Ex. 9. Show that in a two-dimensional fncompressible steady flow field the equaiion of
continnity is sabisfied with the velocity components in reclangular coordinates given by

F{xs -y ey
wxy) =), V)=
(x=+y7)" ™+ 7y
where k is an arbitrary constant,

[Meerut 1994; Rolhilkhand 2001, 03, 04]
Sol. The equation of continuity for incompressible steady low in cartesian coordinates is

o+ ow/dy+iwiiz =0 ]
For a two dimensional flow in xy-plane, w = 0 so that (1) reduce to
auloe+ovidy =10 A2)
Differentiating the given values of o and v partially wet " and *y" respectively. we get
o

ox

FETENC LI T
[ E M L

T, {x: 1:}1 N ﬂ2£‘x1 : -
e (e )? -

[ ~ Yoy (=)= {2y 2k
s Tty

From (3) and (4), we have

Bk’ 2k
(40 (E+y0) (&)

(x"+ )

au, ov 4k kg’ -Bkot | 4k
ox (x* +y°)’ (x” +y%)?

e’ + dhoy® —8koy” + Shoe(x” )
Henee, the equation of contmuily (2) 15 satished.

> ] U
(x4 vH)?

Ex. 1. Show that the surface

= :, T {}—1 i :: ]=l is a possibfe form of boundary
a k=t b e
surfoce of a liguid of fime |, [LAS. 1992; Punjab 2002; Rohilkhand 2001]
Sol. The given surlace
Fx,y.2,1) = #4{-‘ [;—+j—]—1 —0 N
can be a possible boundary surface of a liquid, 1f it satisties the boundary condition
EF I EF oy e v (BF Ty +w(aF [d2) =0 L2
and the same values of w. v . w salisly the equation of continuty
anfox+vidy+dwldz =0 NE)]

- 1 (2 .2Y ar aF ity OF 2’z
From (1), %=_ fh"‘-'1 _ 2k{|_1»_1+‘_‘ _ il 2x il =2“,|}~ él
o a k-t b

e o ak' oy b . .

With these values, (2) reduces 1o

2 2 3 ™ b 3
A i - . - A fep = .
: f.tj : +2M(} i J+ 2ven +2.E'.r yv+_.?r.r W

a kot R B S A & e’
I Ix 1 2t iz
—_— | —— |+ —=—(y+vi)+ (z+wh=10,
or e [ P Bl )

2
4 &
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Y

which 15 wentically satisfied i we take
w =2, vo=— Wi, w=—z
=1 bl ..., . . _
From (4). _= £=_£_ w__ 1 (3]
et oy i dz 1
. voand w, Hence (1) 15

Using (3}, we find thal (3) 15 also salishiced by the above values ol o
a possible boundary surface with veloeity components given by (),
Ex. 2. (i) Determine the restrictions on f, £ f, if [I:fti:]_,ﬂ i+ Li-: J"f}%_;".'_, 0+ 1hn=1
is o possible bowndary surfoce of o liguid
| Agra 2005; LA.S.1995; Kanpur 2011; Meerut 20040)
(if) Show that (x /@ )N+ (B a0 +(2° (™ wit) =1 is a possible from of the

bowndary surfoce of OO0y =1,

Sol. (/) The given surface
F (e, v, 2, 0) = (<) f(6) + 5D, (0 H (20 fiin = 1= 0

can be a possible boundary sweface of a liqud, if it satisfies the boundary condition
(EF S 4u{0F o)+ v(@F fav) +widF fozy=0 2)

)

and the same values of w. v w satisly the equation ol continuty
i dOx+ovidy+ow/dz =0 e

Using dashes for differentiation with respeet o ¢, (1) gives

aF o .oyt 2 aF x| aF 2y aF 2z
— == fi () + = 2 () +— 15 (#), ,‘—Z—aﬂ [, — == £, q—=—a.f3':'f-:|'
rooat A= c* ix  a ay b dr e

With these values, (2) reduces o

2yfv 2z
_'L_,i":_l_'_ f_:w=[}

xff v 2
* '{] . _{ Lz .,:_3 N x_'}'}u
" b* e i b e
0y , , ] E. ¥
or zi:ﬁ(!:+i +2_;_:|‘": [v+£ +2'_f‘ w+2ﬂ. =0
a 21 h- \ 2/ oo 21
which is identically satisfied if we take
i:=—£. 1'=—'1'I'f? . 1l'=—£ 4y
24 2/; 215
it _.I'f i )"-.' e fqr
I 4 — =T — = — =0 5
rom %, o 2, v 2/, oz 2f, ©)
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Mow the required restnetion will be oblamed i the above veloeily components sabisly (3).
Henee, we gel

—-’i_—f;_—-’r—‘_ﬂ] or f—';+‘r—f+"r—1={l
2 20, 2fs hofi h
Integrating, log /i +log f; tlog f; = log ¢
or log (5 f3) = log ¢ OF S 505 = e, where ¢ is an arbitrary constant.

(i) Proceed as in the above example, There is no loss of generality if ¢ is taken as unity.
Ex. 3. Show that (cla” ) dant {v:'lf-’:rwrj ¢= 1 s a possible form jor the bounding
strfoce of a fguid, and find an expression Jor the normal velocity,
|Garhwal 2005; LA.S. 1997; Kanpur 1999, 2004, 08; Rajasthan 2004;
Meerut 2003, 05; Rohilkhand 2002; 05; Purvanchel 2004)
Sol. For the present two dimensional motion (3F /dz =0 and dw/dz =107, the surface
Fie, v, )= (x¥a®y tan® 1 + (Y cot’ 1~ 1 =0 e
can be a possible boundary swrface of a liguid, if it satisfies the boundary condition

EF fot+u (6F fax)y+v (8F féy) =0 -2
and the same values of o and v satisfy the equation of continuity
cu fdx+dvidy =10 A3
, aF Xt . . OF 2x .o @ 2y
From(l), —=-—-2lanisec - }, -2eoldeosee™!, —=—lan"§, ——=—5col’f
arogt b= [T oy b

With these values, (2) reduces to

xlan/

-

veol !

{.TSCCEI+H1.H.I:II}+ (- }'msccziﬂ'cc-l!}—t:l.

-

which is identically satisfied if we take

wsec i+ ntan £ =10 and -y cosec” f+veol f=10
: x v
ie. m—-— and Pe=— iy
SIn  cosd SIN§ Cos !
) i 1 i 1 .
From (4). — == and —=— 3]
o SN COs S cy o osmfeoss

Using (5], we find that (3] 1s also satisfied by the above values of w, v. [lenee (1) 15 a possible
bounding surface with velocity components given by (4)

Using remark 2 of Art. 218 (with &F /82 =0 here), the normal velocity

x 2xtan” f r ¥ 2yeot’ s
__w@l /dx)+WdF/dy)  sinicost at S0 { cos b
A L cape a2 2 2 2 2"
J{'{m' féx)” +(@F {dy) } (h:mn"r\' 2yecot’ t
S +| ——
oo b

a1 coltcosee™f — b x” tanisec” {

w'[f.r:f:“ tan® r+ 1 a® cot™ 1)
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Ex. 4. (@) Show that the elfipsoid I:f{ﬂzu"‘:i':n}+ k" W(vIBY +(z/c) =1 js a possible
Jorm of the baundary surface of a liguid. Derive also velocity components.
(Kanpur 2009; 20005 Mecrut 2007)

(b) Show that the variable ellipsoid ¥ f[ﬂ:ﬁ'!f]] ki B +(z/e) =1 isa possible form
for the boundary surface at any time £ (Kanpur 2007)
Sol. (a) The given swrface
Fix,v.z.)=x I'(ﬁlﬁr:e':’"}+#fu{t}".-"fﬂz +(zle)1-1=0 Ay
can be a possible boundary surface of a liquid, i it satisfies the boundary condtion
OF 16+ u(@F L ax) + wWal fov)+ widl féz) =0 )

and the same values ol w. v wostisly the equation ol continuity

dn S+ ovi Dy +dwldz =0, )]
. 3 * 1Yy
i i i wt| ¥z
From (13, — = $|d”Hmﬂ;e‘ e — |
il a ks T
aF  Ix a2y p arF  2k"z
— R P an - T -
o atker" a b dz e

With these values, (2) reducces to

2 e ] o2 Fhatlame e
1: ) :HI ™! .u.: +Z | 12'?:-. ’ h.:Lu'q1_=} ’ _ﬂf:u _0
atkm Wbt ) ak™ il e”
me| Ix O V2" w2 2kt”
or H—— |—— +|1—'+— - +|'|-I-'+— — =1,
. tdatkr" 24 b= I\ ) e
which 15 identically satisfied 1 we take
i — (mxf =10, v+ (md2H =0 and w o+ (nzf2H =10
o1 i = nxit, v =— muilt and w=— nzilf, )
From (4},  dn/de=n/1, vidv=-nlli and Ow/dz =—n/it 3

Using (33, we [ind that (3) 15 also satished by the above values of w, vand w. Henee (1) 18 o
possible boundary surlace with velocily components given by (4)
{b) Proceed as in part (a) by taking »n =2
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2.20. Streamline or line of flow. |LA.S. 1995; Kurkshetra 1995; U P. P. C. 8. 2000,

Agra 2004, 2009 Kanpur 2000, 04, Meerut 2001, 02, 05, 12; G N. D. L. Amritsar 1999]

Aogtreamline 15 a eurve drawn in the [Tud so that 1ts tangent at each point 15 the direction of
motion (Le. Thod veloeity) at that point

let v = xi + vj + zk  he the position vector of a point P on a straight line and let

q = ui +vj + whk be the Muid velocity at /. Then q 15 parallel to dr at £ on the steamline. Thus,
the equation of streamlines is given by

q=dr=10 i1
i, (i +wvj+wk) = (dyi+dvj+azk) =0
ar (vdz = weld 1+ Qwle = wedz) j + (v = wde) k=10
whence vidz — wdy =0, wil — wdz =10, ndy —wdx =1
dy  dy  dz
so that =2 2y

it ¥ w

The equations (2) have a double mlimite set ol solutions. Through cach pomt of the ow held
where wix. . z. #1, wx, v,z 6 and wix, v, 2. ) do not all vamsh, there passes one and only one
strearnline at a given mstant, This fact can be verified by employving the well known existence
theorem [or the system of equations (2). 10 the velocily vanishes al a given point, various
smgulanies occur there. Such a pomnt 1s known as a crifical poinl or staginalion poinl.

2.21. Path line or path of a particle. [Meerut 2012; Kanpur 2000, 02]
A path line 15 the curve or rajeclory along which a particular Mud particle ravels during 1s
metion

The differential equation of a path line is dridi = q A1)
sir thal deldt = . dvidl = v and dzidf = w A2
where qg=uitvj+twk and r=xi+y+whk

Remark. Lel a flud particle of hixed wentilty be at (x,. y,. z,) when ¢ = 1, then the path line 15
determined from equations

v [t =at(x, p,2.0)
dv (dt = v,y 2.0 -
dz (et = w{x, v, z.1)

with initial conditions x(1,) = x,, M) =, 2t =12, Y
Ex. 4. Find the sireamiines and paths of the particles when

i =xi1 + 1. v= i+, w o=zl + 1. [LAS. 1994]
Sol. Streamlines are given by

de dv = . de  dy
v w e 40 vil+n  zA1+1)
iLe. (dx)/x={dv)/v=(dz)/z D
Taking the first two members of (1), we gel xhy = ¢ (2)
Taking the last two members of (1), we pet Wz =, REN

The desired streamlines are given by the intersection of (2) and (3)
The paths of the particle are piven by
ehidi = n, adpleli = v, dzidi = w
L. drefelt = xf(1 + 0, dvldil = vill + 1), dzidi = z(1 + )
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. de dy dz ot
giving = . b . b
¥ 1+ A Y = 1+r

[ntegrating, X =0 1+, y=c, (1+1), z=c. (1 + 8
which give the desired paths of the particles, ¢, ¢, and ¢, bemg arbitrary constants.

Ex. 10, Determine ihe strecamlines and the path lines of the particle when the components of
the velocity field are given by w = x /(1 + i) v = w2 = 0 and w = 23 + 1. Also staie the

condition for wiich the steamlines are wdentical with path lines. [LA.S. 2000|
Sol. Streamlines are given by dvin = dylv = dziw
or (1+0(1ee =2+ 0 (1Addy = (3 + 0 (L 1)

Taking the first two members of (1), we have

(1l + (e = (200dy + (v

of (1ixds = (200 = 1 {{ 1Ay = (1ixide}
[mtegrating, log x — 2 log y =1 (log v — log x) +log ¢,, ¢, bemng an arbitrary constant

or log (xh7) = log {e (uix)'} so Lhat (pi)' = c'l_ls:. WA2)
Sumularly, taking the last two members of (1), we have

or log (v*iz") = log{ e, (1z)'} or (iz) =3,z i3

The desired stremlines at a given mstant { = ¢, are given by the mtersection of the surfaces
{2) and (3) by substituting ¢, for ¢,

Again, the path lines are given by

0o

deldt = u, dldi = v deidt = w
or ehlelt = w1 + 0, chaldt = wi(2 + 1), dzfelt = 23 + 1.
gIving delv = dif( 1 + 1), dvly = dtl(2 + 1), dzfz = i3+ 0

Integraing, x = ¢ (1 + 0. ¥y = e, (2 + i) 2 = ¢ 3 + {L ¢y €. ¢; being arbitrary constants
which gives the desired paths of the given particle in terms of the parameler £

Condition under which the stremlines and path linear are indentical.

n the case of steady molion the steamlines temaimn unchanged as tme progresses and henee
they are identical with the path lines
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[ Meerut 2005, 09; Rohilkhand 2004, 05]

2.26. The velocity potential or velocity function.
Suppose that the had veloeity al time f 15 q = (i, v, w). Further suppose that al the considered
. 11, uniform throughout the entre field of Qow and

mnstant ¢, there exists a scalar function ¢ (x, 4
—dp=u de+vdy+wdz
20

E‘g
—¢Idz = dx+vedy +wz

such that
& .
ie. - Ldldx+@dv+
| i g oz
Then the expression on the R.H.S. of (1} 15 an exact differential and we have
no=—0ohd o, v=—=d/dy, w=—oh!dz A3
q=—Vi=—gradd. -4}
& is called the velocity potential. The negative sign in (4) 15 a convention. [t ensures that
the Mow takes place from the higher to lower potentials
The necessary and sullicient condidon for (4) o hold 1s
Vug=I, ie. curl g =0 (3]
(ow ov) (ou ow (ov
R o R e B ©
\ dy Oz Lz & B Oy
f(x. v, z, ) = consl. AT
(8

= elzfw

Remark 1. The surlaces

are called the equipoterials. The streamlines
deli = dviv
A

ude + vy +wdz = 0
and the condition for the existence of such orthogonal surfaces is the eondition that (9) may
(1)

are cul al nghtl angles by the surfaces given by the dilferential equation
posses a solution of the form (7) at the considered instant #, the analvtical condition heing
Y

fow v (éu w) v du
| ——— 'I-'[_'——_'— +w - =0
v Oz fr iy v v
When the veloeity potential exists, (3) holds. Then

ow ov

U_ Lé., -_=-._ I:]]:I
ay oz

vl dx =dul dy (12

awo v & &
Rk S S -
gy oz vz dzoy
&z = dw l dx and
Using (11} and {12), we find that the condition (109 is satisfied, Hence surfaces exist which

Strmilarly,
cut the streamlmes orthogonallly, We also conclude that at all points of field of flow the
equipotentials are eul orthogonally by the streamlines
Remark 2. When (3) holds, the Dow 18 known as the pofeniial kg 110 1s also known as
13

irrototional. For such (ow the held of q 15 comservalive.

