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Preface

Nonlinear optical interaction of matter with intense optical fields
forms the basis of Photonics and holds the key to a deep and
comprehensive understanding of light-matter interaction as well as
to the development of several significant facets of the technology of
tomorrow. Training of students equipped with a clear understanding
of the basic Physics involved and enthusiastic awareness of the vast
scope of the field appear to be more essential than ever in view of the
requirements for the delineation of the basic physical mechanisms
as well as the optimal exploitation of the application potential in
areas such as control, communication, and computing.

An interesting observation about the available books on
Nonlinear Optics today is the wide variety in content, style,
coverage of specific topics, relative emphasis of areas and the depth
of treatment. Excellent classics on this topic by Bloembergen, Boyd,
Shen, Butcher and Cotter, Yariv are resources providing adequate
coverage and for researchers. insight. The handbooks by Sutherland
and Paras Prasad, Fischer, and Zyss and Chemla and the book on
Nonlinear Fiber optics by Agrawal are also worth special mention.
Worthy of special mention is a very useful resource letter published
recently, listing the details of all text books, reviews and other
documents related to nonlinear optics with brief descriptions on
each. Details of these and the recent books are given in the
bibliography.

However, while teaching courses on nonlinear optics to students
of both science and engineering during the past two decades, the
authors have felt a strong need for an introductory level book that
caters to the requirements of students at the level of the bachelors
and masters courses. This book is a humble attempt in this direction
and is presented as a textbook designed at college/University level
for undergraduate students of Science and Engineering and a one-
semester course can easily be designed based on this. Care has been
taken to include rigorously features such as :

e elucidation of relevant basic principles of Physics.

vil



e clear exposition of the ideas involved at the beginners’ level.

coverage of the physical mechanisms of nonlinearity

overview of physical processes in emerging photonic materials

exploratory questions and problems at the end of the chapters.

The topics covered include a detailed formalism and
phenomenology of nonlinear wave mixing processes, quantum
mechanics of nonlinear interaction of matter and radiation and an
elucidation of specific processes as harmonic generation,
optical phase conjugation, self focusing, self phase modulation and
nonlinear absorption, leading to an appreciation of their
application potential in areas such as tunable laser action, pulse
modification, photonic switching and bistability. Major highlights
of the book are detailed chapters on the symmetry aspects in
nonlinear optics and on the various specific physical mechanisms of
optical nonlinearity with examples of material systems in which
these are operative, taking care to introduce emerging trends as well.
However, an exhaustive coverage of all nonlinear optical
phenomena is not attempted and topics such as Raman and
Baudouin scattering are not included.

The authors are pleased to place on record the beneficial
interactions with students and fellow teachers in the evolution of this
book. Specifically, inputs from Professors R. Vijaya, IIT,
Kanpur, C. V. Krishnamurthy and Edamana Prasad, II'T Madras,
Reji Philip, 1ISc, Bangalore, Majles Ara, TTU, Teheran and P.
Nandakumar, BITS Goa and are gratefully acknowledged. Sincere
thanks are also due to students Dileep, Radhika V. Nair, Jais Tom
and Radhu and post doctoral fellow Dr. Anita R. Warrier for a
careful proof reading of the manuscript.

The authors have been rather slow in putting the book together
and the book could not have taken the shape but for the kind
indulgence of the publishers, Ane Books Pvt Ltd, and particularly
Mr. A. Rathinam.
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Chapter 1
From Optics to Photonics

“And God said: Let there be light” (The Bible)

Thus there was Optics.
Einstein said: “Let it be quantized”;
then there was Photonics.

Learning Ob jectives

e Enumeration of the important milestones in the unfolding
saga of optics and photonics.

e Recognition of the significance of optical nonlinearity in ush-
ering in the technology of photonics.

e Development of a scheme to categorize phenomena on the ba-
sis of the order of nonlinearity.

e Identification of the need [or obtaining material media with
optimal parameters of nonlinear response.

e Appraisal of a few promising directions of the future.
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1.1 The Charm and Challenge of Photonics

Light has always fascinated man by making the world around him
meaningful, useful and wonderful. Man has considered light to be
divine. Light, in its various forms and with its varied capabilities,
has helped us to understand the world better. On the other hand,
man’s quest to understand light has graduated from the traditional
discipline of optics to the study of the science and technology of
photonics. Classical optics is a study of phenomena that can be
understood well with the wave aspect of light whereas the under-
standing of quantum phenomena highlighting the dual nature and
the interaction of photons with electrons has opened up the era of
Photonics, which deals with phenomena where the particle nature
(rather than the wave nature) of light becomes particularly relevant.
The grand saga continues to unfold through ages, unraveling more
and more novel mysteries of light, revealing novel and intriguing
aspects of and light-matter interaction and ushering in fascinating
technological innovations in the process. It is the dual role of light
as a carrier of energy as well as information that makes it special
and both these aspects have been utilized for the development of
the present civilization. A great deal of theoretical insight has been
obtained on the nature of light itself and on the interaction of light
with matter, which is available in several standard text books of
optics. The amazing progress made rccently in several new areas
of optics could not have even been dreamt of in earlier days. The
understanding of coherent and quantum optics and nonlinear op-
tics, development of laser sources, production and propagation of
ultrashort pulses, modern forms of spectroscopy, fiber optics, dif-
fractive optics and integrated optics are just a few of the new areas
that have changed the face of science and technology. The field con-
tinues to grow even after the celebration of a hundred years of the
birth of the concept of the Photon. Topics such as singular optics,
negative refraction, optical band gaps and slowing and localization
of light are examples of new ideas that promise to give a totally new
outlook to optics — in terms of both conceptual insight as well as
scope for device applications.

The diffcrent stages of technological evolution are characterized
in terms of the dominant type of tools and technologies used in each
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of these stages. Having evolved from the stone age through the cop-
per age and the iron age, we are probably now in the electron age.
After having done a wonderful job, today electronic technologies
have started experiencing their limits, for example, in handling the
ever-growing requirements of communication in the present world.
Photonics appears to hold some promise as an emerging technology
in this scenario. The present technology makes use of a wide va-
riety of hybrid circuits involving optoelectronics and electro-optics.
Communications is a frontier where optical technology has proven
its utility in an abundant measure. It indeed is a long way to achiev-
ing all-optical systems in various other areas of technology. The
basic and relevant question is whether photons can be made to do
what electrons are doing today for the mankind. Electronic circuits
work on the basic principle that a given electron can influence and
control the other electrons, implying that we use one current to
control another current the way we want. This aspect is very clear
even in the case of the simplest electronic device, the transistor.
where the emitter-collector current characteristics are controlled by
the base current, making it possible to develop electronic amplifiers,
oscillators and other more complicated devices that continue to rev-
olutionize the areas of control, communications and computing.

Photons obey the principle of superposition and consequently a
beam of light travels in a medium without exchanging energy with
any other heam that may be propagating in the same medium at
the same time. There is no cross talk and hence no interaction, as a
beam of photons cannot control another beam of photons. However,
optical nonlinearity makes it possible to have such an interaction
that can lead to energy exchange between light beams propagating
simultaneously in suitable media if the intensity of light is high
enough. This wave mizing is the basic idea of nonlinear optics.

1.2 The Nature of Optical Nonlinearity

The most significant single invention that has played a major role
in the development of Photonics is perhaps that of the laser, a
source of coherent radiation with high intensity and directionality.
Apart from revolutionizing the technology of optics, this has also
contributed immensely to the enhancement of our understanding of
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basic optical processes in matter. The strong stimulus provided by
light at high intensity can induce a nonlinear response in materials,
leading to the occurrence of several interesting new phenomena.

The alternating electric field of the incident light beam induces
a time-varying electrical polarization in the medium. Hence the
polarization is expected to vary sinusoidally at the same [requency
as that of the light wave. However, the response becomes compli-
cated when the incident light has a large enough intensity and hence
the amplitude of the corresponding electric vector is large enough.
This causes the resulting polarization wave to deviate from a simple
sinusoidal behavior, leading to the excitation of higher harmonics
as well. Such an interaction results in several new wawve mizing
processes which may have the potential for use in device applica-
tions in optical data processing and computing, apart from devel-
oping new tools of probing deeper into the basic aspects of light
matter-interaction by way of new kinds of spectroscopy.

The incident electromagnetic radiation with electric vector ﬁ(f)
polarizes the medium and causes it to develop a time dependent
electrical polarization ?(f) The proportionality of this induced

polarization T;(t) in the medium to the electric field E(f) of the
incident light beam breaks down and the resulting polarization can
be considered to be made up of several contributions, represented by
terms consisting of products of higher order susceptibility x®) and
the magnitude of the electric field E (t). Thus the i** component of

the vector T’)(f) (where i stands for z,y or 2) is given by

Pi=¢ {XE})EJ' + XU E; By + XGWEi BvEy + }

Where x(™ is the susceptibility of n** order , which is a tensor of
rank (n+1) with 3(+1) components in general. ¢ is the permittivity
of free space.

This mathematical formalism helps us to classify nonlinear opti-
cal processes in materials and to describe several important aspects
of it in a convenient way. The components of the susceptibility
tensor describe the directional dependence of optical properties of
crystals and other anisotropic media. The second and subsequent
terms inside the bracket in the expression for susceptibility are pro-
gressively much smaller than the first term. This means that higher
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order nonlinear optical effects would vanish in the low optical in-
tensity regime as only the first term in the expansion would be of
considerable magnitude in this case. A material can be expected to
exhibit n* order optical nonlinearity when either of the quantities
x™ or E is large enough. The magnitude of £ depends on the
intensity of the laser used and x™ is a property of the material.
Thus the magnitude of nonlinearity depends both on the nature of
the material as well as on the intensity of the light used.

Wave mixing processes result in second, third and even higher
harmonic generation where light at frequencies of 2w, 3w etc. are
gencrated from an input beam of frequency w. Input light beams
of [requencies w; and w, can get mixed in the medium to generate
sum and difference frequencies (w; + wy) and (w; — wy) respectively.
Combinations of such frequency-mixing processes are used widely in
the recent technology to develop tunable solid state laser sources.
White light laser pulses can be generated by femtosecond pulses
using nonlinear interaction with matter. Several processes other
than frequency conversion also occur in nonlinear optical media.
The refractive index becomes dependent on light intensity at high
intensities and this causes self -focusing effects in nonlinear media.
This can be made use of in pulse modification applications including
long-distance signal propagation in fibers. Optical phase conjuga-
tion is a third order nonlinear process by which a time-reversed
replica of an incident light beam can be generated. This finds use
in distortion-healing applications in adaptive optics. Nonlinear ab-
sorption processes become important at high intensities. Phenom-
ena such as saturable absorption (SA). reverse saturable absorption
(RSA) and multi-photon absorption (MPA) are observed in media
when interrogated with laser beams of appropriate intensities and
pulse durations. Some of these processes can be used in optical lim-
iting in which the media act as smart materials and control their
transmission characteristics depending upon the magnitude of the
intensity of the incident light.

1.3 Overcoming the Materials Bottleneck

The most important limitation in exploiting the potential of PPho-
tonic processes to their fullest extent is the difficulty in obtaining
appropriate material media. This is known as the materials bottle-
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neck. It turns out that most of the available materials do not meet
the simultaneous requirements of large as well as fast nonlinearity
required for the practical devices. Many inorganic materials such as
KDP, ADP, barium titanate etc. have been used from the earliest
days. Organic materials and semiconductors also have been found
to be excellent materials. Special molecules such as fullerenes, liquid
crystals and porphyrins are also studied as promising materials.

Polymers offer a large scope for structure modification, which
can be utilized to engineer materials with large and fast optical
nonlinearity. The structures of certain polymers such as polyphenyl
acetylene (PPA) have spatially well-spread electron clouds resulting
in large values of linear as well as nonlinear susceptibility. Structure
of such polymers can be modified easily by doping with other ma-
terials and/or attaching appropriate side groups to the main chain.
Some of these variations are known to enhance the nonlinearity of
the basic polymer by way of extending the spatialspread of electrons
and hence enlarging the linear as well as nonlinear susceptibilities.
A second example is that of structure variation in materials such as
porphyrins and phthalocyanines which also has yielded interesting
results. Porphyrins allow for incorporation of various ligands and
different corc metal ions, which alter the susceptibilities consider-
ably. Incorporation of porphyrins into solid polymer membranes
is found to enhance nonlinearity, besides stabilizing the materials
against photodegradation and providing a convenient solid matrix.
Composites of conventional optical materials with appropriate poly-
mers appear to hold promise from the device application point of
view.

One of the frontier areas of Photonic materials development to-
day is that of quantum engineering of semiconductor nanostruc-
tures. Quantum wells are made of thin alternate layers of semi-
conductors of different values of the band gap, thus confining the
electron to virtually a plane. These are now being used in a num-
ber of devices. Electrons can be further confined to one dimen-
sion by embedding a semiconductor wire or a conducting polymer
chain in a material of larger band gap. Research on quantum wires
and nanotubes is being pursued actively these days. Quantum dots
can be formed by embedding tiny crystalline islands of semicondc-
tors or metals (called nanoclusters) in glass or polymer matrices.
These are practical realizations ol the quantum mechanical concept
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of particle in « box whose optical properties depend on the parti-
cle size. Interesting techniques of obtaining such monosize clusters
have been perfected by materials scientists. Ion-exchange strategies
and control of cluster formation in chemical reactions by capping
with surfactants are some examples. Other techniques used widely
to produce quantum dots are ion-implantation, monolayer building
and molecular beam epitaxy.

Quantum confinement alters the electronic states of the semi-
conductor and hence influences the linear and nonlinear optical
properties. The band gap is modified by the increased oscillator
strength of exciton transitions leading to an effective blueshift of
the absorption edge with decreasing cluster size. This results in an
alteration of the effective band gap, which is also known as bandgap
engineering. Strong equantum confinement is expected to result in
considerable increase in the nonlinear susceptibilities along with a
decrease in response times. Collaborative attempts by materials
scientists and physicists along these directions are expected to be
productive in designing novel types of photonic materials ideally
suited for exploiting the fascinating possibilities of Photonics to
their fullest extent.

1.4 The Expanding Frontiers

Since the pioneering work by Bloembergen, nonlinear optics has
bloomed into a flourishing field of active research with wide rang-
ing technological applications. New insights into processes, materi-
als and applications continue to appear regularly. Though it is not
possible to do justice to all important advances here, it would be
appropriate to have a glimpse of a few important facets of this ex-
panding frontier. One of the interesting challenges being addressed
to in recent times is bringing down nonlinearity to low power levcls.
Metal-dielectric boundaries that support plasmon excitation are ca-
pable of exhibiting optical nonlinearity at low powers. Metal-core
microparticles have been shown to show optical bistability with low
power helinm neon lasers as sources. Thin films show a variety of
effects worth consideration in waveguide design. Special materials
such as bacteriorhodopsin and certain porphyrin derivatives appear
to be good candidates for low power nonlinearity. Liquid crystals
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are known to show giant optical nonlinearity. Thermal variation
of the local refractive index can easily show certain effects through
nonlinearity of non-electronic origin though their applicability may
be limited to situations such as nonlinear image processing and
beam-profile modification where operation at high speeds may not
be a serious criterion. There is also current interest in the area of
low threshold optical limiters.

The availability of femtosecond laser pulses has ushered in the
era of ultrafast nonlinearity where thermal mechanisms are insignif-
icant and one can separate out purely electronic effects. Continuum
generation leading to the generation of white light lasers is a process
which can be excited with such sources. Periodic structures such
as photonic crystals and negative refractive index materials hold
promise for entirely new nonlinear optical processes. Techniques
of reducing the speed of light in certain artificial materials to val-
ues much below that in vacuum have been demonstrated. Such a
slowing leads to an increased interaction between light and matter
and holds promises for novel modes of enhanced nonlinear optical
response. Laser technology of the present day makes effective use
of a variety of nonlinear wave mixing processes in the design of tun-
able solid state laser sources such as the Ti:Sapphire laser. Though
nonlinearity often leads to problems in pulse propagation through
optical fibers, clever schemes can be devised to compensate for dis-
persion utilizing nonlinear interaction of the fiber material, thus
obtaining soliton propagation capable of revolutionizing communi-
cations technology. Image processing is another area where schemes
employing nonlinear optical processes offer specific advantages. Op-
tical communication engineers used to consider optical nonlinearity
as a nuisance for their communications systems. However, recent
trends are in the direction of favorably exploiting the nonlinearity
of fiber-based systems.
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1.5 Explorations

1. We know that the human race has evolved through various
epochs of technology from the stone age, in terms of the tech-
nology used. How would you describe the present age ¥ What
would be the next age?

2. Which, if any, do you think is the area of present day civiliza-
tion where optical technology has been established to the best
of available technology? Why is that Photonics is not yet the
favorite technology in other areas?

3. This chapter describes how the higher order polarization in
a medium interacting with intense light can be described in
terms of the products of electric field components of the elec-
tromagnetic field of the incident light wave. Do you think a
similar description in terms of the magnetic field components
of the light wave would be worth considering? Justify.

4. What are the processes in electronics that are analogous to
optical wave mixing? How would you design a device that
mixes electrical signals in the form of periodic oscillations at
specific frequencies using an electronic device in order to gen-
crate the second harmonic and sum-and-difference frequencies
of the input signals?

9. The design of an electronic small signal amplifier is considered
to be inefficient if the operating point is beyond the linear
region of the characteristic curve of transistor used. In what
ways can the amplified signal be affected by this? Answer
with the help of appropriate sketches.






Chapter 2

A Phenomenological View of
Nonlinear Optics

“In the right light, al the right lime, everything is exlraordinary”
Aaron Rose

In bright light, ordinary optics becomes nonlinear optics.

Learning Objectives

e Recognition of the physical processes leading to optical non-
linearity.

e Relating optical susceptibility to the time-dependence of po-
larization.

e Formulation of a method to characterize susceptibilities for
different processes.

e Employment of the basic formalism for a phenomenological
description of nonlinear optical processes.

11
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2.1 Optics in the Nonlinear World

2.1.1 Introduction

What is the response of a material when it is placed in an optical
electromagnetic field? We seek an answer to this question by con-
sidering the effect of an electric field on an atom. The electric field
acting on the positive and negative charges of the atom distorts the
electron charge distribution in the atom. A primary measure of this
distortion is the electric dipole moment ? induced in the atom by
the electric field.

? = %‘7@'} (2.1)

Where ¢; is the electric charge located at the point denoted by
the position vector 7_3 and the summation is over the atomic volume.
The dipole moment is the first moment of charge. An isolated atom
does not have a permanent dipole moment which means that the
center of the negative charge coincides with the centre of the nuclear
charge. Applying an electric field £ will bring about a shift in the
center of the negative charges relative to the nucleus. In linear
optics, the dipole moment so induced is proportional to the electric

field according to
7 =ak (2.2)

where « is the electronic polarizability of the atom. The overall

macroscopic electric polarization ? is obtained by summing such
dipoles over the volume V of the sample and dividing by the volume:

_xn A
P = : (2.3)

What is the order of magnitude of the shift in the charge dis-
tribution in the atom? Assuming a spherically uniform distribution
of total charge ¢ over a radius R, the electronic polarizability is
approximately given by a ~ 4regR3q . In an atom with the atomic
number Z, the displacement Az is given by

. 47T€0Ri

Az
o Ze

E (2.4)
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where ¢ is the electronic charge. For an electric field of magnitude
10V m™!, R=02nm, Z =8, the displacement amounts
to 10 '"m. At electric fields of the order of 108 V m™!, dielectric
breakdown sets in. This breakdown field is about 1% of the internal
fields prevailing in materials.

How much electric field can we realize in the electromagnetic
field of a laser beam? The intensity / of a beam and the amplitude
E of the electric field are related by

1
I = écneoE2 (2.5)

where n is the refractive index. For an intensity of I = 10 W
m~% and n = 1.5, we get £ ~ 108 V m~! which is close to the
breakdown strength. Thus, when we work with laser fields that
are sufficiently large and yet safely within the breakdown limits,
the optical response of the material may bhe expressed in a series
expansion of the polarization in powers of the electric field:

P =& {X“)f +XOEE + \OEEE + } (2.6)

The various electric susceptibilities x( correspond to linear
(n =1) and n'" (n = 2,3, ..) order nonlinear optical polarizations of
the material. Now we can look at these susceptibilities more closely
and enquire about their physical manifestations. For the develop-
ment of nonlinear susceptibilities, we follow closely the excellent
treatment presented in the treatise of Butcher and Cotter |1990|

2.1.2 First Order Susceptibility

Linear optics of refraction, absorption and diffraction are governed
by this susceptibility, which is a second rank tensor relating the
three vector polarization components with the three components of
the vector electric field:

P, i v % E,
P, | =€ Xi/lz) Xglly) X'Ellz) E, (2.7)
P (1) (1) (1) E
z 22 Xzy Xz2z z
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(1

Thus there are nine susceptibility coefficients x;;

given by

in general

1
P, = soxj E;

the right hand sidc of the equation implying summation over the full
range of the repeated index (j), following the Einstein notation.

2.1.3 Second Order Susceptibility

This is a nonlinear property of the material describing how the
polarization develops due to the product of two ficld components:

1Di = 5.X531{7E]Ek (28)

Here the summation on the right hand side is over the two re-
peated indices j and k. This susceptibility is a third rank ten-
sor comprising twenty seven components of y(?) in general relating
the three polarization components with the nine components of the
products of the electric field components. There exist many impor-
tant optical properties of materials resulting from this second order
response. Among these are:

i) Second Harmonic Generation: x® (—2w: w, w)

ii) Parametric Mixing and Amplification:
X3 (—{w1 £ wa} : Wi, ws)

iii) Optical Rectification: ) (0: w, —w)
iv) Pockels Effect: ¥ (—w : w,0)

The angular frequencies w appearing within the parentheses cor-
respond to the various monochromatic electric fields that combine
nonlinearly as per the notation we will elaborate later.

2.1.4 Third Order Susceptibility

This susceptibility x(® is a fourth rank tensor with 81 coefficients
in general, and it relates the polarization and the fields according
to: ;

P, = soXu By Ex By (2.9)
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again with the summation convention of having to sum over all the
three repeated dummy indices j, &, [ on the right hand side. A good
number of significant and interesting nonlinear phenomena arise as
consequences of the susceptibility of this order. Among these are:

i)

ii)

iii)

iv)

vi)

vii)

Third Harmonic Generation (THG) represented by
X(S) (—SUJ : w,w,w),

Electric Field Induced Second Harmonic Generation (EFISH)
represented by x©) (—2w : w, w, 0) |

Non-Degenerate Four Wave Mixing (NDFW M) represented
by X® (— {wi +wp £ ws} s wi,wg, Tws),
Optical Phase Conjugation (OPC') represented by

X? (—w: w,w, —w)

‘Iwo Photon Absorption { TPA) represented by the imaginary
part of x® (—w :w, —w,w),

Stimulated Brillouin Scattering (SBS) represented by
XO (—{w+Q}:w, —w, w+ Q) and

Stimulated Raman Scattering (SRS) represented by
x® (—{wx Q) w, —w,wE Q)

Other manifestations of this respouse include CARS (Coher-
ent Anti-Stokes Raman Scattering), Optical Bistability (OB) and
Intensity-Dependent Refractive Index (IDRI). The last twe govern
the working of all-photonic switching devices. We may record the
S. L. units of these susceptibilities:

xW dimensionless
x® m V!
x® m2V 2
™ mn-1y~@-1)
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2.2 Time Domain Response

2.2.1 First Order Polarization- Time Domain Response

We assumie that the polarization at any point in the material de-
pends only on the local electric field. How then does the driving

electric field E (t) at any time ¢, influence the resulting polarization

(t) as a function of time? To answer this query we expand the
time-domain response in various orders of the electric field:

Bt)=PO@)+ PO () + BO@) + ..+ P™ () +.. (2.10)

The elementary contribution d_}g(l) (t) to the first order polariza-
tion ?(” (t) at any time ¢, arising from the electric fields occurring
during the time interval dt’ lying between the instants ¢ and t +dt’

is given by
dPO (t) = eF M (£ : 1) E () df (2.11)

Where F() (f,,t') is the first order time-domain response ten-
sor connecting the elementary polarization prevailing at time ¢ with
the field at time ¢'. First we note that this tensor must be a real
quantity since both the polarization and electric field are real phys-
ical entities. 'I'o obtain the finite polarization at time ¢, we need to
integrate over time t from t' = —oc to ' = ¢.

BW (1) = ¢, /t FW (t : t’) E (f) dt (2.12)

—oC

It may be noted that the polarization developing at any time
t should depend only on the time delay between the time ¢ when
the field is applied and time ¢ and not on the absolute value of ¢ .
Therefore we introduce a new symbol for this tensor :

FO) (t : t’) =G0 (t - L’) (2.13)

Further noting that the polarization developed at time ¢ depends
ouly on the fields applied at times preceding it, the tensor G should
vanish for # > ¢ (principle of causality). Therefore we set t —¢ = 7,
and the first order time-dependent polarization becomes

PO (1] = E()/ G (T,) E (t — T,) dr (2.14)

—0o0

0
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and the Cartesian components are given by

PP e[ P (VB (=) @13

2.2.2 Higher Order Polarizations - Time Domain Response

In a similar manner, we can consider the second order polarization
. . . ’ . !
at time ¢ to arise from the electric field Ez (tl)at the time ¢, as well

as the electric field E (t;) at the time t, to be given by

) () = € /_; /_; F@ (t:4,8) E (4) E (&) dt,at, (2.16)

The response function £ is a third rank tensor and its com-
ponents ng) relate the components P,.(Z) of the second order polar-
ization with the two field components F; and Ej according to

PO (t Eo/ / F& t z‘l,tQ)E (t’l) Ey (t;) dt,dt, (2.17)

From the way the two field components appear in the above
equation, it is clear that the physical situation would remain unal-
tered if we interchange Ej; (¢;) and Ej (t,) so much so the tensor
component F(z) (t : t'] , t;) should be invariant under the exchange of
the pairs(j, ¢ )and (k,ty).

F (t : t’l,t;) — F) (t : t;,t’l) (2.18)

This means that an intrinsic permutation property of the tensor.
As mentioned in the case of the first order response, the polarization
at any time ¢, would depend only on the time intervals (t = tll)and
(t — t;) but not on the particular values of ¢; and 5. We may thus
introduce the response function G by

F® (t : T{,TZ') =GO (t il t;) (2.19)
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ﬁ In terms of this (¢ function, the polarization may be written as
@) (

t)
e(,/t /t G® (t—t’l,t-t;)ﬁ(t—t’l)ﬁ(t—t;)dt’ldt;

(2.20)

The principle of casualty requires that G should vanish when-
ever t; >t or t, >t . We therefore introduce the time difference
variables t — t; = 7, and t — t, = T,, to rewrite the above equation
as P@(t) =

€0 /_U /_U G2 (T{,T;) E (t - Tll) E (t - T;) drydr,  (2.21)

with the proviso that G2 obey the intrinsic permutation symmetry
for the components:

G (k) =6l (h.) (2.22)

We can now gencralize the relationships to a nonlinearity of
order n and write the polarization ?(”) (t) as:

en/t /l FO) (¢4, 6,.8,) B (1) B () - B (4,) dtiato.t,

(2.23)

Since the field terms may be written in n! possible different
orders we can define the tensor components by

n 4 ’ ! 1 n r ’ !
FGa (bt tet) = D FR (¢ 6080, 1) (2.24)

the summation on the right hand side being over the terms ob-
tained by performing the n! permutations of the n pairs (z t’l),

(ARLIAN |
Again using the time invariance of the tensor G (t — P e
t—t,), in general, we have P (t) =

€n /0 /'0 G™ (Ti; TTIL) E (t - 7'1) B <t — T,Il) dT],..dTT;

(2.25)
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2.3 Frequency Domain Response

2.3.1 First Order Susceptibility

To move from the time domain to the frequency domain, we use the
Fourier integral representation for the electric field

E (1) =/ dw B () et (2.26)

where the Fourier component ? ) is given by
E () = —/ drE (1) e~ (2.27)
2m
We also note the identity property
1 [ : .
— doee™ ™=t = § (7 — t) (2.28)
2w

Besides, the fact that the electric field g (t) is real demands
that the complex conjugate of ﬁ (w) satisfies the equality

(5 (w)>* — B (-w) (2.29)

Substituting the Fourier representation of the time-dependent
electric field as given above, in the equation for the first order time-
dependent polarization immediately yields

PO (1) = e / / GO (1) E (W) e dudr (2.30)

Introducing the first order susceptibility in the frequency domain

xW (~wy: w) = / drGY (1) ™7 (2.31)
in the above equation results in
PO () = 50/ AV (—wa: ) E (w) et (2.32)

Here is w, the angular frequency of the driving field. Again the
susceptibility should obey the reality condition:

{X(U (—wq : w)}* =y (Wi —w*) (2.33)
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2.3.2 Second Order Susceptibility

In a similar manner we can introduce the second order susceptibility,
by first writing the Fourier representation of the polarization.

o <[ f[fLomon

wl)ﬁ (w2)e —Hwi(t=n)tw2(t=72)} g, dodridre

Second order susceptibility x(? (—wa : Wi, wsy) is defined as

oo oce ) )
—oc J —oc

with the condition
Wyg = W1 + wWa (234)

2.3.3 General Order (n) Susceptibility

Generalizing the above development to the n'* order response, we
have the polarization given by

ﬁ(' «» = 60/ / i (—wq : wi,w2. Wn)

(wl) f (UJZ) B (wn) Mdtdw] dws-.dw,,

where the n'* order susceptibility is x™ (—wq : wy.w2..w,) is the

n' order susceptibility, defines as

o0 o
/ / G (T{..T;l) glrmtwant.tuntaldr dr, dr,
—oc —00
And the reality condition is

{X(”) (—wq : wl,wg..wn)}* = X(”) (W) —wi, —ws.. —wp) (2.35)

The intrinsic permutation symmetry obeyed by the suscepti-
bility components means that Xi;’,gl (—wq : w1, we..w,) is invariant
under the permutations of the pairs (7, w:), (k,w2) and so on.
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2.4 The n!" order Polarization

The Fouriler transform is

P® () = /OC B® (w) e ™t dw (2.36)

where the Fourier amplitudes are

PO () = % /_ T B0 (1) ety (2.37)

Now let us substitute the Fourier expansion of the electric fields
in the above equation to get. B () (w) as equal to

— e“"tdteo/ / ™ (—tg 2wy, ooty
2 f ) —oc

E (w1) E (wo) B (wn) €™ dwy dws..dwy,

Alternatively, we write (using the identity property given ear-
lier),

PW(w) = e /
E (1) B (W) B () 8 (w — wa) dundeoy..de,

oC

/ X(") (—wd : wy,wWa..wy)

ok ok

The polarization components are Po(‘nJ (@) = «

Z 50/ / XE::G)L_/},,‘ (—we : Wi, wa..wy) (2.38)
—oc —0co

51--6’”
Eﬁl (wl) ..E@n (wn) o) (w - wd) dw1 wg..dwn

2.5 Monochromatic Waves

Since the time-dependent electric field is real it can be expressed in
. . . . ?
terms of harmonic electromagnetic waves of angular frequency w as

B)=5 3 [Bue+ B o] (2.39)

w' >0
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with the requirement E) ol = E) It follows from the Fourier
transformation of B , that
E () Z [E6(w-o)+ +E_yo(w+d)] (240
W' >0

It may be noted that we should not get confused between E)wz
which are amplitudes of the electric field with units of V m~! and

(w) which are Fourier component amplitudes with the units of V'
m~1s.

