Problem 3.10 Give an example of a ring having identity but a subring of this
having a different identity.

Solution Let
S = {[g i]:a,b,cER}

Then § is a ring with respect to usual addition and multiplication. Note § has

the identity
10
01

r- {0 0)cacn}

Clearly T is a subring of S having

o o)

Consider the set

as the identity.

Problem 3.3 Show that in a ring containing at least two elements including
identity 1, the zero element must be different from the identity element.

Solution If possible, let 0 = 1 and let a be any element of R.
Thena =1-a=0-a=0. Hence there is no element other than 0, contrary to
the fact that R has at least two elements.
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Problem 3.11 Show that the set {a + b@w: @ = 1; a, b € R} is a field with
respect to usual addition and multiplication.

Solution Let F = {a + bw: a, b € R}, where @’ = 1, then clearly (F, +)
is a commutative group. Next, let a + bw € F, ¢ + dw € F. Then

(a + bw)(c + dw) = ac + (bc + ad)w + bda?
=ac + (bc + ad)yw - bd (1 + o)
=(ac - bd) + (bc + ad - bd) we F

[since 1 + @+ & = 0]

So, (F, + ) is closed. Associativity of multiplication follows easily. The two
distributive properties also follow easily. Hence (F, +, - ) is a ring. Now, the
element 1 = 1 + Ow € F and satisfies the condition

(a+bw) 1l =(a+bw) foralla+bwe F

Hence 1 is the multiplicative inverse of F. Finally, if a + bw# 0, i.e. ifa =0, b
# 0, then

(@+bay' = —2=% __ b

a’t -ab+b a -ab+ b wek

since
a-b b

a’-ab+b"az—ab+b’ER when a, b € R.

The commutativity of multiplication follows trivially. Hence F is a field.
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Problem 3.9 Show that the set M of all matrices of the form

a{}; a be L
b 0

forms a left ideal of the ring R of all 2 x 2 matrices with integral elements, but

it is not a right ideal.
Solution Let

A_a{} M B_cﬁ
“lp o) €™ “ld o

where a, b, ¢, d € Z. Then
4-Bm a-c 0
T b-d o
since a — ¢, b — d € Z. Again

AB = ac 0
bd 0

since ac, bd € Z. So M is a subring. Further, if

s=(p q)eR, sqa=[P2toa 0
ra+sb 0

r s

Then

PQ = 1 8 eM
12
Hence M is not a right ideal.

) e

)es

) e m

since pa + bq, ra + sb € Z. Hence M is a left ideal. Clearly,

s fli}, (12
“li1o)€™ 2=|p,
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Problem 3.4 Prove that the set Q(V5) = {a + bV5: a, b € Q} is a commutative
ring with identity. Is this a field? Justify your answer.
Solution Let a + bV5, ¢ + dV5 € Q(V5). Then
(@a+ bV5) + (c + dN5) = (a + ¢) + (b + dV5 € Q(5)
sincea+ce Q,b+de Q. Again
(a + bV5) (c + dV5) = (ac + 5bd) + (ad + be)N5 € Q(V5)

since ac + Sbd € Q, ad + bc € Q. So the closure properties of addition and
multiplication hold.

The associative properties of addition and multiplication follow trivially as
Q is associative and commutative with respect to both addition and multiplication.
Obviously the element 0 + OV5, i.e. 0 is the additive identity and 1, i.e. 1 + OV5
is the multiplicative identity.

Clearly the additive inverse (i.e. negative) of the element (a + bV5) is (- a)
+ {—b)\’i, since

(a + bN5) + [(—a) + (-b)V5] =0

The commutativity of addition is obvious.

Finally, for a + bV5, ¢ + dV5 and e + NS € Q(V5), we see

(a + bY5) [(c + dV5) + (e + f5)]
= (a + bV5)[(c + e) + (d + NV5]
= a(c + ) + 5b(d + f) + [a(d + f) + b(c + e)]N5

and

(@ + BV5) (c + dV5) + (a + b5) (e + f5)
= (ac + 5bd) + (ad + bc)V5 + (ae + 5bf) + (af + bel5
= a(c + e) + 5b(d + f) + [a(d + f) + b(c + e)N5

Hence

(a + BNS)[(c + dV5) + (e + AS)] = (a + BVS) (c + dVS) + (a + BVS) (e + fN5)
Therefore the left distributive property holds in Q(V5).
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The proof of the right distributive property is similar. Hence Q(V5) is a
ring. Since the element 1 + 0V5 = 1 € Q(V5) and it satisfies the condition that

(@ + bV5)1 = a + bV5 = 1(a + bV5)
Therefore Q(V5) is a ring with identity.
Q(V5) is a field, since every a + bV5 € Q(V5), a # 0, b # 0 has the inverse
a -b
a’® - 5b° i a’ —Sb’\/g

(Note a* — 5b* # 0 since there exist no rationals a and b so that a/b = V5). Hence
Q(V5) is a field.

Problem 3.2 Ifin a ring R, a* = a for each a € R, prove that R is commutative.

Solution Since a € R, a + a € R. We note that,
(@+af=a+a
By distributive property, we get
a+a+a+a =a+a

or
ata+a+a=a+a (asa®=a)
Now using cancellation property, we have
at+ta=0 (1)
Hence a = —a, for all a € R.
Next, let a, b € R be arbitrary. Then
(@a+by=a+b

By distribution property, we have
a*+ab+ba+b =a+b
> atab+ba+b=a+b (asa®=a, b*=0b)
Now using cancellation properties of addition, we get
ab + ba=0
Therefore, ab = —ba. From Eq. (1), ab = ba. So, R is commutative.
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Problem 3.8 If F is a field of characteristic m, prove that

(@+b)y"=a" +b"
fora, b e F.

Solution Since m is the characteristic of F, ma = 0 for any a € F. Now

(@ + by" =a™ + ma™'b + @a‘”&’%-wb‘
=a"+0+ .. +0+b"

=a" +b"

5. Let G be a group. Show that if G/Z(G) is cyclic, then G is abelian.
Proof. To show  is abelian, we must show that given g, g, € &, then

G192 = G201
To begin, since the group G/Z((G) is cyclic, it has a generator [g] € G/Z(G) for some g € G.
It follows that there are integers ny,ns such that
l91] = [g]™" and [go] = [g]™.
We can rewrite this by saying that there exists z;,z, € Z(G) such that gy = g™z and
g2 = g™?z5. Then
G192 = g 219z = g 200™ 2 = gagy
since by definition z), 2o commute with all elements of &, and g commutes with itself. [
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Example 3. Consider Z.=[0, 1, 2, 3, ...... 6, +5, x,J. Show that Z, is a field.
Sol. Consider the addition modulo 7 table as shown in Table I.

Table 1
. 0 1 2 3 4 5 6
0 0 1 2 3 4 5 3
1 1 2 3 4 5 [ 0
2 2 3 4 ] 6 0 1
a 3 4 7] ] 1] 1 2
4 4 ] [ 0 1 2 3
5 6 6 0 1 2 3 4
6 6 0 1 2 3 4 b

We first show that Z. is a ring under addition modulo 7 and multiplication modulo 7.

From Table I, we observe that each element inside the table is also in Z.. It means that
Z ie closed under + ..

Addition modulo is always associative

The first row inside the table coincides with the top most row of Table 1. It means 0 is
the additive identity,

Each element of Z, has additive inverse.

For example, Inverse of 1 is 6. Inverse of 2 is 5 ete. 11+,6=T=0
|24,6=T=0

Also Table I is symmetrical w.r.t. +,. It means Z, is additive w.rt. +, ie.,

For a,bel,a+;b=b+aVabel,.

Z, is an additive group w.r.t +,.
Now consider the multiplication modulo 7 table as shown in Table IT.

Table II

xq 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 Z 6 3
i 0 5 3 1 L& 4 2
6 0 6 5 4 3 2 1

From Table II, we observe that each element ingide the table is also in Z,. It means Z, is
closed wr.t. x.. Le.,fora,be L, = axbel Va bel,

Finally, Fora, b, c € Z,,
a %, (b, el =axb +,a ;¢
(o +.b)xe =axpe+,6x, cistrueforalla, b, ce Z,.
Hence Z, is a ring w.r.t. addition modulo 7 and multiplication module 7.
Allso the Table II is symmetrical w.r.t. x,. It means that Z, is commutative ie.,
ax;h=bx,avVa,beZ,
Further, the second row inside the table coincides with the topmost row of Table II. It
means 1 is the multiplicative identity of Z..

Hence, we have shown that Z, is a commutative ring with unity. To show Z, is a field,
we show each non-zere element of Z; has multiplicative inverse.

The units of Z_ are those elements which are relative primes to 7. (See Topic on ‘units’)
The elements which are prime to Tare 1, 2, 3, 4, 5, 6. Hence the units of Z, are 1, 2, 3, 4,
5, 6. We can also check the elements which are units as below.
I1x,1=1;2x,4=1;3x,5=1;
4x,2=1.5x%x,3=1;6x,6=1.
Hence, each non-zero element of Z, has multiplicative inverse. Therefore Z. is a field.
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Example 2. Consider the set M of all 2 x 2 matrices of the type L% ;) where g, § are

the conjugates of a and b. Is M a field ? Justify your answer.

. 2 3 11
Sol. Consider A, Be M where A = (3 2), B= [_ 1 1)

Then a=(23)(17)-(13)

1 1y(2 3 5 5
Also BA:(—I 1)(3 2]=(1 _1]*“”*3

Hence M is not commutative and therefore cannot be field.

Any number of the form a + ib, a, b € Z is called a Gaussian integer.

Example 4. Show that the set J{i] of Gaussian integers form a ring under addition and
multiplication. Is it an integral domain ? Is it field ¢

Sol. Let X = [a + ib, a, b € Z] be the set of Gaussian integers. Then X is a ring.
We check X for integral domain.
Let a + ib, ¢ + id € X such that a, b, ¢, d are non-zero integers.
Consider (a +ib)(ec +id)=10
= ac—bd +ilad + be) =0=0+ 0i
= ac—bd=0, ad +bc=0,
which is possible if eithera =0 =borc=0=d i.e., ifeithera +ib=0orc +id =0
Hence X is without zero divisor. Therefore, X is an integral domain.

Further, if 0 # a + ib € X be any non-zero element of X where a, b € Z, then the multipli-
cative inverse of @ + ib is

1 1 xa_fb_a-ib_ a ;b
J a+ib a+ib a-ib a’+b% a’Wb? a® +b®

e Ji]

a +

"~ X cannot be a field.

. a . .
Sipce ) is not necessary an integer.
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Example 1. The ring of integers is a Euclidean domain.

Sol. For 0 #a € Z, defined(a)= | a | (non-negative integer)
Let 0#a,0#b e Z. consider

diab)=|ab|=|a||b|2]|a]|=da)
= d(ab) 2 d(a)

Alsofor0#a,b e Z,wecan find q,r € Z such that b =gb + r, wherer =0 or d(r) <d(a).
Hence Z is a Euclidean domain.
Example 2. Every field is a Euclidean domain.
Sol. For 0 #0 € F, defined(a)=1

| Since if 0#a € F and F is a field, we can find a! € F such thataa*=1=d(a)e F
Let 0#2a,02beF = abeF
Now d(ab)=12d(a) = d(ab)2d(a)
Also for 0#b e F, we can write

a=(@)b+0=qgb+r where g=abl,r=0

Hence every field is-an integral domain.

2. Factor 2% 4+ 6 € Zz[z] into linear terms in Zz[z].

Solution. Let f(x) = 2% + 6 € Z;[z]. By Fermat’s Theorem we have o® = 1 (mod 7) for
all 0 # a € Zy. Thus f(a) = 0 for all 0 # o € Z; (note that this also follows easily by
inspection). It follows that (x — a) divides f(z) for all 0 # a € Z;. Consequently

2%+ 6= (z — 1)(z — 2)(x — 3)(z — 4)(z — 5)(z — 6)g(z) € Z;[x],

for some g(z) € Z;[z]. For reasons of degree, deg g(x) = 1. By considering the coefficient of
2%, it is clear that g(r) = 1. Thus

%+ 6=(zr—1)(z—2)(z—3)(x —4)(z — 5)(x — 6) € Z;[1].
1. Let Z[ﬁ] = {a+ 3 - a.b € Z}. Show that Z[\/ﬁ] is a ring under the ordinary
addition and multiplication of real numbers.

Solution. Z[/3] is a subset of the ring (R, +,-). Let us first show that Z[v/3] is closed under
hoth + and -. Indeed, we have

a+bV/3+d +0V3=(at+d)+ (b+0)V3e LWV

and
(a +bV3) - (a' + H'V3) = (aa’ + 3bb') + (ab' + a'b)V3 € Z[V3).

Moreover, since (a + by/3) + (—a' — V'/3) = (a — a') + (b — V)3 € Z[V3], it follows that
(Z[v/3],+) is a subgroup of (R,+), and is thus an abelian group. (We are using the fact
that if G is a group, and S C G is a subset, then S is a subgroup if and only if ab=! € § for
alla,be S.)

To check that (Z[v/3], +,) is a ring, we must check that (Z[v/3], +) is an abelian group
(which we have done above), that - is associative (this is true since it is true for R), and
that the distributive laws hold (this is also true since it is true for R). Thus (Z[v3], +, ) is
a ring. O
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6. If (7 is a group and |G : Z(G)| = 4. prove that G/Z(() is isomorphic to Zz & L.

Solution. Every four element subgroup is either isomorphic to Zy (a eyvelic group) or Za & Eq
(the Klein 4-Group). Because there are only two options, assume the opposite, that /Z(G) =
Zy. We then know that G/Z(() is cyelic because Z, is. From a previously proved theorem,
if a factor group is cyclic then the overall group is Abelian so ¢ must be Abelian. However,
if this were the case, then the center Z(() = &, and |G /Z(G)| = |G/G| = |G|/|G| = 1 which
contradicts our assumption that is is four. Our factor group must then be isomorphic to the
Klein 4-Group.

3. (a) What is the order of the element 14 + {(8) in Zoy/(8)7

Solution. We must find the smallest m such that 14m € {8) = {8k, k € Z}. The number 14m
will then be the least common multiple of 8 and 14, and m =lem(8,14)/14 = 56/14 = 4.

(b) What is the order of 4075(105) in the factor group U(105)/T5(105).

Solution. We must find the smallest m such that 4™ € Uz(105), so 4™ must be relatively
prime to 105 and 4™ =5k + 1,0 < k< 20. 105 =357, and 4™ = 2™ 50 4™ will always
be relatively prime to 105 because they share no common factors. We must then find the

smallest m such that 4™ = 5k + 1. For m = 1 we 4 # 1 mod 5, but for m = 2 we have
42 =16 =5(3) + 1 € [5(105), so |[4U5(105)] = 2.

4. Let G=Z,&U(4), H = {(2,3)) and K = ((2,1)). Show that G/H % G/K.

Solution. Note that & = {(0.1),(0.3),(1,1),(1.3).(2,1),(2.3).(3.1).(3.3)}. G/K and G/H

will both have four elements. We can label the cosets of H as: G/H = {H.(1,1)H,(2,1)H,(3,1)H},
and it is easy to see that the coset (1, 1)H has order 4 and will generate the factor group, so

G/ H is cyclic. On the other hand, we can label the cosets of K as G/K = {K, (0, 3)K, (1, 1)K, (1,3)K},
vet all the elements except the identity have order two, so none of them can generate the

group and G/K is not cyclic. Therefore G/H 2 /K.

5. (a) (15 points) How many homomorphisms are there from Z,5 to Ei97

(b){15 points) Let » : Eay — Zqp be a homomorphism such that p(4) = 2
and (5) = 5. Determine , im(y) and ker(y).

Solution:

(a) Since E5 is eyvelie, the image of 1 completely determines . If (1) = a
then the order of a in £;p must divide both 10 and 15, so it must be 1 or 5.
If lJa| = 1 then a = 0 is the only possibility.

If Ja| = 5, then a can have 4 values (the Euler function of 5).

So there are 5 such homomorphisms.

(b) Since 5 — 4 = 1, therefore ¢(1) = &(5) — @(4) = 3. Thus () = 3z
mod 10. Then im(yg) = (3) = £:0 and ker(y) = {10) C Eap.
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1. (15 points) Let G be a group of order 21, which has exactly one subgroup
of order 3 and exactly one subgroup of order 7. Show that G is cyclic.

Solution:

Aszsume (& is not cyclic. Then all elements in & have order 1, 3 or 7. Since
there is only one subgroup of order 7, there are 6 elements of order 7. Since
there is only one subgroup of order 3, there are 2 elements of order 3. There
is one element of order 1. Thus the group only has 6+ 2 + 1 = 9 elements,
not 21, a contradiction.

# 4.14: Suppose that a eyelic group G has exactly three subgroups: G itself, {e}, and a subgroup of
order 7. What is | G |7 What can you say if 7 is replaced with p where p is a prime?

— Sinee G is eyclic, there is some element a in G such that {a) = G. Since G has a subgroup of
order 7, and G is eyclic, we know that 7 divides the order of G. That is, | {a} |=| G |= Tn for
some positive integer n. We now test a few possible values of n:

* Suppose n = 1. Then G and one of its subgroups both have order 7. By the Fundamental
Theorem of Cyclic Groups (FTCG), G and its subgroup of order T are the same, contradicting
the condition that & has 3 distinct subgroups.

* Suppose n is 2, 3, 4, 5, or 6. Then, by FTCG, G = {a} has a subgroup of order n. Thus, G
has at least 4 subgroups: {e}, the subgroup of order 7, the subgroup of order n, and G itself.
This contradicts the fact that G has exactly three subgroups.

# Suppose n = 7. Then | G |=7-7 = 49. Since 7 is the only positive divisor of 49 between 1
and 49, it is the only possible order of a subgroup other than {e} or G. FTCG also tells us
that there is exactly one subgroup of order 7. This fits the supposed criteria.

# In general, if we suppose that n is any positive integer besides 7, we see that 7 is guaranteed a
subgroup of order n by the FTCG, which means that G will have at least 4 distinet subgroups.

We therefore conclude that the order of G must be 72 = 49.

— More generally, if 7 is replaced by any prime p under the supposed conditions, the the order of G
must be p?.

#5.34: Let H = {8 € S5| 8(1) =1 and 3(3) = 3}. Prove that H is a subgroup of S;. Is your
argument valid when 5 is replaced by any n > 37

— We use the Two-Step Subgroup Test. Let v, v be elements of H. Then:

ar(1) = a(4(1))

=al)=1,
and
ay(3) = a(+(3))
=a(3) =3,

so ay is in H. Also, since 1 = a~!(a(1)) = a~(1) and 3 = o~ (a(3)) = a~1(3), we see that a~!
is in H. This gives the desired result.

— Replacing S; with S, for any n > 3 does not affect the argument.
# 5.36: In 54, find a cyelic subgroup of order 4 and a noncyclic subgroup of order 4.
— The subgroup of S, generated by (1234) is cyclic, since (1234)* = e, and the set {e, (1234), (1234)2, (1234)%}
is closed under composition.

— Referencing the table given for A, in chapter 5 (note that Aj is a subgroup of §4), we can see
readily that {(1), (12)(34), (13)(24), (14)(23)} gives a non-cyclic subgroup of Sy that has order 4.
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# 5.28: Let 8 = (123)(145). Write % in disjoint cycle form.
— In disjoint cycle form, 3 = (14523). Thus, the permutation has order 5, and 3% = e. Therefore,
395} — A.35-151‘+4
= (51t
= (843"
=l
= }34

— Now we compute 3% = (14523)(14523)(14523)(14523) = (13254). Thus, 3% = (13254).

78], s 1234 6 7
g 6/ ™7 |1 38 76 5 2

on

# 5.18: Let oo = [1 . Write o, 3, and

2 3 4 5 6 8
2 345 17 4
(3 as
— products of disjoint cycles,
* v = (12345)(678)
* (3= (23847)(56)
* aff = (12345)(678)(23847)(56) = (12485736)
— products of 2-cyeles.
# v = (15)(14)(13)(12)(68)(67)
* 3= (27)(24)(28)(23)(56)
# aff = (16)(13)(17)(15)(18)(14)(12)

# 5.9: Determine whether the following permutations are even or odd.

— (135): Written as a product of 2-eycles, we get (15)(13), so this is even.
— (1356): Written as a product of 2-cycles, we get (16)(15)(13), so this is odd.
— (13567): Written as a product of 2-cycles, we get (17)(16)(15)(13), so this is even.

— (12)(134)(152): Written as a product of disjoint cycles, we get (15)(234). Rewritten as a product
of 2-cyeles, we get (15)(24)(23), so this is odd.

— (1243)(3521): Written as a product of disjoint cycles, we get (354). Rewritten as a product of
2-cycles, we get (34)(35), so this is even.

# 5.3: What is the order of each of the following permutations?

— (124)(357): disjoint, both of length 3, so the order of the permutation is lem(3,3) =3

— (124)(3567): disjoint and of lengths 3 and 4, so the order of the permutation is lem(3,4) = 12
— (124)(35): disjoint and of lengths 3 and 2, so the order of the permutation is lem(3,2) =6

— (124)(357869): disjoint and of lengths 3 and 6, so the order of the permutation is lem(3,6) = 6

— (1235)(24567): not disjoint, so we rewrite this permutation as a product of disjoint cycles. The
result is (124)(3567), with cycles of orders 3 and 4, so the order of the permutation is lem(3,4) = 12

— (345)(245): not disjoint, so we rewrite this permutation as a product of disjoint eyeles. The result
is (25)(34), so the order of the permutation is lem(2,2) = 2
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# 4.22: Prove that a group of order 3 must be cyclic.

— Seeking a contradiction, let G be a group of order 3 that is not cyclic. Thus G has an identity
clement e, and two additional elements, call them a and b. Since {(a) and (b) are both subgroups
of G, they both contain e. Since G is not cyclie, b is not in {a) and a is not in (b). Thus, it
must be true that o = e and b = e, or else we would have that ea = aa = a and eb = bb = b,
which would mean that not G is not a group (see HW#2, Question 5). Putting all of this into a
multiplication table, we see:

elalb

Gzccab
alale

b|b e

Thus we now only need to determine the products ab and be. But notice that ab and ba cannot
be e, a, or b {(by HW+#2, Question 5). Thus, G is not closed, which contradicts the fact that G

is a group. Since the assumption that G is not cyclic leads to this absurdity, we conclude that G
must be cyclic.

# 4.8: Let a be an element of a group and let | a |= 15. Compute the orders of the following elements
of G:

— a3, ab, a°, a2

+ For each a® above, ged(15, k) = 3. Thus, the order of each is 15/3 = 5.
— a5, al®

# For each a® above, ged(15, k) = 5. Thus, the order of each is 15/5 = 3.
- EI2 ﬂ.d. Ha. (114

+ For each a® above, ged(15, k) = 1. Thus, the order of each is 15/1 = 15.

# 1
- EIIE-'
* | Egg |=12;

= |0=1]1]=12; |2 |=6:
— U{10):
+ | U(10) |= 9(10) = 6(2-5) = (1)(4) = 4
#|1l|=1|3=4|T]=4|9|=2
— U{12):
= | U(12) |= (12) = 6(22 - 3) = (2)(2) = 4:
= |1|=1|6=2|7T]=2:|11|=2.
— [(20):
+ | U(20) |= $(20) = 6(2 - 5) = (2)(4) = &;
& |l|=1 |3|=-1|7|=—'1.|9|=2|11 |=2|13|=4_|17|=4|19|=2
- D.l.'
= | Oy |=8:
&= IREI |= 1.' | Rgu |=—'1'. | ngu I=2.‘ | Rg?u I=-.l.' | H|=2'. | F|=2: I D|=2'. | D‘I=2.

