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Chapter 7: De Moivre’s Theorem and its Applications
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De Moivre’s theorem

Using de Moivre’s theorem to evaluate powers of complex numbers
Application of de Moivre’s theorem in establishing trigonometric identities
Exponential form of a complex number

The cube roots of unity

The nth roots of unity

The roots of 2" =a, where o is a non-real number

This chapter introduces de Moivre’s theorem and many of its applications. When you have
completed it, you will:

know the basic theorem;

be able to find shorter ways of working out powers of complex numbers;
discover alternative methods for establishing some trigonometric identities;
know a new way of expressing complex numbers;

know how to work out the nth roots of unity and, in particular, the cube roots;

be able to solve certain types of polynomial equations.
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7.1 De Moivre’s theorem

De Moivre’s theorem can be proved by induction method such that if n is a positive integer,
then

(cos +isind)" = cosnd +isin .

De Moivre’s theorem holds not only when n is a positive integer, but also when it is negative
and even when it is fractional.
Let n be a negative integer and suppose n=—k. Then Kk is a positive integer and
(cos6 +isin6)" = (cosf +ising)
_ 1
(cos6 +isin9)k
_ 1
cosk@ + isinko

Some of the results obtained in Chapter 1 can now be put to use. In order to remove i from
the denominator of the expression above, the numerator and denominator are multiplied by
the complex conjugate of the denominator, in this case coské —isinké. Thus,

1 _ 1 , Coskd —isinkd
cosk@+isink@  cosk@+isink@ coskf—isinkd
__cosk@—isinkf _ cos’ k@ +isinkdcoskd—isin
k6 cosk6 —i%sin* k6
_ Cosk@—isinkd
cos® k@ +sin” ko
=cosk@—isinkd
=cos(—k@)+isin(-k0)
=cosnd+isinné, as required.

If n is a fraction, say P \where p and g are integers, then

! 0 0
(c0339+isin EH] = cosp—q +isinp—q
q q q q

= C0S pad+isin pé.

But p is also an integer and so . N
cos p@+isin pd = (cos+ising)".
Taking the gth root of both sides.
p
c0329+isin39=(cos€+isin9)5.
q q
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It is important to point out at this stage that cosEQ+isin£9 is just one value of
q q

p
(cos@+isin 9)6. A simple example will illustrate this. If 6=, p=1and q = 2, then
.k i |
(cosz+isin )2 :COSEH+ISIHE7[
=i

1
But (cosz+isinz)2 =v-1 (cosm=-landsinz=0) and v~1==i.So i is only one value

1 p
of (cosz+isinz)2. There are, in fact, q different values of (cosz+isinz)a.

(cos@ +isind)" =cosnd +isinnd
for positive and negative integers, and fractional values of n
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7.1 Using de Moivre’s theorem to evaluate powers of complex numbers

One very important application of de Moivre’s theorem is in the addition of complex numbers
of the form (a + ib)". The method for doing this will be illustrated through examples.

Example 4.2.1

3
Simpli (coszﬂsinz) )
plify s 5

Solution

It would, of course, be possible to multiply cos%+isin£ by it self three times, but this would

be laborious and time consuming — even more so had the power been greater than 3. Instead,

3
( T .. 7[] 37 .. 3x
COS—+ISIN— | =COS—+1SIN—
6 6 6 6

T . T
ZCOSE+ISII’]—

=0+i
=i
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Example 4.2.2

Find (\/§+i)10 in the form a +1b.

Clearly it would not be practical to multiply (\/:3 4 i) by itself ten times. De Moivre’s

theorem could provide an alternative method but it can be used only for complex numbers in
the form cos@+isiné, and /3 +1 is not in this form. A technique introduced 1n Chapter 1
(section 1.4) can be used to express it in polar form.#

On an Argand diagram, V3 +i s represented by the \/j .
3+i

point whose Cartesian coordinates are (xﬁ ,l).

ow, 7 =4/(+v/3) +1*> =2 and tan& = —= so that & =". . '
N J3) +1* =2 and tan6 =~ so that 0 =7 ’ .

>

Thus, x/§+i:2(cos£+isin£) 0 :
6 6 (0] \/: X
A 510 o) ’
and (\/54‘1) =2 (COSE—FISIHE) [note that 2 is raised to the power 10 aswell]
_Al0 10 . . 10=%
=2 (cos—6 +isin == )
_ 1 i3
—1024[2 > j

:512(1—iﬁ).
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Example 4.2.3

. . . ‘E_. . E 3
Simplify (LOS ¢ ~isin 6) .