The intensity of the wave at the angular frequency is given

byl =

€ncrt (w') <% {Ew:e_"“,t + BL,eH‘”I”] : [Ewre_"""/" + E?:, e*i“’(‘] >

(2.41)

The angular brackets imply averaging over one wave cycle, which
gives a factor of (1/2) for the harmonic fields. The refractive index
n (w') is the refractive index at the angular frequency w'. The
expression for the intensity thus takes the form

= —e()cn ( ) ‘ﬁ (2.42)

w

in units of W m=2. For the harmonic fields impressed as above, the
polarization may be written as

1 p P
CRIDEES Y Pwe-w’ + ?-weﬂﬂ (2.43)
w>0)
Again, since the polarization 7;(") (t) is real, it is necessary
that ?_w = (?w> . The Cartesian components of the n'* or-
der polarization at the driving angular frequency wy are thus given

by{?gf,)} =

(67

1 1
260 Z Xa‘l o _"Ud7 Wi, Wy, - an) 2 EWLBI EWQﬁQ 2 Ewnﬁn
B1.8n
1
+Xnﬁl B (_Wd, wa; Wi, - 'wn) E Ew?ﬂl Ewlﬁ2 o iEwn/?n

+further distinguishable terms



Chapter 2. A Phenomenological View of Nonlinear Optics 23

with the driving frequency related to the component frequencies by
the conservation condition

Wy = Wy + wy + .. +wp, (2.44)

A note of explanation is in order here. In the above expan-
sion for ?WT,? we are considering only such angular frequencies that
satisfy this condition and the right hand side contains only distin-
guishable terms corresponding to each of the distinct arrangements
of wq,ws, ...,w, whose sum equals wg . The number of distinguish-
able terms will be less if two are more frequencies are the same.
Note that a frequency and its negative are considered distinct. o
illustrate, let us assume that w; = wo. Then the second term is in-
distinguishable from the first term. Intrinsic permutation symmetry
allows us to freely exchange pairs such as (3;,wi) and (52, w2). As
a result the first two terms become in fact equal. We therefore see
that as a consequence of the intrinsic permutation symmetry, two
or more tcrms may become equal, but which are included in the
expansion as they are distinguishable. Accordingly, we write only
one term in place of such distinguishable but equal terms, which
are obtained by permutation of the set of frequencies and multiply
the expansion by an appropriate factor that takes care of this fact.
Taking care of this factor, the factor 2 in front as well as the (1/2)
factors on the right hand side |Ward and New, 1969, the expression

-
for the polarization {PB;)} becomes

€0 Z ZK (—wa; wi, wo, .. wn)
ﬁl--‘n w

n)

( ., i , \ ) i
Xap .. On ( —Wq W1, Y2 --vdn) B BBy "b’wn@n (245)

The summation over w implies summation over all distinct sets
of frequencies that meet our conditions. The numerical factor K
can be computed in each case using the general formula given by
Ward and New:

K (—wg; wr,wa, ..wy) = Gr iy (2.46)

Here p is the number of distinct permutations of the angular
frequencies, 7 is the order of nonlinearity; { = 1 if wy; # 0 and
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I =0if wg = 0. m is the number of the set of nw; that are zero. For
instance, if none of the frequencies as well as the driving frequency is
zero (m = 0,1 = 1), and all the component frequencies are different,
then K = 21="n!.

2.6 Calculation of the Factor K

We illustrate the calculation of the numerical factor A in a few cases
|Butcher and Cotter, 1990].

2.6.1 Optical Rectification

This is a second order process with n = 2, in which is no output
wave emitted, wy = 0 and so [ = (0. The result of this process is
merely the development of a DC polarization in the medium and
the corresponding susceptibility is denoted as x® (0;w, —w). This
is viewed as a difference frequency generation process with the only
input being a strong optical wave at a frequency w . Thus neither
of the component frequencies is zero so that i = 0. p =2 = 2. As
a consequence,

1
=34 = 5 (2.47)

Explicitly the polarization is given by

1 1 1 1
pﬂ" = ¢ Z Xaﬁldz 0 e —UJ) |:_Ew.31 §E—wﬁ2 + 5E-um EEM.BZ

2 2
31,32
(2.48)
which simplifies to
2 1 2 T
PR =0 oXoha 0w —w) B gy (249)

31,532

illustrating the use of the K factor.

2.6.2 Second Harmonic Generation

The second order polarization is given by

. s IO
(A2}, 20 3l (20 ) Skt 250
B1.62
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The K factor equals

, 1
& =2""""%] = - (2.51)

because n = 2, m = 0, as no frequency is zero and / = 1 since
=2w#0and p=1!

2.6.3 Pockels Effect

The Pockels effect occurs in the presence of a DC electrostatic
field (i.e. of zero frequency) and does not alter the frequency w
of the input beam. The susceptibility in this case is denoted as
x'? (—w; 0, w). The corresponding polarization is given by

: 2 1 1
{PP} =2¢ ) X4 (—w 2 0,w) Eosy 5 Ewpy + 5 Eupy Eop,

B1,82
(2.52)
and the A factor isK = 2117291 = 2.
(PP} = L zxm,lﬁz —w : 0,w) Egs, Eog, (2.53)

61,32

2.6.4 Sum and Difference Frequency generation

Input frequencies w; and ¢ ,u2 get mixed to generate an output fre-
quency wz = wy, *wq and Xa ﬂ 5, (w3 1 wi, £ws) is the correspond-

2
ing susceptibility. The polarization {Pf,x)} and for the case of sum
(a2
frequency generation can be written as :

1. 1, 1 .
2€9 Z Xaﬁlﬁz w“w?) |'§bw1.31 513&12[32 + §bw2ﬁ1Ew1[32
81,82
(2.54)
and the K factor is
K=" <1 (2.55)

The susceptibility is xfj;l g, (—w3 1w, —w2) and the A factor equals

1 for the case of difference frequency generation.
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2.6.5 Third Harmonic Generation

Three input waves of frequency w combine together to provide

an output wave of frequency 3w and the susceptibility involved

is nglﬁzﬁs (—3w : w, w,w) . The third order polarization{Pfgz)}u in

this case is equal to

1 1 1
2605;5 Xa;316233. —3w : w7w7w) §Ew1,31 §Ew252 §Ew3ﬁ3 + :|
1,82,83

K =903 = (2.56)

2.6.6 Nondegenerate Four Wave Mixing

This is an effect arising from third order nonlinearity and is denoted
by

3
Yflglgm (—wa 2wy, w,ws) . (2.57)

The relevant polarization {Pcf.f)} is given by

1 1 1
2€q Z Xaﬁl[hﬁs —Wy wl’w27w3) |:§Ew151 §Ew2ﬁ2 §Ew3ﬁ3 + .
B1,82,03
The K factor is .
K — 9l+0-33) _ . (2.58)

A table of the K values for several nonlinear effects as given in
Butcher and Cotter |1969| as follows:
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Process | —Wal W, .., Wn K
Linear optics l | —w,w 1
Optical rectification 2| Ow,—w 1/2
Pockels ettect 2 | —w;0.w 2
Frequency mixing. 2™ order | 2 | —wy:wy, £w) 1
DC Kerr effect 3 | —w;0.0,w 3
EFISH 3| 2wl,w.w 3/2
THG 3| dwiw,wow 1/4
NDFWM 3 | —wiiwy,w2.ws 3/2
Frequency mixing . 37% order | 3 [ —wy: +wq.wae.wy 3/4
(‘ARS 3 —WASIWpP. Wp. —WS 3/4
Kerr ettect, SRS. SBS 3 | —~wsiwp. —wp,ws 3/2
DEFWM 3 | —wjw —ww 3/4
TPA 3| (—wr; —ws. w2, wy) 3/2
TPE 3| —w; —w,w.w 3/4
FHG 5 | -bwiw w,w,w,w 1/16
SHRS 5 | —wsiwp W —wp, —wpws | 15/2
SHRS 5 | —wsiwp.wWp, —wp. —Wp.w§ 15/8
1 harmonic generation n | —nww,..w p=n

It may be noted that the table gives values of K for the process
specified, with the angular frequencies labeled | wi,ws, ... with the
understanding the frequencies have different values. If the frequen-
cies are equal, then the same symbol is used to express that fact
explicitly. Otherwise, it is necessary to understand that the fre-
quencies are different.

2.7 Explorations

15

Assuming a spherically uniform distribution of total charge
¢ over a radins R, show that the electronic polarizability is
approximately given by o ~ 4wcgR3¢. Given that dielectric
breakdown sets in most materials typically at electric fields of
the order of 10° V m ™!, estimate the intensity of optical fields
at which this would occur.

a) Write explicitly how the y-component of linear dielectric
polarization induced in a medium of dielectric constat e, is
related to the z-component of the optical electric field of the
interacting light wave.
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b) Which are the components of the interacting optical electric
fields that determine the magnitude of the z-component of the

second order polarization induced in a medium with a large
X(ZJ i

. Write down explicitly the relationship between the polariza-

tion and the optical electric fields involved in the process of
difference frequency generation where the output frequency is
given by the difference between the two input frequencies.

What are the requirements of causality and reality important
at a fundamental level? What do these imply for the complex
nature of the response tensor and susceptibility tensor?

Arrive at the units and dimensions of the coefficients of nt*
order nonlinear optical susceptibility, from first principles.

Consider a material medium exhibiting seond order nonlin-
earity with susceptibility (2. Find the resulting first order
as well as second order polarization in the material when a
harmonic electric field of magnitude £ = FE;cos (wt) at a fre-
quency w interacts with this material.

What is is the origin of the Ward and New K-factor in nonlin-
ear optics? In what way is this factor different for (a) Third
harmonic generation and and third order sum frequency gen-
eration and (b) for Pockels effect and Kerr effect 7 What
would be the K-factor for a linear optical process ?

Show that K -factor for n** harmomnic generation would al-
ways have a value smaller than for the sum-frequency gen-
eration (with all input frequencies beign different from one
another) of the n** order.



Chapter 3

Symmetry and Susceptibility
Tensors

“You can observe a lol by just watching”.
Yogi Berra

...and reduce the apparent complexities around you.

Learning Objectives

e Recognition of the role of symmetry in determining the num-
ber of independent tensor elements of nonlinear susceptibility.

e Employment of Neumann principle to examine how certain
tensor elements are related to one another.

e Enumeration of the independent and nonvanishing tensor com-
ponents in media belonging to specific crystal classes.

e Description of the propagation of light in a uniaxial crystal
using the concept of indicatrix.

29
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3.1 Introduction

In this chapter, we learn about the influence of the spatial symmetry
of material media on the nature optical nonlinearity exhibited by
them. We have seen that n® order nonlinearity is governed by a
tensor of rank (n + 1) with 3¢**1) tensor components in general. It
would indeed be very inconvenient if we have to consider such a
large number of quantities to describe nonlinearity. For example, it
appears we need to specify 81 tensor components to characterize the
third order susceptibility of a medium. However, it can be shown
that only a much smaller number would be actually required in most
materials and for example, one independent element is sufficient to
describe third order nonlinearity in media in the form of transparent
liquids. This reduction is brought about by understanding how the
inherent symmetry in the material medium makes several of the
tensor components related to one another.

3.2 Crystal Symmetry and Susceptibility
Tensors

We know that crystalline solids have atoms arranged in a periodic
way but with varying kinds of spatial symmetry. Thus there are
seven crystal systems. All crystalline solids come under one of these
systems: triclinic, monoclinic, rhombohedral, orthorhombic, tetrag-
onal, hexagonal, and cubic crystal systems. The symmetry is great-
est in cubic crystals and least in the triclinic system. There are 32
different local symmetry types based on the rotational, reflectional
and inversion symmetry around a point in the crystal. These 32
crystal classes are also called 32 point groups. Physical properties
have in general, a tensor character, depending on their phenom-
enological nature. Optical linear susceptibility itself is represented
by a second order tensor with 9 independent components. Prop-
erty symmetry and intrinsic symmetry based on its thermodynamic
properties reduces the number of components to only 6 independent
coefficients. Neumann criterion on physical property tensors could
reduce this number further depending on the point group symme-
try (crystal class) to which the crystal belongs. We follow closely
the excellent treatment of this subject to be found in the article by
Smith [1958.
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Let us see how a physical property tensor transforms under a
symmetry operation. Toward this purpose, we first consider the
linear optical susceptibility tensor and cubic crystals. The linear
optical susceptibility tensor connects the vector electric field with
the vector electric polarization, as given in the previous chapter:

Fe EUXU)ﬁ (3.1)

The Cartesian components of the polarization are given by

1 ¢ ¢
P; = eoxy B (3-2)
where we sum over the repeated suffix (j) on the right hand side.
To be specific, we get the equations for the threc polarization com-
ponents as

Pi = XV B + eox(3 B + x5 B (3.3)
Py = eox$y B + eoxty B + eoxy B (3.4)
P; = eoxs Br + cox’s B + coxs B (35)

The susceptibility, accordingly is given as a second order tensor
with the matrix represented by

1 (1) o
1 Xilll; X%iz) le)
X( ) = X21 X22 Xés (3.6)

(1) (1) 1)
X31 X322 X33

with 9 components (Xfyl)) Owing to the intrinsic symmetry of the

oy G 1 . .
susceptibility, we have XE,;) = Xéi) with the result, the nine com-
ponents reduce to 6 components in general: three diagonal com-

ponents Xgll),xgz),x%) and three non-diagonal components X%) =

Xél,), Xé};) = xéé), Xéll) = xg}). Fer convenience, sometimes, we adopt
a reduced suffix convention in which thc components are labelled

(1) — ) @) — ) @) @) @) ) @) — (1) d
351X11 —(Xl v X2z = X270 X33 = X3 5 Xez = X4 X3 = X5, an
x&; = Xgl). Notice the order of labelling these components: the
diagonal components are in the order of 11, 22, 33 followed by the
non-diagonal components in the order of the missing suffix.

How does a property tensor transform under any symmetry op-

eration? Consider a right-handed set of Cartesian axes termed
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X1, X9, X3 (corresponding respectively to the XY Z axes. A ro-
tation of the axcs system through the angle # about the X3 axis
transforms a vector, say, an electric field ? =FE i+ E, 7 + By Z‘,
as follows

E, cosff  sinf 0 E,
Ey, | = —sinf cosf 0 E, (3.7)
E; 0 0 1 Es

where the components of the electric field after the rotation, i.e. in
the new axes are labelled as primed components (E; , E;, E'3) If it
is a 4-fold rotation about the X3 axis, then the new transformed
values of the electric field will be given by substituting # = 90° in
the above equation. For a symmetry operation such as reflection
in a mirror with its normal along the .X3 axis. the equation for the
vector transformation is given by

E, 100 By
E,|=]l000 Es (3.8)
E, 00 -1 E;

In general any symmetry operation on the crystal, or conversely
on the axes, can be represented by a vector transformation
matrix a

E1 an a2 a3 E)
!

E2 = 91 Qg2 Q923 E2 (39)
'

E;; a3; Qz2 agg Ey

We can see that for the rotation operation (Eq.3.7). a;1 = cos®,
a1g =sinf, a;3 =0, agy = —sind, ase = cosf and so on. An alter-
native way of performing the transformation for any such operation
is to use the components, one by one, instead of transforming the
entire matrix in one go. This component transformation is given by

wherein, we nsed the implicit Einstein summation convention of
summation over the repeated index. Any vector transforms accord-
ing to the equations given above for the matrix and for the com-
ponents. Note that a vector is a tensor of rank 1 and all first rank
physical quantities undergo transformation as just given.

Now we go back to the linear first order optical susceptibility as
defined in Eq.3.1 and following equations for the components of the
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matrix. Since polarization ? is a vector, it also undergoes trans-
formation like a vector illustrated above for the eclectric field as an
example. Now how does the susceptibility tensor components Xf} )
and matrix y transform in a given axes transformation represented
by the transformation matrix a? ‘lo answer this we perform the
following mathematical tricks. In the new axes system (X, X'a, ;)
obtained by the transformation a, we have

P =exVE (3.11)

where the new matrix of the susceptibility measured in the new axes
is YU, P and E being the matrices respectively for the polariza-
tion and electric field as measured in the new axes. 'le obtain a
relation between the transformed matrix y"'" and the matrix be-
fore the transformation x, we note that P’ = aP, and £’ = aE. So
we pre-multiply the equation P = eoxF with the matrix a to get

aP = egaxVE (3.12)

Now insert the matrix product a 'a in between y) and £ in
the above equation to find

aP = eaxVo'aE (3.13)

We are allowed to do this because a! being the inverse of a,

a 'a = [, the identity matrix. Notice that a# in the above equation

is just equal to E'. Also al’ = P'. As such, we may rewrite the
above equation as

P = egaxMa1E’ (3.14)

Now compare this equation with the Eq.3.11 to realize that the
new susceptibility matrix is related to the old susceptibility matrix
by the transformation equation

W' = axyWag? (3.15)

We may develop the transformation relations between the com-
ponents of the susceptibility matrix in a similar manner. Note the
g ’ ' 2
vector components transform as £, = a,;F; and E; = a;;k; as we
may learn from Eq.3.10. Thus the susceptibility components in the
& ’ : L P g ) 7 -
original axes are given by Eq.3.2: P; = €x;,’F;. We need to obtain

’
the relation between the components of ¥} and the components

D) relate P, with the components EJ by

of x*). The components Xi; A

P} = coxy Ej (3.16)

)
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We know that the reverse of the transformation of vectors from
axes Xi,X;,Xé to axes X, X,, X3 is given by £ = a7 'E" and
P = o 'P" which leads to the relations for their components as
E, = ajiE;-. Accordingly, b,i = a F;. Note that the suffix £ here is
fixed at the chosen value and the suffix / is a dummy suffix and is
to be summed over its full range of I = 1,2,3. We can therefore use
any other label in place of this dummy label { other than the fixed
label & (in this case).

Starting with P, = a;; P;, we have, since P; = eqxxEx, P,
a;;€gXjk Eox. Further, since £ = alkE;, this gives Pi-' = a;jeaXjrn k-
Hence we see that from Eq.3.16, that

/

?

ngn = QijQuk X jk (3.17)

In the ahove equation, the right hand side has the dummy labels
j, k and we have to sum over the full range of each of these dummy
variable suffices. For convenience we may re-write the above trans-
formation of the susceptibility tensor by changing the suffixes, as
follows:

’

xﬁ}) = QikQjIXKl (3.18)

Now the fixed indices are any chosen pair ¢ j and dummy suffixes

are kl. As an example, suppose we wish to know the expression for
- 17 o

the susceptibility tensor component X(lz) in the new axes system: It

is given by

(1)

Xl2 = QpauyXr = Q11021X11 + A11a22X12 + A11423X13 (3-19)
Fa12a21X21 + a12a22X22 + a12a23X23 (3.20)
+a13a21 X31 + a13a22X32 + Q13023X33 (3.21)

Notice that there are nine terms because we have allowed the
two dummy indices k£ and [ to take the values 1,2, 3 each.

The equation 3.18 is the law of transformation for first order
optical susceptibility. What are the transformation laws for non-
linear susceptibilities?

For the second order susceptibility, the transformation law is
given by

2 !
ijlz = A1 AimAkn Ximn (322)
It is easy to remember once you understand the structure of
the law. For any given (chosen) component of the second order

susceptibility fixed by the index triplet ijk, the right hand side
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has additive terms obtained by allowing the dummy indices Imn
each to take their full range of values (1 — 3), leading to a total of
3 x 3 x 3 = 27 terms with corresponding x;,,, components of the
tensor in the original axes system.

The transformation law for the third order susceptibility is

X'g’l)cl = QimAjnAkollp Xmnop (323)

Here again, for a chosen component of the third order sus-
ceptibility tensor, the transformation from the measurement axes
(X1X2X3) to the axis set (XiX;Xé)involves adding 3x3x3x3 = 81
susceptibility components on the right hand side, along with the ap-
propriate coefficients of the axes transformation matrix a.

3.2.1 Neumann Principle

The Neumann principle |[Neumann, 1885| asserts that macroscopic
physical properties of a crystal must exhibit at least the symmetry
of the point group to which the crystal belongs. The property is
expected to exhibit the symmetry of the point group or more but not
less. The hypothesis is plausible because the point group symimetry
of a crystal is the symmetry of the atomic arrangement around a
point in the crystal. For example, if there is a three-fold symmetry
about a certain axis at a point in the crystal, then rotating the
crystal through the angle of 120” about that axis would give rise to
a new orientation and atomic structure of the crystal sample which
is identical to the orientation before the rotation. The crystal is said
to be invariant under the above symmetry operation. This must be
true for every symmetry element present in the point group.

We can make use of the principle to learn about the effect of
symmetry on the optical susceptibilities. First consider the first
order susceptibility. Let us see what the principle bodes for the
linear susceptibility in cubic crystals. In a cubic crystal, there are
five point groups for all of which there is a common essential sym-
metry element: a three-fold symmetry about the body diagonals
of the cubic unit cell. The Neumann principle demands that since
the crystal possesses this symmetry, the property also must exhibit
this symmetry. Measure the optical susceptibility of a cubic crys-
tal using the Cartesian axes (X;X,X3) usually chosen to be along
the crystallographic axes, i.e. along the sides of the cubic unit cell.
Now rotate the crystal about one of its body diagonals by the an-
gle 120°. And re-measure the susceptibility. Since the crystal is



36 Chapter 3. Symmetry and Susceptibility Tensors

invariant under this rotation, the measured property also must be
invariant. You should get the same values as before the operation.
That is what the principle tells us.

However, we can follow an equivalent procedure of keeping the
crystal stationary and rotating the measuring axes about the body
diagonal through the angle 120°. This procedure is more convenient
for our purpose, as illustrated in what follows. Fig.3.1 shows the
bare unit cell of a cubic crystal with our measuring axes placed
along the standard crystallographic (a, b, ¢) directions or in the usual
crystallographic Miller notation respectively along the [100], [010],
[001] directions, with the origin placed at a cube corner. Note since
we have a cubic cell, the sides are all equal (¢ = b = ¢).

3

X3

X

X;

Figure 3.1: Unit cell of cubic lattice with C3 axis

Fig.3.1 gives a sketch of the unit cell of a cubic crystal with the axes
(X1X2X3), and the three-fold symmetry axis C3 oriented along a
body diagonal starting from the origin of the axes O. A rotation of
the axes about this axis through the angle 120" counterclockwise,
would take the X; axis to occupy the place of the X, axis., giving
X, = X,. The X, axis in turn would go to place itself along the
former X3 axis: to give Xé = X3. And the new position of the
X3 axis coincides with the former position of the X; axis lcading
to X5 = X;. As such the transformation of coordinates and hence
of a vector is given by the set of equations 2, = x3, =, = 3,
and z; = 21. The matrix equation for these relations is therefore
given by
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:1:'1 010 T
g |=| 00 1 T3 (3.24)
Tq 100 T3

The axis transformation matrix is thus given by

010
e=|[ 00 1 (3.25)
1 00

We deduce that for this rotation operation, a;; = 0, a2 = 1,
a3 — U, 21 — U, 92 = U, o3 — 1, azy — 1, Az = ()., 133 — 0.

Let us now see how the linear susceptibility tensor coefficients
transform under this symmetry operation. We apply equation 3.18.

X11 = Qkdy Xu = Q1181 X11 +anaia X1z +anaiz X13 +@12a1;
X21 +a12a12 X22 +Q12@13 X23 +Q13@11 X31 + Q13Q12 X32 TQ13Q13 X33-
Substituting the values of the a;; coeflicients in the above equation
gives immediately qu = X22. In a similar manner, we find X122 =
X3 and X3 = X1

' Now we go to the Neumann principle. The principle tells us that
X11 = Xi1, Xlgg = Xg2 and X;3 = x33. Together with the above result
of transformation, this requirement leads us to conclude that the
three diagonal components must be equal: x1; = X220 = X33-

In a similar manner we may investigate the effect of the other
symmetry operations corresponding to the elements of symmetry
present in the cubic point groups to find that all the non-diagonal
components must be zero in order to satisty the Neumann principle.
The final conclusion for the linear optical susceptibility is in the case
of all cubic crystals,

Yo @ 0
0 0 X11

3.2.2 Symmetry of Second Order Susceptibility

Now we examine the symmetry of the second order optical suscep-
tibility in the case of crystals belonging to the point group Cy. In
this group, there is only one symmetry element, namely, a four-
fold rotational symmetry about the crystallographic ¢ axis. We
place our measuring Cartesian axes such that the X3 (Z axis) falls
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along this ¢ axis (also known as the 001] axis) and the other two
axes X1 (X axis) and X, (Y") axis along respectively the crystallo-
graphic ¢ and b axes. The origin is placed at one cell corner. The
four-fold rotational symmetry means that when we rotate the en-
tire crystal through the angle 90* about this axis (X3), the crystal
is invariant (appears the same) so that the same values obtain for
any macroscopic measured physical property of the crystal. The
physical property of any crystal belonging to the crystal class C is
thus invariant under rotation of the axes system through the angle
90® about the X3 axis.

First we write the a matrix for the transformation of the axes,
by substituting # = 90" in the a matrix of equation 3.7. We get
then

() 1 0
a= -1 0 0 (3.27)
0 01
We have the nonzero clements of the a matrix a;s = 1, a9y = —1,

azgz = 1 . We start by considering the component x11;. according
to the transformation given by Eq.3.22, we find

Xy = 11k QUX jkl (3.28)

wherein, we need to sum over all possible values of the dummy
indices jAl. While we could get 27 terms, this number is drastically
rednced (to only one term) because of the zeros in the a matrix,
given above. Thus we have

X'm = 112012A12X222 = X222 (3.29)

As a consequence of the Neumann principle, the component Xll 1
resulting from the rotation operation should be equal to the same
value as the component before the rotation, since the rotational
operation is a symmetry operation. Which means that Neumann
principle demands that X’111 = Xx111. In view of the result given in
the above equation (Eq.3.29), this means that x111 = x222.

Next let us apply the same symmetry operation on the compo-
nent ygoo:

/
X222 = Q2jQ2rA21X jki = A21A21A21X111 = —X111 (3-30)

since the only non-zero element of the second row of the matrix
(Eq.3.27 )is az; = —1. Now use Neumann principle which requires
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X,222 = x220. In view of the above result, this gives x200 = —x111-
But the conclusion we have arrived at from the consideration of
the component of the x111 18 X111 = Xx220. Both these conclusions
must be right and that leads us to the only possible solution that
X111 = X222 = 0.

Application of the rotation operation on the component xss3
gives the result Xi%as = X333 and Neumann principle does not give
any extra information on this component xs333. Thus we conclude
that xss3 exists for crystals having the point group Cjy.

Consider the component x;12. Applying the four-fold symmetry
operation on this component, we have

X112 = @1j@1a20Xk = A12@12a21 X221 = (1)(1)(=1) = —xa21 (3.31)

. . . ’
Since according to Neumann principle, x|, = X112; X112 =
—X221-
Now apply the same symmetry operation on the component x,9;
to find

Xa21 = Uojlortiii r = Untortioxear = (—1)(—1)(1)x12 = X112
(3.32)

Neumann principle requires that sz21 = x221. Hence we get, from
the above result, x221 = X112

This, together with the previous result that xi12 = —Xx9221 We
are led to conclude that the above equations become valid only if
X221 = X112 = 0.

If we proceed in the same manner with the components X223
and x113, we do not get any added information leaving us with the
conclusion that these two components can exist in the point group
Cy.

The overall result of such an investigation on the effect of the
crystal symmetry on the susceptibility tensor is that x(® can be
represented by the matrix

0 0 0 X% X Xg xp 0 0
0 0 0 il X X ~Xip 0 0
X% xdh o xim 00 00 0 0 X —xih
(3.33)
While the above treatment is most general, there is a further
simplification in the case of some second order properties owing to
inherent symmetry of the process. We illustrate this by considering

the second harmonic generation.
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3.2.3 Second Harmonic Generation

Recall how we defined the second order susceptibility for second
harmonic generation in terms of the second harmonic polarization
given by

P = oK (—2wiw,w) P (—2w,w.w) B, E, (3.34)

where the K factor has the value K = % In the literature, an al-

ternative tensor d is used for second harmonic generation as defined
by
Pg(‘i) = ¢od (—2w; w,w) ELE, (3.35)
Hence we see that d(—2w;w,w) = 4x® (—2w:;w,w). The com-
ponents of the second harmonic polarization are given by

P = eydym (—2w;w, w) E,Er, (3.36)

In view of an intrinsic permutation symmetry, we write the ma-
trix equation as

E}

EZ
P din di2 diz dig dis dis E2
P | =e | dar do2 dos dosa das  das QézE'g
Py d31 ds2 dsz dsg dis  dss VEE,

2FFEy

(3.37)
wherein, we have used a contracted notation for the products of the
electric field components: pm : 11 = 1, 22 = 2, 33 = 3, 23 = 4,
31 = 3, 12 = 6. with this notation, the number of coefficients of the
d matrix become reduced from 27 to 18. We have used the fact that
owing to the permutation symmetry, Eu 3,2 + EweBus = 2Ew2biuws.
Similarly, E sk + BEaFEws = 2E3bE0 and BBy + B ba =
2FE 1F 2. This is what has been used above.

We may consider crystals belonging to the point group symme-
try, for this application. Recalling the axes transformation matrix
a for the four-fold rotation about the X3 axis,

0 10
a=| -109 (3.38)
0 01

The effect of this symmetry operation on dy4 is given by

!

! «
di4 = dg3 = a1ja2kasd i = a12a21a33d213 = —dg = —das  (3.39)
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/ . 5 . !

Thus d|, = —d25 and Neumann principle requires that d,4 = dis
because the above transformation is a symmetry operation. There-
fore, we get d14 = —das.

The effect of the same transformation on the element dzs is given
by

! ’

dys = dys) = g a500djr = ana33002d132 = —dize = —di4  (3.40)

Neumann principle then leads to d23; = —d 33 which means in
terms of the short notation, dos = —di4.

Now for the element dis:

! !

d’15 = dl;ﬂ — a-ija3kﬂ-udjkz = 12a33012d232 = daga = doy (3-41)

Again Neumann principle yields di5 = dos.