Remark 3. The equation of contmuity of an incompressible flod s
Gl e+ vl dy+owliz =0

~(14)

Suppose that the fluid move irrotationally. Then the velocity potential ¢ exists such that
v=—&bSfy. w=—0h/oz

2/ o,

=
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Using (14, (13) reduces Lo
Biox’ + 8% 0y + " =0, ~(13)
showing thatd is a harmonic function satislving the Laplace cuation ?24} =0, where

- - 2

V=gt + 2t e + 0t razt ~(16)
2.27. The Vorticity Vector. [Kanpur 2004, Garhwal 2005]
Let q = wi + i = wi be the Tud velocity such that eur] q =0 Then the vector

0 =curlyg w1}

15 called the varticity vecior.

Let ©2,.0 0. be the components of £} in cartesian coordinates, Then (1) reduces to

(éw 8 (on ow) (ov &
Qi k=i’ ﬂ];ﬂﬂ o ;k[i ﬂ]
: | OV

P Loz i ) cx  av
ow  Gv cu  Ow v
so that ﬂx:T_T* ﬂn.:__H_1 ﬂ::"_—_
gy oz Tz i dy o dp

Note. Some authors use £.n, &, for 2,02, . 0 and define @ =Zi+nj+Lk =(1/2) <cwl g,
Thus, we have

1 ow av) [ Ow o Iev aw
S=— === =) —=—=—, C=————|
AN r""J 172\ E o T o206x ﬁ}-J
2.28. Vortex line [Agra 2004, 2009; Garhwal 2005]

Aovortex hine 15 a curve drawn in the thud such that the tangent to 1t at every poumt 15 m the
dircction of the vorheily veclor €

let =00+ j+ 0.k and let ¥=2xi+yj+zk be the posinon vector of a point F on a

vortex line. Then € is parallel to dv at F on the vortex line. Hence the equation of vortex lines is

given by Qo dr =10,
ie (L i+ LJ}j + LK) (i +avj+azk) =0
or (€2, dlz — 2 e)i + (2 dc— Q=)+ (D, — 2, dr)k = 0
whence Ly — Qv =100, Q.dx-Q.dz =0, Loy — Qe =0
so that &b _& ey

Q, Q  Q,

(1) gives the disired equations of vortex lines,
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2.30. Rotational and irrotationl motion.
[Agra 2011; Garhwal 2005; LAS, 2000 GN.D.U. Amritser 2003; Meerut 2002, 09, 10]

The mobon of a (Mwd 15 smd o be ieredaional when the vortienty vector €2 ol every Tund
parbicle 15 zero. When the vorlicity vector 1s dilTerent from zero, the motion 1s said 1o be retaiional.

= a3 A s A
) cw v, [du fwl, [dv fu
Since £ = curly and 2= P l"'[——..—}l"‘ ——— [k,
L&y Oz dr i vy
we conclude that the motlion 15 orotation 1f curl g =10
or Ew [ By = dvl/ oz, il iz = Ow/ B, v i = du Ay,

When the motion is wrrotational e, when curl g =0, then g must be of the form (- grad ¢ for
some scalar pomt function ¢ (say) because curl grad ¢ = 0. Thus velocily potential exisis whenever
the [Mwd motion is nrotational. Again nolice that when velocily polential exists, the motion is
irrotational because g = — grad ¢ = curl q = - cwrl prad ¢ = 0
Fhus, the fluid maotion is irvorational if and ondy if the velocity potential exists. (Meerut 2009, 10)

Rotational motion is also said to be varfer motion. Agam by definition it follows that there
are no vortex lines i an irrotational flud motion,

PRI
Ex. 3. (&) Yexr whether the motion specified by q :M (k =const), iy a possibie

by
motion for an incompressible fuid. If so, determine the equation of the streamiines. Also test
whether the motian is of the potential kind ond if 50 determine the velocity potential,

|Kanpur 2006; LA.S. 199, Rehilkhand 2003, 04]

I (xj— 1)

{h) Determime the velocity potential for the motion specified by q = - [k = consl).

¥+
[Agra 2007)
Sol. (@) Let q = wi + vj + wli Then here
L po k. w =0 (1)
o+ X740
The equation of contimnty for an meompressible Tud 15
dn fox+ v dy+ dwiitz =1 (2)
Form (1, i=& E=—ﬂ on =)
A C s &y (x%+ ) éz
Hence (2) 15 satshed and so the motion specified by given q 15 possible.
The equation of the streamlines are dxfu = dyiv = dzfw
) dv av dz
Le. = = —= — = —= e
=Tl vy kxfe 4Ty 0
Taking the last [raction, dz = 0 so that z=q. EY]
Taking the frst two Iracltions in (3) and simplifving, we get
dxf(— ) = dvix or 2xex + 2wy = 0
Inlegrating, + _v] = €., C, bemng an arbilrary conslant A3y

{4) and (5) together give the streamlines. Clearly, the streamlines are circles whose centres are
om the z-axis, their planes being perpendicular to this axis.
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i J k s 9 s A
- 2% S 2| ¥ —=x" X =y
Agam curlq=| ¢&/cx éloy dloz|=k" {—— —k =0
l" 32 (x*+y7) (x+y°)
-t 5= o
XT+y" X" +y°

Hence the flow is of the potential kind and we can find velocity potential @ (x, v, z) such that

q=-V¢ Thus, we have

o K%y
_¢ = - = 5 =~ =
ox XT+y
b kex
T e 7 3
oy X"+ )

oz =—-w=0

.(6)

(D

-(8)

Equation (8) shows that the velocity potential ¢ is function of x and y only so that ¢ = ¢ (x.v)

Integrating (6), ¢ (x,y) = & tan ' (x/ v)+ f(y), where f(y) is an arbitrary function, -(9)
. K
From (9). @;/ V—— \, ~(10)
oy X"+ y°
Comparing (7) and (10), we have =0 s0 that
L [0v) = constant.
Smee the constant can be omtted while wriiting
velocily polential, the required velocity poiential can be
taken as |reler equation (9]
dix. 1) =k tan {x/ y) (1D
The equipotentials are given by .
s s X x
Etan ™ (x/ v) =constant =&~ tan ' ¢
or 1= ¢p. ¢ being a constanl

which are planes through the z-axis. They are inlersected
by the streamlines as shown in the figure. Dotted lines
represent equipotentials and ordinary lines represent
streamlines.

() Proceed as in part (o) upto equation (11). Then the required veloeity potential s given by (11).
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2xyz _ |:-'f; - J’:}z L ¥
Ex. 6. () Show thet H=——F"77, | eSS
(x= + )" (x4 v X+
are the velocity components of a possible liguid motion. {5 this motion irrotational
[Garhwal 2004; Agra 2004; Kerala 2001; LA.S. 2000, 2002 Meerut 2002, (4]

() Show that o Tuid of constant density can have o velocity q given by
2xyz L‘c: —_v:iz v
- ) LG ] ERE ] ™
(X" +v7 )1 X +v ) x+y

Find the vorticity vector, [Kanpur 2007; LA.S. 1988, 98, 2000]
Sol. Part (a). Here, we have

- 7, 347 2., .2 1.2 2 e P
o Lo 4 )" =x2(x" + ) 2x X5 =4x . ¥ =3x
—=-2) 3 =3 = —2.":31—1;=—L_1r31—w
cx X"+ ¥} (" + 7 (X" + )
N 2 9.3 2 g " g 1 o 5 g PO
L o L e e e R U el h_x‘ o el e T . 3T -y
EY . 2, 244 =Ta) T I P W
v (X" 437} (e + ¥ (X7 + 7]
and ow/dz =10
Hence the equation of continuity el 8x v Ey 4 Bw iz =1
15 satislied and so the liguid motion 1 possible.
Furthermore, we have
W v .1': 2 11 )
oW o —V -y
=—-""=—"r—7——77=0
avoodz (x4 (x4 )
& ow Ixy 2xy
e
Tofz i [ o Ul N (o Tl
v dw 2az(3yT —x7) 2a(3y —x7)
and ﬂ.‘- = - - > .3 -~ ] =0
tr oy (x"+¥7) i U )
w iy =dvfiz, {6z = Ow f dx, v/ =adnldy

and hence the motwon 15 urotabional.

Part (b). Let g = (v, v, w). Then we have the same values of w. v, w as m part {a). By
delinition, the vorlicity veclor £ is given by

Q=i+ j+ Q2 k=0. using part (a)
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Ex. 7. Show that & ={x—11{yv—1) represents the velocity potenticd of an incompressible

dwo dimensional fluid. Show that the streamilines at time 't are the curves
(x — :}3 —{y- I}: = ¢onslant,

and that the paths of the Muid particles have the equations

log (x =) = (1/2) = {(x + ) = a (x - ¥) "4+ b, where a, b are constants

Sol. Giiven fp=ix—-f1i{y-1 ih

From (11, we have

u=-0pSor=—{y-1), v=-0p/dy=—(x—1) and so o o =0=0ov/dy

Thus the equation of continuity Ou/dx+0v/dy =0 15 satsfied. Hence & given by (1)
represents the velocity potential of an incompressible two-dimensional flow,

Again, the equaiton of streamlines are given by

d_'r = dv or e = i
T (=t —(x—=4)
or =Nde-y=-Hcv=10
[nleprating, (x -1y - (v- f)* = constant
Finally, the paths of particles are given by
w=dxldi=— (v -0 and v=ddi=—(x -1
o dufdi =1—w -A2)
and dwidi=1-x A3
From (2) and (3), ded/di + e/ di =20 —(x+ ) i4)
Letx+y=2z s0 that dvdede + childt = il A3}
Then (4) gives dzict = 21—z or dzldt +z =21 Y]

which 15 a limear differential equation
. o Ja . N
Its integrating faclor = ¢ =& Here solution of (6) 15

ze' = jzm’dwc, =2-¢' —[[I}Erdf o =2’ -2 4o

. z=2-2+4qe" or xty=2-2+ce", by (5) 0]
Agamn from (2) and (3). dulde — (ahid =x — v
el — v iy —dy
or sl AP -y or W e
et x-y
[ntegrating, log (x—y)-log ¢, = ¢ or x-y=c,e. (8
Lsing (7) and (8). we have
Xx+y-—alx—-1)  =2-2+ce Lt taking o ==
LII I:':
- (1/2) = fx+vi—ax-y'=r-1 (9
But from (8, e'={x— fe., 50 that r=log (x-»)-logc,
f—1l=log(x—y —(loge, + 1)
i—l=log(x—vi-b taking b=—{log e, + 1) -1

Using (10, (%) reduces o the required equations
(/2= fx+y—aix—y "1=log(x—y) +h
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Ex. 8(a). If the velocity of am incompressible Tuid at the point (x, v, 2) is given by

vz ¥y 320t
R S

the streamidines.

3z 3y st 3
Sol. Here U=— vE—_ We——— = — =
. e ] k]
; i r Foor
where rr=a et
From (2], arite=x/r, arfy=1w/lr, drliz=zfr
From (13, (2} and (3}, we have
= I = .0
e 1 Ot Jz 15x7:z
— =3z —+{ —3xr '5'_— =
o | dr | p r
L 1 or 3: 151°z
—=3z|—+(- 5}]?'{" ———
&8 r v r' r
tw Gz ar s6r 6z 1527 z 3 z 9z I3z
e L e
de p oz -2 P ropor F P
o Ovoodw 153z 13z v, y. b 153z 13z 2
S tE s sy ) s ——xrt =0
N R A & roor

Since the equation of continuity is satisfied by the given values of &, v and w, the motion is

possible, Let ¢ be the required veloaity potential. Then

n1} i ¢er" + nhﬁ'z = — (nale vy +wdz), by definition of ¢

dip = —
:;'c -:,}
- _|ﬁh 3y 3z’ . r {fz} _ ridz — 3z (xdbe + vy + zdz)
¥ r ” P
ridz =3 zdr z
Thus, dp= T =4 L_tj * using (2)

Intergratmg | b=2z/r’

[Cnitting constant of integration, for it has no significance in &

prove that the lignid motion is possible and that the veleity potential is (cos()/#>. Also deterntine

RAM PRAKASH /Fluid Dynamics
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[n spherical polar eoordmates (v, 0, ¢). we know that z = r cos . Hence the required

potential 15 gven by b=(reos®)/r’ = (cos®)/r’
We now obtamn the streamlines. The equations of streamlines are given hy

de dy e . ax dv dz
= = e, 5 = 5 . 7 5
u iH W Ixzir 3_1"3."‘?’. {}z- _r-:]"lr

: y th
dv_dy s

Iz 3y 3257
Taking the first two members of (4) and simplifyving, we get
dle = dyfy or defe — dyfy =0

4y

Integrating, log x = log p = log ¢ ie xfy = ¢, ¢, being a constant L3

xely + vely + zdz o xdx o ydy - zds

Mow, each member in (4) =

-

3x':+3_1-':z+3.z?'—r:z Iz(x” =y  +z7)—rz

B xelx + vely + zdz ~ xdx + vy + zdz

ETE T R I E L S A

“by (2)
Taking the (irst member in (d) and (6), we get

dv xdv 4 vy + zlz 2de 1
—_—= or ————
vz 2z{xT+" +z7) dx 1 xsv otz

[ntegrating, (2/3)  log x=(1/2) = log (" + 3" + 2°) + log o
o

{f)

or ¥r=e o+ + 27 e, being an arbitrary constant AT

The required streamlines are the curves of intersction of (5) and (7)

Ex. 8(b). I velocity distributon of an ineompressible Quid al point (x, v, 2) 1s gives by
{3zl 3yale (k' — P)r'), determine the parameter k such that il is a possible motion. Hence

find 1ts velocly potential. [LALS. 2001
2 1m 72 _p2 2
Sol. Here u= i . v="- 'P: . W= : - E—La 1)
P A - [
where rrExhy T -A2)
From(2), drice=x/r, ariéy=ylr and drfdz=z/r ey

Mow proceed as in solved Ex. Bl(a) and obtain

- = 2 - 3
o 3z 15x°z v 3z 15y°z

— =5~ . ol S i)
o r‘ r.-'r L:'r' r.‘\ r-'
- - - - = 3
ow 2z . 5 Or g0r Mz Sz z 3 zr (2k+3)z 13z .
and =S-SR (5)
dz  r &z i - R N SR P r

Since (1) gives a possible liquid motion, the equation of continuity must be satisfied and so

culfx+ovidv+awldz =0

(2k+Wz 15z 2 (2k+9%= 15z

or —l:——_[h.'c't +piazy=0  or —q——._-r: = (b, using (2,04 and (5)
IS r' r "
o (2 - &)z =0 s that k-6=10 giving k=3
Substituting the above value of & in (1), we have
=3 l::}.".r::_ V= [ﬂj'z]fﬂj_ W= {3:2 = j'zj.ﬁj A6

Using (6) and proceeding as in 1ix 8(a), the required velocity potential ¢is given by é=z/r".
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Ex. 9. (&) Show thet i the velocity potential of an frroatioan! fluid motion is equal to
A [.1‘: + _v: + z:} *2 7 tan 1{1'!r]
the lines of flow will be on the series of the surfaces x* + 17 + 27 =7 (x* +%)*"
[Agra 2004, 06; Kanpur 2002, 11; Meerut 2004]
() If the velocity potential of a flwid is g =(z fr;]mn If_\,'," ¥ where e _1,-3 + ;:2, then
show that the sireamiines lie on the surfaces ¥+~ 22 = e (& + 177, ¢ being an arbitrary
[LA.S. 2008]

COFLRE .

