RANDOM PROCESSES

STOCHASTIC PROCESSES

CHAPTER: 5



2.1 what is stochastic process

Random event
Random wvariable
Stochastic process

A A A
/ / /
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What is the random event?

The result that we can observe Is not certain.
Example:

A coin has two sides, the one is called
obverse side and the other i1s called reverso.

obverse
51 de



Throwing the coin , the obverse side or
the reverso will be upturned.

Before throwing it ,we can not make
sure which side will be upturned.

INn a word, the result we can observe iIs
not certain.

Example2:

How many guests will go into the supermarket |,
from 9 to 10 in the morning ?

The result maybe any positive Integer
(0,1,2,...),which Is not certain.



Random Variable

Let X(A) represent the functional relationship
between a random event A and a real number.

X(A) is called a random variable.

The random wvariable may be discrete or
continuous. when X(A) 1s countable , 1t 1s discrete;
and X(A) 1s an mnterval of a real line, 1t 1s

contimuous.

. if the obverse side
©is upturned
X (1) =+ _
0 If the reverso
” is upturned




The probability of X(t)=1 1s 0.5 ;
The probability of X(t)=0 1s 0.5 ;

The random variable X(t) 1s as following :

e
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Let X&) denote state of throwing
coin at time ~z,.
We observe the state of throwing coin
at successive times

X(t1) X(t2) - .. X (tn)

O t1 t2 .. tn

—iy



The collection of random variables X ={X(z,).7, T’}
can show process of throwing coin 1n any

time period.

The collection of random variables X ={X(z).7, T}

1s called Stochastic process.

Definition of Stochastic Process .

Let X () denote state of throwing
coin attime 7 .

The collection of random variables

X ={Xm.reT} is called Stochastic
process .



The set T I1s called index set.

When the index set T Is countable X iIs
called a discrete-time process.

When the index set T 1s an interval of the
real line ,X is called a continuous-time
process.

For example , we observe the state of throwing
coin every minute , the index set T is {0,1,2,...}
which Is countable , thus the collection of
random variable X =!{X(z),reT}  canbe
called a discrete-time process.



A Stochastic process X(A,t) can be viewed
as a function of two variables: random
event A and time t.

For a specific event 4. .we have a single time
function X(4..r) which is called a sample function.

For a specific time 7., X(4.t) IS a random
variable whose value depends on the event A.
For notational convenience we shall designhate

the random process by Xx(r), and let the
functional dependence upon A be implicit.



Real number X

sample
function

Time



1.2 number character

Stochastic process x ={Xx(»,re7} Let X(t) denote
state of X at time t; X(t) is the random variable
obtained by observing the Stochastic process at time t.

Definition1 : we define the mean of the Stochastic

process X as
’ when X (t) is a continois

o
Xf y dx
N 'L’: Tx, random variable
my (1) = E{X()} =<

T | when X (1) is a discrete
Z X PIX(1)=X,}
L. =0

random variable

Where [ '{e} is called the expected value operator
Jx, (X) Is the probability density function of X(t);
Pix(n=x Is the probability distribution of X(t).



Average of random process

random process X ={X(t),t>0}={X(t, A),t >0}

IS a function with two variable ,thetime t and
the random event A

 Ensemble average
Expectation operator E{}
The Ensemble average of X(t) : E{X(t)}
The Ensemble average of the autocorrelation :
R, (t,t+7)=E{X(t) - X(t+7)}
* Time average



Operator : Iimi j{-}dt

The time average of X(t)

T

1
<X(0)>=lim—— jT x(t)dt

where x(t) Is any specific sample function.
The time average of the autocorrelation :

< X)X (t+7) >= m% } X(D)X(t + 7)dlt



Example:
Consider process  X(t)=a-cos(at+¢@)

a, areconstant. RV ¢@ Is uniform In the
interval (-1r, 1)
(1)Find the Ensemble average of X(t) and its
autocorrelation function.

(2)Find the time average of x(t) and its
autocorrelation function.



