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Haim Brezis and Louis Nirenberg in a mathematical discussion, Jerusalem, January 2002. By the
courtesy of Rachel S. Brezis



Preface

Nonlinear Analysis: In Honor of Haim Brezis and Louis Nirenberg focuses on
various important areas of mathematical research that have been either introduced,
inspired, or influenced by two pioneering researchers of contemporary nonlinear
analysis, who greatly contributed to shaping this field. The contributed papers
have been written by eminent experts from the international mathematical com-
munity. These works broaden our understanding of several theories, methods, and
techniques which have been found very applicable toward the solution of several
important problems, some of which had resisted solution for long stretches of
time. Some of these papers have been contributed by former students of these two
influential mathematicians. This volume serves as a tribute to Brezis and Nirenberg
for their great service to mathematical analysis and its applications.

I feel very grateful to all the mathematicians who enthusiastically responded with
their contributing chapters in this publication. I would also like to acknowledge the
superb assistance of the staff of Springer for the production of this volume.

Athens, Greece Themistocles M. Rassias
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Anisotropic Surface Measures as Limits m)
of Volume Fractions ik

Luigi Ambrosio and Giovanni E. Comi

1 Introduction

The literature on approximation of Sobolev and BV norms, and on the character-
izations of the corresponding spaces in terms of these approximations, is by now
very wide, see in particular [4] for the case of Sobolev spaces, [16] and the more
recent papers [6, 7] which deal with non-local approximations, in the sense of -
convergence of (a multiple of) the total variation norm, with intriguing connection
to problems considered in image processing. Still in connection with non-local
functionals, it is worth to mention the paper [8] which gave origin to the theory
of nonlocal minimal surfaces.

Somehow in the same vein, motivated by [5], the first author, Bourgain, Brezis
and Figalli recently studied in [2] and [1] a new characterization of the perimeter of
a set in R” by considering the following functionals originating from a BMO-type
seminorm

le(f) =" 'sup ][ If(X)—][ fldx, (1)
9. Q% o o

where ¥, is any disjoint collection of e-cubes Q' with arbitrary orientation and
cardinality not exceeding &!~".

In particular, they studied the case f = 14; that is, the characteristic function of
a measurable set A, and proved that
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lim I (1) = 3 min{1, P(4)}. @)

This theme has been further investigated in [11], for BV functions, see also [12] for
a variant of this construction leading to Sobolev norms and spaces.

In this paper we study more in detail the structure of the optimization problem
in (1). We remove the upper bound on cardinality that seems to be very special of
the case of cubes, at least if one is willing to get a precise formula as (2) and not only
upper and lower bounds on . With this simplification, we prove that the existence
of the limit and the emergence of a surface measure are general phenomena. In
particular we prove that, for some dimensional constant £ = £(n), one has

lim HE(1,) = £P(A), 3)

where HEB is defined as (1), without the bound on cardinality and using disjoint
e-balls.

More generally, if C is a bounded open set with Lipschitz boundary and if we
define

HE(A) :=¢"""sup Y ][ |1A<x>—][ 14]dx, “)
e C'e, ¢ ¢

where ¥, is any disjoint family of translations C’ of the set ¢C with no bounds on
cardinality, we are able to prove the following result.

Theorem 1 There exists € : S"~1 — (0, +00), bounded and lower semicontinu-
ous, such that, for any set of finite perimeter A, one has

lim HE (A) = / e ax) ds" " (x), )
e—0 FA

where F A and v are respectively the reduced boundary of A and the approximate
unit normal to F A. Moreover, if A is measurable and P(A) = 0o, one has

lim HE (A) = +o0. (6)
e—0

The right hand side of (5) can be seen as an anisotropic version of the perimeter,
P, (A). This result, while shows that the particular geometry of the covering sets is
not essential, raises indeed some open questions. The most important is maybe the
following one:
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|p|¢c(|%) if p£0

Is the function ¢ (p) := convex?

This question is natural, in view of the fact that the anisotropic perimeter
f zaPa)d "1 is lower semicontinuous w.r.t. the convergence in measure
if and only if ¢ is the restriction to the unit sphere of a positively 1-homogeneous
and convex function. The problem is nontrivial since we were able to prove that, if
C is the unit square (0, D2 in R2, then ¢C is not convex, as it is shown in Sect. 4. In
particular, the convexity of C is not a sufficient condition to obtain ¢€ convex.

The paper is organized as follows: after a brief section containing preliminary
results, in Sect. 3 we provide first the proof of (6), by a simple comparison argument
based on the results of [1]. Then, we define suitable localized versions H.(A, §2)
and Hi (A, £2) of our functionals; the latter arise by taking the limsup and the
liminf w.r.t. the scale parameter ¢. We can use symmetry and superadditivity
arguments to show that Hy = H_ when both are evaluated in halfspaces A and in
cubical domains 2 with faces parallel or orthogonal to the normal to the halfspace.
Eventually, we use covering theorems as well as the fine properties of sets of finite
perimeter to extend the result to general sets of finite perimeter and general domains.

In Sect. 4 we discuss examples and variants of our result. Finally, we provide in
the Appendix, for the reader’s convenience, a proof of the existence of the “best
volume fraction” in Kepler’s packing problem (related to our problem when we
choose as C a ball), whose value is presently known only in dimensions 2 and 3
[14, 19].

2 Notation and Preliminary Results

In this paper we assume n > 2. We denote by A€ the complement of A, by |A| the
Lebesgue measure of a Lebesgue measurable set A C R”, by 7"~ ! the Hausdorff
(n — 1)-dimensional measure and by AAB := (A \ B) U (B \ A) the symmetric
difference of the sets A, B. If E is a set of finite perimeter, we denote by 9*F its
essential boundary, namely the complement of the sets of density and rarefaction
points. We refer to Section 3.5 of [3] for the basic definitions and the general
properties of sets of finite perimeter needed in this paper.

In order to avoid confusion, in the rest of the paper we will mostly work with
the reduced boundary .# E C 9*E, using the larger essential boundary *E only
when strictly necessary, see for instance (25). The reason for this choice is that at
every point of the reduced boundary the measure theoretic exterior normal is well
defined, and we need it in order to prove results on densities of set functions. On
the other hand, it is well-known that #"~1(8*E \ .Z E) = 0, hence every property
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which holds for 7" 1-a.e. x € ZE holds also for 5#" !-a.e. x € 3*E and, when
integrating w.r.t. /" ~!, the difference is not seen.

An important result we need is the linear form of the relative isoperimetric
inequality (see for instance Theorem 3.44 in [3]): for any open bounded set C with
Lipschitz boundary there exists a constant y = y (C) such that

ICOEICA E] <yP(E,C) ()
cp =TT
for any measurable set E. By scaling, it follows that if C’ = ¢C we have

|C'NE|IC'\ E|

o e TPEC),

for any measurable set E.

3 Proof of Theorem 1

In order to prove Theorem 1, we define a localized version of H,: for any measurable
set A and any open set £2 we set

HE(A, 2):=¢"""sup Y~ |1A(x)—][ 14| dx, (8)
(gf‘ C/ (q C/

where the supremum runs among all disjoint families ¢, made with translations of
the set ¢C in £2. Since

C'NA|IC'\ A
][ |1A<x>—f lAldx=][ ][ 14() — La(y) | dxdy = 2/ S AICA AL
C’ C’ c' Jc!

IC'1?

)

we have the following equivalent definition

c . [IC'NA|IC\ Al
HE(A, Q) :=¢" Sup Z p Rt L i or , (10)
Ge C'e¥,
which we are going to use mostly.
In addition, it is convenient to define the following set functions

HS (A, 2) :=limsup HE (A, £2), (11

e—0

HE(A, Q) := ligngf(A, 2). (12)
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Clearly, we have H_C(A, 2) < Hf(A, £2). In order to show the existence of
the limit in the case of a set of finite perimeter A, we need to prove the converse
inequality H_(A, 2) > H, (A, £2).

The following scaling properties will be useful:

HX(A,2)=2"HS(A, 2), HSA 2)=2"H{(A,2). (13)
In the sequel, we also often assume with no loss of generality that diam(C) = 1.
Indeed, if we set C := C/diam(C), then (13) with A = diam(C), so that C = AC,
implies

HE (A, 2) = diam(C)’ ”Hdldm(c)(A 2), HE(A, £2) = diam(C)' " HE (A, 2).

It is also not difficult to compare HE to HP” when D C C and D is an open set
containing the origin.! Indeed, it is clear that that for any measurable set A one has

IDNA[D\A] _ ICI> ICNAJIC\ A
|D|? ~ D2 ICI? ’

(14)

and that the same holds for any translated and dilated copies of C and D. Now,
for any disjoint family %, p of translations of ¢D we can find a family ¥, ¢ of
translations of ¢C such that for any D; € ¥, p there exists C; € ¥, ¢ with D; C
C;. Even though the family ¥ c is not disjoint in general, it is easily seen, using
the inclusions

B(xj,Ae) C D; C C; C B(xj,¢) for some x; € R"

(where A > 0 satisfies B(0, ) C D), that it has bounded overlap. More precisely,
there exists & = 0(n, A) > 0 such that for any fixed j we have #{k : B(xr,&) N
B(xj, &) # ¥} < 6 and so the same property holds if we replace the balls by the
corresponding sets C;. Therefore, the family %; ¢ can be seen as the union of at
most 0 disjoint subfamilies ¥; c ;. This argument yields

D'NA|D\ A C|? C'NA|IC'\ A
Zzl ||\|IIZn122I [IC"\ Al

712 2 712
D'e9. 1D’ DI i=l1 C'eY.c.i ]
LI |29HC(A Q),
IDI2

IWithout loss of generality, we can always assume 0 € D C C.
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and, taking the supremum over the families ¥; p, we obtain

HP A, 92) < ﬁ
¢ ~ |DP?

2
0HC (A, 2), HPA.9) < H@Hi(A 2).  (15)

In addition, we notice that, for any rotation R we have Hg (C)(R(A) R(£2)) =
HE(A, 2) and HFO(R(A), R(2)) = HE(A, Q).

Since in the following the set C will be mostly fixed, we drop the superscript C
from HSC s Hf .

3.1 Proofof (6)

In this section we prove (6), which follows easily from the results of [1] and from
comparison arguments.
Let

Sup Z H1Q NAIQ N A

le(14, 2) :=¢" T3E

)

Ye Q'eY,

where ¥, denotes a collection of disjoint open cubes Q' C §2 with side length ¢ and
arbitrary orientation. In [1] it was shown that, for any Borel set A, one has

lim I (14, R") = %P(A). (16)

For later purposes, we recall also a local version of (16) which is proved in [1] in
order to get the global version, namely

1
limi(r)lflg(lA, 2) > EP(A’ ) for any open set 2 C R". (17)
£—>

Arguing as in the proof of (15), we observe that for any cube Q' with arbitrary
orientation and side length 2¢/4/n, we can find an open g-ball B’ > Q. Hence,
for any collection %), s o of disjoint cubes Q’ with arbitrary orientation and side
length 2¢//n, we find a family % p of ¢-balls with bounded overlap; that is, there
exists 6, > 0 such that for any fixed B’ € ¥, p we have

#HB" €Y. p:B"NB #0} <6,.

Then, if we denote by H the functional where we take a covering with &-balls, we
get

n

6. HE(A, 2) > 4 |28/f(1A,:2) (18)
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If P(A) = 400, inequalities (16) and (18) clearly give

n

4
hmme (A) > hmmf 9 (IA)

The case of a general bounded open set C containing the origin follows
immediately by (15), since C D B(0, 1) for some A = A(C) > 0.

3.2 First Properties of H, and Hy

We show now some elementary properties of the functionals H, and H., omitting
the proof of the simplest ones and assuming the normalization diam(C) = 1.

1. Translation invariance: for any v € R”, we have H.(A+7, 2+ 1) = H:(A, £2);
taking limits, one has also H1+(A + 7, 2 + 1) = H1 (A, 2);

2. Monotonicity: H¢(A, -) and H1 (A, -) are increasing set functions on the class of
open sets in R”;

3. Homogeneity: for any > 0, H,.(tA,t2) = t""'H,(A, ). Indeed, 1C’ C 182
if and only if C’ C £2, and

|tC/ﬂtA||tC/\tA| _ |C/mA||C/\A|
tC’|? - IC’|?

It follows immediately that
Hi(tA,12) =1t"""Hi(A, 2). (19)
4. Superadditivity of H_: it is easy to see that
Hg (A, §21U $22) = Ho (A, $1) + He (A, §22) (20)
whenever £21 N £2, = . From (20) we get
H_(A, 21U S$2) > H_(A, 1) + H_(A, §27). (2D
5. Almost subadditivity of H.:
H: (A, $21 U $2y) < Ho (A, 1:(821)) + Hs (A, 1:(§22)), (22)
for any open set £21, £22, where [;(£2) := {x € R”" : dist(x, £2) < t}. Indeed, if

C’ C 21 U 2, then it must be contained in the e-neighbourhood of one of the
two open sets, since diam(C’) = ediam(C) = ¢. From (22) we get
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Hi (A, 21U $2) < Hi (A, W) + Hi (A, W), (23)

for any open sets W; D I5(£2;),i = 1, 2, for some § > 0.
6. Upper bound for H,: using (7), we see that

H:(A, 2) <2yP(A, 2)
and so

Hi(A, 2) <2yP(A, 2). (24)

3.3 Lower and Upper Density of Hy

We set

o+ (v) = Hy(Sy, Ov),
o—(v) :=H_(Sy, Qv),

where v € S"7L S, = {x e R": x-v > 0}and Q, a unit cube centered in the
origin having one face orthogonal to v and bisected by the hyperplane 9.5,,.

Due to the translation invariance, this definition does not actually depend on the
choice of the origin, since we could take any hyperplane {(x — xp) - v > 0} and
cubes centered in xg.

It is obvious that ¢_(v) < @4 (v). We collect in the next proposition a few
elementary properties of ¢4 (more refined estimates in some special cases will be
given in Sect. 4) and then we prove that these two functions coincide.

Proposition 1 We have the following upper and lower bounds for ¢4.:
1. ¢4 <2y, where y is the same constant in (24);
2n—1
n+1 _ — . —
2. o = X |C|26—n”9n where . = A(C) ;= sup{r > 0: B(0,r) C C},0 =
0(n, A) and 6, are defined in the proofs of (15) and (6), respectively.

In addition, ¢ = @4 and @_ is lower semicontinuous.

Proof The inequality ¢4 < 2y is easy, since by (7) we have

H, (S, 0v) <2yP(S,, Qv)

and P(S,, O0,) = 1, by the definition of S, and Q,.
As for the lower bound on ¢_(v), it can be obtained as follows: first we take
r > 0 such that B(0, r) C C, then we apply (15), (13) and eventually (18) to get
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|B(0, r)|?
HE(S,, Q) > WHSBW(SV, 0,)
_, 1B, r)?
nWHSIi(Su, 0y)

2 n
w1 1BI” 4
' |C 20 n"w26, e (v Q)

v

L
_r”l+ ne ZEA/I(SUVQ )

IC%6
Now we let ¢ — 0, using (17) with A = S, and 2 = Q,, and finally we take the
supremum over r > 0 such that B(0,r) C C.
Finally, homogeneity implies that

p-(v) = H_(S), Q) = limiélfS"_lH1 (Sv, (1/€) Qv),

since (1/¢€)S, = S, for any ¢ > 0.

We observe that (1/¢) Q, contains the union of at least | (¢ /S)J”_l open disjoint
cubes of side length 1/¢, for any ¢ > ¢, which are translations of (1/¢) Q, centered
in points of 4S,,. Clearly, Hc (S, x + Q,) = H:(Sy, Q) for any x € 9S,. Hence,
the monotonicity in the second argument, the additivity of H, and the homogeneity
imply

g_(v) > liggfs"—l L(t/e))" " Hi(Sy, (1/D) Q) = """ Hy1 0 (1/0) Sy, (1/1) Q)
= H,(Sy, Qv),

which implies ¢_ (v) > sup,. o H;(S,, Ov).
On the other hand, it is clear that

¢-(v) = ¢4 (v) = limsup He(Sy, Qv) = 1ir% sup Hy(Sy, Qv) = sup Hs(Sy, Qv)

e—0 E=2>V0<s<e s>0

from which we deduce that ¢_(v) = @ (v) = sup,. o H;(S,, Q).

As a byproduct, we also obtain that ¢_ is lower semicontinuous in v, being the
supremum with respect to the parameter ¢ of the supremum over the families ¢; of
translations of ¢C of the quantities

- IC" N S[IC"\ Sy
t" Z ZT’

C'e%,

which are continuous functions of v. O
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We define ¢ (v) := lim,—¢ H:(S,, Q)), since Proposition 1 showed the existence
of the limit.

To prove that the upper and lower densities of Hi coincide with ¢, we need
a modulus of continuity for £ — H (E, §2) similar to the one shown in [1,
Lemma 3.6]. We recall that for any E, F sets of finite perimeter in £2 we have

HVONEAF) N Q) = A" V((*EAIF) N Q), (25)

see for instance [1, Section 2].

Lemma 1 Forany E, F sets of finite perimeter in §2 and any ¢ > 0 we have
Hy(F, 2) < H,(E, Q)+ 4y A" \(FEAFF)N Q). (26)
In particular one has
Hi(F,2) < HL(E, Q)+ 4y A" '(FEAFF)N Q). 27)
Proof For any C’ and any measurable set L C C’ we have the relative isoperimetric
inequality (7) and, combining it with the inequality min{¢, 1 — ¢} < 2¢(1 — ¢) for
any ¢ € [0, 1], we obtain also

min{|L|, |C"\ L|} <2y|C|sP(L, C"). (28)

Let now ¥, be a disjoint family of translations of ¢C in £2.
For any C' € ¢, we have

][ ][ |1F<x>—1F<y>|dxdys][ ][ 15G0) — 10| dx dy
Cc'Jc! c'Jc

+ is—”|C/ N (FAE)|
IC|

(29)

Indeed,
£ £ 15 = 150 = 1:0) + 1) dx dy

|C/|2(2IC’ﬁ (F\E)|C"N(E\ F)|+|C"\ (FAE)||C' N (FAE)|)

|C2’|2(2|C N(F\ E)||C'N(E\ F)|+|C'||C' N (FAE)|+

2
—(IC'N(E\ F)|+|C'N(F\E))) < ﬁf"IC/ﬂ (FAE)|.
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Since 1gc(x) — 1ge(y) = 1g(y) — 1g(x), then we have also

][ ][ |1F<x>—1F<y>|dxdys][ ][ 15G0) — 10| dx dy
C/ C/ C/ C/

2
+ Es—”|C/ N(FAE®)|.

(30)

It is clear that FAE = §2 \ (FAE®), hence we can apply (28)to L = C' N (FAE).
Therefore, by (9), we obtain

ety ][ |1F(x)—][ 1r|dx < H.(E, 2)+4y Y P(FAE,C)).
C’ C’

C/Ggg C/egs
Since ) e P(FAE, C') < P(FAE, 2) = H"V(FEAFF) N Q) by (25),
we can pass to the supremum at the left hand side and we get (26). O

Let now x € 9S,. If we denote by O, (x, r) the cube of side length » centered in
x € R"™ and with one face orthogonal to v, by homogeneity we have

. Hi(Sy, Ov(x,r))
im

r—0 rn—l1

= H+(Sy, Qv(x, 1)) = @(v). €29

Theorem 2 Let E be a set of finite perimeter and vg be its measure theoretic
interior normal. Then, for #" '-a.e. x € FE, we have

H_(E
llm lnf ( ’ QUE(X) (xa r))

B E, 0vy (1) > (e (x)). (32)

Proof By our previous remarks, the result holds if E is the half-space {y : (y —x)-
ve(x) > 0}. Indeed, P(E, Qyp(x)(x, 7)) = r"~1 so that (31) implies (32).

If E is a set of finite perimeter, for any x € % E there exists the measure theoretic
interior normal vg (x) and the approximate tangent space to the measure |D xg| is
v ‘JE- (x), namely

Tan" "' (|Dyxgl, x) = 2" Lvg(x).

This implies that

lim A" NFEN Qupn(x, 1))

r—0 rn=l1

= " (X)) N Qupny(x, 1) = 1.

Therefore, since P(E, -) = "1 _.ZE, we deduce that for all x € . E one has

P(E, Qup(o)(x, 7)) =" 140G 1. (33)
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If F is the subgraph of a C! function in a neighbourhood of x, then (F — x)/p is
bi-Lipschitz equivalent to the half-space Sy, (x) in Qv (x)(0, 1), with bi-Lipschitz
constants converging to 1 as p — 0. Hence, we can use a C! deformation
map @ with bi-Lipschitz constant close to 1 near to x to transform any disjoint
family C; admissible for F into a disjoint family D; = &(C;); we can then
find C/ C D; C C/” translated and scaled copies of C; whose diameters satisfy
diam(C})/diam(C;) ~ 1, diam(C;")/diam(C;) ~ 1. Summing up, for r > 0 small
enough there exists a nonnegative modulus of continuity w(r) satisfying

(I =o@E)NIC"NSywl < IC'NFI <A +o@)IC" NSy wl
for 0 < p < r and any translated copy C’ of pC contained in Q. (x)(x, 7). We can

choose the modulus of continuity in such a way that similar inequalities hold with
the roles of F and S, (x) reversed. Hence, we have

|IC"NF||C"\ F| 21C" NSy 1C7 N\ Spp )
TopE < +w) F|C,,,|2 ===, (34)
and
|C"NFI|C"\ F| 2 1C" Sy IC7\ Syl
T > -w)) IC2 (35)
In particular, (35) and (31) imply
H_(F, Qypx)(x.7) = p(p))r" ! + o™ . (36)

Now, in order to obtain (36) also for E, we are going to use the rectifiability of
ZE and apply Lemma 1 to E and to the subgraph of one of the C! hypersurfaces
I; whose union covers 7"~ !-almost all of .% E and such that vg| r; is the interior
normal of the subgraph of I}. Indeed, we fix i and observe that for 2" !-a.e.
x € I; N .Z E one has

A" (TAFE) N B(x, 1) = o(" ),
arguing as in the proof of Lemma 3.7 of [1] and using the density properties of the
Hausdorff measure (see [3, Theorem 2.56 and Eq. (2.41)]). It follows easily that we
have also

%n_l((”AyE) N Qup)(x, 1)) = 0(}"”_1)

for #" -ae. x € I; N .ZE. Now we use (27) choosing 2 = Q,,(x)(x,r) and F
to be the subgraph of I7; inside Q,, (x)(x, r), obtaining

H_(F, Qupx)(x, 1)) < H_(E, Quyn)(x, P)+4y A" (I AF EYNQuyp () (x, 7).
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Since I} is a C! hypersurface, we have (36) for F, with vr(x) = vg(x). Since i is
arbitrary this implies (36) for #"!-a.e. x € ZE.
Combining (33) and (36), we get the desired result. O

Theorem 3 For any Borel set B C #E andt > 0, we have that

hmlnf H—(Ev QVE(X)(xv r)) >
r=0 P(E, Quyo(x, 1))

(37)

forall x € B implies H_(E, U) > t "~ Y(B) for any open set U D B.

Proof Without loss of generality, let U O B be a bounded open set, since
2"V _B is inner regular. For a given § € (0, 1), we consider the family Z of
all the closed cubes inside U centered in the points x € B with one face oriented as
Vg (x), such that, if we denote their interior by Q.. (x)(x, r), we have

H*(Ev QUE()C)(x7 r)) = t(l - S)P(E7 QUE()C)(xv r))

and |[DxEl(0Qupx)(x, 1)) = 0.

In this way, we can apply the version of Vitali theorem for cubes (see The-
orem 5.13 of [15]) and find a disjoint countable subfamily {Q_j} which covers
" 1_almost all of B. It is also clear that P(E, Q_j) = P(E, Q;), hence we can
use an open covering. Therefore, the superadditivity of H_(E, -) implies

1" (B) < 1P(E, | JQ)=1) P(E,Q)<(1-8""Y H(E Q)
J J J

<U=-8"H(EJe) =1 -89 TH(E V).
J
Letting 6 — 0, we prove the theorem. |
We can now extend the result of Theorem 2 to H (E, -) using similar techniques.

Theorem 4 Let E be a set of finite perimeter and vg be its measure theoretic
interior normal. Then, for A" ge x € FE, we have

1. H+(Ev QUE(X)(-xvr))
1m sup
r—0 P(E’ QVE(x)(x9 r))

< (e (X)). (38)

Proof In the beginning of the proof of Theorem 2 we showed that
P(E, Qupn(x, 1)) = Py o(™ Y forall x € ZE.
By (31), (38) holds if E is a half space S,. Then we need to use estimate (34) in

order to prove the inequality in the case that E is a subgraph of a C! function in a
neighbourhood of x.
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Finally, we switch the roles of F and E in (27) and we repeat the steps of the last
part of the proof of Theorem 2 to obtain

Hi(E, Quy(o)(x, 1) <@g )" + o0
for " lae x € ZE.

Combining these results, we obtain (38). O

In order to prove the upper estimate for H,, we need to consider the inner
regularization of the nondecreasing set functions H; (E, -) defined on the open sets
of R".

Definition 1 Let </ be the family of open sets in R” and let o : &/ — [0, +00]
be a nondecreasing set function. The inner regular envelope of « is the function
a* 1 of — R defined by

a*(A) :=sup{a(A’): A" € A}.

It is not hard to show (see for instance [10]) that o™ is the largest inner regular
function smaller than o (namely a*(A) = sup{a*(A’) : A’ € A}). Recall also that
any inner regular and subadditive function « is o -subadditive, namely

o0 o
a(A) < Za(Al-) whenever A C UAi'
i=0 i=0

The proof of this statement can be adapted also to the case when o is weakly

subadditive as our set function H., this leads to the following result.

Proposition 2 H} (E, -) is o-subadditive and
HY(E, ) <2yP(E, 2). (39)

Proof Given open sets §2;,i = 1, 2,1et 0 < t < HY(E, 21 U §27). Then there
exists W € £21 U §£2; such that H.. (E, W) > t. By Lemma 14.20 of [10], there exist
opensets £2/,i = 1, 2, such that W € 2] U £2) and 2] € §2;,i = 1, 2. Hence, we
can find open sets W; such that .Ql’ € W; € £2;,i =1, 2, and, by (23), we obtain

t <H(E,W) < Hi(E,W)) + H{(E, W2) < H{(E, $1) + H{(E, $2).

Since 1 < Hji(E , §21 U £27) is arbitrary, this proves the subadditivity.
Since H} (E, -) is inner regular and subadditive the o -subadditivity follows. The
last statement follows by (24) and the inner regularity of J#"~'|_.ZE. O

We are now able to show the same result of Theorem 3 for H.
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Theorem 5 For any Borel set B C . E andt > 0, we have that

Jim sup H(E, Qvpx)(x,71)) -

40
r—0 P(E, QVE(x)(xa r)) “0)

forall x € B implies Hy (E,U) < tP(E,U) + 2yP(E, U \ B) for any open set
UDB.

Proof Since H7 is inner regular, we may assume U D B to be a bounded open set
without loss of generality. We fix § € (0, 1) and we consider the family % of all the
closed cubes inside U centered in the points x € B with one face oriented as vg (x),
such that, if we denote their interior by Q,, (x)(x, r), we have

H{(E, Qupx)(x, 1) < Hy(E, Qup(o(x, 1) < (1 + OIP(E, Qupny (x, 7)),

and [DX£|(3 Qv () (x. 7)) = 0.

As in the proof of Theorem 3, we can apply the version of Vitali theorem for
cubes (see Theorem 5.13 of [15]) and find a disjoint countable subfamily {Q_j}
which covers 7"~ !-almost all B. It is also clear that, since P(E, Q_j) =P(E, Q)),
then we have

2" 'B\|J o) =0 (41)

J

Therefore the subadditivity of H (E, -) and (39) imply

N N
HI(E,U) < H{(E,| ] Q)+ HL(E, U\ | J(1 - 8)0))
j=1 j=1

N N
<(I+8)1 ) P(E.Q)+2yP(E.U\(J-80))

j=1 j=1
N
<A +§)tP(E,U)+2yP(E, U\ U(l —-8)Q0j).
j=1
Letting first § — 0 and then N — 4-00, we obtain

H{(E,U) <tP(E,U)+2yP(E, U\U 0;)
J

=tP(E.U) +2yP(E. U\ (BU| J 0/ +2yP(E. B\ | J2))
j j

<tP(E,U)+2yP(E,U\ B),

because of (41). |



16 L. Ambrosio and G. E. Comi

Remark 1 We notice that, by combining Theorems 2 and 4, for 5 n—l qe.xe FE
we obtain

. . H_(E, QUE(X)(x7r)) . H+(E’ QVE(X)(-X’F))
pE) < i ) S )
< p(vE(x)),

which yields the following equalities:

llmlnf H—(Ev QUE()C)(xv r)) _ limsup H+(Ev QVE(X)(xv r)) — (p(\)E(X))

r—0 P(E, Quuy®x, 1) o0 P(E, Qup(x,1)

(42)

3.4 Final Estimates

Now we use the results of the previous section to adapt the classical results
concerning differentiation of Radon measures to the nondecreasing set functions

Theorem 6 For any set of finite perimeter E in R" one has

H(E)=H_(E) = /71; QX)) dA" (x). (43)

Proof We consider first the case of H_. Then, fixed ¢t > 1, we define the Borel sets
Dy = {x € ZE : p(vp(x)) € (t*, K1y

fork € Z.
For any &; > 0 we can find compact sets Ky C Dy such that

A" (DK \ Kp) < e (44)
Since this family of compact sets is disjoint, it is then clear that

min  dist(Ky, Ky) > 0. vVJ e N.
—J<k#k'<J

Hence, for any J, we can find a disjoint family of open sets Uy D Ky, for —J <
k < J. By the superadditivity of H_, Theorem 3 and (42), we get

H.(E)=H-(E. |J Unz ) H(EUp (45)
—J<k<J —J<k<J
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= ), iKY

—J=<k=<J

> > ! /Kksa(vzs)dif”‘1

—J<k<J

=1 / pvp)dA"!
—s<k<y Kk

for any J € N. Since the measure .#" ! _.Z E is regular and &, are arbitrary, we
can pass to the supremum to get

Hpz [ p(vg) d™!
U s<k<s Dk
Finally, we pass to the supremum over J and then send + — 1 to get

H.(E) > / o(vp) dA", (46)
FE

Now we deal with H;. Fixed r > 1, we define the Borel sets Dy as above. For
& > 0, we can therefore find open sets Uy D Dj with

Y OHMIPE U\ D) <&, Y 2yP(E. Ui\ Dp) < e.
k k

Since |, Uy covers 7"~ !-almost all of .# E we can cover R"\ | J, Uy with an open
set Up with P(E, Up) arbitrarily small and use the o -subadditivity of Hjﬁ and (39)
to get

HY(E,R") <> HI(E, Up).
k

Now, using Theorem 5, we estimate

HY(E.R") <Y H{(E.Up
k

< Ztk“P(E, Up) + 2yP(E, Ui \ Dy)
k

< Y FPE, D) + 26
k
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< Zr/ ovp)d A" + 26
k (F E)NDg
< t/ o(vg)dA" ! + 26, 47)
FE
Now welete | Oandt | 1to get
Hj‘_(E,]R”)S/ o(vg)d A"
FE

We show now that HY (E,R") = Hy(E,R"). Indeed, we need only to show
H (E,R") < HY(E,R"). Fix W € R" open and let £2 such that W € £2; by (23)
we have

H,(E,R") < HL(E, Q)+ Hy(E,R"\ W),

since we can take £2 and W suchthat W €@ W € 2 € £2 and write R" = £ U
(R"\ W). By (24), we have

Hy(E,R") < HI(E,R") +2yP(E,R" \ W),

which implies Hy (E, R") < H} (E, R"), since W is arbitrary. In this way we obtain
the inequality

Hy(E) < / o(p) dA" . 48)
FE

Combining (46) and (48), we prove the theorem.

Remark 2 (A Local Version of Theorem 6) By similar arguments one can prove that
P(E,R") < oo implies that the family

KX = {A CR": Aopen, HL(E, A) = / cp(vE)d%”"_l}
A

NFE

is rich, namely the set {i € [0,1] : A; ¢ &} is at most countable whenever the
family {A;};e[0,1] satisfies A; € A fori < j.

Indeed, since the density arguments are local, one need just to start with
H_(E, A)in (45) and with H} (E, A) in (47) and to estimate in a finer way. Then,
we recall that Hjﬁ(E ,-) = H{(E,-) on arich family of open sets. More specifically,
one can use (39) and an argument similar to the last part of the proof of Theorem 6
to prove that any open set A C R” such that |[Dyg|(dA) = 0 belongs to this family.
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4 Examples and Variants

In this section we discuss a few examples and estimates of the function ¢. We also
introduce a variant of the functionals H, in which we allow for dilations nC, for any
n € (0, €] (i.e. the size of the sets in the family need not be the same).

4.1 Covering with Balls

If we choose the set C to be the unit ball B(0, 1), it is easy to see that the function
@ is a constant &, depending only on the space dimension. Indeed, in this case the
functionals H, and Hy are rotationally invariant.

We are also able to estimate &,, see (52) below. A result due to Cianchi [9] shows
that we have the following sharp form of the relative linear isoperimetric inequality
in the unit ball B:

[ENBIB\E| _

P(E, B for any measurable set E.
BE dw P Y

This inequality clearly gives us the upper bound

1
P(Sl)v Qv) =

2wy, 1 2w,—1 '

£ = HP(Sy, 0y) < (49)

On the other hand, the derivation of a lower bound is related to the well-known
Kepler’s problem (see for instance [13, 17]). This problem, also called “packing
problem”, consists in looking for the best way to place finite unions of disjoint open
balls with the same (small) radius inside a unit cube in R” in order to cover as much
volume as possible. As the radius tends to 0, this problem identifies the best fraction
pn € (0, 1] of volume covered. Kepler’s problem is highly non trivial, since only in
1998 Hales [14] was able to prove that in three dimensions the best packing is the
face centered cubic lattice (which is the one used to pack oranges and cannon balls),

b1

and that p3 = 37338 Kepler conjectured. In two dimensions the best packing is the

hexagonal lattice and therefore p, = as it was proved by Thue in 1890 (see

bg
[18] and [19]), while in dimensions hizé/}?er than 3 the problem is still essentially
open. Nevertheless, it is not difficult to prove the existence of the constant p, by
standard subadditivity arguments; for the reader’s convenience, we include a proof
of this fact in the Appendix.

Our aim is to give a lower estimate of the number of disjoint e-balls which can
stay inside Q, and are bisected by 9.5,. Thus, it is clear that this problem is related
to the one of looking for the optimal fraction p, € (0, 1] of the volume of the n-
dimensional unit cube covered by finite unions of disjoint balls with the same radii.
We claim that we have
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Pn—1
> .
& > Yo

(50)

Indeed, we can cover S, N @, with a number N, of (n — 1)-dimensional g-balls
satisfying

1

_ 51
o] (D)

Ne ~ pn—1

Such (n — 1)-dimensional £-balls can be seen as the sections 35, N B’ for some
disjoint n-dimensional ¢-balls B’ which are bisected by the hyperplane 95, and lie
inside the cube Q,. Therefore, we get

Pn—1
2wp—1 ’

1
& = HE(S,, 0,) > liminfe" ' =N, =
e—0 2

Combining (49) and (50), we obtain

Pn—1 1

=én = .
2wy, 2wy, 1

(52)

In particular, it is easy to see that p; = 1, since the ball centered in the origin of
radius r coincides with the cube, being the interval (—r, r). Therefore, we conclude
that & = 1/Qw) = 1/4.

We notice that we can use the above arguments to estimate ¢ also in the case
when C is the spherical shell B(0, 1) \ B(0, r), for some r € (0, 1).

Indeed, it is clear that ¢ is a constant &, , depending only on the interior
radius and the space dimension, due to the rotational invariance. If we choose the
arrangement of disjoint copies of ¢C which are bisected by 95, and cover the
maximum fraction of surface area, then their number will be the same N, as in (51):
in fact, C N (3S,) occupies the same surface area as B(0, 1) N (3S,). Hence, we
have

Pn—1
2wy 1

sn,r >

On the other hand, it is clear C C B(0, 1) and that any disjoint family of translations
of eC generates a disjoint family of full e-balls. Hence, the inequalities (14) and (49)

imply

< 1BODP L 1
" T BO, D\ BO. NP 2001 (1= )20,
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4.2 Isotropic Coverings

If we redefine H; in an isotropic way; that is, allowing for any orientation of the
sets C’ in the covering, we clearly get the rotational invariance for the modified
functionals Hgs" and so the associated function ¢™*° is a constant £(C). This was
done in [1] with C equal to the unit cube Q and it is not difficult to show that
£(Q) = 1/2, as Ambrosio, Brezis, Bourgain and Figalli proved. Indeed, by the
relative isoperimetric inequality in the unit cube

1
IEI(l—IEI)SZP(E, 0) (53)

for any measurable set E C Q (see [1, (2.2)]), we have that

Q' NSO\ Sl _

1 1-n
|Q/|2 = ZS P(Sl)a Q/)

for any e-cube Q’. This gives HfO’Q(S,,, 0,) < 1P(Sy, 0)) = 1.
On the other hand, we can take the e-cubes with one face oriented as v, bisected
by dS, and whose intersection with it gives the canonical partition of 45, N Q, in
order to obtain H,**9(S,, 0,) > 3e"=1|e!="|. This gives the result, coherently
with [1].
Actually, using (17) and (53) we have immediately

. 1
lim H¢(A, 2) = —P(A, 2) (54)
e—0 2

for any measurable set A and any open sets £2.
It is also possible to show that we obtain a similar result if C is the pluri-rectangle
R = ﬂ’}zl(—aj/Z, aj/2),fora; > 0.

Indeed, we can take the copies of ¢ R having one face oriented as v, bisected by
aS, and whose intersection with it gives a partition of 95, N Q, with the largest
cardinality; that is, at least | ¢!~ /m |, where

Thus, we obtain the lower bound H*“R(S,, 0,) > 1e"~!|e!™"/m| and so
ER) = 5.

As for the upper bound, by (65) in the following subsection, we have £(R) =
1/2m) = 1/(2min{ay, az}) if n = 2.

We notice that in these isotropic cases the result of Theorem 1 for sets of finite
perimeter follows directly from Theorems 3 and 5 with B = % E. Indeed, these
theorems still hold true since Hgs" has the same properties of H,.
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Then, if we take ¢ = £(C), Theorem 3 implies H*°(E, U) > &(C)#"~\(FE)
for any open set U D .Z E: it follows immediately that H'*°(E) > £(C)P(E).

On the other hand, if we take an open set U containing .% E and an open set
W € U, the subadditivity of Hfo’* gives

HEC*(E) < HE*(E, U)+ HE*(E,R"\W) < HE*(E, U)+2yP(E,R"\W)

and clearly P(E,R" \ W) | Oas W 1 U.

Now, Theorem 5 yields HY**(E) < §(C)P(E, U) = £(C)P(E). It suffices now
to repeat the same argument at the end of the proof of Theorem 6 in order to obtain
H}fO(E) < &(C)P(E), which concludes the proof.

4.3 Examples of Anisotropic Coverings

We present now three examples of estimates of ¢ in some special cases in R?.

Let at first C be the unit cube Q = (0, 1)" in R”.

In order to evaluate ¢ (v), we want to maximize in x € R” for any fixed unit
vector v the function

CHQNSICHONS T i p(s, (x + 0)) > 0

flx,v) = o P(S,.(x+0)) (55)

otherwise
We define then

g) = sup f(x,v). (56)

xeRn?

We observe that g is well defined and that the supremum is a maximum.

Indeed, for any fixed v € sn1 f(x,v) is continuous in x. Clearly, f(x,v) =0
ifx¢{y:—/n<y-v<.n}and ifv-v=0,then f(x+v,v) = f(x,v). Thus,
by symmetry, we can restrict ourselves to a compact set K, containing the origin
inside the stripe {y : —/n < y - v < /n} such that f(K,,v) = f(R",v). Next,
we notice that if we have a sequence yy — x with P(S,, (yx + Q)) > 0 for any k
and P(S,, (yk + Q)) — 0as yy — x, then min{|(yx + Q) NS, [, [(yk + Q) \ Sul} =
o(P(Sy, vk + Q))), because one of the two parts of (yx + Q) reduces to a simplex,
for k large enough, and so its volume is proportional to the product of the basis area,
P(Sy, k + Q)), and the relative height, which is going to zero.

Hence, sup, cgn f(x, V) = maxyek, f(x, V).

By the definition of 92, it follows that 92 (v) < 2g(v), since

NS "\ S
! sup Z 2IQ WO\ Syl

2 10’2

¢2) = lim "~
e—0 A o't
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< limsup2gWP [ Sy, (] Q'] =25m)P(S,. Q1) =2g(v).
8—)0% 0'et

On the other hand, by symmetry, there exists T > 0 such that g(v) = f(£tv +
tv,v), for any v € S"! orthogonal to v and r > 0. Then, for any &, we can
choose the disjoint family ¢, of translations of ¢ Q inside Q, which corresponds
to a subset of {£tv +1tv : v € Sl yv.v=01> 0} and which covers 9.5, up
to a set of .~ !-measure going to zero as ¢ — 0. The existence of such a family
of translation for any fixed ¢ > 0 follows easily from the fact that one can cover R"
with a tessellation of open disjoint cubes, up to a Lebesgue negligible set. For such
a sequence of families we obtain

¥ = lim 2P [ 8., () 0" | =25,
0'eY;

Thus, we conclude that goQ(v) =2g().
We consider now the case n = 2. By the symmetries of the problem, we can
redefine the function f as

10N SHION S|
PSS 0)

flg,m): ; (57)

where 0 = (0, 1) x (0, 1), S, = {(x,y) € R2 . y > mx +gq},q € [-m, 1],
m = —(v1/v2) € [0, 400). It is enough now to distinguish between the cases
O<m<landm > 1.

If 0 <m < 1, then we need only to consider g € [0, 1]. The line {y = mx + ¢}
intersects the edges of Q in the points A = (0, ¢) and

(I,m+g) f0<g=<1-m

B= :
(521) ifl-m=g=1
Hence, we have
1 (@+2)—(g+2) ifo<g<i-m
flg.m = ——=1, B . (58)
Vitm® | e _ L) ifl-m<g<l

It is easy to see that, for any fixed m, the partial derivative in g is

af 1 1—2g—m f0<g<1l—m
1 Tbm® | 14 3 0-¢)? ifl-m<qg<1
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Hence, 4L > 0if and only if

which means that

omax flg,m) =
and
fam=—— 13
max ,m) = ———
gell-m,1] 1 1 +m2
Since
m (1 _ ﬁ)
2 2
for any m € [0, 1] and
1 [2m
_]J— <
3 =<

only for 0 < m < (27/32), it follows that

1

3

1
max f(g,m) = ——
qe[o,l]fq J4+m?2 |1
1
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f0<g<1l—m

s

ifl-m<gq<1

41+ m?

I

[2m e 27

(59)

. 27
1f0§m§§

If m > 1, we need only to consider ¢ € [1 — m, 1] and the intersections are

©.9)

-4

1—
and B = <—q, 1). Hence, we have
m
I—q _ (-9
flg,m)= SN o
T | (-0 - (4

if0<g<1

,O) ifl—-m<qg<0
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We have that, for any fixed m, the partial derivative in g is

o | I+ 20-¢? ifo<g<1
g, m) = —— .
dq V1+m? —1+%<%—q) ifl-m<gq<0

Hence, g—’; > 0 if and only if

g<1-— /% if0<g<1

qgl_Tm ifl—-m<gqg<0

’

which means that

m

max ,m) = ———
qell—m,0] T 41 + m?

and
%,/%” ifl <m < %
max flg,m) = > .
q€l0,1] 1+m 27:";1 1fm2%
Since
2m — 1
<m
=
for any m > 1 and
1 [2m m
< —
3V 3 7 4
only for 1 < m < (32/27), it follows that
1 /2 . 32
max  fg.m) = ——— {3 3 flsm=gy 61)
gell—m,11” VitmZ|n ms 2
4 =727

Because of the symmetry of the cube, we can conclude that



26 L. Ambrosio and G. E. Comi

: 2
L if [vi] < 2wy
— 1 2 0 27 32
8() =y 3/ 5villval if 35wl < il < 3510l >
. 2
Ll if [v1] = v

which means

1 /2 27 32
3y 5Ivillval i $5[val < vl < 55|va|
(62)
o

) = vl 27 32
v .
7 if 1| < 55lv2] or [vi] > 55(v2|
and so
2 /2 27 32
0 5/ 5villval  if 550v2| < Jvi] < 55 (2|
v = lv] 27 32,00
v )
7> if [vi] < g5lval or [vi] = 55 (12|
It is clear that its 1-homogeneous extension ®2(x, y) := /x2 + y202 [ —&2)
g (x,y) yee m

is indeed 92 (x) and that it is not convex in the region {%|y| <lx| < %|y|}.

We also notice that max g 02() = (1/2), coherently with the results of [1] in
the isotropic case.

Let us now consider anisotropic coverings with rectangles. Let R = [];_, (0, a;),
a; > 0, then we can argue as before to show that

o) = 2 sap [EEROSIIG + R\ S|
s IRPPR,.x+R)

If n = 2, we can work with R) = (0, 1) x (0, A), > > 0, since for a generic rectangle
R = (0,a) x (0, b), we have R = aRy if » = (b/a), and so R (v) = (1/a)p®* (v).

In order to deal with the explicit calculation, we can proceed in a similar way as
before, by considering the function

Figum) = |R, N SHIIR\ S
’ |R:|2P(Sh., R;.)

; (63)

where Sf := {(x,y) € R?: y > mx+q},q € [-m, A],m = —(v1 /1) € [0, +00),
and dividing in the two cases 0 < m < A and m > A. Then, it is not difficult to show
that we have
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. 27
Ll if [vi] < Zajvsl
R;. — 1 2 e 27 32
87 () =13/ 5z villval if F5Alna| < |vi] < 554002 - (64)
: 32
Ll if [i] = 32w,

Since & (v) = 2g%*(v), then neither the 1-homogeneous extension of this function
is convex.
In conclusion, for the rectangle R = (0, a) x (0, b) we have

<
v

. 27
if ajvi] < 556/

2a
o ) =12 /2 villval if Zblval < alvi] < 2blvy] -
b if avi| = 32bvy|
It is also easy to see that
max<pR(v) = ; (65)
vesl 2 min{a, b}

which gives the value of the constant £(R) in the case of isotropic coverings with
rectangles, when arbitrary rotations are allowed.

As a last example, let now C be the ellipse E = {(x, y) : (x/a)? + (y/b)* < 1},
for some a, b > 0.

In order to estimate ¢ from below, we choose the arrangement of copies of ¢ E
such that each one is bisected by the line 95, and the contiguous copies are tangent
in the intersection between their boundaries and 0.S,. Hence, we need to evaluate the
length of the segment intersected by a copy of ¢ E on the line 9§, = {(x, y)-v = 0}.

If m = —vy /vy, then S, = {y = mx} and the intersections with d E are the
a
points +———————(1, m). Therefore,? the length of the segment intersected is
b2 + m2a2

2eab\/(1 +m?2)/(b? + m2a?). Since the copies of ¢E need to cover the unitary
segment (9.5,) N Q,, we obtain

1 /b2 2,42 1
eF () > lim —¢ NoT A mrat | — /b2 +a?vi.
e>02 | e2abv/'1 + m? 4ab

In particular, if a = b = 1, we get 9B (v) > (1/4), coherently with (52).

2If vy = 0, the length is 2¢b.
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4.4 A Variant

One may define a family of functionals similar to H, allowing for different dilations
of the set C under a fixed level ¢ > 0. More specifically, we set

~ IC"NAJIC"\ A
A4, 2) =sup Y 2oy I AICAA |C|’||2 ML

Ge C'e%,

(66)

where C’ = ¢(C’)(C + a), for some translation vector a, and ¥; is a disjoint family
inside £2 of translations of the set nC, for any n € (0, €]. Itis clear that H. (A, £2) <
H.(A, £2), and so (6) follows for H, in the case P(A) = +o0.

We can define the functionals H. as liminf and limsup of I:Ig. It is also not
difficult to see that H, and H. satisfy the same elementary properties of H, shown
in Sect. 3.2.

For instance, the homogeneity I:I,g (tA,12) = "1 I:IE(A, £2) follows from the
fact that each set C” € %, can be seen as C” = tC’, with C' = ¢(C’)C, for
e(C) <eg,andso C' € ¥..

Since these functionals satisfy the same properties of H, and Hy, we can
define the functions ¢4 (v) := I:Ii(SU, Q,) and show an analogous version of
Proposition 1 for them.

Then, one may follow the same steps in order to prove Theorem 1 for H, in the
rectifiable case. Thus, we obtain that for any set of finite perimeter A

lim I:IE(A)=/ Gva)ds" L.
e—0 FA

Let us now consider the case in which the set C is the unit ball. Then ¢ is a
constant, since I:IE is rotation invariant, and ¢ = 1/(2w,_1), since arbitrarily small
radii are allowed.

Indeed, the upper estimate is given by (49). On the other hand, we notice that we
can find a lower bound by considering only the family of balls which are bisected
by the hyperplane 9.5,,.

For any fixed ¢ > 0, we can apply Vitali-Besicovitch Theorem (Theorem 2.19 in
[3]) to the measure yu = .7~ _ Q"”, where Q" is a unit cube in R”~! and to a fine
cover of balls with radii smaller than ¢, in order to find a disjoint family ¥ (,—1) of
(n — 1)-dimensional balls with radii smaller than & such that

%n—l Q// \ U B | = 0. (67)

B e e,(n—1)

Hence, we can take the family ¥, of n-dimensional balls bisected by (85,) N Q,
and whose intersections with it generate the family %; (,—1). Then, we use (67) to
obtain
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1
~ > lim - n—1
oz m} ¥

B'e%9,
= lim ! Z wy_18" !
— -
e—0 2w, 1 B
1 _
= A" @S,) N Q) = :
2wy -1 2wy -1

Finally, we observe that if we redefine H, allowing for the possibility to rotate
the sets C’ in the covering, we obtain that ¢ is a constant, as it happens for H,.

In particular, if we take C to be the unit cube Q as in [1], then, by (54) and (53),
we have

1 . - 1
—P(A, 2) = lim H’*2(A, 2) < lim H*2(A, 2) < =P(A, 22),
2 e—0 e—0 2

. 1
which gives lin}) Hé“O’Q(A, )= gP(A, £2) for any measurable set A and open set
e—
$2.

Appendix: Proof of the Existence of p,

For any ¢ > 0 and for any open set U C R” we denote by A, (U) the supremum of
the Lebesgue measure of the finite unions of disjoint g-balls inside U. In a similar
way as we did in the beginning of Sect. 3, we list now some elementary properties
of the set functions Ag:

1. translation invariance and monotonicity;
2. homogeneity:

A (tU) = 1" A (U) t > 0; (68)
3. superadditivity: for any open sets U, V such that U NV = {4, one has
A(UUV) = A (U) + Ae(V);
4. almost subadditivity: for any open sets U, V,

Ae(UUV) = Ac(l26(U)) + Ac(V); (69)
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5. upper and lower bounds:
0= 4.,(U) =U| (70)
For U C R”" open, we then set

A_(U) :=liminf A, (U), AL (U) :=limsup A, (U).
el0 el0

These set functions inherit from A, the translation invariance, the monotonicity, the
homogeneity. In addition A_ is superadditive and subadditivity for A holds in this
form: for any bounded open sets U, V,

AL(UUV) <AL (W)+ A (V), whenever U € W. 71)
We have also the upper and lower bounds
0=<A_(U)=<ALU) = U
Theorem 7 There exists a constant p,, € [wy /2", 1] such that
AL (U) = A_(U) = pu|U|.

Proof We set pr := Ai(Q), where Q = [0, 1]". Because of the translation
invariance, we see that p1 = AL (Q) for any unit cube Q in R” and, using the
homogeneity, we have A1 (Q(x,r)) = pir" for any x € R"” and any r > 0. If we
fix an open set U with finite measure and 6 € (0, 1), there exists a finite disjoint
family of open cubes {Q; }1<; <y inside U which covers a fraction larger or equal to
(1 — 8) of the volume of U; thatis, |U \ UlNzl Qi| < 8|U|. Then, monotonicity and
superadditivity yield

N N N
AW =A-(|J0i) =) 4-(0)=p-) 10il = p-(1=OIUI.
i=1

i=1 i=l1

Therefore, since U and § are arbitrary, by monotonicity and inner approximation we
see that A_(U) > p_|U|.

We take now U open with finite measure, § > 0 and {Q;};=1,.. v as above. In
addition, let Q' be cubes concentric with Q;, satisfying Q; € Q.. Since we have

I, (UlN:1 0 C UlNzl I.(Q;), applying (69), for ¢ small enough we obtain

=

A (U) < A, (U\U(l—e)Q)+A (1ae (

i=1 i

Qi)

1
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N
< BESIUI+ Y Ac(De(Q)))

i=1

N
< BESIUI+ ) Ac(Q)).

i=1

where B(¢) | 1as ¢ | 0. Taking the limsup yields

N
AL(U) 81U+ p1 Y 1Q]]
i=1

and if we let first Q; tend to Q; and then § | 0, we deduce A (U) < p1|U].
Therefore, to complete the proof it is enough to show that py < p_. Let r; and
&; be infinitesimal sequences for which

lim A,(Q) =pr,  lim 4,(0) = p_,
1—> 00 1—> 00

where Q = [0, 1]". Up to subsequences, we may assume that &; = o(r;) and we
set A; = &/r; — 0. We can cover Q with k; = [A;"] disjoint subcubes Q;
with side length A;, up to a set of measure less or equal to n; := 1 — k; 1. Since
I;(t Q) = t1:(Q), properties (69), (70) and homogeneity imply

ki
A (0) £ Ay (e, (Q )41 < A" A, i Loy (Q) +1i = Ay, (L, (Q)) 41
j=1

We take now a cube Q' such that Q € Q’. Then, for i large enough we have

As,’(Q) = Ar,'(Q/) + ni

and passing to the limit we obtain p; < p_|Q’| for any such cube Q’. Hence, it
follows that p; < p_; thatis, py = p— =: p, € [0, 1]. This means that A,(U) —
pn|U| for any open set U C R”.

If p+ were defined using cubes instead of balls, we would obviously get p, = 1.
Comparing cubes with balls we get p, > w, /2". O

Acknowledgements The authors would like to thank Emanuele Paolini for fruitful discussions
concerning the examples of anisotropic coverings (Sect. 4.3).
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Failure of the Chain Rule in the Non m)
Steady Two-Dimensional Setting oo

Stefano Bianchini and Paolo Bonicatto

1 Introduction

In this paper we consider a variant of the classical problem of the chain rule for the
divergence of a bounded vector field. Specifically, the classical problem of the chain
rule reads as follows:

Problem 1 (Chain Rule) Let d > 2 and assume that it is given a bounded, Borel
vector field b: RY — R, a bounded, scalar function u: RY — R and Radon
measures A, u € .4 (R?) such that
divb = A, (la)
div(ub) = pu, (1b)
in the sense of distributions on R?. Characterize (compute) the distribution

v :=div(B(u)b),

where 8: R — Riis a fixed C! function.
In the smooth setting one can use the standard chain rule formula to get

v = div(Ba)b) = B’ (u) div(ub) + (B(u) — up'(u)) divb

)
= B+ (Bu) — up' ()i
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The extension of (2) to a non-smooth setting is far from being trivial and this is
exactly the aim of the chain rule problem.

As noted in [4], if one replaces “divergence” by “derivative”, the problem boils

down to the one of writing a chain rule for weakly differentiable functions (a theme
that has been investigated in several papers, see e.g. [5, 16] for the BV setting).
However, the “divergence” problem seems to be harder than the “derivative” one,
due to stronger cancellation effects.
Problem 1 arises naturally in the study of partial differential equations, like the trans-
port equation, the continuity equation or, more generally, hyperbolic conservations
laws: indeed, they all can be written in the form div(uB) = ¢, where B: R x RY —
R x R? is vector field which has a space-time structure and ¢ € 2’(R?) is some
distribution. For instance, considering Problem 1 for a particular choice of B and g,
one can establish uniqueness and comparison principles for weak solutions of scalar
conservation laws (in the spirit of Kruzkov’s theory, see [15]).

1.1 Positive Results

If we assume Sobolev regularity on the vector field, i.e. b € W]L’cp (RY) and u €
Lfoc (RY) with P, q dual exponents, the chain rule has been established in [13]. In
this case, it turns out that v can be computed in terms of A and w just as in the
classical (smooth) setting: it holds

v = (B) —up' W)r+ B W,

provided © = div(ub) is absolutely continuous with respect to the Lebesgue
measure %% on R?. This result has been extended in [4] to the case when b €
BVioe(RY), u € Ly, (R?) and both div b, div(ub) are absolutely continuous with
respect to .24 More precisely, using the commutator estimate due to Ambrosio [7],
in [4] it is first proved that the distribution v = div(B(u)b) is a Radon measure
which satisfies v <« |A| 4+ |u|. Furthermore, the authors decompose X, i, v into
three parts (the absolutely continuous part A%, the jump part A/ and the Cantor part
A€, as in the standard BV setting) and treat them separately. They obtained that:

« the absolutely continuous part behaves as in the Sobolev case:
v = (Bu) — up' @)HA* + g wyu’, as measures on RY.

+ For the jump part, they use the results obtained in [3] to prove that v/ can be
computed in terms of the traces u™ and u™ of u on the (countably) rectifiable set
X where AJ and w/ are concentrated on.

* The Cantor part is harder and it is not characterized completely in [4], but only
up to an error term. More precisely, they proved
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Ve = (B@) —up @)HrLons, + B @nu‘Las, +o

where 7 is the L' approximately continuous representative of u, S, is the set
of points where the L! approximate limit does not exist and ¢ is an error term
(which is a measure concentrated on S,,, with o < A€ 4 u).

Further results in this directions have been obtained in [11], where the problem is
completely solved in the case d = 2 with b of bounded variation, and in the recent
preprint [9] where the analysis is completed (in the BV setting) for every d > 2.

1.2 Negative Results

If we assume no regularity on b and u apart from measurability and boundedness,
it can happen that A and p give no information about v. This is related to the
so-called problem of (non) locality of the divergence operator: indeed, in [1] the
authors constructed an example of a bounded vector field v (defined in R?) such
that divv # 0, divv € L® and divv is supported on the set where v vanishes.
Notice that this phaenomenon cannot occur for distributional derivatives, as they
enjoy locality properties [6, Prop. 3.73].

In the same spirit, in the recent work [12], using the abstract machinery of convex
integration, the authors construct several examples of vector fields b: R — R?
and densities u: R?Y — R such that A = 0, & = 0 but div(ub) # 0 in the sense of
distributions in R? for d > 3. More precisely, they show the following

Theorem 1 ([12]) Letd > 3 and 2 C R a smooth domain. Let f be a distribution
such that the equation divw = f admits a bounded, continuous solution w: 2 —
R? on §2. Then there exists a bounded vector field b € L®°(£2; R?) and a density
w: R > R with0 < Cl<u<Cae. for some constant C > 0, such that

divb = 0
div(ub) = 0
div (u2b) —f

in the sense of distributions in §2.

1.3 The Two-Dimensional Case

The aim of this note is to address the two-dimensional case, i.e. d = 2. Notice
that the assumption d > 3 is essential in [12], in view of the result of [11]. More
precisely, in [11], the authors proved that if d = 2, b is bounded and of class BV
andu: RY - R, with0 < C~! < u < C a.e. for some constant C > 0, are such
that
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divb=0

div(ub) =0
then the Chain rule property holds, i.e. we have necessarily div (u2b) = 0. Actually,
the same conclusion is true if the assumption b € BV is replaced by b # 0 a.e. in
2.
However, still remaining in the planar setting, in view of the results obtained in
[10], it seems reasonable to consider the chain rule also in the non steady setting,
i.e. assuming that the vector field has a (special) space-time structure (and letting

the divergence operator acting also on the time variable). More precisely, we are led
to consider the following variant of Problem 1:

Problem 2 (Non Steady Chain Rule) Let 7 > 0 be fixed and assume that it
is given a bounded, Borel vector field b: RY — R, a bounded, scalar function
u: (0, T) x R — R and Radon measures A and y such that
divb = A,
oru + div(ub) = u,
in the sense of distributions on (0, 7') x R?. Characterize (compute) the distribution

v = 0 B(u) + div(B(u)b),

where 8: R — R is a fixed C! function.
In this note we want to show the following

Theorem 2 There exists an autonomous, compactly supported vector field
b:R2 > R%be LOO(RZ), and a bounded, scalar function u: (0, T) x R? > R,
such that
divb =0,
o;u + div(ub) = 0,
in 2'((0, T) x R?) but the distribution
3, (u2> + div (u2b) ¢ .40, T) x R?)

i.e. it is not (representable by) a Radon measure.
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2 Preliminaries

In order to fix the notation, we collect in this section some preliminary results we
will be using in the rest of the paper.

2.1 A Particular Change of Variables

As in [2, § 2.16], we will denote by I the interval [0, L], by £ I the Lebesgue
measure on / and, in general, A will be an arbitrary measure on /, which is singular
with respect to .Z’! and has .7 as the set of its atoms (points with positive measure).
We set L := (ZL'+ 1)) and [:= [0, i]. We denote by .#! the Lebesgue measure
restricted to /. We denote by 6 the multifunction from I to I that to every s € [
associates the interval

G(s) :=[6-(5),64(s)]
where
6-(s) = (Z+M(0,9),  64+(5):= (L +1(0,5]).

It is immediate to see that & is surjective on I, strictly increasing, and uni-valued
for every s ¢ 7, because o_ and o are strictly increasing, and o_(s) = 04(s)
whenever s ¢ 7. Moreover it is obvious that the map is expanding, i.e.

52— 581 <5 — 5 3)

for every s1, s5 € I with 51 < s, and every §; € 6(s1), $2 € 6(s2). Accordingly o
is surjective from [ onto I , uni-valued and 1-Lipschitz (because of (3)); furthermore,
it is constant on the interval o (s) for every s € o7 and strictly increasing at every
point outside o (7).

We recall the following

Lemma 1 ([2, Lemma 2.17]) Let F a L -null set in I which supports the measure
rand F := 6 (F). Then

1. itholdsa#.iﬁl =2 4 A
2. the derivative of o agrees with 1i\17" a.e. inl.
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2.2 Solutions to Singular, One-Dimensional Transport
Equations

In the following we will be dealing with 1d-transport equations involving singular
terms, i.e. equations of the form

¥ (vl +.2" x 1) +dv =0, ©)

where v: [0, T] x I — R is a function of ¢, s and A is a singular measure on 1.
Clearly, Eq. (4) has to be understood in the sense of distributions on (0, T) x I: we
say that v is a solution to (4) if for every ¢ € C2°((0, T) x I) it holds

/ /v(t s) d),(t s) + oy (t, s) dsdt / /¢t(t s)di(s)dt.

It is very well known that such equations present a severe phenomenon of non-
uniqueness (for the associated initial value problem). In order to clarify what we
mean, we begin by discussing an example.

Assume for simplicity that / = R and A is the Dirac mass at 0, so that we are
considering the equation

¥ (v(L! x 80)) +d5v =0 in 2'((0, T) x R). (5)

If v represents the density of a distribution of particles, then Eq. (5) is saying that
each particle moves at constant speed 1 from left to right, except when it reaches
the point 0, where it may stop for any given amount of time. Therefore, if vg is an
arbitrary, bounded initial datum (for simplicity, suppose its support is contained in
(—0o0, 0)), then a solution of (5) with initial condition v(0, s) = vo(s) is the function
v: [0, +00) x R — R defined by

ot 5) = {go(s—t) ssﬁg’
S =

which physically means that no particle stops at 0. Another solution can be
constructed by stopping all particles at 0, i.e.

vo(s — 1) s <0
0 s=0
0 .

up(t)dt s >0
—t

v(t,s) =

More in general, for every o > 0 one can construct a solution for which the particles
arrive at 0, stay there exactly for time « and then leave (see Fig. 1):
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—
a

Fig. 1 A particular solution to Eq. (5): the particles at the initial time are of two different colors
(yellow and green): they start moving following characteristic lines, arrive at 0 and stay there for a
prescribed time « before leaving

up(s —t) s <0

—t+o
u®(t,s) = / up(t)dt s=0

—t
up(s —t + ) s > 0.

More precisely, we recall the following result, which is used in the proof of [2,
Lemma 4.5].

Lemma 2 Let A be a non trivial measure on [0, L], singular w.r.t. to jll_[o’[‘]. Let
furthermore K C (0, L) be a closed, ,S,”l—negligible set, with A(K) > 0. Then the
problem

H(wA+ L x 1))+ 3v=0
v(0, ) =1k (")

(6)

admits a non trivial bounded solution.
We recall here the main steps of the proof, as it will be useful in the following.

Proof Clearly, the function v(¢,s) := 1k(s) is a stationary solution of (6).
Following [2], we construct a second solution by exploiting the change of variable
s = o (§) defined in Sect. 2.1. We thus define
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w(t, 6 (s)) fors ¢ of

t,8) = o n
v(t, ) ][ w(t,$)ds, forse o,
a(s)

)

where we recall <7 is the set of atoms of A and w : [0, T) x [0, L] — R is the
(unique) bounded, distributional solution of

®)

{8[11) +ow=0
w(0, ) = 15x) ().

To see that (7) actually solves Problem 6 we proceed as follows: first observe that (6)
can be explicitly written as

T L L
//(8,¢+1[\p85¢)vd(.$1+A)dt=/ $0, Nxd(ZL +1). (9
0 0 0

By changing variable s = o (5), i.e. setting v(¢,§) := v(z, 0 (5)) and b, 5) =
¢ (t, o (5)) and using Lemma 1, we can rewrite (9) as

T L N L
/ / (09 + 9;¢)0 d5 dt =/ $(0, )15 x)dS.
0 0 0

Since on the complement of 6 (<) it holds v = w, to conclude we only need to
show that

/ (04 + 3;8)0d5 = / (8¢ + d;)wds.
6() &(J)
Indeed,
/ (0, + 0;4)0d5 = ) / (8:¢ + 83¢)0d5§
6() vezy 8@

= Z Qp(t,s) bds$

acd (@)
=Yoo [ w= [ @b+ aduds,
acdd o (a) o ()

since 3;¢ (7, §) = 0 and ;¢ (¢, §) = 9,4 (¢, s) forall § € & (s) and by direct definition
of 9. To conclude the proof it is enough to show that the solution v does not coincide
with the stationary one, and for this a possible strategy is to show that the maximum
M (¢) of the support of v(¢, -) is strictly increasing at ¢t = 0 (see [2, Lemma 4.5])).
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2.3 Structure of Level Sets of Lipschitz Functions and Weak
Sard Property

Since we will need some results on the structure of level sets of Lipschitz functions
defined in the plane, we recall them here. Suppose that 2 C R? is an open, simply
connected domain and H: 2 — R is a compactly supported Lipschitz function.
For any h € R, let Ej, := H~'(h). We recall the following deep

Theorem 3 ([1, Theorem 2.5]) Then the following statements hold for £ Lae.
he H():

(1) SY(ER) < 0o and Ej, is countable 7€ -rectifiable (in what follows, we will
say Ey, is regular);

(2) for #'-a.e. x € Ej, the function H is differentiable at x with V H (x) # 0;

(3) Conn*(E}) is countable and every C € Conn*(E}) is a closed simple curve;

4) AV E,\ E}) =0.

Let us now define the critical set S of H as the set of all x € 2 where H is
not differentiable or VH (x) = 0. We will be interested in the following Weak Sard
Property, introduced in [2, Section 2.13]:

Hy (z%mp) Iz

where the set E* is the union of all connected components with positive length of
all level sets of H. The relevance of the Weak Sard Property in the framework of
transport and continuity equation has been completely understood in [2], to whom
we refer the reader for further details. Here we simply point out that it is possible to
prove that in some sense the Weak Sard Property is satisfied by a generic Lipschitz
function (in Baire’s category sense), as the class of all Lipschitz functions H : 2 —
R satisfying the Weak Sard Property is residual in the Banach space of Lipschitz
functions Lip(£2) (see [1, Thm. 4]). However, an explicit construction of a Lipschitz
function f without the Weak Sard property was proposed in [1] and we will recall
it in the Sect. 3, as it will be the building block of our counterexample.

2.4 Local Disintegration of Lebesgue Measure and of the
Equation div(ub) = u

From now onwards, let b: 2 — R? a bounded, Borel, divergence-free vector field.
From div(b) = 0 in £2 we deduce that there exists a Lipschitz potential H: 2 — R
such that

V1 H(x) = b(x), for £?-ae. x € £2.
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Using Theorem 3 on the Lipschitz function H, we can define the negligible set
Nj such that Ej is regular in £2 whenever & ¢ Np; moreover, let N denote the
negligible set on which the measure (Hy.Z2)%" is concentrated, where (Hy.£2)%"2
is the singular part of (Hy.Z%) with respect to .Z!. Then we set

N:=NiUN, and E* := UpenE} (10)

For any x € E let C, denote the connected component of E such that x € C,.
By definition of E for any x € E the corresponding connected component Cy
has strictly positive length. We recall the following Lemma which studies the
disintegration of the measure .Z 2 o w.rt. the map H:

Lemma 3 ([2, Lemma 2.8]) There exist Borel families of measures oy, kp, h € R,
such that

P2 :/(chjfll_Eh +ah) dh +/Kh de(h), (11)

where

1. ¢, € Ll(%lLE;), cp, > 0 a.e.; moreover, by Coarea formula, we have ¢, =
1/|VH| a.e. (w.rt. %ILE;);

oy is concentrated on E; N{VH = 0} and o, L A for L'-a.e.h ¢ N;

. Kkp, is concentrated on E N{VH = 0};

4. ¢:= H#XZLB\E* is concentraled on N (hence t 1. 2).

PN

2.4.1 Reduction of the Equation on the Level Sets

We now show how it is possible to reduce an equation of the form div(ub) = pu,
where u is a bounded Borel function on R? and y is a Radon measure on R?, into
a family of 1d problems on the level sets of H. For all the following Lemmas we
refer the reader to [10].

The first step is the disintegration of the equation:

Lemma 4 ([10, Lemma 3.5]) Suppose that i is a Radon measure on R? and u €
L (R?). Then the equation

div(ub) = p (12)
holds in 9'(2) if and only if:
* the disintegration of | with respect to H has the form

u=/uhdh+/vhdc<h>, (13)

where ¢ is defined in Point (4) of Lemma 3;
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o for £'-a.e. h € R it holds
div (uchbjflLEh) + div(uboy) = (14)

e fort-ae. h eR

div(ubky) = vy. (15)

2.4.2 Reduction on the Connected Components
The next step is to reduce further the analysis of the Eq.(14) on the nontrivial

connected components of the level sets. In view of Lemma 4 in what follows we
always assume that 2 ¢ N (see (10)).

Lemma 5 ([10, Lemma 3.7]) The Eq. (14) holds iff

* for any nontrivial connected component C of E}, it holds
div (uchb%hc) + div(ubonLe) = unLcs (16)
e it holds

div(ubopLg,\gr) = HnLE,\E; - (17)

Now we can split further and obtain the following

Lemma 6 ([10, Lemma 3.8]) Equation (16) holds iff
div (uchbj‘fln_c) — (18a)
div(ubopLc) = 0. (18b)
2.4.3 Reduction of the Equation on Connected Components in Parametric
Form
Finally, we would like to discuss the parametric version of the Eq.(18a). Let
y: I — R? be an injective Lipschitz parametrization of C, where I = R/{Z

or I = (0,¢) (for some £ > 0) is the domain of y. The existence of such a
parameterization is granted by [1, Thm. 2.5 (iv)].
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Lemma 7 ([10, Lemma 3.9]) Equation (18a) holds iff for any admissible
parametrization y of C

ity = fun (19)

where yafln, = [LpLc, Up = U0 Y.

2.5 Local Disintegration of a Balance Law

We now pass to consider a general balance law associated to the Hamiltonian vector
field b, i.e. 9;u + div(ub) = v, being v a Radon measure on (0, 7) x §2 and
u € L*®((0, T) x £2). A reduction on the connected components of the Hamiltonian
H can be performed, similarly to what we have done for equation div(ub) = u
to above. In some sense, we are presenting now the time-dependent version of
Lemmas 4-7.

Lemma 8 A functionu € L*°([0, T] x £2) is a solution to the problem

in 7' (0, T) x 2) (20)

u; + div(ub) = v,
u(0, ) = ugp(-),

if and only if

o up(t,s) == u(t, yn(s)) solves

A ) in2'(0,T) xI)
up(0, -) = uop(-),

{3zfth + 05t = Dy,
* it holds
div(uboy) =0
for L1 -a.e. h, where yy: 1 — R? is an admissible parametrization of a connected

component C of the level set Ej, of the Hamiltonian H and Dy, is a measure such
that vy, = (yh_l)#v.

Proof Multiplying equation in (20) by a function ¥ € C2°([0, 7)) and formally
integrating by parts we get

T T
uy + div(uyb) = yv = div </ ur dt b) =/ uyr dt — ¥ (0)ug
0 0

([ va)
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which can be written in the form
div(wb) = u, 21

where w := [ uy dr and

T T
__ _ 2
W= (/0 uy, dt W(O)v()) L7+ </0 Wdt)v.

