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POLYNOMIAL FUNCTIONS

Unit Outcomes:

After completing this unit, you should be able to:

» define polynomial functions.

» perform the four fundamental operations on polynomials.

» apply theorems on polynomials to solve related problems.

» determine the number of rational and irrational zeros of a polynomial.
» sketch and analyses the graphs of polynomial functions.
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MATHEMATICS GRADE 10 UNIT 1
1.1 Introduction to Polynomial Functions

>

In your previous grade mathematics course, you have learnt the concept of function and special types
of function such as constant function, linear function and quadratic function which are special cases
of the general class of polynomial function.
Recall that a function f is a relation in which no two ordered pairs have the same first element which
means that for any given x in the domain of f, there is a unique pair (x, y) belonging to the function f.
A function f is a linear function, if it can be written in the form

f(x)=ax+b, a¥0anda,b€eR

e Domainof f =R and Rangeof f =R
For example; f(x) = 5-3x, g(x) = % — gx y = 8x are linear functions.

e The graphs of linear functions are straight lines.
A function f is said to be constant function, if it can be written as f(x) = b, forany b € R ..

e Domainof f =R and Range of f = {b}

For example; f(x) =-3, y = 3 h(x) = m — 2v/2, g(x) = 0 are constant functions.

7 i)
e The graphs of constant functions are horizontal straight lines.

A function f is said to be a quadratic function, if can be written in the form
f(x) = ax?® + bx + c; wherea,b,andc € R,a # 0,

4ac—b? .
ac—b ,oo |, ifa>0
. 4a
e Domainof f=R ; Rangeof f =
4ac—b* | .
—0, ,ifa<0
4a

e The graph of quadratic function f(x) = ax? + bx + ¢ is a parabola which opens upward
(if a > 0), or opens downward (if a > 0).

Therefore if a > 0, the graph of f has a minimum point and if a < 0, the graph of f has a maximum

point. Both minima and maxima are the vertices of the parabolas.

EXERCISE 1.1

Classify each of the following functions as constant, linear, quadratic or none.

a fx)=1-x° b.h(x) =v2x — 1 c.g(x) =3+ 2

d.f(x) =5 - 2x e. f(x) = 2V3 f. f(x) = (g)_

g.h(x)=1 — |x| h. f(x) = 12x * i f(x) = (1-vV2x)(1 + V2x)
j k(x)=2(12 + 8x) k. L(x) = £2X=2 L fx)=x*—x+1

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK



MATHEMATICS GRADE 10 UNIT 1
1.1.1. Definition of a Polynomial Function

Constant, linear, and quadratic functions are all special cases of a wide class of functions called
Polynomial Functions.

Definition 1.1
Let n be a non — negative integer and let a,,, a,,_1,. . . ., a;, a, be real numbers with a,, # 0.
The function P defined by P(x) = a,x™ + ap_1x™ 1+ . . .+ a,x? + a;x + a, is called a polynomial
function in variablex.
The expression a,x"™ + a,_1x" 1+ . . .a;x! + a, is called polynomial inx.
Note: In the definition of a polynomial functions
P(x) = aux™ + an_x" 1+ ..+ ax?t+ax+ag;
) a,, ay—1, An-2,,.. . ay1,0a, are called the coefficients of P (x).
i) The number a, , where a,, # 0, is called the leading coefficient and the term a,x™ is called the
leading term of P(x).
iii) The number a,, is called the constant term of P(x).

iv) If a,, # 0, then the number n (the highest exponent of power of x) is called the degree of P(x).
Note: The domain of any polynomial function is the set of real number.

Example 1:

a) p(x)=5x"+x° —g x? + 77X —~/2 is a polynomial function with degree 4 and constant term —/2 .

v' The leading term of P is 5x* and the leading coefficient is 5.
v' The coefficients of x3, x? and x are, respectively, 1, — % and .
v" The domain of P is R.
b) f(x)= gx — 2x3 is a polynomial function with degree 3 and constant term 0.
v' The leading term of f is —2x3 and the leading coefficient is —2.
v" The coefficient of x? is 0 and the coefficient of x is g
v The domain of f is R.
c) f(x)=2x3+x"2—1is NOT polynomial function, since x has negative exponent, x 2.
d) P(x) = 5 is polynomial function known as constant polynomial function, since P can be written
in the form cx™ uniquely as P(x) = 5 = 5x°.
v Hence, the degree of P is 0, its leading coefficient is 5 and the constant term is also 5.
v" The domain of P is R.
e) f(x) = 0is polynomial function known as zero polynomial.
v" But there is no unique way of writing f in the form of cx™, since
fX)=0=0x"=0x'=0x2=0x"= ........
f) f(x) =+Vx*+1 has domain R, but vx* + 1 cannot be expressed in the standard form of
polynomial a,x"+ . . .+ a1x + a, .
Hence, f(x) = Vx* + 1is NOT polynomial.
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MATHEMATICS GRADE 10 UNIT 1
Remark: From the above examples, we conclude that for a function to be polynomial, if it satisfies the
following two conditions:

Condition 1: Its domain is the set of real numbers.

Condition 2: It can be expressed in the standard form a,x™+ ...+ a;x + ay; where n is a non —
negative integer and a,,, a,_4,- - - - a1, ay € Rwitha,, # 0.

Example 2: Which of the following are polynomial functions? For those which are polynomials,
find the degree, leading coefficient and constant term.

a)

b)

d)

f)

fx) = gx‘* —12x% +x +§
v The domain of f is R.
v" Itis a polynomial function with degree 4, leading coefficient 2 constant term g

g0 =2
v Although, g(x) can be expressed as g(x) =z—:= 1 which is in the standard form of

polynomial, its domain =R\ {—1} # R.
v" Therefore, g is not polynomial function.
_ (-3 -2)
xX—2
vy can be expressed as the standard form of polynomial as

2_ —
G-9*=2) _ 2 _ 3, butits domain = R \ {2} # R.

xX—2
v' Therefore, y is not polynomial function.
5x3(x%2+ 1)

PO ==
v" Here, the domain of P = R, and P(x) can be expressed as the standard form of polynomial as

5x3(x2+ 1) 3

— e . = 5x°.

x“+1

v' lts degree is 3, its leading coefficient is 5 and its constant term is O.

v' Therefore, P is polynomial function.

g(x) =+ (x+1)°

v" Clearly, the domain of g =R.

v' g can be reduced to the form g(x) = /(x + 1)? = |x + 1|. Which has no the standard form of
polynomial.

v’ Thus, g is not polynomial function.

k(x) =/ (x? + 3)?

v’ Clearly, the domain of k =R.

v" k can be reduced to the form k(x) = v/ (x2 + 3)2 = [x? + 3| = x? + 3.
which is in the standard form of polynomial.

v Hence, k is polynomial function with degree = 2, leading coefficient = 1, and constant term = 3
g) f(x)=2x"*+x?+8x+1

v" It is not polynomial function because one of its terms has negative power of x.

h) g0 = 2%

v Itis a polynomial function with degree = 15, leading coefficient = g and constant term = 0.
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MATHEMATICS GRADE 10 UNIT 1
1) h(x) =(2—-vV2x)(1 +V2x?)+2x3 -5
v Clearly, the domain of h =R.
v h(x) can be expressed and simplified as:
h(x) = (2 —v2x)(1 +V2x?) + 2x% -5
=24+ 242x% —\2x — 2x3 + 2x3 -5
= 2v/2x% —\/2x — 3 which is in the standard form of polynomial.
v/ Hence, h(x) is a polynomial function of degree = 2, leading coefficient = 2v2 and
constant term = —3
) gt =52

2
v ogx) =X : it is constant polynomial function with degree =0,

T2

w241

. .. 241
leading coefficient = % , and constant term =

K) f(x) = (x2—1)2
o f(x) =(x2—1)%= |x? — 1] which is not polynomial function, because |x? — 1|
has no the standard form a,x" + a,_;x" '+ .. .a;x! + a,

mwZ-1

Note:
e Linear functions of the formf(x) = ax+ b, a # 0, are polynomial functions of degree 1,
leading coefficient a and constant term b.
e Non- zero constant function of the formf(x) = b,b # 0, are polynomial functions of degree
0, leading coefficient b and constant term b.
e Quadratic functions f(x) = ax?+bx+c, a # 0 are polynomials functions of degree 2,
leading coefficient a and constant term c.

Example 3: For the polynomial expression f(x) = M + gx - x3
a. What is the degree?
b. What is the leading coefficient?
c. What is the coefficient of x3?
d. What is the constant term?
Solution: Expandingf (x), and collect like terms gives
fx) = xz+34—_6x4 + gx —x3= —%x“ —x3 +%x2 +§x +%. Hence,
a. degreeof f =4 c. leading coefficient of f = —%
b. coefficient of x> =-1 and d. the constant term is = >

4
Definition 1.2: A polynomial function P(x) is said to be:

i) apolynomial function over integers, if the coefficients of P(x) are all integers.
i) a polynomial function over rational number, if the coefficients of P(x) are all rational numbers.

iii) a polynomial function over real number if the coefficients of P(x) are all real numbers.
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MATHEMATICS GRADE 10 UNIT 1

Note:

1. SinceZ € Q < R, every polynomial function over integer is a polynomial function over rational
numbers; and every polynomial function over rational number is a polynomial function over real
numbers.

2. Every polynomial function is a polynomial function over real numbers.

Example 4: g(x) = §x4 —13x% + % is a polynomial function over rational number but not integers.

Example 5: Which of the following polynomial functions are polynomial functions over
I. the integers? ii. the rational numbers? iii. the real numbers?

a) f(x) =3x>—x®+2x+1 d)f(x)=§x4—§x2+2x—4

b) f(x) = V4x? —3v21x5 + 2x* - 8 &) f(x) =
¢) f(x) = (V3x—1D)(V3x+ 1) +2

Solution:
a) f is polynomial function over integer, since all coefficients of f are integers.
b) f is polynomial function over real numbers, since 34 and /21 are not rational numbers.
Q) f(x)=(3x-1)(V3x+1)+2=3x2+V3x—V3x—1+2=3x2+1
Hence, f is polynomial function over integer, since all coefficients of f are integers.
d) f is polynomial function over rational numbers, since all coefficients of f are rational numbers.

2x3-1  x3+3x 15
_|_

6 3 2

2x3-5  x3+3x | 7 x3 5 B 7
E)f(X) _T_T-{_E_f(x) —?—g—?—.x-i‘z— —x+ 8
Hence, f is polynomial function over integer.
Example 6: A popcorn producer is designing a new box for the popcorn. The marketing department has

designed a box with the width 2cm less than the length and with the height 5cm greater than the length.
The volume of each box must be 24cm®. What is the length of the box?

r

Solution:
Write an equation to model of the volume of the box.
Let xrepresents the length of the box incm. Then the width is x —2and the height isx+5.