Similarly, we have

’

dig = dyp = a1ja1kAudike = A12012a01d291 = —dao = —d2s  (3.42)
Neumann principle then gives dig = —d26-
Similarly,

dQﬁ = d212 = G»zjamflmdjkz = A21012021d121 = d121 = dig (3-43)
Neumann principle (dys = dag) then gives dog = dig. This cou-
pled with the above result then means that these elements both
must be equal to zero:dig = 0, dog = 0.
Further,

r

7
dsy = dyyy = azjaipandy = az3a12012d320 = daop = dzo (3.44)

which by virtue of the Neumann principle gives ds = dy».
The element d33 undergoes the transformation due to the 4-fold
rotation as

dgy = dysq = 03;03:0310;0 = Q330330330333 = d3z3 = d33  (3.45)

which does not change anything. The element ds5 becomes under
the above symmetry operation:

] ] .
dgs = dggy = a3;a3c01udj = Q330330120330 = dago = d3s  (3.46)

By Neumann principle, this means that dss = ds4. The element
ds4 under the same operation becomes

!

!
d3q = d3gp = azjasraadin = a33033a01ds3 = —dsn = —dss  (3.47)
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Neumann principle then gives d3q = —d35. Together with the
just previous result, it transpires that dss = 0 and ds4 = 0.
Consider the elements dq1, das.

/ !
dyy = dyyy = a1jakaudin = a12012012d222 = dogo = doa  (3.48)

! !
d22 = d222 = aZjana?ldjkl = ananadinn = —din = —dny (3-49)

Neumann principle requires that dy, = dy; and dy, = dyy. Ac-
cordingly the above results lead us to conclude that both relations
are satisfied only if dj; = dyy = 0.

dy3 transforms as

/

!
dyg = dy33 = a1j03ka31djk = 12a33033da33 = dozz = d23  (3.50)
dos transforms as
! d] r
dyy = dyzz = agjazrazdjy = azazzaszdizz = —dizz = —di3 (3.51)

Both the above results in conjunction with the Neumann prin-
ciple give us that di;3 = 0 and dy3 = 0. The transformation of dj, is
given by

!

!
dm = d122 = alja2ka'2ldjkl = @12a21G21d211 = da11 = day (352)
do; transforms as
! !
dyy = dyyq = Q201101 djk; = A21012a12d331 = —di22 = —d12 (3.53)

Neumann principle applied in the two cases above leads us to
conclude that dy; = 0 and dy; = 0.

Collecting all the above conclusions then reduces the d matrix
for the symmetry (4 to

0 0 0 dy ds 0
d=(0 0 0 dy —du 0 (3.54)
d3; d3 dzz 0 0 0

The C'4 point group belongs to one of seven tetragonal crystal
classes. How does the d matrix look like for all the crystallographic
point groups? We answer this question by giving the results.
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For all centrosymmetric crystals (11 point groups), all d elements
become zero. Inversion symmetry means that (zyz) transform to
(=X, =Y, —Z). The corresponding axes transformation matrix is

-1 0 0
e=|0 =10 (3.55)
0 0 -1

Under such an inversion symmetry operation, the second order
susceptibility tensor components become

@ _ . 2 2 2
Xij[l = QA imAnXtmn = aiiajjalckxl('j]l = (_1)(*1)(*1))(5]2 = 7XE]I)»

(3.56)
Neumann principle asserts that XS’)C = Xff,)c and the above result

. . o : (2 _ _ )

of the inversion symmetry operation requires that Xie = X

which can be valid only if the coefficients xEj,l are all equal to zero.

The eleven centrosymmetric point groups are: C;i(S3), Cap, Do,
04}1) D4h’ 56(03i)a D3(17 Cﬁho Dﬁlm ﬂl: Oh‘

Triclinic system:

Group Cy: All the 18 d coefficients are non-vanishing. There is
no crystallographic symmetry and therefore there is no reduction
on that account.

Monoclinic system:

There are two point groups: Cy and m.

Cy group: The 2-fold rotation axis is conventionally chosen to
lie along the X, (Y axis). In such a case, there are 8 non-vanishing
independent components: di4, dig. da1, daa, das, das, dsa, dzg. All
the other elements are zero. If the Cy axis is placed along the X3
axis, these become instead, diq4, dis, dag, dos, d31, dso, dss3, dsg. All
other elements are zero.

m group: If the mirror is perpendicular to the X, (Y') axis, then
there are 10 non-vanishing elements: dy,, dia, d13. di5, dag, d2s, da1,
dso, ds3, dss, the other elements being equal to zero.

On the other hand, if the mirror plane is normal to the X3(Z)
axis instead, the above non-vanishing elements become dy, dy2, d;3,
dy6, do1. daa, das, dag, dsq, dss, the other elements being equal to zero.

Orthorhombic syslem.:

There are two point groups: Cyp and Cs,.

D, group: This class has only 3 non-zero d matrix elements: dy4,
das, d3g, the other elements being all equal to zero.



44 Chapter 3. Symmetry and Susceptibility Tensors

Cy, group: There are 5 independent non-zero components for
this group: dis, dog, ds1, ds2, dss. All other components vanish by
virtue of symmetry.

Tetragonal system:

There are five non-centrosymmetric groups in this system.

C4 group: We have already illustrated the derivation of the non-
vanishing elements of this group. There are only 4 independent

elements here:dy4 = —das, dis = da2g, d3; = d32 and dss.
S4 group: Here again there are 4 independent elements in the d
matrix: dig = dos, dis = —day, d3; = —d32, and dsg.

Dy group: Only 1 independent coefficient with non-vanishing
elements: diy = —das.

Cy4 group: There are 3 independent d components: dy; = day,
ds; = d32 and dss.

Doy group: Only 2 independent coefficients exist: dyq4 = d2s, dse.

Rhombohedral (trigonal) system:

C5 group: There are 6 independent d elements with internal

relations as follows. dy; = —di2 = dze, dia = —das, dis = dag
dis = d21 = —da2, d31 = d32, d33.
D3 group: Only 2 coeflicients are independent: dy; = —dqp =

—das, d1s = —das.

C3, group: The reflection plane is taken to be perpendicular to
the X;(.X axis). There exist 4 independent components, as given
by dis = dag, dig = dn = —d2o, d31 = ds32, d3s.

Hexagonal system:

Cg group: This group has 4 independent components, as given
by dia = —das, dis = dag, d31 = d32, ds3.

Cs, group: Only 3 independent elements exist in this group, as
given by dis = d24, d3; = ds2, d33.

Dg group: Only 1 independent d component, as given by djy =
—das.

C'y, group: 2 independent components as dy; = —dij2 = dag,
dis = da = —do2

D3y, group: with the mirror plane perpendicular to the .X; axis.
Only 1 independent d element exists: dig = do; = —d22.

Cubic system:

O group: No non-vanishing d coefficients possible by virtue of
the symmetry

T group and T, group: Only one independent d matrix element
exists with the relations dy4 = dos = dss-
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3.2.4 Kleinman Symmetry

Kleinman [1962] showed that there exists an additional simplifica-
tion of the d matrix if the mechanism is purely electronic in origin.
Writing the third order term in energy U®) as a function of ionic
displacement £ and electric field magnitude £

. 1 |
(g = —3 Z Ay BB By, (8:57)

ijk
and the corresponding non-linear polarization P® as

P = 3 dyEiE, (3.58)
%

he argued that since there is no physical distinction between terms
obtained by rearranging the field components in any order, only 10
independent coefficients exist in general for the d matrix as given

below:
diy dip dys dia dis dig

d=| dig dyo doz dos dis di2 (3.59)
dis dog dss dps dis dug

The column matrix on which this matrix operates has the ele-
ments El2 Eg, E.?, 2F.FE3, 2E3E,, 2E1FE,. Note that besides the
elements dy, dgg, ds3, the only other independent elements are d;,,
dy3, dy4, dys, dig, das, daa. It has been suggested that the above
relations are valid if the mixing electric field frequencies are well
above the ionic resonance frequencies and far from the electronic
resonances. Thus it is essential for the Kleinman relations to hold
good that the ionic contribution to the nonlinearity be negligible
and electronic absorption is absent at the operating frequencies.

If we combine the Kleinman symmetry with what has been de-
duced above from Neumann criterion, further simplification results.
For example, for the crystal Rochelle salt which belongs to the or-
thorhombic group Dj, the three independent d elements become
equal, since diy; = dys = d3e. In the case of crystal K DP (potas-
sium dihydrogen phosphate), which belongs to the class Daq, only
one independent coefficient dy4 = d3s remains.

3.2.5 Symmetry of Third Order Susceptibility

The effect of crystal symmetry in reducing the number of indepen-
dent components of the susceptibility tensor can be obtained in a
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manner similar to what has been illustrated above for the linear and
second order susceptibility. Therefore, without going through all the
detailed calculations, we illustrate with a few cases and finally state
the final situation for cubic crystals and isotropic materials.

Cubic system:

The common (minimum) symmetry of all cubic point groups is
the presence of 3 - fold rotation axes along the body diagonals of
the cubic unit cell and 2 -fold rotational symmetry axes parallel
to face diagonals. We first see the effect of the triad axes on the
susceptibility components xi111. X222, X3333.- Using E¢.3.23 for the
transformation and £e¢.3.25 for the a matrix,

’
X1111 = A1iQ1;Q16Q11 XG5k — A12Q120120712X 2222 = X 2222 (3.60)

because a; = 1 (Eq.3.25). Since Neumann principle requires the
component to be unchanged, we get x1711 = X2202. For the compo-
nent Xoo22,

Y v
X2220 = Q2iQ2;Q2kA21Xijki = A23A23023023X3333 = X3333 (3.61)

because az; =1 (Eq.3.25). And similarly,

’

X3333 = @3i03A3kA3 Xikl = A31231231A31X1111 = X1111 (3.62)

because az; = 1. Neumann principle coupled with the above three

equations thereby lead to X111 = Xx2222 = X3333-
The component. X1122 transforms as

! v
X1122 = Q1iQ1502kA20X ikt — A12A12A23023X 2233 = X 2233 (3.63)

in which we have used the data of the matrix of Ee.3.25.
Similarly, the component X233 and Xx3311 transform under this
symmetry operation according to

12
X2233 = Q2i02; A3kA3Xijki = Q23023A31031X3311 = X3311 (3.64)

’ v
X3311 = Q3iA3; A1kA11Xijkt = A31231Q12Q12X1122 = X1122 (3-65)

Along with the Neumann principle, all these equations give us
the condition that xi1120 = X2033 = X3311. One can verify the other
results quoted below.

Point groups 7" and Ty

21 non-vanishing with 7 independent coefficients exist. These
are given by
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X1111 = X2222 = X3333

X2233 = X3311 = X1122

X3322 = X1133 = X2211

X2323 = X3131 = X1212

X3232 = X1313 = X2121

X2332 = X3113 = X1223

X3223 = X1331 = X2112

Point groups O, T, Oy,

There are 21 non-vanishing coefficients with 4 of them being
independent. These are:

X1111 = X2222 — X3333

X2233 = X3322 = X3311 = X1133 = X1122 = X2211

X2323 = X3232 = X3131 = X1313 = X1212 = X2121

X2332 = X3223 = X3113 = X1331 — X1221 — X2112
In isotropic media such as polycrystals and homogeneous liquids

or gases, there is a further simplification. Only three independent
coeflicients but 21 non-zero components exist [or this tensor. These
are given by the same set of components given above for the above
cubic groups but with the additional restriction given by

X1111 = X1122 + X1212 + X1221-

3.3 The Dielectric Permittivity Tensor

We introduce here the linear dielectric permittivity tensor and the
refractive index ellipsoid for use in a latter chapter. The electric
displacement vector of a dielectric having the polarization
under an electric field B is given by

D=—gE+F (3.66)

and

D=¢E= ETEUE (3.67)

where € is the permittivity of the material and ¢, the relative per-
mittivity (same as the dielectric constant). Since we write the po-

larization as
P =exE (3.68)
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we have

e = €(l+x) (3.69)
& = (1+) (3.70)

where €, and y are dimensionless properties of the material. The
tensor nature of the permittivity is evident when we write the dis-
placement and the electric field in terms of their components in an
arbitrary set of Cartesian axes X, Xy, X3:

Dy = enky + ek +esks (3.71)
Dy = enkh + el + €3k (3.72)
D3 = ek + epky + el (3.73)

or in matrix form

D, €11 €12 €13 E,
D2 = €21 €212 €23 E2 (374)
D3 €31 €32 €33 Es

which may expressed in short form for the components

D; = €;;E; (3.75)

with the understanding that the sum is over the repeated index
(=12 3%

Energy considerations lead us to discover that the e matrix is
symmetric with €;; = €;;, as shown below.

The energy density stored in the electric field in the medium

may be written as
uE=%E-B (3.76)

or

U = (E1D1 + E2D2 o+ E3D3) (377)

DO | =

In view of the relations D; = ¢;; F/;, the above equation becomes
|

2,E.iﬁijl?j (378)

up =
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wherein, the summation is over both the indices (repeated) i and j.
We now take the time derivative of the energy density:

dug dFE; adE;
W = 2 |: df EUF FE,J df ] (379)
or
duE 1 dE dE
— 3
dt [ dt By dt ] B0

The terms %612 [ LEy + B 52] and %621 [ El +E2dEl] are
obviously ceuivalent. So we conclude that €12 = €3;. Similarly,
€23 = €32 and €3 = €13. This makes the permittivity matrix sym-
metric with only six independent components in general: the three
diagonal components €11, €22, €33 and the three non-diagonal compo-
nents €y (= €a1), €23 (= €32) and €3y (= €;3). Now the stored energy
density may be written as

1
Ug = 5 [611E% -+ €22E22 + 633E§ + 2€19FE1 By + 2€93 E5 E5 + 2631E3E1]
(3.81)

The € matrix can however be diagonalized by means of a prin-
cipal axes transformation. That is , there exist a set of new axes
’ ' r . . . i . . .
X1, Xy, X3 in which the permittivity matrix is diagonal:

€; 0 O
0 0 €y

And the energy density of the electric field becomes
]. / / 2 ! / 2 ! ! 2
ug =5 {611 () +ex (Eg) + €3 (B5) } (3.83)

The displacement matrix is given by

D} €, 0 0 E;
D =0 e 0 E; (3.84)

2 0 0 e Ey
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Alternatively,

Up = =
2

1 ((D;)2 El (D;)z + (D:%)Z) (3.85)

1 ! !
€11 €29 €33

For convenience in use, we rename all the components as mea-
sured from the principal axes as follows: €, = €, €5y = e,'y and
€33 = €,. Also D} = D, Dy = D, and Dy = D,. With this sim-
plified notation, remembering that we are now working in the new
principal axes frame in which the permittivity tensor is diagonal,
we have for the energy density

1{p2 D2 p?
Up = — (—,‘L =+ ,'l + —,z> (38())

2 €

* Y z

3.4 The Refractive Index Ellipsoid

Consider a travelling plane harmonic wave of angular {requency w
with the wave vector & and the electric field having the magnitude
given by
o =
E = Eyei(«t-%7) (3.87)

The phase velocity of this wave is obviously equal to

Uy = %Z (3.88)

where n is the refractive index and & is the unit vector along the
direction of propagation. Also we note that
(i

k=—F% (3.89)
wn

= w c
since &~ = v, = <.
[ =% =
In the equation for the energy density given above, we now put
r !
€, = €z€0, €, = €y€q, and e, = €,€0, where €, €, and ¢, are the

principal relative dielectric constants (relative primitivities). It is

r

. . ’ ! 2 .
shown in standard electromagnetic theory, that ¢; = (n;)" (i =

1
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1,2,3), n; being the principal refractive indices. The energy density
equation now is written as

v DR BP DR
ugeg==-|—+—=+—= (3.90)
2\ e, €y €,
Writing B
_)
—_— = 3.91
vV 2UE60 " ( )
we have

Dm = v 2’LLE'E() xX (392)
y = V2ugéoy (3.93)
D, = 2uge 2 (3.94)

=

leading to
2 2 2
L 5 (3.95)

€ €y €z

Thus the form of the refractive index ellipsoid or the optical
windicatriz is defined by

a,/.z 2 22
DR ML (3.96)
ni nZ nl

The axes of this ellipsoid are n,,n,,n,. We can use the index
ellipsoid to find the ordinary and extraordinary refractive indices
of a crystal in an given direction of propagation, as follows. First
find the plane normal to the wave vector k. The intersection of
this plane with the ellipsoid is an ellipse. The semi-major and the
semi-minor axes of this ellipse represent the two refractive indices
ny and ny.

Uni-axial crystals belong to those crystal classes having a unique
rotational symmetry axis. Choosing this symmetry axis (also called
the optic axis) as the Z axis, the refractive index is n. for dis-
placement D in this direction (eziraordinary ray) and ne(ordinary

refractive index) for any direction of B normal to the symmetry
axis. The index ellipsoid for uni-axial crystals thus becomes

2 2 2
oo 1 z
ng Mo N
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This represents the index ellipsoid is an ellipsoid of revolution
for the extraordinary ray and a sphere for the ordinary ray. Given
any direction of prepagation k, the value of n.(#) can be obtained by
the intersection of % with the surface ellipsoid. For the ordinary ray,
however, ng is a constant independent of direction. For propagation
of the electromagnetic wave in the direction A that makes an angle
f with the optic axis, the refractive index can then be expressed as
a function of this angle 8 by the equation

1 cos2f sin’6
= e =¥ (3.98)
nz(0)  ng n?

This equation results from the geometry of the ellipse. At = 0°,
for a wave travelling along the optic axis, n. (6) = np and at 6 =
90°% n. (0) = n.(90*) = n.mae Please note that here The surface
representing the value of n, (#) and np () is an ellipse described by
the equation given above. For a positive uni-axial crystal (defined
by n. > np), the ellipse is sketched in Fig.2.1. In the case of
a negative uni-axial crystal, the ellipsoid of the eztraordinary ray
index is contained within the sphere of the ordinary ray index.

3.5 Explorations

1. 1. How would the tensor element X;(fi transform under the co-
ordinate transformation r --» —z,y — —y and z -+ —z?7 What
is the implication of this for the observation of second har-
monic generation in crystals with inversion symmetry? What
does this imply for the availability of suitable materials for
second order processes? How about the susceptibility of other
even orders?

2. Look for examples of physical properties other than optical
properties that would not be exhibited by crystals with inver-
sion symmetry and try to give a physical explanation in each
case.

3. a) Give examples of quantum mechanical operators which are
(i) real and (ii) imaginary.
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6.

e, max

Figure 3.2: Index ellispsoid for a positive uniaxial crystal

b) How do they change under time reversal?
¢) What do you conclude from this?

d) What is the relevance of this in the context of nonlinear
optics?

Consider the process in which three input waves of frequencies

wy , —wg and wg , mix together to give w, , their algebraic
sum. Illustrate how (a) intrinsic permutation symmetry and
(b) overall permutation symmetry (assuming transparency at
all frequencies involved) lead to a reduction in the number of
independent components.

. How many quantities do you have to measure in an experiment

to measure the linear optical refractive index of a triclinic
crystal? How will this number reduced in the case of (a) A
crystal of NaCl and (b) water?

Arrive at the number of independent components of third or-
der nonlinear optical susceptibility for a liquid medium. What
about the fourth order susceptibility? (Hint: finding the an-
swer is a lot easier in this case !)
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7. How is an ellipsoid-of-revolution different from any other el-
lipsoid geometrically? Sketch the index ellipsoid for a negative
uniaxial crystal. Show clearly the geometry of the figures cor-
responding to the propagation of ordinary and extra ordinary
rays along diffcrent directions.



Chapter 4

Calculation of Non-linear
Susceptibilities

“The fundamenlal laws necessary [for the malhemalical trealment
of a large part of physics are thus completely known, and Lhe
difficulty lies only in the fact that application of these laws leads to
equations that are too complex to be solved”

Paul Adrian Dirac

But then, one has to do it anyway.

Learning Objectives

e Identification of the quantum mechanical origin of nonlinear
optical susceptibilities.

e Formulation of the equation of motion using the parity oper-
ator.

e Construction of density matrices corresponding to the differ-
ent orders of nonlinearity.

e Derivation of expressions for nonlinear susceptibilities.

e Employment of the density matrix formulation to characterize
optical nonlinearity of a color center system.

99



o6 Chapter 4. Calculation of Non-linear Susceptibilities

4.1 Introduction

In this chapter, we discuss how to evaluate non-lincar optical suscep-
tibilities of various orders from the atomic propertics using quantum
mechanical techniques. Toward this purpose, specifically we intro-
duce the density eperator (matrix) method of treating statistical
ensembles of atoms quantum mechanically. We refer the reader to
the books by Bloembergen [1996] and Marcuse [1970] for an ex-
cellent treatment of this subject, based on which we develop the
subject here.

4.1.1 Physical Quantities in Quantum Physics

In classical physics, the physical behavior of a particle is completely
determined once we know its initial state and all the forces acting
on it, by solving the Newton’s laws of motion or their variants -
the Lagrange equations or the Hamilton’s equations of motion. On
the other hand, quantum physics takes a probabilistic view of the
fundamental measurement process and allows us only to find the
probable values (‘the expectation values’) of the physical quantities
associated with a particle for comparison with the experimentally
measured quantities. The quantum dynamical equations of motion
involve operators corresponding to each physical variable. For ex-
ample, the operator for the position vector 7 is 7 itself. The linear
momentum components are represented by the operators: —ih(% for
j O —iha% for p,, —ih% for p,. Here h = 2’—;, h being Planck’s con-
stant. The potential energy operator is V (z) for V (z), etc. The
expectation value of any physical quantity associated with a particle
in a state described by the wavefunction ¥ is given by

(Ry = /dz*fw)dr (4.1)
Ry = (wiRlp) (4.2)

where R is the operator that represents the physical quantity in
question. The integration is to be carried out over the full domain
of space 7 including any spin variables wherever it is appropriate.
The alternative equation [ollows the Dirac bracket notation.
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4.1.2 The Projection Operator

Instead of using the wavefunction ¢ itself, we can find the expec-
tation values (R) by an alternative route. Consider an arbitrary
wavefunction 6. The contribution of ¥ to the expansion of 6 is
defined by

P@W)0 = w/dw*a (4.3)
Pe = [$)(]0) (4.4)

where P (1) is the projection operator.
Now let us consider a set of wavefunctions {u;}. This set is said
to be orthonormal if

/dTufuJ — 51']' (45)

The set is said to be complete if we can expand any arbitrary
wavefunction 9 in terms of {u;}:

Y = Za-ui (4.6)
¥) = Z |us)t) (us|9) (4.7)

where the expansion coefficients a; are given by

g = /d'rufw (4.8)
a = (wly) (4.9)

The matrix elements of an operator R in the representation {w;}
are given by

Rij — / d’/"’u;éu_,' (410)

Ry = (ilRlj) (4.11)
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Accordingly the matrix elements of the projection operator are
given by

Py = / dT'u,;IS (¥) u; (4.12)
Pi = (ilP) (4.13)
Substituting for the projection operator and using the relations

for the coefficients a;, the above equation for the matrix elements
simplifies as follows:

a; = /JTufu') (4.14)

Py = /dTu;v') /dT'l/)*u,' =G jag (4.15)

The expectation value of an operator can be now written alter-
natively, by making use of the projection operator.

<ﬁ> = /dﬂ/z*ﬁw :‘/dTZa u; RZaJuJ (4.16)
= ZZa:ajRij (4.17)

wherein we have made use of the relations
w = Z a;U; (4 18)
/ dTLL:ﬁU7 = Rij (4 19)

*

We have already shown in equation 4.15 that Pj; = aja;.

T

There-
fore, we re-write the expectation value of R as

(B =L reur =2 {Pwr], @

g

or we have the good result that
<1§> —Tr {13 (%) é} (4.21)

which is independent of the representation.
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4.2 The Equation of Motion

Starting with the time-dependent Schroedinger wave equation

&y~
h—" = H 4.22
th— 0 (4.22)

we are going to develop an equation of motion for the projection
opcrator. Cousider the cquation defining the projection operator

(1/)) /dn/)*@ (4.23)

where we take 6 to be independent of time t.
Differentiating the above equation with respect to time t,

%~ A / A0 + 1) / dr w (4.24)

Multiplying throughout with ¢A gives

. d jo=g o dd) 1K (F dd)
zh.EP(z/))H— ih o /drw H—I—Zhwfdr %

*

0 (4.25)

The time-dependent Schroedinger cquation 4.22 and its complex
conjugate are given by

L dy ~
du o Nk
— = (H@) (4.27)

Then we get
o d = T * ==\
ih—P ($)0 = Hw/drw 6 — w/dr (Hw) 0 (4.28)

The first term on the right hand side becomes HP (v) 6 following
from the equation 4.23. The second term on the right is

3 / dr (ﬁw)*e — ( / dre*fhp)* (4.29)

= — /dw*ﬁe = P(y)HO (4.30)
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Because the Hamiltonian operator like all operators representing
real physical variables, is Hermitian, obeys the property

( / dw*égﬁ) - / dré* Ry (4.31)

Finally, thus we have the result for the equation of motion of
the projection operator:

d

m%ﬁ ()0 = HP ()0 — P () HO (4.32)

Since the function 6 is arbitrary, we may now write equation of
motion for the operator itself:

m%ﬁ(w) — [ﬁ,ﬁ(w)] (4.33)

4.3 Ensembles of Particles

The expectation values and the equation of motion we have been
considering so far refer to the quantum mechanical mean of the
physical quantities associated with a single particle. However, when
we deal with an ensemble of particles, we must introduce the nec-
essary modifications to take care of the fact that all the particles
may not be in the same quantum state. The particles may be dis-
tributed amongst the various available quantum states described
corresponding wavefunction. The probabilities p,, of occupation of
the states 1, are determined by the appropriate statistical distri-
bution law (Fermi-Dirac or Bose-Einstein) valid for the system of
particles under study.

We therefore rewrite the expectation value of the operator R
by multiplying each trace with the probability factor and summing
over all the states:

<§> =Y pTr [13 ) ﬁ] (4.34)
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The density operator p is now introduced by

= puP (n) (4.35)

The ensemble expectation value of the operator R now becomes

<ﬁ> — (;fé) (4.36)

which follows from the rules of linear combination of matrix
traces.

Assuming that the occupation probabilities p, of the states ¥,
are fixed (for example by prescribing the temperature and the en-
ergy eigen values) and do not change with time, we find the equation
of motion of the density operator. Differentiating the equation 4.35
with respect to time, and multiplying the equation with ¢h, we get

m@=z [f{ Pw )] (4.37)
‘ dt : Pn ) Yn .

The equation 4.33 is used to obtain the above result. This can
be alternatively written as

. dp = = ‘
m% — {H, ; DAl (4.38)
dp T

ih=l = [H,p] (4.39)

which follows from the definition of p given by equation 4.35.

4.4 Time-dependent Perturbation

Wlhen an atom is placed in an electromagnetic field, an electric
polarization is induced and we wish to calculate this polarization
using quantum mechanical perturbation techniques. Assuming the
perturbation is small, we develop expressions for the polarization
which are non-linear in the electric field f of the electromagnetic
wave. Specifically, we wish to find the polarizations which are sec-
ond order (quadratic) in B, third order (cubic) in E and so on.
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While treating the atomic response quantum physically, we adopt
the usually convenient approach of treating the field classically.

Suppose the atomic system initially (¢ = 0) has the density ma-
trix given by pp and the Hamiltonian is given by H 0. It is subject to
a time-dependent perturbation H,(t). Note that the electromag-
netic field is a time-varying quantity and sinusoidal if it is mono-
chromatic. The perturbed Hamiltonian my be written as

H=Hy+H,(t) (4.40)

Substituting this in the equation 4.39, we have

m% = [ﬁo,ﬁ] g [Fl,,,ﬁ] (4.41)

In order to solve this equation, we write the density matrix in a
perturbation series, the terms of which are in increasing powers of
the field:

=0+ W)+ +2P @) + ... +5™ (2) (4.42)

In this series, thus, gy is the initial constant density term; p(!) (¢)
is linear in the perturbation H,; p® () is quadratic in H,; p® (t)
is cubic in H, and so on. The initial state may now be specified by

b= 0pp™ = Oyh='15%,35 (4.43)

Now let us substitute this series expansion in the equation of
motion of the density operator, viz., the equation 4.41 and equating
therms of the same order in H, on either side of the equation, we
get

i % = {ﬁo,ﬁo} (4.44)
ihdi g [f[o,[;“)] x [ﬁ,,,,ao] (4.45)
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a7

ih
M

= |Ho, 7| + | By, 5] (4.46)
and so on. For the nt* order density matrix,

ih% = [ﬁo,ﬁ‘")} % [ﬁp,zﬂ”—“] (4.47)

4.5 Dipolar Interaction

The perturbation Hamiltonian H p can now be specifically identified.
If the induced electric dipole moment is 7, the potential energy U in
the electric field E isU = — 7. E and the perturbation Hamiltonian
H p 1s the corresponding operator equal to U itself.

A =-P.E (4.48)

The equation of motion the equation (4.41) of the density oper-
ator thus becomes

m%ﬁ = [ﬁo,ﬁ] + [—?.Tf,ﬁ] (4.49)
)th

Expanding the commutator bracket, the (ij)™ element of the

density matrix is then given by

L dpij _ T .
ih - [He, pl;; + [Hp,p]ij (4.50)
s o _~ _
th 7t <Ho,0) y (PHU)H + (op — pP);, (4.51)

The dot product of the dipole moment and electric field vectors is
replaced by pFE in the above. This is valid when the dipole is induced
by the field. For example if E = EE, 7= ezk and H p= —6zB.
Later on , we may well use the dol product in place of pE.
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The unperturbed Hamiltonian Hois diagonal in the energy rep-
resentation, i.e. Hoy = Hpi;. Accordingly the first two terms in the
above equation 4.51 become

J

(ffoﬁ) = Z Hoiprj = Hoipij (4.52)
k.

