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Preface

This book grew out of the senior level lecture course I teach at Delft Univer-
sity and which T have taught in recent years at Eindhoven University and the
University of Utrecht. Numerous discussions with students and colleagues led
me to the conclusion that in spite of the existence of excellent books on the
statistical theory of fluids, there is a gap between the fundamental theory
and application of its concepts and techniques to practical problems. This
book is an attempt to at least partially fill it.

It is not intended to be a thorough and comprehensive review of liquid
state theory, which would inevitably require invoking a large number of re-
sults without actual derivation. Rather I prefer to focus on the main physical
ideas and mathematical methods of fluid theory, starting with the basic prin-
ciples of statistical mechanics, and present a detailed derivation of results
accompanied by an explanation of their physical meaning. The same ap-
proach applies to several specialized topics of the liquid state, most of which
are recent developments and belong to the areas of my own activities and
thus reflect my personal taste. Wherever possible, theoretical predictions are
compared with available experimental and simulation data.

So, what you are holding in your hands is neither a textbook nor a mono-
graph, but rather a combination of both. It can be classified as an advanced
text for graduate students in physics and chemistry with research interests
in the statistical physics of fluids, and as a monograph for a professional
audience in various areas of soft condensed matter. It can also be used by
industrial scientists for background information, and as an advanced text for
self-study.

I gratefully acknowledge the assistance of my colleagues and friends at
various stages of the work. Chap.7 on Monte Carlo methods was written
together with Iosif Dyadkin; his vision of the subject and extraordinary gen-
eral physical intuition guided me for many years. Carlo Luijten placed at
my disposal his computer programs for the density functional calculations
of surface tension in one-component systems (Sect.9.3) and binary mixtures
(Sect. 13.4.1). I would like to express my gratitude to Jos Thijssen for his
careful reading of the manuscript and for a number of very constructive crit-
icisms.
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In creating the book I benefited greatly from discussions with a number
of colleagues. In particular, Rini van Dongen, Bob Evans, Vladimir Filinov,
Daan Frenkel, Ken Hamilton, Gert-Jan van Heijst, Jouke Heringa, Geert Hof-
mans, Simon de Leeuw, Henk Lekkerkerker, Christopher Lowe, Carlo Luijten,
Thijs Michels, Bela Mulder, Piet Schram, Berend Smit, Vladimir Vorobiev,
and Ben Widom made many helpful comments and suggestions.

Delft, April 2001 Vitaly Kalikmanov
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1. Ensembles in statistical mechanics

1.1 Notion of a phase space

The main aim of statistical physics is to establish the laws governing the
behavior of macroscopic systems — i.e. systems containing a large number of
particles — given the laws of behavior of individual particles. If a macroscopic
system has s degrees of freedom, its state at each moment of time can be
characterized by s generalized coordinates ¢1,...,¢s and s generalized mo-
menta py,...,ps (in statistical physics p; is used instead of velocities ¢;). For
example, for a system containing N spherical particles in a 3-dimensional
space, s = 3N. In principle, in order to study the behavior of this system,
one could write down the mechanical equations of motion for each degree of
freedom. We then would face the problem of solving 2s coupled differential
equations. In Hamiltonian form they read

OH oH
"i=__3 . .z-z———, '1;21,2’...,3 1'1
P "% ¥ ops o

where upper dot denotes time differentiation and H is the total energy
(Hamiltonian) of the system:

8

i +Ul(q) (1.2)

H(p,q) = -
=1

Here the first term is the kinetic energy of point-like particles of mass m, and
Ul(q) is the total interaction energy. To understand how large s can be, let us
recall that one mole of gas contains Ny = 6.02 x 10?3 molecules (N4 is Avo-
gadro’s number), so s = 3Na ~ 10?%. Solving the system of 10?4 equations
is, of course, all but impossible. However, this unavoidable (at first sight)
difficulty, resulting from the presence of an extremely large number of parti-
cles, gives rise to some special features of the behavior described by statistical
laws. These cannot be reduced to pure mechanical ones. In other words, al-
though the microscopic entities (particles) follow the usual mechanical laws,
the presence of an extremely large number of them yields new qualitative fea-
tures which disappear when the number of degrees of freedom becomes small.
The principal features of these laws are to a large extent common to systems
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obeying classical or quantum mechanics, but their derivation requires sepa-
rate considerations for each of these cases; we shall focus on classical systems.

Each state of a system with s degrees of freedom can be character-
ized by a point in a phase space of dimensionality 2s with coordinates
Pl,-..+Ps,q1, - --,qs; we shall denote it by (p,¢). As time goes on, the point
in phase space forms a line called a phase trajectory. Let us assume that our
system is closed, i.e. it does not interact with any other system. We can single
out a small part (i.e. we choose a certain number of degrees of freedom out
of s and the corresponding number of momenta) which still contains a large
number of particles. This subsystem is no longer closed: it interacts with all
other parts of the entire system. In view of the large number of degrees of
freedom, -these interactions will be rather complicated.

Let us look at what will happen to a small volume ApAg of the phase
space of the subsystem in the course of time. Due to the complex nature of
interactions with the “external world,” each such volume will be visited many
times during a sufficiently large time interval ¢. If At is time the subsystem
spends in the given volume ApAq, the quantity

At
Aw = lim —
t—00
characterizes the probability of finding the subsystem in a given part of the
phase space at an arbitrary moment of time. At the same time a probability
of finding the system in a small element of phase space

dpdg=dp;...dpsdg; .. .dgs

around the point (p,q) can be written

dw = p(p,q) dpdg

where p(p,q) is called a distribution function. It is normalized by requiring
that

// p(p,q)dpdg =1 (1.3)

where the integral is taken over the phase space and the prime indicates that
integration only involves physically different states (we shall clarify this point
later).

These considerations reveal that the mathematical basis of statistical me-
chanics is probability theory. The latter, however, must be combined with the
requirements of fundamental physical laws. An important question is: how
small can an element dpdq of the phase space be? The answer can be found
by considering the semiclassical limit of quantum mechanics. According to
the uncertainty principle, for each degree of freedom i



1.1 Notion of a phase space 3
Ap; Ag; ~ 27h

where h = 1.05 x 10~27 ergs is Planck’s constant. It means that a cell in the
phase space with the volume (274)® corresponds to each quantum state! and
therefore the partitioning of the phase space into small elements must satisfy
dpdq > (2wh)*. The dimensionless quantity

dpdg
| dr = @nh)s >1 (1.4)
is the number of quantum states inside the domain dpdg (see Fig.1.1).

An important feature of p(p, q) is that for a given subsystem it does not
depend on the initial state of any other subsystem, or even on its own initial
state in view of the large number of degrees of freedom. This means that it has
no memory. Hence we can find the distribution function of a (macroscopically)
small subsystem (which is at the same time microscopically large) without
solving the mechanical problem for the whole system. If p(p, q) is known, the
average value of an arbitrary physical quantity X (p, q) is

R Y

I
:

S
" i

q q
Fig. 1.1. Phase space of a system with s degrees of freedom. The volume of an

elementary cell is h* = (27A)°. The number of quantum states inside the domain
dpdgq about a point (p, q) is dpdq/(27h)*®

X= /,X(I’,Q)P(P: q)dpdg

According to our considerations, statistical averaging is equivalent to tempo-
ral averaging, i.e. we can also write

! In other words, states within a cell of volume (27h)* cannot be distinguished
quantum mechanically.
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t
X = lim + X(t')at
t—oo t 0

This statement constitutes the so called ergodicity hypothesis. The equiva-
lence of temporal averaging and phase space averaging, while sounding rea-
sonable, is not trivial. Although in the general case it is difficult to establish
rigorously whether a given system is ergodic or not, it is believed that ergod-
icity holds for all many-body systems encountered in nature.

It is important to understand that the probabilistic nature of the results
of classical statistical mechanics does not reflect the nature of the physical
systems under study (as opposed to quantum mechanical systems), but is a
consequence of the fact that they are obtained from a very small subset of
the data required for a full mechanical description. This probabilistic feature
does not yield serious difficulties: if we observe a system for a long enough
period of time (longer than its relaxation time), we will find that macroscopic
physical quantities are essentially equal to their average values. This situation
corresponds to statistical {or thermodynamic) equilibrium. Thus, an arbitrary
physical quantity X (p,q) will almost always be equal to X to within some
small deviation. In terms of probability distributions this means that the
probability distribution of X is sharply peaked at X = X, and differs from
zero only in a small neighborhood of X. In this book we will be interested
in equilibrium. Processes of relaxation to equilibrium are studied in physical
kinetics (see e.g. [93]).

The subsystem that we have singled out is not closed; it interacts with the
rest of the system. However, taking into account that the subsystem contains
a very large number of particles, the effect of these interactions in terms of
energy will be small compared to the bulk internal energy. In other words,
they produce surface effects that vanish at large system sizes. That is why
we can consider the subsystem to be quasi-closed for moderate periods of
time (i.e. less than the relaxation time). For long times this concept is not
valid: interactions between subsystems become important and actually drive
the entire system to the equilibrium state. The fact that parts of the entire
system interact weakly with one another means that the state of a given
subsystem has no influence on the states of others, i.e. we can speak of a
statistical independence. In the language of probability theory this statement
can be written in terms of probability distributions:

Pab(dar @b> Pas Pb) = Pa(dasPa) - Po(a5, Pb)

where the density distribution p.p refers to the system composed of subsys-
tems a and b, their distribution functions being p, and pp, respectively. This
statement can be also presented as

Inpap = Inp, +1Inpp (1.5)
showing that In p is an additive quantity.
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1.2 Statistical ensemble and Liouville’s theorem

Having studied some general properties of subsystems, let us return to the
entire closed system and assume that we observe it over a long period of time
which we can divide into small (in fact, infinitely small) intervals given by
t1,t2,.... Then the system will evolve to form a trajectory in phase space
passing through some points A;, A, ... (see Fig 1.2). Some of the domains
in phase space will be visited more frequently and others less.

. q
Fig. 1.2. Phase trajectory of a subsystem

This set of points is distributed with density proportional to p(p, q). In-
stead of following in phase space the position of the given system at various
moments of time, we can consider a large (in fact, infinitely large) num-
ber of totally identical copies of the system characterized by Ai, As,... at
some given moment of time (say, ¢ = 0). This imaginary set of identical
systems is called a statistical ensemble. Since the system (and each of its
identical copies) is closed, the movement of points in phase space is governed
by mechanical equations of motion containing only its own coordinates and
momenta. Therefore the movement of points corresponding to the statistical
ensemble in phase space can be viewed as the flow of a “gas” with density p in
a 2s-dimensional space (see Fig.1.3). The continuity equation (conservation
of mass) for this gas reads

op

3t +div(pv) =0

and for a stationary flow (8p/dt = 0)
div(pv) =0

Here the velocity v is the 2s-dimensional vector v = (P1y---,Pss 1y -1Gs)-
Using the identity div(pv) = p divv + vVp we obtain
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Fig. 1.3. Statistical ensemble

. (d¢; Op; . Op| _
p;{6QZ 8pz}+;[ p'] =? (16)

1

Hamilton’s equations (1.1) yield
oi | o
dq;  Op

implying that each term in curly brackets in (1.6) vanishes, resulting in

=0

Op .  Op.

—p; =0 1.7

. 54, G+ 5,0 (1.7)

The left-hand side is the total time derivative of p. We have derived Liouville’s

theorem, stating that the distribution function is constant along the phase
trajectories of the system:

dp

dt
One can also formulate it in terms of conservation of phase-space volume.
Note that Liouville’s theorem is also valid for a subsystem over not very long
periods of time, during which it can be considered closed.

—0 (1.8)

1.3 Microcanonical ensemble

From the additivity of the logarithm of the distribution function and Liou-
ville’s theorem, we can conclude that Inp is an additive integral (constant)
of motion. As known from classical mechanics [79], there are only seven in-
dependent additive integrals of motion, originating from three fundamental
laws of nature:
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e homogeneity of time, yielding conservation of energy £

e homogeneity of space, yielding conservation of the three components of the
total momentum P

e isotropy of space, yielding conservation of the three components of the total
angular momentum M

Any other additive integral of motion must therefore be an additive combina-
tion of these quantities. Applying these considerations to a subsystem a with
total energy E,, total momentum P,, and total angular momentum M,, we
state that In p, can be written

In Pa = Qg + )\Ea(pa Q) +9P, + oM, (1-9)

with some constant coefficients ay, A, 7, 8. The coeflicient o, can be found
from the normalization of p,:

!
/ pa dp!® dg® =1

The remaining seven coefficients A, v, 8 are the same for every subsystem.
We conclude, and this is the key feature of statistical mechanics, that a
knowledge of additive integrals of motion makes it possible to calculate the
distribution function of any subsystem and therefore the average values of
any physical quantity. These seven integrals of motion replace an enormous
amount of information (initial conditions) required for the solution of the full
mechanical problem.

Now one can propose the simplest form of the distribution function sat-
isfying the Liouville theorem: it must be constant for all phase points with
given values of energy Ey, momentum Py, and angular momentum My, and
must be normalized:

p = const 6(E — Ey)é(P — PO)J(M; M) (1.10)

This is the so-called microcanonical distribution. Momentum and angular
momentum describe the translational and rotational motion of the system
as a whole. The state of a system in motion with some P and M is thus
determined solely by its total energy. This is why energy plays the most
important role in statistical physics.

We can exclude P and M from consideration if we imagine that the system
is located in a box inside which there is no macroscopic motion. If we use
a coordinate system rigidly attached to the box, then the only remaining
additive integral of motion will be the total energy, and (1.10) takes a simple
form:

p = const 6 (E(p,q) — Eo) (1.11)

The microcanonical distribution requires that for an isolated system with a
fixed total energy Eo and size (characterized by the number of particles Ny
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and volume Vj), all microscopic states with total energy Fq are equally likely.
Using the same considerations, the logarithm of a distribution function of a
subsystem (1.9) can be rewritten in a simpler form:

Inp, =a, + /\Ea(p(a), q(a)) (1.12)

1.3.1 Entropy

Let us consider a subsystem a and denote its distribution function by
Pa(Pas ga)- The subsystem has its own phase space with s degrees of free-
dom (we retain the same notation for this quantity as for the entire system).
Since each point of phase space corresponds to a certain energy E,, we can
consider p, to be a function of E, and write the normalization condition (1.3)
as

/ ,(27rh)"pa(Ea) I, =1 (1.13)

If we consider I', to be equal to the number of microscopic states with energies
less than E,, then?

dr,
= —2dE,
dr. dEad

is the number of states with energies between F, and E; + dF,. Then the
normalization condition (1.13) reads

[ [mmyouzn Sz ges) b =1 (119)

Since p, is sharply peaked at E, = E,, we replace the integrand by its value
at Fg, thereby defining the quantity AE,:
—_ 1
AE.(E,) = —
(27rh)3pa (Ea) '(ﬁ

(1.15)

E,

which characterizes the mean energy fluctuation (Fig. 1.4). The quantity

dr, — 1

B — AE,(E,) = ——————
dE, |5 a(Ea) (2nh)spa(EL)
describes the degree of smearing of the given macroscopic state. In other
words, AI,, which is called the statistical weight of the macroscopic state
of the system, gives the number of ways (microscopic states) to “create” the

ALL(E,) = (1.16)

? Note that while p(E) is é-function of energy (i.e. fluctuations of the total energy
of an isolated system are prohibited), pa(F.) is not: the energy of a subsystem

fluctuates about the average value E,.
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f(E,) AE, =1

t(Ea)

Fig. 1.4. Definition of the mean energy fluctuation AE,; here f(E,) =
(27h)° pa(Ea) S5

given macroscopic state with energy E,. One can also say that ApAgq =
Al,(27h)® is the volume of phase space in which the subsystem a spends
most of its time. The quantity proportional to the logarithm of Al is called
the entropy of the subsystem:

S, =kgInAl, (1.17)
where
kg =1.38 x 107*¢ erg/K

is the Boltzmann constant.

Entropy is the second key quantity in statistical mechanics. We stress that
S, is a state parameter, i.e. it is determined by the state E, of the subsystem.
Since the number of states AI"' > 1, the entropy is nonnegative. Combining
(1.16) and (1.17) we find

Sa, = -—kB In [(z’ﬂ'h)spa(E_a)]

Let us express S, in terms of the distribution function using the linear de-
pendence of In p, on E,. Substituting the mean energy into (1.12), we have

In Pa(E_a) =0, + AE, = In po(Ea)

which yields for the entropy

’ ’
Se = —kpln [(27h)*p.} = ——kB/ PaIn [(27h)% po] dpa dga (1.18)
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Since each subsystem can be in one of its Al', microscopic states, for the
entire system, which can be represented as a collection of subsystems, the
total number of microscopic states is

AT = H AT,

and the entropy reads
S=3 S, (1.19)

S is thus an extensive property: the entropy of the entire system is a sum of
entropies of its subsystems.

To study the properties of the entropy let us return to the microcanonical
distribution (1.11):

dw = pdpdq = const §(E — Ep) HdFa (1.20)

Treating as previously dI, as a differential of the function I',(F,), we can
write

dr,
dE, dE,

dw = const §(F — Ejp) H

a

We defined in (1.16) the statistical weight Al, as a function of the mean

energy E,. Let us formally extend this definition and consider AT, and S,

as functions of the actual value of the energy E, (so we assume the same

functional form to be valid for all E,, not just for the mean value). Then
using (1.16) we write

dI, Arl,

e /@ 1.21
dE, AE, (121)
and using the definition of entropy we obtain
1
dw = _Ey)eS/ke E 1.22
w = const §(F — Ep) e 1;[ AE’ad . (1.22)

where

S=>"S.(Ea)

is the entropy of the entire closed system treated as a function of the actual
values (not necessarily averages!) of the subsystems’ energies. The strong
dependence of % on the energies F, makes it possible to neglect the variation
of [1, AE, with E,, so to high accuracy we can absorb it into the constant
factor and write (1.22) as
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dw = const 6(E — Eo)e%/*® [ [ dE, (1.23)

Equation (1.23) describes the probability of subsystems having energies in
the interval (E,, E, +dE,). It is fully determined by the total entropy, while
the é-function ensures total energy conservation.

The main postulate of statistical physics states that the most probable
statistical distribution corresponds to the state of thermodynamic equilib-
rium. The most probable values of E, are their mean values E,;. Hence for
E, = E, the function S(E, Ea, ...) should have its maximum (at the given
Y o Ea = Ep). At the same time the latter situation corresponds to statistical
equilibrium. Thus, the entropy of a closed system at equilibrium attains its
maximal value (for the given total energy Ey). We can formulate this state-
ment in another way: during the evolution of a closed system its entropy
increases monotonically, reaching maximum at equilibrium. This is one of
the possible formulations of the second law of thermodynamics, discovered by
Clausius and developed by Boltzmann in his famous H-theorem.

The total entropy is an additive quantity. Moreover if we partition the
system into small subsystems, the entropy of any subsystem a depends on
its own energy E, and not on the energies of other parts of the system.
Maximizing

S=" Su(Es)

under the condition that ), E, = Ej (using Lagrange multipliers) we obtain

45, _ dS; _
dE,  dE, 7

In equilibrium the derivative of entropy with respect to energy is thus equal
for all parts of the system. Its reciprocal is called the absolute temperature T:
ds 1

dE T

Thus, in equilibrium the absolute temperature is constant throughout the
system.

(1.24)

1.4 Canonical ensemble

The microcanonical distribution describes a system that is completely iso-
lated from the environment. In the majority of experimental situations we
are dealing with small (but macroscopic) parts of a closed system in ther-
mal contact with the environment, with the possibility of exchange of energy
and/or particles. Our aim in this and the next section will be to derive a
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distribution function for this small subsystem (which we will also call a body.
The canonical, or NVT, ensemble is a collection of N identical particles
contained in a volume V at a temperature T in thermal contact with the
environment providing the constant temperature T'. In general, an external
field Uext (gravitational, electromagnetic, etc.) can be also present.

We begin with some simple illustrations. Each particle is characterized by
a 6-dimensional vector (r;,p;), where r; is the radius vector of its center of
mass and p; is its momentum; the number of degrees of freedom is therefore
s = 3N. The state of the body is characterized by a point (r™,p’) in the
6 N-dimensional phase space, where r¥ = (r,...,rn), pY = (pP1,...,PN)-
The total energy of the body

N 9 .
E=9= Zl 2% +UN(EL, s TN) + UNext (11, o, TN) (1.25)
1=

The first term is the kinetic energy of the pointlike particles of mass m. The
second term is the total interaction energy

Un(r™) :Eu(ri,rj)+ Z ug(rs, rj,r5) + ... (1.26)
i<j i<j<k

which involves pairwise interactions, and probably triplet or higher-order
interactions. The last contribution in (1.25)

N

UN,ext = Z Uext (rz)

i=1

is the energy of the system in an external field with a one-body external
potential uex(r;). Simple examples of a pairwise interaction energy u(r;,r;)
are

o the Lennard—Jones (LJ) potential (see Fig.1.5)

war) =4e|(2)" - (2)'] (1.27)

T r

Here r is the separation between two particles, € is the depth of the in-
teraction, and o is the molecular diameter. The first term represents a
short-range repulsion while the second describes long-range van der Waals
attractions due to dispersion forces. The spatial dependence ~ 1/r% of the
attractive tail originates from the interaction between induced dipoles and
results from second-order quantum mechanical perturbation theory [21].
The power ~ 1/r!2 of the repulsive term is to a large extent arbitrary.
The intermolecular distance corresponding to the depth (minimum) of the
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u,

r

Fig. 1.5. Lennard-Jones potential; ¢ is the depth of the interaction and o the
molecular diameter

potential is r,, = 21/65. The Lennard-Jones potential describes interac-
tions in simple fluids, e.g. rare gases or small nonpolar molecules like the
noble gases argon, krypton, xenon. Typical values of the Lennard-Jones
parameters are:
oAr = 3.405 A, €p,/kp = 119.8 K,
oxr = 3.630 A, ex,/kp = 163.1 K.

e EXP-6 potential

upxp-6(r) = E{_G {Gexp [a (1 - %)] o (%n_)ﬁ}

is an example of a three-parameter (e, r,,, ) pairwise potential. Here the
repulsive term contains a stiffness parameter «; at r,, the potential attains
its minimum value: ugxp—6(Tm) = —e€.

An example of a three-particle interaction energy is the Axilrod—Teller po-
tential [6]-[7):

1+ 3cosf; cosfy cosby

Uz = v ’

3,3 .3
713712723
where r;; is separation between particles ¢ and j ( ¢,j =1,2,3), and v char-
acterizes the strength of the interaction (and depends on the dipole oscillator
strength); 6; are the angles of the triangle formed by the three particles. It
is obvious that only compact triplets contribute to u3.3

3 More complex interactions can include anisotropic terms, e.g. dipole-dipole in-

teractions. In this case the N-particle subsystem will have more than 3N degrees
of freedom. But the general form of distribution functions remains the same.
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To derive the distribution function for the body, which contains N par-
ticles, we will consider it to be a (macroscopically) small part of the closed
system with energy

Fiw =E+ F'

where E is the energy of the body and E’ is the energy of the environment
(heat bath); the latter is much larger than the body. The microcanonical
distribution for the closed system body + heat bath reads

dwior = const 8(E + E' — Eg)dIl'dI”

The desired distribution for the body can be found if we integrate this ex-
pression over the phase space of the heat bath:

dw = / dwyor = pdI”
Fl
with
p(r™,p") = const/é(E + E' — Ep)dI”

Introducing the entropy of the heat bath S’ = S'(E’) and using (1.17) and

(1.21), we replace dI" with
oS /ks
———dE’
AFE’

to obtain
eS,/kB

= / _ !
9 [E' — (Bo - E)| dE

p = const

The presence of the d-function implies that in the integrand one must replace
E' with Ey — E:

eS’/kB
p = const B (1.28)
E'=FEy—E

Since the body is small compared to the entire system, AE’ varies slowly
with F, so that it can be absorbed into the unknown constant in front of this
expression:

_ ' /ke
p = const (e )E’=E0—E (1.29)

For the entropy term (since it is in the exponential) we expand in powers of
E (E < E())Z
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oS’
S’(Eo —FE)= SI(E()) - F — + h.o.t.
OF' |gi_p,
=Lo
where “h.o.t.” stands for higher-order terms. Using the definition of tempera-
ture (1.24) and the fact that T is the same for the body and the environment
we rewrite this as

E

S'(Eg — E) = S'(Ep) — T (1.30)

Here we keep the term linear in E; the second-order term of the expansion is
1 _, 829 1 ,0 (1 1 ,0T
g2 g2 X — | =—-—EF?-=

2" OE”|p_p, 2 OF (T) a2t OF’ (1.31)

The ratio of the two successive terms is

E orT

£
—_ — 2T

AE!
2T OF' G

The quantity %—ETL tends to infinity as the heat bath grows, implying that
(1.31) tends to zero and supporting the neglect of h.o.t. in (1.30). Combining
(1.29) and (1.30) we obtain the Gibbs (canonical) distribution function:

p= Ae" T = Ae~PH (1.32)
where

1

P = kT

and A is a constant to be determined. The Hamiltonian is a sum of the
momentum part, which depends only on p¥, and the potential part, which
depends only on positions r"V. Therefore p is a product of two distribution
functions

p(rN, pN) — ae—BK(pN) . be—ﬁU(!‘N)
with normalization constants a and b.

The kinetic energy of the whole body is a sum of the kinetic energies of
its particles. According to the Gibbs formula, the momentum of one particle
has no influence on the momenta of others, and we can write the momentum
distribution for a single particle:

2

dw, = age” TkpT dp

The normalization constant satisfies

p2 - +o0 2 3
ag /e— mEsT dp = ag [/ e~ TEpT dp] =1
—00
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The integral is of the Gaussian type, and using the identity

oo 2 ™
/ e * dzx = \/; , a>0 (1.33)

we obtain: ag = (2rmkgT)~3/2. The final result is
1 pf?,er2 +p§
(2nmkgT)3/2 ©

This in turn is a product of distribution functions for p;,p,,p,. In terms of
velocities this function is called the Maxwell velocity distribution:

dw,, = dpz dpy dp. (1'34)

m 3/2  mZ+e24ed)
dw, = (27rkBT) e #*sT  du, duy du, (1.35)

Thus, the velocity along each of the directions has the Gaussian form

m \Y? ol
— T2k
dw,, ( Sk T) e 28T dy,

with zero mean and standard deviation

—  ksT
02 = 2B

T

Hence, each degree of freedom contributes kgT'/2 to the total kinetic energy
of the body; this statement is known as the equipartition theorem.

Let us now return to the general form of the Gibbs distribution and find
the physical meaning of the normalization constant A. Substituting the Gibbs
distribution into Eq. (1.18) for the entropy of the body we obtain

S = —kgln [(2nh)*p] = —kp In [(27h)° A] + g

where E is the mean energy, the quantity we are dealing with in thermody-
namics. Then

kgTln[(2nh)°A|=E-TS=F
where F is the Helmholtz free energy. Hence,

A= (2rh) %7 (1.36)

and the Gibbs distribution becomes

p = (2wh)~*ePF e PH (1.37)

Our last step is the normalization condition for p:
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!
/ pdr¥ dpV =1 (1.38)

As stated earlier, f " denotes integration over all physically different states.
In other words we have to count each microstate only once. One has to take
into account that particles are indistinguishable and therefore a change in
the their labels does not result in a physically different state. The number
of permutations of N particles is N!. The prime on the integral can be thus
omitted and integration can be performed over the full phase space of the
body if we introduce the multiplier 7;.

From (1.37)—(1.38) we obtain

F(N,V,T) = —ksTn Zy . (1.39)
where
. .
Zn(N,V,T) = 45 / e~ PHEYP™) gy (1.40)

is called the canonical partition function. A simple observation shows that
the right-hand side is a sum of the Boltzmann factors e %" over all possible
microscopic states.* These two expressions form the basis for derivation of
various thermodynamic properties. The probability for a body to stay in
phase-space element dr™dp? about the point (r’¥,p?) is
dw = e AHEY pY) dl'y (1.41)
Zn
We can single out the momentum and configurational contribution to
Zy . Integration over momenta in (1.40) results in 3N Gaussian integrals (cf.
Maxwell distribution):

1

Zn = WQN ; (1.42)
where
orh? 12 |
= 1.43
is the thermal de Broglie wavelength of a particle and
Q= [ expl-BUx + U )] dr” (1.44)

41In quantum statistical mechanics, in view of the uncerta.int;y principle, it is not
possible to follow the trajectory of every identical particle and therefore to dis-
tinguish (enumerate) them. In other words, identical particles totally lose their
individuality. Therefore, the partition function of a quantum system contains no
prefactor: Z = Zn e PEn where summation is over all different quantum states
n with the energy E,.
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is called a configuration integral since integration in (1.44) is over the config-
uration space of dimensionality 3/V. Using Stirling’s formula

N
lnN!=ln1+ln2+...+lnN:/ Inzdz = NIn(N/e), N>1 (1.45)
1

we rewrite the free energy as

F = —kgTInQy + NkgTIn(NA3/e) (1.46)

The first term gives a configurational contribution, whereas the second is the
momentum part. Once F is known, various thermodynamic properties can be
found by straightforward differentiation using the thermodynamic relation-
ship (note that F = E — T'S is an example of the Legendre transformation
discussed in Sect.1.4.1)

dF = —SdT — pdV + pdN (1.47)

where p is the pressure® and u the chemical potential. Recall some results:

® pressure ‘
OF
=—| == 1.4
P (3V) T.N (148)
e entropy
oOF
=—| = 1.4
5=~ (5 @
e chemical potential
oOF
=| = st
v=(5%),.0 (150

For the vast majority of realistic problems calculation of the configuration
integral meets with serious difficulties and .cannot be done exactly due to
interparticle interactions. In the absence of interactions we have ideal gas. In
the absence of external fields its configuration integral is simply Qn ideal =
V¥ and the free energy is

Fideal = NkgT In(pM A3 /e) (1.51)

where p(!) = N/V is the number density. From this expression, using (1.48),
we deduce the pressure

-

Pideal = p(l)kBT (1‘52)

5 We use for the pressure the same notation as for the momentum; this must not
cause confusion, since momenta enter thermodynamics only via the de Broglie
wavelength A.
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This expression is the equation of state of an ideal gas. Separation of the
momentum and configurational part in the Gibbs distribution results in the
configurational probability

dw,(r¥) = Dy () dr;...dry, (1.53)
where
1 .
Dn(EN) = —eAUE) (1.54)
QN

is the configurational Gibbs distribution function with the normalization
/DN(rN)drN =1

The average value of an arbitrary physical quantity that depends only on
particle coordinates, X (r"V), can be obtained by integration over the config-
uration space:

(X(cM)) _ / X(MYDy(xV)deN - (1.55)

To distinguish between different ensembles we denote canonical averages by
means of angular brackets and grand canonical averages, discussed in the
next section, by an overbar).

1.4.1 Legendre transformations

According to the first law of thermodynamics,

dE=TdS —pdV +pdN (1.56)

which means that the internal energy E is a function of its natural vari-
ables N,V,S. Other thermodynamic functions depend on their own natural
variables. What are the relationships between these functions? This knowl-
edge can be useful for analyzing experimental data presented in a form most
appropriate for particular conditions. These relationships can be obtained
using a simple mathematical method called Legendre transformation. Let

f(z1,...,z,) be a natural function of zy,...,z,. Then
df = ;ui dz;, where u; = Ba, (1.57)

The quantity u; is called conjugate to the variable z;. Let us introduce a
function

9=f- Xn: Ui (1.58)

i=r+1
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and take its total differential:

n
dg=df — Y (uidz; + x:duy)

i=r+1
Using (1.57) we have
™ n
dg = Zu, dz; + Z (—x;) du; (1.59)
i=1 i=r+1
Thus, g is a natural function of z,,...,z, and the variables conjugate to
Tp41y: .- ?.'Eni
g=g(T1, . o, TryUpg1,. -, Un)

The function g is called a Legendre transform of f. It replaces a group of
natural arguments of f by their conjugate variables. Let us discuss several
examples. The Helmholtz free energy F(N,V,T) is the Legendre transform of
the internal energy E(N,V, S); it substitutes the conjugate variables S — T.
According to (1.58) the function of natural variables N, V| T is E—TS, which
is just F. Other possible Legendre transforms are

G(N,p,T)=E-TS— (—pV)=E-TS+pV (1.60)
which is the Gibbs energy, and is most useful in studies of phase transitions
(see Sect. 6),

H(N,p,S)=E—(-pV)=E+pV (1.61)
which is the enthalpy, and

2w, V,T) =F —uN (1.62)

which is the grand potential. Their differentials are

dG = -SdT +Vdp+ pndN (1.63)
dH = TdS +Vdp+ pdN (1.64)
d2 = —SdT — pdV — Ndy (1.65)

where N is the average number of particles.

The Legendre transformation allows us to interchange a thermodynamic
variable only with its conjugate. Exchanges between nonconjugate pairs are
prohibited. Thermodynamic quantities 7, E, S, G are extensive quantities,
which implies that they are homogeneous functions of the first order with
respect to the additive (extensive) variables. By definition, a function f is
homogeneous of order [ in variables z1,...,Z, if for all «
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flaxy,...,az,) = f(xy, ..., 2,)

It is straightforward to verify Euler’s theorem for homogeneous functions: if
f is a homogeneous function of order I, then

n A
of
;x;a—ml :lf(ml,,xn) (1.66)
The Gibbs energy depends on only one extensive variable, N, and two inten-
sive variables p and T'; Euler’s theorem combined with (1.63) yields

G =uN (1.67)

Taking the differential dG = pdN + N du and comparing it with (1.63), we
obtain the Gibbs—Duhem equation

SdT —~Vdp+Ndp=0 ' (1.68)

The grand potential depends on only one extensive variable V, and Euler’s
theorem yields

2=—-pv (1.69)

1.5 Grand canonical ensemble

A physical body described by the canonical ensemble does not have a fixed
energy — it can exchange energy with the environment — but it does have
a fixed number of particles. In a number of physical problems one has to
deal with a body which can exchange both energy and particles with the
environment. In this ease the description based on the canonical ensemble
becomes less useful. The grand canonical ensemble describes such an open
subsystem specified by the fixed values of the chemical potential y, volume
V, and temperature T'; the number of particles and the energy are allowed
to fluctuate.

To obtain a corresponding distribution function we take an approach sim-
ilar to that for the canonical distribution; additionally we have to take vari-
ations of N into account. Starting with the microcanonical distribution for
the entire closed system consisting of our body, which contains N particles
and has energy Ey, and the environment (heat bath) with Ny — N particles
and energy Fy — Ey, we obtain according to (1.28)

™) = const - exp [S'(Eo — En, Ny — N)/kg]) (1.70)

but now with the entropy of the environment S’, which depends not only
on the energy E’ but also on the number of particles N’ = Ny — N in it.
By writing the superscript (V) in the notation for the distribution function
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we emphasize that each value of N corresponds to its own phase space, with
dimensionality 2s = 6N.

Expanding the entropy in powers of Ex and N and keeping linear terms
only, we have

o8’

s’
- N
E'=Ejq N’

E' —_
N OFE

S,(EO - ENaNO - N) = SI(EOJNO) -

N’=Ny

Equation (1.56) can be represented as a total differential of the entropy:

_ 1 p K
dS = ZdE+ =dV — = dN (1.71)

Thé temperature and chemical potential are the same for the body and
the environment in equilibrium conditions (see Sect. 6). We identify

as 1 as i

OE|lyy T ON|gy T
For the distribution function we obtain
p) = AePUN=En) (1.72)
To determine A we calculate the entropy from (1.18):

S = —kgln [(27h)*p™] = —kgln [(2nR)°A] - L‘ﬁ B %

which yields
kT In[(2nh)sA] = E — TS — uN

The expression on the right-hand side is the grand potential of the body, 2.
Thus,

A = (27h) ~%eP? (1.73)
while the distribution becomes
pN) = (27h) = 5B AN ¢ PEN (1.74)
where we have introduced the activity
A =ebfr (1.75)

The final step is the normalization condition for p™). Since N can vary,
normalization includes not only integration over the phase space of the N-
particle system, but also summation over all possible IV, i.e.
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> / ™ ar™ dp" (1.76)

N2>0

Substituting (1.74) into (1.76), we obtain

2, V,T) = —kgTIn = (1.77)
where
E=Y Azy (1.78)
N>0

is called the grand partition function. Here Zx is the canonical partition
function for the system of N particles. The grand potential is thus related to
the grand partition function in the same way as the Helmholtz free energy
is related to the canonical partition function. Thermodynamlcs in the grand
ensemble follows from the relationship

2=—-pV=—kgTh= (1.79)

Once {2 is known, one can find various thermodynamic properties using
the expression for its total differential (1.65):

® pressure
of
=— | — 1.80
p ( 8V)T,u (1.80)
e entropy
a0
g = _ [ 1.81
g ( aor ) V,u ( )
e average number of particles
N=- (92) (1.82)
o /)vr

Equation (1.78) means that the probability that the body contains exactly
N particles is

1
Py = =\"Zy, » Pyv=1 (1.83)
= N>0

It is easy to see how to calculate the average of an arbitrary quantity X (r)
in the grand ensemble. First, for arbitrary N the canonical average in the
(N, V,T) ensemble should be found:

(X;N = /X(rN)DN dr™

This then should be averaged over N using the probability distribution Py:
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X =) (X)nPn (1.84)

N>0

Using (1.83) and (1.42) we can express it as:

Z (/\/A?’) /d NX(r e~ BUNFUN ext) (1.85)

N>0 =

Let us use these results to derive some important thermodynamic prop-
erties. For the average number of particles we have

_ MWZy (8=
=2 N=% __(Bln/\)V’T (1.86)

N>0 =

which can be easily checked by differentiation of (1.78). It is not surprising
that the final result coincides with the thermodynamic relationship (1.82).
Using the same technique one can obtain the variation of N with respect to
a change in chemical potential:

Ou

It is worth noting (and we shall make use of it later on) that this variation
gives the mean square fluctuation of the number of particles. Note also that
the choice of a particular statistical ensemble for a given problem is a matter
of mathematical convenience. In most cases the microcanonical distribution
is difficult to use. The canonical and grand canonical distributions prove to
be much more convenient. The latter is especially preferred when the system
under study is inhomogeneous.

kT (8N> or =N2—(N)? (1.87)

1.5.1 Barometric formula

An example of a simple inhomogeneous system for which calculations in the
grand ensemble prove to be most convenient is the ideal gas in an external
field: Uy = 0, Unext = Ef;l Uext(r;). Particles are independent and the
configuration integral can be written in product form:

Z — 1 —-Buexg(!‘) d ol — 1 1 —Euext(r) d v
N=7ENN | © ' Twm|E ) r

The grand partition function then reads:

n

a®™ A
- — =e° with a = — /e‘ﬂ“""‘(’) dr
! ’ 3
o N! A

For the average number of particles we obtain from (1.86)
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— da A
N — — o "ﬁuext(r) d
a(lnX) / it d

On the other hand, by the very definition of the number density, its integral
over the physical volume gives the number of particles:

N = /dr oW (r)

Comparing these two expressions we obtain the Boltzmann barometric for-
mula

pM(r) = poePrexe(r) (1.88)
A

with po = 5 = p(l)(uext = 0). For an ideal gas the density is proportional
to the pressure, so we can write it as

p = poePtex(r) (1.89)

The origin of ueyxs can be quite arbitrary, so the result we have obtained is
of quite general validity. Let us discuss the case when uexy is the gravitational
field. Near the Earth’s surface the potential energy of a molecule with mass
m at height z is Uexy = Mgz, where g = 9.8 x 102 cm/s? is the acceleration
of gravity. If the temperature is considered to be constant (independent of z)
then the pressure at height z will be related to the pressure at the Earth’s
surface pg by

p(2) = poe~m9%/*sT (1.90)

The same formula can be applied to a mixture of ideal gases for the partial
pressure of each species. The higher the molecular weight of a gas, the faster
the exponential decay of its partial pressure with altitude. One can see it by
studying the function

p(l) (z) — o—m9z/knT
Po

for different gases. It is convenient to introduce the molecular weight M of
a species by multiplying the numerator and denominator of the exponent by
Avogadro’s number:
p(l)(z) — e—z/z'
Po
Here
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is a characteristic altitude for density decay, R = kpNa = 8.3 X 107
erg/K/mole is the gas constant. For T = 273 K the characteristic decay
length for oxygen is (see Fig.1.6)

(that is why it is difficult to breath high in the mountains) whereas the same
quantity for hydrogen is more than an order of magnitude larger
. RT

ZH2 = m =~ 115 km

As a result, at large z the atmosphere is enriched in light gases.

H,

0.6

p"ip,

04+

02} 0,

0 ! \" L L 1
0 5 20,10 15 20 25

z (km)

Fig. 1.6. Illustration of the barometric formula. Characteristic decay length for
oxygen is 25, ~ 7.2 km, and for hydrogen 2, ~ 115 km

However, the applicability of the barometric formula to the atmosphere
is rather limited because the latter in fact is not an isothermal system: its
temperature changes (decreases) with altitude. Let us consider predictions
of the barometric formula for the atmosphere at an arbitrary distance from
Earth. The simple expression u.x = mgz must be replaced by the general
form of Newton’s gravitational law:

MEm
r
where Mg = 5.98x 10?7 g is the mass of the Earth , G = 6.67 x 10~% cm?/g/s?

the gravitational constant, and r the distance from the center of the Earth.
Then the gas density becomes

Uext (1) = —G
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p(l) — pooeGMEm/kBT’r‘
where po is the density at infinity (where uexy = 0). From this formula we

can find the relationship between po, and the density at the surface of the
Earth (Rg = 6.37 x 108 cm is its radius):

According to (1.91) the density of the atmosphere infinitely far from Earth
must be finite. This is of course impossible, since the finite amount of gas
cannot be distributed inside the infinitely large volume with a nonvanish-
ing density. We obtained this erroneous result because the atmosphere was
considered to be in thermal equilibrium, which is not true. However, this
result shows that the gravitational field is not able to keep the gas in ther-
mal equilibrium, and the atmosphere should ultimately diffuse into space.
For Earth this process is extremely slow, and during its lifetime Earth has
not lost an appreciable amount of its atmosphere. For the Moon the process
is significantly faster because its gravitational field is many times weaker,
so the Moon now has no atmosphere. One can reach the same conclusions
by recalling the Maxwell distribution, according to which there is always a
nonzero probability that molecules attain velocities higher than the escape
velocity v = /2gRg which is necessary to leave the atmosphere; for Earth
ve = 11.2 km/s.

Finally, we point out that the barometric formula has a spectrum of other
applications, e.g. it describes the sedimentation profile of colloidal particles
dispersed in a solvent contained in a closed domain.






2. Method of correlation functions

In Chap.1 we derived the distribution function for a closed system (micro-
canonical ensemble), which is very rarely used in practical calculations but
is of great fundamental importance, serving as a starting point for derivation
of distribution functions of small (but macroscopic) subsystems correspond-
ing to the canonical and grand canonical ensemble. But the latter are still
difficult (in fact virtually impossible) to calculate for realistic interactions. In
this chapter we study an effective approximate technique that makes it fea-
sible to describe distribution functions of small groups containing n particles
(n=1,2,3,...), the so called n-particle distribution functions and n-particle
correlation functions. With the help of this technique we will be able to con-
struct the route from a statistical mechanical description to thermodynamics.
For most problems the knowledge of just the first two distribution functions
(ie. n = 1 and n = 2) is sufficient; sometimes (albeit rarely) it is neces-
sary to also know the ternary (n = 3) distribution function. In Chap. 8 we
present an efficient approximate technique to derive n-particle distribution
functions. Here we introduce definitions and obtain some important gen-
eral results. Since the momentum and configurational parts of the partition
function are separable, we focus on distribution functions in configuration
space (the momentum part is given by the Maxwell distribution). We present
derivations in the canonical ensemble; similar results can be obtained for the
grand ensemble.

2.1 n-particle distribution function

The configurational probability resulting from the Gibbs distribution

dw,(tV) = Dy(x¥)dry..dry, Dn(rV) = QLN eBUEN)  (91)

describes the distribution of all particles of the body in configuration space.
Let us select a group of n particles out of N (n can be any integer between 1
and N), denoting their positions by ry,...,r,. By integrating dw,(r") over
the positions of the remaining N — n particles we find the probability for
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the particles 1,...,n to be near ry,...,r, irrespective of positions of the
remaining particles:

dw{™ (r") = dr, ...dr, [/ Dn(r™)drpy: .. -dl‘N]

The function dw(™ (r"™) describes the probability of finding “labeled” par-
ticles. If we are interested in the presence of one particle, regardless of its
label at position ry (there are N such particles to choose from), another at
ro (there are N — 1 such particles), and so on up to n, then this probability,
denoted by

P () dr
will be N(N —1)--- (N —n+ 1) times the value of dw™:
P (™) dr™ = N(N —1)...(N — n + 1)dw(™
Using (2.1) we obtain

N!

p™ (") = m/DN(l‘N) dry4...dey (2.2)

A function p{™ (r™) is called an n-particle distribution function. Its nor-
malization condition is

/p(")(r“)dr” = (‘]V{V—‘T)' (2.3)

It is important to point out that there is an implicit dependence of p(™
on density and temperature. One can say that p(® are generalized densities

with dimensionalities of V™. A singlet (one-particle) distribution function
represents the number density. From (2.3)

/p(l)(r) dr=N (2.4)
(for a homogeneous system p(!) is simply N/V). For n = N we obtain
p"N) = Dy N!

where N! is the number of ways to label N particles.

2.2 Calculation of thermal averages

A knowledge of p(™) permits the calculation of average values of quantities of
the type
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Xp(r1,...,rN) = > Fi,..ory) (2.5)

1<i1 <ig<...<in <N

(where the summation is over all ordered permutations of n particles) without
reverting to the Gibbs distribution. We have

G = X Uem ) = s ()

1<i1 <. <in <N

Using the averaging procedure we can rewrite this as

(-X‘n> N n /f ry...,r DNdI'] .dr N
Integration over particles n+1,n +2,..., N and using (2.2), we obtain
1 ny (1) (7 n .
Xn) = — [ FO")p™ (") dr (2:6)

This result will be referred to as the theorem of averaging. Many of the most
important quantities in statistical physics are additive functions of a single
particle coordinate, X1, or functions of the coordinates of two particles, X».
The total external field energy

UN ext E Uext (rz

is an example of X;. The total energy of pairwise interactions

Un(rN) = Z u(ri, ;)

1<i<j<N

is an example of X5. For n = 1 and n = 2 the theorem of averaging reduces
to

(X1) = / F(@)p(x) dr (2.7)

<X2 /f(rl, 1'2 p( (1'1, 1‘2) d!'l dl‘2 (28)

2.3 n-particle correlation function

A useful quantity in statistical mechanics (especially for homogeneous sys-
tems) is the n-particle correlation function defined by
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ny A"
9n(r") = o (r) - pD(rn) (2.9)

gr, are dimensionless functions that remain finite when V' — oo. For all n,
they are symmetric functions of their arguments, e.g. ga(r1,r2) = g2(ra,r1).
Obviously that g; = 1; for noninteracting particles this identity holds for
all n. The implicit dependence of g, on density and temperature is very
important, especially for liquids and solids.

