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8.1 : Line Integral educ
2n

| Sl

-

) Work done by 4 o
If F represents the force field, then F-T represents , i 2
|

along the tangent to the curve C, under this force say tha N -

displaced by distance say ds along C. J
11
= i
o4
B !;
A 0
£
]
0
if
Fig. 8.1 i

(F-T)ds = Force x Displacement = Work done

Total work done in moving a particle along C from M‘mm

given by
B B /2
Work done = | F-Td_g:f F.dF | si
..:’\ A 0
1 bnt

1)

= - - = ﬂd[ SN
Note : Circulation In fluid dynamics, if V represents the ved
of the fluid particle and C is the closed curve, the

integral 36?- dR is called circulation of V round the cun

k.
R
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Ené;n;tﬂng Mathemaiics - 111 8-3 Vector Integral Calculus and Applications
Note :
1) For single integral over the circle x2 + yz =a?

Reduction Formulae

- ik

”J' ™ Bcos™ 6dO =0 if both are not even,

Pufx=acosﬁ,

= — a sin O d6,

y =asin 6
dy = a cos 9 df

and the limits of © are 0 to 27

-

2 o
2) For single integral over the ellipse Ny el
- ; a“ b
25 n/2 =
€ 1 ::in“_*l 9cos“8d9=4J‘ sin™ g cosn 0 de Put x = a cos 6, y=bsmn6
e ; 0 dx =-asin©d6, dy =b cos 0 d6
i m, n both even. 23 and the limits of 6 are 0 to 27 . |
% m/2 Q.1 If F = x2i+{x—}')]+ (y+2z)k displaces a particle from
| S M Ry . - 2 .
) j sin 0 cosBde =2 j sin™ 6 cos @ dg : 3 A(1,0,)to B (2, 1, 2) along tke straight line AB, find the
o d b work done. I=" [ SPPU : Dec.-15 ]
12 n1s even and any m. e T 2
E n/2 Ans. : We have F-dr = x*dx - x-y)dy + (y = 2) dz
| sin™Qcosgde = 5 J‘ Sin™ § cos9 dg = @ The equation of line Joming (1,0, 1) to (2, 1, 2) is
U 0 . X=1 ¥ =0 -2-] - x—1=}v_'=z—1___t
| 1f nis odd. 2-1 -0 2-1 1 ] 1
l il %2 SX=l+ty=tz=1+1t
) | sinM™pdg= J' cos™ 9 dp . , ;
Yy 0

o S:ra”"'8d6=[(m"1)"-201’1} n
0k

.j _I. sn™ B cos™ 9 dg = [(rn—-l) '“][(n‘l:' s [rr}

x —2- 1f m even

(m) ... (2)

dx = dt, dy = dt, dz = dt

Limits are from t = tot=1

|
. Work done = J’ F-df

0
[(m+n)...] e : s
B i - J-[(l’i'l)"dt-!-(l*#t—Ud‘[-:-{t-rl+!)dt]

oo ‘en
_d';, n/2 1 {:

! SinBcosp d = sin 6 - = ]
X B { nvcos™0ae e = J[I2+21+1+1+2t+l]dt
) 4 0
ve & =

= _[[t“+4t+3]dt
0

—_—
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E'E"_’_’_"‘ff_"_f Mathemarice - 117 §=d Vector Integral Calculus and Applications .
1! .‘
- T‘---J[‘ + 3 '
L= = _fﬂ .-'
ol & )
[ 3+s+3/(-0)

Work done = —
Q.2 F = 3. = r F
IfF=(x+ yY) |-i-(3y-4x“ then evaluate fF»dF around the
- C -
Parabolic arc y? = joining (0, 0) to (1, I).

. / = = - EE SPP = .- o --' -'_.

ABs. : We have F gi = B (3[y 3! 4xL)deD“ 11, May-15 ] 3
Put x = y? — dx = 2y 4v . 2
P =2y« v 2y dy) < 3y 4y®) dy '

As the - ? = Eon
‘ curve 1s parabola ¥ =X from (0, 0) to (1, 1). Thus limits of y ‘are

C to ] 5
— : : . [ ..4 3 1
Pt = 16y ¥ty 2 i 5pyay m (g2 53 :"'2}
~ t . ‘_ 4 3 *"'_E'
o Jo
_ 18—]6-1-18_20 5
12 123

Q.3 '.Find the work done in moving a particle from (o, 1, - 1) to

-

| —.~L 2 li T 2 :
= L, ImaforceﬁeldF-—(}r cosx+23)i+(2y5inx._4)j

v (3x2* + 2) L.
= [ SPPU Dec.-14 1

Decode |
A Guide for Eng!nemng Students

P Vector Integray c"""—‘!du,

NEHN
Ans. : We have -

F-df = (}’2 cos x + 2') dx + (2y sin x - 4) dy

Engineering Mathematics - Il

+ (3xz° + 2) ¢z
d (y.l sin X + :{ZJ - 4)’) + 2dz

Consider
Work done = [ F i
| l L
L ‘2 )I
- f[d(yzsi11x+x23 —4y)+ 2dz]

(0,1, -1)

" 3 3 (r/2,-1.2)
“sin X+ xz° -4 '+..Z]
[y AR T (0,1.-1)

' .
[t-nﬂsin %’+ng (2)3 —4(=1)+2(2) |

-~ [1?sin G + 0 (- 1)’ = 4 (1) + 2(= 1)]
= [1+4n+4+4]-[-6)
= ]5 + 4n¢

Q4  ¥ind work done in moving a particle once around &

2 e

X YV
—+~—=1in plane z = 0
156 9 P ;

-

where F = (3x-2y) i +(2x + 8y) j+y?2k.
I=° [SPPU : Dec.-08. May-09, 4
Ans. : Consider

F = (3x-2y)i+(@2x+8y) j+vik
Consider

J' F.dr =
e

f (3x -2y) dx +(2x + 8y) +(y2) dz

a=4and b=3 for ellipse.
dx = — 4 sin 0 do
y=3sin8 . dy = 3 cos 0 dg

P
Decode
A Guide for Engineering Siwdet
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Engineering Mathematics - IT1 8-6 Vector Integral Culeritus and Applications Vector Integral Calculus and App

Engineering Mathematics - 11 8-7

—

; J‘ I’:_d'f:! [3 (4cos6) -2 (3sin6) J(~ 4 sin o de)

n/2 , 2. [ cos20] 5
" J‘mhbz )sin 26d8 = (a *b)L- 2
“~ nw/ 4

n/d

-

+[2 (4 cos6) + 8 (35in6)](3 cos 6 dB) +[9 sin 2 0] (0)

I

(a* + b%) l{—-cns 1'!:4-nc.n:nrs.irff‘l
2 ==

Zn _455inecosﬂde+24sin2E}de+24c052BdE}
' | +72sinB cos 6 dO

P, 2
2n 32 +b2 = a“ +b”
. i e [=(=1) + 0] =
= J. 24(51n2 0+ cos 2 9) d6 +24 sin 8 cos® 4o > (- 1) ] 5
0 - o
n : Q.6  Evaluate J F - dr for
= 24 (1) d6+0 {usi - = 5 @ - ‘e ioini
I'; {using conversion formula) F = 3x?i+(2xz-v)j+zk along the path straight line joining
= 487 (0, 0, 0) and (2, 1, 3). = [ SPPU : May-10, Dec.-12 ]
Find the work done in moving a particle along x = a cos 6 Ans. : Given that F = 3x21+(2xz-y)j + zk
y=asin 6 z=0Db6 from 6 = n to T und , Consider
1 3 er a field of force = e 2 -
given by F-df = 3x*dx+(2xz-y)dy +z dz
F=-3asin’0cos 0i+a (2sin0-3sin’6)}+bsin 200 Work done = [ F-d¥
' K.
e 1" [ SPPU : Dec.-13 :
-+ Wehavex = acos6,y=asin6 z=be o Bay=ia | = [ [(3x?dx+(2xz-y)dy + z dz] . (Q.6.1)
dy = a cos 0 d6, dz = bde =

wid The equation of line joining (0, 0, 0) to (2, 1, 3) is
{~3asin* Bcos B (-asin 9d9) x=0 _ y=0_z-0_ x_¥y _z

n/4d

2-0 1-0 3-0 2 1 3
x =2t,y=t z=3t.t=0tot=1
- Equation (Q.6.1) becomes

+(a) (2 sin 8 -3 sinEB) (a cos 8 dO) + b sin 26 -(bdﬁ)}
/2
= flhzsi;13ecoaed8+2 2 s :
L3 % S0 o Work done = | [3(4t2)2 dt+(12t2 - t)dt - 3t3dt]
0

—3a351113ecnsede+b"-sinzede 1

_ 1 " ¢3 £2 ]

va = [ [36t2 +8t)dt = |36 — +8-— |
N j{?a sin Bcos 6+ b2 sin 20}de 0 3 2 Ju
/4 I .
3] 2
e =
—_— -
' A Guide for Engineer ing Students m e — e —
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f&lﬂarﬂm‘ Mathemarics . n

§-8 Vector Integral Calculus and Applications

Q.7 Find the wWork done jp

ellipse E P =
23 Y e =1 and z =@ under the force field
F = (2\ \ +ni‘*;\*;_;3}j¢{3x_3}~44z)1}_

— Step 1 : e hm? [ SPPU : Dec.-05, 11, 12, 15, May-10 ]

F = (2x -y - )i = (x+ Y-z }_E+|l3_1'—3‘1'+4:}£:
Step 2 : Let X=5cosH, Y =4sin 6 and z =0
~ F = (10 cos -4 sin 6) { +(5 cos 6+4sin 9) j

* (153 cos6-8 sing) &

and 7 = x1?4-}',?-217:=5c0565+4sin9j’+012
dr =(-55m‘df+4c058 1)de

2m
Step 3 : Work done = [ Fdr
0

2 &
= f [- 50 sin 6 cos 6+20sin? 9+ 16 Cos 6 sin 6+2 cos? 6] de

0
2n 2m
= ) [-34sin 6 cos 8-20] 49 = [ [-17sin26+20) dg
0 0
- - ~2=
=117 1508 =i
L = J0

8.2 : Green'’s Theorem

1) Cartesian Form :

If R is a closed region of the XY-plane bounded by a simple closed

curve C and if M and N are continuous function of x and y having
continuous derivation in R, then

p Mdxsdidy = [f [SN_M" 4 0
! ,

7 | gx oy
R =’

where C is traversed in the positive (counter clockwise) direction.

Decode A Guide for Engineering Students

moving a particle once round the

dLal) orsbni AR BNk 2

ik Ly |:"‘_'.': 1.".;

Engineering Mathematics - I11 i vector Integra) Caley,

2) Green's Theorem in Plane in Vector Notatigp,
Green'’s theorem in the XOY plane can be Written 54

f F.-df = J‘J‘ {TYFJ-]dedjf

C R

Q8  Verify Green’s theorem in Dl
ﬁ “3\2 -8}2} dx + {4}_6\}) d"l Where £ is th
C

‘e fyy

2
the region defined by y = Vx, y=x2. =" [ SPpy; -0y

Ans. : };2 =X Y =x2 Intersects at 0(0, D}, A(I, [} wea h&..'.':

M = 3x% -8y?, N = 4y —6xy

Fig. Q.8.1
aN
ox

oN oM

ox oy
Let R be the region bounded by two parabolas.

10y

|l

Pigmadi A Guide for Engin
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us ﬂﬂd Appﬂcﬂﬂﬂm_

: " g-11 Vector Integral Calcul
ﬂwnn-m 8-10  Vector Integral Calculus and Applications | & Englneering Marhematlcs i
L
1 vx & Q.9 Appb’ Green's theorem tO evaluate
- [ [ 10y dy dx [ (2x? _y?)dx+(x? +y )Y
1 1 1 1 where C is the boundary of the area enclosed by the REes
fas 2 E - J i = "
= 5[ 213 dx =& (K—K'i)dx:Sl:x_ _Es_l E ‘ne upper balf of the circle. X7 y =16
" X Ee
0 0 ¥ Jn ¥ o [ SPPU : May-15 ]
1 1).3 ¥
= ——— | = R 3 : ' . that
S|.2 5] 2 o (Q8:1) ) Ans. : Greens '.}u.-.v::rrnc,r;'n-:~:,1tam:;M _—
" d:\: i | . uie .a?
exl_E, Mdx+Ndy = %J (de+Nc}r)+3E~ (M dx + N dy) _. ﬁde*-Nd} _ H';‘-(;;"E; de dy
& C1 Cs 3 i R ’
long Cl;xz =y = dy = 2x dx, x varies from 0 to 1. Let - M = 7x* -y’ and N =x"+Yy
) = 2 _gy? , 5 . .
= (_3)(2 —8}?4) dx .-.(4}(_2 —6){3) 2% dx ® i
= oN oN
= (3 2+ . .4 = _——— = 2(x+Y)
(3x* +8x~ =20x7) dx E 5 3y
1 .
5 i . : 9.1) becomes
Mdx+Ndy = 2 L 8y 3 —20xt ; +. Equaton (Q
f X dy L (3x“ + 8x7 —20x*) dx 1 5 f,bv‘[dx*- Ky = ,U 2(x+ y)dx dy
E R
| i3 2 ax? —axd-l
ll'_}': - 2X 4x -0 ‘_ Given tF.at xl % yl = 18 . X =T COS 8
| o . y=r1sin8 dx dy = r dr df
r!ﬂﬂg C2'I };2 = ¥ = dx = Z}r dy ‘- g .
IMdx + Ndy = (3};4 _8);2) Zy dy +(4y-—6y3) dy - £ ] = [ jz(rcose+r5in 0)r drd@
| “ 3 w5 3 §=0r=0
I'. = (4y -22y "~ + 0y )dy ' ':? B 4
i 0 & 3 - .3 )
L.\Idx-.-?\"d}f = j {4}’—22y3+6y5)dv = j"-.’[cusﬁ-i—sin B}l!:r—:—ﬁ do
1 ’ 0 L 20
‘ _ 5 22 4 & 0 5 ( 43 ‘\I T
| =¥ =z Y Y :\ " = ZL—; j[cusﬁ+51n 9]do
! 1 2 3 j
'1 0
M dx+N dy = ~1+2=2 | 3 - 3
‘_ 5 @ A & = 28" (sin 8-cos 8]]
T ep ' e J
FT*'J. quations (Q.8.1) and (Q.8.2), Green’s theorem is verified.
N Bl S i - e ——— —————————— — — ._..—-——f__‘-_'_—"_—__-____

ing $ e —_—
g A Guide for Engineering Students 4 Guide for Enginecring Students
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Engineering Mathematics - 111 §-12  Vector Integral Calculus and Applica
4 256
= Q) x \.h_'. [O=(=1)=04+1])= re—

1 ".

