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COORDINATE GEOMETRY

After completing this unit, you should be able to:

» apply the distance formula to find the distance between any two given points in the
coordinate plane.

» formulate and apply the section formula to find a point that divides a given line segment in a
given ratio.

» write different forms of equations of a line and understand related terms.

» describe parallel or perpendicular lines in terms of their slopes.
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MATHEMATICS GRADE 10 UNIT 4

Introduction

Coordinate geometry studies about the use of algebraic (or analytic) methods in the solution of
geometric problems with the help of coordinate plane ( xy —coordinate plane).

The number plane, or Cartesian plane, is divided into four quadrants by two perpendicular lines called
the x-axis, a horizontal line, and the y-axis, a vertical line. These axes intersect at a point called the
origin. Once a unit distance has been chosen, the position of any point in the plane can be uniquely
represented by an ordered pair of numbers (X, y). For the point (5, 3), for example, 5 is the x-
coordinate and 3 is the y-coordinate, sometimes called the first and second coordinates. When
developing trigonometry, the four quadrants are usually called the first, second, third and fourth

guadrants as shown in the following diagram.

}?

A

Positive y-axis

2" quadrant

1% quadrant

Negative x-axis Positive x-axis

< > X

3" quadrant
4" quadrant

Negative y-axis

A 4

Figure 4.1

Suppose p(a, b) be point on the xy-coordinate plane “a’’ is called the x-coordinate or abscissa and “b”’
is called the y-coordinate or ordinate.

15t QUADRANT = R* x R* ={(x,y)|x > 0,y > 0}

25t QUADRANT = R~ X R* ={(x,y)|x < 0,y > 0}

374 QUADRANT =R~ x R™ = {(x,y)|x < 0,y < 0

4" QUADRANT =R* xR~ = {(x,y)|x >0,y >0

x — axis = {(x,0)|]x € R} and y — axis = {(0,y)|y € R}

This means xy —coordinate = Q; UQ, U Q3 U QU x —axis U y — axis
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4.1. DISTANCE BETWEEN TWO POINTS
DISTANCE BETWEEN TWO POINTS ON A NUMBER LINE

C o] A B
) -2 -1 0 1 2 .
Figure 4.2
e 0OA=1=|1]
e OB =3=|3|

e 0C=2=|-2|

e AB=2|=|3-1] =2

e BC=13-(=2)|or|-2-3|=5
In general on a number line the distance between points with coordinate x from the origin is given by
d = |x]|

o] A
< - - >
Figure 4.3

Note: The distance between two points A and B with coordinate x and y respectively is given by
d=|x—ylor|y—x|

X y
< " N >
Figure 4.4

DISTANCE BETWEEN TWO POINTS IN A PLANE

Suppose P (x;,v,) and Q (x,,y,) are two distinct points on the xy-coordinate plane. We can find the
distance between the two points P and Q by considering three cases.
Case i: When P and Q are on a line parallel to the x-axis (that is, PQ is a horizontal segment) as in

Figure 4.5.
Since the two points P and Q have the same y-coordinate (ordinate), the distance between P and Q is
= lx, — y
PQ = |x; — xq] A
P(x1,y1) Q(x2,y1)
r 1
I I
1 1
< > X
X1 X2
7
Figure 4.5
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Case ii: When P and Q are on a line parallel to the y-axis (that is, PQ is a vertical segment) as in Figure
4.6.
Since the two points have the same x-coordinate (abscissa), the distance between P and Q is PQ =

ly2 — v1l

\"
A
Q(x1,¥2)
V2 I
<€ > x
X1
Yi 17 7 T P(x1,y1)
A4
Figure 4.6

Case iii: When PQ is neither vertical nor horizontal (the general case). To find the distance between
the points P and Q, draw a line passing through P parallel to the x-axis and draw a line passing through
Q parallel to the y-axis. The horizontal line and the vertical line intersect at R (x,, y;).

Yy
A

/‘lQ(xz»}’z)
|
/1

< 1
AN
P(x1,¥1) —_———1 — -DR(XZ»Yl)

v

\ 4
Figure 4.7

Using case i and case ii, we have PR =|x, —x;| and RQ =|y, — y,|. Since APRQ is a right-angled
triangle at R, you can use Pythagoras’ Theorem to find the distance between points P and Q as
follows:

(PQ)* = (PR)* + (RQ)? = |xz — x11* +|y, — y11°= (% — %) + (y2 — y1)?
Therefore, PQ = /(x, — x1)% + (¥, — y1)?

In general, the distance d between any two points p(x;,y;) and Q(x,, y,) is given by d =

\/(xz - x1)%+ (y2 —y1)2.
This is called the distance formula.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 4
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Example 1: Find the distance between the given points:

a. A(2,5) and B(=3,5) C.R (—2,%) and S (gz)
b. P(4,9) and Q(4,—1) d. R(3,2) and s (3,2)
Solution:
a. A(2,5) and B(-3,5)
AB=d =/(x, —x1)?+ (y; —y1)? ormoresimply AB = |x, —x;| = |-3 — 2|
=(=3-2)2+ (5-75)2 =|—5| = 5 units

=,/ (=5)? + (0)? = 5units
b. P(4,9) and Q(4,—1)
PQ=d =/(x; —x)?+ (y, —y1)? or,moresimply PQ = |y, —y;| = |-1-9

=J(4—4)2+(-1-9)2 =|-10| = 10 units
J(0)2 + (=10)2 = 10 units
c. R (—2,%) and SG,Z)

RS =d=(x; — %)% + (y2 — y1)?

. \/G _ (—2))2 +(2- %)2
[ O - i
o 1G9 (2
RS =d =\/(x2 —x1)% + (¥, — y1)? :\/(E_E)z +G_§)2

@ - vEmis

Example 2: KM is a straight line of 13units. If K has the co-ordinates(2,5) and M has the co-

ordinates(x, —7), find the possible value of x.
Solution:

13 units
K (2.5) M(x.-7)

We have,d = KM = \/(x — 2)2 + (=7 — 5)2
2
(KM)? = (\/(x —2)2+(-7- 5)2) ..... squaring both sides
(KM)? = (x — 2)%? + (—12)2.
(KM)? =x? —4x +4 + 144
(KM)? = x%2 — 4x + 148
But KM = 13(given)
= (13)? = x% — 4x + 148
= 169 = x? — 4x + 148
=>x?2—4x+148—-169 =0

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK
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=>x2—4x—-21=0
=>@+3)x-7)=0
>x+3)=00r(x—7)=0
>x=—-3o0rx=7
Hence, the possible values of x are 7 and -3
From the value of x above, we can conclude that the coordinate of point M is either in quadrant Il or
quadrant 1V.
Example 3: A(-3,2),B(—=5,—5),C(2,—3) and D(4,4) are the four points in a plane. Show that
ABCD is rhombus but not a square.
Solution: The given points are A(—3,2), B(—5,—5),C(2,—3) and D(4,4)
wd=AB=/(-5—-(-3))2+ (-5-2)2 =/(-2)%2 + (-7)2 = V4 + 49= /53 units
d=BC=2-(=5))2+(=3- (-5)? = /(2 + (2)? = V49 + 4= V53 units
d=CD=,(4-2)2+(4—(-3))2=+(2)2 + (7)% = V4 + 49= /53 units
d=DA=.(-3-4)2+ (2—-4)2=./(=7)2+ (-2)% = /49 + 4= /53 units
~ AB =BC = CD = DA
~ ABCD is either a rhombus or a square
Diagonal AC = /(2 — (=3))% + (=3 — 2)2 =/(5)2 + (=5)2? = /50 units
Diagonal BD = /(4 — (=5))? + (4 — (=5))2 =/(9)2 + (9)2 = V162 units
=~ Diagonal AC # diagonal BD
~ ABCD is a rhombus but not a square

Example 4: Name the type of triangle PQR formed by the points P(«/E,\/ﬁ ) Q(—«/E,—\/i) and

R(—6,v6 |

Solution:
d=PQ = [(—VE—V2)' +(~VE-E) = [(~2V2)’ + (~2VZ)’ =6 = 4 units d = PR =
(V62 + (V6 —2) =6+ 2ViZ 246 2VIZ+2=VI6 = 4 wnit d=RQ -

J(VZ48) 4 (V2= VB)' =6 2VIZ+ 2+ 6+ 2TZ + 2 = VTG = A unit

Since PQ = PR = QR = 4 units
~Points P, Q and R form an equilateral triangle

4.2. DIVISION OF A LINE SEGMENT

Consider the horizontal line segment with end-points A (x;, y) and B (x,, y) as shown in figure 4.8. In
terms of the coordinates of A and B, determine the coordinates of the point P (x,, y,) that divides AB
internally in the ratio m: n.

