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CHAPTER1
INTRODUCTION AND PRELIMINARIES

1.1 Variables

We live in a world of interrelated changing entities like, the position p(r)of
earth changes with timet, the velocity of a falling body v(d ) changes with
distance d , the area of circle 4(r)changes with the size of radius .In the

language of mathematic changing entities are called variable

1.2 Example

Position of earth p(t), timet, velocity of falling body v(d), distance d , Area

of circle A(r) ;radius of circle r , all are variable’s

1.3  Independent and Dependent Variable

The variables to which the value is assigned is called independent variables
and the variable whose value is obtained correspondmg to the assigned value
is called dependent variable.

If f:4— B be a function, then for ‘each,assig‘néd‘ value xe 4 3 unique
yeBst y=f(x). The variable x to which-value is assigned is called
independent variable and the variable y whiéh takes value corresponding to
assigned value of xis called dependent variable.

(Independent variable) causes a change in (Dependent variable) and it

isn't possible that (Dependent variable) could cause a change in
(Independent variable).

Example: (Time Spent Studying) causes a change in (Test Score) and it isn't
possible that (Test Score) could cause a change in (Time Spent Studying).

We see that "Time Spent Studying" must be the independent variable and
"Test Score" must be the dependent variable because the sentence doesn't
make sense the other way around.

14 Derivatives

The concept of derivative is at the core of Calculus and modern
mathematics. The definition of the derivative can be approached in two
different ways. One is geometrical (as a slope of a curve) and the other one
is physical (as a rate of change).

The Physical Concept of the Derivative: This approach was used by Newton
in the development of his Classical Mechanics. The rate of change of one
variable with respect another variable is called derivative.

The Geometrical Concept of the Derivative: Consider a function
y= f(x) and its graph of one variable x then the derivative of y at a point

p(x,y) is the slope of tangent to the curve y=f(x)at p(x,y)and denoted

by Z—y and called total derivative.
X
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1.5

1.6

Partial Derivatives: If z=z(x,¢), where x,¢ are independent variable. Then

z =z(x,t) denotes the surface in 3-D and for any point P(x,t,z(x,t)), the

slope of tangent in x -direction is defined by g—z and slope of tangent in ¢-
29

direction is defined by % .

Differential Equation

The equation which expresses the relationship between dependent variables,
independent variables and the derivatives of depedent variables with respect
to independent variables is called differential Equation.

Classification of Differential Equation

When you study differential equations, you learn to look at an equation and
classify it into a certain group. The reason is that the techniques for solving
differential equations are common to these various classification groups.
And sometimes you can transform an- equation of one type into an
equivalent equation of another type, so that you ‘cann ‘use easier solution
techniques. Here there are some of the major classifications of differential
equations: o

Ordinary Differential Equation: A differential equation which expresses

" relationship between one or more dependent variable which are function of

a single independent variable and the ‘total derivatives of dependent
variables with respect to independent variable; i.e., the differential equation
involving only total derivatives. That is “An ordinary differential
equation (ODE) contains differentials with respect to only one variable”

Partial Differential Equation: A differential equation which contains the

“-dérivatives of one or more dependent variables with respect to more than
one independent variables i.e., the differential equation involving partial
derivatives. That is “Partial differential equations (PDE) contain
differentials with respect to several independent variables”.

Classification of Ordinary Differential Equations:

I. Simple/ordinary differential Equations: An ordinary differential
equation (ODE)which contains one dependent variable and derivatives
of dependent variable with respect to independent variable.

Example: Let y=y(x),x is independent variables then
d? y . dy . . . . . .
e +sin x—-=cosy is a simple/ordinary differential equation.

II. System of Differential Equations: A differential equation which
contains one independent variable, more than one dependent variables
and derivatives of dependent variables with respect to independent
variables.

Example: let y=y(x) and z=z(x) are two dependent variables of a
single independent variable x then Zi; & sinx and & + xgz— =cosx

x dx
together is a system of the differential equations.

Put Your Own Notes

-
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1.7

Partial Differential Equations:

I. A differential equation with one dependent variable which is the
function of more than one independent variables.

Example: letz = z(x,t) , where x, r independent variables are then

2 2
a—i + 6—22 =0 is a partial differential equation.
ox° ot

I1. System of Partial Differential Equations: A differential equation
which contains more than one independent variables with more than
one dependent variables and their derivatives with respect to
independent variables.

Differential Equation
Independent Independent
Variable = 1 Variable > 1
ODE PDE
Dependent Dependent Dependent Dependent
4 Variable=1 Variable > 1 Variable = 1 Variable > 1 ¢
; Simple ODE System of ODE Simple PDE System of PDE ;.

Example: Let y=y(x,t)and z =z(x,t) ;where x, ¢ are independent
o y &z & y &z

variables then —%+-—-=0 + Pl =0 together is a system of partial

& o o

 differential equation
Order and Degree of Differential Equation

" Order of Differential Equation: The order of the highest ordered
derivative occurs in a differential equation is called the order of the
differential equation.

.. Degree of Differential Equation: The degree of the differential equation is
the highest exponent of the highest derivative which occurs in it, after the
differential equation has been made free from radicals and fractions as per
the derivatives are concerned.

. Dote: The order of the differential equations is always exist but the degree
“of the differential equations need not exist.

Example:
dy

. @,\ y= sin; , order is one and the degree does not exist.

-.(b) log(l +%j =¢, order is one and the degree does not exist.

- (c) ¢ -y"+xy=0order is three and the degree does not exists
gr

2/3 3/2
d’ d’
-_(d) The degree of the equation (g);] +(E{-] =a isnine
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;’;z (_‘é_x%] B =0 is Put Your Own Notes
@ 1, 4
b) 4,1
(©) 4, 4
@ 1,1
AnS' b

/Examples Write down the order and degree of the followmg differential
~-" equations

- (a)( )3 ((‘Zj+y 3e*
< (b) (dx] +7(%)4=3sinx

, d
~ —+ax=0
© o

. 2 3 o
“(d) (d—yJ 34y 4%y y+4(2:~logx 0 -

J. o d*y dy
22 _ 1220

(8) 2 ﬂfl

) Vv =2

Answers: The order and the degree respectively are,
(@ 1;3
(b) 2;3
) 2;1
 3;1
() 1;2
® 23
(& 2;2
(b) 151
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1.8

1.9

Family of Curve’s

A family of curves is a set of curves, each of which is given by a function or
parameterization in which one or more of the parameters are variable. That
is the n -parameters family of curves is a set of relations of the form

{(x, y)|e(xy.c1.¢5.., )} , where g is real valued function of x,y,c,c,..c,

and each c; is parameter. Families of curves appear frequently in solutions of
differential equations.

Example: Family of circle whose centre is (¢,¢;) and radius is 3 ie.,
{(x, y):(x—¢ )2 +(y-c; )2 = 9} is two-parameter family of curves.

Example: {(x,y):y=mx} represents the equation of a farmly of stralght
lines through the origin, where m is the parameter.

Example: {(x y): x4yt =02} represents the equatlon “of family of

concentric circles having the ongm as centre and radlus z-

Example: {(x,y): y=mx+c} represents the equatron of a farmly of straight

lines in a plane, where m and c are parameters 9 A\

Formation of Differential Equation . ™

Let F(x,,¢,¢5,..,¢,)=0 be n -paramétéf f:érrﬁly -of curves, where x is
independent variable, y-dependent varlable Then the differential equation
whose solution is F(x,y,c,cp,... c) 0 is. obtamed by eliminating n
arbitrary constants ¢;,c,,...,C, i

Method to eliminate arbitrary constants: Let F(x,y,c;,¢;..c,)=0 ...(i) be
n -parameter family of curves .

Differentiating (i) w.r. t. x (n-times), we get
O (%, 7,,¢1,¢250,€, ) =0 (i)

& (2,2, 5",¢1,€55000,6,) =0 i)

o, (x,y,y',...,y("),cl,cz,...cn)=0 .(n+1), where ¢; denotes the i th deri-
vative of F(x,y,c,...c,)=0.

Eliminating n unknowns using (n+1) equations, we get the required
differential equation.

Example: Consider one parameter family of the equation y =mx+c ......

(1). This represents family of parallel straight lines having same slope m .
Then the differential Equation corresponding to the given family is obtained

by differentiating (1) with respect to x, we get, % =m This is the differential

equation representing the above family of straight lines.

Put Your Own Notes -
Nem———————
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1.10

Example: The differential equation corresponding to the family of circles of
radius '7' whose centre lies on the x - axis is

(@ y(j—i]wz =r

(b) y{%+1}=r2
(c) » {Z—iﬂ}:rz
(@ »* {(%TH}:%

Ans: d

Linear Differential Equations: A linear differential equation is any
differential equation that can be written in the following form ‘

ay()y™ +a,(x)y" "+ +a, (x)y'+a,(x)y = Q(x) . where a;(x)Vi
are function of x . .

The important thing to note about linear différential equations is that there
are no products of the dependent variable and its derivatives or no products

of the derivatives and neither the dependent variable nor its derivatives
occur to any power other than the first power.

Example: x*y"+xy'+y =€ linear dlfferentlal Equation of second order

. ‘ﬁ:f't‘zmple: Which of following differential Equation is linear

(@ (+x)y+y=1

®) 3y +(x+d)y=x>+yp"
(c) y"=cos(2ty)

() ¥ +xy"+cos(x) = e’
Ans: b

/Example: Let f (x,}",y",-.-,y")=0 be nth order Differential equation then

choose the incorrect

(a) If deg f =1= f =0 is linear differential equation
(b) If f£=0 islinear = deg f =1

(c) If deg f >1 = f =0 is Non-Linear

{d) If £ =0 is Non-Linear = deg f > 1

Ans:a, d

Solution of Differential Equation

Let F(x, VoY e y("))=0 be nth order differential equation then a real or
complex valued function ¢(x) of real variable x is a solution of

F(x,y,y',...,y(")) if

*
Put Your Own Notes

N—————
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. , (n) . (k) th L. T AT RACTE R,
1 , oo exists, where denotes the & derivative
@ 0(x)4'(x), 0" (x) ¢ () ¢ Put Your Own Notes
of ¢(x) with respect 0 x . r—— e ————
i) ¢(x) satisfies the differential equation Le.,
F(x,(2), (x),.-4" (x)) =0
e
Exémple: If y(x)=x|x is solution of nth order differential equation
*._/defined vx € R, then possible value of n is?
(@ n>2
(b) n=1
() n=2
(d) None of these
Ans: b
Example: y(x)has first order derivative, y(x)is a solution of the first order
differential equation y'(x)=2|x| '
*  The solution of differential equation may or may not define for all x
in the domain of differential equation. ’ {
“1.11  Classification of Solution of The Differential‘EQuations
Let F(x, y,/y',..., y(")) =0 be nth order differential equation.
(i) General Solution: Any solution. of differential equation which
contains » “Independence of arbitrary constants” is called general
solution.
Independence of Arbitrary Constants: The arbitrary constants
appearing in the general solution must be independent and should not
be reducible to a fewer number of equivalent constants.
Example: The solution y(x)= ce*** apparently contains two arbifrary
~"constants ¢ , k but infact they are equivalent to only one constant, for
y(x)= ce™k = &% cek = de* .
. The two constants c, k are reduced to one constant 4 and as such ¢
and k are not independent constants. )
(i)  Particular Solution/Integral Curve: Any solution which can be
~ obtained from general solution by taking some particular value of
_+arbitrary constants
“/(/iii) Singular Solution: A singular solution in this stronger sense is often
given as tangent to every solution from a family of solutions. A
singular solution is the envelope of the family of solutions cannot be
obtained from general solution by giving particular values of arbitrary
constants.
The singular solution is related to the general solution by its being'
what is called the envelope of that family of curves representing the
general solution. An envelope is defined as the curve that is tangent to
a given family of curves.
28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L.L.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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Envelope: An envelope of a family of curves in the plane is a curve that is
tangent to each member of the family at some point.

y = (x+c)?
P4t

, NSy
‘r,,-'.-!;(;
}‘x///l/,’

vszfzfq;/

Example: Example: y'=4y has the general solution y =(x+c)*, which is a
family of parabolas The line y(x)=01is also a solution of the differential
equation, but it is not a member of the family constituting the general

solution. Hence line y(x) =0 is singular solution of the differential equation

s

Example: Consider family of circles with centre lymg éﬁ x- ax1s and radius
3. This family is given by(x—a)>+y*=9. And corresponding differential
equation can be obtained by eliminating, a parameterq ..

R R SRR
7L RERIQLLIIR,
TR

il

ALK

PATACd

Hence (x- a)2 +y* =9 is general solution of the differential equation
y2 [ y'2 + 1:| =9

Also we can easily verify that y(x)=3 and y(x)=-3 are the solution of
yz’[ y'? +1] =9 which cannot be obtained from general solution . These both

are envelope to the general solution. Hence y(x)=3 and y(x)=-3 are
singular solution of the differential equation

Note: Usually, singular solutions appear in differential equations when there
is aneed to divide in a term that might be equal to zero. Therefore, when one
is solving a differential equation and using division one must check what
happens if the term is equal to zero, and whether it leads to a singular
solution.

Note: There are solutions, which do not belong to any of the above class;
these solutions are not in the scope of this course.

*
. Put Your Own Notes -
’“

-
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1.12 Some Important Examples

,(’5 Consider the differential equation, Z

+|y\+a 0, aeR then number

of real valued solutions of the difféfential equatlon are as follows:
Case-1 a =0 then y(x)=01is only real valued solution.

Case-II o > 0 differential equation does not have any real valued
solutions.

Case-III o < 0 differential equation has exactly two real valued
solutions.

(i1) C0n51der the d1fferent1al equation,

di+|y|+a—0 acR . Then real

valued solutlon of the dlfferentlareaaa’tlmassmg through point

(b,c)e R?.
Case-Ia =0
[2sb1=0.5(8) =

(a) Has unique real solutionv (,0) € R
(b) Has no real solution Vv (b,c)e R2 c#0

Case-Ila > 0 Has no real solutionv (b,c) R?
Case-Ill a <0
(c) Has unique real solution
y(x)=a v (b,a) e R?
(d) Has unique real solution
y(x)=-a v (b,-a) e R?
(e) Has no real solution
V(b c)eR ,c*¥ta

-

% =y%, y(b)=0,beR&a e(0,1). Then number of real valued solutlons of

the differential equatlon is mﬁmte and it has 1nﬁn1te number of linearly
mdeperrdent solution.

‘--\ KS\/’ o« /’ 1

-'(@fcample'%d—= ¥3,7(0)=0,x>0, if we apply the separation of variable

3
Using initial condition y(0)=0 = ¢ =0 then solution is y =(x)?,
Note: 1f above method we are getting unique solution but actually, it has

infinite many solutions all of the below function satisfying the differential
equation

0 0<x<y

yx)= 3 for each y >0 y(x)is solution of the differential
(x=9)? x>y e

equation.

Prg osntlonll Let y= y(x)r then considers the differential equation

l

Put Your Own Notes
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CHAPTER 2

FIRST ORDER FIRST DEGREE DIFFERENTIAL
EQUATION

2.1.

2.2

First Order First Degree Differential Equation

The most general form of a first order first degree differential equation is

? = f(x,y) where f(x,y) is function of two variables defined on a region
59 .

in the xy-plane or it can be written as M(x,y)dc+N(x,y)dy=0, where
M(x,y)&N(x,y) is function of two variables. S

Example:
dy _x=3y . :
(a) - = 2y it can be written as (2y— x)dy = (x'?,Zgy)dx .

(b) (1+x*)dy—xydx =0
(©) (F—y*)dy+2xydx=0
(d) @x’y—y)dx+(x’—x+2y)dy=0

(e) (X*+y*+y)dx—xdy=0

dy 2y 3
—+—=6
(H o

Separable Differential Equation

A differential equation of the form % = f(y)g(x) is called separable form of

the differential equation with separation of variables. It can be express as
follow f(x)dx= fo(y)dy

i.e. if an equation in xand y can be put in such a way that dx and all the
terms containing x can be put on one side, and dy and all the terms
containing y on the other side then we say that the equation is variable

separable. Its general solution can be obtained by directly integrating terms
of xand y and adding an arbitrary constant to any one side. That is solution

obtained by integrating J' fi(x)dx = I fo(»)dy+c , where c is arbitrary

cons}lan’tf46f integration.

Ef;;ttple: Solve (1-x)dy+({1-y)dr=0.

Solution: The given differential equation can be written as %+% =0.
Integrating both side.

We have, —log(1-x)—log(1-y) =—logec = (1-x)(1-y)=¢

 Put Your Own Notes
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| Example: Solve (1+x )dy—(l+y )dx . Put Y Own Notes
W
, . . . dy dx
Solution: The given equation can be written as 5 = > - Then
) I+y° 1+x
integrating both sides, we have tan™ (y)-tan™' (x)=tan™' (c), where cis an
arbitrary constant.
Example: Solve (xy2 + x)dx+( w2+ y)dy =0
Solution: The given  equation can  be rewritten  as
x(y2 +1)dx+y(x2 +l)dy =0
— xdx + ydy 0= 2xdx + 2ydy -0
(x2+1) (y2+1) (x2+1) (y2+1)
On integrating, we get log(x2 +1)+log( y +1) =log(c) where cis an arbitrary
constant. ' S
( 2 2 i ; ion-
=[x +1)( Yo+ 1) =c is the required solution
Example: Find the curves passing through. (0,1) and satisfying
N sin(dy/dx) =c. e
Solution: Re-writing the given equation, we have -
dyldx=sin"' cordy = (sin“ )dx.
Integrating, y = xsin"' c+¢’, ¢’ being arbitrary constant. ~(1)
Since, (1) must pass through(0,1), we put x=0 and y =1 in (1) and obtain
¢'=1. Hence, (1) reduces to y=xsin'c+l or (y-1)/x=sin”'c or
sin{(y-1)/x} = c, which gives the desired curves.
_ Example: If dyldx=¢e""Y and it is given that forx=1,y=1; find y when
Cox=-1.
Solution: Rewriting the given equation, we get e ”dy = e*dx.integrating it,
-7 =¢e"+c (1)
Put y(1)=1 sothat c=—¢"' —e.
Hence (1) reduces to —e™” =e* - . -(2)
Putting x = -1in (2), we obtain ~¢” =¢™! ¢! ~¢ so that y=-1.
2.3. Equation Reducible into Separable Form
If the first order first degree differential equation is of the form
% = f(ax+by+c) . Then it can be reducible into separable form in variable
u, x by using transformation u=ax+by+c and corresponding reduced
28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n
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differential equation is a+bf (u):j—u and solution is given by
X
J —ii—— Idx+c
at bf (u
/ " 7
: le: —=(x+y)’
N}xamp e. . (x+y)
Let v =x+ y then equation reducible 1nto —(v) and % compare

both equations we get

d . . . .
d—v=1+v2 , 1t can be written as 0 vz =dx integrate both side we have
X +Vv

tan"' (V) =x+c

Hence solution is x + y = tan(x +c)

Homogeneous Function: Let Sc R* be a subset of RZ. A function
f:S—>R is said to be homogeneous function of degree n if for eachi >0

(e Ay) =271 (x,7)
) E.fample: f(x,y) =x%+ »?

Solution: Consider, f(Ax,Ay)= (}.x) (x +y ) =22 f (%)

+()’ =

So,; f (x, y) is a homogeneous function 6f degree 2 .
]’ ’ 3, ‘ y

{

i x2 +y2
Example: f(x,y) =
2 2
Ax A
Solution: Consider, f(Ax,A\y)= £)+—(y)
(Ax) (W)
22x2 4222 (22 +y?
== =( )=f(x,y)

kzxy

Xy

. f(x,y)is a homogeneous function of degree0 .

Homogeneous Differential Equation

The first order differential equation %: f(x,y) is called homogeneous,
differential equation if f(x,y) is homogeneous function of degree zero.i.e.

f(xy) can be expressed as f(x,y)= 4)(1) or f(xy) =¢(£] , where ¢ is
x y

arbitrary function.

The homogeneous differential equatlon =f ( j can be reducible into

separable form in new variables x,u using transformation v =ux, so
du dx

= Uu- uj=x =>——T
S () u—f (u) x

general solution of differential equation.

Y =u+xu =x+c i

du
:>'[u—-f(u)
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Example: Séjlve(x3 +3x° )dx+( Y +3x? y)dy =0.
"a,/”

3 2 1 2
Solution: Given L4 = 3xy - +3(y/x)

dx 34322y (y/x)3+3(y/x).

(1)

; dy dv
Takey/x=v,lie., y=vx sothat —=v+x| — (2
y y=vx = [dx] ( )
2
From (1)and(2), v+xﬂ=_1;-3v
dx Vv’ +3v
dv 1+3v2 vie6v? +1 dx 43 +12v
orx—=- 3 —v=- 3 or 4’—-——:—__—4 2_ dV.
dx v +3v v’ +3v x Vi+6v 41

Integrating, 4logx = —log(v4 +6v% + 1) +logc,c being an»arB’itr’aryV ¢6nstant.
or logx*= log[c/(v4 +6v° +l)] ,ie., x* (v4 +6v2 + 1)= c
or y* ;@:zeyz +xt=c or (x2 +y2) +4x2y? =c ,as ylx=w

Eggé;nple: Solve (x2 —4xy-2)? ) dx + ( »? —4xy—-2x2)dy = 0.

et 5
Solution: Re-writing the given differential equation, we have
dy \ N,

;:(xz ~awy-2y%) [(26 + 42y ?) | (1)

Putting y = xv and b v+x(ﬂ] , {1) reduces to
dx dx

dv_1-4v-2v"  dy_1-4v-2

V+x—= 5 O X —=— s
dx 2+4v-v dx  2+44v—v

.
dv_1-6v—-6v2+v’  dx 3(V —4v-2)

OI'JC—-—=—————2 or 3—+—#—~dv=0
dx 2+4v—v X v—6v-—6v+l

Integrating, 3logx+ log(v3 -6V —6v+ 1) =logec , ¢ being an arbitrary
constant

3 2
Or x3(v3—6v2—6v+l)=c or x° {(Z) —6(ZJ —6(Z)+1}=c
X X X

Or y* —6xy? —6x2y+ x> =c,c being an arbitrary constant.