Applying Lemmas 4 and 6 to (21), we obtain that continuity equation is equivalent
to

div (wepb ' LEp) = wn (22)
and
div(uboy) =0 23)

for Z!-a.e. h, where the measure p; can be computed explicitly, using Coarea
Formula and disintegration Theorem

T T
wh = (/ uw,dz—w(O)vo)jflLEh + (/ wdt>vh.
0 0

Thanks to Lemma 7, Eq. (22) is equivalent to
Oslh = flp,

in 9'(I). Now being y;, Lipschitz and injective, we have

W (A ER) = Iy 2
and this allows us to compute explicitly

fin = vy Duten
T T
= (y; s (/ u, dt cp ' _Ej — / Vv (O)vocnd ' _Ej + / v dt vh>
0 R2 0

T T
Z/o v(T, Y ()Y (T) dT — Y (O)uo(yn(s))cn(y (s)) + (/0 1/f(f)df>f)h,

(24)
where

bh = (v Dav.
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Formally, (24) means
T
i =—/ ik + .
0
To sum up, we have obtained that Problem (20) is equivalent to

iy + Ostip = Dy,
1 (0, ) = uop(+),

and
div(uboy) =0

in 2'((0, T) x I for £'-ae. h € R. We explicitly notice that the last relation is
always satisfied, as b = 0 on the critical set (where oy, is concentrated).

2.6 Angzellotti Traces for Measure Divergence L™ Vector Fields

Let now p € L®°(R%) and v € L (R?; RY). We consider the vector field V := pv
and we assume that its distributional divergence div V is represented by some Radon
measure, so that V is a so called measure divergence vector field. There are well
known results that allows to give a meaning and to characterize the trace of such

vector fields over rectifiable sets. We list here the main ones and we refer for more
details to [3, 8, 14].

Definition 1 Given a bounded, open domain with C! boundary U C R4, the
(Anzellotti) normal trace of V over aU is the distribution defined by

(Tr(V,U) - m, y) ::/ w(x)d(diVV)(x)nL/ V-V (x)dZ(x)
U U

for every compactly supported smooth test function ¢ € C2° RY).

We have the following Proposition, which says that the trace of a measure
divergence vector field is not an arbitrary distribution, but is induced by integration
of a bounded function defined on oU.

Proposition 1 There exists a unique g € L2 (U ; 7#9~'Lyy) such that

loc

(Tr(V,U)~n,¢)=/ gp 1, Vo € C°RY).
aU
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One can also define the traces of V on a oriented hypersurface of class C!, say
¥ . Indeed, choosing an open C!' domain U € U such that ¥ C dU and the unit
outer normals agree vy = vy we can define

T (V, Z) -n:=Tr(V, U).

Analogously, choosing an open C!' domain U’ such that £ C U’ and vy = —vy
we define

T (V,X) -n:=-Tr(V,U’) - n.

We remark that one can replace C! regularity with Lipschitz, so that it is possible
to give the definition of normal trace of a measure divergence vector field on
countable H¢~!-rectifiable sets.

We collect here other important results on Anzellotti’s weak traces:

Proposition 2 [f'V is a bounded, measure divergence vector field, then:

o divV « #9745 measures in RY;
e for any oriented, C' hypersurface X it holds

divVey = (T (V, ) -n—Tr ((V, 2) -n)#9 " 5.

Finally, an interesting case is when we assume more regularity on the vector field,
for instance v € BVq¢ (Rd; Rd). In this situation, one has the usual definition of the
trace of v over dU as BV function. We recall that the trace of BV functions v for
open sets U C RY of class C! is a measure which is absolutely continuous w.r.t.
#4713y We conclude this section by recalling the following chain rule for traces,
proved when v € BV in [4] (see also [3] for the case of vector fields of bounded
deformation).

Theorem 4 (Change of Variables for Traces) Let U C R? be an open domain of
class C! and let v € BVloc(Rd; RY) and B € Lip(R). Then if V = pV is a measure
divergence vector field, then also B(p)V is a measure divergence vector field and,
moreover, it holds

Trt(pv,U) - n

+ . — S —
T (B(p)v. U) - n /3< T

)Tri(V, U)-n, 971 q.e. on U,

where the ratio is arbitrarily defined at points where the trace Tr(v, U) vanishes.
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3 The Construction of the Hamiltonian

In this section, we construct a suitable Lipschitz function H : R? — R that will
be the building block of our counterexample. The construction presented in this
paragraph goes back to [1].

3.1 A Function That Does Not Have Weak Sard Property

Let (an)nen, (bn)nen be decreasing sequences of positive numbers with asymptotic
behaviour given by

1

a, ~ b, ~ on

Hence, the following quantities

o0 o0
Q= Z‘z"”a,,, b= Zz”“b,,
n=0 n=0

are finite. Chosen a real number § > 0, we set

A

co:=38+a, do:=6+b.

3.1.1 The Construction of the Set

We consider the set C, which is the closed rectangle with width ¢ and height d.
Then we define C to be the union of four closed rectangles with sizes

[&)) do
= — — 2ay, di:=——b>b
c1 2 ap 1 2 0

like in Fig. 2.
If we iterate the above construction, we obtain a sequence of nested sets: more
precisely, if C,, is the union of 4" pairwise disjoint, closed rectangles with width ¢,

and height d,,, then C,4 is the union of 4! pairwise disjoint closed rectangles
with width

Cp dn
Cp+1 = ? - Zan, dn+] = 7 - bn



Chain rule in the non steady two-dimensional setting 49

<o

2

ao

ag 1

1

1

1

1

1

1

di '
1

b |
2 1
1

1

1

1

bo 1
1

1

. P P -

1

1

1

1

1

1

1

1

- I -

1

1

1

1

1

1

1

1

1

1

Fig. 2 The sets Cyp (black) and Cy (red)
It is easy to see that from this recursion we have

n—1 n—1
ey =co— Y 2"Pa, 8 and  2'dy=do— Y 2"h, N\
m=0 m=0

which implies that ¢,, d,, are always strictly positive and satisfy

8
cp ~dy ~ —

on’
If C denotes the intersection of the closed sets C,, we have

L2(C) =1im L?(Cp) = lim4"d, ¢, = §°.
n n

3.1.2 Construction of the Function

We now turn to the construction of a suitable sequence of Lipschitz and piecewise
smooth functions f,, : R> — R. The function fj is defined by its level sets, drawn
in Fig. 3a.
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(b)

Fig. 3 Level sets of the function f and estimates for |V f,|. (a) Level sets of the function fy. (b)
Estimate of |V f;,|: the level sets of f, in the set E



Chain rule in the non steady two-dimensional setting 51

Let s, be the oscillation of the function f,, on the component of C,; it is clear
from the picture that

S
Sn+l = fv (25)

hence s, = 47 "sg = 47 "d).

3.1.3 L Gradient Estimates

We can now estimate the gradient of the functions f,. It is easy to see that the
supremum of |V f,| in the set Cj, is attained in the set E defined in Fig. 3a. Choosing
the axes as in Fig. 3b we can write an explicit formula for f,,; in particular, the line
that passes through the points (—ay,, b,) and (a,, d—z” — by,) has equation

1
X2 =b, + E(XI + an)(dy — 4by).
n

Then if we pick a T € (0, b,,) we impose the similarity of the triangles, hence

‘[bn B X2
by b, + ﬁ(xl + an)(dy — 4by)

hence we get

da, xo
T = .
(dy — 4bp)x1 + andy

Therefore, the function f;, has the following explicit formula in E:

Sn Sn apSp X2
) =1 -0+ (t+— =t+—T=t+ ,
fn(xl 2) ( T) T 4) ! T (dy — 4by)x1 + and,

A direct computation shows that

1

Vin(x) = and, + (dn — by (—=(dp — 4bp) (fn(x) — 1), ansn) .

Taking into account that x| > —a, and that d, — 4b,, > 0 (due to the asymptotic
behaviour) we can estimate from below the denominator:

andy + (dy — 4by)x1 > 4ayby,.

On the other hand, we clearly have | f,, — ¢| < s, and thus we obtain the following
estimate:
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(dp — 4by)sy + aysy

4n—n
= 27, 2
da, by on*27") (26)

IV fullLec,y <

Now let us define the function 4, := f, — f,—1. Clearly, by definition of f;, the
support of &, lies in C,; moreover,

IVhnllos < IV fallocyy + IV fumtllzoo, ) ~ n*27". 27

Since the distance of a point in C,, from R? \ C, is of order ¢, ~ 27", by the Mean
Value Theorem

4 ,—
[nllLoe ~ n*47"

For every x € R? set

F@) = lm fu(0) = fol) + Y ha(x),

n=1

We sum up the properties of the function f in the following

Theorem 5 ([1, Prop. 4.7]) If C is the set above and f is the function built in the
previous sections, then:

(i) f is differentiable at every x € C with V f(x) = 0;
(ii) LN(f(C)) = do;
(iii) fx (L2LC) =mZL L f(C), where m = 8% /dy; in particular, f does not satisfy
the Weak Sard Property.

Proof
(i) The estimates (26) and (27) yield

IV fllLe(c,) = On*2™)

which means that the Lipschitz constant of f on each component of C,, is of
order O(n*2~"); being C contained in the interior of Cj, it follows that for
every x € C

lim sup M = O0m*2™).
y—=x ly — x|
Letting n — +o00 we obtain the assertion, i.e. f is differentiable at x with
Vfix)=0.
(i) Therange f(C) is the intersection of all f(C,), and f(C,) agrees with f,,(Cy),
and therefore it is the union of 4" pairwise disjoint, closed intervals each of
length s,, (defined as the oscillation of f;, in C},). Thus from (25),
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LU () =lim L' (f2(Cy)) = lim4"s, = do.

(ili) We must show that the measures p = fx(Z>LS) and A := m.L'L f(C) are
the same. Since both u and A are supported on the compact set f(C), we apply
Lemma 4.6 in [1] to the partitions F,, given by the sets R’ := f(R N C) where
R is a component of C,,, and deduce that it suffices to prove u(R’) = A(R')
for every such R’. Since C can be written as a disjoint union of 4" translated
copies of R N C, we have

w(R)=L*(RNC) =4""L%C) =47"5°.

On the other hand, as already observed, f(C) can be written as a disjoint union
of 4" translated copies of R’, and then

MR =mL (R = 47" mZL (f(C)) = 4 "mdy = 47"82.

3.1.4 Further Remarks on the Hamiltonian Without Weak Sard Property

The Lipschitz function constructed in (3.1) will be denoted as f 4,5, since co, do, 8
are free parameters in the construction. Recall also that osc f¢ 4,,s = do so that, up
to a translation, we can suppose directly that

Feordo.s (R?) = (0, do).

The critical set S of f, 4,5 has area .Z 2(S ) = 82 and, as shown in Theorem 5

52
(fep.d.8)#(L*LC) = %flL £(C).

Therefore, we can apply Disintegration Theorem to the probability measure
é,f 2 C w.rt. the map fe.dp,s- We thus write

1 1
S—ZXZLC: d—/l)hdh
0

where i — vy, is a measurable measure-valued map, v, being a probability measure
concentrated on fcgldo s(h) N C for & lae. h € R. We can actually say more,
characterizing completely the measure vj. In particular, we want to show that for

a.e. h the intersection

b sNC

co,do
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is a single point. We have indeed

FhsMNC = £k s NCy)

and for every 4 it is possible to prove that f Lgldo s() N Cy is a sequence of nested
intervals whose measure goes to 0 as n — 4-o00. For instance, if h € (dy/2", dp),
we have that

Fimne, = (an_l, -l

7 an—1> x {do}.

The lenght of the interval is clearly —2a,_1=¢,>26-27" - 0asn — +oo.
This shows that f_l(h) NC = {xp} forevery h € (0, dp) = f([0, co] x [0, dp]). So
vy, has to be 8y, . Finally notice that we can write

Cn—1
2

L= /athdh.

3.1.5 Scaling the Hamiltonian f1 1 s

Set now Hj := f1,1,5 whose range is (0, 1). The disintegration now looks like
L= 32/axh dh =S| /5xh dh
which will be written from now onwards as
L= /chéxh dh,

where we have set for .Z!-a.e. h the coefficient ¢, := |S|. The map & +— ¢}, is thus
constant and it simply represents the density of f; (ZL?Lc) along the level sets. We
will see that this map plays a significant role in the construction: we will suitably
modify it, in order to obtain a piecewise constant map which is integrable but not
square-integrable. To do this, we perform some scaling transformations: for fixed
n € Nand @ € R we first scale the domain of H; with the following linear map:

Dy (x,y) (x, 2%)

The area of the critical set was |S| = 82 = fol cp, dh, while after the operation the
area becomes
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S
det 2, - |S| = 151
2}1

hence we set

;. ISl
Cp = 2_"

Now we rescale the range (0, 1) — (0,27"%) via a map %, o: R — R so that if
we impose

2*7!&

S
|—|=/ cy dh
=

we have to set accordingly

|| B
"o no __
Cp = 2—n2 = 2n(l—a)

Finally, we define the translation operator .7, , which acts both in the domain
and in the target in the following way: if a function is defined in the square [0, 1] x

[0, zi,,] C R? with range [O, 2,,%] then under the action of .7}, , the domain becomes

the rectangle [0, 1] x [2% zn%l] while the range turns to the interval [2,% ! ]-

ona—1

We call the resulting function .7}, 4 0 %y 4 © Zy.o © Hi := H, o and we define now

Ho(,y) = Y Hyalr.y), o) e Di= | ([o, 1 [ 21—_1]>

neN neN
=10, 1] x [0, 1].

In other words, we have “patched together” the rescaled Hamiltonians, one above
the other, with ranges that are adjacent intervals. Notice that the function is well
defined, as the domains of the different H, , are disjoint, so that for any (x, y) € D
the sum is locally finite (actually it reduces to a single term).

3.1.6 Properties of H,

Some remarks about the properties of H, are now in order.

e For a > 0, the function Hy is bounded. Indeed, its range is

Ha(D) — U [2—}’10[’ 2—n0t+1]
neN
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whose measure is

L*(Hy(D)) =)

n

>t =: 4y < 400,

fora > 0.
* For any o € R, the area of the critical set of H, is always finite:

“ rdh =Y ECIN —2:@—|S|<+oo
0 n - on(l—a) one on :
n n

e On the contrary, we have that
¢ 2 2
P [S| - IS
/O (Ch) dh = Z 22n(l—a) x ona Z mnQ2—a)’
n n

In particular, if we take @ > 2 we have that

l
(¢ dh = +o0.

In other words, for « > 2, the function & CZ belongs to Ll([O, M)A
L2([0, £4]) (it behaves essentially like nl[o,nfz] in [0, 1]).

4 The Counterexample

We now fix @ > 2 and we consider the corresponding Hamiltonian H,, constructed
in paragraph above and we set b := V H,. By construction, setting oy, := ¢} 8,, we
have that H,, satisfies the following

1
P? = /R (W—HlyflLEh +ah)dh. (28)

For typographical reasons, we will write from now onward simply ¢, instead of
-
By applying Lemma 8 to H, we get at once the following

Proposition 3 The problem

(29)

oru + div(ub) =0
M(Ov ) = UO()
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is equivalent to

dip + dsin + cnd it L' @85, =0
io(s) = uon (30)
Os (ﬁhchfl ® (SS,,) =0

for £L'-a.e. h.
Remark 1 Notice that, by splitting

u=mlg+ ulge
the equation can be written as

0; (ulge) + 9;(mlg) + div(imlgb) 4+ div(ulgcb) =0
—
=0
because b = 0 on S by construction. Hence, taking into account that b = 0 on the

critical set, Proposition 3 is actually establishing that

0r(ulge) + div(ulgeb) = —0;(mly)
u(0, ) = uo(-)

is equivalent to

Byt + 5t + cndin L' @8, =0
{ (up + sty + cpogmy, ® 9 for #-ae. h.

o (s) = uon

Now we consider the Cauchy problem for the transport equation associated to b
with initial condition uq := 1g:

{a,u + div(ub) = 0
u(0, ) =1s5()

We disintegrate the equation on the level sets and we obtain, denoting for typo-
graphic simplicity by vy (¢, s) := (¢, s), we have

dvn + dsvp = —cpdy (VL x 85,)
v (0, ) = cplyg, ()
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ie.

{a,(vh(1+$1 X cudy)) + o =0 1)

vr(0, ) = enlygy ()
which is exactly of the form (6). Applying Lemma 2, we have that the function

cnlg (s (G (s) — 1) s # sn

v (2, s) == . A
n(t, ) cpls )8 —)ds s =sp
G (sn)

is a non-stationary solution to (31). Some easy computations show that
1 Sh+Ch
vp(t, sp) = ][ 15, (8 — )ds = —/ il syre, 18 — 1)ds
& () Ch Jsy

sp+cp—t
= / g, sy +cp1(D)dT
S

h—t

cp,—1t t<cy
0 t>cy

In particular, we have that for a.e. & € R and for every ¢ € (0, T) it holds
Orvp(t, sp) = —1j0,¢,1(2).
Hence, for this particular solution, the 1D equation on the level set E}, is explicit:
0rvp + 0svn = cnlio,cs
which can be written also in the divergence form
div, s (vp (1, 1)) = cnljo,c;]- (32)
From (32), we deduce immediately that, for a.e. & € R, the vector field v, (1, 1)

is a bounded, divergence-measure vector field in (0, T) x R;. Applying Point 2 of
Proposition 2 we can write for a.e. t € (0, T)

vy, (1) — v (1) = +cnljo,e,1 (1) (33)

where vhi are the (L*° functions representing) Anzellotti traces on the surface X, :=
{s = sp,}, defined as

T (va (1, 1), )
+ . _ _ T*
v = =01, ) =Tr (va(L, 1), Zy).
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We observe that by construction v,” = 0 a.e., hence (33) reduces to
—v;:' = cnljo,¢y1-
Taking now B(t) = t2 and applying the Chain rule for Anzellotti traces (4) (being
the vector field v = (1, 1) clearly of bounded variation) we obtain that fora.e. 7 € R
the vector field w, (1, 1) := vi(l, 1) is still a divergence-measure vector field and it
holds
w, =0, w;f = +cﬁ1[0,ch],
ie.
wy —wy = —¢il.)
so that, applying again Point 2 of Proposition 2, we can write
div, s(wp (1, D)L, = @ + dy) 5, = —ciljo.ey-
which in turn can be written as (recall m, = cpuply, )
3 + dsibp = —cnd, (L' x 8,),  forae.h eR.
Integrating and using Remark (1), we obtain the equation satisfied by u>:
3 w?) +divu’b) =T,
being T the distribution defined by

T = —8,(u’ly). (34)

We conclude with the following

Proposition 4 The distribution T defined in (34) is not representable by a Radon
measure.

Proof By contradiction, assume that 7' is induced by some measure &: being the
divergence of the bounded, measure-divergence vector field w(l, b), we would
necessarily have £ <« . On the other hand, it is immediate to see, directly from
the construction of the Hamiltonian, that for any ¢ € C°, ||¢]lc < 1 we have

T T
/ pde =/ /u2¢tdtdx=// u(t, xp)chdy (t, xp) dt dh
[0,T1xR2 0 S RJO
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which diverges being ¢, ¢ L?(R). Thus
sup {(T,¢) : ¢ € CZ°((0, T) x R?), [[plloo < 1} = 400

which shows that T cannot be a distribution of order 0, hence it is not representable
by a measure.

Acknowledgements The second author would like to thank Nikolay A. Gusev for bringing to his
attention the reference [12] and for useful discussions on the topic.
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On the Maximality of the Sum of Two m)
Maximal Monotone Operators e

Yuqing Chen, Yeol Je Cho, and Themistocles M. Rassias

Dedicated to Haim Brezis and Louis Nirenberg in deep
admiration

1 Introduction

Maximal monotone operators play very important role in proving various existence
results for nonlinear partial differential equations, variational inequalities and
nonlinear evolution equations (see [3-9, 14]).

In this paper, let E be a real reflexive Banach space, E* be the dual space of E
and S : D(S) € E — 2E°, T . D(T) € E — 2£" be two maximal monotone
operators. It is well known that the sum 7" + § of two maximal monotone operators
need not to be maximal monotone (see [14]) and, also, we can find some well known
results on the maximality of the sum of maximal monotone operators in Brézis et
al. [5] and Rockafellar [15, 16]. For more results on the maximality of sums of two
maximal monotone mappings, see [1, 2, 10, 14, 18].

In this paper, we pose the following conditions on two maximal monotone
operators T and S:

(A) There exists xo € E such that infrer,(f, x — x0) is lower bounded on each
bounded subset of D(T), i.e., for each bounded subset K C D(T), there exists
a constant og € R such that
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(fvx_xo)ZaK

forallx € K and f € Tx;

(B) There exist r > 0 and A9 > O such that, if, for each y € B(xg,r), g € E*,
xp € D(T)and A, € (0, Ag) with g € Tx,+S),x,+Jx, foreachn =1,2,---,
{anxn}flil is bounded, then we have inf, > (S, xn, anxn —y) > —o0, ie.,

there exists B(g, P, y) € R such that
inf (S3, %, R}, Xn = ¥) = B8, P ),

where P = {x, : n > 1}.

Under these conditions (A) and (B), we prove that S + 7' is maximal monotone.
We note that a special case of the assumption (B) was used in a recent paper by
Afsaw [1] to prove the maximality of the sum of two maximal monotone operators,
where he assume that, for each y € B(xp, r), infgesx (g, x — y) is lower bounded
on each bounded subset of D(S), where r is a constant. In Sect.4, we show that
the assumption (B) is more flexible in applications. Further, if 2 C E is an open
bounded subset such that

QNDT)NDES)#P, 0¢ (T +S)(D(T)ND(S)NIK)

and the assumptions (A) and (B) are only satisfied on 2N D(T), then we construct a
degree theory for the sum 7'+ S of two maximal monotone operators, where this sum
may not be maximal monotone. Also, we use this degree theory to study the operator
equation 0 € (T + S)x. Finally, we give some examples to show applications of our
results.

2 Maximality of the Sum of Two Maximal Monotone
Operators

In the following, let E be a real reflexive Banach spaces and E* be the dual
space of E. We may assume that both E and E* are locally uniform convex
(otherwise, there exists equivalent norms on E and E* such that both E and E* are
locally uniform convex, see [19], since renorming doesn’t change the monotonicity
(maximal monotonicity) of an operator and boundedness of subsets), so the duality
operator J : E — E* defined by (Jx,x) = Ix]I2 = |[Jx||?is a single-valued
continuous maximal monotone operator and is also an operator of class (S4) (see
[7, 13, 20]).
Let S : D(S) € E — 2E" be a maximal monotone operator and let

Sx =S +asH My
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forany x € E and A > 0 be the Yosida approximation of S and fo =x—AJ 1S«
be the resolvent with respect to S,. Then it is well known that S; is a continuous
maximal monotone operator.

Lemma 2.1 If {A,}°2, C (0, +00) and {x,}32 | are bounded, xo € D(S) and

(Sx,Xn, Xn —x0) < L

for some L € R, then {anxn}zoz | is bounded.

Proof Since Sy, x, € San X,, we have

(Spuxns RS xn — x0) = (fo, Ry xn — Xo),
where foy € Sxg is a fixed element. Note that
(ShuXns Xn — X0) = (Si, Xns Xn — RS Xn) + (Sp,, %0, Ry X — X0)).
So, we have
(S, Xn> Xn — anxn) <L+ IIfOIIIIanxn —xoll- (2.1)
Since S, x, = A, ' (x, — an X)), it follows from (2.1) that
lbn — RS xall? < dn (L A+ | foll Il — R ) (2.2)

By the boundedness of {},}7 {xn};2, and (2.2), it follows that {anxn};'lil is

n=1’

bounded. This completes the proof.

Remark 2.1 A special case of Lemma 2.1 was proved in [1] under the assumption

that A, — 0T, where we only require that {An}52, is bounded.

Lemma22 Let S : D(S) C E — 2E° T : D(T) C E — 2E" be two maximal
monotone operators and let xo € D(S) N D(T), x, € D(T), fn € Tx, and A, €
(0, A) be such that f, + S),xn + Jx, = f foreachn =1,2,---. Then {xn}flo:1 is
bounded and

(SpXn, Xn —x0) < L

for some L € R.
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Proof Take fo € Txp. Then, by the assumption f, + S;,x, + Jx, = f for each
n=1,2,---,we have

(f — fo— Sr, X0, Xn — X0)

= (fu — fo, xn — x0) + (Si, Xn — S, X0, Xn — Xx0) + (JXu, Xp — X0).

The monotonicity of 7" and S, yields
(f = fo = 83,50, Xn — ¥0) = (JXn, Xp — Y0)- (2.3)

By (2.3) and lim,, . S3,Y0 = g0 € Syo (see [5, 14]), we deduce that {xn}ff:l is
bounded. Again, by the assumption f,, + Sy, x, + Jx, = f foreachn =1,2,---,
we have

(f, xp —x0) = (fu + Sk,lxn + J Xy, Xp — X0)

and

(fn> X0 — x0) = (fo, Xn — x0).

Therefore, we have

(Sr,Xns Xn — x0) < (f — fo— JxXn, Xu — X0)

foreachn = 1,2---. Thus there exists L > 0 such that (Sy,x,, x, — x9) < L for
eachn =1, 2, - - -. This completes the proof.

Lemma2.3 Let S : D(S) C E — 2E°, T . D(T) € E — 2E be two maximal
monotone operators such that D(S) N D(T) #£ ¥ and let x, € D(T), f, € Tx, and
An € (0, A) be such that f, + S, xp + Jx, = f foreachn = 1,2, ---. Suppose
that there exist xo € E, o € R and r > 0 such that

(D) (fu> xn — x0) = o)
2) If{R;\?n)cn}le:1 is bounded and, for each y € B(xg,r), there exists f(y) € R
such that

(Sp,Xns RY X0 = 3) = B(Y)

foreachn =1,2,---.

Then both {x,},2 | and {S;, x,}7> | are bounded.

= n=1

Proof Take yo € D(T) N D(S). Then, by Lemma 2.2, {xn}:;xf is bounded and
there exists L € R such that (S;,x,,x, — yo) < L foreachn = 1,2,---. By
Lemma 2.1, we know that {anxn}f;] is bounded. Once again, by the assumption

fuo+ Sy, xn +Jx, = fforeachn =1,2,---, we have
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(fns Xn — x0) + (S)L,lxns Xp — x0) + (Jxp, Xp — x0) = (f, Xu — X0)- (2.4)

By (2.4) and the assumption (1), it follows that there exists a constant k € R such
that

(83 Xn, Xn — x0) < k. (2.5)
Since

(S)»,, Xn, 2)

= (Si,Xns Ry xn — X0+ 2) + (Si,Xn, Xn — Ry Xn) — (Sp,Xn, X — X0)
for all z € B(0, r), by the assumption (2) and (2.5), we have
(Sn,xn.2) = Blxo —z) —k (2.6)

for all z € B(0, r). Note that —B(0,r) = B(0, r) and so, by (2.6), we know that
{(S3,%n, 2)},2, is bounded for each z € B(0, r). By the uniform bounded principle
(see [17]), it follows that {S;,, x,}72 | is bounded. This completes the proof.

The following lemma is a strong version of Theorem 2.1 in [5] and we also need
this lemma in the next section to construct a degree theory:

Lemma24 If 1, — 0T asn — oo, f € E* {x,}32, C D(T) is bounded,
Jfn € Txp and {8y, xn 12, is bounded such that

n=1
fn+Sknxn+an =f 2.7

foreachn =1,2,---,thenx, — yo € D(T)ND(S)in E and f € Tyo+Syo+J yo.

Proof Without loss of generality, we may assume thatx,, — yo € E, f, — g1 € E*
and Jx, — g» € E*asn — oo and thus S, x, — f—g1—g2. By the monotonicity
of the operators 7', S and (2.7), we have

limsup(Jx;, — JxXm, Xp — Xm) < 0. (2.8)

n,m—00
Since
(Jxn = T, Xn = Xm) = I1all* = T (om) = J X () + (12017
> (Ixall = llxm D2,
we have lim,,_, » || x5, || exists, which is denoted by r. Therefore, we must have

lim Jx,(xp) =72, lm  Jxn(x,) = r2,
n,m— 00 n,m—oo
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i.e., for any € > 0, there exists N > 0 such that
|Jxn () — 12| < € (2.9)

for each n,m > N. First, letting m — oo and then, letting n — o0 in (2.9), we
have g>(yo) = r>. Since

g2l < Liminf || Jx,l,  [[yoll < liminflx, ||,
n—od n—o00

we must have ||g2]| = ||yol| = r. The locally uniform convexity of E implies that
X, — yo and so Jx, — Jyo = g2. By the monotonicity of S and 7', we have

(Sx,xn — 8, anxn —x)>0

forall x € D(S), g € Sxand (f;, —h,x, —y) >0forally e D(T)and h € Ty.
By letting n — oo and noting that an Xn — Yo, we have

(g1—h,y0o—y)=0

forally e D(T),h e Tyand (f —g1—Jyo— g, Yyo—x) > O0forall x € D(S) and
g € Sx. The maximality of 7 and S implies that

g1 €Tyo, f—g —Jyo€ Syo,

ie., f € Syo+ Tyo + Jyo. This completes the proof.
Now, we give the main results in this section.

Theorem 2.1 Let S : D(S) € E — 2E" and T : D(T) € E — 2E" be two
maximal monotone operators with D(S) N D(T) # (. Suppose that there exist
xo0 € E, r > 0and Ay > 0 such that

(1) For each bounded subset K C D(T), there exists a constant ag € R such that

(f,x —x0) > ag

forallx € K and f € Tx;

(2) There exist r > 0 and Ay > 0 such that, if, for each y € B(xg,r), g € E*,
xp € D(T) and Ay, € (0, ho) with g € Txp+ Sy, x,+Jx, foreachn =1,2,---,
{R;?"x,,}ff’:1 is bounded, then we have inf,>1(Sy,Xn, anxn —y) > —o0, Le.,
there exists B(g, P, y) € R such that

inf (S, %0, Ry, %0 = ¥) = B(g, P, ),
nz

where P = {x,, :n > 1}.

Then S + T is maximal monotone.
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Proof We only need to prove that S + T + J is surjective. For any f € E* and
A > 0, it is well known that T + S; + J is surjective. Take A, — 0T, then there
exist x, € D(T) and f, € Tx, such that

o+ S, xn+Jxy=f (2.10)

foreachn = 1,2, ---. By (2.10), Lemmas 2.2 and 2.1, {anxn}f:l is bounded and
so, by Lemma 2.3, we know that both {x,};7 | and {Sj,x,};, are bounded. By

Lemma 2.4, {x,}°° ; converges to a point yo € E* asn — oo and f € Syo+ Tyo+

Jyo. Thus S + T + J is surjective. Therefore, S + T is maximal monotone. This
completes the proof.

Corollary 2.1 Let S : D(S) € E — 25 and T : D(T) € E — 2E be two
maximal monotone operators with D(S) N D(T) # (. Suppose that there exist
xo € E, r > 0and Ao > 0 such that

(1) For each bounded subset K C D(T), there exists a constant ag € R such that
(fsx —x0) > ak

forallx € K and f € Tx;
(2) For each y € B(yo,r), each bounded subset Q of D(T) and each bounded
subset P of U,\E(o,AO)Rf(Q), there exists a constant B(P, Q,y) € R such that

(g, x—y)=B(P,0,y)

forallx € Pand g € Sx.
Then T + S is maximal monotone.

Proof For any g € E* and 4, € (0, Ap) with g € Tx, + S),x, + Jx, for each
n=12,---, Lemmas 2.2 and 2.1 imply that Q = {x,};2, C D(T) and P =
{anxn};’o: 1 € Une, ;LO)Rf(Q) are bounded. By the assumption (2), we have

inf (Sy, %, R}, %n = ) = B(P, Q. )

and so the conclusion follows from Theorem 2.1. This completes the proof.

Corollary 2.2 Let S : D(S) C E — 2E°, T : D(T) € E — 2E be two maximal
monotone operators, and D(S)ND(T) # (. Suppose that there exist xg € E, r > 0,
such that

(1) For each bounded subset K C D(T), there exists a constant ag € R such that
(f,x —x0) > ak

forallx € K and f € Tx;
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(2) For each y € B(xg,r) and each bounded subset P C D(S), there exists a
constant B(P, y) € R such that

(g, x—y)=B(P,y)

forallx € P and g € Sx.
Then S + T is maximal monotone.

Proof Since U ;\>0Rf(D(T)) C D(S), the conclusion of Corollary 2.2 follows from
Corollary 2.1.

Remark 2.2 Corollary 2.2 was proved in [1].

Corollary 2.3 Let S : D(S) C E — 2E° T . D(T) C E — 2E" be two maximal
monotone operators with xo € D(S) N D(T), L : E — R be a bounded function
and y : E — R be a function. Suppose that (g,x — y) > L(x) + y(y) for all
x € D(T), g € Tx and y € B(xo, ry), where ro > 0 is a constant. Then S + T is
maximal monotone.

Proof Take fo € Txp, then we have (f, x —xg) > (fo, x —x¢) forall x € D(T) and
f € Tx. For any bounded subset P € D(S), set B(P,y) = infyep L(x) + y(¥). It
is easy to see that the conditions of Corollary 2.2 are satisfied and so the conclusion
of Corollary 2.3 follows from Corollary 2.2.

Remark 2.3 Corollary 2.3 was proved in [11].

Corollary2.4 Let T : D C E — 2E° 5 : D € E — 2E" be two maximal
monotone mappings and §2 C E be an open bounded subset. Suppose that there
exist xo € D N 2 and r > 0 such that, for each y € B(xg, r), each bounded subset
Q C D and each P C Uo<,\<,xORf(Q), there exists a constant B(P, Q,y) € R
such that (g, x —y) > B(P, Q,y) forallx € P and g € Sx and

0 ¢ Ureo. 1T + (1 — )S1(02 N D).

Then deg(T, 2N D,0) = deg(S, 2N D, 0).

Proof Foreacht € (0, 1), we have (tf, x — xp) > t(fo,x —xo) forallx € D, f €
T x, where fy € Tx is a fixed element. For each y € B(xg, r), each bounded subset
Q € D(T) and each P C U0<;L<;LOR5?(Q), we have

((d=-ng,x—y)=A-0B(P,Q,Y)

forallx € P,g € Sx and ¢ € (0, 1). By Theorem 2.1, (1 — ¢)S + ¢T is maximal
monotone for all € (0, 1). By Theorem 2.9 in [10], we have

deg(T,2N D,0) =deg(T, 2N D,0).

This completes the proof.
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For homotopy properties of degree theory for monotone mappings, see [7, 10,
13, 20].

3 Degree for the Sum of Two Maximal Monotone Operators

LetT : D(T) € E — 25", (S : D(S) € E — 2E be two maximal monotone
operators, £2 C E be an open bounded subset with £2 N D(T) N D(S) # ¥ and
0¢ (T+ S)(D(T)YND(S)NIS2.

In fact, we do not have maximal monotonicity condition on 7' + S. In this section,
we construct a degree theory deg(T + S, 2N D(T) N D(S), 0). For this, we always
assume that there exist yg € E, r > 0 and Ao > 0 such that

(C) There exists a constant « € R such that (f, x — yo) > « forall x € 2 N D(T)
and f € Tx;
(D) Foreach y € B(yp, r), there exists a constant 8(y) € R such that

(g x—y)= B0

forall x € {2 N D(T) N D(S)} U{Use0,20) RS (D(T) N 2)} and g € Sx.
First, we give some lemmas for the main results.

Lemma 3.1 Under the above assumptions (C) and (D), there exists g > 0 such
that

0¢(T+S+e)(D(T)ND(S)NIK)

forall € € (0, g9).

Proof Suppose that there exist a sequence {&,} with &, — 07, x, € D(T)ND(S)N
082, fn € Tx, and g, € Sx, such that

ot gntendx, =0 (3.1)

foreachn = 1,2, ---. We may also assume that x,, — xo by taking a subsequence
{x,}. By the monotonicity of 7, S and (3.1), we have

(endxn — &md X, Xn — Xm) <0 (3.2)
foreachn = 1,2, ---. By letting m — oo in (3.2), we have (&,Jx,, x, — x0) <0
foreachn = 1,2, ---. Since J is a mapping of class (Sy), we have x, — xo € 952.

Again, by (3.1), we have

(frsXn =)+ @nsXn — y) +en(Uxp, X —y) =0 (3.3)
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foreachn =1,2,..-.Sety = yp—z forany z € B(0, ry) and using the assumptions
(C) and (D), it follows from (3.3) that

(fno2) < —a— B0 —2) +enllxnllllxn — yo + zll

for each n = 1,2,-.-. Note that —B(0,ry) = B(0,r)) and so we know that
{(fu, 2)};2, is bounded for all z € B(0, ro). Therefore, it follows from the uniform

bounded principle that { f,}7° | is bounded and so {g,,},2 ; is also bounded. We may

assume that f,, — fp and so g, — — fo. By using the maximality of 7 and S,
it is easy to check that xo € D(T) N D(S), fo € D(T) and — fy € Sxp and so
0 € Txo + Sxo, which is a contradiction. This completes the proof.

Lemma 3.2 For each ¢ € (0, ggy), where g is as in Lemma 3.1, there exists Lo > 0
such that

0¢(T+S),+eJ)(D(T)NIS)
forall ) € (0, Lg).
Proof Suppose that there exist A, — 0%, x, € D(T) N 32 and f,, € Tx, such that
Jo+ Sy,xn +eJx, =0 (3.4

for each n = 1,2, ---. By using the same proof as in Lemma 2.3, we know that

{Si, xn},2 | is bounded. By Lemma 2.4, we know that {x,};° , converges to a point

Xo € 082 asn — oo and so 0 € Txp+ Sxo, which is a contradiction. This completes
the proof.

Lemma 3.3 For any Ay, A2 > 0, {Tia,+01-nr, + €J}ic0,1] is a homotopy of
mappings of class (S4).

Proof Suppose that x, — xo € E, t, — 9 and

lim sup(Ss, 5, +(1—t)r0%n + €JXn, X, — x0) < 0.
n—oo

By the monotonicity of S, we have
(Styri+(=t000%n — (Stya +(1—1)22 X0, Xn — X0) = 0
and, by Lemma 2.7 in [10], it follows that
M S0 (1-0)22%0 = Siori+(1-10)22%0
and so

lim sup(eJx,,, xp, — x0) < 0.
n—oQ
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Thus x, — xp and Stn)\1+(l_tn)}\2xn +eJx, — Sto)nl-‘r(l—lo))»zxo + &Jxo. This
completes the proof.
Since S) + ¢J is a mapping of class (Sy) for each A > 0 and ¢ > 0, under the
above assumptions, by Lemma 3.2 and [7] (see also [14]), we know that
deg(T + S, +¢J,2N D(T),0)

is well defined for any A € (0, Ap(¢)) and € € (0, go) and we define

deg(T+S+¢eJ,D(T)YND(S)NS2,0) = lir(r)1+ deg(T + S, +¢J,D(T)N $2,0).
rA—

3.5)
By Lemma 3.3, we know that deg(T + Sy + ¢J, 2 N D(T), 0) does not depend on
X € (0,r0(e)) and sodeg(T + S +¢eJ, D(T) N D(S) N £2,0) is well defined.

Finally, we define
deg(T+S,D(T)ND(S)NS2,0) = lirg+ deg(T+S+¢eJ,D(T)ND(S)NS2,0).
e—>

(3.6)
Now, we need to check that (3.6) is well defined. To do this, we need the
following:

Lemma 3.4 Forany ¢; € (0, &), i = 1, 2, there exists n > 0 such that
0¢ Ute[O,l][T + Sy +terd + (1 —1)ex JI(D(T) N 0s2)

forall x € (0, n).

Proof Suppose that the conclusion is not true. Then there exist a sequence {1,}7°
with A, — 0%, x, e D(T)N 32, f, € Tx, and t,, € [0, 1] such that

Jo £+ S, xn + 1ty + (1 —ty)e2]lJxp =0
for eachn = 1, 2, - - -. For simplicity, we denote by ¢, = t,e1 + (1 — 1,)e2. From
the same reasoning as in Lemma 2.3, it follows that {S;\nxn}ff: | 18 bounded and so
{f,,},oz":1 is also bounded. We may assume that 7, — fy, x, — X0, f — go € E*
and Jx, — g1 € E* and so
SinXn = —80 — [to&1 + (1 — 10)e2]81.

Since

(fu— fm> Xn —xm) + (Sk,,xn - Skmxms Xp —Xm) + (End Xy — € X, Xn — X)) =0,

foreachn = 1,2-- -, by using the monotonicity of 7T and S, we have

lim sup(e, Jx; — em I X, Xn — X)) < 0. 3.7
n,m—00



72 Y. Chen et al.

Note that g, — fpe1 + (1 — 1) € (0, g9) as n — 00, it follows from (3.7) that

limsup(Jx, — Jxpm, Xpn — X)) = 0.
n,m—00

The same proof as in Lemma 2.4, we have x,, — xo € 952 and so Jx,, — Jxo.
Finally, by using the monotonicity of 7 and S, we have (f, — f, x, —x) > 0 for
allx € D(T), f € Tx and

(Si,Xn — & Ry xn —y) =20

forall y € D(S) and g € Sy. By letting n — oo and using the maximality of 7" and
S, we have

xo € D(T)ND(S), go€ Txo, —go— [toer + (1 —19)ea]dxg € Sxo,
i.e.,, 0 € Txog+ Sxg+[toe1 + (1 —ty)ex]J xg, which is a contradiction to Lemma 3.1.

This completes the proof.

Lemma 3.5 {S) 4 te1J + (1 — t)eaJ }iei0,1] is a homotopy of mappings of class
(S4).

Proof The proof is straightforward, so that we omit the details.
By Lemmas 3.4, 3.5 and [10] (see also Theorem 6.3.2 in [13]), we know
deg(T + Sy +e1J,D(T)N §2,0) =deg(T + Sy +eJ, D(T) N $2,0)
for all A € (0, n) and so
deg(T+S+¢e1J,D(TYND(S)N§2,0) =deg(T + S+ e2J, D(T)ND(S)N £2)

for and ¢; € (0, &9), i = 1, 2. Thus (3.6) is well defined.

Theorem 3.1 Ifdeg(T + S, D(T)ND(S)N$2,0) #O0, then 0 € (T 4+ S)x has a
solution in D(T) N D(S) N 2.

Proof Since deg(T + S, D(T) N D(S) N §2,0) # 0, we have
deg(T+S+¢eJ,D(TYND(S)N,0)#0

for all ¢ € (0, &p). By (3.5), we have deg(T + Sy + ¢J, D(T) N £2,0) # 0 for all

A€ (0, 19(¢)) and so 0 € (T+Sy+eJ)x has a solution in D(T)NS2. Take A, — 0T,

then there exist x, € £2 N D(T) and f,, € Tx, such that f,, + Sy, x, +&Jx, =0
and so

(fu, X —y) + (S)Lnxnvxn -y +elxu,x,—y)=0
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forall y € B(yp,r9) andn = 1,2, - - -. By using the assumptions (C) and (D), we
know that {S;, )cn};':"=1 is bounded. By Lemma 2.4, we may assume that x, — z,
and0 e (T + S +¢eJ)x;.

Now, we take ¢; — 07, then there exist x; € D(T)ND(S)N 2, Xj — 20,

fj € Tx; and g; € Sx; such that
fi+tegi+eiJx; =0 (3.8)
foreach j = 1,2, ---. By (3.8) and the monotonicity of 7" and S, we have
(eiJxi —ejJxi —x;) <0 3.9)
for each i, j = 1,2, ---. The same reason as in (3.2), we have x; — xg € Q2 as

I — 00.
Again, by (3.8), we have

(fj,xj—y)+(gj,xj—y)+e;j(Uxj,xj —y)=0

forall y € B(yo,r9) and j = 1,2, ---. By using the assumptions (C) and (D), we
have

(fj»2) = —a— B(o —2) —&jllxjllllxj — yo —zll

forall z € B(0, r) and the symmetry of B(0, r) implies that {( f;, z)};?ozl is bounded
for each z € B(0, r). By using the uniform bounded principle, { f j}j?o | is bounded
and so {g j}?il is bounded. We may assume that f; — fj by taking a subsequence
{j;j}and so g; — — fo. The maximal monotonicity of 7 and S imply that fy € T xo
and — fy € Sxg, which yields 0 € (T + S)xp. Obviously, xg € 92 and so xo €
D(T) N D(S) N £2. This completes the proof.

Theorem 3.2 Let S : D(S) C E — 2E°, T : D(T) € E — 2E" be two maximal
monotone operators and §2 C E be an open bounded subset with 0 € £2 N D(S) N
D(T). Suppose that the assumptions (C) and (D) hold, 0 ¢ (S + T)(052) and
(f,x) =0
forallx € D(S)ND(T)N 082 and f € Sx + Tx. Then
deg(S+T,DS)ND(T)N2,0) = 1.

Proof For any ¢ > 0, it is easy to see that (tf +eJx,x) > Oforall x € D(S) N
D(T)Noas2, f € Sx+Tx andt € [0, 1] and so

0¢[t(S+T)+eJI(D(S)ND(T)N IR

forallt € [0, 1].
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Next, we prove that there exists 1o > O such that
0¢[tS)+1tT +eJ](02N D(T)) (3.10)

for all t+ € [0.1] and A € (0, A¢). If this is not true, then there exist a sequence
{ta}22, with t, — 19, x, € 982 with x, — xo, A, — 0T and g, € Tx, such that

tySy, +thgn +eJx, =0 (3.11)

foreachn =1,2---.

Case (1) t9 = 0: Since {anxn}flo:] converges as n — 00 (see [5] or [14]) and
t,g — Oforall g € TO, we have

liminf#,(Sy, x,, x,) > 0, liminf#,(g,, x,) >0
n—0o0 n—0oo
for all g, € Tx,. Therefore, we have

lim sup(Jx,, x,) <0
n—0o0

and so x, — 0 € 052, which is a contradiction to 0 € £2.

Case (2) ty # 0: We have

(tn(S)Lnxna Xp = Y)+ tugn, Xn —¥) +e(Uxp, %, —y) =0

forall y € B(yp,r0) andn = 1, 2, - - -. By using the assumptions (C) and (D) and
the same reasoning as in Lemma 2.3, it follows that {S;wxn}:;’? is bounded and so
{gn},2 is bounded. Without loss of generality, we may assume that g, — go € E*
and S;,x, = fo€ E*asn — oo.

Now, we claim that

liminf(S;,, xp, X, — x0) > 0, liminf(g,, x, — x0) > 0. 3.12)
n— 00 n—0o00

Otherwise, we have

lim (S5, X, Xn, —X0) <0 (3.13)
k—00 k

and
lim (gn, Xn,, Xn, — X0) < O. 3.14)
k—o00

By the monotonicity of S and 7', we have

(Sig Xy = f RS, Xn = %) = 0 (3.15)
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for all x € D(S) and f € Sx and

&ny — & X, —y) =0 (3.16)

forall y € D(T) and g € Ty. From (3.13)-(3.16) and x,, — anxn — 0, it follows
that

(f()—f,X()—X) ZO

forall x € D(S), f € Sx and (g0 — g,x0 —y) = O0forally € D(S)and g € Ty.
The maximality of S and T implies that xo € D(S)ND(T), fo € Sxg and go € Txg
and so

liminf(S,\nkxnk, Xp, —X0) >0, liminf(gy,, x,, —x0) > 0,
k— 00 k—00

which are contradictions to (3.13) and (3.14), respectively, and so our claim is true.
By (3.11) and (3.12), we have lim,_, oo (¢ J X, X, — x0) < 0. Since J is a mapping
of class (S4), x, — xo € 982 and Jx,, — Jxo. Consequently, xo € D(S) N D(T),
fo € Sx0, 80 € Txpand 0 € #9(S + T) + £J xp, which is a contradiction. So, (3.10)
is true.

Finally, for each A € (0, 1), we claim that there exists g > 0 such that

0#1(S)+Ty)x +elx (3.17)

for all r € [0,1], x € 082 and n € (0, ng). If this is not true, then there exist
nj — 0,1; — 1o, x; € 352 and x; — xo such that th,,jxj +tS5x +eJxj =0
foreach j = 1,2, ---.If fyp = 0, then thﬂjO — Oand #;S;x; — 0 and so we have
xj — 0 € 082, which is a contradiction. Therefore, since #p # 0 and {T; X j}‘]?il is
bounded, we may assume that 7);,x; — go by taking a subsequence.

Now, we prove that lim infj_mo(Tnjxj, xj — xo) > 0. Otherwise, we have

lim sup(T,,jkxjk, Xj, —xp) <0, (3.18)

k—o00

i.e., limsup,_, (T, Xj, xj,) < (8o, X0). By the monotonicity of 7, we have

Jk
(T, x; — RTx<—x)>O
nj Xk = & Ky Xk =

forallx € D(T) and g € Tx and RnTjkxjk — xj, — 0and so we have (g0 — g, x0 —
x) > 0forall x € D(T) and g € Tx. The maximal monotonicity of 7" implies that
xo € D(T) and go € Txp and so

lim inf(7y; xj, xj, = x0) = 0,
o
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which contradicts (3.18). Thus we have liminfj_, oo (T}, x, xj — x0) = 0 and so the
monotonicity of Sy implies that lim; . (eJx;, xj —x9) < 0andsox; — xg € 952.
Consequently, Jx; — Jxo, Spx; — Sixo and Tnjxj - —Sx0 — to_leo €
T xo, which is a contradiction to (3.10). Hence (3.17) is true. It is easy to see that
{t (S5 + 1)) + €J}1¢[0,1] is a homotopy mappings of class (S ) and so we have

deg(S) + T, +¢J,82,0) =deg(e], 2,0) =1

for all n € (0, no). Therefore, deg (S, +T+eJ, D(T)NS2,0) = 1 forall A € (0, Ap).
By (3.5), we have

deg(S+T +¢J,D(S)ND(T)N £2,0) = 1

for all & > 0 and so (3.6) yields the conclusion of Theorem 3.2. This completes the
proof.

Corollary 3.2 Let S : D(S) C E — 25", T : D(T) € E — 25" be two maximal
monotone operators and §2 C E be an open bounded subset with 0 € 2 N D(S) N
D(T). Suppose that the assumptions (C) and (D) hold and

(f,x) >0, forallx e D(S)ND(T)N 3R, f € (T + S)x.

Then 0 € (T + S)x has a solution in D(T) N D(S) N £2.

Proof Set T, = T + ¢J, then it is easy to see that T, satisfies the assumption (3)
and we have

(fix)>0
forallx € D(T) N D(S) N03S2 and f € (Ty + S)x. By Theorem 3.2, we have
deg(Te + S, D(T)ND(S)N$2,0)=1
and, by Theorem 3.1, 0 € (T 4+ S + ¢J)x has a solution in D(T) N D(S) N §2. Take

e, — 0T, then there exist x, € D(T) N D(S) N 2, f, € Tx, and g, € Sx, such
that

Sot+ent+endx, =0

foreachn = 1,2, - --. By using the same proof as in Lemma 3.1, we know that {x,}
converges to a point xo € D(T) N D(S) N2 asn — ooand 0 € (T + S)xp. This
completes the proof.

When § = 0 in Corollary 3.2, we have the following:
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Corollary 3.3 Let T : D(T) C E — 2E" be a maximal monotone operator and
§£2 C E be an open bounded subset with 0 € 2 N ND(T). Suppose that

(f,x)=0

forallx € D(T)N 382 and f € Tx. Then O € Tx has a solution in D(T) N Q.

Remark 3.1 The assumption (D) in this section can be weaken to the following
assumptions:

(4A) There exists ¢y > 0 such that, if, for x, € D(T)ND(S)N$2 and &, € (0, eg)
with f,, + g, +enJx, = 0, where f;; € Tx, and g, € Sx, foreachn =1,2,---,
then we have

inf (g, xp, —y) > —00
n>1

forall y € B(yop, r);

(4B)  There exists ey > 0 such that, if, for x, € D(T) N 2, ¢ € (0, ep), kn €
(0, Ao) with f, + Sy, x, +&Jx, =0, where f, € Tx, foreachn =1,2,--- and
{Ri’lxn}li‘; | is bounded, then we have

inf (S, x,, Ry, X, —y) > —00
n>1

for all y € B(yg, r).

4 Examples

In this section, we give some examples to illustrate the main results in this paper.

Example 4.1 Let 2 C RY be an open bounded subset with smooth boundary and
b; : R — R be differentiable functions for each i = 1,2, .-, N. Suppose the
following conditions are satisfied:

(1) 2N [bi (xi) — bi(y)1(xi — yi) = 0, where x = (x;), y = (y;) € RV;
) |bi(t)] < Blt|]+S5forallt € Randi = 1,2,---, N, where §,8 > 0 are
constants;

(3) ZN bi(x)x; > af|x||* — y forall x = (x;) € RY, wherea > 0,y > 0.

Assume that V : 2 — R satisfying V(x) > Ofora.e.x € 2 and V(-) € L?(£2)
with p > 2and p > N and f(-) € L2(£2). Consider the following equation:

—Ei]i]Di[b,»((D,-u)] + Vx)ulx) = f(x), a.e. x € £2,

(E4.1)
ux) =0, a.e. x € 052.
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Let A: HOl (£2) > (HOl (£2))* be an operator defined as follows:
(Au,v) = / [ZN bi(Dju)D;vldx
Q

forallu,v € H(} (£2). Then we have the following:

(@) ||Au| < ﬂ\/fg(zl!ilmiup)dx + 8/mes($2) for all u € HJ (2);
®) (Au — Av,u —v) >0fort e Randu,v € HO1 (£2) and A is hemi-continuous
and monotone and so it is maximal monotone;

© (Au,u) z allully, o — ymes($2).

LetT : D(T) C HO1 — L2(£2) be an operator defined by
D(T) = {u € H}(R2) : Au € L*(2))

and Tu = Au foru € D(T). Then T : D(T) C L*(2) — L*(£2) is obviously
maximal monotone. Set Su = Vu foru € D(S) = {u € L*(2) : Vu € L%(2)},
then it is well known that S is maximal monotone (see [5]).

For each u € Hl(.Q), since p > N and % + % = 1, by Sobolev’s theorem,

H'(£2) c L*(2) and we have

1
2
Isull < ( /Q Valdx)" < [Viielull o) < KIVIz@lulm o)
for some k > 0. Therefore, we have
(Suu = y) = =(Su, y) = =kIV L@l 1 13 22y (“.1)

forall u € H'(2), y € L*(2). For each u € D(T), we have R} (u) € H}(£2)
since Rf is Lipschitz for all A > 0.

Ifu, € D(T), &, € (0, 10) and Tu, + S), ,uy, +uy, = v € L%(£2) for each
n=1,2,---, then, by (c), {u,};2, is bounded in HO1 (£2) and so (4.1) imply that
the assumptions (1) and (2) in Theorem 2.1 are satisfied by taking xo = 0 and any
ball B(0, r) in L*(£2) with » > 0 and so T + S is maximal monotone.

Note that it is impossible to check that the assumption (2) in Corollary 2.2 is
satisfied. By [3], we know that

%—’f = Ei’ilDi[b,-(Diu(t,x))] —v(X)u(t,x), (t,x) € (0,400) x £2,
u(t,x) =0, (t,x) € (0,+00) x 052,
u(0, x) =up(x) € HOl N D(T)

(E4.2)
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has a unique solution u(t, x) € C((0, +00); L*(£2)) such that u(t,x) € Hj (£2) N
D(T) for each fixed ¢t > 0 and %—’; € L°((0, +00); L2(£2)). By (c) and (Su,u) > 0
forallu € D(S), T + S is coercive and so the Eq. (E4.1) has a generalized solution
u € H}(2) N D(T) forall f € L*(R2).

One can easily see that the solution of the Eq. (E4.1) is unique if V (x) > 0 for
ae. x € 2.

Example 4.2 Let H be a real separable Hilbert space and ¢ : D(¢) € H —
(0, +00] be a proper lower semi-continuous even function, where D(¢) = —D(¢),
B : D(B) € H — 2% be an odd maximal monotone operator with D(B) =
—D(B)and f(-) € L?([0, T]; H). Consider the following equation:

x'(t) € =3¢ (x(t)) — Bx(t) + f(t), a.e.t€(0,T),
x(0) = —x(T).

(E4.3)

Assume that 0 € D(d¢) N D(B) and
Iyl < Lllxll + o
forall x € D(B) and y € Bx, where L, @ > 0 are constants and % < 1.
Let A : D(A) C L*(0,T]; H) — L*(0,T]; H) be an operator defined as
follows:

Ax(t) = x'(t) 4.2)

for all x(-) € D(A), where
T
L2([0, T]; H) = [h(t) [0, T] — H is measurable,/ IR @) |2dt < oo}
0

and

D(A) = {x(t) : [0, T]— H is continuous with x(0) =—x(T),

x'() e L*([0,T1; H)}.

The norms in L2([O, T]; H) and D(A) are denoted by
T
A2 = /0 I17(2) |2t

x(lloo = max |lx (@),
1€[0,T]

and
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respectively. Then it is easy to see that

1
2 () lloo < Eﬁnx/(-)nu (4.3)

for all x(-) € D(A). We have
T
(Ax(), x()) = /0 (1), x())dt = 0

for all x(-) € D(A) and so A is monotone and, for all g(-) € L2([0, T1; H), the
equation

{x’(t) +x(t) =g(1), ae.te(0,T), (E4.4)

x(0) = —x(T)
has a unique solution
e~ +T)

T ¢
— e g(s)ds +e ' / e*g(s)ds
I+e T /0 0

andso A : D(A) C Lz([O, T]; H) — LZ([O, T1; H) is maximal monotone.
Next, we define an operator K : D(K) C Lz([O, T; H) —> Lz([O, T]; H) by

x(t) =—

Kx(t) = {(k(-) € LE([0; T1; H) : k(1) € 3¢ (x(1)), ae.t € [0, T},
where D(K) = {x(-) € L%([0, T]; H) such that x(t) € D(3¢) a.e.t € [0, T]}. It is

known that K is maximal monotone and A + K is maximal monotone for A > 0.
We also have

T
(Ax(), Kpx (1)) = /o x'(1)(3¢)x(t)dt =0

forall x(-) € D(A) and A > 0.
Also, we define an operator S : D(S) — L2([0, T1; H) by

Sx(t) ={b(t) : b(t) € LZ([O, T]; H) and b(t) € Bx(t), ae.t € [0, T1]},
where
D(S) ={x(-) € L2([O, T1; H) such that x(¢r) € D(B), ae.t € [0, T]}.
Then S is maximal monotone and, by (4.2), we have
3L L
(b x() = 3() = =T IOI =V TIxOllz = S 1Ol

—avTllyO) 2
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forall x(-) € D(S), b(-) € Sx(-)and y(-) € Lz([O, T1; H) and so, by Corollary 2.3,
A+ K; + S is maximal monotone for all A > 0. Thus A+ K + S + ¢/ is surjective
forall A > O and ¢ > 0, i.e., the equation

(E4.5)

X' (1) + (3)x(t) + Sx(t) +ex(t) > f(t), a.e.t € (0,T),
x(0) = —x(T)

has a solution for all ¢ > 0, A > 0.
For any fixed A > 0, take &, — 07, then there exist x,(-) € D(A) N D(S) and
fn(-) € Sx,,(+) such that

X, (1) + (3)ixn (1) + fu (1) + Enxn (1) = f(1) (4.4)

fora.e.t € (0,T) andn = 1,2, ---. Both sides of (4.4) take inner products with
x;,(¢) and integrate over [0, T'], we have

T T T
/0 llx;, () 1*ds + /O (fn(8), X, (5))ds = /o (f(8), x,(s))ds,
which, together with (4.2) and (4.3), yields

ey O = (1 - %)7] 1f Ol 2 +aNT
and

«/T<1 LZT)—l

X0 (oo = ——

T
: LFO e + =

2

Therefore, || f, ()|l < L|xa(:)llcc + & for a.e. t € [0, T] and so {d¢x, ()}, is
bounded in LZ([O, Tl H).

We may assume that x,(-) — y(), (3¢)x.(-) = g1(), fu() — g(-) and
xn () = x(-) by taking subsequences in L2([0, T1; H). By (4.4), we have

T
/0 (6 (1) = X3, (1) + (@)X (1) — (@)X (1), X (1) — Xy (1))dl1

T
+ / o) = fon (1) + 8060 (1) = EmXm (1), (1) — X ()l
0
= 0.

The monotonicity of A, K, and S imply that

T
/ (Enxn (1) — emXm (2), X, () — X, (1))dt < 0.
0
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The same reason as in (3.2), we have x,(-) — x(-) in L2([0, T']; H) and so, from
the monotonicity of A, K, and S,

T
lim (x,, (1) — x,, (1), X, (1) — X (1))dt = 0,
©Jo

n,m—

T
lim /0 (080350 (1) = (09)0 (1), 20 (1) = X (1))t = 0

and

T
lim (fn () = fin(t), X (t) — X (t))dt = 0.
0

n,m— 00

By the maximality of A, K, S and Lemma 1.2 in [5], we have

y() = Ax(), g1() = (0Px(), g() e Sx(), y()+g1()+g()=f(),

ie.,

(E4.6)
x(0) = —x(T).

!x’(t) + (3)x(t) + g(t) = f(t), a.e.t e (0,T),

Now, take A, — O and let y, (-) be a solution of the Eq. (E4.6), then, from the

same reason as before, we know that y),(-), y,(-), (0¢)x, y»(-) and g,(-) € Sy, (-)

satisfying (E4.6) are bounded in L%([0, T]; H). Assume that () =y, ) —

2(-), (092, ¥n () = h1(-) and g, (-) = ha(-) in L*([0, T1; H). Again, by using the
maximal monotonicity of A, K, S and Lemma 1.2 in [5], we have

2()=Ay(), m()eKy(), ha()eSy(), z()+hi()+ha()=f(),

i.e., y(-) is a solution of the Eq. (E4.3).
Remark 4.1 When B = 0, we have the result of Okochi [12].
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Analysis and Simulation of a Model m)
of Phosphorus Uptake by Plant Roots e

Myriam Comte

1 Introduction

Among mineral nutrients, nitrogen (N) and phosphorus (P) are key elements for
plant growth. However, in heavily fertilized agriculture, these nutrients can be
potentially pollutants for water resources and, in the case of P, its availability
might be limited in the future, as a non-renewable resource. As an answer to these
problems, low-input agriculture shall be devised by optimizing the use of fertilizers
(or soil natural resources) and water by plant roots in the soil. The aim of this
paper is to better understand the interactive effects between root system architecture
(geometry, growth) and P/water uptake, in relation with the soil spatial variability
of resources. This will be undertaken by numerical modeling and mathematical
optimization with different levels of details in the description of the root system.
This should result in a modeling coupling soil water/nutrient transfer and uptake by
a root system architecture, including retro-actions between aerial and subterranean
parts of the plant.
In this paper we:

¢ simulate water movement in soil and water uptake by plant roots, together with
the transport and uptake of nutrients,

 explicitly take into account the geometry of a root system,

¢ study how water and nutrient uptake is affected by the type and shape of root
systems.
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In Sect.2 we describe the mathematical analysis of a model of phosphorus
uptake by plant roots. The evolution of the concentration of P in the soil solution is
governed by a convection-diffusion equation with a nonlinear boundary condition
at the root surface, which is included as a boundary of the soil domain. A shape
optimization problem is formulated in order to find root shapes maximizing P
uptake. In Sect. 3, we use unstructured mesh adaptation and parallel computing to
develop numerical models of soil water and solute movement with root water and
nutrient uptake at the plant scale.

2 Nutrient Uptake: Problem Statement

2.1 Soil Solute Transport

The Richards equation represents commonly the movement of water in unsaturated
soils. Combining Darcy’s law

q=—-KMWVh+2),
with the continuity equation [19] gives the Richards equation:

26 (h)
— = V(Km)Vh+2)+5

where

e h is the matric head,

* q is the Darcy flux,

e A(h) is the volumetric water content,
e K (h) is the hydraulic conductivity,

e zis the elevation

» S represents sources or sinks.

The nonlinear relationships 6(h) and K (k) are given by empirical models whose
parameters depend on the soil physical properties.

Several models can be used, such as the Brooks-Corey model or the van
Genuchten model.

The evolution of the concentration ¢ of a nutrient in the soil solution is governed
by the following mechanisms:

 diffusion of nutrient ions in the soil solution, (dominant for phosphate),

 transport of nutrients by mass flow, (dominant for nitrate)

e absorption of nutrient ions in the soil solid phase, (strong for phosphate,
negligible for nitrate).
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Active nutrient uptake and its ion-selectivity can be regarded as a kinetic process
equivalent to that described by Michaelis-Menten type kinetics, used for the
description of enzyme-catalyzed reactions [1]. Here, the Michaelis-Menten model
relates the uptake rate to the concentration in the soil solution. The uptake rate £ is
related to the concentration in the soil solution and is given by

I, c
K, +c

h(c) = , Iy >0, K,, >0

where I, is the maximum uptake rate. The Michaelis constant K, is the concentra-
tion at which the uptake rate is half of I,,,. The Michaelis-Menten parameters /,, and
K, are ion-specific and depend on several factors such as plant species and plant
age.

2.2 Root Nutrient Uptake

Let us consider a shape modeling the root surface. The exterior domain around the
root is the studied section of the soil. Let us denote by 2 C R4 (d = 2, 3) the soil
domain, delimited by the root surface and the domain boundaries. Let '] be the
boundary representing the root surface and I> = 92 \ I (Fig. 1).

Let T > 0 be given and I = [0, T]. The concentration of P in the soil solution ¢
is given by the following convection-diffusion equation:

¥ (Oc+¢(c) = V(AVe —qc) — R in I x£,
oth(c):—(AVc—qc)on on I x1I
0= (AVc—qc)-n on IxIb=1x(@R\I),
(0, x) = (%) in £,
ey
where

Fig. 1 Configuration of the
domain




88 M. Comte

* nis the unit outward normal to the boundary of the domain,

(0 is the initial P concentration,

¢ A is the diffusion coefficient of P in soil,

¢ @ is the volumetric water content,

e q is the Darcy flux,

* R represent additional optional source or sink terms to the system; we will only
consider source terms, such as fertilizer application,

e  is a parameter we introduce in order to obtain sufficient regularity of the
boundary condition in the case I1 N[5 # 0: ¢ € C%(d £2) such that for x € 982

O<alx) <1 on I
a(x)=0 on I3,

* ¢ is an adsorption isotherm relating the amount of adsorbed P to the equilibrium
concentration of P in solution ; an example is the Freundlich adsorption isotherm,
defined by [17]:

@(c) =k x ¥ forc € [0, +00[ , k >0, b €]0, 1],

* h is a model of enzyme kinetics, relating in this case the root uptake rate of P to
its concentration at the root surface ; an example has been given previously: the
Michaelis-Menten model.

We don'’t restrict ourselves to considering explicit forms for ¢ or h: we only use
general properties of these functions.

With J.-M. Coron, S. Guerrero, and P.-H. Tournier, we prove in [2] the following
result:

Theorem 1 Let 8 € (0,1).
Under suitable regularity conditions on the data and assuming £ > 0, problem
(1) has a unique strictly positive solution in the space C'TP/22+B ().

Proof (Some Steps)
* we derive a priori estimates for positive solutions in C!2(Q) using a comparison
principle:

0 < cpin < c(t,x) < cpax, (¢, x) € 0,

* we prove uniqueness of solution in C12(Q),

* we define @y by extending ¢ beyond arbitrary bounds M, M> with 0 < M| <
M, such that gy € C3(R), ¢}, > 0 and ¢},(c) = ¢},(c) = ¢};(c) = O for
lc] > My + €y,
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'If_sJ

0 M, Emin Cmax M,

 the new problem (Pbjy) has a unique solution cj; in the space

C1+ﬁ/2,2+ﬂ (a),

* ¢y can be bounded independently of M1, M>:
0 < cmin <cm(t,x) <cmax. (., x) €0,

e we choose My, M, such that M| < cpin €t Cnax < Mp. It follows that the
unique solution cjs of problem (Pbyy) is also a solution of the original problem
(1). Thus, using the fact that problem (1) has at most one solution in the space

C'2(Q), we can deduce that problem (1) has a unique solution in the space
C1+/3/2,2+ﬂ(§)_

2.3 Shape Optimization

Experiments have shown that the uptake of phosphorus especially for young plants
whose growth depends strongly on the uptake capacity of phosphorus, is influenced
by the structure and distribution of the root system: phosphorus uptake creates a
depletion profile in the vicinity of the surface of the root, and due to the slow
diffusion of phosphorus, a root system that explores a greater volume of soil is more
effective. In order to study this phenomenon, we consider two caricature forms of
root systems in dimension 2 of equal surface (Figs. 2, 3, 4).

We note that for short times, here ¢+ < 6h, the differences in local and global
structures between the two forms do not influence the P uptake: the absorbed
quantities are identical with equal surface. However, for longer times, the shape
that explores a larger useful volume is becoming more and more efficient, with a
total gain of more than 8% after 6 days.

We will prove mathematically the results of this experiments. For this we use the
tools of shape optimization presented in [9, 21] and [11] in order to find root shapes
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Fig. 2 Dense root,
concentration profile after 6
days

Fig. 3 Root explorer,
concentration profile after 6
days

Fig. 4 Root explorer 0.7 . .
forme dense
forme exploratrice

0.6}
0.5}
0.4}

0.3}

absorption total®

0.2}

0.1}

that increase the amount of absorbed P. More specifically, we want to deform £2 in
order to maximize the shape functional

T
J(c)=/ /ah(c),
0 I

where |£2| = is a given constant.

We also assume that A and q are constants and we take R = 0.

Introducing a deformation field V and considering 2, = (Id + sV)(£2), s < 1,
we prove in [2] that the shape derivative of J at §2 in the direction V is
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0,00073 0,00218

I e
0,000009 0.00145 0.00290

Fig. 5 Snapshots of the domain and P concentration at different steps of the shape optimization
process

dJ(C,V)=/ j(V-n),
nun

where j does not depend on V.
The shape gradient

41, V) =/ J(Vm)
nun,

provides a natural ascent direction V = jn. This yields

dJ(c, V)= / j% >0,
nunr

which ensures that J increases as the domain is iteratively deformed.

Numerical resolution of the state and adjoint equations in two spatial dimensions
is carried out using the free finite element software FreeFEM++[10], and we obtain
in [2] (Fig.5).

3 Coupling Soil and Root Water Flow

In this section we will describe the model used in [23]. With F. Hecht and P.-H.
Tournier, we describe an adaptive finite element model of soil water and nutrient
transport with root uptake. The model aims at including local processes in the
rhizosphere at the whole root system scale by taking advantage of unstructured mesh
adaptation. The model is comparable to [5], where the root system is represented
as a tree-like network composed of cylindrical root segments and radial and axial
water flows are defined for each segment. Soil and root water flows are coupled via
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a sink term in Richards equation and the two problems are solved iteratively until
convergence at each time step. The sink terms representing root water and nutrient
uptake are built from a characteristic function of the root system, representative
of its geometry. This characteristic function is used to drive the mesh adaptation
procedure, so that the adapted mesh can accurately resolve the complex geometry
of the root system as well as small-scale phenomena in the vicinity of the roots.
Since such an approach can be computationally intensive, a parallelization technique
based on a scalable two-level Schwarz domain decomposition method is used to
solve linear systems arising from the discretization of the soil problems. Some
numerical experiments are conducted to illustrate the capabilities of the model.

3.1 Water Flow Within the Root System

We consider that the root system is composed of cylindrical root segments. The
geometry of the root system can then be represented as a series of interconnected
nodes forming a network of root segments X', each segment with its own parameters
(radius, conductivity, ...).

Such a representation can be generated by RootBox [14] which implements a
root growth model using L-Systems.

For a cylindrical root segment of radius » and length / and according to the Ohm’s
law analogy, the volumetric radial water flow between the soil-root interface and the
root xylem can be written as

]r = Lrsr(hs - hr), (2)

where

e L, is the radial conductivity of the root,
e 5, = 2mrl is the root-soil interface area,
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* hy is the soil water potential at the root surface,
* h, is the water potential in the xylem.

Water moves through the root system due to the transpiration-cohesion-tension
mechanism. The longitudinal water flow in the xylem is defined as

Jx = _Kr (3)

dr’

where K is the xylem conductance.
The radial and longitudinal flow equations

d(h, +z)
Jr = Lysy(hg — hy), Jy = _erd—l

can be used to define the following water mass balance for a given root node i of
parent node p in the tree-like structure:

ey —hri Bri—hyj
i J

jechilds(i)

(hs,i - hr,i) + (hs,p - hr,p)

+ Lyi2mril; >

Here K,.;, L, ;, r; and [; refer to the root segment (p, i) while K,. ; and [; relate to
the root segment (i, j). hs; and h,; are the soil water potential at root node i and
the xylem water potential at root node i respectively. We approximate the potentials
hg and h, for segment (i, p) by averaging their value at the two nodes i and p.
Parameters L, and K, are given for each segment and can depend on various data
such as root type and age (Fig. 6).

The xylem water potential vector (h,;); is then solution of a linear system, with
the right-hand side containing the soil factors A ;.

Fig. 6 Water mass balance
for root node i
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3.2 Coupling Soil and Root Water Flow

Root water uptake is taken into account in the soil model by defining a sink term S
in the Richards equation.

The usual approach [6, 12] is to compute the sink term by summing contributions
of root segments to water uptake in each soil voxel.

Our approach aims at

* defining an accurate sink term whose shape matches the geometry of the root
system,
* resolving small-scale phenomena at the individual root level.

For this we build a characteristic function of the root system f, representative of
its geometry and use it to define the sink term as well as to guide the mesh adaptation
procedure. The function f, is constructed as follows:

* For a point x of the domain £2 the distance d from x to the root is computed:

d(x) = mind (x), “)

with X' the set of root segments in the tree-like network. For each root segment
s, the distance dg(x) from the point x to the segment s is easily computed using
distance from line and point routines.

