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Dedicated to Professors Haim Brezis and
Louis Nirenberg with deep admiration



Haim Brezis and Louis Nirenberg in a mathematical discussion, Jerusalem, January 2002. By the
courtesy of Rachel S. Brezis



Preface

Nonlinear Analysis: In Honor of Haim Brezis and Louis Nirenberg focuses on
various important areas of mathematical research that have been either introduced,
inspired, or influenced by two pioneering researchers of contemporary nonlinear
analysis, who greatly contributed to shaping this field. The contributed papers
have been written by eminent experts from the international mathematical com-
munity. These works broaden our understanding of several theories, methods, and
techniques which have been found very applicable toward the solution of several
important problems, some of which had resisted solution for long stretches of
time. Some of these papers have been contributed by former students of these two
influential mathematicians. This volume serves as a tribute to Brezis and Nirenberg
for their great service to mathematical analysis and its applications.

I feel very grateful to all the mathematicians who enthusiastically responded with
their contributing chapters in this publication. I would also like to acknowledge the
superb assistance of the staff of Springer for the production of this volume.

Athens, Greece Themistocles M. Rassias
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Anisotropic Surface Measures as Limits
of Volume Fractions

Luigi Ambrosio and Giovanni E. Comi

1 Introduction

The literature on approximation of Sobolev and BV norms, and on the character-
izations of the corresponding spaces in terms of these approximations, is by now
very wide, see in particular [4] for the case of Sobolev spaces, [16] and the more
recent papers [6, 7] which deal with non-local approximations, in the sense of Γ -
convergence of (a multiple of) the total variation norm, with intriguing connection
to problems considered in image processing. Still in connection with non-local
functionals, it is worth to mention the paper [8] which gave origin to the theory
of nonlocal minimal surfaces.

Somehow in the same vein, motivated by [5], the first author, Bourgain, Brezis
and Figalli recently studied in [2] and [1] a new characterization of the perimeter of
a set in R

n by considering the following functionals originating from a BMO-type
seminorm

Iε(f ) = εn−1 sup
Gε

∑

Q′∈Gε
−
ˆ
Q′
|f (x)− −

ˆ
Q′
f | dx, (1)

where Gε is any disjoint collection of ε-cubes Q′ with arbitrary orientation and
cardinality not exceeding ε1−n.

In particular, they studied the case f = 1A; that is, the characteristic function of
a measurable set A, and proved that
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lim
ε→0

Iε(1A) = 1

2
min{1,P(A)}. (2)

This theme has been further investigated in [11], for BV functions, see also [12] for
a variant of this construction leading to Sobolev norms and spaces.

In this paper we study more in detail the structure of the optimization problem
in (1). We remove the upper bound on cardinality that seems to be very special of
the case of cubes, at least if one is willing to get a precise formula as (2) and not only
upper and lower bounds on Iε. With this simplification, we prove that the existence
of the limit and the emergence of a surface measure are general phenomena. In
particular we prove that, for some dimensional constant ξ = ξ(n), one has

lim
ε→0

HB
ε (1A) = ξP(A), (3)

where HB
ε is defined as (1), without the bound on cardinality and using disjoint

ε-balls.
More generally, if C is a bounded open set with Lipschitz boundary and if we

define

HC
ε (A) := εn−1 sup

Gε

∑

C
′ ∈Gε
−
ˆ
C′
|1A(x)− −

ˆ
C′

1A| dx, (4)

where Gε is any disjoint family of translations C′ of the set εC with no bounds on
cardinality, we are able to prove the following result.

Theorem 1 There exists ϕC : Sn−1 → (0,+∞), bounded and lower semicontinu-
ous, such that, for any set of finite perimeter A, one has

lim
ε→0

HC
ε (A) =

ˆ
FA

ϕC(νA(x)) dH
n−1(x), (5)

where FA and νA are respectively the reduced boundary of A and the approximate
unit normal to FA. Moreover, if A is measurable and P(A) = ∞, one has

lim
ε→0

HC
ε (A) = +∞. (6)

The right hand side of (5) can be seen as an anisotropic version of the perimeter,
Pϕ(A). This result, while shows that the particular geometry of the covering sets is
not essential, raises indeed some open questions. The most important is maybe the
following one:
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Is the function ϕ̃C(p) :=

⎧
⎪⎪⎨

⎪⎪⎩

|p|ϕC( p|p|
)

if p �= 0

0 if p = 0

convex?

This question is natural, in view of the fact that the anisotropic perimeter´
FA

ϕ(νA) dH n−1 is lower semicontinuous w.r.t. the convergence in measure
if and only if ϕ is the restriction to the unit sphere of a positively 1-homogeneous
and convex function. The problem is nontrivial since we were able to prove that, if
C is the unit square (0, 1)2 in R

2, then ϕ̃C is not convex, as it is shown in Sect. 4. In
particular, the convexity of C is not a sufficient condition to obtain ϕ̃C convex.

The paper is organized as follows: after a brief section containing preliminary
results, in Sect. 3 we provide first the proof of (6), by a simple comparison argument
based on the results of [1]. Then, we define suitable localized versions Hε(A,Ω)
and H±(A,Ω) of our functionals; the latter arise by taking the lim sup and the
lim inf w.r.t. the scale parameter ε. We can use symmetry and superadditivity
arguments to show that H+ = H− when both are evaluated in halfspaces A and in
cubical domains Ω with faces parallel or orthogonal to the normal to the halfspace.
Eventually, we use covering theorems as well as the fine properties of sets of finite
perimeter to extend the result to general sets of finite perimeter and general domains.

In Sect. 4 we discuss examples and variants of our result. Finally, we provide in
the Appendix, for the reader’s convenience, a proof of the existence of the “best
volume fraction” in Kepler’s packing problem (related to our problem when we
choose as C a ball), whose value is presently known only in dimensions 2 and 3
[14, 19].

2 Notation and Preliminary Results

In this paper we assume n ≥ 2. We denote by Ac the complement of A, by |A| the
Lebesgue measure of a Lebesgue measurable set A ⊂ R

n, by H n−1 the Hausdorff
(n − 1)-dimensional measure and by AΔB := (A \ B) ∪ (B \ A) the symmetric
difference of the sets A,B. If E is a set of finite perimeter, we denote by ∂∗E its
essential boundary, namely the complement of the sets of density and rarefaction
points. We refer to Section 3.5 of [3] for the basic definitions and the general
properties of sets of finite perimeter needed in this paper.

In order to avoid confusion, in the rest of the paper we will mostly work with
the reduced boundary FE ⊂ ∂∗E, using the larger essential boundary ∂∗E only
when strictly necessary, see for instance (25). The reason for this choice is that at
every point of the reduced boundary the measure theoretic exterior normal is well
defined, and we need it in order to prove results on densities of set functions. On
the other hand, it is well-known that H n−1(∂∗E \FE) = 0, hence every property
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which holds for H n−1-a.e. x ∈ FE holds also for H n−1-a.e. x ∈ ∂∗E and, when
integrating w.r.t. H n−1, the difference is not seen.

An important result we need is the linear form of the relative isoperimetric
inequality (see for instance Theorem 3.44 in [3]): for any open bounded set C with
Lipschitz boundary there exists a constant γ = γ (C) such that

|C ∩ E||C \ E|
|C|2 ≤ γP(E,C), (7)

for any measurable set E. By scaling, it follows that if C′ = εC we have

|C′ ∩ E||C′ \ E|
|C′|2 ≤ ε1−nγP(E,C′),

for any measurable set E.

3 Proof of Theorem 1

In order to prove Theorem 1, we define a localized version ofHε: for any measurable
set A and any open set Ω we set

HC
ε (A,Ω) := εn−1 sup

Gε

∑

C′∈Gε
−
ˆ
C′
|1A(x)− −

ˆ
C′

1A| dx, (8)

where the supremum runs among all disjoint families Gε made with translations of
the set εC in Ω . Since

−
ˆ
C′
|1A(x)− −

ˆ
C′

1A| dx = −
ˆ
C′
−
ˆ
C′
|1A(x)− 1A(y)| dxdy = 2

|C′ ∩ A||C′ \ A|
|C′|2 ,

(9)
we have the following equivalent definition

HC
ε (A,Ω) := εn−1 sup

Gε

∑

C′∈Gε
2
|C′ ∩ A||C′ \ A|

|C′|2 , (10)

which we are going to use mostly.
In addition, it is convenient to define the following set functions

HC+ (A,Ω) := lim sup
ε→0

HC
ε (A,Ω), (11)

HC− (A,Ω) := lim inf
ε→0

HC
ε (A,Ω). (12)
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Clearly, we have HC− (A,Ω) ≤ HC+ (A,Ω). In order to show the existence of
the limit in the case of a set of finite perimeter A, we need to prove the converse
inequality H−(A,Ω) ≥ H+(A,Ω).

The following scaling properties will be useful:

HλC
ε (A,Ω) = λ1−nHC

ελ(A,Ω), HλC± (A,Ω) = λ1−nHC± (A,Ω). (13)

In the sequel, we also often assume with no loss of generality that diam(C) = 1.
Indeed, if we set C̃ := C/diam(C), then (13) with λ = diam(C), so that C = λC̃,
implies

HC
ε (A,Ω) = diam(C)1−nH C̃

εdiam(C)(A,Ω), H
C± (A,Ω) = diam(C)1−nH C̃± (A,Ω).

It is also not difficult to compare HC
ε to HD

ε when D ⊂ C and D is an open set
containing the origin.1 Indeed, it is clear that that for any measurable set A one has

|D ∩ A||D \ A|
|D|2 ≤ |C|

2

|D|2
|C ∩ A||C \ A|

|C|2 , (14)

and that the same holds for any translated and dilated copies of C and D. Now,
for any disjoint family Gε,D of translations of εD we can find a family Gε,C of
translations of εC such that for any Dj ∈ Gε,D there exists Cj ∈ Gε,C with Dj ⊂
Cj . Even though the family Gε,C is not disjoint in general, it is easily seen, using
the inclusions

B(xj , λε) ⊂ Dj ⊂ Cj ⊂ B(xj , ε) for some xj ∈ R
n

(where λ > 0 satisfies B(0, λ) ⊂ D), that it has bounded overlap. More precisely,
there exists θ = θ(n, λ) > 0 such that for any fixed j we have #{k : B(xk, ε) ∩
B(xj , ε) �= ∅} ≤ θ and so the same property holds if we replace the balls by the
corresponding sets Cj . Therefore, the family Gε,C can be seen as the union of at
most θ disjoint subfamilies Gε,C,i . This argument yields

εn−1
∑

D′∈Gε,D
2
|D′ ∩ A||D′ \ A|

|D′|2 ≤ |C|
2

|D|2
θ∑

i=1

εn−1
∑

C′∈Gε,C,i
2
|C′ ∩ A||C′ \ A|

|C′|2

≤ |C|
2

|D|2 θH
C
ε (A,Ω),

1Without loss of generality, we can always assume 0 ∈ D ⊂ C.
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and, taking the supremum over the families Gε,D , we obtain

HD
ε (A,Ω) ≤

|C|2
|D|2 θH

C
ε (A,Ω), HD± (A,Ω) ≤

|C|2
|D|2 θH

C± (A,Ω). (15)

In addition, we notice that, for any rotation R we have HR(C)
ε (R(A),R(Ω)) =

HC
ε (A,Ω) and HR(C)

± (R(A),R(Ω)) = HC± (A,Ω).
Since in the following the set C will be mostly fixed, we drop the superscript C

from HC
ε , HC± .

3.1 Proof of (6)

In this section we prove (6), which follows easily from the results of [1] and from
comparison arguments.

Let

Iε(1A,Ω) := εn−1 sup
Gε

∑

Q′∈Gε
2
|Q′ ∩ A||Q′ \ A|

|Q′|2 ,

where Gε denotes a collection of disjoint open cubesQ′ ⊂ Ω with side length ε and
arbitrary orientation. In [1] it was shown that, for any Borel set A, one has

lim
ε→0

Iε(1A,Rn) = 1

2
P(A). (16)

For later purposes, we recall also a local version of (16) which is proved in [1] in
order to get the global version, namely

lim inf
ε→0

Iε(1A,Ω) ≥ 1

2
P(A,Ω) for any open set Ω ⊂ R

n. (17)

Arguing as in the proof of (15), we observe that for any cube Q′ with arbitrary
orientation and side length 2ε/

√
n, we can find an open ε-ball B ′ ⊃ Q′. Hence,

for any collection G2ε/
√
n,Q of disjoint cubes Q′ with arbitrary orientation and side

length 2ε/
√
n, we find a family Gε,B of ε-balls with bounded overlap; that is, there

exists θn > 0 such that for any fixed B ′ ∈ Gε,B we have

#{B ′′ ∈ Gε,B : B ′′ ∩ B ′ �= ∅} ≤ θn.

Then, if we denote by HB
ε the functional where we take a covering with ε-balls, we

get

θnH
B
ε (A,Ω) ≥

4n

nnω2
n

I2ε/√n(1A,Ω) (18)
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If P(A) = +∞, inequalities (16) and (18) clearly give

lim inf
ε→0

HB
ε (A) ≥ lim inf

ε→0

4n

nnω2
nθn

I 2√
n
ε
(1A) = +∞.

