Chapter 4
Advanced counting methods

4.1 The principle of Inclusion — Exclusion
Let A, B and C be sets. Then

1. |[AUB| = |A|+ |B|—|ANB|

2. [AUBUC|=|A|+|B|+I|C|—-|AnB|—|AnC|—|BNnC|+|AnBnC|

Where |X| is cardinality X or the number of elements of set X.

Theorem:- (Inclusion — Exclusion)

Let 4, A, ,— — —, A, befinite sets. Then
|A;U A, UAsU ——— A,| = Z |4;| — z |4; 0 4]
1<isn 1<i<jsn
+ Z A N A; N A = ot (™A N0 Ay
1<i<j<k=sn

Note:- 1. For ‘n’ number of sets, we have 2™ — 1 number of terms.
2.The coefficient of a term is -1 if the number of sets in the intersection is even
and 1 otherwise.

Exercise:- Give a formula for the number of elements in the union of four sets.

Note :- The inclusion — exclusion principle is used to solve problems that ask for the

number of elements in a set that have none of ‘n’ properties p;, p,, — — —, p,, denoted
by N(p,' p,’ —— —p,,') and defined by
N@i'p;' ———pn ) =N—|4;U A, UA3U ——— A,|, where N is the no of

elements which belong to the universal set (U) and A; € U and A; has property p;
Example:- 12 balls are painted in the following ways: 2 are painted red, 1 is painted
blue, 1 is painted white, 2 are painted red & blue, 1 is painted red & white and 3 are
painted red, blue & white. How many balls are not painted?
Solution:- Let p;, p,, p3 denotes the properties that a ball is painted red, blue, white
respectively; then
N(p) =8, N(p) =6, N(p3) =5 N(pip2) =5 N(pips) =4
N(p,p3) =3, N(pip2p3) = 3
Then N(p," p;" p3s') =N —[4; U A, U 45|
=N —(N(p1) + N(pz) + N(p3) = N(p1p2)

— N(p1p3s) — N(p2p3) + N(p1p2ps)) = 12— [8+6+5-4-3+3] =2
Example:- 1. Determine the number of positive integer ‘n’ where 1 <n < 100 andnis

not divisible by 2, 3, 5.
Solution:- Here U = {1,2,3,— — —,100}, N = 100,
forn € U, n satisfies: p, if nis divisible by 2.

p; if nis divisible by 3.

ps if nis divisible by 5.



Note:- | x| = is the greatest integer [ such that | < x.

Now, N(pz) = | 2| =50, 4; = (2,4,6,— — =}, N(p,ps) = | =] = 16
N(ps) = |5 = 33,45 = (3,6,9,— — =}, N(pops) = || = 10
N(s) = 5| = 20, 45 = {5,10,15,— = =}, N(psps) = | 55| =

N(p2psps) = [% =3
Then N(p," p3' ps') = N — |4, U A3 U Ag]

= N— (N(p2) + N(p3s) + N(ps) — N(p2ps3)

— N(pps) — N(psps) + N(p2psps))
=100 — (50+33+20— 10 -16 — 6 + 3)

= 26 number are not divisible by 2, 3, 5.
2. Using question (1);
i) find the number of positive integers that are not divisible by 2 nor by 5 but are
divisible by 3?
ii) Find the number of positive integers that are not divisible by 5 but are divisible
by 2 &3
Solution:-i) N(p," p3 ps’) = N(p3) — N(p2p3) — N(psps) + N(p.psps) = 33-16-6+3
i) N(pz p3 ps') = N(pzp3) — N(pzp3ps) = 16 —3 =13
4.2. Recurrence Relation
Consider the sequence 2, 4, 8, 16, - - - can be defined recursively like
Apeq = 20y, a1 =2,k=>1 N €))

The equation a, ., = 2a; in (), which defines one member of the sequence interms of
a previous one is called a recurrence relation.
The equation a; = 2 is called an initial (boundary) condition.
Example:- 1. Let {a,, } be a sequence that satisfies the recurrence relation
aAp =Qan_1— an_y, forn=2,3,4, ... ,a,=3and a; =5.Thenfind a,, a;, a,, as
2. Suppose that f is defined recursively by f(0) = 3, f(n+ 1) = 2f(n) + 3. Then find

fQ),f(2),f3),f(4)

3. The Fibonacci numbers f, fi, f2, . .. are defined by the equations f; =0,f; =1
and f, = fu—1 + fa—2, forn =234, ... .Thenfind f, f3, fu.fs, fe f7