' Differential Equation Reducible into Homogeneous
. .4 b '
Consider the equation 2 %(z) Where 222 If c &' are both
dx ax+b'y+c b b

zero, the equation is homogeneous. If ¢ & ¢’ are not both zero, then we
change the variables so that constant terms are no longer present , by the

substitutions ~ x=X-+h, y=Y+k ..(i)) and reduces (i) to
dY a(X+h)+b(Y+k)+c
dX a'(X+h)+b' (Y +k)+c

l

Put Your Own Notes

[

4
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dy  aX+bY +(ah+bk+c) (i)
—_ LU
ax aX+b'Y+(a'h+b'k+c')

Now, choose # and k such that
ah+bk+c=0& a'h+bk+c' =0 ~(iv)

Then (iii) reduces to ay _ aX+br
dX d'X+b'Y
solved by the substitution ¥ =vXx . Replacing X &Y in the solution so

obtained by x—h,y—k from (ii) respectively we will get the required

, which is homogeneous and can be

solution in terms of x and y , the original variables.

A special case when—%:%: kin this case we cannot solve the equation
a h .

given by (i) above and the differential equation is_of the form.

& __axtbytc (v)
dx  kax+kby+c' R IR

In this case, the differential equation is solved by pti‘ttir‘;g v=ax+by ..(vi)

Differentiating both sides of (vi) with respect to x, we get Z— —a+b@

X
dy (dv ‘1)
de  bldx
. The equation (v) reduces to lLE'K—a):WLC , or ilIK=a+M

b\ dx kv+ce dx kv+c

variables are now separable, and we can determine v in terms of x .
Replacing vby ax+by in this solution, we can obtain the required solution.

, the

Example: Solve (2x+y—3)dy =(x+2y-3)dx

dy x+2y-3

Solution: The given differential equation is —==—="—= (i)
2x+y-3
Putting x=X+#k and y=Y +k (i)
h)+2(Y +k)-3
The equation (/) reduces to —— dY _(X+h)+2(¥+k)- or
dx ~ 2(X+h)+(Y+k)-3
dY X+2Y+(h+2k-3) (i)
-_—= R 114
dX 2X+Y+(2h+k-3)
Choose # and k suchthat A+2k-3=0,2h+k-3=0 -(iv)

Solving the equations (iv) we have h=1,k =1
~From (i) x=X+Ly=Y+1..(v)

dY _X+2Y
dX 2X+

Also (iii) reduces to solution of this can be obtained by

reducmg to variable seperabie form and it is (x+y- 2) (x y) o

A s e
& e T e e ey T

o e

iR B SR e

-
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\\_Exaﬁizple: Solve % =(x+y+4)/(x-y-6).

Solution: Given % =(x+y+4)/(x—y-6)

Letx=X+h,y=Y+k sothatﬂzd_Y
dx dX

Using (2), (1) reduces to ﬂz(X+Y)+(h+k+4)
X (X-Y)+(h-k-6)

We choose rand k,suchthat A+k+4=0,and h—-k-6=0
Solving(4), A=1,k=-5 andsoby (2), X =x—1, Y =y+5

Using {4),(3) reduces to ar _X+Y 1+(Y/ X)
X X-Y 1-(Y/X)

. dy dv
Putting ¥ = Xvand—=v+ X| — |;-{6) becomes
gr=Avalfx =Y (de ) ©
Vi X dv :1+v o ﬁ: 1-v dv— dv_ vdv

dX 1-v X 140 1402 1+

Integrating, log X =tan!v —(1/ 2)log(1 + vz) +(1/2)logc
or 2log X +log 1+Y—2 —logc=2tan‘1[1j Has,h v:_{
X2 X2 X

or 10g{(X2+Y2)/c}=2tan‘1(§J or X2 472 = o2t (YIX)

-1
or (x=1) +(y+5) =ce®™" {5/ -1} , ¢ being an arbitrary constant.

E}fyﬁ;}le: Solve ﬂ#(x+y—2)/(y_x_4) .
N4 dx

& _dr

Solution: Let x=X+h and y=Y +k so that
dx dX

) . . dY X+Y+(h+k-2)
Then given equation gives — =
dX Y- X+(k—h—4)

Choose h,k suchthat h+k-2=0 and k-2-4=0
Solving(3); h=-Lk=3. Then (1) gives X =x+1 and Y = y-3

Using (3),(2) becomes 4y _X+Y 1+(Y/ X)
dX Y-X (Y/X)-1

Let £=v, 1.e., Y =vX so that d—Y=v+X(ﬂ
X axX [7).4

2
From (5)and (6), v+ X 22 =18V op @ _1¥2vov
X v-1 dx v—1
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2.6.

(v-1)dv _dx (2-2v)av dax
or L2 o LT,
14+2v—-v X 1+2v—v X

integrating, log(1+2v—v2)+2logX:10gC or X2(1+2v—v2)=C
or X {1+2(Y/X)—(Y/X)2}:c or X2 +2XY-Y*=C

or (x+1)2 + 2(x+1)(y—3)—(y—3)2 =C, C being an arbitrary constant

E}/{nple: Solve (x+y)(dx—dy)=dx+dy .

S
" Solution: Re-writing the given equation, we get

1) = dy _x+y-l (1)
(x+y—1)dx=(x+y+1)dyor pe——

Let x+y=v (2)

(2) = 1+dy/dx=dv/dxso that dy/dx=(dv/dx)-1. ~(3)
A WLl PLL A LR 2dx:(1+l]dv.
dx v+l dx v+l v

- Integrating, 2x+c=v+logvor x—y+c=log(x+y), C being an arbitrary
constant

Exact Differential Equation and Its Solutions

The expression M (x,y)dx+N(x,y)dy is called exact expression if
3 f(xp) such that the total derivative, d[ f (x,y)] of f(x,y) is Mdx+Ndy

i.e.,d[f(x,y)] =M (x,y)a’x +N(x,y)dy

= %dx+%dy=M(x,y)dx+N(x,y)dy = %f; =M(x,y),% =N(xy).

If we consider the differential equation M(x,y)dx+N(x,y)dy=0is called,
exact if 3 f(x,y) such that the total derivative, 4 [f(x,y)] of f(xy) is
Mdx+Ndy ie., d [f(x,y):] =M (x,y)dx+N(x,y)dy and solution of the
differential equation.

Proposition 2.1: The Necessary and sufficient condition for a differential
equation M (x,y)dx+N(x,»)dy=0 to be exact is %:Z—N ie.,
29
differential equation M (x,y)dx+N(x,y)dy=0 is exact if and only if
M _ov
oy Ox

"

the

Example: cos ydx —(x siny— y2 ) dy =01is exact differential equation

Example: | x - 2)} 5 |de+| v+ 7x > |y =0
x"+y x'+y

]

Put Your Own Notes

[

L
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Note: Exactness is a fragile condition in the sense that seemingly minor o —"

alterations in an exact equation can destroy its exactness. This is
demonstrated in the following example.

Example: (xy* + x)dx + yx*dy =0

oM 0 ON 0
=5y—[xy2 +x:|=2xy and E:g;[yﬂ]:zxy

A
U

And
(12 + dx +xvrdv =0

is not exact, even though it is obtained by dividing both sides of the first
equation by x .

Example: The differential equation
cosy dx+( y2—xsin y) dy =0 is exact because

‘oM .
E:%[COSJ’] =—siny and 6_N=_6_[y2 —xsiny] =-siny

Ox Ox
But the equation
cosy dx+(y2 +xsiny)a’y =0

is not exact, even though it differs from the first equation only by a single
sign. ‘

Note: Every differential equation of the form M (x)dx+N(y)dy=0

is exact. In other words, a separable variables equation is actually a special
type of an exact equation. '

Solution of Exact Differential Equation: Let M(x,y)dx+N(x,y)dy=0be
exact differential equation

= 3 f(x,y)such that %=M, %=N.

A o o
M=é = f(xy)=]Mdx+o(y) :>£=51de+¢'0’)

= ¥()= N‘;%Ide = ¢(y)_=I[N—%jde}dy
f(x,y)szdx+j[N—%jdej|dy

.. 0
Thus, solutionis f(x,y)= Ide+J‘|:N—5Ide}dy =c -(21)

g

Similarly, if we start with =— =N then solution is

f(x.y)= [ Ndy +j[M—§ | Ndy]dx =c -(2.2)

(2.1) is equivalent to I Mdx + .[ Ndy =c and

y—const N- free fromx

Put Your Own Notes
N ——————————

-
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2.7.

(2.2)is equivalent j Ndy + I Mdx=c .

P x—const M - free fromy

‘VE}cample: (x2 —ay)dx+ ( y2 - ax) dy =0be an exact equation as

M=x2—ay,N=y2—ax

Solution: Then solution is _[de +f Ndy - J‘{%‘[de} dy=c

%x —axy+ —;—'y —axy— j': [§x3— j”dy:c

1 3 1 3
—x —axy+—y —axy—|—-ax dy=c
3 axy 3)’ Xy J 3

§x3 —axy+%y3 —axy—+axy=c

=% “3axy+y’ =c
Equation Reducible to Exact Form

Sometimes a differential equation M (x,y)dx+N(x, y)dy=0 which is not
exact, we can reduce the differential equa‘fion%i'nto exact by multiplying a
suitable factor ¢(x,y) called an integrating factor. -Some of the rules for
finding integrating factors of the equatlon

1. Integrating Factors Found by Inspectlon. In a number of cases, the
integrating factor can be found after.regrouping the terms of the

equation and recognizing each group as being a part of an exact
differential.

Some of the Important Example:

(a) xdy+ydx=d(xy)

0 )

P

o e

xdy —ydx __, (i]
(d) y2 y

xdy — ydx _ -1y
—Z—T—d(tan —;

(e) X" +y ‘
xd;:—yczix =d(llogx+y]
x=y

® *77
Example: Solve y (ny +é* )dx =e*dy

Solution: 1t is easy to note that terms ye®dx,e*dy should be put together

(ye"dx—e"dy)+2xy2dx=0 . Now we observe that the term 2xy’dx should
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m
not involve y* . This suggests that € may be an integrating factor Pyt Vour Own Notes

y2
w

multiplying throughout by —17 , it follows ye——zedy+2xdx=0 or
) y Yy

X X
d [e—}+2xdx=0 Integrating , we get € +x*=c which is the required
y y

solutiqn.

E{gi;;ﬁle: Find the particular solution of
(;:osx —xsinx + 1) dx + 2xvdv =0
That satisfies the initial condition y(7)=1

Solution: The differential equation is exact because

M oN
» x
la ——

%[cosx—xsin;ﬁyzjz2y=%[2x)./]‘

Then general solution is xy2 +xcosx =C.

Applying the given initial condition we get C= 0 Hence the particular
solution is xy2 +xcosx =0. -

Some of The Important Method for Fmdmg Integratmg Factor :

Consider the Non-exact differential equatlon M (x,y)dx+ N(x,y)dy=0
then

(i) An integrating factor ¢(x,y)can be function of x only

1
Example: xdy — ydx = Obe a non exact differential equation and —;-is
x
an integrating factor

(ii) An integrating factor ¢(x,y)can be function of y only

Example: xdy — ydx = 0be a non exact differential equation and Lz is

an integrating factor
(iii) An integrating factor ¢(x, y)can be function of x.y only
1
Example: xdy — ydx =0be a non exact differential equation and — is
x.y
an integrating factor
(iv) An integrating factor ¢(x,y)can be function of x> + y*only

Example: xdy —ydx =0 be a non exact differential equation and

-— Is an integrating factor

X +y
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(v) An integrating factor ¢(x,y)can be function of x + y only
Example: xdy —ydx =0 be a non exact differential equation and

> 1s an integrating factor
(x+y)

(vi) An integrating factor ¢(x, y)can be function of x — y only

Example: xdy —ydx =0 be a non exact differential equation and

( x is an integrating factor
xX—y

That is we can assume in general an integrating factor ¢(x,y) can be

function of v, where v is known function of x, y

Now ¢@#(v) is an integrating factor if - and only. if
d(v)(M (x, y)dx + N(x, y)dy) = 0is exact differential equation that is

¢(v)is an integrating factor if and only if (#(v) M) =(4(v)N),

My, -N: _¢'(v)
N, —M}vy o(v)

@(v)is an integrating factor if and only if

=f(v)

) : v)dv
That if #(v) is an integrating factor then ¢(v) = "eI e

Proposition 2.1:

(i) If the integrating factor ¢(x,y)=¢(v) is function of v then
M,-N, _ '
——>——=—=f(v) is function of v only or at most constant. And
Nv,—Muv,
¢(V) _ e_[f(v)dv

M,~N,

ii If ———
(@) Nv,-Muv,

is function of vonly or constant then there exist an

integrating factor ¢(v) which is function of v only and it is given by
ORC

. M,—N. .
(iii)) If—2—>— is not function of vor constant . Then there does not
Nv,-Muv,
exist any integrating factor which is function of v only

Proposition 2.2:

: . . _ , M,-N,
(i)  If the integrating factor ¢(x,y) is function of x then —yN— = f(x)

is function of x only or constant.

M,—-N,

() If % = f(x) is function of x only or constant then there exist an

integrating factor ¢(x) which is function of X only and it is given by
¢(x) = e'[f(x)dr

Put Your Own Notes
Ne————ea—

L
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() If ——’—V—N—x is not free from y - Then there does not exist any  Put Your Own Notes
integrating factor which is function of * only
2 U 2
Example: Solve (xy —e )dx—x ydy=0
3 M,-N, L
Solution: Here M =x*-¢"* and N=-x’y= VT __4 which is a
I x
function of x only
-4
[—a 4 s -4
lF.=¢ * =x Multiplying  throughout by x , we get
vy y 3 .
=-—e dx——-dy = 0 which is an exact equation
X X x ’
: : Yy > 1 /x
.. the solution is J - dx+0=c
X X .
2 2 I 412
or-2~ +l-|'e" (—3x‘4)dx:c or lex ir o
2 3 3 2 2
Propeosition 2.3:
: o _ . M,-N,
(i)  If the integrating factor ¢(x,y) is function of y then — " f(»)
is function of y only or constant. ’
. y— N, . . .
G If —y - f(») is function of y only or constant. Then there exist
an integrating factor ¢(y) , which is function of y only and it is given
-[f(»)a
by ¢(y)=e [r(v)ay )
M,-N, . L
(i) If — is not free from x . Then there does not exist any
integrating factor which is function of y only.
Proposition 2.4:
. . . M y N x . .
(i) If ¢(x,y) is function of u =x.y then —2—== f(u) is function of
yN —xM :
u only or constant and integrating factor ¢(u) is given by
o(u)= PEOLS
.. M y N x . .
(i) —>——=f(u) is function of u=x.y only or constant then there
yN —xM
exist an integrating factor ¢(u) which is function of xonly and it is
given by ¢(u) = RHOLS
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M -N
(iii) —]\}'—A;is not function of » = x.y only and non-constant then there
YIN — X,

does not exist any integrating factor which is function of « only.

Proposition 2.5:

() If ¢(xy) is function of u=> then Mx—)= f(u) is function
’ y yN +xM

of u only or constant and integrating factor ¢(u) is given by

¢(u):ejf(u)du )

.. Y 2 (M y N, ) . . X
(i) ————"==f(u) is function of v == only or constant then there
yN +xM y L
exist an integrating factor ¢{(u) which is function of xonly and it is
given by ¢(u)= RHOL
yz(My —Nx) . ) Xo T S
(i) —————is not function of u=— only~and non-constant then
y o

yN +xM ‘
there does not exist any integrating faét’c)r whlch“is function of « only.
Proposition 2.6: )
| e
(i) If ¢(x,y) is function of u=< tbén Sy f(u) is function
of u only or constant and integfa;tihé factor ¢(u) is given by

()= 1M

3 x2 (M y—N. x) ) ) y
(i) ————"=f(u) is function of u == only or constant then there
yN+xM x
exist an integrating factor ¢(») which is function of xonly and it is
given by ¢(u)=e—jf(")d" .
xz(My_Nx) . . y
(i) —————= is not function of u=Z only and non-constant then

yN+ xM x

there does not exist any integrating factor which is function of u only.

Example: Check whether differential equation is exact or not. If yes, then
find solution

(a) (xexy + Zy)dy +yePdx =0
Ans:e? +y? =¢

(b) (ez" +1)cosxdx+2€2y sinxdy =0

Ans: (ezy + l)sinx =c
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2.8.

Integrating Factor of Some of the First Order First-Degree Standard
Differential Equation

Proposition 2.7: In General the homogeneous non-exact differential

equation M(x,y)dx+N(x,y)dy=0 is reducible into exact differential

. . . 1 .
equation. It has an integrating factor—————, provided xM + yN #0 .
xM + yN

Proposition 2.8: If differential equation is of the form

y.fi()dx+x. fo(xy)dy =0 then ﬁ is an integrating factor provided
X =y,

xM —yN #0 .

Proposition 2.9: If the differential equation of the form

x*yP (mydx +nxdy)=0 . Then¢(x,y)= xkm-l-a ykn-1-B vy p e R is an LF.

Proposition 2.10: If the differential equation of the form -

x%y (mydx+nxdy)+xu'y '(m'ydx+n'xdy) =0 . Then an. integrating factor is
a+h+l B+k+l o'+h+1 B'+k+1 "

’ r

m n m n

x"y*  where

Example: Solve xy(ydx+ xdy)+x?y* (2ydx - xdy) = 0..on comparing with

x*yP (mydx+nxdy)+x°"y '(m’ydx+n’xdy)=0 we get h=k=-3> 3 is

()
integrating factor.

Multiplying throughout by 553 , it becomes
. Xy

1 2 1 1 c . . ..

[T+— dx+| — —— |dy =0, which is an exact equation. The solution is
xy X xy- Yy

1

-(——1-)+210gx—10gy=c .
y\ x

Proposition 2.11: If the differential equation of the form:

M (x,y)dx+N(x,y)dy=0 satisfy the equation

(1) % = aa—N+£N = x* is an integrating factor
X X

(i1) —agy/[ =%—N—£M = y* isanLF.
x Yy

Proposition 2.12: The function f(x,y) is an integrating factor of

. it (D _NT | (M N
M(x,y)dx+N(x,y)¢1);_01fandon1y1f(May Naxj+(6y 6x]f 0

First Order First Degree Linear Differential Equation

The most general form of First order first degree Linear differential equation

is Z—y+ Py=Q, ..(i), where P and Q are constants or functions of x
X

alone (and not of y ) is called a linear differential equation of the first order.
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In general Z—y+ Py=Q differential equation is non-exact differential
X
equation.

eI Pax is an integrating factor hence Z—y+ Py = Q always reducible into exact
X

differential equation by multiplying both sides by ol P

To solve such an equation (§+ PyjeI P _ el P (i)
X
. d [ [Pix [ Pdx
Written as follow —| re -—IQ(x)e dx |=0
X

Integrating both sides with respect to x , we get yeI i =J.Q.eI Pdeve

where c is an arbitrary constant as the general solution of (i).

Note: The factor ol 7% on multiplying by which the L.H.S of the given

equation (/) becomes exact differential coefficient of some function of x
and y is called an integrating factor of the differential equation.

Example: Solve %+l =x*if y=1 when x =1
X X

Solution: Here “ P ” =1/x and “ 0 ” =x* . Then integrating factor
_ e[de _ ej(l/x)dx _ '

Multiplying both sides of the given equation"b'y the integrating factor we
have (x—jl+y) =x

X

3

or di(XJ’) =x Integrating, xy= I x*dx+C-, where C is an arbitrary
X

1 . .
constant and xy = ZX4 +C is the solution

of the given equation, Given y(1)=1, So 1= i+C or C =%

4

The required solution is xy = %x +% or 4xy=x*+3 .

Example: Solveﬂ+ 2xy2 =—17 . Given that y =0 when x=1 .
dx 1+x (1 +x* )
. x 1
Solution: Here P = > and Q = 5 -
L+x (1 +x? )

log(1+x2)

2x/|1+x*
.. Integrating factor =eI b :eI[ 3 ( * ”dx= e =1+x% . Multiplying

both sides of the given equation by (1+x2) and integrating both sides with
1

1+x2

1
1+ x?

respect to x we get y.(1+x2)=c+J-

dx :>y(1+x2)=c+J dx

where ¢ is constant of integration then y.(1+x2):c+tan_1 (x) . Now
1)=0 -
y(1)=0= c=—7

The corresponding solution is y.(l + xz) =tan”! (x) —%

Put Your Own Notes
N—————————————
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2.10.