For homogeneous systems the relationship between p(®) and g, becomes
particularly simple:

P (™) = pPga(r”) (2.10)

where p = p{U) = N/V. A pair correlation function, usually denoted simply
as g, depends in this case only on the separation between molecules (and not
on the positions themselves):

g(r1,r2) = g(Ir1 — ra|) = g(r12)

An important observation is that

pg(r) = average density of particles at r, (2.11)
given that a tagged particle is at the origin

Let us illustrate these properties. A typical behavior of g(r) is shown in
Fig. 2.1. It demonstrates essential structural differences between the gaseous,
liquid, and solid states.

An ideal gas has no structure, since the pair potential is zero everywhere;
this implies g(r) = 1. For a dilute gas g(r) has one peak at r,, corresponding
to the minimum of the pair potential. Well beyond r,,, the likelihood of
finding another molecule is no greater than that given by the bulk density p.
Thus, in a real gas there exists a shell of nearest neighbors.

The liquid state corresponds to the intermediate situation between the
crystalline solid and the gas. Liquid possesses short-range order which means
that g(r) has several peaks, indicating the presence of first-, second-, and
probably third neighbor shells, but for large separations g(r) — 1. In speaking
of a fluid, one is dealing with a relative arrangements of atoms and molecules,
rather than absolute arrangements like those found in solids. Typical liquid
densities (far from the critical point) are po3 ~ 1, where ¢ is a molecular
diameter. Since a liquid is dense, there is a high probability that a first-
neighbor shell is located at r ~ o (see Fig.2.2). A second shell is located
around r = 20. This short-range order derives from the corpuscular nature
of the liquid. Due to excluded volume effects in the regions between consec-
utive neighbor shells, the presence of molecules there is unlikely (e.g. around
r = 3/20), so g(r) there is less than unity. Oscillations in g(r) persist until
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a) b)
a(r) a(n)

ideal gas dilute gas

g(r)  liquid C) <g(r)> solid d)

-

] P
a

Fig. 2.1. Pair correlation function for various systems (qualitative behavior): (a),
ideal gas, (b) dilute gas, (c), liquid, (d), solid (angle-averaged g(r))

r exceeds the so-called correlation length which in a dense liquid is about
several molecular diameters. In a dilute gas the correlation length is just
the range of the potential (r,,), and there is no layering. It is important to
stress that although interaction potentials in dilute gases and liquids can be
the same, their correlation functions appear to be significantly different. The
reason for this is the density dependence of g.

In a crystalline solid, molecules are oscillating in the vicinity of the lattice
sites and large-scale translational motion is very rare; the density has sharp
(Gaussian-like) peaks at the lattice sites and is almost zero for other values of
7. A solid is thus an inhomogeneous, anisotropic system characterized by long-
range order. Therefore the correlation function of a solid is long-ranged. In
view of this anisotropy one can speak of the angle-averaged g, which is shown
in Fig. 2.1d. In a solid, ordering occurs in shells (contrary to the situation in
fluids), which makes it possible to place neighboring particles closer to the
tagged one (situated in the origin). For a 3-dimensional face-centered cubic
(fec) or body-centered cubic (bec) solid at low temperatures the second peak
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First neighbor shell

Second neighbor shell

Fig. 2.2. Structure of a simple liquid

isatr = ﬁa, and the third at r = v/3¢. The number of neighboring particles
situated within a distance r of the origin is

n(r) = 4np /OT r?g(r)dr (2.12)

Thus, the number of molecules inside the first neighbor shell for a dense liquid
or solid (with po® ~ 1) is

ny ~ 12 (2.13)

We see that the molecular structure is in many respects determined by the
function g(r;p,T). It therefore appears that the pair correlation function
plays an exceptionally important role. It is convenient to introduce a total
pair correlation function h(ry,ra):

@ (ry, ) — p(ry)p(rs
h(r1,re) = 2 p(f_)l)p(’;(z)l)p( ) grnra) -1 (2.14)

which tends to zero when the particle separation tends to infinity, i.e. when
particles become uncorrelated.

2.4 The structure factor

Experimentally the fluid structure can be determined by means of X-ray or
neutron scattering. X-rays are scattered mainly by electrons; the scattering
intensity on a nucleus is me/Mpuc times less than that on an electron (m,
and My, are the masses of the electron and nucleus, respectively). Thus, in
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order to calculate the scattering intensity one has to know the electron density
distribution in an atom of the given substance. The Fourier transform of this
quantity is called the atomic form factor f,. The intensity of X rays scattered
at an angle 6 is given by [99]

I(k) = N|fo(k)[*S (k) (2.15)

Here N is the number of atoms and the k is the difference between the wave
vectors of the scattered and incident beams (see Fig. 2.3):

k= kscatt - kincid

Since scattering of photons is almost elastic |kgcatt| = |Kincid| and k is related
to the incident wave length Ainciq and the scattering angle as

Sample

. ro—
Incident wave K,y

.
>

i

kscat - kincid

Fig. 2.3. X-ray scattering

47 sin(6/2)
)\incid
The quantity S(k) in (2.15) is called the static structure factor, and is a

Fourier transform of the total correlation function:

k=Ik = , (2.16)

Sk)y=1 +p/ h(r)e " dr (2.17)

Neutrons, in view of their large mass, are scattered mainly by nuclei, so in-
formation about correlations of nuclei can be obtained in a more natural way
by means of neutron scattering, for which proportionality of the scattering
intensity to the structure factor I(k) ~ S(k) also holds. Thus, by measuring
the scattering intensity one can experimentally find h(r) by taking the inverse
Fourier transform of S(k). The structure factor therefore represents a direct
link between theory and experiment.
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Keeping Aincid constant, one can study S(k) for small k& by varying the
scattering angle. This domain is particularly interesting, since the value of
S(k) as k — 0 is closely related to the phase behavior of the system; experi-
mentally it can be obtained by using small-angle scattering,! for which (2.16)
reads

27

incid
In the limit £ — O (which is also called the long wave-length limit, referring
to the wave length A = 27 /k) we have

ko~ 0~ kinciad,  0/2 <1 (2.18)

S(0)=1+ p/ h(r)dr (2.19)
For a homogeneous system h{r) = h(r). Rewriting (2.17) in spherical coordi-

nates we obtain

sin(kr)
kr

Sk)=1 +47rp/Oo drr2h(r) (2.20)
0

Finally, we present several numerical estimates for S(0):

e for an ideal gas h(r) = 0 and therefore 5(0)igeal = 1
e for argon at its triple point S(0) =~ 0.06 [23]
o for liquid metals near the melting point, $(0) is between 0.01 and 0.03 [23].

! This technique is called SAXS (small angle X-ray scattering) in the case of X
rays and SANS in the case of neutron scattering.
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Having introduced the necessary statistical technique, we are now in a posi-
tion to establish routes from statistical mechanics to thermodynamics, i.e. to
observable macroscopic properties. There are three such routes, provided by

e energy
e pressure (virial)
e compressibility

equations of state. This brings us to a problem of thermodynamic consistency.
As we will see later, all these equations require a knowledge of correlation
functions. Since exact correlation functions for realistic potentials are not
known and one has to use approximate models for them, an arbitrary ther-
modynamic property calculated on the basis of one equation of state will not
in general be the same if calculated on the basis of another one. For example,
the pressure calculated from the virial equation will differ from the pressure
found by means of the compressibility equation.

3.1 Energy equation
The macroscopic total energy can be obtained by averaging the Hamiltonian

E= <K> + <UN(I'1, ..‘,I'N)> + (UN7ext(r1, ...,I'N»

A simple way to derive the momentum part (K) without performing any
calculations is to recall that each degree of freedom contributes kg7’/2 to the
kinetic energy, so

(K) = S NksT (3.1)

Assuming the interaction energy to be pairwise additive and translationally
invariant

U&= Z u(r;,r;) = Z u(riz) (3.2)

I<i<j<N 1<i<j<N
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we use the theorem of averaging to obtain

1
E= gNkBT +5 /u(rul‘z)P(z)(l‘l,l‘z) dr; dry + /uext(F)P(l)(r) dr (3.3)

The second term is the average interaction energy, and the third the contri-
bution of the external field. For a system in the absence of external fields
Uext = 0. Then

pV(r)=p= 7 pP(r1,r2) = p?g(r12)

Since Uy is translationally invariant we can transform to new coordinates by
moving the origin from 0 to rq, i.e. ¥{ =ry, r5 = ri3 = ry — r; which yields
the final result

3 (o o]
E=N [EkBT + 27rp/ u(r12)g(r12; p, T)riy dria (3.4)
0

It is important to bear in mind that there is not only an explicit depen-
dence of energy on temperature and density, but also an implicit dependence
on p and T contained in the pair correlation function. Knowing E(N, p, T)
one can calculate other thermodynamic functions by means of standard ther-
modynamic relationships. We will see that some of these functions can be
calculated directly from u(r) and g(r) without reference to the internal en-

ergy.

3.2 Pressure (virial) equation

We now discuss how the pressure in the bulk system can be calculated directly
from an assumed intermolecular potential and a pair correlation function.
We again assume that Uy is pairwise additive and the system is uniform,
hence p() = p, g(ri,rs) = g(ry2). The thermodynamic relationship p =
—(0F/dV)n 1 can be expressed in terms of the configuration integral

ﬁ‘

(4.46) _ ksT (0Qn
p= On (‘5‘7—) (3.5)

In order to perform the differentiation with respect to volume in the config-
uration integral we use Green’s transformation of particle coordinates:

r;=Lr:, L=VY% i=1,...,N (3.6)

The dimensionless coordinates r} belong to the unit cube:

V=L3/dr* —»/dr*=1
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In changing L we change the volume of the system. Thus,

kBT 00N 1
T QN ( )w,Tm 37

and Qn (L) becomes

Qn(L) = L3N/exp[—ﬁUN(LrI,...,erv)]dr

Differentiation with respect to L gives

1 80N 3N BUN [ e=PUN NM3_1\1_ aUN>
ek T o G S e

In the second term one recognizes the average of a pairwise additive function

OUn(Lry,...,Lry) du rij

oL i L

Using the theorem of averaging (2.8), (%) can be expressed

11 [ du 1 N2 oo
z§/ . 120 (r12) dry dry = 5727(/ W (r12)g(r12)ry dria (3.9)

Substitution of (3.8)—(3.9) into Eq. (3.7) gives the final result:

oo
p= pkpT — %ﬂpz /O ' (r12)g(r12; p, T)r3y dria (3.10)

The first term is the ideal gas contribution (cf. (1.52)), whereas the second
is due to intermolecular interactions. The latter expression is also known as
the virial equation of state since it can be derived from the mechanical virial
theorem of Clausius (the product ru’(r) is called the virial of the potential u).
Note that (3.10) is an exact expression and not a truncated series in powers of
the density: there is an implicit dependence of g on p. Later we shall discuss
an expansion in p ( virial expansion), that holds for dilute systems (e.g. rare
gas) and not for systems (such as liquids and solids) where the density is not
a small parameter.

3.3 Compressibility equation

This equation relates the isothermal compressibility
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1 6p)
r=—\| = 3.11
X p (313 TV ( )

to the total correlation function h(ri,rq). Since the derivative of p is taken
at fixed volume, this means that we study a system in which the number of
particles can vary. Hence, the most natural approach is to perform derivations

in the grand ensemble. Using the thermodynamic relationship 2 = —pV we
have
_ (@)
&) v (&)= G) ™
0 “v\o o an
i w8,
Equations (1.82) and (1.87) yield
V N2_-(N)?
= —7 12

Thus, x, is proportional to the mean-square fluctuation of the number
of particles in the system. For a uniform system (Ugy = 0) the singlet distri-
bution function p{) = p is independent of r. Rewriting the definition of the
total correlation function, we have

p*h(r1,12) = pP(r12) — p?
Integration over drq dry results in
pZV/h('rlg) dris = /p(z)(rlz)drl dry — (N)?

The integral on the right-hand side represents normalization of the pair dis-
tribution function, which according to (2.3) is equal to N(N — 1) = N2—N.
Then using (3.12) we have

02V/h(7“12)dl‘12 = [Ni'— (N)Z} - N = (7/)2 kBTXT - N

Dividing both sides by N, we obtain the compressibility equation:

ksTpx, =1+ p/ h(ri2)drip (3.13)

Note that this result is independent of any special assumptions about the
interaction energy Uy, such as pairwise additivity; recall that derivation of
the pressure equation and the energy equation was based on the assumption
of pairwise additivity. From the compressibility equation and (2.17) it follows
that x, can be related to the static structure factor in the long-wavelength
limit:

5(0)

T (3.14)

Xr =
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3.4 Thermodynamic consistency

At the beginning of this chapter we briefly mentioned a problem of thermo-
dynamic consistency. Let us demonstrate it in an explicit way by calculating
the pressure from the compressibility equation and comparing with. the virial
equation. Using (3.13) and the definition of the isothermal compressibility,
we find

! (3.15)

. ﬁ 0
(Pl = kBT/Q @ [1 +p Jy, drig(r; p, T)— 1}

where the subscript C indicates that the pressure was obtained by means of
the compressibility route. The virial equation for the same quantity gives

2r * du(r

(p)p = pkpT — ?pzl -——a—(—l g(r; p, T)r dr (3.16)
0 T

where the subscript p indicates that the pressure was obtained by means of

the pressure route. For an ideal gas (u(r) = 0) the pair correlation function

is known exactly, g(r; p, T) = 1, and the two equations are consistent:

(p)c = (p)p = pPksT

However, for an arbitrary interaction potential the exact form of g(r) is un-
known. Use of approximations for g(r) can lead to different values for p:
(p)c # (p)p resulting in a loss of thermodynamic consistency.

3.5 Hard spheres

A hard-sphere system is characterized by a purely repulsive pairwise potential
ug(r):

400 forr <d
ua(r) = {0 forr > d (3.17)

where d is called the hard-sphere diameter (see Fig. 3.1); quantities with the
subscript d will refer to the hard-sphere system. This model system plays, as
we shall see later, an exceptionally important role in the perturbation theory
of liquids, similar to the role of the ideal gas in the theory of imperfect gases
or the harmonic crystal in solid-state physics.

Furthermore, this is the simplest colloidal system that can be realized in
the laboratory (see also the discussion in Chap. 14). Silica particles with diam-
eter d ~ 10-100 nm, stabilized against aggregation with a thin organophilic
layer and dispersed in a nonpolar solvent (e.g. cyclohexane) with a refractive
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index close to that of the particles, provides an example of a model hard-
sphere colloid [145], [75]. Matching of refractive indexes enables the suppres-
sion of electrostatic and dispersion forces between particles [128]. The only
(effective) interparticle interaction left is repulsion, which is approximately
of the hard-sphere type.

From (3.17) it follows that e~?%4(") is a unit step function of (r — d): it
is zero at 7 < d and unity at r > d. Therefore its derivative is the Dirac
é-function:

ug(r)

0 d r
Fig. 3.1. Hard-sphere interaction potential; d is the hard sphere diameter

C%_ [e=Pue®] = 5(r — a)

Differentiating the left-hand side, we have

d“;:r) = —kgTeP (M g(r — d) (3.18)
Using this result, we derive from (3.10) the virial equation for hard spheres:
p 2n 3
—— =14+ —pd d=1+4 d 3.19
kel 1T 3P ya(d) = 1+ 4¢aya(d) (3.19)
where
s

ba= = dp (3.20)

is the volume fraction and
ya(r) = gq(r)ePue™ (3.21)

is called the cavity function of hard spheres (since it describes the distribution
of cavities in a hard-sphere fluid). The cavity function can be defined similarly
in the general case:
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y(r) = g(r)e’") (3.22)

It is important to note that the cavity function is continuous even if the
correlation function is not (as in the case of hard spheres). This can easily
be shown by recalling the definition of the pair correlation function:

o) _ V2

e = NZN(N—l)/DNdrg,...drN

9(ri2) =

where Dy is the Gibbs distribution. For large N this gives

—Bu(riz)
g(TIQ) = VzeQ— /dr3 ...dry H e—Bu(Tij)
N (.0)A(1,2)

A possible discontinuity of g is due to e #%("2), In the cavity function
this factor disappears:

V2
y= On drz...dry H e Pulri)
(4:.5)#(1,2)

Because of the integration, all possible discontinuities in the Boltzmann fac-
tors in the integrand are smoothed and therefore y remains continuous and
positive. We also note that y depends implicitly on density (for dilute systems
y(r) = 1).

Thus, the pressure equation for hard spheres is determined solely by the
value of the cavity function at contact.! Once yq(d; ¢) is known one can obtain
the full thermodynamic description of a hard-sphere system by integrating
the virial equation. Several approximate models for y4(d) have been proposed.
Here we recall one of them — the Carnahan-Starling model — which is widely
used in the theory of liquids (other approximations are discussed in Chap. 8).
On the basis of empirical considerations Carnahan and Starling [20] proposed
an approximation:

4-2¢y
4(1 — ¢q)3

Substitution of (3.23) into (3.19) results in the Carnahan-Starling equation
of state:

ya(d) = (3.23)

pksT (1 —¢a)?
The pressure of a hard-sphere system is a monotonically increasing func-
tion of a volume fraction tending to infinity when the latter tends to unity.

! Equation (3.19) is often written with ga(d) instead of ya(d). Strictly speakmg it
must then be gd(d+) = limy—dq+0 gd('r)
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Nevertheless one should bear in mind that the singularity at ¢4 = 1 cannot
be achieved because ¢4 cannot exceed the close packing value

berp. = TV2/6 = 0.7405

We may recall other useful thermodynamic consequences resulting from
the Carnahan-Starling theory. Integration of (3.24) over the volume yields
the Helmholtz free energy:

Fa pA3 Apy — 342
g =123 (3.25)

(1 - ¢a)?
The chemical potential is

Md 3y , 86d — 993 + 347

T (M
The Carnahan-Starling model accurately describes the hard-sphere fluid up
to crystalline densities, although it does not predict a transition from a
disordered fluid for ¢4 < 0.495 to an ordered face-centered-cubic solid for
0.545 < ¢4 < 0.74. This transition, which is of purely entropic origin, be-
cause all of the energies are either zero or infinite, was found in a number
of Monte Carlo and molecular dynamics simulations (for a review see [47],
Chap. 9). Piazza et al. [111] performed direct experimental measurements of
the hard-sphere equation of state over the wide density range, which for the
first time unambiguously demonstrated the possibility of the crystallization
transition.

(3.26)

3.6 Virial expansion

The virial expansion is the expansion of pressure in powers of the density:

P _ — !
E;f = ;ﬁl(T)P (3.27)

It takes into account deviations from nonideality due to interparticle interac-
tions; B(T), | =1,2,... are called virial coeflicients. It is clear that §; = 1.
Although (3.27) does not provide the basis for a satisfactory theory of dense
systems, this expansion is useful for imperfect gases at low densities.

The virial coefficients can be calculated for some model or real potentials
and can be regarded as another source of quasi-experimental data similar to
computer simulations. First, let us recall some basic facts from the theory of
power series. The formal expression for a power series is

Y adt = f(2) (3.28)
=0
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where z is a complex variable and the a; are complex coefficients. At some
values of z the series (3.28) can diverge; divergence of the series at some
z = z1 corresponds to a singularity of the function f(z) at the point 2;. One
can speak of a radius of convergence of the power series defined by

s -1/
ro = ll_l}r& |ag| 7Y/ (3.29)

On the circle |z| = ro there must be at least one singular point. zg of the
function f(z), and no other singularities in the complex plane can lie closer
to the origin.

The grand partition function can be written as a power series in fugacity,
defined as

A
2= T (3.30)
Using (1.42) we have:
1
E=> —N—'zNQN =1+ f(2) (3.31)
N>0 "
where
1o~
N=1

2V + %z / e~Puz dr; dry + %f / e AUr1r2rs) qry drodrs + ... (3.32)

Taking the logarithm of (3.31) and expanding it formally in powers of f, we
obtain

InZ = f(z) - %[f(z)]z +.. (3.33)

Each term on the right-hand side represents a power series in z; collecting
terms with equal powers of z, we rewrite (3. 33)

5=VZJl !

The first two coefficients are

h=1 J= / (e"ﬂ“(’") - 1) dr (3.34)

Thermodynamics in the grand ensemble follows from the relationship

pV =ksTn =
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from which we obtain the expansion of the pressure in powers of z:

p o
= bl 3.3
RT =22 117 (3:35)
Note, that this must be regarded as a formal power series (see (3.28)) whose

radius of convergence must be discussed as a separate problem. A similar
expansion can be written for the number density using (1.86):

N o0
= }; (z— 1), (3.36)

To derive the virial coefficients we substitute the series (3.36) for p in
(3.27) and compare it with the series (3.35) for the pressure:

k
Zﬂzl—Z@c [Z n ),z“] (3.37)

=1

III

Equating coeflicients of equal powers of z on both sides gives the desired J.
Specifically, for [ =1 and 2:

e [ = 1. Contribution to the term 2! comes from the only combination of

powers on the right-hand side of (3.37): n = 1, k = 1. We have J; =
BJ1 = By =1, as expected.

e [ = 2. Contribution to the term z° comes from n and k satisfying nk = 2.
The latter is provided by two terms: n =2, k=1land n=1, k =2. We
the have 1 3J2 = B1J2 + B2J7, which yields (recalling that J, = 8 = 1)
Be = —-Jz

The second virial coefficient, usually denoted by B, is

2

B(T) = % / (1 Ae_ﬁ“(’”)) dr (3.38)

At low temperatures the attractive part of the potential (if any!) dom-
inates the integrand and B(T') is negative; at high temperatures B(T) is
positive due to the excluded volume effect. The second virial coefficient for
the Lennard—Jones fluid is shown in Fig. 3.2. The temperature at which B(T)
passes zero is called the Boyle temperature Tg. For the Lennard-Jones po-
tential kgTg/e ~ 3.45, while the critical temperature kpT./e =~ 1.3 [47].
Thus, for the Lennard-Jones fluid T > T.. For a hard-sphere fluid the sec-
ond virial coefficient does not depend on temperature and can be calculated
straightforwardly to give
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10 f

15 . —
0ot 2 to 4 6

t=kg T/

Fig. 3.2. Second virial coefficient B/o® for the Lennard-Jones fluid vs. dimen-
sionless temperature ¢t = kgT/e. The critical temperature ¢, =~ 1.3, the Boyle
temperature tg ~ 3.45

which is four times the volume of a sphere. For long:-range potentials, in
particular for the Coulomb interaction us ~ 1/r, the second virial coefficient
is not defined because the integral in (3.38) diverges.
Finally, we note two other useful forms of the virial expansion. The com-
pressibility factor as a series in powers of pressure reads [100]
P B C-B?,

=14 —pt— .
pro Bk e e oL (3.39)

If we rewrite it as

p
(C—B2%) o

pkBT = B
1+ 7P+ G P

and use the expansion (1+z)~' =1—z +z*+..., we obtain for the density
in powers of the pressure:
D 2B? - C
= - Sp° + -
keT  (ksT) (ksT)

p (3.40)

3.7 Law of corresponding states

Let us assume that an interaction potential has the two-parameter form (e.g.,
Lennard-Jones potential (1.27)):

u(r) = €@ (g) (3.41)
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where € is a depth of the interaction and o the molecular size. One can assume
that (3.41) is sufficiently accurate for real atoms and molecules regardless of
the choice of the exact form &(z). We then transform coordinates: r; =
or}, i=1,...,N. Then the total potential energy becomes

Un =eUn(r), ..., ry)

where U}, is a dimensionless function. The configuration integral can be writ-
ten

keT V
QNzas,N/ / exp [___LU]/V(r,N)] dar’” = o3 fy (_15_’_3)
vier  Jv/e ksT e o
(3.42)
where fy is a dimensionless “universal” function for a given type of interac-

tion potential. This equation is a manifestation of the law of corresponding
states. Using the standard thermodynamic relationships, we obtain:

e (BT V
P =3 e o3

kgT V
E = 61/) (—B—, —3)
€ o
Introducing the dimensionless quantities
3 E ksT |4
=2 p_Z 5 Vi =5
€ € € o

one can express thermodynamic relationships in a universal form:
p* :p*(T*,V*); E* =E*(T*,V*)

This means that for all substances with interaction potentials of the type
(3.41), the behavior of dimensionless thermodynamic functions must be iden-
tical.



4. Liquid—vapor interface

4.1 Thermodynamics of the interface

In the previous chapters we studied the bulk properties of fluids. Now we
shall discuss the interface properties of a two-phase system consisting of a
liquid and its saturated vapor at temperature T. The two-phase equilibrium
is characterized by equality of temperature, pressure, and chernical potentials
in both bulk phases (see Chap. 6). The density, however, is not constant but
varies continuously along the interface between two bulk equilibrium values
p%(T) and p'(T). Superscripts “v” and “I” refer to the vapor and liquid phase.
Local fluctuations of density take place even in homogeneous fluid, where,
however, they are small and short-ranged and therefore can be neglected. In
the two-phase system these fluctuations are macroscopic: at low temperatures
p¥ and p' can differ by 3—4 orders of magnitude.

Density variations give rise to an extra contribution to thermodynamic
functions. In the presence of an interface the Helmholtz and Gibbs free ener-
gies and the grand potential of the two-phase system are modified to include
the work v dA which has to be imposed by external forces in order to change
the interface area A by dA:

dF = —pdV — SdT + ydA + pdN (4.1)

dG = Vdp— SdT +~ydA+ pdN (4.2)
d2 = —pdV — SdT + ydA — Ndu (4.3)

(in the last expression N is the mean number of particles in the system). The
coefficient +y is the surface tension; its thermodynamic definition follows from
the above expressions:

y = (gg)N’VvT (4.4)
e (g—%) WV T (16)
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Let us discuss a two-phase system contained in a volume V with a planar
interface between vapor and liquid with area A. Inhomogeneity is along the
z direction; z — +00 corresponds to bulk vapor, and z — —oo to bulk liquid
(see Fig.4.1).

\' P
z, zf
vapor
por | | .
0 %\\\
L y |
liquid p
'L1/2 >

L X

Fig. 4.1. Schematic representation of the vapor-liquid system contained in volume
V = L%L,. Inhomogeneity is along the z axis

Following Gibbs we introduce a so called dividing surface, a mathematical
surface (of zero width) which establishes a boundary between bulk phases as
shown in Fig. 4.2. Although its position is arbitrary, it is convenient to locate
it somewhere in the transition zone. Once the position of a dividing surface
is chosen, the volumes of the two phases are fixed, and satisfy

V4 V=V

The idea of Gibbs was that any extensive thermodynamic quantity M (the
number of particles, energy, entropy, etc.) can be written as a sum of bulk
contributions M¥ and M' and an excess contribution M?* that is assigned
to the chosen dividing surface:

M= MY+ M M® (4.7)

Equation (4.7) is in fact a definition of MS; its value depends on the location
of the dividing surface, and so do the values of MY and M' (as opposed
to M). Thus, excess quantities are assumed to be located on the dividing
surface. Since its location is totally arbitrary, the excess quantities can be
either positive or negative. Several important examples are

N = NY 4+ N!' + N®
S =8"+8+48
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bulk vapor Al
o
M
1 dividing surface
bulk liquid \
Ml

Fig. 4.2. Gibbs dividing surface

D=+ +
F=F+F+r
V=v'+V
(by definition V'* is always zero).
One special case that will be useful for future discussions is an equimolar

surface defined through the requirement that N® = 0, where N* is the excess
number of particles. The surface density of this quantity

NS
I'=— 4.
A @8)

is called adsorption. Thus, equimolar surface corresponds to zero adsorption.
Integration of (4.3) using the Gibbs-Duhem equation

SdT —Vdp+Ndu=0

results in the appearance of an extra term A in the grand potential of the
two-phase system:

2=-pV +~A (4.9)
whereas in each of the bulk phases
@ =—pv, 0'=-—pV (4.10)
Here we explicitly used the equality of pressures in the coexisting phases.
Thus,
2 =~A (4.11)

irrespective of the choice of the dividing surface. Integration of (4.1) combined
with the Gibbs~-Duhem equation (or using Legendre transformation) give
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F=—-pV+~vA+uN (4.12)
implying that the surface part of the Helmholtz free energy is

F* = vA + uN® (4.13)

It becomes equal to vA only in the case of equimolar surface.! A thermo-
dynamic route to the surface tension given by (4.9) is used in modern density
functional theories of fluids discussed in Chap. 9. By definition

B=0-0" -

Differentiating this expression using (4.3) for df2 and (1.65) for each of the
bulk phases yields

df = -5°dT +~vdA - N°du
On the other hand, from (4.11) we have
d® =~vydA+ Ady
Comparison of these two equalities leads to the Gibbs adsorption equation

Ady+S5°dT + N°dp =0 (4.14)

which describes the change of the surface tension resulting from the changes
in T and p. An important consequence is the expression for adsorption:

r=- (g—DT (4.15)

4.2 Statistical mechanical calculation of surface tension

A statistical mechanical derivation of the surface tension for a planar liquid-
vapor interface can be obtained from the definition of ~ in the canonical

ensemble (4.4):
ksT (6QN)
=—— = 4.16
QN A N,V,T ( )

We assume that the interaction energy is pairwise additive and the inter-
molecular potential v is spherically symmetric. Let us write the volume of
the two-phase system as

! Note that for a mixture it is not possible to choose a dividing surface in such
a way that adsorption of all the components on it vanishes [125]. Preferential
adsorption of one of the components can lead to surface enrichment.
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V=1%L,
where
I2=A

is the cross section in the zy plane and L, is the length in the z direction
along which the system is inhomogeneous (see Fig.4.1). Note that for the
calculations to be presented we do not need to introduce the Gibbs surface?;
in other words its location is irrelevant for the value of y. As A varies, both
L and L4 change in such a way that the volume V remains constant. In order
to calculate Q@ /0A we use Green’s transformation (cf. Sect. 3.2):

z; = Lz}, yi = Ly}, z; = L12] (4.17)
Primed coordinates belong to unit intervals, 0 < zf, ¥} <1, —1/2 < 2] < 1/2,
which remain unchanged when the surface area is changed. Then

Qn = Qn(L(A),L1(4)) = VN/exp[AﬂUN(Lx'l,Lyi,le{, oy Ly zZi)] AN

Now the dependence on A is contained only in the integrand in which
it enters Uy via L(A) and L,(A). Differentiation with respect to A and
substitution into (4.16) yields

e_ﬂUN BUN IN

_yN
=V Qv 04
Returning to the original coordinates, we have:
e PUNN OUN N oUn
7= / (_QN—) B4 & < 54 > (4.18)

where we recognize a canonical average of the pairwise-additive quantity %‘ﬁl.
Using (2.8) it can be written as

_ 6”12 (2)
=3 ) 94’

(r1,r2)dr; dry

where p(?) describes pair correlations over the entire two-phase region includ-
Ing the transition zone. Taking into account that inhomogeneity is along the
z direction, which implies dr; dro = Adz; dris, we can rewrite this as

1 [t Ouq
Y= ‘2‘/ dzl/drle ;AZ (2)(21,1‘12) (4.19)

Calculating 8“ Green’s transformation

/ s /
z12 = Lz, Y2 = Ly, 212 = Lz,

2 . .
This concept becomes necessary for curved interfaces.
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yields
(9U12 Bulz , 8L 811,12 , oL 6”12 , 3L1

0A ~ 0213 1294 T 0y V204 T 921, 2 54

Simple algebra gives

811.12 1 6u12 ( 2%2)
AT = o222 (1 3212
0A 2 12 37'12 7‘%2

Substituting this expression into (4.19) we obtain

1 fhee 2\ . @) o)
= Z / dz1 /drlz 12 1- 3’!‘—2- u (T‘lz)p (1'1,1‘2; p ) (420)
—o0 12

This result, known as the Kirkwood—Buff formula, was originally derived from
the microscopic pressure tensor p by Kirkwood and Buff in 1949.3

Application of (4.20) for the calculation of surface tension requires a
knowledge of singlet and pair distribution functions p(*) and p(®. In Chap. 8
we discuss integral equation theories describing their behavior. As we shall
see, even for the bulk homogeneous phases this is not a simple task and one
has to invoke several approximations. Unfortunately, no practicable and ex-
act routes exist to determine distribution functions in the interface domain
of a two-phase system from a knowledge of u(r) only.

Serious progress in the statistical theory of fluids during the last two
decades was achieved due to implementation of the perturbation theory (dis-
cussed in Chap. 5). Its application to the problem of surface tension is pre-
sented in Sect. 5.6. A more refined approach, pioneered by Evans [38], is based
on the ideas of the density functional theory (see Chap.9). One can deduce
7 from computer simulations (Monte Carlo or molecular dynamics). To do
so the Kirkwood—Buff equation is written

'y=—1* l/dr dry p® 1—32—%2 u'(ri2)r
2412 14drz p T%z 12)712

Recalling the theorem of averaging, we recognize in curly brackets the thermal
average of the pairwise additive quantity

X’Y = Z [(1 - 3 ) UI(’I‘ij)T‘ij:|
i<y U

7= 5 (Xy) (421)

The average (X.) can be accumulated during simulation runs.

Thus,

3 As found by Schofield and Henderson [129], the form of P is not unique, that is
why the derivation presented here is more general.
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4.2.1 Fowler approximation

Here we discuss a considerable simplification of the Kirkwood-Buff equation
that is appropriate if the temperature is not close to the critical point. In
view of the large difference in density between the liquid and its saturated
vapor, it is feasible to shrink the physical transition zone to a mathematical
surface of density discontinuity; in Fig. 4.1 we placed it at z = 0. The density
profile p(!) = p(z) then becomes a step function:

p(z)=p" atz<0, p(z)=0 atz>0 (4.22)

Hence, this approximation, first proposed by Fowler in 1937, neglects p¥(T)
compared to p!(T). The pair distribution function is written in the form

P (112, 21, 22) = p(21)p(22)g(r12; ')

where g(r12; p') is the pair correlation function in the bulk liquid. Then (4.20)
in spherical coordinates reads

oo 0
2 .
y=—-7 (pl) / drys rf2u'(7‘12)g('r12;pl)/ dz /d912 sin 62 Py (cos 012)
0 —00
(4.23)
where Py(z) = %(31:2 — 1) is the Legendre polynomial of the second order.

Let us fix 712 and examine possible limits of variation of z;. If |21] > 715 the
integral over ;5 vanishes:

il
. /——\ | vapor

liquid

Fig. 4.3. Range of integration over 61, in the Fowler approximation. The lower
limit is fp = arccos %
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™ 1
/ d912 sin 912 P2 (COS 012) = / P2 (.’L‘) dz = 0.
0 -1

This is a manifestation of the fact that the mean density fluctuation in
the bulk (liquid or vapor) is equal to zero. Hence |21 | should not exceed 71,
(see Fig. 4.3). Integration over 6, yields

" 1
/ d62 sin 615 Pa(cosbyz) = E(a.3 —a)

Iccos a

where a = J;f—llzl Integration over z; yields

! 1 1
12 | da [—-(a—aB] =—=r
1 /0 2 ) 8 12

Substituting into (4.23), we obtain

=T (? Oorr4u'7' r: ol .
1= 56" [ drrtvatieh (124)

The short-range repulsive part of the interaction potential makes a negative
contribution to v, whereas the long-range attractive part makes a positive
contribution. Note that g has a strong dependence on the liquid density p';
the latter cannot be considered a small parameter.
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5.1 General remarks

Perturbation theories became a powerful technique in the theory of liquids in
the early 1970s. The main idea of a perturbation approach in general terms
reduces to the following. The system under consideration is decomposed into
a reference model, characterized by some reference interaction potential and
the same density and temperature as the original system, and a perturbation
which, strictly speaking, must be small.! Properties of the reference model
are assumed to be known to appreciable accuracy. The thermodynamics of
the full system is obtained by appropriate averaging of the perturbation over
the reference model. It is important to bear in mind that the perturbation
is in the interaction potential (and not in density). The peculiar thing about
application of this approach to liquids is that the reference model must be
nonideal. In most cases it is a hard-sphere system with an appropriately
chosen effective diameter. Hard spheres are a starting point in the theory of
liquids, as an ideal gas is in the theory of gases and a harmonic solid in solid-
state physics. Nowadays a lot of data is available from computer simulations
of hard spheres and from integral theories of correlation functions. The reason
for the success of perturbation theories is that the structure of a liquid is
determined primarily by the repulsive (hard-core) part of the interaction,
while the attractive part provides a uniform background potential in which
the molecules move. This is the main concept of the perturbation approach.
Throughout this chapter we assume a pairwise additive interaction energy
with spherical potentials.

5.2 Van der Waals theory

The idea of a perturbation approach in the theory of liquids belongs to van
der Waals, who used it as a basis for his equation of state formulated in 1873.
Following van der Waals we assume that molecules have a hard core, i.e.

1 - " : .
The choice of a decomposition scheme is not unique.
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u(r) = {+oo forr <o (5.1)

uy(r) forr > o,

where ¢ is a molecular diameter, and u;(r) < 0. Using the main concept of
the perturbation approach we write the free energy as

F=Fot %mp (5.2)

Here Fy is the free energy of hard spheres with the diameter o; the latter
is chosen as a reference model. The second term is the average energy of
background interactions with potential u;(r) viewed as a perturbation; 1 is
the average perturbation energy per particle. It makes a negative contribution
to F. The factor % appears because the energy 1) is shared by two molecules.

Note an important difference between v (r) and ¢: the latter is an aver-
aged (over all configurations) interaction energy per particle, and therefore
1 does not depend on r. Van der Waals’ idea to decompose the free energy
and not the internal energy (as Lord Rayleigh was proposing) anticipated the
modern development of the theory in the 1970s (almost a century after van
der Waals’ work!). Recalling the definition of a pair correlation function de-
scribing a local arrangement of particles around the tagged one at the origin,
we observe that

pg(r)dmr? dr

is the average number of molecules in a spherical shell of thickness dr and
radius r surrounding a tagged molecule at the origin. As a result of the
conjecture that the structure is determined primarily by the hard-core part
of the potential, we can replace g by go, implying that

Y= 47rp/u1(r)go(r)r2 dr

Van der Waals made a further assumption that molecules are randomly
distributed, which means that go(r) =1 for r > ¢ (and go(r) = 0 for r < o).
In fact, this is nothing but the low density limit of the hard-sphere pair
correlation function (cf. Sect. 8.2). Thus,

¥ = —2pa
where
o0
a= —21r/ uy (r)r2 dr (5.3)
[e8
In van der Waals’ time the properties of the hard-sphere system were not

known; he approximated Fo by assuming that it is equal to the free energy
of an ideal gas contained in a “free volume” V; that is smaller than the
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total volume V due to the hard-sphere exclusion effects. This is a reasonable
assumption since hard spheres behave as noninteracting particles at distances
greater than their diameter. The configuration integral of such an ideal gas
is equal to VfN , and using the general expression (1.46) for the free energy of
an ideal gas we have

Fo = NkpTIn(NA®/e) — NkpTIn V;
For the free volume one can write
Vi =V — Nb,

where the parameter b, called the van der Waals covolume, is the excluded
volume per particle. When two molecules collide (only pair collisions are taken
into account) the center of mass of one of them is excluded from a volume
of 4ra3/3 (Fig.5.1). The latter must be divided by 2 because it is shared by
two molecules:

b=2n0%/3 (54)

Fig. 5.1. Excluded volume in the van der Waals theory; o is the diameter of a
molecule. The dashed circle has a radius o

Summing up these results we obtain for the free energy

F = [NksTIn(NA%/e) — NkgTIn(V — Nb)] — Npa (5.5)

where the expression in square brackets corresponds to the reference part.
Differentiation of F with respect to volume yields the van der Waals equation
of state:

(5.6)
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with parameters a and b given by (5.3)—(5.4). The van der Waals equation
represents an interpolation formula, which gives a qualitative description of
the liquid-gas transition. It is widely used due to its simplicity. As an inter-
polation formula (5.6} gives correct results in the two limiting cases:

o for a dilute gas in the limit p — 0 it gives the ideal gas equation of state
e when p increases it takes into account the finite compressibility of the
liquid: p < 1/b

Quantities a and b can be related to the parameters of the critical state.
The critical point satisfies (see Sect. 6.3):

d 2
al d_fz’ -0 (5.7)
dpjr, dp?|p,
Applying (5.7) to (5.6), we obtain
1 9 kg7,
b=—, a=- 5.8
3pc 8 pc (58)

These relationships form the basis for practical applications of the van
der Waals equation to various substances: if information about the critical
parameters is available (for a large number substances one can find it, for
example, in [119]), we can apply the van der Waals equation without exact
knowledge of the microscopic interaction potential (assuming, however, its
two-parameter spherically symmetric form). Note also that according to (5.5)
and (5.8) it is impossible to compress the liquid beyond three times its critical

density.
Let us introduce the reduced variables
._ P ._T «_ P
= —, ™=~ == 5.9
= 7 P (5.9)
Then the van der Waals equation combined with (5.8) reads:
1 9 .2 3p*T*
e — |2 * 5.10
p ZC[SP +3_p*, pT <3 (5.10)
where
DPc
e = 5.11
z pckBTc ( )

is the critical compressibility factor. By applying Eq. (5.10) to the critical
point pf = pf = T} = 1, we conclude that all fluids, that can be described by
the van der Waals equation of state, have the universal critical compressibility
factor

ZyaW — g =0.375
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Then (5.10) reads

(5.12)

This equation contains no individual characteristics of a substance; it is a
manifestation of the law of corresponding states studied in Sect. 3.7. All gases
with the same values of two out of the three parameters p*, p*, T* have the
same value of the third parameter. Van der Waals isotherms are shown in
Fig.5.2 for T* < 1, T* =1, and T* > 1. Each subcritical (T* < 1) isotherm
possesses a loop containing an unstable part corresponding to negative com-
pressibility. This loop has to be replaced by a “Maxwell construction” that
manifests the equality of the chemical potentials of the two coexisting phases:

1

*

|
/ Zdp* =0 (5.13)
pr P

where p*  and p*l are the densities of the coexisting phases. The part of
the van der Waals curve p*(p*)r+ between these two values is replaced by a
horizontal line p* = p%,.(T*), where the quantity on the right-hand side is
the saturation pressure at temperature 7*.

Fig. 5.2. Van der Waals isotherms for 7* = 0.8, T* = 1, T* = 1.2 in dimensionless
units (solid lines). Dashed curve is a spinodal, C is the critical point

The locus of points where the compressibility becomes infinite dp*/9p* =
0 corresponds to a spinodal. For the van der Waals fluid the spinodal equation
reads '

T = %(3 —p*)?, 0<p*<3 (5.14)
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The maximum of the spinodal coincides with the critical point. The locus of
coexistence points satisfying the Maxwell construction is called a binodal.

5.3 First-order perturbation theories

In this section we give a generalized description of the perturbation approach.
For simplicity we restrict ourselves to first-order perturbation theories. There
exist several possibilities to formulate such an approach and an expansion
parameter can be chosen in different ways. In what follows we will use the
technique of Mayer functions. A Mayer function of potential u(r) is defined

as
flr)=e P 1 (5.15)

It is clear that the range of f(r) coincides with the range of u(r). We write the
interaction potential as the sum of a reference part uo(r) and a perturbation

uq (7):
u(r) = uo(r) +us(r)

The perturbation is considered to be small; the exact meaning of “small
perturbation” will become clear below. The total interaction energy can be
written

UN = U]?] +ZU1(T‘U)

i<J

where U} is the interaction energy of the reference model. The configuration
integral is

Qn = / oAU P Lscy M (ris) gV (5.16)
With the help of the Mayer function of the perturbation

fij =ePulra) _q (5.17)

the second exponential in (5.16) can be written

e P2y mlra) H(l + fij) =1+ [fiz+ fiz + fos + .. ]+
i<j
(fizfiz + fiafes + fisfos + .. ]+ [frofizfes +.. ] +. ..

Each square bracket represents a sum over all connected products of the same
order. Substitution of this series into (5.16) yields the group expansion of the
configuration integral.
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In our perturbation approach we assume f;; to be small and cut off the
series at the second term:

Qn = +QN/ QD wadr

i<

In the integral on the right-hand side one can recognize averaging of the
pairwise additive function }_,_; fi; over the reference system. The theorem
of averaging yields

2
Q=% [1+ 3 [ Fm(ria)dr

where go(r) is the pair correlation function of the reference system.
The free energy linearized in the perturbative term reads:

Fe %u—wff@ (5.18)

where Fy refers to the reference system. This form of the perturbation ex-
pansion can be particularly useful for systems in which potential u; is large
and positive (e.g. charged colloidal particles); its Mayer function neverthe-
less remains bounded. In liquids u; refers to attractive interactions and it is
usually assumed that Be < 1, where € is the depth of u;(r). Then expanding
the Mayer function one obtains

F=Fo+ %NP/UI(T)QO(T) dr (5.19)

This is an example of the energy route to thermodynamics. From our
assumptions it follows that (5.19) is a high-temperature approximation. It
is easy to verify that this expression is similar to the van der Waals result
(5.2). An important observation is that the first-order perturbation term (of
van der Waals type) changes the energy of the system without changes in
entropy (structure). This term yields the average contribution of attractive
interactions to the free energy, and is often called the mean-field term, and
the free energy expansion truncated at the first order is called a mean-field
theory.

The higher-order terms take into account effects of changing structure
resulting from the perturbation. If the density is high, as in liquids, these
changes in structure become increasingly difficult since particles are closely
packed. Therefore, at high densities the higher-order perturbation terms be-
come small and the perturbation expansion converges rapidly even if fe is
not small. This is one of the main reasons for the success of the perturba-
tion approach in the theory of liquids. At lower densities, convergence of the
perturbation expansion is slow and the first-order scheme is not sufficient.