Clearly, the ratio of the line segment AP to the line segment PB is given by %.

The distance between A and P is AP = x0 — x;
The distance between P and B is PB = x, — xo.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 6
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y
N
A; E (X0, Vo) B X2, y)
> X
Figure 4.8
m Xo—X1 — m

AP .
Therefore, — =—i.e
PB n X2—Xo n

Solving this equation for x,
= n(xo — x1) = m(x; — xo)
= nx, — NX; = Mx, — Mx,
= nxy + mxy = nx + mx,
= xo(n +m) = nxy + mx,

nxq+mxs,
=1 Xg =————
n+m
Since AB is parallel to the x-axis (AB is a horizontal line segment) and obviously, y, =y, therefore, the
. . ( nX, +mx
oint P(Xx,, Y, )is| —4——%2, vy |.
point P(x,, ¥,) ( . yj

Given a line segment PQ with end point coordinates P (x;,y;) and Q (x5,y,), let us find the
coordinates of the point R dividing the line segment PQ internally in the ratio m: n. i.e. % = % where
m and n are given positive real numbers.

iQ(x2, Yo)

P@Lm)éfiif ------

Figure 4.9
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Let the coordinates of R be (x,,y,). Consider the points (x;, x;) and (y; , y). If you draw lines
through the points P, Q and R parallel to the axes as shown in figure 4.9, the points S and T have the
coordinates (xq, y;) and (x5, y,), respectively.

PS=xy—x,RT=x, —x0,SR=y,—y; and TQ =y, — y,

Since triangles PSR and RTQ are similar (Why?)

PS PR SR PR
—=—and — =—
RT  RQ TQ RQ

Xo—X m - m
o™X _ M nd Yo—Vi _ MM
X2—Xo n Y2=Yo n

=N (X — x1) =M (xz — xp) and n (yo — y1) =m (¥, — o)
= Nx, — Nx; = Mx, — Mx, and ny, —ny; = my, —my,
= Nx, + Mx, = Nx; + mx, and ny, + my, =ny; + my,

= xo (N +m)=nx; +mx, and y, (n + m) =ny; + my,

nx{+mx ny;+m
= x0 = X2 gngd y, = T2
n+m n+m

The point R (x,, y,) dividing the line segment PQ internally in the ratio m: n is given by

_ nxi+mx, ny;+my,
R(xo'yO)_( n+m ' n+m )

This is called the section formula.

Example 1: Find the coordinate of a point R that divides the line segments with end-points
A(—3,3) and B(12,-7) in the ratio2: 3.

Solution: Put(x,,y;) = (—3,3), (x3,y,) = (12,—7), m = 2 and n = 3, using the section formula ,you
have:

nx,+mx, ny;+my;\_ (3X—3+2X12 3X3+2X-7\ _ (—9+24 9-14)\_
R(thyO) = ( ) ) ( ) ) - ( ) )—(3, _1)
3+2 3+2 5 5

n+m n+m

Therefore,R is (3,—1)

Example 2: A line segment has end- points (3, —3) and (6,9) and it is divided into three equal parts.
Find the coordinate of the points that trisect the segment.

Solution: Let P(x,,y,) and Q(x,',y,") be points which trisect the line segment joining the points
(3,—3) and (6,9)

e 1 °
A (3, -3) P (x0, ¥o)

8. - - 2
Q(x0",¥0") B (6, 9)
The first point P(x,, y,) divides the line segment in the ratio 1: 2 and hence
(x1,y1) = (3,-3),(x5,¥,) =(69),m=1andn =2

P(xo;}’o) _ (nx1+mx2 ny1+myz) _ (2><3+1><6 2><—3+1><9) - (E E) = (41)

n+m ' n+m 241 7 241 3’3
Therefore the first point P(x,, y,) = (4,1)
The second point Q(x,’,v,") divides the line segment in the ratio2: 1.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 8
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Thus
(xli yl) = (37 —3), (xZ' yZ) = (6,9),771 = 2 and n= 1

nxq+mx, ny{+my 1Xx3+2X6 1X-—3+2X9\ _ (/15 15
Q(xol;)’o’) = ( . 2) . 2) = ( ) ) - (_I_) = (SIS)

n+m n+m 2+1 2+1 33

Therefore the second point Q(x,’, yo") = (5,5)

Example 3: The line segment joining A (—1, g) and the points B(a, 5) is divided in the ratio 1: 3 at P

the point where the line segment AB intersects y-axis. Calculate
i. the values of a
ii. the co-ordinate of P

Solution:
Qe 'y -
A (—l,g) R (%0, Y0) B (a, 5)
5
_ (mxatmx; ny;+my;\ _ [3x—1+ixa 3X3HIX5)  /-3+a 10
R(xo,yo)—( n+m ' n+m )_< 143 ' 143 _( 4 ’4)
—-3+a 10
== andy = ”
i. AB intersect y-axis at p
-3+a
cx=0= Y 0
=a=3

ii. The co-ordinate of P are (O, g)

Example 4: In what ratio does the point (5,4) divide the line segment joining the
points(2,1) and (7,6)?

Solution: Let the ratio be m:n that the point (5,4) divides the line segment joining the
points(2,1), (7,6).
(x1; yl) = (2»1)»(352»3’2) = (7'6)

nx;+mx, ny; +my2)

R(x0,¥0) = ( ’

n+m n+m

(5 4) _ (nx2+m><7 n><1+m><6)
’ n+tm ' n+m

5= 2n+7m=}~5(n+m)=2n+7m

n+m
S5n+5m=2n+7m
S5n—2n=7m—->5m

3n=2m
n_2m .dividing each term by 2n
2n 2n

3 m
—=—=m:n=3:2
2 n

Therefore m:n = 3: 2
Example 5: In what ratio does the point (—4,b) divide the line segment joining the
pointsP (2, —2), Q(—14,6)? Find the value of b.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 9
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Solution:
e . .-
P (2,-2) R(—4,b) Q(—14,6)

The point (—4, b) divides the line segment joining the points P(2, —2) and Q(—14,6) in the ratio m: n

nx{+mx, ny;+my,
R(xOI yO) = ( ’ )

n+m n+m
nx2+mx—14 nxX—-2+mxe6
(_4' b) - ( n+m " n+m )
— :%:—4(n+m) =2n—14m
—4n —4m = 2n — 14m
—4n—-2n= —14m+4m
—6n = —-10m
—en _-lom . dividing each term by -10n
—-10n —-10n
6 _m
10 =n
~m:n=3:5
—2n+6m _ —2x5+6x3 _ —10+18 _
b= n+m - 5+3 - 8 =1
~b=1

THE MID- POINT FORMULA

A point that divides a line segment into two equal parts is the mid-point of the segment.

Let P (xy,y;) and Q (x5, y,) be the end-points of PQ.
If PR = RQ (the case where m = n), then R is the mid-point of the line segment PQ.
Now let us derive the mid-point formula.