LB.:‘:‘ : Stoke's Theorem

D If S be an open surface bounded z+
by a closed curve C and
F=F1+FK)+F.k be any vector point
function having continuous first order
partial derivatives, then

-4-. E dr = “ VxF N ds, where

N 1S a unit normal Vector at any point /
of S drawn in the sense in which a right
handed screw would advance when X
rotated in the sense of description of C.

A
n

Note

1) The abbreviation of N ds or A ds is ds.

2) If the surface is in X

OY plane then N =k ;
[ ds = dx dy

3) If the surface 1s closed

therefore we cannot evaluate Stoke's theorem.

4) If ]_:_1'_5 irrotational then V x F = 0.
~[ F.dr=o,
| C
!
o |
I J) If S; and S; are two surfaces with the same bounding ciirve

| then

| [ (vxF).as,= |f (VxE).-ds,
] S5

N~

then bounding curve does not exist

|

Decode . <
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§-13 Vector Integral Caley

Engincering Mathematics - 11T "

o

Y

; Y Mathe
f the surface 15 not in XOY plane then N=_" ¢ "{fﬂ'_’f_.._———
6) If the s

e VoY No
x ay

: = — (where ¢ = ¢ .

projection fornula ds N-k| "

F

step 3 ¢

ection of surface element ds on X0y

Plag,
\\

for the proj

Q.10 Verify Stokes' theorem for

< 2j,yj+z?xk for the surface of rectangy, [ and dS
) = 3y 1 ) A | d
Step 4 ¢
bounded by . o gl
x=0y=0x=1y=42% U > % F)
= [ SPPU : May-10, 13, D'W
Ans. : Step 1 : Given that
F = xyz‘f-r-}f}-*-zzxf(
Step 2 :
[ Foaf = [ [xy?dx + ydy]
75 C
- J"ﬁdﬁj’ﬁdhj‘ﬁdhj‘f:df
OA AB "~ BC co
; ; £ Step 5 ¢
= U+f V d}'+j 4xdx+_[ ydy
’ 1 ’ | lence S
0 2
2 2
2 ' 4x B e s 1 -
= I :'d} +[—§—J j }'d}’ P e
0 1 0
? . .3 Stel
c ?‘2 . 5
Jx=0 X = 1 :
——— — -
O }:0 A
Y
Fig. Q.10.1

E)er:ode ¥ B
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eering Mathemarics - 111 8-14

. Engineering Mathematics - 111 8-15  Vector Integral Calculus and Applications .
Step 1 ¢ Now, to obtain surface inlcgrul J =

L | 1 ) k Step 2 : As the surface is in X-O-Y plane
. f:,‘i _{’__Q_n & & N=k, ds = dx dy

lf]! ax y > = L).}" k 3 " = »

N xy2 y 0 | ; Step 3 : Consider [[ (v~ F) Nds

=k and dS = dx dy
Step 4 ¢

(vx F) i dS = f[ (-2xy)k-kdx dy :
S

Step 4 : Substitute the values.

- ” 3(:-:2 +y2)dx ;iy

Step S : Consider

2 y .
2 I
l } 2 ” x“ dx dy DVHF+bI ]
- (—=2xy _
x=oj;; iyl - Step 6 : Puux =arcos 8, y=brsm6
1 '2.2 . dXd)'=3brde9
- _2-" x} - 2= 1 ;
) dx : = I j a%r? cos?9.abrdrde
. 0 3 0 0
1 5 71 - Step 7 : Integrate
B -4.[ Xxdx = - 4[3—} A 2n [ % 5 5
= o 0 : y
Step S : Thus _[ F.-df = “ VxF-AdS=_ 2 - Using mﬂ“f'ﬂﬂﬂqfﬂﬂ'ﬂ:ﬂ:
C S 13 = 3°0 4 j cos? 8 de
lience Stoke's theorem is verified. j 3 _ " 0
- . ' - " ) 5 2 Using reduction formula
' Verify Stoke’s theorem F =y + 33juver ellipse s =1 E | 3. (1 m) 3 K
a? bZ - A b[\-i‘ij-a bz

=" [ SPPU : . i
. : Step 1 : Consider [ U: Dec.-14, fora=b = 1)

Step 8 : Similarly 've car show

. o akd B
. & off y? dxdy = al.:a = o
VxF = 2 _ﬂ_ _a_ Step9:Thu5“ (TxF)-Nds
Ox ay oz S
~»3 %3 @

) ) - NadbZsab? Elw 30X a2 +32] ~ (QILD)
= 1(0-0)-j (0-0)+k (3x2 + 3y2) [ 4 4J- -

e ——es
e —————

A Guide for Engineering Studenrs
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Engincering Mathematics . 111

8-16  Vector Integral Calculus and Apﬁa’(cﬂffﬂm

Stf;ep 10 : To find r T-'-df* 2 tes

c
Consider
.[ Fodr = ‘- -}'Sdkﬁ-\{ady
C C
_ - SR
over the ellipse =Y _'1
a< p?
Step 11

: The parametric equations of ellipse are

. dx = - 3 sin 0d6, dy = b ¢cos 6 db, dz = 0
Step 12 . Substituting we get
_ 2n
.[ F-dr = ~b? sin 3 '
sin - O(-
] £ ( a sin 6) de

+ a3 cos3 O b cosB de
2T

- J- (ab3 5in49+a3bcos46)de
0

Stex 13 ; Using conversion formula

= | (ab; sm* 8+a b cos? B) de
0
Step 14 : Using reduction formula

8 1 #) o 1
= 4fab3[ 2.2 2 ), 33 1.7
( (22 2J+a b(4 2 2)}

-_—

o (QUV15)

n -
2 i ~ A
babﬁ; (a b )
From eguations (Q.11.1) arnd (Q.] 1.2) Stoke’s theorem is verified.

Q.12 Evaluate _U'(E" dx + 2yvdy —dz) where C is the curve x? + y? = 4,

<
z=2. =" [ SPPU : Dec.-15 ]

Ans. : Let I = [(e*dx+2ydy -dz)and x* + y* = 2, z.= 2

By stokes theorem

— ————
e —

—
——

Decode A Guide for Engineering Students
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Engmeering Mathematics - Ill

,ﬁ?.df = H{\?:«:F) N ds
=

S
where F =e%1+2y)-k
/rf j ﬁ/
- Jd dJ 0
VxF = |
P % & %
‘e'[ 2y —II:I

= {(0-0-j(®-0)+k(0-0)
= 0

.. Equations (Q.12.1) becomes
I = §I‘—‘-df=f 045 =0

Q.13 Using Stokes's theorem, evaluate f f (V x F)-ds where
S

F = 3yi_xzzj+yzzﬁ and S is the surface of the py,

2z=x" + },1 bounded by z = 2. = [ SPPU : May

Ans. : By Stoke's theorem

I = H(Vxl?}-f".1s‘=:f»l_-“-df - A(
C

The equation of paraboloid is

7
x2+y' = 2zand z=2

xz-f"y: = 2x2=4
. Put X = 2c0os 0, y=2sin6

dx = —2sin0db, dy =2 cos 6 d6

.. Equation (Q.13.1) becomes
g 1
I = §F-dr = | (3ydx—xzdy + yz*dz)
C 0

r
jfsxzsm 6) (~ 2 sin 6 dB) — 2 (2 cos 6) (2 cosi.
D i

Il

—

A Guide for Engineering St
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by x* + y* +.2° —2ﬂl-j23yf=ﬂandx+y=2a

05" [ SPPU : May-1
“5':‘NEhavEF_(x+Y)1+(2x—z)|+(}+Z)ﬁ y-15 ]

1 ] 'k
VxF i i i |
ox  dy 0z
X+y 2x-z y+z

_—
—_

I+ DN=jO=0*=k@-=1j=2T+k

cre the surface S is the intersection of
- 7,

- T
yY*Z —~2ax-2ay=0and x +y = 2a

- s the unit normal to the plane x + y = 23

o= Vx+y=2a) _ i+]
Vx+y-22) 111 J—(ﬂ)

2+0+0)=42

‘ & 1

VXF-N = —-\/_5
I VXE-Nds =

| ! <F-Nds = V2 [[as

= 2 [Area of s]

= o2 [Area of given circle]
We have x* + yl + 2° — 2ax — 2ay = 0

:.—a}2+(y-0)2+(2—0)2=232

. —_—
A Guide for Engineering Students

...(Q.14.1)

pgineering Mathematics - 111 §-18  Vector Integra Caiculus and Applicari
ineerit callons
n
= I[—lzsinz B-—Bcoszﬁ] de
0
n/2
= 4 [[-12sin? 8-8cos2g) dg
l n 1
T EREA R
[ (2 2J 3L2 2JJ——12n—81‘t=-—20n
44 Using Stokes theore
m, evaluate
(x+y)dx+(2x-z)dy+(y+2)d
£ Y+2z)dz where C is the curve given

}:‘, ‘F::-“f:fi:f:/}:'-/‘j/r/f e

8-19 Vector Integral Calculus and A pplications

L Engineering Mathematics - II

| Centre = (a, a, 0) and radius = J2 a
. The plane x + y = 2a passes through (a, 2, 0)

-.Radius of circle = Radius of sphere

-

. Equation (Q).14.1) becomes = a v 2

f E.df = jj VrxF-Ads=v2n[av2)=2J2na’

AN L :
" - s WL h b aehd UL {4

Q.15 Uu Stoke’s theorem for
I (4yi +2zj+ 6y k)-dr where C= intersection of

C

x2 +y? +2%? =2zand x =2z - 1.

t= [ SPPU : Dec.-04, 06, 12, 13, 14, May-14 ]

_ Ans. : Sfep 1 : Consider F and find V x F

" i ] Kk

. = | 0 d d l
£ VxF =% 3 o
. 4y 2z 6y
=1(6-2)+0j+((0-4)k

3 = 41+0j -4k

Step 2 : Here surface 'S’ is the intersection of circle
2

- 7
X +y-+z"—2z=0andx.=z~l

N is unit normal to the plane x —z = 1 =10
V(x-z+1) _ i-k 1

Y12 +(-1)* V2

-
i -

|V (x—-z+1)|
" = 1-k) 1+ 8
t F-N = (4i- 4k)( k) &4 -
Step 3 :
[ oxFxas - Lf e

Decode A Guide for Engineering Students
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Engineering Mathematics - 111 §-20 Vector Integral Calculus and Applications

K . _
= —_ (Area of given circle)
=

W oL

8
=
—

_ (nr:) r is radius of given circle ... (Q.15.1)

V2

Step 4 : The given sphere is
= y 2

X“+y©+z° =22 = 0

-

Le. X +}::+[z—1)2 = ]

Centre = (0, 0, 1), Radius = 1
As the centre satsfies the equation x = z — 1.

The plane x = z — 1 passes through the centre of the- given
sphere. .. The circle obtained is of maximum radius.

Step 5 : i.e. Radius of circle = Radius of sphere = 1
Step 6 : Hence from equation (Q.IS.I') the required integral is

8 2 _8nm
= —n(l)" =—
V2 ( ) \JE
Q.16 Evaluate [[ (VxF) d5
S

where F=(x’-y?)i-xyzj+y’k and S is the surface

x? +4y? +2z%? —-2x =4 above the plane x =0

=" [ SPPU : May-11, 12, Dec.-12, 13, 15
Ans. : By Stoke's theorem Y :
J’j (VxF) ds = | F-dr
S C

= | [(x> —=y7) dx—xyzdy+y? dz]
C

where C is the curve 4 y? +2z2 =4

},2 zz
e 1 which 1s an ellipse. '
12 22
- Put y =cosB z=2sinB x=0
Decode A Guide for Engineering Students

- Vector Integral Cal
Engineering Mathematics - ITI §-21 g a CM

2 2n
J‘ F.AdF = J‘ y° dz = fcosze(Zcosﬂ)de
C

6=0 8=0

2n
= 2 f cos”> 6 d6
p=0

= 2x0=0

8.4 : The Divergence Theorem }I

(or Gauss Divergence Theorem)]

If Eis a continuously differentiable vector function in the
bounded by the closed surface S, then

[[ F-Ads =jjf div E dv
S V

where fi is the unit outward drawn normal to the surface S.

ie. H U-}-:dv=f:j: F-Ads
\ S

=~ N
>

Decod, ‘
B A Guide for Engineering
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bi""‘""l' M - 22— Vector In legral Calculus ang Applicatio
S : ns

)‘” verify Gauss Divergence theorem f - (_r + 2 ),? 2% ) 4% vk

. —eX Jriyzk

| over the volume of tetrahedron bounded by Co-ordinate p)
planes

2x+y+2z=6.
Al i 'S [ SPPU : Dec.-14, 15 |

Step 1 : Consider Fand find V- E
v.-F=1-0+2y

= | + 2y ‘
p 1 . Consider J.” V-F dv=”j 1+2y dx dy dz

\he volume bounded by x = 0,y =0, z = (, 2x+y+2z2=6
- consider 2x+y+2z =6

"y = |

z
3

then

—_—

r
~”

},F:_Z_‘ z=

w|N

X
31
d. dv dz = 3-6-3 dx dy dz and the volume is bounded by x = 0,
0,2=0,x+y+2 =

T' .s the integral becomes

[ (1+2-6y) 3-6-3 dzdyv dx

] r{l +12y)(1-x-y) dy dx

-

. -x = h for convenience

1 h
=54_[ j (1+12y)(h-y) dy dx
1 h
=54 | j [(h-y)+12 (h y-—-yz)] dy dx
0 0
t ((h-y) y2 3 "
= 54 . - 1
| > 12{}1 5 3 J dx
= 0
ode o - A Guide for Engineering Students