— (bservations: The order of every element divides the order of the group.

3|=4:|4|=3:|5|=12'.|ﬁ|=2:|7|=121|ﬂ-|=3:|5}|=4:
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# 4: Prove that in any group, an element and its inverse have the same order.

— Seeking a contradiction, suppose that this is not true. That is, suppose that there are elements
a and a=! such that | a |= n and | a=! |= m, with n and m positive integers such that n # m.
Without loss of generality, suppose also that m < n. Then e = e-¢ = (a™)-((a=1)™) = a®™. The
consequence that a® ™ = e implies that n is not the order of a, contradicting our assumption.
We conclude that n = m.

# 20: Let (¢ be an Abelian group with identity e and let n be some fixed integer. Prove that the set
of all elements of (7 that =atisfy the equation z" = e is a subgroup of .

— Let H denote the subset of (7 satisfying z™ = ¢. We use the Two-Step Subgroup Test.
1. Let = and y be in H. Thus " = y" = e and
(zy)" =xy-zy-... ;xy=x"y" (since (7 is abelian)
"—M._'I
n times

= c-£= .

Therefore xy € H as desired.
2. Let z € H. Then " = e and thus (r71)" = (£")7! = ¢™! = ¢. Therefore z=! € H, and H
iz a subgroup of .

— An example of a group G in which the set of all elements of 7 that satisfy ° = e does not form
a subgroup of (:

s Prove that a group (7 is Abelian if and only if (ab)™! = a=1b7! for all a.b € G.
— Suppose that (7 is an Abelian group with a, b £ 7. We have
(ab)™! = b 'a~! by the socks-shoes lemma
=a~'b~! since (7 is Abelian.

— Now suppose that (ab)™! = a~'b~! for all a.b € (5. Again, by the socks-shoes lemma, we
have (ab)™! = b~ ta™!, and thus
a bt =b"ta!

for all a,b in 7. Multiplving by a on both the left and the right gives:
an b la=ab"'a " a
and thus canceling the inverses gives
b la=ab™!.
Now multiplying on both the right and the left by b gives
bb~'ab = bab~'b

and canceling the inverses gives
ab = ba.

Since this equation holds for all a and b in &, we have that ¢ is Abelian.
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1. Let GLa(Zs) denote the collection of 2 x 2 matrices with entries in Zs which have non-zero determi-
nant.{We listed these matrices out in class.)

{a) Make a multiplication table for GLa(Za).

10 1 1 o1 01 1 0 .11

& The multiplication table may be expressed as follows:

AIBI(C|D|E|F
AlAB|C|ID|E|F
BE|IB|(|C|A|F|D|E
CIC{A|B|E|F|D
DID|E[F|A|B|C
E|E|(F|D|[C|A|B
FIF|D|E|B|C]|A

(b) Which pairs of matrices satisfy a-b=b-a?
o For all b € GLa(Ea), A-b=b-A. That is, every element commutes with the identity.
& Every element also commutes with itself.
& The only other pair that commutes is (B, ().
(c) Are there any elements which commute with every other matrix? That is, find all elements 2 in
(GL2(Zs) such that a-b = b-a for every b in GLa(Za).

& The only element which commutes with every other element in this table is the identity.

(d) For each matrix a. compute a. a®, a*, and so on until the pattern is clear. Determine the length

of the repeating cyele for each matrix.
# Let a = A, Then we have A, A, A.... Cycle length is 1.
& Let a = B. Then we have B, C, A, B, C..... Cycle length is 3.
o Let a = C. Then we have C. B, A, C, B..... Cycle length is 3.

s Let a=D. Then we have D, A, D, A, Cycle length is 2.
& Let a = E. Then we have E, A, E, A Cycle length is 2.
¢ Let a = F. Then we have F, A, F, AL Cycle length is 2.
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4. Let [{9) denote the collection of units in Zg (see HW #1 question 2). There should be 6 such units.
(a) Make a multiplication table for U{9).

& The multiplication table is as follows:

Sl (214578
L1245 |7|8
2248|157
414 |8|T7T|2]|1]|5
alh|1|2|7 |84
TI7|5|1|&8]4]2
Bls|TAa|4]2]1
{b) Which pairs of elements of [79) satisfv a-b=5b-a?

® All pairs of elements satisfy a-b=5b-a.
(¢} For each element a in U(9). compute a. a®, a®, and so on until the pattern is clear. Determine

the length of the repeating cycle for each matrix.

e Let a = 1. Then we have 1, 1, 1..... Cyele length is 1.

e Let a =2, Then we have 2, 4, 8, 7, 5, 1..... Cyele length is 6.
# Let a = 4. Then we have 4, 7, 1, 4. 7, 1, .... Cycle length is 3.
e Let a =5 Then we have 5, 7, 8. 4, 2. 1, ... Cycle length is 6.
e Let a=7. Then we have 7, 4, 1. 7. 4, 1, ... Cycle length is 3.
e Let a = & Then we have 8 1, 8 1..... Cycle length is 2.

(d) Any observations? How does the group U{9) compare with the two other groups on this problem
set of size 67
e U[9) is different from the other groups. For one, every element commutes with every other
element, which is not true in the others. Also, [{9) has elements that produce different cycle
lengths than the others.

o #3 Show that (a) {1, 2,3} under multiplication modulo 4 is not a group, but that (b) {1.2. 3.4}
under multiplication modulo 5 is a group.

{a) This is not a group. since it is not closed. Consider that 2 -2 =0 (mod 4), and that 0 is not
in the set.

(h) This is a group. A quick multiplication table shows that the operation is binary. By associa-
tivity of mmultiplication in the integers, (a-b)-c = a- (b ¢), so the operation is associative.
Consider any element a € Z3 — {0}. Then 1-a = a-1 = a, so there is an identity, namely
1. Consider any element o € Z; — {0}. Then a has an inverse. The justification follows:
1-1=1=1{med 5);2-3=6=1 (mod 5): 3-2=06=1 (mod 5);: 4-4 =16 =1 (mod 5).

2
s #5 Find the inverse of the matrix |:

3

We have .
2 6] _ 1 5 =6 _1[5 5] _,[> 5] _[9 9
[3 —,] ‘2-5—3-5[—3 2]‘3[& 2]‘ [a 2]‘[10 a]'

2. Compute 22M723025 (64 11).

[
,_.,] in GL(2,Eq,).

e Fermat's Little Theorem tells us that o = a (mod p), where p is a prime. Or, if 2 and p are
coprime, then a?~! = 1 (mod p).

Since 2 and 11 are coprime, we make use of the second part of Fermat’s Little Theorem, which tells
us that 2'¥ = 1 {mod 11). This also means that 220 = 217.210 = 1.1 = 1 (mod 11), and in general
that 219 = 1 (mod 11), where b is any positive integer. Thus, 22047423023 _ 22047423020 . 93 —
1-25 = § (mod 11).

3. Find the multiplicative inverse of 7 in £;;. Find the multiplicative inverse of T in Eq,.

e In Ty, the multiplicative inverse of 7 is &, since 7-8 = 56 = 1 (mod 11).

e In Zyy;, the multiplicative inverse of 7 is 29, since 7-29 = 203 = 1 (mod 101).
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5. Compute the order of A = [(l) :] in GL2(Z3) - that is. find the smallest positive integer d such that

A is the identity matrix.

e We do this problem with direct computation:

=l
£=i
eyl
4= o 5
£=[3 3

9: 2
e
A=l
2= 3

e We conclude that the order of [(l) i] is 8.

3. Compute the following values: @(100), o(40), &{101).

[Recall that we have formulas ¢(p") = p® — p" ™!

prime.]

and ¢(mn) = ¢(m)p(n) if m and n are relatively

o 5(100) = ¢(2% - 5%) = (2 - 1)(2")(5 — 1)(5%) = (1)(2)(4)(5) = 20
o 6(40) = 6(2% - 51) = (2 - 1)(2%)(5 — 1)(5") = (1)(4)(4)(1) = 16
o &(101) = (101 — 1){101") = 100 (101 is a prime!)
4. Give § examples of groups with 8 elements. Do these groups have distinct multiplication tables up to
reordering”?
o (Zg,+). ie. Tz under addition
o [{15), since @(10) = a(3-5) = (3 = 1)(5— 1) = (2)(4) = &
o [{16), since ¢(16) = 6(2*) = (2 — 1){2%) = (1)(8) = &.
¢ U(20), since ¢(20) = $(2*-5) = (2—1)(2")(5 — 1) = (1)(2)(4) = 8.
o [(24), since ¢(24) = 6(23-3) = 2-1)(2)(3 - 1) = (1)i4)(2) = 8.
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a a
52, Let G = {[ ]|a ER,a# {]}‘ Show that G is a group under
o d

matrix multiplication. Explain why cach element of (¢ has an inverse
even though the matrices have 0 determinants. (Compare with
Example 10.)

G={Xﬂ=(“ u)
a a
2ab  2ab

Let .r"fﬂ. .th S G = .rx.*ﬂ ) .r“:h = ( 2!‘.!'!} 2[’[{1 ) = -F-k‘-zﬂ_h = (7

Wehave X, = Xy & a=0b
Comutativity: i . )
Xa* Xp = Xogp = Xopa = Xp* Xg
Asociativity:

(Xa - Xb) - Xe = Xoap - Xe = Xaanc
;\ﬂ . z\h : :’fr) = :’:ﬂ . f\gbr = L'dabc
Then -rrr : -rb) ' -’Y.r = ‘Yﬂ ' (/\Fﬁ ' *Yr)
Identity element:

Let X, be the identity element:

Then X, - X, = X, X, = X,
we have .{\rﬂ . /\r{" — -X.-l] ﬁ /‘.‘-‘Eﬂr — .X" ¢} Z{IF —_— ﬂ 't:’ E —

-(11)

aER.a;éU}

b | =

So the identity element is X

| =

|

b = =
] i |t

N & Z 7/
Reciprocal element:
Let X, € G and X+ € (7 the reciprocal element.
Then 4‘(1 Xo =X Xg = ~X%

- . 1
Xogwr = X1 = 2ad = - =d =—
2 2 da
So, the reciprocal element of X is X L

Each element has an inverse because the identity element is not I and we can't apply the same rule for an inverse of a
matrix.
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1. Determine whether each of the following subsets is a subgroup of the given group. If not, state
which of the subgroup axioms fails.

(a) The set of real numbers B, viewed as a subset of the complex numbers C (under addition).
(b) The set 7 of rational multiples of 7. as a subset of B (under addition).
(¢) The set of n % n matrices with determinant 2, as a subset of GLy(R).

(d) The set {i, my, ma,my} C Dy of reflections of the equilateral triangle. along with the identity
transformation.

Solufion. (a) Yes, B is a subgroup of C. The sum of any two real numbers is real, 00 € B, and if

a € B, then —a € R.

(b} Yes, = is a subgroup of B under addition. The verification is almost identical to the
argument that we gave in class to show that @ is a subgroup of R.

() No, this set is not a subgroup of GLy(R), since it is not closed. If 4 and B both have
determinant 2, then det(AB) = 4, so AB € GL4(R). It is also easy to see that this set does not
contain the identity matrix, and that none of its elements possess inverses within the set.

(d) No, this is not a subgroup of Dy. Tt contains the identity by definition, and each element is
its own inverse, but the set is not closed. For example, we saw that mymg = rq.

5. Let r and s be positive integers, and define

H={nr+ms:n,meL}.

{a) Show that H is a subgroup of Z.

(b) We saw in class that every subgroup of Z is eyclic. Therefore, H = {d) for some d £ Z. What
is this integer d? Prove that the d yvou've found is in fact a generator for H.

Proof. (a) We can verify directly that H < Z. If nr + ms, nt + mu € H, then
(nr + ms) + (nd + mu) = n(r + 1) +m(s +u),
which is again in H. Thus H is closed. Also, 0 =n-0+m-0& H, and if nr4+ ms € H, then
—(nr +ms) = n{—r)+ m(—s) € H,

g0 H is indeed a subgroup of Z.
(b) We claim that H is generated by d = ged(n,m). To prove this, we need to check that
H = {dj. First, note that since d | n and d | m, d | nr + ms for any r.s € Z. That is, any element

of H is a multiple of d, so
H c {d) =dZ.

We also need to check that 4Z € H, and it is enough to show that d € H. (Remember that
any subgroup containing « must also contain the eyelic subgroup that it generates.) For this, we
just need to remember Bézout’s lemma/Extended Euclidean algorithm, which says that there are

integers x,y € Z such that
nx + my = ged(n.m) = d.

Therefore, d € H. so H = dZ. O
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7. [Saracino, #5.22] Let & be a group. Define
Z(G)={a € G :ar=xaforall x € G}.

1

In ather words, the elements of Z((7) are exactly those which commute with every element of .
Prove that Z((7) is a subgroup of (7, called the center of (5.

Proof. Suppose that a,b € Z(G). Then ar = ra and br = xb for all » € G, and for any » € G we
have
(ab)x = a(bxr) = a(xh) = (ax)b = (za)b = x(ab),

so ab € Z(G). Therefore, Z((G) is closed. Also, we certainly have exr = re = ¢ for all ¢ € G, so
e € Z((7). Finally, if a € Z((G). then

otz =((a72)™) " = (@)™ = (ax™h) 7,
since o commutes with every element of . Continuing, we have

w1

(az '

)_1 =ra

so o~ le = ra~!, and a~! € Z(({F). Therefore, Z((7) is a subgroup of . O

8. Show that if H and K are subgroups of an abelion group &, then
{hk:h e H and k € K}
is a subgroup of .

Proof. Define
HEK ={hk:he Hand k€ K}.
Let a,be HK. Then a = hik; and b = haks for some by, he € H and Eqp, & € K. Now we have
ab = (hyky)(hekz) = hy(k1he)ke = hy(hoki ke = (hyha) (k1 kz),

where we have used the fact that ¢ is abelian to interchange ho and k. Since H < G, hyhe € H,
and similarly, ki k2 € K, so ab € HK. Therefore, HK is closed. Since H and K are both subgroups
of G.ee Hand e € K, 50 e = ¢e € HK. Finally, suppose that a = ik € HK. Then

a = (hk) ' =k"th = Y

again since (& is abelian. Since h=le H and k7' € K, a~! € HK. Therefore, HK < (.
Note that the fact that  is abelian is crucial here. The result is not true in general for
nonabelian groups. O

PagefiT:2

Let ¢} be the group of rational numbers under addition and let ()% be the
group of nonzero rational numbers under multiplication. In (), list the ele-
ments in < :—1! >. In Q. list the elements in < % >

< % >= {...,—3%,—2%,—1%,[],1%,2%._3%...} in
< Is= LG O E) GR A, in Qs
Page6T:10

Prove that an Abelian group with two elements of order 2 must have a sub-
group of order 4.

Let (7 be an Abelian group with distinct elements a, b such that a® = b* = e.
Then the set of H = {e,a,b,ab} has order 4 and it is the subgroup of G by
Finite subgroup test.
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Pagel32:5
Show that [7(8) is isomorphic to [7(12).
We define isomorphism ¢ : U(8) — U(12) as follows:

o(1) = 1,6(3) = 5,6(5) = 7. 6(7) = 1L

The mapping ¢ is apparently one-to-one and onto, and the multiplication ta-
bles of U(8) and [/(12) are described as belows That shows the ¢ preserves

UB) |1l 3 5 7 U(12) {1 5 7 11
1 1 3 5 7 1 1 5 7 11
3 31 7 5 5 5 1 11 7
5 5 7 1 3 7 7 11 1 5
7 75 3 1 11 1m 7 5 1

the group operation

Pageld&:2
Let H = {(1),(12)(34), (13)(24). (14)(23)}. Find the left cosets of H in S,.

|Ss| = 24 and |H| = 4 then |S,|/|H| = 24/4 = 6 by Lagrange’s Theorem.

Pageld&:8
Suppose that a has order 15. Find all of the left cosets of < a® > in < a >.

The cosets should be < a® >, a<a® >, a* <a” >, a* <ad” >, a' <d® >.
Pageld48:14

Supposer that K is a proper subgroup of H and H is a proper subgroup of (5.
If |K| = 42 and |G| = 420, what are the possible orders of H?

By Lagrange’s theorem, we know that only 2. 5 can be numbers satisfving
that |H| =2-42, 5-42.
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Pagel91:18
What is the order of the factor group Zgy/ < 15 >7

The order of Zg; 1s 60 and < 15 > is 4 then the factor group of order is
60/4 =15

Pagel191:21
Prove that an Abelian group of order 33 is cyclic.

Let's say p divides the order of an Abelian group ¢ then (¢ has an element of
order p. There will be 2 element say (a, b) such that a® = ¢ and b'1 = e because
33 = 3x 11. Now we know that (ab)? = a®b* # e and (ab)!! = a'lb'l =a? # €
in Abelian group so that 2 orders exist. Thus, < ab > generates the cyclic
group (.

Pagel91:69
Let GG be a group. If H = {g°|g € G} is a subgroup of 7, prove that it is a
normal subgroup of 5.

Say g, € G and h € H such that h = g*. Need to show g, Hg;' € G. Rewrite
gihgi-1 = g1g%97" = (1991 ' )(91997") = (91997 ')* € H since gigg; ' € G.

Examples
Z @& Z i1s not an integral domain.

There are zero divisors. see (1,0)-(0,1) = (0,0).

Page254:05
Show that every nonzero element of Z, 15 a unit or a zero-divisor.

Suppose that r € Z, is not a zero-divisor. Then pnwer{r" just say k) of r is
not a zero-divisor, too. if not there is a y € Z,, such that =* .y = - 251y = (.
r is turned out to be a zero-divisor.

Invertibility of elements is only that is left to prove. Let's consider the set
of {z*|k € Z}. Since Z, is finite, we think of * and 7 as =% = 29

k=i =10
==k = 1) =0

And we know z* is not a zero-divisor, 7% = 1 and the equation implies that

x - 277%=1 = 1. Thus, r has the inverse (27751} of x.
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Page254:11
Give an example of a commutative ring without zero-divisors that is not an
integral domain.

Even integers do.

Page254:14
Show that the nilpotent elements of a commutative ring form a subring

goal: let S be the nilpotent elements of a commutative ring R then, show
the S is under subtraction and multiplication.

Let a,b € S and a™ = 0,b" = 0 for certain integers (say m,n)
First, we will deal with subtraction

m+n + _ o o
{ﬂ _ b}ﬂi-l'ﬂ _ Z 1.'1_! _ T mn {—l}iﬂm_'-u_ib:-. aﬁi+ﬂ—lbt — [']
=l i

for0<i<<m<+n

Thus, (a — b)™™ = () that means a — b € S.

Second, multiplication.
(ab™) = a™b™ =0 - b™ = 0 that means ab € S.

Page254:18
Find a zero-divisor in Zs[i] = {a + bi|a.b € Z5}.

(2+41)(2—4i) =44 1=10, where 2 + i and 2 — i are zero divisors.
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2.34 (i) How many elements of order 2 are there in S5 and in Sg?
(ii) How many elements of order 2 are there in S,7

Answer:
Case A: Let n = 2k. Then there are

o) ()7 O

2

2 3! et k!

elements of order 2 in S;,.
Case B: Let n = 2k 4 1. Then there are

o)- G GO0

2 2 3! k!

elements of order 2 in 5.
In particularly, it follows that S, has

elements of order 2 and 55 has

elements of order 2.
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2.39 Let G = GL(2,Q), and let

0 =1 01
A= and B = .
1 0 -1 1
Show that A = E = B® but that (AB)" # E for all n > (.
Solution:
We have .
-1 0 -1 0] 1 0
A% = . A= = .
0 -1 0 -1 01
and .
-1 1 -1 1 [0 -1
Bz = B.l = e
-1 0| -1 0 |1 -1
-1 1 0 =1 (1 0
B*=B'B’= = .
-1 0 1 -1 01

Finally, we show by induction that

In fact, for n = 1 this is true. since

AB =

0n -1 n 1 1 -1
1 ofl=-11]| o 1|
Suppose this is true for some n = k& > 1, that is

avk 1 =k
=[]

4B 1 —k-—1 |
0

1

Bt Bl

We prove that

We have
(AB)**1 = (AB)*(AB) =
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2.45 (i) Define a special linear group by
SL(2,R) = {A € GL(2, ) : det(A) = 1}.

Prove that SL (2, R) is a subgroup of GL (2, R).
(ii) Prove that GL (2, Q) is a subgroup of GL (2, E).

Solution:
(i) We will use Theorem 4. In order to apply this Theorem we should check that SL (2, R) is
nonempty and that My M; ' € SL (2, R) whenever M, € SL (2,R) and M, € SL (2, R).

10

First of all note that SL (2, R) is nonempty, since { € SL (2, R). Let
01

ay gy 2
ﬁrfl = and ﬂfz =
by dy by dy

be from SL (2, R). Then det(M;M;') = 1, since
det( My M) = det(My) det(M; ") = det(My)[det(Mz)] ' =1-1"' = 1.
Finally,

ri'g Ly

_]_ -
MM = R IR R azdy —byc;  Opddy — bycy
by dy || by dy b a2

itads — baco fiady — boca

[ i1 ‘| [ rig -2 l
by dy —ba L)
since aads — beee = det My = 1. So,

. ay ¢ | [ di —e aydy — by —aye; + a;
M M; ' = = :
by dy L —bs ] bds — dybs byco = dyas

which is equal to

From this, obviously, follows that if M, and M:; have real entries, them M, .-Uz_l has also real
entries. So, My M;! € SL (2, R) whenever M, € SL (2,R) and M, € SL (2,R).
(ii) To prove that GL (2, @) is a subgroup of GL (2, R), we use Theorem 4 again. First of all

10
note that GL (2, Q) is nonempty, since l ] € GL (2,Q). Let
01

a 0 itz 2
Jilld‘]_ = and ;".{2 =
bl d-1 bQ d?

be from GL (2, Q). Then det(M; M5') # 0, since
det(M, M) = det( M) det(M; ") = det( M, )[det( M,)] 7",
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which is nonzero, since det M, # 0 and det M, # (. Finally,

_ dz Ca

-1 —
j'l,fl;'if.z—l _ a 0 az Cz _ a ﬂqu — bzﬂfz ﬂ?'i? — bzl"fz
by dy | | b2 do b oy || az

gy = bacs azidy — baig

aydz = c1bs  @icz = cras

aydy = byey  agdy = by
_bld? —dibe  biea = dyas

agdy — byey  agds — by

From this, obviously, follows that if M; and M, have rational entries, then M;M;' has also
rational entries. So, M} M;! € GL (2, () whenever M; € GL (2,Q) and M, € GL (2,Q).

2.46 Give an example of two subgroups H and K of a group (¢ whose union H U K is not a
subgroup of .

Solution:
Let G = V, H = {(1),(12)(34)}, and K = {(1), (13)(24)}. Then HUK = {(1), (12)(34), (13)(24)},
which is not a subgroup, since it is not closed. In fact, (12)(34)(13)(24) = (14)(23) € H U K.

1. (Herstein) Let R be the ring of 2 = 2 matrices with rational mimbers as coefficients. Prove
that the only ideals of I} are the zero ideal and the ring I itself.

SOLUTION IDEA

Observe that were R commutative with 1, this condition would imply that & is a field.

Let E = [1} :] . Left multiplication of a 2 x 2 matrix A by E exchanges the rows of

A, right multiplication exchanges its columns.

