4.24 Verfy Cauchy’s theorem for the integral of z* taken over the boundary of the rectangle with vertices
=L L 1#i -1+
Solution Let f(z) = z*, since fiz) is analytic within and on the boundary of the rectangle (say, C)
and also f(z) is continuous at each point within and on C. Hence, applying Cauchy’s theorem, we gel

'jl Zdz=0
18
¥
Now, consider, Sﬁzldz i
C
= tﬁ{x+f?}3{tir+-'ld'}'} -1, 1) y=1 (1)
¢ D - c
= $lex+iy)de+i (x +iy) dy]
C
= _|'{x+:'_u:|3dx+r (x + iv)dy x=-1 § x=1
i |
+ [ [+ iyYdx +i (x+iy)dy]
. —— =X
" AEL0) 0 B(1,0)
[ [+ iy dx +i (x o+ i) dy] Aloag 4B, y = 0= dy=0 (-1 £x<1)
co Along BC,x=1 =2 de=0{0=y=1)

J ; 5 Al cCo,p=1 =0(-1 1
+ [l +iyydx+i (x+iy)'dy] M::m:f:_,iﬂ : nfﬂ, g;?,:

DA
", [
= :{ xdx + _I[:'{I +iyldy + fu + i) dx +[ i(=1 + iy)dy
] 1 1

1 =1 1]
=0 +fj' (1+iy)dy + j (x+iYdx+ :'j' (iy — 1) dy
0 1 |

_[asint ]+ (x+i) 'I_H. iy - 1y*
B 4 ] 4xi |
= %{{l-l—i}'}‘ll] +i[{:+i}*]l_! +i[[iy—1}‘]‘:

= %[{u i - -G+ + == =0

This verifies the Cauchy’s theorem.
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Example 16. Shiow that the function f (z) = u + iv, where

X (1+i)-v (1-i)

, z#0

f(z) - j x4y

satisfies the Cauchy-Riemann equations at z = 0. Is the function analyticarz =0 ?

Justify your answer.

(MDU Dec 2009)

j_(z):x3(l+.r;)—y3(l—r')

Solution. 5 =u+iv
xT+y
¥y LR
=3 I =5 5
x4y x“+y°
du du dv 0o 0
[By differentiation the value of oz vz at (0. 0) we get —. so we apply first
dx dy ox dy 0
principle method]
At the origin
B
du . u(0+h, 0)-u(0, 0) . p2 .
;_u: ;17111{1} u©+ ,3): u(0, 0) Zhln{l} %:l (Along x- axis)
dx h— — o
J . 0,0+k)—u(0,0 . . )
;_H :J%“.T}) u( r ; u(©,0) :1%11_1}) ’i =-—1 (Along y- axis)
fy —3 —¥ h}
v w0+h 0)-w0, 0) . p2 .
% :}1:11'1}) MO+ ;3 at ) = hm:}} Tzl (Along x- axis)
o — —3
JE
v w(0,0+k)-v(0,0) . 2
Thus we see that
du dv du  dv
— = an —=——
dx dy dy ox
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Hence. Cauchy-Riemann equations are satisfied at z =

- (0)
TV

Again £(0)= ll]'I(l) J(0+2)-7(0) _

xX+iy

X —y3+f(x3+y3)

= lim

0
lx3y3+f(x3+y3)
1
z—0 xz+_y2 X+

Now let - — 0 along y = x, then

y . X —x i@ +x) 1)
S'(0) = lim |

X+ x | X t+ix |
2i i i(l—i i+1 1
= —=——= (_ ) — = =—(1+7) (1)
2(1+7) 1+i (+(l-7) 1+1 2
Again let - — 0 along y = 0. then
3.3
p LoxT+ie ] )
f0)= lm}} ————=(1+1) [Increment = z] .. (2)
X—# X X
From (1) and (2)., we see that £ '(0) is not unique. Hence the function f () is not analytic at
z=0. Ans.