Engineering Mathematics - 111

8-121 b ector Integral Calculus and Applications

Put

-

h 3

2

X

>3 ! 2(1—x)

o i
5-1[ 0452} e
0 \
h=1_

2

(1-x)"

3

. —

3

£
| _In? Lo ax
-

-
- J

dx

A Guide for Engimeerm~ Sp-demis
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Engineering Mathematics - [11 5-24

Vector Integral Calculus and Applications

for S, OR( N=-1ds= dy dz, x = 0,
y + 22 =0, 'F'-nn':-(x+y2)=-y2

For S; OAC .-’:\I=—}". ds = dx dz,

y=0,2x+2z=6, x+z=3 F'N = 2x

StepS:” I_*'-.‘"\de:=” Ndx dv =0

I

Step 6 : ]‘|' F-Nds = J'[ - y? dv dz

over the triangle bounded by y=0,z=0,y + 2z = 6,

3 6-22 2 3
=I f —}‘zdydz--j F(_{S_Z_id
i 0 A 3
r 3
(h-22)7 |
I |
4 3
- = O e
3-4-2 3 )
X

Step 7 : (| F- N ds =
[ F 5o 2 are

over the triangle bounded by x =0 7 = D,x+2zm=3

a -
o I f 2x d\ dz =_‘-‘j L‘;_:_‘i)_-, dz
()
_13=97 " 33
|
L -0
StepS:pr Sy LABC
Let 0 =2x+y+2z2 -6=0
Vo-= ¥~]—2}<

A Guide for Engineering Studerus

Engf’lftr!ﬂx __l,f"rhrr"aff:j - ff,r 8 - :T fofﬂr !ﬂﬂ"?fﬁf ( rlfr'_r”‘".. S

— M EM
, Vo - ’JT+2}‘
N = — . SR .
|V o | 3
e 2(x+\'3)*3\*4"z RBa .
Frgy W = 3 7 Y +2ve) L
The projection of 54 on XOY plane is triangle OAB.
4 dx dy dx dy
g - st S
IN- k| z/ 3
2, dx dy
= _ i g2 s, )
54
- [J’ (}-3 ~'-2x'z) dx dy
On S, 22 = 6-2x-v = jj },’2—:-}.*(6—2}:-}!) dx dy
= ‘”’ \(6-—-:‘-.} dx d'b’"
Over the triangle OAB bounded by
x=0, y=0, 2x+yv=6
3 6-2n .
= [ ] v(6-2x)dy dx
i) O
- £ _:\
[ 1822 (eam) e
'-l'_; B
| A-2x)" 64
= _]_....(__,___ _..%_ 1[,'-]..._‘1 = §1
P2 (-2) 2-4.2
| =01}
Step 9 : Adding or the intcgrals we get
[| F-Nds = 0+(-354)+09-31
S
= 36
G.D.T. is verified.
Decode A Guide for Fngincering &
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cagif ‘"'1'_','_‘_ Mathematics - 11] 8-26 Vecror Integral Calculus ang AvoR
514 Evaluate _” (27&}'5 +yz?j+ le-s')' ds over Ih:;t., — Engineering Mathematics - 1] I s el ks it
region bounded by x = 0,y = 0,72 9,y . and x :“:':'ﬁ " ;0* 3237 -2 “J’
_— ¥ [ SPPU ; | -' _ - | ")
vne. . Step 1 : Consider : Dec.-10, 18, May.14 ] 1 [ g2 62 |
C.F=2y+22 +x _ ‘[9'-_:;””:32”’;
Step 2 : Now by G.D.T. ) 2\ 62.9 6
[ FRds = [[] v-Fav : ] M S
. . 81 2 351
=HI (2)’+22+X)dxdydz | 3 - 3"‘32-:;4=__E-

e g (B
Step 3 : Over the volume bounded by x = Q.19 Evaluate H F-d s over the surface of sphere x* -y~ +z° =1

x+22=6 0’y=0t Z"U,y-l

6 &5 [ SPPU : May-12 ]

Ans. : By G.D.T.

(23’”2”) dxdy dz ' [ a5 = [[] v-Fdv

fif 3 e

I
N Oty
€< O%—w
?DL—-;;IJ
]

Il

F f 2y(6-22) +22 (6-22) | . i
- 3 6"2 : d dz :
00 +( 2) y _ =3-ina3=a=l
L 2 | 3
(32 - = 4nr
- £ +(6—2z)2 dz B Q.20 Evaluate ” (IJ i+y? j+2° k)vdi over the surface of
- 2 ®) : sphere x? -y? <22 =a2,
. E = [ SPPU : May-06, 10, 13, 15, Dec.-11, 12, 13 ]
(6-2° (53 ) 1 -
9 ) +3] .2 724 . Ans.: Step 1: By GD.T.
- 257 T 3 'TJ i f[| FNds = [[[ v F av
(6—22)3 -_
& - 3(x? +y? +2%?)dxdydz
R fI] 3(x* +y? +22) dxdy
Jo 5

2 2 2

Step 2 : Use spherical polar co-ordinate for sphere
Put X = rsinb coso

e —
:"'--—md: \

A G"jﬂr far Eﬂfﬂltlﬂﬂ‘ SFMHI.I ' : %
Decode
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8-28  Vector Integral Calculus and Applications

) . yinecrin,
Engineering Mathematics - J11 8-29  Vector Integral Calcyy,, .,,,‘#l._['f_i___

y = rsinBsing N A > 3 ) E:
. . = ke £ <+ -—- X & X 3
~ z=rcoesH | Bevis TR (P ) 5 ) 7 () g
.ﬁgﬁ-ﬂmuﬁ«da = - = 0+0+0=0 o
N % - Thus equation (Q.21.1) becomes ’
.\ -. .T e = be {
{ﬂuhm&&mmmn sphere of radius. | (I F-Nd5+£ F-Nds .
s S 2 ))
Nds = - \ s o

? sin® dr dode o~ | F-Nds | F-Nds o
51 "2 [

. g !If & ‘ ForS, N=-k z=0 ds=dxdy and x*+y*=9 i
dé dOI r dr ) ¥ = 2 | E -

.0 _ : . BN = -x?y? ‘
| anl 3 ) : ] Consider the surface integral over S; l e

" 1 e |
8 ?L ' ¥ ” F-Nds = _” -x2 y? dx dy :
--—-liﬁ a’ over x2+y= =09 )

| 3 Put x =r cos 6, y =r sin 6, dx dy = r dr d6 and substitute the|

; limits for circle of radius 3.
ﬁ#’l’ y’ E where S is thf. 2n 3
. = J‘j'-r%os:e r?2 sin? 8 rdrde
Ma 15 ﬂ.c.-ﬂ‘. ] E _ Integrate w.r.t. r and use conversion formula for 6.

~ s : : ‘FZ ’ A rEl g b}r
e _ : = -4 Isin'Bcos‘BdB ?J -z
0 0 o
Use reduction formula for 6, o
I

Thus from equation (Q.21.2)

f PR - 25
--..¢s b T Ay

el
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—

F,.-
Vector I = - F
X hregral Cnfilff&' “"dﬁppﬂcaﬁgns ; ;
Pl & # . o i '
N 22 Evaluate ”‘ (}.zl e x}’k) - d§, where s is th -' Engineering Mathematics - 111 §-31 Vector Integral Calculus and Applications |
- € curved :
wurface of the cone x* + y? = 2%,z = 4 E " ” Lud ] i ds = ”I oy >
= [ SF'FU _ E ) : 2 . 1.2
- - ’ May-14' Marks 4) B 2 2 3 .. .3 W
: -valuate J:[(VZI +zxj+ xyk) - d . ) j =2 over sphere x <y +Z =& W
5. 5 Lo € / ) h ) S, using d]Vel-gEnc,c the } = 2 - 3
s - T 3 X =asin Ocos @ dv = r sin 6 drdédg4 y = a sin 6 sin § ;
_;_.!I'”dt;: ”J?-F-dv . L
csider V-F = —(v2)+—(2x) + — 1Yy = : = —rsinBbdrdddgr=0102a, 9= 0 ’ ¥
(v Fodv = 0 : ¢=0to 2n 4
(I ; Ny :
Je 2n - a - 5
: /< ¥
l 1 = [do [desinefdr=a [[-cose]f" do
Yy nt i ; == T T~ = ¥
B Rrove i J.! = i s,[ 2 r-ds, where s is closed surface 0 ][ '-:[:. 0 ¥
V-
. In .
enclosing the vulumﬁe v E 3 W J(U-])dq)‘: o (@En =1 i t |
, Xxi+yj+zk  _ ,
Hence evaluate H ———3 45, wheres is the surface of the sp 3 2 4 t
_ K »
e i B : Q.24 Show that [[ ——- & ds = [[] — r-
ierex" +y + 2" = a°%, = [SP ; . 3 B r-
4 [SPPU : May-14, Marks 4] = [ SPPU : May-08, 13, Dec.-13 ] r~
_ F -
— I E o = - .
F=_§' Ans. : Let F=—-I_I t
. g * &
- T £ L f -
r r E r? r F o
-~ : - il
by G.D.T. : ' Thus by G.D.T. v ..
o o 1 oo 1 &
—Nds = [[[ =5 av [| s fff — d# Y.
! r - s B r V.
To cvaluate 273 Q.25 Use divergence theorem to evaluate H (xi— s k) +ds :
I‘ i yjezk . . 2 2 2 _ .2 E 2 t
== -dS s is the surface of the sphere X" +y  + 2" =u where S i fhe suriace Bodnded by . I },z = 1 sk B k
k- z=1. =" [ SPPU : May-15 ] P
above . Ans. : We have F = xi—2}'23 +2z2k :
T 1 : .
| i A — dv 3 % O e H ot B b
-2 as = 4 i 0.8 = Zeos Lyt Lt ,
_ ST— .l = 1+ 4y + 2z
i L A Guiile far_fnginreriug Students
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Engineering Mathematics - 11 8-33

Vector Iy tegral C aley)y,
Ll

Now X i VFr -

— \
= .'.,.-l- —.._]_..l!-' 3
. RS i R
r2 ir r
R | 3 .
re? Yok r

~.Equation (Q.26.1) becomes

Jg[f—l—ﬁ- ds = _r” -r:: dv

Scanned by TapScanner



-

.

Applications of Vectors
(o Electromagnetic Fields

9-2

Eu;';ln}ering Mathematics - I11

Electrostatic Potential (V) : The electrostalic potenual at point p

Ilhﬁ _

N . .
A hcatl 4) .

t E’_ll:’ ty ons Of VECtO['s l>cated at a distance r from a charge q 1S
- 0 Clectromagnetic Fields v -4
‘ - 4MeqT

5) Electric Flux : The electric flux originates on positive chm:ge.
nates on negative charge. In the absence of negative

and termi
charge it terminates at <.

The electric flux ¢ through surface ds is given by

—"

.. 9.1 : Basic Concepts

do = E-ds
= E nds.

1) Coulomb's Law. If two elecnc charges -
separated by a distance r, then tke force F 91 and qj. are
Q

hetween them 1s given by /
r

; aiy 92 s _ Y192 r .
I 1,1_._:‘{-— = F = Gne 3 in free space " &
T e F .q;, where fi is unit normal vector at ds.
El E - q1 93 : . Fig. 9.1 Thus the total electric flux through the entire surfaces 1s
4neg r’ r o = f E-ds
4 _

g, s called the permittivity of free space and it is o

8 R54x10" 12 F/m.
6) Gauss Law in Electrostatics

The total flux out of a closed surface S is equal to the

wheie F/'m 1s farads per meter
| Statement :
AvEn = 9x10° Nm?/C net charge within the surface.
4N EQ o
Q = p Dds
S

The force F always acts along the line joining the charges.
Find the charge in the volume defined by 1 < r < 3 in sperical

Q.1
co-ordinates if

S5cos? 0 / 1
- 4—‘2.-[11

r

) The E_lectric Field Intensity : The electric field intensity E at a
point 1s the force experienced by a unit charge placed at that

pomt and 1t 1s given by

Bt

Ans. : Wehave 1 <r<3 0<6B6<nt

4 ME, r°
.,3" Lhnrge‘Densit}' P : It is the total charge contained in unit 0Sesm
‘olume in space and it is given by 2 3
nmn
dq Q. = 2 5i
. QN g - pr“sind dr do do
== g I p dv !} 'l(} jl
Q = J. p dv in % 3 = 2
5 cos ,
| = [ [ 2= 2rsin0drde do
0 0 1 :
! P e —— — — —
(9 -1) \ Decode A Guide for Engineering Students
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Applications of Vectors

cs - 111 9.3 o Efum:nm‘c Fields y Eﬂg{ul‘fﬂiﬂg Mﬂf}lfﬂ'ﬂffﬂ /i 9-4
. : . :
=2 | k- W = [ -2[2xdx-4(2-x) (- dx)]
po e -3 5@@5%9&19[—%] de do ] f [

r=1] . £

(- 4x-16 +8x) dx

(4x -16) dx

/
f

2 0
[41‘-—-1sx =24
2 2

3 9.3 : Magnetic Field
- It originates from either a constant curren

t or a permanent mag
_ current carrying conductor produces a magnetic field around i
a Point Charge ] ®  The magnetic field induction dB af point P where F i

WE i elpctric field and & is the | dlsplaceﬁent'vector from a current element d/ of a conductor ca
R . current 1 1s given by

defined as dH = e lhiod :’1‘
%
o : H - Mo idlxT
e dH TR
: Thus the total resultant field at point P is
H = § dH

| 9.4 : Maxwell's EquationsJ
05" [ SPPU : May-10, 11, 12, 13, Dec.-1

| When charges are in motion the electric and magnetic f
. associated with this motion which have space and time v _.
j«% the phenomenon of electromagnetism. The Maxwell's equatior
' the law of electromagnetism and are very useful in the
- electromagnetic fields. e

C oaAd

T

i b | T T ——
T R ar s Tk ey ee—
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ing Mathematics - ;
Eﬂlﬂﬂnﬁ st b e to Eﬁ’ﬁcﬂ”ﬂm of Vectors Applications of Vectors
— crr i
The equations given below g € called r—‘ﬁ___ — Flelds Engineering Mathematics - 111 9-6 to Electromagnetic Fields
v =2 E Fl ] o
- general forms, where charges .and (e gundumi‘?“ ¢ll's equations N most B
in the region. I current may e present VxE = - 7B
: 1) Maxwell's equations in point form are !
?x_I:I=]c+%[_) Viald = 0
t —
- o v-B =20
= _ 0B &
VXE = - :
dt ) B] Maxw:ll's equations in integral form are
v v D - p a-ﬁ "\
i N _‘ T = r (—— 'dg
V-B = 0 : . (1) jD Sy = | ot
11) Maxwell's equations in integral form ate e (1) ’ - |
B — - @By
e 2 oD E By = | |22 |dB
S + (9.1) /
T4z - ([ _OB B.ds = 0
-f E-dr = J‘ [hst_}dg i
& S -+ (9.2)
[ Dds = [ pav [ B:ds =0
S v +4{%3) S
‘ B-ds = 0 Q.3 Find D,B.H and J  for
S .. (9.4) E = E,, sin (wt +P2) j

Ans. : We have

For free space, Maxwell's e
charges i.e. p = and no co

e
—

Jﬁo_{f

| Al

quulicfns take the form [there are no
nduction currents J = ).

