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Area Formula: The area of the region R is given by 4 < | (o

Case-II: General case.
Suppose R is bounded between the graphs of continuous

g on [a,bland g(x) < f(x), Vxe [a,b] as shown in diagram-li

E.r-' ’; Shen the area of the region Is given by A = |[ f(x)
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R e region may take time and even students may not understand
fﬁfﬂ—lph\rlﬂ-‘l- IUNCRONS. 50, the simplest 15 to y« LEST POINT

oBST POINT: Select one number om the interval a < x < b ‘
IRRIERIE) < /(). use g(x)'s /() and if f(c)< g(c), use f(x)< gl)

Examples
| Flﬂd the area of the

a) Under the graph
o) Himnl.ht'll |'"i. rirYl
l ! HU‘H'HL’!‘!.! h"h "'l L ' _1: | | dnd '-_:E 'l.'!

d) Bounded by /(x)=x-land ;L'{'l'l—".- }
¢) Bounded by I_ and vy =

D Bounded by /(x)- and g(x)=5-x°
Solmion: Draw the region fo simplicity
SIRMRE the required regions in the diagram below:
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A Flnd the area nfthf; region:
)Buunded by x=2y"and , 1

1 X L ")

JEnc]{}SEd between the graphs of

| o gounded by the curves f(x) - , 2x 422

v Land o } = £
- golution:
: ind the intersecti '
5) First let’s fi ection points Re -,
| ) ; points, Refer diagram below
X= 2= 4
XY =]-4 ;1
:J': =]l-y
’ 2¥ " +y=1=0 >
(Zyv=IXv+D=0 y
y=-1 1/2 2

Therefore, the area is
) o I DA I
! - e e TURETRE g RO
b] First determine the limits of inegrations. This is possible by finding the
intersection points of the two curves (Refer the diagram below).That is
x +2 2x+5=5>x*-2x-3=0,

R~
. o—— N .

' + U e |
p ‘ : : =3
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——

Hence, A= [ Ef(x)—_g@ﬁ?'*‘;f o Al i 119

J | e
J ¢) Refer the diagram below for the required region. First find the
—~

Pe=——
=

32
3

e d=0Dx==Ld
ntersection points x* =2x:+2=6-x" =26 ~2

f{x)-:‘,: -_I‘l'-
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2 Determibine the area of the shided region by,

")

Solution: a) Here, xy=12=s y = f(x)= 12,

] [
Hence, A -_[(.r).;fuj‘ﬁdx = 120057 = 12006 -1n2) =71, - d) Be
" F: & = w
b) First, find the value of k . At point A, we have + S, =5 a) First,
Then,w=ky' =3 5=k(5) =5=25k= k=1,
i 5 4 L i
So, the area is Auj'f(yjdy=j1y3ay=?—-- s | :
d D 15 e 9
3. Find a horizontal line y = b that divides the area of 5 Fegion hasmd
by the curves y= I: and )= 4 into two regiﬂﬂﬁ with equal area, | | . u
Solution: As we see from the diagram, y=x' == +ly. t

Besides, the area to the left and to the right of the y-axis are the same




rty of Areas: It is also common to face t |
' . m . I.-"._.",F CLl "‘.‘IJ C _
re than tWo points, he area of a region \ l'l .
S e !I"'r’

| p)Bounded D fx)=(x-1)" and g(x)=x-1
¢) Bounded by X+ = 4x—y=0x+3y=4

' d) Bounded by f(x)= 3y —x* —10xand glx) = b Ux

golution: The graphs of the required regions are drawn below

a) First, find the intersection of the two Curves.
¥
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n: In gener: |, the centroid of 4 SUrface

{,’entn}id: Centr

which the balance

10
cal Computat ;
Hﬂfhlﬂm;?pt: rmined using single integration,
simje Sl

I: Simple case.
::::ﬂsg thI{:‘ region R under the graph of fabove the x-axis bou

s dete

and x = has shown in diaram-],

the point or the g COmetric el
T o

Wit

Ndeg

the vertical lines x=d
by suppose the region R is bounded betyege, -

Case-Il: General case.
graphs of two continuous functions fand g asin the diagram-j
i L {__
{4
x 2
= " b
1) General case

I) Simple case

Then, the cbordinates of the centroid C =(x,y) of the region R with
area A are for such vertically simple region is given as follow:

| o
% .—;E= j.‘rf (x?dx:& x= % :['ff (x)dx,

[) For the simple case: | ¥ | -

xA = [ 3] f(x) - g(x))dx

IT) For the general case: {
L L4 b | :
A= [ (0] ~[g0) i

|

|
!
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Then, we havi

Solution:

Thatis 4
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Then, we have the centroid coordinate fn.rmulas;

e i
Ax== (7O -a0)

G
Ay= UG-8V

srdinates of the centroid of the shaded area.
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- Solution: Let's use vertical strip as 6
" First find the area 4 of the shaded region.

