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1.1 Definitions and Examples

Def. Ring : A non-empty set R is said to be a ring with respect to two operations denoted by “ +’
and * -’ called addition and multiplication respectively if it satisfies the following axioms :
(i) Additionisclosed: a+beR forall a, beR.
(ii) Addition is associative : (a+b)+c=a+(b+c) forall a,b,ceR.
(iii) Existence of additive identity : There exists an element denoted by 0 R such that
a+0=a=0+a forall aeR. Thiselement 0 is known as additive identity orzero element in R.
(iv) Existence of additive inverse : For each a e R , there exists an element b e R such that
a+b=0=b+a. Thiselement b is called additive inverse or negative of a and is denoted by —a.
(v) Addition is commutative: a+b=b+a forall a,beR.
(vi) Multiplication isclosed : a-beR forall a, beR.
(vii) Multiplication is associative : a-(b-c)=(a-b)-c for all.a, b, ceR.
(viii) Multiplication is distributive over addition : Forall a,b,ceR
a-(b+c)=a-b+a-c [Left distributivity]
(a+b)-c=a-c+b-c [Right distributivity]
Then we write that (R, +, -) is a ring.
Remarks :
(i) Out of eight properties of ring, it should be noted that first five properties are of addition , next two
are of multiplication and last one is common i.e., it includes addition and multiplication both.
(ii) First five properties-of above definition of a ring says that every ring R is an abelian group under
addition or additive abelian group.

(iif) We usually.denote a-b by ab.

Def. Commutative ring : A ring in which a-b=b-a forall a,beR is called a commutative ring
I.e., aring is said to be commutative if it is commutative w.r.t. multiplication.

Def. Ring with unity : A ring with unity is a ring which contains multiplicative identity i.e., there
exists an element denoted by 1eR s.t. a-1=a=1-a forall aeR.

Def. Division ring or Skew - field : Aring R is said to be a division ring or skew — field if

(i) Riswithunity i.e. 1eR.
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(if) Every non - zero element of R has a multiplicative inverse.

Def. Field : A commutative division ring is called a field. In other words, a commutative ring with

unity in which every non - zero element has a multiplicative inverse is called a field.

Remarks :

(i) 1t should be noted that a field has total eleven properties , out of which five are of addition , five are
of multiplication and one property is common.

(i) A field is an abelian group under addition and non - zero elements of a field form an abelian
group under multiplication.

Def. Zero divisor : A non - zero element ‘a’ of a ring R is called an zero divisor if there exists a

non - zero element be R suchthat ab=0 or ba=0.

Def. Ring with zero divisors : A ring which contains zero divisors is called a ring with zero divisors.

Def. Ring without zero divisors : A ring in which no zero divisor exists is called a ring without zero

divisors.
OR

Arring R is said to be without zero divisors if ab=0 =.a=0 or b=0
OR

A ring is called without zero divisors if product of any two non - zero elements is always non- zero.
Def . Integral Domain : A commutative ring with unity and without zero divisors is called an integral
domain.

Results :

1. Aring with zero divisors cannot be an integral domain and field.

2. A field is always without zero divisors.

3. Afield is always an integral domain.

4. Every finite division ring is a field.

5. Every finite integral domain is a field.

Division Ring <—— Field ——>| Integral Domain

Finite Finite

Def. Unit : Let (R,+,-) be aring with unity and a e R . Then, a is said to be unit element of R if there

exists be R such that a-b=b-a=1. In other words, a non zero element of a ring which has
multiplicative inverse is called a unit.

Remark : Unity is always a unit but every unit is not a unity.

Def. U(R) : The set of all units of a ring R is denoted by U(R).
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Def. Idempotent element : An element ‘a’ of a ring (R,+,-) is said to be idempotent if a-a=a

ie, a’=a.

Def. Boolean Ring : Aring (R,+,-) in which every element is an idempotent is called a Boolean ring.
Def. Nilpotent element : An element a of a ring (R,+,) is said to be nilpotent if there exists a
positive integer n such that a" =0.

Def. Characteristic of a ring : The smallest positive integer n such that n-a=0 for all ae R is

called the characteristic of a ring R. If no such positive integer exist then characteristic of R is said to
be zero .

Def. Polynomial Ring : Let R be a ring then the set
R[x]= {ao +aX+a,x’+..+a x":a € R and n is a non - negative integer} forms a ring with

respect to addition and multiplication of polynomials.
Def. Polynomial ring in two variables : Let R be a ringthen the set

R[x.y]=R[X][y]= {ao +a,y+a,y’ +..+a,y":a e R[x] and n is a non — negative integer} forms a

ring with respect to addition and multiplication of polynomials.
Results : Let R be a ring and R[x] be its polynemial ring then the following results hold :

1. If R is with unity then the polynomial ring R[x] is also with unity.

2. If R is commutative, then the polynomial ring R[x]is also commutative.

3. If R is without zero divisors.then the polynomial ring R[x] is also without zero divisors.
4. If R is with zero divisors thenthe polynomial ring R[x] is also with zero divisors.

5. If R is an integral domain then the polynomial ring R[x] is also an integral domain.

6. If R is a non trivial field then the polynomial ring R[x] is never a field.

\‘

. The polynomial rings Z[x],Q[x].R[x],C[x],Z ,[x] all are integral domain but not a field.
Results:on'commutative ring :

1. If R is commutative ring then(xy)” = x?y? ¥ x,y € R but the converse may not be true.
0 a . .
e.g., Let R= {0 b}:a,b < Z} ,then (R,+,") is a non-commutative ring but (xy)? = x?y? Vx,y e R

2. If R is a ring with unity and (xy)? = x?y? V x,y e R, then R is commutative.




3. Any ring of prime order is commutative.
4. A ring with unity and of order p?, where p is prime is commutative.

5. (Z,,+,.x,) is always a commutative ring with unity (n>2).

n'’'n
6. A Boolean ring is always commutative.

Results on characteristic of a ring :

1. Ch(Z,)=n.

no

Ch(M,(Z,))=n
3. The additive order of each non zero element of an integral domain is same and is equal to the
characteristic.

4. Ch(Z, xZ,)=lcm(m,n)

(62}

. If characteristic of a ring is zero then the ring is infinite.

(2]

. Characteristic of an infinite ring may be zero or non zero.
e.g.Ch(Z,Q,R,C)=0 ,Ch(Z,[x])=n
7. If characteristic of a ring is non zero then the ring may be finite or infinite.
8. Characteristic of any integral domain (and hence of a field) is either zero or a prime number.
9. Characteristic of a non-zero Boolean ring is always 2.
Results :

1. If Fis a field then U (F)=F —{0}=F"

N

U(Z,xZ,)=U(Z,)xU(Z,)
3. In an integral domain with unity there are only two idempotent elements 0 and 1 and one nilpotent
element 0.

4. If ais an idempotent element-in Z,, then 1—a is also an idempotent element.
5. If nis composite then Z , is with zero divisors and therefore not an integral domain and hence
not a field.

6.7 is a field iff p is prime.

P
7. If d >1 is a positive integer such that d is not a perfect square, then Z(\/E) :{a+b«/a:a,b € Z}
is an integral domain but not a field.
8. If d >1 is a positive integer which is not a perfect square then @(\/a):{a+bx/aza, be Q} is a

field.
Cor. If p is prime then @(\/B) is a field.
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9. Z [i] is a field iff p is a prime of the form 4k +3, where k is a non-negative integer.

Exercise 1.1

1. Which of the following are rings. Which of them are commutative, with unity, integral domain,
division ring, field under usual addition and multiplication. Also find their units, characteristic,
idempotent and nilpotent elements :

(i) z (i) Q (iii) R (iv) C (V) 27
(Vi) Z(i) (vil) Z(+2) (viii) Q(+2) (ix) Q(i)

2. Which of the following are rings. Which of them are commutative, with unity, integral domain,
division ring, field under modulo addition and multiplication. Also find their units, characteristic,
idempotent and nilpotent elements :

(i) Zs (i) z; (i) Zg (V) Zy (V) Zfi] (Vi) Z4i]

3. Which of the following are rings. Which of them are commutative, with unity, integral domain,
division ring, field under matrix addition and multiplication.

() My(Z) (i) M,(2z) (i) M,(Q) (iv) M,(R) (V) M,(C)
(Vi) My(Z,) (vii) M,(Z,) (viii) {Ae M, (R):|A =1}
(iX) {AeM,(R):[Ais a rational number}

4. Which of the following are rings. Which of them are commutative, with unity, integral domain,

division ring, field under usual addition and multiplication. Also find their units, characteristic,
idempotent and nilpotent elements :
(i) z[x] (i) Q[x] (iii) R[x] (iv) C[x] (V) Zy[x] (Vi) Z4[x]

5. Which of the following are rings. Which of them are commutative, with unity, integral domain,
division ring, field under usual addition and multiplication. Also find their units, characteristic,
idempotent and nilpotent elements :

(i) ZxZ (i) ZxQ (iii) QxQ (V) Z,xZq
6. Let C [a, b] denote the set of all real valued continuous function defined on [a,b] . Show that

C[a, b] is a commutative ring, with unity and with zero divisors w.r.t. usual addition and
multiplication of functions.

7. List all zero divisors in Z,,. Can you see a relationship between the zero divisors of Z,, and the

units of Z,q?
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8. Find a non-zero element in a ring that is neither a zero-divisor nor a unit.

9. Describe all zero-divisors and units of ZxQxZ.

10. Give an example of a commutative ring without zero-divisors that is not an integral domain.

11. Find two elements a and b in a ring such that both a and b are zero-divisors, a+b =0and a+bis
not a zero divisor.

12. Determine all elements of a ring that are both units and idempotents.

13. Find the characteristic of Z, x 4Z.

14. Let X ={a,b,c} and P(X) denotes the power set of X. Prove that (P(X),m,A) is not aring.

15. Let X ={a,b,c} and P(X) denotes the power set of X. Prove that (P(X),A,m) is a Boolean

ring.

Answers
1. (i) Commutative ring with unity, integral domain, not a division ring, not a field, U (Z) = {1,-1} ,

idempotent elements = {0,1}, nilpotent element ={0};.Ch(Z)=0.

(i) Commutative ring with unity, integral domain, division ring, field, U (Q)=Q" =Q-{0},
idempotent elements = {0,1}, nilpotent element ={0}, Ch(Q)=0.

(iii) Commutative ring with unity, integral domain, division ring, field, U (R)=R—-{0},
idempotent elements = {0,1}, nilpotent element = {0}, Ch(R)=0.

(iv) Commutative ring with unity;-integral domain, division ring, field, U (C)=C-{0},
idempotent elements ={0,1}, nilpotent element = {0}, Ch(C)=0.

(v) Commutative ring without unity, not an integral domain, not a division ring, not a field,
U (2Z) ='¢ ,idempotent element = {0} , nilpotent element = {0}, Ch(2Z)=0.

(vi) Commutative ring with unity, integral domain, not a division ring, not a field,
U (Z(i)) = {1.-1,i,-i}, idempotent elements ={0,1}, nilpotent element ={0}, Ch(Z(i))=0.

(vii) Commutative ring with unity, integral domain,not a division ring, not a field,

U (Z(ﬁ)) = {a +bv2:a%-2b’ =41, abe Z} , idempotent elements = {0,1},
nilpotent element = {0}, Ch (Z(\/E)) =0.
(viii) Commutative ring with unity, integral domain, division ring, field, U (Q(\/E)) - @(\/E)—{O} ,

idempotent elements = {0,1}, nilpotent element = {0}, Ch(@(ﬁ))zo.
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(ix) Commutative ring with unity, integral domain, division ring , field, U (Q(i))=Q(i)-{0},

idempotent elements = {0,1}, nilpotent element = {0}, Ch(Q(i)) =0.
2. (1) Commutaive ring with unity, not an integral domain, not a division ring, not a field,

U(Zg) ={1,5}, idempotent elements ={0,1,3,4}, nilpotent element = {0}, Ch(Z¢)=6.

(i) Commutiative ring with unity, integral domain, division ring, field, U (Z;)=Z,—{0},
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Z,)=7.

(iif) Commutative ring with unity, not an integral domain, not a division ring, not a field,
U(Zg)=1{135,7}, idempotent elements ={0,1}, nilpotent element ={0,2,4,6}, Ch(Zg)=8.

(iv) Commutative ring with unity, integral domain, division ring, field, U(Z; )= Zy; —{0},
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Zy,)=11

(v) Commutative ring with unity, not an integral domain, not a division ring, not a field,

U (Z,[i])={1i}, idempotent elements = {0,1}, nilpotent element ={0,1+i}, Ch(Z,][i])=2.
(vi) Commutative ring with unity, integral domain, division ring, field, U (Z[i]) = Z5[i]-{0},
idempotent elements = {0,1}, nilpotent element = {0}, Ch(Zs]i])=3.

3. (i) Non-commutative ring with'unity, not an integral domain, not a division ring, not a field.
(if) Non-commutative ring without unity, not an integral domain, not a division ring, not a field.
(iif) Non-commutative ring with unity, not an integral domain, not a division ring, not a field.
(iv) Non-commutative ring with unity, not an integral domain, not a division ring, not a field.
(v) Non-commutative ring with unity, not an integral domain, not a division ring, not a field.
(vi) Non-commutative ring with unity, not an integral domain, not a division ring, not a field.
(vii). Non<commutative ring with unity, not an integral domain, not a division ring, not a field.
(viii) Net aring.

(ix) Not a ring.

4. (i). Commutative ring with unity, integral domain, not a division ring, not a field,

U (Z[x])={1-1}, idempotent elements ={0,1}, nilpotent element = {0}, Ch(Z[x])=0.
(i) Commutative ring with unity, integral domain, not a division ring, not a field,

U (Q[x])=Q-{0}, idempotent elements = {0,1}, nilpotent element ={0}, Ch(Q[x])=0.
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(iif) Commutative ring with unity, integral domain, not a division ring, not a field,

U (R[x])=R-{0}, idempotent elements = {0,1}, nilpotent element = {0}, Ch(RR[x])=0.
(iv) Commutative ring, integral domain, not a division ring, not a field, U (C[x])=C-{0},
idempotent elements = {0,1}, nilpotent element = {0}, Ch(C[x])=0.

(v) Commutative ring with unity, integral domain, not a division ring, not a field, U (Zz[x]) ={1},

idempotent elements = {0,1}, nilpotent element = {0}, Ch(Z,[x])=2.
(vi) Commutative ring with unity, not an integral domain, not a division ring, not a field,
U (Z4[x])={1,3}, idempotent elements ={0,1}, nilpotent elements = {0,2}, Ch(Z,[x])=4.
5. (i) Commutative ring with unity, not an integral domain, not a division ring, not a field,
U(ZxZ)={(11),(L-1),(-11),(-1,-1)}, idempotent elements ={(0,0),(1,1),(0,1),(1,0)},
nilpotent element ={(0,0)} , Ch(ZxZ)=0.

(i) Commutative ring with unity, not an integral domain, not a.division ring, not a field,
U(ZxQ)={(m,n):m=+1LneQ}, idempotent elements ={(0,0),(1,0),(0,1),(L1)},
nilpotent element ={(0,0)} , Ch(ZxQ)=0x

(iif) Commutative ring with unity, not an integral domain, not a division ring, not a field,
U(QxQ)={(m,n):m,n=0, mne Q},idempotent elements ={(0,0),(1,0),(0,1),(L1)},
nilpotent element ={(0,0)}.5*Ch(Qx Q) =0.