Solution :
(1) The Ensemble average and autocorrelation

function
Solution: r
The probability density function of RV @ RX("” )= E“lX(r)'X(H T)}

1 =E{a-cos(ar+0)-a-cos(ar+or+0)|
f)= 7m0 3
flo)=y71-(-7 (

0 ther = {7'[Los(m+2m+(o)+cos((or)]}
E{X(f)} = E{a-cos(axt + @)} o ]

{
= _+ a-cos(at+@)-f(p)de —LT [COS +7()T+Q7)+LOS(()T)] f((ﬂ)((@
- a-cos((ﬂtﬂo)-idg/) az
2 :7cos((or)

=) /




(2) Thetime average of  X(t)

T

< X (1) >= lim = [ x(t)dt

T—>o0
-T

= I|m— j acos(wt + @)dt

T—>oo

. 1 . .
= lim -—-[sin(wT + @) —sINn(—wT +
lim -2 [sin(aT +¢) —sin(~aT +¢)]

(-2 <|sin(wT + @) —sin(—wT + @) £ 2)
=0




* The time average of the autocorrelation :

<X(t)-X(t+f)>=m% X(t) - X(t + 7)cl

L

= I|m— j acos(at + @) -acos(wt + ot + @)dt

T—>oo

= I|m— j acos(at + @) -acos(wt + ot + @)dt

T—)oo

2

= !Im Zi{— [SIN2wT + w7 + 2¢) +sin(—2aT + wr +2¢)]+a°-T -cos(wr)}
—00 a)

(-2 <[sIn2aT + wt + 2¢) +sin(-2wT + wt +2¢) < 2)
a.2

= —COS\wT
5 cos(r)



« random process  {X(t),teT} is ergodic
If It satisfies following condition .
E{X (1)} =< X (t) >
R, (t,t+7)=E{X({)X(t+7)}
= < X([M)X(t+7)>



Example:
Consider process  X(t)=a-cos(at+¢@)

a, areconstant. RV ¢@ Is uniform In the
interval (-1r, 1)

X(t) Isergodic ?

E{X()}=0=< X (t) >
R, (t,t+7) = E{X () X (t + )}

a2
=Z_cos(wr
5 cos(@7)

= < X{MOX(t+7)>

X(1) is ergodic.



Definition ! -we define the vanance function of the
Stochastic process X as

D, ()=D{X(N)}=E{| X(t)-m (1) [}

= E{| X(t) '}~ |m (D)

It 15 a measure of the “randommness of the Stochastic
process X at time t (designated by X(t)).

The smaller 15D () , the more the samples of X(i)
concentrate

It 15 equal to the difference between the mean-square
value and the square of the mean.



Definition 3: Define the autocorrelation function of the
Stochastic process X(t) as:

Rx(flvfz) — E{X(ﬁ) ' X(’z)}

Where X(tl) and X(t2) are random variables obtained by
observing X(t) at times t1 and t2 ,respectively.

It 1s a function of two variables.ti and t2;

It 1s the measure of the degree to which two time samples
of the same Stochastic process are related.



Definition 4: The Covariance function of the Stochastic
process X(t) is defined as:

Cy(t,1)) = E{LX() —my(1)]-[X (1) —my (1,)]]

=E{X(1)- X(1,)} —m(t,)-m(t,)

where X(tl) and X(t2) are random variables obtamed by
observing X(t) at times t1 and t2 ,respectively.

It 1s a function of two variables,t] and t2;

It 1s the measure of the degree to which two time samples
of the same Stochastic process are related.



Example:
Consider a process X(1)=a-cos(ed,+¢) A,
are constant. R.V. @ 1s uniform in the interval (-m, m).

Find the mean function., variance function and
autocorrelation function.

Solution:
The probability density function of RV ¢

-

1 . —IT <@ =T
‘f((;z))=~% .?T_(_-fr)
O other

S

E{X ()= Ef{a- -cos(of + @)}

= a-cos(wtr + @) -f (@)dep

— T}

= J-E a - cos(ar + @) -quo
— 2T

= 0O



Continuing...

R (tr.t+1)=FE{X@)-X(r+71)}
= Fi{a-cos(wt +@)-a-cos(wf + ot + @)}

2
— E{% -lcos(Lewr + 20T + @) + cos(@wr) ]}

oo 2
— % [cos(Rawt + 2T + @) +cos(wr)]- f(@)de

—o0

2
ol

— B3 - COS(@7T)
. For Ry(t,t) Put
D (D =E{X(OP—EX@yP g

2

of

— r.t)— 0 = —
X() 2

C, (.7 +7) = E{X(D)- X(r+T)y —m () -, (Ff+7T)
=R (.t + 7)) — 11, (r)-m (+ T)

-

=

-cos(erT) — 0O
> (C )
{?2

-cos(r
> ( )



Example:

Give a RV @ with density [f(®) , and an RV
Is @@ uniform In the interval (-11, 1) and
iIndependent of @, we form the process:

X () =a - -cos(wt + )
Find the mean function . variance function and
autocorrelation function.

