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CHAPTER TWO
Second Order Ordinary Differential
Equation(SOODE)

2.1. Homogeneous equations with constant coefficients

Definition(SOODE): The general form of second order ordinary differential equations
(SOODE) is F(z,y,y,y") = 0.

Definition: A SOODE of the form 4" + p(2)y’ + f(z)y = r(x) is called a linear SOODE, if
r(z) = 0,i.e.y” + p(x)y + f(x)y = 0, is homogeneous SOODE otherwise non-homogeneous.
Example: v +y = 2% and 3y’ — 42y + 4 = 0 are SOODE.

Definition: A solution of F(x,y,vy’,y”) = 0 on an interval I is a function ¢ that satisfies
the differential equation at each point of I i.e., F(x, ¢(z),¢'(z),¢"(x)) = 0 for all  in L.
Example:

1. Show that ¢(x) = 6 cos(4z) — 17sin(4x) is a solution of y” 4+ 16y = 0 for all x.
Solution: (Lecture)

2. Show that p(x) = z® cos(In(z)) is a solution of z%y” — bxy’ + 10y = 0,2 > 0
Solution: (Tutorial)

Theorem 1. (principle of super position)
If y1 and yy are solutions of y" + p(x)y’ + f(x)y = 0 then any linear combination of y; and
Yo is also a solution of y" + p(x)y + f(x)y = 0.

Remark: Super position principle in general doesn’t hold for non-homogeneous and non-
linear.
Example

1. y1 = 1+ cos(x) and y, = 1 4 sin(x) are solutions of the non-homogeneous differential
equation y” +y = 1 but their linear combination y; + yo = 2 + cos(x) + sin(z) is not
the solution

2. y; = 2% and y, = 1 are the solutions of the non-linear DE "y — 23/ = 0 but their
linear combination y; + y» = 2 + 1 is not the solution.
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Linear independence and wronskian

Definition: A set of n functions {y1,y2, ys3, ..., yn } defined on an interval I is said to be
linearly dependent , if their are constants aq, s, ..., a,, not all zero such that ayy; + asys +
o + any, = 0 on I other wise y1, Y2, y3, ---, Y, are linearly independent.

e For n = 2, {y;,ys} is linearly dependent if there are constants «, ae not all zero such that
a2

aryr +agys =0 =y = ;—Ofyz = ayz where a = —o e,y = ays.

Corollary 1. (Test of linearly independent)

The set {y1, Y2, Y3, ..., Yo} is a linearly independent set of functions on I,
If cyy1 + agys + ... + ay, =0 then oy = as =a3 =... = a,, = 0.
Definition: The Wronskian of n functions yi,ys,ys, ..., ¥, at class C"™' ((n — 1) times
continuous differentiable) on an interval I is defined as

Y1 Y2 Yn

Y1 Yo Y

W('T) :W<y17y27y37"-7yn> = . . . .
n—1 n—1 n—1
7 SR 1

e For two differentiable functions y; and ys

N Y2
Wy, =
(?/1 92) ‘ y,l yé

cos(z) sin(z)

—sin(z) cos(x)
e Suppose {y1,y2} is linearly dependent on I then either y; = ays or yo = ay;.
Assume that y; = ays = y| = ay) then

Example: W (cos(z),sin(x)) = ‘

LWwwﬁz‘z P2 — s = b — oyl = 0

Yo

Hence {yi, 92} is linearly dependent implies W (y;,y2) =0

Corollary 2. (test of linearly independent)
If W(y1, Y2y .oy Yn) 70 for some xo€I then {y1,ya, ..., yn} is linearly independant on I

Example:

1. Show that the set of functions, fi(z) = /x + 5, fo(z) = /x4 5z, f3(x) = 2 — 1 and
f4(z) = 22 is linearly dependent on (0, o)

Solution:
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2. Show that the set of functions, sin(z), cos?(x), sec?(x) and tan?(x) is linearly depen-

dent on (-3, )

Solution: (Tutorial)
Exercise:
1. Check the independet of {cos(z),sin(x)} for every where.
2. Check the dependent of {In(x), e”,In(z*)} on (0, 00).