Example 17. Show rhar the function

4
f(z)=e~ . (z#0) and
=20

is not analytic at z =0,

although, Cauchy-Riemann equations are satisfied at the point. How would vou explain this.
1

. -4 civy 4 !
Solution. f(2)=u+iv=e® =e " Z¢ (i)
.4
['_:: !‘v_j, i - 1_, 4[[)(4-}'4 5.\'2}'2] i-’-l.\jlf'[.\'2 yz]]
— Htiv=e (x"+y7) —e (x=+37)
eyt oex?y? iday (2%
1, 2.4 2, 2.4
= uriv=e N o 1)
eyt —exy? N A.\ju[.tz ) i sin 4.'Ljv[.t2—y21_.
— utiv=e (xt ! S xPaeh? - (x* ey |
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Equating real and imaginary parts, we get

_1-4n‘v4 6_\'2‘1:2 . _A.\:u[.tz yzj Ayt S_rzy sin dxy (x
Hu=¢ ¥ » (x4 ,v=e (% + %) . (x24y%)
p— > h_4
At z=0 Ju _ lim u(0+h, 0)—u(0, 0) _ lim € = lim 1
dx  h—0 h—0 h—o L
he
. 1 p
= lim , e =l+x+—+
h—0 1 1 1
hi 1 Y =+ 3 =+ o T J \
h 2'h 3
. | 1 |
= lim = =—=0
h—0 1 1 l [} —+ oo oo
h+ Y + PO R TR
I 2 h 6/
&
Wi 40040 —u(0,0) (e =0
dy k=0 k k=0 k k=0 L
k e
= h_‘d
W _ i YO+ O=vO0,0) e a1
dx  h—0 h h—0 h—0 L4
h.eh
Lk
Wy YO0+ v0.0) e Loy
dy k=0 k k=0 k k=0 L4
k.ek
du dv ou dv , )
Hence F = 3 and . = T (C — R equations are satisfied at z = 0)
dx dy dy ox
_—4
But F0)=tim LSO _ e
z—0 4 z—0  z
P
JE |
ed | . 4
K | 4 u)\s% isin— |
— r R 4 r R \ I
Along z=re 4 £(0) = lim £ ¢ - lim ¢
- r—0 aﬂ r—0 eﬂ
re 4 re 4
e r_4€ COSTT e .?'_4 e
= lim = lim = oo
r— !-E r—0 =
ret ret

Showing that 7'(z) does not exist at z= 0. Hence f(2) 1s not analytic at z = 0.

Proved.
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Example 18. Examine the nature of the function

x x+i
1) = Lmy) .0
X +y
fo) =0
in the region including the origin.
Solution. Here f@=utiv= x}’q(ﬂ #0
X +y
Equating real and imaginary parts. we get
35 2 6
Xy Xy
= ——, V=—/—"—
x _'_ym A +y1{}
0
du . u(0+ A, 0) —u(0,0) 5 .0
— = lim lim =—=lim —=0
x koo h ThS0 h heoh
0
10
E}_u ~ lim u(0, 0+ k) — u(0, U): i k—:limE:[}
dy  k—0 k k=0 kK k—o0k
0
4
P i XOEAD VOO0 By O
dx h—0 h h—=0 h k=0 h
0
_ 10
%z lim V(0,0 +4k)—v(0,0) _ i k—:limg:[}
dy k=0 k k=0 kK k—ok
From the above results, it 1s clear that
_ov oy
o dy dy dx

Hence. C-R equations are satisfied at the origin.

2 5 .
But fr(0)= f([}_'_ )_f(ﬂ)_l \‘M_UJ—

(Increment = =)

e ;:2 ot X+ iy
2.5
. X
= 111'[’[0 Y m
X—
y—0 Xty
Let = — 0 along the radius vector v = mx, then
mx' mx 0
fﬁ(o) _ lll'ﬂ - = 1]_]'[]_ _— = = 0 . (1)
Again let - — 0 along the curve _1'3' =yl
f'(O) = lm L:l (2)
x—0 _1."{I —+ 1‘4 2 B
(1) and (2) shows that /' (0) does not exist. Hence. f () is not analytic at origin although
Cauchy-Riemann equations are satisfied there. Ans.
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Example 21. If u(x, v) and v(x, v) are harmonic functions in a region R, prove that the function