_ nxi+mx, ny;+my,
R(XO'yO) - ( , )

n+m n+m
_ (nx1+nx2 ny1+ny2) _ (n(x1+xz) nO’1+YZ)) (asm = n)
n+n ' n+n 2n 7 2n

— (x1+x2 Y1+372)
)
This is the formula used to find the mid-point of the line segment PQ whose end points are P (x, y;)

and Q (x2, 7).

The mid-point of the line segment joining the points (x,,y;) and Q (x,, y,) is given by

M(xo,y0) = (2522, 2722).

Example 1: Find the co-ordinates of the mid-point of the line segments with end-points:
a. A(-3,4)and B(1,5)
b. G(v5,1—+v3)and H(3V5,1 + V3)
c. P(a+3,5b)and Q(2a—1,3b + 4)

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 10
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Solution:
+ +
a. M(xOrYO) — (x12x2 ’Y1ZYZ)

xX1+x yit+y
Xy = ——= andyo—%

—3+1 +5 9
> =—1andy0=—=5

2
Therefore M (xy, vo) = (—1, %)

X1+X2 J’1+J’2)

b. M(xq,¥0) = (T' >

x0:

Xy = X1+X nd Vo = Y1ty2
2 2
0_\/—4-23\/—_2\/—andy0_1\/—;-1+\/— 1

Therefore M (xo, yo) = (2V5,1)

+ +
C Mxo,yp) = (B2, 222)

Xo = x1+x2 and Yo = J’142'J’2

Xy = a+3+2a 1 — 3a+2 d 0= 5b+3b+4 — 8b+4 — 4-b + 2
2 2 2 2

Therefore M (x,, yo) = (3a+2 4b + 2)

Example 2: The mid-point of the line segment joining the points (3m, 6) and (—4,3n) is (1,2m — 1)

find the values of m and n .
Solution: The mid-point of the line segment joining two points (3m, 6) and (—4,3n) is (1,2m — 1)

(x1,y1) = 3m, 6), (x2,¥) = (—=4,3n) and (x¢,y,) (1,2m — 1)

X1+X2 J/1+Y2)

M(xo, o) = (252,22

If (12m—1) = (2=, 6+3") then:

3m—4 6+3n
and2m —1 =

1=
2 =3m-4 and 4m-2=6+3n
m=2and 4(2)-2 =6+3n
m=2and 8-2-6=3n=n =0
Hencem=2andn=0
Example 3: If co-ordinate of the mid-point of the line segment PQ is(1, —2) and the co- ordinates of P
is(—3,2), then find the co-ordinate of Q.
Solution: Let the co-ordinate of Q be(x, y), co-ordinate of P is (—3,2) (given)
The mid-point of PQ is(1, —2)(given), then
e ® o
Q(x,y) M(1,-2) P(-3,2)

(x1,y1) = (x, ), (x2,¥2) = (—3,2) and (xo,¥,) (1,—2)
M(XOryO) — (xl‘;‘lejﬁ';'YZ)

_(x-3 Yy
If (1,-2) = (T,—) then;

x-3 +2
1=—and—2=y—
2 2

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 11
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2=x-3and -4 = y+2
x=5and y=-6
Hence co-ordinate of Q is (5, —6).
Example 4: The mid-point of the sides BC, CA and AB of AABC are
D (2,1),E (—1,—3) and F(4,5), respectively. Find the co-ordinates of A, B and C

Solution: Let the co-ordinates of A, B and C be (x4, y;), (x5, ¥5) and (x3,v3)

A(xy,y1)

B (xZJ yZ) D (xz’ J’1) C (X3, y3)

e D is the mid-point of BC
-'-XZTH%:Zand Y2t¥s _ 4
Xy +x3=4andy, +y; =2

e E is the mid-point of AC

205 and 222 = 3
2
X1+X3=_2 andy1+y3=_6
X1 +x3==-2....(03)

e Fisthe mid-point of AB
. X1+X2 — 4 and yl:yZ — 5

X1 +x, = —8andy; +y, = 10

X1 +x,=-8....(5)
yi+y,=10....(6)
= from1land 3,we get x; —x, = —6. . .(7)

= from 2 and 4,we get y; —y, = —8. . .(8)
= from7and 5,we get2x; =2 =x; =1
= from8and 6,we get 2y, =2 =y, =1
= from 7and 8,we get x, =7 and y, =9
= from land 2,we get x3 = =3 and y; = —7
Hence, co-ordinates of A, B and C are (1,1), (7,9) and (—3,—7) respectively.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 12
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1.

10.

11.

12.

13.

14.

15.

Exercise 4.1
In each of the following ,find the distance between the two given points:
a. A(V2,1) and B(1,V2) c. P(a,—b) and Q(—a,b)
V2 2
b. €(v2a,c)and D(V2b,c) d. the origin and E (? —?)

Let A(3,—7) and B(—1,4) be two adjacent vertices of square. Calculate the area of the square.

Let P(3,5) and B(1,—3) are two opposite vertices of a square. Find its area.

Show that the plane figure with vertices:

a. A(5,—1),B(2,3) and C(1,1) is aright angled triangle.

b. A(—4,3),B(4,—3) and C(3\/§, 4\/§) is an equilateral triangle.

c. A(2,3),B(6,8) and C(7,—1) is an isosceles triangle.

d. A(0,2),B(v3,—1) and €(0,—2) is aright angle triangle.

e. A(9,0),B(9,6),C(—9,6) and (—9,0) are the vertices of rectangle.

f. A(—-1,0),B(3,1),C(2,2) and (—2,1) are the vertices of parallelogram.

Find h such that the points A(h, 1), B(2,7) and C(—6,—7) are vertices of a right triangle with right
angle at the vertex A.

The triangle PQR has vertices P(8,6),Q(0,2) and R(2,r), find the values of r when the triangle
POR:

a. hasaright angle at P c. has aright angle at R

b. hasarightangle at Q d. Is isosceles with RQ = RP

Three points A, B and C have coordinates (1,3), (3,5) and(—1, x). Find the values of x in each of
the following cases:

a. AB=AC b. AB is perpendicular to BC c. A,B and C are collinear

If the distance between the points (2, —2) and (—1, x) is 5, then find the possible value of x.

If the mid-point of the line segment joining the points A(3,4) and B(k,6) is P(x,y) and x + y —
10 = 0, find the value of k.

Find the area of the triangle ABC with A(1,—4) and the mid —points of the sides through A
being(2,—1) and (0, —1).

The line segment joining the points A(3,2) and B(5,1) is divided at the point P in the ratio 1: 2 and
it lies on the line 3x — 18y + k = 0, find the values of k.

If D (—%,2),E(7,3) and F (%%) are the mid-points of the sides of AABC, then find the area of

AABC.
The points A(2,9), E(y,5) and F(5,5) are the vertices of a triangle ABC right angled at B. Find the
values of y and hence the area of AABC.

Find the ratio in which the point PG%) divides the line segment joining the
points A G%) and B(2,-5).

If P(9a — 2,—b) divides line segment joining A(3a + 1, —3) and B(8a,5) in the ratio 3:1 find
the values of a and b.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 13
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16. Find the coordinates of the point R on the line segment joining the points P(—1,3) and Q(2,5)
such that PR = %PQ.

17. Show that the line segment joining the points A(—5,8) and B(10,—4) is trisected by the co-
ordinates axis and also find the points of trisection of AB.

18. The co-ordinates of two points A and B are (—3,3) and (12, —7) respectively P is a point on the
line segment AB such that AP: PB = 2: 3 find the co-ordinates of P.

19. If (2,1),(—4,—1) and (—2,—3) are the vertices of a rectangle taken in order, then find the fourth
vertex of the rectangle.