We have discussed a general construction of a first order perturbation
theory. It remains to study how to choose a reference model and how to
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calculate its properties: Fy and go(r). From the ideas of van der Waals we
know that a reasonable choice of the reference model must include a repulsive
part of the interaction potential. 2 Then the actual reference model with soft-
core repulsion can be represented by a hard-sphere system with some effective
hard-sphere diameter d.

One of the first decomposition schemes was proposed by Barker and Hen-
derson (8]. It reads

u(r) forr<o
uo(r) = {O(fgr r>o (5.20)

Q0 forr<o

u(r) forr > o (5.21)

(= {
Although the difference between uo(r) and the hard-sphere potential can be
large, the difference between their Mayer functions

Af =fo— fa

can be quite small. Af has the form of an oscillographic “blip”, which is
nonzero only over a short range of distances as shown in Fig.5.3. The soft
core is treated by means of an effective hard-sphere system with effective
diameter satisfying the integral condition®

/ooAfdrzo (5.22)
0

which yields

d(T) = /0 b [1 - e-ﬁ“v(")] dr (5.23)

Thus, in the Barker—-Henderson theory the effective diameter is tempera-
ture-dependent but not density-dependent. For a Lennard-Jones fluid (5.23)
can be accurately approximated by an algebraic formula found by Lu et al.
[97] by fitting to the Monte Carlo simulation of the coexistence curve

alT + b1 o
a1 + as
2 In the van der Waals theory it is represented by the hard-sphere potential, i.e.
the soft core is neglected.
3 A rigorous derivation of (5.23) will be given in the next section; it appears to
be a first-order approximation for the effective diameter given by the Weeks~
Chandler—Andersen theory.

d(T) = (5.24)
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where
kg kg
a; = 0.56165?, ay = 0.60899—, az =0.92868, b; =0.9718
€

Finally, the quantities in (5.19) related to the reference model are approxi-
mated as

AK(r)

0 d\r ;

Fig. 5.3. Function Af = fo — fa

ForFa,  go(r) = ga(r)

5.4 Weeks—Chandler—Andersen theory

Probably the most successful of the perturbation theories is that of Weeks,
Chandler and Andersen (WCA) [146]). WCA proposed the following decom-
position of the interaction potential (see Fig.5.4):

u(r)+e¢€ forr <r
uo('r) = {O(f())r r 2 . m (5.25)

—e forr <rp

u(r) = {u(r) forr > ry, (5.26)
where € is the depth of the potential and r,, the corresponding value of
r: u(ry,) = —e. This is an excellent division because all strongly varying
parts of the potential are subsumed by the reference model, whereas u;(r)
varies slowly and therefore the importance of fluctuations in the free energy
expansion (the second-order term) is reduced.
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U(r)

u(n

M Im

< RS

Fig. 5.4. Weeks-Chandler—Andersen decomposition of the interaction potential
u(r); uo(r) is the reference interaction, ui(r) is the perturbation

Q

5.4.1 Reference model

We now discuss the properties of the reference model, and their description
in terms of an equivalent hard-sphere system using the technique of Mayer
functions. Although the difference between the soft-core potential ug and the
hard-sphere potential u4 can be large (even infinite), the difference between
their Mayer functions

fo=e P 1 and fy=e P -1

can be small. Indeed, if we choose the diameter d in a reasonable way, then
for a harshly repulsive ug its Mayer function fy will differ from f; only over
a small domain (see Fig. 5.5).

d r,
0 v (1) r
AL
F fa(r)

Fig. 5.5. Mayer function fo(r) of the original reference system (solid line), and of
hard spheres fs(r) (dashed line)s

Let us assume for a moment that d has been chosen, and consider a “test
system” characterized by the Mayer function
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folr) = fa(r) + vAf(r), Af(r)=fo—Ja (5.27)
where 0 < v < 1. By changing v gradually from 0 to 1 we change f, from f;
to fo:

foco=fa, fo=1=Jo

In fact, by (5.27) we have introduced a family of systems parametrized by
v. By choosing the Mayer function f, we fix the corresponding interaction
potential u,:

e Pu () 1 = fa(r) + vAf(r) (5.28)
The configuration integral of a v-system is
Q. = /e_ﬁUV drN, U, = Z uu(rij)
i<y
The derivative of the free energy F, = —kgT In @, with respect to v is

kBT Bu,, (7‘,,] )

— _ﬁUV
81/ dr = ov v
i<j
Using the theorem of averaging we obtain
OF, Ou,
- ”— 5 9v drydrz (5.29)

where g, is the pair correlation function of the v-system. Finding du, /dv
from (5.28) we obtain

Bai Y = -——1—ka TV / Af(r)eP Mg, (r)dr

Using the cavity function
v (r) = g, (r)

we rewrite this result as

oF,
S = —3okaTV [ ) uulr) dr

Integration of both parts with respect to v from v =0 to v = 1 yields

- F 2l
f[;cBTV('i - _22_ /0 dv / dr Af(r)y.(r) (5.30)
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This is an ezact relation. The right-hand side gives the difference between
the reference free energy and the free energy of an equivalent hard-sphere
system. Qur aim is to choose the latter in such a way that this difference is
minimized. For a reasonable choice of a hard-sphere diameter d the relative

difference ") )
_ Y\T) —Ya\T
Ay (r) = Yya(r)

will be small. Substituting y,(r) = y4(r) + ya(r)Ay, () into (5.30) we obtain

Fo—Fa _p° p_z/L /
“kaTV 2 /drBd(r)-i- 5/, dv [ dr By(r) Ay, (r) (5.31)

where
By(r) = ya(r)Af(r)

is called a “blip” function. Note that By(r) and not simply Af(r) appears
on the right-hand side of (5.31) (compare with the Barker—Henderson the-
ory (5.22)).4 Both Af(r) and (consequently) By(r) are nonzero only over a
small range of distances near r = d (recall the Barker—-Henderson theory and
Fig.5.3). Let £d denote the total range of By(r) (see Fig. 5.6), i.e.

Ba(r) &d

Fig. 5.6. Blip function By(r). The range of distances where it appreciably differs
from zero is &d; £ is a softness parameter

4 Equation (5.31) is a functional Taylor series in Af(r) for the functional

- _F .
‘A:—kBTV'

AA
Alfo] = Alfa] + /dl‘ (m)m Af(r)

1 ’ A2.A r 7_/
) / drdr (Af(r')Zf(rf)>fd AFAF() + -

i

E;—yd (r). We discuss functional derivatives in Chap. 9.

with ( AA )
B/ gy0r)
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/Ooo |By(r)| dr = £d

This relationship defines the softness parameter £. In view of the obvious
identity &d = &d x 1, &d also gives the order of the range of distances for
which the blip function is finite. Therefore

1 [ 1
= - dr ~ —
3| Bt~ o 1Bl ar

For harshly repulsive reference potentials £ < 1; it vanishes for the hard-
sphere interaction (in this case Af = By = 0). Apparently, the first term in
(5.31) is of order £. A natural choice of the effective hard-sphere diameter
will be the one that makes the first term vanish:

/drBd(r) = /dryd(r) [e=Pue — P =0 (5.32)

With this choice of d, Weeks, Chandler and Andersen showed [146] that the
second term in (5.31) is of order £%. We have

Fo = Fall +0(Y)]
(note that in the Barker—-Henderson scheme Fo = F4[1 + O(£2)]) and
yo(r) = ya(r)[1 + O(€?)]

From the latter relation we obtain an approximation for the reference pair
correlation function:

go(r) = e P yy(r)[1 4+ O(€?)] (5.33)
Compared to the van der Waals and Barker—-Henderson theories, the WCA
is more subtle, for it takes into account the difference between gy and g4,
whereas the other two set gg = g4. Physically, the cavity function yo(r; p, T)
gives the correlations that exist in the reference system beyond the range of
the reference interaction ug(7); yo(r) is a more slowly varying function of r
than go(r).
To find the physical meaning of (5.32) we rewrite it as

Jontryar = [ gatryar

from which it follows that the structure factors of the reference model and the
effective hard spheres must be equal at the long-wavelength limit implying
the equality of isothermal compressibilities (see (3.14)):

X0 = Xd (5.34)
The function y4(r) can be found from one of the integral theories of correla-
tion functions. Note that yq(r) = gq(r) for r > d, as follows from the definition
of the cavity function, and at r = d, y; remains continuous, whereas gq has
a finite jump, becoming zero for r < d.



70 5. Perturbation approach

5.4.2 Total free energy

To complete the formulation of the WCA theory we combine the results for
the reference system with the general perturbation expression (5.19):

F=Fa+ %Np/ uy (r) e Py, (r) dr (5.35)

where d is defined from

/dryd(r) [e™Pue — ePua] = (5.36)

From (5.36) one can see that in the WCA theory the effective diameter
depends both on the temperature and density, and therefore must be found
by iteration of the integral equation (5.36). The WCA theory shows very
good agreement with computer simulations by virtue of its fast convergence,
O(£Y), in the free energy.

We now show that the Barker-Henderson formula (5.23) is an approxi-
mation of the WCA result (5.36). Because the function

Af = e Buo _ o—Bua

is nonzero only over a narrow range of distances, we expand rzyd(r) about
r=d:
rya(r) = ag + ai(r — d) + ag(r — d)* + ...

1/ d* 9
ai = ] <mr yd(T))r:d

with

Equation (5.36)becomes
Zak/ dr (r —d)*Af(r) =0
k=0 0

The series converges rapidly. Retaining only the first term (with k = 0), we
obtain

/oo drAf(r) =0
0

which coincides with the Barker—Henderson formula.

5.5 Song and Mason theory

In 1989 Song and Mason (SM) [133] formulated a new variant of the pertur-
bation theory in which the starting point is the virial equation (3.10) (recall
that thermodynamics in the WCA is derived via the energy route):
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2 o
pkiT =1- ?kBLT/ /' (r) g(r; p, T)r* dr (5.37)
0

Using the Mayer function representation we write
u'(r) = —kgTf'(r) ePu(r) (5.38)

where f(r) is the Mayer function of the potential u. Then

/ ” u'(r) g(r; p, T)r® dr = —kpT / " f'(r)y(r; p, T)r’ dr
0 0

where y(r; p, T} is the cavity function of the system. The latter integral can
be rewritten as

_kBT/OOO fl(r)yr®dr — kpT /OOO (") y(r; p, T) — 1]:7.3 dr

The first term integrated by parts yields the second virial coefficient of the
system B(T):

%ol p(r)

T

—kgT f ” fl(ryrddr=—
0

where we used the short-range nature of the Mayer function. Thus, the virial
equation takes the form

p

haT =14 pB+pl, (5.39)
where
2r [ 4,
I(p,T) = 5 | f (r)y(r;p,T) — 1] dr (5.40)
0

We have separated out the term with the second virial coefficient, which is
calculated exactly. Recalling the virial expansion, we can say that pI(p,T)
represents the sum of the infinite virial series starting with the third virial
coefficient.

The following discussion is devoted to the evaluation of I(p,T). One can
expect that I is dominated by repulsion over the whole (p,T) domain. The
reasons for this expectation are as follows. At high densities, p > p., the
pressure of a liquid or a highly compressed gas is large and positive, so I for all
temperatures must make a large and positive contribution, which obviously
must come from repulsion. At lower densities, p < p. one can think about the
virial expansion starting with the third virial coefficient. If the temperature is
above T, the third, fourth, and fifth virial coefficients are all positive or small
[100]. Thus, I is again positive and dominated by repulsion. Below T¢. at low
densities we have a dilute vapor, and its behavior can be largely described
by B(T'), whereas the contribution of I is negligible.
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Based on this observation, to calculate I{p,T") we apply the perturbation
approach using the WCA decomposition of the potential (5.25)—(5.26). In the
domain r < r,,, the derivative of the Mayer function f’(r) has a sharp positive
peak at some rq close to r,,, whereas the cavity function y(r; p,T") monoton-
ically decreases. In the region r > rp,, f’(r) is negative and asymptotically
tends to zero, whereas [y(r; p,T) — 1] oscillates about zero (see Fig.5.7). In
view of these oscillations we can set the upper limit of the integral in (5.40)
equal to ry,. For r < v, f'(r) = f§(r) exp(Be), where the reference Mayer

function

folr) = &Pl 1

is equal to zero for r > r,,. In the framework of the perturbation approach

we expand

df/dr

> ‘\y
— N
=
-c ~~~ |

1 i

o B R R ———

To Tm
r

Fig. 5.7. Behavior of f'(r) and y(r) for a typical interaction potential

i)~ fo(r(L+Be), r<rm

In the same domain r < 7, one can replace the function y(r) by its repulsive

counterpart
yo(r) = &7 gy (r)

where go(r; p, T) is the reference pair correlation function, because y(r) and
yo(r) are quite similar. (Note that in the van der Waals theory the similarity
between correlation functions g(r) and go(r) was exploited, whereas SM use
the similarity between cavity functions.) Thus, I can be approximated as
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’2%/MmﬁwuﬂmmmAﬂ—m3 (5.41)
0

The function fj(r) has a sharp peak at the same ro < rp as f'(r), and
therefore the major contribution to the integral comes from the vicinity of
T9, where yo behaves to first order as a straight line:
d
vo(r;p, T) = yo(R; p, T) + Hyf (r—R)+...
R

with a negative slope Qdyrﬂ ; R is a point near rq which will be specified
below. Substitution of this expression into (5.41) gives I ~ In+1,+1_+...,
where '

h=%mmmi%nAMMﬁwﬂ

I = % pew(Rip, 7) =1) [ dr fyfrye®

_2mdyo) T 3
I_ = T R/O dr fo(r)r*(r — R)

One can see that I, > 0 and I < 0 at all temperatures (for a reasonable
choice of R). At intermediate to high temperatures both I, and I_ are negli-
gible compared to Ip: I, becomes small because of S¢ and I_ becomes small
because in this temperature domain yg — 1, dyo/dr — 0. At low tempera-
tures they are not individually negligible but cancel one another. Thus,

I~ Iy =aly(R) —1] (5.42)
where

Tm Tm

a(T) = 2% / dr fi(r)r = 27r/ (1 —ePu)r?dr (5.43)

0 0

appears to be the second virial coefficient of the reference system. Since the
reference interaction is strongly repulsive, yg is fairly insensitive to the par-
ticular form of the repulsive potential, and therefore can be approximated
by a similar function appropriate to a hard-sphere system of some effective
diameter d:

Yo(R) =~ ya(d) (5.44)
For y4(d) we use the Carnahan-Starling formula
4-— 2¢d T .3
d)= ——— =
yd( ) 4(1 . ¢d)3 ’ ¢d Gpd

Substituting (5.42)-(5.44) into (5.39), we obtain the SM equation of state:
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p—é—T =1+ pB + palyq(d) — 1] (5.45)
It contains three parameters: the second virial coefficient of the original sys-
tem (B), the second virial coefficient of the reference system (a), and the
effective hard-sphere diameter (d). The first two are given explicitly in terms
of the intermolecular potential u(r); they are functions of temperature only.
The choice of an effective hard-sphere diameter is not dictated by the
SM model, but represents an independent problem. Recall that in the WCA
theory, d is found by minimizing the free energy difference between the ref-
erence model and the effective hard spheres, and results in equality of their
isothermal compressibilities; d depends on temperature and density and is
calculated numerically.
To preserve the complete analyticity of their model, Song and Mason
propose an interpolation formula for d. We will discuss it in terms of the van

der Waals covolume
o

3
Instead of presenting a definite expression for b, let us examine two limiting

cases: low and high temperature regimes. At low temperatures (T — 0) the
WCA theory (Eq. (5.36)) gives d — 7, —; therefore

b d3

B(T = 0) = ??)Er;

Let us discuss the high temperature range, namely the vicinity of the Boyle
temperature, Ty, where by definition, B(Tg) = 0. For high T the behavior of
the second virial coeflicient can be approximated by the expression resulting
from the van der Waals theory. Using the definition of B(T'), we have:

B(T) = 27T_/ r?dr + 2”/ (1—ePu)r?dr ~ 2%03 + 27rﬁ/ uy (r)r? dr

0
Thus,
B(T)=b— % (5.46)
kgT
with constant a and b; a is due to the background interaction and b is re-

sponsible for the excluded volume effect. Then % = % kgT and expression

(5.46) can be written in the form

dB o
b(T — high) = B + Td—T— = 27r/ [1- (14 Bu)e ] ridr
0
It is obvious that for low temperatures this expression is not valid: for
T — 0 it gives an infinite value of b. This difficulty can be avoided and we
can satisfy both temperature limits if we assume that the excluded volume
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effect is due only to the repulsive forces. Then ug can be written instead of
u, and the upper limit of integration becomes r,,. This yields the expression
for b:

bT) = 2m /0 " [1- (1 + Bug)e ] r2dr (5.47)

which satisfies both temperature limits and behaves smoothly in between.
Thus, the effective diameter d depends only on temperature, whereas in the
WCA theory d = d(T,p).°> Finally we write the full set of equalities of the
SM theory, applying for y4(d) the Carnahan—Starling approximation:

8(8—1b ‘
kaT =1+ pB+ pa [ﬁ — 1] (5.48)
B(T) =2n / - (1—e ) ridr - (5.49)
a(T) =2« /’"m (1—ePu)r2dr (5.50)
0
bT) =2x /rm -1+ ﬂuo)e_ﬂ”U] r2dr (5.51)

Note that the SM equation is fifth-order in density (the van der Waals
equation is cubic). Figure 5.8 shows the compressibility factor Z = p/pksT
vs. density po? for an Lennard-Jones fluid for several reduced temperatures
t = kgT/e. The critical temperature t; = 1.3, so that a part of the isotherm
for t = 0.75 is located in a metastable region with negative pressures, where
the Maxwell construction must be applied. Other two isotherms correspond
to the gas at ¢ > t.. Simulation results [69] demonstrate good agreement with
theoretical predictions, which according to [133] are better than 1%.

5.6 Perturbation approach to surface tension

The perturbation approach turns out to be useful not only for the bulk prop-
erties but also for the analysis of interface phenomena, and in particular for
the surface tension [63]. When the liquid—vapor system has a temperature
not too close to T, the Fowler approximation can be used:

_ T2 OO 4,1 ol
7—8(0)/0 drr*/(r) g(r; p') (5.52)

5 In view of the preceding remark one is not restricted to this interpolation formula.
and can use other recipes, like Barker-Henderson or WCA.
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0 0.2 0.4 0.6 0.8 1 1.2
pc’

Fig. 5.8. Compressibility factor Z = p/pkgT vs. density po® for a Lennard-Jones
fluid. Solid lines: SM theory, symbols: simulation results [69]. Labels correspond to
the value of the reduced temperature ¢t = kg7T'/e

where the pair correlation function of the bulk liquid strongly depends on
the liquid density p'. As in the SM theory we use a representation of u/(r) in
terms of the Mayer function (5.38), which yields

7= 5 () 1AUT) + Ao(T, ) (5.53)
where
Ay(T) = 4kgT / v dr f(r)r® (5.54)
Q
Ao(T, 1)) = —kpT /0 ar f/(r) rly(rs ) — 1] (5.55)

The quantity Az has a structure similar to I in the SM theory (cf. (5.40)).
Repeating the arguments based on the WCA decomposition and the pertur-
bation ideas, we find that A, is dominated by repulsions, and can be approx-
imated by

Ay ~ 4kgT[yo(R; p') — 1] / dr fo(r) r®
0
With the hard-sphere approximation for the reference cavity function

yo(R; p') = ya(d; p),

we finally derive an analytical expression for the surface tension explicit in
density:
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T 2 (o] Tm

=7 () ket { / dr £(r) 7 + lyalds; o) — 1] / dr fo(r) r3} (5.56)
0 0

This result must be supplemented by an equation of state for determination

of p'(T) and by an expression for the effective hard-sphere diameter; p' can

be found from (5.48) by imposing the conditions of phase equilibrium:

p(",T) =p(p",T)

p(p', T) = u(p*,T)

To be consistent with the Fowler approximation we must treat the vapor
as an ideal gas with a vanishingly small density. In this case we need only
the first equation: if it is satisfied, the equality of chemical potentials (to the
same degree of accuracy in p"/p') follows automatically. Then p!(T") becomes
a solution of the fourth-order algebraic equation p(p',T') = 0

a(T)p'lya(d; p') — 1) = —B(T)p' — 1 (5.57)

which reflects the incompressibility of the liquid phase at sufficiently low
temperatures. Calculations of the surface tension using (5.56) (with p' given
by (5.57)) for the Lennard-Jones system are presented in Fig.5.9. For the
effective hard-sphere diameter the Barker-Henderson formula (5.23) is cho-
sen. The reduced surface tension yo?/e is shown as a function of the re-
duced temperature kgT'/e. Chapela et al. [22] performed Monte Carlo and
molecular dynamics simulations of a gas-liquid interface for a Lennard—Jones
fluid. In simulations the Lennard—Jones potential was truncated at a distance
Te = 2.50. Truncation of a potential at some point of its attractive branch
results in reduced surface tension, since the integrated strength of attractive
interactions is smaller then that for the full system.

The underestimation of surface tension in simulations by not taking the
tail of the potential into account can be quite substantial. It can be eliminated
(though not fully) by means of a so-called tail correction. Blokhuis et al.
[17] obtained an expression for the tail correction based on the Kirkwood—
Buff formula. In Fig.5.9 we show the simulation results of [22] taking tail
corrections into account (triangles). One can see that theoretical predictions
are in good agreement with simulations. This is due to the fact that (5.56) is
exact in the liquid density.

5.7 Algebraic method of Ruelle

In his book [126] Ruelle proposed a formal algebraic technique, developed fur-
ther by Zelener, Norman, and Filinov [152], which can be useful for a number
of problems in which the perturbation series converges slowly. An example
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0 A ' .
0.6 0.8 1 1.2

ksT/e
Fig. 5.9. Surface tension of the Lennard—-Jones fluid: theoretical predictions (solid
line) and computer simulation results of Chapela et al. [22] (triangles)

of such a problem will be given in Chap. 12. Here we discuss the formula-
tion and the main result of Ruelle’s technique. We consider an infinite set of
arbitrary bounded and integrable real functions that depend on various gen-
eralized coordinate vectors ¥;, which can include space coordinates, angular
coordinates, etc. An infinite sequence of such functions will be denoted by
just one letter:

a:{ao,al(f'l),...,an(f'l,...,f'n),...} (558)
We can say that a is a vector of infinite dimension with coordinates
ap = const, a1 (F1), ..., an(F1,...,Fn),....

Vectors a form a linear space A since they can be summed component-wise
and multiplied by a constant. We introduce some useful notation:

a={a(R)n}nx0

where

In the linear space A one can introduce multiplication of vectors. Let q and
a be elements of A. We construct the vector x, whose n-th component is
defined as

@)=Y a(Y)a|®)a\(Y)] (5.59)

YC(R)n
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where summation is over all subsequences Y of coordinate sequence (R)n;
(R), \ (Y) denotes the subsequence obtained by extracting from (R), all
elements of the subsequence (Y). The sum in (5.59) is finite and contains
S k=0 C¥ = 2" terms. Therefore, the n-th component of x contains 2" terms.
Vector x belongs to .4, and we shall say that (5.59) defines multiplication of
vectors in the linear space A:

XxX=qxa
This definition implies that multiplication is commutative:
XxX=qgqxa=axq

Let us write out several components of vector x:

To = Goao
z(F1) = goa(F1) +¢(F1)ao (5.60)
z(F1,T2) = qoa(F1, F2) + q(F1)a(T2) + q(F2)a(f1) + q(F1, F2)ao

We define a unit element 1 in A such that
lo=1, 1(R), =0 foralln>1

Then for every vector a
a=1lxa=axl

Thus, we have defined three binary operations in A: summation and multi-
plication of vectors and multiplication of a vector by a constant. This implies
that A4 is a commutative linear algebra with a unit element. Let A} be a
subspace of A such that all its elements b are characterized by by = 0. Then
for any vector a € A and b € A, the products b x a and a x b obviously
belong to 4, . Consider a mapping

I': Ai=1+A4,

which transfers elements from A4 to elements of (1 +.4,), defined by

aEFb=1+b+b;b+bX;Xb+

Although (5.61) contains an infinite number of terms, each component of I'b
is a finite sum containing products of components of vector b. This mapping
is single-valued; therefore there exists an inverse mapping

(5.61)

r-t. 1+.A+=>.A+



80 5. Perturbation approach

which for every vector a; € A4 is defined by

ap Xay a; Xay Xag
2 3

b=r"'1+ay)=a; - (5.62)

Note that (5.61) and (5.62) have a simple meaning. If b were just a number
then (5.61) would become a formal series representation of the exponential
function I'b = e, whereas (5.62) is a series representation of In(1 + a).
Therefore there is a unique solution of the equation

I'b=a, witha=1+a,

with components

bo =0
bi(F1)  =ay(fy) (5.63)

bo(F1,F2) = ay(F1,T2) — ay(F1)ay (F2)

With each a € A we associate a power series

a(z)=Y %an (5.64)

n=0 "
where z is a formal parameter and the numerical coefficients a, are con-
structed in the following way:

a=1, a,= /d"f'a(ﬁ)n, n>1 (5.65)

It is easy to see that a(z) is the generating function for the sequence {a,}
(an are just real numbers). Ruelle [126] proved a theorem stating that if

X=qXa, x,q,a€ A

then the corresponding power series z(z), ¢(z) and a(z) (all of the type
(5.64)—(5.65)) satisfy the similar relationship:

z(z) = q(2)a(z) (5.66)

In other words the mapping a = a(2) is a homomorphism of the algebra A
into the algebra of power series. This implies that all transformations made in
one algebra are “copied” in the other. In particular, if a = I'b in the algebra
A with the operator I" defined in (5.61), then

PP, BEE ,

a(2) = I'[b(z)] = 1 + b(2) + —57— + —;
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The right-hand side of this equation is an exponential function eb(®) | Thus,

a(z) = exp[b()] = exp [Z %f'bn] (5.67)
n=0 "
with
bo=0, b, = / d"ib(R),, n>1 (5.68)

The components of vector b in the integrand are algebraic combinations of

the components of vector a(R),,

b(R)n = R [a(fl)n] (5.69)

constructed unambiguously according to (5.63).

Summarizing, Ruelle’s technique makes it possible to represent a series of
the type (5.64)—(5.65) as an exponential function of some other series (5.67)—
(5.68) without making any a priori assumptions. The advantage of Ruelle’s
method stems from the fact that usually the series (5.67) converges faster
than the original one. This is a very important result because in statistical
physics one frequently faces the problem of summing a certain perturbation
series for a partition function of the form (5.64).






6. Equilibrium phase transitions

6.1 Classification of phase transitions

Condensation of vapor, evaporation of liquid, melting of a crystal, crystalliza-
tion of a liquid are examples of phase transitions. Their characteristic com-
mon feature is an abrupt change in certain properties. For example, when
ice is heated, its state first changes continuously up to the moment when
the temperature reaches 0°C (at normal pressure), at which point ice begins
transforming into liquid water with absolutely different properties.

The states of a substance between which a transition takes place are called
phases. To start a discussion of general features inherent to phase transitions
it is necessary to introduce a proper (rigorous) definition. For clues as to
how this can be done let us examine the p-T diagram of a fluid depicted
schematically in Fig. 6.1.

liquid : C

solid

Fig. 6.1. Phase diagram of a fluid

Liquid and vapor coexist along the line connecting the triple point D
corresponding to three-phase (solid, liquid, and vapor) coexistence and the
critical point C. Below T, we can easily discriminate between liquid and gas
by measuring their density. At T, the difference between them disappears.
The existence of the critical point makes it possible to convert any state A of
a liquid phase to any state B of a vapor phase without phase separation by
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going round the critical point C along any (dashed) curve that does not inter-
sect the line D-C. By doing so we avoid phase separation, the system always
remains continuous, and we cannot identify where the substance stopped be-
ing a liquid and became a gas. In general it is clear that an isolated critical
point can exist if the difference between phases is of a purely quantitative
nature. One manifestation of the gas—liquid transition is the difference in den-
sities, which can in principle be detected with a microscope. If the difference
between phases is qualitative in nature it cannot be detected by examination
of a microscopic sample of the substance. A phase transition in this case is
associated with a change in symmetry, known as symmetry breaking. This
change is abrupt, though the state of the system changes continuously. The
two phases are characterized by different internal symmetries (e.g. symmetry
of a crystal lattice).

Examination of the main common feature in these two cases leads us to
a definition of a phase transition based on the concept of analyticity of an
appropriate thermodynamic potential. Let us recall that an auxiliary function
f(z) is called analytic, or regular, at a point xq if its Taylor series at every
point £ = g + Az in the vicinity of o converges to the value of the function
at this point, i.e. if there exists a positive § such that for every |Az| < §

f(l'[) + Az) = SL’o + Z dkf A:B)

(6.1)

To

So, if a function is analytic at g, then all its derivatives at this point exist. A
simple but important example for our future considerations that illustrates
this definition is the power-law function

f@)=a°

with a noninteger power a. It is analytic everywhere except z¢ = 0, where its
derivatives of order higher than the integral part of a become infinite (e.g. .
for a = 3/2 the second derivative diverges at = 0 as z~1/2).

The definition of an analytic function is naturally extended to the case
of many variables. Since our interest is ultimately related to thermodynamic
potentials, we formulate it for the case of two variables. A function f(z,y) is
analytic at the point (zg,v0) if

(Axz)*(Ay)*

LAl (62)

f(zo + Az, yo + Ay) = f(z0,y0) + Z Bz* Dyl

k+i>1 To

for all Az and Ay located inside a circle of radius 4:
(Az)? + (Ay)? < §?

Nonexistence (divergence) of one of the derivatives of a thermodynamic
potential is a manifestation of a phase transition. Coming back to the p-T
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diagram of Fig. 6.1 we can say that within the single-phase regions the Gibbs
free energy G is analytic. These regions are bounded by a curve (D-C) at
which G is nonanalytic, or singular. Singularity means that the value of G at
the point B cannot be obtained by expanding G about the point A situated
on the other side of the boundary curve, no matter how close these points
are. Along the coexistence line any thermodynamic potential can be written
as a sum of a regular and singular parts:

F = Freg + Feing (6.3)
G = Grog + Geing (6.4)

A phase transition is ultimately related to a singularity of a corresponding
thermodynamic potential. This is how the term “abrupt change” used in the
definition of a phase transition can be interpreted. A thermodynamic poten-
tial is proportional to the logarithm of a corresponding partition function,
which is an integral over a finite phase-space volume (or a finite sum for the
case of a lattice system) of exponentials (Boltzmann factors).

Now an important question can be raised: how in principle can a thermo-
dynamic potential be nonanalytic? The answer can be found if we recall that
statistical thermodynamics is valid only in the thermodynamic limit. So the
proper function to be analyzed is a specific free energy, i.e. free energy per
particle

_ G(N,p,T)
gN = - N

The limit

Jm o =3

exists for all reasonable Hamiltonians. Possible nonanalyticity of the specific
free energy g can occur due to the fact that although the sequence of func-
tions {gn} converges to the limiting function g, the sequence of derivatives
{dgn/dz} need not necessarily converge to dg/dz. This implies that in the
thermodynamic limit, derivatives of a free energy can diverge resulting in
nonanalyticity.

It is important to realize that the notation of a phase has a broader
physical meaning than just an aggregate state of matter. Having focused on
common features of phase transitions, let us introduce their classification.
In the most general form it can be based on the following criterion: any
phase transition that can be detected by observing a microscopically finite
sample for a finite time is of first order. All others are called second-order
(or continuous). The latter cannot be detected by direct observation of a
Iicroscopic sample, since it does not invoke a change in the physical state
of the system at the transition point, which means that all state parameters
(S, E, V,p) remain unchanged. Examples of second-order transitions include
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e ferromagnetic—paramagnetic transition in the absence of an external field
(Curie point) in which the symmetry of magnetic moments is changed

e transition of a metal from a normal to a superconducting state

e transition of liquid helium to a superfluid state

According to this classification, the vapor-liquid transition is of first or-
der below the critical temperature; at 7' = T, the transition is continuous.
Note that one experimental verification of a striking difference between the
behavior of a liquid—vapor system below T and at T is critical opalescence:
below T. the scattered pattern of water is clear whereas at T, it becomes
milky white.

6.2 Phase equilibrium and stability conditions

Two phases (1 and 2) can coexist of they are in thermal and mechanical
equilibrium. The former implies that there is no heat flux and therefore T =
T5, and the latter implies that there is no mass flux, which yields equal
pressures p; = ps. However, this is not sufficient. Let N be the total number
of particles in the two-phase system N = N; + N;. The number of particles
in either phase can vary while N is kept fixed. If the whole system is at
equilibrium, its total entropy S = S; + S2 is maximized, which means in
particular that

as

= =0
oON,

Using the additivity of S, this condition can be expressed as

95 _ 0S,  0S, 88 05,
BN, ~ N, T BN, ~ BN, oN, (6.5)

The basic thermodynamic relationship written as

dE p [z
= + 24V - ZdN
ds T+TdV Td
yields
95 _ _
OGN T

at constant E and V. Thus, from (6.5) p1/71 = p2/Ts. Since Ty = T the
chemical potentials must be equal:

M1 = p2

Hence, two phases in equilibrium at a temperature 7" and pressure p must
satisfy the equation .
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p(p, T) = p2(p, T) (6.6)

which determines the phase equilibrium curve p(T") shown in Fig. 6.1. Thus,
T and p cannot be fixed independently, but have to provide for equality of
the chemical potentials of the two phases. Differentiating this equation with
respect to temperature and bearing in mind that p = p(T’), we obtain:

Our | Ouidp  Opa | Gup dp

6.7
aT " epdT ~ oT ' Bp dT (6.7
From the Gibbs-Duhem equation
dpy = —sdT +vdp
where s = % and v = % are entropy and volume per particle, we have
(1), (&)
ar/, ’ op)p
Using (6.7), we obtain the Clapeyron equation:
dp s2—81
— = 6.8
dr V2 — U1 ( )

describing the form of the p-T diagram.

Many first-order phase transitions are characterized by the absorption or
release of so-called latent heat.! For processes at constant pressure the latent
heat L is given by the change in enthalpy:

L=46Q=0U+6A=6(U+pV)=46H
The latent heat per molecule is then

l= % =T(s2 — $1) (6.9)

Therefore at T < T, the Clapeyron equation can be written as:

dp l
dT o T(’Uz - ’U1)
A phase transition takes place when the state of the system becomes un-

stable with respect to external perturbations. The condition of phase stability
is given by Le Chatelier’s principle:

(6.10)

! Note that most but not all first-order phase transitions have latent heat. For
example, the ferromagnetic—paramagnetic transition in metals in the presence of
external field is of first order, but has no latent heat.
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An external perturbation that disturbs the system in its equilibrium
state gives rise to processes within the system that tend to oppose the
effect of that perturbation.

This principle can be expressed in the form of thermodynamic inequalities
[80]. Let us single out a small (but macroscopic) part of the system. With
respect to this subsystem the remaining parts of the system play the role
of the environment. The subsystem and the environment are in equilibrium,
implying equality of their temperature Ty and pressure py. If E, S, and V are
the energy, entropy, and volume of the given subsystem, then in equilibrium
the quantity

G=FE—-TyS +pV
is minimized. This means that for every small perturbation from equilibrium

§G = 6E — TobS + ppsV > 0 (6.11)

Considering F to be a function of S and V', we expand §F to second order:

OE OE &E 9%E 9°E
O = 5505 + 8V6V+ 35z (6S)? + 255080V + W(év)

Taking into account that 2 33 = Tp and ‘—g-g = —pp and substituting this
expansion into (6.11), we obtain the condition
O’E 2 0’E 8*E
gz 05) + asav‘s‘c’v‘w+ vz
which must be valid for arbitrary values of 65 and §V. This leads to the
requirement of the positiveness of the quadratic form: all its minors must be
positive. This implies

V)2 >0 (6.12)

0*E
— 1
352 >0 (6.13)
PEOE [ 8°E \*
- 0 6.14
5% V2 (asav) > (6.14)
The first inequality (omitting subscripts) yields
852 =~ \aS), Cv
where Cy is the heat capacity at constant volume. Thus,
Cv >0 | (6.15)

The condition (6.14) can be written in the form of a Jacobian:
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9[(38)v- (57)s]

or

o(T, p)
a(s, V)

Working this out, we obtain:

(S, V) s, v) — (

op
— ] <0
(),
We can express this condition as the positiveness of the isothermal compress-
ibility:

a(T, p
d(T,p) _ BTV (9V)T_ T (ap)
= =il = <0
aT T

Since Cy > 0 this gives

Xr >0  and finite (6.16)

The states for which the conditions (6.15) and (6.16) are violated are unstable
and cannot be realized. Note that the locus of points where x, = oo defines
the spinodal line (recall the van der Waals theory).

6.3 Critical point

By definition quantitative differences between phases disappear at the critical
point. Therefore at T

U1 = V2, 81 = 82

Thus, I = 0 and the transition is continuous; the Clapeyron equation becomes
undefined. One, however, can discuss the behavior of the p-T curve in the

vicinity of the critical point by taking the limit (Eﬂ) . Let us find
T )7, -

conditions determining the critical point. Near T, the speéiﬁc volumes of
liquid and vapor are close to each other. If V is the liquid volume and V44V is
the vapor volume, then equality of pressures in the two phases in equilibrium
is

p(V,T) =p(V +6V,T)

Expanding the rigthhand side in dV, we obtain
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p(V,T)zp(V,T)+(g§) 5V + = (gv";) (6V)2 +

which after dividing by a small but finite 6V yields

Op 1 /8% B
() 1 (28) e

In the limit §V — 0, corresponding to the critical point, this equation yields

Now we perform a similar expansion of the Helmholtz free energy near

T::
oOF 10%°F
SF=F(V+oV)-FV) = ——46V + 5_5_175(6‘/)
1 (8%F 3 1 (0*F
3 (W) @V + 5 (g7 ) (V)" +
and note that g—{}- = —p and therefore 5‘—,{7 = —g"}-, which vanishes at T.
Thus,

1 (9% s 1 (% 4

Equilibrium at a given pressure and temperature corresponds to the min-
imum of the Gibbs energy, which results in §G = 6F +pdV = 0. Substituting
the expression for 6F and dividing by small but finite (§V)2, we obtain *

1 (0% &p :
a(m)* (avs)‘“”* =0 |

which in the limit 6V — 0 yields

%p ) :
I =0 (6.18)
(5%)._. )

Equations (6.17) and (6.18) define an isolated critical point (pc, Ve, Tc). In
the p-V plane it corresponds to a horizontal inflection point of the isotherm
T="T..

6.4 Universality hypothesis and critical exponents

The behavior of a system in the vicinity of a critical point is called critical
phenomena. It was established experimentally and in computer simulations
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(though not proven rigorously) that critical phenomena related to physically
distinct systems possess striking similarity. In other words, they do not de-
pend on the details of microscopic interactions between particles constituting
a particular substance. This fact lies in the heart of the universality hypoth-
esis, the cornerstone of the modern theory of critical phenomena (see e.g.
[15]). The universality hypothesis can be expressed by means of two basic
conjectures [149]:

1. In whatever guise it might appear, there is only one free energy density
of fundamental importance in the critical phenomena; this free energy
density corresponds to the singular contribution in (6.3).

2. In whatever guise it might appear, there is only one length scale of funda-
mental importance in the critical phenomena; this length scale is given by
the correlation length characterizing the behavior of the total correlation
function h(r) at large 7.

The Ornstein—Zernike theory (see Sect. 8.3) predicts that at large distances

h(r) decreases as

Le-rie

r
where the parameter £ is called the correlation length. Mathematically, uni-
versality is expressed in the form of scaling relationships describing the behav-
ior of various quantities in the critical region. They are power-law functions
with some universal critical exponents (also called critical indices).

We now write out the scaling relationships for the properties of the liquid-
vapor system (though in view of the conjectures described above they have
universal character). An important characteristic of the system is the dif-
ference between the equilibrium liquid and vapor density at temperature T,
Pt (T) — pYoe(T), which decreases and tends to zero as T approaches Ty.
In order to characterize this decrease we introduce a critical index 3 (which
should not be confused with the same notation used for the inverse temper-
ature 1/(kgT)):

p—p* ~ (T —T)°

Introducing the reduced temperature

(6.19)
we represent this relationship as

p—p~ It (6.20)

Another critical index, «, characterizes the divergence of the isothermal
compressibility: :
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Xz ~ [t (6.21)

The constant volume specific heat is defined as

149

0s
=~var|, " Lar

v or

Using (1.47) it can be related to the second derivative of the Helmholtz free
energy density f = F/N:

(6.22)

Cv

v

o f
Near T¢, ¢, diverges and its behavior is described by
cy ~ t|7¢ (6.24)

By integrating twice over the temperature, we find that the singular part of
the free energy density (the part that carries the specific heat singularity)
behaves as

fsing ~ t]°7* (6.25)
The shape of the critical isotherm T' = T is given by the exponent d:

p—pe~lp—pl’, T=T. (6.26)

Two other critical indices are related to the behavior of the total correla-
tion function h(r). As T — T, the correlation length diverges as

£~ [t (6.27)

which defines the critical exponent v. At the critical point exponential decay
of the total correlation functions is replaced by an algebraic one characterized
by the exponent #:

h(r) ~p=@=24m T, (6.28)

where d is the dimensionality of space. Finally, the exponent yp characterizes
the decrease in surface tension -y as T tends to Tg:

Yo~ (Te = T)H (6.29)

Not all the critical exponents are independent of one another. In fact it turns
out that it is sufficient to know any two of them in order to find all the rest.
We show this by deriving several scaling relations, i.e. expressions involving
various critical exponents. Pressure is related to the free energy by

oF|  _ ,0f

p:_WN,T_p ap
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Near T, it is a sum of regular and singular terms resulting from (6.3):

Ofsi
2 O Jsing
= + Dsing, ing = P —F—
P = Preg T Psing Psing = P ap

We stress that all quantities are taken at coexistence. Since fsing scales as
t|>~2, we obtain using (6.20)

Dsing ~ |t12—a—ﬁ

Then
6psing -~ |t|2—a—26
dp

and therefore the isothermal compressibility scales as

Xz ~ [t G722

Comparison with (6.21) yields the relation

Y+28=2-a (6.30)

Note that in order to establish scaling relations we do not need to know
the prefactors, just the exponents. Recall from the previous chapter that the
surface tension of plane interface with area A is given by

P = ’)’QA

for the equimolar Gibbs dividing surface. F* = F — F! — F" is the excess free
energy due to the presence of an interface. The interface thickness is of the
order of the correlation length &, hence F* is “accumulated” in a volume £A.
The excess free energy per unit volume of the interfacial fluid is vo/€. This
is a singular function near T.. According to the universality conjecture it is
a manifestation of the singular part of the bulk free energy density in either
of the bulk phases; the latter scales as (T, — T)?~®. Therefore,

Yo 2~

D (T —1)%

g~ )
Thus, from (6.27) and (6.29)

p+v=2—« (631)

There exist a number of relations that directly involve the dimensionality of
space d. These are called hyperscaling relations. The fact that £ is the only
significant length scale near T, means that density fluctuations are correlated
at distances of order &, and density fluctuations in volume elements £¢ are
independent. The average free energy associated with an independent fluc-
tuation in a fluid is of order kgT = kp7,. Thus, the free energy density of
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fluctuations near the critical point is ~ kpT./£%. Comparing this with (6.25)
we find

dv=2-a (6.32)

Combining (6.31) and (6.32) yields a simple hyperscaling relation between p
and v:

p=(d- 1) (6.33)

Kadanoff [61] formulated a scaling hypothesis that combines the behavior of
the total correlation function A(r) in the vicinity of 7, and at T itself:

h(r) = r-(&-2+ng (g) (6.34)

where ¥(x) is some function of one argument z. For small z, ¥(z) = const,
since this is the case £ — oo, corresponding to the algebraic decay of h. In
the limit of large z, i.e. for r > £

W(.’L‘) ~ xd—2+neﬁz

Thus, in the vicinity of T, the total correlation function at separations larger
than the correlation length behaves as

h(r) ~ g (d=2tme=r/8 15 ¢ (6.35)

Recall that h(r) is related to x, via the compressibility equation of state
(3.13), which near T in a d-dimensional space reads

/ h(r)d%r ~ kpTex,

Since x, diverges near T, the integral must diverge, and therefore the main
contribution comes from large r. Therefore

/ h(r) d% ~ / £@=2memF J9p = ¢~ (d-24ned g, | / e

0

where {2 is the area of the unit d-sphere (e.g. {22 = 4w). Thus,
/ h(r)d%r ~ €277 ~ |t|= (-

which yields Fisher’s scaling law [45]:

(2-nwv =17 (6.36)

We have stated that critical exponents are universal numbers that do
not depend on the details of microscopic interactions. Are there physical
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parameters they do depend on? A partial (but not a full) answer is given
by the preceding discussion: critical exponents depend on the dimensionality
of space. An important characteristic of a second-order phase transition is
the so-called order parameter, ¢, introduced by Landau. This is the quantity
which by definition is equal to zero in a (more) symmetrical phase (usually
the high-temperature side) and is nonzero in a nonsymmetrical phase. Its
definition is not unique, and depends on particular physical problem. It can
be a scalar (real or complex), or a vector.

For the gas-liquid transition the order parameter can be defined as the
difference between densities of liquid and gas:

@ = pH(T) - p*(T) - (6.37)

This is a real scalar. At the critical point the difference between phases dis-
appears, so at T, ¢ = 0.

Dimensionality of the order parameter is the second factor that governs
the values of critical indices. The fundamental statement of the theory of
critical phenomena is:

All second-order phase transitions in physically different systems can
be attached to universality classes characterized by dimensionality of
space and dimensionality of the order parameter.

As an implication of this fact we observe that the liquid—vapor transition at
T. belongs to the same universality class as the ferromagnetic-paramagnetic
transition in a uniaxial ferromagnet.