’ MNote -
|1 Eouats . | D = ggE=¢gEy sin (wt+Pz) )
| ) SQLlitluns (I). (!I) and €quations (9,]), (9‘2) are eoi fi 0*m : o
| tokes theorem. ~ ¢ equivalent under i ] k|
2) E RS TR = d d d |
I ) Equations  (jij), (iv) and equat; " ; Consider VX E = | — . 4
| under Gauss divergence theoc{'em"‘?’hs (9.3), (9.4) are equivalent : %x 5 sm&(}:ﬂ - Bozl
r ol

= -BE,cos (wt+PB2) 1

By Maxwell's Equation V x E =- %

—

axwell's equations in point form are

L ?X_I-_I::E__ﬁ_
Jt

-_-_-___-"'_'-—-—-.__

A Gulde for E ngineering Students

B Epcos(wt +Pz) 1

I
|
I
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Applications of Vectors
9-7 to Electromagnetic Fields

Engineering Mathematics - 111 9-8 o E;m.t""l
_ s
Ans. : We have =
| : J’I E.ds = J’{[j V-Ecv (by Gauss-divcrgenut
tegration in this static field. = [[[ v-vodv
f"(mt+ﬂz)i
it | St ' = )0 v I
om equations are V.B =, V
EEMA then deduce  that ¥ p Hj S ADE Y
- . V
'm lu sealar point function. i = —4nf[[ pdv
Ma _""-11:, 11, Dec.-12, 13, 14, 15 ] | ' | 1 0A
Q6. Show that E=-V9-— — and .H-VxA are snlg

C ot

Maxwell's equhﬁnns.

; F19E o w100
5 ¢ A\ = - MYV S o i
i) VxH & o ii) Vx E C 3t
iil) V-H=0 iv) V.-E=4nr
= i B | _ 2 :
Sl : : — 1 9dob 1 d%d
" - a vﬁ — —  — — e —
0 & R PR N A+===0 b) Vo TR 4pr

where C is the velocity of light, 4 is the vector
is the scalar potential, ; oy [ SPPtIf__

: We have

1 0A
B e
LR VxH = Vx(VxA)

-Hh-r".n.- —IA—; - -‘?(—w‘-ﬂ'ﬂu_ﬂ-r" _-.-1,.‘?_3-‘,.:_.-. I #H e f“

and H=V x A

—_'l “ & -
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i 1 ering Mﬂl’hlﬂlﬂ”ﬂ! - JII 9.9 AppH ”
T f___”‘i.i-—— e fo Efﬂ'ﬂ::m‘;;::ﬁ V":"ﬂrs E Applications of Vectors
N E 10 2% w = Engineering Mathematies - Il 9-10 to Electromagnetic Flelds
_1.. -a—- = === Vo=~ 1 9 A , .
g £dt et T o 5a e . - oH\__ 3 0.7
1 . ; = onsider VX(VX E) = V x -_é_t_ ="a—t(va)
= —cV(-CV-A)-v23 E
- £ d(9E
= . RS, 7 g | | J— —
V(V-A)-V?¢A _ : | 13_t( ot ]
From equation (Q.6.1) and (Q.6.2) we - -+ (Q.6.2) 3 - . e
VxH = l ?.E : - -E[-a_t-}
C ot 3
2%
. ™y g - E
) VxE = ?X[—vtb-——égffk_] ol ot
t
= x
1 9 _ S i.e. E satisfies the equation V2u=a—u-
= ! 2
| = Tica Vx4l E 3"
. _ &;E Now, Yx(VxH)=9VWV -H-(V-V)H =-V2H
VxE = —l EE ¥ E
- C ot Vx(VxH) = vx(%ﬂ =%(Vx-}§)
) Vel = V{Vx A)=0 . \
B — d( oH)
) ?E=v{-w-}_2§_ *_[-.—
C 3¢ 4 ot| ot J
5 whrselak. L 213
) T vl g == a H
NERENE I E 0 owm. . 2E
C ot ) by v ot?
2 iaeth L/ . 2
= -Vl 0 | f s v2pa &H
C2 t2 ’. '_ ot .
il ap e § 3 et —
'\:'a I: = anp ~'Thus H satisfies the equation vzu--i—?— :
¥ Maxwell's equations are given by 4 ﬁa . If)V.D i) V-H=0 i
T E:U, ?*E=ﬂ, vx'ﬁ=__a_l'l_ s a'ﬁ = 1 D=p n & - =
ot’ vxﬂz'é_{' - Show that E and i) vxﬁ=l[§—g+pi iv) VxD=-1 9H where C &
' satisfy Vzu-azu E 4 - C o
ot : 2 & constant then prove that
- = 1 9°D 1 9
. {Q . iS5y [sPPU . - = i VZD— —_ =2VD+—— — 7]
k1 We biaye May-10, 12, 1?‘. 15, Dec.-11 ] E 2 o2 P c2 ot P7)
v By - = =
“VXE) = v (V.E)-(v.9) E £ o LU S |
" _ . . 2 T C
= 0-v2g (V- E=0) E c? o2 C 15" [ SPPU : Dec.-10, May-12 ]
y § __' . e m———______—________
ing Stk A Guide for Engineering Students b “Decode
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Applications of Vectors 3

; Engineering Mathematics - I11 9-11 to Electromagnetic Flelds E?
o s = __.-‘_-“\ ]
. Ans. : We have
= — = b
V x(V =V " - e .4
‘ x(VxH) = (Vv H)-(v 9)H Complex leferentlatlon
: = D‘v2H=-—v2H B ec
i Consider =L ——
- I ’ '1 '}_ = .
- e L Rl -‘l-[t—’wvﬂ 3 10.1 : Analytic Function
> ; /) _ _ o
2 - 1 5 1 0H 1 E- 1) A function f(z) is said to be analytic In a region R if 1t 1s an;;_.ﬁ
. -V?H = (—:a[-'égt—]:‘-ﬁ‘?x(p v) at every point of a region R. Analytic function is also known 4
o & holomorphic or regular or monogenic.
; e azﬁ_,_ 1 V x (pv A point at which the function ceases to be analytic 1s called g
" C? a2 C PY) & singular point of function. 0
; vig-_1 9°H 1 - : 2) Entire function : A function which is analytic everywhere my
" c2 atz  C e o - complex plane is known as entire function.
> " s - 0 )
- * To prove that the first result. consider & J) Necessary and sufficient conditions for f(z)=u+i v to be anal
e U %% T — oo E I~ aregion R are
- X(VxD) = V(Vv.D)~(V-V) D du du ov dv —
. = Vp-V<D i 1) " 3v ' 3% '3 are continuous functions of xand y 1 |
o P . (Q8.1) Z X' oy dx oy
" . i= region R.
Nowy x(Vx D) = vx[-1 9B :
| C dt
,.. = av_ s a—u=av anda—v="a—- Il peints of R
: C 3t (Vx H) - i) | 35 3y T v at all points of R.
:,, o & | 1 ,8_9.., {,-\1 2 The conditions in (i1) are known as Cauchy - Riemann equations
C 2t|Ciat P if .. (Q.8.2) E .. _
=~ \ ) = in briefly C.R equations.
""; From equation (Q.8.1) and equation (Q.8.2), we get 3 iili) Cauchy-Riemann equations in polar form :
& Vp-v2D = 1 92D 1 9 (07) Let f(z) = u(x, y)+iv(x, y)=u+iv
i & e — p‘V ’
” C? ot2 (2 ot t and z = r(cosB+isin®)=r el®
a0 iz 0 27 E _
.#’ .. 20 Vp*__l___a_(p") f(z) = f(re'")=u+iv
- C? ot2 C2 ot _ '
- 2 du 1 ov v 1 du
4 3 T=-—_— Ml —— =
- dr 1 o J6 r do
- 7
-
" f—— - T — = = —— m— — s
o % P
- Decode d ot fns: Poiknis Bae _ a2 (19 - 1)
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o Matihematics = IlI 10 -2
t :-'f_'_’f_':f.,f-—— —_ Complex Differentiation
‘aq..' f which are C.R equations in polar form o

| i) If f(z)=u+iv is analytic in a

regi
equation '

e, ty = Vy KO8 Wy miy

; Not sufficient condis:
ion 1o be an analytic. These C.R equati onditions for
du du dv v

’ Eiy & -a—y— are continuoys functions.

; fuLe
ior analytic funcuon 1f

lytie
as . e fanalytic = C-R equations

But C.R equations may or may not — Analytic function
ab F] I )

¢ . equations = Continuous partial deriw,ratj“s -

4) Barmonic Function : A functiop )
Vthe | ¢ oction if it is continuous and has contj

Analyticity .

(X, ¥) is said to be harmonijc
nuous [;irst and_second order
quation il

Jlvei, | partial denvauves and satisfies Laplace =
Yig

-
the §| Note : If f(z)=
functions.

U-+1v is analytic then both u and v are ha.rmoni:{

5) Conjugate Harmonic Function

=" [ SPPU : Dec.-05, 06, 07, 08, 09,

If 1(z)=u(x, y)+iv(x, y) is analytic function, then

flz) 15 known as conjugate harmonic function of
and vice versa. :

10, 11, 12 )

the real part u of

imaginary part v of f(z)
S or

6) Construction of Analytic Functiop :

latv.)'l”hvzu:::rit-:-n'm It f(z)=u+iv is an
Independent of Z.

Procf: Let f(z) = u(

analytic function of 2 then f(z) is

X, ¥Y)+1v (x, y)

o (10,1)
I.E °¢ an analytic function of z = X+1iy
Now zZ = X-iy '
Z+Z = 2x = =%tz

——

M
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z-Z
21

Substituting x and y in equation (10.1) we get,

f(z) = u(z+i ,Z_EJ+iv(Z+-z- . z-i]

And Z2-2 =2y = ym=

2 2 2 2i

Here f(z) is a function of two complex variables z a:_id , A I:nw u, v
are functions of x, y. And x and y are functions of z and Z. We have

df d

= = Fo (u+1v)
_(9u ax au ayli(avax*&\f.d}"
ox 09z dy BEJ' | Ix dZ dy JZ

)

)
'81_1.1_‘_&1.1 _1 "'iEE'l+E£(——1-—\il
ox 2 ay 21)' x 2 oyl ZiJ

wd I O i o 10y

2 0x 23y 2 dx 2 0y
of 1{ou ov) i(du av) .. (102)
—_— T ] ———— e | e e
dz  2(dx dy) 2|y 9x

As i‘(z)=u+iv 1s analytic function, u and v satisfy C-R equations,

i e 2Y and v =-E substituting these relations in equation (10.2), we
ox oy dx  dy

get g—f =0+10=0 which means that f(z) is independent of Z.
2

Remarks : 1) If f(z) is analvtic functnon of 2. then it consist of
expressions in z only. i.e. if f{z) is analytic function of z then x and 3

occurs in f(z) in the combination of x + iy.

2+ If f(z) =u(x, y)+iv(x, y) is analytic function then substitute x
Y and y = 0 in f(z), we get f(z) in terms of z.
B)?:ﬁllna - Thompson Method

%) To find analytic function f(z) = u+iv whose real part u (x, y)
is given :

z

= If is known ~Uy and u, are obtained.

Decode
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Engineering Mathemarics - 111 10- 4 Complex Differentiation

Now  f'(z) = u, +iv,
= Uy +1(-uy) by C-R equations
f(z) = u, (x y)=iuy, (x,y) w019.3)
As fiz) 1s analytic, f'(2) 1s also analytic.
. 8y subsut'ng x = zand y = 0 in equation: (10.3), we get,

t(2) = u, (2, D]—iu}, (z, 0)
Integrating both sides with respect to z we get

fiz) = [ u, (z0) dz-if uy (z,0)dz+C
which 1s analytic function.

Bm we get f{z) in terms of z. To find v(x, y) if u(x,y) is given,
substitute z = x =~ iy in f{z) and then find imaginary part of f(z).

ii) To find analytic function f(z) = u+iv whose imaginary part
vix, y)is given :

[

SAL) =y RV =V 4iv,

= Vy (X y)riv, (x, y)
Subsurtuting x = z and y = 0, and then integrating we get,

fiz) = [ v, (2 0)dz+i[ v, (2,0)dz+C

To find u (x, y) substitute z =Xx+1y and then find real part of f(2).
|
Note In polar form ' fr
'y by 1 g . v | |

f(7) = —f— T e e &

Ar r 1r dﬂ 1 a._e j I

C) i) Suppose that {(z) = u+iv is an analytic function and u(x, y)
1s known.