Definition:- The general linear recurrence relation of degree k with constant coefficients

has the form cya,, + c;a,_1 + a2+ . . .+ cran_ = f(n), where

Co, €1, C - .. ,C, arerealnumbers, ¢y ¢, # 0andk €N

Note:- When f(n) = 0,Vn € N, the relation is called homogeneous, otherwise
non-homogeneous.
Example:- The recurrence relation
a) p, = 5p,,_1 is linear, homogeneous with degree 1.
b) fn = fu_1 + fn—z is linear, homogeneous with degree 2.



c) a, = a,_s is linear, homogeneous with degree 5.
d) fo=/fn-1+ f3n_2 is not linear, it is homogeneous with constant coefficient.
e) fn = 2fn_1fn—2 + 1is notlinear, not homogeneous but it has constant coeffi.
f) B, = nB,_, is linear, homogeneous but the coefficient is not constant.
4.3 Solution of recurrence relation
A. First order recurrence relation
» For the homogeneous case can be written as:
a, =ra,_1,n=1,a, = A, risconstant. Its general solution is a,, = Ar™
1. Solve the recurrence relation
a) a, =3a,-,n=1,a,=5
b) a, =7a,_1,n=>1,a, =98
c) a,=na,_,n=1a,=1
Solution:- a) Since r = 3,4 = 5, then a,, = 5(3™) is the solution
b) Sincer =7,A=a, = 2becausea, =7a, and a, =7a, = ay, = 2
Then a, = 2(7") is the solution
c¢) Since = n, which is not constant, we can not use the above formula.
a,=1ay=1a, =2a, =2.1,a;3 =3a, =3.2,a, = 4a; = 4.3.2 = 4!
as = 5!.Thus a,, = n!
B. Second order recurrence relation
» For the homogeneous case can be written as:
CoQp + 1051 + 20,5, = 0,n = 2, where ¢y, ¢y, ¢, € R (real no), ¢y, ¢, #0... (%)
First we assume for solutions of the form a,, = Ar™, where A, r # 0 and substituting
in to the above equation (*), we have
CoAT™ + AT+, Ar2 =0
= corltor+ce =0 .. .. ... (x%)
which is called the characteristic equation of the recurrence relation.
Then we may have two roots, r; and 1, are called the characteristic roots.
For these roots we have 3 cases:
Casel:- Distinct real roots
In this case the general solution of the recurrence relation is
a, = b;r;™ + b,n,", where by, b, are arbitrary constants.
Example:- Solve the recurrence relations
a) a,+a,_1—6a,_,=0,n=22,a,=-1, a;, =8
b)a,=a,.1+2a, ,, n=2,a,=2, a; =7
C) Ay =Apy1+a,, n=20,a,=0, a; =1
Solution:- a) Let a,, = cr™ with ¢,r # 0. Then substitute this on
a, +a, 1 —6a,_, =0,wehavecr™+cr* 1 —6cr"? =0
=r’+r—-6=0
=r=2o0rr=-3




Here we have two distinct real roots, so, we can a,, = 2™ and a,, = (=3)™ which are
both solutions. They are linearly independent solutions because one is not a multiple of
the other, i.e, there is no real constant k such that (—=3)" = k(2)" for all neN.
Therefore its general solution is the form a,, = b;2™ + b,(—3)", where b;, b, are
arbitrary constants.
Now to determine b; and b,,use ay = —1,a; = 8.
If ag=—1=5b2°+b,(—-3)° = —-1=b, +b,
If a; =8 = b2+ b,(—3)! = 8=2b, —3b,
Solve this system of equations, we have b; = 1, b, = —2
va, = 2" —2(—=3)" forn = 0 is its general solution.

b) Let a,, = cr™ with ¢, # 0. Then substitute thison a,, = a,,_; + 2a,,_,,

we have cr™ = cr™ 1 + 2¢r™?
=r2—r—-2=0
=r=-1 or r=2

Here we have two distinct real roots, so, we can a,, = 2™ and a,, = (—1)" which are
both solutions. They are linearly independent solutions because one is not a multiple of
the other, i.e, there is no real constant k such that (—=1)" = k(2)" for all neN.
Therefore its general solution is the form a,, = b;2™ + b,(—1)", where b;, b, are
arbitrary constants.
Now to determine b; and b,,useay = 2,a; = 7.
If ag=2=b,2°+b,(—-1)° = 2=b;+b,
If ay =7 =b;2'+ b,(—1)! = 7=2b, — b,
Solve this system of equations, we have b; = 3, b, = —1
v a, = 3(2™) — 1(—1)" forn = 0 is its general solution.