The case of a general bounded open set C containing the origin follows
immediately by (15), since C ⊃ B(0, λ) for some λ = λ(C) > 0.

3.2 First Properties of Hε and H±

We show now some elementary properties of the functionals Hε and H±, omitting
the proof of the simplest ones and assuming the normalization diam(C) = 1.

1. Translation invariance: for any τ ∈ R
n, we haveHε(A+τ,Ω+τ) = Hε(A,Ω);

taking limits, one has also H±(A+ τ,Ω + τ) = H±(A,Ω);
2. Monotonicity: Hε(A, ·) and H±(A, ·) are increasing set functions on the class of

open sets in R
n;

3. Homogeneity: for any t > 0, Htε(tA, tΩ) = tn−1Hε(A,Ω). Indeed, tC′ ⊂ tΩ
if and only if C′ ⊂ Ω , and

|tC′ ∩ tA||tC′ \ tA|
|tC′|2 = |C

′ ∩ A||C′ \ A|
|C′|2 .

It follows immediately that

H±(tA, tΩ) = tn−1H±(A,Ω). (19)

4. Superadditivity of H−: it is easy to see that

Hε(A,Ω1 ∪Ω2) = Hε(A,Ω1)+Hε(A,Ω2) (20)

whenever Ω1 ∩Ω2 = ∅. From (20) we get

H−(A,Ω1 ∪Ω2) ≥ H−(A,Ω1)+H−(A,Ω2). (21)

5. Almost subadditivity of H+:

Hε(A,Ω1 ∪Ω2) ≤ Hε(A, Iε(Ω1))+Hε(A, Iε(Ω2)), (22)

for any open set Ω1,Ω2, where It (Ω) := {x ∈ R
n : dist(x,Ω) < t}. Indeed, if

C′ ⊂ Ω1 ∪ Ω2, then it must be contained in the ε-neighbourhood of one of the
two open sets, since diam(C′) = εdiam(C) = ε. From (22) we get
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H+(A,Ω1 ∪Ω2) ≤ H+(A,W1)+H+(A,W2), (23)

for any open sets Wi ⊃ Iδ(Ωi), i = 1, 2, for some δ > 0.
6. Upper bound for H+: using (7), we see that

Hε(A,Ω) ≤ 2γP(A,Ω)

and so

H+(A,Ω) ≤ 2γP(A,Ω). (24)

3.3 Lower and Upper Density of H±

We set

ϕ+(ν) := H+(Sν,Qν),

ϕ−(ν) := H−(Sν,Qν),

where ν ∈ S
n−1, Sν := {x ∈ R

n : x · ν ≥ 0} and Qν a unit cube centered in the
origin having one face orthogonal to ν and bisected by the hyperplane ∂Sν .

Due to the translation invariance, this definition does not actually depend on the
choice of the origin, since we could take any hyperplane {(x − x0) · ν ≥ 0} and
cubes centered in x0.

It is obvious that ϕ−(ν) ≤ ϕ+(ν). We collect in the next proposition a few
elementary properties of ϕ± (more refined estimates in some special cases will be
given in Sect. 4) and then we prove that these two functions coincide.

Proposition 1 We have the following upper and lower bounds for ϕ±:

1. ϕ+ ≤ 2γ , where γ is the same constant in (24);

2. ϕ− ≥ λn+1 22n−1

|C|2θnnθn , where λ = λ(C) := sup{r > 0 : B(0, r) ⊂ C}, θ =
θ(n, λ) and θn are defined in the proofs of (15) and (6), respectively.

In addition, ϕ− = ϕ+ and ϕ− is lower semicontinuous.

Proof The inequality ϕ+ ≤ 2γ is easy, since by (7) we have

H+(Sν,Qν) ≤ 2γP(Sν,Qν)

and P(Sν,Qν) = 1, by the definition of Sν and Qν .
As for the lower bound on ϕ−(ν), it can be obtained as follows: first we take

r > 0 such that B(0, r) ⊂ C, then we apply (15), (13) and eventually (18) to get
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HC
ε (Sν,Qν) ≥ |B(0, r)|

2

|C|2θ HB(0,r)
ε (Sν,Qν)

= r1−n |B(0, r)|2
|C|2θ HB

εr(Sν,Qν)

≥ rn+1 |B|2
|C|2θ

4n

nnω2
nθn

I2ελ/√n(Sν,Qν)

= rn+1 1

|C|2θ
4n

nnθn
I2ελ/√n(Sν,Qν).

Now we let ε → 0, using (17) with A = Sν and Ω = Qν , and finally we take the
supremum over r > 0 such that B(0, r) ⊂ C.

Finally, homogeneity implies that

ϕ−(ν) = H−(Sν,Qν) = lim inf
ε→0

εn−1H1(Sν, (1/ε)Qν),

since (1/ε)Sν = Sν for any ε > 0.
We observe that (1/ε)Qν contains the union of at least �(t/ε)�n−1 open disjoint

cubes of side length 1/t , for any t > ε, which are translations of (1/t)Qν centered
in points of ∂Sν . Clearly, Hε(Sν, x +Qν) = Hε(Sν,Qν) for any x ∈ ∂Sν . Hence,
the monotonicity in the second argument, the additivity of Hε and the homogeneity
imply

ϕ−(ν) ≥ lim inf
ε→0

εn−1 �(t/ε)�n−1H1(Sν, (1/t)Qν) = tn−1Ht(1/t)((1/t)Sν, (1/t)Qν)

= Ht(Sν,Qν),

which implies ϕ−(ν) ≥ supt>0Ht(Sν,Qν).
On the other hand, it is clear that

ϕ−(ν) ≤ ϕ+(ν) = lim sup
ε→0

Hε(Sν,Qν) = lim
ε→0

sup
0<s<ε

Hs(Sν,Qν) ≤ sup
s>0

Hs(Sν,Qν)

from which we deduce that ϕ−(ν) = ϕ+(ν) = supt>0Ht(Sν,Qν).
As a byproduct, we also obtain that ϕ− is lower semicontinuous in ν, being the

supremum with respect to the parameter t of the supremum over the families Gt of
translations of tC of the quantities

tn−1
∑

C′∈Gt
2
|C′ ∩ Sν ||C′ \ Sν |

|C′|2 ,

which are continuous functions of ν. ��
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We define ϕ(ν) := limε→0Hε(Sν,Qν), since Proposition 1 showed the existence
of the limit.

To prove that the upper and lower densities of H± coincide with ϕ, we need
a modulus of continuity for E → Hε(E,Ω) similar to the one shown in [1,
Lemma 3.6]. We recall that for any E, F sets of finite perimeter in Ω we have

H n−1(∂∗(EΔF) ∩Ω) =H n−1((∂∗EΔ∂∗F) ∩Ω), (25)

see for instance [1, Section 2].

Lemma 1 For any E, F sets of finite perimeter in Ω and any ε > 0 we have

Hε(F,Ω) ≤ Hε(E,Ω)+ 4γH n−1((FEΔFF) ∩Ω). (26)

In particular one has

H±(F,Ω) ≤ H±(E,Ω)+ 4γH n−1((FEΔFF) ∩Ω). (27)

Proof For any C′ and any measurable set L ⊂ C′ we have the relative isoperimetric
inequality (7) and, combining it with the inequality min{t, 1 − t} ≤ 2t (1 − t) for
any t ∈ [0, 1], we obtain also

min{|L|, |C′ \ L|} ≤ 2γ |C|εP(L,C′). (28)

Let now Gε be a disjoint family of translations of εC in Ω .
For any C′ ∈ Gε, we have

−
ˆ
C′
−
ˆ
C′
|1F (x)− 1F (y)| dx dy ≤ −

ˆ
C′
−
ˆ
C′
|1E(x)− 1E(y)| dx dy

+ 2

|C|ε
−n|C′ ∩ (FΔE)|.

(29)

Indeed,

−
ˆ
C′
−
ˆ
C′
|1F (x)− 1E(x)− 1F (y)+ 1E(y)| dx dy

= 2

|C′|2 (2|C
′ ∩ (F \ E)||C′ ∩ (E \ F)| + |C′ \ (FΔE)||C′ ∩ (FΔE)|)

= 2

|C′|2 (2|C
′ ∩ (F \ E)||C′ ∩ (E \ F)| + |C′||C′ ∩ (FΔE)|+

− (|C′ ∩ (E \ F)| + |C′ ∩ (F \ E)|)2) ≤ 2

|C|ε
−n|C′ ∩ (FΔE)|.
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Since 1Ec(x)− 1Ec(y) = 1E(y)− 1E(x), then we have also

−
ˆ
C′
−
ˆ
C′
|1F (x)− 1F (y)| dx dy ≤ −

ˆ
C′
−
ˆ
C′
|1E(x)− 1E(y)| dx dy

+ 2

|C|ε
−n|C′ ∩ (FΔEc)|.

(30)

It is clear that FΔE = Ω \ (FΔEc), hence we can apply (28) to L = C′ ∩ (FΔE).
Therefore, by (9), we obtain

εn−1
∑

C′∈Gε
−
ˆ
C′
|1F (x)− −

ˆ
C′

1F | dx ≤ Hε(E,Ω)+ 4γ
∑

C′∈Gε
P(FΔE,C′).

Since
∑
C′∈Gε P(FΔE,C′) ≤ P(FΔE,Ω) = H n−1((FEΔFF) ∩ Ω) by (25),

we can pass to the supremum at the left hand side and we get (26). ��
Let now x ∈ ∂Sν . If we denote by Qν(x, r) the cube of side length r centered in

x ∈ R
n and with one face orthogonal to ν, by homogeneity we have

lim
r→0

H±(Sν,Qν(x, r))

rn−1
= H±(Sν,Qν(x, 1)) = ϕ(ν). (31)

Theorem 2 Let E be a set of finite perimeter and νE be its measure theoretic
interior normal. Then, for H n−1-a.e. x ∈ FE, we have

lim inf
r→0

H−(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
≥ ϕ(νE(x)). (32)

Proof By our previous remarks, the result holds if E is the half-space {y : (y− x) ·
νE(x) ≥ 0}. Indeed, P(E,QνE(x)(x, r)) = rn−1, so that (31) implies (32).

IfE is a set of finite perimeter, for any x ∈ FE there exists the measure theoretic
interior normal νE(x) and the approximate tangent space to the measure |DχE | is
ν⊥E (x), namely

Tann−1(|DχE |, x) =H n−1 ν⊥E (x).

This implies that

lim
r→0

H n−1(FE ∩QνE(x)(x, r))

rn−1
=H n−1((ν⊥E (x)) ∩QνE(x)(x, 1)) = 1.

Therefore, since P(E, ·) =H n−1 FE, we deduce that for all x ∈ FE one has

P(E,QνE(x)(x, r)) = rn−1 + o(rn−1). (33)
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If F is the subgraph of a C1 function in a neighbourhood of x, then (F − x)/ρ is
bi-Lipschitz equivalent to the half-space SνF (x) in QνF (x)(0, 1), with bi-Lipschitz
constants converging to 1 as ρ → 0. Hence, we can use a C1 deformation
map Φ with bi-Lipschitz constant close to 1 near to x to transform any disjoint
family C′i admissible for F into a disjoint family Di = Φ(Ci); we can then
find C′′i ⊂ Di ⊂ C′′′i translated and scaled copies of C′i whose diameters satisfy
diam(C′i )/diam(Ci) ∼ 1, diam(C′′′i )/diam(Ci) ∼ 1. Summing up, for r > 0 small
enough there exists a nonnegative modulus of continuity ω(r) satisfying

(1− ω(r))|C′′ ∩ SνF (x)| ≤ |C′ ∩ F | ≤ (1+ ω(r))|C′′′ ∩ SνF (x)|

for 0 < ρ < r and any translated copy C′ of ρC contained in QνF (x)(x, r). We can
choose the modulus of continuity in such a way that similar inequalities hold with
the roles of F and SνF (x) reversed. Hence, we have

|C′ ∩ F ||C′ \ F |
|C′|2 ≤ (1+ ω(r))2 |C

′′′ ∩ SνF (x)||C′′′ \ SνF (x)|
|C′′′|2 , (34)

and

|C′ ∩ F ||C′ \ F |
|C′|2 ≥ (1− ω(r))2 |C

′′ ∩ SνF (x)||C′′ \ SνF (x)|
|C′′|2 . (35)

In particular, (35) and (31) imply

H−(F,QνE(x)(x, r)) ≥ ϕ(νF (x))rn−1 + o(rn−1). (36)

Now, in order to obtain (36) also for E, we are going to use the rectifiability of
FE and apply Lemma 1 to E and to the subgraph of one of the C1 hypersurfaces
Γi whose union covers H n−1-almost all of FE and such that νE |Γi is the interior
normal of the subgraph of Γi . Indeed, we fix i and observe that for H n−1-a.e.
x ∈ Γi ∩FE one has

H n−1((ΓiΔFE) ∩ B(x, r)) = o(rn−1),

arguing as in the proof of Lemma 3.7 of [1] and using the density properties of the
Hausdorff measure (see [3, Theorem 2.56 and Eq. (2.41)]). It follows easily that we
have also

H n−1((ΓiΔFE) ∩QνE(x)(x, r)) = o(rn−1)

for H n−1-a.e. x ∈ Γi ∩FE. Now we use (27) choosing Ω = QνE(x)(x, r) and F
to be the subgraph of Γi inside QνE(x)(x, r), obtaining

H−(F,QνE(x)(x, r)) ≤ H−(E,QνE(x)(x, r))+4γH n−1((ΓiΔFE)∩QνE(x)(x, r)).
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Since Γi is a C1 hypersurface, we have (36) for F , with νF (x) = νE(x). Since i is
arbitrary this implies (36) for H n−1-a.e. x ∈ FE.