Sol. {a) The veloetty polential ¢ 15 given by

i, p,z) = .-'Il[.'r] +}': +z]‘.l M2 2 tan :U.- i x)=Ar ztan | (vrx) e
where Pext 4yt 4 A2y
so that frfde =xlr, dridv=ylr, dzidr=2zir (3]

i 5 Azpr™
W= =3Azer Ttan ' L 22T
ox XX+
- 3
: SN L -~
v= —‘:Lll =3Azpr T tan S -
oy L
wW== ﬂ =34z P tan ' Y - 4 tan 1 Y
gz X X
The equation of hnes of ow are given by vl = dulv = dziw
i che _ ey __ clz ()
5 1 ¥ :]zyr"‘ 5 | ¥ Azxr - 13 2 -5 3, 1V
3z an 4+ L, 3dzw an S-S ABzTr - itan
xooxT 4T L ¥
xele + _}dl]'l- b zelz el _vuf_y'

(om simphleation)

Each member ol (4) 15 = - - — = — —
G343y +3270 " =1 Gx™ +3y" )

xelx + vy + zdz r¥ (el + yudy)

or = —
2 Ix”+ )
Zvdv + 2vdy+2zdz 2 2wy + 2vay _
0or - - - ==: - . 3
RO o U -4 3 X7 T
Integrating (5], log (¥ + 37 + 25 = (2/3) = log (x* + ) + (2/3) % log e
or byt =" (v + )™, ¢ beng an arbitrary constant ()]

{6) gives the reguired series of the surfaces on which the desired lines of Mow will lie.
(). Proceed like part (@) b taking A = 1. Thus obtain (3). Integrating (3), log i +_~..J2 + z:] =
(2/3) = log (x* + %) +log e giving ¥* + V* + z° = ¢ (¥ + *}*”, ¢ being an arbitrary constant.
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Ex. 10. Crivern u Wiw v = Wx, w = 0, show that the surfaces interseching the sireamlines
arihogonally exist aned are the planes throngh z-cocis, although the velocity potential does not
exist. Discuss the nature of flow,

Sol. Given u=— i, v =, w=1 AT
ot S = 1), vy =1, dwidz =0
so that cn fox+ v S+ dw/lz =0 20

{(2) shows that the equation of continuity 15 satisfied and so the motion specilied by (1) 1s
possible. The equations of the streamlines are

de dv dw , de dv  dz
— == i, — ==
i v W 'y Wx 0
giving xae vl =0 and dz =1
[ntegrating, = ¢, and z=e¢, ¢ and ¢, being arbifrary constants  _..(3)

Henee the streamlines are cireles given by the mtersection of surfaces (3).
The surlaces which cul the stream lmes orthogonally are
wele + vy + oz =

i€ Wi + Wedy = 0 or defy — dvly =10
[ntegrating, oy = or ¥ = ¢y, ¢ being an arbitrary constant, (4]
which repressents a plane through z-axis and cuts the stream lines (3) orthogonally
MNow udy + vely + wdz = — Hidhe + Wxdy A5
il T .
[ere — (W) =-W and — (W) =1. ()
a v

Henee wale + wdy + walz 15 nol a perfleel dilferential and so the velocily polential does not
exisl Agam, we have

i j k i i k

a & @ & g
cwmlg=— — —|=| — — —|=2k,

de vy £z dx v dz

VW v e 0

Since curl g =0 the motion 1s rotational. Notice that a rigsd body rotating about z-axis
wilth conslant veclor angular velocity 2Hk will produce the above type ol molion.
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Ex. 11 Prove that the liguid wmotion is possible when velocity ar (x, v 20 &s given by
1= (35— A, v = w = 3xzfr,
where r* = x* + 1 + 2°, and the streamlines lines are the intersection of the surfaces
o+ + 20 = e 0 + 207 by the planes passing through OX. State if the motion is irrotational

SIVINE Feasons jor Vour arswer. [Kanpur 20015 Agra 2008]
Sol. Given o= {f-!J.:2 -, V= 3.‘;“.-"#'5._ w = 3xzir’ Ay
For the motion to be possible, we must show that the equation of continuity
duldx+ividv+iwloz =10 A2
must be satislied.
From (1), g _[6x-2r(r ) 13;4 (@ {0 (3% —r7) 3
3% R e
But re=xt 4+t e
From i4), arfcc=x/r, arfcv=vir and drioz=xzir A3y

Lsing (5), (3} gives

G (6x-2x)r" — 5% (3x7 —r7)  3x(3r7 - 5x7)

¥ o r r!
o v 3x(r’ -5 fw 3x(rt -5z7)
Surularly, i — and — s
ey r £z r

- =}, using (4)

F
{2) is satisfied So the liguid motion is possible. The equation of streamlines are
de dy oz ey dy e
=== or - —=—= Y
] vooow Ix-r° a3z
Taking the last two members (6), we gel
chily = dziz aiving v =gz, abeing an arbilrary conslant AT
which is a plane passsing through O

. xelx + vy + zoz velv + zelz
Mow each member of (6) = — =t

x#jr: —r‘g} N 31’(_}'1 +27)

3 2xdy + 2wy + 2zdzy  2(2 yelv + Loz

Thus, 2, 1 12 1, .2
x =+ _I" = Z _1' + =
Inlegrating, Flog (X +17+ 2 =2log (W +#7) +log ¢
or (' +17 + 271 = e(y” + 277, ¢ being an arbitrary constant B

The required streamlines are given by the imtersccetion ol surfaces (8) by the planes (7
passing through OV

Finally, 1o show that the motion is irrolational, we should verily the conditions:

oW gv O ow oo
— =0, = =0 7, =0 (9)
dy oz Gz i e ay .
From (113, we have
o 3y(dxT—r) S 3z (5% — 1) v 3pirt-5xT)
oy r oz F! ) e # '
e 153z i f%z{r2 - 5;’2} fﬁj _ 15x)
iz U ox r? ’ ay ”

With these values, conditions (99 are all sauslicd. Henee the motion 15 irrolational.
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Ex. 14. Show thar the velocity poremiial §= {a.-‘E_‘]x{x: + yj - Ez:} satisfies the Laplace
equation. Also determine the streamiines. [Nagpur 2003, LA.S. 2002)
Sol. We know that the welocity q of the fluid 15 given by

-

i a R - 5
q=-v =—[ir—'—jﬁL+kﬁL {2 syt -2z )}

dx T dp gz )12
or = —[a2) = (Ivi = 2yj — dzk). i
But q=uni+vj+wk A2
Comparing (13 and (2}, = —ax, V= -y, W= 2az.
The cquaitons of streamlines are given by dylu = dviv = dzfw
dvdv lde 2dy  d:z .
== or — == E)
- —dy 2az X vooo-z
Taking the first two fractions of (3), (1 = (149 dhe.
[ntegrating, log x =log y + log ¢, or =W 4
Taking the last two fractions of (3), {(2Mdy + (1iz)dz =0
Integrating, 2log y +log z = log ¢, or Viz € A3)
{(#) and (3) together give the equations of streamlines, ¢, and ¢, being arbitrary constants of
wlegration.
Now, given that b=(a/Dx(x"+y =227, A5)
From (&), ap /e = a, b Dy = av and oz = - 2az
= '/ ox’ =a. Saltv' =a and &l =-2a
L Ot By + M 82t = a+a-2a or Vi =1,

showing that ¢ satisfies the Laplace equation

Ex. 15, Show that b=x f(r) 15 a pessible form jor the velocity potential of an

incompressible lguid motion, Given that the liguid speed g —0 as v — o, dedwce that the
surfaces of constant speed are (r* + 3w ¥ = constan.

Sol. Given h=x1(r). i)
q=—Vi=—V]xf(r)] == frVe+xVfir)| 2
Mo, rf=xty _'u? Pzt = 2ricridvi=2x = orfix=x/r i3
Similarly, cricy=vir and dridz=z/r S

Also, Vo= i o)+ jiod e+ kid 8z e =i

and Vf(r) =[i(2/2%) + @/ av) + k(@122 ()

RAM PRAKASH /Fluid Dynamics Page 18



=i 00 L) + § ()@ Fav) + K ) (O B2)
=i e/ P+ SO R+ R SR (20r), by (3) and (4)
= (1) ) (e + o+ K2) = (10 S0
(2 = q=—f(ri-(x/r)f{rr (5

Ior a possible motion of an incompressible fluid, we have
Vog=1 or V(=W =10 or V=0

or (B fex® + 87 fdyT + 808z )x f(r)] =0, using (1) i)

I I P LG
ET[ﬁI{x.HrJ}} ﬁ‘x[.f(rhr - ]

Mow,

ox”

R B i |

e ox ik o ik

il

Alan

. (6) becomes Et‘:— +.1:[U :

=] d T
Mo, r@i difa:r f& using {3). i8]

, Ff_afary_af .x AN
and af‘:a(ac]_ax('f ]_ "&( ]
o

Ly “’[J'J._:L ~f" x

or o P

—+'—,f"—'r—_;f’ 9

7 ¥ 2 . o .
Strmlarly, —{ —":-—+y—1f —}—1..?' (10
2

ar B
and j = Jr_"'—...?r ——1,,11'- 11
' 4

Adding (9), (10) and (11), we get

i af -L'_f o _\::+1s‘1+z: eyt

2 ..3 .Jr“_

b5l ‘f_ b5, 1’ dz” r r

4 4 b ] ]
=i+_}r"'_-’r_. as ¥’ +y: +z°=r".
r r

Ffrot 4@t fI + 7 1ot =2 v+ [ -(12)
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Lsing (8) and (12), (7) reduces 1o

(2 ) af

25
Jlr r+.\:[?—.+IJ|r'JrJ=|::| or .J|""+-_:ﬁ

¥

or Fr+alr=0
Integrating log f+4logr =logg so that fr=er, A13)
[ntegrating (13). J=—le 3y =r 4 o €y being an arbalrary constant 1)
Substituting the values ol /" and /' rom (13) and (147 m (55, we gel
q=- :{t'l_f'_?r:] o b (c‘._.\:.’:""j r -[15)

Given thal g — 0 as ¢ —» oo, hence (15) shows thal ¢, = (.

i
. Gy xr
o from (15, §=—i-— J )
TS r
2 el f 3ar 3xr _ "_ _ﬂ _-_9-"-"' )
MNonw, g =q-q=—"_|i-"" |- __9-° ii-—ri —rer
aptl T R : r
= < a1
o 1 fx” N GxTp” 8 d .
o6l T T2 4 as rer=ir an ri=x
et - o
C -'h..': ! [ & .
=_1: = =—'EU" +3x7).
Gy r Or

Henee the required surfaces of constant speed are

2 2 108 ra? 2 . 2, 9.2 ,-8
g~ =econstunl  or (g /97 (" 37 )= eonstant or (@7 4327 )r 7 = constant
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Ex. 4. Liguicl is contaimed beiween two parallel planes, the free surfoce is a circular cplinder
of radins @ whose gy iy perpendicular io the plones, Al the Tguid within o conceniric circufar
cvlinder of radins b s swddenly anmibilated © prove that 1f 1L be the pressure al the onler
surface, the ntial pressure af any poinl on the Iguid disiant v from the centre is

[ploar —logh [Kanpur 2000; Mecrut 2000; Agra 1995; LA.S. 2006]

loga — logh '

Sol. Tere the motion of the liquid will take place in such a manner so that each element of

the hgumd moves towards the axis of the eylinder | z | = &, Hence the free surface would be
evimdroeal. Thus the hguwd veloeny o will be radial and ©° wall be lunchion of »* (lhe radial
distance from the centre of the cylinder | z | = & which 15 taken as origin) and time ¢ only. Let p

be the pressure atl o distance r'. Then the equation of continuity s

=1 Y
From (1), o' = F' ()l r' (D)
o e 18
The equation of motion 15 —+ E"T———H—pl
ot o (LR
or m ¥ i(lv'j ] = —li using (2}
’ ar'l 2 p o
Integrating, F'irylogr’ + l::'j - r + (7, (7 being an arbitrary constant )
2 P
[mtally when ¢t =0, ¢'=0, p=F 5 (3) = Flogr'=—(FPip+C Y

Again, =11 when r'=g and = 0 when ' =6 So (3) vields

Fimloga=—{01/p)+ and Flioylogh=0C )
Solving (3] for F(0) and O, we have

f'=—1¢1gbL, FOy =—L.
plog(alh) plog(alb)
Putting these values in (4), we get
P r 1 log b