To complete the description of critical indices we present in Table 6.1
their numerical values for the three-dimensional space and a one-dimensional
order parameter [117]. It is easy to check that the scaling and hyperscaling
relations are satisfied. '

Table 6.1. Critical exponents for the one-dimensional order parameter and three-
dimensional space [117]

a B ¥ v n ) @
0.107 0328 1.237 0631 0040 4769 1.262

6.5 Critical behavior of the van der Waals fluid

A system for which we can derive critical exponents explicitly is a van der
Waals fluid. Let us first recall the van der Waals equation in dimensionless
form (5.12):
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3 8T
* = — 6.38
P v 3ur— 1 (6.38)

where for mathematical convenience we used a reduced volume

_p_ 1

v
ve p P

*

v

instead of a reduced density p*. To analyze the behavior in the vicinity of
the critical point we introduce small quantities w, 7, m by

v'=14+w, T*=1+4+71, p =1+~
Then, (6.38) takes a universal form

3 ‘_8(1+'r)

1 = .
( +7r)ﬂL(1+w)2 24 3w (6.39)
Expanding both sides in all variables up to third order, we find:
7 =47 — 67w + 97W? — gwa (6.40)

On the critical isotherm 7 = 0 we have 7 ~ w3, so the critical isotherm is
a cubic curve yielding § = 3 (cf. (6.26)). The isothermal compressibility is

1 v 1 Ow

=G T e e,
By differentiating (6.40) we find that on the critical isochore (w = 0)

1
- 6p.T

Xt

Thus, the compressibility diverges as x, ~ 77!, yielding another critical
index: v = 1. .

Below T, phase separation takes place.. To find the critical exponent 3
we have to apply the Maxwell construction (5.13) in order to determine the
equilibrium liquid and vapor volumes:

f v*dp* =0

Integrating by parts and noting that at coexistence p*l =p*’ = p}, we obtain:

/ p*(v*)dv* = i —v*") (6.41)

n'

In the 7, w, 7 notations the Maxwell construction becomes



6.6 Landau theory of second-order phase transitions 97
w2
/ 7' (w; T) dw = wo(w2 — w1) (6.42)
w1

Here v*" = 1+uws, v = 1+ws, p§ = 147 and ’(w; 7) is the current value
of m(w). Performing the integration and using (6.40), we obtain after some
algebra:

3
7 =47 — 37(wy + wa) + 37(W? 4+ wiwa + w3) — '8‘(UJ1 + wa)(w? + w3) (6.43)

(note that T < 0 below T;). This must be combined with the van der Waals
equation written for each of the equilibrium phases:

o = 4T — 67w + 9TW? — gw? (6.44)
3
mo = 4T — 67wz + 9TWE — §w3 : (6.45)

Subtracting (6.45) from (6.44), we have
3
—67 + 97 (w1 + w2) — i(wf +wiwe +w3) =0

To lowest order in 7 the solution is

wp = —wp =24/—71 (6.46)
S (6.47)

Equation (6.46) implies that
! — ve| ~ (T, — T)Y/?

yielding the exponent 5 =1/2.

6.6 Landau theory of second-order phase transitions

Landau formulated a general approach to second order phase transitions [80].
Let ¢ be a corresponding order parameter which, as we have mentioned, can
have different physical meaning depending on the nature of the transition.
Since phase equilibrium is characterized by equality of pressures and temper-
atures, we discuss the behavior of the Gibbs energy G, for which p and T are
natural variables. '
Landau proposed to consider G as a function of not only p and T but
also of the order parameter p: G = G(p, T, ). However, in contrast to p
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and T, which can be given arbitrary values, the value of ¢ corresponding to
equilibrium, ¢ = g, is determined by minimization of the Gibbs energy:

oG _ 8*G
Opl,r = Op?
Thus, the roles of p and T on the one hand, and ¢ on the other, are
different: in equilibrium ¢ = @(p,T). We identify the critical point with
T = T,. It is important to note that in contrast to a first-order transition,
there is no coexistence of phases for a second order-transition: above T, the
system is in the symmetric phase, while below T, it is in the nonsymmetric
phase. Continuity of the state of the system at the critical point yields that in
its vicinity the order parameter can attain infinitesimally small values, since
at the critical point itself ¢ = 0.
Landau proposed to present the Gibbs free energy in the vicinity of the
critical point as a series in powers of the order parameter

>0 (6.48)

P=¥o

b
G(p,T,p) = Go + V(a1p + as¢® + azp® + Zap“ +..) (6.49)

with the coefficients a1, a2, a3, bthat depend on p and T'; V is the volume of
the system. The possibility of such an expansion is not obvious. Moreover, we
know that at the critical point, thermodynamic potentials become singular!
However, (6.49) applies to the vicinity of the critical point, and it does lead (as
we shall see later) to singular behavior of G at T,.. Even with this explanation
this expansion is not yet fully justified mathematically. To use it we have to
assume that singularities of G are of higher order than the terms used in the
Landau theory.

The dependence of G on ¢ means that one can associate with ¢ a conjugate
field H such that

dG =Vdp— SdT + Hdy

or in other words

The physical meaning of H depends on the physical meaning of ¢ for a par-
ticular transition. For example, for a paramagnetic—ferromagnetic transition
@ is the average magnetization and H is an external magnetic field; for a
vapor-liquid transition H = p — ., where . is the chemical potential at the
critical point; etc. Above T, i.e. in the symmetric phase, ¢ must be zero if its
conjugate fleld is zero. A simple illustration of this in the magnetic language
is that at temperatures higher than the Curie point 7. = Tcuysie, i.e. in the
paramagnetic state, the average magnetization in the absence of an external
magnetic field is zero. From (6.49)



6.6 Landau theory of second-order phase transitions 99

g_G = VCL]_ (p ’ T)

P lp=0

Comparing this with (6.50) and taking into account that o, is independent
of H, we conclude that a;(p,T) = 0. Thus, the Landau expansion of the free
energy does not contain a linear term.

Let us discuss the second-order term. In the symmetric phase in equilib-
rium ¢ = 0, and this value must correspond to the minimum of G which
implies, that '

2
g—G =0 and Q—-gz—
3 dp

From (6.49) it then follows that in the symmetric phase a > 0 and min G =
Go. The equilibrium value of the order parameter for the nonsymmetric phase
is nonzero (by definition) and min G is therefore lower than Go, which can
be possible only if az < 0. Hence az{p,T") > 0 for the symmetric phase and
as(p,T) < 0 for the nonsymmetric one. Continuity of G' at the transition
point (which is a manifestation of the second-order transition) requires that
az(p, T.) = 0 (see Fig. 6.2).

o
1 o
v v
& &
G
O 0
0 ¢

Fig. 6.2. Landau theory: Gibbs free energy as a function of the order parameter

These features imply that in the critical region az can be written to leading
order in T — T, as
a
as = §t, a>0 (6.51)

where
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T-T,

t T

is the reduced temperature and a is the material parameter. For the ther-
modynamic stability of the system at the critical point it is necessary that
92G(T.)/0¢* > 0. Since az = 0 at T, this implies that

a3(p,Tc) =0 and b(p,T;) >0

Here one can distinguish two possibilities. If a3(p, T) = 0 for all T then we
have a locus of critical points p(7;) in the p-T plane given by as(p, ;) = 0.
If a3 = 0 only at T, then the system of equations az(p,T) = a3(p,T) =
0 determines isolated critical points. Let us discuss, following Landau, the
former case: a3(p, T) = 0. Expansion (6.49) becomes

b
G(p,T,9) =Go+V (g—ttpz + Zw“) (6.52)
Equilibrium corresponds to min G, which results in the equation

olat + bp?®) =0 . (6.53)

For ¢t > 0 (i.e. for T > T.) there exists only one solution: py =0. For t <0 a
second solution appears:

Yo = :bit t<0 (6.54)

which corresponds to the minimum of G and is therefore stable, whereas g =
0 becomes unstable. Substituting (6.54) into (6.52) we obtain the equilibrium
Gibbs free energy in the nonsymmetric phase:

(at)®
4b
This important result allows us to draw several conclusions, revealing
general features of the second-order phase transitions. Let us first analyze
the entropy,

G=Go-V (6.55)

oG a’t
S=——=| =8 +V_— 6.56
ar|, = > " ot (6.56)
where Sy is the entropy of the symmetric phase, for which ¢y = 0, and
G = Gy. As expected at the critical point (f = 0) the entropy remains
continuous: S = Sy in both phases. The heat capacity at constant pressure is
a2

a5

Cp:T?ﬁ

P
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where Cpo is the heat capacity in the symmetric phase. Thus, at the critical
point Cp has a finite jump:

a?

2T,

which manifests nonanalyticity of the Gibbs energy at the critical point: its
second derivative with respect to temperature is discontinuous. Thus, in the
Landau theory the heat capacity increases discontinuously when the system
undergoes a transition from a symmetric to a nonsymmetric phase. This fact
yields the value of the critical exponent « in the Landau theory:

Cp—Cpo=V T=T. (6.57)

a=0

Exponent 3, describing the behavior of the order parameter as a function of
temperature, is found from (6.54):

B=1/2

We have thus far completely ignored fluctuations in the system by assuming
that ¢ =const throughout the volume. One can improve the original Landau
treatment by considering the order parameter to be a function of space coor-
dinates ¢ = ¢(r), to include the effect of correlations. Then (6.52) takes the
form of the Ginzburg-Landau functional:

1 b )
G(p, T, [¢]) = Go +f dr {Eatgaz + Z(P4 + §c|V<p|2} (6.58)
v

where ¢ is a positive coefficient. Note that for ¢ independent of r we recover
the original expansion (6.52). Now equilibrium corresponds to the functional
minimization

oG

Z -0

dp

which results in the Euler-Lagrange equation:
ato +bp® —cAp =0 (6.59)
We assume that ¢ is close to @q given by (6.54). Then setting
Y=o+ 1

substituting into (6.59), and linearizing in <p1 we obtain the linear equation
of Helmholtz type

Ay - k2o =0 (6.60)

where



102 6. Equilibrium phase transitions

: t + 3by}
c
For the spherically symmetric case 1 (r) = ¢;(r) and the Laplacian in spher-
ical coordinates becomes

#? 290
R

The spherically symmetric solution of (6.60) has the form of the Yukawa
function

1
1 = const ;e"" ’ (6.62)

The quantity £ = 1/k characterizes the length scale of fluctuations of the
order parameter. At separations larger than £, ¢; = 0, meaning that the
corresponding parts of the system are uncorrelated. Thus £ is a correlation
length. From (6.61) and (6.54)

¢ = \/ =5 fort <o,
VS fort>0

Thus, the correlation length diverges as

£~ [t]71/2 (6.63)

yielding the value of the critical exponent v:
v=1/2

At the critical point (¢ = 0) the correlation length becomes infinite, so from
(6.62) ¢3 ~ 1/r, implying that

n=0



7. Monte Carlo methods

7.1 Basic principles of Monte Carlo. Original capablhtles
and typical drawbacks

Since the beginning of 1950s the Monte Carlo method (MC) has served as
one of the major numerical tools of computer modeling of physical processes.
Its specific feature is based on statistical modeling as opposed to determinis-
tic calculations of finite difference type. In performing MC calculations one
literally tries to counterfeit random quantities distributed according to the
known laws of physics, or — especially in statistical physics — to counterfeit
processes leading to known physical behavior, e.g. to the settlement of ther-
modynamic equilibrium. Such counterfeits are known by various names, such
as “imitation”, “stmulation”, “modeling”, and also “numerical experiment.”
To make the terminology more precise, the words “statistical” and “compu-
tational” are often added. This refinement is related to the fact that statistics
requires a lot of observations, attempts or trials, and one cannot do without
modern computers.

Recalling the history of scientific development over the last 50 years, it
turns out that the pioneers of Monte Carlo belonged to the same cohort of
physicists and mathematicians who, in the 1940s, created the first nuclear
reactor and the first nuclear bomb. Those people also developed many of
the earliest electronic computers and assessed the future capabilities of com-
putational machines — which have turned out to be more astonishing than
anyone originally expected. Probably the best definition of MC would be the
following:

Monte Carlo is a method of solving physical problems by simulating
on computers the observations of random variables with subsequent
statistical processing.

In statistical physics MC is applied mostly to calculate integrals over
configuration space. To be more specific, let us consider a canonical (NVT)
ensemble of pairwise interacting particles (molecules) in an external field. The
integral (7.1) gives the average value of some function of coordinates X (r")

(X (M) = /X(rN)w(rN) drv (7.1)
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where w(r?") is the Gibbs probability density function

N
w(rN) = Dy(N) = —1]; exp [— []Ic(;T)] (7.2)

and the potential energy is

U(rY) =D ulrixg) + 3 text (i)

i<j

From the standpoint of probability theory and mathematical statistics
(7.1) defines the mathematical expectation of X (r"V). Imagine that we have
a digital camera that can instantaneously take photos, and that we use it to
scan and memorize the 3D coordinates of all N fluid molecules in the volume
V. We can repeat these actions M times per second. Then the computer
memory will contain the set of coordinates (r"V);, (r"V)s,...,(rV)s and it
would not be difficult to write a program performing standard statistical
processing of these observations [73]. The average observed value of X

M
AVRG(X) = (1/M) 3 _ X[(x")c] (7.3)

c=1

gives an estimate of the true value (X (r™)).! Its mean square deviation from
the latter is

M
o® = (1/M)Y_ X?|(r")] - [AVRG(X)]? (7.4)

c=1

Finally, the integral (7.1) is approximated by [73]

Ny A 7
(X (r")) ~ AVRG(X) [1 + \/M—] (7.5)
Note that o becomes independent of the number of “photo pictures” (obser-
vations) for large M, implying that the error is inversely proportional to the
square root of the number of observations, which is typical for mathematical
statistics (and MC).

MC plays the role of such a microscope that produces a skillful counterfeit
of these pictures by a computer program, their scanning and processing ac-
cording to (7.5). Unlike the microscope, which does not care about the form of
intermolecular interaction, MC imitates the picture just by proceeding from
the form of this interaction. To do this one has to be able to

! Terminologically one should not confuse the mathematical expectation with
AVRG(X) (as it historically appears in physical theories since the nineteenth
century). The former is a theoretically exact quantity (as if we were be able to
calculate the integral (7.1)) while the latter is an estimate (as if we were able to
observe the coordinates r™ M times).
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1. simulate randomness as a phenomenon, and
2. generate random configurations corresponding to a given system, e.g. a
fluid with a given interaction potential under given external conditions.

It is important that the error of the approximation (7.5) does not de-
pend on the dimension of the integral, but is determined by the number of
observations M (the function X (r") is calculated at M random points), be-
ing of the order O(M~1/2). Tt is useful to compare MC accuracy with the
accuracy one can reach by performing approximate integration using stan-
dard deterministic quadrature formulas (Gaussian, trapezoidal, etc.) with the
same number M of specially chosen points. One-dimensional integrals can be
much more efficiently calculated deterministically: the order of accuracy is
O(M~3) or even better. However, for a 3N-dimensional integral the order of
deterministic error at fixed M is O [(M~3)'/3N] = O(M~1/N); i.e. even for
two particles (N = 2) it becomes O(M ~'/2) - the same order of magnitude
as for MC. For N > 3 the accuracy of quadrature methods is much worse,
tending to 100% as N — co: O(M°) = O(1). Thus, MC has no deterministic
competitors when one needs to calculate 3N-multiple integrals starting with
N =2-3.

Comparing MC with molecular dynamics (MD) [53], let us point out their
common features and differences when applied to statistical physics. In MD
one chooses an initial state of the system in phase space, i.e. fixes coordinates
and momenta of particles, and then solves the classical equations of motion
by means of finite differences. To do this a temporal grid is created. Thus,
MD models the actual approach to thermodynamic equilibrium — rather than
simulating it! MC is able to simulate this process without using such dynam-
ical variables as momenta. In other words, MC’s dynamics is artificial. One
chooses initial conditions in configuration space (not in phase space) and
creates there a fictitious approach to equilibrium on the basis of the master
equation. An important remark is that the time scale of this process differs
from the real time scale and can be made “faster,” thereby greatly simplifying
the calculations.

However, strictly speaking as far as fluids are concerned, neither MC nor
MD is able to cope with the problem of a huge number of particles ~10%3
(of the order of Avogadro’s number N, ), and even in the case of pairwise
interactions are content with usually not more than ~10° particles, resulting
in ~10'° terms in the potential energy. In this context, the amazing computer
progress over the past 30 years, having reduced the time per arithmetic op-
eration from milliseconds to nanoseconds, i.e. by factor ~10%, has not led to
any appreciable proximity to Na: the number of simulated particles has risen
by “only” two orders of magnitude,? from ~103 to ~10.

2 However, MC calculations can be facilitated by other means. While the speed
of computer operations has almost reached its physical limit, rapid progress in
the design of chips for computer memory does not seem to be slowing down.
The accessible amount of computer memory doubles every year, and can reach
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Finally, a general statement is that MC does not compete with analytical
physics: no numerical method is superior to a good model of a phenomenon
and its analytical treatment if the latter is available. At the same time, if a
good model has been proposed, MC can significantly improve its estimates.
On the other hand, there are plenty of fundamental and applied problems
that are too complicated (at least for now) to be treated analytically. For
those, MC can become not only a quantitative tool but also a qualitative
method that yields insight into the physical picture.

7.2 Computer simulation of randomness

Since there exist a variety of random distributions it is useful to find out
how many counterfeits are necessary to cover them. Surprisingly enough it
turns out that it is theoretically sufficient to simulate independent random
variables characterized by just a single distribution function — a standard of
randomness — and, moreover, it doesn’t matter which one, even the simplest,
as long as it is known exactly. Probability theory guarantees the same degree
of randomness to variables with other known distribution functions if they can
be recalculated from the standard one by means of deterministic formulas.
The unexpected appearance of MC in the middle of the twentieth cen-
tury contributed to the very philosophy of the problem “what is a random
sequence?”. A traditional task of mathematical statistics is to estimate un-
ambiguously probabilities of random events. MC gave birth to the reverse
task: given a probability function simulate a random event and express it
by means of a computer number. Rigorously speaking such a problem is not
only ambiguous but simply unsolvable, since every truly random event is
by its very mathematical definition unpredictable. Lehmer in 1951 [91] was
the first to propose an escape from this deadlock. He introduced two terms:
“unpredictability to the uninitiated” and “pseudorandom sequence”:

“A pseudorandom sequence is a vague notion embodying the idea of
a sequence in which each term is unpredictable to the uninitiated and
whose digits pass a certain number of tests traditional with statisti-
cians and depending somewhat on the uses to which the sequence is
to be put.”

At first sight one might consider this quotation more philological than mathe-
matical. However, after a little thought, one might admit that there was prob-
ably (and still is!) no other way to introduce artificial randomness. Lehmer’s

at present about 40 GB, i.e. 10!° 4-byte numbers, making it g)ossible to store
an N x N matrix of pairwise interaction potentials of N = 10° particles! Then
a “Metropolis step” (7.26)—(7.27), described in Sect. 7.4, requiring calculation
of the energy change AU for a single particle move r; — ri, results in the
correction of only N of the stored potentials, not N2. Parallel calculations on
several processors are another possibility.
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“philology” seemed puzzling to some and astonished others. The random
number generator proposed by Lehmer (we discuss it below) has so far suc-
cessfully competed with other generators (of Fibonacci type and other types).

From the preceding discussion it is clear that it is appropriate to choose
as a standard of randomness the simplest variable, namely the independent
random quantities g1, go,..., uniformly distributed over the interval (0,1).
These variables are called random numbers; we reserve the notation g for
them throughout this chapter. To make a distinction, variables described by
other probability distributions will be referred to as random quantities.

There are many ways to generate random numbers (for a review see [60]).
Among the latest “Lehmer-like” works we refer to [34]—(36]. In [34], [35] the
sequence of ¢ is generated with the help of a recursive sequence of 64-bit
integers Q:

Gni1 = Qni1/2.0%,  where (76)
Q =1, Qny1 =(Q,A4) mod 2%, n=0,1,2,... (7.7

The 64-bit integer A is called the multiplier and 254 the modulus of the
sequence. Thus, two 64-bit integer numbers Q,, and A are multiplied exactly
(without roundoff) and from the 128-bit product the least significant 64 bits
are retained as the next Q,.i. After that it is normalized, divided by the
modulus, and presented as the next standard g, +1. Pseudorandomness stems
from the fact that the most significant bits in the middle of the product
are produced by adding many bits. One has to be careful when choosing
the multipliers A; the resulting sequence (7.6) must be tested by statistical
methods to verify independence of the numbers q with the different as well as
the same multipliers. These tests are carried out in [34], where 200 multipliers
are selected.? :

Let us discuss how the random numbers can be recalculated into ran-
dom quantities satisfying other given distribution functions. In some cases
these recalculation formulas are obvious. For example, random quantities o
uniformly distributed at (-1, 1) are realized according to

a=2¢—1, orequivalently a=1-2q (7.8)

In the simplest case of a one-dimensional probability density w(x) (subject
by definition to the normalization [° w(X)dX = 1) the recalculation for-
mula can be derived by solving one of the equivalent “integral probability
equalities” [132]:

3 The corresponding Fortran codes are available via the Computer Physics Com-
munications Program Library. Randomness is guaranteed for up to 10'® num-
bers produced by each generator. Recently the same authors [36] have studied a
“more random” 128-bit sequence Qo = 1, Qn41 = (QnA) mod 228, g4y =
Qn+1/2.0'?8 and selected more than 2000 multipliers for it.
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xr
/ w(X)dX =g or equivalently (7.9)

/ " w(X)dX =g (7.10)

To clarify these expression note that the left-hand side of the first one is the
probability P{X < z} that the random variable X is less than z, while the
left-hand side of the other is complementary to it: P{X >z} =1—- P{X <
z}. For random quantities with the exponential probability distribution

e“é, £E>0

(we reserve the notation ¢ for them throughout this chapter) we obtain from
(7.10)

E=—-Ing (7.11)

Thus, if the energy E of a certain system is always positive and distributed
according to the Boltzmann factor w(E) = exp(—F/kgT) then it can be
simulated by

E=—-kgTlng=kgT¢

Because of the exceptional role the quantities £ and «, discussed above, play
in MC calculations we will also call them standards of randomness.* If X is
given by the Gaussian distribution

1 X2
X)=— -——
wlX) = e (503
then one could in principle make use of (7.9), but this would lead to the
integral equation

erf (z/0) =¢
where ) ; ‘
erf (z) = Wers /;oo e ¥ /2 gy (7.12)

is the error function. There exists, however, a more elegant way to do it,
based on the principle of superfluous randomness, using not one but several
standards of randomness, which leads to elementary simulation formulas.

In fact these formulas solve, in a probabilistic sense, integral equations of
the type (7.9)—(7.10) and their multidimensional analogs. The normal (Gaus-
sian) distribution is simulated by the Box—Muller formula [18] (see also [132])
using two standard quantities ¢ and &:

4 The library [34] contains the subroutines simulating not only ¢ but also a, £,

normally distributed (with mean zero and variance =1) and some other random
quantities.
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X = o(26)"2 cos(2mq) (7.13)

Note that for the two-dimensional normal density

1 X24+Y?

one still needs only two standard quantities:

X = 0(26)Y? cos(2nq), Y = o (26)"/?sin(2mq) (7.14)

7.2.1 Rejection method

One of the efficient techniques of recalculating the standards into a given
distribution w(X), where X can be multidimensional, is called the rejection
method. It uses a random amount of superfluous standards and is useful
for a variety of complicated distribution functions w(X). Imagine that we
can find a trial density distribution function v(X) satisfying the following
requirements:

1. with its help we can generate X;

2. v(X) does not vanish anywhere that w(X) is finite (this is the ergodicity
requirement: a trial density should cover all points accessible for w(X));

3. the trial weight

has a finite maximum:

SUP 8y /0 (X) = Sy yp < 00
X

(in other words a trial density v(X) can have singularities at the same points
and of the same order as the original density w(X)). Then the following simple
algorithm for simulation of X distributed with w(X) can be proposed:

Algorithm 7.1 (Rejection method) A trial X is simulated from the trial
density v(X) to give X = z and with the next q the mequalzty of weights is
checked:

S(z) = Su/(2) >q (7.15)
S'w/u
If “yes”, X = x is accepted as a simulation from w(X); if “no”, it is rejected

and the procedure repeats with another trial simulation X from v(X).
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The left-hand side, S(x), of (7.15) is often called a rejection umbrella (or
umbrella curve) and the inequality itself is associated with hiding under the
rejection umbrella. Note that 0 < S(z) < 1.

Figure 7.1 illustrates how the rejection algorithm works. It is notable that
the inequality check (7.15) does not require any knowledge of normalizing
constants for the two probability densities, since the normalizing constants
cancel — a feature that (as we shall see later) becomes crucial for application

of the Monte Carlo method to statistical physics problems.

coptance ar rejection area
acceptance area 9>S(X)
- /

q<5(X)

“08 ) UMBRELLA curve

S(X)
o 08 w(x) ‘
0.4
o2t TN
0 0.5 1 15 2."
X

Fig. 7.1. Illustration of the rejection method. X is a positive random quantity
with the probability density w(X); v(X) is a trial density for simulation of a trial
X. S(X) = 8u/u(X)/supy(sy/,(X)] is the umbrella curve; ¢, a random number.
The rejection area for pairs (X, q) is filled; the acceptance area is open

A simple proof of the validity of this scheme stems from the fact that the
probability dP(z) of accepting X from the interval (z,z + dz) is a product
of two quantities:

(a) the probability v(z)dz of a trial X simulated from v(X) being within
this interval, and

(b) the probability of accepting this trial value, which is given by the in-
equality (7.15); the latter, read from left to right, can be expressed as the
probability that a random number is less than S(X). Thus,

w(z) ] _
v(m)sw/v S’w/v

Hence, as required, d P(z) is proportional to the original distribution function
w(x). The efficiency of the rejection algorithm is characterized by the proba-

dP(z) = [v(z) dz] S(z) = v(z)dx [ w(r)dz
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bility Pyes of accepting any trial X from the first attempt. By integrating we
find

1
Sw/v

Pyes = /dP(m) =

since w(z) is normalized to unity. This result reflects a trivial observation:
the closer the trial density is to the simulated one, the smaller the number of
rejections.

As an example, let us apply the rejection method to simulate the standard
normal distribution with mean 0 and variance 1:

2 X2
w(X)z\/;exp(—T), 0<X <o

Let us choose the exponential density as a trial

(7.16)

v(X)=e X, X>0

We already know how to simulate it: X = £. The trial weight is

2 X2
sw/v(X) = \/;exp <*_2_ +X) )

its absolute maximum being

Su = | Zexp(1/2

The umbrella curve is given by the function

S(X) = exp [— (3%—1)—2]

which does not contain the normalizing constant. The inequality (7.15) reads
exp[~(X ~1)*/2] > ¢
Taking the logarithm and using (7.11), we obtain the following
Algorithm 7.2 (Simulation of the standard normal distribution)
X=¢ if (€-1)2 <2,
otherwise £ and &; are rejected and replaced by the new values.
The probability of accepting the trial X from the first attempt is
‘ 1/2
1 T
- = | = 0.76
Sw /v [ (26) ]

Thus, on average one needs to generate about four pairs (£;,&:) for every
three simulations.
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7.3 Simulation of “observations of random variables”
for statistical ensembles

The rejection algorithm described above indicates a possible way to simulate
the Gibbs density function (7.2) but it is still far from practical use. Even for
the simplest Lennard—Jones potential it is not easy to choose a trial density
v(r") close to the equilibrium canonical form (7.2):

o P [— Uk(;;)] (7.17)

The easiest way to satisfy the requirements 1 and 2 is to choose as a trial
a uniform distribution within the volume V for every particle, which for N
particles gives

Pog=w(N) =

1

VN

It is not possible, however, to find the supremum of the weight. And even
if it were it would be of no use. Indeed, as is known from thermodynamic
fluctuation theory, a rather narrow domain of the configuration space in the
vicinity of the sharp maximum of the Gibbs function (7.17) makes the dom-
inant contribution to the thermal averages, and in practice it is virtually
impossible that by means of a trial simulation all molecules simultaneously
find themselves in this domain. What one can do is to simulate the transi-
tion process from less probable to more probable configurations. This can be
done by performing a random walk in configuration space. The question be-
comes how one can guarantee that MC simulation of particle coordinates will
“forget” the initial trial distribution and relax to the equilibrium fluctuating
around it (as it does in Nature). The answer is that this will be the case
provided that the simulated relaxation process satisfies the detailed balance
condition framed in terms of the master equation [53]. _

The master equation describes evolution of an ensemble of particles from
some initial configuration (r"V) at time ¢ = 0 (we denote its probability by
P(r",t = 0)) to another one (r'V) at time t, characterized by the probabil-
ity P(r'V,t). The evolution depends on the rates of forward and backward
transitions between two configurations, W(r" — r'V) and W(r'V — r?),
respectively

v(rN) =

OP(r™N,t) B

P /dr'NP(rN, Hwh - r'N)

+ / dr'N [PV, ) W'Y — V)] (7.18)

The first term here gives the total rate of transitions from the given configura-
tion r¥ to others, and the second term describes the total rate of transitions
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from other configurations to r?V. Relaxation to equilibrium means that at
t— o0

dP(rV,t)

5 -0, PV, t) = Puy(rM)

which can be achieved if (the detailed balance condition) for every two points
rV and r'" of the configuration space the following time-independent rela-
tionship is satisfied:

Py @MW EN = 1V) — Py )W (EN = 'N) =0, or  (7.19)
W(rN — r'N) _ Py(r'M)
W(E'N = rN) — Poy(rV)

(7.20)

From the standpoint of simulation it is notable that this condition can be
satisfied by choosing transition probabilities W in a variety of ways. One can
call the simplest one a “step forward or step in place”:

IN
WY = r'Y) = min {1, %N—%} (7.21)

Metropolis criterion. An elegant way to perform a step for the master
equation was proposed by Metropolis and his colleagues in 1953 [101]:

e a new configuration is generated by means of an arbitrary trial density
probability v satisfying the above written criteria 1 and 2 (e.g. the uniform
density): r'V = r'N[v]

¢ the next random number q is generated and the condition

Peq(rIN)
Sw/v Peq (I'N)

it

>gq (7.22)

is checked

e if it is satisfied, r'V is accepted as the new configuration (step forward),
otherwise the old one, r?, is retained (step in place, increasing the weight
of the old configuration).

Taking the logarithm of (7.22) and using (7.11) and (7.17) we convert it into
a more elegant form

AU < kgT¢ (7.23)

where AU = U(r'V) — U(r") is the energy difference between the two con-
figurations and ¢ is the exponential standard.®

5 The inequality (7.22) covers both possibilities appearing under the min sign
in (7.21) since q is always smaller than unity. It is possible to first check
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The physical meaning is transparent: if the weight of the new configura-
tion exceeds unity, s,,;, > 1, then (note that ¢ is always less than unity) it
is unconditionally accepted (thereby providing relaxation to equilibrium). If
the new configuration is less probable, s,,/, < 1, it is accepted (but now on
condition) with the probability s,,/, and rejected with the complementary
probability 1 - s,,/, (providing fluctuations near equilibrium after the relax-
ation period). One can easily see by interchanging r’V and r'V that detailed
balance (7.21) is satisfied.

A nice feature of the scheme (originally pointed out by its authors [101])
is that a new configuration can be obtained from the old one by changing
the coordinates of only one particle at each MC step, keeping the positions of
the rest fixed. A particle to be displaced can be chosen at random or in turn.
Compared to the naive approach of moving all particles simultaneously, this
idea significantly facilitates approach to the sharp maximum of the equilib-
rium distribution function.

Finally, analyzing the detailed balance condition (7.20), we observe that
it allows the multiplicative inclusion of an arbitrary symmetric function
w(rN,r'N) = w(r'N, V), which can be continuous or discrete, into W. If w is
positive and normalized to unity it can be also simulated by means of MC.
Usually, the transition probability is chosen to be continuous in coordinates
and discrete in a particle’s number:

N
W V) = ZpiW(. . LD (7.24)
=1
(by “...” we denote the coordinates of particles other than i, which remain
unchanged) with
L N
p; = w(r, V) = N Zpi =1

7.4 Metropolis algorithm for canonical ensemble

Combining all these features and considering the volume V' to be a cube with
a side L, we can formulate

Peg(r'V)/Peg(r™) > 1 and if “yes” then there is no need to generate q (equiv-
alently there is no need to generate £ in (7.23) if AU < 0). However, a small
(compared to the AU calculation) savings in time is not always favorable. It can
be overweighed by using the method of dependent trials (see Sect. 7.8.2) where-
upon equal number of standards of randomness per MC step becomes important.
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Algorithm 7.3 (Metropolis algorithm for canonical ensemble)

Step 0. Simulation of initial configuration

Set the configuration and relaxation counters to zero: keon = 0, keq = 0 (no
relaxation). For each particle 1 = 1,2,..., N simulate coordinates uniformly
distributed in the cube V:

r; = L(qm,iem + qy,i€y + qz,ieZ) . (725)

where ez, e, e, are unit vectors of the cube and ¢ with various indices are
independent random numbers (if the particles have hard cores it is reasonable
to rule out overlap). Find the initial configuration energy U(kcon = 0).

Step 1. Simulation of a new configuration by displacing particles one by one
Increase the configuration counter by 1: kcon — kcon + 1. Sequentially (or
randomly with the equal probability 1/N) simulate new coordinates of the
particle 7 (¢ = 1,2,...,N) according to

I‘é = L(QE,iez + qy,iey + q:,iez)

(with the next independent random numbers), every time calculating the
energy change AU and checking the inequality

AU < kgT¢ (7.26)

where

AU = Z[u(rg,rj)] — u(r;, Tj) + Uext (T}) — Uext (Ts) (7.27)
J#i

If “yes”, replace the old coordinates by the new ones (the old are forgotten);
if “no”, the particle retains its old position. Store the new configuration
energy U(kcon). If keq = 1, go to Step 3 (averaging), otherwise - to Step 2
(relaxation).
Step 2. Analysis of the relazation process
Comparing the terms in the sequence U(0), U(1), U(kcon) estimate whether
the relaxation process has finished and the system has started to fluctuate
about some average value. If “no”, go to Step 1 for a new configuration. If
“yes”, set keq = 1 (end of relaxation), keon = 0 (begin counting equilibrium
configurations) and go to Step 3.
Step 3. Calculation of averages over equilibrium configurations
The sums (7.3)—(7.4) are accumulated, where M = kcon (due to Step 2, the
nonequilibrium relaxation configurations are excluded from kcon). Go to Step
1 until the desired number of trials M is reached. End of algorithm.

The Metropolis algorithm performs importance sampling of configurations
by generating them already with a probability proportional to the Boltzmann
factor e7AU. All thermal averages then become simple arithmetic averages
over the generated configurations. The remarkable feature of this scheme is



116 7. Monte Carlo methods

that although the constant of proportionality 1/Qx is not known, it does not
enter into the algorithm.

7.5 Simulation of boundary conditions
for canonical ensemble

As already discussed, the number of simulated particles accessible to modern
computers is ~10°, far less then the desired number No ~ 1023, This fact
gives rise to a systematic error (the latter should not be confused with the
typical MC error ~O(M~1/2)) that depends on the number of simulated
particles Nyc. Its order is O(Ny¢), € > 0 and at best € > 1/2. In other
words if computers allowed simulation of N4 particles this systematic error
would not occur, but at present its reduction is problematic. The main idea
for the solution of the “Avogadro-MC” problem is simulation of the boundary
conditions.

Let us first simplify the problem by eliminating the external field con-
tribution and assuming short-range pairwise potentials. The latter are those
which decay with distance faster than 1/r® (e.g. Lennard-Jones, exponential
etc.). Compare the cube with the Avogadro number of particles N in the
volume Vi = L3 with the internal MC cube of the volume Visc = L}, which
is only

Vame/Va = 10%/10%% = 10718

of the Avogadro volume and its side Lyc = 1071830, = 107L,. Only a
reasonable extrapolation at the volume boundaries makes it still possible to
study real ensembles. A particle effectively interacts with neighbors within a
distance of the order of L,ear, which can be identified with the correlation
length (at the given temperature). Assume that Lyc > Lyear.® Then a config-
uration in the MC cell, which is inside the Avogadro cell of the real ensemble,
possesses translational symmetry in the probabilistic sense; specifically the
average configuration for all translational images of the MC cell along all
three directions x,y, 2z will coincide with the average configuration for the
original cell. But configurations in different cells will fluctuate independently.
The idea of MC boundary conditions, reducing the error O(Ny¢é), is to as-
sume in all translationally symmetric cells exactly the same configuration as
in the original one. Thus, we assume that fluctuations in all these cells are
100% correlated with fluctuations in the original cell. This idea introduces
periodic boundary conditions.

In the Metropolis algorithm one must decide which neighbors take part
in the pairwise interactions with a given particle from the main MC cell.

6 This condition cannot be satisfied in the vicinity of a critical point, where the
correlation length tends to infinity. In this case, finite-size scaling is applied [13].
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For short-range interactions it is plausible to take into account contributions
from particles located in a cube with the same side length Ly centered at
the given particle; this is the condition of the cut-off, toroidal periodicity.

Long-ranged potentials like Coulomb (~ 1/r) and dipole-dipole (~ 1/r3),
require a special treatment. We cannot truncate the potential at some dis-
tance, but instead we must sum over an infinitely large number of cells. Such
sums are poorly convergent. There exists, however, a procedure originally
proposed in 1921 by Ewald [37] and rigorously developed by de Leeuw, Per-
ram, and Smith [86]-[88] (see also the discussion of the Ewald summation
method in [47]) which makes it possible to overcome this difficulty by con-
verting the original poorly convergent sum into two rapidly convergent sums
in physical and Fourier space.

Obviously translational manipulations are forbidden if they violate the
physical symmetry of the system under consideration. For example a fluid
in the absence of an external field allows for full 3D periodic translational
symmetry. However a fluid in the gravitational field near the surface of the
Earth allows for periodic cylindrical boundary conditions only in the layer
below the upper boundary and above the lower boundary of the MC cell; the
upper boundary must be free, while the lower must be impenetrable.

7.6 Grand ensemble simulation

In the grand (uVT) ensemble the average of an arbitrary physical quantity
X is given by (1.85):

—ﬁU(N,l‘ )
=y 2 / ar X(r (7.28)
N .
where 29 = A/A3 is the fugacity and
== / dr¥N e=AUWr™) (7.29)

N>0

is the grand partition function. It is clear that the detailed balance condition
results in relations between the forward and backward probabilities, includ-
ing, in addition to (7.19)—(7.20), changing the number of particles due to the
particle exchange with the heat bath. v

To make the application of MC more transparent it is reasonable to unify
all integrals to a fixed dimension, that can be done in a simple way. First
of all note that due to the finite size of particles their number in a fixed
volume V is bounded from above by some Ny (since the number density is
always below the close packing limit).” This means that for N exceeding Np,

" We do not discuss here an ideal gas (point-like particles) for which calculations
become trivial: = = exp(z0V).
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U(N,rV) = oo, exp[—BU(N,r")] = 0 whatever the configuration r"V. Using
this concept of the maximum number of particles proposed by Rowley et al.
[123], we conclude that summation in (7.28)—(7.29) is up to Np.

Now to extend all integrals in the sum (i.e. for each 0 < N < Np) to
the fixed dimension Ny we add Ny — N fictitious particles, considering them
to be an ideal gas environment; physically, this is a way to model the heat
bath. Because fictitious particles are passive, the energy U can be thought of
as being dependent on all coordinates r’¥o rather than on r™ only. All extra
integrations lead simply to multiplication by VNo=N  which must be canceled
by the inverse quantity VN "o, resulting in

- No N —BU(N,rNo)

X=yv 3" (—Z"WV')—— f drle X (rM) S (7.30)
£ N E
No N

E=v Ny (z"NV,) / drNo g=AUW,x™) (7.31)
N=0 :

The detailed balance condition becomes (note that, as expected, it does
not depend on Np)

W{(N,eV) = (N, r™)]  (2V)V/N! y {_[U(N,rNO)—U(N’,rNO]}
WIN,o™) = (N,eN)] ~ (V)V /NP kT s
7.32)

In the Metropolis algorithm an elementary trial step is performed for a
single particle i. Now it should include probabilities Wy, W1, W_1, of three
elementary transitions:

¢ Wy: changing coordinates of the particle 1,
e W,i: gaining a new particle: N' = N + 1, and
o W_;: losing a particle: N' =N —1

The general expression for Wy, is

A
Wy = min q 1, ax exp ~~gﬁ , k=0,+41,-1 (7.33)
ksT
where
AUy =U(N,...,r,...) —U(N,...,r;,...), ag= (7.34)
Z2V
AU, =U(N + 1,28 —U(N,eN), a4 = N”+ - (7.35)
AU_1 = U(N = 1,e% 1) — U(N,eV), a_y = 20 (7.36)
ZQV

From these expressions we can deduce
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Algorithm 7.4 (Metropolis algorithm for grand ensemble)

Step 0. Simulation of initial configuration and number of particles

Choose an arbitrary N and as in the canonical Metropolis scheme set the
configuration and relaxation counters to zero: keon = 0, keq = 0. For each
particle i = 1,2, ..., N simulate coordinates uniformly distributed in the vol-
ume V. Find the initial configuration energy U(kcon = 0).

Step 1. Cycle over particles

Sequentially (or randomly with the uniform probability 1/N) for every parti-

clei=1,2,..., N perform Step la, simulation of one of the three elementary
events (index k) with equal probability 1/3.
Step 1a

kcon = kcon+1. With the next random number g calculate k¥ = integer(3q)—1,
AUy and ay, and check the inequality

AU < kT (€ +1nay) (7.37)

which is an obvious generalization of (7.26). If “yes”, change the old param-
eters — the number of particles N or particle coordinates, or both (if a new
particle is introduced). If “no”, keep them unchanged. Store the new config-
uration energy U(kcon). If keq = 1, go to Step 3 (averaging), otherwise go to
Step 2 (relaxation). (

Step 2. Analysis of the relaxzation process

Comparing the terms in the sequence U(0), U(1), U(kcon), assess whether
the relaxation process has finished and whether the system has started to
fluctuate about some average value. If “no”, go to Step 1 for a new config-
uration. If “yes”, set keq = 1 (end of relaxation), kcon = 0 (begin counting
equilibrium configurations), and go to Step 3.

Step 3. Calculation of averages over equilibrium configurations The sums
(7.3)-(7.4) are accumulated where M = kcon (due to Step 2, nonequilibrium
relaxation configurations are excluded from keo,). Go to Step 1 until the
desired number of trials M is reached. End of algorithm.

7.6.1 Monte Carlo with fictitious particles

The simulation strategy described above is efficient predominantly for low
chemical potentials, i.e. for dilute systems. If a system is dense, inserting a
new particle into the volume V without overlapping of hard cores can be
rather time consuming. Instead one can apply a more efficient technique pro-
posed by Yao et al. [151], which makes use the concept of fictitious particles
in an elegant way. The system in a given volume V can be thought of as Ng
particles which can belong to one of two species:

e real, of which there are N, with 0 < N < Ny, and
s fictitious, numbering Ny — N
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Fictitious particles, as previously discussed, are passive, and constitute “ideal
gas background”: they do not interact either with each other or with real ones.
At the same time there exists the possibility of converting a real particle into
a fictitious one and vice versa. Conceptually, fictitious particles are analogous
but not identical (!) to a heat bath: they are located not outside but inside
the same volume as the real particles belonging to the simulated ensemble.
The average X of a physical quantity X in (7.30) can be rewritten as

SN, [ drMo X (N, rNo) h(N, rNo)
YN, [ drNo h(N, rNo)

X = (7.38)

where

R(N,rNo) = Klﬁ(zOV)N e AUNx™0) (7.39)

Subdividing the volume V into a large number of identical elementary cells
(AL)® and replacing the configuration integral by summation over configura-
tions, 3. ¢, as dr approaches (AL)® we obtain:

No
X =) XN, r™)u(N, %) (7.40)
N=0 conf
hN, ™) (7.41)

V= ™
ZNU=O conf h(N7 rNO)

Using MC to calculate this expression means generating a Markov chain
of configurations, so that X (N,r™?) occurs with probability proportional to
v. Then as usual,

’val MXNN° 7.42
”‘M; [(N,r™0)] (7.42)

Thus, we have the following
Algorithm 7.5 (MC sampling with fictitious particles)

Step 0. Simulation of an initial configuration of Ny particles and initial num-
ber of real particles N

Set the configuration and relaxation counters to zero: keon = 0, keq = 0 and
for i = 1,2,..., Ny simulate particles coordinates uniformly distributed in
the volume V (taking into account hard-core exclusion). Choose an initial
number of real particles N = Niniy < Ng. The rest Ny — Nipiy of the par-
ticles are fictitious (potentially real). Find the initial configuration energy
U(No, N; kcon = 0) taking into account that fictitious particles are passive
(and therefore only the contribution from real ones counts).

Step 1
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For a current configuration k.on characterized by the number of real parti-
cles N and energy U(Ny, N; kcon) decide at random with uniform probability
(1/3) which of the steps 1a, 1b, or lc to perform.

Step 1a. Move of a real particle

Choose at random with uniform probability 1/N one of the real particles,
say i, and make a trial move (simulate new coordinates of the particle 7)
calculating

AU:U(N(),N, )— (N(), s .,I‘i,...)
Check whether
AU < kgT€

If “yes”, the new configuration is accepted, if “no”, the old one is retained
(clearly Step 1la is the canonical Metropolis sampling). Go to Step 1d.

Step 1b. Annihilation of a real particle

Choose at random one of the real particles, say ig, and calculate the difference
of configuration energies without and with the particle ip:.

AU = U(Ng,N — 1;Y U(No, N;r)

No) =
(here r? in ! denotes the configuration of (N — 1) real particles after annihila-
tion of the particle ig). Check whether

VN-1 N _ BAU

= ——e >
VN ZOV q

AU < kgT l:f-*-ln (Z—ivv):l

If “yes”, convert the particle ¢ to fictitious (annihilation), N — N —1; if
“no”, keep it real. Go to Step 1d.

Step 1c. Creation of a real particle

Choose at random one of the fictitious particles, say jr, and calculate the
difference of configuration energies considering that in the new configuration
the particle jp becomes real:

or equivalently

AU =U(No, N + L;e{ 1) — U(No, N;x™)

(here ri’ jt} denotes the configuration of (N + 1) real particles after creation

of the particle jrp). Check whether

UN+41 — 2V e—ﬂAU
vN N+1

>4q
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or equivalently

ZoV
<t e (2]

If “yes”, convert the particle j; to real (creation), N — N + 1; if “no”, keep
it fictitious.

Step 1d. Fiz new configuration .

Increase the configuration counter: kcon — kcon + 1. Store the energy cor-
responding to the new configuration U(Ng, N; keon ). If the relaxation index
keq = 1, go to Step 3 (averaging), otherwise go to Step 2 (relaxation).

