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Preface

The main objects of investigation of space complexity theory are Turing machines
with bounded space (the number of cells on the tape used during computation) and
languages accepted by such machines. Although some important problems still
remain open, much work has been done, and many exciting results have been
obtained. Many of these results, however, have been proved under the assumption
that the amount of available space is at least logarithmic with respect to the length of
the input.

In this book I have presented the key result on space complexity, but concentrated
on problems: What happens when we drop the assumption of at least logarithmic
space and what do languages acceptabie with sublogarithmic space look like?

The manuscript for this book was written at the Technical University of Gdansk
and Gdansk University from 1991 to 1992. Parts of the manuscript were used as
notes for lectures given at these universities. I want to thank the participants in these
courses for their criticism. The final corrections to the manuscript were made
during my stay at the University of Paderborn in 1994 under an Alexander von
Humboldt Research Fellowship.

I would like to express my profound gratitude to Professor A.W. Mostowski for
his encouragement and advice.

I owe a special debt to an anonymous referee for his or her helpful comments, to
Mrs. K. Mostowska and J. Skurczynski for their careful reading of the original
version of the manuscript, and to L. Chanko for helping me with typesetting the
manuscript in TEX.

Paderborn, May 1994 Andrzej Szepietowski
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1. Introduction

This monograph is an investigation of the computational power of Turing ma-
chines with sublogarithmic space. We consider the Turing machine model intro-
duced by Stearns, Hartmanis, and Lewis (1965) with a two-way, read-only input
tape and a separate two-way, read-write work tape. The number of tape cells
used on the work tape, called space, is our measure of computational complexity.
Two definitions of space complexity have been used in literature. Let L(n) be a
function on the natural numbers. A Turing machine is said to be strongly L(n)
space-bounded if no computation on any input of length n, uses more than L(n)
space. It is said to be weakly L(n) space-bounded if for every accepted input
of length n, at least one accepting computation (or tree for alternating Turing
machines) uses no more than L(n) space. DSPACE([L(n)], NSPACE|[L(n)), or
ASPACE[L(n)] denotes the class of languages accepted by deterministic, non-
deterministic, or alternating L(n) space-bounded Turing machines, respectively.
These classes are called space complexity classes, deterministic, nondeterminis-
tic, or alternating, respectively.

A great number of problems concerning space complexity still remain open.
We do not know much about the relationship between deterministic and non-
deterministic space complexity classes. But recently, there have been some very
exciting developments in the study of space-bounded computations. In this book
we review the key results about space complexity but concentrate on the spe-
cific properties and proof techniques required in the study of languages accepted
within sublogarithmic space, i.e. space bounded by a function L(n) such that

L(n) = o(log n) or lim inf£8) = 0.

logn

Turing machines with sublogarithmic space differ sharply from those which have
logarithmic or greater space. In this book we shall discuss many examples of this
fact and to illustrate our point we present below some of them briefly.

1. Classes of languages accepted within sublogarithmic space depend heavily on
the machine models and the mode of space complexity. Many models of Turing
machine with bounded space are equivalent to each other if the space bound
function is equal to or greater than logarithm. Hence, the results concerning
logarithmic or greater space are, in some sense, model independent. This is not
the case for sublogarithmic space. However, there are also model independent
results in the case of sublogarithmic space. For example, the function loglogn is
the lower bound for accepting non-regular languages for many different models
of Turing machine and modes of space complexity.

2. Many results that hold for logarithmic or greater space are not valid for sublog-
arithmic space. For example: (i) The alternating hierarchy for SPACE[L(n)]
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collapses to X level if L(n) > logn, and is infinite if L(n) = o(logn) and
L(n) > loglogn. (ii) If L(n) > logn, then the class of languages accepted within
L(n) space is closed under concatenation. This is not the case if L(n) = o(logn).
(iii)) Above logn, all “normal” functions are fully space constructible. Below
log n, no unbounded non-decreasing function is fully space constructible.

3. Many results that hold for both logarithmic and sublogarithmic space com-
plexity classes require more sophisticated proof techniques in the case of sublog-
arithmic space. Compare, for example, the elegant proof of (Sipser 1980) that
the deterministic L(n) space complexity class is closed under complement for
an arbitrary function L(n), with the analogous proof for L(n) > logn. Also the
new padding argument used in (Szepietowski 1990) showing that if the deter-
ministic and nondeterministic space complexity classes are equal for the space
bound loglog n, then they are also equal for logn, is more complicated than the
standard padding argument of (Savitch 1970).

Now we shall outline what is to come in the subsequent chapters.

Chapter 2 contains basic concepts and definitions. In Chapter 3 we give
some examples of languages acceptable with logarithmic space and we show
that Turing machines with logarithmic space are equivalent to pebble automata.
We also present the language GAP (graph accessibility problem) and prove that
GAP is complete for the class NSPAC E(logn). Chapter 4 gives some examples
of non-regular languages accepted within sublogarithmic space.

Chapter 5 presents so-called gap theorems. In one of the first papers on space
complexity Stearns et. al. (1965) proved that it is impossible for a Turing ma-
chine to lay off small amounts of tape; either it lays off an amount bounded by
a constant or the amount laid off must reach dloglog= infinitely often for some
constant d. Hence, loglogn is a lower bound of space complexity for accepting
non-regular languages. Afterwards loglogn was proved to be the lower bound
for other models of Turing machines: deterministic, nondeterministic, and al-
ternating, and both kinds of space complexity: weak and strong, (Hopcroft and
Ullman 1967; Alberts 1985; Iwama 1993).

We shall also present results of (Stearns et. al. 1965) and (Alberts 1985)
concerning lower bounds for accepting non-regular languages by one-way Tur-
ing machines, i.e. the Turing machines whose input head can only move to
the right. The lower bound for one-way Turing machines is equal to logn for
strongly space-bounded deterministic, nondeterministic, and alternating, and
weakly space-bounded deterministic Turing machines, and is equal to loglogn
for weakly space-bounded nondeterministic and alternating Turing machines.

Chapter 6 considers space constructible, fully space constructible, and non-
deterministically fully space constructible functions. A function L(n) is space
constructible if there exists an L(n) space-bounded deterministic Turing ma-
chine M such that for every n, there exists an input of length » on which M
uses exactly L(n) space. L(n) is fully space constructible if M uses exactly L(n)
space on every input of length n. Finally a function L(n) is nondeterministically
fully space constructible if there exists a strongly L(n) space-bounded nonde-
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terministic Turing machine M’ such that on every input of length n, there is a
computation of M’ which stops and uses exactly L(n) space.

Above logn all “normal” functions are fully space constructible, e.g. logn
itself, n", [logn)?, and ¢® with rational » > 0 and ¢ > 1. Nevertheless, we shall
show in Chapter 8 that there are computable functions above logarithm which
are not fully space constructible. Below log n, the situation is more complicated.
Freedman and Ladner (1975) proved that neither loglogn nor any other un-
bounded non-decreasing o(log n) function is fully space constructible, and Gef-
fert (1991) proved the same for nondeterministically fully space constructible
functions. The crucial lemma of (Geffert 1991) says that if we consider a non-
deterministic Turing machine with a one-letter input alphabet, then we only
need to consider those computations which loop when they traverse through the
whole input. This lemma has many useful consequences.

In Chapter 7 we consider the halting property of Turing machines and closure
under complement of space complexity classes. Using the well-know technique of
(Immerman 1988; Szelepcsényi 1988) and of (Sipser 1980) we shall show that ev-
ery strongly L(n) space-bounded Turing machine (deterministic with arbitrary
L(n) and nondeterministic with L(n) > logn) can be simulated by a strongly
L(n) space-bounded recognizing Turing machine (deterministic or nondetermin-
istic, respectively). A recognizing Turing machine has two special states s, and
s, and reaches the state s, on every accepted input, and the state s, on every
not accepted input, and on no input both s, and s, can be reached.

Using this fact we shall show that classes strong-DSPACE[L(n)] for ar-
bitrary L(n) and strong-NSPACE[L(n)] for L(n) > logn, are closed under
complement (Sipser 1980; Immerman 1988; Szelepcsényi 1988).

It is not known, whether the class strong-NSPACE[L(n)] is closed under
complement, if L(n) = o(logn), and whether any strongly L(n) space-bounded
nondeterministic Turing machine M can be simulated by a recognizing Turing
machine. But due to the result of (Geffert 1991) such simulation by recognizing
Turing machines is possible for arbitrary function L(n), if the language accept-
able by M is bounded, i.e., if L(M) C a}a; ...a;. Therefore, if a language A of
the form A C aja; ... a; is accepted by a strongly L(n) space-bounded nondeter-
ministic Turing machine, then its complement A° is also accepted by a strongly
L(n) space-bounded nondeterministic Turing machine. This means, in particu-
lar, that the class of tally languages accepted by strongly L(n) space-bounded
nondeterministic Turing machines is closed under complement.

On the other hand, weak complexity classes are generally not closed under
complement. The class weak-DSPACE[L(n)] for arbitrary L(n), and weak-
NSPACE[L(n)] for L(n) > logn, are closed under complement only if they are
equal to the strong complexity classes. Furthermore, there exist deterministic
and nondeterministic weak space complexity classes above logarithm which are
not closed under complement; and all weak space complexity classes between
loglogn and logn are not closed under complement.

Chapter 8 discusses the relations between the weak and strong modes of
space complexity. These modes are equivalent if the space bound function is




4 Introduction

fully space constructible. Thus, they are equivalent for all “normal” functions
above logarithm. But there exist weak deterministic and nondeterministic space
complexity classes, even above logarithm, which are not equal to the strong ones.
We shall also show that between loglog n and log n, deterministic, nondetermin-
istic and alternating weak space complexity classes are not equal to the strong
ones.

The question whether the L(n) space-bounded nondeterministic Turing ma-
chines are rmore powerful than the deterministic ones is a major open question in
the space complexity theory. The answer to this question is known only for some
special functions L(n) and models of computation. As we have already men-
tioned, if L(n) = o(loglogn), then deterministic, nondeterministic, and even
alternating Turing machines accept only regular languages. One can also con-
struct, using diagonalization, a total recursive function L(n) such that the de-
terministic and nondeterministic L(n) space complexity classes are not equal
(Hopcroft and Ullman 1979).

In Chapter 9 we show that the question whether the nondeterministic and de-
terministic space complexity classes are equal for “large” function can be reduced
to the analogous question for “small” function. We use the padding argument of
(Savitch 1970) to prove that for any “well-behaved” function L(n) > log, if the
deterministic and nondeterministic space complexity classes are equal for space
bound L(n), then they are also equal for any space-bound function H(n) > L(n).
The padding argument of (Savitch 1970) does not work below logarithm and in
(Szepietowski 1990) a new padding argument was used to show that if the de-
terministic and nondeterministic space complexity classes are equal for log logn,
then they are also equal for logn.

Chapter 10 considers the cost of determinization of nondeterministic Tur-
ing machines with bounded space. More precisely, we shall try to find out how
much space is needed for the deterministic Turing machine to accept the lan-
guage which is accepted by a nondeterministic Turing machine in L(n) space.
We present the famous result of (Savitch 1970), who proved that if L(n) > logn,
then every L(n) space-bounded nondeterministic Turing machine can be simu-
lated by an [L(n)]? space-bounded deterministic Turing machine. Monien and
Sudborough (1982) proved that if L(n) < logn and L(n) is fully space con-
structible or L(n) = f(log n) for some fully space constructible f(n), then every
L(n) space-bounded nondeterministic Turing machine can be simulated by an
L(n) - logn space-bounded deterministic Turing machine. In particular, every
log log n space-bounded nondeterministic Turing machine can be simulated by a
logn -loglogn space-bounded deterministic Turing machine. From the result of
(Geffert 1991) it follows that for an arbitrary L(n), if a language A C ajaj3 . ..a;
is accepted by a strongly L(n) space-bounded nondeterministic Turing machine,
then it can also be accepted by a strongly [L(n)]? space-bounded deterministic
Turing machine.

Chapter 11 shows that the space hierarchy is dense, or in other words, that

more languages can be accepted with more space. We use diagonalization to
prove that for every fully space constructible function L(n), there exists a lan-
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guage A C {1}* which is accepted by some L(n) space-bounded deterministic (or
nondeterministic) Turing machine M; and not accepted by any strongly L,(n)
space-bounded deterministic (or nondeterministic, respectively) Turing machine
if Lyj(n) = o(Ly(n)). Chapter 11 also contains the proof of Hopcroft and Ullman
(1967) that deterministic and nondeterministic space hierarchy is dense below
logarithm.

Chapter 12 discusses closure under concatenation of the space complexity
classes. It is easy to see that if L(n) is monotone and L(n) > log=n, then the
L(n) space complexity class is closed under concatenation. This is not the case
for sublogarithmic space. Ibarra and Ravikumar (1988) presented a proof that
deterministic sublogarithmic space complexity classes are not closed under con-
catenation. We show that this is also true for nondeterministic sublogarithmic
space complexity classes.

In Chapter 13 we show that the alternating hierarchy for SPACE[L(n)]
collapses to X level if L(n) > logn. This fact follows from the theorem of (Im-
merman 1988; Szelepcsényi 1988) that if L(n) > logn, then the nondeterministic
strong L(n) space complexity class is closed under complement. In contrast to
this, the alternating hierarchy does not collapse to X level if L(n) = o(logn).
Taking these two facts into consideration, one can raise a natural question: does
this mean that the nondeterministic sublogarithmic space complexity classes are
not closed under complement? We discuss this problem in Chapter 14 and al-
though we do not provide a complete answer, we prove some weaker result, viz.
that if L(n) = o(log n), then the class of strongly L(n) space-boundéd nondeter-
ministic Turing machines (even with a one-letter input alphabet) is not closed
under so-called independent (of the starting configuration) complement. We say
that an L(n) space-bounded Turing machine M, is an independent (of the start-
ing configuration) complement of another L(n) space-bounded Turing machine
M if for each input z and each L(|z|) space-bounded configuration 8 of M, M.
starting on z in 8 accepts if and only if M starting on 2 in B does not accept.
We also show that there exists an L(n) space-bounded nondeterministic Turing
machine (even with a one-letter input alphabet) which cannot be simulated in
a similar strong way by any L(n) space-bounded deterministic Turing machine
(Szepietowski 1989).

Recently von Braunmiihr, Gengler, and Rettinger (1994) and Liskiewicz and
Reischuk (1994) proved that the alternating hierarchy for SPACE[L(n)] is infi-
nite if L(n) > loglogn and L(n) = o(logn).

In Chapter 15 we consider some other models of Turing machines with
bounded space and see which functions are space constructible by these ma-
chines. We consider two-dimensional Turing machines, 1-inkdot Turing machines,
1-pebble Turing machines, and demon Turing machines. An input tape of a two-
dimensional Turing machine is a two-dimensional rectangular array of symbols
from some alphabet X. A 1-inkdot Turing machine is a usual Turing machine
with the additional power of marking one cell on the input tape (with an inkdot).
This cell is marked once and for all (no erasing) and no more than one dot of ink
is available. A 1-pebble Turing machine is equipped with a pebble which can be
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placed on and removed from any cell of the input tape. A demon L(n) Turing
machine is a Turing machine that has L(n) space marked off on its work tape
for every input of length n, and cannot use more space than L(n).

These models do not differ much from the normal Turing machine if the space
bound function L(n) > logn, but they behave differently if L(n) = o(logn).
This shows that Turing machines with sublogarithmic space are sensitive to
modifications of the definition.

In (Szepietowski 1992) it was shown that the function loglogn is fully space
constructible, and functions: log*)n for every &, and log*n = min{i | log®n < 1)
are space constructible by two-dimensional Turing machines. Thus, the space
hierarchy of two-dimensional languages starts much lower than in the one-
dimensional case. Hartmanis and Ranjan (1989) showed that the function
loglogn can be fully space constructed by a nondeterministic 1-inkdot Turing
machine and that for 1-inkdot Turing machines, nondeterministic sublogarithmic
space is more powerful than deterministic one.




2. Basic Notions

In this chapter we present basic concepts and definitions. For more details, we
refer to any of the standard books on foundations of theoretical computer science
(Hopcroft and Ullman 1979; Balcdzar et. al. 1988).

An alphabet is any non-empty, finite set. We shall use X' to denote an al-
phabet. A symbol, or also a letter, is an element of an alphabet. A word over X
is a finite sequence of symbols from X. The empty word A is the unique word
consisting of zero symbols. The length of a word w, denoted |w|, is the number
of symbols w consists of; w(z) denotes the i-th symbol of w. The set of all words
over an alphabet X' will be denoted by Z*. A language over X is a subset of

. AUB, AN B, and A — B denote the union, intersection, and difference,
respectively, of two languages A and B. The complement of a language A over X
is the language A° = L* — A. A C B denotes the inclusion. By A G B we shall
denote the proper inclusion, i.e. A C B but A # B. The power set of A, denoted
P(A), is the set of all subsets of A. The concaienation of A and B, denoted AB,
is the set {zy |z € A and y € B}. A" is defined in the following way:

A’ ={)} and A"t = A4"

The Kleene closure (or just closure) of A, denoted A*, is the set

x
A=A
=0
If a € X is a single letter, then {a}* will be denoted by a*. We use the term
“class” to denote a set whose elements are languages. Given a class C of languages
over X, we define its class of complements, denoted co-C, by co-C = {A° | A € C}.
A tally language is a language over a one-letter alphabet. A bounded language
is a language of the form A C aja} ...a;, where each q; is a distinct symbol.

2.1. Turing Machines

We shall consider the Turing machine model with a two-way, read-only input
tape and a separate two-way, read-write work tape. This model was introduced
in (Stearns et. al 1965) to study computations requiring less than linear space.
[First, we shall describe a nondeterministic Turing machine which consists of:

o A finite set of states also called the finite control of the machine;

¢ one semi-infinite work tape divided into cells (with a leftmost cell and infinite
to the right) equipped with a work head which can move right or left, and
can read or write; and
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e an extra tape, called the input tape, with input head that can move right or
left and read only.

A nondeterministic Turing machine is a device whose next move can be
chosen from several possibilities. At each moment, the machine is in one of the
states. Then it can read the contents of the scanned cells of both the input and
work tape, change the contents of the scanned cell of the work tape by writing
a new symbol on it, move each head right or left, and change its state. All
these operations form a step, and are chosen from the possibilities defined by a
transition function, as a function of the current state and symbols read from the
tapes. Observe that the Turing machine is not allowed to change the contents of
the input tape.

A machine M starts operating on an input w € X* with the input tape
containing ¢w$, where ¢ and $ ¢ X are special symbols called left and right
endmarkers. The work tape is empty, i.e. every cell of the work tape contains a
fixed symbol called blank. The finite control is in an initial, state gg, the input
head scans the first letter of w and the work head scans the first cell of the work
tape. Then M proceeds by choosing the next move according to the transition
function as long as possible. During the computation the input head cannot
move beyond the endmarkers. If there is a sequence of choices that lead to an
accepting state, then M aeccepts w. Let us now present a more formal definition.

Definition 2.1.1. A nondeterministic Turing machine is a siz-tuple
M= (Q: L, F,é,QO’F)’
where

Q is a finite set of states;

X is an input tape elphabet,

I' is @ work tape alphabet which contains the blank symbol B € I';

go € Q is an initial state;

F is a set of accepting states F C @, and

6:Qx (ZU{t,$ ) x ' - P({l - B} xQ x {R, N,L}?) is a function called
the transition function (P(A) denotes the set of all subsets of A).

S o Lo deo

If the machine is in a state ¢ scanning ¢ on the input tape and v on the work
tape, and if
(7Ia qla my, m?) € 6((11 o, 7)|

then M can in one step change its state to ¢’, print ¥’ on the work tape, move
the input head in the direction m;, and work head in the direction ms; m; = R
means “move one cell to the right”, m; = N means “do not move”, m; = L
means “move one cell to the left”, if there are cells to the left, otherwise “do
not move”. If ¢ = ¢, then m; # L, and if ¢ = §, then m; # R, which means
that the input head cannot go beyond endmarkers. Note that the work head
cannot write the blank symbol, so cells of the work tape once visited by the
head remains non-blank for ever.
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A nondeterministic Turing machine is a deterministic Turing machine if the
range of its transition function 8 contains only singleton sets or the empty set.
In other words, for every triple (g, ,7), there is at most one (v',¢’,m;, ma) in
6(q,0,7).

In this paper we consider Turing machines with a single work tape. This is
not a serious constraint because any Turing machine with & work tapes can be
modified to operate with one work tape and still accept the same language using
the same amount of cells on work tape (Hopcroft and Ullman 1979; Balcazar et.
al. 1988).

We shall also consider one-way Turing machines whose input head cannot
move left. In this case an input is read once from left to right. However, it can
happen that the input head stays in one cell while the Turing machine changes
its state or the contents of the work tape. )

2.2. Configuration and Computation

Given a Turing machine M and an input w, a configuration of M on w is a
description of the whole status of the computation: it includes the state of the
finite control, the position of the input head, the contents of the work tape and
position of the work head. More formally.

Definition 2.2.1. A configuration of a Turing machine M on an input w is a
tuple

(qv i’ 1!, ])’
where

e q is the current state of M,

e i is the position of the input head, 0 < i < |w|+1;ifi=0o0ri=|w|+1,
then the input head scans an endmarker.

e z € (I' — {B})* is the content of the non-blank sector of the work tape, and

o j is the position of the work head, 1 < j < |z|+1 (Recall that the work head
cannot write the blank symbol).

Note that the contents of the input tape cannot change during the computation
of a machine on a given input. Therefore, there is no need to include the contents
of the input tape in the configuration: just the position of the input head is
sufficient.

At the beginning of a computation, the machine is in an initial configuration.
The initial configuration of a machine M on an input w is (g9,1,,1). A con-
figuration 8’ = (¢',i’,z',j') can be reached in one step from a configuration
B = (q,%,z,j) (we also say that #' is an immediate successor of () if and only if
there exist ¥ € I" and m;,m3 € {R, N, L} such that:

(7. ¢',m1,m2) € é(q, w(?), z(j)),
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lk — z(k) fOl'k#j,
W=y ferk=i,

i'=it|mll, j'=j+|mall, and j'2>1,

where ||R|| =1, ||N|| = 0, ||L|| = —1. Recall that w(i) denotes the i-th letter of
w, and by convention, w(0) = ¢, w(|w|+ 1) = §, and z(|z|+ 1) = B.

Note that the transition function does not allow i’ < 0 or i’ > |w|+ 1, so
the input head cannot go beyond the endmarkers. But it may happen that j = 1
and m3y = L (the work head standing in the first cell tries to go left). In that
case, the condition j’ > 1 does not allow the work head to go left.

A final configuration is a configuration which does not have any immediate
successors. An accepting configuration is a final configuration with an accepting
state.

A computation of a machine M on an input w is a (finite or infinite) sequence
of configurations of M

ﬂﬂyﬂl’ﬂ%

such that Fo is the initial configuration and each ; is an immediate successor of
Bi—1. An accepting computation is a finite computation ending with an accept-
ing configuration. The input w is accepted by M if and only if there exists an
accepting computation of M on w. The language accepted by the machine M,
denoted L(M), is the set of all words accepted by M.

An accessible configuration is a configuration that can be reached from the
initial configuration by a finite computation. The set of all accessible configu-
rations of a nondeterministic Turing machine M on an input w form a tree of
accessible configurations in the following manner: the nodes are labeled by con-
figurations of M on w; the root is (labeled by) the initial configuration and for
any node labeled by a configuration 3, its sons are (labeled by) the immediate
successors of 3. Leaves of the tree are labeled by final configurations, some of
which may be accepting. Note that two nodes of the tree can be labeled by the
same configuration and that the tree can be infinite. The input is accepted if
and only if there is at least one accepting leaf (labeled by an accepting config-
uration) in the tree. In that case there is a finite path leading from the root to
the accepting leaf and the labels on the path form an accepting computation.

Note that for a deterministic Turing machine, every move is completely de-
termined by the current configuration. The state of the machine and symbols
scanned by the tape heads completely determine the next state and the moves of
the heads. Hence, there is exactly one computation of the deterministic Turing
machine on every input w, and the tree of accessible configurations is in this
case reduced to a single path.

We shall also consider Turing machine which recognize languages. An recog-
mizing deterministic or nondeterministic Turing machine is like normal Turing
machine but it is equipped with two special states (accepting) s, and (rejecting)
sr. And for any input w exactly one of the following can happen: either the
machine reaches the state s, (and then the input is accepted) or it reaches the
state s,. Note that a recognizing deterministic Turing machine stops on every




Internal Configuration 11

input; in s, or s,. On the other hand, there can be many computations (some
of them even infinite) of recognizing nondeterministic Turing machine, on both
accepted and not accepted inputs. We only require that for every accepted in-
put there is at least one finite accepting computation (ending with s,) and for
every not accepted input there is at least one finite rejecting (ending with s,)
computation; and it can not happen that on one input both s, and s, can be
reached.

Roughly speaking, when a recognizing Turing machine reaches the state s,,
then it knows that the input is accepted; and when it reaches the state s,, it
knows that the input is not accepted.

The following lemma gives the upper bound for the number of all configura-
tions.

Lemuna 2.2.2. Suppose that a Turing machine M has s states, a work tape
alphabet of t symbols, and which on an input of length n uses no more than &
cells on the work tape. Then M cannot enter more than s(n + 2)kt* different
configurations.

The factor s represents the number of possible states of M, (n + 2) the
possible input head positions on the input tape (including endmarkers), k the
possible head positions on the work tape, and 1* the possible patterns which can
be written on the work tape.

2.3. Internal Configuration

An internal configuration of a Turing machine M is a description of the “internal
status” of the computation.

Definition 2.3.1. An internal configuration of M is a tuple

(q,2,7),
where

e ¢ 1s the current state of M,
e z € (I'—{B})* is the contents of the non-blank sector of the work tape, and
o j is the position of the work head 1 < j < |z|+ 1.

The following lemma gives the upper bound for the number of all internal con-
figurations.

Lemma 2.3.2. Suppose that a Turing machine M has s states, a work tape
alphabet of ¢ symbols, and uses no more than k£ work tape cells on an input.
Then M cannot enter more than skt* different internal configurations. And there
is a constant d, depending on s and ¢ only, such that d¥ > skt*.
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The factor s represents the number of possible states of M, k the possible
head positions on the work tape, and t* the possible patterns which can be
written on the work tape.