= logr’ -
pooploglalb) plogialh)

ar o1l log r’ ~ logh _ | []Ug ¢ logh

: )
log {a/b) logea —logh (&)

For the required result, replace »" by r in (6).
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Ex. 12(a). A steach inviseid incompressible fhuid flow has o velociiv field w = fr, v = -
w =, where i s a constani. Derive an expression for the pressure field pic. v, 2) if the pressure

P 0, 0) — pg and F giz [LA.S. 2006)
Sol. Chven = fx v=—fy wo={l, S boing a constant .. (1)
Also, given that P=p when x=0, y=10. z=0 - (2)
Again, F=-giz = A=0, F=0 and Z=-—gz 13

Equations of motion for steady motion (7/¢) =0 of an mcompressible fluid flow {see Art
3.1) are given by

(O 3+ viEn fov T+ witn [z =X = (1 pi=(ap/ix) Y
wlcv/ Ex)+ v/ av) + witv/dz) =¥ —(l/ p)=(Cp/v) 5
w(Owd Oy + v(Ow S D)+ widw (dz) =2 = (1 py=(dp/iz) R [3)]
Using (1) and (3}, (4), (3) and (&) reduce o
[Px=—(1/p)x(@pl ), —fly == (lIp)x(Bp/ &n). 0=—gz—(1/p)=(ip/ i)
= aplox=—fpx, cplov=fpy and op/dz =—-pgz ATy
MNow, dp =(dp/ oy de+ (Bp /vy dv+(dp/z) oz

dp = (f"px) de+ (p vy~ (pgz)dz, using (7)

[ntegrating, p=- f_,l":rrxljfi+ {_flp_v:}fz =g 240, C heing a constant C(8)
Pullmg x =y =z=0and p= p, (scc condiion (2}). 1n (8). we gel U= g,

Thus, the requred expression [or the pressure leld 15 given by

pley.z)=po—p(fx =7y  +gz9)i2

Ex. 12(b). Vov a steady motion of inviseid incompressible fluid of wniform density wnder
conservative forces, show that the vorticity w and velocity g satisfies

(g-Viw={w-V)q. [LA.S. 1989]

Sol. Vector equation of motion for invicid incompressible fluid is (refer Art. 3.1A)
ol + Vit I 2) —qrcurl g = F =1/ p) Vp (1)
Since the motion s steady, dig /i =10 e (2)
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Since P 1s uniform, (1/p)Vp=V(p/p) .. (3)
Since F 1s conservative, F=-VQ. where  1ssome scalar function. ()
Agamn, bv definition. vorticity vector = w = curl ¢.
Using (2), (3). (4) and (5) in (1). we obtain
Vig'i2)-gxw=-VQ-V(p/p) or gxw=V(g"[2+Q+ plp)
Taking the curl of both sides of the above equation and using the vector identity
curl gral ¢ = 0. we have
curl (g = w) =0 or (Vw)g—(g-Viw+(w-V)g-(V-qiw=0
or ~(q-Viw+(w-Vig=0 or (g-Viw=(w-V)gq
where we have used the following two results
Vow=V.Vxg=0 and Vg =0 (continuity equation).

Ex. 13. Show that if the velocity field
B(x* -y7) 2Bxy
u(x, y) = —5—=s—3, oAx, y)=——, (e, 1) =
Ty (x"+y7) W) =9

satisfies the equations of motion for inviscid incompressible flow, then determine the pressure
associated with this velocity field, B being a constant.
|Kanpur 2002, 03, 05; Rohilkhand 2000, 05]

Sol. The equations of motion for steady mviseid meompressible ow are given by

w(fn )+ 00 A+ widn /8z) = (1 p) (Fp / 8x). o0
u( v/ )+ v(dvd D)+ wide /02 = =1/ py(dp/dv) A
and wicw ! dxy+oidw/ vl +wi(tw/ 2y = =1/ p) (dp /o2 Y

From the given values of «, v and w, we have

au B 2x(x” + 7 —dx(x” — ) (x7 + T B 2Bx(3y” —x7)

B {_r: +}:2)4 l-rz _'_},:}3
G _ 2y A ) () | 2BYBx -y 2
ay (" +yhy? (e 45 oY

bl zﬂyﬁx: + yz}: —4.1::_}{3:: + y:_‘,l N EI{vL}': ~3x%)

e ';r."! _-1’__:":'5 {x? .|_"|_,.:"}-"'

& _ mx(.rz +37 —agt (f +7) 2B -3)7) o _,

oy (x*+ 35" (x =3y dz
ow i fe =10, cwidy =10 and Owfdz =0,

Substituting the given values of &, v and w and also using the above relations, {17, (2) and (3}

reduce to
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Bix’ -y®) 2By(v’ -3x') 2B 2Be(x’-3Y) 1 dp
() () ey’ (2 ) b3y
and 0=={1/p)(8p/éz)
Simplilying the above equations. we have
2B°; 1 23 2 v a2 2 1 &
ﬁ—t:i[{x" =3y —xT) -2 (3x0 -y = —?
(" +y7) P o¥
2.!5": ¢ b > v 3 7 ]. 3
— 't_q[f-f‘ O -aR r at t - 3y = -
(x™+ 7y p v
and U=ap/az
Again simplifving the above equations. we have
25 2 14 2Bxp G
or =8 5{—x*—2x"_v"—y4]———£ ie., Bl i)
(x™+p7) o (X +y) or
2 = 2 -
L{—x L2y oy =1 e, 28 w2 )
(x? 4% p i (0%
and O=dpldz. 03
Relation (3} shows that the pressure p 13 independent of z, Le., p= p (x, V). Hence, we have
= (&p/ oxhey + (Opd V) dy
2B* 2B°
o dp = — x[’ﬁfr 5 1P av =" pixt + By {2xci‘r+'?wfw
(x"+ ¥ (x” + ) >y
or dp = Bp(x® + 1) ' dx* + v
[ntegrating, p=C—(1/Dx Bp(x* +y*)* =C—{Bp/2(x* +y*)*}

where 15 a constant of integratioon. Tt gives the required pressure distribution,

Ex. 14. The particle velocity for a fliid moticn referred to rectangular axes is given by the
CONNPEIENTE i = A cos {zx2a) cos (220, =1 w = A sin (oo’ 2a) siw (xzeda),
where A is a constant, Show that this is a possible motion of an incompressible fluid wader no
body forces in oan mfinile fixed riged iwbe, ca = x <0 0 £z 2 2o Alse, find the pressure
asserciated with this velocity field. |LAS. 1994; Meerat 2003)

Sd. Given o = A cos (mxf2a) cos (mzf2a), v =0, w= sin {m/2a) sin (mz/2a). (1)
From (13. O/ = = (Ar/ 2a)sminr/ 2a) cos (nz 2a), &l By =0
and owdz = (Ax/ 2a) :.u't(itt-'luh.ua{ﬂ;" 2a). -(2)

; cndox + Soidy + dwldz
-{h{mmb that the given velocily components represenl a ph'lr-m_d]h pmmhIL Tonw,
The equations of motion Tor steady inviscid incompressible Now under no body orees are

wldn/oxy + p(Ouldv) + witn/dz) = <(1/p) (Opfix), NEY
w(dnon) + o{feidy) + widedds) = <(1/p) (Cp/idy) LA
and wl(Swddn) + o dwity) + widw/dz) = —(Up) (Epicz). LA3
From (1}éu/dy =0, Puffz = — (An) 2a) cos (mx/ 2a) sin{nz / 2a))
cnfdx=ovfoz =10, vl Ox =(Arnd 2a) cos (me/ 2a) sin{nz f2a) | -(6)
and widy=0 |
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Using (17, (2) and (6), the equations of motion (3), (43 and (3) become

wr = An pn g nz X mz Am i S vd 1 dp
=4 cos — cog —- 8N = CO8 = — A §IN — I ——- Cos — Sin ==

i 2a 2a 2a 2a 2a 2a 2a 2a 2a P o
0= —{l/p) (Cp'ty)

RX z s - .M . mz Am . mx =z 1 ép
Acos — cos — — ¢os — sin — + A sin — sif — —— §in — €08 — = - — —
i 2a 2a 2a 2a 2a 2a 2a 2a 2a P oz
Sumplifving the above equations, we have
dpfix=(m pA* 1 2a)cos(me { 2a) sin (e / 2a), AT
Epicy =10 A8
and fpliz=—(xpA* 2a)cos(nz/ 2a)ysin(xz / 2a). A

Equation (8) shows that the pressure p s independent of v so that p = pix, ). Then
dp = (Op/dnyde + (Epffzdz
or dp = {Itp_-i:ﬂf:} [eos (me2a) sin (mo2a) de — cos (nz/2a) sin (nz2a)ddz ), using (7) and (9)
Integrating, p=inp 4° {2a) [(ad ) sin” (mef 2a)—(a/m) sin” (mz/ 2] + C
or po= I:p_-]: A2 gin® {mx {2a} —sin® (mz/2a)| + C. C bemng a constant of integration. ..{10)
(10 gives the required pressure associated with the velocity held given by (1),

Ex. 1. dn infinite mass of fluid is acted on by a force “Ir'-"': per wnit mass directed fo the
origin. If imifially the fluid is at rest and there is a cavity in the jorm of the spheve v = ¢ in i,
show Hrat the cavity will be filled up after an interval of fime (2 s':'!-u}lll e

|Kanpur 1999, 2009; Mecrut 2005; LAS. 2003)

Sol. Method T ALany time £ let @ be the veloeity at distanee #* [romn the centre. Agaim, let r
be the radws of the cavity and @ ils velocity. Then the equation of contmuty vields

rie =rip D
When the radius of the cavity is r, then
. 1 o
_ = 1 - . N e eNErEy = — 5 % (velocite )
Kinetic energy =‘[ — (e pdr'y-v'? |: Kmnetic energy = 3 * mass = (velocity) }
r 2
o e .
—Exp.l'11’_j —5* using (1)
LI -
=2'K|'H"1'E":.

The mnitial kinetic energy is zero.

Let 17 be the work function {or force potential) due to external forces. Then, we have

2
—_——— g0 that o =H

fr' et P

c _?.'] N T o Y . 16 eiq .
j [ 172 J"I'”" L |}—H'EHPJ r ; Edr = T[?'LHI:'E' 2 _rﬂ 2y
r Flr ] ‘_‘
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We now use energy equation, namely. Increase in kinetic energy = work done

This = 211{3!";?‘: -0=(16/5) xxpplc’ -r)

.c.f.r

wherein negative sign is taken because r decreases as f increases

Let T be the time of [illing up the cavity. Then (2) gives

- 0 ___d /2 . 347
j di = [ 1 j’ - r or m_ 3 j Jq ot

0 B ) .J'_r -r* Bu o e =r"")
Put P e ant o so Lhal (5/20% 1 2 dr = 267 sinOcosh d0.

e -
5 24 g4 2

1"=[—] J — ¢ sin0d0 = —J e
B 0 3 | 3

Sccond Method. Tlere the motion of the Muid will take place in such a manner so that each
element of the [uid moves wowards the centre, Henee the free surloce would be spherieal. Thus the

fluid velocity o will be radial and hence © will be function of #' (the radial distance from the
centre of the sphere which is taken as origin) and time 7. Also, let v be the velocity at a distance r.

Then the equation of contmuity 1s

Py = Fi = o, AT
o

From (1), % il 2N e
iF r-

The equation of moton 15

Y 3 14
ET”"{—,- -—t-——L
ot cr Pt opor
or "r_f}+ Hi[l-p“-:]:—#_l—l T—F using (2) i3
e ar'l 2 Ao par

dr [ J 52 2]-_.: o
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Integrating (3) with respect to 7', we have

FFgo 1.2 20 p . , _
e *57’ =r,,T'F*‘( - (" bemg an arbitrary constant

When # = o, ' =0, p=0. So from (4), C' = 0. Then (4) becomes
' i | 2 2p p

.

r 2 r?op
Now when # = r. " = vand p= 0. So (5) reduces to
F'(t)
5
Now, (1) = Fo=rfe = F@=2rdrd)+ r(dofd)
3 dv dr dv dr

S dr 2 2
or F'=2r0 —+ - = 2r0° +r°v—, as — =D
dt dr di dr dt

+ll": :i"_‘...
2

Hence (6) gives

] » »dv] O 2 . 2
—-—|i2rv‘ ‘r't'(—J+—= .h or rv@+i v =— i o
r dr 2 pe dr 2 VL
Muluplying both sides by 2", the above equation can be wrilten as

20 do + 3r°0 dr = ~dur " dr or d@rv)=-4 _ur"‘ dr.

Integrating, Pt = —8uisy T + D, D being an arbitrary conslant

When r=¢,v=0_ So0(7)gives D= {Ep."S}fﬁ':. Henee (7) reduces 1o
F? = (8u/5) (2 — 15

dr (8 vz f sz _ e\
oar ow= 4 5 ;'3

taking negative sign for driaf since velocity increases as r decreases,
Let T be the time of hilling up the cavity, then

- sV 0 i g
r=-l% PPN TE
w)ode @ =

] e

Lt r = e s 0 so That (5/2) = ¢ "elr= ¢ sin 0 cos O dD.
142 - 5T . 504 - 312 n
4 12> gin Beos O 4c 5Y° 2
r= 22 j € SN T an-—2 | 2 I sin 0 d0
2L Bp U e posh 5 LT il
o =250 = &
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5.2. Stream function or current function.
[Agra 2005; Rohilkhand 2002, 03; Meerut 1999, 2010; Kanpur 2010, 09]

Let woand  be the components ol velocity in two-dimensional motion. Then the differential
equation of hines of flow or streamline 1s

dxin=dv/ or dx —udy =0 A1)
and the equation of continuity is

o

- A~ A
Myl =0 o - oCw) -(2)
fx  dy &y oy

{2) shows that LS of (1} must be an exact differential, oy (say). Thus, we have
dy —nidy = vy = (gl ! Ol + (Syrd ey A3
so that u=—dy/dv anid =y dx Ly
This function W is known as the seream firmction. Then using (1) and (3), the streamlines are
given bv gy =0 ie, by the equation y=¢. where ¢ is an arbitrary constant, Thus (he stream
function 15 consiant along a streambine. Clearly the current [unction exists by viriue ol the equalion

ol contimuty and meompressihlity of the lnd. Henee the current function exasts i all tvpes of
two-dimensional motion whether rotational or wrotational.

