
1) Let’s prove it by induction. 
    
    Let f (x)=52 x+2−24 x−25 then ∀n∈ℕ :576∣f (n)⇒ f (n)mod 576=0

I. Base Case: f (1)=52+2−24 (1)−25=625−25−24=576
II. Induction step: assuming the assertion holds to n, prove it to n+1

f (n+1)=52(n+1 )+2−24 (n+1)−25=25(52n+2)−24n−49
=25( f (n)+24 n+25)−24n−49=25 f (n)+600n−24n+625−49
=25 f (n)+576n+576

therefore:  
f (n+1) mod 576=(25 f (n)+576n+576) mod 576
=25 f (n) mod 576+(576n+576) mod 576
=25 f (n) mod 576+576(n+1) mod 576=25 f (n) mod 576
=0

2) let’s prove it by induction.

I. Base Case: A1=A=(a 0
0 b

)=(a
1 0

0 b1)

II. Induction step: assuming the assertion holds to n, prove it to n+1

An+1=A⋅An=(a 0
0 b

)⋅(a
n 0

0 bn
)

=(a⋅a
n+0⋅0 a⋅0+0⋅bn

0⋅an+b⋅0 0⋅0+b⋅bn
)

=(a
n+1 0

0 bn+1)

3) the sequence is an=an−1+an−2 n≥2 a0=a1=1
solving it using generating functions 

∑
n=2

∞

an−an−1−an−2=0

∑
n=2

∞

an x
n−∑

n=2

∞

an−1 x
n−∑

n=2

∞

an−1 x
n=0

((∑
n=0

∞

an x
n)−a1 x−a0)−(∑

n=1

∞

an x
n x)−(∑

n=0

∞

an x
n x2)

(a(x )−a1 x−a0)−x (a(x)−a0)−x
2a( x)=0

a(x)−x−1−a(x )x+x−x2a(x)=0
a(x)−xa(x )−x2a(x)=1

a(x)=
1

1−x−x2



Factorize a(x) First find root of the denominator

 

1−x−x2=0⇒ x=
−(−1)±√(−1)2−4(−1)(1)

2⋅−1

x=1±√5
−2

=−1∓√5
2

Let r1=
−1+√5

2
, r2=

−1−√5
2

therefore 1-x-x2 = -(x – r1) (x – r2)

a(x )= −1
(x−r1)(x−r2)

= A
x−r1

+ B
x−r2

solve for A and B
−1=A(x−r2)+B(x−r1)
−1=(A+B) x−(r2⋅A+r1⋅B)

A+B=0⋯⋯⋯⋯⋯(1)
r2 A+r1B=1⋯⋯⋯⋯⋯(1)

solving (1) and substituting to (2)
A=−B

B (r1−r2)=1 ⇒B= 1
r1−r2

A=−B= 1
r2−r1

so

a(x )=− A
(r1−x )

− B
(r2−x)

=−(
1/r1

r 2−r1

)( 1
1−x /r1

)−(
1/r2

r1−r 2

)( 1
1−x /r2

)

=(
r 1

−1

r1−r2

)∑
n=0

∞

r1
−n⋅xn−(

r 2
−1

r1−r2

)∑
n=0

∞

r2
−n xn

=∑
n=0

∞

(
r1
−n−1−r2

−n−1

r1−r2

) xn

therefore :

an=
r1

−n−1−r2
−n−1

r1−r2

=

1

r1
n+1

− 1

r2
n+1

r1−r2

= 1
√5

⋅
r2
n+1−r1

n+1

(r1⋅r2)
n+1

=√5
5

⋅((1+√5
2 )

n+1

−(1−√5
2 )

n+1)



4)

  

an−9an−1+26an−2−24an−3=0∀n≥3 a0=0 , a1=1 , a2=10

∑
n=3

∞

(an−9an−1+26an−2−24 an−3) x
n=0

∑
n=3

∞

an x
n−9∑

n=3

∞

an−1 x
n+26∑

n=3

∞

an−2 x
n−24∑

n=3

∞

an−3 x
n=0

(a(x)−a2 x
2−a1 x−a0)−9 x (a(x )−a1 x−a0)+26 x2(a(x)−a0)−24 x3a(x)=0

a( x)−10 x2−x−9 x a(x)+9 x2+26 x2a(x )−24 x3a(x)=0
a( x)(1−9 x+26 x2−24 x3)=x2−x

a( x)= x2−x
−24 x3+26 x2−9x+1

= x2−x
(4 x−1)(3x−1)(2 x−1)

= 2.5
1−4 x

− 4
1−3 x

+ 1.5
1−2 x

=2.5∑
n=0

∞

4n xn−4∑
n=0

∞

3n xn+1.5∑
n=0

∞

2n xn

=∑
n=0

∞

( 5
2
⋅4n+4⋅3n+−3

2
⋅2n) xn

∴an=
5
2
⋅4n+4⋅3n+−

3
2
⋅2n