* The distance function d is then used to compute the characteristic function. There
is a variety of admissible transformations that we can use, and we choose the
following:

®)

6d
fol@) = fa@d(x) =1 - tanh< E(X)) .

We can take ¢ equal to the radius of the root.
* Consider the case of a single cylindrical root segment (i,j):

(hs,i - hr,i) + (hs,j - hr,j)

Jr = L,sy 5

We build the corresponding sink term § = —A f.h;, where h; linearly interpolates
hs — h, along the segment and with A > 0 such that

[ 5=
2
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3.3 Numerical Experiment

The algorithm we use in [23] is the following. The coupling between the root and
soil models consists in iteratively solving the two problems until convergence. Let
h{ be the soil water potential distribution at time ¢;, 2% and /¥ the soil and xylem
water potentials at inner iteration k and time #; ;1.

1. h% = hi.
2. Solve the linear system arising from the problem defined on the tree-like root
network with soil factors hf, obtain h’,‘.

. Compute the sink term S using 2% and A%,

4. Solve the linearized problem corresponding to one Newton step of Richards
equation, obtain /.

5. hkH = nk 4oy (hy — %), where O < . < 1 is a damping parameter that ensures
convergence of the system.

6. If ||hs — h¥|| > &, go to 2 with k := k + 1.

(O8]

We then use an unstructured volume mesh adaptation (see[3]). Unstructured volume

mesh adaptation is a flexible and powerful tool in the case of complex geometries.

In our case, the tetrahedral mesh is adapted to the variations of the characteristic

function f, so as to resolve the geometry accurately and capture high gradients

and small scale phenomena expected near the roots (local conductivity drop). To

summarize the mesh adaptation procedure is an iterative algorithm which consists

in

* computing the characteristic function f, on the current mesh.

* defining a nodal-based anisotropic metric tensor field based on the interpolation
error using the reconstructed Hessian of f, (mshmet, P. Frey).

* building a unit mesh for which all edges are of unit length in the prescribed

metric, using local mesh modifications and anisotropic Delaunay kernel (mmg3d,
(3, 4D.

We obtain the following result (Fig. 7).

4 Conclusion

In this work, we only considered homogeneous soils, and the model should be
extended to heterogeneous soils. Root water uptake and soil heterogeneity have
not often been considered simultaneously, although the variability of soil hydraulic
properties significantly affects flow processes and root uptake patterns as stressed
out in [13]. In addition, a number of soil processes affecting solute movement and
availability are simplified or neglected. In most plant nutrition models, chemical
interactions between dissolved elements and the soil are reduced to a buffer power
or simplified by using the Freundlich adsorption isotherm, as is the case in this work.
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sink term S in the domain
supported by the
characteristic function

root water potential /1,
defined on the tree-like
root network

isosurfaces of the
characteristic function

slice through the mesh,
showing adaptive
refinement relative to the

characteristic function f¢ slice of the solution hs to
s

Richards equation in the
soil domain

Fig. 7 Overview of the water model

The Freundlich equation is an empirical relation between the solute concentration
in the liquid phase and the amount adsorbed to soil particles and fails to account
for changes of nutrient availability arising from the range of biogeochemical and
biochemical processes that occur in the rhizosphere [8, 20]. The model also makes a
number of simplifications regarding root structure and function. Osmotic gradients
were neglected, although they can significantly affect root water up- take, especially
when considering salt accumulation at the root-soil interface caused by salt transport
towards the roots by mass flow through the soil. This salinity buildup in the
rhizosphere can lead to large osmotic gradients across the roots, effectively reducing
root water uptake. In the simulations, we also used a simplified representation of
the hydraulic architecture of the root system by considering constant radial and
axial conductivities. In reality, root conductivity is a function of root type and age
and varies along root axes. The radial conductivity is affected by the development
of apoplastic barriers [22] and by the activity of aquaporins [16], while the axial
conductivity depends on the development stage of the xylem. On a similar note, we
used a simple Michaelis-Menten model assuming that the nutrient uptake capacity is
evenly distributed over the whole root system, while there is experimental evidence
that nutrient uptake is not uniform along root axes [7].

Future root uptake models should be coupled with mechanistic surface complex-
ation models using thermodynamic and kinetic relationships in order to include
soil processes affecting sorbing surfaces [15, 18]. In particular, biogeochemical
interactions and microbial activity in the rhizosphere can have major effects on soil
properties and ultimately impact the acquisition of nutrients by plants.
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Elliptic Operators with Infinitely Many ®)
Variables Pt

Giuseppe Da Prato

1 Introduction

The extension of the classical theory of linear elliptic PDE’s in finite dimensions to
infinite dimensional Hilbert spaces H is a widely open field. A typical equation is
the following

1
hp = 3 Tr [CD2¢] — (Ax — DU, Do) = f, (1)

where A > 0, C : H — H is a positive bounded operator, A : D(A) C H — H is
a self-adjoint negative operator, U : H — R is a potential, whereas f (given) and
¢ (unknown) are mappings from H into R. Moreover D, (or shortly D) will denote
the x derivative and Tr [C D%(p] the trace of the operator C Df(p.

Assume for instance that there is an orthonormal basis (e;,) in H and that C and
A are diagonal with respect to this basis

Aep = —apey, Cep =cpep, heN,

where («j,) and (cj) are positive numbers. Setting x;, = (x, ej;) and denoting by Dy,
the partial derivative with respect to x;,, Eq. (1) can be written as

I3 5
b =3 ;;chohw + I;mxh + DU (x) Dugp) = f. @

G. Da Prato (04)
Scuola Normale Superiore, Pisa, Italy
e-mail: giuseppe.daprato@sns.it

© Springer International Publishing AG, part of Springer Nature 2018 99
T. M. Rassias (ed.), Current Research in Nonlinear Analysis, Springer Optimization
and Its Applications 135, https://doi.org/10.1007/978-3-319-89800-1_5


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-89800-1_5&domain=pdf
mailto:giuseppe.daprato@sns.it
https://doi.org/10.1007/978-3-319-89800-1_5

100 G. Da Prato

We shall call the elliptic operator
1
H g =5 Tr[CDIpl + (Ax — DU (x), D) 3)

a Kolmogorov operator, recalling the seminal paper [10].
Motivations for studying the elliptic equation (1) or the corresponding parabolic
equation

Diu=%u, u0,-)=up, 4)

come from partial stochastic differential equations (SPDEs) arising in different
domains as: quantum fields theory, statistical mechanics, biology, chemistry and
mathematical finance. The SPDE corresponding to Eq. (1) is the following

dX = (AX — DUX))dt +~C dW (1), X(0) =x (5)

where W is a cylindrical Wiener process on a given probability space (£2, .7, P),
see e.g. [7]. The connection between (1) and (5) is formally given by

u(t, x) = Elug(X (2, x))]. (6)

(The expectation E means integration in £2 with respect to P).

In this note we shall present a review of some recent results on existence,
uniqueness and regularity for the elliptic equation (1) in spaces L>(H, 1) where p is
an invariant measure for %~ (see Sect. 3.1 below). All proofs will be only sketched
with the exception of a maximal regularity result (Theorem 25 below) whose proof
seems somewhat non satisfactory in the literature, see [7, 15].

To finish, let us note that in infinite dimensions several well established finite
dimensional techniques fail, due for instance to the lack of translation invariant and
doubling Borel measures and lack of compactness of bounded closed sets. These
difficulties prevent to study equations by using approximation by convolution with
mollifiers and localization methods based on comparison of integrals of functions
over balls with integrals over larger balls. Therefore proofs of maximal regularity
results are completely different.

2 Setting of the Problem and Preliminaries

Let us start with the heat equation in R”

Duu(t,x) = & Au(t,x), (¢, x) € (0, +00) x R"
@)
u,x)= f(x), xeR"
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where f : R" — R is continuous and bounded. It is well known that the unique
continuous solution of (7) is given by

1 2
0 = s | o dy = [ o), ®)

where N, ;7 (I is the identity operator in R") is the Gaussian measure in R",

VZ
Nysr(dy) = -5 (dy). ©)

Qriy? €

Let us consider a slightly more general problem

Du(t,x) = Y Tr[CD2u(t, x)] + (Ax, Dyu(t, x)),  (t,x) € (0, +00) x R”
(10)
u@©,x) = f(x), xeR"

where A, C are n x n matrices, with C symmetric positive definite, and f : R” — R
is continuous and bounded. In this case the differential operator %Tr [C D%ga] is
elliptic possibly degenerate (when det C = 0.)

The solution to (10) is still explicit. As one can see by an elementary computa-
tion, it is given by

M(I,X)Z/R (p(y)Ne’Ax,Q,(dy)v (11)

where N4, o, represents the Gaussian measure in R" of mean e’ Ax and covariance
operator

t
Qt:/ fAce M ds, t>0. (12)
0

In particular, if det Q; > 0 we have the familiar formula

1 1,01
— =307y
NetAx’Qt(dy) = ) 4ot 0, e 2\C YY) gy, (13)

Now we aim to replace R" with an infinite dimensional separable Hilbert space
H (norm |- |, inner product (-, -)). To this purpose we have first to recall some results
on probability measures in Hilbert spaces.
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2.1 Probability Measures on Separable Hilbert Spaces

Let « be a Borel probability measure in the Hilbert space H that we choose
possessing a finite second moment for simplicity | H |x|>du < oo. Then by the
Riesz representation theorem there exist m € H such that

(m, x) = /H(x,yﬂt(dy), VxeH

and a symmetric bounded operator Q € L(H) such that

<Qx,y)=/H<x,z><y,z)M(dz), Vx,y€H. (14)

m is called the mean and Q the covariance of w. Note that Q is a positive operator
because

<Qx,x>=/ . P u(dz) = 0. VxeH.
H

Moreover its trace is finite, in fact, for any orthonormal basis (e;) in H we have,
thanks to the monotone convergence theorem and Parseval’s identity,

TrQ =Y (Qen en) = Z/ |z en)|* p(dz)
h=1 h=1"4

= Z|<z,eh>|2u(dz>=/H|z|2u(dz><oo.

Hy

We say that Q is of trace class. We shall denote by L;“ (H) the set of all positive
bounded operators in H which are of trace class. It is not difficult to show that all
such operators are compact.

Finally, we say that a Borel probability measure p on H is Gaussian Ny, o (Where
me€ Hand Q € L;(H)), when its Fourier transform [t is given by

i(h) = / N N o (x) = el g (b e | (15)
H

If m = 0 we set Ny, 9 = Ng for short. The measure N is said to be non degenerate
if Ker QO = {0}.

Given a non degenerate Gaussian measure Ng, an important role is played by
the Cameron—Martin space Q'/2(H). One shows easily that Q!/2(H) is dense in H
and that No(Q'/?(H)) = 0.
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Also of great importance is the white noise function
QVX(H) — L*(H,Ng). fr> Wr()=(Q"'?fix), xeH. (16

In view of (14), we have

/ Wy WedNg =/<Q‘”2f,x><Q‘”2g,x>NQ(dx)
H H
= (f.g)% Vfge 0 H).

Therefore W is an isometry between 0'Y2(H) and L3(H, N o) that we shall extend
to the whole space H by density (recall that 0'2(H) is dense in H). In some cases
we shall write, “par abus de language”,!

Wrx) = (072, x), x, feH.

2.2 Back to Parabolic Equations

It is not possible to extend the validity of formula (8) to the infinite dimensional
space H because for + > 0 the identity operator / is not of trace class. Instead,
formula (11) makes sense under the following assumptions.

Hypothesis 1

(i) A: D(A) C H — H is the infinitesimal generator of a strongly continuous
semigroup denoted eA 1> 0.
(ii) The trace of Q, is finite for all t > 0, where®

t
Qtz/ S0 ds, > 0. (17)
0

If Hypothesis 1 is fulfilled then for any ¢ € Cp(H)? Eq.(10) has a unique
continuous and bounded solution # which is given by

u(t, x) = Prw(x)=/H<p(y)NetAx,Q,(dy), (18)

see [7, Theorem 6.1.2]. P is called an Ornstein—Uhlenbeck semigroup.

Which is not meaningful in L*(H, Ng) because NQ(Q'/Z(H)) =0.
2The integral is intended in the strong sense that is for any fixed x € H.
3Cb(H ) represents the space of all real, bounded and continuous functions in H.
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Remark 2 Hypothesis 1 is in a sense necessary for requiring that (10) has solutions
for “sufficiently many” initial datas ¢, see [7, page 48].

Now we assume Hypothesis 1 and ask the question whether the semigroup P; is
improving as it happens for the heat equation in finite dimensions. We note, looking
at identity (18), that this fact will occur provided N4, ¢, is absolutely continuous
with respect to N, with a regular density. To this purpose we recall the following
basic Cameron—Martin formula, see e.g. [7, Theorem 6.2.2].

Theorem 3 Let u = N be a nondegenerate Gaussian measure and let v = Ny o,
where a € H. Then y and v are equivalent* if and only ifa € Q'/*>(H). In this case
we have

dv 1y n-1/2.2
T =e 210l Wom12,0) -y e (19)
nw

where W is the white noise function defined in (16). Moreover, ifa ¢ Q'/*(H) then
Ny, and Ny, o are singular.

Now we can prove the regularity of the solution u(¢,x) to (10) under the
following rank condition, see [16].

Hypothesis 4 For any t > 0 we have ¢'A(H) C Q'Y*(H). Consequently, by the
closed graph theorem, the operator A; == Q™24 is bounded for all t > 0.

Remark 5

(i) The rank condition is necessary in order that u(z,-) € C g (H) for any ¢ €
Cp(H), see [7].
(i) If QO = I Hypothesis 4 is fulfilled under Hypothesis 1, see [7, Example B 3.2].
(iii) If H is finite dimensional the rank condition is equivalent to the hypoellipticity
Hormandar condition for the (possible degenerated) elliptic operator

1 2 n
Lo = ETr [CDip(x] + (Ax, Dyo(x)), x €R".

see [16].

Theorem 6 Assume Hypotheses 1 and 4. Let ¢ € Bp(H)’ and let u(t, x) be the
solution to (10). Then for any t > 0, u(t, -) belongs to C,‘;O(H).6

Proof The proof is straightforward, because under the assumptions of the theorem
we can write, thanks to Theorem 3,

4Thatis u << vand v << u.
5By, (H) is the space of all ¢ : H — R bounded and Borel.

6C}f"(H ) is the space of all real mappings in R which are infinitely many differentiable with
bounded derivatives of all order.
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u(t, x) = Pro(x) =/H<P(y)NerAx,Q,(dy)=/H<p(y)p(t,x,y)NQ,(dy), (20)
where

dNetAx,Qt (y) — e*%|AtX|2+WA,x(Y), t>0,x, y € H. (21)

t! 9 e
o, x,y) aNo

t

Since p(t, x, y) is C* on x the conclusion of the theorem follows by differentiating
(17) how many times we wish.

Remark 7 Under the assumptions of Theorem 6 the semigroup P; is improving. In
particular, P;¢ is differentiable for all ¢ € Cp,(H) and we have

(DPp(x), h) = / (Ax, 072y o x + y)Ng,(dy), x,heH.  (22)
H

Example 8

(i) Assume that C = I, that A is self-adjoint negative and (—A)~! € L;'(H).
Then we have

t

. 1

0; = / SACe N ds = = AT = 2.
0

Consequently Q; is of trace class and thus Hypothesis 1 is fulfilled. Hypothe-
sis 4 is fulfilled as well because the operator Ay,

Ay = Q7 V2 = V2 A (1 — 7!
is clearly bounded for all t > 0.

(i1) We cannot take, as in the finite-dimensional case, C = I and A = 0, because
in this case we have

O =tl,

which is not of trace class for r > 0.
(ili) Take C € LT (H)and A = —1. Then P; is given b
2 2 g Y

Prp(x) = / POINeor 1o @), @ € Co(H), 10 (23)
H

and Hypothesis 1 is fulfilled whereas Hypothesis 4 is not as easily checked.
So, in this case P; is not improving except on the directions of the Cameron—
Martin space Q'/?(H), see e.g. [7]. This semigroup is basic in the construction
of the Malliavin calculus, see [12].
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3 The Ornstein—Uhlenbeck Semigroup P; and Its Generator

We assume here Hypotheses 1 and 4 and consider the Ornstein—Uhlenbeck
semigroup:

Pro(x) = /H<p(y)NetAx,Q,(dy), ¢ € Cp(H). (24)

We notice that P, has an explicit nice expression on the set of all exponential
functions &' (H) defined as the linear span of the real parts of functions

on(x) =" x e H, (25)

where i € H. Later we shall need to consider also the subset &4 (H) of &(H)
spanned by all ¢, such that & € D(A*) (the adjoint of A). Any function from
Cp(H) can be approximated point-wise by elements of &4 (H) (and consequently
by elements of &4 (H)) as the following propositions shows [3, Proposition 1.2].

Proposition 9 For any ¢ € Cyp(H) there exists a sequence (¢,) C Es(H) such
that

(i) tlim on(x) = @(x) forall x € H.
— 00
(ii) Ngnlloe < ll@lloo for alln € N.

Recalling the expression (15) for the Fourier transform of a Gaussian measure
we see that

Pgn(x) = / N g, (dy) = el e!™ ) =2 QM) (26)
H

Therefore the subspace &4 (H) (as well as &(H)) is stable for P;. Py is not a strongly
continuous semigroup on Cp(H) in general (as it follows from (26)). We shall see,
however, in the next subsections that P, is strongly continuous in L2(H, 1), where
W is a suitable probability measure, the invariant measure of P;.

3.1 [Invariant Measure of P;
We say that a Borel probability measure in H is invariant for P; whenever
/ Pz(ﬂd,l!«:/ pdu, Vt=0, ¢ecCp(H). @7
H H

We are going to show that P; has an invariant measure assuming, besides Hypothe-
sis 1 the following
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Hypothesis 10 The semigroup e'4 from Hypothesis 1 is of negative type, that is
there exist M, w > 0 such that

le'd]| < Me™®', Vi>0. (28)

Obviously, under this assumption the linear operator
o0 *
00X ::/ eAcet xdt, xe€H,
0

is well defined. Moreover, it is of trace class, because

k o0 1
QOO — ZA leSACeSA ds — Z/O e(S+k7])ACe(S+k71)A ds
- k=1

o0
_ Ze(k—l)A 0, ek=DA
and consequently,

o (0.¢]
Tr Qoo = ) Tr[e® D4 01® D4 < 3 " le* D42 Tr 0,

k=1 k=1
o0

< M? Ze‘zw(k—“ Tr Q) < 400,
k=1

as claimed.

Proposition 11 Under Hypotheses 1 and 10, i = Ng, is an invariant measure
Of P 1.7

Proof Tt is enough to show that identity (27) holds when ¢ = ¢, h € D(A™) (¢,
is defined in (25)), because &4 (H) is dense in L2(H, 1) thanks to Proposition 9. In
fact if ¢ = ¢y, (27) becomes

A(h) = e~ 3(Qoohh) — o= 3(Quh) =5 (0™ he ™)y 0 peH (29)

Equivalently,

(Qoce™ h, e h) + (Qih, h) = (Qush, h), he€H, 1>0,

7One can show that 1 is unique, see e.g. [3, Theorem 2.34].
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which can be written as
e Qo™ + 01 = 00, 120 (30)

(because all operators are symmetric.) So, it remains to check (30). Since for each
heH

oo
elAQooe[A h =/ e(l-‘rS)ACe(t-‘rs)A hds
0

o0
= / SACe N hds = Quch — Qih, Y heH,

t

(30) follows.

Proposition 12 Assume Hypotheses 1 and 10. Then P; is uniquely extendable to a
strongly continuous semigroup of contractions to L*(H, ), denoted still P,.

Proof We notice that for all ¢ € C;,(H) we have by Holder’s inequality
(Pip())* < Pi(p(x)?), VYxeH, t>0.

Therefore

/(Ptgo)zdus/ Pt(ga’*’)du:/ ¢*dp, >0,
H H H

by the invariance of u. Since Cp(H) is dense in L2%(H, ), P, is extendable to
L%(H, ) and

1Pl 2y < W@li2a gy, ¥ o € L2(H, .
It remains to show the strong continuity of P,
lim P = in L*(H, o). 31
It is enough to check (31) for ¢ = ¢y, h € D(A*). In this case we have
Pigp(x) = 7@MD g (),

as h — 0, as required.
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3.2 The Infinitesimal Generator of Py
We denote by .Z the infinitesimal generator of P, on L*(H, ) defined as
.1 .9
gﬁﬁzlm(l);(Pz(P—ﬁD) in L“(H, ), V¢ e D), (32)
t—

where D(.Z) is the space of all ¢ € L?(H, ) for which the limit above exists.
Proposition 13
(i) Ea(H) C D(ZL) and®

1
RAES ETr[Cngo]—i—(x,A*ngo), Voe DZ). (33)

(ii) Eo(H) is a core for £, that is it is dense in £ (endowed with the graph norm).
Proof (1) It is enough to show (33) when ¢(x) = ¢p(x) = ¢!-X) In this case
by (26) we have

1 L ithe ™ sy —1(0uh.h) i(h,x)

;(szph(x)—fph(x))=7(e ’ e 2RI — V) (34)
and (33) follows letting + — 0. Finally, (ii) follows from a classical result of
semigroup theory, see [9], since &4 (H) C D(.Z) and it is stable for P;.

4 Sobolev Spaces

We are given a non degenerate Gaussian measure ;. = Ng.

4.1 The Sobolev Space wb2(H, )

We start with a classical integration by parts formula, see [12].

Lemma 14 Forall ¢, € &(H) and all z € QY/*(H) we have

/<D¢,z>wdu=—/<Dw,z>¢du+/ 0¥ (0P Xy udn).  (35)
H H H

8Note that the function @y belongs to D(.%) if and only if 1 € D(A*).
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Proof Tt suffices to check (35) when ¢(x) = /%)y (x) = ¢/**) and h, k € H.
This is a straightforward computation. In fact, taking into account (15), we have

/ (Dg.2) Y dp = i(h, ) / ) () = i (h, 2)e HOUHDIR (36
H H

. 1
/ (DY, z)pdp =ik, 2) / RN L (dx) = ik, z)e2(QUHRATR) - (37)
H H

and

/H ¥ (0722, x) pudx) = /H (07122, x) &' W HE2) 1 (dx)

— _li / ei(h+k+1Q71/22,x>M(dx)‘ — _li ei<h+k+l‘Q71/2Z,x)M(dx)
dt Jy t=0 dt Jy t=0

=—i i e—%(Q(h+k+tQ‘l/zz),h+k+,Q—1/zZ> |

d o =i(h+k, 2y HQBHR.htk).
! =

(33)
The conclusion follows comparing (36), (37) with (38).

Let us show an important consequence of identity (35).

Proposition 15 The gradient operator
D:&H) — LX(H.p: H), ¢ — Dy,

is closable in L*(H, ). The domain of its closure will be denoted by W-2(H, ).
Proof We have to show that if (¢,,) C &(H) is such that

¢n — 0in L*(H, ), D¢, — Fin L*(H, p; H),

it results F = 0. To prove this fact let just apply (35) with ¢, replacing ¢ and then
let n — oco. We obtain

/ (F. 20 du = 0,
H

which yields F = 0 by the arbitrariness of v and z (recall that 0'2(H) is dense
in H).

Remark 16 In a similar way one can prove that the operator Q'/2D is closable on
L%(H, p). Its closure is called the Malliavin derivative operator.
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4.2 The Sobolev Space W>*(H, 1)

We need a generalization of identity (35) to second derivatives. Its proof is similar
and straightforward.

Proposition 17 For all ¢, v € &(H), u,v € QI/Z(H) we have (D? denotes
second derivative)

[ Wounywn= [ 0uvgdi- [ Won, v gdn
H H H

(39)
— /]—1 Wo-112, (DY, v) pdp + /H Wo-12y Wo-12, @ ¥ dpa.

Consider now the application y,
E(H) — L*(H, i; H) @ L*(H, u; Ly(H)), ¢ = y(9) := (Do, D¢},

where Ly (H) is the space of all Hilbert—Schmidt operators in H endowed with the
norm

o0
TNy =T (TT* 1= Y Tip, Tik = (Tex,en),
h,k=1

and (ep) is any orthonormal basis on H.
Proposition 18 y is closable.

Proof Let (¢,) C &H), F € L*(H, u; H) and T € L?*(H, u; Lo(H)) be such
that

lim ¢, =0in L>(H, ), lim Dy, = F in L>(H, u; H),
n—>0oo n—0oo
lim D¢, =T in L*(H, w; L»(H)).

n—o0

We have to show that F = 0 and T = 0. It is clear that F = 0. To show that T = 0
notice that by (39) we have for any u, v € QV/2(H), ¥ € &(H), n €N,

/ (D*gpu,v) Y dpu = / (D*yru, v) g dp — / W12, (DY, u) g dpa
H H H

—/HWQ—I/zu (DY, v) @ le-/H Wo-112, Wo-172, @n ¥ d 1.
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Letting n — oo yields

/(Tu,v)lﬁd/L:O.
H

By the arbitrariness of u, v and ¥ we deduce that T = 0.

We shall denote by W22(H, ) the closure of the domain of y. Let (e;) be an
orthonormal basis in H and let Dy and Dy, Dy denote the partial derivatives in the
direction e, and the second partial derivative in the directions ey, ey respectively.
Then the norms of W22(H, ) and WZ2(H, () can be written as

o
||¢||€V1,2(HM)=/ <p2du+2/ |Digl? dp (40)
’ H h=1 H
and
o0
10152011, = 1020, + D / | Dy Dig|* da, @1
nik=1"H
respectively.

5 The Elliptic Equation

We are here concerned with the elliptic equation
Ao —ZLo = f, (42)

where . is the infinitesimal generator of P; in L2(H , ), A is a positive number
and f € L2(H , ). By the Hille-Yosida Theorem, see e.g. [14], there is a unique
¢ € D(Z) solving (42) given by

¢=RMH, 2)f, (43)

where R(), .£) is the resolvent of .Z at A.

This section is devoted to prove regularity properties of ¢ (that a priory only
belongs to L%(H, p)). First, we show that any solution ¢ to (42) is the limit of
regular solutions.

Lemma 19 Let ¢ = R(A, L) f be a solution of (42). Then there is a sequence
(¢n) C Ea(H) such that

o — @, Loy — Lo in L*(H,p). (44)
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Proof 1t is enough to recall that &4 (H) is a core for .Z.

We are first going to show that ¢ € W12(H, u), then we shall prove that ¢ €
W?22(H, ). Finally we shall give an explicit characterization of the domain D(.%)
of £ following [15] and [7]. As will shall see, contrary to what happens when H is
finite dimensional, D (%) is strictly narrow than W22 (H, i). We shall perform this
program assuming, besides Hypotheses 1 and 4 the following one (recall Example 8)

Hypothesis 20 A is self-adjoint negative, A" is of trace class and C = I.
Note that Hypothesis 20 implies Hypothesis 4, see Remark 5(ii).

5.1 Regularity of the First Derivative of ¢

We first prove an integration by parts formula (a kind of Green formula).

Lemma 21 Assume, Hypotheses 1, 10 and 20. Then for all ¢, W € Es(H) we have
1
Loydu = —3 (Dy, DYr)dp (45)
H H

Proof Tt is enough to check (45) when ¢(x) = /%) (x) = ! **) with h, k €
D(A). This follows by a direct computation, as we did in the proof of Lemma 14.

Proposition 22 Assume Hypotheses 1, 10 and 20 and let . > Oand f € L*(H, ).
Then the solution ¢ to Eq. (42) belongs to W'“2(H, ).

Proof By Lemma 19 there exists a sequence (¢,) C &4(H) such that
on = @, Lon— Lo inL*(H,p).

On the other hand, by (45) we have for each n, m € N,
/ D@y — Dgpl” dp = =2 / L(Pn = om) (on — om) d L, (46)
H H

s0, (Dgy,) is Cauchy on L?(H, u; H) and the conclusion follows by the very
definition of Sobolev space wh2(H, w.

5.2 Characterization of the Domain of ¥

We still consider the elliptic equation (42) assuming, Hypotheses 1, 10 and 20.
In this case we have Q = —% A~ by (17) and, since Q is compact and Ker

0 = {0}, there exist an orthonormal basis (ex) in H and a sequence of positive
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numbers (Ay) such that Qe = Arer, k € N. We shall set o = —% )\k_l so that
Aer = —ager, k € N, and x; = (x,er), x € H, k € N. Moreover, we shall
denote by Dy the derivative in the direction e.

Now let & > 0, ¢ € &4 (H) and set f = Lo — L@, which we write as

oo (0.¢]
2= Dip+ ) axxiDip = f. (47)
k=1 k=1
Differentiating with respect to xj,, yields
1 (0.¢] o0
2
ADyg — EZ DiDyg + Y exxk Dk Dug + ew Dyp = Dy f, (48)
k=1 k=1
which can be written as
ADpp — Z(Dpp) + apDpp = Dy f. (49)

Multiplying both sides by Dy ¢, integrating with respect to ; over H and taking into
account (45), yields

1
» [ 1DugPan+ 5 [ 1DDwwPdn+ay [ 1DigPdn= [ Dif Dipdn.
H H H H
(50)
Summing up on % yields

A / Doy + + / Tr [(D*¢)*1dp + / I(=A)2DoPdp = / (Df, Do) dp.
H 2 Ju H H

(51
We want now to find an identity involving f but not Df. So, we use again (45) and
write

/H<Df, Dg)du = —Z/H.i”gafdu.

Then by (51) we obtain the following estimate

1
x/ |D<p|2du+—/ Tr [(Dzwz]dw/ |<—A)‘/2D<p|2du=—2/ fLodu
H 2 Ju H H

_ 25 2 1 2 1., 2
=2 fdu—-1| ofdu<2 | fdu+ frdu+ = A e du
H H H 2 )y 2 o

53/ frdpu.
! 52)
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We are now in position to prove further regularity results for the solution ¢
to (42).

Proposition 23 Assume Hypotheses 1, 10 and 20. Let ». > 0, f € L*(H, ) and
let ¢ be the solution to (42). Then ¢ € W22(H, nm, (—A)]/zDgo e L%(H, w; H)
and the following estimate holds

1
A / |Do*dp + / Tr [(D*¢)*]dp + / I(—A)2DpPdp < 3 / frdpu.
H 2 Ju H H
(53)
Proof By Lemma 19 there exists a sequence (¢,) C &4(H) such that

on = @, Lon— Lo inL*(H, p).

Then f, := Apy, — L@, — f.Now let m, n € N. Then replacing ¢, f with
(om — ©n), (fm — fn) respectively in (52) we see that the sequence (¢, ) is Cauchy
in W22(H, ) and that the sequence ((—A)l/zDgan) is Cauchy in L?(H, w; H).
The conclusion follows.

5.2.1 The Special Case When H Is Finite Dimensional

We assume here that dim H = d < oo, A is a symmetric and strictly negative
matrix and that C = [.

Proposition 24 The domain of £ is precisely W>*(H, i) and we have

1
Ly = Ap+(Ax, Dg), Vg e W22(H, w). (54)

Proof We note first thatif ¢ € W22(H, w) then |x||Dy| € L?(H, 1) as easily seen,
so that

1A, DYl 2,0 < AN ID@l 211,00 < K@ llwa2az. 0 (55)

We already know by Proposition 23 that ¢ € W>2(H, 1) so that the following
inclusion holds

D(¥) C W>2(H, p). (56)

Let us show now the converse inclusion. Let ¢ € W22(H, ). Then there exists
(¢n) C E4(H) such that

on = @, Apy — Ap in L*(H, p),
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and, by (55) we have
(Ax, Dg,) — (Ax, D) in L*(H, ).
Then

1
Loy = 3 Ag, + (Ax, Dg,) — Lo in L*(H, 1), (57)

and letting n — oo we obtain L¢ = % Agp + (Ax, Do), as claimed.

5.2.2 The Infinite Dimensional Case
By Proposition 23 the following inclusion holds
D(ZL) C {w e W2X(H, 1) : (=A)2Dg e LX(H, u; H)} (58)
From this result we cannot conclude (as we did in the finite dimensional case) that
Lo = %Tr [D%’¢l + (x, ADg), ¥ ¢ € D(Z).

The reason is that by (58) it follows that D2(p is Hilbert—Schmidt which does not
imply that it is of trace class. However, we can prove

Theorem 25 Assume Hypotheses 1, 10 and 20. Then we have
D) =0 e W2H. ) (~4)'12Dg e L2(H, u: 1)} (59)
We shall prove this result using the spectral decomposition of P; with respect to

the orthonormal basis (H,, ), ¢, of Hermite polynomials in H whose definition we
recall in the Appendix below. Let us first to prove a lemma.

Lemma 26 Foranyy = (y,) € I'° we have (see (95) for the definition of (y, A1)
PH,(x) = e " VH,(x), xeH. (60)

Therefore P, is diagonal with respect to the basis (Hy)yer.

Proof Write

o0
PiHy (x) =[] p" Hy, G ), ©1)

n=1

°For the definition of I" and H,, y € I', see the Appendix.
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where
pt(n)f(s) = / f(y)Ng—//(%n)g’)\n(1,e—1/kn)(dy), x € R.
R

So,

—1/2
pt(n)]-[yn(kn /xn) :/RHV"(y)Ne—‘/(“n)A,Il/zx,,,)»n(l7e—’/*n)(dy)'

Then, to conclude the proof, it is enough to show that for any n € N we have
P Hy, o Px0) = €50y, Gy ). 62)
Let us show (62), forgetting the index n for short and so writing
peHy (7 2x) = e~ 2V 5, (A7 2, (63)
where
poH, (W7 x) = /]R Hy (Y)N-1/@05-1/2x 5. (1—e~1/2(dY).

We first compute p; on the generatrix function F (s, A1 2x) (see (91)). We have

1.2 —1/2 1.2 —1/2
p[F(S, )»_]/zx) = e_is rt(e‘”‘ / X) = e_fs / ES)\ ! yNe—1/(2A)x’)L(1fe—t/)L)(dy).

R
Therefore
PF (s, a71/2x) = 7157 s AT e g2 (1met )
= 3¢ eI Fse~t/@) 3=1/2y). o
Now by the identity
piF (s, ATV2x) = F(se™ /@D 5712y,
we deduce

n,—(tn)/(22)

oo s" o0 e
—1/2 .\ _ —-1/2
Z_O U P07 = ) e G

n n=0
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which yields
piHy (7 x) = IOV B, 72,

By Lemma 26 we obtain the following spectral decomposition of P;. For any
NS L*(H, W), o = Zyep @y H,, we have (see (95) for the definition of (y, A‘l))

Pyp=Y et g, H,  1>0. (65)
yel’

We are now ready to prove Theorem 25.

Proof We shall show that if
e WA(H, ), (=A)'*Dy e L*(H, pu; H), (66)
then we have ¢ € D(.Y).

Claim If (66) holds we have

> @2y a7 < oo (67)
yel’

Assume for the moment that the claim is proved. Then the series

V=Y ¢y, 27" Hy,

yell

is convergent in L2(H, ). Now

_ Ly ]
FPo—9)=) o2 .
yell

Consequently

B | -1 : 2

lim ¢ (P =)= ¢ply A7) Hy =y, in L2(H. )
yel’

and so ¢ € D(Z) and L9 = . Therefore the proposition is proved under the

validity of the claim.

Proof of the Claim We already know that ¢ € W22(H, ) and (—A)'/2Dg €
LZ(H, w; H), which imply
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/ Tr(D*)Ydn =Y 1o Py, 271 = Dl Py a7%) <00 (68)

yell yell

and

o0
| 1 2peldn =Y [ winiobdn
H k=1 H

(69)

—ZZ|¢y|ak—=—Z|wy (v, 27

k=1yel’ yel’

So (67) is fulfilled, because, taking into account (96) and (97), we have

1
2/ Tr{(D*¢)? ]du+/ |(=4)?DoPdu = Z oy Py, 2717 < o0,
yeF
(70)
The proof is complete.

Remark 27 Let u = Ng be a Gaussian measure. Denote by L, be the Malliavin
operator

l(x, Dyg), Vg e&(H), (71)

1
Lup = ETT[QD)%fﬂ] —3

discussed in Example 8(iii). Consider the elliptic equation

rp — Ly = f. (72)

In this case the corresponding semigroup PtM is given by (23); one can easily show
that the Gaussian measure N is invariant for P;. As we noticed in Example 8, P
is only improving on the directions of the Cameron—Martin space Q'/?(H). For
this reason, to study the regularity of the solution ¢ to (72), one has to introduce the
Malliavin spaces DY2(H, 1) (the domain of the closure of Q1/2D) and D%2(H, w,
whose norms as defined by

o
||¢||i,.,z(f,m=/ ¢2du+ZAh/ Dyl du (73)
’ H H
h=1

and

oasgs = Ion g + D i [ 104 DeoP di, 74)
h,k=1
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respectively. Then a maximal regularity results has been proved by Meyer see [13],
saying that the domain of .%); is precisely D>2(H, ).

6 Generalizations

6.1 Elliptic Equations with an Additional Potential Term

We consider here, following [5], the elliptic equation
Ao — K= f, (75)
where
H 9 =2L¢— (DU, Dg) = f, (76)

& is defined in (33) and U : D(U) ¢ H — R is a convex potential lower
semicontinuous. Moreover, A is a positive number and f € L%(H,v), where v
is the invariant measure of 7.

It is not difficult to show that v is given by

—2U(x)

N Ty ey

n(dx), (77)

where 1 = Ny is the Gaussian measure defined earlier.

In statistical mechanics v is called a Gibbs measure.

A weak solution to Eq. (75) is provided by the Lax—Milgram lemma applied to
the coercive Dirichlet form

1
a(u,v) = E/ku,m) dv, u,ve W' (H,v). (78)

In this case Theorem 25 generalizes (see [5])

Theorem 28 Assume Hypotheses 1, 10 and 20 and that U : H — [0, 400] is
convex and lower semicontinuous. Let A > 0, f € LZ(H , V) and let ¢ be the
weak solution to (75). Then ¢ € W*2(H, v), (—A)Y2Dg € L?(H, v; H) and the
following estimate holds

x/ |Dg0|2dv+l/ Tr [(Dz(p)z]dv—i—/ I(—=A)/2Dy|? dv 53/ f2dv.
H 2 Ju H 79
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Remark 29 By Theorem 28 it follows that
D(¥) C{p e W»2(H,v): (—=A)'?Dg € L*(H, v; H)).

A characterization of the domain of Z*, however, is not known.

6.2 Neumann Problem

We still assume Hypotheses 1, 10 and 20. Then we consider the following Neumann
problem in an open convex subset & of H

)\,gﬂ_g(p:fy inﬁv
do (80)

0, onodO,
on

where n is the exterior normal to 0. We choose & = {x € H : g(x) < r}, where
g : H — R is a convex mapping for which a notion of surface integral can be
defined following Malliavin, see [1, 8, 12] and references therein. In particular, we
can take & = B(0, R) the ball in H of center 0 and radius R. Other possible choices
are domains of the form {g < r} where g : H — R is sufficiently regular. In all
these cases the Sobolev spaces Wk*z(ﬁ, W), k = 1,2, can be defined in a natural
way.

Existence and uniqueness of a weak solution ¢ € w20, u) of problem (80) is
easily obtained thanks to the Lax—Milgram lemma applied to the symmetric coercive
Dirichlet form

1
a(u,v) = 5/ﬁ(Du,Dmdu, u,vewho, n. (81)

We aim to show that ¢ belongs to W22(0, ) and that its normal derivative (defined
thanks to a trace lemma) vanishes on 3 &. We shall proceed by penalization as in [2]
and [6], by studying the problem

1
)‘¢8_$¢8+E<X_HKx»D‘ps>=f» (82)

where K is the closure & of ¢ and ITx denotes the projection on the convex
set K.
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Arguing as in the proof of (53) we arrive at the estimate

1
A / Doel? dpue + / Tr [(D?¢e)? dpte
H 2 /u

(83)
+/ (= A) 2D, dpie < 3/ e,
H H
where here
_dg@
e (dx) = m (dx) (84)

and dk (x) represents the distance of x from K,
dx(x) =inf{|lx —y|, y e K}, x € H.

One can show, letting ¢ — 0 that ¢ € W2’2(ﬁ, ) and that g—ﬁ =0on 00, see [2]
and [6].

6.3 Dirichlet Problem

Few results seem to be devoted to Dirichlet problems in infinite dimensions. We
limit ourselves, following [4], to present a W22 regularity result for the Dirichlet
problem

)\(p—gMQDIf, inﬁs

(85)
=0, ond0l,
where .Z)y is the Malliavin operator introduced in Example 8(iii),
1 2 1
Lmy = 5 Tr[@D7¢] = 5 {x. Dy), (86)

and Q € L;'(H), u = Ng. Moreover, 0 = {g < r} and g is regular as in the
previous subsection.

We shall denote by (e;,) an orthonormal basis in H and by (1) a sequence of
positive numbers such that Qe;, = Apep, h € N. Moreover we set x; = (x, ex),
keN, Ppx =Y ) _  xxex, On = QP, and u, = Ng,,n € N.

We shall consider the Sobolev spaces DY2(0, u) and D*2(0, jv) whose norms
are natural generalizations of (73) and (74) respectively. Moreover we shall define
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the space 51’2(6’, w) as the subspace of those functions from DY2(H, ) that
vanish in the exterior of &.

Existence and uniqueness of a weak solution ¢ of (85) is provided again by the
Lax—Milgram theorem applied to the coercive Dirichlet form

1 .
a(u,v) = 5/@)(Q1/20u, 0'2Dvydu, u,ve D20, ). (87)

To show that ¢ € D2’2(ﬁ , 1) we follow [4] and approximate (85) with a sequence
of finite dimensional problems

1 <& 1 <& )
?»wn—z};th;%¢+§};thh¢=ﬁ in 0,

(88)
=0, onadd,,
where 0,, = {g(P,x) < r}. Then we look for an estimate
lunllp2200,, 1) = KN Full20,, 1m) (39)

with a constant K independent of n. Procedures relying on maximal regularity for
elliptic operators in R"” with respect to the Lebesgue measure do not work, because
the final constant K depends on n in an uncontrollable way. Instead, we follow a
more direct approach, following [11]. Let us consider for simplicity the case of the
unit ball &, = B(0, 1) and f € C3°(B(0, 1)).

Dimension free bounds for [lullp12(0, ,,) are easily found. To estimate the
second order derivatives we proceed as in Sect. 5.2. We differentiate both members
of (88) with respect to xj,, we multiply by Dpu, A, we sum up and we integrate by
parts obtaining

1

/ Tr [(Qn D) it =+ / (D?u, Qx. QDuy) do,
B(0,1) 2 JaB(,1)

~+terms under control
The boundary integral still contains second order derivatives of u,, however

using the identities u,, = f, = 0 on |x| = 1 we can express (D*u, Qpx, QnDuy)
in terms of first order derivatives of u,, and precisely, after some manipulations

1/2 1/2 2 2
(Qn'"Duy, 04 °x) | Qx|

(D%up Qux, QnDup) = ————7— (1—Tr[Qn]+—1’}2 2)
|Qn' x| 100 x|

= Hx) (0> Duy, 0 x)?.
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On the other hand, by a suitable trace lemma it is possible to estimate the boundary
integral

1/2 1/2
/ ( n/ Du,, Qn/ x>2d0}’l7
9B(0,1)

in terms of the norm W22(0,,, Un) of u as follows

1/2 1/2
/ ( n/ Duy,, Qn/ x)szn
3B(0,1)

<C / Tr [(Qn D*un) 1t |l full 280,100 + C2N Fall22 50,1y, 10
B(0,1) v

with Cy, C2 > 0 independent of n.
Therefore, if

sup 9%, (x) < C, with C independent of n, (90)
x€dB(0,1)

we are done: we get a dimension free estimate for fB(O 1 Tr [(Qn Dzun)z] du, and
the estimate [[un w220, 11,y = Kl fallz2(0,, 4, follows. Finally, letting n — oo,

we arrive at the desired result ¢ € w220, w). See [4] for details and more general
results.

Remark 30 Checking (90) in the examples gives some surprise, and shows impor-
tant differences between the finite and the infinite dimensional case. For instance,
if ¢ = B(0, r) the suprema h, of %, on the spherical surfaces are bounded by a
constant independent of n only if some relationship between r and the eigenvalues
of Q is satisfied. In particular, (90) is satisfied only provided r> < Tr Q.

Appendix: Hermite Polynomials in Hilbert Spaces
Let us consider the analytic function

,2
F(t,&)=e 215 1 EeR, 1)

whose Taylor series in ¢ is given by

0 n

F, =
(t, &) Z:;)@

H,(&), t,E€eR.
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Then for any n € {0} U N the following identity is easily checked

(:/1_):1 ez D} (ef> £ cR. (92)
n

By (92) we see that for any n € N, H, is a polynomial of degree n having a positive
leading coefficient. H, are called Hermite polynomials. The following result is
classic.

Hn(g) =

Proposition 31 System (Hy)neqoyun is orthonormal and complete in L3R, p),
where . = Nj.

Now let us define a complete orthonormal system on L? (H, Ng),where © = Ng
is a non degenerate Gaussian measure. Let (e;) be an orthonormal basis in H and
(*x) a sequence of positive numbers such that Qex = Agex, k € N. We start with a
basic property of Hermite polynomial composed with white noise functions.

Lemma 32 Leth, g € H with |h| = |g| = 1 and let n, m € NU{0}. Then we have,

/H Hy (W) Hy (W) = [{, §)T"80m. 93)

where &y, is the Kronecker symbol.

Proof Fort,s € R write

2 52
/ F(t, Wy F (s, Wo)du =e—%/ Wt We gy,
H H

2452 242 1 2
—e eWintss du = e~ 5= palthtsgl® — 5 (hg)
H

because |h| = |g| = 1. It follows that

o
. g™ /
tsth,g) _
e = E H, (W) H,,,(W,) du,
a0 vnlm! JH " e

which implies clearly (93).

We can now define Hermite polynomials in H. Let I" be the set of all mappings
y : N> {0}UN, n > y,, such that [y|: = > 2, % < +oo. Notice that if
y € I' then y,, = O for all n € N, except at most a finite number. We denote by 0
the element y € I" such that y, = O for all 2 € N. Then for any y € I" we define
the Hermite polynomial H, as

Hy (x) = [ HyWe, ) = [ | Hy O 300, x € H. (94)
k=1 k=1
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Notice that in the product in (94) all factors (with the possible exception of a finite
number of them) are equal to 1. In particular we have Hy = 1. It is obvious that
H, € L*(H, ). One can show the following result, see e. g. [7, Theorem 9.1.5]

Theorem 33 System (H,),er is orthonormal and complete on L%(H, n).

Setting
o Vi o Vi
=35 =2 ©5)
h=1 =1 M
we find with a simple computation the following identities, see e. g. [7],
‘/Iledu—-§:< A7 lgy 2. (96)

and

[ TR = 3 gy Pl a7 = 3l Py, o7

yell yell
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On Generalized Pseudo- and m)
Quasiconvexities for Nonsmooth e
Functions

Ville-Pekka Eronen, Marko M. Miikelé, and Napsu Karmitsa

1 Introduction

Convexity plays a crucial role in mathematical optimization theory. Especially, in
duality theory and when constructing optimality conditions convexity has been the
most important concept since the basic reference by Rockafellar [22]. Numerous
attempts to generalize the concept of convexity have been made in order to weaken
the assumptions of the attained results (see e.g., [1, 2, 4, 8, 12, 14, 21, 23, 25]).
Generalized convexities have proved to be the main tool when constructing opti-
mality conditions, particularly sufficient conditions. There exist a wide amount of
papers published for smooth single-objective case (see [21] and references therein
and [14]). For nonsmooth and multiobjective problems necessary conditions were
derived for instance in [18, 19, 24].

In this paper, we analyze the properties of the generalized pseudo- and quasicon-
vexities for nondifferentiable locally Lipschitz continuous functions. The treatment
is based on the Clarke subdifferentials and generalized directional derivatives [6].
The paper follows the presentation in [3] with some additional results such as
introduction of GNC-property. In Sect. 2 we recall some basic tools from nonsmooth
analysis. Sections 3 and 4 are devoted to generalized pseudo- and quasiconvexity,
respectively. Also, some relations between generalized pseudo- and quasiconvexi-
ties are considered in Sect. 4. Finally, the derived results are summarized in Sect. 5.
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2 Nonsmooth Analysis

In this section we collect some notions and results from nonsmooth analysis.
Nevertheless, we start by recalling the notion of convexity and Lipschitz continuity.
The function f : R" — R is convex if for all x, y € R"” and A € [0, 1] we have

Fax+A=1y) <Af)+ A =1 f(y).

In what follows the considered functions are assumed to be locally Lipschitz
continuous. A function is locally Lipschitz continuous at a point x € R" if there
exist scalars K > 0 and § > O such that

lf () — f@I < Kly—zll forally,ze B(x;d),

where B(x; §) C R” is an open ball with center x and radius §. Function is said to
be locally Lipschitz continuous on a set U € R" if it is locally Lipschitz continuous
at every point belonging to the set U. Furthermore, if U = R”" the function is
called locally Lipschitz continuous. Note that both convex and smooth (continuously
differentiable) functions are always locally Lipschitz continuous (see, e.g., [6]).

Function f : R"” — R is said to be Lipschitz continuous on a set U C R" if there
exists a scalar K such that

lf(y) — f@I < Kl|ly—z|l forally,zeU.

If U = R" then f is said to be Lipschitz continuous.

Definition 1 ([6]) Let f : R” — R be locally Lipschitz continuous at x € S C R”".
The Clarke generalized directional derivative of f at x in the direction of d € R”
is defined by

£°(x; d) = limsup fy+1d) - f(y)

y—ox t
10

and the Clarke subdifferential of f at x by
Af (x) :={E e R"| f°(x:d) > &Td foralld € R"}.

Each element & € 0f (x) is called a subgradient of f at x.

Note that the Clarke generalized directional derivative f°(x;d) always exists
for a locally Lipschitz continuous function f. If f is convex df (x) coincides with
the classical subdifferential of convex function (cf. [22]), in other words the set of
& € R” satisfying

fO) = fx)+ET(y—x) forally e R".
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Furthermore, if f is smooth df (x) reduces to df (x) = {V f(x)}. Smoothness is
critical here as the function

0 x=0
= ’ 1
8(x) x2 cos(%), x#0 M

shows. Function g is locally Lipschitz continuous and differentiable everywhere but
nonsmooth (not continuously differentiable) and dg(0) # {Vg(0)}. More detailed
analysis on this function can be found in [3, pp. 68—69].

The following properties first derived in [6] are characteristic to the generalized
directional derivative and subdifferential.

Theorem 1 If f : R" — R is locally Lipschitz continuous at x € R", then

(1) d — f°(x;d) is positively homogeneous, subadditive and Lipschitz continu-
ous function such that f°(x; —d) = (—f)°(x; d).
(i) 9f (x) is a nonempty, convex and compact set.
(i) f°(x;d) = max {’;'Td | & € 0f (x)} foralld € R"™.

The subdifferential can be constructed as a convex hull of all possible limits of
gradients at point x; converging to x. Let £2; be the set of points where f is not
differentiable. That is,

Qf = {x € R" | f is not differentiable at the point x} .
By Rademacher’s Theorem [16] a locally Lipschitz continuous function on U € R”

is differentiable almost everywhere on U, in other words, meas(§2 ) = 0.

Theorem 2 Let f : R" — R be locally Lipschitz continuous at x € R". Then
df (x) = conv {5 eR" [3(x)) CR"\Qf s.t.x; - xand V f(x;) — §} ,

where conv denotes the convex hull of a set.
Proof See, for example, [16, pp. 50-51]. O

Some derivation rules can be generalized for nonsmooth functions. However, these
subderivations rules are valid as inclusions instead of equalities. To maintain
equalities instead of inclusions in these rules we need the following regularity
property.

Definition 2 The function f : R” — R is said to be subdifferentially regular at
x € R"if it is locally Lipschitz continuous at x and for all d € R” the classical
directional derivative

fx +1d) — f(x)
t

"(x;d) =i
f(x:d) im

exists and f'(x;d) = f°(x; d).
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The equality f'(x;d) = f°(x; d) need not to be valid in general even if f’(x; d)
exists. This is the case, for instance, with concave nonsmooth functions. For
example, the function f(x) = — |x| has the directional derivative f/(0; 1) = —1,
but the generalized directional derivative is f°(0; 1) = 1. Nevertheless, convexity,
as well as smoothness implies subdifferential regularity [6]. Furthermore, it is
easy to show that a necessary and sufficient condition for convexity is that for all
x,y € R" we have

fO) = f&x) = fox;y —x)
= fley —x). 2
We will now present two subderivation rules of composite functions, namely the

finite maximum and positive linear combination of locally Lipschitz continuous
functions.

Theorem 3 Let f; : R" — R be locally Lipschitz continuous at x for all i =
1, ..., m. Then the function

fx):=max{fi(x)|i=1,...,m}

is locally Lipschitz continuous at x and

af (x) Cconv{dfi(x) | fix)=f(x),i=1,...,m} 3)
In addition, if f; is subdifferentially regular at x foralli = 1, ..., m, then f is also
subdifferentially regular at x and equality holds in (3).
Proof See, for example, [6, p. 47]. O

Theorem 4 Let f; : R" — R be locally Lipschitz continuous at x and A; € R for
alli =1, ..., m. Then the function

m
) =) nifix)
i=1
is locally Lipschitz continuous at x and
m
af (x) © D Aidfi (x). )
i=1

In addition, if f; is subdifferentially regular at x and A; > 0 foralli = 1,...,m,
then f is also subdifferentially regular at x and equality holds in (4).
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Proof See, for example, [6, pp. 39—40]. O

The following two results generalize the classical Mean-Value Theorem and the
Chain Rule, respectively.

Theorem 5 Let x,y € R” be such that x # y and let the function f be locally
Lipschitz continuous on an open set U C R”" such that the line segment [x, y] C U.
Then there exists a point z € (x, y) such that

f) —fx edf@ (y—x).

Proof See, for example, [6, pp. 41-42]. O

Theorem 6 Let h : R" — R be locally Lipschitz continuous at x and g : R — R
be locally Lipschitz continuous at h(x). Then the composite function f = goh :
R" — R is also locally Lipschitz continuous at x and one has

df (x) S conv {dg(h(x))dh(x)}.

Proof See, for example, [6, pp. 72-73]. O
Next we give the basic unconstrained optimality condition.
Theorem 7 Let f : R" — R be locally Lipschitz continuous at x*. If f attains its
local minimum at x*, then

0caf(x¥).
If, in addition, f is convex, then the above condition is also sufficient for x* to be a
global minimum.
Proof See, for example, [16, pp. 70-71]. O
Now we present a theorem and two lemmas that are used later.

Lemma 1 Let ¢ > O, function f : R" — R be locally Lipschitz continuous at x
andd € R, d # 0. Then

fo(x;d)—¢ < limsup{Vf(y)Td ly—>x,y¢ .Q,«}

Proof See, for example, [16, pp. 51-52]. O

Lemma2 Let x € R" be a point, where f : R" — R is locally Lipschitz
continuous and differentiable. Let K be the Lipschitz constant of the function f
at the point x. Then the function d — f'(x;d) is positively homogeneous and
Lipschitz continuous with the constant K.

Proof The proof is similar to the corresponding results for the Clarke generalized
directional derivative. |
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The level set of f with a parameter o € R is defined as
levy fi={x eR" | f(x) <a}

Lemma3 Letx,y € R" and on [x, y] locally Lipschitz continuous function f be
such that f(x) < f(y). Then, there exists a point x = Ax + (1 — L)y, L € (0, 1)
such that f(x) > f(x)and f°(x;y —x) > 0.

Proof Consider the nonempty set A = levy) f N [x, y]. Since level sets of a
continuous function are closed sets and [x, y] is compact, the set A is a compact
set. Since function g(w) := ||w — y|| is continuous, it has a minimum on the set
A according to the well-known Weierstrass Theorem. Let this minimum point be z.
Then z is the nearest point to y on the set A and the continuity of function f implies
f(@) = f(x).Also, z # ysince f(x) < f(y). The Mean-Value Theorem 5 implies
that there exist z € (z, y) and & € 9f(Z) such that

fo)—f@=E"(y—2.

Since f(z) < f(y) we have
0<f)-—f@D=EG-2=<f@y—2=<f@y—x),

where the last inequality follows from positive homogeneity and inequality
ly —zll < |ly —x]||. By the choice of the point z we know that f(z) < f(2)
since Z € (z,y). Choosing x = z we have f(x) = f(z) < f(x) and the lemma
has been proven. O

3 Generalized Pseudoconvexity

The most famous definition of pseudoconvexity for smooth functions was intro-
duced in [17].

Definition 3 A continuously differentiable function f : R” — R is pseudoconvex,
ifforallx, y e R"

fy) < f(x)  implies  Vf@x)(y—x) <O0.

The main result for a smooth pseudoconvex function f is that the convexity
assumption of Theorem 7 can be weakened. In other words, a smooth pseudoconvex
function f attains a global minimum at x*, if and only if V f(x*) = 0 (see [17]).
The concept of pseudoconvexity has been extended for nonsmooth case, for
instance, in [2, 14, 21] and the references therein. One way to do this is the usage
of directional derivatives. The Dini directional derivatives were used, for example,
in [5, 8, 11]. In [12] this idea was generalized for lower semicontinuous (l.s.c.)
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functions via h-pseudoconvexity, where /(x, d) is any real-valued bifunction, that
is, for example, any directional derivative. In this paper we use the definition first
given in [10] for locally Lipschitz continuous functions.

Definition 4 A function f : R" — R is f°-pseudoconvex, if it is locally Lipschitz

continuous and for all x, y € R”

fy) < f(x)  implies  f°(x;y—x) <0.
A convex function is always f°-pseudoconvex by (2). The next result shows that
f°-pseudoconvexity is a natural extension of pseudoconvexity.

Theorem 8 If f is smooth, then f is f°-pseudoconvex, if and only if f is
pseudoconvex.

Proof Follows immediately from Theorem 1 (iii), since for a smooth f we have
oy —x)=f;y—x)=Vfx) (y—x). O
The reasoning chain in the definition of f°-pseudoconvexity may be converted.

Lemma 4 A locally Lipschitz continuous function f is f°-pseudoconvex, if and
onlyifforallx,y € R"

fex;y—x)=0 implies f) = fx).

Proof Follows directly from the definition of f°-pseudoconvexity. O

The important sufficient extremum property of pseudoconvex functions remain also
for f°-pseudoconvex functions.

Theorem 9 An f°-pseudoconvex f attains its global minimum at x*, if and only if
0caf(x*).

Proof If f attains its global minimum at x*, then by Theorem 7 we have 0 €
af (x*). On the other hand, if 0 € 3f (x*) and y € R”, then by Definition 1

[ty —x)=0"(y—x)=0
and, thus by Lemma 4 we have

F) = f(x™.

O

The notion of monotonicity is closely related to convexity. It has been studied in e.g.
[12, 20].
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Definition 5 The generalized directional derivative f° is called pseudomonotone,
ifforallx, y e R"

fox;y—x)=0  implies  f(y;x—y) <0
or, equivalently

fex;y—x)>0 implies f°;x—y)<O.
Furthermore, f° is strictly pseudomonotone, if

fex;y—x)=0 implies f°(y;x—y) <O.

Theorem 10 If f is locally Lipschitz continuous such that f° is pseudomonotone,
then f is f°-pseudoconvex.

Proof Let us, on the contrary, assume that f is not f°-pseudoconvex. Then there
exist x, y € R" such that f(y) < f(x) and

fox;y—x)=>0. (5)

Then by the Mean-Value Theorem 5 there exists Ae (0, 1) such that X = x + i( y—
x) and

F@) = () edf@®"x —y).

This means that due to the definition of the Clarke subdifferential there exists é €
df (%) such that

0<f)—fN =8 (x—y) < fGx—y. ©)

On the other hand, from (5) and the positive homogeneity of d +— f°(x; d) (see
Theorem 1 (i)) we deduce that

o ®—x) = fox; Ay —x) = Af°(x; y —x) > 0.

Then the pseudomonotonicity, the positive homogeneity of d — f°(x; d) and (6)
imply that

0> fo(;x —%) =Af°(F;x —y) >0,

which is impossible. Thus f is f°-pseudoconvex. O

Theorem 10 is a special case of Theorem 4.1 in [20], where it was proven for lower
semicontinuous and radially continuous pseudoconvex function.
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The converse result of Theorem 10 is also true. Few lemmas are needed before the
proof.

Lemma$5 Let f be an f°-pseudoconvex function, x,y € R" and L € (0,1).
Denote x = Ax + (1 — A)y. Then, f(x) <max{f(x), f(y)}

Proof On the contrary assume that f(x) > max{f(x), f(y)}. Since f is f°-
pseudoconvex and d — f°(x; d) is positively homogeneous by Theorem 1 (i),
we have

0> fEx—8)=f@E&A-NE—y)=0-1fEx—y)

and thus
fe@;x —y) <0.

Correspondingly, we obtain

0> foEy—%)=f(FAy—x)=rf"(Fy—x

and thus
fe@y —x) <0.

Since d — f°(x; d) is subadditive by Theorem 1 (i), we have

0> foGx—y+ fPEy—x)= PG (x—y)+(y—x) = f°(x0)=0,

which is impossible. In other words, f(x) < max {f(x), f(y)}. |

Lemma 6 Let f be an f°-pseudoconvex function. Then there exist no points x, y €
R", satisfying

@) fx) = f(y)and

(i) fox;y—x)>0.

Proof On the contrary, assume that there exist points x, y € R" and § > 0 such
that f°(x; y —x) = § and f(x) = f(y). Since f is locally Lipschitz continuous
there exist ¢, K > 0 such that K is the Lipschitz constant in the ball B(x; ). Since
f°(x; y—x) = 8 Lemma | implies that there exists a sequence (z') of points where
f is differentiable and I € N such that z/ — x and

. . I}
@ y—x) =V (y—x) > 3 (7)
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holds wheni > I. Let

R . )
£ =min{e, —
2K

and z € B(x;&) N {(zi) |i> I}. According to Lemma 2 f/(z;-) is Lipschitz
continuous with the constant K. Hence,

|f'@y—x)—fl@y—-2|<Kly—x— (-2l
8

)
=Kz - K—=—-. 8
lz = x| < K52 =7 ®)

Thus, f'(z; y —z) > 0 according to (7) and (8). Since f'(z; y —z) > 0 there exists
u € (0, 1) such that

fluz+ A =y > f(z2). )

Since f°(x; y —x) = §, Theorem 1 (i) implies that there exists € > 0 such that
f°(x;d) > 0whend € B(y —x;¢).Letz € B(y; €). Since

lz—x - -0l=lz-yl <&

it follows that Z — x € B(y — x;¢&). Thus, f°(x;zZ — x) > 0 and the f°-
pseudoconvexity of the function f implies f(z) > f(x) = f(y). Thus, y is a
local minimum for the function f and Theorem 7 implies that 0 € df(y). Due
to Theorem 9 y is also a global minimum. Thus, we have f(y) < f(z) and the
inequality (9) implies that

flpz 4+ A —wy) > max{f(z), f(y)},

which is impossible by Lemma 5. O

Remark 1 Differentiability at the point x is crucial in Lemma 2. This allows us
to assume that directional derivatives f’(x;d) exist at x which was needed in
Lemma 6. Unlike the convexity, the f°-pseudoconvexity does not guarantee that
directional derivatives exist at every point. An example of an f°-pseudoconvex
function that does not have a directional derivative at every point can be found in [3,
pp. 144-145].

Now we are ready to prove the converse result of Theorem 10. Note that, the similar
result has been proved in [20] (Theorem 4.1) for lower semicontinuous and radially
continuous functions.

Theorem 11 The generalized directional derivative of an f°-pseudoconvex func-
tion is pseudomonotone.
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Proof Let f be f°-pseudoconvex and, on the contrary, assume that there exist
x,y € R” such that f°(x;y —x) > 0 and f°(y;x —y) > 0. Then, by f°-
pseudoconvexity f(x) < f(y) and f(y) < f(x), hence f(x) = f(y). Thus, we
have f°(y; x —y) > 0and f(x) = f(y), which contradicts Lemma 6. O

In what follows we consider how to verify the f°-pseudoconvexity in practice.
That is, we analyze how the pseudoconvexity is conserved in composite-, sum- and
max-functions. Before that, we need the following result.

Lemma 7 A locally Lipschitz continuous function g : R — R is f°-pseudoconvex
and strictly increasing, if and only if ¢ > 0 forall ¢ € dg(x) and x € R.

Proof First, let g be both f°-pseudoconvex and strictly increasing and let v < O.
Then for every x € R we have g(x + v) < g(x) and due to f°-pseudoconvexity
g°(x; v) < 0. By the definition of the subdifferential we have

sv =g°(x;v) <0,
for all ¢ € dg(x). This implies ¢ > 0.
On the other hand, let all the subgradients of g be positive. We first prove that g
is strictly increasing. On the contrary, suppose that there exist y, x € R such that

y < x and g(y) > g(x). By the Mean-Value Theorem 5 there exists X € (y, x) such
that

g(x) —g(y) € 9g(X)(x — y).
This means that there exists ¢ € dg(x) such that ¢ > 0 and
0>g(x)—g()=3¢(x—y) >0,
which is impossible. Thus, g is strictly increasing.
Since g is strictly increasing we have g(y) < g(x) if and only if y < x, where
x,y € R. Thus, to prove f°-pseudoconvexity we need to show that y < x implies

g°(x;y —x) <0.Letx, y € R be arbitrary such that y < x. By Theorem 1 (iii)

g°(x;y —x) =max{g(y —x) | ¢ € dg(x)} < 0.

Thus, g is f°-pseudoconvex. O
Theorem 12 Let h : R* — R be f°-pseudoconvex and g : R — R be f°-
pseudoconvex and strictly increasing. Then the composite function f = goh :

R"* — Ris also f°-pseudoconvex.

Proof According to Theorem 6 function f is locally Lipschitz continuous. Suppose

now that f(y) < f(x). Then g(h(y)) = f(y) < f(x) = g(h(x)) and since g is
strictly increasing we have

h(y) < h(x). (10)



140 V.-P. Eronen et al.

From Theorems 1 (iii) and 6 we obtain that

oy —x) =max{&  (y —x) | § € 3f (x)} (11)
< max {7 (y —x) | § € conv {3g(h(x))dh(x)}}.

Due to the definition of a convex hull the right hand side of (11) is equivalent to

max{(ZM;:’i,-)T(y —x) | g €adg(h(x)), & € dh(x), A =0, Z)”. _ 1}
i=1

i=1

m m
< max{(;ki§i> : ;,.Ienﬁf((xf?(y —x) | gi € 9g(h(x)), A; >0, Z/\i = 1}

i=1
” m
:max[(ZMQ)}ZO(x; y—x)|gi €dgh(x)), » >0, Z)”. = 1}’
i=l i=1

since by Lemma 7 we have ¢; > O foralli =1, ..., m and thus

m
Z)\igi > 0.
i=1

On the other hand, since % is f°-pseudoconvex, (10) implies that 2°(x; y —x) < 0.
Then

f(x;y —x) < max {(Zkigi)if(x; y—x)|gi€dgh(x)), 2 =0,

i=1

thus f is f°-pseudoconvex. O

Theorem 13 Let f; : R" — R be f°-pseudoconvex foralli = 1, ..., m. Then the
function

fx):=max{fi(x)|i=1,...,m}
is also f°-pseudoconvex.

Proof According to Theorem 3 f is locally Lipschitz continuous. Suppose that
f(y) < f(x). Define the index set

Ix)={ie{l,....,m}| filx) = f(x)}.

Then for all i € I(x) we have

fiy) = fy) < flx) = fi(x). 12)
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From Theorem 1 (iii) and 3, the definition of a convex hull, f°-pseudoconvexity of
fi, and (12) we obtain that

[y —x) =max (7 (y —x) | § € 3f (x))
< max {7 (y —x) | § € conv {3f;(x)) | i € 1(x)}}

—max (Y0 M) G-m & e uz0 Y a=1]

iel(x) iel (x)
5max{2ki~ max §iT(y—x)|)LizO, ZM:I}
. §i€dfi(x) ,
iel(x) iel(x)
=max{Zkiﬁ°(x;y—x)|)»iZO, Zki=1}<0.
iel(x) iel(x)
Thus, f is f°-pseudoconvex. O

We can say slightly more about the subdifferential of maximum of f°-pseudoconvex
functions than the relation (3) in Theorem 3. Before the results we need a lemma.
Recall thatray S := {Ax | x € S, A > 0}.

Lemma 8 Let S be a convex compact set such that 0 ¢ S and z ¢ ray S. Then there
exists w € R" such that w'z > 0 and w' x < 0 for all x € ray S\ {0}.

Proof Since 0 ¢ S and S is compact, ray S is closed by Theorem 2.12 in [3, pp. 25].
By the Separation Theorem (e.g. Theorem 2.5 in [3, pp. 18]) there exists ¢ € R”"
such that

qu > o and qTx <«, forallx erayS.

Since 0 € ray S and ray S is a cone we may choose ¢ = 0. By the Separation
Theorem, when we choose sets {0} and S, there exists p € R” such that pTx <0
for all x € S. This holds for all x € ray S\ {0}. Suppose p’z # 0 and let w =

1la7zl p +q. Then

2 |pTe|
11q7z] 1
T T T T
== z2+q'z2>=-q z2>0
2|pTz|p q 2‘1
and
11q7z|
T T T
X == x+qg x <0
21p7z” Y

for all x € ray S\ {0}. If p”z = 0, we may choose w = p + ¢ to obtain the result.
O
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Theorem 14 Let x € R”, f; : R" — R, i = 1,...,m be f°-pseudoconvex
functions and f(x) :=max{fij(x)|i=1,...,m}. If0 & 3f (x) then

af (x) Cconv{dfi(x) | fi(x) = f(x),i=1,...,m} Craydf(x)\ {0}.

Proof The first inclusion is stated in Theorem 3. For the second inclusion suppose,
on the contrary, that there exists

n € conv{dfi(x) | fi(x) = f(x),i=1,....,m}\{ray 9f (x)\ {0} .

Then there exists i and & € df; (x)\ {ray df (x)\ {0}} such that f;(x) = f(x). Note
that & # 0 since this would imply that x is a minimizer of f; and, thus, a minimizer
of f. This would imply that 0 € df (x) contradicting the assumption. Hence, & €
afi(x)\ray 9f (x).

By Lemma 8 there exists d € R” such that d”& > O and d’¢ < Oforall ¢ €
ray 3f (x)\ {0}. Thus, f°(x;d) > O and f°(x; d) < 0. This means that there exists
to > O such that f(x 4+ tyd) < f(x). By f°-pseudoconvexity f;(x + tod) > fi(x).
Hence f(x + tod) < fi(x + tod). This contradiction proves the theorem. m|

Due to the fact that the sum of f°-pseudoconvex functions is not necessarily f°-
pseudoconvex we need the following property.

Definition 6 The functions f; : R* — Rfori =1, ..., m are said to be additively
strictly monotone, if forallx,y e R*and }; > 0,i =1,...,m

Donifiy) <Y nifitx) implies  fi(y) < fi(x).
i=1 i=1

Theorem 15 Let f; : R" — R be f°-pseudoconvex and additively strictly
monotone, and let ;j > 0 foralli =1, ..., m. Then the function

f) =) nifitx)
i=1
is f°-pseudoconvex.

Proof According to Theorem 4 f is locally Lipschitz continuous. Suppose that
f(y) < f(x). Then the additive strict monotonicity implies that for all i =
1,...,m we have

fi(y) < fi(x). 13)

From Theorem 1 (iii) and 4, nonnegativity of A;, f°-pseudoconvexity of f;, and (13)
we deduce that
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foasy —x) =max{ET(y —x) | § € 0f (x))

<max{E"(y—x) [ €D 1dfi(x))

i=1

= max [(08) 5 -0 18 € 30
i=1

IA

m
Ao max El(y—x
21: l gieafi(x)gl (y )

1

Il
.MS

I
—_

rMiffe;y—x) <0.

Thus, f is f°-pseudoconvex. O

4 Generalized Quasiconvexity

The notion of quasiconvexity is the most widely used generalization of convexity
and there exist various equivalent definitions and characterizations for it. Next we
recall the most commonly used definition (see e.g. [2]).

Definition 7 The function f : R" — R is quasiconvex, if for all x, y € R" and
A el0,1]

fOx + (1 =2y =max{f(x), f(»)}

Remark 2 Lemma 5 implies that f°-pseudoconvex function is also quasiconvex.

The previous definition of quasiconvexity does not require any differentiability
assumptions (cf. pseudoconvexity). Next we will give a well-known geometrical
characterization to quasiconvexity.

Theorem 16 A function f is quasiconvex, if and only if the level set levy f is a
convex set for all @ € R.

Proof Let f be quasiconvex, x, y € levy f, A € [0, 1] and @ € R. Then

fOx + (1 =21)y) <max{f(x), f(y)} < max{a, a} = a,

thus Ax + (1 —A)y € levy f.

On the other hand, let levy, f be a convex set for all « € R. By choosing B :=
max { f(x), f(y)} we have x,y € levg f. The convexity of levg f implies, that
Ax + (1 — 1)y €levg f forall A € [0, 1], in other words
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Jx + A =21y < B =max{f(x), f(»)} 0
We give also a useful result concerning a finite maximum of quasiconvex functions.
Theorem 17 Let f; : R" — R be quasiconvex at x foralli = 1, ..., m. Then the
function

fx):=max{fi(x)|i=1,...,m}

is also quasiconvex.
Proof Follows directly from the definition of quasiconvexity. O

The concept of quasiconvexity has been studied by many authors (see [21]
and references therein). The Dini directional derivatives were used in the char-
acterization of quasiconvexity for radially lower semicontinuous functions in [8].
Analogously to the Definition 4 we can define the corresponding generalized
concept, which is a special case of h-quasiconvexity defined in [12] when 4 is the
Clarke generalized directional derivative.

