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ETHIOPIAN UNIVERSITY ENTRANCE EXAMINATION (EUEE)

MATHEMATICS FOR NATURAL SCIENCE
GINBOT 2011/May 2019

SOLUTION MANUAL
1. If f(x) = x3 — 2x + 1, then which one of the following is NOT true?

(A f(c) = ifor some ¢ € [—1,0] (C) f(c) = 0 for some c € [-2,0]

(B)f(c) = %for some ¢ € [0,1] (D) f(c) = 3 for some ¢ € [1,2]

Solution:
Define g(x) = f(x) — i Then g(=1) = f(~1) — i = Zand g(0) = £(0) —i = z As both
values are positive, we can’t use an intermediate value theorem to conclude that g(c) = 0 for

some ¢ € [—1,0]. Thatis, g(c) = f(c) — % =0orf(c) = i is not true for some ¢ € [—1,0].

Answer: A

2. If f(x) = In(2%"¥) | then what is the value of f'(0)?
(A)1 ©=2
(B)—2In2 (D)In 2
Solution:

1
2tanx

Using chain rule, f'(x) = ( ) (2t % 1n 2)(sec?x)

= £(0) = (5mr5) (210 In 2)(sec?0)
= f'(0) =In?2

Answer: D
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3. ff(x)=ax—bandf'(x+1) = %x + 2, for some x € R, then what must be the values
of a and b?

. b=-2 Ca=1, b=1
D)a=2, b=2

(Aa =

N |-

B)a=2, b=3
Solution:

To determine the inverse function, set x = ay — b.

b
:>y=zx+z

- 1 b
=>f1(x)=;x+;

-1 1 b
:>f (x+1)=;(x+1)+;
= Z(x+1)+2=2x+2

a a 2

== and®2=2thena=2 and b=3
a 2 a

Answer: B
2x x\'_ (3 2 :
If2(_5 _3) —(_5 _4),thenwhatlsthevalueofx?
(A)2 (B)-2 ©)7 (D)—3
Solution:
d -b
_(a b ~1 _ [ deta deta
If A= (C d),thenA —<_C 2 )
detA det4
1 3 1
) 2% x . 2x  x\  _ [ x
The inverse of the matrix (_5 _3) is then (_5 _3) =\ ,
X
1 6 2
. 2x x\ ~ _ (3 2 x (3 2
since (75 %) = (55 5) (o _4 =55 )
X
From equality of two matrices, we have g =3 and _710 = —5.Then x = 2.

Answer: A
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5. What is the area of the region bounded by the lines x = 0,x = 2, and y = 1 and the

curve y = e?*?

e 1 e3 1
A7 -3 ©5-3
e* 5 e* 5
B33 D=5 +3
Solution:

Since y = e?* is greater than y = 1 on the interval[0, 2], the area of the bounded region is
givenby A = fOZ(ezx — Ddx = (?—x) = (62—4—2) - G— 0) =e;—§
Answer: B
6. What is the solution of [ 4x (ln x + xiz) dx ?
(A)4x*(Inx +1) — 2x% +c¢
(B)x?(2Inx — 1)+ 4Inx + ¢
(C)x*Inx+1)+4lnx+¢
(D)x?(4Inx — 1)+ 2Inx + ¢

Solution: Applying sum rule for integration and integration by parts, we have

x%Inx
2

f4x(lnx+xiz)dx=4fxlnxdx+4f%dx=4( fgdx)+4lnx+c

=x?22Inx—1)+4lnx+¢c

Answer: B
7. A man wants to fence two identical rectangular enclosures in a field alongside a straight river

as shown in the figure.

X X
X

y

What is the maximum area of each enclosure that he can make with 192meter fencing
material if the side along the river does not need a fence?
(A)1530m? (B) 1564m? (C) 1536m? (D) 1664m?
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Solution:
The area of one of the enclosure is given by A = %xy and the fence is

3x+y =192. i.e. y =192 — 3x Substituting this in the area function, we have,

x(192—-3x) _ 192x—x
2 T2

A=

2
, 0 < x < 64 otherwise A < 0.

192—-6x

Differentiating both sides, we get A'(x) = —

to obtain maximum,

192—-6x

Alx)=0 = = 0 = x = 32 is a critical number.
The maximum value of A occur either at this critical number or at the end of
the interval [0,64].Since A(0) = 0,A(32) = 1536 and A(64) =0
the maximum value is 1536. Then the maximum area of each enclosure is 1536m?.
Answer: C
8. If fis the greatest integer function and g is the absolute value function, then what is the value
of (fo9) (3) + (g o H(=2)
(A)1 (B)2 ©-1 (D)3
Solution:

By definition of composition of functions:
Fo()+@en(-2)=ra(®)+s0 (-

B
2

By definition of absolute value g (S)

(9 -[-4-.

Hencef(g((%)) +g f(—g)) =f(§)+g9-=1+1-21=1+2=3

% and by definition of greatest integer function

Answer: D

x2+5x+6
x2—4

9. Which one of the following is true about the graph of the functionf (x) = + 3?7

(A) A horizontal asymptote of the graph is y = 4.
(B) The vertical asymptote of the graph are x = —2 and x = 2.
(C) The graph has a hole at x = 2.

(D)The graph has a y-intercept at (0, — %).
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Solution:
_ x%45x+6 _ 4x%45x—6 _ (x+2)(4x-3)
f(x) T x2-4 +3= x2-4  (x+2)(x=2) "
Since, lim GADOX3) — 4 The graph has a horizontal asymptote at y = 4. Hence A is true. B is

x—oo0 (x+2)(x—2)

false because the graph has a vertical asymptote only at x = 2. C is false because the graph has

ahole at x = —2. And D is false the graph has y-intercept atx = 0, i.e.f(0) = :—i = gor at(o, g).