De Moivre’s theorem applies only to expressions in the form cos& +1siné and not
cos @ —1sin 6, so the expression to be simplified must be written in the form

(T i T
cos( 6)+1sm( 6)'
(cosﬁ—isinl)3 = cos(—£)+isin(—£) 3
6 6) 6 6
—cos| -3 4 isin(_ 3"
—cos( 6)+1sm( 6)
_ N ST 4
—cos( 2)+1sm( >

—cosE—isint
2 2

=1

Note that it is apparent from this example that (0039 - isin9)n =cosn@—isinnd.

important to realise that this is a deduction from de Moivre’s theorem and it must not be
quoted as the theorem.
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Example 4.2.4

Find ;3 in the form a+ib. y
(—2+2J3_ i)
(2246)

The complex number -2 + 23i is represented a /
by the point whose Cartesian coordinates are o

-

A

(—2, 2[3) on the Argand diagram shown here.

Hence, r = (—2)2 +(2\/§)~ =16 =4, and tan @ = —tan = —& so that 6 = 2. Thus

m:(—zuﬁi)'3

-3
= {4(c052,,n +1sin 2})}
J J

=47 [cos(—.@ szn) +isin(—3 sz)}
o Jd

cos(—2m)+1i sin(—27t)}

_1

_64[

_ 1

764(l+0)
1

=1

Exercise 4A

1. Prove that (cosQ—isinQ)n =cosn@—isinnd.

2. Express each of the following in the form a+ib:

10 2
(a) (<:033(7’+isin36’)5 (b) (cos%ﬂsin%) (c) (cos%ﬂsin%)
) . 1
@ (1+i)° @ (2-2i) O ———
(1+451)

(@ (V3+3i)
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4.1  Application of de Moivre’s theorem in establishing trigonometric
identities

One way of showing how these identities can be derived is to use examples. The same
principles are used whichever identity is required.

Example 4.3.1

Show that cos30 = 4cos® 0 —3cos0.

Solution

There are several ways of establishing this result. The expansion of cos( A+B) can be used

to express cos26 in terms of cos@ setting A=6 and B =6. Similarly, the expansion of
cos(260+6) can be used to give cos36 in terms of cosé. Using de Moivre’s theorem gives

a straightforward alternative method.
cos36 +isin 36 = (cos@ +i sin@)3

= c0s® 0 +3cos 0 (isin ) +3cos (isin@)’ +(ising)’
||:using the binomial expansion of (p+ q)3—|J

=cos° 0 +3icos? Osin® —3cosHsin® O —isin® O
[using i’ =—1].

Now cos36 is the real part of the left-hand side of the equation, and the real parts of both
sides can be equated,

c0s36 = cos® O —3cosfsin’ O
= (;0539 —3cosf (]__ (;0529) [Since 00520+sin29=1}
:4cos39—3c039.

Note that this equation will also give sin36 by equating the imaginary parts of both sides of
the equation.
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Example 4.3.2

Express tan46 in terms of tané.

sin4@

cos46
established to start with. Using de Moivre’s theorem,

tan46 = so expressions for sin46 and cos46 in terms of sin@ and cos@ must be

c0s46 +isin46 = (cosf + isin9)4
= cos’ 0 +4cos® 0 (isind) + 6 cos” 0(isin9)2 +4cos@(isin9)3 +(ising)*
[ using the binomial expansion
= cos® 0 +4icos’ Osind —6.cos’ Osin® @ —4icos@sin’ 0 +sin* 0
[using i2 =—1]

Equating the real parts on both sides of the equation,
cos40 = cos* 6 —6cos? @sin® @ +sin’ 6,
and equating the imaginary parts,
sin40=4cos’ sin@ —4cosOsin’ 6.

sin40
cos40

_ _4cos’0sing —4cos@sin’ @
cos* @ —6cos?Asin® O +sin* @

Now, tan40 =

Dividing every term by cos* @ gives
sinf _ ,sin°@
4 4>
tan4@=__ C0s0  cos’H
- 2 . 4
1—gSin~0 +sin" 0
cos’ @ cos* 6

But tan@ = sing S0

cos@

3
tan 46 = 4tan92—4tan? _
1-6tan“@+tan" @
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Exercise 4B

1. Express sin36 in terms of siné.
2. Express tan36 in terms of tané.

3. Express sin56 in terms of siné.

4. Show that cos66=32cos® @ —48cos* O +18cos® 9 —1.
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So far sinn@, cosné and tann@ have been expressed in terms of sin@, cosd and tanf. De
Moivre’s theorem can be used to express powers of sin@, cos@ and tané in terms of sines,
cosines and tangents of multiple angles. First some important results must be established.

