Part I: Deterministic Models
Unit 2: Introduction to Linear Programming
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2.0 Aims And Objectives

After completing this unit, you should be able to:
· explain what is meant by the term constrained optimization

· explain what linear programming is

· list and briefly explain the components and the assumptions of linear programming models

· recognize problems that can be solved using linear programming models

· formulate linear programming models

· describe several problem types that lend themselves to solutions using linear programming models.
2.1 Introduction

This unit begins our coverage of linear programming, which is one of the most popular tools of management science. Linear programming (LP) models enable users to find optimal solutions to certain problems in which the solution must satisfy a given set of requirements, or constraints. 

The purpose of this unit is to provide you with an introduction to linear programming models. Emphasis is placed on familiarization with terminology, problem recognition, model formulation, and examples of applications of linear programming. The unit is designed to help you to develop two very important skills:

1. the ability to recognize problems that can be solved using LP models.

2. the ability to set up or formulate, an LP model in mathematical terms.

2.1.1 Constrained Optimization

A commonly encountered form of decision making involves situations in which the set of acceptable solutions is somehow restricted. The restrictions may be imposed internally or externally. For example, an internal restriction might be the amount of raw material that a department has available to produce its products. This would impose a limit on the amount of product that could be produced. Other internal restrictions can include availability of labor time, machine time, technical requirements (for example, drying times, curing times), and budgets. An external restriction might be labor regulations (e.g., safety equipment, training requirements, overtime) that limit the options open to decision makers.
The restrictions are referred to as constraints for purposes of linear programming. The goal in linear programming is to find the best solution given the constraints imposed by the problem; hence, the term constrained optimization.

2.1.2 Linear Programming Defined

In 1947, George Danzig developed the use of linear algebra for determining solutions to problems that involved the optimal allocation of scarce resources. In spite of numerous potential applications in business, response to this new technique was low, primarily because of the substantial computational burden it required. Subsequent advances that were made during the last three decades in computer technology and related computer software have removed the computational burden. This has led to widespread use of linear programming in business. 
Although computers often are used to solve linear programming problems, computer programming is not required to obtain computer solutions: programmed packages are used that require the user to input the problem. The programming aspect of linear programming refers to the use of algorithms. An algorithm is a well defined sequence of steps that will lead to obtain an optimal solution. The term linear refers to straight line relationships. LP models are based on linear relationships. Taken as a whole, the term linear programming refers to a family of mathematical techniques that can be used to find solutions to constrained optimization problems. 

Definition

It is a technique for choosing the best alternative from a set of feasible alternatives, in situations in which the objective function as well as the constraints can be expressed as linear mathematical functions.

· It is an optimization method which shows how to allocate scarce resources and how to do such allocation in the best possible way subject to more than one limiting factor/condition.

· It is a mathematical technique which involves the allocation of limited resources in an optimal manner, on the basis of a given criterion of optimality.

· It is a model consisting of linear relationships representing a firm's decision(s) given an objective and resource constraints. 

In order to apply linear programming, there are certain requirements to be met. These are:

· There should be an objective which should be clearly identifiable and measurable in quantitative terms.
· The activities to be included should be distinctly identifiable and measurable in quantitative terms. Example: products included in a production planning problem

· The resources of the system which are to be allocated for the attainment of the goal should also be identifiable and measurable quantitatively. They must be in limited supply.

· The relationships representing the objective as also the resource limitation considerations, represented by the objective function and the constraint equations or inequalities, respectively must be linear in nature.