So the volume V =Iwh =V =x(x—-2)(x+5)=24
= x®+3x* -10x =24
= x> +3x* -10x-24=0
= (x-3)(x*+6x+8)=0
=Xx=30r x=—4 or x=-2
But the length must be positive, so length of the box is 3cm
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MATHEMATICS GRADE 10 UNIT 1

EXERCISE 1.2

1. Which of the following are polynomial functions and which are not? If not give the reason.

a) f(x)=x—3V2x5+x2+7 h) f(y) = %5

b) fM =2t -t +t7"~t ) f(x) = 312x°

C) y=2x3_1—x%2—x—5 B y=vox*—6x2+1
d) ) =2+ K) f(x) = VxZ +x +3
e) h(y) =L ) ) =

f) lc(a)za%+3a+a2 m)f(t)=§—2n

® 900 = (x=3) (x+3) .
2. An open box is to be made from a 20cm. long square B
piece of material by cutting equal squares of |
length x cm. from the corners and turning up i

the sides, as shown in the figure. e
a. Verify that the volume of the box is given

by the function v(x) = 4x3 — 80x2 + 400x
b. Determine the domain of v.

OPERATIONS ON POLYNOMIAL FUNCTIONS

e Recall that the fundamental operations of algebra are addition, subtraction, multiplication and
division.

e The first step in performing operations on polynomial functions is to use the commutative,
associative and distributive laws in ordered to combine like terms.

A. Addition and Subtraction of Polynomial Functions

e Addition and subtraction of polynomials is based on addition and subtraction of like powers.

e Recall that two powers having the same variables are said to be like if the powers have the same
exponents possibly different coefficients.

e The sum and difference of like powers can be done, respectively, by adding and subtracting the
coefficients of the powers.
For example; 7x3 and —2x3 are like powers and their sum and differences are

i) (7x3) + (—2x3) = [7 + (—2)]x® = 5x3 , and
i) (7x3) — (=2x3) = [7 — (=2)]x3 = 9«3
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MATHEMATICS GRADE 10 UNIT 1

Note:
1) The sum of two polynomial functions f and g is written as f + g, and is defined as:

f+9)x) =f(x)+ gx), forall x € R,
2) The difference of two polynomial functions f and g is written as f — g, and is defined as:

f—9)x) =f(x)—g(x), forall x € R.
Remark: The sum and difference of two polynomials are obtained by adding and subtracting like terms

or powers of the polynomials.

ACTIVITY

a. What do you think about the degree of the sum and difference of polynomials?
b. Isit possible to pre — determine these degrees from the degrees of the two polynomials?

Example 7:
a) Let f(x) =x3+5x%2 —3x —1and g(x) = 2x3 — x. Here, degree of f = degree of g. Then

) (f+9)x) =@3+5x2-3x—1) + (2x3 —x)
= (3 +2x%) + 5x? + 0x?) + (-3x+ (—x)) + (-1 4+ 0)
=(1+2)x3+5x2+(-3-Dx—-1
=3x3+5x>—4x—1:; and

i) (f—g)(x)=x3+5x2-3x—1) — (2x3 —x)
=(x3—-2x3)+5x2+ (-3x—(—x)) -1
=—x3+5x2-2x—-1

Thus, degree of (f + g) = 3 = degree of f = degree of g, and

degree of (f — g) =3 = degree of f = degree of g.
b) Let f(x) =4x3—x+2and g(x) =5 — 4x3. Then
F+9))=0@x3—x+2)+(5—4x3)
= (4x3 4+ (—4x3)) —x+ (2 +5)
=7—-x, and
F-gx)=0@lx3—x+2)—(5-4x3)=8x3—-x-3
Thus, degree of (f + g) =1 < degree of f (= degree of g) and
degree of (f — g) =3 = degree of f = degree of g.

c) Let f(x) =x*+ 2x3—3xand g(x) = x? — 5x + 3. Here, degree of f # degree of g. Then
F+x)=x*+2x>-3x)+ (x?-5x+3)=x*+3x2—-8x+3; and
F-@)=E*+2x>—-3x)—(x*—-5x+3)=x*+x>+2x—3

Therefore, degree of (f + g) = degree of (f — g) =4 = max{ degree of f , degree of g}
d) Let f(x) =1—x*and g(x) = x* — 1. Here, degree of f = degree of g = 4. Then
fF+E=0-xH+*-1)=0
Therefore, (f + g) is a zero polynomial, which has no degree.
e Thus, from above examples, we can conclude that:
» If f (x) and g (x) have same degree, then the degree of (f + g)(x) and the degree of (f — g)(x) might
be equal to or lower than the degree of f (x) or the degree of g (x), or (f + g)(x) and
(f — g)(x) might be zero polynomial at all.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 9



MATHEMATICS GRADE 10 UNIT 1
» If f(x) and g (x) have unequal degree, then the degree of (f + g)(x) and the degree of (f — g)(x)
might be equal to the degree of f (x) or the degree of g (x), which ever has the highest degree.

In short: If #and g are non-zero polynomials, then:

1. deg(f+g)< maximum{deg(f),deg(g)} and
2. deg(f-g)<maximum{deg(f),deg(g)}

B. Multiplication of polynomial functions

v" Multiplication of polynomial function by a polynomial function is based on multiplication of
pOwers.

v Multiplication of polynomial function by polynomial function is done by multiplying each term of
one polynomial by every term of the second using distribution property of multiplication over
addition and subtraction

Remark:

i. For two powers ax™ and bx™ their product is obtained as; ax™ x bx™ = (ab)x™*™

Ii. For three real numbers a, b and c;
aX((b+c)=(axb)+(axc)andax(b—c)=(axb)—(axXc)

e Let f(x)and g(x) be two polynomial functions with degrees n and m ,eading coefficients

a, and b,, , and constant terms a, and b,,respectively given by;

fxX)=apx™ +an_x"+. .. .ayx+a, and g(x) =bpx™ + by x™ 1+, .. .byx + b,
where a,, and b,,, # 0.then the product of f and g is given by

(f.9)(x) = f(x). g(x)

= (@px™ + A x™ L agx + ag) (B X™ + by x™ L L Ubix + b))
=Ap X" (b x™ + by x™ 1. L bix + by ) + A1 XV (b X™ + by x™ I+ L by +
bo )+ a1 X (D™ + by X™ ML L byX + Do ) F Qo(p,xmany, kT byxby)

e From the product obtained above ,we can see that the product f(x). g(x) is also polynomial function
with
> Leading term =a,x™ X b, x™ = a,b,x™t™
» Degree=n+m
» Leading coefficient = a,,b,, and
» Constant term = ayb,
e If one of the polynomial f(x) and g(x) is a zero polynomial, their product f(x). g(x) is also a zero
polynomial function.

Example 8:
a) Letf(x) =2x%—x2+3x—2and g(x) = x? — 2x + 3. Find the product f. g and determine
1) the degree i) leading coefficient, and Iii) constant term of f.g.
b) Let f(x) = ix3 —2x — g and g(x) = 1 — 4x. Then without finding the actual product, find
i) the leading term iii) the leading coefficient, and
i) the degree iv) the constant term of f.g.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 10
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Solution:

UNIT 1

a) (f.9)0) =f(x).g(x)=2x%—x?+3x—2)(x*—2x+3)
=2x3(x% —2x+3) —x?(x* = 2x +3) +3x(x*—2x+3) —2(x*—2x+3)
=2x°-4x* + 6x3 —-x* +2x3 — 3x% + 3x3-6x%+9x — 2x% + 4x-6
Then collecting like terms and simplifying gives
f(x).g(x) = 2x5 — 5x* + 11x% — 11x? + 13x-6

Hence; f. g is a polynomial function with

v’ degree =5=3+2=deg. of f +deg. of g

v" leading coefficient =2 = 2 x 1 = (lead. coeff. of f) x (lead. coeff. of g) ; and
v' constant term = — 6 = (-2).(3) = (cons. term of f) x (cons. term of g)

b) Let f(x) = %x3 —2x —%and gx) =1—4x.

fx) g(x) f(x). g(x)
leading term of %x3 —4x Gx3) (—4x) = —x*
leading coefficient of % —4 G) (-4)=-1
degree of 3 1 3+1=4
7 7 7
constant term of —3 1 (—5) (1) = —3

C. Division of Polynomial Functions

e As we can divide positive integers by an at most an equal positive integers and obtain integer
quotient and integer remainder, it is possible to divide a polynomial by a polynomial and obtain a
polynomial quotient and a polynomial remainder.

e For instance, let us divide 743 by 52 as follow.

v In division 1 bellow, we divide 743 by 52 and obtain quotient 14.2 which is not integer. The
reason for this is we continue the division process after obtaining the remainder 15 which is

less than the divisor.
Division 1
14.2
521743

52

223
208

150
104

46

Division 2

52
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MATHEMATICS GRADE 10 UNIT 1

v In division 2 above, we divide 743 by 52, we stop the division process whenever we obtain

remainder 15 which is less than the divisor, and we obtain integer quotient which is 14 and integer

remainder 15.
In division 2, 743 is called dividend, 52 is called divisor, 14 is called quotient and 15 is called

remainder. The division can be written in the form of equation containing division sign as

743 15
— =14 -
52 + 52

Multiplying both sides by 52, we obtain an equation without division sign as
743 = (52)(14) + 15
This has the form of
Dividend = (divisor)(quotient) + remainder

Note: The division technique above is known as long division.

All the above things help you to understand division of polynomial functions.

Division of a polynomial function by a polynomial function is similar to that of division of integer by
integer.

To divide polynomials using long division, first divide the first term of the dividend by the first term
of the divisor. This is the first term of the quotient. Multiplying the new term of the quotient by the
divisor, subtract this product from the dividend.

Repeat these steps using the difference as the new dividend until the first term of the divisor is of a
greater degree than the new dividend. The last new dividend whose degree is less than the divisor is
the remainder.

For example, consider division of polynomial function f(x) = 2x3 — 5x? — 3x + 1 by polynomial
function g(x) = x% + x — 2 using long division, as follow.

Dividend
guotient <€ 2x —7
xz-;x—Z 2x3 —5x*—3x+1 think Zx_’fzzx
2x3 + 2x% — 4x
—7xt+x+1 think —% = -7
oS —7x% —7x + 14 te

.q\s 112‘? .
» 8x — 13\> 1"0'01-

v’ Here, to obtain a polynomial quotient and a polynomial remainder, we stop the division when the

remainder is r(x) = 2x — 9, since the degree of the remainder = 1 is less than the degree of the

divisor = 2.
v" The division can be written in the form
2x3 —5x2 -3x+1 8x — 13
x2+x-2 _(zx_7)+x2+x—2

Multiplying both sides by x2 + x — 2, we obtain an equation of the form

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 12



MATHEMATICS GRADE 10 UNIT 1
2x3—5x2=3x+1=02x—7)(x* +x—2)+ (8x — 13)
This has the form of

Dividend = (divisor)(quotient) + remainder
In this division,
o thedividendis f(x) = 2x3 — 5x? — 3x + 1,
o thedivisoris g(x) = x? + x — 2,
o the quotientis q(x) = 2x — 7, and
o the remainderis r(x) = 8x — 13.
Example 9: Divide polynomial x3 — x + 1by x + 1, using long division.
Determine the quotient and the remainder.