5.5. Some aspects of elementary theory of functions of a complex variables.
Suppose that  z = x + #  and that w= f{z)=d{x, ¥)+ipix, v

where x. v, . W are all real and i=+—1. Also. suppose thal ¢ and W and their Grst derivatives
are everywhere continuous within a given region. IF at any point of the region specified by z the
derivative dw/dz (= '(2)) 15 unique, then w is said to be analitic or regnlar at that point. If the
derivative 15 unique throughout the region, then w is said to be analyvtic or regular throughout the
region. It can be shown that the necessary and sufficient conditions for w to be analvtic at z are

oS e = g Sy and Sy = -0yl dx,
which are known as the Cawclv-fiemann equations, The funetions &,y are known as comjugare
Jitnctions,
5.6. Irrotational motion in two-dimensions. |Meerut 2007; Purvanchal 2004, 05]
Let there be an srrotalional motion so that the velocity potential ¢ exists such that
= — /S and = — i/ Ey AN
In two-dimensional flow the stream function yr always exists such that
==y oy amnd = dwy / fx (2]
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From (1) and (2}, we have
b e = iy oy and ooy ==ty ldx i3
which are well known Coanchy-Riemann s equations. Hence §+ap 13 an analviie [unction of

z=x+ iy Moreover ¢ and W are known as conjugaie fitnctions.

On multiplying and re-writing, (3) gives
G oy Ob Gy _ ()
ox dx 8y oy
showing that the families of curves given by & = constant and W = constanl miersecl orthogonally.
Thus the curves of equi-velocity polential and the siream lines miersect orthogonally.
Diflerentiating the equations given in (3) with respect o x and v respectively, we gel

" el
=2 =2 i &
i G _
T= ! and — =T 5
frs Cxdy ay cy
-\: -2

y-o¥, adding (3) gives

Fplant v %9 at =0 (6)
Agam, dillerentiating the equattons given in (3) with respeet oy and x respectively, we get
. - - >
G T oo oy
o Y and e __ov
thdx  dp” chachy ox”
Since r'*:¢,ff?_rr'.fp = f'f:quff-u x. subtracting these, we get 621.'1.-' e +r"31.|:f r_.fp: =0 .07
Fouations {6) and (7) show that ¢ and g sarisfy Laploce s equation when a two-dimensional
irrotational mofion s considered | Meerut 2010]
5.7. Complex potential. [Meerut 2011]

[GN.DU. Amritsar 2003; Rohilkhand 2001 ; Kanpur 2001, 05; Agra 2005)
Lel w=d+iy belaken as a inchon o x + i fe. 2 Thus, suppose thal w = Jiz) ie
d+fyp= flx+iy) A1)
nfferentiating (1) w.rt x and v respectively, we get
o e oy /) = i+ i) (2)
and b v+ Ay S = 6 e+ i)
or S e oy S S = o D+ o Ex)E, by (2)
Equating real and imaginary parts, we get
o e = S/ dy and oy = —ayd v A3
which are Canefn-Riemann equations. Then w is an analvtic function of z and w is known as the
complex potertial,

Conversely, if w 1s an analvtic function of z, then its real part 15 the velocity potential and
maginary part s the stream function of an irotational two-dimensional motion,

Remarks. 11 e+ dyr= e +ivh, then ih—y = if (x+iv)
Thus, w—ip=—if{x+i) = glx+ivh say
Henee proceeding as belore, we get (3), Henee another irrotational motion is alsoe possible in
which lines of equi - velocity potential are given by W = constant and the streamlines by

¢ = constant.
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5.8. Magnitude of velocity. [GN.D.U. Amritsar 2002; Kanpur 1997]
Let w = f(z) be the complex potential, Then

W=+ ane Z=x4+i AN
Also o /e = e Sy and apfoy=— cyplox A2
For two-diensional orolational motion, we have (see Arl. 5.1
w=—of/ v and =i v RE)
From (13, ﬂﬁ—z=ﬁ+rﬂﬂ and ':::=]
dz v vy O i
dw 0

—j— :
d o oy using (2) ey

ar dwldz =—n+i using (3) A5
which 15 called the complex velociiy.

From (4) and (3). we see thal the magniode of velocily ¢ al any pomnt n a two-dimensional
irrotational motion 15 given by | awdz |, where

10

|dwi!dz | =43/ o) +@piav) Y =+ 1) =4 (5)

Remarks. The pomis where velocily 18 wero are knoewn as slagnelion poinis.

Ex.15 Show that u = 2exy, = ola® + ¥° — V') ave the velocity components of a possible
Jnid motion. Determine the stream funciion. |Rohillkkhand 199%]
Sol. (hiven i = 2oxy, = c{u: + —_vz} T

FEquation of contimuily - xp-plane 15 given by
culfde+d fdv=10 2]
From (1), fw/dx=2cy and @ /v =-2cy. Pulling these values m (2) we get 0 = 0,
showing (2) 15 satished by 1. given by (1) Henee # and  constitule a possible Mod mobion.

Let he the required stream function, Then, we have

u=—(oy/ o ar ae Dy = = 2exy NS
und =-:‘-Lp.4'£‘:r or f‘ﬁ|r.-"ﬁ_1;:=c,[a:+x:—_].,'::| L
Integrating (3) partially wrt “' W= .-:xjp: B, 1), ()

where ¢(x, 1) 15 an arbitrary [unction of x and

Differentiating (3) partially wrt “x', By { Ex = —cy” + B/ fx ()]
4 and (6) = —.:jg,-:+ﬁ1|fﬁn:: ela’ +_1;-:—fp1} or A v =ela” +x7) (N
Integrating (7} partially wrt “x", bix. N =cla x+x /13 +yiy.f).

where iy, ) 15 an arbirary fmeton of y and ¢
Substrituting the above value of ${x. 1) 10 (5), we gel

w=clax” +x° /3—x )+ y (. f). which is the required stream function.
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Ex. 16. Show il v = — my, = wx, w = 0 representy o possible motion of imviscid i,
Find the swream funciion and sketch strecon lines. What is the basic difference between ihis
motion and one represented by the potential  § = Alogr, where r=(x" + 1y

Sol. Grven Ho= - my = mx and w=10 AT

1) = du/dxr=0=78 /& Hence the equation ol contmwmty Su/fx+¢ /dy=0 1s

satisfied. Hence these exist a two dimensional motion defined by (1)

Mo, oy = (S Ex el + Sy B A2
th 3 ct &
But ﬂ=—ﬂ= =mx and £=t“—¢=—!:=m_gs
a3y v ox
. (3) reduces to dy = mxay +opdy = d fm [x: +_v:]123
¥

[nlegrating, ~.|:=m|[x2 +_y3) {2+, where ¢ 15 an arbitrary constanl.

The required streamlines are given by W = constant = o', sav X
ie. ="+ 1 0 24+ o Ty = e w=a", say

Hence the required streamlines are concentric circles with centres

at origin as shown mn the adjoining lgure.
Second part: Given

2 2 a 2 2
d = Alogr = Alog (x~ + 1°)"* = (A4/ Dy=log(x” +y") 3]
£l A i Ay
W==—==-—F-7= and =T T3 >
ox T+ oy x5+
- a -\. ¥ ) .l - 3 2 . 2 a3
&7 X+y -2x -y & xT =y =2y =y
—% T:—_-I e NG =4 3 — -\___"'.J __L' T - 5 —
ox (™ +y - (x"+y7)" o (x=+1) x4+

s fwdfewd fdp =0 so that the equation of continuity is satisfied.

Henee there exists exists o motion for the given value of
Third part. DilTerenee between the two given motions,
For the Tud motion given by (1), we have
curl g = d(dw/ v =0 Jaz)+ j(0u ! s —ow/8x)+ k(& Fdv—duw/dv)
=i+ 0 =00+ & (o0 + ) =0,
showing that curl ¢ = U, Henee veloeity polential does not exist for the fud monoen delined by (1)

irefer Art. 2.26), whereas velocity potential exist for the second fuid motion.
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Ex. 19, ln two-dimensional motion show that, if the streamlines are confocal ellipses

Cla AR IR e =1, then w=Alog (Va* +h. 42 +3) + B
aned the velocity af anyv point is inversely proportional to the sguare root of the rectemgle under
the focal radii of the point. [Rajasthan 1998]

Sol. Take z=0" cosw then x+0 =0 cosid+ iy iy
or x Ay = (cosd cosiy —sin dsin iy
or x4+ iy = cosd coshy —iCsindsinh vy (2)
Equating real and imaginary parts, (2) gives

x = cosbeoshy and y==C sin¢sinhy
so that coq¢ - X and s (i; e o ¥
' coshwy ' sinhwy
Squaring and adding these, we obtain
2 4
X T

= — 1 -
C*cosh® v C”sinh“y (3)

which give the streamhines in two-dimensions.
Again, given that the streamlines are confocal ellipses
@ TRV BT+ =1 (4)
Since (3) and (4) must be identical. we have
C* cosh” w=at 4 n and C?sinh? W =b*4n
C(cosh y +sinh y) =Va® +74 +vh* + 4 or Ce¥ =Va* +h+Vb* + A
[+ coshwy=(e¥+e"V2 and smhwy=(e"-e")2]
“ a -~ - v >~
or y=log(Na +n +vb" +4)-logl &)
IF d, yroare velocity potential and stream function, so also will be A and Aw where A 15
a conslant. Hence (3) may be re-wnitien as

= Alog I:'u'lu: Fh VB 4+ B

From (1), = =—Csinw=-Cvl-cos” w = -l -z* .-'E'l]"2

aw
=N -2 = [C+)(C-2)=~Jnry

where r, and r, are the local distances (radn) ol any pomt F(z) from the foct 5 (€. ) and
&=, of the ellipses

Thus g =|d11*.-rfr’z|=1,“\,"fﬁ.
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1 )’ +0°
Ex. 20. Show that the velocity potenticl h= 5 log (x ﬂjﬁ "'..,
L (x—a) + 3

arves a possible motion, Determime the siveamiines and show alvo that the corves of egual speed

are the ovals of Cassing given by v’ = const, [Rajasthan 20005 LA.S. 1990]
Sol. Given b= (1/2) = log[(x+a) + v =(1/2) = log[x-a)” + "]
H=_ﬁ=_ .'r—:i _4 .\'—ﬁa i o
e (x+a)” + v (x—a) +y
and =- _|¢ =- '1, -+ 'L, = (20
oy (x+a)y +y {x—ayr +y
o v —(x+a)° A —(x—a)”
From (1) S (‘». }., 7t 2 lEa. Ja. = 3
dx [(x+a) +y7] [(x—a) +y7 '
i l[.1r+|:'.r]l2 —_1.'2 Lx—a}l —_1.-'2
From (2 ~ T T Eh)

oy [(x+a)* +y° ] [(x-a) +y)°
Adding (3} and (4), we see that the equation of continuity Ju /e +d /v =00 15 satisfied.
Henee there exists a motion for the piven 4.
To determine the streamlines, we use the fact that velocity potential ¢ and the stream
function w sabisly the Cauchy-Fiemann equations, namely,

84/ ox = Dy [ Dy and B /By = — o [ x (5

oy X+ x—a

From (1} and (5), we have o = = "'“_‘-': +_1__: Ox _a}:' +_1__1

Integrating 1t w.rt . we gel

(I ¥

o= lan tan' ———+ f(x), f(x) being an arbitrary function of x  _(6)
x+a x—a
] ¥ i .
-1_|=_ —5 at s S 7
i (x+al” +y (x—a) +v¥
Apgain rom (5) and (2), we get

oy _ v , v o
i (x+a) I_;': (x—ay I}'2 -(8)
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Companng (7) and (8) /(x)=0 so that f{x) = constant. Crmiting the addmve constant,

(0] gives
~ ; ~ ' o vix+ay |- v —a)
W= lan 12 lan . =lan - [J ] [ ]
X+a x—u 1-[v/ix+a)][viix-al]
W =tan"’ %
X4y —a

Hence the streamlines are given by = consl. = tan ' (= 2e'Ch), that is,

.'¢2+_I.':—f:!«'=ﬂ: A
which are circles. When ' = {0, the stream line i3 the circle passing through (@, O and (- a, 0).
Again, iU C s imlinite then stream line v = 0 [divide (9) by O and then let 5 a0 ]

- —itan "

xX+a X—d

NoOw, w=t +iy = %]ng |:[\.1.'+a‘,|2 + e }J —%]ng [[x —)” 4yt J +rtan

e lug[{x-l- )+ {y] = log It.t—u] + rfr] =log(z+a)—log(z—a). a5 2=x+iy

aw
&

1 1 2a _ 2a

q=

z+a z-a _|2+.:e|-|:«r—a| '

where r, r"are the distances of the point fom the poinis P (v, v) from the points (@, () and

i—t, Uy The curves ol equal speed are mven by i = conslanl or rr' = conslant,
which are Cassini ovals

Sol. Let A, A, A, be the cirele of radius a. Suppose that # rectilinear vortices cach of strength
k be sttuated at points z_ = ge”™ ", m=0. 1,2, n— 1 of the circle. Then the complex potential

due o these » vortices 1s given by

=— Z log(z —ae” ™"y lug I—[ (z—ae ™" = ;—kh:ng (" —a™).
®

Koo w0
[using a well known result of algebra|

Mow the Muid velocity ¢ at any point out of all the » vortices 15 given by

oo o] | | p
e Iroof gt [
dz In " -a in| " -a 4z
- Again the veloerty induced at 1, (2 = a), by others 1s o \Az)
piven by the complex potential - —
: 0 i Az
fﬂ- n n dll.' I.I;.- E = ﬂ"l Aﬂ Irz J
=—log(z" —a") log(z —a)=—log C
I In n z-a

Low =k 2milogz" 42" T, vz P ra" Y
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adw' ik (=D k=02 Cas .+ 4

s that i 3 7
dz 2n " ler"Ca+ +za" i ea!
|’d‘h"] ik =D amm=2D w4241 dk(n=1)
| = z 2r M Arer
[+ By algebra (in—D+(mn =20+ .+ 24 1={(n-1/2} x {(n—D+ 1 =ni(n+1)/2
[ T ik(n="13
M —ity =| — =— :
o I L e J . dma
sothat ) = 0and o) =& {m-1}/4ra I g and ¢ be the radial and transverse velocity components
of the velocity at z = a, then we have g_= 0 and g, = kin — 1)Mdra. Due to symmetry of the

problem, it follows that each vortex moves with the same transverse velocity &{n -1}/ 4ma. Hence

]
e Broa

En=1y/4ma (n—-11k

the required time ¥'1s given by

opposite rectilinear vortices at a distance 2b, prove that the stream lines
relative to the vortices are by the equation

x2 + (y = b)? e 28

2+@y+b)? b
the origin being the niiddle point of the join, which is taken for axis of Y.
Show that for a vortex pair the relative streamlines are given by

k {log (r;/r,) + (y/2b)} = constant,

where r,, r, are the distances of any point from them.