4.3. EQUATION OF A LINE
4.3.1. Gradient (Slope) of a Line

From your everyday experience, you might be familiar with the idea of gradient (slope). A hill may be
steep or may rise very slowly. The number that describes the steepness of a hill is called the gradient
(slope) of the hill. We measure the gradient of a hill by the ratio of the vertical rise to the horizontal
run.

Vertical run

Horizontal run
Figure 4.10

In coordinate geometry, the gradient of a non- vertical straight line is the ratio of "change in y-
coordinates" to the corresponding "“change in x-coordinates"”. That is, the slope of a line through P and
Q is the ratio of the vertical distance from P to Q to the horizontal distance from P to Q.

: : h in y—coordinat -
If we denote the gradient of a line by the letter m, then m = —o° TYZEOPTERAEY _ Y220, o = x,.
y change in x—coordinates Xp—Xq
N

IQ(xz» y2)

I

I

I

I

T 7\ X

I

I

/.

_____ I
P(x1, 1) R(x2,¥1)

Figure 4.11
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Definition 4.1

If (xq,y7) and (x,, y,) are points on a line with x; # x,, then the gradient of the line, denoted by
m, is given by

Y2—=V1

X2—X1

m =

Note:

1. As you move from A to B along the interval the y-value increases as the x-value increases. The
gradient is positive.
For Example: Given the points A(2,1) and B(5,6) gradient of AB
6—1 5

Gradient of AB = — =
5-2 3

B (5, 6)

A2, 1)

2. As we move from A to B the y value decreases as the x value increases.
The gradient is negative.
For Example: Given the points A(2,7) and B(6,1) gradient of AB

N

Gradient of AB = =2 = _%

()}
N

y
r AR

B (6, 1)
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3. The gradient of any horizontal line is zeroi.e. m = 0
For Example: Given the points E(5,8) and F(—2,8) gradient of EF

Gradientof EF = =2 = _2_
—2-5 7
y
A
F (-21 8) E (51 8)

4. The gradient of any vertical line is not defined
For Example: Given the points H(1,7) and K (1, —6) gradient of HK

Gradient of HK =

-6-7
1—

—=- 10—3 = undefined(no gradeiant)

H (1, 7)

v
x

K (1, -6)

Example 1: Find the gradient of the line passing through each of the following pairs of points:

a. P(=3,1) and Q(4,~5) d.A(2,-3) and B (3,1)
b. P(5 —10) and Q(—6,—7) e. H(V2,-9) and K(2v2,-7)
c.4(-2,-8) and B(-3,3) f.F(=29) and G (-2,9)
Solution:
a. P(-3,1)and Q(4,-5)
m=¥ts o= 3
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b. P(5,—10) and Q(—6,—7)

m= Y2—y1 _ Z7-(-10) 3
Xy—Xq —6-5 11
c. A (—z, —8) and B (—%,%)
1 1
_ ~—(-8) -+8 102
m =220 e ) e v
6 4 6 4
d. 4(3,-3) and B(3,1)
m=220 = DCY - % pich is undefined
¥4 g O
e. H(V2,-9)and K(2v2,-7)
_ Y2y _ Z7=(29) _ 749 _ 2 _
m_xz—xl_ 222 V2 _\/E_\/E
4
f. F(-29)and 6 (~%,9)
m=Y_ 90 _ 0 _
Xp=x1 - —=(-2)  —c+2

4.3.2 Slope of a Line in terms of Angle of Inclination
Definition: The angle of inclination of a line ¢ is the angle between the line £ and the positive x-axis
in anticlockwise direction

A

Y,
//4 "

Figure 4.12

Note:
1. The angle of inclination of a line is such that 0 < 6 < 180°
2. The angle of inclination of horizontal line is zero i.e. 8 =0

y
1 £ is horizontal line
?
> X
Figure 4.13
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3. ‘fisavertical line i.e. 8 =90°

£ 2isvertical line

1

v

Figure 4.14

4. ¢isinclined to the left i.e. 90° < 8° < 180°

N

A\ 4
x

Figure 4.16
For a non-vertical line, the tangent of this angle is the slope of the line. Observe the following figure

4.17

N\ (Xz,yz)

|Q(X2, yZ)
|

|
/pzx:,;li ~~ e e NG
0

v
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In figure 4.17a above, as y, — y; represents the distance RQ and x, — x; represents the distance PR,the
slope of the straight line PQ is actually represented by the ratio:

=R _ %20 tan(m4RPQ)

PR Xp—X1
~m= tanf
A line making an acute angle of inclination 8 with the positive direction of the x-axis has positive
slope. Similarly, a line with obtuse angle of inclination 8 (see figure 4.17b), has negative slope.

slope of | (m) = g =228 %™ — _3(180° — 0) = —(—tan ) = tan 6

X1—X2 X2—X1

In general, the slope of a line may be expressed in terms of the coordinates of two points
(x1,y1) and (x5, y,) on the line as follows:

=222 — tang, X, # Xq
Xo—X1
Where 6 is the anticlockwise angle between the positive x-axis and the line.
Note:

i. if £ishorizontal,d = 0°
m=tanf =tan0 =0
ii. if ¢is vertical ,8 = 90°
m =tanf = tan 90" = #A(does not exist)
iii. if £ is inclined to the right ,
0 < 6 <90°(8 is acute or 8 is first quadrantal angle)
m=tanf >0
iii. if £ is inclined to the left,
90° < 6 < 180°(0 is obtuse or 0 is second quadrantal angle)
m=tanf6 <0

Example 2: Find the slope m of the lines whose angle of inclinations are given below

a. =0 b. 6 = 60° c.9 = 150°
d..o =75° e.azgrad
Solution:

a. =0 =m=tanf =tan0 =0

=60 =m=tan6 = tan60° =3

0 =150° = m = tanf = tan 150" = —tan(180° — 150°) = —tan 30" = —
=75 =m=tanf =tan75 =2 ++V3

6 = %rad =>m= tangrad = does not exist

L
V3

©® o o o

Example 3: Find the angle of inclination of the following pairs of points
a A(1,4)and B (3,2) b. A(0,—2) and B(3,—5)
c. A(3,7) and B(v3,7) d. A(5,—1) and B(5,3)
e. A(Z, \/E) and B(\/z 2\/§)
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Solution:
a. A(1,4) and B (%g)

T, 78 ot
m=tanf =2L=2_=Z =2 =1
emx 7l 5 g
tanf =1 = 6 = 45
b. A(0,—2) and B(3,-5)
m=tang =22 = 5D _3_ 4
Xo—X1 3—-0 3
tand = -1 = 6 = 135°
c. A3,7)and B(v3,7)

Y2—Y1 7-7 0
= n = = = =
m =tané ot~ 733 - 53 0

tan6 =0 =2 0=0

The line is horizontal
d. A(5,—-1)and B(5,3)
m=tang =22 = 3ZCD _ 3 _ 4 4o not exist

X2—X1 5-5 0 0
The line is vertical
A(2,4/6) and B(V2,2V3)
_ _ya=y1 _ 2V3=v6 _ V3(2—v2) _ V3(2—V2) _ _

m=tanb == = T T e = V3

tand = V3 =060 = 120°

@

Collinear points
Definition: Three or more points are said to be collinear if they lie on the same line.