Theorem 2. Let y; and ys be any two linearly independent solutions of v +p(x)y + f(z)y =
0. If y3 = ys(x) is any other solutions of y" + p(x)y' + f(x)y = 0, then there are constants
ay and ag such that y3(x) = aqyr (x) + agyz(x)

=Y = a1y + alYp

15 a general solution.

2.1.1. General solutions,Basis,Initial value problem

Definition: The set {y1, >} is called a fundamental system of solution (fss) or a basis
of solution, if y; and yy are linearly independent.
Example: Consider (z — 1)y"” — 2y’ +y =0 on (1, 00)
y1(z) = x and yo(x) = €* are solutions.
W) = Wit = | | & | =aer = = o= 120
Hence {y1, 92} is linearly independent since W (z) = e®(x — 1)70 on (1, 00).
Thus {x,e"} is fss or base and y = ax + be” is the general solution.

Given One Solution to Find another

Consider the homogeneous differential equation:
v +p@)y + f(x)y =0..ccee. (1)
Suppose a non-trivial solution y; = y;(x) is given.
Claim: To find y, = y2(x) so that {y;,y2} is fss

Put u(x) = zzg; since y; and yo are linearly independent, u(z) is not constant.

= Yo = uyr = Yp = u'y1 tuy; = yy = u"y1 +u'y; +u'y) +uyy ="y + 20"y + uyf
Substituting in 1: v + p()ys + f(2)y2 = 0 <= u"y1 + 2u'y] + uy) + p(x)(W'y1 + uyp) +
f(@)u(x)yi(z) =0

= u"y + 2u'yy + ple)u'yy + u(y + p(a)y; + f(x)y) =0

= u"yr + 20"y + p(x)u'ys =0

Applying reduction of order: Let z = v’ and 2’ = u”

Then 2'y1 + 2(2y] + p(x)yr) = 0 <= = = =2 — p(x)

= idz = (_2y/1 —p(z))dz......... separable.

1 ®
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= In|z| +2In|y| = — [p(2)dr <= 2y} = e~ /7@
or z = T — = g
Yy T

Thusu = [ Md and yo(z) = y1(x). [ #dw is the solution of (1) which is linearly

1

independent Wlth Y1
Example:

1. Consider z%y” — xy’ +y = 0 on I=(0.00) and y,(z) = z is a solution.
Solution: In this differential equation p(z) = =t = [ p(z)dz = — [ 2dz = —In|z| =
—In(z) on (0 00)
effp(a:)dac T
va(z) = (x). [ —pr—de == [ 5du
=zln|z| =xIn(z) on I = (0,00), i.e., {z,In(x)} is fss.
Hence y = c1x + cox In(z) is the general solution of the given differential equation.

2. Find the general solution to

22y +2zxy — 2y =0

given that y;(x) = x is a solution.
Solution: (Tutorial)

Differential Operator

Let D stands for the operator —x ie, D =L Then Dy = % = ¢/ and (D — C)y =

dx dx
(L — C)y = %2 — Cy where C'is a constant
2 3 .
Note: £, diQ, L ... etc denoted by D, D?, D3, ... respectively.

Remark: Two operators A and B are equal if and only if Ay = By for all functions y

The linear DE ?f the nh or(Ziler with constant coefficient:
cnfl?;—g+cn_1%+cn_g%+...+clg—g + coy = 1(T)...... ()

can be written using the differential operator as:

D"y + cp 1 D"y + ¢ o D" 2y + .+ ¢ Dy + oy = ()

or (¢,D" + ¢, 1 D" ' + ¢, oD" 2+ ...+ 1D + o)y = r(x) or

f(D)y = r(z) where f(D) = c, D"+ ¢, 1D" ' + ¢, oD" 2+ ...+ 1D+ ¢ if f(D)=00r
D" + ¢ 1 D"+ oD 2 + 4 1D + ¢y = 0 is called the auxiliary equation of ().
Example: The DE 3272 + % + 6y = 0 has symbolic form (D?* + 5D + 6)y = 0 and
D? 4+ 5D + 6 = 0 is its auxiliary equation.

Theorem 3. If f(D) is a polynomial in D and f(m) = 0, where meR then f(D)e™ =0
Theorem 4. For aeR, neX then (D — a)"e*y = e** D"™y.

