined with ��� and ��� gives

sinhx � x�
x	

�
�
x�

�
� �x�

�

�
x	�

because x� �
�x

	 � �

x

� � � for � � x � ��

�c� Set f�x� � lnx� x
e for x � �� x �� e� We have f ��x� � e�x

xe � Thus

f ��x� � � if � � x � e� and f ��x� � � if x � e� Consequently	

f�x� � f�e� � � if x �� e�

�d� For x � � the inequality to be proved is equivalent to

f�x� � �x lnx� x� � � � ��

Since f ��x� � � lnx � � � �x and f ���x� � �
x � � � �� we get

f ��x� � f ���� � �� and consequently	 f�x� � f��� � ��

For � � x � � the inequality to be proved is equivalent to f�x� �

�x lnx � x� � � � �� Since f ���x� � �
x � � � �� we get f ��x� �

f ���� � �� and therefore f�x� � f��� � ��

�����	�

�a� By �c� in the foregoing problem we get ln� � �
e � which means

that e� � �e�

�b� By �d� in the foregoing problem we see that
p
� ln

p
� � �

� � This

gives �
p
� � e�

�c� The inequality ln � � � is proved in the solution of �b� in the

foregoing problem�

�����
�

�a� The inequality to be proved is equivalent to

�
� �

b

x

	ln��� x
a �

� e
b
a �

Since ln�� � t� � t for t � ��

�
� �

b

x

	ln��� x
a �

�

�
� �

b

x

	 x
a

�


�
� �

b

x

	 x
b

� b
a

� e
b
a �

                

                                                                                                               



��� Solutions� �� Di�erentiation

�b� For positive integers m and n	 de�ne the function f by setting

f�x� �
�
� �

x

m

�m �
�� x

n

�n
� jxj � minfm�ng�

Then f ��x� � � if x � � and f ��x� � � if x � �� Therefore

f�x� � f��� � � for x �� �� jxj � minfm�ng� which implies the

desired result�

�c� Set f�x� � ln�
p
� � x� � ��� �

x � lnx� x � �� Then

f ��x� �
��� x��

p
� � x� � �� � x�

x��
p
� � x� � � � x��

�

Clearly	 f ��x� � � if � � x 	 �� If x � �� then

��� x��
p
� � x� � �� � x� � �

if and only if

x� � �x� ���
p
� � x� � ���

The last inequality is equivalent to

x�

x� �
� � �

p
� � x��

which can be proved by squaring both sides� So	 f ��x� � � for all

positive x� Moreover	 since

lim
x��

ln



� �

p
� � x�

x

�
� ��

we see that lim
x��

f�x� � �� Consequently	 f�x� � � for x � ��

�������

�a� Set

f�x� � ln�� � x�� xp
� � x

� x � ��

Then

f ��x� �
�
p
� � x� �� x

��� � x�
p
� � x

� ��

because
p
� � x � � � x

� � x � �� Thus f�x� � f��� � ��

                

                                                                                                               



���� Applications of Derivatives ���

�b� For x � � the inequality follows from �a�� Indeed	 it su�ces

to replace x by x � �� If x � ��� ��� then we apply the proved

inequality to �
x � ��

�������

�a� It su�ces to apply Taylor�s formula to f�x� � �� � x� ln�� � x��

�b� By Taylor�s formula	

ln�� � cosx� � ln �� x�

�
� sin �

�� � cos ���
� x

	

��
� ln �� x�

�
�

�����
�

�a� Set f�x� � ex � � � xex� We have f ��x� � �xex � �� Hence

f�x� � f��� � ��

�b� Setting f�x� � ex � �� x� x�ex� we get

f ��x� � ex � �� �xex � x�ex

� � � xex � �� �xex � x�ex � �xex�� � x� � ��

where the �rst inequality follows from �a��

�c� If f�x� � xe
x
� � ex � �� then

f ��x� � e
x
�

�
� �

x

�
� e

x
�

�
� ��

because ex � � � x for x � ��

�d� The inequality to be proved is equivalent to the easily veri�able

inequality

x � �� � x� ln�� � x��

�e� We will prove the equivalent inequality �x����ln���x�� ln �� 	
x ln x� To this end consider f�x� � �x����ln���x�� ln ���x lnx�
This function attains its global maximum at x � �� Therefore

f�x� 	 f��� � ��

������� Taking logarithms of both sides	 we rewrite the inequality to

be proved in the form �e�x� ln�e�x� � �e�x� ln�e�x�� Now consider

the function f de�ned by f�x� � �e� x� ln�e� x�� �e� x� ln�e� x��

We have f ���x� � � for x � ��� e�� Consequently	 f ��x� � f ���� � ��

which implies f�x� � f��� � ��

                

                                                                                                               



��� Solutions� �� Di�erentiation

������� Setting f�x� � ex�� � lnx� �x� �� we get

f ��x� � ex�� �
�

x
� ��

So for x � � we have f ���x� � ex�� � �
x� � �� because ex�� � � and

�
x� � ��

�������

�a� Set f�x� � �
	 tanx�

�
	 sinx� x� Then

f ��x� �
���� cosx��

�
cosx� �

�

�
� cos� x

� � for x �
�
��
�

�

�
�

This means that f is strictly increasing� So f�x� � f��� for

� � x � �
� �

�b� We de�ne f�x� � x� 	 sinx
��cosx � Then

f ��x� �
�cosx� ���

�� � cosx��
� ��

�c� Putting f�x� � sin xp
cosx

� x for � � x � �
� � we see that

f ��x� �
� � cos� x� �

p
cosx cosx

�
p
cosx cosx

�
��� cosx��

�
p
cosx cosx

� ��

������� Let f�x� � x� � �� � x��� Then f � vanishes only at x � �
� �

Moreover	 the function attains its global minimum value �
���� at this

point and its global maximum value � at the endpoints of 
�� ���

������� Dividing both sides by x�	 we see that it su�ces to prove

�� � t�� � � � t� for t � ��

If f�t� � ��� t��� �� t�� then f ��t� � �� Thus f�t� � f��� for t � ��

�����	� Consider the function

f�x� � �� � x�� � �� �x � ���� ��

�
x�� x � 
��� ���

                

                                                                                                               



���� Applications of Derivatives ���

We have f��� � �� f ���� � � and	 for x � ���� ���

f ���x� � ����� ���� � x���� �
���� ��

�

� ��������� �� �
���� ��

�

�
�

�
���� ����� ��� � ��

Consequently	 f � decreases on the interval ���� ��� Thus f ��x� � �

for x � ���� ��� and f ��x� � � for x � ��� ��� It then follows that f

attains its maximum at zero� Since f��� � �� we see that f�x� 	 �

for x � 
��� ���

�����
 
D�S� Mitrinovi�c	 J�E� Pe�cari�c	 Rendiconti del Circolo Mat� di

Palermo �� ������	 ��������� Consider the function

f�x� � �� � x�� � �� �x� ���� ��

�
�� �B����x�� x � 
��� B��

We have

f ��x� � ��� � x���� � �� ��� � ���� �B����x

and

f ���x� � ��� � ��
�
�� � x���� � �� � B����

�
�

�a� If � � � � � and x � ���� B�� then f ���x� � �� which means

that f � decreases� Thus � � f ���� � f ��x� if x � ���� ��� and
� � f ���� � f ��x� if x � ��� B�� Therefore f attains its maximum

at zero� Hence f�x� 	 f��� � � for x � 
��� B�� Finally	 since
�� �B�� � �� we see that

�� � x�� � �� �x � ��� � ��

��� �B��
x� 	 f�x� 	 f��� � ��

�b� As in �a�	 if � � � � � and x � 
��� B�� then f�x� � f��� � �	

and consequently	

�� � x�� � �� �x � ��� � ��

��� �B��
x� � f�x� � f��� � ��

                

                                                                                                               



��� Solutions� �� Di�erentiation

�������

�a� De�ne

f�x� �

� sinx
x if x � ��� �� � �

� if x � ��

We will show that f decreases on 
�� �� �� By the mean value the�

orem

f ��x� �
x cosx� sinx

x�
�

cosx� sinx
x

x
�

cosx� cos �

x
�

where � � � � x� This implies that f ��x� � � on ��� �� �� Since

f
�
�
�

�
� �

� � the desired inequality follows�

�b� The inequality to be proved can be written in the form

sinx � �

�
x� �

x	

�	
�

Set

f�x� � sinx� �

�
x� �

x	

�	
� I �

h
��
�

�

i
and J �

h�
�
�
�

�

i
�

We have f��� � f
�
�
�

�
� � and f

�
�
�

�
� �� Moreover	 f ����� � ��

f ��
�
�
�

�
� � and f ����x� � � for x � I� This implies that f �� 	 �

on I� which means that f is concave on I� Since f��� � � and

f
�
�
�

�
� �� we see that f�x� � � for x � I� Now we show that

f � is convex on J� Indeed	 since f �	�
�
�
�

�
� � and f ����x� � �

for x � ��� � �� � � we see that the third derivative is positive on J�

Moreover	 we have f �
�
�
�

�
� � and f �

�
�
�

�
� �� It then follows

that f ��x� 	 � for x � J� which together with f
�
�
�

�
� � gives

f � � on J�

������� Assume �rst that x � ��� �� �� Then
��x�

	
 � �x�� Hence the

inequality sin�x � �x���x�

	
 �see	 e�g�	 ������b�� shows that sin�x �

�x� ��x�

	
 � �x���x�� To prove the other inequality we consider the

function de�ned by f�x� � �x � �x� � sin�x� x � 
�� �� �� We have

f ��x� � �� �x� � cos�x and f ���x� � �� � �� sin�x� Thus

f ���x�� � � if and only if x� �
�

�
arcsin

�

��
�

                

                                                                                                               



���� Applications of Derivatives ���

and f ����� � ��� and f ��� �� � � �� � � � �� Hence f ���x� � � for

x � ��� x�� and f
���x� � � for x � �x��

�
� �� or in other words	 f � strictly

decreases on ��� x�� and strictly increases on �x��
�
� �� Moreover	 since

f ���� � ��� � � and f �� �� � � �� we see that f ��x� � � for x � �x��
�
� ��

so also f ��x�� � �� This implies that there is x� � ��� x�� such that

f ��x�� � �� It follows from the monotonicity of f � that f increases

on ��� x�� and decreases on �x��
�
� �� Since f��� � f� �� � � �� we get

f�x� � � if x � ��� �� �� So we have proved that the inequalities hold for

x � ��� �� �� It is easy to check that they also hold for x � �
� � Finally	

note that the inequalities are not changed if we replace x by � � x�

Therefore they are satis�ed for all x � ��� ���

�����
� De�ne f�x� � ex �
nP

k��

xk

k
 � x
n �e

x � ��� x � �� Then

f ��x� � ex �
nX

k��

xk��

�k � ���
� x

n
ex � �

n
ex �

�

n
�

and

f �l��x� � ex �
nX
k�l

xk�l

�k � l��
� x

n
ex � l

n
ex� l � �� �� � � � � n�

Moreover	 f �l���� � � l
n � �� l � �� �� � � � � n� and f ���� � �� and

f��� � �� Since f �n��x� � � for x � �� the derivative f �n��� strictly

decreases	 which implies that f �n����x� � f �n������ � �� This in turn

implies the monotonicity of f �n��� and f �n����x� � � for x � �� By

repeating the reasoning we obtain f�x� � f��� � �� x � �

������� Since f ��x� � �xn

n
 e
�x� we see that the derivative vanishes

only at zero� Moreover	 if n is even	 then f ��x� � � for x �� �� So in

this case f does not have any local extrema� On the other hand	 if n

is odd	 then f ��x� � � for x � � and f ��x� � � for x � �� So in the

case where n is odd	 f��� � � is a �global� maximum value of f �

������� The derivative f ��x� � �m � n�xm���� � x�n��
�

m
m�n � x

�
vanishes only at x� � � �if m � ��	 x� � � �if n � ��	 and at

x� � m
m�n � It is easy to verify that f�x�� �

mmnn

�m�n�m�n is the local

maximum value of f � Moreover	 if m is even	 then f�x�� � � is the
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local minimum value of f � On the other hand	 if m is odd	 any local

extremum of f does not occur at zero� Analogous analysis shows that

if n is even	 then f�x�� � � is a local minimum value	 and if n is odd

no local extremum of f occurs at x��

������� It follows from the result in the foregoing problem that the

maximum value mmnn

�m�n�m�n of f is attained at x satisfying the equation

sin� x �
m

m� n
�

������� For x �� �� �	

f ��x� �
�

�
�

�
	 � x

�
p
x���� x�

�

So f � vanishes at x � �
	 � Moreover	 f ��x� � � if x � ��� �	 � and

f ��x� � � if x � � �	 � ��� Thus f�
�
	 � �

�p�
	 is a local maximum value of

f � The function is not di
erentiable at � and at �� Since f�x� � �

for x � ��� �� and f�x� � � for x � �	 no local extremum of f

occurs at zero� But f��� � � is a local minimum value of f 	 because

f�x� � � � f��� for x � � and for x � ��� ���

������� We have f ��x� � arcsinx� Thus zero is the only critical point

of f � Since f��� � �� and f���� � f��� � �
� �

�
� is the global maximum

value and � is the global minimum value of f in 
��� ���
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�����	� For x � � the derivative f � is negative	 and consequently	

f�x� � f��� � 	
� � For x � ��� �� we have f �� �� � � �� f ��x� � � if

x � ��� �� �� and f ��x� � � if x � � �� � ��� Thus f�
�
� � �

�
	 is the local

minimum value of the function� For x � � the derivative f � is positive
and therefore 	

� � f��� � f�x��

So the global maximum value of f is f��� � f��� � 	
� � On the

other hand	 since lim
x�� f�x� � lim

x��� f�x� � � and f�x� � � for all

x � R� the greatest lower bound of f�R� is zero	 but the function is

not minimized over R�

�����
�

�a� The global maximum value of the function x �� xe�x� x � �� is

f��� � �
e � Therefore

�

n

nX
k��

ake
�ak 	 �

n
� n � �

e
�

�

e
�

�b� As in �a�	 it is enough to �nd the global maximum value of

x �� x�e�x� x � ��

�c� If one of the numbers ak is zero	 the inequality is obvious� So

suppose that all ak are positive� Then	 taking logarithms of both

sides	 we obtain the equivalent form of the inequality�

�

n

nX
k��

�
ln ak � ak

�

�
	 ln �� ��

Now it su�ces to �nd the global maximum value of

x �� lnx� x

�
� x � ��

������� We have

f ��x� �

�
�
x� e

� �
jxj
��p

� � sin �
x

�
sgnx� cos �

x

�
if x �� ��

� if x � ��

Since ����sin �

x
� cos

�

x

���� 	 p
��
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we see that f ��x� � � if x � �� and f ��x� 	 � if x � �� Therefore no

local extremum of f occurs at x �� �� Moreover	 � � f��� is a global

minimum value of f 	 because f�x� � f��� � � for x �� ��

������� Note �rst that f�x� � f��� � � for x �� �� Moreover	

f ��x� �
�
x�
�
�x� �x sin �

x � cos �
x

�
if x �� ��

� if x � ��

Consequently	 if n � Zn f�� �g	 then

f �
�

�

�n�

	
�

�

�n���

�
�

n�
� �

	
� ��

and if n � Zn f��g	 then

f �
�

�

��n� ���

	
�

�

��n� �����

�
�

��n� ���
� �

	
� ��

�����
� Observe that sinhx � � and tanhx � � for x � �� Thus the

inequality
sinhxp

sinh�x� cosh�x
� tanhx

can be rewritten in the following equivalent form�

�p
sinh�x� cosh�x

�
�

coshx
�

This inequality is obvious� The other inequalities can be proved by

standard arguments�

������� For � � a � b� set x � ln
q

b
a � Then

b� a

�
q

a��b�

�

�
b� a

b� a
� ln

r
b

a
�

b� a

�
p
ab

�
�

�
� b

� � a�

�ab
�

Dividing by b�a
� gives the desired inequalities�
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�������

�a� We have

lim
p��

�
xp � yp

�

	 �
p

� lim
p��

e
�
p
ln xp�yp

� � e
�
� lnxy �

p
xy�

because by l�Hospital�s rule	

lim
p��

�

p
ln
xp � yp

�
� lim

p��

�
ln xp�yp

�

��
p�

�
�

�
lnxy�

�b� For p �� �� set f�p� �

�
xp�yp

�

	��p

� It su�ces to show that

F �p� � ln f�p� �
�

p
ln
xp � yp

�

is a strictly increasing function� We have

F ��p� �
�

p�

�
p

xp � yp

�
xp lnx� yp ln y

�
� ln

xp � yp

�

	
�

Now let

G�p� �
p

xp � yp
�xp lnx� yp ln y�� ln

xp � yp

�
�

Then

G��p� �
p
h�
xp ln� x� yp ln� y

�
�xp � yp��

�
xp lnx� yp ln y

��i
�xp � yp��

�

Our aim is to show that�
xp ln� x� yp ln� y

�
�xp � yp��

�
xp lnx� yp ln y

��
� ��

Applying the Cauchy inequality

�x�y� � x�y��
� 	 �x�� � x����y

�
� � y���

with

x� � x
p

� � x� � y
p

� � y� � x
p

� lnx� y� � y
p

� ln y�
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we obtain�
x
p

� � x p

� lnx� y
p

� � y p

� ln y
��

	 �xp � yp�
�
xp ln� x� yp ln� y

�
�

Hence

�xp lnx� yp ln y�
� 	 �xp � yp�

�
xp ln� x� yp ln� y

�
�

This means that G��p� � � for p � �� Consequently	 in this case

we get G�p� � p�F ��p� � G��� � �� If p � �� then G��p� � ��

and so G�p� � p�F ��p� � G���� Summing up	 we see that the

function p �� f�p� is strictly increasing on each of the intervals

���� �� and ������ It then follows by the de�nition of M��x� y�

�see ������� that f is strictly increasing on R�

������� For 
 � �� de�ne

f�
� �
xn � yn � 
 ��x� y�n � xn � yn�

� � 
��n � ��
�

Using the inequality

�x� y�n 	 �n���xn � yn��

one can show that f ��
� 	 �� So f is decreasing on 
����� Since

f��� � �x � y�n��n� the right inequality follows� To prove the left

inequality it is enough to show that lim
���

f�
� � �
p
xy�n� By the

arithmetic�geometric mean inequality	

lim
���

f�
� �
�x� y�n � xn � yn

�n � �

�

�
n
�

�
xyn�� �

�
n
�

�
x�yn�� � � � �� � n

n��

�
xn��y

�n � �

� �n��

q
�xyn����

n

���x�yn����
n

�� � � � �xn��y��
n

n��� � �
p
xy�n�

where the last equality follows from the identity�
n

�

	
� �

�
n

�

	
� � � �� �n� ��

�
n

n� �

	
� n��n�� � ���

which in turn can be proved using the fact that

k

�
n

k

	
� n

�
n� �

k � �

	
� k � ��

                