· There should be a series of feasible courses of action available to the decision maker, that are determined by the resource constraints.
2.2 Linear Programming Models

Linear programming models are mathematical representation of linear programming problems. Some models have a specialized format, whereas others have a more generalized format. In this unit, the generalized format is discussed. Later units will cover specialized formats.
Linear programming models have certain characteristics in common. Knowledge of these characteristics enables us to recognize problems that are amenable to a solution using linear programming models. Moreover, that same knowledge is necessary for us to be able to correctly formulate an LP model. Thus, it is essential to understand the characteristics of LP models. The characteristics can be grouped into two categories: components and assumptions. The components relate to the structure of a model, whereas the assumptions reveal the conditions under which the model is valid. The characteristics and the components are discussed below.
2.2.1 Components of LP Models

i) Objective Function: it is the mathematical or quantitative expression of the objective of the model. The objective in problem solving is the criterion by which all decisions are evaluated. As such, it provides the focus for problem solving.

In linear programming models, a single, quantifiable objective must be specified by the decision maker. For example the objective might relate to profits, or costs or market share, but to only one of these. Moreover, because we are dealing with optimization, the objective will be either maximization or minimization.

ii) The Decision Variables: represent unknown quantities to be solved for. The decision maker can control the value of the objective, which is achieved through choices in the levels of decision variables. For instance, a problem may involve maximizing the profit obtained from the sale of three products each with its own unit profit (i.e., profit per unit). If we assume that all the output can be sold, the problem facing the decision maker is: how much of each product should be produced in order to obtain the greatest profit? In terms of the LP model, the decision variables represent unknown quantities to be solved for.
iii) The Constraints: as has been laid, another component of the linear programming is that the resources must be in limited supply. The mathematical relationship which is used to explain this limitation is inequality. The limitation itself is known as a constraint.

iv) Parameters: are numerical or fixed values that specify the impact that one unit of each decision variable will have on the objective and on any constraint it pertains to as well as to the numerical value of each constraint.
In summary, the components of linear programming model are the building blocks of the model. We can better understand their meaning by examining a simple LP model. The following example illustrates such a model.
Example:

x1 = quantity of product 1

x2 = quantity of product 2

x3 = quantity of product 3

[image: image1.wmf])

(

5

7

4

3

2

1

profit

x

x

x

Maximize

+

+



Objective function
 Subject to

[image: image2.wmf]int

0

,

,

,

int

40

.

5

30

.

4

int

.

360

2

5

3

.

3

.

200

4

5

.

2

300

6

3

2

.

1

3

2

1

2

1

3

2

1

3

1

3

2

1

Constra

negativity

non

x

and

x

x

Constra

Individual

units

x

units

x

s

Constra

System

B

mt

raw

x

x

x

A

mt

raw

x

x

hours

labor

x

x

x

³

þ

ý

ü

³

=

ï

þ

ï

ý

ü

£

+

+

£

+

£

+

+


System constraints involve more than one decision variables. Individual constraints involve only one decision variable. Non-negativity constraints specify that no variable will be allowed to take on a negative values. The non negativity constraints typically apply in an LP model, whether they are explicitly stated or not.

2.2.2 Assumptions of The Linear Programming Models

A linear programming model is based on the assumptions of proportionality, activity, continuity, certainty, and finite choices. These are explained here:

i) Proportionality or Linearity: a basic assumption of linear programming is that proportionality exists in the objective function and the constraint inequalities. For example, if one unit of a product is assumed to contribute $10 towards profit, then the total contribution would be equal to 10
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, is the number of units of the product. For 4 units, it would equal $40 and for 8 units it would be $80, thus if the output (and sales) is doubled, the profit would also be doubled. Similarly, if one unit takes 2 hours of labor of certain type, 10 units would require 20 hours, 15 units would required 30 hours and so on. In effect, the proportionality or linearity means that there are constant returns to scale and there are no economies of scale. 
ii) Additivity: another assumption underlying the linear programming model is that in the objective function and constraint inequalities both, the total of the activities is given by the sum total of each activity conducted separately. Thus, the total profit in the objective function is determined by the sum of the profit contributed by each of the products separately. Similarly, the total amount of a resource used is equal to the sum of the resource values used by various activities. This assumption implies that there is no interaction among the decision variables (interaction is possible when, for example, some product is a by product of another one).

