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Preface

This is the second volume of a planned series of books of problems in
mathematical analysis. The book deals with real functions of one real
variable, except for Section 1.7 where functions in metric spaces are
discussed. Like the first volume, Problems in Mathematical Analysis
I, Real Numbers, Sequences and Series, the book is divided into two
parts. The first part is a collection of exercises and problems, and
the second contains their solutions. Although often various solutions
of a given problem are possible, we present here only one. Moreover,
problems are divided into sections according to the methods of their
solutions. For example, if a problem is in the section Convezr Func-
tions it means that in its solution properties of convex functions are
used. While each section begins with relatively simple exercises, one
can still find quite challenging problems, some of which are actually
theorems. Although the book is intended mainly for mathematics
students, it covers material that can be incorporated by teachers into
their lectures or be used for seminar discussions. For example, follow-
ing Steven Roman (Amer. Math. Monthly, 87 (1980), pp. 805-809),
we present a proof of the well known Faa di Bruno formula for the nth
derivative of the composition of two functions. Applications of this
formula to real analytic functions given in Chapter 3 are mainly bor-
rowed from the book A Primer of Real Analytic Functions by Steven
G. Krantz and Harold R. Parks. In fact, we found this book so stimu-
lating that we could not resist borrowing a few theorems from it. We

xi



xii Preface

would like also to mention here a generalization of Tauber’s theorem
due to Hardy and Littlewood. The proof of this result that we give
is based on Karamata’s paper (Math. Zeitschrift, 2 (1918)).

Many problems have been borrowed freely from problem sections
of journals like the American Mathematical Monthly, Mathematics
Today (Russian) and Delta (Polish), and from many textbooks and
problem books. The complete list of books is given in the bibliog-
raphy. As in the first volume, it was beyond our scope to trace all
original sources, and we offer our sincere apologies if we have over-
looked some contributions.

All the notations and definitions used in this volume are stan-
dard. However, in an effort to make the book consistent and to avoid
ambiguity, we have included a list of notations and definitions. In
making references we write, for example, 1.2.33 or I, 1.2.33, which
denotes the number of the problem in this volume or in Volume I,
respectively.

We owe much to many friends and colleagues with whom we have
had many fruitful discussions. Special mention should be made, how-
ever, of Tadeusz Kuczumow for suggestions of several problems and
solutions, and of Witold Rzymowski for making his manuscript [28]
available to us. We are very grateful to Armen Grigoryan, Malgorzata
Koter-Mérgowska, Stanistaw Prus and Jadwiga Zygmunt for drawing
the figures and for their help with incorporating them into the text.
We are deeply indebted to Professor Richard J. Libera, University of
Delaware, for his unceasing help with the English translation and for
his valuable suggestions and corrections which we feel have greatly
improved both the form and the content of the two volumes. Fi-
nally, we would like to thank the staff at the AMS for their dedicated
assistance (via e-mail) in bringing our work to fruition.

W. J. Kaczor, M. T. Nowak



Notation and
Terminology

This is a supplement to the notation and terminology of Problems in
Mathematical Analysis I, Real Numbers, Sequences and Series.

If (X, d) is a metric space, x € X and A is a nonempty subset of X,

then
[ )

A¢ =X\ A is the complement of the set A,

Bx(z,r), Bx(z,7) denote the open and the closed ball cen-
tered at x and of radius r > 0, respectively. If X is fixed we
omit the index and simply write B(xz,r) or B(z,r),

A° is the interior of A in the metric space (X, d),

A denotes the closure of A in the metric space,

OA = ANX\ A is the boundary of A,

diam(A) = sup{d(z,y) : z,y € A} denotes the diameter of
the set A,

dist (z,A) = inf{d(z,y) : y € A} denotes the distance be-
tween x and the set A,

A is of type F, if it is a union of countably many sets which
are closed in (X, d),

A is of type Gs if it is an intersection of countably many sets
which are open in (X, d),

xiii
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Notation and Terminology

X is said to be connected if there do not exist two nonempty
disjoint open subsets B and C of X such that X = B U C,

() { 1 if z€A,

T) =

xa 0 if ze(X\A)

is the characteristic function of A,

if A C X and if f is a function defined on X, then f|o denotes
the restriction of f to A.

If f and ¢ are real functions of a real variable, then

f(a™) and f(a™) denote the right-hand and the left-hand limit
of f at a, respectively,

if the quotient f(x)/g(z) tends to zero (or remains bounded)
as x — o, then we write f(z) = o(g(z)) (or f(z) = O(g(x))),
C(A) - the set of all continuous functions on A,

C(a,b) - the set of all continuous functions on an open interval
(a,b),

() - the nth derivative of f,

C"(a,b) - the set of all functions n times continuously differ-
entiable on (a,b),

fi(a), f.(a) - the right- and the left-hand derivative of f at
a, respectively,

C*([a, b]) denotes the set of all functions continuously differen-
tiable on [a, b], where at the endpoints the derivative is right-
or left-hand, respectively. The set C™([a,b]) of all functions
n times continuously differentiable on [a,b] is defined induc-
tively,

C*(a,b), C*([a,b]) - the set of functions infinitely differen-
tiable on (a,b) and [a, b], respectively.
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Chapter 1

Limits and Continuity

1.1. The Limit of a Function

We adopt the following definitions.

Definition 1. A real function f is said to be increasing (resp. strictly
increasing, decreasing, strictly decreasing) on a nonempty set A C R
if ©1 < z2, x1,22 € A, implies f(z1) < f(z2) (resp. f(z1) <
f(z2), f(z1) > f(x2), f(x1) > f(z2)). A function which is either in-
creasing or decreasing (resp. strictly increasing or strictly decreasing)
is called monotone (resp. strictly monotone).

Definition 2. By a deleted neighborhood of a point a € R we mean
the set (a —e,a+¢) \ {a}, where € > 0.

1.1.1. Find the limits or state that they do not exist.

(a) lim z cos l, (b) lim z {l] ,
z—0 T z—0 x

(c) lim & [9} Cab>0, @  fim &
z—=0a [T z—=0 T

cos (5 cosz)

(e) lim =z (\/3:2 +1— /2% + 1) , (f) lim

2o a—0 sin(sinz)

3



4 Problems. 1: Limits and Continuity

1.1.2. Assume that f:(—a,a)\ {0} — R Show that
(a) lim f(z) =1 if and only if lim f(sinz) =1,
z—0 z—0
(b) if lim f(z) =1, then lim f(]z|) = I. Does the other impli-
z—0 z—0
cation hold?

1.1.3. Suppose a function f : (—a,a)\ {0} — (0,400) satisfies
. 1 _ . _
;g}r}) (f(a:) + W) = 2. Show that ili% f(z)=1.

1.1.4. Assume f is defined on a deleted neighborhood of a and
. 1 — . .
9}1_1)1}1 (f(a:) + —\f(ﬂv)l) 0. Determine ;1_% f(z).

1.1.5. Prove that if f is a bounded function on [0,1] satisfying
flaz) = bf(z) for 0 <z < I anda,b> 1, then lierf(a:) = f(0).
z—0

1.1.6. Calculate
1
H 2 .. —_—
(a) iﬂ(m (1+2+3+ +[|x|b>,

o (B Lo ) ren

1.1.7. Compute lim L&)

Zoo Pll=

; , where P(z) is a polynomial with positive

coefficients.

1.1.8. Show by an example that the condition
(%) lim (f(z) + f(22)) =0

z—0

does not imply that f has a limit at 0. Prove that if there exists a

function ¢ such that in a deleted neighborhood of zero the inequal-

ity f(z) > ¢(x) is satisfied and lin% p(z) = 0, then (x) implies
Tr—r

lim f(z) =0.
z—0
1.1.9.

(a) Give an example of a function f satisfying the condition

lim (f () f(2z)) = 0

z—0



1.1. The Limit of a Function 5

and such that lin}) f(z) does not exist.
z—

(b) Show that if in a deleted neighborhood of zero the inequalities
flx) > |z|*, ¥ < a < 1, and f(z)f(2z) < |z| hold, then

2
lim f(z) = 0.
z—0

flaz)

o

1.1.10. Given a real , assume that lim = g(a) for each pos-

T—r00

itive a. Show that there is ¢ such that g(a) = ca®.

1.1.11. Suppose that f: R — R is a monotonic function such that
lim £22) = 1. Show that also lim £& =1 for each ¢ > 0.

1.1.12. Prove that if a > 1 and a € R, then
(a) lim & = +00, (b) lim L = too.

r—o0 I z—o00 T
1.1.13. Show that if a > 0, then lim 22 =0.
T—r00

1.1.14. For a > 0, show that lirrh a® = 1. Use this equality to prove
T—

the continuity of the exponential function.

1.1.15. Show that

1\” 1\"*
(a) lim <1 + —) =e, (b) lim <1 + —) =e,
Tr—00 € r——00 X

1.1.16. Show that lin% In(1+4z) = 0. Using this equality, deduce that
Tr—r

the logarithmic function is continuous on (0, 00).

1.1.17. Determine the following limits:

In(1 P
(@)  lim 2O+ b) lm T a>o,
z—0 T z—0 T
© G EFDTL g

z—0 T



6 Problems. 1: Limits and Continuity

1.1.18. Find
(a) lim (Inz)*, (b)  lim 2°"7,
(c)  lim(cosa)me, (d)  lim (e — 1)+,
. g
(e) xli>r{)1+(51n x)Te.
1.1.19. Find the following limits:
(a) sin 2z + 2 arctan3z + 3z (b)  lim Incosz

1m 2 ) 2
=0 In(1 4 3z + sin” ) + ze® =0 tanz

V1—e—=®—+/1—cosz
I d)  Tim (1 +a22)°7,
(©) zgng Vsin z ’ (@) ””11’%( +e)

1.1.20. Calculate

(a) lim (tan kel >% , (b) lim z (ln (1 + g) —In g) .

z—00 2¢ +1 T—00

1.1.21. Suppose that lim+ g(z) = 0 and that there are @ € R and
z—0
f(=z)

positive m and M such that m < <25 < M for positive z from
a neighborhood of zero. Show that if « 1im+ g(x)Inz = 7, then
z—0

lim+ f(z)9®) = e7. In the case where 7 = 0o or 7 = —00 we assume
z—0

that e* =00 and e~ = 0.

1.1.22. Assume that lir% f(z) =1 and lir% g(x) = oo. Show that if
z— z—

i —1) = i 9(x) — o7

lim g(z)(f(z) —1) =, then lim f(z) ev.

1.1.23. Calculate

1 x
(a) lim (2 sin/z + v/z sin —) ,
z—07+ T

1\
(b) lirrh (1 +ze :% sin —> ,
z—

1

2

1 1\°°
(c) lim (1 + efm%arctan—2 + e =" sin —4>
z z

z—0



1.1. The Limit of a Function 7

1.1.24. Let f:[0,400) = R be a function such that each sequence
{f(a+n)}, a >0, converges to zero. Does the limit lim f(z) exist?
T—r00

1.1.25. Let f : [0,400) — R be a function such that, for any
positive a, the sequence {f(an)} converges to zero. Does the limit
lim f(z) exist?

T—>00

1.1.26. Let f:]0,4+00) — R be a function such that, for each a > 0
and each b > 0, the sequence {f(a+bn)} converges to zero. Does the
limit lim f(z) exist?

T—r00

1.1.27. Prove that if lim f(z) = 0 and lim &2 — o then
z—0 z—0
lim 1% = .

z—0 ¥

1.1.28. Suppose that f defined on (a,+o0) is bounded on each finite

interval (a,b), a < b. Prove that if Er_ir_l (f(x+1) — f(x)) =1, then
x [ee]

f@) 1

T

also lim
r—+00
1.1.29. Let f defined on (a,+00) be bounded below on each finite
interval (a,b), a < b. Show that if liIJIrl (f(z+1) — f(z)) = +o0,
T—>+00

then also lim £&) — +00.

z—+oo T

1.1.30. Let f defined on (a,+00) be bounded on each finite interval
fla+1)—f(x)

(a,b), a < b. If for a nonnegative integer k, lirf e exists,
T—r+00
then
o f@) 1 fle+ 1) - f(x)
zgr}rloo g+l k41 IEIEOO xk '

1.1.31. Let f defined on (a,+00) be bounded on each finite interval
(a,b), a < b, and assume that f(z) > ¢ >0 for z € (a,+00). Show

that if zEIJIrloo fo(;r)l) exists, then zkrfoo(f(m))% also exists and

. i f(:U—I—l)
Jm (f@)= = Hm s



8 Problems. 1: Limits and Continuity

1.1.32. Assume that lim f ([%]71) = 0. Does this imply that the
z—0

limit lim f(z) exists?
z—0

1.1.33. Let f: R — R be such that, for any a € R, the sequence
{f (%)} converges to zero. Does f have a limit at zero?

1.1.34. Prove that if ilg%)f (z (2 -1[2])) =0, then lim f(z) = 0.

z—0

1.1.35. Show that if f is monotonically increasing (decreasing) on
(a,b), then for any zo € (a,b),

(a) f(:rar) = lim f(z) = inf f(z) <f(a:g) = sup f(:r)),

z%za' >0 >0

(b) f(zy)= lim f(z)= sup f(x) (f(:rg) = inf f(:r)),

T, z<zo z<zo

(¢)  flzg) < flwo) < flxg)  (fzg) > f(xo) > f(a7))-

1.1.36. Show that if f is monotonically increasing on (a, b), then for
any zg € (a,b),

(@) lim, ) = f(a),
(b) lim_f(zt) = flap).

1.1.37. Prove the following Cauchy theorem. In order that f have a
finite limit when z tends to a, a necessary and sufficient condition is
that for every € > 0 there exists § > 0 such that |f(z) — f(z')| < ¢
whenever 0 < |z —a| < § and 0 < |z’ —a| < 6. Formulate and prove an
analogous necessary and sufficient condition in order that xll)n;o f(z)

exist.

1.1.38. Show that if lim f(z) = A and lirrjlélg(y) = B, then
y—

rT—a

li_r>n g9(f(z)) = B, provided (go f)(z) = g(f(z)) is well defined and
T a
f does not attain A in a deleted neighborhood of a.



1.2. Properties of Continuous Functions 9

1.1.39. Find functions f and g such that lim f(z) = A and lirri1 9(y)
r—a y—
= B, but lim g(f(z)) # B.
T—ra

1.1.40. Suppose f : R — R is an increasing function and = —
f(z) — x has the period 1. Denote by f™ the nth iterate of f; that is,
f''= fand f* = fo f* ! for n > 2. Prove that if lim ! TEO) exists,

n n n—oo
then for every z € R, lim fT(z) = lim me).
n— 00 n— 00

1.1.41. Suppose f : R — R is an increasing function and = —
f(z) — x has the period 1. Moreover, suppose that f(0) > 0 and p
is a fixed positive integer. Let f™ denote the nth iterate of f. Prove
that if m,, is the least positive integer such that f™»(0) > p, then
(0 — f™(0 1 0
p M0) L m £10) _ p 14 £0)

— < lim < <
mp n—oo N n—oo  n myp my

1.1.42. Suppose f : R — R is an increasing function and = —
f(z) — & has the period 1. Show that lim < (@) exists and its value

n—oo M
is the same for each = € R, where f™ denotes the nth iterate of f.

1.2. Properties of Continuous Functions

1.2.1. Find all points of continuity of f defined by
0 if x irrational,
fle)=19 . e
sin |z|  if z is rational.
1.2.2. Determine the set of points of continuity of f given by
22 —1 if z is irrational,
flz) =

0 if z is rational.

1.2.3. Study the continuity of the following functions:

0 if x is irrational or z = 0,
(a) flx)=1< 1/q ifz=p/q, p€Z, €N, and

P, q are co-prime,



10 Problems. 1: Limits and Continuity

|| if x is irrational or x = 0,

(b) fly=4¢ qz/(qg+1) ifx=p/q, p€EZ,q€eN, and
P, q are co-prime.

(The function defined in (a) is called the Riemann function.)
1.2.4. Prove that if f € C([a,b]), then |f| € C([a,b]). Show by an
example that the converse is not true.
1.2.5. Determine all a,, and b, for which the function defined by
Fo) {an+sin7ra: if ze2n,2n+1], neZ,
xTr) =
b, +cosmr ifxz € (2n—1,2n), n €%,

is continuous on R.
1.2.6. Let f(z) = [#?]sinwz for = € R. Study the continuity of f.
1.2.7. Let

f@) =+ @) for >

Show that f is continuous and that it is strictly increasing on [1, c0).
1.2.8. Study the continuity of the following functions and sketch
their graphs:

nt —n"%

(a) f(ﬂf):nhjgom; T €R,
L xZe™ 4y
(b) f@)= lm 7 @€k
1 n n
(©) f) = tim MEET sy
n—oo n

. 1
(d) f(l‘) = n];n;() 4n 4 g2 4 an, xr 75 0,

(e) f(@) = lim */cos>z +sin*z, zeR

n—o0

1.2.9. Show that if f : R — R is continuous and periodic, then it
attains its supremum and infimum.



1.2. Properties of Continuous Functions 11

1.2.10. For P(z) = 2*" + agp,_12*" 1 + -+ + a1 + ag, show that
there is z, € R such that P(z,) = inf{P(z) : = € R}. Show also
that the absolute value of any polynomial P attains its infimum; that
is, there is z* € R such that |P(z*)| = inf{|P(z)| : = € R}.

1.2.11.

(a) Give an example of a bounded function on [0, 1] which achieves
neither an infimum nor a supremum.

(b) Give an example of a bounded function on [0, 1] which does not
achieve its infimum on any [a,b] C [0,1], a < b.

1.2.12. For f:R—= R, zp € R and § > 0, set
wr(xo,0) =sup{|f(z) — f(zo)|: ¢ €R, |z —x0| < I}
and wy(zo) = 5hm+ w(xo,d). Show that f is continuous at o if and
—0
only if wy(zg) =0.

1.2.13.

(a) Let f,g € C([a,b]) and for z € [a,b] let h(z) = min{f(z), g(z)}
and H(z) = max{f(z), g(z)}. Show that h,H € C([a,b]).

(b) Let fi,fo, f3 € C([a,b]) and for = € [a,b] let f(z) denote that
one of the three values fi(z), fo(z) and f5(z) that lies between
the other two. Show that f € C([a,b]).

1.2.14. Prove that if f € C([a,b]), then the functions defined by
setting

m(z) =inf{f((): (€la,2]} and M(z)=sup{f((): (€ [a,z]}
are also continuous on [a, b].

1.2.15. Let f be a bounded function on [a, b]. Show that the functions
defined by

m(z) = inf{f(¢): (€la,z)} and M(z)=sup{f(¢): ¢ €[a,z)}

are continuous from the left on (a,b).
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1.2.16. Verify whether under the assumptions of the foregoing prob-
lem the functions

m*(z)=inf{f(¢) : (€ [a,z]} and M*(z)=sup{f((): (€ [a,z]}

are continuous from the left on (a,b).

1.2.17. Suppose f is continuous on [a,00) and lim f(z) is finite.

Tr—>00
Show that f is bounded on [a, c0).

1.2.18. Let f be continuous on R and let {z,} be a bounded se-
quence. Do the equalities

n—o0o n—o00 n—o0 n—o0

hold?

1.2.19. Let f : R — R be increasing and continuous and let {z,}
be a bounded sequence. Show that

(a) lim f(z,) = f(lim z,),
(b) Jim f(z,) = f( i z,).

1.2.20. Let f : R — R be decreasing and continuous and let {z,}
be a bounded sequence. Show that

(a) lim f(zyn) = f( lim ),
n—oo n— 00
(b) T f(zn) = f( lim 2,).
n—oo n—oo
1.2.21. Suppose that f is continuous on R, lim f(z) = —co and
T——00

lim f(z) = +o0. Define g by setting
T—>00
glx) =sup{t: f(t) <z} for zeR

(a) Prove that g is continuous from the left.

(b) Is g continuous?
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1.2.22. Let f: R — R be a continuous periodic function with two
incommensurate periods T; and T5; that is, % is irrational. Prove
that f is a constant function. Give an example of a nonconstant

periodic function with two incommensurate periods.

1.2.23.

(a) Show that if f: R — R is nonconstant, periodic and continuous,
then it has a smallest positive period, the so-called fundamental
period.

(b) Give an example of a nonconstant periodic function without a
fundamental period.

(c) Prove that if f: R — R is a periodic function without a funda-
mental period, then the set of all periods of f is dense in R.

1.2.24.

(a) Prove that the theorem in part (a) of the preceding problem re-
mains true when the continuity of f on R is replaced by the
continuity at one point.

(b) Show that if f: R — R is a periodic function without a funda-
mental period and if it is continuous at least at one point, then
it is constant.

1.2.25. Show that if f, ¢ : R = R are continuous and periodic and
lim (f(x) — g(x)) = 0, then f = g.

1.2.26. Give an example of two periodic functions f and g such that
any period of f is not commensurate with any period of g and such
that f+ ¢

(a) is not periodic,

(b) is periodic.

1.2.27. Let f,g : R - R be continuous and periodic with positive
fundamental periods T} and 75, respectively. Prove that if % ¢ Q,
then h = f + ¢ is not a periodic function.
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1.2.28. Let f,g : R — R be periodic and suppose that f is continu-
ous and no period of g is commensurate with the fundamental period
of f. Prove that f + g is not a periodic function.

1.2.29. Prove that the set of points of discontinuity of a monotonic
function f:R — R is at most countable.

1.2.30. Suppose f is continuous on [0, 1]. Prove that
I k
lim — ) (-Dff(=) =0
Jim 2_:( )*f <n>
1.2.31. Let f be continuous on [0, 1]. Prove that

S ()(8) o

k=0

1.2.32. Suppose f: (0,00) = R is a continuous function such that
f(z) < f(nz) for all positive z and natural n. Show that lim f(x)
T—r00

exists (finite or infinite).

1.2.33. A function f defined on an interval I C R is said to be
convez on I if

FOzy + (1= Nx2) < Af(21) + (1= N) f(2)

whenever z1,z2 € I and A € (0,1). Prove that if f is convex on an
open interval, then it is continuous. Must a convex function on an
arbitrary interval be continuous?

1.2.34. Prove that if a sequence {f,} of continuous functions on A
converges uniformly to f on A, then f is continuous on A.

1.3. Intermediate Value Property

Recall the following:

Definition. A real function f has the intermediate value property on
an interval I containing [a,b] if f(a) < v < f(b) or f(b) < v < f(a);
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that is, if v is between f(a) and f(b), there is between a and b a ¢
such that f(c) = v.

1.3.1. Give examples of functions which have the intermediate value
property on an interval I but are not continuous on this interval.

1.3.2. Prove that a strictly increasing function f : [a,b] = R which
has the intermediate value property is continuous on [a, b].

1.3.3. Let f:[0,1] — [0,1] be continuous. Show that f has a fized
point in [0, 1]; that is, there exists o € [0,1] such that f(zo) = o.

1.3.4. Assume that f,g : [a,b] = R are continuous and such that
f(a) < g(a) and f(b) > g(b). Prove that there exists zy € (a,b) for
which f(zo) = g(zo)-

1.3.5. Let f: R — R be continuous and periodic with period 7" > 0.
Prove that there is xp such that

f <x0 + %) = f(z0).

1.3.6. A function f : (a,b) — R is continuous. Prove that, given
x1,%2, ..., Ty in (a,b), there exists zo € (a,b) such that

Flao) = - (@) + F) + -+ flzn)

1.3.7.

(a) Prove that the equation (1 — z)cosz = sinz has at least one
solution in (0, 1).

(b) For a nonzero polynomial P, show that the equation |P(z)| = e®
has at least one solution.

1.3.8. For ag < by < a; < by <--- < ay, < by, show that all roots of
the polynomial

P(z) = H(w+ak) +2 H(m+bk), z €R,
k=0 k=0

are real.
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1.3.9. Suppose that f and g have the intermediate value property
on [a,b]. Must f + g possess the intermediate value property on that
interval?

1.3.10. Assume that f € C([0,2]) and f(0) = f(2). Prove that there
exist 1 and x5 in [0, 2] such that

zz—21 =1 and f(z2) = f(z1).

Give a geometric interpretation of this fact.

1.3.11. Let f € C([0,2]). Show that there are z; and z in [0,2]
such that

mn=1 and f(@) - f@) = 5(f2) - FO)

1.3.12. Forn € N, let f € C(]0,n]) be such that f(0) = f(n). Prove
that there are 1 and x5 in [0, n] satisfying

o —x1 =1 and f(z2) = f(z1).

1.3.13. A continuous function f on [0,n], n € N, satisfies f(0) =
f(n). Show that for every k € {1,2,...,n — 1} there are z; and z,
such that f(zy) = f(z),), where z}, — ), =korap —z), =n—Fk. Is
it true that for every k£ € {1,2,...,n — 1} there are z;, and }, such
that f(xzx) = f(z},), where zj, — z), = k?

1.3.14. Forn € N, let f € C(]0,n]) be such that f(0) = f(n). Prove
that the equation f(z) = f(y) has at least n solutions with x —y € N.

1.3.15. Suppose that real continuous functions f and g defined on
R commute; that is, f(g(z)) = g(f(x)) for € R. Prove that if the
equation f?(z) = ¢g?(z) has a solution, then the equation f(z) = g(x)
also has (here f*(z) = f(f(z)) and g°(z) = g(g(2))).

Show by example that the assumption of continuity of f and g in
the foregoing problem cannot be omitted.

1.3.16. Prove that a continuous injection f : R — R is either strictly
decreasing or strictly increasing.
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1.3.17. Assume that f : R = R is a continuous injection. Prove that
if there exists n such that the nth iteration of f is an identity, that
is, f*(z) = z for all z € R, then

(a) f(x) =z, x € R if f is strictly increasing,
(b) f%(z) =z, = € R, if f is strictly decreasing.

1.3.18. Assume f: R — R satisfies the condition f(f(z)) = f?(z) =
—z, x € R Show that f cannot be continuous.

1.3.19. Find all functions f : R — R which have the intermediate
value property and such that there is n € N for which f"(z) =
—x, ¢ € R, where f™ denotes the nth iteration of f.

1.3.20. Prove that if f : R — R has the intermediate value property
and f~1({q}) is closed for every rational ¢, then f is continuous.

1.3.21. Assume that f : (a,00) — R is continuous and bounded.
Prove that, given T, there exists a sequence {z,} such that

lim z, =400 and lim (f(z,+7T)— f(z,)) =0.

n—oo n—o0

1.3.22. Give an example of a continuous function f:R — R which
attains each of its values exactly three times. Does there exist a
continuous function f : R — R which attains each of its values
exactly two times?

1.3.23. Let f : [0,1] = R be continuous and piecewise strictly mono-
tone. (A function f is said to be piecewise strictly monotone on
[0,1], if there exists a partition of [0, 1] into finitely many subinter-
vals [t;—1,t;], where i =1,2,... ,n and 0=ty <t; <--- <t, =1,
such that f is strictly monotone on each of these subintervals.) Prove
that f attains at least one of its values an odd number of times.

1.3.24. A continuous function f : [0,1] — R attains each of its values
finitely many times and f(0) # f(1). Show that f attains at least one
of its values an odd number of times.
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1.3.25. Assume that f : K — K is continuous on a compact set
K C R. Moreover, assume that an zy € K is such that each limit
point of the sequence of iterates {f™(zo)} is a fixed point of f. Prove
that {f™(z¢)} is convergent.

1.3.26. A function f : R — R is increasing, continuous, and such
that F' defined by F(z) = f(z) — z is periodic with period 1. Prove
that if a(f) = lim IO “then there is @ € [0,1] such that F(zo) =
a(f). Prove also that f has a fixed point in [0,1] if and only if
a(f) = 0. (See Problems 1.1.40 - 1.1.42.)

1.3.27. A function f : [0,1] — R satisfies f(0) < 0 and f(1) > 0,
and there exists a function g continuous on [0, 1] and such that f +g¢
is decreasing. Prove that the equation f(z) =0 has a solution in the
open interval (0, 1).

1.3.28. Show that every bijection f:R — [0,00) has infinitely many
points of discontinuity.

1.3.29. Recall that each z € (0,1) can be represented by a binary
fraction .ajaqas ..., where a; € {0,1}, i = 1,2,... . In the case where
z has two distinct binary expansions we choose the one with infinitely
many digits equal to 1. Next let a function f : (0,1) — [0,1] be
defined by

— 1
flz) = nh_}rrolo - z;ai.
P
Prove that f is discontinuous at each x € (0,1) but nevertheless it
has the intermediate value property.

1.4. Semicontinuous Functions

Definition 1. The extended real number system R consists of the
real number system to which two symbols, +00 and —oo, have been
adjoined, with the following properties:
(i) If x is real, then —oco < x < +00, and 4+ 00 = 400, T — 00 =
—o0 and £ = £ =0.

—+o0 —00

(ii) If x > 0, then x - (+00) = 400, - (—00) = —00.
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(iii) If z <0, then z - (+00) = —00, T - (—00) = +00.

Definition 2. If A C R is a nonempty set, then sup A (resp. inf A)
is the smallest (resp. greatest) extended real number which is greater
(resp. smaller) than or equal to each element of A.

Let f be a real-valued function defined on a nonempty set A C R.

Definition 3. If zq is a limit point of A, then the limit inferior (resp.
the limit superior) of f(x) as x — xo is defined as the infimum (resp.
the supremum) of the set of all y € R such that there is a sequence
{zn} of points in A which is convergent to xy, whose terms are all
different from z and y = nh—>Holo f(zy). The limit inferior and the limit
superior of f(x) as © — x are denoted by lim f(z) and m@(} f(z),

T—rTo
respectively.

Definition 4. A real-valued function is said to be lower (resp. upper)

semicontinuous at an o € A which is alimit point of A if lim f(z) >
T—T0

f(zo) (resp. lim f(x) < f(x0)). If 2o is an isolated point of A, then
T—>To

we assume that f is lower and upper semicontinuous at that point.

1.4.1. Show that if xo is a limit point of A and f: A — R, then

(a) lim f(z) =sup inf{f(z): z € A, 0< |z — x| <},

T—xo 6>0
(b) mll}rrmlof(a:) = ;r;% sup{f(z): z € A, 0<|z—1z0| <d}.

1.4.2. Show that if xg is a limit point of A and f: A — R, then

(a) lim f(z)= lim inf{f(z): z€ A, 0 < |z —x0| <},
o 50+

(b) lim f(x):(slir(r)lJrsup{f(w): z €A, 0<|z—xo| <6}

T—rTo
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1.4.3. Prove that yo € R is the limit inferior of f : A — R at a
limit point z¢ of A if and only if for every £ > 0 the following two
conditions are satisfied:
(i) there is 6 > 0 such that f(z) > yo — ¢ for all x € A with
0< |z —mo| <9,
(ii) for every ¢ > O there is 2’ € A such that 0 < |2’ —zo| < ¢ and
f&") <wyo+e.

Establish an analogous statement for the limit superior of f at xg.

1.4.4. Let f: A — R and let ¢ be a limit point of A. Prove that
(a) lim f(z) = —oo if and only if for any real y and for any § > 0

T—rTo

there exists ' € A such that 0 < |2' —zo| < § and f(z') < y.
(b) lim f(x) = +oo if and only if for any real y and for any § > 0

T—rTo

there exists ' € A such that 0 < |2' — x| < § and f(z') > y.

1.4.5. Suppose f: A — R and z is a limit point of A. Show that

if ] = lim f(z) (resp. L = lim f(z)), then there is a sequence
T—To T—=To
{z,}, =z, € A, z, # xg, converging to zo such that [ = lim f(z,)
n—o0

(resp. L = lim f(zp)).
n—oo
1.4.6. Let f: A — R and let ¢ be a limit point of A. Prove that

lim (~f(2) = — Tm f(2) and [ (—f()) = - lim f(2).

z—z0 T—>To T—>To z—z0

1.4.7. Let f : A — (0,00) and let zy be a limit point of A. Show
that
lim = _1 and lim 1 = !

amay () lim f(2) a>wo f(z)  lim f(z)

T—T0 T—To

(We assume that +%.o =0and 57 = +00.)

1.4.8. Assume that f,g: A — R and that z¢ is a limit point of A.
Prove that (excluding the indeterminate forms of the type +o0o — oo
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and —oo + 00) the following inequalities hold:

lim f(z)+ lim g(z) < lim (f(z) +g(z)) < lim f(z)+ lim g(z)

T—To T—To T—To T—To T—rTo
< Iim < lim . '
< lim (f(z) +g(2)) < lim f(z) + lim g(z)

Give examples of functions for which “< ” in the above inequalities
is replaced by “< 7.

1.4.9. Assume that f,g: A — [0,00) and that zg is a limit point of
A. Prove that (excluding the indeterminate forms of the type 0-(400)
and (400) - 0) the following inequalities hold:

lim f(z)- lim g(z) < lim (f(2) - g(x)) < lim f(z)- lim g(x)

T—To T—To T—To T—To T—=To
< lim . < lim - lim i
< Jim (f(2) - g(2)) < lim f(z)- lim g(z)

Give examples of functions for which “< ” in the above inequalities
is replaced by “<”.

1.4.10. Prove that if lim f(x) exists, then (excluding the indeter-
T—rTo

minate forms of the type +00 — co and —oo + o0)

lim (f(x) +g(x)) = lim f(z) + lim g(x),

farens T—>To
T (@ + o) = Jim 1) + Fin o(a)

Moreover, if f and g are nonnegative, then (excluding the indetermi-
nate forms of the type 0 - (+00) and (+0o0) - 0)

lim (f(z) - g()) = lim f(z)- lim g(z),

oo T—>To T—To
Jim (f@ - g(e) = Jim J@)- Ty g(x).

1.4.11. Prove that if f is continuous on (a,b), I = lim f(z) and

rT—a

L = lim f(), then for every A € [l, L] there is a sequence {z,} of
rT—ra

points in (a,b) converging to a and such that lim f(z,) = A\
n—o0
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1.4.12. Find the points at which f: R — R defined by
0 if x is irrational,
floy=9 . .
sing if x is rational

is semicontinuous.

1.4.13. Determine points at which the function f defined by

22 — 1 if z is irrational,

)= {

0 if z is rational

is semicontinuous.

1.4.14. Show that the function given by setting

0 if z is irrational or z = 0,
f(z) = % ifr="2 peZ,qeN,
and p, q are co-prime

is upper semicontinuous.

1.4.15. Find the points at which the function defined by

|z|  if x is irrational or & = 0,
(a) fla) =3 £ ifx=2 peZ, qeN,
and p,q are co-prime,

(;1% ifxeQn(0,1] and z = %, p,q €N,
(b) flz)= and p,q are co-prime,

0 if z € (0,1) is irrational

is neither upper nor lower semicontinuous.

1.4.16. Let f,g : A — R be lower (resp. upper) semicontinuous at
zo € A. Show that

(a) if @ > 0, then af is lower (resp. upper) semicontinuous at zo. If
a < 0, then af is upper (resp. lower) semicontinuous at xo.

(b) f+ g is lower (resp. upper) semicontinuous at zo.
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1.4.17. Assume that f, : A — R, n € N, are lower (resp. upper)

semicontinuous at zo € A. Show that sup f,, (resp. inf f,) is lower
neN neN
(resp. upper) semicontinuous at xg.

1.4.18. Prove that a pointwise limit of an increasing (resp. decreas-
ing) sequence of lower (resp. upper) semicontinuous functions is lower
(resp. upper) semicontinuous.

1.4.19. For f : A — R and z a limit point of A define the oscillation
of f at x by

or(x) = 51_i>r[1)1+ sup{|f(z) — f(u)|: z,u €A, |z —x| <94, |u—z| <}
Show that of(x) = fi(z) — f2(x), where
fi(z) = max{f(z), lim f(2)} and fo(z) = min{f(2), lim f(2)}.

zZ—T

1.4.20. Let f1, f2, and oy be as in the foregoing problem. Show that
fi and oy are upper semicontinuous, and f> is lower semicontinuous.

1.4.21. Prove that in order that f : A — R be lower (resp. upper)
semicontinuous at zg € A, a necessary and sufficient condition is
that for every a < f(zo) (resp. a > f(zg)) there is § > 0 such that
f(z) > a (resp. f(z) < a) whenever |z — zo| < §, z € A.

1.4.22. Prove that in order that f : A — R be lower (resp. upper)
semicontinuous on A, a necessary and sufficient condition is that for
every a € R the set {z € A: f(z) > a} (resp. {z € A: f(z) <a})
be open in A.

1.4.23. Prove that f: R — R is lower semicontinuous if and only if
the set {(z,y) € R? : y > f(z)} is closed in R?.

Formulate and prove an analogous necessary and sufficient con-
dition for upper semicontinuity of f on R.

1.4.24. Prove the following theorem of Baire. Every lower (resp. up-
per) semicontinuous f : A — R is the pointwise limit of an increasing
(resp. decreasing) sequence of continuous functions on A.
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1.4.25. Prove that if f : A — R is upper semicontinuous, g : A — R
is lower semicontinuous and f(z) < g(z) everywhere on A, then there
is a continuous function A on A such that

flz) < h(z) <g(z), z€A.

1.5. Uniform Continuity

Definition. A real function f defined on A C R is said to be uni-
formly continuous on A if, given € > 0, there exists § > 0 such that
for all z and y in A with |z — y| < ¢ we have |f(z) — f(y)| <e.

1.5.1. Verify whether the following functions are uniformly continu-
ous on (0,1) :

(a) fla)=e, (b)  f(x) =sin=,
©  f@=esas, @ f@)=c

(e) fl@)=e7, (f)  f(z) =e"cos,

() f(@) =nz, (h)  f(z) = cosz-cos T,
(i) f(z) = cotz.

1.5.2. Which of the following functions are uniformly continuous on
[0, 00)7

(a) f(z) =+, (b) f(z) = zsinz,

(¢) f(x) =sin’z, (d) f(z) = sin(z?),

() f(z)=e¢", (f) f(z) = )

(g) f(x)=sin(sinz), (h) f(z) =sin(zsinz),
(i) f(z) =sinyx

1.5.3. Show that if f is uniformly continuous on (a, b), a,b € R, then

lim f(z) and lim f(z) exist as finite limits.
z—a™t z—b—
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1.5.4. Suppose f and g are uniformly continuous on (a,b) ([a,0)).
Does this imply the uniform continuity on (a,b) ([a,0)) of the func-
tions

(a) f+g, (b) fa, (c) x> f(r)sinz?

1.5.5.

(a) Show that if f is uniformly continuous on (a, b] and on [b, ¢), then
it is also uniformly continuous on (a, c).

(b) Suppose A and B are closed sets in R and let f : AUB — R
be uniformly continuous on A and on B. Must f be uniformly
continuous on A U B?

1.5.6. Prove that any function continuous and periodic on R must
be uniformly continuous on R.

1.5.7.
(a) Show that if f : R — R is continuous and such that Em flz)
T —0o0
and li_)m f(x) are finite, then f is uniformly continuous on R.
T o0
(b) Show that if f : [a,00) = R is continuous and li)m f(x) is finite,
T o0

then f is uniformly continuous on [a, 00).

1.5.8. Examine the uniform continuity of

(a) f
(b) f
(© f

1.5.9. Assume that f is uniformly continuous on (0,00). Must the

R . o
limits xll>r{)1+ () and xlgr;o f(z) exist?

(z) = arctanz on (—o00,00),
(z) =zsinl on (0,00),
x

(z) =e = on (0,00).

1.5.10. Prove that any function which is bounded, monotonic and
continuous on an interval I C R is uniformly continuous on I.

1.5.11. Assume f is uniformly continuous and unbounded on [0, o).
Is it true that either lim f(z) =400 or lim f(x) = —o0?
Tr—>00 T—r00
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1.5.12. A function f : [0,00) — R is uniformly continuous and for
any ¢ > 0 the sequence {f(z + n)} converges to zero. Prove that
Ilgrolo f(z) =0.

1.5.13. Suppose that f :[1,00) = R is uniformly continuous. Prove
that there is a positive M such that @ < M for z > 1.

1.5.14. Let f : [0,00) — R be uniformly continuous. Prove that
there is a positive M with the following property:

sup{|f(z +u) — f(u)|} < M(x+1) forevery zx >0.
u>0

1.5.15. Let f : A - R, A C R, be uniformly continuous. Prove
that if {x,} is any Cauchy sequence of elements in A, then {f(z,)}
is also a Cauchy sequence.

1.5.16. Suppose A C R is bounded. Prove that if f : A — R
transforms Cauchy sequences of elements of A into Cauchy sequences,
then f is uniformly continuous on A. Is the boundedness of A an
essential assumption?

1.5.17. Prove that f is uniformly continuous on A C R if and only
if for any sequences {z,} and {y,} of elements of A,

lim (2, ~ya) =0 implies  lim (f(z) ~ f(yn)) = 0.

n— 00
1.5.18. Suppose that f : (0,00) — (0, 00) is uniformly continuous.
Does this imply that
fle+g) _

lim ———2%~ =17

% f(@)

1.5.19. A function f: R — R is continuous at zero and satisfies the
following conditions

f(0)=0 and f(x1+z2) < f(z1) + f(z2) for any z1,22 € R

Prove that f is uniformly continuous on R.
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1.5.20. For f: A - R, A CR, we define
wy(6) = sup{|f(z1) — fz2)|: 21,22 €A, |21 — 22| < 0}

and call wy the modulus of continuity of f. Show that f is uniformly
continuous on A if and only if 6lil(l;l+ wyr(d) =0.
—>

1.5.21. Let f : R — R be uniformly continuous. Prove that the
following statements are equivalent.

(a) For any uniformly continuous function g : R — R, f - g is uni-
formly continuous on R.

(b) The function z + |z|f(z) is uniformly continuous on R.

1.5.22. Prove that the following condition is necessary and sufficient
for f to be uniformly continuous on an interval I. Given € > 0, there
is N > 0 such that for every zy,xs € I, 1 # 22,

1 — T2

> N implies |f(z1) — f(z2)| <e.

1.6. Functional Equations

1.6.1. Prove that the only functions continuous on R and satisfying
the Cauchy functional equation

flz+y) = f(=)+ f(y)

are the linear functions of the form f(z) = ax.

1.6.2. Prove that if f : R — R satisfies the Cauchy functional equa-
tion
flz+y)=flx)+ fy)
and one of the conditions
(a) f is continuous at an zg € R,
(b) f is bounded above on some interval (a,b),
(¢) f is monotonic on R,

then f(z) = az.
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1.6.3. Determine all continuous functions f : R — R such that
f(1) >0 and

flz+y) = f@)fy)
1.6.4. Show that the only solutions of the functional equation

flzy) = f(@) + fy)

which are not identically zero and are continuous on (0,00) are the
logarithmic functions.

1.6.5. Show that the only solutions of the functional equation

flzy) = f(2)f(y)

which are not identically zero and are continuous on (0,00) are the
power functions of the form f(z) = z*.

1.6.6. Find all continuous functions f : R — R such that f(z)— f(y)
is rational for rational = — y.

1.6.7. For |¢| < 1, find all functions f : R — R continuous at zero
and satisfying the functional equation

f(x) + f(gz) = 0.

1.6.8. Find all functions f : R — R continuous at zero and satisfying
the equation

2
fl@)+f (g:ﬂ) =z.
1.6.9. Determine all solutions f : R — R of the functional equation

2f(2z) = fx) +=

which are continuous at zero.

1.6.10. Find all continuous functions f : R — R satisfying the

Jensen equation
; <x+y> _ @)+ )
2 2
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1.6.11. Find all functions continuous on (a,b), a,b € R, satisfying
the Jensen equation

TEOREE)

1.6.12. Determine all solutions f : R — R of the functional equation
fz+1) = f(z)
which are continuous at —1.

1.6.13. For a real a, show that if f : R — R is a continuous solution
of the equation

fx+y) = f(z) + fy) + azy,
then f(z) = %2? + bz, where b = f(1) — &.

1.6.14. Determine all continuous at zero solutions of the functional
equation

11—z

f(:r)=f< g ) P AL

1.6.15. Let f : [0,1] — [0, 1] be continuous, monotonically decreas-
ing and such that f(f(z)) =« for € [0,1]. Is f(z) = 1 — z the only
such function?

1.6.16. Suppose that f and g satisfy the equation

fle+y)+ flx—y) =2f(x)9(y), z,y€eR

Show that if f is not identically zero and |f(z)| < 1 for z € R, then
also |g(z)| < 1for z € R.

1.6.17. Find all continuous functions f : R — R satisfying the func-
tional equation

fle+y) = flx)e’ + fy)e”.
1.6.18. Determine all continuous at zero solutions f : R — R of

flx+y) = flz—y) = f(2)f(y)
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1.6.19. Solve the functional equation

r—1

f(a:)-{—f( . >:1+w for x#0,1.

1.6.20. A sequence {z,} converges in the Cesdro sense if

C- lim z, = lim TLh T AT A F T

n— 00 n— o0 n

exists and is finite. Find all functions which are Cesdro continuous,
that is,

f(C- lim z,) =C- lim f(z,)
n—o0 n—o0
for every Cesaro convergent sequence {z,}.

1.6.21. Let f:[0,1] — [0, 1] be an injection such that f(2z— f(z)) =
z for z € [0,1]. Prove that f(z) =z, = € [0, 1].

1.6.22. For m different from zero, prove that if a continuous function
f : R — R satisfies the equation

(219 <

then f(z) = m(z — ¢).
1.6.23. Show that the only solutions of the functional equation
flz+y) + fly—) =2f(2)f(y)

continuous on R and not identically zero are f(z) = cos(az) and
f(z) = cosh(az) with a real.

1.6.24. Determine all continuous on (—1, 1) solutions of

f(“y) = 1)+ 1),

1+zy

1.6.25. Find all polynomials P such that

P2z — 2?) = (P(x))2.
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1.6.26. Let m,n > 2 be integers. Find all functions f : [0,00) — R
continuous at at least one point in [0, 00) and such that

f<%;mgn>:%2(f(wi))m for z;>0,i=1,2,...,n.

i=1

1.6.27. Find all not identically zero functions f : R — R satisfying
the equations

flzy) = f(2)f(y) and f(z+2)=f(z)+ f(2)
with some 2z # 0.

1.6.28. Find all functions f : R\ {0} — R such that

f@=-1(3). =20

1.6.29. Find all solutions f : R\ {0} = R of the functional equation
) 1 1
flz) + f(@7) = f 2 til=) =#0

1.6.30. Prove that the functions f,g, ¢ : R — R satisfy the equation

f(miiz(w:(ﬁ(m;y), s

if and only if there exist a,b and ¢ such that

f(z) =g(x) =az® + bz +c¢, ¢(z) = 2azx+b.

1.6.31. Prove that there is a function f : R — Q satisfying the
following three conditions:

(a) f(z+y) = f(z)+ fy) for z,y € R,
(b) f(z) =z for z € Q,

(c) f is not continuous on R.
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1.7. Continuous Functions in Metric Spaces

In this section X and Y will stand for metric spaces (X,d;) and
(Y,d>), respectively. To shorten notation we say that X is a metric
space instead of saying that (X,d;) is a metric space. If not stated
otherwise, R and R" are always assumed to be equipped with the
Euclidean metric.

1.7.1. Let (X,dq) and (Y,d>) be metric spaces and let f: X — Y.
Prove that the following conditions are equivalent.

(a) The function f is continuous.

(b) For each closed set F C Y the set f~1(F) is closed in X.

(c) For each open set G C Y the set f~'(G) is open in X.

(d) For each subset A of X, f(A) C f(A).
(

e) For each subset B of Y, f~1(B) C f~!(B).

1.7.2. Let (X,d;) and (Y, dz2) be metric spaces and let f: X —»Y
be continuous. Prove that the inverse image f~*(B) of a Borel set B
in (Y,d>) is a Borel set in (X, d;).

1.7.3. Give an example of a continuous function f : X — Y such
that the image f(F) (resp. f(G)) is not closed (resp. open) in Y for
a closed F (resp. open G) in X.

1.7.4. Let (X,d;) and (Y,d2) be metric spaces and let f: X —Y
be continuous. Prove that the image of each compact set F in X is
compact in Y.

1.7.5. Let f be defined on the union of closed sets F1,Fs, ..., Fp,.
Prove that if the restriction of f to each F;, i = 1,2,...,m, is con-
tinuous, then f is continuous on F1 UFy U ---UF,,.

Show by example that the statement does not hold in the case of
infinitely many sets F;.

1.7.6. Let f be defined on the union of open sets Gy, t € T. Prove
that if for each ¢t € T the restriction f|g, is continuous, then f is

continuous on J Gt.
teT
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1.7.7. Let (X,d;) and (Y, ds) be metric spaces. Prove that f : X —
Y is continuous if and only if for each compact A in X the function
f|a is continuous.

1.7.8. Assume that f is a continuous bijection of a compact metric
space X onto a metric space Y. Prove that the inverse function f—!
is continuous on Y. Prove also that compactness cannot be omitted
from the hypotheses.

1.7.9. Let f be a continuous mapping of a compact metric space X
into a metric space Y. Show that f is uniformly continuous on X.

1.7.10. Let (X, d) be a metric space and let A be a nonempty subset
of X. Prove that the function f : X — [0,00) defined by

f(z) =dist(z, A) = inf{d(z,y) : y € A}
is uniformly continuous on X.

1.7.11. Assume that f is a continuous mapping of a connected metric
space X into a metric space Y. Show that f(X) is connected in Y.

1.7.12. Let f: A =Y, 0 #A C X. For z € A define
of(z,0) = diam(f(A N B(z,9))).
The oscillation of f at x is defined as
= li d).
of(z) = lim of(,d)

Prove that f is continuous at zp € A if and only if of(xzg) = 0
(compare with 1.4.19 and 1.4.20).

1.7.13. Let f: A - Y, # A C X and for z € A let oy(x) be the
oscillation of f at x defined in the foregoing problem. Prove that for
each € > 0 the set {zx € A : oy(z) > ¢} is closed in X.

1.7.14. Show that the set of points of continuity of f : X — Y is
a countable intersection of open sets, that is, a G5 in (X, d;). Show
also that the set of points of discontinuity of f is a countable union
of closed sets, that is, an F, in (X, dy).
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1.7.15. Give an example of a function f : R — R whose set of points
of discontinuity is Q.

1.7.16. Prove that every F, subset of R is the set of points of dis-
continuity for some f: R — R.

1.7.17. Let A be an F, subset of a metric space X. Must there exist
a function f: X — R whose set of points of discontinuity is A?

1.7.18. Let xa be the characteristic function of A C X. Show that
{r € X: 0y, (x) >0} = OA, where of(x) is the oscillation of f at 2
defined in 1.7.12. Conclude that xa is continuous on X if and only
if A is both open and closed in X.

1.7.19. Assume that g; and g» are continuous mappings of a metric
space (X,d;) into a metric space (Y,ds), and that a set A with a
void interior is dense in X. Prove that if

{gl(w) for z €A,

fe) = g2(x) for zeX\A,

then
Of(.’L') = d2(gl(w)592(x))a z € X,
where oy(z) is the oscillation of f at = defined in 1.7.12.

1.7.20. We say that a real function f defined on a metric space X
is in the first Baire class if f is a pointwise limit of a sequence of
continuous functions on X. Prove that if f is in the first Baire class,
then the set of points of discontinuity of f is a set of the first category;
that is, it is the union of countably many nowhere dense sets.

1.7.21. Prove that if X is a complete metric space and f is in the
first Baire class on X, then the set of points of continuity of f is dense
in X.

1.7.22. Let f: (0,00) — R be continuous and such that, for each
positive z, the sequence {f (£)} converges to zero. Does this imply
that 1im+ f(z) =07 (Compare with 1.1.33.)

z—0
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1.7.23. Let F denote a family of real functions continuous on a com-
plete metric space X such that for every x € X there is M, such that

|f(z)| < M, forall f€F.

Prove that there exist a positive constant M and a nonempty open
set G C X such that

|f(z)| <M forevery f € F andevery z € G.

1.7.24. Let F; D Fs; D F3 D ... be a nested collection of nonempty

closed subsets of a complete metric space X such that lim diamF,, =
n—o00

0. Prove that if f is continuous on X, then

f (ﬂ F) =) f(Fn).

n=1

1.7.25. Let (X,d;) be a metric space and p a fixed point in X. For
u € X define the function f, by fu(z) = di(u,z) — di(p,z), v € X.
Prove that w — f, is a distance preserving mapping, that is, an
isometry of (X, d;) into the space C(X, R) of real functions continuous
on X endowed with the metric d(f,g) = sup{|f(z) —g(z)|: = € X}.

1.7.26. Prove that a metric space X is compact if and only if every
continuous function f: X — R is bounded.

1.7.27. Let (X,d;) be a metric space and for z € X define p(z) =
dist(z, X \ {z}). Prove that the following two conditions are equiva-
lent.

(a) Each continuous function f: X — R is uniformly continuous.

(b) Every sequence {z,} of elements in X such that
lim p(z,) =0
n—o0
contains a convergent subsequence.

1.7.28. Show that a metric space X is compact if and only if every
real function continuous on X is uniformly continuous and for every
€ > 0 the set {x € X : p(z) > €}, where p is defined in 1.7.27, is
finite.
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1.7.29. Give an example of a noncompact metric space X such that
every continuous f : X — R is uniformly continuous on X.



Chapter 2

Differentiation

2.1. The Derivative of a Real Function

2.1.1. Find the derivatives (if they exist) of the following functions:

(a)  flz)=zlz|, z€R,

(b)  flx)

(c) f(z) = [z]sin®(rz), = € R,
(d)  f(2) = (¢~ [2])sin*(m2), z € R
()  fl@)=Inlz[, zeR\{0},

( (z)

f)

1
arccos —, |z| > 1.

||

<~
8
I

2.1.2. Find the derivatives of the following functions:
(a) f(z)=log,2, x>0, z#1,
(b) f(z) =log, cosz, x€ (0, g) \ {1}.

2.1.3. Study differentiability of the following functions:

z—1

arctan if |z| <1,
f@) =19 .
Tsgnw + = if |z > 1,
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{ 22e ™ if |z| <1,
1 it |z| > 1,

arctan & if x #0,
flay={ T
z if z=0.

2.1.4. Show that the function given by

o) {a:2|cos§| if =+#0,
xTr) =
0 if =0
is not differentiable at z,, = ﬁ, n € 7, but is differentiable at zero,

which is a limit point of {z,, n € Z}.

2.1.5. Determine the constants a, b, c and d so that f is differentiable
on R:

4z if <0,
(a) flx)=< ar®> +br+c if 0<z<1,
3—-2z if z>1,

ar +b if =<0,
(b) fl@) =4 cx®? +dz if 0<z<1,
1-1 i a>1,

ar+b if z<1,

(c) flr)=1< ar? +c if 1<z<2

Al if g >,

2.1.6. Find the following sums:

(a) Z ke z e R,
k=0
2n mn

) St (%) nx
k=0

(c) Z kcos(kz), ze€R
k=1
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2.1.7. Prove that if |a; sinz +as sin2z + - - - + a,, sinnz| < |sinz| for
z € R, then |a; + 2a2 + --- + na,| < 1.

2.1.8. Assume that f and g are differentiable at a. Find

(a) lim zf(a) —af(x) (b) im f(z)g(a) — f(a)g(:r)‘

T—a r—a T—a Tr—a

2.1.9. Suppose that f(a) > 0 and that f is differentiable at a. De-
termine the limits

(a) lim <f(a7+%)> b)  lim (f(m)>m, a> 0.

n—oo f(a) z—a \ f(a)

2.1.10. Let f be differentiable at a. Find the following limits:
o @ @) =" (@)

L f@e )
®) M F ey cosa = fla)”

n €N,

=0, f'(0) #0,

() nler;On<f(a+%)+f(a+%)+---+f(a+g)—kf(a)>, keN,

(d) lim (f(a+%) +7(a+ %) +oot fat %) —nf(a)>.

2.1.11. For a > 0 and m, k € N, calculate

() i <(n+1)m+(n+irlni1+m+(n+k)m—kn),

n—o0

(b) lim (a+1)" (a+2)" -+ (a+£)"

n—00 ank

0 (008 (1+2)-(+3)
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2.1.12. Assume that f(0) = 0 and that f is differentiable at zero.
For a positive integer k find

i (10041 (3) 1 5) -1 3).

2.1.13. Let f be differentiable at a and let {z,} and {z,} be two
sequences converging to a and such that z,, # a, z, # a, €, # z, for
n € N. Give an example of f for which

lim f(@n) = f(zn)
n— 00 Ty — Zn
(a) is equal to f'(a),

(b) does not exist or exists but is different from f'(a).

2.1.14. Let f be differentiable at a and let {z,} and {z,} be two
sequences converging to a and such that z, < a < z, for n € N.

Prove that
lim f(zn) — f(2n)

n—o0 Tpn — Zn

= f'(a).

2.1.15.
(a) Show that f defined on (0,2) by setting

z? for rational z € (0,2),
{ 2z — 1 for irrational = € (0, 2)

flz) =

is differentiable only at = 1 and that f'(1) # 0. Is the inverse
function differentiable at 1 =y = f(1)?

(b) Let

A={ye(0,3

~—

1y €Q y ¢ Ql,

B={z:2=-(y+4), ye A}.

N | =

Define f by setting

x? for rational z € (0,2),

f(x) =< 2z —1 forirrational z € (0,2),
2r —4 for z € B.
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Show that the interval (0,3) is contained in the range of f, and
that the inverse function is not differentiable at 1.

2.1.16. Consider the function f defined on R as follows:

{ 0 if z is irrational or z = 0,

flz) =

a, ifzr= %, p€Z, q€N, and p,q are co-prime,

where the sequence {a,} is such that lim n*a, = 0 for some integer

n—o0
k > 2. Prove that f is differentiable at each irrational which is alge-
braic of degree at most k (that is, at each algebraic surd of degree at
most k).

2.1.17. Let P be a polynomial of degree n with n different real roots
Z1,%2,--., %y and let @ be a polynomial of degree at most n—1. Show

that
Qz) _ < Q(zx)
P(z) kz::l P'(zy)(z — zx)

for z € R\ {z1,22,...,2,} and find the sum %, n>2.
k=1

2.1.18. Using the result of the foregoing problem, establish the fol-
lowing equalities:

(a)

“ (n\ (-1F n!
Z(:)(k)x-i—k Cz(z+)(z+2)-(z+n)

k
for zeR\{-n,—(n—-1),...,-1,0},
(b)

“~ (n) (-1)F nl2"
P <k>m+2k o z(z+2)(z+4)--(z+2n)
for xeR\{-2n,-2(n-1),...,—-2,0}.

2.1.19. Let f be differentiable on R. Describe the points of differen-
tiability of |f].
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2.1.20. Assume that fi, fo, ..., f, are defined in some neighborhood
of z, are different from zero at x, and are differentiable at x. Prove

that /
Qﬁﬂ> " fie
fr(

)
=Y
I1 f k=1
k=1
2.1.21. Assume that functions fi, fao,..., fn; 91,92,...,9n are de-
fined in some neighborhood of z, are different from zero at z, and are
differentiable at z. Prove that
n ! n n
fr fr fil@)  gi(x)
2) o= 2wy (D - a2).
iy Ik i Ok fr(z)

k=1 95 ()

2.1.22. Study the differentiability of f and |f| when

K if ze€Q
(®) f(x)_{sina: if zeR\Q

(b) flz)=

T =5 it ¢€Qn [z, ), k>2,
. 3 . 1 1
sin (a: 2k) if ze(R®\Q N [Qk,l,Qk,2), k> 2.

2.1.23. Show that if the one-sided derivatives f’ (zo) and f (o)
exist, then f is continuous at x.

2.1.24. Prove that if f : (a,b) — R assumes its largest value at
¢ € (a,b), that is, f(c) = max{f(z) : = € (a,b)}, and there exist
one-sided derivatives f’ (c) and f)(c), then f’ (c) > 0 and f! (c) <
0. Establish the analogous necessary condition that f assumes its
smallest value.

2.1.25. Prove that if f € C([a,b]), f(a) = f(b), and f exists on
(a,b), then

inf{f' (z): z € (a,b)} <0 <sup{f' (z): = € (a,b)}.
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2.1.26. Prove that if f € C([a,b]) and f’ exists on (a,b), then

f(0) - f(a)

inf{f(z) : =€ (a,0)} < = —

<sup{fL(z): @€ (a,b)}.
2.1.27. Prove that if f’ exists and is continuous on (a,b), then f is
differentiable on (a,b) and f'(z) = f' (z) for = € (a,b).

2.1.28. Does there exist a function f : (1,2) — R such that f’ (z) =
z and f (z) =2z for x € (1,2)?

2.1.29. Let f be differentiable on [a, b] and such that

(i) f(a) = f(b) =0,
(i) f'(a) = fi(a) > 0, f'(b) = fL(b) > 0.

Prove that there is ¢ € (a,b) such that f(c¢) =0 and f'(c) <O0.
2.1.30. Show that f(z) = arctanz satisfies the equation

(14 22) £ (2) + 2(n = DD (@) + (0 — 2)(n — 1) F2)(z) = 0
for z € R and n > 2. Show also that for m > 0,

Fem0) =0, fE™0) = (-1)™(2m)l.

2.1.31. Show that
(a) (e*sinz)™ = 2% e”sin (a: + n%) , z€R, n>1,

1 1
n (n) — ! 4.4z >
(b) (z"1lnz) n.(ln:r+1+2+ +n),x>0,n_1,

Inz

(c) (—)(n):(—l)"n!m_"_l(lnm -1- %— e —%), z>0,n>1,
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2.1.32. Prove the following identities:

(a) §<Z>sin(m+kg):2%sin(m+n%),a:E]R,nzl,
n

1/n 1 1
_1)k+1 2 — .4 = >
(b) E( 1) k(k) 1+2+ +n,n_1.

k=1

2.1.33. Let f() = V2 — 1 for x > 1. Show that f")(z) > 0if n is
odd, and £ (z) < 0 if n is positive and even.

2.1.34. For fa,(z) = In(1+ 2®),n € N, show that féin)(—l) =0.

2.1.35. For a polynomial P of degree n, prove that

pPRARUEELES S R

(k+1)! (k+1)!

k=0

2.1.36. Let A1, \s,...,\, be such that \F + X8+ ... 4+ \F > 0 for
any k € N. Then f given by
1

L e W v py
is well defined in some neighborhood of zero. Show that for k£ € N,
f®0) >0

2.1.37. Let f be n times differentiable on (0,00). Prove that for

positive z,
(n)
1 1 1
- en) [ = —(_1\n n—1 -
ORI GO

2.1.38. Let I,J be open intervals and let f : J - R, g : I — J
be infinitely differentiable on J and I, respectively. Prove the Faa di
Bruno formula for the nth derivative of h = f o g:

P = 3 O (L) (1 0) ()

n! 1! 2! n!

where k = k1 + ks + - - - + k;, and summation is over all ky, ks, ..., k,
such that k; + 2ks +--- + nk,, = n.
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2.1.39. Show that the functions

fe=m it z#o,
(3 f(w)—{o Pl
e~x if x>0,
() o ={y 4o,
_ e~ matE if z € (a,b),
(© h(x)_{o if z¢ (a,b),

are in C*(R).

2.1.40. Let f be differentiable on (a,b) and such that for z € (a,b)
we have f'(z) = g(f(z)), where g € C*°(R). Prove that f € C*(a,b).

2.1.41. Assume that f is twice differentiable on (a,b) and that for
some real «, 3,7 such that o + 32 > 0,

af'(z) + Bf'(x) +vf(x) =0, =€ (a,b).

Prove that f € C*((a,b)).

2.2. Mean Value Theorems

2.2.1. Prove that if f is continuous on a closed interval [a, b], differ-
entiable on the open interval (a,b), and if f(a) = f(b) = 0, then for
a real « there is an x € (a,b) such that

af(x) + f'(x) = 0.

2.2.2. Let f and g be functions continuous on [a, b], differentiable on
the open interval (a,b), and let f(a) = f(b) = 0. Show that there is a
point x € (a,b) such that ¢'(z)f(z) + f'(x) = 0.
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2.2.3. Assume that f is continuous on [a, b], a > 0, and differentiable
on the open interval (a,b). Show that if
fla) _ f)
a b’
then there is zg € (a,b) such that zof'(xo) = f(xo)-

2.2.4. Suppose f is continuous on [a, b] and differentiable on the open
interval (a,b). Prove that if f2(b) — f?(a) = b> —a?, then the equation
f'(z)f(z) = x has at least one root in (a,b).

2.2.5. Assume that f and g are continuous and never vanishing on
[a,b], and differentiable on (a,b). Prove that if f(a)g(b) = f(b)g(a),
then there is 29 € (a,b) such that

f'(o) _ g'(x0)
flxo)  glwo)

2.2.6. Assume that ag,aq,...,a, are real numbers such that
ag a1 Ap—1
+—=+4+--+—+a,=0.
n+l n 2 n

Prove that the polynomial P(z) = agpz™ + a;z™ ! + --- + a, has at
least one root in (0,1).
2.2.7. For real constants ag,aq,...,a, such that
ay  2a1  2%ay 2nlg, 1  27q,
-+ + ot + =0,
1 2 3 n n+1
show that the function

f(z) —a,In"z+--+aln’z+alnz+ag

has at least one root in (1,¢€?).

2.2.8. Prove that if all roots of a polynomial P of degree n > 2 are
real, then all roots of P’ are also real.

2.2.9. Let f be continuously differentiable on [a, b] and twice differ-
entiable on (a,b), and suppose that f(a) = f'(a) = f(b) = 0. Prove
that there is z; € (a,b) such that f"’(z;) =0.
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2.2.10. Let f be continuously differentiable on [a, b] and twice differ-
entiable on (a, b), and suppose that f(a) = f(b) and f'(a) = f'(b) = 0.
Show that there are z1,z2 € (a,b), 1 # 2, such that

f”(ml) — fll(mz)‘

2.2.11. Show that each of the equations

(a) B 4+ 72% —5 =0,

(b) 3" 44" =5"
has exactly one real root.

2.2.12. For nonzero ai,as,...,a, and for ai,as,...,a, such that
a; # o for @ # 7, prove that the equation

a1z + asx® + -+ apx® =0, x € (0,00),
has at most n — 1 roots in (0, 00).

2.2.13. Prove that under the assumptions of the foregoing problem
the equation

a1 4+ ae®?* + - - + ape®"? =0
has at most n — 1 real roots.