00
00
entry. Multiply A (as necessary) by E on the left and on the right to obtain a matrix in

Let .J be a nontrivial ideal of R and let 4 € J, A # ( ) A has at least one nonzero

1
J whose 1-1 entry, say a, is nonzero, Multiply that matrix on the left by EI 1 to
i
, {10 Loy _ (10
obtain B £ .J whose 1-1 entry is 1. Now ( 0 0 )B( 00 ) = ( 0 0 ) € .J. Then

10 01 10 01 10 .
([} {])+(1 ﬂ)([} ﬂ)(l ;’])=([} I)E.I[mmw]nr_h,f—}?.
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6. Find permutations o and 3 such that:

(a) |a|=2. |8 = 2. and |aB| = 2.

Sample solution. Let o = (1 2), 3= (3 4). Then af = (1 2)(3 4). About the order

of a3, since it's the product of cycles on two disjoint sets, |af| = lem(|a|, |3]) = 2.

(b) |a| =2, |4 = 2, and |ag| = 3.

Sample solution. Let o =(12), 3 =(23). Then af = (12 3).

(c) la] =2, |8] =4, and |af] = 4.

Sample solution. Let a=(12), 3=(3456). Then af = (1 2)(3 45 6).

5. (a) How many permutations of order 5 are there in S;?

Solution.

ot
—

=4Xx3IxXx2x1=24.

el

(b) How many permutations of order 5 are there in Sg?

Solution. If a permutation of six elements has order five, it should fix one element
and permute the other five. So there are

5

3\ 5!
(b)-%=6x(4x3x2x1)=6x‘24=144
‘.)

permutations in Sg which have order five. The expression in the parentheses is from
Part (a) of the problem.
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= V)

3
4

=1 W=

o 6
1

T8 9
2 85

10 6l viewed as an element in Sy,.

Lo =

4, Let o =

(a) Write o as products of disjoint cycles.

a=(134785)(29106).

(b) Find the order of a.

The order is the least common multiple of the orders of the two cycles. So it's

lem(6,4) = 12.

(c) Write « as a product of transpositions.

a = (15)(1 8)(1 7)(1 4)(1 3)(2 6)(2 10)(2 9).
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Example 3.7. Consider
oc=(1234)(5678910).

The cycles appearing here are disjoint. The order of o is [4,6] = 12.

If o is not written as a product of disjoint cyveles, determine its disjoint cyele decompo-
sition first in order to compute the order of o.

Example 3.8. Consider
o= (123)(241).
The 3-cycles here each have order 3, but o does not have order [3,3] = 3. The cycles are
not disjoint. The disjoint cycle decomposition of o is
a = (13)(24)
s0 the order of o is 2.

Corollary 3.9. A permutalion o € S, has prime order p if and only f if is o product of
disjoint p-cycles.
Froof. Let the decomposition of o into disjoint cycles be oyog -« - oy, and we can assume the

ai’s are all nontrivial. Letting r; be the order of oy, v; = 1 and computing the order of this
product tells us p = [ry, ..., r¢]. Therefore each r; is a factor of p and is greater than 1, so

every r; is p. Conversely, if each r; is p then of course their least common multiple is p. So
o has order p if and only if it is a disjoint product of p-cyeles. O

Thiz theorem is not sayving an element of order p is a p-cycle. It's a disjoint product of
pecyeles. For example, (12)(34)(56) has order 2 and (123)(456) has order 3.

Example 4.3. Two elements can have finite order while their product has infinite order.
Consider, in GLa(R). the matrices

-1 1 -1 0
_il=({] 1) and B=(ﬂ 1).
Check yourself that A% and B? equal the identity matrix, so A and B both have order 2.
Meanwhile,
11
AB = ( 01 ) '

which has infinite order: (AB)" = (%), which is the identity matrix only for n = 0. The
product BA = (]} =) = (AB)~! also has infinite order.
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Example 7 we shall find the factorization that is deseribed in the Unique Factorization
Theorem for the polynomial

flx) = 2¢° 4+ X437 4 2 + 4

over the field 5.
We lirst determine the zeros of f(x) in Zs:

f0)y=4 f1)=2 f@2)=0, f3)=1 f4)=1

Thus 2 is the only zero of fix) in Zs, and the Factor Theorem assures us that x — 2 is a
factor of flx). Dividing by x — 2, we get

f‘[x} = (x — 2)(2x* + 3x + 3).

By Exercise 16 at the end of this section, the zeros of f(x) are 2 and the zeros of glx) =
2 + 3x + 3. We therefore need to determine the zeros of g(x), and the only possibility
is 2, since this is the only zero of f(x) in Zs. We find that g(2) = {}, and this indicates that
x — 2is a factor of g(x). Performing the required division, we obtain

2 4+ 3+ 3=(x—2)(2x" +4x + 1)
and

flx) = (x = 2)(x — 2)(24% + 4x + 1)
= (x = 272" + 4 + 1),

We now find that 2¢* + 4x + 1 is irreducible over Zs, since it has no zeros in Zs. To
arrive at the desired factorization, we need to only factor the leading coefficient of f(x)
from the factor 2x* + 4x + 1:

flx)=(x=2)7(2F + 4x + 1)

6. In the group Z,; find |al, |b], and |a + b| for each case.

(a) a=6,b=2
a=6a+ta=12=0= |a|=2
b=2b+b=43-b=64-b=85-b=106-b=12=0= |[b] =6
a+b=82-(a+b)=106=43-(a+b)=24=0=|a+ b =3
(b) a=3,b=8
a=3.2-a=63-a=94-a=12=0=|a| =4

b=8=|b| =3 (see (a).)
a+b=1l=—-1=|la+bl=|-1 =1 =12
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15. If a is an element of a group & and |a| = 7, show that a is the cube of some element
of G.

If la| =T, i’ = e. Then

2.7+1

(a®P =a®=a =(a")a=¢e’a=a.

S0 a is the cube of .

18. Suppose that a is a group element and % = . What are the possibilities for |a|?
Provide reasons for your answer.

If a® = ¢, then |a| must be at most 6. So only 1,2,3,4,5,6 are all possibilities.
Furthermore, if a* = ¢, then a® = a’e = a’a® = a® = (') = ¢ = €. So |a| = 4 s
impossible. Similarly, if a® =¢ thena® = a’e® = a?(d®P =a® = (®°P = = .
So |a| = 5 is impossible as well. In summary, only 1. 2, 3,6 are possible. (They are
all divisors of i. Of course, it is not an accident.)

24. Let G be a group of order 25. Prove that G is cyclic or g° = e for all g in G.

Solution.

If & is eyelic, then we're done. So assume that G is not cyclic. Let ¢ € G. If g = ¢, then
clearly g° = e. So suppose g # e. Then |g| divides 25, i.e., |g| = 1, 5, or 25. But |g| # 1 since
we assumed g # e, and |g| # 25 since otherwise, G would be cyclic. So |g| =5, i.e., g° = e.

(3): The integers modulo 6, Zg, with addition and multiplication modulo 6, form a field.

TRUE FALSE

Solution: Since 2.3 =0 in Z;, but also 2 -0 = 0, then if Z; were a field, we have 2.3 = 2.0,
Cancellation would give us 3 = 0, a contradiction. The same argument can be adapted to show

that whenever n is composite, Z,, is not a field.
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79. Let G = GL(2,R).

. 11
{a}Fde( L [}])
a b 1 1]
If[ﬁ d EC‘( 10 ),then
a+b a| [an][1 1] [11][ab] [ate b+a
etd e| |ed||l1 0] |10 e d| | a b |’

Soa+b = a+e,a = b+td, c+d = a,and b = ¢. These conditions are equivalent

“ 3:| € Gwithbd =cand a = b+4d,

e
L1 ]) Therefore
110

tob = cand a = b+d. Conversely, for [

then by the same equation, [ “ E; ] eC (
L

(210
(23]
If[j; f;]ec( 0 ;D,th.m
R R B | B B P

€ (7 with b = rand a = d, then

u=b+¢f.b=c}

So b = cand a = d. Conversely, for

by the same equation, [ a b ] c ([ 0 1 ]).Therefc:re
e d 10

([22])-{ feetee)
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(c) Find Z(G).

Note that for any scalar matrix ';; 1}]w1ﬂ1h?&[}151n Z(G), because
ko][ab] [k w0] [ad][k 0
0 k e d| | ke kd | |e d||0 k|’
ko0 .
50{[“ k] |:L;en}cz{r,}.
a b
Conversely, if [ e d ] £ Z((), then
1 1 a b
I& 1 0 i
i b
50 o
["‘I }

o[t i)ee((1a])

Thereforea=b+ d b=canda=d. Froma=b+danda=d, b=c= (.

il
)slmﬂaﬂy,
o-alle

Hence | * b =7 0 . Because this matrix isin G = GL(2,E), a # (.
e i 0 a
S50 we have
z(r;}c{ 2] |;.—;én}

and hence,

k0
Z{}]|={|in k] ‘k%[}}.
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Exercise 2. The equivalence classes under the equivalence relation of exercise 1 are called conjugacy

classes. Find the conjugacy classes in S3, Dy and A,.

Solution.
The conjugacy classes in Sy are
{e}
{(12),(13), (23)}, (2-cycles)
{(123),(321)} (3-cyeles).

For Dy, we number the square as in hw 2:

[

The congugacy classes in D, are
{e}
{(13)(24)} (180 degree rotation),
1(14)(23), (12)(34)} (edge reflections),
{(13),(24))} (vertex reflections),
{(1234), (4321)} (90 degree rotations).

Alternative solution with matrices:

1 0
o 1)

-1 0 _
{ 0 _1} } (180 degree rotation),
-1 0] [1 0]

{ o 1|0 -1 } (edge reflections),

0 1]
() n]f
{_-1 o[t o]

The conjugacy classes in A, are

{e},

0 -1
[ } (vertex reflections),

} (90 degree rotations).

{(12)(34), (13)(24), (23)(14) }, (edge reflections of tetrahedron),
{(123), (134), (142).(2 13))} (face rotations in same direction),
{(123),(134),(142),(243)) } (face rotations in the other direction).
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(1) (Gallian Chapter 12 # 5) Give an example of a subset of a ring that is a subgroup under
addition but not a subring. Prove that your example works.

Solution (using hint in back of Gallian): In B, consider
A= {nvﬁ: n e Z}

We will prove that this example is a subgroup under addition but not a subring. We use
the one-step subgroup test to prove that this (nonempty, because includes () for example)
subset of K is a subgroup under addition. Let x.y € A. Then there are m,n € & such
that = = m/2 and y = n\/2. Computing

r—y= myv2 —ny2 = (m — n)v’ﬁ e A
because m — n € Z. We will prove that A is not a subring of K by showing that it is not
closed under multiplication. Consider = = /2 € A (using n = 1). Then

P s
=22 = 2.

But Z n A = {7 since /2 is not rational. Therefore, since 72 € Z, r* ¢ A and we have
shown that A is not closed under multiplication.

Alternate solution: Consider the ring M5(Z) of 2 % 2 matrices with integer entries. Con-

sider the subset
B= {(3 ‘;) :a._bEE}.

Then B = M3(Z) and is nonempty. (For example, it contains the () matrix when we
choose a = b= 0.) To confirm that B is a subgroup under addition, we use the one-step
subgroup test: let X.Y € B so there are a, b, a’, /¥ € Z such that

a a a a
x=(3) =0 %)
a—a a—a
X—Y:( . b_b_.)EB

because a — a’.bh — ¥ € Z. But, B is not a subring because we will show that it is not
closed under multiplication: for example,

(0 (1)=(1)

which is not in B since 2 # 4. Thus, B is a subgroup of M, (Z) under addition but is not
a subring.

Then
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(3) (Gallian Chapter 12 # 6) Find an integer n that shows that the rings Z,, need not have
the following properties (that the ring of integers Z does have)
(a) a? = a implies a = or a = 1.
(b) ab =0 implies a = 0 or b= (.
(c) ab = ac and a # 0 implies b = c.
Is the n you found prime?

Solution: We will use n = 6 for all of these. Namely, consider Z; = {0, 1,2, 3,4, 5}.
Recall that to prove that an implication “P implies ()7 fails, we need to find an example

where P is true and () is false.

(a) Consider a =3. Then a* =9 mod 6 =3 =abut 3 # 0 and 3 # 1.

(b) Consider a = 2 and b=3. Then ab=2-3 mod 6 =6 mod 6 = 0 but 2 # 0 and
3= 0.

(c) Consider a = 2, b=4, ¢ =1 Thenab=2-4 mod6 =8 mod6=2=2-1
mod 6 =acand 2 0, but 4 # 1.

4. (a) Give an example of a subset of a ring that is a subgroup under addition but not a subring,
(b) Give an example of a finite non-commutative ring,

Solution. (a) Example 1. Let R=C and S={iz : s € R}. ThenO0 € Sanda—-be §
whenever a, b€ S. Buti-i=-1¢ 5.
Example 2. Let H = {(2,3)) € Z& Z. Then H = {(2k.3k) : k € I} is a subgroup under
addition. But (2,3)(2,3) = (4,9) ¢ H.

(b) Let R = M3(Zz). Then there are 2! elements because each entries has two choices.

0 1
Clearly, AB # BAif A= B! = (ﬂ ﬂ).

8. Let R be a ring.
(a) Prove that R is commutative if and only if o — b® = (a + b)(a — b) for all a.b € R.
(b) Prove that R is commutative if a® = a for all a € R.
(Such a ring is called a Boolean ring.)
Solution. (a) If R is commutative, then (a 4+ b)(a — b) = a® + ab — ba — ¥ = a® — b? for

any a,b € R. Suppose (a + b)(a —b) = a® + ab —ba — b* = a® — I? for any a,b € R. Then
ah — ba =10, Le., ab = ba.

(b) Suppose a® = a for all a € R. Then for any a.b € R, a®> + ¥ =a+ b= (a+b)? =
a® + ab + ba + b* so that ab+ ba = 0. Hence, ab = —ba = (—ba)® = (ba)® = ba.

9. Give an example of a Boolean ring with 4 elements. Give an example of a Boolean ring with
infinitely many elements.
Solution. Let B = Zp = {0.1} such that 04+ 0 =0and 0+ 1=14+0=1+1 =1, and
00 =01 =10=0and 11 = 1. Then B is a Boolean ring with 2 elements, and B¢ B is a
Boolean ring with 4 elements.
Let R = B™ = {(a1,a3,...) : a; € B for each i}. One can show that R is a ring under the

entrywise addition and multiplication operation. Also, (ay.az,---)% = (a1.a2....). So, R is
a Boolean ring with infinitely many elements.
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65. If |G| = 30 and | Z (G)| = 5, what is the structure of G/Z (G)?
SOLUTION: 30
We know that |G/Z (G)] = — =6 = 2. p, where p = 3 is a prime greater than 2 We also
5
know that any group of order2p, where p ia prime greater than 2 is isomorphic to Zg, or the
dihedral group D, of order 2p. In the former case, since Zg, is cyelic, then G/Z (G) is cyelic,
and so ¢ must be abelian by a theorem we proved in class, but this cannot be the case, because
in this case by the hypothesis, we have G = Z (). In the latter case, we have G/Z (G) = D,,.

10. Let a and b be nonidentity elements of different orders in a group (¢ of order 155. Prove
that the only subgroup of & that contains a and b 1s & itself.

SOLUTION:

By Lagrange’s Theorem, the orders of a and b are divisors of |G| = 155 = 5 e 31, and neither
is 1, since a, b # e. Let H < ¢ contain both a and b If either of a, b has order 155, then
obviously |H| = 155, so |H| = 153, so H = (. Otherwise the orders of a and b are 5 and 31 in
some order; but then 5 and 31 both divide |H|, so again |H| > 153, so again H = G.

13. Let |G| = 60. What are the possible orders for the subgroups of G?

14. Suppose that K is a proper subgroup of H and H is a proper subgroup of G. If |K| = 42
and |G| = 420, what are the possible orders of H?

SOLUTION:

We need 42 dividing |H| and |H| dividing 420, with |H| # 42,420. The multiples of 42 that
are divisors of 420 are 42 e 2 = 84 and 42 « 5 = 210.

F: Let R =Q[z]/(z* 4 1). Show that R is a field.

Solution As explained in class, it suffices to show that (z% 4+ 1) is a maximal ideal in the
ring Q[z]. For that purpose, it suffices to prove that =* + 1 is an irreducible element in the
ring ([x]. Suppose to the contrary that we have a factorization

2 +1 = g(x)h(r)

where g(z) and h(r) are in Q[z| and that the degree of g(r) and h(z) are both < 2. This
means that g(xr) and h(r) have degree 1. Thus g(x) = a + br and h(zx) = ¢ + dz, where
a.be,d € ), b#0and d # 0. Let J = (a+ bx), the principal ideal in Q[r] generated by
a+ br. Then * + 1 is in J.

Consider the ring homomorphism ¢y : Q[z] — Q which was defined in class. We will
take # = —%, which is an element of Q. Thus, p(f(x)) = f(#) for all f(x) € Q[z]. Notice
that

wela+br) = a+bd = 0
and hence a + br € Ker(wg). Therefore, J C Ker(pg). (In fact, we have Ker(ypg) = J, but
this fact won't be needed.)

However, notice that a,-::g{;:l:? +1) = 6> +1 > 1 since # is a real number and therefore
6% > 0. Hence, wy(z* + 1) # 0. Therefore, z* + 1 € Ker(py). Since J C Ker(p,), it follows
that 2 + 1 cannot be in J. This is a contradiction. It follows that % + 1 is indeed an
irreducible element in the ring Q[z]. Therefore, Q[z] /(22 + 1) is indeed a field.
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G: Let R=R[z]/(z? — 2). Show that R is not a field.

Solution We have the following factorization in the ring R[z]:
=2 = (z=V2)(z+V2)

which shows that z° — 2 is a reducible element in the ring R[z]. Therefore, the principal
ideal (22 — 2) is not a maximal ideal in that ring. Therefore, the quotient ring R[z] /(2% — 2)
is not a field.

Theorem 9.3:
Let G be a group with center Z(G). If G/Z(G)
is cyclic, then G is Abelian.

Proof:
Let g € G besuch that ¢Z(G) generates G/Z(G).

For any a,b € G, let
aZ(G) = (9Z(G))' = ¢'2(@),
and let

bZ(G) = (92(G)) = ¢’ 2(G).
Then a = g'z and b = ¢Jy, 3z,y € Z(G).

Since z,y commute with everything, and _gi
commutes with gj, we see that

ab = (g'z)(¢'y) = g"Vay = (¢’y) (¢'z) = ba.

Since the a,b were arbitrary, we have that G is
abelian.
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8. Describe all possible subgroups of Z/10.

Solution: Since Z/10 is cyclic, all subgroups are cyelic, by a result
from class. Thus the subgroups are:

0 = {0)
(1) = 2/10=(3) = (7) = (9)
) = {0.2.4.6,8} = (1) = (6) = (8)

(5) = {0.5).

4. What is the largest possible order of a permutation in S37 Write
down an explicit element of this order.

Solution. If & € 51, we can express o as a product of disjoint cycles
o1+ 0p of lengths ki, ka, ... ke (ki > 2) where ky + -+ k < 10. The
order of o is then lem(ky, ..., k). Thus we have to find the maximum

value of lem(kq, ..., k) over all sets of integers {k,,..., k;} satisfying
.Iif-!' l‘_hﬁand k1+...+k¢ E 10.

We may as well assume the k;'s are distinet from each other (since
repeating one of them doesn’t alter the lem). This narrows the search
considerably. We list the possibilities for k; + --- & and the corre-
sponding lem:

2+ 3 +4, lem(2,3,4) = 12
2+ 3+ 5, lem(2,3,5) = 30
2+ 4, lem(2,4) = 4
2+ 5, lem(2, 5) = 10
2 + 6, lem(2, 6) = 12
2+7, lem(2,7) = 14

2+ 38, lem(2,8) = 8

3 +4, lem(3,4) = 12
3+ 5, lem(3,5) = 15
3+ 6, lem(3,6) = 6

3+7, lem(3,7) = 21
445, lem(4, 5) = 20
4+ 6, lem(4, 6) = 12

We see that the highest possible order is 30 and this is achieved by the
product of a 2-cycle, a 3-cycle and a 5-cycle; eg. (12)(345)(678910).
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1. Express each of the following permutations as a product of disjoint
cycles:

(a) The permutation o € Ss given by

(b) (135)(357)(579) € S,
(c) (13)(234)(4578) € Sq

(d) (12)(23)(43)(57)(24)(61) € S7
Solution:

(a) o = (15862374).

(b) (13)(79)

(c) (1345782)

(d) (162)(34)(57)

Theorem 2.9 Let F be a field. and let p(x) be a nonconstant polynonial over
F. Then Flz]/ (p(x)} is a field if and only if p(x) is irreducible over F.

Example. Let F = Z; and let p(z) = > + x + 1. Then p(z) is irreducible
over Zy since it has no roots in Zg, and so Zp[z]/ {:r:? + x4 1} is a field. The
congrience classes modulo 2?2 4+ +1 can be represented by [0], [1], [z] and [1+x],
since these are the only polynomials of degree less than 2 over Zz. Addition and
multiplication are given in the following tables, which have been simplified by
omitting all brackets for the congruence classes,

Addition in Zo[z]/ {z* + z + 1).

+ | 0 1 & 14+
0 0 1 x 14>
1 1 0 14+ x T
T T 1+x 0 1
1+x |1+ x 1 0

x |0 1 T 14z
0 0 ] 0 0
1 0 1 x 14+x
T 0 T 14z 1
1+x |0 1+4+=x 1 T
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Returning to the earlier example of a field with 4 elements, let

e={f0s] [a] [0 [l )

Let I denote the identity matrix, and let X = i] . Then [ 11 ] =J+ X,

1
1 10
and X7 = [ [1} i ] [ [1} : ] = [ 1 {1]] = [+ X. This shows that addition and
multiplication behave just like the similar operations in Zo[z]/ (2 + z + 1). To
give the corresponding tables for F, we can simply substitute I in place of 1 and
X in place of x in the addition and multiplication tables for Zo[z]/ (2 4+ = + 1).

If g(x) is irreducible over Zj, then Zy[z]/ {g(x)) has p™ elements if deg(g(x)) =
n, since there are exactly p" — 1 polynomials over Z, of degree less than n
(including 0 gives p™ elements). It is possible to show that there exist polynomials
of degree n irreducible over Z, for each integer n > 0. This gnarantees the
existence of a finite field having p™ elements, for each prime number p and each
positive integer n.
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(b) Prove that if G is a cyclic group of order n and k divides n, then ¢ has exactly one
subgroup of order k.

irst, we claim that a subgroup of a cvelic group is still cyclic. Let H € G = {a) be

b} Fi laim that b f li is still eyclic. Let H C & b
a subgroup. Let m be the smallest positive integer such that a™ € H. We claim that
(am) = H. Let h € H, and let h = a*. By the division algorithm, we may write

s=1mij+r

where 0 < r < m. Therefore h = (a™)%". Since a™ € H, (a™)™? € H. and since H is
closed we have (a™)=7-h = a" € H. Since r < m by assumption, this would contradict
minimality if r > (), so we have r = (.. We conclude h = (a™)? for all h € H, hence a™
generates H.

Now let {a™) and (a™) be two subgroups of order k. Without loss of generality, we
may let m = n/k, since this subgroup does have k elements. Since |[{a™)| = d, we
know (a™ )4 = e, so n | m'd. Therefore write

gn=mk = m'=q-E=qm.

Therefore (a™) C (a™) and since these subgroups have equal order, (a™) = (a™).
Hence there is only one subgroup for each k | n. O

Proposition.  The integer ring Z, mod n is a field if and only if n s
prime.