Answer: A
10. The earth’s orbit has a semi-major axis a = 149.6Gm (gigameters) and an eccentricity of

e =~ 0.017. what is the approximate value of the semi-minor axis?

(A) 149.58Gm (C) 149.06Gm

(B) 145.32Gm (D) 152.14Gm

Solution:

The eccentricity of the ellipse Z—j + Z—j =1(a>b)ise = % = aza_bz where a is the semi-major

axis and b is the semi-minor axis to be determined.

We know that e ~ 0.017 = YI2O°P . [1496Y2 — b2 = 2.5432 = (149.6)% —

149.6

b? = 6.47 = b? = 22380.16 — 6.47 =b=149.58.
Answer: A

11. A water tank is rectangular parallelepiped with base length 3m, width 2m, and height 2.5m.
If water is flowing in to the tank at the rate of 0.12m3/sec, then how fast does the level of the
water rise up in the tank?
(A)0.04m/sec (C) 0.02m/sec
(B) 0.03m/sec (D)0.06m/sec
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Solution:

y
Let x, y and z be the length, \)/Cvidth and height of the rectangular parallelepiped respectively. The
volume (V) of the parallelepiped is given by = xyz . If water is flowing in to the tank as time
goes the level of the water rise up, that is the value of z varies while the values of x and y remain
constant, and this relation is given as % = xy% where t is measured in sec. hence we have

dz 0.12m3

3 _ dz _ dz _ —
0.12m* = Bm)(2m) = — = —— = 0.02m.
Answer: C
. NP . 2k 45k
12. What is the sum of the infinite series )7, 5( )7
(A)15 (B) 2 ©) = (D) 5
Solution:

05 (52 = 50 (B + 21) = 53 ()" + () ) = 53 () + 0)) =
5[z () + 2 ()]
But Y172, (i)k IS @ geometric series with common ratio rzé and firstterm G, = 1,

k
. 1 . . G 1 5 1 .
sincer = - < 1 the geometric progression converges to = ﬁ =3 5 and also). -, (E) is

. . . . 1 . 1
a geometric series with common ratio r = ;<1 which converges to s = 1= 2.

N

Hence 37205 (55r) =5[22 () + 30 () ] =5 (G +2) =%

10k

Answer: C
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13. The marks of 50 students is given below:

Marks 0-10 10 — 20 20-30 30 — 40

40 - 50

No. of 5 8 fi 10
students

f2

If the median of the data is 26, what are the values of f; andf,?

A)fi=20,f,=7 ©C) fi=15f =12
(B) f1=12,f, =15 D) i=7/f,=20
Solution:

The formula to find the median in a group data which is located in the median class is = | +

(E;fb) w , where [ = 20 (lower boundary of the median class).

n = 50 (sum of frequencies).

fp» =13 ( cumulative frequency before the median class).
w: the side of the median class (class width).

f1 (frequency of the median class) is to be determined.

20 43

Hencewehave26=20+<2f—>10=>26=20+%=>%=6=>f1 =20

1 1 1
andf, =50—-43=7.

Answer: A

14. There are three children in a room with ages four, five, and six. If a five year-old child enters

the room, and then which of the following statement is correct?

(A) Mean age will stay the same but the standard deviation will increase.
(B) Mean age will stay the same but the standard deviation will decrease.
(C) Mean age and standard deviation will increase.

(D) Mean age and standard deviation will stay the same.
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15.

16.

Solution:

4+5+6

The mean age of the three children is m = = 5. If a five year age inters the room the mean

4+5+5+6

ageism’ = = 5. That is, the mean age will stay the same. The standard deviation

_\/(4—5)2+(5—5)2+(6—5)2

2 = 0.667 . If a five year child inters the room the standard deviation is

= 0.5. hence the standard deviation will decrease.

o _J(4—5)2+(5—5)2+(5—5)2+(6—5)2
4

Answer: B

For real numbers x and y which of the following is NOT true?

(A) (V) (Vy)(x? +y* = —1) ©) (V)@ = x* +1)
(B) @) (Vy)(y =x*+1) D)ED)@EY) (y=x*+1)
Solution:

A) since y2 = 0 and x2 > 0 for all real numbers x and v, it follows that y2 + x? > —1 is true
for all real numbers x and y. Thus the quantified statement (Vx)(Vy)(x? + y? = —1) is true.

B) (3x)(Vy)(y = x% + 1) is false since no fixed value of x will make this true for all y in the
set of real numbers. E.g. If x = 2, then y > 22 + 1 = 5 is false for some y, say y = 3.

C) (Vx)(3y)(y = x? + 1) means that for every integer X, there is an integer y such that

y = x?+ 1. Letx = a theny > a? + 1 is true statement.

D) (3x)(3y) (y = x2 + 1) means that there is an integer x and there is an integer y such that
y = x? + 1. This statement is true, if x=2 and y=7,then 7 > 4 + 1.

Answer: B
The second and fifth terms of a geometric progression are — % and 1—16 respectively, what is the

sum of the first eight terms of the sequence?

128 85
(A= ©)

255 256
(B) 5= (©) 355
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Solution:

The n™ term of a geometric sequence is given by G, = r"~1G,, given that G, = —% =

Gy and Gs = i =1rG,.

1
Then the ratio, 5=ﬂ=1—2 =r¥i=-1 =r=—-and G, = 1.
GZ r61 _E 8 2
The sum of n terms of a geometric progression is given by s,, = 61(11__:n) , 7 # 1.
8
(1_(_%) ) 1‘% % 85
Thereforesg = (1) () = : = ? =
Answer: C
17. Which one of the following is equals tof (x) = /(x + 4)?, for everyx € R?
(A) g(x) = |x + 4] €) glx) =x+4
(B) g(x) =x+2 (D) g(x) = |x| + 4
Solution:

If a € R, then Va2 = |a].

Therefore, /(x +4)% = |x +4].