iii) Continuity/divisibility: it is also an assumption of a linear programming model that the decision variables are continuous. As a consequence, combinations of output with fractional values, in the context of production problems, are possible and obtained frequently. For example, the best solution to a problem might be to produce 
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units of product B per week. 

iv) Certainty: a further assumption underlying a linear programming model is that the various parameters, namely, the objective function coefficients, the coefficients of the equality/inequality constraints and the constraint (resource) values are known with certainty. Thus, the profit per unit of the product, requirements of material and labor per unit, availability of labor and material etc. are given and known in a problem involving these. The linear programming is obviously deterministic in nature.
v) Finite choices (non negativity): an LP model also assumes that a limited number of choices are available to the decision maker and the decision variables do not assume negative values. Thus, only non-negative levels of activity are considered feasible. This assumption is indeed a realistic one. For instance, in the production problems, the output cannot obviously be negative, because a negative production implies that we should be able to reverse the production process and convert the finished product or output back into the raw materials. 
2.3 Formulating LP Models

Once a problem has been defined, the attention of the analyst shifts to formulating a model. Just as it is important to carefully define a problem, it is important to carefully formulate the model that will be used to solve the problem. Linear programming algorithms (solution techniques) are widely used and understood, and computer packages are readily available for solving LP problems. Consequently, obtaining solutions is not that real issue. In fact, the ease with which solutions can be obtained may tempt an analyst or decision maker to rush through the formulation phase in order to get a quick idea of what the solution will look like. Too often, though, the analyst fails to check that all constraints have been accounted for and have been correctly formulated. This is unfortunate because if a model is ill structured, it can easily lead to poor decisions. 
Formulating linear programming models involves the following steps:

1. problem definition
2. identify the decision variables

3. determine the objective function

4. identify the constraints

5. determine appropriate values for parameters and determine whether an upper limit, lower limit, or equality is called for
6. use this information to build a model

7. validate the model.

In practice, the first step involves identification of the missing elements, description of the optimization case and other pertinent information which are useful for the remaining process of model formulation. The second step is usually straight forward. In many cases, the decision, variables are obvious; in others, a brief discussion with the appropriate manager is necessary. However, identifying the constraints and then determining appropriate values for the parameters can require considerable time and effort on the part of the analyst. Potential sources of information include historical records, interviews with managers and staff, and data collection. Obtaining parameters for the objective function is usually not difficult; accounting records or personnel can generally provide that information. Once the information about constraints and parameters has been obtained, constructing an appropriate model becomes the focus. This can be both demanding and time consuming, especially for large problems. Validating the model will involve a critical review of the output, perhaps under a variety of inputs, in order to decide if the results are reasonable. This typically involves checking with people who are familiar with the situation (managers and staff) about the reasonableness of the results. 
Steps in formulating the model

1. Problem definition

2. Represent unknown quantities

3. Determine the objective function

4. Identify the constraints

- System constraints:- more than one

- Individual constraints

- Non-negativity constraints

2.3.1 Maximization Case
Example 
A firm is engaged in producing two products, A and B. Each unit of product A requires 2kg of raw material and 4 labor hours for processing, whereas each unit of product B requires 3 kg of raw material and 3 hours of labor, of the same type. Every week, the firm has an availability of 60 kg of raw material and 96 labour hours. One unit of product A sold yield $40 and one unit of product B sold gives $35 as profit.

Formulate this problem as a linear programming problem to determine as to how many units of each of the products should be produced per week so that the firm can earn the maximum profit. Assume that there is no marketing constraints so that all that is produced can be sold. 

Required: Formulate the linear programming model.

Steps:

1. Problem definition: determining the amount of the two products that must be produced and sold in order to maximize the profit given the constraints.