Corollary 3. If f(D) is a polynomial in D with constant coefficients then e* f(D)y =

f(D —a)e*y.
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2.1.2. Real root,Complex roots,Double root of the characteristic
equation

Second Order Homogeneous Linear DES with Constant Coefficients

Form:y" +ay +by=0.....ccceviiiii . (1)
Differential operator form:(D? +aD +b)y =0
Claim: To solve (1)
Trial solution: y = ¢™* = ¢/ = me™® and 3y’ = m?e™®
Substituting in (1): m?e™® + ame™ + be™ =0 = (m* + am + b)e™ =0
= m? + am + b = 0 because ™0
The equation m? + am + b = 0 is called the characteristics equation(CE) of (1) and the
characteristics root (CR) are
m =m; 2= —a—l—m
Case-1:a* — 4b > 0
The characteristics equation has two distinct real roots:
my = _a+“12 1y = =a=var—db V2“2_4b = y1(z) = ™7 and y(x) = ™" are a linearly indepen-
dent solutlons of (1).
Therefore y(z) = ¢1€™* + cpe™2" is the general solution of (1).
Example:
1. Solve 2y” — 3y’ =0

Solution:

Trial solution: y(z) = €™ = 3y = me™ = y" = m?e™®

Substituting: 2m?e™ — 3me™” = (0 or (2m?* — 3m)e™* =0

CE: 2m? —3m =0

CR: m; =0,my = g

Hence {y1(z),y2(x)} = {1, e%x} is fss and y(z) = c1y1(z) + coya(x) = 1 + c2e2” is the

general solution.

2. Solve the following IVP
' =5y =0,9y(=2)=0,y(-2)=7
Solution:(Tutorial)

Case (2): a®> — 4b = 0 then the characteristic equation has only one double real root i.e.,
m = 3*(double)
Therefore () = €2 ® is one solution. To find () apply given one solution to find another
ie,y' +ay +by=0= p(x) = \

e~ adz

Therefore yo(z) = y1(x). [ & y/;((z)dz =ez® [ T =€ 2

—a —a . —a
Hence {eTz,xeT’”} is fss and y(z) = c1e = ® + cowe

)

"% is the general solution.
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Example:

1. Solve y" + 4y’ + 4y =0
Solution: Lecture

2. Solve the following IVP
Y+ 14y +49y =0, y(—4) = -1,y (-4) =5
Solution:(Tutorial)
Case(3):a® — 4b < 0

The characteristic equation has complex solutions:
— 2_4b _ Ab— 5 ) —
ai\/;i — ai\/Ziaz = m=myy = a+p1, where o = _% and 3 = @

myo =
Note: From Eulers formula:

e = cos(#) +isin(d),0 € R and e = cos® — isin § then
elatBiz — ear(cos(Ba) 4 isin(Br)) = yi(x)

and e @7 — 2% (cos(Bx) — isin(fx)) = yo(x)

yi(z) = (y142ry2) = e cos(fBx)

ys(2) = —51(y1 — yo) = € sin(Bx)

Therefore {yj(x),y3(x)} = {€** cos(fx), e** sin(fz)} is fss.
Hence y = e**(c; cos(fz) + cosin(fx)) is general solution.
Example:

1. Solve " — 2y’ + 10y =0
Solution:
CE: m? —2m+10=10
CR:my=1+3i,my=1-—3i
this implies a = 1,8 =3
y = e*(cq cos(3z) + cosin(3x))

2. Consider two concentric spheres of radius r = a and r = b, a < b.The temperature u(r)

in the region between the spheres is determined from the boundary-value problem

where g and u; are constants.Solve for u(r).
Solution: (Tutorial)

Exercise: Solve

29"+ 9y —5y=0
1. y(0) =2
y'(0) =1

2.y +5y +6y=0

O
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3.9y =0
4. 4" —2y' —5y=0

5 3y"+y — 10y = 0.

2.2. Non-homogeneous equations with constant
coefficients

Definition: Let D = % (differential operator),if a differential operator, say A, applied to a
function, say U, results zero(i.e, AU = 0) ,the operator A is said to be the annihilator U. If
AU = 0 we say A annihilator of U.

Example: f(z) = z annihilated by D? i.e., D?*z = 0, g(x) = 8z* — 3z annihilated by D°.