Answer: A
18. Which one of the following is a valid argument?

(A)If I don’t change my oil regularly, my engine will die. My engine died, thus I didn’t
change my oil regularly

(B) If you do every problem in the book, then you will learn the subject. You learned the
subject. Thus you did every problem in the book.

(C) If I am literate, then I can read and write. I can read but I can’t write. thus I am not
literate

(D) If it rains or snows, then my roof leak. My roof is leaking. Thus it is raining and snowing

Solution:

I.  The arguments which are given in A in terms of symbol are given as shown below.

p: I don’t change my oil regularly
g: my engine will die

Then the argumentisp = q,q + p
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Then the truth value of the compound statement (p = q) A g = p is obtained in the table

below
p q p=q =9 Nq @=>@Arq=>p
T T T T T
T F F F T
F T T T F
F T F T

Hence (p = gq) A p = p is not tautology means the given argument is invalid
Ii.  The arguments which are given in B in terms of symbol are given as shown below.
p: you do every problem in the book
g: you will learn the subject
Then the argumentisp = q,q +p

Then the truth value of the compound statement (p = gq) A p = p is obtained in the table

below
p q p=q =9 ANq =@ Aq=>p
T T T T T
T F F F T
F T T T F
F T F T

Hence the compound statement (p = q) A q = p is not tautology
Therefore (p = q) A q = p isinvalid
iii.  The arguments which are given in C in terms of symbol are given as shown below.
p: | am literate
g: I can read
r: | can write
Then the argumentisp = (A1), g AT+ ap
Then the truth value of the compound statement p = (q A1),q A =r + = p is obtained in

the table below

Contact us @ 0925288245 for comments or questions Page 10
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p q r -p ar gAT qA-T p=(qQAT) (p=>@A)A@Ar-r) | @=>@A)A@GA-T)=op
T [T [T |F F [T F T F T
T [T |F [F T |F T F F T
T [F |T [F F|F F F F T
T [F |F [F T |F F F F T
F [T [T |T F|T F T F T
F |T |F |T T |F T T T T
F |F [T |T F|F F T F T
F |F |F |T T |F F T F T

Hence the compound statement p = (g A1), q A —=r  — pis tautology

Thereforep = (g Ar),q A—r - = pisvalid

Iv.  The arguments which are given in D in terms of symbol are given as shown below.

P: It rains

g: it snows

r: my roof leak

Then the argumentis (pVvVq) =7r,r-pAq

Then the truth value of the compound statement (p vV q) = r,r F p A q is obtained in the

table below
p q r pVyq pPAq v =>r (pvg)=r) AT |pVqg)=>T1) AT> pAg
T T T T T T T T
T T F T T F F T
T F T T F T T F
T F F T F F F T
F T T T F T T F
F T F T F F F T
F F T F F T T F
F F F F F T F T

Hence it is not tautology.

Therefore the argument is invalid

Answer: C

Contact us @ 0925288245 for comments or questions
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19. Suppose 2500 items are produced by a machine and 2% of the product are randomly selected
and tested. If 5 of the tested items have a defect, then what is the probability that an item
produced by the machine has no defect?

(A)0.80 (B) 0.90 (©)0.85 (D)0.95
Solution:
Suppose that A is the machine and out of the produce 2% are randomly selected and tested .from

the randomly selected 5 is tested item have a defective means that

P(A) = 5% 2% = —= 0.1
Then P(A) + P(D) =1
P(D) =1-P(4)
P(D)=1-01=09
Answer: B
20. If the region enclosed by the graphs f(x) = x% and g(x) = x3 from x = 0 to x = 1 rotates

about the x—axis. What is the volume of the solid of revolution ?

(A) 2—7; cubic units © 2?” cubic units

(B) 22 cubic units (D) 2 cubic units
25 27

Solution:

According to the given function f(x) = x? is greater than from g(x) = x3 on the given interval

[0, 1] and by using washer method we have
V(s) = 7Tf01((f(x))2 — (g(x))?)dx

V(s) = [, () — ()2

V(s) =m [ (x* —x%)dx

Vi) =nE -2

V(s) =m(—7)

V(s) = 2—7; Cubic units

Answer: A
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21.

22.

What is the limit of the sequence 1,22512 ,3:22 ,4:32 yeeeen]
(A) 0 €)1

1 3
B) ; )3
Solution:

According to the given term of the sequence we can represent the general term in terms of n as

an = 5 , with,n = 1,2,3,4,5 ...., then after the limit of the sequence is
n2—(n—1)>2

. . n
III'I'ln_>Oo a, = III'I'ln_,Oo m

n

im0 @ = 1My e Z5=re s

n
n—co ¥ n N> p2_n242n-1

. T n
lim, e a, =lim,_ Py

. T 7
hmn—>oo an = hmn—»cn Zn-1

n
lim, o a, =lim,,_, 2% = ﬁ = %

Answer: B

At what value of x does the function f(x) = % — x* attains its maximum value?
(A)-1 (B)0 (C)g (D)1
Solution:

First let as determine the critical point of the given function which makes the first derivative of

the function is zero

[l =2 —xt

'(x) =4x? —4x3=0
f
4x% — 4x3 =0

4x2(1 —x) = 0, which implies x = 0 with multiplicity 2 and x = 1 are the critical point of the
given function.

Then using second derivative test to obtain the maximum value of the given function.

f'(x) = 4x? — 4x3

f"(x) =8x —12x% ;thenforx =1, f"(1) =8—-12=-4<0

Therefore the given function has maximum value at x = 1

Answer: D
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23.

24,

25.

Fatuma can solve 90% of the problems given in a book and Mesfin can solve 70%.What is
the probability that at least one of them will solve the problem, selected at random from the
book?