(iv) Commutative ring with unity, not an integral domain, not a division ring, not a field,
U(ZyxZ3)={(11),(L2)}, idempotent elements = {(0,0),(1,0),(0,1),(L1)},
nilpotent element ={(0,0)}, Ch(Z,xZ3)=6

7. {2,4,5,6,8,10,12,14,15,16,18} are the zero divisors in Z,, and every non zero element not in
this list.is a.unit. Thus, zero divisors in Z,, are the non zero non units.

8. In 2Z , every element is neither a zero-divisor nor a unit.

9. (a,b;c) (at least one of a,b and c is zero and not all zero) are zero divisors and (+1,b,+1),b =0

are units.
10. 2Z 11. In Zg, a=2 and b=3

12. a?=a implies a(a—1)=0.So ifa is a unit, then a—1=0 and a=1 13. 0
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1.2 Subrings and ldeals

Def. Subring : Let R be aring. A non-empty subset S of R is said to be a subring of R if S itself

is a ring under the same binary operations as in R.

If R isany ring then {0} and R itself are always subrings of R. These two subrings are

known as improper subrings of R. Other subrings of R are called proper subrings..Also , {0}

subring is known as trivial subring.

Result: A non—empty subset S of aring R isasubring of R ifand only if

() a—beS for all a,beS i.e. Sisan additive subgroup of R.
(i) abeS for all a,beS.
Def. Left ideal : A non—empty subset S ofaring R is called a left ideal of R if
() a-beS forall a,be$S
(i) raeS forallaeS , reR.
Def. Right ideal : A non—empty subset S of aring R is called a right ideal of R if
() a-beS forall a,be$S
(i) areS forall aeS , reR.

Def. Ideal : A non-empty subset S ofa’ring R is called a both-sided ideal or simply, an ideal of R if

it is left ideal as well as right ideal of R.

Equivalently, A non-empty subset S ofaring R is called an ideal of R if

() a-beS forall a,beS
(i) areSand’ raeS forallacS , reR.

Remarks :

1. Inacommutative ring every left ideal or right ideal is a both-sided ideal.

2. Everyring R has'two ideals {0} and R and these are called improper ideals. Any ideal other than
these twao ideals is called proper ideal. Further , zero ideal {0} is also called trivial ideal or zero
ideal.

3. Every left ideal, right ideal and ideal is always a subring.

4. Every subring need not be an ideal.

Def. Sum of two ideals : Let A and B are two ideals ofaring R then their sum is defined as

A+B = {a+b :aecA and beB}.
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Def. Ideal generated by a subset : Let S be any subset of a ring R. Then ideal generated by S is
denoted by <S> and is defined to be the smallest ideal containing S
or
An ideal | of a ring is said to be generated by a subset S if
(i) Scl
(i) If A isany ideal of R suchthat S < A, then I SA.
Then we write 1=<S>,

Def. Product of two ideals : If A and B are two ideals of a ring R then their product is denoted by AB

and is defined as AB = { z aby taeAbe B} i.e. AB contains the finite sums‘of the products

finite

of the pairs of elements taken first from A and second from B.

Def. Co maximal ideals : Two ideals A and B of R are said to be co - maximal if A+ B =R.

Results:

1. The intersection of any two left ideals of a ring is a left ideal of the ring.

2. An arbitrary intersection of left ideals of a ring is again a left ideal of the ring.

3. If A isaleft ideal and B is a right ideal then AN B is neither a left nor a right ideal, in general.

4.1f A and B aretwo ideals of aring R then AU B is an ideal of R if and only if either A< B or
BCSA.

ol

. IfA and B aretwo ideals of aring R _then /A +B is also an ideal of R.

6. If A and B aretwo ideals of aringR then Aisan ideal of A+B .

7.1f Aand B are two ideals ofaringR then A+B=<AuUB> i.e. A+B isthe smallest ideal
containing AUB.

o

If A and B are two ideals of aring R then their product AB is also an ideal of R.

(o]

. If Alis a left ideal and B.is a right ideal of aring R, then
() ABisatwo - sided ideal of R.
(b) BA need not be even a single sided ideal of R.
10. If A'and Bare two ideals of a ring R then
(@) ABCcANB (b) ABCA +B.
11. Let A and B are two ideals of a commutative ring R with unity such that A+B = R then AB=AB.
or
If A and B are co — maximal ideals of a commutative ring with unity then AB = AnB.
12. If U isan ideal of a ring R with unity such that 1e U then U =R. In other words, if an ideal
contains unity, then it is equal to the whole ring.
13. A field has no proper ideals. In other words, for any field F , {0} and F are only ideals.
14. Let R be a commutative ring with unity whose only ideals are {0} and R then R is a field. In
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other words, a commutative ring with unity which has no proper ideals is a field.
15. A commutative ring R with unity is a field iff it has no proper ideals.
16. A division ring has no proper ideals.
17. Let R be aring with unity such that R has no right ideals except {0} and R, then R is a division ring.
18. ldeals of Z : Every ideal of Z is of the form nZ where n is an integer. In other words, nZ,
where n is an integer, are the only ideals of Z .
19. Subrings and ideals of Z are same.
20. {0}, Z are improper ideals (and subrings) of Z while 27,37 ,47Z, ..... are proper ideals (and
subrings) of Z .

21. ldeals of Z, : We know that Z is a cyclic group w.r.t. addition. Also we know that every
subgroup of a cyclic group is cyclic. If we consider Z_ as a ring, then all cyclic subgroups of Z_ are

the only subrings and ideals.
22. If mand n are two distinct integers then
() mZ+nZ=[gcd(m, n)]-Z (i) mZ)N(nZ) =[lem(m, n)]- Z
@iiy(mZ)-(nZ)=mnZ (iv) (mZ)< (nZ) iff n divides m
23. Unity of subring may be different from unity ofring.
24. Let S be a subring of ring R with unity and ch(R) # 0 then

(i) Ifunity of S is same as that of R then ¢h(S)=ch(R)

(ii) If unity of S is either different-from that of R or it does not exist then ch(S) divides ch(R).

25. If characteristic of ring is non-zero then characteristic of its subring is also non-zero.
Def. Centre of aring: Let R bearing then its centre denoted by Z(R) and is defined as
Z(R) = {reR:xr=rx forallxeR}
Def. Right annihilator of an element : Let R be a ring and a< R be any element. Then, right
annihilator of ‘a’ is denoted by r(a) , and is defined as
r(@)={reR:ar=0}
In words , we can say that right annihilator of ‘a’ is the collection of all those elements of ring which
when multiplied with *a’ on the right hand side gives zero.
Def. Left annihilator of an element : Let R be a ring and acR be any element. Then, left

annihilator of ‘a’ is denoted by 1(a) , and is defined as
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I(@)={reR:ra=0}
In words , we can say that left annihilator of ‘a’ is the collection of all those elements of ring which
when multiplied with ‘a’ on the left hand side gives zero.

Exercise 1.2

1. Prove that the set of even integers is a subring and ideal of (Z,+,-).

N

. Prove that {0, 2,4} is a subring of the ring (Zg,+4.,%g) -
. Prove that {0,3,6,9} is a subring of the ring (Zy,,+15,%1) -
. Prove that the set of Gaussian integers Z[i]={a+bi:a,beZ} is a subring of the complex number C.

. Describe all the subrings and ideals of the ring of integers.
. Show that 2Z U 3Z is not a subring of Z .

oo o1 AW

. . .1
7. Determine the smallest subring of Q that contains >

. : .2
8. Determine the smallest subring of Q that contains 3"

9. Prove that centre of a ring is always a subring of R.
10. Prove that Z is subring of Q,R and C but not'an ideal, Q is a subring of R and C but not an

ideal, R is subring of C but not an ideal.

11. Let R= {: ﬂ :a,b,c,d eZ} and S = {B 8} :a,beZ}. Show that S is an left ideal of R
but not right ideal.
a b a b . _
12. Let R= c d ;a,b,c,deZ;: and S = 0 0 :a,beZ;.Showthat S is aright ideal of R
but not a left ideal.
a b a 0 . )
13. LetR = {L d} :a,b,c,d eZ} and S= {0 b} :a,beZ}. Show that S is a subring of R
but S is neither a left nor a right ideal of R.
14. Prove that M, (kZ) is ideal of M, (Z) V keZ.

15. Let R beanyringand a<R be any element. Prove that thesetRa={ra : xe R} isa
left ideal of R.

16. Show that right annihilator of an element of a ring is a right ideal of ring.

17. Show that left annihilator of an element of a ring is a left ideal of ring.

18. Let R be a ring of all real valued continuous functions defined on [0,1]. Prove that the set




RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
| NET Ring Theory 1 Page 13 |

S:{f eR:ij:O} is an ideal of R.

19. Let R be the ring of continuous functions from R to R . Let

= {f eR: f(0)isaneven integer}. Show that A is a subring of R, but not an ideal of R.
a b c 0 0 a
20.Let R=4|d e f|:ab,cd,e,f,geZ;bearingand A=</0 0 0|:aeZ;,
0 0 g 0 0O
0 0 a
B=<0 0 b|:abeZ
0 0O

Show that A is an ideal of B, B is an ideal of R but A is not an ideal of:R.

b :
21. LetR = {a d} -a,b,c,d e Z} be a ring. Prove that Z(R) is.neither a left nor a right ideal of R.
C

22. Find a subring of ZxZ that is not an ideal of ZxZ.
23. Let S={a+bi:a,beZ,biseven}. Show that S is a subring of Z[i], but not an ideal of Z[i].
24. List all the ideals of the rings Zq,,Z15,Z and Z, .
25. Inthe ring of integers, find a positive integer a such that
0 @=(2)+@) @ @=3)+@) (i) (a)=(m)+(n)
26. Inthe ring of integers, find a positive integer a such that
0 @=@@ L )a)=()e) (i) (@)= (m)(n)

Answers
5. nZ 7. {%:mez,new} 8. {Z—T:mez,neNu{O}}

22:{(a,a)aeZ}

24. (1

(1)=715,(2)=10,2,4,6,8,10},(3) ={0,3,6,9},(4) = {0,4,8} ,(6) = {0,6} , (12)={0}.
(1)=745,(3)={0,3,6,9,12} ,(5) ={0,5,10} ,(15) = {0}.

1)="Z,,(2)={0,2,4,6,8,10,12,14,16,18} ,(4) = {0,4,8,12,16},

(5)={0,5,10,15},(10) ={0,10},(20) = {0} .
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(1)=7Z,4,(2) ={0,2,4,6,8,10,12,14,16,18, 20,22} ,(3) = {0,3,6,9,12,15,18, 21},
(4)=1{0,4,8,12,16,20},(6) ={0,6,12,18},(8) ={0,8,16},(12) = {0,12} ,(24) = {0} .
25. (i) 1 (i) 3 (ii) g.c.d. (m,n)
26. (i) 12 (i) 48 (iii) mn
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. Thering M of 2x2 matrices with elements

inR is

() Commutative ring with zero divisors,
without unity.

(b) Non-commutative ring with zero
divisors, with unity.

(c) Commutative ring with unity.

(d) Field.

. The set of all matrices of the form

0 X i
{(0 ] X, Y€ Q} under the two operations
y

matrix addition and matrix multiplication is

(@) Aring with unity

(b) Commutative ring

(c) Non-commutative ring with zero divisors

(d) A ring without zero divisors but with
unity.

. Which of the following is not a ring ?

(a) Setofall 2x2 matrices whose elements
arein Q.

(b) Setofall 2x2 matrices whose elements
arein C.

(c) Setofall 2x2 matrices whose elements
arein 7.

(d) All 2x2 matrices whose elements are in

R* and determinant of the matrices is
Zero.

. The integral domain of which cardinality is
not possible
(@) 5
(c).7

. Let'R be an integral domain with unity *1” in
which20-1=0and 12-1=0. Then,
characteristics of R is
@ 2 (b) 4
(c) 20 (d) 12

(b) 6
(d) 8

. In Zg, all the nilpotent elements are
(@ 2,4and 6 (b) 2and 4

(c) 4 (d) 0,2,4and 6
. Asubring S of R has the following axioms :
(@) Sis closed under addition and
multiplication.
(b) Sis closed under addition only.
(c) Sisclosed under multiplication only.
(d) Sisaring under the operation defined in
R.

. Which of the following is not'a subring of the

given ring

(8 (Z,+,-) of the ring (R, +,)

(b) (E.,+,) of (Z,+,:); (Eis the set of even
integers.)

(©) (Q+,)of (R,+,)

(d) (O;+,-) 0f(Z,+,); (O stands for odd
integers.)

9. What is the characteristic of the ring of even
integer ?
(a) 2
(c) 0

(b) 1
(d) none of these

10. The number of nilpotent element in the ring
(Zsg,+30, X3g) islare
(@ o (b) 1
(c) 2 (d) 3

11. The number of idempotent and nilpotent
elements in Z, respectively are
(@ 1,3 (b) 3,1
(c) 2,2 (d 0,1

12. If F is a field with characteristic 3, then

VabeF; (a+b)3 is equal to

(b) a®+bd
(d) 0

@ a+b
(c) a+b+ab

13. The characteristic of the ring Z, xZ ,xZ¢ is
(a) 2 (b) 4
(c) 6 (d) 12




14. The set R = {(aij )2 ,-8ij € Z} is a ring

w.r.t. “+” and ‘-’ defined by
(aij )2><2 * (b” )2><2 - (aij + b'J )2><2 and

(aij)zxz ' (bij)zxzz(aij By )2><2
Then, the number of units in R is
(@) 2 (b) 4

(c) 6 (d) 8

15. Let (D,+,-) be a division ring containing q
elements. Then
(@ a¥=0,vaeD
(b) a%=a,VaeD
(c) a%=a-1,VvaeD
(d) None of these

16. If R is a finite field of characteristic p, then
givenany b e R, 3 a e Rsuch that
(@) aP=b (b) aP=b-1
(c) aP=b  (d) None of these

17.If Uisanideal of ring R and 1€ U, then

(a) U isa proper subset of R.
(b) U is equal to R.
(c) Uisa superset of R.

(d) U=4¢.

18. Consider S =C[x°], complex polynomials in

x°, as a subset of T =C[x], the ring of all

complex polynomials. Then,

(@) Sis neither an ideal nora subring of T.

(b) Sis an ideal, but not a subring of T.

(c) Sis asubring, but not an ideal of T.

(d) Sis both a subring and an ideal of T.
(GATE 2004)

19: The characteristic of Z;, xZ is

(@12 (b) O
(c) 4 (d) none of these

20. Every non —zero nilpotent element of ring R

is
(a) zerodivisor (b) non-zero divisor
(c) unity (d) none of these

21. If | is the set of integers and define
a®b=a+b+land aOGb=a+b+ab.

Then, the ring {1,®,0} is

(a) commutative ring
(b) Integral Domain
(c) Field

(d) None of these

. Let D be the set of tuples (wy,...., W), where

w; €{1,2,3},1<i<10and w; +w,, isan
even number for each i with 1<i<9. Then,
the number of elements in D is
(a) 21+1 (b) 2%+1
(c) 3%+1 (d) 3%+1

(CSIR NET June 2015)

. Which one of the following is false ?