Suppose z =cos@+sinif. Then
-1 (cosd +ising)™
4

=cos(—0)+isin(-0)
=c0s60 —isind.
So, Z=cosO@+ising

l =c0sO —isind.

Z
Adding, Z+£:2C039,

and subtracting, z—— =2isin0.

N| PN

If z=cos@+isin@
z+£=20039

Z
Z—EzZiSiﬂQ
Z

Also,

2" =(cos6 +isin@)" = cosn+isinnb
7n=1_ (coso —isin9)_n
2" =cos(-n@)+isin(-n@)
=cosn@—isinnd.

1

Combining 2" and _~_ as before,
Zn

2"+~ =2cosno,

n

Z' ——=2isinné.

N[k e

If z=cosO +isind,

1

n

Z'+__=2cosné
n

n ..

Z —__=2jsinnd
Zn

A common mistake is to omit the i in 2isinn@, so make a point of remembering this result
carefully.
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Example 4.3.3

Show that cos® @ = %(cos 560 +5c0s360 +10c0s6)

Suppose Z=C0s0+ising.
Then 7+1-2c0s6
z
5| °
and (2cos8) :(:+%)
I 2 ( 3 + 5
::5+i:4(§)+10:3(%) +10_-3(71) +i:(%) +(l)
‘ | 3 5
::5+<:‘+10:+10(%)+5(%) +(l)
B 1 5] 1 3
32cos° 6 = :<+(j) +{i:’+5(j) }+[IO:+IO(—”
So - Tz ) )

[l
(8]
N
+
—
n | =
~—
N
+
N
1
(8]
s
+
—
n | o=
S —
W~
I
+
[e—
(=)
| —
(8]
+
—
l||>—t
~—
I |

usSIng the results estanlisnea earler,

1
z° +—5 =2c0s50,

z
Al 20536,
Z3
Z+ E =2c0s6.
z
Hence 32c0s50=2c0s50+5(2c0s30)+10(2cos0)

cos’ 0 = é(cos 56+5c0s36+10c0sf), asrequired.

One very useful application of the example above would be in integrating cos’ 6.

jcossﬁ =I%(00558+5cos36+10005(9)

_ 1 (511158+55m3¢9
16 5 3

s +10sin 6)} +ec, where ¢ 1s an arbitrary constant.
- b

Example 4.3.4

1 n. .
(a) Show that cos®@sin®6 = 3—2(35”‘ 20 -sin66)

(b) Evaluate chos39sin39d9.
0
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(@) (.’Zcosé’)sz(:+%)3

Now =° —Lé =2isin66 and z* —Lz =2i1sin 26.

Thus, —64icos® @sin’ 6 = 2isin 66 —3(2isin 26)

= 21s1n 66 — 61s1n 26.

Dividing both sides by —641,
cos® @sin® 6 = —%sin 66 + %sin 20
S4

= L( 3sin20—sin66),  asrequired.

32
n | ox
b 2 3 -3 — 1 1 2(2¢; e
(b) jo cos” @sin” O 3 Jo (3sin26—sin66)de
T
:i[_Scosz@ cosGQ}7
32 2 6 |y
_ 31 (.3.,1
_32[2 6 ( 2+6)]
1 8_1
32 3 12°

This section concludes with an example which uses the ideas introduced here and extends into
other areas of mathematics.
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Example 4.3.5
(a) Show that cos56 = 0050(16c054 6 —20cos’ 0+ 5).

(b) Show that the roots of the equation 16x* —20x+5=0 are cos% forr=1,3,7and9.

(¢) Deduce that cos? %cos2 I’—g = %

Using the ideas introduced at the beginning of this section,
€0s50 +isin50 = (cosO +i sin9)5 :
Using the binomial theorem for expansion, the right-hand side of this equation becomes
cos’ @ +5cos’ 0 (isind ) +10cos* 4 (G sin@)2 +10cos? 0 (i sin@)3 +5c0s6 (ising)" +(ising)’.

Not every term of this expression has to be simplified. As cos56 is the real part of the
left-hand side of the equation, it equates to the real part of the right-hand side. The real
part of the right-hand side of the equation comprises those terms with even powers if i in

them, since i =—1 and is real.
Thus, c0359:cos59+1000339(isin9)2+50039(isin9)4
:cos50+10cos30(—sin29)+5cos@sin40
5 3 2 2 2\? : 2 2
=¢0s> 6 +10cos 0(—1+ oS 9)+5c059(1—cos 9) using cos” @ +sin“ 6 =1
=0s° 0 —10c0s®9 +10cos° 0 +5cos0 —10cos’ O +5¢cos’ §

=16¢0s° 0 —20c0s® 9 +5cosf
= cosf (16 cos* @ —20cos? O + 5).