! That is A=JdA=Iydt=j fﬁﬂjg
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i

hown in the diagram below.
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rdinates of the centroid Df thg, H} ﬂded drh

#j F#Etﬁﬂﬂ the constant k using the given coordinates,
On the graph when x=a,we have y=5.

9. -'-W:’ﬂ“k@fik“;ﬂx—bi}f = y=—3i

NW ﬂSﬂlg the centroid for

—
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(g derermine the equation of the line bounding t{'?' egion
bE‘UW& dt‘wnunupul,v the area of the region. L
1
ine slope intercept the line is —x. The
That is US g Sioj t 5 Then,
b E X=p

'l Wbx? X 5h’

_ [ ()~ g(x)x = (Jbx —=x)dx= o & e

4= | ‘{ 2 S el

Then, from the centroid fﬂrmula we have

=] @I ~TgF )dm !(b‘c-~)dr
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e centroid of the Shaded area using integration.

5, Obtain th




13 [ Determrnatmn r::rf Area Moments of irmrna

5.1.3

Rectangular and Polar Moments of Inertia

Consider the area 4 of a region in the xy-plane as showy, b

Then, the moments ﬂfinertia of the differential element q4 ape.
i) About x-axis: dl, = y*dA
if) About y-axis: d/, =x’dd
Then, if the integration is performed over the whole area A :
1) About x-axis: 1= I y*dd
ii) About y-axis: I, = I x*dA
These two moments are called rectangular moments of inertia
Polar Moment of Inertia:
The moment of inertia of 44 about the pole at 0, that is about the z-
axis, is defined by I = o= _[ rdd. But from polar coordinates, We
have r* =x* + y*. Hence, using this *r'el'at'iﬁﬁ we have
=] =[G+ yda= [Raas [ yaa=1, 41,
The moment of inertia I, =1, +1,is called polar moment of inertid
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Where
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ﬂnd the value of k. At poim ﬁl we h..fw:: O

& | 5y,
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5 : galution: e ce atroid. First, determine the area ﬂfthe regigy,
'. -ﬁ‘".':'; h ﬂw’md cally simpie its area is calculated ag folloy, ey
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5 2 Centroid and Moment of Inertia for Com Osit %

ey
5.2.1 Centroid of Composite Areas

Principles: A region composed of two or more pgp OVer).
regions is said to be composite body. The centroid of g UL_}; SHFJ
obtained with the help of the following principles, Ny
Principle-1: Add-subtract principle
Principle-2: Translation Principle
Principle-3: Symmetric Principle
Principe-4: Principle of sign
< Principle-1: Add-subtract principle: This principle sim
the area of non overlapping regions and subtract the 1
hollow parts during centroid calculation.
Let A4 be the u;liﬂn of non overlapping regions 4,4,

corresponding centroid coordinates (¥1,7,)

ply StatES ad+

= !Ajr"&A) wlt'ﬂﬁ
!(IE:y:)}(xhy;):---:(}n,; ).

s f:mmﬁ ?riﬂmple Qf-_mﬁment,' the centroid X of the total
_ omposite body '-E*ﬁﬁtaiﬁﬁd as follow we have

X=4.x thX At 44 %,

a(‘%*%’*“d&*"+ﬁ}}=4;1+,45 A X

area 4

345,
EI

14,
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ore, the prmflplu also resarde

F“rthf'-'rm = Cmpty or hole of ‘}'l:-'.lrl.'-’-. of the
bﬂd‘i"- That m2ans I some part ot the LOMposite Lody ie ODEn Or a
hole the centroid and area of that part is alsg C ; S
asnegﬂti"'ﬂ value in the algebraic sum.

| principle-2: Translation Principle

SH o esly A i
(EENTons, use 19-30-83-42.67

alculated but egarded

Suppose the centroid of a region is C :L},}} when the boundars

,-.I'
L¥ )

se region coincides with the coordinate axes as shown.

1
New
%  Centroid g "
. / / 2 L
St orl s et
i | Translation Principle

{ Ifthe regiﬂn is located at a distance of d, from the x-axis and at a

CE ﬂ dy fr = - |

centroid is X =x+d,.Y =y+d, -

B the coordinates of the -entroid of the trapezoidal area.
‘ 1. Determine the COnTLEEEET | 1
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gle with base 5 =40mm and height 4, mm

b
centroid are x; =—=2
ﬁiﬁ 1 ; Omm _._.-..mmn

* mm b=20mm and height 4 - = 60mm_
a ﬁat a distance of d_=40mm fmm the y-ayi
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&e feéinn into three parts.




1l

part-2: [t is also rectang

So, the coordin

- h
ates of its centroid are x: =0, y, > = 50mm

— bk = 2000mm E.