2.2.14. For functions f, g and h continuous on [a,b] and differen-
tiable on (a,b), define

f(x) g(z) hlz)
F(z) = det| f(a) g(a) h(a)|, @ € [a,b].
f(0) g(b) h(b)
Show that there is 2y € (a,b) such that F'(zo) = 0. Use this to derive
the mean value theorem and the generalized mean value theorem.

2.2.15. Let f be continuous on [0, 2] and twice differentiable on (0, 2).
Show that if f(0) =0, f(1) =1 and f(2) = 2, then there is zg € (0,2)
such that f"(z¢) = 0.
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2.2.16. Suppose that f is continuous on [a,b] and differentiable on
(a,b). Prove that if f is not a linear function, then there are x; and
x2 in (a, b) such that

2.2.17. Let f be continuous on [0, 1] and differentiable on (0, 1). Sup-
pose that f(0) = f(1) = 0 and that there is zg € (0,1) such that
f(zo) = 1. Prove that |f'(c)| > 2 for some ¢ € (0,1).

2.2.18. Let f be continuous on [a,b], a > 0, and differentiable on
(a,b). Show that there is z1 € (a,b) such that

bf(a) — af(b)

o = f@) o f (@)

2.2.19. Show that the functions z — In(1 + z), z — In(1 + 2?) and
x + arctan z are uniformly continuous on [0, 00).

2.2.20. Assume that f is twice differentiable on (a,b), and that there
is M > 0 such that |f"(z)] < M for all z € (a,b). Prove that f is
uniformly continuous on (a, b).

2.2.21. Suppose that f : [a,b] = R, b —a > 4, is differentiable on
the open interval (a,b). Prove that there is 2o € (a,b) such that

f'(wo) < 1+ f*(wo).

2.2.22. Prove that if f is differentiable on (a,b), and if

() lim_ () = +o0, lim f(z) = oo,
(ii) fl(x)+ f2(x)+1>0 for z € (a,b),

then b —a > .

2.2.23. Let f be continuous on [a, b] and differentiable on (a, b). Show
that if lim f'(z) = A, then f’ (b) = A.

z—b—
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2.2.24. Suppose f is differentiable on (0,00) and f'(z) = O(z) as
z — 0o. Prove that f(z) = O(2?) as z — oo.

2.2.25. Let fi, f2,..., fn and g1,92,...,gn be continuous on [a,b]
and differentiable on (a,b). Suppose, further, that gi(a) # gr(b) for
k=1,2,...,n. Prove that there is ¢ € (a,b) for which

= Fe (D)~ fr(a)
quc)—,;gk(c)m’;@%.

k=1 ge(a)

2.2.26. Assume that f is differentiable on an open interval I and
that [a,b] C I. We say that f is uniformly differentiable on [a, b], if for
any € > 0 there is § > 0 such that

flz+h) - f(z)

Y —fl(@)| <e

for all € [a,b] and |h| < 6,  + h € L Prove that f is uniformly
differentiable on [a, b] if and only if f' is continuous on [a, b].

2.2.27. Let f be continuous on [a,b], g differentiable on [a,b], and
g(a) = 0. Prove that if there is a A # 0 such that

lg(x)f(x) + Ag'(2)] < |g(x)| for x € [a,b],

then g(z) =0 on [a, b].

2.2.28. Let f be differentiable on (0, 00). Show that if Erf fgf) =
0, then lim |f/()] = 0.

r—>+00

2.2.29. Show that the only functions f : R — R satisfying the equa-
tion

fx+h) - f(z)

N :f’(a:—k%h) for z,heR, h#0,

are polynomials of second degree.
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2.2.30. For positive p and g such that p + ¢ = 1, find all functions
f: R — R satisfying the equation

flz) - fy)

pra—y =f'(pr +qy) for zyeR z#£y.

2.2.31. Prove that if f is differentiable on an interval I, then f’
enjoys the intermediate value property on I.

2.2.32. Let f be differentiable on (0, 00). Show that

(a) if_lim (7(z) + ['()) =0, then lm_f(x) =0,

(b) if ngm(f(x) +2y/zf'(z)) =0, then Igrfoof(:r) =0.

2.2.33. Prove that if f € C?([a,b]) has at least three distinct zeros

in [a, b], then the equation f(z)+ f"(x) = 2f'(z) has at least one root
in [a, b].

2.2.34. Prove that if a polynomial P has n distinct zeros greater
than 1, then the polynomial

Q(x) = (2* + 1)P(x)P'(z) + z ((P(x))* + (P'(x))*)
has at least 2n — 1 distinct real zeros.

2.2.35. Let a polynomial P(z) = @, @™ + @y 12™ L4+ -+a1z+ag
with a,, > 0 have m distinct real zeros. Show that the polynomial
Q(z) = (P(x))? - P'(z) has

(1) exactly m + 1 distinct real zeros if m is odd,

(2) exactly m distinct real zeros if m is even.

2.2.36. Assume that all zeros of a polynomial P of degree n > 3 are
real and write

P(z) = (z —a1)(z — az) - - (x — an),
where a; < a;41, 1 =1,...,n—1, and

Pl(x)=n(z —c)(x—c2) - (z — cn_1),
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where a; < ¢; < a;41, i =1,...,n — 1. Show that if

Qlr) = (z —a)(x —az) -~ (z — an-1),
Q'(z) =(n—D(z—di)(z —dz) - (x — dn-2),
then d; > ¢; for i = 1,...,n — 2. Moreover, show that if

R(z) = (z — a2)(z — a3) -+ - (z — an),
R@)y=m—-1(z—e)(x—e2) (z—en_2),

then e; < c¢jyq fori=1,2,...,n—2.

2.2.37. Under the assumptions of the foregoing problem, show that

(1) if S(z) = (x—a1—¢e)(x—az) - - (x—ay), where e > 0 is such that
a1 + ¢ < ap—1, and if S'(z) = n(z — fi)(x — f2) - (& — fno1),
then f, 1 > c,_1,

(2) if T(z) = (x —a1)(® — az) - -- (& — ap, + €), where € > 0 is such
that a, —& > ag, and if T'(x) = n(x —g1)(x — g2) -+ - (¥ — gn—1),
then g1 S C1.

2.2.38. Show that under the assumptions of 2.2.36,

ajr1 — a; ajtr1 — a;
i l<ci<ai+1—y

Sit1 — % =12, .01
n—i+1- G it1 T oneen

i
2.2.39. Prove that if f is differentiable on [0, 1], and if
(i) f(0)=0,
(ii) there is K > 0 such that |f'(z)| < K|f(z)| for z € [0,1],
then f(z) = 0.

2.2.40. Let f be in C* on the interval (—1,1), and let J C (—1,1)
be an interval whose length is A. Suppose that J is decomposed into
three consecutive intervals J1,J2 and J3 whose lengths are A1, A; and
A3, respectively. (So we have J1UJ2UJ3 =J and A\; + Ay + A3 = A.)
Prove that if

mp(J) = inf{|f®(z)|: €I}, keN,

then )
mk(J) < /\—2 (mk_l(Jl) + mk_l(.];;)) .
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2.2.41. Prove that under the assumptions of the foregoing problem,
if |f(z)| <1for z € (—1,1), then

k(k+1)
2

2 Kk
mk(J) < T’

keN

2.2.42. Assume that a polynomial P(z) = apz™ + ap_12" 1 + - +
a1z + ag has n distinct real zeros. Prove that if there is p, 1 < p <
n — 1, such that a, = 0 and a; # 0 for all ¢ # p, then ap_1ap41 < 0.

2.3. Taylor’s Formula and L’Hospital’s Rule

2.3.1. Suppose that f : [a,b] = R is n — 1 times differentiable on
[a,b]. If (") (x0) exists, then for every = € [a, D],

f'(zo0) f" (o)
1! 2!
f(n) (z0)

4+ T(Z’ —:L‘())n +0((1' _1'0)”)'

2

f(z) = f(zo) + (z — o) + (x — z0)

(This formula is called Taylor’s formula with the Peano form for the
remainder.)

2.3.2. Suppose that f : [a,b] = R is n times continuously differen-
tiable on [a, b], and f(*+1) exists in the open interval (a,b). Prove that
for any x,zo € [a,b] and any p > 0 there exists # € (0,1) such that

£@) = £lao) + L (@ -y + LU0 (o2
(n) (g
+-+ fTSO)(m - mO)n + Tn(m)a
where
(1) (g4 T — X - )
Tn(l') — f + ( + 9( )) (1 _ 0)n+ p(l_ _ mo)n+

nlp

is the Schlomilch-Roche form for the remainder.
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2.3.3. Using the above result, derive the following forms for the re-
mainder:

S (@ + 6(x — x0))
(n+1)!

n+1

(a) rn(z) =

(z — zp)

(the Lagrange form),

S (@ + 6(x — m0))
n!

(b)  raf2) = (1=6)"(z — )"

(the Cauchy form).

2.3.4. Let f : [a,b] =& R be n + 1 times differentiable on [a,b]. For
x,xo € [a,b] prove the following Taylor formula with integral remain-
der:

fla) = f(xo) + f'(lf(’) (x — @0) + f";TO) (& — m0)?
4+t %(CE — )" + % /I f(n+1)(t)(.7; — t)"dt.

2.3.5. Let f : [a,b] =& R be n + 1 times differentiable on [a,b]. For
x,zo € [a,b] prove the following Taylor formula:

F@) = Flao) + L0 0 gy + LU (o2
() (3
o L gy ),

where

T tnt1 tn t2
Ryq1(z) = / / / f("“)(tl)dtl ceedtpdt, .
Zo “ o Zo x

0

2.3.6. Show that the approximation formula

1 1
\/1+mz1+§m—§x2

gives /1 +  with the error not greater than i|z[?, if |z| < 1.
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2.3.7. For z > —1, z # 0, show that

(a) l14+x)*>1+4+azx if a>1 or a<0,
(b) 14+2)*<l4az if 0<a<l.

2.3.8. Suppose that f,g € C?([0,1]) and ¢'(z) # 0 for z € (0,1), and
F'(0)g"(0) # f"(0)g'(0). For z € (0,1), let #(x) be one of the numbers
for which the assertion of the generalized mean value theorem holds,

that is,
flz) = f0) _ f(0(x))
g(z) —g(0)  g'(6(x))
Compute
lim %

2.3.9. Let f: R — R be n + 1 times differentiable on R. Prove that
for every = € R there is 8 € (0,1) such that

(a)

e Y _ o fa)
(1) =10 - @ e v e 0

(n+1) (24822
g2t f T+a

(14 x)ntL (n+1)! 7

+ (=t z# -1

2.3.10. Let f : R = R be 2n + 1 times differentiable on R. Prove
that for every z € R there is 6 € (0, 1) such that

s@ =10+ 57 (5) (3) + 579 (5) (5)

e 6 @)
m)2n+1 -

_ 2 enty) x
+(2n+1)!f2+1 (05”)(2
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2.3.11. Using the result in the foregoing problem, prove that

n 1 2 2k+1
In(1 p) Y I P
a(l+z) > kZ:OQk+1<2+x>

forn=0,1,... and z >0
2.3.12. Show that if f"(z) exists, then

flx+h) —2f(z) + flx—h)

() lim & e
(b) }LIEB f(:r+2h)—2£2(:r+h)+f(a:) ~ (a).

2.3.13. Show that if f"'(z) exists, then

f(z +3h) = 3f(z +2h) + 3f(z + h) — f(z)

fm i - £"(o).
2.3.14. For z > 0, establish the following inequalities:
"ok
x

(a) e.t > E:

k=0

2?2 23zt z?2 28
(b) $—7+?—Z<ln(l+l‘)<l’—?+§,
(c) 1+1x—1m2<\/1+x<1+1x—1m2+im3

2 8 2 8 167 °

2.3.15. Prove that if f(**1)(z) exists and is different from zero, and
6(h) is a number defined by the Taylor formula

W 1D @)+ ) (o o(n),

flath) = f@)+hf @)+ -+,

then

. 1
%%O(h) Con+ 1
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2.3.16. Suppose that f is differentiable on [0,1] and that f(0) =
f(1) = 0. Suppose, further, that f” exists on (0,1) and is bounded
(say |f"(z)| < A for = € (0,1)). Prove that

|f'(z)] < for z €[0,1].

N

2.3.17. Suppose f : [—¢,c] = R is twice differentiable on [—¢, c], and
set My, = sup{|f*)(z)| : = € [~c,c]} for k =0, 1,2. Prove that

(a) If(z)] < % + (2? +02)% for =z €[—c,d],

M
(b) M; < 2¢/MyM, for cz,/ﬁo.
2

2.3.18. Let f be twice differentiable on (a,o0), a € R, and let
M, = sup{|f P (z)| : = € (a,00)} < o0, k=0,1,2.

Prove that M; < 2v/MyM>. Give an example of a function for which
the equality M; = 2v/MyM> holds.

2.3.19. Let f be twice differentiable on R, and let
My =sup{|f P (z)|: z€ R} <00, k=0,1,2.
Prove that M; < +/2MyMs.
2.3.20. Let f be p times differentiable on R, and let
My =sup{|fP(z)|: teR} <00, k=0,1,...,p, p>2.
Prove that

k(p—k) 1

_k k
Mp <27 M, "My for k=12 ...,p—1

2.3.21. Assume that f" exists and is bounded on (0, c0). Prove that
if lim f(x) =0, then lim f'(z) =0.
T—00 T—00
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2.3.22. Assume that f is twice continuously differentiable on (0, co),

lim zf(xr) =0 and lim zf"(z) =0.

T—-+00 T—+00

Prove that lim zf'(x) =0.
T

—+o0

2.3.23. Assume f is twice continuously differentiable on (0,1) and
such that

(0 lim_f(z) =0,
rz—1"
(ii) there is M > 0 such that (1 — z)?|f"(z)] < M for z € (0,1).
Prove that lim (1 —z)f'(z) = 0.
r—1-

2.3.24. Let f be differentiable on [a,b] and let f'(a) = f'(b) = 0.
Prove that if f” exists in (a,b), then there is ¢ € (a,b) such that

£ 2 =z ) - F(@.

2.3.25. Let f : [-1,1] — R be three times differentiable and let
f(=1) = f(0) =0, f(1) = 1 and f'(0) = 0. Show that there exists
¢ € (—1,1) such that f"'(c) > 3.

2.3.26. Let f be n times continuously differentiable on [a,b] and let

o =TD2I0 e t4a
Prove the following version of Taylor’s formula:
! (n)
£@) = flao) + T @ gy 4 L) oy )

where 7,(z) = %(x — o)L

2.3.27. Assume that f : (—1,1) — R is differentiable at zero. For
-1<z, <yn <1, n €N, such that lim z, = lim y, = 0, form
n—oo n—oo

the quotient
flyn) — f(mn)

Yn — Tn

D, =

Prove that
(a) if z, < 0 <y, then lim D, = f'(0),
n—o0



58 Problems. 2: Differentation

(b) if 0 < x, < y, and the sequence {yny_"xn} is bounded, then
lim D, = f'(0),
n—o0
(c) if f' exists on (—1,1) and is continuous at 0, then li_>m D, =
n—odo
f(0).
(Compare with 2.1.13 and 2.1.14.)

2.3.28. For m € N, define the polynomial P by setting

P(z) = mf (m; 1) (-)*@ - k)™ zeR

k=0
Show that P(z) = 0.

2.3.29. Suppose that f("+2) is continuous on [0, z]. Prove that there
is # € (0,1) such that

' (n—1) f(n) nL
f(m)_f(0)+ff::))w++f(nf11()0')xn—l+¥xn
n Lf(nJrZ) (93,3)n7+2
2(n + 1) (n+2)!"

2.3.30. Suppose that f("*P) exists in [a,b] and is continuous at an
zo € [a,b]. Prove that if f("+9)(zy) = 0 for j = 1,2,...,p — 1, and
F049) () # 0, and

" (n—1) x
@) = fla0) + D50 =) e LS gt
F o + 0@ —20)
4 n! 2 (1’—1‘0) )
then .
i o= (" 7).

2.3.31. Suppose that f is twice continuously differentiable on (—1, 1)
and that f(0) = 0. Find

2
lim flkz).

z—0t1
k=
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2.3.32. Let f be infinitely differentiable on (a,b). Prove that if f
vanishes at infinitely many points in the closed interval [¢, d] C (a, b),
and sup{|f")(x)| : € (a,b)} = O(n!) as n — oo, then f vanishes on
an open subinterval of (a,b).

2.3.33. Suppose
(i) f is infinitely differentiable on R,
(ii) there is L > 0 such that |f")(z)] < L for all # € R and all
n €N,
(ili) f(t)=0forneN

Prove that f(z) =0 on R.

2.3.34. Use 'Hospital’s rule to evaluate the following limits:

2
arctan £, =1 1\*
(a) lim — —2FL (b) lim =z <<1 + —) — e> ,
z—1 x—1 z—+00 x

(¢) lim (6 —z)7, (d) lim (Si”> : :

z—5 z—0t x

1

. 5
(e) lim < ST > .
z—0t T

2.3.35. Prove that if f is twice continuously differentiable on R such
that f(0) =1, f'(0) =0, and f"(0) = —1, then for a € R,

i a\\*
e = 2,
2.3.36. For a > 0, a # 1, evaluate

NI
T—+00 m(a—l) '
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2.3.37. Can I'Hospital’s rule be applied to evaluate the following
limits?

(a) T —sinz
a im —
#2500 2x +sing’
2r +sin2x + 1
(b)

.

) (2z + sin 2z)(sinx + 3)2’
1 xr

(c) lim <2 sin vz + v/z sin —> ,

z—0t T

1

1\
(d) lim (1 + e 37 sin F)

z—0

2.3.38. Is the function given by

f(x):{ﬁ—ﬁ if 740,

x
% if =0
differentiable at zero?

2.3.39. Suppose f is n times continuously differentiable on R. For
a € R, establish the equality

£ a) = Jim oL kz (= () s+ am).

2.3.40. Prove the following version of I’Hospital’s rule. Suppose
fyg:(a,b) > R, —o0 < a < b < 400, are differentiable on (a,b).
Suppose, further, that
(i) ¢'(z) #0 for z € (a,b),
(i) lim g(z) = +oo (—00),
z—at
w) i, £

=L, —o0o<L<+.
Then
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2.3.41. Use the above version of I’'Hospital’s rule to prove the fol-
lowing generalizations of the results given in 2.2.32. Let f be differ-
entiable on (0, 00), and let a > 0.

(a) If mgr_ir_loo(af(w) + f'(z)) = L, then xll)[iloof(w) =1L

(b) If mgr_ir_loo(af(w) +2/zf'(z)) = L, then xll)[iloo flz) ==L

Are the above statements true for negative a?

2.3.42. Assume that f is three times differentiable on (0,00) and
such that f(z) >0, f'(z) >0, f’(z) > 0 for z > 0. Prove that if

i L@ @)

ST eTh

then
f(z)f" (z) 1

lim =

T—00 (f’(:r))2 2 — C-

2.3.43. Assume that fisin C* on (—1, 1), and that f(0) = 0. Prove
that if g is defined on (—1,1) \ {0} by g(z) = @, then there exists
an extension of g which is in C* on (—1,1).

2.4. Convex Functions

A function f is said to be convezr on an interval I C R if
(1) Fzy + (1= N)z2) < Af(21) + (1= N) f(22)

whenever z;,22 € I and A € (0,1). A convex function f is said to be
strictly convez on 1 if strict inequality holds in (1) for z; # xo. f is
concave on I if —f is convex.

2.4.1. Prove that a function f differentiable on an open interval I is
convex if and only if f’ is increasing on I.

2.4.2. Prove that a function f twice differentiable on an open interval
I is convex if and only if f"(z) > 0 for z € L.
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2.4.3. Prove that if a function f is convex on an interval I, then the
following Jensen inequality

fOumy + Xz + -+ X)) < M f(z1) + Xaf(z2) + -+ M f(zn)

holds for any points 1,...,z, in I and any nonnegative numbers
Al,-.-yAp such that Ay + Ao +---+ A, = 1.

2.4.4. For z,y > 0 and p,q > 0 such that % + % = 1, establish the
inequality

2.4.5. Prove that

n
Hwk for z1,xo,...,2, > 0.
k=1

1 n
E;@cz N

2.4.6. Show that if a # b, then

el — e e® + eb

b—a < 2

2.4.7. For positive z and g, establish the inequality

zlnz+ylny > (x+y)1nx;y.
2.4.8. For a > 1 and for positive z1, s, ..., T,, prove that

18 R
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2.4.9. Let x1,...,2, € (0,1) and let py,...,p, be positive and such

that > pr = 1. Prove that
k=1

n
2.4.10. Let z = %kzl xp with z1,...,z, € (0,7). Show that

(a) E[ sinzy < (sinz)",
o) k[[l sin (sir;:r)n

2.4.11. Prove that if a > 1, and z,...,2, € (0,1) are such that
1 +---+x, =1, then

n 1 a 2+1a
> (w5 2"
x n

k=1 k
2.4.12. For n > 2, verify the following claim:

H2k_—1< o2, L\
i 26T T n n-2n=t) 7
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2.4.13. Establish the following inequalities:

(a)

n < + + ! >0
T+, T om €, UM
(b) .
<afteeextr <ogxr o+ ape
a a, — 1 n = ntn
I,

for ap,zr >0, k=1,2,...,n, such that Zak =1,
k=1

(c)
oty gt eyt S (@)™ (@ +yn) ™
n
for zp,yr >0, ap >0, k=1,2,...,n, such that Zakzl,
k=1

(d)

Q;

for ;; >0, a; >0, i=1,2,...,n, j=1,2,...,m, such that
n

Zak =1.

k=1

2.4.14. Show that if f : R — R is convex and bounded above, then
f is constant on R.

2.4.15. Must a convex and bounded function on (a, 00) or on (—o0, a)
be constant?

2.4.16. Suppose that f : (a,b) — R is convex on (a,b) (the cases
a = —oo or b = oo are admitted). Prove that either f is monotonic
on (a,b), or there is ¢ € (a,b) such that

f(e) = min{f(z) : = € (a,b)}

and f is decreasing on (a, ¢] and increasing on [c, b).
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2.4.17. Let f: (a,b) — R be convex on (a,b) (the cases a = —oo or
b = oo are admitted). Show that finite or infinite limits

lim f(z) and lim f(z)

z—at b~

exist.

2.4.18. Suppose that f : (a,b) — R is convex and bounded on (a,b)
(the cases a = —oo or b = oo are admitted). Prove that f is uniformly
continuous on (a,b). (Compare with 2.4.14).

2.4.19. Let f : (a,b) — R be convex on (a,b) (the cases a = —o0
or b = oo are admitted). Prove that one-sided derivatives of f exist
on (a,b) and are monotonic. Prove moreover that the right- and left-
hand derivatives are equal to each other except on a countable set.

2.4.20. Assume that f is twice differentiable on R and f, f' and f"
are strictly increasing on R. For fixed a,b, a < b, let © — &(z), = > 0,
be defined by the mean value theorem, that is,
fo+z)—fla—=z)
b—a+2x =11

Prove that the function £ is increasing on (0, 00).

2.4.21. Using the result in 2.4.4 prove Hdélder’s inequality: If p,q > 1
and % + % =1, then

n n ) n %
Z lziyi| < (Z |$i|p> (Z |yi|q> :
i=1 i=1 i=1

B =

2.4.22. Using Holder’s inequality, prove the Minkowski inequality: If
p > 1, then

n 3 n 5 n 5
(Z lzi + yi|p> < (Z |l°i|p> + (Z |yi|p> .
im1 i=1 i=1

(oo} o]
2.4.23. Prove that, if a series Y. al converges, then 5 %3 also
n=1 n=1 n°
converges.
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2.4.24. For z;,y; > 0, ¢+ = 1,2,...,n, and p > 1, establish the
inequality

< (@ +yP)r - (2B +yh) 7.

Y=

((Z1+- -+ an)” + (1 + - +yn)’)

2.4.25. Prove the following generalized Minkowski inequality: For
z,;>0,i=1,2,...,n,j=1,2,...,m, and for p > 1,

p
n m

1
= 1
P m n )
p
)3 DILFE I EEDDIDIL A1
1 j=1

i=1 \j= i=1

2.4.26. Assume that f, continuous on an interval I, is midpoint-
convex on that interval, that is,

(E4r) < L0

for z,y el

2

Prove that f is convex on I.
2.4.27. Show that the continuity is an essential hypothesis in 2.4.26.

2.4.28. Let f be continuous on an interval I and such that

(Er) <L

for ,y € I, = # y. Show that f is strictly convex on I.

2.4.29. Assume that f is a convex function on an open interval I.
Prove that f satisfies the Lipschitz condition locally on I.

2.4.30. Let f:(0,00) — R be convex and let

lim f(x)=0.

z—0t

f(=)

T

Prove that the function z — is increasing on (0, 00).
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2.4.31. We say that f is subadditive on (0,00) if for z1,z5 € (0, 00),

flzr +22) < f21) + f(22).

Prove that
(a) if z— @ is decreasing on (0,00), then f is subadditive,
(b) if f is convex and subadditive on (0,00), then z — @ is a

decreasing function on that interval.

2.4.32. Suppose f is differentiable on (a,b) and for z,y € (a,b),
x # y, there is exactly one ¢ such that

Prove that f is strictly convex or strictly concave on (a,b).

2.4.33. Let f : R — R be continuous and such that for each d € R
the function g4(z) = f(z +d) — f(x) is in C* on R. Prove that f is
in C* on R.

2.4.34. Assume that a, < --- < as < a1, and f is convex on the
interval [a,, a;]. Prove that

n n

D flaer)ar < flar)agsa,

k=1 k=1
where ap1 = a;.
2.4.35. Suppose that f is concave and strictly increasing on an in-

terval (a,b) (the cases a = —oo or b = oo are admitted). Prove that
ifa < f(z) <z for z € (a,b) and

then for z,y € (a,b),
() - (=)
% P ) = ()

where f™ denotes the nth iterate of f (see, e.g., 1.1.40).

=1,
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2.5. Applications of Derivatives

2.5.1. Using the generalized mean value theorem, show that
2

(a) 1—%<cos:r for =z #0,
(b) x—a:;—?<sina: for >0,
(c) cos:r<1—ﬁ;—j+QZ—A!1 for x #0,
(d) sinm<x—§—?+§—? for = >0,

2.5.2. For n € N and z > 0, verify the following claims:

(a) xr— x_3 + a:_5 —- L - . <sinz
3! 5l (4n —3)!  (4n—1)!
< CU3 N N w4n—3 CU4n_1 N Cﬂ4n+1
a’/’ —_—— e —
3! (4n —-3)! (An-1)!  (An+1)U
2 gt pAn—1 =2
b 1— 4+ ... -
(b) 21 Tl T Gn—2) <7
<1 1.2 N N 1.4n74 1.4n72 N 1.4n
2! (4n —4)! (4n—2)!  (4n)!"

2.5.3. Let f be continuous on [a,b] and differentiable on the open
interval (a,b). Show that if @ > 0, then there are x1,x2,x3 € (a,b)
such that

f'(x2)

25[72

eny

:bZ b 2
(b* + ba + a”) 302

F@) = b+ a)

2.5.4. Prove the following generalization of the result in 2.2.32. Let
f be a complex valued function on (0,00), and let a be a complex
number with a positive real part. Prove that if f is differentiable and

lim_(af(z) + f'(x)) =0, then lm [(x) =0.
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2.5.5. Let f be twice differentiable on the interval (0, 0o). Prove that
if liIJIrl (f(z) + f'(z) + f"(x)) = L, then liIJIrl flz)=L.
T—r+00 T—r+00

2.5.6. Let f be three times differentiable on (0, 00). Does the exis-
tence of the limit

lim (f(z) + f'(z) + f"(z) + f""(z))

r—>+00

imply the existence of zgrfoo f(x)?

2.5.7.

(a) Let f be continuously differentiable on (0,00) and let f(0) = 1.
Show that if |f(z)] < e™® for & > 0, then there is 2o > 0 such
that f'(xg) = —e™%0.

(b) Let f be continuously differentiable on (1,00) and let f(1) = 1.
Show that if |f(z)| < L for z > 1, then there is zo > 0 such that

F'(w0) = =,

2.5.8. Assume that f and g are differentiable on [0, a] and such that
f(0) = g(0) =0 and g(z) > 0, g'(z) > 0 for x € (0,a]. Prove that if
% increases on (0, a], then also 5 increases on that interval.

2.5.9. Show that each of the equations
sin(cosz) =z and cos(sinz) =z

has exactly one root in [0,7/2]. Moreover, show that if z; and z
are the roots of the former and the latter equation, respectively, then
r; < Za.

2.5.10. Prove that if f is differentiable on [a,b], f(a) = 0, and there
is a constant C' > 0 such that |f'(z)| < C|f(x)| for = € [a,b], then

f(z)=0.

2.5.11. Using the mean value theorem, prove that if 0 < p < ¢, then

)

for z > 0.
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2.5.12. Show first that e* > 1+ z for € R, and then, using this
result, prove the arithmetic-geometric mean inequality.

2.5.13. Show that

zy < e’ +y(lny —1)
for x € R and positive y. Show also that the equality holds if and
only if y = e*.

2.5.14. Suppose that f : R — [~1,1] is in C? on R, and that
(£(0))% + (f'(0))? = 4. Prove that there exists zop € R such that
f(@o) + f"(z0) = 0.

2.5.15. Establish the following inequalities:

1
(a) <a: + —) arctanz > 1 for =z >0,
x

(b) 2tanz —sinhz >0 for 0<x<g,

(c) lnw<§ for >0,z #e,

rzlnz 1
ﬁ<§ for x>0,z #1.

2.5.16. Decide which of the two numbers is greater:
(a) e™ or 7°,
(b) 2V2 or e,
(c) In8 or 2.

2.5.17. Verify the following claims:
b b
(a) In (1+£)ln <1+—> <=, a,byx>0,
a T a
T \™ AN
al _z >
(b) (1+m) (1 n) <1, z€R\ {0}, mneN, m,n> |z,

1
(¢) n(1++v1+42?)<=+1Inz, z>0.
z
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2.5.18. For z > 0, establish the following inequalities:

R
(b) (x—1)>>zIn’z.

2.5.19. Show that

2 3 2

(a) w+%—%<(w+l)ln(l+x)<w+% for z > 0,

2
(b) In(1+cosz) <In2— % for =€ (0,m).

2.5.20. For x > 0, verify the following claims:

(a) e’ <1+ ze”, (b) e’ —1—x < 2%,
(c) re? < e —1, (d) e < (1+z)'te,

1 z+1
(©) (x; ) <

2.5.21. Show that (e + )% > (e — )¢ for z € (0,¢€).
2.5.22. Show that if x > 1, then e* ! +lnxz — 2z +1 > 0.

2.5.23. Establish the following inequalities:

(8) Ltanz+ Ssinz>z for 0<z< ™
a — tanx —Sinxr xr or X —
3 3 2’

(b) x(2+cosz)>3sinx for x>0,
sin? z
2

(c) cosz< for 0<x<g.

2.5.24. Show that if @ > 1, then for 0 <z <1,

1
5a=T <zf+(1-2)* <L
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2.5.25. Show that if 0 < a < 1, then for z,y > 0,

(z+y)* <z +y"~

2.5.26. For a € (0,1) and = € [—1, 1], show that

-1
l1+z)*<l4+az-— %mz.
2.5.27. Prove the following generalizations of the result in the fore-
going problem. For B > 0 and z € [-1, B],

1—
(a) (1+x)“§1+am—Hx2 if 0<ax<l,
1—
(b) (1+m)a21+aw—Hw2 if 1<a<?2.
2.5.28. Prove that
2
(a) sinz > -z for =z €0, I],
™ 2
(b) sinz > 2:1:+£( 2 42%) for z€]0 E]
T s 727

2.5.29. Prove that for z € (0,1),

mx(l —z) <sinmz < 4z(l — x).

2.5.30. Prove that for a positive x and a positive integer n,

2.5.31. For a positive integer n, find all local extrema of the function

z? A
fla) = <1+w+§+---+m>e e,
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2.5.32. For positive integers m and n, find all local extrema of the
function

fla) = a™(1 - )",

2.5.33. For positive integers m and n, find the maximum value of
the function

f(z) =sin®" z - cos®™ x.

2.5.34. Determine all local extremum points of f(z) = 2% (1 — z)3.

2.5.35. Find the minimum and maximum values of the function

f(z) = zarcsinz + v1 — 22 on [—1,1].

2.5.36. Find the maximum value of f on R, where f is given by

1 1
T) = + .
/(@) 1+z] 14z —1|
2.5.37. Show that for nonnegative ai,as,...,a, the following in-
equalities hold:
1 1
(a) - ake—ak < -,
e
k=1
I~ 5 o, 4
(b) - G%C b < 6_2’
k=1
n n 1 n
(c) H ar <|—-) exp| = Zak
k=1 k=1

2.5.38. Determine all local extremum points of the function

B eilTll(\/i—l-sin%) if z#0,
ﬂ@_{o it «=0.
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2.5.39. Let

_ x4(2+sin%) if x=#0,
f(x)_{o it z=0.

Prove that f is differentiable on R and that at zero f attains its proper
absolute minimum, but in no interval (—&,0) or (0,¢) is f monotone.

2.5.40. For xz > 0, establish the inequalities

sinh x
\/ sinh? z + cosh? z

1
<tanhz < z <sinhz < 2 sinh 2z.

2.5.41. Using the result in the preceding problem, prove that, if a
and b are positive and a # b, then

2 b—a a+b [a? + b2
l-{—l<\/%<lnb—lna< 2 < 2

a b

The number L(a,b) = 1n2:1ana is called the logarithmic mean of pos-
itive numbers a and b, a # b. (It is also convenient to adopt the

convention that L(a,a) = a.)
2.5.42. The power mean of positive numbers = and y is defined by

1
P +yP\ P .
Mp(w,y)=< 2y> if p#0.

(a) Show that
p}l_[)l}) Mp(ma y) =V zyY.
(So it is natural to adopt the convention that My(z,y) = \/zy.)
(b) Show that if z # y and p < ¢, then M,(z,y) < My(z,y).

2.5.43. For A > 1, and for positive z,y, and for an integer n > 2,
prove that

" +yt+ A (@ y)n 2t —y") _rty

<y <
‘/@—\/ 2+ (2" — 2) =7
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2.5.44. Prove that

(a) sin(tanz) >z for =z € [0,— ,

P

(b) tan(sinz) >z for z € [0, g] .

2.5.45. Prove that if z € (0,7/2], then

2.5.46. For z > 0, show that

3z
arctanrz > ——§F————

14+ 2V1+ 22

2.5.47. Let ag,br, kK = 1,2,...,n, be positive. Prove that the in-
equality

H(wak +(1—2)bg) < maX{H ag, H bk}
k=1

k=1 k=1
holds for = € [0, 1] if and only if

(B ()

k=1 k=1

2.5.48. Using the result in 2.5.1, show that

cosz +cosy < 1+cos(zy) for 2° +y* <.

2.5.49. For positive z and y, establish the inequality

¥ +y* > 1.

2.5.50. For an integer n > 2, prove that if 0 <z < .27, then

(1—22" +2"H)" < (1 — ™)™+
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2.5.51. Let f be defined by setting

x>zt

1
f(w)—w—g—l-ﬂsmz for = > 0.

Prove that if y and z are positive and such that y + z < 1, then
fly+2) <fly)+ f(2)-

2.5.52. Prove the inequality
n

3 (k- na)? (’;) 2F(1 - z)nk < g

k=0

2.5.53. Assume that f is in C?([a,b]), f(a)f(b) < 0 and f’ and f"
do not change their signs on [a, b]. Prove that the recursive sequence
defined by
Tntl = Tp — %, n=20,1,2,...,

where we put zg = b if f' and f” have the same sign, and zo = a in
the other case, converges to the unique root of the equation f(z) =0
in (a,b). (This is the so-called Newton’s method of approximating a
root of the equation f(z) =0.)

2.5.54. Under the assumptions of the foregoing problem, prove that
if M = max{|f"(z)|: = € [a,b]} and m = min{|f'(z)| : = € [a,b]},
then

M
< —
~ 2m
where ¢ is the unique root of f(z) = 0.

|.’I}n+1—§| (mn_§)2’ n:071727"' )

2.5.55. Find sup{2* +2"% : z > 0}.

2.5.56. Let f be infinitely differentiable on [0, 1], and suppose that
for each z € [0,1] there is an integer n(x) such that f(*(®)(z) = 0.
Prove that f coincides on [0, 1] with some polynomial.

2.5.57. Show by example that in the foregoing problem the assump-

tion that f is infinitely differentiable on [0, 1] is essential. Show also

that the conclusion of 2.5.56 is not true if lim f((z) = 0 for each
n— 00

z € [0,1].
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2.6. Strong Differentiability and Schwarz
Differentiability

Definition 1. A real function defined on an open set A C R is said
to be strongly differentiable at a € A if

fz1) — f(22)

(z1,22)—(a,a) 1 — T2
T1F£T2

= f"(a)

exists and is finite. f*(a) is called the strong derivative of f at a.

Definition 2. A real function defined on an open set A C R is said
to be Schwarz differentiable at a € A if

o fah) = fla—h)
h—0 2h

= f*(a)

exists as a finite limit. f®(a) is called the Schwarz derivative or the
symmetric derivative of f at a.

The upper (resp. lower) strong derivative of f at a is defined by
replacing lim by lim (resp. lim) in Definition 1 and is denoted by
D*f(a) (vesp. D.f(a)). The upper and the lower Schwarz derivatives
are defined analogously. We denote them by D*®f(a) and Dsf(a),
respectively.

2.6.1. Show that if f is strongly differentiable at a, then it is differ-
entiable at a and f*(a) = f'(a). Show by example that the converse
is not true.

2.6.2. Let f : A = R and let A', A* denote the sets of points
at which f is differentiable and strongly differentiable, respectively.
Prove that if a € A* is a limit point of A*, then

lim f(z) = lim f'(2) = f*(a) = f'(a).

r—a
zEA” zeA?!

2.6.3. Prove that each function continuously differentiable at a is
strongly differentiable at a.
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2.6.4. Does the strong differentiability of f at @ imply the continuity
of f' at this point?

2.6.5. Suppose G C A is open. Prove that f is strongly differentiable
on G if and only if the derivative f’ is continuous on G.

2.6.6. Prove that if f is differentiable on R, then it is strongly dif-
ferentiable on a residual set, that is, on a set R\ B, where B is of the
first category in R.

2.6.7. Suppose f is continuous on [a,b] and the Schwarz derivative
f? exists on the open interval (a,b). Show that if f(b) > f(a), then
there is ¢ € (a, b) such that f°(c) > 0.

2.6.8. Let f be continuous on [a,b] and let f(a) = f(b) = 0. Show
that if f is Schwarz differentiable on the open interval (a,b), then
there are 1,z € (a,b) such that f*(z;) > 0 and f*(z2) < 0.

2.6.9. Let f be continuous on [a, b] and Schwarz differentiable on the
open interval (a,b). Show that there are z1,z5 € (a,b) such that

f(b) = f(a)

fe) < B2

< fo(z).

2.6.10. Assume that f is continuous and Schwarz differentiable on
(a,b). Show that if the Schwarz derivative f° is bounded on (a,b),
then f satisfies a Lipschitz condition on this interval.

2.6.11. Suppose that f and f° are continuous on (a,b). Show that
f is differentiable and f'(z) = f*(z) for all z € (a,b).

2.6.12. Assume that f is continuous and Schwarz differentiable on
an open interval I. Prove that if f°(z) > 0 for x € I, then f increases
on L

2.6.13. Assume that f is continuous and Schwarz differentiable on
an open interval I. Prove that if f¥(z) = 0 for z € I, then f is constant
on I

2.6.14. Let f be Schwarz differentiable on (a,b) and let 2o € (a,b)
be a local extremum of f. Must the Schwarz derivative vanish at z¢?
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2.6.15. A function f : R — R is said to have Baire’s property if
there exists a residual set S C R on which f is continuous. Prove
that if f has Baire’s property, then there exists a residual set B such
that for z € B,

D.f(x) = D.f(x) and D*f(x)=D"f(x).

2.6.16. Prove that if f has Baire’s property and is Schwarz differen-
tiable on R, then f is strongly differentiable on a residual set.

2.6.17. Let f be Schwarz differentiable on an open interval I and let
[a,b] C I. We say that f is uniformly Schwarz differentiable on [a,b],
if for any € > 0 there is § > 0 such that if |h| < d,

flx+h) = flz—h)
2h
whenever z € [a,b] and © + h,z — h € I. Assume that f is Schwarz
differentiable on I and [a,b] C I. Prove that if there is zp € (a,b)
such that flLiHB |f(zo+h)| = 400, and there is z; such that f is locally
—

— @) <e

bounded in [z, xp), then f is not uniformly Schwarz differentiable on
the interval [a, b].

2.6.18. Assume that f is continuous on an open interval I containing
[a,b]. Show that f is uniformly Schwarz differentiable on [a, b] if and
only if f# is continuous on [a, b].

2.6.19. Show by example that in the foregoing problem the assump-
tion of continuity of f is essential.

2.6.20. Prove that a function f locally bounded on an open interval
I is uniformly Schwarz differentiable on every [a,b] C I if and only if
f' is continuous on I.






Chapter 3

Sequences and Series of
Functions

3.1. Sequences of Functions, Uniform
Convergence

We adopt the following definition.

Definition. We say that a sequence of functions {f,} converges uni-
formly on A to a function f if for every € > 0 there is an ng € N such
that n > ng implies |f,(z) — f(z)| < ¢ for all z € A. We denote this
symbolically by writing f, i& f

3.1.1. Prove that a sequence of functions {f,} defined on A is uni-
formly convergent on B C A to f : B — R if and only if the sequence
of numbers {d, }, where

dp = sup{|fn(z) — f(x)|: € B}, neN,
converges to zero.

3.1.2. Assume that f, = f and g, = g. Show that f,+g, = f+g-.
A A A
Is it true that f, - g, = f - g?
A
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3.1.3. Assume that f, = f, g» = ¢, and there is M > 0 such that
A A
|f(z)] < M and |g(z)| < M for all z € A. Show that f, - g, = f-g.
A

3.1.4. Let {a,} be a convergent sequence of real numbers, and let
{fn} be a sequence of functions satisfying

sup{|fn(z) = fm(2)| : @ € A} <lan —am|, n,meN

Prove that {f,} converges uniformly on A.

3.1.5. Show that the limit function of a uniformly convergent on A
sequence of bounded functions is bounded. Does the assertion hold
in the case of pointwise convergence?

3.1.6. Show that the sequence of functions {f,}, where

if n is even,

fnl) = { if n is odd,

Sl= 38

is pointwise convergent but not uniformly convergent on R. Find a
uniformly convergent subsequence.

3.1.7. Prove the following Cauchy criterion for uniform convergence.
The sequence of functions {f,}, defined on A, converges uniformly
on A if and only if for every € > 0 there exists an ng € N such that
m > ng implies |frym(z) — fm(z)| < e for alln € N and all 2 € A.

3.1.8. Study the uniform convergence on [0,1] of the sequence of
functions {f,} defined by setting

® b=
(b) fal@) x? 4+ (zw - 1)’
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(d) fn(m) = nx”(l - 1‘),
(e) fal@) = na"(1 = )",
(f) fol@) = .

(8) fale) = 1

3.1.9. Study the uniform convergence of {f,} on A and B when
(@) falx) =cos"z(l —cos"z), A =10,7/2], B=[r/4,7/2],
(b) fa(z) =cos"zsin®z, A =R B=][0,7/4].

3.1.10. Determine whether the sequence {f,} converges uniformly
on A when

2z

(a) fn(x) = arctan peopred =R,
2

(b) fulz) =nin (1+ —) L A=R
© fula) =nin A = (0,00),
(d) fu(z) = %/14+22", A=R,
(e) folz) = /27 + |z|*, A =R,
(f) fo(x) =vn+1sin"zcosz, A =R,
(8) fn(w):n(%_l)v A =la], a>1

3.1.11. For a function f defined on [a,b] set f,(z) = UELCH] papys

[a,b], n € N. Show that f, = f.
[a,b]

3.1.12. Verify that the sequence {f,}, where
fo(z) = nsin/4n2n? + 22,

converges uniformly on [0,a], a > 0. Does {f,} converge uniformly
on R?
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3.1.13. Show that the sequence of polynomials {P,} defined induc-
tively by
1

Py(x) =0, Puyi(z) = Py(z)+ 3 (x —P2(z)), n=0,1,2,...,

converges uniformly on the interval [0,1] to f(z) = +/z.

Deduce that there exists a sequence of polynomials converging
uniformly on the interval [—1, 1] to the function z — |z|.

3.1.14. Assume that f: R — R is differentiable and f’ is uniformly
continuous on R. Verify that

w(1(e+2) - 1@) - )

uniformly on R. Show by example that the assumption of uniform
continuity of f’ is essential.

3.1.15. Let {f,} be a sequence of uniformly continuous functions
converging uniformly on R. Prove that the limit function is also
uniformly continuous on R.

3.1.16. Prove the following Dini’s Theorem: Let {f,} be a sequence
of continuous functions on a compact set K which converges pointwise
to a function f that is also continuous on K. If f,1(z) < f,(z) for
xz € K and n € N, then the sequence {f,} converges to f uniformly
on K.

Show by example that each of the conditions in Dini’s theorem
(compactness of K, continuity of the limit function, continuity of f,
and monotonicity of the sequence {f,}) is essential.

3.1.17. A sequence of functions {f,} defined on a set A is said to
be equicontinuous on A if for every € > 0 there exists a § > 0 such
that | fn(z) — fn(z')] < € whenever |z —z'| < 6§, z,2' € A, andn € N.
Prove that if {f,} is a uniformly convergent sequence of continuous
functions on a compact set K, then {f,} is equicontinuous on K.

3.1.18. We say that a sequence of functions {f,}, defined on a set
A, converges continuously on A to the function f if for z € A and for
every sequence {zy} of elements of A converging to = the sequence
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{fn(x,)} converges to f(z). Prove that if a sequence {f,} converges
continuously on A to f, then for every sequence {z,} of elements of
A converging to z € A and for every subsequence {f,, },

Jim fo (00) = f(a).

3.1.19. Prove that if {f,} converges continuously on A to f, then f
is continuous on A (even if the f, are not themselves continuous).

3.1.20. Prove that if {f,} converges uniformly on A to the contin-
uous function f, then {f,} converges continuously on A. Does the
converse hold?

3.1.21. Let {f,} be a sequence of functions defined on a compact
set K. Prove that the following conditions are equivalent.
(i) The sequence {f,} converges uniformly on K to f € C(K).
(ii) The sequence {f,} converges continuously on K to f.

3.1.22. Assume that {f,} is a sequence of increasing or decreasing
functions on [a,b] converging pointwise to a function continuous on
[a,b]. Prove that {f,} converges uniformly on [a, b].

3.1.23. Let {fn} be a sequence of functions increasing or decreas-
ing on R and uniformly bounded on R. Prove that {f,} contains a
subsequence pointwise convergent on R.

3.1.24. Show that under the assumptions of the foregoing problem,
if the limit function f of a pointwise convergent subsequence {f,,}
is continuous, then {f,} converges to f uniformly on each compact
subset of R. Must {f,,} converge uniformly on R?

3.1.25. Show that the limit function of a sequence of polynomials
uniformly convergent on R is a polynomial.

3.1.26. Assume that {P,} is a sequence of polynomials of the form
P, (z) = appz? + amp,la:p*l + - 4 1T+ G-

Prove that the following three conditions are equivalent:
(i) {P,} converges uniformly on each compact subset of R,
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(ii) there are p 4+ 1 distinct numbers ¢y, ¢y, ..., ¢, such that {P,}
converges on {cp,C1,...,Cp},
(iii) the sequence of coefficients {ay, ;} convergesfori =0,1,2,...,p.

3.1.27. Prove that if {f,} is pointwise convergent and equicontinu-
ous on a compact set K, then {f,} converges uniformly on K.

3.1.28. Let {f,} be a sequence of functions continuous on a closed
interval [a,b] and differentiable on the open interval (a,b). Assume
that the sequence {f} } is uniformly bounded on (a,b); that is, there
is an M > 0 such that | f,(z)| < M for alln € N and z € (a,b). Prove
that if {f,} is pointwise convergent on [a,b], then {f,} is uniformly
convergent on that interval.

3.1.29. Study the convergence and the uniform convergence of {f,}
and {f]} on A, where

sin nx

(@) flw) == A=R
(b) (@)= 5. A=[-L1)

3.1.30. Assume that {f,} is uniformly convergent on A to the func-
tion f. Assume moreover that g is a limit point of A and, beginning
with some value of the index n, lim f,(x) exists. Prove that

T—rTo

lim lim f,(z) = lim f(x).

n—00 r—To T—To

Prove also that if {f,} is uniformly convergent on (a,c0) to f and,
beginning with some value of the index n, lim f,(z) exists, then
T—r00

lim lim f,(z) = lim f(x).

n—0o00 —>00 Tr—>00
The above equalities mean that if the limit on one side of the equality

exists, then the limit on the other side exists and the two are equal.

3.1.31. Let {f,} be a sequence of functions differentiable on [a, b]
and such that {f,(zo)} converges for some zy € [a,b]. Prove that if
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the sequence {f,,} converges uniformly on [a, ], then {f,} converges
uniformly on [a,b] to a function f differentiable on [a, b], and

fl(z) = nlLII;O fi(z) for =z € [a,b].

3.1.32. For f:1]0,1] —» R, let B, (f,z) be the Bernstein polynomial
of order n of the function f, defined by

Bo(f) = kz ()7 () ta-ar.

Prove that if f is continuous on [0, 1], then {B,(f)} converges uni-
formly on [0,1] to f.

3.1.33. Use the result in the foregoing problem to prove the approz-
imation theorem of Weierstrass. If f : [a,b] — R is continuous on

[a, b], then for every € > 0 there is a polynomial P such that

|f(z) — P(z)] <e forall z € [a,b].

3.2. Series of Functions, Uniform Convergence

3.2.1. Find where the following series converge pointwise:

(a) Sl e,

n:11+w"

o0 ,’L’n
b _
(b) > i #F L

n=1

S L 1
(<) ;H?)W, # -3
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oo

2n—1

Zlm_in:x;é 7)

n=1

n=2

00
2 : CElnn,
n=1

S

o0
Z sin?(2mv/n2 + x2).

n=0

3.2.2. Study the uniform convergence of the following series on the
given set A:

(o)

Z (g — arctan(n?(1 + a:2))) , A=K,

n=1
f: In(1+ nx)
— nx'

an 2~ \z
ZxZ(l —z%)
n=1

TL2

(" +27"),

NE
2

3
I
-

NE

3"z

3
I
-

Mg

n

1
2"gin —, A =

2
(14 i)
; nln®n

A =1[2,00),
A =R,
717 A:[_]-:]-]:
A={zeR:1/2<|z| <2},
(0,00),

A = (—a,a), a>0.

3.2.3. Show that the series Z fn(x), where f,, is defined by

fo(x) =0if 0 <o < &
fu(z ):Elfﬂ?—%,

1
10r o1 <<,
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fn(z) is defined linearly in the intervals [1/(2n + 1),1/(2n)]
and [1/(2n),1/(2n 1)),

is uniformly convergent on [0, 1] although the M-test of Weierstrass
cannot be applied.

3.2.4. Study the continuity on [0, 00) of the function f defined by

oo

fla)=3 ((n =Dz + D(nz+ 1)

n=1

3.2.5. Study the continuity of the sum of the following series on the
domain of its pointwise convergence:

(a) Z z" si:z!(nw) ’ (b) Z o

n=0

(c) > n2man, (d) > In"(z+1).

(oo}

3.2.6. Determine where the series S |z|V" converges pointwise, and
n=1

study the continuity of the sum.

IS . 2
3.2.7. Show that the series ) % converges pointwise to a
n=1
continuous function on R.

[ee]
3.2.8. Suppose that the series Y fn(z), € A, converges uni-
n=1
formly on A and that f : A — R is bounded. Prove that the series
> f(z)fn(z) converges uniformly on A.
n=1
Show by example that boundedness of f is essential. Under what

assumption concerning f does the uniform convergence of the series
o0

o)
> f(z)fn(z) imply the uniform convergence of > f,(x) on A?
n=1 n=1
3.2.9. Assume that {f,} is a sequence of functions defined on A and
such that

(1) fo(z) >0forz € Aandn €N,
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(2) fulz) > for ()fora:EAandnEN,
(8) sup fulw) —> 0

o)
Prove that > (—1)"*!f,(x) converges uniformly on A.

n=1
3.2.10. Prove that the following series converge uniformly on R:

oo (_l)nJrl n+1

(a‘) Zm: (b) Z \/m+m2

n=1
+1

n
Z\/_+cosm

o0
3.2.11. Show that if Y f2(z) is pointwise convergent on A, and if
n=1

sup (Z )

o0 o0
and Y ¢2 converges, then Y ¢, f,.(z) converges uniformly on A.
n=1 n=1

3.2.12. Determine the domain A of pointwise convergence and the
domain B of absolute convergence of the series given below. More-
over, study the uniform convergence on the indicated set C.

<1 11
§—2" -nHr, Cc=|3,=
(a) 2. (3z —1)", {6,3},

(b) Z% <”“°;rl>n C=[-2-1].

n=1

3.2.13. Assume that the functions f,, g, : A = R, n € N, satisfy
the following conditions

(1) the series E | fnt1(x) — fn(z)] is uniformly convergent on A,
(2) sup |fa(@)] —> 0,
z€EA
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(3) the sequence {G,(z)}, where Gy, (z) = > gn(z), is uniformly
k=1
bounded on A.

o)
Prove that the series > f.(z)g,(x) converges uniformly on A.
n=1

Deduce the following Dirichlet test for uniform convergence: As-
sume that f,,g, : A = R, n € N, satisfy he following conditions:
(1") for each fixed z € A the sequence {f,(z)} is monotonic,
(2") {fn(x)} converges uniformly to zero on A,

o0
(3") the sequence of partial sums of Y g,(z) is uniformly bounded
n=1
on A.

Then the series Y fn(z)gn(z) converges uniformly on A.
n=1

3.2.14. Show that the following series converge uniformly on the
indicated set A:

(_1)n+1%’ A= [0)]—])

=
NE

i
L

in(nz)

G
NE

, A=][02r—4], 0<d<m,

i
L

n
sin(n?z) sin(nzx)

- A =R

<
NE

) )

3
Il
-

sin(nz) arctan(nx)

=
NE

, A=[)2r—9¢], 0<d<m,

@ D A=la00), a>0,
() nzl(—n"“ﬁ, A =[0,).

3.2.15. Assume that the functions f,, g, : A = R, n € N, satisfy
the following conditions:
(1) the function f; is bounded on A,
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(2) the series E | fnt1(x) — fn(z)| converges pointwise on A and
m(EWM)fmw<w
T€EA

(3) the series Z gn(x) converges uniformly on A.

Prove that > fn(z)gn(x) converges uniformly on A.
n=1

Deduce the following Abel test for uniform convergence: Assume
that functions fn,gn : A = R, n € N, satisfy the following conditions:
(1") for each fixed z € A, the sequence {f,(z)} is monotonic,
(2') the sequence {f,} is uniformly bounded on A,

(3") > gn(z) converges uniformly on A.
n=1
Then the series Y fn(z)gn(x) converges uniformly on A.
n=1

3.2.16. Show that the following series converge uniformly on the
indicated set A:

oo n+1
Z - arctan(nz), A =R,
= (—1)"*tlcos &
(b) > ~—=——=, A=[-R,R], R>0,
— V/n + cosx
A =[0,00).

Z¢7T;

3.2.17. Suppose that f,, n € N, are continuous on A and the series
[ee]

> fu(z) converges uniformly on A. Show that if zy € A is a limit
n=1

point of A, then

lim 3" ful@) = 3 fulao).
n=1

n=1
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3.2.18. Verify the following claims:

> (_l)nJrl
li " =1In2
e
oo -1 n+1
(b) lim (=1) =1n2,
z—1 n<®
n=1
: n _ nt+ly
©  lim Y@ -at) =1,
n=1
d  lim i 1 _
z—0+ —_ 2nn® ’
o 2 2

oo
3.2.19. Suppose that the series > a, converges. Find

n=1

00
lim g an®
rz—1—

n=1

3.2.20. Assume that the functions f,, n € N, are continuous on

[0,1] and Y fn(z) converges uniformly on [0, 1). Show that the series
oo n=1

> fa(1) is convergent.

n=1

3.2.21. Find the domain A of pointwise convergence of the series

oo
> e ™ cos(nx). Does the series converge uniformly on A?
n=1

3.2.22. Assume that f, : [a,b] — (0,00), n € N, are continuous

and f(z) = ). fa(x) is continuous on [a,b]. Show that the series
n=1

o0
> fa(x) converges uniformly on that interval.
n=1
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3.2.23. Suppose that > f,(z) converges absolutely and uniformly
n=1

o)
on A. Must the series > |f,(z)| converge uniformly on A7
n=1

3.2.24. Assume that f,, n € N, are monotonic on [a, b]. Show that
o0

if Y fn(z) absolutely converges at the endpoints of [a,d], then the
n=1

series Y. fn(z) converges absolutely and uniformly on the whole [a, b].
n=1

z—a
n=1

n—
verges absolutely and uniformly on each bounded set A that does not
contain a,, n € N.

o0 o0
3.2.25. Suppose that Y ﬁ converges. Prove that Y. —— con-
—~ lan n

3.2.26. For a sequence of real numbers {a,, }, show that if the Dirich-

o]
let series Y 2z converges at & = g, then the series converges uni-
n
n=1

formly on [zg, 00).

3.2.27. Study the uniform convergence on R of the series

o0 . 2
S
>
n

n=1

3.2.28. Assume that f,, n € N, are differentiable on [a, b]. Moreover,
[ee] [ee]

assume that Y f,(z) converges at some zg € [a,b] and Y f/ () con-
n=1 n=1

o0

verges uniformly on [a,b]. Show that ) f,(z) converges uniformly
n=1

on [a,b] to a differentiable function, and

<an($)> ZZﬂL(m) for =z € [a,b].

o0
3.2.29. Show that f(z) = > ﬁ is differentiable on R.
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3.2.30. Show that the function
> cos(nx)
@) =2 T

. . . 11
is differentiable on [Z, LiT]

[ee]
3.2.31. Let f(z) = > (=1)"'In (14 £) for = € [0,00). Show that
n=1

f is differentiable on [0, 00) and calculate f'(0), f'(1), and lim f'(z).
T—r00

3.2.32. Let
= 1 T
flx) =) (-1)"'—arctan—=, z€R
; Vn NG

Prove that f is continuously differentiable on R.

3.2.33. Prove that the function

o0

f =Y ) er

n=1

is continuously differentiable on R.

3.2.34. Let
> T
= t " (——, —) .
flx) nzz:l\/ﬁ( an ) T € 11
Prove that f is continuously differentiable on (—%,%).

3.2.35. Define

e—nm

flz) = Z o € [0, 00).

n=0

Prove that f € C([0,00)) and f € C*°(0, 00) and f'(0) does not exist.

3.2.36. Show that the function

(o)

=3 S

n=1

is continuous on R. Is it differentiable on R?
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3.2.37. Prove that the Riemann (-function defined by
— 1

is in C*°(1, 00).

3.2.38. Assume that f € C°°([0, 1]) satisfies the following conditions:
(1) f£0,
(2) f™(0)=0forn=0,1,2,...,
[ee]
(3) for a sequence of real numbers {a,}, the series 3. a,f™ (z)

n=1
converges uniformly on [0, 1].

Prove that
lim nla, =0.
n— 00

3.2.39. For z € Rlet f,(x) denote the distance from z to the nearest

rational with the denominator n (the numerator and denominator do
oo

not need to be co-prime). Find all z € R for which the series Y fn(x)
n=1

converges.

3.2.40. Let g(x) = |z| for & € [—1,1] and extend the definition of g
to all real z by setting g(x + 2) = g(z). Prove that the Weierstrass
function f defined by

=3 (3) ss)

n=0

is continuous on R and is nowhere differentiable.

3.3. Power Series

3.3.1. Show that, given the power series Y. an(x — xo)™, there is
n=0
R € [0, 0] such that

(1) the power series converges absolutely for |z — 9| < R and
diverges for |z — x9| > R,

(2) R is the supremum of the set of the r € [0,00) for which
{|an|r™} is a bounded sequence,
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(3) 1/R= lim {/|a,| (here § = 400 and L+ = 0).
n—o0

R is called the radius of convergence of E an(x — x0)".
n=0

3.3.2. Determine the domain of convergence of the power series given
below:

@ Soaten, () 32,
n=1 n=1

2", @ e+ Enman,
n=1
o0
22”:1:"2,
n=1

0o oo (—=1)"n?
1
(g) Z 2n’gn, (h) Z (1 + E) z".
n=1 n=1

NE
H:

()

i
L

(e)

HM8

3.3.3. Find the domains of convergence of the following series:

2 (z—1)? = n 2z +1\"
(&) 2_: 2np3 7 (b) z_:l n+1 ( x > ’
@ Nea-an @ X Ene-vn
(e) Z Vn(tanz)", (f) Z <arctan i) :

3.3.4. Show that if the radii of convergence of i anpx™ and i bpa™
are Ry and R,, respectively, then B -
(a) the radius of convergence R of i (@n +bp)z™ is min{ Ry, Rx},
if Ry # R. What can be said about R if Ry = Ra?
(b) the radius of convergence R of § anbpx™ satisfies R > Ry R».

n=0
Show by example that the inequality may be strict.
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3.3.5. Let Ry and R, be the radii of convergence of Y a,z™ and
n=0

(oo}
> byz™, respectively. Show that
n=0

(a) if Ry, Ry € (0,00), then the radius of convergence R of the
power series
o0 an
b—:r”, b, 720, n=0,1,2,...,
n=0 "
satisfies R < g—;,
(b) the radius of convergence R of the Cauchy product (see, e.g.,
I, 3.6.1) of the given series satisfies R > min{R;, R>}.

Show, by example, that the inequalities in (a) and (b) can be strict.

o0
3.3.6. Find the radius of convergence R of ) a,z™, if
n=0

(a) there are a and L > 0 such that lim |a,n®| =L,
n—o0
(b) there exist positive @ and L such that lim |a,a™| =L,
n—o0

(¢) lim |apn!|=1L, L € (0,00).

n—o0

o0

3.3.7. Suppose that the radius of convergence of > anz™ is R and
n=0

0 < R < oo. Evaluate the radius of convergence of:

(a) Z 2"a,x", (b) Z n"a,z",
n=0 n=0

(c) Z %anfﬂn, (d) f: a’z".
n=0 n=0

3.3.8. Find all power series uniformly convergent on R.

3.3.9. Find the radius of convergence R of the power series

00
x2n+1

Z (2n+ 1!

n=0
and show that its sum f satisfies the equation f'(z) = 1 + zf(z),
x € (—R,R).
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3.3.10. Show that the series ) (’;)Ln"), converges on R and the sum f
n=0
satisfies the equation f"(z) + f'(z) + f(z) = €*, x € R

3 3.11. Let R > 0 be the radius of convergence of the power series
Zanx and let S, (z) = Eakm n=20,1,2,.... Show that if f is

the sum of the series and 1f :rg € (=R, R) is such that S, (x0) < f(z0),
n=20,1,2,..., then f'(xq) #0.

3.3.12. Let {S,} be the sequence of partial sums of > a, and let
n=0
T, = %L*S" Prove that if {7} is bounded, then the power

o0 o0 o0

series > apx™, Y. Spax™ and > (n + 1)T,z" converge for |z| < 1,
q n=0 n=0 n=0

an

ianm":(l—m)isnx (1—x) in+1
n=0 n=0

o0

3.3.13. Let f(z) = 3 2%, |z| < 1. Prove that there is an M > 0
n=0

such that

[f'(@)] <

M
, <1.

3.3.14. Prove the following Abel theorem. If > a, converges to L,

n=0
then
o0
(1) > apz™ converges uniformly on [0, 1],
n=0
(2) lim Y a,z" = L.
z—=1" p=0

3.3.15. Prove the following generalization of the Abel theorem. If

o)
{S,} is the sequence of partial sums of ) a, and the radius of con-
n=0

oo
vergence of the power series f(z) = > apz™ is 1, then

lim S, < lim f(z) < lim f(z) < lim S,.
n—00 z—1— z—1- n—00
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3.3.16. Prove the Tauber theorem. AO%sume that the radius of con-

vergence of the power series f(z) = > apz™ is 1. If lim na, =0
n=0 n— 00

o0
and lim f(x) =1L, L €R, then ) a, converges to L.
n=0

z—1-

3.3.17. Show by example that in the Tauber theorem the assumption

lim na, = 0 is essential.
n—oo

3.3.18. Suppose that {a,} is a positive sequence and the radius of
o0

convergence of f(z) = Y apz™is 1. Prove that lim f(z) exists and
n=1 r—1-

o0
is finite if and only if " a,, converges.
n=1
3.3.19. Prove the following generalization of the Tauber theorem.
Assume that the radius of convergence of f(z) = Y apz™is 1. If
n=0

9
fim D202 N0 g tim f(e) =L, LER,

n— 00 n rz—1—

o0
then the series Y a, converges to L.
n=0

3.3.20. Assume that the radius of convergence of f(z) = Y a,z" is
n=0

1. Prove that if 3 na? converges and lim f(z) = L, L € R, then
z—1—

n=1
o0
> a, converges and has sum L.
n=0

3.3.21. Assume that a,,b, > 0, n = 0,1,2,..., and the power se-
ries f(z) = Y apz™ and g(xz) = Y byz™ both have the same ra-
n=0 n=0

dius of convergence, equal to 1. Moreover, assume that lim f(z) =

z—1-
lim g(z) = +oo. Prove that if lim = = A € [0,00), then also
r—1- n—oo ™
lim &) = 4
z—1— g(z) )

3.3.22. Prove the following generalization of the result in the fore-

o)
going problem. Assume that the power series f(z) = > a,z™ and
n=0
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o0

g(x) = > bpz™ both have the same radius of convergence, equal
n=0

to 1. Moreover, assume that S, = a9 +a; + -+ +a, and T,, =

(oo}
bo + by +--- + by, n € N, are positive and both series ) S,, and
n=0

= A€0,00), then lim &) = 4.

r—1- 9()

Z T, diverge. If nh T—:

3.3.23. Show by example that the converse of the above theorem
fails to hold. Namely, the fact that lim 5 E;”; = A does not imply the
z—1—

existence of lim i—"
n— 00

n

3.3.24. Let the radius of convergence of the power series f(z) =
> apz™ with nonnegative coefficients be 1 and let lim f(z)(1—z) =
n=0 r—1-

| € (0, 00). Prove that there are positive 4; and A, such that

An<S,=ay+ar+ -+a, <An, neN

3.3.25. Prove the following theorem of Hardy and Littlewood. Let

o0
the radius of convergence of the power series f(z) = > apz™ with
n=0
nonnegative coefficients be 1 and let lim f(z)(1 —2) = A € (0, 00).
z—1-

Then

lim &:A

n—oo n

where S, = ap + a1 + - + ay,.

