3.2.3. Let T be the linear operator on R* defined by

I 3.‘]’:1
T I? = ‘Tl - .rg
Iq 2T+ T0 + 13

Is T invertible? If so, find a rule which defines T—! like the one which defines T

We do this with the aid of matrices. The linear operator T can be rephrased

I 3 0 ] I
using matrices as follows: T | 7 | = {1 =1 0 Ta
Tq 2 1 1 Iq
3 0 0
So, letting A = | 1 =1 0 |, we see that T(v) = Av for all vectors v € R
2 1 1

To show that T is invertible, it suffices to show that the matrix A is invertible.
Indeed, in that case the linear transformation given by S(v) = A~'v will be inverse
to T, since T(S(v)) = Ad~lw=Iv=v,and §S(T(v))= A Av =Tv=w.

So we just need to find A~!, which we do using row-reduction. I will skip the
steps

3.1.13. Let V be a vector space and T a linear transformation from V to V.
Prove that the following two statements about T are equivalent:

a) The intersection of the null space of T (a.k.a. ker(T)) and the range of T
(a.k.a. 1m(T)) is the 0 subspace.

b) If T(T(a)) = 0. then T(a) = 0.

Proof: We must show that a) implies b) and b) implies a).

a) = b): Suppose ker(T)Nim(T) = {0}. We want to show that if T(T(a)) =0,
then T'(a) = 0. So let @ € V' and suppose T(T(a)) = 0. We want to show that
T(a) = 0.

Indeed, since T(T(a)) = 0, it follows that T(a) € ker(T'). But also, by def-
inition of image, T(a) € im(T). Thus T(a) € ker(T) N im(T), which by our
assumption is {0}. Thus T'(a) = 0, as desired.

b) = a): Suppose T(T(a)) = 0 implies T(a) = 0. We want to show
ker(T) Nim(T) = {0}. Of course, {0} C ker(T) Nim(T"), since kernel and image
contain 0. So it suffices to show ker(T') Nim(T) C {0}. So let v € ker(T) Nim(T).
We want to show v = (.

Indeed, since v € im(T"), we can write v = T(w) for some w € V. On the other
hand, since v € ker(T'), we see that T(T(w)) = T(v) = 0. But by our assumption.

this implies T'(w) = 0. So v = T'(w) = 0, as desired.
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SRS ] Consider the linear transformation 7: R — R, defined by T(x, v, ) =
(x + y. 2z). Find the matrix of T with respect to the bases {u,, u,, us} and {u’,, u’,} of
R’ and R, where

u, =(1,1,0), u,=(0,1,4), uw;=(1,2,3) and wu’, =(1,0), v, =1(0,2)
Use this matrix to find the image of the vectoru = (2, 3, 5).
SOLUTION
We find the effect of 7 on the basis vectors of R?,
T(u,) =T(1,1,0) = (2,0) = 2(1,0) + 0(0,2) = 2u’, + Ou’,

2)
T(u,) =T7(0,1,4) = (1,8) = 1(1,0) + 4(0,2) = 1u’, + 4u’,
T(u;) = 7T(1,2,3) = (3,6) = 3(1,0) + 3(0,2) = 3u’, + 3u’,

2
The coordinate vectors of T'(u,), T(u:). and 7 (u;) are thus [0] [ ] and [ } These

veetors form the columns of the matrix of 7.

[2 1 3]
A=
0 4 3

Let us now use A to find the image of the vector u = (2, 3, 5). We determine the coor-
dinate vector of u. It can be shown that

u=(23.5)=3(1,1,0) + 2(0,1,4) = (1,2,3) = 3u, + 2u, + (—1)u,
3

The coordinate vector of u is thus a = 2 |. The coordinate vector of 7(u) is
|

Therefore, T'(u) = 5u’, + 5u’; = 5(1,0) + 5(0,2) = (5, 10).
We can check this result directly using the definition 7'(x, v, z) = (x + v, 2z). For
u = (2, 3, 5) this gives

T(u) = 7(2,3,5) = (5,10)
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1. T: P3 > R where T(8.3X3 +an® + ax + ao) = ap.

Ker(T): To find the kernel, we want to find all the polynomials that get mapped to the
zero polynomial. So we set T(agx3 +ax’ +ax + ag) = 0. But this means that ag = 0,
and a3, a», and a; can be anything we want. So ker(T) = {613)'(3 + 82)(2 +a.x | as, az, a;
€ R}. A basis for ker(T) would be {x, X2, x3}. So the nullity (i.e., the dimension of the
kernel) is 3, because there are 3 basis vectors in a basis for ker(T).

R(T): To find the range, we want to find what values of R get hit by all the polynomials in
Ps. Since we can choose ap to be anything we want, we can hit all of R, which
means R(T) = R. A basis for R(T) is {1}, so the rank (the dimension of the range) is
1.

2. T: P3 — P, where T(83X3 +ax? +ax+ ag) = 4asx? -2a,x + 2a, - ap.

Ker(T): To find the kernel, we once again set T(a;x® + a,x? + a;x + ag) = 0 and see what
restrictions are placed on as, as, a1, and ag so that the polynomial gets mapped to 0.
In this case, we get 483X2 2a)x+2a1-a3=0.Thenaz=0,a,=0,and 2a, -ap = 0.
From the last statement, we get ag = 2a4. Thus, all the polynomials that get mapped
to 0 are of the form 0x” + 0x® + a;x +2a, = a((x + 2). So all of the polynomials that
get mapped to 0 are multiples of x + 2, so {x + 2} is a basis for ker(T). The nullity is
1, because that's how many vectors are in a basis for ker(T).

R(T): To find the rank, we set T(asx® + a,x® + a;x + ag) = box? + byx + by, a generic
vector in P2. This means 4asx” -2asx + 2a; - ag = box” + byx + bg, which implies 4a3 =
b,, -2a; = by, and 2a, - ag = bg. Note that we can choose a3, a5, a1, and ag in such as
a way so as to produce any by, by, and by we desire. Thus, there are no restrictions
on by, by, and bg, so R(T) = P2. A basis for R(T) is {1, x, xz}. So the rank is 3.

a, 0
3. T: P2 — Mas where T(axx® + aix + ag) = L 2 J
a; 9

% LO O}. So a,, a; and ag must

la, a)
all be 0. Thus, ker(T) = {0}, and the nullity is O.

l
R(T): Setting T(azx2 +aix +ag) = La

Ker(T): Setting T(ax? + a;x + ag) = 0, we get

0 0

J, a generic vector in M2 2, we get
c

|32 0 _(a b
|_a1 a, | I_c d

}, which impliesa; =a, 0=b, a; =c¢, ag = d. So we can make a, c,

and d anything we want by carefully selecting a», a; and ag, but b must be 0. So our

range is the set ¢ [a Oj
L c d

0o ol olie <)

ac,des RJ A basis for this subspace would be
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4. T: Moz — Mas where T { }. _|3 P C]
¢c d/ lo d
~{la \ 00
Ker(T): Setting T L = ,wegeta=0,b-c=0,d=0. The second equation
ives us b = ¢, so the matrlces that get mapped to zero are of the form

|
0 b|_ 0

b ol 94 . Since every matrix that gets mapped to zero is a multiple of

H ;J so this single matrix forms a basis for ker(T). The nullity is 1.

\Le dl
\
any e, f, and h we want by carefully choosing a, b, ¢ and d. But no matter how we

Ua b e f—|
R(T): Setting T | l :[ hJ, wegeta=e b-c=f 0=g,d=h. We can produce
9

1‘ l(e f
llo

choose a, b, c and d, g must always be 0. So R(T) =

e,f.g Ry, which has
dimension 3. So the rank is 3.

1 -1 1 4
5. T:R* - R’ where T is multiplicationby A=/ 5 2 12 -1l

-3 2 -8 0
Ker(T): The null space of A.

R(T): the column space of A.
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Ex. 5. Describe explicitly a linear transformation from V5 (R) into V5 (R) which
has its range the subspace spanned by (1,0,-1) and (1, 2, 2). (Kanpur 1996)

Sol. The set B={(1,0,0),(0,1,0),(0,0, 1)} is a basis for V5 (R).

Also {(1,0,-1),(1,2,2),(0,0,0)} is a subset of V; (R). It should be noted that
in this subset the number of vectors has been taken the same as is the number of vectors
in the set B.

There exists a unique linear transformation T from Vj (R) into V; (R) such that

T(1,0,0)=(1,0,-1),

T(0,1,0)=(1,2,2), (1)
and - T(0,0,1)=(0,0,0).

Now the vectors 7(1,0,0), T(0,1,0), T (0,0, 1) span the range of T. In other
words the vectors
(1,0,-1),(1,2,2),(0,0,0)
span the range of T. Thus the range of T is the subspace of V; (R) spanned by the set
{(1,0,-1), (1, 2, 2)} because the zero vector (0, 0, 0) can be omitted from the spanning
set. Therefore T defined in (1) is the required transformation.

Now let us find an explicit expression for T. Let (a, b, c) be any element of
V3 (R). Then we can write

(a,b,c)=a(1,0,0)+5(0,1,0)+¢ (0,0, 1).

T(a.b,c)=aT (1,0,0)+ 5T (0,1,0)+cT (0,0, 1) .
=a(1,0,-1)+5(1,2,2)+¢(0,0,0) [from (1)]
=(a+ b, 2b, 2b - a).

Ex. 6. Describe explicitly a linear transformation from V3 (R) into Vy (R) which

has its range the subspace spanned by the vectors (1, 2,0,-4),(2,0,-1,-3).

Sol. The set {(1,0,0),(0,1,0),(0,0, 1)} is a basis for V; (R).

Also {(1,2,0,-4),(2,0,-1,-3),(0,0,0,0)} is a subset of V, (R).

There exists a unique linear transformation T from V; (R) inte V, (R) such that
7(1,0,0)=(1,2,0,-4),T(0,1,0)=(2,0,-1,-3),
T(0,0,1)=(0,0,0,0).

Now the vectors T(1,0,0),7(0,1,0),T(0,0,1) span the range of T -ie.,

(1,2,0,-4),(2,0,—-1,-3),(0,0,0, 0) span the range of T. Thus the range of T is the
subspace of V, (R) spanned by (1,2,0,-4), (2,0, -1, - 3). Hence T defined above is

the required transformation. Let us find an explicit expression for 7. Let
(a, b, c) € V3 (R). Then we have
(a,b,¢)=a(1,0,0)+5£(0,1,0)+¢c (0,0, 1).
T(a,b,c)=al (1,0,0)+5bT(0,1,0)+¢T (0,0, 1)
=a(1,2,0,-4)+b(2,0,-1,-3)+¢(0,0,0,0)
=(a+2b,2a,-b,—4a-3b).
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Ex. 8. Let F be any field and let T be a linear operator on F* defined by
T (a, b)=(a+b,a).
Show that T is invertible and find a rule for T~ like the one which defines T.
Sol. The null space of T is the set of all (a, b) € F2 such that
T(a,b)=(0,0) ie, (a+b,a)=(0,0)
ie., a+b=0,a=0 ie, a=0,b=0.
Thus N (T) = {0}. Hence T is non-singular and so it is invertible.
If T(a, b)=(p, q) then T~ (p, )= (a, b).
Now T'(a,b)=(p,q) = (a+b,a)=(p,q)
= a+b=p, a=q = a=q, b=p—q.
& T-1(p,.9)=(q,p—-q) ¥ (p, q) € F? is the rule which defines T
Ex. 9. Let T be a linear operator on V5 (R) defined by

T(a,b,c)=3a,a-b,2a+b+c) ¥ (a,b,c)e V;(R).

Is T invertible ? If so, find a rule for T~! like the one which defines T.
Sol. Let us see that T is one-one or not.

Let a=(ay, by, ¢)), B=(a,,by,cy) € V3(R).

Then T(@)=T(P)

=5 T (ay, by, ¢1) =T (ay, by, ¢y)

= (3ay, ay = by, 2ay + by + ¢;) = (3ay, ay — by, 2ay + by + ¢,)
= 3a1=3a2.al—b,=a2—b2.2al+b,+cl=202+b2+c2
= 1=, by =by, ¢;=c,

T is one-one.

Now T is a linear transformation on a finite dimensional vector space Vj (R)
whose dimension is 3. Since T is one-one, therefore T must be onto also and thus T
is invertible.

If T(a, b,c)=(p,gq,r) then T (p,q,r)= (a b, ¢).

Now T'(a,b,¢c)=(p,q,r)

= (Ba,a-b,2a+b+c)=(p,q,7)
=) p=3a,q=a-b,r=2a+b+c
p ., P 2 p
= a=3 v b= S e 2a-b= r=tg -3 tq=r-pty

T (p.gn= [g'g—q.r p+q)*(p.q,r)e V3 (R)
is the rule which defines 7.
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Ex. 11. For the linear operator T of Ex. 9, prove that (T>-1I)(T-3I)= 0.
(Kanpur 1999)
Sol. We have
(T-3I)(a,b,c)=T(a,b,c)-2i!'a,b,c)
=(3a,a-b,2a+b+c)-3(a,i,¢). by def. of T and /
=(0,a-4b,2a+ b - 2c). A1)
(T2~ 1) (T~ 31)(a, b,c) = (T2~ I) (T - 31) (a. b, ¢)]
=(T2-1)(0,a—-4b,2a+ b -2c), by (1)
=T2(A,B,C)-I(A,B,C), T
where A=0,B=a-4b,C=2a+b-2c. '
Now T(A,B,C)=03A,A-B,2A+B+C), by def. of T.
. T2(A,B,C)=T(3A,A-B,2A+B+C)
=T (l, m, n), say
=3LI-m2l+m+n), by def. of T
=9A,3A-A+B,6A+A-B+2A+B+ (),
on putting the values of [, m, n

=(9A,2A + B,9A + C)
=(0,a-4b,2a+ b - 2c).
Also IA,B C)=(A,B,C)=(0,a-4b,2a+ b -2c).
Hence from (2), we have
(T2-1)(T-3D)(a, b,c)=T%(A,B,C)-I(A, B, C)
=(0,a-4b,2a+b—-2c)-(0,a—4b,2a+ b - 2c)

=(0,0,0)=0(a, b, ¢c) ¥ (a,b,¢) € V3 (R).
Therefore, by def. of zero transformation, we have
(T2-1)(T-3I)=

Ex. 12. A linear transformation T is defined on V, (C) by

: T (a, b) = (ca + Bb. ya + 8b),
where o, B,vy,d are fixed elements of C. Prove that T is invertible if and only if
ad-By=0.

Sol. The vector space V,(C) is of diraension 2. Therefore T is a linear
transformation on a finite-dimensional vector space. T will be invertible if and only if
the null space of T conmsists of zero vector alone. The zero vector of the space
V5 (C) is the ordered pair (0, 0). Thus T is invertible -

iff T(x,y)=(0,0) = x=0,y=0
ie., iff (ax+ By, yx+8y)=(0,0) = x=0,y=0
ie, iff ax+PBy=0,yx+8y=0 = x=0,y=0.