(a) Every field is-also aring.

(b) Multiplication.in a field is commutative.

(c) Every ring with unity has at least 2 units.

(d) Any ring-containing Z as a subset must
have characteristic equal to zero.

.Let M3(RR) be the ring of all 3x3 real

matrices. If 1,J M3(R) are defined as

a b

| = ra,b,ceR},

0
0
0
0

J= ra,b,ceR;, then

0

(@) lisaright ideal and J is a left ideal.

(b) I and J both are left ideals.

(c) I'and J both are right ideals.

(d) lis a left ideal and J is a right ideal.
(GATE 2006)

. Let

R= {ao +O{li +0{2j +a3k . 0{0,061,062,063 €Z3}
be the ring of quaternions over Z,, where
i2=j2=k?=ijk =—1;
ij=—ji=k;jk=-kj=i; ki=-ik = j. Then
(@) Risafield.

(b) Ris adivision ring.

(c) R has zero divisors.

(d) None of these.
(GATE 2006)

26. The number of units in the ring ZqoxZ45 is
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(a) 120

Let (R,+,-) be aring such that a° =a,
VaeR. Then

(a) R is commutative
(b) R is not commutative
(c) a+a=0VaeR
(d a+a=#0VvVaeR

. Which of the following(s) is/are not integral
Domain ?
() Zg (b) Z7
(c) M, (Z) (d) none of these
Let Zg ={0,1,2,3,4,5} is aring of integers
modulo 6, then the following is/are true
(@) Zg is aring without zero divisor.

(b) Zg is aring with zero divisor.
(c) 3is an idempotent element in Zg,
(d) Zg is an Integral Domain.

. Which of the following is/are true ?
(a) Every Integral Domain is a field.
(b) A field has no zero divisors.
(c) Every finite Integral Domain is a field.
(d) A skew-field has zero divisors.

. Which of the following is/are field ?
@) (Z,+.) (b) (Q+,)
(©lZs, ) ) (Ze+)

. IfS.is any ideal ofaring R and T be any
subring of R, then
(@ S+T isasubring of R.
(b) S+T isanideal of R.
(c) Sisasubringof S+T.
(d) Sisanidealof S+T.

7. Let I, and I, are two ideals of a ring R,

which of the following is/are correct ?
(@ lyul, isanideal of R.

(b) Iy 1,is anideal of R.
(c) 1;+1, isan ideal of R.
(d) I4l, isan ideal of R.

. Given field F and the set M of all. 2x 2

matrices of the form B l(j for a,beF,

then

(a) M is asubring of F.

(b) Mis right ideal in F.

(c) Mis left ideal in.F.

(d) M is right ideal but not left ideal.

. Given the set M of all 2x 2 matrices of the

form 0 2 . Then
0 b

(a) "For the integer a,b, M is left ideal in
R.

(b) For the integer a,b, M is right ideal in
R.

(c) Forthe integer a,b, M is left ideal but
not right ideal in R.

(d) Forthe integer a,b, Misright ideal
but not left ideal in R.

. Which of the following is/are NOT true ?

() the intersection of two fields is a field.

(b) it is not possible for an element of a ring
to be both a unit and a zero divisor.

(c) Every ring with unity has atmost 2 units.

(d) nZ has zero divisors if n is not prime.

. Which of the following is true ?

(a) Every integral domain of the
characteristic zero is infinite.

(b) The characteristic of nZ is n.

(c) Ifrisanon zero element ofaring R,
then either r is a unit or r is a zero
divisor.

(d) IfAisa 2x2 matrix with det(A)=0,
then A is a zero divisor in M, (R).
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2.1 Maximal and Prime ldeal

Def. Maximal Ideal : Anideal M (#R) ofaring R issaid to be maximal ideal of R if there does
not exist any ideal K of R such that M g K g R.

In words, there must not be any ideal of R which properly contains M and is properly contained in R.
Roughly speaking, there does not exist any ideal between M and R.

or
Anideal M(#R) ofaring R is said to be maximal ideal of R if whenever K is an.ideal of R such that
McKZER, then either K=M or K=R.
Examples :

() 2Z isamaximal ideal of Z , because there exists no ideal between 27 and Z . However 67
is not a maximal ideal of Z because 67Z <37Z < Z. In fact, pZ , wherep isa prime
number , is always a maximal ideal of Z .

(i) 2Zx7Z isa maximal ideal of Z x Z .

Remark : Inthe ring of integers Z , if d/n thennZ < dZ-. This is because nZ contains multiples

of n,dZ contains multiples of d and clearly a multiple of n is also a multiple ofd .
eg. 10z = {...-30,-20,-10,0,10,20, 30....} . Now 5/10 and we see that

57 = {... ~15,-10,-5,0,5,10,.15....}. Clearly10Z < 5Z .
Similarly 2/10 and so 10Z < 27 .

Def. Prime Ideal : AnidealP=R ofaring R is said to be prime ideal if
abeP .= aeP or beP.
In words , an ideal P# R of a ring R is said to be prime ideal if , whenever product of two elements of
R is in P then at least one of those elements must belong to P .
Examples :
(1)~ In the ring of integers Z, {0} is a prime ideal as
abe{0} = ab=0 = a=0orb=0
= ae{0} or be{0}
(2) 4Z = {4n : neZ }isnotaprimeideal of Z as2.2=4c47 but 2¢47.
(3 5Z = {6n : neZ} isaprimeideal of Z.We see that if a and b are any two integers
such that abe 5% , then 5/ab = 5/a or 5/b = ae 5Z or be 5Z .
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In fact each ideal of Z generated by some prime integer is a prime ideal.
sults :
Let R be a commutative ring with unity then every maximal ideal is prime ideal, but the converse

need not be true.

. {0} is a prime ideal when ring is without zero divisors.

Contrapositive : If ring R is not without zero divisor than {0} is not a prime ideal.

. Let R be a commutative ring. Then R is a field iff {0} is a maximal ideal of R.
. Ifaring has no proper ideals then {0} is a maximal ideal of R.
. An ideal of ring of integers Z is maximal if and only if it is generated by some prime integer.

. Every non—zero ideal of Z is maximal iff it is prime ideal.

. Maximal Ideals of Z ,:

(@) If nis prime : Only ideals of Z_are {0} and Z_ . Here {0} is maximal as well as prime ideal.
(b) If n is composite : In this case, Z  will have d(n) ideals where d(n) is the number of divisors of

n. Out of these, ideals generated by prime divisors of n are maximal as well as prime. In this

case {0} is neither maximal nor prime ideal.

. Four Important ideals of Z [X] :

(8) A=<x>={xf(x): f(x)eZ[x]} isaprime ideal but not a maximal ideal.
(b) B=<2,x>={2f(x)+xg(x): f(x),9(x)eZ[x]} is both maximal and prime ideal.
(€) C=<x*+1> :{ (¥ +1) () f(W)e Z[x]} is a prime ideal but not a maximal ideal.

(d) D:<2,x2+1>:{2f (x)+(x+1)g(x): f(x),g(x)eZ[x]} is neither a prime ideal nor a

maximal ideal.
Remark : Ideal A contains all. polynomials of Z [x] whose constant term is zero and ideal B
contains all polynomials in Z [x] whose constant term is an even integer.
Let R be aring of all real valued continuous functions on the interval [0,1]. If

S:{ f(x)eR : f (%) = 0} , then S is a maximal ideal of R.

Let R be a commutative ring with unity. If every ideal of R is prime , then R is a field.

Let R be a finite commutative ring with unity. An ideal | of R is maximal ideal iff it is prime

ideal of R.

The intersection of two prime (maximal) ideals of a ring R may not be prime (maximal) ideals of R.
The sum of two prime (maximal) ideals of a ring R may not be prime (maximal) ideals of R.

Let R be a commutative ring with ideal I then iff P is prime ideal of | then P is prime ideal of R also.




RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
| NET Ring Theory 2 Page 21 |

15. Maximal ideals of Z[x] is of the form (p,x)={pf (x)+xg(x): f (x),g(x) € Z[x]}, where p is

prime integer.

Exercise 2.1
1. Give an example of a finite commutative ring in which every maximal ideal need not be a prime
ideal.

2. Find all maximal and prime ideals of Z,Zq,Z; and Z g .

3. In ZxZ, let | ={(a,0):aeZ}. Show that | is a prime ideal but not a maximal'ideal.
4. Prove that | =(2+2i) is not a prime ideal of Z[i].

5. Let p be a prime. Show that A={(px,y):x,y € Z} is a maximal ideal of ZxZ.

6. Let A={a+bi:a,beZ, a=bmod2}. Show that A is a maximal ideal of Z[i].

7. Find all prime ideals and all maximal ideals of Z, xZ, .

8. Find a maximal ideal of ZxZ.

9. Find a non trivial proper ideal of Z xZ that is not prime.

Answers
1. R={0,2,4,6} be a finite commutative ring under the operation modulo 8 and A={0,4} isa

maximal ideal but not a prime ideal.

2. pZ, pis prime, is a maximal ideal of Z and {0} pZ, p is prime, are prime ideals of Z.
(2)=1{0,2,4,6,8}; (5)={0,5} are maximal and prime ideals of Zy,. {0} is maximal and prime
ideal of Zyy. (2)=10,2,4,6,8}, (5)={0,5} are maximal and prime ideals of Z .

7. {(0,0),(1,0)}.and {(0,0),(0,1)} are both prime and maximal ideals.

8. 247 9. 4Z><{0}
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2.2 Quotient Ring

Def. Let R bearingand U be an ideal of R, then we know that U is an abelian group under
addition. Since the group (R, +) is abelian so U is a normal subgroup of R. Let R/U denotes the
set of all distinct cosets of U inR.
So, R/lU = {U+a : aeR}
We define addition and multiplication in R/U as follows :

(U+a)+(U+b) = U+ (a+b)

(U+a)(U+b) = U+ab for U+a,U+be R/U
Then, R/U isaring under these operations. This ring is known as Quotient Ring.of R w.r.t. U.

Results :

Let U be an ideal of aring R and R/U be the quotient ring of R w.r t. ideal U , then

. If R is commutative then R/U is also commutative, but converse may not be true.

If R hasunity ‘1’ , then R/U has unity given by 1+U.

. If R is an integral domain then R/U may or may not be an integral domain.e.g. consider Z,5Z,67Z

. If R/U is an integral domain then R may or may.not be an integral domain.

1

2

3

4

5. ZINZ=Z,
6. If n is composite then Z /nZ iswith zero divisors and not an integral domain and hence not a field.
7. ZInZ is a field iff n is prime.

8. LetR be a CRU and M be an ideal of R. Then ideal M is maximal iff R/M is a field.

9. LetR be a CRU and P be an ideal of R. Then ideal P is prime iff R/P is an integral domain.

i Z.i
10. The number of elements in [] —a%+Db?.

(a+ib)

Zli . .
11. Let a+ibeZ[i] be any element, then [1] is a field iff a®+b? is either a prime or square of a

(a+ib)

prime of the form 4k + 3, further if a+ib does not satisfy any of the above condition then

. . ,
[ ] is not even an integral domain.

(a+ib)

ifgcd (a,b)=1

Z 5 o
Z[i] a%+b
, ifged (ab)=d . where a#0,b#0

12. m% Zd[I]XZ

(5)3)




RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122

| NET Ring Theory 2 Page 23 |

Z|i] :
13. —==Z,|i|, a#0

) = Lalll

Exercise 2.2
Construct the following quotient rings :
1. ZI5Z 2. ZI6Z 3. ﬂi_] 4. Z[i_]
(2-i) (3+i)

Z[i] Zi] Z[i] z{i]

> * 2+i) " ean S W)
Zs|i] Z[x] Z[x] A

? (1+i) 10 (x) t (2,X) 12 <x2+x+2>
3. 2 14, 2 5. 9 g6, L

<x2 +1> <2, X2 +1> (x) <x2 +1>

Answers

1. {5Z,1+5Z, 2+5Z, 3+5Z, 4+5Z}
2. {62,1+6Z, 2+67Z,3+67Z, 4+6Z,5+6Z}
30 {1141, 241,341,441}, 1 =(2-i)
4 {1,141, 241,341, 441,55+ 1,6+ 1/7+1,8+1,9+1}, 1 =(3+i)
5. {IL,1+1}, 1=(1-i)

6. {1, 1+1,2+1,3+1, 4+ 1}, 1.=(2+i)

TALLIHL, 24134 1L+ L1404+ 1,240+ 1,340+ 1}, 1 =(2+2i)
8. {1, 1+1}, 1=(1+i)

9. {1, 1+1}, 1=(1+i)

10, { =3+ 1,2+ 1, =14+ 1, 1,1+ 1,2+ 1,3+ 1,...}, 1 =(X)

11 {1,1+1}, 1=(2x) =B

12. {a+bx+1:a,beZ}, | :<x2+x+2>
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13. {ax+b+l:abe}, | =(x*+1) =C

14. {ax+b+1:abeZy}, 1=(25¢+1) =D
15. {....,—§+|,—1+|,|,3+|,§+|,...}, I =(x)
2 2 2 2

16. {a+bx+1:abe @}, 1 =(x*+1)

2.3 Ring Homomorphism

Def. Homomorphism : Let (R, +,-) and (R’,+,-) betworings. Amapping f : R — R’ is
called a ring homomorphism if it satisfies the following properties:
(i) f(a+b) = f(@)+f(b)
(i) f(a-b) = f(a)-f(b) forall a,beR.
Remark : It should be noted that *+’ and “-* on the left hand side of above two properties are of R
and those on the right hand side are of R’. So if binary operations in anyone of R and R’ are denoted
by some other symbols, then they are to be used in above definition accordingly.
Def. A mapping f ofaring Rintoaring R’ is called
(i) anisomorphism if f is homomorphism, one —one and onto.
(i) a monomorphism if f is homomorphism and one — one.
(iii) an epimorphism if f is homomorphism and onto.
Def. Kernel of a ring homomorphism : Let f : R— R’ be aring homomorphism, then
Ker f ={reR:f(r)=0}.
Results :
1. Let f : R—->R’ bearing homomorphism, then
(i) f(0)=0", where 0 and 0' are additive identities of the rings R and R'respectively.
@iy f(-a)==f(a) forallaeR.

(iif) For any r e R and any positive integer n, f (nr)=nf(r).
(iv)For any r € R and any positive integer n, f (r”) =(f (r))n .

2. Let f : R—>R’ bearing homomorphism and A is a subring of R , then f (A) = { f (a):a € A}

is a subring of R". In words, homomorphic image of a subring is also a subring.
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3. Let f : R—> R’ bearing homomorphismand A is an ideal of Rand f isonto R', then f (A)
is an ideal of R".
4. Let f :R —R’be aring homomorphism and B is an ideal of R', then f*(B) :{r eR:f(r)e B}

is an ideal of R. In words, inverse image of an ideal is also an ideal.

5 Let f : R—>R' bearing homomorphism and if R is commutative, then f (R) is commutative.
In words, image of a commutative ring is also commutative.

6. Let f : R—>R' bearing homomorphismand if R hasa unity 1, R'={0}, and f.is onto, then
f (1) is the unity of R".

7. Let f :R— R’ be aring homomorphism and 1€ R be the unit of R, then. f (1) is the unit of f (R)

8. Any homomorphism of a field is either a monomorphism or takes each element into ‘0’.
9. IfRis aring with unity and the characteristic of R is n >0, then R contains a subring isomorphic to
Z,. If the characteristic of R is zero, then R contains a subring.isomorphic to Z .