Solution: | Quotient \ Dividend
.1'3 _y /

I S —
Y+1|xy—-x+41

divisor X +X
—.13—.1.'+ |
—.1'2 —X

| =3 remainder

3 _
In this division we have %% = (x2 — x) + —
+1 x+1
This implies that 3—x+1=(Cx+1Dx%*-x)+1

1.2 THEOREMS ON POLYNOMIALS
1.2.1 Polynomial Division Theorem

e As seen in the above examples, in division of a polynomial function by a polynomial function, we
stop the division process when we obtain the remainder whose degree is less than the degree of the
divisor or when the remainder is zero polynomial.

e This concept is generalized by the following theorem.

Theorem 1.1: Polynomial Division Theorem (Division Algorithm)

If £(x) and d(x) are two polynomials such that d(x) # 0, and the degree of d(x) is less than or equal to
the degree of f(x), then there exist unique polynomials g(x) and r(x) such that

fx) =d(x)g(x) +r(x)
where r(x) = 0 or the degree of r(x) is less than the degree of d(x).
If the remainder r(x) = 0, f(x) divides exactly into d(x) or we say that division of f(x) by d(x) is exact.

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 13



MATHEMATICS GRADE 10 UNIT 1

e In the above Division Algorithm, f(x) is dividend, d(x) is divisor, q(x) is quotient, and r(x) is
remainder.

Example 10: Divide polynomial x3 + 1 by x2 — x + 1 using long division. Determine the quotient and

the remainder. Is the division exact?

Solution: The long division to divide x3 + 1 by x? — x + 1 is given below.

From the long division we can see that

e the quotientis q(x) =x+ 1, and X+

e the remainderis r(x) = 0.

Hence, the division is exact. Yor+lld 41

As written in Division Algorithm, 3 2
@) = q()d() + () =
B+1=Cx+DE*—x+1)+0 r-x+1
X4+1=x+DE*—x+1) Yor+l

e Thus, the quotient x + 1 is the factor of the dividend x3 + 1.
e Thedivisor x? — x + 1 is also the factor of the dividend x3 + 1.
(That is x + 1 and x? — x + 1 are the factors of x> + 1.)
e The product (x + 1)(x? — x + 1) a factorized form of x3 + 1.
Remark: In division of a polynomial (dividend) with degree n by a polynomial (divisor) of degree m,
wheren >m,
1) The remainder is a zero polynomial or a polynomial of degree less than the degree of the divisor.
ii) The degree of the quotient = n — m = degree of f — degree of g .
Example 11: Divide polynomial f(x) by d(x) using long division. Determine the quotient and the
remainder. Is the division exact?
a) fx)=2x3+1 by d(x) =5x3—x +2
b) f(x) =x°+4x3—6x>—-8 by d(x) =x% + 3x +2
c) f)=x3—x—1hby dx)=2x>+x+1
d f)=x*—x3+x*—x+1bydx)=x+1

2
Solution: =
a) From the long division, we have >
: 2 ’ 5x3—x+2|2x3+1
Quotient g(x) =-=and
52 1 2x3 Ex + 4
Remainder r(x) = X+ # 0 5 5
Hence, the division is not exact. %x + %
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b) From the long division,

UNIT 1

x3 —3x%2+11x—33

X2 4+3x+2| x>+ 4x3 —6x%—8

e Quotient;
q(x) = x3 —3x% + 11x — 33
e remainder;
r(x) =77x+58+0
Hence, the division is not exact.

c) From the long division,
v’ quotient;
q(x) =2x— 3,
v remainder;
r(x)=—2x—-2#0
Hence, the division is not exact.

d) From the long division, when
x> + 1 divided by x + 1, we obtain,

quotient g(x) = x* — x3 + x> —x + 1 and

remainder is r(x) = 0
Hence, the division is not exact.

Thus, x*—x3+x?—x+1 and x+1 are the

factors of x> + 1.
This can be written as;

x°+1=(x+DE*—x3+x2—-x+1)

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK

x° + 3x* + 2x3
—3x*+2x3—6x*-18
—3x* +9x3 + 6x2

11x3 -8

11x3 + 33x2 + 22x
—33x2—-22x—8
—33x2 —99x + 66

77x + 58

1

4
2x° 4+ x+1|x3—-x—-1

1

2

4 k1 2
X —Xx +x —x+1

x+1[x+1
s 4
X 4+ X

—x*t 41

3

—xt —x

3
x +1
] .
X +x

2
—x" + 1
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MATHEMATICS GRADE 10 UNIT 1
EXERCISE 1.3

1. In the following ,find
c. f+g b.f—-g cfXg d.the degreeof f +g,f —gand f X g
i. fX)=1-x3+2x*,9(x) =x*+2x3—x*+8x+1
ii. fX)=x3—x*+2x+1,g(x) =1—x?
i, f)=x—x2+1,9(x)=;x—1
iv. fX)=x*—x+2,9(x)=x3—2x*+8
2. In each of the following divide f(x) by g(x) such that, find the quotient q(x) and the remainder
i. flx)=x3—x*+2x+1,g(x) =1—x?
ii. flx)=4x® —2x5+x3—6x+8,g(x) =2x3 —x2+x—1
i, f)=x-x2+1,9(x)=;x—1
iv. f)=x*+1,9(x) =x+1
V. f(x)=§x3—3x2—5x+3,g(x)=2x+3
Vi fX)=x*+2x+4,9(x) =x3+4

1.2.2 The Remainder Theorem

e Above, in Division Algorithm, we have seen that when a polynomial f(x) divide a polynomial d(x)
such that d(x) # 0, and degree of d(x) < degree of f(x), we obtain quotient polynomial g(x) and
remainder polynomial r(x) satisfying the equation

fx) =d(x)g(x) +r(x)
where r(x) = 0 or degree of r(x) < degree of d(x).
e Now, in this subtopic you will answer the question that what happens to the remainder r(x), if the
divisor is linear polynomial of the form x — c or ax + b, a # 0.

Consider division of a non-constant polynomial f(x) by a linear polynomial d(x) = x —c,c € R.
Since the divisor is linear, by Division Algorithm, the remainder r(x) must be constant. Denote this
constant by r(x) = R
Then, by Division Algorithm, we have
f(x) =d(x)g(x) +r(x)
fx) = —-0c)qx) +R
Now, compute the value of f(c) as follow.
fl@)=(@C—-c)gx)+R=0.q(x) +R
fle)=R
This shows that the remainder is R = f(c).
This proves the following theorem known as remainder theorem.
Theorem 1.2: (Remainder Theorem)

Let f(x) be a polynomial of degree greater than or equal to 1 and let ¢ € R. If f(x) is divided by the
linear polynomialx — c, then the remained is f(c).
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Example 12: Using Remainder Theorem, find the remainder if:

a) f(x) =x%+2x?— 6 divided by d(x) = x — 3

b) g(x) =1+ 5x +x? —2x° divided by d(x) = x + 2

) f(x) =2+ 7x?% divided by d(x) = x — 1

Solution
a) f(x)=x3+2x?—6.Here,x —c = x — 3 implies ¢ = 3.
Then by Division Algorithm, the remainder is
R=f3)=03)3+23)>-6=27+18—6 =139
b) g(x) =1+ 5x + x% — 2x5. Here, x — ¢ = x + 2 implies ¢ = —2.
Then by Division Algorithm, the remainder is
R=g(-2)=1+5(-2)+(-2)2-2(-2)>=1-10+4+64 =59
¢) f(x) =2+ 7x?5. Here,x —c=x—1impliesc = 1.
Then by Division Algorithm, the remainder is
R=f(1)=2+7(-D)*»=2+7(-1)=2-7=-5
Corollary: When a polynomial f(x) of degree greater than or equal to 1 is divided by the linear

polynomial of the form ax + b, the remained is f (— %)

Example 13: Using Remainder Theorem, find the remainder if
a) f(x)=5—4x?+x3+ 12x5 divided d(x) = 2x — 1
b) f(x) = 6x3+ x? —x + 2 divided d(x) = 3x + 2
Solution:
a) Here,ax + b = 2x — 1 implies a = 2 and b = —1. This implies —Z =—— =%
Then, the remainder is
Rep(-2)= £ Q) =5-4()"+ () +12() =5-1+ieimaris]
b) Here, ax + b = 3x + 2 implies a = 3 and b = 2. This implies —S = —g
Then, the remainder is
3 2
#=r (=7 () =6+ (3 - ()2
=_1?6+%+§+2 _ 16+49+6+18=1?2=§
Example 14: When the polynomial f(x) = x7 — kx® + 5x3 —x + 11 is divided by x + 1, the
remainder is 15, what is the values of k.
Solution: x —c¢ = x + 1 implies ¢ = —1
By Remainder Theorem, the remainder is
R=f() = f(=1)=15
= (17" =k(-D°+5(-1)3-(-1)+11=15
= -1-k-5+1+11=1= k=-11

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 17



MATHEMATICS GRADE 10 UNIT 1

Example 15: When a polynomial f(x) = ax® + bx? — 2x + 8 is divided by x -1 and x + 1, the
remainder are 3 and 5, respectively. Find the values of a and b.

Solution:
When f(x) = ax® + bx? — 2x + 8 is divided by x — 1 the remainder is f(1) = 3.
= a()*+b(1)*-2(1)+8=3 = a+b=-3 - > (%)
When f(x) = ax® + bx? — 2x + 8 is divided by x + 1 the remainder is f(—1) = 5.
= a(-1)3+b(-1)2-2(-1)+8=5 = —a+b=5 -mmeem > (*%)
Then solve equations (*0 and (**) simultaneously.
l { a+b= -3
— L—a+b= -5
= 2a=-3—-(-5=2 =a=1
= a+b=-3 = b=-3-a=-3-1=-4

Therefore, the valuesof aand barea =1and b = —4

EXERCISE 1.4

Find the remainder when:

a) f(x) =x3—x%+7x + 11 dividedd(x) =x + 2.

b) g(x) = 1+ 5x + 2x? — §x4 divided d(x) = 2x — 3.

b) h(x) =1 + x'” divided d(x) = x + 1.
When the polynomial P(x) = ax* — 2bx3 + cx + 5 is divided by x — 1 and x + 1, the remainders are
2 and 3, respectively. If P ( %) = —1, then find the values of a, b and c.
When a polynomial P(x) is divided by x + 2, the remainder is 3 and when P(x) is divided by x -1
the remainder is 2. Find the remainder when P(x) is divided by (x + 2)(x - 1).