Definition 8 A function f : R" — R is f°-quasiconvex, if it is locally Lipschitz
continuous and for all x, y € R”

f(y) < f(x)  implies  f°(x;y—x)<0.

Similarly to f°-pseudoconvexity, the reasoning chain may be converted.
Lemma 9 The locally Lipschitz continuous function f is f°-quasiconvex, if and
only ifforallx,y € R"

fex;y—x)>0 implies fOy) > fx).

Proof Follows directly from the definition of f°-quasiconvexity. O

A locally Lipschitz continuous and quasiconvex function can be expressed similar
to Definition 8.

Definition 9 A function f : R" — R is [-quasiconvex, if it is locally Lipschitz
continuous and for all x, y € R”

f(y) < f(x)  implies  f°(x;y—x)<0.

Remark 3 Definitions 8 and 9 imply that an f°-quasiconvex function is I-
quasiconvex.

The are different definitions for f°-quasiconvexity in the literature. For instance,
if the results given in [14] are converted to the case we are considering (i.e. locally
Lipschitz continuous functions and Clarke subdifferential) the f°-quasiconvexity
defined in [14] is the same as our 1-quasiconvexity. On the other hand, in [14] the
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function class we call f°-quasiconvex is called f°-protoconvex (see also [13]).
These different naming possibilities arise from the fact that for a differentiable
function the definitions of 1-quasiconvexity and f°-quasiconvexity are equivalent as
noted, for example, in e.g. [7]). Hence, the quasiconvexity can be straightforwardly
generalized by using either definition.

Next, we prove that I-quasiconvexity coincides with quasiconvexity in locally
Lipschitz continuous case. This result can be found in [9, 20].

Theorem 18 If a locally Lipschitz continuous function f : R" — R is quasiconvex
then it is l-quasiconvex.

Proof Let f be locally Lipschitz continuous and quasiconvex. Let x,z € R” be
such that f(z) < f(x). Since local Lipschitz continuity implies continuity there
exists ¢ > O such that f(z +d) < f(x +d) for alld € B(0; ¢). For generalized
directional derivative f°(x; z — x) we have

f°(x;z—x) = limsup fO+tz—x) - fQ)

y—x t
110

. fO+tz—x+y—y)—f»
= lim sup

y—ox t
t}0

i fA=Dy+tz+y—x)—f()
= lim sup

y—>x t
t10

When r € (0, 1) and y — x € B(0; &) the quasiconvexity of f implies

fA=-Dy+tz+y—x)— f(y)
t
max {f(y), fG+y—x)}—f(y—x+x)
t
max {0, f(z+y—x)— f(x +y—x)} _
t

0

Passing to the limit # — O and y — x we get f°(x;z — x) < 0. Thus, f is I-
quasiconvex. O

Theorem 19 [f function f : R" — R is l-quasiconvex then it is quasiconvex.

Proof On the contrary assume that an 1-quasiconvex function f is not quasiconvex.
Then there exist x, y € R” and 2 € (0, 1) such that f£(¥) > max {f(x), f(»)},
where ¥ = Ax + (1 — A)y. Without a loss of generality we may assume that f(x) >
f(y). Lemma 3 implies that there exists X € (x, x), for which

f(X)> f(x) and f°(x;x —x)>0.
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Denote ¥ = Ax + (1 — X) y, where A € (A, 1). From the definitions of points X and
X we see that

¥—x=(1—-X)(py—x) and y—%=Ar(y —x)
Thus,

1_x( ¥)
X—x=——(y—x
5 Yy

and
o =X . . s
0< fo(x;x —x)= Tf°(x; y—X).
Thus, 0 < f°(x;y — x) and f(¥) > f(x) > f(y) which contradicts the I-

quasiconvexity of function f. Hence, f is quasiconvex. O

Corollary 1 A function f : R* — R is locally Lipschitz continuous and
quasiconvex if and only if it is I-quasiconvex.

Proof The result follows directly from Theorems 18 and 19. O
Corollary 2 If f is f°-quasiconvex, then f is quasiconvex.
Proof The result follows from Remark 3 and Theorem 19. O

Similar to the pseudomonotonicity there exists a concept of quasimonotonicity
(see [12, 20]).

Definition 10 The generalized directional derivative f° is called quasimonotone,
if forallx, y e R"

f°x;y—x)>0 implies ffx—y) <0
or, equivalently

min {f°(x; y —x), f°(y;x —y)} <0.

Note that analogously to the pseudomonotonicity (see Definition 5) we could define
also the strict quasimonotonicity, but it would be equivalent to the pseudomono-
tonicity.

It turns out that the generalized directional derivative f° of the function f :
R" — R is quasimonotone if and only if the function is locally Lipschitz
continuous and quasiconvex. The following two results have been proven for lower
semicontinuous functions in [15]. The proofs use subdifferential that is applicable
for l.s.c. functions and they are more complex than the ones given below.
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Theorem 20 If f° is quasimonotone, then f is quasiconvex.

Proof Let us, on the contrary assume, that f is not quasiconvex. Then there exist
x,y € R" and A € (0, 1) such that

f@) > fx) = fy),

where ¥ = x + A(y — x). Then by the Mean-Value Theorem 5 there exist ¥, ¥ € R”
such that

f@E = fy)edf® & —y)
and

f@ - fx) eaf®" @ -x),
where

f:x—ki(y—x), F=x+i(y—-x), O0O<i<i<i<l.

This meansNthat, due to the definition of the Clarke subdifferential, there exist é €
df(x) and & € df (X) such that

0<f@—fN =8 @—y) < fPEF—y=>1-0)fGEx—y)
and
0< f@—f)=F @—x) < foFF—x)=Af@Fy—x)

by the positive homogeneity of d — f°(x; d) (see Theorem 1 (i)). Then we deduce
that

fe@F—%) =G —Df@Fx—y >0
and
feEE—F) =GR - fFy—x) >0,

which contradicts the quasimonotonicity. Thus, f is quasiconvex. O

Theorem 21 If function f : R" — R is locally Lipschit; continuous and
quasiconvex then the generalized directional derivative f° is quasimonotone.

Proof On the contrary, assume that f° is not quasimonotone. Then there exist
x,y € R" such that f°(x; y —x) > 0and f°(y; x —y) > 0 Let
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§ =min{f°(x;y —x), f2(y;x — y)}.

Let &1 > 0 be such that the local Lipschitz condition holds in the ball B(x; 1)
with Lipschitz constant K. Correspondingly, let &2 > 0 be such that the local
Lipschitz condition holds in the ball B(y; e2) with Lipschitz constant K. Let
K = max {K, K3} and ¢ = min {%, £1, 82}. According to Lemma 1 there exists
a sequence (z"l), such that f is differentiable, lim;_, o zﬁ =xand anindex / € N
such that

FEsy—x)=vfE) (y—x) >

N o

when i > [I. Similarly, there exists a sequence (zé), such that f is differentiable,
lim; zé = y and an index J € N such that

: , 5
fl@px—y»=Vfe)'x—y > 5

when j > J.Letz) € B(x;e)N{(z}) |i > I} and z € B(y; &) N {@ 1j> J}.
Due to symmetry we may assume that f(z1) > f(z2) without a loss of generality.
According to Lemma 2

|f'@iz2—z) = feuy—®)|<Klzza—z1 = (y =20l

F) F)
<Kl|x - K |zo — 2K— = —.
<Kl|x—-zil+Klz2—yll < AR

Since f'(z1;y — x) > % also f'(z1;z2 — z1) > 0. Thus, there exists A € (0, 1)

such that

fz1+A(z2—2z1) > f(z1) > f(z2),

which contradicts the quasiconvexity. O
Corollary 3 A function f is l-quasiconvex if and only if f° is quasimonotone.
Proof The result follows from Corollary 1 and Theorems 20 and 21. O
Corollary 4 If f is f°-quasiconvex, then f° is quasimonotone.

Proof The results follows from Remark 3 and Corollary 3. O

By Corollary 2 f°-quasiconvex function is quasiconvex. The next result shows,
that for a subdifferentially regular function quasiconvexity and f°-quasiconvexity
coincides.

Theorem 22 If f is both quasiconvex and subdifferentially regular, then f is f°-
quasiconvex.
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Proof Due to the subdifferential regularity f is locally Lipschitz continuous.
Suppose, that f(y) < f(x). Then the subdifferential regularity and quasiconvexity
implies, that

fx+t(y—x))— f(x)
t

f°(x;y—x)=f(x;y—x)=1tif8

. fay+d-0x)—fx) _ . fx) - fx)
= lim <lim—— =0
110 t t}0 t
in other words, f is f°-quasiconvex. O

Corollary 5 A subdifferentially regular I-quasiconvex function is f°-quasiconvex.
Proof The result follows from Corollary 1 and Theorem 22. O

Corollary 6 A subdifferentially regular function f with quasimonotone f° is f°-
quasiconvex.

Proof The result follows from Corollaries 3 and 5. O

In Theorem 22 the subdifferential regularity cannot be omitted, which can be seen,
for instance, by considering the following example:

Example 1 Define f : R — R such that

|x], x € (—o0, 1)
fx) =11, x €[1,2]
x—1, x € (2, 00).

Then f is clearly locally Lipschitz continuous and quasiconvex. However, by taking
x:=1landy:=2wehave f°(x;y —x) = f°(1; 1) =1>0,but f(y) = f2) =
1 1 = f(1) = f(x) and thus, due to Lemma 9, f is not f°-quasiconvex.
Note that f is not subdifferentially regular since f'(1;1) = 0 # 1 = f°(1; 1).
Furthermore, f is not f°-pseudoconvex, since 0 € df (1) = [0, 1] although x = 1
is not a global minimum (cf. Theorem 9).

As stated in Corollary 5 the subdifferential regularity ensures that the 1-quasicon-
vexity implies f°-quasiconvexity. In [12] it was show that also the following
nonconstancy property has the similar consequence.

Definition 11 A function f : R" — R is said to satisfy nonconstancy property (in
short, NC-property), if there exists no line segment [a, b] along which f is constant.

Definition 11 is somewhat restrictive as, for example, f : R? — R such that
f(x,y) = x does not satisfy it. This leads us to generalize the concept to be more
applicable to this kind of functions.
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Definition 12 A function f : R” — R is said to satisfy generalized nonconstancy
property (in short, GNC-property) if there does not exist x € R"” and ¢ > 0 such
that f(y) = f(x) forall y € B(x; ¢).

If f: R" — R satisfies NC-property it satisfies GNC-property. The function
f(x,y) = x shows that converse is not true. For R — R functions these two
concepts coincide.

It is good to note that the subdifferential regularity and the GNC-property are
two separate concepts. An example of function which is subdifferentially regular
but does not satisfy the GNC-property is

x+D? | ifx<-—1
g1(x) =10 Jif —l<x<1.
x=1D2 ,ifx>1

On the other hand, the function

2x L, ifx <0
g(x) =1, )
3X , ifx >0

possesses the GNC-property but it is not subdifferentially regular since g5(0; 1) =
2# 5 =g(0; ).

Next we will show that I-quasiconvex function satisfying GNC-property is f°-
quasiconvex.

Theorem 23 Let f be an l-quasiconvex function that possesses the GNC-property.
Then it is f°-quasiconvex.

Proof If f is not f° -quasiconvex then there exist x, y € R” such that f°(x; y —
x) > O0but f(x) = f(y).

Suppose that f(x) is the global minimum value of f. By the similar deductions
used in Lemma 6 there exist z € R” and 0 < u < 1 such that

fluz+ A =y > f(z). (14)

Since f(x) = f(y) is the global minimum value we also have f(z) > f(y). This
and (14) contradicts with the definition of quasiconvexity.

Suppose then that f(x) is not the global minimum value of f. By continuity
of f° as a function of d there exists ¢ > 0 such that f°(x;d) > O foralld €
B(y —x; ¢). Then, by the l-quasiconvexity of f there exists § > 0 such that f(y) >
f(x) = f(y) forall y € B(y;d). Since there exists z such that f(z) < f(x),
the continuity of f implies there exists y > 0 such that f(z) < f(x) forall 7 €
B(z; y). Furthermore, there exist w € R” and r > 0 such that

B(w;r) C B(y;8) Nconv {{y}, B(z; y)}. (15)
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Since B(w;r) C B(y;é), we have f(w) > f(y) for all w € B(w;r). By
inclusion (15), for any w € B(w;r) there exist Z € B(z;y)and 0 < A < 1
such that w = Ay + (1 — A)Z. By the quasiconvexity of f we have f(w) <
max { f(y), f()} = f(y). Hence, f(w) = f(y) for all w € B(w; r) contradicting
the GNC-property assumption. O

Corollary 7 If f° is quasimonotone and f possesses the GNC-property, then f is
f°-quasiconvex.

Proof The result follows from Corollary 3 and Theorem 23. O

Example 2 Consider the following function

max {x,y}, x<0,y<0

2

o, x<0,y>
fy =17,

X2, x>0,y <

v+ x2, x>y>0

The function f is l-quasiconvex as it is locally Lipschitz continuous and the level
sets are convex. It does not possess the NC-property since f(x,y) = 0 for all
(x,y) € [(0,—1),(0,0)]. Furthermore, f is not subdifferentially regular since
f7((0,0); (1,0)) =0, but £°((0, 0); (1, 0)) = 1. However, the GNC-property holds
and consequently f is f°-quasiconvex.

Example 3 Consider the function in Example 1. Its generalized directional deriva-
tive is quasimonotone since the function is quasiconvex and locally Lipschitz
continuous. However, the function does not satisfy the (generalized) nonconstancy
property and, thus, it is not guaranteed to be f°-quasiconvex. As shown in
Example 1 the function is not f°-quasiconvex.

The next results concerning the verification of the f°-quasiconvexity are,
analogous to those of f°-pseudoconvexity.

Lemma 10 A locally Lipschitz continuous function g : R — R is increasing, if and
onlyif¢ > 0 forall ¢ € 0g(x) and x € R.

Proof The proof is almost similar to that of Lemma 7 by changing the symbols <
and <. O

Theorem 24 Let h : R" — R be f°-quasiconvex and g : R — R locally Lipschitz
continuous and increasing. Then the composite function f .= goh : R" — R is
also f°-quasiconvex.

Proof The proof is similar to that of Theorem 12. O
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Theorem 25 Let f; : R" — R be f°-quasiconvex foralli = 1, ..., m. Then the
function

fx):=max{fi(x)|i=1,...,m}

is also f°-quasiconvex.
Proof The proof is similar to that of Theorem 13. O

As in the case of f°-pseudoconvexity, the following property guarantees that the
sum of f°-quasiconvex functions is also f°-quasiconvex.

Definition 13 The functions f; : R* — Rfori = 1, ..., m are said to be additively
monotone, if forallx,y e R*and X; >0,i =1,...,m

Donifiy) <Y Mifitx)  implies  fi(y) < fix).
i=1 i=1

Theorem 26 Let f; : R" — R be f°-quasiconvex and additively monotone, and
Xi > O0foralli =1,..., m. Then the function

m
) =) " nifix)
i=1
is f°-quasiconvex.
Proof The proof is similar to that of Theorem 15. O

Finally we study the relations between pseudo- and quasiconvexity. According to [2]
for differentiable functions pseudoconvexity implies quasiconvexity. Also, It turns
out that f°-pseudoconvexity implies f°-quasiconvexity. A proof for quasiconvex,
not necessarily locally Lipschitz continuous, functions can be found in [13].

Theorem 27 An f°-pseudoconvex function is f°-quasiconvex.

Proof On the contrary, assume that an f°-pseudoconvex function f is not f°-
quasiconvex. Then, there exist points x, y € R” such that f°(x,y —x) > 0
and f(x) = f(y). According to Lemma 6 this is impossible for f°-pseudoconvex
function. Thus, f is f°-quasiconvex. O

Corollary 8 If f° is pseudomonotone then it is also quasimonotone.
Proof The result follows from Corollary 4 and Theorems 10 and 27. O
The next example shows that the result in Theorem 27 cannot be converted.

Example 4 Define f : R — R such that f(x) := x3. Clearly f is quasiconvex
and as a smooth function also subdifferentially regular. Thus, by Theorem 22 it is
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f°-quasiconvex. However, by taking x := 0 and y := —1 we have f°(x; y —x) =
f°0; —=1) =0,but f(y) = f(—1) = —1 2 0 = f(0) = f(x) and thus, due to
Lemma 4, f is not f°-pseudoconvex.

If a quasiconvex function f is continuously differentiable and V f(x) = 0 only
if x is a global minimum, f is pseudoconvex. Similar result holds for generalized
convexities, which was proved for radially upper semicontinuous functions in [14].
The proof given below is quite similar to that in [14].

Lemma 11 Let f be l-quasiconvex and x,y € R". If f(y) < f(x) and 0 ¢ 9f (x)
then f°(x;y —x) <O.

Proof Suppose f(y) < f(x)and 0 ¢ df (x). By continuity of f there exists r > 0
such that f(z) < f(x) forallz € E(y; r).

Let & € 3f (x) be arbitrary. Since 0 ¢ 9f (x) we may define y = y + %r. The
l-quasiconvexity of f and the inequality f(y) < f(x) imply that

fox;y—x)<0. (16)

By the basic properties of the Clarke generalized directional derivative, inequal-
ity (16) implies ET(& —x) < 0. Thus,

Ey-x)=¢6"0G - %r —x)=—rlEl+E"(—x) < —rl&l.

Since 0 ¢ 0f (x) we have —r ||&|| < 0. Thus,

°(x:y—x)= max ¢/ (y—x)< max —r|¢]| <O,
frley Ceaf(x); Y cedf(x) d

proving the lemma. O

Theorem 28 If f is I-quasiconvex and 0 € df (x) implies x € R" is a global
minimum point, then f is f°-pseudoconvex.

Proof Letx,y € R" be such that f(x) > f(y). By assumption 0 ¢ 9f (x). Then,
Lemma 11 implies f°(x; y —x) < 0. O
5 Concluding Remarks

To the end we summarize in Fig. 1 all the considered relationships.
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Fig. 1 The relations between considered function classes. 1) demands continuous differentiability.
2) demands local Lipschitz continuity. 3) demands GNC-property or subdifferential regularity. 4)
demands that 0 € df (x) implies x is a global minimizer
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1 Introduction

The prevalent way to analyze the ubiquitous wave breaking for the Camassa—
Holm (CH) equation, is to transform the original equation from its Eulerian
variables into a new coordinate system, e.g. in Lagrangian variables. The reason
for the transformation is that while the solution develops singularities in Eulerian
coordinates, the solution remains smooth in the Lagrangian framework. This invites
the question of a closer analysis of the transformation between the Eulerian and the
Lagrangian variables. That is the goal of the present paper.

A two-component generalization of the CH equation was introduced in [30,
Eq. (43)], and we will study the above question in this setting. It turns out that
this system, denoted the two-component Camassa—Holm (2CH) system, has a
regularizing effect on the original CH equation as long as the density p remains
positive. To set the stage, we recall that the 2CH system can be written as

U +uuy + P, =0, (1a)
pr + (up)y =0, (1b)

where P is implicitly defined by

1 1
P = P =u+ui+2p )
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The original CH equation [4, 5] is the special case where p vanishes identically. The
CH equation possesses many intriguing properties, and the main challenge when one
considers the Cauchy problem, is that the solution develops singularities in finite
time, independent of the smoothness initially. This singularity is characterized by
the H'-norm of the function u remaining finite, while the spatial derivative u, goes
to negative infinity at a specific point at the time of wave breaking. The structure of
the points of wave breaking may be intricate [13]. The behavior in the proximity of
the point of wave breaking, and, in particular, the prolongation of the solution past
wave breaking, has been extensively studied. See, e.g., [2, 3, 6-8, 10, 12, 14-25, 27—
29] and references therein. The key point here is that past wave breaking uniqueness
fails, and there is a continuum of distinct solutions [19], with two extreme solutions
called dissipative and conservation solutions, respectively. The various solutions can
be characterized by the behavior of the total energy, as measured by the local H'
density of the solution u#. As mentioned above, the density p has a regularizing
effect on the solution: If p is positive on the line initially, then the solution will
not develop singularities [9, 16]. A local result, saying that if p initially is smooth
on an interval, then the solution will remain smooth on the interval determined by
the characteristics emanating from the endpoints of the original interval, can be
found in [16, Thm. 6.1]. This is surprising, as the 2CH system has infinite speed of
propagation [26].

In this paper we study in detail the relation between the Eulerian and the
Lagrangian variables, and, in particular, the stability of solutions in the two
coordinate systems. Two aspects are considered. First one may ask if the solution
of the 2CH system will converge to a solution of the CH equation in the limit when
the density p vanishes, and if so, to which of the plethora of solutions. This problem
has also been studied in [16]. We show that the limit is the so-called conservative
solution of the CH equation where the energy is preserved, see Theorem 7. The
second question addresses the relation between stability in Eulerian variables and
stability in Lagrangian variables in general. The short answer is that the two notions
are equivalent. This result can hardly be considered surprising. However, as each of
the norms for the variables is rather intricate, and the relation between them is highly
nonlinear, the actual proofs are considerably more technical than we expected. In
part, this is due to the fact that the solution does develop singularities in Eulerian
coordinates, while it remains smooth in the Lagrangian framework. We have chosen
to give rather detailed proofs, as we find that eases the understanding. Each proof is
broken down into shorter technical arguments for the benefit of the reader.

Let us describe more precisely the content of this paper. A key role is played
by the non-negative Radon measure p with absolutely continuous part pe =
(u)zc +5%)dx. Here p — p is areal constant, and f is square integrable. The dynamics
between the singular and absolutely continuous part of the measure encode the wave
breaking. In Sect. 2 we consider the Cauchy problem for the CH equation with initial
data (u, ). We mollify these data to obtain a sequence (i, pp, Ln) With positive
density p,. The main result in this section, Theorem 1, shows that indeed u,, — u in
H' while p, — 0, and 11, ((—00, x]) = ((—00, x]) at points of continuity of the
limit. In Theorem 7 we prove that the same result applies to the solution of the initial
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value problem. More specifically, we show (in obvious notation) that the solution
(Un(t), pu(t), nny(t)) of (1) with initial data (4o, po.n, Ho,n) Will converge to the
conservative solution (u(#), w(¢)) with initial data (ug, ;o). In Sect.3 we study
how this approximation by a mollification procedure carries over in Lagrangian
coordinates. To detail this, we first need to recall the transformation between
Eulerian and Lagrangian variables. We are given the pair of functions (u, p) €
H' x L? (Bulerian variables). For simplicity we let p = p. In addition, we need
the energy density in the form of a positive Radon measure x, that was introduced
above, such that the absolutely continuous part equals (e = (u% + p?)dx. The
characteristic is given by y(&) = sup{y | u((—o0, ¥)) + y < &}. The Lagrangian
velocity, energy density, and density read U = u(y), h =1 — yg, and r = p(y)ye,
respectively. The full set of Lagrangian variables is then X = (y, U, h,r). We
write X = L((u, p, n)), and (u, p, u) = M(X). There is a lack of uniqueness
in this transformation, corresponding to the fact that a particle trajectory can be
parametrized in several distinct ways. In our context we denote this by relabeling.
Thus M o L = id, while L o M is only the identity on the equivalence classes of
Lagrangian functions that correspond to one and the same Eulerian solution, see
[27, Thm. 3.12]. We prove that the convergence (u, pn, Un) — (1,0, n) implies
that X,, — X (in obvious notation) in the appropriate norm, see Theorem 3. The
proof is surprisingly intricate and applies the notion of relabeling.

The situation is turned around in Sect. 4, where we consider an arbitrary sequence
of Lagrangian coordinates X, that converges to X, thus X,, — X in an appropriate
norm. It is then shown that the corresponding Eulerian variables (u,, pn, iUn)
converge to (u, p, i), see Theorem 4. In Sect. 5 we study how general convergence
in Eulerian coordinates carries over to Lagrangian variables. To be more specific,
consider a sequence (u,, pn, 4y) that converges to (u, p, ). Then we show in
Theorem 5 that the corresponding Lagrangian coordinates converge. Here it is not
assumed that the sequence (u,, pn, (Ln) i a mollification of (u, p, ). Finally, in
Sect. 6 we consider the time-dependent case. Consider a sequence of initial data
(Un.,0, Pn.0, n,0) that converges to (uo, po, to) in 2. In Theorem 6 it is shown
that the corresponding solutions converge for each fixed positive time. The proof
transfers the convergence issue from Eulerian variables to Lagrangian coordinates,
analyzes it in these variables, and finally translates the result back to the original
variables.

2 Approximation in Eulerian Coordinates

The aim of this section is to show that any initial data (u, 0, i) of the CH equation
can be approximated by a sequence of smooth initial data (u,, p,, 1) of the 2CH
system. We start by introducing the Banach spaces needed in this context, before
recalling the definition of the set of Eulerian coordinates for the 2CH system (and
hence also for the CH equation). Thereafter we state and prove the approximation
theorem.
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Let
LR = {p € L1, (R) | p(x) = p(x) +k, p € L*(R), k € R}. 3)

Then we can associate to any p € Lgonst(R) the unique pair (p, k) € L?R) x R.
Thus, if we equip Lgonst(R) with the norm

ol 2, = 1Al + IKl, 0)
then L2 (R) is a Banach space.
We are now ready to introduce the set of Eulerian coordinates of the 2CH system

(and hence also of the CH equation). The case of the CH equation corresponds to
p(x) =0forall x € R.

Definition 1 (Eulerian Coordinates) The set & is composed of all triples
(u, p, ) such that u € H'(R), p € L2 _(R), and p is a positive finite Radon

const
measure whose absolutely continuous part (1, satisfies

Mae = (4} + p7)dx.

We write F(x) = u((—o0, x]).

We will need a standard Friedrichs mollifier ¢ € CZ°(R), chosen in such a way
that ¢(x) = ¢(=x) = 0, lpll ;1 = 1, ¢'(x) > O forx € (—1,0), and supp(¢) =
(-1, 1].

Theorem 1 Given (u, 0, u) € 9, let (uy,, pn, n) be given through

up(x) = /RM)(n(x = y)u(y)dy, (5a)
1 : y Y\ a2\ 12
oo = (55 + [0 = Dy = ([ o0 - Dan?) " sw)
n R n R n
1
= - + Ial’l(x)’
n
Hn(x) = up () + Py (x). (5¢)

Define moreover

Fu(x) = pn((—00, x]).

Then (uy, pn, Ln) € 2 is a sequence of smooth functions, which approximates
(u, 0, n) in the following sense:

Up > u in Hl(]R),

F,(x) — F(x) forevery x at which F is continuous.
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Proof We split the proof into several steps.

Step 1: Approximation of # by Smooth Functions u,, By assumption we have
u € H'(R). Thus, application of Minkowski’s inequality for integrals and the
dominated convergence theorem yield that u, defined in (5a) converges to u in
H'(R). Moreover, the smoothness of ¢ implies that u,, € C*°(R).

Step 2: Construction of Some Auxiliary Functions and Measures We start by
defining the auxiliary function

Fp(x) = /R ng(n(x — y))F(y)dy. (6)

Then £, is smooth and converges pointwise to F at every point x at which F is
continuous. Now recall that F(x) = w((—o0, x]) and denote by g the purely
discrete part of the finite Radon measure u. Then g can be written as an at most
countable sum of Dirac measures, the positions of which coincide with the set of
discontinuities of F. In particular, F is continuous almost everywhere, and thus Fy,
converges to F' pointwise almost everywhere. Define moreover

fin(x) = /Rn2¢'(n(x —Y)F(y)dy = /Rnfb(n(x —y)du(y) = 0. (7

Then we obtain by Fubini’s theorem that H[Ln ”Ll = ||u]l foralln € N.

As a next step, we will associate a sequence of densities g, to (uy, fi,). To that
end, we note, using the Cauchy—Schwarz inequality and the fact that ||¢||;1 = 1,
that

/R¢(Z)u)2c (x — g)dz — </qu(z)ux(x _ 2)d2)2
> /R¢(Z)M)26 (x — §>dz — </R¢>(z)dz> (/ﬂ@d)(z)ui (x — %)dz) =0.

As a consequence, as [ is a positive Radon measure and g = u%dx, we see that

fn(x) = /RM)(n(x —y)du(y) > /Rnrb(n(x — y)dpac(y)
2

= [ notx =y = ([ ngm = s ay)
R R
and we may define g, to be the non-negative root of
B () = fn () = uj ( (2). ®)

Note that by construction /3,% e L'(R) and ,5,% € C*°(R). The function g, itself need
not be smooth, though.
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Step 3: Smooth, Approximating Sequences p, and u,, Let p, be defined by (5b),
then

1
Pr(0) = P + —. )

In particular, p, is well-defined, since the term within the square root is always
positive. Furthermore, we can decompose p,, as

1
Pn(x) = = + pp(x).
n

Then

_ |V BN V!
) = ——+ (5 +41@) =0,

where we always take the positive root on the right-hand side. Since ,6,% is smooth
and the term within the square root is bounded away from zero, it follows that p,, €
C°°(R) and consequently also i, € C*°(R). Note also that this implies that

1
on(x) > — forallx € R. (10)

n

Moreover, we have that

pr(x) + gﬁn(x) = p2(x), (11)
which in particular implies that
p2(x) < p2(x) forallx € R. (12)
Next, we see, using the definition of w, in (5c) and the Egs. (12) and (8), that
[n (X) = up (X) + pp(x) < up  (x) + pp(x) = fin(x) (13)

for all x € R. As a consequence,

Hun,x”iz + ”,@1”%2 = llpnll = ||l,ln ” =l (14)

which in particular shows that w, is a finite Radon measure, but also that p, €
L%(R) and therefore p, € L2, (R).

So far, we have shown that (u,, pn, 1,) is a sequence of smooth functions
contained in 2, and that u, — u in H!(R). It now remains to show that F, (x) —
F(x) at every point x at which F is continuous, which is in this case equivalent to
un — n weakly, cf. [11, Props. 7.19 and 8.17]. This means we have to prove that
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/III(X)d/Ln(x) - / Y(x)dp asn— oo (15)
R R
for all € C2°(R). To that end observe first that, due to (5¢), (8), and (11), we have
2
/ Y (xX)dpy (x)dx = / Y (x)dfin(x) — —/ ¥ (x)pn(x)dx. (16)
R R nJr
We already know that (1, — u weakly, that is,
/wmdan(x) - / Y(x)du(x) asn — oo, a7
R R

for all ¥ € CZ°(R). Moreover we obtain from (14) and the Cauchy—Schwarz
inequality that

2 - 2 12
< . N2 llonll2 < . il 2 Il = — 0

2
‘—/ Y (x)pn(x)dx
n Jr

for all ¢y € CZ°(R), which concludes the proof.

Remark 1 Note that one can show that the function %,5” converges pointwise to 0.
Indeed, according to (8) and (11), we have

0 < pp(x) < pp(x) = fin(x) — 1y ((x) < fn(x). (18)

Moreover, from (7) we get
L) =+ /0 d@(F(x—2) = Flx+5))az < Do, (9
n2"" nJ_y n n T '

Thus combining (18) and (19) yields that the sequence % Pn 1s uniformly bounded
and that

1_ o
—pn — 0 pointwise as n — oo.
n

Remark 2 In the next section we are not only going to use the splitting of [, (x)
into u% ,(x) and ,63()5) as introduced in (8), but also a second one, which we are
introducing next. Namely, let Fg(x) = ps((—o00, x]), where ug denotes the singular
part of the measure p, and let ¢ be the Friedrichs mollifier. Define

iy (x) = / o (D} (x - E)dz (20)
R n

and
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pR(x) = / ng/ () F(x = = )dz, @1
R n
Then

ﬁ,%,x(x) ~|—,5,2,(x) = / n¢/(Z)FS(x _ E)dz_}_/d)(z)ui(x _ E)dz
R n R n
(22)
= / n¢’(z)F(x - i)dz = ().
R n

Remark 3 Let (u,0,u) € 2, n € N, and (u,, pp, uy) € 2 be defined as in
Theorem 1. By construction we then have that u,, o, € C*(R), wu, is absolutely
continuous, and, according to (10), that p,(x) > % for all x € R. Hence [16,
Cor. 6.2] implies that the corresponding solution (u,,(t), 0, (t), i, (¢)) has the same
regularity for all times ¢, and, in particular, no wave breaking occurs.

3 Convergence in Lagrangian Coordinates

The aim of this section is to show that the smooth approximating sequence
constructed in Theorem 1 not only converges in the set of Eulerian coordinates
2 but also in the set of Lagrangian coordinates .%. Hence, we are first going to
introduce the set of Lagrangian coordinates .% and the mapping L from ¥ to .#,
before stating and proving the outlined convergence theorem.

Let V be the Banach space defined by

V={feCM)|fi LR}

where Cp(R) = C(R)NL*®(R) and the norm is given by || flly = Il fll oo+ | fe | ,2-
Let moreover

E=V x H'R) x L*(R) x L*(R) x R,
then E equipped with the norm
1, U, h,r, Ol =Sy + Ul g + all2 + 1712 + 1kl (23)

is a Banach space. Note that we can associate to each (¢, U, h, 7, k) € E the tuple
(y, U, h, r) by setting

y=¢+id and r=7+ky. (24)

Conversely, for any pair (y,r) suchthaty —id € V andr € Lgonst(R) there exists

a unique triplet (¢, 7, k) € [L2(R)]? x R such that (24) holds. For more details we
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refer to [16, Sect. 3]. In what follows we will slightly abuse the notation by writing
(y,U,h,r) € Einsteadof (¢, U, h,7,k) € E.

In addition we have to introduce the set of relabeling functions, which are not
only needed for identifying equivalence classes in Lagrangian coordinates, but also
for determining the set of Lagrangian coordinates.

Definition 2 (Relabeling Functions) We denote by G the subgroup of the group
of homeomorphisms f of R such that

f —id and f~! — id both belong to W!*°(R), (25a)
fz — 1 belongs to L*(R), (25b)

where id denotes the identity function.
Given « > 0, we denote by G, the subset of G defined by
Ge={f€GIIf —idlyi+]| s~ ~id

<k}

wloo

We are now ready to introduce the set of Lagrangian coordinates of the 2CH
system (and hence also of the CH equation). The case of the CH equation
corresponds to r(§) = 0 for all £ € R.

Definition 3 (Lagrangian Coordinates) The set .# is composed of all tuples X =
(v, U, h,r) € E, such that

€ U hor) e W@ x [LY¥®)P, (26a)
ve >0, h>0, ys+h > 0almosteverywhere, (26b)
yeh = Usz + 7% almost everywhere, (26¢)
y+HegG, (26d)

where we denote y(§) = ¢(§) + & and H(§) = ffooh(r/)dn.

Moreover, we set
Fe={XeZF|y+HeG})
Observe that
Fo={XeF|yE +HE) =E&forallé € R} 27)
We note that the group G acts on .# by means of right composition of the form

X=0Q,Uhr)—>Xog:=(yog,Uog,(hog)gs, (rog)ge).
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This group action then allows us to define equivalence classes of Lagrangian
coordinates, where we say that two coordinates X and X are equivalent, if there
exists some g € G such that X=Xo g.

Given an arbitrary X = (y, U, h,r), we note that y + H € G and hence also
y+H )’l € G. In particular, if we introduce

rxX)=Xo(y+H))", (28)

then a short computation yields that I" (X) € .%y. This shows that every equivalence
class X oG of Lagrangian coordinates has a unique canonical representative I"(X) in
. Moreover, it has been shown in [16, Lem. 4.6] that the mapping I'| z, : F —
o is continuous for each x > 0.

Finally we can introduce the mapping L from Eulerian to Lagrangian coordi-
nates.

Theorem 2 ([16, Thm. 4.9]) For any (u, p, u) in 9, let

y(&) =sup{y | u((—o0, y)) +y <&}, (29a)
hE) =1— (), (29b)
U@)=uoy), (29¢)
r) =poy@)ye (). (29d)

Then (y,U, h,r) € Fo. We denote by L: 9 — Fo the mapping which to any
element (u, p, w) € 2 associates X = (y, U, h, r) € % given by (29).

In the case of the CH equation, we have r(§) = O for all £ € R.

Theorem 3 Let (u,0, ) € 2, and let (uy, pn, Un) € 2 be the corresponding
approximating sequence defined in Theorem 1. Moreover, let (y,U, h,0) =
L((u,0, w) and (yn, Up, hn, ra) = L((un, pn, ftn)). Then

ns Uny hpy ) = (y, U, h,0) inE.

Proof Let (u,0, n) € 2 and (u,, pn, hn) € 2 be the approximating series defined
in Theorem 1. Furthermore, let X = (y,U,h,0) = L((u,0,1)) and X, =
n> Uy, By 1) = L((up, pn, 1n)), which yields a smooth sequence in Lagrangian
coordinates, cf. [16, Proof of Thm. 6.1]. However, due to the construction of
our approximating sequence (u,, Pn, Un), it turns out that in order to prove that
X, — Xin Lagranglan coordinates, it is better to introduce another sequence
X,, = (Ju, U,,, n» Tn) which is linked to the sequence X, via relabeling. For
better understanding, we split the proof into several steps. After first defining the
new sequence X1, we show that for every n € N there exists g, € G such that
X,, = X, o g, (Step 1) Thereafter, we establish that X — X in E (Steps 2-9).
Finally, we show that X, > X implies X, — X in E (Step 10). The situation is
also depicted in Fig. 1.
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(tns Py ) — (1,0, 1) S—> Xn =X,08n
tep 1

Theorem 3 l Steps 29l
Step 10

(ynyUnvhl‘hrn) — (y7U7h7r) < (yAIlvUVHiln',fH) — (y7U7h7r)

Fig. 1 Outline of the proof of Theorem 3

SAtep 1: Definition of the Sequence X » and Proof That X n = Xnogn Define!
Fy(x) by

Fax) = /]R np(nx — YEMdy = fin((—00, x]). (30)

such that

futo = [ n(r(e - 2) (e 5))ae

Introduce p3 = fin —ul . Then fiy = uZ  +p7 + %,5,1 =ul +p7 asin (8)~(11).

X

Let now X,, = Pns Uy, hy, #0) € F, where

3n(€) = sup {y | fin((=00, ) +y < £}, (31a)
hn(€) =1 - %in@) — Ine (), (31b)
Un(€) = un 0 u (&), (31c)
Fa(€) = pn © $u(€)In.z (&), (31d)
Fu(€) = pn 0 In(E)In g (). (3le)

We are going to show that we can write )A(n = X, o g, for some g, € G, that is,2

Xn(€) = Gn(&), Un (&), hy (&), 74(£)) (32)

= (yn(8n (&), Un(8n(€)), hn(8n(E))gn.e (§). rn(8n(€))gn 2 (§))
= Xp0gn(é),

IThis construction resembles the one used in Step 2 of the proof of Theorem 1. However, here we
perform the construction in Lagrangian variables.

2Note the factors gy, £(8).
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which implies immediately that X, € .Z and that it belongs to the same equivalence
class as X,,. Additionally, we will show that there exists some « independent of n
such that g, € G, foralln € N.

Since both t,, and f1,, are smooth and purely absolutely continuous, we have that

(&) + Fn(yn(§)) = &, (33)
and
In(&) 4+ Fn(9a(8)) = &, (34)

for all & € R. Moreover, recall that
2 _ N
Un(x) + ;,on(x) = ip(x) forallx e R

according to (11), (8) and (5¢), and 2 pn € L1 (R). Hence we can rewrite (34) as

n

X PG)
ﬁn(E)Jan(E)=%(€)+Fn(ﬁn(§))=§—;/ pn(x)dx = g,(§),  (35)

-0
which defines g, (£). Here I-Aln &) = ffoo fz,, (n)dn. Moreover, using (33) we have
Yn(8n(§)) + Fr(yn(8n(§))) = gn(§) forall§ e R,
and, since id +F,, is strictly increasing, we conclude that
In(€) = yn(gn(§)) forallé R, (36)
which immediately implies that

0}1 (%_) = Up ()A)n(é}_)) = un(yn (gn(g))) = Uy, (gn (S)) for all%‘ eR.

Using (31b), (31d), (35), (36), and (29d) we infer that

. 2
hp(§) =1— ;fn(é) — In,e () = gne(€) — Ine ()
= (1 = yn.£(8n(8)))8n.5(§) = hn(gn(€))gn.e (§). (37

In addition, we see that

fn(%_) = pn(&n(g))fjn,%‘@:) = rn(gn(é:))gn,é(gf)~
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Thus we conclude that }A(n = X, o g, and it remains to show that g, € G for some
k independent of n.

Instead of checking that g, satisfies all the properties listed in Definition 2, we
are going to apply [27, Lem. 3.2]. Namely, if g, is absolutely continuous, g, s — 1 €
LZ(R), and there exist ¢c; > 1 and ¢ > 0 such that % < gne(§) < c1 almost
everywhere and ||g, — id||;«~ < c2, then g, € G, for some k > 0 depending only
on c¢; and c¢;. By construction, )2,, is smooth and therefore g, is smooth and, in
particular, absolutely continuous. Since %ﬁn € L'(R) and f, is strictly positive, we
get from (35) that g, —id € L>°(R), and from (8), (11), and (14) that || g, — id| ;e <
|l2]l. Moreover, using the notation in the proof of Theorem 1, we obtain from (34)
and (8) that

— 1 — = <1.
L2 (9a(®) + P2Gn(®))

ne) = (38)

Thus

L+ ul  ($u(®) + pE(5n(6))
T+ Ll Ga®) + 252 Ga(®))

| =

- L+ i3, Gu(§) + 57 9 ()
T 1R (Gn€) + 55D + 1 onGu(§)

L )
L+ u2  ($u(®)) + A2(9n())

— gne® <1, (39)

due to (11) and (35). Finally, we have to check that g, ¢ — 1 € LZ(R). Direct
computations, using (35) and (38), yield

2 4 [ 5. . 4 [ 5
[ e —17de = 5 [ Bonensieods < [ R,
R n R n R

Thus g, ¢ — 1 € L2(R), since p, € L*>(R). Thus [27, Lem. 3.2] implies that g, is a
relabeling function and that there exists ¥ > 0 independent of n such that g, € G,
foralln e N.

Step 2: The Sequence y,, —id Converges to y —id in L>(R) Recall that we have
by definition that

yE) +Fy@)-) =& <y@E)+ F(y©§) forall§ eR, (40)
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where F(x) = u((—00, x]). Moreover, since (i, (x) is smooth and purely absolutely
continuous, we have

9 + Fa(Gu(€)) =& forall§ eR, 4D
where F),(x) = Ay ((—0o0, x1]). Introducing
G(x):=x+ F(x) and Gu(x):=x+ F,(x), (42)
we conclude that

Gn(Gn(§)) = 9 (&) + En(Gn(£))
! N Z N Z
= [1 9@ (5n(6) = =+ F(5u(6) = =) )dz

= /_llqb(z)G(&n(s) ~ = )dz.

where we used (30). Moreover, since G(x) is strictly increasing and due to (41)
and (42), one has that

N 1 A A . 1
G(34®) = =) < GuGu€) = & < G(5(®) + ). 43)
and by (40) that

GyE)-) =E§=GHE). (44)

Combining (43) and (44) yields on the one hand that

" 1
G(5n (&) — =) <€ = GLE)
n
and on the other hand that
R 1
COE-) =& <G5 + ).

Recalling that G (x), and hence also G (x—), is strictly increasing, we obtain that

1 1
€)== <y <)+ -
n n
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or, equivalently,

L e - <L foralgeRr
n n

In particular, this shows that ||§1n — y||LOO — 0asn — oo.

Step 3: Convergence of ﬁn to hin L1(R) Let
by =1— 3. (45)

To show that ﬁn — hin LY(R) is the main (and most difficult) step.

Due to our change from Eulerian to Lagrangian coordinates, it is not clear at first
sight that hy and h belong to L'(R). We know that hys = USZ, or, equivalently,
h = ng + h?, because Ye +h = 1. However, since Ug and & both belong to L’(R),
it follows that # € L'(R). Combining (45) and (31b), and recalling that XeZ
which implies that (26¢) is satisfied, one obtains

N ~ I 2, ~ 2
hn=hw%$+h%=hwﬁf+;mhf+ﬁn—lﬂg+hf+—MWé+ﬁm (46)

where 7y, by, Upe € LA(R), 2 —rn € L'(R) and $, ¢ € L®(R). Thus also &, €
LY(R). Define

) - :
M@=/ () miH@=/ h(n)dn. @7)

—00

Then the identities H, + 3, = id and H + y = id together with the pointwise
convergence of y, — y imply that H, converges pointwise to H and H,(c0) =
||/L,, ||L1 and H(oco) = ||u||. In particular, this means that H,,(co) = H (co) for all
n € N and hence

|2n] 0 = llAl, neN. (48)

Next we will prove that &, converges to & pointwise almost everywhere, which
will imply that fln — hin L! (R), see [1, Prop. 1.33]. To that end, observe first that
ha(€) — h(§) = Ye(&) — Yp.e(&) for all £ € R. Thus it suffices to show that y, ¢
converges pointwise to yg almost everywhere. Recalling (41), (42), and that J, is
smooth, we see that this is equivalent to showing that

G/ (Pn(€)) — % for almost every & € R. (49)



172 M. Grasmair et al.

Moreover, note that
1
GiGuen =n [ #@6(5u6) - 2 )az
-1 n

=n [ 11 ¢'@ (G (5 — =) —&)dz

2 )A’n(%')+%
=n / . ' (n(3n(€) — 2)(G(2) — §)dz. (50
yn(§)—5

Introducing the strictly increasing function f}(z) = G(z) — &, it follows that we
have to show that

R }A'n(g)'ﬁ'% _ 1
G,(3n (&) = nz/ ¢ (G (§) —2)G()dz > —— (51
Fu(&)—1 ye(§)

for almost every & € R.

In fact, we will show below that (51) holds at every & € R where the function y
is differentiable. Since y is Lipschitz continuous and therefore differentiable almost
everywhere, this will prove the convergence of hy to hin LY(R). In the proof of (51),
we will consider separately the cases where the derivative of y is zero, and where it
is strictly positive.

(a) The Case y:(§) = 0 We have to show that é;,()?,,(é)) — 0o asn — 00. By
assumption yz (§) = 0 and hence for every ¢ > 0 there exists some §; > 0 such that

<y(n)—y($) -
- n—§

Define y, := &6, and let z € R such that |z — y(§)| < y.. In addition, recall (40)
and (42), and observe that y(G(z)) = z forall z € R. If |G(z) — &| < &, we have
by (52) that

0 & whenever |§ — n| < . (52)

G(z) —¢& G(iz)—¢& 1

i—yE  yG@)—yE) &
On the other hand, if |G(z) — &| > &, then

G2 —§& G —§ & 1

= > = -.
=y  lz=y@&Il v ¢

Thus

G(z) — &

——— = > —  whenever |z — y(§)| < ys. (53)
z—y(@) e
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In the remainder of this section we are going to show that there exists a constant
C > 0 independent of n and ¢ such that

N C 2
G, (9n(8)) > — forall n such that = < y,, (54)
£ n

which will prove the claim. Let

Io=={z | 1z=9n®| = IyE) =3 @®} = In @)+t | 1] < [yE) =3} (55)

Direct computations show that for all z € R\ I

¢’ (19 (&) —2)G(2) = 0 (56)

and that

/1 ¢' (G (&) — 2))G(2)dz
0

B@©-y®r
=/ ¢ (n2)G (Y (§) — 2)dz
S AGIG]

5a©-y(®) . o
= /0 ') (GOn(6) —2) = GG (§) +2))dz =0,  (57)

since both terms in the last integral are non-positive on the interval of integration.
Again, we have to consider two situations separately depending on the difference

of y(§) and y,(§).
(a.l) The Case |3, (&) — y(&)| < % We only prove (54) in the case y(&§) < ¥,(§) <

y(E&) + ﬁ and leave the other case, which follows the same lines, to the interested
reader. Using (50), (53), (56), and (57) we have

. y(&) B
G (9n(§)) = n? / ¢ Gn() — )G (@)dz

Yn )_;

+”2/1 ¢ (n(n (&) — 2))G()dz
0

s Fn(@®)+1 o _
+n / ¢ (n(yn(§) — 2))G(2)dz
254 (&)~ (&)

5 yé) R )
zn / )] d)/(n()’n(‘i:) —2)G(2)dz
)7)1 _Z
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y(&)
> nz/ RLCTE 9i2® y(g)
}n(é)

n (Y&
- / d(n(Yn(§) — 2))dz
)n(s)_’

v

S IGEE A
—/ d(n(yn(§) —2))dz
€ Jiue)-1

1 1
- —/ 6z = <
£ % £

with C = f11/2 ¢ (z)dz. Here we applied (53) to G(z) = G(z) — &, which is possible

since we assume that % < Y.

(a.Il) The Case % < |y () —y()] < L ywe only prove (54) in the case y(£) +

n

ﬁ < (&) < yE)+ % and leave the other case, which follows the same lines, to

the interested reader. Due to (56) and (57) we have

R (&) B
G, (&) = nz/ 1 @' (n(In (&) — 2))G(2)dz

€)=y

+n2/l ¢ (n(9 (&) — 2))G(z)dz
0

) Pn(E)+1 -
+n / 8 (1Gn(®) — )G ()dz
25,(&)—y(§)

(&)
> n2 / 8 (16 (®) — 2)G (2)dz
Yn (5)**

1
= [ P @6 ()~ )z
n(Pn )=y () n

Let us turn our attention to the last integral

1
a ¢'@G (&) = = )dz,
n(9a €)=y (&) n
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where n($,(§) — y(§)) € (3, 1). Since G(3,(§) — £) is strictly decreasing and
G(Pn(€) — £—) < Oforall z € [n(Fx (&) — ¥(£)), 1], we have

1
0<n / 8 DG (Gn(®) — 1)z
n(Fn(€)—y(€)) n

1 0
= —n/ / @' (2)dp dz.
nGn &)=y () J GGnE)—2)

Since the area of integration has finite measure and the integrand is uniformly
bounded, we can interchange the order of integration and get

1 0
—n/ / ¢’ (2)dp dz
n(n(E)=y&) JGGn(E)—5)

0 1
= —n/ / i @' (2)dz dp.
G(n (S)—%) max(n (3, (§)—y(£)).n (3, (E)—G~1(p)))

Evaluating the inner integral and using that ¢ (z) is decreasing on [0, 1], we end up
with

0 1
—n /_ / ) ¢'(2)dzdp
G(n(&)— %) max(n (3, (§)—y(€)).n(G. (E)—G~1(p)))

0
=n / L (max((a(®) — yE). n(a®) — G (P)))dp
G =)

0 1
=" s ~
GG ®)— 1) Jmax(n (3, (&) —y(€),nGn(E)=G 1 (p)))

() d
- - = zdp
1 —max(n(3,(§) — y()), n(3n(§) — G~ (p)))
n 0 /1
> = ¢ (z)dzdp
L =n(n) = ¥() JGG, @ -1) JmaxnGa @) —yE).nGa®~G1(p) =

n 1 /0
= p ¢(dpd
1 —=n(ya &) —y(E) /n@n(s)—y@)) GGn(®)—2) :

- " 1 $@G(3u® - = )z
1= 1Gn®) — Y& Juti©r-ven ST )

In the last step we used once more that both the area of integration and the integrand
are bounded, which justifies once more the interchange of the order of integration.
Thus we showed, so far, that
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1

G Guten = [ @G (5@ — =)z

n(9u )=y ()

n

1
~( ~ Z
— Gy, — —)dz.
=TT G ® — @) /n(ﬁn(g)—y(é))¢(Z) (3n® = )z

The last step towards (54) is to replace the interval of integration [n (¥, (§)—y(§)), 1]
by [—1,n(3,(§) — y(&))] and to use (53). To that end observe that we have

1 . 1
[ @6 (5u6) = )iz = GuGuen = = [ prgaz foratie e R
o ) (58)
Since G(3u(§) = £) = G(3u(§) — £) — &, we have

1

(G (&)= y(&) y i
/ QG (5n(6) — = )dz = - / p@G(5a () — = )dz,
! n nGu &)=y (&) n

and, accordingly,

1

. , ) Z
R G(5.8) — =)
S BT CE) n@n@)—y(s»ma (y ® n> ¢
n nGn €)=y (€)) L .
= G . _z d
1 —n(Gn&) — y(&)) /,1 ¢(2) (y &) n) z
n 0 FuE) = —y()
- d
> 1 —nGn &) — y(§)) /—1¢(Z) . z

nGn(€) — y(&) 1 /0
- d
T T nGa® —yEn e ), PO%

1
2¢e

IV
|

’

where we used in the last step that 1< n(3, (&) — y(€)) < 1. This finishes the proof
of (54).

(b) The Case y:(§) = ¢ > 0 By assumption yg(§) = ¢ > 0 and hence for every
& > 0 there exists some &, > 0 such that

y(m) — y(&)

< —
n—§

Let 0 < & < 1 be fixed and define y, := (1 — ¢)cd,. In addition, let z € R be such

that |y(&) — z| < y.. We will first show that |G(z) — &| < &.. Indeed, assume the
opposite. Then, due to (59), if G(z) > £ + §,, we have

(1—¢)c < (1 4+¢&)c whenever |[n —&| < §,. 59)
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2=y(G@) Z y( +8) = y(€) +5:(1 —&)c = y(&) + e,

and, if G(z) <& — &, then

2=y(G(2) =y =8) = y(§) = 8e(l —e)c = y(§) -

Together, these estimates contradict |y(§) — z| < ¥, and hence prove that |G (z) —
&l < 6.
As an immediate consequence, we obtain

(1 —eye < 2O =YE) o whenever |z — y(€)] < 7.

G(z)—¢
and thus, as z = y(G(z)) for all z € R,

1 - G(z)—¢ - 1
(1+4+¢e)c z—y() (1—-2e)c

whenever |z — y(§)] < ve. (60)

In view of the above inequality (60), which will play a key role, we assume
without loss of generality that % < y, for the rest of this section.

The other main ingredient is to establish that lim,_ oo [2(3,(§) — y(&))| = O.
We note here that this fast convergence of y, (&) to y(£) need not necessarily hold
in points & where yg (§) = 0, cf. the remark after this proof. We will only consider
the case y,(£) < y(&¢) and leave the other case, which follows the same lines, to the
interested reader. From (58), we can deduce that

0= /11 $ G ($u(6) — = )dz

}A’n(g)-f—% _
="[ " p(n(Gu(©) — )G
Yiz(f)*;

y(&)
—n / $(nGu(®) — 2)G(2)dz
Yn@)**

@)+ . .
+ n/ ¢ (n(yn () — 2))G(2)dz

()
y(&)
B @
Sn/m@— ¢ (n(Fn (&) ))(IJr 5 dz

)A’n(§)+
+n/ 6(1Gn(®) — ) —2C g,
y(&) (I —e)c
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Pn(E)+1 _
_ n/ S (1Gn(®) — )28
y

(&)~ L (1+e)c
+n/yf;®+'l'¢<n<9n(s> P Eadl [1 - 1i8]dz
S MBS, /y Z)@Hé HR(n(E) — )& — ¥(E)dz
S e een / (SH P E) — 2)
RO -y® | 2

(1+¢)c n(l —&2)c’

where we used (60). Thus

0=y — @) =< (61)

n(l—ze)’

which implies that lim,—, oo n(y(§) — Ya (&) =0.
Let us return to the term G/, (3, (§)). We have from (50) that

In @)+ R 5
o, PG — )G (R)dz
In€)—y

Gl (9a(8)) = n? /

In(E)+5 —
= n? / " 0GuE) - 2
Y

a(E)—1 ¢

ﬁn(%‘H% i -
[0 G - 2 [G(Z)_Z y(é)} .
St 2

1 Sn®)+1 . _
=- +n2/ &' (5 (&) — 2)) [G(z) _ y@)] dz.
¢ In)—5 ¢

Thus (49) will follow if we can show that the last term on the right-hand side tends
to 0 as n — oco. Now observe that (60) implies that

t—y®| _=y®l), _ GE
Cc

~ £
G- P ) A ()

|z — y(®&)I,
Cc

and hence
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‘nz /9"@)+1'1’¢’(n(9n<s> - z))[(;(Z) _iz y@)]dz‘
€)=y -

n2 & )A’n(é:)"r%
< ;1_8/@) 19/ Ga(®) = 2z — y(©)ldz

2 & )A’n(S)-i-% A
=" (1—-e)c / (&) -1 @' (n(Iu(§) — 2))(z — y(§))dz
-3

o E / 16 (G (€) — )|z — y(E)ldz
(I —¢)c Jy

= ° (1 +2n2/ ' (n($n(§) — Iz — y(§)|d1>,
(I—e)c Io

where we used (56).
Recall from (55) that for z € Iy one has

Yn(E) — 192(E) — y(E) < 2 < Iu (&) + |9 (&) — y(&)|
and therefore

4e

Iz = y@EI =213 —y@)I = nd—e)’

where we used (61).
This implies that

A 1 5’n(€)+nl
VAV 2
Grnen — | <] [
¢ Fn®)—1

< € | 8¢ L .
- (1—e)c< " (1—8)”/,'4’ nGn (@) —2)) z)

0
- £ | 16¢ 0
- (1—e)c< +1—s¢( )>’

Since ¢ > 0 can be chosen arbitrarily small, this implies that (A};l (Fn () — % as
n— oo.

To summarise, we have in this step shown that (A;;l (9n (£)) converges to 1/yg (€)
in every point £ € R where y is differentiable. Thus also fzn(é ) converges to i (£) in
all of these points. Together with the fact that ||fzn 1 = ||A]l1 for all n (see (48)),
this shows that ||, — k| ;1 — O.

# (G — |G - w]dz‘
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Step 4: Convergence of ii,, to h in L2(R) Recall that

hy=1—3,¢ and h=1-ye. (62)
Since ﬁn, Vn&, h, and Y all are non-negative, it follows that
0<h,6)<1 and O0<h(E) <1 foralé eR.
Thus we have
~ 2 ~
lfn =Rz < [ =] -

Since we already know that h, — hin L'(R), the claim follows.

Step 5: Convergence of §,; — 1 to y: — 1 in L'(R) N L*(R) By definition we
have

hy=1—3,¢ and h=1-ye.

Since i, — h both in L' (R) and L2(R) the claim follows.
Step 6: Convergence of l?,, toUin L2(R) A proof can be found in [27, Prop. 5.1].

Step 7: Convergence of 17,,,5 to Ug in L*(R) LetS={t R | ve(§) = 0}. Then
Ug (&) = 0 for almost all £ € S, since UEZ = hyg almost everywhere. Thus we have

|One — Ue 32 = /S Uy o (6)de + /S (U — U (§)de. (63)

From (46) and the fact that ;n > 0, it follows that we have for almost every £ € S
that

Up (&) < ha(E)3ne(€) = hn(€) Gung — ye)(€) = h (&) (h — ha) (&),

and, therefore,
[ G2 rde < n =l

since ||ﬁn || [oo = 1. Thus the first integral in (63) tends to 0 as n — oo.

As far as the integral over S¢ is concerned, the proof of the convergence follows
closely the one of r, — 7 in LZ(R) asn — oo in [16, Lemma 6.4], which
we reproduce here for completeness. Note that by definition we have 0,1,5(5 ) =

Un,x (In () In.£ (§) and Uz (§) = ux(y(§))ye (§) for almost every & € S¢, so that
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[Une = Usl 3250, = | Gane © 505 = (0 93 (s
- /S (U 0 30 e G — ve)de
+ ; (tnx © 9n)In.e(Un.x © In — Un.x © ¥)yedE
+ ; (Un,x © ) Ine(Un x 0y — Uy 0 y)yedE
+ /S (a0 073 (% — S
+/Sc(ux 0 y)yg(Ux 0y — ux 0 p)Ined§
+ /Sf(ux 0 ¥) Ve (Ux © I — Unx © In)In ed§. (64)

The first and the fourth term have the same structure, and we therefore only treat the
first one. Since (v © $n)?In.e < hy < 1, we have

H (ttn,x © yn)z)’\ln,g‘(j}n,éf - ys) H ) = ”y&‘ - &n,é “L] s

LI(SC

and thus this term tends to 0 as n — oo. In order to investigate the fifth term we will
use that u, € Lz(R) and therefore there exists for any ¢ > 0 a continuous function
I with compact support such that ||ux —lHL2 < &/(Bmax(l, |luxll;2)). Thus we can
write

H (ux o )’)YS(Mx o y —Ux o yn)},}n,f HLI(SL‘)
= H (ux o y)ys(uxoy — lo Y))A’n,é ||L1(S")
+ [ @xoyedoy —To ) Inel i se,
- R (65)
+ H (ux o y)ys(l o Yp — ux 0 Yn)Yn& ”L](SC)

< lluxll (z||ux — 12+ |70 3 _ioy||L2).

Here we have used in the last inequality that both ye and J, ¢ are non-negative and
bounded above by 1. Since y, —y — 0in L (R) and [ is continuous with compact
support, we obtain by Lebesgue’s dominated convergence theorem that lo$, — loy
in L2(R). In particular, we can choose n large enough so that

” (uy o y)ys(uxoy —uyo n)In.& ”LI(S”) <e.
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Since ¢ can be chosen arbitrarily small, we obtain in particular that
nlngoH (uy 0o y)ys(uyoy —uyo 9n).§7n,$ ”LI(S‘) =0. (66)

For the convergence of the second term, we estimate, using again that yg is bounded
by 1,
” (un,x o )A)n)j’n,é(”n,x o )A’n — Up,x © )’)yé ||L1(Sc)
= ” (tn,x 0 )A)n))sn,*g'(un,x © Yy — Uy © )A)n)yé ”LI(S‘)
+ ” (Up,x 0 }A’n))?n,é(ux 0 Yy — Uy © Y) e ||L1(S”)

+ ” (Un,x 0 )A’n)j\’n,s (Ux 0y —Upx 0 Y) Ve ||L1(S")
TN 172 . O 1/2
=< (/ (un,x ° Yn) Yn & dé) (/ (un,x O Yp — Ux O Yp) Yn.& dé)
Se S¢

+ ” (ttn,x © yn)),}n,&(ux o yn —Ux o y))’s ”Ll(S")

+ ” (Up,x o j\}n)),}n,é ”Lz H (x 0y —upx oY)V ||L2-

The first and third term in this last estimate tend to zero because u,, » — uy € L? (R)
and both y¢ and y, ¢ are uniformly bounded, and for the convergence of the second
term we can use the same method as in (65). Thus also the second term in (64) tends
to zero. As far as the third (and, similarly, the last) term in (64) is concerned, we
have that

” (Up,x o &n)),}n,é(un,x Oy —Uxoy)ys ”Ll(sc)

= ” (un,x ° )A]n)j}n,é HLZ(SC) |(un,x Oy —Uxo©O )’))’E ”LZ(SC)

= Juna| 2 s = ]2

which again tends to zero since by assumption u, y — uy € L*(R). Hence all terms
in (64) tend to 0 as n — oo and therefore U, ¢ — Ug in L% (R).

Step 8: Convergence of ;,, to Zero in L2(R) By construction, we have ;,, >0
since p, > 0 and J, ¢ > 0. Hence, by (26¢), (29b), (46), and (62), we have

2

Fn

o 2.
r,+ ;rn)’n,é

<
_—

L Ll
= |hnIng —hye = Ui e + UZ |

= lin = h = b+ 0* = O3 ¢ + UZ] 1
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<30 =k py + (106l 2+ [Ue ] 2) | Ong = Ue] 2

<30 = k] py + 21l | Ong = Ue]) 2.
Since b, — hin L'(R) and U, ¢ — Ug in L?(R), the above estimate implies that
o — 0in L2(R) as n — oo.

Step 9: Convergence of ftn to hin L1(R) N L2(R) According to (29b) and (31b),
we have

Fn

R 2 R
||hn—h||L25; L2+||yn,é—ys||L2~

Since 7, — 0 and Vne —ye — 0in L%(R), this inequality implies that hy, — hin
L2(R). As far as the L' (R) convergence is concerned, observe that

~

hn =1 = hy G g + n) = h(y + h)

= hn$ne — hye + hyhy — b2

= U2 — U} + 72+ hahn — 12
Here the first equality follows from (29b) and (45), and the last equality follows
from (26¢) and (46). Thus

P

[on =kl g1 < 100 + Ug| 2 Ong = Ue]l 2 +

L2
+ o) 2 | = 1 2+ MRl 2 | n — B o

which implies that 4, — h in L' (R).

Step 10: Convergence of X, to X in E So far we have shown that X, > X
in E. In addition we showed in Step 1 for all n € N that we can write X, =
X, o gn with g, € G, for some k > 0 independent of n, or, equivalently that
)A(n € %, for all n € N. Moreover, it is known, see, e.g., [16, Lemma 4.6], that
the mapping I': %, — % defined in (28) is continuous. Thus we also have that
X, = F()A(,,) — X in E, which completes the proof.

Remark 4 A closer look at the proof of Theorem 3 reveals that we showed that for
every & € R where y is differentiable and y: > 0, we have

Tim n(3,(€) - ¥(€)) =0.

As the following example illustrates, we cannot expect this convergence to hold for
almost every £ € R such that ys(§) = 0.
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Consider the following initial data for the CH equation which corresponds to a
symmetric/antisymmetric peakon-antipeakon solution, which vanishes at breaking
timet =0, i.e.,

9 ‘x < b

u(x) =0forallx e R and F(x)= pu((—oo,x])= {
o,

where o > 0. Then

g, £ <0,
y(E) =10, 0<&<a,
3

—a, a<é§.

and especially y:(§) = O for all £ € (0, o). For the approximating sequence we
know that

In(€) + Fy(Gn(§)) =& forall& e R,
where

Far) = /R np(n(x — ) F(3)dy.

We are going to show that limy, oo n(3,(€) — y(€)) # 0 for any & € (0, ) except

o

5
Indeed, if we denote

D (x) = /;my) dy,
then we see that
Fu(x) = /]R ng(n(x — y)F(ydy =« /0 " b (nx — y)dy = a ()
for all x € R. Now assume that 0 < & < «. Then y(¢£) = 0 and thus
£ =90&) + FuGn(®) = $u(&) + 2@ (n$, (5))

= (&) = y(E) +a@m(Fn(§) — y(8))).

In Step 2 in the proof of Theorem 3 we have shown that y,,(§) — y(§). Taking the
limit n — oo in the previous equation therefore implies that
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§=£g@m@ﬂa—ﬂ@»

Using that |n(9n &) —y(E ))‘ < 1 for all n and that @ is continuously invertible on
(—1, 1), it follows that

i n(3n(§) = y(6) = 27 (¢/a).

Since ®(0) = 1/2 and therefore @~ '(1/2) = 0, this shows in particular that the
sequence n(y, (&) — y(£)) only converges to 0 for & = «/2.

4 Convergence in Lagrangian Coordinates Implies
Convergence in Eulerian Coordinates

In the previous two sections, we saw that we can approximate any given initial data
(u, ) for the CH equation by a sequence of smooth initial data (u;,, p,, u,) for the
2CH system where the measures u, are purely absolutely continuous. Afterwards
we saw that this convergence in Eulerian coordinates is transported, via the mapping
L, to convergence in Lagrangian coordinates.

In this section we consider the case when we are given a sequence X, € %y and
X € %y, suchthat X,, — X in E. Does M (X,)) — M (X) in some sense in Eulerian
coordinates? Here M : .#y — 2 denotes the mapping from Lagrangian to Eulerian
coordinates, which is defined as follows.

Definition 4 ([16, Thm. 4.10]) Given any element X = (y,U, h,r) € %y, we
define (u, p, p) as follows’

u(x) = U (&) for any & such that x = y(&), (67a)

w = yu(h(§)ds§), (67b)
p(x)dx = yy(r(§) dé§), (67¢)
p(x) =k+ p(x), (67d)

where k is implicitly given through the relation r(§) = 7 (§) + ky: (§) for all £ € R.
We have that (u, p, i) belongs to & and, in particular, that the measure y(r (§) d§)
is absolutely continuous. We denote by M : %y — 2 the mapping which to any X
in % associates the element (u, p, 1) € 2 as given by (67).

3Here we denote by ys(hd&) the push-forward of the measure hdé by y, defined by
yu(hd€)(A) = fy*l(A) h(&)dE for all Borel sets A C R.
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We recall from Definition 3 that for any (y, U, k, r) € %y we have that ye >0
and Us = 0 whenever y: = 0, or, in other words, that U is constant whenever
the increasing function y is constant. As a consequence, the value U (§) is uniquely
determined by y(£), which means that the definition of the function u in (67a) is
independent of the choice of & satisfying x = y(&). Also, the fact that y is Lipschitz
continuous (see (26a)) implies that the push-forward of the absolutely continuous
measure 7 (£) d€ under y is again absolutely continuous, cf. [16, Thm. 4.10].

Moreover, we consider the following notion of sequential convergence on Z.

Definition 5 We say that a sequence (1, o5, Un) € Z converges to (u, p, ) € I
asn — oo if*

up — u € L*(R) N L (R), (682)
Upx — Uy, (68b)
Pn = P, (68¢)
kn — k, (68d)
u? (x u?(x
/R I+ uﬁ,xn€;§ +) FrETRA /R I+ ug(§§ +) RTINS (89

=2 =2
0 () l/“ p=(x)
d 68
/Rl+u%,x(x>+ﬁ,%(x> S PRI e (68D

F,(x) = F(x) for every x at which F is continuous,
(68g)
Fy(00) — F(00), (68h)

where F,,(x) = u,((—00, x]) foralln € Nand F(x) = u((—o00, x]).
With this definition, the convergence result can be stated as follows.

Theorem 4 Given a sequence X, = (yu, Uy, hy, 1) € Foand X = (y,U, h,r) €
o such that X,, — X in E as n — oo, then (uy, pn, in) = M(X,) converges to
(u, p, ) = M(X) in the sense of Definition 5.

Proof The proof is divided into 8 steps for convenience.

Step 1: Convergence of u, to u in L>*(R) For a proof we refer the interested
reader to [16, Thm. 6.5].

Step 2: Convergence of u,, to u in L2(R) If we can show that the assumptions of
the Radon—Riesz theorem are fulfilled, see, e.g., [1, Thm. 1.37], the claim follows.
Thus we have to show that |lu,|/;2 — |lull;2 and that u, converges weakly to u as
n— oo.

4We say that f,, — fif f]R fn(x)gx)dx — fR f(x)g(x)dx forevery g € L3(R).
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A straightforward computation using (67a) yields
lunll?2 = [ (U7 = UDyne@)de + | U*(ng — y)E)E + ull3, ., (69)
R R

where we have used that U? ve(§) = 0 whenever y:(§) = 0, and similarly that
U 3 ¥n,t(§) = 0 whenever y, ¢ (§) = 0. Applying the Cauchy—Schwarz inequality to
the first and second term on the right-hand side of (69) yields that

|[Wi=0me@at]+ | | U0~ yorae]
< Uy = Uz + 21012 10y — Ul 2

F Ul oo U N2 [yne = e 12 -

where we used that 0 < y, ¢ < 1. Since U, — U in L*(R) and ¢, ¢ — ¢ in
L2(R), we obtain from (69) that luenllz2 = llull;2 asn — oo.
Since C°(R) is dense in L2(R) and ||u, ;2 = llull;2, it suffices to show that

n—oo

lim Uy (x)dx = / uyr (x)dx (70)
R R
for all y € C2°(R). This however follows immediately, as
[ = 0w 1] < oy = e 11— 0

according to Step 1.

Step 3: Convergence of F,(x) to F(x) for all x at Which F(x) is Continuous
According to [11, Props. 7.19 and 8.17], this is equivalent to showing that

Tim. /]R V() dpan (x) = /]R ¥ ()du ) (1)
for all ¢ € C2°(R). It follows from (67b) that

/IR Vi (x) = /R U O (&) (E)dE, 72)

and

/RlﬁdM(X)=/Rlﬂ(y(€))h($)d€- (73)
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Since y, —id — y—idin L*°(R), the support of ¥r oy, is contained in some compact
set which can be chosen independently of n, and, from Lebesgue’s dominated
convergence theorem, we have that oy, — Yoy in L%(R). Hence, since h, — h
in LE(R),

nli)H;O/Rl/f(yn(E))hn(E)dS=/Rlﬂ(y(€))h(€)d%',

and (71) follows from (72) and (73).
Note that, in particular, p,(R) = pn(R) asn — oo, since ||h, || 1 — [kl by
assumption. Moreover,
tnac = (Up o + pp)dx  and  pae = (u3 + p)dx,
which implies

2 _ _
ltn |72+ 1nll72 < a@®)  and  Nuxll, + 15172 < 1(R), (74)

and hence u, ,, ux, p, and p belong to L?(R).

Step 4: Weak Convergence of u, , to u, Since C2°(R) is dense in L*(R) and
Hun,x || 12 and |juy|l;2 can be uniformly bounded according to (74), it suffices to
show that

lim / i (O (V) = / e (O (V)dx
n— o0 R R
for all ¢ € C2°(R). To that end, observe that

[ unstowar = [ vns@won@nd
since Uy ¢ (€) = 0 for all £ € R such that y, ¢(§) = 0, and
/R i (0P ()l = /]R Ue (€)1 (v(§)d.
Thus it suffices to show that
Jim [ Ve @vonends = [ Ui 75)

for all ¥ € C°(R). By assumption we have that U, ¢ — Ug in L*(R) and
vy, —id — y —id in L*°(R) and hence the support of ¥ (y,(¢)) and ¥ (y(§))
is contained in some compact set that can be chosen independent of n. Thus
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Y (ya (&) = Y (y(€)) in L2 (R) N L2(R), and Lebesgue’s dominated convergence
theorem implies (75).

Step 5: Weak Convergence of p,, to p The argument closely follows the argument
for the weak convergence of u, , to u, in Step 4.