Combining (33) and (36), we get the desired result. ��
Theorem 3 For any Borel set B ⊂ FE and t > 0, we have that

lim inf
r→0

H−(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
≥ t (37)

for all x ∈ B implies H−(E,U) ≥ tH n−1(B) for any open set U ⊃ B.

Proof Without loss of generality, let U ⊃ B be a bounded open set, since
H n−1 B is inner regular. For a given δ ∈ (0, 1), we consider the family B of
all the closed cubes inside U centered in the points x ∈ B with one face oriented as
νE(x), such that, if we denote their interior by QνE(x)(x, r), we have

H−(E,QνE(x)(x, r)) ≥ t (1− δ)P(E,QνE(x)(x, r))

and |DχE |(∂QνE(x)(x, r)) = 0.
In this way, we can apply the version of Vitali theorem for cubes (see The-

orem 5.13 of [15]) and find a disjoint countable subfamily {Qj } which covers
H n−1-almost all of B. It is also clear that P(E,Qj ) = P(E,Qj ), hence we can
use an open covering. Therefore, the superadditivity of H−(E, ·) implies

tH n−1(B) ≤ tP(E,
⋃

j

Qj ) = t
∑

j

P(E,Qj ) ≤ (1− δ)−1
∑

j

H−(E,Qj )

≤ (1− δ)−1H−(E,
⋃

j

Qj ) ≤ (1− δ)−1H−(E,U).

Letting δ→ 0, we prove the theorem. ��
We can now extend the result of Theorem 2 toH+(E, ·) using similar techniques.

Theorem 4 Let E be a set of finite perimeter and νE be its measure theoretic
interior normal. Then, for H n−1-a.e. x ∈ FE, we have

lim sup
r→0

H+(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
≤ ϕ(νE(x)). (38)

Proof In the beginning of the proof of Theorem 2 we showed that

P(E,QνE(x)(x, r)) = rn−1 + o(rn−1) for all x ∈ FE.

By (31), (38) holds if E is a half space Sν . Then we need to use estimate (34) in
order to prove the inequality in the case that E is a subgraph of a C1 function in a
neighbourhood of x.
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Finally, we switch the roles of F and E in (27) and we repeat the steps of the last
part of the proof of Theorem 2 to obtain

H+(E,QνE(x)(x, r)) ≤ ϕ(νE(x))rn−1 + o(rn−1)

for H n−1-a.e. x ∈ FE.
Combining these results, we obtain (38). ��
In order to prove the upper estimate for H+, we need to consider the inner

regularization of the nondecreasing set functions H+(E, ·) defined on the open sets
of Rn.

Definition 1 Let A be the family of open sets in R
n and let α : A → [0,+∞]

be a nondecreasing set function. The inner regular envelope of α is the function
α∗ : A → R defined by

α∗(A) := sup{α(A′) : A′ � A}.

It is not hard to show (see for instance [10]) that α∗ is the largest inner regular
function smaller than α (namely α∗(A) = sup{α∗(A′) : A′ � A}). Recall also that
any inner regular and subadditive function α is σ -subadditive, namely

α(A) ≤
∞∑

i=0

α(Ai) whenever A ⊂
∞⋃

i=0

Ai.

The proof of this statement can be adapted also to the case when α is weakly
subadditive as our set function H+, this leads to the following result.

Proposition 2 H ∗+(E, ·) is σ -subadditive and

H ∗+(E,Ω) ≤ 2γP(E,Ω). (39)

Proof Given open sets Ωi , i = 1, 2, let 0 < t < H ∗+(E,Ω1 ∪ Ω2). Then there
existsW � Ω1∪Ω2 such thatH+(E,W) ≥ t . By Lemma 14.20 of [10], there exist
open sets Ω ′i , i = 1, 2, such that W � Ω ′1 ∪Ω ′2 and Ω ′i � Ωi , i = 1, 2. Hence, we
can find open sets Wi such that Ω ′i � Wi � Ωi , i = 1, 2, and, by (23), we obtain

t ≤ H+(E,W) ≤ H+(E,W1)+H+(E,W2) ≤ H ∗+(E,Ω1)+H ∗+(E,Ω2).

Since t < H ∗+(E,Ω1 ∪Ω2) is arbitrary, this proves the subadditivity.
Since H ∗+(E, ·) is inner regular and subadditive the σ -subadditivity follows. The

last statement follows by (24) and the inner regularity of H n−1 FE. ��
We are now able to show the same result of Theorem 3 for H+.
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Theorem 5 For any Borel set B ⊂ FE and t > 0, we have that

lim sup
r→0

H+(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
≤ t (40)

for all x ∈ B implies H ∗+(E,U) ≤ tP(E,U) + 2γP(E,U \ B) for any open set
U ⊃ B.

Proof Since H ∗+ is inner regular, we may assume U ⊃ B to be a bounded open set
without loss of generality. We fix δ ∈ (0, 1) and we consider the family B of all the
closed cubes inside U centered in the points x ∈ B with one face oriented as νE(x),
such that, if we denote their interior by QνE(x)(x, r), we have

H ∗+(E,QνE(x)(x, r)) ≤ H+(E,QνE(x)(x, r)) ≤ (1+ δ)tP(E,QνE(x)(x, r)),

and |DχE |(∂QνE(x)(x, r)) = 0.
As in the proof of Theorem 3, we can apply the version of Vitali theorem for

cubes (see Theorem 5.13 of [15]) and find a disjoint countable subfamily {Qj }
which covers H n−1-almost all B. It is also clear that, since P(E,Qj ) = P(E,Qj ),
then we have

H n−1(B \
⋃

j

Qj ) = 0. (41)

Therefore the subadditivity of H ∗+(E, ·) and (39) imply

H ∗+(E,U) ≤ H ∗+(E,
N⋃

j=1

Qj)+H ∗+(E,U \
N⋃

j=1

(1− δ)Qj )

≤ (1+ δ)t
N∑

j=1

P(E,Qj )+ 2γP(E,U \
N⋃

j=1

(1− δ)Qj )

≤ (1+ δ)tP(E,U)+ 2γP(E,U \
N⋃

j=1

(1− δ)Qj ).

Letting first δ→ 0 and then N →+∞, we obtain

H ∗+(E,U) ≤ tP(E,U)+ 2γP(E,U \
⋃

j

Qj )

= tP(E,U)+ 2γP(E,U \ (B ∪
⋃

j

Qj ))+ 2γP(E,B \
⋃

j

Qj )

≤ tP(E,U)+ 2γP(E,U \ B),

because of (41). ��
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Remark 1 We notice that, by combining Theorems 2 and 4, for H n−1-a.e. x ∈ FE

we obtain

ϕ(νE(x)) ≤ lim inf
r→0

H−(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
≤ lim sup

r→0

H+(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))

≤ ϕ(νE(x)),

which yields the following equalities:

lim inf
r→0

H−(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
= lim sup

r→0

H+(E,QνE(x)(x, r))

P(E,QνE(x)(x, r))
= ϕ(νE(x)).

(42)

3.4 Final Estimates

Now we use the results of the previous section to adapt the classical results
concerning differentiation of Radon measures to the nondecreasing set functions
H±(E, ·).
Theorem 6 For any set of finite perimeter E in R

n one has

H+(E) = H−(E) =
ˆ
FE

ϕ(νE(x)) dH
n−1(x). (43)

Proof We consider first the case of H−. Then, fixed t > 1, we define the Borel sets

Dk := {x ∈ FE : ϕ(νE(x)) ∈ (tk, tk+1]}

for k ∈ Z.
For any εk > 0 we can find compact sets Kk ⊂ Dk such that

H n−1(Dk \Kk) < εk. (44)

Since this family of compact sets is disjoint, it is then clear that

min
−J≤k �=k′≤J

dist(Kk,Kk′) > 0. ∀J ∈ N.

Hence, for any J , we can find a disjoint family of open sets Uk ⊃ Kk , for −J ≤
k ≤ J . By the superadditivity of H−, Theorem 3 and (42), we get

H−(E) ≥ H−(E,
⋃

−J≤k≤J
Uk) ≥

∑

−J≤k≤J
H−(E,Uk) (45)
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≥
∑

−J≤k≤J
tkH n−1(Kk)

≥
∑

−J≤k≤J
t−1

ˆ
Kk

ϕ(νE) dH
n−1

= t−1
ˆ
⋃
−J≤k≤J Kk

ϕ(νE) dH
n−1

for any J ∈ N. Since the measure H n−1 FE is regular and εk are arbitrary, we
can pass to the supremum to get

H−(E) ≥ t−1
ˆ
⋃
−J≤k≤J Dk

ϕ(νE) dH
n−1

Finally, we pass to the supremum over J and then send t → 1 to get

H−(E) ≥
ˆ
FE

ϕ(νE) dH
n−1. (46)

Now we deal with H+. Fixed t > 1, we define the Borel sets Dk as above. For
ε > 0, we can therefore find open sets Uk ⊃ Dk with

∑

k

tk+1P(E,Uk \Dk) < ε,
∑

k

2γP(E,Uk \Dk) < ε.

Since
⋃
k Uk covers H n−1-almost all of FE we can cover Rn\⋃k Uk with an open

set U0 with P(E,U0) arbitrarily small and use the σ -subadditivity of H ∗+ and (39)
to get

H ∗+(E,Rn) ≤
∑

k

H ∗+(E,Uk).

Now, using Theorem 5, we estimate

H ∗+(E,Rn) ≤
∑

k

H ∗+(E,Uk)

≤
∑

k

tk+1P(E,Uk)+ 2γP(E,Uk \Dk)

≤
∑

k

tk+1P(E,Dk)+ 2ε
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≤
∑

k

t

ˆ
(FE)∩Dk

ϕ(νE) dH
n−1 + 2ε

≤ t
ˆ
FE

ϕ(νE) dH
n−1 + 2ε. (47)

Now we let ε ↓ 0 and t ↓ 1 to get

H ∗+(E,Rn) ≤
ˆ
FE

ϕ(νE) dH
n−1.

We show now that H ∗+(E,Rn) = H+(E,Rn). Indeed, we need only to show
H+(E,Rn) ≤ H ∗+(E,Rn). Fix W � R

n open and let Ω such that W � Ω; by (23)
we have

H+(E,Rn) ≤ H+(E,Ω)+H+(E,Rn \W),

since we can take Ω̃ and W̃ such that W � W̃ � Ω̃ � Ω and write R
n = Ω̃ ∪

(Rn \ W̃ ). By (24), we have

H+(E,Rn) ≤ H ∗+(E,Rn)+ 2γP(E,Rn \W),

which impliesH+(E,Rn) ≤ H ∗+(E,Rn), sinceW is arbitrary. In this way we obtain
the inequality

H+(E) ≤
ˆ
FE

ϕ(νE) dH
n−1. (48)

Combining (46) and (48), we prove the theorem.

Remark 2 (A Local Version of Theorem 6) By similar arguments one can prove that
P(E,Rn) <∞ implies that the family

R :=
{
A ⊂ R

n : A open, H±(E,A) =
ˆ
A∩FE

ϕ(νE) dH
n−1
}

is rich, namely the set {i ∈ [0, 1] : Ai /∈ R} is at most countable whenever the
family {Ai}i∈[0,1] satisfies Ai � Aj for i < j .

Indeed, since the density arguments are local, one need just to start with
H−(E,A) in (45) and with H ∗+(E,A) in (47) and to estimate in a finer way. Then,
we recall thatH ∗+(E, ·) = H+(E, ·) on a rich family of open sets. More specifically,
one can use (39) and an argument similar to the last part of the proof of Theorem 6
to prove that any open set A ⊂ R

n such that |DχE |(∂A) = 0 belongs to this family.
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4 Examples and Variants

In this section we discuss a few examples and estimates of the function ϕ. We also
introduce a variant of the functionalsHε in which we allow for dilations ηC, for any
η ∈ (0, ε] (i.e. the size of the sets in the family need not be the same).

4.1 Covering with Balls

If we choose the set C to be the unit ball B(0, 1), it is easy to see that the function
ϕ is a constant ξn depending only on the space dimension. Indeed, in this case the
functionals Hε and H± are rotationally invariant.

We are also able to estimate ξn, see (52) below. A result due to Cianchi [9] shows
that we have the following sharp form of the relative linear isoperimetric inequality
in the unit ball B:

|E ∩ B||B \ E|
|B|2 ≤ 1

4ωn−1
P(E,B) for any measurable set E.