(A)0.77 (B)0.97 (€)0.87 (D)0.67
Solution:

According to the given from the problem we have given that

Probability that A will solve a problem is 0.9

Probability that B will solve a problem is 0.7

Probability that both A and B will be 0.9 * 0.7 = 0.63

P(A U B) solved from the problem is equal to p(A4) + p(B) — P(ANB) which implies that
P(A UB) = p(A) +p(B) — P(ANB)

P(A UB)=09+0.7—-0.63 = 0.97

Answer: B

What is the polar form of 37_—_; ?

(A)V2 (cos% + i sin g) (©)2 (cos% + i sin g)
(B) 2 (cosg +isin E) (D)V2 (COS% + isin %)
Solution:

We have given the complex number z = ﬁ and let as multiply by the conjugate of the

=1+

. 7—i 7—i 3+4i 21+28i—-3i+4 25+25i
denominator as:z = = ( )( ) = =

3—4i  \3-4i/ \3+4i 9+16 25

z =1+ i, and also from this we have
r=V1+1=+2,

The argument 8 = tan‘li = g, then the polar form is

. _ T, T
z—r(cosH+Lsm0)—\/f(cos4+lsm4)

Answer: D

If =p = risfalse and p © p is True, then which of the following is True?
(A)pV (=g AT) C)-rAr(@=r)
(B)-p=(qVvr) (D)p & (nq V)
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Solution:

According the given compound statement we have

i p e pis True implies that both p and g have either both are True or Both are False

i —p = r,isfalse implies that r is False and —p is True in all case.

i From case (i) and (ii) we have the truth value of P is False implies that q is also False and
r is False.

Hence the truth value of the compound statement is

pV(aqAT)=FV(=FAF)=F.

p=>(@Vr)=—-F=(FVF)=F

-pAN(@=>r)=—FAF=>F)=T

pe(—~qvVr)=F s (WFVF)=F

Answer: C

26. Which one of the following is the set of critical numbers of f(x) = §x8/3 — 6x2/3?

(A) {_272} (C) {_21012}
(B) {_171} (D) {_11011}
Solution:

Critical number is belongs in the domain of the given function which makes the first derivative

of the function is zero or undefined which are obtained as follow

fx) = §x8/3 — 6x2/3

1 2_
fl(x) =x53 —4x5 =1 14 = 0 , which gives the critical point is x = 0 and the value of x

X3

which makes x2 — 4 = 0 implies that x = —2,0r x = 2
Hence the set of critical number is {—2,0,2}

Answer: C
27. The center of a circle on the line y = 2x and the line x = 1 is tangent to the circle at
(1,6).How long is the radius of the circle?
(A)5 (B)4 ©)2 (D)3

Contact us @ 0925288245 for comments or questions Page 15
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28.

29.

Solution:

Let the coordinate of the center of the circle lying on the line y = 2x be (a, 2a) and its radius is r,
then the equation of the circle will be

(x—a)’+(y—2a)* =12 1)

The point of tangency (1,6) is lie on the circle.so

(1—a)*+ (6 —2a)* =r?

1—2a+a?+ 36— 24a + 4a? = r?

5a% — 26a + 37 = r? (2)
Now we have given the equation of the tangent line x = 1 which is vertical line and the equation of
the normal line to the given circle which pass through the point of tangency is horizontal line with
its slope is 0 implies that

Z—:; =0 ,which givesa — 1 3

By substituting equation (3) in equation (1) we have

5a? —26a+37=5%12—-26%1+37=5-26+37 =1?

r’ =16 ,r = +4

But r is the norm between the center of the circle and the point of tangency which is positive

Answer: B

If there are two children in a family, what is the probability that there is at least one girl in the
family?

A 5 © 2

®) ; (D) 2

Solution:

Let G=girl and B=Boy, then the sample space S = {GG, GB, BG, BB}.

Thus, the probability of at least one girl =1 - P(BB) =1 — i = %

Answer: D

Everyday a person saves 5cents more than the amount he saved on the previous day. His target
is to save the total amount of 3225 cents by the end of 30 days. How much must be the starting
saving to meet the target?

(A)50 cents (B) 25 cents (C) 35 cents (D) 60 cents
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Solution:

Let a, be the starting save, a, the second save, a5 the third save... and a;, the last save. And

S30 = 3225cents total save.

a, =a, +5,a; =a, +5,a, = az+ 5 etc, thus, it forms an arithmetic progression with common

difference d = 5cents.

S, = g(Zal +(n—1)d)

30 3225
3225 = - (2a; + (30 — 1)5) & —=— = 2a; +29 %5

© 215 = 2a4 + 145
© 2a; = 215 - 145 =70 © a; = 35cents

Answer: C

Inx

30. What is the value off — dx?

-ln2 1 -ln2 1
(A)—n +3 © —n -3

n2 1 n2 1
® %2 O % +2
Solution:

f“ldx using integration by part, let u = Inx © du = —dx dv = xidx Sv=—

Zl 1\ 1 1
f nx = —;lnx—f(—;);dx = —;lnx+f1 x—zdx = —;lnx—;on [1,2]
1 1 1 1 1 n2 1
= —(Ean—Ilnl)—(E— 1) = —;an +-=—-——+4-

Answer: A

31. If the circle passing through the point(—1,0) touches the y-axis at (2,0), then what is the
equation of the circle?
(A)x?2+y?+5x+4y+4=0 (C)x2+y?+5x—4y+4=0
(B)x?+y?—5x+4y+4=0 (D) x> +y2—5x—4y+4=0
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32.

Solution:
Let (h, k) is center of the circle and radius r, and the equation of the circle is:
x—h)?+@-k)i=r’e(-1-h?+0-k)?=r>2=(0-h)*+ (2 - k)?