Uy () u2 (x)
Step 6: Convergence of [, T ot 4 to Jz mdx Let S =

{eR|y:(6)=0}and S, = {§ € R | yy,¢(§) = 0}. Furthermore, let B, = y,(S).
Then we claim that meas(B,) — 0 as n — oo.

By definition, we have that S = {§ e R | ye(§) =0} = {§ e R | h(§) = 1},
which implies that meas(S) < ||A]| ;1. Thus

meas(B;,) = meas(y,(S)) = / dx
yn(S)

= /Syn’g(g)d%' = /S (Yn,é(é) - yf(é))dg
< meas(S)!/? ||Yn,if — g ” L?
< Rl e — v -

By assumption y, ¢ — y¢ — 0 in L?(R), and hence meas(B,) tends to 0 as
n — o0. Moreover,

Upe(() =0foré €S, and Ug()=0for& eS.

As far as y, ¢ (§) and yg (§) are concerned, we have the representations

1

Yng(§) =77 uZ (9 (€) + o7 (a(€))

for almost every & € Sy,

and

1
L+ui () + p2(y(§)

ye(§) =

for almost every & € S€.

This means, in particular, that

/Unz’s(é)dé:/ Uy (§)d§
se sensg

_ / W2, (n(E))Y2 £ (6)dE
SC{’] c

n

1z (v (&)
N ’ e (E)d
/scns:; T+ u2 @) + 52 0n®) £(§)dE
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2 (x)
= 2 5 dx
Beny,(se) 1+ uy () + o (x)

iy, (x)
= 2 —5—dx,
ge 1+ up (%) + p;(x)

since y, is Lipschitz continuous and therefore meas(y,(S,)) = O for alln € N.
Similarly, one obtains

/ U2(E)dE — / u?(x) p
s 8 Y T ST

as meas(y(S)) = 0. Since U, ¢ — Ug in L2(R) we find that

2 2

u; (x
lim / 5 n.x ) = dx:/ 2”"()6) — dx.
n=00 Jpe T4 u2 L (x) + p2(x) R T+ uZ() + 52(0)

uj (%)
1+uZ  ()+p2(x))
x € R. This means, in particular, that

Furthermore, note that is uniformly bounded by 1 for all n € N and

2
/ 2u"’x(X) — dx < meas(B,),
B, 1 +u; ((x) + p7(x)

n,x

and thus the term on the left-hand side converges to 0 as n — oo since meas(B;) —
0. Thus we get

2 2
lim / ZM”X(X) = dx =/ Zux(x) = dx.
n—00 Jr 1 +uy (x) + py(x) R | +uzp(x) + p=(x)

=2 =2
Step 7: Convergence of [, T £, ) LX) gy The argu-

n,x(x)+ﬁ,%(x)dx to Jg 1442 (x)+52(x)
ment is similar to the one in Step 6.

Step 8: Convergence of k, to k By definition we have
r(§) =r(6) + ky:(§)
and

(&) =1 () + kn)’n,é(f)-

By assumption X, converges to X in E, and thus according to (23), we infer that
k, — k.
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Remark 5 Note that the convergence in Lagrangian coordinates implies in partic-
ular that p, converges to p weakly. Thus, in the special case kK = 0 and r(§) =
r(€) = 0 for all £ € R, we infer that p, converges weakly to zero and k, — O.
Thus p(x) = 0 for all x € R, and hence (u, p, u) = (u, 0, i) belongs to the set
of Eulerian coordinates for the CH equation. Thus the sequence p, in Theorem 1
converges to zero in the weak sense, since all the assumptions in Theorem 4 are
satisfied due to Theorem 3.

5 Convergence in Eulerian Coordinates Implies Convergence
in Lagrangian Coordinates

In this section we want to show that convergence in Eulerian coordinates implies
convergence in Lagrangian coordinates. Due to the definition of Eulerian coordi-
nates, one might guess that it is natural to impose only the condition u#,, — u in
H'(R). However, due to Theorem 4 we will require a somewhat stronger mode
of convergence for u, , to u,, which in the end yields an equivalence between
convergence in Eulerian and Lagrangian coordinates.

Theorem 5 Given a sequence (uy, pn, Ln) € 2 and some (u, p, ) € P such that
(Un, pn, n) converges to (u, p, |L) as n — oo in the sense of Definition 5, let X,, =
V> Uns by 1) = L((ns pns n)) € Foand X = (y, U, h,r) = L((u, p, n)) €
Fo. Then X, - Xin E asn — oo.

Proof The proof is divided into 7 steps.
Step 1: The Sequence y, Converges Pointwise to y Denote D = {£ € R |

F is discontinuous at y(¢)}. By construction we have for all £ € D¢ that

F(y@) +y¢) =¢, (76)

and, in particular,

F(y(&)) = u((=o0, y(§)D) = u((=o0, y(&))). (77)

As far as y, () is concerned, we have by (29a) that

Un((=00, yn(§))) + yn(§) =& < pn((—=00, yn(§)]) + yu(§) = Fu(yn(§)) + yn(8).
(78)

To show the pointwise convergence of y, (&) to y(§) for & € D€, we have to

distinguish two cases.

For y, (&) < y(&), combining (76)—(78) yields

F(y@&) +y@E) =§ < Fa(ya(§) + ya(8)
= Fy(y() = ptn((yn(§), y(E)D + yu(§).
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Thus

0<y©&) =y (&) + ua((n(8), y(E)) = Fu(y(E)) — F(y(§)).

For y(§) < y, (&), combining again (76)—(78) yields

#n((=00, yn(§))) + yn(§) = Fu(y(§)) + 1 ((Y(E), yu(§))) + yu (&)
=E=FO@) +y@).

Hence

0 < yu(8) = y(&) + ua((y(E), ya(§))) = F(y (&) — Fu(y(€)).

Since ©, and u are positive finite Radon measures for all n € N, we get that

yn(€) = y®| = |Fa(y() — FO ), & € D (79)

Since by assumption £ € D¢, we have that F is continuous at the point y(£), which
in turn implies that |F,(y(§)) — F(y(§))| converges to zero. Thus y,(§) — y(§)
for every £ € D°.

For & € D, we argue as follows. Any point x at which F is discontinuous
in Eulerian coordinates, corresponds to a maximal interval [&], &»] in Lagrangian
coordinates such that y(§) = x for all § € [§,&] and & — & = u({x}). In
particular, there exists an increasing sequence & € D€ such that & converges to &j.
We may write

yn (1) = y(E1) = (n(€1) — ya(€)) + (&) — y(E)) + (y(Ei) — y(E1).

Because y, and y are Lipschitz continuous with Lipschitz constant at most 1 due
to (29a), we can thus estimate

Iyn(€1) —y@EDI = 21& — &1l + |y (&) — (&I

Since y is continuous at &; (cf. (79)), the second term on the right-hand side tends to
0 as n — oo, which shows that |y, (&1) — y(&1)| can be made arbitrarily small and
thus y,(§1) — y(&1). A similar argument shows that y,(§2) — y(&) by taking a
decreasing sequence & € D¢ such that & converges to &;.

We can now show that y,(§) — y(&) for all £ € [&, &], By definition y, is an
increasing function, and y(€) is constant on [£1, & ]. Thus

1y (€) = y@)| < max(|yn(§1) — yEDI, Iyn(€2) — y(&)])  forall & € [&1, &].

Since both |y, (§1) — y(&1)| and |y, (&2) — y(&2)] tend to zero as n — oo, it follows
immediately that y,(§) — y(&) for all £ € [y, &]. Thus y, — y pointwise.
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Step 2: Convergence of k, to h and {, ¢ to ¢ in L*(R) By definition, we have
that X,, € %y foralln € Nand X € .%y. Thus H,(§) = & — y,(&),n € N, and
H(&) = & — y(&) for almost every £ € R. As y,(§) converges pointwise to y(£€),
we infer that H,(§) — H (&) pointwise almost everywhere as n — oo. Moreover,
H,(&),n € N, and H (§¢) are all continuous, and hence we conclude that, actually,
we have pointwise convergence of H,(§) — H (&) for every £ € R. Moreover,
since

3 13
Hy(8) = / hn(dy and  H(E) = / h(n)dn,

—00 —0o0

h, and h can be seen as positive finite Radon measures, and hence

lim /R (8 (8)dE = /]R h(E)W ()de (80)

for all ¥y € C°(R) according to [11, Props. 7.19 and 8.17]. If we can show that
Al 2 — NIkl 2, (80) will remain true for all ¢ € L?(R) by a density argument
and hence all assumptions of the Radon—Riesz theorem are satisfied. Thus 4, — h
in L2(R), provided [|h, | ;2 — ||A]l 2.

In order to show this convergence, observe that

1nllpr = 1 Hollpoo = un(R) — w(R) = |H|lpo = llAll1  asn — oo.
(81)
Since X, € % and X € %, we have because of (26¢) that

hy(E) = ha(§) — UL, () —F2(6) and h*(§) = h(§) — UZ(E) — 7). (82)

respectively. Moreover, let S = {§ e R | y:(§) =0}and S, = {§ e R | y,£(§) =
0}. Then

1
L+ ug  (n(8) + o7 (yn(8))

Yn & ¢é) =

for almost every & € Sy,

and

1
L+uz(y() + p2(y(§)

for almost every & € S¢.

ye(§) =

Hence we get

2 (yn(é))
U? d:/U2 d:/ Hn.x — e (&)d
/R ne @5 = [ U@ = | T @) + 2@y O

u%’x(x)
= 2 =5 dx,
R 1 +u; , (x)+ p;(x)
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where we used that U, £ (§) = yn,(§) = Oforall £ € S, and that meas(y,(S,)) =
0. Similar arguments yield

/Uz(é)dg B / u? (x) J
R & T e l+2@ + 2 m

Thus, according to (68e),

tim |Unel2 = fim [ 2@ = [ vEerde = Uiz 63

n— o0
Following the same argument, this time using (68f), we obtain
Tim (174172 = [7117 (84)
Hence combining (81)—(82) and (83)-(84) yields that ||A,||;2 — |lAll;2, and, in

particular, h, — h in L%(R) and Y& —> Ye in L2(R), since both X, and X belong
to %.

Step 3: Convergence of U, ¢ to Ug in L%(R) In order to conclude that U, ¢ — Us
in L2(R), it suffices to show, according to the Radon—Riesz theorem, that U, ¢ (§) —
Ut (§) since we have convergence of the corresponding norms, cf. (83). Due to the
fact that C2°(R) is dense in L2(R), it suffices to show that

Jim [ U,c@uiens = [ veoveas
for all Y € C2°(R). Observe that we have for any ¢ € C°(R)
/]R Un (69 (§)dE = /S Un @ &)t = /R 2 COY ().

Here S, = {§ € R | y,,£(§) = 0} and hence, according to (26¢), U, (&) = 0 for
almost every & € S, and y,’ !(x) denotes the pseudo inverse to y,(£) defined as

v l(x) = inf{g € R | y, (&) > x}.

Similarly,
/R Ue ()9 (§)dE = /R e CO¥ (! ())dx,

where y_1 (x) denotes the pseudo inverse to y(§), i.e.,

y l(x) = inflg € R | y(&) > x}.
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Thus it suffices to show that
Jim [ w5 s = [ u@wo @ (85

for all y € C°(R).
Let ¢ € CX(R). By assumption, there exist ¢, d € R such that supp(y) C
[c, d]. Then supp(¥ o y~1) C [£1, &1, where

§i=minf§ eR[y()>c} and & =max{§ eR|y§) <d}.
Since y(§) + H(§) =& forallé e Rand H(§) < |||, we have

c—lnll =& <& =d+|ul

or, in other words, supp(¢ o yh cle—Illull,d+wll Similarly one obtains that
supp(y o yn_l) C [c = luall » d + || pn |11- In particular, cf. (68g), there exists N € N
such that

supp( 0y, ') Cle—2lull.d +2|ull], foralln > N.

Moreover, to any x € R we can assign a unique y~' (x) and Vi !(x) using the pseudo
inverse to y(£) and y, (&), respectively. Thus we have from (29a)

Yy @) = x + pu((—o00, x]) = x + F(x).
and
Yu ' (x) = x + pa((—00, x]) = x + F(x).
In particular,

Iy () — y @) = | Fu(x) — F()I.

Thus y, Lx) converges to y_l(x) for any x € R at which F(x) is continuous. In
particular, y, Lx) converges to y‘l(x) for almost every x € R, since F(x) has
at most countably many discontinuities. Hence, after using Lebesgue’s dominated
convergence theorem, we obtain that ¥ o y,; ! — ¥ o y~! in L2(R). Moreover,
we have by assumption that u, , converges weakly to u,. Thus u, » ¥ oy, Iis the
product of a weakly convergent sequence and a strongly convergent sequence, which
implies that its integral converges to the integral of the limit u, ¥ o y~!, which in
turn proves (85).

Step 4: Convergence of 7, to 7 in L2(R) The proof follows exactly the same lines
as the one of U, ¢ — Ug in L>(R) in Step 3.
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Step 5: Convergence of ¢, to £ in L*(R) Since both X,, and X belong to .%, we
have

|y(E) = yn () = [H(E) — Hy(§)| < Ik — hllp1 . (86)

Moreover, by (82),

hn(€) = h(E) = hy(€) — h*(€) + Uy  (§) — UF(€) + 7 (5) — 7 (8),
which together with (86) implies that ||y, — y|l;oc — 0asn — oo, since h, — h,
Ups — Ug and 7, — 7 in L2(R).

Step 6: Convergence of U, to U in L%(R) For a proof we refer the interested
reader to [27, Prop. 5.1].

Step 7: Convergence of k, to k By definition we have

r(§) =r(&) +kys(§) = p(y(§)ys (§) + kys (§) = p(y(€))yz

and

rn(§) =Tn(§) + knyne(§) + Pn(Yn(§)) Ve (€) + knyn g (§) = pn(Yn(§)) Yn . (§).

Thus, the constants k;, in Eulerian and Lagrangian coordinates coincide and the
same is true for k, and the claim is an immediate consequence of (68d).

6 Convergence for the Initial Data Implies Convergence
for the Solution of the 2CH System

Finally, we would like to turn our attention to the 2CH system. In particular, we are
going to study the consequences of the results derived so far in the context of the
global weak conservative solutions of the 2CH system.

Theorem 6 Given (uo, po, (o) in 2, let (Un.0, Pn.0, Un0) in P be a sequence
satisfying (Un.0, Pn,0» Wn0) — (4o, po, o) in the sense of Definition 5.
Consider the weak conservative solutions (u(t, -), p(t, -), u(t, -)) and
(un(t, ©), pou(t, -), un(t, -)) of the 2CH system with initial data (u, p, W)|t=0 =

(w0, po, o) and (Uy, P, tn)lr=0 = Wn.0, Pn.0s Un.0), Tespectively. Then we have,
forallt € [0, 00),

un(t, -) = u(t, -) € L>(R) N L°(R),
Un x(t, ) = ux(t, ),
Pn(t, ) = p(t, -),
k, — k,



The 2CH system 197

u? (t,x) uz(t, x)
5 ~ dx — 5 — dx,
R 1+ uy (1, %) + p; (2, x) R 1 +ug, x) 4+ p2(t, x)

Py (t, x) J pA(t, x)
2 =2 X = 2 ) dx9
R L+ uZ (6,0) + 520 %) R 1+ u2(x) + (1, %)
F,(t,x) — F(t, x) for every x at which F (¢, x) is continuous,

F,(t,00) — F(t, 00),

where F,(t,x) = un(t, (—00,x]) foralln € N and F(t,x) = u(t, (—o0o, x]).
That is, for every t > 0 we have that the sequence (u,(t, -), pn(t, ), Un(t, -))
converges to (u(t, -), p(t, -), u(t, -)) in the sense of Definition 5.

Proof Again, we are going to split the proof into several steps.

Step 1: Convergence in Eulerian Coordinates Implies Convergence in
Lagrangian Coordinates for the Initial Data Let Xg = (yo, Ug, ho,r9) =

L((uo, po, £0)) and X0 = (V.05 Un,0, 10,0, 70,00 = L((n,05 Pn,0, 0,)). Then
according to Theorem 5, X, 0 — Xoin E.

Step 2: Convergence at Initial Time Implies Convergence at Any Later Time
for the Solution in Lagrangian Coordinates Consider the following semilinear
system of ordinary differential equations, which describes weak conservative
solutions of the 2CH system in Lagrangian coordinates, cf. [16],

&G =U, (87a)
U =—-0(X), (87b)
hy = 2(U? + %k2 — P)Us, (87¢)
7 = —kUg, (87d)
ki =0, (87¢)

where y(z,§) = ¢(t,§) +§, and
1 : 1
PO §) = 7 / PO QU2 + 247 + W)t ) + K,
R
and
! —ly@.8)—y.ml 2 =
QX)(1.8) = =7 | sgn(& —me EETEIQU e + k7 + 1)@, md.

Then to X(0) = Xp and X,(0) = X, 0 € Z, there exists a unique global
solution to (87) in .%, which we denote X (¢) and X, (¢), respectively. Moreover,
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the mappings X — P(X) — %k2 and X — Q(X) are Lipschitz continuous on

bounded sets as mappings from E to H'(R). In particular, one has, cf. [27, Lemma
2.1], that

I1P(Xn (@) — P(XO)12np00 < Con 1Xn(®) = XD g (83)
where C; , is dependent on || X, (t) || g, || X (t) || g. Similarly, we have
10X, (@) — QX 2npe < Crn 1 Xn@) — XOIE - (89)

Furthermore, following closely the proof of [18, Thm. 3.5] and [27, Thm. 2.8], we
get from (87) and (27) that

2(X(1) = /]R (U%ys + h)(t, n)dn = /]R (U%ys + h)(0, n)dn
= /(Uzyg +h? 4+ UZ +7)(0, n)dy = Z(X(0)), (90)
R

and, in particular,
IXONIg <D, X(XO)) IXO)g,

where D(t, X (X (0))) depends on t and X' (X(0)). A similar estimate holds for
X,(t) with n € N. Thus C;, in (88) and (89) only depends on ¢, || X,(0)| g,
and || X (0)|| g, due to (90). Furthermore, since X,(0) — X (0) in E, there exists
M > 0 such that max(|| X, (0)|| g, | X(0)||g) < M. Thus, (88) and (89) imply
that the right-hand side of (87) is Lipschitz continuous on bounded sets, and, in
particular, applying Gronwall’s inequality yields

X0 (1) = XNl g < Ci 1X,(0) = X O g oD

where C; only depends on M and ¢.

Step 3: Convergence Independent of Relabeling in .7 As in [27, Lemma 3.3],
one can show, given 7 > 0 and X (0) € %, one has

X(t) e F,
for all + € [0, T], where o only depends on ¢ and H}_( ) || B In our case, since
X,(0) — X(0) in E, there exists M > 0 such that M > |X(0)||z and M >

| X, (0)|| g for all n € N. Thus there exists (¢) > 0 independent of n, such that

X@) e 92:3(;) and X, (t) € 9/3(,) forall n € N.
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Moreover, it is known, see, e.g., [16, Lemma 4.6], that for 8(¢) > 0, the mapping
r': Fgq) — Fowith X > I'(X) = X o (y + H)~! is continuous. Let X, (t) =
I'(X,(t)) and )~((t) = I'(X(¢)). Then for each t > 0 the convergence X, () —
X (¢) in E implies X, (t) — X () in E.

Step 4: Convergence of the Solutions in Eulerian Coordinates Since X, (1) —
X(¢) in E forall t > 0 and X,,(¢), X(t) € F for all t+ > 0, applying Theorem 4
finishes the proof.

The next result gives the corresponding result in the case where the approximation
is constructed using the mollifier.

Theorem 7 Given (uo, 0, o) in P and let (uy 0, Pn.0s Un,0) in D be the smooth
approximation given by (5) in Theorem 1. Consider the weak, conservative solu-
tions (u(t, -),0, u(t, -)) and (u,(t, -), pu(t, -), un(t, -)) of the 2CH system with

initial data (u, 0, w)|;=0 = (uo, 0, no) and Uy, Pn, n)li=0 = Wn.05 Pn.0> n.0);
respectively. Then we have, for all t € [0, 00),

un(t, -) = u(t, ) € L*(R) N L®¥(R),
un,x(tv 2 = ux(t, ),

pult )= p(t, ),
k, — 0,

2 2

u 1, x t,
/ 3 . )_2 dx — / —ux(2 x) dx
R 1 +u; (&%) + p,(2, x) R 1+uz(, x)

2
ly

/ 5 Pult, X) — dx — 0,

R 1 +u; (¢ x)+ o7, x)

F,(t,x) — F(t,x) for every x at which F(t, x)

s continuous,

F,(t,00) — F(t,00),

where Fy(t, x) = u,(t, (—oo, x]) foralln € Nand F(t, x) = u(t, (—o0o, x]).

Moreover, for eachn € N, (u,(t, -), pn(t, -), un(t, -)) is a smooth solution to
the 2CH system, that is, u, (t, x) and py,(t, x) belong to C*°(R x R) and u,(t, x) =
Mn.ac(t, x) = (u)zc (t,x) + p2(t,x))dx for all t > 0, and, in particular, no wave
breaking occurs.

Proof Since we showed in Theorem 3 that X,, = (y,, Uy, hy, r,) convergesto X =
(y, U, h,0) in E, and hence according to Theorem 4, the sequence (#,.,0, Pn.0, n,0)
converges to (1o, 0, wo) in the sense of Definition 5, the first part of the theorem is
an immediate consequence of Theorem 6.
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As far as the smoothness of the solution (u, (¢, -), pn(t, -), un(t, -)) for any
t > 0 and n € N is concerned, we refer the interested reader to [16, Sect. 6].
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Sum-Intersection Property of Sobolev )
Spaces Check fox

Petru Mironescu

Dedicated to Haim Brezis and Louis Nirenberg, with deep
esteem and affection

1 Introduction

In connection with the factorization of unimodular Sobolev maps, Haim Brezis and
the author observed the following property of Sobolev spaces [5]. Let 1 < p < oo
and 0 < A < 1. Then every function f € W!?(R") can be decomposed as

f=g+h, withg e WP AAwWlPyRNyandh e (WP nwP)®RY). (1)

We will present in appendix a proof of this fact using factorization. We will also
explain there how (1) is related to functional calculus (superposition operators) in
Sobolev spaces.

Decomposition (1) has a flavor of interpolation, and indeed we have for example
when p = 2 the equality [20, Section 2.4.3, Theorem, p. 66]

W2 = [W** Fl lga, with € :=1/(2 — 1). )

[We will recall in the next section the definition of the Triebel-Lizorkin spaces
Ff,!q.] Using (2) and the embedding Flz)1 <> WZ! (see the next section), we find
that W12 ¢ W»%/* 4 W21, However, this does not yield the stronger conclusion
w2 c (W2 w2y 4 (W>1nw'?2). Actually, one cannot derive the equality
Z = (XNZ)+(YNZ) merely from the inclusion Z C X+7Y (takee.g. X = Rx {0},
Y={0} x Rand Z = {(x, x); x € R)}.
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We address here the following question. Let 0 < 5,517,520 < o0, and 1 <
P1, P, p2 < 0o. Assume that

wSP(®RN) ¢ WP RY) + W2 P2(RN) for any N. (3)
Is it true that
WSPRN) = (WP 0 WEPYRY) 4+ (WS2P2 A WSP)(RN) forany N?  (4)

We emphasize the fact that we ask for N-independent properties. For example,
by the Sobolev embeddings we have W!! < L? when N = 1 or 2, but not for
N > 3, and thus (3) does not hold fors; = s =0,s =1, py=p2 =2, p=1.

Our first results characterize most of the triples T = (WS1-Pt W*-P  W52:P2) such
that (3) and (4) hold.

Proposition 1 Assume that (3) holds. Then there exists some 6 € [0, 1] such that

s> 6051+ (1 —0)s2, )
1 —
12,429 ©)
P Dl P2

Proposition 2 Assume that for some 6 € [0, 1] we have (6) and s > 6s1+(1—0)s>.
Then both (3) and (4) hold.

On the other hand, (3) and (4) trivially hold when (5)—(6) are satisfied with 6 = 0
or 1, since we then have either W7 <« W$2:P2 or W5P <« W51, We next
investigate the case where

1 0 1-06
s=0s1+ (1 —-0)s, —=—+ for some 6 € (0, 1). @)
p P1 p2

In this case, (3) holds most of the time, but not always. For example, when N = 1
we have

W22®R) ¢ WH(R) + L¥(R), ®)

i.e., (3) does not hold for the triple T = (whl wl/22 1) Indeed, for N = 1 we
have W1 < L% and thus Wh! 4+ L>® = L>° However, W!/>2 ¢ L.

Definition 1 A triple T = (WSt-Pt WS-P W52:P2) is admissible if it satisfies (7).
An admissible triple T is irregular if 51 # 52, 1 < p < oo and (exactly) one of
the spaces W*-P1, W*2:P2 is of the form WX with k € N. T is regular otherwise.

Thus T = (W1, W1/22 %) (which corresponds to the example occurring
in (8)) is irregular.
Our main result is the following
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Theorem 1 Let T be a regular triple. Then both (3) and (4) hold.

Equivalently, for every regular triple 7 we have
WP RY) = (WPt A WHRY) + (W2 0 WHP(RY), VN, ©)

For most of the regular triples, (4) follows automatically from (3), as explained
in Proposition 3 below. Thus, in particular, the conclusion of the theorem follows
whenever T is as in Proposition 3 and W*” can be obtained by interpolation
from WS1-P1 and W52:P2, However, when T is admissible W*:” need not be an
interpolation space between W*1-P1 and W*%2-P2_ at least for the standard real and
complex methods [20, Sections 2.4.2-2.4.7, p. 64-73]; thus one cannot derive
Theorem 1 directly from Proposition 3. We will present, in Sect.3, a proof of
Theorem 1 which does not rely on interpolation and establishes simultaneously (3)
and (4).

Definition 2 A Sobolev space W*'? is exceptional if s € N and either p = 1 or
p = oo. Itis ordinary otherwise.

Proposition 3 Assume that WP, W5P1 and W*2-P2 are all three ordinary Sobolev
spaces. Assume that for some (fixed) N we have WSP([RN) c wWs-PL(RN) +
W52:P2(RN). Then for such N we have

WSPRN) = (WP n WHPYRY) + (W2 P2 0 WHPY(RY).

We now turn to irregular 7’s. At least in some special cases (see (8) and, more
generally, the triples T = (W]’], wl/p.p ) with 1 < p < 00), (3) does not
hold for such triples. We do not know the characterization of irregular triples 7 for
which (3) and/or (4) do not hold. For irregular triples, we were only able to establish
a weaker form of (4), in which the space WX is replaced by a slightly larger space,
modeled on bmo (the local BMO space whose definition will be recalled in the next
section).

Theorem 2 Let T be an irregular triple, and assume e.g. that p, = oo (and thus s;
is an integer). Let 1 < gy < o0o. Then

WEPRNY = (WP A WSPYRY) + (F2 N WSPYRN). (10)

00,492
In particular, when sy = 0 (and thus W*2:P2 = L°°) we have
WSP@RY) = (WP N WEPYRY) + (bmo 0 WP (RY). (11)
When sy > 0, we have

WS,p(RN) :(W‘Yl’pl m Ws,p)(RN)
12)
+ ({f e Wby D271 £ e bmo} N WEP)(RY).
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In the special case s, = 0, s ¢ N, p; = 1, Theorem 2 was established in [5,
Chapter 6].

Remark 1 The question of the validity of (3)—(4) is somewhat dual to the one of
the validity of the Gagliardo-Nirenberg inequalities. There, one asks whether the
inclusion

WY N W RY) C wrr®Y) (13)
leads, for some appropriate 8 € [0, 1], to the estimate

1-6
1wy S 1 Wy ey L Dyt ey (14)

In the spirit of our Proposition 1, one may prove that the validity of (13) for every
N requires

s <051+ (1 —0)s2, (15)
1 % 1-6

12,49 (16)
2 I P2

w9

for some 6 € [0, 1]. If we have either “<” in (15) or 6 € {0, 1}, then we have
both (13) and (14); this follows from the main result in [4]. As in our situation, the
interesting case is the one of admissible triples. In that case, (15) and (16) hold when
s1, s, sp are integers, as established in the seminal contributions of Gagliardo [11]
and Nirenberg [15]. It turns out that (15) and (16) hold for most of the admissible
triples, but not all of them. A characterization of the admissible triples for which (15)
and (16) hold has been obtained in [4]; see also [8, 12, 16] for older partial results.

Remark 2 As one may expect, whenever it is possible to decompose f = f1 + f>
with fi € (WPt WSP)YRN) and fo € (W22 0 WSP)(RY), we also
have a norm control for f; and f; in terms of || f|lws». A simple example of
such decomposition with norm control is the following. For f € L?*(RY), set

i = FLwir@=ifl e, ad f2 = f L 7@l<ifl2gw,)- Then clearly
fi e 'NLH®RY) and f» € (L® N L?)(RY), and in addition we have the
norm controls

I fillprwyy < W l2@mys llzgeyy < 0 IL2@wy,

I f2lloomyy < N Flp2@nys I f2llp2@yy < 1 2@y

Note however that the map f + (f1, f2) is not linear. Likewise, in general we
will construct nonlinear decompositions.

Our text is organized as follows. In Sect.2, we recall some basic facts on
function spaces, instrumental for our purposes. The proofs of Propositions 1, 2 and 3
and of Theorems 1 and 2 are presented in Sect.3. A final appendix presents the
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factorization theory and its connections with the sum-intersection property and with
the functional calculus in Sobolev spaces.

2 Basic Properties of Triebel-Lizorkin Spaces

Definition 3 Let € CX° (RM) be such that ¥ = 1 in' B1(0) and supp ¢ C B>(0).
Define ¥ = ¥ and, for j > 1, ¥;(x) = ¥ (x/2/) — V(x/2771). Set Qj =
Ty jeS .I Then for each temperate distribution f we have

f=)_f ing, with f; := f x ;. (17)
j

f =2 fjis “the” Littlewood-Paley decomposition of f € ..

Note that F f; = ;% f is compactly supported, and therefore f; € C* for
each j.

Definition 4 Starting from for Littlewood-Paley decomposition, we define the
Triebel-Lizorkin spaces F,i,q as follows: for —oo < s < 00,0 < p < oo and
0 < g < oo, welet

={f e Ifllrs, < oo}
>0 19N P

1l = HH Z”f](x))

Lr (]RN)

Same definition when p = g = oo.
This definition has to be changed when p = co and 1 < g < oo [20, Section
2.3.4, p. 50]: we let

| 50),.,

P fj e L°®RN), F=3"fjx0;

19 (N) L (RN)

xeRN

”f”Fgo,q = inf Iesssup

the latter equality being in the sense of ..

Most of the Sobolev spaces can be identified with Triebel-Lizorkin spaces [20,
Section 2.3.5] and [17, Section 2.1.2].

Theorem 3 The following equalities of spaces hold, with equivalence of norms:

1. If s > 0 is not an integer and 1 < p < 0o, then WP (RN) = F*
2. If s > 0 is an integer and 1 < p < oo, then WSP(RN) = F*

]Equivalently, we have gy = . 'y and, for j > 1, j(x) = 2N o (27 x) — 2NU=D o2/ 1x).
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When s > 0 is an integer and either p = 1 or p = 00, the Sobolev space W*'P
cannot be identified with a Triebel-Lizorkin space.

Theorem 3 is usually used in conjunction with Lemma 1 below. The reason is
that, in practice, we do not know the Littlewood-Paley decomposition of f, but only
a Nikol’skij decomposition of f.

Definition 5 A Nikol’skij decomposition of f € .’ is a representation of the form
; ; B,j+1(0) \ Byj-1(0), ifj>1

=Y f/inY, withsupp Z f/ C 2+t O Byt (0), il j = )
B1(0), ifj=0

Note that in particular the Littlewood-Paley decomposition f = ) f; is a
Nikol’skij decomposition.

Lemmal /. Letl < p <00, 1 < g <ooands € R. Consider a sequence (fj)

such that ” (2” fi ()c))j.>O o) N <o00. Then f =Y f/ @;j converges
- LP(RN)
in 7" and
17rs, S H (277 w) : as)
pa 72019 (v LP@®Y)

2. Same conclusion if 1 < p =gq < oo.

Proof 1Tt suffices to consider finite sums, and to establish (18) in this case. We start
with item 2, which is easier. Note that f € L?(R"V), and thus f € ./’

Let f =) =0 [ be the Littlewood-Paley decomposition of f. Since ¢ *¢; =0
if |j — k| > 2, we find that

fi=Ffxei=> flemxpi= Y frpxg; 19
k

[k—jlI=1

and thus

Ifilleemy < D IF %o x0illon)

lk—jl=1
< Y M N remlloe * @illeyy <C Y0 I gy
lk—jl1=1 lk—jl=1
(20)
We obtain (18) with p = g from (20).
We now consider item /. From (19), we find that
il Y 1 s groI<C Y W) 1)

lk—jl=1 lk—jl=<1
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Here, .# is the standard maximal operator, and we used the inequality [18,
Proposition, p. 24]

If % pe()]| = Cpd f(x), VpES, Ve >0.

Using (21), we find that

1/, S (2777)

)

>0
1= LP(RN)

Jj=0

H 2T [ (%))

19(N) 19(N)

LP(RN)

the latter inequality being the Fefferman-Stein vectorial maximal inequality [10].

Definition 6 We define, for f € L} (RN),

loc

1 lomo = sup [ 171+ sup ]i ]i 1) — FO)dxdy,

|Bl<1 |B|=1
the sup being taken over the balls of volume < 1. We set
bmo = {f € Lipe®™); || fllbmo < 00}.

With its natural norm, bmo is the local BMO space.

Then we have [21, Theorem, p. 47] bmo = Fgo ,- Using this equality,
Definition 4 and the embedding ¢9 — 02,0 < q < 2, we obtain the following

Corollary 1 If f =3, fixgjinS and0 < q <2, then

2/q
£ I3mo < C esssup Y | £7(x)|* < Cesssup Z FRXCSIEA I (22)
xeRN j xeRN
for some C independent of the f/’s

Corollary 2 For 1 < g < 2, we have Fgo’ g = bmo.

As we noticed above, when s € N the space W*! is not a Triebel-Lizorkin space.
However, we have the following

Lemma 2

1. When s > 0, we have Fls’1 — WSL(RN).

2. More generally, for every s > 0 and 1 < p < 00 we have F;,l — WP ([RN).
The same holds when p = 0o and s > 0 is not an integer.

3. When k > 0 is an integer and 1 < g < 2, we have

FY , = {f e W ®RY): D f e bmo).
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Proof We start with p = 1. When s is not an integer, we actually have equality.
When s = Oand f € F |, we have || flligyy < Xm0 1 fil 1wy = Ifllpo, <
oco. When s > 1 is an integer, we use the fact that [20, Section 2.3.8, Theorem.(ii),
pp- 58-59]

S S A
1Al ~ DN Fllpes 2 3O ID fllgo, = D0 UDT iy = 1F et gey-
j=0 j=0

j=0
When | < p < oo, the desired inclusion follows from
F;’] — F;’q = WP (RN) (withg =2 or ¢ = p, according to s).

Similarly if p = oo and s is not an integer.
Finally, if p = oo and s is an integer, we argue as for p = 1, relying on
Corollary 2 and [20, Section 2.3.8, Remark 2, p. 60].

We now briefly recall the characterization of Triebel-Lizorkin spaces in terms of
wavelets.
Let v, ¥1 be respectively a father and mother (sufficiently smooth) wavelets. For

N
G e {01}V, j e Nandm € ZV, let ¥, (x) = 2N~//2]_[¢G,(2fx, —m,),
r=1

x € RN Let, for f €.7,

i o, if j >0and G = {0}
Gm 2N (foyl ). otherwise '

Recall [22, Section 3.1.3] that f = Z 2*Nj/2)»é’mwé’m in the sense of ..
Jj.G.m
Conversely, if

£=) UGmVom+ > 2 Ni2yl  wl . inthe sense of 7,
G,m =0, GHOW m

then the wavelet coefficients Aé,m of f are given by
N 0, if j >0and G = {0}V
G,m — Jj . .
KG.m» otherwise
N . .
Let, for j € Nand m € ZVN, Qj,m be the cube l_[[2*/ (m, —1),277(m, + 1)]. Set,

r=1
for0 < g <o0,s € R,
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. 1/
80 = g, () = (29D, 1110,,@) (23)

When g = 0o, we replace the £¢ norm by the sup norm.
Then one may read the smoothness of f in terms of the integrability properties
of g. The following statement is a rephrasing of [22, Theorem 1.64, p. 33].

Theorem 4

1. Let —00 <s <00, 1 < p <o00,0<gq <o0. Then ||f||pls;’q ~ ||g;’q||Lp(RN).
2. Same conclusion if p = q = oo.
3. In particular, if s > 0 is not an integer and 1 < p < 0o, then || f|lys.p@wny ~

g pller.
4. If s > Ois an integer and 1 < p < 0o, then || f |l ys.pwny ~ 85,2l Lr-

Let us note that when p = ¢, this norm equivalence takes a particularly simple
form. More specifically, we have

I~ D 2077 ag |7, —c0 < s <00, 1< p <00 (24)
Jj,G,m
1fllFs e ~ sUP 213G, |, —00 <5 < 00, (25)
7,G,m

Our next result relies on properties of the Besov spaces B‘;,, 4+ In order to keep
this section short, we will be rather sketchy.

Lemma3 Letr0 <s < oo, 1 < p <ooande > 0. Then, with g;,’q as in (23), we
have

||f||Ww’(]RN) S ”g;—f}f”LP(RN)v (26)
||g;;,_,f ”LI’(RN) S ||f||WS-1>(RN)~ (27)
Proof (Sketch of Proof) The above estimates are equivalent to the embeddings
s+e s,pmN s—¢&
Fy0 = WHP(RY) < F, (28)
When s is not an in an integer, we have W*?(RV) = F »,p» and the conclusion
is clear.

When s is an integer and 1 < p < oo, the Littlewood-Paley decomposition
f=2_; fjof f satisfies 7, Lemma 2.1.1]

Il follLe @y = 1 F1lLe@wry, zsj”f/”LP(RN) SID fllpr@nys Yij > 1. (29)

Thus sup; 287 I fillLe@ny S I1f llws.p ) i-€., we have the embedding
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WP @RY) — B .. (30)
On the other hand, we have [19, Chapter 5, Lemma 3.14]
1D filloeny S 27 1 filomys Vi =0,

and thus

1 sy S D (1fillzo@yy + 1D Fill Lony) S D 271 £l Lo .-
J J

Equivalently, we have the embedding
B} | — WHP(RY). (31)

We obtain (28) via (30)—(31) and the following elementary embeddings [20,
Section 2.3.2, Proposition 2, p. 47]

s+& __ ps+e K s, p N s S—& __ s—¢
Fp’p—Bp’p<—>Bp’1<—>W R )=> B, B, =F, .

3 Proofs

Proof (Proof of Proposition 1) In order to prove the existence of some 6 such
that (6) holds, we have to establish the double inequality

min{p1, p2} < p < max{pi, p2}. (32)
We argue by contradiction. Assume first that p > max{pp, p»}. Let

2

= (1 +x2)(1+8)/(217)’ Vx eR.

f(x)

Clearly, f € L?(R), and more generally f € W57 (R) for every integer k. It
follows that f € W*P(R) for every s > 0. On the other hand, for every fi, f> such
that f = f1+ f> and every x we have either | f1(x)| > f(x)/2or|f2(x)| = f(x)/2.
We find that

1P+ 120172 2 fP 4+ f)P? = g(x).

Since, for sufficiently small &, we have g & L'(R), we find that f & LP!(R) +
LP2(R). Therefore, f ¢ W*-P1(R) + W*2:P2(R), which is a contradiction.
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Assume next that p < min{py, p2}. Let p < r < min{py, p2}. Let N be
sufficiently large such that W7 (B) ¢ L"(B); here, B is a ball in RV . By a standard
extension argument, there exists some f € Wo'”(RV) such that f ¢ L"(R"). Such
an f does not belong to L7 _(R), and thus does not belong to LP! (RY)+LP2(RN).
We find that f ¢ WS1-P1(RN) 4+ W52-P2(RV), again a contradiction.

We thus know that (32) holds, or equivalently, that (6) holds for some 6.

We next proceed to the proof of (5). Assume first that py = p» = p. Then 6 is
not determined by (6), and its existence is equivalent to s > min{sy, s2}. Arguing
by contradiction, assume that s < min{s, s3}. Let s < p < min{s, s2}. If f €
WP (R) \ WP-P(R), then

fgWLPR) + WP (R) = WP (R) € WP (R),

a contradiction.

Assume next that p; # py. Then 6 is determined by (6). Argue again by
contradiction and assume that s < 0s; + (1 — 60)sp. Seto := 051 + (1 — O)sy > s.
Consider some ¢ > 0 such that s + ¢ < o — ¢. In view of Lemma 3, in order to
contradict (3) it suffices to establish, for some appropriate N, the non inclusion

s+e Nt s1—¢&
Foo & Fpio * Fio o (33)
With no loss of generality, we may assume that

1 < p1 < pr <oo. (34)

We will treat separately the cases p» < co and py = oo.
Set, in all cases,

51— ¢ §2 — € 51 52

. _ D2 pr P2 Dl
o= 0 0 =5 T e (35)

P1 p2 P1 p2

Proof of (33) When p, < oo. We rely on the following
Claim. For appropriate C1, C; > 0, we have

[a+b=3S,S > C]Zaj] — [2(51—8)jp1 la|Pt + 2(S2—8)jl72|b|172 > C22(6—8)jp]_

(36)
Granted the claim, we conclude as follows. Consider some f € .’ such that
for every j, G and m we have either XJ = 0 or W = Ci12%, with C; as

in (36). The claim combined with (24) 1mp11es that for every posszble decomposition
f = fi + f2 we have

Ilf1 IIPYl — T IIlelpr2 e 2 IIfIIFa . (37

PI P 1’2 P2



214 P. Mironescu

We are now in position to obtain a contradiction. Let N be sufficiently large such
that (0 —¢+a)p < N.Let§ := N—(0 —s+a)p > 0. Fix some Gy € {0, 1}V \{0}".
For every j € N, consider a set M; C Z" such that #M; ~ 2%/ Set

Z 2~Nil2Zc p% Vom:
j,mEM_,-

By (24), we have

(Falks y ~ 22((S+5+0t)17—N+8)j _ 22—((0—5)—(s+s))j[7 < 00
F3te ,
J j

while

17y, ~ D2 4mr D) _ 571 — oo
J J

We complete the proof of (33) when p; < oo using the two above inequalities
and (37).
Proof of (33) When py = oo and 0 € (0, 1]. This time we have o« = — (57 — €). We
modify the definition of f by setting

—Nij/2 . i j
Z 2—Nj/ Jzalw(fyo,m.

Jj.meM;

Assume, by contradiction, that f = f; + f, for some f] € Ff,ll moand fr €
Fsz 3 _ Write fl Z/,G,mz NJ/Za(;mme’f2 Z Gm 2- Nj/2b./ I/f],m
Since f> € Fal.o0, We have

|bf; | < C2762700 = 2% ¥ j, G.m.

Since aGO m T bl =j 207 J,¥Ym e M;, for sufficiently large jo we have

Go,m
|aG0,m| z 5-]2 , Vj=>jo, Vme Mj.
Inserting this into (24) and using the fact that

(s1—e+a)pr—N+8=(s1 —s2)p1 —0(s1 —s2)p = (51 —s2)(p1 —6p) =0

(since p; = Op), we find that
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. _ —N)j
”f”?n*s > Z JP12((S| eta)p1—N)j

PEPE > jo. meM;
~ E jplz((31—8+01)171—N+5)j — E jP = oo.
Jj=Jo Jj>jo,meM;

On the other hand, we have

||f||i-;+s ~ ijz((s+€+a)p*N+8)j — ijzf((J*E)*(erS))jp < o0,

P

This leads to a contradiction and completes the proof of (33) when p, = oo and
6 € (0, 1].
Proof of (33) When p, = oo and 6 = 0. This is similar to the case py = o0
and 0 € (0,1]. We have @ = —(s2 —¢) = —(0 —¢) < —(s + ¢). Consider
f = Zj’m 2_Nj/2j2“j1péoym. [This time, the sum in m is over all m € ZN]
We then have f € nggo Arguing by contradiction, we obtain that f cannot be
decomposed as f = fi + fo with fi € Fj\ , and f» € F32 . Indeed, as in the
previous case, if f> € Fgé_og then for large jyo we have

1A 2 jraten =il = oo,
DD

JZJomeZ
Proof of the Claim. Let S > 0. The function

[0,00) >t > g(t) := 261=)J (1 — £)§ 4 202=€)ip2/P1yp2/ Py gP2/ P

is convex, and its derivative at the origin is negative. Thus g has a global minimum
at the point 7y where g’(f9) = 0. Solving the equation g’(r) = 0, we find that
fo=C1298" ! withC; > 0 independent of j. Provided that § > C12% , we have
to < 1, and therefore the first term in g(¢) is non negative. For such S, we thus have

g(t) > g(to) > 2(52*8)1'1?2/1?1(,0)172/1?15172/171 — ¢262—eta)p2/p1j 62(0*8)17/171]’
vt >0,

with ¢ > 0 independent of S. .
Letnow a, bbe suchthata +b = S > C;2% . Then

2~Yl]Pl |6l|p1 + 2~Y2]P2|b|p2 z 251]1712171 + ZSZJPZQPZ’
where

a, if0<a,b<S§ b, if0<a,b<S§
a:=10, ifa<Oandb>S,b:=1S, ifa<Oandb>S. (38)
S, ifa>Sandb <O 0, ifa>Sandb <0
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Therefore, it suffices to prove (36) under the extra assumption that 0 < a,b < S.
Writea = (1 —1)S, b =1tS§, with t € [0, 1]. We then have

2(s1=8)jp1 4 P1 + 22=8)jp2pp2 (2(S1*€)ja + 2(S2*8)jp2/P1bP2/171)p'

= [gO1"" > [g(tp)]"" = P12,

O

Proof of Proposition 2 Assuming Theorem 1. As already noticed in the proof of
Proposition 1, when p; = p = p or when 68 € {0, 1}, properties (3) and (4)
are trivially true. We may thus assume that p; # py and 8 € (0,1). Set A :=

A
s—(@s1+(1—06)s2) >0.For0 < ¢ < g,leté > 0 satisfy e + (1 — 0)§ = A.

Then we may pick ¢ such that neither s1 4 € nor s2 + § is an integer. Thus the triple
T = (WSrHer WP W92+3.p2) s regular. Granted Theorem 1, this implies

WP (RN) = (WSTEPt A WP (RN 4 (W2 H0P2 0 W Py(RY)
C (WP AW PYRY) 4+ (W22 0 WHP)(RY).

Proof of Proposition 3. Decompose f € WSP(RN) as f = fi + fo, with f] €
Ws-PL@RN) and f, € WS2-P2(RY). Write, in the sense of .7,

—Nj/24] J
f: Z 2 il )‘G,mwG,m’

Jj,.G.m

— —Nj/2,] J _ —Nj/24] J
fl - Z 2 i aG,mwG,m’ f2 - Z 2 /! bG,mwG,m'

Jj,.G.m j,G,m

In the spirit of (38), define

J J J
agG m» 1f0<aG me _k

j . . j j o —Nj/2 J J
6.m =10, 1faG)m <0andbg; , > Ag,, - [ = Z 2 a6 mVG.m
Jj.G,m

S

)‘ém’ if al; ,, >)¢émandbém <0

J : J J J
bG m’ if 0 = aG,m’ bG,m = )”G,m

i e j ] . —Nj/23] J
QG,m T )‘ij’ lfaé,m < Oand bJG m = )\] ’ iZ T Z 2 7! QG,mwG,m‘

J,G.m

e J J
0, if agm > A and bG m

Then f = i : + i . and Theorem 4 implies that
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S ||f||stp(]RN) < o0, S I ||WS1-P1(RN) < 00,

|£.]

2]

WP (RN) WS1:P1 (RN)

|£.] S flwsr@m, <00, |1, S 1 fallysnrageny < 0.

Ws.p (RN) W22 (RN

O

Proof of Theorem 1. The case where p| = p; is trivial, since we then have W*? C
pyminiss2).p.

We may thus assume that
l<pi<p<pr=oo. (39)

We further distinguish between the cases s; = s» and s1 7 s7, and also between
p2 < oo and pp = oo.

Given f € W P (R"), we write f = 3"
Case 1. 51 =55 = s ¢ N. Set

. _Ni2 j j o —Nj/24] J
fii= Z 2~/ aGm¥em 121= Z 27! b6m¥VG.mo

—Nj/24] J
2 i )LG,ml/fG,m’

J,G.m j,G,m
with
. J ey —sj . ey —sj
2 AG.m> if AG.ml =2 I if AG.ml =2
G,m'_ . j —si > “Gm " Jj . j —si
0, 1f|)\G,m|<2 s AG.m> lf|)\,G,m| <279

Since p; < p, we have
|aJG‘m|p1 < ZSj(Pl—P)|)LJG‘m|P_ (40)
Using (40), the fact that s is not an integer and (24), we find that
I fillwsrgyy S 1 lwsrgvys 1l vy S 1 W vy 1)
Similarly, if p» < oo then we have
| follwsreyy S 1 lwsrvys 10 vy S 1 Wy 42)
On the other hand, if p» = oo then

I2llwsr@yy S Nflwsp@yys [ f2llwsoe@yy S 1. (43)

We complete this step via (41)—(43).
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Remark 3 The estimates (41)—(43) are nonlinear, while one would expect linear
estimates. Actually, it is possible to obtain linear estimates by cutting the coefficients
AJG’m at he.ight A2.’sj instead of 27/, with A := || f |lyys.p - The corresponding
decomposition satisfies

I fillws.r @y + 11 llwsien @yy + I 2llwse@yy + 120w @iy S 1 lwso @y

Similar observations apply to all the other cases.

Case 2. s; = so = s € N. In this case, we follow the ideas of DeVore and Scherer
[9] concerning the interpolation theory of classical spaces, in the form presented in
Bennett and Sharpley [1, Section 5.5, pp. 347-362].

We claim that it suffices to decompose every f € (WP N C®)(RVY) as f =
f1 + f2, with

Il @y S 1F Twsnys 1 lwsn@ny S 1F lwsnnys (44)

| f2llwsco@mnyy S M lws.o@yys 1 2llwsp@yy S I lTws.p @y (45)

Indeed, if this holds then Holder’s inequality implies that

||f1||WS-P1(RN) < ||f||Ws,p(RN)7 ||f2||WS’P2(]R<N) S ||f||WS-p(RN)a 1 < p1 <pr =00,

(46)
and then a density argument shows that (44)—(46) hold without the extra assumption
f € C®°; this settles this case.

We next proceed to the construction of f; and f,. Let .# denote the standard
maximal (uncentered) operator. Set Hy(x) := Z\a|=e [0 f(x)] and H(x) :=
ZIZ:O Hy(x).Let 2 := {x € RVN; #H(x) > t}and M := RN \ 2. Thus M
isclosedand H(x) < t,Vx € M.

Let ¢ be such that ||///g||Lp(RN) < cligllirmyy, V8 € LP@RN). If 7 :=
C”H”LI’(RN) ~ ||f||w&p(RN), then

2| < i/ (HH () dx < | H| L @7)
TP Q TP

p

Lr@N) =
We then let f> be the Whitney extension of fjy and set f; := f — f>. More

specifically, let (Q;) be a Whitney covering of §2 with cubes of size £; and

centers y;. Let O}, denote the cube of center y; and size ¢£;. Recall the following

properties of the Whitney covering:

(Qj,9/8) is a covering of 2, Q; 4 intersects M, V j, Z]le(x) < C(N), Yx.

J
(48)

Let (¢;) be an adapted Whitney partition of unity in £2, i.e.,
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suppp; C Qjos, ¥V Jj, and [8%¢;| S (¢;)™*, Ya e NV, (49)

Letx; € M N Q4 and set

)

nw= Y o et

Jer|<s—1

the Taylor expansion of order s — 1 of f around x;. Then we set f, :=
f, in M
S Ti¢;, in2
This f; satisfies [1, Theorem 5.10, p. 355] f» € W3RN and
I ollwsoe@my S T~ I f llwsnen- (50)

On the other hand, using the fact that [£2| < 1 (by (47)), we find that for every
1 < r < p the function f; satisfies

I fillwsr@wyy =1 = fallwsr2) < WS llwsr 2y + 1 f2llwsr )

(5D
S llwsr2y +t S I fllwse@) + T S 1 lwsp@ny-
Combining (50)—(51), we also have
||f2||w-tp(RN) f, ”f”WSvI’(RN)- (52)

We obtain (44) (and complete this case) from (50)—(52).
Case 3. s1 # s» and py < oo. This is somewhat the general case. We will prove
below that

s K
Fp,q = (F!

prar 1 Fpg) + (Fp gy N Fy ). (53)

P2,92

under the assumptions

—00 < 81,8, <00, §S1#852, 0<pr<p<pr<o0
(54)
such that (7) holds, 0 < ¢1, ¢, g2 < oo.

In view of Theorem 3 and Lemma 2, this is stronger than the conclusion of
Theorem 1.

We now proceed to the proof of (53). Throughout the calculations we perform in
this case, we assume (54).
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Define, in the spirit of (35),
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(55)

(56)

51 82
_ P2 pi
=g
r1r P2
Let us first note that the proportionality condition (7) leads to the following
identities
s s s1 s
P2 p _ P P
TT 1T 1
p P2 pLp
and

(s1+a)pr=(G6+a)p = (s2+a)p.

In addition, we have

either sy + o, s +a, s +a >0, orsy +ao, s+, s +a <O0.

Given a sequence (x;) of nonnegative numbers, set, fori =1, 2,
Si(x) 1=y 29 ()%, gi(x) = [S; (074,
T(x) =Y 2Y40x))7, h(x) = [Tx)]"/.
Lemma 4 There exists some finite constant C such that
[xj <2%, ¥ jl = g(x) < Ch(x).
Lemma 5 There exists some finite constant C such that
[Vj, x; >2% orx; =0] = g1(x) < Ch(x).

Granted the two lemmas, we proceed to the proof of (53).

Let f € Fj , and write, in the sense of 7/, f = 3", ;. , 27 N/23,

(57)

(58)

(59)

J
m¥G.m- Set

fi1:= Z 27Nj/2)\.é’m¢(j;,m7 = Z 27Nj/2)‘é,mwé,m‘ (60)

%G m 1> 2% 3| <2%7

Clearly, f1, f2 € F) .
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We next note that, for each x and j, there exists some subset M (j, x) of ZN,
say M(j,x) = {mﬁ,x}]g:] (with k := 3" independent of j and x), such that m ¢
M(j, k) = x & Qj . This implies that for all x € RY we have

. : 14 .
> 2 af| 0~ 3D 2

Jj.G.m j.G.t

. P )
J j
aG;mZ, ]lQ_/,m‘;.X(x)’ Vo, Vo, VaG,m'

715X

(61)

Applying Lemmas 4 and 5 with x; := 1o , (x)and using (60)-(61),
' J.mj‘x

A
G,ijX

we find that

p1 < Pv p2 < p
LAl SR - 12l S, (62)

1-41
It thus remains to prove Lemmas 4 and 5.

Proof of Lemma 4. Define A := (s2 +a)q2, B := (s +a)q. By (57), we have either
A,B>0,orA,B <0.
Seta; :=2"%x; €0, 1]. Then

S0 = $h(@) = Y 2M @p®, g = Ba(a) = [Sa@)] ",
— T(q) — Bj(., .\d — T — [T (1P
T(x)=T(a):= ZZ (@j)?, h(x) = h(a) := [T(a)] .
Let J be an arbitrary nonnegative integer, and set
A3 i={a=1(aj)j>0; a; €[0,1], Vj, anda; =0, Vj > J}. (63)

In order to establish the lemma, it suffices to prove that

P(a) < Ch(a), Va € A7, (64)
provided C does not depend on J. ~
Fix J. Fora € A%, a # 0, set ﬁ(a) = %. Since fz is homogeneous of

degree p» — p > O, it attains its maximum at some a such that at least one of the
aj’s equals 1. For this a, set

Api={j<J;a; =0}, Ap:={j<J;a;=1}, Ay:={j<J;0<a; <1}

By the above, we have A, # (. Set m := min A and M := max A,.
Step 1. Proof of the lemma when A3 = (. Assume first that A, B > 0. Then

Sia)= ) 2M <y oM oA Ta)= " 2B > 2BM
JEA2 =M JEA2
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We find that

(2AM)172/£12

h) S “QEMyla =1,

since A22 = BL (by (57)).
e q _ N
If A, B < 0, we have similarly Sy(a) < 24m and T(a) > 28™ and therefore

hla 5.
Step 2. Proof of the lemma when A3 # (. Set £ := min A3z, L := max Aj.

0 ~
If j € A3, then a—fz(a) = 0, and thus
aj

p2Y 5@ a )™ T @17 = p2PI [T @177 @) "™ [82(@)]/,
which implies that
(@)1 = 1287V j € Ay, with C = Cj(a) constant. (65)

Step 2.1. Proof of the lemma when A3z # () and q» = q. By (65), the quantity
2(B=A)J does not depend on j € As. On the other hand, since g = ¢ we have
B — A = (s —s2)g # 0. Thus A3 contains only one element, A3 = {¢} = {L}. We
find that

2aa) = Y 2Y 424 @, ha) = ) 2% 4+ 28 a)1.
JEA2 JEA2
Asin Step 1, when A, B > 0 we find that

(24M 4 2A€(a£)q)l’2/‘1 B 2AP2/aM | 2AP/4 (g,) P2
(23M+23z(a€)q)P/q ~ 2Bp/aM 4 2Bp/q(qp T

@) <

the latter inequality following from A& = BB, p2>pand0 <ap < 1.

q2 q
The case where A, B < 0 is handled similarly.

B—-A
Step 2.2. Proof of the lemma when Az # () and g2 # q. Define y = LIt
92 —q
follows from (65) that
aj =C2", Vje As. (66)

Let us note that

B—A Bg, — A s — 5
A+yqp=A+ q = 1 q=qqz
a2 —q a2 —q q@—q
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We therefore have the following four possibilities:

.A,B>0,A+vyq > 0.
.A,B>0,A+yq <0.
.A,B<0,A+vyq > 0.
.A,B<0,A+yq <0.

AW N =

We complete Step 2.2 in one of these cases, and let to the reader the three other
ones, which are similar. Assume e.g. that A, B > O and A + y¢> < 0. In this case
we obtain an information on C» by letting, in (66), j = £. [If A 4+ yq2 > 0, we take
j = L.]Since 0 < ay < 1, we have 0 < C22"¢ < 1, and thus C» = C3277¢, with
0 < C3 < 1. We find that

a; = C32"V7Y v j e A3, for some C3 € (0, 1). (67)
Since A > 0 and A + yg» < 0, we find that

§2(a) < Z 2AJ 4 Zz(AH’qz)j (C3)6122—qul
J=<M j>t

< 2AM 4 ATyl ()20~ v 2t — pAM | S AL ()02
while
T(a) = 28M 4 2B4(Cy)1.
We find that

(ZAM + 2‘”(C3)q2)pz/q2 - 2AP2/@2M | 2AP2 /@2 (C5) P2
(2BM 4 2B¢(Ca)a)P/ 2PN 4 2BPlat(Cy)p

frla) <

sinceA& = B£,0< C3; < land pp > p.

q2 q
The proof of Lemma 4 is complete. O
Sketch of Proof of Lemma 5. This is very much similar to the proof of Lemma 4.
This pime, we have a; € {0} U [1, 00). With C := (s1 + a)q1, we set Si(a) =
> 2% (a;)?" and

Al i={a=(aj)js0; aj =00ra; >2%,Vj, anda; =0, Vj > J}.

[§1 (a)]P1/a1
[T (a)]P/4
1,VJ,Va e Alj, a # 0. This is obtained following the same strategy as in the proof

of Lemma 4, considering, for a maximum point a of fi, the sets

Ifa e A}, a # 0, we set f{(a) = . We have to prove that fi(a) <
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Ar={j=<J;a;=0}, Ap:={j<J;aj=1}, A3:={j <J; 1 <a; <oo}.

The key ingredients are that C and B are either both positive or both negative,
B-C

respectively the fact that, when g # ¢, the quantity C + g1 does not vanish.

Details are left to the reader. O
Case 4. s1 # s2 and p> = oo. This is very much similar to Case 3. We prove the
equality

s s s K s
Fpg=Fpg NFpg) +(FZ N EFpy) (68)

under the assumptions

—00 <51,8,5 <00, s1£52, 0<pi<p<pr=00
(69)
such that (7) holds, 0 < g1, g < oo.

[For an improvement of (68) under more restrictive conditions of pi, see the proof
of Theorem 2.]

In view of Theorem 3 and Lemma 2, this implies Case 4. In order to prove (68),
we decompose f € Fj . as in (60). By Theorem 4 and Lemma 5, we have fi €

F[SJII,CII N F;,’q. On the other hand, since p; = oo we have ¢ = —s3, and then
clearly (60) implies that f> € Fgg,oo N F$P,
The proof of Theorem 1 is complete. O

Proof of Theorem 2. We will prove the following version of (68): we have

Flshq = (FlilvaI N F;,q) + (Fosé,qz A Fls)yq) (70)

under one of the following assumptions

—00 < 81,8,8 <00, S] #£852, |l <pl<p<pr=00
(71)
such that (7) holds, 0 < g < o0, 1 < ¢q1,q2 < 00

or

—00<S1,5,8 <00, S|, |l =p<p<pr=00
(72)
such that (7) holds, 0 < g < o0, g1 =1, 1 < g3 < 0.

Granted (70), we obtain the conclusion of Theorem 2 via Theorem 3, Corollary 2
and Lemma 2.
We now proceed to the proof of (70).

Let f € F ;yq, and let f = ) f; be the Littlewood-Paley decomposition of f.

Set f/ = Z“ﬁﬂfl fi = Zlk*j‘fl S * @k * ¢;. Taking into account the fact that
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@j*@r =0if |j — k| > 2 and that ), ¢ = & in the sense of .#”, we find that
S fiwei =) frorei =) fxro;="f (73)
J J-k J

On the other hand, we clearly have

H H (27 ). s H (27£,0) = 1£lr;,.
T2 @ || pp mvy P20 || Ly wovy
(74)
Define
1
§:=—#0. (75)
p(s —s2)
Let us note that (7) and (75) imply the identity
% + (s1 — s)dp1 = 1. (76)

. . /
Givenx € R, leth(x) = (Y 2W|ff<x>|q)p ? sothath < oo a.e. Whenever

h(x) < oo, define J = J(x) as follows: J is the least non negative integer such that
2 > [h)P.

Lemma 6 Let § and J be as above.

1. If§ > 0, then

Pi/q 1/q2
D 2N i Sh(x)and | Y2290 f1(x)[e2 <L
Jj<J j=J
(77)
2. If§ <0, then
P1/q 1/q2
D 2N I )| Shx)yand | D222 fioe ] <1
j>J J=<J
(78)

Granted Lemma 6, we complete the proof of Theorem 2 as follows. Assume e.g.
that § > 0, the case § < 0 being similar. Define, for a.e. x € RN,

o) i {fj(x), itj<s0 o[ if j < J(x) 79

0, ifj>Jx) |, =T
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C(_)mbining (73), (74)2 Lemma 6 and Lemma 1, we find that the series f; :
> g/ x¢jand fo := h' % ¢; converge in ., that f = fi + f>, and that f

51 s 52 s
FpigNF g 2€F5,NF, .

omll

Proof of Lemma 6. We consider only the case § > 0, the case § < 0 being similar.
Set M := [h(x)]’. We let to the reader the case where M < 1 and thus J = 0 and
the first sum in (77) vanishes. Assuming that M > 1, we have 27 ~ M and

|70 < 279 [h)]VP =27 MYOP) v j > 0. (80)
Since § > 0, we have s > s>, and thus s1 > s > s5. Using (80), we find that

Z 25141 |f/ )1 < M1/ 6p) Z 261=9)jq1 < pra1/Gp)p(si—s)Jq
j<J j<J
~ MQI[I/(SP)‘F(SI_S)]' (81)

Combining (76) and (81), we find that

pi/qi

Z 251J4q1 |fj (x| < [M

j<J

l/s]m/pﬂsflfs)S _ oy hx).

i.e., the first inequality in (77) holds.
For the second inequality, we note that (80) leads to

Z zszjqz|fj (x)|‘2] < qu/(ﬁp) Z 2(32—5)]'512
j=J j=J

< M2/GP)p2=)Jq2  pra2l1/(Ep)+(s2=5)] _ 1,

the latter equality following from the definition of §. O

Appendix: Factorization, Functional Calculus,
Sum-Intersection

The lifting problem for S!-valued Sobolev maps is the following. Let B be a ball in
RY Lets >0and1 < p < oo. Is it possible to lift every map u € W*?(B, sh
as u = ¢'? with ¢ € W7 (B; R)? This question has been completely answered in
[3]. The answer depends on s, p and N. For example, in WP (B; S the answer is
positive if N = 1 or [N > 2 and p > 2], but negative if [N > 2and 1 < p < 2].
Factorization is a substitute to lifting, but is also valid and relevant if the answer
to the lifting problem is positive. Special cases of factorization were announced in
[13]. The general case is presented in [5] and asserts the following. Let s > 0 and
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1 < p < oco. Then every map u € W% P (B; Sl) can be factorized as u = €'? v, with
e WSP(B;R)and v € Ff{’l(B; sh.

Factorization has the following application announced in the introduction. Let
p > 1 and consider some f € WP (B;SY). Setu := ¢/ € WP (B; SY). Let 0 <
A < 1. Since u € WP N L™, we also have u € W*?/* (by Gagliardo-Nirenberg).
Factorization implies that u = ¢'¢ v, with ¢ € WHrP/* and v € Fll?l o wprl

We note that

WP LB, R) 5 v=1¢€U"9 with f € W'P(B;R) and ¢ € WHP/*(B; R).
(82)
We next invoke the following delicate result [5]. If f; € W-PI(B;R), f> €
W52:P2(B; R) are such that

sipr = 1, sapa = 1, 12 e WP3 | withs3 > 1,

then f+ f» € W P3N\ W*P3.1 In our case, this implies that ¢ := f—¢p € WP1n
WP and thus ¢ = f — ¢ € WP Finally, f = ¢ + ¥, with o € WHP/A Qwhrp
and y € wWPlnwhr,

Our Theorem 1 yields the same conclusion without factorization.

Let us also note that not only factorization leads to a sum-intersection property,
but sum-intersection is necessary for factorization to hold. Indeed, let p > 2 and
u € WHP(B; SY). Then we may write u = ¢/ with f € W'?(B; R) [2]. Assume
that we want to factorize u = ¢'¢ v with ¢ € W»P/*(B;R) and v € WP 1(B; Sh).
The first step consists of splitting (assuming this is possible) f = ¢ + v, with
¢ € WP/ and v € WP!. However, this decomposition does not imply that
v = eV e WPI(B;SY. Indeed, if s > 1 and p > 1,then amap g € Wo°
satisfies €’¢ € W7 if and only if g satisfies the extra-assumption g € WP
[6]. In our case, this implies that factorization in wHP/x(B: S requires the sum-
intersection property of the triple T = (W7, W»P/* WwP-1) However, one cannot
reduce factorization to sum-intersection, since in general W* 7 (B; Sl) does not have
the lifting property.

Sum-intersection property has the following implication related to lifting, pre-
sented in [5]. If sp < 1, then maps in W*P(B;S!) can be lifted within W*?
[3]. Factorization leads to a better result. Indeed, let u € WSP(B;S!) and let
¢ € W%P(B;R) be a lifting of u. Write, as in Theorem 2, ¢ = ¢ + ¢, with
@1 € BMO NW*P and ¢p € WP1 N W*P_ Set v := 92 € W', Then v has a
lifting @3 € W*P'!1 N L™ [14]. By Gagliardo-Nirenberg, we also have g3 € W*?,
and clearly 93 € BMO (since @3 € L™). Finally, u = 'V, where ¥ := ¢1 + ¢3
satisfies the improved regularity ¢ € W*? N BMO .
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Operator-Norm Convergence of the m)
Trotter Product Formula on Hilbert e
and Banach Spaces: A Short Survey

Hagen Neidhardt, Artur Stephan, and Valentin A. Zagrebnov

1 Introduction

Recall that the product formula

n
e "¢ = lim (e_TA/"e_TB/"> , T2>0, (1.1)

was established by S. Lie (in 1875) for matrices where C := A + B. The
proof of formula (1.1) can be carried over easily to bounded operators on Banach

spaces. Moreover, a straightforward computation shows that the convergence rate is
O(l/n),i.e.

sup e~ TA/MeTTB/M _ o=TC/n ) = 0(1/n). 1.2)
7€[0,7T]

Trotter [25] has extended this result to unbounded operators A and B on Banach
spaces, but in the strong operator topology. He proved that if A and B are generators
of contractions semigroups on a separable Banach space such that the algebraic
sum A + B is a densely defined closable operator and the closure C = A+ B isa
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generator of a contraction semigroup, then

e "¢ = s— lim (e_rA/"e_tB/")n , (1.3)
n—oo

uniformly in T € [0, T] for any T > O.

Formula (1.3) is often called the Trotter or the Lie-Trotter product formula. It was
a long-time belief that this formula is valid only in the strong operator topology. But
in nineties it was discovered that under certain quite standard assumptions the strong
convergence of the Trotter product formula can be improved to the operator-norm
convergence. In the following we give a review of these results.

The paper is organised as follows. In Sect. 2.1 we give an overview on operator-
norm convergence of the Trotter product formula if the generators A and B are
non-negative self-adjoint operators. Section 2.2 summarises the case when one of
the generator is only a maximal accretive operator. Section 2.3 is devoted to the
evolution case, which arises in the theory of the abstract non-autonomous Cauchy
problem. These results are commented in Sect. 2.4.

Section 3 is concerned with the operator-norm convergence of the Trotter product
formula on the Banach spaces. Section 3.1 presents the results under the assumption
that one of generators is for holomorphic semigroup. Section 3.2 considers again the
evolution case but on Banach spaces. The relation between evolution semigroups
and propagators is explained in Sect. 3.3. We comment the results in Sect. 3.4.

In Sect.4 we collect some examples and counterexamples. They show what is
expectable and what is not and even surprising.

We use below the following notations and definitions.

1. We use a definition of the semigroup generator C (1.3), which differs from the
standard one by a minus, as it is in the book [11].
2. Furthermore, we widely use the so-called Landau symbols:

g(n) = O(f(n)) <= limsup &' c .

§(n) = o(f () = lim sup fc((’;)) _o.

e(n) = O(f(n)) <= 0 < liminf| 22| < limsup | %2 | < o0,
n—00 n n— 00 f(l’l)

gn) = (f (1) &= limsup }"P((Z)) _

3. We use the notation C%8([0, T]) for the Holder (B € (0, 1)) and, respectively,
for the Lipschitz (8 = 1) continuous functions.
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2 Trotter Product Formula on Hilbert Spaces

2.1 Self-Adjoint Case

Considering the Trotter product formula on a separable Hilbert space H, T. Kato has
shown in [9, 10] that for non-negative operators A and B the Trotter formula (1.3)
holds in the strong operator topology if dom(v/A)Ndom(+/B) is dense in the Hilbert
space and C = A+ B is the form-sum of operators A and B.

Naturally the problem arises whether Kato’s result can be extended to the
operator-norm convergence. A first attempt in this direction was undertaken by
Rogava [23]. He proved that if A and B are non-negative self-adjoint operators such
that dom(A) € dom(B) and the operator-sum: C = A + B, is self-adjoint, then

(e~ ™A/ e~ B/mn — o7TC) = O(In(n)//n), n — oo, (2.4)

holds. In [15] it was shown that if one substitutes in above conditions the self-
adjointness of the operator-sum by the A-smallness of B with a relative bound less
then one, then (2.4) is true with the rate of convergence improved to

(e TA/Me™TB/mn _ o=TC | = O(In(n)/n), n — oo.

The problem in its original formulation was finally solved in [8]. There it was
shown that the best possible in this general setup rate (1.2) holds if the operator
sum: C = A + B, is already a self-adjoint operator. Obviously, Rogava’s result, as
well as many other results (including [15]), when the operator sum of generators is
self-adjoint, follow from [8] .

A new direction comes due to results for the fractional-power conditions. In [20],
with elucidation in [6], it was proven that assuming

dom(C%) C dom(A%) Ndom(B%), «a € (1/2,1), C = A+B, (2.5)
and
dom(A'/?) € dom(B'/?) (2.6)
one obtains that

Sup ”(e—rA/ne—rB/n)n _ e—TC” — O(H_(2a_1)).
7€(0,T]

Notice that formally & = 1 yields the rate obtained in [8].
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We remark also that the results of [6, 20] do not cover the case o« = 1/2.
Although, it turns out that in this case the Trotter product formula converges on
the operator norm:

sup ||(e T4 meTTBImm _ o7TC) = o(1) ,
t€[0,T]

if V/B is relatively compact with respect to /A, i.e. v/B(I + A)~/2 is compact,
see [16].

2.2 Nonself-Adjoint Case

Another direction was related with attempts to extend the Trotter, and the Trotter-
Kato, product formulae to the case of nonself-adjoint sectorial generators [3].
Let A be a non-negative self-adjoint operator and let B be a maximal accretive
(Me(Bf, f) = 0for f € dom(B)) operator, such that

dom(A) € dom(B) and dom(A) € dom(B*).

If B is A-small with a relative bound less than one, then the rate estimate (2.4)
holds, for generator C, which is the well-defined maximal accretive operator-sum:
C=A+ B,see[l].

