CHAPTER 2: POWER SERIES

OBJECTIVES: At the end of this chapter students will be able to

1.

N o o B~

Use polynomials to approximate the values of some functions which have no
exact values.

Determine the Power series representation of a given function.

Derive Taylor series representation of a given function.

Determine the Taylor series representation of a given function.

Determine the intervals of convergence of a power series.

Differentiate and integrate a power series.

Determine the power series representation of a function using the properties
of derivatives and integrals of power series.

Determine the Fourier series representations of functions.

Use Fourier series expansion to obtain the sum of an infinite series.



POLYNOMIAL APPROXIMATION

Suppose fis defined at x = a and in the neighborhood of a that is for values of x near x = a,

f(a)~ [0 :Z(a) =

fw) = f@)+f @x-0)=q+alx-a)..(1)

!

Where ¢y =f(a)and ¢; = f (a)
Eq. 1 s the linear approximation of the function f near x = a.
Let, py(a) = f(a) + f (a)(x - a) , then we will have the following relations hold
p@)=fl@)and p'(@)=f(a)  .(2)

The above relation can be generalized on the basic assumption that the approximation becomes
better and better as we proceed to higher degree polynomials such as quadratic, cubic, and etc.



Table 1: The approximated values of f(x) = In X near X = 1 using
polynomial approximations

Taylor Polynomial Function Value atx = 1.1
p=l-i Ul
gy =-15+2-05¢ 00550
gy = -18333 4 3 - 1.5¢ +03333° 00953223
py = 20833+ 4x - 3* 4133331 - 0.25¢* 0095273




Now, we may generalize Eq. 2 for the nt degree polynomial

p(@)=cy+ci(x—a)+c(x—a)> +cz3(x—a)d + - +c,(x—a)*..(3)

( pi(a) = f(a)
P}'(a) = flf(a)
p1 (@) =f (a)

. ()

b (@) = F™(a)

Since we have n +1 coefficients cy, ¢y, 3,3, ..., c, and n + 1 equations (Eq. 4), we can obtain each
coefticients. Finally we obtain the Taylor polynomial

e _ o)k
Fx) = Z Y (a) ISC a)
k=0



First some examples

Consider the following example series:

v What does our intuition tell us about the convergence or divergence of this series?

v What test should we use to confirm our intuition?



Power Series

Now we consider a whole family of similar series:

. . . o (N o

« What about the convergence or divergence of these 2
series? ZE
« \WWhat test should we use to confirm our intuition? )

We should use the ratio test: furthermore, we can ’

use the similarity between the series to test them
all at once.



How does it go? We start by setting up the appropriate limit

Xk

Let 4, k! then l}gngo

11mﬂ (
ko k41

(41
(y

By the Ratio Test, the interval of convergence s (-0, )and the radius of convergence

X
is R = . That s the series Zﬁ conver ges absolutely for all values of x,
=)



What are Power Series?

It’s convenient to think of a power series as an infinite
polynomial:

Polynomials:
2—x+3x% - 1223

1+(x—1)+3(x—1)2—%(x—1)3

Power Series:

o0

14 2%+ 3x% + 4x3 + - :Z(k+1)xk
k=0

x+3) (+3)?% x+3)° @+3) = (x + 3)¥
ST TR T +"'=Z< Df



Definition: Power Series

An expression of the form

0

ot ox+ext o 4= Z C,x"

n=0

is a power series centered at x = () and an expression of the form

ct+o(x—a)+cx—-a) +ek-a)’ 2 (x—a)"
n=

is a power series centered at x = a.
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Checking for Convergence

| should use the ratio
test. It 1s the test of
choice when testing for
convergence of power
series!




Checking for Convergence

Example 1. Checking on the convergence of

00

1+ 2+ 3t +4x3 = Z(k+1)x"
k=0

How does it go? We start by setting up the appropriate limit.

ak+1|_l. (k+2)| = x|
Clk _kl—g}) k+1 =

Let a; = (k + 1)x*, then ]}im

—00

By the Ratio Test, the series converges when x| <1 = -1<x < 1.