Equations Reducible to Linear Form

An equation of the form f'(y)j—y+Pf(y)= 0,..(1) , Where P and Q
X

constants or functions of x alone (and not of y ) can be reduced to linear
dv

- (1) becomes,

form as follows. Putting f(y)=v so that f ’(v)(%j

§+Pv:Q, ..(2) , which is linear in v and x and its solution can be
X

obtained by using working rule of Art 2.8. Thus, we have integrating factor

—eJP% and solution is v.el 7% =J'er P& gy + ¢ finally, replace v by f()

to get solution in terms of x and y alone.

Another Form: An equation of the form f'(x)§+P1f(x):Q1 (1),
'y

Where A and Q are constants or functions of y alone can be reduced to

. . . dx | dv

linear form again as follows: Putting f(x)=v sothat f'(x)] — |=—,(1)
: dy ) dy

gives §+1>1v=Q1, ..(2), which is linear in variables vand y .Integrating

y .
. [Rdy . . [Rdy [Rdy
factor of (2) is e and hence solution of (2) is ve = lee dy+c
Replacing v by f(x), we obtain the required solution of (1).

Bernoulli’s Equation and Their Solution
An equation of the form (%XJ +Py=0y",n#0,1 (1),
X

Where P and Q are constants or functions of x alone (and not of y ) and »
is constant except 0 and 1, is called a Bernoulli’s differential equation. We

first multiply by y™", thereby expressing it in the form (1)

-n _dz I-n _
y LdX}Py} =0. -(2)
Let y'™" =v -(3)

Differentiating (3) w.r.t. x, gives

ndy _dv —n dy 1 dv
1- o AP = = huddl (4
(1=n)y d a7 dx l-ndx 4)
Using (3) and (4),(2) reduces to
1—_1—n%+Pv=Q0r%+P(1—n)v=Q(l—n),

Which is linear in v and x. Its 7.F. = el P0-mdx _ 0-m]Pds o4 pence the

i . . (1-n)[ Pdx 1=} Pdx . i
required solution is v.e :IQ.e( P e being an arbitrary

constant

yl‘”e(l_")JPd’C = JQ COILC N c,using(3)

l

Put Your Own Notes

[
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. _dx . . . f \
Remark: Equation d—+P]x=Q1x” is also in the Bernoulli’s form. Here i Pyt Your Own Notes
y -
and @, are functions of y alone. Method of solution is similar to that of .
form (1) above.
Ex}imple: Solve y?(dy/dx)=x+y’
- . . . 2{dy) 3 _ .
Solution: The given equation can be rewritten as y o y =x (z)
dy)_dv dv
Puttin =v or 3 , the equation reduces to —-3v=3x,
gy =vor3y ( dx] - q (1) S v=3x
which is the standard form of linear equation in v. Its 1ntegrat1ng factor
- eJ—sdx. o3
-, Its solution is ve > =c+j3xe'3”dx or ve % —c+3|: Il 3) ],
integrating by parts taking x as first functlon
or y° e/,f- =c—xe % —-;— where c is an arbltrary constant
Example: Solve (x3 y2 +xy)dx=dy .
Solution: The given equation can be- written as Z—y =xy+xy? or
; ’ x
dy
x
(L]-my=sty?
or—2_y1_\3 dividing both sides by y*
yodx oy
ﬂ+xv X .| putting v——l
dx y
This is in the standard from of lmear equation and its integrating factor
dex & /2
Multiplying both sides by the integrating factor and integrating we get
1 2 1 2
ve? = C+Ix3e2 dx , where C is an arbitrary constant.
12 12
ve? = C+2]lx262x xdx
2 PJ
=C+2Ite’ dt, putting t=%x2
=C+2(e' - [edr) =C+2' (1-1)
12 12
1 1
r—(1/y)e?. =C+2e2 (%xz—lj u
)
Lt=ox and v=—(1/y)
2
1 2 _7
Or1-2y l—zx =—-Cye
[ 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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“

CHAPTER 3

GENERAL THEORY OF LINEAR DIFFERENTIAL
EQUATION OF HIGHER ORDER

3.1. Definitions :
Linear differential equations are those in which the dependent variable and
its derivatives occurs only in the first degree and are not multiplied together.
Thus, the general linear differential equation of the »'™ order is of the form
a0 () 52 10, (x) £
ay(x),a;(x),...,a,(x) and Q(x) are continuous functlons of x and
apg(x)=0Vx. - P PPPPP )]

+onta, (x)-y' +a,(x)y=0(x), er:[a;b] Where

It can be written as [ao (x)D" +a, (x) D" ;.i.l_"-i-a,;\;l (x)b+an (x)]y =0(x)

d . .
,where D = ot this can be written as

L(D)y=0(x) Where L(D) =ag(x) D" +a;(x) D" +.ta,_ (x)D+a,(x)
3.2.  Classification of Linear Differential Equatlon

nogenous differential/ Non-Homogenous differential equation: The
linear differential equation (1)is called Homogenous if Q(x) = 0 otherwise
non-homogenous differential equation

Vaﬁ;ble Coefficient/Constant Coefficient: If all the coefficient
ag(x),a;(x),-..,a,(x) of the differential equation are constant then differential

equation is called with constant coefficients. Otherwise differential equation
is called variable coefficients

iler 24V dy - :
_Example: x? e x(x+ 2)5 +(x+2)y=0 is second order linear
~ homogenous differential equation with variable coefficients
.‘Exg,m'igle: y'+xy'+ (l - xz) y=sinx is second order linear non-
homogenous differential equation with variable coefficients
E dzy v—-x 5 dy 3 3
. Example: S Ty=ehxe R, y(0) = (—1~(0) =0} is second order linear non-
n

homogenous differential equation with Constant coefficients

N I:/ineTaji‘m Combination: Let f, f5,...., f, are » function defined on common
domain D, then the expression ¢ f; +c, f; +...+¢,f, (Where c,c,,...c, are
constants) is called the linear combination of fi, f5,... f;, .

\ n

Convéx Combination: A linear combination D cifi(x) is called convex
. im
N i=l

n
combination if ) ¢; =land ¢, 20,Vi
i1
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Linearly Independent Function: The ,— functions Sisfarn f, 3TE called 7 — ™
linearly independent on common domain D.If zero function does not have
any non trivial linear combination of f}, f5,... f,, thatis ‘

—

If eqfiterfo+..+c,f=0VxeD=¢=cp=..=¢, =0.

Linearly Dependent: The #»n— functions f,f,,..f, are called linearly
dépended on common domain D. If 3 ¢,c,,...c, (not all zero) such that
aqfi+efo+..+¢,f, =0 VxeD that is zero function have a non trivial
linear combination of f;, f5,..., f,,-

g J_,E)&zmple: fi(x)=x, fy(x)=|x| defined on R. Then
{a) fi,f,are Linearly dependent on {0,x)
(b) f,,f,are Linearly dependent on (-,0]
(c) fi,f2are Linearly independent on (—oo,)
Example: f(x)=e™, f,(x)=¢€" defined on R. f, and f, are linearly
independent iff m=n
Exani})le: fi=x|, f, =x* Then
((a) f1» f, are Linearly dependent on [0,0)
(b) fi,f,are Linearly dependent on (—0,0] o .
(¢) fi,f,are Linearly independent on (—oo,oo) -

,./P‘ljiingip)q_“ of Superposition: Consideg the. n” order linear differential
"equation (1) if y,,,,..,y, are any n solutions..of the differential equation

then y(x) = ici .y, 18 solution of the differential equation if either Q(x)=0 or
i=1 .

n
Z =1
i=l

\\W,E;cample: If y and y, are linearly independent solution of

v +xy' +(1 _xz) y =sin x . Then which of the following are also solution

@ »+»n
®) »i-»
©) 2y—»n
(@) »n-2y,
Ans: ¢

4
Example: Maximum number of linearly independent solution of i—;‘)i =0,

dx
y(0)=1
(a) 1
(d) 2
(© 3
(@) 4
Ans: d
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3.3.

3 2
Hint: Solution of the differential equation is ) A + & +Dx+1
6 2

Proposition 3.1: Consider the »" order linear differential equation (1) if

VisVas-s ¥, are any nsolutions then
(1) Linear Combination of any n solutions y,,y,,..,y, of differential

equation (1) is also solution if either O(x)=0 or > ¢, =1

i=1

(i) Every Convex Combination of any # solutions y,y,,..,y, of
differential equation (1) is also solution

iii) Every Linear Combination of any nsolutions y,,y,,...,y. of »* order
(i) ry y VisYzses Vs O

*7n

horiogeneous linear differential equation is also solution

Funidamental Set of Solution: If 71, f5,..., f, are - n\linéarly independent
“solutions of the nth-order homogeneous 11near d1fferent1al equation is
called fundamental set of solutions. - ° '

Pfoposition 3.2:

(1) The solution set of the »" order homogénoous linear differential

equation forms a vector space.

(i) The solution set of the n" order-homogeneous linear differential
A

equation is vector space of dimension of zz.. -

(iii)~ Every n" order homogeneous linear differential equation has exactly
g n linearly independent solutions i.e., every set of n+1 solutions is
linearly dependent set.

. }iv) The solution set of the »" order non-homogeneous linear differential

equation never a vector space.

Wronskian of the n” order Homogeneous Linear Differential
Equation

Consider the »t™ order linear differential equation of the form
n n-1

ay(0). L2 . ‘;{ T bt @, (0.9 +8,(0).= 0(x),xe I =[a,b] Where
X

ao(x),al(x),...,a,,(x) and Q(x) are continuous functions of x and
ag(x)=0Vx . And let y,,y,,...,y,are any nsolutions of differential equation

then Wronskian of y,,y,,...,y, is defined as follow

n

»nx oy . )
W(x)= 7! :(x) yzfx) 7. :(x) called Wronskian of n solutions
Yx) px) e Yy ()

Let y,,,,..,y,are any nsolutions of ™

order linear differential equation
then W (x) Wronskian of y,y,,...,y,is always continuous and differentiable

function but higher order derivative may or may not exists
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Wronskian of Second Order Linear Homogeneous Differential -~
Equation Put Your Own Notes
Consider the second order homogeneous linear differential equation
ag(x)y"+a;(x)y' +a,(x)y=0,Vxel=[a,b] ,a5(x)=0,Vxel={a,b]l, - (2)
Where ay(x),a,(x),a,(x) are continuous functions of x , ay(x)=0Vx
Moreover, let y,,y,aré any two solutions of differential equation then W (x)
Wronskian  of y,y, is given by W( ) TAx ( ) y? (x) ,

yi(x) »i(x)
W (x)= y(x)y3(x) = [ (X)y2(x)
Note: Wronskian is a differentiable function & hence continuous
As y, and y, are two solution of (2) =
ag (x) yi+a,(x) yj+a; (x) y=0--(3)
a0 ()33 +a ()3 + a3 ()32 = 0--(4) |
Multiply (3) by y,and (4) by y, and subtract we will get
ag (x)[y(y2 = 3]+ @ (x)[y201 — 5] =0
= —ay (x)W'(x)+a (x)(-7(x))=0
= ag(x)W'(x)+a (x)W(x)=0
= W(x) is solution of first order linear differential equation hence
differentiable and continuous '
J'“l(‘)d‘,
And given by W(x)= de "*®
Proposition 3.3: a((x)y"+a;(x)y +a,(x)y=0,Vxel=[a,b] ,
ag(x)#0,Vxel=[a,b],
Where ay(x),a(x),a,(x) are continuous functions of x , ay(x)=0Vx
Moreover, let y,, y, are any two solutions of differential equation then W (x)
_ a‘(x)dx
Wronskian of y,, y, is given by W(x)= Ae "©* called Abel’s Formula
Important Results on Wronskian o
e )
Let y,,y, are any two solutions of the (second order homogeneous lmear
differential equation ’
ag(x)y"+a(x)y'+a,(x)y=0,Vxel=[a,b] ,ay(x)#0,Vxel=[a,b], Where
ay(x),a(x),a, (x) are continuous functions of x, a;(x)=0Vvx and W(x)
Wrog{sklan of y,,y, then
/ NG

“\,P{oposition 3.4: w(x) Wronskian of y,,y, , W(x)=4e % is either
identically zero or never zero that is
(i) IEW(xg)=0 for Somexy=>W(x)=0 Vx
(i) IfW(xy)=0 for Somexg=>W(x)=0 Vx
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(i) W (x0)=u

@ If a>0=>w(x)>0 Vx
(b) If a<0=>w(x)<0 Vx
© If a=0=>w(x)=0Vx

Proposition 3.5: If w(x) Wronskian of y,, y,

. (1) W(x) Wronskian of y,,y, identically zero iff y &y, are linearly

de}gendent

(1})W (x) Wronskian of y,,y, never zero, iff y &y, are linearly
N »

independent

(iii). y and y, are linearly independent <> 3 x, such that w(x,)=0

. (iv). “y, and y, are linearly dependent <> 3 x, suéh that W'(x0)=0

i(x) (%)
yi(x) »a(x)

Proposition 3.6: If W (x) Wronskian of y,, y, then W( Mo y2)

(1) f 3 xo such that y, (x))=0=y, (xo)le . 1s ‘common zero of

and y, =

1(x0) 2(x0) 0 N
w =, P =0 W(x)=0 &y,
S TN R b TR RET Y A i

_are linearly dependent

(11) If y, & y,are linearly independent then they never have common zero

(iii) 1If 3 xo such that y{(x))=0=y5(xy) or X is common point of

extrma of y, and y, =

y (%) »2(x)
yi(x) (%)
are linearly dependent

_ yi{x0) ¥2(xo)

W (xo)= 0 0

=0 => wWkx)=0 = y &y,

~ (iv) If y, & y,are linearly independent then they never have common point

of extema

(v) If 3 xy suchthat y,(x0)=0=y{(x,),1.e. X, is repeated zero of y, =

n{x) y2(x) ‘g 2 (%)
Wix)={, o = , =0 = W(x)=0 = y &y, are
(o) yi(x) ¥2(x) ¥5 (%) e
linearly dependent

_(vi)" If 3 x, such that y,(x)=0=y}(x,), i-e. x is repeated zero of y,

(%) 2 (x)
(%) (%)
linearly dependent

_n (xo)

= (%)= 7 (x0)

0 =0= W(x)=0 = y, &y,are

(gii)" let y; & y, are two solution of the second order linear differential
7 equation. If either y or y, has repeated root = y, and y, are
linearly dependent

General Theory of Lmear leferen lél Eduatmn
of Higher Order :
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(vm) If » & y,are linearly independent then neither y nor y, have repeated
Zero

(i_X’)/; let y, be solution of the second order linear differential equation such
that y, has repeated root = y, is linearly dependent to every solution
¥y, = y, is trivial solution that is y,(x)=0

(x) Every non trivial solution y, of the second order linear differential

equation never have repeated zero

(xi) Every zero of non trivial solution y, of the second order linear
differential equation is simple zero

Example: Let consider the second order linear homogeneous differential
equation ay(x)y"+a;(x)y' +a,(x)y=0,Yxel=[a, b] , Where
ag(x)#0,Vxeland ay(x),q (x),a,(x) are continuous functlons of X. If N
and y, are two solution such that y,{0)=0, », (x) 1 y1 (0) = 1 y2 (x) ==
then

(a) y and y, has common zero
(b) » & y, has common point of extrema
(c) Neither y; nor y, has repeated root

(d) y and y, has never have common zero .,

Ans: d
Example Let consider the second order lmear homogeneous differential
equation ag(x)y"+ay(x)y'+a, (x)y 0, Ve I =[a,b] , Where

ag(x)#0,Vxeland ay(x),q (x),a,(x) are continuous functions of x. If y;.

and y, are two solution of such that y,(0)=0,»,(0)=1 , »(0)=1 ,
3(0)=-

If y,(x)#0 Vx and g(x)= yz((x)) then

(a) g(x)is strictly increasing.
(b) g(x)is strictly decreasing.
(c) g(x)is constant function.
(d) g(x)has a point of extrema.

Ans: a

Example: Let y; and y, form a complete set (fundamental set) of solution

of y"—2xy‘+sin(e2"2)y=0 Vxef0,1] such that y(0)=0 , »,(0)=1,
¥1(0)=1,y5(0)=0 then| = ©
(@) &
() e
(c) €
(d e
Ans: b

of y, and y, at x=1

General Theory of Lmear'leferentlal Equatlon i
- of Higher. Order : 1

——————————
Put Your Own Notes -
N ———

L
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3.5.

Hint: Apply Abel’s Formula

.\Exa;nple: Let y, and y, are two solution defined on (o01] ,

y"(x)+y'(x)+ y(x)=0and W (x) of y &y, such that W(%) =0 then

(@ w(x)=0 Vxe[0,1]

(b) w(x)=0 Vxe[O,%]
(c) w(x)>0 Vxe[%,l}

(d w(x)<0 Vxe [0,%]
Ans: a
Hint: W (x) either never zero or identically zero,

Example: Let y, and [=| are two lineaifiyr,,igdg;p,;;pglent solution of

x"—2x*y'+€*y =0 such that y, (0)=1, y{(0)=1, y,(0)=-1, y5(0)=1 then
find w (2) e ST

(a) 2¢7!

(b) 2¢72

(c) 2¢*

(d) 27

Ans: ¢

Hint: Use Able’s Formula

Example: Let u and v are two solution of y"+ P(x)y'+Q(x)y =0 defined
on [a,b] ‘

(a) W(“"’)x=x0 =0 = u&v are linearly dependent, x, [a,b5]

(b) W (u,v)=0= u&yv are linearly dependent

(¢) W(u,v)=0 forsome xy = W (u,v)=0

(d) w(u,v)=0,vxbutu&yv are linearly dependent.

Ans: b, c

Analysis of the Set of Zeros of Non-trivial Solutions of Linear
Differential Equation

Consider the second order homogeneous linear differential equation
ag(x)y"+a;(x)y'+ay(x)y=0,vxel=[a,b] , ag(x)=0,vxeR , where

ay(x),a;(x),a,(x) are continuous functions of x.
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Proposition 3.7: If y(x)be any solution of homogenous linear differential ~Aormiiiiee
equation and let 4= {a € ]Rl y(a) } be the set of zeros of y(x) then L4 Notes:
R ﬁ
(i) If3xedsty (xo) 0 then y(x) is trivial solution
(i) If y(x) is non-trivial solution then every element of 4 is Isolated
point
(iii) If y(x) is non-trivial solution then 4 is countable set.
(iv) If y(x) is non-trivial solution then 4 cannot be a bounded infinite set
(v) A is abounded and infinite then y(x) cannot be non-trivial solution )
(vi) If y(x) is non-trivial solution and A4 is an infinite set «> 4 is an
unbounded set ‘ .
(vii) If y(x) is non-trivial solution and A is an finite set < 4 is an._
bounded set Ny T
(viii) If differential equation defined on bounded domam then the set of zero
of every non-trivial solution is bounded »‘\“» —
***The above all the statements also hold for y(x) solutlon of n" order
homogeneous differential equation. )
Proposition 3.8: Let y, and y, are two ~~line‘“ar,ly"ipdependent solutions of
ag(x)y"+ay(x)y'+ay (x)y=0,Vxel=[a,b}]. 3 &o(x);tO VxeR , where
ag(x),a;(x),a,(x) are continuous functlons of x, ag(x)#0Vx and
A={aeR|y (a)=0} be aset of zeros of - ,B {be R|y, (b) =0} be a set of
zeros of y,then
(i) A4ANB=¢ ie. y, &y, does not have common zero
(i) Ax,edNB st y'(x,)=0and y,'(x,)=01ie. y &y, does not have
common point of extrema
(iii) Every point of 4 & B is isolated point
(iv) A & B are countable set
(v) Between any two successive zeros of y, (x) there must exists exactly
one zero of y,(x) and vice versa that is Xy X, € A successive
elements of A there must exists f € B[ (x,,x,) and vice versa
(vi) If |42 =|B|>1.
(vii) If |4|22 =3 x, € 4° (complement of 4 ) such that y,'(x,)=0.
(viii) If |4|>3 =3 x,eB° (complement of B ) such that y,'(x,)=0.
(ix) If A isfinite <« B is finite.
(x) If A4 isbounded < B is bounded
(xi) If A isfinite < B is bounded
(xii) If Jay,a €4 such that a,<b<a, , VbeBand A finite (ie., If 4 is
finite and smallest zero,largest zero of y, (x)) = |4|=|B].
L 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L.L.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 ;
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(xiii) If 3&,,b, € B such that b, <a<bh , Vaec 4 and B finite (ie, If Bis A —
finite and smallest zero, largest zero of y, (x))=>|4| #{8| . Put Your Notes
Nss————
(xiv) If A is finite and smallest zero of y, (x) and largest zero of y,(x)
= |4 ={B|
(xv) If B is finite and smallest zero of y,(x) and largest zero of y,(x)
= |4 =|B|
(xvi) If =|4|={B|21 (finite) and if smallest zero of y (x) = Largest zero
of y,(x)
(xvii) If =|4|=|B| 21 (finite) and if smallest zero of y,(x) = Largest
zero of y, (x) o
(xviii) If A is infinite then 4 and B are equivalent
(xix) If |4]|>2 then y,(x) Non-monotonic solution -
(xx) If |B|=2 then y,(x) Non-monotonic solutlon
3.6. Second Order Linear Differential Equatlon in Whlch Flrst Order
Term is Missing
(a) Consider the differential equation y"+q(x) Py 0 q(x)<0 VxeR and
let y(x) bea non—tr1v1al solution then
Proposition 3.9:
(i)  y(x) has at most one zero \
(ii)  y(x) either strictly Increasfng or str_fc’;_tly decreasing
(iii)  y'(x) either strictly Increasing orstrictly decreasing
(iv) If y'(x,)>0 for some x, = y(x)& y'(x) are strictly increasing
v If y'(x)<0 for some x,= y(x)&y'(x) both are strictly
decreasing
(vi) Ax, suchthat y'(x,)=0i.e. y(x) does not have point of extrema
(vii) Ax, such that y"(x,)=0ie. y'(x) does not have point of '
) extrema
(viii) If  3x, s£.y'(x)>0 = limy(x)=oo,limy'(x)=0 and
lim y(x)=—0, lim y'(x)=—0
X—>—0 X—>—00
(ix) If 3x, st.y'(x)<0 = limy(x)=—o,limy'(x)=—0 and
lim y(x)=o, lim y'(x)=00
X——o0 x—>—0
(b) Let y(x) be a non-trivial solution of y"+g(x)y=0 where
q(x) >0 Vx>0and Jq(x)dx=
1
Proposition 3.10:
(1) y(x) has infinite number of zero’s on positive x-axis
(ii) y(x) is oscillatory solution (non-monotonic)
(iii) y(x) has infinite points of local extrema
A x, e R* such that y(x,)=0& y'(x,)=01i.e., Every zero of y(x) simple
» Zero
L 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L1.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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Put Your Own Notes
SOLUTION OF LINEAR DIFFERENTIAL EQUATION
WITH CONSTANT AND VARIABLE COEFFICIENTS
4.1 Linear Differential Equation with Constant Coefficient
d" "y d"?y
Y on 2, by =0(x) 0
dx dx dx"~ ‘
Operator D
. a* a 2 A3
Denoting —,— 5>~ etc. by D,D*,D" etc., that
X dx? dx®
Y _ Dy,fl——z)i = D? y,d—;c =D’y etc., the equation (1) above.can be written in
dx dx dx T e U
the symbolic form (D” + kD" +...+kn)y =0(x) ie, f(D)y= 0(x),
Where f(D)=D"+kD" " +....+k, ie.a polyno'r’ﬁié“l“in& D .
Thus the symbol D stands for the operatlons -of dlfferentlatlon and can be
treated much the same as an algebralc quantity ie. f (D) can be factorized
by ordinary rules of algebra and the fac‘t:ers may be taken in any order. For
instance
Example: d’y +2dy -3y = (D2 +2D—3)y=(D+3)(D—1)y or
dx? dx ‘
(D-1)(D+3)y
4.1.1 Com‘plementary Function of Homogeneous Linear Differential
Equation )
n n—1 n-2
To solve the equationd Yk d )11+k2 d ;)+...+k,,y =0 M)
dx" dx"” -
Where k;'s are constants -
The equation (1) in symbolic form is
D"+l D" + kD"t ki, |y =0
Its symbolic co-efficient equated to zero i.e.,
D"+l D" + kD" 4. +k, =0
Is called the auxiliary equation (A.E.) .Let my,m,,...,m, be its roots.
Case I: If all the roots be real and different, then (2) is equivalent to
(D_ml)(D—mz) ...... (D—m,,)y=0(3)
Now (3) will be satisfied by the solution of (D-m,)y=0 ie., by
% —m,y= 0
L 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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Constant and Varlabl Coefficlent'