=h?+2h+1+k?’=h*>+k?—4k+4©2h+1=—-4k+4

As the circle touches the y-axis at(2,0), its radius is perpendicular to the y-axis
Thus, the value of k = 2,since the radius is horizontal.
2h+1=—-4k+4o2h=-42)+4—-1=-5

h=— g and its radius is r from the point(— % Z)to (0,2) whichisr = %

2 2
The equation of the circle is (x + 2) +(y—-2)?%= G) & x%+5x + 275 +y2—4y+4= 2:5

Therefore the equation of the circle is: -x? + y> + 5x —4y + 4 =0
Answer: C

z2+1 1_ .
— = lw|z — W, then what is the value of z?

Let z be a complex number and w = 3 + 4i. If
(A)—4 —2i C) —1+i
(B) —1—i (D) 4 —2i
Solution:

w=3+4=3—4iand |w|=V32+42=5

z%+1
Z+i

z%+
z+i

= Ile—%v_v(:) 1=52—%(3—4i)

2
= o5 43it4 e 224+41=(52+3i+4)(z+0),z#i

Z+i

72°4+1=52°4+3iz4+4z+5iz—34+4i 42> +8iz+4z+4i—4=0

© z2 + (2i + 1)z + i — 1 = 0(Which is quadratic equation in z)

—(2i+1)+/i+1)2-4(1)(=i-1) _ (-2i-1)+V-4+4i+1-4i+4

Using the quadratic formula:- z = 200) >

—2i+1)+V1 —2i-1)+1 . .
z=( 2) = 2) =—ji—1or—i

Answer: B
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33. What is the value of the left- hand side limit, lim,,_q- 2% v/4x3 + 9x2 ?

x2
(A) Does not exist ©)2
(B)3 (D)-3
Solution:

. sinx . sinx . |x|
lim,_o- —V4x3 + 9x? = lim,_,,- — lim —+4x + 9
x x2 X X x—0— X

= lim, o~ = lim (-DVE +9 = 1(-1v9 = -3

Answer: D

-1 1 2 —x 3 2

4.1f[3 2 x|=]2 2 3 [, then what is the value of x?
2 4 1 1 -1 =2
2 2

(A)-2 ©) :

2 2
(B) ¢ (D) —3
Solution:

Evaluating the determinant of the two matrices,
_1|z21 916_12 )1C|+2|§ LZL:_X|—21 —32|_3|i —32|+2|i —21|
©-12-4x)—3-2x)+2(12—-4) = —x(—6+3) —3(=4—-3) +2(-2-2)
© —2+4+4x—-3+2x+24—-8=6x—3x+21—-8
©6x—3x=13-11ex=:
Answer: C
x—2y+z=1

35. Consider the following system of equations:{ —x +y +z = 3
3x-5y+z=k

How much must be the value of k so that the system has a solution?
(A)7 B)1 (©)-1 (D)0

Contact us @ 0925288245 for comments or questions Page 19



Department of Mathematics, KMTU | 2013E.C.

36.

37.

Solution:
1 -2 1 1 -2 1
LetA=|—1 1 1|bethecoefficient matrix,and |[A]=]—-1 1 1
3 =51 3 -5 1

ar=1|t d+25 413 L =a+n+2c-1-9+G-3=0

|A| = 0, thus to have a solution, replacing the constant matrix in one of the column, must have
determinant zero.
1 -2 1
-1 1 3
3 -5 k

©k+15)+2(-k-9)+1(55-3)=0

1

=0

ool gl 2yl ly

©k+15-2k-18+2=0ok=-1

Answer: C

—1p-1

What is the simplified form of ———?

a b
a—3-p—3

(A)

a2b2 a3—b3
b2—qa?2 (C) ab

a’b?

a3—b3
(B) a-b (D) b3—a3

Solution:

a b=t (ab)™! _ (ab)™! _ (ab)7?!
a-3-p-3 L_1 T p3-a3 T p3_43
a3 b3 a3b3

a’b?
b3_a3

(a®b®) =

Answer: D
If f(x) = ax3 + g + 5 has local minimum at (2,-3), what are the values of a and b?

(Aa==,b=12 (C)a=—7,b=-12

BlIR AR

(B)a=-,b=-12 (D)a =

Y

b =—12

Solution:

f(x)=ax3+§+5=>f(2)=8a+§+5=—3=>16a+b=—16and

f'(x) =3ax2—x£2(:>f’(2)= 12a—§=0(:)b=48a,thus,
16a+b=—16(:>16a+48a=—16<:>a=—% andb=48(—%)=—12

Answer: C
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e—1 + ex—l

38. What is the value of [ xxerx ?
(A)éln(xe + ex+1) +c (C) éln((x + 1)e + ex+1) +c
(B) éln(xe +e¥)+c (D) éln(xe+1 + e 4 ¢
Solution:
Letu = x® + e* :)Z_:L:exe—1+ex:exe+xex
e—1 x—1 e x
dx = duThusf—dx_ fx +e . X du=fex + xe . x
ext + x u exe + xeX xeu ox® + xeX

1 [ - =
Zf;du— en(u)+c— eln(xe+ e*) +c¢
Answer: B

39. If h(x) = V1 + +x, then which of the following is equal to h’(x)?

(MM}— @géf

(B) m (D) W

Solution:

n(x) = Sk = ! = ! :
21+ vx  2Wx 21+ Vx  4x + xvx

Answer: B

40. If (x) = % , then what is the value of £ (x)?

1)™n! -1)"n!
A fPx = 28 (©) f™@E)= &LF
_  ED™i(n+1)! _ (-)"n!
(B) f™(x) = e (D) f™(x) = T
Solution:
’ -1_ (-1)t1! 1 2 (-1)22!
f (X) = X2 i+l ! f (X) = ) = Z2+1
" (-=1)33! _ (-D™n!
f (x)_ A T g3+l ""1f(n)(x)_xn—+1n'
Answer: D
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41. Among 2000 students who took a regional exam, the percentile of certain students score is 90.

42,

43.

Which of the following is correct about the student’s score?

(A) The student have answered 90% of the questions correctly.