A-level Further Mathematics - 9231

Now when cos56 =0, either cos@ =0 or 16cos* 0 —20cos? 6 +5=0. So, putting

X = cos0, the roots of 16x* —20x +5=0 are the values of cos@ for which cos560 =0,
provided cosé = 0.




A-level Further Mathematics-9231

: _ _x 3 St 7n 9r llm 13m
But if cos56 =0, 59—2 I I A R >
3t Sm 7n 9w llm 13w

that =Tt 21 >t /T I 1IT 15| .
S0 1ha 10 10 10 10 10 10 10

Also, cosll—7T 1s the same as cos?—g, and cosll3—07t 1s the same as cosZ—g, so that,

although there 1s an infinite number of values of &, there are only five distinct values of

cos@ and these are cos--- coss—ns cosS—n-. cos7—7r and cosg—n
10 10 10 10 10°
Now cos‘;—g = cos% =0 and & 1s, of course. a root of cos@ = 0. so that the roots of the

equation 16x* —20x+5=0 are cos%~ cos‘;—g» cos‘%« cos% and cos?—g.

The roots may be written in a slightly different way as

cosZ—g = cos(n—‘;—g)
:—cos‘?—g,

and (:os?—z)t = cos(n—?—g)
:—cos%-

T

Thus the four roots of the quartic equation16x* —20x+5 =0 can be written as +cos 10

3n
and +cos—.
10

(¢)| From the ideas set out in Chapter 2 (section 2.7). the product of the roots of the quartic

equation 16x* —20x+5=0 is S so that

16
n T ) eos 3 [ —cos 3T | =2
COSIO( coslo)coslo( COSIO) 6
2 23n_ 5

And hence. Ccos 10 COs 10 = E




Exercise 4C
1. If z=cos@+isin@ write, in terms of z:

(@) cos460 (b) cos760 (c) sin6oO
2. Prove the following results:

(a) cos46=8cos*H-8cos® O +1

(b) sin56=16sin> @ —20sin>H+5sind
(c) sin 69:sin9(32 cos® 6—32cos’ 9+6cost9)

3tan6 —tan®6

d) tan30 =
@ 1-3tan’6
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(d) sin36
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4.2  Exponential form of a complex number

Both cos@ and sin@ can be expressed as an infinite series in
powers of 6, provided that € is measured in radians. These

are given bv
2 4 6 2n-2
.A—_p_Y 9__9_ _1\yn-1 0
cos@ =0 T 6!+"'( 1) —(2”_2)!+
3 5 7 2n-1
and sinf=0-9 & Oy (O
3t st 7! (2n-1)!
There is also a series for e* given by
X .\‘2 _\.3 '\_4 xn—l
e :1+'\+j+ﬁ+ﬂ+“'+(n_1)!+'“
If 16 is substituted for x in the series for e*,
. . 3 4 n-1
, 10 10 10 10
e‘0:1+i0+( )+( )+( )+...+ ) +...
2! 3! 4! (n=1)!
1. 0 167 6
—l+19—T—T+$+
oupi e _, 6> 6 : 6
Regrouping, e _l_i+z_m+l(9_?+m]’

and, using the previous results for sin& and cosé,

e'? = cos@ +isiné.

It 1s also important to note that if =z =cos@ +1sin 6. theul
2" = (cos6 +ising)"
=cosn@+isinnd
_ eni9

and if z=r(cos6 +isin@), then z=re'’ and z" =r"e"".

If z=r(cos@ +ising),

then z = re'?
and z" =r"e"?
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The form re'? is known as the exponential form of a complex number and is clearly linked to

the polar form very closely.

Another result can be derived from the exponential form of a complex number:

e'? =cos@+isind.
So, e’ =cos(-0)+isin(-0)
=c0s0 —isiné.

Adding these
e’ +e7% = (cos@ +isind) + (cosd —isinH)

=2c0s0,
ei9_|_e—i9
or cos6 = 5
Subtracting gives e —e7? = (cosd +isin®) —(cosd —isin)
= 2isiné,
el0 _ g0
cosg = &° T&°
2
sing = &% —¢"
2j
Example 4.4.1

Express 2—2i in the form re'’.

The complex number 2-2i is represented by the point with
the coordinates (2, —2) on an Argand diagram.

Hence, r=42%+(-2 2_ 8
and 9=—tan_1gz—f,
2 4

so that 2_2i=/8¢e 4.