.. T _ S TR

This is a Leibnitz’s linear and LF. = ¢~»* .
Put Your Own Notes

- Its solution is ye™™* =¢, , 1.€., y=c,e™* N—————————

Similarly, since the factors in (3) can be taken in any order, it will be
satisfied by the solutions o (D-m)y=0,(D-m,)y=0 etc. ie., by
y=ce™*,y=c,e™" etc.

Thus the complete solution of (1) is y = ¢e™" +c,e™ +......+c,e™* (4)
Case II: If two roots are equal (i.e. m =m,) , then (4) becomes
y=(c +cy)e™ +c3€™  +....+c,e

myx X

+c3€™ +. ™

y=Ce n® " [o ¢ +cy = one arbltraryconstant C]

It has only »n-1 arbitrary constants and is, therefore ot the complete-
solution of (1) . In this case, we proceed as follows:™ ’

The part of the complete solution correspondlng to the repeated root is the
complete solution of (D—m;)(D-m)y=0 .

Putting(D-m,)y =z, it becomes (D - ml)z:Oor%xz_ =mz=0

This is a Leibnitz’s linear in z and LF. =¢ ~mx s

Its solution is ze™™* =¢| or z=ce™*
& Sgr
Thus (D-m;)y=z=ce™" or Ey—mly = cje"i*- (5)

Its LF. being ¢ ™*, the solution of (5) is
ye ™ = j‘cle'"lx €™+, 0ry=(cx+c,)e™*
Thus the complete solution of (1) is y =(cx+c;)e™* +c3e™” +.....+c,e™”

If, however, the A.E. has three equal roots (i.e., m =m, =m;), then the
complete solution is

y= (c1x2 +eyx +c3)em1x +c4™ +.+ce™.

Case III: If one pair of roots be imaginary, i.e., m =a+i3,m, =a—if}, then
the complete solution is
y= cle(MiB)x + cze(a_iﬁ)x +c3e™ + e

=e¥ ( e’ +c,e P )+ cye™*

=e* [cl (cosPx +isinpx)+c, (cosPx—isin ﬁx)] +c3e™ +... et

[ by Euler's Theorem, e'® =cosO+isin 9]

=™ (C cosPx+C, sinPx) + 3™ + ..+,

Where Cl =q +Cz and C2 =i(Cl _C2)

E-mail: info@dipsacademy.com: Website: www.dii y.com
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Solutlon of Linear leferentlal Equatlon w1th
Constant and Vanable Coefficlent .':»,:

Case IV: If two pairs of imaginary roots be equal ie. A —
my =my =o+if, my =m, =0 —if, the by case II, the complete solution is Put Your Own Notes

y =™ [(cx+c; )cosPx+(cyx+c4 )sinPx |+...+c,e™*
Example: Solve (D3 +D? +4D+4) y=0.

Solution:Here the AE. is D*+D?>+4D+4=0 ie. (D2 +4)(D+1) =0
D=-1,+2i .

Hence the C.Sis y =cje™™ +e” (c, cos 2x +c; sin 2x)

—x .
je y=ce +¢yCos2x+cysin2x

Example: Solve % +4x=0.
Solution:Given equation in symbolic for is (D4 + 4’) x= 0

AE.is D*+4=0 or (D4 +4D? +4)—4D2 = 0‘ of\ ‘(Dé + 2)2 -(2D)Y’ =0
0r(b2+2D+2)(D2—2D+ 2)=0 |
. either D> +2D+2=0 or D> -2D+2=0"
Whenéé D= _2%(_4) —2(42

and D= ie. D=-1%i and 1+i,

Hence the required solution is x =e™ (¢, cost +c, sint)+e’ (c; cost +c, sint) .

Inverse Operator

() Definicion: !

D)

constants which when operated upon by f (D) gives Q(x).

O(x) is that function of x, not containing arbitrary

ie. f(D){ Q(x)} o(x)

f(D)

Thus 7 ( )Q(x) satisfies the equation f(D)y=0(x) and is,

therefore its particular integral .

Obviously, f(D) and are inverse operators.

1
f(D)
(i) 00)=[0wd

Let —lng(x)z y | (i)

Operating by D,DLQ(x) =Dy i.e.Q(x)= &
D dx

(
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Integrating both sides w.r.t x,y = x)dx , no constant being added .
grating y=[0ex) g " Put Your 0 Notes |
as {i)does not contain any constant. Ne———
1
Thus —QO(x) = dx
500 =[ow
(iii) ﬁQ(x) = e“xIQ(x)e_“dx .
Let — o(x)=y (i)
D-a
Operating by D —a,(D-a). Dl O(x)=(D-a)y
—a
dy . dy . . . e e e
or O(x)= - Y 1.e. Y= QO(x)- which is a Leibnitz’s. linear
equation.
- LF. being ™ , its solution is
ye ¥ = IQ(x)e““"dx ,no constant being addéd-as, (i) doesn’t contain
any constant. " A
Thus D Q(x) =>y= eaxJQ(x)e "‘xdx ‘
4.1.2 Rules for Finding The Particular Integral of Non-Homogeneous Linear
Differential Equatlon , _
. - . d"y d" y d"_2.){
Consider the equation +k +k +otk,y=0(x
€q dx" 1 " -1 2 dx,,_z y Q( )
Which in symbolic form is (D" +k D" 4k, D" 2 4 k, ) y=0(x)
“PL= ! 0(x)
T D"+kD" ! + kD" 4 4k,
Case I: When Q(x) =™
Since De™ =ae™
DZeax - aZeax
Dn ax = aneax
(D" +kg D" +...+kn)eax =(a" +ka"! +...+k,,)eaJc ie. f(D)e™ = f(a)e™
Operating on both sides by ——,——f(D)e™ =———f(a).e”
oy 7 O 7wy )
=7
(D)
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- Dividing by f(a).

1 ax 1
e =
f(p) f(a)
If f(a)=0 the above rule fails and we proceed further

e Provided f(a) =0

Since a isarootof A.E. f(D)=D"+kD" " +.. .+k, =0

D-a is a factor of f(D).
¢(a)#0. Then

Suppose f(D)=(D-a)$(D),

! e” = 1 . ! e” = ! .—I—-e‘“
f(D) D-a ¢(D) D-a ¢(a)

I S
—¢(a) "D-a

—ax

1 ax { ax
=¢(a).e Je . e

“Idx X——

¢ ¢(a)

1.e. ; &y axprov1dedf a)#0 TN \
R = TN

If f'(a)=0, then applying (2) again, we get f(l’»- ‘)~ef“; 7_1
v L D)~

f"(a)#0 (3) and so on. : S~
Case II: When Q(x) =sin(ax +b) or cos(ax+b)
Since Dsin(ax+b)=a cos(ax+b)

D?sin(ax +b)=—a” sin(ax +b)

D*sin(ax+b) =—a® cos(ax+b)

p* siﬁ(ax+b) =a" sin(ax+b)

i.e. D sin(ax +b)=(~a’ )sin(ax +b)

(D2)? sin(ax +b) = (—a2)’ sin (ax +b)

In general (Dz) sin(ax+b) = ( a ) sin(ax +b)
f(Dz)sin(ax+b)= £(-a?)sin(ax+b)

Operating on both sides 1

Ofsin(ax+b) = f(—a2

1 .
)TDz)sm(ax+b)

Dividing by f(_az).T;zjsin(ax+b)=—f(l—z)sin(ax+b)

f(-a*)=o0

Solution of Linear Differential Equation with
- Constant and Variable Coefficient

(1)

where

(by (1))

(2)

&=, provided
a)

provided

(4)

]

Put Your Own Notes

|
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If f(—a ) =0, the above rule fails and we proceed further. Put Your Own Notes
. N———————
Since cos(ax+b)+isin(ax+b)= @) [Euler’s theorem] ,
j
1 . 1 i(ax+b) [ e 2 5
" sin{ax+b)= P. I of —— @) I since f(-a?)=0 .. by (2)]
i
=PI of x—l——a—ei(“"+b) Where D? =-a?
7'(p?)
1 . 1 . . ' 2
. ——<sin(ax+b) = x————sin(ax+b), provided f'(-a”|#0 (5)
f(Dz) f.(_az) ( )
If f'(-a®)=0,——. sin(ax+b)= x*——sin (ax+b)"~,  proyided
( ) f(DZ) fﬂ(_a2) \, > : "\ o
f”(—az) #0, and so on.
Similarly, ——~cos(ax+b)=————cos(ax+b);provided f|-a“)=0,
)=y 1)
If f(-a?)=0, cos(ax+b)=x . ~—cos(ax+b) provided
E) o5 )
f '(—az) #0 |
1 ol . .
If f'(-4*)=0, cos(ax+b)=x> ——==ccos(ax+b) , provided
( ) f(Dz) f,(_az)
f”(—az) #0 and so on.
Case III: When Q(x)=x"
1 -1
Here P.I x"=| f(D)| x™
. Expand [ f (D)]_1 in ascending powers of D as far as the term in D™ and
_operate on x™ term by term. Since the (m+1)"and higher derivatives of
x™ are Zero, we need not consider terms - P
beyond D™ .
Case IV: O(x)=¢%V, V being a function of x.
If “ is a function of ¥, then Ti
‘ D(e“xu) =e”Du+ae™u=a”™(D+a)u
: D? (eaxu) =a®D?u+2ae®* Du + a*¢™ Du + a*e®u = e~ (D+ a)z u
and in general, (D"e‘”‘u) =e™(D+a)"u
f(D)(eaxu) =e”f(D+a)'u
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Operating both sides by ———,
Op 7(D)

! ‘:eaxf(D+a)u]

f(D)

70) f(D)(e™u)=

e®u =leD$[e“"f(D+a)u]

~Nowput f(D+a)u=V,iey= v, so that

_r
f(D+a)
ax 1 ax

e f(D+a)V= f(D)(e V)

ax 1

. 1
1Le.— (V)= ——V
7o) T
Case V: When X is any other function of x

1
—X
/(D) N
If f(D)=(D-m)(D-m,)..(D-m,), resolvingi;ito“ partial fractions,

Here PI =

1 4 4 A,
= + ot
f(D) D-m D-m, D-m

n

cople| My 4 R X
D-m D-m, D-m, ;

l-X

=4 X+4, X+..+4,

—-m D-m, D-m,

=4 .M j Xe ™ dx+ 4, . " I Xe " dx+...+ 4,.e" IXe_m"xdx
Working Procedure To Solve The Equation

n n-1
u + Kk vy
dx" dx" !

+otk, % +k,y = 0(x) of which the symbolic form is

(D" +lg D" .tk D+ k,,)y =Q(x)

Step I. To find the complementary function

(i) Write the AE.i.e. D"+kD""+...k, ,D+k, =0 and solve it for D.

Solution of Linear Differential Equation with
Constant and Variable Coefficient

S.No. | Roots of A.E. C.F.
1. m,my,ms...... (real €™ +cye™ + ™ + .
and different roots)
2. my,my,ms...... (real (q+cpx)e™* +c3e™ + ... ‘
and two equal roots)
3. My, My, 1y My e (c1 +c2x+c3x2)e”"" +c €™ o
( real and three
equal roots)

\

Put Your Own Not

l
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4. a+if,a-B,m..... €™ (¢ cosPx +c, sinPx) +c;e™" +
1 2 3 Put Vour Own Notes
(one pair of y N :
imaginary roots)
5. atiPatiPms..... ™[ () +cpx)cosBx +(c +cyx)sinfx |+ cs
(two pair of msx
imaginary roots) et

Step II. Find the Particular integral by using any of the above form.

Sum of the complementary function and Particular integral represents the
general solution

Two Other Methods of Finding P.I.

(i) Method of Variation of Parameters: This méfhod, 1s ‘ﬁqﬁim general

and applies to equations of the form y"+ py'+g» :Q(x) (1)
where p,q and Q(x) are functions of. x It gives P.L
where and y, are the solutions of y"+pXi +qy=0 (3)
andw ="' 72| is Wronskian of Y yz\ '

Ny .
Proof: Let the C.F. of (1) be y=¢y + czﬂyfz“:.‘

Replacing c¢,c, (regarded as paféimetéfs)"by unknown functions u(x)
and v(x) let the P.I. be “

y=uy +vy, (4)
Differentiating (4)w.r.t. x we get y'= wy +vy; +u'y +Vy,

= +v; (5)
on assuming that u'y; +v'y, =0 (6)

Differentiate (4) and substitute in (1) . Then noting that y, and y,,
satisfy (3), we obtain

uyp+Vya =0(x) (7)
Solving (6)and(7), we get

u.:_y:zQ(x)’V.:le(x)
w w

Where W = y 35 — v, )1

Integrating u = —~J'y2—gf(x—)dx, v= I%dx . Substituting these in (4)
, we get (2).

(i) Method of Undetermined Coefficients: To find the P.I of
f(D)y=0(x) , we assume a trial solution containing unknown

constants which are determined by substitution in the given equation.
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4.2
4.2.1

4.2.2

Constant and Variable Coefficient -

The trial solution to be assumed in each case, depends on the form of A o \

X . Thus when

(a) Q(x)=2¢, trial solution = ae®*.
(b) QO(x)=3sin2x, trial solution = q;sin2x+a, cds 2x
(c) O(x)=2x", trial solution = a;x> + a,x* + ayx +a,

However when X =tanx or secx , this method fails, since the number of

terms obtained by differentiating X = tan x or secx is infinite.

The above method holds as long as no term in the trial solution appears in
the C.F. If any term of the trial solution appears in the C.F., we multiply this
trial solution by the lowest positive integral power of x whlch is large
enough so that none of the terms which are then present appear in the C.F.

Linear Differential Equations w1th Varlable Coeffluents

Cauchy’s Homogeneous Linear Differential. Equatlon

dny nldnl

An equation of the form x" —=+/;x dx—+ +k _lx‘jix+k,,y X (1)

where- X is a function of x, is calléd ' Caﬁch')‘?;s homogeneous linear
equations. ' '
Such equations can be reduced to linear ‘differeﬁtial equations with constant
coefficients by putting x = e’ or t =logx . Then if D =§

t

Q_dy_didyl
dxdtdxdtx'

&y d(ldyJ lay, 1_@(@}@ Ldy 1d’ydy_ [ﬂ_&}

a2 x dt 2dt xdi\dt)dx 2dt xatde 2\d dt

=Dy.

2 3
ie. x* (Z—;v:D(D—l)y . Similarly, x* %: D(D-1)(D-2)yand so on.
t t

After making these substitutions in (1), this results a linear equation with

constant coefficients, which can be solved as before.

Legendre’s Linear Differential Equation
An equation of the form (ax + b)" d"—y+ ky (ax + b)"'1 &+ +k,y=X(2)
dx" 1 ! Ty =

Where k;'s are constants and X is a function of x, is called Legendre’s
linear equations. Such equations can be reduced to linear equations with

constant coefficients by the substitution ax+b=e¢',i.e., t =log(ax+b).

?utyourO\vnNotes .
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4.3

. _d dy dy dt _ a dy . dy
Then, f — .€. b)—=
ot “Fa A d meba o (@b =y
d?y d( a dy) —a? dy
dxz dx\ ax+b dt (ax+b)2 dt
,_a d(dy)dt @ (d* dy
ax+b dt\ dt )dx (ax+b) dr?  dt
i B2 LY _2p(D-1
e.(ax+b) —=a"D(D-1)y.

Similarly (ax+b)3 d3—y =a’D(D-1)(D-2)y andsoon.

After making these replacements in (2), there results a lmear equatlon w1th
constant coefficients. N :

Linear Ordinary leferentlal Equatlons~ of II Order With
Variable Coefficients

2 8
An equation of the form u+ PZ—y+Qy =R (1)
Ix W

Where P,Q,R are functions of x only and cﬁl‘led\l,gl')E of Il order

The Complete Solution When One Integ;al,_~in Known
Let y =u be a known integral in the CF. d"f‘(»l)”;

RN

iy s
i.e. y=u is asolution of ;x_—+P Y oy = 0(2)
o L pd b0 (3)
dx? dx
Let y =uv be the solution of (1)
dy du av
y=uv > —=v—+u
dc dx  dx
d d*u _dudv d%v
S AN Sl
2 dxz dx d de
Hence (1) becomes:
2 2
ﬂ @ﬂ+ d—+P( d—u+ud—}+qu R
Taddx dx ax? dx  dx

2 2
= uﬂ+ﬂ(zd—“+1> )+v(d—+Pﬁ+Qu]—
d. dx? dx

ax? dx\ dx
5 .

= 4y drfpdu Pu) R from (3)
d?  dx\ dx

Solution of Linear Differ'enti'él‘Equati-o“ﬂ with

Constant and Variable Coefficient

~
Put Your Own Notes
~

{
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. dv d*v dp
Now putting — = A
W putung x p 2 dx
:@—+(P+zd—u)p=£ (5)
dx u dx u

Which is linear in p as dependent variable

2du 2
LF. = eI(P+“ dxjdx = eIde.ef;du

_dre

Hence solution of (5)is

PuzeIde = j‘[ﬁ.uzeIdeilck +q
u
4 fpa,

2 L [ IRueI p dﬁ(@}_ -

= p=
u u2

=> Integrating then,

o P i de;__!
v=c, +CII 5 dx+I 3 I:IRue dx‘}t‘ -
y=uv is a solution of (1) T
Mo B P
Second part of the complementary function is uI 5 dx and particular
U
integral is
e—j Pdx

To Find one Integral in C.F. by Inspection i.e. to Find a Solution of
D’y +PDy+Qy=0

(1)  y=x isasolutionof (1)if P+Qx=0

U Rue’) dedx] dx

u2

(i) y=x*isasolution of (1)if 2+2Px+Qx* =0

(ii)) y=é€"isa sblution of (1)if 1+P+Q=0

(iv) y=e" isasolutionof (1)if 1-P+Q0=0

(v)  y=€"™ isasolution of (1) if m* +mP+Q=0

(vi) y=x"isapart of CF.if m(m—1)+Pmx+Qx* =0

dy

2
* If in a linear equation Ai—}i+B—+Cy =x
dxz  dx

A+B+C=0then y=¢" is apart of C.F.