2. Variable representation:

Let
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 be the amount of product A that must be produced and sold in a week
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 be the amount of product B that must be produced and sold in a week
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 be max profit

3. Develop the objective function
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4. Constraint identification
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2.3.2 Minimization Case

The agricultural research institute suggested to a farmer to spread out at least 4800 kg of a special phosphate fertilizer and not less than 7200 kg of a special nitrogen fertilizer to raise productivity of crops in his fields. There are two sources for obtaining these mixtures A and B. Both of these are available in bags weighing 100 kg each and they cost $40 and $24 respectively. Mixture A contains phosphate and nitrogen equivalent of 20 kg and 80 kg respectively, while mixture B contains these ingredients equivalent of 50 kg each.

Write this as a linear programming problem and determine how many bags of each type should the farmer buy in order to obtain the required fertilizer at minimum cost.

Required: Formulate the linear programming model for the problem.
1. Problem Definition

Determining the number of bags of mixtures A and B that must be purchased, so as to satisfy the requirements set and minimize total cost, given the limiting factors.

2. Variable representation

Let
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 be the number of bags of mixture A that must be purchased 
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3. Developing objective function
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4. Constraint identification
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2.4 Linear Programming Applications

There are a wide range of problems that lend themselves to solutions by linear programming techniques. This section briefly describes some of those problem types. The discussion is not meant to be all inclusive. Rather, its purpose is to give you an indication of the importance of LP techniques for managerial decision making and apparent diversity of situations to which linear programming can be applied. 
2.4.1 Product Mix

Organizations often produce similar products or offer similar services that use the same resources (for example, labor, equipment time, materials). Because of limits in the amounts of these resources that are available during any time period, a decision must be concerning how much of each product or service to produce or make availability during the time period that will be consistent with the goals of the organization. The basic question that can be answered using linear programming is: What mix of output (or service) will maximize profit (revenue, etc) given the availability of scarce resources? Illustration one described in this unit is an example of a product mix problem.

2.4.2 Diet Problems

This type of problem usually involves the mixing of raw materials or other ingredients to obtain an end product that has certain characteristics. For instance, food processors and dieticians generally are concerned with meeting dietary needs in food products. There may be specific requirements pertaining to nutrients, calories, sodium content, and so on. The general question to be answered by linear programming is: What mix of inputs (eg. different food types) will achieve the desired results for the least cost? The following example illustrates this type of problem. 
Example

A cereal manufacturer is investigating the possibility of introducing a new cereal. It would be composed of wheat, rice and corn flakes. The cost per ounce and dietary requirements are shown in the following table:

	
	Wheat
	Rice
	Corn
	Requirements

Per 12 OZ. Box

	Protein (g. per OZ)
	4
	2
	2
	At least 27 g

	Carbohydrates (g. per OZ)
	20
	25
	21
	At least 240 g

	Calories per OZ
	90
	110
	100
	No more than 1260 calories

	Cost per OZ
	$0.03
	0.05
	0.02
	


Formulate an LP model for this problem that will determine the optimal quantities of wheat, rice and corn per box that will achieve the requirements at minimum cost.
Solution
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Minimize 
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Note the box size constraint, which is needed to assure that the quantities of inputs per box equal the box size. Other kinds of applications that fall in this category include mixing feed for livestock, mixing pet foods, mixing building materials (concrete, mortar, paint), and so on. 
2.4.3 Blending Problems

Blending problems are very similar to a diet problems. In fact, diet and blending problems could be lumped into the same category. Strictly speaking, though, blending problems have an additional requirement: to achieve a mix that has a specific consistency, as illustrated in the next example.

Example

Formulate the appropriate constraints for this portion of an LP problem: The sugar content of the three juices, 
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is 10, 15, and 20 percent, respectively. How many quarts of each must be mixed together to achieve one gallon (four quarts) that has a sugar content of 17 percent?