Note: In coordinate geometry three points A(x,, y,), B(x,y,) and C(x3,y3) are collinear if

Y2—Y1 Y3—=Y2 Y3—Y1
Moz = Mz~ = M5~ that means = =
AB BC AC Xg—X1 X3—Xz X3—Xq

Example 4: Check whether the following triplets of points are collinear or not:
a. A(1,1),B(-=1,5) and C(=3,9)
b. A(0,3),B(—2,1) and C(1,2)
c. A(V2,1),B(1,v2—-1)and C(vV2+1,v2+1)
Solution:
a. A(1,1),B(—1,5) and C(-3,9)
Check My = Mge = My
Y2—=YV1 _ ¥Y3=Y2 _ YV3—V1

Xo2—X1 X3—Xp X3—X1

—51—11 - —93—51 - —93—11 =—2=-2=-2
~ A, B and C are collinear
b. A(0,3),B(—2,1) and C(1,2)
Check Mz = Mg = Mye

Y2—=YV1 _ ¥Y3=Y2 _ YV3—V1

X2—X1 X3—X2 X3—X1
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1-3 2—1 2-3 1
= == =1#-%-1
—-2-0 1-(-2) 1-0 3

~ A, B and C are not collinear

A(V2,1),B(1,V2—1)and C(V2 + 1,V2 + 1)

Check Mz = Mpe = Mye
Y2=Y1 _ Y3=Y2 _ YV3~)1

X2—X1 X3—X2 X3—Xq

V2-1-1 — V2+1-(v2-1) _ V2+1-1 = \/E = \/E = \/E

12 VZ+1-1 V2412
~ A, B and C are collinear

Example 5: Find the possible values of k so that the following triplets of points are collinear:

a. A(k,—1),B(3+k,2)and €(0,5)
b. A(1,k),B(3,2) and C(4k,—1)

c. A(-1,k—1),B(k,k—3)and C(k—6,3)
Solution:

a. A(k,—1),B(3+k,2) and €(0,5)

mﬁ = mﬁ

Y2—=YV1 _ Y3—Y2

X2—X1 - X3—Xp

2—(-1) _  5-2 3_ 3

3+k—k  0-(3+k) 3 -3-k
1=— = -3-k=3

-3-k
= k=-6

A(1,k),B(3,2) and C(4k,—1)
mﬁ = mﬁ

- - 2—k -1-2
Y2=V1 _ Y3~Y2 = —
Xo2—X1 X3—Xp -1 4k-3

2— -3
= — = —
2 4k-3

= (2 - k)(4k —3) = (2)(-3)
=> —4k?>+ 11k — 6 = —6

> —4k?*+11k =0
=>k(—4k+11) =0
=>k=00r—4k+11=0

zk=00rk=1:1

c. A(-1,k—1),B(k,k—3)and C(k —6,3)

mzg = Mpc

Y2=Y1 _ Y3~=Y2 — k—3—(k-1) _ 3—(k-3)

Xp—Xq X3—Xp k—-(-1) k—6-k
-2 _ 6-k
K+1 -6

= (=2)(-6) = (k+ 1)(6—k)
=>12=6k+6—k*—k
=>12=—-k?+5k+6

= —k?’+5k—6=0

=>(-k+3)(k—2)=0=>k=3o0rk=2
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Exercise 4.2

1. Find the gradient of the line passing through the following points:

a. A(4,3) and B(8,11) e. E(58)and F(-2,8)

b. P(3,7) and Q(1,9) f. H(1,7) and K(1,-6)

c. €(vV2,-9)and D(2v2,-7) 9. H(V2,1) and K(1,v2 - 1)

d. R(-5-2)and S(7,8) h. H(1,vV2—1)and K(N2 +1,¥2 + 1)

2. A(2,-3),B(7,5) and C(—2,9) are vertices of triangle ABC. Find the gradient of each of the sides
of the triangle.
3. Show that the points A(a, 0), B(0, b) and C(3a,—2b) are collinear.
4. Find the possible values of k so that the following triplets of points are collinear:
a. A(L,k),B(3,2) and C(4k,—1)
b. A(k + 1,2k), B(3k, 2k + 3) and C(5k — 1,5k)
c. A(—v2,0),B(-1,k—+2)and C(2v2,3k)
5. Which of the following points are collinear?
a. A(2,5),B(—1,—1) and C(—4,-7) f. A(5,-5),B(-3,5) and C(7,10)
b. A(1,-1),B(—2,4) and €(0,1) g A (3% _1)'3 (0‘2 g) and C(1,2)
c. A(7,-3),B(-21) and € (63,3)

=

A(l,m —n?),B(m,0) and C(1 + m,m)

d. A(-4,6),B(—1,12) and C(~7,0) i, A4(0,—4),B (1, _g) and C (_1’3)
e. A(4,5),B(7,6) and C(6,3)
6. Find the slope of the line whose angle of inclination is:
a. 30° b. 120° c.2mwrad d.2rrad
7. Find the angle of inclination of the following pairs of points:
a. P(3,7)and Q(1,9) c. C(¥2,—9)and D(2v2,-7)
b. E(5,8)and F(—2,8)

8. Find the angle of inclination of the line if its slope is:

a —/3 c.1 e.0
V3 1
b. -3 d.\/—§ f.—1
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4.3.3 Different forms of Equations of a Line

The equation of a straight line can be expressed in different forms. Some of these are:
1. Equation of lines parallel to the co-ordinate axes,

Origin-slope form,

Two-intercept form,

The point-slope form,

The slope-intercept form and

The two-point form.

ok wnN

1. Equation of a lines parallel to the co-ordinate axes
Let P (X, y) be any point on a line parallel to x-axis at a distance b from it. Hence the equation of this
line isy = b. Similarly x = a is the equation of the line parallel to the y-axis and at a distance a from it.

N

A\ 4
x

Figure 4.18

2. Origin-slope form
If the equation of a line passing through the origin and having the slop m, then the required equation

of this line is, y = mx y

Figure 4.19
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3. Two-intercept form
Let a straight line intersect the coordinate axes making intercepts of a and b on x-axis and y-axis

respectively, then the required equation of the line is;

-2 +b=>x+y—1
Y=p* a' b

V

—

Figure 4.20
Example 6: Find equation of the line having x-intercept 3 and y-intercept -5.

Solution: §+%=1=>§+_15=1or5x—3y—15=0

4. The point-slope form of equation of a line

Suppose you want to find the equation of the straight line which passes through the point with
coordinates (x;, y,) and which has slope m. Again, let the point with given coordinates be A (x,, y;) .
Take any other point on the line, say B, with coordinate (x, y) as shown in figure 4.21.

Y
N

Slope=m

B (x,y)

A (x1,¥1)

Figure 4.21
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Then the slope of 4B is 22

X—Xq

=y —y; = m(x — x;) which isthe same as y = y; + m(x — x).

This equation is called the point-slope form of equation of a line

Example 7: Find the equation of the straight line with slope—g and which passes through the point

“)

Solution: Given m = —% and point(x,y,) = (3;)

>y= —§x+§ or2x+3y—7=0
Example 8: Find the equation of the straight line with slope 3 and which passes through the point
(2,-1).
Solution: Givenm = 3 and point(x,,y;) = (2,—1)
y—y1 =m(x—xq)
>y — (-1 =3(x-2)
>y+1=3x—6
>y=3x—-6—-1=3x—-7
>y=3x—-7

5. The slope-intercept form of equation of a line

Consider the equation y = mx + b. When x =0, y = b. Also, when x =1, y = m + b as shown in figure
4.22.You can see that P (0, b) is the point where the line with equation y = mx + b crosses the y-axis.

(b is called the y-intercept of the line).

Let Q be (1, m + b). Using the coordinates of points P and Q, show that the slope of the straight line
passing through P and Q is m. Writing the equation of this line through the point (0, b) with slope m,
using the point-slope form, gives;

y—-b=mx-0)=2y=mx+b

Where m is slope of the line and b is y-intercept of the line. This equation is called the slope-intercept
form of the equation of a line.
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<

_______ |
/ o) R (1, b)
/ 0 X

Figure 4.22

Example 9: Find the equation of the line with slop -1 and y-intercept 2.
Solution: Herem = —land b = 2
Therefore, the equation of the lineisy = —x+2o0rx+y—2 = 0.

Example 10: Find the equation of the line with slop ; and y-intercept —3.
Solution: Here,m = ; and b = -3

Therefore, the equation of the lineis y = %x —30r3x—2y—6=0

6. The two-point form of equation of a line

Finally, let us look at the situation where the slope of a non-vertical line is not given but two points on
the line are given.