E-mail: info@dipsacademy.com;: Website: www.di demy.com
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Example: x%—Z(x+ 1)%+(x+2)y =(x-2)¢

2(x+1 _
Solution: &Y _2*1) dy “Zy:(x 2Jex
dx? x dx x x
2(x+1
Here1+P+Q=1_ﬁ+x+,2=0
x x

= y=e€" in a part of the C.F.

Putting y =ve* :>£)—}- =e ((—11)- + vJ

Solution of Linear Differential Equation with -

Constant and Variable Coefficient

l

Put Your Own Notes

[

(1)

dx dx
d’y d*v _dv
"¢ +2—+v
T [dxz dx
(1)=e [ : 2dv vil_mex[de}r(“ )veh\
* x P
2v dv x+1 2(x+1) x+2 \—~ x\ \
2 +v| 1= + =
s dx X R
:d_m(_zj 502 [..g_ AN
U7 U wf
X \ \
2dx _ _1.+L+c“~""-u-_,
x - x xz 1

= p=clx2 —-x+1
qx® x? :
Sv=ct+t———-—+x
32

Hence complete solution is

2
x° ¢
y=ve* =e’°[x——2—+?1)c3 +02]

. d’y dy 3
Example: Solve xdx_2+(x - 2);— 2y=x

=2 (1)

dxz x dx x
We have 1—P+Q=1—x;2—3=0
X X
= y=e "isapart of C.F.

= y=ve is complete solution of (1)

b ()

dx dx
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2
Ay _ @y b
dx? e dx

LF = ej(_l—%]dx =e——;—

X

- -x
e e
P—= szex.—zdx+c1
x x

= p=c¢x’e" +x°¢" e
> v=c+ _{x3exdx+cljx2exdx \ A M
=c, +x€" —I3x2e“dx+ clj'xzexdx

=, +x°¢" +(c) - 3)[x2e" —Ierxdx]

»

=c+x°e" +(q —3)[x2e" —2xe” + 2e"] \& i
=x’¢" +(c; —3)x%e" —2(c, —3)xe* +2(c; —3)e" +c,

Ly=veT =1 +( =3)x* =2(q =3)x+2(c; ~3)+ e
Removal of The First Derivative (Reduction to Normal Form)

2
When unable to obtain a part of C.F. of solution of %+ PZx—y +Qy=R(1)

Putting y = uv where u is some for of x.

P 2, 2 2
dy dv+du&d o dv dudv+ du

b dr dxoad il Cddr | a

)= [du PLLIW u]+p[vﬂ+ud_]+gw K
ax? dx

2 dxdx dx

2
= uﬂ+|:P+gﬂ]uﬂ+ u+PQ+Q =R (2)
dx? udc] dx | dx?

Now to remove the term of the first derivative from to (2) we choose u s.t.

p+28 o 5 P g
udx u 2

Solution of Linear Diffel:é‘:il‘ﬁél :Edhétioﬁ':ﬁvi;fﬁ":
Constant and Variable Coefficient

J

Put Your Own Notes

l
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..l]’pdx
u=e 2 (3)
v v|d*u du R
2) = —+——+P—+ =— (4
( ) ax? uLix2 dx Qu] u ( )
pu— 2 —
. ﬂ=—1Pu = _‘—1—£=—1 Pii—li+ud—P
dc 2 a2 dx dx
2
iﬁz_ll:_lpzu+uip_]=lp2u_£di7.
a2 dx 2 dx
2
9= Draflp L L o] X
x2 14 2dx 2 lj'de
e2
2 2 Lepg .
:>Q+ Q_p__ld_p =R I o
2 4 2dx
d*v o - k

Method of The Variation of Parﬁngt& :~Linear ordinary differential
N,

L

. d2y dy
equation ——+P—=—+0y=R (1
q dxz dx Qy ( )

Let y=Au+ By is the C.F. of (1)
Where 4,B are constants & «, v are function of x.

Then y = Au+ Bv is the solution of

d’y dy
—+P=—+Q0y=0
dx?  dx &

= Au"+BV'+ P(Au'+ Bv')+ Q(Au+ Bv)=0

= A(u"+ Pu'+ Qu)+B(v"+Pv'+Qv)=0

= (u"+Pu'+Qu)=0 )
and (V"+Pv'+Qv)=0 (3)

Now suppose that y=A4u+Bv in the complete primitive of (1) where
A& B are function of x, so (1) should be satisfied.

. y=Au+Bv
:%=A'u+B'v+Au'+Bv'

Let us choose A& B s.t. Au+B'v=0

(4)

Solution of Linear Diffehrén:t’i»g.xvl E'qu'ation with
Constant and Variable Coefficient

Put Your Own Notes

[
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Then Q = Au'+ Bv'
dx

= & =A'u'+ B'v'+ Au"+ Bv"
dx

Now (1) = (A4u"+Bv"+ A'u'+ B'v')+ P(Au'+ Bv')+ O(Au+Bv) =R
= A(u"+ Pu'+ Qu)+B(v'+ Pv'+ Qv)+ A'u'+ B'V'=R

= A'u' +BYv =R (5)
& A'u+Bv=0 (4)
Sol\}ing (4) & (5) we get A'& B' where on integration give 4& B

Substituting these values of A& B in y=Au+Bv , *V.Ye:nget"wqgmplete
primitive of (1). N

d*y

Example: Solve e +4y =4tan2x (*)

Solution :C.F. of given equation in solution of ‘:x—g] +4y =0 is(*)

i.e.y=c cos2x+c,sin2x (1) -
Let y=Acos2x+Bsin2x be complete: p"i‘inﬁtiye._ of (1) where 4,B are
function of x. 4

Now Q =ﬁc682x+ﬁsin2x—2Asin2x~j~ 2BCost
dx dx dx

Choose A& B s.t. ﬁcos2x+i€sin2x=0 (2)
dx dx

— i}i =-2A4sin2x+2Bcos2x
dx
2
=9 sin2x ™+ 200525 %5 — 44c0s 25— 4Bsin 2x
dx? dx dx

= -2sin 2xd—A+2c052x£—4A cos2x—4Bsin2x+4Acos2x
dx dx
= —25in2xﬂ+20052x£1£=4tan2x (3)
dx dx
and costﬂ+sin2xd—B=0 (2)
dx dx

B3)= —sian%-Fcos 2x-§—f— =2tan2x

Q)

Solving these two equations, we get

. 2
d—B = 25in2x,d—A =-2 sin” 2x
dx

cos2x

= B=-cos2x+c,,
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2
A=—ZI 1-cos”2x dx+¢
cos2x

= —ZI (sec2x—cos2x)dx+¢
=—log(sec2x +tan2x)+sin2x +¢
y = c; cos 2x + ¢, sin 2x — log[sec 2x + tan 2x] . cos2x
&3
Example: Solve —=—x—=——-—+xy=0 (1)
, dx :

Solution: Since sum of the coefficient in zero

= One of the solutions of ODE in y =¢*

Let v be another solution of e, ™ m

Then putting y =ve® in (1) we have

dy ,lav e RN
el P Sy &y d
2 P 4 :-—Zze"[——?+3%+3i‘fv}
2V _ 18V 2%, ax” _dx ‘
dx* dx*  dx TN

1= e’{%+3%+3§+v}—x|}d—v+2‘%+v}e" —ex[v+§:|+xveJr =
X X S
3 2
= 2V -0 o) =0
dx? dx? dx

2
= %+(3—x)%§—+(2—2x)p =0(2) (wherep s%]
HenceP=3-x,0=2-2x

m* +mP+Q= (-2)? +(=2)(3-x)+(2-2x)=0 where m =2

2

= p=e€ “*in a solution of ()

Putting p=ge™>* in (2)

= fl_’ze—leiﬁ_zq
dx dx

2 2
&9P _ 2|44,
dx? dx

2
= e l:d—q—4—dl+4q:|+(3—x)e_2x [%—Zq:l+(2—2x)qe-2x =0

dx? dx
q dgq
=29 1+x)% -9
x2 ( )dx
Let usﬂ
dx

Put Your Own Notes
N————
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Solutwn of Lmear lefex entla] Equatlon wnth
Constant and v arlable Coefficlent

]

Then ij,%=(1+x)“ Put Your Own Notes

2
x
= logu =x+—2—+logc1

x2
x+—

211:6'16 2
i
= q=Iudx=Icle 2dx+c,
a
L p= e‘zxj.cle 2 dx+cye
)
—2x s —2x
= v=.[pdx=J‘ e J.c,e 2 dx dx+Ic2e dx+cy

) 2 :
1 2% X+ 2% x+7 “2x o
=q| e Je 2dx— I—— .e Z2dx ‘+c2J.e Fdx+ey

2
X
1 _ x+— o Xt
=a| =€ 2xje 2dx+%fe e

Hence y=ve"

1 ¢ ¥ 1 PN N I T
=y=¢|——e *le 2dx+—e"|e e -2dx |—=creF +cye"
e P s P I

Example: Solve by method of variation of parameters

dzy

d2

C.F. =¢  cosnx+c, sinnx

L2 iy =secnx (1)

Let y = Acosnx+ Bsinnx be complete primitive of (1)

N4 dy dA
dx

We choose 4& B such that

dA

———cosnx+d—Bsinnx=0 (2)
dx dx

d .
= Zy=—nAsmnx+nBcosnx

dB
cosnx+71—x—smnx nAsin nx + nB cos nx

2
d . dB .
—;= —n==sin nx + n— cos nx — n’> Acos nx —n> Bsin nx
dx dx dx

Substituting these values in (1) , we get

. dB . .
—ngsmnx+nzcosnx—nzAcosnx—nzBsmnx+n2Acosnx+nzBsmnx=secnx

dA . dB 1
= ——sinnx +—COSnx = —Secnx (3)
dx dx n

l
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& ﬁcosnx+d—Bsinnx*0 2)

dx dx Put Your Own Notes
Solving these two equations, we have
B _1gd_ 1im

dx n dx n
x 1
= B=—+c3 & A=— logcosnx+cy
n n
Hence solution in
1 . X .
y = — cosnxlog cos nx + ¢4 Cos nx +¢3 sin nx + —sin nx
n h

2
Example : Solve by method of variation of parameter i—y+a2~y = cosecax

Nl

Solution: C. F. =c cosax+c,sinax

Let y = Acosax+Bsinax be complete primitive of (1 |

ﬂ=d—Acosax+ﬁsinax—aAsinax+chosati‘ck“;

e

Choose A& B s. t. d—Acosax+d—Bsinax=0 (2)

Then ﬂ=—-aAsinax+chosax

= ——=—a-dﬁsinaxwhazgcosax—azAcosa-x—'z'z?»Bsinax (1)
dx dx N

= —a—d—xsmax+a;ooswc—aonoswc—azBsmax+a2Acosax+azBsmax=cosecax

dA . dB 1
=> ——sin ax + —Co0s ax = — COSec ax (3)
dx dx a

& —cosax+ilisinax=0 )
dx dx

Solving these,
dA 1

- —=—cotax

dx a dx a

x 1 .
= A=——+c;& B=—logsinax+c,.
a a®

. x 1 . .
Hence y = c; cosax + ¢4 sinax — ~cos ax +—-sinax logsin ax
a a .

Example : Solve the method of the variation of parameters

d2y dy .2 :

—=+(1—cotx)——ycotx=sin“x 1
dx* ( )dx Y @)
. . . dzy dy
. Solution: To find C.F. i.e. solution of —2+(1—cotx)d——ycotx=0 (2)

dx X

Clearly, 1-P+Q=1-1+cotx—cotx=0

= y=e€ "isapart of C.F.
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= Now putting y =ve ™ in equation (2 X b
P gy d (2) Put Your Own Notes
5 &
e i1——1—2ﬂ+v +{1-cotx)e™ ﬂ—v]—ve—x cotx=10
dx?  dx dx
2
= ﬂ—(l-i-cmx)ﬂzo (3)
ax? dx
dv
Let =—
P
dp
3) > ——(l+cotx)p=0
3)=—~( )P
= log p=x+logsinx+logq
= p/sinx=ce" -
= p=c¢e’sinx )
. 1 ., LS
= v= Ipdx = clje sinx+c, = cl.—ie {sinx—cosx) +C5n
. X N
Hence C.F.=El(smx-—oosx)+c2e * O
Let y = A(sinx—cosx)+Be™ be complete pﬁmi;iVe of . ’ (1)
= Y _ ﬂ(sinx ~cosx)+ ili_e_x +A(cosx +siﬁ‘x.) = Be™*
& dx d RS
Choose 4 & B such that d—A(sinx— cosx) +.‘1—B‘é‘-“_""-—4"0 4)
dx woodxe
dy . —x .
= —- = A(cosx +sinx)—Be
dx
2
i-zl = ﬁ(cos x+sinx)- 9B oy A(cosx —sinx)+Be™
dx~ dx dx
Hence (1) =
dA . dB _, . _x .
;(cosx+sm x) ——¢ + A(cos x—sinx)+Be™™ + A(1—cot x){cos x +sin x)
—B(1-cotx)e ™ — Acotx(sinx—cosx)—Bcotxe * = sin? x
= idf!—(cosx+sinx)—ﬁe_x =sin’x %)
dx dx
& ié(sinx—cos x) +£1£e_x =0
dx dx
d X
= a“ = lsinx & _a_'g = f—[(sinxcosx—sin2 x)]
dx 2 dc 2
= A= —%cosx+c3 & B =%je" [sin2x+c052x—l]dx+c4
ex ex
= B=—-—+C,4 +——(3sin2x—cos2x)
4 20
Hence
1 _ . 11,
y= —Ecosx(smx—cosx) +C;(sinx—cosx)+Cye —Z+2—0(35m2x—cos2x)
¥
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=C3(sinx—cosx)+Cye™ +$(3sin2x~c052x)—-}(sian— 2cos? x+ l) Put Your Own Notes

=Gy (sinx—cosx)+Cye”™ +%(3 sin 2x —c0s 2x) — —‘lz(sin 2x —cos2x)

=Cs(sinx—cosx)+Cye”™ +516-(—2sin 2x+4cos2x)
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éi[ 2S ACAUL ' Uniqueness And Existence (Flrst Order Fll‘SEee :
Ordinary Differential Equation)

Pul Your Own Notes
CHAPTER 5

l

UNIQUENESS AND EXISTENCE (FIRST ORDER
FIRST DEGREE ORDINARY DIFFERENTIAL
EQUATION)

51 Picard’s Method of Successive Approximations (or Picard’s
iteration method)

consider an initial value problem of the form% = f(x»), y(xo) yo (1)

By integrating over the interval (x,,x),(1) gives

F = 7590 (50) = 5008 5091302 | F9)i or

Xo Xo Xo
. , )
y(x)=yo+ [ f(xy)dx (2)
X0 \
Thus, the solving of initial value problem (1)is. ‘v,‘equlvalent to finding a
functlon y(x) which satisfies the equatlon(z) since by dlfferentlatmg (2)

we get dx—f(x y) and putting x=x, in (2) yields y(xp)=y0+0 ie.

¥(xo) =y, . Conversely, (2) has been obtained from (1) by integration over
the interval (xy,x)and employing the initial condition y(x;) =y -Since the
information concerning the expression of y in terms of x is absent in the
integral on the R.H.S. of(2) cannot be evaluated. Hence the exact value of
y cannot be obtained .Therefore we determine a sequence of
approximations to the solution (2) as follows. As a crude approximation, we
put y = y,in the integral on the right of (2) and obtain

J’1(x)=J’o+j‘f(X,J’0)d’C (3)
X0

Where y(x) is the corresponding value of y(x) and is called first

approximation and is a better approximation of y(x)at any x . To determine

still better approximation we replace y by y, in the integral on R.H.S in

(2)and obtain the second approximation y, as

¥ (x)= 30+ )Jif(x,yl)dx (4)

Proceeding in this way, the nth approximation y, is given by

Yu(x)= 0+J.f(xy,11d"(5)
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Thus, we arrive at a sequence of approximate solutions
y1(x),2(%), 3 (x)50 0 ¥ (%),

Example: Using the Picard’s method of successive approximations, find the

third approximation of the solution of the equation :ZZ =x+y*, where y=0
‘x .

whenx=0.

Solution: Given problem is Z—XX =x+y*, where y=0when x=0 (1)

We known that the » th approximation y, of the initial problem

£j"‘l—i-=f(x,)’) where y =y, when x =x, . oo \ (2)

Given by y, =y + jf(x,yn_l)dx (3)
%

o,

Comparing (1) and (2) f(x,»)= xﬂih")/z&,w?‘c()w:o”ailﬂ ¥6=0(4)

X

~.From (3) y, =I[x+y§_1]dx (5)
0 ‘
R \A\\gm.
First approximation, putting n =1 in (5)and using (4) we have

»= ]E(x+yg)dx =]£xaix = lx2 (6)
0 0 2

Second approximation, putting »=2 in (5) and using (6),we have
= ]E(x+ z)dx—i x+£ dx = lx2 +—l—x5 (7)

G AR A 2" 20

Third approximation, putting »=3 in (5) , we get

efletha] e (32 i

0 0

T 1 1 1, 1 1 1 1
=J-[x+—x4 +—x10 +——x7]dx=—x2 —x +——xl e —xB
o 4 400 20 2 20 4400 160

Example 2: Use Picard’s method to obtain a solution of differential

equation: % =x*—y, »(0)=0. Find at least the fourth approximation to each
X
solution.
Solution: Givenj—y =x*>-y,where y=0 when x=0 (1)
X

We know that the » th approximation y, of the initial value problem

%:f(x,y), where y = y,whenx = x, (2)

Ordinary Differential Equation) -
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x ﬂ
is given by y, =y, + f (% Yno)dx (3) Put Your Own Notes
*0 Ne——————
Comparing (1)and (2), f(x,¥)=x"-,% =0 and y, =0 {4)
~ From (3) y, = [(«*- Vant ) (5)
xp

First approximation,putting » =1in (5) and using (2), we get

X‘ x
e e S C
Xg Xo 0 : S,

Second approximation, putting » =2 in (5) and using (6). we get

TR TV (T SRS I
=11 )’1)Jr Ix 3 135"12 OZ_})V 12x

X0

Third approximation, putting »=2 in (5) and i'ls\i»ngk (7), we get

-0

T 1l . 13 1 4. 1 5
y4=j.(x2—y3)dx=1[x2—(§x fl—zx +6—O-x ]:ldx
X0

0

[1s_ 1 4+Lxs_Lx6] g la,ls 16
3 12 60 360 [y 3 12 60 360

Example: Find the third approximation of the solution of equation

P _ Z,E =x%z+x*y by Picard’s method, y=5,z=1 when x=0.

dx dx

Solution: Given % = z,% =x’z+x*y,y=5,z=1 when x=0 )
X

We known that the » th approximation (y,,z,) to initial value problem

Q:f(x,y,z),fzg(x,y,z) where y = y;,z=z,, when x=x, (2)
dx dx
- . y
is given by y, = yo+ [ f(x.Vn1:2p1)dx 3)
%
X
andz, =z; + j.g(x, yn_l,z,,_l)dx (4)
%)
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Comparing (1) and (2) we have

f(x,y,z):z,g(x,y,z)=xzz+x4y,y0 =5,25=1,x =0

- From (3) y, =5+Izn_1dx
0

x
and from (4), z, = 1+I(x22,,_1 +x4yn—1)dx
0

First approximation,putting »=1 in (6) and using (5), we get
X X

= 5+Jzodx=5+jdx=5+x
0

Next putting n=1 in (7) and using {5), we get

x x R x3"~‘,' ‘v N e
2 =1+I(x220 +x4yo)dx:1+j(x2 +5x4)dx=‘1“+»»?+x§ ‘

0 0 B RO S S

Second approximation, putting » =2 in (6) ‘and‘u'sin_gm(g) , we get

x (3 "-x". w8
y2=5+_[zldx=5+J 1+=—+x° |dx= 5+x+-——+—«—
0 0 3 .

Next, putting n=2 in (7) and using (8) ana'ﬁ(9) , we get

x x " x3
zZ=1+j(xzzl+x4yl)dx=1+I x2(1+—3—+x5]+x4(5+x) dx

0 0

X
= 1+I(x2 +5x* +ix5 +x7)dx= 1+lx3 +x +3x6 +lx8
3 3 9

Third approximation, putting n=3 in.(6) and using (11), we get

T i 13, s 26 13
V3 =»5+Iz2dx=5+f(1+§x +x +§x +§x )dx

0 0

=5+x+~1—x4+lx6+—2—x7+—1—x8
12 6 63 - 72

Next, putting n=3 in (7) and using {10)and (11), we have

zZ3= 1+]£(x222 +x4y2)dx
0

A5 3 6 .8
~1+j' 5+x+——+— ) PP 2 |
6 3 9 8

2
=1+%x3 +x +=x8 +—1—x8 -Fix9 +Lx11

9 8 324 264

Uniqueness And Existence (First Order Fll‘St Degree
Ordinary Differential Equation)

(5)

(6)

(7)

®

(10)

(1)

l

Put Your Own Notes
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Lipschitz Condition

M ——————————————
 Put Your Own Notes
Ne————————ee’

A function f(x,y) is said to satisfy a Lipschitz condition in a region D in
xy - plane if there exists a positive constant & such that

|f(x’J’2)‘f(x’J’1 )|S Ky, = |

Whenever the points (x,y) and (x, y,) both lie in D . The constant X is
called a Lipschitz constant for the function f (x, y)

Example: Let f(t,y)=1+ty2 and D={(1,y)|0<r<2, —-1<y<1}. Does f
satisfy a Lipschitz condition on D? If so, find its Lipschitz constant.
Solution: Let (1,y,) and (t,y,) be in D, ie, ¢ is in*[0,2] and y is in
[-1, 1]. Observe that IR
|F(En)-F(En)l = Do —(1+03) (=111 -]
=1l +y2) =) 1=l - | \

. Because |¢|<2 and |y, +y, |£2, we have
| f (&)= f(£22)1S(2)(2) Iy~ y2 =41y - -
So, f satisfies a Lipschitz condition and its L1psch1tz constant is 4.