Solution. The vortex system is
moving with uniform velocity (k/2r)AB
perpendicular to the line AB. Now,
superposing a velocity (— k/4xb) to redue
the vortex system to rest. Let ¢’ be the
stream function of the superposed system

then
' k '
- a; STk ot =~
If w; be the complex potential then
wy = kz/4nb. w(1)
The complex potential w,, at any point -Kw}-
P (x,y) due to fixed vortices of strength k& Y'¥
and - k is given by
w, = (ik/2m) log (z — ib) — (ik/2x) log (z + ib). ek d)

+K T~

P(x, y)

* X
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Thus the total complex potential w at a point is given by
w = (ik/2r) log (z.— ib) — (ik/2n) log (z + ib) + (k/4nb) z
or w = (ik/2x)log {x +i (y — b)} — (ik/2x)log {x +i(y + b)}
+ (k/4nb) (x + iy)
Equating the imaginiary parts, the stream function of the relative
motion becomes
y = (k/2r) log {x2 + (y — b)?}1/2
— (k/2n) log {x2 + (y + b)?}1/2 + (k/4nb)y

_k x2+(y—=b)? , ky
V=g 18 [x2+ [v+b)2] T | ~(4)

Thus the relative stream lines are given by y = const.

k. [2+@-b)?  ky
+4ubconst.

4x %8 [T+ + b)?

1 x2+ (y—b)?] _ C
R x2+ @y +b)2
From (3), we have

or Proved.

PR [PSL TYy
et logr2+b .
where  A=x2+(y-b)2and r3=x2+ (y + b)-.

The relative stream liues are given by y = constant.

o) 31
=> k {log + <} = const. Proved.
r,] b

Ex. 11. If n rectilinear vortices of the same strength k are
symmetrically arranged as generators of a circular cylinder of radius a in
an infinite liquid, prove that the vortices will move round the cylinder
uniformly in time

8n%a’/(n - 1) k,
and find the velocity at any point of the liquid.

Solution. Since the n rectilinear vortices of strength k are
symmetrically distributed round the circular cylinder then the angular
distance between any two consecutive vortices will be 2x/n. Let the
line through centre of the cylinder and one of vortices be taken as
X-axis. Thus the vertices are situated at the point

z = ael, qeXi/n qetti/n | ge2wi/n . qe2T (n—1)i/n

which are the n roots of the equation z* — a" = 0.
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The complex potential due to n vortices becomes
= (ik/2x) {log (z - a) (z — aeZmi/n) (z — aet™i/m) ..
(z - aeu ()l - l)l/n)}

» X

on - w.= (Ik/2r) log (2 = a™).1.; 1 basor ilive #53i170v
or ¢ +iy = (ik/2x) log {(™ cosno - a") +ir" sin ’l@}w [ 5239vZ6T
Equating the 1magma1y parts, we have’

w——log {rz" +a3' ?J"a"cosne}

LM 10 9m3 Dutrypoy odl
< i A 1 2 HTS
sroAgain g = (%‘;1) 3 ﬁ(%)‘ T
B eS0T Ui e at1zaceo | rd 14 £ vl
or't ingli= —k-z-z{( = 2~ L cos ). Y b ST
16 rz' +ab 2""0" 005,&8 T sy AN
B LG SCatnh = 56 - + Q- ,Wa"smno ]2}
or q2=n2k2 '(ﬁ'"’ (“"q"cosno)2+(?' .%su‘l"ip 10},
L svant ¥ (2 +'a% < 2%g" cos hf)2 1101IUI0E

or 2N ,42_:?,!2;‘2 e 5 FA=2 g0 _ 2y = 2igr o SﬁG] :\T)J.:..;
AT o ong g~ =\ 1 Y

o eDon ¥ [ 2 6 2’““"90549)} 2 it
AT @2 (7 + a2 — 27" cos n)? ;
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| 2 i - % de BE Afadinris 1o yaircees G
or'. ¥ qz ’&Au@ 2 7 181121 Y L (1Y)

4.1:2r3'+a2" Zancosnd’ (4 - 45400
which determines the veloeity at any point of ‘the. I.lqmqn.

The wmplcx potenual of any one ef ther mmces at Z'= a reduces
to 2 i) 3)! |\« %
16 1OUOM el (ikﬂzx)log(z"' a") (lk/?:r)log(z-—*a)
or .. ¢ + ! =k(&/Zu)[log{(r'cosnﬂ-d')*n"sumﬂ}

7ot~ 3d g0f (2 3 ( log{(rcose*a)i-ursmO}]
Qr_ {1 =(k/4ar)[log(r3'+a2f' b"a"oosno)

. . log(r2+q~-2aroosa)]

. . ot 202 =12 2nm = Var cosnf U”' 2r — 22605
1 ar- Ax | r? + a® — 2a" cos n rz-t-a2 2ar cos 6
Let ¥, be the stream function of the vortex (a Q) lymg on X-axis.

(f_'/’_g , ,,=,Jc na”'“(}—cosne) Za(l-cosO)
). “-(-a-‘)zk_uz

ar n\a a 4na e S
and 2= { %‘] ~a® =0

rEa; - () 1{'-4—

11}

—_r 10

It follows ‘that, the velocity.- is a:ml}r alung the tangent there being
‘no velomty along the normal to the circle. Due to symmetry, each

vortices will move round the cylinder uniformly with the same
transverse velocity

k(n—-1)
4na
The required time of making one round becomes
2na _ 8n%?

Tk -1)/ama} k(@m-1)

RAM PRAKASH /Fluid Dynamics Page 38



Ex. 12. When a pair of equal and opposite rectilinear vortices are
situated in a long circular cylinder at equal distances from its axis. Show
that the path of each vortex is given by the equation

(2 sin? 6 — b2) (r2 — a?)? = 4a?b%r sin? 6,
6 being measured from the line through the centre perpendicular to the
join of the vortices.

Solution. Let a pair of equal and opposite
vortices of strength + k and — k are placed at the
point P (r,6) and Q (r, — 6), respectively.

The image system consists of
(i) a vortex of strength — k at an inverse point

P' (a®/1,0),

(ii) a vortex of strength +k at an inverse point

Q' (a%/r, - 6).

The complex potential at any point z becomes

w = (ik/2x) log (z — re®) — (ik/2n) log {z — (a*/r) €%}.
— (ik/27) log (z — re~ %) + (ik/2x) log {z — (a%/r) e~ %},
The motion of P is due to other vortices, thus for the motion of
P, the complex potential at any point z (z = re) becomes
w, = [— (ik/2x) log {z — (a%/r) €%} — (ik/2x) log {z — re~ %}
— (ik/27) log {z — (a*/r)e~%}], _, 6i

or w,=-— % [log {re® — (a?/r) €%} log (re® — re— )
— log {re% — (a%/r) e~ %i}]
or w,=-— —2% [log {(r cos 8 — (a%/r) cos 6)

+i(rsin@ — (a2/r)sin )} + log (2ir sin 6)
— log {r cos 8 — (a%/r) cos 8} + i (r sin 8 + (a%/r)) sin 6}]

or §=—(k/27) [lng {r — @/r)} + log (r sin 6)

— 3 log {r2 + (a*/r?) ; 2a?cos 29}]

or y = — (k/4n) [log {r — (a%/r).2r sin 6}2
: — log {r2 + (a*/r?) — 2a2 cos 20}]
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The stream lines are given by ¢ = Const.
k . r + a* — 2a%2 cos 20 I
- - a®)2sin28)} -
log {4 (r* — a%)?sin?6} lng{ 2 ]
nst

Le.

4]

r2 (r2 — a?)sin? 6

or r‘+a‘—2ﬁﬁm528=bzaﬂ)

or b2 {(r2 — a?)? + 2a%2% (1 — cos 20)} = r2 (r2 — a?)2sin2 6

or 2a%b%r? (1 — cos 26) = (r2 - a?)? (r2sin? 6 - b?)

or 4a’h%r?sin?6 = (r2 — a%)? (r2sin2 6 - b2). Proved.

Ex. 2. If a vortex pair is situated within a cylinder, show that it will
remain at rest if the distance of either from the centre is given by
(V5 = 2)!72 a, where a is the radius of the cylinder.

Solution. Let P,Q be
the vortex-pair situated with in
the cylinder at an equidistant
r(OP=r=0Q) from the +K
centre. The image system give _, X
rise to a vortex of strength @’
— k at an inverse point P’ and
a vortex of strength + k at an
inverse point Q’, such that

OP.OP’ = a? = 00.0Q' =» OP' =a/r = 0Q'.
The vortex will remain at rest if its velocity due to other three
vortices be zero, -

- k(1 1 1

Le., ZJr{PP' PQ+Q'P}—O

% O U T

2t {(@/ry—r 2r  (a*/r)+r[

or?:(£+r) - (93-+r) (ﬁ— ) +2r(-a—~—r = 0.
r r r r

or (r*/a*>? + 4 (r*/a*>) - 1=0

or r2/al= (V5 =2) = r=a (V5 - 2)1/2.
Proved.

or
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Ex. 20. If the fluid fill the region of spaces on the positive side
of X-axis, which is a rigid boundary and if there be a source + m at
the point (0,a) and an equal sink at (0,b), and if the pressure on the
negative side of the boundary be the same as the pressure of the fluid
at infinity, show that the resultant pressure on the boundary is

2

2 (@a—b)
"M b (a +b)
where p is the density of the fluid.
Solution. The image system 4
due to a source of strength + m . ﬂ.:i {g':g
placed at the point A (0,a) and a P
sink of strength — m placed at the (2=x+iy)
point B (0,b) on the same side o) - X
- consists of
(i) a source of strength .
) +m at the p!:}%:lt e i;f EE;@
A (0,a) ie., at a distance

z = ai from-O
(i1) a source of strength + m at the other side of the surface at
A' (0, - a) i.e., at a distance z =— ai from O
(iii) a sink of strength — m at the point B (0,b) i.e., at a distance
z = bi from O
(iv) a sink of strength —m at the other side of the surface at
B' (0, - D) ie., at a distance z =~ bi from O.
Thus the complex potential is given by
=—mlog(z — ai) — mlog(z + ai) + m log(z — bi)

+ m log (z + bi)
or =—mlog(zz+a2)+mlog(zz+b2)
or d—w=—m—?z—+m e
dz 2+ a? 2+ b?
dw z (a® - b
or g=|=-|=2n i
| dz @ +d®) (P +b) M)
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Consider a point R (x,0) on the X-axis. Let ¢ be the velocity at
the point R, then substituting z = x in (1), we have

q=2n(a" - b))

X
o +a%) (* + bD)
N AEH

Let p be the pressure at any point, then by Bernoulli’s theorem,
we have

q=2m (" -

P 1
p=C-id
Since Pw =pg, ¢ =0, C=p/p
P Py
or 7=7 19 *Py-P=1pq"

Thus the resultant pressure on the boundary is

P=f_“(po-p)dr=§pf_w q dx

X2 dx
> P = 4m’p (a* - b%)’
& ¥ o + a)? (F + b))’
] 2 2 :
: +b 1 1
= P=4nz2 f . -
P 0 [bz—az{xz+az x2+b2}
2 2
- za 22 zb 22| &
(x*+a°) (x* + b°)

b(a +b) . Proved.
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Ex. 19. Show that the velocity potential

=1] '
¢ og(x—a) +v‘

gives a possibie motion. Determine the form of streamlines and curves of
equal speed. -
(x + a)2 + },2

Solution. ¢ =1}
TR ey (i)
op x+ta x—a
'l - (2
or & (x+a)l+y? (x-a)i+)y ¢
o¢ Y y
‘ e = .3
" ¥ @+al+y? @x-al+)? G)
Also 0_u=i{_%}=_a_ X—a _ x+a
wom| af | (—alty @ta)l+y
oF u _ yZ_(x_a)z _ )'2-(a:+a)2
® (w-a)’ +yP [ +a) +yP
or ﬂ:_a_ (_ Q) =i y _ y
dy ay w ay (x_a)z +y2 (x + 0)2 +y2
or > x-a)’ -y _ x + a)’ = )°
R (R S i (GRS
%S + 5 0 which satisfies the equation of continuity. Hence the

relation (1) gives a possible liquid motion.

Since the velocity potential ¢ and the stream function y satisfies
the property of conjugate functions, so we have

- Lo S,
ax-ayanday o .. (4)
or i’/’_= x+a _ X—@
W x+a)l+y? @-a)l+y
~1 ¥ ki
or ¥ = tan lm—m lx_a+f(x). ... (5)
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To determine f (x), we shall differentiate (5) with regard to x.

W _ y y ,

ax {.r+ﬂ}2+yz+(x—a)z+yz+f e
gﬂ-—gﬂ.ﬂ- ' =0= =

ey f'(x) =0= f(x) = const.

Y 1Y o e %

— tan = tan ————
I+a Xr—a 1”3+v2_a3

The lines of flow can be obtained by.y = const,

or Y = lan

o 2ay
ie. tan = const
T
2ay
or ————— =lanu = A = consl.
R
The constant A = 0 gives the streamline y = 0 i.e., a real axis and
A = o gives the strcamlinc.rz+y2=a2,i£.,adrch:. Ans.
Again w = ¢ + iy = }log {(x + a)’ = *} - {log {(x - @)’ + 7}
oo-1 ) - Y
—itan ' ——— —itan
x+a x—a
' -1 Y
or W= [%lug{{x+a)z+yz}+ilan Ix—a]
1 2 -1_7Y
- |4 —-a) +y°} +
[zlog{(x a)’ +y’} + tan x_aJ
or w=log {(x + a) + iy} — log {(x — @) + iy}
or w=log(z+a)—log(z—a),z=x+1iy.
So = d_H-' = 1 - 1 — 2a =3‘£1
q dz z+a z-—a |lz+a||z—a]|

where |z+a|=r, |z—a|=r, r' and r are the distances from
(- a,0) and (a,0).

Hence the curves of equal speeds are given by
2a = Const. = rr’ = Const, which are known as Cassini Ovals.

rr'
Ans.
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Ex. 12. What mangfmelnt of sources and sinks will give rise to the
function
a®
— -] — — '?
w = log [z z

Draw a rough sketch of the stream lines to this curve and prove that
two of them sub-divide into the circle r = a and the axis of Y.
Solution. The complex potential is given by

w = log [z—a;] =lng{(z_a}(z+ﬂl'}

Zz

or w=log(z—a)+log(z+a)—logz, (1)
which shows that there are two sinks of unit strength at distance
z=a and z = — a and a source of unit strength at an origin.