)

3.3.26. Let the radius of convergence of f(z) = E an,z"™ be equal
to 1. Prove that if the sequence {na,} is bounded and hm flz) =
—1-

L,L € R, then the series Z an converges and has sum L.
n=0
3.3.27. Let the radius of convergence of f(z) = E anz" be equal

to 1. Prove that if lim (1 —z)f(z) exists and is dlfferent from zero,
z—1-

then {ay} cannot converge to zero.
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3.4. Taylor Series

3.4.1. Assume that f is in C*°([a,b]). Show that if all derivatives
™ are uniformly bounded on [a, ], then for  and z¢ in [a,b],

3.4.2. Define

Does the equality

hold for x # 0?7

o0
3.4.3. Define f(z) = > cos(n®s) 1 ¢ R. Show that f is in C>(R)

en

and the equality

holds only at z = 0.

3.4.4. Show that if « € R\ N and |z| < 1, then

(1+x)":1+§:a(a_l)';!(a_n+l)m”.

This is called Newton’s binomial formula.

3.4.5. Show that for |z| <1,

(2n —
|:U|—1——1—a: Z n —2?)".
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oo
3.4.6. Show that if the power series ) anz™ has positive radius of
n=1

convergence R and f(z) = Y a,2" for z € (—R, R), then f is in
n=1
C*®(—R,R), and

(n)
an:w, n=0,1,2,....
n!

3.4.7. Prove that if zo is in the interval of convergence (—R, R),

(o0}
R > 0, of the power series f(z) = Y. a,z", then
n=0

©_ £(n)
f(m):ZfT(lmo)(a:—xg)" for |z —xzo| < R —|zo|.
n=0 ’

(oo} (oo}
3.4.8. Assume that Y a,z" and Y b,a™ converge in the same in-

n=0 n=0
terval (—R, R). Let A be the set of all z € (=R, R) for which

o0 o0
E apz"” = E bpx™.
n=0 n=0

Prove that if A has a limit point in (—R, R), then a,, = b, for n =
0,1,2,....

3.4.9. Find the Taylor series of f about zero when

(a) f(z) =sinz®, z€R
(b) f(z)=sin®z, z€R,
(c) flz) =sinzcos3z, x € R,
(d) f(z) =sin®z +cos®z, z€R,
1. 14z
(e) f(:r):§ln1_m, z € (—1,1),
(f) f(x)=In(1+xz+2%), =ze(-1,1),
© @)= TE(1/3,1/3),
h)  fl@)=— ze(-11).



104 Problems. 3: Sequences and Series of Functions

3.4.10. Find the Taylor series of the following functions f about the
point x = 1:

(a) flx)=(x+1)e", =z€eR,

b)) f@) == £,
©  fl@)==2, c£0,
d)  fla)= 1“75” z>0.

3.4.11. For |z| < 1, establish the following equalities:

= @n-1!
= ; 2n+1
(a) arcsine = x + Z G § 1)33 ,
(b) arctanzr = i(—l)”;xz"“,
n=0 2n+1

Using the above identities, show that

(2n — 1) T - 1
TS (n .
+ Z 22n+1 miens 1 g 2_:( VT

3.4.12. Find the Taylor series for f about zero when
1
(a) f(z) = zarctanx — 3 In(1+42%), =z€(-1,1),

(b) f(z) = zarcsinz + V1 — 22, z € (-1,1).

3.4.13. Find the sum of the series

o n+1 o —1)7p
@ Xy X

> —1)» > —1)n1
© Xmmy @ Sy

= (=1)"(2n — 1N > 3"(n+1
(e) 2%> (f) 2:0%
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3.4.14. Find the sum of the series M 2z)%" for |z| < 1.
= (2n)!

3.4.15. Using the Taylor formula with integral remainder (see, e.g.,
2.3.4) prove the following theorem of Bernstein. Assume that f is
infinitely differentiable on an open interval I and all its derivatives
f(™) are nonnegative in I. Then f is real analytic on I; that is, for
each zy € I there is a neighborhood (zg — 7, 2o + r) C I such that

> f(n)
f(z) = Z fT('mO)(a: —1x9)" for |z —xo| <.
n=0 ’

3.4.16. Suppose that f is infinitely differentiable on an open interval
I. Prove that if for every xy € I there are an open interval J C I with
xo € J, and constants C' > 0 and p > 0 such that

n n!
|F™ ()] < cp—n for z€lJ,
then

> #(n)
flz) = ZfT(lxo)(a:—mg)” for =€ (zg—p,z0+p)NJ.
n=0 ’

3.4.17. Assume that f is real analytic on an open interval I. Show
that for every xo € I there are an open interval J, with o € J C I,
and positive constants A, B such that

!
I (2)] < A% for z€J.

3.4.18. Apply the formula of Faa di Bruno (see, e.g., 2.1.38) to show
that for each positive integer n and for A > 0,

k! 1 n—
Z kilko! -k lAk = A1+ A",

where k = k1 +ks+- - -+k, and the sum is taken over all k1, ko, ..., ky
such that ki + 2ks + -+ + nk, = n.
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3.4.19. Let I, J be open intervals and let f : I > Jandg:J - R
be real analytic on I and J, respectively. Show that h = g o f is real
analytic on I.

3.4.20. Let f be in C™ on an open interval T and (—1)"f(" (z) > 0
for z € I and n € N. Prove that f is real analytic on I.

3.4.21. Apply the formula of Fad di Bruno to prove that, for each
positive integer n,

Z%@@():g(m(ﬂ)

where k = k1 +ks+- - -+k, and the sum is taken over all k1, k>, ..., k,
such that ki + 2ks + - + nk, = n, and (§) = @@= loktl)

3.4.22. Assume that f is real analytic on an open interval I. Prove
that if f'(x¢) # 0 for an zp € I, then there are an open interval
J containing xy and a real analytic function g defined on an open
interval K containing f(zo) and such that (go f)(z) =z forz € J
and (f og)(x) =z for z € K.

3.4.23. Prove that if f is differentiable on (0, 00) and such that f~* =
f', then f is real analytic on (0, 00).
3.4.24. Prove that there is only one function f differentiable on

(0,00) and such that f=! = f'.

3.4.25. Prove that the only function satisfying the assumptions of

1+/5

the foregoing problem is f(z) = az®, where ¢= 152 and a = '~

3.4.26. Apply the result in 2.3.10 to show that for z € (0,2),
ele] 1 T 2n+1
In(1 =2 .
n(l+) ;%2n+1<2+x>

3.4.27. Let M,(z,y) and L(z,y) denote the power mean and the
logarithmic mean of positive numbers z and y (see, e.g., 2.5.41 and
2.5.42 for the definitions). Show that if p > %, then

L(z,y) < My(z,y) for z,y>0, z#y.
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3.4.28. Show that, in the notation of 3.4.27, if p < %, then there

exist positive numbers # and y for which L(z,y) > M,(z,y).

3.4.29. Show that, in the notation of 3.4.27, if p < 0, then

L(z,y) > My(z,y) for z,y>0, z#y.

3.4.30. Show that, in the notation of 3.4.27, if p > 0, then there
exist positive numbers & and y for which L(z,y) < My,(z,y).
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Chapter 1

Limits and Continuity

1.1. The Limit of a Function

1.1.1.

(a) Since |a: cos%| < |z|, the limit is 0.

(b) Forz >0, 1-z <=z [%] <landfor z<0,1<2 [%] <l-z.
Therefore lim z [%] =1.

z—0

(c) Asin (b), one can show that the limit is equal to 2.

(d) The limit does not exist because the one-sided limits are dif-
ferent.

(e) The limit is equal to 3 (compare with the solution of I, 3.2.1).

(f) We have

cos (Zcosz) . sin(5(l+cosz))

©—0 sin(sinz)  2-0 sin(sin )
sin (7 cos? £)

~ 250 sin(sinx)
sin (ﬂ' sin? %)
-0  sin(sinz)

. sin § 25sin 5 cos § sin (7r sin? %)
=limn« . . >
=0 2cos3  sin (2 sin 5 cos 2) msin® 5
=0.
—

111



112 Solutions. 1: Limits and Continuity

1.1.2.

(a) Suppose that lin}) f(x) = 1. Then, given ¢ > 0, thereis 0 < 6 <
z—

such that
(1) Ifly) =1l <e if 0<|y| <.
Note also that if 0 < |z] < ¢, then 0 < |y| = |sinz| < |z| < d.
Thus, by (1), |f(sinz) —I| < e, which gives lirr}) f(sinz) =1.
z—
Now suppose that lin}) f(sinz) = [. Given € > 0, there exists
z—
0 < 0 < % such that

(2) |f(sinz) =l <e if 0<|z| <.

Nowif 0 < |y| < sind, then 0 < |z| = | arcsiny| < ¢ and by (2) we
get |f(y) =1 =|f(sinz) — | < e. This means that lirrbf(:n) =1.
T—

The implication follows immediately from the definition of a limit.
To show that the other implication does not hold, observe that,
e.g., lim[|z|]] =0 but lim[z] does not exist.

z—0 z—0

1.1.3. Clearly, f(z) + L5 > 2. Hence, by assumption, given & > 0,

f(x)

there is § > 0 such that

ng(a:)+ﬁ—2<s for 0< 2] <.

This condition can be rewritten equivalently as

(1)

or

2)

og(f(x)—1)+<ﬁ—1><s

0§(f(m)—1)<1—ﬁ><5.

Squaring both sides of (1) and using (2), we get

(f(z) =1)* + <ﬁ - 1)2 < e+ 2.

Consequently, (f(z) —1)? < &2+ 2.



1.1. The Limit of a Function. 113

1.1.4. Suppose that lim f(z) exists and is equal to {. Then on
r—a

account of our condition, we get [ + ﬁ = 0, which implies | = —1.
Now we show that ilgz f(z) = —1. To this end observe that there is
0 > Osuch that f(z) <0 for z € (a—4,a+3d)\{a}. Indeed, if in every
deleted neighborhood of a there were an g such that f(z) > 0, then
we would get f(xo) + ﬁ > 2, contrary to our assumption. Since

f(z) <0, the following inequality holds:
1
F) 1] < ‘f(cv)+—‘-

| | 7@

1.1.5. There is M > 0 such that |f(z)] < M for z € [0,1]. Since
flaz) = bf(z) for = € [0,1], f(a’x) = b?f(z) for = € [0,%]. One
can show by induction that

1
fla"z) =b"f(x) for ze€ {0, a_"] , neN
Therefore
1
bn

On the other hand, the equality f(az) = bf(z) implies f(0) = 0,
which together with (x) gives the desired result.

(%) [f(z)| <M for z € {O’ai"] , n€N

1.1.6.
(a) We have

#(varors [2]) | 2]

It follows from the definition of the greatest integer function that
if 0 < |z| <1, then

%(1—|x|)<x2 <1+2+3+---+ {ﬁ]) S%(IHO«“I)-

L

Consequently, the limit is 3.

(b) Asin (a), one can show that the limit is %
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1.1.7. Since P is a polynomial with positive coefficients, for z > 1

we get
P@)] _ _Pla)
~— P(z—-1)

Thus lim 2@ — 1

z—s00 P(2])
1.1.8. Consider f:R — R defined by setting

(-7 if =L, n=01,23,...,
f(w)z{

Now if f(x) > ¢(zx), then

p(x) < flx) = (f(2) + f(22)) — f(22) < (f(2) + f(22)) — ¢ (22),

which gives lim f(z) = 0.
z—0

!

0 otherwise.

1.1.9.
(a) Consider, for example, f:R — R defined as follows:
fo) { (-7 i w=g, n=1,2,3,...,

0 otherwise.

(b) If f(z) > |2 and f(z)f(2z) < |o], then

|z] ||
> <L < < .
A" <70 = 7650y = Rape
Since 1 < a < 1, we see that lim f(z) = 0.
z—0
1.1.10. We have 49 — Jim £le2) — jiy £0 — (1),
@ z—o0 7T too b

1.1.11. Tt follows from lim £22 =1 that for any n € N,

oo (@) T

100y, (2 1) ) _,

AT @) @) 1@ ) @
Assume that f is increasing and ¢ > 1. Clearly, there is n € NU {0}
such that 2" < ¢ < 2"t Hence by the monotonicity of f we obtain
f(2"z) < f(ex) < f(27T1x), which gives

lim f(ex) =
% F @)

for ¢>1.
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In view of the above, if 0 < ¢ < 1, then

e S0

1.1.12.
(a) Note first that if a > 1, then lim a” = +o0. Indeed, given M >
T—00

0, a® > M if and only if > 111;11\;1 To see that lim % = 400,
. n (14+(a—1)" hoee

write 77—_,’_1 = B R

I+ (a—1)" > @(a — 1)2. Thus, given N, there is ng such

that na:1 > N whenever n > ng. Now for > ng+1, set n = [z].
a

Then - > = > N, which gives mlgrolo & = +oo0.

and observe that by the binomial formula

T +

(b) Clearly, lim ;—m = +oo for @ < 0. In the case when a > 0, we

o’ _ (a=\" _(b"\*
¢ \ =z “\z /)

where b= a= > 1. By (a), lim % = +00. Consequently,
T—>00

lim ¢ lim (b—> =400

get

z—o00 % T—00 €T

for positive a.

1.1.13. It follows from the foregoing problem that lim 2% = 0.

y—o0 €
Substituting y = Inz yields lim 1%” =0.
T—r00

1.1.14. We know that lim a= = lim a = = 1. Suppose first that

n— o0 n—o0
a > 1. Let € > 0 be given. There exists an integer ng such that n > ng

implies
1 " 1 1
l-e<a »<a*<ar <l4+e for |z]<—.
n

Therefore linb a®* =1 fora>1.1f 0 < a <1, it follows from the
r—r

above that .
. e 1 _
Jimy o = Tim (1/a)®
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The case a = 1 is obvious. To show the continuity of the exponential
function x — a®, choose o € R arbitrarily. Then

lim a® = lim a®a” " = a” lim a¥ = a™°.
T—To T—To y—0
1.1.15.
(a) Since (see, e.g., [, 2.1.38) lim (1 + %)n = e, given € > 0, there
n— 00
is ng such that if > ng + 1, and if n = [z], then

1 n 1 x 1 n+1
e—5<<1+—> <<1+—> <<1+—> <e+e.
n+1 T n

(b) We have
1\° 1\ Y
lim <1 + —> = lim (1 — —>
xr—>—00 €T y—r+oo y
1 \v! 1
~ lim (1+—) (1+—>.
y——+o0 y—1 y—1

Hence the required equality follows from (a).

. . 1 . 1 Yy _
(c) Inview of (a) and (b) we get wgrg+(l+a:) s = ygrfoo (1 + 5) =e

Yy

and lim (14 z)> = lim (l—l— l) =e.
z—0— y——00 y

1.1.16. It is known that (see, e.g., I, 2.1.38) 0 < In(1+1) <

n € N. Moreover, given € > 0, there is no such that

Consequently, if |z| < n%), then

1 1 1 1
<1n<1——> <1n(1+x)<ln<1+—><—<6.
no—l o

Hence lin}) In(1 + z) = 0. To prove the continuity of the logarithmic
z—
function take an o € (0,00). Then

lim Inz = lim (1115[70 +1In ﬁ) =lnzy+ limIny
y—1

T—rTo T—T0 i)

=Inzo + limIn(1 4+ ¢t) = ln z,.
y
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1.1.17.
(a) By the result in 1.1.15 and by the continuity of the logarithmic
function (see 1.1.16),

i In(1 + z)
z—0 T

1
z

= limIn(l+z)= =lne=1.
z—0

(b) Note first that the continuity of the logarithmic function with
base a, a > 0, a # 1, follows from the continuity of the natural
logarithm function and from the equality log,z = iﬁ—i So, by
(a),

. log.(1+=z)

m —ee\- &)

li = log,e.
r—0 €T
Set y = a® — 1. Then
. a®—1 . Yy 1
lim = lim = =lIna.
z50 T y—0log,(y +1) loga.e

(c) Put y = (1 + 2)* — 1. Clearly, z tends to zero if and only if y
tends to zero. Moreover,

(14+z)* -1 y In(1+y) y aln(l+z)

T In(1+y) T In(1+y) x

14+2)%—1

This and (a) give lim ( =a.
z—0

1.1.18.
(a) Set y = (Inz)s. Then Iny = 2nz). 2 “Hence, by 1.1.13 and

Inz
by the continuity of the exponential function, lim (In x)% =1.
r—>00

(b) Set y =2*"? Then Iny = 22 . zlng. By 1.1.13,

0.

. . —1Int
lim zlnz = lim =
z—0+ t—+oo ¢t
Again by the continuity of the exponential function, we obtain
lim z8°® = 1.
z—0t

(c) Setting y = (cosz) it , we see that

In(cosz) cosz —1

cosz — 1 sin? z

Iny =
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- 1 1
Now, by 1.1.17 (a), hrr})(cos:r) sin?r = e 2,
z—

(d) For sufficiently large z,

; < (" —1)% <e.
Since lim 2= =1 (see 1.1.14), the limit is e.

Tr—r00

(¢) We have lim (sinz)®# = e, where
z—0t

. lnsinz . In®E 4+ Ing
a= lim = lim —&— =1.
z—0+ Inzx z—0+ Inz

The last equality follows from the continuity of the logarithmic
function (see 1.1.16).

1.1.19.
(a) We have

. 2
sin 2z + 2 arctan 3z + 32> sin 2z43arctan Sz 43z

m — =1i z =92
¢—0 In(1 + 3z + sin” z) + ze®

wll)l}) In(1+3z+sin? z) +ev ’

T

because, by 1.1.17(a), lirr}) In(1+3z4sin’z) _ 3.
z—

(b) By 1.1.17(a) we get

. 2Incosz . In(1 —sin®2)
lim 5 = lim — 5 =1.
z—0 —T z—0 —x
: Incosz _ _ 1
Hence Illl}r%) Tanz? — 3

(c) We have

o JToer—T—cos . —\/Pe‘m\;g Vi—cosz
lim = lim

z—0F Vsinx z—0+ [sina
T

=1

(d) We have lirrh(l + 22)°°tT = e where
z—

1 1 2 2
o= lim 2O+ T,
z—0 tan x z—0 T

because, in view of 1.1.17(a), lim 111(190%2) =1.
z—
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1.1.20.
(a) Observe first that

. o
1) 2Intan 575 _ In (COSZ To 41 1)

T T

By 1.1.16 and 1.1.18 (d),

1 -1

lim In(z — 1) = lim In(z — l)ﬁ = lim In(e¥ — 1)5 =1.

r—=oo  Inz T—00 y—>00
Hence

G B
~ im —21ncos 2;711.
z—00 T
Next, by 1.1.18 (e),
s _ LR | M 2(2z+1

. —2lncos 578y . 2Insin g7y _ [ 20 2(2ztl)
r—00 x xr— 00 xr r—>00 x

The last limit is O (see 1.1.13). This combined with (1) and (2)
implies that the limit is 1.

(b) We have
. zy ooy _ o (142
Jim (i (1 5) —ng) = Jim =
In (1
N Gl )y
y—0 Ey

where the last equality is a consequence of 1.1.17 (a).

1.1.21. Put b(z) = L2 Then

i g(x)n f(x) = lim (ag(e)Inz + g(x) Inb(z))

Jim ag(z)lnz =1
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1.1.22. By 1.1.17(a),

. o In(f(z) —1+1) _
ilghg(x) In f(z) = lim g(w)w(ﬂm) -1)=.

z—0

1.1.23.
(a) Apply the result in 1.1.21 with

g(x) =2z, a=1/2 and f(:r):2sin\/§+\/§sini

and use the equality Ilir&xln\/f =0 (see, e.g., 1.1.13). The
limit is 1.
(b) Put
flz)y=1+ ze +% sin :n_14 and g(z) = em%,
and note that ili% g(x)(f(z) —1) = 0. Thus, by 1.1.22, the limit
is 1.

(c) Asin (b) one can show that the limit equals e .

1.1.24. No. For a fixed positive and irrational «, consider the func-
tion defined by

1 if r=na, neN,

0 otherwise.

)= {

This function satisfies our assumption. Indeed, if a > 0 and a+k = na
for some k,n € N, then there are no other k’,n’ € N such that
a+ k' = n'a. If there were, we would get k — k' = (n — n')a, a
contradiction. Clearly, Ilgrolo f(z) does not exist.

1.1.25. No. Consider the function defined by

1 if x=nV2 neN,

0 otherwise.

The limit lim f(z) does not exist, although the function enjoys the
T—r00
property given in the problem. In fact, if @ > 0, and for some k,n € N
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we have ak = n /2, then there are no other ¥',n’ € N for which
ak' = n' /2. If there were, we would get

a contradiction.

1.1.26. No. Consider the function defined in the solution of the fore-
going problem. To see that the function satisfies the given condition,
suppose that a and b are positive and a + bn = m /2, a + bk = [\/2
for some n,m, k,l € N such that n # k, m # [. Then

(1) a_nlxy_—mkw _mm2—l\7§
N n—k ’ N n—k
If there were p,q € N such that p # n, p # k and ¢ # m, ¢ # [, and
a+ bp = ¢q¥/2, then in view of (1) we would get
m(p — k) V2 +1(n — p)V2 = q(n — k) /2,

a contradiction.

1.1.27. Fix ¢ > 0 arbitrarily. By assumption there is § > 0 such
that
z)— f(iz
w <e, whenever 0 < |z| <.
x

Hence, for 0 < |z| < 9,

0] |11
T n—00 T
i 3 ) 1 ()
n—00 et SE=T |x|
n+1
<

Jim Y e = 2=

k=1
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1.1.28. Put lim (f(z+ 1) — f(z)) =1 and set
T—r00

M,= sup f(z) and m,= inf f(x).
z€[n,n+1) z€[n,n+1)

The sequences {M,,} and {m,} are well defined for n > [a] + 1. By
the definition of the supremum, given € > 0 there is {z,} such that
Ty € [n,n+1) and f(z,) > M, —¢e. Then

f(@n+1) = f(zn) —& < Mpt1 — My < f(zn+1) — f(@nt1 — 1) + ¢,
and consequently,

l—e< lim (Mpy — M) < lim (Myyq — My,) <l+e.
n—vo0 n—o00
Since € > 0 can be arbitrarily chosen, lim (M,+;—M,) = [. In much
n—o00
the same way one can show that lim (m,y1 — my,) = 1. It follows
n— 00
from the Stolz theorem that (see also, e.g., I, 2.3.2)

lim — = lim =1.
n—oo n n—oon + 1

Hence, given ¢ > 0, there is ng such that for n > ny,

M,
(%) e ™ jce and —e< TP <.
n+1 n

It follows from the above that if { > 0, then f(z) > 0 for sufficiently
large . Therefore if n, = [z], then

Mn, <f(1')<Mnm_
ng+1 7~ = — ng

Now, by (x), we see that for > ng + 1,

n M,
e @ M
ng +1 T Ny

For | < 0, one can show that

Mn, < f(z) < M,,
Neg — & ~—ng+1
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and proceed analogously. In this way the assertion is proved for [ #
0. To show that our assertion is also true for I = 0, put M, =

sup |f(z)|. As above, one can find a sequence {z,} such that
z€[n,n+1)

|fl@n+ D)= |f(zn)| =& < Mpg1 — My < [f(@n41)]| = [f(n1 = 1)|+€

and show that li_>m % = 0. Since @ < % for © € [n,n+ 1),
n o0
we get lim @ =0.
Tr—>00
1.1.29. For n > [a] + 1 set m,, = [inf )f(:r) By the definition
z€[n,n+1

of the infimum, given £ > 0, there is a sequence {z,} such that
Zy € [n,n+ 1) and my, < f(z,) < my, + €. Then

f(@nt1) = f(@ng1 — 1) <mpgr —mn +e.

This, in turn, implies lim (m,+; —m,) = co. By the Stolz theorem
n— 00

(see alsol, 2.3.4), le Mo = too.If & € [n,n+1), then @ >

My
n+12
which gives lim @ = +4o00.

Tr—>00
1.1.30. Using notation introduced in the solution of Problem 1.1.28,

one can show that
Mpi1 — M,

lim " _ lim Mnt1 = Mn _ L
n— 00 nk n—00 nk
Now by the Stolz theorem (see, e.g., I, 2.3.11),
li Mn _ 1 li MnJrl - Mn
and 1
. mp _ . Mp4+1 — My
nlggo nktl T k41 nlgr;o nk

To prove our assertion it is enough to apply the reasoning analogous
to that used in the solutions of the two preceding problems.

1.1.31. Set ET fetl) — 1 and note that the function z — In(f(z))

f(z)
satisfies the assumptions of Problem 1.1.28. Therefore we obtain
lim W =Inl. Hence
Tr—>00

lim (f(z)* =™ =1.

T—-+00
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1.1.32. No. Consider the function defined by
0 if z=% n=12,...,

@)= { w

1 otherwise.

1.1.33. No. Let us take the function defined as follows:

1 if r=—2-,n=12,...,
)= { AL
0 otherwise,

and proceed as in the solution of 1.1.25.

1.1.34. Given ¢ > 0, there is 0, 0 < 6 < 1, such that if 0 < |z| < 4,

G-l <

Now take n € N so large that L < 6. For 0 < s < -4+, set z = 1=5.

n+1? n
Then )
1 1——== 1-— 1
= ntl o fop< 2
n+1 n n n

Thus n < L <n+1 and [1] =n. Consequently,

() o) o

Finally, if 0 < s < 57, then |f(s)| = |f (= (L - [2

s < 0, one can proceed analogously.

|
SN
SN
A
[O)
g
=

1.1.35.

(a) Assume that f is monotonically increasing on (a,b). If {z,} is a
decreasing sequence convergent to zg, then {f(x,)} is also mono-
tonically decreasing and bounded below by f(x). Thus (see, e.g.,
I, 2.1.1), nlLII;O flz,) = érelgf(xn) Clearly,

. > ‘
s lon) > o )

Moreover, given z > x, there is an n such that z,, < x, and
consequently, f(z,) < f(z). Hence

inf f(z) < inf f(z).

r>T
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In this way we have proved that if {z, } is monotonically decreas-
ing to zp, then

lim f(zn) = inf f(z).

n—o0
Now assume that {z,} is a sequence convergent to zy and such
that z,, > zo. Then (see, e.g., I, 2.4.29) {z,} contains a mono-
tonically decreasing subsequence {z,, }. In view of the above,

lim f(zp,) = inf f(z).

k—o00 r>x0
If the sequence {z,} contained a subsequence {z,,} such that
lim f(zn,) # inf f(z), then we could find a monotonic subse-
k— o0 z>x0
quence of it not convergent to i;lf f(z), a contradiction. This

r>xo
implies that lim f(z) = inf f(x).
+ r>To

ac—)aco
It is worth noting here that the above analysis shows that to de-

termine a one-sided limit it is enough to consider only monotonic
sequences.

The same reasoning applies to the other equalities in (a) and (b).

(c) Assume that f is monotonically increasing. Since f(z) > f(zo)
for x > g, f(z) = igf f(x) > f(xo). Likewise, one can show
r>To

that f(zg) = sup f(z) < f(xo)-

r<zo

1.1.36.

(a) It follows from the solution of the foregoing problem that
f@) < f(xz7) < f(x) whenever a<wp <t<uw.

If z — o7, then t — z7, and therefore

flzg) = lim f(t) < lim f(z7)
t—agd ooz
and
lim f(z7) < f(xd) = lim f(=).
z—ad z—ad
Consequently, lim f(z7) = f(zg).
z—ad

(b) This follows by the same reasoning as in (a).
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1.1.37. Necessity of the condition follows immediately from the def-

inition of a limit. Indeed, if lim f(x) = I, then given ¢ > 0, there is
r—a

d > 0 such that the relation 0 < |z —a| < 0 implies |f(z) — ] < 5.

Consequently,

|f(z) = f(a")] <|f(z) =] +|f(a") =] <e.

Now we show that the condition is sufficient. Suppose that it is satis-
fied and f does not have a limit at a. Take {z,} such that nl;ngo Ty =
a, T, # a and {f(x,)} does not converge. Consequently, {f(zy)} is
not a Cauchy sequence. On the other hand, since JLH;O Tn = a, thereis
ng such that if n,k > ng, then 0 < |z, —a| <6 and 0 < |z —a| < 4.
It follows from the assumption that |f(x,) — f(zr)| < €, a contradic-
tion.

In an entirely similar manner one can show that in order that the
finite limit zl;ngo f(z) exist the following condition is necessary and
sufficient: for every & > 0 there exists M > 0 such that z,z' > M
implies |f(z) — f(a')| < e.

1.1.38. Let {z,}, z, # a, be an arbitrary sequence converging
to a. It follows from the definition of the limit of a function at
a that nlgr;of(a:n) = A. Set y, = f(xz,). Since f(z) # A in a
deleted neighborhood of a, f(z,) # A for sufficiently large n. Hence
nlLII;O 9(yn) = B, or equivalently, TL]LII;Q 9(f(z,)) = B. This means that

lim g(f(x)) = B.
1.1.39. Consider the functions f and g defined as follows:
{0 if 2=l n=12,...,

sinz otherwise,
{ 0 if y=0,

MY otherwise.

Then

0 if x:%,neN,or:r:lm,kEZ,

g(f(CU)) = { sin(sin x)

- otherwise,
sin
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and ili% f(z) =0 and ?}1&6 g(y) =1, but ;gr%)g(f(:r)) does not exist.

1.1.40. By the periodicity of ¢ — f(z) — =z, f(z +1) = f(z) +1
Consequently, for any integer n, f(x +n) = f(z) + n, z € R Since
each real x can be written as the sum of its integral and fractional
parts (that is @ = [z] + r, where 0 < r < 1), we get

(%) flx) = f(r) + [x].

The monotonicity of f gives
fO)<fr) < f)=f0)+1 for 0<r<L
One can prove by induction that
ffo)<fMr) < f"0)+1 for 0<r<1l and neN

Therefore,
10 10 20, 1
n n n n
These inequalities prove our assertion in the case when 0 < x < 1.
Moreover, by (%), f™(z) = f™(r) + [z], which implies that the asser-
tion holds for the other x € R.

1.1.41 [6, page 47]. Observe first that
2+ f(0) =1 < [a] + £(0) = f([=]) < f(x)
SfFA+[e]) =F0) + 2] +1

<z+ f(0)+1

Now we show by induction that for n € N,
(1) z+n(f(0)—1) < f"(z) <z +n(f0)+1).

Fix n arbitrarily and assume that (1) is true. Then, as in the solution
of 1.1.40, we get

@) = f(f" (@) = f([f" (@)] +7)
=[f"(@)] + f(r) < f*(2) + ( )
<z +n(f(0) +1) + f(0) +
=z + (n+1)(f(0) +1),
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where r = f"(z) — [f™(z)]. This proves the right inequality in (1).
In much the same way one can prove the left inequality. Again by
induction, we will prove that

(2) Frme=D(0) < np < "™ (0), neN.

For n = 1 the inequalities follow from the definition of m,. Suppose
that they hold for an arbitrarily fixed n. Then

D 0) = fme (£ (0)
> [ (0 +np) = f"(0) +np
> p+np.
Likewise,
flrtDme=l (o) = fme=t(frtme=1(0)) < f7 (0 + np)
=np+ f"r71(0)
<np+p.
Thus the inequalities (2) are proved.
Any positive integer n can be written as n = km, + ¢, where
0 < ¢ < myp. By (1) and (2) we obtain
kp+q(f(0) = 1) < f(kp) < fU(f*"(0))
= f1(0) = fIHE(Hm D (0)
< T (kp) < kp+ (g + k) (1 + £(0)),
which implies

g L a1 _f0) _kp kg

< < —+ ——(1+ f(0)).

n n = n —n n (14 £(0))

Since lim £ = L and lim £ = 0, the required inequality is a
n—o00 P n—oo

consequence of (3).

1.1.42 [6, page 47]. Note that by 1.1.40 it is enough to show that
lim fT(O) exists. If f(0) = 0, then the limit is 0. Assume now that

n—o0

f(0) > 0. Then either for any positive integer p there is an integer m
such that f™(0) > p, or there is a positive integer p such that f™(0) <
p for all m € N. In the latter case {f™(0)} is a bounded sequence
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and, consequently, lim ! nTEO) = 0. In the first case lim m, = oo,
n—o00 pP—0
where my, is defined as in 1.1.41. Passage to the limit as p = oo
in the inequalities given in 1.1.41 shows that lim -P- exists, and
p—oo M
consequently lim ! 750) also exists.
n— 00

In the case where f(0) < 0 one can prove an inequality similar to
(2) in the solution of the foregoing problem, and proceed analogously.

1.2. Properties of Continuous Functions

1.2.1. The function is discontinuous at each xy # 7k, where k € Z.
Indeed, if {z,} is a sequence of irrationals converging to xy, then
ILm f(zn) = 0. On the other hand, if {2,} is a sequence of ratio-
galgoconverging to g, then, by the continuity of the sine function,
lim f(z,) = nlLII;O sin|zp| = sin|zo| # 0. Similarly, one can show

n—o0

that f is continuous at kw with k € Z.

1.2.2. As in the solution of the foregoing problem we can show that
f is continuous at —1 and at 1 only.

1.2.3.

(a) Observe first that if {z,} converges to z, with z, = 2=, where
pn € Z and ¢, € N are relatively prime, and z,, # z, n € N,
then lim ¢, = oo. So, if z is irrational and {z,} is as above,

n—oo

then lim f(z,) = lim - = 0 = f(z). If {z,} is a sequence
n—00 n—oo In
of irrationals converging to z, then lim f(z,) =0 = f(z). This
n—oo
means that f is continuous at every irrational. Likewise, one
can show that 0 is a point of continuity of f. Suppose now that
z # 0 and z = %, where p and ¢ are co-prime. If {z,} is a
sequence of irrationals converging to z, then lim f(z,) = 0 #
n—oo
f(z). Consequently, f is discontinuous at every rational different

from zero.
(b) Suppose z € R\ Q and let {z,} be a sequence of irrationals
different from x approaching z. Then lim f(z,) = lim |z,| =
n— 00 n—o00

|z|. If {z,,} is a sequence of rationals approaching z, then, by the
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remark at the beginning of the solution of (a),

R

This means that f is continuous at every positive irrational and
discontinuous at every negative irrational. Similarly, one can
show that f is continuous at zero. Now let 0 # = = % (p,q
co-prime). Then

. _p (mp+lig+1
"Tg (np+1)g

converges to %. Note that the numerator and denominator of x,
are relatively prime. Therefore,

lim f(z,) = lim

(p+Dpg+p _p, P
n—00 n—oo (np + ]_)q2 +1 q

q+1
Thus the function is discontinuous at every rational different from
Zero.

1.2.4. Let f € C([a,b]) and let 2y be a point in [a,b]. Given € > 0,
there is > 0 such that if z € [a,b] and 0 < |z — xo| < J, then
|f(z) — f(z0)| < e. Now the continuity of |f| at x follows from the

obvious inequality ||f(a:)| - |f(:v0)|| < |f(z) = f=zo)|-
The function given by
1 forzeQnla,b],
)= {
-1 for z € [a,b] \ Q
is discontinuous at each point in [a,b], although |f| is a constant
function and therefore continuous on [a, b].

1.2.5. In order that f be continuous on R, a necessary and sufficient
condition is that

f(z)

A TO = I e ad By T = B

for each n € Z. This gives
b,+1=a, and a,_1 =05, —1.

Consequently, by induction, a,, = 2n+ag and b, = 2n—14aop, ag € R.
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1.2.6. Since the function is odd, we will study its continuity only for
x > 0. Clearly, f is continuous at each z # v/n, n = 1,2,... . Now
suppose that n = k2, where k is a positive integer. Then

lim f(z) =n lim sinmz =0
z—kt z—kt

and

lim f(z)=(n—1) lim sinwmz =0.
Tk~ z—k~

Hence the function is also continuous at every n = k2. If n € N is not
a square of an integer, then
lim f(z) =n lim sinwz = nsin(ry/n)
z—v/nt z—/nt

and

lim f(z) = (n—1)sin(ry/n).
z—\/n

We conclude that f is discontinuous at z = ++/n, where n # k2.

1.2.7. We get,

1 if zeli,1),
flz) = n
n+ (z—n) if zen,n+1),neN
Consequently, the function is continuous at each x # n, n € N.
Moreover, lim f(x) = lim f(z) = n = f(n). So, f is continuous
z—nt z—n—

on [5,00).
Now we show that f is strictly increasing on [1,00). Clearly, f is
strictly increasing on each interval [n,n + 1). If z; € [n — 1,n) and

Zz € [n,n + 1), then
f(332)_f(331):($2—n)n+1—(m1—n+1)"_1 > (x2 —n)" > 0.

It then follows that f(x2) — f(z1) > 0 for z; € [m,m + 1) and
zy € [n,n+1),if m>n+ 1

1.2.8.
(a) We have
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v

-1

The function is discontinuous only at zero.

(b) By the definition of f,
@) { 2?2 if x>0,
= x if x<0.

A

v

The function is continuous on R.

(c) We get
" " In (1 n
f(z) = lim In(e" +2") = lim ntln(l+(w/e) )
n—00 n n— o0 n
Consequently,

f2) {1 if 0<xz<e,
xTr) =
Inz if z>e.

A

14/

0

v

Q----

The function is continuous on [0, c0).
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(d) f(x) = max{4,2?, J5}. The function is continuous on R \ {0}.

A
\
n
i I ?\‘ n
:‘ h :‘ I
i\ 1 " I:
: \ 1, :‘ [
o\ [ 1 1
[ [ " [
1
Y [ ' [
1 \ 1 : : \ / :
! \ 1 /
R S A PN
i \ 1 : 1 \ / :
1 1
1 \ T ! 1 v/ 1
1 A | I \/ 1
1 1
A X .
I 7 ! ] N 1
1 -, \\: 1 // N 1
7 ] 1
_+” N % SaL
-7 N A T~
1 S Z 1 t
-2 1 -1 1
[ A T

(e) f(z) = max{|cosz|, |sinz|}. Clearly, f is continuous on R.

1.2.9. Let T' > 0 be a period of f. By the continuity of f on [0,T]
there are z, € [0,T] and z* € [0, T] such that f(z,) = iftl)fT] f(z) and
z€|0,

f(@*) = sup f(z). The desired result follows from the periodicity

z€[0,T]
of f.

1.2.10. Since P is a polynomial of even degree, we obtain lim P(x)
T—00
= lim P(xz) = 4o00. Therefore for any M > 0 there is a > 0 such

T—>—00

that if |z| > a, then P(z) > M. Let x¢ € [—a, a] be such that
P(z9) = inf P(z).

z€[—a,a]

If P(zp) < M, then we can set z, = zg. If P(zg) > M, take b > 0
such that P(z) > P(z¢) whenever |z| > b. By continuity there exists
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Ty € [—b, b] such that P(z,)= 1[nfb b]P(a:).
ze(—b,
To prove the second assertion, observe that

lim |P(z)| = lim |P(z)] = +o0

Tr—>—00 r—>00

and proceed analogously.

1.2.11.

(a) Set
{%—1ifme@n,

@) = 0 if z=0orxz=1.

(b) For n € N, put

1 2 3 2n -1
a,={o o

P Qn gn’ gn’ 2n
n—1 00
and By =A;, B, =A,\ U Ar =A,\A,_;.Clearly, |J Ay =
k=1 k=1
By. Define f as follows:
k=1
0 it 20,1\ U As,
f@) = e
-1 if z€B,, neN
For any a and b, 0 < a < b <1, inf f(z) = —1; —1 is not
z€[a,b]

attained by f on [a,b].
1.2.12. Observe first that
(1) wr(®o,01) < wy(xo,02) whenever 0 <y < .

Assume that 5lim+ wy(xg,0) = 0. Then, given € > 0, there is dp > 0
=0

such that wy(x0,d) < e if 6 < dg. Consequently, if |z — o] < < do,
then |f(z) — f(zo)| < €, which proves the continuity of f at zo.

Assume now that f is continuous at xg. Then, given € > 0, there
is dp > 0 such that |z — zo| < do implies |f(zo) — f(z)| < 5. Hence,
in view of (1), if 0 < & < o, then

wr(®o,d) <wy(z,dp) < e,
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and consequently, lim wy(z,,d) = 0.
§—0+

1.2.13.

(a) Let zo € [a,b] and € > 0 be chosen arbitrarily. It follows from the
continuity of f and g that there is 6 > 0 such that if z € [a, b]
and |z — zg| < 6, then

f(zo)—e < f(z) < f(xo)+e and g(zo)—e < g(z) < g(z0) +6.

Hence
(1) h(z) < min{f(zo) +¢, g(zo) + €}

= min{ f(zo), g(xz0)} +& = h(zo) + ¢
and

f(@) > f(zo)—€ > h(zo) —¢ and g(z) > g(z0) —€ > h(zo) —¢.
Consequently,

(2) h(z) > h(zp) —e.

The continuity of h at xg follows from (1) and (2). In much the

same way one can prove that H is continuous on [a, b].

(b) Asin (a) one can show that max{fi, f2, f3} and min{fi, f2, f3}
are continuous on [a, b]. Continuity of f follows from

f(@) = fi(z) + fo(2) + f3(z) — max{fi(z), f2(2), fa(x)}
—min{fi(z), f2(x), f3(z)}.

1.2.14. Since f is continuous, the functions m and M are well de-
fined. Let z¢ be in [a,b] and let € > 0. By the continuity of f, there
is § > 0 such that

sup |f(zo +h) — f(20)| <e.
|h|<d

It follows from the definition of m that

(1) m(zo +h) —m(zo) = f(O = f(¢) <0.

inf in
¢€la,zo+h] ¢€la,zo]
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Observe that if the first infimum is attained at a point in [a, o], then
the equality holds in (1). So, suppose that z; € [zo,zo + h] and
m(zo +h) = inf f(() = f(zn).

C€la,zo+h]

Then for |h| < 4,

m(zg + h) —m(zo) = f(zn) — inf f(() > f(zn) — f(z0) > —¢,
CE[G,.Z()]
because |zp — xo| < |h] < 6. We therefore have shown that m is
continuous at each zg in [a,b]. The same argument can be applied to
show that M is continuous on [a, b].

1.2.15. Since f is bounded, the functions m and M are well defined
and bounded. Moreover m is decreasing on (a,b] and M is increasing
on [a,b). For zo € (a,b), by 1.1.35,

lim m(z) = inf m(¢{) > m(zo).
Ty ¢€(a,zo)

If inf m(¢) > m(zo), then there is a positive d such that
CE(a,xo)

inf  m({) = m(xo) + d.
CG(QYIO)

Thus, for each ¢ € (a, o),

= inf >
m(CQ) = inf f(z)2m(xo)+d,
and consequently, f(z) > m(zo) + d for every x € [a, ), a contra-

diction. So, we have proved that lim m(z) = m(zg). The continuity
T—T

from the left of M can be proved in precisely the same manner.

1.2.16. No. Consider the following function:

2 if z€[0,1),
fley=4q 1 if z€][L,2),
3 if ze2,3

Then m* is not continuous from the left at zg = 1, and M™* is not
continuous from the left at x1 = 2.
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1.2.17. Set lim f(x) = [. Then, given € > 0, there is M > a such
T—r00

that |f(x)—I| <eforz > M. Thusifx > M, then l—e < f(z) < +e.
Obviously, since f is continuous, it is bounded on [a, M].

1.2.18. Suppose that lim x, = a. By the continuity of f, for every
n—oo
€ > 0 there exists § > 0 such that

(1) |f(z) — f(a)] <e for |z—a|<d.

It follows from the definition of limit inferior that there is a sequence
{zn,} for which |z,, — a| < § beginning with some value ko of the
index k. Now by (1) we get |f(zn,) — f(a)| < € for k > ko. We
therefore have shown that

We now show by example that this inequality may be strict. Take
flz)=—z, z € R, and z,, = (—1)", n € N. Then
—1=lim f(z,) < f(lim z,) =1.
n— 00 n— 00
In an entirely similar manner one can show that
I > I .
3l o) 2 £ 2n)

The same example can be used to show that this inequality may also
be strict.

1.2.19.

(a) It has been shown in the solution of the preceding problem that
for any bounded sequence {z,} and for any continuous function
f the following inequalities hold:

n— 00 n— 00
and
n—oo n—oo

Put lim z, = a. Then there exists a sequence {z,, } such that
n—o0

(1) f(an,) < fla) +¢
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(see the solution of the foregoing problem). Clearly, for suffi-
ciently large n we have z,, > a — %. Hence by monotonicity and
continuity of f we obtain

flzn) > f <a - g) > f(a) —e.

Combined with (1), this gives lim f(zy) = f( im x,).

n—o0 n—oo

(b) The proof of this equality runs as in (a).
1.2.20. Apply 1.2.19 to —f.

1.2.21. Note that g is well defined and increasing on R.
(a) By Problem 1.1.35,

(1) g(zy) = sup g(z) < g(zo).

z<To

Suppose that g(x, ) < g(zo). Then there is a positive d such that
g(zy ) = g(zo) — d. Consequently, for every z < xo,

sup{t : f(t) <z} < g(wo) —d,

or equivalently, ¢t < g(xg) — d if f(¢t) < z. This implies that
t < g(zo)—dif f(t) < mo, which gives g(xo) = sup{t: f(t) < zo}
< g(zg) — d, a contradiction.

(b) The function g may be discontinuous, as the following example

shows. If
T for =<1,
flzy=¢ —z+2 for 1<x<2,
T —2 for x> 2,
then

() {w for z <0,
) =
J 2+xz for z>0.
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1.2.22. We know that the set {m+n% :m,n €7 } is dense in
R (see, e.g., I, 1.1.15). Thus, given an z € R, there is a sequence
{m;c + nk%} convergent to Tiz By the periodicity and continuity of
f we get
f(O) = lim f(kaQ + nle) = f(x)
k— o0
Let T7 and T5 be two incommensurate numbers and let
W={zeR: z=rT) +sT>, s,teQ}.

Define f by setting

1 for zeW,

flz) =

0 for zeR\W.

Then T7 and T, are periods of f.

1.2.23.

(a) Assume that T, n € N, are positive periods of f such that
lim T,, = 0. By the continuity of f, given zg € R and £ > 0,

n— o0

there exists 6 > 0 such
|f(z) — f(xo)| <e whenever |z —x0| <.

Since lim T,, = 0, there exists no for which 0 < T},, < %. Then at
n— 00
least one of the numbers k7,,, with k& € Z belongs to the interval
(zo — 0,0 + 9). Consequently,
|[f (o) = FO) = |f(20) — f(KT,)| <e.

It then follows from the arbitrariness of € > 0 and zy € R that f
is constant, contrary to our assumption.
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(b) The Dirichlet function defined by setting
1 if z€Q
0 if zeR\Q

is periodic. Every rational number is its period. Therefore a
fundamental period does not exist.

(c) Assume that the set of all periods of f is not dense in R. Then
there exists an interval (a,b) which does not contain any period
of f. As in (a), one can show that there is a period T and an
integer k such that kT € (a,b). A contradiction.

) = {

1.2.24.

(a) Let 2o € R be a point of continuity of f. Since f is not constant,
there is x1 # xg such that f(z1) # f(zo). If there were no minimal
positive period of f, there would exist a sequence {T,} of positive
periods of f converging to zero. Take 0 < & < |f(z1) — f(z0)|.
It follows from the continuity of f at xo that there is § > 0 such
that

(1) |f(z) — f(zo)| <& whenever |z — o] <.
Since lim T, = 0, there exists an index ng for which 0 < T3, <

n—o0

g. Thus at least one of the numbers k7,,,, k € Z, belongs to the
interval (zg — z; — d,20 — z1 + J). Consequently, z; + kT),, €
(1’0 - 6; ZTo + 6) and: by (1)7

|f(z1) = f(zo)| = | f(z1 + kTy,) — f(zo)| <e.

A contradiction.

(b) This is an immediate consequence of (a).

1.2.25. Let T and T5 be positive periods of f and g, respectively.
Suppose that f # g. Then there is zp such that f(zo) # g(xo), or in
other words,

(1) | f(z0) — g(zo)| = M > 0.
For0<e< %, there is 6 > 0 such that
(2) |f(zo + h) — f(x0)| <e whenever |h| <.
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By the assumption lim (f(z) — g(z)) = 0, there is a positive integer
T—r00
k such that, if z > xo + kT5, then

|f(z) = g(z)| <e.
Consequently, for any positive integer m,
(3) |f(zo + kmTs) — g(xo + kmT>)| < e.

By (2), (3) and the periodicity of f and g we get

(o) — g(z0)]
= |f(zo) — f(zo + kmTI) + f(xo + kmTs) — g(xo + kmTs)|
(4) < |[f(zo) = flwo + kmT2)| + | f(wo + kmT2) — g(xo + kmT3)|
= |f(zo) — f(zo + kmTy — nTy)]
+ | f(zo + kmTs) — g(zo + kmT)| < e+ e = 2¢,
whenever
(5) |mkT> —nTy| < 4.

However, since 2e < M, (4) would contradict (1) if there were m € N
and n € Z satisfying (5). On the other hand, if % is rational, (5) is
obviously satisfied for some integers m and n. If % is irrational, then
(5) is also satisfied (see, e.g., I, 1.1.14).

1.2.26.

(a) Set f(z) = sinz and g(z) = = — [z] for z € R. Then f and
g are periodic with fundamental periods 27 and 1, respectively.
Therefore no period of f is commensurate with any period of g.
Put h = f + g. If h were periodic with period T, then we would
get

sinT+T—-[T)=0, sin(-T7)—-T-[-T]=0.
Consequently, (T'—[T]) + (=T — [-T]) = 0, which would imply
T—[T] = 0. This would mean that T is an integer, a contradiction
with sinT = 0.

(b) [A. D. Kudriasov, A. S. Meseriakov, Mathematics in School, 6
(1969), 19-21 (Russian)] Let «a, and v be such real numbers
that the equality aa + b3 + ¢y = 0, where a, b, ¢ € Q, holds if and
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only if @ = b = ¢ = 0. Such numbers do exist. One can take, for
example, & = 1,3 = v/2 and v = /3. Define

W= {aa+0b8+cy: a,bceQ}.

Consider two functions f and g defined by setting

—b—c—b*+c? frx=aa+bB+cyeW,
)= { |
0 if xdW,
() {a+c+a2—c2 ifr=aa+b8+cyeW,
xTr) =
g 0 it og W

Note that each number ra, r € Q\ {0}, is a period of f and each
number s, s € Q\ {0}, is a period of g. We will show that these
functions do not have any other periods. If T' is a period of f, then
f(B+T) = f(B), and because f(8) = —2, we get B+ T € W.
Consequently, T" € W. Therefore T = ra + s + ty with some
r,s,t € Q. Since f(T) = f(0), we obtain —s —t—s?+12 =0, or
equivalently, (s+1t)(1+s—t) = 0. We now show that 14+s—t # 0.
Indeed, if 14+ s—¢ =0, then T =ra+ sf + (1 + s)v. Using

(1) fla+T) = f(z),

with z = —y, we get —s —s —s2+s> =1+1,0or s = —1.
Therefore T' = ra — 8. Now substituting « = 8 into (1) yields
flra) = f(B), and consequently, 0 = —1 — 1, a contradiction.

Thus we have proved that 1+ s —t # 0. It then follows that
s+t=0. Hence T = ra+ sB — s7. The task is now to show that
s = 0. To this end we take z = v in (1), and we get

—s+s5—1—-8+(s—1)>=—-1+1,

which implies s = 0. In an entirely similar way one can show that
the only periods of g are those mentioned above. So no period of
f is commensurate with any period of g. Note now that h = f+g
is given by the formula

h {a—b+a2—b2 ifz=aa+b3+cyeW,
) =
0 if =g W.

As above, one can show that the only periods of & are the numbers
ty, where t € Q and t #0.
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1.2.27. Suppose that h = f + g is periodic with period T. Since
% Z Q, we see that Tll Z Q or T% ¢Z Q. Assume, for example,
that Tll ¢ Q. By the periodicity of h we get f(z +T)+g(x+T) =
h(zx +T) = h(z) = f(z) + g(z) for z € R Therefore the function
H defined by setting H(z) = f(z +T) — f(z) = g(z) — gz + T)
is continuous and periodic with two incommensurate periods 77 and
T5. By the result in 1.2.22, H is constant. This means that there is
¢ € R such that f(z+T) = f(z) + ¢ for z € R. Suppose that ¢ # 0.
Substituting = 0 and then x = T in the last equality, we get

f2T) = f(T) +c = f(0) + 2c.

One can show by induction that f(nT) = f(0)+nc, which contradicts
the boundedness of f (see, e.g., 1.2.9). Hence ¢ = 0 and T is a period
of f. Consequently, T' = nT} with some n € Z, a contradiction.

1.2.28. The proof of this result is a modification of that presented
in the solution of the preceding problem. Assume that 73 is the
fundamental period of f. As in the solution of the foregoing problem
one can show that the function H given by the formula

H(z) = f(z+T) - f(z) = g(x) —g(e+T)

is identically equal to zero. Therefore T is a common period of f and
g, a contradiction.

1.2.29. Suppose, for example, that f is monotonically increasing.
Let zp be a point of discontinuity of f. By the result in 1.1.35,
f(zd)—f(z5) > 0. This means that f has a simple discontinuity at .
With each such point zo we can associate an interval (f(zy), f(zg))-
It follows from the monotonicity of f and from the result in 1.1.35 that
the intervals associated with different points of discontinuity of f are
disjoint. Taking one rational number from each interval, we obtain a
one-to-one correspondence between the set of points of discontinuity
of f and a subset of Q.

1.2.30. Since f is uniformly continuous on [0, 1], given £ > 0 there
exists ng € N such that for 2n > ng and for £ =1,2,...,2n we have

/() o ()] <
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Thus if 2n > ng, then

|S2n| =

N (%)

Moreover,

|S2n+1] =

1 & k n 1
— 1)k < 1)|.
2n+1 z( )f<2n+l>‘_2n+16+2n+l|f( )

It then follows that

R k
Jdim =D (=DM (ﬁ) =0.

k=1

1.2.31. As in the solution of the foregoing problem, note first that f
is uniformly continuous on [0, 1]. Hence, given £ > 0, there is ng € N
such that if n > ng and £k =0,1,2,...n, then

()= (5] <

Consequently, for n > ny,

so= g 20 ()1 ()
e () () - ()
Therefore _
|sn|<2in’;(";1) =<

1.2.32. Put M = lim sup f(z) and m = lim iI;f f(x). Suppose
rT—>00 T >T

700 p>p >
that M > m. Then there is a real number k such that M > k > m,
and there exists a satisfying f(a) > k. By the continuity of f there
exists b > a such that f(t) > k for all ¢ € [a,b].
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Take p = % Then T > ¥ + 1 whenever z > p. Indeed,

T x 1 1 T
———=z(-—=)=->1.
a b a b p

Therefore there is a positive integer ng between § and Z; that is,

£ >ng > , or equivalently, a < nio < b. By assumption,

s (wz)21(2)

for all z > p, which contradicts the definition of m. Consequently,
m = M, which means that lim f(z) exists and is finite or infinite.
T—r00

1.2.33. Let f be convex on (a,b) and a < s <u<wv <t <b It
follows from the geometric interpretation of convexity that the point
(u, f(u)) lies below the line passing through (s, f(s)) and (v, f(v)).
This means that

1 <

(1) flw) < f(s) + 1O
Similarly, the point (v, f(v)) is below the line passing through
(u, f(w) and (t, f(£)). Thus

) f) < gy + 1O, .
Inequalities (1) and (2) give
F6) + T =T (g < ) < gy + LD =Ty,

u—38 t—u
It follows from these inequalities and the squeeze law that, if {v,} is
a sequence converging to u from the right, then lim f(v,) = f(u),
n— 00
which means that lim f(z) = f(u). Likewise, lim f(z) = f(u).
z—ut z—u~
Thus the continuity of f at any point u in (a,b) is proved.

The following example shows that the assertion is not true if an
interval is not open:

22 if x€]0,1),
)= { Y

2 if z=1.
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1.2.34. It follows from the uniform convergence of {f,} that, given
€ > 0, there exists ng such that

fala) = f@)| < 3¢ for n>mo, 7€ A,
Fix a € A. By the continuity of fn, at a there is § > 0 such that
o (@) = fno (a)] < %5 whenever |z —a| < 0.
Thus
|f () = f(a)| < |fno (@) = F(2) |+ fro () = fro (@) | +]no (@) = f(a)] <e.

1.3. Intermediate Value Property

1.3.1. Let f be defined on [a,b] by setting

Fo) {sinﬁ if a<z<b,
r) =
0 if ==a.
A
1,
a b;
1t

Clearly, f enjoys the intermediate value property on [a,b] but it is
discontinuous at a.

We now construct a function enjoying the intermediate value
property and having infinitely many points of discontinuity. Let C
denote the Cantor set. Recall that the Cantor set is defined as fol-
lows. We divide the interval [0, 1] into three equal parts, remove the
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interval (%, %), and denote by E; the union of the intervals [0, %] and
[%, 1]. At the second stage we remove the open middle thirds of the

remaining two intervals and set

=)o B 2o 5o )

Proceeding analogously, we remove at the nth stage the union of the
open middle thirds of the remaining 2" ! intervals and we denote by
E,, the union of 2" closed intervals, each of length 37". Then

o0
C=()En.
n=1

Note that if (as,b;), i = 1,2, ..., is the sequence of removed intervals,
then

C=[0,1]\ U(ai,bi)-

Define the function g by setting

@ { 0 if ze€C,
) =
g 2(x—ai) -1 if =2 = (ai;bi)a 7 = ]_’2, e

b;—a;

It follows from the construction of the Cantor set that each interval
[a,b] C [0,1] contains an open subinterval disjoint with C. Indeed, if
(a,b) is free of points of C, then (a,b) is one of the removed intervals
(a;, b;) or its subinterval. If there is ¢ € (a,b) N C, then there are
n € Nand k € {0,1,2,...,3" — 1} such that = € [, &L] C (a,b).
Then the open middle third of [, £tL], which in fact is one of the
intervals (a;, b;), is an open subinterval free of points of C.

The function g is discontinuous at each z € C, and it follows
from the above that g enjoys the intermediate value property.

1.3.2. Let zo € (a,b) be arbitrarily fixed. It follows from the mono-
tonicity of f that

sup f(z) = f(zg) < f(wo) < f(ag) = inf  f()

alzr<zo zo<z<b

(see, e.g., 1.1.35). Suppose now that
flzo) < flag)-
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Then there is a strictly decreasing sequence {z,}, =, € (zo,b], con-

verging to zo and such that lim f(z,) = f(zg). Since f is strictly
n— 00

increasing, f(x,) > f(xd) > f(2o). By the intermediate value prop-

erty, there is 2’ € (o, 7,) such that f(z') = f(z{). Then

oo nf | fz) 2 moiélgcbef(w) = f(').

On the other hand, by the strict monotonicity of f, inf f(z) <

zo<lxz<lz!

f(z"), a contradiction. So we have proved that f(zo) = f(zg). The
equalities f(z3) = f(wo), f(a) = f(a*), and f(b) = f(b~) can be

proved in an entirely similar manner.

1.3.3. The function ¢ defined by g(z) = f(z) — =z, = € [0,1], is
continuous, and ¢g(0) = f(0) > 0, and g(1) = f(1) — 1 < 0. Since g
has the intermediate value property, there exists zo € [0, 1] such that
g(zo) = 0.

1.3.4. Consider the function h(z) = f(z) — g(z), = € [a,b], and ob-
serve that h(a) < 0 and h(b) > 0. By the intermediate value property
there is 29 € (a,b) such that h(zg) = 0.

1.3.5. Define the function g by setting
T
glx)=1f <x+ 5) — f(z).

Then g is continuous on R, g(0) = f(£) — £(0), and g(£) = £(0) —

f(%£). Thus there is o € [0, £] for which g(zo) = 0.
1.3.6. Put

m = min{f(z1),..., f(zn)} and M =max{f(x1),...,f(z,)}.

Then .
m < (f@) + S (@2) + oo+ o)) < M

Consequently, there is g € (a, b) such that

Flo) = = (f(oa) + f(w2) + o+ £
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1.3.7.

(a) Set f(z) = (1 — x)cosxz — sinz. Then f(0) = 1 and f(1) =
—sinl < 0. Therefore there is zy € (0,1) satisfying f(xo) = 0.

(b) It is well known that (see, e.g., 1.1.12)
lim e*|P(z)] =0 and lim e "|P(z)| = +oo.

T—00 T——00
Consequently, there is an zg € R such that e™®|P(zg)| = 1.
1.3.8. Let us observe that
sgnP(—a;) = (—1)! and sgnP(=b) = (-1)"*', 1=0,1,...,n.

By the intermediate value property, there is a root of the polynomial
P in every interval (—b;,—a;), 1 =0,1,...,n.

1.3.9. No. Consider, for example, f and g defined as follows:

sinIlTa if a<z<b,
flx) =

0 if z=a,
and
(@) {—sinﬁ if a<z<b,
xTr) =
g 1 if z=a.
1.3.10. Set

9(z) = f(x +1) - f(z), =e€][0,1].
Then g¢(1) = f(2) — f(1) = —g(0). Hence there exists xo € [0, 1] such
that f(xo +1) = f(zo). So, we can take z2 = 9 + 1 and z1 = xo.

A

v

O T
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1.3.11. Consider the function

1

9(z) = flz +1) = f(z) = 5(£(2) = £(0)), =z €[0,1],

and apply the reasoning analogous to that used in the solution of the
preceding problem.

1.3.12. Define the function g by the formula
glx)=flx+1)— f(z) for ze€[0,n—1].

If g(0) = 0, then f(1) = f(0). So suppose, for example, that g(0) > 0.
Then f(1) > f(0). If also f(k+1) > f(k) for k =1,2,...,n—1, then
we would get

f0) <f(1) < f(2) <--- < f(n) = f(0).

A contradiction. It then follows that there is a kg such that g(kg) > 0
and g(ko + 1) < 0. Since g is continuous, there is zp € (ko, ko + 1]
for which g(z¢) = 0. Consequently, f(zo + 1) = f(zo). Analogous
reasoning can be applied when ¢(0) < 0.

1.3.13. The function f can be extended on [0, c0) so as to have period
n. The extended function is denoted also by f. For an arbitrarily fixed
ke{1,2,...,n—1}, define

9(@) = fla+k) - f(x), ©>0.

Now we show that there is zp € [0, kn] such that g(zo) = 0. Indeed,
if g(0) = 0, then zp = 0. So suppose, for example, that g(0) > 0. If
also g(j) > 0for all 5 =0,1,2,...,kn — k, then we would get

f(0) < f(k) < f(2k) <--- < f(kn) = f(0).

A contradiction. It then follows that there is jo such that g(jp) > 0
and g(jo + 1) < 0. Since g is continuous, there is zo € (jo,jo + 1]
for which g(z¢) = 0. Consequently, f(zo + k) = f(xo). Suppose first
that zg € [(Il — 1)n,In — k] for some 1 <[ < k. It then follows from
the periodicity of f that f(zo) = f(zo — (I — 1)n) and f(zo + k) =
flxo — (I — 1)n + k). Therefore we can take x; = xg — (I — 1)n and
z, =xo— (- 1)n+ k. If zg € [In —k,In], then zo + k € [In, (I + 1)n],
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and we have f(zg — (I — 1)n) = f(zo) = f(zo + k) = f(zo — In + k).
So we can take z, = 29 — (I — 1)n and zj, = 2o — In + k.

It is not true that for any k € {1,2,...,n — 1} there are z;, and
z}, such that z, — x}, = k and f(zy) = f(z},). In fact, it is enough to
consider the function

f(z) = sin (gm) for x €10,4].

v

It is easy to see that f(z + 3) # f(x) for all z € [0,1].

1.3.14. The following solution of this problem is due to our student
Grzegorz Michalak.

Without loss of generality we can assume that f(0) = f(n) = 0.
The case n = 1 is obvious. So suppose that n > 1. We will consider
first the case where f(1) > 0, f(2) > 0,...,f(n —1) > 0. For k =
1,2,...,n — 1, we set gr(x) = f(z + k) — f(x). The function gy, is
continuous on [0,n — k], and by assumption g (0) > 0 and gy (n—k) <
0. Consequently, there is zy € [0,n — k] such that g(xr) = 0, or in
other words, f(zr + k) = f(zx). This shows that the assertion is
true in this case. In an entirely similar manner we can see that it is
also true if f(1) < 0, f(2) < 0,...,f(n —1) < 0. Suppose now that
f(1) > 0 (resp. f(1) < 0), the numbers f(1), f(2),...,f(n — 1) are
distinct and different from zero, and there is m, 2 < m <n — 1, with
f(m) < 0 (resp. f(m) > 0). Then there are integers ki, ko, ..., ks
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between 1 and n — 2 such that
f(kl+]-) <07f(k1+2)<0>'--7f(k2) <07

flks+1)<0,f(ks +2)<0,...,f(n—1) <0

(or f(ks+1)>0,f(ks+2)>0,...,f(n—1) >0)
(resp. f(1) <0, f(2) <0,..., f(k1) <0,... ). Now reasoning similar
to that in the proof of the first case shows that there are k; solutions
in [0, k1 +1], k2 —kq solutions in [k;, k2 +1], and so on. Clearly, in this
case all these solutions must be distinct and therefore the assertion is
proved. Finally, consider the case where there are integers k and m,
0 <k <m<n,with f(k) = f(m). Suppose also that the numbers
fk), f(k+1),...,f(m — 1) are distinct. It follows from the above
that there are m — k solutions in the interval [k, m]. Next define

/() it 0<z<k,
nw ={ |

flz+m—k) if k<z<n-—(m-—k).
Clearly, fi is continuous on [0,n — (m — k)] and fi(n — (m — k)) =
f1(0) =0. If £1(0), f1(1),..., fi(n—(m—k) —1) are distinct, then by
the first part of the proof we get n — (m — k) solutions which together
with the m — k solutions obtained above give the desired result. If
some of the numbers f1(0), fi(1),..., fi(n — (m — k) — 1) coincide,
the procedure can be repeated.