Proof. First suppose that p is prime. To show that Z, is a field we let
m € {0,1,...,p— 1} and suppose that m has no inverse in Z,. Then none

of the p numbers
Om,1m,2m,...,(p—1)m

can be equal to 1 so this list must contain two numbers which are equal in
Ly.
Hence we have

tm = jm (mod p) or (t=j)m=0 (modp)

for some i, j with 0 < i —j < p. Since p is prime one of the numbers i —j or
m must be a multiple of p and considering their ranges the only possibility
ism=10

Hence 0 is the only element with no inverse and so Z, is a field.

To complete the proof we show that if n is not prime, then Z,, is not a field.
If n > 2 is not prime then we can write n = gr for some g, r > 2. But now
we have two nonzero elements ¢ and r whose product is the zero element of
Zy. Since this is not possible in a field it follows that Z, is not a field. [
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Proposition 1.9. A finite integral domain R is a field

Proof. Suppose r € R with r # 0. The elements 1 = ", r,v2, ... cannot all
be different, since otherwise R would be infinite. Hence there exist 0 < n <
m owith ™ = ™. Writing m = n + &k with & = 1, we see that +" = ¢™ =
Ptk = ek By induction, since R is an integral domain and r # 0, ¥ # 0
for all n > 0. Applving cancellation to *" = r" - 1 = r"r* gives r*¥ = 1.

Finally since ¥ = pr.*1, we see that r is invertible, with r—* =+*~1. O

DerFniTION 2.1.100 Let B be a nonzero ring. We say that f is simple if its only
ideals are the zero ideal {0} and the total ideal R.

ProrosiTion 2111, A {commutarive) ring K is simple if and only if it is a field.

Proor. Assume that /i is simple, and let @ € R*. Since R is simple, one gets
{a) = R, thus 1 € (a), and hence there must exist some b £ K such that 1| = ab, and
hence a € U7 /); thus, every nonzero element of K is a unit.

Conversely, if i isa field, and 0 # I <1 K, let 2 € [ a nonzero element of . Since
It is a field, a must be a unit, so there is b € I such that ab = 1, but since a € [, the
absorbency property ensures that 1 = ab £ I, and thus I = K. so K is simple. |

2. Let G be the group of all nonzero complex numbers under multiplication
and let N be the set of compler numbers of absolute value 1. Show that
G = N is isomorphic to the group of all positive real numbers under
multiplication.

Let f: G~ R* by f(x) = |x|. It's routine to check f is well-defined,
onto, homomorphism and ker(f) = N. Then by first homomorphism
theorem we have G/N = R*. [
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Polynomial Rings

Let R be a ving. A polynomial (in an indeterminate x) with coefficients in the ring R is an expression
Slzx) of the form

g + a1 + gt 4+ - -+ ama™,

where aj 15 an element of R for: =0,1.2....,m. If a = 0 then the term a_;f:r,"" may be omitted when
writing down the expression defining the polynomial. (Thus for example the polynomial 14+ 0z + 222
may be written as 1 + 222} The elements a) of R that determine the polynomial are referred to as

coefficients of the polynomial. If ay, # 0, and if the polynomial contains no terms of the form ayz*

with k& = m and ap # 0, then the non-negative integer m is referred to as the degree of the polynomial,
and the coefficient ay,, is referred to as the leading coefficient of the polynomial.

A polynomial determines and is determined by an infinite sequence ag, ay, az, ... of elements of
the ring K, where aj, is the coefficient of ¥ in the polyvnomial. An infinite sequence ap,ay,ag, ... of
elements of R determines a polynomial ag + ayx + azz? + - - - if and only if the number of values of k
for which ag = 0 is finite. If the polynomial is non-zero then its degree is the largest value of m for
which a,, # 0.

One can add and multiply polynomials in the usual fashion. Thus if

flx) = ap + ayz + apx® + -+« + apa™

and
gl(x) =bn+ﬁ*1:r—|—[;2_r?+_._+bnmn
then
f(z) +g(x) = (a0 + bo) + (a1 + b1 )x + (a2 + bz}:r? + -+ {ap + bp):bP.-

where p is the maximum of m and n, and where a; =01 ¢ > m and b =01if ¢ > n. Also
flz)g(x) = up + wrx + uaz® + - -+ + tmanz™ ",

where, for each integer i between 0 and m + n, the coefficient u; of 2% in f(x)g(x) is the sum of those
products a;by for which 0 < j <m, 0 <k <n and j+ k =i Straightforward caleulations show that
the set R[x] of polynomials with coefficients in a ring 1 is itself a ring with these operations of addition
and multiplication. The zero element of this ring is of course the polynomial whose coefficients are
all equal to zero.

We obtain in this way rings E[z], Q[x], B[z] and C[x] of polynomials with coefficients in the rings
of integers, rational numbers, real numbers and complex numbers respectively.

We now consider various properties of polynomials whose coefficients belong to a field K (such as
the field of rational numbers, real numbers or complex mumbers).
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1. Suppose 7 is a group, a and b are elements of G of finite order, and ab = ba.

(a) Prove that |ab| is a divisor of lem(|al, |b]). Note, lem denotes least common multiple.

Let n = |a|, m = |b|, and let r be a common multiple of n and m. Then there exist integers = and
t such that r = ns and r = mt (becanse r is a common multiple of n and m). Then

(ab)" = a™h" because ab = ba
— {au}:(bml’.t
= e

=€

So, r is a multiple of the order of ab. In particular, this applies to lem(n, m).

(b) Disprove: |ab| = lem(]al, |b]).
Take a = b=1in Zs. Then |a| = |b| = 2, so lem(|al, |b]) = 2. but ab=1+1 =0} in Z; (operation
in Z» is addition), and |ab] = |0] = L.

(c) Prove that if |a| and |b| are relatively prime, then |ab| = |a) - b
Again let n = |a| and m = [b|. Since ged(n,m) = 1, there exist integers r and s such that
rin+ sm = 1. By our proof in part (a), (ab)™™ = e, so we just have to show that this is the least
power. Now if k > 0 such that (ab)* = e, then a*b* = e (since ab = ba). and so b* = a™*.
Consider (b} = {a~*). This is a subgroup of {b). and a subgroup of {a). By Lagrange’s theorem,
the order of (b*) then divides n and m, which have ged of 1, so (b*) = {e}. But thena™* = b* = ¢,
which implies a* = e. Thus k is a multiple of |a| and of |b|. Since |a| and |b] are relatively prime,
k iz a multiple of |a] - |b|, and we are done.

13.20 Find all units, zero-divisors, idempotents, and nilpotent elements in Zy & Eg.

An element (a,b) is a unit if there is (e, d) such that (a, b)(c,d) = (ab,cd) = (1,1). This can
oceur only if both a and b are units. The units of Zy are {1, 2}, and the units of Zy are {1, 5}
(here I am using that the units in Z, are 1 < k& < n such that (k. n) = 1), so the units of
Ty &Ly are (1,1), (1.5), (2,1), and (2. 5).

An element (a.b) is a zero divisor if (a,b) # (0,0) and there is (e, d) ## (0,0) such that
(a,b){c.d) = (ac, bd) = (0,0). Of course, Zz contains no zero divisors (it is a field), so we know
that ac = 0 implies & = 0 or ¢ = 0. On the other hand, Zy contains several zero divisors, in
particular. {2,3,4}. so bd = 0 implies that b € {0.2.3.4} or d = 0. We can then write down
the zero divisors by choosing all the possible non-zero zero divisor combinations. We get (0, 1),
(0,2), (0,3), (0,4), (0,5), (1.0), (2,00, (1,2), (2,2), (1,3), (2.3). (1.4), and (2,4).

An element (a.b) is an idempotent if (a.b){a.b) = (a®.b%) = (a.b). This can only happen if
a’ =aand b* = b. But a® £ a only ifa = 0,1 in Zy. We can check that b* = bfor b=0.1,3.4
in Zyg, and thus the idempotents of Zy & Ty are (0,0), (0,1), (0,3), (0,4), (1,0), (1,1}, (1.3),
and (1,4).

Finally, an element is nilpotent if there exists an n = 0 such that (a, b)™ = (0,0). This occurs
only if there is an n such that a™ = 0 for @ € Zy (and because Ty is a field we conclude
immediately that a = (), and " = (. The only such element in Zy is (). We can easily check
this: clearly there is no n > 0 such that 1™ = 0. The element 5 is a unit, so if there were an
n = 0 with 5 = 0, then 5 = (371)""15" = 0 a contradiction. Both 3 and 4 are idempotents,
so that 3" = 3 and 4™ =4 for all n = (. Finally, 2! =2, 22 =4, 2 =2, 2! = 4, and 5o on, so
that 2™ # 0 for n > (. Thus the nilpotent of Zy & Ty is (0,0).
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13.38 Suppose that a and b belong to a commutative ring and ab iz a zero-divisor. Show that either
a or b is a zero-divisor.

If ab iz a zero divisor then ab # 0 and there exists a t € & such that ¢ # 0 = abt. If it i= the
case that bt = 0, then b i= a zero divisor (neither b or t is zero, but their product is zero). But
if bt # 0, then a # 0 # bt, but the product a(bt) = 0, so0 a is a zero divisor. Thus either a or b
is a zero divisor.

13.40 Suppose that F is a commutative ring without zero-divisors. Show that the characteristic of
R is zero or prime.

It iz enough to show that if the characteristic is not zero, then it is prime. So suppose that
charR = n # 0 and let r € & be an element such that n-r=0and [-r £ O forall 0 <l <n
(such an element existz because otherwise the characteristic of R would be strictly less than n).
If » is not prime then n = ab for integers | < a,b<n. Of course, ) =n-r=r+---+r, and
S,
. n—times
thus, multiplying both sides of the equation by r, we get 0 = r* 4+ -+ + r*. Then it follows that
\_.‘d_ﬂ'
n—times
0=r*+---+r*=(r+---4+r)(r+---+r). and becanse R has no zero divisors. it must
ub—Emu a—::lil-mu 5_;.“,
be that a-r =0or b-r = 0. Both of these options force contradictions because 1 < a, b < n
and we chose r such that there does not exist an [ << n such that [ - r = 0. We conclude that
n is prime as required. Note: ab-r? = (a-r)(b- r) is clear if one thinks about the number of

r#s which occur if one multiplies out (r+---+r)(r+---+r).

a—times b—times
13.60 Let F be a field of order 32. Show that the only subfields of F are F itself and {0.1}.

Note that the set F* = {f € F | f # 0} is a multiplicative group: in particular, multiplication
is associativity by hypothesis. there is a multiplicative identity (because every field contains
such an element), and there always exist multiplicative inverses (again because F is a field and
we have excluded 0). Now given a subfield (&, it must be that & is a non-zero subgroup of

F (it contains unity, which is non-zero by definition) and * must be a subgroup of F* (the
latter assertion could use some justification: we already know that G* is a group, so the only
remaining question is if it is a subgroup of F*; but this follows because (* contains the unity
and consists of non-zero elements and i= thus clearly a non-empty subset of F*). Note that
F has order 32, while F* has order 31. By Lagrange’s theorem |G| divides 32 while |G] — 1
divides 31. The only divisors of 31 are 1 and 31, so this implies that (7 has order 32 (whence
it is F') or order 2. In the latter case, becanse (7 must contain 0 and 1, G = {0, 1} as required.
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15.50 Let Q[v2] = {a + b2 | a.b € Q} and Q5] = {a + b5 | a.b € Q}. Show that these rings
are not isomorphic.

First we note that any isomorphism ¢ : Q[v2] — Q[v/5] must be the identity on Z, that is
¢la) = a for all o € Z. This follows because both rings in question have unity. In particular,
by theorem 15.2.6 ¢(1) = 1, and therefore if a € Z, then gpla) =gla-1) =a-gil)=a-1=a
(theorem 15.2.1), and if a < 0, then ¢(a) = ¢(—|a|) = —¢{|a]) = —|a| = a (we have used that
ring homomorphizms preserve additive inverses). Finally, ¢(0) = 0 because any homomorphism
preserves additive identities.

Now suppose that ¢(v/2) = (a + byv/5), where a.b € Q. Thus
2= 0(2) = 6((V2)?) = 6(V2)* = (a +bV5)? = a® + 507 + 2abV5.

We know that /5 is irrational, so if 2 = (a® + 56%) + 2aby/5 it must be that 2ab = 0. But if
a = 0, then 55° = 2 which implies that * = 2. This is a contradiction, because b € @, but
the square root of %‘: is not rational. If b = 0, then a® = 2, which vields a similar contradiction
(a € Q is rational, but /2 is not rational). Thus we conclude that Z[,/2] is not isomorphic to

Z[V3).

12.50 Give an exainple of a subset of a ring that is a su-bgrnup under addition but not a subring.

We showed in class that the set T = {[ i a+b

atbh b | @.be T} is not a subring of

2 2
M3(R) becanse it is not closed under multiplication (for instance [1 é] E ﬁ = [j a] &

i a+hb i a+ b
a+b b |Tla+b b ]E
i a+b i a+b i — i a—c+b—d| .

+b b :|_ a+b b ]=[ﬂ—t‘+b—d b d ]manele-
ment in T (so it passes the one-step subgroup test).

T, But T iz a subgroup becanse it is not empty and whenever [

T we have that [&

20.34 Find the splitting field for f(z) = (2 +x +2)(x* + 22+ 2) over Zz[x]. Write f(zx) as a product
of linear factors.

Using the gquadratic formula, we see that the roots of 22 + 2 + 2 and 22 + 2z + 2 are L:';’E

and i:"'_!‘E over [J. To translate these into roots over Zj, we note that % =2 -2=1,
and —1 = =7 = —4 = 2. So over Zz we have roots 2(2 + /2) = 1+ 24/2, 2(2 + 2./2)
1+ 2, 2(1 4+ v2) = 2+ 2v2, and 2(1 + 2v2) = 2 + /2. We can show that Q(y2)
Q1+ 2vZ 14 2,24+ 2y2,2 + 2) (as in the first two assigned problems: one inclusion is
obvious and the other follows because +2 = (1 + 2y/2) + (2 + 2y/2) is an element of Q1 +
22,14+ 2,24+ 22,2 + V2) by closure) and hence Q(v/2) is the splitting field for f(z) over
0 (I am using that if a,....,a, € E are the roots of a polvnomial f(z) € Fz] for £ some
extension field of F, then Flai..... iy, ) is the splitting field of f(x) over F). We can factor
flx) as f(z) = (x— (1+2v2))(z — (1 + v2))(z — (2+2v2))(z — (2+ v2)) in Q(v2). (To be
technically correct, we should point out that by +/2 we mean the element in an extension field
of 3 whose square iz 2.
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17.12 Suppose that f(x) € Z[z] and is irreducible over Z,, where p is a prime. If deg f(z) = n,
prove that Zp[z]/{f) is a field with p™ elements.
We know by theorem 17.5 that E,[z]/f(z) is a field because f(r) is irreducible over Z,. Of
course, we may express any element of Z,[z]/ f(z) uniquely in the form an,_ 2™ ' + - + ay
where the a; € Z;, (more precisely, ap,—1x" "'+ --+ag+ (f(z))). This follows from the division
algorithm: to wit, if g(x) is a polynomial in Z,]z] then there are unique g(z) and r(x) such
that g{z) = f(xlg(x) + riz) and degr(z) < deg f(z). But r(z) = g{z) — fiz)g(z) implies that
riz) + {f(z)} = glx) + (f(z)) so that we may certainly represent any element in Z,[z]/f(z)
with a polynomial of degree «< n. This polynomial is unique because if r{x), r'(z) € E,[z] with
degr(z),(x) < deg f(z) and r(z) + (f(z)) = r'(z) + w{f(x)}, then r(z) — (z) € (f(x)).
Because non-zero polynomialzs in { f{z)) have degree at least n, it must be that r{z)—+'(z) =0,
or that r{z) = r'{z).

Hence we conclude that Z,[z]/f(z) = {an—12™ ' + -+ +ap + {f(x)) | a; € Z,}. This set is
easy to count as each a; can take p = |Z,| possible values (and each of the resulting elements
is unique). We conclude that this field has p™ elements as required.

17.32 Prove that the ideal {x? + 1) is prime in E[z], but not maximal in Z[z].

To show that (r* + 1) is not maximal, we demonstrate that Z[z]/{z"1) is not a field. Let
R = Z[z]/{z* + 1) and consider the element 3 € R. Because we may uniquely represent
the cosets of B with polynomials of degree < 2. if 2 is invertible then 3{ar + b) = I. But
2(ax 4+ b) = 2ax + 2b and hence 2a = 0 while 2b = 1. The latter equation is impossible to solve
over the integers, so we conclude that 7 is not a unit in K, and thus that R is not a field as
required.

To show that {x® + 1} is prime we show that the quotient R is an integral domain. So suppose
that (ax+b+{z*+ 1)) {ex+d+{xr*+1}) = {z2+1). It is enough to show that ar+bor cx+4d is
zero. But (ar+b+{z*+1}){cx+d+{r?+1}) € {x*+1} implies that {azr+b)(rc+d) € (x2+1) and
hence either (ar+b)(cz+d) =0 or (ar+b)(cx+d) = ¥+ 1. Of course, the latter cannot oceur
as r° +1 is irreducible, so it must be that acr? + (ad + be)z +bd = 0. or ac = ad +be = bd = (.
But becanse these are elements of Z, it must then follow that @ or ¢ equals zero. Without loss
of generality we assume that a = (), and our equations become be = bd = (). Thus either b= 0
(whence az + b= 0), or both ¢ and d are zero (g0 that cr + d = 0), and we are done.

Proposition 1.3 Fvery infegral domain R con be embedded isomorphi-
cally in a field.

ProoF: Let R be an integral domain and R* the set of non-zero el-
ements of B. On R x RB*, we define the relation: (a.b) ~ (e.d) if
aid = be. Sinee I contains no zero-divisors. it can be verified that this is
an equivalence relation. We make the quotient K = Rx R*/ ~ a ring by
defining the ring operations as follows. If z/y denotes the equivalence
class containing (z, y) € R x B* then define a/b+¢/d = (ad+ be) /bd and
(a/b)(e/d) = ac/bd. These operations are well defined and K is a ring,.
In fact, K is a field, since bfa is an inverse for afb, a # 0. The map
i: B — K given only by i{a) = a/1 for a € R is a one-one homomorphism
of i into K.
We shall identify R with the subring {(R) of K.
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40. Let M; (Z) be the ring of all 2 x 2 matrices over the integers and let

a a+b
pe{[ 2, *10|evez)
Prove or disprove that R is a subring of M, (Z).

SOLUTION:
The set R is not a subring of M5 (Z) because the set R is not closed under multiplication.

a a+bh - e c4d
M= [fe+b b ](mdh_[ﬂ+d d ]"

ac+ (a+b)(c+d) alc+d)+(a+b)d
(a+ble+blc+d) (a+b)c+d) +bd |’

but a(c+ d) + (a + b)d # (a + b)e + b(c + d).
41. Let M;(Z) be the ring of all 2 x 2 matrices over the integers and let

a a—=nh
= { [ a=b b :|

Prove or disprove that R is a subring of M, (Z).

SOLUTION:

The subring test is satisfied and so R is a subring of M (Z).

44. Suppose that there is a positive even integer n such that an = a for all elements of some
ring. Show that —a = a for all a in the ring.

SOLUTTION:

First note that in a ring (—a) (—=b) = ab (property 3, Theorem 12.1), and therefore (—a)” = a®.

n is even, say n = 2k,

Then —a = (—a)" = [:—ﬂ}?k = ([—ﬂ]z}k = {ﬂ?}k =a*=a"=a.

Therefore —a = a for all a in the ring.

ﬂdr J“'lr = [

n._bEE}.

Let R = {a + bi : a,b € Z} be a subring of C. Consider two principal ideals I = (7) and
J = (13) in R. Is the ideal ] maximal? How about J?

Hint
Z[i] is a PID. If (7) or (13) is not maximal, it can be included in some larger ideal (m).

This means that m|7 or m|11 in Z[i]. Now all you need is to figure out if you can find a + bi and
¢ + di which are not units and

(a+ bi)(e+di) =7
respectively

(a + bi)(c + di) = 13
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Example of infinite groups such that all its elements are of finite order.

Here is one. Let ((J, +) denote the groups of rational numbers under addition, and consider it's
subgroup (Z, +) of integers. Then any element from the group (J/Z has elements of the form
E + Z which is of order at-most . Hence it's of finite order.

» Group of all roots of unity in C*.

5. Let r and s be positive integers, and define
H={nr+ms:nmeZ}.

(a) Show that H is a subgroup of Z.

(b) We saw in class that every subgroup of Z is cyclic. Therefore, H = {d) for some d € Z. What
is this integer d? Prove that the d vou've found is in fact a generator for H.

Proof. (a) We can verify directly that H < Z. If nr + ms, nt + mu € H, then
(nr 4+ ms) + (nt + mu) = n(r +1) +mis + u),
which is again in H. Thus H is closed. Also, 0 =n-04+m-0& H, and if nr 4+ ms € H, then
—(nr +ms) =n(—r)+ m{—s) € H,

s0 H is indeed a subgroup of Z.

4. [Saracino, #5.14] Let ¢ be a group. If H and K are subgroups of G, show that H N K is also
a subgroup of G.

Proof. Suppose that a.b € HN K. Then a.b € H, so ab € H since H is a subgroup. Similarly,
a,be K, soabe K. Then ab € HN K, so HNK is closed. Sinee H and K are both subgroups,
e € Hand e € K, hence e € HN K. Finally, if a € HN K, then a=! € H and a~! € K, so
a~le HNK. Therefore, HNK < 6.

Alternatively, we could use the subgroup criterion that we proved in class. Suppose that a, b &
HMK. Then ab~! € H and ab~! € K, since H and K are both subgroups, so ab~! € HNK. Since
a and b are arbitrary elements of I N K, it follows that MK < & by the subgroup criterion. O
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2.22. Find sgn(n) and o=, where
(1 2 3 45 6 7 809
““los 76543 21)

We hegin by rewriting o as the cycle (19)(28)(37)(46). Because o is written as four 2-cycles, we know
that o is an even permutation and that sgn{a) = 1. We also notice that all the 2-cycles of o are disjoint, so
that

=

a” = (19)(28)(37)(46)(19)(28)(37)(46) = (19)(19)(28)(28)(37)(37)(46)(46) = (1),
and o = a1,

2.25.

(a) If @ is an r-cycle, show that o” = (1).

FProof. Suppose o is the r-cycle represented as (agaias. .. a,.—1). We will show by induction n that the
image of ap under o™ is ay where d = &+ n {mod r).

For the base case when n = 1, the result is clear: ag is mapped to apy, except in the case when
ke =r—1. In this case, k£ + 1 = r which is 0 {mod r).

The induction step is just as easy. Assume that the result is true for n. The image a™*!(a,) can be
rewritten as a{a™(ay)). Applying our inductive hypothesis. we see that o™ {ay) is going to be alag)
where d = £+ n (mod r) and 0 < d < r. In particular, we have that d 4+ 1 = &k 4+ (n + 1) (mod r).
Applyving o to ag we find that the image of ay is ag4q if d < r— 1 and ay otherwise. Specifically, the
image of ap under 0" is aj where I=d+ 1=k + (n + 1) (mod r), as required.

Now we shall investigate n"(ay). By our lemma, we see that a™(e;) = ag where d = &k +r (mod r).
In particular, d = k, and a™(ag) = a; for all 0 < k < r. In other words, o™ = (1). O

(b) If @ is an r-cycle. show that r is the smallest positive integer k such that o = (1).

FProaf. Using the setup and the lemma we proved above, let d < r. We will show that o # (1
Specifically, notice that a?(ay) = ay. since d < r. Since the a; are all distinct, we have that o? # r
Hence, r is the least positive integer with o™ = (1). O

).