K Besides, the area Is A4, |
= part-3: It is a triangle with base b =60mgn-and height }, - 100mm,
> - b _- — ﬁ === l.{lq C ¥, — af 2
f.- . S0, X3 =lﬂnﬂn+§ =30mm, y,; = I = ] mm and Tj = J{J[}{Jmm..‘
. ; . Therefore, the coordinates of the centroid of the total area jg given |
: — An+AxAx  (2000)(0)+(600)(0) +(3000)(30) L /
sed AT TR, 2000+2000+3000 ' 29mm
i Ay + Ay +Ay;  (2000110)+(600)(50) +(3000)(100/3)
A+4,+4, - 2000+ 2000+ 3000 = 60mp

3. Determine the centroid of the shaded area below,

Ir___h iy’ R
. ‘3 5313,}’1 =-3-=%'2=26.7m.




i

_ Besides, the area is 4

| coordinates of its Cé

(land Bouk of Engineering Neehanies-l by o,

T
part-2: 1t 1S the circle of radiyg ,

centroid are x2 =40, y, =0, Bi’ﬂﬂﬂ& tie area i

part-3: The lower semicircle of radius , =

E et - _4R %_160 i =-‘-§:mn. 50, the coordinates
are A <3 3;,.1- I esides, 4, = ——=800mm"*,

! = -
) Ax i A: + 4, 4456 i
A] ';’1 ¥ A‘! '}z T A’j‘; 424830
Y= e =93
) A] _AI +A3 4456 9 Amm

4. Determine the centroid of the shaded area below.

on into four parts. the
reg! h=6cm and height h="3cm: 30
f base h_3m 4 Sem
- b ﬁﬂm e Bt:ﬂ'l; :"l = 2 2

pua S =N
oo B =0T

ntroid are X1 =5 = 2

Solution: Let’ s divide the
Part-1: The rectangle ©

=hh= ]sﬂm :




Wirehail I_ff': "-

. ke 1.+
l.-.ME-[HrFJ'MF- i _ et e kr _:?{I! 2 5
.H.fﬂm!'ﬂ'-"""ﬁf “..-jqng“-'lwith hase b =3cm a nd height 4 = “Cm. Sq it 2
s f o4 L i o ' o . i }
part-2: :;le Al oo (:[J”I-[j;:,tirt“:. of its centroid are Dhtai; arg,
;5 ‘4‘1 = Ay, ¢ g ,, R : 7 : = 3 E’ﬁ
1 - rfk]i;uﬂrthﬂrﬁﬂtﬂnglﬂ'*“ f=6cm+lem=7cm V=l d
W Ay = BT o - _ 3 =
2 ,n semicircle of radius r=lem and center , 2
part-3: An open ¢! | tthe orjg,
’ : 2 B e o -
t ubasof its centroid are x; =0, y, =— _ % .
50, the L[}ﬂl"dmﬂtﬂ 37 % cm.
' 2 = -ﬂl — s Iﬂ: .
g Besides, the area is 4 =7 =2°
part-4: The quarter circle of r adius r =Jcm. So, the COordinateg -
- ot 4R 4 R Y Iig
| Bnsldare v s = L ) =T —-=—Cm. |
I'i ce o7 S Ir
F R 9x

Besides, the area is A, = o em? =1.257xm?,

g
Therefore, the coordinates of the centroid of the total ares jc e
ﬂ'f" A,.EI+AI.;;—A3.¥3 +A4..r.1 = ?6_5_2 = y
| A A -4+ A, T B
i) }7= ‘4|-J"'| +.'42+J."1 "Aj*.]’_; +A4-J"'a| - 39.8 =9
A +4, -4+ 4, 28 |

5 Determine the centroid of the shaded area below.

I -
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SG the {j{}Drdl“ath ﬂ!’ lt‘i Ci“‘ntm][} e S i Il_nn:i,u.ﬂ- I"..r}.."r?lm.h'_';..e,-_.r._ﬁg
1Tl

% #E::_%E-U—m——- = 200mm. - _\;] ~ h_ = “'[ll‘lnﬂ e

X179 2 2 9 25mm

BESidES’ the area i1s 4 =b.h = 10°

part-2: The triangle with base b =150mm and height =25omm . <

tsﬂrealsA _—bf1_1875{] : = £0mm a0,

BESldes the coordinates of its centroid are obtained as follow:

= Baseof mctﬂn“?r 5 =400mm + 50mm = 450mm , ¥, =4 =83 3
part-3: A circle with R=60mm and hEl‘-.Flnn the Simo catiter 48 e
rectangle. That means the centroids of the circle and the rectangle
coincide. So, the coordinates are x; =200, v, =125.
Besides, the area is 4, = R* =3600r. '
Therefore, the coordinates of the centroid of the total area is given by

= X +A2.Iw — A, X3 262x10ﬁ

= 244 mm
I)X- A4 + 4, -4 T 1.07 x10°
v A; + 4, )’1—1‘1 y3+4 y4 =1265:~t10 S
At A+ 4, -4 1.01x10° (\/\
| f the centrmd of the area. 2 ,:;h 1

6. Determine the coﬂrdmates 0

Hn ="
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5 St e |
.1: The larges i a3 =T P
part-1: 1 fits centroid are x; =/, y, =0.