(5ﬁ0)ij = ZpikHUkj = piitlay; (4.53)
k

Further, Hy; and Hgj; may be replaced by their respective en-
ergy eigenvalues W; and W;. Also, (pp);; = > 4 pipy;. Using all
these, the equation 4.51 becomes

dpi;

i
"

= (Wi —W;) pij + Z (pikpPrj — Pikpr;) E (4.54)
k

At this stage, let us introduce the matrix p related to p by

pi = oije ! (4.55)

Substituting this in the equation 4.54,

d , .
th— (gije™") = (Wi — W) aye " (4.56)

+ (oine “*'pr; — pikorje ') BLET)
%

Carrying out the indicated differentiation with respect to time
on the left hand side of the equation,

. e dO’i‘ _
ihe w”td_t] + ih (—iwyy) oyye it

= (W, = W;)oie ™t + Z (gine™ ¥ pyj — pirorje” I (LBR)
%

Note since hw;; = W; — W, the second term on the left cancels
with the first term on the right, reducing the equation to

dO’ij
dt

1 —iw; — W Wi
= ey Z (O'ike "“tpkj — PikOrje ’”t) Eetwist (4.59)
k
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. : Wi —W;
Now we make further use of the relationships w;; = —5—*, wy =

7 — W We.—W.
% and wy; = —5—L to see that w;j —wj, = wiy and wy; — wy;

w;r. These substitutions lead us from the above equation to
dO’ij n 1
dt  ih

(o€ *'prj — pirowie*') E (4.60)

Now we re-write the product of the dipole moment and electric
field by their dot product to convert the above equation to

do;; .
;J ~ih Z ‘7:1»6”"“ Prj— 7ik:(fk:j6tw"’“t) B (4.61)

4.6 First Order Density Matrix

When the system is unperturbed. the initial values of the matrix
elements are given by

Oik = 0 (5,k,0'kj —0' ka,tzo (462)

In order to obtain the first order solutions, we replace o; and
ay; terms on the right hand side of the equation by their initial
values as given by the equation 4.62. This approximation results in

do;
0] — h Z 05 Cw"]I?L ?,],O’ 51»] M’”) E (463)

dt

This results in the summation retaining the terms given in

doy) 1 B st 7]

dtj ~ i (ose " i03;€") - (4.64)
daf}) il
o = (%= o) By Be (465)

Integrating this with respect to time yields the first order value
of the matrix elements.

(1) 1 O 0 tﬁ Wi T
o =04 +_h( 'z—%‘)?u'/o e™rdr (4.66)
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The first term on the right is the initial value given by a?j =
o%4;;. Inserting this, we have

1
L(Jl = Uz(':?dij + h (O?i JJ w / Bewz]rdT (4.67)

4.7 Second Order Density Matrix

(2

To get the second order matrix elements ;" we substitute the first

order solution values (r Y for oi; on the 11g11t hand side of equation
4.61:

: 3 ek Wik T
% = E Z |:(0-1,15'Lk = ( o.k:k ?zk / BC i dT) ?k Wi . E]
_: Z [{UJJ(SkJ (Ukk o= a 7k] / Bcvwm‘rd,r} chlwl,\t B]

doij _ 1 (O_i()i?ijeiwijt B = P00 it ﬁ) (4.68)

dt ih v

1 ) A
5 S (oh=ot) P [ Bewrar) et B

1 a2 % :
=0 ((o;‘ik ~of;) Ps - /0 E*e“"wm) Pae et - H4.69)
k

Now we may integrate this with respect to time, giving the density
matrix up to the second order in the electric field as o;; =

02‘51'] + % (O-BL ]] 1] / ﬁelwl]‘r‘d'r
1 : | _
= Jo i
1 o
.
e Jo

On the right hand side, the first term is the initial value cor-
responding to the zeroth order. The second {erm is linear in the
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electric field. The third and fourth terms are of second order con-
tributing to the second order density matrix:

UZJ = Z / dr ( ik ( 0 _ U}?—k) eiwkﬂ?kj . / ﬁeiwikfdg)
T Z/ dT( ik * (C’kk ;) €T g - / E)e“"“fd§>

4.8 Third Order Density Matrix

By substituting the density matrix given to second order in the

o4
dt
. ‘ S L : kT
ih ;?’“J‘emt B { [U?ioik Y (0% — o) T '/0 B et dT]
t .
. % |:/ dr (?uk : E) (0'201 — UBV) eiw““'T?uk / Eeiwl’.ufdf]
0 0

1 .t ;. M g .
b X ([ (B B) (o) - [ B}

. W 5 1 . TWET
~g ; T inewivt . T {[a?jojk + Y (agk = a;?j) 7kj /0 Ec ki dT]

1 t
= E Z I:/O dr (7k# . E) (ng = O.DM 1w,,, / Eezwkugdfjl

1 - : N
TE ; [/0 dr (Pin B) (00— 0%) €7 F g g 3e’“ﬂ-/£d€]} (4.70)

Integrating this with respect to time yields, besides the terms

of the zeroth order, first order and second order the third order
contribution to the density matrix given by US) =
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L [{[ P B

( ?;lk ( Oy — p,/ . lw“k&. / ?zy Be“"”‘"dndé
Pip: L \Op, — Ok ein ik y et “k'dndé' dr
? ' B ?# Ek twi, & ?; f W, kT
) J0

J(
{/t ?ik : Eeiw"”
0

(/ ?"j' Ukk 01. zw,,]f/ ?ku gelw“nd’ldé

/ ﬁ"“ ‘ HM 9]) S / ?/Aj ‘ E}eiw“mfhldf) dT}]
0

4.9 Double Integrals in the Expressions for Density
Matrix

If the electric fields E) appearing in the expressions for the density
matrices given in the previous sections, are taken to be part of a
travelling harmonic wave given by

E = eE cos (wt—?-?) (4.71)

where € is the polarization unit vector giving the direction of the
electric field vector, w is the angular frequency of the wave, and 7
is the position vector in the medium. The resulting integrals are of
the form given by

T ) oy
/ dne" " cos (wn — k- 7)
0

= / d’f’eiwuuﬂ% (ei(w"l*?‘?) n efi(w'flf_k?-T)))

0

%l 7
— / dn§ ( 1((w+w,,u)1) ls 7) L g (w wyp)n—k 7})) (4 72)
0
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)

ei((w+wu,,)rf?~7}) . e_i?.? efi((wfw,,,ﬁ)r*?~7) _ ez??}

Carrying out the integration, we get

L((w+ww)1]77~7) " efi((wfw,,u)nf?-ﬁ)

il
21 w+ Wy e wl/#

W+ Wyy W — Wyy

etl(wtwvu)r) _ 167%7 e~ il(w—wuu)T) _q 1? =3
W+ Wyy W — Wy
= z((u.—l—w,,,l 7 i 1 = e—i((‘"‘—“’w»)T)

8| =

~.

|
-
[

F
e“"’"} (4.73)

DO | =

W+ Wyy W — Wy

Now consider the double integral:

/: iwrsT (o9 < wr—k - 7) [/UT dne+ cos (wﬂ - ?)] &

(4.74)

In view of the result for the single integral detailed above, the
above double integral can be re-written

t
.—)
/ e cos <w7'— k - ?)
0

L. ( (L—efren) e (L—er@mw)) g
5 — e

=
2 w + w,,,, W — wuu

) dr (4.75)

Writing the cosine term in exponential form and combining it
along with the first exponential factor with the bracketed pair of
terms gives

g li((2w+wup+wv‘s)7'*§z~?) ‘—i((waw,,#—wrs)-r~—2?.?)
Ll —- (4.76)
0

w+ Wyp W = Wy

After performing the indicated integration, we thus get the dou-
ble integral simplified as

1 .
i Z(wup +wrs)7'
46
ei(?wr—ﬁ-?) 6—13(2:»7‘—2?-7)
(W wy) QW+ wyy +wrs) (W — wip) Cw — Wy — W)




70 Chapter 4. Calculation of Non-linear Susceptibilities

4,10 Second Harmonic Susceptibility

To derive the expression giving non-linear susceptibility correspond-
ing to second harmonic generation, we need to consider the electric
polarization P, at the angular frequency 2w. Using the previously
determined result for the expectation value of physical quantities,
we have for the polarization of an ensemble of N atoms per unit
volume,

P =N (T2) (4.77)

Since the expectation value of 7, is the trace of (0 o),

73)2;» =N Z Pz‘j?ji (4.78)

We already had developed the result for the o;; to second order
in the electric field. From this result we should retain only those
terms that have the time-dependence at the second harmonic an-
gular frequency 2w. Also we note that w;; = wy, + wy;. Further we
use p;; = o€ it to get pi; =

Ef .
a2 Z PipPuj
7

e2i(wt——l?~7) e-zi(wt_?‘?) }

0_ 0
((p% pmt) { (w4 wip) 2w + w;j) o (w — wip) Qw — wij)

ezi(wz—?-?) e—zi(wt—?»?)
+ (p?j = pﬂ,,,) { ( 2& ) })

w+wyj) Qw4 wij)  (w—wyj) (2w — wyj

Using this result in the equation 4.78, we have

- NE?
P2w = 4—ﬁ20i mepuj?jis (479)

tip
where S is the summation given by

eZi(wt—?-?) e—2i(wt—?-7) }

(p?" . ploll") { (w + UJ,‘H) (2(4} +Ld«ij) + (UJ — OJ,'#) (20.) — wi,-)

2i(wt—k -7 —2i(wt—F -7
+(p?j—pﬂu){( -l - sl } (4:80)

wtwus) (2wt wis) (W= wg) (2w - wij)
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The above equation for S can be re-written, by interchanging
7 and j in the second terms of the two bracketed terms. And also
noting that w,; = —w;, and also that p.. = pj,, we rearrange the
terms in the following way:

L 5 ( (Pa—r) (P r)
¢ (

4h? w+wiy) w4 wy) (w4 wy) (2w + wiy)

(B i) Pii @ Pin) Hlp—%7)
: ) (4.81)

If we write the second harmonic polarization in the tensor nota-

tion, we have
?Qw = Re (ﬁw *Xow® Bw) (482)

which means that the susceptibility tensor for the second harmonic
polarization x® (—2w : w, w) = is given by

0

N (/’?i = f’,m) (p?j ™ plom)
i D ii Vi (4.83
2)‘{"% ((w+wm)(2w+wij) " (w + wyj) (2w + wij) PPl (48)

The second harmonic polarization acts as a source to generate
the electromagnetic wave at the angular frequency 2w.

4.11 Relaxation Effects

The above treatment of the frequency dependence of the suscep-
tibility tensors would be satisfactory if we are working in a range
of frequencies far from the resonance regime. At resonance, the ex-
pressions for the density matrix clements and for the susceptibilities
diverge. This is because, so far, we did not include the effects that
lead to relaxation of the states or the damping factors. The relax-
ations due to radiative or non-radiative transitions are taken into
account phenomenologically by adding the terms +:I" in each de-
nominator appropriately. This is then expected to lead to realistic
estimates of the susceptibilities: both real and imaginary. Thus the
angular frequency term wj, is replaced by w;,, +iI';,, w;; by w;j +2I';;
and w,; by wy; + iI,,;.
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4.12 Applications to Color Centers

4.12.1 Third Order Susceptibility

Adopting the methods outlined above, Krishnamurthy and Murti
[1992] studied the third order non-linear optical susceptibility of
F and F4 centers in crystalline K'Cl, corresponding to degenerate
four wave mixing (D FW M) process. F' center in an ionic crystal is
an electron trapped at an anion vacancy. If one of the six nearest
neighbors of the F' center in a crystal such as KCl is occupied by a
small monovalent impurity M™* like Li* or Na*t then the center is
called F4 center.

Fig. 4.1 shows the atomistic models of the F' and F4 centers.

F center Facenter

@@69 ®®®
® ®

circles : cations in the lattice
square : anion vacancy with a trapped electron
small circle : impurity cation of smaller size

Figure 4.1: Atomistic model for color centers

Fig. 4.2 gives the well-known energy level schemes for these two
types of centers.

Modelling the F' center in a two-level scheme, they find for the
third order non-resonant susceptibility (for field frequencies far from
resonance) :
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pl—= ¥, 2y ——
\‘_ 3) \_

o |4) _‘l'i.5>
T

F center F, center

Figure 4.2: Energy level schemes for the color centers

Ny
o) = (P2
Wo 8w?
0 0

where wy is the angular frequency given by wg = (Wo — W) /h. W,
and W, being the energies of the two states |1) and |2). Np» =
N (o)) — 03)

The real part of the resonant susceptibility is

: 4 _
i ]\/_12 (?12 ' €>w) F%ldveflf

D (W w, —w,w)
N C 2n (1+062)°

(4.85)

where § is the departure from resonance (detuning) § = w —wy. I'y;
is the dephasing time. ~.s is the effective lifetime given by

- _1 _ i
Vert =%+t M 75 (4.86)
Note (Fig.2) that ~4 is the non-radiative relaxation time from

the excited state |2) to the relaxed excited state |3) of the F center.
74 is the corresponding time from the relaxed ground state |4) to
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the ground state |1). 7 is the quantum efficiency of the radiative
transition from |3)=-|4) with lifetime 7,,.

The imaginary part of the susceptibility is given by

N ( 712 Cw 2 —1

L L E—
o3 (1+ 0 ) 21 Vess

Imx® (v w, —w,w) = (4.87)

The non-resonant third order susceptibility for the DFW M
process contributed by the F4 centers is given by

3) Nig wo1 8w3y
Xnp (W:w, —w,w)=— 7/\ ( —1) 4.88
NR ( h‘} 12° ( w2, —w2)2 (wgl _wz) ( )
N13 ? W31 ( 8(44‘%1 )
13 , =1
(w§1 - w2)2 (wh —w?)

" F 1( i — w?) (W — w?) 3y — w?
Nis (F128)* (159’ ( 8wd 1
)

TS (0 — ) (W — ) \ (B -

No (P29 (F13-9)° (( 8w3; )_1>

(4.89)
where Ni3 = N (p9; — p33).

Similar studies were carried out by the same authors [Krish-
namurthy and Murti, 1994] on the laser-active color centers Fj' .
The authors also explored the possible use of color centers for third
harmonic generation.

4.12.2 Second Order Susceptibility

Extending the work of Krishnamurthy and Murti et al, Majles et
al [1997] presented a detailed calculation of the second order sus-
ceptibility of the F4 centers for second harmonic generation. Even
though the crystal itself has a center of symmetry precluding the
possibility of second order nonlinearities, the F4 lacks a center of
inversion symmetry and thus can provide such a nonlinearity and
macroscopically it would be necessary to produce an alignment of
these centers before realizing the nonlinearity. They calculated
x? (—2w : w,w) of the F,4 center in KCI : Li crystals. They fur-
ther derived the second order susceptibility of the £ 4 center in the
optical parametric mixing process Majles et al [2001], calculating
the values of X (—ws : wy,ws) and the dispersion of the real and
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imaginary parts. Significant magnitudes of second order suscepti-
bility emerged for both second harmonic generation as well as for
parametric mixing in these crystal media.

4.13 Explorations

Note: You may assume the following relations while working out
these explorations:

[a,a'] =1, @ln) = n|n—1) and &t|n) =vVrn+1|n-1)

1. Consider an electromagnetic field represented by the normal-
ized state vector |¢) = «|0) + b[1) where |0) and |1) are the
zero and one photon states respectively. Then

a) Find the traces Tr (p) and Tr (0?).
b) Are they the same always? Justify.
c) What is special about the state vector |¢)?
2. The Heisenberg’s equation of motion for an operator Ois given

by the relation iA%2 = | 77 7] Gansier Barmneshleasershon
O () = «(0) . Find the value of O (t) for H = a'a.

(a+at)
7

a) Find the expectation value <)? (l)> for the state

3. Consider an operator X =

[¥) = all) + b[2)
where |a|® + [b]* = 1.

b) Find <)? (t)> for the same state |¢), for H = hwa'a.

c¢) Find <}? (0)> for the state [ (t)).

Compare the expectation value with that of the previous ques-
tion.

4. Consider two completely independent systems A and B. The
system A consists of a single particle and system B consists
of n particles. The particle in A can take n discrete states
|¥), for i = 1,2,...n. The j* particle in system B can have



76

Chapter 4. Calculation of Non-linear Susceptibilities

(&3]

a time-independent state [1);). Assume that both the systems
can be represented as state vectors. Then

a) Find py for the systems A and B separately. Is there any
similarity between the two answers?

b) Write down the expression for the expectation value for
any operator O in both the cases.

Consider the density matrix p = Y, Pi[e;) (3], the general
form of the matrix where P; is the weight factor. Find the
traces 77 (o) and Tr (0%) For this density matrix. Are they
the same? What kind of a state is represented by this p ?



Chapter 5

Nonlinear Wave Mixing Processes

“There are the rushing waves... mountains of molecules,
each stupidly minding its own business...trillions apart...
yet forming white surf in unison.”

-Richard Feynman

The waves are important, so are the ways in which they mix.

Learning Objectives

e Recall of the basics of electromagnetic wave propagation in
linear media

e Establishment of the conditions for optimal energy transfer in
nonlinear media.

e Analysis of three wave mixing process and energy transfer
resulting in second harmonic generation.

e Recognition of the need for phase matching and device schemes
to achieve this

=]
~
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5.1 Introduction

Electromagnetic waves travel without interaction amongst them-
selves in a material with a linear optical response. There would
be no energy exchange hetween the waves. @n the other hand, if
the material exhibits a significant optical nonlinearity, that would
enable energy transfer between the waves. We refer to such en-
ergy transfer as a wave mizing process. Depending on the order of
the nonlinearity, the mixing may involve three waves, four waves
or more. Three wave mixing results in optical parametric ampli-
fication and second harmonic generation. Four wave mixing pro-
duces, among other things, third harmonic generation and optical
phase conjugation. To set the stage for discussing these effects, we
first review the basics of electromagnetism in linear dielectrics and
then show how nonlinear polarization changes the propagation of
the waves and provides coupling between them, ringing about this
wave MiLing.

5.2 Elements of Electromagnetism

Gauss’ law of electrostatics relates the closed surface integral of
the electric flux with the net charge ¢e,. enclosed in the volume
bounded by the surface:

]{E .48 = Tnd (5.1)

€0

The left hand side is convertible into a volume integral according
to the divergence theorem:

?iﬁ-%*:/v(??)dv (5.2)

The right hand side of Eq. 5.1 can also be written as a volume
integral:

1 1
—Gencl = _/ /)d"’ (53)
€0 € Jv

where p is the volume charge density. This makes it possible to
re-write Gauss’ equation as

/‘ (? : ﬁ) av= | Lav (5.4)

r €0
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Being true for any volume, the integrands on either side of the
above equation must therefore be equal:

v.ﬁ:g (5.5)

0

In a polarized material, the charge density has two parts: (a) a
free charge density py and (b) a bound charge density p,. We can
consider how the bound charge density is related to the polarization

To see this, let us write the potential at a point 7 due to a
dipole 7 located at the point 7 :
1 77
V(7)== ——— 5.6
( ) 47\'60 72 ( )
3 -
where 7 = T=r r= T —r ’, defining the unit vector in the

r

direction of the position vector of the field point relative to the
source dipole. Now if there is a volume distribution of dipoles in a
material, then the potential due to such a distribution is given by

)7
Vi) = 47:60 / : (7'2) qv' (5.7)
7‘

because the dipole moment in the volume element dV’ at is
P ( )dV’ Since V' (1) = :;2 ( the differentiation being with

respect to the source position '), this can be written out as

V(7)= — ? v ( ) v’ (5.8)

471’60

Now we have

v, (g) _BV G) + %ﬁ)’ P (5.9)

Using this relation, we re-write E£q.4.8 as

/a-zdv’— /lﬁ'-?)dv"
Jv r Jv T

Using the divergence theorem, this simplifies to

VW’)——HI? ds’ — / (v’ P’) dV'] (5.11)

dreg | Jsr

V(?):L

9.10
47r6() ( )

_
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The first term on the right hand side of the above equation is
the potential due to a surface charge of density

= B (5.12)

The second term is the potential due to a volume charge of

density
py=—% < B (5.13)

with the result we may re-write Eq.5.11 as

W) = e i Zds /@dv' (5.14)
4

471'6() s T 471'6[) r

The total charge density is thesum of that due to the free charges
ps and that p, due to the bound charges: p = pg + pp. Gauss law

now becomes
v.-E = P+ Py (5.15)
€0

Using the expression for the bound charge density given by
Eq.5.13, this results in

thereby leading to the concept of the electric displacement 3 de-

fined by
D=gE+ P (5.17)

modifying the Gauss law for electric fields in the presence of the
polarizable dielectrics to

For linear diclectrics, of course, we have

? = 60X§ ( )
D=ey(l+x)E=cE (5.20)

€ =66 ( )
& =1+ x ( )
defining the fundamental relationships between the dielectric per-
mittivity € the relative permittivity €, and the susceptibility x.
Note while the relative permittivity and susceptibility are dimen-

sionless, the permittivity has the same dimensions as the free space
permittivily eg.



Chapter 5. Nonlinear Wave Mizing Processes 81

5.3 Travelling Electromagnetic Waves in Free Space

In free space devoid of any material, there is no charge. Maxwell’s
equations for the fields take the form

V. E=0 (5.23)

0B
VxE-= % (5.24)

V.3 =0 (5.25)
? X B = [L()E(]%?‘ (526)

We now wish to develop the differential equation for the trav-
elling electric and magnetic fields. Toward this, we use the vector

identity
?x(?xﬁ)=€(?-ﬁ)—ezﬁ (5.27)

In view of the Eq.5.23, this becomes
v x (?7} X E) — _V?E (5.28)

Taking the curl of the right hand side of the Eq.4.20b, and mak-
ing use of Eq.5.26, we get

v+ (-2).- o(V<3) P o

ot )T T ot = ~H 5

Thus sing Eq. 5.28 for the left hand side and Eq.5.29 for the
right hand side, Eq.5.24 transforms to

O*E
V2B = /LOEQW (530)

In a similar way, we transform Eq.5.26 to give
B
V2B = g 5.31
Ho€o 12 ( )

These are the two wave equations for the electric and magnetic
fields, propagating at the common wave velocity of magnitude

1

vV Ho€o

(5.32)

C =
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As solutions of the wave equations for the electric and magnetic
fields as given above, let us consider a monochromatic plane wave
travelling in the +.X direction with the fields given by

5

E = Btk (5.33)
—

B = Bjeilt=k) (5.34)

where the field amplitudes E'T) and Bj are complex and have no
variation in the Y Z plane. 05” = HEE' = 0, % = ")(,53;‘ = 0.
Since 6) . B = (s dd—’;l =0, Od—%’ =0, = 0 it follows that on
differentiating partially with respect to z, Fo, = 0. Similar use
of V. = 0 leads to By, = 0, establishing the wave as purely
transverse. Further, from Eq. 5.24, By = % Accordingly we write
the travelling fields as '

p2

Ky
2]

E (7 ) = Byellet-F7) (5.35)
B (7,0 = (¥ x?) %ei(wt-w) (5.36)

Taking the real parts, the fields of the wave are given by

E (7,t) = eEycos (wt — ? . ?) (5.37)

B (7.¢) = ( 1\? X ?) %COS (wt — I? : ?) (5.38)

C

5.3.1 Energy Density in the Travelling Wave

Per unit volume of space, the energy available in the combined
electric and magnetic fields is given by

U = —6()E2 FIRE (539)

Since B = £ and /égjig = 1, the two energy densities are equal
giving for the total energy density

u=eE” (5.40)

On using the real part of the electric field as given by Eq.5.37,

we have
u = eoF§ cos? (wt — kz) (5.41)
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Poynting vector ? representing the energy transport defined by

B = @ (5.42)

Ho
becomes now R
B iccoEg cos® (wt — kx) (5.43)
or R
S =T (5.44)

The linear momentum density of the field (per unit volume)
equals

P=F (5.45)
C.

Averaging over one cycle of the wave ({cos? (wt — kz)) = 1/2)
these quantities are given by

1
{u) = §EOE§ (5.46)
3Y = LeeEH
< > = 5(‘.6[)E02 (547)
1 —=
(?) = Q—CEOEg L (5.48)
The intensity of the wave is given by
1
F={8) = ECEOES (5.49)

5.4 Propagation of Electromagnetic Waves
in Linear Materials

If an electromagnetic wave is travelling in a material medium, the
propagation is to be described differently. The Maxwell’s equation
undergo changes due to the effects of the applied fields in the ma-
terial. The effects are represented macroscopically by the electric
polarization 73) and the magnetization M. We will consider only
materials which are non-conducting, i.e. dielectric materials. With
no net charge and no current, Maxwell's equations for the electric
and magnetic fields in the material become

V-1 =1 (5.50)



84 Chapter 5. Nonlinear Wave Mizing Processes

vV.-B=o0 (5.51)

VxE-= —% (5.52)

oD
Vx H= S (5.53)

For a linear material medium, we have

D =¢E (5.54)
i = % (5.55)

If the material is homogeneous, with no variation of the electric
permittivity € and magnetic permeability @ with position, then the
Maxwell’s equations become

V-EB =0 (5.56)
V.B-o0 (5.57)

VxE-= —% (5.58)
6 « B = uc% (5.59)

Now let us take the curl of £4.5.58 to give

o(V xB)

ot

VxVxE=-

In view of E4.5.59, this gives

6) X ﬁ x B = —2;16@ (5.61)

(5.60)

ot ot
Using the identity of Eq.5.27, and on making use of E¢.5.56, we
get E
82
278 c

This is the wave equation for the electric field propagating in a
linear material characterized by the linear properties ¢ and ;.. There
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is also a similar equation for the magnetic field ﬁ The velocity of
the waves has the magnitude given by

1
W= —— (5.63)
Ve
If, further the material is nen-magnetic (i.e. non-ferromagnetic,
non-antiferromagnetic, non-ferrimagnetic!), i.e. diamagnetic or para-
magnetic, with p close to ug, we have the wave speed given by

1 c
Vg /&

The refractive index n of the material defined by n = £ is thus
equal to /6,. The energy density, the Poynting vector and the
intensity of the wave now are given by

v (5.64)

u=—eb?+-— (5.65)

Folt 4 (5.66)

I = —veE) (5.67)

5.5 Propagation of Electromagnetic Waves in Non-
linear Materials

5.5.1 The Wave Equation

We revert to the Maxwell’s equations given by Eq. . Taking the
curl of Eq.5.58, we have

?x(?xf):—a(€><§)=—a(€x”ﬁ) (5.68)

ot ot

Using Eq.5.59, this gives

v x (? X E) =— 0D (5.69)

(5.70)
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Recalling the definition of the displacement Eq.5.17

to get
»E &P

V'E = peo g + i

(5.71)

Since our material now is nonlinear, we write the polarization
73 as a sum of the linear part P(") and the higher order nonlinear

contributions PW);

P(3=1?(2§+1T(3§+1?(4§+... (5.72)
Thus Eq.5.71 is re-written as

P2E  92p®  g2p

2
VE = heogr + i i

(5.73)

The first two terms on the right hand side of the above equation
can be combined and brought to the left hand side as

V2 E *E _ PO (5.74)
— UE—— = o———— .
Ho Ho 92
This is the wave equation valid for nonlinear materials. Note
that we changed p to pg, as the materials we choose are nonmag-
netic. This nonlinear wave equation differs from the linear wave
equation in the occurrence of the term on the right hand arising

from the nonlinear polarization P(N;. It is this term acting as
“source” responsible for energy transfer between the coupled prop-
agating waves.

5.5.2 Energy Transfer Rate

The rate at which work is done by an electric field E) in creating
the polarization ? of a material is given by

AW iP i

where the averaging is over one cycle of the alternating electric field.
The real parts of the electric field and polarization may be written
as

BP0 =3 [E@ e+ B (?)e™] (5.76)
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BiF = % [B()et + B (P) e (5.77)

Note the amplitudes of the field and polarization are written
as complex and position-dependent (which could come from the
nonlinear wave coupling). The equation for the average power now
becomes on use of the above two cquations,

aw 1

= ; T
T 4(a+b+c+d) (5.78)

where the bracketed terms a, b, ¢, d are:
a=F (7)e™ . (—iw) B (7) e (5.79)

b=E (P)e ™ - (i) B* (7) etit (5.80)
c= E* (7) ett . (—iw) P (7)) et (5.81)
d=E* (P)e*™ . (4+iw) B* (P)e*iv! (5.82)

Of the four terms on the right, two of them (the first and the
last) have angular frequencies —2w and 2w. On averaging over a
cycle these give vanishing contributions. The second term (b) and
the third term (¢) are the ones which need to be considered. Then

ﬂ=9<ﬁ-?*—ﬁ*-?> (5.83)
dt 4

In a linear material, the polarization has the same frequency as
the electric field that creates it so that both the above terms give
zero contribution. That is not however the case with a nonlinear
material. We have learnt in an earlier chapter how to write the
Fourier components of polarization of the nt* order due to a number
of electric fields:

=
ﬁ(") (?,w) = eox(”) (—w;wy,wa, .., Wy) é\l@Z..@nEl..Enef'l(k“L“k”)'?
(5.84)

where each electric field is given by
E (P,w) = §Ee B+ (5.85)

and the angular frequency w of the polarization satisfies the photon
energy conservation law:

w=w;+wy+ ..+ w, (5.86)
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For effective energy transfer to occur over the non-linear mater-

ial sample, the power which is proportional to (ﬁ . ?* — B* . ?)

should not be a varying function of position 7. In other words,

the wave vector £ should satisfy the linear momentum conservation
condition: s s 3 N
k—(k1+k2+..+kn):0 (5.87)

This condition is the well-known ‘phase matching condition’.

5.6 Three Wave Mixing

Recall the wave equation Eq.5.74 for nonlinear materials

52 2 PN
V2ﬁ = /LOEQ + /10%

s (5.88)

We will now consider how three plane monochromatic waves
propagating along the X - axis in such a material interact. Let
these waves be labelled 1,2, 3 have angular frequencies wy, ws, ws
respectively and respective angular wave numbers &y, ky, k3. Further
we label their Cartesian components using suffixes 1, j, and k. The
equations of these waves are

1 - .

Eli (I, f) = 5 [Ehj (Cl) Gz(wl{'dhz) + C.C.] (589)
1 .

Eyj (z,t) = = [Eor (z) e'®2t=427) 4 c.c] (5.90)
1 ; 1

Es (z,t) = 5 [E3]- () eflwst—heo) o c.c.] (5.91)

where c.c. means the complex conjugate of the preceding term.
Since the waves are all travelling in the +X direction , the field
Cartesian components i, j,k can only refer to either y or z
components.

At this stage let us emphasize that the waves would be travelling
without any interaction between them if the material were linear.
Further, if the material is non-conducting, there would be no change
in the field amplitudes with position z, as there is no current. On
the other hand, if the material were a conducting material (o # 0),
there would be energy loss from the dissipation mechanisms even in
a linear material. And the field amplitudes would decay exponen-
tially as the wave travels [orward. By taking only nonconducting
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materials, we are avoiding the complication due to such linear en-
ergy changes with position.