(Qu v [(ou ov)
— —— | +i| —+ —
ldy dx | lodx dy|
is an analyvtic function of = = x + iy. (R.G.PV.,, Bhopal, III Semester, Dec. 2004)
Solution. Since u(x, y)and v(x, ¥) are harmonic functions in a region R. therefore
')2 ’32 '}2 ’}2
SIS S =0 (1) and ot =0 -2
ox dy dx dy
[ d dv) [0 v )
Let F@ = R+is=| & 22,2
Ldy ox | |dx  dy)
Equating real and imaginary parts. we get
2 - du _ dv
dy  ox
R 0w 9y G) OR 0’ d%v @
ox dxdy  ox> o dv  oy?  dxdy
gLl
dx  dy
as d’u  d’v as _ d’u %
— =+ (5 — = +— ... (6)
dx x> odxdy dy  dxdy gy
2

Putting the value of . from (1) in (5). we get

as dlu 0%
x a2 oxay (D)
dx dy=  dxdy
2
Putting the value of 5 r from (2) in (6). we get
)2
as 0w d "
y  oway o
oR oS
From (3) and (8). — = —
dx dy
oR as
From (4) and (7). — = - —
dy ox
Therefore. C-R equations are satisfied and hence the given function is analytic.  Proved.
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Example 26. Ifu—v=(x-y) (X +4xy +y?) and f (z) = u + iv is an analytic function of

z=x + 1y, find f(z) in terms of z.
Solution. w+mw=f(z) = wu—-v=if(2)
Adding these, (u—v)+i(u+v) =(1+1)f(2)
Let U+iV=(1+1f(z) where U =u—vand V=u+v

F@=(01+Df@
T =u—v=(x-v) (2 +4xy+y)
=¥ +3xy 302
dU

— =37 +t‘i3g;—3y2
dx
dlJ
R P —6xy—3y2
dy
dV 714 U dlU
We know that dV =" di+—dy=—"" v+ ady [C-R equations]
dhx dy dy dx
, ol oly
On putting the values of — and — . we get
o ox dy

= (B2 +6xy+3 V) de+ 32+ 6xv -3y . dy
Integrating. we get | | ,
V= f (=3x~ +6xy+ 3y )dx +‘f(—3y‘ )dy
(v as constant) (Ignoring terms of x)

4 .2 2
= X +3xhy+30 ¥+

Fo)y=U+iV
=(F+3x 30— W) +i ¥ +3 0+ 30—V +ic
=(1-NX¥+(1+D3xh-(1-D3x07-(1+i)y +ic
=(1l-DxX+i(1-D3xy—-(1-D3x0’-i(1-)y+ic
=(1-)[F+3ixhy-3x0" -] +ic
=(l-D @+ +iC=(1-17)2+ic
A+Df@=0-9)+ic [F(2)=(1+1)f(@]
1—; X (1< (1—i 1+
flz)= P+l __K I"'z3+ id=9) c=-i'+—c  Ans.
1+i 1+i (1+17) (1+i)(1—-1i) 2
Example 27. Iff(z) = u + iv is an analvtic function of z = x + iv and
u—v=e"[(x—v)sinyv—(x+v)cosy]

find f(2). (U.P. III Semester, 2009-2010)
Solution. We know that,
fz) =u+iv .. (1)
if(z) =iu—v .. (2)
F() =U+iV
U=u—v=e"[(x—y)smy—(x+y)cosy]
U
a— =—e*[(x—v)siny—(x +y)cos yv] + & [siny—cos y]
x
aU , ,
E =eg"[(x—y)cos y—siny—(x +¥) (—sin ¥) — cos ¥]
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We know that,
dv = a—Vd\T+a—de:—a—Ud‘€+a—Udy [C — R equations]
dx dy dy dx
=—¢*[fx—v)cosv—siny+(x+7)siny—cos ] dy
—e*[(x—y)sinv—(x+1)cosy—siny + cos v] dv
=—¢é"x {(cosv+siny)dy—e™ (—vcosv—siny + v siny—cosy)dx
—&™ [(x—¥)siny—(x +3)cos v—siny + cos v] dv
V=(cosv+tsiny)(xe*+e™) +e'(—veosy—siny+vsiny—cosv)+C
F@)=U+iV
Fil=e¢"[(x—1v)sinyv—(x+3y)cosy]+ie"[xcosv+cosy+xsiny+siny
—veosy—siny+vsiny—cosy]+iC
=g¥[{yxsiny—ysimy—xcosv—yveosvy ti{xcosv+xsiny—veos v+ vsinyvi]+iC
=e*[(x +iv)smy—(x +ivjcosv+ (—yv+ix)siny+ (—v+ix)cosy]+iC
=¢*[(x+iy)smy—(x+ivjcosyv+i(x+iy)siny+i(x+iv)cosy]+iC
=¢*(x+iy)[sinv—cosy +isiny+icosyv]+iC
=g (x+iv[(1+Hsmy~+i{(l+icosyv]+iC
1+ fo=e"x+iv)(1+i)(sinv+icosy)+iC