1.3.15. Suppose, contrary to our claim, that the equation f(xz) =
g(z) has no solutions. Then the function h(z) = f(z) — g(x) would
be either positive or negative. Hence
0 # h(f(z)) + h(g(x))
= f(f(z)) — g(f(2)) + flg(x)) — g(g(x))
= f*(z) - g*(x).
A contradiction.

The following example shows that the assumption of continuity

V2 if zeR\Q
{0 if zeQ

is essential:

flz) =
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qo if zeR\Q
g(m)—{ﬂ if zeQ

1.3.16. Assume, contrary to our claim, that there are x1,z» and
x3 such that 1 < z2 < z3 and, for example, f(z1) > f(z2) and
f(z2) < f(x3). By the intermediate value property, for every u such
that f(z2) < v < min{f(x), f(z3)} there are s € (z1,z2) and
t € (za,x3) satisfying f(s) = u = f(¢). Since f is injective, s = ¢,
contrary to the fact that 1 < s < xo <t < x3.

1.3.17. It follows from the result in the foregoing problem that f is
either strictly decreasing or strictly increasing.

(a) Suppose that f is strictly increasing and there is x¢ such that
f(xo) # mo. Let, for example, f(xg) > xg. Then f™(x9) > wo,
contrary to our assumption. Similar arguments apply to the case
f(zo) < zo.

(b) If f is strictly decreasing, then f2 is strictly increasing. Since
f™(z) = z, we get f2"(x) = x, which means that the nth iteration
of f2 is the identity. Therefore, by (a), f2(z) = =.

1.3.18. Note that f is injective. Indeed, if f(z1) = f(z2), then
—z1 = f2(x1) = f?(x2) = —x2. Hence z; = x5. It follows from 1.3.16
that if f were continuous, then it would be either strictly increasing
or strictly decreasing. In both cases f? would be strictly increasing.
A contradiction.

1.3.19. As in the solution of the foregoing problem, one can show
that f is injective on R. Analysis similar to that in the solution of
1.3.16 shows that f is either strictly increasing or strictly decreasing.
In both cases f2*, k € N, is strictly increasing. Consequently, the
integer n in the condition f™(x) = —z has to be odd. If f were
strictly increasing, f™ also would be strictly increasing, which would
contradict our condition. So, f is strictly decreasing. Moreover, since

f(=2) = f(f"(z)) = [*(f(2)) = —f(2),
we see that f is an odd function (and so is every iteration of f).

Now we will show that f(x) = —z, * € R Suppose that there
is an xg such that x; = f(xo9) > —xo, or in other words, —z1 < xo-
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It then follows that zo = f(z1) < f(—20) = —f(x0) = —21 < zo.
One can show by induction that if zx = f(zr_1), then (—1)"z,, < z,
which contradicts our assumption that z, = f*(z9) = —zp. Similar
reasoning applies to the case where f(zo) < —x¢. Hence f(z) = —z
for all z € R.

1.3.20. Suppose that f has a discontinuity at . Then there exists a
sequence {z,} convergent to x such that {f(z,)} does not converge
to f(z). This means that there exists ¢ > 0 such that for every k € N
there is ny > k for which

|f(zn,) — f(2)| > €.

S0 f(wn,) > f(x) +& > f(@) or f(zn,) < f(@) — = < f(x). Assume,
for example, that the first inequality holds. There exists a rational
number g such that f(z)+¢e > q > f(z). Thus f(z,,) > q > f(z) for
k € N. By the intermediate value property of f there is z;, between
x and z,, such that f(z;) = ¢, which means z;, € f~1({q}). Clearly,
kl;rrgo 2z, = z. Since f~'({q}) is closed, z € f~'({q}), and therefore

f(z) = q. A contradiction.

1.3.21. To prove our theorem it is enough to consider the case when
T > 0. Set g(z) = f(x+T) — f(z). Then there are two possibilities.
(1) There exists o > a such that g(z) is positive (or negative) for
all x > zo.
(2) There is no such zg.
In case (1), if, for example, g is positive on (zg, c0), then the sequence

{f(zo + nT)} is monotonically increasing. Since f is bounded, the
following limit exists and is finite:

nlLII;O f(zo +nT) = nlLII;O flzo+ (n+1)T).

Therefore one can take x,, = zo+nT. In case (2), by the intermediate
value property of g, for every positive integer n > a there is x,, > n
such that g(z,) = 0.
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1.3.22. Set

r+2 if —-3<zx<-1,
glxy=¢ —z if —1l<ax<l1,
z—2 if 1<z<3,

and define f by the formula

flx)y=g(x—6n)+2n for 6n—3<x<6n+3, necZ.

A

Jf/z -1

The function f has the desired property.

There is no continuous function on R that attains each of its val-
ues exactly two times. Suppose, contrary to this claim, that f is such
a function. Let z1, x5 be such that f(z;) = f(xz2) =b. Then f(z) #b
for x # x1,z5. So either f(z) > b for all © € (x1,22) or f(z) < b
for all z € (x1,x2). In the former case there is one zy € (x1,x2) such
that f(zo) = max{f(z) : = € [z1,22]}. Indeed, if there were more
points at which f attains its maximum on [z, z3], then there would
be values of f assumed more than two times in [z, 22]. Consequently,
there is exactly one point xj (outside the interval [z, x2]) such that
¢ = f(zo) = f(xy) > b. Then the intermediate value property of f
implies that every value in (b,c) is attained at least three times. A
contradiction. Analogous reasoning can be applied to the case when
f(z) <bfor x € (x1,m2).

1.3.23. Assume that f is strictly monotone on each interval [¢;_1, ¢;],

where ¢+ = 1,2,...,n and 0 = ¢t < t, < --- < t, = 1.
The set Y = {f(t;) : 0 < i < n} consists of at most n + 1 el-
ements Yo, Y1,--. ,Ym- We can assume that yo < y1 < -+ < Ym-

Put z2; = y;, 0 < i < m, and choose z1,z23,...,22m—1 SO that
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20 < 21 < 22 <23 < -+-< Zop—1 < Zom. Let

Xi = {z € [0,1]: f() = 2},
X:X0UX1U"‘UX2m:{xlam%---:xl\f})

and let 0 = 2; < 22 < --- <zy =1 For 1 <35 <N, let kj
denote the only element of the set {0,1,2,...,2m} for which f(z;) =
2;- Then k; and ky are even and k; — kjp1 = £1, 1 < j < N. It
then follows that the number N of elements of the set X is odd.
Consequently, one of the sets X = f~!(z;) has an odd number of
elements.

1
1
1
Z3 ---I ---:. --------------------- 1
I | I
1 | 1
| | I
I | Lo
St SRS -
1 i Vot i Lt i\ Xs »
T »
01Xy X3 Xy X5 X6 X7 Xg xexmxnxnxlxxlN
Z

1.3.24. We first show that there are at most countably many proper
local extrema of f. Indeed, if g € (0,1) and f(zo) is a proper local
maximum (minimum) of f, then there exists an interval (p, ¢) C [0, 1]
with rational endpoints such that f(z) < f(zo) (f(z) > f(zo)) for
x # xo and x € (p,q). Consequently, our assertion follows from the
fact that there are countably many intervals with rational endpoints.

Since there are at most countably many proper local extrema of
f, thereis a y between f(0) and f(1) which is not an extremal value of
f. Assume that f(0) < f(1) and put f~'(y) = {21, 22, ..., 2, }, where
1 < T2 < -+ < xp. Moreover, set g = 0 and x,4+1 = 1. Then the
function = — f(z) — y is either positive or negative on each interval
(zi,xir1), and signs are different in the adjoint intervals. Note that
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the function is negative in the first interval and positive in the last
one. Therefore the number of these intervals is even. Consequently,
n is odd.

1.3.25. Define the sequence {z,} by setting z, = f™(zo). If there
is a term of this sequence which is a fixed point of f, then {z,} is
constant beginning with some value of the index n. Thus it converges.
If there is a term of this sequence which is its limit point, then by
assumption, the sequence is as above. So it is enough to consider the
case where no term of the sequence {z,} is its limit point. Suppose,
contrary to our claim, that the sequence is not convergent. Then

a= lim z, <b= lim z,.

n—o0o n—o0

Let z, € (a,b). Since z, is not a limit point of {z,}, there is an
interval (e,d) C (a,b) which does not contain any other term of the
sequence. Moreover, there are infinitely many terms of the sequence
in each of the intervals (—oo,c¢) and (d, c0). If there are no terms of
the sequence in (a,b), then we can take ¢ = a and d = b. Now we
define a subsequence {z,,} of {x,} in such a way that z,, < ¢ and
Zp,+1 > d for k € N. Therefore, if g is a limit point of {z,,}, then
g <cand f(g) > d. This contradicts our assumption that each limit
point of the sequence is a fixed point of f.

1.3.26 [6]. By the result in 1.1.42, we know that li_>m f"rgo) = a(f)
n o0

exists. We will now show that there is o € [0,1] such that f(zo) =
zo+a(f). If f(z) > z+a(f)+e forall z € [0,1] and for some ¢ > 0,
then, in particular, f(0) > a(f) +e. We shall show by induction that
forn € N, f*(0) > n(a(f) +¢). Indeed, setting r = f(0) — [f(0)], we
get

£2(0) = f(£(0)) = fF([FO)] +7) = [FO)] + f(r)
>[fO]+r+a(f)+e=f0)+alf) +e
> 2(a(f) +¢).

Similar arguments can be applied to prove that f*(0) > n(a(f) +¢)
implies f"*1(0) > (n + 1)(a(f) + €). Now observe that if f"(0) >
n(a(f) +¢), then a(f) > a(f) + ¢, a contradiction. In an entirely
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similar manner one can show that if f(z) < z + a(f) — ¢ for all
x € [0,1] and for some € > 0, then a(f) < a(f)—e. A contradiction
again. Consequently, by the intermediate value property there is zg €
[0, 1] such that F(x¢) = f(z0)—zo = a(f). In particular, if a(f) =0,
then z¢ is a fixed point of f. On the other hand, if zq is a fixed point
of f, then a(f) = TL]LII;Q @ =0.

1.3.27. Let A ={z€[0,1]: f(z) >0}, s=infA, and h = f +g.
Since h is decreasing, we get h(s) > h(x) > g(x) for = € A. Since g
is continuous, this implies that h(s) > g(s). Consequently, f(s) > 0.
It follows from our assumption that g(0) > h(0) > h(s) > g(s). By
the intermediate value property of g, there exists t € (0, s] such that
g(t) = h(s). Then h(t) > h(s) = g(t), which gives f(¢) > 0. By the
definition of s, we have ¢t = s, which implies that g(s) = h(s), or
equivalently, f(s) = 0.

1.3.28. Note first that f is not continuous on R. If f were continuous
on R, then by the result in 1.3.16, it would be strictly monotone, for
example, strictly increasing. In this case, if f(z9) = 0, we would get
f(x) >0 for > mp, and f(z) < 0 for < xg, which would contradict
the assumption that f maps R onto [0,00). Similar analysis may be
used to show that f cannot be strictly decreasing. Consequently, f
is not continuous on R.

Suppose now, contrary to our claim, that f has a finite num-
bers of points of discontinuity, say, 1 < 2 < --- < x,. Then f is
strictly monotone on every interval (—oo,z1), (z1,22),... , (Zy,00).
Consequently, by the intermediate value property of f,

f((—oo,a:l)),f((ml,a:Q)), s 7f((mnaoo))

are pairwise disjoint open intervals. Hence

[0,00) \ (f((—oo,fm)) u L_J f((@r, Trya)) U f((fvn,OO)))
k=1

has at least n+ 1 elements. On the other hand, the only elements of

R\ ((—00,931) U L_J (Thy T1) U (fn,00)>

k=1
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are xi,Ts,...,T,. Therefore f cannot be bijective, a contradiction.
So, we have proved that f has infinitely many points of discontinuity.

1.3.29. We show that if I is a subinterval of (0,1) with nonempty
interior, then f(I) = [0, 1]. To this end, note that such an I contains a
subinterval ( k k'H) . So it is enough to show that f (( k k'H)) =

2m0 7 210 2m0 7 210

[0,1]. Now observe that if 2 € (0, 1), then either x = 375 with some m
and ng, or x € (2%0, 721'01) with some j, j = 0,1,...,2"—1.Ifr = 3%,
then f(z) =1 and the value of f at the middle point of (5h, &HL) is
also 1. Next if z € (2770, 72',‘[01) for some j, then thereis 2’ € (2%, ’;;"01)
such that f(z) = f(2'). Indeed, all numbers in (3£, ££L) have the

same first ng digits, and we can find z’ in this interval for which all
the remaining digits are as in the binary expansion of z. Since

n n

> Qi > ai
m =L = fim 2t
n—oco n n—oo N —ng

we get f(z) = f(z'). Consequently, it is enough to show that f((0, 1))
=[0,1], or in other words, that for every y € [0, 1] there is = € (0,1)
such that f(z) = y. It follows from the above that 1 is attained, for
example, at x = % To show that 0 is also attained, take x = .aqas ...,

where
1 if i=2F k=1,2,...,
4= { 0 otherwise.
Then
@) = fim 5% =0
To obtain the value y = %, where p and ¢ are co-prime positive

integers, take

x=.00...011...100...0...,
S——
a—p » a—p
where blocks of ¢ — p zeros alternate with blocks of p ones. Then
f(z) m %2 — 2 Now our task is to show that every irrational
y € [0,1] is also attained. It is well known (see, e.g., I, 1.1.14) that

=1l .
k—o0 kq q
there is a sequence of rationals ’qﬂ, where each pair of positive integers
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pn and g, is co-prime, converging to y. Let
z=.00...011...100...0...,
——— —— ——
q1—P1 p1 q2—p2

where q; — p; zeros are followed by p; ones, then g» — p2 zeros are
followed by p-» ones, and so on. Then

.. P t+p2t4pn
f(z) = lim
n—oo q1 +q2 + -+ qp n—00 (p,

Since lim ¢, = 400, the second equality follows immediately from
n— 00
the result in I, 2.3.9 or from the Stolz theorem (see, e.g., I, 2.3.11).

1.4. Semicontinuous Functions

1.4.1.
(a) Set supinf{f(z) : z € A, 0 < |z — x| < 0} = a. Assume first
5>0

that a is a real number. We shall show that a = lim f(z). By

o
the definition of supremum, for every § > 0

(i) inf{f(z): x € A, 0< |z — 20| <6} <a,
and for every £ > 0 there is §* such that

(ii) inf{f(z): x€ A, 0<|z—2| <"} >a—ce.
By (ii),

(iii) f@)y>a—¢e if 0<|z—m| <d".

Now let {z,, } be a sequence of points of A different from zg. If the
sequence converges to g, then, beginning with some value of the
index n, 0 < |z, — o] < 6*. Therefore f(z,) > a —e. If {f(z,)}
converges, say to y, then we get y > a — &, and consequently,
lim f(z) > a. To show that also lim f(z) < a, we will use (i).

T—rTo T—rTo
It follows from the definition of infimum that, given €; > 0, there
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exists * € A such that 0 < |z* — 29| < § and f(z*) < a + ;.
Taking § = L, we get a sequence {z};} such that

1
0< |z)y —x0] < - and f(z)) <a+e;.

Combined with (iii), this gives a —e < f(z}) < a + €. Without
loss of generality we may assume {f(z%)} is convergent. Then its
limit is less than or equal to a+e¢; . It follows from the arbitrariness
of €1 > 0 that

lim f(z) <a.

T—rTo

If a = +o00, then, given M > 0, there is 0* such that
inf{f(z): x €A, 0<|z—20| <0} > M.

Hence if 0 < |z — xo] < %, then f(x) > M. Consequently, if
{z,} converges to xo, then, beginning with some value of the
index n, f(z,) > M. Thus nh_}n;o f(zy) = 400, which means that
ILm f(z) = lim f(z) = 4o0. Finally, if a = —o0, then for any
T—To

T—>To
0 >0,
inf{f(z): z€ A, 0< |z —x9| <d} = —00.
Therefore there is a sequence {x}} convergent to zo such that

lim f(z}) = —o0, which gives lim f(z) = —oc.
n—o0o ot

(b) The proof runs as in (a).

1.4.2. The result is an immediate consequence of 1.1.35 and the pre-
ceding problem.

1.4.3. It follows from the result in the preceding problem that, given
€ > 0, there is 0 > 0 such that
0<yo—inf{f(z): z€ A, 0<|z—m| <} <e.

By the definition of infimum this is equivalent to the conditions (i)
and (ii).

By 1.42 (b), §j = ll>_m f(z) if and only if for every € > 0 the

T )

following two conditions are satisfied:

(1) There is § > 0 such that f(z) < § + ¢ for all z € A from the
deleted neighborhood 0 < |z — x| < 6.
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(2) For every 0 > 0 there is ' € A from the deleted neighborhood
0 < |2' — 20| < d for which f(z') > g —e.

1.4.4.
(a) By 1.4.2(a), lim f(z) = —oc if and only if for any § > 0

z—a0
inf{f(x): z €A, 0<|z—20| <d}=—00.
This means that for any § > 0 the set
{f(z): z€ A, 0<|z—x0| <6}

is unbounded below, which gives the desired result.

(b) The proof runs as in (a).

1.4.5. Let {6,,} be a monotonically decreasing sequence of positive
numbers converging to zero. It follows from 1.4.2(a) that

[ = lim inf{f(z): z € A, 0< |z —20| <In}
n—o0

For a real [, this is equivalent to the following two conditions
(1) For n € N there exists k, € N such that 0 < |z — zg] < dg
implies f(z) > 1 — L for k > ky,.
(2) For n € N there exist k, > n and z, € A such that 0 <
|2k, — @o| < Ok, and f(ag,) <!+ L.
Consequently, there exists a sequence {xj, } convergent to zo such
that lim f(zg,) =1l
n—oo

If lim f(z) = —o0, then, by 1.4.4(a), for any n € Nand § > 0

T—rTo
there is z, € A such that 0 < |z, — 20| < 0 and f(z,) < —n.
Therefore lim z,, = z¢ and lim f(z,) = —oco.
n—oo n—oo

If lim f(x)= +oo, then the existence of {z,} follows immedi-
T—T0
ately from the definition.

1.4.6. The result follows immediately from I, 1.1.2 and from 1.4.1.

1.4.7. It is enough to apply I, 1.1.4 and 1.4.1.
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1.4.8. Note that

(1) Inf (f(2) +9(2)) > inf f(z)+ inf g(2),
(2) sup (f(z) + g(z)) < sup f(z) + sup g(z).
z€EA z€EA z€EA

Indeed, for x € A,
f(@) +g(e) > inf f(z)+ inf g(z),

which implies (1). Inequality (2) can be proved analogously.
We first show that

(3) lim f(z) + lim g(z) < lim (f(z) + g(z)).

T—To T—rTo T—To
By (1), we get
inf{f(z) +g(z): z € A, 0< |z — x| <4}
>inf{f(z): z € A, 0<|z— 0| <}
+inf{g(z) : x € A, 0 < |z — mo| < §}.

Passage to the limit as § — 0% and the result in 1.4.2(a) give (3).
The inequality

(4) lim (f(z) +g(2)) < lim f(z)+ hm g(z)

T—rTo T—To T—rTo

can be proved in an entirely similar manner. Furthermore, it follows
from Problem 1.4.6 and (3) that

lim f(r) = lim (f(z) +g(z) — g(z))

> lim (f(x) + (x) + lim (~g(a)
= lim (f(x) + (x) ~ Fim g(z).

One can prove, in much the same way, that

lim f(z) + 0 g(e) < Tm (f(2) + g(a)).

T—To T—rTo T—To
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To show that the inequalities can be strict, consider the functions
defined as follows:

f@) { sin% if x>0,
xTr) =
0 if =<0,

(@) {0 if >0,
g = sin% if z<0.

For zo = 0 the given inequalities are of the form —2 < —-1<0< 1< 2.

1.4.9. Observe first that if f and g are nonnegative on A, then

(1) ggg(f(w) g9(z)) > Inf f(z)- gggg(ﬂf),
(2) sup(f(z) - g(x)) < sup f(x) - sup g(z).
zEA TEA zEA

The rest of the proof runs as in the solution of the foregoing problem.
To see that the given inequalities can be strict, consider the functions
given by setting

1 .
f(a:):{ serp i >0,

2 if x<0,
3 if >0,

For z¢p = 0 the given inequalities are of the form i <1< % <3 <6.

1.4.10. We have lim f(z) = lim f(z) = lim f(z). So, by 1.4.8,

T—To T—>To T—>To

lim f(z) + lim g(z) < lim (f(z) +g(z)) < lim f(2) + lim g(a).

T—To T—xo T—To T—=To T—To

Therefore

lim (f(z) +g(x)) = lim f(z)+ lim g(z).

T—T0 T—=To T—T0

The other equalities can be proved analogously.
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1.4.11. If A = [ or A\ = L, then the assertion follows immediately
from 1.4.5. So assume that A € (I,L). Then by 1.4.5, there exist
sequences {z!,} and {z!'} both converging to a and such that

. ! _ . "y __
nh_}rrolof(wn)—l and Jbrr;of(a:n)—L

It then follows that f(x]) < A < f(«!') beginning with some value of
the index n. Since f is continuous, it enjoys the intermediate value
property. Hence there is z, in the interval with the endpoints !,
and z!! for which f(x,) = \. Since {z},} and {z]/} converge to a, the
sequence {z,} does also.

1.4.12. The function is continuous at every kr with k € Z (see, e.g.,
1.2.1). Clearly,

— sinzg if sinzg >0,
lim f(z) = e
=0 0 if sinzy <0,
and ;
0 if sinxg > 0,
in o) ={ 0 o
T—wo sinzg if sinzg <O0.

Consequently, f is upper semicontinuous on the set

<@ n | @k, (2k + 1)7r)> U <(]R \Q n JI2k =), 2k:7r]>
kEZ kEZ
and lower semicontinuous on

(@ n |J @2k - 1), 2k7r)> U ((]R \ Q) N |2k, (2k + 1)7r]>.

kEZ keZ
1.4.13. We have

fim /o) = {

w3 —1, if xzo<—1orumzp>1,

=20 0 if z9€[-1,1],
and ;
0 if g <—-1orazy>1,
i /() = { o °
T—ao 1'(2) -1 if 29€ [—]., ].]

Thus f is upper semicontinuous at each irrational in (—oo, —1)U(1, 00)
and at each rational in the interval [—1,1]; f is lower semicontinuous
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at each rational in (—oo,—1] U [1,00) and at each irrational in the
interval (—1,1).

1.4.14. The function f is continuous at zero and at each irrational

(see, e.g., 1.2.3). Assume that 0 # zo = %, where p € Z and ¢ € N
are co-prime. Then f(zp) = X and lim f(z) = 0 < L. Hence f is
q T—To q

upper semicontinuous on R.

1.4.15.

(a) The function f is continuous at zero and at each positive irra-
tional (see, e.g., 1.2.3). Assume that o is a negative irrational.

Then lim f(z) = |zo| = f(x0). Therefore f is upper semicon-
T—T0
tinuous at zero and at each irrational. If zy = % > 0, then
mli_rr; f(x) =8> E7 = f(zo). This means that f is lower semi-
0

continuous at each positive rational. If zg = % < 0, then

Tm f(z) = -2 > L = f(a)

T—To q q+1
and
. p p
lim f(z) == < —— = f(xo)-
- ¢ q+1
So f is neither upper nor lower semicontinuous at negative ratio-
nals.

(b) Note that for z € (0,1],

lim (1) =~ < f(x) < = im £().

t—z

Thus f is neither upper nor lower semicontinuous on (0, 1].

1.4.16.

(a) If zo € A is isolated in A, then the assertion is obviously true. If
zo € A is a limit point of A, then the assertion follows from the
fact that

a lim f(z) if a>0,
lim af(z) = e
z—zo a lim f(z) if a<0.

T—>To
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(b) Assume that zo is a limit point of A and, for example, f and g
are lower semicontinuous at xg. Then, by 1.4.8,

lim (f(z) +g(x)) > lim f(z)+ lim g(z) > f(xo) + g(x0).

T—rTo T—T0 T—rTo

1.4.17. Assume, for example, that the f,, are lower semicontinuous
at xg. Since sup f, > f, for n € N, we get

neN
lim sup fa(z) > lim fa@) > falo) for neN.
z—z9 NEN T—To
Consequently,

lim sup fn(m) > sup fn(mO)
z—xg NEN neN

1.4.18. It is enough to observe that if { f,,} is an increasing (resp. de-
creasing) sequence, then lim f,(z) = sup f,.(x) (resp. lim f,(z) =
inlf\I fn(x)) (see, e.g., I, 2.1.1) and use the result in the foregoing prob-
ne

lem.
1.4.19. By 1.4.1 we have
fi(e) =max{ (@), Tim £()}
:(%I;%sup{f(z) z €A, |z—1z| <0}
= li : A — .
Jim, sup{f(z): z € A, |z —z| <}
Similarly,
fo(z) = lim inf{f(z): z € A, |z —z| < d}.
d—0+
Hence
fi(z) — fa(z) = lim sup{f(z):z € A, |z —z| < 4}
d—0+
— lim inf : A lu—
Sim in {flu):u €A, |u—z|<d}
= lim sup{f(z) — f(u): z,u € A, |z —z| < 0,|u — x| < 0}
d—0+
= lim sup{|f(z) — f(u)|: z,u € A,|z —z| < I, |u—z| <}
d—0+

= oy ().
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1.4.20. Let x be a limit point of A, and let {z,,} be a sequence of
points in A converging to . Set 8, = |z, —z|+=. Then, |z —z,| < 6,
implies |z — x| < 2,,. Consequently, see the solution of the preceding
problem,

fo(zg) = nli_}n;()inf{f(z): z2 €A, |z — x| < p}
>inf{f(z): z € A, |z — x| < &}
>inf{f(z): z € A, |z — x| < 20;}.

Passage to the limit as k — oo gives lim fo(zr) > fo(x). It then
k—o0
follows that lim f2(z) > f2(z), and therefore the lower semicontinuity
Z—T
of f5 is proved. In an entirely similar manner one can show that f; is
upper semicontinuous. Now, by the result in the foregoing problem,
or(z) = fi(x) — f2(x), which together with 1.4.16 proves the upper
semicontinuity of oy.

1.4.21. We will prove our statement for lower semicontinuous func-
tions. Assume first that the given condition is satisfied. Then for
a < f(zo) there is 6 > 0 such that f(z) > a whenever |z — zo| < 4. If
{zy} is a sequence of points in A converging to zg, then |z, —zo| < §
for sufficiently large n. Hence f(zy) > a, which implies lim f(z,) >

n—o0
a. Because of the arbitrariness of a we get lim f(z) > f(xo). Now
T—rTo
assume that f is lower semicontinuous at xy and, contrary to our

claim, the given condition is not satisfied. Then there is a < f(zo)
such that for any n € N there exists z,, € A for which |z, — z¢| <
Op = % and f(x,) < a. Thus the sequence {z,} converges to zo and
lim f(z,) <a < f(xg), a contradiction.
n—oo
1.4.22. Suppose that for every a € R the set {x € A : f(z) > a} is
open. Let 2o be an element of A and take a < f(zg). Then there is
d > 0 such that (zg — d,z0+96) C {x € A: f(z) > a}. It then follows
by the result in the foregoing problem that f is lower semicontinuous.
Suppose now that f is lower semicontinuous on A. We shall show
that the set {z € A : f(z) < a} is closed in A. Let {z,} be a
sequence of points in this set converging to z. Then f(z,) < a, and
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consequently, f(z) < lim f(z,) < a, which implies that z is also an
n— 00

element of {x € A : f(z) < a}. So we have proved that this set is
closed, or equivalently that its complement is open in A.

1.4.23. Assume that f is lower semicontinuous on R, and set B =
{(z,y) € R? : y > f(x)}. Our task is to show that B is closed in R?.
Let {(zn,yn)} be a sequence of points in B converging to (zg,yo).
Then
yo= lim y, > lim f(z,) > lim f(z) > f(zo).
n—o0

n— 00 T—To

Hence (zo,y0) € B.

Assume now that B is closed and f is not lower semicontinuous at
an o € R. Then the set B¢ = {(z,y) € R? : y < f(z)} is open in R
and there exists a sequence {z,}, z, # o, converging to zo and such
that y = TL]LII;Q f(zn) < f(xo). Take g such that y < g < f(xo). Then
(zo,g) is in B°. Hence there is a ball centered at (xg,g) contained
in B¢. This means that for sufficiently large n, (z,,g) are in B¢, or
equivalently, g < f(z,). Therefore g < y, a contradiction.

Recall that f is upper semicontinuous on R if and only if —f is
lower semicontinuous on R. So f is upper semicontinuous on R if and
only the set {(z,y) € R? : y < f(x)} is closed in R?.

1.4.24 [21]. We show first that f is lower semicontinuous if and only
if the function g(x) = 2 arctan f(z) is lower semicontinuous. To this
end we use the characterization given in 1.4.20. Suppose that f is
lower semicontinuous. To prove that g is also lower semicontinuous
it is enough to show that for every real a the set B = {z € A :
2 arctan f(z) > a} is open in A. Clearly, if a < —1, then B = A,
and if @ > 1, then B = . If |a| < 1, then B = {z € A : f(z) >
tan(Fa)}; so it is open by assumption. Suppose now that g is lower
semicontinuous. Then {z € A : g(z) > 2 arctana} is open for every
real a. Consequently, the set {x € A : f(z) > a} is open.

Forn € N, a € A, define ¢, ,, by setting

Yan(x) =g(a) +n|z —a|l, z€R,



170 Solutions. 1: Limits and Continuity

and put
gn(z) = ;glg Yan(T).
Obviously,
gn(x) < gnyi(x) for zeR
and

gn(x) < @un(r) =g(x) for z€A.

Hence for each z € A the sequence {g,(z)} is convergent. Now we
show that the functions g, are continuous on R. Indeed, for z,z' € R,

[Pan (@) = Pan(z’)] < njz —2|.
It then follows that
Pan(z') = n|z —2'| < Yan(@) < panla’) +nlz —a'|.
Consequently,
gn(2') —nlz — 2’| < gn(@) < gn(2') +njz — 2|,

and therefore continuity of g, is proved. It follows from the above that
forz € A, lim g,(z) < g(z). Our task is to show that lim g,(z) >
n—o0 n—o0

g(z). Let z € A and let a < g(z). Since g is lower semicontinuous at
x, there is 6 > 0 such that g(a) > « if |z — a| < 6. Hence

(1) Yan(r) > 9g(a) >a for |z—al<d.
On the other hand,
(2) Yan(x) >-14+nd for |z —al>4,
which combined with (1) gives

gn(z) = algg Yan(z) > min{a, —1 + nd}.

Therefore g,(z) > « for sufficiently large n, and consequently we get
lim g¢,(z) > «. Finally, upon passage to the limit as a — g(z), we
n—oo

obtain lim g,(x) > g(z).
n—o0
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1.4.25. It follows from the theorem of Baire (see the foregoing prob-
lem) that there are a decreasing sequence {f,} and an increasing
sequence {g,} of continuous functions converging on A to f and g,
respectively. Set

p1(z) = fi(=), Y1(x) = min{p1 (), g1(2)},

pn (1) = max{Pn_1(2), fa(x)}, n(r) = minfpn(z), gn(r)}-

Then {p,} is decreasing, because the inequalities ¢, < ¢, and f,, <
¢p imply

Pnt+1 = maX{d’n: fn—',—l} < maX{d’n: fn} < max{@na fn} = Pn-

Similarly, one can show that {t,} is increasing. Observe now that the
sequences of continuous functions {¢,} and {¢,,} both converge, say
to ¢ and v, respectively. One can show that p(z) = max{y(z), f(z)}
and ¥(z) = min{p(z), g(x)} (see, e.g., I, 2.4.28). So if p(z) # ¥(x)
for some z, then p(z) = f(z); and since f(z) < g(x), we have also
¥(x) = f(z), a contradiction. Consequently, the sequences {p,} and
{¢»} have a common limit, say h, such that f(z) < h(z) < g(z). By
1.4.18, h is lower and upper semicontinuous, hence continuous.

1.5. Uniform Continuity

1.5.1.

(a) The function can be continuously extended on [0, 1]. Therefore f
is uniformly continuous on (0, 1).

(b) Note that for n € N,

1 1
(o)~ (g

can be arbitrarily small. Consequently,

1 1
although S m
the function is not uniformly continuous on (0, 1).

(c) Since there exists a continuous extension of f on [0, 1], the func-
tion f is uniformly continuous on (0, 1).
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(d) We have

(n) = (om0 =

and | — m > 0. Hence f is not uniformly continuous
on (0,1).
(e) Since lim e~= = 0, the function can be continuously extended

z—0+
on [0,1]. Thus f is uniformly continuous on (0,1).

(f) The function is not uniformly continuous on (0, 1) because

1 1
‘f<—> _f<7>‘:eznlw + ezontn >2, neN

2nm 2nm + 7w

(g) To see that the function is not uniformly continuous on (0, 1),
note that ) )
/(&) ()|
(h) Observe that

f 1 f 1 . 1+ 1 9
2n 2n+1 _COSQn COSQn-{—l n—00

So, the function is not uniformly continuous on (0, 1).

(i) As above, one can show that the function is not uniformly con-
tinuous on (0,1).

1.5.2.

(a) We will show that f is uniformly continuous on [0, 00). Indeed,
in view of the inequality

[vVZ1 —x2| < \/|r1 — 22| for m,z5 € [0,00)
we have
|z1 — 22| <8 =¢® implies |/Z1 — /72| < &.
(b) Note that

— 27,

n—o0

‘f(er) —f <2n7r + %)

So, f is not uniformly continuous on [0, 00).
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()

Since
|sin® zy —sin? zy| = | sin 2y —sinas|-|sinz; +sin | < 2|z1 — 22,
the function is uniformly continuous on [0, o).

The function is not uniformly continuous on [0, c0) because

‘f(\/%) ~f (W)‘ _1

although |\/2n7r —+/2nm + g| e 0.

The function is not uniformly continuous on [0, 00). Indeed, it
follows from the continuity of the logarithm function that

n—oo

1
[Inn —In(n +1)]=1n <1+—> — 0.
n
Moreover,

|F(Inn) — f(in(n + )| = 1.

One can show, as in (d), that the function is not uniformly con-
tinuous on [0, 00).

Since
|sin(sinz1) — sin(sinzq)| < 2 |sin w < |zy — o],
f is uniformly continuous on [0, 00).
Note that
7 (207 + 5) ~ f(2nm)
nrm+ —) — f(2n=w
2nm
. .1 1 .1 .
= sm(ersm — + ——sin —) — sinl.
2nm  2nmw 2nm/ | n—oo

Consequently, the function is not uniformly continuous on [0, 00).
Observe that

| sin /1 — sin /3|
VI = VT VT + /T2
2 2

2sin

S VETRVERE

Now reasoning as in (a) proves the uniform continuity of f.
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1.5.3. We will show that limJr f(z) exists. By uniform continuity,

given € > 0 there exists 0 >z(T guch that |f(z1) — f(z2)| < € whenever
|z1 — x| < §. Clearly, if a < 1 < a+46 and a < 2 < a + §, then
|z1 — z2| < 6. It follows from the Cauchy theorem (see, e.g., 1.1.37)
that the left-hand limit of f at a exists. In an entirely similar manner
one can show also that the right-hand limit of f at b exists.

1.5.4.

(a) It follows directly from the definition of uniform continuity that
the sum of two uniformly continuous functions is also uniformly
continuous.

(b) If f and g are uniformly continuous on a finite interval (a,b),
then by the result in the foregoing problem the functions can
be continuously extended on [a, b]. Thus f and g are bounded on
(a,b). Consequently, the uniform continuity of fg on (a, b) follows
from the inequality

|f(z1)g(z1) — f(22)g(22)]
< |f(z)llg(@1) — g(z2)] + g(@2)[|f (1) — f(22)]-

On the other hand, the functions f(z) = g(z) = « are uniformly
continuous on [a,00) but f(z)g(x) = 2? is not uniformly contin-
uous on this infinite interval.

(c) By (b), * — f(z)sinz is uniformly continuous on (a,b). The
function need not be uniformly continuous on [a, 00), as the ex-
ample in 1.5.2(b) shows.

1.5.5.

(a) Given e > 0, there are §; > 0 and d2 > 0 such that | f(z1)—f(b)| <
Sif0<b—=m <% and [f(z2) — f(B)| < Sif 0 <ap—b< 2.
Setting 6 = min{dy, d2}, we get

(1) [f(z1) = fz2)| <e i |z —a2] <4

For zy,z5 € (a,b] or x1,z2 € [b,c), (1) is clearly satisfied with
some positive § > 0.
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(b) No. Let A = Nand B = {n+ =+ : n € N}, and consider the
function f defined by

{1 ifxeA,

J@=1y iseB.

1.5.6. If f is constant, then it is uniformly continuous on R. If f
is a nonconstant periodic function, then its fundamental period T
exists (see 1.2.23). Clearly, f is uniformly continuous on each interval
[kT, (k+ 1)T], k € Z. So, as in the solution of 1.5.5(a), one can show
that f is uniformly continuous on R.

1.5.7.

(a) Set EETOO f(z) = L and IEIPoof(x) = [. Then, given € > 0, there
is A > 0 such that |f(z) — L| < § for z > A and |f(z) - 1| < §
for x < —A. This implies that if z1,z2 € [4,00) or z1,z2 €
(—o0,—A], then |f(z1) — f(x2)| < e. Obviously, f is uniformly
continuous on [—A, A]. Finally, as in the solution of 1.5.5(a) one
can show that f is uniformly continuous on R.

(b) The proof runs as in (a).
1.5.8. It is enough to apply the result in the foregoing problem.

1.5.9. lim f(x) need not exist. To see this consider the function in
T—r00
1.5.2(c). The limit lim f(z) exists (see 1.5.3).
z—0t

1.5.10. Assume that I = (a,b) is a bounded interval and, e.g., f
is monotonically increasing. Then, as in 1.1.35, one can show that

lim f(z) = inf f(z)and lim f(z) = sup f(z). Consequently,
z—at z€(a,b) z—b~ z€(a,b)
f can be continuously extended on [a, b]. So it is uniformly continu-
ous on (a,b). If the interval I is unbounded, then the limits lim f(x)
T—r00
and/or Em f(z) exist and are finite. By 1.5.7 f is uniformly con-
T —0o0

tinuous on I.
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1.5.11. No. The following function is uniformly continuous on [0, o)
but the limit lim f(x) does not exist:
T—r00

(x for z €]0,1],
—z+2 for z€[1,2],
J@) = z—n(n+1) for z €[n(n+1),(n+1)?,
—z+(n+1)(n+2) for z€[(n+1)? (n+1)(n+2),

Vo
v

N I
o
9%}
Gl
W
N

1.5.12. Let € > 0 be arbitrarily fixed. Choose 6 > 0 so that for
z, ' >0

|z —2'| <& implies |f(z)— f(2')| < %
Let x1,2a,...,2, be points in the interval [0,1] such that for any
x € [0,1] there is z; for which |z — z;| < 4. Since li_>m flzi+n)=0

n o0

for i = 1,2,...,k, there is ng such that |f(z; + n)| < § for n > ny
and for ¢ = 1,2,...,k. Suppose z > ng + 1 and set n = [z]. Then
there is z; such that |z — (n + z;)| < 4. It then follows that

If(@)| <|f(x) = flzi+n)| +|f(z:i +n)| <e.

1.5.13. By uniform continuity of f on [1,00) there exists 6 > 0 such
that |f(z) — f(2')| < 1if |z — 2’| < 4. Any = > 1 can be written in
the form = 1+ néd + r, where n € NU {0} and 0 < r < §. Hence

[f(@)] < [fF]+|f (@) = FOI < [FW)] + (n+1).
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Dividing by x gives

f@)] Wl +n+1 [f)[+2

M.
r — l+4+né+r — )

1.5.14. As in the solution of the foregoing problem, we find § > 0
such that if z = né + r, then for any u > 0

[f(@+u) = flu) <n+1.

Therefore

Fletw — f@)] __nt1
z+1 —14+ndé+r

2
<-=M.
-9

1.5.15. Assume {z,} is a Cauchy sequence of elements in A; that
is, given & > 0 there is ng € N such that |z, — z,,| < 6 for n,m > ny.
By uniform continuity of f, given € > 0 there is §. > 0 such that
|f(zn) — f(zm)| < €if |2y — 2| < Je. Thus {f(z,)} is a Cauchy
sequence.

1.5.16. Assume, contrary to our claim, that f is not uniformly con-
tinuous on A. Thus there is € > 0 such that for any positive in-
teger n there exist z, and @], in A such that |z, — #,| < % and
|f(zn) — f(x!,)| > €. Since A is bounded, there is a convergent sub-
sequence {z,,} of {z,}. It follows from the above that the sequence
{}, } is convergent to the same limit. Thus the sequence {z;} with
terms oy, , 7, Trgy Typys - -+ Ty s Tyyy - - - 18 convergent, and therefore
it is a Cauchy sequence. But |f(zy,) — f(z7,, )] > €, and so {f(zx)}
is not Cauchy. A contradiction.

The boundedness of A is essential. To see this, consider the
function f(x) = z* on (0, 00).

1.5.17. The necessity of the condition follows immediately from the
definition of uniform continuity. Now assume that the given condition
is satisfied and f is not uniformly continuous on A. Then thereise > 0
such that for any positive integer n there exist z, and ¥, in A such
that |z, — y»| < + and |f(zy) — f(yn) > €, a contradiction.
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1.5.18. No. Define f by setting
1 for z € (0,2],
% forx=n,n>2,
flz) = % fora::n+%,n22,
r—n+1i forz € (n,n+ 1), n>2,
_%(m—n—%)—f-% forze(n+in+1),n>2.
A
1

wlto

DB — W= =

]

i

1
2 2+1 331 44.

S | |y

e e

»
»

5

The function f is continuous on (0,00), lim f(z) =0 and 1im+ f(z)
T—00 r—0

= % It then follows from 1.5.7 that f is uniformly continuous on
(0,00). But
+1
i L0t 0)
n— oo f(n)

1.5.19. By the continuity of f at zero, given £ > 0 there is 6 > 0
such that |f(z)| < € for |z| < d. Hence the subadditivity of f implies
that, for € R and |¢| < 9,

fla+1)— fle) < f(t) <e and f(z) - flz +1) < f(-1) <e.

Consequently, |f(z +t) — f(z)| < &, which proves the uniform conti-
nuity of f on R.

1.5.20. Observe that wy is monotonically increasing on (0, 0o). Thus
(see 1.1.35)

li 0) = inf wy(0) > 0.
i, w1 (0) = jufr® 20
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If 5hm+ w¢(d) =0, then given & > 0 there is 6 > 0 such that wy(d) < e.
—0

Consequently, if |1 — z2| < 0, then |f(z1) — f(z2)| < ws(d) < e. This

means that f is uniformly continuous on A.

Assume now that f is uniformly continuous on A. Then given
€ > 0 there is §y > 0 such that |f(21) — f(z2)| < € for |21 — 22| < dp.
Hence 5lim+ wr(0) < wy(dp) < e. The arbitrariness of ¢ > 0 yields

—0

li 9) =0.
i <1 ©)

1.5.21. Clearly, it is enough to prove that (b) implies (a). Let € > 0
be arbitrarily fixed. Since fg is continuous at zero, there is §; > 0
such that

€

7

Thus if |z1| < 61 and |z2] < d1, then |f(z1)g(z1) — f(z2)g(z2)| < €.
For |z;| > §; we have

|f(l°1)9(331) - f(l°2)9(332)|
< 5 01) = fel + 1 ellgte) - ool

|71

|z[ <é1  implies [f(x)g(x) — F(0)g(0)] <

Consequently,

|f(z1)g(z1) — f(22)g(22)]

< |9|E;"11|)| (w1l f (1) = |22l f(22)] + [f (z2) |22 — 21])

+ 1 (z2)llg(x1) = g(22)]-

This combined with the result in 1.5.13 gives
|f(z1)g(@1) — fz2)g(@2)| < Mlz1[f(21) — [22] f(22)]
+ MLz, — x2] + Llg(x1) — g(x2)],

where

lg()]
|z

L= max{sup{lf(x)l -l < zsl},sup{M ol > 6}}

]

M:sup{ :|CU|Z51},
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Thus the desired result follows from the uniform continuity of g(x)
and |z|f(z) on R.

1.5.22. Suppose that f is uniformly continuous on I. Then, given
e > 0, there is § > 0 such that

(i) |z1 — x| < § implies |f(x1) — f(z2)| < e.

We will prove that, given € > 0, there is N > 0 such that for every
r1,m2 €I, 1 # 12,

‘f f(2)

(ii) P

> N implies |f(z1) — f(z2)] <e.

Clearly, this implication is equivalent to

f(x1) = f(22)

Ty — T2

< N.

|f(z1) — f(z2)] > € implies ‘

By (i), if |f(z1) — f(z2)| > €, then |1 — 22| > §. Without loss of
generality we may assume that z1 < zo and f(z;) < f(x2). Since
f(z2) — f(z1) > e, there are n € [g,2¢] and a positive integer k
such that f(z2) = f(z1) + kn. Now the intermediate value property
of f on the interval [z1, 2] implies that there are z1 = 29 < 21 <

- < zp, = xo for which f(z;) = f(z1) +in, i =1,2,..., k. We have
|f(zi) = f(zi- 1)| =1n > e, 50 |z; — zi—1| > 0. Thus |1 — 22| > k6.
Setting NV = =5, we obtain

‘f f(x2)

Ty — T2

kn n 2
<——==-<-—==N.
—k§ 64 N

Assume now that (ii) is satisfied. Then, given £ > 0, there is N > 0
such that

f(x1) = f(x2)

Ty — T2

< N.

|f(z1) — f(z2)] > & implies ‘

Consequently,
o €
|f(z1) — f(z2)| > € implies |z1 — zo| > N

This means that (i) is satisfied with § = %.
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1.6. Functional Equations

1.6.1. Clearly, the functions f(z) = ax are continuous and satisfy
the Cauchy functional equation. We show that there are no other
continuous solutions of this equation. Observe first that if f satisfies

(1) flx+y) =flx)+ fly) for z,y€eR,

then f(2z) = 2f(z) for z € R. One can show by induction that for
n €N,

(2) f(nz) = nf(x).

If in (2) we replace z by =, we get

3) 7 (%)= Li).

n

If r = %, where p, ¢ € N, then (2) and (3) imply

@ o0 =1 (E) =pf (Go) = Lt = riGo)

It follows from (2) that f(0) = 0. Combined with (1), this gives
0 = f(0) = f(z) + f(==z), or in other words, f(—z) = —f(z). Thus,
by (4), we get —rf(z) = f(—rxz) = —f(rz) for any negative rational
r. Since for any real « there is a sequence {r, } of rationals converging
to «, and since f is continuous, by (4) we get

flaz) = f(lim rpz) = lim f(r,z) = TL]LII;Q rof(z) = af(x).

n—o0 n—o0

Setting x = 1, gives f(a) = af(1). Consequently, f(z) = az, where
a = f(1).

1.6.2.

(a) We will show that if f is continuous at at least one point and
satisfies the Cauchy functional equation, then it is continuous on
R. So, the assertion follows from the preceding problem. Clearly,
if f satisfies the Cauchy functional equation, then equalities (2)-
(4) in the solution of 1.6.1 hold. We first show that the continuity
of f at an zy implies the continuity at zero. Indeed, if {z,} is
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a sequence converging to zero, then {z, + zo} converges to zo.
Moreover, it follows from the equality

f(zn +x0) = f(zn) + f(20)

and from the continuity of f at xo that nh_}nolo f(zn) =0 = f(0).
Now if z is any real number and {z,,} converges to z, then {z,—z}
converges to zero. The equality f(z, —z) = f(z,) — f(z) and
continuity of f at zero imply lim f(z,) = f(x).
n—o0

(b) We first show that if f satisfies the Cauchy functional equation
and is bounded above on the interval (a, b), then it is bounded on
every interval (—e,¢g), € > 0. To this end, consider the function

g(z) = f(x) — f(V)z, z € R

Clearly, g satisfies the Cauchy functional equation, and it follows
from the solution of 1.6.1 that g(r) = 0 for r € Q. For z €
(—€,¢€), one can find a rational r such that = +r € (a,b). Then
g(@) = g(x) + 9(r) = gl + 1) = f(z +7) — F(1)(® + ), which
implies that g is bounded above on (—¢,¢), and consequently, so
is f. Since f(—z) = —f(z), f is also bounded below on (—¢,¢).
Now our task is to show that f is continuous at zero. Let {z,}
be a sequence converging to zero, and choose a sequence {ry,}
of rationals diverging to +0o so that nlgr;o Tprn = 0. Then the

sequence {|f(r,z,)|} is bounded above, say by M, and

rn n

Hence ILm f(zy,) =0 = f(0). So our assertion follows from (a).

(c) Assume, for example, that f is monotonically increasing. It fol-
lows from (2)-(4) in the solution of 1.6.1 that for —1 <z < I,

2 J(1) < f@) < - £(1).

Thus f is continuous at zero, and our claim follows from (a).
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1.6.3. Observe that f(z) = f2 (%) > 0. If f attained zero at an
xo, then in view of f(z +y) = f(x)f(y), f would be identically
zero, which would contradict f(1) > 0. Thus f is positive on R and
the function g(z) = In f(z) is continuous and satisfies the Cauchy
functional equation. It follows from 1.6.1 that g(z) = az, where

a =g(1) =1n f(1). Hence f(z) = b*, z € R, with b = f(1).

1.6.4. For z,y € (0,00), choose t,s € R so that z = e and y = e°.
Define g by the formula g(t) = f(et). Then g(t + s) = g(t) + g(s) for
t,s € R, and, by 1.6.1, g(t) = at. Thus f(z) = alnz = logyx, where
b=ea.

1.6.5. As in the solution of the foregoing problem, for z,y € (0, c0)
we choose t,s € R so that 2 = e,y = e®. Next we define g by
setting g(t) = f(e?). Then f satisfies the given equation if and only
if g(t+s) = g(t)g(s) for t,s € R. It follows from 1.6.3 that g(t) = a’.
Hence f(x) = a% = 2°, where b = Ina.

1.6.6. If f is continuous on R and f(x)— f(y) is rational for rational
x —y, then g(z) = f(x + 1) — f(x) is continuous and assumes only
rational values. It follows from the intermediate value property that
g is constant. Let f(z+1)— f(z) = ¢, ¢ € Q. If f(0) = r, then f(1) =
r+¢, and by induction, f(n) = ng+r,n € N. Since f(z) = f(z+1)—q,
we get f(—1) = —g + r, and by induction, f(—n) = —ng+r,n € N.
For a rational p = -, the function f(z + p) — f(z) is also constant.
Let f(x +p) = f(x) + ¢. As above, one can show that f(kp) = k§+r
for k € N. In particular, f(n) = f(mp) = mG +r. On the other hand,
f(n) = ng+r. Hence § = ¢ and f (%) = ;¢ + r. Since p can
be arbitrarily chosen, f(z) = qz + r for z € Q. The continuity of f
implies that f is defined by this formula for all z € R.

1.6.7. Observe that f(0) = 0. Moreover, for z € R we get

f(z) = —flgz) = f(¢*x) = —f(¢*x).

One can show by induction that f(z) = (—1)"f(¢"x). Letting n — oo
and using the continuity of f at zero, we see that f(z) = 0. Thus only
the identically zero function satisfies the given equation.
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1.6.8. We have f(0) =0 and

flxy=—f <§m> +z=f ((;)293) — §m+m.

One can prove by induction that for n € N,

@)= -0rs ((3) o) + o (;) U

We now pass to the limit as n — oo and use the continuity of f at

zero, and get f(z) = 2z

1.6.9. If in the equation we put y = 2z, we get

[T YEETY A THE SRS S SRS SN
W=l \BY) TRV T Rl (Y TV TRy
One can prove by induction that

1 (1 1 1 1
f(Z/)—Q—nf Y| Tyt eyt T Y

Letting n — oo and using the fact that f(0) = 0 and f is continuous
at zero, we conclude that f(y) = $y.

1.6.10. Set f(0) = c. Putting y = 0 in the Jensen equation, we get

F() = 1210 _ Sl ve

2 2

Hence

2 2 2 ’

which gives, f(z)+ f(y) = f(x+y)+c. Now set g(z) = f(z)—c. Then
g satisfies the Cauchy equation (see 1.6.1). Therefore g(z) = az, or
in other words, f(z) = az + c.

f(@) + fy) :f<w+y> _ [ty te

1.6.11. We will first show that f is linear on every closed subinterval
[a, 8] of (a,b). By the Jensen equation,

Fa+ 56 -a) = f@) + 5076) - Fl@)).
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Furthermore,
o+ bo-m) = (415
SYReVET
= f(0) + 3(/(5) - f(@))
and

= () + 2(F(8) ~ f(a0).

Now we prove by induction that

(a3 00-@) = 1@+ 500 - 1(@)

for £k =0,1,2,3,...,2" and n € N. Assuming the equality to hold
for m < n, we will prove it for n+ 1. Indeed, if k = 21,1 =0,1,...,2",
then, by the induction hypothesis,

fa+ger-a) =1 (a4 0-a)

Similarly, if k =2l + 1,1 =0,1,...,2" — 1, then

f(a+ Qn]il(ﬂ—a)> :f<%<a+ 27}71(6— )>+%<a+2in(ﬂ—a)>>
:%f<a+2nl—_1(ﬂ—a)> +§f<a+2in(ﬂ—a)>

k
= f(a) + 557 (F(B) = f(a)).
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Since the numbers 2% form a dense set in [0, 1], the continuity of f
implies that

fla+t(B —a)) = fla) +(f(B) — fla)) for t€]0,1].

Setting = a + ¢(8 — «) gives

Now observe that under our hypothesis one-sided limits of f at a and
b exist. Indeed, for example, we have

20 _ g (240 _ 1)

= ——~ with =z € (a,b).

y—b— 2 2 2
Clearly,
(a,b) = U [ana ﬂn]a
n=1

where {«a,,} is a decreasing sequence of points in (a, b) converging to a,
and {f,} is an increasing sequence of points in this interval converging
to b. Thus for z € (a,b) there is ng € N such that = € [ay, 8] for all
n > ng. It then follows that

f() = fla) + 1P = F(on)

(x — ap).

Bn — an

If we let n — o0, we get
f7) = fla®
fa) = flat) + 2D )

—a
1.6.12. For z € R, set

n—1

ry =z and x,41 = 5 n=123,....
Then li_>m zp, = —1 and f(z,) = f(2zpt1 + 1) = f(zpt1), n € N
n o0

Hence f(z) = f(z,). Letting n — oo, we see that f(z) = f(-1).
Thus only constant functions fulfill our assumptions.
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1.6.13. Note that g(z) = f(z)— %27 is continuous on R and satisfies
the Cauchy functional equation (see 1.6.1). Thus g(z) = g(1)z, which
gives

flz) — =z :(f(l)—%)a: for z€eR

Moreover, for ¢t # 0, —1, —%, —%, ... we have

f(t):f<t+il> :f<2t—:‘1>:f<3til> =

Since lim -t = 0, the continuity of f at zero implies that f(t) =
n—oo

f(0). So the only solutions of the equation are constant functions.

1.6.15. No. In fact, there are infinitely many such functions. For
a € (0,1) let g be a strictly decreasing and continuous transformation
of [0, a] onto [a,1]. Then f, defined as

[ gle) forze(0,a],
f(z) = { g_l(x) for z € (a, 1],

where g—! is the inverse of g, enjoys the desired property.

v

1.6.16. Suppose, contrary to our claim, that there is yg € R such
that |g(yo)] = a > 1. Set M = sup{|f(z)| : * € R}. By the definition
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of the supremum, there exists zo € R for which |f(zo)| > Y. By
assumption,

M
= 2|f(20)llg(yo)| > 2~ = 2M.
Hence |f(xo +yo)| > M or |f(zo — yo)| > M, a contradiction.

1.6.17. Note that g(z) = f(z)e " satisfies the Cauchy functional
equation. It follows from 1.6.1 that f(z) = aze®.

1.6.18. By assumption, f(0) = 0 and f(2z) = (f(x))2. By induction,

0= (G = GG == ()
Hence ; ( v ) _ ZW.

2n
If f(z) > 0, then upon passage to the limit as n — oo we get 0 = 1,
a contradiction. Thus only the identically zero function satisfies the

given equation.

1.6.19. Replacing x by IT’l in

(1) f(:r)+f<x7_1>:1+:r
gives

(i) f <x;1> Lt (x—_11> _ 2mm— 1.

Next replacing x by m_—fl in (i), we get

(i) 1(7=25) + 1@ ==

x—1
Adding (i) to (iii) and subtracting (ii) from the sum yield
r—2 2r-1
r—1 r

2f(z) =14z +

Hence
-1

f@) = Se-n
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One can easily check that this function satisfies the given functional
equation.

1.6.20. For real x and y, define {x,} as follows: za;_1; = z and zof =
y, k = 1,2,.... Then the equality f(C- lim z,) = C- lim f(z,)
n—oo n—oo
implies
f (i 22 — iy M0
n—o00 2n

n—o00 2n ’

x+y) _ f@)+f(y)
2 2 :

which means that f satisfies the Jensen equation f (
As in the solution of 1.6.11, one can show that

() / (m+ LS —w>) = 1) + £ (F) - F(@))

2n 2n
for k = 0,1,2,3,...,2" and n € N. For ¢t € [0,1], one can find a
sequence {’2”—:} convergent to ¢t. Since every convergent sequence is
also Cesaro convergent (to the same limit), the sequence with the
terms z, = = + 22 (y — z) converges in the Cesaro sense. By (i) the
sequence {f(x,)} converges to f(z) + t(f(y) — f(x)). Consequently,

flx+iy —x)) = fz) +1(f(y) - f(2)).

It follows from 1.2.33 that f is continuous on R. Combined with 1.6.10,
this shows that f(z) = az + c.

1.6.21. Since f(2z—f(x)) = x and f is an injection, we get f!(z) =
2z — f(x). Thus

(i) fl@)—z =2~ f"(2).

For zo € [0, 1], define the sequence {z,} recursively by z,, = f(2,_1).
It follows from (i) that z, — x,—1 = ,—1 — Z—a. Therefore z,, =
xo +n(zy — xo). Since |z, — x| < 1, we have |z; — x| < % forn € N.
Consequently, f(zg) = z1 = 0.

1.6.22. We will show that the only continuous solutions of the given
equation are the functions f(z) = m(z —c¢). If g(x) = 2z — %, then
¢ is continuous and

(i) g(g(z)) =2¢g(x) —x for z€R
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Thus ¢ is a one-one function. Indeed, if g(z;) = g(z2), then we get
g(g(x1)) = g(g(z2)), which gives z; = z5. By the result in 1.3.16, g
is either strictly increasing or strictly decreasing on R. We will show
that the former case holds. By (i),

(ii) 9(9(x)) —g(z) =g(z) —x for z€eR

If g were strictly decreasing, then for 1 < x5 we would get g(z1) >
g(x2), and consequently g(g(z1)) < g(g(x2)). On the other hand, (ii)
gives

9(9(z1)) — g(@1) = g(z1) —z1, g(g(22)) — g(22) = g(x2) — 22,
a contradiction.

It follows from (i), by induction, that

9" (z) =ng(z) — (n—1zx for n>1,

where g™ denotes the nth iteration of g. Hence li_>m gnr(f) =g(x)—=z.
n o0

Moreover,

(iii) 9" () — g"(0) = n(g(x) —x — g(0)) + .

Thus, letting n — oo and using the monotonicity of g, we get
g(x) <z +g(0) for =<0,
g(x) >z +g(0) for x>0,

(1)

(
which in turn gives g(R) = R. So the inverse function ¢! is defined
on R. Replacing in (i) z by ¢ (g7 (y)) we see that g~ (g7 (y)) =
29~ 1(y) —y. Since g~ ! satisfies (i), one can show by the same method
that
97" —g " (0)=nlg" (y) —y—g7'(0) +y.
Next, upon passage to the limit as n — oo, we get (as above)
@ 97 y) <y+g'(0) for y<O,
97 () 2y +g7'(0) for y>0.
We now show that ¢g=1(0) = —g(0). Replacing = by ¢~ *(y) in (ii), we
obtain
9 —y=y—9"' W),
which gives g=1(0) = —g(0).
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Assume, for example, that g(0) > 0. Then g(z) > 0 for z > 0. By
(2) with y = g(z) > 0, we see that = > g(z) + g~ 1(0) = g(z) — g(0).
Thus by (1), for z > 0 we get g(x) = z + g(0). Since g~*(0) < 0,
we have g (y) < 0 for y < 0, and as above one can show that
g Yy) =y + g 1(0), which means that g(z) = = + ¢(0) for z < 0.
Thus g(x) = z + ¢g(0), or equivalently, f(z) = m(x — g(0)) for z € R.

1.6.23. It is easy to verify that the given functions satisfy the desired
conditions. Now we will show that there are no other solutions. If in
the equation

(i) flz+y)+fly—=z)=2f()f(y)

we put = 0 and a y such that f(y) # 0, we get f(0) = 1. Taking
y = 0in (i), we see that f(z) = f(—=z), which means that f is even.
Since f is continuous and f(0) = 1, there exists an interval [0, c] on
which the function is positive. We consider two cases: f(c) < 1,
and f(c) > 1. In the first case there exists §, 0 < 6 < 7, such that
f(¢) = cosf. Now rewrite (i) in the form

fly+z)=2f(x)f(y) — fly — ).

Application of this equation with x = ¢, y = ¢, and x = ¢, y = 2c gives
f(2¢) =2cos?f—1 = cos20 and f(3c) = 2 cosf cos 20 —cosf = cos 36,
respectively. One can show by induction that f(nc) = cosnf. Now
applying (i) with z =y = § gives

(1 (§)) = 10T Lemmt_ (8,

Since f (%) and cos (g) are positive, the last equation implies that

f (%) =cos (%), and recursively f (5%) = cos (&) for n € N. If we
start with the equation f(nc) = cosnf and repeat the above proce-

dure, we obtain
mey\ mo "
f(2—n)—cos on or m,n € N.
Thus f(cx) = cosfz for z = Ft. Since the set of numbers of the form

™ m,n € N, is a dense subset of RT, the continuity of f implies that

on
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f(ex) = cosfz for x > 0. Since f is even, the equality holds also for

negative z. Finally, f(z) = cosaz with a = %.

In the case where f(¢) > 1, there is 6 such that f(¢) = cosh®.
To show that f(z) = cosh(az), reasoning similar to the above can be
used.

1.6.24. If we put £ = tanhu, y = tanhwv, then

Tty tanh u + tanh v tanh(u + v)
= = tanh(u + v).
142y 1+ tanhutanho

Therefore the function g(u) = f(tanhu) satisfies the Cauchy func-
tional equation (see 1.6.1) and is continuous on R. Consequently,

g(u) = au. Hence f(z) = jaln 1££ for |z| < 1.

1.6.25. Assume that P is not identically zero and satisfies the equa-
tion. Set Q(r) = P(1 — z). Then Q(1 — z) = P(z), and the given
equation can be rewritten as Q((1 — z)?) = (Q(1 — z))? or

(i) Q@) = (Q(@))* for zeR

If @ is not a monomial, then it is of the form Q(z) = az® + 2™ R(x),
where a # 0, m > k > 0, and R is a polynomial such that R(0) # 0.
For such a @, by (i),

az®® + 2> R(2?) = a®2®* + 2az* T R(x) + 2™ R* ().

Equating coefficients of like powers, we conclude that Q(z) = az*, a #
0, and that a = 1. Consequently, P(z) = (1 — z)* with k € NuU {0}.
Clearly, the identically zero function also satisfies the given equation.

1.6.26 [S. Kotz, Amer. Math. Monthly 72 (1965), 1072-1075]. For
simplicity of notation, we will write f™(z;) instead of (f(z;))™. If in
the equation

0 ; (% Zw) SN

we put x; =c, 1 =1,2,...,n, we get

(i) fle™) =1"(o).



1.6. Functional Equations 193

In particular, f(1) = f™(1), which implies f(1) =0 or f(1) = 1; or
f(1) = —1in the case where m is odd. Likewise, f(0) = 0or f(0) =1,
£(0) = =1 if m odd. Putting ¢ = zw, x >0, in (i), we get

f(a%) = £ (@).

1
Replacing x; by z;* in (i) and using the last equality, we obtain

1 1< 1 1

(i) f(gzﬂfz) ZEme(l“{"):EZf(xi)-
i=1 i=1 i=1

In particular, for 3 =24 =--- =z, =0,

n

P2 = Lren + i) + 222500

If in (iii) we put zo = x3 = --- = x,, = 0, and replace z; by x; + x2,
we get

n

f(ml +.7:2> _ %f($1+$2)+n;1f(0).
Consequently,
f(@1 +z2) = f(21) + fz2) — f(0).

So, the function g(z) = f(x) — f(0) satisfies the Cauchy functional
equation and is continuous at at least one point. By the result in
1.6.2, g(x) = ax for > 0. Thus

fx)=azx+b, where a= f(1)— f(0), b= f(0).

It follows from the above that b = 0 or b = 1; or additionally, if m is
odd, b = —1. So, the only possible values of ¢ are —2,—1,0,1 or 2.
One can easily verify that

and, for odd m,

are the only solutions.
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1.6.27. If f satisfies the given condition, then for any real a, b, b # 0,
fla+b) = f((ab™'z+2)(z7'b)) = fab™'z + 2) f(z7'D)
= (f(ab™2) + f(2)) f(z7'b) = f(a) + F(b).
Hence f(0) =0 and f(—z) = —f(z). Moreover, f(n) =nf(1) for any

integer n. If f is not identically zero, then there is ¢ such that f(c) #

0. But f(c) = f(1)f(c), so f(1) = 1. If  # 0, then 1 = f(z)f(z 1),
and consequently, 0 # f(z) = (f(z~1)) L. It follows from the above
that for integers p and ¢ # 0,

floa ) =Ffwfla ") = (@) " =pg "

Note that for z > 0 we have f(z) = (f(v/7))?> > 0. Thus if y —z > 0,
then f(y —z) = f(y) — f(z) > 0. This means that f is strictly
increasing, and f(z) = z if € Q. It then follows that f(x) = z for
z€eR

1.6.28. A function f of the form
) F() = g(z) — g (—) ,

where g is any real function on R\ {0}, satisfies the given functional
equation. On the other hand, if f satisfies the given equation, then

_f@ 1)
which means that f is of the form (i).