The amplitudes of our waves do change with position because
we have a nonlinear material and the nonlinear polarization couples
the waves permitting energy transfer between them. To deduce the
position dependence of the amplitudes, we proceed as follows. The
Cartesian component i of the nonlinear polarization at the angular
frequency wy = w3 — wy is given by

P (z,8) =egpisnBa; Bye'tosoel-to—halel p oo (5.92)

Consider the first term of the nonlinear wave equation, V2Ey; (z, t).
We may note that since the plane wave is travelling in the z di-
rection, there would be no variation with the y and z directions:
%E“ (5, Br— Z%Eli (x,t) = 0, with the result

& & [1 —_
wEli (@t) = 92 [»2—Eh- (z) ¢'rt=Fe) 4 c.c.J (5.93)
O
‘ 1 [0%E,; OEL .
V2E,; = . [007; — k2B, — 2ik, axl ] gwrt=hz) 4 oo (5.94)

5.6.1 An Approximation

As a simplifying approximation, we assert that the amplitude of
the waves change at a rate such that the change in the gradient
of the wave envelope with respect to = over onc wavelength A is
negligible: (a%?’)i ) A K g’; or in terms of the angular wave number
k, the approximation implies that

(5.95)

r o . 2B . 3 0
T'hus in Eq.5.94, we omit the aaf;" term in comparison to the

first derivative term. The nonlinear wave equation Eq.9.88 has the
left hand side then given by

(9E17¢

% 1 o
V2Ey; = 3 ki Eqi + 2iky £ gflrt-ha) 4 oo (5.96)
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We turn to the terms on the right hand side of Eq.5.88: The
first term is

PE - v (PR
MoﬁT; = to15;5 [Zlelie’(“’lt kiz) 4 e (5.97)
1 .
T2 [Hoerwi By “rt=F®) 4 c.c] (5.98)

where €, is the permittivity of the material at the angular frequency
w;. Since the phase velocity of the wave 1 is given by v; = ——=

VHo€L
and vy = 3+, we have poeiwi = k7 and the above equation becomes

PEy 1

Hoe= pp = —y (KT E1e ™07 4 e (5.99)

This is just equal to the first term on the right hand side of
Eq.5.96. Since these appear on either side of the nonlinear wave
equation they cancel each other. Now what is left to be considered
is the second term on right hand side of the wave equation Eq.5.88.
Using Eq.5.92, we have

PPy _
wocoXijnEsj (x) ESy (z) {i (w3 — wy)}? etllws—walt=(ka—ka)e} 4 o o
= —ﬂUGOWinjkE,gj (.ZL') E;k (I) €i{wlt_(k3‘k2)x} -16.€. (5100)
wherein we have made use of the relation w3 — wy = w;. Now

equating the two remaining terms on either side of the nonlinear
wave equation, (i.e. we are omitting the first term k2Ey; term of
Eq.5.96 and the term given by Eq.5.97), we get

0E; ; .
_Z'kl axl.ez(wlt—klm) +ece =

—/L0€0wa'ijkE3j ([I,’) E;]\ (llf) ei{wlt—(kg—kg).’l:} + c.c. (5101)
Or upon rearrangement and cancelling the common factor,

OF1  poeow?

Xigk Baj (2) By, () emHomhatu)e (5.102)

Introducing the phase mismatch term Ak = k3 — ko — £y, and
using the relation pgew? = k?, the above equation becomes

ok, . . —iAkx g
P - _Zwl\/@foXijkE%‘ (z) B3y, () e (5.103)
r €1
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In a similar manner we derive the gradients of the fields for
the other two waves, using the same approximations and the same
mathematical manipulations:

eE;, x iAkz

0—“ = w2 @GOinth ( )E ( ) ol (5-104)
X €9

OFs3; / Ak

8—3'1 — *’L'UJ3 EEOinkEl‘i (J,) Egk- (J,) ezAkm (5105)
xr €3

In arriving at the above equations, we used the relations w; =
w3y —wsy in the equation for the wave 1, —wy = w; —wjy in the equation
for the wave 2 and w3 = w; + wy in the equation for the wave 3.

5.7 Second Harmonic Generation

We arenow ready to discuss second harmonic generation as a special
case of the three wave mixing processes, with w; = wy = w and
wy = 2w. In order to deduce the growth of the second harmonic
field, we need consider only one of the two fields given by Le.7?
and the Eq.5.105. The analysis becomes simpler if can make the
assumption that the field amplitude of the fundamental wave suffers
negligible depletion, i.e. aaEm“ = 0. This is an oversimplification in
many a practical case but the analysis has instructive features and
we will take up this case first and later remove this restriction by
allowing for the depletion of the fundamental pump wave. Since this
assumption means that the field amplitude Fy; (z) remains constant
not varying with position z, we need to integrate only the third
equation for F3;. Writing w3 as 2w, this equation becomes

dEs; Ak
23— 9w, [ EeoxsinErs Eane (5.106)
dx €3

We now wish to integrate the above equation from z’ = 0 to
' = z. Remembering that the two fields £y and E5 both belong to
the fundamental frequency and so do not change with position, we

have
. gt " ,
/dESj = —’i2w\/?6[)XﬁkEuE2k/ e dy (5.107)
! 3 0

Integration yields

. ezAkm
E3j = E3j (0) - lzw\/ EOX_]z.kE‘le'Zk iAk | (5108)
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If at the input end, 2" = 0, there is zero second harmonic field,
E3; (0) = 0. To obtain the wave intensity, we need the square of the
field amplitude:

) eiAk:L' == e—iA/\:a; 1
By (0 85 (0) = w2 BL B () (o)

VAN — Ak
(5.100)
o 9 ¢ Ak
: o sin ( )
B (@) = 4w oy B Z(T)% (5.110)
2

We can now write down the intensity of second harmonic wave
as a function of position:

Ly, ==,/—FE3, (5.111)

Eq.5.110 then gives

2 (Akz
Lo ,sin® (8k)
Ly, = 24| = o) EL B’ — =5 (5.112)
. (%°)
To find what fraction of the energy of the incident wave is trans-

ferred to the harmonic wave, we need the intensity of the fundamen-
tal frequency wave, which is

1 €1
Iw —i = —E, 5 A13
3\ g i (5.113)

so that the efficiency of the conversion under the approximation of
no depletion of the pump wave, is given by

. 2 (Akz
b _g [,z v (5) (5.114)
T = (Akw)

2

We note that for a given length = of the crystal sample, the
efficiency of conversion is proportional to x2, the square of the non-
linear susceptibility and to the intensity 7, of the fundamental wave.
Further, the efficiency oscillates as a function of the position x for
Ak # 0. Maximum efficiency is realized if the phase matching con-
dition Ak = 0 is satisfied. Since Ak = k3 — ks — ky = k3 — 2ky, the
phase matching condition may be phrased as

kg = 2k, (5.115)



Chapter 5. Nonlinear Wave Mixzing Processes 93

which may be alternatively written as

2w
Ak = — (naw — ny) (5.116)
.~
on using the relation &, = UZ“’ = 29¢ for the harmonic and k, =
= = ¢ for the fundanlental frequency waves. The factor f =
5]112 AT
ﬁ has an oscillation period called the “coherence length” .
=2
defined by [, = % Eq.5.116 then leads to the expression for the
coherence length
A
le=——— (5.117)
Tow — Ty

What is this coherence length? We can see that when the phase
matching condition is not satisfied, the length of the crystal over
which we can realize the maximum cumulative energy transfer, is
the spatial period of the oscillations arising due the factor f.

5.7.1 Phase Matching Schemes

Phase matching in seccond harmonic generation facilitates maximum
energy transfer from the pump field to the harmonic field. Eq.5.115
tells us that the wave number of the harmonic wave must be double
the wave number of the fundamental wave. @r the wavelength of
the second harmonic wave must be half the wavelength of the pump
wave. Which is the case when the phase velocities are equal for these
two waves. Accordingly the refractive indices for the two frequencies
must also be equal:

Noy, = Ny (5.118)

There are two schemes, denoted as Scheme [ and Scheme 7,
possible for realizing the phase matching condition. First we detail
Scheme 1.

Scheme [

In this scheme, the optical anisotropy of uniaxial crystals is ex-
ploited. In a negative uniaxial crystal, like K Hy POy, the refractive
index of the extraordinary ray is less than that of the ordinary ray
at any wavelength for a given direction of travel. As may be ex-
pected, in normal dispersion, the refractive index (for hoth the rays)
increases with increasing frequency. As a consequence, when both
the fundamental and harmonic waves are of the same kind (either
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ordinary or extraordinary), phase matching can not occur. However,
if we launch one of the waves, say, the pump wave as an ordinary
ray, and the second harmonic wave is extraordinary ray, then the
refractive indices can be matched for a certain direction in the crys-
tal, because the speed of the ordinary ray is isotropic whereas the
extraordinary ray speed depends on the direction of travel in the
crystal. Let € be the angle made by the rays with the optical axis
of the crystal. Then the refractive index of the extraordinary ray
n® (6) depends on the angle 6 according to the relation

1 cos’f N sin®¢
. P 2 )
{nc (@)} (n°)°  (n°)
We can choose an angle 6., at which the refractive index ng,, (6.)
of the extraordinary ray at the second harmonic frequency 2w equals

the refractive index n® (6) of the ordinary ray at the fundamental
frequency w. This means the angle 6. should satisfy the equation

(5.119)

cos?f, sin?é, 1 )
2 =3 2 (5.120)
(ng,)”  (ng,)"  {ng}
Solving for this phase matching angle, 6., we find that

D P
(n2)* n2 )

sin?f, = 1—(2“{) (5.121)
T e NY o N2
(ns.)”  (n8.)

We illustrate this scheme by considering the fundamental wave-
length A; = 1.00 ¢ so that the wavelength of the second harmonic
is Adp = 0.50 . At these wavelengths, the refractive indices of KD P
crystal are:

A1 (w) = 1.00 g nd = 1.496044, n¢ = 1.460993

A2 (2w) = 0.50 ny, = 1.514928, n§, = 1.472486

Using these data in Ee.5.121, we get 0, = 41.2°,

Scheme 11

In an alternative method, phase matching is accomplished by
choosing one of the input waves at, the angular frequency w as an or-
dinary ray and the other two as extraordinary rays. The frequency-
doubled wave will be extraordinary. Now the phase matching con-
dition (Ak = k3 — ko — k; = 0) becomes

y-g,Zw - 'g,w - 'T,w =0 (5122)
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Since the refractive index of the extraordinary ray depends on
the direction of propagation, which makes an angle 6 wit the optic
axis of the crystal, this condition may be written as

5 (0) = k3, + k7, (0) (5.123)

With the relation & = “*, this becomes

2w w w
—n5 (0) = —n + —n (0 124
anw() cnw_*_cn.u() (51 )
or 1
ns, (0) = 3 %+ n5, (0) (5.125)

Substituting the expressions for the angle-dependence of the re-
fractive indices in the above equation yields as the matching condi-
tion of Scheme II as

cos?d, 2 sin® 90]_1/2 1 { o 4 |:COS2 0. N sin? HC} }_1/2
- 12 . 2 = 5 1% Az e 12
{n2w} {n'iw} N {nw} {nw}

2
(5.126)

5.7.2 Accurate Treatment of Second Harmonic
Generation

We have solved the coupled equations describing three wave mixing
under the approximation that the depletion of the pump wave is
negligible. We shall now remove this unnecessary limitation and
solve the equations more generally with the pump wave transferring
appreciable amounts of energy to the harmonic wave.

In order to facilitate an easy handling of the equations, we in-
troduce new field terms F}, Fy, Fyy defined by

Fi=/2E,F=/2EF=/2E (5.127)
w1 (o)) W3

We recall that the intensity of a wave is the energy per unit area
flowing per second. Therefore intensity is also equal to the photon
flux multiplied by photon energy. Photon flux is the number of
photons per unit area passing per second. As such, intensity is
proportional to photon flux at a given frequency. Intensity being

2
proportional to the square of the field amplitude ’ﬁ’ , We see our

new field variables are such that F? o %2

to the photon flux!

and so are proportional
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In terms of these new variables F', we may re-write the coupled
wave equations

dF oW Wal Ak
e WP i cox Fy Fze '8k (5.128)
dz ninang
dF: .
=4, =3 MEQXFngelAkm (5129)
dzx N1NoN3
dF. Ak
075 _ _, [N B FyeiAke (5.130)
dzx N1MNaN3
Introducing the parameter
o = Menx (5.131)
NniNaNng
the above equations may appear as
dF ik ey i .
T —iaF} Fye "0k (5.132)
dF: Ak
=2 = jaF, Fye®* (5.133)
dx
dF. ;
=3 = _jaF Fyeitke (5.134)
dz

For analyzing second harmonic generation, we know that we
need to consider only the first and last of the above threc cquations.
Further, if the phase matching condition is met, i.e. Ak = 0, then
these equations become

dFy . .
= —iaFyFy (5.135)
dF; . y
E = —ZQ'FIQ (5136)

Let us choose the pump wave at the input end (z = 0) to be
real. Then F; (0) and hence Fy () become real giving

dF, . ‘
d—:pl = —ZO(Fng (5137)
dF:

3 — _iaF? (5.138)

dr
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To obtain the solutions of these equations, we set S3 = —iFj. The
two above equations become then

dF:
dS3 J
These are consistent with
L (F£+53)=0 (5.141)
dl’ i S
or
Fl+ 52 =F2(0) (5.142)

since there is no harmonic field at the input end (S? (0) = 0). This
results in the equation

dSs .
el (FE(0) — S3) (5.143)
or
dSsy
—_———— = —au 5.144
Fo-5 B

Integrating from z = 0, S3(0) = 0, to z = z, S3 (z), we have

;tanh‘1 ( 53 ) = —ax (5.145)
Fi(0) F(0) '

or

Sy (z) = Fy (0) \/tanh (azF} (0)) (5.146)

The conversion efficiency is thus given by

% = tanh® [aF} (0) 2] (5.147)

The maximum conversion efficiency (unity) is reached when the
argument of the tanh? function tends to infinity.
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5.8 Explorations

1. The simplest experiment in nonlinear optics is perhaps focus-

ing a high intensity laser beam from a Neodymium:YAG laser
tightly using an appropriate lens as the beam propagates in
air. Blue-violet splashes of light can be observed near the
focal point. What could be happening here? (You will also
hear some cracking sound, what is it due to, by the way?)
The next simple experiment would be to focus the same beam
to a sugar crystal when green flashes of light can be seen at
appropriate orientations of the crystal. How is this phenom-
enon related to the earlier one? (A word of caution: it is not
advisable to bring in crystals of several faces with arbitrary
orientation into the laser beam, for example, while trying out
such an experiment. This can result in the laser beam getting
reflected in several unexpected directions and it is likely that
one of the reflected rays might get unto your eyes, damaging
them instantaneously, withoul any warning)

. Obtain, from fundamental considerations, an expression for

the rate at which work W is done by an electric field of
a monochromatic light wave of frequency w in creating the
polarization P in a material. Write down the real and imagi-
nary part of the field as well as the polarization explicitly and
show that this can be written as

% = % <B - ?* — E')* : ?> here the averaging is done over

a period of the electromagnetic wave.

3. Suggest how the second order susceptibility of a medium can

be determincd by measuring the intensities of the fundamen-
tal and the second harmonic light waves in a second harmonic
generation experiment. What are the other parameters re-
quired for this calculation? Is there any way to arrive at a
specific tensor component of the susceptibility involved, by
this method?

. What are the steps to be taken in order to obtain the best

efficiency of power conversion in a second harmonic generation
(SHG) experiment?
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5. Following the method adopted in this chapter, arrive at an
expression for the intensity at a frequency w; = wy+ we when
monochromatic waves of two frequencies w; and w, interact
in a second order nonlinear optical medium.

6. The process of difference frequency generation has certain fea-
tures very different from those of SHG and the general case
of sum frequency generation. Consider the process of optical
paremetric oscillation in which a strong pump wave at fre-
quency wy, mixes with a stgnal wave of frequency ws , resulting
in the generation of an idler wave of frequency w; = wp— ws.
Write out the individual wave forms and obtain an expression
for the nonlinear polarization at the frequency w; . Substi-
tute this in the nonlinear wave equation and show (using a
treatment similar to that in the case of SHG worked out in
the text) that the intensity of the idler increases as sinh?(gz)
where ¢ is some gain factor which contains the corresponding
x® and z is the path length in the nonlinear medium along
the direction of beam propagation. What is the physical sig-
nificance of this result? Compare the expression for intensity
with that obtained in the previous problem on sum-frequency-
generation.

7. Consider a second harmonic generation process when the fun-
damental wave at 1.00 p passing through a crystal with the
difference between the ordinary and extra ordinary refractive
indices n?* — n¥ = 0.01.What would be the coherence length
involved? What should the coherence length if it is desired to
increase the intensity at the second harmonic wavelength by
a factor of 10007

8. What is the relation between refractive index and the angle
of propagation of light in a positive uniaxial crystal? Depict
this in a diagram. Draw such diagrams for both ordinary and
extraordinary rays corresponding to both fundamental and
the second harmonic waves in the case of second harmonic
generation. Hence show geometrically how phase matching is
possible by angle tuning.

9. Consider a laser beam of wavelength A = 1u incident on a
medium with a reasonably large second order susceptibility.
Given that the values of the ordinary and extra-ordinary re-
fractive indices of the medium at the fundamental and the
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10.

11

second harmonic are given respectively as nd = 1.496044,
ne = 1.460993, nY = 1.514928 and nS, = 1.472486, find
the angle for phase matching.

A significant technological advance of the past decade is the
realization of tunable solid state lasers such as the Ti:Sapphire
laser. Look up references such as how a Ti: Sapphire laser
works. What are optical parametric oscillators and why are
rclevant here? What is their significance in science and tech-
nology”

We have seen that second order nonlinear optical processes do
not occur in a medium with inversion symmetry. This is based
on the dipole approximation in light-matter interaction, which
you learn in electromagnetic theory. If this symmetry can be
broken somechow, SHG would be possible even in such media.
Suggest some possible approaches to make this possible.



Chapter 6

Optical Phase Conjugation and
Bistability

“Beauly is Truth’s smile when she beholds her own face in a
perfect mirror”.

Rabindranath Tagore

There is a lot to reflect upon, when we talk about mirrors.

Learning Objectives

e Identification of the aspect of time reversal involved in the
phenomenon of phase conjugation.

e Design of an experimental setup for demonstrating optical
phase conjugation.

e Explanation of the applications of optical phase conjugation.

e Identification of the technique of distortion-healing of wave-
fronts.

e Analysis of photonic switching using a nonlinear Fabry-Perot
etalon.
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6.1 Optical Phase Conjugation

Wave mixing phenomena based on third order nonlinearity are quite
diverse compared to those involving second order nonlinearity. Sec-
ond order phenomena are exhibited only by crystals lacking center of
symmetry whereas third order phenomena are not inhibited by any
symmetry constraint and can, in principle, be exhibited by almost
any material, in any physical form if it has sufficiently strong third
order nonlinearity. Apart from third harmonic generation, several
other phenomena such as optical phase conjugation, bistability and
self focussing are governed by the third order optical nonlinearity.
Optical phase conjugation [Stepanov et al, 1971, Icoerdman, 1970,
Zel’Dovich et al 1972, Shkunov and Zel’Dovich, 1985] is a peculiar
kind of four-wave mixing process of immense fundamental interest
as well as application potential | Pepper, 1986]. What makes it
very interesting is the prospect of achieving time reversal (in some
sense), as phase conjugation in quantum mechanics is equivalent to
time reversal. Let us examine what this implies and how this comes
about.

6.1.1 Phase Conjugation as Time Reversal

There exist several pointers that remind us in daily life that time
moves only forwards and thus we have some sort of awareness of the
‘arrow of time’, a phrase often used to denote the fact that cause
always precedes its effect. One of the arrows of time is supposed to
be the increasing entropy. We can always tell when a movie is being
run backwards because then the events go in a manner that we are
not familiar within normal daily life. This is because we are sur-
rounded by complicated systems with a very large number of degrees
of freedom, often undergoing irreversible processes and thus entropy
keeps increasing. This does not happen in a reversible process and
then this arrow can not exist. Further, it is the loss of energy which
actually implies its degradation into a non-available form that leads
to irreversibility. These two aspects, namely the large number of
degrees of freedom and the loss of energy make time reversal difh-
cult in a complicated thermodynamic system. However, in a simple
optical system with transparent components, for example, a sys-
tem consisting of a beam passing through a glass slab, the laws of
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physics do not change if the direction of the beam is reversed. In
some sense, the system permits a time reversal or possesses a time
reversal symmetry. This involves quite a few degrees of freedom to
describe and has a very small loss of energy. Thus one might expect
time reversal to be a feasible proposition in optical system.

We shall try to understand how optical phase conjugation is
realized and in what sense it can be described as time reversal.
Optical phase conjugation is an important topic discussed in all
books on nonlinear optics and several papers including reviews are
available on this subject [for example, Yariv, 1978, Zel'Dovich 1978,
Giuliano, April 1981, Hellwarth, 1977, Pepper, 1982, He and Liu,
2000, Pepper, 1982, He, 2002, Gu, 2003]. Hence the intention here is
to provide a clear conceptual understanding to the basic ideas and
not to provide a comprehensive coverage on all aspects of phase
conjugation.

We have basically two different kinds of operators in quantum
mechanics— those involving the imaginary number ¢ and those which
do not involve .

Consider the magnitude of an electric field l?,(’c, t) of a plane si-

nusoidal electromagnetic wave travelling in the +&; direction, given
by

E(z,t) = Aexpi(—kx — wt) (6.1)

where A is the real amplitude, 4 is the angular wave number and
w the angular frequency of the wave. Assuming negligible loss in
amplitude, the phase conjugated wave can be represented as

Eeconj(,t) = Aexp[—i(—kz — wt)], (6.2)

if it were to propagate in the reverse direction.Or,
Eeonj(z,t) = Aexplilkz + wt) (6.3)
which may be expressed as
Eeonj (x,t) = Aexpi{kz —w(—t)}. (6.4)

Now this is equivalent to FE(x, —t), time-reversed replica of the orig-
inal wave, traveling in the opposite direction (—€, direction). Thus
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the effect of phase conjugation would be equivalent to time reversal.
The conjugated wave is a time-reversed replica of the incident wave,
traveling in the opposite direction.

6.1.2 Phase Conjugation through Four-Wave-Mixing

Optical phase conjugation (OPC) can be understood on the basis
of the theory of wave mixing outlined in an earlier chapter, where
three-wave-mixing was described. The treatment can be extended
to the interaction of the three input beams through nonlinear wave
mixing. Here we have a case of four-wave-mixing, where three input
waves propagate in a medium, leading to the generation of a fourth
wave. For the sake of simplicity, we consider the case of degenerate
four wave mixing (DFWM) where the four waves involved have the
same optical frequency.

3ee
»

Scheme of DWFM

Figure 6.1: A scheme for optical phase conjugation through DEFWM

Consider a geometry where two of the three waves mixing in
a medium are counter propagating, as depicted in figure 6.1. The
waves are then described by

E]j = Alj(Z)ei(wt—klz) (65)

Eoi, = Agi(2)e’%27) (6.6)
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E3 = Ag(z)e@=*s?) (6.7)

where j, k and [ are the Cartesian components of the electric vectors
of the three input light waves of the same frequency w. Here ki, k>
and k3 are the magnitudes of the wave vectors of the three input
waves with amplitudes Ay;(2), Aax(2) and As(2) respectively, where
the space-dependence arises from the wave mixing process. The
induced polarization, of the third order, is given by

' 3 5 (w —w)t— by — ke \,
P'(S)(zat) = ZEOXz('jlllAlj(z)A%(z) 31(3)6( tw—w)t—(+k1—k2+k3)z

1 (6.8)

This polarization Pi(?')generat.es a new field, F4(z,t) with the
same frequency w and wave vector the fourth wave (i.e. the out-
put) k4 = ki + k2 — k3 according to the phase matching condition
corresponding to the maximum exchange of energy between the in-
duced polarization in the medium and the radiation field outside
the medium. Further, this also implies that the output beam would
emerge in a direction exactly opposite to that of the probe beam
(beam 3), provided the two pump beams, beam 1 and beam 2 are
counter propagating, in accordance with the principle of conser-
vation of momentum. The output field F,(z,t) satisfies the wave
equation

PE( t)  PPOF t)
o M or
The slowly varying envelope approximation (SWEA), discussed

in an earlier chapter, helps us to proceed with a simplified model

without much loss of generality at this stage. According to this ap-
proximation, the variation in the overall wave envelope A(z) during
propagation in the medium through the distance of a wavelength
is not much so that the second derivative of A(z) can be neglected

V2E(F,t) — poe (6.9)

in comparison with the product of ’E ’ and the second derivative of

A(z) with respect to z, the distance along the line of propagation.
i.e.

T AGz)

L9
oA = M —|A(2)| (6.10)

This would imply
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043 2 (3)

iha 2 = comow’ ki Ay (2) Ane(2) Ajm(2)el= " (6.11)
where
0k = —ky — ko + k3 + ky (6.12)
and
n 3/1:19 B Bl n . ok 1 At [i6kz] 519
th3 9z = oMW X4 5kt 15(2) Aak(2) Az (2)e (6.13)

The fourth beam resulting from phase conjugation would then be

E4m = A4m<z)6i(wi_k42) (()14)
Assuming negligible pump depletion,
oA
a—;’ = —ilA; (6.15)
and
oA
% = il A} (6.16)
where
r=2(£)" a4, (6.17)

is the coupling parameter. The solution is

cos(|I'| z[z — L))
cos(|T"| L)

|| sin(|l| z)

~Teos(r 1) 1)

Now if we design the twe input beams, beam 1 and beam 2, to
be counter propagating, ky + ko = 0 and hence k3 = k4 under the
condition of phase matching which implies maximum energy trans-
fer between the induced nonlincar polarization within the medium
and the field radiated out of the medium. Thus the output beam,
beam 4, would propagate in a direction exactly opposite to that of
beam 3. The two input beams 1 and 2 are designed to be intense
and are denoted as pump beams whereas beam 3 is weaker and
is denoted as a prebe beam. This beam is made to be incident in
the medium at a very small angle with the direction of propagation
of beam 1 so that the assumption that it propagates along the z-
direction is satislied approximaltely.

Az, = As(0)  (6.18)



Chapter 6. Optical Phase Conjugation and DBistability 107

6.1.3 Practical Realization

The process of phase conjugation can be realized through differ-
ent experimental methods such as degenerate four wave mixing
(DWFM) and Brillouin scattering. The former involves interac-
tion between three input waves of the same wavelength inside the
experimental medium, as depicted in figure 5.1. Laser beams desig-
nated as 1, 2 and 3 in the figure are made to interact simultaneously
with the sample which results in the generation of the phase conju-
gate beam, designated as beam 4, which comes out of the sample.
There are different possible geometrical arrangements by which the
scheme of DFWM shown in figurc 6.1 can be rcalized in a labora-
tory and one such experimental set up is shown in figure 6.2 . First
of all, it is convenient to derive all the three input beams from a
single laser source, which can be done in the case of degenerate four
wave mixing. The beam from the laser L is sent through a beam
splitter BS which splits the beam into a strong pump beam (beam
1) and a weaker probe beam (beam 3). The pump beam is made
to pass through the experimental specimen under study in the form
of a transparent film. A plane mirror M kept behind the sample
and close to it reflects the beam back into the sample and counter
propagates in the sample as the second pump beam (beam 2).

D

e,
e T
L BS 1 sl—l I M
L : laser source S : sample BS  : beam splitter
M : mirror D : detector 1.2,3,4: lightrays

backward DFWM geometry

Figure 6.2: Experimental set up for OPC through DWFM

The probe beam, (beam 3), is deflected by a partial mirror so
that it passes through the sample. The geometry of the three beams
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passing through is designed to have maximum spatial overlap of
the three beams within the sample. Further, it is also important
to have the maximum temporal overlap of the three input beams
occurring within the sample in the case of pulsed laser excitation.
The interaction of the three beams results in the generation of a
fourth beam (beam 4), which comes out from the region of overlap
in a direction exactly opposite to that of the probe beam. This is
expected as beam 1 and beam 2 are counter propagating in this
geometry and hence phase matching implies that beam 3 and beam
4 also are counter propagating. This set up is suitable for a sample
that absorbs weakly at the wavelength used so that beam 2 can be
a pump beam of sufficient intensity. The intensities of the pump,
probe and phase conjugate beams are measured using appropriately
placed optical detectors.

The third order susceptibility can be calculated by a measure-
ment of the intensities of the input and output beams (Caro and
Grower 1982). Phase conjugate reflectivity is defined as the ratio

Ay(0) |*
= 6.19)
A3(0)* (
which is used is to estimate the third order susceptibility
922, 1/2)
@ = 2c*nepa RO/ . (6.20)

T 3we el (1—el) I

This is applicable for low reflectivities, “10%. Here c is the speed
of light, L' = - OLS 5 is the interaction length when the sample has a
length L along the beam direction and the angle between the input
beam 1 and the probe beam is € . « is the absorption coefficient
and I, is the intensity of beam 1.

There are certain important considerations for the success of this

experiment.

a) It is important for the three interacting beams to have optimal
interaction both spatially as well as temporarily. For this, all
the three beams must be made to fall on the same spot within
the sample. Also, in the case of pulsed lasers, the pulses must
be times so that all the three pulses arrive at the spot at the
same time and stay for the same duration; at least they should
overlap well in time.
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b) The optical density of the sample at the wavelength of ex-
citation must be small so that the second beam 2 (which is
obtained by reflecting the first beam after its passage through
the sample once), also has sufficient intensity.

c) The angle between the pump beam (beam 1) and the probe
beam must be optimal. It would be difficult to make this
angle very close to zero in view of the finite size of the optical
components used. On the other hand, a large angle weuld
shorten the effective interaction length within the sample.

d) It is important to ensure that the beam being observed as
the fourth beam is actually the phase conjugate beam and
not some beam scattered or reflected from one of the several
componcents being used. This can be tested by noting that this
beam disappears when any one of the three incident beams
is blocked. It can also be tested for the distortion-healing
property of the phase conjugate beam, to be detailed in the
next section.