c) Let a,, = cr™ with ¢,r # 0. Then substitute thison a, ., = a,+1 + a,,
we have cr™? = ¢cr™tl + o™
=ri—r—1=0

1-+5 1++5
=71 = or r= >
n n
- -5 5 .
Here we have two distinct real roots, so, we can a,, = (%) and a, = (1+2\/_) which
are both solutions. They are linearly independent solutions because one is not a
1-v5\" 1+V5\"
multiple of the other, i.e, there is no real constant k such that (T) =k ( . ) for

all neN.

n n
Therefore its general solution is the form a,, = b; (1_7\@) + b, (1+T\/§) , where by, b,

are arbitrary constants.
Now to determine b; and b,,usea, =0,a; = 1.



If a0=0=b1(1‘2—“§)0 +bz(“f)0 = 0=bh, +b, = b, = —b,

fo=1=n(55) 0 (55 = 120 (59 40 (5)
_\/_13’ b, = %

n
) forn = 0 is its general solution.

Solve this system of equations, we have b; =
= _1(1—_ﬁ)” L (5
BN Vs\ 2
Case 2:- Repeated real roots
If ;, = r, =1, then the general solution of the recurrence relation is
a, = byr," + bynr," or a,, = bynry™ + b,1,", where by, b, are arbitrary constants.
Example:- Solve the recurrence relation

a) Apyp =4 ay41 —4a,n=0 anday=1,a;, =3

b) a, =6a,.1 —9a,_,,n=>2 anday =1,a; = 12

c) a,=6a,_1 —9a,_,,n=2 anday,=1,a, =6

Solution:- a) Let a,, = cr™ with ¢,r # 0 and n = 0 Then substitute this on

Apyp = 40,1 — 4a,, we have cr™2 = 4cr™*tt — 4™
Sr2—4r+4=0>r=4

Thus its general solution is the form a,, = b;2™ + b,n2", where by, b, are arbitrary

constants.
Now to determine b; and b,,usea, = 1,a; = 3.
If ap =1=02°+5b,(0)(2)° =>1=b,
If @y =3 = b 22 +b,(1)(2)* = 3=2b+b, = b, = -

: 1
. General solution a, = 2" + > n2",n=>0

Case3:- Complex roots
In this case the solution could be expressed in the same way as in case of distinct real
roots. Before getting into the case of complex roots , we recall Demoiver’s theorem:
% (cos@ + isinf)™ = cosnb + isinnf ;n >0
o Ifz=x+iy € C; z+ 0,where Cis complex number, v 4
then can write
i) Forx # 0,z = r(cos6 + isinf), wherer = \/x? + y? y
i)forx =0 andy > 0, 0
z=1y= r(cos% + isin g) = yisin%
i) forx = 0and y < 0,
z=1ly= r(cos_z—n + isin%n) = r(cos% — ising)

»

% Inall case z"" = r™(cosnd + isin n@), forn > 0 by Demoiver’s theorem
10
Examplel:- Determine (1 + iV3)
10
Solution:- (1 + iV3) = (r(cosf + isin0)) butr =2,x =1,y =3



_ 4 . . T 10 10 10 10
= (2(cos§+ lSlTlg)) =2 (cos—+ isin ; ) =2 (
Example2:- Solve the recurrence relations
a) ap4p +4a,=0n=>0anday, =—-1,a, = 4
b) a, =2(ap.1 —ap_y),n=2anday,=1,a; =2
c) ap4p +4a,,1 +16a,=0,n=>0anday, =2,a; = 10
Solution:- a) Let a,, = br™,where b,r # 0 and n = 0.
Then a, ., + 4a,, = 0 becomes br™*2 + 4pr™ =
=>r’+4=0=>a, =2i,a, = —2i
It follows that the general solution of the recurrence relation is given by
n = b1 (2™ + by (—2)"
[ T m\" T T\
=>a, =2" _bl (cos; + isin E) + b, (cos— — isin —) ]
=2" by (cosnz—n + isin nz ) + b, (cos— — isin nn)]

=2" _(bl + bz)cosnz—n +i(b, — bz)sm7]

= 2" [clcosnz—n + czsin%] ,wWherec; = b; + by, ¢, = i(by — b,)
But ag = —1 = 2%[¢;c0s0 + ¢,sin0] = ¢; = ¢; = -1
a, =4 =21 [clcosg+ czsing] =2c, =, =2

Therefore, a,, = 2" [—cos% + Zsin%] is the solution.