2.4. Alternating Turing Machines

The concept of the eliernating Turing machine was introduced in (Chandra et. al.
1981) as a generalization of the nondeterministic Turing machine. An alternating
Turing machines works exactly like the nondeterministic Turing machine, only
the definition of acceptance is different. In the case of nondeterministic Turing
machines, the transition function allows a single configuration « to reach several
configurations £, ..., 0 in one step; by definition, the configuration « leads to
acceptance if and only if there exists a successor 3; which leads to acceptance.
In addition to these ezistential branches, an alternating Turing machine can also
make universel branches. In a universal branch, a configuration o can again reach
several configurations f,, ..., in one step, but now « leads to acceptance if
and only if all successors Ay, ..., O lead to acceptance.

More precisely, all states of the alternating Turing machine are partitioned
into universel and ezistential states. A configuration is called universal or exis-
tential if the state associated with the configuration is universal or existential,
respectively. A computation treeof an alternating Turing machine M on an input
w is a tree whose nodes are labeled by configurations of M on w. The root of the
tree is labeled by the initial configuration; the children of any node labeled by
a universal configuration are all immediate successors of that configuration; and
any node labeled by an existential configuration has one child, which is labeled by
one of the immediate successors of that configuration (provided there are any).
An accepting tree is a finite computation tree such that all leaves of the tree are
accepting configurations. M accepts w if there is an accepting computation tree
of M on w.

Note that a nondeterministic Turing machine is an alternating Turing ma-
chine with existential states only.

Now we define an alternating Turing machines with a bounded number of
alternations between universal and existential states on every computation.

Definition 2.4.1. Let M be an alternating Turing machine. We say that M is
k alternation-bounded if whenever there is a sequence of configurations on any
input w

1603161).327 ey /8171

such that for every i, 0 < i < m — 1, B;41 is reachable from 3; and 3; is a
universal configuration if and only if Biy1 s existential, then m < k.

In other words, M is & alternation-bounded if any computation alternates
universal and existential configurations at most k£ — 1 times.
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Definition 2.4.2. For everyk > 1, a [1-alternating (or Ly -alternating) Turing
machine is a k alternation-bounded Turing machine such that the initial state s
universal (or exzistential, respectively).

Note that a X -alternating Turing machine is a nondeterministic Turing ma-
chine. By convention, a Xy- or /Ip-alternating Turing machine is a deterministic
Turing machine.

2.5. Space Complexity

The space used by the configuration (q,¢,z,j) is || -the number of non-blank
cells on the work tape. The space used by a computation (or a computation tree
for alternating Turing machine) is the maximal space used by configurations
of the computation (or the tree). Let us recall that every cell that has ever
been visited by the work head is non-blank. This assumption has been made to
simplify the definition of space complexity. In another definition which has been
used in literature, Turing machines are allowed to write the blank symbol on the
work tape and then space used by a computation is defined as the number of
cells that has ever been visited by the work head. These definitions are equivalent
because every Turing machine that can write blanks can be simulated step by
step by a Turing machine that cannot write blanks, but uses an additional symbol
B’ that is written instead of the blank and is not distinguished from the blank
when reading,.

Now we define space-bounded Turing machines. Let L(n) be a function on
natural numbers.

Definition 2.5.1. A Turing machine is said to be strongly L(n) space-bounded if
no accessible configuration on any input of length n, uses more than L(n) space.

Definition 2.5.2. A Turing machine is said to be weakly L(n) space-bounded if
for every accepted input w, at least one accepting computation tree (or compu-
tation for nondeterministic Turing machine) uses at most L(|w|) space.

We also define the middle mode of space complexity.

Definition 2.5.3. A Turing machine is said to be middle L(n) space-bounded
if no accessible configuration on any accepted input of length n, uses more than
L(n) space.

Note that the definition of middle mode of space complexity only requires
that accepted inputs do not lead to overuse of space. It should be obvious that
every Turing machine uses at least one cell on all inputs, so if L(n) bounds space,
then L(n) > 1 for all n. We shall use the convention that “L(n) space-bounded”
really means “max(1, L(n)) space-bounded”.
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DSPACE[L(n)], NSPACE[L(n)], or ASPACE[L(n)] denotes the class
of languages accepted by deterministic, nondeterministic, or alternating L(n)
space-bounded Turing machines, respectively. These classes are called space com-
plezity classes, deterministic, nondeterministic, or alternating, respectively. II;-
SPACE[L(n)] and X;-SPACE[L(n)] denotes the class of languages accepted
by L(n) space-bounded II;- or X-alternating Turing machines, respectively.
We add the prefix strong, weak, or middle if we cousider classes accepted by
strongly, weakly, or middle space-bounded Turing machines, respectively. We
shall omit the prefix if it does not matter which mode is used. We add the prefix
one-way \f we consider classes accepted by one-way Turing machines.

Our Turing machines are allowed an arbitrary finite work tape alphabet.
Thus, any Turing machine that operates in space L(n) can be modified to operate
in space cL(n) for any constant ¢ > 0, and still accept the same language
(Hopcroft and Ullman 1979; Balcazar et. al. 1988). Hence, it suffices to consider
only growth rates of functions which bound space. Let f(n) and g(n) be two
functions. We shall use the following notations:

e f(n) = O(g(n)) if there exists a constant ¢ > 0 such that f(n) < cg(n),
e f(n) =o(g9(n)) if limy_ o i—%% =0,
e f(n) < g(n) if liminf,_. i((;l% =0.

Note that if f(n) = o(g(n)), then f(n) < g(n) but not necessarily other-
wise. For example, if g(n) = logn and

1, for n even,
L(m) = |
logn, otherwise.

then f(n) < g(n) but not f(n) = o(g(n)). Note also that if f(n) <« g(n) or
f(n) = o(g(n)), then there is no constant ¢ > 0 such that f(n) > cg(n).
The logarithm function logn is in base 2. The functions log(k)n and log*n
are defined in the following way:
log(o)n =n
log*)n = log(log*~n)  fork > 1
log*n = min{i | log'n < 1}.




3. Languages Acceptable with Logarithmic
Space

Before we start to discuss the property of languages acceptable with sublogarith-
mic space we first present, in this chapter, some examples of languages acceptable
with logarithmic space and we show that the Turing machines with logarithmic
or greater space can store on the work tape numbers up to the size of the input,
and they can remember any position on the input tape. As we shall see in the
sequel, the one of the greatest disadvantages of Turing machines with subloga-
rithmic space is that they cannot store such great numbers and remember an
arbitrary position of the input tape. In Section 3.2 we show that Turing machines
with logarithmic space are equivalent to pebble automata. And in Section 3.3 we
present the language GAP (graph accessibility problem) acceptable by a logn
space-bounded nondeterministic Turing machine and we prove that GAP be-
longs to DSPACE(logn) if and only if DSPACE(logn) = NSPACE(logn).
In other words we prove that GAP is complete for the class NSPACE(logn).

3.1. Two Examples of Languages Acceptable with
Logarithmic Space

The first example of a language acceptable in logarithmic space is

{a" | n is prime}.

A strongly logn space-bounded deterministic Turing machine M which accepts
the language first counts the letters of an input. To do this, M goes through
the input and counts its steps. The successive numbers are stored in binary on
the work tape. Next, M checks one by one for each k < n, if k divides n; and
accepts if n is not divisible by any k < n.

The second example of a language acceptable in logarithmic space is

{ww® [w e {0,1}7},

where w® is the reflection of w (w written from right to left). A strongly logn
space-bounded deterministic Turing machine M accepting the language first
compares the first letter of the input with the last one, then the second with the
last by one, and so on. The machine M keeps in binary on the work tape the
position of the letter just compared.
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We can see from these examples that the Turing machines with logarithmic
or greater space can store on the work tape numbers up to the size of the input,
and they can remember any position on the input tape.

3.2. Pebble Automata

In this section we show that Turing machines with logarithmic space are equiv-
alent to the finite automata with pebbles.

Definition 3.2.1. A k-pebble finite automaton is a machine with a two-way
read-only input tape, and k pebbles which can be placed on and removed from the
input tape. The action of the k-pebble automaton depends on the current state,
the currently scanned input symbol, and the set of the pebbles on the currently
scanned cell. The action consisis of moving the input head, changing the state
of the finite control, and picking up or placing (or none) some pebbles on the
currently scanned cell on the inpul tepe.

One pebble does not increase the power of the finite automaton, for 1-pebble
automata accept only regular languages, see Corollary 15.3.6 below. But the
nonregular language {ww® | w € {0,1}*} can be accepted by a 2-pebble au-
tomaton. The automaton places one pebble at the beginning of the input, the
other at the end, compares the letters under pebbles, moves both pebbles one
cell to the center and repeats the process until both pebbles meet in the center.

It is easy to see that any k-pebble automaton can be simulated by a logn
space-bounded Turing machine. The Turing machine remembers (in binary) the
positions of the input head and the pebbles of the automaton, and simulates
step by step its computation. Hence we have proved the following theorem.

Theorem 3.2.2. For every deterministic (or nondeterministic) &-pebble automa-
ton there is a deterministic (or nondeterministic) Turing machine with logarith-
mic space that simulates the automaton.

But also opposite holds.

Theorem 3.2.3. For every deterministic (or nondeterministic) Turing machine
with logarithmic space there exists a deterministic (or nondeterministic, respec-
tively) k-pebble automaton that simulates the Turing machine, where & depends
on the number of work tape symbols of the Turing machine.

Proof. We shall prove the theorem in four stages.

In the first stage the work tape of the Turing machine is replaced by two
push-down tapes.

A push-down tape is like a work tape of Turing machine, but is used in spe-
cific way: Initially the push-down tape contains only a distinguished symbol s,
of the bottom of the push-down tape in the first cell and the blank symbol in all
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others. The symbol s, cannot be changed or used in any other cell. Further, the
pushdown head can never shift left unless it first erases (i.e. overwrites the blank
symbol) the symbol previously scanned, and it can never shift right from a cell
leaving blank symbol. Thus, throughout the computation all cells on the push-
down tape are blank except exactly these between s, and the pushdown head.
There are three operations possible on the push-down tape: add new symbol on
the top (the right end) of the push-down tape, check if the push-down tape is
empty (i.e., contains only s,), and take off the symbol from the top (provided
the push-down tape is not empty). For more details see (Hopcroft and Ullman
1979).

While simulating the work tape of the Turing machine one push-down tape
contains the contents of the work tape to the left from the work head and the
other to the right. Symbols which are further from the work head of the Turing
machine stay nearer to the bottom of the push-down tapes. Each push-down
tape contains no more unblank cells than the simulated work tape and both the
push-down tapes are log n space-bounded.

In the second stage the two log n space-bounded push-down tapes are sim-
ulated by three n° space-bounded counters, where c is a constant. A counter is
a push-down tape with only one symbol (plus s,). There are only three opera-
tions possible on the counter: increase by one, check for zero, decrease by one.
Contents of the push-down tapes are treated as numbers in (r + 1)-ary, where
r is the number of symbols of the pushdown tapes (zero is not used to avoid
ambiguity). These two numbers representing contents of the push-down tapes
are kept in unary in the first and second counter. The third counter is used to
manipulate with these numbers. Putting a new symbol on the top of a pushdown
tape is simulated by multiplying the counter by (» + 1) and adding the appro-
priate number less than r + 1. Taking off a symbol is simulated by dividing the
counter by »+ 1 and decoding the remainder. Maximal contents of each counter
is (r+1)'°8™ < n¢, for some constant ¢. Multiplication of the content of the first
(or second) counter by (r + 1) is done recursively by decreasing the counter by
one and increasing the third counter by (» + 1) until the first (or second) counter
is empty. Division is made in a similar way.

In the third stage the maximal capacity of the counters is reduced to n by
increasing the number of counters. We show how a counter with capacity of
n? can be simulated by two counters with capacity of n. Further reduction, if
needed, can be obtained by repetition of this process. Let z and y be the contents
of two new counters. They represent the number

z+y

f(x’y)=y+2i
i=0

on the old counter. The function f(z,y) isthe well known pair function: £(0;0) =
0, f(1,0) =1, f(0,1) =2, f(2,9) =3, f(1,1) = 4, and so on. Simulation of
increasing by one the old counter is done by:

if z>0 thenm y—y+1, z—z-1
else z—y+1; y—0
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Decreasing by one is simulated by:

if y>0 then y—~y—-1, z—z+1
else z~0; y—z -1

It is easy to see that in that way numbers up to (n + 1)(n + 2)/2 can be kept
by two counters with capacity of n. It is also obvious how the counter with the
capacity of ¢ - n can be simulated by a counter with the capacity of n, for any
positive constant c.

In the fourth stage each counter of capacity n is simulated by the position of
one pebble on the input tape.

Hence we have shown that every logn space-bounded Turing machine can
be simulated by a k-pebble automaton, where & depends on the number of work
tape symbols of the Turing machine. |

3.3. NSPACE(log n) Complete Language

An important example of languages acceptable by nondeterministic Turing ma-
chines with logarithmic space is the language GAP which consists of encoded
directed graphs which have a path from the first to last vertex.

A directed graph G = (V, F) consists of a set of vertices V = {a1, a, ...,ar},
which is a subset of natural numbers, and a set of edges £ C V x V. The graph
is encoded as

¥¥A) ¥A) 1 ¥A),2...0) 5, Ao ¥ Qa1 ¥ G22... U245, ¥ ¥ ...

where a1 * ay2...ay;, is the list of vertices reachable by an edge from the
vertex a;, and @z *az3...az;, ** ... are vertices reachable from the vertex a,,
and so on. First we show that

Lemimna 3.3.1.

GAP € NSPACE(logn).

Proof. A nondeterministic Turing machine M guesses the path vertex by ver-
tex. It starts from the vertex a; written as *xa,* on the input tape, chooses one
vertex from the list @y \ *ay2...ay;,,say a; 1, goes to the place where * * ay 1*
is written and repeats the process until it reaches the vertex a;. The machine
M does not write ayy on the work tape, for it can be too large. Instead, it re-
members the position of *ay * on the input tape and looks for * * a) \* through
all places of the form * * z*. To check whether £ = a;,;, M compares z and a;
digit by digit. (]
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It is not known whether G AP belongs to the class DSPACE(log n). But it is
known that if GAP belongs to the class DSPACE(log n) then NSPACE(log n)
= DSPACE(log n). In order to prove this fact, we shall need few definitions and
lemmas.

Definition 3.3.2. A log-space iransducer is a deterministic Turing machine
which have a read-only input tape, write-read work tape, and the write-only out-
put tape on which the head never moves lefi.

Definition 3.3.3. We say that e language A; is log-space reducible to e language
Az if there 1s a log-space transducer that for every input x produces an outpul
y that 1s in Ay if and only if x is in Ay, and uses at most log|z| space on the
work tape.

Definition 3.3.4. A language A € NSPACE(logn) is called NSPACE(logn)
complete if every language B from NSPACE(logn) islog-space reducible to A.

Lemma 3.3.5. The language GAP is NSPACE(logn) complete.

Proof. By Lemma 3.3.1, GAP € NSPACE(logn), so it suffice to prove that
any language B € NSPACE(logn) is log-space reducible to GAP. Let M be a
log space-bounded nondeterministic Turing machine accepting B. We construct
a log-space transducer M, which reduces B to GAP as follows. For any input
z, M, produces the graph G, whose vertices are configurations of M on z and
edges join every configuration with its immediate successors; the first vertex is
the initial configuration, and the last the accepting configuration (we can assume
that there is only one accepting configuration). M; writes on its output tape one
by one the configurations of M on z along with the lists of immediate successors
of any configuration. It is easy to see that the computation can be done within
log |z| space and that z € L if and only if G, € GAP. o

Lemma 3.3.6. If A, is log-space reducible to A; and A, € DSPACE(logn)
then A; € DSPACE(logn).

Proof. Let M; be a log-space transducer which reduces A; to A; and let M3 be
a log space-bounded deterministic Turing machine accepting A2. On an input z
of length n, M; produces an output y of length bounded by n°¢ for some constant
¢. Note that y cannot be written in logn space.

We construct a logn space-bounded deterministic Turing machine M3 ac-
cepting A; as follows. M3 simulates M, working on y. M3 remembers only the
position of the input head of M3 in base 2¢. Since the input position is less than
n®, this number can be stored in logn space. Each time the i-th symbol of y is
needed it is computed by simulating M; on z. a

Using Lemma 3.3.5 and Leimma 3.3.6 one can easily prove the following
theorem.
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Theorem 3.3.7.

if and only if

GAP € DSPACE(log )

NSPACE(logn) = DSPACE(logn).




4. Examples of Languages Acceptable with
Sublogarithmic Space

In this chapter we present some examples of languages that are accepted with
sublagarithmic space. It is a well known fact that every regular language can
be accepted by a Turing machine with zero space and every Turing machine
with space bounded by a constant accepts only a regular language (Hopcroft
and Ullman 1979). It is also easy to show that there exist non-regular languages

accepted in space L(n) K logn (i.e lim iuf%(g’lﬂ) = 0). For example, the language

{a” { n is prime}

can be accepted in the space

0, for n even,
L(n) =

lag n, otherwise

A strongly L(n) space-bounded deterministic Turing machine M which accepts
the language first checks, without using any space, whether n is even or not. If
n is even, then M accepts only if » = 2. If n is odd, then M counts the letters
of the input and checks one by oue for each k < n. if k divides n; M accepts the
tnput if n is not divisible by any & < n.

4.1. Languages Acceptable with o(log n) Space

The first example of a non-regular language accepted in o(logn) space was pre-
seated by Stearns et. al. (1965). Their language consists of all words aver the
alpbabet {0,1,#) of the form

Wg = bo#bl# N #b}“

where b; is the binary descriptiou of the number i. A strongly loglogn space-
bounded Turing machine M that accepts the language checks one by ane if every
number b; is by one greater than its predecessor b;—1. In order to do this, M
while going from b, to b;—, compares one by one the digits of both numbers. It
has to remember only the digit which is compared and its position in the binary
description of the number. Thus, M uses exactly |log|logk|| + 1 space if the
input is of the form wyz with wy = bo#b,# = #br, and z € (0,1, #}* that
does not hegin with #bp# (M does not use any space if the input does oot
begin with 0#). Hence, M is strongly log log n space-bounded.
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To present further examples, we shall need the following two lemmas.

Lemma4.1.1. (Pumpinglemma for regular languages) Let R be a regular
language. Then there is a constant r such that any word z € R longer than r
may be decomposed into z = wvw in such a way that Juv| < 7, |v] > 1, and
uviw € R for all i > 0.

Furthermore, r can be taken to be no more than the number of states of any
finite automaton accepting K.

Lemma 4.1.2 Consider the following three functions:

G(k) =lem{j |7 < k},
F (k) = min{i | ¢ does not divide £}, and
H(k) = max{F(3) | i < k),

where lcm A denotes the least common multiple of all numbers from A.
Then:

(a)
G(k) = H pliogs 1

all primes p

Observe that pl'°8 ¥l =1 for all p > k.
(b) ¢k < G(k) < ¢t for every k > 2 and some constants ¢, ca > 1,
(¢) if mis an arbitrary common multipleofall j < k and ¥ >2,then m > c}.
(d) F(k)<c-logk for for every k£ > 2 and some constant c.
(e) there exists a constant ¢ such that for every pair of natural numbers k and
m, k # m, there exists a number j < c-log|k +m/| such that k # m(modj).
(f) F(G(k) > &,
(g) dlogk < H(k) < clogk for every k > 2 and some constants c, d > 0,

Proof. (a) Follows immediately from (Narkiewicz 1983, Thm 1.8(ii)).
(b) Let & > 2.1t is obvious that for all p < k,

P < pl_logp k) < k< p[log, kj+1_
Note that also
ﬂ < pl.logp kj ,

since otherwise vk > pl'°8» £l > p hence, k > pl'°8» ¥1+! 4 contradiction.
So, we have

FOR= I vk <6y < I k=k®),

all primes p all primes p

where 7 (k) denotes the number of all primes not greater than k. By the Cebys’ev’s
(Tchebychev’s) theorem (Narkiewicz 1983, Thm 3.1), there exist two positive
constants d), da, such that
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k k
— <dg—r.
d logk — (k) < zlogk‘

Hence,
k)2 = kAT < lem{j|j < K} < kPTEE = 2%k,

Thus, if we put ¢; = 2%/2 and c, = 2%, we obtain (b).
(c) Follows immediately from (b).
(d) Observe that k is a common multiple of all i < F(k) — 1, and by (c),
k> c]r(k)-l. Taking logarithm we obtain F'(k) < c log k for some constant ¢ > 0.
(e) Let

j = F(|Ic - ml).

Then j =2 if [k—m|=1andby(d) j<c-loglk—m| if |[k—m|> 1.
Hence, there exists a constant ¢ > 0 such that j < ¢ log |k + m]|.

Furthermore, if k # m, then j does not divide |k — m|, so k # m(mod j).
(f) follows directly from the definitions.
(g) By (d), F(s) < clogk, for every s <k, so H(k) < clogk.

Let m = max{j | G(j) < k}. Then G(m) < k < G(m + 1). Hence, by (b),
k < c"*! and m > dlogk, for some constant d > 0. Thus, H(k) > F(G(m)) >
m > dlogk. a

Now we can present further examples of languages acceptable with subloga-
rithmic space (Freivalds 1975).

Lemma 4.1.3. Let
A= {a*0™ | k # m}.

Then

e A is non-regular,
e A€ weak-DSPACE][loglogn],
e A € weak-one-way-NSPACE([loglog n).

Proof. First we show that A can be accepted by a weakly loglogn space-
bounded one-way nondeterministic Turing machine M. On any input of the
form a¥b™, M guesses a number j such that k # m(modj). The work tape
of M is divided into three tracks; j is written in binary on the first track. The
second and third tracks are used as counters modulo j to count a’s and b’s. The
content of both counters is written in binary on the tracks. M starts at the be-
ginning of the input with empty counters. Then it counts a’s modulo j by going
right and increasing the first counter after each step. When M reaches the first
b, the second track contains k(mod j) and then M counts b’'s modulo j on the
third track. At the end, M compares the contents of the second and third tracks.
M is weakly loglogn space-bounded because if an input of the form w = a*b™
is in A, then k # m and by Lemma 4.1.2(e), there is j such that k # m(modj)
and j < clog|k + m|. Hence, there is an accepting computation of M using
dloglog |w| space for some constant d > 0.
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The language A can also be accepted by a weakly loglogn space-bounded
two-way deterministic Turing machine which instead of guessing j tries one by
one all successive natural numbers, starting from 1, up to the moment it finds a
suitable one.

To see that A is non-regular, consider the language

B = {d*b* | k> 0} = A°na™b*,

where A€ is the complement of A. In the next lemma we shall show that B is
non-regular. Hence, A is also non-regular. ]

Lemma 4.1.4. Let
B = {a*b* | k > 0}.

Then B is non-regular and, moreover, B does not contain any infinite regular
subset,

Proof. Suppose, for a contradiction, that B contains some infinite regular subset
R that is accepted by a finite automaton with s states. Since R is infinite,
there is k such that k& > s and a*b* € R. It is easy to see that a¥b* cannot
be decomposed into afb¥ = wvw in such a way that |uv| < s, |v] > 1, and
uvw € R C B for every i > 0. Thus, by Lemma 4.1.1, R cannot be regular. O

Note that the Turing machines described in the proof of Lemma 4.1.3 accept
the language A in the weak mode but not in the strong mode, since they possibly
use too much space if an input is not in A. In Chapter 8 we shall show that
A cannot be accepted by any strongly o(logn) space-bounded deterministic,
nondeterministic, or alternating Turing machine.

4.2. Tally Languages Acceptable with Sublogarithmic
Space

In this section we give an example of a tally language (i.e. a language over a
one-letter alphabet) that can be accepted by strongly o(logn) space-bounded
deterministic Turing machines. In the following lemma we consider a language
that was presented in (Alt and Melhorn 1975).

Lemma 4.2.1. Let
C = {a" | F(n) is a power of 2},

where
F(n) = min{i | ¢ does not divide n}.
Then

e C is non-regular and
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e C € strong-DSPACE[loglogn].

Proof. TFirst we present a strongly loglogn space-bounded deterministic Turing
machine M accepting C. On an input of the form w = a®, M computes F(n) in
binary and checks if F'(n) is a power of 2. To compute F(n), M writes in binary
on its work tape one by one successive natural numbers up to the moment it
finds one that does not divide n. In order to check if a number & written in binary
on the work tape divides n, M forms a counter modulo k¥ on the work tape and
going from one end of the input to the other counts a’s. By Lemma 4.1.2(d),
F(n) < clogn, so M needs only O(loglogn) space to remember it in binary.
It is easy to check if the number written in binary is a power of 2. Hence, M is
strongly loglogn space-bounded.

Now we shall show that C is non-regular. Assume that C can be accepted
by a finite automaton with s states. Let » be such a number that 2" > s and let

n=lem{i|i<2" -1},

where lcm A denotes the least common multiple of all numbers from A.

By Lemma 4.1.2(f), F(n) > 2" and by Lemma 4.1.2(a), n is divisible by 2"~!
and not by 2", so F(n) = 2" and a” € C. By the pumping lemma 4.1.1, a® can
be decomposed into a® = wvw with |uv| < s, |v] > 1, such that uv/+lw € C,
where j = ]%F (Jv| divides n, since |v| < s < 27). But

luv/ 1| = [uvw| +ilvl =n+n=2n

Note that
2" < F(2n),
since every ¢ < 2" divides 2n. On the other hand,

F(2n) < 7%,

since there is a prime number p such that 2" < p < 2-2" = 2"+! and p divides
neither n nor 2, so F(2an) < p:

Hence, F(2n) is not a power of 2 and uwv’*'w ¢ C, a contradiction. We
conclude that C is non-regular. a







5. Lower Bounds for Accepting
Non-regular Languages

In this chapter we present so-called gap theorems. It is impossible for a Turing
machine to lay off small amounts of tape; either it lays off an amount bounded by
a constant or the amount laid off must reach dloglog = infinitely often for some
constant d. The first results of this type were presented in (Stearns et. al 1965)
for strongly space-bounded deterministic Turing machines which stop on every
input. Hopcroft and Ullman (1967) showed that the proofs of (Stearns et. al
1965) can also be used for nondeterministic Turing machines and they removed
the halting restriction. Alberts (1985) showed that loglogn is the lower bound
for accepting non-regular languages by weakly space-bounded deterministic and
nondeterministic Turing machines. Iwama (1993) proved that loglogn is the
lower bound for weakly space-bounded-alternating Turing machines. In all cases,
the lower bound loglogn is tight because, as we showed in Chapter 4, there
exists a non-regular language accepted by a strongly loglogn space-bounded
deterministic Turing machine.