Note that the Lipschitz constant L is not. umque that is, for any L >4, the
inequality

|f(f,y1 *f(t,h)lﬁzl)’l -y |
also holds. So, in practice, we want to finda L as small as possible.
A Sufficient Condition for Lipschitz Condition

Theorem: Suppose f(z,y) is defined on a convex set D in R?2 . If a
constant L >0 exists with ’

<L, for {¢,y) in D,

%(.t,y)

then s satisfies a Lipschitz condition on D in the variable y with
Lipschitz constant L.

Example: Let f(t,y)=1+ty2and D={(t,y)|0<r<2, -1<y<1}. Does f
satisfy a Lipschitz condition on D? If so, find its Lipschitz constant.

The partial derivative of f with respect to y is %(t, y)=2ty. Because

' D (1,3)| =120 1= 21t y 1 <2(2) (1) = 4,

f satisfies a Lipschitz condition with Lipschitz constant 4.

Example: Let f(t,y)=1+tsin(ty). Determine if f satisfies a Lipschitz
condition in

F D={(t,y)|0$t£2,-—oo<y<oo}.
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5.3

Compute the partial derivative - of [  with respect (o A —

y:%—(t,y) =tcos(ty) (1) = 12 cos(ty). Because |cos(ty)| <1 and |[<2,

‘ —(t.) ‘ = |12 cos(ty)|=|12 || cos(ty)|<{22 | < 4.

So, f satisfies a Lipschitz condition with a constant 4.

Existence and Uniqueness Theorem

Statement: Let f(x,y) be continuous in a domain D of the (x,y) plane

and let M be a constant such that lf(x,y)'SM ...... (1) in D . Let f(x,y)
satisfy in D the Lipschitz condition in y namely ,‘
|f(x7yl)_f(x1y2)|'<"K|yl_y2|9 g ‘ e (2)

where the constant X is independent of x,y,,y, .

* Let the rectangle R defined by . } ;
|x—x0|Sh,|y—y0|Sk, S (3)
lie in D, where Mh<k. Then for |x—x|< l;:‘“the;,duiffere‘ntial equation

% = f(x,y) has a unique solution y = y(x)m.f‘()r wﬁfbﬁ" y(x0)=o -

Proof: ‘We shall prove this theorem by the method of successive
approximations. Let x be such that lx x0| <h. we now define a sequence of

functions y, (x),y; (%), ...y, (%) ..., called ‘the-successive approximations (or
Picard iterants) as follows:

»n(x)= 0+IfXJ’o)dx
%

YZ(x)=YO+If(x:YI)dx
x0

Yn-1 (x) =)o +'J‘ f(x’yn—Z ) dx
xQ

Vn (x)=y0+Tf(x,y,,_1)dx (4)

We shall divide the proof into five main steps.

First Step: We prove that, for x, -k <x<x, +#h the curve y=y,(x) lies in
the rectangle R , thatistosay y,—k<y<y,+k.

< {17 Gyl by (4)

]

jf(x,J’o)dx

X0

Now, |y, - yo| =

Or‘yl—y0|SM|x—x0|SM71<k,

Put Your Own Notes
N————

L
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by(1),(3) and the given result viz M# < £.

This proves the desired result for n=1. Assume that ¥ =y, (x) lies in R
and  so f (x.y,4) is  defined continuous and satisfies
If(x’yn—l )l <M on [xg~h,xy + h)

From (4) we have [Yn = ol = < ?If(x’yn—l )| -{ad

*0

Tf(xayn—l)dx

X0

sMix—x0|SMh<k

As before which shows that y, (x) lies in R and hence f (%,,) is defined

and continuous on [x, -4, x, +h]. The above arguments ShOW that the
desired results holds for all » by induction.

S rpn-l

Second Step: We prove again by induction, that | y,,l'—‘vy,,‘:_\llms —

{x—x()'n

(5)
we have already verified (5) for n=1, in. ﬁrst step we have shown that

[n-nlsm {x Xo| - Assume that this mequallty (5) holds for n—1 in place
of n, that is let -

(6)

Then we have

yn—ll _T f(x,yn—l)—f(x’yn—Z)}dx ’by(4)

x0

O3 = et < 1 (530 ) = F (530 ) o] (7)

X0

Lipstchitz conditions (2) gives
8
lf(x’)/n-l)*f(x,yn—z)|SK’yn—l—yn*z ( )
From (7)and (8), we get
|yn _yn—l| < J. Klyn—l _yn-.ZI'Idx]
xo0

MK x—xg|”

Y Qe | S N

(n—l)! n y ( )

Hence, by mathematical induction, we conclude that (5) is true for each
natural number » .

Thlrd Step: We shall now prove that the sequence y, converges uniformly
to a limit for x, -4 <x<xy+h.

L
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For the interval under consideration, |x—xo| <A .
Hence, from second step we have
Kn 1 hn
1Y = Vil <L— is true for all » .
n!
Using this, the infinite series

Yo+ —20)Hy2 =)= A (n = Ynct ) ¥ 9)

<y +'Mh+%MKh2 +ot %MK”'lh" +
: n:

<y +%[e1<h -l:l,

Which is known to be convergent for all values ‘of K hoand M .

Consequently, the series (9) is surely convergent. Thus by the Weirstrass -

M -test, the series (9) converges umformly on [xo b, x +h] Now since

the terms of (9) are continuous function of x; its sum

n=1

= lim y, (x) = y(x), say [ Yn=Yo+ Z( = J—’n—;“)’} (10)

must be continuous. v -

ot

Fourth Step: We now show that y= y(x) satlsﬁes the differential equation
= (%)

Since y,(x) tends uniformly to y(x)in {x,—A, xo+4] and by Lipschitz
condition,

|f (% 9) = £ (0| < K|y =

it shows that f[ %7, (x)] tends uniformly to f[x,y(x)]. Again from (4)
we have

yn(x) =y + I [ Ya (%) ] dx

- X
or lim y,(x)=yg+ lim I f[x,yn_l (x)]dx , lettingn — o0 .
n—>w n—)ooxo

Since the sequence f [x, y"(x):l , consisting of continuous functions on the
given interval, converge uniformly to f [x, y(x)] on the same interval, the

interchanges of limiting operations given below are valid. Thus using (10),

9= 0+ | 1im £,y (3]

ory(x)=y,+ ]i f{x,y(x)]dx (11)

Uniqueness And Existence (F\rstOrdean‘st Degree
Ordinary Differential Equation)

Put Your Own Notes
“
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The integrand on the right hand side of {11) being a continuous function of \

x, we conclude that the integral has the derivative. Thus, the limit function
y(x) satisfies the differential equation on [xy—%, x,+#] and is such that

¥(x9) =y . [In the above four steps we have thus proved the existence of a

solution of the given initial value problem. The next step will show that the
solution y(x) is unique.]

Fifth Step: Uniqueness of the Solution: We now prove that the solution
y=y(x) just found is the only solution for which y(xy) =y, -

Assume if possible y =Y(x), say is another solution of the given initial
value problem.

Let iY(x)—y(x)[SB where xy—hA<x<xy+h . (12)
It may be noted here that we can surely take B =2K . e \

From (11), we get
Y ()= ()= [ () £y ()]

0r|Y(x)~y(x)' < T lf{x,Y(x)}-—f{x,y(x)}'.v'd‘xl

X0

or|¥ (x) - y ()| < Kf|y(x)- v e | (13)
lf{x,Y(x)} ~f{x,y(x)}‘ < KIY(x) ——y(x)l by Lipschitz condition
0r|Y(x)—y(x)| <

Now substituting (14) for integrand in (13), we get

, using (12) (14)

Kzle—x()]z

IY(x)~y(x)lSK2BT|x—x0]de e

x0

(15)

Again, substituting (15) for the integrand in (13), we get

K3B|)c—x0|3

‘Y(x)~y(x)|££2'£]£|x—x0'2dx§ 3

‘x()

Continuing in this way, we shall surely get

K le x0|

|7 (x)-y(x)|<

PLCOIN SR (16)

n!

Kn)" Kh)"
Now the series Z B( ) converges and so lim B(——)—— =0

n=0 ! n—o n:

Thus |Y (x)- y(x)l can be made less than any number however small and

consequently we conclude that ¥ (x)— y(x)=01i.e. ¥ (x)=y(x) '.

L
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This shows that the solution y = y(x) is always unique, and the proof of the * \

theorem is complete.

Remark 1: If the existence theorem is asked then you need not mention
uniqueness in the statement of theorem and finish up the proof just after the
fourth step. Again if you are asked to state and prove the uniqueness
theorem, give the complete proof by mentioning the necessary matter of first
four steps in short and fifth step in details.

Remark 2: If f(x,y) satisfies the condition

%{sK (@)

For all values of x,y in the given range then for the same constant X the

Lipschitz’s condition is also satisfied. By the mean value theorem of
differential calculus, we get

f(X,)’2)—f(x’J’1)=()’2 - YI)(Q] , where y; <y <y2, ‘ (ii)
ayy? . B

where (x, y;) and (x, y,) are assumed in the giVen \range.

Now (i) and (if) = |f (x,72)| - f (x. 1) I K|y, = 3] »

(i)
which is Lipschitz condition. It follows that the LlpSChltZ condition (iii) can
be replaced by the stronger condition (z)

Existence Theorem (Sufficient COlldlthl’lS)

Let f(x,y) be continuous at all points-in the closed rectangular region
R:|x-xo|<a,|y-yo|<b and |f(x, y)| <M. Then the initial value problem

¥'=f(x »),y(x) = yo has at least one solution. This solution is defined at
least for all x in the interval. I=|x—xy| <% let where 4 =min{a,b/M}

y
4

yot+b

b /2 P .

yo—b

=]

A L L L

R
X ta x

=
S

Xo—4a
The Proof is Omitted
Since y'=f(x,y) and |f(x,y)|<M implies |y'|<M. The slope of every
solution curve lies in the interval [-M,M]. If h=min{a,b/m} =qa, then the

solution exist at least in the interval [xy-a, xy+a]. If
h=min{a,b/M}=b/M. Then the solution exists at least in the small

Put Your Own Notes
N——————
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interval [xy—b/m, xo+b/M]. For values of x out side these ranges, the

curve leaves the region R and hence nothing can be said about the existence
of solution at these values.

It may be pointed out that the conditions given in the theorem are sufficient
and not necessary, that is even if the conditions are violated, the problem
may have a solution.

Example: Test the existence and uniqueness of the solutions of the intial

value problem Y =r.7()=0 in the suitable rectangle R . If more than one
solution exists, then find all solutions.

Solution: Here f(x, y)=\/;, x9 =1,y =0. Now f(x,y) is continuous and
bounded in R . Hence at least one solution exists in some rectangle
containing (1,0). Let us now test the Lipschitz condition. We have

1 (2y2) = £ (o) =2 =]

| M)(F )|
@) [

AC?) ~flen)_ 1
|y2 - N

This equation can be made as large as ‘ﬁossible by choosing y; and y,

sufficiently small, that is, a finite value for the L1psch1tz constant M can not
be determined.

We have [y, +[y, <2y, if y=max{y, y,}

And{ 1 |> L >M, if\/;<$

D] 2y
In the neighbourhood of y =0, this criterion is satisfied for every M >0

Therefore, the initial value problem does not passess a unique solution.
Infact, there are two solutions of the IVP. Which are

y=(x—1f/ﬁandy2=0 6)

it can be easily verified for y =0, from the differential equationﬂ-mix

r

Integrating, We have
2
2\/;:x+c0ry=(x;-cj (ii)

The conditions y(1)=0 is satisfied both by (i) and (i) [(c+1)2 /4]=0 or

c=-1

(x-1?

4

Hence, the solutions are y=0 and y=

Note: If ¢ can be determine uniquely then we can not say the IVP has a
unique solution.

Uniqueness And Existence (Fust Order hrst Degree
Ordinary Dlﬂerenﬂal Equation) -

A —
Put Your Own Notes
Ne——————
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Example: Show that f(x,y)=xy* satisfies Lipschitz condition on the

rectangle |x|<1,|y| <1 but does not satisfy a Lipschitz condition on the strip
lx]S1,|y]<oo.

Solutionzif(x,yz)—f(x,yl )I =1xy22 —xyIZ{, as f(x,y)=xy?

Orlf(x,yz)——f(x,yl )‘ =|x“y2 +J’1HY2 —Y1| (1)

Hence in the rectangle |x| <1,|y| <1 (1) reduces to

£ (6 32) - £ (231) <(D@)|y2 - 1l»

Showing that Lipschitz condition is satisfied.

Next, % f (x,y)z)Z):Of (x,O)% =|x||y5| =« when |y,| > 1f[x]¢0, showing that

the Lipschitz condition is not satisfied on the strip {xisl, 5% <oo

Example: Show that the solutionef the ini}ti‘éi} “value problem
% = f(x,9),»(x) = yo may not be unique alth\oﬁgh f(x,) in continuous.

Solution:Consider the initial value problem.; 1
—=blr0)=0. (1)

Clearly f(x,y)=|y| is continuous for.all y and (1) has the following two
solutions .

2
—{—, when x>0
y=0andy= d;
~x—, when x <0
4
We now show that Lipschitz condition Y (x22)-1 (0] <K (2)

i)’z —J’1|

does not hold good in any region which includes the line y=0. For
example when y, =0 and y, is positive, then

|f(x’J’2)"f(x’YI)|_\/E_ 1 . >
{yz‘y1| B Y2 _\/;’ ( ” 0)

showing that quantity on L.H.S of (2) can be made as large as we please by
choosing y, sufficiently small. This violates (2) because the quantity on
L.H.S. of (2) should not exceed a fixed constant.

Example : Nlustrate by an example that a continuous function may not
satisfy a Lipschitz condition on a rectangle.

Solution: As example, consider the function
f(x,)= y*” on the rectangle S:|x|<L|y|<1 1)

Clearly, f(x,y) in continuous in the rectangle S .

—
Put Your Own Notes
“
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Here —f—f(x,y) — oo when y —0.
ay

] 2
RE y1/3
Since y=0 is a point of the rectangle S ,(2) shows that the Lipschitz
condition is not satisfied by the function f(x,y)=»** on the rectangle s .

Example: For the initial value problem Z—yzey, y(0)=0. Find the largest
X

interval |x|<a in which the Picard’s theorem guarantees existence of a
unique solution.

Solution: Here the condition of boundedness of f(x,y), namely,
lf(x,y)' <M for ’y—y0| < Ma,
reduces to ¢’ <M for ]y—O] <Ma ( f(xy)= ey)

Let y,, y, lie in the range |y|<Ma and y, <y, .Then using the mean value
theorem, we have ‘

" y . aey —_

e - =(y,—y )| — , where y, <y<y,

oy -

y=y

ore’2 - <(y, -y )M, since &’ <M.
showing that the function e’ satisfies the Lipstchitz condition.
Again, the inequality e <M will be. satisﬁédfor« all values of y such that
|¥| < Ma provided it is satisfied by y=Ma .
. eM <M or a<(logM)/ M

Using the well known methods of finding maximum and minimum values of

a function, we can easily show that the function (log M /M is maximum

when M =e=2.718 . Hence uniqueness theorem of the given initial value
problem gives |x]<a where a=1/e=0.308. Thus, the required largest

interval is |x| <0.308 .

Example: Show that for the problem % =y,y(0)=1, the constant a in
Picard’s theorem must be smaller than unity.

Solution: The condition of boundedness of f(x,y) namely

|/ (x,7)| < M for|y—y,| < Ma reduces to [y|<M for |y-1|< Ma

Choose M >1. Then the Lipschitz condition is also satisfied because in this
situation, the Lipstchitz condition takes the form

|f(xy2) = f(xn)| =y = n|< M|y, =] as M21.

Again, |y-1|<Ma=|y|-1<Ma.

It follows that the condition [y|<M will be satisfied for all ‘values of
|y —1] < Ma provided it is satisfied

forlylSl+Ma .

1+Ma<Mora<(M-1)/M=1-(1/M)<las 1SM <.
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Ordinary Differential Equa 7

Example: Determine if the initial - value problem R m—————
5 Put Your Own Notes
y'(t):—y+t2e‘, 1St$2,y(1)=0 N——————
t
has a unique solution for 1<¢<2. If so, find the solution exactly or
numerically.
Let D:{(t,y)llstsz, —w<y <oo} . Check if f(t,y)=%y+t2e‘ satisfies a
Lipschitz condition in D. Beause
&[22,
| oy t] 1
f(t,y) satisfies a Lipschitz condition in D and therefore by Theorem 2 the
initial-value problem has a unique solution.
Example: Find approximations y, (¢) of the solution to the initial-value
problem:
dy ST
bt ¥(0)=-1, by Picard’s method
For this problem, f(s,y)=y+¢ and y,(¢)=~1. Then
; 1
» (?) =—1+j(—1+x)dx=—t2 —t-1
o 2
‘1 L, 1
yz(t)=—1+j —x? —x—l+x|dx =41+J‘ xSl |de==8 1 -1
2 A 20 6
0 o0
yie(6)= L ey
(k+1)!
Review the sufficient condition for a function f satisfying a Lipschitz
condition. :
Show that each of the following functions satisfies a Lipschitz condition in
v on the indicated set D .
. ty .
1 t{t,y)=——-,D=4{t,y);tismR, y>1
O (er)=173 {(t.y) yz1
(i) f(t,y)=1-y+e2y?, D= {(t,y);OStS I, -5<y< 5}
i) f(t,y)=»? ——t—, D= {(t,y);—Z <t<2,1<y< 10}
y
. 4 . . .
Let M >0. Show that the function f(z,y)=14 ~Ty satisfies a Lipschitz
condition in y on the set.
D={(t,y);t=M, yisreal}. Does f satisfy a Lipschitz condition in y on the
set
D= {(t,y);t >0, yis real}?
Example: Consider the ODE
y =xy—siny, y(0)=2.
Here f and &f /8y are continuous in a closed rectangle about x; =0 and
¥o = 2. Hence, there exists unique solution in the neighbourhood of (0, 2).
F 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n
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4.

e

5.

~. 6.

The

ot

e
J.l*.'// The initial value problem
%#(t) =3x",x(0)=0, in an interval around
t=0, has
(a.) No solution
(b.) A unique solution
(c.) Finitely many linearly independent
solutions
(d.) Infinitely many linearly independent
solutions
' P
2. " The initial value problem % =2y", y(0)=0

has

(a.) no solution

(b.) infinitely many solutions
(c.) exactly one solution

(d.) finitely many solutions

Let y(¢) be a solution to the differential

equation =y*+t, then

y(e) 1
differentiable

(a.) once but not twice

(b.) twice but not 3 times
(c.) 3 times but not 4 times

(@) &

infinitely many times

differential equation % =", y(0)=0

has
(a)
(b))
(c)
d)
The order of the differential equation whose
general

A unique solution

No non-trivial solution

Finite number of solutions

Infinite number of solutions.

solution is

y=c,cos2x+c,cos’ x+c,sin* x+c, is

(a.) Two

(b.) Three

(c.) Four

(d ) One

Order and degree of the differential equatlon
-y"+xy=0

(a) 3,1

(b.) 3, not defined

(c.) Both degree and order are not defined

(d.) notdefined, 3

N -

Assignment Sheet -01

ASSIGNMENT SHEET -01

The differential equation of the system of
circles touching the y — axis at the origin is

(@) x +y2—2xy%=0 .

dy
b) X+ +2xy—==0 ,
(b)) Y2y

(c) ¥ —y2+2xy‘f—dxy=0 p

5

() X =y =2xy==0 ,

5, Q 7
SR .

10, .

S

" Thie. .

» ‘"‘(

(@)

dx
_ degree of

3/2

the equation

(b))
(c)
(@)
“'The

3
2
5
4
9

order and degree of the differential

2 2 ~-3/2
equation dxz(dxg) ] =0 is
(a) 1, 4

(b) 4,1

(c) 4,4

@) 1,1
. dx 2
The differential equation [d_J +5y"* =2
y

,where y is dependent variable is

(a.) Linear differential equation of order 2
and degree 1

(b.) Non linear differential equation of order
1 and degree 2 N

(c.) Non linear differential equation of order
2 and degree 1

(d.) Linear differential equation of order 1

' and degree 2

If y=y(x) then the differential equation,

% +Py =0 | is a linear equation of first order

if,

(a.) Pisaconstant but Q is a function of y
(b.) P and Q are functions of y

(c.) Pisa function of y but Q is a constant,
(d.) P and Q are functions of x or constants

L
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13.7

1w

15.

"The order and degree of the differential

equation
d 2y 1/4 d 4y
10 x
— | 4| — +4e” cos(2x+3)=0
( dx? ] ( dx* ]y ( )
respectively

(@) 4,10
(b) 4,4

are

1
(c) 4

1
d) 4

y=cx+ 1
Differential equation of the curve <
is

:2‘ ’ _
@) @ W +1=0

2 ' _
) P W +2=0
©) w2 +4=0

@) ¥ —4=0
The differential

9’1=60(y2)“5;x>0

dx y(0)=0 haS

(a.) A unique solution

(b.) Two solutions

(c.) No solution

(d.) Infinite number of solutions.