                                                                                                               



���� Applications of Derivatives ���

�������

�a� Set f�x� � sin�tanx�� x for x � ��� �� � � Then
f��� � � and f ��x� � cos�tanx�

�

cos� x
� ��

and therefore	

f ��x� � � if and only if cos�tanx� � cos� x�

Note now that cos�tanx� � � � tan� x
� �see	 e�g�	 ������a��� So it

su�ces to show that � � tan� x
� � cos� x for x � ��� �� � � The last

inequality can be rewritten in the form

� cos� x� � cos� x� � 	 ��

which is clearly satis�ed for all x � ��� �� � �
�b� For x � ��� �	 � � de�ne f�x� � tan�sinx� � x� Then

f��� � � and f ��x� �
cosx

cos��sinx�
� ��

Consequently	 f ��x� � � if and only if

cosx � cos��sinx� �
� � cos�� sinx�

�
�

So it su�ces to prove the last inequality� To this end note that	

by ������c�	

� � cos�� sinx� 	 �� � sin� x�
�

�
sin� x 	 � cosx�

To see that the last inequality holds for x � �
�� �	

�
� standard

arguments can be used�

������� De�ne f�x� � �
sin� x � �

x� � Then for x � ��� ���� we have

f ��x� � � if and only if
�

x	
�

cosx

sin	 x
�

or in other words	 if and only if

sinx
�
p
cosx

� x � ��
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Now	 if we put

g�x� �
sinx
�
p
cosx

� x�

then

g��x� � �cosx�
�
� �

�

�
�cosx��

�
� sin� x� �

and

g���x� �
�

�
�cosx��

	
� sin	 x�

Since g���x� � � for x � ��� ����� we see that g��x� � g���� � ��

Consequently	 g�x� � g��� � � for x � ��� ����� This in turn implies

that f increases on that interval	 and so f�x� 	 f
�
�
�

�
� �� �

�� �

�����	� It is enough to observe that

�
arctanx� �x

� � �
p
� � x�

	�
�

�p
� � x� � �

��
�� � x��

�
� � �

p
� � x�

�� � ��

�����
� If ak � bk for all k� then the assertion is clear� So assume

that ak �� bk for at least one k	 and put

f�x� �

nY
k��

�xak � ��� x�bk� and g�x� � ln f�x� �

Then

g��x��
nX

k��

ak � bk
xak � ��� x�bk

and g���x���
nX

k��

�
ak � bk

xak � ��� x�bk

	�

�

Since g���x� � �� the function g �so also f� attains its maximum over


�� �� at one of the endpoints if and only if g���� and g���� have the

same sign	 that is	 if g����g���� � �� The last inequality means that



nX

k��

ak � bk
ak

�

nX

k��

ak � bk
bk

�
� � �
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������� By ������a� and �c�	

�� x�

�
	 cosx 	 �� x�

�
�
x�

��
� x � R�

Consequently	 to prove our inequality it is enough to show that

�� x�

�
�
x�

��
� �� y�

�
�
y�

��
	 � � �� x�y�

�
�

or equivalently	

x� � y� � ��x�y� � ���x� � y�� 	 � for x� � y� 	 ��

The last inequality can be written in polar coordinates r� � as follows�

��� r��� � � sin� ��� 	 �� for r� 	 � and � � 
�� ����

Since

r��� � � sin� ��� 	 �� � ���

we see that ��� is true�

������� The inequality is obvious if x � � or y � �� So assume that

x� y � ��� �� and write y � tx� In view of the symmetry	 it is enough

to consider the case where � � t 	 �� We have

xy � yx � xtx � �tx�x � �xx�
t
� txxx�

Since the function x �� xx attains its minimum value e���e � a

at �
e and since tx � t� we see that xy � yx � at � ta� Moreover	

F �t� � at � ta� t � R� has only one local minimum t� � � � e � ��

and F is strictly increasing on �k����� and F ��� � �� It then follows

that xy � yx � ��

�����
� For � � x � �� the inequality to be proved can be rewritten

in the form

�� �xn � xn�� � ��� xn� n
p
�� xn�

or
�� xn

�� x
�

�� ��� xn�

�� n
p
�� xn

�

Since the function t �� ��tn
��t is strictly increasing on ��� ��� it is enough

to show that x � n
p
�� xn� or equivalently	 � � x � �

n
p
�
� Finally	 note

that
�
� � �

n

�n
� � for n � �� which means that �

n
p
�
� n

n�� �
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������� For � � x � �� consider the function

g�x� �
f�x�

x
� �� x�

�
�
x	

��
sin

�

x
�

Since g��x� � � for � � x � �� we see that g is strictly increasing on

��� ��� Therefore g�y�z� � g�y� and g�y�z� � g�z�� and consequently	

yg�y � z� � zg�y � z� � yg�y� � zg�z��

which means that f�y � z� � f�y� � f�z��

������� We start with the well�known binomial formula

��� �x � y�n �

nX
k��

�
n

k

	
xkyn�k�

Di
erentiating ��� with respect to x and multiplying the resulting

equality by x	 we get

��� nx�x � y�n�� �

nX
k��

k

�
n

k

	
xkyn�k�

Now di
erentiating ��� twice and multiplying the result by x�� we get

��� n�n� ��x��x� y�n�� �

nX
k��

k�k � ��

�
n

k

	
xkyn�k�

If in ���	 ��� and ��� we replace y by �� x� we obtain

� �

nX
k��

�
n

k

	
xk��� x�n�k �

nx �

nX
k��

k

�
n

k

	
xk��� x�n�k �

and

n�n� ��x� �

nX
k��

k�k � ��

�
n

k

	
xk��� x�n�k �

It then follows that
nX

k��

�k � nx��
�
n

k

	
xk��� x�n�k � nx��� x� 	 n

�
�
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������� By assumption the equation f�x� � � has a unique zero	 say

�� in 
a� b��

Suppose	 for example	 that f ��x� � � and f ���x� � � for x � 
a� b�� So

we set x� � a� By Taylor�s formula with the Lagrange form for the

remainder	

� � f��� � f�xn� � f ��xn��� � xn� �
�

�
f ���cn��� � xn�

��

where cn is an element of the open interval with the endpoints xn� ��

By the de�nition of fxng�

� � xn�� � � f ���cn�
�f ��xn�

�� � xn�
� � ��

So fxng is bounded above by �� Consequently	 f�xn� � �� Hence

� � xn�� � � � xn �
f�xn�

f ��xn�
� � � xn�

which means that fxng is a strictly increasing sequence� Thus it con�

verges	 and lim
n��

xn � �� The other cases can be proved analogously�
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������� Clearly	 m and M are positive� It follows from the solution

of the foregoing problem that

� � f��� � f�xn� � f ��xn��� � xn� �
�

�
f ���cn��� � xn�

��

where � is a unique root of the equation f�x� � � in 
a� b�� and cn is

an element of the open interval with the endpoints xn� �� Hence

jxn�� � �j �
����xn � � � f�xn�

f ��xn�

���� � jf ���cn�j
�jf ��xn�j �� � xn�

� 	 M

�m
�� � xn�

��

������� We will show that supf��x � ��
�
x � x � �g � �� De�ne

f�x� � ��x � ��
�
x � x � �� Clearly	 f��� � � and f�x� � f

�
�
x

�
�

Therefore it su�ces to show that if x � �� then f�x� � �� or in other

words	

���
�

�
�
x

� �� �

�x
for x � ��

By ������a� we get �
�� �

�x

	x

� �� x

�x
�

Now we show that

��� �� x

�x
� �

�
for x � ��

To this end we write ��� in the form g�x� � �x�� � x � � and note

that g is strictly increasing on 
����� and g��� � �� So	 inequality

��� is proved for x � �� Thus f�x� � � for x � �� Our task is now to

prove that f�x� � � for x � ��� ��� To this end we de�ne the function

h by

h�x� � ln f�x� � ln
�
�x � �

�
x

�
�
�
x�

�

x

	
ln ��

Since

h��x� � ln �
�� �

x � �
x� �

x

�x � �
�
x

�

it follows that h��x� � � if and only if �x���� ln � � �x lnx� To prove

the last inequality	 consider

k�x� � �x� � �� ln �� �x lnx� x � ��� ���
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Then k��x� � �x ln � � � lnx � � and k���x� � ��ln � � ��x�� Thus

k���x� � � if x � ��� �� ln ��� and k���x� � � if x � ��� ln �� ��� Since

k���� � k���� � �� we get k��x� � � for all x � ��� ��� This means that

k decreases on this interval� that is	 k�x� � k��� � �� So h��x� � � if

x � ��� ��� and therefore h�x� � h��� � �� or f�x� � � for x � ��� ���

Thus we conclude that the inequality ��� holds for all x in ������

�����	 
��� The proof is based on Baire�s category theorem� For

n � N� de�ne An � fx � 
�� �� � f �n��x� � �g� By assumption	 
�� ��

is a union of An� So	 by Baire�s theorem not every An is nowhere

dense� Therefore there are a closed interval I and an n such that

I � An� Since f �n� is continuous	 we have f �n��x� � � for x � I�

and consequently	 f coincides on I with a polynomial� If I � 
�� ���

the proof is complete� If not	 we can repeat the reasoning on the

remaining intervals of 
�� ��� Continuing this procedure	 we get a

collection of intervals whose union is dense in 
�� ��� Moreover	 f

coincides on each of these intervals with a polynomial� Our task is

now to show that f coincides with the same polynomial in all the

intervals� To this end	 consider the set B which is left when we

remove the interiors of the intervals in the collection� Clearly	 B is

closed� Moreover	 if B is not empty	 then each element of B is also

a limit point of B� Indeed	 if an x� � B were not a limit point

of B� then x� would be a common endpoint of two intervals	 say

I� and I�	 such that f �n���x� � � for x � I� and f �n���x� � � for

x � I�� Thus f �n��x� � � for x � I� 
 I� and n � maxfn�� n�g�
Since f �n� is continuous	 f would coincide with one polynomial on

the union of I� and I�	 and consequently	 x� would not belong to B�

A contradiction� Since B is closed	 if it is not empty we can apply

Baire�s theorem again� So there is An such that An � B is dense

in B � J� where J is an interval� This implies that f �n� vanishes

on B � J� On the other hand	 there is a subinterval K of J which

is complementary to B� Therefore there is an integer m such that

f �m��x� � � for x � K� If m 	 n	 then f �n��x� � � for x � K� If

m � n	 then f �n����x� � f �n����x� � � � � � f �m��x� � � � � � � for

x � B�J� because each point ofB is also its limit point� In particular	

f �n����x� � f �n����x� � � � � � f �m��x� � � � � � � at the endpoints of
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K	 say a and b� So	 for each x � K we have

� �

Z x

a

f �m��t�dt � f �m����x�� f �m����a� � f �m����x��

Repeating the process	 we get f �n��x� � � for x � K also in the case

wherem � n� Of course	 this reasoning applies to every subintervalK

of J which is complementary toB� It then follows that f �n��x� � � for

x � J	 and consequently	 there are no points ofB in J� a contradiction�

Thus B is empty	 which means that I � 
�� �� was the only interval

to begin with�

�����
� Let

f�x� �

�
� if x � 
�� ������
x� �

�

��
if x � ����� ���

Then f ��x� � � for x � 
�� ���� and f �	��x� � � for x � ����� ���

The following example shows that the conclusion of ������ is not

true if lim
n��

f �n��x� � � for each x � 
�� ���

f�x� � sin
x

�
� x � 
�� ���

���� Strong Di	erentiability and Schwarz

Di	erentiability

��	��� It su�ces to set x� � a in De�nition �� The converse does not

hold �see	 e�g�	 ��������

��	�� 
M� Esser	 O� Shisha	 Amer� Math� Monthly �� ������	 ����

����� Let � � � be arbitrarily chosen and let � � � be such that

B � fx � jx� aj � � g � A

and if x�� x� � B	 x� �� x�	 then����f�x��� f�x��

x� � x�
� f��a�

���� � ��
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Now if x � A� �that is	 if f ��x� exists� and if jx� aj � �
� 	 then for all

x� such that jx� � xj � �
� �����f�x��� f�x�

x� � x
� f��a�

���� � ��

Letting x� � x gives jf ��x� � f��a�j 	 �� So	 lim
x�a
x�A�

f ��x� � f��a� �

f ��a�� Since A� � A�� it then follows that

lim
x�a
x�A�

f��x� � f��a� � f ��a��

��	�� 
M� Esser	 O� Shisha	 Amer� Math� Monthly �� ������	 ����

����� Since f � is continuous at a	 the mean value theorem yields

lim
�x��x����a�a�

x� ��x�

f�x��� f�x��

x� � x�
� lim

�x��x����a�a�
x� ��x�

f ��x�� ��x��x��� � f ��a��

��	�� 
M� Esser	 O� Shisha	 Amer� Math� Monthly �� ������	 ����

����� No� Consider the function f de�ned on the interval ���� ��
by

f�x� �

Z x

�

g�t�dt�

where

g�t� �

����
���

� if t � ���� �� 

�S
k��

h
�

�k�� �
�
�k

�
�

t if t �
�S
k��

h
�
�k �

�
�k��

�
�

Then f is continuous on ���� ��� and

lim
�x��x��������

x� ��x�

f�x��� f�x��

x� � x�
� lim

�x��x��������
x� ��x�

�

x� � x�

Z x�

x�

g�t�dt � ��

The last equality follows from the fact that

� 	
Z x�

x�

g�t�dt 	 x�� � x��
�

for x� � x��

So	 f is strongly di
erentiable at zero� On the other hand	 f � does
not exist at �

n � n � �� �� �� � � � �
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��	��� The result follows immediately from ����� and ������

��	�	 
C�L� Belna	 M�J� Evans	 P�D� Humke	 Amer� Math� Monthly

�� ������	 ��������� Note �rst that f � is in the �rst class of Baire	

because

f ��x� � lim
n��

f
�
x� �

n

�� f�x�
�
n

�

Therefore the set of points of discontinuity of f � is of the �rst category
�see	 e�g�	 �������� So	 the assertion follows from the result in ������

��	�
� Let � be a real number such that f�a� � � � f�b�	 and

denote c � inffx � �a� b� � f�x� � �g� Clearly	 c �� a and c �� b� By

the de�nition of the greatest lower bound	 f�x� 	 � for x � 
a� c��

and there exists a positive sequence fhng converging to zero such that
f�c� hn� � �� Since f is Schwarz di
erentiable at c	

fs�c� � lim
n��

f�c� hn�� f�c� hn�

�hn
� ��

It is worth noting here that in much the same way one can show that

if f�a� � f�b�� then there is c � �a� b� such that fs�c� 	 ��

��	�� 
C�E� Aull	 Amer� Math� Monthly �� ������	 ��������� If f is

identically zero on 
a� b�	 then the statement is obvious� So assume

that there is c � �a� b� such that	 for example	 f�c� � �� Then it

follows from the foregoing result that there are x� and x� such that

a � x� � c � x� � b� fs�x�� � �� and fs�x�� 	 ��

��	�� 
C�E� Aull	 Amer� Math� Monthly �� ������	 ��������� It is

easy to see that the auxiliary function

F �x� � f�x�� f�a�� f�b�� f�a�

b� a
�x� a�

satis�es the assumptions of the foregoing problem�

��	��
 
C�E� Aull	 Amer� Math� Monthly �� ������	 ��������� Since

fs is bounded on �a� b�	 there is M � � such that jfs�x�j 	M for all

x � �a� b�� It follows from the result in the foregoing problem that

�M 	 f�x�� f�t�

x� t
	M if x� t � �a� b�� x �� t�
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Consequently	 jf�x�� f�t�j 	M jx� tj�

��	��� 
C�E� Aull	 Amer� Math� Monthly �� ������	 ��������� By

�����	 there are x� and x� between x and x�h �x� x�h � �a� b�� such

that

fs�x�� 	 f�x� h�� f�x�

h
	 fs�x���

On the other hand	 by the continuity of fs there is x	 between x and

x � h such that fs�x	� �
f�x�h��f�x�

h � Upon letting h � �	 we get

fs�x� � f ��x��

��	���� If x� z are in I and x � z� then by ����� there is x� � �x� z�

such that
f�z�� f�x�

z � x
� fs�x�� � ��

��	���� As above	 it su�ces to apply the result given in ������

��	���� No� Consider	 for example	 the function f given by f�x� �

x � �jxj� x � ���� ��� It is easy to check that fs��� � � and f��� is

the maximum value of f on ���� ���

��	��� 
C� Belna	 M� Evans	 P� Humke	 Amer� Math� Monthly

�� ������	 ��������� It su�ces to show that there is a residual set

on which the �rst equality holds	 because the second equality can

be obtained by replacing f by �f in the �rst one� By de�nition	

Dsf�x� � D�f�x�� Our task is to show that the set

A�f� � fx � Dsf�x� � D�f�x�g
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is of the �rst category� Observe that A�f� is a countable union of the

sets

A�f� �� � fx � Dsf�x� � � � D�f�x�g� � � Q�
So	 it is su�cient to show that each of these sets is of the �rst category�

Since A�f� �� � A�g� ��� where g�x� � f�x���x� it is enough to show
that A�f� �� is of the �rst category� To this end	 note that