5
),

b) Let a, = br™,where b,r # 0 and n = 0.Then a,, = 2(a,,_1 — a,,_,) becomes

br™ = 2(br™ 1 — br"2)
= " = 20" —r"2) , since divide both side by b.
=r2-2r+2=0
=n=1+1i nr, = 1—i,Nowsincex=1,y=1,thenr=\/§
Then the general solutionis a, = b; (1 + )™ + b, (1 — )"

=a, = (\/_)n[bl(cosf + i sinf)n + by(cosZ+ i sin‘—”)n]
= (\/—) [b1 (cos- +1i sm—) + b, (cos- — i sin™% ]
= (\/—) [(by + by)cos™® + (by — by)i sin™Z]
= (\/—) [C1C05—+ czsm—] wherec; = by +b,, ¢, = (by — by)i
To find ¢; and c, , use initial condition, i.e.
a,=1= (\/_)0 [c;cos0+ cysino] = ¢ =1

al_z_(\/—) [c1cosE + cpsin%] = 2 = V2(c; 2+ ¢, 2)

ﬁZ—C1+C2=>C2—1

Thus the general solution is a,, = (\/E)n[cos’l—” + sin’l—"].



c)Let a, = br™,where b,r # 0 andn = 0.Then a,,,, + 4a,,1 + 16a,, = 0 becomes
br™t% + 4pr™t1 + 16br™ = 0
=ri+4r+16=0
=71 ==-2+2V3i,r, =—-2—23i
Sincex =—2andy =2V3, r=4
Then the general solution is a, = by (=2 + 2v/30)™ + b,(—2 — 2+/3)"

n _ _ n
= a, = 4" |b; cosZ +isinZt + b, cos ZE 4 isin =t
3 3 3 3
n n
= 4" [bl (cosz?n+isin2?n) + b, (cosz?n—isinz?”) ]

2nm . . 2nm 2nm , . 2nm
= 4" [bl (cos — +isin —) + b, (cos — —1isin —)]
3 3 3 3
2nm

= 4" [(b1 + bz)cosT + (by — by)i SinznT”]

= 4" [clcosznTn + ¢, sin ZnTn], wherec; = b; + b,, ¢, = (by — by)i
To find the value of ¢; and c,, use initial condition, i.e.
ap=2=4%c;cos0+c,sin0] = ¢; =2

a, =10 =41 [clcos%ﬂ+ C; sin%ﬂ = 2= (_—1) +c, (E)

4 2 4
5 -1 V3
E—2C1+2C2

73
==

. 2nw | 743 . 2nm
Hence the general solution is a,, = 4™ [ZCOS ;T sin 3]

C. First and second order recurrence relation for non- homogeneous:-
The general solution for non- homogeneous recurrence relation is
a, = a,™ + a,® , where a,,!" is homogeneous solution,
a,,P) is particular solution.
i) Consider a non- homogeneous first order recurrence relation a,, — ka,,_, = cr™,
where c is a constant and n € Z*
» If r™is not a solution of a homogeneous relation a,, — ka,,_; = 0, then
a,P) = Ar™, where A is constant.
» If r™isa solution of a homogeneous relation a,, — ka,,_; = 0, then
a,,P) = Bnr™, where B is constant.
Example:- Solvea) a, —3a,_1 =5(7""),n=>1,qp =2 — ———— — (%)
b)a, —3a,-., =53"),n=>1ay=2 ———— — — (%)
ca,—2a,., =53 H),n=>1aqy,=2 —————— (x%x)



Solution:- a) Let a, (™ = Cr™, where C,r # 0. Then substitute on a,, — 3a,,_; = 0.
We have Cr™* — 3Cr™" 1 =0
= r — 3 = 0 (by dividing both side with Cr™™1)
=r=3
Thus a,™ = C3"
Since 7™ is not a solution for homogeneous, a,,? = A7™ and substitute on
a, —3a,_; = 5(7™). We have A7" — 347""1 = 5(7")

—A-2A=5=4=2
7 4

Thus a,™ = % 7"

Hence the general solution of (*) is the form a, = a,™ + a,,®

= a,=C3"+2 7"

To find C, use initial condition a, = 2 = C(3%) + 375 (7 =cC= %
Therefore a,, = _727 3™+ % (7™) is the general solution of (*)
b) Let a,,™ = Cr™, where C,r # 0. Then substitute on a,, — 3a,_, = 0.
We have Cr™ —3Cr™" 1 =0
= r — 3 = 0 (by dividing both side with Cr™™1)
=r=3
Thus a,™ = €3"
Since 3™ is a solution for homogeneous, a,® = An3™ and substitute on
a, — 3a,_; = 5(3™). We have An3™ — 34(n — 1)3"" 1 = 5(3")
— An—>A(n-1)=5=A4=5