1.2.3 The Factor Theorem

>

>

Another important objective of this chapter is factorization of a polynomial and determining its
factors, if any.
Factorizing a polynomial means writing the polynomial as a product of two or more polynomials.
For instance, consider the polynomials x? + 2x — 3 and 2x3 + 7x2 + 2x + 7.
a) As you have learnt in your previous grade mathematics x? + 2x — 3 can be factorized as
x?+2x—3=x*+3x—x—3; since3+(-1)=2and3 x (—1) = -3
=x(x+3)—-1x+3)=x+3)(x—-1)
Hence, (x + 3)(x — 1) is the factorized form of x2 + 2x — 3.
Moreover, x + 3 and x — 1 are the factors of x2 + 2x — 3.
Letting f(x) = x? + 2x — 3, youcan see that f(—=3) = f(1) =0
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b) Some polynomials can be factorized by grouping, which can be applied for 2x3 + 7x2 + 2x + 7 as
follow:

2x3 4+ 7x2+2x+7=x*Qx+7)+12x+7) = (x> + 1)(2x + 7)
Hence, x? + 1 and 2x + 7 are the factors of 2x3 + 7x% + 7x + 2.
Moreover, (x? + 1)(2x + 7) is its factorized form.

Since 2x + 7 is linear and x? + 1 cannot be factorized more over R, we say that
(x2 + 1)(2x + 7) is the complete factorized form of 2x3 + 7x2 + 7x + 2.

¢ In addition, let us do the following activity.
Consider the polynomial, f(x) = x3 — 5x2 + 2x + 8.
f(2)=(2)3-512)2+2(2)+8=8-20+4+8=0
This shows that, by Remainder Theorem, when f(x) divided by x — 2, the remainder is 0.
By Division Algorithm, (x) = d(x)q(x) + r(x) , for some polynomial
= x3-5x242x+8=(x—-2)g(x)+0; for some
polynomial q(x). x?—3x—4
= x3—-5x2+2x+8=(x—2)q(x)
Hence, x — 2 is a factor of f(x). —
q(x) is also another factor of f(x), which is the quotient of x® — 2x?

x—21x®>—5x*+4+2x+8

division of f(x) by x — 2. —3x2+2x+8
From the long division, we have 5
q(x) =x?—-3x—4 —3x7 + 6x
(x — 2)(x% — 3x — 4) is the factorized form of f(x), but it is —4x + 8
incomplete. —4x + 8
0

To factorize f(x) completely, factorize x? — 3x — 4 into its linear factors, as follow.
x2=3x—4=x?—-4dx+x—-4=x(x—4)+1(x—4)=(x+1D(x—4)

Therefore, the complete factorized form f(x) is

x3—5x2+2x+8=(x—2)(x*—-3x—4)

=x-2)x+D(x—-4)

x — 2, x + 1 and x — 4 are the linear factors of x3 — 5x2 + 2x + 8.
All the above discussions can be summarized using a theorem known as the Factor Theorem, stated
below, which is helpful in checking whether a linear polynomial is a factor of a given polynomial or not.

Theorem 1.3: Factor Theorem

Let f(x) be a polynomial of degree greater than or equal to one, and let ¢ be any real number. Then x-c
is a factor of f(x), ifand only if f(c) = 0.
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For example, consider the polynomial, P(x) = x3 — 3x? — x + 3. Then

P(-1)=(-1)3-3(-1)2-(-1)+3=-1-3+41+43=0

Hence, by Factor theorem, x — (—1) = x + 1 is a factor of P(x) = x3 — 3x%2 — x + 3.

Remark: The Factor theorem has two parts.

i) If x — c is a factor of f(x), then f(c) = 0; and
i) If f(c) = 0, then x - c is a factor of f(x).

Corollary: Let f(x) be a polynomial of degree greater than or equal to one, and let a, b € R,
where a # 0. Then ax + b is a factor of f(x), if and only if f(—2) = 0.

Example 16:
1) In each of the following, use the factor theorem to determine whether or not g(x) is a factor of f(x).

a f(x) =x®+1; gx)=x+1,

b. f(x) =3x*+7x2—-x-2; gix)=x-1

c. f(x)=4x*-2x3—-2x2+7x-3; g(x) =2x-1

d f(x)=x>-3x2—-4x+12 ; g(x) =x+2

Solution

d. x+1=x—cimpliesc=-1.Thenf(-1)=(-1D¥®+1=-1+1=0,
Thus, by Factor Theorem, x + 1 is a factor of x5 + 1.

e. x—1=x—cimpliesc = 1. Then
F) =34+ 7(1)2—(1)-2=347-1-2=7%0.
Therefore, x — 1is NOT a factor of f(x) = 3x* + 7x? —x -2

b -1 1

C.2x-1=ax+bimpliesa=2andb=-1 = ——=—=

1= o) -2 -2) +7 ()2 =331

Thus, by Factor Theorem, 2x — 1 is a factor of 4x* — 2x3 — 2x? + 7x-3.

N
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e. Here,¢c=-2and

Y = ()3 (D)2 _ Al
f(=2)=(=2)"=-3(-2)* - 4(-2) + 12 X2 _Sx46
= -8-12+8+12=0
Therefore, x + 2 is a factor of f(x). x+2|x3—3x%—4x+ 12

Let us extend this question up to factorization of f(x).  ~ x3 + 242
Dividing f(x) by its factor x + 2, gives quotient =
q(x) = x2 — 5x + 6 and remainder —5x° —4x + 12
r(x) =0 —5x2% — 10x
Then by Division Algorithm,
flx) =x3—-3x2—4x+ 12
= (x+2)(x> —5x +6)
which is the factorized form of f(x), but incomplete. 0
x?—5x+6=x>—2x—3x+6
=x(x—2)—-3(x—-2) =(x—-2)(x-3)
Therefore, the complete factorized form of f(x) is
fx) =x3—3x2—4x+12
= (x+ 2)(x?> = 5x + 6)
=(x+2)(x—-2)(x—-3)

6x + 12
6x + 12

Example 17: In each of the following find a number k such that
a) x + 2 isafactor of 3x* —8x2 — kx + 6.
b) 3x -2 isafactor of 6x3 — 4x2 + 2kx — k — 3.
Solution:
a) Let f(x) =3x*—8x%—kx + 6then f(2) = 0.
f(2)=3(2)*—8(2)2—k(2)+6 =3(16)- 8(4)- 2k + 6 =0
= 48-32-2k+6=22-2k=0
= k=-11
b) 3x-2=ax+b = —§=§
Let f(x) = 6x3 — 4x2 + 2kx — k — 3. Then

f¢)=0 =6 () ())C +2k(§)_ _3=0

= 2242k k-3=0 = k=3
9 9 3 3
Therefore, k =9
Example 18:
a. Letf(x) = x*—2hx® + hx? —x + k. If x -2 is a factor of f(x)andf(—1) = 3, then find the
values of h and k.

b. If x—2 is a common factor of the expressions: x*(m+n)x—n and2x*+(m-1)x+(m+2n),

then find the values of mandn.

Solution:
a. Using the factor theorem x - 2 is a factor of f(x) implies f(2) =
f2)=@)*-2rR2)3*+h(2)?*-2+k=0
16-16a+4h-2+k=0
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“12h+k=—14.........c.e.... 1)
f(=1)=3
f(=1)=(-D*-2h(-1)*+h(-1)?-(-1)+k = 3
1-2h(-1)) +h+1+k =3
1+2h+h+1+k=3
Bh+k=1.....cccciiiniinn 2
Then solve equations (1) and (2) simultaneously,
{—12a +k=-14

3a+k=1
weobtain h=1and k = -2.

b. x—2 isacommon factor of the expression x* (m+n)x—n implies:
2°’(m+n)2-n=0=4(m+n)2-n=0

=8(m+n)-n=0

c. X—2 isacommon factor of the expression 2x* +(m—1) x +(m+2n) implies:
2(2)" +(m-1)2+(m+2n)=0=>8+(m-1)2+(m+2n)=0
=8+2m-2+m+2n=0

=3M+2n=—06............... (2)
Now solving equations (1) and (2)
8m+7n=0 42 48
—>m=——and n=—
3m+2n=-6 5 5

Example 19: If x + 3and x — 2 are factors of f(x) = x* + x3 - 7x%-x + 6, then
a) Find the complete factorized form of f(x).
b) Find the other factors of f(x).
Solution:
First divide f(x) by x + 3 to obtain a cubic polynomial g;(x) and again divide the resulting quotient
q1(x) by x — 2 to obtain a quadratic polynomial g, (x). Lastly, factorize g, (x).

x*—=2x* —x+2= q,(x) X2 =1 =g,(x).

x+3|x*+x3—-7x*—x+6

x=2|x*-2x"-x+2=q,(x)

x* + 3x3
x3 —2x2
—2x3—-7x*—x+6
—2x°® — 6x* —x +2
—x>—x+6 —x 4+ 2
- —x?-3x
0
2x+ 6
- 2x+6 And we have

0 x2—1=(x-1D(x+1)
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To summarize the above divisions:
In the first division, we have
fX)=x*+x3—-7x*—-x+6
=(x+3)x*+x3—-7x2—x+6)
=(x+3)(x—2)(x*-1)
=(x+3)x—-2)(x—-—D(x+1)
Thus, the complete factorized form of f(x) is
f)=x+3)x-2)x-Dx+1)
Therefore, x + 3, x — 2, x — 1 and x + 1 are the factors of f(x).

EXERCISE 1.5

1. In each of the following find a number k such that
a) x + 3isafactor of x> — kx* —6x3 —x% + 4x + 29
b) when f(x) =x%+ (k—2)x —k? — 3k + 5 is divided by x + k the remainder is 1.

2. When the polynomial P(x) = x3 + 4x? — nx — 3 divided by x + 1 and x-2, the remainders are
5m + 4 and -n - 10. Find the values of m and n.

3. When the polynomial f(x) = x3 — (2¢ — 1)x% + ¢x — 3 divided by x -1, it gives remainder 5.
What will be the remainder when f(x) is divided by x + 1.

4. What number must be added to f(x) = x> — 5x% 4+ 2x — 7 so that x - 2 is the factor of f(x)?

5. Find a polynomial function of degree 3 such that f(2)=24and x-1, xand x+2are factors of the

polynomial.

1.3. ZEROS OF A POLYNOMIAL FUNCTION

For instance, consider the function f(x) = ’;2:14.
The domain of f = R\{—1}.
. 22%2-4 4-4 0 . .
For x = 2 € domain, f(2) = ST T3 TaT 0. In this case we say that 2 is a zero of f(x).

In general, given a functionf, a number in the domain of f that makes f zero is called a zero of f.
Definition 1.2: For a polynomial function P and a real number c, if P(c) = 0, then c is a zero of P.

For instance, for a polynomial functionf (x) = 2x3 — x? + x — 2,

f(H)=21*-12+1-2=2-14+1-2=0
Therefore, x = 1 isazero of f.
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Note : If f is a polynomial function and ¢ € R, then the following statements are equivalent.
i. f(c)=0
ii. x-cisafactor of f(x).

iii. f(x) isdivisible by x — c.
Iv. When f(x) is divided by x — ¢, the remainder is 0.
Note. A polynomial function of degree n has atmost n real zeros. But it may have no real zeros.