(B) The score of the student is as good as that of 90% of the students.
(C) The student’s score is the same as the top 10% of the scores.

(D) The student’s score is greater than or equal to that of 1800 students.

Solution:

Percentage :2000*% = 1800 that means the students score is greater than 1800 students

score

Answer: D

Let f(x) = 2e* — ksinx + 1. If the equation of the tangent line to the graph of f at (0,3) is
= 5x + 3, then the value of k?

(A)-3 (B)3 ©5 (D)-2
Solution:

The slope of the tangent line is m = 5 and from the derivative of f,

£°(0) is the slope of the tangent line to the curve of f(x) at (0,3)

=>f(0)=5=>2e"—kcos0=5=22—-k=5=>k=-3

Answer: A

If a;, =2,a, = 6,a; = 10,a, = 14, ... ..then 1% a, =

(A) 20,020 (C) 20,200
(B) 20,000 (D) 22,000
Solution:

a,=a,+4=a,+4Q2—-1),a3=a,+4=a,+8=a, +4(3-1),

a,=as+4=a,+4(4—-1),...,a.00 = a; + 4(100 — 1) = a; + 4(99).
Then¥1%a, = a; +a +asz ... +a590 = a3 + a3 + 4(1) + a; + 4(2) + a; +4(3) +
-+ ay +4(99)
=ay+ay + @+ @y AL+ 2+ 3+ -+ 99) = 100a; + 4

=200 + 2(n(n+1))
=200 + 2(99(100)) = 200 + 19,800 = 20,000
Answer: B

n(n+1)) n =99
2 ’ -
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44. Which one of the following is the multiplicative inverse of = i—:i ?
8 31i 8 31i
(A) -5 ©—5+5
8 31i 8 31i
B) —=—5 D) +5;
Solution:
Letz = it:i # 0. Therefore the multiplicative inverse exists and which is
1 1 4-5i . . . 4-5i .
-= % = TTar then multiplying both numerator and denominator of T by the conjugate
Of 3+4i, we Obtain (4—5%)(3—4%) — 12—-16i—15i—20 — —-8-31i — _2 _ ﬂ .
(3+41)(3—-41i) 9+16 25 25 25
Answer: B
45. If Ais a 3 x 3 matrix and det(A4) = 5, then how much is det(24T A)?
(A) 20 (B) 100 (C) 50 (D) 200
Solution:
det(24T A)=23det(A")det(A) = 8(det(A)det(4)) = 8(5(5)) = 200
Answer: D
46. Which one of the following is true about the pair of lines:3x + 9y — 24 = 0 and

47.

4x + 12y + 32 = 0?

(A)Parallel and distinct lines (C) Intersecting lines
(B) Perpendicular lines (D) Representing the same lines
Solution:

Let Ly:3x +9y —24 =0 and Ly:4x + 12y + 32 = 0 the slopes of L,=—7 and L,=—

9y =24 —3x and 12y = —32 — 4x

y= _?1x +§ and y = %x + _?8 implies the y intercept are different ,hence the lines are

distinct.
Answer: A
If F(x) = [, e~tdt thenwhat is the value of F’(x)?
(A) —e ¥ -1 (C) e x*1
-x+1
(B) e (D) —e~*
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48.

49

50.

51.

Solution: By the fundamental theorem of calculus, F(x) = —e~t|%
F(x) = —e*+ 1, then F'(x) = (—e ¥ + 1) =¥,

Answer: B
8(2+n) —8(2)"
What is the value of limy,_,, w ?
(A)8 (©) o
(B) 4 (D) The limit doesn’t exist
1 2 1 1 1\2
~+h) -8(= 9)2+h+h2-(=
Solution: limy_, e )h ) = lim,,_,, QT ; ) =
2
limy,_o 24 = Jim,, L, 8(1 + k) = 8
Answer: A
. What is the value of lim,,_,c, (3n6t12n)7
(A)1 ©) 2

(B) = (D) 0

Solution: lim,, ., (3%2") = 1Moo (g +25) = limmyco ((%)n + G)n) =0

Answer: D

What is the value of lim,_,, @ ?
x“—4
(A)3 (€ -2
(B) 2 (D) the limit does not exist.

C x3-8) _ 1. (x—=2)(x2+2x+4)\ _ . x242x+4\ _ 22+42(2)+4 _ 12
Solution: llmx_)z (m) = llmx_)z (m) = llmx_>2 ( 12 ) = 712 =7 = 3
Answer: A
What is the greatest lower bound of a,, = {(—1)”#};‘{;0?

(A)-1 (B) 0 (C) —0.5 (D)0.5

. 1 500 1 500 -11 -1 (-
Solution: Let a, = {(—=1)" E}TFO then {(—1)" E}FO = {1,7,5,7,.. }

n+1
Here the lower bounds of a,, are less than or equal to _71 then the greatest lower bound

1 56 . -1
ap ={(-D"—}o is —-

Answer: C
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52.

53.

Ship A and B depart from the same point at the same time on the course N60°E and N40°E,
respectively. If the speed of ship A is 20 km per hour and the speed of ship B is 30 km per hour,
what is the distance between the two ships just after 30 minutes of their departure?

[You may take: cos(40°) = 0.77, cos(20%) = 0.94, sin(20°) = 0.34]
(A)V43 km (B) V40 km (C)V50 km (D)V53 km
Solution:

Given ship A and B departing from the same point (say O) at the same time on the course
N60°E and N40°E.
Now since the speed of ship A is 20 km per hour and the speed of ship B is 30 km per hour, it is

clear to see that after 30 minutes, ship A is %(20)km= 10km far from O on the course N60°E

and ship B is %(30)km= 15km far from O on the course N40°E.

Let x be the distance between the two ships just after 30 minutes. Using .... We obtain
x? = (10)? + (15)? — 2(10)(15) cos(209).
Thus,

x =/(10)% + (15)2 — 2(10)(15) cos(20°) = /325 — 300(0.94) = V325 — 282 = V43.