This inequality clearly gives us the upper bound

ξn = HB+ (Sν,Qν) ≤ 1

2ωn−1
P(Sν,Qν) = 1

2ωn−1
. (49)

On the other hand, the derivation of a lower bound is related to the well-known
Kepler’s problem (see for instance [13, 17]). This problem, also called “packing
problem”, consists in looking for the best way to place finite unions of disjoint open
balls with the same (small) radius inside a unit cube in R

n in order to cover as much
volume as possible. As the radius tends to 0, this problem identifies the best fraction
ρn ∈ (0, 1] of volume covered. Kepler’s problem is highly non trivial, since only in
1998 Hales [14] was able to prove that in three dimensions the best packing is the
face centered cubic lattice (which is the one used to pack oranges and cannon balls),
and that ρ3 = π

3
√

2
, as Kepler conjectured. In two dimensions the best packing is the

hexagonal lattice and therefore ρ2 = π

2
√

3
, as it was proved by Thue in 1890 (see

[18] and [19]), while in dimensions higher than 3 the problem is still essentially
open. Nevertheless, it is not difficult to prove the existence of the constant ρn by
standard subadditivity arguments; for the reader’s convenience, we include a proof
of this fact in the Appendix.

Our aim is to give a lower estimate of the number of disjoint ε-balls which can
stay inside Qν and are bisected by ∂Sν . Thus, it is clear that this problem is related
to the one of looking for the optimal fraction ρn ∈ (0, 1] of the volume of the n-
dimensional unit cube covered by finite unions of disjoint balls with the same radii.
We claim that we have
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ξn ≥ ρn−1

2ωn−1
. (50)

Indeed, we can cover ∂Sν ∩ Qν with a number Nε of (n − 1)-dimensional ε-balls
satisfying

Nε ∼ ρn−1
1

ωn−1εn−1 . (51)

Such (n − 1)-dimensional ε-balls can be seen as the sections ∂Sν ∩ B ′ for some
disjoint n-dimensional ε-balls B ′ which are bisected by the hyperplane ∂Sν and lie
inside the cube Qν . Therefore, we get

ξn = HB− (Sν,Qν) ≥ lim inf
ε→0

εn−1 1

2
Nε = ρn−1

2ωn−1
.

Combining (49) and (50), we obtain

ρn−1

2ωn−1
≤ ξn ≤ 1

2ωn−1
. (52)

In particular, it is easy to see that ρ1 = 1, since the ball centered in the origin of
radius r coincides with the cube, being the interval (−r, r). Therefore, we conclude
that ξ2 = 1/(2ω1) = 1/4.

We notice that we can use the above arguments to estimate ϕ also in the case
when C is the spherical shell B(0, 1) \ B(0, r), for some r ∈ (0, 1).

Indeed, it is clear that ϕ is a constant ξn,r depending only on the interior
radius and the space dimension, due to the rotational invariance. If we choose the
arrangement of disjoint copies of εC which are bisected by ∂Sν and cover the
maximum fraction of surface area, then their number will be the same Nε as in (51):
in fact, C ∩ (∂Sν) occupies the same surface area as B(0, 1) ∩ (∂Sν). Hence, we
have

ξn,r ≥ ρn−1

2ωn−1
.

On the other hand, it is clear C ⊂ B(0, 1) and that any disjoint family of translations
of εC generates a disjoint family of full ε-balls. Hence, the inequalities (14) and (49)
imply

ξn,r ≤ |B(0, 1)|2
|B(0, 1) \ B(0, r)|2

1

2ωn−1
= 1

(1− rn)22ωn−1
.
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4.2 Isotropic Coverings

If we redefine Hε in an isotropic way; that is, allowing for any orientation of the
sets C′ in the covering, we clearly get the rotational invariance for the modified
functionals H iso

ε and so the associated function ϕiso is a constant ξ(C). This was
done in [1] with C equal to the unit cube Q and it is not difficult to show that
ξ(Q) = 1/2, as Ambrosio, Brezis, Bourgain and Figalli proved. Indeed, by the
relative isoperimetric inequality in the unit cube

|E|(1− |E|) ≤ 1

4
P(E,Q) (53)

for any measurable set E ⊂ Q (see [1, (2.2)]), we have that

|Q′ ∩ Sν ||Q′ \ Sν |
|Q′|2 ≤ 1

4
ε1−nP(Sν,Q′)

for any ε-cube Q′. This gives H iso,Q
+ (Sν,Qν) ≤ 1

2 P(Sν,Qν) = 1
2 .

On the other hand, we can take the ε-cubes with one face oriented as ν, bisected
by ∂Sν and whose intersection with it gives the canonical partition of ∂Sν ∩Qν in
order to obtain H iso,Q

ε (Sν,Qν) ≥ 1
2ε
n−1

⌊
ε1−n⌋. This gives the result, coherently

with [1].
Actually, using (17) and (53) we have immediately

lim
ε→0

H iso,Q
ε (A,Ω) = 1

2
P(A,Ω) (54)

for any measurable set A and any open sets Ω .
It is also possible to show that we obtain a similar result if C is the pluri-rectangle

R =∏n
j=1(−aj /2, aj /2), for aj > 0.

Indeed, we can take the copies of εR having one face oriented as ν, bisected by
∂Sν and whose intersection with it gives a partition of ∂Sν ∩ Qν with the largest
cardinality; that is, at least

⌊
ε1−n/m

⌋
, where

m := min
i=1,...,n

∏

j �=i
aj .

Thus, we obtain the lower bound H iso,R
ε (Sν,Qν) ≥ 1

2ε
n−1

⌊
ε1−n/m

⌋
and so

ξ(R) ≥ 1
2m .

As for the upper bound, by (65) in the following subsection, we have ξ(R) =
1/(2m) = 1/(2 min{a1, a2}) if n = 2.

We notice that in these isotropic cases the result of Theorem 1 for sets of finite
perimeter follows directly from Theorems 3 and 5 with B = FE. Indeed, these
theorems still hold true since H iso

ε has the same properties of Hε.
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Then, if we take t = ξ(C), Theorem 3 implies H iso− (E,U) ≥ ξ(C)H n−1(FE)

for any open set U ⊃ FE: it follows immediately that H iso− (E) ≥ ξ(C)P(E).
On the other hand, if we take an open set U containing FE and an open set

W � U , the subadditivity of H iso,∗
+ gives

H
iso,∗
+ (E) ≤ H iso,∗

+ (E,U)+H iso,∗
+ (E,Rn \W) ≤ H iso,∗

+ (E,U)+2γP(E,Rn \W)

and clearly P(E,Rn \W) ↓ 0 as W ↑ U .
Now, Theorem 5 yieldsH iso,∗

+ (E) ≤ ξ(C)P(E,U) = ξ(C)P(E). It suffices now
to repeat the same argument at the end of the proof of Theorem 6 in order to obtain
H iso+ (E) ≤ ξ(C)P(E), which concludes the proof.

4.3 Examples of Anisotropic Coverings

We present now three examples of estimates of ϕ in some special cases in R
2.

Let at first C be the unit cube Q = (0, 1)n in R
n.

In order to evaluate ϕQ(ν), we want to maximize in x ∈ R
n for any fixed unit

vector ν the function

f (x, ν) :=
{ |(x+Q)∩Sν ||(x+Q)\Sν |

P(Sν ,(x+Q)) if P(Sν, (x +Q)) > 0

0 otherwise
. (55)

We define then

g(ν) := sup
x∈Rn

f (x, ν). (56)

We observe that g is well defined and that the supremum is a maximum.
Indeed, for any fixed ν ∈ S

n−1, f (x, ν) is continuous in x. Clearly, f (x, ν) = 0
if x /∈ {y : −√n ≤ y ·ν ≤ √n}, and, if v ·ν = 0, then f (x+v, ν) = f (x, ν). Thus,
by symmetry, we can restrict ourselves to a compact set Kν containing the origin
inside the stripe {y : −√n ≤ y · ν ≤ √n} such that f (Kν, ν) = f (Rn, ν). Next,
we notice that if we have a sequence yk → x with P(Sν, (yk +Q)) > 0 for any k
and P(Sν, (yk +Q))→ 0 as yk → x, then min{|(yk +Q)∩ Sν |, |(yk +Q) \ Sν |} =
o(P(Sν, (yk +Q))), because one of the two parts of (yk +Q) reduces to a simplex,
for k large enough, and so its volume is proportional to the product of the basis area,
P(Sν, (yk +Q)), and the relative height, which is going to zero.

Hence, supx∈Rn f (x, ν) = maxx∈Kν f (x, ν).
By the definition of ϕQ, it follows that ϕQ(ν) ≤ 2g(ν), since

ϕQ(ν) = lim
ε→0

εn−1 sup
Hε

∑

Q′∈Hε

2
|Q′ ∩ Sν ||Q′ \ Sν |

|Q′|2
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≤ lim
ε→0

sup
Hε

2g(ν)P

⎛

⎝Sν,
⋃

Q′∈Hε

Q′
⎞

⎠ ≤ 2g(ν)P(Sν,Qν) = 2g(ν).

On the other hand, by symmetry, there exists τ ≥ 0 such that g(ν) = f (±τν +
tv, ν), for any v ∈ S

n−1 orthogonal to ν and t > 0. Then, for any ε, we can
choose the disjoint family Gε of translations of εQ inside Qν which corresponds
to a subset of {±τν + tv : v ∈ S

n−1, v · ν = 0, t > 0} and which covers ∂Sν up
to a set of H n−1-measure going to zero as ε → 0. The existence of such a family
of translation for any fixed ε > 0 follows easily from the fact that one can cover Rn

with a tessellation of open disjoint cubes, up to a Lebesgue negligible set. For such
a sequence of families we obtain

ϕQ(ν) ≥ lim
ε→0

2g(ν)P

⎛

⎝Sν,
⋃

Q′∈Gε
Q′
⎞

⎠ = 2g(ν).

Thus, we conclude that ϕQ(ν) = 2g(ν).
We consider now the case n = 2. By the symmetries of the problem, we can

redefine the function f as

f (q,m) := |Q ∩ S
q
m||Q \ Sqm|

P(Sqm,Q)
, (57)

where Q = (0, 1) × (0, 1), Sqm := {(x, y) ∈ R
2 : y ≥ mx + q}, q ∈ [−m, 1],

m = −(ν1/ν2) ∈ [0,+∞). It is enough now to distinguish between the cases
0 ≤ m ≤ 1 and m ≥ 1.

If 0 ≤ m ≤ 1, then we need only to consider q ∈ [0, 1]. The line {y = mx + q}
intersects the edges of Q in the points A = (0, q) and

B =
⎧
⎨

⎩
(1,m+ q) if 0 ≤ q ≤ 1−m
(

1−q
m
, 1
)

if 1−m ≤ q ≤ 1
.

Hence, we have

f (q,m) = 1√
1+m2

⎧
⎨

⎩

(
q + m

2

)− (q + m
2

)2 if 0 ≤ q ≤ 1−m
1−q

2 − (1−q)3
4m if 1−m ≤ q ≤ 1

. (58)

It is easy to see that, for any fixed m, the partial derivative in q is

∂f

∂q
(q,m) = 1√

1+m2

⎧
⎨

⎩
1− 2q −m if 0 < q < 1−m
− 1

2 + 3
4m(1− q)2 if 1−m < q < 1

.
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Hence, ∂f
∂q
≥ 0 if and only if

⎧
⎨

⎩

q ≤ 1−m
2 if 0 < q < 1−m

q ≤ 1−
√

2m
3 if 1−m < q < 1

,

which means that

max
q∈[0,1−m] f (q,m) =

1

4
√

1+m2

and

max
q∈[1−m,1] f (q,m) =

1√
1+m2

⎧
⎨

⎩

1
3

√
2m
3 if 2

3 < m ≤ 1

m
2

(
1− m

2

)
if 0 ≤ m ≤ 2

3

.

Since

m

2

(
1− m

2

)
≤ 1

4

for any m ∈ [0, 1] and

1

3

√
2m

3
≤ 1

4

only for 0 ≤ m ≤ (27/32), it follows that

max
q∈[0,1] f (q,m) =

1√
1+m2

⎧
⎨

⎩

1
3

√
2m
3 if 27

32 ≤ m ≤ 1

1
4 if 0 ≤ m ≤ 27

32

. (59)

If m > 1, we need only to consider q ∈ [1−m, 1] and the intersections are

A =
⎧
⎨

⎩
(0, q) if 0 ≤ q ≤ 1
(− q

m
, 0
)

if 1−m ≤ q ≤ 0

and B =
(

1− q
m

, 1

)
. Hence, we have

f (q,m) = 1√
1+m2

⎧
⎨

⎩

1−q
2 − (1−q)3

4m if 0 ≤ q ≤ 1(
1
2 − q

)
− 1

m

(
1
2 − q

)2
if 1−m ≤ q ≤ 0

. (60)
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We have that, for any fixed m, the partial derivative in q is

∂f

∂q
(q,m) = 1√

1+m2

⎧
⎨

⎩
− 1

2 + 3
4m(1− q)2 if 0 < q < 1

−1+ 2
m

(
1
2 − q

)
if 1−m < q < 0

.

Hence, ∂f
∂q
≥ 0 if and only if

⎧
⎨

⎩
q ≤ 1−

√
2m
3 if 0 < q < 1

q ≤ 1−m
2 if 1−m < q < 0

,

which means that

max
q∈[1−m,0] f (q,m) =

m

4
√

1+m2

and

max
q∈[0,1] f (q,m) =

1√
1+m2

⎧
⎨

⎩

1
3

√
2m
3 if 1 < m < 3

2

2m−1
4m if m ≥ 3

2

.