In [2] this result was generalised as follows. Let A be a non-negative self-adjoint
operator and let B be a maximal accretive operator such that dom(A) € dom(B)
and B is A-small with relative bound less than one. If the condition

dom((C*)%) € dom(A%*) Ndom((B*)¥), C=A+B,
is satisfied for some o € (0, 1], then the norm-convergent Trotter product formula:

sup [[(e”"A/meTTBIMy — e7TC = O(In(n) /n®)
t€l0,T]

holds as n — oo.
In fact, more results are known about the operator-norm Trotter product formula
convergence for nonself-adjoint semigroups, but without the rate estimates, see [4].

2.3 Evolution Case

At the first glance a very different result about a Trotter-type product formula was
obtained in [7]. The authors consider instead of the self-adjoint operator B a family
{B(1)}s¢[0,7] of self-adjoint operators on the separable Hilbert space ) such that the
condition
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dom(A%) € dom(B(t)), t¢€[0,T], 2.7

is satisfied for some o € [0, 1) for A, which is a non-negative self-adjoint operator.
Then the operator sum C(t) = A+ B(¢) defines a family of self-adjoint operators in
£ space such that dom(C(¢)) = dom(A), ¢ € [0, T']. With the family {C (¢)};¢[0.7]
one associates the evolution equation:

du(t) = =C()u(t), tel0,T], (2.8)

corresponding to the non-autonomous Cauchy problem with initial condition ug =
u(0) fort = 0.

It turns out that equation (2.8) admits a propagator {U (t,s)}(m)E A A =
{(¢,s) € [0,T] x[0,T] : 0 < s < t < T}, which solves this problem. We
remind that a family {U (¢, 5)}(;,s)ea of bounded operators is called a propagator
if the operator-valued function U (-, -) : A — B®) is strongly continuous and
verifies the conditions:

U(t,t)=1 for te]0,T], 2.9)
Ut,s)=U@,r)U(r,s) for t,r,se[0,T] with s<r<t. (2.10)

Let {z; ’}:0 be a partition of the closed interval [0, 7]:
O=tn<h<...<th1<ty=t, tj=1j,T1=t/n,

for any O < ¢t < T. Further, let

t—s t—s =5
Qjt,s;n)y=e n Ye” n BEHT =01, 0, 2.11)
and

E(t,s3n) == Qn1(t,5;n) Qna(t, s5n) X -+ x Q1(t,s51)Qol(t, 53 1)
(n—1)«
= ]_[ Qj(t,s;n),
j=0
(2.12)
where the symbol ]_[7; means that the product is increasingly ordered in j from
the right to the left. If in addition to assumption (2.7), the condition

IAT*(B(t) — B(s)A™ | < Lilt —s|, t,s€[0,T], L;>0, (2.13)

is satisfied, then in [7] it was proved that the propagator {U(z, )}, ;) z» Which
solves the Cauchy problem (2.8), admits the approximation
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sup |U(t,0) — E,(t,0;n)| = O(In(n)/n) as n — oo. (2.14)
tel0,T]

Scrutinising the proof in [7] one finds that in fact the claim (2.14) can be slightly
generalised to any interval A

sup WU, s) — En(t,s;n)]| = O(In(n)/n) as n— oo, (2.15)

(t,s)eA_,t—szro>O

for every 79 > 0. At the first glance, it seems that the result (2.15) is quite far from
the Trotter product formula. However, this is not the case. To show this we follow the
evolution semigroup approach to evolution equations developed in [12, 21]. Let us
introduce the Hilbert space L2([0, T1, $) and consider on this space the semigroup

(%@ )0) :=U, 1 =D xor =) ft—1), feL*0,TLH, (2.16)

t € [0, T]. It turns out that {% (1)};cr, is a Co-semigroup on the Hilbert space
of the $)-valued trajectories L2([O, T1, ). By £ we denote its generator, then
Ut)y=e"*,1>0.

Let us introduce two multiplication operators

(A f)1) =Af@), [ €dom(«),

— 2 _f(t) edom(A) forae.tre[0,T]
dom(&) := {f e L7([0,T], ») : AF() € L2(0. T]. §) } ,

2.17)
and
(Bf)t)=Bt)f(t), fecdom(A),

. 2 _f(t) e dom(B(t)) forae.tel[0,T]
dom(#) = {f € L0197 gy py e L2(10, 71, $) }

(2.18)
Note that both operators are well-defined and self-adjoint in L2([0, T'], £). More-
over, condition (2.7) yields: dom(&7) C dom(%).
By Do we define in L?([0, T, ) the generator of the right-shift semigroup
e~ 7P0 given by

€N =Xt =D ft=1), [ €LX(0,T], ).

Notice that the operator Dy is defined by

a
(Do f)(1) = 5“0’

f e dom(Dy) := {f € WH*([0, T1, $) : £(0) =0}
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Collecting these definitions we introduce the operator

(A f)=Dof +f+ B,

~ (2.19)
f € dom(%") := dom(Dy) N dom(&/) N dom(A).

Since {U(t, S)}(z,s)e 4 1is a propagator solving the evolution equation (2.8) one

deduces that by virtue of assumptions (2.7) and (2.13) the operator A is closable

and that its closure coincides with generator %", see [12, Theorem 4.5].
Furthermore, let us define the operator

(Af)®)=Dof +4f, [ €dom(Ap) :=dom(Dg) N dom(s).
Then operator %) is a generator of the Co-semigroup, which has the form

@0 = e A xicon — D f =), f e L0, T1,$).

Note that we obviously get that #~ = %y + B = ¢y + B.
For the pair { %), %} one obtains the following result.

Proposition 2.1 Let A be a non-negative self-adjoint operator on the separable
Hilbert space $) and let {B(t)};c[0,1] be a family of non-negative self-adjoint
operators. If the assumptions (2.7) and (2.13) are satisfied, then

sup |[(e T/t BImyn _ o=t X | = O(In(n)/n) forn — 0o,  (2.20)
>70>0
and
sup |[(e TP/memH0/myn _ o=t | = O(In(n)/n) forn — oo, (2.21)
>70>0

for every g > 0.

Proof A straightforward computation shows that for f € L2([0, T], £) one gets
((e7™H0/m = #Imyn £y(1) = E(t, 1 — 5 n) x0,71(t — ©) f(t — T),
where E (¢, s ; n) is given by (2.12). Taking into account (2.16) we obtain

(e H0/n =% /myn £y (1) — (™ £)(1)
=(E¢t—1;n)-Ult,t=1)xpo.nt—0)fCt—1),

which yields the estimate
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(7™Mt B M £y (1) — (7T f)(@)|
< X1t = OIE@ t —t;n) = U, t — )| | £t — D).

Hence, this implies

Sup ”(e—r%/ne—rt@/n)nf _ e—‘[,)gf”Z

>179>0

T
< sup /0 xo.rt — OINE@, t —t;n) —Ut,t — )| | £t — )| Pdt

>70>0

T
5/0 sup  NE( s:m) — U@ )P 1F 0 Pdr

(Z,S)EA_,tst‘(()

Using (2.15) we immediately obtain (2.20). Similarly (2.21) follows from [7]. O

2.4 Comments
Section 2.1

The operator-norm convergence rate O(1/n) of [8] for pairs of non-negative self-
adjoint operators is sharp and ultimate optimal due to observations in [24]. The same
remark concerns the sharpness and optimality of the rate O (1/n?*~!) obtained first
in [20] under assumption (2.5) together with the A*-smallness of B* with relative
bound less then one. Then the same ultimate sharp rate was proven in [6], when the
smallness condition is relaxed to the mild subordination (2.6). It is an open problem
whether the assumption (2.6) is really necessary.

Section 2.2

It is unclear whether the convergence rates O (In(n)/n) and O (In(n)/n%) are sharp.
One expects convergence rates identical to that in Sect. 2.1.

Section 2.3

The approach used here was developed in [12, 17-19, 21, 22]. The idea is to
transform a time-dependent evolution problem to a time-independent problem, see
also the next section.

Let us add some remarks. One easily checks that the operator J%j is not self-
adjoint whereas the operator Z is self-adjoint. However, % is maximal accretive.
This is in some sense in contrast to Sect.2.2, where the pair {A, B} consists of a
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self-adjoint operator A and an maximal accretive operator B such that dom(A) <
dom(B) and dom(A) € dom(B*). In the evolution case the conditions dom(.%() C
dom(%) and dom(.%") C dom(#) are satisfied but in the reversed order with
respect to Sect.2.2. However, the convergence rate O(In(n)/n) is not affected by
this.

The proof of the estimate (2.14) and (2.15) are very involved. Naturally the
problem arises whether one can give a direct proof the estimate (2.14) avoiding
those propagator estimates.

3 Trotter Product Formula on Banach Spaces

3.1 Holomorphic Case

There are only few generalisations of the results of Sect.2 to Banach spaces. The
main obstacle for that is the fact that the concept of self-adjointness is missing in
the Banach spaces. One of solution is to relax the self-adjointness replacing the non-
negative self-adjoint generator A by a generator of the holomorphic semigroup. The
following result was proved in [5].

Theorem 3.1 ([5, Theorem 3.6 and Corollary 3.7]) Let A be a generator of a
holomorphic contraction semigroup on the separable Banach space X and let B a
generator of a contraction semigroup on X.

(1) Iffor some a € (0, 1) the condition
dom(A%) € dom(B) ,

holds and dom(A*) C dom(B*) is satisfied, then the operator sum C = A+ B
is a generator of a contraction semigroup and

sup [[(e7TB/meTTAIm _ o7TC) = O(In(n)/n' ") , (3.22)
t€l0,T]

forany T > Q.
(i) If for some a € (0, 1) the condition

dom((A%)*) € dom(B*) ,

is satisfied and dom(A) € dom(B) is valid, then C = A + B is the generator
of a contraction semigroup and

sup [[(e"A/ e TBIMy _ o7 TC ) = O(In(n)/n' %), (3.23)
7€(0,T]
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forany T > 0.

Theorem 3.2 ([5, Theorem 3.6 and Corollary 3.7]) Let A be a generator of a
holomorphic contraction semigroup on X and let B a generator of a contraction
semigroup on X. If B is in addition a bounded operator; then

sup [[(e7TB/memTAImMM _ o7TCY = O((In(n))?/n),

7€[0,T]
and
sup [I(e"TA/meTTBIMT — o 7TC Y = O((In(n))*/n),
7€[0,T)
forany T > Q.

3.2 Evolution Case

Similarly of Sect.2.3 let us consider a generator A of a holomorphic semigroup
on the separable Banach space X and a family of {B(#)};¢[0,] of generators of
holomorphic semigroups on X. We make the following assumptions:

Assumption 3.3

(A1) The operator A is a generator of a holomorphic contraction semigroup on X
such that 0 € p(A).

(A2) Let {B(t)}:c[0,7] be a family of closed operators such that for a.e. t € [0, T']
and some o € (0, 1) the condition dom(A%) C dom(B(t)) is satisfied such
that

Co i=esssup,cio. 7 | BO)A™ || zx) < 0.

(A3) Let {B(?)}:c[0,7) be a family of generators of contraction semigroups in X
such that the function [0, 7] 3 ¢ — (B(1)+£) 'x € Xis strongly measurable
foranyx € Xandany £ > b > 0.

(A4) We assume that dom(A*) C dom(B(¢#)*) and

Ct = ess sup,eio, 7 BO*(AH) ™ zxe) < 0o,
where A* and B(¢)* denote operators which are adjoint of A and B(z),
respectively.
(A5) There exists B € (a, 1) and a constant Lg > 0 such that for a.e. t,s € [0, T']

one has the estimate:

1A~ (B(t) — B(s))A™|| < Lglt — s .
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(A6) There exists a constant L; > 0 such that for a.e. 7,5 € [0, T] one has the
estimate:

[A™*(B(t) — B(s)A™*|l < Lilt —s] .

The assumption 0 € p(A) in (Al) is made for simplicity. We note that
assumption (A3) is similar to (2.7). Assumption (A4) is automatically satisfied
for self-adjoint operators. Assumption (AS) is a modification of (2.13) while
assumption (A6) coincides with (2.13).

With the family {C(¢)}:¢[0,77, C(t) = A + B(t), one associates the evolution
equation (2.8). It turns out that under the assumptions (A1) and (A2) the family
{C(t)}ie0,1) consists of generators of contraction semigroups.

In accordance with Sect.2.3 we consider the Banach space L” ([0, T'], X) for
some fixed p € [1,00) and introduce the multiplication operators ./ and 4,
cf. (2.17) and (2.18). Under the assumptions (A1)—(A3) the operators .« and
P are generators of contraction semigroups such that dom(«/) € dom(Z), in
particular, .27 is a generator of holomorphic semigroup. Similarly, one can introduce
the multiplication operator %" induced by the family {C(#)};c[o,7] Which is also a
generator of a holomorphic semigroup. Notice that € = &/ + % and dom(¥) =
dom(&).

Let Dy the generator of the right-shift semigroup on L? ([0, T'], X), i.e.

e )0 = ft — DXt — 1) f(t—1), feLP(0,T] %),
cf. (2.19). We consider the operator

Hf =Dof +d f+ Bf,
fe dom(J?) = dom(Dy) Ndom(e?) N dom(A),

cf. (2.19). Assuming (A1)—(A3) it was shown in [12] that the operator K is closable
and its closure 7" is the generator of a semigroup.
Furthermore, we set

Hof =Dof +f, f edom(Hp) = dom(Dg) N dom(),

In contrast to the Hilbert space the operator J% is not necessary a generator of a

semigroup. However, the operator % closable and its closure % is a generator.

Notice that J# coincides with the algebraic sum of %) and 4, i.e & = J#y + B.
In [12] the following theorem was proved.

Theorem 3.4 ([12, Theorem 7.8]) Let the assumptions (Al)—(A4) be satisfied for
some o € (0, 1). If (AS5) holds, then

sup || (e~ TB/meT A0/ myn _ o= | = 0(1/nP ), (3.24)

>0
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when n — o0.

Assuming instead of assumption (AS5) the assumption (A6) the result slightly
modifies, see [14].

Theorem 3.5 ([14, Theorem 5.4]) Let the assumptions (Al)—(A4) be satisfied for
some o € (1/2,1). If (A6) is valid, then for n — o0 one gets the asymptotic:

sup ||(e"TB/memT A0 myn _ =T = 0 (1/n! 7). (3.25)

>0

3.3 Convergence Rates for Propagators

The proof of both theorems does not use propagator approximations of type (2.14)
or (2.15). However, Theorems 3.4 and 3.5 can be used to prove propagator approxi-
mations. To this end one has to introduce the notion of a evolution semigroup.

Definition 3.6 A generator 7 in L? ([0, T], X), p € [1, 00), is called a evolution
generator if

(1) dom(¥) < C(0,T],X) and M(¢)dom(#) C dom(#) for ¢ €

wlhee([o, Ty,
(i) M) f — M@)H f = M(@)f for f € dom(A) and ¢ € W ([0, T)),
where ¢ = 9,0,

(iii) the domain dom(~#") has a dense cross-section, i.e. for each ¢ € (0, T'] the set
[dom(J2)]; ;== {x € X : 3f € dom(#") suchthat x € f(1)},

is dense in X.

By M(¢), ¢ € L*([0, 1]), the bounded operator

M@ ) =0 f(®), feLPJ0,T]X).

is meant. ~

One can check that the operator 7 defined as the closure of J# is an
evolution generator, cf. [12, Theorem 1.2]. Evolution generators a directly related
to propagators. For this purpose one has slightly weaken the notion of a propagator
defined in Sect.2.3.

Definition 3.7 Let {U(t, 5)}(t,5)en, A =1{(t,5) € (0, T] x (0, T]: s <t < T}, be

a strongly continuous family of bounded operators on X. If the conditions
Ui,t)=1 for te(0,T], (3.26)
ui,nUu(r,s)y=U(t,s) for t,r,s (0, T] with s<r<t, (3.27)
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I1Ullzx) = sup [[U(, )] <o0 (3.28)
(t,5)€A

are satisfied, then {U (¢, 5)};,5)e is called a propagator.

Comparing with Sect. 2.3 we note that A slightly differs from A. Indeed, A C A but
A=A Restricting (2.9) and (2.10) to (0, T'] we get (3.26) and (3.27), respectively.
Condition (3.28) is necessary because the set A is not closed.

It is known that there is an one-to-one correspondence between the set of all
evolution generators on L” ([0, T'], X) and the set of all propagators in the sense of
Definition 3.7 established by

(e—n%/f)(t) =U(t,t — T)X[O,T](t — f)f(t - 1), f € Lp([(), T1, x)a

cf. [12, Theorem 3.3] or [17, Theorem 4.12].

Let %; be the generator of an evolution semigroup {%(t)}r>0 and let % be a
multiplication operator induced by a measurable family {B(¢)};¢[0,7] of generators
of contraction semigroups. Note that in this case the multiplication operator 4 is a
generator of a contraction semigroup (e~ * % (@) = e TBD £(1), on the Banach
space L?([0, T1, X). Since {Z(7)}r>0 is an evolution semigroup, then there is a
propagator {Uy(%, s)}(,s)ea such that the representation

(%(0) )@) = Uo(t,t — Dot — D) f(t —7), feLP(0,T],X),

is valid for a.e. t € [0, T] and T > 0. Then we define

(=9 1 u=s)
Qj(t,5im) += Upls + 52,5+ = D™ T (+0-D5E)

where j € {1,2,...,n},n €N, (t,5) € A, and we set
n<
Va(t,s) =[] Qjt.sin). neN, (t.s)eA,
j=1

where the product is increasingly ordered in j from the right to the left. Then a
straightforward computation shows that the representation

(e 0me=#m)" £) 0 = Vatt, t = Oxp0.m ¢ =0 0 =)

f € LP([0,T], X), holds for each T > 0 and a.e. t € [0, T]. Similarly we can
introduce

t—s 1—S
Git,ssm)y=e 1 P TU (s + j 5 s+ (j — D)

where j € {1,2,...,n},n €N, (t,5) € A. Let
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n <
U,(t,s) := l_[ Gj(t,s;n), neN, (t5) €A,
j=1

where the product is again increasingly ordered in j from the right to the left. We
verify that

((e‘r'%/"e_f‘%/")n f) ) =Uyt, t = )x0.11(t =) ft — 1),

f € LP([0,T], X), holds foreach t > Oand a.e.t € [0, T].

Proposition 3.8 ([13, Proposition 2.1]) Let 2 and 2%y be generators of evolution
semigroups on the Banach space LP ([0, T], X) for some p € [1, 00). Further, let
{B(1))}iel0,1] be a strongly measurable family of generators of contraction on X.
Then

a, P n
)e_f"g/ — <e_f‘[°/"e_f°%‘/"> ) =esssup |U(¢,s) — Vu(t,5)], neN,

sup
720 (t,5)eA
and
. n
sup e — (7 # /et AV < esssup |U (1, 5) = Un(e, )], €N,
>0 (t,5)eA

Let us introduce the approximations

n<—
Un(t,s):=[]Gjt.sin), n=12,...,
j=1

Gj(t,s;n):= e T BEHIEY - A j=0,1,2,...,n,
(t,s) € A, with increasingly ordered product in j from the right to the left. From
Theorem 3.4 and Proposition 3.8 one immediately obtains the following theorem.
Theorem 3.9 ([12, Theorem 1.4]) Let the assumptions (Al)—(A4) be satisfied. If
(A5) holds, then for n — oo the rate:

esssup [|Un(t, s) — U(t,5)|| = O(1/nP~%). (3.29)
(t,5)eA

From Theorem 3.5 and Proposition 3.8 we get

Theorem 3.10 ([14, Theorem 5.6]) Let the assumptions (Al)—(A4) be satisfied for
some o € (1/2,1). If (A6) is valid, then for n — 00 one obtains a better rate:

esssup [|Uy (1, 8) — U(t, s)| = O(1/n'™%) .
(t,s)eA
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3.4 Comments
Section 3.1

It is unclear whether Theorem 3.1 is sharp. Theorem 3.1 should be valid if the
contractivity of the involved semigroups is replaced Trotter-stability. A pair of
generators {A, B} is called Trotter-stable if the Trotter product is uniformly bounded
inn € N, ie., if

sup sup H (e—tA/ne—rB/n)n

neN >0

< Q.

It turns out that the pair {A, B} is Trotter-stable if and only { B, A} is Trotter-stable.

Section 3.2

Theorems 3.4 and 3.5 are proved in [12] and [14] under the assumption that
the pair { %, A} is Trotter-stable. The convergence rates (3.24) and (3.25) differ
significantly from the convergence rate O(In(n)/n) of Proposition 2.1. It is an
open problem whether the convergences rates (3.24) and (3.25) can be improved
to O(In(n)/n). One has to mention that the convergence (3.25) coincides with that
one of (3.23) despite the fact that %) is not a generator of a holomorphic semigroup.
Indeed, the generator % is not holomorphic since e ™ =0fort > T.

Section 3.3

It is a bit surprising that the operator-norm convergence of the Trotter product
formula for the pairs: generator of evolution semigroup and multiplication operator,
is equivalent to the operator-norm convergence of a certain approximation of the
corresponding propagator, see Proposition 3.8. In particular, this yields that two
convergences: (2.15) and (2.20), are equivalent.

4 Sharpness

4.1 Example

Let us consider a “solvable” example. We study bounded perturbations of the
evolution generator Dy. To do this aim we consider X = C and we denote by
L2([0, 1]) the Hilbert space L>([0, T], C).



244 H. Neidhardt et al.

Fort € [0,1],let g : t — q(t) € L°([0, 1]). Then, g induces a bounded
multiplication operator Q in the Hilber space L>([0, 1]):

QN =g f@), feL*(0,1D.
For simplicity we assume that ¢ > 0. Then Q generates on L>([0, 1]) a contraction
semigroup {e~7¢};~¢. Since generator Q is bounded, the closed operator .# :=
Dy + Q, with domain dom(2#) = dom(Dy), is generator of a semigroup on
Lz([O, 1]). From [25] one gets immediately

s- lim (e_TDO/"e—fQ/">n — o T(Do+0)
n—oo

uniformly in t € [0, T] for any T > 0. One easily checks that % is an evolution
generator. A straightforward computation shows that

(7Pt p) () = e Fe 1O 0y — 1) 0 - 1)
which yields that the propagator corresponding to JZ” is given by
Ult,s) =e B4 1 ) e a.
A simple computation shows that
((e7m2ormev2m)" ) 0 = Va1 = Dot = D =)

Then by straightforward calculations one finds that

1=5 -l t=s
Vo(t,s) = e 1 2a=0d6HT) 0 oy e A

Proposition 4.1 ([13, Proposition 3.1]) Lerg € L°°([0, T']) be non-negative. Then

)

asn — 00, where O is the Landau symbol defined in the introduction.

sup HE—T(D(H-Q) _ (e—rDo/ne—rQ/n)n

>0

HB(LP((0,1])

t f—s n—1
= O | esssup / q(y)dy——Zq(s+kt;—s)
(t,s)eAa 'Js n k=0

Note that by Proposition 3.8 the operator-norm convergence rate of the Trotter
product formula for the pair {Dg, Q} coincides with the convergence rate of the
integral Darboux-Riemann sum approximation of the Lebesgue integral.
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4.2 Results

Below we give a series of examples which show the dependence of the convergence
rate on the smoothness of the function g € L*°([0, T']). First we consider the Holder
and Lipschitz continuous cases.

Theorem 4.2 ([13, Theorem 3.2]) If the function: ¢ € C%P([0, T1), B € (0, 1], is
non-negative, then for n — 0o one gets

sup He*f(D‘)JrQ) — (e*fDO/”e*’Q/")nH = 0(1/nP).

>0

Now a natural question that one may to ask is: what happens, when ¢ is simply
continuous?

Theorem 4.3 ([13, Theorem 3.3]) If g : [0,1] — C, is continuous and non-
negative, then for n — 0o

”e—‘[(DO'f'Q) _ <e—rD()/ne—TQ/n>nH — 0(1) . (430)

We comment that for a general continuous g one can say nothing about the
Trotter product formula convergence rate. Indeed, as it follows from the next
theorem the convergence to zero in (4.30) may be arbitrary slow.

Theorem 4.4 ([13, Theorem 3.4]) Let §, > 0 be a sequence with 6, — 0 as
n — o00. Then there exists a continuous function q : [0, 1] — R such that

= C()(81’!) I

sup Hefr(DoJrQ) _ (e*fDo/ne*fQ/n)n
AL ([0,1])

>0

as n — 00, where w is the Landau symbol defined in the Introduction.

Our final comment concerns the case when ¢ is only measurable. Then it can
happen that the Trotter product formula for that pair { Do, Q} does not converge in
the operator-norm topology:

Theorem 4.5 ([13, Theorem 3.5]) There is a non-negative measurable function
q € L*°([0, 1]), such that

liminf sup
n—00 5

o~ (D0+0) _ (e—fDo/ne—fQ/n)n

>
HB(LP([0,1])

We note that Theorem 4.5 does not exclude the convergence of the Trotter
product formula for the pair {Dgy, Q} in the strong operator topology.
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4.3 Comments
Section 4.1

Our example can be considered as a kind of solvable model. It fits into the evolution
cases considered in Sects.2.3 and 3.2. Indeed, one has to set X = C, p = 2,
LP([0,T], %) = L2([O, T, A = I and B(t) = ¢q(t) and 8 = Q. One easily
checks that

(e—r/n%e—n%/n)n — e—r(e—r/nDoe—rQ/n)n

which shows that the convergence rate of (e~ T/mPoe=TQ/myn coincides with that
one (e~ /mH0e=T#/myn Ope easily checks that the choice A = I, B(t) = ¢(1),
q(t) > 0, guarantees the assumptions (Al1)—(A4) If g € C%£([0, TY), then the
assumption (AS) is satisfied. If Q is Lipschitz continuous, i.e. g € c%o, 1),
then the assumption (A6) is valid.

Section 4.2

Theorem 4.2 shows that for 8 € (0, 1) the convergence rate is O(1/ n?), which
is better than the convergence rates O(1/ nf=*) and O(1/n'~%) in Theorems 3.4
and 3.5. Hence, they are not sharp.

Theorems 4.3 and 4.4 demonstrate that the convergence rate can be arbitrary slow
if the smoothness of Q is weaker and weaker.

Finally, Theorem 4.5 shows that there is a bounded operator such that the Trotter
product formula does not converge in the operator norm. This makes clear that
Theorem 3.2 becomes false if the condition that A is a holomorphic generator is
dropped. Indeed the operator Dy which plays the role of A of Theorem 3.2 is not a
generator of holomorphic semigroup.
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Multiple Periodic Solutions m)
of Lagrangian Systems of Relativistic e
Oscillators

Biagio Ricceri

1 Introduction

As the reader can notice, the title of the present paper is, intentionally, almost
identical to the one of [1].

Actually, it is our aim to show how to obtain the multiplicity of periodic solutions
for the systems mentioned in the title making a joint use of the theory developed by
Brezis and Mawhin in [1] with that we developed in [3].

To be more precise, we now fix some notations that we will keep throughout the
paper and recall the main result of [1].

L, T are two fixed positive numbers. For each r > 0, we set B, = {x € R" :
|x| < r} (| - | being the Euclidean norm on R") and B, is the closure of B,.

We denote by .o the family of all homeomorphisms ¢ from B; onto R” such
that ¢ (0) = 0 and ¢ = V@, where the function @ : B; —] — 00, 0] is continuous
and strictly convex in By, and of class C! in By . Notice that 0 is the unique global
minimum of @ in Bj.

We denote by Z the family of all functions F : [0, T] x R" — R which are
measurable in [0, 7], of class C! in R" and such that V. F is measurable in [0, T']
and, for each r > 0, one has sup,cp |ViF (-, x)| € L'([0, T]), with F(-,0) €
L'([0, TY).

Given ¢ € < and F € A, we consider the problem

(p(u")) = Vi F(t,u) in [0, T]
(Py,F)
u©) =u(T), u'(0) =u'(T).
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A solution of this problem is any function # : [0, 7] — R”" of class C 1 with
' ([0, T]) € Br, u(0) = u(T), u’(0) = u'(T), such that the composite function
¢ ou’ is absolutely continuous in [0, 7] and one has (¢ ou’)' (t) = V, F (¢, u(t)) for
ae. t€[0,T].

Now, we set

K = {u e Lip([0, T1,R") : [u'(t)] < L for a.e.t € [0, T1,u(0) = u(T)},

Lip([0, T'], R") being the space of all Lipschitzian functions from [0, T'] into R".
Clearly, one has

sup |u| < LT + inf |u| (1.1)
[0,7] [0.7]

for all u € K. To see this, take fo € [0, T'] such that |u(t)| = infjo 7] |«| and
observe that, for each ¢ € [0, T'], one has

t
/ u' (v)dr
0]

Next, consider the functional / : K — R defined by

|u(t) — u(to)| = <LT.

T
I(u) =/ (@' (1)) + F(t, u(1)))dt
0

forallu € K.
The basic result of the theory developed in [1] is as follows:

Theorem 1.1 ([1], Theorem 5.2) Any global minimum of I in K is a solution of
problem (Py f).

Well, the aim of the present paper is to provide a set of conditions under which
the functional [ has at least two global minima in K.

As far as we know, this is the first result of this kind, and so we cannot do any
proper comparison with previous ones.

Notice that some multiplicity results for problem (Py, ) are already available in
the literature. In this connection, we refer to the numerous references contained in
the very recent survey by Mawhin [2] and in [4]. But, as we repeat, in those papers
the multiple solutions of problem (Py, r) are not shown to be global minima of the
functional [ in K.

As we said at the beginning, our main tool is provided by the main result obtained
in [3] which is recalled in the next section.

Finally, Sect.3 contains the statement of our multiplicity result, its proof and
various related remarks.
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2 A Well-Posedness Theorem

In this section, we summarize the theory developed in [3].

So, let X be a Hausdorff topological space, J, ¥ two real-valued functions
defined in X, and a, b two numbers in [—o0, +00], witha < b.

If a € R (resp. b € R), we denote by M, (resp. Mj) the set of all global minima
of the function J 4-a¥ (resp. J +bW¥), while if a = —oo (resp. b = +00), M, (resp.
My},) stands for the empty set. We adopt the conventions inf ) = 400, supJ = —oo0.
We also set

o = max mflI/ sup¥ ¢
My

B = min {sup Y, infllf} .
X a
One proves that o < .

As usual, given a function f : X — Rand aset C C X, we say that the problem
of minimizing f over C is well-posed if the following two conditions hold:

— the restriction of f to C has a unique global minimum, say X ;
— every sequence {x,} in C such that lim,_, o f(x,) = inf¢ f, converges to X.

A set of the type {x € X : f(x) < r}is said to be a sub-level set of f. The main
result of [3] is as follows:

Theorem 2.1 ([3, Theorem 1]) Assume that o« < B and that, for each A €la, bl,
the function J + AWV has sequentially compact sub-level sets and admits a unique
global minimum in X.
Then, for eachr €la, B[, the problem of minimizing J over ¥ ~'(r) is well—posed.
Moreover, if we denote by X, the unique global minimum of g1 (r €le, BD),
the functzons r — x, and r — J(X,) are continuous in ]Ot Bl, and, for some
Ar €la, b, % is the global minimum in X of the function J + AW

3 The Main Result

Here is our main result:

Theorem 3.1 Let¢ € o/, F € B, G € C'(R"), ¥ € L'([0, T])\ {0}, with ¥ > 0.
Moreover, let y : [0, +00[— R be a convex strictly increasing function such that
V(S) = +o00. Assume that the following assumptions are satisfied:

limg s 4o
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(i1) fora.e. t €10, T] and for every x € R", one has

y(x) = F@t,x);

(i2) Timinfiy o0
(i3) the function G has no global minima in R" ;

i4 ere exist two distinct points x1, X € such tha
th t two distinct point. R” such that

T T T
inf / F(t, x)dt < max {/ F(t, xy)dt, / F(t,xg)dt}
0 0 0

xeR?

) > —0;

and
G(x1) =Gx) = ilIglfG

where

1 T T
c=LT +y~! <? max {/ F(t,xl)dt,/ F(t,xz)dt}> .
0 0

Then, there exist » > 0 such that the problem
@) = Vi(F(t,u) + Ay ()G W) in[0,T]
u(0) =u(T), u'(0) =u(T)

has at least two solutions which are global minima in K of the functional

T
u— / (@W' (1) + F(t,u@®)) + iw(t)G(u(t)))dt .
0

Proof Let C O([O, T1, R") be the space of all continuous functions from [0, 7] into
R", with the norm supy, 7} [u|. We are going to apply Theorem 2.1 taking: a = 0,
b = 400, X = K regarded as a subset of C°([0, 7], R") with the relative topology
and

T
J(u) =/0 V(G u@)dt ,

T
lI’(u):/ (@' (t)) + F(t, u(t)))dt
0

for all u € K. Fix A > 0. By (i2), for a suitable constant § > 0, we have

=3(lx[+1) = Gx)
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for all x € R". For each u € K with sup 7 |u| > LT, in view of (i), (1.1) and of
the convexity of y, using Jensen inequality, we get

T T
/ V()G (u(t))dt +)\/ (@' () + F(t,u()))dt >
0 0

T T T
—8/ w(r>|u<r>|dt+x/ y(|u<r>|>dr—6/ V@)dt + ADO)T >
0 0 0

T

T T
—8 | w(o)dt sup lu| + ATy (%/ |u(t)|dt> - 5/ Y (t)dt + AP ()T >
0 0 0

[0,7]

T T
—5/ Y (t)dt sup |u| + ATy (inf |u|> - 5/ v ()dt + 22 (0)T >
0 JT] (0,71 0

[0

T T
- 8/ Y (t)dt sup |u| + ATy (sup lu| — LT) — 8/ Y()dt + A2 (0)T .
0 [0,T] 0

[0,71]
(3.1)

oL _ ~+o00, we infer from (3.1) that, for every p € R,

In turn, since limg_, 4 A

there is M > 0 such that

T T
{u ek :/ W ()G (u(t))dt +,\/ (@ (1) + F(t, u(t)))dt < ,0} c
0 0

uekK:suplul <M; . 3.2)
[0,T]

Now, observe that K is a closed subset of C°([0, T], R"). On the other hand, from
Lemma 4.1 of [1], it follows that the functional J + A¥ is lower semicontinuous
in K. Summarizing: the functions belonging to any sub-level set of J + A¥ are
equi-continuous (since they are in K') and equi-bounded in view of (3.2). Hence, by
the Ascoli-Arzela theorem, any sub-level set of J + AY is relatively sequentially
compact in ([0, T1, R"). But, for the remarks above, the same set is closed
in C°([0, T], R"), and so it is sequentially compact in K. Next, observe that the
functional J ha no global minima in K. Since the constant functions lie in K, it is
clear that

T
inf J =infG/ Y (t)dt .
K R" 0

Hence, if G is unbounded below, so J is too. Now, suppose that G is bounded below.
Arguing by contradiction, assume that # € K is a global minimum of J. Then, we
would have
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T
/ o) (G(ﬁ(t)) - ilgfc> di=0.
0 n
and so, since the integrand is non-negative, it would follow
v (1) (G(ﬁ(z)) - %fc) =0

for a.e. t+ € [0, T]. Therefore, since { # 0, for some ¢t € [0, T], we would have
G(u(r)) = infgrn G, against (i3). Notice that the absence of global minima for J
implies that

B =sup¥.
K
Moreover, since lims_, ;o0 ¥ (§) = 400, from (i7) it follows that
sup¥ = +o00.
K
Furthermore, since b = +00, we have
a =inf¥ .
K
Clearly

T
inf v < inf/ F(t,x)dt + ®(O0)T .
0

xeR”

Now, put

T T
r = max {/ F(t, x1)dt, / F(t,xz)dt} + 00T .
0 0

By the above remarks and by the inequality in (i4), we have
a<r<p.

Fixu € ¢~ (] = oo, r]). By (i1) and Jensen inequality again, we have

T T
rz/ <cb(u’(t))+F(t,u<r>)>drz/ y(u()dt + D O)T =
0 0

T
Ty <%/0 |u(t)|dt> +®O)T,
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and so
1 T 1 T T
y —/ |u(t)|dt | < — max / F(t,xl)dt,/ F(t, xp)dty .
T Jo - T 0 0
Applying y !, we get
1 T 1 T T
—/ lu(r)|dt <y~ (—max{/ F(t,xl)dt,/ F(r,xz)dt})
T Jo T 0 0
and hence

1 T T
1nf lul <y -1 (— max{/ F(t,xl)dt,/ F(t,xz)dt}) .
[0,T T 0 0

In view of (1.1), we then infer that

1 T T
sup |u| < LT +y~! (Fmax{/ F(t,xl)dt,/ F(t,xz)dt}> . (3.3)
0 0

[0,T]
In turn, in view of (i4), (3.3) implies that
J(x1) =J(x2) = J(u) .

Since x1, x» € ¥ (] — 00, r]), we then conclude that x1, x are two distinct global
minima of J}y-1_x ,7)- NOW, arguing by contradiction, assume that, for every A >
0, the functional J 4+ A¥ has a unique global minimum in K. Then, by Theorem
2.1 (recall that J 4+ AW has sequentially compact sub-level sets), there would exist
Ar > 0and ii, € ¥~ (r) such that ii, is the unique global minimum of J + A in
K. Then, fori = 1, 2, we would have

inf (J (u) + AW W) < J) + W) < JG) + AW 3@, =
inf (J(u) + ¥ 1)) .
uek

That 1 is to say, x| and x» would be two distinct global minima in K of the functional
J + A ¥, a contradiction. So, there exists some A > 0 such that the functlonal
J + AW has at least two global minima in K. To conclude the proof, take A = i and

apply Theorem 1.1. O
In the sequel, the following further result from [1] will be useful:

Proposition 3.1 ([1, Proposition 3.2]) Let ¢ € o/, p > 1 and p > 0. Then, for
every w € Ll([O, T1,R"), the problem
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(@) = plulP2u+ o(t) in[0,T]
u(©0) = u(T), u'(0) = u'(T)

has a unique solution.

The next three examples (where ¢ € &) show that, in Theorem 3.1, none of
(i2) — (i4) can be removed at all.

Example 3.1 Take: F(x) = %, G(x) = (z,x),withz e R"\ {0}, ¥ = 1, y(s) =
%. Clearly, (i1) — (i3) are satisfied, but, for every A € R, the problem

(")) =u+2rz in [0, T]
u() =u(T), u'(0)=u'(T)

has a unique solution by Proposition 3.1.

Example 3.2 Take: F(x) = % G=0,y() = ; Clearly, (i1), (i2) and (i4) are
satisfied, but, by Proposition 3.1, 0 is the unique solution of the problem

(p) =u in [0, T]
u(0) =u(T), u' ) =u'(T).
Example 3.3 Take: F(x) = |x|?,

0 if |x| < LT +1
G(x) =
—(x| = LT =1 if|x| > LT +1,

v =1, y(s) = s Clearly, (i1), (i3) and (i4) are satisfied. In particular, (i4) is
satisfied by any pair of distinct points x1, x € R” such that [x;|] = |xz] < 1.
However, for each A > 0, the functional u — fOT(cD(u’(t)) + |u(t) |2 +AG(u(t)))dt
is unbounded below in K.

We conclude with a joint consequence of Theorem 3.1 and Proposition 3.1.

Theorem 3.2 Letp € o/ ,p > 1,G € CL(R"), ¢ € L1([0, T])\ {0}, with > 0.
Assume that G satisfies assumptions (iz) , (i3) of Theorem 3.1 and the following:

(j1) thereis p > LT such that G is constant in B, .

Then, there exists % > 0 such that the problem
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@) = ulP~2u + Ay ()VG(u) in[0,T]
u(0) =u(T), u'(0) =u'(T)

has at least one solution which is a global minimum in K of the functional

(o u@” -
u— / (¢(u ) + » + AW(I)G(u(l))) dt
0

. . . n I —a—
and whose range is contained in R" \ B,_p1 .

Proof Apply Theorem 3.1 with F(¢,x) = % and y(s) = %. Concerning (i4),
notice that it is satisfied by any pair of distinct points x1, xo € R”, such that |x| =
|x2] < p—LT. This comes from () after observing thaty_1 (% fOT F(t, xl)dt> =

|x1]. So, by Theorem 3.1, there exists % > 0 such that the problem
(@W)) = ulP2u + Ay (H)VG @) in [0, T]
u©0) =u(T), u'(0) =u'(T)

has at least one non-zero solution which is a global minimum in K of the functional

T u@®I? -
u— / (dﬁ(u ) + » + Mﬂ(t)G(u(t))) dr .
0

Denote by w such a solution. To complete the proof, we have to show that
infjp, 7] |lw| > p—LT. Arguing by contradiction, assume that infjg 71 |w| < p—LT.
Then, by (1.1), we would have

sup Jwl < p .
[0,T]

By (j1), this would imply that w is a solution of the problem
@) = |ulP~u in [0, T]
u(0) = u(T), u'(0) =u'(T)

and hence w = 0 by Proposition 3.1, which is a contradiction. The proof is
complete. O
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Applications of a Theorem of )
Brezis-Nirenberg e

Martin Schechter

1 Introduction

For problems arising in the sciences it is expected that there should be a unique
solution. Otherwise, any mathematical formulation of the problem comes under
question. If the formulation is linear, this expectation is reasonable. However,
scientists realize that the world is not linear, and in nonlinear formulations,
uniqueness cannot be expected. On the other hand, it is almost as difficult to show
that a problem does not have a unique solution as it is to prove uniqueness. In this
presentation we show how a theorem by Brezis and Nirenberg can be used to prove
non-uniqueness for a class of problems involving partial differential equations.
In [1] Brezis and Nirenberg prove the following:

Theorem 1 Let M, N be closed subspaces of a Hilbert space E such that 0 <
dimN < ooand M = N*. Let G € C'(E,R) satisfy the PS condition and

G() <0, veNNBpg,
G(w) >0, weMnN Bg,

for some R > 0, where Bg is the closed ball in E with center 0 and radius R.
Assume that

—o0o <a=iIinfG < 0.
E

Then G has at least three critical points.
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Two applications can be stated as follows: Let £2 be a smooth, bounded domain
in R”, and let A be a self-adjoint operator on L?(£2). We assume that

C(2) c D:= D(AI"* c HT*(2) (1)
holds for some 7' > 0 (T need not be an integer), and the eigenvalues of A satisfy
O<tp<Ap < - <Apg<---.

Let f(x,t) be a Carathéodory function on 2 x R. We assume that the function
f(x, t) satisfies

[fx, )| <C(t|+1), xe£2,teR. 2)

We have

Theorem 2 Assume that for some integers | < m, the following inequalities hold:
tfx,n) — fx, )] <at?, t;eR, t =1 —t, 3)

where a < lpy+1,
apt> <2F(x,1) <ait?, 1] <4, 4)

for some § > 0, with \; < ag < ay; < Mj+1, where

t
F(x,t) :=/ f(x,s)ds,
0

and
wt? — Wi(x) <2F(x,1), |t| > K, (5)
for some K > 0, where ay > Ay, and Wy € Ll(.Q). Then the equation
Au = f(x,u), ueD, (6)

has at least two nontrivial solutions.

Theorem 3 Equation (6) will have at least two nontrivial solutions if we assume
that for some integers | > m, the following inequalities hold:

G, n) = fx, )] >ar®, t; eR, t =1 — 1, @)

where a > A,
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apt’ <2F(x, 1) <air®, |t| <34, (8)
for some § > 0, with A\j < ag < ay < AM+1,
2F(x,t) < axt* + Wax), |t > K, )

for some K > 0, where ay < Apyy1 and Wo € L'(£2).

More comprehensive applications will be presented in the next section. Proofs will
be given in Sect. 4.

2 Further Applications

We use the notation
a(u,v) = (Au,v), aw)=a(u,u), u,veD.
We define
lullp =AY ?u] (10)

and
Gu) == ||ul|? — 2/ F(x,u)dx.
2

It is known that G is a continuously differentiable functional on the whole of D
(cf., e.g., [17]) and

(G'(u), v)p = 2(u, v)p — 2(f(w), v),

where we write f(u) in place of f(x, u(x)). In connection with the operator A,
the following quantities are very useful. For each fixed positive integer £, we
let N; denote the subspace of D spanned by the eigenfunctions corresponding to
X0, ..., ¢, and let My = NeL N D. Then D = M, & Ny. For real a, b, we define
1(u,a,b) = (Au,u) —allu™||> = bllu™|?,
ve(a) = sup{l (v, a,0) 1 v € Ne, o]l = 1},
[y(a) = inf{I (w,a,0) : w € My, |w¥| =1},
Fire(w,a,b) = sup{I (v + w, a, b) : v € N},
Fy(v,a,b) = inf{I(v+w,a,b): we M},
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My(a, b) = inf{Fig(w,a,b) : we My, |w|p =1},
my(a, b) = sup{Fa(v,a,b) 1 v € Ny, |vllp =1},
ve(a) = sup{b : M¢(a, b) = 0},
we(a) = inf{b : me(a, b) < 0},

where u® (x) = max{zu(x), 0}. Our first result is

Theorem 4 Assume that for some integers | < m, the following inequalities hold:
(fx.n) = fe )] <at™ ) + b, 1 eR, t=1—1, (11)
where b < Iy, (a),
ag(t™)? +bo(t")? <2F(x.0) a7 + 01N ] <8, (12)
for some § > 0, with ag, by < Aj+1, a1, by > A;, by > wi(ag), and by < vi(ay),
a (i) + bt — Wi(x) <2F(x, 1), ] > K, 13)

for some K > 0, where az, by < Ayy1, by > um(az), and Wy € LY($2). Then (6)
has at least two nontrivial solutions.

In contrast to this, we have

Theorem 5 Equation (6) will have at least two nontrivial solutions if we assume
that for some integers | > m, the following inequalities hold:

tfx ) — fx )] 2a@ ) +b0™)? 1 eR, t =1 —1, (14)
where b > ypy(a),
ap(t™)? +bo(tT)? < 2F(x, 1) <ar(t™)> +b1(tT?, 1] <8 (15)
for some § > 0, with ag, bg < Aj1+1, by > ni(ao) and ar, by > A;, by < vi(ay),
2F(x,1) <ax(t™)? + ba(th)? + Wax),  t] > K, (16)

for some K > 0, where ax, by > Ay, by < vyu(az), and Wy € LY().

It was shown in [16] that the functions y;, w@;, vi—1, [7—1 all emanate from the
point (A;, A7) and satisfy

I_1(a) < vi—1(a) < w(a) < yi(a)
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on their common domains. It would therefore give a weaker result if we assumed in
Theorems 4 and 5 that by > y;(ap) and by < I7(a1). However, the functions y;, I
are defined on the whole of R, while the others are not. For cases in which the other
functions are not defined, we state the following.

Theorem 6 Theorems 4 and 5 remain true if we assume that (12) holds with by >
yi(ag), and by < Ij(ay) for some ag, a; € R.

3 Some Lemmas

The proofs of the theorems of the previous section will be based on a series of
lemmas.

Lemmal Ifb < I;(a), then there is an ¢ > 0 such that
I(w,a,b) > elwl|?, we M. (17)
Proof By the continuity of I7, thereisat < 1 such that b/t < I'j(a/t). Then
I(w,a/t,b/1) = |wl} — ?nw—n2 - I;’nuﬁnz >0, weM.
Therefore,

I(w,a,b)=t [ lwllg — “;’nw‘uz — ?nuﬁuz} +d=Dwlp = 1 =lwlp.
Lemma 2 Ifb > y(a), then there is an € > 0 such that
[(v,a,b) < —¢|v]}, veN. (18)
Proof By the continuity of y;, thereis at > 1 such that b/t > y;(a/t). Hence,
I(v,a/t,b/1) = |v|} - ‘t—’nv—n2 - lt—’||v+||2 <0, veN,
and
I(v,a,b)=t [ vl — ‘fnv*u2 -~ ?nv*nz] + =Dl < A =vl5.

Lemma 3 If

tf(x, 1) — fx, 0] <a@ ) +ba)?, tjeR, t =1 —1, (19)
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then
(G'(v+w)—G'(v+wp), w) > 21 (w,a,b), v,wj €D, w=wi—wp. (20)

Lemma 4 Suppose there are closed subspaces X,Y of a Banach space E such that
E=X®Y, and

(G'x4+y) =G (x+y2), yi=y2) =m(y1—=»l), x€X, yi, me¥, (2D
for some function m(t) satisfying
(a)

m@) >0, >0,

(b) thereis aty > 0 such that

/tomdt<oo
0 t ’

(c)

t
m — 0 implies t— 0,

and

(d)

1 (™M m@)
— —dt >0 as M — oo.
M Jy t

Then there exists a continuous function ¢ : X — Y satisfying

(i) G(x + ¢(x)) = minyey G(x + y).
(ii) The function G(x) = G(x + ¢(x)) : X — Ris of class C' and satisfies

(G'(x),h) = (G'(x + (x)), h), heX. (22)

Lemma 5 If f(x,t) satisfies (19) and b < I,(a), then there is a continuous map
¢ from Ny, — My, such that

Jw) =G+ o)) = m}ivrll Glv+w)e Cl(Nm,]R), v e N,, 23)
weM,,

and

J () =G W+ @), vEN,. 24)



Theorem of Brezis-Nirenberg 265

Proof In view of Lemmas 1 and 3, we have
(G'(w+w) — G'@+wo), w) >ellwl|y, we M,

We can now apply Lemma 4 to arrive at the conclusion.

Lemma 6 If, in addition,
ag(t™)? + bo(t)? <2F(x,1), |r] <38, (25)

for some § > 0, with ayg, bo < M+1, by > wi(ap), | < m, then there are ¢ >
0, r > 0 such that

J(v) < —¢llvl}, veNNB, (26)
where
B, ={ueD:|ullp <r}
Proof Let g be any number satisfying

2<q <2n/(n—-2T), 2T <n 27
2<q <oo, n <2T. (28)

It follows that there is a continuous map t : N; — M such that

t(sv)=st(W), >0, 29)

I(v+1t(v),ag,by) = inf I(v+ w,ag, by), veE N, (30)
weM;

lt(lp < Clivllp, v €N (3D

Then, for u = v 4 7(v), we have, by (2),

J() < G(u) < 1(u, ao. bo) + / lao(u™)? + bo(u™)? — 2F (x, u)] dx

|u|>6

< Fy(v, ao, bo) + c/ ul? dx < my(ag, bo)llvl|% + o(lv]3) < —ellvl3

|u|>8

for r sufficiently small.

Lemma 7 Assume that

at )+ b2 = Wi(x) <2F(x,1), |t| > K, (32)
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for some K > 0, where a,b < Ayy1, b > up(a), I <m,and Wy € Ll(.Q). Then
there is a K| < oo such that

J(v) < Kj. (33)
Ifb > um(a), then
J(v) — —o0 as ||v]|p —> oo. (34)

Proof Foru =v+w, ve N,, we M,, wehave

G(u) §I(u,a,b)~|—C/

|u|? dx +/ Wi(x)dx < I(u,a,b)+ K.
lu|<K Q

Thus,

J) = inf G+ w)

weM,y,

IA

inf I(v+w,a,b)+K’

weM,y,
= Fou(v,a,b) + K’
<m(a,b)llv|}+ K.
Ifb > puy(a), thenm(a, b) < 0. This proves (33). If b > w,,(a), then m(a, b) < 0.
This proves (34).
Lemma8 Ifl < mand \j < a,b < Ay41, then there are continuous functions

E:NnyNM — Ni, n: Ny N My — M, homogeneous of degree 1 and such that

I(EWY)+n()+y,a,b) = sup inf I(v+w+y,a,b)= inf sup I (v+w+y,a,b)
veN; WEMm weMy, veN;
(35)

fory € Ny N M.
Proof Let
Lyw,w)y=I1v+w+y,a,b).

Then L, is a strictly convex, lower semicontinuous functional in w € M,,, and
strictly concave and continuous in v € N;. Consequently, for each yp € N, N M;,
there are unique elements vg = &(yp) € N;, wo = n(yo) € M, such that (35)
holds, i.e., that

Ly, (v, wo) < Ly, (vo, wo) < Lyy(vo, w), v eE N, we M,y.
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The functions &, n are clearly homogeneous of degree 1. To prove continuity, let
yj = yoin Ny N\ My, and let v; = &(y;), w; = n(y;). We note that the functions
vj, w; are bounded in D. Otherwise, it is easy to show that

Iw+wj+yj,a,b) — coas j — o0
for any v € Ny, and

I(vi+w+y;,a,b) — —ocoas j — 00

for any w € M,,. This would contradict (35). Thus there are renamed subsequences
such that v; — vy, w; — wy in D. Since

Iw+wj+yj,a,b) < Iv;+w;+yj,a,b)

IA

I(vj+w+yj,ab), veN, weMy,
we have in the limit

I(v+wy +yo,a,b)

IA

I(vi +wy +yo,a,b)

A

I(U1+w+y07aab)a UENZ’ wEMma

showing that v; = vg, w; = wy. Since this is true for any subsequence, the result
follows.

Lemma9 If
2F(x,1) <a1(t)? +b1tH?, 1] <6, (36)

forsome § > 0, withay, by > A, by < vi(ay), | <m, thentherearee >0, r >0
such that

J(y+EO) > ellyll3, yeN,NMNB,. (37)
Proof By Lemma 8

ir}E[ IE(Y)+y+w,a;, b)) = inf sup I(v+y+w,ai,by) (38)
weMm

weMy, vEN];
for y € N, N M;. Then, for y € (N, N M; N B,) \ {0},
JEM+)=GCEWM+y+eEQ») +)

> 1EQ) +y+9EG) +y).a1,b1) —o(lyl3)
inf IEW) +y+w,ar, b)) —o(lyl3)

v
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= inf sup I(v+y+w,ai, b)) —o(lyl)

WEMpm yeN,
> int M@ b)lly +wlp = o(lyI3)
= Mi(a. byl — o(lyl})
> ellylp-
Lemma 10 Assume
tf(x,n) — fx )] =a@)> +b@h)?, 1 eR, t=1—1. (39)
Then
(G'(vi +w)—G'(vo+w),v) <2I(v,a,b), vj,weD, v=v—vy. (40)
Proof We have
(fCx. v+ w) — fx,v0+w),v) > alv >+ blv 't
Hence,

(G'(v1 + w) = G (vo+w), v)/2

= vl3 = (f(x, v1 +w) — f(x, vo+ w), v)
<I(v,a,b).

Lemma 11 [If f(x, t) satisfies (39), and b > y,,(a), then there is a continuous
map  from My, — Ny, such that

Jw) = Gw+ ¥ w) = max G +w) € C'(M,,R), we M, 1)

and
J W) =G (w+ W), we M, (42)
Proof In view of Lemmas 2 and 10, we have
(G'(v] + w) — G'(vg + w), v) < —¢|v]}, v € Np.

We can now apply Lemma 4 to obtain the conclusion.
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Lemma 12 [f, in addition,
ap(t™)? + bo(tT)? <2F(x,1), |t] <38, (43)

for some & > 0, with ap, by < Ajy1, bo > wi(ap), | > m, then there are ¢ >
0, r > 0 such that

Jv+n) < —¢lyllh, v € NyN My N By. (44)
Proof Fory e M,, N Ny, letu =y 4+ n(y) € My,. By (2),
J@) =G+ @) < I+, a bo) +o(lul)

< sup I(u+ v, ao, bo) + o(|ull?)

veEN,,
= I(y +n(y) + &), ao, bo) + o(lull)

= sup inf I(y + v+ w,ao, bo) + o(|lull?)

vEN,, WEM;

sup Fay(y + v, ag. bo) + o([lu|%)

veN,,

< sup my(ao, bo)ly + vlI3 + o(llull%)
VENy,

IA

2
—&llyllp

for r sufficiently small.

Lemma 13 If
2F(x,1) <ai(t7)> +b1tT)?, 1] <6, (45)

forsome § > 0, withay, by > A, by < vi(ay), | > m, thentherearee >0, r >0
such that

J(w) = e|w|}p,  we M NB,. (46)
Proof There is a continuous map 6 : M; — Nj such that

O(sw) =s0(w), s>0, 47)
I1(0(w)+w,ar,by) = sup I(v+w,ay,by), weM. 48)

vEN]
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Thus,

J(w) > G(w + 6(w), ar, by)
> I(w+0(w), a, by) — o(|lw|%)

= sup I (v +w, ay, by) —o(|wl|3)
vEN;

= Fu(w, ar, by) — o(Jwl|3)

> Mj(ar, b)llwl? — o(lw]%)

> ellwl
for r sufficiently small.
Lemma 14 Assume that
2F(x,1) <a(t ) + bt + Wi(x), |t| > K, (49)

for some K > 0, where a,b > Ay, b < vy, (a), | > m, and Wy € LI(Q). Then
there is a K1 < oo such that

J(w) > —-Ky, weM,. (50)
Ifb < vy(a), then
J(w) — oo as ||lw||p — oo. (51)

Proof Foru =v+w, ve Ny, we M,, wehave

G(u)ZI(u,a,b)—C/

lu|? dx —/ Wi(x)dx > I(u,a,b) — K'.
lul<K 2

Thus,
J(w) = sup G(v+ w)
VEN,

> sup I(v+w,a,b) — K’

VEN,,
= Fin(w,a,b) — K’

> My (a,b)|lw|} — K.

Ifb < vy(a), then My, (a, b) > 0. This proves (50). If b < vy, (a), then My, (a, b) >
0. This proves (51).
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Lemma 15 If
ap(t™)? +bo(t)? <2F(x,1), 1] <6, (52)
for some § > 0, with by > yi(ap), | < m, then there are ¢ > 0, r > 0 such that
J() < —¢lvl}, veNNB,, (53)
where
B, ={ueD:lulp=r}
Proof Let g be any number satisfying

2<q <2n/(n—-2T), 2T <n

2<q <oo, n<2T.
By (2),

J() < G) < I(v, ao, bo) + / [ao(v™)? + bo(w)? — 2F (x, v)] dx

[v|>§

< —e||v||%+c/ ol dx
lv]>48
2 2
< — vl + o(vl)
2
< — el

for r sufficiently small.

Lemma 16 If
2F(x, 1) <@ 7)Y + b1, ] <6, (54)
for some § > 0, with by < Ij(ay), | < m, then there are ¢ > 0, r > 0 such that
J) = ¢elvl%, veN,NMNB,. (55)

Proof Letu = v+ ¢(v) € M;. Then

JW)=Gw) = I(u,ay, by) +/ [a()(Lf)2 + bo(u+)2 —2F(x,u)] dx

lu|>8

> ellull3, — C/ |ul? dx
|u|>8
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2 2
> ellullp —o(llulip)

2 2
z gllvllp —o(llviip)

=ellvlp
for r sufficiently small, since
lvlip = llullp = Cllvlip.

Lemma 17 If

ao(t™)* +botT)? <2F(x, 1), || <8, (56)
for some § > 0, with by > yi(ao), | > m, then there are ¢ > 0, r > 0 such that

Jw) < —¢lw|}, we N NM,NB,. (57)
Proof Forw € M,, N N;, letu = w + ¥ (w) € N;. By (2),

J(w) =Gw + ¢ (w)) = Gu)

IA

I(u, ag, bo) + / [ao(v™)? + bo(u™)? — 2F (x, u)] dx

|u|>6

< —8||u||%)+C/ lul? dx
|u|>8
2 2
< —e¢lullp +o(llullp)
2
< —elulp

for r sufficiently small. Since
lwlp < llullp < Cllwlp,

the result follows.

Lemma 18 If
2F(x, 1) @ () + b1t 1] <8 (58)
for some § > 0, with by < Ij(ay), | > m, then there are ¢ > 0, r > 0 such that

Jw) = elwl?H, we MNB,. (59)
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Proof We have

Gw) = I(w,ay, by) +/ lao(u™)? + bo(wh)? — 2F (x, w)] dx

lw|>§
> ellwl|p — C/ w|? dx
|w|>8
> ellwllp — o(lwlh)
> ellwllp — o(lwlh)
> ellwlp
for r sufficiently small. Since

J(w) = sup G(v +w) = G(w),

veN;

the result follows.

4 The Proofs

Proof of Theorem 4. By Lemma 5, it suffices to show that J(v) has two nontrivial
solutions. Now J is bounded from above by Lemma 7 and satisfies (PS) by (34).
Moreover,

J(w) <0, wveNNBN\{0} (60)
by Lemma 6, and
JEY) +y) >0, yeN, M NB\{0}, (61)
by Lemma 9. Thus, J has a positive maximum on N,,. We can now apply Theorem 1
and Lemma 4 to obtain the desired conclusion.

Proof of Theorem 5. By Lemma 11, it suffices to show that J (w) given by (41)
has two nontrivial solutions. Now J is bounded from below by Lemma 14 and
satisfies (PS) by (51). Moreover,

J(w+nw)) <0, weNNM,N B\{0}, (62)
by Lemma 12, and

Jw) >0, weMnB,\{0} (63)
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by Lemma 13. Thus, J has a negative minimum on M,,. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion.

Proof of Theorem 6. With reference to Theorem 4, we note that, by Lemma 5,
it suffices to show that J(v) has two nontrivial solutions. Now J is bounded from
above by Lemma 7 and satisfies (PS) by (34). Moreover,

J() <0, veN NB\0} (64)
by Lemma 15, and
J() >0, veN,NMnNB,\{0} (65)
by Lemma 16. Thus J has a positive maximum on N,. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion. With respect to
Theorem 5, we note that by Lemma 11, it suffices to show that J(w) given by (41)
has two nontrivial solutions. Now J is bounded from below by Lemma 14 and
satisfies (PS) by (51). Moreover,
J(w) <0, weNNM;,nN B\{0}, (66)
by Lemma 17, and

Jw) >0, weMnNB\ {0l (67)

by Lemma 18. Thus, J has a negative minimum on M,,. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion.

5 Notes and Remarks

In his studies of semilinear elliptic problems with jumping nonlinearities, Cac [2—7]
proved the following.

Theorem 7 Let §2 be a bounded domain in R", n > 2, with smooth boundary 052.
Let) < Ao < A1 < -+ < Ak < --- be the sequence of distinct eigenvalues of the
eigenvalue problem

—Au=Xluin 2, u=0onds2. (68)

Let p(t) be a continuous function such that p(0) = 0 and

pt)/t — a as t— —o0
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and
pt)/t — b as t —> 4o00.

Assume that for some k > 1, we have a € (Ak—1, M), b € (Ak, Ak+1), and the only
solution of

—Au=buT—au"in2, u=00ndR (69)
isu = 0, where u®™ = max[=£u, 0]. Assume further that
— t
M§v<kk+l, s.t€R, s £1. (70)
5 —

Assume also that p’(0) exists and satisfies p'(0) € (Aj—1, %) for some j < k. Then
—Au=pu)in 2, u=00nds2 71

has at least two nontrivial solutions.

This theorem generalizes the work of Gallouét and Kavian [9, 10] which required A
to be a simple eigenvalue and the left-hand side of (70) to be sandwiched in between
Mk—1 and Ax41 and bounded away from both of them. Céc proves a counterpart of
the theorem in which the inequalities are reversed.

In the present work we generalized this theorem and its reverse-inequality
counterpart by not requiring p(¢)/t to converge to limits at either o0 or =£0.
Rather, we worked with the primitive

t
F(x,t) :=/ f(x,s)ds
0

and bounded 2F(x,t)/ t? near +o00 and +0 [we replaced p(t) with a function
f(x, t) depending on x as well]. Our main assumptions were

tfx,n) — fx, 0] <at)>+ba?, t;eR, t =1 —1, (72)
a7 +bott)? <2F (e, 1) <ar () + b1, ] <3, (73)

for some 8 > 0,
a7+ bt — Wi(x) <2F(x,1), 1] > K, (74)

for some K > 0 and W] € LI(Q), where the constants a, ag, ai, az, b, by, by, by
are suitably chosen (they include the cases considered by Céc). The advantage of
such inequalities is that they do not restrict the expression 2F (x, 1)/ t2or f(x,1)/t
to any particular interval.
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The results of this presentation come from [13] with changes in the proofs.

Certain cases were considered in [11]. Local linking results similar to those of [1]

ca

n be found in [12]. Lemma 4 is due to Castro [8]. The quantities used in the

theorems were introduced in [14] and [15].
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Dedicated to Profs. Haim Brezis and Louis Nirenberg with deep
admiration

1 Introduction

The study of evolution equations associated to dissipative operators was intensely
pursued in the second half of the twentieth century. It took the form of the abstract
equation

du

o =AW+ S,

where u is a time function with values in a Hilbert or Banach space X and
A is typically an unbounded linear or nonlinear operator with strict dissipative
conditions, the simplest case being the Laplacian operator acting on L?(§2). Famous
theorems were proved that widely extended what was known for the heat equation
and then for parabolic equations. The first results dealt with the case where the
underlying functional space X was a Hilbert space, [10, 11, 66], and then the
theory applied to Banach spaces, [23, 31, 49]. The aim of the general theory was
to construct the corresponding semigroups (for f = 0) or flows (for general f) with
detailed properties [35, 43, 46, 51].
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(I) It was soon realized that a general theory was bound to be too rich in details and
difficulties, and this led to concentrating the attention on particular equations with
a relevant physical interest and significant novel properties, [9, 44]. One of these
equations was the porous medium equation, PME for short,

du =AW = Vmu" " 'Vu), m> 1,

which had received much attention from the Russian school in the 1950s and 1960s,
[1, 50], and was taken up in the abstract general setting in the 70-80s, [2, 3]. This
equation is a relevant model for heat propagation with finite propagation speed.
As a consequence of such property, interesting geometry occurs in the form free
boundaries (interfaces), an issue that originated a great amount of mathematical
analysis [12, 13, 19, 41, 42]. Work done for several decades led to considerable
success and a rather complete theory was formulated, cf. [59]. The PME generates
a nonlinear contraction semigroup in X = L' (£2), 2 ¢ R with definite regularity
properties.

This led to extensions like the fast diffusion equation where m < 1, the p-
Laplacian equation, du = A,u) = V(Vul’~2Vu), 1 < p < oo, [29, 58],
and several other equations in the areas of Nonlinear Diffusion and Reaction-
Diffusion. Much attention was also given to the Stefan Problem, very important
for its mathematics and its applications, [14, 15, 29, 40, 47]. For a general survey
paper see [62].

(IT) A decade ago there arose the interest in combining the PME nonlinear
mechanism with nonlocal operators so as to take into account anomalous diffusion
effects, the main examples of such operators being the so-called fractional Laplacian
operators. This trend has been a very active area of research since then. The main
problem to be treated was the Porous Medium Equation with fractional pressure
formulated by Caffarelli and Vizquez as

ou = VuV(—=24)"u), (D

for 0 < s < 1, having in mind models in statistical mechanics, see [32, 33] that
deal with the macroscopic evolution of interacting gas systems. In [16] existence
of weak solutions is proved for initial data ug € L' N L> via an approximation
method that requires a suitable decay of the data. On the other hand, the 1D
model was investigated by Biler et al. in [4] having an application to dislocation
theory, [36].

Uniqueness is a key issue for this model. It holds for suitable solutions in 1D
as proved in [4]. However, uniqueness of weak or better solutions is not known so
far in several dimensions, except locally in time for good data (see [67] for Besov
spaces). The lack of comparison principle is also an important issue to deal with.

A quite important, and rather surprising, feature of the equation is the property of
finite speed of propagation. This property was not evident since fractional operators
are known to imply very fast propagation. and could overrun the PME nonlinearity,
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but the nonlinearity wins in this case. The property was proved [16] by comparison
with special type of barrier functions, called by the authors true supersolutions.
Holder regularity of solutions is proved in [18, 20]. The large time asymptotic
behavior of weak solutions of (1) is given by a unique fundamental solution
constructed via an obstacle type problem (the proof is given in [17]). A suitable
entropy function is constructed to prove the uniqueness of the self-similar solution
and the asymptotic behavior. Refined asymptotics was done in [21]. Gradient flow
methods are also an alternative to prove existence of solutions, see [45]. However,
because of the lack of a uniqueness theory, the constructed weak solutions of [16]
and gradient flow solutions ([45]) might be different.

(IIT) Extending model (1) to general exponents, as in the standard PME, is natural
and motivates the model we study here:

qu=V-wW" V(=2 u) xeRY, r>0. (M1)

The extension also agrees with the generality of the models proposed in [32, 34].
We are specially interested in better understanding well-posedness and velocity of
propagation. It turns out that this equation has quite interesting properties, some of
them are inherited from (1) (finite speed of propagation for m > 2) and therefore
some techniques of the proofs can be successfully adapted, but many other different
properties were discovered, like infinite speed of propagation for m € (1,2). In
what follows we describe this last model with its main properties that have been
obtained so far: existence of solutions in the general setting of finite measure data
(therefore this extends the result of [16] for (1)), the transition finite-to-infinite speed
of propagation, uniqueness in dimension one, and so on. Moreover we prove new
results like existence of selfsimilar solutions for m > 2 and N = 1, the asymptotic
behavior for m > 1 and N = 1 and partial results on these topics in higher
dimensions.

(IV) Equations with two nonlinearities of the form
du=V-@ V(=2 "ub (GM)

have also been considered in the literature. We refer to [55] for construction of
self-similar solutions when a > 1, b > 1 and transformation formulas between
self-similar solutions of (GM), (M1) and (FPME).

Dolbeault and Zhang [30] proved that fora—1 = %, b < %, self-similar solutions
are not optimal for the Gagliardo-Nirenberg-Sobolev inequalities, in strong contrast
with usual standard fast diffusion equations based on non-fractional operators (see
[27]). Their approach is mainly based on entropy methods.

Important related work is due to Biler, Imbert and Karch. In [5, 6] they considered
the model

du =V - (Ju|V(=2) " ul"u), )
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corresponding to @ = 2, b > 1 in (GM). They prove existence of a changing-
sign weak solution and its main properties. Moreover, they find explicit self-similar
solutions with compact support. In a later work [39] finite speed of propagation is
established for general positive solutions.

2 Presentation of the Model

We consider the initial value problem

du=V-w"1v(=2)"u) forx e RN, t >0,
(M1)
u(0, x) = ug(x) for x € RV,

foru = u(x,t) > 0,exponents m > 1,0 < s < 1, and space dimension N > 1.

This model has been studied in the series of papers [54-57] by the present
authors. Many properties of the solutions were proved and there is of course work
to be done. In this paper we report on the results obtained so far and also we make
a step further in the theory of this model by describing the asymptotic behavior in
dimension N = 1.

First, we introduce the notion of weak solution in the very general context of
measures as initial data. It applies for all m € (1, +00) and s € (0, 1). We denote
by . (RV) the set of nonnegative Radon measures.

Definition 1 We say that # > 0 is a weak solution of Problem (M1) with initial
datap € #T@RN) if: ue Ll RN x(0,T)),V(—A)Su e L\ (RN x (0, T)),

loc loc
u™'V(=A)"Su e L} (RN x (0, T)), and

T T
/ / udy dxdt—/ / W I (=A) UV dxdt+/ é(x,0du(x) =0,
0 RN 0 RN RN

for all test functions ¢ € CL (RN x [0, T)).
Remark 1 Note that, if © = ug € Ll (RV), then du(x) = ug(x)dx and

loc

/¢(x,0)dM(X)=/ uo(x)¢ (x, 0)dx,
RN RN

thus, the initial datum is taken in the usual sense (as initial trace). We will prove the
existence of a constructed weak solution by an approximation method; we will call
it constructed weak solution.

In what follows we will present the main results on Problem (M1). In Sect. 3
three different diffusion models are introduced and we show their relation to
Problem (M1) and the consequences of this transformation on the qualitative
properties of solutions to Problem (M1). Section 4 is devoted to the integrated
version of (M1). In Sect. 5 we state general results on existence of solutions, velocity
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of propagation. Uniqueness and asymptotic behavior are also stated, but only in
dimension 1. Finally the proofs are given in Sect. 6.

3 Related Models and Transformations

The study of some properties of Problem (M1) is made more difficult because the
comparison principle does not hold and no proof of uniqueness of weak solutions in
dimension higher than one is known. This motivates us to search for a connection
with other fractional diffusion models that allow a more friendly approach. We
present here some models of fractional diffusion connected to Problem (M1) via
useful transformations at the self-similar level.

3.1 The Fractional Porous Medium Equation

An alternative fractional version of the standard or local Porous Medium Equation,
w; = Aw4, is given by the following equation

wr + (—A)°w? =0, (FPME)

called the Fractional Porous Equation in the literature (we call the exponent g
instead of the usual m for convenience in later comparisons). For ¢ = 1 and
0 < o < 1 this leads to the linear Fractional Heat Equation, for which we refer
to the survey [8] and also [63]. Note that (FPME) corresponds to the general model
(GM)whena=1,b=qg+1lands=1—o0.

In recent years the theory for this model has been widely developed: the
existence, uniqueness and continuous dependence of solutions of the Cauchy
problem (FPME) for all ¢ > 0 and 0 < o < 1 have been proved by De Pablo,
Quir6s, Rodriguez and Vazquez in [24, 25].

The (FPME) model inherits some of the properties of the classical PME.
Using the Caffarelli-Silvestre extension method and the Bénilan-Brezis-Crandall
functional semigroup approach, a weak energy solution is constructed, and u &
C([0, 00) : L'(RY)). Moreover, the set of solutions forms a semigroup of ordered
contractions in L1 (RM).