Annihilator’s of Some Common Functions

Function

Annihilator

$m—1

Q
8

Dm
D—«

D2 + 52

D2 + 52

(D —a)"

(D? + g2)m

(D2 + /62)m

D? — 2aD + (o + %)

D? —2aD + (a? + B?)
(D* —2aD + (o + B2))™
(D? —2aD + (a® + )™

i
T o
REE

=. &.
= =
8 8 8

8

(@]

o
AAA/m\AA
\CEQQS\Q\Q

8

Note: It is difficult to find the annihilator for the functions like ¢*”,log(z), tan(z).

2.3. Non-homogeneous Second Order Linear DE with
constant coefficients

Form:y" + ay’ + by = r(x)
HDE form: y" +ay’ +by =0
Method of solution: Undetermined coefficient(UC).

Steps to Solve f(D)y = r(z) Using Undetermined Coefficient(UC)

™
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Consider y” + ay’ + by = r(z) or (D* + aD + b)y = r(z),...D = 2L or f(D)y = r(x) where
f(D) = D?+aD +b.

The differential equation f(D)y = r(x) has constant coefficients and the function r(z) con-
sists of finite sums and products of constants,polynomials,exponential functions(e®”),sines
and cosines.

Step-1: Find the complementary solution y. for the homogeneous DE f(D)y = 0.

Step-2: Operate both sides of the non-homogeneous DE f(D)y = r(x) with the annihilator
of r(x) (say A).

Step-3: Find the general solution of the homogeneous DE Af(D)y = 0.

Step-4: Delete all those terms from the solution in (Step-3) that are duplicated in the com-
plementary solution y. found in (Step-1).

Step-5: Substitute y, found in Step-4 in to f(D)y = r(x).Match coefficients of various func-
tion on each side of the equality and solve the resulting system of equations for the unknown
coefficients in y,,.

Step-6: with the particular solution(y,) found in step-5 form the general solution y = y.+y,
of the DE.

Example:

1. Solve y" 4+ 8y = bx + 2¢~* with UC.
Solution: y” 4+ 8y = 5z + 2e ".....(*)
Hom.form: y” + 8y =0
CE: m?*+8=0
CR: myy = +i2/2
Therefore y. = c¢; cos(2v/2z) + ¢y 5in(2v/22)
Since D?5z = 0 = (D + 1)2e¢~*, the annihilator of 5z + 2¢™* is D*(D + 1)
apply D*(D + 1) to (x), we have
Yy + 8y = br + 2% +— (D*+8)y = bx + 2% «— D*D + 1)(D* +8)y =
D?*(D+ )5z +e % =0+ D*(D+1)(D*+8)y =0
CE: m*(m+1)(m*+8) =0
CR: 0,0, —1,+2v2
Yy, = ¢1 cos(2v/27) + ¢y sin(2v/27) + A + Bx + ce™®
delete the duplicate terms in y., then y, = A+ Bx + Ce™ +— y, = B — Ce™ +—
y, = Ce™®
Substituting y,, y, in (¥): Ce™*+8(A+B+Ce™") = 5w+2e™" +— 9Ce " +8A+8Bx =
br4+2 "+ A=0,B=2C=2
Therefore y = y. + y, = ¢1 cos(2v/2) + cz8in(2v/2) + %:r; + %x

2. Find a particular solution for the following DE
y' — 4y — 12y = 3¢ + sin(2x) + xe®®
Solution: (Tutorial)

Exercise: Solve the following Differential Equation using the methods of undetermined

coeflicient
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" 4x

Jy'—y —12y=e
)y + 25y = 6sinx
) y// 4 6y’ + 9y — —ZL'64I
)y — 2y + by = esinx

Solving f(D)y = r(z) Using Variation of Parameters(VP)

Let a set {y;,y2} be a fss of f(D)y = r(z).

The complementary solution of f(D)y = r(x) is y. = c1y1(x) + cay2(x), ¢1 = co = constants
To determine y, vary the constant ¢; and c; to functions of z,i.e.,

yp(z) = c1(x)y1(z) + co()y2(z) where ¢ (), ca(x) are functions of z.