We shall also consider lower bounds for accepting non-regular languages by
one-way Turing machines, i.e. the Turing machines whose input head can move
only from left to right. Stearns et. al. (1965) showed that the lower bound for
strongly space-bounded one-way deterministic Turing machines is log n and their
proof can easily be adopted to prove that logn is the lower bound also for
strongly space-bounded nondeterministic and alternating Turing machines. The
lower bound for weakly space-bounded one-way Turing machines is equal to logn
for deterministic, and to loglogn for nondeterministic and alternating Turing
machines (Alberts 1985). Both log n and loglogn lower bounds are tight because
by Lemma 4.1.3, the language A = {a*t™ | k # m} can be accepted by a
weakly loglogn space-bounded one-way nondeterministic Turing machine and
it is easy to see that A can be accepted by a strongly logn space-bounded one-
way deterministic Turing machine.

We shall also consider lower bounds for a middle mode of space complexity,
which requires that all computations on every accepted input satisfy the space
bounds. For two-way Turing machines, loglog n is the lower bound for accepting
non-regular languages for both the weak and strong mode of space complexity.
Hence, log log n is also the lower bound for middle space-bounded two-way Turing
machines. The situation is more interesting for one-way Turing machines. In
(Szepietowski 1988) it was shown that for one-way Turing machines the lower
bounds for the middle mode are different from both the lower bounds for the
weak and strong mode. The lower bound for the middle space-bounded one-way
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Turing machines is equal to loglogn for alternating, and to log n for deterministic
and nondeterministic Turing machines. These lower bounds are tight.

In Chapter 15 we shall show that loglogn is the lower bound for accepting
non-regular languages by 1-pebble (and 1l-inkdot) Turing machines, and that
Turing machines with two-dimensional inputs can be space-bounded by functions
that grow much slower, e.g. log"n or log{*'n for every k.

5.1. Lower Bounds for Two-way Turing Machines

In this section we show that the lower space bound for accepting non-regular
languages is equal to log logn or, more precisely, that every (deterministic, non-
deterministic, or alternating) o(log logn) space-bounded Turing machine accepts
a regular language and actually uses a bounded amount of space on every in-
put. We shall prove this for the weak mode of space complexity, but since every
strongly space-bounded Turing machine is also weakly space-bounded, the same
is true for the strong mode of space complexity. The lower bound loglogn is
tight because, as we showed in Chapter 4, there exists a non-regular language
accepted by a strongly log log n space-bounded deterministic Turing machine.

First, we show that loglogn is the lower bound for nondeterministic (or
deterministic) Turing machines. Let M be a nondeterministic Turing machine
with an input alphabet X. Let k be a natural number and w a word over Z'. Let
Cjy denote the set of all k space-bounded internal configurations of M. Consider
the following two relations.

e Pl(w) C Cly x Ciy
(B1,52) € Pf(w) if and only if there is an k space-bounded computation
of M that starting in () at the first letter of w reaches (3 just after it
leaves w to the left.

o Qf(w) C Cjy
B € Q% (w) if and only if there is an k space-bounded accepting compu-
tation of M that starting in § at the leftmost letter of w accepts without
leaving w.

Now we shall define an equivalence relation.

Definition 5.1.1. Given u,v € L*, u and v are called k-equivalent, denoted
u =, v, if and only if

Piy(u) = Pig(v) and  Qfy(u) = Q44 (v).
Intuitively, M cannot distinguish k-equivalent suffixes when using k space.
The following lemma makes it more formal.

Lemma5.1.2. Let 2, u, v € £, and u = v. Then the following two statements
are equivalent:
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e there is a k space-bounded accepting computation of M on zu
o there is a k space-bounded accepting computation of M on zv.

Proof. Let us consider some k space-bounded accepting computation of M on
Tu:

BoBy .. B,

where (3 is the initial configuration and By, is accepting. We shall show that there
is also a k space-bounded accepting computation on zv. During the computation
BoBr ... Bm M can cross the boundary between z and u several times. So, the
computation can be divided into segments: o) ... a; in such a way that o
starts in (g, a; ends in f,,, and for each i, the segment a; consists entirely of
configurations entered on z if ¢ is odd, and entirely of configurations entered
on u if i is even. From the assumption that ¥ =; v it follows that for each
segment ¢; with ¢ even, there exists a k space-bounded segment of computation
5; on v that enters and exits v exactly in the same internal configurations as
a;; and if j is even, then there is also a k space-bounded accepting segment of
computation §; that enters v exactly in the same internal configuration as aj.
Now, if we exchange each segment a; with even i for the segment é;, we obtain
an accepting computation of M on zv. o

Now we are ready to prove that loglogn is the lower bound for accepting non-
regular languages by deterministic or nondeterministic Turing machines (Alberts
1985).

Theorem 5.1.3. Let M be a weakly L(n) space-bounded deterministic or non-
deterministic Turing machine. Then either

e L(n) > cloglogn for some constant ¢ > 0 and infinitely many n, or
e M accepts a regular language and space used by M is bounded by a constant.

The theorem is also valid for the strong mode of space complexity.

Proof. Suppose that there is no constant. upper bound on space used by M.
Then there are infinitely many k and w such that w = a,a,...a, is the shortest
input accepted by M in exactly k space.

Define w; = a; . ..a, tobe asuffix of w, 1 < ¢ < n, and suppose that w; =; w;
and w; =¢_; w; for some 1 < i < j < n. Then from Lemma 5.1.2 it follows
that there is also k space-bounded accepting computation on the shorter word
w' = ajaz...a;_1aja;4) ...a,. Note, that there is no accepting computation on
w’ that uses less space than k, since otherwise w could also be accepted with
less space because w; =¢—1 w;.

By Lemma 2.3.2, the number of internal configurations using up to k space is
at most d* for some constant d. And the number of possible equivalence classes
of the relation = is not greater than 4(@* ) Since two different suffixes w; and
w; cannot belong to the same equivalence classes of = and =;_1, it requires
that
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(49 >n

and taking logarithm twice we obtain k > cloglogn for some constant ¢ > 0.
Hence, L(n) > clogloga for infinitely many n. o

Now we shall present a modified version of the proof of Iwama (1993) that
loglogn is the lower bound for accepting non-regular languages also for weakly
space-bounded alternating Turing machines. Let M be an alternating Turing
machine. We assume that all final configurations of M are encountered only on
the right endmarker. Let an input w be of the form w = zy.

Let 8 be an internal configuration and i be a position on the input tape.
Then an accepting subiree T rooted in § at 7 is a finite tree whose nodes are
labeled by configurations of M on w. The root of the tree is labeled by 8 po-
sitioned at cell 7, the children of any node labeled by a universal configuration
are all immediate successors of that configuration; and any node labeled by an
existential configuration has one child, which is labeled by one of the immediate
successors of that configuration (provided there are any); and all leaves of the
tree are accepting configurations.

SEC;y(T) denotes the cross section of T' which is the set of all internal
configurations of T encountered just after M crosses the boundary between z
and y for the first time. CRS(T') denotes how many times computation paths
of T cross the boundary. The number of crosses may differ from path to path
of the tree. CRS(T') is the maximum value over all paths. SP(T) denotes the
amount of space used by T

We shall consider subtrees rooted on both sides of the boundary between z
and y, i.e. either at the last letter of z or at the first letter of y. Note that, since
all final configurations are entered on the right endmarker, CRS(T) is odd if T'
is rooted at the last letter of 2, and even if T is rooted at the first letter of y.

Now we define S:ly(r) for natural numbers k and ». Suppose first that r is

even. Then S :l (r) contains all pairs (B, j) of an internal configuration 8 and an
integer j < k which satisfy the following conditions:

o There exists an accepting subtree T rooted in 3 at the first letter of y such
that CRS(T) = » and SP(T) = j (i.e. T crosses the boundary r times
and uses j space).

e For any accepting subtree T/ rooted in S at the first letter of y, if CRS(T') =
r, then SP(T') > j.

e For any accepting subtree T’ rooted in 3 at the first letter of y,if CRS(T') <
r, then SP(T') > j.

Intuitively speaking, (3,7) is in Sfly(r), with even r, if 8 leads to. acceptance

with » crosses and j (but not less) space, and (3, ') ¢ Sz"ly(r’) for any j' < j

and even ' < r. Recall that CRS(T) is even if T is rooted at the first letter of
y.

If » is odd, then the definition is analogous, but subtrees are rooted at the
last letter of z.
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Lemma 5.1.4.
If » is even, then S" ( ) is determined by y and by Sﬂy(l), t'y(3)

zly(r - 1. If ris odd then S’“ 4(7) is determined by z and by xly(o)’
’-'I!I(Q)’ e zly(r )

Proof. By the definition, S z"ly(ﬂ) contains all (8, j) such that the internal con-
figuration 3 positioned at the first letter of y leads to acceptance using j space
and without crossing the boundary. Thus, clearly xly(O) depends only on y.

Now suppose that the lemma is valid for Sz"ly(O) through S
r. Let

MINS”'!I(T) {(:B’J) | (ﬂ’]) € Sz:ly (0 k]y (2) u. USz]y( ‘) and
(B, 5') & S, (0) USS, (2)U ... USK,(r) for any j' < j).

rly (r) for an even

Consider now Szkh, (r+1).(8,5) € .v]y(7 + 1) if the following conditions are
satisfied:

(a) there exists an accepting subtree T rooted in 3 at the last letter of z satis-
fying the following conditions:
(i) SEC;y(T) C {6 | there is m such that (6,m) € MINSy(r)} and
(i) j = max{m | there is é such that § € SEC,,(T) and
(6,m) € MINS,,(r)}

(b) there is no accepting subtree T” rooted in G at the last letter of z and j' < j
that satisfy (i) and (i1) with T/ instead of T and j' instead of j,

(¢) (B, ¢ zly(rl) for any j/ < j and odd ' < » (by induction, this depends

only on z and on |y(0) wa() .. x|y(’ -1)).

Thus, the fact whether or not (,j) € r|y(r + 1) depends only on z and on
I!I(O) ley(Q) zlv (r). For odd r, the proof is analogous. ]

Note that, if r # ¢/ and r" + 7 is even (i.e. 7 and r are both even or both
odd), then Sk , (1) NS, (r’) = 0, and by Lemma 2.3.2, the number of & space-
bounded mtemal conﬁgurations is bounded by d* for some constant d. Hence,
there may be at most 2kd* nonempty S:ly(r). Thus, there exists an integer 7
such that Sk, (r) = 0. It is also obvious that if S} () =0, then Sf (r+1)=
Sk (r+2)=...=0.Let Sf'y(p) be the last one that is not empty. Then Szly

eﬁned as

S':r:ly \leyio) x]y( ) cr 15:]3/(;)))'

Lemma 5.1.5. Let zyz be an input. Then Sk 2lys = Szkylz implies Sk Sly: =
Szylz = Sz|z

Proof. By Lemma 5.1.4, both S y,z(O) and 1'|2(0) depends only on z, there-
fore they must be the same. So by the assumption,
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k
Szyl ( ) S:clyz( ) - S.ztklz(o)
This and again Lemma 5.1.4 imply that xm(l) Sk.(1) and therefore

zylz(l zlyz(l) = zkiz(l)'

We can continue this argument step by step until we get to

Szylz(p + 1) :clyz(p+ 1) zlz(p + 1) 0.
8]
Lemma 5.1.6. Let zyz be an input and S* 2lyz = Sz:ylz Then

if M accepts zyz with k space but not with & — 1 or less,
then M also accepts zz with k space and not with k — 1 or less.

Proof. Let

MINSzy, ={(8,5) [(B,§) €S Iyz(') for some even r, and
B,5') ¢ z,y;(1) forany j' < j and even r},

and suppose that M accepts zyz with k space and not with k£ — 1.
Then the following conditions must be satisfied:

(d) there is a computation tree T (rooted in the initial configuration) such that
(ili) SECyy,(T) C {6 there is m such that (6, m) € MINS,,.} and
(iv) k= max{m | there is 6 such that 6 € SEC;},,(T) and
(6,m) € MINS;),.},
(e) there is no computation tree T/ and k' < k that satisfy (iii) and (iv) with
T’ instead of T and k' instead of k.

Let us recall that any final configurations can be entered by M only on the
right endmarker, so there are no rejecting leaves in computation trees 7 and T
entered on z.

Note that the sets

{SEC;}y,(T) | T is a computation tree on ryz} and
{SEC:|;(T) | T is a computation tree on zz}

are equal and by Lemma 5.1.5, St Ziyz = ZI .. Hence, conditions analogous to (d)
and (e) but with z|z instead of :L'|yz are satisfied on zz. Thus, M accepts zz
with space k£ and not with k& — 1. o
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Now we are ready to present the theorem of (Iwama 1993) which says that
loglogn is the lower bound for accepting non-regular languages by alternating
Turing machines.

Theorem 5.1.7. Let M be a weakly L(n) space-bounded alternating Turing
machine.
Then either

e L(n) > cloglogn for some constant ¢ > 0 and infinitely many =, or
e M accepts a regular language and space used by M is bounded by a constant.

The theorem is also valid for the strong mode of space complexity.

Proof. Suppose that there is no constant upper bound on space used by M.
Then there are infinitely many k and w such that wis the shortest input accepted
by M in exactly k space. From Lemma 5.1.6 it follows that if w = zyz and
y # A then Szkly , F Szkyl ,» since otherwise we can get the shorter input zz that
also needs k space.

By Lemma 2.3.2, the number of different k& space-bounded internal configu-
rations is bounded by d*. Hence, there are at most 2kd" different Szkly(r) and

Sk(r)=0  if r>2kd".

Hence, the number of different Srkl!l is bounded by
(2kd“)2kd“ = 92k%d®*

Thus

n < 22k2d2k .
So we can derive that k > cloglogn for some constant ¢ > 0. Hence, L(n) >
¢ loglog n for infinitely many n. 0

5.2. Lower Bounds for One-way Turing Machines

In this section we present lower bounds for accepting non-regular languages by
one-way Turing machines. In this case the lower bound is equal to logn for
strongly space-bounded deterministic, nondeterministic, and alternating, and
weakly space-bounded deterministic Turing machines; and is equal to loglogn
for weakly space-bounded nondeterministic and alternating Turing machines
(Stearns et. al. 1965, Alberts 1985).

Theorem 5.2.1. Let M be a strongly L(n) space-bounded one-way determinis-
tic, nondeterministic or alternating Turing machine. Then either

e L(n) > clogn for some constant ¢ > 0 and infinitely many n, or
o M accepts a regular language and space used by M is bounded by a constant.
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Proof. Suppose that there is no constant upper bound on space used by M.
Then there are infinitely many k and w such that

W= aaz...an

is the shortest input causing M to use exactly k space. Consider a computation
that uses k space on w. The configuration using k space must not be reached
before M scans a,. Suppose that for some i and j, 1 <i < j < n, there is an
internal configuration which M encounters when shifting from a; to a;4; and
from a; to @j41. Then

a)az ...2iGj4)...G4n

is a shorter word causing M to use exactly k space.
By Lemma 2.3.2, the number of all k space-bounded internal configurations
of M is bounded by d* for some constant d. Hence,

n—-lgd}‘.

Taking logarithm we can derive that & > clogn for some constant ¢ > 0. Hence,
L(n) > clogn for infinitely many n. a

For weakly space-bounded one-way deterministic Turing machines the lower
bound is log n. The proof is essentially the same as for strongly space-bounded
deterministic Turing machines in Theorem 5.2.1. One should only consider
an accepting computation. For weakly space-bounded one-way nondeterminis-
tic and alternating Turing machines, the lower bound is loglogn because by
Lemma 4.1.3, the non-regular language {a*™ | k # m} can be accepted by a
weakly loglog n space-bounded one-way nondeterministic Turing machine.

5.3. Lower Bounds for the Middle Mode of Space
Complexity

In this section we consider lower bounds for the middle mode of space complexity,
which requires that all computations on every accepted input, satisfy the space
bounds. For two-way Turing machines, loglog n is the lower bound for accepting
non-regular languages for both the weak and strong mode of space complexity.
Hence, loglog n is also the lower bound for middle space-bounded deterministic,
nondeterministic, and alternating two-way Turing machines.

The situation is more interesting for one-way Turing machines because then
the lower bounds for the middle mode are different from both the lower bounds
for the weak and strong mode. We shall show that the lower bound for the middle
space-bounded one-way Turing machines is equal to loglog n for alternating, and
to logn for deterministic and nondeterministic Turing machines (Szepietowski
1988).

Theorem 5.3.1. Let M be a middle L(n) space-bounded one-way deterministic
or nondeterministic Turing machine. Then either
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e L(n) > clogn for some constant ¢ > 0 and infinitely many n, or
e M accepts aregular language and space used by M is bounded by a constant.

Proof. Suppose that there is no constant upper bound on space used by M.
Then there are infinitely many + and w such that

W =aada...Aayn

is the shortest accepted input causing M to use exactly k space. Consider two
computations of M on w: one that uses exactly k space on w and the other that
accepts w. Note that the accepting computation does not have to use maximal
space. Suppose that both computations repeat internal configurations exactly in
the same places. More precisely, for some 7 and j, 1 < i < j < n, there are two
internal configurations 8; and B3 such that:
o (3, is entered by the accepting computation when shifting from a; to ai4i
and from a; to aj41, and
e (3, is entered by the computation using k space when shifting from a; to
aiql and from a;j to Gj41.

Then
G122 ...G{Qj41...Gp

is a shorter accepted word causing M to use exactly k space.
By Lemma 2.3.2, the number of all k space-bounded internal configurations
of M is bounded by d* for some constant d. We must therefore have

n—1< (d*)%
Taking logarithm we can derive that k£ > clogn for some constant ¢ > 0. Hence,

L(n) > clogn for infinitely many n. a

For middle space-bounded one-way alternating Turing machines the lower
bound is loglogn (Szepietowski 1988).

Theorem 5.3.2. Let

A = {a*b™ | m is a common multiple of all r < k}.
Then

e A is non-regular and
o A € middle-one-way-ASPAC E[log log n).

Proof. First we show that A can be accepted by a middle loglogn space-
bounded one-way alternating Turing machine Af. M first writes in binary on
the work tape the number k of a’s standing at the beginning of the input w.
Next, using universal branching selects a number r < k and checks if r divides
the number of b’s. If w = a¥0™ € A, then by Lemma 4.1.2, m > c* for some
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¢ > 1, and M uses only loglog|w| space, though if w € A, it may happen that
M uses too much space before it rejects w.

Now we shall show that A is non-regular. Assume that A can be accepted by
a finite automaton with s states. Let k be such a number that & > s and let m
be a common multiple of all numbers i < k. Then a*6™ € A. By the pumping
lemma 4.1.1, a*6™ can be decomposed into a*6™ = uvw in such a way that
luv] <'s, |9 > 1, and uv™*'w € A. Note that u, v € a*, since |uv| < s < k.
Hence, uv™*tlw = g*Hvlmpm ¢ A a contradiction because k + |v|m does not
divide m. Thus A is non-regular. a




6. Space Constructible Functions

In this chapter we counsider space constructible and fully space constructible
functions. Above logn all “normal” functions are fully space constructible. Be-
low log n, the situation is more complicated. Freedman and Ladner (1975) proved
that neither log logn nor any other unbounded non-decreasing o(log n) function
is fully space constructible. Geffert (1991) proved the same for nondeterministi-
cally fully space constructible functions.

In Chapter 8 we shall show that there exist computable functions above loga-
rithm which are not fully space constructible and in Chapter 15, we shall consider
functions that are space constructed by other models of Turing machines.

6.1. Definitions and Basic Properties

Definition 6.1.1. A function L(n) on natural numbers is said to be space con-
structible if there ezists a strongly L(n) space-bounded deterministic Turing ma-
chine M such that for every n, there is an input of length n on which M uses
ezactly L(n) space.

We say that M constructs L(n).

Definition 6.1.2. L(n) is called fully space constructible if there ezxists a deter-
ministic Turing machine M such that on every input of length n, M uses ezxactly
L(n) space.

We say that M fully constructs L(n).

Definition 6.1.3. A function L(n) is nondeterministically fully space construc-
tible if there ezxists a strongly L(n) space-bounded nondeterministic Turing ma-
chine M such that on every input of length n, there is @ computation of M which
stops and uses ezactly L(n) space.

Let us note that for L(n) to be nondeterministically fully space constructible,
it suffices that there exists a strongly (n) space-bounded nondeterministic Tur-
ing machine such that there is an accessible configuration using L(n) space on
every input of length n. In this case, one has only to introduce a new final state
and the rule that this new state can follow any other state at any moment.

The following lemma presents the basic properties of space constructible and
fully space constructible functions.
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Lemma 6.1.4.
(a) If L(n) is fully space constructible, then L(#) is space constructible,

(b) if L(n) is space constructible and L(n) > n, then L(n) is fully space con-
structible,

(c) if L(n) and K(n) are (fully) space constructible, then L(n) + K(n) and
L(n) - K(n) are (fully) space constructible,

(d) if L(n) and K(n) are (fully) space constructible and K'(n) > n, then the
composition K(L(n)) is (fully) space constructible.

From Theorem 5.1.3 it follows that there are no o(loglog n) space constructible
functions. But in some sense, the function loglogn is constructible.

Lemma 6.1.5. There is a space constructible function L(n) such that

loglogn < L(n) < loglogn + 1.

Proof. Consider the deterministic Turing machine M, described in Chapter 4,
which accepts the language consisting of all words of the form:

w = bo#bri# ... #by,

where b; is the binary description of the number i. AMf uses exactly |log|log k]]+1
space if the input is of the form w; z, with 2 € {0, 1, #}* which does not begin
with #b;41. Since k < |wi| < |w], the space used by M on |w| does not exceed
log log |{w| + 1. On the other hand, for each n, there is an input w such that
|w| = n, w = wiz, and |z| < |wg|. In this case

|w] < 2|wi| < 2klogk,
hence

log log|w| < |log|logk]] +1

for sufficiently large k. For short inputs, M can construct the space function
separately. o

Note that by Lemma 6.1.4(d), any composition K (loglogn) is constructible
if K(n) is fully space constructible and K'(n) > n. In particular, any function
[loglogn]™ with rational » > 1 is space constructible.
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6.2. Fully Space Constructible Functions

Above logn, i.e. if L(n) > clogn for some constant ¢ > 0, all “normal” functions
are fully space constructible, e.g.: log n itself, n", [logn]?, and ¢" with rational
» > 0 and ¢ > 1. Below log n, the situation is more complicated. Freedman and
Ladner (1975) proved the following theorem.

Theorem 6.2.1. If L(n) is fully space constructible, then either

e L(n) > clogn for some constant ¢ > 0 and all n, or
e L(n) < ¢; for another constant ¢; and infinitely many n.

Proof. Let M be a deterministic Turing machine that fully constructs L(n)
and suppose that lim inf%ﬁn2 = 0 or in other words that there is no constant
¢ > 0 such that L(n) > clogn for all n. Let r(n) denote the number of all
possible L(n) space-bounded internal configurations of M. By Lemma 2.3.2,
r(n) < dE(™), for some constant d. Since lim inf %5) = 0, there exists a number
m such that r(m) < m. Consider the computation of M on a™ and on g™+*™
for an arbitrary natural k. Whenever M traverses a” from one end to the other,
it has to loop (repeating internal configurations) and the length of the loop is
less than m and divides m!. So, M reaches the other end in the same internal
configuration on @™ and on a™+*™', Simiilarly, if M starting from one endmarker
of @™ comes back to the same endmarker without visiting the other endmarker,
then M can do the same on a”™*+*™' Thus, behavior of M on @™ and on a™*+*™'
is essentially the same. It differs only in the number of loops performed during
passes from one endmarker to the other. Hence, L(mm) = L(m + km!) for every
k. Thus, there exists a constant ¢; = L(m) such that L(n) < ¢, for infinitely
many n. 8]

The following corollary follows immediately from Theorem 5.1.3 and Theo-
rem 6.2.1.

Corollary 6.2.2. If L(n)is unbounded, fully space constructible, and lim inf%
= 0, then there exist two constants dy, ds > 0 such that:

e L(n) > dyloglogn for infinitely many n, and
e L(n) < d; for infinitely many n.

Thus, neither loglogn nor any unbounded and non-decreasing o(log n) funec-
tion is fully space constructible. But there exists unbounded O(loglogn) fully
space constructible function.

Lemma 6.2.3. Let L(n) = log[min{i | { does not divide n}]. Then L(n) is fully
space constructible and L(n) = O(loglogn).
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Proof.  First, we present a deterministic Turing machine M coustructing L(n).
On an input of length n, A computes in binary F(n) = min{¢ | ¢ does not
divide n}. Todo this, M writes in binary on its work tape one by one successive
natural numbers up to the moment it finds one that does not divide n. In order
to check if a number k divides n, M forms a counter modulo k£ on the work
tape and going from one end of the input to the other counts the letters of the
input. Thus, M uses exactly L(n) space on every input of length n. And by
Lemma 4.1.2(d), F(n) < clogn, so L(n) = O(loglogn). 0

The method used in the proof of Theorem 6.2.1 is called n — n + n!. We
shall also use this method to prove the following theorem (Chang et. al. 1987).

Theorem 6.2.4. Let A be an infinite bounded language (i.e. an infinite subset of
ajaj ...ay) accepted by a weakly (or strongly) L(n) = o(log n) space-bounded
nondeterministic (or deterministic) Turing machine. Then A contains an infinite
regular subset.

Proof. We shall show the result for a language A C a*b* ouly. The proof can be
generalized in an obvious way. Let M be a weakly L(n) = o(log n) space-bounded
nondeterministic Turing machine accepting A and let #(n) denote the number of
all possible L(n) space-bounded internal configurations of A{. By Lemma 2.3.2,
there is a constant d such that »(n) < d%"). Since lim.l—LO%% =0and A is
infinite, there exists some w = a’t’ € A of length i + j = m such that i > r(m)
or j > r(m). Suppose that i > r(m) and consider an accepting computation
of M on w which cousists ouly of L(m) space-bounded configurations. Similarly
as in the proof of Theorem 6.2.1, one can show that there is also an accepting
computation on a*™w = a*™*p for every k. Hence, A contains the infinite

regular set {a*™w |k > 1}. ]

Using the above theorem we show that the language {a*b* | £ > 0} cannot
be accepted with o(logn) space.

Corollary 6.2.5. Let B = {a*b*
Then B ¢ weak-NSPACE[L(n)].

k >0} and L(n) = o(logn).

Proof. The proof is obvious, since by Lemima 4.1.4, B does not contain any
infinite regular subset. ]

Note that the language B can be accepted with space L(n) < logn (i.e.
liminf%’) = 0). This is because every input with odd length is not in B and

logn . :
can be rejected without using any space. The following theorem shows that this

is not possible if a language contaius inputs of (almost) all lengths.

