1) Let’s prove it by induction.
Let f(x)=5""""-24x-25 then W nelN:576|f(n)=f(n)mod576=0

I. Base Case: f(1)=5""—24(1)-25=625—25-24=576
II. Induction step: assuming the assertion holds to n, prove it to n+1

f(n+1)=5""""2_24(n+1)-25=25(5"""%)—24n—49
=25(f(n)+24 n+25)—24n—49=25f (n)+600n— 24 n+625—49
=25f(n)+576n+576

therefore:
f(n+1) mod 576 =(25f (n)+576 n+576) mod 576
=25f(n) mod 576+(576n+576) mod 576
=25f(n) mod 576+576(n+1) mod 576 =25f(n) mod 576
=0

2) let’s prove it by induction.
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I1. Induction step: assuming the assertion holds to n, prove it to n+1
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3) the sequence is a,=a,_,+a,_, n>2 a,=a,=1
solving it using generating functions
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Factorize a(x) First find root of the denominator

—(=1)xV(=1P-4(=1)(1)

1—-x—x"=0=>x=
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Letr = 1;¢5,r2: 12J§
therefore 1-x-x*=-(x — 1) (X — I)
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a(x)=

= +
(x—r,)(x=r,) x—r, x—r,

solve for A and B
—1=A(x—r,)+B(x-r,)
—1=(A+B)x—(ryA+r,-B)

A+B=0--vvvrvreneeen (1)
ryA+r B=1:coeeeeenen (1)
solving (1) and substituting to (2)
A=-B
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4)

a,—9a, ,+26a, ,—24a, ,=0Vn=3 a,=0,a,=1,a,=10
Y (a,—9a, ,+26a, ,—24a, ,)x"=0

0

> a,x"-9 Zw: a, x"+26 i an_zx"—24i a, ,x'=0

=3 n=3 n=3 n=3

=
w

a(x)—a, X’ —a,x—a,)—9x(a(x)—a, x—a,)+26 x*(a(x)—a,)—24x>a(x)=0

— =

a(x)—10x*—x—9xa(x)+9x’+26 x*a(x)—24x>a(x)=0
a(x)(1-9x+26x*—24x%)=x"—x
a(x)= X —x = X=X
—24x’+26X—9x+1 (4x—1)(3x—1)(2x-1)
2.5 4 + 1.5
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