At the end points we get the series  Yir_o(k + 1)(=1)* and ¥7_o(k +1) which are both
divergent.

Hence, the interval of convergence is (—1,1) and the radius of convergence is 1.

11



Example 2: What about the convergence of

) 3 ! k
1_(x+3)+(x+3) (xt3) Jr(x+3) +..._2(_1)k (x+3)

3! 5! 7! 9! 2k +1)!
k=0
How does it go? We start by setting up the appropriate limit.
(r+3)* Oy 41 x+3]
Leta, = (-1)" then Jim |—| =] =
et =L e I o ey

By the Ratio Test, the interval of convergence is (—o,0)and the radius of convergence

(x+3)f
(2k +1)!

is R = oo, That is the series Z(—l)k conver ges absolutely for all values of x.

k=0

12



Now you work out the convergence of

(43 @43 @+3) @+l
-t~ t =) (1)




How does it go? We start by setting up the appropriate limit.

Qg +1

ay

x +3)k
( ) then lim

Let a, = (=1)*
et a = (1) sy then Jim

_ (2k+1)| £3= [x+3]
T w2k 3T M

By the Root Test, the series converges when |x + 3| < 1= —4<x < -2

In addition to this, we tested for convergence at the end points as follows:

S
At x = —4,we get kzo Ty which is divergent by the Integral Test.

At x = =2, we get z (Z(k -I-) D which is convergent by Alternating Series Test.
k=0

Therefore, the interval of convergence is (-4, -2 and the radius of convergence is

14

2-(4) _
=1
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Interval of Convergence of a power series
Definition: The set of all real numbers x for which a
power series converges is said to be the interval of
convergence.

A power series can have the following intervals of

convergence.

1) (-r, 1), [-r, 1), (-1, 1], or [-, r]. Here the radius of
convergence is .

2) (-0, ). Here the radius of convergence Is co.

3) At a single point x = a. Here the radius of
convergence is 0.



Example 3: Find the interval and radius of convergence of the following power Series,

1.Zn!(x—2"
n=(

Solution: Let ¢, =l (x - 2)" then lim |—

N=00

= lim(n41)jx-2

N=00

an
By the ratio test, the series converges whenlim, ., (04 Dt =2/ <13 |r=2| =031 =1

Hence the series converges at only x = 2 and the radius of convergenceis R =

16



n

n

= lim
n-on+ 1

then lim

)
n2n n—-0

, x—3
Solution: Let a, = ‘

2

ay

X
By the Ratio Test the series converges when T‘ <1=3x-3|<2=31<x<5.

In addition to this, we tested for convergence at the end points as follows:

n

At x = 1,we get Z which is convergent by Alternating Series Test.

n=0

n

0

1
At x = 5,we get z - which is divergent by P — Series Test.
n=0

. . . . 5-1
Therefore, the interval of convergence is (1, 5] and the radius of convergence is - =2

17



o (1-4)
3'2 A
n=0

x-4 -4
Solution: Let a, = J_ lin |[—|= =
N0 poo| £ )
o
| X -4
By the Root Test, the series converges when |——| < 12|x-4| <22 2<x <6,

At the end points we get the series ZnO " nd ZnO which are both divergent

Hence, the interval of convergence s (2,6) and the radius of convergence is 2.

18



Solution: Let a, =

By the Root Test, the interval of convergence is (o, % )and the radius of conver gence
ISR =,
Exercises; Find the interval and radius of convergence of the following power series,

My ntl . 5"()(—1)3“
12 0 Zn' A 3)2 B0t 1)

n=0

19



Additional Exercises

The interval of convergence of the power series

o L 2}-}1
_1 i+ 1 {:I

(a) (—1,1)
(b) (1,3)
(c) [1,3]
(d) (1, 3]

[e} ':_]-'.-3]




The interval of convergence I and the radius of convergence
R of the power series

(a) I =|-1,3] and R =2
(b) I'=(-1,3)and R=2
(¢c) I=(-1,1)and R=1

(d) T=[-22 and R=2

(e) [=[-1,3)and R=2

p 21



The interval of convergence [ and the radius of convergence

_|_.3,:, .'I‘ﬂ
R of the power series — 1)
p -nzzzl( ) 4-11 . HE

are

(a) I=[-3,3), R=3
(b) I=(—4,4, R=4
1
() I=(34), R=

(d) IT=[-4,4, R=4

() I=(—4,4), R=4




+o0
If the power series » ° c¢,(r+2)" has a radius of convergence
n=>0

R = 3, then which one of the following is TRUR?