Exercise 4D

1. Express the following in the form re'? :

(@) 1+i b) V3-i (€) 3++3i (d) —2/3+2i
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4.5 The cube roots of unity

The cube roots of 1 are numbers such that when they are cubed their value is 1. They must,
therefore, satisfy the equation z*—1=0. Clearly, oneroot of z® -1 is z=1 so that z—1 must
be a factor of z® —1. Factorising,

7 —1:(2—1)(22 +z+1) =0.
Now z®—1=0 isa cubic equation and so has three roots, one of which is z=1. The other

two come from the quadratic equation z?+z+1=0. If one of these is denoted by w, then w
satisfies z2 +z+1=0 so that w? +w+1=0. It can also be shown that if w is a root of z° =1,

then w? is also a root — in fact, the other root. Substituting w? into the left-hand side of

72 =1 gives (w2)3 —we = (W3)2 ~12=1 as W’ =1 since wis a solution of z%®=1.

Thus the three cube roots of 1 are 1, wand w?, where wand w? are non-real. Of course, w
can be expressed in the form a+ib by solving z% +z+1=0 using the quadratic formula:

-1+ \ /12 - (4 xlxl)

2

_12++-3
="

143
=13,

=

It doesn’t matter whether w is labelled as # or as _1_72'\@ because each is the square

of the other. In other words, if w=—"1* 13 then

2
W :{—1+i\/§]z

2

1-2i B+(iy3)’
- 4
1-2i\3-3
4
2-2iW3
="

1-iV3

2

If we =L=1V3 then w2 = ~1t18.
2 2

The cube roots of unity are 1, wand w?, where
w =1
1+ w+w? =0

and the non-real roots are _1i2i‘/§
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Both w and w?* can be expressed in exponential (_ 13 ) )
I 272
form. Take w= —% + % w can be represented _
e 1
by the point whose Cartesian coordinates are ; ’
1 {3 . REE
——.—~ | on an Argand diagram. 2! 0
272 ; ; L \
2
1 09 ¥
2

From the diagram, » = /

NG
=1 and @ =t — ., where tana = /2 :\/g. Thus,
2

2ni 2mi 4ri

T 2 3 .2 3 3 ,
a==, 6==and w=e ? . The other root is w” = [e 3 ] =e 3 and can also be written as

S o)

2xi
e 3.

Plotting the three cube roots of unity on an
Argand diagram shows three points equally
spaced (at intervals of 3—3“ ) round a circle of

radius 1 as shown in the diagram alongside.

Example 4.5.1

Simplify W' +Ww?, where w is a complex cube root of 1.

2

W7:W6><W:(W3) XW:12><W:W (be(;ausew3 :1),
6.2 3N2 2 L2 .9 9

we=whxw :(W) x W2 =12 x w? = WP,

W AW =wrw =1 (because1+w+w2:0).
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Example 4.5.2

Show that 1 + 1 + 1 =0.

W l+w? e w?
Solution

l+w+w?> =0 so 1+w=—w?, and so on. So the denominators of the left-hand side of the

equation can be replaced to simplify to —~+ - Ll
_“)" —wW -

Multiplying the first term of this expression by w in the numerator and denominator, and the

second term by w? similarly gives
w w
+—-1

:-w—w‘2—1 (asn'3=l)

=0 (asl+u'+n'2=0).

Exercise 4E
1. If wisacomplex cube root of 1, find the value of

(8 w®+wH (b) (L+ 3w)(1+ 3w ) (©) (1+ 3w+ w? )3
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4.6 The nth roots of unity

The equation z" =1 clearly has at least one root, namely z =1, but it actually has many more,

most of which (if not all) are complex. In fact, ifnisodd z =1 isthe only real root, but if n is
even z=-1 is also a real root because —1 raised to an even power is +1.

To find the remaining roots, the right-hand side of the equation z" =1 has to be examined. In
exponential form, 1=e® because e’ = cos0+isin0=1+i0=1. Butalso, 1=e?™ because

27i

e’™ =cos2n+isin2n =1+i0=1. Indeed 1=e*™ where k is any integer. Substituting the

right-hand side of the equation z" =1 by this term gives 2" =e*™. Taking the nth root of
2kmi

both sides gives z=e " . Different integer values of k will give rise to different roots, as
shown below.
k=0 gives e’ =1,

5
4~ o) o)

k=1 gives e " =cos=E+isin=L,
n n
k=2 gives e ™ :cosﬂﬂsinﬂ.
n
and so on until
R . 2(n-Nm . 2(n-1)n
k=n-1 gives e " =cos————+1sin
n n
i
Thus, z=e " n=0,12,---, n-1 gives the n distinct roots of the equation z" =1.