Now the necessary and sufficient condition for the equations ox+By=0.
yx + 8y = 0 to have the only solution x=0,y=0 is that

E: g #0.
Hence T is invertible iff ad -y =0.
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Ex. 13. Let T and U be the linear operators on R? defined by
T (a, b) = (b,a) and U (a, b) = (a, 0). Give rules like the one defining T and U for each
of the linear transformation (U + T), UT, TU, T2, 2.
Sol. (U+T)(a,b)=U(a,b)+T(a,b)=(a 0)+(b,a) =(a+b,a),
(UT)(a,b)=UlT (a,b)l=U(b,a)=(b,0);
(TU) (a, b) =T [U (a, b)) =T (a,0)= (0, a) ;
T2 (a,b)=T(T (a, b)) =T (b, a)=(a, b);
U2 (a, b)= U [U (a, b)) = U (a, 0) = (a, 0).
Ex. 14. Let T be the (unique) linear operator on C3 for which
T(1,0,0)=(1,0,i), T(0,1,0)=(0, 1, 1), T(0,0, 1) = (i, 1, 0).
Show that T is not invertible.
Sol. The vectors e; =(1,0,0),e,=(0, 1,0),e5=(0,0, 1), form a basis for C3.
Show that T (e;), T (e,), T (e3) are linearly dependent vectors. Consequently they do not

form a basis for C3. Since T does not map a basis of C? onto a basis of C3, therefore
T is not invertible.

Ex. 1. Describe explicitly the linear transformation T from F? to F? such that
T (ey) =(a, b), T (e) = (¢, d) where ¢, =(1,0),e,=(0, 1).

Sol. Let (x,x,) be any member of F 2, Then we are to find a formula for
T (x4, x,) under the given conditions that 7'(1, 0) = (a, b), T (0, 1) = (¢, d).

We know that the set {e;, e,} is a basis for the vector space F2. Therefore any
vector (X, x,) € F 2 can be expressed as a linear combination of the elements of this

basis set.
Obviously (x, X)) =x; (1,0) + x5 (0, 1) =x;€; + x5 €5.

T (x1, %) =T (x¢) + Xp¢5) =x;T (¢}) + x5 T(e,), by linearity of T
=x; (a, b) +x, (¢, d) = (qya, x;b) + (x5 ¢, X5 d)
=(xa+xyc, xb+x,d).
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Ex. 2. Describe explicitly the linear transformation T:R*— R? such that
T2,3)=(4,5) and T (1,0)=(0, 0). (Kanpur 1998, 99)

Sol. First we shall show that the set {(2, 3), (1,0)} is a basis of R2. For linear
independence of this set let

a(2,3)+b(1,0)=(0,0), where a,be€ R.

Then (2a+ b, 3a)=(0,0)

= 2a+b=0,3a=0

= a=0,b=0.

Hence the set {(2, 3), (1, 0)} is linearly independent.

Now we shall show that the set {(2,3), (1,0)} spans R% Let (x;, ;) € R? and
let (x;, x5)=a(2,3)+b(1,0)=(2a+b, 3a).

Then 2a + b = x,, 3a = x,. Therefore

a-x—2’b=3xl-2x2.
3 3
X2 3xl-ZX2
O ) =5 (2,3) +——5—(1,0) (D)

From the relation (1) we see that the set {(2 3), (1,0)} spans R2. Hence this set
is a basis for RZ.

Now let (x;,x,) be any member of R% Then we are to find a formula for
T (x;, X,) under the conditions that T (2, 3) =(4,5), T(1,0)=(0,0). We have

T (xy, xp) = T[ 2.3)+ '2"’(1 0)] by (1)

) -2
-3T(2.3)+ 3

T(1,0), by linearity of T
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Theorem 10. Let U and V be finite dimensional vector spaces over the field
F such that dim U=dim V. If T is a linear transformation from U into V, the following
are equivalent. '

(i) T is invertible.
(ii) T is non-singular.
(iii) The range of T is V.
(iv) If {oy, ..., o} is any basis for U, then
{T'(y), ..., T (o)} is a basis for V.
(v) There is some basis {0y, ..., ,} for U such that
{T(oy), ..., T(a,)} is a basis for V.
Proof. (i) = (ii).
If T is invertible, then T is one-one. Therefore T is non-singular.
(ii) = (iii). :
Let T be non-singular. Let {oy, ..., a,) be a basis for U. Then {c, ..., o} is

a linearly independent subset of /. Since T is non-singular therefore
(T (o), ..., T(,)} is a linearly independent subset of V and it contains n vectors.

Since dim V is also n, therefore this set of vectors is a basis for V. Now let § be any
vector in V. Then there exist scalars ay, ..., a, € F such that

B=a\T(y)+...+a,T(a,) =T (ayoy +... +a, )
which shows that B is in the range of T because
ajcy +...+a,0,€ U

Thus every vector in V is in the range of 7. Hence range of T is V.

(iii) = (iv).

Now suppose that range of T is V i.e, T is onto. If {a, ..., a,} is any basis
for U, then the vectors T (o), ..., T'(ct,) span the range of T which is equal to V. Thus
the vectors T (o), ..., T (at,) which are n in number span V whose dimension is also
n. Therefore {T (o), ..., T (a,,)} must be a basis set for V.

(iv) = (v). -

Suppose there is some basis {, ..., o,} for U such that {T (o), ..., T ()} is
a basis for V. The vectors {7 (o), ..., T(e,)} span the range of 7. Also they span
V. Therefore the range of 7 must be all of V i.e,, T is onto. '

If a=cjoy +... +¢c, 0 is in the null space of T, then

T oq+...+c,0)=0 = ¢;T(y)+...+¢c,T(a,)=0
= ¢;=0,1<i<n because T (a), ..., T (c,) are linearly independent
= a=0.
T is non-singular and consequently T is one-one. Hence T is invertible.
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PE}CE]{ClSE - Which of the following maps T from E? into R? are linear

transformations?
(a) T(z1,72) = (1 4+ x1,72); No, because T(0,0) # (0,0).
(b) T(xy, x5) = (72, 71); Yes, because r, and r, are linear
homogeneous functions of r;, rs.
(€) T(x1,72) = (2%, x2); No, because, say, 2T(1,0) # T(2,0).

(d) T(x1,2) = (sin 71, 22); No, since 2T(Z,0) = (2,0) # (0,0) = T(m.0).
(e) T(xy,x5) = (r, = 1,.0). Yes, because r, — x, and 0 are linear
homogeneous functions of z;, rs.
€ X€RC1s€ 3- Find the range, rank, null space, and nullity for th e differen-

tiation transformation D on the space of polynomials of degree < k:
D(f)=f"

Do the same for the integration transformation 7

T(f) = [ﬂ o

sol AT10N: The range of [ consists of all polynomials of degree strictly less
than k, since any polynomial p(x) = a,2™+. . .+aq is the derivative of the polynomial
Jplx) = 252" + ... + apx. The null space of D consists of all constants. Hence,
the rank of D is k, and the nullity is 1.

The range of T consists of all continuous functions f such that f has con-
tinuous first derivative and f(0) = 0. The null space of T is trivial, because if a
function is not identically zero then so is its integral. Hence, the rank of T is

infinite, and the nullity is 0.

€ XERCISE T- Let F be a subfield of the complex numbers and let T' be the
function from F* into F* defined by

Tl{.]‘,’]. Iz, .T:;} = (.1’.'] — Tz + 2.1’.'3. 2.‘.!"1 + Iz, —I] — 2.1?3 + 2.]’.’;:,]
(a) Verify that T is a linear transformation.

(b) If (a.b,c) is a vector in F*, what are the conditions on a, b and ¢ that the
vector be in the range of 7? What is the rank of 77

(c) What are the conditions on a, b, and ¢ that (a, b, ¢) be in the null space of T?
What is the nullity of 7?

sol ation:
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(a) The coordinate functions of T are given by homogeneous polynomials of

degree 1.
1 -1 2
A=12 1 10
-1 =2 2

(b) Let
that is, A is the matrix which represents T with respect to the canonical
basis of F*. If we row reduce A" we obtain

) 10 1
A=1|0 1 =1
00 0

therefore, a basis for the image of T is (1,0,1),(0,1,=1), i.e. (a.b,¢) is in the
range of T if and only if there are scalars s,t € F such that

(a.b,c) =s(1,0,1) +#(0.1,-1)
i.e. The rank of T is 2

(c) The conditions for (a.b,¢) to be in the kernel are
2 4

a=—-=c, h=-c

3 3
The nullity of T is 1 by the dimension formula.
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€ XERC1SE 5+ Let C*** be the complex vector space of 2 x 2 matrices with
complex entries. Let
1 =1
o=(443)

and let T be the linear operator on C**? defined by T(A) = BA. What is the rank
of T'? can you describe T°?

solation: Let

g fo (VO _ (01, _(00y, _(00
17l 0)? o) o) o

B is a basis for C*. Since T(e,) = =T(e;) and T(e;) = =T(e,) we conclude that
the rank of T is less than or equal to 2. Since T'(e;) and T(e:) are linearly inde-
pendent. The rank is 2. Notice that B* = 5B therefore T?(A) = B*A = 5BA = 5T(A)

€ X€RC1s€ T- Find two linear operators T and [ on E* such that TU = 0 but
UT # 0.

sol at10N: Take T(x1,x2) = (x2,0) and U ey, 22) = (0, x2)

86
EP}CE]U:I S€ 2: Let V be a vector space over the field of complex numbers, and
suppose there is an isomorphism T of V' onto C*. Let ay. ay, 0y, a, be vectors in V
such that
Tf.'tl Z(ID?} Tﬂ'g:{—g,l +1'..ﬂ}_.
Taz=(-1.1,1), Ta,=(+2.i.3).

(a) Is a; in the subspace spanned by a; and a;?

(b) Let 17, be the subspace spanned by a, and a,, and let W, be the subspace
spanned by o, and a,. What is the intersection of ¥} and W,?

(c) Find a basis for the subspace of IV spanned by the four vectors «;.

SGL (T10N: (a) Note that since T is an isomorphism, it is one-to-one. So o,
is in the subspace spanned by a; and a3 if and only if T, is in the subspace
spanned by Ta; and Tay. It is easy to find that Ta, = (1,0,1) = =2 (=2,14i,0) +
i(—1.1,1) = =X Tay + iTas. Hence, T, belongs to the subspace spanned by Ta;
and T,

(b) The intersection of 1V, and W, is the image of the intersection TW; and TTW;
under the action of T-!. So first, find TW,NTW,. Since we already know from the
part (a) that Ta; + %‘-"Tag = —iTo,, we get that Ta; does belong to TW;. On the
other hand, it is easy to check that Ta, does not. Indeed, if a(1.0,2)+b(=2, 14:.0) =
(v/2.i.3), then ai = 3 and b(1 + i) = i, but then a — 2b # /2. Hence, the intersection
TWi1 N TW; is spanned by Tas. and the intersection W, N W; is spanned by a;.

(c) From parts (a) and (b) we know that a4 lies in the subspace spanned by
oy, 0g, but oy does not. Hence, vectors oy, a,, a, are linearly independent and span
any of the four vectors a;. So they form a basis for the subspace of 1" spanned
by the four vectors a;. Note that this subspace coincides with V" itself, since they
both have dimension 3.
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Problem 1:

A matrix A is idempotent if A* = A. Show that the only possible eigenvalues of an
idempotent matrix are A = (Jand A = 1. Then give an example of a matrix that is
idempotent and has both of these two values as eigenvalues.

Solution:
Suppose that X is an eigenvalue of A. Then there is an eigenvector z, such that Ar = Ax.
We have
Ar = Arx
Az as A is idempotent
A(A 1)
A(Ar) as x is eigenvector of A
AlA 1)
AMA x) as x Is elgenvector of A
Mz

From this we get:
0 = Mz=Ax
= (A2=A)=z

Since r is an eigenvector. it is nonzero, we get the conclusion that A2 = A = (), and the
solutions to this guadratic polynomial equation for A are A =0 and A = 1. The matrix

03]

is idempotent (check this!) and since it is a diagonal matrix, its eigenvalues are the
diagonal entries, A = 0 and A = 1. s0 each of these possible values for an eigenvalue of
an idempotent matrix actually oceurs as an eigenvalue of some idempotent matrix.

(1]

a) For which t € R there do not exist any real eigenvalues for A,?

Problem 2:
The Matrix A; is given:

b) For which t+ € R there does exist exactly one real eigenvalue for 4;? Give the
eigenvalue!

¢) For which ¢t € R there do exist two different real eigenvalues for A,7 Give the
eigenvalues in dependence on !

d) Give the second real eigenvalue for ¢) if —1 is the first real eigenvalue!
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Solution:

{—é—h]{]—k}+2t =0
==+ A +21

A=12=242t = 0

Il
=

—
—
a)no real eigenvalues:

4 2

The Matrix A; has no real eigenvalues for all ¢ > %
b)exactly one real eigenvalue:
4 2
——+2t=10 t=—
97" T

The Matrix A, has one real eigenvalue for ¢ = % which is A = %

c)two real eigenvalues:

4 2
—ﬁ+2t-::ﬂ —nfc:a

The Matrix A; has two real eigenvalues for ¢ < %._ which are:

A=i4 d-_2tand A=1-,/2-2¢

d)First we have to find the t for which one real eigenvalue is —1:

-1 =
4
< 3 .
& % =2-21
= I_? ==21
& -3 =t

Then we can calculate the second real eigenvalue with the given t:

_1 4 _ 3
A=3+4/5—-2(-3)
_1 4 4, d
1 16
= }L—§+ N
& A=3

=4

So finally the second real eigenvalue is 3.
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1. Let Pz be the space of polynomials of degree at most 2, and define the linear transformation

T:P; = R?
7o) = o))

For example T(xz? 4+ 1) = B] ;

(a) Using the basis {1, z, 2%} for Pz, and the standard basis for R?, find the matrix representation of T

(b} Find a basis for the kernel of T, writing vour answer as polynomials,

Solution.
(a) The matrix representation is 4 = E ? {1]] since T(1) = [ﬂ T(x) = [ﬂ JT(2?) = [{1]]
0
(b) The nullspace of A is spanned by | 1 |. which corresponds to the polynomial x — 22
-1

2.
{a) Find the coordinate vector of the element 1+ 3x — 622 in Pz, relative to the basis
B={1 —:r2.:r—a:2,,2—a:+mz}.

(b) In the space P; of polynomials of degree at most 3, are the vectors {1+ 22?24 x — 327, —x 4+ 20% — 2%}
linearly independent?

(¢) Do the vectors in part (b) form a basis for Py?