Step 2. Analysis of the relazation process

Comparing the terms in the sequence

U(NO’Mnit;kcon = 0)7 ey U(No,N; kcon)

assess whether the relaxation process has finished and the system has started
to fluctuate about some average value. If not, go to Step 1. If it has, set keq = 1
(end of relaxation), kcon = 0 (begin counting equilibrium configurations) and
go to Step 3.

Step 3. Calculation of averages over equilibrium configurations

The sums (7.3), (7.4) are accumulated where M = ko, (due to Step 2,
nonequilibrium relaxation configurations are excluded from keon). Go to Step
1 until the desired number of trials M is reached. End of algorithm.

The advantage of this algorithm is that in creating a particle, we do not
have to insert it into the volume V' (searching for a new location), but instead
convert one of the fictitious particles, which are already present but hidden,
into a real one. Thus, we do not search for a new location but pick up a
fictitious particle with known coordinates and attempt to declare it real. It
may be possible that it overlaps with one of the real particles, in which case
the attempt is not accepted and it remains fictitious. Another important
feature of this strategy is that one need store in computer memory only the
interaction energies of the real molecules.

Yao et al. [151] applied this algorithm to a Lennard-Jones fluid with the
pair interaction potential

=0 [(22)" - (2],

where r is the center-to-center distance between two particles, and analyzed
the dependence of the chemical potential on number density. It is convenient
to introduce the reduced independent variables

T* = kgT/ery, V*=V/ad;, =z5=20%;

From the definition of fugacity we have
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Bu 53 3
z5 = E—A% = exp {ﬂ [u +kgTln <%Lll) ]} = ePHcont

where

3
ficons = .+ kpT'ln ("—/Lli) (7.43)

is the configuration chemical potential. The corresponding reduced quantity
is

*
Heonf = MCOHf/GLJ

The quantity we wish to determine in simulations is the number density

P, V,T) =

<] =

or in reduced units

2|

p* IPUEJ Ty

The Lennard-Jones potential is truncated at a cutoff distance L/2, where L
is the size of the MC cell (V = L3), and periodic boundary conditions are
imposed in all three directions. We choose the maximum number of particles
Ny as the one corresponding to close packing of spheres of diameter 0.801,; in
a cube of volume V'; d = 0.8071,5 is a reasonable choice of effective hard-sphere
diameter (recall, the Barker-Henderson formula of Sect. 5.3). In [151] Ny was
500 and 864. The total number of MC steps was approximately 2 x 108,

Simulations were performed at temperatures T* = 1.15 and T* = 1.25,
both below the critical temperature, which according to various estimates
[143], [131], [94] lies in the range T* ~ 1.31-1.35. This means that the system
undergoes a first-order phase transition manifested by two-phase vapor-liquid
coexistence at a certain peoex(7T") which in the chemical potential-density plot
should correspond to a horizontal line given by the Maxwell construction.
At each temperature three simulations were performed for the liquid phase,
and three for the vapor phase. Figure 7.2 shows the configuration chemical
potential p . versus density p*.

The results are in agreement with simulations by Adams [4] based on the
Metropolis strategy for the grand ensemble, but calculations using fictitious
particles are significantly faster, since a much smaller number of particles
is used. For comparison we also show in Fig. 7.2 predictions of the density
functional theory, discussed in detail in Chap.9, for the same system. The
chemical potential is given by (9.25):

1= pa(p) — 2pa, (7.44)
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“‘conf /i eLJ

Fig. 7.2. Configuration chemical potential vs. density for a Lennard-Jones fluid
obtained by grand ensemble Monte Carlo simulations at 7* = 1.15 (circles) and
T* = 1.25 (triangles). Solid and dashed lines: results of the density functional
calculations for T* = 1.15 and T* = 1.25, respectively

where p4(p) is the chemical potential of hard spheres with effective diameter
d, and the number density p, and the background interaction parameter a
for the Lennard-Jones fluid with the WCA decomposition of the interaction
potential is given by (9.28):

16
a= 7;\/561,‘]0'%‘] (745)

The effective hard-sphere diameter was calculated using the Barker—Henderson
formula, and the hard-sphere chemical potential is that of the Carnahan—
Starling theory (3.26).

Note that a common feature of first-order phase transitions is appreciable
hysteresis, which is the manifestation of the fact that two coexisting phases
are separated by an energy barrier; its height is equal to the free energy of the
interface between the two phases. It is rather difficult to determine directly
in simulations the coexistence point at a given temperature: if we start our
simulations in a stable phase 1 and change the temperature, we soon enter
the metastable region being trapped in the phase 1 (due to the presence
of the energy barrier), and changing the temperature further leads to an
irreversible transition to a new phase which is well beyond the coexistence
point. That is why in order to detect a coexistence point in simulations it is
desirable to get rid of the interface by placing “vapor” and “liquid” molecules
into different boxes. This is an idea of the Gibbs ensemble method proposed
by Panagiotopoulos [107]. A deficiency of this method is that exchange of
particles between the boxes becomes effectively impossible if one of the phases
(liquid) is sufficiently dense. An alternative to the Gibbs ensemble method is
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the thermodynamic integration method described in detail in [47], in which
one determines which phase is stable under given conditions by comparing
the free energies of the two phases.

7.7 Simulation of lattice systems

Usually the intermolecular interaction in fluids has a hard core (or at least
very strong repulsion at short separations), a potential well, and a rapidly
decaying tail. Instead of letting molecules occupy arbitrary positions in space,
we can impose a restriction demanding that the centers of the molecules
occupy only the sites of some lattice. By doing so we obtain what is called a
lattice gas model of a fluid [11]. If the lattice spacing is small enough, such
a restriction sounds reasonable; moreover it is necessary for almost every
numerical calculation. MC simulation of such systems is significantly faster
than that of a continuum, since one deals with a limited number of possible
positions.

Let us assume that the total number of lattice sites is Ny and the coordi-
nation number is !, which means that each particle has [ nearest neighbors.
We also assume that the lattice is bichromatic, which means that it can be
partitioned into two interpenetrating sublattices, so that nearest neighbors
belong to different sublattices.?

With each site i (i = 1,..., Np) we associate a variable p; which is equal
to unity if the site is occupied and zero otherwise. During simulations we
store in computer memory the Ny x Np occupancy matrix, in which each
element is just one bit. Simulation of hard-core repulsion becomes trivial: a
trial move or insertion of a particle (in the grand ensemble) at a site ¢ with
p; = 1 (meaning that the site is already occupied) is rejected.

As an example let us study a lattice gas with short-range repulsive inter-
action u > 0 between nearest neighbors. This means that we are dealing with
a “positive potential well,” which is not typical of fluids, where the poten-
tial well is usually negative. The underlying physical system might be equally
charged ions on a lattice where electrostatic interactions are strongly screened
by counterions (the system as a whole is electroneutral). If the screening ra-
dius is of the order of the lattice spacing, this ionic system can be modeled
as a lattice gas with repulsion between nearest neighbors. The interaction
energy of a specific configuration becomes

Ulp1,....pn) = UZPin
(4:.3)
where parentheses in the sum denote summation over pairs of nearest neigh-
bors, with each pair counted only once. This expression implies that all sites
are equivalent. The number of occupied sites for a given configuration is

8 This is a purely geometrical property. Such partitioning is possible for example
in a square, simple cubic, or diamond lattice, but not in a triangular lattice.
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Ng
Nipd) =3 i
i=1
The average concentration (fraction of occupied sites) is given by

Tr = N/Ng

Let us first discuss some qualitative features of the system behavior. Since
interactions are purely repulsive, the equilibrium configuration results from
competition between energetic and entropic terms in the free energy. If the
repulsion is weak, the entropic contribution prevails for all fractions, which
means that particles occupy sites at random. If the repulsion is strong enough,
random occupation is favorable for fractions smaller than some critical xél).
Beyond xﬁl) the energy contribution becomes comparable to the entropic one,
which results in a disorder—order transition: particles occupy preferably one
of the sublattices up to z = 1/2, whereupon preferable occupation of the
second sublattice starts. At high concentrations, in view of a large number
of mutually repelling particles, it becomes again favorable to place them at
random in order to maximize the entropy. Thus, at some :cgz) the order—
disorder transition takes place. The particle-hole symmetry of the model
yields: mgz) =1- acgl). The phase transition is second-order, the order pa-
rameter being the difference in average concentrations of the sublattices:

Ts = Ps;

where

N —N,
Ps = NO

N7 and N, are occupation numbers of sublattices. Average concentrations of
sublattices are expressed as

71 = Ni/No, z2 = N3/Ny,

so that x = x; + x5. It is important to note that this transition is purely an
effect of the lattice; it does not occur in a continuum system.

Let us investigate the phase diagram. The grand ensemble (uNoT') is an
obvious choice for these calculations. Note that instead of fixing the volume
V we fix Ny, which for a lattice is equivalent. The grand partition function

for the lattice gas is
2=3 exp Np—-U({p})
kT
{r}
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where the sum is over all configurations. The average number of occupied
sites is given by the thermodynamic relationship [80]

L o0 (7.46)
rT=—-—— — .
Ng Bp No,T

where 2(u, No, T) = —kgT In = is the grand potential. Equation (7.46) deter-
mines the concentration as a function of the chemical potential and temper-
ature £ = z(p, T). In a second-order phase transition we are not confronted
with coexisting phases. Therefore the density at the transition point remains
continuous while its derivative 8z /9u, which is proportional to the isothermal
compressibility

No N2 —(N)?
Xr = Tmovs 3
(N)2 kT

diverges, resulting in nonanalyticity of the function z = z(y,T) and its in-
verse u(z,T) at corresponding critical concentrations.

Thus, divergence of x, signals a phase transition. However, it is more
convenient to detect a transition point by studying the staggered compress-
ibility

(7.47)

Xs ™~ E_ (ZZ)Z

rather than x,. Let us apply the lattice version of the MC algorithm for the
grand ensemble with fictitious particles and calculate the order parameter
x5, which is zero in the disordered phase (where the densities of sublattices
are equal, T; = x3 = z, implying that the sublattices are indistinguishable)
and zero in the ordered phase, and the staggered compressibility X,, which
is sharply peaked in the vicinity of the transition point. Note that a serious
problem in simulations is that near the transition point the relaxation time
tends to infinity, leading to the so-called critical slowing down; fluctuations
dominate the behavior, reducing the accuracy of simulation data. Methods
to tackle this problem are described in [135], [13], [150]. The phase diagram
for the simple cubic lattice (I = 6) emerging from the simulations is shown
in Fig. 7.3 in coordinates (z,t) and (u,t), where

t =4kpT/u
is the reduced temperature. Areas bounded by the critical curves and the

vertical axis correspond to the ordered state.®

? Note that this system is equivalent to an antiferromagnetic Ising model [11] in an
external field; the order—disorder transition is the one from the antiferromagnetic
to the paramagnetic state.
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Fig. 7.3. Lattice-gas phase diagram for the simple cubic lattice (I = 6). (a) (z,t)
plane, (b) (u,t) plane. Filled circles: MC results. Lines are shown for visual con-
venience. Domain inside the curve corresponds to ordered states, and outside to
disordered states

7.8 Some advanced Monte Carlo techniques

There are a variety of ways to speed up MC calculations and to extend the
areas of MC applications. The abilities of modern hardware were already
mentioned: large volumes of accessible computer memory (progressing in a
geometrical way) and nanosecond time per arithmetic operation, enabling one
to store all elements of the pairwise potential matrix, parallel processing, etc.
From a number of specific MC possibilities to reduce the calculation time and
extend applications (see e.g. [47]), we briefly discuss two (opposing!) trends

o superfluous randomness (mentioned in Sect. 7.2), and
e method of dependent trials, diminishing unnecessary randomness.
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7.8.1 Superfluous randomness
to simulate microcanonical ensemble

The microcanonical distribution discussed in Sect. 1.3 contains the Dirac §-
function to ensure conservation of total energy. It is impossible to perform
MC steps in a random way on the infinitely thin energy surface. That is why
Creutz [24] proposed a superfluous randomness that simulates the kinetic
energy of the system but in an indirect way. Recall that the direct way implies
solving the Hamiltonian equations in phase space by the deterministic MD-
method. As we know, MC simulation of canonical ensembles totally ignores
the momenta. The idea of Creutz is to introduce a fictitious demon (leading
to extra one-dimensional randomness) instead of the real 3N-dimensional
momentum subspace. The demon energy must always be positive (like the
kinetic energy it is simulating). The idea of the simulation algorithm in the
microcanonical (NV E) ensemble is as follows.

1. Start with some random configuration with the potential energy U(r")
and fix a total energy E > U. The remainder Ep = E — U is assigned to
the demon; Fp must always be positive.

2. Take a trial step for each particle and calculate AU.

3. If AU < 0 the step is accepted and the demon energy increases: Fp —
Ep + |AU|.

If AU > 0 check whether Ep > AU. If so, the step is accepted and the
demon energy decreases: En — Ep — AU; otherwise the step is rejected.

Relaxation in this scenario means that the Maxwell-Boltzmann distribution
of the demon (kinetic) energy is established, and one can calculate the demon
temperature using the Boltzmann factor with Fp.

7.8.2 Method of dependent trials —
eliminating unnecessary randomness

MC “observations” obtained using the method of dependent trials have an
important advantage over real statistical ones. This stems from the fact that
any series of pseudorandom numbers for simulation of one ensemble can be
precisely repeated for simulation of another one.!® Suppose we wish to cal-
culate an average X as a function of temperature T for the NV ensemble.
We simulate several ensembles with different T' = T3, T3, .... To clarify the
idea let us consider just two temperatures.T; and T; close to each other and
calculate averages X; = X (T}) and Xz = X (7T5) and their estimated absolute
mean square errors €; and es. Then the difference X; — X, has an error

e=1/€ — 20126162 + €2 (7.48)

10 This technique becomes particularly useful for studying phase transitions [41].
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where —1 < g12 < 1 is the correlation coefficient [142]. If the statistical errors
€1 and € are independent, then g;2 = 0 and

— /€2 4 2
€=4/€] +€

which can easily exceed the average value X; — Xy, itself, especially if the latter
is small. As a result, the curve X (T') becomes erratic, showing appreciable
jumps at neighboring temperatures.

If on the contrary €; and ez are substantially positively correlated, so that
012 is close to 1, the errors are subtracted:

€~ €1 — €g

and we obtain a smooth curve X(T'). This situation is impossible for real
observations, but in MC “observations” it may be achieved. One of the sim-
plest ways to realize it is to use in an appropriate manner the same set of
random numbers to simulate all NVT ensembles with different temperatures.
According to (7.6)—(7.7) a pseudorandom sequence q¥) (i.e. a sequence of
pseudorandom numbers) can be characterized by the value of the multiplier
A = Ay, that generates it (as mentioned previously 200 such multipliers were
selected and tested in [34] for 64-bit sequences, and 2000 for 128-bit sequences
in [36]). Thus, we can generate ¢ indicating a particular sequence number:

qV,q?,. ..

The same can be done for other standards of randomness: o%), £¢(*) Gaussian
random quantities.

Now let us analyze the Metropolis Algorithm 7.3 of Sect. 7.4, searching for
an appropriate way to use the q(*¥)-sequences to ensure substantial positive
correlations.

Step 0

Use q!) to emulate the initial configuration. The latter will be exactly the
same for all 7.

Step 1

Regularly, one by one, pick up a particle!! and make a trial move. New
coordinates for this move are simulated using another sequence q®. So new
trial coordinates in all T-variants will be the same. Check the inequality
(7.26) with ¢®) (not to check preliminary AU < 0, but to provide that in all
variants the same number of random values is used).

Steps 2 and 8

are unchanged for all variants.

11 A general rule is: avoid randomness whenever possible and act regularly, since it
diminishes the statistical error.
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As a result, many particles will at neighboring temperatures occupy the
same positions, leading to a smooth variation of physical quantities with 7.
It is clear that this scheme is suitable for parallel processing.!?

Even stronger positive correlations can be achieved by the following idea.
When relaxation for the T} variant is over

e the corresponding equilibrium configuration is stored to serve as the initial
one for the T variant, and ,
e from then on Step 1 operates with ‘¥, ¢(®) (instead of q(?,£®)).

The T variant begins with the stored configuration as the initial one and
proceeds towards equilibrium using g, and ¢ sequences.

A simulation strategy analogous to this one is successfully used in nuclear
geophysics (see e.g. [141]) when one must analyze the nuclear contents of a
rock medium. In logging experiments neutrons are emitted by a source placed
in a borehole with a detector; a neutron can be either absorbed by the rock
medium or captured by the detector. The goal is to assess the nuclear content
of rocks by measuring detector indications during neutron logging.

Monte Carlo is used for the prediction problem: given a nuclear compo-
sition of the rock medium, simulate neutron trajectories in order to find the
average fraction of neutrons captured by the detector as a function of nuclei
(say, hydrogen) content. Applying the method of dependent trials, one sim-
ulates neutron trajectories in the media with differing hydrogen content in
such a way that all trajectories start and propagate by means of one and the
same random number sequence. The resulting curve, the fraction of captured
neutrons versus hydrogen content, proves to be significantly smoother than
for independent trials.

12 Note that if AT = T» — T3 is large, simulation lengths for Ty and 7> will differ
considerably and statistical errors will be uncorrelated. In this case, however,
physical quantities corresponding to these temperatures will be significantly dif-
ferent, and therefore the absence of correlations of statistical errors does not play
a role.
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8.1 General remarks

In the previous chapters we obtained expressions for various thermodynamic
properties containing distribution functions, but did not present recipes for
calculating them. At low densities p(™ can be found by means of density
expansions (cf. Sect.3.6). When this procedure is used, the resulting distri-
bution functions are exact to a given order in the number density p, and the
resulting properties are also exact to some order in p no matter which route
to thermodynamics is used: the energy, pressure, or compressibility equation
of state. Thus, in using density expansion techniques, one does not confront
the problem of thermodynamic consistency.

Clearly, the expansion in density does not work for dense systems. In
what follows we discuss approximate methods, resulting in the derivation of
approximate distribution functions that are especially suitable at high den-
sities. Note that this approach inevitably leads to the loss of thermodynamic
consistency. Throughout this chapter we assume that the potential energy
Uy is pairwise additive and u is spherically symmetric.

8.2 Bogolubov-Born-Green-Kirkwood—Yvon hierarchy

The definition of the n-particle distribution function is

n) s N!
p™M (") = o /DN(rN)drn+1 ...dry (8.1)

(

where

Dy = 61- exp[—B(Un + Un,ext)]
N

Let us separate terms in Uy and Uy ex; containing ry:

N

Un = Zu(ru) + 0D ulry)

i=2 2<i<j<N
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N

UN,ext = Uext (rl) + Z Uext (ri)
1=2

and differentiate (8.1) with respect to the coordinates of particle 1:

: N
N!
Vip™ = -ﬁm/DN va(?‘u) drpty...dry — 8™ Vitex (r1)
' =2
(8.2)

le(")(rl,...,rn) (")(rl,.‘.,rn)

| =~ o’
In the integral we break the sum into two parts:

Integration does not depend on the first n variables, so the first summation
can be taken out of the integrand, yielding the term —gp™ Y7 . V u(ry;).
Multiplication of the right-hand side of (8.2) by —kgT gives

n
o™ Z Viu(rii) + 0V e (r1)
=2

+ {(N—]i’nﬁ i [/ DNvlu(rli)drnH...drN]} (8.3)

i=n+1

The sum contains N — n terms, all equal (due to integration). Therefore the
term in curly brackets becomes

N!
/drn+1 Vlu(rl,nﬂ) [m /DN drn+2 ‘e dl‘NjI
which, using (8.1), can be expressed as
,/vw(ﬁ,n+1)ﬂ(”+1)drn+1

The final result is:

n
—kgT Vip™ = p™MV upy(ry) + p™ Z Vau(ris)
=2

+ / Viu(ryne1)p ™ drpgy (8.4)
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This infinite set of equations (n = 1,2,...) is called the Bogolubov-Born—
Green-Kirkwood-Yvon (BBGKY) hierarchy. It expresses p{™ in terms of
p(™*1) and therefore cannot be solved for p(™ unless some independent ap-
proximation (closure) relating p("*+1 to distribution functions of order m < n
is used. As we discuss only pairwise interactions, the most interesting are the
BBGKY equations for n = 1 and 2:

—kBTVw(l)(n) — p(l)(rl)VIUext(rl) +/V1u(r12)p(2) dr,  (8.5)

and

~kgT V1p® = pDV uex (1) + pPViu(ria) + /P(S)Vlu(ﬁa) dr; (8.6)
In the absence of interactions (u = 0) the first one reads

V1(npM(r1)) = V1(—Buext(r1))

which yields the barometric formula discussed in Sect. 1.5. If ugyy = 0 and the
system is homogeneous, (8.5) becomes trivial, as all parts vanish: the integral
on the right-hand side is proportional to the net force on particle 1, which in
homogeneous fluid is equal to zero.

The second equation of the BBGKY hierarchy is nontrivial even in a ho-
mogeneous fluid. With a suitable approximation for p(® it constitutes the
basis for the Born—Green theory. A widely used closure is Kirkwood’s super-
position approximation:

_ pP(12) pD(13) p@(23)

(3) — 8.7
P = T s @ g ) (57

For uniform fluids this becomes
93(123) = g(12) g(13) g(23) (8.8)

Its possible origin can be understood from the following considerations. At
sufficiently low densities g,(r"™) — [, g1(r;), and in particular gs(r®) —
HLI 91(r;). This means that particles are individually independent. In the
next order of approximation in density one can represent the three-particle
correlation as a product of all possible pair correlations. So we assume inde-
pendence of pairs and not of individual particles. However, it still remains a
low-density approximation. It is significantly in error at intermediate densi-
ties. Surprisingly, for the hard-sphere system at high densities (8.8) becomes
reasonably accurate as found in computer simulations of Alder [5]. The valid-
ity of the superposition approximation at high densities may possibly be the
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result of mutual reductions of the higher-order terms in the group expansion
of g3 [23]. For a uniform fluid (#exy = 0)

pP(12) = p%9(12),  p®(123) = p°g(12) g(13) g(23)

and combining (8.6) with the superposition approximation results in the
Born—Green equation:

—kgT V11lng(12) = Viu(12) + p/g(13)g(23)V1u(13) drs (8.9)

This is a nonlinear integro-differential equation relating the pair corre-
lation function to the pairwise interaction potential. Application of (8.9) to
hard spheres shows that for volume fractions greater than ¢q c,it ~ 0.495, the
integral of the total correlation function does not converge, and the equation
has no admissible solutions. Divergence of [ h(r)dr yields the divergence of
the isothermal compressibility (see (3.13)). The latter signals a thermody-
namic instability. That is why such behavior of the Born—-Green equation
was interpreted as an indication of a peculiar phase transition in the system
of hard spheres — crystallization — despite the absence of any attractive forces.
This is an example of an entropically driven phase transition (see also the
discussion in Sect. 3.5). From (8.9) it follows that in the limit of low densities
the pair correlation function has the Boltzmann form

g(12) =e~Pu12) 5 40 (8.10)

If we substitute this solution into the pressure equation (3.10), it results in
the virial expansion truncated at the second-order term and the second virial
coefficient is recovered. In the general case one can still write g(12) in the
Boltzmann form

g(12) = e A¥(12) (8.11)

but now with a potential of mean force, ¥(12) that takes into account the
influence of a third particle: ¥(12) = u(12) + W(12). It is seen that W(12)
is related to the cavity function vial

y(12) = c=PW02)
At low densities

¥(12) - u(12), p—0 (8.12)

! These considerations support the statement, discussed in Chap. 5, that the cavity
function describes correlations beyond the range of the pairwise potential.
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8.3 Ornstein—Zernike equation

8.3.1 Formulation and main features

In this section we discuss another class of integral equations for correla-
tion functions which are based on stronger physical arguments than the
BBGKY hierarchy. We start by splitting the total correlation between a pair
of molecules 1 and 2 into direct and indirect correlation. The latter results
from the influence of other particles (which is important for dense systems)
and must be averaged over all positions of a third particle that directly cor-
relates with particle 1. This idea is manifested by the Ornstein-Zernike (OZ)
equation :

h(12) = (12) + p / c(13)h(23) d3 (8.13)

which can be viewed as the definition of a direct pair correlation function
c(r) (for simplicity we discuss a homogeneous fluid). One can notice that
the right-hand side represents an infinite series comprised of various direct
correlations:

h(12) = c(12) + p / ¢(13)c(23) d3 + p? / c(13)c(34)c(42) d3d4 + .

which means that the second term in (8.13) remains invariant under the
permutation 1 — 2 in the integrand.

The OZ relationship can be viewed as an integral equation for the pair
correlation function g(r) = h(r) + 1 once information about ¢(r) is available.
Several approximations (closures) for c¢(r) have been proposed; we discuss
them in the next section. It is possible to predict some features of ¢(r) on
the basis of reasonable physical arguments. At low densities the influence of
indirect correlations vanishes and h(12) — ¢(12), implying

g(12) > 1+ ¢(12)
which, using (8.10), can be written

e(12) » e P12 1 550 (8.14)

This means that at low densities the direct correlation function reduces to

the Mayer function
£7) = &) -1

(see Fig. 8.1). The relationship (8.14) suggests that ¢(r) must be short-range,
its radius being determined by the radius of intermolecular forces. The second
term in the OZ equation has the form of a convolution integral. Taking the
Fourier transform of (8.13), we obtain
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il(k)‘= &(k) + pe(k)h(k) (8.15)

where the Fourier transforms of A(r) and ¢(r) are

h(k) = / drh(r)e ™7, &k) = / dr c(r)e~"*" (8.16)

The structure factor introduced in (2.17) is related to A(k) by

0 M r

IR

c(n)

Fig. 8.1. Mayer function f(r) and direct pair correlation function c(r) for a po-
tential of a Lennard-Jones type. At low densities c(r) — f(r)

S(k) = 1+ ph(k)

According to (3.14) its long—wavelength limit is proportional to the isothermal
compressibility. Thus,

! 1
X1 = LkeT 1— pé(0)

which yields another form of the compressibility equation:
1-— p/c(r)dr = (pkTx,)™* (8.17)

From the definition of x, and (8.17) we obtain

g—ﬁ — kgT [1 —p/c(r) dr]

which after integration over density gives the pressure

p=pksT — /dp [p/drC(r;p)] ‘ (8.18)
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As already mentioned the values, of p calculated from the compressibility
equation can differ from those found from the virial equation when an approx-
imation for ¢(r) is used. This thermodynamic inconsistency will be demon-
strated in the next section for a system of hard spheres.

We now discuss the behavior of the OZ equation in the vicinity of the
critical point: T — T,. We saw in Sect.6.3 that at the critical point the
isothermal compressibility diverges. Then, from (8.17)

/c(r) dr — pi (8.19)

which means that the second moment of ¢(r) remains finite at T;. The struc-
ture factor S(0) — oo, implying that '

f h(r) dr = 0o (8.20)

We conclude that near the critical point ¢(r) is more short-range than h(r).
Let us write the OZ equation in the vector form

h(r) = e(r) + p / (Ir — ) h(r')) dr’ (8.21)

and expand h(|r’|} in Taylor series about the point r. The first term gives
h(r). The term with Vh vanishes since ¢(r) is spherically symmetric. The
next term can be written

%Vzh/drc(r)r2

We are interested in the behavior at large r, i.e. in the region where c(r)
becomes vanishingly small. Neglecting the first term on the right-hand side
of (8.21), we obtain after substitution of the Taylor expansion

1
Vih = g—gh (8.22)
where
1 p Jfdre(r)r?
21— pé(0)

The spherically symmetric solution of (8.22) that vanishes at infinity has the
form

£ (8.23)

—r/§
h(r) = const c. (8.24)

T

This result leads to identification of the correlation length £. At the critical
temperature £ becomes infinite, leading to
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h(r) ~ % T-T, (8.25)

i.e. at the critical point the total correlation function decays algebraically
(and not exponentially) at large r. This result is corrected in the modern
theory of critical phenomena where the scaling of h(r) at T, is characterized
by the critical exponent 7; for three-dimensional physical space it reads (see

(6.28))

1

Taking the Fourier transform of both sides of this expression, we conclude
that the structure factor behaves as

1
~ =T
r2-n

S(k) T=T, k-0 (8.27)

Our analysis of the OZ equation shows that the radius of ¢(r) is determined
by the radius of intermolecular forces, whereas the radius of h(r) is of the
order of the correlation length.

8.3.2 Closures

Having studied the main features of the OZ equation we now formulate several
approximations for the direct pair correlation function which in combination
with the OZ equation constitute a closed system of equations for h(r). All
of them represent modifications of the simple relationship (8.14). The most
widely used closures are:

e hypernetted chain approximation (HNC) developed by several authors
(Morita, van Leeuwen, Rushbrooke, Verlet) [8]: '

canc(12) = A(12) — Ing(12) — Bu(12) (8.28)
o Percus-Yevick (PY) theory [110]

ery(12) = g(12) [1 = #2019 = y(12)£(12) (8.29)

The domain of existence of cpy(r) coincides with the characteristic range
of the pairwise potential.
e mean spherical approximation (MSA) proposed by Lebowitz and Percus
(82]:
husa(r) = -1, r<o

emsa(r) = —pu(r), r>o (8.30)

where o is the hard-core diameter. MSA originates from the observation
that for large separation the right-hand side of (8.14) becomes simply
—pBu(12). Lebowitz and Percus suggested using this relationship not just
for large 712 but for all 712 in the region where the potential u is attractive.
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In the MSA the direct correlation function does not depend on density,
which makes MSA an attractive tool for development of theoretical models
since for a wide variety of systems it can be solved analytically. Note that
MSA is identical to PY when 8 = 0. Since the hard-sphere system is insen-
sitive to temperature, MSA and PY approximations are identical for hard
spheres.

It has been found by many authors (see e.g. [10]) that the PY theory is
satisfactory for hard spheres but does not work for systems with attractive
tails. The HNC theory is complementary to PY in the sense that it is unsat-
isfactory for hard spheres but appears to account satisfactorily for the effects
of attractive tails and nonhard cores. Finally, the MSA seems to combine the
virtues of HNC and PY theories and gives good results for systems with at-
tractive forces. Another compromise between the properties of PY and HNC
closures is the

o Rogers-Young (RY) approximation [120]

fry (r)[h(r)—c(r)] _ 1
gry(r) = ™20 114 2 } (8.31)
fry
where fry is a “switching function” satisfying
lim fry =0, lim fry =1 (8.32)
r—0 r—00

In the limit » — 0 it reduces to PY, whereas the second limit recovers HNC.
Rogers and Young proposed to choose fry in the form

fry =1-e"%"
where the parameter « is found from the “virial-compressibility consistency”
condition, i.e. equality of pressures found by means of the virial and com-
pressibility routes. Using (3.10) and (8.18), we can express it as

2o [ ta)stra) tydria = [ao]p [arein] @3

RY closure has been successfully applied to hard spheres and systems with
inverse-power potentials [120].

8.3.3 Percus—Yevick theory for hard spheres

The PY theory has an important feature: its equations can be solved ana-
Iytically for the system of hard spheres. The solution derived by Wertheim
[147] is discussed in the present section. For hard spheres the Mayer function
fa(r) is nonpositive and has a step-like form:
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—1 forr <d
) = { 3 hor 0 (8.34)

This implies that the PY closure (8.29) becomes

pr(Tlg) =0 for ri0 >d (835)

and

cpy(r12) = —ya(riz) for ria <d (8.36)

The problem of finding the direct correlation function (and, consequently,
g(r)} for the whole range of distances will be solved if we find the cavity
function y4(r) for r < d.

Let us write the OZ equation with the PY closure in terms of y4(r), using
the identity hq = gq — 1 = yge Pu — 1:

va(12) =1+ f ya(13) £2(13) ya(23) = 43— p / ya(13) f2(13) d3

(8.37)
Taking into account the step-function nature of fy this equation can be sim-
plified:

va12) =1~ [ y13E a3+ [ y3)as
13<d, 23>d 13<d

In vector form it reads

w)=1-p [ V) e - ar +p [ yutryar (538)
r’<d, |[r—r'|{>d r'<d

The second term is a convolution integral, so it is natural to search for a
solution by means of the Laplace transform. Let us define the functions

1 d v, 1 oo T
F(p) = d_2_/0 ryd(r)e—"d— dr, and G(p):ﬁ/d ryd('r)e‘Pd‘ dr (8.39)

Then the Lapiace transform of (8.38) yields

1 24¢ (¢
plF() +G)] = [1 + 22 [ yury? dr} ~ 126[F(~p) - F)IG(p)
0
(8.40)
where ¢ = ¢ pd? is the volume fraction.
Wertheim suggested a trial solution in the form of a cubic polynomial?:

2 This suggestion is based on expansion of the PY equation in powers of the density.
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ya(x) = ag + a1z + agz® + asz® (8.41)

where © = r/d . The four unknown-composition dependent coeflicients are
found from (8.40) [147]:

(1~ )0 = (1+ 26 (8.42)
(1 - 6)ar = ~60(1+ ¢/2)? (843
(1-6)'as = 39(1+26) (3.4

The quadratic term is absent (az = 0). The solution of the PY equation
finally becomes

—c(z) = ya(x) = ap + a3z + azz®, z=r/d<1 (8.45)
e(z) =0, z=rfd>1

The behavior of ¢(r) for various values of the volume fraction is shown in
Fig. 8.2. Using (8.15) the PY structure factor for hard spheres can be written
as

-40 : '
0.5 1 15

r/d

Fig. 8.2. Percus—Yevick direct correlation function for hard spheres. Labels cor-
respond to the volume fraction. It can be seen that for small ¢, ¢(r) tends to the
Mayer function of hard spheres.

1

1L _[_gs [ m(kz)| K =kd (846
)_[1 24k"‘/(; dz zc(x) sin(k*z)| (8.46)

S8 = 10w



144 8. Theories of correlation functions

The main peak of S(k) grows, becoming sharper and shifting towards large
k as the volume fraction is increased, as shown in Fig. 8.3. The value of k at
first maximum is

where r,, = p~1/3 is the average interparticle distance. Thus,

6 1/3
bmax d = 27 (-) /3
is

The direct correlation function of hard spheres is discontinuous at r = d,
while the cavity function remains continuous everywhere. Applying (8.45) at
r = d we obtain its value at contact y4(d) = ag + a1 + a3:

_ 14¢q/2
ya(d@)py = = 6a)? (8.47)

Substitution of this expression into (3.19) yields the PY equation of state for
hard spheres:

( p ) _1+2¢4+3¢7  1+da+ o736}
pksT PY(P) (1—¢q)? (- #q)3

The symbol (P) denotes that pressure is obtained by means of the pressure
equation of state. We have mentioned an important feature of integral the-
ories of correlation functions: the loss of thermodynamic consistency. Here
we demonstrate it for the PY theory. Let us calculate the pressure obtained
from the compressibility equation using Wertheim’s exact solution for ¢(r).
Integration in (8.18), in which we replace the upper limit by d, results in

( p ) _ 1+ 6a+63 (5.49)
PY(C)

(8.48)

pksT (1 —¢q)3

where the index (C) refers to calculations on the basis of the compressibil-
ity equation. Comparison with (8.48) shows that the latter predicts lower
pressures; the difference between the two expressions becomes important at
relatively high volume fractions.

We obtained the value of the pair correlation function at contact. For a
number of perturbation theories discussed in Chap. 5 the hard-sphere system
serves as a reference model, for which it is necessary to know the behavior
of g(r) over the whole range of distances r > d (remember that for r < d,
g(r) = 0). To find it we obtain the Laplace transform of rg(r) from (8.40):

:—) [1 + Zd‘-l? fod y(r)r? dr] — pF(p)
p+ 12¢[F(~p) — F(p)]

G(p) =
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Fig. 8.3. Percus-Yevick structure factor for hard spheres. Labels correspond to
the volume fraction

All integrations on the right-hand side can be performed analytically,since
they involve the cavity function at r < d given by Wertheims’s solution
(8.45). Routine calculations yield

_ pL(p)
G(p) = 13 oL + M) (8.50)

where

L(p) = (1 + g) p+1+2¢ (8.51)

M(p) = (1~ )’ +6¢(1 — ¢)p” + 18¢°p — 12¢(1 + 2¢)  (8.52)
The inverse Laplace transform of (8.50) gives the final answer:
1 a-+ico pL(p)
=_— d 8.53
o0 =5 ), PG T T (559

In a number of Monte Carlo simulations it was found that the PY corre-
lation function has two deficiencies [85]:

e At large r it oscillated out of phase with respect to the “exact” correlation
function
® The value at contact g(d) is too low at high densities.

In order to improve on the PY result, Verlet and Weis [144] proposed
an analytic construction which behaves accurately at high densities. The
first deficiency is corrected by introducing a modified volume fraction into
Wertheim’s solution
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¢2
=0 — 8.54
bm=0- 2 (850

The modified hard-sphere diameter then becomes (the number density re-

mains unchanged)
1/3
o = (‘%m) d
As a result the modified PY correlation function g,,(r/dyn,) oscillates in phase
with the “exact” one (found in simulations) for r > 1.6d. On the other hand,

it is clear that (8.54) makes the second deficiency even worse. In order to
improve on that, Verlet and Weis added a correction term to gm (7/dm):

9(r/d; ¢) = gm(r/dm; dm) + Ag(r) (8.55)
where Ag(r) has the form

Ag(r) = ée“"(r*d) cosfa(r — d)] (8.56)

and the constants A and « are related to the packing fraction by

_ 3¢ (1-0.7117¢,, — 0.114¢2))
! (1—¢m)t

1 A

'z ¢mgm(1§¢m)

This construction is found to reproduce the exact hard-sphere correlation
function to within 1% accuracy.

A

(8.57)

o (8.58)

Low density approximation. For a system characterized by low parti-
cle density (e.g. colloidal suspensions), the PY correlation function for hard
spheres can be represented analytically. In the zeroth order approximation
in p, both hpy and cpy are step functions coinciding with the hard-sphere
Mayer function. Let us find the first-order correction to hpy(r; p). For r < d
it remains equal to —1, as required by the PY closure. For r > d the linearized
Ornstein—Zernike equation (8.13) reads

h(r;p) = p/dr3 ¢(r13; p = 0) h(raz; p = 0) + 0(p?), r>d  (8.59)

We place the origin at the point r;, making the linear transformation of
coordinates
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ri=r
rh=Try —I; =Ty
1"321‘3—1‘1 =Ti3
and rewrite the integral in (8.59) in dimensionless form (for notational sim-

plicity we set R =712, v = ri13):

h(R; p) = pd® / dri30(r <1)O(ras <1)O(R>1)  (8:60)

where the step function ©(a < b) is unity when a < b, and zero otherwise. It
is obvious that the three inequalities can be simultaneously satisfied if and
only if

1<R<2

which means that the first-order density correction to h is nonzero at 1 <
R < 2 and zero beyond this interval. In spherical coordinates (8.60) reads

h(R)
1

= 27 pd® /dr 72 / d(cos013) O(r < 1)O(R > 1) O(R? + 1?2 — 2Rr cos b3 < 1)
-1

Writing u = cos 6,3, we have

h(R; p)
12¢

1
= /dr r2/ duO(r <1)6(R > 1)B(R?+r* —2Rrp < 1) (8.61)
-1

The condition R? + r? — 2Rru < 1 can be written
RZ4+r2-1
2rR

Since R > 1 ,the function ¢(r, R) is positive. By definition the upper limit of
4 is unity, so the function ¢ must be less than unity implying

p>g(r,R) = (8.62)

R -2Rr+r?<1 (8.63)
Combining (8.63) with the condition 0 < r < 1 < R < 2, the limits of
integration over r become
R-1<r<1 (8.64)
Using (8.62) and (8.64), we obtain

h(B; p)

1
e = 2 —
155 /R e~ q(r, )

Routine calculations on the right-hand side result in
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h(R) 2 R R
T "3 27 (8.65)
The O(p) approximation of the hard-sphere total pair correlation function is

thus

-1 forR<1
hpy(R;¢) = { ¢B(R) forl < R <2 (8.66)
0 forR>2
where .
R3
H(R)=8—-6R+ = (8.67)

It is easy to see that the value of gpy = 1 + hpy at contact is:

5
i =142
Am, orx(R) =1+ 50
As expected, it is equal to the cavity function at contact, y4(d), in the same
order of approximation (cf. (8.47)). At R = 2, #(R) = 0 ensuring continuity
of h.

Shinomoto [130] proposed a closed form expression for h(R;¢) for arbi-
trary volume fractions, based on semi-empirical considerations:

1.5

hey(R;0), hghin(R;0)

Fig. 8.4. Shinomoto (solid lines) and linearized Percus—Yevick (dashed lines) total
correlation functions for hard spheres. Labels correspond to the volume fraction
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-1 forR<1
hshin(R; @) = { e??(B) —1 forl< R<?2 (8.68)
0 for R>2

The first-order term in the expansion of the exponent gives the linear PY re-
sult (8.66). Figure 8.4 shows the behavior of the linearized PY and Shinomoto
correlation functions for ¢ = 0.1 and ¢ = 0.3. In the former case both theories
are close while in the latter case their predictions differ significantly.






9. Density functional theory

9.1 Foundations of the density functional theory

Conventional statistical thermodynamics studied in the previous chapters
usually is not able to provide information about the behavior of systems ex-
hibiting spatial variations of the average one-body distribution function (or
simply, the number density) p(r).! An important example of an inhomoge-
neous system is the liquid—vapor interface. Within the framework of classical
statistical mechanics we derived the Kirkwood-Buff formula for the surface
tension, which contains the pair distribution function in the two-phase region.
The latter, however, is unknown in the transition zone and conventional tech-
niques are not able to predict it. It turns out to be productive to postulate
the existence of thermodynamic functions, such as the free energy, for arbi-
trary values of their natural arguments, i.e. not necessarily corresponding to
equilibrium conditions. This leads us to the concept of functionals (the free
energy, the grand potential, etc.) of arbitrary distribution functions; this ap-
proach is called the density functional theory (DFT) (for a review see [40]).
We will show that these functionals have two important properties:

o they reach extrema when the distribution functions are those of the equi-
librium state, and

o those extremal values are the equilibrium values of the corresponding ther-
modynamic potentials.

The cornerstone of DFT is the statement that the free energy of an inho-
mogeneous fluid is a functional of p(r). On the basis of the knowledge of this
functional one can calculate interfacial tensions (vapor-liquid, liquid-liquid,
liquid-solid), properties of confined systems, adsorption properties, deter-
mine depletion forces, study phase transitions, etc. From these introductory
remarks it is clear that DFT represents an alternative (variational) formula-
tion of statistical mechanics. Determining the exact form of the free-energy
functional is equivalent to calculating the partition function, which, as we
know, is not possible for realistic potentials. Thus, one has to formulate ap-
proximations to this functional which can lead to computationally tractable
results, and at the same time be applicable to a number of practical problems.

! An exception is the ideal gas in an external field (see the barometric formula).
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Historically the density functional approach in its modern form was for-
mulated first in quantum mechanics by Hohenberg and Kohn [56] and Kohn
and Sham [72]. The main issue there is that the intrinsic part of the ground
state energy of an inhomogeneous electron liquid can be cast in the form
of a unique functional of the electron density n(r) that is the analogue of
p(r) in the classical case. The quantum many-body problem (i.e. solution
of the many-electron Shrédinger equation) is replaced by a variational one-
body problem for an electron in an effective potential field arising from the
exchange and correlation energy functional E,.[n(r)] for which various ap-
proximations have been proposed.

Being concerned with classical systems, we can always consider the
momentum part of the Hamiltonian to be described by the equilibrium
Maxwellian distribution. So the arbitrariness refers only to the configura-
tional part of H. Let us consider an arbitrary distribution function of order
N, pN(r"), subject to the normalization

/ pAMEN)arY = N1, f M) >0 (9-1)

The “hat” indicates that p does not necessarily have its equilibrium form; the
equilibrium function will be denoted without the “hat”. Hence, we demand
that p) be positive, like any probability measure, and be subject to the
same normalization as the equilibrium distribution function (cf. (2.3)). In
other respects it is almost arbitrary.

To limit the class of functions (™), we employ the following considera-
tions [125]. For a given interaction potential u(r) every fixed external field
Uext () gives rise to a certain equilibrium one-particle distribution function
p(r)[Uext(r)], i.e. only one uex(r) can determine a given p(r). Using p(r) we
can generate a set of functions g(r) so that each of them will be an equi-
librium density corresponding to some other external field, e (r), but is
nonequilibrium with respect to the original field tex(r):

p(r) = p(r)[fiext (r)]

For every jp(r) there exists a unique N-particle distribution function p(N) (for
a proof see [38]). Thus, any functional of 5(¥)(r") can be equally considered
a functional of the one-particle distribution function A(r).

Let us first assume that there is no external field: ue,(r) = 0. We formally
define an intrinsic free energy functional

1 . .
Fnld) = 57 [ & 5V + kT (425 (9.2)

which, as we have found, is a unique functional of p(r) for a given interac-
tion potential u. This means that Fin; has the same dependence on j(r) for
all systems with the same interaction potential irrespective of the external
field producing inhomogeneity. As an implication of this statement Fi,; will
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look the same for the vapor-liquid or liquid—-solid interface as soon as the
substances are characterized by the same interaction potential.

9.1.1 Ideal gas

In order to understand the origin of the functional (9.2) let us first discuss an
ideal gas (Uny = 0) (not necessarily in equilibrium). The singlet distribution
function satisfies the normalization

/ﬁ(r) dr=N

so the probability of finding a molecule 4 in a volume element dr; about r; is

N dl',;.

Normalized to unity p(r;)/N plays the role of a probability density function.
In an ideal gas the positions of molecules are independent, so

N A(r | X
H = NN Hf’(ri)

Substitution of 5V) into the functional (9.2) (where we set Uy = 0) gives

(N)

f;nt[ ] = kBTln(AaNN’) + kBTI2

where
N7 A 7 Ar) N[ (D)) T
_ i il .
[2—/dI‘HN1nHT —/drzln(N)H
=1 j=1 i=1 =1
All terms of the sum make an equal contribution to the integral, so
R N .
_ N p(r1) A(rs)
/drlln(p( ) )H/d ,Dr'L

All terms in the product are equal to unity due to the normalization condition,
so only integration over dr; remains, which yields:

= [arn (%) a0

Then Fint] = Fideal|#] can be written
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Fiaeallp] = kT [ / dr %r) In(A*N N) + / dr In (%) ;S(r)]

Using Stirling’s formula we finally obtain

Fiaeallp] = ksT / dr p(r) [In (4%5(r)) — 1] 9.3)

If p(r) = p, the familiar result for the free energy of an ideal gas (in equilib-
rium) is recovered:

3
Fideal = NkgT'In (%)

Equation (9.3) gives the free energy of an ideal gas in the absence of external
fields when its density is not necessarily equal to the equilibrium value.