Fiong, i

#1.38 o,

~tangle of base b=14mm and heig

Sp, the coordinates 0

e 4 =bh= 168mm” .
Besides, the ared is A =0

the coordinates of its centroid are x: =2, y, =8+2=10,
1

oy
Besides, the area is A, = bhi=16mm".

part-3: A semicircle of radius R=4mmand the area is 4 = ™

—

| ) ‘ __ S
So, the coordinates of its centroid are x; =2+4=6, y, R 16

Part-4: A quarter circle of radius R=4 and theareais 4, = R

7
So, the coordinates of its centroid are
= - 4
Yu =10-+(4—-4—H-)= 14—1—6- =123, v, =_3+(4-—R) = 12—~—lE =103
3 3 T i
Part-5: The triangle with base b =6mm and height % = 4mm .
Boie= b 4

S0, xs R =1 g o Besides, the area is 4, =12mm?.

Therefore, the coordinates of the centroid of the total area is given by

o A=Ay = Ay — A Xu 4 Ay s 13683372

=8.2
A=Ay~ 4y -4+ 4 126.3 o

i) Fo AL A=A Vi Ay + Ay, 6919 o
AThd A 4 %63 "

7 =9

e ———

— _ﬁ——'_'_—‘n_

——

comn

table
moir
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Rl g Jhur commenls and «

b
e f Inertia f
: 2_2 MngHtS 0 or Cgmpwt & Ava

=y
E¥lioma, e H"'j.;?' T &
B

d5

p many situations, we encounter to calculate the
ofan area composed of two or more distinct parts f:??-mm OF inertia
Eeﬂmemc shapest The union of two or more nnn;rwe?l?pl? s h%ﬂ“
is called cm:npnmte s Thintlk miowiee u.f : E{Em?ffsgmm
sbout @ particular axis is the algebraic sum of the mumenﬁ?ﬂt? it
of its component parts about the same axis. s of inertia
procedures to find moment of inertia for composite area:

Step-1: Dﬂterminatiqn of moments of different parts. |

yivide the composite area into different parts. For each part, select
appropriate coordinate axes and compute the moments.

Step-2: Transferring into a common axis ;

check if transferring is needed or not for each moment. Of course,

some Of them may not need transferring but for these where

transferring is needed use Parallel AXis Theorem to transfer into the

common axis about which the moment of the area is asked. For some |
- parts, repeated application of parallel axis theorem may be needed.
{ Step-3: Summarization of results. To simplify the calculation, use the
~ table of the following form. When you tabulate values make the
1 parts of the area as negative.
' Transferring

Moments f




pn!ar mnments ﬂf 1nert1.a

/ ;ZTI+ZA.H' Zr’ +ZAH"' Iomfay

{ / ¥
Ii —— -'FI : i
o A . 42 A’ & A

_ 2 composite area with a=3mm as shown belﬂw
» the moment of inertia 01" the shaded area aboyt the x-ayjs

b
ﬂ
ﬂ
pat]
E—
—
L7 )
o
_‘
3 o)
<
I—1
£l
=4
O
=
¥ ]
=

o NI TV RN
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-
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¥
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X-axis
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l"“"“‘ nf fp_,mﬂ ring Mev Flmru 5 I h-. J i mh,..“ ];

weering W hrr nmr rumuu uh uml

part-1: It is a lectangle with base p=
moment of inertia of area of a -¢

4 and hupht h=

¢l FT‘UITI
ctangle, the moment of inert;

1a of the
ctan““]ar area of part-1 about x, -axis M T

oy = e——— =

: 0 L TR
sesides, its area is 4 = (4a)(q) = :

Then, by Parallel Axis Theorem, it istransferred to x-axis as
+ -5 i
[=ls+ A =—+4a () =L o, B
Ix 3 Sl 3 3
part-2: It is also a rectangle with base b=« and height h =24

The moment for this part is calculated directly about x-axis.

b At b’ 8a' 2a’
Sp, using similar formula, we have 1, =—= g
: : 2
bi* 4a' _a’

part-3: It is the same with part-1. Thatis I, =—-=-5==-="

Then, by Parall el Axis Theorem, it is transferred to x-axis as

a’ Ay
L,=Is+ + Ay’ --—3—+4a*(—— -—-+ g = |
of mert;a of the entire composite area s

Therefore, the total moment

determined by taking the s sum of the three moments.