Then g, = ¢, ()31 (2) + 1 (2)} (&) + (@) (x) + e2(2)5h ()

=y, (x) = ¢ (@)yr(2) + 26 (2)y () + ()i (2) + 5 (2)ya () + 265 (2)y2(w) + co(w)ys (2)
Substituting in (1): ¢{y) + 2¢y) + ) + Gz + 2c4y; + cayhy + p(2)(chyr + cryy + chye +
cyy) + f(@)(cyr + caye) = r(2)

>y 4201y, + caye +2chys +p(x) (yn + hya) + e (Y +p(@)yy + f(2)yn) +ca(ys +p(2)ys +
f(@)y2) = r(x)

> (dfyr + dyr + Gya + ) + (yy + ) + pla)(yr + dyy) = 7(w)

< (i + ) + (i + ) + p(a)(chyn + hya) = ()

Choose ¢;(x) and co(z) so that iy + chys = 0, then iy + chyh = r(z)

Y1+ chy2 =0

Sol
TN v+ = ()
Since W(zx) = yi ??jz = b — iys # 0
From Cramer’s rule ¢} (z) and d,(z) are uniquely determined
0 Y2 U1 0
r(z) ys(x) v ()
c(x) = W(z)2 and dy(x) = W
Then ¢} () = — e «— e1(e) = — [ L2GRsdo
and ¢ (x) = PP e ox(a) = [ TR da

Therefore y,(z) = ¢1(2)y1(2) + ca(x)y ()
Hence y = y. + y, is the general solution.
Example:

1. Solve /" — 2y +y = x—lze’”,x > 0 using VP.
Solution:y” — 2y +y = 5e”
Hom.form: ¢y’ — 2y +y =10
CE:m?-2m+m=0
CR: m = 1(double.)
Ye(T) = 16" + coxe”
To find y, we vary ¢; and ¢, as a function of x.
iLe.y, = ci1(z)e” + co(x)xe”
Since y1(x) = €* «— yi(x) = €® and ys(x) = ze® +— yh(x) = * + xe®
(@) (z) + (x)y2(z) = 0 ci(z)e” + ch(z)re” =0
Now { o) (2) + (a)h(e) =r(@) T { ¢ (x)e” + cy(w)er (L +a) = et

O
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¢ (x) + cy(x)r =0
— { c(z) + h(x)(1+x) =272

— dh(z) =2 ¢ o(x) = [ %de = —1 and
d(z) =dy(x)r = -2+ ci(x) = — [ Ldz = —In|z]
Thus y,(z) = —e"In(z) — Lze® = —e"In|z| — "

y(x) =y + y, = c1€” + coze® — e In |x| — e” is the general solution.

2. Find the general solution to
ty”— (t—|— 1)y/+y — t2

given that
ni(t) =€, yat) =t +1

Solution: (Tutorial)

Exercise: Solve the following using VP.
y" + 4y = sec(2x)
a) y(0) =1
y'(0) =2
b) y" -2y +y=e"ln(z),z > 0.

2.4. System of ordinary differential equation of the
first order

Definitions

1. The system of differential equations is a collection of equations in several unknown
functions and their derivatives.

2. The system is said to be linear if the unknown functions and their derivatives involve
in each equations only to the first power.

Note:
1. Each equation has at least one derivative.

2. A linear system is of normal form when it is solved for all derivatives.

dzx 342
& — p— =3 A
Example: The system of differential equation { Z_%lt: —$4:c g;—y{l— P ((:3()

is linear and is of normal form.

Example: Solve the linear system of the above example.

Solution: From equation (%) we have ‘573” =4 2—? + 3t (% % %)

From equation (x) again we have y = x — % + 3¢? substituting this equation in to () we

get
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U

Y= Ay —2(x — %+ 34%) + 4t + 1 = =6z + 2% — 3t? + 4¢ + 1 substituting this equation
in to (% * %) we get a second order linear equation:
‘572’” + 2 — 6 = 3t? — 4t — 1 <= x = c1* + e ¥ — 1¢% is the general solution and if we
substitute this in to equation (x) we get the other solution, i.e.,
y = —‘fl—f +x+ 32 = —cie® + Ao+ 12+t
Therefore the solution of the system is
T = c1e” 4 cpe7 — S
Yy = —cre® +dege 3 412+ ¢
Exercise: Solve
dx
R
dt Y

dt

B — 33 42y — 5t — 2

5 { I —r+2y+t—1
dt