2.39.
(a) How many elements of order 2 are there in 55 and 557

We will solve the more general problem below, but you should work these things out in cases of small
order first to gain an intuition.
(b) How many elements of order 2 are there in 5,7

Proof. We have that an element of order two in 5), must be the product of disjoint transpositions, and
therefore must be of the cycle type

(a102)(azaq) -~ (aj_1a;)(@jp1) - (an).
The maximum number of disjoint two cycles that such an element of S, can contain is || where |[+] is
the Hoor function. Assume that m is the mumber of digjoin two cyeles in a given cvele type. The number
of elements remaining is n — 2m which can be arranged in any order to achieve the same element in S,,.
Similarly, each two cycle may be written in two distinet ways, and all the two cycles may be arranged
in m! ways to achiave the same element of 5,. Therefore, there are

n!

2m -m! - (n — 2m)!
such cycles of this type. Taking the sum from m = 1 to m = | §] gives
&3 |
Z il
2m -m!- (n — 2m)!

m=1

elements of order two. O
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2.42. Let G = GL(2.0). and let

0 -1 o 1
A=(1 n)andB:(_l 1).

Show that A* = I = B, but that {(AB)" # I for all n > 0. Conclude that AB can have infinite order even
though both factors 4 and B have finite order (this cannot happen in a finite group).

Proof. For the first part, just compute it:

A= (AT = (_nl _"1)2 =1,

3
6 _ ypma_ (—1 1y _ (=1 1% (0 =1y _
wewre(2 ) =) (0
To see that AB™ # [ for any n > 0, we prove the stronger result that
n_ 1 —n

ABT = (l’l 1 )

by induction on n. The base case is trivial since
1 -1
a= ().
For the induction step, assume that the result holds for n, then

AB"*' = AB". AB = ({1] ‘1“") . (; —11) - ([1] ~(n+ 1})

by the inductive hypothesis.
We conclude the last part due to the counter example we just computed. O

and

2.43.
(a) Prove, by induction on k > 1, that

cosfl  —sind k_ cos bkl —sin k6
sin##  cos# T \sink#  cosk# [

Proof. The base case when k& = 1 is obvious. Now suppose that the hypothesis holds for arbitrary k,
and notice that

cosfl —sind k+l_ cosf  —sin# k_ cosfl  —sindy  (coskd —sink# _ cosfl —sind
sinfl  cosf T \sin#  cos# sin#  cos# ) \sEink# coskd sinfl  cos#

by the inductive hypothesis. Now perform the multiplication to achieve the matrix

cos kil cosf! —sin kfsinf —sinfcos k6 — sin kb cos §
cos kil sinf + sinkfcos ! —sin kfsind + cos ki cosd ) ©

and apply the angle sum and difference identities to obtain the result. O
(b) Find all the element of finite order in SCN2, ), the special orthogonal group.
Proaf. We know that SO(2.R) is all matrices representing rotation about the origin by some angle #.

By what we did above, we see that only rotations such that k# = 2xl for some [ € Z will have finite
order, and therefore rotations by angles 2xq for g € @ will have finite order. O

2.44. If G is a group in which r* = 1 for every = € . prove that G must be abelian.

Proof. Let a.b € G. We must show that a and b commute. Notice that the requirement that =* = 1 for all
r € (G is equivalent to saying that x is its own inverse for all r € . Hence,

ab = (ab) ™' =bla™! = ba! = ba,

g0 the two commute. Since our choice of a, b € (7 was arbitrary, we are done. O
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2.48. The stochastic group (2, B) consists of all those matrices in (7L({2, B) whose column sums are 1; that
a ey . .
b d) witha+b=1=c+d.

Prove that the product of two stochastic matrices is again stochastic, and that the inverse of a stochastic
matrix is stochastic.

iz, (2, B) consists of all the nonsingular matrices (

Proof. We first show that the subset of stochastic matrices is closed. Let

a ¢ T oy
G 2w (2 2)
be stochastic matrices sothat a+ b=c4+d=24 2 =y +w = 1. Their product is
ar + ez ay +cw
b +dz by + dw
with
(ax+ez)+ (br+dz)=x{a+b)+z(lc+d)=x+z=1
and
(ay + cw) + (by + dw) = yla+ b) + wlc+d) =y +w= 1
Hence, the product of any two stochastic matrices is stochastic.
Using the a.c, b, d matrix above, its inverse is

1 d —c
ad —bc \—b a
d—b
ad — be’
However, since ¢+ d = 1, we have that d =1 — ¢ and ad —be = a(l —¢) —be = 2 — c(a + b) = a — ¢ while

a+b—{c+d) = 050 a—c = d—b and the fraction above is equal to one. The right column is analogous, so that
we have that the stochastic matrices are closed under inverses and are therefore a subgroup of GL(2Z. R). O

whose left colimn sums to

2.51. Lete; = (1,0) and ex = (0, 1), If  is an isometry of the plane fixing (), let w(eq) = (a.b), @(es) = (e, d),

and let A = (; ;) Prove that det(4) = £1.

Proof. We need to show that ad — be = £1. This is equivalent to showing that (ad — be)® = 1, so we will
show this instead. Since  is an isometry, it preserves distance and therefore length of vectors. It follows
that

ad+b =" +d =1
and that
fa—e)P+(h—dP =(1-0P+(0D-1)0=2
Using the latter, we find that
a® +b° 4+ o* +d* = 2ac+ bd) + 2.
but a2 + 6% = ¢ + d* = 1. Hence,
ac+ bd =10,

and more importantly, its square is zero. Multiplying the two equations from the first equality and rearrang-
ing the terms gives

1= (a® +b%)(c* + d*) = (ad — be)* + (ac + bd)*,

so (ad — be)® = 1 as required. O
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(vii) The intersection of two cyclic subgroups of 7 is a cyclic subgroup.

The intersection of two subgroups is a subgroup of each. Subgroups of cyelic groups are cyelic, so
this is true.
(viil) If X is a finite subset of &7, then {X) is a finite subgroup.

False. The set {1} containing only the element 1 £ Z is a finite subgroup, but generates all of Z.
(ix) If X iz an infinite set, then

F={oc Sx : o moves only finitely many elements of X}

is a subgroup of Sy.

Proof. This is true. The composition of two such elements moves only a finite number of elements of
X, and the inverse of such an element ¢ moves on the elements moved by . Thus F is closed under
products and inverses, and the identity is clearly in F. This proves F is a subgroup. O

{x) Every proper subgroup of 53 is cyclic.

Proaf. True, every proper subgroup of 53 has order 1, 2, or 3 by Lagranges theorem, which all must be
cyclic. O

(xi) Every proper subgroup of Sy is cyclic.
False. Sy is a subgroup of 53 in a natural way, and is not cyclic.

2.55. Give an example of two subgroups H and K of a group ¢ whose union H U K is not a subgroup of 7.

Proof. We appeal to our favorite counter example, S5, In particular, take the subgroup generated by the
cvele (12) and the subgroup generated by the cyele (123). The former has order two, while the latter has
order three, and their intersection is just the identity (see the following problem for a proof, or just compute
it!). Their union iz a set of order four, which cannot be a subgroup of 5; by Lagrange’s theorem. O

2.57. If H and K are subgroups of a group ¢ and if #H and # K are relatively prime, prove that H N K =
{1}

Proof. The intersection H N K of two subgroups H, K of 7 is a subgroup of H, K, and (7 (if this is not
clear you should prove it yourself). By Lagrange’s theorem, we have that the order of H N K must divide
the order of H and divide the order of K. But #H, #K are coprime, =0 the only positive integer dividing
both is one. Hence, #(H N K) = 1, and therefore #(H N K) = {1}. O

3.6. Find multiplicative inverses of nonzero elements in I;,.

Proof. Every element but () has a multiplicative inverse since 11 is prime. Also, every element but 1 generates
the group of units of £Z/11Z which has order 10, so that its inverse is itself to the ninth power modulo 11. O

3.13. Prove that the only subring of Z is Z itself.

Proof. Z is a cyclic group under addition with generator 1. In particular, if 1 £ § € Z and § is closed under
sums and inverses, then 5 = Z, but every subring of Z is closed under sums and inverses and contains 1. O

3.19. Define Fy to be the set of all 2 % 2 matrices

@ b
F4={[b ﬂ{—b]:ﬂ'bE]F‘z}'

{a) Prove that Fy is a commutative ring whose operations are matrix addition and matrix multiplication.

Proaf. It suffices to show that Fy is closed under sums and additive inverses, and that it is closed under
products since it is a subset of M3(Fs), the set of 2 x 2 matrices with coeflicients in Fa. This is clear by
direct computation. O

(b} Prove that Fy is a field having exactly four elements.
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FProaf. The entries of any matrix in Fy have two degrees of freedom, and there are 2 choices for each,
hence there are four such matrices. To see that any nonzero ones are invertible, we simply compute the

determinant
a b _ 2 a2
det[ﬁ ﬂ+ﬁ]—a{a+b] b =a"—b +ab
with the requirement that either a or b is nonzero. In anyv of the three cases, the determinant is nonzero
and the matrix is invertible. O
(c) Show that I; is not a field.
Proof. 2 is a zero divisor in L. O

3.21. Find all the units in the ring Z[i] of Gaussian integers.
FProof. We define the norm function N : E[i] = M to be the multiplicative function

N(a+ bi) = (a+ bi){a — bi) = a® + b°.
You should verify this function is multiplicative, that is, that N(z)N(w) = N(zw) for z,w € Z[i]. If u € Z[i]
is a unit, then its norm N (u) divides V(1) = 1 since N{u)N{u—!) = N(1) = 1. If N(u) = a®+b* and divides
1, then it follows that N(u) = =1 so that either a = £1.b =0 or a = 0,5 = +1. Indeed, any such choice of
a. b produces a number a + b which is a unit, and we have therefore exhibited them all. To be sneeinet,

U(ZE[E]) = {1.—1.4,—i}.
the fourth roots of unity. O

1. Let (7 be a group and let a be an element of ¢ with order n.

(a) Prove (bab~!)" = e.

(bab=1)" = bab™' - bab™" - bab™" - ... - bab™!

n times
=ba-(b" ') -a-(b7")-a- (7). (b7'h) -ab™!
=ba-e-a-e-a-e-..-e-ab!
= ba"b™!
= beh™!
=bh?
E R

(b) Prove that the order of bab™! is exactly n.

# By (a), we know that the order of bab~! is no greater than n. So, suppose that the order
of bab™! is m with m < n. Therefore, it must be true that e = (bab™')™ = ha™b™ 1.
Consequently, b~ eb = b~ ba™b~'h. Reducing both sides, we get that ¢ = a™. But this
implies that the order of a is less than n, in violation of our hypothesis. We conclude that
the order of bab™! must be n.
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5. For a,b € G we say a is conjugate to b if there exists some = £ & such that a = zhr™!,

{a) Prove that if a is conjugate to b, then b is conjugate to a.

® Since a = rbr~!, we multiply on the left and right by ™! and z, respectively. to get ™ 'az =
b, But, since, r = (™')™, we're done.
(b} Prove that if a is conjugate to b, then there exists some y € & such that a = y~'by.
o Let y = 7t Sinee y=! = (z7!)7! = z, we see that a = y~lhy. Notice that we use no
additional elements besides those implied by the definition of conjugate.
(c) Prove that a is conjugate to a.

& Since a is in (7, a has an inverse a~!. Notice that a = e = aaa™!.
d} Prove that if a is conjugate to b and b is conjugate to ¢, then a is conjugate to e
Juga g Juga

® So. we have that @ = rhr~! and b = yey~?! for some pair of elements =, y € (. But, this means
that a = r(yey ™! = (zy)e(y~'z™!). By the Socks-Shoes Lemma. (ry)™! = y~ =™, s0
we're done.
(e) Determine all g in S3 which are conjugate to (12).
# The element (12) is conjugate to (12), (23), and (13). The justification follows: (12) =
(23)(13)(23) = (13)(23)(13) = (12)(12)(12).
() Determine all g in S3 which are conjugate to (123).
# The element (123) is conjugate to (123), and (132).
(z) Determine all g in Dy which are conjugate to Rgg.

& The elements Hgg and Raqg are conjugate to Hag.

o 7.1 Let H = {(1).(12)(34).(13)(24). (14)(23)}. Find the lelft cosets of H in A,.

— Since H is a subgroup of A, its cosets are all disjoint. First note that one coset is given
by the elements in H, namely H = (1)H = (12)(34)H = (13)(24)H = (14)(23)H. To find
the others, begin by multiplying H on the left by some element not in H, say (123). The
result is (123)H = {(123), (134),(243), (142)} = (134)H = (243)H = (142)H. This leaves
four elements of Ay that are not in a left coset, one of which is (132). Multiplving H on the
left by (132). we see that the last coset is (132)H = {(132), (143}, (234), (124)} = (143)H =
(234)H = (124)H.

s 7.2 Let H be as in Exercise 1. How many left cosets of H in 5, are there?

— Since H is a subgoup of Ay, and Ay is a subgroup of Sy, we know that H is a subgroup of
Sy. Since H is a subgroup, its distinct left cosets partition S, into equal-sized sets. Since H
has order 4, we see that there are exactly | 53 | /4 = 24/4 = 6 distinct cosets of H.

s 7.24 Let G be a group of order 25. Prove that G is eyclic or g° = € for all g in .

— If (7 is not cyclic, there is no element in g with order 25. Since the order of every element
must divide the order of 7, and 25 iz divisible only by 1, 5, and 25, we =ee that all elements
of ¢ must have order 1 or order 5. In either case, g* = e for all g € (7.

RAM PRAKASH Page 57



# 7.26 Let | G |= 8. Show that ¢ must have an element of order 2.

— The possible orders of an element of & are 1, 2, 4, and 8. Since ¢ has only one element of
order 1, it mumst have at least one element that has order 2. 4. or 8. In the case of 2, there's
nothing to prove. In the case of 4, we call the element g. Then g* = (g*)* = e, which implies
that g* has order 2. In the case of &, we again call the element g, and note that g* = (g*)® =€,
s0 that g* has order 2. Thus, in all cases, we see that (G must have at least one element of
order 2.

e 7.%4 Prove that a group of order 12 must have an element of order 2.

— Each non-identity element of the gronp must have an order of 2, 3, 4. 6, or 12, In the case
that there is some element that has order 2, 4. 6, or 12, it's easy to see that there must be
an element of order 2 by applying the same argument used in the solution to 7.26. Thus, the
only possible case in which there is no element of order 2 is when all non-identity elements
have order 3. So, let's assume that this is true. Choose one such element of order 3, call it
7. Notice that g generates a subgroup of order 3: {e.g.4%}. Also notice that both g and
g° generate this group. Since every non-identity element lies in exactly one such order-3
subgroup (suppose otherwise and you'll derive a contradiction), we can use this knowledge
to generate a formula for the order of the group. Since every order-3 subgroup contains the
identity. we set it aside. Thus, each such subgronp contains two elements distinet from all the
others, so we can say that if there are n such subgroups, then the order of & will be 2n + 1
(with the 1 coming from the identity). But, notice that 2n + 1 is odd for all integers, but
the order of our gronp is 12, which is even. Thus, we have derived a contradiction, and can
conclude that the group cannot have all non-identity element of order 3.

The following are from Gallian, Chapters 7 and 9. The numbering is first given for the Tth edition, and
is then followed by the Gth edition’s mumbering (if the numbering is different).

e # 7.15: Suppose | G |= pg with p and g prime numbers. By Lagrange's Theorem, the possible
subgroups of & have orders 1. p, g, or pg. For a subgroup H of G to be proper, it must have order
less than (7, so we can immediately eliminate pg. In the case that | H |= 1. H contains only € so it
is clearly cyclic. In the case that | H |= por | H |= g, then H has prime order, so it must be cyelic.
This completes the argnment.

e # 7.20: Since H and K are both subgroups of ., we know that # N K must contain e, so it is
nonempty. Suppose there is some other element, g, that is in N K. Then g € H and g € K. so0
| g | 1 must divide the order of H and of K, since both # and K are themselves groups. But, since
| H |= 12 and | K |= 35 have no common divisors greater than 1, we have derived a contradiction.
Thus, the only element in HNK ise, so | HNK |= 1.

o # 7.99 (resp. # 7.35): Since & has elements of orders 1 throngh 10, it’s clear that if | & |= &, then
10| k9| koo, 2| k. Thus, the least possible order of ¢ is lem(1,2,3,4,5,6,7, 8,9, 10) which is
2. 32,57 = 2520,

s # 8.1: No, H is not normal in 53. Consider that (13)H = {(13), (123)} # H(13) = {(13), (132)}.

e # 9.7 Suppose that H has index 2 in 7. Then, for any a not in H, we have that o N H = [} and
aH U H = (. Therefore, the complement of H in 7 is simply af. The exact same argument where
Ha is considered instead of aH shows that the complement of H also equals Ha. Thus ol = Ha for

all @ not in H. For any b € H, bH = H = Hb. Thus, for all g € &, we have gH = Hg, so that H is
normal.

# 9.8a: Referencing Table 5.1, consider that (123)H = {(123), (134)} # H(123) = {{123). (243)}.
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Assignment: Prove that if (7 is a simple group of size less than 60, then (7 is cyclic of prime size.
Recall from class the following lemmas:

e Lemma P: If | G |= p with p a prime, then 5 is a simple group.

Lemma Z: If | & |= p® with p a prime and a an integer greater than 1, then (7 is not a simple group.

Lemma S: If | (7 | is not a prime, and & has a singleton conjugacy class not equal to {e}. then 7 is
not simple.

Lemma rl: If 7 has a conjugacy class of size r > 1 and | & |> r!, then 7 is not simple.

Super Lemma r!: If ¢ has a conjugacy class of size r > 1 with | & |< !, and | & | does not divide !,
then 7 is not simple.

As a consequence of the above lemmas, we can add the following:

e Lemma PO If | 7 |= pg with p and g both primes, then (7 is not a simple group.

— Proof: Seeking a contradiction, let ¢ be a group of order pg that is simple. By Lemma 5, &
has no singleton conjugacy class besides the identity. Since the size of any conjugacy class of &
mmst divide | (7 |= pg, the possible sizes of the non-identity conjugacy classes can only be p or g.
Since neither p nor g divides pg — 1, any sum of multiples of p and g equaling pg — 1 must contain
mmltiples of both p and g. Thus, & has conjugacy classes of size p and g. If p = g then we're
done (Lemma Z), so suppose without loss of generality that p < ¢. In the case that | G |> pl,
Lemma 1! immediately provides the contradiction we seek. In the case that | & |< p!, then
| | does not divide p! since the prime factorization of p! contains no prime equal to g. Onece
again, we derive a contradiction. Lastly, consider the case where | ¢ |= p!. Then p! = pg which
only happens if p = 3 and g = 2 which violates the condition that p < g. This completes the proof.

2. Let A and B be normal subgroups of a gronp & such that AN B = {e}. Prove that ab = ba for all
a€ Aand be B.

[Hint: Prove that aba™'6™' € AN B\

s Note first that for all a € A and b € B, we have aba™! € B and ba~'6~! € A. Correspondingly,
(aba=')b~! € Bb™! = B and a(ba™'67"') € aA = A. Thus, aba™'b™" € ANB. Since ANB = {e},
we know that aba='b~! = e, and therefore that ab = ba. This completes the proof.

3. Let & be a group of size 15. Let a be an element of order 3 and b be an element of order 5. Set 4 = (a}
and B = (b).

(a) Prove that AB = (5.

# Since 4 and B have prime orders 3 and 5, each non-identity element of 4 and B also has
an order of 3 and 5, respectively. Therefore AN B = {e}. for otherwise we could conclude
| A|=5or | B |= 3, both of which would be contradictions.

(ne way to accomplish our task i= to determine if the set AB = {ab| a € 4 and b € B} has
size 15. We can do this using properties of cosets. Let A = {e,a;.a:}. Then B =eB #a, B
and B = ¢B # a:8, since a;,a; ¢ B. Since different cosets are disjoint, the only case in

which | AB |< 15 is if ;B = a2 B. Seeking a contradiction, suppose a; B = az8. Then for
every by € B, there exists a by € B such that by = asbs with by # bs (since otherwise
we get a; = as), and consequently ﬂ.lblbz_l = a3 £ A. Let bﬂ:;l = by £ B and note that
by # e. Thus, ayby € Aby and a;by € A, which is a contradiction since by ¢ A. We conclude
that ay B # a2 8, so they are disjoint. Finally, since B, a1 B, and a2 B are all digjoint and all
have size 5§, | BUa, B UaxB |= 15. But notice that B U a; B U as B is precisely AB. Thus
| AR |= 15 and the proof is complete,
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rove that bot an are normal su oIps.
h) hat hoth A and B | subgroups
[Hint: Use the Sylow theorems.)

* We apply Sylow’s Third Theorem as follows:

— Since ny | 15, we have that ny = 1. 3, 5, or 15. Only 1 =1 (mod 3), so ny = 1 and A
is the only 3-Sylow subgroup. By the corollary to Sylow's Third Theorem, we conclude
that A is normal.

— Since n; | 15, we have that n; = 1. 3, 5, or 15, Only 1 =1 (mod 5), 20 n; = 1 and B
is the only 5-Sylow subgroup. By the corollary to Sylow’s Third Theorem, we conclude
that B is normal.

{c) Prove that (7 is an abelian group and thus & = 5.
[Hint: Use a previous question on the set.]

s Since A and B are both normal and AN B = {e}, we know from question 2 that ab = ba
for all @ € A and b € B. Furthermore, since AR = (7 from part (a), two arbitrary elements
x.y € (7 may be expressed az ¢ = ayby and y = azbs. So,

(a1b1)(azbz)
ﬂl[blﬂ'z}bz
= ay(azby )bz

Ty

since ab = ba for all e € A and b £ B.
Furthermore,

a(azby )ba = (a1az2)(babz2)
= {ﬂzﬂl}{bzﬁ]_}

since A and B are both cyclic. hence Abelian.
Lastly,

(azay )(baby) = az(aiba)by
= ﬂz{bzﬂl}f?l

=J:I:
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o # {8 Let a be an element of a gronp and let | a |= 15. Compute the orders of the following elements
of (:

— a®, ab, a? a'?

= For each a* above, ged(15. k) = 3. Thus, the order of each is 15,3 = 5.

— a®, al®

+ For each a* above, ged(15. k) = 5. Thus, the order of each is 15/5 = 3.

— o at. a®, ot

= For each a* above, ged(15. k) = 1. Thus, the order of each is 15,1 = 15.

* # 4.14: Suppose that a cyclic group ¢ has exactly three subgroups: 7 itself, {e}, and a subgroup of
order 7. What is | ¢ |7 What can vou say if 7 is replaced with p where p is a prime?

— Sinee (7 is cyclic, there is some element a in (7 such that {a} = . Since (7 has a subgroup of
order 7, and (7 is cyclic, we know that 7 divides the order of 7. That is, | {a} |=| G |= Tn for
some positive integer n. We now test a few possible values of n:

* Suppose n = 1. Then (7 and one of its subgroups both have order 7. By the Fundamental
Theorem of Cyclic Groups (FTCG), (7 and its subgroup of order 7 are the same, contradicting
the condition that (¢ has 3 distinct subgroups.

= Suppose nis 2, 3, 4, 5, or 6. Then, by FTUG, G = {a) has a subgroup of order n. Thus, 7
has at least 4 subgroups: {e}. the subgroup of order 7, the subgroup of order n, and 7 itself.
This contradicts the fact that & has exactly three subgroups.