A�f� �� �

��
n��

An�f� ��

�

��
n��

��
x � f�x� h� 	 f�x� h� for � � h �

�

n

�
�A�f� ��

	
�

Thus it su�ces to show that all the sets An�f� �� are of the �rst

category� Suppose	 contrary to our claim	 that there is n � N such

that An�f� �� is of the second category� Then there is an open interval

I such that An�f� �� is also of the second category on every open

subinterval of I� Assume additionally that the length of I is less than
�
n and that a� b � I with a � b� Let S � R be a residual set such

that fjS is continuous	 and choose c � S � �a� b�� Let � � � be chosen

arbitrarily� Then there is an open subinterval J of the interval �a� b�

such that c � J and

��� f�x� � f�c�� � for x � S � J�
Now let K be an open subinterval of �a� b� such that �K � �K� b �

fy � y � �x� b� x � Kg � J� Since the set

Sn �

�
x � f�x� h� 	 f�x� h� for � � h �

�

n

�

is of the second category on K and S is residual on �K� we see that

the set ��Sn� b�� �S� �K� is of the second category	 hence nonempty�

We can pick an �x � S � �K such that �x�b
� � Sn� Consequently	 taking

h � b��x
� �clearly	 � � h � ��n�	 we see that f��x� 	 f�b�� Moreover	

��� implies that f�c�� � � f��x�� In view of the arbitrariness of � � �	

we get f�c� 	 f�b�� In an entirely similar manner one can show that

f�a� 	 f�c�� So we have proved that f increases on I� Consequently	

D�f�x� � � for x � I� Thus A�f� �� � I � �� a contradiction�
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��	��	� The result follows immediately from the foregoing problem�

Note that this is a generalization of ������

��	��
 
J� Swetits	 Amer� Math� Monthly �� ������	 ����������� We

may assume that f is locally bounded on 
x�� x�� and x��x� � � � ��

Let x� be the midpoint of 
x�� x��� Then there is M � � such that

jf�x�j 	M for x � 
x�� x��� Choose h	 � � h � �
� � such that

jf�x� � h�j � � �M � jfs�x��j�
Then ����f�x� � h�� f�x� � h�

�h
� fs�x��

����
�
����f�x� � h�� f�x� � h�

�h

����� jfs�x��j
� jf�x� � h�j � jf�x� � h�j � jfs�x��j
� jf�x� � h�j �M � jfs�x��j � ��

So	 f is not uniformly Schwarz di
erentiable on 
a� b��

��	���� One can use the result in ����� and proceed as in the solution

of �������

��	���� Consider the function de�ned as follows�

f�x� �

�
� if x � R n f�g�
� if x � ��

Then fs is identically zero on R	 so continuous	 but f is not uniformly

Schwarz di
erentiable on any interval containing zero�

��	��
 
J� Swetits	 Amer� Math� Monthly �� ������	 ����������� As�

sume �rst that f is uniformly Schwarz di
erentiable on every 
a� b� �
I� Let x� � �a� b� and let �� � � be such that 
x����� x����� � �a� b��

Put I� � �x� � ��� x� � ���� Since f is locally bounded on I� there is

M � � such that

jf�x�j 	M for x � I��
Let � � � be such that����f�x� h�� f�x� h�

�h
� fs�x�

���� � �
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for jhj � � and x � 
a� b�� Then	 for x � I� �
�
x� � ��

� � x� �
��
�

�
and

jh�j � minf�� ����g�

jfs�x�j � � �

����f�x� h��� f�x� h��

�h�

���� � � �
�M

�jh�j �

Thus fs is locally bounded on I� We now show that f is continuous

on I� Suppose	 contrary to our claim	 that f is discontinuous at an

x� � 
a� b� � I� Then there is � � � such that for every � � � there is

x� � 
a� b� � �x� � �� x� � �� for which jf�x��� f�x��j � �� Since fs is

locally bounded	 there is M� � � such that jfs�x�j 	M� for x in the

interval with endpoints x� and x�� Consequently	����f�x��� f�x��

x� � x�
� fs

�
x� � x�

�

	���� � �

jx� � x�j �M��

which contradicts uniform Schwarz di
erentiability of f on 
a� b�� So

we have shown that f is continuous on I� and	 by the result in ������	

so is fs� This combined with ������ shows that f � exists and is contin�

uous on I� Su�ciency follows immediately from the result in �������

                

                                                                                                               



Chapter �

Sequences and Series of
Functions

���� Sequences of Functions� Uniform

Convergence

������ Suppose �rst that fn �
B

f� Then� given � � �� there is n� such

that

jfn�x�� f�x�j � �

for all n � n� and all x � B� Hence� for n � n��

dn � supfjfn�x�� f�x�j � x � Bg � ��

and consequently� lim
n��

dn � ��

Suppose now that lim
n��

dn � �� Then

jfn�x� � f�x�j � supfjfn�x� � f�x�j � x � Bg � �

for su	ciently large n and for all x � B� which means that ffng is

uniformly convergent on B to f�

������ Given � � �� we get

jfn�x� � f�x�j � �



and jgn�x� � g�x�j � �




��
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for n large enough and for all x � A� Thus

jfn�x� � gn�x�� �f�x� � g�x��j � jfn�x� � f�x�j� jgn�x�� g�x�j � �

for n large enough and for all x � A�

To see that the analogous assertion does not hold for the product

of two uniformly convergent sequences� consider the following func�

tions�

fn�x� � x

�
�� �

n

�
and gn�x� �

�

x�
� x � ��� ���

We have fn �
�����

f and gn �
�����

g� where f�x� � x and g�x� � �
x� � On

the other hand�

fn�x�gn�x� �
�

x

�
�� �

n

�
�

So ffngng is pointwise convergent on ��� �� to the function x �� �
x �

Since

dn � sup

�����fn�x�gn�x� � �

x

���� � x � ��� ��

�
� ��� n � N�

the convergence is not uniform�

������ Note �rst that if fgng converges uniformly on A to a bounded

function g� then there is C � � such that for su	ciently large n�

jgn�x�j � C for all x � A�

Given � � �� by the uniform convergence of ffng and fgng� we get

jfn�x� � f�x�j � �


C
and jgn�x� � g�x�j � �


M

for su	ciently large n and for all x � A� Hence� for su	ciently large

n and for all x � A�

jfn�x� 	 gn�x�� f�x� 	 g�x�j
� jfn�x� � f�x�jjgn�x�j� jgn�x�� g�x�jjf�x�j � ��
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������ It follows from the Cauchy criterion for convergence of se�

quences of real numbers that ffng is pointwise convergent on A� say�

to f � Our task is now to show that the convergence is uniform� Let

� � � be arbitrarily chosen� By assumption� there is n� such that if

n�m � n�� then

jfn�x� � fm�x�j � �



�

for every x � A� By the continuity of the absolute value function we

get

lim
m�� jfn�x� � fm�x�j � jfn�x� � f�x�j � �



� � �

for every x � A and for all n � n��

������ Let ffng be a sequence of bounded functions uniformly con�

vergent on A to f� Then� given � � �� there is n� � N such that

jf�x�j � jfn��x�� f�x�j� jfn��x�j � �� jfn��x�j

for all x � A� Since fn� is bounded on A� so is f�

The limit function of a pointwise convergent sequence of bounded

functions need not be bounded� To see this take� for example�

fn�x� � min

�
�

x
� n

�
� x � ��� ��� n � N�

The sequence ffng converges to the unbounded function x �� ��x�

x � ��� ���
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����	� For x � R� lim
n��

fn�x� � �� The convergence is not uniform on

R because d�n � ��� Clearly� the subsequence ff�n��g is uniformly

convergent on R�

����
� The proof runs as in ������

������

�a� We have

�

� � �nx� ���
��
n��

f�x��

where

f�x� �

�
� for x � ��� ���
�
� for x � ��

Since the limit function is not continuous� the convergence is not

uniform �see� e�g�� ��
�����

�b� We have

x�

x� � �nx� ���
��
n��

�

and dn � supfjfn�x�� �j � x � ��� ��g � fn
�
�
n

�
� �� By ����� the

convergence is not uniform�

�c� Since

xn��� x� ��
n��

�

and dn � supfjfn�x� � �j � x � ��� ��g � fn

�
n

n��

	
� nn

�n���n�� �

we see that ffng converges uniformly on ��� ���

�d� The convergence is not uniform because

dn �
nn��

�n� ��n��
��
n��

�

e
�

�e� Since dn � f
�

n
n��

	
��
n��

�� the convergence is uniform�

�f� The sequence is uniformly convergent because

dn � supfjfn�x� � xj � x � ��� ��g � �� fn��� �
�

n� �
��
n�� ��
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�

�g� The sequence is pointwise convergent to

f�x� �

�
� for x � ��� ���
�
� for x � ��

So the limit function is not continuous and therefore the conver�

gence is not uniform �see� e�g�� ��
�����

������

�a� One can easily see that fn�x� ��
n��

� and dn � �
� � Thus the

convergence is not uniform on A� On the other hand�

supfjfn�x�j � x � Bg �
�

�p



�n�
��

�
�p



�n�
� n � 
�

and therefore the sequence converges uniformly on B�

�b� The sequence converges uniformly on R to the zero function� and

so it also converges uniformly on each subset of R�

�����
�

�a� Since dn � arctan �p
n�
� ffng converges uniformly on R to zero�

�b� fn�x� ��
n��

x�� and since fn�
p
n��n � n�ln 
���� the convergence

cannot be uniform on R�

�c� We have fn�x� ��
n��

�
x � The sequence cannot converge uniformly

on ������ because fn
�
�
n

�� n � n�ln 
� ���

�d� fn�x� ��
n��

f�x�� where

f�x� �

�
� if jxj � ��

jxj if jxj � ��

Set un � �n
p
� � x�n� Then� for x � ��

�n
p
� � x�n � x � un � x �

u�nn � x�n

u�n��
n � u�n��

n x� 	 	 	� x�n��

�
�

u�n��
n � u�n��

n x� 	 	 	� x�n��
� �


n
�

It then follows that

dn � sup
x�����	

jfn�x��f�x�j� sup
x������

jfn�x��f�x�j � �n
p

���

�


n
�
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which shows that ffng converges uniformly on R�

�e� As in �d�� one can show that the sequence is uniformly convergent

on R to

f�x� �

�

 if jxj � 
�

jxj if jxj � 
�

�f� We have

dn � sup
x�R

jpn� � sinn x cosxj �
�r

n

n� �

�n
��
n��

�p
e
�

Thus the convergence cannot be uniform on R�

�g� The sequence is pointwise convergent to lnx �see� e�g�� I� 
������

By Taylor�s formula�

dn � sup
x����a	

jn� npx� ��� lnxj � sup
x����a	

���n�e �
n lnx � �

	
� lnx

���
� sup

x����a	

����n
�
� �

�

n
lnx� ln� x


n�
e�n � �

�
� lnx

���� � ln� a


n
a

�
n �

because � � �n � lna
n � Consequently� lim

n��
dn � �� which shows

that fn �
���a	

f� where f�x� � lnx�

������� We have �nf�x�� � nf�x� � pn�x�� where � � pn�x� � ��

Hence

sup
x��a�b	

jfn�x�� f�x�j � sup
x��a�b	

����pn�x�n

���� � �

n
�

and therefore fn �
�a�b	

f�

������� Since

sin
p
�	�n� � x� � sin




	n

r
� �

x�

�	�n�
� 
n	 � 
n	

�

� sin 
n	


r
� �

x�

�	�n�
� �

�

� sin
x�p

�n�	� � x� � 
n	
�
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�

we see that lim
n��n sin

p
�	�n� � x� � x�

�� � Moreover� if x � ��� a��

then� using the fact that sinx � x� x�


� � we get����n sinp�	�n� � x� � x�

�	

���� � a�

�	

�

�� 
q

� � a�

���n� � �

�
A�

n

��

a�

�n
	

�

This establishes the uniform convergence of the sequence on ��� a��

For x � R� by the inequality j sinxj � jxj� we obtain����n sinp�	�n� � x� � x�

�	

���� � x�

�	

�

�� 
q

� � x�

���n� � �

�
A �

which shows that the convergence cannot be uniform on R�

������� First we show� by induction� that for any positive integer n�

� � p
x� Pn�x� � 


p
x


 � n
p
x
�




n
� x � ��� ���

For n � � the inequalities are obvious� Now� assuming the inequalities

hold for n� we will prove them for n��� It follows from the induction

assumption that

� � p
x� Pn�x� �

p
x�

Hence� by the de�nition of Pn���

p
x� Pn���x� � �

p
x� Pn�x��

�
�� �



�
p
x� Pn�x��

�
�

Thus
p
x� Pn���x� � �� Moreover�

p
x� Pn���x� � 


p
x


 � n
p
x

�
��

p
x




�

� 

p
x


 � n
p
x

�
��

p
x


 � �n� ��
p
x

�

�


p
x


 � �n� ��
p
x
�

Since jxj �
p
x�� it follows from the proved inequalities that the

sequence of polynomials fPn�x��g converges uniformly on ���� �� to
the absolute value function jxj�
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������� By the mean value theorem������f
�
x� �

n

�� f�x�
�
n

� f ��x�

����� � jf ���n�� f ��x�j�

where �n �
�
x� x� �

n

�
� Since the derivative f � is uniformly continuous

on R� given � � � there is an n� such that if n � n�� then

jf ���n�� f ��x�j � � for all x � R�
Thus the uniform convergence on R is proved�

Consider f�x� � x
� x � R� Then

dn � sup
x�R

�����f
�
x� �

n

�� f�x�
�
n

� f ��x�

����� � sup
x�R

�����x �n �
�

n�

���� � ���

which shows that the convergence is not uniform� So we see that the

assumption of the uniform continuity of f � is essential�

������� Let � � � be arbitrarily chosen� It follows from the uniform

convergence of the sequence on R that there is an n� � N such that

jfn��x�� f�x�j � �

�
for all x � R�

Now the uniform continuity of fn� implies that there exists 
 � �

such that jfn��x�� fn��x
��j � �


 whenever jx�x�j � 
� Consequently�

jf�x��f�x��j � jfn��x��f�x�j�jfn��x��fn��x��j�jfn��x���f�x��j � �

whenever jx� x�j � 
�

�����	� Set gn�x� � fn�x�� f�x� for x � K� We will show that fgng
converges to zero uniformly on K� Let � � � be arbitrarily chosen�

Since fgng is pointwise convergent to zero on K� for x � K there is

nx such that

� � gnx�x� �
�



�

It follows from the continuity of gnx and from the monotonicity of the

sequence fgng that there is a neighborhood O�x� of x such that

��� � � gn�t� � � for n � nx and t � O�x��
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�

Since K is compact� there are �nitely many points x�� � � � � xn � K

such that K 
 O�x�� �O�x�� � 	 	 	 �O�xn�� Now if

n� � max fnx� � nx� � � � � � nxng �

then ��� holds for all n � n� and all x � K�

To see that the compactness of K is essential� consider

fn�x� �
�

� � nx
� x � ��� ��� n � �� 
� � � � �

Then dn � sup
x������

jfn�x� � f�x�j � �� and therefore the convergence

is not uniform�

The continuity of the limit function is also essential� Indeed� the

sequence

fn�x� � xn� x � ��� ��� n � N�
fails to converge uniformly on ��� ���

The assumption of continuity of fn cannot be omitted� as the

following example shows� The functions

fn�x� �

�
� if x � � or �

n � x � ��

� if � � x � �
n

are not continuous� They form a monotonic sequence pointwise con�

vergent to zero on ��� ��� but the convergence is not uniform�
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Finally� the functions de�ned by

fn�x� �

���
��


n�x for � � x � �
�n �

n� 
n�
�
x� �

�n

�
for �

�n � x � �
n �

� for �
n � x � �

are continuous and form a sequence which is pointwise convergent

to the zero function on ��� ��� Note that the sequence ffng is not

monotonic and the convergence is not uniform�

�����
� Let ffng be a sequence of continuous functions uniformly

convergent on a compact set K to the limit function f� Let � � � be

given� Choose n� such that �see ����
�

jfn�x� � fn��x�j �
�

�
for n � n� and all x � K�

Next� since each function fn is uniformly continuous on K� one can

choose 
 � � such that if x� x� � K and jx� x�j � 
� then

��� jfk�x� � fk�x
��j � �

�
for � � k � n��

Therefore we get

jfn�x�� fn�x
��j � jfn�x�� fn��x�j� jfn��x� � fn��x

��j
� jfn��x��� fn�x

��j � �

for jx � x�j � 
 and n � n�� This together with ��� proves the

equicontinuity of the sequence ffng on K�
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������� Let ffnkg be a subsequence of ffng� and fxng a sequence of
elements of A converging to x � A� We de�ne the sequence fymg by
setting

ym �

��������
�������

x� for � � m � n��

x� for n� � m � n��

� � � �

xk for nk�� � m � nk�

� � � �

Then the sequence fymg converges to x� so lim
m�� fm�ym� � f�x��

Thus lim
k��

fnk�ynk � � lim
k��

fnk�xk� � f�x��

������� Note �rst that if ffng converges continuously onA to f� then

ffng converges pointwise to the same limit function� To see this� it

is enough to consider constant sequences all of whose terms are equal

to an element of A� Let x � A be arbitrarily chosen and let fxng
be a sequence of elements in A converging to x� Given � � �� the

pointwise convergence of the sequence implies that there is n� �which

can depend on x�� such that

jfn��x��� f�x��j � �



�

Similarly� there is n� �which can depend on x��� n� � n�� such that

jfn��x��� f�x��j � �



�

Continuing the process� we get the sequence fnkg such that

jfnk�xk�� f�xk�j � �



� k � N�

Moreover� by the result in the foregoing problem�

jfnk�xk�� f�x�j � �



� k � k��

Consequently� jf�xk��f�x�j � jfnk�xk��f�xk�j�jfnk�xk��f�x�j � �

for k � k��

                

                                                                                                               