Theorem 6.2.6. Let A be a language such that:

e A is an infinite subset of ajas ... a},
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e A is accepted by a weakly L(nr) space-bounded nondeterministic Turing
machine with im inf 1%%»2 =0, and
o there is a word w € A of length |w| = n for all but finitely many =.

Then A contains an infinite regular subset.

Proof. The proof is similar to that of Theorem 6.2.4. Since lim inf%g";% =0,
there exists m such that r(m) < 2 and there is a word w € A of length m with

the group of a’s or b’s longer than r(m). ]

Corollary 6.2.7. Let D = {a¥0™ |m =k or m=k-1} and liminf%’% =0.
Then D ¢ weak-NSPACE[L(n)).

Proof. For every n, there is a word of length n in D, and similarly as in
Lemma 4.1.4 one can show that D does not contain any infinite regular sub-
set. O

Now we show that the language {a*b* | k > 0} can be accepted by weakly
loglogn space-bounded alternating Turing machine.

Theorem 6.2.8.

{a*b* | k > 0} € weak-ASPACE(loglogn).

Proof. We shall demonstrate a weakly log logn space-bounded alternating Tur-
ing machine M which accepts {a*b* | k > 0}. On an arbitrary input w, M first
deterministically checks whether the input is of the form w = a*6™. Then it (ex-
istentially) guesses and writes in binary a number z and branching universally
checks the following two facts:

(i) Whether k = m(mod j) for every j < d,z, where d, is a proper constant
(see below).

(i) Whether z > H(|w|), where H(|w|) = max{F(s) | s < |w|} and F(k) =
min{i | i does not divide k}.

The latter can be done as follows. Branching universally, M moves to the ith
cell of the input, for each 1 < i < |w|. Next it guesses (existentially) p < z and
going from the i-th to first cell checks if p divides ¢, and accepts if this is not the
case. Note that M has to store (in binary) p, but not 1.

If w = a*b*, then the branch (i) accepts, and there exists z = H(2k) =
H(|w|) such that the branch (ii) also accepts. Thus, M accepts w in at most
log log |w| space, because z and j are stored in binary and by Lemma 4.1.2(g),
H(Ju]) < clog u.

If w = a¥b™ and k # m, then if z < H(|w|), then the branch (ii) does not
accept, and if £ > H(|w|) and d; = §, where ¢ and d are the constants from
Lemma4.1.2(g), then, by Lemma4.1.2(e), there exists r such that k # m(mod 7)
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and r < clog|w| = didlog|w| < d1H(|w|) < diz and the branch (i) does not
accept. Thus the input w = a*b™ is not accepted, if k # m. O

In the sequel, we shall use the following property of fully space constructible
functions (Szepietowski 1989).

Theorem 6.2.9. Let L(n) be an arbitrary unbounded fully space constructible
function, L(n) = o(logn), f(n) be a function, and limf(n) = oo. Then the
language B(f) = {a" | L(r) > f(n)} does not contain any infinite regular
subset.

Proof. Suppose, for a contradiction, that there is an infinite regular subset
R C B(f). Then there exist two numbers p and g such that a?*™? € R for all
m.

Consider now the function

S(n) = N_T;nyn{L(y)}-

It is easy to see that

e S(n) is fully space constructible,

e limS(n) = oo, since lim f(n) = oo and S(i) > L(p + mq) > f(p + mgq) for
every i such that p+ mg <i<p+(m+1)g (note that a?*™? € B(f)).

e S(n) = o(logn), since lim .2 = 0 and

logn
§—(-12 = max {_L_(i/,_)_ < max 3@—) .
logn n—g<y<n logn — n-~g<y<n logy
But this contradicts Theorem 6.2.1. a

Note that if f(n) is constant, then B(f) is regular: modify some Turing
machine that constructs L(n) so that the computation is interrupted as soon as
more than f(n) cells are used. This yields a Turing machine with constant work
space, i.e. a finite automaton, that accepts B(f).

6.3. Nondeterministically Fully Space Constructible
Functions

Nondeterministically fully space constructible functions were considered in (Sze-
pietowski 1989) where it was proved that the following three conditions are
equivalent:

e weak-NSPACE[loglogn] = strong-NSPAC E|[loglog n]
o {a*b™ | k # m} € strong-NSPACE[loglog n]
¢ loglogn is nondeterministically fully space constructible.
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Geffert (1991) showed that these conditions are not valid because neither loglogn
nor any other unbounded nondecreasing o(logn) function is nondeterministically
fully space constructible. Now we present his proof.

Theorem 6.3.1. If L(n) is nondeterministically fully space constructible, then
either

e L(n) > clogn for some coustant ¢ > 0 and all =, or
o L(n) < ¢, for another constant ¢; and infinitely many =.

Proof. Let M be a strongly L(n) space-bounded nondeterministic Turing ma-
chine that fully constructs L(n) and suppose that lim inf% = 0 or in other
words that there is no constant ¢ > 0 such that L(n) > clogn for all n. Let #(n)
denote the number of all possible L(n) space-bounded internal configurations of
M. By Lemma 2.3.2, there exists a constant d such that r(n) < d%("). Let m be
a number such that m > [r(m)]®. Such a number exists since lim inf L)

log n

Consider the behavior of the Turing machine M on a™ and on a™+¥™ for an
arbitrary k. In Lemma 6.3.4 below we shall show that if a L(m) space-bounded
internal configuration S is accessible (from the initial configuration) on a™+¢™*
then S is also accessible on a™. Moreover, if 8 is accessible on the left or right
endmarker on a™**™', then £ is accessible on the left or right endmarker on a™,
-respectively.

Using this lemma we can prove that M uses at most L(m) space on ev-
ery input of the form a™+*¥™ Indeed, suppose that M reaches on a™t¥m' 3
configuration that is not L(m) space-bounded and let 3 be the last L(m) space-
bounded internal configuration entered just before M overuses the space. Then
by Lemma 6.3.4, 3 is also accessible on a™ and Af overuses the space in the next
step on this input. Thus, L(m + km!) < L(m) for every k. a

In order to prove Lemma 6.3.4 we first consider the behavior of M on a™+¢™
for an arbitrary k > 0 (if k¥ = 0 we consider the behavior on a™), and prove
two lemmas. Recall that our Turing machines cannot write blank symbol on the
work tape and a L(m) space-bounded internal configuration can only be reached
by a L(m) space-bounded computation.

Lemma 6.3.2. If there is a L(m) space-bounded computation on a™+¥™' which
starts in an internal configuration ; at a position p; and ends in an internal
configuration (3, at a position ps, say py < pa, and which does not visit the
endmarkers meanwhile, then there is a L(m) space-bounded computation which
starts in ) at p) and ends in 32 at p and which does not visit the cells more
than [r(m))? to the left of p; and more than [r(m)]* to the right from p,.

Proof. We shall only show that there is a computation leading from 3, at p)
to (B2 at pp not visiting the cells to the right of ps + [r(m)]2. Suppose that a
computation visits some cells to the right of p, + [r(m)]?. Let for each position
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P > p2, 61(p) denote a configuration encountered when M visits the position p
for the first time during the computation, and let é2(p) denote a configuration
encountered when M comes back to the position p. Then there are two positions
p3 and p4, p2 < p3 < p4, such that 6,(p3) = 6)(p4) and 62(p3) = 62(p4). In that
case, we can obtain a shorter computation from 3, at p) to f, at py by cutting
off two segments of the old computation:

e one from 6,(p3) at the position p3 to 6;(p3) at the position ps and the other
e from 6,(pa) at the position ps to 62(pa) at the position p3.

By repeating this process we can obtain the computation leading from 3, at p,
to By at p2 not visiting the cells to the right of pa + [r(m)])2. 0

Note that using Lemma 6.3.2 we can freely move segments of a computation,
provided they are at the safe distance of at least [r(1)]? from the endmarkers.
More precisely, if M can get from an internal configuration 3, at a position p; to
an internal configuration S2 at a position p; +p visiting neither of the endmarkers,
then M can also get from 3, at pa to (2 at pa + p, provided [r(m)]? < p, and
p2+p < m+ km! - [r(m)]%.

The following lemma is crucial for the whole theorem. Roughly speaking, it
says that we only need to consider those computationsof M that loop when they
traverse through the whole input. This lemma has many useful consequences.

Lemma 6.3.3. If the input a™**™' can be traversed from one endmarker to the
other by a L(m) space-bounded computation beginning in an internal config-
uration B, and ending in B2, then a™+*™ can also be traversed by a compu-
tation beginning in $, and ending in B such that from the position [r(m)]?
to m + km! — [r(m)]* the computation consists of loops of length p for some
p < r(m).

Proof. Suppose that the input a™+*™" can be traversed from left to right by
a L(m) space-bounded computation beginning in an internal configuration 3,
and ending in f2. Since there are at most 7(m) L(m) space-bounded internal
configurations, the machine must repeat its internal configuration during the
first r(m) steps. Suppose that the computation consists of:

o the first segment s) not longer than [r(m)]?,

o then some consecutive loops of length p < »(m), and
e then the segment sy after the loops,

and that the computation contains the shortest segment s, satisfying the above
conditions. In the computation segment sa, no loop of any length ¢ can occur
more than p times. Suppose, for a. contradiction, that there are at least p loops
of length ¢. They are not necessarily adjacent, they can start in different internal
configurations, but they all are of equal length ¢. But then by a “cut and paste”
technique we can exchange p loops of length ¢ for ¢ loops of length p standing at
the beginning. So, there is a computation from 3; to 3, with a shorter segment
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s2. These can be done because all cuttings and pastings are done at a safe
distance of at least [r(m)]? from the endmarkers.

But there are no more than [r(m)]? loops with different length ¢ < r(m),
each length can be repeated at most r(m) times, and there is a loop in every
segment of length r(m). So, s» cannot be longer than [r(m)]*. a

Now we are ready to prove:

Lemma 6.3.4. If a L(m) space-bounded internal configuration § is accessible
(from the initial configuration) on a™+¥™ then 8 is also accessible on a™.

Moreover, if 3 is accessible on the left or right endmarker on a™+¥™'  then
B is accessible on the left or right endmarker on a™, respectively.

Proof. Suppose that there is a L(m) space-bounded computation of M on
a™t®m! that leads from the initial configuration to an internal configuration
B. We shall show that 3 is also accessible on a™. The computation on a™+¥™
can be divided into segments of three types:

(a) segments that start and end at the same endmarker without visiting the
other endmarker,

(b) segments that traverse the whole a™+¥™ and

(c) the final segment that reaches 8 without visiting any of the endmarkers.

By Lemma 6.3.2, each segment of type (a) can be exchanged for an equivalent
segment that starts and ends in the same internal configurations and does not
go further than [r(m)]? from the endmarker, the latter can also be performed on
a™. Suppose that M traverses a™*+*™' by a segment of type (b) that starts in an
internal configuration £ at the beginning of the input and ends in an internal
configuration 2 at the end. Then by Lemma 6.3.3, it can be exchanged for a
segment that starts in ) and ends in B, and that loops between [r(m)]? and
m+km!—[r(m)]*. Since the length of the loop, say p, divides m! , by cutting off
k—;‘i loops we obtain a computation on a™ that leads from ) at the beginning
to B2 at the end. This is possible, since m > [r(m)]® > [#(m)]* + [r(m)]?. The
segment of type (c) can be exchanged for the segment that reaches 8 not farther
than r(m) from the endmarker, and the same segment can be performed on a™.
Hence, we have proved that the internal configuration § can also be reached on
a™. a







7. Halting Property and Closure under
Complement

In this chapter we consider the halting property of Turing machines and closure
under complement of space complexity classes. Using the well-know technique
of (Immerman 1988; Szelepcsényi 1988; Sipser 1980) we shall show that every
strongly L(n) space-bounded Turing machine (deterministic with arbitrary L(n),
and nondeterministic with L(n) > logn) can be simulated by a strongly L(n)
space-bounded recognizing Turing machine (deterministic or nondeterministic,
respectively). A recognizing Turing machine has two special states s, and s,
and reaches the state s, on every accepted input, and the state s, on every not
accepted input, and on no input both s, and s, can be reached (see Chapter 2).

Using this fact we shall show that classes strong-DSPACE[L(n)] for ar-
bitrary L(n), and strong-NSPACE[L(n)] for L(n) > logn, are closed under
complement (Sipser 1980; Immerman 1988; Szelepcsényi 1988)

It is not known whether the class strong-NSPACFE[L(n)] is closed under
complement, if L(n) = o(logn) and whether any strongly L(n) space-bounded
nondeterministic Turing machine M with L(n) = o(logn) can be simulated by
a recognizing Turing machine. But due to the result of (Geffert 1991), such
simulation is possible for arbitrary function L(n), if the language acceptable
by M is bounded, i.e., if L(M) C ajaj...a}. Thus, if a language of the form
A C ajaj...a; is accepted by a strongly L(n) space-bounded nondeterminis-
tic Turing machine, then its complement A€ is also accepted by a strongly L(n)
space-bounded nondeterministic Turing machine. This means, in particular, that
the class of tally languages accepted by strongly L(n) space-bounded nondeter-
ministic Turing machines is closed under complement.

On the other hand, weak complexity classes are generally not closed under
complement. The class weak-DSPACE[L(n)] for arbitrary L(n), and weak-
NSPACE[L(n)] for L(n) > log n, are closed under complement only if they are
equal to the strong complexity classes. Furthermore, there exist deterministic
and nondeterministic weak space complexity classes above logarithm which are
not closed under complement; and all weak space complexity classes between
loglogn and logn are not closed under complement.
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7.1. Halting Property of Turing Machines with
Logarithmic or Greater Space

Definition 7.1.1. We say that a Turing machine is halting if for each input,
each computation stops eventually.

In other words, for each input, there is no infinite computations and the tree
of accessible configurations is finite.

The halting property of strongly L(n) space-bounded Turing machines with
L(n) > logn was discussed by Hopcroft and Ullman (1969). They observed that
if there is an accepting computation of the deterministic or nondeterministic
machine, then there is also an accepting computation without repeated configu-
rations. Similarly, if there is an accepting tree for an alternating Turing machine,
then there is also an accepting tree such that no configuration is repeated on
any computation path in the tree. Thus, if during some computation some con-
figuration is repeated, then the computation can be stopped in a rejecting state,

By Lemma 2.2.2, the number of all possible configurations of an L(n) space-
bounded Turing machine M on an input of length n is not greater than

s(n + 2) L(n)tt™),

where s and ¢ represent the number of states and the number of symbols of the
work tape alphabet, respectively. And if any computation is longer than s(n +
2)L(n)tL(™) | then some configuration has been repeated and the computation
can be stopped in a rejecting state. In order to detect too long computations,
the Turing machine M counts its steps in base d, where d is such that d£(®) >
s(n +2)L(n)tL(™). Such a constant exists, because L(n) > log n. The counter is
reset to zero whenever M uses a new cell on the work tape. The counter requires
at most L(n) space. Hence, we have proved the following theorem.

Theorem 7.1.2. Let M be a strongly L(n) space-bounded deterministic, non-
deterministic, or alternating Turing machine, and L(n) > logn. Then there is
a halting strongly L(n) space-bounded deterministic, nondeterministic, or al-
ternating, respectively, Turing machine M"* that accepts the same language as

M.

Observe that if M is deterministic then M* is a recognizing Turing ma-
chine. It stops in an accepting state if the input is accepted and in a rejecting,
if the input is not accepted. From this it follows immediately that the class
strong-DSP ACE[L(n)] is closed under complement if L(n) > log n. In the next
section we shall show that this is true for arbitrary function L(n).
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7.2. Closure under Complement of Strong Deterministic
Complexity Classes

The halting algorithm of (Hopcroft and Ullman 1967), described in the previous
section, does not apply to Turing machines with sublogarithmic space because
the number of all possible configurations s(n + 2)L(n)tX(®) cannot be remem-
bered within L(n) space if liminf%é’;2 = 0. Sipser (1980) showed that for any
strongly L(n) space-bounded deterministic Turing machine, there is an equiv-
alent halting (or recognizing) deterministic Turing machine. Now we present a
modified version of the proof of Sipser.

Theorem 7.2.1. Let M be a strongly L(n) space-bounded deterministic Turing
machine. Then there exists a strongly L(n) space-bounded recognizing determin-
istic Turing machine M g which accepts the same language. Mg has two final
states s4, s, and on arbitrary input w either

o Mg reaches the state s, if and only if M accepts w, or
e Mg reaches the state s, if and only if Af does not accept w

Proof. The Turing machine Mg will check if M can reach an accepting config-
uration from the initial configuration. Without loss of generality we assume that
there is only one accepting configuration in M (i.e., when accepting an input,
M erases its work tape, returns the heads to their initial positions, and halts in
the unique accepting state).

First we present a procedure for determining whether M reaches the ac-
cepting configuration by a computation which uses at most space k. Consider
configurations of M using at most k space as nodes of a finite graph, each con-
figuration in the graph is connected by an arc with its immediate successor.
Because M is deterministic, the component of this graph which contains the ac-
cepting configuration is a finite tree rooted at the accepting configuration. Mg
begins at the accepting configuration and performs a depth-first search of this
tree, to determine if the initial configuration is a member. This search procedure
can easily be implemented on a Turing machine Mg using k space. When Mg
is visiting a node, its work tape contains a copy of M’s work tape and its input
head is in the same place as M’s input head. Arcs of the tree are traversed for-
ward by running M one step forwards. Arcs are traversed backward by running
M one step backwards. At some point there may be several valid ways to run
M backwards. These are ordered in some predetermined way and Mg selects
them one at a time in the usual depth-first manner. If, however, there are no
valid ways to run M backwards, either because the current configuration has no
predecessor or because the predecessors use k + 1 space, then a leaf of the tree
has been reached and the search proceeds forwards.

A difficulty arises in utilizing the above procedure because M g has no advance
knowledge of k, the amount of space used by M. This is overcome by running
the procedure successively for k = 1,2,3, ... until an accepting computation is
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found. M g uses exactly as much space as Af does, provided M accepts. However,
if M does not accept, then Mg will run forever. So, instead, M ensures that
M uses at least k + 1 space before embarking on a k + 1 search. It does so by
cycling through all configurations using space k and selecting those which are
about to use the (k + 1)-th cell of the work tape in the next step. From each of
these configurations, it performs a reverse search for the initial configuration. If
none is successful, then Mg rejects, since it knows that M does not use space
k + 1. On the other hand, if one of these searches succeeds, then Mg performs
a k + 1 search from the accepting configuration, as before.

Now we shall explain how Mg cycles through all configuration of M which
are about to use k + 1 space. Mg cycles through all £ space-bounded internal
configurations and positions of the input tape. For each k space-bounded internal
configuration 3, Mg cycles through all input head positions p starting from
p = 1. At the beginning Mg stays at p in 8, Mg keeps in its memory 8 and
the symbol ¢ written at the position p (the position p is not remembered). If
M in B at o is about to use k£ + 1 space in the next step, then Mg performs a
reverse search for the initial configuration. The search does not enter any k + 1
space-bounded configuration and ends when Mg comes back to the internal
configuration § standing at the symbol o. During the reverse search Mg enters
B at o only when it comes back to the position p. Then Mg proceeds search for
the position p + 1. a

From the above theorem it follows immediately that the strong deterministic
complexity classes are closed under complement.

Theorem 7.2.2. For any function L(n),
strong-DSPAC E[L(n)] = co-strong- DS P AC E[L(n)).

Observe that the Turing machine Mg can be used (after small modification)
to check whether the machine M accepts an input within given space. We shall
need this fact in the sequel and we present it now more formally.

Theorem 7.2.3. For every deterministic Turing machine M there exists a de-
terministic Turing machine R(M ) with two final states s,, s, such that, if R(M)
is started on arbitrary input w with arbitrary number s of cells marked off at
the beginning of the work tape, then either

e R(M) reaches the state s, if and only if M accepts w within space s (if
there is an s space-bounded accepting computation of M on w), or

e R(M) reaches the state s, if and only if A7 does not accept w within space
s (w is not accepted at all or M needs more than s space to accept w).

During its computation R(M ) does not use more than s space.

Sipser’s algorithm shows how to check whether there is an accepting com-
putation starting from the initial configuration, but it cannot be used to find
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out whether there is an accepting computation starting from an arbitrary con-
figuration. Now we shall present the algorithm of (Hartmanis and Berman 1976)
which can be applied to computations starting in any configurations, but it is
restricted to bounded languages (i.e. to languages of the form A C alaj .. .a}).

Theorem 7.2.4. If a language A C ala3...a}, is accepted by a strongly L(n)
space-bounded deterministic Turing machine M, then A¢ —-the complement of
A, is also accepted by some strongly L(n) space-bounded deterministic Turing
machine M°¢,

Moreover, for every L(n) space-bounded configuration 8 of M, M starting
from 3 accepts if and only if M* starting from 3 does not accept (the work tape
alphabet of M® contains the work tape alphabet of M and the set of states of
M?¢ contains the states of Af).

Proof. We shall prove the theorem for A C a*b*. The proof can be generalized
in an obvious way.

From Lemma 2.3.2 it follows that the Turing machine M cannot enter more
than d%(") internal configurations for some constant d. The Turing machine M¢
accepting A° acts as follows: M*¢ has six tracks on its work tape such that on
each track, M° using m space can count higher than d™. On the track 1, M*
simulates M and if M ever halts, M¢ rejects the input if M accepts, and vice
versa, M°¢ accepts if M rejects. On the tracks 2, 3, and 4, M°¢ counts the number
of times the input head of M hits the left and right endmarker, and the boundary
between a’s and b’s, respectively. If either of these counters grows so large that
it tries to use more space than so far used by M, Af¢ accepts the input, since
M is cycling. On the track 5, M¢ counts the number of moves M has performed
since its input head last visited an endmarker or the boundary between a’s and
b’s. If this counter tries to use more space than M has used so far, then M
has repeated its internal configuration inside a’s (or b’s) and either is heading
for another end of a’s (or 0’s) or cycling near one end of a’s (or b’s). M¢ now
records the configuration of M on the track 6 and counts on the track 5 the
displacement of the input head of M from its present position until the recorded
configuration of M is repeated (which must happen iu less steps than we can
count on the available tape). If the displacement is zero, then M is cycling and
M?¢ accepts the input; if the displacement is not zero, then the input head of
M will eventually hit another end of a’s (or b’s) and the process starts all over.
Since M uses L(n) space on every input w of length n, M¢ will eventually halt,
accept w if and only if M does not, and use no move space than M. Thus, M°
accepts A€ strongly in L(n) space.

Additionally if M€ is started in an arbitrary L(n) space-bounded coufigu-
ration 3 of M and 3 is positioned somewhere in the middle of a’s or b’s, then
M¢ has to count the number of moves M has performed since the start and the
displacement of the input head from the starting position in order to detect if 8
is not in the middle of some loop. o
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7.3. Closure under Complement of Strong
Nondeterministic Space Complexity Classes above
Logarithm

Using the proof technique of (Immerman 1988; Szelepcsényi 1988) one can show
that also any L(n) space-bounded nondeterministic Turing machine with L(n) >
logn can be simulated by a recognizing nondeterministic Turing machine,

Theorem 7.3.1. Let M be astrongly L(n) space-bounded nondeterministic Tur-
ing machine, and L(n) > log n. Then there exists a strongly L(n) space-bounded
recognizing nondeterministic Turing machine Mg which accepts the same lan-
guage. M g has two final states s,, s, and on arbitrary input w either

e Mg reaches the state s, if and only if M accepts w or
e Mpg reaches the state s, if and only if M does not accept w

Proof. First, we assume that L{n) is fully space coustructible. Let w be an input
of length n and N be the exact number of L(n) space-bounded configurations
reachable by M from the initial configuration. The Turing machine M g computes
the number N. Let N4 be the number of configurations reachable in at most d
steps. The computation proceeds by calculating Ng, N, and so on. If Mg has
already computed Ny, it initializes a counter to 0 and cycles through all, so-
called, target L(n) space-bounded configurations in lexicographical order (Mg
cycles through all words of length at most L(n) on the work tape of M, all states,
and all positions of the input and work heads). For each target configuration, Mg
checks if it can be reached in less than d steps. To do this, Mg cycles through all
Ny configurations (it cycles again through all configurations in lexicographical
order, guesses which of them are in N4, guesses a computation of length at most
d for each reachable one, counts those reachable in at most d steps, and if it does
not find all Ng of them, it rejects). If Mp finds the target configuration among
these N4 or those which are reachable in one step more, then it increases the
counter by one. When Mg completes this algorithm for all targets the counter
contains Ngy;. By Lemma 2.2.2, N is bounded by ¢£(") for some constant
¢ > 1, hence, the space needed is bounded by ¢; L(n) for some coustant ¢; and
¢; depends only on the number of states and the number of work tape symbols of
M. The exact number N of reachable configurations is equal to the first Ny such
that Ng = Ng,1. Note that Mg while computing N goes through all reachable
configurations of M and if it finds an accepting one, then it stops in the state
Sg, and if not, in s,. Mg reaches the state s, if and only if M accepts, and the
state s, if and only if M does not accept.

If L(n) is not fully space constructible, Mg first assumes L(n) = logn (recall
that logn is fully space constructible). If M accepts within the space L(n) =
log n, then Mg accepts. If M does not accept within the space logn and if it does
not reach any coufiguration which is about to use the logn + 1 cell of the work
tape in the next step, then Mg rejects. If M reaches a configuration which is
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about to use the logn+1 cell in the next step, then Mg assumes L(n) = logn+1,
and so on. If M is strongly L(n) space-bounded, then Mg will eventually find
the correct value of L(n). a

Using this theorem one can prove that strong nondeterministic complex-
ity classes above logarithm are closed under complement (Immerman 1988;
Szelépcsenyi 1988).

Theorem 7.3.2. For any function L(n) > logn,

strong-NSPACE([L{n)] = co-strong-NSP AC E[L(n)].

Proof. Let A be a language accepted by a strongly L(n) space-bounded non-
deterministic Turing machine M and L(n) > logn. By Theorem 7.3.1, A is also
accepted by an L(n) space-bounded nondeterministic recognizing Turing ma-
chine Mg. If we exchange in Mg the accepting state s, for rejecting s, and vice
versa, then the new machine will accept the complement of A. o

Similarly as for deterministic Turing machines, Mg can be used to check
whether the machine M accepts an input within given space.

Theorem 7.3.3. For every nondeterministic Turing machine M there exists a
nondeterministic Turing machine R(M) with two final states sq, s, such that, if
R(M) is started on arbitrary input w with arbitrary number s > log|w| of cells
marked off at the beginning of the work tape, theu either

e R(M) reaches the state s, if and only if A/ accepts w within space s (if
there is an s space-bounded accepting computation of M on w), or

e R(M) reaches the state s, if and only if Af does not accept w within space
s (w is not accepted at all or M needs more than s space to accept w).