Solutionl:
X(f)=a-cos(wrf + @)
= al[cos(wt)cosp —sm(wt)sm )]
E{X(t)} = E{a[cos(wt)cosp —sin(wf)sin @)]}
=a-FE{cos(wt)-cosp}—a-E{sm(wf)-sine)}
=a-E{cos(wt)}- E{cosp}—a-E{sin(wt)}- E{sinp)}
=0



Continue:

The uniform probability density function of RV (@, )
1
f@)=17-(-7)

0 others

—T<Q=<T

ri-;‘(m), —T<QPST
flo.9)=f(o) f(p)=427

0 others

E{X(?)} = FE{a-cos(or+ @)}
— j a-cos(ot+ @) -f(o,0)dode

= ‘ﬁ[j_ff? -cos(@t + @) -i-f(m}dgo]dm
v ® - 2;T

— [ 2f—? - f(@)-[sm(ot+ 1) —si(or —7)]|do
TR LT

=0




Continuing:
R, (t,t+7)=E{X(1)- X(t+71)}
= FE{a-cos(of +@)-a-cos(ot+aT+ @)}

= ” a’-cos(ot +@)-cos(ot+ ot +@)- f(o,0)dode

- U a’ %[cos@mﬁ + o7 +2¢) +cos(or)]- f(o,p)dwodp

2
d

— ? -E{cos(o7)} = Ry(T) = Ry(0,0+7)
Dy (t)=D{X ()} = E{| X () [ }= | E{X ()} |

— R (t,7=0)—0



Example:
Consider random series {X(n),n=0,+1.+2_.. 2},

for all i,j, X(?) and X () are independent to each other.
and forall 1, E{X(()} =0, D{X(()} =1

Let 3 —ZJ:(H) then {Y .»=12,---} is a random series.
Find the mean function and autocorrelation function.

Solution:

for all 7, j
E{X(1)};=0.D{X@}=1
EXX@O-EXX()Hy=0 1+

FiA AL =<|[ E{ XD [r=1  i=j

EX,}=E{Y X1} =Y E{(X(@)=0-n=0



Continuing...

R.,(n.n+m)=E{Y,

H-HF?.P }

-—m F+Fr

= E{ZX(;) ZX(J)} = E{ZZ[X(QX( NI

F1—=—F

i=1 j=1

—ZZE[X(?)X(I)]

i=

=

1 j=1

D E[XDX(H]l=1-n=n,

_I_

> E[X(MDX(NH]=0-[n(n+m)—n]=0,

| n(n+m)—n

N



For convenience of notation ., we redefine

RA(D=E[XDOXE+1D] . for all ¢

: The mean — square value

RAOH=E|X?’(]|. 1 =0

R (Cz)1s an even funtion of -«

R CT) — IR — T)

R(C(—7T) = FE| X ()X (r — )]
rut 7z — z — 2«

o R(C— Y= FE| X (2z)X (27 +— T)|

R CT)



=

s,

—
o

-
e
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g,
.




Rx(’?')

Slowly fluctuating
random process

Rapidly fluctuating
random process










It {X(t)} ant {Y(t)} are 2 R.P's then

Ry (D) < /R (0)R,;(0)

Proof:

We know that E[(X (1)+KY(z+ 7))*|= 0 for any real K.
= E[X° (O +2KEX ()Y (t+ 1)+ K°E[Y (t+71)] =0
= R (0)+ 2R (1) + K°R;5(0) = 0

If al”+2bA+c >0 for all real A

then b° < ac

= Ry (7)" < Ry (0)R,, (0)
2Ry (0] £ YR (0)R, (0)
















Stationary process



« Strict sense stationary process (SSS)
* Wide sense stationary process (WSS)



Independent-increment Process

Definition

X(@).reT;  is a given process.
t<t,<t,<t, €T

RV(XU;) o X(ﬂ )) and RV(X(.Q) o X(% ))
are independent to each other.

t1 t2 t3 td

i i
. I I

X(t1)  X(t2) ¥ (t3) ¥ (t4)



Stationary processes (strict-sense)

Definition

A stochastic process X(1) is called strict-sense
stationary (abbreviated SSS ). This means
that the processes X(t) and X(t+c) have the
same statics for any c.

from the definition it follows that the nth-
order density of an SSS process must be

such that

t}f(xl'f‘XZfj xrfﬂ‘flﬂr > ',I”):
f(x,x,,---,x .t +c,l,+cC,--- 1 +C)

1>

Forany candn.



Stationary processes (wide-sense)

A stochastic process X(1) is called wide-
sense stationary (abbreviated WSS ) if it
satisfy the following condition:

1. The mean function is constant

(1) = E{X(7)} = constant
its autocorrelation depends ononly 7z =7, —¢,

R(t,.t,) =E{X(t)- X(t)}=R(r =1, —1)

Note in particular that : Mean =

E{ X®[} =R

Thus the average power of a stationary process is
iIndependent to t and it equal R(0O).