= Suppose n = 7. Then | G |= 7 -7 = 49. Since 7 is the only positive divisor of 49 between 1
and 49, it is the only possible order of a subgroup other than {e} or 7. FTCG also tells us
that there is eractly one subgroup of order 7. This fits the supposed criteria.

# In general, if we suppose that n is any positive integer besides 7, we see that G is guaranteed a
subgroup of order n by the FTCG, which means that (¢ will have af least 4 distinct subgroups.

We therefore conclude that the order of 7 must he 7% = 49,

— More generally, if 7 is replaced by any prime p under the supposed conditions, the the order of &
mmst be p?.

o # 4.22: Prove that a group of order 3 mmst be cyclic.

— Seeking a contradiction, let G be a group of order 3 that is not cyclic. Thus (G has an identity
element e, and two additional elements, call them e and b. Since {a} and {b) are both subgroups
of G, they both contain e. Since G is not cyclic, b is not in {a) and a is not in {§). Thus, it
mmst be true that o = e and 5 = e, or else we would have that eq = ao = a and eb = bbh = b,
which would mean that not (7 is not a group (see HW#2, Question 5). Putting all of this into a
multiplication table, we see:

elal|b
. _elelalb
G-aae
b|hb &

Thus we now only need to determine the products al and ba. But notice that ab and ba cannot
be e, a, or b (by HW#2, Question 5). Thus, (3 is not closed, which contradicts the fact that G
i= a group. Since the assumption that G is not cyclic leads to this absurdity, we conclude that G
must be cyclic.
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® # 5.3: What is the order of each of the following permutations?

— (124)({357): disjoint, both of length 3, so the order of the permutation is lem(3,3) =3

— (124){3567): disjoint and of lengths 3 and 4, so the order of the permutation is lem(3,4) = 12
— (124)(35): disjoint and of lengths 3 and 2, so the order of the permutation is lem(3,2) = 6

— (124)({357869): disjoint and of lengths 3 and 6, so the order of the permutation is lem{3.6) = 6

— (1235)(24567): not disjoint, so we rewrite this permutation as a product of disjoint cycles. The
result is (124)(3567), with cycles of orders 3 and 4, so the order of the permutation is lem(3, 4) = 12

— (345)(245): not disjoint, so we rewrite this permntation as a product of disjoint cyeles. The resnlt
is (25)(34). so the order of the permutation is lem(2,2) = 2

s # 5.4: What is the order of each of the following permutations?

1 2 3 4 5 6
1215 406 :—:]
1|:’i."ritin,||g; this as a product of cycles, we get (12)(356). Since this is a disjoint product of cycles of
lengths 2 and 3, the order of the permutation is lem(2,3) = 6.
1 2 3 4 5 6 7
T 61 2 3 405
1|:’i."ritin,||g; this as a product of cyeles, we get (1753)(264). Since this is a disjoint product of cycles
of lengths 4 and 3, the order of the permutation is lem(4, 3) = 12

s # 5.9: Determine whether the following permutations are even or odd.

— (135): Written as a product of 2-cveles, we get (15)(13), so this is even.
— (1356): Written as a product of 2-cycles, we get (16)(15)(13), so this is odd.
— (13567): Written as a product of 2-cycles, we get (17)(16)(15)(13), so this is even.

— (12)(134)(152): Written as a product of disjoint cycles, we get (15)(234). Rewritten as a product
of Z-cycles, we get (15)(24)(23). so this is odd.

— (1243)(3521): Written as a product of disjoint cycles, we get (354). Rewritten as a product of
Zecycles, we get (34)(35), so this is even.

1 2 3 4 5 6 7 8

f fi 8 L.
o #5158 Let o= ]andﬁ=[l 18 76 5 2 4.ﬁrltea._ﬁ.and

23 4 51 7 8 6
o as

— products of disjoint cycles,

= o = (12345)(678)

= 1= (23847)(56)

= o = (12345)(6T8)(23847)(56) = (12485736)
— products of 2-cycles.

= o = (15)(14)(13)(12)(68)(67)

= 3= (27)(24)(28)(23)(56)

= off = (16)(13)(1T)(15)(18)(14)(12)
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e # 520 Compute the order of each member of A;. What arithmetic relationship do these orders have
with the order of 447

— Referencing the table for A given in Chapter 5, we see that

% v has order 1 (the identity)
% (¥a, vy, and oy have order 2
= 5 through oqe have order 3
— The order of each permutation divides the order of A4, which is 4!/2=4.3 = 12.

® # 5.28: Let 3 = (123)(145). Write 4% in disjoint cycle form.
— In disjoint cycle form, 3 = (14523). Thus, the permutation has order 5, and 3% = e. Therefore,
399 _ ga1e+4
= {,l:jﬁ 19 :.Il:j-d.
= (#)19¢
=t
= ﬁd
— Now we compute 3* = (14523)(14523)(14523)(14523) = (13254). Thus, 4% = (13254).
s # 5.30: What cycle is (ayag...a,) "7

— We can restate this question as: what cycle 3 gives Hmas..a,) = (g1es..0,)3 = 7 Our
knowledge of the Socks-Shoes Lemma might lead us to try (a,...02a1), and in fact letting 3 =
(p...asa;, ) gives the desired result.

o # 5.3 Let H= {3 €5 | 3(l) =1 and #(3) = 3}. Prove that H is a subgroup of S5. Is your
argument valid when 5 is replaced by any n = 37

— We use the Two-Step Subgroup Test. Let o, 7 be elements of H. Then:

ay(1) = a(y(1))

and

ay(3) = a(y(3))
=al(3) =3,
so oy is in H. Also, since 1 = o™ Ha(1)) = a™(1) and 3 = o~ {a(3)) = a~(3), we see that a~!
is in H. This gives the desired result.
— Replacing 55 with 5, for any n > 3 does not affect the argnment.

o # 5.30: In Sy, find a cyclic subgroup of order 4 and a noncyclic subgroup of order 4.
— The subgroup of 53 generated by (1234) is cyclic, since (1234) = e, and the set {e, (1234), (1234)2, (1234)%}
is closed under composition.

— Referencing the table given for Ay in chapter 5 (note that Ay is a subgroup of 8;), we can see
readily that {(1), (12)(34), (13)(24), (14)(23)} gives a non-cyclic subgroup of 5; that has order 4.
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e # I
— Eya:
* | Ly =12
#*|0]=1]1|=12;|2|=6: |3 |=4|4|=3;|5|=12: |6]|=2;|T|=12: |8|=3 |9 |= 4
|10 |=6: | 11 |= 12.
— 1(10):
< | U00) = 6(10) = 6(2-5) = (1)(4) = &
#|l|=L|3|=4|T|l=4|0]=2
— U(12):
- | U(12) |= 9(12) = 622 -3) = (2)(2) = 4
=|l|=L|6]=2|T|=2:|11|=2.
— [{20):
« | U(20) |= 6(20) = 6(2% - 5) = (2)(4) = 8
s |1]=1]3l=4|T|=4:|9|=2: |11 ]|=2: |13 |=4: | 1T |=4; | 19|=2.
— My
= | Dy |=8:
= |RBp|l=1 By |=4 | R |=2; | Bemn |= 4 | H|=2: | V=2 | D=2 | DV |=2.

— Observations: The order of every element divides the order of the group.

e 7 2

— In @), we have (1) = {0, +3,+£1,£3 £2.+3 ..}

— In Q*, we have (1) ={..5x..... 3. 1. 3. 1.2,4.8,...,2", ...}
s #3

— In @), |0 |= 1. All other elements have infinite order.
—Ing)* |1|=1, and | -1 |= 2. All other elements have infinite order.

6. Find the order of the following elements in GLy(]R).

(a)
[0 0 0 17
0100
4=100 1 0
[ 100 0|
[0 00 17[00 01 1000
pe_|01oo0ljo1ro0f_J0o100
“looto||loo1o0| |00 10
(to0o0o0)J[1000 00 01

Thus | 4| = 2.
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Thus |4| = 4.

r
oo Qo Do Qo rRooo =ooo

o =00 Q=00 0 =Oo0 o000

S oo+ S oo, S oo SDoo2

DO D DO =D DO D OO0 -

SR,D O Do o = o o9

= oD O DO OO

oo RO o oo

SO O = O =0 Qo~~DD

0100
11000
“loo o1
[ 00 1 0
[0 0 0 1]
oo 10
11000
[ 01 0 0
(10 0 07
o1 oo
“loo 1o
(00 0 1

9. For each of the following values of n, find all generators of the cyclic group £, under addition.

(a) n=28

Zg = ([1]}, so [1] generates Zg. All other generators are m[1] where m and 8 are relatively

prime. Thus m=1.3,5,7.

Therefore Zg has four generators, namely | [1]. [3]. [5] and [7]. |

n=15

Zys = {[1]}. so [1] generates E;5. All other generators are m[l] where m and 15 are
relatively prime. Thus m = 1,24, 7 8, 11,13, 14.

Therefore Zj5 has eight generators, namely

1], 2. [, [7). [8]. [11], [13] and [14].
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10. For each of the following values of n, find all subgroups of the cyclic group Z,; under addition
and state their order.

(a) n=12

Since [1] generates Zy,, the distinet subgroups of Z;, will be generated by m[1] where m
is a divisor of 12. Thus m =1, 2.3,4,6, 12. Therefore the distinet subgroups of ;s are:

=Znz I«
= {0,210, 8.0} (2Dl =6
= ([0 31 [6). (91 1130 = 4
|
|

1)) =12

— o o

4,18} (]| =3
= {[oL. (6]} (6] =2
([12)) = {[0)}) (12 =1

(b) n==8
Since [1] generatds Es, the distinet subgroups of g will be generated by m[1] where m
is a divisor of 8. Thus m = 1,2, 4, 8. Therefore the distinet subgroups of Zg are:

() = Zs K[| =38
([21) = {107, [2], [4]. [6]} [{12)] = 4
([41) = {10], [41} [{[4])] =2
([8) = {101} {8 =1

11{a) Show that (ZZ, x) is eyclic.
Proof.

Zz = {[1], [21. [31. [4], [5]. [6]}

B = [1] 3]t =4
B = [3 [3° = [3
B = [2 31 = [
3] = [6

All elements in Z% can be written as a power of [3], thus Z* = {[3]).

12(a) Find all generators of Zr.

Since Z7 = {[3]), all other generators will be [3]™ where m and 6 are relatively prime. Thus
m = 1,5. [3]° = [5], so [5] is also a generator. Thus Z? has two generators, namely [3] and

[5].

13(a) Find all subgroups of Z7.
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Since ZX = ([3]}. each subgroup will be generated by [3]™ where m is a divisor of 6. Thus
m = 1,2 3,6. Since [3]' = [3], [3]* =[2], [3]* = [6] and [3]% = [1]. Therefore the subgroups
are as follows:

(1) = {1}

[21) = {[1]. [2]. [4]}
B1) = Z7

[61) = {[1]. [6]}

14. Prove that the set H = { [

T e

1

0 T ] |=; s E} is a cyclic subgroup of GLy(R).

Proof. First let’s prove that H is a subgroup of the invertible 2 by 2 real matrices.

Claim: |:1 !

n
1 n ce . )
0 1 :| = [ 1 ] for all positive integers n.

k
Clearly the statement holds when n = 1. Assume [ {1] : :| = [ [1} I{‘ :| Then we have the

following.

11 k-+1_'
01 -

]
N 11 1 0
By definition [ 01 ] = [ 01 :|

Suppose n > 0, then we have the following.
)™ [ Iy
01 a 01
|1 n -
101
|1 —n
o o1

l 1 n
Thus for all integers n, [ 0 1 ] =

|
| —]
= =
o
el

k k .
Now we will prove H is cyclic. Let [ ! ] = <[ L } ])Jhen [ :] 1 ] = [ Lok ] € H.

01
i 11
Thllh([ﬂ 1]>§H.

R . 1
Now we will show H C

11 1

01 . Let A€ H. Then A= 0 1} for some n € Z. By
1
1

above claim 1 n = ! ﬂE Ll
¥ o 1|7 |o 01|/
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28. Let a and b be elments of a finite group .
(b) Prove that a and bab~! have the same order.

Proof. Let a,b € G. To prove a and bab—' have the same order, we need the following
fact.

Claim: Let n be a natural numbers, then (bab™')" = ba"b™".
We will prove this by induction on n. Clearly (bab=')! = ba'b~!.
Assume (buh_l}k = ba*b~!. Then we have the following.

(bab™1)E ! = (bab~")*(bab™!) = ba*b~'bab ™! = ba*ab! = ba*+1p7!

Thus by induction, (bab™)" = ba™b~".

Assume |a| = r and |bab~!| = s. So a" = e and (bab™')* = e. Thus we have the
following.
a =€
ba"b~! = beb™!
ba"b~! = e
(bab™ )" =

So since [bab~!| = s the above implies s|r. Moreover we have the following.

(bab™1)* =¢
ba*b~! = e
b='ba*b—'b = b~leb

af =g

So sinee |a| = r the above implies r|s.
Therefore we have that r = s. In other words, |a| = |bab™1|. O

(¢) Prove that ab and ba have the same order.

Proof. Assume |ab| = m and |ba| = n, then (ab)™ = e and (ba)" = e. Therefore we have
the following.

a ta(ba)™ b =a"le
{bu]l:ln—lb= 1‘..[_1
(ba)™ lba = a~a

Since |ba| = n, the above gives us that n|m. Similarly to above, you can show that
(ba)™ = e implies (ab)™ = e, and since |a| = m, we can conclude m|n. Therefore n = m.
In other words, |ab| = |bal. O
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33. I ¢ is a cyclic group, prove that the equation r° = e has at most two distinet solutions in (.

Proof. Clearly e is a solution to 2* = e. If there are no other solutions then we are done.

Suppose b, e € (¢ are solutions and are not equal to the identity. Since (7 iz cyclic there exists
a € G such that G = {a). Thus b = a* and ¢ = a' for some k, [ € Z. Now since they are both
solutions we have that (a*)? = e and (b')?2 = e. Thus |a*| = 2 = |a/| since a* # e and o' # e.
Note this also implies |a| < 2k, so G must be a finite cyelic group. Since the order of ak is
2 it generates a subgroup of order 2. Similarly a' generates a subgroup or order 2. Namely,
(a*} = {e,a*} and (a') = {e,a'}. However, since G is cyclic there is only one subgroup of
each order. Thus {e,a*} must equal {e, a'} and hence a* = a'. Thus there is at most one

non-identity solution to = = e. O
35. If (7 is a eyclic group of order p and p is prime, how many elements in & are generators of 7

Proof. Let a be a generator of (7, so |a| = p. All other generators are of the form a™ where
m and p are relatively prime. However, p is prime, thus all natural numbers less than p are
relatively prime to p. Som=1,2,3,...,p— 1. Thus all of the following are generators of (:

|u.. a2 ad ... af! |

O

38. Assume that & = (a) is a cyclic group of order n. Prove that if r divides n, then & has a
subgroup of order r.

Proof. Let |a| = n and assume r|n. Thus o™ = e and n = rq for some g € Z. We elaim that
n

1 (n.q)

T

since g|n then (n,g) = g. Thus |a?| = — =r. Thus since [a?| = r, then (a%) has order r. O
[

(a?) is a subgroup or order r. By the formula we proved in class, |a% = However,

#1 Let (7 be a group of prime order. Show that & s eyelic.

Let g be any element other than the identity in . We will show that (g} = . By Lagrange’s theorem,
any subgroup of & has order dividing p, so has order either 1, or p. The subgroup {g} contains at least two
elements, namely e and g (which are distinet becanse g £ e). Thus, |{g)| = p. Thus, this subgroup is the
whole group.

#2 Show that in an abelian group every subgroup is normal.
Let & be an abelian group, and N a subgroup. Let g € G. Then

gNg '={gmg " :neNl={gg "n:neEN}={n:neN}=N

Thus, N is normal.
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#3 Show that any abelian group of order 21 is cyclic.

By Cauchy’s theorem, there are elements r,y of orders 3 and 7, respectively. We claim that py is of order
21. Fimst, of course, we can note that (x) M {y) = {e}, since (by Lagrange) the order of the intersection
must divide both |{r) = 3 and |{y} = 7, s0 must be 1. By Lagrange’s theorem, the order of ry is in the list
1,3, 7,21 If zy = e, then x = y~!, and the latter element lies in {x) N {y) = {e}. This would imply that
r=y~! =e, which is not the case, so the order of zy is not 1. Suppose that (ry)® = e. Since the group is
abelian, this would imply that 22y = e, 50 e = % = = since 2% =e. But 37 = by hypothesis, so that if
also y = = e then y =" - (3~ %)% = e, contradiction. So the order of ry is not 3. Symmetrically, its order is
not 7, so by default it is 21. That is ry generates the group, so the group is cyclic.

#1 Suppose that ¢ = (g} is a eyclic group of order 144, What is the order of %07

The question is to find the smallest positive integer n so that (g%0)" = e, We have shown that g%0" = e if
and only if 60n = O mod |g|- That is, we want the smallest positive solution of 60x = 0 mod 144. That is,
we want 144|60n. The ged of 144 and 60 is easily found (for example, by the Euclidean Algorithm) to be
12_ Taking this common factor out, we are trying to solve 12|5n. This requires that 12|n. Thus, n = 12 is
the smallest solution. That is, g0 = 12.

#2 Find all elements of order 10 in Z/100 with addition.

The element g = 1is a generator of Z/100. The order of n -1 is {by definition) the smallest ¢ so that
f.n = 0 mod 100, That is, f = 100/gcdin, 100). We want to find all n in the range 0,.._,99 so that
10 = gedin, 100). In particular, 10 must divide n, but n /10 must have no factor of 2 or 5. Write n = 10m.
Then 0 < m < 9. For n /10 to be coprime to 10 means that m is coprime to 10. Thus, m can be in the list
1,3,7,9 only. That is, n = 10, 30,70,90 are the integers mod 100 which have (additive) order exactly 10.

#1 Find the greatest common divisor of 22 + z + 1 and ' + 2% + o + 1 in kfz] where k = Z/2.
Use the Euclidean Algorithm for polynomials over a field: first, reduce ! + & + = + 1 mod =2 + 1 by
dividing-with-remainder:
The Euclidean algorithm (with divisions done just helow):

(el +x4+1) — (24P 4+z+1) = 0

Since we got a 0, the divisor itself is the ged: it s 22 + x4+ 1.

2 4+04+1R0
z? 4z 41T 20 +x 41
rt ripa?
x? 4 +1
x? 4 +1

]

RAM PRAKASH Page 70



#2 Find the greatest common divisor of 2° + z +1 and ' + z* + z + 1in k[x] where k = Z/3.

Use the Euclidean Algorithm. Divisions are shown after.

(' +x*+z+1) — (P -DE+x+1) = 2r+42
x4 x+1) - (2z)(2x + 2) = 1

Sinece 1 & k™, the ged 5 1

2 40 —1R 2r+ 2
x? x4+ 1T 20 4 41
xt +_.,_.3+
— 4 +1
|
2r +2

2r +0R 1
2x 42 =7 4z +1

r? 4

#1 The polynomial 2° + 2* + 2x + 2 in Z/3[x] has a repeated factor. Find if.

The derivative is jzt 4 322 + 2 = 22 4 2. We could replace this by the monic version of the polynomial,
which would make life a little simpler, but we won't here, just to show that it's not necessary. Note that
2-1 = 2 mod 3. The polynomial does not fall into the special case, so we should use the Euclidean Algorithm
to compuie the ged of it and its derivative: [without showing all the long divisions...)

(@ +2% + 2z +2) — (2r)(22" + 2) = 2+z+2
(2! +2) - (2a)(x® + x + 2) = 2 +2z+2
[.1'3+.1'+2) — [I+J.:||:.1'3+I+2:|=I[]

Thus, the ged is 2 + 2r + 2. We test the latter for irreducibility by testing for roots to the equation
P 4+2r+2=0in 43, since if it factored it would have to have a linear factor (being just quadratic). But
0P 4+2.042=2£0,1242-142=2+£0,224+2.24+2=8=2 #£(, so there are no roots, and no linear
factors. Thus, by the theorem, |:I2 + 2z + 2)2 divides the original polynomial.

#2 Show that f{x) = x? is a homomorphism BT = BT
What must be checked is that fley) = f(x) fiy). In the present example,

flry) = (xy)® =2 y*  (because Z/7* is abelian)

= fiz) - fw)
Thus, this f is a homomorphism.
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#2 Show that any group of order 33 is eyelic.

Assume that the group & of order 35 is not eyelie. Then there s no element of order 35, By Lagrange,
the only possible orders of elements are 15,7, As discussed in class, each subgroup of order § contains
i — 1 elements of arder 5, and two distinet subgroups of order § have no elements of order § in commaon by
Lagrange’s theorem again), since § is prime. The same applies to subgroups and elements of order 7, sinee
T is prime. Invoking Sylow’s theorem, for some non-negative integers a,b the number of subgroups of order
318 da + 1 and the number of subgroups of order 7 is 7h + 1. Then, counting the elements of & two ways,

=1+ ba+ =1+ (Th+ 17 -1)
Simplifying, this is
24 =20a + 42h

Since 42 > 24, it must be that h = 0. But then 24 = 20q is impossible, since 20 doesn’t divide 24. Thus,
there must have been an element of order 35 in G, s0 G s cyelic.

#3 List the 8 abelian groups of crder 900,

Invoke the Structure Theorem for finite abelian groups: find all tuples of integers dy , dy, - - -, d,, all bigger than
1, whose product is 900, and sa that d;|diyy for all indices i. Involing Sun Ze's theorem, it suffices to solve
this problem for the masximal prime powers 22| 32, 5% cecurring in 90, and then combine the results. Quite
generally, for prime p there are exactly two abelian groups of order p?: Zf"pz and Z/p@Z [p, corresponding to
the two sequences of elementary divisors (p?) and (p, p). Thus, in the case at hand, there are two cholees for
the 2-part of the group, 2 choices for the J-part, and 2 choices for the j-part. Combining and listing these,
we have & = 2% abelian groups: Z/900, Z2/2 @ Z/450, Z/3@ Z/300, Z/5 0 Z /180, Z/G@Z/ 150, 27103 2790,
Z/15 @ /60, B30 @ Z 730

#1 Verify that ° + x+ 1is irredudible in (Z/2)[].

Since 1° 4+ 14+ 0=1#0and 0° +0+ 1 =140, the equation z° + x + 1 = 0 has no roots in Z /2. By the
Division Algorithm, this means that =* 4 x + 1 is irreducible in (Z/2)[x].

#2 Inthe field K = (Z;’?j[:]l,-"(rﬁ +x <+ 1) let o be the image of r, and compute in reduced form ab.
Compute the reduction of 2° modulo = + z + 1 (by dividing)
(@)= (2 + 2 + a4+ )=z +1

Therefore, a® = o + 1.
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#3 In the field K = (Z/2)[x]/(z® + = + 1) let a be the image of z, and compute in reduced form
(I+a+a?)~l

Run the Euclidean Algorithm on =* 4+ x 4+ 1 and 22 4+ = + 1

(@ +zx+1) —(r+1)(z*+zx+1) ==
(x? +x+ 1) —(x +1)(x) =1

Then, going backwards:

1 =@ +x+1)—(x+1)x) = .-:.-3-4-:-4-1;|_|;:+1;u;(.1-g t x4 1) —(x + 1) (=2 + z + 1))
=(z+1)(c" +z+1) + ((:+j| +1)(x? +x+ 1)
=(x+ 1) +x+ 1)+ (%) (x? + .+ 1)

Thus, looking at this equation modulo =* + = + 1, we see that 22 is the multiplicative inverse of =2 + o + 1

modulo & + x + 1. That is,
(@ +a+1)"1 =a?