1.6.29. Observe that if f satisfies the given functional equation and
if we set

s =5 (10 +1(3)) wa =3 (s@-1(3)),

then the functions g and i have the following properties:

) o0 =9 3)
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Now note that if g and h satisfy (i) and (ii), then f = g + h satisfies
the given functional equation. So our aim is to find functions g and
h. As in the solution of the foregoing problem, one can show that all
functions satisfying (i) are of the form

9(2) = k(x) + (i) |

where k is any function defined on R \ {0}. To find functions h,
observe first that (ii) implies that h(1) = 0. Now for z > 1 set
h(z) = s(Inlnx). Then s satisfies the functional equation

s(Inlnz) + s(In(2Ilnz)) =0,
which can be rewritten in the form
s(t) +s(In2+t)=0 for teR

This means that s can be any function such that s(t) = —s(In2 + t)
(note that s is periodic with period 21n2). There are infinitely many
such functions, e.g., one can take s(t) = cosZ5. Next we extend
the function h onto (0,1) by setting h(z) = —h (1), and then onto
(—00,0) by setting h(—z) = h(z).

1.6.30 [S. Haruki, Amer. Math. Monthly 86 (1979), 577-578]. If in
the given equation we replace z by x +y and y by x — y, we get
flet+y) —glx—y)
1) .
Y
Now replacing y by —y in (1) gives

flx—y)—glx+y)

= ¢().

= ¢(x).
Consequently, for u,v € R we get

¢(U+v)+¢(u—v)Z%(f(U+v+y)—g(U+v—y)

+flu—v+y) —glu—v—y))

Z%(f(U+v+y)—g(u—v—y))

+ %(f(u— (v =) = glu+ (v ).
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Thus

$(u+v) +dlu—v) = %(Q(U +y)o(u) —2(v —y)p(u)) = 2¢(u).

If we set s = u + v and ¢t = u — v, then this can be rewritten in the

form
ML (250) en

Let A: R — R be given by A(s) = ¢(s) — #(0). Then A(0) =0 and
A(t) + A(s) = ¢(s) + ¢(t) — 2¢(0)
s+t
=2 (51) - 200

s+t
—an(72).

Putting ¢ = 0 gives A(s) = 24 (£) . Next, replacing s by s+, we get

A(s+t):2A<S;t>.

(2)

This and (2) imply
(3) A(s+1t) = A(s) + A(t).

Thus equation (1) can be written in the form

) flz+y) —g(z—y) _ B+ A@),

2y
where B = ¢(0) and © — A(x) is a function satisfying (3). If in (4)
we put y =z and y = —z, respectively, then we obtain

f(2z) = g(0) + 2Bz + 22A(x) and g(2z) = f(0) + 2Bz + 2z A(z).
Replacing 2z by  and using that fact that A(s) =24 (£), we get
1 1
f(z) =g(0) + Bx + 53&4(:6), g(z) = f(0) + Bz + 53&4(:6)

Substituting these equations into (1) and applying (3), we arrive at

g(0) = f(0) + 2By + zA(y) + yA(x)
2y

= ¢().
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Setting z = 1, we find that
A(y) =dy + f(0) —g(0), where d=2¢(1)— A(1) —2B.

Since A(0) = 0, we have f(0) = ¢(0). Hence A(z) = dx and f(z) =
g(z) = f(0) + Bz + +da?.

It is easy to check that f(z) = g(z) = az? + bz + ¢ and ¢(x) =
f'(z) = 2az + b satisfy the given functional equation.

1.6.31. The set R can be regarded as a vector space over Q. A Hamel
basis for R over Q is a maximal linearly independent set. There exists
a Hamel basis H that contains 1. Thus each z € R can be represented
in a unique way as

x = Z wp(2)h,

heH
where only finitely many coefficients wy(z) € Q are different from
zero. Consequently, for z,y € R,

r+y=Y wile+yh= Y (wi(@) +wi(y)h,

heH heH

which implies wp(z + y) = wp(x) + wip(y). So, in particular, f = wy
satisfies (a). We will show that it has the other properties also.

Note that w;(1) =1, because 1 =1-1 and 1 € H. Now we show
that wy(x) = z for x € Q. By the additivity of wy,

1 1 1 1
1 =wi(1) =w <—+—+"'+—> = qui (-)
q g q q

(&)=
wr |- ) =—.
q q

It then follows, by additivity again, that

w1 <2> _P for p,q €N.
q q

Moreover, w1 (0) = 0, because 0 =0 -1 and 1 € H. Thus

o (3 (2)) <0 () om (2)

Hence
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( p> P
w1 —_ = ——.
q q

So we have proved that wy(z) = z for z € Q. Finally, we show that
wy is not continuous. If it were, we would get wy (z) = z for all z € R.
This would contradict the fact that w; assumes only rational values.

or, in other words,

1.7. Continuous Functions in Metric Spaces

1.7.1. We will show first that (a) = (b). Let F be a closed set in
Y. Then, if a sequence {z,} of elements in f~!(F) is convergent to
x, then f(z,) € F, and by continuity of f, f(z,) — f(z). Since F is
closed, f(z) € F, or in other words, z € f~!(F). So we have proved
that f~!(F) is closed.

To prove that (b) = (c) it is enough to note that every open
subset G of Y is the complement of a closed subset F, that is, G =
Y \ F. Then, we have f~1(G) = X\ f1(F).

We will now prove that (¢c) = (a). Let zp € X and € > 0
be arbitrarily fixed. By assumption, the set f= (By(f(zo),¢)) is
open in X. Since zq is an element of f~! (By(f(zo),¢€)), there is
§ > 0 such that Bx(zo,6) C f~! (By(f(x0),¢)). Therefore we have
f (Bx(x0,0)) C By(f(xo),¢), which means that f is continuous at
Zo-

So we have proved that the first three conditions are equivalent.

Next, we show that (a) = (d). To this end, take yo € f(A).
By the definition of the image of a set under f, there is 29 € A such

that f(zo) = yo. By continuity of f at zq, given £ > 0 there is a ball
Bx (2o, ) such that

f(Bx(z0,6)) C By (yo,¢).
Since 2o € A, we see that Bx (zo,8) N A # (). Thus
0 # f(Bx(29,d) NA) C By (y0,6) N f(A),

which means yo € f(A).
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To show that (d) = (e), set A = f~1(B). Then
f(f-1(B)) C f(f~1(B)) CB.
Hence f~1(B)) Cc f~1(B).

To end our proof we show that (e) = (b). If F is closed, then
F =F. By (e),

F7UE) C FHE),
which means that f~1(F) is closed.

1.7.2. Let B(X) denote the family of all Borel subsets of X, that is,
the smallest o-algebra of subsets of X containing all open sets. Denote
by B the family of sets B C Y such that f~'(B) € B(X). Then B
is a o-algebra of subsets of Y. Since f is continuous, it follows from
the foregoing problem that the inverse image of any open set is open.
Consequently, B contains all open subsets of Y . Hence B(Y) C B,
which implies that if B € B(Y), then f~!(B) € B(X).

1.7.3. Let X =Y = R be endowed with the usual Euclidean metric
d(z,y) = |z — y|. Define f(z) =sinmz and F = {n+ 1 :n>2}.
Then F is closed in the metric space X, because it contains only
isolated points. On the other hand,

F(F) = {sing, —sing, sin%, }

is not closed in Y because it does not contain zero, which is its accu-
mulation point.

Let X and Y be as above and define f(z) = z(z — 2)? and G =
(1,3). Then f(G) = [0,3).

1.7.4. Ify, € f(F), then y, = f(x,), where z, € F,n =1,2,3,....
If F is compact in X, then there exists a subsequence {z,, } of {z,}
converging to an z € F. By the continuity of f, {y,,} defined by
Yn, = f(zyn,) is a subsequence of {y,} converging to f(z) € f(F). So
the compactness of f(F) is proved.

1.7.5. Let {z,} be a sequence of elements in Fy UF,U---UF,,
converging to x. Then there is at least one set F; containing a subse-
quence {z,,}. Consequently, the sequence {x,} can be decomposed
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into finitely many subsequences in such a way that every subsequence
is contained in one set F;. Since F; is closed and f is continuous on F;,
f(@n,) = fir,(®n,) — fip,(x) = f(z). It then follows that {f(v,)}
is decomposed into finitely many subsequences converging to f(z),
which means that {f(z,)} converges to f(z).

To see that the statement does not hold in the case of infinitely
many sets, consider F; defined as follows: Fo = {0}, F; = {1},

i=1,2,3,.... The function given by
1 forzeF;,i=1,2,3,...,
)= {
0 for z € Fy,
is continuous on each F;, 7 = 0,1,2,3,..., but is not continuous on

the set |J F.
i=0

1=

1.7.6. Let o € |J G¢ be arbitrarily chosen. Then there is ty € T
teT
such that xg € G¢,. Since Gy, is open and the restriction of f to Gy, is

continuous, given € > 0 there is § > 0 such that if € B(zg, ) C Gy,,
then f(z) = fig,,(z) € B (f\GiO (a:g),s) = B(f(z0),€), which means
that f is continuous at xg.

1.7.7. Assume that for every compact A C X, f|s is continuous.
If a sequence {z,} of elements in X converges to x, then the set
A = {z,21,72,23,...} is compact in X. So, f(zn) = fla(zn) —
fia(z) = f(z). Thus f is continuous on X. The other implication is
obvious.

1.7.8. The continuity of f~! is equivalent to the condition that f(G)
isopeninY for each open G in X. If G is open in X, then G¢ = X\ G,
as a closed subset of the compact space X, is compact. By the result
in 1.74, f(G°) = Y \ f(G) is also compact, and therefore closed.
This means that f(G) is open.

To show that compactness is an essential assumption, consider
f:(0,1)U{2} — (0,1] given by f(z) =« for z € (0,1) and f(2) = 1.
Obviously, f is a continuous bijection of (0,1) U {2} onto (0, 1]. Since
f1(z) =z for z € (0,1) and f~1(1) = 2, the inverse function is not
continuous on (0, 1].
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1.7.9. Let d; and ds be metrics for X and Y, respectively. By con-
tinuity of f, given € > 0 and z € X there exists §(z) > 0 such that

(1) dy(y,x) <d(z) implies da(f(y), f(z)) <

N ™

Since the family of the balls {B (z, $6(z)) : € X} is an open cover
of a compact space X, there is a finite subcover

o {5 (s ben) = 12

Set § = £ min{d(z1),d(z2),...,6(x,)} and take z and y in X such
that di(z,y) < 4. Since family (2) is a cover of X, there exists an
i € {1,2,...,n} such that dy (z,z;) < 16(z;). Then

dy(y,71) < (3,2) + dy(,75) < 6+ L0(re) < D).
Consequently, by (1),
d2(f(2), f(y)) < do(f(2), (i) + da(f (i), f(y)) <e.

1.7.10. For xp,xr € X and y € A,
dist(z, A) < d(z,y) < d(z,z0) + d(xo,y)-
Thus dist (z, A) < d(z,z0) + dist (o, A). Hence
dist (x, A) — dist (2o, A) < d(z, zp).
Likewise, dist (zg, A) — dist (z, A) < d(z,xo). Consequently,
|dist (z, A) — dist (zg, A)| < d(z, zp),
and therefore f is uniformly continuous on X.

1.7.11. If the set f(X) were not connected, then there would exist
nonempty, open and disjoint sets G; and Go such that Gy U G =
f(X). Continuity of f implies that f~1(G;), i = 1,2, are open.
Clearly, they are nonempty and disjoint and their union is X, a con-
tradiction.
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1.7.12. Let d; and dy be metrics for X and Y, respectively. Assume
that f is continuous at o € A. Then, given € > 0, one can find
d > 0 such that f(z) € B(f(zo),e/2) whenever z € B(zo,d) N A.
Consequently, do2(f(z), f(y)) < € for z,y € B(zo,d) N A. It then
follows that of¢(zo) = 0. Conversely, if of(zo) = 0, then given € > 0
there is d. > 0 such that

0< 6 < 6. implies diam(f(A NB(xo,9))) < e.
Hence d;i(z,z0) < d implies

dy (£ (x), f(x0)) < diam (f(A N B(xo,4))) < e.

1.7.13. Set B={z € A : of(x) > ¢} and let {z,,} be a sequence of
points of B converging to xo. Since B C A, 7o € A. Therefore oy ()
is well defined. Moreover, for any § > 0 there is n € N such that
B(zy,6/2) C B(zg,0). Hence

diam(f(A NB(zo,9))) > diam(f(A N B(zy,0/2))) > of(zn) > €.

It then follows that of(zo) > €, or in other words, zp € B.

1.7.14. By the result in 1.7.12 the set C of points of continuity of f
is equal to the set on which the oscillation vanishes. Put

1
Bn:{xEX: of(a:)<—}.
n
It follows from the foregoing problem that the B,, are open in X. On

the other hand,
o0
C= ﬂ B,,
n=1

that is, the set of points of continuizy of f is of type Gs. It then follows
that the set X \ C of points of discontinuity of f is of type F, in X.
1.7.15. Consider the function defined by (compare with 1.2.3(a))

0 if x is irrational,
ifz =0,
ifr = %, p €7Z,q €N, and p,q co-prime.

flz) =

1
1
q
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1.7.16 [S. S. Kim, Amer. Math. Monthly 106 (1999), 258-259]. Let
A be of type F, in R, that is,

[j F,=A,
n=1

where the F,, are closed. Without loss of generality we can assume
that F,, C Fp41 for n € N. Indeed, it is enough to replace F,, by
FiUF,U---UF,. If A = R, then, for example, f(z) = xo(z) is
discontinuous at each x € R. If A # R, then we define a function g
by setting

nekK
0 ifzeR\A,
where K = {n: z € F,,}, and we put

> oo ifzeA,
g(w)Z{

@) =56 (xole) - 3 )

First we show that each point of A is a point of discontinuity of f.
Indeed, if z € A°, then every neighborhood of x contains a point at
which the sign of f is different from the sign of f(z). If z € JANA,
then f(x) # 0 and every neighborhood of  contains a point at which
f vanishes. Since A = A°U(0ANA), the function f is discontinuous
on A. Our task is now to show that f is continuous on R\ A. We have
f(z) =0if z ¢ A. If a sequence {x} converges to z and = € A,
then for each n there is a k,, such that =y ¢ F,, for k > k,,. (If there
were infinitely many zj in some F,,, then = would be also in F,,.)
Consequently, for k& > k,,

1 1 1
g(ﬁfk)SW+2n+2 to=gm

which means that klim g(zr) =0=g(x).
e— 00

1.7.17. No. Every function defined on a discrete metric space is
continuous.

1.7.18. Assume first that z € A = A N X\ A. Since each ball
B(z, ) contains points of A and points of X \ A, we get 0y, () = 1.
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Assume now that oy, (z) > 0. This means that for every § > 0,

sup{[xa(z) — xa(y)|: y € B(z,0)} = oya(2,6) > 0.

Consequently, each ball B(x, ) must contain points of A and points
of X\ A. Hence r € 0A = ANX\ A.

Clearly, if A is both open and closed, then A = (). Therefore,
by 1.7.12, xa is continuous on X. Conversely, if xya is continuous
on X, then DA = 0. Now we show that A C A. If not, there is
r€ A\A CX\A CX\A, a contradiction. One can show in an
entirely similar manner that X \ A is also closed.

1.7.19. For £ € A and § > 0 we have

Of(l’,(S) = sup{d2(f(:r),f(y)) tye B(:L’,(S)}
<sup{dz(f(z), f(y)) : y € ANB(z,6)}
T sup{ds (£(@), /(1)) : y € (X \ A) N B(x,0)}.
Thus
or(z,0)

<sup{da(g1(2),91(y)) : y € ANB(z,0)}
+ sup{d2(g1(2), 92(y)) : y € (X \ A)NB(z,6)}
< 0y, (,0) + sup{da(g1(2),92(y)) : y € (X \ A)NB(z,0)}
< o4, (z,0)
+ sup{da(g1(2), g2(2)) + d2(g2(2), 92(y)) : y € (X \ A) N B(z,6)}
< 0g,(2,6) + d2(91(2), g2(2)) + 04, (2, 0).

Since g; and g, are continuous, we get, by 1.7.12,

(1) of(x) < dz(g1(x), g2(x))-
Now our task is to show that for z € A,
(2) of(x) = d2(g1(x), g2(x))-

Let {d,,} be a sequence of positive numbers converging to zero. Since
A° =), the set X\ A is dense in X. Thus each ball B(z, d,,) contains
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a point y, of X'\ A. Consequently,

sup{dz(f(a:),f(y)) Yy € B(mvdn)}
> sup{da(g1(2),92(y)) : y € B(z,6,) N (X \ A)}
> da(g1(), 92(yn))-

This combined with the continuity of g» implies

Tim sup{da(f(2), () : y € B, 0)} > da(g1(2), 92(2)),

which in turn gives (2). It follows from (1) and (2) that the desired
equality holds for z € A. In an entirely similar manner (using the
density of A) one can show that this equality holds also for z € X\ A.

1.7.20. Assume that {f,} is a sequence of functions continuous on
X and such that f(z) = lim f,(z). For € > 0, put
n— 00

Po(e) ={z e X: |f(z) = fm(2)] <&}

and G(g) = U (Pn(g))°. We will prove that C = ﬂ G(1/n) is
=1
the set of all pomts of continuity of f. We show ﬁrst that if f is
continuous at zp, then zy € C. Since f(x) = h_}m fn(z), there is an
n o0
m such that

|f(z0) = fm(w0)| <

It follows from the continuity of f and f,, at o that there exists a
ball B(xg,d) such that for z € B(xzg,d),
and | fm(z) = fm(zo0)| < 7

[£@) = fwo)| < =

Consequently, |f(z) — fm(z)| < € if z € B(zp,0). This means that
zo € (P,,(€))° C G(e). Since € > 0 can be arbitrarily chosen, we see
that zy € C.

Now if

OJIO‘)

Ll m
[O)

o0
x9g €C = ﬂ G(1/n),
n=1
then, for any € > 0, zg € G(g/3). Thus there is a positive integer m
such that zg € (P, (/3))°. Consequently, there exists a ball B(zg, d)
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such that if € B(zo,d), then

1f(z) = fm(2)] <

Since f,, is continuous, this shows that f is continuous at zy. Now
our task is to prove that X \ C is of the first category. To this end,
define

Fpo)={zeX: |fm(x) — frmir(z)] <e forall ke N}

OJIO‘)

The continuity of f,, n € N, implies that F,,(¢) is closed. Since

f(z) = lim f,(z), x € X, we see that X = |J Fp(e) and Fp,(g) C
n—o00 m=1

P,.(e). Consequently,

o0

U Fu()° € Ge).

m=1

Now note that for any F C X the interior of F \ F° is empty, because
(F\F°)° C F°\ (F°)° = ). Moreover, if F is closed, then F \ F° is
closed and therefore F \ F° is nowhere dense. Since

X\ J En@) C | Fule)\ @nl)),

o0
the set X \ U (Fm(g))° is of the first category. Moreover, since

X\ G(e) C X\ U (Fm(g))°, the set X \ G(e) is also of the first
category. Finally, observe that

oo

X\C=X)\ ﬁG(l/n U (X \ G(1/n)).

n=1 n=1

Therefore the set X \ C of points of discontinuity of f is of the first
category.

1.7.21. We will use the notation from the solution of the preceding
problem. We have

(Fm (1/E) \ (Fim(1/K))°)-

1

X\ G(1/k) CX\G m(1/E))° C

1 Cs
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Hence

o0

U (X\G(1/k) c | | FEm(1/k)\ (Fun(1/k))).
k=1 m=1

So, X \ C is a subset of the union of countably many closed and
nowhere dense sets (their complements are open and dense in X). It
then follows that C contains the intersection of countably many open
and dense sets. By the theorem of Baire, C is dense in X.

1.7.22. For € > 0 put

Fr = {0}u ) {m>0:‘f(%)‘§e}, k=1,2,3,....

n>k

Since f is continuous, the sets are closed (see, e.g., 1.7.1). By hy-
pothesis, U Fj, = [0, 00). According to the theorem of Baire, at least

one of the sets F\. has a nonempty interior. Consequently, there exist
a > 0,0 >0, and k € N such that (a — §,a + §) C Fy. Without loss
of generality we can assume that § < 2. If 0 <z < § and n = [%] ,

thena—d <a—z <nzx <a<a+4d, and n > k. Thus nx € Fi, and,
by the definition of Fy,

which implies lim f(z) = 0.

z—0t

1.7.23. Define F,, as follows:
F,={zeX: |f(z)|<n foral feF}.

It follows from the continuity of f that the F, are closed. By hy-
potheses, for every x € X there is a positive integer n, such that

(oo}
|f(z)] < ng for all f € F. Thus z € F,,_. Consequently, X = |J F,.

n=1
Since (X, d;) is of the second category, there is an F,,, with nonempty

interior. Let G = F}, . Therefore |f(z)| < no for every f € F and
each z € G.
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1.7.24. We know that

f (ﬂ F) C () f(Fn).
n=1 n=1
Now we show that if f is continuous, then

f(Fp) C f (ﬂ Fn> :

n=1

13

oo

Let y € () f(Fy). Then, for any positive integer n, y € f(F,), or
n=1

in other words, y = f(z,) with an z, € F,,. By Cantor’s nested set
o0

theorem, (| F,, = {zo} for some z; € X. By the continuity of f,
n=1
o0
y=lm f(@,) = f(x0). Thus y € f ( A F)
n—0oo n=1

1.7.25. For u,v € X we have
d(fu, fo) = sup{|di (u,z) — dy (v,z)| : x € X} < d;(u,v).
Moreover,

d(fu, fv) = sup{|di (u,z) — dy (v,z)| : z € X}
> |di(u,u) — dy (u,v)| = di(u,v).

1.7.26. Assume first that X is a compact metric space and that
f : X = R is continuous. Then, given ¢ > 0 and = € X, there
is d; > 0 such that |f(y) — f(z)] < € for |y — x| < d;. Since the
family {B(z,d,), * € X} is an open cover of X, there is a finite
subcover B(x1,0z,), B(z2,04,), - -, B(%n, 0z, ). Therefore for z € X
there exists i € {1,2,...,n} such that z € B(z;,d,,). It then follows
that

[f (@) < |f(2) = fl@o)| + |f ()| < e+ max{f(z1), f(z2),..., f(zn)},

which proves the boundedness of f on X.

Assume now that every real function continuous on X is bounded,
and suppose, contrary to our claim, that X is not compact. Then one
can find a sequence {z,} of elements in X that does not contain any
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convergent subsequence. Then F = {z, : n € N} is closed in X.
The function f given by f(z,) = n is continuous on F. According
to the Tietze extension theorem, there exists a continuous extension
of f defined on all of X. So, we have constructed a continuous and
unbounded function, a contradiction.

1.7.27. First we prove that (a) implies (b). So assume that (a) holds,
let ILm p(z,) = 0, and suppose, contrary to our claim, that {z,}
doeg ng(é contain a convergent subsequence. Then there is a sequence
{yn} of elements in X such that nlLII;O dy(n,yn) = 0 and y,, # x,

for n € N. If {y,} contains a convergent subsequence {y, }, then by
klim di(Zn,,yn,) = 0 the sequence {z,,} is also convergent. Thus
— 00

{yn} does not contain any convergent subsequence. It then follows
that no term of the sequences {z,} and {y,} is repeated infinitely
many times. Therefore there is a strictly increasing sequence {n}
of positive integers such that the infinite sets Fy = {z,, : k € N}
and Fy = {yn, : k € N} are closed and disjoint. According to the
Urysohn lemma, there is a continuous function f : X — R such that
f is one on F; and zero on Fy. Thus

|f(xn,) = flyn,)| =1 and klggo di (Tpy,> Yn,) = 0.

Hence f is continuous but not uniformly continuous on X, which
contradicts (a).

To show that (b) implies (a), denote by A the set of limit points
of X. By (b) every sequence of elements in A has a subsequence
converging to an element in A. Therefore A is compact. If X # A,
then for 6; > 0 put d; = inf{p(z) : z € X, dist(z,A) > d,}. We will
show that 2 > 0. If §, = 0, then there is a sequence {z,} of elements
in X such that ILm p(x,) = 0 and dist(z,,A) > d§;. By (b), {z,}
has a subsequen?:e O(?onverging to an element in A, a contradiction.
Let f : X — R be continuous and let ¢ > 0 be arbitrarily fixed.
Then for z € A there is 0, > 0 such that if dy(z,y) < d,, then
|f(z) — f(y)| < 3e. Since A is compact, there are z1,...,2, € A

such that
" 1
Ac|JB <a:k 55“) :

k=1
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Let 6y = $min{ds,,...,0,,} and 5 > 0 be as above. Put § =
min{dy,d2} and let z,y € X be such that dy (z,y) < ¢. If dist(z, A) >
01, then p(z) > d2, s0 di(z,y) < § < 62 only if x = y. Then, obviously,
|f(z) — f(y)| <e. If dist(x, A) < 7, then there is an a € A such that
dy (z,a) < d1. It follows from the above that there is k € {1,2,...,n}
for which d; (a, zx) < %6“. Consequently,

1
dl(y;xk) S dl(y;x) + dl(x)a) +d1(a;xk) < 6+61 + gfszk S 6zk
Hence

1£(2) = FW)| < |f(@) = Flaw)| + 1 f () — F)] < % + % .

This proves the uniform continuity of f on X.

1.7.28. It is well known, see, e.g., 1.7.9, that every function contin-
uous on a compact metric space is uniformly continuous. We claim
that if X is compact, then each set {x € X : p(z) > ¢}, e > 0, is
finite. On the contrary, suppose that there is an ¢ > 0 for which
the set {x € X : p(z) > ¢} is infinite. Since the family of balls
{B(z,¢) : © € X} is an open cover of X, it has a finite subcover,
which contradicts the fact that p(x) > e for infinitely many x.

Assume now that every real continuous function on X is uni-
formly continuous and that every set {x € X : p(x) > €} is finite. We
will show that X is compact. Let {x,} be a sequence of points in X.
If a term in the sequence is repeated infinitely many times, then obvi-
ously there is a convergent subsequence. If not, then nh_}nolo p(xn) =0,

because the sets {x € X : p(x) > €} are finite. By the result in the
foregoing problem, {z,} contains a convergent subsequence.

1.7.29. It is enough to consider X = [0,1]U {2} U {3} U {4} U ...
equipped with the usual Euclidean metric d; (z,y) = |z — y|.



Chapter 2

Differentiation

2.1. The Derivative of a Real Function

2.1.1.
(a) We have
i) { z2  if x>0,
z) = .
—z2 if <.
Hence
() { 2z if x>0,
xTr) =
—2x if x<0,
because ,
h?—0
'(0) = i =0=7f"(0
f4(0) = lim — FL(0)
(b) We get
f(a) = 2\1/5 if x>0,
|l - if z<0.
2{/—z
Since
Vh—0
! _ . _
£+0) = hlgng Bt
and
vV—h—-0
"(0) = lim —— = —
f20r=, B >

the derivative of f at zero does not exist.

211
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(¢) f'(z) = nwsin(2rz) for ¢ € (n,n + 1), n € Z. Moreover, for

n € 7%,
Fin) = i nsin?(mz) — 0 ~ lim nsin®(rx — mn) o,
z—nt r—n z—nt r—n
— 1) sin? —
£ (n) = lim (n—1)sin*(wz) — 0 _o

z—n— r—n
It then follows that f'(z) = w[z]sin(27z).
(d) It follows from (c) that
7'(@) = (zsin? (r2))’ — (2] sin? (m2))’

= sin?(7z) + 7(z — [z]) sin(27z).

(e) f'(z) == forz #0.

() fl(z) = z\/zlfl if |z| > 1.
2.1.2.
(a) Since log, 2 = 22 we get
In2 log,2-log, e
i ) = — - _ T L
f) zln’z x

(b) Asin (a) we show that

, —tanzlnz — Llncosz
f(x): 3 =

In" z

1
= —tanzlog, e — —log, cosx - log,, e.
x

2.1.3.
(a) Clearly,

L if |z <1,
po={F L

We will now check whether the derivative exists at x = 1 and at
z = —1. We have

T4zl T
") = 1 1 2 4 _ 1
| 2’

arctanz — I 1
‘(1) = lim —————* = arctan’(1) = -.
Fol) = fim, = et (1) = 5
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So f'(1) = 1. We have also

arctanz + = 1
'(21) = lim — T (1) = =
fr7) = dim — arctan’(—1) = 3,
T 4 z—1 + I
! _1 — 1' 4 2 4 — .
L UL
Therefore f'(—1) does not exist.
(b) We have
Fo) = { 2xe (1 —a?) if |z| <1,
0 if |z > 1.
Moreover,
1_1
1 (1) = lim £—£ =0,
f+( ) zinil‘*' z—1
22e~®" — 1 2
/ . e __ 2 —x7\/ _
0= i SR e, =0
Since f is even, f'(—1) = 0.
(c) Observe that f is continuous at zero. Moreover,
arctan + — T t—2
fi(0)= lim ——2 2 = ]im —2
z—0+ xr t—)%_ tant
= lim (t - E) tant = —1
t—35~ 2
and
arctan (—1) — T -z
fL(0) = lim ( ) Z = lim 12
z—0~ xr =57 ~iant
=— lim (t— E) tant = 1.
t—5 - 2

Thus the function is not differentiable only at zero.

2.1.4. Note first that

2 s
£(0) = lim 2 leosg] _y,

r—0 x
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Clearly, for =z # ﬁ, n € Z, f'(z) exists. For z, = ﬁ, n =
0,2,4,..., we get
2 s
. T° cos = T\
fi(zn) = lim r = (m2 cos—) =,
e—zt T — Ty T/ |z =21,
2 s
—T°cos T\/
fL(zy) = lim ———= = (—a:2 cos —) =—7.
=z, L —In z |1‘ =z,
Similarly, if =z, = ﬁ, n = 1,3,5,..., then f\(z,) =7 and
fL(zy) = —m. Since f is even, f is not differentiable at x,, n € Z.
A
0.5+
0.4
0.3
0.2
0.1t
| | : >
0.2 0.4 0.6 0.8 1

2.1.5.

(a) Since f must be continuous, we get ¢ = 0 and a + b = 1. Since
f1(0) =4, fL.(0) = b, we get b = 4 and a = —3. It is easy to
verify that for such a,b and ¢ the function f is differentiable on
R.

(b)y a=d=-1,b=0,c=1.
() b=c=1,a=0,d= 1.

2.1.6.

(a) For z # 0,
1— e(nJrl)z

n
E ekz e —

1—e®
k=0

Differentiating both sides of this equality, we get

Xn: poke — e — (n 4 elmHDT 4 e?
= (1—e)? |
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(b) Differentiating both sides of the equality

ki;(_l)k (2]?> ok — (€% — 1)2n

n times, we obtain

i(—l)’“knekz (2]?) — ((e" - 1)2n)(n) ‘

k=0

To calculate ((e® — 1)2”)(n) at zero we set g(z) = e — 1 and
note that the nth derivative of (g(x))?>" is a sum whose every
term contains a power of g(x) at least of order n (compare with
2.1.38). So, the nth derivative of z — (e® — 1)?™ at zero is 0.

Consequently,
2n

3 (-1)kk <2k"> = 0.

k=0

(c) Differentiating the equality

n conz .. (ntlaz
sin £ sin
Zsin(km) = 2,—902, x#£2m, 1 €7,
P sin 3
we get
n sz (2ntl)e s 2 na
nsin £ gin ~~——= — gin” &%
chos(kx): 2 .22m 2 z#£2n,1€eZ.
ot 2sin”

For x = 2Im,

Z kcos(kz) = %n(n +1).
k=1

2.1.7. Put f(z) = arsinz + as sin2z + - - - + a, sinnx. Then

la; + 2as + - - - + nay| = |f'(0)| = lim M‘
z—0 x
T FACO) IR L UEA v § ACO) P
z—0 |sin x T z—=0|sinx| —
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2.1.8.
(a) We have
o 2@ —af@) _ (= a)f(a) = o(f(@) = [(a)
= f(a) - af'(a).

(b) Asin (a) we have
f(x)g(a) — f(a)g(x)

lim
_ i (@) = f(@)g(a) ~ f(a)(g(z) — g9(a)

= f'(a)g(a) - f(a)g'(a).

2.1.9.

(a) Since f is continuous at a and f(a) > 0, we see that f (a + 2) >0
for sufficiently large n. Moreover, since f is differentiable at a,
the function = — In(f(z)) is also. Consequently,

(f(a%—%))%: o LIf(a+ ) —Inf(a)

=0+ (0 f@))}, _ , =0.
Hence 1
(e D
nh—>Holo < f(a) > =1

(b) Asin (a) we get

lim 1n<f(a:)> l”il"a_ | Inf(z) —Inf(a) x—a f/(a)a

T—a f(a) T—a r—a lnl'—ln(],_ f(a) .
2.1.10.

(a) By 2.1.8(b) with g(z) = =™,
@) ()

T—a T —a

= —na"" ' f(a) +a" f'(a).
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(b)
o fet = f0) . fz)e” — f(0) x
ilg}) f(z)cosz — f(0) ilg%) x f(z)cosz — f(0)
x\/ ]‘
= (f@)e )|33 =0(f(z) cosa:)| —0
PO +40)
f1(0)
(c)
1 2
nlgr;()n(f <a+ﬁ> +f<a+ﬁ> +---+f<a+—> —kf(a))
-t (LSO Te ) =g
nk B n
n --+k:f(a+@) f(a))
=(1+2+---+k)f'(a) = k(k; l)f'(a).
(d) For k € N,
k
T}L}H;of(a-i_ﬁi) _f(a’) — f’(a).
This implies that given e > 0 tnhere is ng such that if n > ng, then
L@ - Se< s (e &) - S0 < 1@+ &
for k € {1,2,...,n}. Summing over k, we obtain
+1) +1
L ( ( %) 1)
n(n+ 1)
2n f( )+ 2n?2

It then follows that the limit is 1 f'(a).
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2.1.11.
(a) We have

n—o0

. ((n+1)m+(n+27)n’il+---+(n+k)m —kn>

m+1)™—n"4+n+2)" —n"+---+(n+k)™—n"

= lim
n—o00 nm—1
Lym_ 2ym_ Eym_
. <(1+”1) 1+2(1+n2) 1+"-+k(1+”k) 1>
n— 00 - - o
n n n
:k(k2+1)m

Compare with 2.1.10(c).
(b) By 2.1.10(c),

lim 1n<(a+%)n(“+%)n”‘(“+%)n> _kE+D1

n—o0

ank 2

Thus
o (a+ D" @+ )" (a+ BY (k1)
i e

(c) Note that
. a 2a na
i In ((”ﬁ) (” ;) (”p))
. a 2a na
= Jim, (IH(HE) +n (”m) +"'+‘“(1+ﬁ)>
. 1 1 1 n 1
=lim (In(-+—= )+ +In{-+—=)—nn—).
n—o00 a n a n a
It then follows by 2.1.10(d) that

s ((1038) (1028 - 1)) =
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2.1.12. We have

.1 x x z
ggg(f@)+f(§)+f(§)+ -+f(E))
G 1B =10 +.._+f(%)—f(0)>
z—0 T T T
11 1
= <1+§+§++E>f(0)
2.1.13.
(a) If f(z) = 2™, m €N, then
lim M — lim Tn' = Zn = ma™! = f'(a)
n—00 Tp — Zn n—oo Ty — Zp

(b) Consider the function given by

2?sint if x #£0,
so={o "
0 if z=0.
For
on w(4n + 1) et = o
we have )
n—oco Iy — Zn T

On the other hand, if
3 . 1 .
xzzsin= if x #0,
s ={ 0"
0 if =0,
and {z,}, {z,} are as above, then

i @) —9C)
n—0o0 Tn — Zn

2.1.14. By hypotheses,

f(xn) = f(2n) :f(wn)_f(a)_ Tp —a +f(zn)_f(a)_ a—ZzZn
Ty — Zn Ty — G Ty — Zn Zn — G Ty — Zn

where
a— zp Tp —a

0< <1

<1, 0<
Tpn — Zn Tp — 2Zn
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and
a— 2z, Tn, —a
+ =1.
Tn — Zn  Ep — Zn
It then follows that
fzn) = f(zn)
Ty — Zn
is between
f(xn) _f(a) and f(zn) _f(a)_
Tn, —a Zn — Q
By the squeeze law for sequences,
n—00 Ty — Zn

2.1.15 [W. R. Jones, M. D. Landau, Amer. Math. Monthly 76
(1969), 816-817].

(a) Note first that f is continuous only at 1. If {z,} is a sequence of
rationals different from 1 converging to 1, then

T G R S A LTS

n—oo I, — 1 n—00

If {x,} is a sequence of irrationals converging to 1, then

T AC A S

n—00 Iy — n—oo
Thus f’(1) = 2. Clearly, f is one-to-one on (0,2). The inverse
function f~! is defined on (0,3) except for the rationals with

irrational square roots. This means that there are no interior
points in the domain of f~*. So, (f~!)’(1) cannot be defined.

(b) Note first that f is defined on (0,2)UB, where B C (2,7/2). Note
also that the restriction of f to (0,2) is a function defined in (a).
Thus f'(1) = 2. Since f(B) = A, the range of f contains (0, 3).
However, (f~1)'(1) does not exist, because each neighborhood of
1 = f(1) contains images under f of points in (0,2) and images
of points in B. Consequently, even the limit of f~! at 1 does not
exist.
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2.1.16. By a theorem of Liouville (see, e.g., J.C. Oxtoby, Measure
and Category, Springer-Verlag, 1980, p. 7), any algebraic surd x
of degree k is badly approximable by rationals, in the sense that

there exists M > 0 such that ‘a: —% > Mlqk

for all rationals %.

Consequently,

w < Mq"*|ay].
q

It then follows by assumption that f'(z) = 0.

It is worth noting here that if, e.g., a, = 279, then f is differen-
tiable at each algebraic surd.

2.1.17. Let P(z) = a(x —x1)(x — 22) - - (x — x,). Then
P'(xy) :aH(a:k —z;), k=1,2,...,n.
j=1
ik

The identity to be proved,

Q) _\ Q(zx)
P(z) kz::l P'(zg)(x — z)’

is equivalent to

Since @ is a polynomial of degree at most n — 1, it is enough to prove
that this equality holds at n different points. Clearly, the equality
holds at z =z, k=1,2,...,n.
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In particular, if Q(z) =1, then

Equating the coefficients of 2!, we get

~ 1
=0 f > 2.
; P (zr) 0 for n>

2.1.18. Apply the result in the foregoing problem with
(a) P(x) =ax(zx+ D)z +2)---(x+n) and Q(x)=nl
(b) P(z)=z(x+2)(x+4)- - (x+2n) and Q(z)=n!2".

2.1.19. Clearly, the derivative of | f| exists at each z such that f(z) #
0. Moreover, if f(z) =0 and f'(z) = 0, then |f]'(z) = 0.

2.1.20. There is a neighborhood of z where each of the functions f
does not change its sign. Consequently, | fi| is differentiable at = and
we have

f1150) "N o
7<= ) (#) = (1nH|fk|> @)=y B,
L1 = -

Our proof ends with the observation | fi|'(z) = sgn(fe(z)) fi (2).

2.1.21. Apply the result in the preceding problem with f; replaced

fr
by g: )
2.1.22.

(a) Clearly, f and | f]| are continuous only at = 0. Moreover, f'(0) =
1 and |f]'(0) does not exist (compare with 2.1.19).

(b) f and |f]| are continuous only at xj = 2%, k=2,3,....Itis easily

verifiable that f'(zy) = 1, and that | f|'(zx) does not exist.
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2.1.23. Let € > 0 be chosen arbitrarily. By the definition of f! (o),

(1) (fi(zo) —e)(@ — o) < f(x) — f(zo) < (fi(wo) +&)(x — x0)

for x > x( sufficiently close to . Likewise,

(2)  (f(zo) =) —z0) 2 f(x) = f(wo) = (fL(z0) +€)(z — 2o)

for x < zo sufficiently close to zg. Continuity of f at xg is an imme-
diate consequence of (1) and (2).

2.1.24. Since f(c) = max{f(z): = € (a,b)}, we have f(z)—f(c) <0
for x € (a,b). Therefore
f'(¢c) = lim flz) = f9) > 0.

T—c~ r —cC
Similarly, f! (¢) <0.

If f(co) = min{f(x) : = € (a,b)}, then we get f}(co) > 0 and
f(co) 0.

2.1.25. Clearly, the assertion is true if f is constant. Suppose, then,
that f is not constant. Without loss of generality we can assume that
f(a) = f(b) = 0. Then, for example, there exists x1 € (a,b) for which
f(z1) > 0. Let k be a real number such that 0 = f(b) < k < f(x1).
Set ¢ = sup{z € (z1,b) : f(xz) > k}. Then f(z) < k for = € [c,b].
Moreover, there exists a negative-valued sequence {h,} convergent to
zero and such that f(c+ h,) > k. Since f’ exists,

f'_(c) = lim f(C+ hn) — f(C)

n— 00 hn,

<0.

So, we have proved that inf{f’ (z) : = € (a,b)} < 0. In an entirely
similar manner one can show that sup{f’ (z): = € (a,b)} > 0.

It is worth noting here that an analogous result can be obtained
for f! . Namely,

inf{f\ () : € (a,b)} <0 <sup{fi(z): = € (a,b)}.
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2.1.26. To prove the assertion we apply the above result to the aux-
iliary function

f(b) - f(a)

T —a).
T, @—a)
A similar assertion can be proved for f!, that is,

f(b) — f(a)
b—a

z = flz) -

inf{f\ (z) : z € (a,b)} < < sup{fi(z): z € (a,b)}.

2.1.27. By the result in the foregoing problem,

inf{f' (2): z € (z,z + h)} < w

<sup{f_(z): z € (x,x+ h)}

for z € (a,b) and 0 < h so small that = + h is in (a,b). Since f_
is continuous on (a,b), upon passage to the limit as h — 07 we get

Fi(@) = fL(a).

2.1.28. It follows from the result in the preceding problem that such
a function does not exist.

2.1.29. By assumption, f vanishes at at least one point of an open
interval (a, b). Set

¢ =inf{z € (a,b) : f(z)=0}.
Then f(¢) = 0. Since f'(a) > 0, we have f(z) > 0 for z € (a,c).

Moreover, since f'(c) exists,

Flo) = tim LM =S o Sleth)

<0.
h—0— h—0— h

2.1.30. Clearly, (1 + 22)f'(z) = 1, which implies (1 + z2)f"(z) +
2z f'(x) = 0. Using induction one can show that

(L+2%)f" (@) +2(n = Daf "V (@) + (n = 2)(n = 1) F" ) (2) = 0.

If we take z = 0, then by induction again, we get f(>™(0) = 0 and
FEmIN(0) = (=1)™(2m)L.

2.1.31. The identities can be established easily by induction.
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2.1.32.
(a) Apply the Leibniz formula

Dalen® = S~ (™) $=) ()0 ®) (4
(Fate)™ = 3 (1) 707 @5 o)

and the identity (a) in the foregoing problem.

(b) Apply the Leibniz formula and the identity (b) in the foregoing
problem.

2.1.33. It is easy to see that if © > 1, then f(z) > 0, f'(z) > 0 and
f"(z) < 0. Now differentiating

(f(2)* =2 -1
n times, n > 3, and using the Leibniz formula, we get

201" @) + Y (1) 1907 @) =0
k=1

The desired result can be obtained by induction.

2.1.34. We have

2n
fon(z) =In(1 + 2*") = Zln(a: — wg),
k=1

where wj, = cos W + i sin W Hence
( ) 2n 1
2n _
k=1
Putting x = —1, we get
2n 1
Cr )y = —2p 1)y ——
2n ( ) ( n )];(1_+_wk)2n

An easy calculation shows that

gy = (2 =) Z (~1*

2n 22n on (2k=1)m
k=1 €OS™" T



226 Solutions. 2: Differentiation

Since féin)(—l) is real, we see that féin)(—l) =0.

2.1.35. Denote by L(x) and R(z) the left and right side of the iden-
tity to be proved. Clearly, L and R are polynomials of degree n+1 and
L(0) = R(0) = 0. So, it is enough to show that L'(z) = R'(x), z € R.
We have

" pik)
@=L k!(o) o = P(a),

k=0

R'(:r) _ z”:(_l)kp(k)(w) k - kp(kH)(w) pht1

- oot H(_l) &+ 1)
(1) (5
= Pl)+(=1) P(n + 1()!) " = P(a)

Hence f'(z) = f(z)g(z) and f'(0) = Ay + A2+ -+ A, > 0. Moreover,

' \it+1 \itl
1 D)= (—22 4.4 n
(1) g(z) =i <(1_>\1w)1+1 + +(1—>\nw)’+1>

By the Leibniz formula,
= (k-1
8) () = =1 ) ) h-1-0)
=3 ("7 )0 @st

In view of (1), it then follows by induction that f*)(0) > 0, k € N.

2.1.37. We will proceed by induction. For n = 1 the equality is
obvious. Assuming the equality to hold for £ < n, we will show it for
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n + 1. We have

() e (o))
are(2) - (o (2)
o () ()

Moreover,

o (e ()= (e () )

The induction hypotheses applied to f' with k =n — 1 gives

B0 (3) = (e ()7

Consequently,

() <o (3)- (o ()

1 1
— = g+ [ Z
- wn+2f (.T) ’

2.1.38. The proof of this well known formula presented here is based
on S. Roman’s paper [Amer. Math. Monthly 87 (1980), 805-809].
Although methods of functional analysis are applied, the proof is
elementary. Linear functionals L : P — R defined on the set P of all
polynomials with real coefficients will be considered. Let (L, P(z))
denote the value of L at the polynomial P(z). Let A* be a linear
functional such that

(AR 2™y = nlo, i,

1 if n=k,
6n,k = { .
0 if n#k.

where
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(k)

lz=0" L€t

It is worth noting here that the value of A*F at z" is (2")

> apAF aj € R, denote the linear functional defined by
k=0

< ZakAk,P(w)> = Zak(Ak,P(m)).
k=0 k=0

Since (A*, P(z)) = 0 for almost all k, there are only finitely many
nonzero terms in the sum on the right side of this equality. The task
is now to show that if L is a linear functional on P, then

oo

_ (L, z*)
(1) L= kz:% TAk.

Indeed, for n > 0,

k=0 k=0

Since L and A* are linear, we get

(L. pw) = (3 E Ak p)

k=0
for any polynomial P, which proves (1). According to the fact men-

tioned above that A* at 2™ is (m”)(k) it seems natural to define

|z =0
the operation on A* by setting
Ak AT = ARFT

In view of (1) this operation can be extended to the operation defined
for any L, M : P — R as follows

LM = i <L}€Tk>Ak i <M’.,mj>Aj = i)an”,
k=0 n=

=0 7

" (L, z*) (M, z"F 1 «— /n . ek
C”:Z_:< A ><(n—k)!> :H;<k><L’xk><M’x )
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Hence by (1),

n

(2) (LM,z") =Y (Z) (L, zkY(M, 2"k

k=0
Using induction, one can show that

(Ly---Lj,a")

n

n! : : .
(3) = E m(Ll,l‘k1><L2,xk2>._-(Lj,xl”J).
ki, k=0 1 i
k1++k1:n

Now define the formal derivative L' of L by
(A9 =0, (A% =kA*! for keN

and

r_ - <L:5Uk> k—1
L' = kz - kAR
=1

Now we show that for any P € P,

(4) (L', P(z)) = (L,xP(x)).
Clearly, it is enough to show that ((A*)",z") = (A%, &"1). We have
((ARY 2™y = (RAF Y 2™y = knlb, g1 = (n41)10n01 4 = (A%, 2" F1).
To prove the Faa di Bruno formula, set
hn = h(t), gn = g™ (t), fo = f™ @y = g(t)-
Clearly,

hi = figi, ho = fig> + f297, hs = figs + f23g192 + fa4;.

It can be shown by induction that

n
(5) hn:kaln,k(glag27"')gn))
k=1
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where [, 1(g1,92,...,9n) is independent of f;,5 =0,1,2,...,n. To
determine I, £(g1,92,---,9n), choose f(t) = e**, a € R. Then f; =

kews(®) and h, = (e29®)"™ 1t follows from (5) that

n

(6) =) (eos(0) ™ D s

Put B, (t) = e 49" (e“g(t))(n) , n > 0. It then follows by the Leibniz
formula that

(n—1)
Bp(t) = e~%9® (agl (t)eag(t))
n—1
a n—1 " (n—k—1)
) =q-e 9 Z ( i >9k+1(t) (e 9(t))

k=0
n—1 n—1

= Byy_r_1(t).

DM (A PRICLISRIG

For an arbitrarily fixed ¢ € I, set B, = By(t) and define functionals
L and M on P by (L,z") = B, (M,z") = g,. Then (L,1) = By =1
and (M, 1) = go = g(t). Moreover, by (1),

k N Gk
L= Z—A and M =3 AR,
k=0
Now (7) combined with (2) and (4) yields

(L,z") —uZ(n_1> Y (L, 2" )
_az<n—1> S

=a(M'L,z"")
So, (L',x™ 1) = a(M'L,z" '), or in other words,
L'=aM'L.

This formal differential equation has solutions of the form L =
ce®M=90) where ¢ is a real constant. By the initial value condi-
tion, 1 = By = (L,1) = (ce®™M=9) 1) = ¢. Hence L = e*M—90) Tt
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then follows that

> a
Bn:<L,xn>:<a(M go) n ZF M go , T >
k=0

o0 k n 1
a n! . . .
ST 2 MmO ) (O g a7)
k=0 " ji,.. ka—O'h k-
Jit-- +]k n
> a
_Z ] Z 1 ,9]19]2"'g'k‘
k! A 1]1 g2l gk
Jitetik=n

Equating the coefficients of a* in (6) gives

ln,k(glvg2)"')gn) = k'

| 7o |
J1seenJre=1 n J2: Jk
Jit-+je=n
nl O k! g1\ k1 g2\ ke
k! 2 Eyleeky! (F) (5)
k1yeeskn=0
ki+--+k,=k

k14+2ko+---+nk,=n

Finally,

n n

S ! k1
;fkln,k(gla---,gn)zz,fk Z ﬁ(%) (

k=1 k1,...,kn=0
Pty
k1 +2ko+---+nk,=n

which ends the proof.

2.1.39.
(a) We have
() = { f—gefﬁ if z#0,
0 if =0,
because (see, e.g., 1.1.12)
o
lim & = 0.
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It then follows that f’ is continuous on R. Moreover, for x # 0,
" (4 2-3
fl(z) =e™=2 (E‘F)
Again by the result in 1.1.12, it can be shown that f"(0) = 0.
Consequently, f” is also continuous on R. Finally, observe that

F(z) = { e‘fzp(%) if x#0,

0 if =0,
where P is a polynomial. Therefore for every n € N, f(™ is
continuous on R.
(b) As in (a) one can show that g()(0) = 0 for n € N, and that g is
in C*(R).
(c) The function is a product of two functions fi, fo € C*°(R). In-
deed, fi(z) = g(z — a) and fo(z) = g(b — z), where g is defined
in (b).
2.1.40. We have
(@) =g (f(@)f'(z) = g'(f(2))g(f(2)),
f"(x) = ¢"(f(2))(g(f())* + (' (f (2))*g(f(2))-
Therefore f” and f"' are continuous on (a,b). One can show by in-

duction that f(™ n > 3, are sums of products of derivatives g(*) (f),
k=0,1,2,...,n — 1. Consequently, they are continuous on (a,b).

2.1.41. If o # 0, then

fll(l_) — _ﬂfl(m) - 7f('75) .

a

Consequently,

pirgay = ZBI1@) @) _ (B = ye)f () + 9B )

p—y 2 .
et et
One can show by induction that the nth derivative of f is a linear
combination of f and f'.

If @ = 0, then 3 # 0 and f'(z) =  f(z). By induction once
again,

(")w:—"ﬁ x).
F@) = (=1)" gz f(=@)
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2.2. Mean Value Theorems

2.2.1. The auxiliary function h(z) = e*® f(z), x € [a, b], satisfies the

conditions of Rolle’s theorem. Hence there is xg € (a,b) such that
0= h'(zo) = (af(wo) + f'(w0))e™™.

Consequently, af(xo) + f'(xo) = 0.

2.2.2. The function h(z) = 9% f(x), x € [a,b], satisfies the condi-
tions of Rolle’s theorem. Therefore there is x¢ € (a,b) such that

0= hl(wo) = (gl(xo)f(mo) + fl(l'o))eg(m).
Hence g' (o) f(x0) + f'(z0) = 0.

2.2.3. Apply Rolle’s theorem to the function h(z) = f(z), x € [a,b].

T

2.2.4. Take h(z) = f?(x) — 2%, x € [a,b], in Rolle’s theorem.

2.2.5. Apply Rolle’s theorem to the function h(z) = ggg, x € [a,b].

2.2.6. Note that the polynomial
ao aq
Qz) = n—Hm"'H + Fwn + - Fapx
satisfies the conditions of Rolle’s theorem on the interval [0, 1].

2.2.7. The function
h(z) = na——:l In"t 4. -—f-% In® z + % In® z + 0_10 Inz, =z €167,
satisfies the hypotheses of Rolle’s theorem.

2.2.8. By Rolle’s theorem, between two real zeros of the polynomial
P there is at least one real zero of P’. Moreover, each zero of P of
order k (k > 2) is a zero of P’ of order (k — 1). Thus there are n — 1
zeros of P’, counted according to multiplicity.

2.2.9. By Rolle’s theorem applied to f on [a,b] there is ¢ € (a,b)
such that f'(c) = 0. Next, by Rolle’s theorem again applied to f' on
[a,c], we see that there is z1 € (a,c¢) C (a,b) such that f(z1) = 0.
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2.2.10. Apply the reasoning similar to that used in the solution of
the foregoing problem.

2.2.11.

(a) Set P(z) = x'3+ 723 —5. Then P(0) = —5 and lim P(x) = +cc.
By the intermediate value property there is at Jieazot one positive
root of P(xz) = 0. If there were two distinct positive roots, then
Rolle’s theorem would imply P'(zo) = 0 for some positive zg.
This would contradict the fact that P'(z) = 0 if and only if
x = 0. Finally, observe that P(z) < 0 for 2 < 0.

(b) Consider the function

-G ()

Then f(2) = 0. If f vanished at another point, then by Rolle’s
theorem its derivative would vanish at at least one point, which
would contradict the fact that f'(z) < 0 for all z € R.

2.2.12. We will proceed by induction. For n = 1 the equation
a;z** = 0 does not possess zeros in (0,00). Assuming that for an
arbitrarily chosen n € N the equation

a1z + ax® + -+ apz® =0
has at most n — 1 roots in (0, 00), we consider the equation
a1 4+ axx™ + - - - + a4z + a1t =0,
which can be rewritten as
ay + a2a:a2_‘“ + -+ an+1$a"+1_al =0.

If the last equation had more than n positive roots, then by Rolle’s
theorem the derivative of the function on the left side of this equal-
ity would have at least n positive zeros. This would contradict the
induction hypotheses.

2.2.13. Apply the last result, replacing z by e”.
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2.2.14. Clearly, F(a) = F(b) = 0, and F is continuous on [a,b].
Moreover, F is differentiable on (a,b) and

f'(x) ¢'(z) N(x)
F'(z) =det | f(a) g(a) h(a)
fb)  g(b)  h(d)
By Rolle’s theorem there is o € (a,b) such that F'(xo) = 0.
Taking g(z) = = and h(z) =1 for z € [a,b], we get

fl(zo) 1 0
F'(zg) =det| f(a) a 1|=0,
fb)y b 1

which gives f(b) — f(a) = f'(xo)(b — a). So, we have derived the
mean value theorem. To get the generalized mean value theorem it is
enough to take h(z) = 1.

2.2.15. It follows from the mean value theorem that there exist x;
in (0,1) and z5 in (1,2) such that

flle) =f(1) = f(0) =1 and f'(z2) = f(2) - f(1)=1.
Now the assertion follows from Rolle’s theorem applied to f' on
[z1, z2].

2.2.16. Since f is not a linear function, there is ¢ € (a,b) such that

1@< @+ =T o) or f0)> pa)+ OO e,

Suppose, for example, that

1@ < g+ 1O =10 )
Then
FO) ~ @) _ S0 ~f@) | fe)-f®) _ f0) fa)
c—a b—a c—b b—a

Consequently, the assertion follows from the mean value theorem.
Analogous reasoning can be applied to the case where

) - (),

7e) > f@) + B0 e~ g,
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2.2.17. Suppose first that zo # %. Then either [0, 2] or [zo,1] has
length less than % Suppose, for example, that this is [zo, 1]. By the
mean value theorem,
-1 f(1) — f(x
— ( ) ( 0) — f’(C),

1—1’0 1—1’0

and consequently, |f'(c)| > 2. Suppose now that zg = % and that f

is linear on [0,%]. Then f(z) = 2z for € [0,%]. Since f' (%) =
2, there is @1 > % such that f(z1) > 1. In this case the assertion

follows from the mean value theorem applied to f on [z1, 1]. Finally,
suppose that f is not linear on [0, %] .If there is 25 € (0, %) such that
f(z2) > 2z, then to get the desired result it is enough to apply the
mean value theorem on [0, z3]. If f(22) < 2z2, then one can apply the

mean value theorem on [1’2, %] .

2.2.18. Applying the generalized mean value theorem to the func-

tions x @ and z — < on [a,b], we see that
z1f (z1)—f(z1)
bf(a) —af(db ) _ e  BELERS
f( Z_af( ) ) [CR— 1 Zf(331)—351f'(331)-

—
Ly

o=
Q|-

8
ST L

2.2.19. By the mean value theorem, for z1,z2 € [0, 00),

1
In(l14+z1) —In(l +x9)| = z1 — zo| < |zy — 29|,
|In(1 + 1) (14 z2)] 1+x0|1 o] < |zy — ]
Likewise,
2370
|In(1 4+ 23) —In(1 +23)| = 1+m%|w1 —2a| < |z1 — 22
and
arctanx; — arctanxs| = —— |1 — 2| < |T] — To|.
| 1 2| lJrZE%|1 2| < |z1 — 22

2.2.20. Fix zg € (a,b). Then for every z € (a,b) (by the mean value
theorem) there is ¢ between x¢ and x such that f'(z) — f'(z¢) =
f"(c)(x — xo). Hence

()] < Mz — ol + (o) < M(b—a) + |f'(z0)],
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which means that f' is bounded. It then follows (as in the solution
of the foregoing problem) that f is uniformly continuous on (a,b).

2.2.21. Consider the function  + arctan f(z). By the mean value
theorem, for a < 7, < z3 < b, T2 — x; > w, we have

|f'(w0)]

|arctan f(z2) — arctan f(z1)| = m(w — 7).
Hence,
|/ (o)
> VI —
T = 1+ f2(xo) (x2 — 1),
and consequently,
!
| f' (o) <_T <1

1+ f2(x0) ~ 22— 21

2.2.22. We have
f' (o)

arctan f(x2) — arctan f(z) = m(m — 1)

for a < x; < z3 < b. By (ii),
arctan f(x2) — arctan f(z1) > —(x2 — x1).

Letting #2 — b~ and ; — a* and using (i), we see that —w >
—(b—a).

2.2.23. By the mean value theorem,

= li ! =A.
h—0~ h hg(r)l— F(b+0h)

2.2.24. Since f'(z) = O(z), there are M > 0 and z¢ € (0, 00) such
that | f'(z)| < Mz for > x¢. By the mean value theorem,

|f(z) = f(zo)| = |f'(z0 + b(z — z0))|(z — o)
< M(zo +0(z — 20)) (7 — 20) < Mx(x — 20) < M2?

for z > xq.
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2.2.25. The result follows from Rolle’s theorem applied to the aux-
iliary function

_y\ = fr(a) — (gr(2) — grla fe0) = £ele)

2.2.26. Assume first that f is uniformly differentiable on [a, b]. Then
for any sequence {h,} converging to zero such that h, # 0 and
x + hy, €I for z € [a,b], the sequence of functions {%jfﬂm)}
is uniformly convergent on [a,b] to f'. By the result in 1.2.34, f' is
continuous on [a, b].
Assume now that f’ is continuous on [a,b]. By the mean value
theorem, for x € [a,b], z + h €1,
flx+h)— f(z
TetDZI@) ey = o+ o) - ')
with some 0 < § < 1. It then follows by uniform continuity of f' on
[a,b] that f is uniformly differentiable.

2.2.27. Since f is continuous on [a, b], it is bounded; that is, there is
A > 0 such that |f(z)| < A for = € [a,b]. By assumption,

10'(@)] < %m(azn.

Now let [, d] be a subinterval of [a, b] whose length is not greater than

%% = B and such that g(c) = 0. For an x € [c, d], we get
B |g(x
9(z0) = 9(6) = lgw)] = (@0 — g’ ()] < 5L,

By repeating the process, one can find a decreasing sequence {z,} of
points in [, d] such that
1 1
l9(e0)| < glaCa)] < - < ol <

Consequently, g(zo) = 0. To end the proof it is enough to decompose
[a,b] into a finite number of subintervals with lengths less than or
equal to £.

It is worth noting here that the assumption of continuity of f on
[a, b] can be replaced by its boundedness on [a, b].
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2.2.28. By the generalized mean value theorem,

f2x) _ f=)
e (O NG (9}
2z x

where x < ¢ < 2x. Hence

oo 18 _ L (r0-19).

2x T 2x

This implies that

f22)  f(x)

o<lrol<2|fE

o)

Upon passage to the limit as £ — co we obtain the desired result.
2.2.29. The result is a direct consequence of 1.6.30.

2.2.30. By assumption,

(1) f'pz+qy) = f'(qzx +py) for x#y.

If p # g, then f' is a constant function. Indeed, if f'(z1) # f'(x2),
then, taking

r = p X p_l
op—1""

we have z; = pz + (1 —p)y and 2 = py + (1 — p)z, which contradicts
(1). So we have proved that if p # ¢, then f is a linear function.
If p = ¢ = 3, then by the result in the foregoing problem, f is a
polynomial of the second degree.

2.2.31. For [a,b] C I, assume, for example, that f'(a) < f'(b). Let
A be a number such that f'(a) < A < f'(b). Consider the function
given by setting g(z) = f(z) — Az. Then ¢'(a) < 0 and ¢'(b) > 0.
Consequently, g attains its minimum on [a,b] at an zo in the open
interval (a, b). Therefore g'(z9) = 0, or in other words, f'(zg) = A.
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2.2.32.

(a) Given e > 0, let @ > 0 be such that |f(z) + f'(z)| < € for z > a.
Then by the generalized mean value theorem there is & € (a,x)

such that
e’ f(x) —ef(a)
eI — eﬂ

= f(&) + f(§).
Thus
|f(z) = fla)e" "] <ell —e*"|,

which gives
@) < F @l + 1 — et
Consequently, | f(z)| < 2e for sufficiently large z.

(b) Apply the generalized mean value theorem to x — eV® f(x) and
x +— eV® and proceed as in (a).

2.2.33. It follows from the hypotheses that the function z — e~ f(z)
has at least three distinct zeros in [a, b]. Hence by Rolle’s theorem its
derivative z — e~ % (f'(z) — f(z)) has at least two distinct zeros in this
interval. This in turn implies that the second derivative has at least
one zero, which means that the equation e™*(f(z)+ f"'(z) —2f'(z)) =
0 has at least one root in [a, b].

2.2.34. Observe first that Q(z) = F(z)G(z), where

22

F(z)=P'(z) +zP(z)=¢ = (eTP(m)) ,
G(x) = zP'(z) + P(z) = (zP(z))".
Let 1 <a; <as <--- < ay, be zeros of the polynomial P. By Rolle’s
theorem F' has n — 1 zeros, say b;,i = 1,2,...,n — 1, and G has n
zeros, say ¢;,t = 1,2,...,n. We can assume that
1<a; <by<ay <by<---<bp_1<apy,
0<er<ar<e<ar<---<ep < ap.
If b; # ¢iy1 fori =1,2,...,n — 1, then the polynomial ) has at least
2n — 1 zeros. Now suppose that there is ¢ such that b; = ¢;41 = 1.
Then P'(r) + rP(r) = 0 = rP'(r) + P(r). Hence (r? — 1)P(r) = 0.
Since r > 1, this gives P(r) = 0, a contradiction.
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2.2.35. Let 21 < 22 < --- < x,, be zeros of P. It follows from the
hypotheses that P'(z,,) > 0 and P'(zpy,_1) < 0, and P'(2y_2) >
0,.... Moreover, we see that Q(z,,) < 0, Q(xy,—1) > 0,.... If mis
odd, then Q(z1) < 0. If m is even, then Q(z1) > 0. Consequently,
by Rolle’s theorem, @) has at least m + 1 real zeros when m is odd,
and at least m real zeros when m is even. Now we show that all real
zeros of ) are distinct. Since all zeros of P are real and distinct,
(P'(z))? > P(x)P"(z) for € R. Indeed, since

Pz)=an(z—z1)(z —x2) - (T — Ty,

we see that for z # z;, j =1,2,...,m,
P'(z) i”: 1
P(x) - ’
Hence
a“ 1
P(z)P"(z) — (P'(x))* = —P*(z) ) _ ToaE < 0.
— J

Moreover, for = z;,
(P'(a:j))2 >0= P(CEj)P”(ZEj).
Thus the inequality (P'(z))? > P(z)P"(xz) is proved. Consequently,
P(2)Q'(z) = P(z)(2P(z)P'(z) — P"(x))
= 2P/ (2)(P*(x) — P'(a)) + 2(P'(2))* - P(2)P"(x)
> 2P'(z)P%(z) — (P'(x))>.