Since

2m− 1

m
≤ m

for any m > 1 and

1

3

√
2m

3
≤ m

4

only for 1 < m ≤ (32/27), it follows that

max
q∈[1−m,1] f (q,m) =

1√
1+m2

⎧
⎨

⎩

1
3

√
2m
3 if 1 < m ≤ 32

27

m
4 if m ≥ 32

27

. (61)

Because of the symmetry of the cube, we can conclude that
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g(ν) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

|ν2|
4 if |ν1| ≤ 27

32 |ν2|
1
3

√
2
3 |ν1||ν2| if 27

32 |ν2| ≤ |ν1| ≤ 32
27 |ν2|

|ν1|
4 if |ν1| ≥ 32

27 |ν2|
,

which means

g(ν) =
⎧
⎨

⎩

1
3

√
2
3 |ν1||ν2| if 27

32 |ν2| ≤ |ν1| ≤ 32
27 |ν2|

‖ν‖∞
4 if |ν1| ≤ 27

32 |ν2| or |ν1| ≥ 32
27 |ν2|

(62)

and so

ϕQ(ν) =
⎧
⎨

⎩

2
3

√
2
3 |ν1||ν2| if 27

32 |ν2| ≤ |ν1| ≤ 32
27 |ν2|

‖ν‖∞
2 if |ν1| ≤ 27

32 |ν2| or |ν1| ≥ 32
27 |ν2|

.

It is clear that its 1-homogeneous extension �Q(x, y) := √x2 + y2ϕQ
(

(x,y)√
x2+y2

)

is indeed ϕQ(x) and that it is not convex in the region { 27
32 |y| ≤ |x| ≤ 32

27 |y|}.
We also notice that maxν∈S1 ϕQ(ν) = (1/2), coherently with the results of [1] in

the isotropic case.
Let us now consider anisotropic coverings with rectangles. Let R =∏n

i=1(0, ai),
ai > 0, then we can argue as before to show that

ϕR(ν) = 2 sup
x∈Rn

|(x + R) ∩ Sν ||(x + R) \ Sν |
|R|2P(Rν, (x + R)) .

If n = 2, we can work withRλ = (0, 1)×(0, λ), λ > 0, since for a generic rectangle
R = (0, a)× (0, b), we have R = aRλ if λ = (b/a), and so ϕR(ν) = (1/a)ϕRλ(ν).

In order to deal with the explicit calculation, we can proceed in a similar way as
before, by considering the function

fλ(q,m) := |Rλ ∩ S
q
m||Rλ \ Sqm|

|Rλ|2P(Sqm,Rλ)
, (63)

where Sqm := {(x, y) ∈ R
2 : y ≥ mx+q}, q ∈ [−m, λ],m = −(ν1/ν2) ∈ [0,+∞),

and dividing in the two cases 0 ≤ m ≤ λ andm ≥ λ. Then, it is not difficult to show
that we have
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gRλ(ν) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

|ν2|
4 if |ν1| ≤ 27

32λ|ν2|
1
3

√
2

3λ |ν1||ν2| if 27
32λ|ν2| ≤ |ν1| ≤ 32

27λ|ν2|
|ν1|
4λ if |ν1| ≥ 32

27λ|ν2|
. (64)

Since ϕRλ(ν) = 2gRλ(ν), then neither the 1-homogeneous extension of this function
is convex.

In conclusion, for the rectangle R = (0, a)× (0, b) we have

ϕR(ν) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

|ν2|
2a if a|ν1| ≤ 27

32b|ν2|
2
3

√
2

3ab |ν1||ν2| if 27
32b|ν2| ≤ a|ν1| ≤ 32

27b|ν2|
|ν1|
2b if a|ν1| ≥ 32

27b|ν2|
.

It is also easy to see that

max
ν∈S1

ϕR(ν) = 1

2 min{a, b} , (65)

which gives the value of the constant ξ(R) in the case of isotropic coverings with
rectangles, when arbitrary rotations are allowed.

As a last example, let now C be the ellipse E = {(x, y) : (x/a)2 + (y/b)2 < 1},
for some a, b > 0.

In order to estimate ϕ from below, we choose the arrangement of copies of εE
such that each one is bisected by the line ∂Sν and the contiguous copies are tangent
in the intersection between their boundaries and ∂Sν . Hence, we need to evaluate the
length of the segment intersected by a copy of εE on the line ∂Sν = {(x, y) ·ν = 0}.

If m = −ν1/ν2, then ∂Sν = {y = mx} and the intersections with ∂E are the

points ± ab√
b2 +m2a2

(1,m). Therefore,2 the length of the segment intersected is

2εab
√
(1+m2)/(b2 +m2a2). Since the copies of εE need to cover the unitary

segment (∂Sν) ∩Qν , we obtain

ϕE(ν) ≥ lim
ε→0

1

2
ε

⌊ √
b2 +m2a2

ε2ab
√

1+m2

⌋
= 1

4ab

√
b2ν2

2 + a2ν2
1 .

In particular, if a = b = 1, we get ϕB(ν) ≥ (1/4), coherently with (52).

2If ν2 = 0, the length is 2εb.
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4.4 A Variant

One may define a family of functionals similar toHε allowing for different dilations
of the set C under a fixed level ε > 0. More specifically, we set

H̃ε(A,Ω) := sup
Gε

∑

C′∈Gε
2(ε(C′))n−1 |C′ ∩ A||C′ \ A|

|C′|2 , (66)

where C′ = ε(C′)(C + a), for some translation vector a, and Gε is a disjoint family
insideΩ of translations of the set ηC, for any η ∈ (0, ε]. It is clear thatHε(A,Ω) ≤
H̃ε(A,Ω), and so (6) follows for H̃ε in the case P(A) = +∞.

We can define the functionals H̃± as liminf and limsup of H̃ε. It is also not
difficult to see that H̃ε and H̃± satisfy the same elementary properties of Hε shown
in Sect. 3.2.

For instance, the homogeneity H̃tε(tA, tΩ) = tn−1H̃ε(A,Ω) follows from the
fact that each set C′′ ∈ Gtε can be seen as C′′ = tC′, with C′ = ε(C′)C, for
ε(C′) ≤ ε, and so C′ ∈ Gε.

Since these functionals satisfy the same properties of Hε and H±, we can
define the functions ϕ̃±(ν) := H̃±(Sν,Qν) and show an analogous version of
Proposition 1 for them.

Then, one may follow the same steps in order to prove Theorem 1 for H̃ε in the
rectifiable case. Thus, we obtain that for any set of finite perimeter A

lim
ε→0

H̃ε(A) =
ˆ
FA

ϕ̃(νA) dH
n−1.

Let us now consider the case in which the set C is the unit ball. Then ϕ̃ is a
constant, since H̃ε is rotation invariant, and ϕ̃ ≡ 1/(2ωn−1), since arbitrarily small
radii are allowed.

Indeed, the upper estimate is given by (49). On the other hand, we notice that we
can find a lower bound by considering only the family of balls which are bisected
by the hyperplane ∂Sν .

For any fixed ε > 0, we can apply Vitali-Besicovitch Theorem (Theorem 2.19 in
[3]) to the measure μ =H n−1 Q′′, whereQ′′ is a unit cube in R

n−1 and to a fine
cover of balls with radii smaller than ε, in order to find a disjoint family Gε,(n−1) of
(n− 1)-dimensional balls with radii smaller than ε such that

H n−1

⎛

⎝Q′′ \
⋃

B ′′∈Gε,(n−1)

B ′′
⎞

⎠ = 0. (67)

Hence, we can take the family Gε of n-dimensional balls bisected by (∂Sν) ∩ Qν

and whose intersections with it generate the family Gε,(n−1). Then, we use (67) to
obtain
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ϕ̃(ν) ≥ lim
ε→0

1

2

∑

B ′∈Gε
εn−1

= lim
ε→0

1

2ωn−1

∑

B ′′∈Gε,(n−1)

ωn−1ε
n−1

= 1

2ωn−1
H n−1((∂Sν) ∩Qν) = 1

2ωn−1
.

Finally, we observe that if we redefine H̃ε allowing for the possibility to rotate
the sets C′ in the covering, we obtain that ϕ̃ is a constant, as it happens for Hε.

In particular, if we take C to be the unit cube Q as in [1], then, by (54) and (53),
we have

1

2
P(A,Ω) = lim

ε→0
H iso,Q
ε (A,Ω) ≤ lim

ε→0
H̃ iso,Q
ε (A,Ω) ≤ 1

2
P(A,Ω),

which gives lim
ε→0

H̃ iso,Q
ε (A,Ω) = 1

2
P(A,Ω) for any measurable set A and open set

Ω .

Appendix: Proof of the Existence of ρn

For any ε > 0 and for any open set U ⊂ R
n we denote by Λε(U) the supremum of

the Lebesgue measure of the finite unions of disjoint ε-balls inside U . In a similar
way as we did in the beginning of Sect. 3, we list now some elementary properties
of the set functions Λε:

1. translation invariance and monotonicity;
2. homogeneity:

Λtε(tU) = tnΛε(U) t > 0; (68)

3. superadditivity: for any open sets U, V such that U ∩ V = ∅, one has

Λε(U ∪ V ) ≥ Λε(U)+Λε(V );

4. almost subadditivity: for any open sets U, V ,

Λε(U ∪ V ) ≤ Λε(I2ε(U))+Λε(V ); (69)
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5. upper and lower bounds:

0 ≤ Λε(U) ≤ |U |. (70)

For U ⊂ R
n open, we then set

Λ−(U) := lim inf
ε↓0

Λε(U), Λ+(U) := lim sup
ε↓0

Λε(U).

These set functions inherit fromΛε the translation invariance, the monotonicity, the
homogeneity. In additionΛ− is superadditive and subadditivity forΛ+ holds in this
form: for any bounded open sets U, V ,

Λ+(U ∪ V ) ≤ Λ+(W)+Λ+(V ),whenever U � W. (71)

We have also the upper and lower bounds

0 ≤ Λ−(U) ≤ Λ+(U) ≤ |U |.

Theorem 7 There exists a constant ρn ∈ [ωn/2n, 1] such that

Λ+(U) = Λ−(U) = ρn|U |.

Proof We set ρ± := Λ±(Q), where Q = [0, 1]n. Because of the translation
invariance, we see that ρ± = Λ±(Q) for any unit cube Q in R

n and, using the
homogeneity, we have Λ±(Q(x, r)) = ρ±rn for any x ∈ R

n and any r > 0. If we
fix an open set U with finite measure and δ ∈ (0, 1), there exists a finite disjoint
family of open cubes {Qi}1≤i≤N inside U which covers a fraction larger or equal to
(1− δ) of the volume of U ; that is, |U \⋃N

i=1Qi | ≤ δ|U |. Then, monotonicity and
superadditivity yield

Λ−(U) ≥ Λ−
( N⋃

i=1

Qi

) ≥
N∑

i=1

Λ−(Qi) = ρ−
N∑

i=1

|Qi | ≥ ρ−(1− δ)|U |.

Therefore, since U and δ are arbitrary, by monotonicity and inner approximation we
see that Λ−(U) ≥ ρ−|U |.

We take now U open with finite measure, δ > 0 and {Qi}i=1,...,N as above. In
addition, let Q′i be cubes concentric with Qi , satisfying Qi � Q′i . Since we have

Ir (
⋃N
i=1Qi) ⊂⋃N

i=1 Ir (Qi), applying (69), for ε small enough we obtain

Λε(U) ≤ Λε(U \
N⋃

i=1

(1− ε)Qi)+Λε
(
I2ε
( N⋃

i=1

Qi

))
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≤ β(ε)δ|U | +
N∑

i=1

Λε(I2ε(Qi))

≤ β(ε)δ|U | +
N∑

i=1

Λε(Q
′
i ),

where β(ε) ↓ 1 as ε ↓ 0. Taking the limsup yields

Λ+(U) ≤ δ|U | + ρ+
N∑

i=1

|Q′i |

and if we let first Q′i tend to Qi and then δ ↓ 0, we deduce Λ+(U) ≤ ρ+|U |.
Therefore, to complete the proof it is enough to show that ρ+ ≤ ρ−. Let ri and

εi be infinitesimal sequences for which

lim
i→∞Λεi (Q) = ρ+, lim

i→∞Λri (Q) = ρ−,

where Q = [0, 1]n. Up to subsequences, we may assume that εi = o(ri) and we
set λi = εi/ri → 0. We can cover Q with ki = [λ−ni ] disjoint subcubes Qj

with side length λi , up to a set of measure less or equal to ηi := 1 − kiλni . Since
Is(tQ) = tIs/t (Q), properties (69), (70) and homogeneity imply

Λεi (Q) ≤
ki∑

j=1

Λεi (I2εi (Qj ))+ηi ≤ λ−ni Λriλi (λiI2ri (Q))+ηi = Λri (I2ri (Q))+ηi.

We take now a cube Q′ such that Q � Q′. Then, for i large enough we have

Λεi (Q) ≤ Λri (Q′)+ ηi
and passing to the limit we obtain ρ+ ≤ ρ−|Q′| for any such cube Q′. Hence, it
follows that ρ+ ≤ ρ−; that is, ρ+ = ρ− =: ρn ∈ [0, 1]. This means that Λε(U)→
ρn|U | for any open set U ⊂ R

n.
If ρ± were defined using cubes instead of balls, we would obviously get ρn = 1.