10.Let f : R — R" be a ring homomorphism and 1€ R be the unit of R, then f (1) is an idempotent

element of R" i.e., image of unity is always an idempotent element.

11.1f f :Zy, — Z, be aring homomorphism, then'the image of 1 i.e., f (1) must be an idempotent
element and additive order of /f (1) must divide m.

12. I1f n divides m and a is an idempotent'of Z,, then the mapping f (x) =ax isaring
homomorphism from Z, to Z,,.

13. If f : R—>R' bearing homomorphism, then Ker f is an ideal of R.

14. Let f : R~ R" be aring homomorphism, then f is one —one iff Ker f ={0}.

15. Let f & R=> R’ be aring homomorphism, then f is an isomorphism iff f is onto and
Ker f ={reR: f(r)=0}={0}.

16.Let f : R —> R’ bearing isomorphism then f ! is an isomorphism from R' ontoR .

17. Fundamental Theorem of Ring Homomorphism :
Let f : R—>R’ be homomorphism, then R/Kerf = f(R)

or

Every homomorphic image of a ring is isomorphic to some quotient ring .
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10.

Remark: If f : R— R’ isonto homomorphism , then f(R) = R’ and so above theorem

takes the form R/Kerf = R’

Exercise 2.3
Show that the mapping f : C— C defined by f(a+ib) = a—ib isahomomorphism.

Let R= {a+«@b ra,be Z} be a ring under usual addition and multiplication of real numbers.

Define ¢ : R—>R by ¢ (a++/5b)=a—~/Bb. Showthat ¢ isa homomorphism of R'onto R’
and its kernel consists of 0 only i.e. Ker¢ = {0}.

Let R be a ring with unity e. Show that the mapping ¢:Z — R given by ¢(n) =ne isaring
homomorphism.

Show that the mapping ¢:Z — Z,, given by ¢(x) = xmod m, where m is any positive integer, is a
ring homomorphism.

Describe all ring homomorphisms from Zg to Zg. Determine all ring homomorphisms from Z
t0 Zgg.

Determine all ring homomorphisms from Z to/Z .

Determine all ring homomorphisms from @ to Q.

Determine all ring homomorphisms from Zx7 to Z.

b b
Let R :{Z a} : a,beZ} and'let ¢ be the mapping that takes B } to a—b.

a
(i) Show that ¢ is a homomorphism

(ii) Determine the kernel of ¢ .

(iii) Show that R /Ker¢ is isomorphic to Z.

(iv) Is Ker ¢ a prime ideal ?

(v) IsKer ¢-amaximal ideal ?

Determine all ring homomorphisms from R to R.

Answers
f(x)=ax,ae{0,134}; f(x)=ax, a€{0,6,15,21}
The zero map and the identity map.
The zero map and the identity map.
f(a,b)=x, xe{0,a,b}
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9. (ii) Ker¢:{2 ﬂ:aez} (iv) yes (V) no

10. The zero map and the identity map.

2.4 Factorisation of Polynomials

Def. Irreducible Polynomial : Let R be an integral domain. A polynomial f (x) € R[x] of positive

degree is said to be an irreducible polynomial over R if it cannot be expressed as product of two
polynomials of positive degree.

Def. Reducible Polynomial : A polynomial of positive degree which is.not irreducible over R is
called reducible polynomial over R.

Some Results :

1. A polynomial of degree one is always irreducible.

2. Let Fbeafieldand f(x)e F[x] be apolynomial of degree 2 or 3 then f (x) is reducible over F if
and only if f(x) hasazeroinF.
3. Let Fbeafieldand f(x)e F[x] be a polynomial of degree 4 or more, then

(i) if f(x) asazeroinF thenf(x) isreducible over F.

(i) if f(x) has no zero in F then f(x) may or may not be reducible over F .
4. Let f(x)eZ[x]. If f(x) is reducible over Q, then it is reducible overZ. In other words, a

polynomial with integer coefficients is reducible (irreducible) over Qiff it is reducible(irreducible)
over Z.

5. Mod p Irreducibility Test : Let p be a prime and suppose that f (x)eZ[x] with deg f (x)>1. Let
f (x) be the-polynomial in Z  [x] obtained from f (x) by reducing all the coefficients of f ()
modulo-p. Ifdeg f(x)=deg f (x) and f(x) is irreducible over Z  then f (x) is irreducible
over Q.

6. Eisenstein’s criterion of irreducibility over Q: Let f(X)=a, +aX+a,x* +...... +a X" bea

polynomial in Z [x]. If p isaprimesuchthat p/a,,p/a, ,...p/a,,, pXa,,p?Xa, then f(x)

is an irreducible polynomial over Q.
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7. Shifting result : Let f(x)eZ[x] be any polynomial and k be any integer then f (xxk) is
irreducible over Q iff f(x) irreducible over Q.

8. Cor : Irreducibility of p"cyclotomic polynomial : For any prime p, the p" cyclotomic polynomial
9, (X) =x""+x"?+....+x+1 is irreducible over Q.

9. LetFbeafield and let p(x)e F(x).Then (p(x)) is maximal ideal in F[x] iff p(x) is
irreducible over F.

10. Let F be a field and p(x) € F(x) be a reducible polynomial then< p(x)> IS neither prime nor maximal
11. Maximal and prime ideals in Z[x] :
(i) Let p(x)eZ[x] be any irreducible polynomial, then (p(x)) is always a prime ideal but need
not be a maximal ideal.
(ii) Every maximal ideal of Z[x] is of the form (p, f (x)), where p is prime and f () is an
irreducible polynomial over Z[x].
12. Maximal and prime ideals in Q[x] :
() In Q[x] anon-zero ideal is maximal iff it is prime ideal.

(i) An ideal generated by an irreducible polynomial in Q[x] is a maximal (as well as prime) ideal

13. A real polynomial of degree > 3“is always reducible over R but not necessarily that root exists.

F
14. (a) Let F be a field and p(x)is an irreducible polynomial over F then ﬂ is a field.

(p(x))

15. Construction of finite figlds :L.et p be a prime and f (x)eZ[x] be an irreducible polynomial of

7 | X
degree n then o] is a field of order p".

(p(x))

16. Let p be a prime, then the number of reducible polynomial over Z, of the form X2

+ax+b is

p(p+1)
Bl

2

17. Let p be a prime, then the number of irreducible polynomial over Z, of the form x“+ax+b is

p(p-1)
B

18.Let F be a field and p(x),a(x),b(x)e F[x]. If p(x) is irreducible over F and p(x)|a(x)-b(x),

then p(x)[a(x) or p(x)[o(x).
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19. The number of distinct prime ideals of Q4] is equal to the number of distinct irreducible

(1)

factors of f(x).

Exercise 2.4

Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a

polynomial is reducible then reduce it into irreducible factors.

1. x*+1 2. X2+ x+1 3. x*+1 4. x3+x+1

5. X3+ x*+1 6. X2+ X+ x+1 7. X 433 —9x* + Tx+ 27

8. x*+x*+1 9. x*+1 10. x* +x+1 11 X' + X+ x+1
12, x* +x*+1 13. X'+ X+ x+1 14 x* + X+ x2%1 15. X + X3+ X2+ x+1
16. X+ x  + X3+ X2 +1 17.X° +x + X3+ x+1 18. X%+ X' + X° +%34 x+1 19. X+ X+ x>+ x+1
20.X° + X +x*+1 2L X+ x3+x7+1 22. X4 X"+ x+1

Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a

polynomial is reducible then reduce it into.irreducible factors.

23. X +x+1 24. X24X+2 25. X*+2x+1

26. X*+2X+2 27. 2X* + X +2 28. x*+2x+2

29. x*+x*+1 30. x®+2x% +2x+1 31 x*4+2x% +2x+2

32, X +3x3—9x* +Tx+27 33. x*+2x° +1 34, X'+ X +x+1

35. X+ X + X x+1 36. x* + X3 +2x% +2x+1 37. X +2x° +x+1

38. x*+2x° +x2+1 39. x*+ 2 + X2 +2x+1 40. x*+2x3 +2x% +x+1
41, x°+2x° +1 42, X°+Xx°+2 43, X+ X+ X+ X+ X+ 2
A, X+ X +2X°+ X2+ 2x+1 45, 2X° + X+ 2 46. X°+2x+1

47, X + X" +2 48. X°+ X+ x> +2

Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a
polynomial is reducible then reduce it into irreducible factors.

49. X>+x+4 50. X2 +2x+4 51. x2+3x+4
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52. X’ +4x+4 53.X° +4x* +4x+1 54. X%+ 4x* + 4x+2

55. x> +4x* +4x+3 56. %> +4x* +4x+4 57.x* +3x® + 2x* + x+1
58.x* +3x° +3x° + x +1 59. x* +3x° +4x* + 4x +1 60. X* +4x3 + X +4x+1
61. X" +4x> +4x* +1 62. X" +4x° +4x* +3x+1

Which of the following polynomials are irreducible or reducible over the field Z,. Whenever a
polynomial is reducible then reduce it into irreducible factors.

63. X° +4x+4 64. X% +6X+5 65. x®+2x%+x+1 66. x> +6

Which of the following polynomials are irreducible or reducible over the field Z . Whenever a
polynomial is reducible then reduce it into irreducible factors.

67. x° +10Xx+9 68. X2 +7x+4 69. X2+ x+4 70. %% +1

Which of the following polynomials are irreducible or reducible over Z .

71. 213 —3x*> +2x+8 72 X + X3+ X2+ x+1 73, x*+3x3—9x2 + Tx+ 27

74. 5x* —6x° +9x* ~15x +12 75. 1+ (x+1) + (x+2)° + (x+1)" +(x+1)"

Which of the following polynomials are irreducible or reducible over Q.

76. 2x>+4 77. x2-2 78. x*+1
79. 6X°+Xx—2 80. x*-5 81. X} +2x°+x-1
82. 8x* —6x+1 83. X} +x*+x+1 84. x®+3x*—6x+3
85. X3 +2x°+x+1 86. x®—-312312x +123123 87. §x“—gx2+ix+§
7 7 35 5

88. x*+1 89. x*+x+1 90. x*+3x*+3
91. 1+ X+ X2+ X34+ x* 92. x*—x3+14x*+5x+16 93. x> +3x*+9x+15
94. X°+2x+4 95. 3x° +15x* —20x® +10x + 20

5 4 2 5 2 5 5 9 4 3 3 2 3
96. X>+9x"+12X" +6 97. xX>+5x°+1 98. EX +EX +15x +7x +6x+ﬂ

Which of the following polynomials are irreducible or reducible over R .

99. x*+2x* +x-1 100. x*+1 101. x> —3x* +2x* —5x +8
102. Construct the finite fields of following order :
(i) 8 (i) 9 (iii) 16 (iv) 25 (v) 27

103. How many numbers are there from 2 to 100 which can be the order of a finite field ?
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Answers

1. reducible ; x2+1:(x+1)2 2. irreducible

3. reducible ; x3+1= (x+1)(x +x+1) 4. irreducible

5. irreducible 6. reducible ; x%+x2 +x+1=(x+1)°

7. irreducible 8. reducible ; x*+x% +1= (x +x+1)2

9. reducible ; x4+1:(x +1)4 10. irreducible

11. reducible ; x*+x% + x+1=(x +1)(x X +1) 12. irreducible

13. reducible ; x* +x* +x+1=(x+1) (x +x+1) 14. reducible ; x*+x34x% +1= (x+1)(x +x+1)

15. irreducible 16. irreducible 17. irreducible

il ax+l= (x+1)(x +x+1)2 19. irreducible

18. reducible ; x° +x
20. reducible ; x° +x* +x% +1= (x+1)(x4 + x+1)

21. reducible : x5+x3+x2+1:(x+1)3(x2+x+1)22. reducible ; x° +x? +x+1=(x+1) (x +x+1)

23. reducible ; x? +x+1:(x+2)2 24. irreducible
25. reducible ; x° + 2x +1:(x+1)2 26. irreducible
27. reducible ; 2x% + x +2 =2(x +1)2 28. irreducible

29. reducible ; x>+ x%41=(x+ 2)(x2 +2X+ 2) 30. reducible ; x> +2x% + 2x+1=(x+1)(x+ 2)2
31. irreducible 32. reducible ; x* +3x3 —9x? + 7x+27 =x* + x = x(x+1)3
2
33. reducible ; x* +2x%+1= (x2 +1) 34. reducible ; x* +x* +x+1=(x +1)4
, : G 43 2 2 2
35. irreducible 36. reducible ; x™ +x°+2x +2x+1=(x +2x+2)

37. irreducible 38. irreducible 39. irreducible

2
40. reducible ; 23 +2x% £ x+1= (x2 + X+ 2)
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41.

42.

43.

44,

46.

49.

52.

54.

56.

58.

59.

60.

61.

62.

63.

65.

67.

69.

71.
75.
79.
83.
87.
91.
95.
99.

reducible ;

reducible ;

reducible ;

irreducible

irreducible

reducible ;
reducible ;

irreducible

irreducible

reducible ;

reducible ;

reducible ;

reducible ;

reducible ;

reducible ;

reducible ;

reducible ;

reducible:

irreducible
irreducible
irreducible
reducible

irreducible
irreducible
irreducible
reducible

x5+2x3+1:(x2+2x+2)(x3+x2+x+2)

x5+x2+2:(x2+2x+2)(x3+x2+2x+1)

X5

x2+x+4:(x+3)2

x2+4x+4:(x+2)2

+x4+x3+x2+x+2:(x2+2x+2)(x3+2x2+x+1)

45. reducible ; 2x° + x+2= (x2 + x+2)(2x3 + X%+ x+1)

47. irreducible 48. irreducible

50. irreducible 51. irreducible
53. reducible ; x° + 4x% + 4x +1=(x +1)(x+4)2

55. reducible ; x3+4x2+4x+3=(x+3)(x2+x+1)

57. reducible ; x* +3x° +2x? +x+1:(x+1)(x3+2x2 +1)

x4+3x3+3x2+x+1:(x+3)(x3+3x+2)

x4+3x3+4x2+4x+1:(x+3)(x3+4x+2)

x4+4x3+x2+4x+1:(x+1)4

x4 +4x3 + 4x2 +1:(x+3)(x+4)(x2 +2x+3)

x4+4x3+4x2+3x+1=(x+2)(x3+2x2+3)

x2+4x+4:(x+2)2

64. reducible ; x*+6x+5=(x+1)(x+5)

X3 + 2x2 +x+1:(x+4)(x2 +5x+2)66. reducible ; x3+6:(x+3)(x+5)(x+6)

x? +10x+9 =(x+1)(x+9)

x2+x+4:(x+4)(x+8)

72

76.
80.
84.
88.
92.
96.

. irreducible
irreducible
irreducible
irreducible
irreducible
irreducible
irreducible

100. reducible

68. reducible ; X% +7x+4=(x+9)°

70. reducible ; x3+1:(x+1)(x2 +10x+1)

73. irreducible 74. irreducible
77. irreducible 78. irreducible
81. irreducible 82. irreducible
85. irreducible 86. irreducible
89. irreducible 90. irreducible
93. irreducible 94. irreducible
97. irreducible 98. irreducible

101. reducible
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2.5 Primitive Roots

Def . Primitive n™ root of unity : A number o ( real or complex ) is said to be primitive n™ root of

unity if «"=1but ¢*#1 fork=1, 2, ....,n-1.