During its computation R(M) does not use more than s space.

7.4. Closure under Complement for Bounded Languages
Acceptable by Nondeterministic Turing Machines

It is not known whether the class strong-NSPACE[L(n)] is closed under com-
plement, if L(n) = o(logn), and whether any strongly L(n) space-bounded non-
deterministic Turing machine A can be simulated by a recoguizing Turing ma-
chine. It is only known that such simulation is possible if the language acceptable
by M is bounded, i.e., if L(M) C a}a3...a} (Geffert 1991).

Theorem 7.4.1. Let M beastrongly L(n) space-bounded nondeterministic Tur-
ing machine such that L(AM) C aja5...a}. Then there exists a strongly L(n)
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space-bounded recognizing nondeterministic Turing machine M g which accepts
the same language. Mg has two final states s;, s, and on arbitrary input w
either

e Mg reaches the state s, if and only if M accepts w or
e Mp reaches the state s, if and only if M does not accept w

Proof. Without loss of generality we can assume that L(AM) C a*b*. Let w be
an input of the form w = a*b™ and of length n = k 4+ m. Similarly as in the
proof of Theorem 7.3.1, M g counts accessible configurations of M, but here Mg
counts only the configurations with positions of the input head in the inshore
sectors, i.e. at a distance of at most [r(n)]* from either of the endmarkers or
from the boundary between a’s and b’s, where r(n) denotes the number of all
possible L(n) space-bounded internal configurations of M. By Lemma 2.3.2,
r(n) < d{‘(") for some constant d; > 1.

Note that the number of all configurations with the input head in the inshore
sectors is not greater than dL™) for some d, and the numbers up to dL(m) can
be kept in the memory using L(n) space. Similarly, Mg can keep in the memory
any configuration from the inshore sectors. In this case Mg remembers only the
distance between the input head and the nearest endmarker or boundary.

We modify the notion of immediate successor of a configuration staying in
an inshore sector. We say that a configuration 8’ is an immediate successor of
another configuration 3 if

(a) B’ can be reached in one step from 3 or

(b) 8 has its input head position at the distance of [r(n)]* from one end of a’s
(or b’s); B has its input head position at the distance of [r(n)]* from the
other end of a’s (or b’s, respectively) and 8’ can be reached from 3 without
going outside a’s {or b’s).

Now we shall show how Mg recognizes whether two configurations 3 and 3
satisfy (b). Suppose that the input head position of 3 is [r(n)]* and the input
head position of # is k — [r(n)]* (on the other end of a's). Other cases can be
worked out similarly. From the proof of Lemma 6.3.3 it follows that it suffices to
consider only a configuration that can be reached by looping (i.e. by repeating
internal configurations) because if there is an accepting computation of M on w,
then there is also an accepting computation that always loops through the deep
sea sectors of a’s and b’s, i.e. through a’s and b’s that are further than [r(n)]*
from the endmarkers or the boundary between a’s and b’s. In order to check if
B’ can be reached from g by looping, Mg checks one by one for each pair of
numbers i and j, 1 < ¢ < j < r(n), if there are two configurations $5; and S,
such that

e the input head position of 3 is equal to [r(n))* +1,

e the input head position of 3, is equal to [r(n)]* + 7,

¢ both the internal configurations of 8; and 3> are equal to the internal con-
figuration of &',
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e (31 can be reached from § in less than r(n) steps,
e (33 can be reached from 3; in less than r(n) steps.

If there are two such configurations, Mg checks if the distance between [r(n)]*
and k—[r(n)]* is equal to i+¢(j—1i) for somenatural ¢. In order to check if 3; is
accessible from 3 (or if 32 is accessible from ;) in less than r(n) steps, Mg uses
the Immerman Szelepcsényi technique of counting all accessible configurations
that can be reached in less than r(n) steps (see Theorem 7.3.1). a

Using the above theorem one can easily show the following theorem which
was announced (without any proof) by Geffert (1991).

Theorem 7.4.2. Let A Caja}...a; and L(n) be an arbitrary function, then
if A€ strong-NSPACE[L(n)] then A° € strong-NSPACE([L(n)),

where A° denotes the complement of A.

Similarly as for nondeterministic Turing machines with logarithmicor greater
space, Mg can be used to check whether the machine M accepts an input within
given space.

Theorem 7.4.3. For any noudeterministic Turing machine M accepting a
bounded language (i.e. if L(M) C aja3...a}) there exists a nondeterministic
Turing machine R(M) with two final states sq, s» such that, if R(M) is started
on arbitrary input w with arbitrary number s of cells marked off at the beginning
of the work tape, then either

o R(M) reaches the state s, if and only if M accepts w within space s (if
there is an s space-bounded accepting computation of M on w), or

e R(M) reaches the state s, if and only if M does not accept w within space
s (w is not accepted at all or M needs more than s space to accept w).

During its computation R(Af) does not use more than s space.

7.5. Nonclosure under Complement of Language
Acceptable by Weakly Space-bounded Turing
Machines

In this section we show that deterministic weak space complexity classes and
nondeterministic weak space complexity classes above logarithm are closed un-
der complement if and ouly if they are equal to the strong space complexity
classes. Furthermore, we show that there exist deterministic and nondetermin-
istic weak space complexity classes above logarithm which are not closed under
complement, and that all weak space complexity classes between loglogn and
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log n are not closed under complement. First we show that any weak nondeter-
ministic space complexity class above logarithm is closed under complement if
and only if it is equal to the strong space complexity class.

Theorem 7.5.1. Forany function L(n) > logn, the class weak-NSPACE(L(n))
is closed under complement if and only if

weak-NSPACE(L(n)) = strong-NSP ACE(L(n)).

Proof. The “if” part of the theorem is obvious, since by Theorem 7.3.2 the class
strong-NSPACE(L(n)) is closed under complement.

To prove the “only if” part suppose that a language A € weak-NSPACE
(L(n)). Let M be a weakly L(n) space-bounded nondeterministic Turing ma-
chine accepting A, and let M, be a weakly L(n) space-bounded nondetermin-
istic Turing machine accepting A€, the complement of A (by the assumption
A° € weak-NSPACE(L(n))).

Now we construct a strongly L(n) space-bounded Turing machine M, which
accepts A. On any input w the machine M, first marks ofl s = log(|w|) cells at the
work tape (this is possible, since the function logn is fully space constructible).
Then M, checks whether the machine M or M, accepts w within space s. If one
of them accepts, then M, stops, in an accepting state, if w is accepted by M,
or in a rejecting state, otherwise. If neither of the machines accepts, then M,
marks off one cell more and repeats the process.

More precisely, first M, simulates on w the Turing machine R(M), which is
described in Theorem 7.3.3. If R(M) reaches the state s, (this means that M
accepts w within space s), then M, accepts the input w. If R(M) reaches the
state s, (M does not accept w within space s), then Af, simulates the machine
R(M.). If R(M.) reaches the state sq, then M, rejects the input w; if R(M.)
reaches the state s,., then M; marks off one cell more and repeats the process.

The Turing machine M, accepts the language A. It accepts an input w if and
only if it finds out that w is accepted by Af. On the other hand if w € A, then
it i1s accepted by M and not by M.. Hence, M, finds eventually that w € A and
accepts it.

Furthermore M, is strongly L(n) space-bounded, because for every input w
there is an accepting L(|w|) space-bounded computation of M or M, and the
machine M, marks off a new (s + 1)-th cell on the work tape only if it finds
out that neither M nor M, accepts w within space s. Remember that during
simulation of R(M) or R(M.) the machine M, does not use more than the
marked space. a

In a similar way one can show that any weak deterministic space complexity
class is closed under complement if and only if it is equal to the strong space
complexity class.

Theorem 7.5.2. For any function L(n), the class weak-DSPACE(L(n)) is
closed under complement if and only if
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weak-DSPACE(L(n)) = strong-DSPACE(L(n)).

Proof. The proof is exactly the same as the proof of Theorem 7.5.1 with two
exceptions: Here we use Theorem 7.2.3 instead of Theorem 7.3.3, and the Turing
machine M, starts with s = 1 cells marked off at the work tape. ]

Now we show that there exist weak deterministic space complexity classes
which are not closed under complement.

Theorem 7.5.3. Let L)(n) and L2(n) be two fully space constructible functions,

Li(n) < La(n),and lim 2—;%3% = 0. Then there exists a function Lp(n) such that:

(1) Li(n) < Lp(n) < La(n).

(2) The function Lp(n) is computable by an La(n) space-bounded deterministic
Turing machine M p (in a sense that for every input of length n, M p stops
with Lp(n) cells marked off at the beginning of the work tape).

(3) weak-DSPACE(Lp(n)) is not closed under complement.

Proof. By Theorem 11.1.1, there is a language over one-letter alphabet, A C
{1}*, which is accepted by some (strongly) La(n) space-bounded deterministic
Turing machine M, and not accepted by any (strongly) L,(n) space-bounded

one. And let
La(n) if 1"€ A
L =
o(n) { Ly(n) otherwise

(1) follows immediately from the definition and from the fact that L;(n) < La(n).

(2) The Turing machine AMp which computes the function Lp(n) works as fol-
lows. On any input w of the length n, M p first marks off La(n) cells at the work
tape. Then it simulates the machine R(M,) working on 1? (The machine R(M,)
is described in Theorem 7.2.3 and M, is the La(n) space-bounded deterministic
Turing machine which accepts A). During simulation all symbols on the input
tape are read as 1. If R(M,) reaches the state s, (this means that 17 is accepted
by M, and 1" € A), then Mp marks off La(n) cells at the beginning of the work
tape. If R(M,) reaches the state s, (M, does not accept 1"), then Mp clears up
the work tape and marks off L(n) cells (both L,(n) and La(n) are fully space
constructible). Note that if 1 ¢ A, then M, uses more space than it is marked
off at the work tape at the end.

To prove (3) observe that
A € weak-DSPACE(Lp(n)).

Indeed, the La(n) space-bounded Turing machine Af, which accepts A is also
weakly Lp(n) space-bounded, because on every accepted input 1” € A it uses at

most La(n) space and La(n) = Lp(n) then. On the other hand, the complement
of A;




58  Halting Property and Closure under Complement

A° @ weak-DSPACE(Lp(n)),

for otherwise there would also exist a strongly L, (n) space-bounded deterministic
Turing machine M, which accepts the langnage A. Suppose, for a contradiction,
that there exists a weakly Lp(n) space-bounded deterministic Turing machine
M . which accepts the language A°. Then there also exists a strongly L;(n) space-
bounded deterministic Turing machine M, which accepts the language A. On
every input 17, M) first marks off L,(n) cells at the beginning of the work tape
(L1 (n) is fully space constructible). Then it simulates on 1" the Turing machine
R(M.) (which is described in Theorem 7.2.3). M, accepts, if R(M.) reaches the
state s, (this means that M, does not accept 1® within L;(n) space). M; is
strongly L;(n) space-bounded and accepts A. Indeed, if 1" € A, then 1* ¢ A€,
and 1" is not accepted by M., and is accepted by M,. If 1* ¢ A, then 1" is
accepted by M. within Lp(n) space and Lp(n) = L,(n) then, so 1" is not
accepted by M,. a

Now we show that there exist weak nondeterministic space complexity classes
which are not closed under complement.

Theorem 7.5.4. Let L)(n) and L2(n) be two fully space constructible functions,
Ly(n) < La(n), and lim i—l%% = 0. Then there exists a function Ly(n) such that:

(1) Li(n) < L(n) < La(n).

(2) The function Ly(n) is computable by an La(n) space-bounded nondeter-
ministic Turing machine My (in a sense that, for every input w of length
n, My reaches an accepting configuration and all accepting configurations
on w, have Sy(n) cells marked off at the beginning of the work tape).

(3) weak-NSPACE(Ln(n)) is not closed under complement.

Proof. The proof of this thecrem is similar to the proof of Theorem 7.5.3.
Due to Theorem 11.1.1, there exists a language A over one-letter alphabet that
is accepted by some (strongly) L;(n) space-bounded nondeterministic Turing
machine and not accepted by any (strongly) Ly(n) space-bounded one. Let

Lo(n) if 1"€ 4

Ly(n) otherwise

SN(n):{

The rest of the proof is essentially the same as the proof of Theorem 7.5.3, we
only use Theorem 7.4.3 instead of Theorem 7.2.3. O

Now we shall show that weak space complexity classes between loglogn and
log n both deterministic and nondeterministic are not closed under complement.

Theorem 7.5.5. If L(n) > loglogn and L(n) = o(logn), then
neither weak-DSPACE|[L(n)] nor weak-NSPACE[L(n)] is closed under com-
plement.
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Proof. Consider the language
A = {a*b™ | k # m}.

By Lemma 4.1.3,
A € weak-DSPACE][log logn).

On the other hand, the complement of A
A® ¢ weak-NSPACE[L(n))

because the class weak-N SPAC E[L(n)] is closed under intersection with regular
languages, and by Corollary 6.2.5, the language

{a¥b* | k> 0} = A°Na*b* ¢ weak-NSPACE[L(n)).

Now we shall show that Theorem 7.5.5 is also valid if L(n) < logn.

Theorem 7.5.6. If L(n) > loglogn and lim inf]%%";) =0, then

neither weak-DSPACE[L(n)] nor weak-NSPACE[L(n)] is closed under com-
plement.

Proof. Consider the language
C={a"t"™ m#kandm#k—1)

Using Corollary 6.2.7, similarly to the proof of Theorem 7.5.5, one can prove
that :

C € weak-DSPACEloglog n]

and the complement of C

C® ¢ week-NSPACE[L(n)).







8. Strong Versus Weak Mode of Space
Complexity

In this chapter we consider the relations between the weak and strong modes of
space complexity. These modes are equivalent if the space bound function is fully
space constructible. Thus, they are equivalent for all “normal” functions above
logarithm. But there exist weak deterministic and nondeterministic space com-
plexity classes, even above logarithm, which are not equal to the strong ones, and
there exist computable functions above logarithm which are not fully space con-
structible. Finally, deterministic, nondeterministic, and alternating weak L(n)
space complexity classes are not equal to the strong ones, if L(n) > loglogn and
L(n) = o(logn).

In Section 8.4 we shall also show that to prove that a recognizing nondeter-
ministic Turing machine M is strongly L(n) space-bounded, it suffice to show
that M has at least one accepting or rejecting L(n) space-bounded computation
on every input. And in Section 8.5 we shall show that weak and middle modes
of space complexity are equivalent for nondeterministic Turing machines with
logarithmic or greater space.

8.1. Weak and Strong Mode of Space Complexity for
Fully Space Constructible Functions

Theorem 8.1.1. Let L(n) be fully space constructible, then
weak-XSPACE[L(n)] = strong-XSPACE[L(n)),

where X stands for D, N, or A.

Proof. Let M. be a deterministic Turing machine that fully constructs L(n)
and M be a weakly L(n) space-bounded deterministic, n1ondeterministic, or al-
ternating Turing machine. We shall show that there is also a strongly L(n)
space-bounded deterministic, nondeterministic, or alternating, respectively, Tur-
ing machine M’ which accepts the same inputs as M does. First, M’ simulating
M. on w marks off L(|w|) cells on its work tape. Then M’ simulates M within
space L(Jw|) and accepts if M accepts. Whenever M tries to use more than
L(|w|) space, M’ stops in a rejecting state. It is obvious that M’ accepts only
those inputs that are accepted by Af. On the other hand, if w is accepted by
M, then there is an L(|w|) space-bounded accepting computation (or tree for
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alternating Turing machine) on w and w is accepted by M’. Thus, M’ accepts
exactly the same inputs as M. ]

8.2. Weak and Strong Complexity Classes above
Logarithm

Remember that above logn all “normal” functions are fully space constructible,
e.g.: logn itself, n", [logn]?, and ¢" with rational » > 0 and ¢ > 1. But there are
also weak deterministic and nondeterministic complexity classes above logarithm
which are not equal to the strong ones, and there are computable functions above
logarithm which are not fully space constructible.

Theorem 8.2.1. Let Lj(n)and La(n) be two fully space constructible functions,
Ly(n) < La(n), and lim %;—i%% = 0. Then there exist computable functions Lp(n)
and Ly(n) such that:

(1) Ll(n) < Lp(n), Ln(n) < La(n).

(2) weak-DSPACE(Lp(n)) # strong-DSPACE(Lp(n))
(3) weak-NSPACE(Ln(n)) # weak-NSPACE(Ln(n))
(4) Lp(n) and Ln(n) are not fully space constructible.

Proof. InSection 7.5 it was shown that there exist computable functions Lp(n)
and Ly(n), such that Ly(n) < Lp(n), Ln(n) < La(n), and the classes

weak-DSPACE(Lp(n)) and weak-NSPACE(Ln(n))

are not closed under complement.
Since, by Theorem 7.2.2, the class strong-DSPACE(Lp(n)) is closed under
complement,

weak-DSPACE(Lp(n)) # strong-DSPACE(Lp(n)).

To prove (3), let us consider the language A C {1}* described in the proof of
Theorem 7.5.4. It was proved that

A € weak-NSPACE(Ln(n))
and its complement
A® ¢ weak-NSPACE(Ln(n)).

Hence, also
A° ¢ strong-NSPACE(Ln(n))

and, by Theorem 7.4.2,
A ¢ strong-NSPACFE(Ln(n)).
(4) follows immediately from (2), (3), and Theorem 8.1.1. g
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8.3. Weak and Strong Complexity Classes below
Logarithm

Now we shall show that if L(n) > loglogn and L(n) = o(logn), then determin-
istic, nondeterministic, and alternating weak L(n) space complexity classes are
not equal to the strong ones.

Theorem 8.3.1. If L(n) > loglogn and L(n) = o(logn), then

strong-DSP ACE[L(n)] # weak-DSPAC E[L(n)),
strong-NSPACE[L(n)] # weak-NSPACE[L(n)], and
strong- ASPAC E[L(n)] # weak-ASP ACE[L(n)),

Proof. Consider the language
A= {d*b™ | k £ m}.

By Lemma 4.1.3,
A € weak-DSPAC E[log log n].

On the other hand, in Lemma 8.3.3 below we shall show that if L(n) = o(logn),
then A is not in strong-ASP ACE[L(n)]. 0

Note that it is easy to prove that A ¢ sirong-NSPACE[o(logn)], one
should only use Theorem 7.4.2 and Corollary 6.2.5. To prove that A is not
in sirong-AS P ACE[L(n)] we need the following:

Lemma 8.3.2. Let M be an alternating Turing machine accepting the language
{a*t™ | k # m} or {aFb* | k > 0}. Then on almost every (except possibly
finitely many) input of the form a*b* there is a computation of M which uses
at least ¢ - log log log n space for some constant ¢ > 0.

Proof. We assume that whenever A stops it stops on the right endmarker. Let
C denotes the set of internal configurations of M on the input a*b¥. For each
j, j < k, consider the behavior of M on the input a¥676¥—7 = aFb*.

Let § be an internal configuration and i be a position on the input w. Then a
subiree T rooted in (3 at i is a finite tree whose nodes are labeled by configurations
of M on w. The root of the tree is labeled by # positioned at cell i, the children
of any node labeled by a universal configuration are all immediate successors of
that configuration; and any node labeled by an existential configuration has one
child, which is labeled by one of the immediate successors of that configuration
(provided there are any).

Let T be a subtree rooted in an internal configuration 8 at the first or at the
jth b. Consider the set of all internal configurations of T encountered just after
M leaves the first &’ sector for the first time. And define SEC(T') in the following
way: for any internal configuration v and s € {l,r}, a pair (s,y) € SEC(T) if
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there is a path in the tree 7" which leaves &/ for the first time in the internal
configuration ¥ at the left end, if s = {, or at the right end, if s = 7.
Now we define the following relation:

R(j) C {l,r} x Cr x P({l,7} x Ck)

(s,8,B) € R(j) iff there is a subtree T rooted at 8 at the first b,if s = {, or
at the jth b, if s = r, such that B = SEC(T). P(A) denotes the set of all
subsets of A.

It is obvious that for any two numbers i < j < k, R(i) # R(j), because,
otherwise, M would not be able to distinguish a*b*¥ = a¥b'bF~* from a*djb*—*.
So, the number of possible relations |{R(j) | 7 < k}| should be not less than k.
But

221Ck| 1Ck|

H{R() | j < k}| < 226 <2¢

for some constant d > 0, and, by Lemma 2.3.2, the number of possible internal
configurations |Ci| < d}*, where s is the maximal space used by M on a*b*
and d; is a constant. So, we have

1
299 > b and Ok < d2*.
And there exists a constant ¢ > 0, such that
s; > clogloglogk,

for almost every k (except possibly finitely many). Hence, for almost every k,
the maximal space used by M on a*b* is not less than c - logloglogk. o

Now we can prove that neither {a¥b™ | k # m} nor {a*b* | k > 0} can be
accepted by a strongly o(log n) space bounded alternating Turing machine.

Lemma 8.3.3. If L(n) = o(log n), then

{a*b™ | k # m} ¢ strong-ASPACE[L(n)] and
{a*b* | k > 0} ¢ strong-ASPACE([L(n)]

Proof. Suppose, for a contradiction, that there exists a strongly L(n) space
bounded alternating Turing machine M which accepts {a¥b™ | k # m} or
{a*b* | k > 0}. Then, by Lemma 8.3.2, on almost every input of the form
a*b* there is a computation of M which uses at least clog loglog k space for
some constant ¢ > 0. But then there is also a strongly L(n) space bounded
nondeterministic Turing machine M; which uses at least clogloglogk space on
almost every input of the form a*b¥. M, works exactly like the alternating Turing
machine M, but all its states are existential.

Now we shall show that then there exists a strongly Li(n) = L(2n) space-
bounded nondeterministic Turing machine M, which uses at least logloglogn
space on every input of length n. When acting on any input of length n, Ma
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simulates M, working on a"b". During the simulation M5 keeps in its memory
in which sector, a-s or b-s, the simulated M; acts and accordingly reads all input
symbols as a or b. First, reading all symbols as a, M3 simulates M, working
on the a®™ sector. When M; reaches the end of a” then M5 reaches the end of
the input, and when M, enters the b” sector, then M, switches itself to read b
and simulates M, in 6" changing only the directions of the moves, i.e. when M,
moves left then M, moves right and vice versa. Note that Ly(n) = o(logn).
But, on the other hand, in the proof of Theorem 6.3.1 it was shown that if
L(n) = o(logn) or even if lim inf%gﬁ,% = 0, then for every strongly L(n) space-
bounded nondeterministic Turing machine M, there exists a constant c, such
that M uses at most ¢ space on infinitely many inputs. O

Note that the language A can be accepted by a strongly L(n) space-bounded

deterministic Turing machine with L(n) < logn (i.e. im inf%%‘;g = 0). Consider
the function

( 0, for n odd,

log n, for n even.

L(n) =

Obviously L(n) <« logn and there is a strongly L(n) space-bounded determin-

istic Turing machine M accepting A. M first checks if the length of an input is

odd, accepts if it is, and if not, counts a’s and b’s, and compares the numbers.
We shall show that Theorem 8.3.1 is also valid if loglogn < L(n) < logn.

Theorem 8.3.4. If L(n) > loglogn and Iiminf,l;—(g'% =0, then

sitrong-DSP AC E[L(n)] # weak-DSPACE[L(n)],
strong-NSPACE|[L(n)] # weak-NSPACE[L(n)], and
strong-ASP ACE[L(n)] # weak-ASP ACE[L(n)],

Proof. Consider the language
C={a*b™ |m#k and m#k—1}.
Similarly to the proof of Lemma 4.1.3 one can prove that
C € weak-DSPAC E[loglogn],

and similarly to the proof of Lemma 8.3.3 one can show that

C ¢ strong-ASPAC E[L(n)].
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8.4. Strong Mode of Space Complexity for Recognizing
Machines

A recognizing Turing machine has two special states s, and s, and reaches s, on
every accepted input, and s, on every not accepted one, and on no input both sq
and s, can be reached. Observe that, to prove that a deterministic recognizing
Turing machine M is strongly L(n) space-bounded, it suffice to show that there
is at least one L(|w|) space-bounded computation for every input w. Now we
show that the same is true for nondeterministic recognizing Turing machines
with logarithmic or greater space. Namely,

Theorem 8.4.1. For arbitrary function L(n) > logn, if a language A is accepted
by a recognizing Turing machine M which has at least one accepting (ending
with s,) or rejecting (ending with s,) computation on every input w, then A is
also accepted by strongly L(n) space-bounded recognizing Turing machine.

Proof. We shall show that A{ can be simulated by a strongly L(n) space-
bounded recognizing nondeterministic Turing machine Mg. On any input w, Mg
marks off s = log(|w|) cells on the work tape and using Immerman-Szelep csényi
techniques (see Theorem 7.3.1) counts all s space-bounded accessible configura-
tions of M on w. If among these configuration is an accepting one (with s,),
then MR accepts, if there is a rejecting (with s, ), then it rejects, and if Mg does
not find neither any accepting nor any rejecting one, then it marks one cell more
s := s+ 1 and repeats the process. o

8.5. Weak and Middle Modes of Space Complexity above
Logarithm

Observe that the middle and weak modes of space complexity are equivalent
for deterministic Turing machines. Now we shall show that the same is true for
nondeterministic Turing machines with logarithmic or greater space.

Theorem 8.5.1. If L(n) > log n then weak and middle modes of space complex-
ity for L(n) space-bounded nondeterministic recognizing Turing machines are
equivalent.

Proof. Similar to the proof of Theorem 8.4.1. The Turing machine Mg counts
s space-bounded accessible configurations and looks for an accepting one. O




9. Padding

The question whether the nondeterministic and deterministic L(n) space com-
plexity classes are equal is a major open question in the space complexity theory.
The answer to this question is known only for some special functions L(n) and
models of computation. As we have already mentioned, if L(n) = o(loglogn),
then deterministic, nondeterministic, and even alternating Turing machines ac-
cept only regular languages. One can also construct, using diagonalization, a
total recursive function L(n) such that the nondeterministic and deterministic
L(n) space complexity classes are equal (Hopcroft and Ullman 1979).

In this chapter we show that the question whether the nondeterministic and
deterministic space complexity classes are equal for “large” function can be re-
duced to the analogous question for “small” function. Using a padding argument
of (Savitch 1970) we shall prove, that for any “well-behaved” function L(n) >
log n, if the deterministic and nondeterministic space complexity classes are equal
for space bound L(n), then they are also equal for any space-bound function
H(n) > L(n). We shall also present the result of (Szepietowski 1990) which
says that if the deterministic and nondeterministic space complexity classes
are equal for space bound log logn, then they are also equal for logn. More-
over, we show that there exists a language H € NSPACEFE][loglogn] such that
H € DSPACE[loglogn] if and only if DSPACE[logn] = NSPAC E[logn].