iC
f@O=e*(x+iv)(sinv+icosy)+ —
I+i
_ . iC
=jze"(cosyv—isiny)+ —
1+i
. _ iC
=jze*elV=jzebt N=jzeg7+ — Ans.
1+
Let ¢, (x.y)=—e"[(x—v)siny—(x+ 1) cosy]+ e [siny—cosy]
$,(z.0) = —e7[zsin 0 —zcos 0] + e~ [sin 0 + cos 0]
=—¢e7[z-1]

Let ¢,(x.yv)=e*[(x—»)cosy—siny+ (x+ ) siny—cos y]
o, (z. 0) = € [(z) cos 0 —sin 0 + = sin 0 — cos 0]
= ¢ [z-1]
F(zy=U+iV
) dU oV dU dU
F ()= —+i—=

=——-I— =f (0 —-if(z.0
dx Iax dx Iay 5@0-14E0

=" (z-D-ieFz-D=(1-Dez-1D=(1-De*(z-1)

FO = -1 {zi—fe:

-1 -1
(1+DfE=-1+D)(z+1)e*+C

dzJ+C =(1-N[zei—e]+C

I Gl ) P e e [P .
@ T3 (z+De” +C e ah (z+D)e*+C
=j(z+1)e*+C Ans.
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Example 28. Let fiz) = u (1, ) + iv (1; 8) be an analytic function and u = — 1? sin 30, then
construct the corresponding analvtic function f (z) in terms of z.

Solution. u=—r13sin 30
au ~3r%sin 30, a_u =-3r" cos 30
or a0
v v
We know that dv=""dr+"q0
or d0
[ C—= R equations
:‘f Lou oy | 294 e Ju_1dv_
\ roe | L or | dr o rdo
Ju__ v
| db dr

= —l(—3r3 cos 36) dr +r(=3r* sin36) d6
-
= 3r%cos30-dr—3r" sin30d0
V= [ (3}‘2 cos30)dr —c = ¥ cos30+c
fl@=u+tiv= —r*sin30+ir’ cos30+ic = ir’ (cos 30 +isin 30) + ic

. Rl . . 1] . . .
= ired® vic=ire"yY vic=iz" +ic Ans
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Example 35. Ifu—-v=(x-y) (> +4xy+y)andf(z) = u + iv is an analytic function of
z=x + 1y, find f (z) in terms of z by Milne Thomson method.
Solution. We know that

() = u+iv .. (1)
if(z) =iu-v .. (2)
Adding (1) and (2). we get
(1+DfE) = (u—-v)+i(u+v)

F(z)y =U+iV
U=u—v=x-»((+4pv+1)
ol

— = (PHA+ ) (- 2+ 4
ox

= 7+ 4xy + 17+ 207 Hday — 2oy — B? = 300 + Gar — 3y
b, (x.¥) = 322+ 6xy — 3y?
g, (z. 0) = 32
U ) )
a— = (P +do+y)+(x—y) dx+ 2y
Yo el dxy — v+ 40 + 2xy — 4y — 292 =387 — 6y — 3y?
b, (x.¥) = 3x? — 6xy — 32

¢, (z. 0) = 32
F(z) = U+iV
dl dV oU dU
F() = —+i—=—-i— =0 (0 —id,(z.0)=3z2-i32
(2) o T, Iay b, (2. 0)—i¢,(z0) i
= 3(1-12
FoO=0-n2+cC
A+)fE) = 1-HB+C
L l-is € (1=)(-i) 4
7@ = 95 +1+f_(1+f)(1—f)“ T
= ﬂerCl:l_zf_lz}—kCl =—iZ2+C Ans.
1+1 2 !
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. —¥
cosx +sinx —e -
2cosx —2coshy’