Thus a,® = 5n3"
Hence the general solution of (**) is the form a, = a,™ + a,,®
= a, = C3" + 5n3"
To find C, use initial conditiona, =2 = €(3°) +5.0.(3%) = =2
Therefore a,, = 2(3™) + 5n3™ is general solution of (**)
c) Exercise
ii) Consider a non- homogeneous 2" order recurrence relation,
Colpn + C1an_1 + C2a,,_5, = f(n),n = 0, where ¢y, ¢, ¢, are real numbers
&cy, ¢ #0 (%)
Suppose a, = ¢1a,-1 + C2a,,_, + f(n), where c;, c, are real numbers, c, # 0
and f(n) = p(n)r™, say p(n) is polynomial.
+ When 7 is not a root of characteristic equation of homogeneous.
Thereis a,,® = q(n)r™, where q(n) is polynomial.
+ When 7 is a root of characteristic equation of homogeneous and its multiplicity
is ‘m’, there is a,,® =n™ q(n)r™, where gq(n) is polynomial.




Example:- What form a,,® for a,, = 6a,_; — 9a,_, + f(n) have:
when f(n) = 3%, f(n) = n3", f(n) =n22" and f(n) = (n + 1)?3"?
Solution:- 1* find a,,(?
Let a, = cr™, where c,r # 0 and substitute on homogeneous. We have
cr™ = 6¢cr™t — 9cr™2
= r"—6r+9=0
= (r—3)" = 0 has a single root with multiplicity 2. = a,,® = b,;3™ + b,n3"
2" find a,,®?
Since r = 3 is a root with multiplicity m = 2, but r = 2 is not a root of charactrstic
equation for homogeneous.Then
a,,®) has the form n?43" if f(n) = 3"
a,,® has the form n?(pyn + p,)3™ if f(n) = n3"
a,® has the form (p,n? + pin + py)2" if f(n) = n?2"
a,® has the form n?(p,n? + pin + py)3" if f(n) = (n + 1)?3"
iii) To find a,® let us use the method of undetermined coefficients, that is, assume
a,,® for the following f (n) on the table: (where c, A, Ay, A, A, are constants.)

f(m) a,®
C A

Cn Ay +Ain

Cn’ Ao + Ain + A,n?

Asinnf or Acos n6 A;sinnf + A,cosnf
Ar'sinnf or Ar™cosné Air*sinn@ + A,r"cosnf
An™r™ (A +An+ ——— +A,,n™)

Example:- Find the general solution of a) a, = 3a,_4 +2n, a; =3
b)a, =5a,_1 —6a,_, +7"
Solution:- a) Let an(h) = Ar™, where A is constant, r # 0. and substitute this on the
homogeneous a,, = 3a,_,, we have a,™ = A3"
since f(n) = 2n is a polynomial with degree 1, an(p) is alinear functioninn,
i.e, an(p) = c¢n+d, where c¢,d are constants.Then
a, = 3a,_; +2n becomes cn+d =3(c(n—1)+d) + 2n
= cn+d=3cn—3c+3d+2n
= 3c+2—-cn—3c=d—-3d
= 2c+2)n+2d—-3c)=0
= (2c+2)=1and(2d —3c)=0

=c=-1 d= —
¢ 2




3 . .
Thus a,® = —n— ~ Isa particular solution.

All solutions are the form a, = a,™ + a,® = b,;3" —n —%

To find by :- use initial condition a; = 3
a1:3:b131_1_% :3b1=3—|—1—|—% :b1=1T:

11 3 . :
a, = ?3” —n—sisa general solution.

b) To find a,, ™
Let a,, = cr™, where c¢,r # 0 and substitute on a,, = 5a,,_; — 6a,,_, , we have
cr™ = 5¢cr™ ! — 6cr™?
=r>—5r+6=0

5+v25-24
= r = ———— Thustherootsare r; =3, r, = 2

2
a,™ = b; (3™ + b(2M)
Since f(x) = 7", a,,™ = A(7™), where A is constant. Then substitute on
a, = 5a,_, — 6a,_, + 7", we have A7" = 5A7""1 — 6A7""2 + 7"
= A7%? =5A7 — 6A + 77
= (49-35+6)A =149
49
> A=—
20

Thus a,® = 2 (7")

an, = a,™ +a, P = p3" + b,2" + :—2(7")