Consider a straight line which passes through the points P (x, y;) and Q (x5, y,). If R (X, y) is any point

on the line other than P (x1,y) or Q (x,, y,), then the slope of PR is m = 222 x # x, and the

X—X1

slope of PQ ism = % ,X; # X, butthe slope of PR = the slope of PQ.
2741

A 220 = 2270 Thig equation is called the two-point form of equation of a line.
y

X—X1 X2—X1

/

Q(

p (ﬁﬂ})é
> X
/

Figure 4.23
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Example 11: Find the equation of the line passing through the point P(3, —7) and Q(—2,—5).
Solution: Taking (3,—7) as (x,y,) and (—2,-5) as (x,,y,), use the-two-point form to get the
equation of the line:

yoyi_ Y2y y=(7 25227

X—X1 Xp—X1 x—3 —-2-3
y+7 _ =547 2
x-3 -5 -5

= (=50 +7) = (2)(x-3)

= —5y—35=2x—-6

= —2x—5y—35+6=0

= —2x—5y—29=0
Example 12: Find the equation of the line passing through the point P(—5,1) and Q(1, —3).
Solution: Taking(—5,1) as (x,y,) and (1,-3) as (x,,y,), use the-two-point form to get the
equation of the line:

YY1 _ Y2~V1 y-1 _ —3-1
xX—x1 Xp—X1 x—(=5) 1-(-5)
y-1__ -4
x+5 6
y-1_ -2
x+5 3

= By -1 = (-2)(x+5)
= 3y—3=-2x—-10
=2x+3y—3+10=0
=>2x+3y+7=0
7. The general equation of a line
A first degree (linear) equation in x and y is an equation of the form; Ax + By + C = 0 where A, Band C
are fixed real numbers such that A # 0 or B #0.
All the different forms of equations of lines discussed above can be expressed in the form Ax+By+C =0.

Conversely, one can show that any linear equation in x and y is the equation of a line.
Suppose a linear equation in x and y is given as Ax + By + C = 0.
If B =0, then the equation: Ax + By + C = 0 may be solved for y as follows:

A C
By=-Ax-C=>y=——X——
y y B B
This equation is of the form y = mx + b, and therefore represents a straight line with slope m = —g
andy — intercept b = — %‘

What will be the equation Ax + By + C =0, if B=0and A = 0?
Example 13: Find the slope and y-intercept of the line whose general equation is:
a. 3x+2y+4=0
b. 2x+3y—-7=0
Solution: a. Solving for y the equation 3x + 2y + 4 = 0 gives 2y = —3x — 4
y = —%X — 250, slope ism = —% and y — intercept isb = —2.
b. Solving for y the equation 2x + 3y — 7 = 0 gives 3y = —2x + 7
y = —%x +§ so, slopeism = —% and y — intercept is b = %
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Exercise 4.3
1. Find equation of the line passing through the given points:
a. A(-3,1) and B(4,-5) e. M(m, m) and N(3m, —5m)
b. P(—4,9) and Q(—1,1) f R (11, _E) and S (_E, 1)
2 2 2

c. C(1,1)and D(1++2,1-2)
d. P(—2,0) and the origin
2. Find the equation of the line with slope m ,and passing through the given point p:

g. P(4,—1)and Q(4,—4)

a. m=5andP(0,7) e. m=+v2and P(v2,—2)
b. m= —% and P(10,—8) f. m = —mand P(0,0)

1 - _ 13
c. m=andP(-2,-3) g m=-landP (3'2)

d. m=1% and P(1,1)
3. Find the equation of the line with slope m and y-intercept b:

a. mzz;bz—g dm=—-/2;:b=-1
b. m=2;b=3 em=1-;b=—2
2 5
C. m=§;b=—2 fm=2m;b=2
4. For each of the following equations ,find the slope and y-intercept:
3 4 1
a. Ex—gy+8—0 e.x+5y—2—0
b. 2x—3y+5=0 f.3(y—2x)=y+§(1—2x)
c. - y+3=0 g. %x—§y+1=y+x

d y+2=2(x—-3y+1)
5. If the line passes through points A(1, —2) and B(—3,0), then find:
a. The point-slope form of equation of the line.
b. The slope-intercept form of equation of the line.
c. The two-point form of equation of the line.
d. The general form of equation of the line.
6. Find equation of a line:

a. passing through the point p(v2,—2) and having y-intercept %

b. passing through the point p(—1,5) and having x-intercept 3.

c. passing through the point p (1 % — %) and having angle of inclination %n rad.
7. Find the angle of inclination of the following lines:

a 2x+2y—1=0 b.V6x —v2y =0 C.—x+y+2=0
8. A triangle has vertices at A(—1,1),B(1,3) and C(3,1),then:

a. find equation of the lines containing the sides of the triangle.

b. s the triangle a right-angle triangle?
c. what are the intercept of the line passing through B and C?
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4.4. PARALLEL AND PERPENDICULAR LINES

I. PARALLEL LINES

Theorem 4.1
If two non-vertical lines #; and ¥, are parallel to each other, then they have the same slope.

Suppose ¥, and ¢, be two parallel lines with slopes m; and m, and angle of inclination 6 and
respectively as shown in the figure 4.24 ¢, || ¢, are the x-axis is transversal line
= 0 and  Corresponding angle
= tan 6 =tanf
My =mp

A A
/

Figure 4.24

The converse is also true that is two non-vertical lines #; and ¢, are parallel if and only if they have
the same slope i.e. #; || ¢, if and only if m; = m,.
Any two vertical lines are always parallel.
Example 1: Check whether the following pairs of lines are parallel:
a. £1:A(—1,2) and B(2,6)
£,:P(1,3) and Q(—2,—1)
Solution:
6-2 4

aD _ Y2—YV1 __ _ 2
Slope of AB = x — 20D " 3

Slope of PQ = 22242 =

X2—X1 —-2-1 o

-1-3 _

4
3

Since AB and PQ have the same slope, 4B is parallel to PQ i.e. AB || PQ
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b. ¢,:A4(2,-5) and B(2,1)
£,: P(1,3) and Q(1,V/3)
Solution:
£, is vertical line and #, also vertical line
~ AB | PQ
c. £1:A(0,—3) and B(2,6)
£,:P(2,—5) and Q(3,0)

Solution:
Slope of AB = 22221 = =) _ 2
p X2—X1 2—0 2
A _ Y21 _ 0-(=5) _ 5 _
Slope of PQ = e T 32 1T 5

Since AB and PQ have the different slope, AB is not parallel to PQ i.e. AB ¥ PQ
Example 2: Check whether the following pairs of lines are parallel:
a f:V2x—y=0
£,:\V3y —V6x+1=0
b. £;:y=1-3x
£5:3y—x+1=0
Solution:
a L:\V2x—y=0
£,:\V3y —V6x+1=0
From £, and £, expressy interms of x i.e.V2x —y = 0= y =2x slope of £; is V2
V3y —Vex +1= 0=>y=\/7x—\/—1§ Slope of ¢, is V2
slope of ¢, = slope of ¢,
- Al £
b. £;:y=1-3x
£,:3y—x+1=0
Solution:
From ¢, and ¢, expressyintermsofxi.e.y=1—-3x =y =—-3x+ 1 slope of ¢, is -3
3y—x+1 =0=>y=§x—§ Slope of £, is§

slope of ¢, # slope of ¢,
SR P

Il. PERPENDICULAR LINES

Theorem 4.2
Two non-vertical lines having slopes m, and m, are perpendicular, if and only if m; x m, = —1