�
� Solutions� �� Sequences and Series of Functions

�����
� Let fxng be a sequence of elements inA converging to x � A�

Let � � � be given� It follows from the uniform convergence of ffng
that

jf�xn�� fn�xn�j � sup
y�A

jf�y�� fn�y�j � �



for n � n��

Since f is continuous�

jf�xn�� f�x�j � �



for n � n��

Hence if n � maxfn�� n�g� we have
jfn�xn�� f�x�j � jfn�xn�� f�xn�j� jf�xn�� f�x�j � ��

The converse of the statement just proved is not true� as the following

example shows� Let A � ��� �� and fn�x� � xn� It is easy to see

that ffng fails to converge uniformly to zero on ��� ��� But ffng does
converge continuously on ��� ��� Indeed� if fxng is a sequence of points
in ��� �� converging to x � ��� ��� then there is � � a � � such that

xn � a� Therefore lim
n��

fn�xn� � ��

������� The implication �i� �� �ii� has been proved in the foregoing

problem� Our task is to prove �ii� �� �i�� We know �see �������

that the limit function f is continuous on K� Suppose� contrary to

our claim� that ffng fails to converge uniformly onK� Then there are

�� � �� a sequence fnkg of positive integers� and a sequence fxkg of

elements in K such that

jfnk�xk�� f�xk�j � ���

Since K is compact� we can assume without loss of generality that

fxkg converges� say� to x � K� On the other hand� by �������

jfnk�xk�� f�x�j � ��
�

for k � k��

Moreover� the continuity of f implies that

jf�xk�� f�x�j � ��
�

for k � k��

Thus� for su	ciently large k�

�� � jfnk�xk�� f�xk�j � jfnk�xk�� f�x�j� jf�x�� f�xk�j � 


�
���
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�

a contradiction�

������� Assume� for example� that the functions fn are increasing

on �a� b�� Evidently� f is uniformly continuous on �a� b�� Let � � � be

given� By the uniform continuity of f there is 
 � � such that

jf�x�� f�x��j � �




whenever jx� x�j � 
� x� x� � �a� b�� Now choose a � x� � x� � x� �

	 	 	 � xk � b so that jxi � xi��j � 
� i � �� 
� � � � � k� Since

lim
n��

fn�xi� � f�xi�� i � �� 
� � � � � k�

there exists n� such that� if n � n�� then

��� jfn�xi�� f�xi�j � �



� i � �� 
� � � � � k�

Clearly� for an x � �a� b� there is an i such that xi�� � x � xi� Now

the monotonicity of fn and ��� imply

f�xi���� �



� fn�xi��� � fn�x� � fn�xi� � f�xi� �

�




for n � n�� Since f must be increasing� we have f�xi��� � f�x� �
f�xi�� which combined with the uniform continuity of f yields

�� � f�xi���� f�xi�� �



� fn�x�� f�x� � f�xi�� f�xi��� �

�



� ��

Thus the uniform convergence of ffng on �a� b� is proved�

������� We will �rst show that there is a subsequence ffnkg conver�
gent on the set of all rationals Q� Since Q is countable� we can write

Q � fr�� r�� � � � g� The sequence ffn�r��g is bounded� so it contains a

convergent subsequence ffn���r��g� Next� since ffn���r��g is bounded�
there exists a convergent subsequence ffn���r��g� Clearly� ffn���r��g
is also convergent� Repeating the process� we obtain the sequence of

sequences ffn��g� ffn��g� � � � with the following properties�


 ffn�k��g is a subsequence of ffn�kg for k � �� 
� � � � �


 the sequence ffn�k�ri�g is convergent for k � N and i �

�� 
� � � � � k�
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So the diagonal sequence ffn�ng is convergent on Q� In this way we

have constructed the subsequence ffnkg pointwise convergent on Q�

say� to f� Clearly� f is increasing on Q� Now we extend f to R by

setting

f�x� � supff�r� � r � Q� r � xg�
The extended function f is also increasing on R� Now we show that if

f is continuous at x� then lim
k��

fnk�x� � f�x�� To this end� consider

two sequences of rationals fpng and fqng converging to x and such

that pn � x � qn� The monotonicity of fnk implies that fnk �pn� �
fnk�x� � fnk�qn�� Now� letting k ��� we get

f�pn� � lim inf
k��

fnk�x� � lim sup
k��

fnk�x� � f�qn��

Next� upon passage to the limit as n � � �see� e� g�� �������� we

obtain

f�x�� � lim inf
k��

fnk�x� � lim sup
k��

fnk�x� � f�x���

It then follows that f�x� � lim
k��

fnk�x� at each point x of conti�

nuity of f� We know that the set D of points of discontinuity of a

monotonic function is countable �see� e� g�� ��
�
��� Thus we have

f�x� � lim
k��

fnk�x� on the set R n D� and since ffnkg is bounded

on the countable set D� we can use the diagonal method again to

choose a subsequence of ffnkg pointwise convergent on D� Clearly�

this subsequence is convergent on all of R�

������� If K is a compact subset of R� then there is a closed interval

�a� b� such that K 
 �a� b�� Clearly� f is uniformly continuous on �a� b��

By the result in ����

 ffnkg converges uniformly on �a� b�� and so it

also converges uniformly on K�

The following example shows that ffnkg may fail to converge

uniformly on R� Put

fn�x� �

�
�

	

�
arctanx�

	




	�n
� x � R�

Each fn is strictly increasing on R� and � � fn�x� � �� The sequence

ffng is pointwise convergent to f�x� � �� However� the convergence

is not uniform�
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������� We �rst show that if fPng is a sequence of polynomials con�

vergent uniformly on R� then� beginning with some value of the index

n� all Pn are of the same degree� Indeed� if this were not true� then

for every k � N there would exist nk � k such that the degree of Pk
would di�er from the degree of Pnk � Consequently�

sup
x�R

jPnk �x�� Pk�x�j � ���

contrary to the Cauchy criterion for uniform convergence �see� e�g��

����
�� Hence there is n� � N such that if n � n�� then

Pn�x� � an�px
p � an�p��x

p�� � 	 	 	� an��x� an���

By the Cauchy criterion for uniform convergence again� we see that

if n � n�� then the coe	cients an�i� i � �� 
� � � � � p� are constant �in�

dependent of n�� that is�

Pn�x� � apx
p � ap��x

p�� � 	 	 	� a�x� an���

Clearly� such a sequence of polynomials converges uniformly on R to

the polynomial

P �x� � apx
p � ap��x

p�� � 	 	 	� a�x� a��

where a� � lim
n��

an���

�����	� Clearly� �i� �� �ii�� We now show that �ii� �� �iii��

Indeed�

���

an�� � an��c� � 	 	 	� an�pc
p
� � Pn�c���

an�� � an��c� � 	 	 	� an�pc
p
� � Pn�c���

� � � �

an�� � an��cp � 	 	 	� an�pc
p
p � Pn�cp��

Since the so�called Vandermonde determinant

det

���������
� c� c�� � � � cp�
� c� c�� � � � cp�
���

���
��� � � �

���

� cp c�p � � � cpp

���������
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is di�erent from zero� the system of linear equations ��� has a unique

solution and an�i� i � �� �� 
� � � � � p� can be determined using Cramer�s

rule� Consequently� �ii� implies the convergence of each sequence

fan�ig� i � �� �� 
� � � � � p� The implication �iii� �� �i� is easy to prove�

�����
� Since ffng is equicontinuous� given � � � one can choose


 � � such that for all n � N
��� jfn�x�� fn�y�j � �

�

whenever jx� yj � 
� x� y � K� Letting n��� we get

�
� jf�x�� f�y�j � �

�
�

�Note that this shows that f is uniformly continuous on K�� As K

is compact� there are �nitely many open intervals �xi � 
� xi � 
��

i � �� 
� � � � � k� where xi � K� which cover the set K� By pointwise

convergence of ffng� there is n� such that if n � n�� then

��� jfn�xi�� f�xi�j � �

�
� i � �� 
� � � � � k�

Clearly� for x � K there is an i such that jx � xij � 
� Thus by ����

�
� and ���� if n � n�� then

jfn�x��f�x�j � jfn�x��fn�xi�j� jfn�xi��f�xi�j� jf�xi��f�x�j � ��

������� Observe that ffng is equicontinuous on �a� b�� Indeed� by the

mean value theorem�

jfn�x� � fn�y�j � jf �n���jjx � yj �M jx� yj
for all x� y � �a� b� and n � N� Now the desired result follows from the

foregoing problem�

�������

�a� Since jfn�x�j � �p
n
� the sequence is uniformly convergent on R�

We have f �n�x� �
p
n cosnx� Hence lim

n��
f �n��� � lim

n��
p
n � ���

Moreover� if x �� �� then the limit lim
n�� f �n�x� does not exist�

Indeed� if lim
n��

f �n�x� � l� then for su	ciently large n we would get
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j cosnxj � �
� � Thus j cos 
nxj � ��
 cos� nx � �

� � a contradiction�

So we see that ff �ng does not converge at any point�

�b� Since jfn�x�j � �
�n � the sequence converges uniformly on ���� ���

On the other hand�

lim
n��

f �n�x� � lim
n��

�� n�x�

�� � n�x���
�

�
� for x � ��

� for x �� ��

The pointwise limit of ff �ng is discontinuous at zero� and therefore
the convergence cannot be uniform�

�����
� Assume �rst that lim
x�x�

f�x� � l� Let � � � be given� Then

there is 
 � � such that if � � jx � x�j � 
� then jf�x� � lj � �
� � The

uniform convergence of ffng on A implies

jfn�x�� f�x�j � �



for n � n�� x � A�

Hence

jfn�x�� lj � �

whenever � � jx � x�j � 
 and n � n�� Since lim
x�x�

fn�x� exists�

this implies that lim
n��

lim
x�x�

fn�x� � l�

Assume now that lim
n��

lim
x�x�

fn�x� � l� Set lim
x�x�

fn�x� � gn�x���

So we have lim
n��

gn�x�� � l� Let � � � be given� By the uniform

convergence of ffng there is n� such that n � n� implies

��� jfn�x�� f�x�j � �

�
� x � A�

By the above there is n� such that if n � n�� then

�
� jgn�x��� lj � �

�
�

Fix n� � maxfn�� n�g� Since lim
x�x�

fn��x� � gn��x��� we have

��� jfn��x� � gn��x��j �
�

�

if jx� x�j � 
n� � By ���� �
� and ���� we see that lim
x�x�

f�x� � l�

The equality lim
n��

lim
x��

fn�x� � lim
x��

f�x� can be established in

much the same way�
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������� Let � � � be given� Choose n� such that if n�m � n�� then

��� jfn�x��� fm�x��j � �




and

�
� jf �n�t�� f �m�t�j �
�


�b� a�
� t � �a� b��

This combined with the mean value theorem applied to the function

fn � fm gives

��� jfn�x� � fm�x� � fn�t� � fm�t�j � �jx� tj

�b� a�

� �




for n�m � n� and x� t � �a� b�� Now� by ��� and ����

jfn�x� � fm�x�j � jfn�x� � fm�x�� fn�x�� � fm�x��j
� jfn�x��� fm�x��j � ��

Thus the Cauchy criterion for uniform convergence is satis�ed �see�

e�g�� ����
�� Let x � �a� b� be arbitrarily chosen� De�ne the functions

h and hn by

h�t� �
f�t�� f�x�

t� x
� hn�t� �

fn�t�� fn�x�

t� x
� t � �a� b�� t �� x�

Then lim
t�x

hn�t� � f �n�x�� n � �� 
� � � � � By ����

jhn�t�� hm�t�j � �


�b� a�
� n�m � n��

which means that fhng is uniformly convergent �evidently to h� on

�a� b� n fxg� Applying the result in the foregoing problem to the se�

quence fhng and the set �a� b� n fxg� we get lim
n��

f �n�x� � lim
t�x

h�t� �

f ��x��

������� The equality

� � �x� ��� x��n �

nX
k
�

�
n

k

�
xk��� x�n�k

gives

f�x� �
nX

k
�

f�x�

�
n

k

�
xk��� x�n�k �
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Consequently�

��� jBn�f� x� � f�x�j �
nX

k
�

����f
�
k

n

�
� f�x�

����
�
n

k

�
xk��� x�n�k �

By the uniform continuity of f on ��� ��� given � � � there is 
 � �

such that

jf�x�� f�x��j � �

whenever jx�x�j � 
� x� x� � ��� ��� Clearly� there is M � � such that

jf�x�j � M for x � ��� ��� Let x be arbitrarily chosen in ��� ��� Then

the set f�� �� 
� � � � � ng can be decomposed into the two sets

A �

�
k �

����kn � x

���� � 


�
and B �

�
k �

����kn � x

���� � 


�
�

If k � A� then ����f
�
k

n

�
� f�x�

���� � ��

and so

�
�
X
k�A

����f
�
k

n

�
� f�x�

���� � �
X
k�A

�
n

k

�
xk��� x�n�k � ��

If k � B� then

�k � nx��

n�
�
� ��

and by the inequality given in 
����
 we get

X
k�B

����f
�
k

n

�
� f�x�

����
�
n

k

�
xk��� x�n�k

� 
M

n�
�

X
k�B

�k � nx��
�
n

k

�
xk��� x�n�k � M


n
�
�

This combined with ��� and �
� yields

jBn�f� x� � f�x�j � ��
M


n
�
� x � ��� ���
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������� If �a� b� � ��� ��� then we take P �x� � Bn�f� x�� If �a� b� ��
��� ��� then we can apply the result in the foregoing problem to the

function g�y� � f�a� y�b� a��� y � ��� ��� So� given � � �� there is a

Bernstein�s polynomial Bn�g� y� such that

jg�y��Bn�g� y�j � �� y � ��� ���

Putting x � a� y�b� a�� we obtain����f�x��Bn

�
g�
x� a

b� a

����� � ��

���� Series of Functions� Uniform Convergence

������

�a� If x � ���� ��� then lim
n��

�
��xn �� �� So the series diverges by

the nth term test for divergence� If jxj � �� then jxjn � 
 for

su	ciently large n� Hence���� �

� � xn

���� � �

jxjn � �
� 


jxjn �

and by the comparison test the series converges�

�b� Clearly� the series converges if x � �� If x �� �� then

xn

� � xn
�

�

� � �
xn

�

Therefore by �a� the series converges for �� � x � ��

�c� If x � �� the series diverges� If x �� �� then


n � xn

� � �nxn
�

�
�

x

�n
� �


n

� � �

nxn

�

So the nth term of the series converges to zero if and only if�� �

x

�� � �� that is� if jxj � �

 � The comparison test shows that the

series converges if x � �����
��� � �
������

�d� We have

xn��

��� xn���� xn���
�

�

x��� x�

�
�

�� xn
� �

�� xn��

�
�
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Hence

SN �x� �
NX
n
�

xn��

��� xn���� xn���

�
�

x��� x�

�
�

�� x
� �

�� xN��

�
�

Consequently�

lim
N��

SN �x� �

�
�

���x�� if jxj � ��

�
x���x�� if jxj � ��

So the series converges on R n f��� �g�
�e� We have

x�
n��

�� x�n
�

�

�� x�n�� �
�

�� x�n
�

Hence

lim
N��

SN �x� �

�
x

��x if jxj � ��

�
��x if jxj � ��

So the series converges on R n f��� �g�
�f� If x � �� then the series diverges by the nth term test for diver�

gence� For x � �� by the Cauchy condensation test �see� e�g�� I�

��
�
�� the given series converges if and only if
�P
n
�

nx

�n�x��� does�

The root test shows that the latter converges if x � � and di�

verges if x � �� If x � �� then the series diverges� Summing up�

we see that the domain of convergence is ������

�g� Since xlnn � nlnx� the series converges if lnx � �� and diverges

if lnx � ��� Thus the domain of convergence is
�
�� �e

�
�

�h� We have

sin�
�

	
p
n� � x�

	
� sin�

�


n	

x�

n�q
� � x�

n� � �

�
A � 	�x�

n�
�

The comparison test shows that the series converges for all x�
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������

�a� Since arctanx� arctan �
x � �

� for x � �� we see that

	



� arctan�n��� � x��� � arctan

�

n��� � x��
�

�

n��� � x��
� �

n�
�

By the M�test of Weierstrass �dominated convergence test� the

series is uniformly convergent on R�

�b� For x � �
����

ln�� � nx�

nxn
� �

xn��
� �


n��
�

and consequently� the uniform convergence of the series follows

from the M�test of Weierstrass�

�c� Since supfn�x�e�n�jxj � x � Rg � �
n�e� � the M�test of Weierstrass

shows that the series converges uniformly on R�

�d� The series converges pointwise to

S�x� �

�
� if x � ���� �� n f�g�
� if x � ��

Since S fails to be continuous� the convergence cannot be uniform

on ���� ���
�e� Note that

sup
����jxj��

���� n�p
n�
�xn � x�n�

���� � n�p
n�
�
n � 
n� �

n�p
n�

n���

Since
�P
n
�

n�p
n�

n�� converges� for example by the ratio test� the

M�test of Weierstrass shows that the series converges uniformly

on A�

�f� The series does not converge uniformly on A because the Cauchy

criterion for uniform convergence fails to hold� Indeed� if � �
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�

nx � �

� � then

jSn�m�x�� Sn�x�j � 
n�� sin
�

�n��x
� 	 	 	� 
n�m sin

�

�n�mx

� 
n�� 


	

�

�n��x
� 	 	 	� 
n�m




	

�

�n�mx

� 
n�� 


	�n��x
�

Putting x � �

n � we obtain����Sn�m

�
�

�n

�
� Sn

�
�

�n

����� � 
n��

�	
� 



�	
�

�g� The uniform convergence of the series follows from the M�test of

Weierstrass� We have

ln

�
� �

x�

n ln� n

�
� x�

n ln� n
�

a�

n ln� n
�

and the Cauchy condensation test shows that
�P
n
�

a�

n ln� n
con�

verges�

������ Let S�x� �
�P
n
�

fn�x� and Sn�x� �
nP

k
�

fk�x�� Then

supfS�x�� Sn�x� � x � ��� ��g � ���n� ���

which shows that the series converges uniformly on ��� ��� Since

supffn�x� � x � ��� ��g � ��n� the M�test of Weierstrass fails�

������ We have

Sn�x� �

nX
k
�

x

��k � ��x� ���kx� ��

�

nX
k
�

�
�

�k � ��x� �
� �

kx� �

�
� �� �

nx� �
�

Hence

f�x� � lim
n��

Sn�x� �

�
� if x � ��

� if x � ��

Clearly� f is not continuous at zero�
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������

�a� The series converges absolutely on R� since

�X
n
�

����xn sin�nx�n�

���� � �X
n
�

jxjn
n�

� ejxj�

Clearly� the convergence is uniform on each bounded interval� So

the continuity of the sum follows from the result in ��
����

�b� Since

�X
n
�

jxjn� �
�X
n
�

jxjn �
�

�� jxj �

the series converges absolutely on ���� ��� Moreover� the convergence

is uniform on each compact subset of ���� ��� Thus the sum is con�

tinuous on ���� ���
�c� The series converges absolutely for ���
 � x � ��
� and� as in

�a�� one can show that its sum is continuous on ����
� ��
��
�d� The series converges absolutely for ��e� � � x � e� �� and its

sum is continuous on ���e� �� e� ���

����	� Clearly� the series converges for x � �� Using� for example�

the result in I� ��
���� we see that the series converges if � � jxj � ��

If jxj � �� the series diverges� Reasoning similar to that used in the

solution of the preceding problem shows that the sum is continuous

on the domain of convergence�

����
� Note �rst that the series

�X
n
�

sin�n�x�

n�

is uniformly convergent on R� so its sum �S is continuous on R� More�

over� if Sn�x� �
x sin�k�x�

k� � then lim
n��

Sn�x� � x �S�x�� Consequently�

the sum of the given series is also continuous on R�
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������ Suppose that
�P
n
�

fn�x� converges uniformly on A to S� This

means that

dn � sup
x�A

jSn�x�� S�x�j ��
n��

��

where Sn�x� �
nP

k
�

fk�x�� Since f is bounded� we also have

d�n � sup
x�A

jf�x�Sn�x�� f�x�S�x�j ��
n��

��

To see that boundedness of f is essential� take A � ��� ��� f�x� � �
x �

and fn�x� �
�

�n�� � Then the series
�P
n
�

fn�x� converges uniformly on

A� but
�P
n
�

�
xfn�x� fails to converge uniformly on A� because

sup
x�����	

�����
�X

k
n��

�

x
fk�x�

����� � sup
x�����	




x
n
� ���

It is easy to see that if �
f is bounded on A� then the converse

holds�

������ For x � A the series
�P
n
�

����nfn�x� converges by the Leibniz

theorem� Moreover� by the result in I� �������

sup
x�A

jrn�x�j � sup
x�A

�����
�X

k
n��

����k��fk�x�

����� � sup
x�A

fn���x� �

This combined with condition ��� proves the uniform convergence of

the given series on A�

�����
� The three series �a�� �b� and �c� satisfy the assumptions of

the assertion in the foregoing problem�

������� By the Cauchy inequality�

sup
x�A

�����
n�mX
k
n

ckfk�x�

����� �


n�mX
k
n

c�k

����

sup
x�A



n�mX
k
n

f�k �x�

����

�

So it su	ces to apply the Cauchy criterion for uniform convergence�
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�������

�a� A �
�
�
� �

�
�

�
and B �

�
�
� �

�
�

�
� The series converges uniformly on�

�
� �

�



�
� because

sup
x�� �� � �� �

�����
�X

k
n��

�

k

k��x� ��k

����� � sup
x�� �� � �� �

j�x� 
jn��

n� �
�

�

n� �
�

�b� A �
����� �

�

�
and B �

����� �
�

�
� The series converges uni�

formly on ��
����� because

sup
x�������	

�����
�X

k
n��

�

k

�
x� �

x

�k����� �
�X

k
n��

�

k
k
�

������� Summation by parts gives

Sn�x� �

nX
k
�

fk�x�gk�x� �

n��X
k
�

Gk�x��fk�x� � fk���x�� �Gn�x�fn�x��

This together with assumption ��� implies

jSn�m�x� � Sn�x�j

�

�����
n�m��X
k
n

Gk�x��fk�x� � fk���x���Gn�m�x�fn�m�x��Gn�x�fn�x�

�����
�M



n�m��X
k
n

jfk�x� � fk���x�j � jfn�m�x�j� jfn�x�j
�
�

Now let � � � be given� Then it follows from ��� and �
� that� for

m � N and for su	ciently large n�

sup
x�A

jSn�m�x� � Sn�x�j

�M sup
x�A



n�m��X
k
n

jfk�x� � fk���x�j � jfn�m�x�j� jfn�x�j
�
� ��

Thus the Cauchy criterion for uniform convergence can be applied to
�P
n
�

fn�x�gn�x�
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To prove the Dirichlet test for uniform convergence� note that the

monotonicity and the uniform convergence to zero of ffn�x�g imply

��� and �
�� Moreover� since the sequence of partial sums of
�P
n
�

gn�x�

is uniformly bounded on A� we see that condition ��� is also satis�ed�

Consequently� the series
�P
n
�

fn�x�gn�x� converges uniformly on A�

������� The Dirichlet test for uniform convergence will be applied�

�a� Take

fn�x� �
�

n
and gn�x� � ����n��xn�

�b� Here we take

fn�x� �
�

n
and gn�x� � sin�nx�

and note that �����
nX

k
�

sin�kx�

����� � �

sin x
�

� �

sin �
�

�

�c� Since




�����
nX

k
�

sin �k�x� sin �kx�

����� �
�����
nX

k
�

�cos �k�k � ��x�� cos �k�k � ��x��

�����
� j�� cos �n�n� ��x�j � 


and f �
n�x� g is decreasing and uniformly convergent to zero� the

Dirichlet test shows that the series converges uniformly on R�

�d� We have

���

�X
n
�

sin�nx� arctan�nx�

n

�

�X
n
�



sin�nx�

�
arctan�nx�� �

�

�
n

�
�
� sin�nx�

n

�
�

Since
�P
n
�

�
� sin�nx�

n converges uniformly on �
� 
	 � 
� �see �b���

the sequence of its partial sums is uniformly bounded� Moreover�
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the sequence farctan�nx� � 	�
g is increasing and satis�es the

Cauchy criterion for uniform convergence on �
� 
	 � 
�� because

arctan��m� n�x� � arctan�nx� � arctan
mx

� � �m� n�nx�

� arctan
mx

�m� n�nx�

� arctan
�

n

�

So farctan�nx� � 	�
g converges uniformly to zero� It then fol�

lows� by ���� that the given series converges uniformly on A�

�e� We have

�X
n
�

����n�� �

nx
�

�X
n
�

����n�� �

nx�
a
�

�

n
a
�
�

Since
�P
n
�

����n�� �

n
a
�
converges� the sequence of its partial sums

is bounded� Moreover� the sequence
n

�

nx�
a
�

o
decreases and con�

verges uniformly to zero on �a����

�f� Note that for x � �����������
nX

k
�

����k�� �

ekx

����� �
�������

����n

enx

ex � �

����� � ��

Moreover� the sequence
n

�p
n�x�

o
decreases and converges uni�

formly to zero on ������

������� Summation by parts yields

Sn�x� �

nX
k
�

fk�x�gk�x� �

n��X
k
�

Gk�x��fk�x� � fk���x�� �Gn�x�fn�x��

where Gn�x� �
nP

k
�

gk�x�� Since f� is bounded on A� condition �
�

implies that there is M � � such that jfn�x�j �M for all x � A and
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all n � N� Since fGng converges uniformly on A� say� to G� we obtain

Sn�m�x�� Sn�x�

�

n�m��X
k
n

Gk�x��fk�x� � fk���x�� �Gn�m�x�fn�m�x� �Gn�x�fn�x�

�

n�m��X
k
n

�fk�x� � fk���x���Gk�x��G�x��

� �Gn�m�x��G�x��fn�m�x�� �Gn�x��G�x��fn�x��

This combined with �
� and the uniform boundedness of ffn�x�g
shows that fSng satis�es the Cauchy criterion for uniform conver�

gence�

To prove the Abel test for uniform convergence� it su	ces to note

that the monotonicity and the uniform boundedness of ffng imply the

pointwise convergence to a bounded function� and so conditions ���

and �
� are satis�ed�

�����	�

�a� The sequence farctan�nx�g satis�es conditions ���� and �
�� in

the Abel test for uniform convergence� Moreover�
�P
n
�

����n��

n�x�

converges uniformly on R �see ��
����a���

�b� The Abel test for uniform convergence can be applied� because

the series
�X
n
�

����n��

p
n� cosx

is uniformly convergent on A �see ��
����c�� and the sequence

fcos xng is bounded and monotonic for n � �R
� �

�c� The series
�X
n
�

�����
p
n	

n

converges �see� e�g�� I� ������ and the sequence f
p
np

n�x
g is mono�

tonic and bounded on ������ Thus the Abel test for uniform

convergence can be applied�
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�����
� The result follows immediately from �������

������� To prove �a� and �b�� one can use the results in ��
���� ��
��
�

and in I� �����
�a��

�c� Since
�X
n
�

�xn � xn��� �

�
x for x � ��� ���

� for x � ��

we get

lim
x���

�X
n
�

�xn � xn��� � ��

�d� Note �rst that
�P
n
�

�
�nnx is uniformly convergent on ������ by the

M�test of Weierstrass� Thus� by the foregoing problem�

lim
x���

�X
n
�

�


nnx
�

�X
n
�

�


n
� ��

�e� Since

sup
x�R

x�

� � n�x�
�

�

n�
�

the series
�P
n
�

x�

��n�x� converges uniformly on R� Now using the

result in ������ we obtain

lim
x��

�X
n
�

x�

� � n�x�
�

�X
n
�

�

n�
�

	�

�
�

������� Observe �rst that
�P
n
�

anx
n converges uniformly on ��� ���

This follows immediately from the Abel test for uniform convergence

stated in ��
���� with fn�x� � xn and gn�x� � an� Now by ��
��
 we

see that the limit is
�P
n
�

an�

�����
� Since the fn are continuous on ��� ��� we see that

sup
x������

n�mX
k
n

fk�x� � sup
x�����	

n�mX
k
n

fk�x��
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Thus by the Cauchy criterion� the uniform convergence of
�P
n
�

fn�x�

on ��� �� implies the uniform convergence of
�P
n
�

fn�x� on ��� ���

������� A � ������ The convergence is not uniform� Indeed� if

the series were uniformly convergent on A� then by the result in the

foregoing problem it would converge for x � �� a contradiction�

������� Note that

rn�x� �

�X
k
n��

fk�x� � f�x�� Sn�x��

where Sn�x� denotes the nth partial sum of
�P
n
�

fn�x�� By assumption�

the sequence frn�x�g is monotonic and convergent to zero at each

�xed x in �a� b�� Hence the Dini theorem �see� e�g�� ������� implies

the uniform convergence of frn�x�g� and consequently� the uniform

convergence of the series on �a� b��

������� No� Consider
�X
n
�

����n��� x�xn� A � ��� ���

By the result stated in ��
�� this series converges uniformly on A� On

the other hand� the sum of the series
�P
n
�

��� x�xn is

S�x� �

�
� for x � ��� ���

� for x � ��

Since S is not continuous� the convergence cannot be uniform�

������� Since the fn are monotonic on �a� b��

jrn�x�j �
�����

�X
k
n��

fk�x�

����� �
�X

k
n��

jfk�x�j �
�X

k
n��

maxfjfk�a�j� jfk�b�jg�

This shows that if the series converges absolutely at the endpoints of

the interval �a� b�� then it converges absolutely and uniformly on the

whole �a� b��
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������� Let A be a bounded set disjoint with the elements of fang�
Since

�P
n
�

�
janj converges� we have lim

n��
janj � ��� Consequently� one

can choose n� such that if n � n�� then jx�anj � � for x � A� Hence�

for su	ciently large n�

�

jx� anj �
�

janj 	
���� xan � �

��� �
�

janj 	
�

�� M
janj

�

where M � sup
x�A

jxj� Finally� observe that if
�P
n
�

�
janj converges� then

�P
n
�

�
�
janj 	 �

�� M
janj

�
also converges�

�����	� Write
�X
n
�

an
nx

�

�X
n
�

an
nx�

	 �

nx�x�

and apply the Abel test for uniform convergence �see� e�g�� ��
�����

�����
� It has been shown in the solution of ��
�
 that the given

series converges to a continuous function on R� We now show that

the convergence is not uniform on R�

Observe �rst that if n� is odd� then the sum

�X
n
n�

sin�n�x�

n�

is di�erent from zero at each xk �
�
� � 
k	� k � N� Moreover�

���

�X
n
n�

sin�n�xk�

n�
�

�X
l
�

sin�n��
�
� �

�n� � 
l��
�

If the series
�P
n
�

x sin�n�x�
n� were convergent to f uniformly on R� then�

given � � �� there would exist an odd n� such that�����f�x��
n���X
n
�

x
sin�n�x�

n�

����� � � for all x � R�

                

                                                                                                               



���� Series of Functions� Uniform Convergence ���

In particular� we would get�����f�xk�xk
�

n���X
n
�

sin�n� �� �

n�

����� � �
�
� � 
k	

�

and consequently�

lim
k��

f�xk�

xk
�

n���X
n
�

sin�n� �� �

n�
�

On the other hand� by ����

f�xk�

xk
�

�X
n
�

sin�n�xk�

n�
�

n���X
n
�

sin�n� �� �

n�
� sin

�
n��

	




	 �X
l
�

�

�n� � 
l��
�

contrary to

sin
�
n��

	




	 �X
l
�

�

�n� � 
l��
�� ��

������� The assertion follows immediately from the result in �������

������� By the M�test of Weierstrass the series
�P
n
�

�
n��x� converges

uniformly on R� Moreover� since�����
�

�

n� � x�

������� �
���� �
x
�n� � x���

���� � �

n

�

�P
n
�

�
�

n��x�

	�
also converges uniformly on R� Hence by the result in

the foregoing problem f is di�erentiable on each compact interval and

consequently on R�

�����
� Note �rst that
�P
n
�

cos�nx�
��n� converges uniformly on R� The

series �X
n
�

�
cos�nx�

� � n�

��
�

�X
n
�

�n sin�nx�
� � n�

converges uniformly on the indicated interval by the Dirichlet test for

uniform convergence stated in ��
���� Therefore the di�erentiability

of f follows from ��
�
��
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������� The series
�P
n
�

����n�� ln
�
� � x

n

�
converges� e�g�� for x � ��

The series
�X
n
�

�
����n�� ln

�
� �

x

n

		�
�

�X
n
�

����n�� �

n� x

converges uniformly on ����� by the result stated in ��
��� So the

result in ��
�
� shows that f is di�erentiable on ����� and

f ���� �
�X
n
�

����n�� �

n
� ln 
� f ���� �

�X
n
�

����n�� �

n� �
� �� ln 
�

Finally� applying ������ we �nd that lim
x��

f ��x� � ��

������� By the Abel test for uniform convergence �see� e�g�� ��
�����
�P
n
�

����n�� �p
n
arctan xp

n
converges uniformly on R� The derived se�

ries
�P
n
�

����n��

n�x� is also uniformly convergent on R �see ��
����a��� So

one can apply ��
�
��

������� Clearly� the series
�P
n
�

sin�nx��
��n� converges uniformly on R� The

derived series
�P
n
�

�xn cos�nx��
��n� converges uniformly on each bounded in�

terval� Therefore by ��
�
� f � is continuous on each bounded interval�

and thus f � is continuous on R�

������� The M�test of Weierstrass shows that the series and the de�

rived series �X
n
�

n
p
n�tanx�n�� �

cos� x

are uniformly convergent on each compact subinterval of ��	��� 	����
Therefore by ��
�
� f � is continuous on ��	��� 	����

������� The M�test of Weierstrass shows that the given series con�

verges uniformly on ������ By the M�test again� we see that the

derived series �X
n
�

�ne�nx
� � n�
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is uniformly convergent on each interval �a���� a � �� Thus f is

in C������� Repeating the above process k times� we conclude that
�P
n
�

����knke�nx

��n� converges uniformly on each �a���� a � �� This shows

that f � C�������

If f ���� existed� then since

f�x�� f���

x
�

�X
n
�

e�nx � �

x�� � n��
�

NX
n
�

e�nx � �

x�� � n��

for x � � and N � �� we would get

lim
x���

f�x�� f���

x
�

NX
n
�

�n
� � n�

�

Upon passage to the limit as N ��� we would obtain f ���� � ���

a contradiction�

�����	� Clearly� the series converges uniformly on each bounded in�

terval� Thus f is continuous on R� Moreover� for x �� ��

�X
n
�

� jxj
x� � n�

��
�

�X
n
�

n�sgn�x�� xjxj
�x� � n���

�

Thus the derived series is uniformly convergent on each bounded in�

terval that does not contain zero� Consequently� f � is continuous at
each x �� �� Now we show that f ���� does not exist� Since

f�h�� f���

h
�



jhj
h

�X
n
�

�

h� � n�

�

and �see� e�g�� ��
��
�

lim
h��

�X
n
�

�

h� � n�
�

�X
n
�

�

n�
�

	�

�
�

the limit lim
h��

f�h��f���
h does not exist�
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�����
� Observe �rst that the series
�P
n
�

�
nx converges uniformly on

each interval �x����� x� � � �see� e�g�� ��
�
��� Thus the Riemann

��function is continuous on ������ For a k � N� the series

���
�X
n
�

����k ln
k n

nx

is also uniformly convergent on each �x����� x� � �� because

lnk n

nx
� n

x���

�

nx�
�

�

n
x���

�

for su	ciently large n� Consequently� each kth derivative of the Rie�

mann ��function is continuous on ������

������� By ��� there is an x� � ��� �� such that f�x�� �� �� Now� by

�
� and by Taylor�s formula with the Lagrange form for the remainder�

we get

f�x�� �
f �n���n�x

n
�

n�
�

where �n � ��� ��� Hence

��� f �n���n� �
n�f�x��

xn�
�

Now ��� implies that sup
x�����	

janf �n��x�j ��
n��

�� This means that� given

� � �� there is n� such that if n � n�� then janf �n���n�j � �� It then

follows by ��� that
jn�anj � �xn�

jf�x��j �

������� Clearly� for x � Zwe have fn�x� � �� So
�P
n
�

fn�x� � �� Now

let x � r
s � where r and s and co�prime integers and s � �� If p is

a prime number di�erent from s� then fp�x� � �
ps � Indeed� for any

a � Z� ����rs � a

p

���� � jrp� asj
sp

� �

sp
�
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Consequently�
�X
n
�

fn�x� �
X
p�P

�

sp
�

where P denotes the set of all prime numbers di�erent from s� So

�see� e�g�� I� ��
�

� the series
�P
n
�

fn�x� is divergent for all x � Q nZ�
For an irrational x� set

A �

�
n � N �

�

�
� nx� �nx� �

�




�
�

A�m� � �fn � A � n � mg�
where �B denotes the number of elements of the set B� It follows

from the fact that for an irrational x the numbers nx� �nx� are uni�

formly distributed modulo � �see� e�g�� Theorem 
��� in P� Billingsley�

Probability and Measure� Wiley� New York� ��
�� pp� 
�
�
��� that

lim
m��

A�m�
m � �

� � Consequently�
P
n�A

�
�n � ��� Note that for n � A�

fn�x� � x� �nx�

n
� �

�n
�

It then follows that
�P
n
�

fn�x� diverges for x � R n Q�

�����
� Since g is bounded� the series converges uniformly on R to

f � Hence f is continuous on R� Our task is now to show that f is

nowhere di�erentiable� Let a real number x and a positive integer

m be arbitrarily chosen� If there is an integer in
�
�mx� �mx� �

�

�
�

then there is no integer in
�
�mx� �

� � �
mx
�
� So we can always �nd


m � � �
��
�m such that there is no integer in the open interval with

the endpoints �mx and �m�x � 
m�� By the de�nition of g�����g��n�x� 
m��� g��nx�


m

���� �
�
� if n � m�

�n if � � n � m�

Note here that� for a �xed m�

g��n�x� 
m��� g��nx�


m
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have the same sign for n � �� �� � � � �m� Hence����f�x� 
m�� f�x�


m

���� �
�����
�X
n
�

�
�

�

�n
g��n�x� 
m��� g��nx�


m

�����
�

�����
mX
n
�

�
�

�

�n
g��n�x� 
m��� g��nx�


m

�����
�

mX
n
�

�
�

�

�n
�n

�
�m�� � �



�

Since lim
m��


m � �� it follows from the above that lim
h��

f�x�h��f�x�
h

does not exist� This shows that f is nowhere di�erentiable� The

graphs of three �rst partial sums S��x�� S��x� and S��x� of the series

de�ning f are sketched below�
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���� Power Series

������ De�ne R to be the supremum of the set of the r � �����

for which fjanjrng is a bounded sequence� If R is positive� then for

� � 
 � R there is a positive constant� say C�� such that janj
n �
C�� Hence lim

n��
n
pjanj � �

� � Since the last inequality holds for each


 � ��� R�� we get

�i� lim
n��

n
p
janj � �

R
�

Note that inequality �i� holds also for R � �� To show that the in�

verse inequality also holds� suppose that R ��� then for 
 � R the

sequence fjanj
ng is unbounded� Consequently� it contains a subse�

quence such that jank j
nk � �� So

lim
n��

n
p
janj � lim

k��
nk

p
jank j �

�



�

Since 
 � R can be arbitrarily chosen� we get

�ii� lim
n��

n
p
janj � �

R
�

Note that �ii� obviously holds for R ��� Combining �i� and �ii�� we

see that �
R � lim

n��
n
pjanj� Now the root test shows that the series

�P
n
�

an�x � x��
n converges absolutely for jx � x�j � R and diverges

for jx� x�j � R�

������

�a� The radius of convergence of the series is �� and it therefore con�

verges for jxj � � and diverges for jxj � �� For x � ���� the

series diverges� Thus the open interval ���� �� is the interval of

convergence�

�b� The radius of convergence is ��� and therefore the series con�

verges for all x � R�
�c� The domain of convergence is the closed interval ����
� ��
��
�d� We have

�

R
� lim

n��
n
p
�
 � ����n�n � ��
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Thus the series converges on ������ ����� Clearly� the series di�

verges at the endpoints of the interval of convergence�

�e� Since

�

R
� lim

n��

 � ����n
� � ����n��

�
�

�
�

the series converges on ������ ����� At the endpoints the series

diverges�

�f� Since
�

R
� lim

n��
n
p
janj � lim

n��
n�
p

n � ��

one can easily �nd that the interval of convergence is ���� ���
�g� Since

�

R
� lim

n��
n
p
janj � lim

n��
n	
p

n� � ��

one can easily �nd that the interval of convergence is ���� ���
�h� We have

�

R
� lim

n��
n
p
janj � lim

n��

�
� �

�

n

�����nn

� e�

Therefore the series converges on ����e� ��e�� At the endpoints

the series diverges by the nth term test for divergence� Indeed� if

x � ��e� then

lim
n��

a�n � lim
n��

�
� � �

�n

��n�
e�n

� e����

and if x � ���e� then lim
n��

ja�nj � e�����

������

�a� The radius of convergence is
p

 and the interval of convergence

is ���p

� � �

p

��

�b� The radius of convergence of
�P
n
�

n
n��y

n is �� Thus the series

�P
n
�

n
n��

�
�x��
x

�n
converges on ���������� Clearly it diverges at

x � �� and x � �����
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�c� The radius of convergence of
�P
n
�

n�n


n yn is ���� Consequently� the

series
�P
n
�

n�n


n xn���x�n converges on ����
� ��
��One can easily

see that it diverges at the endpoints�

�d� Since the radius of convergence is �� the series converges on

���� ��� For x � � the series diverges because the sequence of

its terms f �n�����n���
ng monotonically increases� For x � �� we get

the series
�P
n
�

����n �n���

��n���
n� which diverges by the nth term test

for divergence�

�e� The radius of convergence of
�P
n
�

p
nyn is �� Therefore the series

�P
n
�

p
n�tanx�n converges on the set

�
n�Z

�
�	

�
� n	�

	

�
� n	

	
�

If x � ��
� � n	 or x � �

� � n	� the series diverges�

�f� The domain of convergence is

����� tan�� � �tan ���� �

������

�a� Suppose that� for example� R� � R�� Then for jxj � R� the series
�P
n
�

�an�bn�x
n converges as the sum of two convergent series� For

R� � jxj � R�� the series diverges as the sum of a divergent and

a convergent series� Thus R � R� � minfR�� R�g� If R� � R��

then clearly R � R�� To show that the inequality can be strict�

set an � ��� bn � � for n � �� �� 
� � � � � Then R� � R� � � and

R ���

�b� Since �see� e�g�� I� 
������

�

R
� lim

n��
n
p
janbnj � lim

n��
n
p
janj 	 lim

n��
n
p
jbnj � �

R�
	 �

R�
�
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we obtain R � R�R�� The following example shows that the

inequality can be strict� Set

a�n � �� a�n�� � �� b�n � �� b�n�� � �� n � �� �� 
� � � � �

Then R� � R� � � and R ���

������

�a� It follows from

an �
an
bn

	 bn
and from �b� in the foregoing problem that R� � RR�� To see

that the inequality may be strict� consider� for example� the series
�P
n
�

anx
n and

�P
n
�

bnx
n� where

an �

�
� for even n�


n for odd n

and

bn �

�

n for even n�

� for odd n�

Then R� � R� � R � ��
�

�b� It su	ces to observe that if jxj � minfR�� R�g� then by the

Mertens theorem �see� e�g�� I� ������ the Cauchy product of the

series
�P
n
�

anx
n and

�P
n
�

bnx
n converges� The following example

shows that the inequality R � minfR�� R�g can be strict� The

Cauchy product of
�P
n
�

anx
n and

�P
n
�

bnx
n� where

a� � �� an � �
�
�




�n
� b� � �� bn �

�
�




�n���

n �

�


n��

�

is
�P
n
�

�


�

�n
xn �see� e�g�� I� �������� Here R� � 
��� R� � ��� and

R � ���� The next example shows that R can be in�nite even

while both R� and R� are �nite� If

an �

�

 for n � ��


n for n � �� 
� � � �
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and

bn �

� �� for n � ��

� for n � �� 
� � � � �

then R� � ��
� R� � � and R � ���

����	� We will use ������
��

�a� For � � � � L there is n� such that if n � n�� then

n

r
L� �

n	
� n
p
janj � n

r
L� �

n	
�

Hence lim
n��

n
pjanj � � and R � ��

�b� One can show� as in �a�� that R � ��

�c� R ���

����
�

�a� Since lim
n��

n
pj
nanj � �

R � the radius of convergence is equal to

�
�R�

�b� If � � � is so small that �
R � � � �� then for in�nitely many n�

n n
p
janj � n

�
�

R
� �

�
�

Consequently� lim
n��

n n
pjanj � �� and R � ��

�c� Since lim
n��

n
npn� � e� we see that the radius of convergence is R�e

�see� e�g�� I� 
���
���

�d� Since there is a sequence of positive integers fnkg such that

�

R
� lim

k��
nk

p
jank j�

we conclude that the radius of convergence is R��

������ It follows immediately from the result in ����
� that the only

such power series are polynomials�
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������ The radius of convergence of the series is ��� Termwise dif�

ferentiation gives

f ��x� �


 �X
n
�

x�n��

�
n� ����

��
� � �

�X
n
�

x�n

�
n� ����
� � � xf�x��

�����
� As in the solution of the foregoing problem� for x � R we get

f ���x� � f ��x� � f�x� �
�X
n
�

xn

n�
� ex�

������� For x � ���� ��� set

g�x� �
f�xx��� f�x��

x� �
�

Then lim
x���

g�x� � x�f
��x��� Moreover �see� e�g�� I� �������

g�x� �
�

�� x
f�x��� �

�� x
f�x�x� �

�X
n
�

�f�x��� Sn�x���x
n�

So if � � x � � and m � �� �� 
� � � � � we get

g�x� �

�X
n
�

�f�x��� Sn�x���x
n � �f�x��� Sm�x���x

m�

Consequently� x�f
��x�� � lim

x���
g�x� � f�x��� Sm�x�� � ��

������� We �rst show that
�P
n
�

anx
n�

�P
n
�

Snx
n and

�P
n
�

�n � ��Tnx
n

converge for jxj � �� Since fTng is bounded� there is C � � such that

jTnj � C for all n� Then� for jxj � ��

�X
n
�

�n� ��jTnxnj �
�X
n
�

�n� ��Cjxjn �
C

��� jxj�� �

Convergence of
�P
n
�

Snx
n for jxj � � follows from the equality

NX
n
�

Snx
n � S� �

NX
n
�

��n� ��Tn � nTn���x
n�
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Similarly� since
NP
n
�

anx
n � a� �

NP
n
�

�Sn � Sn���x
n� the convergence

of
�P
n
�

Snx
n implies the convergence of

�P
n
�

anx
n for jxj � ��

The stated equalities follow from the Mertens theorem �see� e�g��

I� �������

������� We have

jxj
�� jxj jf

��x�j �
�X
n
�

jxjn
�X
k
�


kx�
k

�
�X
n
�

�

X

�k�n

k

�
A jxjn

�

�X
n
�

�

�log�n	X

k
�


k

�
A jxjn

� 


�X
n
�

njxjn � 

jxj

��� jxj�� �

Thus the desired inequality is satis�ed with M � 
�

������� The uniform convergence of
�P
n
�

anx
n on ��� �� follows from

the Abel test for uniform convergence �see the solution of ��
����� To

prove �
� it su	ces to apply ������ �see also the solution of ��
�����

������� We �rst show that

��� lim
x���

f�x� � lim
n��

Sn�

We have �see �����
�

�
� f�x� � ��� x�
�X
n
�

Snx
n for jxj � ��

If lim
n��

Sn � ��� then ��� is obvious� If lim
n��

Sn � S � R� then by

�
� we get

��� S � f�x� � ��� x�

�X
n
�

�S � Sn�x
n�
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Let � � � be given� Then there is n� such that Sn � S � � whenever

n � n�� So� by ���� for x � ��� ���

S � f�x� � ��� x�

n�X
n
�

�S � Sn�x
n � ���� x�

�X
n
n���

xn

� ��� x�

n�X
n
�

�S � Sn�x
n � �xn���

� ��� x�

n�X
n
�

�S � Sn�x
n � ��

Consequently�

f�x� � S � �� ��� x�

n�X
n
�

�S � Sn�x
n�

Since there is 
 � � such that if x � ��� 
� ��� then�������� x�

n�X
n
�

�S � Sn�x
n

����� � ��

we see that f�x� � S � 
�� So ��� is proved in the case of �nite

lim
n��

Sn� Now if lim
n��

Sn � ��� then clearly� lim
n��

Sn � ��� Thus

for an M � R one can choose n� such that if n � n�� then Sn � M�

Consequently� for x � ��� �� we get

M � f�x� � ��� x�

n�X
n
�

�M � Sn�x
n � ��� x�

�X
n
n���

�M � Sn�x
n

� ��� x�

n�X
n
�

�M � Sn�x
n�

So f�x� �M � ���x�
n�P
n
�

�M �Sn�x
n� Since there is 
 � � such that

if x � ��� 
� ��� then��������� x�

n�X
n
�

�M � Sn�x
n

����� � ��
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we obtain f�x� �M � �� Hence

lim
x���

f�x� � lim
x���

f�x� �M�

Since M can be arbitrarily chosen� this shows that lim
x���

f�x� � ���

This ends the proof of ���� The inequality

lim
n��

Sn � lim
x���

f�x�

can be established analogously�

�����	� Set

An �

nP
k
�

kjakj
n

�

Then lim
n��An � � �see e�g�� I� 
���
�� By assumption� if xn � �� �

n �

then lim
n��

f�xn� � L� Thus� given � � �� there is n� such that if

n � n�� then

jf�xn�� Lj � �

�
� An �

�

�
and njanj � �

�
�

Putting Sn �
nP

k
�

ak� we get

Sn � L � f�x�� L�

nX
k
�

ak��� xk��
�X

k
n��

akx
k� jxj � ��

Now note that if x � ��� ��� then

��� xk� � ��� x��� � x� 	 	 	� xk��� � k��� x��

Consequently�

jSn � Lj � jf�x�� Lj� ��� x�
nX

k
�

kjakj� �

�n��� x�
�

Finally� taking x � xn gives

jSn � Lj � �

�
�
�

�
�
�

�
� ��
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�����
� Consider� for example� the series
�P
n
�

����nxn�

������� It follows from the Abel theorem �see ������� that if the series
�P
n
�

an converges� then the limit lim
x���

f�x� exists� To show that the

other implication holds� assume that lim
x���

f�x� � g � R� Then� by

assumption� for � � x � � we get

kX
n
�

anx
n � f�x� � g� k � N�

Hence
kP

n
�
an � lim

x���

kP
n
�

anx
n � g� which implies the convergence of

�P
n
�

an�

������� De�ne

b� � �� bn � a� � 
a� � 	 	 	� nan� n � N�

Then

f�x� � a� �

�X
n
�

bn � bn��

n
xn

� a� �

�X
n
�

bn

�
xn

n
� xn��

n� �

�

� a� �

�X
n
�

bn

�
xn � xn��

n� �
�

xn

n�n� ��

�

� a� � ��� x�

�X
n
�

bn
n� �

xn �

�X
n
�

bn
n�n� ��

xn�

Since lim
n��

bn
n�� � �� one can show that

lim
x���

��� x�

�X
n
�

bn
n� �

xn � ��
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Now applying the Tauber theorem� we get