This means that

(1) P(z)Q'(z) > 2P'(2)Q (),

which shows that all zeros of () are of the first order. If y; and y-
are two consecutive zeros of @), then @'(y1) and @Q'(y2) have distinct
signs. Then by (1) P(y;) and P(y2) also have distinct signs. Therefore
between two consecutive zeros of () there is at least one zero of P.
Thus, when m is odd, if ) had more than m + 1 real zeros, then
P would have more than m real zeros, which would contradict the
hypotheses. Similarly, when m is even, if @) had more than m real
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zeros, it would have at least m + 2 real zeros, and consequently, P
would have more than m real zeros. A contradiction.

2.2.36 [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. Let
us observe that if all zeros of a polynomial P of degree n are real, then
by Rolle’s theorem all zeros of P’ are real and lie between the zeros of
P. Thus P’ is of the form given in the problem. We will prove only
the first assertion, because the proof of the second one is analogous.
Clearly, P(z) = Q(z)(x — ay). Hence

(%) P'(z) = Q'(z)(z — an) + Q().

It is enough to consider the case a; < a;y1. Suppose, for example,
that P(z) > 0 for € (a;,ai+1). Then Q(z) < 0 for z € (a;,a;41).
Moreover, it follows from (%) that Q'(z) < 0 for z € (a;,c;), and
Q'(¢;) < 0. Consequently, d; > ¢;, which ends the proof of the first
assertion.

2.2.37 [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. As-
sume that a,—1 < a, and € > 0. Clearly,

S(z) = P(x) — eR(x),

where R(z) = (x — az) - - - (z — ay,). Suppose that, e.g., P(z) < 0 for
z € (ap—1,a,). Then also S(z) < 0 and R(z) < 0 for z € (an—1,an).
Since

(1) S'(x) = P'(z) — eR'(x),

we see that S'(cp_1) = —eR'(cp—1). It follows from the foregoing
problem that R'(c,_1) > 0. By (1) we have S’(¢,_1) < 0. Since S’
changes its sign from negative to positive at a point in the interval
(an-1,a,), we see that f,_; > ¢,—1. The other assertion can be
proved in an entirely similar manner.

2.2.38 [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. Set
W(z) = (z —a;)"(x — aiy1). fi=2,3,...,n — 1, then W'(z) = 0 for
r = a; and for

1041 + a; Qi1 — Gy

PEOS TN MM T T
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If i = 1, then W' vanishes only at ¢. Applying the first result in 2.2.36
(n — i — 1) times, and next the first result in the foregoing problem
(i —1) times with € equal to a; — a1, a; —az, . ..,a; —a;_1, successively,
we arrive at
Ai+1 — Q4

1+1
To get the left inequality one can apply the second parts of the last
two problems.

¢ < C= a4 —

2.2.39. Observe that, by the mean value theorem, for every x in
(0,1/K)N0,1] we have

|f(@)| < Ka|f(z1)| < K?z21|f(22)| < -+ < K"z - 21| f(zn)],

where 0 < zp, < Tp—1 < -+ < x1 < . Thus |f(z)| < (Kz)"|f(zn)].
Since f is bounded, it then follows that f(z) =0 on [0,1/K]N[0, 1]. If
K > 1, one can show in an entirely similar manner that f(z) =0 on
[1/K,2/K]. Repeating the process finitely many times gives f(z) =0
on [0, 1].

2.2.40. For 1 € J1 and z3 € J3,

F D (xs) = f* D (@) F8)
r3 — T

(©)

with some ¢ € (z1,z3). Hence

1
T3 — T1

my(J) < (75D (s)] + |5 (@)

< (74 @)+ 14D (@),
2

Taking the infimum over all z; € J; and z3 € Jg gives the desired
inequality.

2.2.41. We will proceed by induction on k. For k£ = 1, the inequality
can be concluded from the mean value theorem and from the fact
that |f(x)| < 1. Assume that the inequality to be proved holds for
an arbitrarily chosen positive integer k. Then by the result in the
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foregoing problem we get

mp41(J) < %2 (mi(J1) + mi(JIs))

1 1 k41 1 ek(e+D)
— (=22 K+ —2 = gkt
(g2

IN

1 1
—o e (),
(/\'fA2+/\'§/\2>

A
E+1°

(k + 1)kt!
kL :

Putting Ay = A3 = 3 and \y = we obtain

EA
2(k+1

(k+1)(k+2)
2

2

mgy1(J) <

2.2.42. We have

(p+1)! 2 n! n—p+1
Apr1T”+- -+ anz" Pt

21 ot (n—p+1)"

It follows from Rolle’s theorem that between two consecutive real

zeros of P there is exactly one real zero of P’. Consequently, the

polynomial P®»~1) has n — p + 1 distinct real zeros and P® has

n — p distinct real zeros. As we have already mentioned, between two

consecutive real zeros of P(*~1) there is exactly one real zero of P(®),

PP (z)=(p—1)la,_1 +

Suppose, contrary to our claim, that a,—; and apy1 have the
same sign. Without loss of generality, we can assume that both are
positive. Then there is £ > 0 such that P(P~1) is decreasing in (—&, 0)
and is increasing in (0,¢). Clearly, P(?)(0) = 0. If there were no other
zeros of P(P) then we would get P(*—)(z) > P®»=1)(0) > 0 for = # 0,
a contradiction. If P(?) has nonzero zeros, then denote by zo # 0 the
nearest to zero. So between 0 and zo there is a zero of P(*=Y_ On
the other hand, P(*~"(z) > 0 on an open interval with ends 0 and
To, a contradiction.
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2.3. Taylor’s Formula and L’Hospital’s Rule

2.3.1. Note that for n = 1 the formula follows immediately from the
definition of f'(zo). Now for n > 1 put

,1'0 (n) o
rn(ﬂf)Zf(ﬂf)—<f(:ro)+f( V@ — o) 44 T ’(m—xo>").

1! n!

Then 7 (o) = ' (zo) = -+ = r (zo) = 0. By the definition of the
nth derivative,

riy (@) = vV (@) = (@) = i (w0) (2 — 20) + oz — o).
Consequently, r%nil)(m) = o(x — o). Using the mean value theorem,
we get

B (@) = e (@) = P (o) = Y (e) (@ - @),

where ¢ is a point in an open interval with the endpoints = and xzg.
Since |¢ — zo| < |z — xo|, we see that r=2 (r) = o((x — x0)?). By
repeating the process n times we obtain r,(z) = o((z — z9)").

2.3.2. For z,xg € [a,b], set

"z (") (g
() = f(w)—<f(wo) F@) gy L0 —mm) .

1! n!

Without loss of generality we may assume that ¢ > zo. On [z9, z]
define the auxiliary function ¢ by

"(z () (2
o(2) = I(x) - (f(Z)+f( )<m—z>+---+f—”<w—z>").

1! n!
We have
(1) p(w0) = (@) and p(z) = 0.
Moreover, ¢’ exists in (xg,x) and
(n+1) P
® o)=L

By the generalized mean value theorem,

p(x) —p(xo) _ ¥'(0)
U(z) —Y(zo)  W'(c)
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where ¢ is continuous on [zg,z] with nonvanishing derivative on
(z,20). This combined with (1) and (2) gives

(@) = blao) FD(0)
P'(c) n!
Taking ¢(z) = (z — z)P and writing ¢ = x¢ + 0(x — xp), we arrive at

fOHD (20 4 6(z

ro(x) = pm — %)) (1—6)""P(z — zo)" .

rn(x) =

(x —o)".

2.3.3. Note that these results are contained as special cases in the
foregoing problem. Indeed, it is enough to take

(a) p=n+1,
(b) p=1.

2.3.4. Integration by parts gives

1@ = S = [ = [~ -050), + [ @0 o

Zo

@) = fa)+ L5t a =)+ [ =070

To get the desired version of Taylor’s formula it suffices to repeat the
above reasoning n times.

2.3.5. Forn =1,

/ / POy = [ (70 - )it

— f(zo) — (z —xo)f (z0)-

To derive the formula, induction can be used.

2.3.6. By Taylor’s formula, with the Lagrange form for the remainder
(see, e.g., 2.3.3 (a)),

1 1 3 _5 3
\/1+x—1+2x—§m +%(1+9m) 2z



2.3. Taylor’s Formula and L’Hospital’s Rule 247

with some 0 < # < 1. Consequently,

3|x]? V2lz)? 1
Vitr—(1+1iz-12%) < = —|z|?.
2.3.7. Applying Taylor’s formula with the Lagrange form for the
remainder to f(z) = (1 + z)*, we get
(a—1)(1 +0x)22 22

2
with some 0 < 6 < 1. Now it is enough to observe that

ala —1)(1 +0x)*2

2

(1+a:)°‘:1+cm:+a

>0 for a>1 or a<0,

and
ala—1)(1 +0x)>2

3 <0 for O0<ax<l.

2.3.8. By Taylor’s formula,
f2) = f(0) _ f'(0)z + 5f"(81 ()2

9(x) —g(0) ~ g'(0)z + 59" (Ba(2))2>
On the other hand, the mean value theorem yields
f(0() _ f'(0) + 0(x) f"(05(x))
g'0(x)) — g'(0) +6(z)g" (Ba(x))
Using the above equalities and continuity of f" and ¢g" at zero, one
easily checks that

. T
lim —= = —.
rz—0t T 2

2.3.9.
(a) By Taylor’s formula,

f(O) :f(x + (—:L’)) = f(x) + & f”(l‘)

() (e

f(n) (1‘) (_m)n f(nJrl) (1‘ B 011’)
n! (n+1)!

Taking § = 1 — 0, gives the desired equality.

(b) Observe that f (1195) =f (:v - I“fx) , and proceed as in (a).

4ot (_1-)”+1_
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2.3.10. We have

f@) =1 (E+2) = (2)+ LB (1) 4 220D 2y

22 2 1 \2 (2n)!  \2
f2n+h) (2 4+61%) a2+l
* @njn!Q(i)
Similarly,
I 2 AN (%) £ (2) gy
s0=1(5-2)=1) - = Q) T (3)
O (5 - 6:8) (z)ml
(2n +1)! 2

Subtracting the above equalities yields

s@ =10+ 37 (3) (5) + 579 (5) ()

4+ ﬁf@nﬂ) (g) (g)%q

F2nt1) (2+6:2)+ f2n+1) (2 —6,2) (E)2n+1
(2n + 1)! '

* 2

Since the derivative enjoys the intermediate value property (see, e.g.,
2.2.31), the desired result follows.

2.3.11. Apply the foregoing problem with f(z) = In(1 + z), z > 0,
and observe that the odd derivatives of f are positive for positive z.

2.3.12. By Taylor’s formula with the Peano form for the remainder
(see, e.g., 2.3.1),

(@)
i JEHR) = 27(@) + f (@ — B
h—0 h?
= im { J(@) +h)'(@) + b (@) + o)
h—0 h?

x) — f(z "(x) = B f" () + o(h?
2f(2) = f(2) + hf'() Qf(>+<h>}:f~<$).

h2
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(b)
i S 20 = 2@+ 1) + (@)
h—0 h2
_ o R2f"(x) + o(4h?) = 20(h%) _
= Jim, K2 = f1().

2.3.13. As in the solution of the foregoing problem one can apply
Taylor’s formula with the Peano form for the remainder.

2.3.14.
(a) It follows from Taylor’s formula that for z > 0,

n+1

nm Y
z::k_ (n+1)! ¢! >Zk'

(b) For > 0 we have

2 563 .’L'4 565 1 2 3 4

T
In(1 =4+ -4 - >4
n(ltz) =2 2+3 4+5(1+91m)5>m 2+3 4

Similarly, for z > —1, = # 0,

22 3 4 1 22 3
In(l+2)=2— — A — .
n(l+z)==x + T (01 6) z- 3

T
2 3
(c) Applying Taylor’s formula to the function z — /1 + z, we get

1 1 1 1 7
Vitz=1 ——2* + —2® — — (14 612) 22"
+z +2x 5% +16w 128( +612)”

1 1 1
1 T2 3
<+2x 8$+16$

and

1 1 1
Vite=14+-2z— -2+ —

( 2
2 8 16

1 1
+92m)7%w3 >1+ 3%~ g
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2.3.15. By 2.3.1,

n hn+1

On the other hand,

hn—l

fa+h) = f@)+hf @)+ 40—,

FOD @)+ 1 (a4 ()

Subtracting the first equality from the latter, we get
F (@ +6(h)h) — f™ () _ fU D (x) 4 o)

h nrl R
Consequently,
FOH @) o)
_ n+1 h
b(h) = Tt romm—ra
5k

The desired result follows from the fact that f(**1(z) exists and is
different from zero.

2.3.16. ForO0<z <1,
2
1) ) =fla—2) = f@) = f @)+ "z - h12) T,
and for 0 <z < 1,
fO) = fla+ (1 - 2))

2 )2
? = f(o) + @)1 — @) + fa+ (1 — ) T

Note that (1) implies |f'(1)] < 4, and (2) implies | f'(0)| < 4. More-
over, subtracting (2) from (1) gives

fl(z) = %(f”(:r—@lm)ﬁ—f”(a:+92(1—:r))(1—a:)2) for 0<z< 1l

Hence

s
s

(227 -2 +1) <

|f'(z)] < , 0<z<l.
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2.3.17.
(a) For z € [—¢,d],

2c
(- )’ f'(z+601(c—z)—(c+2)* f'(z — O2(c + z))
4c

Consequently,

M, M,
l < Y 2 2 -
@l < 204 (@ 4222
(b) By (1) in the solution of (a), for z € [—c¢,c), we get

pay = 1O S ron,

where h = ¢ — 2 > 0. Thus |f'(z)| < 222 + LM,h. Now taking
h=2 % gives |f'(z)| < 2/MoM>, which in turn implies that
My < 2+/MyM,.
2.3.18. The inequality M; < 2y/MyM> is proved in the solution of
2.3.17 (b). The equality is attained, for example, for f defined by
22 -1 if —1<2<0,
)= {

2

;23 if 0<x< 0.

Indeed, we have My =1 and M; = M, = 4.

2.3.19. For h > 0 and = € R,

F@+h) = f@) + F@h+ (@ + 9h)%

and 12
flx—h)=f(x)— f(@)h+ f'(x - 01h)?.



252 Solutions. 2: Differentiation

Consequently,
1 h
fi(z) = 5o (fle+h) = fz = 1) = 2(f"( + 6h) = f"(z - 6:h)),
which implies
@< 2 for >0

To get the desired inequality it suffices to take h = 2%.

2.3.20. For p = 2 the result is contained in the foregoing problem.
Now we proceed by induction. Assuming the assertion to hold for
2,3,...,p, we will prove it for p + 1. We have

f(pfl)(l« +h) = f(pfl)(x) + f® (z)h + f(l’“)(a: + gh)h;
and

f(pfl)(m —h) = f(pfl)(m) — f@) (x)h + f(p+1)($ — glh)h;_
Hence

FO@) = 5 (10D (@ 4 8) = F0D (- 1)
— %(f(pﬂ)(m +6h) — fPN (2 — 6, ).
Consequently,
|fP) ()] < % + gMpH, h> 0.

Taking h = ,/2%:: gives M, < \/2Mp,_1Mp;. By the induction
hypothesis for £ = p — 1, upon simple calculation, we get

p. L 2
& M, < 25 7T M7

So the inequality is proved for & = p. Now we will prove it for 1 <
k < p — 1. By the induction hypothesis,

k(p—k) 1

_k k
Mp <27 M, "M,
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which combined with (1) gives

k(p+i—k) 1k _k_
== FES W
M, <2772 M, Merl .

2.3.21. Suppose |f"(z)] < M (M > 0) for z € (0,00). By Taylor’s
formula for z,h € (0, 0),

h2
fl@+h) = f@) + f@h+ (@ +0h) =

It then follows that

|f(x+h)— f(x)| A Mh
h T

[f'(@)] <

Since lim f(z) =0, given € > 0 there is an xy such that
Tr—>00

Mh
If'(z)] < %-{—T for x> xo,h>0.
Taking h = /24 we get |f'(z)| < vV2eM, = > x9, which means that
lim f'(z) =0.
T—r00

2.3.22. For z > 0,
flx+1)= f(z)+ f'(z) + %f”(f) with some & € (z,z +1).

Hence

of (@) = =@+ Df@@+1) —of(@) = 5 -2 €f

Consequently, acgg—loo zf'(x) = 0.

2.3.23. For u,z € (0,1), u > x, by Taylor’s formula we get
Flu) = (@) + @) — ) + 3 f'(E)u — )

with some ¢ € (z,u). Takingu =z + (1 — z), 0 < & < %, we obtain

flw) = f@) =e(l —2)f'(z) + %52]0"(3; +0e(1—2)(1 - 2)°
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with some 6 € (0,1). Upon letting  — 1~ we see that

(1) 0= lim <(1 —z)f'(z) + %Ef”(l‘ +0c(1—x))(1 - :r)2> .

z—1-

By the definition of the limit, if ; > 0, then

(1 -2)|f' (@) <er+ %Slf”(w +0e(1 - 2))|(1 - 2)°

<o 4 L_Me
=20 —1)?

for x sufficiently close to 1. Since € > 0 can be chosen arbitrarily,
(1 —2)|f'(z)] < &1, which means that lir? (1 —-2)f'(z) =0.
r—1"

)= L5 ()
)= (),
b

) and x5 € (%,b) . Hence

16 - @1 = (252) 1 - i< (5 1@

where | f"(c)| = max{|f" (z1)|, |f" (z2)[}.
2.3.25. It follows from Taylor’s formula that

1= )= 7o) +

with some z; € (0,1) and 25 € (—1,0). Thus

f"(@1) + f"(z2) = 6,
which implies f"'(z1) > 3 or f"'(z2) > 3.

It is worth noting here that the equality is attained, for example,
for f(z) = 3(2® + 2?).

2.3.24. We have

(3
(3

with some x; € (

and

w‘+ [\

fIII (m2)
3!

Loy -

and 0=f(-1)= 5
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2.3.26. Write

(1) f(t) = fz) + (& - 2)Q(1).
Differentiating both sides of this equality with respect to t gives
(2) 1) = Q) + (t —2)Q'(?).

Substituting xo for ¢, we get

(3) flx) = f(wo) + (& — wo) f'(w0) + (z — 20)* Q' (o).

Differentiating (2) with respect to ¢, next taking ¢t = zp, and aided
by (3), we obtain

F(&) = Fw0) + (2 —20) ' (0) + 5 " (z0) &~ 20)? + 5 (2~ 70)°Q" (z0).

To get the desired equality it is enough to repeat the above procedure
n times.

2.3.27. By Taylor’s formula given in 2.3.1,

fyn) = £(0) + £ (0)yn + o(yn),
f(zn) = f(0) + f’(O)mn +o(zn).

Hence
Yn — Tn Yn — Tn
(a) Since z,, < 0 < y,,, we see that
o(yn) —o(zn) | _ lo(yn)| N lo@n)l _ loyn) N lo(zn)|
Yn — Tn o Yn — Tn Yn — Tn - Yn —Tn
Consequently,
lim O(yn) - O(xn) — 0’

n—o0 yn — Ip

which along with (1) shows that lim D, = f'(0).
n—o0

b) By (1) it is enough to show that lim 2¥»)=2(=) _ ( We have
(b) By g

n—00 Yn—=Tn

o(yn) — o(zy)
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where the last equality follows from the boundedness of {—=—}

Yn—Tn
and { -==—}.

(c) By the mean value theorem, D,, = f'(6,,), where z,, < 6,, < yp.
The desired result follows from the continuity of f' at zero.

2.3.28. Observe first that P is a polynomial of degree at most m.
Differentiating the equality

TR S (i [0

k=0
we get
(1) —(m+1)(1—y)™ = mi:l (m; 1) (=1)Fhyh
k=1
Taking y = 1 gives
(2) 0= mi:l (m; 1) (—1)*F.

k=1

It follows from this equality that P(™~1(0) = 0. Next, differentiat-
ing (1) and then putting y = 1, we see by (2) that P(™~2)(0) = 0.
Continuing this process, one can show that PU)(0) = 0 for j =
0,1,2,..,m — 1. Moreover, P("™ (0) = 0, because

0=(1-1)m™ = mi:l (m; 1) (—1)*.

k=0

Now it follows from Taylor’s formula that P(z) = 0.

2.3.29 [E. I. Poffald, Amer. Math. Monthly 97 (1990), 205-213]. We
will need the following mean value theorem for integrals.

Theorem. Let f and g be continuous on [a,b], and let g have con-
stant sign on [a,b]. Then there is £ € (a,b) such that

/a ' F@)g(e)de = (0 / " (@)
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Proof. Set
m =min{f(z) : « € [a,b]} and M = max{f(z): z € [a,b]}.

Assume, e.g., that g(z) > 0. Then mg(z) < f(z)g(z) < Mg(z).
Integrating both sides of this inequality yields

mLZmMsLUummMSMAme.

Hence
b
d
TG
[, 9(x)dz
Since f enjoys the intermediate value property on [a, b], the assertion
follows.

Now following E. I. Poffald, we start the proof of the given for-
mula. By Taylor’s formula with integral remainder (see, e.g., 2.3.4),

T
n+1
T

w¥T
(n+2) _
+/0 £ (@) <n+ - t> dt.

1 () = 10+ £00)

Hence
1'0) oo I ()
f(0)+ 1 1‘+"'+m1’ 1+TZ‘
f'(0) F0) o
+ (f(">(0) + f("“)(O)ni : +/0" FOD (¢ (n fr = t) dt> %
f'(0) Fo0)
:f(0)+ 1 1’+"‘+m1‘+1

i x x"
2 () [ ——— — ¢ ) dt=—.
+/0 f ()<n+l ) n!
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On the other hand, by Taylor’s formula with integral remainder,

_ f'(0) F0)
f(x)_f(o)-F 1 x+-..+mx+

!
./zf“+”@Xw—tW+%ﬂ
0

1
MCES

Consequently,

! n—1 (n) (_z_
10 (10 + g T2 ety f%%)

1 xr
== T z"
- (n+2) (¢ —t) dt—
/0 f ®) (n +1 ) n!
1 [r4T

_ L[ @;@i_n<$__»
“nl ! +2(t)< n+1 T \n+1 t))dt

/ FOE () (z — £y g,
=

1
MCES]

Consider g defined by

g(t) = =" g <

o] —t) for te[0,x].

It easy to check that ¢'(t) > 0 for t € (0,2) and g(0) = 0. Thus g is
positive on the open interval (0,z). By the mean value theorem for
integrals (proved at the beginning of the solution), we get

[ e (U e ()

0

= f)(gy) / gty

0

and

/ TR ) - = f)(6y) / " (-t

z

n+1 n+1
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It follows from the above that

! n—1 (n) (_=_
fx) - (f<o> L0y %x N fgiﬁ)m)

z

_ %fmw)(gl)/o"“ g(t)dt + (nil)!f("'i'?)(&)/ (x — )"+ dt.

Setting

we see that
" 2n

2(n+1)2(n+2)°

By the intermediate value property,

AL+ A=

21 . 2 r— n+41
FU&) [ gt + S G) [ S
znt2n :f (5),
3(n+1)2(n+2)

where £ is between & and &;. Consequently,

e o I GEE)

f(x>—(f(o)+f'1(?)x+---+mm p i m) m>
- lf(nﬁ) ©) 2" n =" ) (E)Lﬁ_
n! 2(n+1)2(n+2) 2(n+1) (n +2)!

g

"

To end the proof it is enough to set 6 =

2.3.30. It follows from the assumption and Taylor’s formula applied
to f(" that

F™ (o + () (z — 0))
FOHP) (20 + 6,60(x)(x — 20))

= ™ (w0) + »)

(0(z)(z — 0))".
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Hence
@) = o)+ 2o ) 4o L) (o
LI +z!1£!(a:)(m ) g,
On the other hand,
@) = o) + 200 (@ =) o L2 (e
| o (93(219;)(!9: D) P

Upon putting the last two equalities together, we get

FOHP) (20 4 0,0(x) (2 — 20)) B FOHP) (20 + 0y (z — 20))
n!p! B (n +p)! '

(6(x))”

Since f("*?) is continuous at zo and f("*?)(zy) # 0, upon passage to

. : 1 _ 1
the limit as x — z(, we obtain T = nipt mlgr;o (0(z))P.

Note that if p = 1, then we get the result in 2.3.15.

2.3.31. By Taylor’s formula,

1
£

%] [ ]

! 1 " 2,2
INICOEDY <f (0)kz + 5 f"(Okz)k a:)

(1) k=1 k=1
N [(EED
where
]
(2) n(z) =5 Y fOko)k*a”.
k=1

Since f" is bounded in a neighborhood of zero and

[g o E ) CLE )

6 )
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(2) implies that limJr n(xz) = 0. Now (1) shows that
z—0

[ %] ,
lim f(kx) = / (0)

z—0t P 2

2.3.32. Tt follows from the Bolzano-Weierstrass theorem (see, e.g.,
I, 2.4.30) that the set of zeros of f has at least one limit point, say
p, in [e,d]. Clearly, f(p) = 0. Let {z,} be a sequence of zeros of f
converging to p. By Rolle’s theorem, between two zeros of f there is at
least one zero of f'. Therefore p is also a limit point of the set of zeros
of f'. Since f' is continuous, f'(p) = 0, and inductively, f*)(p) =0
for k € N. Consequently, by Taylor’s formula,

n!

with some @ € (0,1). Since sup{|f (z)| : = € (a,b)} = O(n!), there
is M > 0 such that |f(z)| < M|z — p|"™ for sufficiently large n. So, if
z € (a,b) and |z — p| < 1, then f(z) =0.

2.3.33. As in the solution of the foregoing problem, one can show
that f(¥)(0) = 0 for k£ € N. By Taylor’s formula,

i ()

. ", neN

flz) =

Since given z, lim Z; =0, we see that f(z) = 0 for z € R.
n—o0 :

N

e
=3 .
— O~ Y — W

4.

— W

—e/2.

o
—_

~
o

T~
o
J—

8y
o=

—
@

2.3.35. To show that

. a \\"_ . ainf(s) _ -2
acgg-loo <f<\/5>> _acgg-looe =€
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one can use Taylor’s formula with the Peano form for the remainder
(see, e.g., 2.3.1), which gives
2
T
fla) =1~ 5 +ofa?),

and next apply 1.1.17(a). One can also use I’'Hospital’s rule in the
following way:

) o SV L af'av)
t—0+ t o0+ 2\/_f(a\/_)
im 2fll(a\/_) a2
0t 2f (VD) + 2avEf (D) 2

NG

2.3.36. Assume first that a > 1. Then by I’Hospital’s rule,

. a® —1 g
lim _ = a.
z—+oo \ z(a — 1)

. a®*—1\~=
lim [ — =1.
z—+oo \ z(a — 1)

If 0 <a <1, then

2.3.37.

(a) Since hm 1cosw

oo 2tcosz
rule. Clearly, the limit is 1/2.

does not exist, one cannot apply I’Hospital’s

(b) We are not allowed to apply I’'Hospital’s, because the derivative
of the function in the denominator vanishes at § + 2nm, n € N.
On the other hand, it is easy to show that the limit does not

exist.
(c) To find the limit of f(2)*) when = — 0% it is enough to deter-
mine lim 4@ However, this limit cannot be calculated using
250+ 7@

I’Hospital’s rule because the assumption that the limit of the quo-
tient of derivatives exists is not satisfied. It is shown in 1.1.23(a)
that the limit is 1.

(d) The limit is 1 (see, e.g., 1.1.23(b)). However, to find it one cannot
apply I"Hospital’s rule.
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2.3.38. We have

1 1 1 1 _1_ 1
lim 2102 21 2 _ lim In(1+t) t 2
z—0 x t—0 %
_ In2(2t — 2In(1 + ¢) — tln(1 +¢t))
~ 50 2t1In%(1 + t)
~ In2
~43
where the last equality can be obtained applying ’Hospital’s rule
several times in succession. Hence f'(0) = —122.

2.3.39. As in the solution of 2.3.28, one can show that

n 0 if r=0,1,...,n—1,
()= (0 0

1 —
Pt n! if r=n.

Now to get the desired equality it is enough to apply I’Hospital’s rule
n times successively.

2.3.40. Assume first that lim g(z) = +o00 and L € R. By (iii),

z—at
given € > 0, there is aj, such that for z € (a,a),
!
(1) L—5<f,(m)<L+s.
g'(x)

Since g’ enjoys the intermediate value property, (i) implies that g’ has
the same sign on (a, b). Consequently, g is strictly monotonic on (a, b).
For z,y € (a,a1), v < y, by the generalized mean value theorem,

f@)— 1) _ £'o)
g9(x) —g(y)  ¢'(xo)
with some z¢ € (z,y) C (a,a1). Fix y for a moment. Then by (1),

fl®) _ fy)
L—e<d® 9@ 1
1— ggyg
gz

Thus if, for example, g is strictly decreasing in (a,b), then

(e | fw)  f@ W)Y | f)
( ”(1 mm>+gu><gu><‘L+”<l am>+g@y
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Letting x — a™ gives

L—e< lim @ <L+e¢,
z—at g(l‘)
which ends the proof in this case. The other cases can be proved
analogously.

Note that a similar result holds for the left-hand limit at b.

2.3.41.
(a) By I’'Hospital’s rule (see 2.3.40), we have
axr axr ! L
lim f(z) = lim S A2} /(@) — lim & (af(2) + f'(z)) ==
z—+00 z—4oo T Tz—r~400 ae® a
(b) Likewise,
eV £ () erv?® (f'(ﬂf) +375 (f))
lim f(z)= lim ———=—*= lim
z—+00 z—+o00  eaVT z—+00 a_cavz
2V
= lm_<(af(2) + 2VEf (2) =
= lm _—(af(z zf'(z))=—.

To see that statements (a) and (b) are not true for negative a,
consider the functions f(z) = e~ and f(z) = e~ *V?, respec-
tively.

2.3.42. Using ’'Hospital’s rule proved in 2.3.40, we get

@)\
| e\ - FS) e
Jm <1 T2 f”(gy)) I I El
Hence

!
lim 7]0 (z)
»50 2 ()
By assumption, we therefore see that ¢ < 1. Clearly, if ¢ # 1, then

xf"(x) 1

=1-—c.

(1) xll)rr;o fl(z) 1-¢

Now we prove that lim f(z) = +o00. By Taylor’s formula we have
T—r00

h2

fa+h) = f@) + F@h+ 1Oy h>0,
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Hence f(z + h) > f(z) + f'(z)h. Letting h — +oo shows that
lim f(z) = +o00. Now, by I’'Hospital’s rule again,

T—r00

m 2@ f@4efie) 1
N O S [

which combined with (1) yields

o F@F@) L af @) f@) 1

imoe (fi(2))? e fla)  afi(a)  2—c

2.3.43. For z # 0, by the Leibniz formula, we get

9™ (x) = Xn: (Z) 109 (2) < i ) (n—k)

Set g(0) = f'(0). Then an application of I’'Hospital’s rule gives

vy — 1 9@) = f10) o fz) —af'(0)
g0 = = Im T
_ g f(@) = f1(0)  f"(0)
= limy 2 -T2

Thus ¢'(0) exists. Now we show that ¢' is continuous at zero. By (1)
and I’Hospital’s rule,

= lim, meaEm) =90

So, g is in C'(—1,1). Now we proceed by induction. Suppose that

g™ (0) = f(%;)l(o) and g € C"(—1,1). Then by (1) and I’'Hospital’s
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rule we obtain

(n) _ (n)
g("+1)(0)zlimg (z) —¢'™(0)

xr—0 €T
n
X (<1 E RO @)k — a1 (0)
- ﬂ%lg}) 1‘”+2
= e A . n (n+1)
. kZZSO(—l)”*"Z—,’fW (2)a — gnt1 L0010
- .;112) wn+2
n!(=1)"f'(z) + kz; (—1)n—kmd plke1) () gk
— 15 k—1
= BL%{ (n + Q)xn+1

k=1

i (—1)nk (kﬁ!l)! FE) (g)zh=1 — zn f(rHD(0)
(n + 2)znt! }

n!(=1)"f'(z) + kil(_l)nsz_!!f(k+1) ()"
= hm{ (TL + 2)$n+1

Z (D) D (@)at —am e (0)
: (n + 2)znt! }
— 1 g (D (z) — fD(0))  FD(0)
=.m (n + 2)zn+l =

Our task is now to show that g(®*1) is continuous at zero. By (1) and
I’Hospital’s rule again,

n+1 \
> (=1 R £ ()t

. (n+1) _ T k=0 _
“lcli% g (.T) i% pnt2
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ntl a1k ) ontl g1k Vo o
kEO( 1) - (n+1)!f(k+1)(1.)xk +k21( 1) (k,l)(gnH)’f(k)(x)xk 1
lim "= =
=50 (n + 2)znt!
()

=1 = gn+D)
a%lg%) n+2 g (0)-
Summing up the above, we see that the extended g defined above is

in C* on (—1,1), and g(™(0) = )”(7:7—:)1(0)’ n=0,1,2,....

2.4. Convex Functions

2.4.1. Assume that f is convex on I. Then for 7 < z < z2 we have
(1) fla) = fx1) _ flx2) = f(z1)
r— T - To — X1
(see (1) in the solution of 1.2.33). On the other hand, since
ro — T r — I

T = xr] + T2,
T2 —T1 Iz —T1

we see that

o — T r — T

fz) <

fz1) +

T2 — T1 T2 — T1

f(mz)a
and consequently,

Fa2) = f(w1) _ flas) = f(2)

This combined with (1) gives
2) f@) = f@) _ fwe) — f(2)

r — I ro — T

Upon passage to the limit as z — xf‘ we see that

fl(wl) < f(w2) - f(wl) )

T2 —T1

IN

Similarly, letting  — z, in (2) yields

o) > flx2) — f(ifl)’

T2 —T1

Consequently, f'(z1) < f'(z2), which shows that f’ is increasing.
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Assume now that f' is increasing on I. Let 21 < z < 5. By the
mean value theorem,
fz2) — f(=)

fe) 21 _ pig,), M@ _ g,
T — T L2 —T
where z1 < & < x < & < z3. Therefore by the monotonicity of f’
we get inequality (2). Now we show that (2) implies the convexity of
f. To this end set z = Azy + (1 — N2, where z; < x5 and A € (0,1).
Then z € (z1,22),

z—x1=(1—=AN)(r2—21) and xz3—x=Ax2—x1).

So (2) gives f(z) < Af(z1) + (1 — A)f(x2). It is worth noting here
that (2) is in fact equivalent to the convexity of f.

Note also that if f' is strictly increasing on I, then f is strictly
convex on I.

2.4.2. It suffices to observe that the condition f"(x) > 0 for z € I
is equivalent to the fact that f’ increases, and to apply the result in
the foregoing problem.

2.4.3. We proceed by induction. The condition with n = 2 is the
definition of convexity of f on I. We therefore assume the inequality
to be proved is true for some n > 2 and show that it is also true for
n + 1. Let A1, Aa,..., A\, A1 be nonnegative and such that A\; +
A2+ -+ Ap + Apg1 = L. Since Az, + App1Z,41 can be written in

the form (An +Ans1) (52555 @0 + 32557 @n+1 ) by the induction
hypothesis we get

fuazr +XAozo + - + A1 Tng1)
<A f(z) + Ao f(22)

An AnJrl
oo d OnF Aur)f (An o R e “)

Now we only have to apply the definition of the convexity of f to the
last summand.
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2.4.4. Since In"(z) = —-5, the function z — Inz is concave on
(0, 00). Thus

P q 1 1
In <a:_ + y_) > —Inz? + —1lny? = ln(zy).
p q p q

2.4.5. Since z — Inz is concave on (0, 00), we get

1
ln(ﬂ+ﬂ+---+m—n) >—(lnzy +lnzy+---+1nz,)
non n n
1
= Eln(ml “Ty o Tp)-

2.4.6. The function x — e® is strictly convex on R.

A
(b,eb)

|
|
1
I
1
1
1
1
1
1
1
1
1
I
I
1
1
I
1
|
1
1

a b

[
|

If, for example, a < b, then the area under the graph of y = e” from
z = a to x = b is less than the area of the trapezoid with vertices
(a,0), (b,0), (a,e?) and (b,e’). Therefore

b a b
eb—e“:/ etdt<(b—a)e —2ke-

2.4.7. Consider the function given by f(z) = zlnz, x > 0. Then
f'(z) = % > 0. Thus f is convex. Consequently,

rTry,,rty
2 2

< glnx—k%lny.

2.4.8. Use the fact that x — %, a > 1, is convex on (0, 00).



270 Solutions. 2: Differentiation

2.4.9.

(a) The function f(z) = In(L +1) is convex on (0,00), because
f"(x) > 0 on that interval. So the result follows from the Jensen
inequality (see, e.g., 2.4.3).

n
Observe that if pj, = % fork=1,2,...,n,and if } z; =1, then
k=1
we get the inequality given in I, 1.2.43(a).
(b) It is enough to apply the Jensen inequality to the function

f(x):lnG”

), O<x <.

— T

Observe that if pj, = % fork=1,2,...,n,and if  z; =1, then
k=1

we get the inequality given I1,1.2.45.

2.4.10.
(a) Define f(z) = In(sinz) for z € (0,7). Since f"(z) = ——— <0,
we see that f is concave on (0,7). Now it suffices to apply the

Jensen inequality (see, e.g., 2.4.3) to —f.
(b) Consider the function defined by

f(z) =In(sinz) —lnz, =z € (0,7),

and observe that f"(z) = — % + 2z < 0, and apply the Jensen

—  sin?z

inequality (see, e.g., 2.4.3) to —f.

2.4.11. Note that the function f(z) = (z + 1)" is convex on (0, 00),
because

f'(@) =a<w+%>a_2 ((a—l) (1_:5_12>2+m_23 <m+i>> > 0.

By Jensen’s inequality (see, e.g., 2.4.3),

n2+1\° 1
() =i e

a
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Hence

n 1 a 2 1 a

E (xk + _> > u
T na—

k=1

2.4.12. Applying Jensen’s inequality to  — —Inxz, z > 0, we get

1 1 1 22 -1 1 23 —1 2" —1
E nl+In D) +Iln 22 ++1HF

1 22 -1 2" —1 2 1
§1H<E<1+ D) +"‘+F>>:1H<2—E+W>.

2.4.13.
(a) Applying Jensen’s inequality to f(z) = L, z > 0, we obtain

1 1 1 1 1 1 1
- - - S_'_+_'_+"'+_'_'
T+ T2+ Ty n I n. I no T
Hence
n2 1 1 1
<—+—+--+—.
1 +x2+ -+, T T2 Ty

(b) By Jensen’s inequality applied to f(z) = —lnz, z > 0, we have

Qn

In(zf'z3? - -zp*) =arInzy +aslnzs +- -+ aylnzy,

<ln(ajzr + aswa + -+ + anty).
Consequently,
(1) zPtes? - aom < arxr + aa + -+ app.

If in (1) we replace xy, by z%c’ we get the left inequality.

(c) If one of xy or yi, is zero, then the inequality is obvious. So we can
assume that zg,yr > 0 for £ = 1,2,...,n. Then the inequality in
question can be rewritten as

a2 a ap, az a
Ty Ty~ TR T Y Yoo Yy” <1

(1 +y1)or (22 +y2)22 - - (n + Yn)¥ —
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Now by (b) we get

m?leQ . .xzn +y‘1l1y‘2l2 .. y’gn
(1 +y1)2 (2 +y2)22 -+ (T + Yn)
<oy +o o, +ay—2
1+ Tn + Yn 1+
+- - tay, Yn =1
Tn + Yn

(d) The inequality follows from (c) by induction on m.

2.4.14. Suppose, contrary to our claim, that f is not constant on R.
Then there exist 21 < x5 such that f(z1) < f(z2) or f(z1) > f(x2).
Let 2 be such that x; < 22 < . Then we have

Flea) = f (‘”“” o ‘xlw) < TTE ) T gy,
r — T r — T r — T r — T

Thus

(1) f) > e flw) = o )

If f(z2) = f(x1) + A with some positive A, then (1) implies that
f(@) > AZ=2-+ f(w1), contrary to the assumption that f is bounded
above. Similarly, if f(z1) > f(z2), then f(x1) = A+ f(x2) with some
A > 0. Now taking = < ;1 < x2 we get

T2 — T

flz) = A + f(x2),

T2 —T1

again contrary to the assumption that f is bounded above.

2.4.15. No. It is enough to consider f(z) = e %, z € (a,00); and
f(z) =e", z € (—o0,a).

2.4.16. Suppose that f is not monotonic. Then there are a < 1 <
To < x3 < b such that

flar) > f(x2) and  f(x2) < f(xs),
or

flar) < flz2) and  f(a2) > f(as).
Since f is convex, f(z2) < max{f(zi), f(z3)}. So the latter case
cannot hold. The continuity of f (see, e.g., 1.2.33) implies that there
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is ¢ € [z1,z3] such that f(c) = min{f(z) : = € [z1,23]}. By the
convexity of f we see that f(z1) < max{f(z), f(c)} for z € (a,z;).
Consequently, since f(c) < f(z1), we have f(z;) < f(z). It then
follows that if z,y € (a,c|, then

o v <y <wm implies f(y) < max{f(z), f(x1)} = f(x),

e z <z <yimplies f(y) < max{f(z1), f(c)} = f(z1) < f(x),

e z; <z <yimplies f(y) < max{f(z), f(c)} = f(z).
So we have shown that f is decreasing on (a, ¢|. In an entirely similar
manner one can show that f increases on [c, b).

2.4.17. This is an immediate consequence of the result in the pre-
ceding problem.

2.4.18. Since f is bounded, by the foregoing result, one-sided limits
of f at a and b exist and are finite. Consequently, the assertion follows
from 1.2.33 and 1.5.7.

2.4.19. Let x; < x2 be two points in (a,b). Then for a < y < 1 <
x < z3 we have (see (1) and (2) in the solution of 2.4.1)

Fy) = fle) _ f(@) = fz1) _ fl@2) = fz1)

(%) < <
y—x T—T To — X1
This means that the function =z — %ﬁ“) is increasing and

bounded below in (x1,b). Consequently, the right-hand derivative
fi (1) exists and

f(x2) —f(iﬂl)_

Iz —T1

(%) fil@) <
Now note that for x1 < x5 <t < b,

flaz) = f(z1) _ f(t) = f(=2)

To — T1 - t—xo

which gives

x2) — f(x
) 2 T8 < 1 )
This combined with (xx) shows that f}(z1) < f!(x2). To show
that the left-hand derivative exists and is increasing on (a,b), sim-
ilar reasoning can be applied. Moreover, it follows from (x) that for
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z1 € (a,b) we have f’ (z1) < f} (21). Recall that, by (2) in the solu-
tion of 2.4.1, if 1 < x < x5, then

f@) = f@) _ fw) — f(@)

This implies that
fizy) < fl(zs).

Summing up, we get

i) < flzy) < fl(zs) < fi(zs) for z <.

This shows that if one of the one-sided derivatives is continuous at a
point in (a, b), then both derivatives are equal at this point. Since a
monotone function can have only a countable number of discontinu-
ities (see, e.g., 1.2.29), the one sided derivatives are equal except on
a countable set.

An analogous statement is also true for concave functions.

2.4.20. Since f' is strictly increasing, the inverse function (f')~!

exists and

0 =7

It then follows that ¢ is differentiable on (0,00). Upon differentiating
the equality given in the problem, we obtain

f(b+$)—f(a—w)>
b—a+2z )

(1) fl(b+w) _;)__flc(l(:__Qi) _2fl(£) — fll(é-)é-l(m)

Now note that f" > 0, and since f" is strictly increasing, f' is strictly
convex (see, e.g., 2.4.1). Hence (see the figure below)

(b—a+2z)

! T "la—=x bte
flbro)+ flla-) >/ f'(Hdt = f(b+a)— fla—z).

2

—I
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f(b+x)

v

Thus

ffo+a)+fla-x) _
5 > f'(§)-

Consequently, by (1), we see that £'(x) > 0 for z > 0.

n
2.4.21. Without loss of generality we may assume that > |2;| > 0
n i=1
and Y |y;| > 0. By 2.4.4 we get
i=1

p q

T il | 1]l

1
1 I < - I 1
n P n q p n P (] n q
(Skk) (L) (1) (£ bt

Upon summing both sides of this inequality from ¢ = 1 to i = n, we
obtain

n
E|l°iyi|
=1
1 1
n P n q
(zw) (zw)
i=1 =1
p q
1 i 1o Yi
S35 9y [ IR ) o (R .

D = n P q = n q
= (Z |€Ei|”> = (Z |yi|q>
i=1 i=1
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276
.|p .|q
DL o] 7L
=-— +—n :—+—:1_
Psqae T jye P 1
=1 =1

2.4.22. For p = 1 the inequality is obvious. For p > 1, let ¢ be such

that % + % =1.So0,q= ﬁ. Hence

i=1

n n
Z |zi + il :Z |25 + yillzs + il P!
i=1

n n
< Z il +vil P+ Z lyillzs + il

i=1 =1

1
< (Z |xi|p> (Z o + yiw’“q)
i=1 i=1
i, 1
+ ( |yi|p> (Z |z +yi|(p_1)q>
i=1
= <Z|ﬂfi|p> + <Z|yi|p> <Z|ﬂfz +yi|p> .
i=1 i=1 i=1
Consequently,
1 1 1
n P n i4 n P
(Z |$i+yi|p> < (Z |5Ui|p> + <Z|yi|p> :
i=1 i=1 i=1

2.4.23. By Holder’s inequality we have

1 3
N N i/N T
|an| < 4 1
7 > ap 16 .
n=1 1° 1 n=1 1%

n=

1
q

M=

1

<.
Il

o=

2.4.24. Set s1 = x1 + T2+ -+ Ty, S2 = Y1 + Y2 + -+ + y, and
1
S = (s} 4+ s5)7. Then
SP=st+sh = (mist "+ sy )+ (@] +yash )

o (st ynsh ).
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It then follows by Holder’s inequality that

1
q

1 1 1
SP < (af +yp) ¥ (s7 +85)7 + (25 +y3) 7 (57 + 85)
RN R AL C AL
p 1 1 1
=S5 (@} + D)7 + @5 +9d)7 +- -+ (@h +yh)7)
which implies the desired inequality.

2.4.25. Set

m n P
8; = E z;; and S = E st
Jj=1 i=1
Then by Holder’s inequality,
n n m m n
P — Pl P el .
SP = E sis; = E E TSy = E E TijS;
i=1 i=1 j=1 j=1i=1

p—1
P

S (S) (S0) - (B
j=1 \i=1 i=1 j=1 \i=1

which implies the desired inequality.

2.4.26. Let z,y € I and assume that x < y. For n =0,1,2,..., set
T, = {2% 1= 0,1,...,2"}. We show by induction that for n =
0,1,... and for s € T,

f((L=s)z +sy) < (1 —9)f(z) +5f(y).

Clearly, if n = 0, then s = 0 or s = 1, and therefore the above in-
equality is obvious. Assuming the inequality to hold for an arbitrarily
chosen n € {0,1,...} and for s € T,,, we will prove it for n + 1. Sup-
pose that s € T, 4;. Clearly, it suffices to consider the case s ¢ T,.
Since there exist &, € T, such that s = &T”, we see that

_ €+_n> £+

1— = (1 S
o= (1 E57)a €,

(1—5);(1—n)w+€;ny
(1 =8z +¢&y) + (1 —n)z +ny)
5 .
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By the midpoint-convexity of f,

J((1 =8z +&y) + f((1 —n)x +ny)

F(1=5) +5y) < : |

By the induction hypothesis,

F((L= )z + sy) < (1 =& f(x) + £ (y) 7; (1 —n)f(x) +nf(y)

_ (1_“_77> @)+ S )

2 2
(1 —=3)f(z) +5f(y)-

Let ¢t be an arbitrarily chosen point in [0, 1]. Since the set

o0
T = U T,
n=0

is dense in [0,1], there is a sequence {sp} of points in T such that
t = lim s,. Hence, by the continuity of f,
n—o0

P =)+ 1) = T f(1= 5,)7 + 50)
< Tim (1= $0) f(2) + 505 (3))
= (1= 1) (@) + /().

2.4.27. There are functions f : R — R which are additive and not
continuous (see, e.g., 1.6.31). If f is such a function, then for any

z € R,
f@=1(5+3)=1(3)+1(G) =2 (3)

Thus f (%) = £ f(z). Consequently, for z,y € R,

F(5Y) =1 (5 +8) = pr@+ yrw = L0510,

If f were convex on R, then it would be continuous (see, e.g., 1.2.33),
a contradiction.
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2.4.28. Suppose, for example, that x < y. For ¢t € (0,1) set z =
(1 —t)z +ty. Then z < z < y and there are a € (z,2) and b € (z,y)
such that z = “E2. Analogously, there are t, € (0,) and t, € (t,1)
such that

a=(1—t)r+t,y and b= (1—ty)x+ tpy.

Since z = “t2 we have t = L. We know, by the result in 2.4.26,
that f is convex on I. Now we show that f is strictly convex. We
have

F((1 =tz +ty) = f(2) < M

S =tz +ty) + f((1 = ty)z + tpy)

2
< (L= 1)) +taf () + (= ) @)z + 01 0)
- 2
= (1- "5 10 +

= (1 =8)f(x) +1f(y).

2.4.29. Since f is continuous on I (see, e.g., 1.2.33), it is locally
bounded. Let xy be in I and let € > 0 be so small that the interval
[xo — 2e,z9 + 2¢] is contained in I. By the local boundedness of f
there is M > 0 such that

(1) |[f(x)] <M for =z € [xg—2e,x0+ 2¢].

Take two distinct points z; and x2 in [zg —&,29 + €]. Then z3 =
To + m(m —x) isin [zg — 2¢, 9 + 2¢] and

€ |za — 1]
= T1 I3
|z2 — x|+ € |ze —z1| + €

Z2

Since f is convex, we see that

w2 — a1
|1‘2 —1‘1|+6

€

flza) < flz) + f(xs).

- |1’2—1’1|+6
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Consequently,

f(z2) = f(z1) <

|z —

<22l ) sl

which combined with (1) shows that f(z2) — f(z1) < %kl’g — x1].

Finally, since the roles of x; and xy can be interchanged, we get
|f(z2) = flz1)] < 2wz — 2]

2.4.30. Let 21 < x2 be chosen arbitrarily in (0,00). If 0 < z < x4,

then
o — T T — T
r = xr + 2.
T2 — T T2 — T

It follows from the convexity of f that

ro — I r1 — I

flz) <

flz) +

T2 — T T2 — T

f(x2).

Upon passage to the limit as z — 0%, we see that
T
f(z1) < — f(z2).
T2
2.4.31.

(a) It follows from the monotonicity of z — I@) that for T1,T2 > 0,

T

flz1 + ) flz1 +22)
+ T2
T + T2 T+ T2

fxr +22) =2 < fz1) + f(z2).

(b) Suppose that 0 < a < b, and set p = ¢ and ¢ = 1 — p. By the

convexity and subadditivity of f we see that

f() = f(pa+q(a+0b)) <pfla) +qf(a+b)

<pf@) +a(f(@) + ) = f(@) + (1= 3) £0).

Thus
f) _ fla

b — a

~
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2.4.32. Assume, contrary to our claim, that f is neither strictly con-
vex nor concave. Then there are points a < (3 in (a,b) such that
the line through (a, f(«)) and (8, f(8)) meets the graph of f at a
point (v, f(7)), where a < v < . By assumption, there are unique
¢ € (a,7) and (s € (7, 8) such that

f(')/)_f(a)_ ' an f(ﬂ)_f(’)/): '
[0 _ pigy ana LO=I0) gy,

Since (a, f(a)), (B,f(B)) and (v, f(v)) are collinear, we see that
f'(¢1) = f'(¢2), which contradicts the hypothesis.

A

JB) e

S |-

Jlo) |-

v

B T TP

2.4.33. Note first that the so-called Dini derivatives

DJFf(m):)F{%M’ Dif(z) = li_m+f(m+ti_f(m),
D" f(z) = lim fe “i —I@ b g = lim w

always exist (finite or infinite). Moreover, since g4 is differentiable,
we get (see, e.g., 1.4.10)

D* f(z +d) = D* f(z) + gy(x), Df(z+d) = Dif(z)+ gy(),
D™ f(x +d) = D™ f(z) + gg(x), D_f(z+d)=D_f(z)+ gy(z)
for z € R. So each of the Dini derivatives of f at x + d is a translate
of the corresponding derivative at . Next, if a < b are arbitrarily

chosen, we set m = (f(b) — f(a))/(b — a) and define F(z) = f(x) —
m(xz — a). Then F(a) = F(b) = f(a), and therefore F attains its



282 Solutions. 2: Differentiation

maximum or minimum value on [a,b] at some point ¢ € (a,b). We
may assume without loss of generality that F'(c) is the maximum of
F. Soif ¢+t € (a,b), then F(c +t) < F(c), or in other words,
f(c+1t)— f(c) < mt. This implies that D" f(c) < m < D_ f(ec). Since
each of the Dini derivatives of f at z is a translate of the corresponding
derivative at ¢, we see that DT f(x) < D_ f(z) for all z. If f is concave
on [a,b], then f is differentiable except on an at most countable set
(see, e.g., 2.4.19). It then follows that f is differentiable on (a,b). If
f is not concave on [a,b], then f attains also its minimum value on
[a,b] at some point in the open interval (a,b). Then, as above, one
can show that D~ f(x) < D, f(z) for all 2. Consequently, DT f(z) <
D_f(z) < D™ f(z) < D4 f(z) for all . So the differentiability of f
on R is proved.

Our task is now to show that f’ is continuous. Assume, contrary
to our claim, that there is 2o at which f’ is not continuous. Then
there is a sequence {z, } converging to =y such that {f'(z,)} converges
to f'(xo)+r with some r # 0, or {f'(2,)} is unbounded. In the latter
case, we can find a sequence {y, } such that {f'(y,)} diverges, say, to

+00. Then
£@0) = F0) _ o)
Lo — Yn

and upon passage to the limit as n — oo, we get f'(zg) = 400, a
contradiction. In the former case, since f’ enjoys the intermediate
value property (see, e.g., 2.2.31), there is a sequence {y,} such that
f'(yn) = f'(zo) + /2. Clearly, we can assume that the sequence
approaches xy from one side, say, from above. By the hypothesis, for
every = we can find such a sequence with the same r. Indeed, since
x=z9+ (x — x9) = z9 + d and

f'(zn +d) = ga(zn) = f'(zn) = f'(z0) +1 = f'(z0 + d) — gg(x0) + 1,
upon passage to the limit,

lim f'(z, +d) = f'(z) +r.

n— 00
By the intermediate value property of f’ again, there is {Z,} such
that f'(2,) = f'(z) + r/2. Now we construct a sequence {z,} as
follows. Let = be arbitrarily chosen and let x; be such that z <
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Ty <z +2 1 and f'(x1) = f'(z) + r/2. Next let zo be such that
T1 < T2 < 71+ 272 and f'(z2) = f'(x1) + r/2. Continuing this
procedure, we get a sequence {z, } with

Ty < Tpp1 <Tp +2°" and  f'(zpi1) = f(zn) + g
Hence the sequence converges, say, to a. Moreover, it follows from
the last equality that f'(z,) = f'(z1) + (n — 1)r/2. Consequently,
{f'(x,)} diverges to +oo or —oo, contradicting differentiability of f
at a. This ends the proof of the continuity of f'. Thus f' satisfies the
same hypothesis as f, so it too is continuously differentiable, and by
induction so are all derivatives.

2.4.34. For n = 2 we get the obvious equality. So, assume that n > 2
and that {a,} is a decreasing sequence. Set

n—1
Sn = (flan)ar — flar)an) + > (far)arss — f(arsr)ar).
k=1
Our task is to show that S,, > 0. Since f is convex, we see that

anp — ar —a
f(an):f< n n+1a1+ 1 n an+1>

a1 — Gp41 a1 — Gp41

Ap — anJrl f a; — ap

IN

a) + ————
a1 — Gp41 a1 — Gp41

f (an+1 ) .
Hence

(ant1 —a1)f(an) + (an — any1) f(a1) + (a1 — an) f(ant1) >0,
which means that S,1; — S, > 0. Consequently, S,, > S = 0.
2.4.35 [M. Kuczma, A. Smajdor, Amer. Math. Monthly 74 (1967),
401-402]. Since f is strictly increasing and a < f(z) < z, we get

a< f" N z) < ff(xr) <z for neN and z € (a,b).

Consequently, the sequence {f"(z)} converges to an [ (the case | =
—oo is possible). Now we show that ! = a. To this end, recall that,
by the result in 1.2.33, each f" is continuous. So, if I € (a,b), then
we would get

)= f (tim (@) = lim (@) =1,

n—o0 n—o0
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which would contradict the assumption f(z) < z for x € (a,b). There-
fore I = a for each z € (a,b). By 2.4.19 the right-hand derivative of f
exists and is decreasing on (a,b). So, if a < t; < tg < b, then (see the
solution of 2.4.19)

f(t1) = f(to)

(1) fi(to) < —

< filty).
Taking to = f™(x) and t; = f""!(z), we get

fri2 (@) — M (@)
frt(e) = (=)

It then follows from lim f! (z) =1 that
z—at

Fi(f (@) < < fL(F7 T (@)

) - )
w0~ (@)

and consequently, for k € N,

frtt (@) — o )

=1,

) A frti(z) — fo(x)
(2) o k-1 frHit2(g) — frritl(g) 1
o ngréo bl frritl(x) — frti(x) -

Since f! decreases, the equality 1im+ fi(x) = 1 implies f! () < 1.
T—ra

Thus by (1) the function z — f(x) — x decreases on (a,b). Since
flv) —v <0,

—u
m >1 for v<u, u,v€ (a,b).

Assume that ¢ < y < x < b, and put v = f*(z) and v = f*(y). Then
[ (@) — f(2)
[T y) = ()

On the other hand, there is k& € N such that f¥(z) < y < 2. This
implies that f"T*(z) < f*(y). Since the function = — f(z) — = de-
creases, we see that

P y) — fry) < () — R ().

1.

v
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Consequently,

) - ) () - )
LS i)~ fily) S T (e) ot (a)

which combined with (2) gives the desired equality.

2.5. Applications of Derivatives

2.5.1.

(a) Applying the generalized mean value theorem to the functions
f(x) =1—cosz and g(z) = ””2—2, we get

1—cosz sinf
= = <1
2

for = #0.
(b) For z > 0, consider f(z) = z —sinz and g(z) = é—? The general-
ized mean value theorem combined with (a) shows that

r—sinz 1—cosf
z3 = 02 <1,
3r 20

which implies that the inequality holds true. Note that for nega-
tive z we have sinx <  — %—?
(c) Apply the generalized mean value theorem to the functions
72 4
f(z) =cosz—1+ = g(z) = —
on the interval with the endpoints 0 and z, and use (b).
(d) Apply the generalized mean value theorem to the functions
23 5
fx) :sinx—m+§, glz)y=—=, x>0,

and use (c).

2.5.2. Use induction and reasoning similar to that in the solution of
the foregoing problem.
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2.5.3. Applying the generalized mean value theorem to the functions
fand g(x) =z, g(x) = 22 and g(x) = 2® in succession, we see that

f) = fla) _ fllx)  f(B) = f(a) _ f'(=2)

b—a 1 7 b2 — a? 2zy
f(0) = fla) _ f'(x3)
¥ —ad 31

2.5.4. Set f(z) = fi(z) +ifz(z) and o = a+ b, a > 0. It follows
from hf}rl (af(z) + f'(z)) = 0 that
T—r+00

M im (afi(z) + fi(2) = bfo(z) =0
and
@ i (afo(@) + f£5(2) +bfi(z) = 0.
Observe now that
-"Ull)rfoo eibmf(m) - :tggiloo w
= lim e (fi(z) cosbx — fo(z) sin bx)
T—+00 ear
+i lim e (fo(z) cosbx + fi(x) sin bx) -
T—+400 ear

Using 'Hospital’s rule (given in 2.3.40), by (1) and (2) we get
e (f1(x) cosbx — fo(z) sin bx)

lim

Tz—r400 ear

i €082 (2) F1 () b)) —sin be(afa() + () +bF1(2)
z—+00 a

=0.

Similarly, one can show that

lim e (fa(x) cosbx + f1(z) sin bx)

T—+00 ear

=0.

So, we see that liIJIrl e f(x) = 0, which immediately implies that
Tr—r+00

lim f(z) =0.

T—+00
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Finally, let us remark that the proved result can be generalized as
follows. If lirf (af(z)+f'(z)) = L, then liIJIrl f(z) = L/a. Indeed,
T—r+00 Tr—r+00

in this case we have liIJIrl (a(f(x) —L/a)+ (f(x) — L/a)") = 0 and,
T—r+00
by what we have proved, Em (f(z) — L/a) =0.

T—+00

2.5.5. Take @y = & — ¥3j and ay = L + 3. Then

f@) + f'(@) + (@) = avar f(2) + (2 + 1) f'(2) + f(2)
= ax(af(2) + f'(2)) + (ar f(2) + f'(2))".
So, by the result in the foregoing problem (see the final remark in the
solution), we get zgrfoo(alf(m) + f'(z)) = L/ay and IEIEOOf(m) =
L/(asay) = L.

2.5.6. No. Consider, for example, the function f(z) = cosz, z > 0.

2.5.7.

(a) Set g(x) = f(z) —e®, 2z > 0. Then g(0) = 0, g(x) < 0 and
xll)n;og(x) = 0. If g(z) = 0, then f'(z) = —e™® for z € (0, 00).
So, suppose that there is a > 0 such that g(a) < 0. Then for
sufficiently large z, say « > M, we have g(z) > 1g(a). Conse-
quently, g attains its minimum value at some xg in (0, M). Thus

g'(xo) = 0.
(b) Apply reasoning analogous to that in (a).

2.5.8. We have

() - 4365 5328)

g'(x)  g(x) —g(0)
By the generalized mean value theorem,
f@\ _d@ (f@ [
<g(w)>  g(x) ( ) ’

g'(x) g

where 0 < # < z < a. Since f'/g’ monotonically increases, we see

that
(%) >0 for >0,
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2.5.9. Setting f(z) = sin(cosz) — z, we see that f(0) = sinl and
f(m/2) = —m/2. The intermediate value property implies that there
is an z; € (0,7/2) such that f(z;1) = 0. Since f'(z) < 0in (0,7/2),
there are no other zeros of f in this interval. In an entirely similar
manner one can show that there is a unique root in (0,7/2), say z2,
of the equation cos(sinz) = x.

A

=cos(sin x)

=sin(cos x)

[
T >

Moreover, we have
x1 = sin(cos 1) < cosxy, X2 = cos(sinxzs) > COSTs.
Therefore z1 < x».

2.5.10. Suppose, contrary to our claim, that there is 21 € (a, b] such
that f(z1) # 0. Then the continuity of f implies that f(z) # 0 for
z € («, 3). We may assume, for example, that f(x) > 0 for z € (a, 8),
fl@) =0, a > a, and f(8) > 0. Then by the mean value theorem,
for0<e<f-a,

()
f(0)

Letting ¢ — 07, we obtain +o00o < C(8 — ), a contradiction.

|1nfw>—1nf<a+s>|=\ ‘(ﬁ—a—s)SC(ﬁ—a—s).

2.5.11. Let 0 < p < q and let z be positive. It follows from the mean
value theorem that

1n(1+§) 1 . ln(l-l—%

= > =
% 14+ (o 1+¢

—1n(1+§)

)

SR | N—

(8
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where (p € (0, %) ,(1 € (%, %) . Hence

o) ()=o) m(5))

Consequently,
fln<1+f> > L (1+5>,
p q q p

or in other words,
qln <1+£> >pln <1+£>.
q p

2.5.12. The inequality e* > 1+ z, = € R, follows, e.g., from the
mean value theorem. Indeed, we have

et —1

=e¢>1 for z>0,
x

and P
- —ef<1 for z<0.

If x = 0 we get the equality.
Let

denote the arithmetic and geometric mean of nonnegative numbers
a1,a2,---,0n. If Ay #0, then

e;_iflz >0 for k=1,2,...,n.

Bl

Thus

a

Sk _q LI n n
1= 60 = ek I(An ) = eﬁil > —ak = —Gn’
I1 >3 =7

k=1 k=1

which gives A4, > G,. If A, = 0, then 4, = G, = 0. Since in
e’ > 1 4 x the equality is attained only for z = 0, we see that
A, =G, ifand only ifay = as = -+ = a,-

[\t
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2.5.13. If in the inequality e! > 14t we replace ¢t by = — z, we obtain
ze® <e’+e*(z—1) for z,z€R
So the desired result follows if we replace z by Iny.

2.5.14. By the mean value theorem, there is a € (—2,0) such that

10) = F(=2)] _ [FOI+1FC2)] _ |
2 - 2 -

Similarly, thereis b € (0,2) such that |f'(b)| < 1. Set F(x) = (f(z))>+
(f'(x))?. The function F attains its maximum on [a,b], say, at an
xg. Since F(0) = 4, F(a) < 2, and F(b) < 2, zo is in the open
interval (a,b). Then F'(xo) = 2f'(x0)(f(x0) + "' (x0)) = 0. Note that
f'(z0) # 0, because f'(zg) = 0 would give F(zo) = f(x0)? < 1, a
contradiction. Therefore f(zo) + f"(z0) = 0.

[f'(a)] =

2.5.15.

(a) The inequality to be proved is equivalent to
f(z) = (> + 1) arctanz —z >0, x> 0.

Since f'(z) = 2zarctanz+1—1> 0, we see that f(z) > f(0) =0
for x > 0.

(b) By Taylor’s formula with the Lagrange form for the remainder,

(sin3 & 2sing )

2 2
(1) 2tanz = 2z + —a° +2 ot > 204 228

3 cosP €, 3cosP &, 3
and

31 eb2 — &2 31 _ e
(2) smhm:w+2+4,e 26 a:4<:v+€+4,62 262 zt

We now show that ™2 < 8. To this end note that (see, e.g., I,

2.5.3) In(1+z) > fi% for z > 0. This implies that In8 = 3In2 =

31n(1+1) > 2. Consequently, 8 > e > e™/2. It then follows that

jus
2

s ﬂ—/2
e 2 €

4
2 <2<’

e
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which combined with (1) and (2) gives

x>zt 2
inhz < <2+ Sa3,
sinh x :r+6+6 :r+3:r

because « + 32° — gz* > 0for 0 < z < 2.
Set f(z) =Ilnz— 2 for z > 0, z # e. We have f'(x) = &%, Thus

fl(x) >0if 0 < z < e, and f'(z) < 0 if z > e. Consequently,
flz) < fle)=0if z #£e.