Too C“J"l!- - -
(a) > on 18 divergent
n=>0

+00
(b > (—1)"¢,5" is convergent
n=>0

“+oo
(c) > ¢,2" is divergent
mn=>0

+o00
(d) > ¢,4" is convergent
mn=>0

+oo
(e) > ¢, is convergent
=0

b 23



_ &, a2t
The interval of convergence of the series > (—1) T
n=1

1s




‘The radius of convergence of the power series

0
2 2"nP(x + 1)", where p is a constant,
2=




oo (4z + 1)"

The interval of convergence of the power series > _ 3
=1

18




too (24 — 3)"

The interval of convergence of the power series »

n=1 n42n




Theorem; Dif ferentiation and Integration of Power Series

0

If the power series f(x) = Z ¢,(x—a)" has radius of convergence R > 0,the f is both

n=0

dif ferentiable and integrable on the interval (a - R, a + R), and

% iy ’
Df (X)=a(ch(x—a)">:Za[cn(x_a)"]: chn(x—a)n‘1
n n=1

=() n=1

2)ff(x)dx = J(i Cn(x—a)")dx - ifcn(x—a)”dx _ i cn(,;_Jral)nﬂ

n=0 n=0 n:O

28



, d
Solution: f (x) = E(

29

(00] xn |
Examle 1:Ifz F,show that f (x) = f(x).
n=0

).

n=1

n

1

(0]

(;—_1)! ) Z x

n=0

n

—=f()

n!
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Example: Find the power series representation of the following functions.

0)In(l +1°) b)L () ln(lﬂ)

(2-1F 7 \l-x

9y 2 X 1
Solution a): In(1 +°) = [ m 363dx ] 3x1 (X)dx [ SxZZ(—x)3"dx
0 - l

n=0

0 00

= [ x3x22( ()™ dx =3 [ JCZ(—l)”(x)“+2 dx
0 n=0
3n+3

_32 ] 1) dy = 2(-1)’1’:m



Solution b):

31

X

-1

dx

xd
x de

00

Pra

1

X

2
n

00

=1

de

Tl

a-3)3h
0r|x| 7). 7

b <2
2 fOTIxI

n



00 00

o z(m) [X1d+IX1d-]xZ( )d+]xZ " forl <
ouonc)n1 , 01+xx Ol_xx-o X x" dx forlx

n=0
0 04

y M n+1
ZL( )dHZL Z vy ZnH

n=0 n=0 n=0

32



Problems: Find th povwer series representafon ofthe followig functins,

Yy b 141
a) I )x2—5x+6

Ferase: Evaluate the Indefnite ntegral & a povwer seris,

o Il - 1)

33



Theorem (Taylor Series): Suppose that f hs derivatives of all orders at a, then the Taylor Series

00

fa)(e-a)

generated by f is the power series 2 y

n=0

R v
Note that: When a = (,we obtain a special type of series Z

ik
n=(0

which is known as Maclaurine series.

34



Example 1: Find the Taylor Series for the f(x) centered at the given point.

a)f(x)=2-3x+5x%>,a=2. b)f(x)=Inx,a=1

z f (”)(2)(96 2)"

Solution a):

f@@mwaw ﬂ%mw le@@mxzﬂ ﬂ%aa—m"

0! 1! 2! 31
ﬂ“@xx—an

2 =16+ 17(x — 2) + 10(x — 2)?