2nmi

There are no more roots because if k is setequalton, e " = e?™ = cos2m +isin2m =1,

which is the same root as that given by k =0.

2(n+l)ni 2nmi 2ni . 2 2 2mi
Similarly, ifkissetequalto n+1, e " =e " xe" =e“"xe" =1xe" =e " whichis
the same root as that given by k =1, and so on.

The n roots of z" =1 can be illustrated on an
Argand diagram. All the roots lie on the circle
|z| =1 because the modulus of every root is 1.

Also, the amplitudes of the complex numbers
representing the roots are

2#, 4rT]L ﬁrT]L Zin—gl)ﬂ In other words, the
roots are represented by n points equally spaced

around the unit circle at angles of 2T starting at
n

(1,0) —the point representing the real root z=1.

The equation z" =1 has roots
2kmi

z=e " k=012 (n-1)
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Example 4.6.1

Find, in the form a+ib, the roots of the equation z° =1 and illustrate these roots on an
Argand diagram.

Solution
26 — 1 — eani
Therefore z=e 6

—e3 k=012, 3, 4,5.
Hence the roots are

k =0, z=1
k=1, z=e3 —cosEisin =11 i3
3 3 2 2
i
k=2, z=e? oo qgp2n_ 1 i\3
3 3 2 2
k=3, z=¢e"=cosm+isint=-1
4ni .
k =4, z=¢e? _cos4 +|sm4 E '_“/?’ y
o 3 3 2 '
k=5, Z:e%h:coss tisin " Ei
3 3 2 2

To summarise, the six roots are

7=H, 1= i%i§ and these are illustrated on

the Argand diagram alongside.

Two further points are worth noting. Firstly, you may need to give the arguments of the roots
between —t and +x instead of between 0 and 2z. In example 4.6.1, the roots would be

kmi

givenas z=e 3 for k =0,+1,+2,3. Secondly, a given equation may not involve unity — for
example, if example 4.6.1 had concerned z° =64, the solution would have been written

2% =64

78 — 96 g2kai

2kmi

z=2¢ 6 k=0,1234,5
and the only difference would be that the modulus of each root would be 2 instead of 1, with
the consequence that the six roots of z° =64 would lie on the circle |2|=2 instead of |z|=

=Y
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Of course, there are variations on the above results. For example, you may need to find the

roots of the equation 1+ z+z> + 2* + z* + 2° =0.. This looks daunting but if you can
recognise the left-hand side as a geometric progression with common ratio z, it becomes more

straightforward. Summing the left-hand side of the equation,

26—1

1+z2+22+2+24+2° = =0,
z-1
so that the five roots of 1+ z+2° +2° +z* +z° =0 are five of the roots of 22 —1=0. The
6
2’ -1

root to be excluded is the root z =1 because is indeterminate when z=1. So the roots

-1

of l42+72%+28+2%+2°=0 are 7= +1 +"/_ and —1, when written in the form a+ib.
2

Exercise 4F

1. Write, in the form a+ib, the roots of:
(@ z*=1 () =32 (c) =
In each case, show the roots on an Argand diagram.

2. Solve the equation z* + 2% +2z° +z+1=0.

3. Solve the equation 1— 2z + 42> —8z° = 0.

21 4n 6m 8
4. By considering the roots of z° =1, show that cos =~ = +C0s = —+cos 5 —+C0s gz—l-
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4.3  The roots of z"=a where a is a non-real number

Every complex number of the form a+ib can be written in the form re'?, where r is real and
0 liesin an interval of 2z (usually from 0 to 2zt or from —z to +m). Suppose that

a=re'.
NOW ei9+2ni — ei9 % eZni (USing o pq _ ep « eq )
io ;

=e (because g™ =1).

=¢e'? also.
SO, Zn —q= re|9+2kni
and, taking the nth root of both sides,

l (i6+2kni)
z=r"e "
i!0+2kn!
:rée n k:01112131'”1(n_1)' 11_](94—21[)

re

These roots can be illustrated on an Argand
1

diagram as before. All lie on the circle |z|=r"

and are equally spaced around the circle at

. 2r 10

intervals of ~, " When k=0, z=r"e" and this
could be taken as the starting point for the

intervals of 2% .
n

The equation z" = a, where a =re'?,
1 i(0+2kn
hasroots z=r"e " k=0,1,2,---,(n-1)
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Example 4.7.1

Find the three roots of the equation z* =2+ 2i.