Claim : To determine v(x, y)

Since u and v satisfy C-R equations, we have
du av du dv

- = — and -_— = —— (Inq}
% ay v c)x
We have
AN
dv = dx - — d
X . r:i}’ }’

W

Decode A Guide for Engineering Student;

Engineering Mathematics - 111 10-5 Coms
—220
dv = -El—l dx + r':)u
dy JX
. du
But u 1s known .. QE and — can be calculated and ...
O‘X dy . i
obtained using equation (10.3).
We write M=-2andN= i
Jy dx
.. Equation (10.5) becomes,
dv = M dx + N dy
dM oN J°u 9%u 0%u d%u
Now ——— = - - =— = 2+_2;=U
dy ox  gy? a2 |ay? oax?
, dM oN
1.E. _— =
dy Jx
.. Equation (10.6) is exact
- [terms in N not
v= [ Mdx-] - de-c
| containing x |
y constant - -
[ du -'erms ng nDt-i
e v= | r—%E|d.\'+j ' ox  ldy+C
v constant ' y containing x

-

ii) Suppose that f(z)=u+:v is an analytic function and vi
known.

Claim : To determine u(x, y)

We have
ou Au
du = o dx + Fi; dy
du = i’» n:lzuc'—E dy
dy dx

which is exact differential equation.
. I's general soluiion is

-

; ov )
d‘" | | tt_"‘l'mS 1n[ T nDt | .
u = I 3 dx +] | \  ox | dy - C
C ' s
y constant y contamning x :
Decode A Guide for Engineermy
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©rong ) prgineering C
\{‘] - T 2mplex Differentiation Engineering Mathemaries - 111 10-7 Complex Differentiation
g If f(z) is analytic function thep show that e
Q. az 2 ] a Ans. : We h3V¢U=a.13+bx?';+c~}'2+ 4
| —+— [|f(2)|° = -1|l'(z};|2 du | 2
2 2 J — = 3ax? +2bxy+cy“
I\ Bx Y = 3 X )
. \SPPU : Dec.10, 13, 15, may.0g 1, ] J2.
' —— = 6ax + 2
\nS. Let axl by
= 1 ' ' 2 . -
f(z) u+iav.e [fz)]% = 42 42 =g %1;- = bx“ +2cxy + 3d)'2
d -
_a;:' é_{u i )= 2LIle +2‘;"FK 8_2_1_1 - 2;7; ” 6d}“
| 825 . ay2
W) = 2ull , +2u « T 2vv . 427 Now if u is hammoniz, it must sausfy Laplace equation
g 8. 39
Jdu d
82 ) 2 L J 1:1 =4
A - 2 ox 5 ol
il 5gz T Sty T2y #2vvyy s 203 B+ 200
y cX =
Consider (6a+ 2c) x+(2b+6d) y =0
. = 6a+2c=0and2b+6d=0
32 92 2 i 92 02 =
—+t—3 | @] = | —+—|g = 3a+c=0andb+3d=0
ox< dy ox* Qy? . . "
which are required conditions
= Z[u(u tUyy) +viv,, +Vyy) Q3 iy, = .;.102(,_1 +y%) and f(z) = u + iv is analytic then find
+ul + v +vZ +ul)

s IOLD

Since (z) is analytic, u, v satisfy Laplace equation

Uxx TUyy = 0 and Vo +V-:y = {
and fa(z)=ux+ivx =u3,+iv),
”*{2”2 o Ui +‘VE =u)2{_ +‘V$,
Equation (Q.1.1) becomes ]
R o - dx
J ';-2 f2)|* =22 |Fi2)[?] = 4F(2) |2 du
! ‘ } /I ()X
CZ  Find tl;e condition under which du
u=ax"+bxy+exy? +dy? is harmonic. Ay dy
I5° [SPPU : Dec.-14, May-11 ] Now f'(z)
Lo
8 }L_EM—__
dex ‘ A Gulds for Engineering Students Decode

f(z) in terms of z and hence find v.

—_

t= [ SPPU : May-12 ]

Ans. : Let f{z) = u + 1v be an analytic funct.on and
u = %lng(x2+y2)

f{z) satisfies C.R. equations

av av Ju

o AT e EE e . (Q.3.1)
Jy dx Jy Q

1 1 "

_"; 2 - 2\:‘ - - 95

- % ..',.}-'l- xd— _-_}--.

___ ¥

XZ +}|’2

U +1Vy =u, -iuy,

A Guide for Engineering Studenss
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Engineering Mathematics - 111 10-§ Complex Differentiation
e ¢ " 1"‘
l f?.] _— ‘__I > e 1 ‘_2 - —2-
W5 o= }r o= X - };

As fl2) 1s analvtic, '(z) is also analytic,
. By substituting x = 7 and Yy =0, we get

F{E) = S 45 o 2
2 z

2

lntegraring W.rt z we get
1
z — — —i -
flz) Izdz+C logz+C

Where C=0C,+i C,
To find v substitute z = x + 1y in f(z), we get,
flz) = log (x+ 1Iy)+ C, + 1C,

= ] o B . - -1Y :
— 108V X® <y= &itan -;+C]+1C2
N .
= logy/x? + y? +1'(t.;a.n'I -}-_:+C2]
\ % J
where C; = 0=;log(x Ty “)+i| tan =4AC,
= X |
J
-1 . ¥ .
VIX, ¥) = tan ! =~ =5
= R
Q4 If v = 3\-33 -v~. Find analytic function f(z) = u + iv in terms

of z and hence find yu X ¥). = [ sppy - Dec.-07, 11, 12 )
Ams. : Let flz) = y + Iv be analytic function and '

v = 3x2y-}53

. f{z) satisfies C.R. equations

du ov dv ou
Tl el - ¢ | (s S| 4.1
ox Ay dx dy ; S
, du .dv  gv v |
Now F(2) & —— 4] & OV Oy
- (2) gx dx dy = ox

f(z) = (3x2 - 3y?) +i(6xy)

Decode A Guide for Engineering .S':m{:q{.r
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C‘a'ﬂpkt . 4‘,!1'4
| L - g
As f(2) i3 analytic, f'(z) is also analyticmf"

. : ; ]
8 Subsumnng X=2zand v = jp f'(2). ae
we get
.. ; g
f(z) = 32° ' |
f(z) = fﬁ‘}zzdz«-C ps. |
3 vd
flz) = z7 s C f12)
To find u(x, y) substitute z = X * 1y in f{z), we get
f(z) = (x+|'_v}3+(,'! +1C,
= X7+ 3j x4y +312x_v3+1"‘v3 * Gl Cs
= 3 +31'><:}-'—3x:v‘? -1'}*3+C] +1C,
= {x'q—.'lx}-'z+C1J+i{'3x2}'~—}'3+czj )
where Cy, = ¢ B
| (z) = (x3 - 3xy2 ~C+iBx%y -y 3)
u, ) = x7-3xy7 e

Q.5 Determine the analytic function
fiz) = u + jv in terms of z if y = cosh(x) cos
= [ SPPU : Dec.-12, May.

Ans. : Given that f(z) = y + v Is an analytic function and u = coshy,
. f(z) satisfies C.R. equations
du v dv du

= —and —~ = . %Y

ox Iy dx dy

5 fir

Now f'(z)

Il
I
!
|

= sinh(x) cos Y = 1cos h(x) (=sin y)

) = sinh{x) cos Y *+ 1cos h(x) sin y
As f(z) is an analytic function, f (2) is also analytic,
.'.Substiruting X=Zandy =0 ip f(z) we get,

f(z) = sinh(z) + i0 = sinh(z)

1.7

del
_"—-'——-_‘—'—'—-—--.ﬁ:::::::: —_— B
Decode A Guide for Engineering S
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it T —"
ung WI.t. Z, we get

Complex .Dl_[nunnnrlnn

s
IntcgTd
fiz)
Find the imaginary len of the analytic funcris
Y _3xy” + 3xT - 3y2.

. cosh(z) + C

N whose reql

part i v | 5 [ SPPU . May-15 )
LR =V iv be an analytic function.
» u = % = 3xy" + 3% = 3y’
| must satisfies C.R. equations
) . M dv  —-du
cu R d =
T~ oV B dy
Ll‘ = 3x1—3)'2+ﬁx Bndu§,=—63y_6y
flz) = Wrivy=u —-iu
Fz) = (Ox =3y’ + 6x) — i (- 6xy - 6y) L (Q6.1)

.- 1s znalytic, '(2) 1s also analytic.
5. putng X =z, y = 0, we get

flz) = 320 + 6z + i(0) = 32% + 62

Inioo:ung we gel

3 2
z° . .2 ‘ *
flz) = 3*—3-'!‘6T+C whcrcC=Cl+1C2

=72 +32 +C
B ind vput Zz =X + 1y, we get
flz) = (x +iy) + 3 (x + iy)? - B il
u+iv = [x) + 3x? iy + 3 x (iy)* + (iy)l]
+3 [x* -y* +2ixy] + C, +iC,
= (X - 3xy’ + 3’ -3y’ + C))
+: ] (3x:}f - yJ +6xy % C,)

3:7.2)' - }*3 + 6xy + C, which is the required imaginary
part of z.

Show that u = y’

]

- 3113' is harmonic function. Find its
barmonic conjugate and the corresponding analytic function

flz) in terms of z. =" [ SPPU : Dec.-15 ]

%
Utirp

A Guide for Engineering Students
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Complex Differentiation

Ans. :" We have u = }r1 - Ix"y

u -

T gy

u::

o By 6 xy
p! 1

- 6y and v, = 3y - 30y W = Y
-6y + 6y=20

y - 312}' 1s harmonic function.

Let f(z) = u + iv be an analytic function

f{z) satisfies C.R. equations.

u1 — |
f'(z) =
f(z) =

As f(z) is analytic,

vra.ndvx=-uy

Lk+iv:=ul—iv? _
- 6xy —i 3y’ - 3x%) - LQ-2-1)

f’(z) is also analytic

By substituting x = z and y = 0 in (Q.7.1)

We get f'(2) =
f'(z) =

b= {0~ 32

i 3
312

Integrating w.r.t. z, we get

f(z) =

3

3iz—q-+c=iz]+C where C=C, +1 (¢
&

To find v put z = x + 1y in f(2)

flz) =
u+i1v =

v=

i (x +iy) + C, = iC,

i ¢ + 32 (iy) + 3x (iy)* + (iy)) + C, +iC,
1 (J-r.3 - Sxyz - iyJ + 3x%y) + C, +1G;

X’ - 3xy™+ C,

Q.8 Find analytic function
f(z) = u + iv where u = r> cos 30 + r sin 6.

= [ SPPU : May-15 ]

Ans. : We have C.R. equations in polar form

By 5

Here Ug

Decode

1
—vgandv, = —--ug
r r

3r? cos 30+ sin®

~3r?sin 39+ cos O
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WUM 10-12 Complex Differentiation & Epgineering Mathematics - IIT 10-13 Complex
| . ov al.l 3 : av av
o M 3r3c0s30+rsinb . L 2v—=0
= b i f = e dy
¥ Integrating w.r.t. 6 aqd tr;atmg r as a constant, ¥ Multiplying equation (Q.9.1) by 2v, we get
; v = 3r3 e —r cos 6+ r) E 3 v 2 OV _ 0 ’
S : 2v——4v = )
= r3sin 36-r cos 0+ ¢(r) '

Equation (Q.9.3) * Equation (Q.9.2) =

%:- = 5r%in 30— c0s 0+ ¢(1) = -

| =
|

| ov 2
| _O9Vi144v2) =0
= 3r2sin 30-cos 6+ ¢'(r) = 3r?sin 360-cos B o Bx(“ rd

ﬂ* 0(r) = 0= ¢(r) = Constant = C . o e Oorl+4v==0
O e | E dx

v = r’sin 38-rcos0+C
2 = —--} which is impossible as v is' a real function.

-l ' 3 S

flz)= u+iv-ricos30+rsinB+i %
(r3sin 36-1 cos6+ Q | ' Rt =P ie. v.is independent of X
= r3(cos 36+i sin 36) —ir (cos 6+i sin 6) - : v =0()
rsew-_i.re”+ic_ anfrom%=0 = %=0=&ﬁ=w(x)
ke = 23 -iz+C; (+ z = re'®)
el : | Now substituting u and v in equation u = v? we get
Kﬂ s iv be an analyuc function and u = v° then w(x) = 03(y)
ﬂ‘) B s Is" [ SPPU : Dec.-11, 15 ] which is possible cnly when
B y(x) = ¢°(y) = Constant

= u and v are constant
g = f{z) =u + iv is a constant function. |
oy B Q.10 Prove that analytic function constaut
: constant. = [ SPPU : Doc -08, 12, llly-l
e e S Ans. : Letﬂz)-u+wbemalyncﬁmmwwrdlm
§r1 let arg(t(z)) = k = constant. 5
~ - E o argu+iv) = k

b ine . : q' -
s 'Z"’—ﬂ.‘f et aTt‘-' g i- e,
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i V | Pf-t.DWmnﬁcﬂan
| B) CR equatlﬂns we gEl ux = u}' e 0 —

4 is @ constant function.
fz) = u + iv = constant functjon,
sy Differentiating equation (Q.10.1) w

v, = u,tank

C 'r't' ‘! wﬁ g\:t
Uy tank-vyx = 0

Differentiating equation (Q.10.1) w.rt y
= uy tan k

- (Q.10.2)

Wwe gct’
L

gy C.R. equations, we get,
ux oo = . X ta.n k

_ux-‘.-"s’! ta.nk. = 0

Mulriplying equation (Q.10.2) by tan k, we get - (Q.10.3)

u, tan‘k-v, tank = 0

| «(0.10.4
Adcing equations (Q.10.3) and (Q.10.4), we get 3 )

u, (1+tan?k) = 0
Uy =
Similarly, we get v, = 0
f(z) = u,+iv, =0
- 1iz)1s a constant function.

10.2 : Bilinear Transfnrmation

The transformation w = az+b
cz+d

—

Where a, b, ¢, d
nd § Ue tilinear transform
Tanstormation.