Example

Consider random process X(7)=acos(ax + @)

A and @ are constant, RV @ s uniform
In the interval (-7, 1) .

(1) my(t)=E{X(1)}=0
(2) Re(tr+7)= ELX(0)-X(1+ 7)) =Z-cos(or)
X(¢)=acos(ax + @) s WSS



Example
Consider the random process X(7) = A4-cos(xr),
R.V A follows normal distribution , the mean of

A is 0, the variance is &~
E4=0. DAd=o"
E{4’} = DA+ |EAP=c® DWW =EA}EIAI
(D (1) = E{X (1)}
= E{A4-cos(xt)}
=cos(ar)-E{4A} =0
(DR, (1.t +7)=E{X(1)- X(t+7)}
= FE{Adcos(xt)- Acos(xt+ 717)}

=cos(xr)cos(xr + R’E‘}E{A:}

— é [cos(2xt + x7) +cos(xr)]- o

i

X(r)=A-cos(r) 1S nhot WSS.






VWweiner Process

W ={W(),—oo<rt<+oo} 1s called a Weiner process 1t
1t satisty the following condition:

(1) wW(0)=0;

(2) Independent-increment process;

(B3) Forallt,s, W(r)—W(s) ~NO,c* |t—s|D.co” =0

W 1s also called Brown motion which 1s a model of
noise 1 communication and molecule motion .

Property of weiner process

(1)For all t, W (r) ~ N@O.>- |1

2

1 w
fﬂ?’(w) — o - \/E ) EXP{_ 2‘9_3}

(2)The autocorrelation :

O<r<s
R, (1.5)=E{W (&) W(s)y=0c" -1



Example:
W ={W(t),—o<t<-+0} IS a weiner process
with paremeter &° let x() =e (). a>0
o Is a constant.
Find the mean m.(#) and the autocorelation

R (t,t+7), 7>0,7>0

Solution:

W () ~ N, a - |1])

EW (@)} =0.DW ()} =c 1]

my (1) = E1X (D)}

_ E{e—EIIW(e.?{IF)} — e—-::rr ) E{W(eza'r)}
=0

W)




R (t.1+7)=E{X (1) X(t+ 1)}
— E{e—ﬂfFV(eﬁﬂ’f) . E—ﬂ*(r+rij(€2crr+2a*r)}
e—ﬂ’f . e—il’(f-l—?'} . E{PV(EEEIF) . FV(EEH‘I‘-FE-‘SIT)}

—2orfr—2aT 2 2ot
- - -

- O

USE AUT ORRELATION FORMULA

2 —2arT
- e

O

O<z<s
R, (t,s)=E{W(t)-W(s)y=0c""-1




Assignment : question

Random process x(»n=77+5» , b Iis aconstant,
R.VV I follows normal distribution , and Er=o0pDr=1

Find the mean function #»,(r) . wvariance
function D,(r) and autocorrelation function

R (r.t+7).r>=0,7=>=0

(2) Find the first-order pl‘DbabIth density function
Sx(0)

Question 2

Random process X(r) = _4-cos ax + B -sin ax , )
is constant, R.VV 4 and B are mutually
iINndependent. £4—=—FB =004 = DB = o ]
Both 4 and B follows mnormal distribution.
Find the mean function » () <+ wvariance

function D () and autocorrelation function
R (r.r+7T)

(2) Find the first-order probability density function
T (D)

(3) Is the Random process X () Wss 7



power spectral density for random

Processes

« Let {X(1),teT} be awide-sense stationary
processes (WSS) ,

.17 ) .17 )
PXaV=E{mEJT|><(t)| dt}:mﬁjf[\xa)\ at
P

o IS the total average power of X(t)
P..v can be denoted as

P == [ S, (@)

Xav
2

—Q0

S.(w) Is the power spectral density of X(t)



Spectral Property

If X({) IisWSS,
(1)

Xav

Py == | Sy (@)@=R, (7 =0)
2w *

(2) Ry(z) and S,(w) are Fourier transform pair.
If  X(t) Isacontinuous WSS

Sy (w) = fRX (7)-e )dz

Rx(r):%-fsx(a))-ejmda)



If X(t) is adiscrete WSS
Sy (@)= ) Ry(r)-e7!
k=—o0
1 +7T -
Ry (7) === [ Sx(@)-e"*dw
27w 2

(3) s,(w) IS aeven function and more than zero.