Results :
27im

1. (i) The ‘n’ n" roots of unity are givenby z=e " , m=0,1,2,..... ,n=1.

27i 4xi 2(n-D)xi 27
i.e, z=1,en en,...e N . Ifweput e " =q, then z=1a,a%0a°,.......a" ™
(2m+1)ﬂi
(i) n™ roots of -1 are givenby z=e " ~, m=0,1 2,....., n—1.

27zim

2. The primitive roots of unity are givenby z=e " , where gcd(m,n)=1.
3. If « is the n root of unity then 1+ o +a?+......+a" 1 =0.

4. The number of n™ primitive roots of unity is ¢(n) .

5. The number of n™ primitive roots of -1 is ¢(2n).

Def. n™ cyclotomic polynomial : Let n be the positive integer and o, s, ...... %(n) primitive "™ roots

polynomial.

6. The polynomial g, (x) is the minimal polynomial of primitive n™ roots of unity over Q.

7. deg(gn(x)):¢(n).

8. The cyclotomic polynomial g, (x) can be calculated using the formula x"-1=]]g,(x).
d/n

9. Cyclotomic polynomial is always irreducible over Q.

The cyclotomic polynomials g, (x) upto n=15.

n gn(X)
1. x-1
2. X+1

3. X2 +x+1
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4. x> +1
5. xS+ x2+x+1
6. X2 —x+1
7 X+ xt 3+ x4 x+1
8. x*+1
9. X0 +x3+1
10. X3+ x2—x+1
11 X0 e x x84 x4 X% x+1
12. x*—x?+1
13. X2 0 @ e x e xC e x x4+ x +1
14. X+ xt =3+ x%—x+1
15. X —x"+x° = x* +x3—x+1
Table of roots and primitive roots of unity
Sr. No. | Equations | Roots Primitive Roots
1. x2 =1 1 -1 -1
2. xS =1 1,(0,(02 co,coz
3. x4 =1 1-1i,-i i, —I
4. x° =1 2 3 2m a,az,a3,a4
Lo,a%,a°,a" where g =e S
5. x8 =1 b 4 s ) a,as
1-La,a%a”,a” where ¢ =e 3
6. x| 21 > 3 4 5 6 2m a,o°,a°,a ,as,a
Lo,a%a’,a”,a,a° where ¢ =e 7
7. X8 =1 o 3 5 7 il a,a3,a5,a7
1,-1i,—i,a,a”,a”,a' where o =e4
8. X0 =1 5 3 4 5 6 7 8 2mi a,az,a4,a5,a7,a
Lo,a%a,a”,a,a°,a',a®° where ¢ =¢e ®
o X0 =1 2 3 4 5 6 7 8 9 o aadal e
Lo,a%a,a”,a’,a°,a',a®,a” where ¢ =e 10
Exercise 2.5
1. Solve the equations : (i) x*+1=0 (i) x*+1=0

2. Construct the cyclotomic polynomial g;q(x) and g,q(X) .
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. The number of prime ideals of Z,, is
(@) 1 (b) O
(c) 2 (d) 5

. The number of prime ideals of ZlOS is

@) 2 (b) 5
() 10 (d) 10000

. Let R be aring and M is an ideal of R, then
(@) If M is maximal ideal then it is prime
ideal.
(b) If M is prime ideal then it is maximal
ideal.
(c) Both (a) and (b).
(d) Neither (a) nor (b).

. The number of homomorphism ¢:Zs — Z o
Is
(a) 1 (b) 2
() 4 (d) 5

If f:R[x]>C as f(p(x))=p(i), where
R[x] is a polynomial ring over.R:, then

(@) f is not homomorphism
(b) f is homomorphism and Ker f =(x-1)

(c) f is homomorphismand Ker f :<x2 +1>

(d) f is homomorphismand. Ker f =<x2 —1>

. Let (E,+,-) be the ring of even integers and

A= {4n:n € Z} . then which is/are correct

I. Aisan ideal.

I.-A'is prime ideal.

[11."A'is maximal ideal.

(@) Tonly (b) land 11

(c) Iand Il only (d) I, Il and HI

. The number of elements in the field <f[l]> is
+i

(@) 2 (b) 3

(€) 5 (d) oo

. Let F be a finite field. If f:F — F, given by

f (x)=x* is a ring homomorphism, then

Z

(b) F :% or characteristic of F = 3.

(c) F _Z or z.
27 37

(d) characteristic of F is.3.

. Let R[x] be the polynomial ring in x over R

and let 1= <x2 +1> be the ideal generated by

the polynomial-x” +1 in R[x]. Then

(@) Iisamaximal ideal.
(b) “kis a prime ideal but not a maximal ideal.
(¢) 1'is not a prime ideal.

(d)-R[x]/1 has zero divisors.
(GATE 2007)

. If S is a finite commutative ring with unity 1,

then

(a) each prime ideal is a maximal ideal.

(b) S may have a prime ideal which is not
maximal.

(c) S has no non-trivial maximal ideals.

(d) Sisa field.

Let Iy =<x2—3> and

I, ={f(x)eZy[x]: f(2)=0} be two ideals
of Zy1[x]. Then

(@ 1, and 1, both are maximal.

(b) 1y is maximal but I, is not.

(c) 1, is maximal but 1, is not.

(d) I, and I, both are not maximal.

12. Let f( ):x3—9x2+9x+3.Then, f(x) is

(@) Irreducible over Q but reducible over




Z,.

(b) Irreducible over both Q and Z,.

(c) Reducible over @Q but irreducible over
Zy.

(d) Reducible over both Q and Z,.

cLet f(x)=x"+4x" +4x3 +4x% +x+1.
Then, the zeros of f (x) over Zg are 1 and 3

with respective multiplicity

(@ land 4 (b) 2and 3

(c) 2and 2 (d) 1and 2
(GATE 2007)

.Let f:C—R suchthat f(x+iy)=x.Then,
Ker f is

(8 {x:xeR}

(b) {0}

(c) {iy:yeR}

(d) {x+iy:x and yarenonzero}

.Let R :{%:a,beZ,bisodd}. Then, Ris a

ring such that
(d) R has unique maximal ideal

| :{%e R: aiseven}.

(b) R has infinitely many maximal ideals.

(c) R has finitely many but-more than one
maximal ideals.

(d) R has no maximal ideal.

. The number of‘homomorphisms
¢:Z5 —> ZZO is

(a) 1 (b) 2

(c) 4 (d) 5

. Let I:<x4+x3+x2+x+1> be the ideal in

Zo[x] and F =Z,[x]/1. Then,

(@) Fisan infinite field.

(b) Fis a finite field of 4 elements.
(c) Fisa finite field of 8 elements.
(d) Fis a finite field of 16 elements.

. Let the set Z /nZ denote the ring of integers
modulo n under addition and multiplication

modulo n. Then, Z /97 is not a subring of
7,1127, because
(@) 7Z/9Z is not a subset of Z /127 .
(b) G.C.D.(9, 12)=3=1
(c) 12 is not a power of 3.
(d) 9 does not divide 12.
(GATE 2005)

. g X] .
. The number of elements in 11[ ] is

<x2 +1>
(@ 11 (b) 121
(c) 1331 (d) None of these

.Ifpisaprimeand Z 24 denote the ring of

integers modulo ' p*, then the number of
maximal ideals in Zp4 is
(a) 4 (b) 2

() 3 (d) 1
(GATE 2001)

. The polynomial f (x)=x>+5 is

(a) “irreducible over C
(b) irreducible over R
(c) irreducible over Q
(d) not irreducible over Q
(GATE 2001)

. Which of the following is not a prime ideal of

Z
@) 27 (b) 47
(c) 5Z d) 77

. Which of the following is not a field ?

@) Z/2Z
) Z14Z

(b) 7137
d) Z/5%

.Let R=ZxZxZ and | =ZxZx{0} . Then,

which of the following statement is correct ?

(@) 1is a maximal ideal but not prime ideal
of R.

(b) Iis a prime ideal but not a maximal ideal
of R.

(c) Iis both maximal as well as prime ideal
of R.

(d) Iis neither a maximal ideal nor a prime
ideal of R.

(GATE 2012)
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25. Let m and n be coprime natural numbers. (@) Fisan infinite field.
Then, the kernel of the ring homomorphism (b) Fisa finite field of 4 elements.
¢:7 — Ly <L, defined by ¢(x)=(X,X), (c) Fis a finite field of 8 elements.
is (d) Fisa finite field of 16 elements.

(c) nz (d) 2 30. Which one of the following ideals of the ring

Z[i] of Gaussian integers is not maximal ?
. Let C[0,1] be the set of all continuous (@) (1+i) (b) (1-i)

functions defined on the interval [0,1]. On (©) (2+i) (d) (3+i)

this set, define addition and multiplication (GATE 2009)
pointwise. Then, C[0,1] is
(a) group but not a ring.
(b) aring but not an integral domain. ideal of Q[x].generated by x? -3 is

(c) a field. (a) maximal but not prime
(d) an integral domain but not a field. (b) prig®@butet maximal.

(GATE 2003) (c) both-maximal and prime.
(d) “neither maximal nor prime.
(GATE 2010)

(GATE 2002)

. Consider the polynomialring Q[x]. The

. Set of multiples of 4 forms an ideal in Z,
the ring of integers under usual addition and
multiplication. This ideal is
(a) aprime ideal but not a maximal ideal. . For the rings L = R[x] :

(b) a maximal ideal but not a prime ideal. <x2 _x +1>

(c) both a prime ideal and a maximal.ideal.

(d) neither a prime ideal nor a maximal M = SN = R[X] Which
ideal. <x2+2x +1>

ATE 2
(G 003) one of the following is true ?

a b (@) L isisomorphicto M ; L is not
Let S = { } -a,b,ce R} be the ring isomorphic to N ; M is not isomorphic to N.
0 ¢ (b) M is isomorphic to N ; M is not
under matrix addition and multiplication. isomorphic to L ; N is not isomorphic to L.

0 p (c) Lisisomorphicto M ; M is isomorphic to
Then, the subset {[ } ‘pe R} IS N.

_ 00 (d) L is not isomorphic to M ; L is not
(a)..not an ideal of S. isomorphic to N ; M is not isomorphic to N.
(b) an ideal but not a prime ideal of S. (GATE 2011)
(c) |sfz;pr|me ideal but not a maximal ideal . If Z[i]is the ring of Gaussian integers , the
of S.
(d) ‘is a maximal ideal of S. quotient ['] is isomorphic to
(GATE 2004) (3-i)

Z
. Let I denote the ideal generated by (@ Z (b) Z

x*+x%+x% + x+1 in Z,[x] and

F=7Z,[x]/1.Then,

Z Z
(© 17 (d) 102
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41. Let p be a prime number. How many distinct
34. The number of maximal ideals in Z,; is sub-rings (with unity) of cardinality p does
(@ 0 (b) 1 the field sz have?

(c) 2 (d) 3 . 2.1
(GATE 2008) 4 p

3, 0y2 _ oy
35. Let f(x)=x"+2x*+1andg(x)=2x"+x+2. (CSIR NET June 2016)

Then over Z

f(x) and g(x) are irreducible.
f (x) is irreducible, but g(x) is not.

. g(x) isirreducible, but f (x) is not.

. neither f (x) nor g(x) is irreducible.
(CSIR NET June 2012)

. The number of non trivial ring
homomorphisms from Z ,, t0Z ,, is

1.1 2. 3 3. 4 4. 7

(CSIR NET June 2012)
. Let R be the ring

Z[x]/((x2+x+1)(x3+x+l)) and | be the

ideal generated by 2 in R. What is the
cardinality of thering R/ 1 ?

1. 27 2. 32

3. 64 4. Infinite

(CSIR NET-June 2015)
. Which of the following is an irreducible

factor of x'* -1 over Q ?
1. xX¥+x*+1
2. x*+1
3. x*=x*+1
4. X=X+ x°=x2+x-1
(CSIR NET Dec 2015)
. How many elements does the set
{zeC|z®="1 7" #-1 for 0<k <60}

have ?
1. 24 2. 30
3. 32 4, 45
(CSIR NET June 2015)

. What is the cardinality of the set
{zeC| z¥=1and 2" #1 for any

0<n<98}?

1. 0 2. 12
3. 42 4. 49
(CSIR NET Dec 2015)

If Sand T are two ideals of a ring R, then

S+T S
(@) “SAT

T

_SmT

S+T T
(©) ~—
T ST

@ 2R Lifres
s ST

. Which of the following is/are correct ?

(a).Field of quotient of a finite integral
domain D is D itself.

(b) The quotient field F of an integral
domain D is the largest field containing
D.

(c) Quotient field of the integral domain
Z5=1{0,1,2,34} is Zs.

(d) The field of quotient of the integral
domain Z of integersis R .

If R is a commutative ring with unity and | be

any ideal of R, then

(@) IfI'is maximal, then R/ is a field.

(b) If1is maximal, then R/ is an integral
domain.

(c) Ifl'is prime ideal, then R/ 1 isan
integral domain.

(d) Iflis prime ideal, then R/1 is a field.

Let R be a commutative ring with unity. If
every ideal of R is prime, then

(a) R is an Integral Domain.

(b) Ris not an Integral Domain.

(c) Risafield.

(d) Risnot a field.

. Which of the following is maximal ideal ?

@ {feC[O,l]: f@j:o}
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(1
b) {feC[O,l]. f(g
. 1
© {feC[O,l]. f(E
(1 1

Let f:F — R be a homomorphism of a field

F into a ring R, then
(a) Kerf isan ideal of R.
(b) Kerf isan ideal of F.

(c) If Ker f ={0}, thenf is an isomorphism.
(d) If Kerf =F = f(x)=0 V xeF.

Let < p(x) > denote the ideal generated by
the polynomial p(x)in Q[x]. If

f (x)=x°+x*+x+1 and

g(x)=x>-x*+x-1, then
L <f(X)>+<g(x)>=<x*+x>
2. (x)>+<g(x)>=<f(x)-g(x)>
3. (
4 (x)>+<g(x)>=<x"-1>

CSIR NET June 2011)

(
) (
)>+<g(x)>=<x*+1>
) (

(

Let 1, be the ideal generated by x*+1and I,
be the ideal generated by x*=x+x—1 in
Q[x]. If R,=Q[x]/1,and R, =Q[x]/1,,
then

1. R, and R, are fields.

2. R, is‘a field and R, is not a field.
3. R, is aniintegral domain, but R, is not

an integral domain.
4. R;and R, are not integral domains.

(CSIR NET June 2011)

Let Z[i] denote the ring of Gaussian
integers. For which of the following values of

n is the quotient ring Z[i]/ nZ[i] an integral

domain ?
1.2 2. 13 3. 19 4, 7
(CSIR NET Dec 2011)

. Let R=Q[x]/1 where I is the ideal

generated by 1+ x%. Let y to the coset of x in
R . Then

. y*+1 is irreducible over R
. y?+y+1 isirreducible over R
. y*—y+1 is irreducible over R

. Y +y*+y+1isirreducible over R
(CSIR NET June 2012)

cLet f(x)=x"+x*+x+1and g(x)=x°+1.