Comparing cubes with balls we get ρn ≥ ωn/2n. ��

Acknowledgements The authors would like to thank Emanuele Paolini for fruitful discussions
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Failure of the Chain Rule in the Non
Steady Two-Dimensional Setting

Stefano Bianchini and Paolo Bonicatto

1 Introduction

In this paper we consider a variant of the classical problem of the chain rule for the
divergence of a bounded vector field. Specifically, the classical problem of the chain
rule reads as follows:

Problem 1 (Chain Rule) Let d ≥ 2 and assume that it is given a bounded, Borel
vector field b : Rd → R

d , a bounded, scalar function u : Rd → R and Radon
measures λ,μ ∈M (Rd) such that

div b = λ, (1a)

div(ub) = μ, (1b)

in the sense of distributions on R
d . Characterize (compute) the distribution

ν := div(β(u)b),

where β : R→ R is a fixed C1 function.
In the smooth setting one can use the standard chain rule formula to get

ν = div(β(u)b) = β ′(u) div(ub)+ (β(u)− uβ ′(u)) div b

= β ′(u)μ+ (β(u)− uβ ′(u))λ. (2)
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The extension of (2) to a non-smooth setting is far from being trivial and this is
exactly the aim of the chain rule problem.

As noted in [4], if one replaces “divergence” by “derivative”, the problem boils
down to the one of writing a chain rule for weakly differentiable functions (a theme
that has been investigated in several papers, see e.g. [5, 16] for the BV setting).
However, the “divergence” problem seems to be harder than the “derivative” one,
due to stronger cancellation effects.
Problem 1 arises naturally in the study of partial differential equations, like the trans-
port equation, the continuity equation or, more generally, hyperbolic conservations
laws: indeed, they all can be written in the form div(uB) = c, where B : R×R

d →
R × R

d is vector field which has a space-time structure and c ∈ D ′(Rd) is some
distribution. For instance, considering Problem 1 for a particular choice of B and β,
one can establish uniqueness and comparison principles for weak solutions of scalar
conservation laws (in the spirit of Kružkov’s theory, see [15]).

1.1 Positive Results

If we assume Sobolev regularity on the vector field, i.e. b ∈ W 1,p
loc (R

d) and u ∈
L
q

loc(R
d) with p, q dual exponents, the chain rule has been established in [13]. In

this case, it turns out that ν can be computed in terms of λ and μ just as in the
classical (smooth) setting: it holds

ν = (β(u)− uβ ′(u))λ+ β ′(u)μ,

provided μ = div(ub) is absolutely continuous with respect to the Lebesgue
measure L d on R

d . This result has been extended in [4] to the case when b ∈
BVloc(R

d), u ∈ L∞loc(R
d) and both div b, div(ub) are absolutely continuous with

respect to L d . More precisely, using the commutator estimate due to Ambrosio [7],
in [4] it is first proved that the distribution ν = div(β(u)b) is a Radon measure
which satisfies ν � |λ| + |μ|. Furthermore, the authors decompose λ,μ, ν into
three parts (the absolutely continuous part λa , the jump part λj and the Cantor part
λc, as in the standard BV setting) and treat them separately. They obtained that:

• the absolutely continuous part behaves as in the Sobolev case:

νa = (β(u)− uβ ′(u))λa + β ′(u)μa, as measures on R
d .

• For the jump part, they use the results obtained in [3] to prove that νj can be
computed in terms of the traces u+ and u− of u on the (countably) rectifiable set
Σ where λj and μj are concentrated on.

• The Cantor part is harder and it is not characterized completely in [4], but only
up to an error term. More precisely, they proved
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νc = (β(̃u)− ũβ ′(̃u))λc�Ω\Su + β ′(̃u)μc�Ω\Su + σ

where ũ is the L1 approximately continuous representative of u, Su is the set
of points where the L1 approximate limit does not exist and σ is an error term
(which is a measure concentrated on Su, with σ � λc + μc).
Further results in this directions have been obtained in [11], where the problem is

completely solved in the case d = 2 with b of bounded variation, and in the recent
preprint [9] where the analysis is completed (in the BV setting) for every d ≥ 2.

1.2 Negative Results

If we assume no regularity on b and u apart from measurability and boundedness,
it can happen that λ and μ give no information about ν. This is related to the
so-called problem of (non) locality of the divergence operator: indeed, in [1] the
authors constructed an example of a bounded vector field v (defined in R

2) such
that div v �= 0, div v ∈ L∞ and div v is supported on the set where v vanishes.
Notice that this phaenomenon cannot occur for distributional derivatives, as they
enjoy locality properties [6, Prop. 3.73].
In the same spirit, in the recent work [12], using the abstract machinery of convex
integration, the authors construct several examples of vector fields b : Rd → R

d

and densities u : Rd → R such that λ = 0, μ = 0 but div(u2b) �= 0 in the sense of
distributions in R

d for d ≥ 3. More precisely, they show the following

Theorem 1 ([12]) Let d ≥ 3 andΩ ⊂ R
d a smooth domain. Let f be a distribution

such that the equation div w = f admits a bounded, continuous solution w : Ω →
R
d on Ω . Then there exists a bounded vector field b ∈ L∞(Ω;Rd) and a density

u : Rd → R, with 0 < C−1 ≤ u ≤ C a.e. for some constant C > 0, such that

div b = 0

div(ub) = 0

div
(
u2b

)
= f

in the sense of distributions in Ω .

1.3 The Two-Dimensional Case

The aim of this note is to address the two-dimensional case, i.e. d = 2. Notice
that the assumption d ≥ 3 is essential in [12], in view of the result of [11]. More
precisely, in [11], the authors proved that if d = 2, b is bounded and of class BV
and u : Rd → R, with 0 < C−1 ≤ u ≤ C a.e. for some constant C > 0, are such
that
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div b = 0

div(ub) = 0

then the Chain rule property holds, i.e. we have necessarily div
(
u2b

) = 0. Actually,
the same conclusion is true if the assumption b ∈ BV is replaced by b �= 0 a.e. in
Ω .
However, still remaining in the planar setting, in view of the results obtained in
[10], it seems reasonable to consider the chain rule also in the non steady setting,
i.e. assuming that the vector field has a (special) space-time structure (and letting
the divergence operator acting also on the time variable). More precisely, we are led
to consider the following variant of Problem 1:

Problem 2 (Non Steady Chain Rule) Let T > 0 be fixed and assume that it
is given a bounded, Borel vector field b : Rd → R

d , a bounded, scalar function
u : (0, T )× R

d → R and Radon measures λ and μ such that

div b = λ,

∂tu+ div(ub) = μ,

in the sense of distributions on (0, T )×R
d . Characterize (compute) the distribution

ν := ∂tβ(u)+ div(β(u)b),

where β : R→ R is a fixed C1 function.

In this note we want to show the following

Theorem 2 There exists an autonomous, compactly supported vector field
b : R2 → R

2, b ∈ L∞(R2), and a bounded, scalar function u : (0, T )× R
2 → R,

such that

div b = 0,

∂tu+ div(ub) = 0,

in D ′((0, T )× R
2) but the distribution

∂t

(
u2
)
+ div

(
u2b

)
/∈M ((0, T )× R

2)

i.e. it is not (representable by) a Radon measure.
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2 Preliminaries

In order to fix the notation, we collect in this section some preliminary results we
will be using in the rest of the paper.

2.1 A Particular Change of Variables

As in [2, § 2.16], we will denote by I the interval [0, L], by L 1 the Lebesgue
measure on I and, in general, λ will be an arbitrary measure on I , which is singular
with respect to L 1 and has A as the set of its atoms (points with positive measure).

We set L̂ := (L 1+λ)(I ) and Î := [0, L̂]. We denote by L̂ 1 the Lebesgue measure
restricted to Î . We denote by σ̂ the multifunction from I to Î that to every s ∈ I
associates the interval

σ̂ (s) := [σ̂−(s), σ̂+(s)]

where

σ̂−(s) := (L + λ)
([0, s)), σ̂+(s) := (L + λ)

([0, s]).

It is immediate to see that σ̂ is surjective on I , strictly increasing, and uni-valued
for every s /∈ A , because σ− and σ+ are strictly increasing, and σ−(s) = σ+(s)
whenever s /∈ A . Moreover it is obvious that the map is expanding, i.e.

s2 − s1 ≤ ŝ2 − ŝ1 (3)

for every s1, s2 ∈ I with s1 < s2, and every ŝ1 ∈ σ̂ (s1), ŝ2 ∈ σ̂ (s2). Accordingly σ
is surjective from Î onto I , uni-valued and 1-Lipschitz (because of (3)); furthermore,
it is constant on the interval σ(s) for every s ∈ A and strictly increasing at every
point outside σ(A ).

We recall the following

Lemma 1 ([2, Lemma 2.17]) Let F a L 1-null set in I which supports the measure
λ and F̂ := σ̂ (F ). Then

1. it holds σ#L̂ 1 = L 1 + λ;
2. the derivative of σ agrees with 1

Î\F̂ a.e. in Î .
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2.2 Solutions to Singular, One-Dimensional Transport
Equations

In the following we will be dealing with 1d-transport equations involving singular
terms, i.e. equations of the form

∂t
(
v(1+L 1 × λ))+ ∂sv = 0, (4)

where v : [0, T ] × I → R is a function of t, s and λ is a singular measure on I .
Clearly, Eq. (4) has to be understood in the sense of distributions on (0, T )× I : we
say that v is a solution to (4) if for every φ ∈ C∞c

(
(0, T )× I) it holds

ˆ T

0

ˆ
I

v(t, s)
(
φt (t, s)+ φs(t, s)

)
ds dt = −

ˆ T

0

ˆ
I

φt (t, s) dλ(s) dt.

It is very well known that such equations present a severe phenomenon of non-
uniqueness (for the associated initial value problem). In order to clarify what we
mean, we begin by discussing an example.

Assume for simplicity that I = R and λ is the Dirac mass at 0, so that we are
considering the equation

∂t
(
v(L 1 × δ0)

)+ ∂sv = 0 in D ′((0, T )× R). (5)

If v represents the density of a distribution of particles, then Eq. (5) is saying that
each particle moves at constant speed 1 from left to right, except when it reaches
the point 0, where it may stop for any given amount of time. Therefore, if v0 is an
arbitrary, bounded initial datum (for simplicity, suppose its support is contained in
(−∞, 0)), then a solution of (5) with initial condition v(0, s) = v0(s) is the function
v : [0,+∞)× R→ R defined by

v(t, s) =
{
v0(s − t) s �= 0

0 s = 0
,

which physically means that no particle stops at 0. Another solution can be
constructed by stopping all particles at 0, i.e.

ṽ(t, s) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

v0(s − t) s < 0

0 s = 0ˆ 0

−t
u0(τ ) dτ s > 0

.

More in general, for every α > 0 one can construct a solution for which the particles
arrive at 0, stay there exactly for time α and then leave (see Fig. 1):
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t

s

α

Fig. 1 A particular solution to Eq. (5): the particles at the initial time are of two different colors
(yellow and green): they start moving following characteristic lines, arrive at 0 and stay there for a
prescribed time α before leaving

uα(t, s) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u0(s − t) s < 0ˆ −t+α
−t

u0(τ ) dτ s = 0

u0(s − t + α) s > 0.

More precisely, we recall the following result, which is used in the proof of [2,
Lemma 4.5].

Lemma 2 Let λ be a non trivial measure on [0, L], singular w.r.t. to L 1�[0,L]. Let
furthermore K ⊂ (0, L) be a closed, L 1-negligible set, with λ(K) > 0. Then the
problem

{
∂t
(
v(1+L 1 × λ))+ ∂sv = 0

v(0, ·) = 1K(·)
(6)

admits a non trivial bounded solution.

We recall here the main steps of the proof, as it will be useful in the following.

Proof Clearly, the function v(t, s) := 1K(s) is a stationary solution of (6).
Following [2], we construct a second solution by exploiting the change of variable
s = σ(ŝ) defined in Sect. 2.1. We thus define
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v(t, s) :=
⎧
⎨

⎩
w(t, σ̂ (s)) for s /∈ A 
σ̂ (s)

w(t, ŝ) dŝ, for s ∈ A ,
(7)

where we recall A is the set of atoms of λ and w : [0, T ) × [0, L] → R is the
(unique) bounded, distributional solution of

{
∂tw + ∂sw = 0

w(0, ·) = 1σ̂ (K)(·).
(8)

To see that (7) actually solves Problem 6 we proceed as follows: first observe that (6)
can be explicitly written as

ˆ T

0

ˆ L

0

(
∂tφ + 1I\F ∂sφ

)
v d(L 1 + λ) dt =

ˆ L

0
φ(0, ·)1Kd(L 1 + λ). (9)

By changing variable s = σ(ŝ), i.e. setting v̂(t, ŝ) := v(t, σ (ŝ)) and φ̂(t, ŝ) :=
φ(t, σ (ŝ)) and using Lemma 1, we can rewrite (9) as

ˆ T

0

ˆ L̂

0

(
∂t φ̂ + ∂ŝ φ̂

)
v̂ dŝ dt =

ˆ L̂

0
φ̂(0, ·)1σ̂ (K)dŝ.