9.1.2 General case

Returning to the general case, let us calculate the value of the intrinsic free
energy functional for equilibrium conditions. Substitution of the equilibrium

distribution function
e BUN

N) = NIDy = ——r
P N BNZ

(9.4)

into (9.2) results in
Fintlp) = —kgTInZy = F

Thus, for the equilibrium density, Fi; gives exactly the free energy in the
absence of external fields (justifying the term intrinsic free energy). v

This description can be extended by including an external field contribu-.
tion. Let us define another functional:

1
FIil = 57 / e S [Un + Unoxs + ksT (AN 5] (9.5)

which, using the definition of Fiy, can be expressed as

s(N) N

FIp) = Furlf] + [ ar™ o P ten(r)

It is easy to see that the integral contains N equal terms. Integration of the
N-particle probability density pV) /N1 over the positions of (N —1) particles
results in the singlet distribution function:

5(V) (D (r
/dl‘z...d!‘Np]v—! - PT(I)

Thus,
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FI) = Fuld] + / dr texs (1)(r) (9.6)

The last term is the energy of the system in an external field. We apply this
as before for the equilibrium case. Substituting

e BUN+UN ext)

Ny .=
into (9.5), we recover the total free energy
.7"[/)] = kaTanN =F
Finally, let us define the grand potential functional:
2061 te] = ) + [ e (@00 dr — ¥ (9.9)

Obviously, for the equilibrium density this reduces to the grand potential:
2[p; Uext] = F — pIN = §2. The key feature of DFT is that among all density
profiles with the normalization

/ pr)dr =N 9.9)

the equilibrium profile minimizes the free energy functional. To prove this let

us express the total energy UR* = Uy + Up,ext in terms of the equilibrium

distribution function using (9.7):
Ut = —kgT'ln p'™ — kgTIn A3N + Flp]

The free energy functional can be written

« 1 . . .
F1p) = Flpl +kBTﬁ/drN (6 1n pN) — pN) 1n p()]

where the nonequilibrium features are contained in the second term. We
now prove that it is always positive. The latter statement follows from the
following general:

Theorem 9.1.1. If for two arbitrary positive functions A(r") and B(x™)
/ dr¥ A(xN) = / dr™ B(r") (9.10)
then the Gibbs inequality is satisfied

/drNAlnA > /drNAlnB (9.11)
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Proof. Let us study the difference between the left- and right-hand side of

(9.11):
A:/drNAln (%)

Using (9.10) we add to the right-hand side the expression [ drV B — fdrVA
(which is equal to zero). This yields

A A A
— N el il Tl
A—/dr B[Bln(B) B+1]
To prove that the integrand on the right-hand side is always positive, we
must prove the simple inequality

chnx >z -1

for any positive z. Dividing both sides by = we can rewrite it as
1
—lnz<~--1
T

Introducing y = 1/x the latter expression reduces to the obvious inequality:
hy<y-1

which is valid for all positive y; equality corresponds to y = 1 or A = B.
Thus, F[p] = Flp].

We have proved the minimizing property for F under the condition (9.9).
Using the Lagrange multipliers, one can say that the equilibrium density
provides an unconditional minimum of the grand potential functional:

0

55(0) ey

Recall that for an arbitrary functional

9.12)

Alf(r)] = / dr L(f(x), V£(x), r)

the variational derivative is given by

dA oL oL
55w —or Y (va)

5f(r) ~ of

With this in mind we rewrite the variational equation (9.12) using the defi-
nition of 2{p] and (9.9) :

U= Lint (T} + Uext(T) (9.13)
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where

6-7:int [ﬁ]
k() = o)

il

(9.14)
o(r)
is the intrinsic chemical potential. The spatial dependence of p;,y must be
exactly cancelled by the radial dependence of uexs, since the “full” chemical
potential 4 (which is the Lagrange parameter in this variational problem) is
constant.

Equation (9.13) represents the fundamental result of the DFT of nonuni-
form systems. If we had some means of determining p;y¢ or equivalently Fip,
then (9.13) would be an explicit equation for the equilibrium density.

For an ideal gas in an external field, the intrinsic chemical potential can
be calculated exactly from (9.3):

pint,ideat (P(r)) = kT In[p(r)A°] (9.15)

Then (9.13) results in the Boltzmann barometric formula:

Bu
€ _
p(r) = S e Puenl®

9.2 Intrinsic free energy

Since for realistic interactions the exact intrinsic free energy functional is
not available, one has to invoke approximations. The basic assumption of all
density-functional theories is that the thermodynamic potential of a nonuni-
form system can be approximated using known structural and thermody-
namic properties of the corresponding uniform system. What distinguishes
various theories from one another is the detailed manner in which each for-
mulates the approximation.

Let us study the response of the system to a small change in the pairwise
potentials du(r;;) that alters the total interaction energy

SUN(N) = Z du(rs;)
i<j
The ma,cfoscopic reaction of the system will be described by the change in
the grand potential 2(u, V,T) = —kgTIn =(u, V,T):
0= 1 1 _
002 =—keT—= = < > )‘N’ASN—N! / drV e AUNTUNe) N " su(r;;)
N>0 i<j
Examination of the right-hand side and comparison with (1.84) reveals that

62 =6Un
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In view of the pairwise additivity of U, this result can be transformed by
means of the theorem of averaging (see Chap. 1) to give

1
0= / dry dry p® (ry, r3) Su(riz)
Using the definition of a variational derivative this result can be expressed as

a2 1
6u(7'12) - 2;0
From the definition of §2[p] it follows that the same expression is valid for
Fint:

@) (I‘l,l‘Q) (916)

6Fint[p] _ l

du(ria) 2”
This equation can be functionally integrated. One way to do this is by using
the ideas of the perturbation approach of Chap.5. Let us decompose the
interaction potential u = ug + u1, where ug is some reference interaction and
uy a perturbation, and introduce a “test system” characterized by a potential

@) (1‘1,1‘2) (917)

ua(Tlg) = U()(T‘) + aul(r), 0<a<l1 (918)

which gradually changes from ug to © when the formal parameter o changes
from zero to unity. The functional integration of (9.17) gives:

1 1
Fint[p] = Fint,0lp) + 3 / do / dry dr2pl (ry, ro)us (712) (9.19)
0

where we have expressed du,, as

%da:ulda

da

The first term in (9.19) is the reference contribution and the second one refers
to the perturbative part. The pair distribution function pff) is that of a system
with the density p and the interaction potential u,. This second fundamental
equation of the DFT gives the ezact (but intractable!) expression for the
intrinsic free energy. To make the theory work we imply the perturbation
approach in which u; is considered to be a small perturbation. Expanding
(9.19) in u; in the spirit of the general scheme of the first order perturbation

theories we obtain
1
Fulpl = Fansolpl + 3 [ desdea o2 (e1,72) s i) + O(ud)

where the distribution function p((,z) is now that of the reference system with

the density p(r) and interaction potential uo(r). One can go further and treat
the reference part in the local density approzimation (LDA):
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Funtolp) ~ / dr o (p(r)) (9.20)

and

PP (r1,12) & p(r1) p(r2) g0 (53 712) (9.21.)

where 1o (p) is the free energy density of uniform reference system with num-
ber density p; go(p;T12) is the pair correlation function of the uniform ref-
erence system evaluated at some mean density g, e.g. p = [p(r1) + p(r2)]/2.
The LDA is valid for weakly inhomogeneous systems, such as a liquid—vapor
interface. For strongly inhomogeneous systems, e.g. liquid at a wall, it be-
comes too crude and one has to use a nonlocal approximation, such as the
smoothed density or weighted density approximations.

As discussed in Chap. 5, the preferable decomposition of the interaction
potential is given by the WCA theory, in which the reference potential de-
scribes the harshly repulsive interaction. The free energy of the reference
model can be expressed as the free energy of a hard-sphere system with a
suitably defined effective diameter d. The free energy density 1o = g is
readily available (e.g. from the Carnahan-Starling theory, (3.25)). One can
go further and ignore all correlations between particles in the perturbative
term which results in setting go = 1 in (9.21); this is the so-called random
phase approximation (RPA), equivalent to the mean field theory (similar to
that used by van der Waals).

Many investigations have shown that for systems with weak inhomo-
geneities, the RPA is sufficient when the system is not too close to the critical
point. Combining LDA and RPA, we obtain the intrinsic free energy in its
simplest form:

Funlpl = [ dralp@) + 3 [ dridraplen) plr)usria) - (022

In the same approximation the DFT equation (9.13) becomes

u=w@@»+/ﬁWWﬁMh—ﬂﬂwm&) (9.23)

where pq(p(r)) is the local chemical potential of the hard-sphere fluid (in the
Carnahan-Starling theory pg is given by (3.26)). The integral equation (9.23)
can be solved iteratively for p(r).

The DFT can also be useful for the description of a uniform system (p =
const). Equations (9.22)—(9.23) then become

Flo) = Falp] - p*aV (9.24)
1 = pa(p) — 2pa, (9.25)
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where

1
a= —§/dru1(r) (9.26)

is the background interaction parameter, which has the same form as in the
van der Waals theory. Differentiation of F with respect to volume yields the
virial equation of state:

p=pq— pla (9.27)
where py is the pressure of the hard-sphere system. For a Lennard—Jones fluid
with the WCA decomposition of interaction potential

alVCA = lf—ig—‘/—i eod (9.28)

There is an obvious resemblance between (9.27) and the van der Waals

equation (5.6). However, there is also an important difference: DFT uses a

more sophisticated approach to describe the repulsive part of the potential

than the simple free volume considerations of van der Waals. Furthermore,

due to the different decomposition scheme, the background interaction pa-
rameter in the van der Waals theory differs from (9.28):

1
apiw _ 107 s (9.29)

9.3 Surface tension

The density-functional perturbation approach is directly applicable to cal-
culating the density profile p{z) (inhomogeneity in the z direction) and the
surface tension v for a planar liquid—vapor interface. We start with the ther-
modynamic relationship (4.11) for the surface tension

_ 2 2l +pV

A A
where A is the surface area. We use the intrinsic free energy functional in the
form given by (9.22). Applying the Legendre transformation Fq — §24, the
free energy density of hard spheres can be written

(9.30)

Ya = plid — Pd

The grand potential functional (9.8) with ueyx; = 0 then reads

2[p] = —/drpd(p) +/drwd(p)
+3 [arp [ar peyue )~ u [ ar ptr)
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which, after substitution of the DFT equation (9.23) and taking into account
that dr = Adz yields

y=- /dz {pd(p(z)) + %p(z)/dr' p(z)wa(Jr — r']) — P} (9.31)

where the equilibrium vapor-liquid density profile p(z) satisfies (9.23):

na(p(2)) = i — f dr’ p(r') ua (| — r']) (9.32)

We illustrate the DFT technique by considering the surface tension for
a Lennard-Jones system [95], [153]. As usual the Lennard-Jones interaction
parameters are denoted by ¢ and e. We begin by searching for the bulk
equilibrium conditions at a given temperature T' < T.. Performing the WCA
decomposition, we determine the effective hard-sphere diameter d for the
reference model (for which both the WCA and Barker—Henderson recipes
can be applied). Then the reference pressure and chemical potential follow
from the Carnahan-Starling theory:

P l+¢g+d%—¢3
pkeT (1—¢a)?
B¢ — 993 + 3¢5
(1—¢a)?

where ¢4 = (7/6)pd? is the volume fraction of effective hard spheres.

Densities in the bulk phases, together with the equilibrium chemical po-
tential and pressure, are found from the coupled nonlinear equations (9.25)-
(9.27) '

(9.33)

L In(pA3) +

9.34
kT (9-34)

= pa(p’) — 2p"a = pa(p') — 2p'a
p = pa(p*) — (0")2a = pa(p') — (v")’a
with

167/
a = a}f’]CA = __7;\/_60'3

Given the bulk limits

p(z) = p¥ in the bulk vapor (z — 0)

p(2) = ' in the bulk liquid (z — o0)
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Fig. 9.1. Density profiles for two-phase the Lennard—Jones fluid for various dimen-
sionless temperatures t = kg7T'/e
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Fig. 9.2. Surface tension of the Lennard-Jones fluid: DFT predictions and simu-
lation results of [22]

the density profile is calculated iteratively from (9.32), starting with an initial
guess for p(z), which can be a step function or a continuous function (like
tanh) that varies between the two bulk limits. At each iteration step a new
density profile is derived: for each value of z, the right-hand side of (9.32) is
evaluated using the known profile from the previous step, after which p(z) is
found by inverting the Carnahan—Starling expression for ug.

The calculated density profiles for different dimensionless temperatures

kT

€

t=
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are shown in Fig. 9.1. The higher the temperature, the smaller the difference
between the two bulk densities and the broader the transition zone: for ¢t =
0.55 it is =~ 20, while for t = 1.2 it is about 7o. Using the equilibrium p(z) for
each temperature, we find the surface tension by integration in (9.31) (note
that the integrand in this expression vanishes outside the transition zone).

One important remark concerning these results must be made. The pre-
sented approximate theory is strictly mean-field in character, and therefore
does not take into account fluctuations, which become increasingly important
at high temperatures close to the critical point of the gas-liquid transition.
This means that this treatment is not valid in the critical region. Several
models have been proposed to improve this approach (for a review see [40]).
In spite of this difficulty, the perturbation DFT turns out to be very pro-
ductive in giving an insight into various problems of the liquid state, such as
adsorption and wetting phenomena [32], phase transitions in confined fluids
[39], depletion interactions [49], etc.

9.4 Nonlocal density functional theories

Local density approach can be a bad approximation for systems with large
density fluctuations. This difficulty arises, for example in problems where a
liquid-solid equilibrium is involved; note that a solid can be viewed as a liquid
with giant density fluctuations, or in other words as a highly inhomogeneous
liquid. The liquid-vapor interface, which can be quite accurately described
by a local density theory like the one presented in the previous section shows,
increasingly nonlocal behavior near the critical point.

In these cases one must apply nonlocal DFT schemes. One feature com-
mon to all these models is that the intrinsic free energy functional can be
represented as the sum of an ideal contribution and excess (over and above
the ideal):

-7:int = -7:ideal + fex,int (935)

Note that this decomposition differs from the one discussed in the previous
section. The ideal term is known exactly, and Fex int is calculated in an ap-
proximate manner using as an input the direct correlation functions of the
uniform liquid.

In order to introduce the general ideas of nonlocal DFT models we start
with the familiar barometric formula for the density profile:

(1)(1-) —_ exp[ ,Buext(r)]

which is valid for an ideal gas in an external field wuexy. If the system is non-
ideal (i.e. u(r) # 0) we retain the Boltzmann form for p(*) by mtroducmg a
singlet direct correlation function ¢ (r):
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pM(r) = ; exp [ Biext(r) + c(l)(r)] : (9.36)

For an ideal gas c(!)(r) is equal to zero. The expression (9.36) can be inter-
preted as a self-consistent equation determining the one-body distribution
function p(!)(r), where

' —kpTc™M(r)

plays the role of an effective one-body potential (originating from interactions
in the system under consideration); we stress that c(!)(r) is itself a functional
of pM)(r). This is analogous to the Kohn-Sham theory [72], where the effective

one-body potential
n(r) 0Exc
ot 5

which contains the Coulombic interaction term calculated exactly, and the
exchange and correlation energy E,. calculated approximately, is incorpo-
rated into the Schrodinger equation for the noninteracting electron liquid.
With the help of the Yvon equation [125] one can show that the direct pair
correlation function is the functional derivative of the singlet function:

(50(1)(1‘1)
c(r;,rp) = ———— 9.37
( 1 2) ép(rg) ( )
The intrinsic chemical potential can be expressed using (9.15) and (9.35) as
OF
ot = Aa Y/ ex,int int .
From the definition of ¢()(r) we can write
kgT In[p(r) A%] = st — texs (r) + ¢ (r) (9.39)
Substitution of (9.38)-(9.39) into the DFT equation (9.13) results in
0 Fexi
(1) — —,8 ex,int 9 40
c(r = .
) =P (9.40)

Thus, another physical interpretation of the singlet direct correlation function
is that —kgTc(M(r) is the contribution to the intrinsic chemical potential
arising from the interactions between particles. From (9.37) we obtain

6 F ex,int
elrir2) = 5P(r1)5p(l'2)
In the next two sections we briefly formulate two nonlocal theories: the
weighted-density approximation (WDA) of Curtin and Ashcroft [25] and the

modified weighted-density approximation (MWDA) of Denton and Ashcroft
[31].

(9.41)
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9.4.1 Weighted-density approximation

The functional of the excess intrinsic free energy can be expressed in the form

Fonintlp] = / dr p(r) fex(r; o]) (9.42)

which serves as the definition of a local excess free energy per particle
fex(r;[p]). In the WDA this relationship is approximated as

FPAL] / dr p(r) fox.a (3(T)), (9.43)

where fexu(p(r)) is the excess free energy per particle of a uniform liquid
(assumed to be known for any density) taken at some weighted density p(r))
(note that setting p(r) = p(r) leads to the LDA). In (9.43) p(r) dr gives the
number of particles in the spherical shell dr about point r; to each particle in
this shell WDA assigns the free energy of a uniform fluid with some weighted
density p different from the actual density p at point r. The weighted density
is defined as a weighted average of p(r) with respect to a weight function w
according to

p(r) = / dr’ p(r'yuw(r — t'; 7(r)) (9.44)

Note the important feature of this definition, its self-consistency with
respect to p(r)) (p appears on both sides of (9.44)). The form of the weight
function has yet to be specified. We have to ensure that the WDA becomes
exact for a uniform system, i.e. when p(r) — py, where p, is the density of
the uniform system. This yields the normalization

fdr’w(r —-r;p(r))=1 foralr (9.45)

(note that setting w(r) = d(r) leads to a local formulation: p(r)) = p(r))).

In order to find a unique specification of w we demand that the general
relationship (9.41) for the direct pair correlation function become exact when
we replace Foyint by Foy o and take the limit of the uniform system. This
means that

: N g
cu(r — 15 p0) = -8 plggu {W (9.46)

where ¢, is the direct pair correlation function of the uniform system. Per-
forming variational differentiation in (9.43), we find the singlet direct corre-
lation function:

kT ([lsmr) = 2 [ p(es) o ((5)) A2+ S (Pl51)

ép(r1)
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where a prime denotes a derivative with respect to density, and from (9.45)

dp(ra) _ w(ry — r1;p(r2))
op(r1) 11— [ drgw'(rz —rs;p(ra))p(rs)
In the uniform limit w does not depend on density, therefore w’ = 0 and

the integral in the denominator vanishes. The second variational differentia-
tion gives in the uniform limit

— kTc® (py;r12)

= 2fe’x,u(pu)w(T12a pu) + pufé;(,u(pu) /dr3 ’U)('I‘13, Pu) U)(ng, pu)

+PUféx,u(pU) /dr3 [wl(rl& Pu) W(r23, pu) + w(r13, pu) wl("'ZS: Pu)]

This is an integrodifferential equation with respect to the unknown weight
function w, in which ¢, and fe , are assumed known. In the Fourier space it
has the form of a nonlinear differential equation:

—kBTc® (k; pu) = 2f1 u(Pu)W(E; pu) + Pufine . (0u) [w(K; pu)]?

+ 20u fex,u(Pu)w' (k; pu)w(k; pu) (9.47)

where the Fourier transforms are defined as
Cl(_lz) (k;Pu) = /dr c1(12)(’r;pll) eikr, W(k;pu) = /dl‘ w(,r;pu) otkr

In view of normalization for w it is clear that w(k = 0; py) = 1. An obvious
candidate to apply the WDA is the hard-sphere system for which the direct
pair correlation function and the excess free energy are given analytically
in the Percus—Yevick approximation, and therefore the nonlinear differential
equation (9.47) can be solved numerically for w(k) for all densities. WDA
was successfully applied in [25]-{27], [74] to studying the hard-sphere freezing
transition, and to determine of the density profile of hard spheres near a hard
wall.

9.4.2 Modified weighted-density approximation

Formulation of the MWDA follows the ideas of WDA with one new concept:
instead of introducing the local quantity fe.(r, [p]) one starts with the global
excess free energy per particle

fex,int [P]/N 3

where N is the number of particles in the system. Since Fex int[p]/N is inde-
pendent of position, the theory must involve a position-independent weighted
density, which we denote by p. Thus MWDA can be expressed as
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Fexine /N = fexu(P) , (9.48)
The weighted density g is defined by

=5 [arote) [ar o)y ace - vip) (9.49)

Comparing of (9.44) and (9.49), one can see that p (which is just a num-
ber, not a function of r) is an average of p(r). The normalization of the
weight function remains the same (in order to satisfy the uniform liquid
limit), namely

/dr’u“)(r -1r’;p)=1, forallr | (9.50)

and its unique specification follows from the same requirement as in the WDA

(cf. (9.46)):
Lo [ SRFMNDA )
calr = rpu) = 5phl’3u{_5p(r‘)5‘p( ')} ©:51

To find the weight function @, we calculate variational derivatives of
FMWDA  From (9.48)

ex,int
MWDA
ex in 0 ex,
L [p] = fex ut No— Jox
«5p( ) 6p(r)

where we took into account that §N/dp(r) = 1, since N = [drp(r). Then
the second variational derivative becomes
62feMx,\iArfltDA[p] _ ‘sfex,u + (Szfex,ur
Sp(r)dp(r’) ép(r) dp(r)dp(r’)

The global excess free energy per particle is a function of the weighted
density g, which in turn is a functional of the actual density p(r). Therefore,

9 fexu op

(9.52)

9.53
500 1 5p(m) N
and
_ O fexm [ﬁ_]z , 8B 9.54
520 ~ 0 (5o | T IS men) (959

Variational derivatives of j follow from the definition (9.49). We have

1
B I
5p r) /dr —Ti) - NP
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For the uniform liquid, this yields, taking into account normalization of the
weight function, ’

op Pu

= 9.55
op(r)j,, N (9.5)
In the same manner we find
2 — o~
_h __2 6 2.
ép(r)dp(r’) Niép(r) N
which in the uniform limit reduces to
82p 200 2
———| = —— 4 — 1) .56
dp(r)ép(r’) N2 + NY (9:56)

Pu
Summarizing (9.51)—(9.56), we obtain:

N 1
W(r —r'5py) = ) [kBTcu(r —r1'5pu) + 7P acalpu)|  (9.57)

_ 1
2fe,x,u(pu

In Fourier space this result has a simpler form:

1
zféx,u(pu)

where §; ; is the Kronecker delta. It is notable that for k # 0, W is simply
proportional to the Fourier transform of the direct pair correlation func-
tion (which is assumed to be known). Thus, MWDA provides a closed form
expression for the weight function that makes its practical implementation
more attractive compared to WDA, since it requires considerably less com-
putational effort and at the same time, as shown in [31], the MWDA results
for a hard-sphere freezing transition accurately reproduce those obtained by
means of WDA.

’l.b(k, pu) = [kBTCu(k; Pu) + 6k,0pufé;(,u(pu)] (958)



10. Real gases

We have studied a number of approaches to the description of the liquid
state. With this knowledge the question “Do we understand the properties of
real gases on a satisfactory level?” might seem rather trivial. However, it is
not. The simplest thermodynamic description of a real gas can be obtained
from the virial expansion, which for low densities one can truncate at the
second-order term:

kBLT = p+ p*B(T) (10.1)
which contains the second virial coefficient B(T'). We know from experiment
that even at low densities the gas can condense into liquid. This is a first-order
phase transition in which the density abruptly changes from its value in the
gas phase to the value in the liquid phase. Like any phase transition it must
result in a singularity of the free energy density. A simple inspection of (10.1)
shows that pressure is an analytic function over its entire domain of definition
and so is the free energy. Thus, by no means can the virial expansion signal
condensation.

Similar considerations also apply to the van der Waals theory. The gaseous
part of the isotherm remains smooth and analytic below. and above the sat-
uration (condensation) point. This is the reason why it can be extended into
the metastable region with p > pe.(T'), and why it develops the “van der
Waals loop.” Thus, the van der Waals equation, as it is, turns out to be in-
sensitive to the presence of the condensation point; for a description of “true”
equilibrium it must be supplemented by the Maxwell construction.

On the basis of general arguments presented in Chap. 6 one can formulate
the converse statement: a gaseous isotherm must contain a singularity that
corresponds to the condensation point. A rigorous proof of this statement
within the framework of statistical mechanics requires calculation of the con-
figuration integral, which, as we know, is an unrealistic problem for realistic
interaction potentials. However, it is possible to put forward some heuristic
considerations that appear to be very helpful.

A typical interaction between gas molecules consists of a harshly repulsive
core and a short-range attraction. The most probable configurations of the gas
at low densities and temperatures will be isolated clusters of n = 1,2,3,...
molecules. Hence, to a reasonable approximation we can describe a gas as
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a system of noninteracting clusters (at the same time intracluster interac-
tions are significant). They all are in statistical equilibrium, associating and
dissociating. Even large clusters have a certain probability of appearing. A
simple but important observation is that a cluster can be associated with a
droplet of the liquid phase in a gas at the same temperature. Growth of a
macroscopic liquid droplet corresponds to condensation in this picture.

10.1 Fisher droplet model

In this section we discuss the droplet model of a real gas formulated by Fisher
[44]. The internal (potential) energy of an n-cluster can be expressed as

Un = —nEo + W, (10.2)

Here —Ey (Ep > 0) is the binding energy per molecule; it can be related
to the depth of interparticle attraction —ep. In close packing of spherical
molecules (face-centered cubic lattice), each molecule is surrounded by 12
nearest neighbors, and due to the fact that interaction is shared by two
molecules we can write Fy = 6¢p. The second term in (10.2) is the surface
energy related to the surface area s, of an n-cluster:

W, =ws, , W, >0

The coefficient w can be associated with a “microscopic” surface tension.
This term provides stability of the cluster: at low temperatures there is a
tendency to form compact droplets with minimal surface. This tendency is
opposed by an entropic contribution to the free energy. The entropy of an
n-cluster can be written as a sum of bulk and surface terms similar to (10.2):

Sn = nSgp + wsp, (10.3)

where Sy is the entropy per molecule in the bulk liquid, the factor w char-
acterizes the number of distinct configurations with the same surface area
Sp.

Let us consider the configuration integral of an n-cluster in a domain of
volume V:

1 n —BUn
q”‘ﬁ/dr ¢
1

For convenience we have incorporated the factor .5 into the configuration
integral (cf. (1.44)). It is important to understand the difference between the
n-particle configuration integral @, discussed in the previous chapters and
gr. The latter includes only those molecular configurations in the volume V
that form an n-cluster, while @),, contains all possible configurations; therefore
Qn > q,. Consider formally the quantity:
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0o 2
_explz ]~1+1‘anz+ anz] w  (10.4)

where

z=ePH/A3 - (10.5)

is the fugacity and u the chemical potential of a molecule. Each term on the
right-hand side represents a power series in z. We collect terms in 2z for all
N=012,..

A= i ZNAN(B,V) (10.6)

N=0

Due to the neglect of intercluster interactions, the coefficient Ax(8,V)
is nothing but the configuration integral of an N-particle system, Qn (3, V).
To verify this, recall that Q) is proportional to the probability of having
exactly N particles in the system. These particles can be organized in various
possible clusters, so @ must contain all ¢, with 1 <n < N. For instance, a
two-particle system can contain

e one 2-cluster or
e two 1-clusters

and, since they are mutually independent,

1
Qz=q2+ ﬁtﬁ

A 3-particle system can comprise

e one 3-cluster or
e one 2-cluster and one 1-cluster, or
e three 1-clusters,

resulting in
Q3 =g+ qq + %Q?
For a 4-particle system
Q1 =g +qq1 + %qg + %qzqf + ;11—!411, etc.
Permutations of molecules inside a cluster are taken into account in the def-

inition of g,, and in QN we take into account only permutations of clusters
themselves (as independent entities). Expressions for Az, As, Ag,... which
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emerge from (10.4), are exactly the same. Thus, the series on the right-hand
side of (10.6) represents the grand partition function,

=) Mzy=> NQn
N>0 N>0

and from the definition of A we derive an important result stating that =
can be expressed in exponential form:

Z =exp [Z qnz"} (10.7)
n=1

Then the grand potential becomes
2 = —kgT Z qn2"
n=1

Using the thermodynamic relationship {2 = —pV we obtain the pressure
equation of state
p Zoo q
—_— = n n = H .

n=

which has the form of a virial series (3.35). The overall (macroscopic) number
density can be written (see (3.36))

p=3 nqvnz" (10.9)
n=1

On the other hand p can be expressed via the densities p,, of n-clusters:

p=> npn
n=1 i

implying that

pn = qv"z" (10.10)
and
p o0
— = On (10.11)
keT

By neglecting intercluster interactions we have been able to reduce cal-
culation of the equation of state to calculation of the n-cluster configuration
integrals. T1(8, z) defined in (10.8) plays the role of a generating function for
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various thermodynamic quantities. This can be easily shown if we introduce
the sequence of functions [T*) (8,2), k=0,1,2,... defined by

0 k-1
g, z) =1(3,z), IM = zag_i), oy, I = ZM

g ven

z
Then for the overall number density we get
p=10 (10.12)
The isothermal compressibility can be expressed as
_1(8) (oz) __1m®
Xr = p \ 0z TV Op TV - pksT 11V
Thus,
p’kgTx, =N® (10.13)

The energy, specific heat, etc. can be similarly expressed in terms of deriva-
tives of the function IT with respect to the temperature.

If we move the origin to the center of mass of the n-cluster (let it be
molecule 1), then ¢, can be written

Gn = V% / drig...dri, e = V'Y " g(n, 5,) " EoBwen (10.14)

Sn

We replaced integration over 3(n — 1) configuration space by summation over
all possible surface areas s,. Several different configurations may have the
same surface area, so the degeneracy factor g(n, s,) appears, which represents
the number (or more correctly the volume in 3(n — 1) configuration space)
of configurations of n indistinguishable molecules with a fixed center of mass
forming a cluster with surface area s,.

Intuitively it is clear that g(n,s,) must be related to the entropy of an
n-cluster. In order to verify this hypothesis let us calculate S,; note that
we are concerned with the configurational entropy, which is related to the

configurational Helmholtz free energy Fo™f = —kgTIng, of the cluster via
F) f;onf
5n = =51
Thus,
1 Ogn
S, = kg |1 - B——=
n B [ ngn o F) 3 :|

From (10.14) the last term becomes
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VY, g(n,sp)e PV ws,
L% _ gy - L
an OB n

where (W,,) is the thermal average of the microscopic surface energy. The
n-cluster entropy then becomes

= TLEO - <Wn>

S.(8) = kp[Ing, — BnEq + B(W,)] (10.15)

In (10.3) S,, was divided into the bulk and surface terms. The bulk entropy
per particle, Sy, can be determined from (10.15) if we take lim,— o0 Sp/n.
Then the surface term vanishes and we obtain

S(6) = kn | i+ nan - 553
We can write this in a more compact form by introducing the function
Gn(B) = q" e~ PnEo = Z g(n, $p)e™Pwsn (10.16)
Its logarithm is

InG, =Ing, — nFEy—InV

For large n,
InV  Inn

—~— =0

n n
80

lim 1 InG, = lim [l Ing, — ﬂE’g]
n—oe | N

n—oo M

and therefore Sy can be expressed in terms of G,:

So(8) = kg lim {llnGn(ﬂ)] (10.17)
n—oo | M
Now let us discuss possible upper and lower limits for the surface area of
an n-cluster. It is clear that the lower limit corresponds to the most compact
object, a sphere in 3D, or a circle in 2D. The upper limit is achieved when a
cluster represents a string of molecules. Thus,

ant~ WD < g < gon (10.18)

where a; and ag are appropriate positive constants, and d is dimensionality
of space. The series (10.16) contains only positive terms, and we can use the
standard argument: GG, is larger than the maximal term and smaller than
the maximal term times the maximal value of s,,. This yields
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max {9(n73n) e_ﬁwsn} < Gp(B) < agn max {g(n, sn)e—ﬁwsn}
Sn 1a

If this maximum is attained for 5, it means that 5,(3) is the most probable
surface area. In other words S, corresponds to the configuration with the
maximum statistical weight: e #U» — max. Then

InG(B) = Ing(n,5(8)) — Bw3x(B) + O(lnn) (10.19)

At low temperatures clusters will be close to relatively compact objects, so
the mean surface area will increase with n more slowly than n:

5 (8)

—0 asn— 00 (10.20)

On the other hand, by virtue of the lower limit, we can write from (10.18)

-S:(ﬂ) > alnl_(l/d)
Inn — Inn

— 00 as n — oo

Thus, 3, (as a function of n) grows slower than n but faster than Inn. Com-
bining these two constraints results in

3n(8) = aon’ (10.21)
with ap = ao(8) and o = o(3), and

O<oxl1

At low temperatures we can expect that ¢ = 2/3 for d = 3 and o = 1/2 for
d = 2. From (10.19) and (10.20) we obtain in the limit of large n

1 1 _ )
- ll'l Gn(/@) _)n—mo - lng(na Sn(ﬂ))
n n

Comparison with (10.17) shows that at large n

kg lng(n,5,(3)) 2nooo NS0

It is natural to assume that the residual entropy related to the second
and third terms on the right-hand side of (10.19) satisfies

kplng(n,s,(8)) —nSo = ws, (10.22)
The right-hand side represents the surface entropy of the cluster. We have
found the degeneracy factor for the most probable surface area of an n-cluster:
nSy | wi
kp kp
Combining (10.19) and (10.23), we obtain

In g(.n, ) = (10.23)
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InG,(8) = n:—o —B(w—-—wT)s, —7lnn+1Ing (10.24)
B

where the terms proportional to Inn and of order unity are introduced. For
convenience we denote the latter term by In gy, and the unknown coefficient
of Inn is denoted by —7; their numerical values will be discussed later.

Now we can return to our main goal, the calculation of the n-cluster
configuration integral. From (10.16) we have

n

S
v = "o exp [nﬁ = B(w—wT)5, | n " "g

With the.help of (10.21), the latter expression can be written as:

qvn = {GXP [ﬁEo + f—;] }n {exp [—aopB(w — wT)}™ n "qo (10.25)

This is the basic result of the Fisher droplet model. With its help the pressure
equation takes the form

o0
P o _
£ —-n = ngn T 10.
e (8,2) qO;:ly " n (10.26)
where
So
y=zexp [BEy + T (10.27)

is proportional to the activity and

z = exp [—apf(w — wT)] (10.28)
measures the temperature. The number density of n-clusters is thus
pn = qoy"z" 0" (10.29)

The overall density and isothermal compressibility are, respectively (see
(10.12)-10.13))

p=qo Z nl Ty (10.30)
n=1
P’ksTXx,r = Qo Z n? Ty"z™ (10.31)
n=1

Let us discuss the probability of finding an n-cluster. First of all, we note
that it is proportional to p,. At low temperatures (8 — o) z is small; if
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Fig. 10.1. The number density of n-clusters as a function of n for various values

of the activity, or equivalently, parameter y. For y > 1 p, attains a minimum at
n = no and for n > ng it diverges

at the same time the activity is small (the chemical potential is large and
negative), implying that y < 1, then p, rapidly (exponentially) decays to
zero as n grows. As y approaches unity the decrease in p, becomes slower.
When y = 1, p, still decays but only as exp[—const n?].

Finally, if y slightly exceeds unity, then p, first decreases, reaching a
minimum at n = ng, and then increases. The large (divergent) probability of

finding a very large cluster indicates that condensation has taken place (see
Fig.10.1). We identify

Ysat = 1

with the saturation point (corresponding to the bulk liquid—vapor equilib-
rium). From (10.27)

Zsat = exp[ﬂ(_Eﬂ - TSO)]

Using (10.5) we find the chemical potential at saturation:

pisas = —Eg — T'So + kpT'ln A3 (10.32)
Let us discuss what happens if y becomes slightly larger than yga:

y=1+dy, 0<dy<1 (10.33)

Physically this situation corresponds to a metastable state of supersaturated

vapor. Rewriting (10.33) for the chemical potentials and linearizing in dy we
have
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z

1 — ptisat = kT'ln ( ) ~ kgTéy

sat

The value of ng corresponding to the minimum of p,, can be found from the
condition: d1n p,/dn = O:

1

_ 9y |7
= [ollnwl]

which can be rewritten as

LTS |
np = [M} (10.34)
K — Hsat

The extreme limit of metastability can be defined, somewhat arbitrarily, by
the condition ng = 1, which yields

It — bsat|max = aoo(w ~ wT)

The right-hand side of this expression must be positive, implying that the
metastability cannot occur if T' exceeds

T = w/w
which may be identified with the critical temperature. The quantity

T ‘
Ymicro = W (1 - fl_“) (10.35)
<
is the microscopic surface tension. Equations (10.32) and (10.35) yield an-
other useful form of the Fisher configuration integral:
dn

v o A*™ exp|—nBitsas] exp [~aon” Bymicro] N7 (10.36)

which relates ¢, to the chemical potential at the saturation point and to the
surface energy of an n-cluster. At T < T, the right-hand side of the pressure
equation becomes a power series in y

o]
b Z n
T any
kgT o
with coefficients
an = 2" n"7, == exp(—aoBYmicro) (10.37)

Its radius of convergence according to (3.29) is

Yo = lim |a,|™Y" = lim z~"/" =1
n—ro0 n—o0
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Hence, ysat coincides with the radius of convergence, and since all terms of
the series are positive, ys,¢ is a singular point of the function p(2)/kgT.

Thus, the gaseous isotherm exhibits a mathematical singularity at gg,;. As
we know, the behavior of various thermodynamic properties at the saturation
point is determined by the functions n*) = H;’;)l:

sat —
o0
n§§2 =qo Z a™ kT (10.38)
n=1

For z < 1 (ie. for T < T.) the series on the right-hand side converges for
all k, which means that properties remain finite and therefore y = ys,¢ is an
essential singularity.! Evidently it can hardly by detected by thermodynamic
measurements. At £ > 1 the series diverges. Thus, in the Fisher theory the
isothermal compressibility remains finite for all T < T and at the critical
point diverges.

10.1.1 Fisher parameters and critical exponents

To complete the description of the model it is necessary to present a recipe
for calculating the Fisher parameters ¢y and 7 and the microscopic surface
tension “Ymicro- Following Fisher, we pursue the consequences of the model
in the vicinity of the critical point (although at high temperatures one can

be less confident of the correctness of the assumptions). At T = T (i.e. for
(k)

<ot goes at a slower algebraic rate:

z = 1) the exponential convergence of T1

% = g Z nk=T = gol(r - k) (10.39)
n=1
where
(e o]
(=Y n
n=1

is the Riemann zeta function, which converges for v > 1 and diverges for
u < 1. Setting k = 1 and k = 2 in (10.39) leads to p. and x,.(T¢), respectively.
The former quantity is finite whereas the latter diverges, so 7 must satisfy

2< T <3

In the vicinity of T, the main contribution to I’Igg comes from the terms with

large n, and therefore we can replace summation by integration:

) = qof nF=Te " dn (10.40)
0

! An example of such a singularity is the function f(t) = exp(—1/t2), for which
all derivatives at t = 0 remain finite.
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where

aw (T, —T
= 41
b kBT ( Tc ) (10 )

Introducing the new variable
t=60n°

we rewrite (10.40) as

o0
0

sat
ol

The integral on the right-hand side is the gamma function

o0
I'(u) z/ tvle tdt
0
Its argument must be positive implying, that £ > 7 — 1. Hence,

k—71+1
U§§2=U,??,+1I’( ;+ ) k>1-1 (10.42)

Since T > 2, this representation is valid for £ > 2. For the compressibility
(k = 2) we obtain:

_3=r
X1 N(TC_T) i

Comparing this with the scaling law x, ~ (Tc — T)~" from Chap. 6, we find
the scaling relationship

3_
y=2"" (10.43)
o
The gaseous side of the coexistence curve is described by
Pe— Py =0 D_n' T (1 ~ e“’"“) (10.44)
n=0

Note that we cannot apply (10.42) to this case since k¥ = 1. No matter how
small (but finite) # can be, there always exists an n, such that for n > n,, the
exponential term becomes vanishingly small; the smaller 6 is (i.e. the closer
to Tt ), the larger n.. We can estimate n, by the requirement

g =~ 1
which implies that

n. =07 (10.45)
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Then (10.44) can be approximated as

s oo
pe — p;,at o~ qoaznl—‘r+a + g0 Z nl-T
n=0

N=MN,

Replacing summation by integration in both series and taking into account
(10.45), we obtain:

oy __97;2 1 " 1
Po ™ Psar = P 270 T2

T2
o

Thus,

Pc — p:at ~ (TC - T)

This yields a relationship involving the critical exponent 3:

T—2
B= . (10.46)
Eliminating o from (10.43)—(10.46) we obtain
B
T=2+——: 10.47
poay (10.47)

Using the universal values for the critical exponents 3 ~ 0.32, vy ~ 1.24 [125]
we find

T 2.2

Thus, 7 is a universal exponent. Kiang [71] proposed an alternative,
substance-dependent model for the Fisher parameters. According to (10.39),
at the critical point

P —wC(r),  pe=a(r—1) (10.48)
kT,
and therefore 7 is a solution of the equation:
De
== - 49
Ze = et~ S/Cr—1) (10.49)

where Z is the critical compressibility factor. For the vast majority of sub-
stances Z, is between 0.2 and 0.3 [119], which implies that 7 lies in the narrow
range (see Fig.10.2)

21<7<22 (10.50)

confirming the universal nature of this quantity, which was predicted by
Fisher. Once 7 is found, go can be obtained from (10.48)
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Fig. 10.2. Calculation of the Fisher parameter 7: graphical representation of
(10.49). Horizontal lines correspond to Z. = 0.2 and Z. = 0.3

Pc o Pe
©=r—1) (“ 5 ) (1051)
We have shown that the Fisher parameters can be related to the critical
state parameters. Note that this is not the only possibile way to determine
them. Various other choices are discussed in the literature (see e.g. [30], [78]);
however, controversies between them are not yet fully resolved [70].

As for the microscopic surface tension Ymicro postulated in the theory,
we only know that it does not coincide with its macroscopic counterpart,
but its exact value remains undetermined. We note, that the Fisher model,
combined with an appropriate choice of Ymicro, i @ basic ingredient of the
semi-phenomenological theories of homogeneous nucleation [33], [30], [64].



11. Surface tension of a curved interface

11.1 Thermodynamics of a spherical interface

An arbitrary curved surface is characterized by two radii of curvature. For
simplicity we shall focus on a spherical interface for which these two are
equal. As discussed in Chap. 4, Gibbs’ notion of a dividing surface is a useful
concept for thermodynamic description of an interface. However, the planar
surface tension is not effected by a particular location of a dividing surface
since the surface area remains constant at any position of the latter. Hence,
this concept is not necessary for calculation of the planar surface tension.

The situation drastically changes when we discuss a spherical interface.
Here the position of the dividing surface determines not only the volumes of
the two bulk phases (as in the planar case) but also the interfacial area. Let
us consider a spherical liquid droplet inside a fixed volume V' containing in
total N molecules at temperature T. The “radius” of the droplet is smeared
out on the microscopic level since it can be defined to within the width of the
interfacial zone, which is of the order of the correlation length. Let us choose
a spherical dividing surface with radius R. This choice determines the bulk
liquid and vapor volumes V! and V*:

4 47
Vi=—R} V'=V-—_R®
377 3
The Helmholtz free energy of this two-phase system is

F=—pV'—p'V¥ 4+ uN + 47R?%y (11.1)

where p' and p¥ are pressures in the two bulk phases, and y is the chemical
potential (the same for both phases in equilibrium). The last term is the
surface energy for a given dividing surface.

It is clear that F, p', p¥, p and N are independent of R. This implies that
the surface tension must depend on the choice of dividing surface. We denote
by a differential in square brackets a virtual change of a thermodynamic
parameter, corresponding to a change in R. This notation is meant to stress
that a change in position of a (mathematical) dividing surface does not affect
the physical parameters of the system, since it does not correspond to a
change in the actual size of a drop. From (11.1) we have
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[dF] = —Ap4nR*[dR] + 87Ry[dR] + 47R*[dy], Ap=p' —p’

At the same time [dF] must be equal to zero, since no change in the actual
physical state takes place when the location of the dividing surface is changed.
This leads to the generalized Laplace equation:

2y dy
== — 11.2
Ap= 4 [dR] (11.2)
A particular choice R = Ry, such that
dy
— = 11.
@] =0 (1.3

corresponding to the so-called surface of tension, converts (11.2) into the
standard Laplace equation

2, :
Ap = 11.4
P=T (11.4)

where s = [ Rs).

In view of (11.4) one says that the surface tension acts on the surface
of tension (see Fig.11.1). An important alternative choice is the equimolar
surface of radius R, at which adsorption is equal to zero (N® = 0), resulting
in

4 4
N=p —;r—RS + o (V - ?”Rg) (11.5)

Thus, R, is fixed by fixing N, V, and T, since in equilibrium p' = p/(T), p¥ =
p'(T). For R = R, the generalized Laplace equation becomes

27 |dvy
Ap = —= 11.6
v= 2 ] (19
The equimolar surface possesses the property
[i’l] _ (‘9%> A
dR|p_p, OR. ) 1y

To prove this, one has to bear in mind that a change in R, on the right-hand
side does correspond to a real (not virtual) change in the free energy since
R, = R.(N,V,T). At R = R, in view of (11.1) and (11.5)

4r

3 R+ p"V) + 4w R%y,

F = ——Ap%ng‘ -p'V+u (Ap

where Ap = p! — p¥. The change in free energy at fixed T' and V is then
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Fig. 11.1. Sketch of a spherical interface. The z axis is perpendicular to the inter-
face pointing away from the center of curvature. Re and Rs denote the location of
the equimolar surface and surface of tension, respectively. The width of the tran-
sition zone between bulk vapor and bulk liquid is of the order of the correlation
length &

29e e 1
= 47 R2 —A 2k hallA 3 Ao=o — o'
(dF)yr,v mR.AR, { D + R + ( IR, , + plp p, p=p —p

Using (11.6) we have

oF dy e
il =47RZ{ — [_] + ( ) + pA 11.8
<6R9>T,V " { dR R=R. OR, Vv~ HEP ( )

On the other hand F = F(N,V,T), and thus

oOF oF N
Pkl = = = uA 11.9
(aRe)T,V (aN)T,V (aRe)T,v Hee (11.9)

Comparison of (11.8) and (11.9) completes the proof of (11.7).