6.1.4 Peculiar Properties of the Phase Conjugate Beam

What makes the phenomenon of phase conjugation exciting is the
fact that output beam generated by four wave mixing (beam 4) is a
time-reversed replica of the input beam (beam 3, the probe beam).
In order to understand this clearly, let us consider the entire exper-
imental set up for phase conjugation as a ‘black box’ and designate
it as PCM, the phase conjugate mirror. Beams 3 and 4 described
above would then be the input and the output for this black box
(PCM, the special mirror) respectively. Such a mirror has some
exotic properties much unlike the ordinary mirror. Beam 3, the in-
put beam for PCM and it is considered to ‘get reflected’ as beam
4 from this special mirror. Now we are in a position to compare
the process of reflection from an ordinary mirror with the process
of phase conjugation and discuss how beam 4 is different from the
output we get when beam 3 is reflected from an ordinary mirror.
When a beam traveling along the positive z— direction gets re-
flected from a plane mirror kept in the zy—plane, the two compo-
nents k, and ky of k are unchanged and only the component k, is
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reversed in sign. However, in the case of ‘reflection’ from a phase
conjugate mirror, the vector of the input wave k4 is reversed in di-
rection and hence all the three Cartesian components of E} change
sign and hence the output wave vector ky = —k3. This implies that
the beam traces itself back exactly rather than getting reflected in
a direction determined by the law of reflection. This is the essential
difference between reflection in linear optics and nonlinear reflection
in nonlinear optics (Fig. 6.3). A diverging beam will thus emerge
as a converging beam after phase conjugation whereas it diverges
further in the case of ordinary reflection (in accordance with the
laws of reflection. It is as if the PCM sends the beam back to its
source and in this sense the process amounts to a time reversal.

source ordinary source phase conjugate
GO mirror

Figure 6.3: Comparison of linear and nonlinear reflection

The time reversal aspect is usually explained on the basis a
comparison of reflection of a phase-distorted beam from an ordinary
plane mirror and a PCM. Consider beam 3 of a phase conjugation
setup as the input beam for a phase conjugate mirror. This incident
beam can be described by

E; (z,t) = Apexpi(kz) exp(—iwt) (6.21)

where Ay is the amplitude and the other symbols have their usual
meaning. Now this beam encounters a phase distorter on its way
to the mirror. Consider the distortion to be equivalent to a phase
change by ¢. Then the incident beam gets modified as



Chapter 6. @ptical Phase Conjugation and DBistability 111

Fi(z,t) = Agexpi(kz + ¢) exp(—iwt) (6.22)

On reflection from the mirror, this becomes

Eref(z,t) = Apexp i( —kz + ¢) exp(—iwt) (6.23)

assuming no change in amplitude. When this passes through the
distorter again in its return path, it becomes

Eou(z,t) = Apexpi(—kz + 2¢) exp(—iwt) (6.24)

3

a highly distorted beam with the phase aberration doubled.

Now consider the same event except for the fact that the reflec-
tion occurs from a PCM rather than an ordinary plane mirror. The
incident beam passes through the distorter on its way to the PCM.
Now this beam encounters a phase distorter and gets modified, as
in the earlier case, as

Ey(z,t) = Ag(z) expi(kz + ¢) exp —(twt) (6.25)

On reflection from the PCM, this becomes the phase conjugate
beam

Fpe(z,t) = Ag(z) exp —i(kz + ¢) exp(iwt) (6.26)

assuming no change in amplitude. When this passes through the
distorter again in its return path, it becomes

Eoi(z,t) = Ag(z) exp(—ikz) exp(iwt) = E;,(—z, —t) (6.27)

which can be interpreted as a time reversed replica of the input
beam traveling in the opposite direction (with the distortion an-
nulled completely). It may be emphasized again that PCM shown
in Fig. 5.4, usually shown in literature [such as He, 2002| is not
actually any mirror in the normal sense of the word, but the whole
setup for phase conjugation. The input and output beams are beam
3 and beam 4 of this setup and the other beams or the other parts
of the sctup are not shown explicitly in Fig. 6.4; these are included
in the black box called PCM .
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— — —> —_—>
P D M P D PCM
wave incident on a plane mirror wave incident on a PCM
wave after reflection at the piane mirror wave after reflection at the PCM
P : incident plane wave M : plane mirror
D : distoiter PCM : phase conjugate mirror

Figure 6.4: Time reversal in phase conjugaion

6.1.5 The Grating Picture

A convenient way of visualizing the phenomenon of optical phase
conjugation is using the concept of dynamic grating formation [Jain
and Lynd, 1983, Roussignol, 1987]. We can think of three different
kinds of gratings being formed in the volume of interaction where
the three input beams interact with one another. Two of these
form a grating which can be considered to diffract the third beam.
The intensity grating gets converted into a refractive index grating
as the refractive index depends on the intensity in the nonlinear
regime in a material with sufficiently large third order nonlinearity.
The nonlinear polarization P n; can be written in terms of the
interacting electric fields

Py = A(B1L.E* ) B+ B(E2.E5)E1 + C(BLE)E" (6.28)

where A, B and C are constants of appropriate dimensions. The
three terms correspond to three kinds of gratings with the terms in
the brackets representing the fields that form the grating. The first
of these contributions (term 1) is from beam 2, which gets diffracted
off from the grating formed by beams 1 and 3 (fig. 6.5a). Similarly,
the second term represents the diffraction of beam 1 by the Bragg
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grating {ormed by beams 2 and 3 (fig. 6.5b). The third one denotes
the diffraction of beam 3 from the temporal grating (rather than a
spatial grating) formed by beams 1 and 2. The first grating, with

- -
a grating vector ( ki— k 3) has a shorter period than that of the

- -
second grating, with grating vector ( ko— k 3) While the first two

are spatial gratings with no time dependence, the third one has no
spatial modulations and oscillates at a frequency 2w.This grating is
formed by the beams 1 and 2, the two pump beams and it diffracts
beam 2, resulting in the formation of beam 4.

klﬂ / = :
/\/ K
/_/: A
k, GCrating! ok Gratiag-11

Figure 6.5: Two possible types of spatial gratings in phase conjuga-
tion

6.1.6 Applications of Phase Conjugation

Phase conjugation permits the restoration of the original wave fronts
by the inherent property of error-correction and distortion healing
through wave front reversal. This suggests the obvious use of the
process of phase conjugation for annulling wave aberrations caused
by distortions during propagation. The distorted beam can be ‘re-
flected’ off a PCM and sent throughout the medium once again to
annul the aberrations (Pepper, 1986, He 2000, 2002). Typically, a
double-pass geometry is used where the distorted beam is reflected
by a PCM and sent back through the distorter thereby rendering
distortion-healing. Correction of wave front aberrations is an impor-
tant issue in adaptive optics. The conventional method of correction
involves manipulating the shapes of optical components in accor-
dance with the nature of the aberration, which is very difficult and
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aberration-specific whereas wave front correction by phase conjuga-
tion offers in situ compensation for dynamic distortions. This is im-
portant in the imaging of distant objects, self-targeting of radiation
in laser-induced thermonuclear fusion, communications, photolitho-
graphy and pulse-shapc restoration where even a small distortion in
an amplified beam can lead to serious consequences. Optical phase
conjugation offers a dynamic aberration-correction. Phase conju-
gation can also be used to characterize the optical nonlinearity in
media by measuring their third order optical susceptibility and has
been successfully used for a variety of materials ranging from bulk
materials and engineered polymers, to semiconductor nano materi-
als(Jain and Lynd, 1983, Roussignol et al, 1987, Vijaya et al, 1990,
1992, Nandakumar et al 2000, John Kiran et al 2007). Several novel
types of applications continue to be demonstrated successfully over
the years. These include high brightness lasers, target aiming sys-
tems, light propagation through turbid media, ultra-high bit rate
fiber optic transmission, optical data storage and processing, con-
trast enhancing microscopy and nonlinear photonic crystals [Ehrke
et al, 1999, Merker et al 2000, Hirooka et al 1998, Cui and Yang
2010, Lu at al 2011, Pegard et al 2011]

6.2 Optical Bistability and Photonic Switching

There is a class of nonlinear optical phenomena which can be de-
scribed as arising due to the dependence of refractive index on
the intensity of the incident light. These include optical bistability
leading to the design of photonic switching and self effects such as
self phase modulation and which could be useful in pulse shaping
applications. We shall take up optical bistability in this chapter
and self effects in the next one.

6.2.1 Refractive Index at High Intensities :
An Overview

The refractive index of an optical material is the ratio of the speed
of light in vacuum to that in the material in a given direction. It
is a dimensionless quantity which depends on the frequency of the
light wave involved in the interaction. Though this quantity may be
independent of the intensity of light at the normal levels of inten-
sities, measurable changes occur at high intensities of illumination.
This is understood on the basis of the nonlinear interaction of the



Chapter 6. Optical Phase Conjugation and Bistability 115

medium with light of high intensity and is characterized in terms
of the third order nonlinear optical susceptibility of the medium,
as will be shown in this chapter. This intensity dependence of the
refractive index leads to a variety of optical processes with ample
scope for innovative applications while being of immense conceptual
interest. Basically, this introduces a nonlinear phase as the beam
propagates in the medium, resulting in self phase modulation, and
self focusing and optical bistability. These influence the nature of
wave propagation in many different ways and hence a proper under-
standing of these effects offers possibilities of controlling the para-
meters of beam propagation in specific practical applications such
as optical communication and switching.

Consider an isotropic optical medium with x® = 0. This is in
fact true for most of the materials except for non-centrosymmetric
crystals. In such media, the displacement vector D is related to the
field B by

D=cB=¢E+P (6.29)

In the case of a nonlinear optical medium, the polarization has an
additional (nonlinear) part and is given by

P — Plypn (6.30)
Bl = WP (6.31)
?"’l = fOX(3)E.ﬁ.B. (()32)

Thus we get

¢€E =E{l+xV +x¥E.E} (6.33)
The linear dielectric constant € is related to the refractive index

€

n by the relation € = ¢,n? where ¢, = = is the relative dielectric
constant. (It may be noted that refractive index also depends on
the frequency of incident electromagnetic radiation as contributions
from atomic, electronic and dipolar mechanisms of polarization are
different at different frequencies and this relationship holds only at
oplical [requencies where only electronic contributions are signifi-
cant.)
Rewriting the terms,

e, =n? = {1+ xV + yOE E) (6.34)

Thus
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(3) 2 1/2
_ (1)) 1/2 X .
n = (1+x") [1+1+X(1) (6.35)
(3) g2
n = (1+><(”)1/2+X—12 (6.36)
2(1 + x®)"
n = ny +n2[ (637)

Here binomial expansion is used for the quantity under square
bracket, in view of the fact that the second term in bracket has
a magnitude much less than unity. Intensity is usually defined in
terms of the square of the amplitude of the electric field of the elec-
tromagnetic wave as [ = egv E?, where v is the speed of light in the
medium. The linear refractive index is given by ny = ( 1+ x(l)) K ;
and the intensity dependence of refractive index can be described
by ns, the nonlinear refraction coefficient, which is given by

®3) (3)
2ungeg 2ceq

where ¢ denotes the speed of light in vacuum [Hecht, 2001] .

Thus it is clear that the refractive index actually depends on the
incident intensity in view of the term, na/. Often ny itself is termed
as nonlinear index in literature though strictly the refractive index
is nol. This term is ny/ is generally much smaller than the linear
refractive index, ng, often by a few orders of magnitude. It may
not be noted that the relation between [ and E? is not given in
the same manner in literature and hence the definition of ny will
vary accordingly. Also, the term intensily, as defined here, is being
replaced by irradiance in recent literature.

Now let us examine how the dependence of the refractive index
on intensity leads to optical switching. The output state of the
switching device depends on the present state of the device. The
device can switch to a ‘high’ state from a ‘low’ state and vice versa.
Optical processes also lead to multi stability where the number of
stable states need not be just two, thus providing scope for new
possible kinds of logic in addition to binary logic. It is interesting
to examine how this is brought about by nonlinear interaction of
light with matter.
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6.2.2 Fabry-Pérot Etalon

We start with a description of light transmission through a Fabry-
Pérot (FP) etalon, following the treatment given in most standard
text books on Optics. The etalon consists of two semi silvered glass
plates (i.e. partial mirrors) separated by a thin layer of an optical
medium of refractive index n. The medium outside the etalon is
taken to be air, with refractive index unity. Let ¢ and ¢ denote
the transmission coefficients of the two plates and r and " denote
the corresponding reflection coefficients respectively. Let L be the
scparation between the mirrors. Consider a monochromatic plane
light wave of amplitude A; and wavelength A incident on the first
mirror at a small nonzero angle of incidence. A part A;t (marked
in the figure as path 1) gets transmitted into the medium through
the first partial mirror. Assuming that the medium does not ab-
sorb at this wavelength, this waves reaches the other partial mirror
and gets partly reflected back into the medium (path 2) and partly
transmitted out of the medium(marked in the figure by A4;). The
fraction reflected would be A;tr’ and the fraction transmitted would
be A;tt’. Thus the first wave that would come out of the system will
have an amplitude A; = A;tt’. The back-reflected part, along path
2, gets reflected by the first mirror along path 3 with an amplitude
A;trr’ and partly emerges out of the second partial mirror with an
amplitude A = A;tt’'rr’. A part of the wave also gets reflected back
into the medium from the second mirror, with an amplitude from
A;tr?r" and this processcs continues till the intensity of the beam
dies out to negligible levels. Following up the path of the beams
getting multiply reflected within the etalon and emerging out of
the second partial mirror of the etalon, it is easy to see that the
m'™ beam that emerges out of the etalon (Fig. 6.6) will have an
amplitude of

Apy = A (") B2 (6.39)

We have to also note the fact that any single round trip of the
beam within the cavity involves a phase shift of

2
o= TW {2nLcos#’} (6.40)

where #' is the angle of refraction within the medium. Incor-
porating the phase shift, the amplitude of the m™ emerging beam
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Principle of a Fabry-Pérot etalon

Figure 6.6: FP etalon and its fringe pattern

should be written as
Am — Aittl(rl)(2m—2) ei(m—l)(S (641)

The net amplitude of the output beam A is obtained by a sum-
mation of the amplitudes of all the m emerging beams, i.e. Ap =
> A;. The summation of the infinite series leads to the expression

T4 ‘
T = i (6.43)
R = 72 (6.44)

Now the transmitted intensity /o is proportional to ApAg.and the
input intensity 7; is proportional to A;A? . The nett transmittance
Transmittance 7, given by the ratio of the output intensity to the
input intensity, is then

T2
B (1— R)?
T (1+ R? —2Rcosd) (8:38)
1

_ , 6.47
{1+ Fer? 0)) (6:47)

noting that 7' =1 — R and defining F' = _5(12;)
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The plot of transmittance as a function of the round trip phase
shift § is shown in Fig 5.7 . This is a curve with maxima at § =
2mm where m = 0,1,2..... Further, the value of F' determines the
sharpness of contrast of the fringes observed in the output of the
etalon. The maximum transmittance 7,,,, = 1 and 7 falls to half
this value at sin(§/2) = 1/v/F. The full width at half maximum
for the peaks can be seen to be 4/v/F . Often, a finesse factor S is
defined as

¥ = g\/? (6.48)

The performance of the etalon is governed by its finesse factor, which
in turn depends on the reflectivity of the cavity mirrors.

6.2.3 Photonic Switching in a Nonlinear
Fabry-Pérot Etalon

The discussion above is purely within the domain of linear optics.
Now, let us examine how increasing the intensity would affect the
performance of an etalon whose medium between the mirrors has a
sufficiently large value of x® (and hence n,) [Gibbs, 1985, Smith,
1986]. First, we examine graphically how the transmittance varies
with increasing input intensity. At large enough intensities, the
refractive index depends on the intensity, as shown carlier. Thus
we can describe refractive index is that of the nonlinear medium
within the cavity by

n =mng+ nalco (649)

where /¢ is the intensity within the cavity of the etalon. Thus

2
& = %{2nLcos9’} (6.50)
g = 4TTrnL (6.51)

for normal incidence. Now introducing nonlinearity,

4 4
§= %Lno + %anlc (6.52)

1 oA
L= —{ng— :
e (n(] 4TK'L> (6 53)

and hence
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Now, I is the sum of two contributions, I} and I , from the
forward propagating and the backward propagating beams within
the cavity, where

Io
I+ o P — ..{
Io=(1-R) Ig-f, (6.55)
whereas o
_ o) .
Now we have
. 1+ R ,
which gives
Io
= =2 6.58
T I (6.58)
Ic (1 — R) .
= ——= 6.59
7 I, 1+R) (061)
1 (1-R) ) e
-~ Im(1+R) {”“ 47IL} (.60,

This shows that a plot of 7 as a function of § will be linear with
a slope determined by the inverse of the input optical intensity I;.
In the case of the etalon with a linear medium, we had obtained the
plot as shown in Fig. 6.6 b. Now we plot these together in Fig. 6.7
(the plot of 7 versus 4 shown here is only an indicative sketch and
not based on actual calculations) and look for the common points,
i.e. the points at which the straight line meets the curve. The slope
of the line (plot of 7 versus § in the nonlinear case) decreases with
increasing input intensity and a few such lines (dotted/dashed) are
shown.

Something very interesting happens as the intensity increases.
We examine how the point of intersection (of the straight line with
the curve) moves as the intensity is increased slowly. For initial
values of ; close te I; (in the figure), such that I; < I,, the point
of intersection does not move much and thus the value of 7 changes
only little. There are two points of intersection when the intensity
equals I5, one corresponding to low transmittance and the other
corresponding to high transmittance. Thus there are two values
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Figure 6.7: Iransmittance of an FP etalon with a nonlinear medium
as a function of RTPS

of 7 corresponding to any value of [; in the region of intensities
I, < I, denoting the possibility of two separate stable states of a
given input state of the device for this range of intensities. Now
if the intensity increases a little above I3, the next point of inter-
section occurs at a larger value of intensity and hence there is an
increase in intensity. If the intensity were to decrease at this point,
the transmittance remains at high values till 7; becomes equal to
I On further decrease from I, the transmittance falls abruptly to
a much lower value as the next point of intersection is where the
line corresponding to I goes tangential to the curve.

There are two important conclusions that we arrive at from the
analysis of the nonlinear etalon. One is the existence of a region
of two separate values for the same input and the other one is the
fact that the transmittance goes through a different set of values
when we decrease the input intensity compared to the case when
the intensity is increased. Thus the device exhibits bistability and
hysteresis. It should be noted that the extent of abruptness of
the change in transmittance or the sharpness of the hysteresis are
governed by the width of the peaks of the Airy function, which is
governed by the finesse factor & of the device. Another important
factor is the slope of the line corresponding to a given intensity 7; ,
which depends on the reflectivity of the mirrors, the linear as well
as the nonlinear refractive indices of the medium, the length of the
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Figure 6.8: Optical bistability

cavity and the wavelength of operation. Attempts have been made
to design all optical devices based on optical bistability. The figure
also implies the possibility of multi-stability at high input intensities
as there could be more than two points of intersection of the line
with the curve.

The physical basis of the bistable behavior can be understood
as follows. The phase change introduced by a round trip passage is
given by

4 4
0= Tﬂ_LTLO e TT(L’I’LQIC (661)

Let the initial intensity be almost zero initially. Then /¢ is almost
zero. Let the cavity be tuned by an angle 8 off resonance. Then

#no =2mm — 6 (6.62)
where m isan integer. Asthe input intensity increases gradually, /¢
also increases and & begins to approach the resonance value corre-
sponding to 2mmn. At the threshold value I; = I, there is a cumu-
lative or runaway effect. As J increases, there is a photon buildup
in the cavity and Ic increases; this in turn increases § even [ur-
ther. This leads to a switching of Ig from a low to a high state.
This corresponds to ¢ > 2mm, which implies a negative feedback,
essential for stability. Due to this negative feedback, the runaway
effect becomes controlled and the photon density within the cavity
is less than the maximum value. On decreasing I; the value of I
continues to be as the value of /¢ is large enough and keeps ¢ close
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to 2mm. The output I decreases abruptly to a low value only when

?’nglc —0=0. (663)
An etalon is frequency-tuned by adjusting the length of the
medium in the case of linear optics. Instead, it is possible to keep
the length fixed and tune it by varying the input intensity refrac-
tive index varies as n = ng + ngl- and this is what is happening in
the nonlinear etalon. The area of the hysteresis loop (Fig.6 .8) can
be altered by changing the parameters of operation and a variety
of devices such as switches, memory elements, latches etec. based
on bistability and multi-stability can be designed. Bistability has
applications in optical computing and photonic switching and a lot
of work was done towards realizing this phenomenon in a variety
of materials and designing nonlinear optical devices based on bista-
bility. There is a revival of interest in photonic devices based on
bistability and switching in recent years as interesting processes in
nano materials and photonic crystals giverise to an unexplored po-
tential in optical bistability and photonic switching. |Soljacic”, et
al, (2002); Haret et al, 2009; Mabuchi, 2011; Pernice et al, 2010;
Chen, and Matsuo, 2011]

6.3 Explorations

1. Write down the equation of a plane wave in the exponential
notation, with the real and imaginary parts and complex con-
jugate written out explicitly. Now take a complex conjugate
of this wave and show that it is time-reversed.

2. Sketch diagrams to show how the following types of beams
get ‘reflected’ from a ‘phase conjugate mirror’, drawing the
corresponding wave fronts as well as the ray diagrams:

a) a parallel beam at normal incidence.
b) a parallel beam incident at any other angle.
c) a converging beam.
d) a diverging beam.
3. Sketch, in the same plot, the variation of the amplitudes of

the probe beam and the signal beam in a degenerate four wave
mixing (DWFM) as a [unction of the distance of propagation.
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How does the intensity of the observed phase conjugate signal
vary with (a) the linear optical absorption coefficient of the
medium and (b) angle between the pump beam and the probe
beam, in a DFWM experiment with back-refection geometry?
Sketch the appropriate plots.

The experimental set-up for the realization of DWFM given
in text is suitable for a sample that does not absorb much
at the wavelength of operation. Suggest a geometry for the
phase conjugate experiment for samples which do not satisfy
this criterion.

What information can be obtaincd if the DWEFM experiment
is carried out using a short single pulse as the probe beam
and the growth of the phase conjugate signal is studied as a
function of time?

A medium of refractive index 2.3 is used in the form of a
thin slice of thickness 0.1 mm in an optical phase conjugation
experiment in the back-reflection geometry. The second har-
monic of an Nd:yag laser with a repetition rate of 10 pps, a
pulsewidth of 9 ns and a pulse energy of 0.2 m/J is used for ex-
citation. The optical absorption coeflicient of the medium at
this wavelength has a value 20 em~!.Estimate the reflectivity
of the phase conjugate mirror obtained in this experiment.



Chapter 7

Self Focusing, Phase Modulation
and Pulse Shaping

“Who are You?” ... “I know who I was when I got up this morning,
but I think I must have changed (shape) several times since then”

Lewis Carroll (from Alice in Wonderland)

The focus is on how to face the changing shapes and what to make
out of it.

Learning Objectives

e Quantification of the the effect of intensity of the incident light
on the refractive index of a medium.

e Analysis of the phenomena of self focusing and self trapping
of light.

e Utilization of self focusing to characterize a medium by mea-
suring the nonlinear refractive index.

e Assessment of the role of dispersion and nonlinearity in pulse
shaping.

e Formulation of design criteria for soliton propagation in opti-
cal media

125
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7.1 Self Focusing of Light

7.1.1 The Concept of Self Focusing

One of the many interesting phenomena resulting from the interac-
tion of intense light with matter is the self focusing effect exhibited
by materials with large third order nonlinear optical susceptibility,
which can be thought of as a direct consequence of the dependence
of refractive index on intensity. This causes a beam of light to get
focussed to a point in a nonlinear optical medium without the help
of any external optical component such as a lens or a mirror. It is
convenient to describe this effect in terms of an intensity-dependent
refractive index. Self focusing can lead to possible damage of opti-
cal media due to the increascd intensity within the medium as an
extremely narrow beam of high intensity light passes through the
medium as a result of self focusing. On the other hand, this can be
used to obtain an extremely narrow pencil of intense light in media
that can withstand such intensities. It can also be used in compen-
sating for the natural beam divergence due to diffraction and thus
obtaining trains of optical pulses that maintain their shape, with
obvious application in optical communication.

On the other hand, the change in the beam profile due to fo-
cussing effects can be used to characterize the optical material by
a measurement of the real and imaginary parts of the third order
optical susceptibility. Self focusing leads to an intensity modulation
of the beam along its path and can lead to nonlinear absorption of
light by the media which can be used in a variety of applications
[Boyd, 2009

Consider a monochromatic beam of light, with a Gaussian cross
section traveling through a medium such as air, with a negligible
value of ny and entering another transparent medium with a reason-
ably significant value of n,. The corresponding wave front is plane
parallel while in air, but starts getting distorted as the beam be-
gins to propagate in the medium. The intensity modulation across
the beam leads to a corresponding modulation in the refractive in-
dex due to the intensity-dependent contribution. The intensity and
hence the refractive index are larger at the center of the beam than
at the periphery and hence the speed is less at the center. Thus the
plane wave front bends as shown in the figure, leading to focusing
in a medium with ny > 0. The idea of self focusing is depicted in
Fig. 7.1, schematically.
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Figure 7.1: Self focusing of a beam of Gaussian profile

Distortion of the wave fronts inside the nonlinear medium is also
shown in the figure. The parameters that describe self focusing are
(i) wo, the beam radius before it enters the nonlinear medium, (ii)
f,, the angle of self focusing (as defined in figure 7.1) (iii) d , the
minimum beam diameter on sell [ocusing within a medium of linear
refractive index ng and (iv) the nonlinear refractive index n,/ where
I is the intensity of the beam [Boyd, 2008.] The angle 6, is given

by
2no 1
8 = o —= (7.1)
Uun

and the distance [, at which the beam focusses is given by

Wo o
ls = —_— = 72
0, = \/ 2no1 (7:2)

Thus the extent of beam convergence due to self focusing ex-
pressed by 6, is directly proportional to the square root of the
nonlinear refractive index. The corresponding focal length 1, is in-
versely proportional to it. It may also be noted that some materials
have a negative value for ny, which leads to a self-defocusing effect
and a divergence of the beam instead of self focusing.

7.1.2 Self Trapping and Spatial Solitons

What happens when the beam continues to pass through the medium
beyond focus is governed by an interplay of linear and nonlinear op-
tical eflects. While sell [ocusing leads to a reduction in the beam
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diameter while traveling in a nonlinear medium, the beam also tends
to spread transversely due to linear optical diffraction. The result-
ing angular spread 6, for a beam of diameter d is given by

061
N TL()d

04 (7.3)

where A\q is the wavelength of the light in vacuum. It is interesting
to look for conditions under which this beam divergence due to
diffraction can be compensated exactly by the beam convergence
effect due to self focusing. On equating €, given by Eq.7.1 , with 0y
as given by Eq.7.3, we see that

(0.61)2 A2
Iy = ———+ A4
5 2n0n2d2 (7 )

When this compensation occurs, the resulting beam can maintain
its profile unchanged for large distances within the medium and
is said to be self-trapped, as if the beam has generated its own
waveguide. Such beams are also termed as spatial solitons |Trillo
and Torruellas 2010; Reinisch 1998].

Beams of intensity less than this critical vale tend to diverge
cventually whereas large intensities 1 > I, lead to beam filamen-
tation where the beam is split up into several narrow beams, each
with an intensity corresponding to /.. . This is normally expressed
in terms of the power of the beam P = ’ZrdQI and the critical power
is given by

Pc'r = %dzlcr (75)
7(0.61)2 N\;
Py = —35— -
8ngnsg (76)
2
B, 0, (7.7)
8710712

Self focusing causes the beam intensity to be concentrated into
one or more very narrow pencils and hence may lead to dielectric
breakdown or other damage. Since the change of shape originates
from the intensity-dependence of the refractive index and hence
provides a method to measure the nonlinear refractive index.
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7.1.3 The z-scan Experiment

There are several practical applications based on self focusing, mainly
on pulse shaping and related aspects. This phenomenon can also be

used as a tool to characterize optical nonlinearity by measuring the

nonlinear refractive index. The real as well as imaginary parts of

the third order susceptibility can be obtained by a method originally

devised by Sheik Bahae et al. [1989,1990]. A detailed treatment on

this technique is provided by Sutherland |2003|.

The method consists of moving the experimental specimen, a
nonlinear medium, through a region of modulated intensity and
observing the corresponding changes in the beam profile. A block
diagram of the basic set up for this experiment is shown in Fig.7.2.

af Lo

Laser

Far field

L1: lens, S: sample, F: focal point, A: aperture, D: detector

Figure 7.2: Experimental setup for closed z scan

A laser beam of Gaussian cross section is passed through a con-
vex lens LI which creates an intensity modulation along the direc-
tion of propagation, taken to be the z— direction. The sample in
the form of a thin film or slice or liquid in a thin cuvette is then
moved along the beam direction, thus exposing it to a continuously
varying laser intensity as it moves. Since the nonlinear medium acts
as a lens due to self focusing effect, the situation is similar to that
when a thin lens is moved along the beam direction, through the
focal length of the lens LL1. The sample thus alters the focusing
effect on the beam caused by the convex lens and this alteration
depends on the instantaneous position of the sample, i.e., where it
is located with reference to the lens, during its movement along the
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beam direction. The beam profile at any cross sectional plane of the
beam also changes accordingly. If a screen is kept at the far field,
the profile on it can be seen to alter its diameter as the sample is
moved.

When the sample is close to the lens, there is not much change
in the profile compared to that before placing the sample. However,
the profile starts changing when the sample starts moving along the
beam. The sample tends to focus the already focussed beam to a
point closer to the lens, reducing the effective focal length initially.
This causes an increase in the cross sectional area initially on the
screen kept at the far field. However, the profile gets back to the
original one (without the sample) as the sample reaches the focal
point F' of the lens L1. This is because one lens cannot alter the
beam profile modified by another lens when it is placed exactly at
the focus of the other lens, in the thin lens approximation. The
sample is moved further away from the focal point of the lens where
the original beam starts diverging. This causes a profile change
in a manner opposite to what happened when the sample was ap-
proaching the focal point. Eventually, the sample moves far enough
from the lens so that the profile gets back to the original size and
shape. Thus the profile on the screen at far ficld diverges first,
then converges to a diameter shorter than the original value and
then diverges again, finally attaining the original shape (that in the
absence of the sample) as the sample moves along the beam. The
sample was assumed to be self focusing (i.e. ns > 0) for the de-
scription given above. The profile variation which would occur if
the medium were to have a negative value of ny will be opposite
to what was described, with a pre focal maximum and a post-focal
minimun.

A few schemes have been proposed for making quantitative mea-
surements in this experiment. The original proposal by Sheik Bahae
was to keep a small aperture in the far field and to measure the vari-
ation of intensity of light transmitted through the aperture as the
sample moves through the beam direction. A typical plot of the
transmitted intensity as a function of the distance moved, in the
case of a sample with a positive value of no, is given in figure 7.3.

The corresponding plot for a sample with negative value of n,
will have a pre-focal peak followed by a post-focal valley. Such a
plot is a signalure of nonlinear relraction and it is quite easy to see
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Normalized transmitted intensity as a function of distance z

Figure 7.3: Typical trace of the z scan experiment

from the plot whether the sign of nonlinearity is positive or negative.
The transmitted intensity is normalized to have a value unity when
the sample is at the focal point, taken as the origin (z = 0). The
difference in the ordinate values of the maximum and the minium
(i.e. the peak-to-valley height) is an indirect measure of the amount
of nonlinear refraction.

This description assumes pure nonlinear refraction to occur.
This type of experiment which employs an aperture is called ‘closed
z-scan’. If the sample also exhibits nonlinear absorption, the shape
of the z-scan plot would be distorted bringing in an asymmetry be-
tween the peak and the valley. Such samples can be analyzed by
a modification of the techniques called the ‘open z-scan’ technique
and is taken up in a subsequent section.