Solution b): f (x) = l,f” (x) = —— f (%) = =3 f(4)(x) =—— f(s)(x) =—

)" (n—1)! )" (n—1)!
x"

(n) —
= f0@) =——

=>fM(x) =

v (=1)""1(n-1)! ) (2 2” © n+l(y _ 2\
ence £(x) — z 57 f (2)(x - ) (-1 (x - 2)

n2n

n=1 n=1

35



Example 2: Find the Maclaurine series for f(x).

0) f(x) = " where k is any real number dif ferent from 0.

f Tl kn n
Solution: F™(x) = k" ¢ = f(0 2

00
Xn n+m

Note that: @) Whenk = 1,¢* = Zﬁ b)forme Kx"e" =x an —
=0 n=( n=(

36



b) f(x) = cosx

(L whenn=048,..
Solution: ™(0) ={ 0, whenn=135,..
=L, whenn=2610..

f P SR S\
7 )

_1-—+———+
4 6 8l (In)
n=0

o 1 1o ()

Note that: cos’x = : +T = §+ 2 )

37



Exercises

1. Find. the Taylor Sertes representations for the following functions centered af the indicated points,
O)f0)=5+2-3¢ a=1 D) =ahea=2 o)f(r)=r'e
1. Find the Maclaurine Seres for f(x),

Of)== Dfl)=sindr o)f(r)=1+2sin"

38



The Fourier Series of a function

Let f(x) is periodic fuction of period 27 on the interval -7 <x < T,

then ffx) has a Fourter series

f(x)=

where the fourter coeficients a,,a, and b, are

ﬂ{' T " .!l’-'
+ cm—+b sin— ) —1
Z GO T

'— n=1

nﬂ-l f(x)dy -2
I-
1% nm
a, =— f(r}cos—rdx —3
I-, T
b —in( ]sinﬂwfr -4 n=123,--
n T_"r .T p=a=y

Note.l. The Fourier series (1) converges to f(x) at all points

where f(x) 1s continuous.



Note.2. The Fourter series (1) converges to

%[ flx+0)+ f(x=0)] atallpointsof jump discontinity of fix)

Note.3. Pertodic Function: Any function which repeatsitself after a
certain period s known as perdiodic function.
Examples :
sin(x + 27 )=sin x Period 27
cos(X +27)=cos x Period 27
flx+2T)=flx) Period 2T
sin(x + 2077)=sin x Period 27

flx)= flx+P)=f(x+2P)=f(x+3P)=--, Period P.

40



Special Case

41

If ffx) 1saperiodicfunctionof period 27 oninterval [-7. 7],

the Fourierseriesis

= ?—G+Z(a” cosnx+b, s nx)—>5

n=1

where a, :i If(x)dx L
7~ -
a, :l ]f(x)cosm#dx gty
T gr
i l j.f(x)sin nxdx e n=123.--
T g




Example: 1.

Find the Fourier series of the function
fix)=x , -m<x<m , J(x+2m) = f(x)

Solution:
dy

+> (a, cosnx +b, sinnx)— 9

n=1

1 7 L x* 7 1|\» x°
a, =— | xdn = —.— {ET }D

Fouries series 1s f(X) =

T r 2 x| 2 2
1 1| sinnx cosnx |/
a, =— |xcosnxdx =—|x ——— ‘
T T n 7
1 SIN 17T sin(—n)
- |\ T——7
T n 7
N 1 [ cosnz cos(—nr)
Tl n° n-
1 |
= —[o-0]+=[0]=0
T T

42



1+ . 1 COSMX  SInmX
b :—I3f5111}7xcir:—. — X — ‘

"o T n R
| COSnx | 7
=—|—X +0
T n _z
~ T
l (_l) —2 M
bﬂ = —| 27 :—(—1)
T n 7

Substituting values of a4, a, and b, 1n equation 9

fix) = 22 S

n=I L

sinnx, 1s Fourterseries of  fix)=x, -7<x <7

43



Example:2

Find the Fourier senie of the function

f(:c):xz , -l<x <] ,f(:c-l—2):fﬂr)