#3 Prove that there is no field with 35 elements.

Suppose k& were a field with p - g elements with p, g distinet primes. By Cauchy's theorem applied to the
group k-with-addition, there is an element = of [additive) order p, and an element y of (additive) order g.
Certainly neither x nor y is 0, since the order of 0 is 1. Let 2 = xy. Then sinee neither o nor y is 0, and
since k is a field, = # 0. As usual, for an ordinary integer n and w € k, n - w is merely an abbreviation for
adding together n coples of w. Then

p-(zy) =(pz) -y =0-y =0
and also

q-(zy) ==-(qy) ==-0=0
Let 5,¢ be integers so that sp + tg= 1. Then

zy =1-(zy) = (sp + tq) - (xy) = s(pr)y + tr(qy) =0+0=0

contradiction.

Note that what we've actually proven is that the number of elements in a finite field cannot be divisible
by two distinet primes.

3.1 For each group in the following list, find the order of the group and the order of each element

in the group. What relation do you see between the orders of the elements of a group and the
order of the gronp? Zy., U(10), [7(12), [7(2), Dy.
The relationship you are supposed to notice in this exercise is that the order of an element
always seems to divide the order of the group. We will show later that this is always true (at
this point we have just shown that it holds for cyelic groups). I'll leave listing all the element
orders as an exercise!
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4.7 Find an example of a noncyclic group, all of whose proper subgroups are cyclic.

The easiest example of this behavior is our group of order 4 which is not cyelic. That is,
G = {e.a.b, ¢} with multiplication table

*c|le a b ¢
E e a b ¢
a |a e ¢ b
] b ¢ e a
e e b oa e

(It is clear from the multiplication table that & itself is not cyelic).

The possible proper nonempty subsets which contain e (as any subgroup must) are:

(a) {e}.
(b) {e.a},

(c) {e.b},

(d) {e.c}.

(e) {ea.b},

(f) {e.a.c}, and

(8) {e.b.c}.

The first 4 are cyclic (because each of @, b, and ¢ constitutes its own inverse). The remaining
3 are not subgroups because they are not closed under multiplication (ab = ¢, ac = b, and
be = a). Thus all nonempty proper subgroups are cyclic as required.

4.13 Suppose that |a| = 24. Find a generator for {22!y N {a'"). In general, what is a generator for
the subgroup (@™} N {a™})?
We know that {a®'} N {a'") is a subgroup of {a) (the intersection of subgroups is a subgroup),
so by theorem 4.3, {a®'} N (2!} is cvelic. By theorem 4.2, {(a®'} = {a%) and {a!'") = {a®}

and thus a% is clearly an element in the intersection. We claim that a® is a generator. The
order of {a®} is |a% = 24/6 = 4 (using theorem 4.2) and we note that {a®'} N {a'") must have
order dividing 8 = 24/3 = |{a®!)| and 12 = 24/2 = |{a'"}| (by theorem 4.3 and because the
intersection is also a subgroup of both {a®'} and {a'"}). No integer larger than 4 can do this,
and as |a®%| = 4, we conclude that a® is a generator.

In general, we might guess that a generator of

{a™) 0 {a™)
for |a| = p is alemlipmlem)) - As above, we have that {a") = {a(P™)}, and {a™) = {alr-m™)).
Furthermore,
ged((lem((p, »). (p,m))). p) = lem((p, n). (p. m))
and hence

|(ae(m)-emy| = pf(ged(lem((p, n), (p, m))). p) = pflem((p,n), (p.m)),

again using theorem 4.2 (for the first equality). Finally, p/lem((p, ). (p.m)) is the largest
integer which divides both p/(p.n) and p/(p.m). We can thus conclude that glem{{pn).(p.m]}
is the generator of the intersection as surmised.
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L. Let (7 and " be two groups whose orders have no common factor. Prove
that the only homomorphism ¢ : & — ' is the trivial one ¢(zr) = 1 for
all =
Solution: Let ¢ : & — . We know that |G| = |ker(g)] - |[im{a])], =0
in particular |im{g)| divides |7|. As im{g) < ', it is also the case that
[imig)| divides |(7'], =0 it must be that |im(g@)| = 1, i.e. g(x) =1 for all .

2. Give an example of a permutation of even order which is odd and an
example of one which is even.

Solution: {12) has order 2 and is odd; (12)(34) likewise has order 2, and
is even.

4. Prove that a group of order 30 can have at most 7 subgroups of order 5.
Solution: A group of order 5 is cyclic, generated by each of its non-
identity elements. Therefore any two subgroups of order 5 must intersect
trivially, since any non-identity element in the intersection would generate
hoth of them. 5o if a group has n subgroups of order 5, it must have at
least 4+ 1 elements (as we must also consider the identity). Therefore a
gronp of order 30 can have at most 7 subgroups of order 5.

5. Is the symmetric group Sy a direct product of nontrivial groups?
Solution: No. |S3| = 6. so if S5 were a direct product of nontrivial groups
it would have to be a direct product of a group of order 2 and a group of

order 3. The only groups of these orders are cyelic. But a direct product
of cyclic groups is abelian (in fact, in this case, cyclic) and 5y is not.

9. Prove that if ¢/Z(&) is cyelic, then & is abelian.

Solution: Suppose 7/ Z((7) iz cvelic, generated by the coset Z((). Then
every element of €7 can be written as ™z for some n € £ and some z
Z((). But two elements of this form commute, as powers of r commute
with other powers of r, and elements of Z(G) commute with everything,
Therefore (7 is abelian.

27. Prove that SL,(R) is a normal subgroup of GL,(R).

Solution: Let G = GLy(R) and N = 5L, (R). The condition we need to check, that
grg~' C N for all n € N and all g € G, translates into the condition that if P is
any invertible matrix and det(A) = 1, then PAP~! has determinant 1. This follows
immediately from the fact that
1
det(PAP™) = det( P) det(A) det(P~! = det(P)det(A)—— = det(A) .
det(P)

which vou may remember from your linear algebra course as the proposition that
similar matrices have the same determinant.

37. Let G be a group, with a subgroup H C G. Define N(H)={g€ G |gHg ' = H}.
(b) Let G = §,. Find N(H) for the subgroup H generated by (1,2,3) and (1, 2).
Answer: In this example, N(H) = H.

38. Find all normal subgroups of Ay,

Answer: {(1)}, N = {(1). (1,2)(3.4), (1.3)(2.4), (1,4)(2.3)}. and A4 are the normal
subgroups of A,.
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21. Find all group homomorphisms from Z, into Zy.

Solution: As noted in Example 3.7.7, any group homomorphism from Z, into Zj, must
have the form ¢([z],) = [mzx];, for all [z], € Z,. Under any group homomorphism
¢ 1 Ly — Zyp, the order of &([1]4) must be a divisor of 4 and of 10, so the only
possibilities are o(([1]4) = 1 or o(#{[1]4) = 2. Thus ¢([1]4) = [0]19. which defines the
zero function, or else ¢([1]4) = [5]10, which leads to the formula ¢([x]4) = [5z]1p, for
all [x]y € Zy.

22. (a) Find the formulas for all group homomorphisms from Zis into Zap.

Solution: As noted in Example 3.7.7, any group homomorphism from Z,5 into Zg,
must have the form ¢([x];5) = [mx]yg, for all [z];5 € Z15. Since ged(18,30) = 6, the
possible orders of [m]sp = ¢([1]1s) are 1.2,3,6. The corresponding choices for [m]sg
are [(|sp (order 1), [15]3p (order 2), [10]3p and [20]39 (order 3), and [5]3p and [25]5
(order 6).

(b) Choose one of the nonzero formulas in part (a), and name it ¢. Find ¢(Z;s) and
ker(¢), and show how elements of ¢(Z1g) correspond to equivalence classes of ~g.

Solution: For example, consider ¢([z]1s) = [52]sp. The image of ¢ consists of the
multiples of 5 in Zap, which are 0,5,10,15,20,25. We have ker(¢) = {0.6,12}, and
using Proposition 3.7.9 to find the equivalence classes of ~4, we add 1, 2, 3, 4, and 5,
respectively, to the kernel. We have the following correspondence:

{[0]1s, [6]1s, [12]1s} +— &([015) = [0]z0,  {[3]1s.[9]1s, [15]18} +— &([3]1s) = [15]30,
{[1]18:[T]1s. [13]18} +— @&([1]18) = [3]30,  {[d]1s.[10)1s. [16]18} +— &([4]1a)=[20]30.
{[2]1s, [8]1s. [14]1s} «— &([21s)=[10]30, {[5]1s.[11]1s.[1T]1s} +— &([5]1s) =[25]a0.

1. Prove that there are no simple groupz of order 56.

Solution First ohserve that 56 = 2% . 7. Suppose & is a group of order 56 and let ny and ny
denote the number of Syvlow 2 and T subgroups, respectively. By the Sylow Theorem we know

nz=1mod 2 and na7 = na=1lor?7
nr=1lmod7 and n;]8 =nr=1lord

If ny = 1, then there is a unigue Sylow 7 subgroup, which must therefore be normal proving
(7 is not simple. So, suppose ny = & It follows that there are ny - 6 = 8- 6 = 48 elements of
order 7 (since the Sylow T subgroup has order 7, hence iz cyclic generated by any nontrivial
element). That leaves 56 — 48 = 8 elements. Since all Sylow 2—subgroups must have order 8,
and be contained in the complement of the set of elements of order 7, we see that there can
be only one Sylow 2—subgroup, which iz therefore normal. This shows that & is not simple,

completing the proof.
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1 2 3456 789

T 5 6 9 2 4 81 3

disjoint cycles. What is the order of o7 Write ¢ as a product of transpositions. Is o
an even permutation? Compute =1

17. For the permutation o = ( ) write o as a product of

Solution: Starting with 1, we have o(1) = 7, ¢%(1) = o(7) = 8, and o*(1)
a(8) = 1, so the first eyele is (1,7,8). The smallest number not in this evele is
2, and starting with 2 we get the eyele (2,0(2)) = (2,5). Continuing, we get o =
(1,7,8)(2,5)(3,6.4,9). By Proposition 2.3.8, ¢ has order 12, since lem[3,2,4] = 12.
To write o as a product of transpositions, we can simply write (1,7,8)(2.5)(3.6.4,9) =
(1, 7)(7,8)(2,5)(3,6)(6,4)(4,9). Since o can be expressed as the product of 6 trans-
positions, it is an even permutation.

Finally, we have o~ = (1,8, 7)(2,5)(3,9,4.6). (Note that since the cycles are disjoint
they commute with each other, and so here the order of the eycles is not important.)

12345ﬁ78!¥)d

15. For the permutations o = ( 951836479

. ( 1 2 3 5 7809

1 5 4 2 85 0 3
of disjoint cycles: o, 7, oT, .:H'.-:Ir_l1 u_l, R
Solution: o= (1,2,5.3)(4.8.7); 7 =(2,5)(3,4,7.8,9): or = (1,2.3.8,9);
oro ! =(1,8,4.7.9)(3,5): o7 = (1.3.5.2)(4.7.8); 771 = (2.5)(3.9,8,7.4);
ro = (1.5,4,9,3); rer~! =(1,5,2,4)(7.9,8).

=]

4 . .
- )_. write each of these permutations as a product

=1

19. Let ¢ = (2,4,9,7,)(6,4,2,5,9)(1,6)(3,8,6) € Sy. Write ¢ as a product of disjoint
eyeles. What is the order of #?7 Compute o~1.

Solution: We have o = (1,9,6,3,8)(2,5,7), so it has order 15 = lem[5,3], and o=! =
(1,8,3,6,9)(2,7,5).

=1

1 2 3 4 5
7T 2 11 4 6
(3.8.7). compute the order of oro™!
Solution: Since 7 = (1,7,9)(3.11.5,6,8,10), it has order 6 = lem[3.6]. Then
oro~! = (3,8, 7)(1,7,9)(3,11,5.6,8,10)(3,7.8) = (1.3.9)(8,11, 5.6, 7, 10), so the cy-
cle structure of oro~! is the same as that of 7, and thus oro~! has order 6.

20. Compute the order of v = ( Z 8 ? 1011 ) For o =

10 3 5

oo

22, Show that Syp has elements of order 10, 12, and 14, but not 11 or 13.

Solution: The element (1,2)(3,4,5,6,7) has order 10, the element (1,2,3)(4,5,6,7)
has order 12, and (1,2)(3,4.5,6,7.8.9) has order 14. On the other hand, since 11 and
13 are prime, any element of order 11 or 13 would have to be a cycle, and there are
no cyecles of that length in 5.
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25, Consider the following permutations in S7.

—1 7 :aumrlf-l:Z
7= 3 7 =\la2 1

Compute the following products.

Answer: (a) o7 = 1 2 3 456 7

e AeT=l236 7415
1 2 3 45 67

4 £ -1 -

Answer: (¢) oo ( 13276 45 )

26. Using the permutations o and + from Problem 25, write each of the permutations or,
o, 20, oL, are~ ), ror~! and 7~ loT as a product of disjoint cycles. Write o and 7
as products of transpositions.

Answers: o=(1,3.5,6)=(1,3)(3,5)(5,6) 7=(1.2)(3.5.4,7)=(1,2)(3,5)(5,4)(4,7)
or=(1,2,3,6)(4,7,5) ara—! = (2,3)(4.7,5,6) 7 lor =(2,7,3.6)

28. Let o = (3,6.8)(1.9.4,3,2,7.6,8,5)(2.3,9,7) € So.

= )
o Qo
o
o

4
4

oo
[a—y

3 4
5 7

==}
=]
e

3
4

(b) Is ¢ an even permutation or an odd permutation? Answer: Odd
(c) What is the order of o in Sg7 Answer: 12
29. Let ¢ =(2,3,9,6)(7,3.2,5,9)(1,7T)(4,8,7) € Sq.

(b) Is & an even permutation or an odd permutation? Answer: Even
(¢) What is the order of o in 57 Answer: 15
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2. (a) Let o« = (1.3,5.7.9,8,6)(2.4,10). What is the smallest positive integer n such that
a" = a7
Solution. We need to find the smallest n such that o™ = z. Since |a| = lem(7,3) = 21, we
see that n = 16.
(b) Let 8 =(1,3,5.7,9)(2,4,6)(8, 10). If 3™ is a 5-cycle, what can vou say about m?
Solution. Note that ™ is a S-cvele if and only if (2,4,6)™ = (8,10)™ = £ and (1.3.5,7,9)™
is a five cycle. This happen if and only if m is a multiple of 6 = lem(3.2) and m is not a
multiple of 5. That is m = 6k and & is not a multiple of 5.

3. In S; show that 2% = (1,2, 3. 4) has no solutions, but =* = (1,2, 3, 4) has at least two.

Solution. Note that (2%)! = ¢, the identity map. So, the order |z| = 1,2, 4. Clearly, |z| # 1,2,
else 22 # (1,2,3,4). If |z| =4, then z is a 4-cycle, or the product of a 4-cycle and a 2-cycle;
in either case, x® # (1,2,3,4).

A shorter proof is to observe that z® = (1,2.3,4) = (1,4)(1,3)(1,2) is an odd permutation.
But x” must be an even permutation for any r € S,.

Let x € {(1,4.3,2).(1,4,3.2)(5,6.7),(1.4,3,2)(5,7,6)}. Then x* = (1,2,3,4). In fact, these
are all the solution because in the disjoint evele decomposition of the solution =, (1,4,3.2)
is needed to produce the cycle (1,2,3,4) in 2*. Clearly, either there is no other cyele in the
decomposition of x, or there is a 3-cycle using the numbers 5,6, 7, which must be of the form
(5,6,7) or (5,7.6).

4. Describe all elements of order 5 in Ag.

Solution. Note that o € Ag satisfies |¢| = 5 must be a 5-cycle (iy,...,i5), and that a 5-cycle
is an even permutation lving in Ag.

One may determine the numbers of such elements. There are 6 ways to choose 5 elements
from {1..... 6}, and 5!/5 = 24 ways to arrange the five elements in a cycle. Thus, there are

24 -6 = 144 such permutations.

1.) Let a = (12345)(13). Write a®"'? as a product of disjoint cycles.

Solution: First, we write a itself as a product of disjoint cycles, and
we see that a = (145)(23). Thus |a| = lem(3,2) = 6. We can compute
that the largest multiple of 6 which is < 2013 is 2010, that is, 2013 = 3
mod 6. This implies a®1? = a?"0g3 = o% = (145)%(23)% = (23).

2.) How many elements of order 4 are there in Ag? Justify your answer.

Solution: The answer is 90. We know from homework 5 that any
element of order 4 in S is of the form o, where o is a 4-cycle, or
o1, where o is a 4-cycle and 7 is a transposition. Since we are only
interested in elements of Ag, that is, even permutations, we exclude the
4 eycles since a cycle of even length is an odd permutation. Thus any
element of order 4 in Ag must be of the form o7, where ¢ is a 4-cycle
and 7 is a transposition, and we have shown in homework 5 that there
are 90 of them.
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3.) In Zg, find all: (1) generators, (2) elements of order 6. Justify your
answer.

Solution: (1) Recall that Zy5 = {0,1,2,...,17} under addition mod-
ulo 18. The generators of Z3 will be those elements which are relatively
prime to 18, so the set of generators is: {1,5,7,11,13,17}.

(2) The order of an element a € Z, is |a| = n/ged(a,n). If a € Z5
has order 6, then |a| = 18/gecd(a, 18) = 6, so ged(a, 18) = 3. Thus the
elements of order 6 are: {3,15}.

4.) List all subgroups of U(7). Justify your answer.

Solution: Recall that UU(7) is the set {1,2,3,4,5,6} under multiplica-
tion modulo 7. We compute the cyclic subgroups of U(7) by computing
the powers of each element:

<1> = {1}

<2> {2,4,1}
<3> = {3,2,6,4,5,1}
<4> = {4,2,1}
<5> = {5,4,6,2,3,1}
<6> = {6,1}

Since U(7) is cyelic (we see from above that both 3 and 5 are genera-
tors), we know that every subgroup is a cyclic subgroup. Thus we have
found all subgroups of U(7).

5.) Let (G be a cyclic group of order 21 and a is a generator of G. What
is the order of the subgroup < a'! > N < a'® >? Justify your answer.

Solution: The answer is 1. In the cyclic group generated by a, where

la| = n, we know that < af >=< a7 > Thus < o >=< a” >=
{a”,a',a" = e}. We also compute < a'® >=< a® >= {a* a% a,a'?,a'% a!% a®! =
e}. We see then that < a!! > N < a'® >= {e}, which has order 1.

RAM PRAKASH Page 80



Example 2.22 Prove that the set of all bijective functions from a non-empty
set X onto itself is a group with respect to usual compositions of functions.

Solution Since for bijective, f: X — Y, and bijective g : X = X, g o fis
also bijective, the closure property follows. For bijective function f: X — Y,
g: X=X, h:X—> X, itis easy to observe h o (g o f) =(h o g) o fand hence
associativity follows. The identity function /, : X — X defined by /.(x) = x is
a bijective function and f o [, = [, o f = f and hence is the
identity element. Further, since every bijective function f possesses an inverse
function which is also bijective, the existence of inverse follows. Hence the
result.

Remark: 1If X is a finite set having n elements, a bijective function from
X onto X is called a permutation and the group of all bijections, 1.e. permutations
is called the symmetric group of degree n. Note the order of this group is n!.

Example 2.24 Show that the set K; = {e, a, b, ¢} equipped with the binary
operation * given by

exa=axe=a,exb=brxe=b,exc=crxe=c,axb=b=*a=c,
brc=c+b=a,cxra=axc=b,axa=bsb=c*xc=¢
is an Abelian group.

Solution First observe that the binary operation can be demonstrated by
the following composition table:

+|e|a ¢
elelal|b|c
alalel|c|b
blblcle|a
clc|blale

Clearly, by definition of =, the set § possesses the closure property. Associativity
follows trivially. The element e is clearly the identity element. The inverse of

a is a, that of b is b, that of ¢ is ¢ and that of e is e. The commutivity of »
is obvious.
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Subgroups of Ay
The alternating group Ay is written in cycle notation as follows:
Ay ={e,(12)(34),(13)(24), (14)(23), (123), (132), (124), (142), (134), (143), (234), (243) }.

We find its subgroups.

By Lagrange’s Theorem, the proper subgroups of A4 can only have orders 1, 2, 3, 4 or 6. Looking
first for cyclic subgroups, we see that A, has one element of order 1 (e), three of order 2 (the pairs
of disjoint transpositions), and eight of order 3. There are thus no cyclic subgroups of order 4 or 6.
Indeed the only cyclic subgroups of Ay are the following:

= {e}
= {¢,(12)(34)} = {e, (13)(24)} = {e, (14)(23)},
32 {e,(123), (132)} = {e, (124), (142)} = {e, (134), (143)} = {e, (234), (243)}.

We are left with the possibility of non-cyclic subgroups of orders 4 or 6, i.e. either the Klein 4-group
V or the symmetric group Sa. V consists of the identity plus three elements of order 2. There are
only three elements of order 2 in A4 and indeed you can check by multiplying out that the identity
together with the three pairs of disjoint 2-cycles forms a group:

V = {e, (12)(34), (13)(24), (14)(23)}.

We are left with the possibility of non-cyclic subgroups of orders 4 or 6, i.e. either the Klein 4-group
V or the symmetric group S3. V consists of the identity plus three elements of order 2. There are
only three elements of order 2 in A, and indeed you can check by multiplying out that the identity
together with the three pairs of disjoint 2-cycles forms a group:

V = {e, (12)(34), (13)(24), (14)(23) }.

Now consider the possibility of S3 being a subgroup of Aj. 53 consists of the identity, three elements
of order 2, and two elements of order 3. However, there are only three elements of order 2 in Ay, so if
53 was a subgroup of A4 then these elements must be in 53. However this means that the subgroup
V given above is in 53; a contradiction of Lagrange, since 4 = |V is not a divisor of 6 = |53].

The full subgroup diagram of Ay is as follows:

//\\
\\/

In particular there is no subgroup of order 6, showing that the converse to Lagrange’s Theorem
is false:

6|14s] 5= 3H < Aywith |H| =6
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Examples

8. mnR==2Z,ifa=9,b= —48thend = 3isa ged of g, b.

9. LetR={a+bvV—-5|a,beZ},a=1+24/—5p=3.
Any common divisor of « and p must have a norm which divides
N(a) = 21 and N(B) = 9, i.e. it must have the norm 1 or 3. Since
no element can have the norm 3, the gcd has the norm 1, i.e. it
must be a unit. Since a unit always divides « and B, the ged of «
and B is a unit.

Definition 2.10.9. If @, b € R, then a and b are said to be rela-
tively prime if their ged is a unit.

Example

10. Let R={a+ bv—=35|a, b Z}). Then a=2(14v—3)
andB = 6 = (1 + v/—= 5)(1 — +/= 5) do not have a ged for if d
is a gcd of « and B, N(d) divides N(a) = 24 and N(B) = 36. Hence
N(d)=1,23,4,60r12. Nowd, = 1 + 4/— 5is a common divi-
sor of « and B, so that N(d,) = 6 divides N(d). Similarly d, = 2 is
a common divisor of « and §8 so tkat N(d,)=4 divides N(d). Hence
N(d)=12. But there is no element in R with norm 12, as the norm
of every element is of the form a® + 5b*. Hence « and g have no

ged in R,

Prove that in the ring Z[y/—5| there's no ged to 6 and 2 - (1 + /—5).

I'm assuming a greatest commen divisor of @ and b means something that divides both @ and b,
such that every divisor of @ and b divides the ged.