4
2351 53.&

That is I,:—*f;-ﬁf +h,, = csaE S

rticular, for @
| =—=- | is 10 |
X 3 3 y pl e, tranﬂferﬁ“agxes el the €0 common axes
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Solution: Let’s divide the region into three parts.
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i) Ilin




|

.J.mll'!'f'-'"”““" Werhanies. | by Bes aasha 1. |
”‘r'l.",“r'_

= Itis a rectangle with base 1

, moment of inertia of 3 re

S g (). H r‘ !
and hmght h = '?'ﬂmm
» USIng parallel axis theore

o And v axes are .

frof o _ Ctangle,
mﬁmnmenm Ot tnertia of part-1 ahoyt %

bk’
= Ad® = — 4 b2 . (60)(20
TR Shs T i ‘“‘.3:‘1* *+(60)(20)(60)

—4}:][] mm® +4
32x10* mm* =436 %10 m *

hb*
o =D+ Ad? =— + big? - 2ON60)

=36 10" mm* +192x10* mm —228:-:]{]*

part-2: It is also a rectangle with base 5 - 20mm and height
h=140mm. The moment for thlS partis calculated directly about the
centmidal x, and y, axes.

| (2{])(14{}}3 | 4
|) fh..- 12 12 =457, 3}{10
3
i) /,, = W (140)20) =9.3x10"mm*
it T 12

Part-3: It is a rectangle with base & =60mm and height /= 20mm.

From moment of inertia of a rectangle, using parallel axis theorem,

" the moments of inertia of part .3 about x, and y,axes are
il =Fo + A" =400 = s 46 )(20

12 :
_ 4x10*mm* +432x10"mm __435m mm
S L W SR @
i)l =1y +/ o 12 ik s
! ; =36x1{]"m‘ +192x10 " mm o
t 1 | _ e SUIT _
_ the m:ujy i E}Em-mmﬁd by taking th
about the axes X, antJo =~
mﬂments along the same axis
;}ﬁ ;‘i« ——n_ =

i Tl ] )
5 ]

1}-,\_\_'__'.-5 . _.ﬂ - '_ _.I b 18
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| s ),

" ) LT
j'qr -' |||rrI|l|].|]_1i"l|lI!H'l.'l;| FETLY

- ¥ i | :
: 4_?-[31?{}'”””' 4S7. 310" mm - 4436 Ihln.ru : | 1
Lo Tdsy 415, 31y

Wy | Fi & ¥y

f1'n s !"uqrn:.1h+hum_n,--.ni-.:l-

; = | ! ~
zggﬂxliidn;rn"' +9.3%x10" mm” + 228 « Hj*””“q &

' ‘Jfll.rj"

3+ Consider the shaded area below. Then, determine
a) The centroid of the shaded area
b) The rectangular and polar moments of inertijz

¢) The rectangular and polar radius of gyrations
f o

R N T
7 Brt;l 4 . | So, |

jﬂ] 2 éﬁm
- :! : Tha
i 2

i | '
PagEs o

’ =

3m T rel
b -.I-i..]._ 7 | |

e

 Solution; Lep's di *
L s divide the region into six dessosrl
Pars, compute their a :

Feas and the coordinates of their centroids
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“M d 'H:'l-:m..nf-r ng He hitiir N h_l- “f'llghhu "
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1: 1 he p'-tll'lhl]hl_‘ Area i . ety ngl

3 part-1: 1N the fipst quadrant ———

Al

Part-1:Parabolic Region

As we see from the diagram, this region is bounded on the right by

Lo
_-.,-=-£y' and on the left by x=0 on the interval 0< y<6.

So, let’s find the area 4 of this reginn.
y=0
I 2

=—y)| ===l
Thatis 4= [[/()-0) - j A
|
Resides, the coordinates of t'lE centroid are
' = lﬁ A TS 1IEII 1
B 1 =3 % Y- Lot =___
| nx;_=—ijﬁf0)1ﬂjggg)]2)a>=?lﬁx 2{[6%] =
FL - : - =) ; yﬁ Fﬁ -g_lé
‘3 ﬂlzx*ﬁﬁﬂﬁ 10
MO 7 L
L _=1.8m
= 12x= 120

| “)AFIWU"-’ W)gzi){l z]ay
Jp

| e
= 12;'# Tziﬁ' =94 |

- 6
= y=45m

=54
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AL
Lo found in the 5S¢ ond quadrant a:

The area of this square is A= 6mx6m =36m" Notice that cens.
E the geometric center of a region. Just it is a point Whose fiﬁgr,.. 0id ;
can be positive, negative or zero depending on the - g,
region under consideration. In our case, as the s o,

l
|

nF
Vi Th.
- |

Quare région is

"y
‘Oling

OF its centrgig, ’

'r‘ in the second quadrant, we expect the X-coordinate
be negative. So, the centroid coordinates are ;-

"‘3,)}:3‘




B e e
v o Mﬂf"‘:}"' .'