Let us characterize the droplet radius by its value at the surface of
tension R = Rg; then v = s and for Ap the standard Laplace equation
(11.4) holds. Bulk equilibrium implies the equality of the chemical potentials:
Butk = Hbuk- The coexistence of a liquid droplet with the ambient vapor is
characterized by puf = :“5%7 where uy and u% are the chemical potentials of
a molecule inside and outside a droplet of radius R. Thus,

v N | 1
HR 7 Hbulk = HR ~ Hbulk

which can be rewritten as
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p¥ p'
/ 'v"dp=/ vidp
Psat Psat

where psa; is the saturation pressure (bulk equilibrium property). Assuming
that the liquid is incompressible (v! =const) and the vapor is ideal (pv¥ =
kgT) we find after integration

\4

p

sat

kgT In ( ) = Ul(Pl - psat)

Combining this with (11.4) we obtain

v 2
ksT'ln (piat) = ¢! (pv b + %) (11.10)

This is Kelvin’s equation for the vapor pressure over a spherical liquid drop.

If
\2 \'"4
kgT In ( P ) > v]psat ( P _ 1)
Psat Dsat

then (11.10) can be written in the approximate form:

v 2 1
ksT ln ( P ) = (11.11)

Dsat R

Kelvin’s equation has been confirmed experimentally [43] for R ranging from
19 nm down to 4 nm.

11.2 Tolman length

It is plausible to expand the surface tension in powers of the curvature:

Y(R) = (1 - %1:) +h.o.t. (11.12)

where the leading term, «yg, refers to zero curvature (planar interface) and
h.o.t. denotes higher order terms in 1/R. The parameter dr introduced by

Tolman [140] is called the Tolman length.
Let us write the generalized Laplace equation (11.2) in the form

d
2 _ 2
ApR [R]R'y

and integrate it from R, to an arbitrary R:

2 1, (R®
’Y(R) = (%) ¥s + gAp (ﬁ - Rs)
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Substituting Ap from (11.4) we have
R
Y(R) = f (E)

2

f@)= 5 + 2@ 1)

where

Elementary analysis shows that f(z) has a minimum at z =1 corresponding
to R = Rs. Thus, 7, is the minimum surface tension among all possible
choices of the Gibbs dividing surface:

Y(R) = s [1 +0 (R;ZSRS)Q

When R differs from R by a small value, y(R) remains constant to within
terms of order 1/R2. This implies that the Tolman length is independent of
the choice of dividing surface. The term of order vo(dr/R)? in (11.12) is of
no physical significance; being multiplied by the surface area, it results in a
constant term in the thermodynamic potential. This means that it cannot
contribute to the restoring force that opposes distortions of the surface (see
also the discussion in [55]). That is why we restrict ourselves to the first-order
term, i.e. to the Tolman correction.

Let us discuss the relationship between the Tolman length and other mi-
croscopic quantities. From (11.4), (11.6) and (11.7) we have

(o), =25 %)
8R.)ry  “\R, Re

Applying the Tolman formula to both sides of this equation we obtain

26 26
290 L = 9y A
R | TR R,

(11.13)

In the planar limit R, Rs — oo this yields

or = (Re - Rs)oo = Ze— Zs ) (11'14)

where the z axis is taken perpendicular to the interface, pointing away from
the center of curvature. This result means that the Tolman length is a well-
defined microscopic length. From (11.14) it follows that dr is of the order
of the correlation length, since both dividing surfaces are situated in the.
interface zone. However, (11.14) does not prescribe the sign of ér and its
temperature dependence. Although there are no reliable expenmental data
on &7, one can estimate it using several analytical and simulation results.
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A general statement is that when the two coexisting phases are symmetric,
&1 vanishes exactly at all temperatures. This statement was first formulated
and proved by Fisher and Wortis [46]. Following their arguments, let us imag-
ine a planar interface between two fluid phases & and 3 (e.g. liquid and vapor)
(Fig.11.2). According to its definition (11.14), dr is equal to the difference
between the positions of the equimolar surface and the surface of tension,
which are well defined in the planar limit. Additionally we assume that z
and z, vary continuously as the system moves from configuration A to C,
passing through planar configuration B. Configurations A and C differ from
each other only in the sign of the curvature. Due to the assumed symmetry
of the coexisting phases we can write '

B
A c
\\ //
-
Ro/,/"\\/ ‘\\\Ro
// | | \\\
T T v
Z 4 % z
o phase /1N B phase
7N
/ \

Fig. 11.2. Diagram for Fisher-Wortis theorem (see text)

(Ze - zs)A = _(ze - ZS)C (11.15)

where the subscripts denote corresponding configurations. When Ry — oo
both configurations tend to the planar limit, i.e. to the configuration B.!
Thus, (11.15) becomes

or = —or
implying that

d0r=0 forall T (11.16)

Equation (11.16) can be obtained on the basis of the Irving—Kirkwood
expression for the microscopic pressure tensor in an inhomogeneous fluid
[16]. This approach, however, cannot be considered quite satisfactory, since
the result varies with the choice of pressure tensor, all choices being equally
valid [55], [129].

! This argument fails if the limit (11.14) does not exist or z. and z; change dis-
continuously when passing through configuration B.
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It is important to realize that in the presence of asymmetry (which is
always the case in real fluids) the general conclusion (11.16) does not hold.

Nijmeijer et al. [103] performed molecular dynamics simulations of liquid
droplets with molecules interacting via the Lennard—Jones potential. Simu-
lations at one particular temperature 7'/T; = 0.83 gave the estimate

|5T‘ < 0.70,

where o is the hard-core molecular diameter. Haye and Bruin [52] evaluated
the temperature dependence of §r for a Lennard-Jones fluid from simulations
of a planar interface using the relation proposed by Blokhuis and Bedeaux
[16]):

1
o = "3 /d21 /dr12 ' (r12) (1 — 38%) (21 + 22 — 22¢) PP (21, 22, 712)
0
(11.17)

where s = 212/r12 and p(z)(zl,22,7"12) is the pair distribution function of
a planar interface — the function entering the Kirkwood-Buff formula. Sim-
ulation results of [52] are characterized by much higher accuracy than the
estimate of [103] (though not in conflict with the latter). They show that
within the range 0.69 < T/T, < 0.92, r is positive and small. However, at
high temperatures, T'/T, > 0.87, simulation results exhibit large fluctuations
due to proximity of the critical point.

Critical behavior of the Tolman length was studied by Fisher and Wortis
[46] on the basis of density functional considerations. They found that in the
Landau theory when T' — T the Tolman length approaches a constant
value of the order of the molecular size; its sign is determined solely by the
coefficient of the fifth-order term in the free energy expansion. Furthermore,
within the framework of the van der Waals theory this limiting value turns
out to be negative. Near the critical point fluctuations, become extremely
important and one has to go beyond the mean-field Landau theory. A scaling
hypothesis and renormalization group analysis [46] predict the divergence of
dr at T, (for asymmetric phase transitions).

Recent interest in this problem has been stimulated by the development
of semiphenomenological theories of homogeneous vapor-liquid nucleation
[33], [30], [64], [65], [96] where the concept of curvature-dependent surface
tension of nuclei (droplets) plays an important role . The nucleation rate J,
the number of critical nuclei formed per unit time per unit volume, is an
extremely strong function of the surface tension : J ~ €7 . Critical nuclei
are usually quite small, being of the order of several nanometers. Therefore,
even a small correction to v can have a dramatic effect (orders of magnitude)
on the nucleation rate. Thus, the Tolman length, originally a purely academic
problem, turns out to be a matter of practical importance. |

(R
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11.3 Semiphenomenological theory of the Tolman length

As already mentioned, explicit microscopic determination of the Tolman
length as a function of temperature meets with serious difficulties. In this
section we formulate a semiphenomenological approach that combines the sta-
tistical mechanics of clusters in terms of the Fisher droplet model of Chap. 10
with macroscopic (phenomenological) data on the bulk coexistence properties
of a substance [66]. Consider a real gas, and following the lines of Chap. 10,
assume that it can be regarded as a collection of noninteracting spherical
clusters. The virial equation (10.11), which we apply at the coexistence line,
i.e. at the saturation point for a given temperature T, reads

Psat o
= sa .1
kaT E psat(n) (11.18)

n=1
where the number density of n-clusters is given by

1 eﬁnﬂsac

Psat(n) = VI (11.19)

and pgat(T) is the chemical potential at coexistence. The configuration inte-
gral of an n-cluster has the form (10.36)

qn = QOVASn exp [_nﬁﬂsat - ﬂ’)’n‘ticro«slnz/3 —7ln n] (1120)

The terms in the argument of the exponential refer to the bulk energy,
surface energy, and entropic contributions, respectively. We have used the
fact that the radius of the n-cluster scales as r, = r1n!/3, where

3 \./3 :
= — 11.21

" (47fp‘> (11.21)
is the mean intermolecular distance in the liquid phase, and

51 = 4mr? = (36m)'/33%/3 (Pl)—2/3

The Fisher parameters gy and 7 are related to the critical state parameters
via (10.48)—(10.49). From (11.19)—(11.20) we find:

(11.22)

Psat(n) = qo €xXp ,:*6'7’mi<:1"0'5171'2/3 —7ln n] (1123)

The surface energy contains the “microscopic surface tension” Ypicro Which,
as pointed out in Sect.10.1, is not identical to its macroscopic counterpart
(plane interface value) -yp. In Fisher’s model 4yicro remains undetermined.

One can view an n-cluster as a microscopic liquid droplet containing n
molecules in the surrounding vapor. Then it is reasonable to associate Vmicro
with the surface tension of a spherical surface with radius r, = r,n!/3, and
write it in the Tolman form
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24
7micro(n) = Yo (1 - —T> (1124)
Tn
Combining this ansatz with (11.18) and (11.23), we obtain
Dsat S { —1/3> 2/3]
—_— = n Texp|—0p {1+ ayn n , 11.25
aoksT ngl P 0 ( v ( )
where
_ oSt
b= — 11.26
O~ ksT (11.26)
and for convenience we introduce a new unknown variable a.:
26
a,=-=—L (11.27)
T1

Equation (11.25) relates the Tolman length to the macroscopic equilib-
rium properties psat(T), v0(T), p'(T). The saturation pressure and liquid
density are empirically well-defined and tabulated for various substances for
a wide temperature range up to T, [119]. There are also several empirical cor-
relations for vo(7T) based on the law of corresponding states (see Appendix
A). The right-hand side of (11.25)

i " exp [ (1 + a.,n‘l/?’) nz/?’] (11.28)

is a positive-term series containing the unknown a in the argument of the
exponential function. For each T' we search for the root in the interval

—1<a, <00
The condition o, > —1 requires that the mlCI‘OSCOplC surface tension for
all clusters be positive. The derivative
7]
(#f ) <0
doy /¢

for all T, implying that f(c,) is a monotonically decreasing function, yielding
the uniqueness of the solution of Eq. (11.25). At low temperatures the planar
surface tension is large (fp > 1) and the Tolman length is expected to be
small (Jay| < 1). To high accuracy we can then truncate the series at n =1
which results in the analytic solution

1 Dsat
=—-—1 1 1 11.29
ay % n {quBT] , Joy| < ( )
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At high temperatures 6 is small, and truncation of the series at the first
term is impossible. In the general case (11.25) must be solved iteratively. The
fast (exponential) convergence of (11.28) at each iteration step k is provided
by the terms with large absolute values of the argument of the exponential.
We can truncate the series at n = N(*) satisfying

fo (N(’“))z/3 + 6pal®) (NU“))I/3 — G, (11.30)

where a»(yk) is the value of @, at the k-th step, and Go > 1 is an arbitrary

large number; for calculations displayed in Fig. 11.3 we choose Gy = 100. For
each iteration step the truncation limit is given by

3
1 CRPTE:
N® (ao;ag’“>) =3 [—ag’“) + (afy’“)) + =20 (11.31)

bo

Figure 11.3 shows the reduced Tolman length

5 o1 oy Ty
=L

If

for 3 nonpolar substances — argon, benzene and n-nonane (the empirical
correlations for their macroscopic properties are given in Appendix A)— as a
function of the reduced temperature

(11.32)

Comparison of the theoretical predictions with the simulations of [103]
and [52] shows good agreement over the temperature range in which reliable
simulations were performed: except for one point, all theoretical curves lie
within the error bars of MD simulations. Not too close to T, the Tolman
length for all substances is positive and is about 0.20.

For small |t| (|t| < 2 x 107%) it changes sign at a certain temperature T
and becomes negative.? At Ts the surface tension of a droplet is equal to that
of the planar interface. Finally, there is an indication that dr diverges when
the critical point is approached as predicted by the density-functional analysis
of [46]. For this reason the numerical procedure fails near T,. According to
(11.14), a negative Tolman length means that the surface of tension is located
on the gas side of the equimolar surface. These results suggest that at T > Ts
the microscopic surface tension increases with increasing curvature, the effect
being greater the higher the temperature. This trend is opposite to the one
usually discussed far from T,. Note that the possibility of negative ér for the
model system of penetrable spheres is pointed out by Hemingway et al. [54].
2 The analytic low-temperature result (11.29) appears to be a good approximation

to the “exact” numerical solution for |¢| > 0.3, but closer to the critical region
it is in error.
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Fig. 11.3. Temperature dependence of the Tolman length; 7 = dr/o, o is a
hard-core molecular diameter. Lines: theoretical predictions (solution of equation
(11.25)) for argon, benzene and n-nonane. Squares: MD results of Haye et al. [52];
the MD estimate of Nijmeijer et al. [103] is |07.(|t| = 0.17)| < 0.7

It would be desirable to derive a critical exponent for §7 on the basis
of the proposed semiphenomenological theory. However, given the present
state of the theory, this does not seem possible. The reason is that Fisher’s
model neglects cluster—cluster interactions (excluded volume effects), which
become important in the critical region. Therefore, in this region the theory
is suggestive, but cannot be taken literally for calculating a critical exponent.






12. Polar fluids

'12.1 Algebraic perturbation theory of a polar fluid

Throughout the previous chapters we were mainly concerned with systems in
which the interparticle interaction is spherically symmetric. In a number of
fluids the presence of a dipole moment, permanent and/or induced, can play
an important role in their thermodynamic behavior. A vivid example from
everyday life is water, in which the strength of dipole—dipole interactions is
comparable to the van der Waals attraction. The dipole-dipole interactions
are long-range — the interaction energy decreases with the distance as 1/73 —
and anisotropic, i.e. it depends on the orientations of dipoles. An adequate
description of long-range and anisotropic interactions comprises the main
source of difficulties that arise in theoretical models and simulation studies.
A full microscopic theory of a polar fluid is an immensely difficult problem
also due to the fact that:

Eexl

©
O g

Sample

©

Fig. 12.1. A model of a polar nonpolarizable fluid

o besides dipoles one must also take into account multipole terms (quadrupole,
octupole, etc.)
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e polarizability effects related to induced moments can be as important as
the effects due to permanent moments.

In this chapter we consider a simplified model of a polar fluid, in which
polarizability effects and effects due to multipole interactions are neglected.
We describe a polar fluid as a system of N hard spheres with point dipoles at
their centers contained in a volume V at temperature 7" and located in a weak
external homogeneous electric field Eey; this is the field that would exist in
the absence of the fluid. We also assume that the container is an (infinitely)
long cylinder with its axis parallel to Eey, (Fig. 12.1). This ensures the absence
of a depolarization field inside the sample (the depolarization factor of a long
cylinder is zero [81]) and therefore the macroscopic electric field in it is

E = Eext (12.1)

Each particle is characterized by a 5-dimensional vector ¥; = (r;,w;),
where r; is the radius vector of its center of mass and w; = (6;, ;) denotes
the orientation of the dipole moment s;. We assume that the particles are
identical with the hard-sphere diameter d and |s;| = s. The potential energy
for an arbitrary configuration consists of the interparticle interaction energy
and the external field contribution:

UFEN) = Uy®N) + U (W),

Uo =Y [tas +us”] (12.2)
i<j
Ui = —sFext Z cos 6; (12.3)

)

Here ug;; = ug(r;) is the hard-sphere interaction, 6; the angle between s;
and Eeyt,

is the dipole~dipole potential with the angular part D(i,5) given by

D(i, 5) = 8:8; — 3(8:Fy;)(8;15) (12.4)
where % denotes the unit vector corresponding to x.

We now apply the ideas of a perturbation approach discussed in Chap. 5.
The formulation of any perturbation theory starts from decomposing the
system into a reference and perturbative parts. Since we are aiming at a
detailed description of the interparticle interactions, it is reasonable to include
them in the reference model. The latter is characterized by the energy Uy and
represents the system of dipolar hard spheres in zero field. Interaction with
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an external field is treated as a perturbation. Introducing the perturbation

Mayer function
fi — eacosei -1

where
5Eext
ksT
is the Langevin parameter, which characterizes the relative strength of the
external field, we write the configuration integral as

O =

(12.5)

Q = /drNe Ao H(l + fi)

i=1

N
= / diV e P 1143 Yoo furf (12.6)

n=1 \1<i;<...<i, <N
The same quantity for the reference model is
Qo = / ™ e~ Fl
Equation (12.6) can be written

Ne ~BUo

Qo_1+?'_j / Qo

Each term of the outer sum is a thermal average over the reference model of
the quantity in parentheses:

> fufi

1<4 <. <P <N

I

Y furfa

1< <...<in <N

Q N

With the help of the theorem of averaging we obtain

N n
%:l—l—;ﬁl—!/df" (1;[ ) ) (& (12.7)
where
e—BUo
Qo

is the n-particle distribution function of the reference model (cf. (2.2)). The
n-particle correlation function g2 is given by

n) ren N! - -
o () = (N_n)!/drn+1...dr1v
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T
pé")z(ﬁ) ®, n=12...

where 47 appears because of [ df = 47V Thus,

N 1 n . n .
%Z”gm(ﬁ) /dr (Efi>g’9‘(r) (12.8)

The standard scheme of the perturbation approach of Chap. 5 is based on
the expansion of the configuration integral in terms of the Mayer functions.
In our case, however, this is not appropriate, since f; is purely orientational
and therefore does not compensate for the long-range behavior of g2: ¢ — 1
when separations between particles become large.

Instead of the standard route we use an approach based on the algebraic
technique of Ruelle described in Sect. 5.7. Let us rewrite (12.7) as

z
a(z) = Z —7on (12.9)
n=0
where
p Q
2= a(z) = 05
and coefficients a,, are given by
G =1, an= /df" EE), n>1 (12.10)

with
n
@ = (Hf) @&, n=12...
i=1

The summation is extended to infinity as we are interested in the thermo-
dynamic limit. Equations (12.9)-(12.10) are identical to (5.64)—(5.65). Then,
according to Sect. 5.7, a(z) can be written as the exponential of another series:

Q o (p/4m)"
— = ex ~—— b, 12.11
2 P n§=0 — ( )
where
bo=0, b, = /di‘" ¢EE"), n>1 (12.12)

and functions g2, are algebraic combinations of functions ¢2. The first terms
of the sequence {¢4} are found from (5.63):
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@ =hHhel=h (12.13)

2 2
g5 = (H fi) g9 —1] = (H fi) hJ (12.14)
= (1) - ¥ wimr) (12.15)

1<i<j<3

I

s

We stress that taking into account each term in (12.11) is equivalent to
taking into account an infinite number of terms in (12.7). The free energy
becomes

0 n .
BF=BFo—) (”—/n‘l;i)—bn (12.16)
n=1

where Fy is the reference contribution. Equation (12.16) is exact: no approx-
imations have been imposed so far. Given the expression for the free energy
one can calculate the thermodynamics of a polar fluid once information about
the reference system (its free energy and correlation functions) is available. In
the next section we will show how this algebraic perturbation theory (APT)
[68] can be used to calculate the dielectric constant.

12.2 Dielectric constant

The theory of the dielectric constant, £, pioneered in 1912 by Debye [28], still
remains an actively developing area. Its fundamental and practical impor-
tance has motivated much theoretical work and computer simulation studies
(for reviews see, for example, [134] and [89]). However, agreement among the
various models and simulations remains rather poor, especially for condensed
systems at relatively low temperatures, when interparticle interactions play
an increasingly important role.

In a seminal paper [28], Debye obtained € by studying the response of a
dilute gas of particles to an applied external electrical field Eeyy (in the same
fashion as Langevin’s work on a paramagnetic gas in an external magnetic
field). Subsequent models mainly used an approach which relates € to the
properties of the system in the absence of E,;. In these theories each particle
is regarded as the source of the field acting on its neighbors, and ¢ describes
the response of the system to this field.

We will formulate a theory of the dielectric constant for a polar nonpolar-
izable fluid in the spirit of the original Debye-Langevin approach: by studying
the response of a dielectric system to a weak external field, taking into ac-
count dipole-dipole interactions. For this purpose we use the APT approach
presented in the previous section. To derive the dielectric constant we need
to find the linear response of the system to a weak external field, which corre-
sponds to keeping only the leading term in the expansion of the free energy in
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powers of the external field strength, or equivalently the Langevin parameter
. Since F is an even function of the field, we must cut off the series (12.16),
keeping the term that is O(a?) and neglecting all the rest. The cutoff is only
possible if the b, contain converging integrals. This is really the case, since
the g0 in (12.8) are replaced by hS = g8 — 1 in (12.14)—(12.15), that vanish
at large separations, thus ensuring convergence of (12.16) for n > 2.

Substituting (12.13)—(12.14) into (12 12) and expanding the Mayer func-
tions to second order in «

1
fi = acosb; + §a2 cos? 0; + o(a®)

we find that
1, 5 o?
by=[dr [ dw acos(9+§ae cos“ 0 =47rV—é— (12.17)
and the free energy becomes
a? 1/ p\2
= ~-N— - (£ 4 12.1
BF = 8Fo~ NG = 5 (£) ba+ola?) (12.18)

The first term is the reference free energy, the second gives the energy of inde-
pendent dipoles in an external field, and the third accounts for interparticle
interactions in the presence of E,.;. The pair correlation function of dipolar
hard spheres in the absence of the field can be written as a series in powers
of s? [10]:

99 (r12, w1, w2) = ga(ri2) + Z (ﬂsz)mgm(rlg,wl,wz) (12.19)

m=1

The first two terms are available:

g =% (T“)Du 2) ~ (12.20)
12
g2 = ;9d£“2)1)2(1 2) (12.21)

1 + 3 cos a1 cos ap €OS vz
(r13723)3
3cos®as ~ 1
(r13723)3

+ %pD(1,2)/dr3 9a(123)  (12.22)

+ %pA(l,Q) / dra 94(123) (12.23)

Here

A(1,2) = 818,
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1

Fig. 12.2. Three-particle contribution to the pair correlation function of dipolar
hard spheres (12.22)—(12.23)

ga(r) and ¢4(123) are the two- and three-body hard-sphere correlation func-
tions, and a;, «ag, a3 are the angles of the triangle formed by the three
particles as shown in Fig. 12.2. A cutoff of (12.19) at m = 2 implies

2
by =V Y o5™ (12.24)

m=0

where

b = /drlg /dw1 dwy cosby cosbz [ga(r12) — 1]
(1) ﬁs /drlg /dwl dwy cos by cos by g1(riz,wr,ws)
b = (Bs%)? / drip / dwy dwp cosfy cosbp ga(riz, w1, wa) (12.25)

First the integration over solid angles w;, we is performed (Appendix B
contains the table of angular dipole integrals). This implies

b =0 (12.26)
and the next term is (see (B.5))
ar\? 1
B = e (w) / drsa - (1~ 3eos? 2) (12.27)
3 r12>d o

In the spirit of van der Waals we replace g4(r12) by the step function O(ry2 >
d):
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1 forriz>d

0 forrio <d (12.28)

9(7"12 > d) =62 :v{
The integral in (12.27) yields (the rigorous derivation is given in Appendix
C)

ar

cyl 1
/ dl‘lg -3 (l — 30082 012) = - (1229)
r

12>d T12 3
where the superscript “cyl” means integration over an (infinitely) elongated
cylinder,! thus implying

3

The last contribution to by consists of three terms arising from (12.21)-
(12.23). The first, which contains D?(1,2), vanishes in view of (B.4). Thus,

bg) is a sum of two contributions, originating from (12.22) and (12.23):

b(l) _ ﬁ 2 (f‘t1>3
5 = s (12.30)

b = bp + by (12.31)

Here (after integration over w; and ws)

1 n2 [ 4T 2
bp = =p (ﬂs ) — ) 7o (12.32)
6 3
YD = /dl‘12 (1 - ?)COS2 012) ap (1233)
1 4+ 3cosaq cosas cos o
ap :/d 5 2 g4(123) (12.34)
(T137‘23)
and
1 2 (4> ’
bp = 3p(85%) (3) A (12.35)
TA = /drlz ap (12-36)
3cos?as —1

The three-particle hard-sphere correlation function can be written using
Kirkwood’s superposition approximation

Igd(l\%—)—%-’ 9a(12) g4(13) g4(23) = O(r12 > d) O(r13 > d) O(ra3 > d) (12.38)

't is easy to see that for a spherical container this integral vanishes.
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The detailed analytic calculation of dimensionless quantities yp and v, pre-
sented in Appendix D, yields

322 1772
w=-"g- M=y (12.39)

implying that these terms bring competing contributions to bgz):

1 /4r\? 1672 1 /4r\? 1772
=45 o0 (). s () (5

and
b = ; (4”) p (8s2)° (1 2) (12.40)
Substituting (12.26), (12.30) and (12.40) into (12.24), we obtain

I o, 8 (4m 2 I 5 342
by = za*Vd® | — dnd + —mpd A (12.41)
3 3 9
where
2
8
- 12.4
kpTd3 ( 2)

is the coupling constant that characterizes the strength of the dipole-dipole
interaction.
Summarizing, we can write the free energy (12.18) in closed form:

ot o 1 5
BF = BFo— N— — —p*Vd® { 4w + =72pd3\ (12.43)
6 54 9
The macroscopic polarization P is related to the free energy via [81]
1 oF
P=——
V OEext Ny r
yielding
P= §ps [1 +g T pd3a + 31 Q(pd3)\) ] (12.44)
On the other hand
(e -1)E = 4nP (12.45)

where the field E inside the long cylindrical container coincides with Eext.
Comparing (12.44) and (12.45), we obtain for the dielectric constant

s—l—3y[1+y+116 } - (12.46)
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where

47

il

Y

12.2.1 Extrapolation to arbitrary densities

The results obtained thus far may be called the low-density limit of the
APT since we used the low-density form of the hard-sphere pair correlation
function, specifically we replaced it by the step function é(r > d). As an
implication of this the dielectric constant can be expressed as a function of
only one parameter, y — the feature shared by other theoretical models (see
discussion below). Physically, one can expect, however, in the general case a
dependence of € separately on two parameters, A and the reduced density

p* = pd®

rather than on their product. Of course, this feature becomes appreciable at
moderate and high densities, while at low densities one can apply (12.46)
which is exact to order O(p®).

The generalization of the theory to higher densities can be constructed by
taking into account the density dependence of g4, which can be introduced
as

ga(r; p) = 0(r > d) +9¥(r; p) (12.48)

It is important that in contrast to the first term, which is long-range, the
function v (r; p) is short-range persisting over distances of the order of the
correlation length, which under normal conditions is roughly several diame-
ters. As a result it will not contribute to bgl), and the only contribution to

b§2) affected by this correction is 4, which now becomes
17 .
YA = §7r21(p ) (12.49)

The density correction factor I(p*) can be found using the method of
Padé approximants [113] yielding [9], [137]

1 —0.93952p* + 0.36714p*"

12.50
1 — 0.92398p* + 0.23323p*" (12.50)

I(p*) =

Thus,

j@ _ 1 (4 2 w21,
5 :5(3—) p(ﬂs) (577)(—-16-{-171) (12.51)

which implies for the free energy
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2 2
BF = BFo— N-Oé- - -‘;‘—4p2Vd3 {zm + [—% + gl(p*)] 7r2pd3)\2} (12.52)

This expression can serve as the basis for a thermodynamic description
of polar fluids at low electrical fields. For the dielectric constant, this yields:

17
e—1=3y [l+y+ (_1+T6I> yz] (12.53)

12.2.2 Comparison of the algebraic perturbation theory
with other models and computer simulations

In the earliest theory of the dielectric constant, formulated by Debye [28],
the polarization has the same functional form as for a gas of noninteracting
dipoles in an effective external field

4
Eef = Eext + —B,EP (12.54)

where the second term takes into account in mean-field fashion the interaction
of a particle with the environment. Then

P = psL(aeﬂ), (12.55)

where 1
L(z) = cothz — o

is the Langevin function,

sE.g
ksT

Qeff =

and ps is the maximum polarization, which corresponds to complete align-
ment of dipoles along the field. The dielectric constant is found from the
self-consistent equation (12.54), resulting in

6~1=3y(1+5g1>

Solving this equation for ¢, we obtain

e—1= Y (12.56)
l-y
where y is given by (12.47). This expression leads to a singularity at ¥ = 1,
which is known to be incorrect [10].
In the Onsager theory [105] each particle is considered to be embedded
in a continuum with a dielectric constant ¢, the quantity to be determined.
The theory results in a quadratic equation for ¢:
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#1—) =y (12.57)

from which

5—1:2(3y—1+\/1+2y+9y2) (12.58)

The singularity is avoided but ¢ is underestimated [134].

Integral equation theories of € are based on the Ornstein—Zernike equation
supplemented by various closures. Among other models belonging to this class
we mention the linearized hypernetted-chain (LHNC) [108] and the mean-
spherical (MSA) [148] approximations.

Let us discuss the latter in somewhat more detail. The MSA is based on
Wertheim’s analytic solution for the total pair correlation function of dipolar
hard spheres [148]:

ho(l, 2) = hd(le) - h,D(Tlg)D(l, 2) + hA(T‘lz)A(IZ) (1259)

Radial functions hp and hy can be expressed via the total pair correlation
function of hard spheres hg. For r > d

ha(r) = 2a[ha(r; 2ap) — ha(r; —ap)]

ho(r) = h(r) - 5 [ app? o)
where

hp(r) = a[2ha(r; 2ap) + ha(r; —ap)]

For r < d, hé(fr) = hp(r) = 0. The parameter a is given by a = {/¢, where
¢ = (7/6)pd° is the volume fraction of hard spheres, and 0 < { < 1/2 is a
real root of the algebraic equation

2
q9(2¢) — q(—=¢) = 3y, q(z) = % (12.60)
In the MSA ¢ is written in parametric form:
e—1= ___q(243(:21)(—C) (12.61)

In all likelihood MSA also underestimates & [134].2 In view of the long-
range nature of dipolar forces, computer simulation of £ proves to be a very

%2 Note that if orientational correlation is completely ignored in the APT, the
reference pair correlation function will reduce to that of hard spheres, ¢3 = gq,
providing that b2 = 0, and the APT expression (12.53) will become € — 1 = 3y.
Exactly the same result follows from all the other theories in the limit of small
Y.
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difficult problem [134], [89]. None of the simulation methods gives ¢ for truly
infinite systems described by approximate theories. Nevertheless simulation
results can give an idea about the accuracy of various models. Simulation of
dipolar hard spheres appear to be technically more difficult than the simula-
tion of a Stockmayer fluid [89], for which a larger amount of data is available.
The latter is characterized by a potential that is a sum of the Lennard-Jones
and dipole—dipole interaction:

o 1 12 o1 1N 6 '
usT = ders [(—L—J) - (ﬂ) ] + 09 (12.62)
r T
Debye LHNC -
150 |
p'=08 *
| APT
100 | 1 1
o :
- MSA
50 ] 1
Onsager
0 i i
0 1 2 3 4
A

Fig. 12.3. Dielectric constant ¢ as a function of A for p* = 0.8. Labels corre-
spond to various theoretical models: Debye theory, Onsager theory, mean-spherical
approximation (MSA), linearized hypernetted-chain approximation (LHNC), alge-
braic perturbation theory (APT) Eq.(12.53). Squares are simulation results of [1],
12}, (901, [76], [77], [92], [104], [109], [112]

It is found in [108] that for A < 2, £ of a Stockmayer fluid is close to that
of equivalent dipolar hard spheres; for larger A the Stockmayer & is consider-
ably lower than that of the corresponding dipolar hard-sphere system. Figure
12.3 shows the dielectric constant as a function of X for p* = pd® = 0.8 pre-
dicted by various theoretical models — Debye, Ounsager, MSA, LHNC, APT
(Eq.(12.53)) — and that found in simulation studies [1], [2], [90], [76], [77],
[92], [104], [109], [112]; simulation data are presented for both dipolar hard
spheres and Stockmayer fluids. Compared to other models mentioned, the
APT provides better agreement with simulations for low and intermediate
values of A: A < 2.5. For A > 2.5 theoretical predictions are below simulation
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data. It is clear that at low densities I(p*) — 1, and the low-density limit of
the APT is recovered.>

In the beginning of this chapter we pointed out that real molecules can
have both dipole and quadrupole moments and possess induced dipolar mo-
ments, which makes a straightforward comparison of the APT predictions
with real dielectric liquids problematic. However, by changing from the elec-
tric to magnetic language, APT can be straightforwardly compared with
experimental data on the initial magnetic susceptibility of a ferrofluid (see
Chap. 14}, where quadrupole interactions and induced dipolar moments are
absent.



13. Mixtures

13.1 Generalization of basic concepts

Basic thermodynamic relationships discussed in Chap. 1 can be straightfor-
wardly generalized for a M-component mixture:

M
dE = TdS —pdV + ) urdNy (13.1)
I=1
M
dF = —pdV — SdT + Y pydN; (13.2)
I=1
M
dG = -SdT +Vdp+ Y purdN; (13.3)
I=1
M
df? = —pdV — SdT — Tdpy (13.4)
I=1

where N; and p; are the number of particles and the chemical potential of
component I. The canonical partition function takes the form

1
L= —
Hﬁl NI!A?NI

where Ay is the de Broglie wave length of component I and

M
Q= /e"ﬁU [[ar” (13.6)
I=1

is the configuration integral (for simplicity we assume that there is no exter-
nal field). The total interaction energy U comprises interaction between the
molecules of the same species as well as the unlike terms. It is due to the
latter that for nonideal mixtures @@ cannot be decomposed into the product
of the individual configuration integrals: @ # []; Qn,.

Let us first discuss the case of a binary mixture of components A and
B. The results that we obtain can be easily generalized for mixtures with

Q (13.5)
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an arbitrary number of components. Assuming that interactions are pairwise
additive we can write

U=Un,n, = UAY £ UBB) L yAB) (13.7)
where
UAs) = Z UAA,ij
1<i<j<N4
UBB = N upgy
1<i<j<Np

y“AB — Z Z UAB,ij

1<i<N4 1<j<Np

Equation(13.7) must be completed by a mixing rule describing the treatment
of unlike interactions u4p. For a system of Lennard—Jones fluids with param-
eters o7 = 077 and €; = ¢;7 (I = A, B) the Lorentz—Berthelot mixing rule is
most widely used:

OAB = %;—CIE, €AB = \/€aA€BB (13.8)
A pair distribution function describes the unlabeled probability of finding a
pair of particles around certain positions. In mixtures one must distinguish
among the types of the particles in the pair. For a binary mixture three distri-
bution functions are to be defined: 9542,)4’ Pgl)g and pfl)g, describing correlations
of particles of the same species (A4 or BB) and correlations of particle be-
longing to different species (AB). A unified definition can be formulated with
the help of two nonnegative integers s4 and spg satisfying s4 + sg = 2. Then
the AA function will correspond to s4 = 2, sg = 0, the BB function to
$4 =0, sp =2, and the AB function to s4 =1, sg = 1. Thus, we define:

) N4INp!

Poass = (N, = 54)!(Ng — sp)!

X/DNANBdrA,s,H—IHv drA,NA drB‘sB+1... drB,NB (13.9)

where the Gibbs function reads

e BUN,Ng

DNANB = T

The presence of unlike interactions implies that the distribution function
of like particles, say AA, is influenced by other species, i.e. by species B. The
pair correlation functions can be defined by analogy with (2.9):
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(2)

_ Paa

gAA(rh 1‘2) - pg)(rl) pg)(rz)
P

g r) = ) o)
s

QAB(I'IJ'Z) VN VN

Pf‘xl) (r1) Pg) (r2)

Following the steps described in Chap.3 we can formulate equations of
state for a mixture. The energy equation is

E=J(Na+ NplksT + (UAD) + (UFP) 4 (4D

where the thermal averages are calculated with the help of the theorem of
averaging

NE [
WDy =2t / wi(r)gr(r)r2dr, I=A,B
0

NyNpg
T ——

({UAB)y = ¢4 /000 uap(r) gap(r) ridr

These relationships can be written in terms of the overall density p = N/V
(where N = N4 + Np is the total number of particles) and compositions
(molar fractions)

N

=== I1=AB
L, 1=4

which satisfy Y ; z; = 1. The energy equation takes the form
3 o0
E=N §kBT+2szI:XJ:z1zJ/O urg(r) gry(r) rédr (13.10)

It is easy to see that the one-component case is recovered from (13.10) by
setting x4 = 1, xzp = 0. The virial equation is obtained from the relationship

i (29

Q 8V)NA,NB,T

Green’s transformation
rr=1Lry, L=VY3% [=AB

yields
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v 2w b
p = pkpT — ?p2 E E mlmj/ uy;(r) gry(r) ridr (13.11)
1 J 0

where a prime denotes a derivative with respective to distance. Note that
(13.10) and (13.11) are valid for the general case of an M-component system
(M > 1) provided that there are only pairwise interactions. The Gibbs-
Duhem equation and Gibbs adsorption equations for a mixture are natural
generalizations of the single-component analogs (1.68) and (4.14)

SdT —Vdp+ Y Nrdusr =0 (13.12)
I

Ady+8°dT + > Nidur =0 (13.13)
I

It is important to note that it is not possible to choose a Gibbs dividing
surface in a such a way that adsorption of all components vanishes there.
The surface tension of a binary vapor-liquid system is defined by

8.7:)
_ (9% (13.14)
(BA Na,Np,V,T

where A is the surface area. For the pairwise interaction energy this expression
yields (cf. (4.18))

U Aa) U8B U5
1= () (G ) () )

Working out each contribution on the right-hand side in the same way as
in Chap. 4 we obtain the Kirkwood-Buff equation for a binary mixture (cf.
(4.20)):

1 [t 2
v = Z/ dzl/drlg 712 ( 12) ZZ [UIJ 712 PIJ(I'lal'2)]
e I J

(13.16)

13.2 One-fluid approximation

Let us write the virial equation (13.11) in a reduced form:

P o L X podiers [ 3
IJ * *
P 1-— 5 ZZ(B[.’L’J T /(; driyrisuisgri(riz;p, Thx)

(13.17)
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where
riy=1/015, uis(ris) =wuri/ers

The reduced potential u}; = u*(z) does not contain information about a
particular species, e.g. for the LJ system u*(2) = 4(z7% — 27%). Composition
dependence of the integrand is contained only in the correlation functions.
This fact suggests an important simplification of the problem known as the
one-fluid approximation. It reads

ke T |
917 (;L;p,T,X>%g(T;p02,—B—), LJ=1,-,M (13.18)
I1J

Oz €x

Here g on the right-hand side is the pair correlation function of a hypothetical
pure fluid with reduced potential ©* and molecular parameters o, and ¢,
given by

al =ZZ$1 Ty03; (13.19)
T J

and

€05 = ZZCL‘I Ty€ry oty (13.20)

r J

even though these parameters are composition dependent. Equation (13.17)
becomes ‘

2 > u* ksT
ka;T =1- %pai k;xT /0 dr* (r*)? Zfr* g (r*;pag, ;Bz ) (13.21)

Thus, our hypothetical pure fluid is isomorphic to the original multi-
component fluid at the reduced density p* = po? and reduced temperature
T* = kgT/e,. As found in various simulations (see [85], [124] and references
therein), the one-fluid theory (OFT), can be viewed as a serious contender
for the representation of the properties of mixtures of simple molecules of
arbitrary size.

13.3 Density functional theory for mixtures

Following the lines of Chap.9, the main concepts of the density functional
theory can be straightforwardly generalized to a binary mixture. The free
energy and the grand potential for a mixture now become functionals of two
one-body density distributions g1 and ps:
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02[p1, p2; text] = Fint[1, p2] + Z/uext r) pr(r)dr — Z/MNI (13.22)
=1
where p; and po are normalized in the usual way:
/ﬁ;(r;)dr; N, I=1,2
The equilibrium condition corresponds to minimization of the grand potential

functional with respect to the density profiles of both components:

i 60
5P1(®) | pyeyontr) 90200 1y () o)

Variational differentiation results in the fundamental DFT equations for a
mixture (cf. (9.13)):

=0 (13.23)

nr = /.l,int’[(r) + Uext(r), I= 1, 2 (1324)
where

6-7:'.int [ﬁ]
5ﬁ] (r) P 1 (1") P2 (r)

Uint, 1(T) = (13.25)
is the intrinsic chemical potential of species I. As in the case of a single-
component system we construct a functional of the intrinsic free energy by
means of the mean-field perturbation approach. Each of the potentials is
decomposed into a reference part and a perturbation

u = uref + upert

The reference system is represented by a hard-sphere mixture with the effec-
tive diameters d; and ds calculated by means of the known recipes (Barker—
Henderson, WCA, Song-Mason). Using the local-density approximation for
the reference contribution and the random-phase approximation for the per-
turbation, we obtain a generalization of (9.22):

Fint[p1, p2] = /drwd(pl( Z /drdr pr(r) ps(r') ubSt(jr—1'|)

I J=1
(13.26)

where 1), is the free energy density of the mixture of hard spheres. Taking
variational derivatives with respect to p1(r) and p2(r) we present the DFT
equations for a mixture (13.23) as
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p1 = pa,1(p1(r), p2(r)) +Z/dr ps (") uf 5t (Ir = ') + vexs(r)  (13.27)

For a homogeneous binary mixture in the absence of external fields p;(r) =
o1, and the DFT equations are significantly simplified:

2
Flp1,p2) = Falpr,p2) =V > prpsars (13.28)
I,J=1
2
pr = pa(p1,p2) — 2 Z pJsars (13.29)

where 1
ary =—3 /dru,”i"(r)

is the background interaction parameter. Finally, the virial equation for a
mixture reads

p =pda(p1,p2) — Z pIPIALI (13.30)
I,J=1
where pg(p1,p2) is the pressure of the hard-sphere mixture. Analytic ap-
proximations developed by various authors [98], [121] for the thermodynamic
properties (the Helmholtz free energy, chemical potentials of the species, the
virial equation) of a hard-sphere mixture based on the Carnahan-Starling
theory are presented in Appendix E.
Note the close resemblance of (13.30) to the van der Waals equation for
a single-component fluid. If for hard spheres we use simple excluded-volume
considerations, then (13.30) can be written in the van der Waals form

pksT 2
= — - 13.31
1 bmp p am (13.31)

with
2 2 2 2
am = Y Trwg/aray = > zrvar| , bm=» zbr
1J=1 =1 =

where a; and by are the van der Waals parameters of individual species I.

13.4 Surface tension

13.4.1 Density functional approach

Study of the liquid-vapor interface of multicomponent mixtures by means of
theoret‘iﬁal models and computer simulation has become a field of growing
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interest during last two decades. Great progress was achieved in implemen-
tation of the density functional theory in combination with a perturbation
treatment of attractive interactions (see e.g. [139], [153],[96]). Calculations
based on the DFT use the thermodynamic route

v =(2{pr}] +pV)/A : (13.32)

where §2 is the grand potential of a nonuniform multicomponent mixture, p
the equilibrium pressure, V' the volume and A interface area.

Let us study in more detail a binary vapor-liquid mixture of Lennard-
Jones fluids with a flat interface and inhomogeneity in the 2 direction. Using
the Legendre transformation Fy — f24, the free energy density of a hard-
sphere mixture can be written as

2
Ya(z) = ZPIHd,I — pap1(2), p2(2))
I=1

The grand potential functional (13.22) with uex = O then reads

2
Rp1, p2] = —/drpd(pl,pz) +Z/drpf pa,1(pr) +
I=1
2 2
]‘ er
5 > /drﬂ(r)/dr'ﬂ(r/)ufr)JtQF—l”'l) —Zm/drm(r)
I,0=1 I=1

which after substitution of the DFT equation (13.27) yields:

= [ {pd(z) + %;mw [ sty us (e - —p} (13.33)

The equilibrium density profiles p;(z) satisfy (13.27):

2
Ha(pr(2), p2(2) = pr = 5 / dr’ oy (') B (Jr — 1)) (13.34)
J=1

Two-phase equilibrium for a binary mixture is specified by fixing two
thermodynamic degrees of freedom, e.g. temperature and one of the bulk
densities, or femperature and the total pressure p. Choosing the latter possi-
bility (i.e. fixing T and p), the equilibrium bulk densities p} and p} (I = 1,2)
are found from the equality of pressures in the bulk phases and equality of
chemical potentials of each species:
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Pa(py,p3) — D pipyars =pa(ph.pb) — Y prpyars =p

I,J=1 1,J=1
2

pa,1(0Y,0%) =2 pyars = par(p}, py) ZZPJalJv I=1,2
J=1

Given the bulk limits

p1(z) = py in the bulk vapor

pr(z) = p% in the bulk liquid

the density profiles of the components are calculated iteratively from (13.34),
starting with an initial guess for each p;(z), which can be a step function or
a continuous function (like tanh) that varies between the bulk limits.

One feature of a binary (or, more generally, any multicomponent) system
is a possibility of nonmonotonic behavior of the density profile p;(z) in the
liquid—vapor transition region for some of the components due to high rela-
tive adsorption (i.e. adsorption of one species with respect to the equimolar
Gibbs dividing surface of the other) ~ an effect known as surface enrichment.
This effect is pronounced when the species differ significantly in their critical
temperatures and molecular masses.