First, 2+2i must be expressed in exponential
form.

From the diagram alongside,

2,2
r=+v22+2% =8, tan0=1,and 6=". (22)
4

So, 2+2i=8e?.

li+2k i
Hence, 2= \/§e( 4 o)

Taking the cube root of each side,
(ﬂi+2kni )

7=2e 3

(1+8k )mi
=oe 1 k=0,1,2.

So the roots are
k=0, 7=2el2
Imi
k=1, z7=+2e12
17xi [ Tmi

k=2, z7=\2e12 kor\/ie 12}

The roots can also be written «/5(0081 +isin 1) when k =0, and so on.
12 12

This chapter closes with one further example of the use of the principles discussed.

Example 4.7.2

Solve the equation (z +1)5 = z° giving your answers in the form a +ib.

At first sight, it is tempting to use the binomial expansion on (z +1)5 but this generates a

quartic equation (the terms in z> cancel) which would be difficult to solve. Instead, because
e?™ —1, the equation can be written as

(z+1)° =¥z
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Taking the fifth root of each side,
2kmi

Z+1l=e°%z k=12234.
Note that k =0 is excluded because this would give z+1 =z, and in any case as the equation
is really a quartic equation it will have only four roots.

Solving the equation for z,

or - =

The next step is knew to this section and is well worth remembering. Theterm e > can be
2kn

. o 2Km . . .
written as cos?+ 1Sin = making the denominator have the form p+iq. The numerator

and denominator of the right-hand side of the equation can then be multiplied by p—iq to
remove i from the denominator. As p would then equal cos Zﬂ—l and g would equal
5

sin % this would be a rather cumbersome method. Instead, the numerator and

ki

denominator of the right-hand side of the equation are multiplied by e ° (for reasons which
will be apparent later).

1
Thus, = "=
e’ —1
i
e 5
So - 2km _km ki
(e 5 e 3 ) e’
kni
-— e >
T ki _ku
e > —e 5
KU ki _knd
But ~ =sind sothat e > —e 3 =2isin < and so,
2i
kmi
___e?’
- N v
21sin—
z

2isiu]‘;'[

3
1 ¢ k) 1
21 \5) 2
1 1 et

:___§1COT(

> ) k=1,2,3.4 as required
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Exercise 4G

1. Solve the following equations:
(a) z* =16i (b) 22=1-i (c) 2=1-3i

(d) 2=-1 (&) (z+1)° =8i f) (z-1)° =7
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Miscellaneous exercises 4
1. (a) Write down the modulus and argument of the complex number —64.

(b) Hence solve the equation z* +64 =0 giving your answers in the form
r(cos@+isin@), where r>0and -n<6<m.

(c) Express each of these four roots in the form a+ib and show, with the aid of a
diagram, that the points in the complex plane which represent them form the vertices
of a square.

2. (a) Express each of the complex numbers
1+i and 3-i

in the form r(cos@ +isind), where r>0and -nt<6 <.

(b) Using your answers to part (a),

(5) 1 s,

(i)® 2 2

(i) show that

(i) solve the equation 2’ =(1+ |)( \/§—i)

giving your answers in the form a+ib, where a and b are real numbers to be
determined to two decimal places.

3. (a) By considering z=cos@ +isin@ and using de Moivre’s theorem, show that

sin 519Esin19(163in4 0 —20sin? 9+5).

(b) Find the exact values of the solutions of the equation
16x* —20x* +5=0.

2n

(c) Deduce the exact values of sin™ and sin
5

, explaining clearly the reasons for your

anSWers.
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4. (a) Show that the non-real cube roots of unity satisfy the equation

72 +7+1=0.

(b) The real number a satisfies the equation

1,1

a—w+w’ a+w-ow’

1
2
where  is one of the non-real cube roots of unity. Find the possible values of a.

i

5. (a) Verify that z=1+e°

is a root of the equation (z—l)5 =-1.

(b) Find the other four roots of the equation.

(c) Mark on an Argand diagram the points corresponding to the five roots of the equation.
Show that these roots lie on a circle, and state the centre and radius of the circle.

(d) By considering the Argand diagram, find
(i) argz interms of =, .
(i) |22/ inthe form acosg, where a and b are integers to be determined.

2mi

6. (8) (i) Showthat w=e 5 is one of the fifth roots of unity.
(i) Show that the other fifth roots of unity are 1, w?, w* and w".

2mi
(b) Let p=w+w* and q=w*+w’, wherew=e 5.
(i) Showthat p+g=-1 and pqg=-1.