Then in @[],

[
f
f
f
f

. For a positive integer n, let

f,(X)=x""+x"?+..+x+1. Then

1. f (x) isan irreducible polynomial in

n

Q

(x)

[x]

fp(x) is an irreducible polynomial in
[x]

for every positive integer n.

Q[ x| for every prime number p.

f. (x) is an irreducible polynomial in
Q[x] for every prime number p and
every positive integer e.

f, (xpe'l) is an irreducible polynomial

in Q[x]for every prime number p and

every positive integer e.
(CSIR NET Dec 2012)




13. Consider the polynomial . char(R) is always a prime number.
f (x)=x"—x*+14x* +5x+16. Also for a
prime number p, let I, denote the field with

p elements. Which of the following are char(S) divides char(RR), or char(S) = 0.

always true ?

1. Considering f as a polynomial with
coefficients in I, it has no roots in F,. then char(S) = char(R).

2. Considering f as a polynomial with ) _ _
coefficients in I, it is a product of two . If char(R) is a prime number, then R is
irreducible factors of degree 2 over F,. a field.

3. Considering f as a polynomial with
coefficients in I, , it has an irreducible
factor of degree 3 over F, .

. fis a product of two polynomials of
degree 2 over Z.
(CSIR NET Dec 2012)

. If S'is a quotient ring of R, then either

. If Sis a subring of R containing 1,

(CSIR NET Dec 2013)

. Let f (x):x3 +2x% + x—1..Determine in

which of the following_cases f.is irreducible
over the field k.
1. k=Q, the field of rational numbers.

2. k=R, the field or real numbers.
. For a positive integer m, let a_ denote the 3. k=F,, the finite field of 2 elements.
4

number of distinct prime ideals of the ring . k=F,, the finite field of 3 elements.
_Q[x] (CSIR NET Dec 2013)

Then

X
>2 Let f(x)=x"+3x*-9x*+7x+27and let p
2

2. a,=3
4. a;=3
(CSIR NET Dec 2012)

{x-1)
1. a,
3.

a, be a prime. Let f_(x) denote the

corresponding polynomial with coefficients
in Z 1 pZ. Then

. Which of the polynomials are irreducible 1. f,(x) isirreducible over Z/2Z.
over the given rings ? 2. f(x) is irreducible over Q.
. X°+3x*+9x+15 over Q, the field of
rationals 3. fy(x) isirreducible over Z/3Z.
. X*+2x%+x+1 over Z /77, the ring 4. f(x) isirreducible over Z .
of integers modulo.7 (CSIR NET June 2014)
. X3+ x? +x+1 over Z, the ring of
integers . Let R[x] be the polynomial ring ove R in
. X'+ X3 £ X2+ x+1 over Z, the ring of _ _
integers one variable. Let | < R[x] be an ideal. Then

(CSIR NET June 2013) 1. Iis a maximal ideal iff | is a non zero
prime ideal
2. | is a maximal ideal iff the quotient ring

R[x]/1 is isomorphic to R
3. | is a maximal ideal iff I:( f (x))
where f(x) is a non constant

. Let R be a non zero commutative ring with
unity 1, . Define the characteristic of R to be
order of 1, in (R,+) if it is finite and to be O

if the order of 1, in (R,+) is infinite. We irreducible polynomial over R

denote the characteristic of R by char(R). In 4. | is a maximal ideal iff there exists a
non constant polynomial f (x)el of

. : : degree <2
commutative rings with unity. Then (CSIR NET Dec 2014)

the following, let R and S be non zero
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20. Let C([0,1]) be the ring of all real valued

continuous functions on [0,1]. Which of the
following statements are true ?
1. C([O,l]) is an integral domain.

2. The set of all functions vanishing at O is
a maximal ideal.

3. The set of all functions vanishing at both
0 and 1 is a prime ideal.

4. If f «C([0,1]) is such that ( f (x)) =0
for all xe[0,1] for some n>1, then
f(x)=0 forall xe[0,1].

(CSIR NET June 2015)

21. Which of the following polynomials are
irreducible in the ring Z[x] of polynomials
in one variable with integer coefficients ?
1. x*-5

C14+(x +l)+(x+l)2 +(x +1)3 +(x+l)4
L X+ X+ X

Ll x+ X2+ %3
(CSIR NET June 2015)

. Determine which of the following
polynomials are irreducible over the
indicated rings.

1. xX°=3x*+2x*-5x +8over R
. X +2x% +x+1over Q
. X*+3x?—6x+30verZ

. x*+x*+1lover. Z/27
(CSIR NET June 2015)

.Let A denote the quotient ring Q[ X ]/(X*).

Then

1. There are exactly three distinct proper
ideals in A.

2. There is only one prime ideal in A.

3. Ais an integral domain.

4. Let f,g bein Q[X] such that

f-g=0inA.Here f and § denote
the image of f and g respectively in A.

Then f(0)-g(0)=0.
(CSIR NET Dec 2015)

24. Which of the following quotient rings are
fields ?

1. F[X]/(X?+X+1), where F, is the
finite field with 3 elements.
. Z[X]/(X -3)
CQ[X]/(XP+ X +1)
. F,[X]/(X?+X +1) where F, is the

finite field with 2 elements.
(CSIR NET Dec 2015)

25. Let f (x) € Z[x] be a polynomial of degree
> 2. Pick’each.correct statement from below

1.4 f (x) is irreducible in Z[x], then it
is irreducible in Q[x].

2. If f(x) isirreducible in Q[x], then it
is irreducible in Z[x].

3. If f(x) isirreducible in Z[x], then for

all primes p the reduction f (x) of
f (x) modulo p is irreducible in F,[x].
4. If f(x) isirreducible in Z[x], then it is
irreducible in R[x].
(CSIR NET June 2016)
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3.1 Principal Ideal Domain (P.1.D)

Def. Ideal generated by a set: Let S be any subset of a ring R. An ideal A of ring R is said to be

generated by S if it is the smallest ideal containing S. We denote this fact by A=<S > or (S).

Def. Principal Ideal : If we take S = {a} in above definition then we denote <S > by <a >or (a)

and such an ideal is called a principal ideal. In other words, an ideal A of R is said to be principal

ideal if it is generated by a single element of Ri.e. A=<a> forsome aeR.

Def. Principal Ideal Domain (PID) : An integral domain R with unity is called a principalideal

domain if every ideal of R is a principal ideal.

Results :

1. Let R be a commutative ring with unity and a€ R be any element. “Then prove that Ra (or aR) is
the principal ideal generated by ‘a” i.e. <a>=Ra={ra : reR}

2. Z isaP.1.D.: Since all the ideals of Z is of the form.nZ which-is generated by n i.e., nZ:<n>.
3. Every field isa P.1.D. : Since the only ideal of F ( field )is {0} and F and {0} = (0) and F=(1).

4. Z[x] is not aP.1.D.

Proof : It is sufficient to show that there exist at least one ideal in Z [x] which is not a principal ideal.
Consider the ideal B = =< 2, x> ={2 f(x)+xg(x) : f(x) , g(x) € Z[x]}

We claim that B is not a principal ideal , but first we prove that B Z[x] .

Let, if possible, let B= Z[x] thesince le Z[x] so 1B

= 1= xf(x)+29(x)

= 1= x@+axX+.... +a,x") +2(b, +bXx+........ +b,x")

= 1 = 2hb, "which'is not possible for any integer b,.
Hence B=7Z[x]. . Q)

Now let , if possible, let B be a principal ideal generated by k(x) where k(x) € Z [X]

Clearly, X,2eB = <k(x)>
= X = k(x) h(x) forsome h(x)eZ[x] .. 2
and 2 = k(x) t(x) forsome t(x)eZ[x] ... 3)

Multiplying (2) and (3) , we get  xk(x) t(x) = 2k(x) h(x)
= xt(x) = 2h(x)
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= Each co - efficient of t(x) is an even integer.

= t(x) = 2r(x) forsome r(x) e Z[x]
So by (3), we have 2 = 2k(x) r(x)

= 1 = k(x) r(x)

= le <k(x) >=B

= B = Z|[x], which is a contradiction to (1).
Thus , our supposition is wrong. Hence Z[x] is not principal ideal domain.
5. If Fis a field then F[x] isa P.I.D. e.9. Q[x],R [x], C[x],Z[x]are P.L.D.
6. Ina CRU, every maximal ideal is a prime ideal.
7. InaPID, every non zero ideal is maximal iff it is a prime ideal.
Exercise 3.1
Which of the following are principal ideal domain? Justify your answers.

1. Z 2. Q 3. R[x] 4. C[x] 5. Zqp

6. Z, 1. Zg 8. F[x], whereF is a field. 9. F[x,y], where F is a field.

3.2 Prime Element, Irreducible Elements and Associativity

Def. Divisibility in a Commutative Ring : Let R be a commutative ring and a,b € R where a 0.
We say that a divides b if there exists ceR such that b = ac. We then write a/b. If there is no
such element in R then we say that a does not divide b and write a X b.

e.g. (i) Inthe ring of integers (Z,+,.), 2/10 , since 3 aninteger 5 such that 10 = 2.5.

(i) In the ring of even integers, 2%10 , since there is no even integer ‘c’ such that 10 = 2.c

(i) In (@+,.) , 2/7 since there exists %e@ suchthat 7 = 2%.

Results :

1. 'In afield, a non-zero element divides every element.
2. In'a commutative ring R, we have

(i) If a/b, b/c then a/c

(i) If a/b, a/c then a/(bxc)

(iii) If a/b then a/bx for allxe R

(iv) If R isaring with unity ‘1" then 1/x forall xeR.
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Def. Greatest Common Divisor : Let R be a commutative ring. Anelement d € R is said to be

greatest common divisor of a,beR if (i) d/a and d/b, and (ii) if ceR suchthat c/a and

c/b then c/d.

We , thenwrite d=(a,b) or g.cd (a,b).

Def. Least Common Multiple : Let R be a commutative ring. Anelement | e R is said to be

greatest common divisor of a,beR if (i) a/l and b/l, and (ii) if ceR suchthat a/cwand b/c

then 1/c.

We , thenwrite | =(a,b) or lLc.m. (a,b).

Remark : Any two elements in a commutative ring may or may not have a g.c.d. (l.c.m.) , they may

have even more than one g.c.d. (l.c.m.). This is illustrated in the following examples .

(i) Inthe ring of even integers 27, 4 and 6 have no commom divisor. Clearly only divisor of 4 is 2
as 2.2 = 4, but 6 has no divisor. Therfore 4 and 6 have no commom divisor and so no gcd.

(i) Inthe ring of integers Z, 2 and —2 are g.c.d. of 4 and 6. Further, 12 and —12 are l.c.m. of 4
and 6.

(iii) Consider the ring (Z,,+4,%;) where Z,={0,1, 2, 3,4, 5, 6, 7}.

We have, 6 =2x,3 = 2/6  and 4=2x,2=>2/4

Also, if ¢/6 and c/4,then c/(6—4). i.e. c/2.So by definition, gcd(4, 6) =2

Again, we have 6=6x,1 = 6/6 and 4=6x,6=6/4

Also, if ¢/6 and c/4,then as c/6, so by definition, gcd(4, 6) = 6.

Hence there can be more than one gcd of two same elements of a ring.

Similarly , it can be checked thatl.c.m. [3, 6] = 2 and 6.

Remark : In the‘above example we have seen that two elements of a commutative ring may not have

a g.c.d..or l.c.m..But existence of g.c.d. and l.c.m. is assured if the ring R is a principal ideal domain.
Def. Associates” Let R be a CRU, the elements a,b e R are called associatesinR if a=ub for

some unit.u-

Def. Prime Element : Let R be a CRU. Anelement peR issaid to be a prime element if

(i) p=#0 and pisnotaunit (ii) Forevery a,b inRif p/ab then p/a or p/b.

Def. Irreducible element : Let R bea CRU. Anelement peR issaid to be irreducible element of

Rif (i) p= 0 and pisnotaunit (i) Forevery a,binR if p=ab then either a or b is a unit.
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Results :

1.

© N o O

9.

Let R be a PID. Then any two elements a and b in R have a greatest common divisor. Further if d
is g.c.d. of a and b then d=ma+nb for some m, neR.

Let R be a PID. Then, any two non — zero elements of R have a least common multiple.

Let R be a CRU. Then, all the units of R form an abelian group with respect to multiplication of R,
Let R be an integral domain . If a, b are two non-zero elements of R, then a is associate of b iff

a/b and b/a.

In an integral domain R, any two gcd of same pair of elements of R are associates of each other.
In an integral domain R , every prime element is irreducible. However converse is not true.
InaPID, an element is irreducible iff it is prime.

Let R be a PID which is not a field. An ideal A of R is maximal iff it is generated by an irreducible
element of R.

In Z , every prime number and its negative are both irreducible and prime element.

10. Let x = a+b+/d be any element in the ring Z(\/a):{a+b«/aza,bez}then X is a unit iff

a’—db’=+1

11. Units of Z(J—_Z)Z(@)Z(\/E)Z(\/E) ...... are only +1.

12. Units of Z(ﬁ)Z(\@)Z(\@) ...... are infinite in number.

13. Units of Z(i) are 1,-1,i,—i.

Exercise 3.2
In 7 J—_3) prove that 1+ +/=3-is an irreducible element but not a prime element.

In Z «/?) prove that 3'and 1+3v/-5 are irreducible element but not a prime element.

5

In Z[i], prove that 1-i and 3 are irreducible elements and 2 and 5 are not irreducible elements.
Z(«/g) . prove that 2 and 1++/5 are irreducible but not prime element.

inZ \/—6), prove that 7 is an irreducible element or not.
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3.3 Unique Factorization Domain and Euclidean Domain

Def. Euclidean domain : Let R be an integral domain. Then R is said to be Euclidean Domain , if
to every non — zero elementa € R, we can assign a non — negative integer d(a) s.t.
(i) Forall a,beR (a=0,b=0), d(ab)>d(a)
(i) Forall a,beR(b=#0),thereexists gandrinRs.t. a=bqg+r where either r=0 or
d(r) < d(b)
Note : d(a)iscalled d-value of ‘a’, d(a) is not defined for a = 0. Second part-of the definition
called division algorithm.
Results :
1. The ring of integers Zis an ED.
2. Every field isan ED.
3. The field Q of rational numbers with d(a) =0 forall a=0e@ isaED. However, Qwith

d(a)=|a| forall a=0eQ is notaED.

4. The ring of Gaussian integers Z[i]= {a+ib :.a,beZ} isan ED with d(a+ib) =a’ +b°.

5. Every ED isaPID.

6. Let RbeanED and a, b be two non = zero elements of R , then

() If bisaunitinR,then d(ab)=d(a) (ii) If b isnotaunitinR,thend(ab)>d(a).

7. Anelement ‘a’ in an ED is a unit iff d(a)=d(1).

8. Let R bearingand f(x),g(x) be two non-zero polynomials over R, then

(1) If f(x)+g(x)#0+thendeg(f(x)+g(x)) < max. [deg f(x), degg(x)].

(i) If f(x).g(x)=0 ,thendeg( f(x).g(x))< deg f (x)+deg g(x)

(iii) If R is an integral domain , then deg ( f (x).g(x)) =deg f (x)+degg(x).