Solution.
3
(a) The coordinate vector is | 2 |. To see this, solve the system
-1
1 2 1
I 0 + Ia 1 —+ Iy —-1| =
-1 -1 1 —G

using row reduction.

(b) Yes, they are. Row reduce the matrix

1 2 0
0 1 -1
0 -3 2
2. 0 -1

to see this. You should get a pivot in each column.
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(¢) No, they do not form a basis because they do not span Piz. (You would need 4 vectors to span Py.)

3. Let Mayxo be the vector space of 2 x 2 matrices with the usual operations of addition and scalar multiplication.

Define the linear transformation
T: _"h'fgxz — flfgxg

T(A)=A+ A",

where A7 is the transpose of A.

. . . . 1 0 [0 1 [0 0] |00
(a) Find the matrix representation of T relative to the basis { [ﬂ ﬂ} , [[} ﬂ] , [1 ﬂ} . [{] 1] }

(b) Find the dimension of the kernel of T

Solution.
2000
. .. 0110
(a) The matrix representation is 011 0
000 2

(b) After row reducing the matrix from part (a) there is one free variable. So the dimension of the kernel is
1.

1. Find a basis for and the dimension of the subspaces defined by the following conditions:

(a) (1,22, 73, 74) € R such that

T+ 14=10,
3r1+1'2+;r,4=ﬂ.

We solve the equations. First we have x; = —x,;. That implies 2r, = —r,. So the
subspace may be represented by (z,, —2x, 74, —7;) and the dimension is the number of
independent variables or 2. We can write the basis as (1, =2,0,—1) and (0,0, 1,0).

(b) {f € Span{e®,e*, ™ }| f(0) = f'(0) = 0}

Let g € f, then g = ae® + be™ + ce™. If we apply the conditions, we have

a+b+c=10,
a+2bh4+3c=10.
Solving, we get b = —2¢ and a = ¢. So may write the basis as (1, —2,1) and the subspace

18 1-dimensional.

2. For each of the following matrices, defining a linear transformation between vector spaces of
the appropriate dimensions, find bases for Ker(T') and Im(T).

“ 1 2
(22)

It we solve Tr = (), we get the equations

r+2y=10,
2r 4+ 2z =1).

The only solution is (z,y) = (0,0). So Ker(T) = {0} and a basis for the image of T
is formed by the column vectors (1,2) and (2, 2). Since the image is all of B? any two
independent vectors would work.
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-1 2 2
2 -4 2
If we solve Tr = (), we get the equations,

—r+2y+22=10,
2r—dy+ 2z =

Solving, we find z = 0 and r = 2y. A basis for the kernel is (1,2,0). Since the kernel
is a one-dimensional subspace, the dimension of the image must be 2. We just take two
independent vectors from the column space, for example (—1,2) and (2,2). Again the
image is all of B2, so any two independent vectors would do.

3. For each of the following linear transformations, determine if it is an isomorphism and if so
find its inverse.
(a) T : Py((R)) — B2 given by T(p(z)) = (p(0), p(1), p(2)).
We pick a basis for Pa(r) as {1, r.7*}. We look at how T acts on a basis.
(1) =(1,1.1),
T(x)=(0,1.2),
T(z%) = (0,1,4).

We can represent T as the following matrix using this basis

100
111 .
1 2 4

We can find its inverse

100100
111010
12 4[0 01
100[1 00
01 1|=110
02 4|=101
1001 0 0
01 1|/=1 1 0
0021 21
1001 0 0
011|-1 1 0
0011 -11
1ool1 o0 o
01 0(=% 2 =3 |,
00 1|} -1 1
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(b) T : Ps(R) — P(R) given by T(p(x)) = xE.
We note that all constant polyvnomials are mapped to (). Since the kernel 1s nontrivial,
T can't be an isomorphism.

(c) T:V =V, dim(V) = 4, and with respect to the basis {vy, va, v3, 04}, T is defined by
T(”l) = Ug, T{Uz} = Uy, T(T}a} =14 H..Ild T['L'_d) = V3.
We can write T with respect to the given basis as the matrix,

[ - R ]

0
]
1
]

= 0 = o0
= 0 & =

If you think about it you should see why T is its own inverse, but yvou should check by
squaring the matrix representation.

Note: P,(R) is the space of polynomials of degree at most n.
4. Let V = P3(R) and W = Py(R). Let D : W — V be the derivative mapping D(p) = p/

and Int : V' — W be the integration mapping Int(p) = [ p(t)dt. Let a = {1,z,2° 2°} and
B ={1,z,22 2% 2'} be the bases for V and W.

(a) Compute [D]§ and [Int]? the matrix representations with respect to given bases.
First we evaluate the action of the operators on the basis.

D(1) =0,
D(z)=1,
D(z?) = 2z,
D(z?) = 322,
D(z') = 42?,
Int(1) ==z,
72
t(r) = —,
Int(z) 5
3
5y D
Int(z") = —,
ne)=3
a
t(z%) =2
Int(z?) 1

So we can represent the transformations with the following matrices:

(ﬂlﬂﬂﬂ
s [00 200
Phi=too0030|:

\0 0004

(nnnn

1000
mtf=]0 % 00 |.

00 Lo

\ o0 0 !
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(b) Compute [DInt]2 and [Intﬂ]g using the appropriate matrix products. What theorem of
calculus is reflected in these results? What are the Ker(DInt) and Ker(IntD)?
A simple matrix multiplication gives us,

01000 ?ggg 1000

w looz200 ! 0100

[PIla=1 900 3 0 03 00 0=14010]"
00 %0

0000 4 : 0001
00 0 !

0000 00000
01000

, 1000 0020 0 01000

mtDfi=| 0 1 00 =l oo100

001to 00030 00010
i 00004

000} 00001

It is clear that D) and Int are almost inverses. This is a reflection of the Fundamental
Theorem of Calculus. It should be clear from the matrix representation that Ker(DlInt) =

{0} and Ker(IntD) = span{1}

EXAMPLE 2.69

Find a non-singular matrix P such that P’AP is a
diagonal matrix, where

6 =2 2
A=|-2 3 -1
2 -1 3

Find the quadratic form and its rank.

Solution. Write A = [A/, that is,

6 -2 2 I 0 0 1 0 0
=2 3 =1 =101 0f4]0 1 0
2 -1 3 0 0 1 0 0 1

Using congruent operations, we shall reduce
A to diagonal form. Performing congruent
operations R, — R +§R|,Cz — +_—%C1 and
Ry — R3 — 1R, C5 — C3 —1C), we have

6 0 0 1 0 0 ]%-31
0 I -if=| 1 1 oj4alo 1 o0
0 -1 1§ -1 0 1) Lo 0o 1
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Now performing congruent operation R; —
R3 +%R2,C3 — (3 -!-%Cz.. we have

6 0 0 1 0 0 1%_%
0 I 0ol=| {1 0f4]0 1 !

3 .
0 0 ¥ -2 2 1 00 1
Thus,

7 16
diag|6 - —| =P ' AP,

where

LS e L]

The quadratic form corresponding to the matrix A4 is
XTax =6.1'? +3I§ + 3.1'% —dx1x3 — 2x3x3

48
+4x3x3. (48)

The nnn-singu]ar transformation X = PY
corresponding to the matrix P is

X 1 1 =% [n
x21=10 1 % L
X3 0 0 1 Vi
which yields
X = -l-l y — =
1 =¥ 3.1'2 ?.7‘3
1
— =+ =¥
X2 =W .?,'f3
X3 = 3.
Substituting these values in (48), we get

7 16 ,
(PY) 4(PY) = 6% + iy% +505

It contains a sum of three squares. Thus, the rank
of the quadratic form is 3.
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Example 7.41 Given two real symmetric matrices 4 and B by

6 4 —2° 1 —1 1
A= 4 12 —4 | B=|—1 1 —1 (7.141)
—2 —4 13 1 —1 1

determine a nonsingular matrix P such that PTAP = I and PTBP is diagonal.

Solution The characteristic polynomial of A is () = det (Af — A) = A — 3122 + 270A
— 648 = (A — 4)(A — 9}A — 18). The eigenvalues are therefore 4, 9, 18, and the associated
orthogonal eigenvectors are, respectively,

xi=[—21017T, x2=[245", xs=[12-2T

We now normalize these vectors (see Definition 5.12) and construct an orthogonal matrix
with these normalized vectors as columns to get

—6 2 \/3'

1
e 3vs5| 3 4 24/5
0 5 —2¢/5

It can be checked that UTAU = diag [4, 9, 18]. We now define Q! = diag [2, 3, 31/2 ] so
that

UOTA(UQ) =1
We now compute the matrix C defined by C = (UQ)TA(UQ) to get
81 —18 9v10 ~
1
C= fgo| —18 4 —2¢/10
94/10 —2vV/10 10

The characteristic equation of C is det (A — C) = A¥A — 19/36). Hence its eigenvalues
are Ay = 0, &2 = 0, A3 = 19/36, and the associated eigenvectors are, respectively,

[—2, —4, V10)T, [1,—1/2, —V10), [9, =2, V107

By Theorem 7.30 we orthogonalize the first two eigenvectors associated with eigenvalues 0
and then normalize all the three eigenvectors to get

yi = (1/4/30)[—2, —4, ¥/ 1017, y2 = (1/v/285)[2, —11, —44/1017,
ys = (1/¥/935)9, —2, V1017

as a set of three orthonormal eigenvectors. If we now define the orthogonal matrix R by
R: = [yiyays], then it can be easily checked that RTCR = (UQR)TB(UQR) = diag
[0, 0, 19/36]. Hence the required nonsingular transformation is

154/38 —120 —160/3
1
P=UQR=g5755 —15v38 —I50 854/3 (7.142)
—304/38 — 30 —404/3
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The matrix P is not unique. This is because another set of eigenvectors xi's and ys would
give the same result.

We have already observed that a characteristic feature of a Hermitian matrix is that it
is a simple matrix. In other words, an n-square Hermitian matrix has always an orthogonal
set of n eigenvectors as established in Theorem 7.31. Because of this property, a Hermitian
matrix can always be reduced to a diagonal matrix by a unitary transformation. Now an
important question is: What is the most general class of nth order matrices A which have
an orthogonal set of n eigenvectors? The answer is that this would depend on whether
or not the matrices are normal which is now given in the following definition.

Corollary 7.14 A normal matrix is unitarily similar to a diagonal matrix, i.e., for a normal
matrix over C there is a unitary matrix U such that U* AU is diagonal.

Example 7.42 The matrix

—1 1 2

is normal as it satisfies A*4 = AA*. The characteristic polynomial of A4 is ¢(3) = det
(AT — A) = A — 5A2 4+ 92 — 9, and hence its eigenvalues and eigenvectors are, respectively,
3,1+ '\/2it = \/21 and x3 = 01 l]T» X2 = [l; —i/VZ’ i/\/2]7', x3 = [I1, i/‘\/zp
—i/4/2]T. These eigenvectors are orthogonal having norms || x; || =4/2 (i = 1, 2, 3). Let
us therefore choose

U = (+/2)'[x1 x2 x5}

Then it is easy to check that UU* = U*U = I and that U*AU = diag [1, 1 & v/2i,
1 — +/2i].
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Example 2 A quadratic form in 3 variables :

Qlz) = Qzi,72,13) = .rlz + I% - .r% + 21173 + 21123 + 2103
(Note that the quadratic form QQ(x) is not a linear function on B3)

Il
Using £ = | z2 |, we can write Q(x) =
I3
1 1 1
Q(r1,T2,73) = o |1 llz= I"f RS .‘I!i + I% + 2r1T9 + 21178 + 22Ty
1 1

as you can check directly. How was the matrix A created? The entries ay; are the coefficients
(possibly 0) of the terms =7 in Q(=); the coefficient of a “cross-product” term z;z; in Q(z) is
“split in half” to form the two entries a;; and a; in A. From Example 1,

-l -l _L_ [ L 0
Vv Ve V3| o 0 0 NE N ,
1 1 1 1 1 R
A= N CE] 0 0 0 -5 T B =UDUT
0 2 1|00 3 L I
NrYE Va3 N

A change of coordinates now lets us understand the quadratic form much better: the columns of
U/ are an orthonormal basis B = {u;, ug, us} for B*. For notational convenience, we will use y

h
to describe B-coordinates: [z]g = y = | ¥ |. The change of coordinate matrix Uy = U relates

(18]

the old and new coordinates: & = Ug[x]g) = Uy. When we make this change of coordinates
we get Q(z) = .‘I:-IE + .1'% RS I‘i + 21172 + 27113 + 23079

=zl Az = (Uy)TA(Uy) =y UTAUy = y' Dy

00 0][wy
=[nywpyl|0 0 0f|w| =0y +0y +3y; =3y
00 3|/|w

In the new coordinates, all the cross-product terms like xy 7+ in the quadratic form have
disappeared and only a linear combination of “pure” terms y?, y3, 1 remains. (In this
particular example, y} and 13 also drop out because Ay = Ay = 0, as read from the diagonal of
D.)

You can imagine that we took the standard x,x,z, axes and repositioned them (still orthogonal
to each other) in E* 1o set Up a new i yaiy coordinate system. Consider a geometric point £ in
B* with no coordinates assigned for P. What is the value of the quadratic form @ at this point?
A formula to find the value of () at the point P depends on the coordinates we choose:
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In standard coordinates: the “coordinate name™ of P is (x, x4, 74), and

QP)= Q(z1,12,13) = ij - Iﬁ + ;r% + 27110 + 21138 + 271aTs
In B-coordinates: the “coordinate name” of that point P now is (y, 3, ys) and
Q(P) = 3y;

Be sure you understand that the numeric value of Q) at P does not change.

ri + 73 + 73 + 21,79 + 27,74 + 27574 = 3y7 because of how the coordinate
systems are related. It is the formula to evaluate €} at P that changes when the
coordinate system changes.

One coordinate system may give us better insight. For example, switching into the new y
coordinates makes it clear that there are infinitely many points where the quadratic form has
value 0 — for example, at every point P with ¢ coordinates (y,, ¥, 43) = (¢,d,0). Iny
coordinates, the formula also makes it clear that this quadratic form never has a negative value.

Example 8.3
The real symmetrix matrix
a 2 2
A=|2 2 1
2 1 2

has the characteristic polynomial d(s) = (s — 1)*(s — 7). We observe that the eigenvalues
are real.