Proof:
Suppose ¢, is perpendicular to ¥,
Let m; and m, be the slopes of ¢, and ¢, , respectively.
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Let R(x,,y,) be the point of intersection and choose p(xy,y;) and Q(x,,y,) on ¢;and ¥,
respectively draw triangles QSR and RTP as shown in figure 4.25

A QSR and A RTP are similar

!yO)

1

P(xy,y1)

AT (%1, Yo)

PT _ RS
RT ~ QS
Y1i—Vo _ Xo—X2 _ __ (xz—xo)
X1—Xo Y2—Yo Y2=Yo
Yi—=Yo _ —1
_ — Y2~Yo
X1—Xo —xz—xo
1 1
my =— ormy Xxm; = —1 S(x2, ¥o)
2
Note:

Figure 4.25

If one of the lines is a vertical line, then the other line must be a horizontal line which has slope zero.
Example 3: Check whether or not the following pair of lines passing through the given pairs of points

are perpendicular:
a. £,:A(1,—2) and B G 0)
£,:P (32) and Q(~2,—1)
b. ¢,:A(-3,5) and B(2,-5)

£,:P(1,4) and Q(1,5)
Solution:

a. £.:A(1,—-2) and B (% 0)
£,:P (32) and Q(=2,—1)

_ Y2=y1 __ 0—(=2)

, 2
SlOpe of 2 (ml) s = H =1 ? = -3
42 s
. YV2—YV1 3 __ 3 __ 1
Slope of £, (m,) is = o T s T 5 T3
my Xm, = —3><§=—1
~ ¢, is perpendicular to ¢,
b. £,:A(-3,5) and B(2,-5)
?,:P(1,4) and Q(1,5)
. _Y2=y1 _ —5-5 _ -10 _
Slope of 1 (m,) is = il 2
Slope of £, (m,) is = 2224 = 2% = 1 does not exist
Xo—X1 -1 0

my Xm, ¥ —1
~ £, is not perpendicular to ¢,
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Example 4: Suppose #; passes through p(—2,—5) and Q(3,4) find the slope m, of any line ¢, that is
a. Parallel to ¢ b. perpendicular to £,

Solution: The slope of ¢, is;
— Y27V _ 4—(-5) 9 So

X2—X1 o 3—(—2) 5

a. The slope of line £, parallel to £, ism; = z

my

1 5

b. The slope of line ¢, perpendicular to £, ism, = ——=—7
1

Example 5: Find the equation of the line passing through p(—1,2) and perpendicular to the line
£:2x —5y—4=0.

Solution: From2x -5y —4=0=1y :%x—g so, my :E

Let the slope of the required line be m,.then,m; x m, = —1 gives m, = —mi = —g
1

Therefore, the required equation of the lineis y —y; = m(x — x;)

y—2= —g(x—(—l)) ey = —gx—%

Exercise 4.4

1. Check whether the following pairs of lines are parallel
a. £1:A(2,4) and B(-3,-1)
£,:P(—2,—-3) and Q(5,4)
b. ¢,:A(1,1) and B(2,2)
£,:P(1,5) and Q(—2,—1)
c. £,:A(3,-5)and B(—1,3)
£,:P(2,—9) and Q(0,—-5)
2. Check whether the following pairs of lines are parallel
a £1:2x+3y+4=0
L:2x+3y—4=0
b. £;1:—3x—-2y—4=0
£,:3x—2y+4=0
c. Y1:2x+5y+1=0
£,:4x + 10y +2=10
3. If the lines passing through points A(—4,5) and B(3,t) is parallel to the line passing through
C(1,3) and D(—4,1 — 2t) then find the possible value of t
4. Check when the following pair of lines passing through the given pair of points are perpendicular
a. £,:A(2,5) and B(2,-3) b. £1:A(1,v2 — 1) and B(v/2,1)

£,:P(3,1) and Q(-5,1) £,:P(—V2,6) and Q(1 +V2,v2)
5. Find the slope of the line that is perpendicular to the line joining P(2,—3) and Q(—3,—2)
6. Use slope to show that the quadrilateral ABCD with vertices
A(-5,-2),B(—3,1),€(3,0) and D(1,—3) is parallelogram.
7. Let ¢ be the line with equation 2x — 3y = 6. Find the slope-intercept form of the equation of the
line that passes through the point P(2,—1) and is
a. Parallel to ¢ b. perpendicular to ¢
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8. Find the equation of a line passing through the point p and parallel to the line € for
a. £:2x—5y—4=0;P(-1,2) b.#:3x + 6 = 0; P(4,—6)

9. Determine which of the following pairs of lines whose equations are given are perpendicular or
parallel or neither
a. 3x—y+5=0andx+3y—1=0 e. 4x—10y+8=0and 10x +6y—3 =0

b. 3x—4y+1=0and4x—-3y+1=0 f. 2x+2y=4andx+y =10
C. 2x+y=1land—-2x—-y=1 g x+y=1landy—2x=2
h

d 3x—2y=0and3x+ 2y =2 . x+y=0and—-x+y=1

10. If the line4y —x —3 =0and y — %x = 0 are perpendicular lines then find the value a
x—1 _ 2y+4

+6
= and =2 =

11. Find the value of k for which the lines with equations -~ . .

y—;z are parallel
12. Show that the plane figures with vertices

a. A(6,1),B(5,6),C(—4,3) and D(—3,—2) is parallelogram

b. A(2,4),B(1,5),C(—2,2) and D(—1,1) is rectangles
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10.

11.

12.
13.

14

Z:‘:J

Key Terms

analytic geometry
angle of inclination
coordinate geometry
coordinates

equation of a line

general equation of a line
horizontal line
inclination of a line
mid-point

non-vertical line

UNIT 4

point-slope form
slope (gradient)
slope-intercept form
steepness

two-point form

collinear points

If a point P has coordinates (a, b), then the number a is called the x-coordinate or abscissa of P and
b is called the y-coordinate or ordinate of P.
The distance d between points P (x4, y;) and Q (x,, y,) is given by the formula

d =+/(x; — x)? + (y2 — y1)?

The point R (xq,y,) dividing the line segment PQ, internally, in the ratio m: n is given by
_ nx{+mx,; ny;+my,

R(x0, 70) _( n+m ' n+m

The mid-point of a line segment whose end-points are P (x;,y;) and Q (x,,y,) is given

_ (X1tX2 y1tY2
by M (xo, y0) = (2572, 2222),
If P (x1,y,) and Q (x,,y,) are points on a line with x; # x,, then the slope (gradient) of the line is

: _Y2=)1
given by m = po—

) where P (x;,y;) and Q (x,, y,) are the end-points.

If @is the angle between the positive x-axis and the line passing through the points P (x;, y;) and
Q (x5, v,), X1 # X, then the slope of the line is given by m = 2221

X2—X1
The graph of the equation x = c is the vertical line through P (c, 0) and has no slope.
The equation of the line with slope m and passing through the point P (x,,y;) isgivenby y —y, =
m(x — x;)
The equation of the line with slope m and y-intercept b is given by y =mx + b.
The equation of the line passing through points P (x;,y,) and Q (x,,y,) is given by y —y, =

=tand.

Y2—=V1
p— (x — x1), %1 # x5.

The graph of every first degree (linear) equation Ax + By + C = 0, A, B # 0 is a straight line and
every straight line is a graph of a first degree equation.

Two non-vertical lines are parallel, if and only if they have the same slope.

Let £, be a line with slope m; and ¢, be a line with slopem,. Then ¢, and £, are
perpendicular lines if and only if m; x m, = —1.

. Three or more points are said to be collinear if they lie on the same line.
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10.

11.

12.

13.

14.
15.

16.

17.