9. Division. algorithm : Let f(x) and g(x)(0) be two elements of F[x] where F is a field, then
there exist unique polynomials g(x) and r(x) in F[x] such that f (x) = g(x).q(x)+r(x) where
r(x)=0 or degr(x) <degg(x).

10. Remainder theorem: Let F be an arbitrary field. If a polynomial f(x) e F[x] is divided by
Xx—a , then the remainder is f (a) .

11. Factor theorem : A polynomial f(x)e F[x] is divisible by a x—a iff f(a) =0.
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12. If F isa field, then F[x] is an ED.
13. Riis an integral domain iff R[x] is an integral domain.

Def. Ring of polynomials over n symbols : Let X;,Xy,........ ,X,, be n symbols. Consider the ring of
polynomials R[ x,]. Let us denote this ring by R, . Now consider R,[x,]. This is a polynomial ring in
symbol x, over the ring R,. We shall write this ring as R[x,,x,] i.e. R,[X,] = R[x;,x,]

Now let us denote thisring by R, i.e. R,= R,[x,] = R[x,X,]

Continuing like this, we get the ring inn symbolsas R, = R, ,[X,] = R[X,X,....... X,]

14. If R is an integral domain, then R[x,, X, ,........ ,X,] is also an integral domain.

15. Let R be a commutative ring with unity such that R[x] is PID , then R is a‘field.

16. If F is a field then F[X,X,,........ ,X,] 1snot a PID, but it is UFD.

Def. Unique Factorization Domain : An integral domain D is a unique factorization domain if

(i) Every non-zero element of D that is not a unit can be written as a product of irreducibles elements
of D, and

(i) The factorization into irreducibles is unique up to associates and the order in which the factor appear.

Results :

1. Z isa UFD.

2. Ina UFD, an element is prime element iff it.is an.irreducible element.

3. Field = ED = PID = UFD = ID.

4. Contrapositive : Not ID = Not UFD = Not PID = Not ED = Not Field.

5. If D is UFD then D|x] is also UFD.
6. If R is PID then it is notnecessary that R[x] is also PID.

7. If Fis afield then F[x] isa ED with d( f (x))=degree( f (x))

8. By above result, Q[x],R[x],C[x],Z ,[x] are ED.
9. Z(\/——l) andZ(JTZ) are UFD.
10. Z(«/—_B)Z(\/—_S)Z(\/E) ...... are not UFD.

Exercise 3.3

1. Add and multiply the polynomials f(x) =5+ 4x+3x*+2x>and g(x) =1+5%*+4x° over Z,
2. Add and multiply the polynomials over f(x)=2+x*+2x> and g(x) =1+4x* over Z,

3. Show that< x*+1> is not a prime ideal of Z,[x].

4. In Z(«/E) factorise 21 and 46 into two different ways.




RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
| NET Ring Theory 3 Page 49 |

5. In Z(«/E) factorise 10 in two different ways.

Table
S.No. | Structure Field E.D. P.1.D. UF.D. |ID.
1. 7 N Y Y Y Y
2. Q Y Y Y Y Y
3 R Y Y Y Y Y
4 C Y Y Y Y X
5 Z, Y Y Y Y Y
6 Z[X] N N N Y Y
7 Q[x] N Y Y Y Y
8 R[] N Y Y Y Y
9 C[x] N Y Y Y Y
10. Z,[x] N Y Y Y Y
11. Z,[i]. p=4k+3 Y Y Y Y Y
12. Z,[i], p#4k+3 N N N N N
13. Z]i] N Y Y Y Y
14. Z(\/z) N Y Y Y Y
15. Z(\/—_S_) N N N N Y
16. Z(\/:f;) N N N N Y
17. z(V2) N Y
18. Z( \/g) N Y
19. Z(\/g) N N N N Y
20. Q(\/E) Y Y Y Y Y
21. Z(l N _19J N N Y Y Y
2
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. A polynomial domain f(x)over afield Fisa
(@) ED (b) principal ideal ring
(c) PID (d) All of the above

. Which of the following statement is true

about S =Z[x] ?

(@) SisanE.D. since all its ideals are
principal.

(b) SisanE.D.since Z isanE.D.

(c) SisnotanE.D. since S is not an I.D.

(d) Sis notan E.D. since it has non-principal
ideals.

Let f(x)eQ[x], define

| :{f(x)eq[x]: f@j:o},then

(a) 1is not an ideal but subring of Q[x].

(b) Iis an ideal but not principal ideal.
(c) Iis principal ideal but not maximal ideal.
(d) Iis principal as well as maximal ideal.

. The number of associates of 2+ 3i in the
Euclidean domain of Guassian.integers is
(a) 1 (b) 2
(c) 3 (d) 4

. Which of the following is true 2
() UFD = ED = PID
(b) PID = ED =UFD
(c) ED= PID'=UFD
(d) PID=UFD = ED

. Which one of the following is true ?
(a) Every PID is a Euclidean domain.
(b). Every UFD is a Euclidean domain.

(c) Forany field F, F[x] is a Euclidean

domain.
(d) None

. Which of the following rings is a PID ?
1. Q[xy]/(x)
2. 7Z®Z

8.

2.

3.

3. Z[X]
4. M,(Z), thering of 2x2 matrices with

entries in Z
(CSIR NET June 2013)

Let R be a Euclidean domain such that R is
not a field. Then the polynomial ring R[X |

is always

1. a Euclidean domain.

2. aprincipal ideal domain, but nota
Euclidean domain.

3. a unique factorization’domain, but not a
principal ideal domain:

4. not a unique factorization domain.

(CSIR NET Dec 2015)

. Which of the following is/are correct ?

(a) 3 is prime element in Z[\/EJ

(b) 1++/-5 and 1—+/-5 both are not prime
element in Z[\/EJ

(c) Every irreducible element in Z[\/EJ

need not be prime element.
(d) The ged of 6 and 2(1+ \/—_5) does not

exists in Z[\/EJ
Which of the following is NOT true ?
(8) Z[x] isa UFD

(b) Any two irreducibles in any UFD are
associates.

(c) If DisaPID, then D[x] isaPID.
(d) A UFD is without zero divisor.

Which of the following integral domains are
Euclidean domains ?

1. Z[«/—_3J:{a+b\/§:a,bez}

2. Z|[x]
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3. R[Xz,xﬂ:{f:gaixieR[X]:alzo}

YA
4, (%}[y] where X, y are independent
, X
variables and (2, x) is the ideal generated
by 2 and x.
(CSIR NET Dec 2011)

4. Consider the ring

R= Z[«/—_S}:{a+b\/—_5:a,bez} and the

element a=3+~/-5 of R. Then
1. a isprime
2. o isirreducible
3. Ris not a unique factorization domain
4. R is not an integral domain
(CSIR NET Dec 2012)

. Let R be the ring obtained by taking the
quotient of (Z/6Z)[ X | by the principal
ideal (2X+4). Then
1. R has infinitely many elements.
2. Risa field.
3. SisaunitinR,
4. 4isaunitinR.
(CSIR NET Dec 2013)

Let R be the ring of all entire functions, i.e./ R
is the ring of functions f :C — € that are
analytic at every point of C, with.respect to
pointwise addition and multiplication. Then
1. The units in R are precisely the

nowhere vanishing.entire functions, i.e.

f:C—>C stfisentireand f(a)=0

forall o e C.

2. The irreducible-elements of R are, up to
multiplication by a unit, linear
polynomials of the form z -« , where
aeC, ie., if f eRisirreducible, then

f(z)=(z-a)g(z) forall ze C, where

gisaunitinRand  eC.
3. Riis an integral domain.
4. R is a unique factorization domain.
(CSIR NET June 2014)

. Let R be a commutative ring with unity, such
that R[ X ] is a UFD. Denote the ideal (X))

of R[X] by I. Pick each correct statement
from below :

. 1 is prime.
. If I'is maximal, then R[X ] is a PID.

CAf R[X] is a Euclidean domain, then | is

maximal.

CAf R[X] is a PID, then it is a Euclidean

domain.
(CSIR NET June 2016)

Assignment Key
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RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
| NET Field Theory Page 53 |

4.1 Field Extensions
Def . Field Extension : A field K is said to a field extension of a field F if F is a subfield of K or F is
isomorphic to a subfield of K.
e.g, C/R,C/Q,R/Q are field extension.
Remark : K /F is a field extension but not a quotient ring.
Def . Degree of an field extension : Let K /F be a field extension, then K is a vector space-over F

and therefore it must have a dimension. The dimension of K over F is called degree of K over Fand it

is denoted by [K : F]
Results: () [C:C]=1 (i) [R:R]=1 (i) [CiR]=2

(iv) [R:Q]= (v) [C:Q]=w» (viy " [Q:Q]=1
Def . Finite Extension : The extension K / F is said to be finite if-its degree is finite.
Def . Infinite Extension : The extension K/ F is said to be infinite if its degree is infinite.
Def . Algebraic Element : Let K/ F be any field extension.”/An element a € K is said to be algebraic
over F if ‘a’ satisfies some polynomial over F.
Def . Algebraic Extension : An extension K / Fis said to be algebraic extension if every element of
K is algebraic over F.
Def . Non—Algebraic Extension : An extension K / F is said to be non—algebraic if there is atleast
one element in K which is not algebraic over F.

Def . Minimal Polynomial of an element : Let K/ F be any extension and a K be any algebraic

element. A polynomial m(x) e F[x] is said to be ‘minimal polynomial” of a over F if
() m(x)is monic. (ii) m(a)=0 (iii) m(x) is irreducible over F.
ie, m(x) is lowest degree monic polynomial which is satisfied by ‘a’.

Results :

1. If e is a primitive p™ root of unity where p is a prime, then minimal polynomial of & over Q is
M(X)=x""+xP2 + .4+ X+ x+1,
2. Degree of minimal polynomial of any real number over R is 1 and any non-real complex number is 2.

3. A minimal polynomial of n" primitive root of unity over Q is g, (x).
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Sr Element Minimal Polynomial
over Q over R over C
N
1. 1 1 1 1
- X—— X—— X——
2 2 2 2
2. J2 X2 —2 X—+/2 X—+/2
3. i X2 +1 x%+1 o\
4. o X2 +x+1 X2 +x+1 ) 2
5. 32 x3—2 x—32 x—32
6. 1442 X2 —2x -1 x-1-+2 x-1-+/2
T [z @ _10¢% +1 RN 23
8. J1+32 x®—3x* +3x% -3 x—y1+32 x—1+ 32
9. 32— 12 +3x8 —ax® +3x* +12x% +5 [ 2 x—~¥2 —i
x? —2ax+\1+23 |
where
[ 2
a= %+% 1+23
(2)3
10 3-/6 x* —6x% +3 X—+/3-+/6 x—+/3-+/6
11 2x% 62 1 1
— 7 A X—,|=+~7 X—,|=+~7
v 3 9 3 V7 3 V7
12 32 +i X2 +3x8 —4x® +3x* +12x% +5 [ 2 X—¥2+i
x? —2ax+\1+23 |
where
[ 2
a= %+% 1+23
(2)3
13 | ¥2+43 x-¥2-43 x-¥2-43
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| 2+ 3 6% «2-Ta «2-Ta
15 J-3+42 x* +2x2 +25 X% +23/2 x+5 x—-3-+2
16 T does not exist X—71 X—1
17 e does not exist X—¢€ X—€
18 271 91(X):X—1 x-1 x—1
el =1
19 27 gz(x):x+1 X+1 X+1
e?2 =-1
20 2m 0g(X) =X+ x+1 X%+ x+1 X-o
ed =w
21 2 x)=x%+1 x%+1 X=1
ed =i 92 (x)
22 2 x)=x*+x3+x% £ x+1 2 27 2
65 9s(X) X° —2c0s = x+1 x—_g 5
23 2m X)=x2—x+1 2 T 2xi
6 6 96 (X) X° —2c0s 3 x+1 x_g 6
24 2 97 () =X+ X+ X} + 33+ X2+ x+1 | (2 _ocos[ 27 1xat 27
e’ 7 x—e’
25 2n x)=x*+1 2 T 2r
o 8 Js(X) X° —2c0s " x+1 x_g 8
26 a x)=x%+x3+1 2 21 il
6 O Jo () X~ —2c0s 9 x+1 x_g 9
27 27 43 2 7
e 10 O10(X) = X" =X +x" —x+1 x% —2cos %)x+1 K_@b
28 % gll(x)leo+xg+x8+x7 x2—2cos(2—ﬂ]x+l %
e 1 X—e
P xt X% x+1
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29 27i _ V4 2 7i
e% G (X) = X" X" +1 XZ—ZCOS(%]X+1 6

Results :
1. Every finite extension is algebraic but converse may not be true.
2. Finite extension of finite extension is finite.

3. Let K/E and E/ F are two finite extension then K/ F is also a finite extension and

[K:F]=[K:E][E:F]

o

. Algebraic extension of algebraic extension is algebraic.

o

Let K/F be any extension. Suppose a and b are two algebraic element of K over F, then a+Db,

a-b, ab, ab‘l(b # O)are also algebraic over F.

Def. F(a) = Smallest field containing F and F(a,b)= Smallest field containing F, a and b.

6. @(ﬁ) = {a+bﬁ:a,be@}
7. Q[i]={a+ib:abeqQ)

8. Let K/F be any extension and a € K be any algebraic element then

(i) [F(a):F |= degree of minimal polynomial of a ‘over F.
(ii) If [F(a):F ]=n, then {La,a*...,a" '} is a basis of F(a) overF.

9. Here p,’sand g;’s all are distinct primes.

(i) | Q[P Pas- P, ): Q=3
) [ QP& Pa s P, ) QP2 P23y ) |23 0<m <

(vi) :Q(\/E\/F2 ..... NENE O g/a)(@(\/a\/pi2 ..... Jp. 30,30, i/qi)J:Z“"-?’s,Ogrgn,Ogssm

Remarks :

() The above six results are also true if some or all commas are replaced by plus (+) or minus (-).

(if) 1and @ behave as \/B because they are of degree 2.
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pri
10. If pandq(=0) are any integers then e ° ,sin(ﬂjand cos(ﬂj are algebraic over Q.
q q

11. sinm°andcosm’ are algebraic over Q@ where me Q.