Since on the complement of σ̂ (A ) it holds v̂ = w, to conclude we only need to
show that

ˆ
σ̂ (A )

(
∂t φ̂ + ∂ŝ φ̂

)
v̂dŝ =

ˆ
σ̂ (J )

(
∂t φ̂ + ∂ŝ φ̂

)
wdŝ.

Indeed,

ˆ
σ̂ (A )

(∂t φ̂ + ∂ŝ φ̂)v̂dŝ =
∑

a∈A

ˆ
σ̂ (a)

(∂t φ̂ + ∂ŝ φ̂)v̂dŝ

=
∑

a∈A
∂tφ(t, s)

ˆ
σ̂ (a)

v̂dŝ

=
∑

a∈A
∂tφ(t, s)

ˆ
σ̂ (a)

w =
ˆ
σ̂ (A )

(∂t φ̂ + ∂ŝ φ̂)wdŝ,

since ∂ŝ φ̂(t, ŝ) = 0 and ∂t φ̂(t, ŝ) = ∂tφ(t, s) for all ŝ ∈ σ̂ (s) and by direct definition
of v̂. To conclude the proof it is enough to show that the solution v̂ does not coincide
with the stationary one, and for this a possible strategy is to show that the maximum
M(t) of the support of v(t, ·) is strictly increasing at t = 0 (see [2, Lemma 4.5])).
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2.3 Structure of Level Sets of Lipschitz Functions and Weak
Sard Property

Since we will need some results on the structure of level sets of Lipschitz functions
defined in the plane, we recall them here. Suppose that Ω ⊂ R

2 is an open, simply
connected domain and H : Ω → R is a compactly supported Lipschitz function.
For any h ∈ R, let Eh := H−1(h). We recall the following deep

Theorem 3 ([1, Theorem 2.5]) Then the following statements hold for L 1-a.e.
h ∈ H(Ω):
(1) H 1(Eh) < ∞ and Eh is countable H 1-rectifiable (in what follows, we will

say Eh is regular);
(2) for H 1-a.e. x ∈ Eh the function H is differentiable at x with ∇H(x) �= 0;
(3) Conn�(Eh) is countable and every C ∈ Conn�(Eh) is a closed simple curve;
(4) H 1(Eh \ E�h) = 0.

Let us now define the critical set S of H as the set of all x ∈ Ω where H is
not differentiable or ∇H(x) = 0. We will be interested in the following Weak Sard
Property, introduced in [2, Section 2.13]:

H#

(
L 2�S∩E�

)
⊥ L 1,

where the set E� is the union of all connected components with positive length of
all level sets of H . The relevance of the Weak Sard Property in the framework of
transport and continuity equation has been completely understood in [2], to whom
we refer the reader for further details. Here we simply point out that it is possible to
prove that in some sense the Weak Sard Property is satisfied by a generic Lipschitz
function (in Baire’s category sense), as the class of all Lipschitz functionsH : Ω →
R satisfying the Weak Sard Property is residual in the Banach space of Lipschitz
functions Lip(Ω) (see [1, Thm. 4]). However, an explicit construction of a Lipschitz
function f without the Weak Sard property was proposed in [1] and we will recall
it in the Sect. 3, as it will be the building block of our counterexample.

2.4 Local Disintegration of Lebesgue Measure and of the
Equation div(ub) = μ

From now onwards, let b : Ω → R
2 a bounded, Borel, divergence-free vector field.

From div(b) = 0 inΩ we deduce that there exists a Lipschitz potentialH : Ω → R

such that

∇⊥H(x) = b(x), for L 2-a.e. x ∈ Ω.
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Using Theorem 3 on the Lipschitz function H , we can define the negligible set
N1 such that Eh is regular in Ω whenever h /∈ N1; moreover, let N2 denote the
negligible set on which the measure (H#L 2)sing is concentrated, where (H#L 2)sing

is the singular part of (H#L 2) with respect to L 1. Then we set

N := N1 ∪N2 and E∗ := ∪h/∈NE∗h (10)

For any x ∈ E let Cx denote the connected component of E such that x ∈ Cx .
By definition of E for any x ∈ E the corresponding connected component Cx
has strictly positive length. We recall the following Lemma which studies the
disintegration of the measure L 2�Ω w.r.t. the map H :

Lemma 3 ([2, Lemma 2.8]) There exist Borel families of measures σh, κh, h ∈ R,
such that

L 2�Ω =
ˆ (

chH
1�Eh + σh

)
dh+

ˆ
κh dζ(h), (11)

where

1. ch ∈ L1(H 1�E�h), ch > 0 a.e.; moreover, by Coarea formula, we have ch =
1/|∇H | a.e. (w.r.t. H 1�E�h);

2. σh is concentrated on E�h ∩ {∇H = 0} and σh ⊥H 1 for L 1-a.e. h /∈ N ;
3. κh is concentrated on E�h ∩ {∇H = 0};
4. ζ := H#L 2�B\E� is concentrated on N (hence ζ ⊥ L 1).

2.4.1 Reduction of the Equation on the Level Sets

We now show how it is possible to reduce an equation of the form div(ub) = μ,
where u is a bounded Borel function on R

2 and μ is a Radon measure on R
2, into

a family of 1d problems on the level sets of H . For all the following Lemmas we
refer the reader to [10].

The first step is the disintegration of the equation:

Lemma 4 ([10, Lemma 3.5]) Suppose that μ is a Radon measure on R
2 and u ∈

L∞(R2). Then the equation

div(ub) = μ (12)

holds in D ′(Ω) if and only if:

• the disintegration of μ with respect to H has the form

μ =
ˆ
μh dh+

ˆ
νh dζ(h), (13)

where ζ is defined in Point (4) of Lemma 3;
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• for L 1-a.e. h ∈ R it holds

div
(
uchbH 1�Eh

)
+ div(ubσh) = μh; (14)

• for ζ -a.e. h ∈ R

div(ubκh) = νh. (15)

2.4.2 Reduction on the Connected Components

The next step is to reduce further the analysis of the Eq. (14) on the nontrivial
connected components of the level sets. In view of Lemma 4 in what follows we
always assume that h /∈ N (see (10)).

Lemma 5 ([10, Lemma 3.7]) The Eq. (14) holds iff

• for any nontrivial connected component C of Eh it holds

div
(
uchbH 1�C

)
+ div(ubσh�C) = μh�C; (16)

• it holds

div(ubσh�Eh\E�h) = μh�Eh\E�h . (17)

Now we can split further and obtain the following

Lemma 6 ([10, Lemma 3.8]) Equation (16) holds iff

div
(
uchbH 1�C

)
= μh�C, (18a)

div(ubσh�C) = 0. (18b)

2.4.3 Reduction of the Equation on Connected Components in Parametric
Form

Finally, we would like to discuss the parametric version of the Eq. (18a). Let
γ : I → R

2 be an injective Lipschitz parametrization of C, where I = R/�Z

or I = (0, �) (for some � > 0) is the domain of γ . The existence of such a
parameterization is granted by [1, Thm. 2.5 (iv)].
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Lemma 7 ([10, Lemma 3.9]) Equation (18a) holds iff for any admissible
parametrization γ of C

∂sûh = μ̂h (19)

where γ#μ̂h = μh�C , ûh = u ◦ γ .

2.5 Local Disintegration of a Balance Law

We now pass to consider a general balance law associated to the Hamiltonian vector
field b, i.e. ∂tu + div(ub) = ν, being ν a Radon measure on (0, T ) × Ω and
u ∈ L∞((0, T )×Ω). A reduction on the connected components of the Hamiltonian
H can be performed, similarly to what we have done for equation div(ub) = μ

to above. In some sense, we are presenting now the time-dependent version of
Lemmas 4–7.

Lemma 8 A function u ∈ L∞([0, T ] ×Ω) is a solution to the problem

{
ut + div(ub) = ν,
u(0, ·) = u0(·),

in D ′((0, T )×Ω) (20)

if and only if

• ûh(t, s) := u(t, γh(s)) solves

{
∂t ûh + ∂sûh = ν̂h
ûh(0, ·) = û0h(·),

in D ′((0, T )× I )

• it holds

div(ubσh) = 0

for L 1-a.e. h, where γh : I → R
2 is an admissible parametrization of a connected

component C of the level set Eh of the Hamiltonian H and ν̂h is a measure such
that ν̂h = (γ−1

h )#ν.

Proof Multiplying equation in (20) by a function ψ ∈ C∞c ([0, T )) and formally
integrating by parts we get

utψ + div(uψb) = ψν ⇒ div

(ˆ T

0
uψ dt b

)
=
ˆ T

0
uψt dt − ψ(0)u0

+
( ˆ T

0
ψ dt

)
ν,
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which can be written in the form

div(wb) = μ, (21)

where w := ´ T
0 uψ dt and

μ :=
(ˆ T

0
uψt dt − ψ(0)v0

)
L 2 +

( ˆ T

0
ψ dt

)
ν.

Applying Lemmas 4 and 6 to (21), we obtain that continuity equation is equivalent
to

div
(
wchbH 1�Eh

) = μh (22)

and

div(ubσh) = 0 (23)

for L 1-a.e. h, where the measure μh can be computed explicitly, using Coarea
Formula and disintegration Theorem

μh =
( ˆ T

0
uψt dt − ψ(0)v0

)
H 1�Eh +

(ˆ T

0
ψ dt

)
νh.

Thanks to Lemma 7, Eq. (22) is equivalent to

∂sû = μ̂h,

in D ′(I ). Now being γh Lipschitz and injective, we have

(γ−1
h )#

(
H 1�Eh

) = |γ ′h|L 1,

and this allows us to compute explicitly

μ̂h = (γ−1
h )#μh

= (γ−1
h )#

(ˆ T

0
uψt dt chH

1�Eh −
ˆ
R2
ψ(0)v0chdH

1�Eh +
ˆ T

0
ψ dt νh

)

=
ˆ T

0
v(τ, γ (s))ψτ (τ ) dτ − ψ(0)u0(γh(s))ch(γ (s))+

( ˆ T

0
ψ(τ)dτ

)
ν̂h,

(24)
where

ν̂h = (γ−1
h )#ν.
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Formally, (24) means

μ̂h = −
ˆ T

0
∂t û+ ν̂h.

To sum up, we have obtained that Problem (20) is equivalent to

{
∂t ûh + ∂sûh = ν̂h,
ûh(0, ·) = û0h(·),

and

div(ubσh) = 0

in D ′((0, T ) × I ) for L 1-a.e. h ∈ R. We explicitly notice that the last relation is
always satisfied, as b = 0 on the critical set (where σh is concentrated).

2.6 Anzellotti Traces for Measure Divergence L∞ Vector Fields

Let now ρ ∈ L∞(Rd) and v ∈ L∞(Rd;Rd). We consider the vector field V := ρv
and we assume that its distributional divergence div V is represented by some Radon
measure, so that V is a so called measure divergence vector field. There are well
known results that allows to give a meaning and to characterize the trace of such
vector fields over rectifiable sets. We list here the main ones and we refer for more
details to [3, 8, 14].

Definition 1 Given a bounded, open domain with C1 boundary U ⊂ R
d , the

(Anzellotti) normal trace of V over ∂U is the distribution defined by

〈
Tr(V, U) · n, ψ 〉 :=

ˆ
U

ψ(x) d(div V)(x)+
ˆ
U

V · ∇ψ(x) dL d(x)

for every compactly supported smooth test function ψ ∈ C∞c (Rd).
We have the following Proposition, which says that the trace of a measure

divergence vector field is not an arbitrary distribution, but is induced by integration
of a bounded function defined on ∂U .

Proposition 1 There exists a unique g ∈ L∞loc(∂U ;H d−1�∂U ) such that

〈
Tr(V, U) · n, φ〉 =

ˆ
∂U

gφH d−1, ∀φ ∈ C∞c (Rd).
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One can also define the traces of V on a oriented hypersurface of class C1, say
Σ . Indeed, choosing an open C1 domain U � U such that Σ ⊂ ∂U and the unit
outer normals agree νU = νΣ we can define

Tr−(V,Σ) · n := Tr(V, U).

Analogously, choosing an open C1 domain U ′ such that Σ ⊂ ∂U ′ and νU ′ = −νΣ
we define

Tr+(V,Σ) · n := −Tr(V, U ′) · n.

We remark that one can replace C1 regularity with Lipschitz, so that it is possible
to give the definition of normal trace of a measure divergence vector field on
countable Hd−1-rectifiable sets.

We collect here other important results on Anzellotti’s weak traces:

Proposition 2 If V is a bounded, measure divergence vector field, then:

• div V�H d−1 as measures in R
d ;

• for any oriented, C1 hypersurface Σ it holds

div V�Σ =
(
Tr+(V,Σ) · n− Tr−((V,Σ) · n)H d−1�Σ.

Finally, an interesting case is when we assume more regularity on the vector field,
for instance v ∈ BVloc(R

d ;Rd). In this situation, one has the usual definition of the
trace of v over ∂U as BV function. We recall that the trace of BV functions v for
open sets U ⊂ R

d of class C1 is a measure which is absolutely continuous w.r.t.
H d−1�∂U . We conclude this section by recalling the following chain rule for traces,
proved when v ∈ BV in [4] (see also [3] for the case of vector fields of bounded
deformation).