Solution
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The sugar constraint can be re written so that the decision variables are on the left side and the constraint is on the right side. Thus, expanding the right side results in:
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Then subtracting the left side amounts from both sides gives us:
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2.4.4 Portfolio Selection
These problems generally involve allocating a fixed dollar amounts (eg., $100,000) among a variety of investments, such as bonds, stocks, real estate and so on. Usually the goal is to maximize income or total return. The problems taken an added dimension when certain other requirements are specified (for example, no more than 40% of the portfolio can be invested in bonds). 

Example

A conservative investor has $100,000 to invest. The investor has decided to use three vehicles for generating income: municipal bonds, a certificate of deposit (CD), and a money market account. After reading a financial newsletter, the investor also has identified several additional restrictions on the investments:

1. No more than 40% of the investment should be in bonds

2. The proportion allocated to the money market account should be at least double the amount in the certificate of deposit (CD)

The annual return will be 8% for bonds, 9% for the CD, and 7% for the money market account. Assume the entire amount will be invested.

Formulate the LPM for this problem, ignoring any transaction costs and the potential for different investment lives. Assume that the investor wants to maximize the total annual return.

Solution:
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  = amount invested in bonds


[image: image28.wmf]2

x

 = amount invested in the certificate of deposit (CD)


[image: image29.wmf]3

x

 = amount invested in the money market account

The annual return from each investment is the product of the rate of return and the amount invested. Thus, the objective function is:

Maximize: 
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The requirement that no more than 40% be in bonds produces this constraints:
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The requirement that the proportion invested in the money market account be at least double the amount in the CD leads to: 
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 Finally, the investor must recognize that the amounts invested in bonds, the CD, and the money market account must equal $100,000. This gives us: 
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In sum, the model is:

Maximize: 
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Amount in bonds 
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Check Your Progress Exercises

1. A company produces three sizes of window fans: small, medium and large. The manager has formulated an LPM for fan production:
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Briefly explain or define each of these parts of the model:

A. 
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B. No 6 in the objective function

C. The term labor, metal and plastic

D. The 160 hour

E. 
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2. A client has approached a stockbroker with the following request: Invest $100,000 for maximum annual income under these conditions:
· Spread the investment over no more than three different stocks

· Put no more than 40 percent of the money into anyone stock

· Put a minimum of $10,000 in to oil stock.

The broker has identified three stocks for investing the funds. Their estimated annual returns and price per share are shown in the following table:

	Stock
	Price Per share
	Estimated annual return per share

	Oil
	$120
	$11

	Auto
	52
	4

	Health
	18
	2


Required: Formulate an LPM for the problem.

2.5 Summary
Linear Programming Models are used to find optimal solutions to constrained optimization problems. In order for linear programming models to be used, the problems must involve a single objective, a linear objective function and linear constraints, and have known and constant numerical values.

Linear programming models are composed of decision variables and numerical values that are arranged into an objective function and set of constraints. The constraints are restrictions that can pertain to any decision variable or to a combination of decision variables. In general, variables are not allowed to have negative values. These restrictions are referred to as non-negativity constraints.
Linear programming models are widely used. Among the applications of these models are problems that involve product mix, blending, portfolio selection, distribution, assignments and production and inventory planning.

2.6 Answer to Check Your Progress Exercise

1.

A. They are decision variables, which represent the number of window fans ( small, medium and large ) to be produced and sold

B. Profit per unit of small window fan

C. Resource constraints of the company or resource availabilities of each type

D. The amount of labour available for the firm 

E. Non-negativity constraints

2. 
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_1165715715.unknown

_1165713869.unknown

_1165715678.unknown

_1165713687.unknown

_1165712040.unknown

_1165712516.unknown

_1165713108.unknown

_1165712483.unknown

_1165711573.unknown

_1165708943.unknown

_1165711474.unknown

_1165711493.unknown

_1165711506.unknown

_1165710397.unknown

_1165709820.unknown

_1165707382.unknown

_1165708850.unknown

_1165708883.unknown

_1165708913.unknown

_1165707424.unknown

_1165707173.unknown

_1165707194.unknown

_1165706127.unknown