A curve y in the xy-plane is such that the line
P(x

joining the origin to any point ( ’y) on

the curve and the line parallel to the y—axis

through P are equally inclined to the tangent

to the curve at P. Then, the differential
equation of the curve v is

dy 2 dy
a) x| = | +2y|=|=x
(@) dx) N 2
dy\’ dy) -
b. — | +2y|—|=0
®) dx} Y ax _
2 \
(c) x ax +2y & =0
dy dy

equation-_-

16.

Assignment Sheet -01

2
d) x ﬁl—)-c- +2y ix_ =X
dy dy
If f is a differentiable function, define

(DF)(x) =El—% . Given neN and " -times
X

differentiable function /> define (D" f)(x)
by successively applying D for » times to
the function f . Then D*(e™) at x=0is.

(a) 1
(b) O
(c) e
d) €

1

- The differential equation corresponding to
- _the family of circles of radius '7' whose

"~ centre lies on the x—axis is
— (. dy), .
(@ — |+ =y
(a) y(dx) y

a8’

-20.

(b, y{%ﬂ} 2

(c) »y {% + 1} =r

@) » {(%T +1} =7

Consider the Curve y(x)=ax+l, where
a

a#0 is an arbitrary constant. Then the

corresponding differential equation is

(a.) Second order, first degree,
differential equation.

(b.) First order, Second degree, non-linear
differential equation.

(c.) First order, first degree, non-linear
differential equation.

(4) First _order, - |
differential equation.

The differential equation corresponding to

y=kcos™' x (Where k is a parameter) is

linear

First order, - first degree, linear

o dy
a. —J1-x? cos ' x= =
(@) »y T
b. —\1- 2sin"xﬂzo
®) » x —
(c) y+v1-x° cos”UcfiZ:O
(d) y+V1-x?sin”! x% =

If y=y(x) Then the differential equation
y'= \/; + \/; is

(a.) Linear differential equation of order 1.
(b.) Non- linear differential equation of

.
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(c.) Linear differential equation of order 1
and degree 1.

(d) Non- linear differential equation of
order 1 and degree 2.

b

21. The differential equation. " |y|+a=0
X

(a.) Has infinite many real solution if a<0
(b.) Has unique real solution if a<0

(¢.) Hasno real solutionif a>0

@ﬁﬁj ~ (d.) Hasuniquereal solutionif a=0

differential equation

Qﬁt The
/ %=60()’2)U5;x>0y(0)=0 has

(a.) A unique solution
(b.) Two solutions
(c.) No solution

(d.) Infinite number of solutions.

The degree of the differential equation

()

Assignment Sheet-01

2 (d*y).
(O +(r)’ (d—y) °

(a) 1
(b)) 2
(c) 3

(d.) None of these
Which of the following differential equation
is linear if y = y(x) ?

dy, >
a) —=+xy=,
(a) ; Xy y
dy .
b) —-sinx=x"y
(b.) inx=x"y

©) (1+ y)%+P(x) y=0(x)

dy
+——=x+
e y
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L. Consider the ODE onR y'(x)= f(y(x)). If 5. Let y:R—>R satisfy the initial value

f is an even function and y is an odd problem y'(1)=1-y>(¢),reR, y(0)=0.Then

function, then
(@) —y(-x)is also a solution. @) y(4)=1forsome 7, eR.

(b.) y(-x)is also a solution. (b) y()>-1forall teR.

(c.) -y(x)is also a solution. (c.) yis strictly increasing in R .

(d) »(x)y(-x)is also a solution. (d.) yis increasing in (0,1) and decreasing

2. Let u(z) be a continuously differentiable

/ n (1, OO) .
function taking nonnegative values for ¢ >0 i '
and satisfying u'(1) = 44* (¢); u(0) =0 . Then \64(;‘ Let y (x) and y,(x) be the solutions of the
@) u(t)=0. - differential equation = y+17 with initial
. X
(b)) u(t)=¢*. - conditions »,(0)=0, y,(0)=1. Then

0 forO0<t<l1

(a.) yand y, will never intersect.
(t—l)4 for 21

(c) u(n)= {

(b.) yand y,will intersect at x =17

0 for 0<t<10 i
(d) u(r)= (t~10)4 tor 1310 (c.) yand y,will intersect at x = e
3. Let y(x) be a continuous solution of the (d) xand y,willintersect at x =1
initial value problem y'+2y = f(x), y(0)=0, - 7. Consider the initial = value problem
h 1, 0<x<1 Th 3) . y'(t)=f(t) y(¢), y(0)=1 Where f:R-—>R
where f(x)= 0, x>1. eny (5 18 is continuous. Then this initial value problem
equal to has
(@) sinh (1) (a.) infinitely many solutions for some f
: 3
eh(l) (b.) a unique solution in R
COosS
(b.) 5 (c.) no solution in R for some f
©) sinh (1) (d.) a solution in an interval containing 0,
) e but not on R for some f
@) &2(1) ' 8. Consider the equation
e dy _ 2 1.
4.  Let u(t) be a continuously differentiable dt =(L72(0) (1) »(0)=1: 20 Where 1
o function taking non-negative values for ¢ > 0 is a bounded continuous function on {0, o).
Then

2
satisfying u'(#)=3u(¢)? and «(0)=0 .

Which of the following are possible solutions (a.). The equation admits a unique solution

of the above equation? ¥(¢) and further limy(¢) exists and is
. {—c
(@) u(t)=0 finite
(b)) u (t) = (b.) This equation admits two linearly
independent solutions
0 for 0<t<1 P
(c) u(t)= 3 (c.) This equation admits a bounded solution
(1=1) fore=1 for which lim y(¢) does not exist
t—x
0 for 0<t<3 . . . . .
@) u(t)= S (d.) This equation admits a unique solution
. = 3
(t-3) fore=>3 y(¢) and further limy(¢)=o
t—®
[ 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L1.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n
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9 The equation
- (a,\jz3+ycosx)dx+(xzy2+,85inx)dy=0 is

5 (d) secy=(x+c)cosx
(d)/ a:l,_,B=§

, A o
(a) sec”y+secytany ,, “ . (a) etan(x/2)
(b.) tan’ y+secytany '

b. 2
(c) 1/(seczy+secytany) (b) ecot(x/2)

The general solution of the differential

. d :
equatlond—y t+tan ytan x =cosxsecy is
x

exact for
(a) a=§,ﬂ=1 (a) 25iny=(x+c—sinxcosx)secx
2
1523 (b) siny=(x+c)cosx
®) a=14->
(c) cosy=(x+c)sinx
) a=§,,8=l y=(x+c)

. ,515/. The particular solution of the equation
10. A integrating factor for N/ y'sinx = y satisfying the initial condition
~ (cosysin2x)dx+ (cos2 y—cos’ x)dy =0 ‘ (7[) .
) yl—|=e, is
is :

(d.) 1/(tan2 y +sec y tan y) e N (c.) In tan (i]
11. If the integrating factor  of-
(x7y2 +3y)dx+(3x8y—x)dy=0 s d) Tn cot(%)
x"y", then ; ]
@) m=-7,n=1 \ A 'l;lhe differential equation
b)) m=L,n=-7 A d_y = h(a —y)(b - y), when solved with
x
) m=n=0
EZ)) Z _ : ~1 the condition y(O) =0, yields the result
. fZ . The dmmal value problem @ b( a— y) _ e(a_b)hx
(xz—x)d—y:(2Jc—1)y,y(x0)=y0 has a a(b-y)
Ix
unique solution if (xo, J’o) equals ®) b(a — x) _
(@) @) a(b-x)
) (LD
©) (0,0) ) A=) _ ase
(d.) None of these b (a -y )
)‘4 . Which of the following is not an integrating d _h
‘ factor of xdy — ydx =07 < (d) xy=he
1 . Y. The differential equation
@) * - ”” ' (?nzzx2 +bycos x)dx+(2sinx—4ay3)dy =0
1 .
) ——— is exact for
Xty (@) a=3,p=2
(c) 1 (b) a=2,b=3
Xy
. (c) a=3,b=4
@ =
y (d) a=2,b=5
[ 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L1.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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y For the differential equation xy'-y=0 2,2 //;n integrating factor for the differential
which of the following function is not an N /  equation
AV

integrating factor? (2xy+3x*y +6y* )dx+{x* +6y*)dy =0 is

1 3
@) = (a) «x
x
| , ®) ¥
(b.) 7 (C) ,é}'}
1 (d) e
(c) —
xy ‘ 3/ If »* is an integrating factor of the
) 1 v »_kdifferer»l’tial equation 2xy dx—(3x* - y*)dy =0
- //' xty . - N " then the value of a is
9./ 1f y'-x#0, a solution of the differential  ~ _ (a) —4 -
equation y'(y'+ y) =x(x+y) is given by-. .~ " (b) 4 S
= L @)
(@) l-x-e™* N\ d) 1
(b) 1-x+¢€ - ~.24.  Consider the differential equation
(c) l+x+e™* S Z—y=ay—by2, where a,6>0 and y(0)=y, .
o e
(d) l+x+e e As x —> +oo, the solution y(x) tends to

L20. / For a,b,ceR , if the differential equation

y . (a) 0 90 T ©

V4 (wc2 +bxy + yz)dx +(2x2 +oxy+ yz)dy -0 is

a
exact, then (b.) b
(a) b=2,c=2a b
: (c) =
(b.) b=4,c=2
(c) b=2,c=4 ,..(d') Yo
(&; b=2 a=2c 28, Consider the  differential  equation
@//‘/ " (x+y+1)dx+(2x+2y+1)dy=0 . Which of
./ The +  differential equation . .
y : : the following statements is true?
S (1+x%)* +ax?y?)dxc+(2+x°y* +x*y)dy =0 is
exact if a equals (a.) The differential equation is linear
@) 1 (b.) The differential equation is exact
a) —
2 (c.) €% is an integrating factor of the
(®.) 3 differential equation
72
(d.) A suitable substitution transforms the
() 2 differentiable equation to the variables
(d) 3 separable form.
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28.
v

Consider the differential
2cos(y? )dx—xysin(yz)dy =0. Then
(a.) € is an integrating factor

(b.) e7is an integrating factor

(c.) 3x is an integrating factor
(d) x’is an integrating factor.

equation

If £ is a constant such that xy+k=e(x_1)2/2

satisfies the differential

dy
xd—x=(x2 —x——l)y+(x—l), then &

to

(@) 1

(b)) 0

(c.) -1

() -2

One of the
differential

(y2 —3xy)dx+(x2 -—xy)dy:O is

@) —

x? yz )
1
x* y)

integrating factors

—

(®)

—

1

(=)

()

(c)

(d)

equation

is equal

of the
equation

e

Assignmenf Sheet -02

An integrating

x%+(3x +1)y=xe™ is
(@) xe”
(b.) 3xe
(c.) xe*
d) x’¢

==1is
3

3

(@) y =x+log(x+y)—%

(b.) y=x-log(x+y)+§

(c) y=x+log(x+y)+§

(d) 2y=x-log(x+y)+1

of

factor

. ;_‘\Th‘e\, solution of differential ~equation

& x+y-T

L
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Consider the functions f(x)=x|x and
g(x)=x*. Then

(a) {f.g} is a linearly independent pair of

functions on (—o, 0)

(b.) {f,g}is a linearly independent pair of

functions on (0,)

(c) {f.g}is a linearly dependent pair of

functions on R

(d.) {f.,g} is a linearly independent pair of

.~ functions on R

Consider the two functions f(x)= ]xlsmx
and g(x)=xsinx. Then, {f, g} is

(a)) linearly independent on (—o, 0)
(b.) linearly independent on (0, «)

(c.) linearly dependent on R

oy

. (d.) linearly independent on R

Consider f(x)=|xle® and g(x)=xe™ . Then

the pair {f, g} is
(a.) Linearly independent on R

(b.) Linearly dependent on (-¢, ¢) for some
0<e<l

(c.) Linearly independent on (0, )

-(d)) Linearly independent on (—o0, 0).

Let P be a continuous function on R and
W be the Wronskian of two linearly
independent solutions y; and y, of the

Cd%y 2\dy _
ODE: ;+(l+x )Z+P(x)y—0,xe]R. Let
W(l)=a,W(2)=b and W(3)=c, then
(a) a<0and b>0

(b.) a<b<cora>b>c

ﬁ_b c

© WEH

5.

NS

(d) W(x)<O0 forxe 0,1}
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" (d) O<a<band b>c>0

Let P,Q be continuous real valued function
defined on [-1,1]and u, :[-L1j>R,i=12be

solutions of the ODE:

d’u
dx?.
1(0)=0,u,(0)=0 .Let

Wronskian of v, and u,, then

+ P(x) % +Q0(x)u=0,xe[~1,1] satisfying

w denote the

‘ '(aj) u, and u, are linearly independent
. (b) ul and u, are linearly dependent
™ (c) () =0 for all xe[-11]
N ‘k”‘f(d.) w(x) # 0 for some x e[~1,1]
Let Y (x) and Y, (x) defined on [0,1] be

twice continuously differentiable functions
satisfying Y"(x)+Y'(x)+Y(x)=0 . Let
W(x) be the Wronskian of Y, and Y, and

satisfy W (%) =0. Then
(a) W(x)=0 for xe[0,1]

A

(b)) W(x)#0 forxe _O,%:‘U[—l—,l]

(c) W(x)>0 forxe —1—,1}

Let y, (x) and y, (x)form a complete set of

solutions to the differential equation

y"'-2xp'+ sin(ez"2 ) y=0,xe [O, 1] with
yl(0)=0,y',(0)=1,y2(0)=1 ,
¥',(0)=1 Then the Wronskian W (x) of
y(x)and y,(x) at x=1is

(a) €
(b.) —e
(c) —€

L
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11.

i @a) e

Let W be the Wronskian of two linearly
independent solutions of ODE
2y"+y'+t’y=0;teR . Then, for all teR,

there exists a constant C € R such that W (¢)
1s

(a) ce

(b)) Ce”

(c.) ce*

(d) ce™

Let y,and y,be two linearly independent
solution of y"+(sinx)y=0,0<x<1 Let
g(x)=W(y, y,)(x) be the wronskian of
y,and y,.Then W

@) g' >00n[0,1]

(b) g'<00n[0,1]

(c.) g'vanishes at only one point of [0, 1]

(d.) g' vanishes atall point of[O, 1] e

Let y be a nontrivial solution of the
boundary value problem,
y"+xy=0, x€[a, b], y(a)=y(b)=0then

(a) b>0.
(b.) yis monotonic in (a,0) if a<0<b.
(c) y'(@@=0.

(d.) »y has inﬁnitely many zeros in [a, b].

2

Let ‘;;—q(x)y=0, 0<x<oo, -

y(0)=1, %(0) =1 where ¢(x) is a positive

monotonically increasing continuous
function. Then

(@) y(x)owasxow»
(b.) ﬂ—)cmas)c-—)czo
dx

(c) y(x)has finitely many zeros in [0, ©)

12.

Assignment Sheet -03

(d) y(x) has infinitely many zeros in

[0, )

- Let y,(x) and y,(x) form a fundamental set

of solution of

2
%x%].+p(x)%+q(x)y=0, a<x<b, Where

p(x) and g(x) are real valued continuous
functions on [a, 8] . If x, and x, with
x, <x, are consecutive zeros of y (x) in
(a, b), then

| (a) 2 (%) =(x-x)g(x), where g¢,(x) is

13

14.

continuous on [a, b] with g,(x,)#0

S ®) »(x)=(x—x) po(x), where p,(x) is

continuous on [a, b] with p,(x,)#0

(c.) ,(x) has no zeros in (x,, x,)

- (d) »,(%)=0 but y;(x,)=0

Consider the ODE
u"(t)+ P(t)'(t) + Q()u(t) = R(¢), t €[0, 1] There
exist continuous function P, Q and R defined
on [0, 1] and two solutions » and u, of the
ODE such that the Wronskian #(z) of % and
u,is

(a) wW()=2t-1, 0<t<1
(b.) W(t)=sin2zt, 0<t<1
(c) W({®)=cos2at, 0<t<1
d) w@=1, 0<t<1

Let y,(x) and y,(x) form a fundamental set

of solutions to the differential equation
2

Zx—f+p(x)%+q(x)y=0, a<x<b, Where'

p(x) and g(x) are continuous in[a, b] and

x, isapointin(a, b).Then

(a.) Both y(x) and y,(x) cannot have a
local maximum atx,.

(b.) Both y (x) and y,(x) cannot have a
local minimum at x,.
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15.

16.

17./

(c) »/(x)cannot have a local maximum at

% and y,(x)
minimum at x, simultaneously.

cannot have local

(d.) Both y (x) and y,(x) cannot vanish at
x, simultaneously.

Consider the linear homogenous differential
equation

y'+h (x)y("“’) +..+P(x)y=0 on {0, 1] ,
where B,.., P, are continuous real valued
functions on [0, 1]. Then the set of solutions

of the above equation
(a.) Is a linear space of infinite dimension

(b.) Is alinear space of dimension »

(c.) Is a linear space of dimension less than

n
(d.) Isnot a linear space.

Iet v« and v be two

denote the Wronskian of » andv. Then"

(@) W(u,v) vanishes at a
x,€[a,b]=u and v are linearly
dependent.

(b.) W(u,v) vanishes identically on

[a,b] = u and v are linearly dependent.
(c.) W(u,v)does not vanish at any point on
[a,6] but » and v are linearly

dependent.

_"(d.) None of these

Consider the linear differential equation
y"+3xp"+4y'+2x’y =sinx,x €[0,1] . Then the
set of solutions of the above equation

(a.) Isalinear space of infinite dimension
(b.) Is a linear space of dimension 3
(c.) Isnot alinear space

(d.) Is a linear space of dimension less than
3

solutions, ..of 2
y"+P(x)y+Q(x)y=00n [a,b]. Let W(u,v) %

point...

19{,,

21.

Let y,(x) and y,(x) be two

Assignment Sheet -03

The differential equation y"+2x(y")=0,

satisfying the condition y(1)=0, y'(1) =1
(a.) Has no solution
(b.) Has a unique solution

(c.) Has two distinct solutions

_(d.) Has infinite solutions

If y(x)=x and y,(x)=xe* are two linearly

independent solution of

d’y dy
ngxz——x(x+2)gx—+(x+2)y=0 then the

- interval on which they form a fundamental
_set of solutions is

(@) x>0or x<0

(b) ~l<x<oo

(c) —-l<x<2
(d) -o<x<w

linearly
independent solutions of the differential

: d’y 2 dy
equation x——-2x"—+e"y=0
a o a7

7(0)=1,5,(0)=-1,5/(0)=1 and »,(0)=1 .
Then the Wronksian of y (x) and y,(x) at
x=2, i.e. W(»,,9,)l.0 1S €qual to

satisfying

(@) 2¢"

(b.) 27

(c.) 2¢*

d) 2¢*

Linked Questions

Let W(y,,y,) be the Wronskian of two
linearly independent solutions y, and y, of

the equation y"+P(x)y' +Q(x)y=0.
The product W (y,, y, ) P(x) equals
@) yyi=ny,

(b.) yly; — V)

r,n r_n

) Wy =y

AN

@) vy -y
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L

23.

26.

./ given

(@)

If y, =e” and y, = xe’*, then the value of
P(0) is

(a) 4

(b) 4

(c) 2

d) -2

If 'a transformation y=uv transforms the

differential equation
f(X)y"-4f'(x)y' + g(x)y =0 into the equation
of the form v"+ A(x)v =0, then » must be

1
@) —
*f
1
2f
d) s

Common data for questions

()
(c)

Let y(x)=1+x and y,(x)=¢

P(x)=

()
(b)

1+x
—1-x

() 1+x

X

-1-x

(d)

X

The set of initial conditions for which the
above differential equation has No solution is

@) y(0)=2,5(0)=1
(b) »(1)=0,y'(1)=1
y(1)=Ly(1)=0
@) y(2)=1y'(2)=2

Let ,(x) and y,(x) be two solutions of

2
(l—xz)ZT);—Zx%+(secx)y =0 With

be two.
solutions of y"(x)+P(x)y'(x)+Q(x) y(x) =0

2{,,.

Assignment Sheet -03 v

Wronskian W(x). If yl(O) =1, (%)
0 and W(l) _L , then
2 3

(a) 1/4

®) 1
(c.) 3/4

x=0

(%} equals
dx x=0

(d) 473

Let y:¢>(x) and y=l//(x) be solutions

Cof  y"-2xp'+ (sin x? ) y=0 such that
_9(0)

=1, ¢'(0)=1 and w(0)=1 ,

\‘//'(0) =2. Then the value of the Wronskian

29,

30. /

\\ /’

W((a,l//) atx=11is
(@) 0

(b) 1

(c) e

d) €

Let y (x) and ), (X) be solutions of

Y+ y'+(sinx) y =0, which satisfy the

boundary conditions }, (QL=__0, Y '(1) =1

and Y, (O) = E)’z v(l) =0 respectively. Then

(a) y, and y, do not have common zeros
(b.) », and y, have common zeros

(c.) Either y, or y, hasa zero of order 2

(d.) Both y, and y, have zeros of order 2

Linear combinations of solutions of an .
ordinary differential equation are also
solutions if the differential equation is

(a.) Linear non homogeneous
(b.) Linear homogeneous
(c.) Nonlinear homogeneous

, {d.) Nonlinear non homogeneous

Determine the type of the
2

.o dy . .
equation —d—2+sm(x+y) =sinx
x

differential

(a.) Linear, homogeneous
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/

R

?}/ /.If b4 (x) and ), (X) are solutio;§’~.,,~o£

(b.) Nonlinear, homogeneous
(c.) Linear, non homogeneous
_~{(d.) Nonlinear, non homogeneous

The value of the Wronskian of the functions
x%,3x+2 and 2x+3 is

(@) o0
(b) -10
(c) -5

-(d) 8
If y (x) and ), (x) are solutions of
"+ x*y'+(1—x) y =0such that y,(0)=0
. y'=(0)=—1 and 3,(0) =,(0)=1 then
the Wronskian W( Vi yz) onR

(a.) Isnever zero

(b.) Isidentically zero

(c.) Is zero only at a finite number of points .