�X
n
�

bn
n�n� ��

� L� a��

Moreover�

lim
N��

NX
n
�

bn
n�n� ��

� lim
N��

NX
n
�

bn

�
�

n
� �

n� �

�

� lim
N��



NX
n
�

bn � bn��

n
� bN
N � �

�

� lim
N��

NX
n
�

an�

Thus
�P
n
�

an � L�

�����
� It follows from the convergence of the series
�P
n
�

na�n and the

result in I� ������b� that

lim
n��

a�� � 
�a�� � 	 	 	� n�a�n
n

� ��

By the Cauchy inequality�

nX

k
�

kak

��

� n



nX

k
�

k�a�k

�
�

Consequently�

lim
n��

�
BB


nP
k
�

kak

n

�
CCA

�

� lim
n��

nP
k
�

k�a�k

n
� ��

The desired result follows from the foregoing problem�
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������� Let � � � be given� By assumption there is n� � N such that

if n � n�� then jan �Abnj � �bn� Thus� for x � ��� ���

jf�x��Ag�x�j �
�����
�X
n
�

�an �Abn�x
n

�����
�
�����
n�X
n
�

�an �Abn�x
n

������
�����

�X
n
n���

�an � Abn�x
n

�����
�

n�X
n
�

jan �Abnj� �

�X
n
n���

bnx
n

�
n�X
n
�

jan �Abnj� �g�x��

Since lim
x���

g�x� � ��� for x su	ciently close to � we get

n�X
n
�

jan �Abnj � �g�x��

Hence jf�x��Ag�x�j � 
�g�x� for x su	ciently close to ��

������� Note that by the Mertens theorem �see� e�g�� I� �������

f�x� � ��� x�
�X
n
�

Snx
n and g�x� � ��� x�

�X
n
�

Tnx
n

for jxj � �� Thus the result stated in the foregoing problem gives

lim
x���

f�x�

g�x�
� lim

x���

f�x�
��x
g�x�
��x

� A�

������� Consider

f�x� �
�

�� � x����� x�
� ��� x�

�X
n
�

�n� ��x�n

�

�X
n
�

�n� ���x�n � x�n���
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and

g�x� �
�

�� x
�

�X
n
�

xn�

Then lim
x���

f�x�
g�x� �

�
� � On the other hand� since S�n�� � �� S�n � n��

and Tn � n� the limit lim
n��

Sn
Tn

does not exist�

������� For x � ��� ���

��� f�x� �
nX

k
�

akx
k � xnSn�

because all the coe	cients an are nonnegative� Putting x � e�
�
n � we

get

e��Sn � f
�
e�

�
n

	
�

Thus� by assumption� given � � �� there is n� such that if n � n��

then

e��Sn � A� �

�� e�
�
n

� 
�A� ��n�

The last inequality follows from the fact that lim
n��

ln
�
�� �

�n

�n
�

� �
� � ��� So we have

�
� Sn � A�n with some A� � 
�A� ��e�

Now by �
� we get

f�x� � ��� x�
�X
n
�

Snx
n

� ��� x�Sn

n��X
k
�

xk �A���� x�

�X
k
n

kxk

� Sn �A�nx
n �

A�x
n��

�� x
�

If in ��� we put x � e�	�n� � � �� as above we obtain

f
�
e�

�
n

�
�

A� �

�� e�
�
n
� �A� ��

n

�
�
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The last inequality follows from e�
�
n � �� 	

n � Consequently�

�A� ��
n

�
� Sn �A�ne

�	 �

A�ne

�	

�
�

or in other words�

Sn � n
A� �� 
A�e

�	 �A��e
�	

�
�

If we take � su	ciently large� we get Sn � A�n with some positive

constant A��

������� We start with some considerations which we will need in the

proof of the theorem� Assume that � is continuous on ��� �� except for

one point c � ��� �� at which one�sided limits ��c�� and ��c�� exist
and ��c� � ��c�� or ��c� � ��c��� Our aim is now to show that�

given � � �� there are polynomials P� and P� such thatZ �

�

�P��x� � ��x��dx � � and

Z �

�

���x� � P��x��dx � ��

To this end suppose� for example� that ��c�� � ��c�� and ��c� �

��c��� Clearly� one can choose 
� � � so small that the inequality

j��c� 
��� ��x�j � ��� holds for x � �c� 
�� c�� Set

M � supfj��x�� ��c�j � x � �c� 
�� c�g
and take 
 � min f
�� ����M�� c� �� cg� Now de�ne

g�x� �

�
��x� if x � ��� c� 
� � �c� ���

maxfl�x�� ��x�g if x � �c� 
� c��

where l�x� is the linear function such that l�c � 
� � ��c � 
� and

l�c� � ��c�� Then g is continuous and � � g on ��� ��� By the

approximation theorem of Weierstrass �see� e�g�� ������� there is a

polynomial P� such that

jg�x� � P��x�j � �



for x � ��� ���

Likewise� we de�ne

h�x� �

�
��x� if x � ��� c� � �c� 
� ���

minfl��x�� ��x�g if x � �c� c� 
��
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where l��x� is the linear function such that l��c� � ��c�� and

l��c� 
� � ��c� 
�� Clearly� h is continuous and h � � on ��� ��� By

the approximation theorem of Weierstrass there is a polynomial P�

such that

jh�x�� P��x�j � �



for x � ��� ���

Moreover� we haveZ �

�

�g�x�� ��x��dx �

Z
�c���c�

�g�x� � ��x��dx�

If we put

A � fx � �c� 
� c� � g�x� � l�x�g and B � �c� 
� c� nA�
then we getZ
�c���c�

�g�x�� ��x��dx �

Z
A

�g�x�� ��x��dx

�
Z
�c���c�

jl�x�� ��x�jdx

�
Z
�c���c�

�j��x� � ��c� 
�j� j��c� 
�� l�x�jdx

�
�

�
�M






�

�



�

It follows from the above thatZ �

�

�P��x�� ��x��dx

�

Z �

�

�P��x�� g�x��dx �

Z �

�

�g�x� � ��x��dx � ��

In an entirely similar manner one can show thatZ �

�

���x� � P��x��dx � ��

We now turn to the proof of the theorem of Hardy and Littlewood�

Without loss of generality we can assume that A � �� We �rst show

that

lim
x���

��� x�

�X
n
�

anx
nP �xn� �

Z �

�

P �t�dt
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for any polynomial P � Clearly� it is enough to prove the equality for

P �x� � xk� We have

lim
x���

��� x�

�X
n
�

anx
n�kn � lim

x���

�� x

�� xk��
��� xk���

�X
n
�

anx
�k���n

�
�

k � �
�

Z �

�

tkdt�

Now we de�ne � by

��x� �

�
� for � � x � e���
�
x for e�� � x � ��

Our task is to show that

��� lim
x���

��� x�

�X
n
�

anx
n��xn� �

Z �

�

��t�dt � ��

It follows from the considerations presented at the beginning of the

solution that� given � � �� there exist polynomials P� and P� such

that

P��x�� �



� h�x� � ��x� � g�x� � P��x� �

�



and Z �

�

�P��x�� ��x��dx � ��

Z �

�

���x� � P��x��dx � ��

Since an � �� we get

lim
x���

��� x�
�X
n
�

anx
n��xn� � lim

x���
��� x�

�X
n
�

anx
nP��x

n� �
�




�

Z �

�

P��t�dt�
�



�

Z �

�

��t�dt �
��




�

Consequently�

lim
x���

��� x�

�X
n
�

anx
n��xn� �

Z �

�

��t�dt�

In much the same way one can show that

lim
x���

��� x�

�X
n
�

anx
n��xn� �

Z �

�

��t�dt�
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�

So ��� is proved� Therefore

� � lim
N��

���e���N �

�X
n
�

ane
�n�N��e�n�N � � lim

N��
���e���N�

NX
n
�

an�

Since lim
N��

��� e���N �N � �� we obtain

lim
N��

NP
n
�

an

N
� ��

�����	� If jnanj � C� then for x � ��� ���

jf ���x�j �
�X
n
�

n�n� ��janjxn�� � C

�X
n
�

�n� ��xn�� � C
�

��� x��
�

It then follows by 
���
� that

lim
x���

��� x�f ��x� � � � lim
x���

��� x�

�X
n
�

nanx
n���

Now since

F �x� �
�X
n
�

�
�� nan

C

	
xn�� �

�

�� x
� f ��x�

C
�

we obtain lim
x���

�� � x�F �x� � �� which combined with the above

theorem of Hardy and Littlewood yields

lim
n��

nP
k
�

�
�� kak

C

�
n

� ��

Hence

lim
n��

nP
k
�

kak

n
� ��

To end the proof it su	ces to apply the result given in �������
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�����
� Suppose� contrary to our claim� that lim
n��

an � �� Then�

given � � �� there is n� such that if n � n�� then janj � ��
� So�

j��� x�f�x�j �
�������� x�

n�X
k
�

akx
k

������ �



�

which implies

lim
x���

j��� x�f�x�j � ��

contrary to the assumption�

���� Taylor Series

������ Suppose that jf �n��x�j � M for n � N and x � �a� b�� By

Taylor�s formula with the Lagrange form for the remainder �see� e�g��


���� �a�� we have

f�x� �

nX
k
�

f �k��x��

k�
�x� x��

k � rn�x��

where

jrn�x�j �
����f �n����x� � ��x � x���

�n� ���
�x� x��

n��

���� �M
�b� a�n��

�n� ���
�

Hence lim
n��

rn�x� � �� Consequently�

f�x� � lim
n��

nX
k
�

f �k��x��

k�
�x� x��

k �

�X
k
�

f �k��x��

k�
�x � x��

k�

������ No� because f �n���� � � for n � �� �� 
� � � � � and f�x� �� � for

x �� ��

������ By the M�test of Weierstrass the series
�P
n
�

cos�n�x�
en and the

derived series
�P
n
�

�n� sin�n�x�
en converge absolutely and uniformly on

R� So f � is continuous on R� Repeating the reasoning� we see that f is
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�

in C��R�� Moreover� one can �nd that f ��k������ � � and f ��k���� �

����k
�P
n
�

n
k

en � Thus

jf ��k����jx�k
�
k��

�

�
n�x


k

��k

e�n� x �� �� n � �� �� 
� � � � �

If we take n � 
k� we get

jf ��k����jx�k
�
k��

�

�

kx

e

��k

� � for x �� � and k �
��� e

x

��� �
Therefore the Taylor series of f about zero diverges for x �� � and the

equality cannot hold if x �� ��

������ Suppose �rst that x � �� The Lagrange form for the remainder

in Taylor�s formula of f�x� � �� � x�	 is

rn�x� �
��� � �� 	 	 	 ��� n�

�n� ���
xn���� � �x�	�n���

For jxj � � we have

lim
n��

���� �� 	 	 	 ��� n�

�n� ���
xn�� � ��

To see this one can apply� for example� I� 
�
���� Consequently� to

prove that lim
n��

rn�x� � � it su	ces to show that f��� �x�	�n��g is
a bounded sequence� This follows from the following obvious inequal�

ities�

� � �� � �x�	 � �� � x�	 � 
	 for � � �

and


	 � �� � x�	 � �� � �x�	 � � for � � ��

and �� � �x��n � �� Thus we have proved the given equality for

� � x � �� Now we turn to the case x � �� The Cauchy form for the

remainder in Taylor�s formula of f�x� � �� � x�	 �see� e�g�� 
�����b��

is

rn�x� �
��� � �� 	 	 	 ��� n�

�n� ���
xn����� ��n�� � �x�	�n���
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As above� it su	ces to show that f�����n����x�	�n��g is a bounded
sequence� Since x � ���� ��� we see that

��� ��n �
�

�� �

� � �x

�n
� ��

Moreover�

� � �� � �x�	�� � �� � x�	�� if � � �

and

�� � x�	�� � �� � �x�	�� � � if � � ��

This ends the proof of the equality for x � ���� ���

������ Suppose �rst that x �� �� Then the equality

jxj �
p
�� ��� x��

and Newton�s binomial formula with � � ��
 �see the foregoing prob�

lem� give

jxj � �� �



��� x���

�X
n
�

� 	 � 	 	 	 �
n� ��


nn�
��� x��n

� �� �



��� x���

�X
n
�

�
n� ����

�
n���
��� x��n�

Moreover� note that the series
�P
n
�

��n�
���
��n��� converges because� by the

Wallis formula �see� e�g�� I� ��������

lim
n��

��n�
���
��n���

�
��n���

p
n

�
�p
	
�

Therefore the Abel theorem �see� e�g�� ������� shows that the equality

holds also for x � ��

����	� Termwise di�erentiation shows that f is in C���R�R��More�

over�

f �k��x� �
�X
n
k

n�n� ���n� 
� 	 	 	 �n� k � ��anx
n�k�
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�

Hence f �k���� � k�ak for k � �� �� 
� � � � �

����
� Observe that

f�x� �

�X
n
�

an��x� x�� � x��
n

�

�X
n
�

an

nX
k
�

�
n

k

�
�x � x��

kxn�k�

�
�X
k
�


 �X
n
k

�
n

k

�
anx

n�k
�

�
�x� x��

k�

To see that the last equality holds� note that

�X
n
�

nX
k
�

����an
�
n

k

�
�x� x��

kxn�k�

���� � �X
n
�

janj�jx � x�j� jx�j�n�

Consequently� the double series on the left side of this equality con�

verges absolutely for jx � x�j � jx�j � R� and therefore the result in

I� ��
�
� can be applied� Now di�erentiating term by term we get

f �k��x�� �

�X
n
k

�
n

k

�
anx

n�k
� k� for k � �� �� 
� � � � �

Thus

f �k��x��

k�
�

�X
n
k

�
n

k

�
anx

n�k
� for k � �� �� 
� � � � �

������ Set cn � an � bn and

��� f�x� �

�X
n
�

cnx
n� x � ��R�R��

Then f�x� � � for x � A� Now let B be the set of all limit points of

A that are in ��R�R�� and put C � ��R�R� nB� Then C is open�

By assumption B is nonempty� Clearly� ��R�R� � B �C� Our task
is now to prove that B is also open� To this end take x� � B� By ���

and the result in the foregoing problem�

�
� f�x� �

�X
n
�

dn�x� x��
n� jx� x�j � R� jx�j�
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Now we show that dn � � for n � �� �� 
� � � � � If this were not the

case� then we would �nd the least nonnegative integer k for which

dk �� � and we would get

f�x� � �x � x��
kg�x��

where

g�x� �

�X
n
�

dk�n�x � x��
n� jx� x�j � R� jx�j�

Since g is continuous at x� and g�x�� � dk �� �� there would exist


 � � such that g�x� �� � for jx�x�j � 
� contrary to the fact that x�
is in B� Thus dn � � for n � �� �� 
� � � � � and consequently� f�x� � �

for jx � x�j � R � jx�j� So we have proved that B is open� Since

��R�R� is a connected set� we see that C � � and B � ��R�R��

������ We will apply the result stated in ������

�a� Since

sinx �

�X
n
�

����n x�n��

�
n� ���
� x � R�

we get

sinx
 �
�X
n
�

����n x�n�


�
n� ���
� x � R�

�b� In view of the identity sin
 x � 

� sinx� �

� sin �x� x � R� we get

sin
 x �
�

�

�X
n
�

����n�����n � ��
x�n��

�
n� ���
� x � R�

�c� We have sinx cos �x � �
� �sin �x� sin 
x�� x � R� Thus

sinx cos �x �
�




�X
n
�

����n���n�� � 
�n���
x�n��

�
n� ���
� x � R�

�d� We have sin� x� cos� x � �
� �



� cos �x� x � R� and

cosx �

�X
n
�

����n x�n

�
n��
� x � R�
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Consequently�

sin� x� cos� x �
�

�
�

�

�

�X
n
�

����n��n x�n

�
n��
� x � R�

�e� Since

ln�� � x� �

�X
n
�

����n��x
n

n
� x � ���� ���

we get

�



ln

� � x

�� x
�

�



�ln���x�� ln���x�� �

�X
n
�

x�n��


n� �
� x � ���� ���

�f� Clearly� ln�� � x � x�� � ln ��x�
��x � x � ���� ��� Therefore� as in

�e� we have

ln�� � x� x�� �
�X
n
�

anx
n� x � ���� ���

where

an �

� � �
n for n � �k� k � �� 
� �� � � � �

�
n for n �� �k� k � �� 
� �� � � � �

�g� Since �
���x��x� � 


��
x � �
���x � we obtain

�

�� �x� �x�
�

�X
n
�

��n�� � 
n���xn� x � ������ �����

�h� We know that

ex �

�X
n
�

xn

n�
� x � R�

and
�

�� x
�

�X
n
�

xn� x � ���� ���

By the Mertens theorem �see� e�g�� I� ������ the Cauchy product

of these two series converges for jxj � �� and

ex

�� x
�

�X
n
�

�
� �

�

��
�

�


�
� 	 	 	� �

n�

�
xn�
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�����
�

�a� We have

f�x� �� � �x� 
�ex�� �

�X
n
�

e�n� 
�

n�
xn� x � R�

Hence

f�x� �

�X
n
�

e�n� 
�

n�
�x� ��n� x � R�

�b� As in ������h�� one can show that

f�x� �� � e

�X
n
�



����n

nX
k
�

����k
k�

�
xn� x � ���� �� ��

Thus

f�x� � e

�X
n
�



����n

nX
k
�

����k
k�

�
�x � ��n� x � ��� 
��

�c� Apply the identity

cosx

x
�

cos � cos�x� ��� sin � sin�x � ��

� � �x � ��
�

�d� Reasoning similar to that presented in the solution of ������h�

yields

lnx

x
�

�X
n
�



����n��

nX
k
�

�

k

�
�x� ��n� x � ��� 
��

�������

�a� By ������

�p
� � x

� � �

�X
n
�

����n�
n� ����

�
n���
xn

for jxj � �� Hence

�p
�� x�

� � �

�X
n
�

�
n� ����

�
n���
x�n�
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�

Set

S�x� � x�

�X
n
�

�
n� ����

�
n����
n� ��
x�n��

and note that �arcsinx�� � �p
��x� � S��x�� So arcsinx � S�x� �

C�Moreover� since S��� � � � arcsin ��we obtain S�x� � arcsinx�

�b� Set

S�x� �

�X
n
�

����n �


n� �
x�n���

In view of the well known identity

�

� � x�
�

�X
n
�

����nx�n� jxj � ��

we get �arctanx�� � �
��x� � S��x�� Thus S�x� � arctanx � C�

Since arctan � � S��� � �� we see that C � ��

To obtain the �rst equality it is enough to put x � �
� in �a��

To obtain the second one� observe that
�P
n
�

����n �
�n�� converges and

apply the Abel theorem �see� e�g� ������� to the power series �b��

�������

�a� Applying the Taylor series expansion for arctanx �given in the

foregoing problem� and for ln�� � x��� we obtain

x arctanx� �



ln�� � x�� �

�X
n
�

����n��x�n


n�
n� ��
� x � ���� ���

�b� Applying the Taylor series expansion for arcsinx �given in the

foregoing problem� and Newton�s binomial formula �see �������

we get

x arcsinx�
p
�� x� � ��

x�



�

�X
n
�

�
n� ����

�
n����
n� ��
x�n� x � ���� ���
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�������

�a� Let

f�x� �

�X
n
�

�

n�n� ��
xn��� jxj � ��

Then

f ��x� �
�X
n
�

�

n
xn � � ln��� x�� jxj � ��

So

f�x� � ��� x� ln��� x� � x for jxj � ��

Now the Abel theorem gives

�X
n
�

����n��

n�n� ��
� 
 ln 
� ��

�b� For x � R� we have
�X
n
�

����nn
�
n� ���

x�n�� �
�



x

�X
n
�

����n
�
n��

x�n � �




�X
n
�

����n
�
n� ���

x�n��

�
�



�x cosx� sinx��

Putting x � �� we get

�X
n
�

����nn
�
n� ���

�
�



�cos �� sin ���

�c� It follows from the equality

�

n� � n� 

�

�

�

�
�

n� �
� �

n� 


�
that if � � jxj � �� then

�X
n
�

����n
n� � n� 


xn�� �
�

�

�X
n
�

����n
n� �

xn�� � �

�

�X
n
�

����n
n� 


xn��

�
�

�

�X
n
�

����n��x
n

n
�

�

�x


�X
n
�

����n��x
n

n

�
�

�
ln�� � x� �

�

�x


�
ln�� � x�� x�

x�



� x


�

�
�
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This combined with the Abel theorem gives