An important property of (FPME), which does not hold in its non-fractional
version, is the infinite speed of propagation: assume o € (0,1),q > (¢)c = (N —
20)4/N. Then for non-negative initial data ug > 0 such that fRN up(x)dx < oo,
there exists a unique solution w(x, t) of problem (FPME) satisfying w(x,) > 0
for all x € RN, ¢t > 0. Moreover, there is conservation of mass f wx,t)dx =
f wo(x)dx for all + > 0. The solutions are C“ continuous as proved in [65].
More general diffusions were considered in [26]. We refer to the survey [61] for
a complete description of the (FPME).
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Asymptotic Behavior and Self-similarity for FPME The large time behaviour of
such solutions is described by the self-similar solutions with finite mass (Barenblatt
solutions) constructed in [60], which have the form

we, ) =1t"g(y), y=xt7P,

where 81 = 1/(N(g — 1) + 20) and the profile function ¢ satisfies the following
equation

(=A) ¢l =1V - (y d1). 3)

These solutions are well defined for ¢ > (q)., where B is positive. The profile
¢1(y) is a smooth and positive radial function in RY, it is monotone decreasing in
r = |y| and has a polynomial decay rate as |y| — oo depending on the exponent g.

3.2 Self-similar Solutions for Problem (M1) When m < 2

In a previous work [55] we have established three main types of self-similar
solutions for model (M1) depending on the range of the parameter m, but always
restricted to the range m < 2. The first type are functions that are positive
for all times, while the second type are functions that extinguish in finite time,
both separated by a transition type. We briefly present these solutions here with
the purpose of relating model (M1) with its alternative (FPME). The rigorous
computations and the derivation of the formulas are written in [55].

Self-similarity of First Type. Solutions that Exist for All Positive Times A
self-similar solution V (x, ¢) of the first type to equation (M1) conserving mass is
given by

Vx,t) =1 2¢(y), y=xt

with oo = NBy and B = 1/(N(m — 1) + 2 — 2s), and with profile function ¢,
satisfying the equation

V@5 V(=) ) = =BV - (v $2). “4)

These solutions are considered in the range of parameters where §, > 0, that is,
form > (N —2+2s)/N.

Self-similarity of Second Type. Extinction in Finite Time These are solutions to
Eq. (M1) with the self-similar form

V@, ) =T -9 (y), y=x(T —nb2.
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where @ = NB,, B, = 1/(N(1—m)+2s—2). The profile v, satisfies the equation
VI V(=) ) = V- (). )

Here 8, = — B>, where B, is the self-similarity exponent of first type. We argue now
in the range of parameters where 8, > 0, thatism < (N — 2 + 2s)/N.

¢ Self-similarity of Third Type. Eternal Solutions For m — (N — 2 + 2s)/N
there is a class of self-similar solutions to Eq. (M 1) conserving mass of the form

Vix,t) =e “"F(y), y=uxe ',

where ¢ > 0 is a free parameter (exponential self-similarity, which usually plays
a transition role) and F is a solution to the profile equation

V. (F" V(=AY F) = =V - (yF). (6)

Remark 2 Solutions of this type live backward and forward in time, they are eternal.
Notice that in this borderline case m — (N —2+42s)/N wehave 1/, =1/8, — O,
and therefore self-similar solutions of the first and second type do not apply here.

¢ The Transformation In [55] we found an unexpected relationship that allows
to transform the families of mass-conserving self-similar solutions of models
(FPME) and (M1) into each other, if suitable parameter ranges are prescribed.
Actually, there exists a precise correspondence between the profiles ¢; and ¢»,
Yo or F, and the parameters g and m, as well as o and s.

Theorem 1 Let g > Nj\,z”, s € (0,1) and let ¢1 > 0 be a solution to the profile

equation (3). The following holds:

(i) Ifq € (3255 00) then

$a(x) = (B1/B) T (1 (x))"

is a solution to the profile equation (4) if we put m = qu—_l ands =1 —o.
This corresponds to m € (W, 2), s € (0, 1).
.. )
(i) Ifq € (572, 5255) then
49
Y2(x) = (B1/B2) 1 (p1(x))?
2g—1

is a solution to the profile equation (5) if we put m = ands =1 —o.
This corresponds to m € (w M) s € (0,1).

N—-242s" N
(iii) If g = w255 then

q
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F(x0) = (B1/0)% (91 (x)) 75

N—-2+2s
N

is a solution to the profile equation (6) if we put m = ands =1—o.

This transformation is an algebraic relation that has important consequences. It
provides a proof for the existence of self-similar solutions to Problem (M1) and their
characterization. Note that m < 2.

Self-similar solutions of equation (FPME) can be also constructed for smaller
values of g: these are very singular solutions that extinguish in finite time (see
Vazquez [60]) or blow up in finite time (see Vazquez and Volzone [64]). These ones
can be transformed in a similar manner to corresponding self-similar solutions of
the model (M1). Rigorous proofs with complete computations can be found in [55].
Self-similar solutions do not have an explicit formula, except very particular cases
of exponents m = m(s) explicitly computed by Huang in [37].

3.3 Related Models for m > 2

In this section we will derive (in a formal way) a transformation formula between
self-similar solutions of model (M1) and two new nonlocal problems. First, we will
show that when m > 2, self-similar solutions of (M1) have a correspondence to
self-similar solutions of

v+ (=) =0, xeRY, r>0. (7

withm = 1/(m — 2). The algebraic change v = 1/w maps solutions of problem (7)
to solutions of

w; — (=) S = 0.

which corresponds to solutions of (FPME) for negative exponents ¢ (it is known
this equation does not admit integrable solutions, cf. [7], therefore one must search
for non-integrable solutions).

Self-similar solutions of Problem (7) are of the form

Vi, =17y, y=uxt°
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with

1
b= @ T D208

a =bN,

where i satisfies the profile equation

b(NY — yV) = ¢2 (=) 5y 8)

Lemmal Letm > 2 and let ¢ (x, t) a smooth solution to the profile equation (4).
Let v and m defined by

— 1
_ mo o
¢=cy”, m Y

)1/(m*1)

with c = (g . Then s is a solution to the profile equation (8).

Proof The proof follows directly from the profile equation (4) . Indeed,

"IV =By
V-V(=2)T¢=—BV-(y¢* ")
(=)' = BN ¢* " + (2 — m)ygp' " V¢)
$*" D (=) g = BN ¢ — yV" )
Y= YT = BN Y — yV).

Remark 3

(i) In Lemma 4 we will have prove the existence of a self-similar solution of model
(M1) when N = 1 as a limit of the rescaled solutions. The transformation
formula given by Lemma 1 would give the existence of a self-solution of
model (M1) for N > 1 and m > 2 subject to a rigorous proof of existence
of selfsimilar solutions of model (7).

(ii)) Model (7) has not been studied in the literature yet. However, it seems natural
to think that it will enjoy some good properties, such as comparison principle
for viscosity solutions. It is a possible direction to follow in order to deal with
the open problem of the asymptotic behavior of solutions of model (M1) for
m > 2 and N > 1 where no uniqueness is known for (M1).

4 The Integrated Model in one Dimension for m € (1, co0)

We consider model (M1) in one space dimension

du = 8y - "3y (=) w), )
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forx e R,¢ > 0ands € (0, 1). We take compactly supported initial data ug > 0
such that g € L} (R). The “integrated solution” v is defined by

loc

X
v(x,t) =/ u(y,t)dy >0 fort >0, x e R. (10)
—0oQ
Therefore v, = u and v(x, ) will be a solution (in the viscosity sense) of the
equation
v = —v " (=), (11)

with « = 1 — s and initial data

v(x,0) = vo(x) := /x up(x)dx forall x € R. (12)

—00

Note that v(x, t) is a non-decreasing function in the space variable x. Moreover,
since u(x, t) enjoys the property of conservation of mass, then v(x, t) satisfies

Iim v(x,7) =0, Iim v(x, 1) =M
xX—>—00 xX—+00

for all + > 0. We consider viscosity solutions v(x, t) of (11)—(12) in the sense of
Crandall-Lions.

Definition 2 Let v be a upper semi-continuous function (resp. lower semi-
continuous function) in R x (0, 00).

(1) We say that v is a viscosity sub-solution (resp. super-solution) of Eq. (11) on
R x (0, oo) if for any point (xg, fo) with fo > 0 and any 7 € (0, fy) and any
test function ¢ € C2(R x (0, 00)) N L®(R x (0, 00)) such that v — ¢ attains a
global maximum (resp. minimum) at the point (xg, fp) on Q; = R x (o — 7, #o]
we have that

3@ (x0, 10) + |9z (x0, 10)" 1 (= A)* 0 (-, 1)) (x0) <0 (> 0).

(ii)) We say that v is a viscosity sub-solution (resp. super-solution) of the initial-
value problem (11)—(12) on R x (0, oo) if it satisfies moreover at ¢t = 0

v(x,0) < limsup v(y,t) (resp.v(x,0) > liminf v(y,1)).
y—x, t—0 y—x, t—0

We say that v € C(R x (0, 00)) is a viscosity solution if v is a viscosity sub-
solution and a viscosity super-solution on R x (0, c0).
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Since Eq.(11) is invariant under translations, the test function ¢ in the above
definition can be taken such that ¢ touches v from above in the sub-solution case,
resp. ¢ touches v from below in the super-solution case.

Now we state the correspondence of solutions between the two models, together
with the regularity estimates that u inherits from v.

Proposition 1 Lets € (0, 1) and m > 1. Let also u be a constructed weak solution
for Problem (9) with initial data ug € #+(R). Then v defined by (10) is a viscosity
solution for Problem (11)-(12) and v € C(R x (0, T)). If additionally uy € L*°(R),
thenv € CAR x [0, T)).

Proof We start by proving the regularity of v. If ug € L (R) then u € LR x
(0, T)). This implies that v € L*°([0, T'] : Lip(R)) since vy = u € L*°([0,T] :
L>®(R)). Moreover v; € L*([0, T]: L*(B)) by the second energy estimate for u.
Then the continuity in time is shown by estimating the decay of the time shift:
[v(xg, 11) — v(xg, f0)] < K|ty — to|1/3 when 71 and #y are close. This is done by
combining the L? estimate on v, and the already proved spatial regularity.

When ug ¢ L°°(R), we use the smoothing effect given in Theorem (2) to show
that u € L*°(R" x (r, 00)) for any t > 0. Consequently, we proceed as before but
avoiding t = 0.

To show that v is in fact a viscosity solution, we consider the regularized problem

(8)r = 8AWs) + | (W) " (= 2) S ws. (13)

It is clear that vs = ffoo us(y, t)dy where us is the classical solution of
dus = 8Aus + dy - (Ul (—A) " us),

Not that this is the same problem that in the last step of the proof of existence of u.
Thus, up to a corresponding subsequence, we can pass to the limit in (13) and show
that v := limg_ o vs is a viscosity solution of (11) since it is a limit of viscosity
solutions.

The standard comparison principle for viscosity solutions holds true (see Chas-
seigne and Jakobsen [22]). We also refer to [4] for more details regarding properties
of this integrated model when m = 2.

Proposition 2 (Comparison Principle) Letr m > 1 and o € (0,1). Let w be a
viscosity sub-solution and W be a viscosity super-solution of Eq. (11). If w(x, 0) <
W(x,0), then w < W in R x (0, 00).

The following uniqueness result is also proved in [22]. This result is crucial to
obtain uniqueness of weak solution in dimension one for (M1).

Proposition3 Let m > 1 and o € (0, 1). Then there exists a unique viscosity
solution of Problem (11) with piecewise continuous initial data.
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5 Main Results for Model (M1)

5.1 Existence of Solutions

The most important contribution to the existence theory was done in [57] where
we constructed a weak solution in the sense of Definition 1 in the general setting
of initial data any u € .#*+(R"), the space of nonnegative Radon measures on
RN with finite mass. In particular, this includes the case of merely integrable data
ug € L'(RM).

Theorem 2 Letm € (1,400), s € (0,1), N > 1 and u € .#+RN). Then there
exists a nonnegative weak solution u of Problem (M1) and for all T > 0,

ue L%((r,00) : L'®RV) N LY RN x (z, 00)) N L®((0, 00) : 4T (RY)).
Moreover, u has the following properties:

1. (Conservation of mass) Forall0 <t < T we have/ u(x, t)dx =/ du(x).
RN

RN
(L™ estimate) 0 < 1t <t < T we have ||u(-, t)|loo < [lu(x, T)||co-

3. (LP-energy estimate) Forall 1 < p <ocoand0 <1 <t < T we have

4p(p — 5 [,
/RNup(x,t)dx+( p— 1)2// ‘( A) ](x s)‘ dxds

5/ ul (x, t)dx.
RN

N

(14)
4. (Second energy estimate) For all0 <t <t < T we have
1 s 2 ! 1 2
—/ ‘(—A)_fu(x,t)‘ dx+// "V |V (= 2) S u(x, 5) [ dxds
2 Jrw t JRN
1 2
< —/ dx.
2 JrN
(15)

5. (Smoothing effect) For allt > 0, we have

(-, Ol poo@yy < Cnosmt ™Y (R
RY)

_ N _ 2(1-s)
where y = Gi—pnmaa=y > 0andd = g—xmma= > 0

Remark 4 If ug € L'(RY) N L®(RY), all the properties of Theorem (2) hold up to
T =0.
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5.2 Uniqueness in Dimension N = 1

Uniqueness of weak solutions is proved in the one-dimensional case.

Theorem 3 Letm € (1,+00), s € (0,1), N=1and u € AMT(RN)Y. Then there
exists a unique constructed weak solution to Problem (M1).

The proof follows as consequence of Propositions 1 and 3.

5.3 Speed of Propagation

A very interesting property is the finite/infinite speed of propagation of the solution
of Problem (M1) depending on the nonlinearity parameter m, as proved in [56, 57].

Theorem 4 Letm € [2,00), s € (0,1) and N > 1. Assume that uy € L°[RN)
has compact support and let u be the constructed weak solution of Problem (M1)
given in Theorem 2. Then, u(-, t) has compact support for allt > 0, i.e., u has finite
speed of propagation.

Theorem 5 Letm € (1,2),s € (0, 1) and N = 1. Assume ug € L' (RVN)NL>®RN)
and let u be the constructed weak solution of Problem (M1). Then, for any t > 0
and R > 0, the set Pr;y = {x : |x| > R, u(x,t) > 0} has positive measure (even
if ug is compactly supported). This is a weak form of infinite speed of propagation.
Moreover, if ug is radially symmetric and non-increasing in |x|, then u(x, t) > 0 for
allx e Randt > 0.

5.4 Asymptotic Behavior

Once we know the uniqueness result of Theorem 3 and the existence of solutions for
finite measure data, we can prove that there exists a unique fundamental solution to
Problem (M1) and it describes the large time asymptotic behavior of a general class
of solutions.

Theorem 6 (Asymptotic Behavior) Let m € (1,00), s € (0,1) and N = 1.
Assume that ug € L' (R) such that luollLrry = M and let u be the corresponding
constructed weak solution of (M1). Then

N(l—%)

1= DN +2=25y(, 1) = Uy (-, Ol ppyy = 0 as 1 — o0

for any p > 1, where Uy is the unique self-similar solution of (M1) with initial
data p = Méy.
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Notice that Uys can be transformed into a self-similar solution of (FPME) (for
m < 2)or (7) (for m > 2) as explained in Sect.3. In the first case m < 2
this transformation allows to obtain the main properties of Uy, from the known
properties of the Barenblatt solutions of the (FPME), which are derived in [60]. The
precise decay for large |x| of Uy is given in [55], Corollary 3.2.

6 Proofs of the Results

6.1 Sketch of the Proof of Existence

The proof of existence for general initial data given by an integrable measure is a
long ride, with several nontrivial steps. In this section we will show the strategies of
the proof, together with some details of the main ingredients of it.

We will first prove existence for ug € L'(@®RN) N L®@RY) via a four steps
approximation method by regularized versions of (M1). In this first part we will
also obtain very useful energy estimates that ensure compactness, together with
an L' — L> smoothing effect. Afterwards, using the smoothing effect we prove
existence for initial data € .#, (R") approximating u by bounded integrable
initial data.

6.1.1 Existence for ug € L'(RY) n L*(RY)
Formally, we consider an equivalent version of (M1) given by:
uy=V-u" =)= in RV, (16)

The idea is to consider a regularized version of (16) where all the problematic terms
are approximated. More precisely, we add the vanishing viscosity term §Au to
(16) that ensures good properties of regularity for the solution, we eliminate the
degeneracy at the zero level sets by putting ! ~ (u 4+ )"~ and we eliminate
the singular character of the fractional Laplacian (—A)!™ approximating it by the
zero order pseudo-differential operator

L)) (x) = Cy.1—s / il N (17)

RN (|x _ y|2+82) %

Additionally, to ensure existence, we will restrict (16) to a bounded domain Bg. The
approximated problem reads
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(U1 =8AUL + V- (Ur + )" 'V (=A)" LS [U1]) in Bg x (0, T),
Ui (x, 0) = o (x) in Bg,
Ui(x,t) =0 in By x (0,7),
(PSSILR)
depending on the parameters ¢, §, i, R > 0. We also consider %y to be a smooth
approximation of ug. We say that U is a weak solution of (Pgs,r) if

T T
/ / Ui (¢ —SAqb)dxdt—/ / U1 + " ')~ 2 =[] - Vodxdr
0 Br 0 Bg
+/ uo(x)p(x,0)dx =0
Br

for smooth test functions ¢ (x, #) that vanish on the spatial boundary d Bg and for
large ¢. Indeed, existence of smooth weak solutions is proved via mild solutions, i.e,
U, is the fixed point of the following map:

t
T W) (x, 1) =e§muo(x)+/ VD4 G (x, 1)dT,
0

where G(v) = (v + u)m_IV(—A)_liﬂg[v]. The map,
T :C(0,T): L"(Bg) N L™®(Bg)) — C((0,T) : L'(Br) N L>®(Bg))

is well defined and it is also a contraction, thus, Banach contraction principle ensures
existence of a fixed point. We refer to [6] for a very similar proof in a slightly
different context.

Once existence and regularity of the approximated problem are obtained, we
provide the solution with the following energy-type estimates, that will give
compactness that allow to pass to the limit in all the approximation parameters.

e L7 Energy Estimates for 1 < p < oo Forall 0 < ¢ < T we have that:

t
/ UP (x. dx-+p(p — 1) / / (L) U1, ) 2dxds
Bgr 0 JBpr

_ t
n 4(p 1)8/ /
14 0 JBp

where ¥ (z) = foz ¢ = ¢+ ,u)mT_]d;. We want to mention that a crucial step in
the derivation of (18) relies on the generalized version of the Stroock-Varopoulos
Inequality: Given ¥ : R — R such that € C 1(R), ¥’ > 0 and ¥ such that
V' = (¥')? we have

V(Ull’/z)(x,S)‘zdxdsff ug(x)dx
a)
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1 2
| vz = [ |@nbwwn|
RN RN

¢ Second Energy Estimate For all 0 < t < T we have that:

),
2 /B

! 2
+// (U1+M)m_l‘V(—A)_l.,2ﬂl_s[U1]‘ dxdt
0 JBp

t
+5//
0 JBg

+ (Decay of Total Mass) For all 0 <t < T we have fBR Ui(x, t)dx < fBR uo(x)dx.
e (L®-estimate) Forall 0 <t < T we have [|U1(-, 1)|loo < |l10]]oo-

((—Ar%*)% Wil ax

((—A)*lfg“)% ol .

(glfs')%[(] ’2(1 d l/
g 1| dx ISZ

Bg

By combining these energy estimates we are able to apply some suitable parabolic
compactness theorems to derive convergence of approximated solutions when the
parameters of the approximations are passed to the limit step by step in the order:

0 R u—0 0
(Pesur) —> (Psur) —> (Psu) = (Ps) <= (P).

Remark 5

(1) Notice that the fractional operator is always defined by extending the function
by 0 outside the ball B, in the first two problems of the approximation (Pes;r)
and (Ps,g). This is a delicate aspect which needs to be properly justified. The
functions Uy, U are defined on a ball Bg and extended by 0 to RN \ Br. We are
able to do this extension since Uy, Uy € HO1 (BRr) by (18) therefore they have
the right decay at the boundary d Bg that allows the extension by 0. This is also
one of the reasons for which the term §AU in the approximating problems is
the last one passing to the limit.

(ii) The term with § coefficient in the L? estimate (18) gives H 1 regularity,
an essential information in using parabolic compactness criteria. Again, this
motivates the § — 0 limit to be the last one.

Passing to the Limit First limit is done as € — 0 and is based on the compactness
criteria of type Simon-Aubin-Lions [53] in the context of

H)=S(Bg) € L*(Bg) C H™'(Bg).

where HEIO_S (Bg) is the space associated to (17), and thus the left hand side
inclusion is compact. We conclude that the family of approximate solutions {U1}¢~0
is relatively compact in L2, T : L%(Bg)) and we obtain that Ues,u,r —
(U2)s,u,r as€ — Oin L%(0, T : L*(BR)), up to subsequences.
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As usual, the limit Uj is identified to be a weak solution of a limit problem, in this
case (Ps,gr). Moreover, Uy will satisfy the corresponding energy estimates which
are proved by passing to the limit as € — 0 the estimates for U;. The following two
limits R — oo and  — 0 are similar using the same type of compactness criteria
of Simon.

The novelty appears in the last limit as § — O where the regularity given by H;
term with § coefficient is lost. Here we need to use a different compactness criteria
due to Rakotoson and Temam [52] which does not ask for such strong regularity
assumptions as before. We conclude that the solution Uy of (Ps) satisfies

Us — uasd — 0in Ly (RN x (0, T)).

In the end we prove that u is a weak solution to Problem (M1) and it satisfies
the corresponding energy estimates. We call this u constructed weak solution since
there is no uniqueness theory available in RY. For N = 1 we prove in Sect. 5.2
that uniqueness holds in the class of weak solutions and therefore the u we have
constructed is indeed the weak solution to Problem (M1).

An LP-L°° smoothing effect is proved by combining L” energy estimate (14)
with the Nash-Gagliardo-Nirenberg inequality (See Theorem 7.4 in [57]) for the

m+p+1

function u 2 . More precisely we get

_ 5
lu(, Ol pocwyy < CNysm,pt yp”uOHLpp(RN) forall >0, (19)
_ N _ 2p(1—s)
where v, = T 0 = GeDN TR0

6.1.2 Existence for Initial Data in ./ (RV)

The existence of a solution for measure data is done via an approximating problem
with data (ug), € L'(RY) N L>®@RN) where (1), — w and it conserves the mass
l@o)nll 1wy = w(RN). More precisely, let u, be the solution to Problem (M1)
with data

(uo)n(x) := /RN pn(x — 2)d ().

We use the smoothing effect (19) for LYRY)YNL®(RY) initial data in the particular
case p = 1. Then, as in the previous section u, satisfies the energy estimates plus
the smoothing effect:

letn G, Ol oy < lan Gy Ol ooy < CNosom T 7 N0Inllg 1 gy = Cosm T7 @RMYP,
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_ N _ 2(1—s)
where Yy = m, 5 = m Note that the bound does not

depend on the approximation parameter n. In a similar way as before, we derive
compactness estimates and apply the Rakotoson-Temam criteria [52] in order to
obtain a limit as n — oo away from ¢t = 0

up — ut as n—>oo in L2 RN x (z,7)).

loc

We also show that the initial data is recovered. Basically, the second energy estimate
given by (15) allows us to prove that for any test function ¢ we have that

T
// U™V (= A)"Su, Vpdxdt
0 RN

for some modulus of continuity that only depends on ¢, u and s. Thus,

T
='/ / O dxdt
0 RN

T
// UV (= A) S u, Ve dxdt
0 RN

A standard diagonal argument in 7 and n completes the proof of existence for
measure data.

< A(1)

’ / (n(7) — (0)n)ddx
RN

< A(7).

¢ Conservation of Mass is proved by using the previous estimate with the
sequence of cutoff type test functions ¢r(x) = ¢(x/R) with 0 < ¢ < 1 and
¢1(x) = 1 for |x| < 1 and such that | Vg oo @n) = O(R™).

6.2 Sketch of the Proof of Speed of Propagation

The proof requires delicate barrier arguments since Problem (M1) is proved to
have a lack of comparison principle. We refer to [16] for an explicit example of
this fact.

6.2.1 Finite Speed of Propagation for m € [2, c0)

However, a special kind of super solutions (so-called true super-solutions), are of
particular interest. We can show that, comparing any solution with a true super-
solution, no contact point between them is possible. This will be enough to show
the property of finite speed of propagation.
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Without loss of generality, we assume that 0 < ug < 1 (thus, 0 < u(x,7) < 1)
and consider the parabola-like function

U(x, 1) = ((Ct — (x| — b))4)*.

where b > 0 is such that ug(x) < U(x,0) =: Up(x) for all x € B,(0) and C is a
suitable constant to be chosen later.

We argue by contradiction at a possible first contact point (x., f.) between u and
U. The fact that such a first contact point happens for ¢ > 0 and x # oo is justified
by regularization. We also exclude the extreme case where the contact is made at
the boundary of the support of U given by |xf(#.)| := b + Ct. (see Lemma 7.2 in
[56]). Then, there exists # > 0 such that b 4+ Ct, — |x;| = h > 0. At (x., t;), we
havethatu =U,Vu —U) =0, Alu—-U) <0, (u —U); > 0, thatis

u(xe, to) = h*,  u, =—2h, Au<2N, u; >2Ch,

where r = |x| denotes the radial coordinate. We also have the following estimates
onVp :=V(—A)"¥for0 < s < 1/2 (see Theorem 5.1. of [16]):

—pr(ixel, o) < K1 + Ko™ + Kb, Ap(Ixcl, 1) < K4

for some K1, K7, K3, K4 > 0. We now use the expanded form of Problem (M1)
given by u; = (m — Du™2Vu - Vp +u" ! Ap, we get the inequality

_ h
C < (m— Lh¥=* (—pr<|xc|, 1) + 5 Ap(Jxel, m)
_ 2m—4 1425 ﬁ
< (m—1)h K+ Kxh + (K3 + 2)h ,

which leads to a contradiction choosing C = C(s, N) large enough.

When 1/2 < s < 1, an improved version on the estimate of p, leads to similar
result, but this time C = C(¢). This is again enough to prove the property of finite
speed of propagation, but this time, we do not have a quantitative estimate on the
growth of the support.

One can easily see that the term in the last estimate needs m > 2 to create
a contradiction. In fact m = 2 is show to be the critical exponent, as we show in the
following section.

h2m—4

6.2.2 Infinite Speed of Propagation

In dimension N = 1, we have already established a duality between constructed
weak solutions of (M1)

Qu=V-W"'V(=A)"u)
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and viscosity solutions of the “integrated problem”
0o = —Ju " (=A) v, (20)

where v(x,t) = ffoo u(x,t)dx and @ = 1 — s. It will be enough to consider the
initial data given by

0, x < xg,
vo(x) > Hyy(x) = (21)
1, x > xp.

Indeed, (20) has suitable comparison principles for viscosity solutions. See Propo-
sitions 8.5 and 8.6 in [56] for a standard comparison principle and a parabolic
type comparison principle respectively. At this point, we need to find a subsolution
@ = PD(x,t) of (20) such that @(x,0) < vo(x) and @(x,t) > 0 for any
t > 0 and |x| arbitrary large. See Figs. 1 and 2 for a graphic version of the
proof.

We need to find this kind of subsolution. First, consider a function G = G(x)
such that G is compactly supported in the interval (—xg, 00), G(x) < C; for all
x € Rand (—A)¥G(x) < —Ca|x|~1+29 for all x < xq (see Lemma 9.1 in [56]

Fig. 1 Comparison with the barrier at time t = 0

1

— | X0

Fig. 2 Comparison with the barrier at time ¢ > 0
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for the existence of such a function G). Now, given any 7,&,€ > 0, we can find
Cyr = C2(N, s, a, ) such that the function

e(x, 1) = (t + D (x| +6)77 +Gx) —€, t>0,xeR
satisfies

(@) + (@) " (=AY D <0 forx <xo, t >0

m + 2«
fory =

and b = m The parameters y and b are found in the study

—m
of self-similar solutions of (20).

The main tool to finish the proof is given by the following parabolic comparison
principle proved in [56]:

Proposition4 Letm > 1, a € (0,1) and N = 1. Let v be a viscosity solution
of Problem (11)—(12). Let @ : R x [0, 00) — R such that @ € C2(£2 x (0, T)).
Assume that

o O+ D" N(—A)D <0forx e 2,10, T];

e d(x,0) < v(x,0)forall x € R (comparison at initial time);

e D(x,t) <v(x,t)forallx € R\ 2 andt € (0, T) (comparison on the parabolic
boundary).

Then @ (x,t) <v(x,t) forallx e R, t € (0, T).

At this point we need to show that @, can be compared at initial time and also
on the parabolic boundary.
The initial data (21) naturally impose the following conditions on ®.:

_1
E>xo+€ 7.

that ensures that @, (xg, 0) < vo(xg). Now let k1 := min{v(x,?) : x > xp, 0 <
t < T} > 0 (werecall that v € C([0, T] : C(R)) and vg(xg) = 1). The condition
D (x,t) <v(x,t) forall x > xg, t € [0, T] requires

(t+DPYET +C)) <k

The maximum value of + = T for which this inequality holds is

ky 1/by
()
§r+C

1
Thus, in order to have T > 0 we require £ > (k; —C;) v .The remaining parameter
C1 from assumption (G2) is chosen here such that: C; < k;. By Proposition 4 we
obtain the desired comparison:

v(x,t) > @ (x,t) forall (x,7) € Or.
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Now, let x; < xo < 0 and #; € (0, T') be arbitrary. It is now straightforward to show

that for
[ (11 + 1) T
€ < 1 .
(k1 —C1) 7 —x

we have that @, (x1, 1) > 0 and thus, by comparison v(xy, 1) > 0. In this way, we
have proves the following result:

Theorem 7 (Infinite Speed of Propagation for v) Assume that ug € L®°(RY) is
nonnegative and compactly supported. Let v be the solution of Problem (11)—(12).
Then 0 < v(x,t) < M forallt > 0and x € R.

The result for u follows immediately. We have proved that v(x, ¢) is positive for
every t > 0 and x € R, thus u has accumulated mass at every (x, ¢). This fact
ensures that for every time r > O there exists an x € R arbitrary far from the
origin such that u(x,t) > 0. Moreover, when ug is radially symmetric and non-
increasing in |x| then u inherits these properties, ensuring that # can not take zero
values.

Remark 6

(1) This method is working only in one dimension since we use the integrated
function. It is an open issue the proof of infinite speed of propagation in
dimension N > 2. New methods should be employed and, at least for particular
cases of data, one can see a possible direction to continue: for instance radial
data will produce radial solutions and then one could search for a suitable
transformation between (M1) and a 1 — D problem.

(i) Infinite speed of propagation holds for m < 2 for any self-similar
solution as a consequence of the transformation formula from the previous
section. Moreover their properties are imported from the alternative model
(FPME).

6.3 Proof of the Asymptotic Behavior

Here we provide the proof of the asymptotic behavior in dimension N = 1 using a
four step method. This will be a new contribution to the study of Problem (M1).
The result can only be presented in dimension 1 due to the lack of uniqueness
for (M1). However, we will present intermediate steps valid in RY, and the
reader could trivially see that the asymptotic behaviour result for general N > 1
would follow from a result of uniqueness of solutions with Dirac delta type initial
data.
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6.3.1 Existence of a Rescaled Solution

Lemma?2 Letm € (1,400), s € (0, 1) and N > 1. Assume that uy € L' (RN) and
let u be the constructed weak solution of (M1) given by Theorem 2. Then, for any
A > 0 the rescaled function

u)(x,t) = ANu(kx, Abt),
withb = (m — 1)N + 2 — 2s, is a weak solution of

dup =V - @' 'V(=A) ;) forx e RV, 1> 0,
(22)

13 (0, x) = AN ug(rx) forx € RN,

Moreover, u) has the following properties:

1. (Conservation of mass) For all0 <t <T we have [y uy (x, t)dx = [y uo(x)dx.
2. (L? energy estimate) Forall1 < p <ooand(0 <t <t < T we have

V4 P(P 2
/RNuk(x,z)dH( +p_1)2//RN‘( ' [ ](x s)‘ dxds
5/ uf(x,t)dx.
RN

3. (Second energy estimate) For all0 < v <t < T we have

1 -3 2 ! m—1 —s 2
—/ ‘(—A) 2ux(x,t)‘ dx—i—/ / u |V(—A) ‘uk(x,s)‘ dxds
RN r JRN

2
),
< -
2 JrN

2
dx.

4. (Smoothing effect) For all t > 0,
s, Dl oy < Cnvsm 7 ol 1 gy

>0ands = —20=8 -,

where y = m—DN+2(1—s)

N
(m—DN+2(I-s)

Note that estimates 2 and 3 in Lemma 2 are not uniform in A up to T = 0 since
the hypothesis ug € L'(RY) is not enough to find a uniform bound for the right
hand side term. Note that u; only belongs to L'(RN) and u;, (x, 0) will converge to
lluoll L1(RN)80 as A — oo. However, for any 7 > 0, the smoothing effect ensures
that u, is bounded uniformly in A and then, the right hand side terms of estimates
2 and 3 can be bounded by the terms involving only L! norm of u¢. This kind of
uniform estimates are very useful and will be given in more details later.



300 D. Stan et al.

Proof

I) u, is a weak solution of (22). Note that given any test function ¢ € CSO(RN X
(0,T)), we can define v € CP(RN x (0,A°T)) such that ¢(x,t) =
Y (Ax, Abt). Then, the first term in the weak formulation reads

T T
/ / uk(x,t)¢,(x,t)dxdt=AN/ / u(hx, \t)g, (x, t) dxdt
0 RN 0 RN

T
= \N+b / / u(hx, Ay, Ox, A1) dxdt
0 RN

AT
= / / u(y, s)vs(y, s)dyds.
0 RN

The second term is as follows:

T

//u’;’—l(x,t)V(—A)—suk(x,t).v¢(x,z)dxdt
0 RN
T
— A\Nm=D+N / / "o, APHV(=2) T [u(n, A1)
0 RN
-Vo(x,t)dxdt

T
ZANm-H—Zx/ / W ox, APHV(=A) S u(x, A1)
o JRr¥

-V (x,t)dxdt
T
= /\N'"“*ZS/ / WO, APHV(=A) S u(hx, AP1)
0 RN
-V (x, APr) dxdt
AbT
= pNn=Dr2m2eb / / "y, )V (=2) Uy, )
0 RN
-V (y, s)dyds
AbT
=/ / "Ny, )V(=A)Su(y, s) - VY (y, s) dyds.
0 RN
Finally the initial condition is reformulated as
/ s (x, 0)p (x, O)dx = AV / w0 ()b x. O)dx = / wo (W (v, 0)dy,
RN RN RN

which concludes the proof of (I).
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II) u;, has conservation of mass independent of A. Since u preserves the mass, we
have that

/ u)\(x,t)dxz)»N/ u(Ax,Abt)dxz/ u(y,Abt)dxz/ up(x)dx.
RN RN RN RN

IIT) Energy estimates. The energy estimates are obtained by similar scaling argu-
ments using the energy estimates available for u.

IV) u; has smoothing effect uniform in A. Since u, is a weak solution of (M1)
we can use the smoothing effect of Theorem 2 together with the result of
conservation of mass independent of X to get

5. G Dl oy < Cnvpsm 17 s, OIS 1 e

= Cwosnt 7 luollyy gy, forall £ >0.

6.3.2 Convergence of the Rescaled Solution as A, — oo

Lemma3 Lerm € (1,+00), s € (0,1) and N > 1. Assume that ug € L'(RY)
such that |luoll 1 wyy = M. Let also u), defined as in Lemma 2. Then, for any 0 <

1 < tr < 09, there exists a function Uy € LI(RN X (0, 00)) and a subsequence
{A; }i’;l such that

u,; > Uy as ;> oo in LP@RYN x [11,n]) for 1<p<oo, (23)

where Uy is a weak solution of (M1) with measure initial data Up(x,0) = My
and it satisfies the properties 1-5 of Theorem 2. Moreover; in dimension N = 1, the
full sequence u) converge in the sense of (23).

Proof 1. Existence of a Limit Estimates 1-3 from Lemma 2 are enough to follow
the same proof of Theorem 5.2 in [57]. We get that (up to a subsequence),
u; —> Uy as Aj— 00 in LIZOC(RN X [t1, ©2])

where Uy, is a weak solution of (M1) with initial data Uy (x,0) = MJy with
all the desired properties. Now we need to have a uniform control of the tails of
the solutions in order to be able to pass from local convergence in L* to global
convergence in any L”. Moreover, in dimension N = 1, uniqueness of weak
solutions ensures that the full sequence u; converges.

IL Tail Control Let ¢ € C*°(R") be a nondecreasing function such that ¢ (x) =
0if [x] < land ¢ (x) = 1if |x]| > 2. Now we take ¢pp(x) := ¢ (x/R) as test function
(after an approximation argument) to get
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/ s (x, PR ()dx

RN

< / 3 (x, 0) e (x)dx
RN

t
- / / uT_l(x, HV(=A)uy(x,t) - Vor(x)dx =1+ 11.
RN Jo

First, we note that since u; > 0, then

/ uy(x, )or(x)dx :/ u) (x,)pr(x)dx > / u) (x,t)dx.
RN [x|>R

|x|>2R

On the other hand, for A > 1 we have

/ s (x, 0)pr (¥)dx < 2N /
RN

wo(hr)dx = / uo(y)dy < / wo(y)dy
[x|>R |[y|>AR [y|>R

and the last term clearly goes to zero as R — oo since ug € LY(RN). We also have,
as in part III in the proof of Theorem 5.2 in [57], that

t
1] < [Vérlloo / / W G, DIV (= ) s (v, Dldxdt < AG)/R
0 RN

where A is a locally bounded function in 7. Combining the above estimates, we
conclude that le\>2R u)(x,7)dx — 0as R — oo forall T € (0, r). Passing to the
limit, the same estimate is inherited by Uj,. A similar tail control argument has been
used by one of the authors in [38] for a fractional diffusion-convection equation.

III. Convergence in LP (RN x [t1, 2]). First, we prove L! convergence. From
step II in this proof, for any € > 0 we can choose R large enough such that

[5)
IB;:/ / s, (x. 1) — Uprx. ldxds
1 B;le

%) (5]
:/ / |ukj(x,t)|dxdt+/ / [Up(x, t)|dxdt < €/2.
1 By f B%

On the other hand,

(5]
I, =/ / |uxj(x,t)—UM(x,t)|dxdt
11 Bgr

1
15} 2
s|BR|(rz—z1>(/ / |ux,.<x,t>—UM<x,t>|2dxdt).
1 Bg
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Since Uy, —> Uy as Aj — ooin L%OC(]RN x [t1, 12]), we can now choose A ; big

enough such that I « < €/2.In this way,
||u)\j — UM”L](RNx[zl,tz]) <Ip; + IB§ <€

which concludes the proof of L' convergence. By the smoothing effect, both u;_and
Uy are uniformly bounded outside # = 0, for any R > 0 we have that

P p—1
”u)\_,' - UM ”LI’(RNX[Z‘],Q]) =< ”qu - UM “LOO(RNXD] 1) ”u)»_,‘ - UM ||L1(]RNX[11,[2])

= C||ukj - UM”L'(RNX[lth])

which again converges to 0 as A; — o0.

6.3.3 Self-similarity of the Limit Solution

Lemma 4 (Existence of Self-similar Solution) Lerm € (1,4+00),s € (0,1), N =
1. The solution Uy constructed in Lemma 3 is a selfsimilar solution of the form

Upm(x,1) =t % xt™F),

for a certain function p € RN — Randa = NB with § = 1/(N(m —1)+2—2s).

Proof First we note that for b = N(m — 1) + 2 — 2s, Uy, is invariant under the
following scaling

A Um(hox, 251y = Tim A up(hox, A56) = lim ()N u(rorx, (Aor)’r)
A—>00 A—>00

= lim u;LOA(x,t)=UM(x,t). 24)

)L)\()*)OO
. _1 _
Thus, since b = 1 and then, we choose Ao =175 = ¢ B to get

N b _N _1
Upyx,t) = )\.0 UM()L())C,)\.OZ‘) =t o Upyxt™b,1)
N 1
=1 Uy (xt75,1) =1 Uyt 1).

Remark 7 Note that, in identity (24), the fact the full sequence u; converges plays
a crucial role. If we do not have this property, we cannot ensure that the sequence in

O
{)\O)Lj}j:] gives a convergent ;.
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6.3.4 Proof of Theorem 6
We have that
lur — Umll o @ity o)) = 0 as A — o0,
which in particular implies
lup(-,t) — UM(',t)”Lp(RN) —0 as A — oo forae te€lt,n]

Without loos of generality, assume the above limit holds for # = 1. Then, choosing
T =20 =2l/8,

lur (1) = Un G, Dllppny = AN uGho, ) = Ut O, 22 o ey
= 2 F a4 = Upe A0l
= VDB () — Un (e OllLr@yy-
Since T — 00 as A — oo, we conclude that

Nva-1)
T m=DN+2=2s ||y (-, t) — Up (-, T)”Lp(RN) -0 as 71— o0.

7 Comments and Open Problems

* As a summary, we establish the theory of existence of suitable weak solutions
of problem (M1) and settle the question of finite vs infinite speed of propagation
depending on whether m > 2 or m < 2. We also settle the asymptotic behavior
in one dimension by means of an integrated version of the problem.

» The questions of uniqueness in several dimensions are widely open and ought to
be addressed. Once this result is available, the existence of selfsimilar solutions
together with the asymptotic behaviour would follow with the techniques showed
in this paper.

If m € (1,2), N > 1 we have uniqueness by the 1-to-1 correspondence of
self-similar solutions between (M1) and (FPME), and the last ones are known to
be unique. However, we need a uniqueness result regarding general initial data in
order to be able to prove the asymptotic behaviour in dimension higher than one.

If m € (1,00) and N = 1, the solutions (not only self-similar ones) are
unique since there exists a 1-to-1 correspondence with viscosity solutions of the
integrated problem, which are known to be unique.

* Another pending issue is continuity of weak solutions. In the case m = 2 Holder
continuity is proved in [17, 20].
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* Recently, the problem posed in a bounded domain was considered in [48] for
dimension N > 1. Further work is to be done on that issue.

» Satisfying numerical experiments have been performed, see [57] for some
numerical experiments using ideas of [28]. A systematic and rigorous numerical
analysis is still pending.
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Nondiscrete Lassonde-Revalski Principle )
and Dependent Choice G

Mihai Turinici

1 Introduction

Let (M, d) be a complete metric space; and ¢ € .F (M, RU{oo}) be (M, d)-regular;
that is,

(a01) ¢ is proper (Dom(g) := {x € M; ¢p(x) < 00} # @)
(a02) ¢ is bounded below (inf (M) > —o0)

(a03) ¢ is d-1sc (liminf, p(x,) > @(x), whenever x,, —d> X).

[Here, for each couple A, B of nonempty sets, .% (A, B) denotes the class of all
functions from A to B; when A = B, we write .% (A) in place of .Z (A, A)].
The following 1974 statement in Ekeland [15] (referred to as Ekeland’s variational
principle; in short: EVP) is our starting point.

Theorem 1 Let the precise conditions hold. Then, for each element u € Dom(yp),
there exists some other element v = v(u) € Dom(p), with

(11-a) d(u,v) < @u) — ¢(v) (hence p(u) > ¢(v))
(11-b) d(v,x) > ¢(v) — @(x), forallx € M \ {v}.

This principle found some basic applications to control and optimization,
generalized differential calculus, critical point theory, and global analysis; see the
1979 Ekeland’s paper [16] for a survey of these. As a consequence, many extensions
of (EVP) were proposed. For example, the (abstract) order one starts from the fact
that, with respect to the Brgndsted quasi-order [7]

(a04) (x,y e M): x < yiffd(x,y) +¢(y) < o),
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the element v € M appearing in the second conclusion above is maximal; so
that, (EVP) is nothing but a denumerable variant of the Zorn-Bourbaki maximality
principle; its precise formulation is just the 1976 ordering principle due to Brezis
and Browder [6] (in short: BB). Further, the dimensional way of extension refers to
the ambient space (R) of ¢ (M) being substituted by a (topological or not) vector
space; an account of the results in this area is to be found in the 2003 monograph by
Goepfert et al. [17, Ch 3]. Finally, the metrical one consists in conditions imposed
to the ambient metric over M being relaxed; the basic result in this direction was
obtained in 1996 by Kada et al. [19].

Now, the natural question arising here is that of all these extensions for (EVP)
(including (BB)) being or not effective. Some partial answers were stated in Turinici
[31]; see also Bao and Khanh [1]. According to these, the dimensional and metrical
extensions of (EVP) are obtainable from either (EVP) or (BB), via straightforward
techniques. Concerning the question of (BB) (and its subsequent extensions) being
reducible to (EVP), the basic tool for solving it is the Dependent Choice Principle
(in short: DC) due—independently—to Bernays [2] and Tarski [28]. Precisely, note
that, by the developments in Carja et al. [9, Ch 2, Sect 2.1]

(bC) = (BB) = (EVP);

and (cf. Brunner [8]), (EVP) =— (DC). Hence, any maximal/variational
result—(MP) say—with

DC — MP — EVP

is logically equivalent with both (DC) and (EVP); see Turinici [32] for details.
Note that, this is the case with many sequential extensions of (EVP) and/or (BB);
in particular (cf. Turinici [33]), the conclusion is retainable for a technical 1987
generalization of (EVP) referred to as the Smooth Borwein-Preiss Variational
Principle [4] (in short: BP). Now—especially from a practical perspective—this
last principle found a lot of applications in Variational Analysis; so that, it was
the subject of numerous extensions. For example, a basic contribution in the area
is the 1993 Generic Smooth Variational Principle due to Deville, Godefroy and
Zizler [13] (in short: DGZ). Further, in their 2005 paper, Lassonde and Revalski
[21] established that (DGZ)—and many other statements of this type—may be
viewed as a particular case of some fragmentability result involving sequences of
multivalued maps (referred to as: Lassonde-Revalski Principle; in short: LR). Taking
the preceding observations into account, it is legitimate to ask whether the obtained
results are genuine (logical) extensions of (EVP). As we shall see, the answer
to this is negative, in the larger sense: the Semi-Bump Deville-Godefroy-Zizler
Generic Smooth Variational Principle (DGZ-sb) (including (DGZ)) and Nondiscrete
Lassonde-Revalski Principle; (LR-ndiscr) (including (LR)) enter in the “logical”
segment between (DC) and (EVP); i.e.

(DC) = (LR-ndiscr) = (DGZ-sb) = (EVP) = (DC);
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whence: both (LR-ndiscr) and (DGZ-sb) are equivalent with (DC)—or, equiva-
lently: with (EVP). The steps of this investigation process are to be described as
follows. In Sect. 2, we show that (DC) is equivalent with Baire Category Theorem
over complete metric spaces (in short: BC); hence, in particular, (BC) includes the
Denumerable Axiom of Choice (in short: AC(N)). Further, in Sects.3 and 4, the
obtained facts are used to get the inclusion chain

(DC) implies (LR-ndiscr) = (LR-ndiscr-m) — (LR-VP-m);

here, (LR-ndiscr-m) is the metrical version of (LR-ndiscr) and (LR-VP-m) denotes
its associated variational principle. The objective of Sect. 5 is to establish that

(LR-VP-m) = (DGZ); hence (by the above) (BC) — (DGZ);

an explicit proof of this last inclusion is also provided, for completeness reasons.
Finally, in Sects. 6 and 7, we prove that (DGZ) = (EVP) and (EVP) = (DC),
respectively; so, we close the circle between all these. Further aspects, involving the
2000 Pseudometric Variational Principle in Li and Shi [22] or the 2001 Perturbed
Minimization Principle due to Deville and Ghoussoub [12] will be discussed
elsewhere.

2 (DC) < (BO)

Throughout this exposition, the axiomatic system to be used is Zermelo-Fraenkel’s
(abbreviated: ZF), as described in Cohen [10, Ch 2, Sect 3]. The notations and basic
facts about these are standard. Some important ones are given below.

(A) Let X be a nonempty set. By a relation over it, we mean any (nonempty) part
Z of X x X; in this case, (X, Z) is called a relational structure. As usually, we may
regard Z as a mapping from X to 2% (=the class of all subsets in X). Precisely, for
each x € X, denote

X(x,Z) ={y € X; xZy} (the section of Z through x);
then, the mapping in question is
Hx)=Xx,Z%),x € X.

Call Z, proper when Z(x) # ¢, for all x € X; note that, in such a case, # appears
as a mapping between X and (2)* (=the class of all nonempty parts in X). This
will be also referred to as: (X, %) is a proper relational structure; note that a basic
example of such object is

4 = {(x, x); x € X} (the identity relation).

Given the relations Z, . over X, define their product # o . as
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(x,2) € Z o .7, if there exists y € X with (x, y) € Z, (y,2) € &.
Also, for each relation # over X, denote
R ={(x,y) € X x X; (y, x) € Z} (the inverse of Z).

Finally, given the relations % and .¥ on X, let us say that & is coarser than . (or,
equivalently: . is finer than %), provided

Z < e xZy implies x.7y.
Given a relation Z on X, the following properties are to be discussed here:

(P1) Z is reflexive: S C X%

(P2) Z isirreflexive: ZN S =

(P3) Z is transitive: # o Z C X

(P4) % is symmetric: #~' = R

(P5) Z is antisymmetric: ' N % C 7.

This yields the classes of relations to be used; the following ones are important for
our developments:

(CO) Z is trivial (i.e.. Z =X x X)

(C1) Z is a (partial) order (reflexive, transitive, antisymmetric)
(C2) Z is a strict order (irreflexive and transitive)

(C3) Z is a quasi-order (reflexive and transitive)

(C4) Z is an equivalence (reflexive, transitive, symmetric).

A basic ordered structure is (N, <); here, N = {0, 1, ...} is the set of natural
numbers and (<) is defined as

m <niff m+ p =n, forsome p € N.

Foreachn € N(1, <),let N(n, >) := {0, ..., n—1} stand for the initial interval (in
N) induced by n. Any set P with P ~ N (in the sense: there exists a bijection from
P to N) will be referred to as effectively denumerable; also denoted as: card(P) =
Rp. In addition, given some natural number n > 1, any set Q with Q ~ N(n, >)
will be said to be n-finite; and we write this: card(Q) = n; when n is generic here,
we say that Q is finite. Finally, the (nonempty) set Y is called (at most) denumerable
iff it is either effectively denumerable or finite.

Let X be anonempty set. By a sequence in X, we mean any mapping x : N — X.
For simplicity reasons, it will be denoted as (x(n); n > 0), or (x,; n > 0); moreover,
when no confusion can arise, we further simplify this notation as (x(n)) or (x,),
respectively. Given such an object (x,), any sequence (y, := X;(); n = 0) with

(i(n); n > 0) is divergent (i(n) — oo asn — o)

will be referred to as a subsequence of (x,; n > 0).
Remember that, an outstanding part of (ZF) is the Axiom of Choice (abbreviated:
AC); which, in a convenient manner, may be written as

(AC) For each nonempty set M, there exists a (selective) function
f: @M — M (in the sense: f(Y) € ¥, VY € ()M).
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There are many logical equivalents of (AC); see, for instance, Moore [24, Appendix
2]. Sometimes, when the ambient set M is endowed with denumerable type
structures, this general choice procedure may be replaced with a weaker form of
it, called: Dependent Choice Principle. Some preliminaries are needed. Let M be a
nonempty set. For each natural number k > 1, call the map F : N(k,>) — M,
a k-sequence; if k > 1 is generic, we talk about a finite sequence. The following
result, referred to as the Finite Dependent Choice property (in short: (DC-fin)) is
available in the strongly reduced Zermelo-Fraenkel system (ZF-AC). Givena € M,
let us say that the k-sequence F : N(k, >) — M (where k > 2) is (a, %)-iterative
provided

F(O)=aand F(i + 1) € Z(F(i)), foralli € N(k — 1, >).

Lemma 1 Let the relational structure (M, %) be proper. Then, for each k > 2, the
following property holds:

(P(k)) foreach a € M, there exists an (a, Z)-iterative k-sequence.

Proof Clearly, (P(2)) is true; just take b € Z(a) and define F : N(2, >) — M as:
F(0) =a, F(1) = b. Assume that (for some k > 2),

(P(h))istrue,for2 < h < k;

we claim that (P(k + 1)) is also true. For, let F : N(k,>) — M be an
(a, Z)-iterative k-sequence, assured by hypothesis. As & is proper, Z(F (k — 1))
is nonempty; let u be some element of it. The map G : Nk +1,>) — M
introduced as

G(i)=F@(),i e Nk,>);Gk)=u
is an (a, #)-iterative (k + 1)-sequence; and then, we are done.

Now, it is natural to see what happens when k “tends to infinity”. At a first glance,
the following Dependent Choice Principle (in short: DC) is obtainable in (ZF-AC)
from this “limit” process. Given a € M, let us say that the sequence (x,; n > 0) in
M is (a; X)-iterative, provided

X0 = a; Xpy1 € Z(xyn), Vn.

Proposition 1 Let the relational structure (M, %) be proper. Then, for eacha € M
there exists at least one (a, X)-iterative sequence in M.

Formally, the “argument” involved here consists in the possibility of constructing
an (infinite) sequence via finite sequences. This, ultimately, cannot be done under
the precise context [so, the limit process in question does not work in (ZF-AC)]J;
whence, (DC) is not obtainable from the axioms of our strongly reduced system. On
the other hand, this principle—proposed, independently, by Bernays [2] and Tarski
[28]—is deductible from (AC), but not conversely; cf. Wolk [35]. Moreover, by the
developments in Moskhovakis [25, Ch 8], and Schechter [27, Ch 6], the reduced
system (ZF-AC+DC) it large enough so as to cover the “usual” mathematics; see
also Moore [24, Appendix 2, Table 4].
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(B) Let (%,;n > 0) be a sequence of relations on M. Given a € M, let us say that
the sequence (x,; n > 0) in M is (a; (%,; n > 0))-iterative, provided

X0 = a; Xp41 € Xn(xp), Vn.

The following “Diagonal Dependent Choice” principle (in short: DDC) is to be
taken into consideration.

Proposition 2 Let (%,; n > 0) be a sequence of proper relations on M. Then, for
each a € M there exists at least one (a; (%y,; n > 0))-iterative sequence in M.

Clearly, (DDC) includes (DC); to which it reduces when (%,;; n > 0) is constant.
The reciprocal of this is also true. In fact, letting the premises of (DDC) hold, put
P = N x M; and let . be the relation over P introduced as

L, x) ={i + 1} x Zi(x), (i,x) € P.

It will suffice applying (DC) to (P, .¥) and b := (0, a) € P to get the conclusion
in our statement; we do not give details.

Summing up, (DDC) is provable in (ZF-AC+DC). This is valid as well for its
variant, referred to as: the “Selected Dependent Choice” principle (in short: SDC).

Proposition 3 Let the map F : N — (2)M and the relation Z over M fulfill
(Vn>0): Zx)NFmn+1) £0, Vx € F(n).

Then, for each a € F(0) there exists a sequence (x(n); n > 0) in M with
x(0) =a, x(n) € Fin), x(n+1) € Z(x(n)), Vn.

As before, (SDC) — (DC) (<= (DDCQ)); just take F'(n) = M, n > 0. But, the
reciprocal is also true, in the sense: (DDC) = (SDC). This follows from

Proof (Proposition 3) Let the premises of (SDC) be true. Define a sequence of
relations (%,; n > 0) over M as: for eachn > 0,

(X)) =R(x)NFn+1), ifx € F(n),
Py (x) = {x}, otherwise (x € M \ F(n)).

Clearly, %, is proper, for all n > 0. So, by (DDC), it follows that, given the starting
a € F(0), there exists an (a, (%,; n > 0))-iterative sequence (x(n); n > 0) in M.
Combining with the very definition above, it follows that conclusion in the statement
is holding.

(C) In particular, when %Z = M x M, the regularity condition imposed in (SDC)
holds. The corresponding variant of the underlying statement is just

(AC(N))=the Denumerable Axiom of Choice.
Precisely, we have

Proposition4 Let F : N — ()M be a function. Then, for each a € F(0) there
exists a function f : N — M with f(0) = a and f(n) € F(n), Vn.
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Note that, as a consequence of the above facts,
(DC) = (AC(N)) in the strongly reduced system (ZF-AC).

A direct verification of this is obtainable by taking A = N x M and introducing the
relation Z over it, according to:

A, x)={n+1} x Fn+1), ne N,x € M;

we do not give details. The reciprocal of the written inclusion is not true; see
Moskhovakis [25, Ch 8, Sect 8.25] for details.

(D) As auseful application of these developments, we show that the Baire Category
Theorem (in short: BC) is provable in (ZF-AC+DC).
Let (X, d) be a metric space. For each x € X, ¢ > 0, denote

X(x,e)={yeX;dx,y) <&}, X[x,e]l={y € X;d(x,y) <&}

(the open/closed sphere with center x and radius ¢). Let Y € 2% be arbitrary fixed.
We say that y € X is interior to Y when

X(y,e) C Y, for some ¢ = e(y) > 0;
or, equivalently:
X[y, e] C Y, for some ¢ = g(y) > 0;

the set of all such points will be denoted as int(Y) (the interior of Y). Also, let us
say that z € X is adherent to Y when

X(z,e)NY # @, foreach e > 0O;
or, equivalently:
X[z,e]NY # @, for each ¢ > 0.

the set of all such points will be denoted cl(Y') (the closure of Y). Call Y, open (resp.,
closed) provided Y = int(Y) (resp., ¥ = cl(Y)). In particular, any open (resp.,
closed) sphere in X is an open (resp., closed) subset of X. Clearly, the following
basic duality formula holds

(dual-1) (for each Y e 2%):
nt(X \ Y) = X\ cl(Y), cl(X\ ¥) = X \ int(Y);

see, for instance, Bourbaki [5, Ch 1, Sect 1.6]. Finally, given Y € (2)X, denote
diam(Y) = sup{d(u, v); u, v € Y} (the diameter of Y);

clearly, for any such part, we have
diam(Y) = diam(Z), where Z = cl(Y).

Now, call the ambient metric space (X, d), complete when each d-Cauchy
sequence is d-convergent. To give a characterization of this concept, call the
sequence of (nonempty) closed parts (F,;; n > 0),

(i) descending when F; 2 Fj fori < j;
(ii) 0-descending if, in addition, diam(F;,) — 0.
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We say that (X, d) has the Cantor property when

each 0-descending sequence of nonempty closed sets in X has a nonempty
intersection.

The following Cantor Intersection Theorem (in short: CI) is useful for us.

Proposition 5 The following (generic type) properties are valid, in the class of
metric structures:

(25-1) Cantor property =—> completeness, in (ZF-AC)
(25-2) completeness =—> Cantor property, in (ZF-AC+DC).

Proof

(1) Assume that the metric space (X, d) has the Cantor property; and let (x,; n >
0) be a d-Cauchy sequence in X:

lim,, diam(Y,,) = 0, where (Y;, = {xx; k > n}; n > 0).

By the properties of diameter function (see above), this yields
lim,, diam(F},,) = 0, where (F,, = cl(Y,); n > 0).

So, taking into account the Cantor property, we must have
N{F,; n > 0} = {z}, for a (uniquely determined) z € X.

And this, along with

Y, € F, € X[z, diam(F,)], n >0

tells us that lim, (x,) = z; so that, (X, d) is complete.

(ii)) Assume that (X, d) is a complete metric space; and let (Fy,; n > 0) be a 0-
descending sequence of nonempty closed sets in X. By the Denumerable Axiom
of Choice (AC(N)), we may construct a sequence (x,; n > 0) in X, according
to

x, € F,, foreachn > 0.

From the choice of our sequence (F,,; n > 0), one has
lim,, diam(Y,,) = 0, where (Y;, = {x¢; k > n}; n > 0);

which tells us that (x,,) is a d-Cauchy sequence in X . But then, by completeness,
lim, x, = z, for some (uniquely determined) z € X.

This in turn yields, in a direct way,
N{Fu;n >0} = {z};

so that, the Cantor property follows.
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(E) Having these precise, call Y € 2%, nowhere dense when int(cl(Y)) = #; and
dense, provided cl(Y) = X; note that—as a consequence of some related fact—the
derived duality formula holds

(dual-2) (for each Y € 2%):
(Y=closed, nowhere dense) <= (X \ Y=open, dense).

Finally, let us say that ¥ € 2% is of .%, (resp., %) type, when

Y may be represented as a denumerable union (resp., intersection) of closed
(resp., open) subsets in X.

The following Baire Category Theorem (in short: BC) is available.
Proposition 6 Let (X, d) be a complete metric space. Then

(26-1) If (F,) is a sequence of (proper) nowhere dense closed subsets of X, then
F = U{F,; n > 0} is a (proper) nowhere dense .7, type subset of X

(26-2) If (Gp) is a sequence of (nonempty) dense open subsets of X, then G =
N{Gp; n > 0} is a (nonempty) dense s type subset of X.

An appropriate proof of this may be found in Schechter [27, Ch 20, Sect 20.16];
for completeness reasons, we shall provide it, with some modifications.

Proof (Proposition 6) Clearly, the properties (26-1) and (26-2) are equivalent, via
preceding duality formula; so, it will suffice verifying that, e.g., (26-2) holds.
Without loss, one may assume that Gy = X; otherwise, we simply replace
(Go, G1,...) by (X, Go, G1,...). Denote M := X x RY, where RY :=10, ool;
and, for each n > 0, put

M, ={(x,e) €e M; X[x,¢e] € G,}; hence, Mg = M.
We introduce a relation Z over M as:
(x,8)Z(y, ) iff X[x,e] D X[y, 8], e > 26.

Fix n > 0 and take some (x, &) € M,;i.e., X[x, €] € Gp. As cl(G+1) = X, we
have that X (x, ¢€)NG, 41 is anonempty open set in X; hence, there exists (y, §) € M
in such a way that

X(y,28) S X(x,8) NGpy1,6 <&/2;
which yields
X[y, 8] € X[x,e]N Gpy1,8 < €/2;
hence, in particular, (x, €)Z(y, §) and (v, §) € M, 4.

By the Selected Dependent Choice Principle (SDC), it follows that for each starting
(x0,€0) € M(= M)y) there exists a sequence ((x,&,);n > 0) in M, with the
properties (for each n)

(26-3) (x, &) € M, (thatis: X[xn, en] € Gp)

(26-4) (xn, €)% (Xn+1, En+1)
(i.e.: X[xn, &0l 2 X[Xn41, ens1l, &0 = 26041).



318 M. Turinici

By the latter of these, one derives—via Cantor Intersection Theorem—that there
must be a unique z € X with N{X[x,, &,]; n > 0} = {z}; so, combining with the
former, z € G. Since, on the other hand, z € X[xg, &0], we have X[xq, 0] NG # @.
This, by the arbitrariness of (xg, &9), gives cl(G) = X; and completes the argument.

(F) By the developments above, it follows that
(DC) = (BO), in (ZF-AC).

The remarkable fact to be added is that the converse inclusion is valid too.
Proposition 7 We have [in (ZF-AC)]:

(27-1) (BC) = (DC); hence, (BC) <— (DC)
(27-2) (BC) = (AC(N)) (but not conversely).

The original argument may be found in Blair [3]. For completeness reasons, we
provide however a verification of it, with certain modifications.

Proof (Proposition 7) The argument will be divided into several steps.
Part1 Let P be a nonempty set; and d stand for the discrete metric over it:
(s,t € P):[d(s,t) =0,ifs =¢t]and [d(s,t) = 1,if s # ¢];
(Note that d is even an ultrametric on P, in the sense
d(x,z) <max{d(x,y),d(y,2)},Vx,y,z € X;

but this is not essential for us). Let .(P) := .% (N, P) stands for the class of all
sequences in P. Fix some a € P; and put X = {x € .(P); x(0) = a}. Define a
mapping ds : X X X — R as

doo(x,y) = 3_,27"d(x(n), y(n)), forx = (x(n)), y = (y(n)) in X.

It is not hard to see that d, appears as a metric on X. The natural question to be
discussed here involves its completeness property. In this direction, we have

Lemma 2 Under the above conventions, the metric space (X, dx) is complete:
each ds-Cauchy sequence in X is ds-convergent.

Proof Let (x"; n > 0) be a sequence in X; it may be written as
(" = "(0), x" (D), ...) = (a,x"(1),..);n = 0).

Assume that (x"; n > 0) is dx-Cauchy; this may be also characterized as:
Ve>0:C(e) :={neN;n<p<qg—=—=dso(xP,x9) <&} #0.

As a consequence, the map ¢ — C(¢) is increasing on Rg, in the sense:
ey < &* implies C(g4) C C(e*);

so that, the map ¢ > I'(¢) := min[C(¢)] is decreasing on Rg:
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ex < & implies I'(g4) > (™).

Let (e,; n > 0) be a strictly descending sequence in Rg with
ey, < 27", Vn (hence: g, — 0asn — 00).

Denote for simplicity
m(k) = I'(ex), n(k) =mk) +k, k> 0.

By the properties above, the map k +— m (k) is increasing; hence, the map k +— n(k)
is strictly increasing. For the moment, it is clear that

x"00) = xP(0) = a, Vp > n(0).
Further, by the very definition of these maps,
n(l) < p =g = doo(x?,x?) <ey.
Combining with the definition of d, gives
271 d(xP (1), x4 (1) < e1,if n(l) < p < g3
so that (as &] < 271),
x"D (1) = xP (1), forall p > n(1).

The procedure may continue indefinitely; and gives us
x"@D () = xP (i), forall p>n(i)andalli > 0.

Let y = (y(i); i > 0) be the “diagonal” sequence (y(i) = x"@(i); i > 0); clearly,
it is an element of X. We claim that our initial sequence (x; n > 0) is convergent
(modulo d) towards y; i.e.,

doo(x",y) = 0,as n — o0.
In fact, let ¢ > O be arbitrary fixed; and & = h(e) > 0 be such that
27" < & (hence: 277 < &,Vj > h).
For each n > n(h) we have (by the above properties)
d(x",y) =3, 27dx" (@), x"D (@) + Y, 27 d (6" (), x"D (i) =
Siop 27l @), X" D)) <3, 27 =27 < ey
and, from this, we are done.
Part 2 Let M be a nonempty set; and & be a proper relation over M:
(p-rel) Ya e M,3b € M: (a,b) € Z%.

Fix some a € M;and put X = {x € ¥ (M); x(0) = a}. Let the metric d (., .) Over
X be introduced as before; remember that
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(X, dso) is complete:
each d-Cauchy sequence in X is a dy-convergent one.

For each x € X, define the relation ./ (x) : N — 2V and the associated
functions H(x) : N - N U{oo}, H[x] : N - N U {oo}, according to

Hx)(I) ={j e N(i,<); (x(@),x(j)) e Z},i =0
H(x)(@) =min 2 (x)(i),i >0
H[x](n) = max{H (x)(i),i <n},n >0;

here, as usual, min()) = oo. Clearly, the following progressive type relations hold

(prog-1) i < H(x)(i), foreachi > 0
(prog-2) n < H[x](n), foreachn > 0.

Some other useful completions of these are being collected in
Lemma 3 Letn > 0and x € X be such that

k := H[x](n) < oo, hence, n < k and (H(x)(i) <k, for0 <i <n).
Then,

(pl) foreachi < n(< k), there exists j < k withi < j, (x(i),x(j)) € Z
(p2) ify € X fulfills (y(h) = x(h), whenever 0 < h < k), then
(H(y)(@) = H(x)(i), for 0 <i < n); so that, H[y](n) = H[x](n).

Proof

(1) Evident, by letting j = H (x)(i) and combining with a progressive type relation
we just listed.

(i) Let y € X be taken as before; and let i € N(n, >) be arbitrary fixed. By the
preceding step, we have with p := H(x)(i) (hence, p < k)

i < pand (x(i), x(p)) € Z;

or, equivalently (by our working hypothesis)
i < pand (y(i), y(p)) € %;

whence g := H(y)(i) < p. This, again by our working hypothesis, gives
i < qand (x(i),x(q)) € %,

wherefrom p = H(x)(i) < g. Combining these, yields H(x)(i) = H(y)(i); so
that [by the arbitrariness of i € N (n, >)], it results that H[y](n) = H[x](n).

We may now pass to the basic part of our developments. To each n > 0, let us
associate a subset A, of X as

A, ={xeX; Hx)({) < oo, foralli < n};
or, equivalently: A, = {x € X; H[x](n) < oo}.

Note that, for the moment, the alternative of

A, =¥ forsomen >0
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cannot be avoided. This, however, cannot hold; as results from
Lemma 4 The subset A, is nonempty in X, for each n > Q.

Proof Letn > 0 be arbitrary fixed. By the Finite Dependent Choice property (DC-
fin), there exists a (n + 2)-sequence F : N(n + 2, >), in such a way that

F(0)=aand F(k)ZF (k + 1), fork < n.
The sequence x € ./(M) introduced as

x(@()=F@),i <n;x(@)=Fmn+1),i >n
belongs to X and

H(x)(i)=i+1<n+1,Vi <n;whence, H(x](n) =n+1;
and this tells us that x € A,,.

Concerning the remaining properties of the family (A,;n > 0), a basic one is
expressed by

Lemma5 Letn > 0and x € A, be arbitrary fixed; hence,
k := H[x](n) < oo, so that: n < k and (H(x)({) <k, foralli < n).
Then, each y € X with
doo(x, y) = 32; 27 (x (i), y(i)) < 27*
fulfills y € A,,. In particular, A, is open in X (for each n > 0).
Proof By the meaning of our notation (and a previous auxiliary fact)
Vi <n,3j <k:i < jand (x(i), x(j)) € Z.
On the other hand, by the imposed condition,
x(h) = y(h), whenever 0 < h < k.
Combining these yields (see above)
H(y)(i) = H(x)(i), Vi < n; wherefrom H[y](n) = H[x](n)(< 00);
sothat y € A,.
Finally, as another basic property of (4,; n > 0), we have
Lemma 6 The subset A, is dense in X, for eachn > 0.
Proof Let us consider the logical property
(Dense(n)) A, is dense in X (modulo dyo).
We show, by induction, that

(Dense(n)) is true, for all n > 0.
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(I First, we are verifying the starting property:
Ag is dense in X (modulo dyo).

Let the sequence z € X and the number ¢ > 0 be arbitrary fixed. Further, let
the rank m > 0 be such that 27" < &. By hypothesis, there exists b € M such
that (z(0), b) € Z. Define the sequence w € X according to

w(n) =z(@m),n <m;wn) =b,n > m.
As a consequence of these facts,

(i) Hw)(0) = H[w](0) < m + 1; hence, w € Ay
(i) doo(zow) <Y, 270 =27" <&

and our assertion follows.
(II) Further, we pass to the inductive step:

(Ajisdensein X for 0 < j < m) implies A,y is dense in X.

Let the sequence z € X be given, as well as the number ¢ > 0 with ¢ < 27",
As A,, isdense in X,

deo(z,u) < &/2, for some u € Ay,.
On the other hand, asu € A,,,

p := H[u](m) < oo; whence, m < p and (H(u)(j) < p,VYj < m).
Fix some index g according to

g>p+1,271 <¢/2;

and choose (by the properness of %) some ¢ € M with (u(m + 1),¢) € Z%.
Finally, define the sequence w € X, according to

wn) =un),n <q;wn)=c,n>q.
By this very convention (and p = H[u](m) < q),

Hw) () =Hw)(j)<p<qg+LVj<mHw)m+1) <qg+1;
wherefrom H[w](m + 1) < g + 1(< 00);

which tells us that w € A;,+1. Moreover (combining with the choice of ¢)

oo, w) <Y 277 =271 < ¢/2;
J>q

wherefrom
doo (2, W) < doo(z, u) + doo(u, w) < &.

Putting these together, our assertion is proved.
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Having these precise, let us continue our argument, by passing to

Part 3 Since all sets in the sequence (A,; n > 0) are (nonempty) open dense, it
results—via Baire Category Theorem (BC)—that A, := N{A,; n > 0} is a dense
95 type subset of X. Fix some sequence y = (y(0), y(1),...) in Ax; note that, by
this very choice,

H(y)(i) < oo, for each i > 0; whence: H[y](n) < oo, for eachn > 0.

Define a strictly ascending rank sequence (k(n); n > 0), according to the iterative
type construction

k(0) =0,k(n+ 1) = H(y)(k(n)),n > 0.
The subsequence (z(n) := y(k(n));n > 0) of (y(n); n > 0) is an element of X,
with

(M) Zz(n+ 1), Vn;

so that, (z(n); n > 0) is (a, #Z)-iterative. This ends our argument.

Note, finally, that in a separable complete metric space, the Baire Category
theorem does not require any choice techniques; cf. Oxtoby [26, Supplem. Notes
Ch 9]. Further aspects may be found in Schechter [27, Ch 20, Sect 20.16].

3 (BC) Implies (LR-ndiscr-m)

Let Z be a nonempty set. Remember that, by a topology over Z we mean any
(nonempty) family of subsets .7 C 27, fulfilling

(top-1) o/=arbitrary partof 7 — Uo/ € T
(top-2) o7=finite part of 7 — N € T

in this case, (Z, .77) will be referred to as a topological space. Given any z € Z, any
subset U € .7 with U > z will be referred to as a open neighborhood of z; the class
of all these will be denoted as ¥(z). Also, by a neighborhood of z we mean any
subset V of Z with

V 2 W, for some W € 7°(z);

the family of all such subsets will be denoted as #'(z). In this case, call the
topological space (Z, .7), Hausdorff separated if

(a,beZ,a#b)=> QA€ ¥(a),ABc V(b): ANB =0.