9.1. Padding above Logarithm

In this section we show that if the deterministic and nondeterministic space
complexity classes are equal for some fully space constructible L(n) > logn,
then they are also equal for any space-bound function H(n) > L(n) (Savitch
1970).

Theorem 9.1.1. Let L(n) be fully space constructible function L(n) > logn
and ¢; < T,%!-%j < ¢q for all n and some constants ¢1,cas > 0. Then for every
function H(n) > L(n)

DSPACE[L(n)] = NSPACE[L(n)]

4
DSPACE[H(n)]= NSPACE[H(n)].

The theorem is valid for both the strong and weak mode of space complexity.
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Note that the above assumptions are valid if L{n) is any polynomial in logn,
n, or d" for some constant d, and we have, for example, for every H(n) > logn.

DSPACE[log(n)] = NSPACE([log(n)]

Y
DSPACE[H(n)] = NSPACE[H(n)).

Proof of Theorem §.1.1. First we show that the theorem is valid for weak mode
of space complexity.

Suppose that a language G C L* is accepted by a weakly H(n) space-
bounded Turing machine M. Let us define so-called padding of G:

Pad(G, M) = {zb™ | 2 € G and z is accepted by M within L(]z| + m) space},

where b is an additional symbol, b ¢ ~.
First we show that

Pad(G,M) € NSPACE[L(n))

The L(n) space-bounded nondeterministic Turing machine My accepting
Pad(G, M) works as follows. On any input w of the form w = zb™, MP first
marks off L(|w|) = L({z! 4+ m) space (this is possible, since L(n) is fully space
constructible). My will not use more than L{|z| + m) space. Then My checks
if M accepts ¢ within marked space (see Theorem 7.3.3) and accepts if it does.

And now by our assumption,

Pad(G, M) € DSPACE[L(n)]

and there exists an L(n) space-bounded deterministic Turing machine Mp ac-
cepting Pad(G, M). We shall show that there also exists a weakly H(n) space-
bounded deterministic Turing machine M, accepting G. On an input z, M, first,
assumes m = 1 and simulates M on 2b™ if Mp accepts zb™ within L(|z| +m),
then M, accepts z, if not, M; assumes m = 2, and so on. The number m is
remembered in binary and Af; while simiulating Mp on 2™ keeps in binary
the position of the input head when it is within §™. This can be done within
L(|z| + m) space, since logm < log(|z| + m) < L(|z| + m).

Now we shall show that M; accepts G and is weakly dH(n) space-bounded
for some constant d. Suppose that ¢ € G, then xb™ € Pad(G, M) for some
sufficiently large m, and let m be the first such number. Then M; accepts z
using L(|z| 4+ m) space.

Observe that

L{lz|+ m - 1) < H{(x]).

(and also L(|z| + k) < H(|z|) for every k < m) for otherwise if L(|z|+m—1) >
H(|z|), then z is accepted by M within L(|z| + m — 1) space and zb™~! €
Pad(G, M), which contradicts the minimality of m. On the other hand, by the
assumption,

arL(|z|+m) < L(lz|+ m - 1)
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and there is a constant d such that
L(|z| +m) < dH(|z]).

Thus, = is accepted by M; within dH(n) space. If 2 ¢ G then for any m,
zb™ ¢ Pad(G,M) and z is not accepted by M;.

Hence, we have shown that if DSPACE[L(n)] = NSPACE[L(n)] then the
language G is also accepted by a deterministic weakly H(n) space-bounded Tur-
ing machine. This completes the proof for weak mode of space complexity.

To prove the theorem for strong mode of space complexity we shall need
more sophisticated methods. The main idea of the proof is the same as before,
but some details should be added.

Now G is accepted by astrongly H(n) space-bounded Turing machine M and
by Theorem 7.3.1 we can assume that M is recognizing, i.e. it has two states s,
and s, and reaches the state s, on every ¢ € GG, and state s, on every z ¢ G
(and on no input both s, and s, can be reached). The padding of G is defined
as follows.

Pad(G,M) = {zb™ |z € G and z is accepted by M within L(|z| + m) or
L(|z| + m — 1) space, or
z ¢ G and M reaches the state s, within L(|z| + m) and

not within L(|z| + m — 1) space}

The strongly L(n) space-bounded nondeterministic Turing machine My which
accepts Pad(G, M) works as follows. First using the Immerman-Szelepcsényi
technique (see Theorem 7.3.3) My checks whether the state s, or s, can be
reached by M on ¢ within L(|z| + m) or L(|z|+ m — 1) space, and accepts if s,
can be reached within L(|z|+m)or L(|z|+m — 1) space, or if s, can be reached
within L(|z| 4+ m) but not within L(|z|+ m — 1) space. Af; can be made strongly
L(n) space bounded, because, by the assumption L(|z|+m—1) < caL(|z| +m).

By our assumption, Pad(G, M) is also accepted by a L(n) space-bounded
deterministic Turing machine AMp. And we shall show that G can be also ac-
cepted by a strongly H(n) space-bounded Turing machine M; which works as
follows. On an input z, Ay looks for the first m such that zb™ € Pad(G, M).
Note that for every input z such m exists. Then M, checks using L(|z| +m+ 1)
space if zb™*! € Pad(G, M), and accepts z if zb™*! € Pad(G, M), and reject,
if not.

In much the sameway as above can show that there is a constant d such that
M, reaches the state s, or s, within d H{n) space on every input. o




70 Padding

9.2. Padding below Logarithm

In this section we present the result of (Szepietowski 1990) that

DSPACE(loglogn] = NSPACE[loglog n]
4
DSPACE[logn] = NSPACE[logn|.

This is valid for both the weak and strong mode of space complexity.
For an arbitrary language G over an alphabet X, we define a new padding of

G
P(G) = {«b™ | £ € G and m is a common multiple of all i < |z|},

where b is an additional symbol, b ¢ L.
First, we shall show that if G is accepted within logn space, then P(G) is
accepted within loglogn space.

Lemma 9.2.1.
If Ge€ XSPACE[logn] then P(G) € strong-XSPACE(loglogn],

where X stands for D or N.

Proof. Let M be logn space-bounded deterministic or nondeterministic Turing
machine accepting G. By Theorem 8.1.1, we can assume that M is strongly
space-bounded because logn is fully space constructible. Then there is strongly
loglogn space-bounded deterministic or nondeterministic, respectively, Turing
machine M accepting P(G). On any input zb™, MP checks if m is a common
multiple of all i < |z|. To do this, it computes the binary description of

F(m) = min{i{ | i does not divide m}

and compares it with |z|. If F(m) < |z|, then m is not divisible by some i < |z|
and the input is rejected. Otherwise, M ¥ simulates M on z. By Lemma 4.1.2,

F(m) < clogm for some constant ¢,
and if m is a common multiple of all i < |z|, then by Lemma 4.1.2, there is a

constant ¢; > 1 such that
m > c‘l‘"i.
Hence, the space used by Af is bounded by
log|z| < dloglogm < dloglog |w|

for some constant d. Then MP is strongly loglogn space-bounded. O
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In the following lemma we show that if P(G) € DSPAC E[loglogn], then
G € DSPACE][logn]. This will suffice for our purpose. However, using the result
of (Geffert 1991), one can also show that the same is true for nondeterministic
space.

Lemma 9.2.2.

If P(G) € weak-DSPACE(loglogn] then G € DSPACE[logn].

Proof. Let M® be a weakly loglogn space-bounded deterministic Turing ma-
chine accepting P(G). We shall show that there exists a weakly logn space-
bounded deterministic Turing machine M accepting G. Since logn is fully space
constructible, this means that G can also be accepted by a strongly log n space-
bounded deterministic Turing machine. If a word z € X* is presented to M, it
simulates M ¥ working on the word zb™, where m is the least common multiple
of all i < |z|. We denote this word by P(z). Note that

P(z) e P(G) ifand onlyif z€G.

We shall show that M accepts z if and only if MP accepts P(z), and that M
uses on r the same amount of space as M¥ on P(z).

While (the input head of) M® is on z, M simply acts like M¥. When MP
enters the b™ sector, four cases are possible (we assume that M enters b™ from
z, the other case is simulated analogously):

(a) MP loops by repeating its internal configuration on 6™,

(b) MP stops inside 6™,

(c) MP leaves b™ before it has repeated its internal configuration,
(d) MP neither loops nor stops, nor leaves b™.

Let (3; and d; denote the internal configuration and distance from z after ¢ steps
of MP in b™. Since MP is deterministic, the internal configuration 3; and the
move d; — d;_, are determinated by 8;_;, provided that after ¢t — 1 steps M is
still inside §™.

At the beginning M simulates the first steps of MP inside ™ up to the
moment when either M P repeats its internal configurations, stops, or leaves b™.
During these first steps M keeps in its memory the current values of ¢, d;, and
B, and after simulating the t-th step of MP M checks if 3; is equal to some
B; with j <t (it remembers ¢, d;, and f;, and reruns the computation in ™).
In the case (d), both MP and M never stop using more and more space and
neither of them accepts its input. In the other cases, space used by M P inside 6™
is bounded by, say k. By Lemma 2.3.2, the number of all internal configurations
of MP inside b™ is then bounded by c* for some constant ¢ > 1, and MP can
perform at most c* steps without repeating its internal configuration. So, using
k space M can remember the current values of ¢, d;, and 3; up to the moment
when MP either repeats its internal configuration, stops, or leaves b™.
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In the case (b) or (c), M simulates all steps of AfP inside b™. In the case
(a), M computes the internal configuration of MP after leaving b™ or detects
that MP does not leave b™. If MP repeats its internal configuration inside 4™,
then there are two positive integers ¢, » such that 3 = 844,. We can assume
that ¢+ r < ckoIf dg = dg4r, then MP loops and never leaves ™. This can be
detected, since M keeps in the memory current dy. If dg > dg4r, then M comes
back to = after no more than c2* steps. All these steps can be simulated by M in
k space and M can then compute the internal configuration of MP after leaving
™.

If d; < dg4r, then the internal configuration of M* loops and after each loop
MP is farther from z, and it reaches the second end of b™ after some steps. In
this case, M computes m(mod d), where d = dg4, — d, is the distance made by
MP during one loop. By Lemma 4.1.2, if M is the least common multiple of all

numbers i < |z|, then
m= [ pleekl
all primes p

Hence, '
m(mod d) = ( II ptogs 12l (mod d)) (mod d).

all primes p

My, puts 1 on a counter modulo d and then one by one:

e finds p; —the i-th prime not greater than |z|,

e computes p! such that p¥ < |z| < p{*', note that y = {log, |z|],
e computes p (mod d), and

e multiplies the contents of the counter by pf(mod d).

This can be done in k space because d < ¢*. Observe that pliog:!#ll = 1 for every
P> |z|. Next M computes

z = (m(mod d) — dy — r){mod d),
where 7 is the number of steps during one loop, and stands at the u~th b with
wu=m-r-z,
provided that m —r — z > d,;. Note that
u = dy(mod d),

so there is a moment, say v, that A7® visits the u-th b with the configuration 3,.
Since u < m—r, MP does not leave b™ before v. Now M simulates steps of M’J
from the moment v, i.e. from the u-th b and the internal configuration 8, = g,
up to the moment it leaves b™ for the first time. During the simulation M keeps
in its memory the distance between current position of AP and the far end of
b™. At the moment v this distance is equal to » + z and since r 4 z < c*, it can
be remembered using k space. If m — r — z < d, then all steps of M ¥ inside b™
are simulated.
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It is easy to see that M accepts z if and only if MP accepts P(z) and that
M uses on z the same amount of space as MP on P(z). We shall now show
that M is weakly logn space-bounded. If z € G, then space used by M on z is

equal to the space used by MP on P(zx) and does not exceed loglog|zb™|. By

Lemma 4.1.2, m < c';', so

loglog |zb™| < loglog(2m) < clog|z|

for some constant c. Hence, M is weakly logn space-bounded and since logn
is fully space constructible, G can also be accepted by a strongly logn space-
bounded deterministic Turing machine. ]

Now we shall prove the following lemma.

Lemma 9.2.3.
strong-NSPACE[loglogn] C weak-DSPACE(loglogn]

4 .
DSPACE[logn] = NSPACE[logn].

Let us remember that log n is fully space constructible and it does not matter
which mode of space complexity is used for logn.
Proof. Suppose that
strong-NSP ACE([loglog n] C weak-DSP ACE[loglog n]
and that G is an arbitrary language such that
G € NSPACE(logn],
then by Lemma 9.2.1,
P(G) € strong-NSP ACE|loglog n],
and by the assumption,
P(G) € weak-DSPACE][loglogn]

and by Lemma 9.2.2,
G € DSPACE]logn].

Thus, we have shown that
strong-NSPAC E[logiogn] C weak-DSPAC E[log logn]
4
NSPACE[logn] C DSPACE(logn].
Lemma 9.2.3 follows from this and the trivial fact that

NSPACE[logn] 2 DSPACE[logn].
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Now we are ready to present the main theorem of this section.

Theorem 9.2.4.
DSPACE(loglogn] = NSPACE[loglogn]

4
DSPACE[logn] = NSPACE(logn].

The theorem is valid for both the strong and weak mode of space complexity.

Proof. It is trivial that

strong-NSPACE[loglogn] C weak-NSPACE[loglogn]

d strong-DSP ACE[loglogn] C weak-DSPACE[log log n].
Thus, if
strong-NSPACE[loglogn] = strong-DSPACE[loglog n]
or
weak-NSPACE]|loglog n] = weak-DS P AC E[log log n],
then

strong-NSPACE(loglogn] C weak-DSPACE(loglogn]
and by Lemma 9.2.3,
NSPACE[logn] = DSPACE[logn).

Also any middle mode of space complexity can be used, as long as

strong-NSPACE(loglogn] C middle-NSPACE][loglogn] and
middle-DSPACE[loglogn] C weak-DSP AC E[loglog n].
For example, the middle mode defined in Definition 2.5.3, where it is assumed

that all computations on all accepted inputs satisfy the space bound. Thus, we
have.

Corollary 9.2.5. If any middle mode of space complexity satisfies the above

conditions, then

middle-NSPACE(loglogn] = middle-DSP AC E[log log n]

4
DSPACE[logn] = NSPACE([logn].

At the end we prove the following theorem.
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Theorem 9.2.6. There exists a language H € strong-NSP ACE|loglogn] such
that H € weak-DSP AC E[loglog n] if and only if

DSPACE[logn] = NSPACE[logn].

Proof. Consider an arbitrary language G that is complete for NSPAC E[logn]
(see Section 3.3). Thus, we have

(1) Ge NSPACE[logn] and
(2) G € DSPACE](logn] if and only if DSPACE([logn] = NSPACE]logn].

Let
H = P(G),

then by (1) and Lemma 9.2.1,
H € strong-NSPACE([loglog n].

Suppose now that
H € weak-DSPACE(loglog n].

Then by Lemma 9.2.2,
G € DSPACE(logn]

and by (2),
DSPACE[logn] = NSPACE[logn].

On the other hand, if
" DSPACE[iogn] = NSPACE[logn],

then by (2),
G € DSPACE([logn]

and by Lemma 9.2.1,

H € strong-DSPACE[loglog n].







10. Deterministic Versus Nondeterministic
Turing Machines

In this chapter we consider the cost of determinization of nondeterministic Tur-
ing machines with bounded space. More precisely, we shall try to find out how
much space is needed for the deterministic Turing machine to accept the lan-
guage which is accepted by a nondeterministic Turing machine in L(n) space.
We present the famous result of Savitch (1970), who proved that if L(n) > logn,
then every L(n) space-bounded nondeterministic Turing machine can be simu-
lated by an [L(n)]? space-bounded deterministic Turing machine. Monien and
Sudborough (1982) proved that if L(n) < logn and L(n) is fully space con-
structible or L(n) = f(logn) for some fully space constructible f(n), then every
L(n) space-bounded nondeterministic Turing machine can be simulated by an
L(n) - logn space-bounded deterministic Turing machine. In particular, every
loglogn space-bounded nondeterministic Turing machine can be simulated by
a logn - loglogn space-bounded deterministic Turing machine. From the result
of Geffert (1991) it follows that for an arbitrary L(n), if A C aja3...a} and A
is accepted by a strongly L(n) space-bounded nondeterministic Turing machine,
then it can also be accepted by a strongly [L(n)]* space-bounded deterministic
Turing machine.

10.1. Determinism Versus Nondeterminism above
Logarithm

In this section we present the result of Savitch (1970).

Theorem 10.1.1. If L(n) > logn, then
NSPACE[L(n)] C DSPACE[[L(n)}?.
The theorem is valid for both the strong and weak mode of space complexity.

Proof. Suppose first that L(n) is fully space constructible. Let M be an L(n)
space-bounded nondeterministic Turing machine and w be an input of length
n. We present an [L(n)]? space-bounded deterministic Turing machine M2 that
accepts the same language as Af. Consider the set of all L(n) space-bounded
configurations of M on w. By Lemma 2.2.2, there are no more than s(n +
2)L(n)tL(") configurations, and since L(n) > logn, there exists a constant d such
that s(n+2)L(n)tL(™) < ¢%") and d depends only on s and t. Thus, M? can keep
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in its memory numbers up to the number of all configurations of M. To recognize
if M accepts w, M has to find out if there is a computation of M not longer than
d ™ from the initial configuration to an accepting configuration. This is done
by a divide-and-conquer algorithm. To find out if there is a computation from
the initial configuration to an accepting configuration, M2 performs recursively
the following procedure: To find out if there is a computation not longer than m
from a configuration 3 to a configuration 82, M2 checks for each configuration

B3 if

e there is a computation not longer than % from By to B3 and
e there is a computation not longer than Z' from f3 to Js.

This algorithm keeps in memory the list of logm configurations of M, where m
is the length of the accepting computation of M on w. Since m < d(®) it needs
[L(n))? space.

If L(n) is not fully space constructible, M2 first assumes L(n) = logn. If
M accepts within space L(n) = log n, then M D accepts. If M does not accept
within space log n, then M2 assumes L(n) = logn + 1, and so on. If M accepts
the input w, then M2 will eventually find the correct value of L(n) and accept
within [L(n)]? space. Hence,

weak-N SPACE[L(n)] C weak-DSPACE[[L(n)}?].

If we use the strong mode of space complexity, then AP Lefore assuming L(n) =
k+ 1 first checks if M uses k + 1 space on w. To do this, MD cliecks for each
k space-bounded configuration 3 which is about to use k + 1 space in the next
step, if there is a k space-bounded computation from the initial configuration to
B. Thus, the theorem is also valid for the strong mode of space complexity.

strong-NSPACE[L(n)) C strong-DSPACE[[L(n)}3].

10.2. Determinism Versus Nondeterminism below
Logarithm

First, we present a result of Monien and Sudborough (1982).

Theorem 10.2.1. If L(n) < logn and

o L(n) is fully space constructible or
e L(n) = f(logn) for some fully space constructible f(n),

then
NSPACE([L(n)] € DSPACE([L(n) - log n).

In particular,

NSPACE](loglogn] C DSPAC E[logn - loglogn].
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Proof. Let M be an L(n) space-bounded nondeterministic Turing machine and
w be an input of length n. We present an L(n)-logn space-bounded deterministic
Turing machine M2 that accepts the same language as M. Let

glsﬂZ;---;ﬂm (1)

be a sequence of all L(n) space-bounded configurations of M ordered in such a
way that configurations with input head positions i stand before configurations
with input head positions i+ 1. Thus, for any two configurations §; and S, if G
can be reached from j3; in one step, then the distance between §; and [ in the
sequence (1) is not longer than the number of all L(n) space-bounded internal
configurations of M, i.e. |k — j| < d%(®), for some constant d. This fact was used
to design a more economical divide-and-conquer algorithm.

Suppose that 3; and (i are two configuration in the sequence (1) and that
MP has to check if there is a computation of M from f; to B¢. Let W be a
so-called window of size 2X(") in the middle of the sequence

ﬁj)ﬂj‘l-l) )ﬂk“

The window W consists of configurations from -%k — 2L to J-';—k + 2L 1f
there is a computation from (3; to (i, then it must contain some configurations
from W. ‘

To find out if there is a computation of Af from the initial configuration to
an accepting one, M2 performs recursively the following: To find out if there is
a computation from g; to §; for {k— j| > 2L(") M D checks for all configuration
(3 from the window W if

o there is a computation from 3; to 3 and
o there is a computation from S to G.

If |k— j| < 25(), MD proceeds like in Savitch’s algorithm. M2 remembers only
the distance between (3 and the center of the window W which is not longer than
2L(7) and requires L(n) space. M D pheeds to remember a list of such distances.
The exact position of a configuration can be computed from its distance from the
center of the window. The position of the center of a window can be computed
from the position of the configuration on the list. The length of the list is bounded
by O(log n) because the number of all configurations of M on w is bounded by
end™™ < n" for some constants ¢ and =, and after each stage of recursion the
distance between §; and G is halved.

o

Geffert (1991) noticed (without any proof) that to bounded languages (i.e.
to the languages of the form A C ataj...a;) a modified divide-and-conquer
algorithm can be applied.

Theorem 10.2.2. Let A Caja;...a; and L(n) be an arbitrary function, then

if A€ strong-NSPACE[L(n)] then A € strong-DSPACE[(L(n))*].
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Proof. We shall only prove the result for languages of the form A C a*b*, but
the proof can be easily generalized for the other cases.

The proof goes similarly as in the proof of Theorem 7.4.1, we shall only
consider configurations with positions of the input head in the inshoresectors, i.e.
at a distance of at most [r(n)]* from either of endmarkers or from the boundary
between a's and b’s, where r(n) denotes the number of all possible L(n) space-
bounded internal configurations of M. By Lemma 2.3.2, there is a constant d,
such that r(n) < atm,

We apply Savitch’s divide-and-conquer algorithm to all such configurations.
Note that the number of all configurations with the input head in the inshore
sectors is not greater than dZ(") for some constant d, and can be remembered
using L(n) space. Similarly, any configuration from the inshore sectors can be
kept in the memory. In this case only the distance between the input head and
the nearest endmarker or boundary is remembered.

We modify the notion of immediate successor of a configuration staying in
the inshore sectors. We say that a configuration 8’ 1s an immediate successor of
another configuration § also if 3 has its input head position at the distance of
[r(n)]* from one end of a’s (or b’s); B’ has its input head position at the distance
of [r(n)]* from the other end of a’s (or b’s, respectively) and 3’ can be reached
from 3 without going outside a’s (or b’s).

From the proof of Lemma 6.3.3 it follows that it suffices to consider only
configuration that can be reached by looping (i.e. by repeating internal config-
uration) because if there is an accepting computation of M on w, then there is
also an accepting computation that always loops through the deep see sectors
of a’s and b’s, i.e. through a’s and b’s that are further than [r(n))? from the
endmarkers or the boundary between a’s and b’s.

In order to check if, for example, 3’ positioned at k — [(n)]? in a* can be
reached by looping from 3 positioned at [r(n)]*, MP checks one by one for each
pair of numbers ¢ and j, 1 <i < j < r(n), if there are two configurations §; and
(B2 such that:

k

e the input head position of f; is equal to [r(n)]* + i,

e the input head position of 35 is equal to [r(n)]* + J,

¢ both the internal configurations of 3; and (- are equal to the internal con-
figuration of &',

® (31 can be reached from 8 in less than r(n) steps,

e (35 can be reached from f) in less than »(n) steps.

If there are two such configurations, MP checks if the distance between [r(n)]*
and k — [r(n)])* is equal to i + g(j — i) for some natural ¢. In order to check
if B, is accessible from 3 (or if 2 is accessible from ;) in less than r(n) steps,
MP uses the divide-and-conquer algorithm of Savitch. a




11. Space Hierarchy

In this chapter we show that the space hierarchy is dense, or in other words, that
more languages can be accepted with more space. In Section 11.1 we use diag-
onalization to prove that for any fully space constructible function L(n) there
exists a language A C {1}*, which is in DSPACE[L(n)) or (NSPACE[L(n)))
but not in DSPACE[L(n)] (or NSPACE[L(n)]) for any Li(n) = o(L(n)). In
Section 11.2 we present the proof of Hoperoft and Ullman (1967) that determin-
istic and nondeterministic space hierarchy is dense below logarithm.

11.1. Diagonalization

Stearns et. al. (1965) showed using diagonalization that the deterministic space
hierarchy above logarithm is dense. They proved that if L(n) > logn and L(n)
is space constructible, then there exists a language accepted by an L(n) space-
bounded deterministic Turing machine and not accepted by any Q(n) space-

bounded deterministic Turing machine if liminf%((-% = 0. Sipser (1980) showed
that the diagonalization method can also be used for deterministic space below
logarithm, and Immerman-Szelepesényi theorem (Immerman 1988; Szelepcsényi
1988; of. Thm. 7.3.1) allows us to use the diagonalization for nondeterministic
space above logarithm. To illustrate the diagonalization method we prove the

following theorem.

Theorem 11.1.1. Let La(n) be a fully space constructible function, Then there
exists a language A over one-letter alphabet, 4 C {1}*, which is accepted by
some Ly(n) space-bounded deterministic (or nondeterministic) Turing machine
M, and not accepted by any strongly Li(n) space-bounded deterministic (or
nondeterministic, respectively) Turing machine if L,(n) = o(La(n)).

Proof. We shall prove the theorem for nondeterministic Turing machines. The
proof for deterministic Turing machine is similar. The language A is constructed
by diagonalization. Consider an enumeration of nondeterministic Turing ma-
chines with input alphabet {1}. We construct a nondeterministic Turing machine
M which uses La(n) space and disagrees on at. least one input with any strongly
Ly (n) space-bounded nondeterministic Turing machine.

On an input 1", M first marks off La(n) cells on the work tape (this is
possible, since La(n) is fully space constructible). A7 will not use more space
than the marked La(n). Next, M decomposes n into the form n = 2¥m with odd
m, and then simulates on the input 1" the Turing machine My, i.e., the Turing
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machine with code number k. The machine Af accepts if A} reaches an rejecting
state. Decomposition of n into the form n = 2¥m requires at most k space and
if M isstrongly L)(n) space-bounded then the simulation requires log? - L;(n)
space, where t is the number of work tape symbois of ;..

Let us now consider the language A accepted by M, A = L(M). Of course

A€ NSPACE(Ly(n)).

But
A & strong-NSPACE(Ly(n)).