We apply these techniques for a mixture of n-hexane (CgHj4) and
methane (CHy) at room temperature T = 300 K. The interaction parameters
and thermodynamic data are given in Table 13.1 [119]. At room temperature
methane is in a supercritical condition, since its critical temperature is lower
than 300 K. Thus, if it were pure methane, it could not be transformed into
the liquid phase at 300 K. Figure 13.1 shows the density profiles of the two
species at a total pressure p = 40 bar. The surface enrichment effect is clearly
seen: methane molecules under high pressure penetrate the liquid phase, but
they concentrate more easily in the interface region than in the bulk., This
relative adsorption increases with pressure.

Two important effects are observed:

o at high pressure the more volatile component (methane) is dissolved into
the liquid phase, thereby reducing the liquid number density of the less
volatile component (n-hexane) (compared to pure liquid n-hexane at the
same temperature)

e the more volatile component preferentially concentrates at the interface

These two effects lead to a significant reduction in surface tension with pres-
sure at a given temperature.

The temperature dependence of v is more unusual. At a low pressure
4(T) monotonically decreases, as shown in Fig. 13.2 for p = 5 bar. At a high
enough pressure (e.g. at p = 40 bar) the surface tension first increases with
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temperature: at low T methane is more soluble in n-hexane which causes
a considerable reduction in surface tension. As temperature increases the
solubility decreases (methane partly evaporates), resulting in an increase in
«. Thus, at low T the effect of liquid composition on y dominates the effect of
temperature. For higher temperatures the second effect becomes dominant.
As a result the surface tension as a function of 7' has a maximum at high

pressures.

Table 13.1. Lennard-Jones parameters ¢/ks (K) and o (A), molecular weight M
(g/mol) and critical temperature T (K) for n-hexane and methane [119]

Component ¢/kp (K) o(A) M(g/mol) T.(K)

CeHis 471.5 5.587 86 507.5
CH, 148.6 3.758 16 190
n-hexane n-hexane+methane
0.6

o _ 0.4 | methane
g e
Q
02 T=300K | e
p=40 bar
0 ' .
0 5 10 15 20

z/o,

Fig. 13.1. Liquid—vapor density profiles of n-hexane and methane at total pressure
P = 40 bar predicted by the DFT. Distances and densities are scaled with respect to
01 = 0CgH,4- Methane is preferentially adsorbed at the surface (surface enrichment)

13.4.2 One-fluid theory

As the complexity of the system (i.e. the number of components) grows, the-
oretical calculations using the DFT become increasingly difficult, since one
must calculate the density profiles of individual components iteratively, solv-
ing a large set of coupled nonlinear equations. This difficulty can be avoided
(at the cost of the losing information about the details of density profiles of
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30
n-hexane+methane
p=5 bar

25
T ol
3] 20
S
O 5} p=40 bar
b

10

5
200 250 300 350 400 450 500
T(K)

Fig. 13.2. Surface tension for the mixture n-hexane-methane predicted by the
DFT

“individual components) within the framework of the one-fluid theory (OFT)
for the surface tension [67].

Consider the liquid-vapor equilibrium at a given temperature and given
equilibrium liquid molar fractions z},..., 5‘5\4’ 211‘11 xll = 1; inhomogeneity
is in the z direction. In spite of the possible surface enrichment of one of the
components, the profile of the total density

M

1

PV =3
I=1

exhibits a monotonic behavior and moreover is quite sharp far from the crit-
ical domain [138]. This observation leads us to formulation of the Fowler
approximation for a mixture in terms of its total density. To be more precise
we will discuss a hypothetical pure inhomogeneous fluid at the same tem-
perature T which possesses an (average) density profile which coincides with
the total density profile of the original multicomponent system. This trans-
formation, performed within the framework of OFT, yields (13.19)-(13.20)
for composition-dependent interaction parameters. For the two-phase system
in equilibrium, the molar fractions xy vary through the interface, implying
that o, and €, are functions of z. However, if the vapor density is negligible
compared to the liquid, we can apply the Fowler approximation for the hypo-
thetical pure fluid, which means that the surface tension yorr can be related
exclusively to the bulk liquid properties. This yields a straightforward gen-
eralization of (5.56), derived in Chap. 5 for a single-component vapor—liquid
system:
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o0 'l"l
ﬂl 2 m
TOPT = 5 (') kT {/0 dr fl(r)r® + [yy(d'; p') — 1] /; dr f(l)(T)TS}
(13.35)

where the superscript “1” denotes the dependence on equilibrium liquid com-
position x! fixed by the input conditions. Specifically, the interaction potential

: r
u=ul(r;0,,€) = €zu* (—)

Oz

is characterized by

3 1,1 3 3 _ 11 3
z = ZzwlfﬂJ 015y €20y = ZZQTIIJ €1 o1y, (13.36)

Here f! is the Mayer function for u!, f} the Mayer function for the reference
potential u}), obtained by means of the Weeks—Chandler-Andersen decompo-
sition of u!, u!(rl,) = —e€;. The equilibrium liquid density is found from the

analog of (5.57)

1+ B +alp! [y;(dl;pl) - 1] =0 (13.37)
where
BNT;x") = 2r / drr? [1 - e*ﬁ“‘(r)] (13.38)
0
and
Tl
AT %)) = 27 / drr? [1 - e”ﬂubw] (13.39)
0

The cavity function at contact has the Carnahan-Starling form (3.23) in
which the effective hard-sphere diameter is

d'(x') = / ™ dr [1 — exp(—Fud)] (13.40)
0

Consider a binary Lennard-Jones mixture Ar/Kr at T = 115.77 K with
the parameters [84]:

Oarar = 3.405 A,  ZADAT _ 9198 K
ks
€Kr,Kr

. =163.1 K

oxrxr = 3.630 A,
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Binary Ar/Kr mixture: truncated LJ potential. Lee et al. [84] per-
formed computer simulations for the mixture of truncated and shifted LJ
potentials: potentials were truncated at r. = 2.50;; and shifted by ur;(r¢)
in order to preserve continuity at r.. Table 13.2 shows the simulation results
of {84] and predictions of OFT for the same cutoff and shifted LJ potentials
for several equilibrium liquid molar fractions of Ar, z)_, and temperature
T = 115.77 K. There is good qualitative agreement for the surface tension;
the main difference between theory and simulations is due to the fact that
OFT underestimates the total liquid density by ~10-13%. Note that the den-
sity dependence of yopr in (13.35) is nonmonotonic, since the second term
in curly brackets is negative and decreases as p' grows, competing with (,o‘)2

in the prefactor. Figure 13.3 summarizes the comparison of yopr with both
DFT results and simulation data of [84].

Table 13.2. Surface tension v in dyne/cm and total equilibrium liquid density p!
in A3 for an Ar/Kr mixture at T = 115.77 K; truncated and shifted LJ potential.
x', . liquid molar fraction of Ar; the subscript “sim” refers to simulation results of
(84]; “OFT” refers to the one-fluid theory

T Yeim Pim __ YOFT __ POFT
0.458 555 £ 005 0.0166 7.87 0.0144
0.445 6.95 + 0.05 0.0164 7.96 0.0144
0249 7.2+001 00165 923 0.0148
0.219 85+ 001 00164 9.42 0.0148

Binary Ar/Kr mixture: full LJ potential. Truncation of a potential
at some point r. of its attractive branch reduces the surface tension since
the integrated strength of attractive interactions is less than for the full LJ
mixture. The underestimation of surface tension in simulations by not taking
into account the tail of the potential can be quite substantial. For pure fluids
it can be eliminated (though not fully) by means of the tail correction [17];
similar calculations for mixtures are not available.

Figure 13.4 displays the surface tension of Ar/Kr as a function of the
equilibrium liquid molar fraction of Ar; yopr for the full potentials is ap-
proximately two times larger than for the truncated potentials. Predictions
of this model are compared with the DFT calculations of [84] and [153] for
full LJ potentials. We observe that yor7 is located between the two DFT
curves.

The OFT calculations are very fast, since they do not involve iterations for
finding equilibrium density profiles inherent to DFT models. This advantage
becomes crucial for systems with relatively large complexity (M > 3). In spite
of its simplicity OFT appears to provide a quantitative description of surface
tension (to within 15-20 %). Though the present model completely disregards
the structure of the interface, good agreement with simulation results seems
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Fig. 13.3. Surface tension for the Ar/Kr mixture at 7 = 115.77 K for truncated

LJ potentials as a function of equilibrium liquid molar fraction of Ar, oh,- Squares:
DFT results of [84]; stars: MD simulation data of [84]; triangles: OFT
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Fig. 13.4. Surface tension for the Ar/Kr mixture at T = 115.77 K as a func-

tion .of equilibrium liquid molar fraction of Ar, zk,; full LI potentials. Shown are
predictions of OFT (solid line) and DFT results of [84] (dashed line) and [153]
(dashed—dotted line)

to suggest that the value of the surface tension (far from critical conditions)
is insensitive to the interface density profiles.
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A colloidal suspension is an example of a mixture containing species charac-
terized by different length and time scales. It consists of mesoscopic particles
with a diameter ¢ ranging between 1 nm and 1 um dispersed in a micro-
scopic molecular liquid solvent (water, organic solvent, etc.). The interaction
between two spherical colloidal particles can be derived by summing van
der Waals attractions between pairs of atoms distributed uniformly over the
spherical volumes. This summation yields the Hamacker potential [128]

A o? o? o?
uHam(r) = *ﬁ m‘Fﬁ‘FIH (1“ —‘I:E):I (14.1)
where A > 0 is the Hamacker constant (of the order of kgT’), and r the
distance between centers of the particles. Due to the long-range nature of
the Hamacker potential, particles have a tendency to coagulate. In order to
prevent irreversible coagulation induced by singularity of uga, at r — o, sta-
bilization is needed. The latter can be achieved by means of two mechanisms.

In steric stabilization one adds a surfactant, which consists of short poly-
mer chains stuck to the surface of colloidal particles. These chains form a
mechanical “mattress” surrounding a particle; when two particles come close
to each other they experience a repulsion of entropic origin, due to the phase
space reduction of the grafted chains.

It is possible to construct a dispersion in such a way that the Hamacker
interactions are almost totally suppressed; this is achieved by matching the
refractive indexes of the solvent and colloidal particle material. A sterically
stabilized colloidal suspension can be accurately described in terms of a hard-
sphere model with an effective diameter somewhat larger than the bare colloid
diameter (approximately by the width of the surfactant layer).

Charge stabilization is achieved when colloidal particles are dispersed in
a polar solvent (e.g. water). In this case surface radicals of particles dissoci-
ate in the solvent producing an electric double layer formed by the surface
charges and microscopic counterions carrying one or two elementary charges.
In view of its mesoscopic size, a particle becomes highly charged carrying
typically ~10%-10* elementary charges. Due to the “microion cloud” around
a colloidal particle, the electrostatic repulsion of macroions is screened and
can be'presented in the form of a repulsive Yukawa potential mth a‘screening



224 14. Ferrofluids

(Debye) length mp depending on the total density of microions. This means
that repulsion persists up to rp. Thus, in charge stabilized colloidal sus-
pension, one can speak about an electrostatic “mattress” surrounding each
colloidal particle.

For some types of suspensions the problem of statistical mechanical de-
scription becomes complicated due to long-range anisotropic interactions be-
tween colloidal particles with permanent dipole moments. This is the case
for a ferrofluid (or magnetic fluid), a colloidal suspension of single-domain
ferromagnetic particles (Fe3O4, Co, Fe, etc.) of mean diameter ~100 A dis-
persed in a solvent (water, kerosene, oil, etc.) (for an excellent description
of ferrofluid properties see [122]). Its main feature, which is of fundamental
and practical interest, is that it is a paramagnetic fluid with strong magnetic
properties: its initial magnetic susceptibility lies in the range

4y ~ 1-10

whereas for natural paramagnets 47y ~ 1073-1074,

One can therefore say that a ferrofluid is a superparamagnetic medium. In
a number of experiments (for a review see e.g. [114]) a substantial deviation
of magnetic properties of ferrofluid from the classical (Langevin) behavior of
noninteracting magnetic moments was observed. These results indicate that
ferroparticles form a strongly interacting system that can exert a significant
influence on ferrofiuid properties and structure.

An adequate description of ferrofluid properties requires a statistical ther-
modynamic approach that takes into account anisotropic long-range interpar-
ticle interactions. To simplify the description it is desirable to distinguish the
degrees of freedom of solvent molecules from those of ferroparticles.! This can
be done within the framework of a cell model that allows for the difference
in the length and time scales of molecules and ferroparticles [14], [62].

14.1 Cell model of a ferrofluid

Consider a volume V of a ferrofluid containing N, molecules and N ferroparti-
cles and placed in an external magnetic field Hey (Fig. 14.1). As in Chap. 12
the container is an (infinitely) long cylinder with an axis parallel to Hey.
This ensures the absence of a demagnetization field inside the sample so that
the macroscopic magnetic field in it is

H = Hext
Particles are assumed to be rigid spheres of a bare diameter dy (dyp ~ 50-150
A). For simplicity we discuss a monodisperse suspension, but the results can

! Throughout this chapter the term “molecule” refers to a solvent molecule and
the term “particle” refers to a ferromagnetic particle.
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be straightforwardly generalized for a polydisperse system by averaging over
the corresponding size distribution. Each particle carries a permanent mag-
netic moment s;, |s;| = s ({ = 1,..., N). The small size of a particle makes
it possible to consider it single-domain; the absolute value of the magnetic
moment can be estimated as
nd3
8 = Mf 6

where M;(T) is the saturation magnetization of the ferromagnetic material;
a typical value is s ~ 10% up (where the Bohr magneton ug = 9.27 x 10~2!
erg/Gs). Brownian motion destroys ordering of magnetic moments imposed
by the field.

d
ext dy

Fig. 14.1. Cell model of a ferrofluid (see explanation in the text)

We discuss the case of steric stabilization achieved by means of a surfac-
tant forming a layer of thickness o5, s (usually ~20-40 A) around a particle.?
The solvent is dielectric and nonmagnetic. The volume fraction of the disperse
phase

7d®

o= p—6», d =dy + 20surt (14.2)
is assumed to be small. Typically, the number density of particles is p ~
10'6 — 10'® cm™3. A presence of a surfactant can be taken into account
by imposing hard-sphere repulsion between particles with an effective hard-
sphere diameter d. Let us denote by q,., (@ = 1,...,N;) the radius vec-
tors of the molecules. A ferroparticle is characterized by. its radius vec-
torr; (i = 1,...,N) and by the angular coordinates of its magnetic mo-
ment w; = (;,;); thus a particle is described by a five-dimensional vector
F; = (r;,w;). One can distinguish four types of interaction:

2 A description of ionic ferrofluids with charge stabilization follows the same lines.
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1. Interparticle interaction

iy = g + 0D

consisting of hard-sphere repulsion u4;; and dipole-dipole interaction

dd) (dipolar hard spheres), similar to that discussed for polar fluids in

Chap 12;
2. Interaction of a particle with the external magnetic field:

Uext,i — “SiHext

3. Molecule-particle interaction ufa), and

4. Solvent-solvent (intermolecular) interaction ul(ffs,).

According to (13.5) the partition function of a ferrofluid is

1 1

Zrr = NIAN 143

N QFF

where A and A are the values of the de Broglie wavelength for particles and
molecules, respectively. The total potential energy is

Upp(FV,q™) =U+T
where
N) = Zuu + Zuextz
1<g
and

_U_(f‘N, qNs) — Z (ss) + E Z U(fs)

a<ly

U does not depend on the coordinates of solvent molecules (but U does), so
the configuration integral becomes

Qrr = /df'N {e“ﬁU(fN) [/ dg™ e_Bmf’N’qNs)]}

It can be simplified if we take into account the smallness of ¢ and the
large difference in sizes of particles and molecules. Let us divide the physical
space V into N cells in such a way that each cell A contains one particle and
Np = ps /p molecules (ps is the number density of the solvent); on average
Np ~ 10°-107. The following assumptions are adopted:

e Interactions of molecules belonging to different cells are neglected com-
pared to interactions of molecules within cells.
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o For each particle only its interaction with molecules of the same cell is
taken into account.

For both assumptions a relative error in the energy calculation is ~ N 173,

Then cells can be considered independent and

UNZ [Zl (ss Zf (fs} ZNUA(qNA)

=1 La<y

where 3’ means that the summation is taken over a single cell, UA(qNA)
being the average energy of a cell.
The configuration integral can be written in factorized form:

Ng!
QFF = (JVA—')N Qm Qg

where

Qm = / AN e PUGET) (14.3)
— N
Qp = /A dgq™A e 7A@ D) (14.4)

The symbol A under the integral indicates that integration is over the con-
figuration space of a single cell. The combinatorial factor Ny!/(NADY gives
the number of ways of partitioning of N5 molecules among N cells with Ny
molecules in each cell . The Helmholtz free energy Frp = —kpT In Zyp can
be expressed in an additive form:

1 1
Frr = —kgTIn Qp, — NkgTInQp — kgT'In ( NN (N ASNs) (14.5)

This result shows that within the cell model a ferrofluid can be treated as a
combination of two independent subsystems “magnetic” and “solvent,” with
configuration integrals Q,, and Q , respectively. The magnetic subsystem
consists of N ferroparticles mteractmg with one another and with the external
magnetic field. The solvent subsystem consists of N identical cells, i.e. N
identical elementary subsystems with configuration integrals @ 4 . Inside a cell
Ny molecules interact with one another and with the external field created
by the particle situated in its center. Therefore, thermodynamic properties
of a ferrofluid can be studied separately for the two subsystems. We proceed
by using the perturbation approach for the magnetic subsystem.
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14.2 Magnetic subsystem in a low field.
Algebraic perturbation theory

For a magnetic subsystem in a low external magnetic field we can apply
the algebraic perturbation theory (APT) formulated in Chap. 12 for a polar
fluid, switching from electric to magnetic language: s becomes the magnetic
moment of a ferroparticle, Ecy: is replaced by He,:, and ¢ is replaced by the
magnetic permeability u4. The APT expression for the free energy (12.43) in
a low magnetic field reads

2 2 1
F=F— NkBT%— _ kBT%szVd3 (47r/\ + §7r2pd3/\2> (14.6)

where Fy is the reference free energy,

SHoxt

¢ = %sT

is the Langevin parameter, assumed to be small, and

§2

A= kT d3

is the coupling constant. The magnetization is given by the thermodynamic
relationship [81]

1 oF

M=—> —o
V 0Hexs |y yr

(14.7)

The reference free energy gives no contribution to M unless there exists
spontaneous magnetization of dipolar hard spheres. The possibility of spon-
taneous magnetization in a ferrofluid has been discussed by several authors
[154], [50], [106]. However, no experimental evidence has been obtained so far
supporting this statement. But even assuming that an order—disorder transi-
tion in dipolar hard spheres does take place it would correspond, according
to theoretical estimates [154], [50], [106], to relatively high volume fractions
¢ > 0.35, which are beyond the scope of the model.

Thus, in the present theory magnetization is determined entirely by the
perturbative part of the free energy. From (14.6)—(14.7) in the leading order
in the Langevin parameter

4 1

M= Zps |14+ 25 pd® A + = w2 (pd®2)?2 (14.8)
3 9 81

The saturation magnetization My = ps corresponds to complete alignment of

dipoles along the field. The first term gives the Langevin magnetization (i.e.

the magnetization of an ideal gas of dipoles) in a low field
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My = %MS (14.9)

The initial susceptibility is a reaction of the magnetization to application of
an infinitesimal field H. Taking into account that H = He,;, we write

oM
= 14.10
X OHext Hexy—0 ( )
From (14.8)—(14.10) we obtain
il 1
X=X, (1 + gt ngxﬁ) (14.11)
where
1 ps?
= = 14.1
XL 3 kBT ( 2)

is the Langevin susceptibility. In terms of the magnetic permeability p =
1+ 47y, this result becomes

1
p—1=3y (1+y+1—6y2) (14.13)
where
_dnpst _dn
T 9 kT 3 X

Analogous to the corresponding expression (12.46) for the dielectric con-
stant, (14.11) and (14.13) can be called the low-density limits of y and x. A
more general form includes the density correction factor in the form of Padé
approximation (12.50)

_1-0.93952p" + 0.36714p""

= , pt=pd®
1-0.02398p" +0.23323p° F ~°

I(p*)

yielding

A 17 . (4m\* ,

In the low-density limit I(p*) — 1 and (14.11) is recovered. In Fig.14.2 we
plot x as a function of the Langevin susceptibility for various values of the
coupling constant. Being rescaled, these curves show the density dependence
of x, since for a given A

Pt = 3x./A
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The theoretical predictions for A = 3 and A = 4 are hardly distinguishable
except at high values of x, because they correspond to low densities, for
which I = 1. Recalling that the APT predictions for the dielectric constant
(see Fig.12.3) are in good agreement with simulations for A < 2.5, we ex-
pect the same reliability range for the initial susceptibility of a ferrofluid.
This expectation is supported by Monte Carlo simulations of Pshenichnikov
and Mekhonoshin [116] shown in Fig.14.2. For A = 1 MC data (closed cir-
cles) agrees well with the theory, while for A = 3 (triangles) the discrepancy
between theory and simulations is appreciable.

Fig. 14.2. Density dependence of the initial magnetic susceptibility. Solid lines
labeled by the value of the coupling constant A: predictions of the APT. Curves for
A = 3 and A = 4 are hardly distinguishable except at high values of x; . Dashed
line corresponds to the Langevin gas x = x,, (no interactions). Closed circles and
triangles: Monte Carlo simulation results of [116] for A = 1 and A = 3, respectively

Figure 14.3 shows the temperature dependence of the initial susceptibility
for a colloidal solution of magnetite in kerosene predicted by various models,
and experimental results of Pshenichnikov and Lebedev [115]. To calculate
X.(T') we assume that at the highest experimental temperature T7¢f = 343.15
K, where interparticle interactions are at a minimum, the experimental value
Amx™ef = 24.7 is described by (14.11). The experimental value of the reduced
density at T was p*ref — 0.342. Applying the APT we first solve the cubic
equation (14 11) to find the Langevin susceptlblhty at the reference point
(T Tref o= = p* ref)

2
4 xref 17 47rXmf
ref — ref AL _ *,ref
X XS4l —3 [ 1+ 551 )}( 3
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Fig. 14.3. Temperature dependence of the initial magnetic susceptibility of a fer-
rofluid “magnetite in kerosene”. Squares: experiment [115]; solid lines: theoretical
predictions (notation is the same as in Fig. 12.3). Comparison with experiment is
made by adjusting the corresponding theoretical 47y to the experimental value
4nx"®f = 24.7 at the temperature T7¢f = 343.15 K

which gives 47rxfff ~ 6.76. For other temperatures the Langevin susceptibility
is given by

ref

_ 2
Xy (T) — Z___Xref [1 _ 61 (T _ Tref)] I: 1 ;82T

1-— ,32 (Tref)2

Terms in curly brackets take into account corrections to the leading temper-
ature dependence (14.12) of x, due to two effects: the thermal expansion of
the solvent (kerosene) with expansion coefficient 3; ~ 0.9 x 1072 K~1, and
a decrease of the spontaneous magnetization of the ferromagnetic material
with temperature, where for magnetite 52 ~ 8 x 1077 K=2 [114].

APT (Eq. (14.14)) shows good agreement with the experimental data for
the whole temperature range studied. In the same figure predictions of the
Onsager theory and the MSA [102]) are also shown. To be consistent we
use the same procedure for all of these models, adjusting the corresponding
theoretical 47y to the experimental value 4mx™f = 24.7 at T7¢f = 343.15
K to calculate x{ef. This implies that the reference Langevin susceptibility
is different for different models. Among the theories presented in Fig. 14.3,
APT demonstrates the best agreement with experiment.

X (14.15)

14.2.1 Equation of state

For the free energy of the reference model (dipolar hard spheres) we use the
result of Rushbrooke et al. [127]:
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where Fy is the free energy of hard spheres (see (3.25)). Then the virial
equation for the ferrofluid becomes

Fo = Fa— NksT [2 (pd)a2 = I d3)2>\3] (14.16)

kpT (d3))\ )\+a—2 —ﬁ( d3)2 )\ 5,\—9‘j (14.17)
P =Dpd — PEB 9 p 3 810 3 .

Due to the contribution from the square brackets, (14.17) develops a
van der Waals loop, signaling a first-order phase transition of the vapor—
liquid type, resulting in formation of a condensed phase in the homoge-
neous ferrofluid. The simplest estimate of the critical point for this transition
[c(cr), Ac(a)] can be made if for the hard-sphere pressure we adopt the van
der Waals form:

vaw _ pkaT b= 2m

@ T 1-bp 3
and neglect the term of order p3 in (14.17). The van der Waals parameter a
becomes

d3

27 o?
=kgT—d\ [N+ =
a B gd < + 3)

The critical point is found from (5.8):

be = % ~ 0.083 (14.18)
(@) = A:(0) [1 —a? ‘/—] (14.19)
where
9
Ac(0) = o 3.182 (14.20)

Thus, in the van der Waals limit the critical volume fraction in low fields is
independent of Hey;, whereas the critical coupling constant weakly decreases
with Hex. This stems from the fact that the external field enhances effec-
tive attraction between particles, thereby making phase separation easier. In
terms of the reduced density p* and temperature T* = kgTd®/s% = 1/ these
results read

pi(a) = 2i ~ 0.159 for all (small) « (14.21)
by

2\/_ 2v2

T3 (@) = TX(0) |1+ &® %= + o« )} , THO) =5~ 0814 (14.22)
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14.3 Magnetic subsystem in an arbitrary field.
High-temperature approximation

Partitioning the potential energy into reference and perturbative parts is not
unique. In this section we discuss another decomposition scheme, which can
be called a high-temperature approximation (HTA) [62], [19]. The external
field in the HTA is included in the reference model, thus implying that it
need not be weak, but can be arbitrary. :

We define a reference model as a system of “independent” dipoles in
an external field; quotation marks mean that the interparticle interaction is
purely entropic (hard spheres). The reference potential energy reads:

Ug = E udz]"‘zuextz
1<j

The dipole—dipole interaction is considered a perturbation:

Z u(dd)

i<j
The perturbation Mayer function
(dd)
o exp(—pf ) — for ri; > d 14.93
fi {0 forrm<d (14.23)

in this case depends on particle separation, and we can follow the standard
route of the first-order perturbation theory described in Sect. 5.3.
The configuration integral is:

Qm N e—BUo
— = [ dr (1 + fij)
Qo / Qo E !

where Q is the configuration integral of the reference model. Assuming small-
ness of f;; ,we keep the first two terms of the product, neglecting the others:

[[a+f)=1+> 14
i<j 1<

which yields for the free energy (cf. (5.19))

kgT
F=Fo- 2 (* V/drm/dwldwz F12 99(r12, w1, w2) (14.24)

where g9(r12,w1,ws) is the reference pair correlation function Wthh in this
case can be obtained in a straightforward manner.
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14.3.1 Properties of the reference system

Independence of the spatial and angular coordinates of particles in the refer-
ence model implies that g3 is a product of the hard-sphere correlation g4(r12)
and the purely orientational correlation (w1, we), which in turn is decoupled
due to mutual independence in orientations of magnetic moments:

Po(wr,w2) = 1 (w1) Y1 (wa)

Here the probability 91 (w)dw that a magnetic moment will be within the solid
angle (w,w + dw) is given by the Gibbs distribution 9; (w) = ¢1 exp(a cos8),
where the normalizing constant ¢y is found from the condition

1 27

— d¢>/0"d9 sinfy(8) =1

4T Jo
yielding ¢; = a/sinh . Thus,

o
sinh «

2
g9(r12, w1, ws) = ( ) 9a(r12) ere2 (14.25)

where

e =e*%, =12

Independence of the spatial and orientational degrees of freedom results
in factorization of Qg

Qo = Qa [/ dwe"‘m"] ) (14.26)

where ()4 is the configuration integral of hard spheres. The reference free
energy becomes

o
Fo=Fi— NkgTln (——’r S“”““) (14.27)
(04

where the second term gives the free energy of the Langevin gas.

14.3.2 Free energy and magnetostatics

Expanding the Mayer function in (14.24) to the second order and replacing
ga(r12) in the perturbative part by the step function O(r12 > d), we obtain:

F = Fo + AF| + AF, (1428)

where
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e 2 (E) V(—,@s ) (sinha)
1
X / dl‘lz 3 /dw1 dqu D(1,2) €1€2 (1429)
ri2>d T12

and

. kBT pP 9 2
AFy = 2 (E) { (Bs7) ] (Smha)
x / driz & ! / duwrdwy D?(1,2) ere3 (14.30)
rio>d 7'12

Integration over solid angles in AF; gives (see (B.11))

47 sinh o
o

2
L(a)] (1 — 3cos? 12)

Since the container is a long cylinder with its axis along the external field,
the long-range 1/73 nature of (14.29) yields the de Gennes—Pincus integral
(C.6), thus implying that

2
AF, = ——375kBTvp2d3AL2(a) (14.31)
Simple but tedious integration over solid angles in AF» gives (see (B.10))

/dwl dwy D? e1e5 = 72(4a® + 2¢% — 6¢? sin? 615 — 24a? cos? 614
+36a2 cos 015 + 9¢? sin® 033 + 36ac cos? f;4 sin? f12) (14.32)
where
a 2 sinhe |1 2 L(a) c 4 sinh aL(a)
= — o —— Ep—
o a Y| o?

AF, is short-range, so the spatial integration can be performed over a spher-
ical volume [ drjs to obtain

AFy = —i—;kBTszd3/\2C(a) (14.33)

Cla) =2 2[ ("‘)} HT)F (14.34)

The function ¢(c) shown in Fig.14.4 increases monotonically from 5/3
as & — 0 to 2 as a — co. Substitution of (14.27), (14.31) and (14.33) into
(14.28) yields the total free energy: '

where

. 2 )
F = F4—NkgTln (41310?—}-‘3> —%kBTVp2d3)\L2(a)~ngBTVPZdS)‘ZC(a)
(14.35)
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Differentiating F with respect to the field, we obtain the magnetization:

47 1 1 2n o
=M, 1+ —pd®A | = - ——— M, == pd3X2 = 14.36
M L[ i (a2 S.mhga)]+ 2Tax 2 1436)

Interparticle interaction enhances magnetization over the Langevin value My..
We can rewrite this result in another useful form:

2r ¢
)] + M x5 (14.37)

1 1
M = ML |:]. + 47I'XL (F - S—‘inhza

Figure 14.5 shows the behavior of the reduced magnetization M/M; as a
function of a for p* = 0.2 and two values of the coupling constant, A = 1 and
A=3.

Let us study HTA for low fields, where we must keep terms of order o?
in the free energy. For small o

5
C(a) = 3t o(a*) (14.38)
implying that

2
F = F4— NkgT In(4r) — NkBT% - ngTvpdeAaz - 2—7rkBTVp2d3)\2
(14.39)

The last term has no effect on the low-field magnetization which reads:

4
M =My, (1+ g”x)
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Fig. 14.5. Reduced magnetization M/M, as a function of a for p* = pd® = 0.2
and two values of the coupling constant A = 1 and A = 3. Lowest curve corresponds
to the Langevin case M/M; = L(a)

The initial susceptibility becomes

4
Xara = Xu (1 + ?XL) (14'40)

Thus, HTA intrinsically contains only the mean-field correction to the
Langevin susceptibility. Its predictions are close to the MSA.

14.4 Perturbation approach for the solvent

In the cell model the solvent is represented by a collection of N identical
cells; each cell being an elementary subsystem for which we can formulate a
perturbation approach. Molecules in the cell experience the “external field”
of a particle located in its center. Decomposition of a cell energy UA =

ﬁA,o + ﬁA,l can be obtained in the following way. First we split the energy
of a molecule in this field »(*®) into the repulsive and attractive parts:

ul®) = ugfs) +u(®

The repulsive part u&fs) is included in the reference model as well as the
intermolecular interactions:

- 3 e
a<ly

This reference model is known in the literature as a “molecular system' at
an ideal hard wall” [42]. Such a choice ensures convergence of the perturbation

series. The attractive part u™ is considered a perturbation:
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UA,1 = Z/ gsl

5

We proceed by using the algebraic technique of Sect. 5.7, which yields for the
free energy of a cell

Fp=Fpo— knT

o0 pn
> ﬁ?bA,n} (14.41)
n=1 :

where F, Ao is the free energy of the reference cell model and bA has the
structure described in Sect. 5.7. The total free energy of the solvent becomes

Fy = NFy.



A. Empirical correlations for macroscopic
properties of argon, benzene and n-nonane

In this section we present empirical correlations for the saturation vapor pres-
SUTe Psat, the equilibrium liquid number density p!, and the surface tension 7y
for argon, benzene and n-nonane, used in calculations of the Tolman length
from (11.25).

The saturation vapor pressure, psa¢, for all of these substances has the
form [119]

In ”;ﬂ‘ = (L— [t))™" [alt| + B[] + cltf® + dJt|] (A1)

c

where

is the reduced temperature, and the values of parameters a, b, ¢, and d are
given in Table A.1.

Table A.1l. Thermophysical properties of argon, benzene and n-nonane [119]. pc:
critical pressure in bar; T: critical temperature in K: pc: critical number density
in mol/ cm?®; Th: normal boiling point in K; o: molecular diameter in A; a, b, ¢, d:
parameters of the saturation vapor pressure (A.1)

Pec T. po' T o a b c d
argon 48.7 150.8 74.9 87.3 3.542 -5.90501 1.12627 -0.76787 -1.62721
benzene 48.9 562.2 259. 353.2 5.349 -6.98273 1.33213 -2.62863 -3.33399
n-nonane 22.9 594.6 548. 424. 6.567 -8.24480 1.57885 -4.38155 -4.04412

The liquid mass densities p!_ (g/cm?) of the compounds are
e argon [59]
ph, = 1.37396 [1 — 4.65 x 10™3(tces + 183.15)]
e benzene [59):

Pl = 0.90005 — 1.0636 X 10~ 3¢cels — 0.0376 x 10~ 6t2, — 2:213 X 10728},
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e n-nonane [58]:
ph, = 0.733503—7.87562x 10 *tceis—9.68937x 10 78¢2, —1.29616 X 103,

where tcels is Celsius temperature. The number density is expressed via the
mass density as

1_ PlnNA
M

where M (g/mol) is a molar mass and Na = 6.02 x 1022 mol~! Avogadro’s

number.
A widely used correlation for the macroscopic (planar) surface tension of

nonpolar fluids reads [119]

Yo(t) = Ay |t|*28 (A.2)

To: In(pe/1.01325)

A, =p¥3TY3B,, B, =0.119 |1+ T
T

—0.279 (A.3)

Here A, is in dyn/cm, p is in bars, Ty, = Tp,/T¢, T} is the normal boiling
point in K. Values of T¢, T3, and p. are given in Table A.1.



B. Angular dipole integrals

We present here angular dipole integrals used in Chap.14. The following
notation is used:

D= D(1,2) = §1§2 - 3(§1f‘12)(§2f‘12)

A= A(l, 2) = éléz
1 . . .
L(a) = cotha — S B the Langevin function

2 2 4
a=- sinh [1 - a—L(a)] , == sinh aL(c)

27 5 27 b
/dwlde =/ d¢1/ sin 6, d01/ d¢2/ sin 65 d6-
0 0 0 0

/dw1 dwe D =0 (B.1)

/dwl dwz A =0 (BZ)
9 ar\?

dw1 de D =6 —3— (B3)

/dw1 dw; cosy cosf, D? =0 (B.4)

ar\? 2

dwy dwy cos @y cosp D = 3 (1 —3cos*8) (B.5)
47\ ?

dw1 dwz CcOo8s 01 cOos 92 A = ? (BG)

/dwl dw2 DA =0 ‘ (B7)

/dw1 dUJ2 Az eac0591 e cos 85 — 271'2(2(12 + 62) (BS)
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/dw1 dwz e% cos 23 g cos 02 A= |:47T sinh
«

L(@) 2 (B.9)

/ dwy dwy D? %8 01 garcosbs — ;2 (4a? + 2¢® — 6¢2 sin? 6,5 — 24a? cos? b1

+36a2 cos? 612 + 9¢? sin? 615 + 36ac cos? 812 sin? 612 (B.10)
47 sinh & 2
/ dw; dws e %1 0882 P = [—— L(a)} (1 —3cos?6y3) (B.11)
o

where 0,7 is the angle between vector ri; and the z axis.



C. De Gennes—Pincus integral

We calculate the integral

cyl _ 2 )
IGP=/ drw (C.1)

3
r>d r

which first appeared in the paper of de Gennes and Pincus [48] in connection
with their derivation of the second virial coefficient of a ferrofluid. The super-
script “cyl” means integration over an infinitely long cylinder; € is the angle
between r and the cylinder axis. Since Igp is dimensionless, we can scale all
distances by d to obtain

¥ 1-3cos?
Igp = / dr —-—2&9 (C.2)
r>1 r

First of all, we note that for a spherical region, angular integration (in
spherical coordinates) results in

/ df sin@ (1 —3cos?6) =0
0
but this is not the case if the domain is an infinitely long cylinder. In cylin-
drical coordinates (p, ¢, z)

r= (p2 + z2)1/2’ cosf = Z/(pZ + z2)1/2
and the integrand in (C.2), which we denote by F(p, z), becomes

1 322

F(p,z) = (p? + 22)3/2 - (p? + 22)5/2

and

A2
Igp=m hm dz/ %) F(p,z)

F(p, z) is an even function of both arguments implying that
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Igp =27 lim / _dz/d(pz)F(p,z) (C.3)
A—oo [

Indefinite integration in the internal integral gives

/ d(p?) F(p,2) = —2(0% + 22)" V2 4+ 2220 + 22)"%/2  (C.4)

To satisfy the condition » > 1 in cylindrical coordinates, we split the
integration over dz into fol dz and [° da:

Igp =27 hm [/ dz/1 F(p, = / dz /A2 F(p,z)}

Using (C.4), we find that the first term is

/A d(p*) F(p,2) = 2 [(1 — 22— (A4 2)7V2 L (A + zz)—a/z]
1

—z2

while the second yields
A2
/ d(p?) F(p,z) =2 [—(A2 + 2272 1 2(A% + zz)‘3/2]
0
Substitution of these results into (C.5) yields

1 oo 2
2 z 1
Igp =47 lgnm{/() dz(1—-z )+/0 dz [(A2+z2)3/2 - (A2+22)‘/2H

After simple algebra we obtain

Z
e

where the last integral equals unity. The final result reads

¥l 1 —3cos?6 47
Igp = dr———— = —— C.6
GP o r 3 3 (C.6)



D. Calculation of vp and v
in the algebraic perturbation theory

In this Appendix we calculate the three-body integrals yp and y5 (Egs.
(12.33) and (12.36)) in the algebraic perturbation theory for the polar fluids
of Sect. 12. Since both are dimensionless we scale all distances by the hard-
sphere diameter d. Placing the origin of the coordinate system in point 1, we
replace drz by dria:

p = /dl‘lz (1 —3cos®612) ap (D.1)
ap = /dl‘lg 1 + 3 cos avq cos ap cos g H@ ri; — (D.2)
(7”137"23 i<
")’A = /drlg (IA (D.3)

3 cos? dcos®az —1
ap = / dris = Ee rij — (D.4)

where ©(z) is the step function.

Note that if the dependence on particle separation is short-range, it is
possible to replace integration over a cylinder (which is the assumed form
of the container) by integration over a sphere. This follows from the general
statement (which can be straightforwardly proven) that

sphere 1 cyl 1 4
/ dr — = dr — = W3 for all m > 3
r

>1 rm r>1 T m—

(so m = 3 is indeed a special case, giving different results for a sphere and a
cylinder). To simplify notation we set

rig = R, ri3 =r, Tro3 =X, cosQy = Y

and choose the z-axis to be along r;2 (see Fig. D.1). Then all the elements of
the 123-triangle are expressed in terms of R, r and p:
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B

3
1 T
Fig. D.1. Three-particle configuration
z=+/R2+7%—-2rRpu (D.5)

cos g = R ;T” (D.6)

r— Ru

cosag =
The volume element dr;z becomes:

dr = —27r?drdp

D.1 Calculation of vp

We start with the function ap, which after substitution of (D.5)—(D.7) reads

ap = 27r/dr% /_1 du fo(r, B, p) O(R > 1)6(r > 1)6(z(r, R, ) > 1)
with
fo= Elg [((r? + R*)(1 — 3u2) + urR(1 + 3u%)]
The condition = > 1 can be written using (D.5) as

r2+R?-1
p<h=s ——— D.8
2rR (D-8)
Since both r and R are larger than unity, k is always positive. By definition
u is cosine, therefore its values are limited by —1 < u < 1. Thus, two cases

are possible:
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e h > 1, implying that integration over p is from —1 to 1, and
e h < 1, implying that integration over p is from —1 to h

The first case makes no contribution to yp because

1
/ dp fp =0
-1

(the easiest way to verify this is by means of one of the symbolic calculations
software, e.g. Mathematica). Thus, h < 1, or equivalently |r — R| < 1. For a
fixed R this determines the domain of 7:

R-1<r<R+1, if R>2

l<r<R+1, if 1<R<2

Hence,

YD =/ drap(R) (1—300520R)+/ drap(R) (1 -3cos?8r) (D.9)
1<R<2

R>2

where we denoted 0g = 6,3. Integration in the first term is over a finite
domain, and therefore can be performed in spherical coordinates, yielding
Zero:

/ dfrsinfr(1 — 3cos?fg) =0
0

Thus, the only nontrivial contribution comes from the second term, in which
R+l rh .
eo(®=2r [ art [ dufolRp)
R-1 rJ-

Integrating these algebraic functions we find that ap(R) is long-range:
8r 1
3 R3
Substituting it into (D.9) we obtain an integral of de Gennes—Pincus type
(C.1):

ap (R) = (D 10)

8w 1
=7 [ dr— (1-3cos?
=3 . r s (1 —3cos”0g)

where integration domain is extended to R > 1 (contribution of the interval
1 < R < 2 is zero). Using (C.6) we obtain

D = __392,r2 L (D.11)
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D.2 Calculation of v

The function a, in (D.4) reads
1
ap = 27r/dr ;/ du fA(r, R, 1) O(R > 1) O(r > 1)O(a(r, R, 1) > 1)

with
1
A= o [(2r? — 4rRp + R*(3p® — 1)]

As in D.1 the condition z > 1 can be expressed in the form of (D.8). Let us
begin with dividing the R-domain into 1 < R < 2 and R > 2.

D.2.1 Short-range part: 1 < R < 2

As previously we proceed by discussing two possibilities:

e h > 1, implying that integration over u is from —1 to 1
e h < 1, implying that integration over y is from —1 to h

The case h > 1 implies that » > R 4 1. Integration over u gives

/_11 dufa(r, R, p) = 723' (': - g' + 1) (D.12)

which for » > R+ 1 results in

1
4
/ d,u'fA(TaRal"'):r_sa r>R+1

-1

Its contribution to a A 18

o
1<R<2 1 8« 1
a(A’fo ) = 8m -/I;Jrl dr 7"7 = —3—'(}2_{_—1)3 (D13)

The opposite case h < 1 implies that 1 < r < R+ 1. Integration over y gives

h
1
/1 du fA(r, R, ) = ey (-3+2r® +r* +8R— 6R*> — 2r°R? + R*)
(D.14)

Contribution to aj becomes

R+1 h
1<R<2) _ 1
a‘(A,h<1 *2”/1 d’";/ dp fao
1

=27 (36 +12R — 19R? — 9R® + 3R* + R%)  (D.15)

B
121+ R)®
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Hence,

(1<R<2?) | (1<R<2) _ 9 4_ R+ Ej
pps1  TOan<t =47

and the corresponding contribution to v is

17
YR = S (D.16)

D.2.2 Long-range part: 2 < R < o0

We follow the same route first studying the case h > 1, which now can be
realized for r belonging to one of the two domains

r>R+1 and/or 1<r<R-1

According to (D.12), integration over y yields

1
4
/1dqu(r,R,/,L):;3, for r>R+1

and
1
/ dp fA(r,R,p) =0, for 1<r <R-1
-1
Thus,
QB> _ JU<R<2) _ 8r 1
Ah>1 Ah>1 3 (R+ 1)3

For h < 1 we use (D.14) to obtain

R+1 h
R>2 81 1
a(A,f?<)1:27T/R_1 dT;/_ld“fA:—E(R_*_l)s

The long-range quantities a(AR:,fi)l and a(AR’,T?l cancel:
(R>2) | (R>2
aan>1 a2 =0
yielding!
A = }92,"2 ‘ (D.17)

! Note that the same results for vp and y5 can be derived using the “Fourier-
transform-convolution method” of Hgye and Stell [57], [136]-






E. Mixtures of hard spheres

This appendix summarizes the relations describing the thermodynamic prop-
erties of a binary mixture of hard spheres [98], [121], [95]. The diameters of
the components are d; and dp; their respective number densities are p; and

pP2-
E.1 Pressure

We start with defining the first three “moments” of the hard-sphere diame-
ters:

R = d1/2
A = ’ﬂ'd?
Vr = nd}/6

Note that A; can be regarded as a molecular surface area, whereas V; denotes
the molecular volume of component /. Next, the parameters £®) are defined
as

€0 = p1 +p2

¢M = p) Ry + p2 Ry
€@ = p1 A1 + pads
¢ = p1 Vi + paVa.

Note that £ is the total volume fraction occupied by hard spheres. For
notational convenience, we also introduce

n=1-¢%).

On the basis of £*)| new parameters ¢(*) are calculated according to
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9 = _—Inpy
@)
&7
n
2
2 = & + (6(2))
n 8y’
3
@ _ o N £Mg@ . (£@)
n n? 123

The pressure pg of the hard-sphere mixture follows from

p3 = OkpT (E.1)
3
6(2) 5(3)
D2 =p3 — (_Té);vﬁ_kBT (E2)
2p3 +
pd = —?%;3—p2. (E.S)

E.2 Chemical potentials

Let us introduce for brevity of notation two additional quantities:

1-26® I
) _ 2 N
LS L

2
yo_ £2 [n+(1-2%9)" 21y
66 7 FONN

The chemical potentials td,1 can be derived from the virial equation using
standard thermodynamic relationships:

) = e £ MRy 4 @4 4 By (E.4)
2
@ _ @ RBE®) 2
uI - ﬂ] + W (Y( ) - QRIY( )) (E5)
. 9 (3) (2)
p = kgT % (E.6)
pa,r = kT [In (prA3)] + pg” (E.7)

The last expression presents the chemical potential of a species as a sum of
an ideal and excess contributions.
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