0w f?l:-__(iz*d)a"(u*'b)c ad -bc
z = =
(az + d)? (az+d)?
e N (" ad-bc = 0
1 “r.ce bilinear transformation is conformal )
-Dﬂt‘:d;_ ———————————
: A Guide for Engineering Students

Enginurfng Mathematlcs - I11 10-15

Complex Differentiation

Note 1) There is 1-1 correspondence between all
points in z-plane and w-plane.
2) If z maps into itself in the w-plane 1.e.

w = z then
_az+b

_ . (10.7)
- cz+d

= cz?+(d-a)z-b=0

The roots of equation (10.7) are the invariant or fixed points of
the bilinear transformation. But equation (10.7) has exactly T:WD
roots, so bilinear transformation has at most two invanant
points. If two roots of equation (10.7) are equal th?" the
corresponding bilinear transformation is said to be parabolic.

3) The bilinear transformation is a combination of translation,
rotation and 1nversion.

[3 g
az-+b | d d Az+B

4) We hav:w=cz+d-\(c) =40
E Z'I‘l

Thus to define bilinear transformation, we require 3 pairs points
only.

5) The cross ratio of four points z,,z;,z3,2z4 is denoted by

(21,23, 23,24) and defined as

(21 -2z3) (23 —24)

(Zl, Zy, 2.3, 24)=
(Z1-24) (23 -25)

The cross ratio is invariant under bilinear transformation.
o Wi-wa) (Wi -wy) _(21-27) (23 —24)
(WI—“".;)(W:; —Wz) (21—24)(23 _22)

This property is useful to find bilinear transformation w = f(z) if
Zi D 0r w; —ee, i=1,2,3,

M

A Guide for Engineering Students

Scanned by TapScanner




Engfncerfng Mathemarics - 11

(

10-16 Complex Differenriation

Note For simplicity, we use the following fermula.

(W—-w,) (W) ~wj) _ (z=24) (25 - 25)
(w—-w3)(w2—w1) (z-23) (2, -2z4)

If z) = then |i;m %272 = T LZ l =1

lel — o= Zz —21

Similarly if Z) OFr Z3 — oo then 22 ~%3 Z2 —Z3
23 -2, Z=2Z3

6) Martrix method : Let w =T(z)=az+b
cz+d
A = [a b
s

dJ and the inverse of the linear fractional or bilinear

the associated matrix is

transformation is T~ (w)=_9W b

and the associated matrix is
- CW +a

d -b :
[‘C 3 J= adj A where adj A is the adjoint matrix of A.

Q.11  Find bilinear transformation which maps the points z = ], l,—l
to the points 0, 1, = respectively. S PR

=" [ SPPU : May-12, Dec.-11, 15 ]
Ans. : Using the cross ratio property

(w,wl,wz,w3)=(z,zl,zz,z3)

W-wy)(wa -w3) _ (2-2y) (25 -23)

- o (Q.1L1.1)
(W-w3)(wy -w;) (z2-23) (23 -2;)
Here z; =1, 2z, =i, 23 =-1, wy =0, Wy =1, w3 =ee as
Wo —W
Wy
———— — e ——————
Decode A Guide for Engineering Students
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Comple, Dir, Engi
______\EQ?
. Equation (Q.11.1) becomes

w=0 _ (z-1)(i+1)

—_—

(1-0) z+1)(1-1)
_(z-l_] (i-'-l)x (-1-1)

YT Zen G- (=-D)
_ (-1 (1-2i-1) _ -iz+j
(z+1)(1+1) z-1
Y oo Cizei s
2+1

\‘\rh
Q.12 Find the bilinear transformation, which maps the poiy

0, 1 onto the points 0, i, 3i respectively.

5" [ SPPU : May-06, 11, 15, Dec.-14.

Ans. : By using cross ratio pmperty, we get
(w=0)(1-31) _ (z+1)(0-1)
(w=31) (i-0) (z-1) (0+1}

w(-2i) _ =21
(w=31)i z-1
-2w o 2]
w-=31i z-1

Le. S(w) = T(z)
w = S~ 1 (T(z))

Let N az+b
cz+d

2 206

| 11 —31i 1 -1
[-3i 07[-1 -1] _T[3i 3i
[-1 -2jl1 -1] [-1 3]
_ 3i(z+1)

-z+3

f——
Nn W
A o
il
]

s ==
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. l;fﬂ!ﬁlmﬂfﬂ Complex Differen —
"
. ‘linear transformation whj o
, Find th il h chl TAPS the poings 1, ¢ Engineering Matkematics - 111 10-19 Complex Differentiation
0 _olane onto the points e, —2 _ 1 ; . S
of the Z°P 2 (1+/1) of the W-plane, Le. S(w) = T(z)
| [ SPPU : Dec.-14, 15, Mark Srheahs -
az+Db .4 ] = w = 57T(2)]
T W T
L ; {'Dmldcr CZ+ d 5 b LC: g aZ + b
- 1‘ W = o0 — oo = -
Wl Y Then the associated matrix is
= =-2 = -2=_ - a b | -1 2] -4 =
Aot =i W L = Sl = {adj 1 21] . : .
. - . _ 1 . 1a + =
When zZ =W 2(1+1) = E(l+l)=E_§ _ X, Zi]r-i i }
. -2i -1 ’_i-l 2 +2i
X A+ e Ja=2b ) - -
- -id+d _[-2-2-2i 2—-4+-1i}_|i—-4—2i -2 +4i
| - . T - L =24
_._15(1+i) (1-1)d = ai -24d g Bl . i
2 | _ (-4-2i)z+(-2 +4i)
-(1-1)d = 2 (ai - 24d) " (-1-1)z +(-21)
-d = ai-2d which is the required transformation.
d = a = a=- di
w o —2-i2_2+iz 10.3 : Special Conformal Transformations

| -
z  z-1 = [ SPPU : May-05, 06, 07, 08, 09, 10, 11, 13,

Dec.-05 06. 07, 08, 09, 10, 11, 12 ]
1) The transformation w = z2 L=y { SFPU : May-ﬁa ]

g1¢ Find the bilinear transformation which maps the points 1
Zi on the points -2i, 0, 1, in w-planc.
=" [ SPPU : Dec.-10, May-14 ]
Aps. : By using cross property, we have
w-wy)wa -w3) _ (2-21)(z; —-23)
(W=-w3)(Ws -wWj1) (2_23 )(z5 —zl)

b 11

We have u+iv=22=(x+iy)? =(x*-y?)+2ix¥
Equating real and imaginary parts, we 2e-

u = x? _},2 and v = 2Xy

where 2y =1, z5 =i, 25 =2i, wi=-2i, wy =0 If u = Constant say a, then x 2 —yz =a *_which represents a rectangular

We get hyperbola. If v = Constant say b, then 2xy = b .. Xy = g which 1s also
- c

Wea)0-1) _ (z-i)(i-2i)
vol0-2)  (z-2i)(i-1)

represents a rectangular hyperbola. Differentiating equations x 2 —yz =a

and xy = bwrt X, we get
_'.‘.'-—zjl —IZ+1 .y 2 od ke ¥

— —
——

Aw=2i  (i-1)z+2+2i dv dy '-

e 2x-2y— = 0 and x—+y =0 |
\_-‘% — - I d dx | dx A ;
h A Guide for Engineering Students —_——————————————— — I _—— |
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Engineering Mathemarics - 111 10 - 20 Complex Differentiation
dy X d
dx y dx X

- Slope of tangent of x? —y2 = 5 js ; and xy-; s —-i.

i S
The product of slopes of tangents = LEJL—E’-):—I
y X
These two hyperbolas are also orthogonal to each other.
Thusapairuflincsu=aandv=

other in w-plane are map into a pair of
in the z-plane.

b which are orthogonal to each
orthogonal rectangular hyperbolas

2

Againifx=cﬂ1eny=§andy2=c

vZ =4c2 (c* —u) which represents a parabola.
Similarly if y = d then we get parabola
v = 442(d? +y)

Hence pair of orthogonal lines x =
orthogonal parabolas in w-plane.
dw

¢ and y = d are map into

Now a—-=22=0ifz=0
~ 2 =0 is the critical point of the transformation.
If z=re'® and w =22 =12 e'2 = Rei?

Thus upper half of the z-plane 0<B8<n transforms into the

entire
w-plane © <0< 2n same for lower half z-plane.

2) The wansformanion w = e?

We have w = Re'® and Z=XxX+1y
w = eZ = Rel® =X elY
= R =e*and o=y

If x is a constant say x =a .. R = e? = constant which represents a
circle with centre at (0, 0) and radius R. Thus the lines parallel to Y-axis

in the z-plane are mapped into concentric circles with centre at (0, 0) in
the w-plane.

Decode A Guide for Engineering Students

—u eliminating v, w§ -['g}ct.

j{'-{n_.' 1

Engineering Mathematics - 11T 10 - 21

y constant

X constant

Fig. 10.1

If y = b = constant then we have ¢ = b = constant which repry .
straight line passing through origin makes angle b with positive U,
UV plane. Thus the lines parallel to X-axis in the z-plane are mapy
radial lines in the w-plane : If 0<y<2n , we have 0<0=2n |
horizontal strip of width 2r in z-plane will cover the entire w-plane - .

The rectangular region a; <x<a; and b, Sy<b; in the,
transforms into the region e*! SR<e®2 and b; <0<b, in the W-pl

x=0T
| : | b y=0b,
——— - T+ -
]
I I
| [ W
T O] vy v
X=ayx=a,

(a) (b)
Fig. 10.2

The left half of XOY plane is mapped into the interior of th!

circle and the right half is mapped into the exterior of the wit @
in w-plane,

Decode
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it Hdmlﬂﬂ' Complex Differentiq don
_'f/ - Engineeri Complex Differentiation
ol y - b are mumai:]y Dr?hhogonal. Also their Map circles d E Engineering Mathemarics - J11 10-23 omp
, 1" 7 nes are also mutually orthogonal. Thyg pr, &n .
gnust © 1 | u v? _ .
- : - = =1 which is a confocal in the w-plane.
uon W=Z+— "
The Crniore z ° known g Joukowsk;'s : 4cos?’b 4sin?b
7 tion.
rans{O0 "= [ SPPU : Dec..05

| ) A | o
.+ (cos@~-isinB)and ~ ;—(cosﬁ—:sm&)

) = u+i\’=Z+-
'1::51‘1' " Z

= r(cosB+isinB)+;1_- (cosB-i sin 9)

u-iv = ‘ r+1]c059+i[r-leme

g = '
Pkl _( 1) i (a) (b)
u=/r+-{cos® and v=|r-=
:sf L ) . sin® ' Fig. 10.3 |
& ss cos- B+sin® 8 = | Here r = a and 6 = b are orthogonal to each other in z-plane. Also
' ) 2 their maps ellipses and hyperbola's are orthogonal. This proves the
u® v _ E -
112 *;_. 1 2 =1 . (10.8) 3 conformal nature of w =z-%= = z. . except at points z = 1 and z = - 1
- T " 1) : which correspond to the points w = 2 and w = — 2 in w-plane.
le /
) dw (z+1)(z-1
1 v2 =’r+1\|2 i 1\2 E ! s = 2( )=0atz=landz=-l)
2 ;5 | == "{ r=-—| =4 Z
(0s“8 sin“H \ I r |/ .
> : 3 B 4) The transformation w = sinh 2
—-— =] —_— 15" [ SPPU : May-05, Dac.-11 ]
=00s"8 4sin‘@ - (16.9) We have w = sinh z = sinh (x +1¥%)
om equation (10.8) it follows that the circles r = Constant i g = u+1v = sinhxcosy +i cosh x sin y
-plane ' 3 . : - ; § S
riane map mm/ a finlﬂy of clhpzscs In the w-plane. These ellipses : u = sinhxcosy, v'=cosh x siny
Tt confocal for re 2| _ __zl_ N E
kr r} (I' r] =4 l.e. a constant. cosy = —2 siny = —Y
: i 3 . sinh x cosh x
**Dimziutizlf P = } m_cn'wc get u=2cosB and v=0 ie. the ' Now CGSZ}'-'-Sinzy —_
oy "f_ real axis in w-plane. Thus exterior of the circle i 4 > .
“P< 1n10 the entire w-plane. g . - u ¥ -

sinh’x cosh?x .. (10.10)

. : . And cosh?x-sinh?x = |
HIoge %— R— - =
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Engineering Mathematics - 111 10- 24 Complex Differentiation

2 2

v u

ﬁ. —

si.nzy coszy |

e The straight line parallel to Y-axis i.e. X = a maps 1o ellipse
2 2

- — = =1 in the w-plane.
sinh~-a

cosh?a
Thus family of straight lines x = a in z-plane map into the family of
ellipses in the w-plane. - A

= 1 e (186 11)

o The family of straight lines y = b in z-plane map into the famﬂy ‘of
Bl

2 u?

=1 in the w-plane.

%
- hyperbola -
sin’b

e The rectangular region a; <x<a; and by <y<b, in the z-plane

maps into the shaded area bounded by corresponding ellipse and
hyperbola in the w-plane.

cos’b

e The lines x = a and y = b are mutually orthogonal in the z-plane.
Also the corresponding mapped family of ellipses and hyperbola in
w-plane are mutually orthogonal.

¥
4
A )
o 7// -y =Db,
- 4 "'Y=b1 —
= '--x
\ \
X =34 .'(:az
’ \J

Fig. 10.4

This proves the conformality of w =sinh z.
5) The transformation w = cosh z I [ SPPU ;. May-09 ]
We have

u+1iv = cosh (x+1iy)=cosh x cosy +isinh x siny

. u=coshxcosy, v=sinhx siny

— S —e— ————— - ——

A Guide for Engineering Students
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Engineering Mathematics - I1I 10-25 Compley i,
er
e,
2 2 N
. s : u i = 1] gt
Eliminating X, we get ——— ~——— ~ b
cos‘y sin‘y I
t u’ - v? = ]
hile eliminating y, we g¢ _ . &l 3
o B cosh?x sinh®x (.
Thus
e The family of straight Ins Xx = 2 Mmap Into
2 2 ;
u . + . =1 in the w-planc. ’
cosh?a sinh?a 2
e The family of straight lines y = b map into  hypey,,
u? v*
- =1 in the w-plane.
cos?b sin®b

e The rectangular region a; <x<a,, by Sysbj, in the z-plane .1
into the region in the w-plane bounded by the correspy
hyperbolae and ellipses. Thus if the lines x = a and y =}

mutually orthogonal. Also the corresponding mapped fami
ellipses and hyperbolae are mutually orthogonal. This provg

conformality of w =cosh z . n
Q.15 Find the map of straight line y =3x under the transformy
z—1
V= .
WEZl 15 [ SPPU : Dec.-15, May-11, f;
Ans. : We have
o z-1 1L
z+1
w+1
w+w=z-lorz(w-1)=—-1-w= z=1_W x

Let z=x+1Yy and w=u+1v ' .