Solution:
2Irr=2=7T=1

. =, . -
flx)=—=2+> (a, cosnmx +b, sin nax)
n=1
1

1

where a, = ‘[r‘n’:t:
4
1
2
a, = ‘[r COS 11 TX dx
!
1
b, = ‘[:r‘ S 1T XX
a1



1 1 2
(}fl:l :—‘ -t — = —
3, 3 3 3
1 . .
) ) SIMAAX | COSHAYX | SIIAY :
a, = J..*r cosnmxdx = X" ———+2x—— —2———
’ nr nome nmrto
dcosnz  4(-1)"
== (1_ —. n=123
n- T n
1 - 1
. , COS Y SINNTX . COS X
b, = J:r‘ SIN 71 7TXAX = [— X ——+2x——F+2——| =0
) ni 1T 1T
. . ! L . .
The Fourles sertes of fix)=x". —-l<x<lis

flx) = 1 + Zﬂ COS 71 7Y

Il [

4 & (-1)

|
~—+ Z L COSTTX
3 17t on

45



Example:3.
Find the Fourier series for the square wave

f")—fo" -T<x<0
S _1_1_.: 0<x<m
Solution:
f(x)= % + i(arﬁ cosnx +b, sin nx)
n=1
l T l [ 0 ,?r- l T l b |
a, =;:.;f(x)dx=;_L0.dx—|—£ldx—l— =;.{[dx =;x| =1
1 7% 1§ 1 sinx
=— Y (dx =— (dx = =0
a, ﬂ.[rf(.x)cos,x X ﬁ}[cosm X pa— ‘G

46



b = 1 J f(x)sinnxdx = i'[sin il = — - SOS ‘
e T T n
Ty ]
- ni
| S JO T<x<0 |
The Fourier series of f(x)=+< n=12.3
|1, 0<x<7m
oo big 10,
1S X) & —+ SIN 11X
/ A — nit
I 1 [(—1)‘—1] .
N ——— SIN 11X
2 o niT

47



Example: 4.

Find the Fourier series of

fix)=e" |, -m<x<n

Solution:
d, .
)x L4+ “0s nx + b, sin nx
f(x) , ;(aﬁ cosnx + b, sinnx)
HD :ijf(x)dx:LJ g—xdx:i(_e—l—)‘” :i[—g_f—FEH]
T T ﬂ-—f T - g
e’ —e "
a, =
T

48



a,

49

e

=X

-

_’l+n"

(—cosnx +nsin mr) ‘

(—cosnz+nsinng)-

:iJ. e t:ft:isJrfi.:fd,:f:i
e T
] W
_;_HHE
B ]

_;T(l-l-??i)

T
AL

-

1+n

(—cos(—n7)+nsin(-n7))




1+ . 1| e : T
= — [ e " smnxdx =— —(—sinnx + HCUSH.T)|

il

- Tl l+n s

—11 r _x T
= —| e " COoS m"

ﬂ'(l-l—h")_ -

—H —r T
= e " cosnr—eé’ ces(—n,ﬁ:’]]

B ﬂ'[f1+rrj ‘

—i

= (1) e (-1
T|l+n ][ =) (

F g

n(-1) - ]

=———|e" —e
f.:'{\l+n"')‘

. -1)" - n(—1)" |
+Z ( ] —| e — ge"T]cos ny + { )] \ |:E?'T —E?_'T]Sill nx |
| 1+ ) - z(l+n ) |

%
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Example:5.
Find the Fourier series of f(x) = |x

, ~T<X<TT

Solution:
flx)= % + Z (a” cosnx + b sin nx)
n=1
f( ) X 1f O<x <
X)=|x|=
— X if —7<x<0

é]i|x|dx — jld’t + I (— l)dl}

5 H

2
;’z'
=T
2}

I
kq -
r—————1
h.}



0

l T l T .
a =— J. xdx = —J.:rrn;:ﬂs nxdx —— | xcos nxdx
T T T
2 2 7y
= ——|cosnz -1 = — [(—l] —LJ
an an
L. 1 e 1
2 :—I X xdx:—J.xsmﬂxdx—— xsin nxdx =0
T T T
The Fourier series of f (1) = |X| on [—FZ', R‘] is
[(= 1)” —1]
f(x)=— -|— Z COS 71X.