Indeed, suppose that there is a strongly L;(n) space-bounded nondeterministic
Turing machine accepting A. By Theorem 7.4.1, A is also accepted by a strongly
L) (n) space-bounded recognizing Turing machine M} with ¢ work tape symbols.
Since Li(n) = o(La(n)), there exists n = 2¥m for some sufficiently large odd m
such that

logt - Li(n)+k < La(n).

Hence, on input 17, M has sufficient space to decompose n and to simulate any
computation of M, and M accepts 1™ if and only if M} rejects, a contradiction.
8]

11.2. Space Hierarchy below Logarithm

Note that Theorem 11.1.1 is of little use below logarithm, because, as we showed
in Section 6.2, no unbounded non-decreasing o(logn) function is fully space con-
structible. In this Section we present the result of (Hoperoft and Ullman 1967)
who proved that if L(n) is constructible and L(n) < log(n) then there exists
a language A accepted by a strongly L(n) space-bounded deterministic Turing
machine, but not accepted by any weakly Q(n) space-bounded nondeterminis-

tic Turing machine if himinf %—2%} = 0. Ito et. al. (1987) showed that also the
alternating space hierarchy is dense by showing that the language A described
in (Hoperoft and Ullman 1967) cannot be accepted by any @Q(n) space-bounded
alternating Turing machine.

Let us recall that by Lemma 6.1.4(d), any function K(loglogn) is con-
structible if K(n) is fully space constructible and K(n) > n. In particular, any
function [loglogn]™ with rational » > 1, is space constructible.

First we present the proof of Hoperoft and Ullman (1967).

Theorem 11.2.1. If L(n) is constructible and L(n) < log(n), then there exists a
language A accepted by a strongly L(n) space-bounded deterministic Turing ma-
chine, but by no weakly @(n) space-bounded nondeterministic Turing machine

if lim inf %{g; = 0.

Proof. Let M. be a Turing machine that constructs L(n) and let £ be the input
alphabet of M.. Let £/ = £ x {a,b,c}. For every (z,y) € &', let h;((z,y)) ==
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and hy((z,y)) = y. Extend the homomorphisms &; and hy to words over £’ in
the obvious way. Let A be the language consisting of words w over X' having
the following property: If w is of length n and ~;(w) causes M. to use k space,
then hy(w) is of the form uc™u for some word u € {a,b}* of length |u| = 2F,
and m = n — 25+1,

It is easy to see that A is accepted by a strongly L(n) space-bounded deter-
ministic Turing machine. The machine first lays off k < L(n) cells of work tape
by simulating M, on h;(w), then checks if hy(w) is of the form hy(w) = uc™v
with |u| = |v| = 2%, and finally compares u and v symbol by symbol, using its
work tape to keep the current position within u or v.

Suppose now, that A is accepted by a weakly Q(n) space-bounded nonde-
terministic Turing machine M. For each n, let y be a word of length n over the
alphabet 2’ such that M. uses exactly L(n) space when processing y. Such a
word y exists because L(n) is space constructible. Consider all w in A such that
hy(w) = y. Then hy(w) = uc™u, where u € {a,b}* and |u| = 25(®). Observe
now that if there are two words w, = pyq; and wg = page of length n in A such
that

L4 hl(wl) = hl(w2) =Y
o |qi| = |g2| = 2¢™), and
o hy(q1) # ha(q2),

then ¢, and ¢ must belong to different equivalence classes of the relation =g(n)
(defined in Definition 5.1.1), since otherwise, by Lemma 5.1.2, M accepts p;q
which is not in A.

According to Lemma 2.3.2 the number of Q(n) space-bounded internal con-
figurations of M is bounded by d?(") for some constant d. And there are at

most
4(dQ(") )2

possible equivalence classes of the relation =g(,). On the other hand, there are

22" different words w = pq € A with h;(w) = y and |g| = 24(®). Thus,

L{n) n
22 € < 4d2Q( ).
Taking logarithm twice we obtain

L(n) < diQ(n)

for some constant dy. But then iim inff:—:)) = 0 could not be true. g

Ito et. al. (1987) proved that the language A described in the proof of The-
orem 11.2.1 cannot be accepted by any @Q(n) space-bounded alternating Turing
machine.

Theorem 11.2.2. If L(n) is constructible and L(n) < log(n), then there exists
a language A accepted by a strongly L(n) space-bounded deterministic Turing
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machine, but by no weakly Q(n) space-bounded alternating Turing machine if
liminf L(:: =0.

Proof. Consider the language A defined in the proof of Theorem 11.2.1 Suppose
that A is accepted by a weakly Q(n) space-bounded alternating Turing machine
M. For each n, let y be a word of length n over the alphabet X such that M, uses
exactly L(n) space when processing y. Consider all w in A such that h(w) = y.
Then hy(w) = uc™u, where u € {a,b}* and |u| = 2£("), For each input w € A,
choose one Q(n) space-bounded accepting computation tree. We shall denote
this tree by T'(w). Consider now two words w; = p1q; and wa = pag2 of length
nin A such that hy(wi) = hy(w2) =y and |q1] = |go| = 2£("). We say that w,
and w; are equivalent, denoted w; =) wo if

e for every two Q(n) space-bounded internal configurations 8y, fs,
there is a computation path of T(w;) that starting in 3, at the first letter
of ¢q; reaches afterwards 3, just after it leaves ¢,
if and only if
there is a computation path of T'(ws) that starting in 3 at the first letter
of g; reaches afterwards (- just after it leaves g2, and
o for every Q(n) space-bounded internal configuration, g3
there is a computation path of T'(w; ) that starting in 3 at the first letter
of q; accepts without leaving g,.
if and only if
there is a computation path of T(w9) that starting in G at the first letter
of ga accepts without leaving go.

Note that
if  ha(qi) # ha(ga) then wy #Qin) wa,

since otherwise, similatly as in Lemma 5.1.2, one could show that M accepts
P1g2 which is not in A, a contradiction.

There are at most
4d2Q(n)

possible equivalence classes of the relation =g(,,. On the other hand, there are

22° words w = pq with different ha(q) and |g| = 2£("), Thus, similarly to the

proof of Theorem 11.2.1 one can derive L(n) < d()(n), a contradiction. o




12. Closure under Concatenation

In this chapter we discuss closure under concatenation of the space complexity
classes. It is easy to see that if the function L(n) is monotone and L(n) >
logn, then the classes DSPACE[L(n)] and NSPACE[L(n)] are closed under
concatenation. Using logn space the Turing machine can remember the position
of any point on an input. So, it can keep in its memory the position where two
subwords u and v are concatenated, and check if u belongs to one of the languages
and v to the other.

This is not the case for sublogarithmic space. Ibarra and Ravikumar (1988)
presented a proof that strong-DSPACE[L(n)] is not closed under concatena-
tion if L(n) > loglogn and L(n) = o(logn). We shall show that then also
strong-NSPACE|[L(n)] is not closed under concatenation, and correct some
minor errors of (Ibarra and Ravikumar 1988).

Consider the language

A= {d"b" | F(r)= F(s) for some s < t},

where
F(n) = min{# | i does not divide n}.

Then we have
Lemma 12.1. If L(n) = o(logn}, then
A ¢ strong-NSPACE[L(n)].

Proof. Suppose for a contradict.ion that

A € strong-NSPAC E[L(n)).
Then by Theorem 7.4.2, also the complement of A

A° € strong- NSPACE[L(n)).

Furthermore, the class strong-NSPAC E[L(n)] is closed under intersection with
regular languages. Hence, if

B=ANa"b" = {a"b* | F(r) # I(s) for any s < 1},

then
B € strony-NSPACE[L(n)).

Observe now the following:
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(1) for any i and j, @’/ € B implies i > j, and 4
(2) there are infinitely many m such that «™b™~* € B.

(1) follows immediately from the definition of B.
To prove (2) let us consider

m=lem{i|i<r} for some 7,
where {cm denotes the least common multiple. Then by the definition of F'(m),
F(m)>nr. (3)
On the other hand,
F(k)<r  foreach k< m, (4)
since, otherwise, every ¢ < r divides k, so k is a common multiple of all i < r less

than m, a contradiction. Heuce, by (3) and (4), F(m) # F(&) forall k <m —1,

and
™! € B,

And there is infinitely many m of the form m = lem{i | i < »} for some r, so
a™b™ ' e B for infinitely many m.

Similarly as in the proof of Theorem 6.2.4 one can show that since L(n) =
o(logn), there is an input w = @™b™~! € B such that the number of all possible
L(|w|) space-bounded internal configurations of M is less than m — 1, and also
a™b™ =™ is accepted by M, but this contradicts (1). Hence, B cannot be
accepted by any strongly L(n) space-bounded nondeterministic Turing machine.

8]

Now we are ready to formulate the main theorem of this chapter.

Theorem 12.2. If L(n) > loglogn and L(n) = o(logn), then neither
strong-NSPACE([L(n)] nor strong-DSPACE[L(n)] is closed under concate-
nation.

Proof. Consider the language
C={a"b’| F(r)= F(s)}.

It is easy to see that the language C can be accepted by a strongly loglogn
space-bounded deterministic Turing machine. The Turing machine computes
and compares F(r) and F(s) using O(loglog(r + s)) space (cf. Section 3.1).

On the other hand, note that the concatenation of C and the regular language
b* is equal to

A=Cb = {a"b' | F(r) = F(s) for some s < t}
and by Lemma 12.1,
A ¢ strong-NSPACE[L(n)].

Thus, C' and b* are in strong-DSPACE[L(n)] and in strong-NSPACE[L(n)),
but their concatenation Cb* is neither in strong-NSPACE[L(n)] nor in strong-
DSPACE[L(n)). o
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Note that, contrary to Lemma 2 of (Ibarra and Ravikumar 1988), there is a
language ‘
D= {0"1"™ |n>1} Co1”

such that

e D is strongly accepted in loglogn space,
e there are infinitely many m such that 0°~1™ € D for some im, and
e there is no m and iy, such that 0°»1m**m! € D for every A.

Note also that, contrary to an observation of (Ibarra and Ravikumar 1988),
the concatenation of infinite regular tally (over a one-letter alphabet) language
with another infinite (non-regular) language need not to be regular.

Consider two languages: '

R=(aa)*Ua and E={a*"|n>1}
Then R is regular, but RE not. Indeed,
RE = {a*"* 0> 1}U{a* |n > 2}
and the intersection of RE with the regular language a(aa)*:
RENa(aa)* = {a®" ' |n > 1)}

is not regular, hence RE' is not regular.







13. Alternating Hierarchy

In this chapter we present a proof that the alternating hierarchy for SPACE
[L(n)] collapses to L level if L(n) > logn, and in contrast to this, we show that
the alternating hierarchy does not collapse to the 2 level if L(n) = o(log n).

Immerman (1988) and Szelepcsényi (1988) (cf. Thm. 7.3.2) proved that if
L(n) > logn, then the nondeterministic L(n) space complexity class is closed
under complement. This implies that the strongly L(n) space-bounded alternat-
ing hierarchy collapses to NSPACE[L(n)).

Below logarithm the situation is quite different. There exists a language over
a one-letter alphabet that can be accepted by a loglogn space-bounded I7o-
alternating Turing machine but by no o(log n) space-bounded nondeterministic
Turing machine. The first proof of this fact was presented by Chang et. al. (1987).
They proved that below logn. alternating Turing machines accept more than non-
deterministic ones and although they did not say that explicitly, their alternating
Turing machine was actually IT;-alternating. In (Szepietowski 1989) a slightly
stronger result was presented. It was shown that also for any unbounded fully
space constructible function S(n) = o(logn) there exists a language over a one-
letter alphabet that can be accepted by an S(n) space-bounded IT;-alternating
Turing machine but not, by any o(logn) space-bounded nondeterministic Tur-
ing machine. This means that if L(n) = o(logn) and L(n) > S(n) for some
unbounded fully space constructible S(n), then

NSPACE([L(n)] G IT>SPACE[L(n)]. (1)

Hence, the L(n) space-bounded alternating hierarchy does not collapse to Iy
level.

Recall that there exist unbounded fully space constructible functions S(n)
such that S(n) < loglogn, so (1) is also valid for L(n) > loglogn and L(n) =
o(log n).

Recently von Braunmiihr, Gengler, and Rettinger (1994) and Liskiewicz and

Reischuk (1994) proved that the alternating hierarchy for SPAC E[L(n)] is infi-
nite if L(n) > loglogn and L(n) = o(logn).
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13.1. Collapsing of the Alternating Hierarchy above
Logarithm

In this section we present a proof that the strougly L{n) space-bounded alter-
nating hierarchy collapses to 2 level if L(n) > logn (Immerman 1988)). Recall
(cf. Theorem 8.1.1) that it does not matter which mode of space complexity is
used if L(n) is fully space constructible, and this is the case for all “normal”
functions L(n) > logn.

Theorem 13.1.1. If L(n) > logn, then for every natural &,

strong-ITy-SPACE[L(n)] = strong-£\-SPACE[L(n)] and
strong-X-SPACE[L(n)] = strong-X,-SPACE[L(n)].

Recall that 2,-SPACE[L(n)] = NSPACE[L(n)).

Proof. Collapsing of the L(n) space-bounded alternating hierarchy follows from
two facts. First, that the class of strongly L(n) space-hbounded nondeterministic
Turing machines is closed under so-called independent (of the starting configu-
ration) complement. In other words, every strongly L(n) space-bounded Turing
machine M has its independent complement A7¢ such that, M€ is strongly L(n)
space-bounded, and for each input z and each L(]z|) bounded configuration
of M, M¢ starting on z in § accepts if and only if A starting on z in § does
not accept (the set of states of M contains the states of M and the set of work
tape symbols of M¢ contains the work tape symbols of A7). A€ remembers the
configuration 8 and counts all configurations reachable from 3, by using the
method of Immerman and Szelepcsényi (see Theorem 7.3.1).

The second fact is that since L(n) > logn, it is possible to detect loops
(cf. Section 7.1) and to cut off infinite computations. Thus, we can assume that
every computation is finite and ends either with an accepting or rejecting state.

Suppose now that M€ is an independent complement of M and 3 is an
arbitrary accessible configuration of M. Let T be the finite tree labeled by all
configurations accessible by M from 8 and let T° be the tree labeled by all
configurations accessible from 8 by M¢ T° can be made finite, since we can
detect loops. Note that if there is an accepting leaf in T, then all leaves in T
are rejecting, and vice versa, if all leaves in T are rejecting, then there is an
accepting leaf in T°,

Now we can show that if £ > 1, then for every II4)- or L4, -alternating
Turing machine M, there is a IT;- or - (respectively) alternating Turing ma-
chine M, that accepts the same language. Suppose that M, is £+ -alternating,
Firstly, M, simulates M as long as it reaches the Eth alternation for the first
time, say in a configuration 3. Let T be a finite tree of all configurations acces-
sible by M) from (. Note that T consists entirely of existential configurations if
k is even, and entirely of universal configurations if k£ is odd. In M, the tree T
will be exchanged for a finite tree T° in such a way that:




Collapsing of tie Alternating Hierarchy above Logarithm 91

e T° is entirely universal if 7' is existential (for even k), and T is entirely
existential if T is universal (for odd k),

e T° isrooted at B’ which is equal to @ except that 8 is existential if 8 is
universal, and vice versa, and

e (3 leads M, to acceptance if and only if 8’ leads M, to acceptance.

Thus, M3 is k alternation-bounded and accepts the same language as M,. What
remains, is to show how M2 exchanges the tree T for T°.

Suppose first that & is even and 8 (and entire T') is existential. From the con-
figuration 8, M2 simulates the independent complement of M,, say Msz. More
precisely, M3 is an independent complement of the nondeterministic Turing ma-
chine which works like M; but all its states are existential. At the end, M,
accepts if M3 rejects, and vice versa, M> rejects if M3 accepts. The configura-
tion B is exchanged for the configuration ¢’ that is equal to 3 except that it is
universal and all configurations accessible from §' are universal in M.

Note that if 8 leads M, to acceptance, then there is an accepting configura-
tion accessible by M) from 3, so all computations of M3 which are started in 8
lead to rejection. Hence, all computations of My which are started in 4’ lead to
the accepting state. Thus, § leads M2 to acceptance.

On the other hand, if 8 leads M, to rejection, then all computations of M,
which are started in 3 lead to rejection. Ilence, there is a computation that leads
M3 to acceptance and there is a computation of Afs that starting in 8’ leads to
rejection. Thus, 3’ leads M- to rejection.

If k is odd and 8 (and entire T') is universal, then from the configuration 3, M
simulates the independent complement of the nondeterministic Turing machine
M, such that: M4 works exactly like Af; but all its states are existential and
rejecting states in M) are accepting in My, and vice versa, accepting states in
M, are rejecting in My. The configuration 3 is exchanged for the configuration
B’ that is existential and all configurations accessible from 3’ are existential in
M, . Similarly as above one can show that 8 leads M, to acceptance if and only
if #' leads My to acceptance.

Note that if ¥ = 0, then 8 is the initial configuration, M, is X\-alternating
or nondeterministic, and M, is IT)-alternating.

Thus, we have shown how to reduce every Xi+)-alternating Turing machine
to a Ly-alternating one.-One needs to apply this reduction k£ —1 times to reduce
every Ly-alternating Turing machine to a X-alternating one. Hence, for every
natural k£ > 1,

2w-SPACE[L(n)] C Z,-SPACE[L(n)]

and

51-SPACE([L(n})] C M,-SPACE[L(n)].
Similarly, one can show that for every k > 1,
I1-SPACE[L(n)] C I,-SPACE|[L(n)]

and

M,-SPACE[L{n)] C £,-SPACE[L(n)).
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On the other hand, for every natural &£ > |, we have the trivial inclusions
X1-SPACE[L(n)] C Zw-SPACE[L(n)] C i41-SPACE[L(n)).

Thus, we have proven Theorem 13.1.1. a

13.2. Noncollapsing of the Alternating Hierarchy below
Logarithm

In this section we present the proof of (Szepietowski 1989) that below logarithm
the alternating hierarchy does not collapse to T level. Recently von Braunmubhr,
Gengler, and Rettinger (1994) and Liskiewicz and Reischuk (1994) proved that
the alternating hierarchy for SPACE[L(n)] is infinite if L(n) > loglogn and
L(n) = o(logn). ‘

Theorem 13.2.1. Let S(n) be an unbounded fully space constructible function,
S(n) = o(logn), and L(n) = o(logn). Then there exists a language A C a* such
that:

o A€ 13-SPACE([S(n)] and
o A¢ weak-NSPACE[L(n)].

As an immediate corollary we have the following theorem.

Theorem 13.2.2. Let L(n) be a function, L(n) = o(logn), and L(n) > S(n) for
some unbounded fully space constructible function S(n). Then

NSPACE[L(n)] G IT-SPACE[L(n)).

The theorem is valid for both the strong and weak mode of space complexity.

Recall that there exist unbounded fully space constructible functions S(n)
such that S(n) < loglogn, e.g. S(n) = log[min{i | i does not divide n}]
(cf. Chapter 6). So, Theorem 13.2.1 is valid if L(rn) > loglogn and L(n) =

o(logn).
Observe that, by Theorem 13.1.1, /T;-SPACE[L(n)] and Zy-SPACE[L(n)]
are both contained n NSPACE[logn] for any k£ > 1 and L(n) < logn.

Proof of Theorem 13.2.1 For any natural d, consider the language
Ag={d" |n<lem{i|i< 2“‘5("]}}’

where lcm E denotes the least common multiple of the elements of E.
First we shall show that for any natural d,

Aq € II-SPACE[L(n)]
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The S(n) space-bounded [13-alternating Turing machine M accepting Aq works
as follows. On an input of length n, M first deterministically constructs the
function S(n). M will not use more space than S(n). Then it checks if n <
lem{i | i < 245} by checking if for all £ < n, there exists i < 2¢5(") such
that i does not divide k. This can be done as follows. Branching universally, M
moves to the k-th cell of the input, then (existentially) guesses ¢ < 2¢5(") and
going from the k-th to the first cell checks if ¢ divides k, and accepts if this is
not the case. Note that M has to store ¢ on its work tape, but not k.

Now we shall prove that for some d, 4, is not in weak-NSPAC E[o(logn)).
To do this, we need the following lemma.

Lemma 13.2.3. Tlere exists a constant d > 0 such that:

(a) Aq is infinite and
(b) Aa C {a™ ]| S(n) > c-loglogn} for some constant ¢ > 0.

Proof of Lemma 13.2.3 (a) We show that if the constant d is large enough, then
Ag is infinite. Since S(n) is unbounded, by Theorem 5.1.3, there is a constant
dy > 0 such that

S(n) > d; - loglogn for infinitely many n.
By Lemma 4.1.2(b), there is a constant ¢; > 1 such that

9d-S(n)

3 <lemfi| i< 2¢Sty,
Choose d in such a way that

[S(n) > d, - log logn] — [n < C;_)dAS(n)]

It is obvious that such a constant d exists. Thus,

S(n) > d; - loglogn] = ln< cfd's(")

i
b

| =
= [n <lem{i|i< ‘Zd's‘")}] = [a" € Ad],

hence,
a € Ay for infinitely many n.

(b) Let d be an arbitrary constant, d > 0. By Lemma 4.1.2(b),
lem{i | i <245} < c:_';dhs(n’,
so there is a constant ¢ > 0 such that
[a" € Ad] = [n <lem{i|i< 2d's(”)}] =
= [n < cgd's(")] = [S(n) > c-loglogn|.
Thus, we have shown that for any d > 0, there exists a constant ¢ > 0 such that
Ag C{a" | S(n) > ¢ loglogn}.
This completes the proof of Lemma 13.2.3. O
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Now we shall show that if d is as described in Lemma 13.2.3 and L(n) =
o(log n), then
Ag ¢ weak-NSPACE[L(n)).

Suppose, for a contradiction, that
Aq € weak-NSPACE([L(n)],

then by Theorem 6.2.4, there is an infinite regular language R such that R C A4
and by Lemma 13.2.3(b), also

RC {a" | S(n) > c-loglogn},

but this contradicts Theorem 6.2.9. 8]




14. Independent Complement

In Chapter 13 we showed that tle alternating hierarchy for SPACE[L(n)] col-
lapses to X level if L(n) > logn and it does not collapse if L(n) = o(logn).
Taking these two facts into consideration, one can raise a natural question: does
this mean that the nondeterministic sublogarithmic space complexity classes are
not closed under complement? We discuss this problem in this chapter and al-
though we do not provide a complete answer, we prove some weaker result. But
first we must formulate two definitions.

Definition 14.1. We say that a stroagly L(n) space-bounded Turing ma-
chine M, = (Q., X, I, 8¢, 40, F.) is an independent (of the starting config-
uration) complement of another strongly L(n) space-bounded Turing machine

M= (QJZ"Fx&aquF) 1[

*QCQ., I'Cl,, and

o for each input x € £* and each L(|z|) space-bounded configuration 8 of M,
M, starting on z in 8 accepts if and only if M starting on z in 3 does not
accept.

Definition 14.2. We say that a sirongly L(n) space-bounded Turing machine
M, = (Q,, X, Ty, by, qos, Fs) simulates independently (of the starting configura-
tion) a strongly L(n) space-bounded Turing machine M = (Q, X, I',8,q0, F) if

e QCQ,, I'C Ty, and
o for each input z € L* and eech L(|z|) space-bounded configuration 3 of M,
M, starting on z in 8 accepis if and only if M starting on x in 3 accepts.

If L(n) > logn, then, as we observed in the proof of Theorem 13.1.1, the
class of strongly L(n) space-bounded nondeterministic Turing machines is closed
under independent complement. It is possible then to remember the configura-
tion 8 and to count all configurations reachable from 3, by using the method
of Immerman (1988) and Szelepcsényi (1988) (cf. Theorem 7.3.1). It is this fact
and the ability of such Turing machines to detect loops in its behavior that is
needed to prove that the alternating hierarchy collapses.

In this Chapter we show that strongly o(log n) space-bounded nondetermin-
istic Turing machines are not closed under independent complement, even if the
input alphabet consists of one letter only. This contrast with the fact that the
class of tally languages accepted by strongly L(n) space-bounded nondetermin-

istic Turing machines is closed under complement for arbitrary function L(n)
(Th. 7.4.2).
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On the other hand, as we showed in Theorem 7.2.4, the class of strongly
L(n) space-bounded deterministic Turing machines with a one-letter input al-
phabet is closed under independent complement, for arbitrary L(n). From that
fact it follows that there exists an L(n) space-bounded nondeterministic Tur-
ing machine (even with a one-letter input alphabet) which cannot be simulated
independently by any L(n) space-bounded deterministic Turing machine.

It is unknown whether strongly L(n) space-bounded deterministic Turing
machines with a multi-letter input alphabet are closed under independent com-
plement. It seems that proof of (Sipser 1980; cf. Theorem 7.2.1) cannot be applied
to independent complement.

A very similar notion of independent simulation was introduced by Kan-
nan (1983). Using similar arguments (but not discussing detecting of loops) he
sketched a proof that for any function L(n) such that L(n) > loglogn and
L(n) = o(logn), there is an L(n) space-bounded nondeterministic Turing ma-
chine with a multi-letter input alphabet which cannot be “simulated” by any
L(n) space-bounded deterministic Turing machine. Independent simulation of
finite automata was also discussed by Birget (1989).

Recall (Chapter 7) that if L(n) > loglogn and L(n) = o(logn), then the
class of languages accepted by weakly L(n) space-bounded Turing machines (de-
terministic or nondeterministic) is not closed under complement. Hence, weakly
space-bounded Turing machines are not closed under complement.

Now we present the main Theorem of this chapter.

Theorem 14.3. If L(r) = o(logn) and L(n) > S(n) for some unbounded
fully space constructible S(n), then the class of strongly L(n) space-bounded
nondeterministic Turing machines (even with a one-letter input alphabet) is not
closed under independent complement.

Proof. Suppose, for a contradiction, that every strongly L(n) space-bounded
nondeterministic Turing machine with a one-letter input alphabet has its in-
dependent complement. Let S(n) be an unbounded fully space constructible
function such that S(n) < L(n). By Theorem 13.2.1, there exists a language A
which belongs to [T>-SPACE[S(n)] and not to NSPACE[L(n)]. Let M be the
strongly S(n) space-bounded [Is-alternating Turing machine accepting A de-
scribed in the proof of Theorem 13.2.1. We can assume that each computation
of M is finite and ends either with an accepting state s or a rejecting state s,.