.. We get
W (u+iv)+l _(u+D+iv (1-u)+iv
YT Io+iv)  (I-w-iv | (I-u)+iv
- . _
x+iy = (I-u® -v )'f'l[Vz(l 1;.)+v(u+1)]
(1-u)® +v
Hecote A Guide for Engineering Sude
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Complex Differentiarion

— __31.'2 -'-2\'—'3 - 0

,:...1,*:4-:-:\"— 1=20

5

+hich is the required equation of circle.

Show that the bilinear transformation w = i maps the
z-4

circle x? +y? —4x =0 onto the ;traight line du+ 3 =0

0=5°[ SPPU : Dec.-09, 10, 11, May-11 ]

L2+ 3

z—-4

“he inverse trensformation of (Q.16.1) 1s
4w+ 3

w-—2
4W+ 3

w—2

- The given transformation is w =

xs OIS

z_ =

I

z

“5¢ equation of the given circle is

-

-vS=4x = 0 can be written as

2 i"z - E} — O

~ubstituting the values of z and Z, we get

_‘:1’,‘1 L 3

— e

w-2 || w-2
s

4w+ 3

|'f4W+3"‘

_9 47W+3)_

w-2

0

-2{4“'W—8“'+3w_6)

24 wW-8W+3w—-6)=0

I

—- —— — -

—_—

A Guide for Engineering Students
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Engineering Mathematics - 111 10-27 Complex Differ

22 (w+wW)+33=0
- 22(2u)+33=0
(‘v w=u+ir, .. u= 2w+ W)
4u+3=0
Which is the required equation of the straight line.

Q.17 Show that w = Z—- maps upper half of z-plane onto interior
1-iz

of unit circle in w-plane. = [ SPPU : Dec. 14, 15 ]

Z—1

Ans. : We have w = letz=x+iyand w=u + 1V

-1z
w(l-12) = z-1 i

—jzZW -2 = -1 - W o
a+iv+i _u+(v+Ii

I+iu+iv) (1-v)+iu
u+(~.-'+l)i?_({l—v)—iu

(1-v)—1u

X+ 1y

il

(1=v)+1u

u(l—v)+w+l)u+i[—u: +(1+v)(1=V)]

I

(l-—x‘l: +u?’

i y. 7 .
u+u+i(-u® -v-+1)

X + iy ~ =
(1-v)® +u”

But upper half of z plane is y > 0

) -
—-u- =v"- +1

>0

-

“{1—\'}2 +u-
:-u;—vz + 1290

e SR

which is the interior of unit circle in w-plane.

Q.18 Show that the transformation © = sin 2z transforms the

straight lines x = C of z plane into hyperbolas in the © plane.

= [ SPPU : May-14 ]

Ans. : Given trans formation

W = SIn Z

A Guide for Engineering Students
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v Enginecring Mathematics - III el Compley ),
Complex Differentiation

TE S | 2 . Putting values of x and y, we get
,'H',-:.- 2 E 2

0= N+l z=x+i1y

L 2 2 v |
. - . . : = i 2 y -3 - u v s - |
U+ 1v = sin (x + 1y) = sin x cos hy + i cos x sin hy Ty (u3+v2]2 u2 4+v2 l
u = sin x cos hy, v = cos x sin hy (u l
. - 2 pi —2v |
— = CO8 = sin = 2 2
Sin X ycosx y (u3+v:): nry
cosh2y~51nh2y=1 t 3 ] = -2v
" 2 ; _ 1 which is a straight line
e o O : = ) 2
BN X cos™ x - : 1
When x = C -_;' Thus the image of given circle is a straight line v = - 2 i
2 ) .3
u v
=> - = ]

= which is hyperbola
sin“C  cos*C =
straight lines x =

C of z plane is mapped on hyperbola in the
co-plane.

Q.19 Find the map of the circle lz — ii = 1 under the

transformation w = c into w-plane.
z

IS" [ SPPU : Dec.-14, May-12 ]
Ans. : Letz=x + iy and w = u + iv.

Given thetw=—1- == z=—l—
z w
: 1 u-—iv
X +iy = e
UV y< 4yl
u -V
= k- and v=—80_ z
2 2 B 2 2
u< +v u- +v _
To find the image of |z — i| = 1] 3
X +1y —1| =1
X +1(y-1) =1
X" +(v-1Y =1
x? + yz -2y + 1= 3
x' +y® =2y _
—_—eeeeeeee—————— A Guide for Enginee
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Complex Integration
f ~ -
11.1 : Line Integra)
pletfiz) =u+ivand z=x+iy -dz=dy+igy er
I = J. f(Z) dz = J. (1.:+ JV) (dx+1dy) Wwe hﬂve,
L C
"'Plam

E]i]ﬁ This shows that the evaluaticn of the ljne ‘ntegral

= J. (leX-"dY)+if (de_‘:_ud},)
2 C :

anction can be reduced to the evaluation of two line j
} funcion.
I1) Basic Properties :

j (k1f(z)+ ko g(z))dz = klf f(z) dz + sz g(z) dz

C : C C
B A

4, j f(z)dz = —f f(z)dz
A B

3. IfA<B < C then | .
C B c ‘/\B\/’
[f@)dz= [ f@)dz+ [ fz)az
A A B

“ Let|f(z)| <M then Fig. 11.1

. f
| f(Z)dZI.'S M L where L is the length of the
curve C,

Remark : ite | '
Real definite Integrals are interpreted as area, but no such

i 4 :
alion 1s possible for complex definite integrals.

intery

of the complex
niegrals of real

Engineering Mathematics - 111 11-2 Complex Inte n
5-5i
Q.1
Evaluate I (z+1) dz
1+ 4i

i) Along the path x = ¢? +1,y =3t + 1
ii} Along the straight line joining 2 + 4i and 5 - Si.
= [ SPPU : May-11]

Ans. :
s o
Let f I (z+1)dz
2+ 4
Let z = x+iy .. dz=dx + idy
5-5i
L - I [(x+1) +iy] [dx+1cy]
2+ 4
5-5i 5-51
= I [(x+1)dx-ydy] +1 f [(x+1)dy =y dx] - (Q-1.1)
2+4i 2+ 4i
i) Along the path x=t2+1, y=3t+1
X = 2 ; y = 4 = 1 = |
and x = Sandy==5§ = t=-2
dx = 2t dt, dy = 3dt
- .. Equation (Q.1.1) becomes
. - |
i I = [ [(t2+2)2tde—(3t+1) 3dt]
Fiik 1
i

s T
S
=

-2
+ ij [(t2 +2) 3dt-(3t+1)2tdt]
1

I

- g
" [ @3-5t-3)dt + i (9t* +2t-6) dt
1 1
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Engineering Mathematics - IIT II-3 Complex Integration

ii) Along the straight line joining 2 + 4i and 5 — 5i

x_z }r_4
We h = =
€ have - 5 t
X =3t+2, y=-9t+4

dx = 3dt, dy=-9dt Heret=0tot=1

1
I = [ [(3t+3)3dt+(9t-4)(-9dt)]
0
1
+if [(3t+3) (-9dt)+(-9t+4) 3dt]
0

1 1
- | [-72t +45]dt+i[ (-54t-15)dt
0 0

1
{2 2 ;
1 = |=-72t_ N _mat
I —

0 0
9 — 42

11.2 : Cauchy's Theorem

1) Cauchy's Theorem :
connected domain D, then
ﬁ f(z) dz=0.

C

If f(z) is an analytic function in a simply
for every simple closed curve C in D,

Proof : Let R be region bounded by the closed
curve C and '

letf(z) =u(x,y) +iv (x, y)

and z = x + iy s.dz = dx + idy G
then. R
35 f(z)dz = § (u+1iv) (dx+ idy)
C -
Fig. 11.2
Decode e —
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Engineering Mathematics - I11 I1-4 Compite, .
\'h f.',rlg""f
=fa[udx—vdy]+if)[udy+vdx] S
C i i Garai
. . . ou du dv
f | 1 1 VEOVES == . =V
As f'(z) is continucus, the partial denvativ Oy 5’ »u,
continuous in R.
. Applying Green's theorem on both the integrals of Ry
equation (11.1), we get ; . _— o
v Jdu .
- G T 2222 i
§ fz)dz = |f [ 3y | dxdy + i [ [ax = xdj
c R R
o |
Since f(z) is analytic, C.R. equations must be satisfied
du _ ov - dv _ _du
ax dy X Jdy
. By using C.R. equations both the integrals of R.H.S. of equation|
become zero. :
£ f(z)dz = 0 -
Note

1) Cauchy's theorem is also known as Cauchy's Integral theore

2) In a Cauchy's theorem the condition that f be analytic in)
sufficient rather than necessary.

——

I
A A I: _c_i_zz_ = (0 where C is a unit circle, Soint
c Z
3 , _
But f(z) = — 1s not analytic at z = 0,
z
Proo
Corollary 1 : sruily

Z
Let f(z) be an analytic function then f f(z) dz is independs 1
Z, ~ith
the path joining the points z; and z,.
We can prove this corollary by using Cauchy's theorem.
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of

11.2)

D 1

1t of

I 11-5

et C and C, are described in a same direction

Cgrﬂrlllw 3 : ' tl.l S
In a Cauchy's theorem the condition that the do

connected 1S quite essential. In other words by
f fz) is analytic on and within a simple clo
f f(z) dz=0

C

main D be simply
Cauchy's theorem,
sed curve C then

e.g. If C is the annulus %c:] Z| -c:-g- where

1l 5 - :
7;) = — 15 analytic but this d In i I
== yt Omain 1s not simply connectad, sq we

.ot apply Cauchy's theorem, Here fa l dz = 2ni.
z
I3

11.3 : Cauchy's Integral Formula

=" [ SPPU : May-05, 06, 08, 09, 10, 11, 13,

Dec.-05, 06, 08, 10, 11, 12 ]

Let f{z) is analytic on and withi 1
Bt | n a closed curv ] '
somt within C then ' bl any

- 1 ¢ £2)
f(a) Zniﬁ dz

C Z—a

Proof : Consider the function %)
Z-a
all points within C except a.

Draw :
U@ a small cirele C; around point a

CUEPomnt z = 3 a9 4 centre and radius r.

which is

dalye ap

Fig. 11.3

A Guide jor Engineering Students

Engineering Mathemarics - [1]

Complex Integration

11-6
f(z) - ; C, and C
7_5 'S analytic in the region R bounded by € -
(1.e. Dotted region).
By Cauchy's theorem, we have
- g 16 o .. (11.3)
C Z—-a C, zZ-a
; f(z) : C,z—-am™ rel®
Consider RH.S. = fa dz , For any pomnt on -
¢, z—-a
dz = rie'® de
2n i0 :
RHS, = [ Ja*re7) ;e gg
3 I‘E'B
2n
= iJ. f(a+re'?) de L. (11.4)
0

" 'In the limiting form, as C, shrinks to the point a i.e. as r — 0
equation (11.4) becomes,

Clza

3@ i1z) dz

C Z-—a

2n
i) f(a) d6 =if(a)2n=2mif(a)
0

2 ni f(a)

. Equation (11.3) becomes

b 2 4z = 2rif(a)

-
g *

fla) = Lf f(z) dz

2mi Z—a
c

<.y - which is the desired Cauchy's Integral formula.

SN
< Corollary

L-"A

We have {3} = -1 f 2

dz
2m Z—a
i

A Differentiating both sides w.r.t. a under integral sign, we get.
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Engineering Mathematics - 111 11-7 Complex Integration
fla) = — f AR CRES
2mi da| z-a J
= 5§ -2z :
Mo (z-a) 3
1
- f f(r-)2 dz
mc (z-a)
Again differentiating w.r.t. a we get ;
> ! -5
f"(a) = _,Z.f 52 A
In general
f["}(a) .. IR § f(z)

2TE1C (z_a)n+l

By above results, we observed that if f(z) is analytic on the simple
closed curve C then the values of function and all it's derivatives can be

determined at any point of C. Also it follows that an amalytic function
possesses analyvtic derivatives of 21l orders.