Exercise 4.1

1. Prove that @(ﬁ,ﬁ)ﬂ@(ﬁh@).

2. If p,and p, are distinct primes then prove that @(\/E\/pj):(@(\/ai\/pj)

3. Find the following degrees and corresponding basis over Q :

() Q(v2) (i) Q(v2++3) (iii) Q(i)
(V) Q(o) (v) Q(1+i) () 9(32)
(vii) @(iﬁ) (viii) Q(a) Whereci—e T

4. Find the following degrees and corresponding basis over R
(i) R(ﬁ) (ii) R(ﬁ+\@) (iii) R(i)
(iv) R(w) (v) R(1%i) (vi) R(%)
(vi) R(¥2) (viii) R(a) wherea—e 7

5. Evaluate the following degrees and the corresponding basis :
() Q(V2,V3)over (2} (i) Q(v2,0) over Q(w)
(iii) Q(v/2, ) over Q(+2) (iv) Q(v2.i) over Q(i)
) Q(v2,i}over @(v2) (i) Q(¥2,0) over Q(o)
(vii) QN2 +¥/3) over Q(+2) (viii) Q(v2 + o) over @(v2)
(i) Q(V2+32)over Q(2)

Answers
3. (i) degree = 2 ; basis = {12} (ii) degree =4 ; basis ={1,v/2,3,v2+3]

(iii) degree =2 ; basis ={1,i} (iv) degree =2 ; basis = {1, o}
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1 2
(v) degree =2 ; basis ={1,i} (vi) degree =3 ; basis {1,23,23}

(vii) degree =5 ; basis = 125 25 |25 25} (viii) degree =6 ; basis ={1,a,a2,a3,a4,a5}

4. (i) degree =1 ; basis = {1} (ii) degree =1 ; basis = {1}
(iii) degree =2 ; basis ={1,i} (iv) degree =2 ; basis = {1, w}
(v) degree =2 ; basis = {1,i} (vi) degree =1 ; basis = {1}
(vii) degree =1 ; basis = {1} (viii) degree =2 ; basis = {1,er}

5. (i) degree =2 ; basis —{ } (i) degree =2 ; basis :{1,\/5}
(iiii) degree =2 ; basis = {1, ) (iv) degree =2 ;basis :{1,\5}

12

(v) degree =2 ; basis = {1,i} (vi) degree =3 basis {1,23,23}
(vii) degree =2 ; basis :{1,«@} (viii) degree =2 ; basis = {1, w}

1 2
(ix) degree =3 ; basis {1,23,23}

4.2 Splitting field and Multiple roots
Def. Splitting Field : Let/f (x) e F[x] be any polynomial where F is a field. The splitting field of

f (x) over F is the smallest extension of F which contains all the roots of f (x) )

Results :

1. Kronecker’s Theorem : Let F be a field and f (x) a non constant polynomial F[x]. Then there
is‘an extension field E of F in which f (x) has a zero (roots).

2. Let F be afield and let p(x)e F[x] be irreducible over F. If ‘a’ is a zero of p(x) in some

extension E of F then F(a) is isomorphic to M ie, F(a)= FIx] . Furthermore, if

(p(x))
deg p(x)zn, then every member of F (a) can be uniquely expressed in the form

1 -2
C,,8"  +C, ,a" “+....+ca+c,, where c,,C,.....,C,, € F.

3. Splitting Fields are unique i.e, isomorphic.
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4. Criterion for multiple zeros : A polynomial f (x) over a field F has a multiple zero in some

extension E iff f(x) and f'(x) have a common factor of positive degree in F[x].

5. Working Rule to find the splitting field over Q :

(i) Find out the roots of the given polynomial.
(if) Adjoin all the roots with Q.

(iif) Simplify to obtain splitting field.

Exercise 4.2
1. Find the splitting field, its degree and basis for the polynomial over Q:

() x*+1 (i) x°+1 (iii) x° -1
(iv) x°-3x*+x*-3 (v) x*+x*+1 (vi) x*+2
(vii) x* -3 (viii) x* -2 (ix) x*=5%*+6

2. Show that x*+ x+1 over Z, does not have any multiplezeros in any field extension of Z, .
3. Show that x**+2x® +1 does not have multiple zeros in any extension of Z,.

4. Show that x** +2x% +1 has multiple zeros in some extension of Z;.

Answers

1. (i) @(ﬁ,i) - degree =4 ; basis :{1,\/§,i,ﬁi}
(ii) @(\@,i) - degree =4 ;basis :{1,\@,i,«@i}

27i
(ii)) Q(a), where.@ =g'5 ; degree =4 ; basis ={1,a,a2,oc3}

i
- degree =4 ; basis :{1,\@,i,«@i}

1 1 23 1 2 3
(vi) Q 24,i] ; degree =8 ; basis {1,24,24,24, i,24i,24i,24i}

23 1 23
,34,34,i,34i,34i,34i}
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1 123 1 2 3
viii) Q| 24,i | ; degree =8 ; basis =41,24,24,24,i,241,24i,24i
g

(i) Q(v2,V/3) ; degree =4 ; basis ={1,4/2,1/3,42+3]

4.3 Finite Fields

Results :

1. Fis finite iff F" is cyclic where F*=F —{0}.OR F is infinite iff F" is non cyclic.

2. Q',R*,C" are always abelian group w.r.t. multiplication but not cyclic as.Q, Rand C “are field of
infinite order.

3. Z’; is a cyclic group with respect to x, where p is a prime number.

4. Characteristic of a integral domain is either zero or a prime number:.
Def. Prime Field : A field having no proper subfield is called a prime field.

5. Upto isomorphism there are only two prime fields namely QandZ ;.

6. [R:R]=1and[C:R]=2, so there are no field between RandC.

7. [R:Q]=ccand[Q:Q]=1, so there are infinite many fields between QandR .

8. The number of subfields of a field.of order. p" is d (n) i.e, number of divisors of n.

9. LetF be a field with O( F): p" then it has a unique subfield of order p™ iff m divides n.

10. Let K be a field of order-p" and F be its subfield of order p™, where m divides n, then K/ F isa

finite (and hence algebraic) extension and [K : F]:%.
Exercise 4.3
1. The no. of'subfields of a field of order 97% is
(a) 98 (b) 97 (©) 2 (d) 99
2. Which of the following number can be order of a subfield of a field of order 81
@ 1 (b) 3 (© 9 (d) 27
3. The number of subfields of a field of order 43'** is
@ 9 (b) 12 (c) 10 (d) None of these

4. Let F be a field of order 16 and d,,d,,d, denotes the number of elements of multiplicative order

3, 5, 15 respectively, then which of the following is/ are
(@ d;<d,<d, (b) d, <2d,=d, (c) d,-d,=d, (d) d,+d,+d, <14
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. Which of the following(s) is subfield of a
field of order 32 ?
1. R

3. R

2. F,
4. Fg

If K is an extension of F, then degree of K
over Fis

1. dimension of K as vector space over F.

ek

2.
3. ek+l
4. None of the above

If K is a extension of field Fand acK is
algebraic of degree n over F, then

1. [F(a):F]=n
2. [F(a):K]=n
3. [K:F(a)]=n

4. [F:F(a)]=n

. The extension K of field F is an algebraic
extension of F

1. everyelement ae K is algebraic-over F
2. forsome a<K isalgebraic over £

3. zero element is algebraic over F

4. None of the above

. Transitivity of algebraic extension is

1. ifL is an algebraic extension of K and K
is an algebraic extension of F, then L is
an-algebraic extension of F.
if K be an.extension of a field F, then the
elements-in K which are algebraic over F
form a subfield of K.

. every finite extension K of a field F is

algebraic.
if K be an extension of a field F and let
ae K be algebraic of degree n over F.

Then, [F(a):F]:n

. Check the correct statement.

1. IfFisany field, so degree of F over F is

7.

two.
If L is a finite extension of K and if K is a
finte extension of F, then L is a finite
extension of F.
If K be an extension of the field F, then K
is said to be a finite extension of F, if the
degree of K over F is finite.

4. Both 2 and 3.

If K be an extension of a field F. Then, the
element a € K is algebraic over F if and only
if

1. F(a) isainfinite extension of F.

2. F(a) is a finite extension of F.

3. F(a) is non-algebraic over F.

4. None of the above.

If K be an extension of a field F, then

mapping. ¢:F [x] — F(a) defined by

h(x)=h(a) is
1. isomorphism 2. homomorphism
3. Bothland2 4. None of these

Degree of Q(\E \@) over Q, where Q is the

field of rational number is
1. 4 2.3
3.1 4, 2

. The relation between the fields Q(\E) and

Q(3+\E ) , where Q is the field of rational
numbers is

1. Q(v2)+Q(3+v2)=0

2. Q(v2)=q(3++2)

3. Q(v2)xQ(3++2)=0
_Qv2

Q(3+J§):0




. If L is a finite extension of K and K is a
finite extension of field F, then
1. Fis a finite extension of L
2. L is afinite extension of F
3. Kisasubfield of F
4. L issubfield of K

. If L is a finite extension of F and K is a
subfield of L which contains F, then

1. [L:F]I[K:F]
2. [K:F]|[L:F]
3. [K:F]I[F:L]
4. [F:K]|[L:F]

.IfKisanextensionof Fand ae K, F(a) is

a finite extension, then
1. ais algebraic over F.
. ais not algebraic over F.

2
3. F(a) isthe largest subfield of K.
4. None of the above

.Ifaand b in K (where K is an extension of
field F) are algebraic over F of degree m and
n, respectively the following is false

. ab is algebraic over F.
a+b isalgebraic over F.
a—b is algebraic over F.
None of the above

. If F is a subfield of L and K is a subfield of L
which contains F. Then,

[K:F]I[L:F]

~Anelement a e K is algebraic over field F,
iffor ay,.....,a, € F all not zero

1. ag@"+a@" +..+a, %20

2. apa" +0¢1an_1 +.. +ana”‘1 =0
3. qua"+a@a" . +a, =0
4

None of the above

. If K is an extension of field Fand ae K is
algebraic over F, if

1. F (a) is an extension of F

2. F(a) isasubfield of F

3. F (a) is finite extension of F
4. None of the above

18. A complex number is algebraic number, if

23.

1. itis algebraic over real numbers.

2. it is algebraic over rational numbers.
3. it is algebraic over integers.

4. it is algebraic over natural numbers.

. If f(x)e F[x], then there is a finite

extension E of F, such that
1.

2
3.
4

. Find out'which.algebraic structure is a field

1. ({a\/E:ae I},+,-)
2, ({aﬁ:aeQ} +,-)
3 ({aﬁ:ae R} +,-)

4. None of these

. Let F4, Fg and Fg be finite fields of 4, 8

and 16 elements, respectively. Then,
F, is isomorphic to a subfield of Fg

Fg is isomorphic to a subfield of Fg
3. F, isomorphic to a subfield of Fg
4. None of the above

. Let I denote the ideal generated by

x*+x3 +x2

+x+1in Z,[x] and
F =Z,[x]/1. Then,

1. Fis an infinite field.

2. Fis a finite field of 4 elements.
3. Fis a finite field of 8 elements.
4. Fisa finite field of 16 elements.

The no. of subfields of a field of order 97°’
[

(@) 98
(c) 2

(b) 97
(d) 99
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24. Which of the following number can be order
of a subfield of a field of order 81
(@ 1 (b 3
(c) 9 (d) 27
. The number of subfields of a field of order
43" is
(@ 9 (b) 12
(c) 10 (d) 15
. Let F be a field of order 16 and d,,d,,d,
denotes the number of elements of
multiplicative order 3, 5, 15 respectively,
then which of the following is/ are
(@ d <d,<d, (b) d,<2d,=d,
(c) d,-d,=d, (d) d,+d,+d, <14
27. Which of the following polynomial have
multiple roots in some extension of the
respective field.
(@) x*+x*+1eZ,[X]
(b) x*+28x°+1eZ,[x]

() X*+x+1eZ,[X]

(d) x*+2x+2eZ,[x]

. The degree of the extension @(\EHE)

Over the field @(\E) is

1.1 2. 2
3.3 4. 6
(CSIR NET June 2011)

. For which of the following primes p, does the

polynomial x*+x+6 have a root of
multiplicity >1 over a field of characteristic

p?

2. p=3
4, p=7
(CSIR NET Dec 2011)

1. p=2
3. p=5

. Let F be a field of 8 elements and

A={xeF ‘x7 =1 and x* =1 for all natural

numbers k <7}. Then the number of

elements in A is

1.1 2. 2 3.3 4. 6
(CSIR NET June 2012)

. Let » be a complex number such that

o’ =land w=#1. Suppose L is the field
@(iﬁ,a)) generated by ¥/2 and @ over the

field Q of rational numbers. Then the
number of subfields Kof Lst. Qc K c L is

1.2 2. 3 3. 4 4. 5
(CSIR NET Dec 2012)

. Let'F < C be the splitting field of

x" —2overQ, and z=e*""" a primitive
seventh root of unity.

Let [F :@(z)]:aand[F :(/ﬂ:b . Then
1. a=b=7 2. a=b=6

3.a>hb 4, a<b
(CSIR NET June 2013)

. Find the degree of the field extension

@(ﬁ,@,ﬁ/ﬁ)over@.

1. 4 2. 8 3. 14 4. 32
(CSIR NET Dec 2014)

. The number of subfields of a field of

cardinality 2'® is
1.2 2. 4
3.9 4. 100
(CSIR NET June 2015)




Let K be a field, L a finite extension of K and
M a finite extension of L. Then,

[M:K]=[M:L]+[L:K]
[M:K]=[M:L][L:K]
[M:L] divides [M :K]
[L:K] divides [M:K]

Let Q be the field of rational numbers, then
J2 and /3 are both algebraic over Q

Q2 5)o(2)] -2
Q2. 5)2( )] -3
o(v2 )] -

If E is finite extension of F and L is a finite
extension of E, then
1. L is a finite extension of F.

2. [L:F]=[L:E][E:F].
3. L is not a finite extension of F.
4. [L:F]#[L:E][E:F]

. Which of the following statement(s) is/are
true ?

1. If « isarootof x" -1, then &' isalso a

root of x" —1 where r is a positive
integer.

If m and n are relatively prime, then the
polynomials x" =1 .and x™ <1 not have
any common root except 1.

If o isarootof x"—1,then " isnota

root of x™—1 where r is positive integer.
If m and n are relatively prime, then the

polynomials x" -1 and x™ -1 have
many common root.

If one root of x* +2x3 —5x? +6x+2 is

-2 +\/§, then

1. irrational roots occurs in pair

2. irrational roots does not occurs in pair

3. 1+i isalso one root

4. if —2++/3 is a root, therefore —2—+/3 is
also a root

6. Which of the following is true ?

1. sin7° is algebraic over Q.

2. cos% is a algebraic over Q.

. sin™'1 is algebraic over Q.

. N2 ++/x is algebraic over Q().
(CSIR NET June 2012)

Let F=F,[x]/(x°+2x-1), where F,s the

field with 3 elements. Which of the following
statements are true ?
1. Fis field with 27 elements
2. Fisaseparable but not'a normal
extension of F,
3. The automorphism group of F is cyclic
4. The automorphism group of F is
abelian but not.cyclic
(CSIR NET June 2013)

Let F and F' be two finite fields of order q

and.q' respectively. Then:

1.~ F " contains a subfield isomorphic to F
ifand only if q<q'.

2. F' contains a subfield isomorphic to F
if and only if q divides q'.
If the g.c.dofqand q' is not 1, then
both are isomorphic to subfields of
some finite field L.
Both Fand F' are quotient rings of the
ring Z[X].

(CSIR NET Dec 2013)

. Which of the following is/are true ?

1. Given any positive integer n, there
exists a field extension of Q of degree n.

2. Given a positive integer n, there exist
fields F and Ks.t. Fc K and K is
Galois over F with [K:F]=n.

3. Let K be a Galois extension of Q with

[K:Q]=4.Thenthere is a field L s.t.
Ko>L2Q([L:Q]=2 and L is a Galois
extension of Q.
4. There is an algebraic extension K of Q
such that [K : @] is not finite.
(CSIR NET Dec 2014)
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MCQ

10. Let w:cosz—ﬂ+isin2—ﬂ. Let K :@(a)z)
10 10

B,C.D
AB,D
AB

CD

and let L=Q(w). Then

1. [L:Q]=10 2. [L:K]=2

3. [K:Q]=4 4. L=K
(CSIR NET Dec 2015)
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