7.1.4 Analysis of the z- scan Trace

The method of analysis of the z-scan method was presented origi-
nally by Sheik Bahae et al [1989, 1990] and summarized here. The
laser beam used in the experimental set up shown above, assumed
to be of Gaussian cross section, travels through air along the +z
direction and is focused by the lens LI kept at a fixed position.
The magnitude of the electric field is given by

2

B0 = 1B e -] )
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where

W2 (2) = W (1 + z—2> (7.9)

w (z) is the radius of the beam at any point z along the path of
propagation and

T
= (7.10)
is the Raleigh range of the beam, X is the wavelength of light used.
The beam is focussed using a lens L1, as described in the previous
section and the focal point is taken as the origin, 2 = 0. The magni-
tude of the electric field at the origin is given by Fy. The experiment
is normally done under the thin sample approximation. The thick-
ness of the sample along the 2- direction is assumed small so that
the beam diameter does not alter due to linear or nonlinear diffrac-
tion during the beam propagation within the sample. The sample
thickness L along the beam direction should be smaller than zg, the
Raleigh range for this to be valid.
The nonlinear phase shift introduced by the sample is given by

Ady (t)
A (z, ) =T ( 3
O (2,t {1+(£)2} 7.11)
where
A@() (f) = (‘2)\;7) n2]0 (t) Lc‘ff (712)

is the on-axis phase shift at the focus, Iy (¢) is the on-axis irradiance
at focus and L.sf = (1 — c*“L) /a, a being the optical absorption
coefficient at ), the wavelength of the laser. The experimental data
points resulting from the closed z-scan experiment can be fitted with
amodel described by Sheik Bahae to obtain the nonlinear refractive
index accurately. However, it is possible to obtain a value of n,
to 3% accuracy more readily by a measurement of the quantity
AT, , =T,—T, , the difference between normalized transmittance
values at the peak (7},) and the valley (7},) of the z- scan trace. In
terms of the on-axis phase shift A®y we have

AT,_, ~ 0.405 (1 — S*%) |AQ| (7.13)
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for the case where |[A®| < 7 where § is the linear aperture trans-
mittance given by

{1—exp(—2r2/w?)}, (7.14)

rq and w, being the beam aperture radius and the beam radius at
the aperture respectively. The approximate value of ny can be cal-
culated from the time-averaged value (A®;) , the averaging being
done over the excitation pulse duration. The details of such a calcu-
lation in the case of a Gaussian beam are given in the paper cited.

As mentioned earlier, the typical shape shown in figure 7.3 arises
from nonlinear refraction alone and is exhibited only in the case
of samples with no nonlinear optical absorption at the wavelength
used. However, nonlinear absorption occurs at relatively higher
intensities in many samples and this leads to a very different shape
of the plot. The actual value of intensity required for nonlinear
absorption to occur depends on the magnitude of the imaginary part
of the third order susceptibility of the sample in use. Nonlinearity
in such samples is studied using a variant of the z-scan technigque
knows as the ‘open z- scan”

7.1.5 Measurement of Nonlinear Optical Absorption

Linear optical absorption by a medium is described in terms of the
optical absorption coeflicient a(A) which determines how the inten-
sity 1(0) of a monochromatic beam of wavelength A is attenuated
to I(z) on traveling through a distance z in the medium. These
quantities are related through the well known relation

I(z) = I{0)e M= (7.15)

Thus the transmittance is given by

I\ _ —az
In {m} = . (7.16)

Nonlinear absorption can occur when a high intensity laser beam
is made to interact with matter, in which case the variation of in-
tensity with distance traversed within the medium is described by

k)| _ —az — 2
In {m} = Bzl (7.17)
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where 3 is the nonlinear absorption coefficient. The magnitude of
[ is such that the 3I is negligible in comparison with « for most
materials at low intensities.

The z-scan technique is employed in a modified configuration
for the measurement of 5 . This scheme is similar to the ‘closed
scan’ except for the fact that there is no aperture to curtail the
beam profile and the entire cross section of the beam is collected
for intensity measurement, using one more lens to collect the light,
if required. A schematic diagram of this set up is shown in Fig 7.4.
This is called the ‘open aperture z-scan’ method. Here again, the
sample is moved through the beam direction, across the focal point
F of the lens L1. Since this path is intensity-modulated due to the
focusing action of the lens L1, the sample experiences the highest
intensity when it is at the focal point and much smaller intensities
when far away, on either side of it.

A,

Laser

L1

Far field

L1: lens, S: sample, F: focal point, D: detector

Figure 7.4: Experimental set up for open z-scan

Thus nonlinear absorption is expected to be maximum when the
sample is at the focal point. The total fluence of the beam transmit-
ted by the sample is measured by an optical detector and plotted
against the instantaneous position of the sample. The plot would
be a line parallel to the z-axis (abscissae) in the absence of any
nonlinear absorption as the sample position is not relevant for lin-
ear optical absorption. A typical plot of the transmitted intensity
as a [unction of the distance moved (with the focal point as the ori-
gin) would look like Fig. 7.5b or 7.5¢, depending on the mechanism
involved, as explained in the coming section. The data points can be
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fitted to models incorporating the different mechanisms responsible
for nonlinear absorption.

7.1.6 Mechanisms of Nonlinear Absorption

Nonlinear absorption can occur due to a variety of processes when a
medium is exposed to large optical intensity. Multi photon absorp-
tion as well as reverse saturable absorption can occur in the case
of several media such as semiconductors. For example, the most
predominant mechanism in the case of metallic nano particles is
saturable absorption .

Consider a two-level system with energies £, and E; such that
Ey; > FE; where F; denotes the ground state of the system. Let
N, and N, be the number of species (atoms/molecules) in lev-
els Fy, and FEy respectively. A photon of frequency v and energy
E = hv = {E; — E;} can be absorbed by atoms/molecules in
the lower energy level. However, suppose the number of photons
incident simultaneously on this system is just equal to the num-
ber of atoms/molecules in the lower energy state, the entire ab-
sorbing species could be excited to the higher level at unity quan-
tum yield, making the lower level momentarily empty. If one more
photon of the same energy is incident after this, there is no more
atom/molecule to absorb this and hence the photon passes through,
leading to a case of ‘induced transparency’. Thus the material which
was opaque to a smaller number of photons has now become trans-
parent when a large number of photons are incident. This is called
saturable absorption (SA). The spatial rate of decay of the intensity
of a beam (of initial intensity Iy) is given by

dl al

dz 1+1/1 (nlg)

where « is the linear absorption coefficient at a wavelength \.
There arc a few points to be noted at this stage. Normally the
ground state is well populated at room temperature and the num-
bers of species in the two levels in thermal equilibrium are related
by Ny = Niexp{— (E2 — E1) /kpT} at temperature T' where kp is
the Boltzmann’s constant. So a very large number of photons, of
the order of the Avogadro number, would be required to interact
with the medium simultaneously at a time to enable saturation of
absorption. This is not easy to achieve with light sources of ordi-
nary intensities and a pulsed laser which delivers a large number of
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photons in a very short span of time would be required. Also, the
absorbing species excited by the pulse does not stay at E, for a long
time; there is finite life time associated with the level. Thus satura-
tion is transient. The excited species gets de-excited and undergo a
transition back to the ground state, emitting the excess energy as
a photon.

Another interesting possibility for an atom excited to the first
excited state by the incident laser beam is that there could be tran-
sitions to further higher states, in the case of a multi-level system
with appropriate energy levels. Thus the upper level can be momen-
tarily depleted, leading to further absorption and a corresponding
decrease in transition. This is known as reverse saturable absorption
(RSA). Typical plots of transmittance as a function of the sample
position in an open z-scan experiment corresponding to these situa-
tions are depicted in Fig.7.5a and 7.5b respectively. As these effects
are transient, the duration of the pulse and the lifetimes of the lev-
els involved play a crucial role in determining which mechanism can
occur in a given material for a given pulse width of excitation. The
other possible process that leads to nonlinear absorption is multi
photon absorption (MPA) excited by a beam of high intensity. In a
two level system with energies E; and FEj,, a photon of energy

= (%) (B — Ey) (7.18)

interacts with this system. This photon is not capable of exciting a
transition between the levels as it has only half the energy required.
However, a two photon process could occur in which two photons
of the same energy interact simultaneously with the given energy
level system and the transition to level E; becomes possible. Sim-
ilarly, many-photon transitions could occur at still higher optical
intensities. Occurrence of nonlinear absorption processes produce
deviations in the shape of the closed z—scan trace. A suppression
of the peak and/or the valley is such a possible distortion. So, both
closed and open z— scan traces are recorded for samples with non-
linear absorption and the closed scan trace is divided point-by-point
by the open scan trace to obtain the trace corresponding to pure
refractive z— scan trace.
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Figure 7.5: Typical open scan traces for SA and RSA/MPA

7.2 Self Phase Modulation (SPM)

The concept of phase plays is significant in linear as well as nonlinear
optics. Thus a light beam traveling a distance z through a medium
of refractive index n acquires an extra phasc of &g = knz where k
is the magnitude of the wave vector, numerically equal to 27/A. A
simple way to introduce the nonlinear phase shift A® is to replace
n by n(I) =ng+ngl . Thus

® =g+ AD = kngz + knolz (7.20)

The nonlinear phase shift A® can be written as

APy = k’zn2£ (7.21)
A

where P isthe power of the beam and A is its area of cross section.
Thus the nonlinear phase shift becomes considerable in the case of
optical fibers where media of large lengths with small cross sections
are used. This has resulted in the development of a new area of
research to fiber optics, namely, nonlinear fiber optics | Agrawal
2008; Guo 2010] where the influence of optical nonlinearity is an-
alyzed and even utilized in the design of efficient communication
systems. The optical power required for a phase shift of A®y = 7

is given by i m
™
= = 7.22
knoz  2naz ( )
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on substituting £ = 27” If the angular frequency is denoted by wy,
the instantaneous phase ® for a path length Az at any time ¢ is
given by

O(L) = wot — k (ng + nol) Az. (7.23)
The effective angular frequency is then given by
dd dl
w T wy — kngAz 7 ( )

It may be noted that the instantaneous frequency w; would be the
same as the central frequncy wyq if the nonlinear refarctive index
were negligble. In this case, the pulse would hae the same value for

the instantaneous frequency throughout its duration, as shown in
figure 7.6.

no chirp

Figure 7.6: Unchirped pulse

However, w; differs from wy the contribution due to the nonlinear
phase shift Ad, in the case of an optical pulse and the magnitude
and sign of the frequency shift Aw from the central value wy are
governed by the time-dependence of intensity I(¢). This instanta-
neous variation of frequency with time is known as a chirp. Fig.
7.7 shows how chirping occurs to a pulse propagating in a nonlinear
medium with ny > 0 .

The sign of the nonlinear phase shift depends on the sign of the
rate of variation of intensity, ‘é—{. When this quantity is negative,

the frequency shift Aw = —kngAz‘fi—i is positive and w; = wy + Aw.
Thus the trailing edge of the pulse is blue-shifted. For the leading
dl

edge, 5; > 0 and w; = wy — Aw,there is a red-shift.
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Figure 7.7: The origin of chirp

Thus the leading edge of the pulse is redshifted while the trailing
edge of is blueshifted and chirping leads to a spectral broadening,
which can be studied by analyzing the spectral content of the pulse
by Fourier transform techniques. This is called a positive chirp
as the instantaneous frequency increases with time. A compari-
son between an unchirped pulse, a negatively chirped pulse and a
positively chirped pulse is provided in Fig. 7.7.

positive chirp

negative chirp

Figure 7.8: Chirping of pulses
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7.3 Pulse Shaping and Optical Soliton
Propagation

SPM can be considered to be the temporal equivalent of self focusing.
This is because SP’M is a result of the time-dependent variation in
refractive index by a laser pulse of intensity /(¢) while self focusing,
arises from the spatial variation of the refractive index across the
beam profile I(z,y) of a laser beam, continuous or pulsed. Thus
self focusing can lead to spatial trapping of a pulse while SPM can
result in changes in the temporal shape of the pulse.

In an analogous manner, SPM effects in the nonlinear medium
of propagation can be utilized in temporal pulse shaping. Let us
first consider pulse propagation in a linear optical medium, with
ny = 0. The pulse undergoes group velocity dispersion (GVD)
which causes different frequencies associated with the pulse to travel
with different speeds. Thus different time delays are experienced by
the spectral components and this leads to a continuos change in the
pulse shape, leading to a dispersion of the pulse. Dispersion effects
are described in terms of the wavelength-dependence of the wave
vector , given by

k(w) = ke+(w — wa) kl—i—l (w — we)” ko +..., with k, = (d k)
—wo

2 der ) _
(§:25)
for n = 1,2... Further, the group velocity v, of the pulse is known
to be given by
1 dk
Loy, a0
Vg dw .
and ,
1 duy d°k
v2 dw (daﬂ) _— = (.27}

Further, the coeficient k5 can be positive or negative for a given
material depending on the wavelength used. If & < 0, GVD is
described as anomalous and % > (0. (For example, this happens in
the case of silica for wavelengths greater than 1.27p). This means
that in such a case, v, increases with frequency and decreases with
wavelength. Thus shorter wavelength will have a larger group ve-
locity than that for longer wavelengths. It is as if the blue part of
the spectrum travels faster to ‘catch up’ with the red part, which
gets slower. the net eflect of this is a pulse shortening.
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7.3.1 Solitary Waves and Optical Solitons

Now if this happens in a medium with ny > 0 we also have the
chirping effect due to SPM described in the previous section. This
is an effect opposite to frequency chirping due to anomalous GVD
described earlier. If these effects can be made to balance each other
exactly |[Yuri et al, 2003|, the pulse travels for long distances with-
out any decay in its temporal profile and is said to be a tempo-
ral soliton. Solitary waves are single peaks moving in isolation,
maintaining their shape and velocity in a medium for very long
distances. The first observation of a solitary wave by John Scott
Russel while traveling along a canal in a boat is an interesting
incident |[Russel, 1844 | which triggered a lot of theoretical and
practical interest in the propagation of such waves in a variety of
media |http://www.ma.hw.ac.uk/solitons|. The name soliton was
used later, on realizing that certain kinds of solitary waves can pass
through each other withont undergoing any change in shape and
retaining their individual identity. Though this is common in linear
optics as a consequence of the principle of superposition, such a be-
havior in nonlinear systems is rather rare. A very good introduction
to the subject is presented by Kajzara and Reinisch [1993|.

The propagation of solitary waves in shallow water due to an ex-
act balance between nonlinearity and dispersion effects is described
by the Kortweg and de Vrie (KdV) equation |Korteweg, and de
Vries, G. (1895)|, in a partial differential equation of the form

= + Otg— +

ot e g (#28)

where the disturbance « moves essentially along one direction, such
as in the case of a shallow water wave. A delicate balance between
these two effects of linear dispcrsion and nonlinearity leads to a
stable solitary wave solution ‘ug of this equation, of the form

e (G 2) 1= %sec h? {% (x — vt + 5)} (7.29)

where v is the speed of the wave and 0 is a constant of integration.
[Miwa et al, 2000] This wave has an amplitude proportional to v
and and a width inversely proportional to +/v.

The compensation of pulse spreading effects using nonlinear-
ity is an interesting possibility from the point of view of optical
communications. Optical nonlinearity was initially considered by
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communication engineers as a factor that affects the pulse propa-
gation adversely . However, the recent trend is to recognize that it
is unavoidable and how best it can be made use of in pulse propa-
gation and this has renewed the interest in optical solitons in fiber
optical communications because basically optical fibers are nonlin-
ear dispersive media, in general. An intense optical pulse with a
pulse envelope function A(z,t) with speed v and angular frequency
w traveling through a fiber is described by the nonlinear Schrodinger
equation |Boyd, 2008|

0A 1. #*A 9
—jko—— — iy A" A = !
9% ¥ szg 52 D 0 (7.30)
where N
=t - — 7.31
r=t-2 (7.31)
TorioWq

== 7.32
;. o= (7.32)

The second term of this differential equation represents the changes
in the pulse shape due to group velocity dispersion and the third
term describes changes due to SPM. If the propagation happens in
a nonlinear medium with anomalous dispersion, the chirping eftects
due to SPM and anomalous dispersion can be balanced to a large
extent to yield a solitary wave solution of the form

A (z,7) = Ag sech <1> " (7.33)

To

where the pulse amplitude Ay is related to the pulse width 7, by
|AO|2 = f,—:% and kK = %7 |An‘2. This represents a pulse maintaining
its shape ziuring propagation over large distances. This equation
provides a better physical insight into the nature of the solutions
more readily if we reformulate it. First we understand the impor-
tant length scales involved in the problem, which are the dispersion
length Lp and the nonlinear length Ly, defined by the equations

L, — 0 (7.34
7kl -

1
L (7.35)

vFPo
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where Fj is the soliton peak power. The ratio N = LL\—DL is called the

soliton order. Then the NL Schréedinger equation can be written
as

Ou  10%u 9
Z—(SE i -Q‘a—TZ— + \u| w=1 (736)
where u is a suitably normalized amplitude, £ = -+ and 1" = =

L T
[Agrawal, 2008, Boyd 2008|. The parameter N helps? us to analyzzz

the relative strengths of pulse shape modifications due to anom-
alous dispersion and self phase phase modulation and it determines
whether the pulse compression effect or the pulse elongation effect
would dominate. Obviously, for N = 1, we have a soliton solution.

It will be very interesting if a pulse can be a temporal as well
as a spatial soliton simultaneously. The name light bullet has been
used to describe such spatiotemporal solitons |Minardi, 2010 There
is also interest in the behavior of solitons in new media such as
photonic crystals |Joannopolous, 2008| These aspects of nonlinear
optical pulse shaping are of intrinsic scientific interest in view of the
possibility of enhanced light-matter interaction and hold promise for
powerful applications in information processing systems and cowm-
munications |Ferreira, 2011; Suhara and, Masatoshi Fujimura 2010,
Kivshar and Agrawal 2003|.

7.4 Explorations

1. The phenomenon of self focusing can lead to damage of the
medinm through dielectric breakdown as the beam narrows
down in its path through the medinm. What are the parame-
ters that decide the fate of the medium as well as that of the
propagating beam within the medium? Consider a specimen
of glass with a linear refractive index of 1.50 and nonlinear
coefficient ny of 1.0 x 1072 MW~ Estimate the ‘focal length’
due to self focusing in this medium glass if Gaussian laser
beam of diameter 1cm, wavelength 500 nm, pulse width 10
ns at 10 pps and energy per pulse 25 mJ is allowed to pass
through it, neglecting linear absorption. Would this happen
without dielectric breakdown in this case, which is expected
at fields of the order of 10720V'm=17

2. Would self focusing occur if the incoming plane wave has a
uniform intensity across its profile? Discuss what happens if
the intensity profile is (a) doughnut and (b) top hat.
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6.

. Sketch the variation of the transmittance as a function of in-

put intensity for (a) a typical saturable absorber and (b) a
typical reverse saturable ahsorber. Suggest practical device
applications for materials belonging to both of these types.

Simulate the propagation of a pulse in a medium using any
appropriate mathematical/graphical software that can visual-
ize pulse propagation. Sketch the time evolution of a pulse if
its height is proportional to its speed. Compare the results
with that when the height is independent of the speed.

Show that the normalized transmittance for an open z scan
experiment can be expresses as Toq = 1 — agloLess/2%/? if
two-photon absorptions happens to be the major mechanism
leading to nonlinear absorption , where oy is the TPA coef-
ficient, I is the intensity at focus and L.ss is the effective
length of the medium in the z-direction. Hence calculate the
TPA absorption coeflicient of a material used in an open scan
experiment performed at 532 nm using lkHz pulses of 10 ns
duration and average power 1 mW, with a beam waist of 20
e if the transmittance is found to be 0.7 at z=0.

Sketch the variation in transmittance in the previous example
1 o rrwg
s where zo = .

as a function of z using / (z) = ﬁ

. The differential transmittance between the peak and the valley

of the pure refractive z scan trace [or a sample is [ound to be
AT ,, = 0.40. If the material has a linear trasmittance of
60% and the aperture used in the closed z scan experiment
has a transmittance of 30 Yo, deduce the nonlinear refractive
index of the material if the peak intensity and the wavelength
of the laser source is 10GW /cm? and 532 nm respectively.

. The trace of a typical z-scan obtained in an experiment may

be somewhat different from what you expect ideally based
on considerations of self focusing effect alone, as the detec-
tor faithfully records all variations on intensity irrespective
of the reasons for it. For example, diffraction can occur if
there is some tiny spec of dirt or bubble on the cuvette or
in the sample inside. SPM can lead to spatial ring patterns
of intensity variation. Existence of nonlinear absorption and
thermal lens effect can lead to asymmetry in the peak-valley
structure, as mentioned in the text. liquid sample. Suggest
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10.

11.

12.

ways of avoiding/incorporating corrections for such effects in
a typical z-scan experiment to obtain a pure refractive scan.

Find the value of the critical power to be carried by a beam
of light at 500 nm for undergoing self-trapping in a medium
of linear refractive index 1.7000 and nonlinear coefficient ny =
3 x 107 ¥m!W -1 . What would happen if the power were to
increase beyond this value?

Consider self focusing of 10 ns pulses at a repetition rate of
10 pps from a Q-switched laser at a wavelength of 500 nm
in a medium with ny, = 1.60. Find the pulse energy required
to focus a beam of initial diameter of 100 gn within a path
length of 1 cin.

What kind of chirping do you expect when a pulse travels
through a medium of negative n,? What would happen to
the pulse the medium also has a positive GVD?

The concept of a soliton is very interesting as well as use-
ful. The idea of compensating for the effect of one physical
process on pulse propagation exactly by the effect of by an-
other process is quite fascinating. A lot of research has gone
into the mathematical aspects of obtaining soliton solutions
for nonlinear differential equations |[Porsezian, 2010|. On the
other hand, a lot of work has been done in exploring the scope
of soliton propagation in fiber optic communications |Agrawal,
2010 and 2012]. You can take the help of popular mathe-
matical software to explore the influence of designing systems
with different values of Lp and Ly and visualize soliton prop-
agation. This may help to arrive at design parameters for
practical systems bascd on realistic materials available.






Chapter 8

Mechanisms and Materials

“There 1s no object so foul that intense light will not make it
beautiful”.

Ralph Waldo Emerson

The wide variety of possible mechanisms in different materials,
natural and artificial, is quite amazing.

Learning Objectives

o Assessment of the role of different physical processes that lead
to optical nonlinearity.

e Distinguish between the mechanisms involved in these processes

e Comparison of the nature and magnitude of nonlinearity aris-
ing from the mechanisms.

o Identification of the upcoming frontiers in the design of novel
Photonic materials.

147
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8.1 Introduction

In this chapter, we learn about materials which exhibit optical non-
linearities and the underlying fundamental processes that lead to
nonlinearity. The response of a dispersive dielectric to an incident
electromagnetic wave is described in terms of the dielectric constant
of the medium, which is a complex quantity. The real part of di-
electric constant governs its dispersive behavior and the imaginary
part is responsible for optical absorption in the medium. An inter-
esting consequence of the fact that the electric ficld in a material
at any given instant is determined by the polarization which oc-
curred at all preceding times is that the real and imaginary parts
of the dielectric constant are related to each other. The equations
governing the relation between the processes of dispersion and ab-
sorption are known as Kramers-Kronig relations and are discussed
in standard textbooks on solid state physics |Kittel, 2004; Ashcroft
and Mermin, 1976]. The scope of these relations extend also to
nonlinear optical absorption as well as dispersion. The changes in
nonlinear absorption due to optical excitation processes are nor-
mally limited to a range of frequencies and hence can be measured
more easily than changes in dispersion and hence the relation be-
tween absorption and dispersion becomes very useful |Hutchings ct
al, 1992; Peiponen et al, 2010; Lucarini et al, 2005]. A variety of
physical mechanisms can lead to absorption, excitation and disper-
sion processes in different materials. Thus a systematic analysis of
the known types of nonlinear materials and the underlying domi-
nant mechanisms of light-matter interaction in these materials is a
very important frontier area of research.

It is convenient to classify materials according to their physi-
cal state: single crystals, polycrystals, noncrystalline materials, lig-
uids and gases. We have seen in previous chapters that certain
non-linearities can be exhibited only by single crystals. It is also
possible to distinguish nonlincar optical materials as per their well-
known standard classification: inorganic materials, organic mate-
rials, polymers, semiconductors, and liquid crystals. Another clas-
sification may be based on the physical / atomistic mechanism of
the nonlinearity. Space limitation does not permit us to make a
comprehensive accoimt of all these aspects. We therefore give an
instructive perspective of some of the relevant features in this chap-
ter.
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8.2 Mechanisms of Nonlinearity

There are a number of distinct fundamental processes that could
lead to observed optical non-linearities in materials. We summarize
these and then give a brief account of each to follow. Of course all
these mechanisms do not operate in all materials and some are spe-
cific to somc type of materials while some have a universal character.
Experimental investigations can disclose which mechanism operates
in a given material and for a given nonlinear optical process. The
various mechanisms are:

e Anharmonicity of potential
e Thermal mechanism

e Orientational mechanism

e Inelastic photon scattering
e Photorefractivity

e Saturable absorption

e Band gap distortion

e Band gap filling

e Band non-parabolicity

e Delocalization

8.2.1 Anharmonicity of Potential

The classical equation of motion for the displacement £ from the
equilibrium position (potential minimum) for the forced oscillations
of a damped anharmonic oscillator having the charge ¢ and mass
m, subject to a harmonic electric field £ is

d?¢

B p d 1 w —jwt
My = —hi — kof® — ks’ — ’7_6 +eEoy (¢ +e™)  (8.1)

dt

where —k£ is the linear restoring force, —k,&2 and —k3£3 are the

. de . . .
anharmonic force terms, _7?§ is a damping force, the last being
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the electric force. Fy is the amplitude of the applied electric field,
having the angular frequency w. Assuming solutions of the form

1 | )
£ = 5 (z1€™" + 2ot + 236" + c.c.) (8.2)

Substituting this in the equation of motion and equating coefficients
of the same frequency on either side, and assuming that’;;l—"’wg <

(s -+ %]

EEU 1
= 8.3
% m (’“—1—w2+iw%> (83)

m

The linear susceptibility corresponds to the polarization at the an-
gular frequency w. This polarization is given by P*) = Nex, given

by
Ne* 1
pw) — 8.4
m (% = W2 iw%) (8.4)
Equating this with
1 .
p) = o5 (xWEpe™ + c.c.) (8.5)

we have the susceptibility given by

7.2
(1):[\6 1 8.6
Xw k 2 ) ( - )
mep \ > —w+w,

Proceeding in the same way, we solve for the second order displace-
ment amplitude z2. The solution is

22
- k'ge E()

L9 .
2m3

1
- 2 kl 2 . 5 (8'7)
(k_l — w24 nu%) a—4dw® + 2w

m

This leads to the second order optical susceptibility

N o3
- eom? (’f_ — w24+ iw%)z ";‘ — 4w? + 2iw L

Now it can be seen that there is an inherent relationship between
the second order and the first order susceptibilities, given by

ko2 :
(2w) _ M2t a2 (1)
X =0 21’\[263 (Xm ) (XQW) (89)

3
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A similar calculation for the third order susceptibility leads us
to the relation

k 4
3) () — 3 (1
X® (wiw, w, —w) = INZeA (x") (8.10)
for centrosymmetric materials. |Jamroz 1980]. And the relation
for non-centrosymmetric materials is
k3

. 5

These relations are known as Miller’s rules |Miller, 1964; Garrett
and Robinson, 1966.

8.2.2 Thermal Mechanism

When an incident electromagnetic wave is absorbed by the nonlinear
material, de-excitation (return of the material from the electronic
excited state to the ground state) could occur via exchange of energy
with the surrounding heat bath of lattice phonons. This results in
a local change in temperature which in turn produces a change in
the mass density p and hence in the dielectric permittivity e. In
semiconductors this could also result in a local change in the band
gap E,. Both effects lead to a net change in the permittivity given

by

de Oe

The temperature change is governed by the standard thermal
diffusion equation which has parameters such as heat capacity C),
and diffusivity D. The explicit dependence of the permittivity on
temperature usually is not significant. In order for the thermal
mechanism to be effective two conditions are to be met: (1) Enough
time must elapse for the non-radiative energy to be off-loaded at
the grating maxima enabling the build up of the density change dp.
The minimum time needed for thermal expansion to obtain is of
the order of % where A is the spatial grating wavelength and v, is
the speed of sound in the material. (2) A second conflicting aspect
is the fact that heat may conduct away from the grating maxima
resulting in a blurring of the nonlinearity effect. The blurring time

may be estimated as % With pulsed lasers having pulse duration
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Tp, therefore, we may state the condition to be satisfied for thermal
mechanism to be operative as

A2
< <
%, P dg?D

(8.13)

In semiconductors, the other possible process is through the
change in the band gap with temperature following the de-excitation..
The change in the refractive index dn as a consequence may be writ-
ten as

On OFE,

It is a fact that thermal nonlinearities could have large magni-
tudes but also large response times.

8.2.3 Orientational Mechanism

This mechanism works in materials having molecules with anisotropic
polarizabilities. We may consider liquid C'Sy as a prototype of this
class of materials. The principal electronic polarizabilities of C'S,
are (33, (vj; = (v99. (33 is nearly three times larger than the other
components. The potential energy of such a molecule in an electric
field is given by

1

This energy is a minimum when the molecule has its axis par-
allel to the electric field direction. The degree of orientation of the
molecule under an electric field depends on the temperature 71" ac-
cording to the magnitude of the quantity (a3 — aq;) %, wherce
kp is the Boltzmann constant. Partial orientation of the molecules
causes change in the permittivity according to the equation

(561‘..,‘—:85 EE} + E'E (E ﬁ) ] (8.16)
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where ¢, is a constant of the material. Any anisotropic molecule in
liquids or gases can give rise to this effect and the relaxation time
is of the order of 107!V 5 to 107!* s.

8.2.4 Inelastic Photon Scattering

There occur many processes in which, following the illumination,
the atoms of the material end up in an eigen state different from
the initial state, as a consequence of the nonlinear interaction of the
relevant waves. In such cases, the energy is not conserved among
the interacting photons but one has to include the change in the
internal energy of the atoms. Stimulated Brillouin scattering and
Stimulated Ilaman scattering are examples of this class.