(d.) Is zero at countably infinite nurr»lbé“rugf \

points .

y"+xy'+(1—x2)y=ysinx Then which

of the following is also its solution?
@) y(x)+y,(x)

®) %(%)-»(x)

©) 23(x)-(x)

@) »(x)-2x,(x)

0y = I

[

34.

L35

Assignment Sheet -03

Suppose that y, and y, form a fundamental

set of solutions of a second order ordinary
differential equation on the interval
— < t <+, then

(a.) There is only one zero of y, between
consecutive zeros of y,

(b.) There are two zeros of y, between
consecutive zeros of y,

(c.) There is finite number of zeros of y,

between consecutive zeros of y,

) (d) None of the above
. L§f ¥i(x) and y,(x) be linearly independent
~._solutions of. the differential equation

g y"+P(x)y'+ Q(x) y=0, where P(x) and
e Q(x) are continuous functions on an interval

0y

I.  Then  y,(x)=ay(x)+by,(x) and
Vo(x)=cp (x) +dy,(x) are linearly
independent solutions of the given
differential equation if

(a.) ad=bc

(b.) ac=bd

(c.) ad#bc

(d.) ac#bd

~ ./C - - -4 ‘il

-] e

L
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1. Consider the second-order ODE The particular integral y,(x) of the
x’y"+ Axy'+ y=0 This equation differential equation
(a.) adrmFs a hneafly. 1ndependf:nt pair ‘_’f 2 d’y dy _ 1 x>0 is given by
solutions consisting of trigonometric dx’ dx x+1’
i A
funcFlons f(?r each . >0 . ¥, (x)=xv(x) +—v2 (x) where v(x) and
(b.) admits a linearly independent pair of x
solutions consisting of power of x for v, (x) are given by
some values of 4>0, .
{c.) does not admit any linearly independent (@) xv(x)- Vz (x)=0,v{(x)-—v; = )
pair of solutions consisting of power of ,
x forany 4>0 Coe(b) wy) (;c)+izv; (x) =0, v,'(x)——lyv; -
(d.) has no solutions. N ~F x +1
2. The number of non-trivial polynomial e oy Loy oo 1., 1
solution of the differential equation \ () xwi(x) o ()=0,5(x)+ R
x’y'(x)= y(xz) is (, m\(d.) None of these
(a) zero The solution to the initial value problem
(b.) one d? d
ay 'y At
(c.) three d2 +2d +5y—3e sint,
(d.) infinity
3. Let y:R—R be a solution of the ODE $(0)=0 and %y-(()):lis
2 t
4y _y—er xeR,y(0)= dy(o) 0 then,
dx ¢ . .
(a) y(t)=¢€'(sint+sin2t)
(a.) yattains its minimum on R Y .
(b)) yisbounded on R () y(O)=e (sint+sin2t)
. t) =3¢ sint
(c) lime™y(x) _% (©) ) !
) d) y@) =3e"sint
d) 11me y(x) == . . . .
The ordinary differential equation
4. Let V be the set of all bounded solutions of b y=2x* with initial conditions y(0) =0
the ODE u"(¢)—4u'(¢)+3u(t)=0,teR Then dx
v has
(a.) Is areal vector space of dimension 2 (a.) No solution
(b.) Is areal vector space of dimension 1 (b.) A unique solution
(c.) Contains only the trivial function u=0 (c.) Two distinct solutions
(d.) COI.ltalnS exact‘ly two functions. (d.) Has infinite solutions
S. The particular jzolutlon of the boundary value The initial value problem
ay. - . z
problem e +y=cosecx;0<x< 5 , Zxd—y=3(2y-—l), y(O):l has
x dx 2
»0)=» (E) =0 (a.) A unique solution
(a.) Convex (b.) More than one, but only finitely many
(b.) Concave solutions
(c.) Negative (c.) Infinitely many solutions
(d.) Positive (d.) No solution
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10.

11.

12.

13.

A homogenous linear differential equation
J<4 q

with real constant coefficients, which has

y=xecos2x+e > sin2x as one of its

solutions, is given by:

(@) (D*+6D+13)y=0

(b) (D*-6D+13)y=0

(c) (D*-6D+13) y=0

(d) (D*+6D+13) y=0

For differential

solving the
2x

equation

y"—3y'+2y=le by the method of

+e**

variation of parameter we  assume

y(x) = A(x)e* + B(x)e’™ as its general

solution. Then A(x) and B(x) satisfy one
of the following

(a) A'(x)e" +B(x)e** =0

er

A'(x)e" +2B'(x)e?* = ———
1+e**

(b) A'(x)e* +B(x)e** =0
2.
A(x)e” + A'(x)e* +2B'(x)e™ = —=~
\ 1”—’Pe\'x_
) A'(x)e" +B'(x)e? =0 ,
2x
2B(x)e* + A'(x)e* +2B'(x)e?* = ——
1+e”*
) A'(x)e* +B'(x)e" =0 ,
) er
A'(x)e* +2B'(x)e”” =
1+ &>
Consider the initial value problem
x2y"—6y =0, y()=a,y'(1)=6. If
y(x)—> 0 as x > 0%, then a is equal to
(@) 2
(b)) 4
(c) 6
d) 7
The minimum possible order of a

homogeneous linear ordinary differential
equation with real constant coefficients
having x”sin(x) as a solution is equal to

(a) 2

(b)) 3

(c) 6

d) 9

@) y@=ax+e

15

16.

17.

Assignment Sheet -04

14.

If y(x)=xis a solution to the differential

2
d—)2}—2xd—y+ 2y =0, then
dx dx

its general solution is
(@) y(x)=cx+c, (xln [1+ x| —1)

equation (1-x?)

(b) y(x)=cx+c,|In

Xln|1-x |+1)
2.

)

(c) y(x)=cx+c,

iln
2

1—x

-Assume that all. the zeros of the polynomial

g,

ea,x"+a, x" +...+ax+a, have negative

real parts. If u(e) is any solution to the

ordinary differential equation
d'u d"'u du

a,—+a,  —+..+a—+au=0,
dt dt dt

then limu(¢) is equal to
-

(a) o0

(b)) 1

(c) n-1

(d) oo

Let f(x) and xf(x) be the particular
solutions of a differential equation
¥"+R(x)y'+S(x)y=0 .Then the solution of

the differential equation
Y'+R(x)y'+S(x)y = f(x)is
x2
(a) y= —7+ax+ﬂ f(x)
xZ
(b)) y= 7+ax+,8 f(x)
(€) y=(x"+ax+p)f(x)
d) y=(G'+ax+p)f(x)
The maximum number of linearly
independent solutions of the differential
4
equation d i) =0 , with the condition
y(O) =1,is
(a) 4
b)) 3
(c) 2
d) 1
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19.

20.

Let y( x) be the solution of the initial value

y"—y"+4y'-4y =0,
y(O) :y'(O) =2, y"(O) =0 Then the value

7.
f yl — lis
° y(z)

problem

(a) % 4e? —6
1 z
(b) g 6e? -4
1 z
(c) —=|8e?-2
5 J
1 r S -
(d) g 8e? +2

Let y(x) be the solution of the initial valﬁé

problem 2yt

Ny,

If D

= i then the value of
dx

1 [y
(xD+1)(x ) ®
(a) logx

(b) 28X

(c)

log x
2

) logx

Xy xy+y=x,

y(1)=y'(1)=1Then the value of yiezJ

21.

22,

Assignment Sheet -04

If y(x)=x is a solution of the differential

equation y"—(%+%)(xy'—y)=0,0<x<oo ,

then its general solution is
(@) (a +Be” )x

(b.) (a +,Be2")x

(c.) ax+pe

(d.) (ae" + ,B)x

One particular
yley'-y'+ry=—eis

solution of

@ xe

T (c) x*e

@) K

-

24.

25.

Suppose y,(x)=xcos(2x) is a particular
solution of y"+ay=-4sin(2x) .Then the
constant o equals
(a) 4

(b.) -2

() 2

) 4

A particular

xzdy+2xd_y+y !

dxz T is
1
N
log x
b.) —
® S
©) (logx)
Y ok
(logx)x/;
2

solution of

(d)
The set of linearly independent solutions of
4 2
d
the differential equation dx;: =0is

@) {Lx,e*e™}
®) {I,x,e™,xe”"}
() {Lx,e*,xe"}
@) {L,x,e",xe"}
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26.

27.

28.

29.

. . . 30.
If y= ¢( x) is a particular solution of

y"+(sinx)y'+2y=e" and y =¢//(x) is a
particular solution of
y"+(sinx)y+2y=cos2x, then a
particular solution of
y"+(sinx)y'+2y=¢"+2sin’ x, is given

by

(a) (D(x)—t//(x)+% 1.

(b.) y/(x)—(o(x)+%
) o(x)-y(x)+1

) y(x)-p(x)+1

a2
All real solutions of the differential equation N
y"+2ay'+by =cosx (where a and b are.
real constants) are periodic if (
(a) a=1land b=0 ‘
(b)) a=0and b=1
(c) a=1land b#0
(d) a=0and b#1
The differential equation whose linearly
independent solutions are cos2x,sin2x and 33.
e’ is
@) (D*+D*+4D+4)y=0
(b) (D’-D*+4D-4)y=0
(c) (D’+D*-4D-4)y=0
@) (D*-D*-4D+4)y=0

34.

Every solution of y"+ay'+by =0, where a

and b are constants, approximate to zero as
x — coprovided

@) a>0,b>0
(b.) a>0,b<0
(c) a<0,b<0
d) a<0,b>0

Assignment Sheet -04

Which of the following pair of functions is
not a linearly independent pair of solutions of
y"+9y=07?

(a.) sin3x,sin3x—cos3x
(b)) sin3x+cos3x,3sinx—4sin’ x
(c.) sin3x,sin3xcos3x

(d.) sin3x+cos3x,4cos’ x—3cosx

A nontrivial solutions of

2_n

xy"+xy'+4y=0, x>0 are

. ‘(a.j‘)’: ‘Bounded and non periodic
e (b) U&Bfinndgd and non-periodic
* . (¢) Bounded and periodic
"~ (d)) Unbounded and periodic

The solution y(x) of the differential

2
dy+4ﬂ+4y=0 satisfying the

equation
q dx* dx

conditions y(0)=4, %(O) =8 is

(a) 4e*

(b) (6x+4)e™
(c.) 4e™ +l6x
(d) 4e™ +16xe™

If M is the general solution of the

X

differential equation
2 .

x° %+kx%+y =0, x>0then k equals

a) 3

(a) {

(b.) -3

{c) 2

) -1

The general solution of
2

x* d—f—Sx%+9y =01is

@) (¢ +cx)e”
() (c,+c, Inx)x’
©) (q+cx)x
@) (¢+c,Inx)e”

(Here ¢; and ¢, are arbitrary constants.)
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35.

36.

37.

38.

39.

40.

The solution of the first order ODE

xy'=xy+x+y+lis
(a) y= Cx(e" - 1)

(b)) »y =(Cxe”)—1

(c) y=(Ce")—-x

(d) y=(Ce")~x~1 '
( Cis a constant)

The general solution of the first-order ODE
'+x’y—y=01is

(@) y(x)= xe "2 +C
(b) y(x)=e"2’2 (x+C)
c) y(x)= e’ —Cx
d) y(x)= Cxe ™"

( Cis a constant)

The general solution of the first order ODE.

2%y —xe™ =0 is
@) y(x)= e (x+0C)
1) y(x)=e* (x+C)
(c) y(x)= xe* +C
d) y(x)=x+C
( Cis a constant)

Consider the second ordinary differéﬁtial

equation ¥ "t =0_ yhere B¢ are real

constants. Given that 7~ exp(2x) is a
solution. Then,

(@) b*+4c<0

(b.) b +4c>0

(c) b*-4c<0

(d) b -4c>0

Consider the second order ordinary
differential equation y"+3y'+2y=0. The
lim »(t) is

(a.) anon zero finite number

() 0

(c.) =o

d)

Consider the ordinary differential equation
y"+4y=sin2t, y(0)=0 Then the solution

(1)
(a)

(b))

(c)
(d)

converges to 0 as r—>o with no
oscillations .
converges to 0 as t—o and the
solution is oscillating

is oscillating and bounded

is unbounded

41.

42.

Assignment Sheet -04

The number of independent solution of the
differential equation y-2y® +y=0 (here
¥ and ' present the second and fourth
derivatives of y respectively) is

(a) 4

(b) 3

(c) 2

d) 1

Let ¢ be a solution of the ODE x?y'+2xy =1
on O<x<ow . Then the limit of ¢(x) as
X —> ©

(a.) Is zero

(b)) Isone

. (d.) Does not exist.

44.

45.

46.

43

@ . "4y =
~Let = be the solution of ¥ *% =% such that

(0)=2. Then ¢(z) equals
(a) ir

(b.)
(c) =

d) -»

Let y(x) be a solution to the ordinary

2
differential equation Zx—’: +4 & +By =0 with
X

constants 4= 0, B=0and y(0)=0. Then

(a.) y(x)is always bounded on R

(b)) y(x)is always unbounded on R

(c.) y(x)is bounded or unbounded on R
depending on the value of y'(0)

{d.) Such a solution cannot exist.

Consider the second order ordinary
2

differential equation fI—%+b¢£+cy=0 ,
dx dx

where b and ¢ are real constants. If y=xe™*
is a solution, then

(a.) Both b and ¢ are positive

(b.) b is positive but ¢ is negative

(c.) b isnegative but ¢ is positive

{d.) Both b and ¢ are negative.

The solution of the ordinary differential

. dy
equation == y(0)=0
(a.) Isunbounded
(b.) Is positive
(c.) Isnegative
(d.) Iszero
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ASSIGNMENT SHEET -05

" The initial value problem y' =2y, y(0)=a,

has

(a.) aunique solution if a <0
(b.) nosolutionif a>0

(c.) infinitely many solutions if a =0
(d.) a unique solution if @ >0
For the initial value

L =y? +cos? x,
dx

problem
x>0,y(0)=0.The largest

interval of existence of the solution predicted
by Picard’s theorem is

(@) [o1]
(b)) [0,1/2]
(c) [0,1/3]
(d) [0,1/4]

dy _
ODE. dx_f(y)aXER

y(0)=y(1)=0
Lipschitz continuous function. Then
(a) y(x)=0if and only if x €{0,1}
(b.) yisbounded
(c.) yis strictly increasing

@) ¥ is unbounded
p»

Consider the initial value problem (L.V.P.)

dy

Z=y2,y(0):l,(x,y)eRxR . Then there

exists a unique solution of the I.V.P. on

(a.) (—oo, oo)

(b.) (-=,1)

(c) (=2,2)

(d) (-1,)

Consider the initial value problem (LV.P.)

% =xp'”, y(0)=0,(x, y)e RxR. Then which

of the following is/are correct?

(a.) The function f(x,y)=xy"> does not
satisfy the Lipschitz’s condition with
respect to y in any neighbourhood of
y=0

(b.) There exists a unique solution for the
LV.P.

(c.) There exists no solution for the LV.P.

(d.) There exists more than one solution for
the LV.P.

Let y:R — R be differentiable and satisfy the" ) ,
w8
Where fR_)RISa

6.

7.

1/5

The differential equation Z—y =60(y*) ;x>0
X

y(0)=0 has

(a.) A unique solution
(b.) Two solutions
(c.) No solution

(d) Infinite number of solutions.

The initial value problemjx—y =y?, y(0)=1has

(a)Aumque solution defined on (-, 1)

(b) A uniqﬁe‘"so.lution defined on (-1, «)

(c) A unique solution defined on (—co, )

(d.) A solution on (-, 1) but not unique.
The largest interval on which the solution of
the initial value problem % — x'is defined,
is

1
a) t>—
@) >

(b) t<%

1 1
c) ——<t<=
() 2 2

(d) -1<t<0

Consider  the differential equation

%=y2,(x, y)eRxR. Then

(a.) All solutions of the differential equation
are defined on (-, «)

(b.) No solution of the differential equation
is defined on (-, )

(c.) The solution of the differential equation
satisfying  the  initial  condition
y(%)=Ye» ¥ >0 is  defined on

(—oo, X, +;l—)
0

(d.) The solution of the differential equation
satisfying  the  initial  condition
y(%)=¥p » >0, is defined on

1
—o0, xo—y—
0

-
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10. The initial value problem The function f(x,y)=|x|y satisfies the
2% dy _ 3(2y-1), ¥(0) _1 has Lipschitz’s condition for (where a &b are
dx 2 fixed constants)
(a.) A unique solution
(b.) More than one but only finitely many @) —o<x<o, a<y<b
solutions (b)) —wo<x<oo, —00 < y <00
(c.) Infinitely many solutions
(d.) No solution () a<x<b, Tesy<e
11. The initial value problem (d.) None of these
ds 2
x?d_-i):_=y+x"’x>0; y(O):O has 16- I.V.P. y'=(3x2+1)COS2y+(x3—2x)Sin2y
(a.) Infinitely many solutions »(0)=0 on R={(x,y)llxl<a|y| <0, a >0}
(b.) Exactly two solutions has
(c.) A unique solution . (a.) Unique solution
(d.) No solution e .
. . . . —__(b.) Infinitely many solutions
12. if y(x) is the solution of the differential Sl ~ .
4 (c.) Finitely many solutions
equation Zy = 2(1+ y)\/; satisfying ) -(d.) No solution.
y(ﬂ/ 2) =1, then the largest interval (to the - ‘Y ’LIZ' - Consider the IY‘P- dy =(1 +y )dX; y(0)=0
right of origin) on which the solution exists is. Then the global interval s
(@) [0,37/4) (a) —o<x<o
) [0, 7
®) [0,7) ®) 0<x<Z
(c) [0,27) 2
(d) [0,27.r/3) WS ©) PN
13. In a sufficiently small neighbourhood around-- 2 2
(x=2) the differential equation
p 1 (d) —% <x< —’25
- Y y(2)=4 has
dx \/; 18. Largest interval around {(0,0) of LV.P.
(a.) No solution Y () =x+y*, 9(0)=0; R={(x, y)|1d<1, | sl} by
(b.) A unique SOIUUOI{ using Picard’s existence and uniqueness
(c.) Exactly two solutions theorem in which solution exist uniquely is
(d.) Infinitely many solutions .
14. For the initial value problem (LV.P.): (@) Ix< "
y'=f(x,y) with y(0)=0 which of the
. . 1
following statements is true (b)) Ixl<—=
2
@) f (x, y) =.xy satisfies Lipschitz’s 3
condition and so LV.P. has unique (c) < 7
solution @) ld<1
. <
(b)) f(x,y) =,/xy does not satisfy x_ N
Lipschitz’s condition and so L.V.P. has 19. ’I‘;he initial  value  problem  (LV.P.)
no solution ;y =3, ¥(x0) = o has a unique solution in
(¢) f(xy)=|y| satisfies Lipschitz’s the neighborhood if the point (xy, o)
condition and so L.V.P. has unique . .
solution (a.) Is an arbitrary point in the xy—plane
@) f(xy)= | yl does not satisfy (b.) Istakenas (0, 0)
Lipschitz’s condition still LV.P. has (c.) Is different form (0, 0)
unique solution.
[ 28A/LL, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delbi110016, Phs (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 ﬂ
E-mail: info@di demy.com; Website: www.di demy.com )




i ACAaL

REGENERATINIG LOGIC S
An I1SO 9001 : 2008 Certified Institute

20.

21.

(d.) Does not lie on the x -axis.

For LV.P.

R:ix—-1<2,|y-1|<4.

(a.) Existence theorem is satisfied hence
unique solution exists.

{b.) Lipschitz’s condition is satisfied hence
unique solution exists in some region of

x'=3y,y(1)=1

X
(c.) Existence theorem &  Lipschitz’s
condition is not satisfied but the

problem has unique solution.
(d.) None of these.
The solution of the differential equation

% =1+y?, y(0) =1exists on the interval
/4
a) |d<=
(@) I >
(b) ~Z<x<z

3z V4
C.) ——<t<—
(c) 2 2

@) Ixl<=

22.

T _\(5.) Unique solution

(d) 1+x2y+xcosx-sinx——4—=0

Tﬁ;&v«ainitial value problem y'=\/;, y(1)=0in
“-._ “asuitable rectangle R has

e (b) Two solutions

Assignment Sheet -05

The solution to the initial value problem

xy'+2y=sin x,y(%} =1 satisfies

(a) 1+x’y+xcosx—sinx=0

(b) —l+sinx+xcosx+x’y=0

2
. Vs
(c) x2y+xcosx+s1nx~——4—=0

”2

(c.) Infinite number of solutions

(d.) None of these
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