M-‘H" "f .'nglm 't l‘l‘ﬂ'.!,[' Hl' il fHH'IH Lb I h"i “l lr'ﬂ"u'n”
nk -Twice: How top g | lhv

A Thi ce

sotat O but we ne td thu Centroid re|;

ysers! What shall we do then? *100 not relatjye to A, Degr
first, determine the Coordinates Felative g the vy

r_| |r] 2
which are intersecting at A (the centoy ey

- relative to x,and y, we haye

I1=L§E="'§;-“‘=‘-2 23, |
=N 4R 24 38
1 e _u_]=3:r-3:r=;r-=255
tes Now, as we see from the diagram, the coordinates of the centroid
he C=(x, _y) relative to the x and Y axes are obtained by subtraction.
nd | B3 =6 (2255 . 64255 = 3.4
R, . | 7=6-7,=6-2.55 =345

Part-4 A square found in the third quadrant as shown.
. . | s
) ’ ! 6m f O




3 F

-.Hn!‘r TEn J‘nu T.F fnrmr.rfrm““ “I -
——— -Jh bk {10

\ Band Boek of [nsincering Nerher <
= | ! ” L! | L&l ) .
part-5: A circle of radius r = “; _m = : qu : adr nt dS § I|UVN ullllE
The area of the circleis A=m = 0" = A N
a)
Part-5: Anopencirde | X
in the third quadrant :
; SR .
| Notice: For a full circular region, the centroid s always th
. . E
the circle. Wow! That is great. But the circle is foung at the B
C
square of side 6m . So, the center uf the circle is ¢ = (-3,-3). HEnter o “
y EHEE
coordinates of the centroid are = -3, y=-3. i Tt
Part-6: A right angle tria ' =6m i .
right angle triangle of side S=6m in the fourth quadran:
fy X
X
¢  Part6: A thangle in the [V quadrant b)
Tc
mi
_ th
om— Pa
Then, the area |
of the triange
gj Is 4= '"(5??!)(6m) = 18m* and the A
&




of

e

{ Hand Enml‘n "f .Fnumrrrm : Me rhmmnl 0y Beegrs
E0shane N, 1,

Now, let’s go back to part (g
a) Centroid of the tot;

8 ]UWing
Parts Areas(m* - [ —— |
ol S LYl
1 1: l 8 '-“I-‘-:--_,_ XA {FH )
s 5
e . — -108
2 ?T LT e
: 3 I 0
5 'y T
6 18 2 S s
Sums id g : 36
o : Z%EF-EL:’-
Im] - e |

Therefure, the coordinates of the centroids are

>4

LS5 S

— _0 729[“, }" = =l -?D.I

Z 4 70.6

=-0.993m

b) The rectangular and polar moments of inertia.

To find ¢

he moment of inertia of the total area, first determine the

moments

the inertia of each part is calculated.
Part-1: The parabolic curve

of inertia of each of the six parts. Please give attention how
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ror yol _ 1l wl'r.".'ﬁfﬁhum, IS f10.
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part-2: For the square, about its centroid,

3 i
j_:j_ziaf: Bl —
Fe e 12

part-3: For the quarter circle about its centroid,

'”‘i j:l"_ﬁ?-ﬁ A

4 g 4
o L B e LT R o S N
e el TR 6 5,0 =706
Part-4: For the square, about its centroid,
3 3
e 0) e
‘ o ) ) ¢
Part-5: For the small open circle, about its centroid,
. .
=L ==—=220785
Sl

Part-6: For the triangle, about its centroid,
1 HT :
_ .-.fe_zf; =§}fi' - 6{63) =36
% > ¥ 36 36 :
Now, let's construct the following su mmary table.
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| Pand '_"_’,"* aj" fl,zilfﬂ'i!_lﬁ Hechaniesd by Begahan § For yuur romments and
; b ARA W rrrations, e

i) Rectangular moments of inertia;

" 8346242

z 2
_— + 1 + - '=:|- 5
;r e E )F-I A":{t I-"']hf:‘.rﬂ" ols) :'—-"-:'-34'1' 1[5'5{}‘52 '1'2-5&12 ="JOS 16

. S 42 2
[ =) 1y+ ZA,a'y L e oty = 355.34 + 180,62+ 61.7 = 59766
i) Polar momentof inertia; /. =7_+/ =795.16+59766=1302.2
¢) i) Rectangular radius of gyration,

I 795.1 /
bim g el 33, 1, 9% _,
A 70.6 ' ‘JA Y 706

e e —

- . i 1 139282
¢) ii) Polar radius of gyration, £ = .I—-'= ’ =444
)i) By * Y4 ¥ 706

4. For the shaded area, determine the moment of inertia about x-axis

the region into three parts.
de b=300mm and height /s =100mm.