8.2.5 Photorefractivity

This is an important mechanism which has been used often in op-
tical amplification applications. The photorefractive crystals have
been seen to provide high phase conjugate reflectivities. The basic
photorefractive effect consists of a change in the refractive index ten-
sor due to second order interaction with light waves |Yariv, 1989.
This is essentially the linear electro-optic effect phenomenologically
depicted by the relation

1

vy

wherein six refractive index components are written as functions

of the electric field components. With the condensed notation we
have introduced in an earlier chapter, we may write out the matrix
equation as

0 E%; 1 i1 Ti2 T3

0 72 ) 2N, 22 %23

Y (lz)z r31 T32 T33 £y

i &3 — Es (8.18)
0 ("7)4 Ta1 Ta2 T43 E

d (#)5 Tsy Ts2 Ts3 ’

) (n%)(J Té1 Te2 T63
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A number of photorefractive crystalline materials have been
investigated. These include BaTiOs Bi13Si0Oy (BSO),
KTa;_Nb,O3 (KTN), LiNbO3, LiTaQO3, Bij2GeQ2y (BGO),
KNbO;.

The popular photorefractive crystal, BaT'iO3 belongs to the
point group Cy, (4mm) and crystal symmetry effects leads us to give
3 independent components of the 7 tensor: ri3 = 193, 733, 742 = T51.
The values of these components are for BaTiOs3, 3 = 8 x 1071
m VY =28x10"2m VL ry =15 =820 x 10712 m V-1,
Note 742 and 751 are the strongest. And 713 = 7,42 T4z = Tyzy
I'si = T'.en- Lherefore, these strong components do not contribute
to the effect if the electric field is along the Z direction ([001] di-
rection of the crystal). Therefore one should orient the crystal such
that the grating vector is away from the ¢ axis (|001]).

Photorefractive materials are most sensitive for optical phase
conjugation. The scnsitivity is comparable to that of photographic
emulsions. Laser beams of low power (pt1¥)are used to realize high
reflectivities of the order of 100%.

The eftect operates as follows:

(1) Light causes charges to migrate and separate in the crystal.

(2) Charge separation produces strong electrostatic fields.

(3) This static light-induced electric field produces large changes
in the refractive index via linear electro-optic effect (Pockels’ effect).

The photorefractive index change depends on the relative inten-
sity of the interacting beams in the steady state. The writing times
depend on the intensity and the magnitude of changes dn are in-
dependent of the intensity. The effect is spatially nonlocal in that
dn is maximum not where the intensity of the beams is greatest.
Charges existing in defect states play a significant role.

Let us now consider the details of the phase conjugate four wave
mixing in a photorefractive crystal. The geometry of the wave mix-
ing in the crystal is shown in Fig. 8.1 [Feinberg and Hellwarth
1980

The reference write beam is 1, the image writing beam is 2, 3
ij} the read beam and 4 is the conjugate beam. The grating vector
k makes a non-zero angle # with the Z axis so that we can reap a
significant contribution from the large components of the r tensor
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Figure 8.1: Beam geometry in OPC in a photorefractive crystal

of the crystal. Fig. 8.2 depicts the wave vectors of the interacting
beams in reference to the grating.

=
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, and L, wrltmg beams

L; reading beam; L,, OPC beam

Figure 8.2: The grating picture for OPC in a photorefractive rystal

The periodic intensity pattern in the grating is given by
_)
[(P) =1 (1 +mecos k - ?) (8.19)

- =5 >
where & = k| — k., is the grating vector. lg = I} + I, the sum
of the intensities of the two writing beams. m is the modulation

index given by
2F, - B3

m= = - (8.20)
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—
and the magnitude of the grating vector is equal to ’ k| = 2k, sinf,

where 6 is the angle between the two vectors k; and k o, as shown
in Fig. 8.2.

Initially there is a uniform charge density N. With the illumi-
nation, charges migrate, there being an equal number of the mobile
and immobile charges. The migrating charges move from regions of
high intensity to regions of low intensity. Eventually, a steady state
periodic pattern of grating is formed with the spatial periodicity
characterized by the vector k. A steady state electric field is
produced which is given by

E (7) = Re (EEei?'?) (8.21)

The field is directed parallel to the grating vector. The electric
field is given by

E)(?) = —kBTm ¥ sin (? : 7\) (8.22)

=
L] k|
(1 L )
_ Ng?
where s = ’/eTEOkBT‘

We can see that the intensity has a uniform constant value /I on

—

which is superposed a periodic spatial wave cos ( k - 7) This gives
-

rise to a periodic charge distribution described by — cos ( k - 7),
—

which then gives an electric field which varies as —sin ( k ?)

and a consequent refractive variation of sin ( k - ?) The constant

uniform intensity tends to randomize the charge distribution, while
the relative intensity gives rise to the periodic component.. The
steady state distribution depends on these two opposing effects.

8.2.6 Saturable Absorption

There are many kinds of electronic transitions that can contribute
to this mechanism. Fundamentally, this mechanism depends on the
fact the populations of electronic levelsdepend on the light intensity
especially for levels with long life-times. Because these changes can
be quite large, susceptibilities of higher order such as fifth order
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can play a significant role. The intensity dependence of the state
populations lead to the absorption coefficient a depending on the
light intensity (I) , which is phenomenologically written as

ap(w)

3
(1 + Is{t)

Correspondingly the intensity-dependent susceptibility may be
written as

a(w, ) = (8:23)

X(w, I) = _ ) (8.24)

L,
(1 + lit) )

where [, is the saturation intensity. This may be expanded in
powers of intensity / for IL(,, << 1, leading to susceptibilities of
various orders.

In semiconductor materials, there are several electronic transi-
tions that exhibit saturable absorption and hence possible candi-
dates under this category. These are (i) valence band to valence
band transitions (ii) conduction band to conduction band transi-
tions (iii) exciton transitions and (iv) impurity transitions. The
first two types involve free carrier transitions in heavily doped ex-
trinsic semiconductors.

8.2.7 Band Gap Distortion (Franz-Keldysh Effect)

Under illumination with a sufficiently strong electromagnetic wave,
the band gap is smeared and the effective band gap Ej, is reduced.
The effect due to a DC electric field was discovered by Keldysh|[1958|
and Franz [1958]. This effect involves a change in the dielectric
permittivity. Van Vechten and Aspnes [1969| calculated the third
order susceptibility due to this eflect using a two-band model, giving
an expression for x® as
1 e*C2h

- 2
XD (w) = o5 VmEy? (8.25)

8.2.8 Band Filling Mechanism

This is alternatively known as band blocking mechanism or Burstein-
Moss effect. In this mechanism. valence band to conduction band
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transitions generate free carrier plasma. There results a loss of
states or blocking of these states which causes the refractive index
to be modified according to the equation

onNe? w?

= 9
An = S B (8.26)
9

where w, = 2”}&, E, being the band gap. Large third order suscep-

tibilities can result from this mechanism especially in small band
gap semiconductors. For example, in /nSb which has the band gap
of 0.235 eV, X(J) 107 m? V=2 In Hgy7sCdy.9 with a band gap
of 0.14 eV, x® ~ 1010 2 V=2,

8.2.9 Non-parabolicity of Bands

The conduction bands especially in small band gap materials exhibit
significant deviations from parabolic shape. The resulting nonlinear
carrier motion and energy relaxation present important nonlinear
effects in response to driving dielectric fields. The effective mass of
the electron m? becomes significantly dependent on the energy (or
linear momentum p). For example, Kane’s model for band structure
of InSb is given by (for the condnction band edge E.)

o 2 2\ 2
1 I) 9 g o] p
E,=—+-2+ + E .
c 2m 2 (4 Y 2m (Ri2)

Under the assumption that p > < E, and m] < rn, the effective
mass and drift speed of the car r1er are given by

m*(p) ~ m? <1 + 27:E ) (8.28)
e—g
=B T (8.29)
dp (1 + 3 2m? E,) :

With nondegenerate frequencies, the equation of motion for the
lincar momentum is

d? 7 - [ﬁ eiwrt | EZ@“"” +ec. c] (8.30)

dt Tgm



Chapter 8. Mechanisms and Materials 159

which has the solution for the linear momentum

o 6@1 eﬁl
?2(w+L)+2(v )
1 T2m Zudl + TQm

In most cases, the relaxation term can be neglected and the
solution can be used to give, after expansion, expressions for the
nonlinear susceptibilities. The third order susceptibility is, for ex-
ample, given by

+ c.c. (8.31)

Net

X(3) = 3 >
4 (m2)” Eqwiwaws

(8.32)

8.2.10 Delocalization of Electrons

We have learned in an early chapter that large sizes of electron dis-
tributions tend to give large linear polarizability and in the spirit
of Miller’s rules, large non-linearities also may be expected. Thus
electrons delocalized over an extended spatial region do give rise
to large nonlinear responses. This is most prominently seen in the
7 electrons of polymeric organic materials. The delocalization es-
sentially decreases the binding of the electrons at the same time
enhancing their linear as well as non-linear optical responses.

A conjugated polymer chain having alternating ¢ and = bonds
is schematically represented in Fig. 8.3.

—C—C—C—C—C—C—C—

Figure 8.3: A conjugate polymer chain

Using a quasi-free electron model moving in a one-dimensional
potential well, Rustagi and Flytzanis [1984] deduced the linear po-
larizability () and hyper-polarizability () of such a chain as de-
pendent on the chain length L as

8 L3
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5
Y= B3 NG Z;)ELG B (8.34)
age?ms]

where «ag is the first Bohr radius, and /N is the number of elec-
trons per unit length of the polymer chain. The linear polarizability
increases with the chain length fast as oc L® but the higher order
polarizability increases even faster at the rate oc L5. Experimental
investigations support these theoretical predictions.

Because of the advantages offered by organic substances, many
studies had been performed on organic polymeric materials |ref-
erences of others as well as our lab research findings to be given
here|. Possibility of making waveguides by the method of Langmuir-
Blodgett films, and molecular engineering make these materials at-
tractive candidates for nonlinear-optical device applications.

Some aspects of the molecular engineering toward developing
materials yielding large magnitudes of second order optical suscep-
tibilities have been identified. These involve

e non centrosymmetric moieties spatially arranged

e design of non-centric N LO organic moieties with large 3 val-
ues

e incorporating these moieties into optically transparent poly-
mers

e fabrication of polymers for orientational control

The needed characteristics for obtaining large 5 values in
molecules are: (i) highly delocalized electronic distribution (ii) large
electronic dipole moment. l'o realize the second feature, it is sug-
gested that one should have electron donor and electron acceptor
substituents to be placed at opposite ends of the molecule. Amines,
methylene, etc. are electron-donors. Halogens, nitro, cyano, etc.
are acceptor units. [De Martino et al 1988|. They illustrated these
points with the material para-nitroaniline (PN A) having the fol-
lowing structure (Fig. 8.4).

This has a measured value of 3 = 5.7 x 10730 esu. The effect of
increasing the conjugation length, adding effective donor acceptor
entities and maintaining planarity helped enhancing the nonlinear
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HyN NO,

Figure 8.4: Structure of PNA

N(CH,), CH=CH-CH=CH NO,

Figure 8.5: Molecular engineering with PNA

polarizability to the value | 111 x 1073V esu. The engineered

structure looks as in Fig. 8.5.

Polymers offer a large scope for structure modification, which
can be utilized to engineer materials with large and fast optical
nonlinearity. The structures of certain polymers such as polyphenyl
acetylene (PPA) have well-spread electron clouds resulting in large
values of linear as well as nonlinear susceptibility. Structure of such
polymers can be modified easily by doping with other materials
and/or attaching appropriate side groups to the main chain. Some
of these variations are known to enhance the nonlinearity of the
basic polymer by way of extending the spatial spread of electrons
and hence enlarging the linear as well as nonlinear susceptibilities
|Vijaya et al, 1993; Martino et al, 1988|

A second example is that of structure variation studies in por-
phyrins, phthalocyanines etc which also has yielded interesting re-
sults [Unnikrishnan, et al, 2002;Venkatram, et al, 2008 |. Porphyrins
allow for incorporation of various ligands and different core metal
ions, which alter the susceptibilities dramatically. Incorporation of
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porphyrins into solid polymer membranes is found to enhance non-
linearity, besides stabilizing the materials against photodegradation
and providing a convenient solid matrix . Composites of optical
materials with different kinds of mechanisms and several other ma-
terials in solid, liquid and film state appear to hold promise from
the device application point of view |Chemla, 1980; Chemla and
Zyss, 1987; Gupta et al, 2011, 2012|.

8.3 A Perspective on Newer Materials and
Processes

We have come across several classes of nonlinear optical materials
in the process of surveying the physical mechanisms of nonlinear-
ity in the previous section. These include semiconductors, poly-
niers, inorganic crystals and liquid crystals, which are being used
widely as conventional materials for applications in nonlinear op-
tics. The most important limitation in the technology of nonlinear
optics has been the non-availability of ideal materials for exploiting
the potential of nenlinear optical processes to their fullest extent.
This is known as the materials bottlencck. 1t turns out that most
of the available materials do not meet the simultaneous require-
ments of large as well as fast nonlinearity required for the practical
devices. Thus recent research has focused on design and develop-
ment of artificial materials with fast as well as large nonlinearity.
The emerging candidate materials from this perspective are modi-
fied /functionalized molecular materials, low dimensional materials
and photonic band gap materials.

8.3.1 Low Dimensional Materials

One of the key approaches to obtaining nonlinear optical materi-
als with acceptable values of figure-of-merit is that of Quantum
Engineering of semiconductor nanostructures. Mechanisms of non-
linearity in a variety of low dimensional materials such as semicon-
ductor quantum dots, quantum wells, quantum wires, nanohybrids
and composites, functionalized carbon nanotubes, graphene hybrids
is being studied in this context. Quantum wells are made by confin-
ing electrons to a plane, in quasi-two-dimensional structures. This
can be achieved by placing a thin layer of a semiconductor material
sandwiched between two layers of an insulating material (or even
some other semiconductor a larger value of the bandgap). Thus the
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electrons in the middle layer experience a potential when they try
to move in a direction perpendicular to the plane while they are
free to move within the plane. These are now being used in several
devices. Electrons can be confined further to one dimension by em-
bedding a semiconductor wire or a conducting polymer chain in a
material of larger band gap.

Quantum dots are quasi zero dimensional materials formed by
embedding tiny crystalline islands of semiconductors or a metals
(called nanoclusters) in an insulating host such as glass or a polymer
matrix. The surrounding material provides the confining potential
while also holding the material in place. These are practical real-
izations of particle in « bex whose optical properties depend on the
particle size. Several techniques of obtaining such monosize clus-
ters have been perfected by materials scientists. However, a major
problem with free standing nanoclusters disperse in solutions is the
lack of stability in view of the fact that individual quantum dots
to cluster together, become heavier and get precipitated eventually,
often within a few hours after preparation. The techniques used
to prevent this include the use of a capping agent or a shell over
the quantum dot or embedding them in appropriate insulating host
media. Other techniques are ion-implantation, monolayer building
and molecular beam epitaxy also are being used widely to produce
strongly confined quantum dots. Embedding semiconductor quan-
tum dots in appropriate transparent insulating media such as Nation
ionomer [Nandakumar et al, 2002| has been shown to hold promise
in obtaining highly stable quantum dots in a format convenient for
optical measurements. Quantum confinement alters the electronic
structure of the semiconductor and hence influences the linear and
nonlinear optical properties. The band gap is modified by the in-
creased oscillator strength of exciton transitions and hence there is
an effective blueshift of the absorption edge with decreasing cluster
size. This results in an alteration of the effective band gap, which is
also termed as Bandgap Engineering. Recent studies indicate that
strong quantum confinement results in considerable increase in the
nonlinear susceptibilities.

Understanding Quantum Confinement

An approach to understanding quantum confinement effects in semi-
conductor quantum dots is to consider the behavior of Mott-Wannier
(MW) excitons in these systems |Kittel, 2004; Woggon, 1997]. These



164 Chapter 8. Mechanisms and Materials

are well understood systems in the bulk |Ibach and Luth, 1991|.
This exciton is an electron-hole pair, which can be represented by
a simple hydrogen-like picture, with energy levels E, proportional
to n?, (n = 1,2,3...) with a Bohr model radius

R™ = (1/2)(e, /m")n?

where €, is the relative dielectric constant of the material, m’ is
the reduced mass of the electron and hole effective masses in units
of the electron rest mass. The MW exciton is weakly bound and
can have a spatial extent of a few lattice spacings. The effects of
confinement start showing up when the size R becomes comparable
to or less than the exciton Bohr radius. In this case, it is as if the
electron gets trapped in a quantum jail |[Murti et al, 1999|.

3.5
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Figure 8.6: Optical absorption spectrum of nanocrystalline CdS.
The inset shows the band picture

Let us apply the principles of quantum mechanics to the dot
embedded in a dielectric medium. For spherical dots of radius R, the
exciton Hamiltonian H can be written, to the first approximation,
as

P o R o
2 — ——=Vi+ Vo + Velre) + Vilra)

H— _
© 8m?m;

8m2m
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The first and second terms are the kinetic energies of the electron
and hole, V¢ is the Coulomb energy between the electron and the
hole. V;(r;) are the barrier potential experienced by the electron
and the hole (7 = e or h , referring to electron or hole respectively).
me and rny, are the effective masses of the electron and the hole in
the lattice respectively. Also, we may take V;(r;) = 0 for r; < R
and oo for r; > R; In a simplified picture, the Coulomb interaction
is neglected and Vi = 0.

The energy eigenvalues are obtained for the electron (i = ¢) and
for the hole (i = h)

2 2
i _ g B i=h,m
e m; 8m2R?’ \

The energy levels for the electron and hole are given in eV for
dot radius R in units of nm, are given by

0.0382
Eh . ' 2
n.,l TILhRQ an,l
) 0.0382
By = — ml—mai,l + Eg

€

where the parameters a,; have the values for a few cases: 1s :
3.1416, 1p : 4.4934, 25 : 6.2832, 2p : 7.7253. The band gap energy
of the nanocrystal is £* given by

h2n?

B =B+ |

1 1 1.786¢>
Mme My eR

This simple model brings out the experimental observation of a
1/R?* dependence (known as blue shift).

Optical Nonlinearity in Nanomaterials

The size dependence of optical absorption and fluorescence emis-
sion makes quantum dots useful as tunable absorbers and emit-
ters. Nonlinear optical properties are also predictably influenced by
quantum confinement. Several reports have appeared on nonlinear
optical mechanisms and the size dependence of optical nonlinearity
in quantum confined systems |Jain and Lynd, 1983; Woggon, 1997;
Rustagi and Flytzanis, 1984; Roussignol et al, 1985; Gaponeko,
2005; Bindra et al, 1993; Wang, 1991|. The continuous energy bands
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picture is no longer valid in strongly confined systems and hence the
mechanisms of nonlinearity in low quantum dot materials could be
different from those in the bulk |Yoffe, 1993|. (The references listed
here are those which the authors happened to have noticed and the
list is not meant to be exhaustive).

Large nonlinearities have been observed in semiconductor nano
crystals using degenerate four wave mixing, z-scan, photolumines-
cence and femtosecond time resolved pump probe experiments [Wang
and Mahler, 1987; Hilinski et al., 1988; Wang et al., 1990; Yao et
al,, 1996; Miyeshi et al., 2001, Klimov et al, 1996; Klimov et al,,
1999; He et al., 2005]. Most of the early work was on semiconductor
doped glasses, which have a major limitation of undergoing photo-
darkening effect. A few reports exist on semiconductor nanocrystals
suspended in solutions. The volume fraction of nanocrystals in solu-
tions is small resulting in weak nonlinear response. Thus, polymer-
embedded nanomaterials emerge as preferred materials. |Schwerzel
1998; Nandakumar et al, 2000 and 2002; Du et al., 2002; Venka-
tram et al, 2005 and 2007; Sureshbabu et al, 2007; Pushpa 2008].
In general, resonant nonlinearities have large magnitudes, but are
accompanied by a slow response and large linear absorption. On
the other hand, off-rcsonant nonlinearity has ultrafast response.

Nonlinear Absorption and Optical Limiting

A variety of physical mechanisms are operative in semiconductor
quantum dot materials and the exact nature of the mechanism de-
pends on parameters such as the wavelength, pulse duration and
intensity of the exciting radiation. The surface condition of the clus-
ter, particle size and size distribution are factors which can affect the
response. Apart from nonlinear refraction, these materials are also
known to exhibit strong nonlinear absorption processes: frec carrier
absorption, multiphoton absorption, saturable and reverse saturable
absorption. Some of these mechanisms lead to optical limiting. Op-
tical limiters are devices which have constant transmittance at low
input fluences and a decrease in transmittance at high fluences.
These devices are used to protect optical sensors and eyes from laser
induced damage. Large nonlinear absorption in nanocrystalline ma-
terials can also be used to produce efficient optical limiters. Recent
reports are available on enhanced nonlinearity in different materials
such as oxide nanostructures, carbon nanotubes, plasmonic struc-
tures and graphene-related materials [Manas et al, 2012; Jyotsana,
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2011; Polavarapu et al, 2008; Irimpan et al, 2008; Yang et al, 2011;
Bonaccorso et al, 2010; Philip, 2012 and Yao and Belyanin, 2013|

8.3.2 Photonic Bandgap Materials

The year 1987 witnessed the publication of two very important pa-
pers in the area of optical materials, in the same issue of the journal
Physical Review. One of these was by Yablonovitch, [1987|, who was
interested in designing efficient lasers by suppressing spontaneous
emission. His paper describes how inhibited spontaneous emission
could be obtained when an emitter is embedded in a periodic opti-
cal structurc. The other paper was by Sajeev John [1987], who was
interested in localization of light along the lines of Anderson local-
ization of electrons and reported on how to achieve this disordered
dielectric superlattices. These papers brought out the immense po-
tential of periodic optical structures in photonics applications while
also highlighting the significance of localizing light, leading to ex-
tremely high intensities within regions of very small volume. This
has led to a large number of investigations, opening up new vistas
in linear as well as nonlinear optics.

The Concept of Photonic Bandgap

The basic idea of a photonic crystal can be understood easily by a
short revisit of the band theory of solids, which describes the quan-
tum mechanics of electrons in the presence of the periodic potential
provided by a crystal lattice. The plot of energy E of the electron
as a function of the magnitude of the wave vector & (denoted as
the F-versus-k diagram) deviates from the parabola corresponding
to the free electron. More importantly, energy values exhibit for-
bidden region for certain values of k . leading to the band structure
of the energy level diagram. The slope of such a curve indicates the
group velocity of electrons in the crystal.

An analogous situation arises when light travels through a
medium made up of alternating layers of two materials, with differ-
ent values of refractive index, arranged periodically with a period
comparable to the wavelength of light used |[Joannopoulos et al,
2008|. This can be realized in one, two or three dimensions. Propa-
gation through such a structure leads to energy bandgaps in a plot
of photon frequency as a function of the wave vector, as shown in
the figure. T'he effect of localization of light in photonic crystals ren-
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ders them as interesting materials for nonlinear optics 'Markowicz
et al, 2002 and 2004 .
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Figure 8.7: A skectch of the plot between frequency and the mag-
nitude of wave vector, showing photonic bandgap; inset : a typical
1D PBG.

Nonlinear Photonic Crystal Fibers and Integrated Circuits

One of the carliest practical application of this concept is that of
photonic crystal fibers in where the core is surrounded by photonic
bandgap material of appropriate design to prevent radial leakage of
the light propagating through the core. This renders these fibers
very efficient with reduced need for repeaters. Apart from their su-
perior efficiency in comparison with conventional fibers in commu-
nications, the nonlinear optical response of photonic crystal fibers
is also of considerable interest |Agrawal, 2012|.

Photonic crystal fibers are also very important as media for the
realization of one of the most interesting and rather more recent
nonlinear optical effect, namely, that of supercontinuum genera-
tion. 'This is an effect based on an interplay of various nonlinear
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optical mechanisms that occur when a optical pulse of a very high
intensity and a very short duration interacts with matter, which
eventually results in the generation of laser emission with a broad
spectral band with reasonably high intensities |Alfano, 2006; Dud-
ley et al 2010]. Apart from functioning as tunable laser sources on
wavelength filtering, such media are also very useful for applications
such as multi-wavelength microscopy, optical information process-
ing and high resolution imaging. A combination of nonlinear optical
effcets in fibers together with their intrinsic linear dispersion render
them as excellent media for supercontinuum generation [Wadsworth
et al, 2002; Solli, et al 2007; Agrawal, 2012|.

Optical waveguides also plays an important role in integrated
optics. High power densities can be attained with moderate values
of total power in view of beam confinement in fibers, leading to in-
creased interaction lengths and efficiency of interaction. The depen-
dence of refractive index on intensity in the nonlinear regime permits
the operation of integrated optical devices in an all-optical mode.
Some of the commonly used elements of nonlinear integrated circuits
include light sources, waveguiding structures, detectors, grating and
prism couplers, grating reflectors, directional couplers, and Mach-
Zehnder interferometers |Stegeman et al, 1988|. Polymer-based ma-
terials with high transparency and stability appear to be attractive
candidate materials for applications in nonlinear integrated optics
in view of their large optical nonlinearity coupled with the scope
of control of the nonlinear response through structure modification
and molecular engineering [Tomme et al, 1991|.

8.3.3 Slowing of Light and the Effect on Nonlinearity

The speed of light gets reduced when it propagates in any medium
other than vacuum and the obtainable speed is determined basically
by the dielectric constant of the medium and is described in terms of
the refractive index of the material involved. However, this reduc-
tion is much less than an order of magnitude. On the other hand,
schemes have been designed to reduce the group velocity of light
by several orders of magnitude, almost to zero. The slope of the
curve in the plot of photon energy as a function of the magnitude
of the wave vector (Fig 8.7) gives the speed of light. The plot in-
dicates that the speed remains constant except for near-band-edge
regions, where the slope reduces and eventually approaches zero.
The physics of slowing of light and the processes involved and the
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experimental methods of achieving slow light have been described
in detail |[Hau et al, 1999; Boyd and Gautheir, 2009; Notomi, 2010;
Khurgin, 2011; Warrier and Vijayan, 2013|.

One of the experimental techniques employed for slowing light is
utilization of the phenomenon of electromagnctically induced trans-
parency which arises due to certain subtle quantum effects in specific
energy level systems. This leads to interesting spectral profiles of
optical absorption which in turn manifests as the kind of dispersion
of the group refractive index required for slowing of light. Another
way of obtaining slow light is by utilizing certain specific features
of the photonic band gap of suitably designed metamaterials. Pho-
tonic crystals can permit extremely low values of group velocity
under certain conditions as a result of the propagation of light in
a periodic arrangement of two different materials with alternating
high and low values of refractive index, as can be judged by noting
the slope at the photonic band edges in fig 8.7. The nature of the
dispersion relations and hence the actual shape of the dispersion
curve in a photonic crystal are determined by the geometry and
dimensionality of the photonic crystal. This provides scope for de-
signing efficient media for slowing of light. Light-matter interaction
can be expected to get enhanced as interaction time gets larger at
the band edges. Design of photonic crystal structure with flat re-
gions of dispersion is crucial in a variety of slow-light effects, such as
enhancement of the photonic density of states, lasing and enhanced
nonlinear effects.

The physical basis of slowing of light in photonic crystals can
be understood in terms of backscattering and ommidirectional re-
flection within the structure. Each unit cell of the photonic crystal,
comprising of a region of high and low dielectric constant, acts as
a backscattering point and light is coherently scattered, as in a one
dimensional Bragg grating. If the forward and back scattered waves
match with each other in phase and amplitude, they form a stand-
ing wave implying a slow mode with zero group velocity. Slow light
can induce remarkable modifications in the manner in which matter
interacts with light, paving way for novel forms of physical processes
that can revolutionize the design of optoelectronic and photonic de-
vices. Nomnlinear optical response with extremely large efficiency
is expected when intense slow light interacts with material media
|Boyd, 2011]. Also, slow light media based on photonic crystals per-
mit easy incorporation onto a chip by means of lithography at room
temperatures. T'his enhanced nonlinearity alongwith a possible re-
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duction in size of devices is capable of ushering in new paradigms
of design of several technologically important devices such as pho-
tonic switches, optical memory elements, diodes and modulators,
wavelength converters and other components useful in the control
of information transfer and information storage as well as process-
ing, paving the way for the realization of the long cherished dreams
of all optical computing technologies of communication and control
|Baba, 2088|. While the basic physics of slow light and its interac-
tion with matter is quite intriguing at a fundamental level. recent.
results on the experimental front highlight the scope of photonic-
crystal-based slow-light-structures in shaping up new, efficient and
economiic avenues of this emerging technology |Khurgin, 2011|.

8.4 Explorations

1. An optical material having second order nonlinearity is under
a harmonic electric field with magnitude £ = E,, cos(wt). Ex-
press the DC and second harmonic electric polarizations in the
medium in terms of the relevant susceptibility, the amplitude
and angular frequency of the electric field.

2. Often, thermal lens effects tend to overshadow the true elec-
tronic contributions to nonlinearity in experiments to probe
the mechanisms of nonlinearity. Suggest methods by which
this can be minimized.

3. Sketch the variation of the intensity-dependent absorption co-
efficient of a medium at a given wavelength of excitation as a
function of the intensity of the incident light. Define satura-
tion intensity. What is its physical significance?

4. A spherical quantum dot of radius 2.0 nm is formed out of a
semiconductor material with a bulk band gap 2.40 eV/. Using
a simple model outlined in this chapter, estimate the energies
(in eV) of the transitions 1s(h) — 1s(e) and 1p(h) — 1p(e) for
the Mott-Wannier exciton. Take iy, = mg and m, = 0.7mq.

5. What is the difference between a Frenkel exciton and a. Mott-
Wannier exciton? Is the equation given in this chapter for the
Bohr radius applicable in both the cases?
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6.

Calculate the first Bohr radius of the MW exciton in Silicon
crystal. Take the hole and electron effective masses to be re-
spectively my, = 0.16mg, m, = 0.92m, and the static dielectric
constant of Silicon to be 11.7. |Kittel, 2004|.

Estimate the energies for the 1s(hole) — 1s(electron) and
the 1p(hole) — 1p(electron) transitions for the Mott-Wannier
exciton in a semiconductor quantum dot of radius 2.0 nm as-
suming a band gap of 2.4 eV'.

. Consider a beam of light passing through an infinite medium

consisting of ultrathin layers of equal thickness a ( of the order
of a few hundreds of wavelength) arranged along the x—axis
with alternate high and low values of refractive index. The
layers are kept parallel to one another and the beam passes
in a direction perpendicular to the plane of the layers. Repre-
senting the input beam as e** (with & being the magnitude of
the wave vector) and assuming the reflectivity at each inter-
face to be r. add up the contribution due to each reflection,
sending a part of light in the negative 2— direction. Sum
up the infinite series and hence show that the transmission
can be zero fer certain value of the wavelength. What is the
significance of such a structure?
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The last page ...

“Bvery beginning
1s but a continuation,
and the book of events
s never more than half open.”

Wislawa Szymborska

"There is no end to education. It is not that you read a book, pass

an examination, and finish with education. The whole of life, from

the moment you are born to the moment you die, is a process of
learning".

Jiddu Krishnamurti

The bottom line

Optics is NOT light work; it is making light work!
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