The relation (1) can be expressed as
¢ + iy =log {(x —a) +iy} +log {(x + a) + iy} — log (x + iy).
Equating the imaginary parts, we have
y=tan"!—— 4 tan~ 1 —<— — tan~ 12
x—a x+a x

) .
or y =tan~! g=a) _g4a) —tan— 1%
P Yy x
\" (x—a)(x+a)
or y =tan~! :;zfi-leﬁ -tan“i-
(z 2 2‘X
i PR 1 e sl Y
¥ - B
| x2=y2-a’x
o Y (4 Y 4 a%)
or ¥ = tan @ty -a)°
The streamlines are given by y = const.
. 1y @2+y +a?) _
ie., tan~ 1 - E+P ) const.
2412 4 g2
or YO EY D) ek (2)

x(x2 +y? - a?)
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YI

I. If the constant k is infinite then
2 2
p kY t0) > x(2+y2-a?) =0,

x (2 +y2 - a?)
= x =0andx? + y2 = a2
Thus x = 0 shows that Y-axis is a streamline and the equation
x2 + y2 = a2 (i.e.,r = a) shows that the circle is a streamline with centre
as origin.
IL.  If the constant k is zero, then y = 0 implies that axis of X is
a streamline. Therefore the rough sketch of the lines is with a source
of unit strength at origin O (0,0) and two sinks of unit strength at
A (a,0) and B (= a, 0).
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Problem 6.1 : Water is flowing through a pipe of 80 mm diameter under a gauge
pressure of 60 k Pa, and with a mean velocity of 2 m/s. Neglecting friction, find the
total head, if the pipe is 7 m above the datum line.

Solution: Given Data:
Diameter of pipe : d = 80 mm =0.08 m
Gauge pressure of water : p = 60 kPa = 60 x 10° Pa or N/m?
Mean velocity of water: V = 2 m/s
Datumhead:z = 7m
According to Bernoulli’s equation:
p vV

+ —+Z

Total head of water : H
pg 28

1

60x10° (2)*
+ +7
1000x9.81 2x9.81
6.11 +020+ 7
= 13.31 m of water.

Ex. 12. A sphere is at rest in an infinite mass of homogeneous
liquid of density p, the pressure at infinity being I1. Show that if the
radius R of the sphere varies in any manne, the pressure at the surface
of the sphere at any time t is

;) 2
d 2 dR
M+ip1=S R+ |5
P (g™ (d')

Solution. The only possible motion which can take place is one
in which cach clement of liquid moves towards the centre, whence the
frce surface will remain shperical. In an incompressible fluid, the fluid

velocity will be radial outside the sphere, so it will be a function of r
and the ume ¢ only. The equation of continuity reduces to
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’2 e (rzv) 0

or v = constant = F(t), (let) (1)
where v is the velocity of a fluid particle at a distance r from the centre
at any time f.

Equation of motion is

av* v 19
— Y —=———
ot or P or

F'(y av_ 1%
or P +vﬂr_ P ar

Integrating with regard to r, we have
(1) p
—Fr‘ +§v3=—5+3 . (2)

where B is an arbitrary constant.

’°I::

Initially r=» o, v=0,p=1II; B=
-F(‘)+‘v n P

r 2 TpTp
or p=T+1p [Lr(_l _

Let P be the pressure on the surface of the sphere of radius R
and V be the velocity, then

P=n+%p{%(£l—l/z}' .. (3)
Again from (1), we have

RW=F(t), F(t)=R*<>

or

dR
dt
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Differentiating with regard to ¢, we have

ooy = 2 4R dR
F'(t)=R 1 +2R[dr]
From the equation (3), we get
d’R 2
P=T1+! R—+4[ ) — 2
2 ™
*Since 2y =F(1), %=F’(r)ﬁ2,
—riatolor @R 4 4 (dRY? _ (dR)?
or P=1I1+3p 2Rd12+4l ) (dt) ]
d’R dR)?
- 1 anx a5
or P=T+1p12 Rdrz+( ) +(d‘)
d* > . (dR
or P=TI+1 R +( )
P l2( * Proved.
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Ex. 7. A sowrce of fluid sitnated i space of two dimensions, iy of sneh sirengih thar 2mpp

represents the mass of fluid of density p emiited pet unit of time. Show that the force necessary to
hold a eirceular disec at vest o the plane of sonrce is E'Kpl_l_:ﬂz_.'" Firs —a’), where a is the radis
of the disc and ¢ the distance af the source from its cenire. In what diveciion is the disc wrged by
the pressure 7 | Kanpur 2005, 06; Meerut 2005, 11; Rohilkhand 2002)

Sol, Since the mass of Muid ematted 15 2mpp per unil
of tme, by delimbon the strength of the piven source 15 u. B Fia
Let this source be situated at A such that €24 = r and let B be
the im'q'r:-n: point of A. Then, €4 - OF = a° so that
(8 = oir. Here the eguivalent image svstem consists of o g A
(kg O as r-axas and vsing Arl 5.21)

(1) a source ol strength w oat A (r, )

{if) a source of strength p at B (a/r, U)

(i) a smk ol strengih poat O (0, )

Hence the complex polentioal at any pomt P (z = x + iy} 15 given by

w=—plog(z—ri—plog(z - as fry+ plogz

dv___B B M L
oz z—F z-glr =z

If" the pressure thrusts on the given circular disce are represented by (Y, 1), then by Blasius’

T dw |
theorem, we have X —ib ZEH"'J-{, [EJ dz A2}
where 15 the boundary of the dise. Again, by Cauchy’s residue theorem, we have
dw ) .
j [—} oz = 2w » [sum of the residues), K
N dz )

wherein the indicated sum of the residues is caleualated at poles of (chw/dz)” lving within the
cireular boundary, Usig (3), (2) reduces 1o
XN =iV = = mp = |sum of the residues) Y
We proceed to find the residues of (@w/dz)®. From (1), we have

[u"u- ]3 1 1 1 2 2 2 ]
= u — + —— o —— - — =
dz (z=ry (z=airy =z =zlz-r) z{(z-a fr) (z-riz-a" I.i'”l

= + =t - o =
(z—r) (z—-a fry z= =(z-r) rz {(a*/rM(z-a°ir)

) “3[ | | I 22 2

2 2 2 a
+ - + - +— - )
(a~frz (r=afez=r) (adr—=riz—a"ir)

|Besolving RH.S. inlo partial [ractions]
From (5). we find that the poles mnside the circular contour Care z =Oand z = a™/ £

o The required sum of the residues
= the sum of the coffecients of z ' and iz —a fr‘]'l in RIS ol (5)

2].13 2|.I.: Epj 2n Ep:az
=% - += = (6}

) a 4 o A a
r alr alr alr-r ria —-r7)

Using (6) i {4) and then equating real and imagmary parts, we have
X =2epulal frrt - af) and V=0

Thus the disc 1s attracted towards the source along G2 [ence the dise will be urged to move
along 4
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a boiler through a conical pipe, the
diameters of the ends of which are
D and d. If V and v be the

corresponding * velocities of the

Ex. 8. Steam is rushing from c {

steam and if the motion be y 0y £e
supposed to be that of divergence

from the vertex of the cone, prove

that —_—

== ex il i ' :
¥ g B 2%
where k is the pressure divided by the
density, and supposed constant.
Solution. Let p, and p, be the densities of steam at the ends of

the conical pipe AB and CD. By the principle of conservation of mass,
the mass of the steam that enters and leaves at the ends AB and CD
are the same. Thus we have

x(3d)’vp, = (1D)*Vp,

v _ D? P
or v = 2P (1)
Let p be the pressure, p the density and u the velocity at distance

r from AB, then the equation of motion is given by

Jou__ 1%
ar por PTXP
ou __koap,

% “ar" P or

By integrating, we have
r :
su“=—klogp + klogE,

where E is an arbitrary constant.
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ul

or log (p/E) =— %
or p =E exp. (—u?/2%).

Again p =p, when u =v then p, = E exp. (- vz.ka),

and - P=P; when u = V then p, = E exp. (- V2/2%).

P1  exp. (— v*/2) L P

or P, oxp. (— V) P =exp. (V} = ¥)/2%.  ...(2)

From (1) and (2), we have
a4 ' % Proved.

v
v

Ex. 1. A sphere of radius a is surrounded by infinite liquud of density . the pressure at

infinity being 1. The sphere is suddenly annihilated. Show that the pressure at a distance r from
the centre mmmediately falls to 11(1-a/r). |Purvanchel 2004, LA.S. 1996]
Show further that if the liguid is brought to rest by impinging on a concentric sphere of
radius a2, the impulsive pressure sustained by the surface of this sphere is (711p° 16)"°
Sol. Let @' be the velocily at a distance r' from the centre of the sphere at any time { and
p the pressure there. Then the equation of continuity 1s
ro = F(1) (D
From (1), o' fat = F' (i r” (2)

The equation of motion 1s

ov' ' | & F'(y @© (1 1P
— Y = ——— or ] =0T [ m e using (2)
ct cr por' r' or\2 por
. F'iy 1,5  FI g :
Integrating, S () pitaslye being an arbitrary constant
S '

When 7' =« then p=I1 and v'=0 so that C=11/p

F'ty 1 ,, TII-p

g T=p (3

) A P
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When the sphere is suddenly annihilated, we have

i=1n0, r=a, =0 and p=0
Eoy 1l ’ all
From (3), B s0 Lhat Fily=-—
a B P
Hence nmmediately after the anmbilation of the sphere (with r = 0, " =07, (3) reduces to
¢ Y
_ a
£+U—|[—‘” or p=11 1‘—,J L4
pr p Lr

Thus at the tme of anmhalation, when r'=r, the pressure s given by

p=1I{1-al+) A5

Sccond Part. Il o be the mnpulsive pressure ol distance »°, then we have
div = —pv'dy’ AB)

Let # be the radius of the mner surface and o the veloeity there. Then by the equation of
continuily, we have

i = rlo=r'y’ 30 that o =(r 2oy et AT
- (6) gives dm' = pv [rl I Vv
[miegrating with respect 0 p', we get & =po(r [r)+C" L)
When r'=mm, =0 siv Lhat =1
M= pi’l;.l‘: frh, (9

which gives the impulsive pressure @ at a distance r'. Since r = a2, (%) reduces to
& =—pra’ -— L1
4 r ¢

We now determine velocity © at the mner surface of the sphere. Setting »"=r, 7'=7 and

Mg ol o T1

p =010 (3), we gel a ET‘_ = I_" AR
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From (7), K1) = il )= dr D4l do _a dr el dv dr
et el ol di dt
. . oz 2 duv dr
['hus, F'in =2rv” +r°v——, as p="
dr it
. ]{j Tﬂ-l- :Id'f']+lfj_ 11
: e ——| 2 T — [+ =1 = —
ST gives ; r 7 p
Multiplving both sides by (— 27" dr), we get
1 1A ) - I
2rivdv+ 3 v dr = T dr or dirtvy=- =" g
(& n
. o 2l . .
Integrating, Pt = e O (07 being an arbitrary constant
p
2014’
When F=d, it =1l a0 that (" =- .
3p
.3
r'qg'r'. = —-IJ [ﬂ"l i"'l] . HZ]
ip

The velocity # on the swlace of the sphere of radius @2 (which would be the inner surface
on which the liquid impinges) is given by (12) v replacing » by a2
» 21 _a’-a'/8 14 T

v = =—¥—

= 3
ip a I8 Iiop

Puttmg this value of 0 (10), the mmpulsive pressure at a distance »" 15 given by

r

(T
. pl1a 1 a 13
m = X
al3 o . [ 13)
Hence the desired mmpulsive pressure on the surface of the sphere of radius o/2 15 given by
setiing »"=a/2 in (13).

.|

172 ] P P
p[]4 1y~ & [7ilpa’ )
{al2) 6
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Ex. 3. Twwo sources, cach of strength m are placed af the points (= a, ), (a, 0) and a sink of
strength 2m at the origin. Show that the streamlines are the curves (x> + y9)°
=a (o~ + wxy) where 3. is a variable parameter.  |U.P. P.C.S. 1999; LA.S. 1999, 2003]

Show also that the fluid speed ar any point is (2ma’)/(r , Py Ty) where v, ro, vy are the
distances of the poinis from the sources and the sink.

[LA.S. 1999, 2003; Meerut 2000; Garhwal 2005; Rohilkhand 2002]

Sol. First Part.

The complex potential w at any point P(z) 1s given by

w=-mlog(z-a)y-mlogiz+a)+2mlog:z LD
or w=nm |log - log (z: - u3J|
or b+ iy =.r1r:'|lx_rj:a{:t'2 - y: + 2ixy) --lug{_\:: - y: —a’ +2ixy)| ., as z=x+liy
Y A2)
[ r,

x-.@/ @,

.0 o|Cem (.0)

Equating the imaginary parts, we have

W= m[lan : {Eryﬂrz - },3}} ~tan ' {21‘}»‘!{1‘3 - .Vl - a:)}]

2a’xy

. } . on simplification.

xp:mwn" = — :
(" +y7 )" —a (x"—y7)

The desired streamlines are given by w = constant = m tan ' (-2/%). Then we obtain

(2/0) = (20> v - =y or oF D)=t -y d )
Second Part. From (1), we have

dw " m 2m 2a°m
_—— _ 44—
dz z-a z+a :z z(z—a)(z+a)
ahw 2am 2a’m
dz| |zl|lz=allz+al|l rnrmn

where ri=lz-al, r,=|lz+al and ry=|z|
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Ex. 7. A source of fluid situated in space of two dimensions, is of such strength that 2mpp

represents the mass of fluid of density p emitted pet unit of time. Show that the force necessary to
hold a circular disc at rest in the plane of source is 2mpu’a® /r (r* — a*), where a is the radius
of the disc and r the distance of the source from its centre. In what direction is the disc urged by

the pressure ? [Kanpur 2005, 06; Meerut 2005, 11; Rohilkhand 2002]
Sol. Since the mass of fluid emitted is 2zpp per unit B
of time, by definition the strength of the given source is p. P(2)

Let this source be situated at 4 such that 04 = r and let B be

the inverse point of 4. Then, 04 - OB = a* so that

OB = da’/r. Here the equivalent image system consists of o} B A
(taking OA as x-axis and using Art. 5.21)

(7) a source of strength p at A (r, 0)

(i) a source of strength p at B (@fr. 0)

(#if) a sink of strength p at O (0, 0)

Hence the complex potentioal at any point P (z = x + #y) is given by

w=-plog(z-r) —plog(z-azfr)+ plog z

dw__B B LK ()

dz ZI—F z—ag-lr z

If the pressure thrusts on the given circular disc are represented by (X, ¥), then by Blasius’

I dw’
theorem, we have X —if = EEPJC (E] dz .. (2)
where C is the boundary of the disc. Again, by Cauchy’s residue theorem, we have
2
J [@] dz = 2xi * [sum of the residues], ..(3)
c\dz

wherein the indicated sum of the residues is calcualated at poles of (dw/dz)* lying within the
circular boundary, Using (3), (2) reduces to

X —iY = — mp x [sum of the residues] A4
We proceed to find the residues of (dw/dz)*. From (1), we have

[@]2_ 2|1 1 L2 2 . 2
dz -t (z-rY (z-a*Ir)? 22 z@z-1) z(z-d*Ir) (z-r)(z-a*/r)
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o1 1 1 2 2 2

g (z-r)° +(z—a2fr)2 T z(z-r) T @ I1r@z-a*lr

2 2 2
+ + 2 t— 2
(a/rz (r-a/r)z-r) (a"lr-r)(z—a’/r)
[Resolving R.H.S. mnto partial fractions]

From (5), we find that the poles inside the circular contour C are z =0 and z = a*/
. The required sum of the residues

.5

= the sum of the coffecients of z ' and (z-a®/r)™" in RH.S. of (5)

N 2u 2p.2 Zp.z _ Zp.?‘az

_2p _
r alr a*lr alr-r r@@-rH

.. (6)
Using (6) in (4) and then equating real and imaginary parts, we have

X =2nppa’/r(r* - a®) and FY=0.