; hase of the triangle is
of the problem, the base of the e
e | the moment of inertia

Solution: Let’s divide

Part-1: A triangle of si
om the diaj |

. 5—-E Exnz. But we know that for a tnangle;

along X-a i 100X100) ¢ 3310

about its base is given by 1, e ey

dius R=>30mm below

the x-axis.

pree f s «iecle is along X-
_2. The semi circle o _ o semicircie IS
Part 2 ter of th f inertia about

A5 we see from the diagrah ™= 1o the moment 0




- ‘
28%mm . Yor d s
a31%10° Therefore, the mMoment of linertig the ¢ : g
b ,."(, £ L, i : 1t J'-E
v Mﬂa:} ‘ - ﬂf{hﬂ' mumt”[u of the individual parts “f a5
o ¢ su - . - ”ljffr
' " l::,,,;.«,-n:n:.ufim&rﬂ'ta« of the open part (the hole) as negatiy, . C
. the M0 _J =1047%10°
mt.ts;;ﬂfﬂ‘*f" £
5 C sider the shaded area below. Then, determine .
. J 3) The moment of inertia of the total area about the x-ayj,
¥
; - f the total area about the horizont:
N | b) Give the moment 0 norizontal Centrojgy) ¢

axis of the upper rectangle

Solution: Let de the region into three parts, :

P;‘?;ﬁ ;ewmm moments of each part, I ‘
* 1he lower rectangle with base b=60and height 4=5 Since ‘

tha b
by rectangle is along the X-axis, its moment of inertia is

directly |

PSR s L BN ;,%??”5'300' Its moment of inertia about the

-
—
gy

R




. needed fnr part-z and part-3. For part-1, [, = et

m?ﬂl'fﬂf Engineering Hﬂ_‘iulfﬂm Bezashaw 1. hrr Your ¢
— mml nls umi 1“

lond
=2: The upper rectangle with
part base b=10and h{:‘lght hed

its area 1S =
Then, Ay =10>40 =400. Its moment of ; Inert;
1a ahﬂl!t \tg

centroid 1s b bk 10(40%)
SERS

Part'3 The triangle of base b= 3[) and height =

=5.33x10",

Then, its area is 4, =—~(30)(30) 45{} Besides, the moment about its

bl _ _10(:..{3)3
L R
S.tﬁp-Z: Check if transfer is needed (if so apply PAT). In man
situations of moment computation for composite area, tram:.fmrrinZ
into a common axis is encountered because the centroidal axis need

n&t be the same for aﬂ parts. In our case, we are interested the total
xis. But from the above three parts, only the
calculated about x-axis. So, transferring is
2.3 3
B85

centroid is given by E,i = =22.500

For part-2, 1, _7. +Ad whereisd is the distance from the centroid

to the x-axis. What is the value of a’ ? Look d= 5+-_25 So,
+(4{}0){25)'=:U 33x16°.

4 is the distance from
the value of d7 Look

[, =Ts, +Ad’ =533x10

For part-3, I, =1, +4 Jd> where
of the triangle tO the x-axis. What is

the centroid
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' s d snerestinone
W, For your "_""”m 1A and SnEEesions, pye #9.28 p

Weehaniesd BY fegavhat |
area below. Then, determine

{ ..J,,;L_ﬁ.,

6 Consider the :~‘J‘li‘ll~ll?f~il lod area

S » shaded arce

rne controid of the S L R R

i ments of inertia and radius of gyration about x ang Y axes
olar mome :

h)’:‘h noments of inertia about its centi oidal axes

¢) Thel ‘

‘tia ¢ he axes x, ==0.375 and y - _,
d) The moments of inertia about the axes x, ind y = g

Y

=

4= JCIN] -~

Solution: Let's divide the region into three parts,
Step-1: Determine the centroids o

f each part as well as
ufegch pﬂ-l’t ﬂbﬂllt its fentﬁdﬂl - thE moments

s es.
"1: The rectangle with base b=6and height =6

So, the coordinates of jts cehtroid are x; = 2 =

=i 8
3em, y, =—=3cm,

=6x6=36. Its moment of inertia about its
S i L3
centoidal axes are R UL . = _66)
e e




1%‘ m \‘\\l"‘.‘\ﬁ ""‘H‘TI\'\ ™ i

.'"

b, B RS area i L
‘\, m\ . “A \\{.:-,

W .
LS moment of Inertia about ite

3 L ST A '
E eroM e [ - - "“f’ 18 ).

B ;
3 1 36
3 el The bwe triangle with base » =9and height =

- S, the coordmates of it centroid are x. = 2b 5

e bom, p, =< =<2em,

;. ]

i R e i ,
B e, RS area is 4, - E(‘i\h‘l =27. Its moment of inertia about its

s . S ) ' &
emtroid s /1, = B )l% =5u_;\=%=°§: =121.5.