Note that such a condition is fulfilled whenever the ambient topology .7 is generated
by a metric A(.,.) over Z.
Let Y € 27 be arbitrary fixed. We say that y € X is interior to Y, when

V C Y, forsome V e ¥ (y);
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the set of all such points will be denoted as int(Y) (the interior of Y). Also, let us
say that z € X is adherent to Y, when

VNY # @, foreach V e ¥ (z2);

the set of all such points will be denoted cl(Y) (the closure of Y). Call Y, open (resp.,
closed) provided Y = int(Y) (resp., ¥ = cl(Y)); note that the basic duality formula
from the metric setting continues to hold here. Finally, call Y € 2Z nowhere dense
when int(cl(Y)) = ; and dense, provided cl(Y) = X. As before, the derived duality
formula holds too in this extended setting; we do not give details.

Having these precise, we may now pass to the formulation of our problem. Let
(Z, 7)) be a Hausdorff separated topological space. Denote for simplicity

T0 =7\ (9} = 7N Q)%

this is nothing else than the class of all nonempty open subsets of Z. Further, let
(X, d) be a metric space (in the usual sense). Remember that, for each Y € 2)%,
we denoted

diam(Y) = sup{d(u, v); u, v € Y} (the diameter of ).

LetT : Rg_ x Z — (2)X be a (nonempty valued) map; it may be also viewed as a
family (7' (8); B > 0) of (nonempty valued) maps in .% (Z, 2)%), according to

T(B)(z)=T(B.,2),B>0,z€Z.
Call this family, ascending provided

p1 = o= T(B(@) S T(P2)(2),Vz € Z;
or, equivalently:

Bi < o= T(B(U) S T(B)(U), VU € (2)%.

Given such a family (T (8); B > 0) over .# (Z, (2)%), define the extremal mapping
T0+4):Z — 2%, as

TO+H) () =T P)(2); B >0} zeZ
Denote, for simplicity

Dom(T (0+)) = {z € Z; T(0+)(z) # @} (the domain of T (0+)).
Note that the alternative

T (04) is not proper: Dom(7 (0+)) = ¢
cannot be avoided; but, even if

T (04) is proper: Dom(7 (0+)) # @

we must emphasize that, given z € Dom(7 (0+)), the extremal representation of
T (0+)(z) relative to (T'(B)(z); B > 0) cannot be viewed as a limit one (from a
topological perspective). So, we may ask under which (extra) regularity conditions
about our family (7' (8)(.); B > 0) is this possible. As we shall see, the following
general conditions are needed:
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(c01) (Z,7) is a Baire space; i.e.:. (7 is Hausdorff separated and) the
intersection of a countable family of open dense subsets in Z is dense

(c02) (X, d) is a complete metric space

(c03) (T'(B); B > 0) is ascending (see above) and nonempty closed valued; i.e.:
T(B)(z) € 2c)X,forall B >0,z € Z.

Here, we denoted for simplicity
(2¢)* =the class of all nonempty closed parts in X.

Concerning the specific conditions to be added, some preliminaries are in order.
Define, foreach ¢ > 0

o (e) = {(U, B) € 7° x RY; diam(T (B)(V)) < ¢};

note that ¢ — 7(g) is a multivalued map from Rg to 70 x Rg, with (possibly
empty values and) the hereditary property

(for each (U, B), (U*, p*) € 7% x R}):
(U, B) € () = (U*, B*) € &/ (¢), whenever U D U*, B > B*.

Let also & — IT1(<7(¢)) and & > IT,(<7 (¢)) stand for the projection maps
IT1 (A () = {U € T (U, B) € o (¢), for some B € Rg_},s >0
I (7 () = {B € RY; (U, B) € o/ (¢), forsome U € T, & > 0.
Now, the announced specific condition upon our family may be written as

(c04) (T (B); B > 0) is d-fragmentable:
YU € 79 Ve > 0,3V € [T ((e)): U D V.

Finally, let us introduce the generalized Hausdorff-Pompeiu pseudo-distance over
(2)X as: foreach A, B € (2)%,

I'(A, B) = sup{d(x, B); x € A},
where d(x, B) = inf{d(x, b); b € B}, for all such x and B.

Note that its symmetric counterpart
©(A, B) =max{I'(A, B), I'(B, A)}, A, B € 2)*

is a generalized distance (in the Luxemburg-Jung sense [23], [18]) over (2¢)¥; see
Kuratowski [20, Ch 2, Sect 15] for details.

The following result (referred to as: Nondiscrete Lassonde-Revalski Principle; in
short: (LR-ndiscr)) is a basic tool for our developments.

Theorem 2 Let (T(B) : Z — (2¢)X; B > 0) be an ascending family of nonempty
closed valued maps from Z to X, where (V,.7) is a (Hausdor{f separated) Baire
space and (X, d) is a complete metric space. In addition, suppose that (T (B); B >
0) is d-fragmentable. Then, there exists a dense s type subset W € (2)%, with

(31-a) Dom(T (0+)) is W-including (Dom(T (0+)) 2 W)
such that, for each z € W [hence, z € Dom(T (0+))],
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(31-b) T (0+)(2) is a (nonempty) singleton

(31-c) for each € > 0, there exists (U, B) € </ (¢g), such that

U e ?°%@) and T(0+)(2) € T(B)(z) € T(B)(U) € X(T(0+)(2), &)
(31-d) ©(T(B)(2), T(0+)(z)) - Oas p — O+.

Technically speaking, this result is to be obtained by means of certain choice
procedures. The most general one is (AC) (= Axiom of Choice). But, as we shall see,
(AC(N)) (= Denumerable Axiom of Choice) will suffice for the proposed argument
to work. This will follow from

Proposition 8 We have

(31-1) ((DC) =) (AC(N)) => (LR-ndiscr), in (ZF-AC);
or, in other words,

(31-2) (LR-ndiscr) is deductible in (ZF-AC+DC).

Proof Let (¢,;n > 0) be a strictly descending sequence in Rg with lim, &, = 0.
(The natural choice is (¢, = 27"; n > 0); but, this is not the only possible one).

Step 1 Denote, for simplicity
Wi = UIT ( (ex)), k > 0.

Clearly, Wy is (nonempty) open in Z (for each & > 0), as a union of (nonempty)
open parts of Z. Moreover,

Wi is dense in Z, for each k > 0.

In fact, let z € Z be arbitrary fixed; and U € #°(z) be an open neighborhood
of it. As (T'(B8); B > 0) is d-fragmentable, there exists V € IT;(</ (ex)) (hence,
V € W), with U 2 V. Consequently, @ #£ V € Wy N U; wherefrom, z € cl(Wy).

Step 2 Further, denote W = N{Wj; k > 0}; this (by the Baire space condition) is a
dense ¥; type subset of Z. We claim that conclusions of (LR-ndiscr) are necessarily
holding under such a choice.

In fact, let z € W be arbitrary fixed. By definition,

z € Wy = UIT (< (gt)), for each k > 0;
so that, the multivalued map
T (k) ={(U,B) € (er); U2}, k>0

is nonempty valued. By the Denumerable Axiom of Choice (AC(N)), there exists a
sequence ((U (k), B(k)); k = 0) in F0 x Rﬂ, such that

(U(k), B(k)) € Z,(k), Yk > 0;
that is

U (k) € ¥°(z), diam[T (B(k))(U (k)] < &, k > 0.
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Define a new sequence (y (k); k > 0) in Rg as
y (k) =2~ min{B(0), ..., B(k)}, k > 0.

Clearly, (v (k); k = 0) is strictly descending in Rf)F with
(y (k) = B(k), Vk = 0) and lim (y (k)) = 0;

moreover, by the ascending property of the family (7'(8); 8 > 0), we must have
Uk) € ¥°(2), diam[T (y (k) (U (k)] < ek, k = 0.
In particular, this tells us that
diam[7 (y (k))(2)] < diam([T (y (k))(U (k))] < &, k = 0;

which, by the Cantor Intersection Theorem, assures us that
T(0+)(z) = N{T (y (k) (2); k = 0}

is a nonempty singleton; hence, the first conclusion in the statement follows. On the
other hand, let ¢ > 0 be arbitrary fixed; and £ > 0 be such that

&r < & hence, g, < g, forallh > k.

In view of
T(0+)(2) € T(y(k)(U (k)), diam[T (y (k))(U (k)] < &x < &,
we therefore get
T (y (k)(U(k)) € X(T(0+)(2), &x) € X(T(0+)(2), €);

and this, along with

T(0+)(2) € T(y(k)(z) € T (y () (U (k)),

shows that our second conclusion in the statement is holding with [U := U(k),
B := y (k)]. Finally, the last conclusion is clear, by the very definition of Hausdorff-
Pompeiu (generalized) distance.

Technically speaking, the Baire space condition is comprehensive enough so as to
include some nice particular cases of (Hausdorff separated) topological spaces; see,
for instance, Willard [34, Ch 7, Sect 25]. However (cf. our previous developments),
the most natural circumstance when (Z, .7) is a Baire space is that of our ambient
topology .7 being induced by a complete metric A(.,.) over Z. This yields
the following practical statement, (referred to as: Nondiscrete Lassonde-Revalski
Metrical Principle; in short: (LR-ndiscr-m)).
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Theorem 3 Let (T(B) : Z — (2¢)X; B > 0) be an ascending family of nonempty
closed valued maps from Z to X, where (Z, A) and (X, d) are complete metric
spaces. In addition, suppose that (T (B); B > 0) is d-fragmentable. Then, there
exists a dense 9Gs type subset W € (2)%, with

(32-a) Dom(T (0+)) is W-including (Dom(T (0+)) 2 W)
such that, for each z € W [hence, z € Dom(T (0+))],

(32-b) T (04+)(2) is a (nonempty) singleton

(32-c) for each ¢ > 0, there exists (U, B) € </ (¢), such that

U e 7%2) and T(0+)(z) € T(B)(z) € T(B)(U) S X(T(0+)(2), &)
(32-d) ©(T(B)(z), T(0+)(z)) — Oas B — O+

Formally, this result may be viewed as a particular case of the preceding one.
However, the Baire property of the complete metric space (V, A) is no longer
assured under (AC(N)); but (see above) it is retainable under the Baire Category
theorem (BC). Summing up, the following inclusion type result is valid.

Proposition 9 We have
(32-1) ((DC) <) (BC) = (LR-ndiscr-m), in (ZF-AC);
or, in other words,
(32-2) (LR-ndiscr-m) is deductible in (ZF-AC+DC).
Proof Let (e,; n > 0) be a strictly descending sequence in Rg_ with lim,, &, = 0.
Part 1 Denote, for simplicity
Wi = UIT (< (ex)), k > 0.

Clearly, Wy is (nonempty) open (for each k > 0), as a union of (nonempty) open
parts of Z. Moreover (see above), Wy is dense in Z, for each k > 0.

Part 2 Further, denote W = N{Wy; k > 0}; this—by the Baire Category theorem
(BC) applied to the complete metric space (Z, A)—is a dense ¥ type subset of Z.

Finally, by our previous developments, conclusions of (LR-ndiscr-m) are neces-
sarily holding under such a choice.

4 (LR-ndiscr-m) Implies (LR-VP-m)

Let (M, d) be a complete metric space; and the function ¥ € % (M, R U {oo}) be
(M, d)-regular; i.e.,

(reg-1) v is proper (Dom(y) := {x € M; ¥ (x) < oo} # 0)
(reg-2) i is bounded below (inf[y/(M)] > —o0)

(reg-3) v is d-Isc (liminf, ¥ (x,) > ¥ (x), whenever x,, i) X).
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Denote, for each g > 0
ulev(yr; M; B) = {x € M; (x) < infyr(M) + B};

this will be referred to as the B-upper level set of i with respect to M; note that,
ulev(yr; M; 0) is nothing else than the set of global minimum points of { over M.
Let us say that i is (M, d)-admissible, when the optimization problem attached to
these data

(M, d; ). inf{yy(x); x € M}
is well posed, in the sense

(wp-1) ulev(yr; M; 0) is a (nonempty) singleton, {xs}
(wp-2) limg_, o4 @ (ulev(yr; M; B), xo0) = 0; hence, any minimizing sequence

(x,) in M (in the sense: ¥ (x,) — inf ¥ (M) = ¥ (xx)) fulfills x, i) Xoo-

In what follows, the Nondiscrete Lassonde-Revalski Metrical Principle (LR-
ndiscr-m) is used to get a generic type description of (M, d)-admissible functions
in % (M, R U {oo}). To this end, some preliminaries are needed.

(A) Let (X, d) be a complete metric space. Denote
% (X)=the (real) vector space of all continuous f € .7 (X, R).
With the supremum generalized norm

I flloo = sup{| f(X)]; x € X}, f € €(X),

% (X) becomes a generalized Banach space; equivalently, this means: (%'(X), Do)
is a complete generalized metric space; where

Doo(f, 2) = If — glloo> [>» & € €(X) (the supremum generalized metric).

Further, take a linear subspace </ of € (X). Let ||.|| .» be a (standard) norm over <7
and D, stand for its associated (standard) metric

Dey(f.e)=If =8l fr8 €.
The following regularity conditions are accepted

(d01) (completeness):

(,].]|e) is a Banach space; or, equivalently: (<7, D) is complete
(d02) (subordination):

there exists u > 0, with (u]|gllz = 11€lloo, Vg € ).

A basic consequence of the second one is the following. Denote
%p(X)=the linear subspace of all bounded f € % (X).
Note that

(%p(X), |].]l00) is a (standard) Banach space;
hence, (65(X), Do) is a (standard) complete metric space.
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By the quoted condition, it results that
o is a subset of 6;(X); i.e.; each g € <7 is bounded over X.
Now, let in the following ¢ : X — R U {00} be (X, d)-regular; i.e. (see above)

(reg-1) ¢ is proper (Dom(p) := {x € X; ¢p(x) < oo} # 0)
(reg-2) ¢ is bounded below (inf ¢ (X) > —o00)

(reg-3) ¢ is d-Isc: (liminf, ¢(x;,) > ¢(x), whenever x, i> x).
The following hereditary type result is useful in the sequel.
Proposition 10 Under these conventions,

¢ + g is (X, d)-regular (see above), for each g € <.

Proof
() As g € o/ is bounded (on X),

Dom(g + g) = Dom(g) # ¥,
inf(p + g)(X) = inf p(X) — [Ig]loc > —00;

hence, (reg-1) and (reg-2) are holding for ¢ + g.
(j) As g is d-continuous on X, the sum function ¢ + g is d-Isc (on X); so that, it
fulfills (reg-3) as well.

Remember that, for each (X, d)-regular function ¢ : X — R U {oo} and each
B > 0, we introduced the convention

ulev(y; X; B) = {x € X; ¥ (x) < infy(X) + B};
this will be referred to as the B-upper level set of Y with respect to X; moreover,
ulev(y; X; 0) is nothing else than the set of global minimum points of ¥ over X.
Returning to our initial setting, the following auxiliary fact involving the upper level
sets attached to the family (¢ + g; g € &) will be in effect for us.

Proposition 11 Let k,h € o/ and § > 0 be such that ||k — h||y < 8. Then, for
each A > 0, we have

ulev(e + k; X; A) Culev(p + h; X; A+ 28u).

Proof By the subordination property, we have for the moment
Ik = hlloo < pllk — hll < du;
wherefrom, by definition
lk(x) —h(x)] <éu, Vx € X.
This yields the evaluations, for each x € X

o(x) +k(x) < o(x) +h(x) +du
o(x) + h(x) < @(x) +k(x) +du;
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wherefrom, passing to infimum

inf(p + k)(X) < inf(p + h)(X) + S
inf(p + h)(X) < inf(p + k)(X) + Su.

Combining these facts yields, for each x € ulev(¢ + k; X; A)

(@ +h)(x) < (@+k)(x)+du <inf(p +k)(X) + A+
inf(¢ + k)(X) < inf(p + h)(X) 4+ Su;

wherefrom
(¢ + h)(x) <inf(p + h)(X) + 1 +28u.

This proves that x € ulev(p + h; X; A 4+ 26u); and concludes the argument.

We may now pass to the effective part of our developments. Let ¢ : X — RU{oo}
be (X, d)-regular. Define a mapping T : Rg x o — (2)X as

T(B,8) =ulevip + g X;B), B R}, g€ .

As precise, this may be viewed as a family of maps (T'(8) : &/ — (2)%; 8 > 0),
according to

TB)g =TB,g).BcR) ge .

From the developments above, ¢ + g is d-Isc over X; so that, T (8) is nonempty
closed valued, for each 8 > 0. On the other hand, the (partial) map g +— T (B) is
increasing, in the sense

T(B1)(g) € T(B2)(g), whenever 0 < B < p2, g € .

Finally, the limiting map 7'(04) : &7 — 2% attached to this family (see above) has
the representation

T(0+)(g) =T (B)(g); B > 0} =ulev(p + ¢; X;0), 8 € .
Clearly, Dom(7 (0+)) is just the set of all g € ¢ where the optimization problem
(X;d; 9 + g): inf{(p + g)(x); x € X}
has global minimum solutions. Note that the alternative
T (0+) is not proper: Dom(7T (0+)) = ¢
cannot be avoided; but, even if
T (04) is proper: Dom(7T (0+)) # @

we must emphasize that, given g € Dom(7 (0+)), the extremal representation
of T(0+)(g) relative to (T(B)(g); B > 0) cannot be viewed as a limit one
(from a topological perspective). So, we may ask under which (extra) regularity
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conditions about our family (7' (8)(.); 8 > 0) is this possible. The needed conditions
are just the ones encountered in our previous developments. Precisely: whenever
(T(B); B > 0) is d-fragmentable, the Nondiscrete Lassonde-Revalski Metrical
Principle (LR-ndiscr-m) is applicable to these data; and the desired conclusion
follows.

(B) Passing to sufficient conditions under which the underlying property holds, we
start with

(d03) X is d-unbounded: diam(X) = oo.

For example, this holds when X is a linear space and its ambient metric d(., .) is
generated by a norm; we do not give details.
Under this framework, put forx € X, e > 0

X(x,e) =X\ X(x,¢8), X[x,e] =X\ X[x, ¢];
these are just the complements of the open/closed sphere centered at x with radius
¢. Note that, by the unboundedness condition,

X¢(x,¢e) # ¥ and X°[x, €] # @, foreach ¢ > O;

since the verification is immediate, we omit it.

Proposition 12 Let the general completeness, subordination and unboundedness
conditions above be accepted; and the extra requirements below be considered

(extra-1) for each (X, d)-regular function ¥ : X — R U {oo}
and each ¢ > 0, there exist h € o/ and o > 0 such that
[|hll ey < € and diam[ulev(y + h; X; )] < ¢

(extra-2) for each ¢ > 0, there exists 6 > 0, such that:
foreach y € X, there exists g € <f, with the properties
lIgller = 1 and g(y) + 6 < inf g(X°(y, €)).

Then, the following are valid:

(43-1) (extra-2) implies (extra-1)
(43-2) if (extra-1) holds, then (T (B); B > 0) is d-fragmentable.

The initial argument may be found in Lassonde and Revalski [21]. For complete-
ness reasons, we provide its proof [which differs in part from the original one].

Proof (Proposition 12) There are two steps to be passed.

(i) Suppose that (extra-2) holds; and fix some (X, d)-regular function ¢ : X —
R U {oo}, as well as some ¢ > 0. Put n := ¢/3; and let § > 0 be the number
associated to it by (extra-2). Denote « := n§/2; and pick y € X so that

¥ (y) < infy(X) +a.

Further, let g € <7 be the function attached to (5, 8, y) via (extra-2); and put
h = ng. We claim that the couple (%, ) is the desired one for (extra-1). In
fact, let x € ulev(y + h; X; «) be arbitrary fixed. By definition (and the above
relations)
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(i)

inf Y (X) +h(x) < (@ +h)(x) <inf(y +h)(X) +a <
W+ h)(y) +a < infy(X) + h(y) + 2a.

This, along with —oo < inf(X) < oo, gives
h(x) < h(y) +2a < h(y) + né; hence, g(x) < g(y) +6;
so that, by the choice of g [in (extra-2)]

g(x) < inf g(X°(y, n)); wherefrom x € X(y, n).
This (by the arbitrariness of x in ulev(yr + h; X; «)), tells us that
ulev(y + h; X; o) € X(y, n); whence diam[ulev(y¥s + h; X; o)] <25 < e.
Finally, # = ng is an element of </, with ||h||,y = n < e. Putting these
together, it follows that (extra-1) holds.

Suppose that (extra-1) holds; and let the nonempty subset U of <7 as well as
the number ¢ > 0 be arbitrary fixed. Fix some f € U, y > 0 according to

Uo = (f,y) S U;where Z(f,y) ={he€ Z;||f —hlla <yh

without loss, one may work with Uy in place of U. Further, put n :=
(1/2) min{e, y}. By (extra-1) there exists, for the (X, d)-regular function ¢ + f
and the number > 0, some element g € <7 and some number @ > 0 with the
properties

lgller < n and diam[ulev(y + f + g X; 0)] < 1.

Let the number § > 0 be taken as:
8 < minf{y /2, a/4u} (where u > 0 is given by (d02));
and put Vo = & (f + g, §). By the triangular property, one gets (vian < y/2)

VoS d(f.6+n) (S, y)="Uo.
Moreover, in view of
o/24+28pu <a/2+a/2 =a,
one derives (by an auxiliary fact above)
ulev(p + k; X; a/2) Culev(p + f + g; X; o), Yk € Vp;
so that (by the imposed notations)

T(a/2)(Vo) Culev(p + f + g; X; ).
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Taking a preceding relation into account, yields (by the monotone property)
(Vo € Up and) diam[T' (B8)(Vp)] < n < &, whenever 0 < 8 < «/2;

so that, (T'(B); B > 0) is d-fragmentable. The proof is thereby complete.

As a consequence of this, the following generic statement (referred to as:
Metrical Lassonde-Revalski Variational Principle; in short: (LR-VP-m)) is available.
Let (X, d) be a complete metric space fulfilling (d03). Further, let (<7, ||.||./) be a
subspace of the generalized normed space (€' (X), ||.||c0), With the properties (dO1)
and (d02). Finally, let the function ¢ : X — R U {oo} be (X, d)-regular.

Theorem 4 Suppose (in addition) that one of the extra conditions (extra-1) or
(extra-2) is holding. Then, there exists a dense 95 type subset B of <f such that
for each g € B, the perturbed function ¢ + g is (X, d)-admissible; i.e.

(41-a) ulev(p + g; X; 0) is a (nonempty) singleton, {x-o(g)}
(41-b) limg_, o4 O (ulev(p + g; X; B), x00(g)) = 0; s0, any (¢ + g)-minimizing
sequence (xp) in X [i.e.: (¢ + g)(xn) — inf(p + g)(X) = (¢ + &) (xo0(8))]

fulfills Xy ~%5 x00(2).
Proof Denote, for simplicity,
T(B.g)=ulev(ip+g; X;B),p>0,g€ .

This yields a family of nonempty closed valued maps (T'(8) : & — 20)X; B >0),
according to

T =T(B.g),B>0,g€ .
In addition, by this very definition, (7' (8); B > 0) is increasing:
T(B1)(g) € T(B2)(g), whenever 0 < 1 < pr, 8 € .
Denote the limiting map attached to this family as
T'(0+)(g) =T (B)(g): B > 0} = ulev(p; X; 0).

From the auxiliary statement above, (T'(8); 8 > 0) is d-fragmentable. So, by
the Nondiscrete Lassonde-Revalski Metrical Principle (LR-ndiscr-m), there exists
a dense 95 type subset A of o7, with

(41-¢c) Dom(T (04)) is B-including (Dom(T (0+)) 2 HA)

such that, for each g € % [hence, g € Dom(7T (0+))], the following conclusions
hold:

(41-d) T(0+)(g) is a singleton {xx,(g)}
(41-e) limg_.04+ O(T(B)(8), Xo0(g)) = 0.

But, these are just the conclusions in the statement.



Nondiscrete Lassonde-Revalski Principle and DC 335

Finally, note that conclusion of (LR-VP-m) is no longer retainable if the
(complete) subspace .7 of €' (X) is to be substituted by a (closed) convex cone
/¢ of the same (endowed with usual mild properties). This, ultimately, shows that
a quasi-order version of (LR-VP-m) under the lines in Turinici [29] is not available
here; further aspects will be provided elsewhere.

5 (LR-VP-m) Implies (DGZ)

In the following, we show that the above established Metrical Lassonde-Revalski
Variational Principle (LR-VP-m) may be used to get (a certain bump version of) the
Generic Smooth Variational Principle in Deville et al. [13].

(A) Let (X, ||.]|) be a Banach space; hence, if d stands for the associated metric
dx,y)=llx —yll,x,y € X,

we have that
(X, d) is complete and X is d-unbounded.

Denote
% (X)=the (real) vector space of all continuous f € .7 (X, R).

Remember that, with the supremum generalized norm

[ flloo = sup{lf(X)];x € X}, f € €(X),

% (X) becomes a generalized Banach space; equivalently, this means: (4 (X), Do)
is a complete generalized metric space; where

Do (f, ) = If — glloos [> & € € (X) (the supremum generalized metric).

Further, take a linear subspace & of €’ (X). Let ||.||» be a certain norm over <7
and D, stand for its associated metric

Dy(f.8)=f—gllo. f.g €.
The basic regularity conditions to be accepted are our old ones:

(e01) (completeness):

(7, ||.|lez) is a Banach space; or, equivalently: (o7, D) is complete
(e02) (subordination):

there exists . > 0, with (u]|glloz = 11€]loo, Vg € ).

As precise, a basic consequence of the second one is the following. Denote
%»(X)=the linear subspace of all bounded f € € (X).
Note that

(%p(X), |]-]l00) is a (standard) Banach space;
hence, (65(X), Do) is a (standard) complete metric space.
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By the quoted condition, it results that
< is a subset of 6;(X);i.e.: each g € <7 is bounded over X.

To state the remaining (specific) conditions, we need a convention. For each A €
Rg, u € X, define the affine transformations of € (X)

Jh,u)gx) =ghx +u), x € X, g € ¢(X).
Let us now accept the compatible type requirements:

(e03) (functional invariance)

Vi e R, Vu e X: J(A, u) (/) C o,
(e04) (norm conservation)

Yue X,Vg e o ||[J(1,u)glle =18l

For the last condition to be stated, some preliminaries are needed. Define, for
each function b € €(X)

K (b) = b= (R \ {0}), supp(b) = cl(K (b));

these will be referred to as the semi-support and support of b, respectively.
The following simple properties of these concepts will be useful for us.

Proposition 13 Let b € € (X) be a function, and, given > > 0, u € X, put
c:=J,u)b(ie.:c(x) =b(Ax +u), x € X).
Then,

(51-1) K(c) = (1/AM)(K (D) — u)
(51-2) supp(c) = (1/A)(supp(b) — u).

Proof

(i) Letx € K(c) be arbitrary fixed. By definition, this means
c(x) =bOx +u) #0; ie., Ax +u € K(b);

and, from this x € (1/1)(K (b) — u). Conversely, let y € (1/1)(K (b) — u) be
arbitrary fixed. This gives

Ay +ue Kb); ie.,c(y) =by+u) #0;
which tells us that y € K(c).
(ii) Evident, by the properties of closure operator attached to (X, ||.]]).

(B) Call b € 6,(X), a bump function if

K (b) is nonempty bounded;
or, equivalently:
supp(b) = cl(K (b)) is nonempty bounded.

Now, the last condition to be added reads:
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(e05) (bump-function):
there exists a bump function b € 7.

When the requirements (e01)—(e04) and (e05) hold, we say that (<7, ||.|| o) is an
admissible subspace of €3 (X).

Finally, let us remember that the function ¥ : X — R U {00} is called (X, d)-
regular, when

(reg-1) v is proper (Dom(¥) := {x € X; ¥ (x) < oo} # 0)
(reg-2) v is bounded below (inf ¥ (X) > —o00)
(reg-3) v is d-Isc: (liminf, ¥ (x,) > ¥ (x), whenever x, i> x).

Denote, for each g > 0

ulev(y; X; B) = {x € X; ¥ (x) < infy(X) + B};

this will be referred to as the B-upper level set of {y with respect to X; note that,
ulev(y; X; 0) is nothing else than the set of global minimum points of ¢ over X.
We say that ¢ is (X, d)-admissible, when the attached optimization problem

(X, d; ¥): inf{yr(x); x € X}
is well posed, in the sense

(wp-1) ulev(yr; X; 0) is a (nonempty) singleton, {xs}

(wp-2) limg_, 04 @ (ulev(y¥; X; B), xo0) = 0; hence (in particular) any minimiz-
ing sequence (x,) in X (in the sense: ¥ (x,) — infy¥(X) = ¥ (xx)) fulfills
Xn 4, Xoo-

Under these facts, the following generic type statement (referred to as: the Bump
Deville-Godefroy-Zizler Variational Principle (in short: (DGZ-b)) is available. Let
(X, |I.]1) be a Banach space; and (7, ||.|| o) be be an admissible subspace of €} (X).

Theorem 5 Let the function ¢ : X — RU{oo} be (X, d)-regular. Then, there exists
a dense Y type subset B of o/, such that: for each g € B, the perturbed function
¢ + g is (X, d)-admissible; i.e.

(51-a) ulev(p + g; X; 0) is a (nonempty) singleton, {x~(g)}
(51-b) limg_,o4 O (ulev(p+g; X; B), X0 (g)) = 0, s0, any minimizing sequence
(xn) in X [ie.: (¢ + &)(xp) = inf(p + g)(X) = (¢ + &) (x0(8))]
d
Sulfills x;, —> Xx50(g).

Proof We show that the Metrical Lassonde-Revalski Variational Principle (LR-VP-
m) is applicable here; precisely, that one of the extra conditions below holds:

(extra-1) for each (X, d)-regular function ¥ : X — R U {00}

and each ¢ > 0, there exist # € &7 and « > 0 such that

[1h]| oz < € and diam[ulev(¥ + h; X; )] < &

(extra-2) for each ¢ > 0, there exists § > 0, such that: for each y € X, there
exists g € o7, with ||g||x = 1 and g(y) + 8 < inf g(X(y, ¢)).
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In fact, the latter of these is more appropriate here. For, let b € &/ be the bump
function assured by (e05); hence,

K (b) :== b~ (R \ {0}) is nonempty bounded;
or, equivalently:
supp(b) := cl(K (b)) is nonempty bounded.

This, by definition, gives (passing to b1 := —b € & if needed)

K(b) C X[0, A], for some A > 0
b(u) > 0, for at least one u € K (b).

Passing to the bump function (in &) b, = J(1, u)b, it results that (cf. a previous
auxiliary fact)

K(by) = K(b) —u C X[0,2A] and b2(0) = b(u) > 0.
Further, passing to the bump function (in &) b3 = J (41, 0)b,, we get
K(b3) = (1/40)K (b2) < X[0, 1/2], and b3(0) = b2(0) > 0.
Finally, taking the bump function (in .2¢)
by = (1/v)b3, where v := b3(0),
we have the evaluations
K (bs) = K(b3) < X[0, 1/2] and b4(0) = (1/v)b3(0) = 1.

Put ¢ = b4; we show that it is essential for solving our question. In fact, let ¢ > 0
be arbitrary fixed. The bump function (in &) ¢; := J(1/¢, 0)c fulfills

K(c1) =K (c) € X[0,¢e/2],and c; (0) = c(0) = 1.

Let y € X be arbitrary fixed. The bump function (in &) ¢ = J(1, —y)c has the
properties (cf. the choice of )

K(c2) = K(c) +y € X[y, /2], llealler = lletllers c2(y) = €1(0) = 1.
Finally, the bump function (in .¢)

c3 = —pca, where f = 1/][c2|lor
has the properties

K(c3) = K(c2) € X[y, ¢/2] llesller = L, e3(y) + B8 =0
whence, supp(c3) € X[y, /2] € X(y, &).

This tells us that the desired condition holds with g = ¢3, § = B. And then, by the
underlying variational principle, we are done.

(C) In the following, an (extended) semi-bump counterpart of this principle is to be
considered. Remember that we introduced the notations

X(x,e) =X\ X(x,8), X[x,e] =X\ X[x,¢], x € X, e > 0;
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these are just complements of the open/closed sphere centered at x with radius
¢. Note that, in our normed context, these subsets are always nonempty; further
properties of them are contained in

Proposition 14 Under these conventions, we have, for A, > 0andu,y € X

(52-1) X0, &) +u € X°(0, Ae — ||u||), whenever re — ||lu|| > 0
(52-2) X(y,e) —y = X0, ¢).

Proof
(i) Letx € AX¢(0, &) + u be arbitrary fixed. By definition, this gives
(1/A)(x —u) € X°(0, &); hence (1/1)||x — u|| > e.
But then (from the triangular property),
[|x|| = Ae — [|u]|| > 0; thatis: x € X°(0, Ae — |lu]]).
(i) Evident.
Now, given the bounded function g : X — R, denote
liminf, o g(x) = sup,.inf g(X(0, ¢)),
limsup, _, o, g(x) = infe~ ¢ sup g(X(0, &)).
Note that, from the boundedness property,

—o00 < liminf g(x) < limsup g(x) < oo.
X—=00 X—00

Generally, these (finite) numbers may be distinct; if equality holds, we denote
lim,_, 5o g(x)=the common value of underlying limits.

A natural question is that of these functional operations being invariant with respect
to the affine transformations J(.,.). The answer to this is positive; as results
from

Proposition 15 Under these conventions, we have, for . > 0, u € X, g € 6»(X)
(53-1) liminf,_, o J (X, u)g(x) = liminfy_, o g(x)
(53-2) limsup,_, oo J (A, u)g(x) = limsup,_, o, g(x)
(53-3) limy_, 00 J (X, u)g(x) = limy_, o g(x),
whenever the right member exists (in R).

Proof 1t will suffice verifying the first part. So, let A > 0 and u# € X be fixed in the
sequel. Define the function 6 : RR — Ras

8(e) = re — ||u]l, e > 0.
Further, given g € %63(X), denote
h=J,u)g;ie:h(x) =g(Ax +u),x € X.
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Let & > (1/1)]|u]|| be arbitrary fixed. By the auxiliary facts above,
h(X(0,¢)) = g(AX (0, &) +u) < g(X“(0,8(2)));

wherefrom,
infh(X€(0, e)) > inf g(X€(0, 5(¢))), € > (1/A)]|ul].
Passing to supremum over all such ¢, one gets
liminfy_ o A(x) > liminfy_ o g(x).
The reciprocal inequality is also true, in view of
g = J(u,v)h, where u := 1/1, v = —(1/\)u;
and then, all is clear.
Under the precise facts, let us say that b € 63, (X) is a semi-bump function, if
limsup,_, o, b(x) < supb(X).
Note that, in view of
sup b(X€(0, ¢)) < supb(X), e > 0,

we have

limsup b(x) < supb(X), b € Gp(X);

X—> 00

so, this relation is “almost” fulfilled by every element b € 6} (X).
Denote the class of all these functions as %} (X). Some basic properties of it are
being collected in

Proposition 16 The class 6, (X) is invariant to affine transformations:
(54-1) b € €5 (X) = J(h,u)b € € (X), VA € R}, Yu € X.

In addition, we have
(54-2) b e €5 (X) = ub+6 € €5 (X),Vu € RY, V0 € R.

The verification is immediate, by the auxiliary facts above; so, we do not give
further details.

To see the effectiveness of this notion, the following facts are useful. Call b €
©»(X), a strong semi-bump function if

K®) :=b YR \ {0}) (the semi-support of b) is nonempty,
and lim, _, oo b(x) = 0.

The following inclusion holds (over % (X)):

b is strong semi-bump = b or (—b) is semi-bump.
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But, the reciprocal is not in general true: just take X = R (endowed with the usual
norm) and the function

bty =1+ t|/(0+13),1 €R.
As another example, remember that b € %, (X) is called a bump function if

K (b) := b~ (R \ {0}) is nonempty bounded; or, equivalently:
supp(b) := cl(K (b)) (the support of b) is nonempty bounded.

Clearly, we have the inclusion (over %5 (X)):
b isbump = b is strong semi-bump.
The reciprocal is not in general true: just take X = R (endowed with the usual
norm) and the function
b(t) =t|/(1+1%),t € R.
Now, the last conditions to be added reads:

(e06) there exists a semi-bump function b € o7

When the requirements (e01)—(e04) and (e06) hold, we say that (<7, ||.||) is a
semi-admissible subspace of 63 (X).
Some useful properties of this last class are described in

Proposition 17 Assume that (<7, ||.|| o) is a semi-admissible subspace of €,(X);
and let ¢ > 0, @ > 0 be arbitrary fixed. Then,

(55-1) there exists a semi-bump function b € <, with

[1b]| ey < & supb(X€(0, ®)) < b(0)

(55-2) foreachy € X, the semi-bump (in <f ) function e := J(1, —y)b
Julfills |lell oz = |1bl] oy < & supe(X“(y, @) = supb(X“(0, a)), e(y) = b(0);
hence, supe(X°(y, @)) < e(y).

Proof By hypothesis, there are semi-bump functions in .27; let a(.) be one of these:
limsup,_, , a(x) < supa(X).

From the very definition of our involved concepts,
supa(X©(0, B)) < a(u), forsome 8 > 0, u € X.

Passing to the semi-bump (in 2¢) function a; := J (1, u)a, this becomes

supai(X©(0,8)) = supa(X“(0,8) —u)) < supa(X(0, B))
< a(u) = a;(0); where § := ||ul]| + B.

As a consequence, the semi-bump (in <) function
ay := J(y,0)aj, where y :=§/«,
fulfills the property
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sup a2 (X“(0, a)) = supa; (y X(0, «)) < supai(X(0,9)) < ai(0) = a2(0).
It will suffice then passing to the semi-bump (in <) function
b = (¢/2v)as, where v := ||az|| o > 0,

to get the first conclusion. The second one follows at once by the semi-admissible
condition, and the preceding auxiliary facts.

Finally, let ¢ : X — R U {00} be a (X, d)-regular function; i.e.:

(reg-1) ¢ is proper (Dom(p) := {x € X; ¢p(x) < 00} # 0)
(reg-2) ¢ is bounded below (inf ¢(X) > —o0)

(reg-3) ¢ is d-Isc (liminf, ¢(x,) > ¢(x), whenever x, —d> x).
Denote, for each § > 0
ulev(y; X; B) = {x € X; ¥(x) < inf(X) + B};

this will be referred to as the B-upper level set of y with respect to X; note that,
ulev(y; X; 0) is nothing else than the set of global minimum points of ¥ over
X. Remember that i is called (X, d)-admissible, when the optimization problem
attached to these data

(X, d; ¥): inf{yr(x); x € X}
is well posed, in the sense:

(wp-1) ulev(yr; X; 0) is a (nonempty) singleton, {xs}
(wp-2) any minimizing sequence (x,) in X

(e ¥ (xn) — inf ¥ (X) = ¥ (xo0)) fulfills X, > xeo.

A related concept of this type may be introduced as follows. Let us say that i is
(X, d)-sequentially-admissible, when

(sa-1) there exists (x,; n > 0) in Dom(y) and xo, € Dom(yr) with

Xn N Xoo and lim sup,, ¥ (x,) < infr (X \ {xs0})

(sa-2) if (yu: 1 > 0) in Dom(y) fulfills ¥ (y,) — ¥ (xoo), then y, — xoo.
The connection between these admissible concepts is described as follows.
Proposition 18 For each (X, d)-regular function v, we have in (ZF-AC+DC),

(X, d)-sequentially-admissible <= (X, d)-admissible.

Precisely, the following conclusions hold:

(56-1) if ¢ is (X, d)-sequentially-admissible, then the point x, from (sa-1) is
the unique element of ulev(Y¥; X; 0); so that, ¥ is (X, d)-admissible

(56-2) ifr is (X, d)-admissible, then (sa-1) holds, with x«. taken as the unique
element in ulev(Y¥; X; 0); so that, ¥ is (X, d)-sequentially-admissible.

Proof
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(D Suppose that ¥ is (X, d)-sequentially-admissible; hence, (sa-1)+(sa-2) hold.
From the former of these, one gets (as ¥ is d-lsc)

¥ (Xoo) = liminfy(xy) = limsupr(xy) < infy (X \ {xoo}):

wherefrom x, € ulev(y; X; 0). Moreover, from the latter of these, one gets

y € Dom(¥), ¥ (y) = ¥ (Xco) == ¥ = Xoo3

and this yields ulev(y; X;0) = {xo}. Combining again with (sa-2), one
derives that ¥ is (X, d)-admissible.
(II) Suppose that ¥ is (X, d)-admissible. By (wp-1), we formally have

infyr (X) = ¥ (xx), for a uniquely determined x, € X.

From the Denumerable Axiom of Choice (AC(N)) (deductible in (ZF-AC+DC);
see above), we may pick some sequence (x,) in X with

X, € ulev(y; X; 27, n > 0; whence, lim,, ¢ (x,) = inf Y (X) = ¥ (x0).
Note that, as a direct consequence of the second equality,

¥ (xoo) (= inf ¢ (X)) < infyf (X \ {xo0});
and this, along with the first equality, gives

lim v (xp) < infy (X \ {xoo});

wherefrom (sa-1) holds. On the other hand, (sa-2) holds as well, in view of (wp-
2); so, combining these, one derives that ¥ is (X, d)-sequentially-admissible.
The proof is thereby complete.

Finally, letting the (X, d)-regular function function ¥ : X — R U {oo} (see
above), denote for each o > 0

amin(y; X; o) = {y € X; ¥ (y) < inf Yy (X(y, o)) };

each point y of this set will be referred to as (spherically) almost minimum for
over X. Note that the alternative

amin(y; X; o) = @, for certain o > 0
cannot be avoided. On the other hand, if y € X is a global minimum point for ,
then we must have

¥(y) = infy(X) < inf (X (y, @)), foreacha > 0;

hence, y is “very close” to be (spherically) almost minimum for i over X.
Under these facts, the following generic type statement, comparable with the
one in Deville et al. [13] (referred to as: the Semi-Bump Deville-Godefroy-Zizler
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Variational Principle (in short: (DGZ-sb)) is available. Let (X, ||.||) be a Banach
space; and (7, ||.|| ~) be a semi-admissible Banach subspace of % (X).

Theorem 6 Let (in addition) ¢ : X — RU{oo} be a (X, d)-regular function. There
exists then, in (ZF-AC+DC), a subset % of <f, with

(52-a) B is of Y5 type and dense (modulo D o)
(52-b) foreach g € B, ¢ + g is (X, d)-sequentially-admissible
(or, equivalently: (X, d)-admissible).

Proof There are two steps to be passed.
Step 1 Denote, for simplicity
U(a; @) :={g € &; amin(p + g; X; a) # 0}, a > 0.
The basic properties of these functional sets are concentrated in

Proposition 19 The following conclusions hold, in the strongly reduced system
(ZF-AC), for each o > 0:

(57-1) U(a; @) is dense (modulo D) in of
(57-2) U(a; @) is open (modulo D) in < .

Proof (Proposition 19) There are two parts to be verified.

(I) (Denseness). Let ¢ > 0 be arbitrary fixed. By a preceding result, there exists a
semi-bump function b(.) in &7, with the property

[1b]| oz < &, supb(X€(0, @) < b(0).
Let g € o7 be arbitrary fixed. Since ¢ + g is (X, d)-regular, there exists y € X with

(¢ +8)(y) < inf(p + g)(X) + b(0) — supb(X“(0, @)).

Passing to the semi-bump function e := J (1, —y)b, one has (by an auxiliary fact)
llellr = 11b]lars e(y) = b(0), sup e(X“(y, @) = sup b(X“(0, &));

so0, replacing in the above relation,

(¢ +8)(y) < inf(p + g)(X) + e(y) —supe(X“(y, a)).

Put h = g — e; we claim that it is our desired element. In fact, g = h + e gives
lg — hlleyr = llelly < €. Moreover, as ¢ + g = ¢ + h + e, one gets (via direct
calculations)

inf(p + g)(X) < inf(p + g)(X(y, @) <
inf(p + h)(X(y, o)) + supe(X(y, a)).

On the other hand, the preceding relation (involving e(.)) gives

(@+h() =(p+g Q) —e(y) <inf(p + g)(X) —supe(X(y, a)).
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Combining these relations yields
(p +h)(y) < inf(p + h)(X“(y, @)); hence, h € U(a; ).

(IT) (Openness) Fix g € U(«; ¢); hence, there exists y € X so as
(¢ +8)(y) <inf(p + g)(X(y, ®));

note that, in particular, this yields
—oo < inf(p + g)(X) < (¢ + g)(y) < 0o; whence, y € Dom(gp).
The case X“(y, @) N Dom(gp) = @ yields (via &7 C %5(X))
(p +h)(y) < oo =inf(p + h)(X(y,a)), forallh €

wherefrom U («; ¢) = o7; so, without loss, one may assume that
X(y, o) N Dom(¢) # @; hence —oo < inf(¢ + g)(X(y, @)) < oo.

Take the number § > 0 according to:
(¢ +8)(y) + 258 < inf(p + &) (X(y, @));

and let 1 € o/ be such that ||g — k|| < 8/u. By the subordination hypothesis
llg — hlloo < §; wherefrom |g(x) — h(x)| < 8, forall x € X.

As a consequence, we have (via y € Dom(¢))

(@+h)() <(@+g( +§ <inf(p + (X (y,a)) — 6,
inf(g + g)(X(y, @) < inf(p + h)(X (y, o)) + 6.

Combining these gives

(¢ + M) (y) < inf(p + M(X(y, @));

or, in other words, & € U (a; ¢).

Step 2 Fix a strictly descending sequence (y,; n > 0) in Rg with y,, — 0. [For
example, one may take y, = 27", n > 0]. By the previous part, each member of the
sequence (U (vy; ¢); n > 0) is dense and open (modulo D /) in 7. Since (<, D)
is complete, an application of the [deductible from (DC)] Baire Category Theorem
(BC) assures us that B := N{U (yy; ¢); n > 0} is a (nonempty) dense (modulo D )
s type subset of 7. We now claim that, for each g € 4, the associated function
¢+gis (X, d)-sequentially-admissible (or, equivalently: (X, d)-admissible). In fact,
as [g € U(yn; @), for all n], we have by definition that

amin(p + g; X; y) is nonempty, for each n > 0.
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By the Denumerable Axiom of Choice (AC(N))—deductible, as already established,
from (DC)—there exists then a sequence (x,; n > 0) in X such that, for eachn > 0,

Xp € amin(g + g; X yn); i (¢ + g)(xy) < inf(p + ) (X (xn, ¥u));

note that, necessarily, {x,; n > 0} € Dom(g). We claim that
[[Xn — xpll < yn, forn < p.

For, otherwise, there exists a couple (n, p) with

n < p,||xn _xp“ > yu(> Vp);

and this, by the very definition of our sequence, gives

(0 +8)xn) < (@+8)xp), (@+8)(xp) < (¢+g)(xn);

a contradiction; hence the claim. As a consequence of this, (x,;n > 0) is a d-
Cauchy sequence; so (from the completeness of X)

d . .
Xp —> Xoo @S 1 — 00, for some (uniquely determined) xo, € X.

We claim that (x,; n > 0) and x4, are the desired data so as to verify the (X, d)-
sequentially-admissible property for ¢ + g.

(sa-1) Letx € X \ {xoo} be arbitrary fixed. As
[Xn — x| = ¥n = llXeo — x[| > Oas n — o0,

there must be some rank p = p(x) > 0 such that
[|x, — x|| > v, (hence : x € X“(x,, ¥»)), foralln > p.
By the very definition of these points,
(¢ + &) (xn) < inf(p + &) (X (xn, yu)) < (¢ + g)(x), Vn > p;
so that
1imnsup(90 +8)(xn) < (¢ + g)(x).
This, by the arbitrariness of x € X \ {xs}, gives
limnsup(so + 8)(xn) = inf(@ + &) (X \ {xeo});
wherefrom, the first half of (X, d)-sequentially-admissible condition holds (with

respect to ¢ + g). For, as a consequence of this, one gets (by the d-Isc property of
®)
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(@ + &) (xoo) = liminf( + ) (xn) = limsup(e + g)(xn) = inf(p + g)(X \ {xoo}):
n

and then

(¢ + 8)(x00) = inf(p + g)(X) < 00;i.e.: Xoo € Dom(g) is a global minimum
foro + g.

(sa-2) Let (y,) be a sequence in Dom(p) with

(¢ +8)(yn) = (¢ + 8)(xeo) = inf(p + ¢)(X).

Assume that (y,) does not converge to xo. Passing to a subsequence if necessary,
one may assume that, for some ¢ > 0,

[lyn — Xooll = 26, Vn; ||xp — x0ll < &, Vp;
wherefrom (by the triangle inequality)

[Yn = xpll = [lyn = Xeol| = [lxp = Xeol| = &, VY, ¥p.

As a consequence, there exists a rank p > 0 such that
[lyn — xpll > yp (Whence, y, € X (x, yp)), for all n.

This yields (by the definition of x )

inf(p + g)(X) < (¢ + g)(xp) < inflp + &) (X (xp, ¥p)) < (¢ + &) (), Vn;

wherefrom (passing to limit as n — 00)
inf(p + g)(X) < inf(p + g)(X“(xp, ¥p)) < inf(p + &)(X);

.. d .
contradiction. Hence, y, —> xo; and the proof is complete.

(D) Let again (X, ||.|]) be a Banach space; and (<, ||.||7) be a semi-admissible
Banach subspace of 63 (X). The following “plane” version of the obtained statement
(referred to as: Plane Semi-Bump Deville-Godefroy-Zizler Variational Principle (in
short: (DGZ-psb)) is now available.

Theorem 7 Let (¢;; i > 0) be a sequence of (X, d)-regular functions. There exists
then, in (ZF-AC+DC), a subset 9 of <, with

(53-a) A is of Ys type and dense (modulo D ,y)
(53-b) foreachi > 0and g € B, ¢; + g is (X, d)-sequentially-admissible
(or, equivalently: (X, d)-admissible).

Proof (Sketch) Let (y,;n > 0) be a strictly descending sequence in Rg with
lim,, y,, = 0. By the argument of (DGZ-sb) we just exposed, it follows that
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U (yn; i) is dense and open in ./ ( modulo D), for eachn > 0,i > 0;
so that, by the Baire Category Theorem (BC), one gets
B = N{U (yu; ¢i); n > 0,1 > 0} is of ¥ type and dense in ./ (modulo D /).

Moreover, by the same argument of (DGZ-sb), we have that, for each g € £,
@i + g is (X, d)-sequentially-admissible, for all each i > 0.

This gives us all desired facts.

Formally, (DGZ-psb) is an extension of (DGZ-sb); to which it reduces when
the sequence (¢;; i > 0) is constant. But, as we shall see, the reciprocal inclusion
holds too; hence, these statements are in fact equivalent to each other. Note, finally,
that a similar plane construction is obtainable by starting from the Bump Deville-
Godefroy-Zizler Variational Principle (DGZ-b); we do not give details.

6 (DGZ-b) Implies (EVP)

Now, as already precise in the introductory section, a complete ontological status of
the obtained result is to be reached as long as (DGZ-b) includes (EVP). A positive
answer is available; but, it will necessitate some preliminary facts.

(A) Let (X, ||.]|) be a Banach space; hence, if d stands for the associated metric
d(x,y)=llx —yll,x,y € X,

we have that (X, d) is complete. Denote
€ (X)=the (real) vector space of all continuous f € Z (X, R).

Remember that, with the supremum generalized norm
[ flloe = sup{l f(x)|; x € X}, f €€ (X),

% (X) becomes a generalized Banach space; equivalently, this means: (%'(X), Do)
is a complete metric space; where

Doo(f, ) = If — glloos [f> & € € (X) (the supremum generalized metric).
Further, let us introduce the functional set

%»(X)=the linear subspace of all bounded f € € (X).
It is not hard to see that

(%p(X), |].]]00) is a (standard) Banach space;
hence, (65(X), Do) is a (standard) complete metric space.

Having these precise, let K be a (nonempty) d-closed subset of X; clearly, (K, d)
is complete too. Remember that ¢ : K — R U {oo} is (K, d)-regular, when
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(reg-1) ¢ is proper (Dom(g) := {x € K; ¢(x) < oo} # 0)
(reg-2) ¢ is bounded below (inf ¢ (K) > —o0)

(reg-3) ¢ is d-Isc (liminf, ¢(x,) > ¢(x), whenever x, —d> X).

The following statement (referred to as: the normed version of (EVP); and
denoted as: (EVP-n)) is our starting point in these investigations.

Theorem 8 Let the function ¢ : K — R U {00} be (K, d)-regular. Then, for each
u € Dom(g) there exists v € Dom(g) in such a way that

(61-a) d(u,v) < @) — ¢(v) (hence p(u) = ¢(v))
(61-b) d(v,x) > p(v) — @(x), forallx € K \ {v}.

The normed context we just used suggests us that an application of the preceding
(normed) smooth variational principles must be possible here. A confirmation of
this fact is contained in

Proposition 20 We have in the strongly reduced system (ZF-AC),
(DGZ-b) = (EVP-n); hence (LR-VP-n) = (EVP-n).

Proof Let (<) stand for the Brgndsted quasi-order [7]
(x,y € K): x <yiffd(x,y) +¢(y) < ¢x).

Denote, for simplicity
K, := K(u, <) (hence, K, € Dom(¢)).

Clearly, (<) is an order on Dom(¢); hence, all the more on K, ; in addition (as ¢ is
d-lsc on K), we must have

K, is d-closed in K ; so that, K, is d-closed in X as well.
Define a new function ¥ : X — R U {oo}, as

Y(x) =¢0x),ifx € K;; ¥ (x) =o00,ifx € X\ K.
Clearly, ¢ is proper and bounded from below (over X); because

Dom(yr) = K, # @ (in view of u € K, € Dom(¢))
inf ¥ (X) = inf ¥ (K,) = infp(K,) > infp(K) > —o0.

Moreover, ¥ is Isc (on X); since K, is closed; hence, summing up, ¥ is (X, d)-
regular. Further, let the generalized Banach space (%' (X), ||.||oo) and the standard
Banach space (65(X), ||.]|co) be introduced as above; and .7 stand for the subspace
of %,(X) consisting of all bounded d-Lipschitz (hence, d-continuous) functions
g : X — R, endowed with the norm

18117 = lIglloc + 11811z (hence [Ig]lr = 118lloc), & € <

where

l1gllL = supflg(x) —gWI/llx = yllix,y € X, x #y}, g€ .
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Clearly, the regularity conditions (e01)—(e04) hold for ./'; moreover, the function
b(x) =d(x,X°0,1))/[1+d(x, X°(0,1))], x € X

is an element of .7, with

supp(b) = X[0, 1] (=the closed unit sphere in X);
hence, b is a bump function over X and (e05) holds too. Summing up, (7, ||.|| )
is an admissible subspace of %} (X); wherefrom, (DGZ-b) applies to (X, ||.]]),

(,].|ler) and . As a consequence, there exists a dense ¥ type subset & of
&/, such that:

for each g € A, the perturbed function ¥ + g is (X, d)-admissible.

In particular, letting 27 (0, 1) stand for the open unit sphere in <7, we must have
BN (0, 1) # @ so that, there must be some g € o7 with

(61-1) [Igller < 1 (hence ||g]loo, lIgllL < 1)
(61-2) ¥ + g is (X, d)-admissible (see above).

By the very definition of this concept, the perturbed function ¥ + g admits a global
minimum point xo, € X;i.e.

Y(x)+8(x) = ¥(xoo) + 8(xc0), VX € X.
Taking x = u in this relation, we derive xo, € Dom(y) = K,; which tells us (by
the very definition of the underlying subset) that (61-a) holds (with x4 in place of
v). Further, assume by contradiction that (61-b) would be false: there must be some
x € K\ {xo0}, with

[1X00 — x| < @(x0) — @(x).
We then have x, < x; so, combining with u < x.,, one gets u < x € K; whence,
x € K, = Dom(y); which allows us to write the preceding relation as

[1x = Xool| + ¥ (x) — ¥ (x0) < 0.
On the other hand, by the choice of g, we have
lg(xo0) — g = lIglIL - 11Xoo — x| < [|xoo — x|I;

so, combining with our global minimum point relation (and x € Dom(y))

V(x) — ¥ (xXeo) + [IX — Xeoll > ¥ (x) = ¥ (xeo) + 8(x) — g(xe0) = 0.

This, however, contradicts the preceding relation; and proves our claim.

(B) The obtained normed type variational principle (EVP-n) is just an intermediary
step towards the final inclusion (DGZ-b) = (EVP). For technical reasons, it would
be useful to complete it with another intermediary step of metrical nature.

Let (M, d) be a complete metric space with

(f01) M is d-bounded (i.e.: diam(M) < o0);

and ¢ : M — R be a function with
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(f02) ¢ is (bilaterally) bounded:
—00 < @y :=inf(M) < ¢* :=supp(M) < oo

(f03) ¢ is d-Isc: liminf, ¢(x,) > ¢(x), whenever x, i) X.

Clearly, ¢ is proper; because Dom(¢) = M; whence, ¢ is (M, d)-regular (see
above). The following “bounded” version of (EVP) (referred to as: (EVP-b)) is an
useful tool for the question we are dealing with.

Theorem 9 Let (M, d) and ¢ be taken as before. Then, for each u € M there exists
some v € M with the properties

(62-a) d(u,v) < ¢(u) — ¢(v) (hence p(u) = ¢(v))
(62-b) d(v, x) > ¢(v) — @(x), forallx € M \ {v}.

Formally, (EVP-b) is deductible from (EVP). But, the reciprocal inclusion is also
true; as results from

Proposition 21 We have in the strongly reduced system (ZF-AC),
(EVP-b) — (EVP); hence (EVP-b) <— (EVP).

Proof Let the premises of (EVP) be assured; precisely, let (X, d) be a complete
metric space and ¢ : X — R U {oo} be (X, d)-regular. Further, take some point
u € Dom(p). Let (<) stand for the Brgndsted quasi-order [7]

(x,y € X): x <yiffd(x,y) +¢(y) < px);

remember that it is an ordering on Dom(g). Denote M := X (u, <); it is a closed
(hence complete) subset of X. Let again ¢ stand for the restriction of ¢ on M; it is
(bilaterally) bounded, since

—00 < ¢ < @(x) < p(u) < 00,Vx € M.
This, along with
d(u,x) <o) — o) <o) — ¢y, Vx € M,

tells us that M is a d-bounded part of X. Summing up, (EVP-b) is applicable to
(M, d) and ¢. It gives us, for the starting u € M, some v € M with the properties

62-1) u <v(e.:.du,v) <pu)—ew))
(62-2) v < x isfalse (i.e.: d(v, x) > p(v) — @(x)), forallx € M \ {v}.

The former of these is just the first conclusion (11-a) of (EVP); so, it remains
to establish that the latter of these yields the second conclusion (11-b) of (EVP).
Suppose that this would be false:

v<x(.e:dw,x) <¢pl)— pk)),forsome x € X \ {v}.

Combining with u < v yields # < x; whence, x € M \ {v}; and this, along with the
preceding relations, yields a contradiction to (62-2); hence the claim.
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(C) We are now in position to give an appropriate answer to the posed question.
As already noted, (EVP-n) is but a particular case of (EVP); hence (see above) it is
deductible from (EVP-b). The converse implication is discussed in

Proposition 22 We have, in the strongly reduced system (ZF-AC),

(63-1) (EVP-n) — (EVP-b) — (EVP)
(63-2) (EVP-n), (EVP-b) and (EVP) are equivalent.

Proof

(i) Let the premises of (EVP-b) be assured; i.e.: take a bounded complete metric
space (M, d) and a (bilaterally) bounded d-lsc function ¢ : M — R. Let
X = %,(M) stand for the linear space of all continuous bounded over M
functions. The supremum norm

[[Ylloo = sup{ly(D)]:r € M}, y € X
is complete, in the sense: its associated metric
doo(x,y) = [IX = Yllocs X,y € X

is complete upon X. For each z € M, let T'(z) stand for the real function
(defined over M)

T(z)(t) =d(z,t),t € M (hence, T(z) € X = €,(M)).
The canonical map z — T (z) fulfills
d(Za w) = dOO(T(Z)a T(U))), va w e M,

o, it is an isometry between M and its image K := T(M) in X. As a
consequence,

(63-3) K is bounded and closed (hence complete) in X (modulo d).
In fact, assume that the sequence (y, = T (x,); n > 0) in K fulfills
limy, doo (Y5, y) = 0, for some y € X.

As (yn) 1s dso-Cauchy, so is (x) (by the isometry relation); wherefrom, there
must be some x € M, with

lim, d(x,, x) = 0; or, equivalently: lim,, doo (T (x,), T (x)) = 0.

This (by the uniqueness of our limit) yields y = T'(x) € K; hence the claim.
Define the associated function (from K to R) as: for each y € K,

V() =T )sie: Y () = gx), where T (x) = y.
By the imposed conditions,

(63-4)  is (bilaterally) bounded over K
(63-5) v is deo-Isc over K (in the above described sense).
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The former of these is clear, by the corresponding property of ¢. For the latter
one, we may proceed as follows. Assume that

¥ (yn) < 7, Vn, for some t € R;

where (y, = T (x,); n > 0) is a sequence in K with lim;, doo (s, ¥) = 0, for
some y = T(x) in K (see above). By definition, this gives

(@(xn) < 7.Vn), and x, > x;

hence (as ¢ is d-Isc) p(x) < t; (i.e.: ¥ (y) < 7); and our assertion follows.

Summing up, (EVP-n) applies to (X, ||.||), K and v; so, given the starting
point p = T(u) of K there exists another one ¢ = T (v) of K with the
properties

(63-6) doo(p,q) < ¥ (p) — V¥ (q),
(63-7) doo(q,y) > ¥(q) —¥(¥),Vy € K\ {q}.

But then, (61-a) and (61-b) are clear, by the properties of canonical map 7' (and
the definition of v); wherefrom, our first conclusion follows.
(ii) Clearly, (EVP) = (EVP-n); and this establishes our second conclusion.

Finally, note that, as (EVP-b) = (EVP), we must have (EVP-n) = (EVP). A
direct argument for this is available, under the lines in Danes [11] and Turinici [30];
we do not give details.

7 (EVP) Implies (DC)

By the developments above, we have [in the strongly reduced Zermelo-Fraenkel
system (ZF-AC)] the inclusions

((DC) <) (BC) = (LR-ndiscr) = (LR-ndiscr-m)
(LR-ndiscr-m) = (LR-VP-m) = (DGZ-b)
(BC) = (DGZ-psb) => (DGZ-sb) = (DGZ-b)
(DGZ-b) = (EVP-n) = (EVP-b) = (EVP).

So, it is natural asking whether these inclusion chains may be reversed. At a first
glance, a negative answer is highly expectable; because (DC) is “too general” with
respect to (EVP). However, the situation is exactly opposite; i.e.: (EVP) includes
(DC); and then, we closed the circle between all such principles. An early result of
this type was provided in 1987 by Brunner [8]; for a different answer to the same,
we refer to the 1999 paper by Dodu and Morillon [14]. It is our aim in the following
to show that a further extension of this last result is possible, in the sense: (DC)
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is deductible from a certain Lipschitz bounded countable version of (EVP). Some
other aspects occasioned by these developments are also discussed.

Let (X, <) be a partially ordered structure. Remember that z € X is (<)-
maximal, if z < w € X implies z = w; the class of all these will be denoted as
max (X, <). In this case, we say that (<) is a Zorn order when

max (X, <) is (nonempty and) cofinal in X
(for each u € X, there exists v € max(X, <) withu < v).

In particular, when d(., .) is a (standard) metric on X and ¢ : X — R, is some
function, a good example of partial order on X is that introduced by the convention

X <@g yiffdx,y) <o) —e(y);

referred to as the Brgndsted order [7] attached to the couple (d, ¢). Further, let us
say that ¢ is d-Lipschitz, provided

lo(x) —(y)| < Ld(x,y),Vx,y € X, for some L > 0;

note that, any such function is uniformly continuous on X.
The following stronger variant of (EVP) enters in our discussion.

Theorem 10 Let the metric space (X, d) and the function ¢ : X — Ry satisfy

(g01) X is d-bounded and d-complete
(802) ¢ is d-Lipschitz (hence, bounded)
(g03) @(X) is (at most) countable.

Then, (Z(4,p)) is a Zorn order.

We call this, the Lipschitz bounded countable version of (EVP) (in short: (EVP-
Lbc)). By the above developments, we thus have

(DC) = (EVP) = (EVP-Lbo).
The remarkable fact to be added is that this last principle yields (DC); so—as
precise—it completes the circle between all these.
Proposition 23 We have, in the strongly reduced system (ZF-AC)
(EVP-Lbc) = (DC).
As a consequence of this,

(71-1) the variational principles (BC), (LR-ndiscr), (LR-ndiscr-m), (LR-VP-
m), (DGZ-psb), (DGZ-sb), (DGZ-b), (EVP-n), (EVP-b) are equivalent with both
(DC) and (EVP), hence, mutually equivalent.

(71-2) any maximal/variational principle (VP) with (DC) — (VP) — (EVP)
is equivalent with both (DC) and (EVP).

The proof of this result may be found in Turinici [33]. However, for completeness
reasons, we shall provide the argument, with certain modifications.

Proof There are several steps to be followed.
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Part 0 Let M be a nonempty set; and Z be a proper relation over it. Fix a € M;
and take some other point «, that does not belong to M. Put P = M U {«}; and let
d(., .) stand for the discrete metric on P:

d(s,t) =0,if s =1t; d(s,t) = 1,if s # ¢.
(In fact, d(., .) is even an ultrametric on P; but this is not essential for us).

Part 1 Let .(P) stand for the class of all sequences x = (x(n);n > 0) with
elements in P. Denote X = {x € #(P); x(0) = a}; and let us introduce the map

deo(x,y) =)_,27"d(x(n), y(n)), forx = (x(n)) and y = (y(n)) in X.
It is not hard to see that d, acts as a (standard) metric on X ; moreover,

doo(x,y) < 22*" = 1,Vx, y € X; whence X is dy-bounded.

n>1
A natural question to be discussed here is the completeness property. In this
direction, we have

Proposition 24 Under the above conventions, the metric space (X, dso) is com-
plete: each d~-Cauchy sequence in X is d~o-convergent.

Proof A verification of this was already performed in a previous place; however, for
technical reasons, we shall remember its basic lines.
Let (x"*; n > 0) be a sequence in X; it may be written as

" = (x"0),x"(),...) = (a,x"(1),...);n > 0).

Assume that (x"; n > 0) is ds-Cauchy; this may be also characterized as:
Ve >0:C(e):={neN;n<p<qg=—=doo(xP,x?) <e}#0.
(I) As a consequence, the map € — C(¢) is increasing on Rg, in the sense:
g« < &* implies C(gy) C C(e*);
so that, the map ¢ > I"(¢) := min[C (¢)] is decreasing on Rg:
ex < &* implies I'(g,) > I'(¥).
(X) Let (¢,; n = 0) be a strictly descending sequence in Rﬂ with
g, < 27" Vn (hence: &, — 0asn — 00).
Denote for simplicity
m(k) = I' (), n(k) =mk) +k, k> 0.
By the properties above, the map k +— m(k) is increasing; hence, the map

k — n(k) is strictly increasing. Moreover, the following evaluation is valid

"D () = xP(i), forall p>n(i)andalli > 0.
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(III) Lety = (y(@i);i = 0) be the “diagonal” sequence (y(i) = XDy i > 0);
clearly, it is an element of X. The initial sequence (x; n > 0) is convergent
(modulo d,) to y; i.e.,

doo(x™,y) > 0,as n — 00;
and, from this, we are done.
Part 2 Let Y stand for the class of all sequences x = (x(n); n > 0) in X, with
vVn): x(n),x(n+1) e M —= x(n)Z%Zx(n + 1).

Note that Y # @; for, given b € Z#(a), the sequence y = (y(n);n > 0) in X
introduced as below

) =a,y(1) =b;y(n) =a,n > 2)
is an element of it.
Proposition 25 The subset Y is dso-closed; hence, dso-complete as well.

Proof Let (x" := (x"(0) = a,x"(1),...);n > 0) be a sequence in Y, and y =
(y(n); n = 0) be an element of X with

x" — y (modulo doo); that is,
doo(x", y) := 3,271 d(x" (i), y(i)) = 0, a8 n — o0.

Note that, as a direct consequence of this,

X)L y(i)asn — oo, Vi > 0.

Further, as doo=metric, (x"; n > 0) is ds-Cauchy; so, by a preceding completeness
statement, there exists a strictly ascending sequence of ranks (n(i); i > 0), with

Vi >0): x"DG)=xP@), Yp > n().

In this case, the doo-limit y = (y(n); n > 0) of our sequence must have the form
y(@i) = x"D (i), foralli > 0.

We now claim that the representation of Y gives us the desired conclusion: y € Y.
In fact, let i > 0 be such that y(i), y(i + 1) € M. By the previous relations,

y(i)=x"D@)=x""VGy e M; yi+1) =x"D6 +1) e M.
This, along with x"(*+D ¢ v yields
"D x0TV (G 4+ 1); thatis, y(i)Zy@ + 1).

The argument is thereby complete.
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Part 3 Now, let us note that, conclusion of our statement is equivalent with ¥ N
(M) # (. For, taking some sequence y = (y(n); n > 0) in this intersection, we
have y(n), y(n + 1) € M, Vn; so that, by definition, y(n)Zy(n + 1), Yn; whence,
(y(n); n = 0) is (a, Z)-iterative. Assume by contradiction that this is not true:

YN.(M)=4@;ie.. foreachy = (y(n);n>0)e?,
there exists some k = k(y) > 1, such that y(k) = «.

As a consequence, the functions below are well defined:
g(y) =min{k > 1; y(k) = a}, p(y) =22780) y e Y.
Some basic properties of these are described in

Proposition 26 The following are valid:
(74-1) the functions g, ¢ are continuous on Y ; precisely,

VyeY,3B=B()>0: z€Y, do(z,y) <= g(@) =81, ¢(@) =¢(y)
(74-2) the function ¢ is dso-Lipschitz, in the sense:
lp(x) — (V| < 4doc(x,y), Vx,y €Y

(74-3) g(Y) is countable; hence, so is p(Y).
Proof

(i) Fixy = (y(n);n = 0) € Y, and put r = g(y); we therefore have
r>1,y(r)=a,yk) e M,Yk € N(r, >).

Take some 8 €]0,27"[;and let z = (z(n); n > 0) € Y be such that d (y, z) <
B. By the definition of our metric,

27%d(y(k). 2(k)) < p <277, Yk € N(2);
and this yields
z(k) = y(k), Yk € N(r, >).
In particular, we must have
(z(k) e M, Yk € N(r, >)) and z(r) = «;
so that g(z) = r = g(y) (whence, ¢(z) = ¢(y)).
(i) Letx = (x(n); n = 0) and y = (y(n); n > 0) be two points in Y. Denote, for

simplicity r = g(x), s = g(y). If r = s, all is clear; so, it remains the opposite
case r # s; without loss, one may assume that r < s. As a consequence,
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x=xO0)=a,....xr—1),a,...,x(s — 1), x(s),...),
y=00) =a,....,yr—1,y@),...ys — 1), a,...).

In particular, y(r) € M; hence y(r) # «; and then,
doo(x,y) 227" 227" =275 = 27" = 27°|.

This gives the conclusion we need.
(iii) Evident.
Part 4 We show that, under the introduced conventions,

for each v € Y there exists y € Y \ {v} such that doc (v, y) < @(v) — @(¥);
or, in other words: each element of Y is non-maximal with respect to the Brgndsted
ordering (<) attached to d, and ¢:

(zyweY) z 2 wiff doo(z, w) < 9(2) — @(w).

In fact, let v = (v(n); n > 0) be its representation. Put g(v) = r; hence
r>1, v0),...,vr—1) e M; v(r) =a.

Take the sequence y = (y(n); n > 0) in X \ {v} according to

y(k) =v(k),Vk € N(r,>); y(h) = a,Yh € N(r + 1, <);
yr),yor+1)e M; y(O)Zy(i +1), Vi e {r —1,r}.

(The last relation is possible, by the Finite Dependent Choice property). We claim
that, necessarily,

y € Y;hence,y € Y \ {v}.

The assertion is evident in case of r = 1. For the case of r > 2, it will suffice noting
that, by the definition of Y, one gets the relations

v()Zv(i + 1), wheneveri <r — 2;

and this proves our claim. Note that, as a direct consequence of these facts, we must
have g(y) = r 4+ 2. Now, the desired relation above becomes

doo(v,y) <2277 =277 =3.27",

According to the representation of y € Y \ {v}, this means

> 27 d(w(i), y(i) <3-27".

i>r

But then, the last relation is clear, in view of
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D 27, i) <Y 27 =2 <327

i>r i>r

Part 5 We may now pass to the final part of our argument. By the above facts,
(EVP-Lbc) is applicable to the metric space (Y, dw) and the function ¢ : ¥ — Ry
(introduced as before). Hence, the associated Brgndsted order (<) (see above) is a
Zorn one. As a consequence, there exists, for the starting point (in Y)

u= wm);n>0) ul0 =a,un)=ua,Vn >1,
some other point v = (v(n); n > 0) in Y with

(zorn-1) u < v:doo(u, v) < @(u) — @(v)
(zorn-2) v is (<)-maximal: do (v, y) > @(v) — (), Vy € Y \ {v}.

This, however, contradicts the preceding step; and shows that Y N (M) # @. But
then (by the very definition of Y) there must be some sequence y = (y(n); n > 0)
in M, with

y(0) =aand ym)Zy@n + 1), Vn.

The proof is complete.

In particular, when the boundedness and Lipschitz properties are ignored, this
result is just the one in Dodu and Morillon [14]. Further aspects may be found in
the paper by Turinici [32].

Summing up, all variational principles in this exposition (derived from (DC))
are nothing but logical equivalents of (EVP). So, it is natural to ask whether the
remaining (sequential) ones—including the Smooth Variational Principle in Deville
and Ghoussoub [12]—are endowed as well with such a property. The answer to this
is affirmative; further aspects will be delineated elsewhere.
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