Example 20: Find the zeros of each of the following polynomial functions.

a) f(x)=5 Nfy)=y*+4

b) y=3—§x g) h(x) = 6x3 + 5x% — x
0 f)=F—-2-2 h) f(t) =3 —t2 +2t—2
d) f(x) =2x5(x —3)(mx + 1)(3 — 2x) )y =x*—-3x?>—-4

e) g(t) =3 —2t—2t?

Solution:
a) Since f(x) =5 # 0 for all real number x, f(x) has no any real zero.
b) y=0 = 3—§x=0 = 3=§x = x=3(§)=175isthezeroofthefunction.
c) f(x)=0
= —Z22—2 = 0. Multiply both sides by LCM(2, 3) = 6
- 6x(%—’“2ﬁ—2)=0x6 = 22x—-1)-3(x+2)—12=0
= 4x—-2-3x—6—12=0 = x—20=0
= x=20

Therefore, x = 20 is the zero of f.
d) By Product Property, f(x) = 2x5(x —3)(mx + 1)(3—2x) =0
= 2x°=00orx—3=0o0ormx+1=00r3—-2x=0
= x°=0 orx=3 ormx=-1 or 3=2x
1 3
= x=0orx=3 orx=—= 0Or x ==
T 2

Therefore; 0, 3, —% and % are the zeros of f(x).

e) g(t) =0 = 3 —2t—2t? =0, which is a quadratic equation witha = =2, b = =2, ¢ = 3.

Then by quadratic formula, we have
‘= -b+VbZ—4ac _ —(-2)+/(=2)2-4(=2)(3) _ 2+V4+24 2428 _2+2V7 _ -1F7
2a 2(-2) -4 —4 -4 2
V7 -1++7
2

and

Therefore; _1;
) fO)=y2+4=0 = y’=-4 = y=+—4¢R
Therefore; f(y) = y? + 4 has NO any real zero.
g) h(x) =6x3+5x?—x=x(6x>+5x—1)=0
= x=0 or 6x>+5x—1=0  Then factorize the quadratic part

are the zeros of f(x).
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=>x=0o0or 6x?+6x—x—1=0
> x=0o0r6x(x+1)—(x+1)=0
> x=00r (bx—1)(x+1)=0 = x=0o0rb6x—1=00rx+1=0

= x=0 or xzé or x =-1
Hence; x = 0, x:% and x = —1 are the zeros of f(x).

h) fO)=t3—t>+2t—2=0
This equation can be solved by using Factorizing by Grouping.
t3—t24+2t—-2=(3-t)H)+Q2t-2)=t*t-D+2t-1D=(t-D{Et*+2)=0
=>t—1=0o0rt?+2=0
=>t=1lort=+v-2¢R
Hence; t = 1 is the only zero of f(t).
i) y=x*—3x2—4.This can be solved by using substitution as follow.
Let u = x2. Then the equation can be written as
x*=3x?—-4=ut-3u—-4=vu—-4utu—-4=ulu—4)+1(u—4)
: =u+1Du-—-4)
Since, u = x2, we have,
x*=3x2—4=W+Du-4)=0C*+Dx*-4)=(x+2)(x—2)(x* + 1)
Here we can see that (x + 2)(x — 2)(x? + 1) is the complete factorized form of x* — 3x2? — 4.
= x+2, x—2and x? + 1 are the factors of x* — 3x2 — 4
Hence, x* — 3x2 — 4 =0 implies (x + 2)(x —2)(x2+ 1) =0
= x+2=0o0rx—2=0,butx?+1=0forall x € R.
Hence; x = —2 and x = 2 are the zero of y = x* — 3x? — 4.
O In your discussion above, you have seen that how the zeros of a polynomial function obtained.
What do you think about the converse process?
For instance, what will be a polynomial function of degree 2 whose zeros are —3 and 1? How many
such polynomials exist? Is it unique?
o By Factor Theorem, —3 and 1 are zeros of a polynomial function f of degree 2, then x + 3 and
x — 1 are its factors.
Thus, f(x) = (x + 3)(x — 1) is one possible such quadratic polynomial.
The polynomials
y=2x+3)(x—-1), y=-5+3)(x—-1), y=3(x+3)(x—1) are also polynomial
functions of degree 2 with zeros x = 1 and x = —3.
In general; f(x) = k(x+ 3)(x—1), where k is any non-zero constant, is a polynomial
function of degree 2 with zeros x = 1 and x = —3.

o If the functional value of f at any point x other than the zeros of f is given, the value of k can be
determined. In this case the polynomial f is uniquely determined.
o Forexample, if f(2) = 7, then

fRQ)=k2+3)2-1)=7 = kGB)YD=7 = k=
Hence, we obtain
f@) =2 +3)(x—1) =22 +=x
Thus, we have the following statement.
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Example 21: Find a polynomial function f of degree three such that f(0) = f(—1) = f(1) and f(3) =
—48.
Solution: f(0) = f(—1) = f(1) impliesthat —1, 0 and 1 are zeros of f.
A cubic polynomial f with zeros —1, 0 and 1 is given by

f(x) =alx—x)(x —x)(x — x3)

=alx+1Dx-0)x—-1) =ax(x+1(x—-1)
f(3) = —48 implies a(3)(3+1)(3—1) = —48
48

= a(3)(4)(2) =—48 = a=——=-2

24
Hence, the required cubic polynomial is

fx) = -2x(x+1D(x—-1) =2(x —x3)

EXERCISE 1.6

1. Find the zeros of each of the following polynomial functions.
a) f(x)=2x®—5x24+x+2
b) f(x)=x3+3x?—x—3
c) f(x)=2x3+5x2—11x+ 4
2. Find a polynomial function of degree 3 such that f(2) = 24 and x — 1, x and x + 2 are factors of the
polynomial
3. p(x) is a polynomial function of degree 3 such that p(-2) = p(0) = p(2) = 0 and p(1) = -5.then find p(x) ?

1.3.1 Zeros and Their Multiplicities
» if f(x) is a polynomial function of degree n, n > 1,then a root of the equation f(x) = 0 is called a zero

of f
Definition 1.3: if (x — ¢)* is a factor of f(x), but (x — c)**! is not, then ¢ is said to be a zero of
multiplicity k off
Example 22: given that -1 and 2 are zeros of f(x) = x*+ x3 —3x% — 5x — 2, determine their
multiplicity
Solution: by the factor theorem (x+1) and (x-2) are factors of f(x) hence f(x) can be divided by
(x +1)(x —2) = x? —x — 2giving you

flx) = (x*—x—=2)(x*+2x+1)
= (x+D(x—2)(x+1)?
= (x+13(x-2)

~ —1is a zero of multiplicity 3 and 2 is a zero of multiplicity 1
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Example 23: for each of the following list the zeros of the given polynomial and state the multiplicity of
each zero

_ 12 _2
a. f(x)=x (x 3)
0 is a zero of multiplicity 12 and % is a zero of multiplicity 1

b. 9(x) =3(x — v2) (x + 1)?
2 is a zero of multiplicity 2 and -1 is a zero of multiplicity 3
c. h(x)=3x(m—x)°(x— (r+1))3
0 is a zero of multiplicity 6, is a zero of multiplicity 5 and = + 1 is a zero of multiplicity 3
d. fx) = 2(x —v3) (x + 5)°(1 — 3x)
V3is a zero of multiplicity 5 ,-5 is a zero of multiplicity 9 and % is a zero of multiplicity 1
e. fx)=x3—-3x2+3x—-1
First factorize f(x)the factorized form of f(x) are (x-1)(x-1)(x-1) = (x — 1)31 is a zero of multiplicity
3
f. fx)=x3+x*—-5x+3
The factorized form of f(x) are (x-1)(x-1)(x+3) =(x — 1)?(x +3) 1 s a zero of multiplicity 2 and
-3 is a zero of multiplicity 1
g. f(x) =x*+ 3x3 + 3x2 + x (exercise)

1.3.2 Location Theorem
Polynomial function with rational coefficients may have no rational zeros

4426 4-2v6
> and
The polynomial function has rational and irrational zeros

Example: the zeros of p(x) = x3 — x? — 2x + 2 are —/2,1 and V2

Example 24: the zeros of x? — 4x — 2 are

ACTIVITY

1. in each of the following determine whether the zeros of the corresponding function are rational,
irrational or neither
a. f(x) = x%+ 2x + 2 has no real root
b. f(x) = x3+x*—-2x—-2
The zeros of f(x) are -1,v/2 and — /2 rational and irrational zeros
c. f(x) = (x + 1)(2x*> + x- 3) The zeros of f(x) are —1, 1 and%3 rational zeros

d. f(x) = x*=5x2+6  The zeros of f(x) are —/3,+/3,V2 and — /2 irrational zeros
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Theorem1.4 Location theorem

Let a and b be real numbers such that a < b .if f is a polynomial function such that f(a) and f(b) have
opposite signs, then there is at least one zero of f between aand b

Example 25: Let f(x) = x* — 6x3 + x? + 12x — 6 construct a table of values and use the location
theorem to calculate the zeros of f between successive integers

X -3 2 -1 0 |1 2 3 4 5 6
f(x) | 210 |38 |-10 |-6 |2 -10 |-42 | -70 |-44 | 102

Since f(-2) =38 > 0 and f(-1) = -10 < 0 we see that the value of f(x) changes from +ve to —ve between -
2 and -1. Hence by the location theorem there is a zero of f(x) between x = -2 and x= -1

Since f(0) =-6 < 0 and f(1) =2 > 0 there is also one zero between x =0and x =1
f(1)=2> 0and f(2) = —10 < 0 there is also zeros between x =1 and x = 2
f(5) =-44 < 0 and f(6) = 102 > 0 there is also zeros between x =5 and x = 6

Example 26: using the location theorem show that the polynomial f(x) = x° — 2x2 — 1 has a zero
between x =1 and x =2

Solution: f(1) = 15> — 2(1)? =1 =-2 and f(2) = (2)°> — 2(2)? — 1 = 23 > 0 here f(1) is negative and f(2)
is positive therefore there is a zero between x =1 and x = 2

Example 27: using the location theorem show that the polynomial f(x) = x> — 2x? — 1 has a zero
between x =1 and x = 2

Solution: f(1) =15 — 2(1)2 =1 =-2 and f(2) = (2)> — 2(2)? — 1 = 23 > 0 here f(1) is negative and f(2)
is positive therefore there is a zero between x =1 and x = 2

Example 28: In each of the following use the table of values for the polynomial function f(x) to locate
zeros of y = f(x)
a.

X |5 |3 |-1]0 |2 |5
fx) |7 (4 |2 |-1 |3 |-6

f(-1) =2 >0 and f(0) = -1<0 .. there is a zero between x =-land x =0
f(0) = -1<0 and f(2) = 3 >0 -- there is a zero between x =0 and x = 2
f(2) = 3>0 and f(5) = -6<0 .. there is a zero between x =2 and x =5

b.