Sy () =Sy (-w); Sy (@) >0



If X(t) is adiscrete WSS
Sy (@)= ) Ry(r)-e7!
k=—o0
1 +7T -
Ry (7) === [ Sx(@)-e"*dw
27w 2

(3) s,(w) IS aeven function and more than zero.

Sy () =Sy (-w); Sy (@) >0



(1) Showing : P

Xav

1 +00
:Z-_jsx(w)dw:Rx(f:O)

X (t)( Fourier transform )G(C())

According to Parseval's theorem , the total energy
of X(t)

—+00

2 _i.m 2
Q = [|X(t) dt=— _joo\c;(a))\ dw

—00

X(t), [t|<T

Let X.(t) de defined as: XT(t):{ 0. =T

XT (t) < Fourier transform )GT (0))

+00 T
G, () = j X (t)e dt = j X (t)e 1dt
—00 —T



the total energy of X_(t)
i 2 y 2 1 7 2
Q. :_joo|xT(t)| dt:__[T|X(t)| dt=§.£|GT(a))| de
limQ,, =0,
The time average of Q,

QxT . 1 ‘e 2 _ 1 1 i3 2
oT 2T _L'X(m o= zn_jw'GT(w)' do

Then the ensemble average of 2;

Q.| |1 % 2 | o)1 17 2
E{ZT }_E{z_T'UX(t)' dt}—E{E Z:[O|GT(0))| da)}




« Continuing...
the total average power of X(t)

QT }z!iﬂE{%.ﬂX(t)F dt} :!E%T E| X |t

_nm— jR (t, t)dt—llm— jR (r =0)dt =R, (r =0)

T—>oo

I:)Xav :RX (T_O)
timE {2 L fimE | 2L 6, (o) do
e 2T [T\ 2T 2n LA
1 1
T or _w{!m_EDG (o)) J}
.1 2
Let S, (@)= mEEUGT(wﬂ . then

1 +00
Prav =57 | Sx (@)



(2) ShOWing: Rx (T) < Fourier transform N Sx (C())

.1 2
Sx(@) =1im ——E[ G, () |
G, (w) = ] X (t)e 't

—E[6: (@) |= - E[[6: (@) |= 5 E[6: () G (@]

T

[T
- S E| [ X(®e “dt- X(s)einds}
T

2T 4
1 T T
=——E| | X(t)e “dt- | X(s)e'*ds
l j (t) j (s) }
1 K ] X (t)X (s)e” " dtds
2T |55
1T - jo(t-s)
=— E[X(t)X(s)] e dtds
2T 55

1 T T .
= _[_[Rx(t—s)-e‘“’“s’dtds}

| T -T



Continuing...

let u=t+s, rz=t-s :>t:u+T,s:u
2 2
a ol o1
j_lou or|_j2 2|__1
e | L1 2
ou or| |2 2
T T
Sy (@) == { j j R, (t—s)-e et S)dtds}
T-T
1 B - jor
== [[PBI-Ry(@)-¢” dudr| , -T<
1 [ o1 [ 2T |
- j{ I |J|-Rx(r)-e“’”du:|dr
—2T —(2T —z])
2T |T|
L e
2T 2T

T T

Sx(w):!ilni{j j R, (t—s)-e it S>dtds}_ j R, (z)-e " dr

-T-T



(3) showing: s (w)=S, (~o)
R, (7) =Ry (-7)

Sy (w) = j Ry (r)-e 1 dr
Sx (@)= [ Re(z)-e1"dr  let 7, =7
— j RX (—z'l) . e‘ja”ld (_2.1)

- J Ry (71) e 1 (7,)

Sy (@) =S, (~w)



Example: X(t) Isa WSS process, the mean
m, (t) =0 , the autocorrelation Ry (zr)=4e ™ cos(zr) |
(1)Find the power spectral density s (o) ;
(2)Find the total average power P,

Solution: (1)

Rx (T) < Fourier transform N Sx (C())

S, (@) = j R, (7)-e "d7

1 1

=4 7 T 2
N1+ (o+7) 1+ (o—-7)"




(2)

1 +00
Prav = 5} Sx(@do

=R, (r=0)



Example:  X(t) Isa WSS process, the mean
m, (t)=0 , the power spectral density

20° +1
@ +50° +4

Sy (w) =

(1)Find the autocorrelation R, (z);
(2)Find the total average power P,
Solution: (1)




R (T)’ Fourier transform >S (C())

20° +1
o' +50° + 4

R (T)—— js (w)- e’mda)_iﬂ | — e dw

1 [ 2% _, 4, ]ejmdw
2r *lo°+l o +4
— ke +k,e

27|

2) p

Xav

1 +00
:5:“ S, (w)dw

=R, (r =0)