�X
n
�

����n
n� � n� 


�



�
ln 
� �

��
�

�d� The sum is 	�
� ln 
� To see this� apply �����
�a� and the Abel

theorem�

�e� By Newton�s binomial formula �see �������

�p
� � x�

� � �

�X
n
�

����n�
n� ����

�
n���
x�n for jxj � ��

and hence� by the Abel theorem�

�X
n
�

����n�
n� ����

�
n���
�

�p


�

�f� Clearly�
�X
n
�

��x�n��

n�
� �xe
x� x � R�

So

�
�X
n
�

��x�n�n� ��

n�
� ��xe
x�� � e
x�� � �x��

Putting x � � gives

�X
n
�

�n�n� ��

n�
� �e
�

������� The interval of convergence of the series is ���� ��� Let S�x�
denote its sum in that interval� Then

S��x� � 


�X
n
�

��n� �����

�
n� ���
�
x��n��

and

S���x� � �

�X
n
�

��n� �����

�
n� 
��
�
x��n���

It then follows that

��� x��S���x� � xS��x� � �� jxj � ��
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Multiplying both sides of this equality by ��� x���
�
� produces�p

�� x�S��x�
	�

�
�p

�� x�
�

Consequently�

S��x� �
�p

�� x�
arcsinx�

Cp
�� x�

�

and therefore S�x� � 
�arcsinx�� � C arcsinx � D� Since S���� �

S��� � �� we obtain S�x� � 
�arcsinx���

If x � �� we get the series

�X
n
�

��n� �����

�
n��
�n�

which converges by the Gauss criterion �see� e�g�� I� ��
�
��� Indeed�

we have
an��

an
� �� �

�n
�O

�
�

n�

�
�

So the Abel theorem gives

�X
n
�

��n� �����

�
n��
�n �

	�



�

������� For a � I�

f�x� � f�a� �
f ��a�
��

�x � a� � 	 	 	� f �n��a�

n�
�x� a�n �Rn�x��

where

Rn�x� �
�

n�

Z x

a

f �n����s��x � s�nds�

Applying the change of variable formula twice� we obtain

Rn�x� �
�

n�

Z x�a

�

f �n����u� a��x� u� a�ndu

�
�x � a�n��

n�

Z �

�

f �n�����x� a�t� a���� t�ndt�
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The monotonicity of f �n��� implies that if a � x � b� b � I� then

� � Rn�x� � �x� a�n��

n�

Z �

�

f �n�����b� a�t� a���� t�ndt

�

�
x� a

b� a

�n��

Rn�b��

Clearly� Rn�b� � f�b�� Thus

� � Rn�x� �
�
x� a

b� a

�n
f�b� for a � x � b� a� b � I�

and therefore� lim
n��

Rn�x� � �� This shows that Taylor�s series con�

verges to f uniformly on each compact subinterval of I� Since a � b

can be arbitrarily chosen in I� the analyticity of f follows from ����
�

�����	� The proof is similar to that of ������

�����
 ����� Let x� be arbitrarily chosen in I� By assumption� there

is an r � � such that

f�x� �

�X
n
�

f �n��x��

n�
�x� x��

n for jx� x�j � r�

Di�erentiating m times yields

f �m��x� �

�X
n
m

f �n��x��

n�
n�n� �� 	 	 	 �n�m� ���x� x��

n�m�

Hence

jf �m��x�j �
�X

n
m

jf �n��x��j
n�

n�n� �� 	 	 	 �n�m� ��jx� x�jn�m�

It follows from the de�nition of the radius of convergence of the power

series �see� e�g�� ������ that for � � 
 � r there is a positive C such

that
jf �n��x��j

n�
� C


n
�

Consequently�

jf �m��x�j �
�X

n
m

C


n
n�n� �� 	 	 	 �n�m� ��jx� x�jn�m�
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Therefore� in view of the identity

�X
n
m

n�n� �� 	 	 	 �n�m� ��xn�m �
m�

��� x�m��
� jxj � ��

we arrive at

jf �m��x�j � 
�m
�X

n
m

C


n�m
n�n� �� 	 	 	 �n�m� ��jx� x�jn�m

�
Cm�


m
�
�� jx�x�j

�

	m�� �
C
m�

�
� 
��m

for jx� x�j � 
� � 
� So we can take J � �x� � 
�� x� � 
��� A � C


and B � 
� 
��

������ ����� Set

f�x� �
�

��A�x � ��
for jx� �j � �

A

and

g�t� �
�

�� t
for jtj � ��

Then

h�t� � �f � g��t� � �� t

�� �A� ��t
�

Clearly�

f�x� �

�X
n
�

An�x � ��n� g�t� �

�X
n
�

tn�

Moreover�

h�t� �
�

�� �A� ��t
� t

�� �A� ��t

�
�X
n
�

�� �A�ntn �
�X
n
�

�� �A�ntn��

� � �

�X
n
�

A�� �A�n��tn�

Since g�n���� � n�� f �n��g���� � f �n���� � n�An and h�n���� �

n�A�� � A�n��� application of the Fa�a di Bruno formula gives the

desired equality�
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������ ����� Let x� be arbitrarily chosen in I and let y� � f�x���

It follows from �����
 that there are intervals I� 
 I and J� 
 J

�containing x� and y�� respectively� and positive constants A� B� C

and D such that

jf �n��x�j � A
n�

Bn
for x � I�

and

jg�n��y�j � C
n�

Dn
for y � J��

By the formula of Fa�a di Bruno�

h�n��x� �
X n�

k��k�� � � �kn�
g�k��f�x��

� f����x�
��

�k��f����x�
��

�k�
� � �

�f�n��x�
n�

�kn
�

where k � k��k��	 	 	�kn and the sum is taken over all k�� k�� � � � � kn
such that k� �
k� � 	 	 	� nkn � n� This combined with the result in

the preceding problem gives

jh�n��x�j �
X n�

k��k�� 	 	 	 kn�
Ck�

Dk

�
A

B�

�k� � A

B�

�k�
	 	 	
�

A

Bn

�kn
�
X n�

k��k�� 	 	 	 kn�
Ck�

Dk

Ak

Bn
�

n�C

Bn

X k�

k��k�� 	 	 	 kn�
Ak

Dk

�
n�C

Bn

A

D

�
� �

A

D

�n��

�

It now follows from the result in ������ that h is real analytic on I�

�����
� It follows from ������ that g�x� � f��x� is real analytic on
the interval �I � fx � �x � Ig� Since x �� �x is real analytic� the

result follows from the foregoing problem�

������ ����� Consider g�t� � � � p
�� 
t� jtj � ��
� and f�x� �

�
��x � jxj � �� Then

h�t� � f�g�t�� �
�p

�� 
t
� g��t��

So g�n����t� � h�n��t�� Moreover� by the Newton binomial formula

�see �������

g�t� � �
�X
n
�

� �
�

n

�
��
t�n�
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Clearly� f�x� �
�P
n
�

xn� Consequently� g�n���� � �n�� ��n���
�n and

f �n��g���� � n�� Finally� by the formula of Fa�a di Bruno�

� �n� ���

� �
�

n� �

�
��
�n�� � g�n������ � h�n����

� n�
X k�

k��k�� 	 	 	 kn�
�
�
� �

�

�

�
��
�

�k�
	 	 	
�
�
� �

�

n

�
��
�n

�kn

� ��
�nn�
X ����kk�

k��k�� 	 	 	 kn�
� �

�

�

�k�
	 	 	
� �

�

n

�kn
�

where k � k��k��	 	 	�kn and the sum is taken over all k�� k�� � � � � kn
such that k� � 
k� � 	 	 	� nkn � n�

������ ����� Observe �rst that if f satis�es the assumptions stated in

the problem� then its inverse g exists in an open interval containing

f�x��� Moreover�

g��y� � h�g�y��� where h�x� �
�

f ��x�
�

It is also clear that since f is in C�� so is g� Our task is now to prove

that g satis�es the assumptions of ������� We know� by ������� that

h is analytic in some open interval containing x� �as a composition

of two analytic functions�� Therefore� by �����
� there are positive

constants A and B such that

��� jh�n��x�j � A
n�

Bn

in some open interval I� 
 I containing x�� Now induction will be

used to show that there is an open interval K containing f�x�� such

that

�
� jg�n��y�j � n�����n��

� �
�

n

�
�
A�n

Bn��
for y � K�

We choose K so that g�K� is contained in I�� Then� by ���� we have

jg��y�j � jh�g�y��j � A� which proves �
� for n � �� Assuming �
� to

hold for k � �� 
� � � � � n� we will prove it for n � �� By the foregoing
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problem we get

jg�n����y�j � j�h � g��n��y�j

� n�
X k�

k��k�� 	 	 	 kn�
A

Bk

�� �
�

�

�
�
A�

�k�
	 	 	
�
����n��

� �
�

n

�
�
A�n

Bn��

�kn

� ����nn� �
A�
n

Bn
A
X ����kk�

k��k�� 	 	 	 kn�
� �

�

�

�k�
	 	 	
� �

�

n

�kn

� ����nn� �
A�
n

Bn
A
�n� ��

� �
�

n� �

�

� ����n�n� ���
�
A�n��

Bn

� �
�

n� �

�
�

This completes the proof of �
�� Thus the analyticity of g onK follows

from �������

������� It follows from f���x� � f ��x� that f maps the interval

����� onto itself and that f is in C� on that interval� Hence f ��x� �
�� and f is strictly increasing on ������ Di�erentiating the equality

f�f ��x�� � x� we see that f ���x� � � for x � ������ We claim that

����nf �n��x� � � for x � ����� and n � 
� We will prove this by

induction� using the formula of Fa�a di Bruno �see 
������� Suppose

that ����mf �m��x� � � for m � 
� �� � � � � n� Then

� �
X n�

k��k�� 	 	 	 kn���
f �k��f ��x��

�
f ���x�
��

�k� �f �
��x�

�

�k�

	 	 	
�
f �n��x�

�n� ���

�kn��

� f ��f ��x��f �n����x��

where k � k� � 	 	 	� kn�� and the sum is taken over all k�� � � � � kn��

such that k� � 
k� � 	 	 	 � �n � ��kn�� � n� Since the sign of each

term under
P

is

sgn
�
����k�����k�����
k� 	 	 	 ����nkn��

�
� ����n�

we get

sgn
�
f ��f ��x��f �n����x�

	
� sgnf �n����x� � �����n�

                

                                                                                                               



��� Solutions� �� Sequences and Series of Functions

Now the result in ����
� shows that f is analytic on ������

������� We know� by the foregoing problem� that each f satisfying

the assumption is analytic on ������ We �rst show that there is

exactly one number a � � such that f�x� � x if x � ��� a�� and f�x� �

x if x � a� To this end� observe that by the monotonicity of f we have

lim
x���

f�x� � �� which together with the equality f ��f�x��f ��x� �

xf ��x� gives

��� f�f�x�� �

Z x

�

tf ��t�dt�

Now if f�x� were greater than x for � � x � �� then ��� would implyZ x

�

f ��t��t� �� � ��

contrary to the fact that f ��x� � � for x � �� On the other hand� if

f�x� � x for all x � ������ then ��� would imply

f�x� � f�f�x�� �

Z x

�

tf ��t�dt �
Z x

�

f�t�f ��t�dt �
�



�f�x��

�
�

which in turn would give f�x� � 
 for x � �� contrary to the fact that

f������� � ������ Consequently� by the intermediate value property

there is a �xed point a of f� Since f�x� � x for x � ��� a�� we see that

f ��y� � f���y� � y for y � ��� a�� Likewise� f ��y� � y for y � a�

Now we turn to the proof of the uniqueness� Suppose� contrary to

our claim� that there are two such functions f� and f�� Let a� and a�
be the �xed points of f� and f�� respectively� Clearly� we can assume

that a� � a�� Set g � f� � f�� If a� � a� � a� then g�a� � � and

f�� � f � implies that g�n��a� � � for n � N� So since g is analytic�

g is a constant function �equal to zero� on ������ If a� � a�� then

f��x� � x � f��x� and f ���x� � x � f ���x� for �a�� a��� Therefore

g�x� � � and g��x� � � for x � �a�� a��� Since lim
x���

g�x� � �� there

is b � ��� a�� such that g��b� � � and g��x� � � for x � �b� a��� and

g�x� � � for x � �b� a��� Set f
�
��b� � f ���b� � b�� Then b� � �b� a���

because b � f ���b� � b� � f ���a�� � a�� Hence g�b�� � �� On the

other hand� f��b
�� � f��f

�
��b�� � b and f��b

�� � f��f
�
��b�� � b� a

contradiction�

                

                                                                                                               



���� Taylor Series ���

������� If f�x� � axc� then f ��x� � acxc�� and f���x� � a�
�
c x

�
c �

This gives c � ��
p
�

� and a � c��c�

�����	� By Taylor�s formula proved in 
������

ln�� � x� � 

NX
n
�

�


n� �

�
x


 � x

��n��

�RN �x��

where

RN �x� �



�
N � ���� � �x��N�


�x



	�N�


�

Clearly� lim
N��

RN �x� � � for x � ��� 
�� Consequently�

ln�� � x� � 

�X
n
�

�


n� �

�
x


 � x

��n��

�

�����
 �Tung�Po Lin� Amer� Math� Monthly �� ���
��� �
������� By

de�nition�

L�x� y�

Mp�x� y�
�

x�y
lnx�lny�
xp�yp

�

���p �

��p�x � y�

�xp � yp���p ln x
y

for distinct positive x and y and for p �� �� Dividing the numerator

and denominator by y and putting z �
�
x
y

	p
� we obtain

L�x� y�

Mp�x� y�
�


��p
�
z��p � �

	
�z � ����p ln z��p

�

Now writing

z �
� � w

�� w

�
w �

z � �

z � �
� � � jwj � �

	

                

                                                                                                               



��� Solutions� �� Sequences and Series of Functions

and multiplying the numerator and denominator by ���w���p

�w � we ar�

rive at

L�x� y�

Mp�x� y�
�

p
��p
��

��w
��w

	��p
� �

�
�
��w
��w � �

	��p
ln ��w

��w

�

p����w���p����w���p�
�w

ln���w��ln���w�
�w

�
f�w� p�

g�w�
�

Clearly�

g�w� �
�X
n
�

�


n� �
w�n�

and by ������

f�w� p� � ��

�X
n
�

�


n� �

���
p
� �
	��

p
� 

	
	 	 	
��
p
� 
n

	
	 �

�
n��

�
w�n�

Consequently� to prove that f�w� p� � g�w� it su	ces to show that

for any positive integer n���
p
� �

	��
p
� 


	
	 	 	
��
p
� 
n

	 �

�
n��
� �

and the strict inequality holds for at lest one n� For n � �� we have��
p
� �

	��
p
� 


	
	 �


� � for p � �

�
�

because

�


p�
� �


p
� � � �� �


p

�
�� �

p

	
� �� if � �

�

p
� ��

Hence

Qn �

�
�
p � �

	�
�
p � 


	�
�
p � �

	
	 	 	
�
�
p � 
n

	
�
n��

�

�
�� �

p

��
�� �


p

�
� �z �

Q�

�
�� �

�p

�
	 	 	
�
�� �


np

�
� �z �


 �

for p � �

 � So Q� � � for p � �


 � and the last formula shows that

Qn � � for n � 
� �� � � � �

                

                                                                                                               



���� Taylor Series ���

������ �Tung�Po Lin� Amer� Math� Monthly �� ���
��� �
������� We

adopt notation from the solution of the foregoing problem� We have

Q� � � for p � �

 � Thus there is � � h � � such that if � � w � h�

then f�w� p� � g�w�� Now observe that the inequality � � w � h can

be rewritten in the form

� � z � rp� where r �

�
� � h

�� h

���p

and z �

�
x

y

�p
�

This means that there is an r � � such that L�x� y� � Mp�x� y� if

� � x
y � r�

������ �Tung�Po Lin� Amer� Math� Monthly �� ���
��� �
������� Putting
x
y � ���w��

���w�� � � � jwj � �� we get

L�x� y�

M��x� y�
�

x�y
lnx�lny

�xy����
�

x
y��

ln x
y�

x
y

	��� �

���w��

���w��
��

��w� �
�w

�� �
�w

����� �
��w
��w

�
�

�� w�
	 �

� � �

w

� � �
�w

� � 	 	 	

�
� � w� � w� � w� � 	 	 	

� � �

w

� � �
�w

� � �
�w

� � 	 	 	 � ��

which combined with 
����
 and 
����� implies the desired result�

�����
 �Tung�Po Lin� Amer� Math� Monthly �� ���
��� �
������� Under

the notation introduced in the solution of ����

� we have

L�x� y�

Mp�x� y�
�

p
�
�� � w���p � ��� w���p

�
ln ��w

��w
��
w��

��

Since z �
�
x
y

	p
� ��w

��w � we get L�x� y� � Mp�x� y� for su	ciently

large z�
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Problems in Mathematical Analysis II
Continuity and Differentiation

W. J. Kaczor and M. T. Nowak

We learn by doing. We learn mathematics by doing prob-
lems. And we learn more mathematics by doing more 
problems. This is the sequel to Problems in Mathematical 
Analysis I (Volume 4 in the Student Mathematical Library 
series). If you want to hone your understanding of contin-
uous and differentiable functions, this book contains 
hundreds of problems to help you do so. The emphasis here 
is on real functions of a single variable.

The book is mainly geared toward students studying the 
basic principles of analysis. However, given its selection of 
problems, organization, and level, it would be an ideal 
choice for tutorial or problem-solving seminars, particularly 
those geared toward the Putnam exam. It is also suitable for 
self-study. The presentation of the material is designed to 
help student comprehension, to encourage them to ask their 
own questions, and to start research. The collection of prob-
lems will also help teachers who wish to incorporate 
problems into their lectures. The problems are grouped into 
sections according to the methods of solution. Solutions for 
the problems are provided.

AMS on the Web
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