X 6 |5 4 [3 [2 [1]o [1 [2
f(x) 21 [-10 |8 |1 |5 |6 |4 |[-3 |18
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1.3.3 Rational Root Test
The rational root test relates the possible rational zeros of a polynomial with integer coefficients to the
leading coefficients and to the constant term of the polynomial

Theorem 1.5 Rational root test
If the rational number S in its lowest terms is a zero of the polynomial f(x) = a,,x™ + a,_;x™" 1 + --- +

a;x + a, with integer coefficients, then p must be a factor of a, and g must be a factor of a,,

Example 29: in each of the following find all the rational zeros of the polynomial
a fX)=x>—-x+1 b.gxX)=2x3+9x*+7x—-6 c. g(x):%x“—Zx2 —%xz + 2x
a fx)=x3—-x+1
the leading coefficient is 1 and the constant term is 1 .hence ,as these are factors of the constant term
,the possible rational zeros are +1
using the remainder theorem, test these possible zeros
f1) = (13- +1=1 ,f-1) = (-1)3—=(-1)+1 =1 so we can conclude that the given
polynomial has no rational zeros
b. gx)=2x3+9x?>+7x—6

a, = az; =2and ay= _¢

Possible values of p are factors of -6.these are +1,+2,+3 and + 6

Possible values of g are factors of 2 .these are +1 and + 2

The possible rational zeros g are il,iz,i3,i6,i%,i—§ of these 12 possible rational zeros,at most 3

can be the zeroes of g
Check that f(-3) = 0,f(-2) = 0 and f(5) = 0
Using the factor theorem, we can factorize g(x) as 2x3 + 9x% + 7x — 6 = (x+3)(x+2)(2x-1),50 g(x) = 0
atx:-3,x:-2andx:%
Therefore -3,-2 and % are the only (rational) zeros of g(x)
c. gx)= %x“ — 2x% — %xz + 2x

let h(x) = 2g(x).thus h(x) will have the same zeros, but has integer coefficients

h(x) = x* — 4x3 — x% + 4x

X is a factor ,s0 h(x) = x(x3 — 4x? — x + 4) = xk(x)
k(x) has constant term of 4 and leading coefficient of 1.the possible rational zeros are +1, +2, +4
Using the remainder theorem ,k(1) = 0,k(-1) = 0 and k(4) = 0.so by the factor theorem

K(x) = (x-1)(x+1)(x-4).hence h(x) = x (x-1)(x+1)(x-4) and g(x) = > h(x) = 5 (x-1)(x+1)(x-4)
Therefore, the zero of g(x) are 0,+1 and + 4
d. f(x)=12x3 —16x2 —5x + 3
Possible values of p are factors of 3.these are +1, +3
Possible values of q are factors of 12 .these are +1,+2,+3,+4,+6 and + 12
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The possible rational zeros s are il,ig,ii,ii,i%,i ,of these 18 possible rational

S w

zeros at most 3 can be the zeros of f(x)
Check that f(2) = 0, £((5) = 0 and f((=3) = 0
1

Using the factor theorem ,we can factorize f(x) =12x3 — 16x? — 5x + 3 = (x — g) (x - 5) (x + %)
=(2x —3)(3x —1)(2x+ 1),s0f(x)=0at x = g,x = § and x = _?1

Therefore % é, and _?1 are the only (rational )zeros of f(x)

1.4 GRAPHS OF POLYNOMIAL FUNCTIONS

ACTIVITY
1. sketch the graph of each of the following polynomial functions:
a) f(x)=3 b) f(x) = —2.5 c)glx)=x—-2 d) glx) =-3x+1

2. Letf(x) =x%>—4x+5
a) Copy and complete the table of values given below.

X -2 1-1 10 1 2 3 4
f(x) =x*—4x+5

b) Plot the points with coordinates (X, y), where y = f(x) on the xy-coordinate plane.

¢) Join the points in b above by a smooth curve to get the graph of f. what do you call the graph
of f? Given the domain and range of f.

3. Construct a table of values for each of the following polynomial functions and sketch the graph:

a) f(x)=x%-3 b) g(x) = —x? —2x + 1 ) h(x)=x* d)ypkx)=1-x*

v" The graph of polynomial function has no jumps, gaps and holes

v" It has no sharp corners

v" The graph of a polynomial function is a smooth and continuous curve which means there is no
break anywhere on the graph

v The following are not graphs of polynomial

F'y Ay

hole

Sharp I X
Corner

=
l""i."-
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v Functions with graphs that are not continuous are not polynomial functions
v' The graph of the function f(x) = |x|: it has a sharp corner at the point (0, 0) and hence

f(x) = |x| is not a polynomial function

\V

If is not a polynomial function

v The point of which the graph of a function crosses (meets) the coordinates axes are important to

note.

v'If the graph of a function crosses the x-axis of (x, 0), then x, is the x-intercept of the graph
v"If the graph of f crosses the y-axis at the point (0, y), then y, is the y-intercept of the graph of f.

e f(x)=ax+b,a+0
e x —interceptof,f(x) =0
° ax+b=0,x=_7b

e x—int,x = -
e y—intercept,x =0
e y = b isthe y-intercept
Example 30:
Find x and y intercept of the following and draw the graph
a. f(x)=-3x+5
Solution:
+ x—intercept: y = f (x)=0=-3x+5

:>—3x:—5:>x:g

+ y-intercept: x=0= f (0)=-3(0)+5=5

+ Domain is the set of real numbers.
+ Range is the set of real numbers.

b. f(x)=x*-4x+3
Solution:
+ Xx—intercept: y = f (x)=0=x"—4x+3
=x=1orx=3

+ y-intercept: x=0= f(0)=3

v (2 ({24
(2 1(2)=(2-1)

+ Domain is the set of real numbers.
+ Range=[-1, «).
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Note: the graph of any quadratic function f(x) = ax? + bx + ¢ has at most two x-intercept and one y-

intercept
—b+/b2- —b—/b2—
Xl = —2a yac and Xz = —Za yac

Note: the graph of a constant polynomial (polynomial of degree zero) is always horizontal line below or
above x-axis depending on the sign of the constant term
Graph
Properties of f(x) = ¢ .c € R graph
« f(x) is a constant function

¢+ its graph is a straight line parallel to the x axis passing through the point (0,c)
++ the domain of f is real number
¢ therange is {b}

Example 31: draw the graph of the following
a. fx)=3 b. f(x) = -2 c.fx)=0

Solution:
a. b.

-3
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Properties of f(x) = ax + b, a#0 graph
its graph is a straight line

the domain of f is real number
the range of f is real number

X- intercept of f is (_Tb ,0)
Y-intercept of fis (0,b)
slope of the graph is a

isa > 0 the function is increasing
Isa< 0 the funiction is decreasing

VVVY VY VVYVY

Example 32: draw the graph of the following
a. f(x)=2x+3 b.f(x)=-3x+6 c. f(x)=2x

Solution:
a.

-3

d. f(x) = -3x

UNIT 1

-3 -2 -1 0
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Graph of quadratic function f(x) = ax’* + bx + ¢ ,.a,b,andc € R,a#0
v Graph of quadratic function is a curve known as parabola

If a > 0 the parabola opens up ward

If a < 0 the parabola opens down ward

_ _ K2

Vertex of the parabola (turning point ) v = (2—2,4aiab )
The domain of the function is real number

—_p2 _n2

4ac—b 'a>0’yS4ac b

c
4a 4a '’

NN

a<o

The range of the functionisy >

Example 33: draw the graph of the following
a f(X)=x*+5x+6 b.f(x)=-3x*+10x+8 c.f(x)=x*—2x d.f(x)=-2x*+2 e.f(x)
= 3%
Solution:
a. b.

|
(=]
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Note: the graph of polynomial function of degree n meets the x — axis at most n times
» Every polynomial function of degree n has at most n zeros
> The graph of polynomial function f(x) = a,x™ + a,_1x" 1+. . .a;x + a, eventually rises or
falls

, . =
Turning p mtSI/}f"I' \

|

| 4

,I"I urning paints

The above graph shows an example of a polynomial function whose graphs has peaks and vallys.
The term peak refers to a local maximum and vally refers to a local minimum .such a point are
often called turning points of the graph.
» a point of f that is either a maximum point or minimum point on its domain is called local
extremum point of f.
» the graph of a polynomial function of degree n has at most n — 1 turning point the above
observation can be generalized as follows .
1. if ¢ is a zero of odd multiplicity of a function f, then the graph of the function crosses the x-
axis at x = ¢ and does not have a relative extremum at x = ¢
2. if ¢ is a zero of even multiplicity ,then the graph of the function touches (but does not cross) the
X —axis at x = c and has a local extremum at x = ¢
Example 34: Draw the graph of the following
a fX)=x3+2x2—x—-2 b.f(x)=x*—-5x%>+4 c. f(x) = —x* — 3x3 + 4x
d.gX)=x(x—2)2(x+2)* efx)=x3+x%2—-—6x—10 f f(x)=2x%—2x*
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Solution:
a.
|
/AN
\V
|
C.
e.
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Note:
1.

The graph of a polynomail function with leading term a,x" has the following right and
left beahviour:

n—even n—odd
a, >0 Up to left and up to right Down to left and up to right
a, <0 Downto left and down to right Up to left and down to right

2. If the multiplicity of the root cis an odd number, then the graph of the function crosses the x— axis
at x=c.

3. If the multiplicity of the root cis an even number, then the graph of the function touches( but does
not cross) the x— axisat x=c.

End Behavior

If the value of a is positive for the quadratic function p(x) =ax’ +bx+c, the graph opens upward. If a is

negative, the graph opens downward. The sign of a determines the end behavior of the graph.
In general, the end behavior of the graph of a polynomial function is determined by the sign of the

leading coefficient and the parity (odd or even) of the degree.

End Behavior of Graphs of Polynomial Functions

Suppose that ax™ is the dominating term of a polynomial function P of odd degree. (The dominating
term is the term of greatest degree.)

1. If a>0,thenasx—»o0, p(x)—> o andasx—>—o0, p(x)—>—o.
Therefore, the end behavior of the graph is of the type shown in figure below.

AVAVANAV,

. Ifa <0, thenas x » o ,P(x) » —ooand as . x - —oo ,P(x) = o
Therefore the end behavior of the graph is of the type shown in figure below.

AV
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Suppose that ax™ is the dominating term of a polynomial function P of even degree.

1. Ifa>0,thenas|x| - oo,p(x) - o Therefore, the end behavior of the graph is of the type shown
in figure below.

A

2. Ifa<0,thenas|x| - oo,p(x) » —oo . Therefore, the end behavior of the graph is of the type shown

below.
/\ or \/\/

Example 35: sketch the garph of the following:
a f(x)=%(x+3)2(x2 ~1) . h(x)=—x(x—3) (2x+3)
1
b. =—(1- 24+1)(x-2
9(x) =7 (1-%)(x* +1)(x-2)
Solution:
a. To draw the graph of f (x) :%(x+3)2 (x*-1) :%(x+3)2 (x—1)(x+1) let us use the sign chart:

The zeros of f are—3, —1 and 1. We are now ready to construct the sign chart of the fucntion and
write the zeros in ascending order in horizontal line as follows:

-3 -1 1

X+3 — 0] +
(x+3)° T +
x-1 - - - 0+
x+1 - - + +
(x—l)(x+l):(x2—1) + ( n - 0 n

1 -
F)=50+3 (x*-2) |+ o * (I
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Since the algebraic sign of the function f is positive on the interval (o, —3)U(-3, —1)U(1,»)

the graph of the function lies above the x—axis and the sign of f is negative on (—1, 1) the

graph of the function lies below the x—axis.