Two linearly independent eigenvectors associated with the multiple eigenvalue A, = 1
can be found by solving

12 2
(A-MIjv=|2 1 1 |v=0
2 1 1

as
-1 -1
Vil = 2 , WVaa = 0
0 2

Applying the Gram-Schmidt process to {v11, vi2}, and normalizing the orthogonal eigen-
vector generated by the process, we obtain two orthonormal eigenvectors associated with
Ar =1 as

NP R I
11 = —F= s 12 = —(— -
Vi | V30 |

)

An eigenvector associated with Az = 7 is found as

o
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Like the eigenvectors of a unitary matrix, eigenvectors of a Hermitian matrix associated
with distinct eigenvalues are also orthogonal (see Exercise 8.11). Therefore, we need
not specifically look for an eigenvector vz that is orthogonal to vi1 and wiz. After
normalizing vo, we obtain a unit eigenvector associated with Az = T as

The reader can verify that the modal matrix

2 2

VB N Vi

r — — 2 1 _ A1
f—['l.lii iz 112]— 5 Jan N
0 2 o=

30 Vi

is orthogonal and that

P'AP = diag[1,1,7]

"One-to-one" and "onto" are properties of functions in general, not just linear transformations.

Definition. Let f: X — ¥ be a function.

» fisone-to-one if and only if for every y € Y there is at most one € X such that f(x) = y;
equivalently, if and only if f(z1) = f(z2) implies 1 = 5.

+ fisonto (or onto Y, if the codomain is not clear from context) if and only if for everyvy € ¥
there at least one ¢ € X such that f(z) = v.

This definition applies to linear transformations as well, and in particular for linear transformations
T:R"™ — B™, and by extension to matrices, since an m % N matrix A can be identified with the
linear transformation L 4: R" — B™ given by L4 (x) = Ax.

So, the definitions are for any funections. But when our sets X and ¥ have more strueture to them,
and the functions are not arbitrary, but special kinds of functions, we can often obtain other ways
of characterizing a function as one-to-one or onto which is easier/better/more useful/more
conceptual/has interesting applications. This is indeed the case when we have such a rich structure
as linear transformations and vector spaces.

One-to-one is probably the easiest; this is because whether a function is one-to-one depends only
on its domain, and not on its codomain. By contrast, whether a function is onto depends on both
on the domain and the codomain (so, for instance, f(z) = z? is onto if we think of it as a funetion
f: R — [0,00), but not if we think of it as a function f: R — R, or f: [2, ) — [0, 00)).
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Theorem. Let T: R" — B™ be a linear transformation. The following are equivalent:

1. T is one-to-one.

2. T(x) = 0 has only the trivial solution x = 0.

3. If A is the standard matriv of T, then the columns of A are linearly independent.
Proof. The equivalence of (1) and (2) is basic in linear algebra, so let's deal with that:

(1)=(2): If T is one-to-one, then for all x, since T'(0) = 0 (being linear), then T'(x) = 0 = T(0)
implies X = 0; this proves (2).

(2)=-(1): Suppose T(X1) = T'(x2). Then
0 =T(x1) — T(x2) = T(x1 — x2),

since T is linear; because we are assuming (2), T(x; — X2) = 0 impliesthat xy — X3 = 0, s0
X) = Xa, which proves that T is indeed one-to-one.

The key to the connection with (3) (and eventually to your confusion) is that multiplying a matrix
by a vector can be seen as an operation on columns. If

a1 151 wen din
a3 [15%] Do dan

A = . . " 1
(130 130 o Omn

then let the columns of A, A1, As, ..., Ay be:

a1 12 Qin
21 122 @2n
Al = . 2 AZ = . 1 LY | Aﬂ- =
Qmi am2 Qmn
Then we have the following:
I
&3
A . =114 +asds +---+ andn.
Iy

That is, multiplying A by X gives a linear combination of the columns of 4. This gives the direct
connection we need between conditions (1) and (2), and condition (3).

(2)=-(3): To show that the columns of A are linearly independent, we need to show that if

ar Ay + -+ andy = 0,thena; = --- = ayn = 0. So suppose a1 Ay + - - - + apdy = 0. Then
¥y
i 5]
TE&}=A&=QLAL+"'+QR-AH=0! where o =
Ceqy
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Because we are assuming (2), that means that from T'(e) = 0 we can conclude taht o = 0;
therefore, cxy = - -- = tvp, = 0. This proves that Ay, ..., Ay are linearly independent.

(2)=(2): Suppose the columns of A are linearly independent, and

a

as
0=T(x) = Ax wherex =

i

This means that a; 4y + - - - ap Ay = 0; since the columns of A are assumed to be linearly
independent, we conclude thata; = --- = ap = 0, so X = 0, proving (2). QED

What about onto? There are two things here. One is a theorem similar to the one above; the other is
the Rank-Nullity Theorem.

Theorem. Let T: R" — B™ be a linear transformation. The following are equivalent:

1. T is onto.
2. The equation T(x) = b has solutions for every b € R™.

2. If A is the standard matriv of T, then the columns of A span B™. Thatis: everyb € E™ isa
linear combination of the columns of A.

Proof. (1)<>(2) is essentially the definition, only cast in terms of equations for the sake of similarity
to the previous theorem.

(2)=(3) Let b € R™. Then by (2) there exists an a € R" such that T(a) = b. We have:

ay

az
b=T(a)=A4a=A4 . =a1Ad; +asds +---+apdy.

Qn

That is, we can express b as a linear combination of the columns of A. Since b is arbitrary, every
) Sy d
vector in B™ can be expressed as a linear combination of the columns of A4, so the columns of 4

span [B™: this proves (3).

(3)=(2) Suppose the columns of A span R™ and let b € R™. We want to show that T'(x) = b
has at least one solution.

Since the columns of A span B™, there exist scalars vy, .. . , &t such that
¥y

¥
b—aud +--tandn=A| | =T(a)

i
So ar), where

a
a

g

is a solution to T'(x) = b. This establishes (2). QED
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So: "one-to-one'-ness is related to linear independence; "onto"-ness is related to spanning
properties, Note that linear independence is an intrinsic property (it depends only on the set of
vectors), whereas spanning is an extrinsic properties (it depends also on the space we are
considering; it is contextual). This matches the fact that whether a function is one-to-one or not
depends only on the domain, but whether it is onto depends on both the domain and the codomain
of the function.

But there is a deep connection between the two. Remember the following:

Definition. Let A be an m x n matrix. The nullity of A, nullity(4), is the dimension of the
kernel of A, that is, of the subspace of B" given by

ker(A) — {1 eR" | Ax = u}.
The rank of A, rank( A) is the dimension of the image of A; that is, of the subspace of R™ given by

Im(4) = {h e R™ | Ax = b has at least one snlution}
_ {A(x} |xe R“}.
The deep connection between them is given by the Rank-Nullity Theorem:
Rank-Nullity Theorem. Let A be an m * n matrix. Then
rank(A4) + nullity(4) = n.
Now we get two more equi\-'alences for one-to-one and onto:
Theorem. Let T: E" — B™ be a linear transformation. The following are equivalent:

1. T is one-to-one.

2. *The equation T'(x) = 0 has only the trivial solution x = 0.

3. If A is the standard matrix of T, then the columns of A are linearly independent.

4. ker(A) = {0}.

5. nullity(4) = 0.

6.rank(4) = n.
Proof. The equivalence of (4) and (5) follows because only the trivial subspace has dimension 0; the
equivalence of (4) and (2) fellows by definition of the kernel. The equivalence of (5) and (6) fellows

from the Rank-Nullity Theorem, since n = nullity(4) + rank(4), so nullity(4) = 0 if and only
ifrank(4) = n. Since we already know (1), (2), and (3) are equivalent, the result follows. QED
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Theorem. Let T: E" — B™ be a linear transformation. The following are equivalent:

1. T is onto.
2. The equation T'(X) = b has solutions for every b € R™.

9. If A is the standard matriv of T, then the columns of A span B™. That is: everyb € R™ isa
linear combination of the columns of A.

4.Im(A) = B™.
5.rank(4) = m.
6. nullity(4) = n — m.

Proof. We already know that (1), (2), and (3) are equivalent. The equivalence of (4) and (2) follows
by the definition of the image. The equivalence of (4) and (5) follows because the only subspace of
E™ that has dimension m is the whole space. Finally, the equivalence of (5) and (6) follows from
the rank nullity theorem: since n = rank(4) + nullity(4), then nullity(4) = n — rank(4). So
the rank equals m if and only if the nullity equals n — m. QED

E}CEFC'ISE 2. Let
[45] ={1.1,—2.1], ﬂ2={3,ﬂ,4, —].j.. l’.'t:;={—1.2. 5,2).

Let
a=(4,-59-7), B=(3.1,—4,4), ~=(=1,1,0,1).

(a) Which of the vectors a, 3, are in the subspace of B! spanned by the o;?
(b) Which of the vectors a, 7.~ are in the subspace of C* spanned by the o;?
(c) Does this suggest a theorem?

SOL AT10N: (a)(b) This problem is analogous to part (b) of Exercise 4 (p.55)
above. Namely, consider the 4x6 matrix whose columns are vectors ai, as, as, a. 3, 7.
Row reduce this matrix to see if the systems r 0, + 7202 + 7305 = a(= F.= ) are
consistent.

(c) Theorem: Let " be a complex vector space with some basis. and v,.... v,
and v vectors with real coordinates with respect to this basis. Then if v is a linear
combination of v, . ... v, with complex coefficients, then v can also be represented
as a linear combination of vy, .... v, with real coefficients.
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E)CGFC'ISE 2- Let
oar=(1,1,-2,1), as=(3,0,4,—1), oay=(—1,2,5,2).
Let
a=(4,-59,-7), B=(31-44), y=(-1,1,0,1).

(a) Which of the vectors «, 3,v are in the subspace of R* spanned by the «;?
(b) Which of the vectors a, 3,7 are in the subspace of C* spanned by the a;?
(c) Does this suggest a theorem?

So Lan ON: (a)(b) This problem is analogous to part (b) of Exercise 4 (p.55)
above. Namely, consider the 4x6 matrix whose columns are vectors a, as, as, o, 3, 7.
Row reduce this matrix to see if the systems z;a; + 230y + 2300 = a(= 3,= 7) are
consistent.

(c) Theorem: Let V be a complex vector space with some basis, and v,...,v,
and v vectors with real coordinates with respect to this basis. Then if v is a linear
combination of vq,. .., v, with complex coefficients, then » can also be represented
as a linear combination of v, ..., v, with real coelficients.

€ X€Rc1se 3- Consider the vectors in R* defined by a; = (-1,0,1,2),ay =
(3,4, -2,5),a3 = (1,4,0,9) Find a system of homogeneous linear equations for
which the space of solutions is exactly the subspace of R? spanned by the three
given vectors.

SOIL(l T10N Row reducing the matrix whose rows are the o;'s we get

10 -1 -2

¢ 11
o1 3 T
00 0 0

Therefore we need to find a matrix whose kernel is the space V' spanned by
{ar = (1,0,-1,-2), a0 = (0,1,1,1)}. The set B = {ay,0a5,(0,0,1,0),(0,0,0,1)} is a
basis for R*. The kernel of the matrix

S =

oo o o
[ e B e i
o= o O
- o o O

is exactly the space generated by ¢; and e;. Thus, the matrix which maps the
canonical basis to the basis B will map the kernel of S to the space spanned by
oy and «y. Let P be the change of basis, then the previous assertion expressed
in terms of matrices is P(ker(S)) = V therefore ker(S) = P~'(V) . This means that
if we apply S to any vector in P~'(V) we get 0, that is, if we apply P~! to any
vector in V' and then we apply S, we det zero. But this is exactly what we want,

to find a transformation whose kernel is V., such a transformation is given by
SP~'. Explicitly a transformations whose kernel is V' is

0O 0 00
0O 0 00

-1 _
SP_1§10
—2 1L o
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€XeERCISe 6 Let V be the real vector space spanned by the rows ot the

matrix
321 0 9 0

17 -1 -2 -1
214 0 6 1
6 42 -1 13 0

(a) Find a basis for V.

(b) Tell which vectors v = (z1, @9, 23, 74, 75) are elements of V.

(c) If v = (21,29, 23,24, 25) is in V what are its coordinates in the basis chosen
in part (a)?

SOLUT 10N:(a)(c) Row reduce the matrix A. The nonzero rows of the row
reduced matrix A give the basis in V. It is easy to check that the coordinates of
v relative to this basis form an ordered subset of coordinates z, zo, 3, x4, 5. This
subset consists of all z; such that ¢ coincides with the number of a column of A
that contains the leading coefficient of a nonzero row.

(b) (The same as part (b) of Exercise 4 (p.55) above.) Take the matrix A whose
columns are the basis from part (a) and the vector v. Row reduce it to write the
condition on v for the system with augmented matrix A to be consistent.

Section 5.4 p244 Problem 1. In each part, explain why the given vectors do not form a basis
for the indicated vector space. (Solve the problem by inspection.)

(a) g =(1,2), wo =1(0,3), ug = (2,7) for R?
(b) w1 = (—1,3,2), uz = (6,1,1) for R®

(c)pr=1+z+2% py=x—1for P
11 6 0 30 51 71 _
(d}A:}Q 3},}3:]_1 4],0:]1 ?],D:]4 2]__}3:]2 g]-‘ for Moo

Solution.

(a) Too many vectors: 3 vectors in the 2-dimensional space R? must form a dependent set.
(b) Too few vectors: 2 vectors in the 3-dimensional space R® cannot span R®.

(c) Too few: 2 vectors in the 3-dimensional space P cannot span Ps.

{d) Too many: 5 vectors in the 4-dimensional space Ms; must form a dependent set.
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Section 5.4 p244 Problem 3b. Do the vectors (3,1, —4),(2,5,6),(1,4,8) form a basis for R*?

Solution. Since we have the correct count (3 vectors for a 3-dimensional space) there is certainly
a chance. If these 3 vectors form an independent set, then one of the theorems in 5.4 tells us that
they'll form a basis. If not, they can't form a basis. So we need only test for independence. So:
does the equation kq(3,1, —4) + k2(2,5,6) 4+ ks(1,4,8) = (0,0, 0) have nontrivial solutions or not?
Equivalently, does the system

3 21 kq 0
1 5 4 ko | = 1|0
-4 6 8 ks 0

have nontrivial solutions? According to the Long Theorem, the answer depends on whether the
indicated coefficient matrix has determinant 0 or not. Since

3 21
det [ 1 5 4| =424#0
—4 6 8

there are no nontrivial solutions. The given vectors form an independent set, hence a basis for R”.

Section 5.4 p244 Problem 4b. Do the vectors/functions 4 4+ 6x + 22, —1 + 4z + 222, 5+ 2 — 2
form a basis for P»7

Solution. Once again we have the correct count, since P» has dimension 3. We need only test
for independence. So consider the condition

k1(44 62 + x7) + ky(—1 + 4z + 227) + k3(5+ 2z — 2°) =0
for every x. This is equivalent to the system
4 -1 5 ky
: 2
1 2 -1 ka

This time we find

4 -1 5
det [6 4 2 [=0
1 2 -1

According to the Long Theorem, we have a homogeneous system with nontrivial solutions. There-
fore the given three vectors/functions form a dependent set, hence do not form a basis.
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Section 5.4 p244 Problem 5. Show that the set {A, B, C, D} is a basis for M.