(i) Write down the quadratic equation, with integer coefficients, whose roots are p
and g.

2% and cos *™

5 5
2n

(iv) Hence obtain the values of cos =™ and cos4_“ in surd form.
5 5

(iif) Express p and q as integer multiples of cos , respectively,
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7. (a) (1) Use de Moivre’s theorem to show that if z =cos@+1siné. then
"+ ln =2cosnb.

(1) Write down the corresponding result for =" —L'.

(b) (1) Show that

bt -4,

where 4 and B are numbers to be determined.

(1) By substituting =z =cos@ +1siné in the above identity, deduce that

cos® fsin’ 6 = %(3sin 260 —sin60).
.l

S

i 0
1 terms Ot S1n 7

e

|

8. (a) (1) Express e? —e

(11) Hence, or otherwise, show that
1 1 1 0 i0
—————cotE. (e ;tl).

(b) Derive expressions, in the form e'® where — <@ <, for the four non-real roots of
: 6
the equation =" =1.

6
(c) The equation (%) =1 (*)

has one real root and four non-real roots.

(i) Explain why the equation has only five roots in all.
(if) Find the real root.
(iif) Show that the non-real roots are

1 1 1 1
-1 z7,-1

where z,, z,, z; and z, are the non-real roots of the equation 2* =1,

(iv) Deduce that the points in an Argand diagram that represents the roots of
equation (*) lie on a straight line.




9. (a)

(b)

(©)

(d)
(€)
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Express the complex number 2+2i in the form re'?, where r>0and —t<6<m.
Show that one of the roots of the equation
22 =2+2i

is V2 e12, and find the other two roots giving your answers in the formre'?, where r
isasurdand -t <6 <.

Indicate on an Argand diagram points A, B and C corresponding to the three roots
found in part (b).

Find the area of the triangle ABC, giving your answer in surd form.

The point P lies on the circle through A, B and C. Denoting by w, ¢, f and y the
complex numbers represented by P, A, B and C, respectively, show that

(w=a )’ +(w=p)"+(w=7)’|=6.
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Answers to Exercises — Further Pure 1

Chapter 4

Exercise 4A

2. (a) cos150+isin1560 (b) 11 - (c) i_ (d) -8i
()64 M (Vi) (@ 4147243

Exercise 4B

1. 3sin@—4sin°0

2. 3tanf—tan®g
1-3tan’ 0

3. 16sin° 0 —20sin® @ +5sind

Exercise 4C

L (@) é(zu;*) (b)%(zui] (c)ii(ﬁ-zij (d)ii\z .

z

Exercise 4D
pust _mi pust Smi
1. (@) 2e* (b) 2¢ © (c) V12e°® (d) 4e ©
Exercise 4E
1. (a) -1 (b) 7 (c) 8
Exercise 4F
2kn 2k

1. (a) +L+i (b) 2(00s=~+isin 5“ K=0+1+2

(c) Cosk5 +isin k5 k=0+1+2 +3 +4,5
2. cos 2K yisin KT g 4

5 5 ’

3. 141

2 2
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~-1-6

Exercise 4G
(144K )mi 1 (8k—1)ni
1. () 2 8 k=0,1,2 3 (b) 26e 12 k=123
1 (6k-1)mi
(c) 28e k=123--,8
(d) i
(4k+1)mi )
(e)2e ¢ -1 k=012 4] %(1+|cotk?“)
Miscellaneous exercises 4
1. (@) 624, +1
- 37[ - 37[
(b) (cosf+| sin “_), 2 (cos_+| sin J
\/? 4 4 \/7 4 4
2 (cos‘_“+i sin ‘i) 2 (cosﬂﬂ sin‘i‘)
\/? 4 4 \/2 4 4
(c) +2(1+i), £2(1-i)
T -, T T - T
cos ~ +isin |, 2(cos— ~ +isin—
2@ JZ( Z 4) ( 6 6)
(b)(ii) 1.41+0.12i, —0.81+1.16i, —0.60-1.28i
.0 £ P © PP, 545
8 8 8
y
4. (b) 1,3
mi(1+2k)
5 (b) z=1+e ° k=41,+2 (c) centre z=1, radius 1
@a ™ i 2cos ™
10 TV
6. (b)(ii) X2 +x-1=0 (i) 2cos?™, 2cos*™ (iv) —1+5
5 4
7. @)(ii) 2isinn@ (b)) A=1B=-3
8. (a)(i) 2sin % () o5  kei142
(c)(i) coefficients of W® cancel (i) -1

2

4
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0. (a) 226" (b) Ze+, 2e B
(c) ¥ (d) %