Answer: A
When the plane is rotated 45° about the point(1, —2), then what would be the image of the
point (2,4)?

A(1-2-2+3) © (2
® (1-22-2+27) ©)(%.5)

Solution:

To find the image of the point A when the plane is rotated about the point B through an angle
of 8 we follow the following steps:

Step 1: Find C = A — B.

Step 2: Find the image of point D of the point C rotated about the origin through an angle of 6.
Step 3: Find F = B + D.
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Then, F is the image of the point A when the plane is rotated about the point B through an
angle of 6.

Simply, the image point F = (a, b) of the point A = (x4, y;) when the plane is rotated about
the point B = (x,, y,) through an angle of 6 is given by the formula

a=xy+ (x; —xp)cosl — (y; — yy)siné
and
b =y, + (x; — x¢)sind + (y; — yo)cosH.
Given A = (2,4),B = (1,—2) and 8 = 45°. Thus,

5v2
a=1+(2—1)cosd — (4 —(=2))sind = 1+ 1cos(45°) — 6sin(45°) =1 — —

and

72

>

b=-2+4(2-1)sind — (4 — (=2))cosf = —2 + 6¢c0s(45°) + 1sin(45°) = -2 +

Therefore, the required image point is (1 - Szﬁ -2+ %E)

Answer: B

54.1f u = 2] — k and v = T — 8] + 3k, then what is the unit vector in the direction of 5u + v?

(A) T+ 2] — 2k (C) sT+2] +2k

25 15 27 N
(B);1+37—35k (D)§?+§f—§k
Solution:

If w is a vector in R3, then the unit vector in the direction of w is a vector w given by

W _w
lwll’

Now,w = 5u+v =5(2/—k) +71—8/+3k =71+2/—2k and|w||=vI+4+4=
V9 =3
i+2j-2k -

Thus, w = — = =7+ 2j - 2k.
llwll 3

Answer: D
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55. The diagram below is a representation of a 25 m vertical observation tower TB and two cars K
and L on a road. The angle of depression from T to car L is 30°. The angle of elevation from car
K to the top of the tower is 60°. B, K and L lie in in a straight line and lie on the same

horizontal plane as the base of the tower.

What is the distance between the two cars?

W52 m © %2 m
D) 50 ++/3m

(B)50v3 m ()
Solution:
From the given, we can have

0\ _ E 0N\ _ 25

tan(60°) = ox and tan(30°) = YT

That is, BK = j—g and BK + KL = 25V/3.
Therefore, KL = 25v3 — BK = 25v3 — 2 = 503

==
Answer: B
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56.

S7.

Which of the following is the correct assertion that can be proved by the principle of

Mathematical induction?
(A) ﬁ < 0, for each real number n > 0.

(B) k! > 2k for each integer k > 4.

(C) 2P — 1 is a prime for each prime integer p.

(D)m! < 4™, for each positive integer m.

Solution:

A method of proving mathematical results based on the principle of mathematical induction: An
assertion A(x), depending on a natural number x, is regarded as proved if A(1) has been proved
and if for any natural number n the assumption that A(n) is true implies that A(n + 1) is also
true.

Therefore,
(A) Can’t be proved by the principle of Mathematical induction as the assertion is defined on the
set of real numbers.

(C) Can’t be proved by the principle of Mathematical induction as if p is prime number p + 1
might not be prime.
(D) We can’t proceed using principle of Mathematical induction.

Answer: B

If the angle between the vectors 4 = (2, —1,1) and B = (1,1,a) is g then is what the value of a?
(A)2 (B)-1 ©)1 (D)-2
Solution:

If 4 and B are nonzero vectors in R?, then 4. B = ||4|||| B||cosé where @ is the angle between A

and B.
Now, for the given vectors A= (2,—1,1) and B= (1,1, 2) and the angle 8 = g , We obtain

AB=1-aqa, ||/T||=\/€ and ||§||=\/2+a2.

Thus,
. 1 1\?
A.B = ||A||||B||cos€ >1—a=vV6y2+a? 3 =>(1-a)= (\/8\/2 + a? E)

Sal—-4a+4=x-2)>=0 © a=2.

Answer: A
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58. Let L be the line given by the vector equation(x,y) = (1,1) + t(v/3,1),t € R. What is the
equation of the image of the line L after being rotated 15° about (1,1) and then translated by

the vectoru = (—1,1).

A)x—y=2 (CO)V3x—y=2
B) x+y=2 (D)—x ++V3y =2
Solution:

To find the image of the line L when the plane is rotated about the point B through an angle of 6

and translated by the vector IV we follow the following steps:

Take arbitrary two distinct points P and Q on the line L.

Step 1: Find the image of points R and S of points P and Q, respectively, when rotated about

the point A through an angle of 8 and translated by the vector V.

Step 2: Find the equation of the line L’ through the two points R and S.
Then, L’ is the image of the line L when the plane is rotated about the point B through
an angle of 8 and translated by the vector V.
Now given a line L given by (x,y) = (1,1) + t(v/3,1),t € R. Take points P = (1,1)
(when ¢t = 0) and Q = (1 + v/3,2) (when ¢ = 1) on the line L.

Thus, cos(15°) = cos(60° — 45°) = cos(60°)cos(45°) + sin(60°)sin(45°) = ﬁ(\fﬂ)

sin(150) — sin(60° _ 4_50) — sin(60°)cos(450) _ cos(60°)sin(45°) = \/7(\25—1).

The image of the point P = (1,1) rotated about the point A = (1,1) through an angle of 8 =
15% is P = (1,1), because rotation fixes the center of rotation. Moreover, when P is translated
by the vectoru = (—=1,1)isS = (1 — 1,1 + 1) = (0,2).