AZ]% —66]"5’:}—01 _01}’ C:]—Dl? :ﬂ D:}—ll 8]

Solution. (or outline of solution). It suffices to show that the set {A, B,C, D} is independent.

(Why?) To this end, consider the equation k1A + ko B + kaC + ks D) = } g g] . This equation is

equivalent to the system
3 0 0 1 Fq
6 -1 -8 0 ko
3 -1 -12 -1 kg
-6 0 -4 2 Fy

o oo O

One can show that this system has no nontrivial solutions. (Do this.) Therefore the only values of

k1, ... k4 that will give us

klA+sz+k3C+k4D::|D D:|

0 0

By =ko=ks=Fky=
This finishes the proof. (Why?)

Section 5.4 p244 Problem 12. Find a basis for and the dimension of the solution space for
the homogeneous system
3ri+zo+ag+xy =0

Sri—xo+ a3 —aa =0

Solution.  First solve the given system, using row reduction. The augmented matrix for the
given system 1s
3 1 1 1 | 0
5 -1 1 -1 | 0
which reduces to
101 00
} 0 1 % 1| D] )
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The nonleading variables are x5 and z4. Setting x5 = s and =4y = ¢, and solving for the leading
variables in terms of the nonleading ones, we find a parametric description for the solutions. The
solutions are of the form

11
(r1, 00,73, 14) = S(_E’ T 1,0,) +#0,-1,0,1).

We can read off from this description that the vectors
(—1,—1,4,0), (0,—1,0,1)

span the solution space. By inspection, we can see that they form an independent set (why?).
Therefore the set

1(—1,-1,4,0), (0,-1,0,1)}

1s a basis for the solution space, which has dimension 2. Other correct answers are possible.

Section 5.4 p244 Problem 17. Find bases for the following subspaces of R
(a) The plane 3z — 2y + 5z =0

(b) The plane z — y =0

(¢) The line x = 2t,y = —t,z = 4¢

(d) The set of all vectors of the form (a, b, e) where b=a + ¢

Solution. (a) Find a basis for the solution space to the equation 3r — 2y + 52 = 0. First find a
parametric description for the solutions. We can do this by putting y = s, 2 = ¢, and solving for
x. The solutions are (z,y,z) = 5(%, 1,0) + t{—%, 0.1). Therefore the vectors

(2,3,0), (—5.,0,3)
span the solution space. They also form an independent set, so they form a basis. Since there are

exactly two vectors in the basis, the dimension of the solution space i1s 2. In other words, as we
knew all along, the dimension of the specified plane 1s 2.
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(b) One method is to follow the same procedure as for (a). The solutions for the equation z —y =0
can be described by

(r,y,2) =s(1,1,0) +¢(0,0,1).

The vectors (1,1,0) and (0,0, 1) span the solution set for r —y = 0 and they form an independent
set. Hence they form a basis for the plane r — y = 0, a 2-dimensional subspace of R®.

Here's another method. The points on the given plane are exactly the points of the form (z, z, z)
where x and z are real numbers. In other words, they're the points of the form =(1,1,0)+=2(0,0, 1).
Now read off that the set

{(1,1,0), (0,0,1)}

is a basis for the plane in question.

(¢) Points on this line are of the form #(2,—1,4) where ¢ can be any real number. Thus the vector
(2,—1,4) spans this line. Moreover, the singleton set

{(2,-1,4)}

is independent. Thus it forms a basis for the line in question, which therefore (as we anticipated)
has dimension 1.

(d) The vectors in question can also be written in the form (a, a+ec, ¢}, hence in the form a(1,1,0)+
c(0,1,1). Together, the vectors
(1,1,0), (0,1.1)

span the space in question. They form an independent set, hence a basis. The set in question has
dimension 2.

Section 5.4 p244 Problem 18. Find the dimensions of the following subspaces of R,

(a) The set of all vectors of the form (a, b, ¢, 0).

(b) The set of all vectors of the form (a,b, ¢, d) where d =a + b and ¢ =a —b.

(¢) The set of all vectors of the form (a,b,e,d) where a = b = ¢ = d.

Solution. (a) Let W be the subspace in question. The vectors in W can be written i the form

a(1,0,0,0) +5(0,1,0,0) +¢(0,0,1,0). By inspection, we see that {(1,0,0,0),(0,1,0,0),(0,0,1,0)}
forms a basis for W. Therefore W has dimension 3.

(b) Denote the given subspace by W. Vectors in W can be written i the form (a,b,a — b,a + b),
hence in the form a(1,1,1,0)+5(0,1, —1,1). This time we see that the set {(1,1,1,0), (0,1, —1,1)}

1s a basis for W, which therefore has dimension 2.

(¢) Denote the subspace by W. Vectors in W are those of the form (a,a, a,a), hence of the form

a(l,1,1,1). The singleton set {(1,1,1, 1)} forms a basis for W, which is therefore a l-dimensional
subspace of R*.
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Section 5.4 p244 Problem 21. Find standard basis vectors that can be added to the set
{v1, 12} to produce a basis for R, given that

v =(1,-4,2,-3), vy =(-3,8,—4,6)

Solution.  Here’s one solution. The standard basis vector (0,0,0,1), which T'll call w, is not
a linear combination of ©; and w9 (verify this). According to the Plus/Minus Theorem, the set
{vy,v2, 1} 18 independent. Inspecting the second and third entries in v; and w5 it looks like we
could use either (0,1,0,0) or (0,0,1,0) for the fourth vector. Pick one (either one will work) and
test the new collection of four vectors to confirm independence. Other correct answers are possible.
(See the text for a list of all possible correct answers.)

Section 5.4 p244 Problem 28ab. The figure given in the text shows a rectangular zy-
coordinate system determined by the umit basis vectors ¢ and 7 and an z'y'-coordinate system
determined by unit basis vectors w; and us. Find the x'y’-coordinates of the points whose zy-
coordinates are given.

In the figure, ua = 7 and w1 is a unit vector that makes an angle of 30° with the positive r-axis.

31
Thus ue = (0,1) and ©; = (cos30°,s1mn30%) = ( V3

(a) (vV3.1) (b) (1,0)

S

Solution. (a) By inspection, (v/3.1) = 2wy + 0ua. The x'y'-coordinate vector is (2,0).

(b) Solve the system (1,0) = a(?, %) +b(0,1) to find a = x%._b = —% = _\,%- Thus (1,0) =
%[? %} — %{D, 1)+. The z'y’-coordinate vector is {% _x%}

Section 5.4 p244 Problem 31. Find the dimension for each of the following vector spaces.
(a) The vector space of all diagonal n x n matrices.
(b) The vector space of all symmetric n x n matrices.

(¢} The vector space of all upper triangular n x n matrices.

Solution. (a) Let D,,,, denote the specified vector space of diagonal matrices. One basis for D,
consists of the n different n x n matrices, each of which has exactly one of the diagonal entries
equal to 1 and all other entries in the matrix equal to 0. [For D3, for instance, this basis would

use the 3 matrices
1 0 0 00 0 0 0 0
0 0 0f, 01 0}, 0 0 0
0 0 0 0 0 0 0 0 1

as basis vectors.
Thus D,,, has dimension 7.
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(b) Let Snn denote the specified vector space of symmetric matrices. Let’s look at a special case
first, just to get oriented. Consider Ssg for mnstance. For a particular 3 x 3 matrix to belong to
Sp,n the entries on the main diagonal can be anything, but the entries off the main diagonal must
be paired up to match symmetrically. A typical matrix in S33 would look like

a
T
Y

oo B
[T I

One basis for S35 would use the following 6 matrices as the basis vectors:

1 00 00 0 00 0 01 0 001 000
00 o0f, |01 0, (00 O0], 1 0 0, |0 0 0, 001
0 0 0 00 0 00 1 00 0 1 00 010

So Sq3 would have dimension 6.

Theorem. Let [7,V be two subspaces of a finite-dimensional vector space W. Then

dim 7 4+ dim V = dim ({7 N V) + dim(I7 4+ V). (2)

This result is illustrated by the following example (whose method is often used as a proof).

Example. Let W = R*. Consider the two subspaces

U=2{(x), 22,23, 24,25) : 2y — 22 —x3 =0 =24 — 31'5} 1

V= .2”{{:1:1,.:2._:1:3.:4._:1:5} B ol o =ﬂ}.

We are required to find a basis of B* that contains both a basis of [ and a basis of V. The trick
is to start by finding a basis of 7'MV, It is easy to see that dim7 = 3 and dim V' = 4; this is
because the homogeneous linear systems have rank 2 and 1. Now, a vector v € B® belongs to
'V iff it satisfes all three equations. Since the associated matrix

2 -1 -1 0 0 m—inn_*
A=[0 0 0 1 -3~ zmn.z
oo 1 1 0 ﬂnnm

has rank 3, we deduce that dim(I'NV)=5—13 = 2. Indeed, we may take rs=s and z;=t to
be free variables and obtain (as a row) the general solution

v=(3s—3t. s -3t 3t t).
A basis of "NV consists of

w1 =(%.1,0,0.0), wa=(—32,0,—3.3,1)

(take first s =1, ¢ =10 and second s =10, { = 1). Extend this basis in any way to

a basis {wy.ws, w3} of I/, and

a basis {w;, wo, wy, w5} of V', and
Then {wi. w2, wa, wa, w5} will always be LI and thus a basis of B®. There are lots of choices
in this example, but we could take

wiy=(0,—1,1.0,0) (this works since wy € [T but wy & # {w;, wal}).
wy= (00,1, —1.0), w;=(0,0.0,0,1) {note that ws; & 2 {w. w2, wyl}).

In conclusion, I7 + V = R®, and the required basis is U
——
W w1 Wz Wi Wa
v
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5. (v.1) Theset B = {1+4t1+t,t+ *} is a basis for P,. Find the B-coordinate vector
of p(t) = 6+ 3t — 2.

The coordinate vector of p(t) with respect to the basis B is the vector

c
[p(t)]s = c; such that p(t) = cr(1+8) + (1 + 1) + c3(t + £).
C3

In our case, that means
6+3t—t =c1(1+1)+c2(1+ ) + c3(t + 17)
There are a few ways of seeing this, but the net result must be that

(1+c2=6 o+ci3=3 o+ =-L

1 1 0] [o [ 6
10 1| |c2|=1|3
01 1] [es] |1

Whichever way you attack this problem, the correct answer is

5

[p(t)]s=| 1
-2

This can be rewritten

5.(v.2) Theset B = {1+1t1+t>t+t*} is a basis for P,. Find the B-coordinate vector
of p(t) = 6 —t + %

The coordinate vector of p(t) with respect to the basis B is the vector

C
[p(t)]g = {c;} such that — p(t) = c1(1 +t) + c2(1 + 12) + ca(t + ).
C3

In our case, that means
6—t+ 2 =c1(1+ 1) +ca(1+ 1) +c3(t+12)
There are a few ways of seeing this, but the net result must be that
c(1+ca=6 cp+eo3=-1 c+o3=1.

This can be rewritten _

11 0] [g 6
10 1| || =]-1
01 1| |es 1
Whichever way you attack this problem, the correct answer is
9"
[p(t)ls= | 4
-3
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6. Define a linear transformation T : P; — R? by

p(0)
T(p(t)) = |p(0)
p(0)

Find a basis for the kernel of T, and describe the range of T.

This is almost identical to a homework problem we had. A polynomial p € IP; has the
form
p(t) = ag + art + ast® + ast’
where the coefficients a; are real numbers. Thus
p(0) = ag + a1 (0) + a2(0)* + as(#)* = ap.

We see that an equivalent definition of the transformation T would be

an 1
Tip(t)) = [ﬂn} = ay [1] (since ag is a scalar).
1

]
Now we can begin to discuss the kernel and the range of T.

kernel(T) = {p € P3: T(p) =0}

1 0
= {an+a1t+u2f2+u3t3:uu H — H }
1 0

1 0
Clearly we see that ay must be zero for ap []] = [D] . Thus
1 0

kernel(T) = {a1t + a2t” + ast® : a; € R}.

A basis of this set would be {, 2,8 }, as these are three linearly independent polynomials
and they span the kernel. As for the range,

range(T) = {v € R*: T(p) = v for some p € P5}

p(0)
= (p0)| :pePs
p(0)
N
=q4ag |1} tap e R
1
1
= span 1
1

Since the range of T is the span of a single vector, it is actually a line in R =
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€ XERC1S€ 7+ Let V be the (real) vector space of all polynomial functions
from R into R of degree 2 or less, i.e. the space of functions of the form

f(z) = g + o7 + e’
Let ¢ be a fixed real number and define
n(z)=1, gz)=z+t, gz)=(x+1)~
Prove that B = {g,.g,.9;} is a basis for V. If
flz) =+ arr+ Cax”

what are the coordinates of f in the ordered basis B?

SGL AdT10N: Since

we get that
f(x) = calx + 1) + (c1 = 2tea)(x + 1) + (cp = tey + tea).

Thus, B span the space V7, so B is a basis. The coordinates of f relative to B are
(e2. 01 = 2tes, ¢ = tey + tPe,). Tespectively.

2. Let V' be the vector space of all polynomials of degree at most three.
(a) Determine whether
pt) =1 =t.pa(t) == =14+ 2t + 3t +t° . pa(t) = 2 + 5. pa(t) = =143t + Tt° + 7t°

are linearly independent or not.

Solution: Pick an ordered basis for V, e.g. B = {1;#;t*;#*}. Then we only have to
check whether

1 -1 0 -1
ce(m(t)) = _nl ccp(pa(t)) = i sea(pa(t)) = T cca(pa(t)) = -:
0 1 5 T

are linearly independent. We consider the big 4 x 4-matrix with columns given by
the above vectors, after computing the row echelon form you will see that the last
column is a non—leading column. So the vectors are linearly dependent.

(b) Find A1, Az, Az, A4 such that
)‘*lpl{f} + }tzpzl:t} + )\:ﬂ}:;{tj + )L.J.;D.tl:t} = —3 + Rt + 18f2 + Qﬂfl

(vou do NOT have to find ALL such A’s).
Solution: Again using the ordered basis B = {1;¢;*;+*} this boils down to finding a
solution to

1 =1 0 =1|=3
-1 2 0 3|38
o 3 1 7|18
0 1 5 7|20
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=LetF be a field and let n be a positive integer (n==2). Let V be the vector
=gpace of all n x n matrices over F. Which of the following sets of matrices
=A 1n V are subspaces of V7

=17 all ivertible A

=2 all non-mvertible A

=3) all A such that AB=BA where B 15 some fixed matrix in 'V
=4%all A such that A2 =A

Remember H 15 a subspace of V if

a) the zerovector 15 an element of H

b) H 1s closed under addition: if a.b m H. then atbmn H
c) H 15 closed under scalarmultiplication: if x in H and ¢ a scalar then cx in H

1) H={A: A mvertible} is not a subspace. because the zerovector which is the zero-matrix 1s not invertible.
So the zerovector 15 not an element of H. so H can't be a vectorspace.