Consider now two Turing machines:

e M; which isstrongly S(n) space-bounded Xs-alternating and works exactly
like M, but existential states in M are universal in M), and vice versa,
universal states in M are existential in Af,: and the state s, is accepting in
M; and s, is rejecting. Note that Afy accepts A° -the complement of A.

e M, which is strongly L(n) space-bounded nondeterministic and is an inde-
pendent complement of M, or more precisely, of the nondeterministic Turing
machine which works exactly like A, but has only existential states.
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Similarly as in the proof of Theorem 13.1.1 we shall reduce M; to astrongly L(n)
space-bounded nondeterministic Turing machine M3 which also accepts A°. But
now we do not need to detect loops and cut off infinite computations.

First, M3 acts like M; until for the first time it reaches a universal config-
uration, say 3. Then it simulates M2 starting from 3. All configurations of Mj
are existential.

Note that if 8 leads M; to acceptance, then all computations of M; (and of
M) starting in 8 are finite and end with s, (s, is accepting in M; and rejecting
in M), so there exists an accepting computation of M» starting in 3. Hence,
leads M3 to acceptance.

On the other hand, if 8 leads M, to rejection, then there exists a compu-
tation of M; (and of M) starting in 3 that ends with s, (s, is rejecting in
M; and accepting in M, and all computations of Af; are finite). So, there is
no computation in M, that leads to acceptance. Hence, 8 does not lead M3 to
acceptance.

Thus, M; and M3 accept the same language A°. So,

A¢ € strong-NSPACE[L(n)],

but by our assumption, strong-NSPACE[L(n)] is closed under complement, so
also

A € strong-NSPACE[L(n)],
but this contradicts Theorem 13.2.1. a

On the other hand, as we showed in Theorem 7.2.4, the class of strongly L(n)
space-bounded deterministic Turing machines with a one-letter input alphabet
is closed under independent complement, for arbitrary L(n). Hence, we have the
following theorem.

Theorem 14.4. If L(n) = o(logn) and L(n) > S(n) for some unbounded fully
space constructible S(n), then there is a strongly L(n) space-bounded nondeter-
ministic Turing machine (even with a one-letter input alphabet) which cannot
be independently simulated by any strongly L(n) space-bounded deterministic
Turing machine.







15. Other Models of Turing Machines

In this chapter we consider some other models of Turing machines with bounded
space and see which functions are space constructible by these machines.
We consider

two-dimensional Turing machines,
1-inkdot Turing machines,
1-pebble Turing machines, and
demon Turing machines.

An input tape of a two-dimensional Turing machine is a two-dimensional rect-
angular array of symbols from some alphabet . A 1-inkdot Turing machine is a
usual Turing machine with the additional power of marking one cell on the input
tape (with an inkdot). This cell is marked once and for all (no erasing) and no
more than one dot of ink is available. A 1-pebble Turing machine is equipped
with a pebble which can be placed on and removed from any cell of the input
tape. A demon L(n) Turing machine is a Turing machine that has L(n) space
marked off on its work tape for every input of length n, and cannot use more
space than L(n).

These models do not differ much from the normal Turing machine if the space
bound function L(n) > logn, but they behave differently if L(n) = o(logn).
This shows that Turing machines with sublogarithmic space are sensitive to
modifications of the definition.

In (Szepietowski 1992) it was shown that the function loglogn is fully space
constructible and functions: log(k)n for every k, and log*n = min{i | log(")n <1}
are space constructible by two-dimensional Turing machines. Thus, the space
hierarchy of two-dimensional languages starts much lower than in the one-
dimensional case. Recall (Ch. 5) that space used by any one-dimensional Turing
machine is either bounded by a constant or it reaches O(log log n) infinitely often.

Hartmanis and Ranjan {1989) showed that the function loglogn can be fully
space constructed by a nondeterministic 1-inkdot Turing machine, and that for 1-
inkdot Turing machines nondeterministic sublogarithmic space is more powerful
than deterministic one.

Chang et. al. (1986) proved that loglogn is the lower bound for accepting
non-regular languages by 1-pebble (and 1-inkdot) Turing machines. They also
showed that loglogn is fully space constructed by a deterministic 1-pebble Tur-
ing machine and that L(n) space-bounded 1-pebble Turing machines are more
powerful than those without pebbles if L(n) > loglogn and L(n) = o(logn).

The demon Turing machine was introduced by Hartmanis and Ranjan (1989)
to emphasize the importance of the constructibility of tape bounds. They con-
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sidered two languages {a*b* | k > 0} and {w#w | w € {a,b}*} which require
O(logn) space to be accepted by a standard deterministic or nondeterministic
Turing machine. And they showed that {a*b* | k > 0} is accessible in O(log log n)
space by a demon Turing machine, but {w#w | w € {a, b}*} requires O(logn)
space. This very clearly shows that the lower bound O(logn), on the amount of
space required to recognize {afb* | k > 0} is purely due to space constructibility
reasons, whereas {w#w | w € {a, b}*} requires O(logn) space independently of
any constructibility properties of the Turing machine.

15.1. Two-dimensional Turing Machines

In this section we consider functions that are constructed by two-dimensional
Turing machines with square inputs. We shall show that the function loglogn is
fully space constructible and functions log*n and log(’”n for every k, are space
constructible by two-dimensional Turing machines.

Let X be a finite set of symbols. A two-dimensional tape over X' is a two-
dimensional rectangular array of symbols from %. The set of all two-dimensional
tapes over X is denoted by XX?). For each z in 5X?), z(i, j) denotes the symbol
in z standing in the row ¢ and column j.

We shall consider two-dimensional Turing machines with a read-only input
tape and a separate work tape. The input tape consists of a two-dimensional
tape surrounded by an additional symbol # and the input head starting from
the top-left corner of the input can move right, left, down, or up. The work tape
of two-dimensional Turing machines is one-dimensional.

For Turing machines with square inputs, we define 2-space constructible and
fully 2-space constructible functions.

Definition 15.1.1. A function L{n) on natural numbers is 2-space constructible
if there ezists a strongly L(n) space-bounded two-dimensional deterministic Tur-
ing machine M such that for every n, there exists a square input with n rows
and n columns on which M uses ezactly L(n) space. L(n) is called fully 2-space
constructible if M uses L(n) space on each square with n rows and n columns.

The following lemma presents basic properties of 2-space constructible and
fully 2-space constructible functions.

Lemma 15.1.2.

(a) If L(n) is fully 2-space constructible, then L(n) is 2-space constructible,

(b) if L(n) is 2-space constructible and L(n) > n?, then L(n) is fully 2-space
constructible,

(c) if L(n) and K(n) are (fully) 2-space constructible, then L(n) + K(n) and
L(n)K(n) are (fully) 2-space constructible.

(d) if L(n) and K(n) are (fully) 2-space constructible and K(n) > n, then the
composition K(L(n)) is (fully) 2-space constructible (by (f) below, K(n) is
then fully space constructible),
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(e) If L(n} is (fully) space constructible, then L(n) is (fully) 2-space con-
structible,

(f) if L(n} is fully 2-space constructible and L(n) > logn, then L(n) is fully
space constructible,

(g) if L(n) is 2-space constructible and L(n) > logn, then L(y/n) is space con-
structible,

Proof. (a)—(e) follow immediately from the definitions.

(f) If L(n) is constructed by a two-dimensional deterministic Turing machine M,
it can also be constructed by a one-dimensional deterministic Turing machine M’
which simulates M on empty tapes (consisting of one symbol). M’ remembers
only the position of the input head of M which requires logn space.

(g) If space-bound L(n) > logn, then any two-dimensional L(n) space-bounded
Turing machine can be simulated by a one-dimensional L(y/n)} space-bounded
Turing machine M’ such that M accepts a square tape z if and only if M’
accepts one-dimensional word consisting of rows of z standing one after one. O

First we show that loglog n is fully 2-space constructible (Szepietowski 1992).
Theorem 15.1.3. The function loglogn is fully 2-space constructible.

Proof. We should show that there exists a two-dimensional deterministic Turing
machine M which uses log log n space on every square input z with n rows and n
columns. M starts from the boundary symbol # standing in the cell (1, 0) and
goes two steps right and one step up to the boundary cell z(0,2), then it goes
to z(4, 0} by repeating two steps down followed by one step left until it reaches
the boundary symbol #, and next it goes to z(0, 8), by repeating two steps right
and one step up. M continues these walks through x until it reaches for the first
time # on the right or bottom edge of . M counts in binary how many times
it reaches the upper or left edge of z (the first cell z(1,0) is not counted). M
visits on the upper edge of z the cells z(0, 2) with odd i < log n, and on the left
edge z(2%,0) with even i < logn. So, the number of cells visited by M on the
left or upper edge is equal to |logn|. Thus, at the end M keeps on its storage
tape |logn) in binary using log log n space. a]

To prove that the functions log*n and log*'n for every k, are 2-space con-
structible, we shall need the following lemma.

Lemma 15.1.4. There exists a language
LOG = {&m | m > 1} C {0,1}(?

such that LOG is accepted by a two-dimensional finite automaton A (Turing
machine using zero space) and for every m,
e z,, is a square with m rows and m columuns, and
e in the last row of z,, there are 1's in the first [logm| cells and 0’s in the
others.
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Proof. First we describe the language LOG and then the finite automaton A
accepting it. The language LOG consists of elements zp, for every m. To simplify
the proof, we consider only m > 8 (the others can be accepted separately).

Here we present z;2 as an example. For clarity, the dot stands for 1 and O,
O, and 0 stand for 0 (O stands for 0 on the main diagonal, O stands for 0 above
the main diagonal, and 0 stands for 0 below the main diagonal).

O 0 0 00O 0O O0O O 0 O
Oooo0 - - 00 - - 0O
-0 - 0 - - 0 O 0
00 0 0 0 0 O 0
00 - .0 0
0o 0 O - 0 0
o0 0 QO -0 - - O
00 0 00O O O 0 O
o0 0 0 0O - - -
00 0 0 0 0 O -
00 0 0 0 0 0O -
00 0 0 0 0 0 0 O

z,, is the square table with m rows and m columns such that:

e the main diagonal contains only 0’s,

e above the main diagonal, there is a sequence of [logm| standing side by
side squares such that: the bottom left corner of the i-th square stands just
above the main diagonal in the cell zp,(2°~*,2-1+1) and the upper right
corner in Z,,(1,2'), the edge of each square consists of O’s and the interior
of 1's. If m is not a power of 2, then after the last square there is a rectangle
with the bottom left corner in z,,(2l'°8™) 2l'°€™] 4 1) and upper right in
z, (1, m). In all other cells above the diagonal stands 1.

e below the main diagonal for each i, 1 < i < |logm], there are 1's in the
i-th column from .'1,',,,(2"'1 + 1,7) to 2, (m, ). There is 0 in all other cells
below the main diagonal. Note that the last 0 in the i-th column stands in
the same row as the bottom left corner of the i-th square above the main
diagonal.

Now we shall show how the finite automaton A accepts LOG. First it checks
whether on the main diagonal of an input z there are only 0’s and that above the
diagonal there is a sequence of rectangles with 0’s on the edge and 1’s inside. The
first rectangle should be a square consisting of one cell #(1,2). The rectangles
should be adjacent to each other and to the upper edge of £ and the bottom
left corner of each rectangle should stand just above the main diagonal of z.
Next it checks if all rectangles, excepting possibly the last one, are squares, by
going through the main diagonal of each rectangle. Note that if all the above
conditions are satisfied, then the side of each square is twice as long as the side
of the previous square and the bottom left corner of the i-th square stands in
z(2°-1,2-1 4+ 1). Then A checks if below the main diagonal on the bottom of
the first few columns there are 1’s and if the number of 1’s in each column is
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less than in the previous one standing to the left. Next A checks if the number
of columns with 1's below the main diagonal is equal to the number of squares
above and if the last 0 in the ¢-th column is in the same row as the bottom left
corner of the i-th square. To do this, A checks one by one if the last 0 in the i-th
column for ¢ > 3 (the first two columns can be checked separately), stands in the
same row as the bottom left corner of some square, and if the bottom left corner
of each square stands in the same row as the last 0 in some column. Note that
if ¢ > 3, then the bottom left corner of the square can easily be recognized. 0O

Now we are ready to prove that the functions log*n and log*)n for every
k, are space constructible by two-dimensional Turing machines.

Theorem 15.1.5. The functions log*n and log*)n for every k, are 2-space con-
structible.

Proof. First we show that for every k, there exists a two-dimensional determin-
istic Turing machine M that constructs the function log*'n. The input alphabet
of M consists of three symbols {0, 1, 2}. We should show that for every n, there
is a square input, say G(n), with n rows and n columns on which M uses ex-
actly log®*)n space. To construct G(n), we use the language LOG described in
Lemma 15.1.4. The [5] + 1 row and the [ 3] + 1 column of G(n) contains only
2’s. This row and column divide G(n) into four rectangles. The upper left rect-
angle belongs to LOG, in its last row there are 1's in the first |logn] — 1 cells.
Just below these 1’s in the bottom left rectangle we build the second square with
side-length |logn) that again belongs to LOG. This square is surrounded by 2’s.
Below the 1's in the last row of the second square we build the third square from
LOG with side-length loglogn, and so on. There should be k squares from LOG
one below the other. The last square contains log(k)n I's in its last row. Since
the language LOG is accepted by the finite automaton A, M can check without
using any space if the input is equal to G(n) for some n. If this is the case, M
marks on its work tape as many cells as there are 1's in the last row of the k-th
square.

The function log*n can be constructed in a similar way, but then in G(n) the
squares from LOG are built until the last of them contains in its last row only
one 1, and M counts the number of squares. a

Up to now, we have been considering functions constructed by Turing ma-
chines with square inputs. It is easy to see that if inputs of Turing machines
are not restricted to squares, then we can construct the same functions as the
functions of the minimum of the two side-lengths of the input. More precisely,
there exists a two-dimensional deterministic Turing machine which uses exactly
loglog(min(m, n)) space on every input with m rows and n columns. Similarly,
there exists a two-dimensional deterministic Turing machine which for every m
and n, uses log*(min(m, n)) (or log*Xmin(m, n))) space on some input with m
rows and n columns.
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Note that it is not possible to use maximum instead of minimum because
otherwise one could construct these functions in one dimension by using inputs
with one row.

15.2. Inkdot Turing Machines

In this section we consider the 1-inkdot Turing machines and present a result of
Hartmanis and Ranjan (1989) that the function log log n can be fully space con-
structed by a nondeterministic 1-inkdot Turing machine, and that for 1-inkdot
Turing machines, nondeterministic and deterministic sublogarithmic space com-
plexity classes are not equal.

Definition 15.2.1. A I-inkdot Turing machine is a standard Turing machine
with the additional power of marking 1 cell on the input tape (with an inkdot).
This cell is marked once and for all (no erasing) and no more than one dot of
ink is available. The action of the machine depends on the current state, the
currently scanned input and work tape symbols, and the presence of the inkdot
on the currently scanned cell. The action consists of moving the heads, making
changes on the work tape, and changing the state of the finite control; in addition,
the inkdot may be used to mark currently scanned cell on the input tape if it has
not already been used.

Definition 15.2.2.
e DSPACE ! [L(n)) = {L | L is accepted by an L(n) space-bounded deter-
ministic 1-inkdot Turing machine }.
e NSPACE®![L(n)] = {L | L is accepted by an L(n) space-bounded non-
deterministic I-inkdot Turing machine}.

It is obvious that if L(n) > log n, then the inkdot does not increase the power
of neither deterministic nor nondeterministic Turing machines. Thus we have.

Theorem 15.2.3. If L(n) > logn, then

DSPACE®[L(n)] = DSPACE[L(n)]  and
NSPACE®![L(n)) = NSPACE[L(n)).

But also for arbitrary function L(n), the inkdot does not increase the power
of strongly L(n) space-bounded deterministic Turing machines (Hartmanis and
Ranjan 1989).

Theorem 15.2.4. For an arbitrary function L(n),

strong- DSP ACE %*[L(n)] = strong-DSPACE[L(n)].
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Proof. Let Mgy be astrongly L(n) space-bounded 1-inkdot machine. We shall
show that there is a normal strongly L(n) space-bounded Turing machine M
which simulates M 4,; without using the inkdot. The simulation of M4, by M is
straight forward until (if at all) the dot is placed on the input tape by Mao . At
this time, M records § —the internal configuration of Mg, and ¢ —the symbol
being scanned on the input tape. Note that M cannot remember where the dot
was placed on the input tape if it is forced to move away from the dot. In the
following simulation, the dot’s position will be recomputed again and again.
After the placement of the dot by My,, the forward simulation by M contin-
ues until the symbol ¢ is scanned (it could have a dot mark). In this case, ' —the
current internal configuration of M4, is recorded and a depth-first, backwards
search is initiated to determine if we can back Mdo: from the internal configura-
tion 8 to the starting configuration. The search is performed similarly as it was
described in the proof of Theorem 7.2.1. If the starting configuration has been
reached, then M simulates M4, forward until M4, reaches the dot operation;
now we are back on the cell with the dot on it; Then M switches to the stored
internal configuration §' of M4, and continues the forward simulation of My,;.
If the starting configuration cannot be reached, then we know that the dot was
not placed on this cell and in this case the depth first search will halt with head
in the position from where it started. Now M continues the simulation of M4,
from the configuration #’, knowing that there is no inkdot on this cell. a

Now we present the theorem of (Hartmanis and Ranjan 1989) that a nonde-
terministic 1-inkdot Turing machine can fully construct the function loglogn.

Theorem 15.2.5. The function loglogn is fully space constructible by a non-
deterministic 1-inkdot Turing machine. That is, there is a strongly O(loglog n)
space-bounded nondeterministic 1-inkdot machine M such that on every input
of length =, it reaches a configuration which is exactly loglogn space-bounded.

Proof. On an input of length n, M places the inkdot somewhere in the input,
say at the cell k. Then M computes the binary description of

F(k) = min{i | ¢ does not divide k}.

By Lemma 4.1.2(d), there is a constant d > 0 such that F (k) < dlogk. Thus,
M is strongly O(loglogn) space-bounded.
Consider now
k=lcm{i|i< clogn},

where IcmA denotes the least common multiple of elements of A and ¢ is a
constant ¢ > 0. By Lemma 4.1.2(b),

k< clEn
and there is ¢ > 0 such that £ < n. On the other hand, by Lemma 4.1.2(f)

F(k)> clogn.
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Hence, there is a computation of M that uses log F((n) > log(clogn) space.
Thus, there is a constant d) > 0 such that M uses at least d, loglogn space on
every input of length n. At the end, if necessary (if d; < 1), M multiplies the
number of cells on the work tape by a constant to get loglogn. a

The fact that loglog=n is fully space constructible by a nondeterministic 1-
inkdot Turing machine and not by deterministic one, implies that for 1-inkdot
Turing machines, nondeterministic and deterministic space complexity classes
are not equal. This is formalized in the following theorem (Hartmanis and Ranjan

1989).

Theorem 15.2.6. There is a language A such that
o A€ strong-NSPACE %![loglogn] and
o A ¢ strong-DSPACE%![L(n)] forany L(n) = o(logn).

As an immediate corollary we have the following theorem.

Theorem 15.2.7. If L(n) > loglogn and L{n) = o(logn), then

strong-DSPACE %*{L(n)] G strong-NSPACE “°*[L(n)).

Proof of Theorem 15.2.6. Consider the language
A= {a*™ | k £m).

By Lemma 8.3.3,
A ¢ strong-DSPACE[L(n)}

and by Theorem 15.2.4,
A ¢ strong-DSPACE %'[L(n)).

Now we shall show that there is a strongly loglogn space-bounded nondeter-
ministic 1-inkdot Turing machine M accepting A. On any input of the form
w = a¥b™, M first marks off loglog(k +m) cells on the work tape. This is possi-
ble, since by Theorem 15.2.5, log log n is fully space constructible by a nondeter-
ministic 1-inkdot machine. Next, using marked space M checks if £ # m (mod r)
for some r < dlog(k + m), and accepts if this is the case. Remember that by
Lemma 4.1.2, there is a constant d such that for every & and m, k # m, there is
r < dlog(k + m) such that k # m (mod ). ]
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15.3. 1-pebble Turing Machines

In this section we consider Turing machines equipped with one pebble which can
be placed on and removed from the input tape. The 1-pebble finite automata
accept only regular languages. On the other hand, the pebble is redundant when
the space used is logn or more because then the position of the pebble can be
remembered in binary (cf. Section 3.2).

Chang et. al. (1986) proved that loglogn is fully space constructed by a
deterministic 1-pebble Turing machine. This means that the pebble increases
the power of deterministic Turing machines with sublogarithmic space. They
also showed that log log n is the lower bound for accepting non-regular languages
by 1-pebble (and 1-inkdot) Turing machines.

Definition 15.3.1. A I-pebble Turing machine is a Turing machine with a two-
way read-only input tape, a two-way read-write work tape, and a pebble which can
be placed on and removed from the input tape. The action of the Turing machine
depends on the current state, the currently scanned input and work tape symbols,
and the presence of the pebble on the currently scanned cell. The action consists
of moving the heads, making changes on the work tape, changing the state of the
finite control, and picking up or placing (or none) the pebble on the currently
scenned cell on the input tape.

Definition 15.3.2.
e DSPACEP®[L(n))={L | L isaccepted by an L(n) space-bounded deter-
ministic 1-pebble Turing machine}.
e NSPACEP®*[L(n)] = {L | L is accepted by an L(n) space-bounded non-
deterministic 1-pebble Turing machine}.

First we present the theorem of (Chang et. al. 1986) that loglog= is fully
space constructible by a deterministic 1-pebble Turing machine.

Theorem 15.3.3. The function loglogn is fully space constructible by a de-
terministic 1-pebble Turing machine. That is, there is deterministic 1-pebble
machine M that uses exactly loglogn space on every input of length =n.

Proof. On an input of length n, M places the pebble at a position k£ and finds
the binary description of

F(k) = min{: | i does not divide k}.

It repeats this procedure for £ = 1, 2, ..., n. In much the same way as in the
proof of Theorem 15.2.5 one can show that M fully constructs loglog n. ]

As a corollary we have the following theorem.

Theorem 15.3.4. If L(n) > loglogn and L(n) = o(logn), then
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DSPACE([L(n)] G DSPACE®**[L(n)).

Proof. Consider the language
A= {a*bF | k> 0}.

By Lemma 6.2.5,
A ¢ DSPACE[L(n)].

On the other hand loglogn is fully space constructible by a deterministic 1-
pebble Turing machine and just as in the proof of Theorem 15.2.5 one can show
that

A € DSPACEP®[loglogn].

o

Now we sketch the proof that loglogn is the lower bound for accepting non-
regular languages by 1-pebble Turing machines, and so by 1-inkdot machines

(Chang et. al 1986).

Theorem 15.3.5. Let M be an L(n) space-bounded 1-pebble deterministic or
nondeterministic Turing machine and L(n) = o(loglog=n), then M accepts only
a regular language.

Proof. The proof is similar to that of Theorem 5.1.3. We need only to modify
the equivalence relation defined in Definition 5.1.1. Let M be an weakly L(n)
space-bounded deterministic or nondeterministic 1-pebble Turing machine with
an input alphabet X, and let k be a natural number. Using counting argument
similar as in the proof of Theorem 5.1.3 one can show that if L(n) = o(loglogn),
then there are z, y, z € X'* such that yz =, 2z and = ~; zy, where = is the
equivalence relation defined in Definition 5.1.1 and the relation =~ is defined
analogously as = but for configuration entering the words from the right instead
from the left. Moreover, for every internal configurations 5y, (2,

o there is a k space-bounded computation of M on zyz that starting in 3,
with the pebble at the first letter of 2 reaches 3, with the pebble just after
it leaves z

if and only if

o there is a k space-bounded computation of A/ on zy: that starting in 3,
with the pebble at the first letter of y> reaches 32 with the pebble just after
it leaves yz.

During the computation from §; to 32, M can leave z or yz but without the
pebble.

As in Lemma 5.1.2 one can prove that in this case M accepts zyz in k space
if and only if M accepts zz in k space. ]
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Corollary 15.3.6. The 1-pebble finite automata accept only regular languages.

15.4. Demon Turing Machines

To emphasize the importance of the constructibility of tape bounds Hartmanis
and Ranjan (1989) proposed to consider a demon Turing machine.

Definition 15.4.1. A demon L(n) Turing machine is a Turing machine that has
L(n) cells marked on its work tape for every input of length n, and cannot use
more space than L(n).

Definition 15.4.2.
e DSPACE4™[L(n)] = {L | L is accepted by an L(n) space-bounded de-
terministic demon Turing machine}.
e NSPACE®™[L(n)] = {L | L is accepted by an L(n) space-bounded non-
deterministic demon Turing machine}.

The demon Turing machine has L(n) space marked automatically on any
input of length n, and it does not need any space constructibility. It is easy to
see that a demon L(n) Turing machine is equivalent to a standard L(n) space-
bounded Turing machine if the function L(n} is fully space constructible. Hence,
they are equivalent for all “normal” functions above logarithm.

Consider two languages:

{a*0* | k> 0)

and
{w#w | we {q,0}"}.

They both require O(logn) space to be accepted by a standard Turing machine.

Below we present results of Hartmanis and Ranjan (1989) who showed that
{a*b® | k > 0} is accessible in O(loglog n) space by a demon Turing machine, but
{w#w | w € {a,b}*} requires O(logn) space. This very clearly shows that the
lower bound, O(logn), on the amount of space required to recognize {afb* | k >
0} is purely due to space constructibility reasons, whereas {w#w | w € {a,0}*}
requires O(logn) space independently of any constructibility properties of the
Turing machine.

Theorem 15.4.3.
(a) {a*b* | k> 0} € DSPACE “™[loglogn] and
(b) {ak* | k >0} ¢ NSPACE®™[L(n)] if L(n)= o(loglogn).

Proof.
(a) Similarly to the proof of Theorem 15.2.6 using the fact that loglog|w| space
is now marked off automatically.
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(b) Suppose that the language {a*b* | k > 0} can be accepted by some L(n)
space-bounded nondeterministic demon Turing machine M. Let w be some input
of the form w = a*b* and let £ be the space used by M on w, i.e. £ = L(2k).
Consider the equivalence relation =, defined in Definition 5.1.1. It is easy to see
that if L(n) = o(loglogn), then for k large enough, k is greater than the number
of equivalence classes of the relation =;. Thus, there exist two numbers i and j,
such that 1 < i < j < k and b =, &/. In that case, by Lemma 5.1.2, also the
word a¥b¥+i-J is accepted by M, a contradiction. a

Theorem 15.4.4. If L(n) = o(log n), then
{wH#w | w € {a,0}*} ¢ NSPACE™[L(n)).

Proof. The theorem is actually proved in the proof of Theorem 11.2.1. One
should only consider L(n) = logn. a
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