: . &) Centroid of total area: The coordinates of the centroid of the total
.-J_ ; ’ Em h,_ g
e Ansdnrdn GO0 ONDENO). 4 g5

s 45 Ay Ay CODORAND . g
- R¥= o e 3649427

A s+

- 2
fy+A.dy

52
W85
10935




o WL Faw yunt Commenls and sugesiions, ye g L2 A
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L

i ' "".-'rl
I / \ ‘r' ;:1,' '[ jlrl
Y Add ail 1, "
J"E\'.l"l.“ : moy /. =/ +/ 648 4 197,
A | il Ll I Hl‘.'t i I : |
. W munmruulm
i o

1Y

Ml Is A /J \/ 605
[he pola padius of gyrati . 17

kad the moment of Inertia about the ¢ entroidal
| Are AN ;
gy ), the centroldal axe are x, = 4.625 and ¥,
L But from part (a),

:Ll',r_’F“.‘
I ' Jfr_‘:id{hr

from part (b), we have [, =648, /, =1971. S0, by Paraje Axes

9 2 .
theorem, /, =/, 4 Af_d;, l, =], + x.'.:!y. Now, the problem IS what

are the distances d,and d, 7 The distance d_is the distance b
the x-axiy and the horizontal centroidal axis Yo =10f the areg, 1 ;
¢, =1, Similarly, the distance 4 is the distance be

elweep

tween the y.ayic

and the vertical centroidal axis ¥y =4.625of the area. It i d, =465, :
Hence,
Lol 4Ad? ], o ~Ad? =648 -7 - 57
helysadl= ) ) ~Ad? =197 -1540 - 43,
) We are asked the moment of inertia ahoyt the non-centroidal axes
N =03 5andy, « -9, pyt from part (¢), the moments about the
ool axes are found to pe ;57 1, =431, A
by AT, .
det
Seo,
Thu
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L— munglll.u' Al POLAEY momen| 506 inerta
b\ # r;clﬂﬂﬂ”l*“ and polar radius of pyrations

| 3
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n: Let's divide the region into seven parts.
'l'l'w parabolic Area in the first quadrant.
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£
t
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Part-3: Thao .
._..ﬂ 3: The upper open triangle, Pleace observe

iinls Wt . : | CIVEe that thi ™

trick In the r:,_ﬁ..i._:::_ of the moment: _

T._n..:. a tri
d triangle | .
$ie ¥ the base lieg on the r-ayjc ind the |
HALS ¢ 1 __..;:”“__"* [

h._:_u y 1
y-d _
q..n.b.._ﬂ. ___._T:_“. ﬁ,__:_:..::..._q.:;‘:zm..g« x._{._: ; i’

}

[2 12

hﬁubmﬁ ¥
T
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Then, by PAT, 1, =1 « A" =056 +8.75
P4 For the guanes (NOE200% o contrgiid




M, For your comments and swegeestion, o 4, 4
. m— W 24
S i

R . -
. ’ / () ()6
y 4u* = 0.0068 +(0.393)(2 _. )" = 1.262 |
Thus, by PAT, 1, =05 7 Ad ¥ o __
Part-6: A square found in the third quadrant as shown, I he)
y i _
O |
W\\V\\ e
. | For |
2m x\\\ﬂ
H&\N algeb
7/ 7 \ ., CONSi
M LIN _ C r.ﬁ_ﬁ_
The area of this square is 4 =2mx2m=4p," Besides, for the o u 98
its moments about its base ( x-axis or y-axis) are, o =1
.u Par et A2) 15, L ‘7
| £ 1y Tee———=51333
art-7: An : :
Open square found in the third Guadrant as shown. i) Pola
.y ,
2 €) Recta
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1 =37(05) =0.083
Then, using PAT for the second time

[,=l- % Ad* = 0,083 FOX(1.5) )= 2,33
Ly = L5 4 Ad = 0,083 4 (1(1.5)) = 233 |

For the total area: The moment of inertia for the total are is the

algebraic sum of the moments of inertia of
considering the open parts as negative, That is
|) Rectangular moments of inertia:
[, =l 4y =L =l =k =1, +1,

=] 1434 5.333~1.782 ~2.005~-0.1228 +5.333+2.33=9.124
|,y 4ly=ly=l=lg=1 %1, |

= 10.8+5.333~0.125-2.005~1.2629+5.333 +2.33 =204
i) Polar moment of inertia; /, =1, +1, =9.124+20.4=29.524

the seven parts by

¢) Rectangular and polar radius of gyrations;
) Rectangular radius of gyration,

/
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1. Consider the sha
a) The centroid of the shaded area

h) The rectangular and polar moments of inertia
¢) The rectangular and polar radius of gyrations

ded area below. Then, deterimne |
| _ .,
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