2)H={A: A non-inversible} is not a subspace. because it 15 not closed under addition.

Take for mnstance in the space of 2x2 matrices the matrix A=

[10]

[00]

and the matrix B=

[0 0]

[01]

Then are both A.B non inversible. thus A B in H. but A+B 1s the identity-matrix, which i1s mvertible.

3) H={A: AB=BA for a fixed matrix B in V} 15 a subspace. because

a) 0. the zeromatrix 1s in H. because 0B=B0=0

b) H 1s closed under addition: Let A C i H. thus AB=BA and CB=BC. then.
(A+C)B=AB+CB=BA-BC=B(A-C). thus A+C i H

¢) let ¢ be a scalar and A in H. than (cA)B=c({AB)=c(BA)=(cB)A=(Bc)A=B(cA). thus cA m H

4yH={A: A"2=A} 1is not a subspace of V because 1t 1sn't closed under scalar multiplication.
Take for mstance the identity-matrix 1.
Then Iin H. but (20"2=(2"2)1"2=41. Thus 21 15 not an element of H.

Example: coordinates in polynomial space

find a basis for W = Sp{v,,v,,v;,v,} < P; where
t3-2t2 + 4t + 1
213 -3t2+ 9t + 1
t3+6t-5
23 - 512+ 7t+ 5
the coordinates of these polynomials with respect to the
monomial basis {t3, 12, t,1} are
v =(1,-2,41)
v,] = (2,-3,9,1)
V4] = (1, 0,6,-5)
v, = (2,-5,7,5) ...

SE8 s
(1 N | B | B | |
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1 0 -5 1 4

4.3.10 Find a basis for the null space of the following matrix: A= {-2 1 6 =2 =2
0 2 -8 1 9

We need to find a basis for the solutions to the equation Ax = 0. To do this we
first put A in row reduced echelon form. The result (according to the computer)

1 0 =50 7
st (001 =4 0 6
0o 0 1 =3
.5.‘1'3 —_— TIﬁ
4.‘1‘3 —_— ﬁIﬁ
From this we can read the general solution. x = Ty . We can also
3.1"5
L Is
5 -7 5 [=7
4 —6 4 —6
write this as x = x4 {1| 4+ x5 | 0 |. or Span 11.1 0 . Because these
0 3 0 3
0 1| 0] 1
two vectors are clearly not multiples of one another, they also give a basis. So
([5 =71
4 -0
a basis for null(A)is ¢ {1} ,] 0 | ».
0 3
L3 n 1 o
T 1 1
3.3.28 Let v = 4@4 , Vo = _i: . V3 = _'?; . It can be verified that v; — 3ve +
=5 5 4

5vy = 0. Use this information to find a basis for H = Span{wv;, va, v3}.

By the Spanning Set Theorem, some subset of the v; is a basis for H. In
class we showed how to find this subset. We simply remove any of the vectors
involved in a non-trivial linear relation. So I choose to remove vy (I could have

removed any of the v; because they each occur with a non-zero coetlicient in
the dependency relation v; — 3v, + 5v3 = 0). The remaining vectors then give
a basis for H. We know they span by the Spanning Set Theorem. They are
also linearly independent, becanse they are not multiples of one another.
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4.4.14 The set B = {1 —#*,t — #*,2 — 2t 4+ t*} is a basis for F,. Find the coordinate
vector of p(t) = 3 + ¢t — 6t? relative to B.

We need to write p in terms of the basis 5, that is. find &y, 72, 73 € B such that
(1 = %) + z2(t = %) + 73(2 = 2t + t*) = 3 + ¢ — 6t°. Multiplying things out,
we get (1) + 214) + (19 — 213)t + (=1 — 75 + 73)1* = 3+t — 6%, Thus we have
to solve the three linear equations:

I +2.T:; = 3

Ig =— 2.1"‘;].

[
| =
o

=T — T3+ I3

We form the augmented matrix for this system,

T
=31. So we see that

=2

=0 -
D

1
In row reduced echelon form, this is the matrix |0
0

I = -.IF.,I I = —3, and Iy = -2,
This implies that 7(1 — %) + (=3)(t = #*) + (=2)(2 =2t +t*) = 3 + ¢ — 617, s0

=

i
[B+t—-6t"]g = |=3| € R
-2
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4.5.22 The first four Laguerre polynomials are 1, 1—t, 2—4t +#?, and 6 — 18t + 9% =3,
Show that these polynomials form a basis of Pj.

Consider the basis B = {1,t,1%,*} of P5. Utilizing the same arguments as we
did in gquestion 4.4.32, we know that it is enough to show that the images of
these polynomials form a basis of B! under to coordinate mapping. Their images

1] 1 2
. . 0 -1| . - -1
under this mapping are: [1]z = ol 1=t = L [2—4dt+ %, = e
0 0 0
6
and [6 — 18t + 9% — %]z = _;8 .
-1
1 1 2 6
. - . . |0 =1 =4 =18
By IMT, these will form a basis if and only if the matrix 00 1 9

0 0 0 =1
is invertible. This matrix will be invertible if and only if its determinate is
non-zero (theorem 4 page 194). The computer tells me that the determinate of
this matrix is equal to 1. So we conclude that the given polynomials do form a
basis.
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Section 5.4 p244 Problem 31. Find the dimension for each of the following vector spaces.
{a) The vector space of all diagonal n % n matrices.

(b) The vector space of all svinmetric n x n matrices.

(c) The vector space of all upper triangular n x n matrices.

Solution. (a) Let D', denote the specified vector space of diagonal matrices. Oune basis for Dy,

consists of the n different n x n matrices, each of which has exactly one of the diagonal entries
equal to 1 and all other entries in the matrix equal to (. [l-"q:nr Dy, for mstance, this basis would

uze the 3 matrices

oo o
o = o
o R e e
o oo
o oo
==

oo =
Soe
Scoe

as basis vectors.
Thus I, has dimension n.

(b) Let Spy denote the specified vector space of symmetric matrices. Let’s look at a special case
first, just to get oriented. Consider Siz for instance. For a particular 3 = 3 matrix to belong to
Snn the entries on the main diagonal can be anything, but the entries off the main diagonal must
be paired up to match symmetrically. A tyvpical matrix in Sg; would look like

R R
o K
GRS

One basis for 554 would use the following 6 matrices as the basis vectors:
1 00 o o0 o o0 010 oo 1 o 00
O o0 0], (01 0f, (000 0f, 1 0 0], (00 0f, |0 01
o o0 o o0 001 0o o0 1 00 o 10

S0 S would have dimension 6.
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More generally to create a basis for 5, we could use the following:

s 11 diagonal matrices, each having a single 1 on the diagonal and all other diagonal entries 0

s 1 — 1 matrices, each having exactly one first<row entry above the diagonal equalling 1, the
syminetric entry equalling 1, and all other entries equalling 0,

s 1 — 2 matrices, each having exactly one second-row entry above the diagonal equalling 1,
the symmetric entry equalling 1. and all other entries equalling (0,

¢ and so forth, continming through

s 1 matrix having the very last entry of the next to last row equalling 1, the symmetric entry
in the last row equalling 1, and all other entries equalling ().

This gives
nt+rn—1)+n—-2)+...+(n—(n—1))

matrices 1n the basis. The total number of basis vectors 15 therefore

2 nn=1) _n*4+n _nn+1)
2 -T2 T 7

n—{1+24+.. . +n—-1))=n

The combinatorialists among vou may well find a faster way to count these. In any case,

n(n+ 1)
—

dim{S,,) =

n(n+ 1}

(c) A variation on the reasoning used in (b) gives the dimension to be . Just leave out

the bhit about making the relevant symmetric entry equal to 1.

Section 5.4 p244 Problem 4b. Do the vectorsfunctions 4 + 6z + 2%, —1+4r+ 222, 5+ 2r —2*
form a basis for P7

Solution. Onece again we have the correct count, since P has dimension 3. We need only test
for independence. So consider the condition

k(4462 +2?) + ko(—1 +4x +22%) + ky(5+2r —2%) =0

for every . This is equivalent to the system

4 -1 & Iy 0
6 4 2 ka| = |0
1 2 -1 kg 0
This time we find
4 -1 A&
det |6 4 21 =0
1 2 -1

According to the Long Theorem, we have a homogeneous system with nontrivial solutions. There-
fore the given three vectors/functions form a dependent set, hence do not form a basis,
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Section 5.4 p244 Problem 12. Find a hasis for and the dimension of the solution space for
the homogeneous system
R.J.'l + Fa+ T3+ T4 =1

FJ.J.'I—I2+I:5—:I!4=D

Solution.  First solve the given system, using row reduction. The augmented matrix for the
given system is

which reduces to
10
01

The nonleading variables are r3 and x,. Setting 3 = s and r; = t, and solving for the leading
variables in terms of the nonleading ones. we find a parametric description for the solutions. The
solutions are of the form

| i |
=]
oo
bl

1 1
{1:1.:2..1:;5._1:‘;} = .?{—E._ —1. 1[}.) + f{{] —1.0. 1:|

We can read off from this description that the vectors
(—1,—-1.4.0), (0,—1,0.1)
span the solution space. By inspection, we can see that they form an independent set (why?).

Therefore the set
{(—1,—1.4.0). (0, —1.0,1)}

is a bhasis for the solution space, which has dimension 2. Other correct answers are possible.

Let T be a linear transformation from a vector space V over reals into V such that T — T2 = I.
Show that T is invertible

T-T?=1Is0(I-T)T=1 = ST = I'with § = (I — T) which means T is left invertible.

Similarly, T — T* = I,so T(I - T) =1 — TU = I'with U = (I — T) which means T is
right invertible, and hence invertible where ! = I — T.
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Problem 76. If H is a Hermitian matrix, what kind of matrix is ¢'™?
(Rohilkhand, 1992 Meerur, 1969)
Hint: H is Hermitian = H® = H
Consider (¢'M9 | ¢M = ¢ HO, ¢M = ¢ oM = o = T = ¢ s unitary.
Problem 77. Show that product of two orthogonal matrices is also orthogonal.
Hint: A, B are orthogonal = AA" = 1= A’A and BB =1 = B'B.
(AB)(AB) = B'A'AB = B'IB = B'B = 1 = AB is orthogonal.

» Problem 1
Let V' be the subspace of B generated by the wectors vp = (1. 1,0.0).v2 = (0, 1. 1,0),vg = (0.0, 1. 1) and W
generated by the vectors wy = (1,0,1,0), we = (0,2,1, 1), wy = (1,2,1,2) in B,

{a) Determine the dimensions of V' and W,
Solution. dim(V) = 3 since V' = S‘pall-['lrl__ vg_v,g} and the vectors vy, ve, vy are lin. independent. Indeed.
gy + fdatls +ﬂ;5ﬂ3 =0= 111(1. l,ﬂ.ﬂ} + ﬂz{n, 1. 1,{]} +ﬂ;1_|iﬂ.. [], 1. 1]| = {ﬂ.ﬂ._ D, ﬂ} = {ﬂ'l-. 1y + itz 2z +lI_‘1_.lIl'1_} =
{ﬂ,ﬂ., n,“} =] = ﬂ_ag = n,ﬂd = .
Same argument for W dim(W) = 3 since wy, wa, wy are lin. ind. (a similar argnment is needed!)
{b) Find a basis for the sum V" + W,
Solution. Since {v;.vs.vs} is lin. ind. and wy, € span{v;. ve. v} (This needs proof!) then, by Theorem
1.7, {vr.vo, v }is ling ind. in BY. Hence span{vy.va, vs.wn} = BY Now {o. ve, v wn} © V + W means
that ¥ 4+ W = BE*. We conclude that {u;, va, vy, w;} is a basis for V 4+ W,

{c) Find a basis for the intersection VN W. Verify that dim(V + W) + dim(V N W) = dim(V) + dim({W).

Solution. For a vector v to belong to V MW, it is necessary and sufficient to have v as a linear combination
of both bases {v;. vo.v3} (for V) and {w;. we, wy} for W
v=mv +agvz +agvz = hwy +bows +byws,  fora; b eRi=1,25

Henee a's and b&'s are solutions to the underdetermined linear system

1 ] 0 1 0 1
1 1 0 ] 2 2
S U Rl B Rl B Rl B ) FE R
(I ] 1 ] 1 2
fi 001 01 rooo 1 2
. ) . 1t 100 2 2y |01 00 1 0
Performing reduced row echelon form on the matrix 011111 vields: 0010 1 2
o0 1 012 o001 -1 -1
hence the system above is equivalent to
1 I ] {0 1 2
0 1 ] 0 1 0
aplpltaz|gltas] | =)o)t |t o
0 {1 0 \1 -1 -1

or ay =t + 2by. 00 = b, ag = by + 23,0 = by — ba — by, As a consequence, we can choose arbitrarily b = s
and by =1, thenay = s+ 2t as =s,a3 =5+ 2t b =5+ 1.

Then every v € VN W can be expressed as v = (5 + 2)vy + sva + (5 + 2t)ug = (5 + t)wy + sws + twy. or
v =s{vy + 10+ vg) + {201 + 2vs) = s(uwn + wa) + #Hwy + we). It means that a basis for V N W consists of
the two vectors vy + vz + vy = wy +we = (1,2,2, 1) and 2uy + 205 = wy +wy = (2,2,2,2).

One verifies that dim(V + W) +dim(V W) =4+ 2= 6= 3+ 3 = dim(V") + dim(W’). Q.E.D.
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s Problem 5
(Fiven a 2 % 2 matriz P = (a b
c o
F:

), define the map T : Mayxo(R) — Maya(R) given by left multiplication by
T(A) = PA, for A € Maya(R).
fa) Show that T is linear.

Solution. We easily verifv T(4; + 42) = P4 + As) = PA) + PA; = T(A) )+ T(As) and T{cA) = Pcd =
cPA =cT(A) for ¢ € B, by using the properties of matrix addition and multiplication.

{b) Determine the matriz representation of T in the standard ordered basis for Ma,2(R)
{ 10 01 0 o0 n o
0o o) 0 o) 1 0/ n 1 5

. . a By /1 0% fa 0O .
Solution. We compute (c d) ({] “) = (ﬂ {]) ete and therefore obtain

0
=, 4

=T T — I~
o I = T e I~
Ao

Example. Let W = R*. Consider the two subspaces

= _2’{{1:1..1.'2.. :I!;i.Id,.I.ﬁ.} : 2-1-'1 — Xy — Iz = 0= Iy — 315}-.