For z > 1 the inequality to be proved is equivalent to

f(z) =22zlnz—2>+1<0.

Since f'(z) = 2lnz + 2 — 2z and f'(z) = 2 =2 < 0, we get
f'(z) < f'(1) =0, and consequently, f(z) < f(1) = 0.

For 0 < z < 1 the inequality to be proved is equivalent to f(z) =
2zlnz — 2% +1 > 0. Since f"(z) = 2 —2 > 0, we get f'(z) <
f'(1) =0, and therefore f(x) > f(1) = 0.

2.5.16.

(a)
(b)

()

By (c) in the foregoing problem we get In7m < Z, which means
that e™ > w°.
By (d) in the foregoing problem we see that v/2In /2 < 3. This
gives 2V2 <e.

The inequality In8 > 2 is proved in the solution of (b) in the
foregoing problem.

2.5.17.

(a)

The inequality to be proved is equivalent to

< b)ln(1+2) b
1+ = <ew.
X

Since In(1 +t) < t for t > 0,

(Hg)‘““*f) <(1+2) - (@g)%)“
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(b) For positive integers m and n, define the function f by setting

f(z) = (1 + %)m (1 - %)n, |z| < min{m,n}.

Then f'(z) < 0if z > 0 and f'(z) > 0 if # < 0. Therefore
fl@) < f(0) =1 for z # 0, |z| < min{m,n}, which implies the
desired result.

(c) Set f(z) =In(vV1+22+1)— 1 —Inz, 2 > 0. Then

1-2)(V1+22+1)+ 22
22(Vi+aZ+1+22)

Clearly, f'(z) >0if0 <z <1.If z > 1, then

1-2)(V1+22+1)+2°>0

fl(z) =

if and only if
22> (x—1) (V1422 +1).

The last inequality is equivalent to

2
a: —1>V1+22,

rz—1

which can be proved by squaring both sides. So, f'(z) > 0 for all
positive x. Moreover, since

. 1+ V14 22
limIn| —— | =0,
T—00 €T
we see that li_>m f(z) = 0. Consequently, f(z) <0 for z > 0.
T o0
2.5.18.
(a) Set
x
z)=In(l+2) - ——, x>0.
Fl@) = In(1+2) - =
Then
2V1+z-2—-2
fll@)= 77—

<0,
20+ z)V/1+=
because v/1+z <1+ &,z > 0. Thus f(x) < f(0) = 0.
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(b) For z > 1 the inequality follows from (a). Indeed, it suffices
to replace z by z — 1. If z € (0,1), then we apply the proved
inequality to % > 1.

2.5.19.

(a) It suffices to apply Taylor’s formula to f(z) = (1 + z)In(1 + z).

(b) By Taylor’s formula,

T sin x3 x?
In(1+4cosz) =In2— T mg <Iln2- T

2.5.20.

(a) Set f(x) = €® — 1 — ze®. We have f'(z) = —ze” < 0. Hence
f(x) < f(0)=0.

(b) Setting f(z) = e® — 1 —x — 2%e”, we get

f'(x) =e® —1—2ze” — z%e”
<14 ze® —1—2ze” — 2%e” = —ze®(1 4+ 1) <0,
where the first inequality follows from (a).
(c) If f(z) = ze® —e® + 1, then

fl(z) =e? (1 +
because e* > 1+ x for z > 0.

(d) The inequality to be proved is equivalent to the easily verifiable
inequality
z < (1+2)n(l+ ).

(e) We will prove the equivalent inequality (z+ 1)(In(1 +2)—1n2) <
zlnz. To this end consider f(z) = (z+1)(In(l+2z)—1n2)—zlnz.
This function attains its global maximum at z = 1. Therefore

f(z) < f(1) =0.

2.5.21. Taking logarithms of both sides, we rewrite the inequality to
be proved in the form (e—z)In(e+x) > (e+z) In(e—z). Now consider
the function f defined by f(z) = (e — z)In(e + z) — (e + z) In(e — x).
We have f"(z) > 0 for z € (0,e). Consequently, f'(z) > f'(0) = 0,
which implies f(x) > f(0) = 0.
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2.5.22. Setting f(z) = e ' +1lnz — 22 + 1, we get

1
! — z—1 Z 9.
fy=ety

So for # > 1 we have f"(z) = ™' — & > 0, because ¢! > 1 and
& <1

2.5.23.

_1 2 o
(a) Set f(z) = ztanx + 3 sinz — z. Then

2(1 — cosz)? (cosz + 3)

roy T
fl(z) = S0 2 >0 for xE(O,Q).
This means that f is strictly increasing. So f(x) > f(0) for
O0<z< 3.
(b) We define f(z) =z — 228L . Then

(cosz —1)2

fi(@) = (24 cosz)? —

(c) Putting f(x) = \;% —x for 0 <z < 7, we see that

_ 14cos®z — 2y/coswcosx S (1 — cosx)?

> 0.
2 /cosxcoszx 2 /cosx cosT

f'(z)

2.5.24. Let f(z) = 2* + (1 — )®. Then f' vanishes only at z = .

Moreover, the function attains its global minimum value 2; at this

a—1

point and its global maximum value 1 at the endpoints of [0, 1].
2.5.25. Dividing both sides by x%, we see that it suffices to prove
I+ <14+t for t>0.
If f(t) = (L+t)* —1—1¢*, then f'(t) < 0. Thus f(t) < f(0) for t > 0.
2.5.26. Consider the function
ala—=1) ,

f(a:):(l—l—a:)”—l—a:r—T:r, z € [-1,1].
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We have f(0) =0, f'(0) =0 and, for z € (—1,1),

a(l —a)

f"(z) = —a(l —a)(1 +z)*7% + 1

a(l — )
4

1 «
:Za(l—a)(l—Q ) < 0.

< —-2"2a(l —a)+

Consequently, f' decreases on the interval (—1,1). Thus f'(z) > 0
for x € (—1,0), and f'(x) < 0 for z € (0,1). It then follows that f
attains its maximum at zero. Since f(0) = 0, we see that f(z) <0
for z € [-1,1].

2.5.27 [D.S. Mitrinovié, J.E. Pecari¢, Rendiconti del Circolo Mat. di
Palermo 42 (1993), 317-337]. Consider the function

ala—1)

fy=01+z)*—-1—-azx — 5

(1+B)*%2? ze€[-1,B]
We have
fl@)=al+2)* ' —a—-ala—-1)(1+B)* %z

and
f'@)=ala—1) ((L+2)* - (1+B)*?).

(a) f0 < a <1 and z € (—1,B), then f’(z) < 0, which means
that f' decreases. Thus 0 = f'(0) < f'(z) if x € (-1,0), and
0= f'(0) > f'(z) if x € (0, B]. Therefore f attains its maximum
at zero. Hence f(z) < f(0) = 0 for € [—1, B]. Finally, since
(1+ B)* > 1, we see that

ala—1)
a1 — - < < = 0.
(1+2z) 1-ax 2(1+B)2x < flx) < f(0)=0

(b) Asin (a), if 1 < @ < 2 and z € [—1,B], then f(z) > f(0) =0,

and consequently,
ala—1)

(1+x)a—1—a:r—mx2Zf(x)Zf(O)ZO.
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2.5.28.
(a) Define
sine i g € (0,21,
sw={ 5 G0
1 ifx=0.
We will show that f decreases on [0, 5]. By the mean value the-
orem
zcosx —sinz  cosz — BT cogx — cosf
fila) =TT = - ,
T x T

where 0 < 6 < z. This implies that f'(x) < 0 on (0, F]. Since

f (%) = 2, the desired inequality follows.

(b) The inequality to be proved can be written in the form

Set,

f(:r):sin:r—%a:—kéli—z, I:[O,E] and J:[W W].

We have f(0) = f (%) =0 and f (Z) > 0. Moreover, f"(0) =0,
f"(%) < 0and f®(z) > 0 for # € I This implies that f” < 0
on I, which means that f is concave on I. Since f(0) = 0 and
f(Z) > 0, we see that f(z) > 0 for z € I. Now we show that
f' is convex on J. Indeed, since f®) (%) > 0 and f®(z) > 0
for z € (%, %) , we see that the third derivative is positive on J.
Moreover, we have f'(3) < 0 and f'(3) = 0. It then follows
that f'(z) < 0 for € J, which together with f (3) = 0 gives

f>0onlJ.

2.5.29. Assume first that = € (0,1). Then ”33?3 < mx?. Hence the

”;fg (see, e.g., 2.5.1(b)) shows that sin7z >
T — ”Z”!”s > wx(1 — x). To prove the other inequality we consider the
function defined by f(z) = 4z — 42* — sinmz, « € [0,3]. We have
f'(r) =4 -8z — mcosmx and f"(z) = —8 + w2 sin 7z. Thus

inequality sinmx > mx—

f" (o) =0 if and only if =z = ;arcsinp,
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and f"(0) = —8, and f’(3) = 7> —8 > 0. Hence f"(z) < 0 for
z € (0,z9) and f"(x) > 0 for z € (xo, %), or in other words, f’ strictly
decreases on (0,z0) and strictly increases on (zo, 5). Moreover, since
f'(0)=4—7m > 0and f'(3) =0, we see that f'(z) < 0 for z € (zo, 3),
so also f'(zp) < 0. This implies that there is 21 € (0,2¢) such that
f'(z1) = 0. It follows from the monotonicity of f’ that f increases
on (0,2z1) and decreases on (z1,3). Since f(0) = f(3) = 0, we get
f(x) >0ifz € (0,1). So we have proved that the inequalities hold for
z € (0,3%). It is easy to check that they also hold for z = 1. Finally,
note that the inequalities are not changed if we replace = by 1 — x.
Therefore they are satisfied for all z € (0,1).

2.5.30. Define f(z) =e® — > 45 — Z(e* — 1), £ > 0. Then

k!
k=0
DL gkl x 1 1
! _ T _ et 5T _
fl(z)=e ;(k—l)! e’ — e +n,
and
n k—1
x x l
f(l)(m):e””—z '——e””——e””, 1=2,3,...,n.
P (k=0! n n
Moreover, f)(0) = —% <0,1=23,...,n,and f'(0) = 0, and

£(0) = 0. Since f(™(z) < 0 for z > 0, the derivative f(»~1) strictly
decreases, which implies that f(»~1(z) < f(»~1(0) < 0. This in turn
implies the monotonicity of f(»~2) and f(»2)(z) < 0 for z > 0. By
repeating the reasoning we obtain f(z) < f(0) =0, 2z >0

2.5.31. Since f'(x) = —%e’z, we see that the derivative vanishes
only at zero. Moreover, if n is even, then f'(z) < 0 for z # 0. So in
this case f does not have any local extrema. On the other hand, if n
is odd, then f'(z) > 0 for x < 0 and f'(z) < 0 for > 0. So in the
case where n is odd, f(0) = 1is a (global) maximum value of f.

2.5.32. The derivative f'(z) = (m + n)z™ 1 (1 — z)"~! (mLJrn - :v)
vanishes only at 29 = 0 (if m > 1), 2; = 1 (if n > 1), and at
Ty = 0. It is easy to verify that f(z2) = %

maximum value of f. Moreover, if m is even, then f(xg) = 0 is the

is the local
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local minimum value of f. On the other hand, if m is odd, any local
extremum of f does not occur at zero. Analogous analysis shows that
if n is even, then f(z1) = 0 is a local minimum value, and if n is odd
no local extremum of f occurs at z;.

2.5.33. It follows from the result in the foregoing problem that the
maximum value —22__ of f is attained at z satisfying the equation

(m+4n)mtn»
sin?z = mn .
m-+n
2.5.34. For =z # 0,1,
1 L_¢
"g)== —2—=—.
f( ) 9 3 Q’,’Q(l—]})

So f' vanishes at « = %. Moreover, f'(z) > 0 if z € (0,1) and

f'(z) <0if x € (3,1). Thus f(3) = 3\/7‘1 is a local maximum value of
f. The function is not differentiable at 0 and at 1. Since f(z) > 0
for x € (0,1) and f(z) < 0 for z < 0, no local extremum of f
occurs at zero. But f(1) = 0 is a local minimum value of f, because

f(x) >0= f(1) for z > 1 and for z € (0,1).

A

057

v

W= 1=
—

2.5.35. We have f'(z) = arcsin z. Thus zero is the only critical point
of f. Since f(0) = 1, and f(—1) = f(1) = %, § is the global maximum
value and 1 is the global minimum value of f in [—1,1].
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2.5.36. For = > 1 the derivative f' is negative, and consequently,
f(@) < f(1) = 2. For z € (0,1) we have f'(3) = 0, f'(z) < 0 if
z € (0,3), and f'(z) > 0if z € (3,1). Thus f(3) = 3 is the local
minimum value of the function. For z < 0 the derivative f' is positive
and therefore 3 = f(0) > f(z).

So the global maximum value of f is f(0) = f(1) = 2. On the
other hand, since ILm flz) = EIEI f(z) = 0 and f(z) > 0 for all
x € R, the greatest lower bound of f(R) is zero, but the function is
not minimized over R.

2.5.37.

(a) The global maximum value of the function x — ze™%, z > 0, is
f(1) = L. Therefore

=%
I ., 1
_E are % < —.n-
n n
k=1

(b) Asin (a), it is enough to find the global maximum value of

| =
[E—

z— 2%, x>0.

(c) If one of the numbers ay is zero, the inequality is obvious. So
suppose that all a;, are positive. Then, taking logarithms of both
sides, we obtain the equivalent form of the inequality:

%2": (lnak — %) <In3-1.
k=1

Now it suffices to find the global maximum value of

m»—)lnx—g, z > 0.

2.5.38. We have
(@) = { Le 7 ((V2+sinl)sgne —cosl) if x#£0,
Since

<V?2,

sin — + cos —
T T
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we see that f'(z) > 0if z > 0, and f'(z) <0 if < 0. Therefore no
local extremum of f occurs at  # 0. Moreover, 0 = f(0) is a global
minimum value of f, because f(x) > f(0) =0 for  # 0.

2.5.39. Note first that f(z) > f(0) = 0 for z # 0. Moreover,

z? (8z +4xsint —cost) if =z #0,

0 if x=0.

Consequently, if n € Z \ {0, 1}, then

1 1 4
f_ 2 V- (%
f <2n7r> 4n2n? (nﬂ' 1> <0

and if n € Z\ {—1}, then

()~ )

2.5.40. Observe that sinhz > 0 and tanhz > 0 for © > 0. Thus the
inequality
sinh x

v/sinh?z + cosh?z

can be rewritten in the following equivalent form:

< tanh z

1 < 1
Vsinh2z + cosh?z  coshz’

This inequality is obvious. The other inequalities can be proved by

standard arguments.

2.5.41. For 0 <a < b, set x =1In \/g Then

b—a <b—a<ln\/§<b—a<1 b2 — a?
9, [a2tb? b+a a  2/ab 2 2ab
2

Dividing by "’T“ gives the desired inequalities.
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2.5.42.
(a) We have

1
PP\ 7
. xrt + P . 11, zP+yP 1
hm( 22/) =limer™ 2 =e2% = /gy

p—0 p—0

because by ’'Hospital’s rule,

P _|_yp

(ln zp;ryp )I

!

lim 1 In = lim

1
p—0 p 2 p—0 P T2 Inzy.

1/p
(b) For p #0, set f(p) = <W> . It suffices to show that

1. 2P + 4P
F(p)zlnf(p)ZEIH 2y

is a strictly increasing function. We have

1 P 4 P
F’(p):—2< P (mplnm—ky”lny)—lnx +y >

p? \ zP + yP 2
Now let
P o gP
G(p):%i_yp(mplnx-i—yplny)—lnw +y
Then
2
) p[(wpln2x+ypln2y)(wp+y”)— (mplnx—{—yplny) ]
G'(p) = :

(2P +yP)?

Our aim is to show that

(wp1n2w+ypln2 y)(a:p +yP) — (mplnac-{—3/7”11131)2 > 0.

Applying the Cauchy inequality
(191 + w2y0)? < (27 + 23) (47 +3)
with

Inz, y,= y% Iny,
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we obtain
(25 o Ina+y5 45 1ny)2 <@ +y) (s 0w+ P Py,
Hence
(zPInz +yPIny)® < (2P +yp)(mpln2m+yplnzy)-

This means that G'(p) > 0 for p > 0. Consequently, in this case
we get G(p) = p?F'(p) > G(0) = 0. If p < 0, then G'(p) < 0,
and so G(p) = p*F'(p) > G(0). Summing up, we see that the
function p — f(p) is strictly increasing on each of the intervals
(—00,0) and (0, 00). It then follows by the definition of My (z,y)
(see 2.5.42) that f is strictly increasing on R.

2.5.43. For A > 1, define

"y A ((z+y)t — 2" —y")
F) = 2+ (2" - 2)

Using the inequality
(m+y)n S 2n—1(1,n _+_yn),
one can show that f'(A) < 0. So f is decreasing on [1,00). Since
f(1) = (z + y)™/2", the right inequality follows. To prove the left
inequality it is enough to show that }\lim fQ) > (xy)™. By the
—00
arithmetic-geometric mean inequality,

@+y)—a" =y

Jim FO) = on — 2
(Dey" ™"+ ()2 + -+ (%) 2"y
B 2n — 2

> 2"_\2/(myn—1)(2) (x2yn—2)(g) . (wn—ly)(nil) _ (\/Hf_y)n,

where the last equality follows from the identity

() -w-n(,” ) e

which in turn can be proved using the fact that

n n—1
= > 1.
k<k> n(k_1>, B> 1
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2.5.44.

(a)

Set f(z) =sin(tanz) — z for z € [0,%]. Then

f(0)=0 and f'(z) = cos(tanz) s

and therefore,
f'(z) >0 if and only if cos(tanz) > cos® z.

Note now that cos(tanz) > 1 — % (see, e.g., 2.5.1(a)). So it

suffices to show that 1 — % > cos?z for € [0,F]. The last
inequality can be rewritten in the form

2cos’z —3cos®z+1<0,
which is clearly satisfied for all x € [0, %] .
For z € [0,%], define f(z) = tan(sinz) — . Then

COs T

f(0)=0 and f'(z)=————1.

cos?(sin x)
Consequently, f'(z) > 0 if and only if

1+ cos(2sinz)
5 i

So it suffices to prove the last inequality. To this end note that,
by 2.5.1(c),

cosz > cos’(sinx) =

2
1+ cos(2sinz) < 2 —2sin’z + gsin4m < 2cosw.

To see that the last inequality holds for z € [0, %] , standard
arguments can be used.

2.5.45. Define f(z) = =5- — 5. Then for z € (0,7/2) we have
f'(xz) > 0if and only if

sin2 x

1 cosSx

) N )
23 7 sin’z

or in other words, if and only if
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Now, if we put
sinx

9(x) = Ycosx i
then
! 2 1 _4 . 9
g'(z) = (cosz)s + g(cosa:) ssin“x — 1
and

4
g"(z) = 9 (cosz)™ 5 sin® z.

Since ¢''(z) > 0 for = € (0,7/2), we see that ¢'(z) > ¢'(0) = 0.
Consequently, g(z) > ¢g(0) = 0 for € (0,7/2). This in turn implies
that f increases on that interval, and so f(z) < f (%) =1- %.

2.5.46. It is enough to observe that

3z >' (V1+$2—1)2
1+2v1+a? (1+22) (L+2VT+22)

<arctan xr —

2.5.47. If ap = by, for all k, then the assertion is clear. So assume
that ay # by for at least one k, and put

H (zar + (1 —2)bg) and g¢g(z) =1nf(z).
k=1
Then

n 2
ar — by, " ay — by,
_ %O and — N (&% )
zay + (1 — x)by, and g"(x) ; <wak +(1- m)bk>

Since ¢"(z) < 0, the function g (so also f) attains its maximum over
[0,1] at one of the endpoints if and only if ¢'(0) and ¢'(1) have the
same sign, that is, if ¢’(0)g’(1) > 0. The last inequality means that

(Zoa) (Bo5) =

k=1
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2.5.48. By 2.5.1(a) and (c),
2

x z?  xt
1-—< <l——+ — R.
2_cosar:_ 2+24, T €

Consequently, to prove our inequality it is enough to show that

562 564 y2 y4 .’I}2y2
-+ 41 -2 + L <141
g Tttty st 2

or equivalently,

ot oyt 12277 — 1222 + %) <0 for 2?4y <.
The last inequality can be written in polar coordinates r, 8 as follows:
(1) r?(2+5sin?20) <24 for > <7 and 6 €]0,27].

Since
r2(2 4+ 5sin? 20) < Tr < 24,

we see that (1) is true.

2.5.49. The inequality is obvious if x > 1 or y > 1. So assume that
z,y € (0,1) and write y = tz. In view of the symmetry, it is enough
to consider the case where 0 < ¢ < 1. We have

¥ +y° =2t 4 (tr)* = (:rm)t + t7 ",

Since the function  — % attains its minimum value e~/¢ = @
at % and since t* > t, we see that z¥ + y® > a® + ta. Moreover,
F(t) = a' + ta, t € R, has only one local minimum t, = 1 — e < 0,
and F is strictly increasing on (kg,00), and F'(0) = 1. It then follows
that z¥ +y® > 1.

2.5.50. For 0 < x < 1, the inequality to be proved can be rewritten
in the form

1—2z" + 2" < (1 —2™) Y1 =z,

1—2" < 1-(1-2")

l—z " 1-YT—an
Since the function t — % is strictly increasing on (0, 1), it is enough
to show that z < /1 — z”, or equivalently, 0 < z < %ﬂ
that (1 + %)n > 2 for n > 2, which means that % > nL+1

or

. Finally, note



306 Solutions. 2: Differentiation

2.5.51. For 0 < z < 1, consider the function

f(z) 2 2l 1
—- 1 7 — 1 o _ _
T 6 + 24 sin T

Since g'(z) < 0 for 0 < z < 1, we see that g is strictly increasing on
(0,1). Therefore g(y+2) < g(y) and g(y+2) < g(z), and consequently,

yg(y +2) + 29(y + 2) <yy(y) + 29(2),
which means that f(y + z) < f(y) + f(2).

2.5.52. We start with the well-known binomial formula

M iy =Y (k>y -,

k=0
Differentiating (1) with respect to z and multiplying the resulting
equality by z, we get

(2) z(z +y)" Zk() kyn—k

Now differentiating (1) twice and multiplying the result by z2, we get

(3) n(n —Dz?(z + y)" Zk —1(>knk.

If in (1), (2) and (3) we replace y by 1 — z, we obtain

n

1= (Z) 2 (1 — z)"*,

k=0
nw-Zk() (1—z)"*,
and

n(n - 1)a* =3 k(k-1) <Z> 2 (1 — z)*,

It then follows that
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2.5.53. By assumption the equation f(z) = 0 has a unique zero, say
¢ in [a,b.

A A

a
A
A fn<0
>0
> .xlxz/;;
“aye b

Suppose, for example, that f'(z) > 0 and f"(z) < 0 for = € [a,b]. So
we set £9 = a. By Taylor’s formula with the Lagrange form for the
remainder,

0= £(8) = f(rn) + F'(en) € — 2a) + 5" (en) € — n)?,

where ¢, is an element of the open interval with the endpoints z,, €.
By the definition of {z,},

fII (Cn)

— - = ~ 7 — 2
£ = tni = =gt (& —2,)2 > 0.
So {z,} is bounded above by &. Consequently, f(x,) < 0. Hence

E—Tpr1 =& —xp + <& —Tp,

f'(zn)

which means that {z,} is a strictly increasing sequence. Thus it con-

verges, and lim z, = £. The other cases can be proved analogously.
n— 00
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2.5.54. Clearly, m and M are positive. It follows from the solution
of the foregoing problem that

0= F(8) = f(ra) + F'en)(€ — 2a) + 3" (en) (€ — 20)?,

where ¢ is a unique root of the equation f(z) = 0 in [a,b], and ¢, is
an element of the open interval with the endpoints x,,&. Hence

flan) | _ 11" (cn)l 2 o M >
— &= |z, — €~ = - < —(E— ).
2.5.55. We will show that sup{2 " + 2 = : 2z > 0} = 1. Define
f(z) = 27 +27=, 2 > 0. Clearly, f(1) = 1 and f(z ) f(3).
Therefore it suffices to show that if > 1, then f ( ) < 1, or in other
words,
1 1
(1) %<1—2—x for z> 1.
By 2.3.7(a) we get
1) T
1— — -2
(-z) >z
Now we show that
1
(2) 1—2%25 for x> 2.

To this end we write (2) in the form g(z) = 2°~! —z > 0 and note
that g is strictly increasing on [2,00), and ¢g(2) = 0. So, inequality
(1) is proved for > 2. Thus f(z) < 1 for > 2. Our task is now to
prove that f(z) < 1 for z € (1,2). To this end we define the function
h by

h(z) =In f(z) = In (290 +2%) - <m+ >1n2

Since
—923 1 2T
h'(z) =1n QL,
20 4 2
it follows that h'(x) < 0 if and only if (22 —1)In2 < 2z Inz. To prove

the last inequality, consider

k(z) = (z> = 1)In2 —2zlnz, =z € (1,2).
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Then k'(z) = 2xln2 — 2lnz — 2 and k" (z) = 2(In2 — 1/z). Thus
E'(z) < 0if z € (1,1/1In2), and k¥"(xz) > 0if z € (1/1n2,2). Since
E'(1) =k'(2) < 0, we get k'(x) < 0 for all z € (1,2). This means that
k decreases on this interval; that is, k(z) < k(1) = 0. So h'(z) < 0 if
z € (1,2), and therefore h(z) < h(1) =0, or f(z) < 1 for z € (1,2).
Thus we conclude that the inequality (1) holds for all z in (1, c0).

2.5.56 [5]. The proof is based on Baire’s category theorem. For
n € N, define A,, = {z € [0,1] : £ (z) = 0}. By assumption, [0, 1]
is a union of A,. So, by Baire’s theorem not every A, is nowhere
dense. Therefore there are a closed interval I and an n such that
I C A,. Since f(™ is continuous, we have f("(z) = 0 for z € I,
and consequently, f coincides on I with a polynomial. If T = [0,1],
the proof is complete. If not, we can repeat the reasoning on the
remaining intervals of [0,1]. Continuing this procedure, we get a
collection of intervals whose union is dense in [0,1]. Moreover, f
coincides on each of these intervals with a polynomial. Our task is
now to show that f coincides with the same polynomial in all the
intervals. To this end, consider the set B which is left when we
remove the interiors of the intervals in the collection. Clearly, B is
closed. Moreover, if B is not empty, then each element of B is also
a limit point of B. Indeed, if an zy € B were not a limit point
of B, then zy would be a common endpoint of two intervals, say
I, and I, such that f(")(z) = 0 for z € I and f("2)(z) = 0 for
r € I,. Thus f(”)(:r) =0 for z € I; UL, and n > max{ny,na}.
Since f(") is continuous, f would coincide with one polynomial on
the union of I; and I, and consequently, o would not belong to B.
A contradiction. Since B is closed, if it is not empty we can apply
Baire’s theorem again. So there is A, such that A, N B is dense
in BN J, where J is an interval. This implies that f(*) vanishes
on BN J. On the other hand, there is a subinterval K of J which
is complementary to B. Therefore there is an integer m such that
fm(z) =0 for z € K. If m < n, then f™(z) = 0 for z € K. If
m > n, then ftD(z) = f+2) () = ... = fM)(g) = ... = 0 for
x € BNJ, because each point of B is also its limit point. In particular,
fOtD () = fO0FD () = ... = fM)(g) = ... = 0 at the endpoints of
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K, say a and b. So, for each x € K we have
T
0= [ 5™ @ = £ D @)~ f(a) = £ ).

Repeating the process, we get (") (z) =0 for z € K also in the case
where m > n. Of course, this reasoning applies to every subinterval K
of J which is complementary to B. It then follows that f()(z) = 0 for
x € J, and consequently, there are no points of B in J, a contradiction.
Thus B is empty, which means that I = [0,1] was the only interval
to begin with.

2.5.57. Let

- 0 if ze€ [0,1/2]’
f(z) = { (o - %)2 if xe(1/2,1].

Then f'(x) = 0 for z € [0,1/2] and f®)(z) = 0 for z € (1/2,1].
The following example shows that the conclusion of 2.5.56 is not
true if lim £ (x) = 0 for each z € [0, 1]:
n—o00

flz) = sing, z €[0,1].

2.6. Strong Differentiability and Schwarz
Differentiability

2.6.1. It suffices to set 25 = a in Definition 1. The converse does not
hold (see, e.g., 2.1.13).

2.6.2 [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-
906]. Let € > 0 be arbitrarily chosen and let § > 0 be such that

B={z:|z—a|<d}CA
and if z1, 22 € B, 1 # x2, then

f(@2) = f(x1)

prag— — fM(a)| <e.
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Now if 2 € A! (that is, if f'(z) exists) and if |z — a| < £, then for all
x5 such that |z, — 2| < &,
f(zs) = f(x)
T2 — T

Letting z» — « gives |f'(z) — f*(a)| < e. So, lim f'(z) = f*(a) =
zeA!

— f*(a)| <e.

f'(a). Since A* C Al it then follows that
lim /() = () = ['(a).

zEA™

2.6.3 [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-
906]. Since f'is continuous at a, the mean value theorem yields

f(z1) — f(x2)

lim LR lim "(z14+0(x2 — 1)) = f'(a).
(m1,m2;é—>(a,a) 1 — T2 (acl,acg;—)(a,a) f ( ! ( 2 1)) f ( )

2.6.4 [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-
906]. No. Consider the function f defined on the interval (—1,1)

[ %)
172k )
(oo}
toit te U [ ty)-
k=1
Then f is continuous on (—1,1), and

fx1) — fla2) _ lim 1 /961 g(t)dt = 0.

(z1,22)—(0,0) Ty — T2 (z1,22)—(0,0) T1 — T2
T1#T2 T1£T2

0 if te(=1,00u |
g(t) = =

T2

The last equality follows from the fact that

r1 1.2 _ 1.2
0< / g(t)dt < 2—"2 for z, < xy.

T2 2
So, f is strongly differentiable at zero. On the other hand, f’ does
not exist at %, n=3,4,5,....
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2.6.5. The result follows immediately from 2.6.2 and 2.6.3.

2.6.6 [C.L. Belna, M.J. Evans, P.D. Humke, Amer. Math. Monthly
86 (1979), 121-123]. Note first that f’ is in the first class of Baire,

because )

Therefore the set of points of discontinuity of f' is of the first category
(see, e.g., 1.7.20). So, the assertion follows from the result in 2.6.3.

2.6.7. Let « be a real number such that f(a) < a < f(b), and
denote ¢ = inf{z € (a,b) : f(z) > a}. Clearly, ¢ # a and ¢ # b. By
the definition of the greatest lower bound, f(z) < a for z € [a,c|,
and there exists a positive sequence {h,} converging to zero such that
f(c+ hy) > a. Since f is Schwarz differentiable at c,

fs(c) — lim f(C-l—hn) —f(C—hn)

n— 00 2hy,

> 0.

It is worth noting here that in much the same way one can show that
if f(a) > f(b), then there is ¢ € (a,b) such that f*(c) <0.

2.6.8 [C.E. Aull, Amer. Math. Monthly 74 (1967), 708-711]. If f is
identically zero on [a,b], then the statement is obvious. So assume
that there is ¢ € (a,b) such that, for example, f(c) > 0. Then it
follows from the foregoing result that there are x; and 2 such that
a<z <c<zy<b f°(xr;)>0,and f°(xz2) <O0.

2.6.9 [C.E. Aull, Amer. Math. Monthly 74 (1967), 708-711]. It is
easy to see that the auxiliary function

F(z) = f(z) = fla) - —— (& —qa)
—a
satisfies the assumptions of the foregoing problem.

2.6.10 [C.E. Aull, Amer. Math. Monthly 74 (1967), 708-711]. Since
f* is bounded on (a,b), there is M > 0 such that |f*(z)| < M for all
z € (a,b). It follows from the result in the foregoing problem that

flz) = f(#)

—-M <
- r—t

<M if z,t€ (a,b), x #t.
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Consequently, |f(z) — f(t)| < M|z —t|.

2.6.11 [C.E. Aull, Amer. Math. Monthly 74 (1967), 708-711]. By
2.6.9, there are x1 and x5 between x and z+ h (z,x+ h € (a, b)) such

that

Fr(aes) < LEFWZIE) g,
On the other hand, by the continuity of f* there is z3 between z and
x + h such that f*(z3) = w Upon letting h — 0, we get
fi@) = f'(x).

2.6.12. If z,z are in I and z < z, then by 2.6.9 there is z5 € (z, 2)
such that

2.6.13. As above, it suffices to apply the result given in 2.6.9.

2.6.14. No. Consider, for example, the function f given by f(z) =
xz —2lz|, © € (—1,1). Tt is easy to check that f¥(0) = 1 and f(0) is
the maximum value of f on (—1,1).

A

v

-1

2.6.15 [C. Belna, M. Evans, P. Humke, Amer. Math. Monthly
86 (1979), 121-123]. It suffices to show that there is a residual set
on which the first equality holds, because the second equality can
be obtained by replacing f by —f in the first one. By definition,
Dsf(z) > D.f(x). Our task is to show that the set

A(f) ={z: Dsf(x) > D.f(z)}
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is of the first category. Observe that A(f) is a countable union of the
sets

A(f,a) ={z: Dsf(z) >a>D.f(z)}, acQ.
So, it is sufficient to show that each of these sets is of the first category.
Since A(f,a) = A(g,0), where g(z) = f(x)—az, it is enough to show
that A(f,0) is of the first category. To this end, note that

A(£,0) = | J An(£,0)

_ n[j1<{x fle—h)< fz+h)for0<h< %} NA(f, 0))-

Thus it suffices to show that all the sets A, (f,0) are of the first
category. Suppose, contrary to our claim, that there is n € N such
that A, (f,0) is of the second category. Then there is an open interval
I such that A, (f,0) is also of the second category on every open
subinterval of I. Assume additionally that the length of I is less than
% and that a,b € I with a < b. Let S C R be a residual set such
that f|g is continuous, and choose ¢ € SN (a,b). Let € > 0 be chosen
arbitrarily. Then there is an open subinterval J of the interval (a,b)
such that ¢ € J and

(1) f(x) > f(c)—e for ze€SNJ.

Now let K be an open subinterval of (a,b) such that K = 2K — b =
{y:y =2z —b,z € K} CJ. Since the set

Sn:{w:f(m—h)§f(a:+h)for0<h<%}

is of the second category on K and S is residual on K, we see that
the set (2S,, —b)N(SNK) is of the second category, hence nonempty.
We can pick an Z € SN K such that ’ET% € S,,. Consequently, taking
h = 252 (clearly, 0 < h < 1/n), we see that f(Z) < f(b). Moreover,
(1) implies that f(c) —e < f(Z). In view of the arbitrariness of ¢ > 0,
we get f(c) < f(b). In an entirely similar manner one can show that
f(a) < f(c¢). So we have proved that f increases on I. Consequently,

D.f(x) >0 for x € I. Thus A(f,0) NI =0, a contradiction.
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2.6.16. The result follows immediately from the foregoing problem.
Note that this is a generalization of 2.6.6.

2.6.17 [J. Swetits, Amer. Math. Monthly 75 (1968), 1093-1095]. We
may assume that f is locally bounded on [z1, %) and zg —z1 < § < 1.
Let x5 be the midpoint of [z1,2p). Then there is M > 0 such that
|f(z)| < M for x € [x1, ). Choose h, 0 < h < £, such that

[f(z2 +h)| > 1+ M +[f*(x2)].

Then

flza +h) — f(z2 — h) s
‘ 57 = f(22)

> ‘f(ﬂfz +h)2—hf($2 - h)‘ ()]

> |f(z2 + h)| = [f(z2 = R)| = | f*(z2)]
2 |f(z2 + h)| = M — [f*(z2)| > 1.
So, f is not uniformly Schwarz differentiable on [a, b].

2.6.18. One can use the result in 2.6.9 and proceed as in the solution
of 2.2.26.

2.6.19. Consider the function defined as follows:

[0 if zeR\{0},
f(x)_{l if z=0.

Then f* is identically zero on R, so continuous, but f is not uniformly
Schwarz differentiable on any interval containing zero.

2.6.20 [J. Swetits, Amer. Math. Monthly 75 (1968), 1093-1095]. As-
sume first that f is uniformly Schwarz differentiable on every [a,b] C
I. Let 2o € (a,b) and let §; > 0 be such that [zo — 1,20+ 1] C (a,b).
Put Iy = (o — 01,20 + d1). Since f is locally bounded on I, there is
M > 0 such that

|f(z)] <M for zeli.

Let 6 > 0 be such that

fl@+h)—flz—h)
2h

- fix)| <1
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for |h| < 0 and z € [a,b]. Then, for z € I, = (2o — %1,:1:0 + %1) and
|h1| < min{d, d;/2},
flx+hi) = flx—hi) 2M

1+ —.
2hy < 2|hy |

Thus f* is locally bounded on I. We now show that f is continuous
on I. Suppose, contrary to our claim, that f is discontinuous at an
xo € [a,b] C I. Then there is € > 0 such that for every ¢ > 0 there is
x' € [a,b) N (zg — 8,9 + &) for which |f(z') — f(xo)| > e. Since f* is
locally bounded, there is M; > 0 such that | f*(z)| < M; for z in the
interval with endpoints ' and zo. Consequently,
f@ﬁ—ﬂ%)_f<f+%>

! — xg 2

[f*(@)] <1+

€

Ml:

= &' — x| B
which contradicts uniform Schwarz differentiability of f on [a,b]. So
we have shown that f is continuous on I, and, by the result in 2.6.18,
so is f*. This combined with 2.6.11 shows that f’ exists and is contin-
uous on I. Sufficiency follows immediately from the result in 2.6.18.



Chapter 3

Sequences and Series of
Functions

3.1. Sequences of Functions, Uniform
Convergence

3.1.1. Suppose first that f,, = f. Then, given € > 0, there is ng such
B

that
|fn(2) — flz)] <e

for all n > ng and all z € B. Hence, for n > ng,
dn, = sup{|fu(z) — f(2)] : z € B} <¢,

and consequently, lim d, = 0.
n—o00

Suppose now that lim d, = 0. Then
n—oo

|fn(x) = f(@)] < sup{|fn(z) — f(z)| : 2 € B} <e

for sufficiently large n and for all © € B, which means that {f,} is
uniformly convergent on B to f.

3.1.2. Given € > 0, we get

|fn(l’) - f(l')| < % and |gn(x) — g(x)| < %

317
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for n large enough and for all z € A. Thus

[fn(2) + gn(@) = (f(2) + g(2))| < [fn(x) = f(@)] + |gn(x) — g(2)| <€

for n large enough and for all z € A.

To see that the analogous assertion does not hold for the product
of two uniformly convergent sequences, consider the following func-
tions:

fn(:r):x<1—%> and gn(m):x—z, z€(0,1).

We have f, = fand g, = g, where f(z) =z and g(z) = 5. On
(0,1) (0,1)
the other hand,

fa@)ga(@) = = (1 - l) |

T n

So {fagn} is pointwise convergent on (0,1) to the function z — 1.

Since

dn = sup{

1
Fo@)n®) = 3| 2 € O} =40, nen
the convergence is not uniform.

3.1.3. Note first that if {g, } converges uniformly on A to a bounded
function g, then there is C' > 0 such that for sufficiently large n,

lgn(2z)| < C forall z € A.

Given € > 0, by the uniform convergence of {f,,} and {g,}, we get

3 3

se and lgn(e) — g(@) < 5o

falw) = £(@)] < o

for sufficiently large n and for all € A. Hence, for sufficiently large
n and for all x € A,

|fn(@) - gn(z) — f(2) - g(2)]
< |fal@) = F(@)]lgn (@) + lgn(2) — 9(@)I|f (2)| <e.
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3.1.4. It follows from the Cauchy criterion for convergence of se-
quences of real numbers that {f,,} is pointwise convergent on A, say,
to f. Our task is now to show that the convergence is uniform. Let
€ > 0 be arbitrarily chosen. By assumption, there is ng such that if
n,m > ng, then

[Fnla) = Fm(a)] < 3

for every z € A. By the continuity of the absolute value function we
get

i 1fo(@) = fn(a)] = |fala) = F(@)] < 32 <2

for every z € A and for all n > ng.

3.1.5. Let {f,} be a sequence of bounded functions uniformly con-
vergent on A to f. Then, given € > 0, there is ng € N such that

[F(@)] < o (2) = F(@)] + | fro (2)] <& + [ fng (2)]

for all z € A. Since f,, is bounded on A, so is f.

A
n

The limit function of a pointwise convergent sequence of bounded
functions need not be bounded. To see this take, for example,

fu(z) zmin{i,n}, z e (0,1), neN.

The sequence {f,} converges to the unbounded function z — 1/z,
z € (0,1).
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3.1.6. Forz € R, lim f,(z) = 0. The convergence is not uniform on
n—o0

R because da, = +00. Clearly, the subsequence {f2,,—1} is uniformly
convergent on R.

3.1.7. The proof runs as in 3.1.4.

3.1.8.
(a) We have
1
1+ (nx —1)2 s 1),
where

0 for z€(0,1],
J(@) = { % for x =0.
Since the limit function is not continuous, the convergence is not
uniform (see, e.g., 1.2.34).
(b) We have
2

T
- — 0
z2 4+ (nx — 1)2 n—oo
and d,, = sup{|f(z) = 0| : 2 € [0,1]} = fn (%) = 1. By 3.1.1 the
convergence is not uniform.
(c) Since

2"(l—2z) — 0

n—oo
and d,, = sup{|fa(z) = 0] : 7 € [0,1]} = fu (327) = %5
we see that {f,} converges uniformly on [0, 1].
(d) The convergence is not uniform because

nphtl 1
do=— 1
e

(e) Since d,, = f (nLH) — 0, the convergence is uniform.
n—o00

(f) The sequence is uniformly convergent because

dn = sup{|fule) o] s 2 € 0,1} = 1~ fu(1) = —— — 0.
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(g) The sequence is pointwise convergent to

{1 for x€1]0,1),

1 _
5 for z=1

So the limit function is not continuous and therefore the conver-
gence is not uniform (see, e.g., 1.2.34).

3.1.9.
(a) One can easily see that f,(z) = 0 and d, = . Thus the

convergence is not uniform on A. On the other hand,

swllinte) v emy= (=) (1-(55) ). nz2

and therefore the sequence converges uniformly on B.

(b) The sequence converges uniformly on R to the zero function, and
so it also converges uniformly on each subset of R.

3.1.10.
1

(a) Since d,, = arctan T {fn} converges uniformly on R to zero.

(b) fu(z) — 22, and since f,(v/n)—n = n(ln2—1), the convergence
n—oo
cannot be uniform on R.
(c) We have fp(z) = 1. The sequence cannot converge uniformly
on (0,00), because f, () —n=n(n2-1).

(d) fu(z) e f(z), where

f()_{l if o] <1,
D7V el it e > L

Set u, = */1 + 2. Then, for > 1,
2n 2n

uz" —x
2n 2n_ _ _ _ n
vV1+zx T=Up — T = 5o 3
Un

+un" e a2t
_ 1 1

= < —.
"+ up e e a2l T 20
It then follows that
" 1
dn < sup |fu(@) = f@)|+ sup |falw)=f(2)] < V2-1+o-,

z€[0,1] z€[1,00)
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which shows that {f,,} converges uniformly on R.

(e) Asin (d), one can show that the sequence is uniformly convergent
on R to
‘o {2 if |z <2,
€Tr) =
|z| if |z| > 2.
(f) We have

n\" 1
21€1£|\/n+ sin” z cos z| <1/n+1> % e

Thus the convergence cannot be uniform on R.

(g) The sequence is pointwise convergent to lnz (see, e.g., I, 2.5.4).
By Taylor’s formula,

dy, = sup |n(r—1)—Inz|= sup

n (e%h”” — 1) —lnw‘

z€[1,a) z€[1,a]
1 In? In?
= sup n(l—l——lnw—nfeg"—l)—lnxgnaa%,
z€[L,a] n 2n 2n

n -

that f, = f, where f(z) =Inz.
[1,a]

because 0 < ¢, < 2. Consequently, lim d,, = 0, which shows
n—oo

3.1.11. We have [nf(z)] = nf(x) — pp(z), where 0 < pp(z) < 1.
Hence

n (T 1
sup |fale) — F@)] = sup |22 < L
z€[a,b] z€[a,b] n n
and therefore f, = f.
[a,0]

3.1.12. Since

2
sinv/4n%n? + 22 =sin | 2704/ 1+ r + 2nm — 2nw
472n2

. z?
:SIHQ’I’LW 1+m—1

2

z
VAn2r2 + 22 + 2nrw’

=sin
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we see that lim nsinv4rn2 + 22 = g. Moreover, if z € [0,a],

n—o0 5
then, using the fact that sinz > z — %, we get
2 2 2 6
nsin\/47r2n2+m2—i— gZ— 1l +%8aﬁ'
™ ™ /1+47T(122n2+1 '&n>m

This establishes the uniform convergence of the sequence on [0, a.

For z € R, by the inequality |sinz| < |z|, we obtain

2 2 2
nsin\/4ﬂ'2n2+w2—i— Zi— -—— ],
2
8 : ]'+4ﬂ'm2n2+1

which shows that the convergence cannot be uniform on R.

3.1.13. First we show, by induction, that for any positive integer n,
2\/x 2
0< —P(z) < —— < —, € [0,1].
<VE-Pue) <5< e )]
For n = 1 the inequalities are obvious. Now, assuming the inequalities
hold for n, we will prove them for n + 1. It follows from the induction
assumption that

Hence, by the definition of P, 1,
VE = Praale) = (VE = Pa(o) (1= (& + Paa)).

Thus +/z — Pyy1(z) > 0. Moreover,
2z VT
- P, < VT (1M
Ve +1(m)—2+n\/5< 2)
WE (. VE
~ 2+ny/x 24+ (n+ 1)z
2\/x
2+ (n+1)yz’
Since |z| = Va2, it follows from the proved inequalities that the
sequence of polynomials {P,(z?)} converges uniformly on [—1,1] to
the absolute value function |z|.
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3.1.14. By the mean value theorem,

flz+3) - fl@)

1
n

= @) =1f(C) = f' (@),

where ¢, € (z,z + %) . Since the derivative f is uniformly continuous
on R, given ¢ > 0 there is an ng such that if n > ng, then

If'(¢) — fl(m)| <e forallzel

Thus the uniform convergence on R is proved.
Consider f(z) = 2, z € R. Then
fo+1) - f@)

dn = sup - — f'(x)
z€ER

1 1
=sup 3z— + —
zER n n

= 400,

n
which shows that the convergence is not uniform. So we see that the
assumption of the uniform continuity of f’ is essential.

3.1.15. Let £ > 0 be arbitrarily chosen. It follows from the uniform
convergence of the sequence on R that there is an ng € N such that

| fo () — F(2)] < % forall zeR

Now the uniform continuity of f,, implies that there exists § > 0
such that | fn, () — fn,(')| < § whenever |z —z'| < d. Consequently,

[ (@)= F (@) < |fno (@)= f (@) |+ fro (€)= Fno (#") |+ frp (2) = F (&) < &
whenever |z — 2’| < 4.

3.1.16. Set gn(x) = fo(x) — f(z) for z € K. We will show that {g,}
converges to zero uniformly on K. Let ¢ > 0 be arbitrarily chosen.
Since {g,} is pointwise convergent to zero on K, for € K there is
n, such that

0< gn. (@) < 5.

It follows from the continuity of g,,, and from the monotonicity of the
sequence {g,} that there is a neighborhood O(z) of x such that

(1) 0<gn(t)y<e for n>n, andte O(x).
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Since K is compact, there are finitely many points z1,...,z, € K
such that K C O(z1) UO(z2) U---U O(zy,). Now if

ng =max {ng,, Nagy .-, Nz,

then (1) holds for all n > ng and all z € K.

To see that the compactness of K is essential, consider

fn(z) = , z€(0,1),n=1,2,....

Then d,, = sup |fn(z) — f(z)| = 1, and therefore the convergence
z€(0,1)
is not uniform.

The continuity of the limit function is also essential. Indeed, the
sequence

fa(z) =2", 2 €[0,1], n €N,
fails to converge uniformly on [0, 1].

The assumption of continuity of f, cannot be omitted, as the
following example shows. The functions

£0(2) {0 if szor%ﬁwgl,
) =
! 1 if 0<z<i

A

19—

v

=10

are not continuous. They form a monotonic sequence pointwise con-
vergent to zero on [0, 1], but the convergence is not uniform.
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Finally, the functions defined by

2 1
2n°x for 0<z<5,,
fa@ =4 n—2n(z-5=) for = <z<i
0 for %<m§ 1
A
n___
: o
11 1
2n n

are continuous and form a sequence which is pointwise convergent
to the zero function on [0,1]. Note that the sequence {f,} is not
monotonic and the convergence is not uniform.

3.1.17. Let {f,} be a sequence of continuous functions uniformly
convergent on a compact set K to the limit function f. Let € > 0 be
given. Choose ng such that (see 3.1.7)

|fn(a:)—fn0(a:)|<§ for n>ng andall zeK.

Next, since each function f, is uniformly continuous on K, one can
choose 6 > 0 such that if z,2' € K and |z — 2’| < 4, then

(1) |fk(a:)—fk(a:’)|<§ for 1<k < no.

Therefore we get

[fr(@) = Fu@)] < 1fn(@) = foo (@)] + |fno (®) = fno (z')]
+1fno (@) = ful(a)| <&

for |z — 2’| < 6 and n > mo. This together with (1) proves the
equicontinuity of the sequence {f,} on K.
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3.1.18. Let {f,,} be a subsequence of {f,}, and {z,} a sequence of
elements of A converging to z € A. We define the sequence {y,,} by
setting

ry for 1<m<ny,

Ts for ny <m < ng,
Ym =% -0
zp  for np_qy <m <ny,

Then the sequence {y,,} converges to z, so lim fn,(ym) = f(z).
m—0o0

Thus lim fo, (yn,) = lm fo, (zx) = f(2).

3.1.19. Note first that if { f,,} converges continuously on A to f, then
{fn} converges pointwise to the same limit function. To see this, it
is enough to consider constant sequences all of whose terms are equal
to an element of A. Let x € A be arbitrarily chosen and let {z,}
be a sequence of elements in A converging to z. Given € > 0, the
pointwise convergence of the sequence implies that there is n; (which
can depend on x;) such that

| fu (21) = f(1)] < g

Similarly, there is no (which can depend on x3), n2 > nq, such that

| s (2) — f(2)]| < %

Continuing the process, we get the sequence {ny} such that

| o (1) = flz3)] < g ke N

Moreover, by the result in the foregoing problem,

) = @] < 5. k> ko.

Consequently, |f(zx) = f (@) < [ fry (@1) = f(21) |+ far (21) = F(2)] <€
for k Z k().
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3.1.20. Let {z,} be a sequence of elements in A converging to x € A.
Let € > 0 be given. It follows from the uniform convergence of {f,}
that

7 (n) = Fa(wn)] < sup |£(w) = faw) < 5 for n>mno.
yeEA

Since f is continuous,
€
Fen) = f@) <5 for n>m.
Hence if n > max{ng, n1}, we have

[fu(en) = f(@)] < |folen) = Fl2n)| + 1f(20) = f2)] <e.

The converse of the statement just proved is not true, as the following
example shows. Let A = (0,1) and f,(z) = z". It is easy to see
that {fy} fails to converge uniformly to zero on (0, 1). But {f,} does
converge continuously on (0, 1). Indeed, if {z,} is a sequence of points
in (0,1) converging to x € (0, 1), then there is 0 < a < 1 such that
xp < a. Therefore nlgr;o fn(xy) =0.

3.1.21. The implication (i) = (ii) has been proved in the foregoing
problem. Our task is to prove (ii) = (i). We know (see 3.1.19)
that the limit function f is continuous on K. Suppose, contrary to
our claim, that {f,,} fails to converge uniformly on K. Then there are
go > 0, a sequence {ny} of positive integers, and a sequence {zy} of
elements in K such that

|[fr (@) = f k)| > co.

Since K is compact, we can assume without loss of generality that
{z1} converges, say, to z € K. On the other hand, by 3.1.18,

€
| frw (z) — f(2)] < 30 for k> ko.
Moreover, the continuity of f implies that
€
|f(zk) — f(2)] < 30 for k> ki.

Thus, for sufficiently large k,

g0 < |[fui(xr) = f(2p)| < |fui(2r) = f(2)| + | f(2) = flan)] < ;50,
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a contradiction.

3.1.22. Assume, for example, that the functions f,, are increasing
on [a,b]. Evidently, f is uniformly continuous on [a,b]. Let € > 0 be
given. By the uniform continuity of f there is § > 0 such that
€

7@~ fa)| <
whenever |z — 2’| <6, z,2' € [a,b]. Now choose a = 2o < 21 < 23 <
<. < xp =bsothat |z; —x;_1| <90, i =1,2,... k. Since

lim fn(xl):f(xl)7 221)277k)

n—o0

there exists ng such that, if n > ng, then
e .
Clearly, for an z € [a, b] there is an ¢ such that z;—; < z < z;. Now

the monotonicity of f,, and (1) imply

F@i-) = 5 < falwict) < fule) < fulei) < @) + 5

for n > ng. Since f must be increasing, we have f(z;_1) < f(z) <
f(z;), which combined with the uniform continuity of f yields

—e< f(l'ifl) - f(l’z) —-< fn(l’) - f(l‘) < f(xl) — f(l'ifl) + % <e.

Thus the uniform convergence of {f,} on [a,b] is proved.

3.1.23. We will first show that there is a subsequence {fy,} conver-
gent on the set of all rationals Q. Since Q is countable, we can write
Q = {r1,r2,...}. The sequence {f,(r1)} is bounded, so it contains a
convergent subsequence { f,,1(r1)}. Next, since {fy,1(r2)} is bounded,
there exists a convergent subsequence {f,2(r2)}. Clearly, {fn2(r1)}
is also convergent. Repeating the process, we obtain the sequence of
sequences {fn 1}, {fn2},... with the following properties:

o {fnk+1}is a subsequence of {f, x} for k=1,2,...,

e the sequence {f,x(r;)} is convergent for £ € N and i =

1,2,... k.
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So the diagonal sequence {f, } is convergent on Q. In this way we
have constructed the subsequence {f,, } pointwise convergent on Q,
say, to f. Clearly, f is increasing on Q. Now we extend f to R by
setting

f(@) = suplf(r): 1€ Q r <a).
The extended function f is also increasing on R. Now we show that if
f is continuous at z, then leII;O S () = f(x). To this end, consider

two sequences of rationals {p,} and {g,} converging to = and such
that p, < & < gn. The monotonicity of f,, implies that fy,, (pn) <
Frn (@) < fnp(qn). Now, letting k — oo, we get
f(pn) < liminf f,, () <limsup fp, () < f(gn)-
k—o0

k—o0

Next, upon passage to the limit as n — oo (see, e. g., 1.1.35), we
obtain
f(&™) < liminf f, (z) < limsup fu, () < fa).
k—oc0 k—00
It then follows that f(z) = klim fn,(z) at each point z of conti-
—00

nuity of f. We know that the set D of points of discontinuity of a
monotonic function is countable (see, e. g., 1.2.29). Thus we have
flz) = klgrgo fn.(x) on the set R \ D, and since {f,,} is bounded
on the countable set D, we can use the diagonal method again to
choose a subsequence of {f,,} pointwise convergent on D. Clearly,
this subsequence is convergent on all of R.

3.1.24. If K is a compact subset of R, then there is a closed interval
[a,b] such that K C [a,b]. Clearly, f is uniformly continuous on [a, b].
By the result in 3.1.22 {f,, } converges uniformly on [a, b], and so it
also converges uniformly on K.

The following example shows that {f,,} may fail to converge
uniformly on R. Put

falz) = <% (arctanx + g))n, reR

Each f,, is strictly increasing on R, and 0 < f,(z) < 1. The sequence
{fn} is pointwise convergent to f(z) = 0. However, the convergence
is not uniform.
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3.1.25. We first show that if {P,} is a sequence of polynomials con-
vergent uniformly on R, then, beginning with some value of the index
n, all P, are of the same degree. Indeed, if this were not true, then
for every k € N there would exist ny > k such that the degree of P
would differ from the degree of P,,. Consequently,

sup | Py, () — Py()| = 400,
zER

contrary to the Cauchy criterion for uniform convergence (see, e.g.,
3.1.7). Hence there is ng € N such that if n > ng, then

P, (z) = appz? + amp,la:p*l + - 4 1T+ Gp .

By the Cauchy criterion for uniform convergence again, we see that
if n > no, then the coefficients a,;, 7 = 1,2,...,p, are constant (in-
dependent of n), that is,

P, (z) = apz? + ap,la:”*l + -+ a1x + anp.

Clearly, such a sequence of polynomials converges uniformly on R to
the polynomial

P(z) = apa? + ap_12?~ 4+ - + a1z + ao,

where ap = lim ay, .
n—oo

3.1.26. Clearly, (i) = (ii). We now show that (ii) = (iii).
Indeed,

p_
Ao + An1Co + -+ - + appcy = Pp(co),

P _
An,0 + An,1C1 + -+ Qp,pC; = Pn(cl);

(1)
An,0 + n1Cp + o0+ anpch = Palcp).

Since the so-called Vandermonde determinant

1 ¢ ... &b
1 ¢ ...

det | .

2 D
1 ¢ ¢... &
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is different from zero, the system of linear equations (1) has a unique
solution and a,_;, ¢ = 0,1,2,...,p, can be determined using Cramer’s
rule. Consequently, (ii) implies the convergence of each sequence
{an,i}, 1=0,1,2,...,p. The implication (iii) = (i) is easy to prove.

3.1.27. Since {f,} is equicontinuous, given € > 0 one can choose
d > 0 such that for all n € N

€
(1) fal@) = Fal)] < §
whenever |z — y| <, z,y € K. Letting n — oo, we get
€
) F@) = fw) < =

(Note that this shows that f is uniformly continuous on K.) As K
is compact, there are finitely many open intervals (z; — 6, z; + ¢),
1 =1,2,...,k, where x; € K, which cover the set K. By pointwise
convergence of {f,}, there is ng such that if n > ng, then

€
(3) |fa(2i) = f(zi) < 3,
Clearly, for z € K there is an i such that |z — z;| < d. Thus by (1),
(2) and (3), if n > ng, then

[fu(@) = F(@)] < [fn(@) = fulwa) |+ | fale:) = fza) |+ (2:) = f(2)] <e.

i=1,2,...,k

3.1.28. Observe that {f,} is equicontinuous on [a, b]. Indeed, by the
mean value theorem,

(@) = fa)] =112 (Ol =yl < Mz -y

for all z,y € [a,b] and n € N. Now the desired result follows from the
foregoing problem.

3.1.29.

(a) Since |fn(z)| < —=, the sequence is uniformly convergent on R.
We have f),(z) = v/ncosnz. Hence lim f;(0) = lim /n = +o0.
n—o0 n—o0
Moreover, if & # 0, then the limit lim f](z) does not exist.
n—o0

Indeed, if lim f(x) =, then for sufficiently large n we would get
n— 00
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|cosnz| < 1. Thus |cos2nz| = 1—2cos’ nz > 1, a contradiction.
So we see that {f,} does not converge at any point.

(b) Since |fn(z)| < 3=, the sequence converges uniformly on [—1,1].

On the other hand,

. ! _ . —
dm fole) = sy

1 —n2g2 {1 for =0,
0 for z#0.

The pointwise limit of {f},} is discontinuous at zero, and therefore
the convergence cannot be uniform.

3.1.30. Assume first that l'Lm f(z) =1. Let € > 0 be given. Then
x o

there is § > 0 such that if 0 < |z — 29| < J, then |f(z) — ] < 5. The
uniform convergence of {f,} on A implies

|fn(z) — f(2)] < % for n >ng, z € A.

Hence
|fn(2) =1l <e
whenever 0 < |z — o] < d and n > ng. Since lim f,(x) exists,
T—To
this implies that lim lim f,(z) =1.
n—00 T—To
Assume now that lim lim f,(xz) =1. Set lim f,(z) = gn(xo).
n—00 T—To T—xo
So we have lim g,(zo) = I. Let ¢ > 0 be given. By the uniform
n—o0

convergence of {f,} there is ny such that n > n; implies

5

(1) | fu(z) = fz)| < 3 TEA

By the above there is no such that if n > no, then
€

(2) |gn(x0) - l| < g

Fix ng > max{ni,na}. Since lim f,,(x) = gn,(z0), we have
T—rTo

3) [Fo () = ga (0] < 5

if | — x| < Op,- By (1), (2) and (3), we see that ILm flz)=1.
T o

The equality lim lim f,(z) = lim f(z) can be established in
n—o00 r—o0 T—>00
much the same way.
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3.1.31. Let € > 0 be given. Choose ng such that if n,m > ng, then

M [fa(@o) = fm(a0)| < 2
and
(2) 50~ 5,01 < 55— t€ ]

This combined with the mean value theorem applied to the function
fn — fm gives

(3) |fn(~75)_fm(w)_fn(t)+fm(t)| <

elz —t]
2(b—a)

for n,m > no and z,t € [a,b]. Now, by (3) and (1),
|fn(m) - fm(m)| < |fn(w) - fm(w) - fn(xO) + fm(x0)|
+ |fn(5”0) - fm(~750)| <E.

Thus the Cauchy criterion for uniform convergence is satisfied (see,
e.g., 3.1.7). Let z € [a, )] be arbitrarily chosen. Define the functions
h and h,, by

9
< Z
-2

_ )~ fal)

0 (D) — . telal t#w
Then tlim hn(t) = fl(z), n=1,2,.... By (3),
—z
€
— — >
|hn(t) hm(t)| < 2(b— a)7 n,m 2 no,

which means that {h,} is uniformly convergent (evidently to h) on

[a,b] \ {z}. Applying the result in the foregoing problem to the se-

quence {h,} and the set [a,b] \ {z}, we get lim f, (x) = tlim h(t) =
n—o0 —T

f(@).
3.1.32. The equality

n

l=@+(1-2)" =% (Z) (1 — )

k=0

gives
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Consequently,

r(5)-s@)| () ara-ar.

By the uniform continuity of f on [0, 1], given £ > 0 there is § > 0
such that

(1) [Ba(fa) = f@)| <Y
k=0

|f(z) = f(z")] <e
whenever |z — 2| < 8, z,z' € [0,1]. Clearly, there is M > 0 such that
|f(z)| < M for x € [0,1]. Let = be arbitrarily chosen in [0, 1]. Then

the set {0,1,2,...,n} can be decomposed into the two sets
A:{k: ‘E—x <6} and B:{k: ‘E—x 26}.
n n
If k€ A, then
k
‘f <E> —f(ll’) <g,
and so
(2) Z f <E> —f(x)|<e Z <n>:rk(1 —z)"kF <e.
n k -
keA kEA
If k € B, then
(k — nx)?

and by the inequality given in 2.5.52 we get

Z f <§> — f(z) (Z)l‘k(l—x)"_k

keB

< _ 2 n k _ n—k < .

< 5 (k — nz) <k>:r (1—=xz) < 5.5
keB

2M

This combined with (1) and (2) yields

1B, (f,7) — f(z)] <+ % € 0,1].
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3.1.33. If [a,b] = [0,1], then we take P(x) = B,(f,x). If [a,b] #
[0,1], then we can apply the result in the foregoing problem to the
function g(y) = f(a +y(b—a)), y € [0,1]. So, given € > 0, there is a
Bernstein’s polynomial B,,(g,y) such that

|g(y)_Bn(gvy)| <g y¢& [07 1]

Putting = a + y(b — a), we obtain

)-8, (5,572 )| <=

3.2. Series of Functions, Uniform Convergence

3.2.1.
(a) If z € (—1,1], then lim ﬁ # 0. So the series diverges by
n—oo
the nth term test for divergence. If |z| > 1, then |z|™ > 2 for
sufficiently large n. Hence

‘ 1

1 2
< <=
IEEEREE

1+an ||

and by the comparison test the series converges.
(b) Clearly, the series converges if z = 0. If z # 0, then
x" 1

= -

Therefore by (a) the series converges for —1 < z < 1.
(c) If x =0, the series diverges. If z # 0, then
2" ta _ (F) +

.
14 3nam 1+ 7

So the nth term of the series converges to zero if and only if
|%| < 1, that is, if |z| > % The comparison test shows that the
series converges if z € (—o0, —2/3) U (2/3, 00).

(d) We have

2! ! 1 1
(1 —zn)(1 —zntl) gzl —z) \1—z7 1—gntl )’



3.2. Series of Functions, Uniform Convergence 337

Hence
N n—1
T
SN(CU) =
— (1 —2z7)(1 — zntl)
B 1 1 1
S z(l-2)\1—2 1—2aN+t1 )’
Consequently,

—— if |z| <1,
lim SN(.T) :{ (1—z)2 | |

N—00 z(lim)z it |z > 1.

So the series converges on R\ {—1,1}.

(e) We have
2701 1
1—22"  1—22"" 1—g2"’
Hence
lim S (x) ﬁ it |z <1,
m r) =
Novoo N e |z > 1

So the series converges on R\ {—1,1}.

f) If z <0, then the series diverges by the nth term test for diver-
g
gence. For z > 0, by the Cauchy condensation test (see eg., I,

3.2.28) the given series converges if and only if Z 2n(m 7 does.

The root test shows that the latter converges 1f :v > 1 and di-
verges if © < 1. If z = 1, then the series diverges. Summing up,
we see that the domain of convergence is (1, 00).

Inn

(g) Since z!"™ = n!"?  the series converges if Inz < —1 and diverges
1

if Inz > —1. Thus the domain of convergence is (0, g) .
(h) We have

2

sin? (27r\/ n? + xZ) =sin® | 2n7 <

1+ 2 +1

3N| 8
3
8

The comparison test shows that the series converges for all z.
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3.2.2,
(a) Since arctan + arctan 2 = Z for > 0, we see that
1 1

< < .
n2(1+22) " n?2(14+22) — n?

g —arctan(n?(1 + 2?)) = arctan

By the M-test of Weierstrass (dominated convergence test) the
series is uniformly convergent on R.

(b) For z € [2,00),

In(1 + nx) 1 1
<
nx” = gn—1 — 9n—1"

and consequently, the uniform convergence of the series follows
from the M-test of Weierstrass.