Now the image of the point Q = (1 + v3,2) = (x4, ;) rotated about the point 4 = (1,1) =
(x0, ¥o) through an angle of & = 15°% is P = (a, b) where

a=1+(1+vV3-1)cos(15%) — (2 — 1)sin(15°) = 1 + V2
and

a=11+ (1++3—-1)sin(15% + (2 — 1)cos(15°) = 1 + V2.
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59.

60.

Then when translated by (1 + V2,1 +v2) by a vector u = (—1,1) we have S = (V2,2 + V2).

Therefore, the line L’ through the two points R = (0,2) and S = (V2,2 +v2),
thatis, y = x + 2.

Answer: B
What is the solution set of sin®x — sinx cosx = 0 over [0,2m]?
51 T 51
@ {02, 2n} © {05z}
T T 51
(B) {O,Z, TT, 27-[} (D) {O;Z' TL—;T! 27-[}
Solution:

Fore R,a.b=0ifandonlyifa=0o0rb = 0.
Note that sin?x — sinx cosx = sinx(sinx — cosx).
Thus, sin?x — sinx cosx = 0 © sinx(sinx — cosx) = 0 © sinx = 0 or sinx — cosx = 0.

But,sinx =0 ©x =0+ 2nm orx =m+ 2nm forn € Z and

. 5
sinx = cosx <:>x=§+2nrt orx=Tn+2n7T forneZ.

Therefore, x € [0,2r] solving sin?x — sinx cosx = 0isx = 0,x = 2m,x = mand x = %ﬂ
Answer: A

Consider a rectangle ABCD with base vertices A = (0,3) and B = (4, 0) and the other vertices
C and D, in the first-quadrant of the coordinate plane. If its height BC is half of the length of its

base, then which of the following indicates the coordinates of vertex C?

(A) (45/2) ©) (5/2,-2)
(B) (11/2,2) (D) (6,3/2)
Solution:

Now, AB = V42 + 32 = /25 = 5. Thus, BC = %AB = g

The equation of the line through Aand B isy = _TBx + 3. Thus, y = %x — % is the equation of

the line through B and C (using the fact that the line through B and C is perpendicular to the line
through A and B).

Let C = (a, b). Thus, we have

_4_ _16
b= 2= T (1)

And ngCz\/(4—a)2+b2=\/a2—8a+16+b2.
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25
:>T=aZ—8a+16+b2

a2 —8a+2 4 b2 =0 oo )
4

Hence, using (1) and (2), we have

4 16
a2—8a+16+(§a—?)2=0

L2y 160 g 128 39 256
a 5 ¢ a——-a+— 5 =
25 , 200 1875 . . 55_
»—a*——a+——=020a%— —=
9% "9 718 @ meaTy
5 11 5 11
(a—z)(a—7)=0=>a=5 ora=?

4 16

1 _2<0if a=§,and=§a—?=2<0if a=%. However, since C is in

Butb = ga -3
the first quadrant it must be the case that ¢ = (11/2,2)
Answer: B

61. vn € N, 3™ — 2 is prime that can be proved or disproved by which one of the following

mathematical proofs?

(A) Disprove by counter example
(B) Proof by exhaustion
(C) Direct proof
(D) Proof by contradiction
Solution:
If n=1,3'—2=3—2=1which is not a prime number. So, the claim is diproved by
counter example.
Answer: A
62. If the point(a, 0,3) is on the sphere centered at(1,2,3) with radius 2, what is the value of a?
(A)O (B)2 ©)1 (D)-3
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63.

64.

Solution:
The equation of the sphere is given as (x — 1)? + (y — 2)? + (z — 3)? = 4. Since (,0,3) isa
point on the sphere, (o — 1)? + (0 — 2)? + (3 — 3)? = 4.

=S @-1)2+4=4,= a=1

Answer: C

What is the image of the circle x? + y? — 4x — 6y + 11 = 0, when the origin is shifting to the
point (1,1) after translation of axes?

(A)x?+y?—4x—-2y+3=0

(B)x?+y?—4x—6y+3=0

C)x2+y?+6x+8y—23=0

(D)x?>+y?—6x—8y+23=0

Solution:

The equation x2 + y? — 4x — 6y + 11 = 0 of the circle can be written as
= x-2)+(x-3)?2=2

Then, when the center (2,3) is translated by the vector (1,1) it becomes (3,4). As translation is

a rigid motion, the image is also a circle with the same radius.

> x-3)24+(x-4)?2=2=x*+y? —6x—8y+23=0

Answer: D

What is the value of cot 270" + 2 cos 90° + 4 sec?180°?

(A4 (B)8 (C)-2 (D)7

Solution:

t270° + 2cos 90" + 4 sec?180° = cos 270° +2(0) + 4( ! )
<0 €08 se¢ ~ sin270° (cos 180°)2

=2 o+ 4( : )=4
-1 (-12)

Answer: A
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65. Which one of the following is a valid assertion that can be proved by the principle of
mathematical induction?
(A)3n? + 25 < 3™, for every integer n > 3
(B) 2™ >n + 20, forevery integern > 4
(C)n3 — n is divisible by 6, for every integern > 1
(D)n? < 2™, forevery integern > 1
Solution:
I. Whenn=1:
-1 0

G i 0 (true)

Ii.  Whenn = k assume the statement is true
That is,k3 — k is divisible by 6
iii. Whenn=k+1:
Show that(k + 1)3 — (k + 1) is divisible by 6
= k+1)3—-(k+1D)=k3+3k?+3k+1-k—-1
=k3—-k)+@Bk?*+3k)=((k3-k)+3k(k+1)

Since one of the consecutive integers n and n + 1 iseven, 3n(n+ 1) is

divisible by 6 and k3 — k is divisible by 6 by assumption

Therefore, n® — n is divisible by 6, for every integern > 1

Answer: C

THE END!
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