V= .f{{:l!]_,.l'g._ Iy, T4, I__:,,} Iy + Ty =ﬂ}

We are required to find a basis of R that contains both a basis of 7 and a basis of V. The trick
is to start by finding a basis of ' NV, It is easy to see that dim 7 = 3 and dim V' = 4; this is
because the homogeneous linear systems have rank 2 and 1. Now, a vector v € B® belongs to
NV iff it satisfes all three equations. Since the associated matrix

2 -1 -1 0 0 -+ 0o o 2
A=lo 0o o0 1 -3|~0o o [1] o 3
00 1 1

0 0o 0o o [1] -3

has rank 3, we deduce that dim(I7 N V) =5—3 = 2. Indeed, we may take rs=5 and r;=t to
be free variables and obtain (as a row) the general solution

v=(3s— 3t s -3t 3t t).
A basis of "NV consists of
w1={%.1._[1,{]_ﬂ}._ wz={—%,ﬂ.—3.3,1}

(take first s =1, t =0 and second s =0, { = 1). Extend this basis in anv way to
a basis {w.wa, w3} of U7, and
a basis {w.wa, wy, w3} of V', and
Then {wi. w2, wa. wa, w5} will always be LI and thus a basis of B*. There are lots of choices
in this example, but we could take
wi=(0,—1,1.0.0) (this works since w3 € T but wy & % {w;.wal}).
wy=(0.0,1.-1.0), w5=(0,0.0.0.1) (note that w5 & 2 {w. wa. wa}).

In conclusion, I/ + V' = R, and the required basis is

[
——
w5 W1 w2 Wi Wy

RAM PRAKASH/Linear Algebra Page 50



4.4.14 The set B = {1 - 2 t=1"2=2+ tz} is a basis for PPy, Find the coordinate

vector of p(t) = 3 + ¢ — 6i* relative to B.

We need to write p in terms of the basis B, that is, find x,, r2. r3 € B such that
(1 = %) + 32(t = %) + 73(2 = 2t + t*) = 3 + ¢ = 6t°. Multiplying things out,
we get (1) + 2x3) + (12 — 223)t + (=7, — T3 + 74)t? = 3+t — 612, Thus we have

to solve the three linear equations:

r + 2.‘1‘;; =
Ig =— 2.‘1‘;1 =
—I —Ty+I3 =
We form the angmented matrix for this system.
1 0 2 3
0 1 =2 1
-1 -1 1 =6
In row reduced echelon form, this is the matrix

I :-.I?., Iy = _3:. and Iy = -2,

1
0
0

0
1
0

(0
i
1

7
-3
-2

. So we see that

This implies that 7(1 = t*) + (=3)(t = %) + (=2)(2 = 2t + t*) = 3 + t = 617, s0

-

i
[3+t—=6t"g= |-3| e R .

-2
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Example 3. Let V = R? and W = B3, Define L: V — W by L(z;,25) =
(£1 = x2,71,22). Let FF = {(1,1).(=1,1)}, and let G = {(1.0.1), (0,1,1),
(1,1,0)}.

a. Find the matrix representation of L using the standard bases in both V
and W.

b. Find the matrix representation of L using the standard basis in V" and the
basis G in W.

c. Find the matrix representation of L using the basis F' in B? and the
standard basis in B

d. Find the matrix representation of L using the bases F' and G.

Solution.

a. Liey) = L(1,0)=(1,1,0) =e; + &>
(=1,0,1) =

L(es) = L(0,1) = J0,1) = —e; +ey
1 -1
A= |1 0
0 1

b. L{f'l} = (]'f 1fn} = nl[l!lnf 1} + n(n: l: 1} + {la 1:“} = ngl + []92 +g’i
L(es) = (=1.0,1) = 0(1,0,1) + (0,1,1) = (1,1,0) = Og1 + g2 — g3

c. L(f1) = L(1,1) = (0,1,1) = e2 + €3
L(f2) = L(—=1,1) = (=2, —1,1) = —2e; — 2 + €3

0 -2

A=1]1 -1

1 1
d. L{:fﬂ = (g, + g2 + 0g3
L(f2) = 0g1 + g2 — 293

0

A=]1 1 O
-2
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Example 5. Let F' = {

basis of Mas. Let B = [_

3

il
|

0 0|0 0 N
j| ll nl L-} 1] } Thus F' is the standard

Define L:

Mas — Mas by L(z) =

Bzx. Find

the matrix representation of L with respect to the standard basis F of Mas.

-

[—2 1 0 -2 0]
L[fl}_ﬂfl - i 3 _ﬂ' ﬂ'_ 3 ﬂ'_
==2f1+3fs
[—2 [0 1] 0 —2]
L[f?}:'ﬂf:z: i 3 -l'} l’}_ l’} 3-
=—-2f>+3f4
[—2 0 0] 1 0]
L[f3)=ﬂf3= i 3 -1 l’}_ ‘_,1 l’}_
=f1+4fs
[—2 0 0] 0 1]
L[f4)_ﬂf4_ I 3 -l'} 1_ n_ ._1_
=fa+4fs
Thus, the matrix representation of L is
-2 1 0
0 =2 0 1
3 4 0 =
] n 4
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Cor. 2. If A is an n-square non-singular matrix, there exist non-singular matrices, P and
Q such that PAQ =1,.

Proof. Since every matrix is equivalent to its normal form

A-T.

. there exist non-singular matrices P and Q (as in the above theorem) such that
PAQ=1.

Cor. 3. Every non-singular matrix can be expressed as a product of elementary matrices.

Proof. Let A be an n-square non-singular matrix.

.. there exist non-singular matrices P, Q which are products of elementary matrices
such that

PAQ=1,
3 -3 4
9 A= |2 —_3 4|, find A~ Also find two non-singular matrices P and () such

0 -1 1
that PAQ = I, where [ is the unit matrix and verify that A~ = QP.

Solution

The combined matrix [A I] is given by
|-3 -3 4 10 ﬂ-|
2 =34 010
0 -11001

By further row operations,

1 0 01 =10 1 00 1 =10
~Ryp Ri-Re 2 =340 1 0] ~Re—=2R—-Ri |0 -3 4 =2 3 0

0D -1 10 0 1 0o -1 1 0 0 1
1 0 0 1 -1 0 1 00 1 -1 0
R
~Ryr+Ra—3R; | 0 -3 4 -2 3 0 Nﬂzi—?ﬂg—'—lﬂﬁ:ﬂzi—}‘_—é 010 —2 3 —4
0 0 1 —2 3 -3 001 -2 3 -3
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Sofinally A='=| _2 3 _4
-2 3 =3
Now second part of the question is to find Q) and P such that QAP = 1. The most
straight forward answer is to choose either P or () to be A~! and to choose the other as

I.So one of the choice will be

P=A" and =1 (0.0.1)
Then
PAQ=ATTAI=1Ix1I=1I (0.0.2)
It also satisfies the condition
PQ=A"T=A4" (0.0.3)

We also note that there are infinitely many choice for P and ) which satisfies the condition

in the gquestion.
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Example 2. Find a non-singular matrices P and Q such that PAQ is in the normal form for the

.matrix
1 2 3 =2
A=12 -2 1 3
3 04 |
Let A=1,Al
t 23 -2 [100] [g ) 4o &2
2 -2 1 3/=(0o1 0|A G -3G
4 o 00 101 ¢ +2c
3 0 1 001f {goo0 1
[1 -2 =3 2]~
T 1 -2 -3 2
1 0 00 100 101 oo
0 -6 =5 7[=[-2 1V Oolal o | o fR-&
0 -6 -5 7f L=3 0 11 1o o o}
i . [1 -2 =3 2
r ' -1/6
10 0 ; {: g 0 1 00 _”52
0 -6 =5 7|=|- Alo 0o 10
0 0 0 0 =1 =1 1] 0 0 0 1 1/7C,
10 0 0 1 ool [V V3 35 217
06000 1 -1 1 0 0 =1/5 0| CG-G
- 4 0 0 0 17
- 1 /3 4/15 -=1/21
1-00°0 00 0 -1/6 1/6 1/6
“lu“=’21ﬂ"‘ﬂu-1f5n
0000 h-l -1 1 0 0 0 17

0 -1/6 1/6 1/6

=|-2
=121 0 0 -5 0
- 0 0 0 1/7

- I /3 4/15 -1/21
‘iQ

where both P and Q are non-singular.
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Problem #7 Determine a non-singular matrix P that 1s |P| # 0 such that P'AP is a Diagonal

6 -2 2
Matrix where A= |—-2 3 -1 |interpret the result in terms of Quadratic Form?
2 -1 -3
6 -2 2 1 0 0 1 0 0

Solution: Let A=JAl = |-2 3 =1|=|0 1 OjA{O0 1 O

2 -1 -3 O 0 1] 10 01

Reduce matrix A to Diagonal Matrix by congruent operations on R.H.S TAI, Elementary row
pre-factor on I and Elementary column post-factor on I we get as below :

Ry — Ry + (1/3)R; : C2 = Ca + (1/3)C; ; and Rs — R; - (1/3)R, : Cs — Cs - (1/3)C; =

f 0 0 1 0 0 1 1/3 =1/3
0 7/3 =U/3|=|1/3 1 0jA]0 1 0
0 -=1/3 7/3 -1/3 0 1 0 0 1
R: 2 B3+ (I/TIR: . C3 = C3+ (1/TCa =
6 0 0 | 0 0 1 1/3 -2/7
0 7/3 0 |=]| 1/3 1 0O[Al0 1 /7

0 0 16/3 =2/7 /T 1 0 0 1

/3 =277

1
On observation we obtain a non-singular matrix P= |0 1 1/7 | suchthat PPAP =D
0

0 1
Where D=Diag. [6 7/3 16/3].
Quadratic form corresponding to matrix A = X'AX

— e 2 2 L2 . .
SO+ 3N F3Ny =N N =2 NN N X
1 2 3 1 2 2 A3 3 ]

............ equation (1)
Therefore, the on-singular Transformation corresponding to P 1s X=PY 1e.,

| I 1/3 =2/7||x
X=PY = |x,|=]|0 1 /7

X 1

'xZ
X, 0 0 1 X,

Equivalent to write in the form of linear system of equations
1 2

K| =Vi+ —Vi=-—V¥3 X2= + = ¥ys,
I1=Yi+tTV: ?";I'z. 2 ¥z T‘f‘z,

2

X3=  Yi.........equation (2)
the transformation (2) reduce to Quadratic Form (1) to Diag. Form

Y'P'AP=6y," + 7/3 y2" + 16/7 y57
Rank of Quadratic Form = p (Q.F) = X'AX = 3 = No. of positive square terms in Q.F.

Signature = sign = No. Of positive terms — No. Of negative terms =3 - 0= 3.
Hence the solution.
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Example 2. Find a non-singular matrices P and Q such that PAQ is in the normal form for the

-matrix
1 2 3 =2
A= -2 1 3
3 0 4 1

Let A=1Al,
. N ¥ 0.0 O -
t 23 =3 100 ls 1o ol 2 %5
2 -2 1 3|=[o1 0|la G -3G
00 10]c,+2c
3 04 1f [001) [goo 1| "
. o « [1 -2 =3 2
2 -6 -5 7|=[0 1 0|Alg o | o R-3R,
_3 -6 -5 7J _0 0 l.n 0 o 0 l
o og) [100) 172722
0 -6 -5 7|=|-2 1 0|A 0 0 10 Ry-R,
0-6-57] =301 15 ¢ o
2 « 1 =2 =32
- - -1/6
9 el 21 ? 8 0 1 00 -usg2
0 -6 =5 7|=|- A 0 0 1 0 3
Lo 0 00 [ =1 =1 1] 0 0 0 1 1/7C,
1000 [1 oo [t V3 315 217
0 1 1 1f_|-2 1 0|g4 0 -1/6 0 0| G-G
S s 8 g —:)/5 1?7 G
< T1. 13 415 <121
=0 0 9 1 001 1o _1y6 116 176
0 100|=(-2 10lA|0 "o _i/s o
0000 -1 =11} |g o 0 iy

. 1 13 4ns -2
1 00
0 -1/6 116 1/6
=|-2 10| 0=
P [_, 1 1'®"l0 o -us o
o 0 0 7

where both P and Q are non-singular.
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Example: We considered the matrix
3 1

A=10 2 0

1 3

above, and we saw that it has only two eigenvalues, 4 and 2. If we want to diago-

nalise it, we need to find three linearly independent eigenvectors. We found that an
eigenvector corresponding to A =4 is

1
0
1

and that, for A = 2, the eigenvectors are given by the non-zero-vector solutions to
the system consisting of just the single equation r; — x5 + 3 = 0. Above, we simply
wanted to find an eigenvector, but now we want to find two which, together with
the eigenvector for A = 4, form a linearly independent set. Now, the system for the
eigenvectors corresponding to A = 2 has just one equation and is therefore of rank 1;
it follows that the solution set is two-dimensional. Let's see exactly what the general
solution looks like. We have x1 = 3 — x3, and x2, 3 can be chosen independently of
each other. Setting r3 = r and xs = 5, we see that the general solution is

T s—r 1 —1
Ty | = s =s|1]+r 0], (r,seR).
T3 T 0 1

This shows that the solution space (the eigenspace, as it is called in this instance)
is spanned by the two linearly independent vectors

1 -1
1 0
0 1

Now, each of these is an eigenvector corresponding to eigenvalue 2 and, together with
our eigenvector for A = 4, the three form a linearly independent set. So there are

three linearly independent eigenvectors, even though two of them correspond to the
same eigenvalue. The matrix is therefore diagonalisable. We may take

1 1 -1
P={01 0
1 0 1

Then (Check!) P~'AP = D = diag(4,2,2).
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Example: Let
7
0

e R

9
A= 0
9 0 7

Note that A is symmetric. We find an orthogonal matrix P such that PTAP is a
diagonal matrix. The characteristic polynomial of A is

T—A 0 9

A—X| = | 0 2-x 0
9 0 7-2A
= C-NT =T —A) - 81]
= (2—A)(A*—14x—32)
= 2-NA-16)(A+2),

where we have expanded the determinant using the middle row. So the eigenvalues
are 2,16, —2. An eigenvector for A = 2 is given by

5r+92=0, 92 +52=0.

This means * = 2 = 0. So we may take (0,1,0)T. This already has length 1 so
there is no need to normalise it. (Recall that we need three eigenvectors which are
of length 1.) For A = —2 we find that an eigenvector is (—1,0,1)T (or some multiple
of this). To normalise (that is, to make of length 1), we divide by its length, which
is \/2, obtaining (1/v2)(—1,0,1)”. For A = 16, we find a normalised eigenvector is
(1/v/2)(1,0,1). It follows that if we let

0 ~1/V2 1/V2
P=11 0 0
0 1/vV2 1/V2

then P is orthogonal and PTAP = D = diag(2, —2,16). Check this!