Use the norm function N(r + 8/5i) = r* + 582, and show that N(ab) = N(a)N(b). This leads
to the important fact that if ¢ divides d in the ring, then N(c) divides N(d) as integers. This places
restrictions on the possible norms of a ged 7 + 84/5i: you need r2 + 552 to divide

N(2(1 + 4/5i)) = 24 and N(6) = 36. Thus r? + 5s” divides 12. Going through the possibilities,
this can only happen it (7, 8) = (2, 0) or (1, 1). So the only possibilities for the greatest common
divisor are 2 and 1 + +/5i.

To see 2 can't be the ged: Note that 6 = (1 + 4/5i)(1 — +/5i). So 1 + /5i divides both 6 and
2(1 + +/5i). Thus it would have to divide the ged. Since 1 + /5i has norm 6 and 2 has norm 4, 2
can't be the ged: 6 does not divide 4.

To see 1 + +/5i can't be the ged: Since 2 divides 6 and 2(1 + /5i), 2 divides the ged. If 1 + /5d
were the ged, then N(2) = 4 would have to divide N(1 + /5i) = 6, again a contradiction.

Thus we see both potential ged's don't work: we conclude that 6 and 2(1 + 4/5) have no ged.
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Let R be a finite integral domain, with n = |R|. Then R is a finite field, and therefore we must
have n = p* for some prime number pand k = 1. Conversely, for any prime power p*, there is an
integral domain with that number of members, namely Fp . Thus, there is an integral domain with

1 elements if and only if nis a power of a prime number.

Thus [F4 is an integral domain with 4 elements, but there is no integral domain with 6 elements

because 6 is not a prime power.

The proof that any finite integral domain R is in fact a finite field is quite simple. Given anva € R,
a # 0,let f: R — R be the map defined by f(z) = azx. Because R is an integral domain, this
map must be injective. But because R is finite, an injective map from R to R must be a bijection.
Thus, there is some £ € R such that f(z) = az = 1, and this = is a multiplicative inverse of a.

We can define Fpe to be the ring Fy[x]/(f) for any irreducible f € Fp[z] of degree k - no matter
what such f we choose, the result is the same up to isomorphism. Note that Fp is just an alternate

notation for Z/pZ, the integers modulo p. Thus, the multiplication in Fpe is just multiplication of

polynomials, taken modulo the polymomial f. For example, in Fy, we take
Fy = Faz|/(z? + = + 1), and letting § denote g € Fa|z] taken modulo z® + & + 1, addition and

multiplication look like

— 0 1 T zT+1 X |0 1 T zT+1
0 0 1 T z+1 0 (0 0 0 0
1 1 0 z+1 = 1 (0o 1 T x+1
T T x+1 0 1 |0 T =z+1 1
z+1|z+1 T 1 0 z+1|0 z+1 1 T

7. Find an example of a noncyelic group. all of whose proper subgroups are cyclic.

Solution: Let GG be an abelian group of order 4, with elements {e,a, b, ab| |a| = |b] =
2}. Then the proper subgroups of GG are: H, = {e,a} =< a >, H, = {e,b} =< b >,
and Hy = {e,ab} =< ab > . Note that, since the product of any two of a,b or ab is
the third. that a subgroup with any two of a.b, and ab is equal to <. Thus, all the

proper subgroups of (7 are cyclic. On the other hand. (7 is not eyclic, since we see

that < a >, < b >, and < ab > are all proper subgroups of G.CJ
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18. If a cyclic group has an element of infinite order, how many elements of finite

order does it have?

Solution Since |e| = 1, there is at least one element of 7 of finite order. Let G =< a > .
Since GG has an element of infinite order, a is of infinite order. Suppose @/ is an
element of finite order, for some j # 0. Then (a’)" = e, and therefore, o™ = e. By the
Corollary to Theorem 4.1, the order of a divides jn. Thus |a| = £ for some { < oc.
But, if |a] = £, then G =< a >= {e,a.a’.....a' '} is a finite group. This contradicts
our assumption that & has an element of infinite order. Therefore, @’ is of infinite

order for every j ## 0, and therefore ¢ is the only element of (¢ of finite order.C]

10. Let & = (a) and let |a| = 24. List all generators for the subgroup of order 8.

Proof. The subgroup of order 8 is generated by a*. The generators of (a*} are the
powers of a* that are relatively prime to 8, namely (a*)! = a®, (a*)? = a”, (a*)® = a'®

and (a*)" = a®. O

44. Suppose that G is a cyclic group and that 6 divides |G|. How many elements of order
6 does G have? If 8 divides ||, how many elements of order 8 does GG have? If b is

one element of order 8, list the other elements of order 8.

Proof. Since G 1s cyclic and 6 divides |G|, G has ¢(6) = 2 elements of order 6.
Similarly, G has ¢(8) = 4 elements of order 8. If b is an element of order 8, then the

other elements of order 8 are b°, b”, . (Notice how problem #10 is a special case of

this one.) O
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8. List the elements of the subgroup < 8 > in the group Zap, of integers modulo 20 (under addition
modulo 20).
< 8 >={0,1.82838 48} = {0,8 16,4, 12}.

9. Let G =< a = and let |a| = 16.

(a) List all generators of .
Since the integers 1, 3, 5, 7, 9, 11, 13 and 15 are relatively prime to 16, the set of generators
of G is {a,a% a® a7,a" all, e, al®).

(b) List all elements of the subgroup, of G, of order 4.
The subgroup, of G, of order 4 is : < a¥ >= < at > = {(a®)t, (o), (o), (0?1 = e} =
{at,a® a'? e} =

{c) List all generators of the subgroup, of GG, of order &
The subgroup, of G, of order 8is: < a¥ = < a? > = {(a?). (a?)2, (a2)%, (a2)*, (a?)®, (a2)5, (a?)7. (a?)® =
ek, Since 1, 3, 5, and 7 are relatively prime to 8, the set of generators for this group is
{(a®), (a?)®. (a?). (a?)7} = {a?, a®, a0 a}.

10. List the elements of the subgroup < 4 > in the group Z,4, of integers modulo 16 (under addition

modulo 16).
Note 4.4 = 16 =15 0 and |4] = 4. Thus < 4 >= {0.4, 8,12}

1. List the elements of the subgroups < 6 > and < 18 > in Zay.
< 6 »= {0.6,12,18} and note that 18 is also a generator of < 6 >, from this or otherwise,
< 18 == {0.18,12.6}.

[

Let (7 =< a > and let |a| = 45.

(a) List all generators of (5.
By Theorem 4.2, the powers of a that are relatively prime to 45, a. a®. a®,
T aB all g3 gld g16 g1 419 422 423 (36 428 28 31

a’, a® all,
2 a™ g% g™ gl a¥ and o, are the generators.

a*.a a*® a
{b) List all generators for the subgroup, of &, of order 9.

The subgroup. of G, of order 9 is: < a¥ >=<a® >= {e.(a®), (a®)%, (a®)?, (2®)*,

(a®)*.(a%)®. (a®)", (a")®}. By Theorem 4.2, the elements of order 9 are the powers of a® that

are relatively prime to 9 (a®)'. (@®)%. (™), (a®)°. (a®)7, (a®)®. Thus the generators for the

subgroup are a”, a'", a® a**, o™, and o

(¢} Compute the orders of the elements a%, 2!, and a'?.
Since ged(8,45) = 1. the element a® is a generators of G (Theorem 4.2). Thus [a®] = |a| =

|G| = 45. Also, since 1545, |a'®| = $2 = 3. Apply the formula |a®| = E-H-l-l:n to compute
=10

".nlﬁ

the orders of a'®. Thus |a'®| = = -

4. Suppose that a evelic group has exactly three subgroups: G itself, {}. and a subgroup of order 5.
What is |G]7
Since |{e}| = 1. and the order of a sugroup of G divides the order of G, we need to find a positive
integer |7 such that 1||(7], 5|](7], and []||(5], and no other positive integer divides |(7]. §||G] =
|7] = 5k, for some k € Z¥. We must have k=5 becanse otherwise |7] will have positive divisor d
other than 1, 5 and |(7| and G does not have a subgroup of order d. Hence |G| = 25.
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G. Suppose that (3 is a cyclic group and that 10 divides |7]. How many elements of order 10 does G

have? If 7 divides |(7|, how many elements of order 7 does (3 have? If a iz one element of order 10,
list the other elements of order 10.
7 divide |(7] == G has ¢(7) = 6 elements of order 7 and 10 divide |[7] == G has ¢(10) = 4
elements of order 10 (since If d is a positive divizor of |(7], then G has ¢{d) elementz of order ).
Since 10]|¢]. the elements of order 10 are the generators of the subgroup, of G order 10. This
subgroup of order 10 can be written as < a > (given). The elements of order 10 of < a > are a®,
1 <k < 10 and ged(10, &) = 1. Thus a, a*, a” and a* are all elements of order 10 in .

Question:
b.) Show by example that the product of elements of finite order in a nonabelian group
need not have finite order.

Answer:
10 11 5 , |10
b) LetG=GL(E)andlet 4= LB = . Both 4 =8"= . 50 both
0-1 0-1 01
11 ln .
elements have order 2. 4B = 01 and (AB)" = o1l which means that for all
10 o _
nzl (AB) = o1l so that the order of 48 1s infinite.
Question:

14. Let G be a cyclic group order of n, and let r be an integer dividing n. Prove that G contains
exactly one subgroup of order r.

Answer:
If G is a eyclic group of order n, then G= {1, g, g’....g""}. If r divides n, there exists an
integer p such that n=rp. The subgroup H = {g”, g**,....g"™"", g" = g" = 1} generated
by g 1s a subgroup of order r. Moreover, since G 1s cyclic all its subgroups are cvelic.
Thus, if there is another subgroup H' of G which is cvelic then H' 1s generated by an
element of G of order r. Let H' = (g*), then (g*) =1 and kr = np for some integer p.

But then k= (i}s =ps. and g" = (g")" € (g") whichmeans H'c H . But this implies
r

that |[H'| = =|H| hence H'=H .
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Question:

20. a) Leta, b be elements of an abelian group of orders m, n respectively. What can you
say about the order of their product ab?
Answer:

a) IfGisabelian then (ab)"= a™b™. If [a| = s and |b| = # and [ = least common
multiple of s and ¢ then { = sp = tg. But (ab)' =a'b'= a¥b" =(a’)"(b')*=1.1=1.
So we can only conclude that the order of ab divides {. For example, 1f |a| =m

then |a“| =m (prove it!) and { =m. But |aa"| #m , since |.rm"| =1.

Question:

12. Let G be a group, and let ¢: G — G be the map ¢(x) = x™'.
a.) Prove that ¢ 1s bijective.

Answer:
a) ¢ G-o>G, p(x)=x"
¢ isa surjective map forif x e G, then @(x™")=(x")"'=x.
Let x,y e G and ¢(x) = @(y). This means that
1

_r"=y'l == _}y'l=1::> }:r"x=x = y=x.

Thus o is objective.

Question:
b)  Prove that ¢ 15 an automorphism 1f and only if & 1s abelian.

Answer:
b) & — G 15 an automorphism 1f and only if @ 15 an homomorphism and ¢ 15 a

bijection. By (a) we showed that ¢ is a bijection. Assume that G is abelian.

Then @(xy) = (x¥)"'= ¥'x7'= 27"y = p(x)¢(y) and ¢ is an homomorphism.

Let G be a non abelian group then y™'x™" is not necessarily equal to x™'y™" and ¢ is
not necessarily an homomorphism. For example if G= 5§,

@((12)(23)) = @((123)) = (123)"' = (132) but

?((12)) - 9((23)) = (12)7(23)" = (12)(123) = (123),
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1. Let G be a group of order pg where p and g are prime numbers.

(1) Let H be a proper subgroup of G. What are the possible values of |H|?

Solution. By a theorem of Lagrange, | H| must divide |G|. Since the only divisors
of |G| are 1, p, ¢ and pg = |G|. and the order of a proper subgroup of a
finite group is strictly smaller than the order of the group, we conclude that

|H| € {1,p,q}.
(1) Show that every proper subgroup of 7 is cyclic.

Solution. If |H| = 1 then H consists of the identity element only and is eyclic.
Otherwise, by (i), |H| is a prime number say p. Let h be an element of H
different from the identity element which exists since we assume that |H| > 1.
Since H is a group, (k) is a subgroup of H. Again, by a theorem of Lagrange,
[{h}] = 1 is a divisor of |H| = p and therefore equals p, p being prime. Thus,
|H| = |(h)| and so H = {(h) and therefore H is cyclic.

If GG is non-abelian group of order 6, it is isomorphic to S;

Note that G has an element a of order 3 hence at least two as a? has order 3, but can't have an
element of order 6 or it would be eyclic and hence abelian.

Suppose the elements of order 2 are b, ¢, d, then the elements of the group are 1, a, a2, b, ¢, d. No
element of order 3 can commmute with any element of order 2 else the product would have order 6

Now ab # ba implies both aba ! + a and bab ! # b - so neither the elements of order 3 nor those
of order 2 can have a trivial action.
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4. Let A= {e a,b c} be a set of cardinality 4.

(1) Complete the following table

*|e|a e
ele|a c
a|a
b b
c|e

to a multiplication table of a group of order 4 in at least two different wavs. Is

any of these groups abelian?”

Solution. The crucial point in this argument is that left and right multiplication
maps Az : g +— rg and p, : g — gr are permutations. In particular, if our table
defines a group structure on the set, every element has to appear in every row

and every column exactly once.

Since a appears already in the lst row of the 2rd column of our table, it
cannot appear anywehere else in that column, in particlar in the row containing
b. Since e already appears in that row. the only possibility left for b+a is ¢. Then
we will have only one possible choice for b * ¢, namely a. A similar argument
shows that a * b = ¢ and ¢ * b = a. Thus, we obtain the following table

*|ela|b]|c
elela|b]|e
| a C
blb|lec|le|a
c| e i

Now we have two possible choices fora*a: asa=bora=a =e.
Suppose first that a #+ @ = b. Then using the same argument as before (every
line and every column must contain each element of the group exactly once)

we obtain
*|ela|b]|c
elelal|b]|c
alal|b|c|e
blb|lec|le|a
clele|lal|b

Then {A, *) is isomorphic to (Z4, +4).

Indeed, define ¢ : A — Z; as vi(e) = 0,
w(a) = 1, (b) = 2 and t(c) = 3. Then it is easy to see that Yz = y) =
w(r)+4¢(y) for all z, y € A. Since v/ is obviously bijective, it is an isomorphism
of binary structures, which in particular implies that (A, %) is a group.

RAM PRAKASH

Page 90



Suppose that a *a = e. Then the permutation argument vields the following
table

clel|lblale

This table has the property that for all r € A, z*r = . One of the ways of
showing that this table is a multiplication table of a group is to observe that
the map ¢ : A — Zy x Zy defined by ¢(e) = (0,0), ¢(a) = (1,0), ¢(b) = (1,1)
and ¢(c) = (0,1) is bijective and satisfies ¢(x * y) = @(x) + é(y). Thus, ¢ is an
isomorphism of binary structures and therefore (A, *} is a group.
Both tables are symmetric with respect to the main diagonal and so both

operations are commmutative, that is the corresponding groups are abelian.

(i) Is there another way of making the above table into a multiplication table of a
group? Why?

Solution. There is no other way since any other completion would require
putting an element twice in the same row or in the same column and thus
the result cannot be a multiplication table of a group.

This agrees with the already established fact that there are only 2 non-
isomorphic groups of order 4.

11. Prove that a group of order 4 is cyclic or isomorphic to the Klein four group.

Proof. Let G be a group of order 4, say G = {e,z,y,z}. The order of each element must
divide 4, so the order of each element is 1,2 or 4.

Since .y, z # e, then |z, |y|,|2| # 1. If there exists an element of order 4, then G is cyclic.

Suppose there does not exist an element of order 4. Then |r| = |y| = |z| = 2. With this
information we can see that the Cayley table for G must be the one given below. And this
table is equivalent to the Cayley Table for the Klein four group under the mapping e — e,
T a, yr—b oz e

e r Yy z
ele = y z
r|lr e z ¥y
yly z e =«
zlz y T e
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22. Let G be a group of order pg where p and ¢ are distinct primes. Prove that any non-trivial
subgroup of G is cyclic.

Proof. Let H be a non-trivial subgroup of G. Thus H # {e} and H # G.

The order of H must divide the order of (G. Since the order of GG is pg where p and g are
prime, the only divisors are 1, p,q or pg. Thus |H| = 1,p,q or pg. Since H # {e}, |[H| # 1
and since H # G, |H| # pq. Thus |H| is p or ¢, hence the order of H is prime. We proved in
class a group of prime order is cyclic. Thus H is cyclic. O

1. (10 POINTS) Let f(z) = 2* + ra® + 522 + 1 € Z[z]. For which integers r is
f(x) irreducible? Prove your answer.

SoOLUTION: If a is a zero of f(x), then x —a is a factor of f(z), f(a) =0
and a must be £1 since the constant term in f(x) is one. Since f(1) = 7+,
and f(=1) =7 —r, f(z) has zero if r = £7.

Now suppose that f(x) has two quadratic factors

f() = (2% +az+b)(2® +cx +d)
= z'+ (a+c¢)2® + (b+d + ac)z® + (ad + be)x + bd.

Since bd = 1, b = d = %1, and the coefficient of z is £(a + ¢) = 0. This
means that r = 0 and the coefficient of 22 is —a®+2 = 5, or a®? = =5+2 < (),
but there is no integer a that satisfies this condition.

Therefore, f(z) is irreducible unless r = +7.

A common mistake was to say that f(x) is reducible if r = 0, but this is
not the case, as explained above.

THEOREM. Suppose p and q are primes with ¢ <p and q does not divide p — 1.
Then any group G of order pq is cyclic.

Proof. Assume the statement is false. By Lagrange’s Theorem we may assume that
every nonidentity element of G has order p or q. Let a #¢ belong to G. If
|C(a)| =pq, then for any b & {a) we have |b| # |al, for otherwise |{a,b)| =p?* or
g®. But [b| # |a| and b € C(a) implies |ab| =pq. So, we may assume that for all
nonidentity elements a in G, |C(a)| =p or gq.

We now count the elements of order p and q. Since |a| =p implies [cl(a)| =
|Gl/1C(a)| = g, the number of elements of order p is a multiple of g. Moreover,
because |a| =p implies |a'| =p for i=2,..., p — 1, the number of elements of
order p is also a multiple of p — 1. Since ged(g, p — 1) = 1, the number of elements
of order p is a multiple of g(p — 1). Analogously, the number of elements of order ¢
is a multiple of p(g — 1). Since neither g(p — 1) nor p(g — 1) divides pg — 1, not all
the nonidentity elements of G can have the same order. Thus, there must be at least
g(p — 1) + p(g — 1) > pg elements in G. This contradiction finishes the proof.
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Example of infinite groups such that all its elements are of finite order

Here is one. Let ({J, +) denote the groups of rational numbers under addition, and consider it's
subgroup (Z, +) of integers. Then any element from the group (J/Z has elements of the form
g + Z which is of order at-most q. Hence it's of finite order.

* Group of all roots of unity in C*.

Problem 3: Show by an example that we can have a homomorphism - R — R’, such that [
(1) is not unity of R, where 1 is unity of R.
Solution: Consider the map /: Z — Z. st.,
fix)y=0 forallx e Z

where Z = ring of integers

then fis a homomorphism (verify)

Again /(1) = 0, but 0 is not unity of Z.

Thus although Z (on R.H.S.) has unity it docs not cqual /(1)
Remarks: (1) I we take the map /. Z — E. where E = ring of even integers, defined by f
(x) = 0 for all x. we find. E does not have unity. whereas 1 1s unity ol Z.

(i) We recall (see page 116) that the map /: Z — E. s.t.. f(x) = 2x is a group isomorphism.
Thus Z and E are isomorphic as groups whereas Z and E are not isomorphic as rings. Indeed,
Z has unity but E does not posscss unity. In fact. 7/ will not be a ring homomorphism.

Problem 4: Find all the ring homomorphisms from ZL,, — L.
Solution: Let /" : Z,, — Z,, be any ring homomorphism.

Let fil) = a. then fix) = xa and as done in Problem 24 under groups on page 120 we find
o(@)o(Z,,)) = 30 and o(a) | 20 = o(Z,)

Thus possible values of o(a) are 1. 2. 5. 10 and so possible values of @ will be

0,3.6.9, 12,15, 18, 21, 24, 27

which give us the ten group homomorphisms.

Since /'is a ring homomorphism and m Z, . 1.1 = 1. we find f{1.1) = /(1)
or S = A1)
or a=ainl,
This 1s satisfied by 0, 6, 15, 21 values of @ .

Hence there exist four ring homomorphisms from Z, — Z_
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Problem 6: Let Z be the ring of infegers. Show that the only homomorphisms from L — L are
the identity and zero mappings.
Solution: Let /: Z — Z be a homomorphism

Since (f(1))* = f(1)f(1) = f(1.1) = f(1)

S =11=0
= (1= 0o0rf(1)=1

If J(1)=0 then f(x) = 0 ¥ integers x

as SE)y=(1x) = (D fx) =0 f(x) =0V x

Thus in this case ['is the zero homomorphism.

If J(1)y= 1. then for anv x € Z
fO)=fA+1+ +)=xf)=x (x>0
S =/ ==/ =-/Ad+1T+.+ D=y /1) =x/(1)=x

(x<0,y=-x)

J(0)=10

So in this case f'is identity map, which proves the result.

Problem 1: I/ R is a ring with unity and . R — R" is a homomorphism where R" is an integral
domain such that Ker [ # R then show that [ (1) is unity of R’.
Solution: Let a” e R” be any clement. We show
riha=darq=d
Now fha-rfha =0
= f(Lhad-fHa= 0
=S ([ a—f)yad=0
=M fFya-a]=0
= cither [ (1)=0"or f(1) a— a" = 0" as R" is an integral domain.
S(1)y=0"= 1 e Ker /= Ker /= R which is not true.
Hence f(a' —a’ = 0"
= f(Yya=a
Similarly. we can show " = &'/ (1).
Problem 2: Let [ R — R’ be an onto homomorphism, where R is a ring with unity. Show that
(1) is unity of R".

Solution: Let ¢ € R’ be any element.

Since fisonto. Ja € R. st. f(a) = a’

Now a. f()=f(@.f()=/@.1)=/(a)=d
Similarly /(1) . a" = a".

Showing. thereby that /(1) is unity of R’
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Problem S: Show that 2Zis not isomorphic fo 3L as rings. What can be said about isomorphism
between mL and nZ, where m, n are positive integers?

Solution: Suppose 2Z = 3Z and let /: 2Z — 3Z be the isomorphism,

As 2e2Z.f(2y=3nlorsomen e Z
Now J®=72+2)=/2)+ [(2)=6n
S =/(22) =2/ (2) = Bn)
Thus Gn = 3k’ or that 2 = 3n

But this is not possible foranyvn e Z
Hence f'is not an isomorphism.
Supposc now [ m& — nf 1s any ring isomorphism
Then Jm+m+-edm) = f(m) + [+ ) (m)
e = mf (m)

= [(mm) = mf(m)

= f(m)f(m) = mf(m) = [(m) =m (1)
Again as fis onto and n € nZ. A mr € mL

s.t., Jmry=n or rf(m)=n
= f(m)|n

Again as me mé. f(m) e nk
= fim) = nk for same k
=n | f(m)

and hence fim)=n

or that m=n from (1)

So if mZ = nZ, then m = n. The converse. of course. is obviously true.

Hence we conclude: mZ = nZ as rings i’ and only if m = n.
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