Example 36. Iff(z) = u + iv is an analytic function of z and u—v =
prove that

fl)= é{} — cot %J when f(%) =(0. (R.G.P.V. Bhopal, III Semester, Dec. 2007)

Solution. We know that f@=u+iv
1 f(z) =1u—v [Multiplying by 7]
On adding. we get (1+D)f@)=@—-v)+iu+v)
Let F(z)=U+iV
cosx+sinx—e ~
2cos x—2cosh y

We have, U=u—v=

cos x +sin x — cosh y + sinh
j br — y y

e = v —sinh v
2cos x —2cosh y [ cosh y — sinh y]

cos x —cosh y sin x + sinh y sin x + sinh y

_ =1
- 2(cos x —cosh y) " 2(cosx—coshy) 2 " 2(cos x —cosh y)

(1)

Differentiating (1) w.r.t. x partially, we get
dU 1] (cosx —cosh y) cos x —(sin x + sinh y)(—sin x)J

ax 2 (cos x —cosh y)2

2 .2 . .
(cos™ x +sin” x —cosh y cos x + sinh ysin x)J

1
2 (cos x —cosh y)2

Replacing x by z and v by 0 in (2). we get
0.z O)=l l—cosz :—(CUS—'—U: -1 _ 1
a 2 (l::cvs:—l]l2 2(1::05:—1]12 2(cosz—=1)  2(1-cosz)

Differentiating (1) partially w.r.t. v. we get

dU _ 1| (cosx—coshy).cosh y—(sinx+sinh y)(—sinh y)
v 2 i (cos x — cosh y)z
_ 1| (cosxcoshy)+sinxsinhy— (n::n:rsh2 y- sinh’ ¥)
2 i (cos x — cosh y)2
1 | cos xcosh y+sinxsinh y—1
0,(x. ) = 5 : 3)
i (cos x — cosh y)

Replacing x by z and v by 0 in (3), we have

oy = L[ _cosz-1 |1 ;:L(—il)
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"=y = a—U a—vza_u—a_u
F@ ox T dx  ox Ifiy

= 4,z 0) = i 4y(z. 0)
By Milne Thomson Method,

F(z) = [[¢)(z. 0) = it,(z, 0) | dz

1 1 i 1
1. LI d=
ILE (l—cosz)+2 l—coszJ

1+ 1 I+i 2
= dz = cosec (z/2)dz
2 j2sir13zf2 4 /

= (1+f)- (—cot zjl{z)-l—C:—(ﬁ)Cﬂti-l-C
. 4 (l) 2 2
2

[C-R equations]

: 1+i\, .z 1 .z, C
)= —|—|cot=+C )= ——cot=+ —
> a+pfo--(FHetiic = fo--teieE @)
) *
On putting z= — in (4). we get
b 1 n. C
2 = —Z ot +——
f(_z) 2 T
1. C Cc _1 (E) - 0. giv
0= =377 © o1+ 2 [/13) = 0. given]
On putting the value of % in (4), we get
f) = —%cm?r%
Hence. f@= %(l—cm%) Proved.

240
Example 44. Evaluare f{; (:’)zdz along the real axis from z = 0 to z = 2 and then along
a line parallel to v-axis fromz =2toz =2+ 1.
(R.G.P.V., Bhopal, IIl Semester, June 2005)

24i

Solution. [; (z)°dz= [ (x—iv)*(dx +idy)

Y

= .l-m (x‘)dr+LS (2—iy) idy 1 B
[Along OA. v = 0. dv = 0, x varies 0 to 2.
Along AB. x =2. dx =0 and y varies 0 to 1] A

2, : O X
= L Xdx+ L (2—-iy) idy o 1 2
ES 3+f j'(4—4fy—y3)dy—§+f 4y -2iy’ Y |

3 0 3 3

8 ilacc 28 T ien =L@+ 11i46)= L s +119)
3 317373 3 3

Which is the required value of the given integral. Ans.
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