(¢) Since sup{n2z?e "1l . z € R} = —3, the M-test of Weierstrass
shows that the series converges uniformly on R.

(d) The series converges pointwise to

1 if zel-1,1]\{0},

S(x):{o it z=0.

Since S fails to be continuous, the convergence cannot be uniform
on [—1,1].

(e) Note that

2

B (@ 4z

Vn!

2 2

= U Vil

sup
1/2<z|<2

o0

Since Zl "T;Q"“ converges, for example by the ratio test, the
n—

M-test of Weierstrass shows that the series converges uniformly

on A.

(f) The series does not converge uniformly on A because the Cauchy
criterion for uniform convergence fails to hold. Indeed, if 0 <
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1 =
7 < 5, then

|Sntm (x) — Sp(z)| = 2" sin TS + -+ 2" sin InFmy
2 1 2 1
n+l 2 . nt+m =
22 m3ntly oot T 3ntmy
2
n+1
22 m3ntly’

Putting z = 5%, we obtain

1 1 2n+2 23
S — =Sy |=)|> > —
wtm <3n> "(371)‘— 3r = 3

(g) The uniform convergence of the series follows from the M-test of
Weierstrass. We have

x? x? a?
In (1—{— 3 )S 57— < 5
nln“n nln“n  nln“n

&)
and the Cauchy condensation test shows that > #zn con-
n=2

verges.
3.2.3. Let S(z) = 3> fulz) and Sn(z) = 3° fi(z). Then
n=1 k=1

sup{S(z) — Sp(z) : z € [0,1]} =1/(n+ 1),

which shows that the series converges uniformly on [0,1]. Since
sup{fn(z) : x € [0,1]} = 1/n, the M-test of Weierstrass fails.

3.2.4. We have

3

xr
Sp(z) =
(@) 2 ((k— D)z + (ke + 1)
_z”: 1 by, 1
_k=1 (k—Dx+1 kx+1) ne+1
Hence

fo) = tm s, = {0

TR T e o

Clearly, f is not continuous at zero.
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3.2.5.

(a) The series converges absolutely on R, since

i < i lel™ _ el
- n!
n=0

n=0

x" sin(nz)
n!

Clearly, the convergence is uniform on each bounded interval. So
the continuity of the sum follows from the result in 1.2.34.

(b) Since

o0

2 1
> lal <) lal" = =
=0 n=0 1- |£L’|

n.
the series converges absolutely on (—1,1). Moreover, the convergence
is uniform on each compact subset of (—1,1). Thus the sum is con-
tinuous on (—1,1).
(c) The series converges absolutely for —1/2 < = < 1/2, and, as in
(a), one can show that its sum is continuous on (—1/2,1/2).

(d) The series converges absolutely for 1/e — 1 < z < e — 1, and its
sum is continuous on (1/e —1,e — 1).

3.2.6. Clearly, the series converges for z = 0. Using, for example,
the result in I, 3.2.16, we see that the series converges if 0 < |z| < 1.
If |z| > 1, the series diverges. Reasoning similar to that used in the
solution of the preceding problem shows that the sum is continuous
on the domain of convergence.

3.2.7. Note first that the series

0 2

Z s1n5:; x)

n=1

is uniformly convergent on R, so its sum S is continuous on R. More-
. 2 ~
over, if Sp(z) = %, then lim S,(z) = xS(x). Consequently,
n—o0

the sum of the given series is also continuous on R.
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3.2.8. Suppose that > f,(x) converges uniformly on A to S. This
n=1

means that
dp, = sup |Sp(z) — S(z)] — 0O,
TEA n—o0
where S, (x) = > fr(x). Since f is bounded, we also have
k=1

4, = sup | £(x)Su(x) ~ {(#)S(@)] — 0.

To see that boundedness of f is essential, take A = (0,1], f(z) = 1,

[ee]
and f,(z) = 3=r. Then the series > f,(z) converges uniformly on
n=1
A, but % fn(x) fails to converge uniformly on A, because
n=1

> i@

k=n+1

2
= sup

sup —
z€(0,1] z2"

z€(0,1]

= +o00.

It is easy to see that if % is bounded on A, then the converse
holds.

o)
3.2.9. For z € A the series > (—1)"f,(z) converges by the Leibniz

n=1
theorem. Moreover, by the result in I, 3.4.14,

o)
sup [ra(@)| = sup | S (=D} fi(@)| < sup fua (@)
zEA TEA k=n+1 zEA

This combined with condition (3) proves the uniform convergence of
the given series on A.

3.2.10. The three series (a), (b) and (c) satisfy the assumptions of
the assertion in the foregoing problem.

3.2.11. By the Cauchy inequality,

ntm n+m 1/2 ntm 1/2
sup Z e fr(z)] < (Z ci) sup (Z f,?(a:)) .
TEA | T k—n z€A \ [T,

So it suffices to apply the Cauchy criterion for uniform convergence.
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(a) A =[},35) and B = (4, 3) . The series converges uniformly on

y 62 — 2"t 1
su = .

1_. 3
sup EQk(?)w — 1)k

xe[%,%]

k=n+1

(b) A = (—o0,—1] and B = (—o0,—1) . The series converges uni-

formly on [—2, —1], because

i)

k=n+1

= 1
SZW

k=n+1

sup
z€[—2,—1]

3.2.13. Summation by parts gives

n

Sn(z) =Y frl@)gi(x) = i Gr(2)(fr(x) = frar(2)) + G (@) fo(2).
k=1

k=1
This together with assumption (3) implies

|Sntm (z) — Sn ()]

n+m—1

Y Ge@)(fi(@) = fr1 (@) + G (@) frrm (@) = Ga(@) ful@)
k=n

n+m—1
< M( Y k@) = frra @)+ | farm (@) +|fn(w)|>-

k=n

Now let € > 0 be given. Then it follows from (1) and (2) that, for
m € N and for sufficiently large n,

sup |Sn+m(m) - Sn(m)|
TEA

n+m—1
< M sup ( Y k@) = ferr@)] + [ farm(@)] + Ifn(w)|> <e.

z€EA k—n

Thus the Cauchy criterion for uniform convergence can be applied to

i fu(@)gn(2)
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To prove the Dirichlet test for uniform convergence, note that the

monotonicity and the uniform convergence to zero of {f,(x)} imply
o]

(1) and (2). Moreover, since the sequence of partial sums of ) g (z)
n=1
is uniformly bounded on A, we see that condition (3) is also satisfied.

o0
Consequently, the series Y f,(x)gn(z) converges uniformly on A.
n=1

3.2.14. The Dirichlet test for uniform convergence will be applied.
(a) Take
1
fal@) == and ga(w) = (~1)"+am,
n

(b) Here we take

fal@) = and gale) = sin(na)

and note that

(c) Since

n

Z(cos (k(k — 1)x) — cos (k(k + 1)x))

k=1

=11 —cos(n(n+1)z)| <2

2

Z sin (k?z) sin (kz)

k=1

r2
Dirichlet test shows that the series converges uniformly on R.

(d) We have

and {#} is decreasing and uniformly convergent to zero, the

i sin(nz) arctan(nz)
n

= T AN
_ Z (sm(naz) (arctan(nz) — Z) L2 sm(nm)) .

n n

n=1

Since Y %S%(m) converges uniformly on [0,27m — §] (see (b)),
=1

n=
the sequence of its partial sums is uniformly bounded. Moreover,
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the sequence {arctan(nz) — w/2} is increasing and satisfies the
Cauchy criterion for uniform convergence on [J, 27 — ], because

mx

1+ (m + n)na?
mzx

arctan((m + n)z) — arctan(nz) = arctan

< arctan ————
=ar n(m—kn)na:2

1
< arctan —.

no

So {arctan(nz) — 7/2} converges uniformly to zero. It then fol-
lows, by (*), that the given series converges uniformly on A.

(e) We have

o0
Since Y (—1)”“% converges, the sequence of its partial sums
n=1 n

is bounded. Moreover, the sequence { m{% } decreases and con-
n

verges uniformly to zero on [a, 00).
(f) Note that for z € [0, 00),

—1 n
prt ek:t

_ o
et +1

1
n+z?

Moreover, the sequence { } decreases and converges uni-

l

formly to zero on [0, o).

3.2.15. Summation by parts yields

n

Sul@) = 3 Fu@)an(@) = 3 Gr(@)(fal®) = fisn (@) + Ga(@) fu(0),
k=1

k=1

n

where G, (z) = 3 gr(x). Since fi is bounded on A, condition (2)
k=1

implies that there is M > 0 such that |f,(z)] < M for all z € A and
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all n € N. Since {G,,} converges uniformly on A, say, to G, we obtain

Sntm(T) — Sn()

n+m—1
= Y Gr@)(fi(@) = frr1(2) + Gnim(@) frim(z) — Gulz) ful2)
k=n
n+m—1
= > (fr@) = frr1 (@) (Gr(2) — G(2))
k=n

+ (Grpm () = G(2)) farm () = (Gn(z) = G(2)) fn ().

This combined with (2) and the uniform boundedness of {f,(z)}
shows that {S,} satisfies the Cauchy criterion for uniform conver-
gence.

To prove the Abel test for uniform convergence, it suffices to note
that the monotonicity and the uniform boundedness of { f,,} imply the
pointwise convergence to a bounded function, and so conditions (1)
and (2) are satisfied.

3.2.16.
(a) The sequence {arctan(nz)} satisfies conditions (1') and (2') in
8} n
the Abel test for uniform convergence. Moreover, ) (;ﬁx: :

converges uniformly on R (see 3.2.10(a)).

(b) The Abel test for uniform convergence can be applied, because
the series
0 (_1)n+1
T; V/n + cosx

is uniformly convergent on A (see 3.2.10(c)) and the sequence
{cos £} is bounded and monotonic for n > 2&.

(c) The series
1)lval

i (=1
n
n=1
converges (see, e.g., I, 3.4.8) and the sequence {\/‘7{%} is mono-

tonic and bounded on [0,00). Thus the Abel test for uniform
convergence can be applied.
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3.2.17. The result follows immediately from 3.1.30.

3.2.18. To prove (a) and (b), one can use the results in 3.2.14, 3.2.17,
and in I, 3.1.32(a).

(c) Since
i(ﬂfn ety = { z for =z €][0,1),
! 0 for =1,
we get
li e N
Jim 3" =)

o0
(d) Note first that 21 77— is uniformly convergent on [0, 00), by the
M-test of Weierstrass. Thus, by the foregoing problem,

=1 =1
lim E = — =1
z—0+ 2nn® 2n
n=1 n=1
(e) Since
x> 1
sup = —,

o0
2
the series ) T converges uniformly on R. Now using the
=

result in 3.1?30 we obtain

o0 o0
i x2 1 2
im E —_— = E — =
T—00 1+ n2z2 n? 6
n=1 n=1

o0
3.2.19. Observe first that Y a,z" converges uniformly on [0,1].

n=1
This follows immediately from the Abel test for uniform convergence
stated in 3.2.15, with f,(z) = 2™ and g, (z) = a,. Now by 3.2.17 we
see that the limit is ) ap.
n=1
3.2.20. Since the f,, are continuous on [0, 1], we see that

n—+m n+m

sup > fulw) = sup Y fila).

z€[0,1) =, z€l0,1] =
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oo
Thus by the Cauchy criterion, the uniform convergence of > fn(z)
n=1

o0
on [0,1) implies the uniform convergence of » f,(z) on [0,1].
n=1

3.2.21. A = (0,00). The convergence is not uniform. Indeed, if
the series were uniformly convergent on A, then by the result in the
foregoing problem it would converge for x = 0, a contradiction.

3.2.22. Note that

ra(@) = Y fe(@) = f(z) - Sula),

k=n+1

o0
where S, () denotes the nth partial sum of > f,(z). By assumption,
n=1

the sequence {r,(z)} is monotonic and convergent to zero at each
fixed z in [a,b]. Hence the Dini theorem (see, e.g., 3.1.16) implies
the uniform convergence of {r,(z)}, and consequently, the uniform
convergence of the series on [a, b].

3.2.23. No. Consider

o0

S (=" -z)z", A=[0,1].

n=0
By the result stated in 3.2.9 this series converges uniformly on A. On

o)
the other hand, the sum of the series ) (1 —z)z™ is
n=0

S(x) = { 1 for z€]0,1),

0 for z=1.

Since S is not continuous, the convergence cannot be uniform.

3.2.24. Since the f, are monotonic on [a, b],

ra@)| = | > fr@)] <D @) <Y max{|fr(a)l, | fe(d)]}-
k=n+1 k=n+1 k=n+1

This shows that if the series converges absolutely at the endpoints of
the interval [a, b], then it converges absolutely and uniformly on the
whole [a, b].



348 Solutions. 3: Sequences and Series of Functions

3.2.25. Let A be a bounded set disjoint with the elements of {a,,}.
Since Z |  converges, we have hm |an| = +00. Consequently, one

can choose ng such that if n > ny, then |x—an| > 1for x € A. Hence,
for sufficiently large n,

11 1 1 1

. S S S
|z — ap| |an] i—l‘ ~la,| 1-2L°

lan]

o0
where M = sup |z|. Finally, observe that if }> - converges, then
TEA n=1" "

[oe]
3 (laL . ﬁ) also converges.

n=1 fan]

3.2.26. Write

o0
> Z

n® n¥o nz Zo
n=1

and apply the Abel test for unlform convergence (see, e.g., 3.2.15).

3.2.27. It has been shown in the solution of 3.2.7 that the given
series converges to a continuous function on R. We now show that
the convergence is not uniform on R.

Observe first that if ng is odd, then the sum
=\ sin(n’x)
P

n=no

is different from zero at each x = § + 2kw, k € N. Moreover,

o0

o0
sin(n? :vk sin(ng %)
S 2 = 2 Tag 20y

n=no =

o0 . 2

If the series El msm(n+m) were convergent to f uniformly on R, then,
n—

given € > 0, there would exist an odd ng such that

no—1 2

sin(nx)
f(z) — ZwT <e forall zeR
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In particular, we would get

flaw) "02‘:1 sim(n’3)| e
Tk —~ n2 Z+2kn’

and consequently,

- flzg) RS sin(n?3)
hm _— = Z T2

2

k—oco Tp =i
On the other hand, by (1),
. no—1 . 27 00
fl@e)  s=sin(n’z) '~ sin(n®f) ( 27r) 1
Tr - ngl n2 — T;l n2 —+ sin Ny 2 lz:; (no + 21)2 )

contrary to

sin( )Z n0—|—2l

=0

3.2.28. The assertion follows immediately from the result in 3.1.31.

o]

3.2.29. By the M-test of Weierstrass the series > ﬁ converges
n=1

uniformly on R. Moreover, since

—2x
(n? + 22)?

1 !
‘<n2+w2> o

o] !
> (#ﬂz) also converges uniformly on R. Hence by the result in
n=1

the foregoing problem f is differentiable on each compact interval and

consequently on R.

_n37

3.2.30. Note first that Z C?j_rﬂ converges uniformly on R. The

o0 ! o0 .
Z cos(nz)\ Z —nsin(nz)
1+ n?2 1+ n?
n=1 n=1
converges uniformly on the indicated interval by the Dirichlet test for
uniform convergence stated in 3.2.13. Therefore the differentiability

of f follows from 3.2.28.

series
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3.2.31. The series Y. (—1)"*In (1+ £) converges, e.g., for z = 0.

n=1

> (v () = Xt

n=1 n=1

The series

converges uniformly on [0,00) by the result stated in 3.2.9. So the
result in 3.2.28 shows that f is differentiable on [0, 0c0) and

! _ - n 1 _ ! _ = n 1 —
£'(0) —;(—1) o =2, f(l)_,;(_l) =12

Finally, applying 3.1.30 we find that lim f'(z) = 0.
T—r00

3.2.32. By the Abel test for uniform convergence (see, e.g., 3.2.15),

7;1(_1)”“‘% arctan \/iﬁ converges uniformly on R. The derived se-

n+z2

o0 n

ries Y L s also uniformly convergent on R (see 3.2.10(a)). So
n=1

one can apply 3.2.28.

3.2.33. Clearly, the series Y Sirf_(gﬁz) converges uniformly on R. The
n=1

. . X 2an cos(nz?) : H
derived series ) =1+ n5 — converges uniformly on each bounded in-
n=1

terval. Therefore by 3.2.28 f is continuous on each bounded interval,
and thus f' is continuous on R.

3.2.34. The M-test of Weierstrass shows that the series and the de-
rived series

= 1
Z nv/n(tanz)" ! 5
— cos? x

are uniformly convergent on each compact subinterval of (—7 /4, w/4).
Therefore by 3.2.28 f' is continuous on (—n/4,7/4).

3.2.35. The M-test of Weierstrass shows that the given series con-
verges uniformly on [0,00). By the M-test again, we see that the

derived series
S —nx

—ne
2 T

n=0
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is uniformly convergent on each interval [a,00), a > 0. Thus f is

in C*(0,00). Repeating the above process k times, we conclude that
oo

> % converges uniformly on each [a, 00), @ > 0. This shows
n=0
that f € C>(0, c0).

If f'(0) existed, then since

f(z) — £(0) e "™ —1 e " —1
a7 JAT - ~ <« - -
x nzz:oa:(l—an) - 2;)a:(l—l—nZ)
forx > 0and N > 1, we would get
N
. flz) — f(0) -n
— < —_— .
zlgg+ T - 7;) 1+n2

Upon passage to the limit as N — oo, we would obtain f'(0) < —oo,
a contradiction.

3.2.36. Clearly, the series converges uniformly on each bounded in-
terval. Thus f is continuous on R. Moreover, for = # 0,

o] ! o] 2
Z || :Z" sgn(z) — xlz|

Thus the derived series is uniformly convergent on each bounded in-
terval that does not contain zero. Consequently, f’ is continuous at
each z # 0. Now we show that f/(0) does not exist. Since

f(h)=f0) _ [lhl~ 1
h _<Tnz:1h2+n2>

and (see, e.g., 3.2.17)

> 1 21 7z
1. —_— = _— = —
hlg%)nz:; h? + n2? nz::an 6’

the limit lim M does not exist.
h—0
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3.2.37. Observe first that the series Z -= converges uniformly on

each interval [zg,00), zo > 1 (see, e. g 3 2.26). Thus the Riemann
¢-function is continuous on (1,00). For a k € N, the series

(1) i kln n

is also uniformly convergent on each [zg,00), zo > 1, because

zg—1

In*n < n-z 1
> — T @+l

n:t n.to n-s

for sufficiently large n. Consequently, each kth derivative of the Rie-
mann (-function is continuous on (1, 00).

3.2.38. By (1) there is an zo € (0,1] such that f(z¢) # 0. Now, by
(2) and by Taylor’s formula with the Lagrange form for the remainder,
we get

) = LG5
n! ’
where 6,, € (0,1). Hence
. (n) _ nlf(xo)
() £ o) =

Now (3) implies that sup |a,f(™ ()] — 0. This means that, given
z€[0,1] n—00

€ > 0, there is ng such that if n > ng, then |anf(") (6,)| < e. It then
follows by (x) that
ETy

|f (zo)] -

|nla,| <

3.2.39. Clearly, for x € Z we have f,(z) = 0. So E fn(z) = 0. Now

let # = %, where r and s and co-prime integers and s> 1. If pis

a prime number different from s, then f,(z) > E' Indeed, for any
a €,
ra|l _|rp—as|

sp sp’

S



3.2. Series of Functions, Uniform Convergence 353

Consequently,
> 1
PRACED Dt
sp
n=1 peP
where P denotes the set of all prime numbers different from s. So

o)

(see, e.g., I, 3.2.72) the series > fn(z) is divergent for all x € Q\ Z.
n=1

For an irrational x, set

4 2
Am) =t{n € A: n<m},

1 1
A:{nEN: —<na:—[na:]<—},

where tB denotes the number of elements of the set B. It follows
from the fact that for an irrational  the numbers nx — [nz] are uni-
formly distributed modulo 1 (see, e.g., Theorem 25.1 in P. Billingsley,
Probability and Measure, Wiley, New York, 1979, pp. 282-283) that

lim % = 1. Consequently, Y - = +oc. Note that for n € A,
ne 1
ey =e =2 o

It then follows that > fn(z) diverges for z € R\ Q.
n=1

3.2.40. Since g is bounded, the series converges uniformly on R to
f- Hence f is continuous on R. Our task is now to show that f is
nowhere differentiable. Let a real number z and a positive integer
m be arbitrarily chosen. If there is an integer in (4™z,4™z + 1),
then there is no integer in (4™z — 1,4™z) . So we can always find
Om = i%4_m such that there is no integer in the open interval with
the endpoints 4™z and 4™ (x + 0,,). By the definition of g,

g(4"(x + 6m)) — g(4"x)
Om

{0 if n>m,
Sl if 0<n<m.

Note here that, for a fixed m,

94" (z + 0m)) — g(4"x)
O
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have the same sign for n =0,1,...,m. Hence
fla+0m) = f&)] _ i 3\" 94" (z +dm)) — g(4"2)
Om = 4 Om
_[$5 (3)" et o)) — g4
4 Om
n=0
m 3 n N
-2 (3)
n=0
3t 1
=

Since lim 4, = 0, it follows from the above that lim w
m—»00

N
does not exist. This shows that f is nowhere differentiable. The
graphs of three first partial sums So(z), S1(x) and Sa(z) of the series
defining f are sketched below.

A A
: 1.4
1
|- »
3 2 1 12 3 T s 05 1
y=Sy(x) y=5,(x)
1.4
1
4 05 | 05 1
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3.3. Power Series

3.3.1. Define R to be the supremum of the set of the r € [0,00)
for which {]a,|r"} is a bounded sequence. If R is positive, then for
0 < p < R there is a positive constant, say C,, such that |a,|p™ <
C,. Hence n@o /]an] < %. Since the last inequality holds for each

p €10,R), we get

— 1
i lim } < =.
(i) Jm Y an| < &
Note that inequality (i) holds also for R = 0. To show that the in-
verse inequality also holds, suppose that R < oo; then for p > R the
sequence {|a,|p™} is unbounded. Consequently, it contains a subse-
quence such that |a,,|p™ > 1. So

_ _ 1
lim /|ay| > lIm "“%/|an,| > —.
n—00 k—o00

)

Since p > R can be arbitrarily chosen, we get
. o S 1
(ii) Jim |an| > 7

Note that (ii) obviously holds for R = oco. Combining (i) and (ii), we
see that = lim {/[a,|. Now the root test shows that the series
n—o0

> an(z — zo)™ converges absolutely for |z — 29| < R and diverges

n=0
for |x — xo| > R.

3.3.2.

(a) The radius of convergence of the series is 1, and it therefore con-
verges for |z| < 1 and diverges for |z| > 1. For z = 1,—1 the
series diverges. Thus the open interval (—1,1) is the interval of
convergence.

(b) The radius of convergence is +00, and therefore the series con-
verges for all z € R.

(c) The domain of convergence is the closed interval [-1/2,1/2].
(d) We have

== Tm e+ D=3

n—o0
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Thus the series converges on (—1/3,1/3). Clearly, the series di-
verges at the endpoints of the interval of convergence.
(e) Since
1 — 2+4(-1)" 3
—=lim —————— =,
R nooco 5+ (—1)"tt 4
the series converges on (—4/3,4/3). At the endpoints the series
diverges.

(f) Since
11— o n2er
R nhm Ylan| = nhm van =1,

one can easily find that the interval of convergence is (—1,1).

(g) Since

11— o Yo
R~ o Vien = g V2T =1
one can easily find that the interval of convergence is (—1,1).

(h) We have

li
n—o0 n—o0

. o 1\ D
R lim 3{/|a,| = lim <1+ﬁ> =e.

Therefore the series converges on (—1/e,1/e). At the endpoints
the series diverges by the nth term test for divergence. Indeed, if
x = 1/e, then

(1 + L)4n2
lim ay, = lim ~—2»/  — e 1/2

n—o0o n—o0o 62n
and if x = —1/e, then lim |as,| = e 1/2,
n—oo

3.3.3.

(a) The radius of convergence is v/2 and the interval of convergence

is [1 —v/2,1+2].

o0
(b) The radius of convergence of 21 —7y™ is 1. Thus the series
> (2””;1)” converges on (—1,—1/3). Clearly it diverges at
n=1

z=—-1land z =—-1/3.
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(c) The radius of convergence of ) %y” is 3/4. Consequently, the
n=1

o0
series ) 22" (1—x)" converges on (—1/2,3/2). One can easily
n—
see that it diverges at the endpoints.
(d) Since the radius of convergence is 4, the series converges on

(=3,5). For x = 5 the series diverges because the sequence of

its terms {(2 ),4 } monotonically increases. For z = —3 we get
the series E (- )"(g')),éln, which diverges by the nth term test

for dlvergence

o0
(e) The radius of convergence of > /ny™ is 1. Therefore the series
n=1

oo
> v/n(tan )™ converges on the set
n=1

T T
nLeJZ (_Z +n7T,Z+n7r).

If = =% +nmor x = + nm, the series diverges.

(f) The domain of convergence is

(—oo,—tanl) U (tan1,00).

3.3.4.
(a) Suppose that, for example, Ry < Ry. Then for |z| < R; the series
[ee]

> (an+by,)x™ converges as the sum of two convergent series. For
n=0
Ry < |z| < Ra, the series diverges as the sum of a divergent and

a convergent series. Thus R = Ry = min{Ry, R2}. If Ry = R,
then clearly R > R;. To show that the inequality can be strict,
set a, = —1,b, =1forn=0,1,2,.... Then Ry = R, = 1 and
R = .

(b) Since (see, e.g., I, 2.4.16)

1 1

T — — . -
7 =, Vienbal < Jo Vel o Vol = 70 7
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we obtain R > RjR,. The following example shows that the
inequality can be strict. Set

Ao2n = 0, aan+4+1 = 1, an = 1, b2n+1 = 0, n = 0,1,2,. ce
Then Ry = R> =1 and R = 0.

3.3.5.
(a) It follows from
=y
n b, n
and from (b) in the foregoing problem that Ry > RR,. To see
that the inequality may be strict, consider, for example, the series

o0 o0
> apz™ and Y bz, where
n=0 n=0

{ 1 for even n,
anp =
2" for odd n

and
b { 2™ for even n,

1 for odd n.
Then R1 = R2 =R= 1/2
(b) It suffices to observe that if |z| < min{R;, Ry}, then by the
Mertens theorem (see, e.g., I, 3.6.1) the Cauchy product of the

series Y apz™ and ) b,z" converges. The following example
n=0 n=0
shows that the inequality R > min{R;, R2} can be strict. The
o] o]
Cauchy product of Y a,z™ and } b,a", where
n=0 n=0

3\" 3\"! 1
et (Q) wrn= () (o )

o0
is 3 (2)"a" (see, e.g., I, 3.6.11). Here Ry =2/3, Ry = 1/3 and
n=0

R= 4/3. The next example shows that R can be infinite even
while both R; and R» are finite. If

{2 for n=0,
ap =
2" for n=1,2,...
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and

—1 for n=0,
bn:{
1 for n=1,2,...,

then Ry =1/2, R =1 and R = +o0.

3.3.6. We will use 3.3.1(2).
(a) For 0 < e < L there is ng such that if n > ng, then

L —¢€ N L +e
S\/|an|S -

ne ne

Hence TL]LII;Q W =land R=1.

(b) One can show, as in (a), that R = «a.

(¢) R= 0.

3.3.7.

(a) Since n@O m e %, the radius of convergence is equal to
IR,

(b) If € > 0 is so small that % — & > 0, then for infinitely many n,

ni/|an| >n l—e

Consequently, lim n3%/]a,| = +o0o and R = 0.
n—o0
(c) Since TL]LII;Q /= = & we see that the radius of convergence is R/e
(see, e.g., I, 2.4.20).

(d) Since there is a sequence of positive integers {n} such that

1 . .
—= = lim "/|an,],
k— o0

R

we conclude that the radius of convergence is R>.

3.3.8. It follows immediately from the result in 3.1.25 that the only
such power series are polynomials.
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3.3.9. The radius of convergence of the series is +00. Termwise dif-
ferentiation gives

o) = (Z mTZ) +3 G = 1+

3.3.10. Asin the solution of the foregoing problem, for x € R we get

o0 n

@)+ fl@) + fa) = = = e
n=0

3.3.11. For z € (—1,1), set

g9(z) = p—
Then lir{17 g9(x) = o f'(zo). Moreover (see, e.g., I, 3.6.4),
o) = 12— f(a0) — 70— Fwor) = S_(F (o) — Sulaw))a"
n=0

Soif0<x<land m=0,1,2,..., we get
[ee]

g(@) = > (f(x0) = Su(w0))z" > (f(wo) = S (wo))a™

n=0

Consequently, zo f'(zo) = 11r{1_ g(z) > f(zo) — Spm(zo) > 0.

3.3.12. We first show that E anx", Z Spz™ and Z (n+1)T,z"

n=0 n=0
converge for |z| < 1. Since {T } is bounded, there is C' > 0 such that

|T,| < C for all n. Then, for |z| < 1,

o0 o0 C
>+ 1)|Tpz™ <> (n+1)Cla|" = T
n=0 n=0

Convergence of Y S,z" for |z| < 1 follows from the equality
n=0

N N
Z Spz™ = Sy + Z((n + )T, — nTp_y)z"™

n=0 n=1
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N N
Similarly, since Y a,z™ = ag + Z (Sn — Sp—1)z™, the convergence
n=0 n=1

of Z Spx™ implies the convergence of Z anz™ for |x| < 1.
n=0

The stated equalities follow from the Mertens theorem (see, e.g.,
I, 3.6.1).

3.3.13. We have

o0 o0 o0
;. ok 3 n
L pa <3 2 =3 (3 2 e
n=0 k=0 n=1 \2k<n
o [logan]

:Z ;219 lz]"

n=1

le
<2)» nlz|" =
Z (1= Ja)>
Thus the desired inequality is satisfied with M = 2.

3.3.14. The uniform convergence of > anz™ on [0, 1] follows from
n=0
the Abel test for uniform convergence (see the solution of 3.2.19). To

prove (2) it suffices to apply 3.1.30 (see also the solution of 3.2.19).
3.3.15. We first show that

(1) Tm f(z) < Tim Sp.

r—1— n—00

We have (see 3.3.12)
(2) flx)=(1-12) i Spa™ for |z| < 1.

If lim S, = +oo, then (1) is obvious. If lim S, = S € R, then by
(2) we get

(3) S —f(@)=(1-2)) (S~ Sy)"
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Let £ > 0 be given. Then there is ng such that S,, < S + € whenever
n > ng. So, by (3), for z € (0, 1),

no

S — f(x) > (l—w)Z(S—Sn)x"—s(l—a:) Z x"

n=0 n=no+1
no
=(1-2x) Z(S’ — Sp)z™ — ezttt
n=0
no
>(1-2)) (S-Su)a" —e.
n=0

Consequently,

no

fl@)<S+e—(1-2)) (S—Sn)a"

n=0
Since there is § > 0 such that if z € (1 —4,1), then

no

(1—2)) (S —Sn)az"|<e,

n=0

we see that f(z) < S + 2. So (1) is proved in the case of finite
T S

lim S,,. Now if lim = —o0, then clearly, lim S,, = —oc. Thus
n—oo n—oo n—

o0
for an M € R one can choose ni such that if n > ny, then S,, < M.
Consequently, for z € (0,1) we get

M- f@)=01-2)) (M-S)a"+(1—-z) » (M-S,)z"
n=0 n=ni+1
>(1-z)) (M- S,)a".
n=0

n

So f(z) < M —(1—ux) 21: (M — S,)x™. Since there is 6 > 0 such that
n=0

if z € (1—6,1), then,
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we obtain f(z) < M + e. Hence

lim f(r) < Tm f(z) < M.

z—1— z—1-
Since M can be arbitrarily chosen, this shows that lim f(z) = —oc.
rz—1—
This ends the proof of (1). The inequality
n—00 rz—1—
can be established analogously.
3.3.16. Set
n
> klag|
" n
Then lim A, =0 (see e,g., I, 2.3.2). By assumption, if z, =1 — %,
n— 00

then lim f(z,) = L. Thus, given ¢ > 0, there is no such that if
n—oo
n > ng, then

€ € €
|f(zn) — L] < 3’ Ay < 3 and nja,| < 3

n
Putting S,, = > ag, we get
k=0

n

Sn—L:f(a:)—L—i—Zak(l—wk)— Z ara®, x| < 1.

k=0 k=n+1

Now note that if z € (0,1), then

(l-a"=01-2)l+z+ - +2" 1) <kl -2).

Consequently,
- €
Snp—L| < —L 1-— klag| + ———.
50 = LI < 1£0) = L+ =) 3 Hlael + 37—
Finally, taking z = x,, gives
e € ¢
Sp—L<-+-+-=¢.
| n |_ 3 +3+ 3 €
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3.3.17. Consider, for example, the series > (—1)"x"™.
n=0

3 3.18. It follows from the Abel theorem (see 3.3.14) that if the series
E a, converges, then the limit hm f(z) exists. To show that the

n=1

other implication holds, assume that lim f(x) = g € R. Then, by
rz—1—

assumption, for 0 < z < 1 we get

I/\
I/\
o
E
m
2

Hence E ap, = lim E anx™ < g, which implies the convergence of
n=1 z—=1" p=1

(o]

> ap.

n=1

3.3.19. Define

bo=0, b,=a;+2a2+---+na,, neN

Then
f(x) =ao+ Z
l.n n+1
= b, | &— —
do + Z ( n n+ 1)
l.n _ l.nJrl mn
= bn
“”Z ( nt1 (n+1)>
oo oo bn
=ap + ( Z —z".
ot ot n(n+1)
Since ,}LH;O nb+"1 = 0, one can show that

lim (1 —z) i bn
n:1n+1

ac—)l—
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Now applying the Tauber theorem, we get

> b

n
(N
n(n+1) ao

n=1
Moreover,
N

b Yoo/1 1
li SRS LA -
Ngnooz n(n + 1) Ngnoonz:;bn (n n+1>

n=1

Thus > a, = L.
n=0

o0
3.3.20. It follows from the convergence of the series > na? and the

n=1
result in I, 3.5.9(b) that

lim al +2%a3 + -+ + n’a?

n— 00 n

By the Cauchy inequality,
n 2 n
<Z kak> <n <Z k2ai> .
k=1 k=1

2

Consequently,

> kay, > kaj
. =1 . =1

lim | % < lim =L .
n—o00 n n—roo n

The desired result follows from the foregoing problem.
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3.3.21. Let ¢ > 0 be given. By assumption there is ng € N such that
if n > ng, then |a,, — Ab,| < eb,,. Thus, for z € (0,1),

|f(z) = Ag(2)| = | (an — Aby)a"
n=0
no o0
< Z(an — Abp)z™| + Z (an — Abp)z"
n=0 n=ng+1
no [o¢]
§Z|an—Abn|+5 Z bpz™
n=0 n=no+1

< Z |an, — Aby| + eg(z).

n=0

Since lim g(x) = 400, for z sufficiently close to 1 we get
z—1—

1o

Z lan, — Aby| < gg(z).

n=0

Hence |f(x) — Ag(x)| < 2eg(z) for z sufficiently close to 1.

3.3.22. Note that by the Mertens theorem (see, e.g., I, 3.6.1),
(oo} (oo}

flz) =(1—-2) Z Spz™ and g(zx) =(1—1x) Z Thz"
n=0 n=0

for |z| < 1. Thus the result stated in the foregoing problem gives

f(z)
lim @ = lim 1% = A.
e—=1- g(r)  a—1- 5{(_92
3.3.23. Consider
1 N 2n
f(z) = Ar220=0) (1—$)7;)(n+1)$

= Z(n + 1) (2" — )
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and

1 —
g(a:):l_x:z:x .
n=0

Then lim gé;g = i. On the other hand, since Sa,,+1 = 0, Sy, = n+1
z—1—

and T, = n, the limit lim ;—" does not exist.
n—oo *m

3.3.24. For z € (0,1),
n
1) Fa) > Y awt > 278,
k=0

because all the coefficients a,, are nonnegative. Putting x = e’%, we
get

e 1S, < f (67%) .
Thus, by assumption, given € > 0, there is ng such that if n > ng,
then

A
e 'S, < ;81 <2(A+e)n.
l1—e™n
The last inequality follows from the fact that lim In (1 - ;1)" =
n—oo
—% > —1. So we have
(2) Sp < Aan with some Ay > 2(A + €)e.

Now by (2) we get

fl@)=(1=2)) Sna"

n—1 o'}
< (1—-2x)S, ka + Ay(1 —12) kak
k=0 k=n

A n+1
< S, + Asnx™ + 12357
-z

If in (1) we put = e~%/", a > 0, as above we obtain

A—¢

n
—_— A—e)—.
1—e‘i>( 6)01
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The last inequality follows from e™= > 1 — . Consequently,

2A5mne™®
+ - -

)

(A—e)2 < S, + Ayne™®
(6] (6]

or in other words,

A—e—245e % — Ayae™®
= )

Sp>n

If we take a sufficiently large, we get S,, > Ain with some positive
constant A;.

3.3.25. We start with some considerations which we will need in the
proof of the theorem. Assume that ¢ is continuous on [0, 1] except for
one point ¢ € (0,1) at which one-sided limits ¢(ct) and p(c™) exist
and p(c) = ¢(cT) or p(e) = p(c™). Our aim is now to show that,
given € > 0, there are polynomials P, and P, such that

/0 (Ps(2) — p(2))de <= and /0 (o(z) — Py (2))da < e.

To this end suppose, for example, that p(c™) < ¢(cT) and p(c) =
@(cT). Clearly, one can choose §; > 0 so small that the inequality
|o(c — 1) — (x)| < /4 holds for x € (¢ — 61,¢). Set

M = sup{|p(z) — ¢(c)] : = € (¢ —d1,)}
and take § < min {d1,e/(4M),c,1 — c}. Now define

{ o(z) if ze€[0,c—4dU]le1],

9(z) = max{l(z), p(x)} if € (c—90,0),

where [(z) is the linear function such that (¢ — d) = p(c — §) and
I(¢) = ¢(c). Then g is continuous and ¢ < g on [0,1]. By the
approximation theorem of Weierstrass (see, e.g., 3.1.33) there is a
polynomial P such that

l9@) = Po@)| < 5 for z€[0,1]

Likewise, we define

h(z) = { o) it vel0.gule+a)
mln{ll(m)7¢(m)} if ze€ [c,c+6)’
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where [y (z) is the linear function such that I;(c) = ¢(c™) and
li(c+8) = p(c+6). Clearly, h is continuous and h < ¢ on [0,1]. By
the approximation theorem of Weierstrass there is a polynomial Py
such that

Ih(z) — Py(z)| < % for = €[0,1].

Moreover, we have

| 6@~ ptands= [ (gla) - pla)da.
0 (e=6,¢)
If we put
A={zec(c—0d,c): glz)=Il(z)} and B=(c—4d,c)\A,

then we get

/ (9(2) — () de = / (4(2) — p(@))de
(c A

=)

< I(z) — o(z)|dz

</, 1w —e@

< / (lo(@) = (e — 6)] + (e — 6) — 1(x)]dz
(

c—4d,c)

€ 6 ¢
S+ M= < -
<gtMz<y

It follows from the above that
/ (Pa(x) — () de
0
- / (Pa(2) — g(a))de + / (9(2) — p(x))dz < e.

In an entirely similar manner one can show that

/0 (p(x) — Pi(z))dz < e.

We now turn to the proof of the theorem of Hardy and Littlewood.
Without loss of generality we can assume that A = 1. We first show
that
o0 1
lim (1-2) Y ana"Pa™) = / P(t)dt
0

—1-
v n=0
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for any polynomial P. Clearly, it is enough to prove the equality for
P(z) = z*. We have

1= — a—1- 1 — gkl
1 Y
= — = t"dt.
k+1 /0
Now we define ¢ by

() {0 for 0<z<el,
T) =
4 L for el<z<l.

T

i 00
1—
lim (1 —x) E Az = lim 756(1 _ a:k'H) 2 :anw(lﬁ-l)n
n=0

Our task is to show that

M Jim (1) > anaole") = [ oyt =1.

It follows from the considerations presented at the beginning of the
solution that, given € > 0, there exist polynomials P, and P» such
that

< h(z) < p(x) < g(z) < Py() + =

Zﬁ(w)—— ~ ~ ~ 2

N ™

and

| Pa@) = oot <e [ (o)~ P <=

Since a, > 0, we get

o0 o0
lim (1 - 2) Z anz™ (™) < I@f(l —x) Z anz" Py(z™) +

e
z—1— 2

n=0 n=0 .
1 1

:/ Po(t)dt + & </ oyt +

0 2 Jo 2

Consequently,

z—1—

lim (1 - 2) Z anxz"p(z") < /0 p(t)dt.

n=0

In much the same way one can show that

lim (1-2) Y ana”e(a") > / p(t)dt.

r—1— n=0
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So (1) is proved. Therefore

N —oc0 N —o0

- N
1= lim (1—e /) Zanefn/N(p(e—n/N) = lim (1—e /%) Zan.
n=0 n=0

Since lim (1 —e~'/N)N = 1, we obtain

N—oo
N
> an
. =0
lim 2 =1
N—o00 N

3.3.26. If |na,| < C, then for z € (0,1),

()] < f:n(n ~ Dlanle"? < C i(n C1)gn? = cﬁ.
n=2 n=2

It then follows by 2.3.23 that

zli[?f(l —z)f'(x) =0= zlg?*(l — ) T; na,z" .

Now since

F(x):i(l_n;gl)xnflz 1ix_flém),

n=1

we obtain lim (1 — z)F(z) = 1, which combined with the above
z—1-

theorem of Hardy and Littlewood yields

> (1 f2)
lim =L 1.
n—o00 n

Hence

Z kak
lim *=L =0.
n—oo n

To end the proof it suffices to apply the result given in 3.3.19.
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3.3.27. Suppose, contrary to our claim, that lim a,, = 0. Then,
n— 00

given € > 0, there is ng such that if n > ng, then |a,| < /2. So,

(L—2)f(@)] < |1—-2) ) ar®| +
k=0

Y

| ™

which implies
lim |(1—2) ()] =0,

rz—1—
contrary to the assumption.

3.4. Taylor Series

3.4.1. Suppose that |f(M(z)] < M for n € N and z € [a,b]. By
Taylor’s formula with the Lagrange form for the remainder (see, e.g.,
2.3.3 (a)) we have

) (g
@) =3 L) k),

k!
k=0

where

FOHD (20 + 6(z — x))
(n+1)!

|rn ()] = (z — o

Hence lim r,(z) = 0. Consequently,
n— 00

n ) (g X Ry ‘
o) = Jim 3 T e a0 = 32 T
=0

k=0

3.4.2. No, because f(™(0) =0 for n = 0,1,2,..., and f(z) # 0 for
x #0.

o) 2
3.4.3. By the M-test of Weierstrass the series Y Cosiiﬁx) and the
n=0
. . X n? sin(n’z) .
derived series ) ——7— converge absolutely and uniformly on
n=0
R. So f’ is continuous on R. Repeating the reasoning, we see that f is
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in C*°(R). Moreover, one can find that f(2*~1(0) = 0 and %) (0) =
(=1)* 3 2. Thus

n=0

k
FER ) (n2e\* _
2h)! > T e, x#0, n=0,1,2,....

If we take n = 2k, we get

£ 0)la?*

2k \ 2 e
k)] ><T> >1 for #0 and k>‘%‘

Therefore the Taylor series of f about zero diverges for  # 0 and the
equality cannot hold if = # 0.

3.4.4. Suppose first that © > 0. The Lagrange form for the remainder
in Taylor’s formula of f(z) = (14 z)* is
ala—1)-(a

ro(x) = CF] -n) (1 4 gr)oL

For |z| < 1 we have

lim A=V @)

To see this one can apply, for example, I, 2.2.31. Consequently, to
prove that lim_ rn(x) = 0 it suffices to show that {(1 + 6z)*~""'} is
a bounded sequence. This follows from the following obvious inequal-
ities:

1<(14602)*<(1+2)*<2% for aa>0
and

2°<(1+42)*<(1+4+0x)*<1 for a<0,
and (1 + f6z)~"™ < 1. Thus we have proved the given equality for
0 <z < 1. Now we turn to the case z < 0. The Cauchy form for the
remainder in Taylor’s formula of f(z) = (1 + z)* (see, e.g., 2.3.3(b))
is

ala—1) - (a—

D! M) n (1~ g (14 )2,

rn(x) =
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As above, it suffices to show that {(1—6)"(1+6z)* "'} is a bounded
sequence. Since z € (—1,0), we see that

1-6\"
—_6" <
(1-6) _<1+0w> <1

I<(I+0x) P <(1+2)>t if a<l1

Moreover,

and
(I+2)* ' <(1+02)* <1 if a>1.
This ends the proof of the equality for z € (—1,0).

3.4.5. Suppose first that 2 # 0. Then the equality
|z = /1—-(1—22)

and Newton’s binomial formula with o = 1/2 (see the foregoing prob-
lem) give

|z| :1_%(1_$2)_2M(1_m2)n

= 2nn!
1 = (2n — 3)!!
=1--(1-2°) — = 21— 2",
= 27) 7;2 @mn L)
Moreover, note that the series Z (2" )3) converges because, by the
Wallis formula (see, e.g., I, 3.8. 3%)
(2n—3)!!
im0t _ 1
T
n—00 BV \/_

Therefore the Abel theorem (see, e.g., 3.3.14) shows that the equality
holds also for z = 0.

3.4.6. Termwise differentiation shows that f isin C*°(—R, R). More-
over,

o0
%) (z Znn—l (n—2)---(n—k+ a,z"*.
n=~k
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Hence f(*)(0) = klay, for k =0,1,2,....

3.4.7. Observe that

- ian((m — 20) + )"
—Zanzom_mo eap
—Z(;( >ana:g k) (z — z0)".

To see that the last equality holds, note that

an<Z>(1‘—1’g k n k

Consequently, the double series on the left side of this equality con-
verges absolutely for |z — xo| + |zo| < R, and therefore the result in
I, 3.7.23 can be applied. Now differentiating term by term we get

Z |an|(|z = ol + [z0])"

o0

FE) (z0) = Z (Z)anxo ket for k=0,1,2,....

n=k
Thus

(k) o
/ k('ﬂfo) :Z (Z)an:rg F o for £=0,1,2,....

n==k

3.4.8. Set ¢, = a, — b, and
(1) Z cnx” —R,R).

Then f(z) =0 for z € A. Now let B be the set of all limit points of
A that are in (=R, R), and put C = (=R, R) \ B. Then C is open.
By assumption B is nonempty. Clearly, (—R, R) = B U C. Our task
is now to prove that B is also open. To this end take zo € B. By (1)
and the result in the foregoing problem,

(2) f@) =) du(z —w0)", |z —wo| < R—|zol.
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Now we show that d,, = 0 for n = 0,1,2,... . If this were not the
case, then we would find the least nonnegative integer k for which
d. # 0 and we would get

f(z) = (x = 20)*g(2),

where
o0
g(x) :de+n($—m0)n, |.7J—CE()| <R—|£E0|.
n=0

Since ¢ is continuous at xo and g(xg) = dj # 0, there would exist
d > 0 such that g(z) # 0 for |z — zo| < J, contrary to the fact that
is in B. Thus d, =0 forn = 0,1,2, ..., and consequently, f(xz) =0
for |x — zg] < R — |zo|- So we have proved that B is open. Since
(=R, R) is a connected set, we see that C = ) and B = (—R, R).

3.4.9. We will apply the result stated in 3.4.6.

(a) Since
o0 $2n+1
: _ _1\n
sm:r—Z( 1) [k z € R,
n=0
we get
5 oo m6n+3
i = - R.
sinx Z( ) Gn T €
n=0
(b) In view of the identity sin® z = %sinx — isin 3z, ¢ € R, we get
3 oo 1.2n+1
3. 2 _1\n+1l/92n _
sin x—42( 1)" (3 1)(2n+1)!’ reR

n=0
(¢) We have sinz cos 3z = £(sin4z —sin2z), = € R. Thus
2n+1

[ee]
_1)n(42n+1 _ 92n+l z R
;::0( ) S ansr %€

DN | =

sinx cos 3 =

(d) We have sin®z + cos®z = 2 + £ cos4z, z € R, and
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Consequently,

5 3 > 2n
sin® z + cos® m—g gg "42" @ z €R
(e) Since
(l+2) =Y ()", we(-1,1),

n=1 n

we get

1 1+z 1 = g2l

—1 = —(In(1 —In(1- = —-1,1).

50— = 5(n(l+z)~In(1-z)) 1 CECLD

(f) Clearly, In(1 + z + 2?) = In 1;’”;, x € (—1,1). Therefore, as in
(e) we have

In(1+z+2%) = Zanm", z € (-1,1),

{—% for n=3k k=1,2,3,...,
a, =
" L for n#3k k=1,23,....

: 1 _ 3 2 .
(g) Since T=5aT6s® = T35 — 1330 We obtain

1 oo
T e = 2B e we (<1/3,1/3).
n=0

(h) We know that

and

By the Mertens theorem (see, e.g., I, 3.6.1) the Cauchy product
of these two series converges for |z| < 1, and

1 1y ,
= 1+ + + i el
n
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3.4.10.
(a) We have
_ e e +2)
flz+1)=(z+2)e” _;T nozeR
Hence

Thus

(c) Apply the identity

cosz  coslcos(z —1) —sinlsin(z — 1)

r 1+ (z—1)

(d) Reasoning similar to that presented in the solution of 3.4.9(h)
yields

Inz _ > nil "1 n
7_Z<(—1) ZE) (z—1)", z€(0,2).
n=1 k=1
3.4.11.
(a) By 3.4.4,
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Set,

oo

_ (2n — 1)! 2n1
x+z (2n)!! 2n+1)m

\/@ = S'(z). So arcsinz = S(z) +
C. Moreover, since S(0) = 0 = arcsin 0, we obtain S(x) = arcsin z.
(b) Set

and note that (arcsinz)’ =

S(x) = Z(—l)”;x%“.

= 2n + 1

In view of the well known identity

1 o0
_ }: 2
1+22 nzo(_l)nw " el <1,
we get (arctanz) = sz = S'(z). Thus S(z) = arctanz + C.

Since arctan 0 = S(0) = 0, we see that C' = 0.

To obtain the first equality it is enough to put z = % in (a).

To obtain the second one, observe that E (—1n)" converges and

2n+1

apply the Abel theorem (see, e.g, 3.3. 14) to the power series (b).

3.4.12.

(a) Applying the Taylor series expansion for arctanz (given in the
foregoing problem) and for In(1 + z?), we obtain

1 ) o (_l)n—lan
rarctanz — iln(l +x ) = ’nz::l m,

xz € (—1,1).

(b) Applying the Taylor series expansion for arcsinz (given in the
foregoing problem) and Newton’s binomial formula (see 3.4.4),
we get

(2n — 3!

B —-1,1).
en —1)° ;w€(=1,1)

o0
rarcsinz++/1 — 22 = 1+ +Z
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3.4.13.
(a) Let
Z 2" |z <1
nin+1)
n=1
Then
=1
Z—m =—In(l-2), |z|<1.
n
n=1
So

f@)=1-2)In(l—2)+2z for |z|<1.
Now the Abel theorem gives
> (_1)n+1

Z 2 —92Im2-1.
—in(n+1)

(b) For z € R, we have

i (_l)nn m2n+1 — 1
n+1)!

2o (20 + 1)) 2

= —(zcosz —sinzx).

I (D" o
2%(2%1)!%

DN | =

Putting z = 1, we get

Z% ;(cosl—sml)

(c) It follows from the equality

111 1
n2+n—-2 3\n—-1 n+2

that if 0 < |z] < 1, then

.- (_l)n n—1 __ 1 .- (_1) n—1 1 .- (_l)n n—1
Z:n2+n—2m _3Zn—lm 3Zn+2x

n=2 n=2 n=2
1 & T 1 & T
— = 1 n—1 = -1 n—1
3 ;( ) n 33 :4( ) n
1 2 g8
:gln(1+m)+ 5 1n(1+x)—m+7—?
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This combined with the Abel theorem gives
= (=1 2 5
——————=-In2- —.
DD Rl LT
n=2
(d) The sum is 7/2 — In 2. To see this, apply 3.4.12(a) and the Abel
theorem.

(e) By Newton’s binomial formula (see 3.4.4),

1 ntt
\/ﬁ Z THZ " for |.’17| < 1,
and hence, by the Abel theorem,

= (=1)™(2n — 1) 1
Z( )"( n

(2n)!! V2

n=1

(f) Clearly,
n+1

=3ze’”, zeR

>
So o
3y M — Bre®) = (34 00).

Putting x = 1 gives

o0

” 1

E 73 (n + ):463.
n!

n=0

3.4.14. The interval of convergence of the series is (—1,1). Let S(x)
denote its sum in that interval. Then

Z (n—1)! )2n—1
2n—1

and

S”(JJ) — 42 (E;Ln__li'))' (2:6)2n72.

n=1

It then follows that
(1—-2%)8"(z) —xS'(z) =4, |z|<1.
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Multiplying both sides of this equality by (1 — x?) 3 produces

(VI—25'(@) = =

V1I—22
Consequently,
4 C
S'(z) = ——= arcsinz + ,
(@) V1— 12 V1—a2

and therefore S(z) = 2(arcsinz)? + Carcsinz + D. Since S'(0) =
S(0) = 0, we obtain S(x) = 2(arcsinz)?.

If x = £1 we get the series
S (e -1y,,
—  (2n)! ’
which converges by the Gauss criterion (see, e.g., I, 3.2.25). Indeed,

we have
Ap+1 6 1
——=1-—4+0(—= ).
an, dn + <n2>

So the Abel theorem gives

- (n—1H? , =
Z (2n)! =75

n=1

3.4.15. Fora €1,
F(a)

n!

(x —a)" + Ry(x),

1 T
Ru(z) = = / F (s) (@ — s)"ds.
n! /,
Applying the change of variable formula twice, we obtain

R, (@) = /Oza P (u+ a)(@ —u —a)du

"l

z—a)"tt [t
- % /0 F (@ = a)t + a)(1 - )" dt.
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The monotonicity of f("*1) implies that if a < z < b, b € I, then

0 < Ry(z) < w /1 F(b = a)t +a)(1 —t)dt
n 0

Clearly, R, (b) < f(b). Thus

r—a

b—a

0 < Ry(z) < ( >nf(b) for a<z<b, abel

and therefore, lim R,(z) = 0. This shows that Taylor’s series con-
n—o0

verges to f uniformly on each compact subinterval of I. Since a < b
can be arbitrarily chosen in I, the analyticity of f follows from 3.4.7.

3.4.16. The proof is similar to that of 3.4.1.

3.4.17 [18]. Let zo be arbitrarily chosen in I. By assumption, there
is an r > 0 such that

> f£(n)
a:):ZfT(!mo)(w—wo)" for |z — x| <.

Differentiating m times yields

(n) mo

£ () Z f n—=1)---(n—m+1)(x —x9)" ™.
Hence

m — |f (o) nm

£ < S P = 1) (= m D) — o]
It follows from the definition of the radius of convergence of the power
series (see, e.g., 3.3.1) that for 0 < p < r there is a positive C' such

that

Do)l O
n! - pn

Consequently,

o0
C
Z—n =1 (n—m+1)|z—zo|" ™.
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Therefore, in view of the identity

- n—m m!
D 1)l —m o D = T el <1,
n=m
we arrive at
|£0™) () _mz = —nmn—1)---(n —m+1)|z — zo|"™™
_ C’m! < Cpm!

(1~ tezal) ™ = ="
p

for |z — x| < p1 < p. So we can take J = (xg — p1,20 + p1), A=Cp
and B=p—p1.

3.4.18 [18]. Set

1 1
f(m)_il—/l(m—l) for |z —1| <7
and 1
Then
ht) = (Fog)(t) = —— e
I R O vy
Clearly,
S A1, g =
n=0 n=0
Moreover,
1 t
MO =G T-@rn
2(1 + A= (1 A)nn
n=0 n=0

oo

Z _+_An1tn

Since g™ (0) = n!, f™(g(0)) = f™(@A) = nlA™ and RM(0) =
n!A(1 + A)"~1, application of the Fad di Bruno formula gives the
desired equality.
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3.4.19 [18]. Let zo be arbitrarily chosen in I and let yo = f(zo).
It follows from 3.4.17 that there are intervals I; C T and J; C J
(containing xo and yo, respectively) and positive constants A, B, C
and D such that

!
1™ (2)] < A% for zel,

and |
9"l <C5y for yedu.
By the formula of Faa di Bruno,

n! W (z)\ k1, fP) () k2 () (@) \ kn
h(")(w)zzmg(k)(f(m))(f11!( ))’“ (f 22!( ))k (f n!( ))k )

where k = k1 +ks+- - -+k, and the sum is taken over all k1, ko, ..., ky
such that k; + 2ks + - -+ + nk, = n. This combined with the result in
the preceding problem gives

N n! Ck! [ A\M [ A" AN
W@V < Y T DF (B_> (B_> (B_>

iy _n CHaAk n'C mOs~__ KAt

o kilko! - k! Dk Bn kl'k2 -kn | Dk

_nlcA (A
T Bn D D '

It now follows from the result in 3.4.16 that h is real analytic on I.
3.4.20. It follows from 3.4.15 that g(z) = f(—=x) is real analytic on

the interval —I = {x : —z € I}. Since x — —z is real analytic, the
result follows from the foregoing problem.

3.4.21 [18]. Consider g(t) = 1 —/1-2¢, |t| < 1/2, and f(z) =
L |z| < 1. Then

h(t) = f(g(t)) = =g'(t).

So gtV (t) = R (t). Moreover, by the Newton binomial formula

(see 3.4.4), .
(2

1—-2t
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Clearly, f(z) = 3. z". Consequently, ¢(™(0) = —n!(é)(—?)" and
n=0
f™(g(0)) = n!. Finally, by the formula of Faa di Bruno,

—r 0,2 )2 = g0 = K0

gt ()] (o)
. N 1N Fn
:(—2)%!2%(9 (Z) |

where k = k1 +ks+- - -+k, and the sum is taken over all k1, k>, ..., k,
such that k; + 2ks +--- + nk,, = n.

S

3.4.22 [18]. Observe first that if f satisfies the assumptions stated in
the problem, then its inverse g exists in an open interval containing
f(zo). Moreover,

1
f'(@)
It is also clear that since f is in C'*°, so is g. Our task is now to prove
that g satisfies the assumptions of 3.4.16. We know, by 3.4.19, that
h is analytic in some open interval containing xo (as a composition

of two analytic functions). Therefore, by 3.4.17, there are positive
constants A and B such that

g'(y) = h(g(y)), where h(z)=

n!
(1) |h™ (2)] < Ao

in some open interval Iy C I containing zy. Now induction will be
used to show that there is an open interval K containing f(zo) such
that

@ el (S0 o ek

We choose K so that g(K) is contained in Iy. Then, by (1), we have
lg'(v)| = |h(g(y))| < A, which proves (2) for n = 1. Assuming (2) to
hold for k = 1,2,...,n, we will prove it for n 4+ 1. By the foregoing
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problem we get

9" )] = [(ho )™ (y)]

o S (D) (e () o)
=(-1)"n '(2A AZ kllk;)kkl!c [ (%)M <T%L> ”

_ (—1)™ v(Q;) A2(n +1) (n i 1)
= (-1)"(n+1)! (22):“ (n J%r 1)'

This completes the proof of (2). Thus the analyticity of g on K follows
from 3.4.16.

3.4.23. Tt follows from f~!'(x) = f'(z) that f maps the interval
(0, 00) onto itself and that f is in C™ on that interval. Hence f'(z) >
0, and f is strictly increasing on (0, c0). Differentiating the equality
f(f'(x)) = x, we see that f"(z) > 0 for z € (0,00). We claim that
(=1)"f")(z) > 0 for € (0,00) and n > 2. We will prove this by
induction, using the formula of Faa di Bruno (see 2.1.38). Suppose
that (—1)™f(™)(z) > 0 for m = 2,3,...,n. Then

f1@ N\ @)\
0= ﬂkw<»(1!) (2!)
(n) ot
-(&_ﬁ}) I @) @),
where k = k; + -- - + k1 and the sum is taken over all ky,..., k1

such that k; + 2ks + --- + (n — 1)k,—1 = n. Since the sign of each
term under Y is

sgn ((=1)F(=1)*F1 (=1)%= - (=1)Eemr) = (=17,
we get

sgn (F/(F/ ) F" @) = sgnf Y () = (1)
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Now the result in 3.4.20 shows that f is analytic on (0, 00).

3.4.24. We know, by the foregoing problem, that each f satisfying
the assumption is analytic on (0,00). We first show that there is
exactly one number a > 0 such that f(z) < z if x € (0,a), and f(z) >
x if z > a. To this end, observe that by the monotonicity of f we have
xli%h f(xz) = 0, which together with the equality f'(f(x))f'(z) =

zf'(x) gives

(1) (s = | Cip e,

0

Now if f(z) were greater than z for 0 < x < 1, then (1) would imply

/Ox FB)E—1) >0,

contrary to the fact that f'(z) > 0 for > 0. On the other hand, if
f(z) <z for all z € (0,00), then (1) would imply

1@ > 1) = [ erOa> [ roroa =5 @),

which in turn would give f(z) < 2 for z > 0, contrary to the fact that
f((0,00)) = (0, 00). Consequently, by the intermediate value property
there is a fixed point a of f. Since f(z) < z for z € (0, a), we see that
f'(y) = f~1(y) >y for y € (0,a). Likewise, f'(y) < y for y > a.

Now we turn to the proof of the uniqueness. Suppose, contrary to
our claim, that there are two such functions f; and fs. Let a; and as
be the fixed points of f; and fs, respectively. Clearly, we can assume
that a3 > as. Set g = f1 — fo. If a1 = a2 = a, then g(a) = 0 and
f~' = f" implies that ¢(™(a) = 0 for n € N. So since g is analytic,
g is a constant function (equal to zero) on (0,00). If a; > as, then
filz) < z < fo(z) and f{(z) > = > fi(x) for [az,a;). Therefore
g(z) < 0 and ¢'(z) > 0 for ¢ € [az,a1). Since zlgg+ g(x) = 0, there
is b € (0,a2) such that ¢'(b) = 0 and ¢'(z) > 0 for x € (b,a1), and
g(x) < 0 for € [byay). Set f{(b) = fi(b) = b'. Then b’ € (b,az),
because b < fi(b) = b < fi(az) = aa. Hence g(b’) < 0. On the
other hand, f1(b') = fi(fi(b)) = b and fo(b') = f2(f2(b)) = b, a

contradiction.
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1 1
clc

3.4.25. If f(x) = az®, then f'(z) = acz® ! and f!(z) = a cm-.
145 1—c
> .

This gives ¢ = and a =c

3.4.26. By Taylor’s formula proved in 2.3.10,

N 1 z 2n+1
ln(1+m):222n+1<2+m> + Bula),
n=0

where

RN(I‘) =

2 2N\ 2N+3
(2N + 1)(1 + 6z)2N+3 (5) ‘

Clearly, A}im Ry (z) =0 for z € (0,2). Consequently,
—00

o) 1 T 2n+1
In(1 =2 .
n(l+2) §2n+1<2+x>

3.4.27 [Tung-Po Lin, Amer. Math. Monthly 81 (1974), 879-883]. By
definition,

L(l‘,y) — lnﬁ:flny _ 21/[)(1. — y)
My(z,y) — (aztue)t/r (2P +y?)!/PIn g

for distinct positive z and y and for p # 0. Dividing the numerator
p

Zz

and denominator by y and putting z = (5) , we obtain

L(z,y) _ 21/p(zl/p_1)
My(e,y) (2 +1)/7Inz/v’

Now writing

1 -1
_ ot (w:Z—,O<|w|<1)
1—w z+1
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(l—w)l/P

and multiplying the numerator and denominator by ~—_"—, we ar-
rive at y
P
2L/p (1+_w) -1
L(z,y) _ " ( v
Mp(z,y) (11w, 1\YP} 1tw
P (B2 +1) Tt
p((1+w)/P—(1—w)/?
| HE PO )
In(14w)—In(l—w :
( )2w (1—w) g(w)
Clearly,
_ — 1 2n
g(w) nz::O il
and by 3.4.4,

Jwp) =1+ srri(G0G ) () )™

Consequently, to prove that f(w,p) < g(w) it suffices to show that
for any positive integer n,

(%_1)6‘2)“'(%—%)@51

and the strict inequality holds for at lest one n. For n = 1, we have

(1_1)(1_2).%§1 for pZ%,

p p
because
211)2—2% :1—%(3—%)«, if 0<-<3
Hence
0. G762 (G-3)(G-)
" (2n)!
(-3) 0-%) (-5) - (-5)
N p 2p A 3p 2np
@ <1

for p > 1. So Q1 < 1 for p > %, and the last formula shows that

3
Qn<lforn=23,....
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3.4.28 [Tung-Po Lin, Amer. Math. Monthly 81 (1974), 879-883]. We
adopt notation from the solution of the foregoing problem. We have
Q1 > 1forp< %.Thustherei50<h<lsuchthatif0<w<h,
then f(w,p) > g(w). Now observe that the inequality 0 < w < h can
be rewritten in the form

1 h 1/p p
1<z<rP, where r= <L> and 2z = <E> .
1—h y

This means that there is an r > 1 such that L(z,y) > M,(z,y) if
L<g<r

3.4.29 [Tung-Po Lin, Amer. Math. Monthly 81 (1974), 879-883]. Putting

e = Eifggz, 0< |w| <1, we get

z_q (tw)?
T—y v (1—w)?
L(.T,y) — Inz—Iny _ 1“% _ 4(w+%w3+%w5+m)
Mo(z,y)  (zy)t/2 (/2 e
()
1 1
Cl-w? 14l let s
1+ w? +w +wb +---
= > 1,

1+ tw? + fw* + Lwb + -

which combined with 2.5.42 and 2.5.43 implies the desired result.

3.4.30 [Tung-Po Lin, Amer. Math. Monthly 81 (1974), 879-883]. Under
the notation introduced in the solution of 3.4.27, we have

L 1 1/p _ (1 —w)l/p
@) _p(@+w)?—@-w?)
Mp(l‘,y) lnﬂ w—rl

1—w

p
Since z = (%) = i"'—“’ we get L(z,y) < Mpy(z,y) for sufficiently

—w?
large z.
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