2 2 =5
Example 9.11. Find the minimal polynomial m(s) of 4 = [3 7 -IS].
1 2 -4
First find the characteristic polynomial A(7) of 4. We have

tr(4) = 5, Ap+An+A453,=2-3+8=7 and |4j=3
Hence
A =P =52 +T=3=(—-1P1-3)

The minimal polynomial m(r) must divide A(r). Also, each irreducible factor of A(¢), that is, r — 1 and r — 3, must
also be a factor of m(r). Thus m(7) is exactly one of the following:

SO =@=3)t=1) or gt)y=(t—3)—1)
We know, by the Cayley-Hamilton Theorem, that g(4) = A(4) = 0. Hence we need only test f(r). We have

1 2 =5]|-1 2 =5 00
fA)=A-INA-3N=|3 6 =I5 J 4 -15|=|0 0
1 2 -5 1 2 =7 0 0

Thus f(f) = m(t) = (t = 1)(t — 3) = # — 4¢ + 3 is the minimal polynomial of A.
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Example 9.14. Find the characteristic polynomal A(7) and the minimal polynomial m(¢) of the block diagonal matrix

2 510 010
0210 0l0 i . 3
V=0 0,4 2,0 =diag(.ﬂ.Az.A;).whcmA.=[6 2]./!2:[3 5].A,=[7]
0 0'3 510
0700077

Then A(7) is the product of the characterization polynomials A, (1), A,(r). As(r) of A,. A,, 4, respectively.
One can show that

Ay(n) = (r =27, Ay(r) = (t=2)t =) A()=1~7
Thus A(r) = (1 — 2)'(r = 7)°. [As expected, deg A(r) = 5.)
The minimal polynomials m(r), m,(1). my(1) of the diagonal blocks A,. A;,. A,, respectively, are equal to the
characteristic polynomials, that is,

my(t) = (1 — 2)%. my(t) = (¢ =2)(t = 7). my(t) =t-7

But m(7) is equal to the least common multiple of m, (£). my(z). ms(2). Thus m(r) = (1 = 2)*(¢ = 7).

Problem 2.4.28. Construct a matrix with (1,0, 1) and (1,2, 0) as a basis for its row space and
its column space. Why can’t this be a basis for the row space and nullspace?

Solution: Consider the matrix

1 0 1
A=10 —4 2
1 2 0

Notice, first of all, that A i1s symmetric, so a basis for its column space will also be a basis
for its row space (and wvice versa). Notice that the second column is twice the first column
minus twice the third column, so we can ignore the second column for the purposes of finding
a basis for the column space.

1 1
Also, the vectors | 0 | and | 2 | are certainly linearly independent since they aren’t multi-
1 0

ples of each other. Therefore, these two columns do indeed give a basis for the column space
of A (and, by symmetry, for the row space of A).
Now, I claim that this cannot be a basis for the row space and the nullspace of any 3 x 3
matrix A. To see why, remember that the dimension of the row space of A is equal to the
rank of A, whereas the dimension of the nullspace is equal to the number of columns minus
the rank, namely

3 —rank(A).
If these two vectors are a basis for both the row space and the nullspace, then both the row
space and the nullspace must be two-dimensional, meaning that

rank(A) =2 and 3 —rank(A) =2,

meaning that the rank of A must be both 2 and 1 simultaneously. This is clearly impossible,
so we see that the row space and the nullspace can’t both be two-dimensional, so no two
vectors can be a basis for both the row space and the nullspace of any 3 x 3 matrix.
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Example 6. Show that there are two values of A for which the equations

3x— Ay—8=0,
2Ax+ 3y—-5=0,
Sx+4iy—2 =0

are consistent, and find these values. Find also the corresponding values of x and y.

j S =3B | <17 =1&% © - P

= 2 - = ’.— T = ' ’ '-

A=(2i 3-5 2% 3-104 0 3'1|24_z; 31041
| § 44 =2 5 4/ -2

= 34(3—-10A+%1-22%) = — 17(42*— 54—6).

For consistency
4/2—-5i—6 = (4A+3)(A=2) = 0.
When A =2, 3x-2y-8=0, When 4 = -3, 12x+3y—-32 =0,
4x+3y—-5=0, —3x+6y—10 = 0,
Sx+8y—2 = 0. 5x-3y—-2=0.
Inthiscase x =2, y=-—1. In this case x = 2, =%

In two-dimenensional analytical geometry an equation of the first degree represents a
straight line, so that, for an arbitrary vailue of 4, the above three equations represent three
straight lines. When A vanishes these lines are concurrent, the coordinates of their meeting

point being given by the solution for x and y in each case.
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For a strictly complex matrix A,

1) Can we comment on determinant of A* (conjugate of entries of A) , AT (transpose of A) and AH
(hermitian of A). I know that for real matrices, det(A) = det(A”). Does it carry over to complex
matrices, i.e. does det(A) = det(A”) in general? I understand det(A) = det(AH) (from Schur
triangularization).

2) The same question as first, now about eigenvalues of A. I would like to know about special cases,
for instance what if A is hermitian or positive definite and so on.

Since complex conjugation satisfies Ty = T - yand & + ¥ = T + ¥, you can see with the Leibniz
formula quickly that det[A*] = det[A].

For complex matrices det[A]| = det[A”] still holds and doesn't require any changes to the proof for
real matrices.

Together this means that det[4] = det[A¥].

This applies to the eigenvalues as well: the characteristic polynomial of A* is given by

det[t] — A*] = det[(t] — A)*| = det[t] — A] and the eigenvalues of A* are exactly the complex
conjugates of those of A.

In particular if A is hermitian, A = A® and so all eigenvalues are equal to their complex
conjugates - in other words, they're real.

2. Let Wy and W3 be subspaces of a vector space V. The sum of W) and W5 is the subset of V'
defined by

Wi+We={wi+w2 eV |w € Wi,wse Wa}.
(a) Prove that Wi + W5 is a subspace of V.
SoLuTioN. Note that 0 = 0+ 0 € Wy + W5 and so it is nonempty. Let o, 3 € F. Let
w1 + w2, Wy + wh € Wi + W where wi,w] € Wi, w2, w) € Wa. Since Wi and W5 are
subspaces, aw; + Gw) € W} and aw; + fw), € Wy, Hence
a(wy + wa) + B(w] + w)) = (awy + fw]) + (awy + Gwy) € Wy + Ws
and Wi + W3 is a subspace by Theorem 1.8.
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Proposition 1. Let V be a vector space and let W C V be a subset. Then W is
a subspace if and only if it is closed under addition and scalar multiplication and
0eW.

Proof. First suppose that W is a subspace of V. Then by definition, 0 € W and,
for any wy,w, € W and a,b € R we have aw, + bw, € W.

Now suppose that W C V' contains () and is closed under addition and scalar
multiplication. Then W inherits all the algebraic properties of V7, such as the
associative and distributive laws. Thus it is a straigtforward exercise to check that
W satishties all the conditions of being a vector space. Il

Proposition 2. Let W, and W, be subspaces of a vector space V. Then W, N W,
is also a subspace.

Proof. We only need to show that W7 M W, contains () and is closed under linear
combinations. Indeed, 0 € W, and 0 € W5, so 0 € W, N W5, Let u,v € W, MW,
and let a,b € R. Then au+bv € W} and au+bv € Wo, so au+bv € WiyNW,. O

Example: It is not always true that the union of two subspaces is a subspace.
Let V = R? let W) = {(z,0) : = € R}, and let W2 = {(0,y) : y € R}. Then
W, and W, are subspaces of V, but W; U W, is not. Indeed, (1,0) € W} and
(0.1) € Wy, but (1,1) = (1.0) 4+ (0.1) € W1 U W5, Thus W; U W is not closed
under vector addition, so it cannot be a subspace.

Exercise: Prove that W, U W, is a subspace if and only if either W, C W5 or
W C Wy

Definition 21. Let V' be a vector space, and let W, Wo C V' be subspace. Then
1'1‘?1 + .H-'rz = {?.L‘l -+ W o UNY [ I’i‘rl:.'l'.ﬂz e I"i-"rz}.

Proposition 49. The sum W, + W is a subspace of V. In fact, it is the smallest
subspace containing both W, and W,.

Proof. We need first to verifv that if w. @ € W1+ W5 and a, @ € R then aw + ai €
W1 + Wi, We have w = w; + wo, where wy € W) and w; € W3, Similarly,
w = iy + Wy, where w; € W) and w; € W5, Then

aw + i = alw, + wy) + a(wy + 1iy) = (aw, + aw,) + (aw, + aws),

and we have now written aw + aw as the sum of a vector in W, and a vector in
Wa. Thus Wy 4 W5 is closed under linear combinations, so it must be a subspace.

Now suppose U7 is another subspace of V' containing both W, and W5, and choose
w = wy +wy, € W, +W,. However, w, and w, must both be elements of U, and U is
closed under addition, so wy +ws € V. We have just shown that W), +W>o C 7. O
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Ex. 25. If the product of two non-zero square matrices Is a
zero matrix, show that both of them must be singular matrices.
(Delhi 1959; Sagar 66)

Solution. Let A and B be two non-zero squarc matrices each
of the type nxn. It is given that AB=a null matrix i e., AB=0.

Let | B | be not equal to zero. Then B-! exists. So post-multi-
plying both sides of AB=0O by B-!, we get
ABB-'=0 or AI,=0 or A=0.

But A is not a zero matrix. Hence | B | must be equal to
zero.
Now suppose | A | is not equal to zero. Then A-! exists. So
pre-multiplying both sides of AB=0 by A-!, we get
A-' AB=0O or I,B=0 or B=0.
But B is not a null matrix. Hence | A | must be equal to zero.

€ xXepcise 3- Consider the vectors in R* defined by a1 = (—1,0,1,2), 02 =
(3,4,—-2.5),a3 = (1,4.0,9) Find a system of homogeneous linear equations for
which the space of solutions is exactly the subspace of R* spanned by the three
given vectors.

solat 10N Row reducing the matrix whose rows are the a,'s we get

10 -1 =2
01+ U
o0 0 o

Therefore we need to find a matrix whose kernel is the space |V spanned by

{or = (1,0.-1.-2), a5 = (0,1, 1, 3)}. The set B = {a;,5.(0.0,1,0),(0,0,0,1)} is a

basis for B*. The kernel of the matrix

n

Il
coo o
cooo
oo o

=

is exactly the space generated by ¢, and ¢,. Thus, the matrix which maps the
canonical basis to the basis B will map the kernel of S to the space spanned by
a; and a,. Let P be the change of basis, then the previous assertion expressed
in terms of matrices is P(ker(S)) = V therefore ker(S) = P~'(V) . This means that
if we apply S to any vector in P~(V) we get 0, that is, if we apply P~ to any
vector in V' and then we apply S, we get zero. But this is exactly what we want,
to find a transformation whose kernel is V', such a transformation is given by

SP-!. Explicitly a transformations whose kernel is V' is

0 0 00
0 0 00
Tp=1 __
SP~t=1| | %11(}
-2 -4 01
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Theorem V1. Non-zero eigen vectors belonging to distinct values are linearly independent.

Proof. Letuv, v, ...
distinct eigen values 4, 4,, ...... A, TESpectively.

We prove the result by induction.

When n=]. Herev,isL.l. becausev, = 0.

Thus the result is true when n= 1.

(G.N.D.U. 1996 ; P.U. 1989 ; Pbi. U. 1986)

...,V be n non-zero eigen vectors of a linear operator T : V-V belonging

Let us assume that the result is true when the number of vectors < n,

Let ap,+au+ ... taw,=0

where a,, a,, ......,a, €F

(),

=  aTv)+aTv)+ ... +a,T(v,)= T(0) [Applying T)
=  aT{y)+aT(v) +...... +a,l(v,)=0
Since T(v)=4;v; fori=1,2,......,n
adpy Fad t ... tady,=0 - (2)
Multiplying (1) by 4,,,we get
a Ly ra Ayt tadv,=0 w(3)
Subtracting (3) from (2), we get
@y - vyt @y =A@y By —A Uy =0
- a, (4, -4,)=0, a; (A, ~4,)~0, ...... @y (Ay_ =4)=0 .-.(4)

But since A; are distinct,

A=A, #0Ay=A, 20, ... . A, —A, #0.

S4) = oa =0, a;=0,....a, ;=0

Putting in (1), v, =0
- a,=0,
Thus o =0‘ a1=0' """'GR =

Hence the vectors v, v,, ...... yUnpare LI

[ vvs ooy vy are LI (assumed)]

[ v, = 0)

Theorem VI. Let T: V - W be a linear transformation and suppose x,, x,..., x, € V have the
property that their images T (x,), T (xy),..., x,) are L.I. Show that the vectors x,, x5, ..., X, are L.1.

(GN.D.U. 1986 ; P.U. 1985 S)

Proof. Let there exist scalars a,, a;,...... , a, € F such that

a,x, +ayx+ ... +a,x,=0
Now T(a, x; +a, x; + ...... +a,x,)=T0)=0
»  a Tx)+a,Tx)+.....+a, T(x,)=0
> a=0,a,=0,..,a,=0

[+ TisLT)
[ T0D, T, oveees TUxy) are L)
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Example 1. If W, and W, are sub-spaces of V (F) , prove that
W, +W,={w+w | mEW, wEW,}

is a rub-space of V. (P.U.1985S)
Sol. If x, , x, EW,; ¥, HmEW,
so that x=x1+y,y=x+y, €W, +W,
Now «,f€Fand x,,x,EW,
& ax, +fix, EW, [ W, is a sub-space])
and a,fEFand y,,),EW,
> ay, + By, EW, [ W, is a sub-space)
Thus (ax, +fx; )+ (ay, + Byy) EW, + W, (1)

Alsofora, BEF,x, yEW,+ W,
= ax+ By =a (x;+y) + B (x; + yy) =ax, + ay, + fix, + fy, = (ax; + fix;) + (@y, + By,)

= W| + w:. [‘]3‘"3 (I)]
Hence W, + W, is a sub-space of V.

Example 18. [f V(R) be a vector space of 2X 3 matrices over R, then show that the matrices

2 1 -1 - -
- P T R
3 -2 4 -2 0 5 1 -2 3

in V(R) are linearly independent.
Sol. Leta, B, y be the scalars in R such that

R LY IS R T -
2a+f+4y a+f-y -a-3p+2y 0
[Ba-Zﬁ-n-y -2a -2y 4a+53+3y:| [ 0 ]
Then 2a+f+4y=0, a+f-y=0, —a-3+2y=0
and 3a-28+y=0, -2a-2y=0, da+58+3y=0.
By second and fifth, we get :
2a+f=0.
Then by first, we get :
y=0
and so by fifth, we get
a=0, f=0.
Thus (1) is true only if @ = # =y = 0 and so the matrices A, B, C in V(R) are linearly independent.

] =0 (zero matrix)

(1)
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