REVIEW EXERCISES ON UNIT 4

Show that the points (6,6), (2,3) and (4,7) are the vertices of a right-angle triangle.
Prove that (—2,—1), (1,0), (4,3) and (1,2) be the vertices of a parallelogram.
Determine the coordinates of the vertices of the triangle PQR if the mid-points of its sides
PQ, QR and RP have coordinates (2,5), (—4,3) and (4, —1) respectively.
Find the coordinates of a point C dividing a line in the ratio 7:3 connecting the
pointsP(—2,9) and Q(8,—1).
Find the area of a triangle ABC whose vertices are A(3,8), B(—4,2) and C(5,—1).
The points A(2,9), B(x,5) and C(5,5) are the vertices of a triangle ABC right-angled at B. Find
the value of x and hence the area of AABC.
ABCD is a rhombus. The co-ordinate of the points A and C are (3,6) and (—1,2) respectively.
Write down the equation of the diagonal BD.
Find the equation of the line passing through the points (1,2) and making an angle 30° with y-axis.
If the points A, B, C and D have coordinates (1,2), (7,5), (9,8) and (3,5) respectively, then:
i. find the gradients of the lines AB, BC,CD and DA.
ii. what do these gradients tell you about the quadrilateral ABCD.
iii. find the area of the quadrilateral.
Find the equation of the lines:
a. Parallel to y = 3x — 2 and passing through(0,0).
b. Parallel to y = 3x and passing through (2,5).
c. Parallel to 2x + y — 3 = 0 and passing through (—2,5).
Find the equations of the lines :
a. Perpendicular to y = 3x and passing through (0,0).
b. Perpendicular to y = 2x + 3 and passing through (4,3).
c. Perpendicular to 2x + y = 4 and passing through (4, —3).
Find an equation of the line through the intersection of the linesx—y—-4=0and 7x+y+20=0:

a. Parallel b. perpendicular
Find the area of the region bounded by the triangle whose sides are 7x —y — 10 = 0,10x + y —
41 =0and 3x + 2y +3 =0.

Find the equation of the line through (—4, —6) and perpendicular to a line having slope — %

Find the equation of the line:
a. Through A(—6,5) having slope 7.
b. Through A(—8,5) having slope undefined.

c. y-intercept -7 and slope -5.
kx-1 _ 2k-3y
3 2

If the lines with equations 2 — ky =y — 3x and are perpendicular, then find the

values of k.
If the line passing through points (—3,4) and (2,t + 3) is parallel to the line passing through
points(—2,t) and (1,1) , then find the values of t.
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PRACTICE QUESTIONS ON UNIT 4

CHOOSE THE BEST ANSWER FROM THE GIVEN ALTERNATIVES

1. If line |y passes through the points (5,x)and (—1,3) and line I, contains the points (x,6)and (2,0),
then the value of X for which the two lines are perpendicular is:
A. 2 B. > C.5 D. 1
5 2 2
2. If a line passes through (2,8)and (-5,15),then what is the degree measure of the angle of
inclination that this line makes with positive x —axis?

A. 30° B. 45° C. 135° D. 225°
3. If the line passing through points (2,8)and (—7,t +4)is parallel to the line passing through points
(4,t) and (4,—2),then what is the value of t?

A 1 B. > C. -5 D. 1

2 2
4. Which one of the following is the equation of a line that is perpendicular to the line with equation

2Xx+3y+4=07?

A. 3y-2x+4=0 C. 3x—-2y+4=0
B. -3x-2y-4=0 D. 2x+3y—-4=0
5. Pand Q are points given on the coordinate plane as shown in the figure below.
Y

Thus, the distance between point P and Q is equal to:
A Ja+cf +(b+d) c. Jc—al +(b-d)

B. J(b-a)+(c-d) D. J(a-c)? +(b-d)’

6. What are the co-ordinates of appoint that divides the line segment joining points A (2, 3) and B (5, -7)
in the ratio 3:4?

N

7. If aline with x-intercept 4 and y-intercept — 6 is given, then its slope is equal to

A -2 B. -2 c.2 D. 2
3 2 3 2
8. The distance between P (2,3) and Q (1, -1) is:
A. 17 units B. 16 units C. V17 units D. 9 units
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9. In the figure below the line | makes an angle & with x—axis. What is cos?

1
)(4 A3
3 [
: g. 5
f 5
»X 1
4 32-Y|12 3 4 C. -
1 2
-2
3 D. %
-4
10. Which one of the following pairs of equations represents perpendicular lines?
A. x+y=0and —x+y=1 C. x+y=1land y—2x=2
B. 2x+y=1and —-2x-y=1 D. 3x—-2y=0and 3x+2y=2
11. Which one of the following lines is parallel to the line 5x —2y =0?
A. yz—g C. -5x-2y=1
B. 2x+5y=-4 D. -5x+2y=6

12. If P (-1, 2) and Q (5, -3) are points on the coordinates plane, so that, Q is the midpoint of PR, the
what are the coordinates of p?

A. (11-8) B. [g,—zj C. (— 2,5%) D. (2,-6)

13.  Which one of the following is true about a second quadrant angle @ in standard position whose
terminal side lies on the line 2x+y =07?

A. sin ezi B. cos¢9=i C. s,in6?=i D. co:36?=i

J5 J5 J5 J5

14. The equation of the line that passes through the point (2, -1) and perpendicular to the line

2x+4y+3=0is given by:

A. x+2y=0 C. x-2y+2=0

B. —2x+y—-4=0 D. -2x+y+5=0
15. Which one of the following is the equation of a line whose x-intercept and y-intercept are 1 and -2

respectively?

A —-2x+y-1=0 B. x—y+1=0 C.2x-y-2=0 D. x-2y-1=0
16. What is the equation of the line passing through mid-point of the line segment with end points

(-1, 3) and (3, 1), and perpendicular to the line whose angle of inclination is double the angle of

inclination of the line 2x+y=7?

A. 3y+4x=10 C.2y—-x=3
B. 4y—-5x=3 D. 4y+3x=11
17. What is the coordinate of the point R on the line segment with end points P(-3, 0) and Q(0, -3)
such that PR = 2?
RQ 3
A (1-1) B, [_1, Z] c (_9,_§j D. (_Z,oj
5 5 5 5
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18. Let (a,b) and (b,a) be points such that a =b. Which of the following is the equation of the line
through (a,b) and perpendicular to the line containing the given points?

A, y=x+b-a C.y=—x+b+a
B. y=x—-a-b D.y=—-x—-a+b
19. The equation straight line passing through P (-2, 1) and perpendicular to the line with equation
6x+5y =10 is:
A. 6y+5x+16=0 C. y=5x-10
B. 6y—-5x+16=0 D. 6y—-5x-16=0

20. If P (2, -1) and Q (-3, 5) are points on the coordinates plane, so that, P is the midpoint of QR, then
what are the coordinates of R?

A (7,7) B. (7, -7) C.(6,7) D. (10, 11)
21. Line | passes through (0, 5) and (=5, 0). What is the angle between the y—axisand | in radian
measure?
Az B. = c.z D 3%
4 3 2 4

22. Suppose |, and |, are perpendicular lines intersecting at (2, 1
, what is the equation of |, ?

A y=—X+2 B. y=—x+3 C.y=x-1 D. y=-2x+5

N—"

. If the angle of inclination of |, is45°

23. If a line with angle of inclination of %ﬂ' passes through(O, 1), which one of the following is the

equation of the line?

A y=-x+1 B. y=x+1 C.y=—x-1 D.y=x-1
24. What is the distance from the origin to the line that passes through (L, 0)and (0, 1)?
A. %\/E B.1 C. % D. V2
25. The equation of the line that passes through (2, —1) and perpendicular to 3x+4y =6 is:
A. —4x+3y=5 C. 4x+3y =11
B. 4x-3y=5 D. —-4x+3y=-11

26. If the graphs of the equations ax+by+c=0 and Ax+By+C =0 are perpendicular, then which
of the following is necessarily true?
A. aA+bB=0 B. aB-bA=0 C.aA-bB=0 D. aB+bA=0
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