Thus the disc is attracted towards the source along OA. Hence the disc will be urged to move
along OA.

Ex. 2. An infinite mass of homogeneous incompressible fluid is at rest subject to a uniform
pressure 11 and contains a spherical cavity of radius a, filled with a gas at pressure mlI1; prove

that if the inertia of the gas be neglected, and Boyle's law be supposed to hold throughout the
ensuing motion, the radius of the sphere will oscillate between the values a and na, where n is
determined by the equation 1 +3mlogn-— " =0. (Kanpur 2010)

If m be nearly equal to 1, the time of an oscillation will be ZR\}(azpf 3n), p being the

density of the fluid. [Kanpur 2008; Agra 1998; L.A.S. 1994; Meernt 1999]

Sol. As in Ex. 1, let at any time 7, ©' be the velocity at a distance ' and p' the pressure
there. Also let v be the velocity at a distance r and p the pressure there. Then the equation of

continuity is r =F(@=r' (1)
From (1), W _F® Q)
ot r

ov +I},@=_lap

ot or' E or'

. F'(n @ (1 ,2) 1 dp’ .
iLe. +—| =0 |=———, using (2 .3
o ar\2 por' 8 (%) &

The equation of motion is
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Integrating with respect to r', (3) gives

F'Et) + %‘y'z =C- i , C being an arbitrary constant
r p

When r' =0, then v'=0, p' =11 so that C =T1/p. Hence, the above equation yields

F'in 1 I1-p'
E)+_Ur2= P

r 2 P

Since gas inside cavity obeys Boyle’s law, we get
(4/3)x xa'mI1= (4/3)xr p so that p=(@mn/r
When r'=r then v'=v,p'=p =(a3m1'[)fr3_ So (4) gives

F'y 1 5, II a’mll 1
¥ 2 P P r

dr 5 dv 5 s dvdr dr
Fiy=2r—v+r~—=2rv" +r-——, as v=—
From (1), 0= dt dr dt dt

or F'(t) = 2rv* + v*v (dvvdr)

Hence (5) reduces to

¥ dr 2 P P
3
or F‘EJ@ + 3212 = —E + a m{l ...(6)
s p o pr
Multiplying both sides of (6) by 2r°dr, we get
2 3 2 3
2rvdo + 3r*vidr=| - 2lr + 2a7ml1 dr or d@vY) =[— 2A1r” | 2a mn]dr
p pr P pr
3
Integrating, #3v” = _2;_1_Ir3 + 2a mll logr +C’, C' being an arbitrary constant ..M
p p
2lla’  2a’mll
Initially, when r = a, then v=0.Hence (7) = C(C'= Py loga
p p
3
. From (7), o’ = E(a3 -+ 2a7ml log(iJ (8
Ip p a

Since the radius of the sphere oscillates between a and na, we have v = 0, when » = a and
r = na. Putting v = 0 and » = na in (8), we have

0= E{cﬁ —n’a® +3ma’ log [EJ}
3p a
so that 1+3mlogn—n'=0, as a#0
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Second Part. Let m be nearly equal to 1. Then, we take r = @ + x where x is small. Again,
v = drdt = dedt = x. Hence, taking m = 1, (8) reduces to

3
(a+x)°%* =E{a3—(a+x)3} + 2a nlog(a+xJ
3p P
3 3 3 3

or a3[]+£] 2= Ha 1—[1+5] ¢ 28 Hlog[niJ

a 3p a P a

xY ., 201 3 3x° 2a° [x 14
or I+—f x"=—— - l+—+—+... [p+ ————+..

a 3p a aq p |la 2a

Lo 200, x\| 9« AT[, 3x  6x 9 x?
or x=—|1+= ==+ | =l || T+
3p a 2 4% 3p a a 2a
or %* =—[3Ix* /pa’], neglecting higher powers of x
Differentiating the above relation with respect to #, we get
31
2x¥=——" 2xx or jf=—3—rix,
pa pa

which represents the standard equation of simple harmonic motion and hence the required time
of oscillation (i.e. periodic time) is given by

21/ 311/ pa’) iLe. 21y (pa? /310).
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Ex. 18. ), denoting a variable parameter, and f a given function, find the condition that

Sf(x,y,k) =0 should be a possible system of stream lines for steady irrotational motion in two
[Kurukshetra 1998]

dimensions.
Sol. If vy is the stream function, then streamlines are given by
y=C (constant) (D
Given that S, y,A)=0 .A(2)

represents a system of streamlines, ). being parameter. Then for ) =3' (say). (2) must give a
streamline which corresponds with (1) for ¢ =’ . Hence W is a function of } alone. Moreover

A 1s a function of x and y from (2). Hence, we obtain

%=d_w@ and N a"-p@l
ox  dh o oy dh dy
) 524-' d(oy) 0o (dy dr 0 (dy) 0h dy @ (35
Again, — = Tt =
Ox dx Ox 6x dh x ox \dh/) Ox dhox\ Ox
B2y d(d\p] on o dydh
so that ~ =
ox di\ dh o ox d?‘n. ox?
Py diylan dyda
— i — — + ——
Thus, =t | Y )
- Ay diy(an) dy o
Sm]lla.rly, a:yz - dlz aJ) 7y @}2 (4)
For the irrotational motion, Py loxt +oPylayt = 0. - (D)

Adding (3) and (4) and using (5), we get
d*y (@]ZJ{@T dy a?1+a?1 o
dr* |\ ox dy di| o &
2 2 2 2
N R T
Ox oy ox° oy dyldhn

Since the R.H.S. of (6) is a function of A alone, the required condition is that the L.H.S. of
(6) should be a function of ), alone.

RAM PRAKASH /Fluid Dynamics Page 60



Theorem. Show that the vorticity vector Q of an incompressible viscous fluid moving
under no external forces satisfies the differential equation

DQ/Dt= (Q-V)g+ vV2Q) where v is the kinematic coefficient of viscosity.
[Agra 2000, 05, 06; Kolkata 2006; Himanchal 2000, 02, 03, 09; Meerut 2011]

Proof. Navier-Stokes equation for incompressible viscous fluid with constant viscosity (refer
equation (17) in Art. 14.1) 1s

dq /ot + (q-V)q=B-(1/p)x Vp+v Viq (1)
Let the forces be conservative. Then there exists a force potential I such that B=-VI"

Again, by vector calculus qu =V(q-q@=2[(q-V)q+qxcurl q]

or (a-V)q=V(4’/2)-gqxcurlq

or q-V)q=V(g"/2)-2qxQ [Taking Q = (1/2)xcurl q
Then (1) reduces to aq/dt +V(q* 12)-2qxQ ==V —(1/p)x Vp+v Vq

or 0q/0t-2qx Q==Y +plp+q°12)+v Viq

Taking curl of both sides and using the results curl grad =0 and curl (8q/8r) = d(curl q)/ ot
= 2(0Q /o) and curl ‘qu = Vieurl q= 2V2Q), we obtain
0Q/ot—curl (qxQ)=v vViQ

or 8Q/8t-[qdiv - Qdivq+(Q-V)q—(q-V)Q] = vV’Q
or 2Q /6t +(q-V)Q = (Q V) q+wW?Q

[ -+ Equation of continuity is div q = 0 Also div Q = div curl q = 0]
or DQ/Dt=(Q-V)q+vV2Q, 2

which 1s known as vorticity equation or vorticily transport equation.

2. Prove that the equation of motion of a homogeneous inviscid liquid moving under

. . _ é 1 5
conservative forces may be written in the form 6_? —qxcurlq=— gl’ad[£+zf + Q]
p
. aq 1 1,
[I‘ﬁl’l‘. From Art. 31, we have a——qxgu[]q:F——Vp——Vq (l)
s P 2

Since the forces form a conservative system, there exists a force potential € such that

F =-V{). Moreover, the fluid being homogeneous, we may write A/p)Vp=V(p/p).
Hence (1) reduces to

.l 1 2
ﬂ—q><q:;l.1114:|=—‘U"Q—‘U' Pl vy lgr or ﬂ—q><cur1r;|=—grad B+—q—+£2
ot p ot p 2
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Ex. 1. Show that for an incompressible steady flow with constant viscosity, the velocity

2
components u (y) = y2+h—(—d—P]l(l—fJ ,‘% = w = 0 satisfy the equation of motion, when

h 2u\ dx/h
the body force is neglected. h, U, dp/dx are constants and p = p(x). (Meerut 2007, 11)
Sol. Given u(y) = (YUY + (h* 120~ dpldx) 3/ h)(1 - ylh) (1)
v =0 and w=20 LD
The equation of motion for viscous incompressible fluid is given by
5qfat+(qvV)q=B—{l:’p}pr+vV2q .(3)
Here a gf 8t =0, the motion being steady. A4
and B = 0, as the body force 1s neglected. A5
Since v=w=0, we have q=iu
qu =iViu -(6)
: vpo|il+il ikl ,-i%
Given that p = p(x) so that P= 'a"‘]a"‘ 2 P-lg AT
Also Q'V=(iﬂ}'[i§+j§+k§]=“%
ay . . Ou .
@-V)q=|u—| ) =i =0, as u = u(y), given -®
Ox ox
Substituting (4), (5), (6), (7) and (8) into (3), we have
2 2
0=—l£+v‘?2u or ld_p=Eﬂ or d_I{:ld_p {9}

[‘.‘v=pf’p and V2 =62l'ax2+82;’8yz+52f622)]

Now from (1), — = ___(1 - 2: J , as dp/dx 1s given to be constant

d’u g_iﬂ(_i)_ld_!’
h) ndx

which is the same as (9). This proves that the equation of motion 1s satisfied.
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11.19. lllustrative solved examples.

Ex. 1. An infinite row of equidistant rectilinear vortices are at a distance a apart. The
vortices are of the same numerical strength k but they are alternately of opposite signs. Find the
complex function that determines the velocity potential and the stream function. Show also that,
if a be the radius of a vortex, the amount of flow between any vortex and the next is

(k/m)logcot(ma/ 2a). [Bhopal 2000, Kolkata 2005; Agra 2003]

Sol. Let the row of vortices be taken along the x-axis. Let there be vortices of strength &
each at the points (0, 0), (% 2a, 0), (= 44, 0), ..... and those of strength — k each at the points
(*a,0),(*3a,0), (*5a,0), ...

y
-k k =k kK —k kK -k
N N N ™~ N,

The complex potential of the entire system is given by

w=(ik/2x) [{logz+log(z—-2a) +log(z+2a)+log(z—4a)+log(z+4a)+..}
—{log(z—a)+log(z+a)+log(z-3a)+log(z+3a)+...}]

)]
ik Z(Zz—zzaz)(zz_glzaz)”‘ ik 2a 2a 4q o

=—7Io =—7Io +a const.
2t T (Z2-a) (zP-3%a%)... n (z g (2 ?
LG |-
w—ilo —sm(mzz'Za) —ﬂlo tan [E]
Thus, 2n gcos(acz!Za) 2r & 2a) D

[Using well known expansions of sin(nz/2a) and cos (nz/2a) given in Art. 1.10]
which is the desired potential function that determines the velocity potential and stream function.
From (1), we get

] , k T .
¢+i\|;=£logtanl(x+fy) so that o —iy = —I—logtanz—(x—ry)
2n 2a  sin(nz/2a) and cos (nz/ 2a)] T a
Subtracting, these give 2iy = L3 log tan—— (x+iy) +logtan 1(Jt: —-iy)
2n 2a 2a
sin — (x+1iy)sin 2 (x-1y)
w="10g 2a 2a _k o cosh (ny/ a)—cos (nx/ a) Q)

4n 4~ cosh(my/a)+cos (nx/ a)

cos— (x +iy) cos il (x=iy)
2a 2a
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Since the motion of the vortex at the origin 1s due to other vortices only, the velocity, g, of
vortex at the origin 1s given by

3 {d [ik nz ik ]} ik | sec’ (mz/2a) m 1
qo =—9—| —logtan——-—1Ilog z = | = T =0.
dz| 2m 2a 2a 220 2r| tan(nz/2a) 2a z| _
[On simplifying the indeterminate form with help of L’Hospital’s rule]
Hence the vortex at origin is at rest. Similarly, it can be shown that the remaining vortices are
also at rest. Thus we find that the vortex row induces no velocity on itself.

We now determine the required flow. For any point on the x-axis, y = 0 and hence W' at any
point on the x-axis is given by [putting y = 0 in (2)]
.2 '
\p'=ilo 1—cos(nx/a) =£10 2sin” (nx/ 2a) =ilogtanE 3
4n " l+cos(nx/a) 4a  2cos’(nx/2a) 4w 2a
.. The required flow between two consecutive vortices

= (Waa— W)y = i[log tan "= _1og tan E]
2n 2a 2a

- k
= i10 fan (n/2 —nt/ 2) —ilogcot2 ™ —10gcotﬁ.

2n tan (wo./ 2a) T on 2a @ 2a
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