Dccad’f A Guide for Engineering Students

Py, T
!

o A i
Q.2 Evaluare j, 22 ? dz where Cis |z - 1| = i
5" [ SPPU : May-05, 12, Dec.-10, 14 ]
2
Ans. : I = §422 ik dz
zc -1 :
Y -..
[
- =%
\
Fig. Q.2.1
z2 -1 = 0= z=+], -1 -:'

Engineering Mathemarics - i 11-8

C'amp!e.; In fth
LY

e
= ], -1 are two singularities and out of these Si“EulanH
out of these singnlarities z = 1 lies inside and z = - fies :;
1 \
o A
of |z - 1| 5 4
2 . 1
f(z) = 2 v is analytic everywhere in |z - 1| = 5
z+1 2
By Cauchy's integral formula ' o
2mi £(1) = 2mi ol = 5mi
[ il Bmach) = eB T2 t
Q.3  Evaluate ﬁ odic %-szz where C is |z] = 2.
( )
( n
z+ =
L 3,J 05 [ SPPU : Dec.-08, 14 May-09, 1y,

Ans. :
in 2
Let] = §—— 24 d .
-3
3.
| 3
z = —— is pole of order 4
)
™, .
z = —— lies inside of |z| = 2

)

By Cauchy's integral theorem

_posin2z 2 m .
R
T
[Z+EJ 1%, 3
where f(z) = sin 2z
f(z) = 2 cos 2z '
f(z) = — 4 sin 2z S &
f7(z) = — 8 cos 2z _ |z -
n n n 1
f —_—— = - 8 Rl e = o . A —_— = -
"( 3] co{ 5l 8cos g 8x 5 4
Equation (Q.3.1) becomes. —_—
’ ‘ode
 —— —— S
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; 11-9
ﬂﬂlﬁfﬂ""d"”} Cumpfﬁjﬂflgrnﬁpn
ffﬂl :
/ 411
< " }_T.-‘_-I;xt L)
’ IX 4
i 2 +€05°Z 4, here C is a circle x? + 2
‘ g DGR 06 R el o g ]
# E\!ltﬂ . T[\
z----
y IS [ SPPU : May-14 |
& 2 4cos’z
z
Rl Lt 3 = ...(Q.4.1)
€ [ gt - .
4
7 = T is a pole of order 3.
4
21 o T
| = ?f(EJ (4D
flz) = 7 + cos’ z
f(z) = 2z - 2 cos Z sin z
= 2z;sin2z = f"(z)=2-2cos 2z
1) T
- _L - - 2 D= 2
f 7] 2 - 2 cos 2
| = 2 2) = 2ni
2
2
: Evaluate $ zz *1 4z where C is the circle jz — 1| = 1.
) c ¥ -1 ' gz [ SPPU : May-15]
EI_.’MI:fzz-rldz
C 7= )

=l r=Elssea=x]

- | are two singularities and out of these singularities :and out.:i:af
¢ “gularities z = | lies inside of |z — 1| = 1 and z = — 1 lies outside
i ,

-
“

fiz) = = +11 is analytic everywhere in z-1 =1
2+

_T_A Guide for Engineering Students
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Engineering Mathematics - 111 11-10 Complex Integration
~. By Cauchy's Integral formula
I =2nif) =2ﬂi[:—:—i:l=2“i
2
Q.6 Evaluate f £ 4.125 dz where C is
< (5-2)
\ 2)
x2 y?
i e = [ SPPU : May-10, Dec.-15 ]
Ans. : Let f(z)=2z2+z+5 .
3 . : : xz +X_ = 1
f(z) is analytic everywhere and z = = lies within x 79
Y
.. By Cauchy's integral formula 5
] = f———f(z) dz = 2mi f{ = |
3Y \&/ e E7
z_—_. -—
[ 2 ) \-_4
= nmilf(z)] 3 =2nildz+1] 3 '
= S . Fig. Q.6.1
~ .= 2mi[6+1]= l4mi
. EI
dz over
Q.7 By using Cauchy's integral formula evaluate fvzz =

= [ SPPU : May-13 ]

“lz-1 =1L

Ans. :

¥ z-1=1 ]
Let f(z) = Z.0" i

= e” - - =
(z—i)(z +1) | |

f(z) is analytic within and on circlg - |

iz — 1| = 1. The singular points z==1

lies outside of 1z -11=1

Fig. Q.7.1
~.By Cauchy's theorem g

EZ
dz = 9
ﬁ(zz +1)

Jd' T A Guide for Engineering Students
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Engineering Mathemarics - 111 11-11 Complex Intcgration

11.4 : Zeroes, Singular Points, Poles and Resldues

& [ SPPU : Dec.-06, 07, 09, 10, 11, 12, May-05, 07, 12, 13 ]
A] Zero : A zero of an analytic function f(z) is that value of z for
which f(z) = 0.

If f(z) is analytic in the neighbourhood of a point
z = a, then by Taylor's series.
flz) = ap~a (z-a)+a,(z —3}2 ~..‘+an(z—a)“ P

Ifﬂ}(a}

n'

where ap, =

. If ap =aj=aj = Am-1 =0 but dm #0, then f(Z)
1s said to have a zero of order m at z = a. If m = | then zero is said to
be simple.

B] Singularities of an analytic function :

A point at which function f(z) ceases to be analytic is said to be
singular point of f(z),

C] Pole : If the principal part of the Laurent's series contain n terms

a_ -
1, 2 + Dol +...4+ waiodf |
zZ-a (z-a)? (z-a)’ (z-a)"
then the singular point z = a is called the pole of f(z) of order n.
a-j

If there is only one term ther z = a is called the simple

Z—a

pole.
If n = 2 then z = a is called double pole.

Note : ¢ f(7) = E:g then the poles of f(z) are the zeroes of q(z).
L

.

D] Residues :
The cocfficient of (z-a)~ ! in the expansion of f(z) around, an’
isolated singulanty is called the residue of f(z) at that point, el -

In a Laurent series expansion a_ | is the residue of f(z) at z = a.

e —— e =
Decode A Gulde for Englneering Students

Engineering Mathematics - J11 11-12

1
Residue of f(z) at (z = a) = a_ 1 =5 é f(z) dz
- § f(z)dz = 2niRes f(a)
C

E] Cauchy's residue theorem
If f(z) is analytic on and within a closed contour ¢ N
finite number of isolated singular points within ‘'C’ the,
Sum of residues at these | oy

Ef REyae = on ]__5ingular points J

= 2ni[r] +13 +13+...41 ]
where r;, 15, ..., I, are the residues at the singular points wg,
F) Working rules to find poles and residues :
1) If f(z) has a simnle pole at z = a then
Res fla) = lim (z-a) f(z)

T"\:s W

. £=—r B
2) If f(z) = 5{(—2 has a simple pole at z = a then
Res fla) = B2 [P ]
| q(a) |q(z)],.,
3) If f(z) has a double poles at z = a then Q.2

Res f(a) = zli_:}'lb Edz (z-a)?f(z)

4) If f(z) has a pole of order n at z = a then

] r dn-—l \n _{ Ans
Res f(a) = —— i| 3pamT [(z-a) f{z}]! SR
. 3 L dz JZ= a
. Let
Q.8 FEvaluate f dz where C is the circle 7 =7
c z% +13z% + 36 iz
[(z)
£% [ SPPU : May-07, Decst
Ans. ;! Let
I = f f(z) dz
"
i’f:‘.'uifr
w
Decode A Gulde for Engineering i
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11-13

Complex Integration

Z
f2) = (22 +9) (2% +4)

z
~ (z+3i) (z-31) (z+2i) (z-2i)

| has simple poles at z = 3i, — 3i, 2i, - 2i. Oy
iz

I oles 2 = 2i and — 2i lie ins:de |z| = 2.5,
R wo ¥

By Residue theorem, we have

Ir- uz] dz = 2:'['1[1"1 +I'2]

of these 4 poles

C . :
\here 1y, T BT residues of f(z) a: z = 2i and - 2 respectively,

) z o 8
n =\ z+20) (2-3) (z+3i)1=25 10
B M z -] _ 1
2 = | =2 2 -30) (Z+30) |, 10
1 = i f(z) clz=21rti[l—10+—]{ﬂ=:}-ﬂfl

q¢  Evaluate the following integral using residue theorem

! 2(z-1)(2-2)
C

dz where C is circle |z| = -

1" [ SPPU : Dec.-15 )
4-32

z(z-1)(z-2)
4 -3z
z(z-1)(z-2)

-

Let flz) =

dz

'2) has a simple pole at z = 0, 1, Z ou: of these poles z = 0, 1 lie

—.:and z = 2 lies outside of |z| =

DL KDY

I = ff(z)dz = 2 [r, + 1,] .(Q9.1)
C

A Guide for Engineering Students
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11-14 Complex In.2gr=.-in

where I, = Residue of f(z) at z= 0

- (4-32) - 4 - 2
- 2z=10\2-2)J,.9 (D) (=2)

r, = Residue of f(z) at z = |
[ (4-32) |
I, = |
. |_(Z )zrz—l}fz—2];1=,
4-3 1 _ 1 _
L, = — = =]
L1(1=-2)] -]

-.Equation (Q.9.1) becomes
| I = 2ri[2+(-1)]=2mi

ch

wz-1?

dz over

Q.10 By using Caurhy's residue theorem evaluate f

lz| = 3. = [ SPPU : Dec.-12, 15, May-13 ]
plZ
Aps. : Let {(z2) = ———
e 1. All
f(z) has a simple pole at z = 0 and double Pole at z = 1.
these poles lie within |z| = 3.
1z| =3
-3
L
Fig. Q.10.1
By Residue theorem, we have
2z
— —dz = 2mi[r; +12] (Q.10.1)
z(z-1)*

where r; and r, are residue of {(z) at z = 0 and z = | respectively.

e —————————
— —

——

— —————
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Engineering Mathematics - 111 11-15§ Complex Integratio. 2

- - — j b

Now ri = Residue of f(z) atz =0 v
= [(2=0)f(2)]; - ¢ :

r 2z

- " } 022 1
{ z(z-1)° gz a0 (Z_I)z Jz =0

Py - e ]

]

il > = Residue of f(z) at z = |
- r-a%(zhl}z f{z)} = ]'i(z—l)z —Efj—-:l
L z=1 Ldz z(z-—l)z z=1 :
_ P_d_ _E_E_Z_] [ze222 —e2z
hdzz S [ o Jz=1 - H_
r, = F_Zi:a.]_-_*ij = g2 I-

Equation (Q.10.1) becomes
2z

- E ;
§———dz = 2ni[1+e?]

z(z -1)?

11.5 : Evaluation of Real Definite Integrals

I=” [ SPPU : Dec.-05, 06, 07, oa-":’Eé
May-05, 06, 07, 08, 09, 10, 1, i

Consider the integral of the type
2

Vo

= § f(cos®, sin8) de | ﬂ;gw)
0 L
where the integrand f(cos 6, sin 0) 1s rational function of sinB cdé 0.
Let z = elf - daz=ie®dz=iz de
dg = SZ
1z
9, _-i3
Now cosB = f-l—-—ei—l=1(z+l
2 . 2 z

Decode . ——
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Here as 0 varies from 0 to 2m z describes the upj Cirgly
the anticlockwise sense. Substituting in equation (11.5), we e

[ir. . 1) 1 1‘1
S Fikae &t

dz _ ﬁ 0(z) dz

1z

where (z) is a rational function of z. Now, use Cay
theorem to evaluate I.

.
Note If f(2a - x) = f(x) ¥ x then
j f(x) dx = zJ‘ f(x) dx
” 12
—
in de
Q.11 Evaluate f ——
S+3cosH
=" [ SPPU : Dec.s
2n 1s.
) _f do
Ans. : Let I 'é e

2 2

Also as 6 varies from 0 to 2m z describes the unit circle ;.
the anticlockwise sense.

Put z = el®, de-%f-. co 59—1[2"'1}

I = r 1 dZ
- ) 30 1) iz
lzl=1 5+-—[z+—J
2 L
_ 3 J- dz 2 J‘
1 e 322 +102+3 L i (3Z+1" (2-

1
(3z+1) (z +3)

Let f(z) =

PCU

e ————— = —
= — e —————
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jes - 11
i w!ﬂi—" Cﬂmp}'ﬂ fﬂf[gpgﬁnn |
= gl 7 o R Engineen
; quﬂPlc pnlcs at z 3 and z = - 3. k. 3 — ng Mﬂhlmuﬂﬂ-ﬂ’! 11-18 Complex Integration
nas ¢ - : ke |
1 3 ;
= —— lies insi E - - 2
ese TWO poles only z 3 les inside |z < ¢ : i " ﬁ 1) 5
' : C 523 -2i 24 +2i 22
1« residue theorem . 2
B Cauch) L = 4 . . _1}5 (z2 -1)% A
T 2m[R251due of f(z) atz = ..%] g 41C 22 (- 2i z2 + 5z +2i)
1
- - '. . 2
E;.-—g} = [z 3 (3z+1) (z+3) z=_l J E - {.._2_12 "'32"’2]}
| . : 3 . 2. 1y2
- - @ e ]4
-2 [_}_ | ] 8 ~Z (21)L T ]
3 _ (32 _1)2
1 =« : % ' sk 1 .
[ = 4ﬂ..§=—2- = (-L]) Z [Z"-ZIJ (Z+21)
a7 2 1 ble pole at z =0
: ; sin” 6 . . f{z) has simple poles at z=— and z = — 21 and double po
., LUsing Contour integration, evaluate J} ST de. 3 |
= = 2 lie within 2 circle |z} = 1
15" [ SPPU : Dec.-05, May-11, 12 ] SRS DR g TRVERE
PA v 2 y
sin“6 2 412
TR de d (z° -1)
Lot 'g 5+4sin® Res ﬁ0)=sz AP
= -2A) Z—= |(Z+
_ dz . e_ ] _l\ - _ | L( )( 21] d) z=0
hstinuting z = 19, dB= T’ | B zJ i . o
2 - 2 - 1) z+2i) 222 -1) (22)-(2% -D)?| 22 -5 |
l[z 1 ) y g = 21!‘.I
| ' = I 7 2
¥ j; 4 - dz x (- 2i) z«—l,\ (z+2i)°
C - 4 1 7 1 1Z = ) 21/ ==0
I+ i—; - | .1
: where C is |z = 1 3 (—%J 5 1 "
- E - = [ =2 1 1
i (z2 -1)? . 1 2i)2 3 (- 2:1)(—2]’(-*4)
- dz (=2) % ( ) N
r1§ zz =9 ! J
C 523 +2i
A Guide for Engineering Students g ook .
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Eghfcring Marhematics - II1 11-19 | Complex Inregraﬁﬂll
* 2 _ 142
Resf(:_zl__)= (2_1] (z2 -1)
i 2i * |
: (—Zi)zz[z—-l—_J(z+21) .
- 21 SZ= -'27*
1

1Y
I

25

=16.

C

(1YL .\ 16, . ( 1Y_3)
(-2 -3 J['z'"i'*'h] (—21)(—-;](5)
1 |

il

[ = )6 f(z) dz = %[Res f(0)+ Res f(—l—ﬂ

25

- 41 21

_ 275 257 _ 2mi(-10
-4i|4 12] -4i| 12 el
_'-:'{‘:-'L",.Lés":
s

12 |

ooa

w
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