\n L/

I

b. To draw the graph of g(x)= %(1— X)(X* +1)(x—2) let us use the sign chart:

The zeros of garel and 2, but x*+1 has no real solution . We are now ready to construct the
sign chart of the fucntion and write the zeros in ascending order in horizontal line as follows:

1 2
1-x + — —
(x*+1) + + +
X—2 — — 0 +
g(x):%(l—x)(x2+l)(x—2) B ( + 0 -

Since the algebraic sign of the function g is positive on the interval (1, 2)the graph of the

function lies above the x—axis and the sign of g is negative on (—oo, 1)U(2, oo), so the graph of

the function lies below the x—axis.
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c. Todraw the graph of h(x)= —x(x—3)2 (2x+3) let us use the sign chart:

The zeros of hare —g, 0 and 3. Now write the zeros in ascending order in horizontal line as

follows:
3 0 3
2
—X + + n — —
(x-3)° + + + ( +
(2x+3) - 0 o+ + +
h(x)=—x(x—3)2(2x+3) — 0 + 0 — ) —

Since the algebraic sign of the function h is positive on the interval [—g Ojthe graph of the

function lies above the x—axis and the sign of h is negative on (—oo, —%)U(O, 3)U(3,0)the

graph of the function lies below the x—axis.

Note:
1. A function f is said to be even if and only if the domain of f is symmetric seti.e. for xe S, —xeS

and f(x)=f(—x) foreach xin its doamin. The graph of even function is symmetric with respect to
y — axis.

2. A function f is said to be odd if and only if the domain of f is symmetric seti.e. for xeS, —xeS
and f(—x)=—f(x) foreach xin its doamin. The graph of even function is symmetric with respect

to the origin.
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EXERCISE 1.7
1. In each of the foolowing, decide whether the given graph cuold possibly be the graph of a
polynomail.
a. b.

~ AN S
\V

~
7
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AN
VARV

2. Find the possible degree for each of the following grpahs and indicate the sign of the leading
coeffeicient.
a. b.

WM A A
~ J

AR VAR A,

GRADE 10 MATHEMATICS ENRICHED TEXTBOOK 42



MATHEMATICS GRADE 10 UNIT 1
3. In each of the following, factor the given function (if neccessary) and sketch its graph.
a. f(x)=(x-1)(x+5)(x+2)
b. g(x)=—x(x—1)(x+2)2
c. h(x)=x"-5x*+4
4. Write down a polynomail fucntion with roots:
a. 1,234 b. 2,—4 c.12,-1, -6
5. Make a table of values and draw the graph of each of the following polynomial functions:
a. f(x)=4x"-11x+3 C. f(x):%(x—Z)z(x+2)2
b. f(x)=-1-x* d. f(x)=x"+x*-6x+3-10
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Bl Key Terms

constant function linear function rational root

constant term local extremum reaminder theorem
degree location theorem turning points

domain multiplicity X —intercept

factor theorem polynomail division theorem y —intercept

leading coefficient polynomial function zero(s) of a polynomial
leading term quadratic function

1. A polynomial is an expression that can be written in the form:

wn

10.
11.

12.

13.
14.

15.

ax"+a _Xx"'+a X"?+..+ax’ +ax+a,, where nis anon-negative integer and xis a variable.

A polynomial function is a function whose rule is given by a polynomial.
The domain of any polynomial function is the set of real numbers.

If polynomial function f (x)is divided by a non-zero polynomial d (x), then there is a quotient q(x)
and a remainder r(x)such that f(x)=d(x)q(x)+r(x)where either r(x)=0or has a degree less

than the degree of the divisord (x).

The remainder in polynomial division is 0 when the divisor is a factor of the dividend. In this case the
other factor is the quotient.

If a polynomial function f (x)is divided by a first degree polynomial of the form x—c, then the
remainder is the number f (c).

The number cis the zero of the polynomial f (x) if and only if x—cis factor of f ().

If a rational number B(in lowest form) is a zero of the polynomial
q

ax"+a X""+a X" +..+a,X* +aX+a,, where coefficients a_, a _,, a,,,...,a,a,are integers,
then p is a factor of the constant term a and qis a factor of the leading coefficient a, .

The graph of a polynomial function is far from the x—axis when |x| is large.

The graph of a polynomial function of degree n, meets x—axis, at most ntimes.

If the multiplicity of the root cof a polynomial function is an odd number, then the graph of the
function crosses the x—axisatx=c.

If the multiplicity of the root cof a polynomial function is an even number, then the graph of the
function touches, but does not cross the x—axisatXx=c.

The graph of a polynomial function of degree n has at most n —1turning points.

The graph of every polynomial function has no sharp corners; it is a smooth and continuous curve.

Let aand b be real numbers such thata<b. If f(a)and f (b)have opposite signs, then the
polynomial function f (x)has a root between aandb . Consequently, if f (x)has no roots in an

interval, then either f () is positive for every xin an interval or f (x) is negative for every xin an
interval.
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REVIEW EXERCISES ON UNIT 1

1. In each of the following state the quotient and remainder when the first polynomial is divided by the
second.

a. 5x°+7x—4; x-3 e. 3} —2x* —27x-18 x+1

b. 4x*—7x*+2x-3 x*+2x-1 f. 3x* +2x° —6x+1 x+1

c. x*—1 x+1 g. X>+2x' —6x>+x* —5x+1 x*+1

d. 23 +5x% +11x -1 x* —x+3 i1+ X455 —4Ax* +3x3 —2X%; 2+ X+ X2+ X3

e. 5X°+Xx*+3x°—4x* —-10; 2+ X —X
2. Prove the following:
When a polynomial f (x) is divided by a first degree polynomial ax +b , the remainder is f (—Ej .
a
3. Which of the following expressions are polynomials

b. % h. 2% + 3x2 0.VeZ +2x + 1
2 . x3-5x%+4+x-5 313
C. ETE—\/§ IIT p\/x_
d. /(x + 3)2 jolx—=2]+4 q. Vx2
_9.-3 2 1 2 2
e. x—2x°+x“+6 k.zﬁ_Bx r.(x?+1)
f. 3+1-12x+6 == ax?(xt+x?)
’ x " 6+x T (x%2+41)
9. V2x +9x2 — 7x m. 2+ tVxZ + 2x + 2
h. \/§x—§x2+§ n. Vox* + 6x2 + 1

4. For each of the following polynomials stats the degree, the leading coefficient ,leading term and
constant term
a f(x)=x(1—x)(3x%+2) f. f(x) = (2x%2 —3)*
b. f(x)= §x3 + %xz +x—1 g f(x) = x2(x% — 4x + 4)(2x?* — x3)

1) (32 2000
¢ gl =G PO gy g

d gx) =((x+2)(x-4)(x—2)?
e. k(x)= X80 3B 2 4 43 4 8x — 4
' 3 6
5. For any polynomial function f, which of the following are defined polynomial and which are not?

a. fxf e.§
b.\/f? f.f2—f>+3f
c. 2f g.3f — 2

d f3
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6.

10.

11.
12.

13.

14.

15.

16.
17.

18.

Find the sum p(x) + q(x) , the difference p(x) — q(x) and the product p(x) X q(x)
a p(x)=3x2-5x+2,q(x)=x*+7x—3
b. p(x) =2x2+7,q(x) = 2x3 —5x + 2
c. p(x)=x+5,g(x)=x3—-3x+7
d p(x)=1-5x,q(x)=x3+7
e. p(x)=4x+3,q(x)=2x3+5x2-7x+1
Factorize of the following polynomials

a x3+3x2—6x—8 f. 4x3 +3x% —x
b. x3—7x%+36 g x*—3x%>—4
c. x*+2x3—-3x?>—4x+4 h.x*—4

d x*—x3-7x2+x+6 i. 25 — 4x?

e. 15x3 —6x% —5x + 2 jox8—1

When the polynomial f(x) = 4x> — 2hx3 + x? — 5 divided by x + 1,it leaves remainder 2.find the
remainder when f(x) divided by 2x — 1

If p(x) = x3 + ax? + bx — 6 is divided by x+1 and x-2.find the values of a and b

x + 1 is a factor of f(x) = x3 + mx? + nx — 3,and when f(x) is divided by x+3 the remainder is -
24 find m and n

If x2 — 4 is a factor of the polynomial f(x) = x3 — 3nx? + (1 — k)x — 4k,then find h? + k2

What number should be added to the polynomial 2x3 — x% + 5x — 1,s0 that the resulting polynomial
is divisible by 2x — 1

When the polynomial p(x) = ax* — bx3 + cx — 8 is divided by x-1,the remainder is 2 ,divided by
X-2 the remainder is 14 and divided by x+1 the remainder is 0 ,find the values of a,b and ¢

When a polynomial function p(x) = mx3 + 4x? —nx — 3 divided by x + 1,it gives remainder
5m + 4 and p(x) is divided by x — 2.then find the values of m and n

Solve the following polynomial equation

x3—3x2—-10x+24=0

xt*—2x24+1=0

(x2—-9)*—1=0

2
(x=3) +3(x=3)+2=0
(x2+2x—3)2+(x +2x—-3)—-2=0
x*—=5x3+5x24+5x—6=0
Flnd a polynomial function f of degree 3 such that £(10) = 17 and the zeros of f are 0,5 and 8
If p(x) is a polynomial of degree 3 with p(0) = p(1) = p(—1) = 0 and p(2) = 6 then
a. Show that p(—x) = —p(x)
b. Find the interval in which p(x) is less than zero
In each of the following ,find the zeros and indicate the multiplicity of each zero
f(x) = (x +6)(x —3)?
b. f(x) =x*—4x3 +7x% —12x + 12
fO) =5 (= 2)*(x +3)3(1 - x)
g(x) = =5(x% - 1)3(x + 1)?(x% +2x + 1)

@ o o T

o

o o
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e. h(x)=(x3—-2x?)2(x*+4)(x?—-4)
f. f(x)=x3—3x?
g fO)=(?—-20)(x*-4)?
19. A box is to be built with a square base and height 2cm more than the length of the base
a. Write an expression for the volume of the box
b. If the volume is to be 45¢m3,find a polynomial equation from which the dimension of the box
can be found
c. Find the dimensions that will give this volume

XCm

Xcm

20. Four identical squares are cut from the corners of a rectangular sheet of metal 10cm by 8cm .the sides
are folded along the dotted lines to form a rectangular box, as shown

— F 10 cm H|
8cm ﬁ

a. Find an expression for the volume of the box
b. Find the side length of the square that should be cut from each corner if the volume is to be
48cm3
c. Find the dimensions of the rectangular box with this volume
21. Sketch the graph of the following polynomial functions

a p(x)=((x+2)2x-3)(x2-1)

b. p(x) = 2x —3)(x3 + x? —4x — 4)

c. p(x)=—-x3-3x%-2x

d p(x)=x*—-5x2+4
p(x)=x3—-7x+6

f. g(x)=(+1)3(x—2)%(x+3)

g. h(x) =4x*—-15x>+5x+6

h. k(x) =3x*—3x%+2

i. f(x)=5x®—7x?
jo h(x) =5x7 —7x> + 2x
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PRACTICE QUESTIONS ON UNIT 1

CHOOSE THE BEST ANSWER FROM THE GIVEN ALTERNATIVES

1. Which of the following is NOT a polynomial?
x* —5x* +x-5

A. P(x)=|x-2/+4 C. P(x) = .
X“+1
2X X% 5
B. P(x) = (-3x) -7 D. P(x) = 5 +V17X° + 7
2.Which of the following is true about the polynomial P(x) = —x* +6x —8?
A. It has no real zero. C. Its minimum value is —1.
B. Its maximum value is1. D. It has neither minimum nor maximum values.