=1

52
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Note (1) f(x)=x+|x] on [-7,7]
& _JII—J: 1t -7 < x<0
fh)_preﬂ if O<x<r
0 if -7 < x<0
) {Z;r 1f O<x<r
(i) f(x) =1—|x] —2<x<?2
fhﬂ:ﬁﬁj if -2<x<0
U l-x i 0<x<2



Even and Odd functions

E Even function
. A function f(x) 1s an even function, 1f f(-x) = fix).
.

* Odd function E
A function f7x) 1s an odd tunction, 1if f(-x) = -fix). :

54
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Example: 1. Test the nature of function
(i) S =x

(i) fx) =x"
(1)  f(x)= cos x

Solution:

flx)=(=x) =x"= f(x)=x" is even.
X
(x)=(-x)" === flx)=x° is odd.

f(x)=cos(-x)=cosx = f(x)=cosx iseven.



Function Classification
X even
X odd
COSX even
SINX odd
\-T even
Ix+2 neither
Y+ x” sinx odd
Sinx +cosx neither

56




Properties of even and odd function

) (EVEI’?)K(EVEH) = even
ii) (odd)x(odd) = even
i) (even)x(odd) = odd

(iv) If ffx) is even ,then j flxkx = 2} £(x)dx

-d

o7



Properties of even and odd function

(vi)  The Fourter series of an even function consists only of

cosine terms with coefficients

21 17X
a = — (.ﬂf:ﬂs
=7 [ flw)eos—

G

de, n=012.--

(vii) The Fourier series of an odd function consists
only of sine terms with coefficients:
T
1nax

bn - i':[f(X)Siﬂde?H — 1?2?3?...

58



Properties of even and odd function

(viii)Fourier Series: If f(x) is even function Gn[-T, T ]

dx, n=012--—2

(ix) Fouries Series: If f(x) is an odd funchion on [-7.7T|

f(x)=>b, Sin — 3
n=1 T
20 NTX
b == x)sin——dx n=123... — 4
o =) f(¥)sin= 23

0
St



Example:1
Find the Fourier series of

f(x)=|x| on (-7z,7)

60

Solution:

)=

fl=x)= |_ .1.'| - |1| — flx) is even function = b =0.

T ) T
2r 2 x° 7
ay=—|xdx==——|=n7
el - *
T, T 29
Fra - o . - _ T
2| sinnx | cOSHX
a, = —Ixcms ndy =—| x + —
Ty T M noog

2| cosna—cosl
. 2
7

2| (=1 -1
Tl }FE

=
[l
.
12
rJ_.

X ONn—mT <X <7TIS

The Fourier series of

y . 1 .
r &2 (-1) -1]
) —+» — - |COS nx
/) 2 Z:llﬂ' " |
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Example:2
Find the Fourier series of the function

flx)=2-x", D<x<2

Solution:

¥

fl=x)=2—(-x P =2—x2 =f(x )=f (x) is even function

*

4 nz
=f (x)= 5 +§aﬂco& ; X dx
_’1*: . I s
ﬂ'c=i‘|12—r\]nﬁr=}i*(—‘ll | = _s5_3
24" 3 303
) 2
a, =§£{2—r‘}cos%&‘ d
=[{2—r‘} sin %y — ]4ﬁ.2x|cc-5nﬁnl‘+ 16151114x,
' nwT 2 n-re 2 ) nrw 2
=— 11_61_ cos 7 ) —3163(_1],? n=12.73
n-re n-we
Fourier series of f(x)=2-x" on [-2.2] is
2 = —16 n ni
flx)==+ (1) cos—x
3 ;nlrl ) 2
- n+l
2 16 & (-1) nr
= — 4 Z ——COS— X
3 T 54 n