3. Let P(x)be polynomial. If P(x+t)=P(x)+ P(t) for any two real numbers X and t, then which of the
following is necessarily the form of P(x)?
A. P(x) = cfor some constant c. C. P(x) = ax for some constant a.
B. P(x) = x+ cfor some non-zero constant c. D. None of the above.
4. If P(x)is a polynomial and Q(x) = P(x —1),then which of the following is NOT necessarily true?
A. If bisazeroof Q(x),then b-1isazeroof P(x).
B. If bisazeroof P(x),then b+1isazeroof Q(x).
C. If x—1 isafactor of P(x),then x—2 is a factor of Q(x).
D. Q(x) and P(x) have the same constant term.
5. If P(x) is a polynomial of degree three with P(0) = P(1) = P(-1) =0and P(2) = 6, then which of the
following is NOT true?

A. P(—x)=-P(x) C. P(3)=4s.
_y?2
B. P(l) = 1—3)( X #0. D. The graph of P lies below x-axis for every x between 0
X X
and 1.

6. Which of the following is true about a polynomial function f (x) of degree n?
A. Its graph crosses the y — axis at exactly one point.
B. Its graph crosses the x —axis at least at n points.
C. f(a)isthe remainder if f(x) isdividedby x+a
D. None of the above.
7. Let f(X)=x"—5x* +4. Which of the following is NOT true about the graph of f(x)?

A. 1 isan x—intercept
B. The graph crosses the Xx—axis four times.

C. The graph goes up without limit as X approaches positive infinity.
D. The range of the function is (- 2,0)

8. Which one of the following is NOT zero of the polynomial function g(x) = 2x® —x* —10x+5?

A. % B. /5 C. -5 D. 2
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9. When divide the polynomial f(x) =3x> +2x* —19x+6 by x —1, the remainder that you will get

is
A 0 B. -8 C. 24 D. 8
10. For the polynomial functions f(x) =x*—2x+2 and g(x) = x* + 2x + 2, the product
(f.9)00) = -
A x'+4 C. x* —4x®-8x*>-8x+4
B. x*-4x®-6x*-8x+4 D. x*—8x*+4

11. If f(x)and d(x)are polynomials, such that d(x) = 0 and degree of d(x) is less than or equal to
that of f(x), then after long division of f(x) by d(x) there exist unique polynomials q(x)and r(x),
such that f(x) = d(x).q(x) + r(x). Which one of the following is correct about r(x)?

A. degree of r(x) < degree of q(x) C. r(x) =0 or degree of r(x) < degree of d(x)

B. degree of r(x) > degree of d(x) D. r(x) =0 or degree of r(x) < degree of d(x)
12. A polynomial function pis given by p(x) = 3X —4x° szz _6X+1+§ —x*. From the following

statement which one is true about p?

A. In p(x) the coefficient of X is 0 C. Its constant term is (— %j

B. The degree of p(x) is 3 D. Its leading coefficient is%

13. If f(x)a polynomial of degree is n, where n>1 and if cany real number, then which one of the

following statements is true?
A. If f(c)=0 and n=1,then f(x)=Kk(x-c),for some non-zero real number k.

B. If f(c)=0 and n=2,then f(x)=(x-c)q(x)+ r(x),where both g(x)and r(x) are polynomials
of degree 1.
C. If f(c)=0 and n>1,then f(x)=(x-c)q(x)+r(x),where q(x)and r(x)are polynomials and
the degree of r(x)is 1.
D. If f(c)=0 and n>2,then f(x)=(x-c)q(x),where q(x) is a polynomial of degree 1.
14. What number must be added to x® +5x® +6x+4 so that x+1 is a factor?

A 2 B. -19 C. 19 D. -2
15. Let f(x)=x*+5x*—x+8 and g(x)=x>+2. If f(x) isdivided by g(x),then

A. the constant term of the quotient is (—2) C. the remainder is Xx+5

B. the degree of the remainder is 1 D. the quotient is 3x+2

16. Let f(x)and g(x)be polynomials with g(x) = 0and degree of g(x) < degree of f (x). Therefore,
according division theorem, there exist unique polynomials q(x) and r(x) such that,
A. 1) =g(x).a(x)+r(x)
B. f(xX)=9g(x).q(x)+r(x),and r(x) =0 for any polynomials f(x)and g(x).
C. f(x)=9g(x).q(x)+r(x), where degree of r(x) < degree of g(x).
D. f(x)=g(x).q(x)+r(x),where degree of r(x) > degree of g(x).
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17. Which of the following function is neither even nor odd?

A k(x)=x° C. h(x) =2x* -3
B. g(x)=x-1 D. f(x)=x"
18. What are the zeros of the polynomial function f(x) = x® +3x* —x—3?
A. —-3-land1 C. -32and 3
B. —2,-1land 3 D. —21and 2

19. Which of the following can be the graph of a polynomial function of degree three with positive
leading coefficient?
A. Y C. “Y

A

\v AN \

><
><

AWS VAvaS

Y

20. The rational root of the polynomial equation 6x* +x*® +2x—24=0is

PN B. . c. -1 D. 2
2 3 3 2
21. Let f(x)=(2x)(5x—4)-3x+2and g(x)=5x> — x(x* —2). Which of the following is NOT
correct?
A. X isafactor of (f.g)(x) C. The degree of (f.g)(x)is5
B. (%j(l) -6 D. (f.g)(-1) = -6
22. Which of the following is NOT true about the function f(x)=x"?
A. lts graph has no x-intercept. C. It is a decreasing function.
B. Itisan odd function. D. f(xy)=1f(Xx)f(y)
23. If f is a polynomial function given by f(x)=2x>+4x*+5x—9,then this function has root
between :
A. -land-2 C.land?2
B. 0Oand1 D.-1and 0
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24. The graph of a certain polynomial function f is given below.

25.

26.

27.

28.

29.

30.

Y

AN
7

Which of the following is true about this function?
A. Its constant term is negative.
B. The degree of f iseven number.

C. Its leading coefficient is positive.
D. It has three local maximum.
Which one of the following is NOT true about the graph of the polynomial function
f(x)=2x> —=7x% +2x-1?
A. It is a smooth and continuous curve.
B. It passes through the origin.
C. It has at most 4 turning points and intersects the x-axis at most 5 times.
D. As we move far from the origin, it rises upward to the right and falls down to the left.

Let p and g be polynomials given by p(x) =6x> +4x* —2x*and q(x) = 3x* + 2x—1. For x = -1 and
P,

a(x)

A 3x®+2x+1 B. 2x®+1 C. 2x° D. 3x*

Let f be a polynomial function in X. If the degree of f(x) is greater than or equal to 1, then what
will be the remainder when f(x) is divided by x+3?

A x-3 B.3 C. f(-3) D. f(3)

If a polynomial function P is given by P(x)=(3x+2)(1-5x)(1—x?),then which one of the
following statements is correct about P(x)?

X # %,Which of the following is equal to

A. The degree of P(x)is 3. C. The leading coefficient of P(x) is
-15.

B. P(x) is a polynomial over integer. D. The constant term of P(x) is —2.

Let f (x) =ax'® +bx> —1.1f x+1 is afactor of f(x) and when f(x) is divided by x —1the

remainder is 4, then a and b respectively equal to:

A -1,1 B.3,2 C.1,5 D.31

Which of the following is true about the polynomial function p(x) = 3x? — (x+1)* +5?

A. The degreeis 4 C. The constant term is 4

B. The leading coefficient is 1 D. The coefficient of x is 3
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31. Which one of the following is a true statement?

A. x-1 isthe factor of x" —1, for a natural number n.

B. If you divide 5x° +4x* + x+9 by x + 2, then the remainder is —17.

C. x-2 isthe factor of x* +2x® —3x* —4x+4.

D. If x* +4x? +3is divided by x —1; the constant term of the quotient is 3.

32. If f(x)and g(x) are logarithmic functions whose bases are reciprocals of each other, then which one of the

following statement is true?
A. They have reciprocal values for all X.
B. There are some equal values of X for which both f(x)and g(x) are positive.

C. They have opposite signs for all X #1
D. They can never have equal values for any x.

33. Which of the following is true about f(x) = x>(x—1)*(x* +3)?
A. Oisarootof f(x) with the lowest multiplicity.
B. The graph of f(x) crosses the x-axis only at 0.
C. The graph of f(x) crosses the x-axis at X =1.
D. f(x) has three distinct real roots.
34. Which of the following functions touches but never crosses the x-axis?

A f(X)=1-x° C. f(x)=(x*-1f
® =x'-1 D. f(x)=x-x°
35. Which of the following is true about f(x) =10+3x—x>?
A. f isincreasingin (—o0,—1)U(1,) C. f isdecreasing in [~1,00)
B. f isdecreasing forall x eR. D. The maximum value of f in [0,c0) is 12.

36. Which of the following is a polynomial function?

A f(x):5x2—2x+1+3 C. k(x):(%j +3

X
B. g(x)= \/(x2 +1)2 +8x2 —(x-2) D. h(x) = /(x -2y +%x+4
37. The solution set of the equation x° +|x| =0 is:

A. {0} B. {0, 1} C. {-1,0} D. {-1,0, 1}
38.  Which one of the following is the solution set of the equation, 2x® — 7x* +2x +3=0?

B el el ofad

39. Which of the following is a polynomial of degree 3?

A x®-3x7 +x C. x2+x*(x-1)+ sin(%}
B. x®+x*(1-x)+1 D. x*+3x* +sin( x) +1
40. Suppose that the point (1, 0) is x-intercept of the graph of the polynomial p(x) = x* —kx® +ax and

when p(x) is divided by x—2 the remainder is 4. What is the value of k?
A -1 B. 2 C.1 D.0
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