Theorem 4 (Change of Variables for Traces) Let U ⊂ R
d be an open domain of

class C1 and let v ∈ BVloc(R
d;Rd) and β ∈ Lip(R). Then if V = ρv is a measure

divergence vector field, then also β(ρ)v is a measure divergence vector field and,
moreover, it holds

Tr±(β(ρ)v, U) · n = β
(

Tr±(ρv, U) · n
Tr±(v, U) · n

)
Tr±(v, U) · n, H d−1 -a.e. on ∂U,

where the ratio is arbitrarily defined at points where the trace Tr(v, U) vanishes.
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3 The Construction of the Hamiltonian

In this section, we construct a suitable Lipschitz function H : R2 → R that will
be the building block of our counterexample. The construction presented in this
paragraph goes back to [1].

3.1 A Function That Does Not Have Weak Sard Property

Let (an)n∈N, (bn)n∈N be decreasing sequences of positive numbers with asymptotic
behaviour given by

an ∼ bn ∼ 1

n22n
.

Hence, the following quantities

â :=
∞∑

n=0

2n+2an, b̂ :=
∞∑

n=0

2n+1bn

are finite. Chosen a real number δ > 0, we set

c0 := δ + â, d0 := δ + b̂.

3.1.1 The Construction of the Set

We consider the set C0, which is the closed rectangle with width c0 and height d0.
Then we define C1 to be the union of four closed rectangles with sizes

c1 := c0

2
− 2a0, d1 := d0

2
− b0

like in Fig. 2.
If we iterate the above construction, we obtain a sequence of nested sets: more

precisely, if Cn is the union of 4n pairwise disjoint, closed rectangles with width cn
and height dn, then Cn+1 is the union of 4n+1 pairwise disjoint closed rectangles
with width

cn+1 := cn

2
− 2an, dn+1 := dn

2
− bn.
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a0a0 c1

b0

d1

d0
2

c0
2

Fig. 2 The sets C0 (black) and C1 (red)

It is easy to see that from this recursion we have

2ncn = c0 −
n−1∑

m=0

2m+2am ↘ δ and 2ndn = d0 −
n−1∑

m=0

2m+2bm ↘ δ

which implies that cn, dn are always strictly positive and satisfy

cn ∼ dn ∼ δ

2n
.

If C denotes the intersection of the closed sets Cn we have

L 2(C) = lim
n

L 2(Cn) = lim
n

4ndncn = δ2.

3.1.2 Construction of the Function

We now turn to the construction of a suitable sequence of Lipschitz and piecewise
smooth functions fn : R2 → R. The function f0 is defined by its level sets, drawn
in Fig. 3a.
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a0a0 c1

b0

d1

d0
2

c0
2

(a)

x2

x1

bn

dn
4

dn
2 −bn

−an an

fn = t+ sn
4

fn = t

(b)

Fig. 3 Level sets of the function f0 and estimates for |∇fn|. (a) Level sets of the function f0. (b)
Estimate of |∇fn|: the level sets of fn in the set E
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Let sn be the oscillation of the function fn on the component of Cn; it is clear
from the picture that

sn+1 = sn

4
, (25)

hence sn = 4−ns0 = 4−nd0.

3.1.3 L∞ Gradient Estimates

We can now estimate the gradient of the functions fn. It is easy to see that the
supremum of |∇fn| in the set Cn is attained in the setE defined in Fig. 3a. Choosing
the axes as in Fig. 3b we can write an explicit formula for fn; in particular, the line
that passes through the points (−an, bn) and (an,

dn
2 − bn) has equation

x2 = bn + 1

4an
(x1 + an)(dn − 4bn).

Then if we pick a τ ∈ (0, bn) we impose the similarity of the triangles, hence

τbn

bn
= x2

bn + 1
4an
(x1 + an)(dn − 4bn)

hence we get

τ = 4anx2

(dn − 4bn)x1 + andn .

Therefore, the function fn has the following explicit formula in E:

fn(x1, x2) = (1− τ)t + τ
(
t + sn

4

)
= t + sn

4
τ = t + ansnx2

(dn − 4bn)x1 + andn .

A direct computation shows that

∇fn(x) = 1

andn + (dn − 4bn)x1
(−(dn − 4bn)(fn(x)− t), ansn) .

Taking into account that x1 ≥ −an and that dn − 4bn > 0 (due to the asymptotic
behaviour) we can estimate from below the denominator:

andn + (dn − 4bn)x1 ≥ 4anbn.

On the other hand, we clearly have |fn − t | ≤ sn and thus we obtain the following
estimate:
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‖∇fn‖L∞(Cn) ≤
(dn − 4bn)sn + ansn

4anbn
= O(n42−n). (26)

Now let us define the function hn := fn − fn−1. Clearly, by definition of fn, the
support of hn lies in Cn; moreover,

‖∇hn‖∞ ≤ ‖∇fn‖L∞(Cn) + ‖∇fn−1‖L∞(Cn−1) ∼ n42−n. (27)

Since the distance of a point in Cn from R
2 \ Cn is of order cn ∼ 2−n, by the Mean

Value Theorem

‖hn‖L∞ ∼ n44−n.

For every x ∈ R
2 set

f (x) := lim
n→+∞ fn(x) = f0(x)+

∞∑

n=1

hn(x).

We sum up the properties of the function f in the following

Theorem 5 ([1, Prop. 4.7]) If C is the set above and f is the function built in the
previous sections, then:

(i) f is differentiable at every x ∈ C with ∇f (x) = 0;
(ii) L 1(f (C)) = d0;

(iii) f!(L 2�C) = mL 1�f (C), wherem = δ2/d0; in particular, f does not satisfy
the Weak Sard Property.

Proof

(i) The estimates (26) and (27) yield

‖∇f ‖L∞(Cn) = O(n42−n)

which means that the Lipschitz constant of f on each component of Cn is of
order O(n42−n); being C contained in the interior of Cn, it follows that for
every x ∈ C

lim sup
y→x

|f (x)− f (y)|
|y − x| = O(n42−n).

Letting n → +∞ we obtain the assertion, i.e. f is differentiable at x with
∇f (x) = 0.

(ii) The range f (C) is the intersection of all f (Cn), and f (Cn) agrees with fn(Cn),
and therefore it is the union of 4n pairwise disjoint, closed intervals each of
length sn (defined as the oscillation of fn in Cn). Thus from (25),
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L 1(f (C)) = lim
n

L 1(fn(Cn)) = lim
n

4nsn = d0.

(iii) We must show that the measures μ := f#(L 2�S) and λ := mL 1�f (C) are
the same. Since both μ and λ are supported on the compact set f (C), we apply
Lemma 4.6 in [1] to the partitions Fn given by the sets R′ := f (R ∩C) where
R is a component of Cn, and deduce that it suffices to prove μ(R′) = λ(R′)
for every such R′. Since C can be written as a disjoint union of 4n translated
copies of R ∩ C, we have

μ(R′) = L 2(R ∩ C) = 4−nL 2(C) = 4−nδ2.

On the other hand, as already observed, f (C) can be written as a disjoint union
of 4n translated copies of R′, and then

λ(R′) = mL 1(R′) = 4−nmL 1(f (C)) = 4−nmd0 = 4−nδ2.

3.1.4 Further Remarks on the Hamiltonian Without Weak Sard Property

The Lipschitz function constructed in (3.1) will be denoted as fc0,d0,δ , since c0, d0, δ

are free parameters in the construction. Recall also that oscfc0,d0,δ = d0 so that, up
to a translation, we can suppose directly that

fc0,d0,δ(R
2) = (0, d0).

The critical set S of fc0,d0,δ has area L 2(S) = δ2 and, as shown in Theorem 5

(fc0,d0,δ)#(L
2�C) = δ2

d0
L 1�f (C).

Therefore, we can apply Disintegration Theorem to the probability measure
1
δ2 L

2�C w.r.t. the map fc0,d0,δ . We thus write

1

δ2
L 2�C = 1

d0

ˆ
νh dh

where h "→ νh is a measurable measure-valued map, νh being a probability measure
concentrated on f−1

c0,d0,δ
(h) ∩ C for L 1-a.e. h ∈ R. We can actually say more,

characterizing completely the measure νh. In particular, we want to show that for
a.e. h the intersection

f−1
c0,d0,δ

(h) ∩ C
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is a single point. We have indeed

f−1
c0,d0,δ

(h) ∩ C =
⋂

n

(
f−1
c0,d0,δ

(h) ∩ Cn
)

and for every h it is possible to prove that f−1
c0,d0,δ

(h) ∩ Cn is a sequence of nested
intervals whose measure goes to 0 as n → +∞. For instance, if h ∈ (d0/2n, d0),
we have that

f−1(h) ∩ Cn =
(
an−1,

cn−1

2
− an−1

)
× {d0}.

The lenght of the interval is clearly cn−1
2 − 2an−1 = cn # δ · 2−n→ 0 as n→+∞.

This shows that f−1(h)∩C = {xh} for every h ∈ (0, d0) = f ([0, c0]× [0, d0]). So
νh has to be δxh . Finally notice that we can write

L 2�C =
ˆ
δxhm dh.

3.1.5 Scaling the Hamiltonian f1,1,δ

Set now H1 := f1,1,δ whose range is (0, 1). The disintegration now looks like

L 2�C = δ2
ˆ
δxh dh = |S|

ˆ
δxh dh

which will be written from now onwards as

L 2�C =
ˆ
chδxh dh,

where we have set for L 1-a.e. h the coefficient ch := |S|. The map h "→ ch is thus
constant and it simply represents the density of f!(L 2�C) along the level sets. We
will see that this map plays a significant role in the construction: we will suitably
modify it, in order to obtain a piecewise constant map which is integrable but not
square-integrable. To do this, we perform some scaling transformations: for fixed
n ∈ N and α ∈ R we first scale the domain of H1 with the following linear map:

Qn : (x, y) "→
(
x,
y

2n

)

The area of the critical set was |S| = δ2 = ´ 1
0 ch dh, while after the operation the

area becomes



Chain rule in the non steady two-dimensional setting 55

detQn · |S| = |S|
2n

hence we set

c′h :=
|S|
2n
.

Now we rescale the range (0, 1) "→ (0, 2−nα) via a map Rn,α : R → R so that if
we impose

|S|
2n
=
ˆ 2−nα

0
c′′h dh

we have to set accordingly

c′′h :=
|S|
2n

2nα = |S|
2n(1−α)

Finally, we define the translation operator Tn,α which acts both in the domain
and in the target in the following way: if a function is defined in the square [0, 1] ×[
0, 1

2n
] ⊂ R

2 with range
[
0, 1

2nα
]

then under the action of Tn,α the domain becomes
the rectangle [0, 1] × [ 1

2n ,
1

2n−1

]
while the range turns to the interval

[ 1
2nα ,

1
2nα−1

]
.

We call the resulting function Tn,α ◦Rn,α ◦Qn,α ◦H1 := Hn,α and we define now

Hα(x, y) :=
∑

n∈N
Hn,α(x, y), (x, y) ∈ D : =

⋃

n∈N

(
[0, 1] ×

[ 1

2n
,

1

2n−1

])

= [0, 1] × [0, 1].

In other words, we have “patched together” the rescaled Hamiltonians, one above
the other, with ranges that are adjacent intervals. Notice that the function is well
defined, as the domains of the different Hn,α are disjoint, so that for any (x, y) ∈ D
the sum is locally finite (actually it reduces to a single term).

3.1.6 Properties of Hα

Some remarks about the properties of Hα are now in order.

• For α > 0, the function Hα is bounded. Indeed, its range is

Hα(D) =
⋃

n∈N

[
2−nα, 2−nα+1]
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whose measure is

L 2(Hα(D)) =
∑

n

1

2nα
=: �α < +∞,

for α > 0.
• For any α ∈ R, the area of the critical set of Hα is always finite:

ˆ �α

0
c′′h dh =

∑

n

|S|
2n(1−α)

× 1

2nα
=
∑

n

|S|
2n
= |S| < +∞.

• On the contrary, we have that

ˆ �α

0
(c′′h)2 dh =

∑

n

|S|2
22n(1−α) ×

1

2nα
=
∑

n

|S|2
2n(2−α)

.

In particular, if we take α ≥ 2 we have that

ˆ �α

0
(c′′h)2 dh = +∞.

In other words, for α ≥ 2, the function h "→ c′′h belongs to L1([0, �α]) \
L2([0, �α]) (it behaves essentially like n1[0,n−2] in [0, 1]).

4 The Counterexample

We now fix α > 2 and we consider the corresponding Hamiltonian Hα constructed
in paragraph above and we set b := ∇Hα . By construction, setting σh := c′′hδxh , we
have that Hα satisfies the following

L 2 =
ˆ
R

(
1

|∇H |H
1�Eh + σh

)
dh. (28)

For typographical reasons, we will write from now onward simply ch instead of
c′′h.

By applying Lemma 8 to Hα we get at once the following

Proposition 3 The problem

{
∂tu+ div(ub) = 0

u(0, ·) = u0(·)
(29)
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is equivalent to

⎧
⎪⎪⎨

⎪⎪⎩

∂t ûh + ∂sûh + ch∂t ûL 1 ⊗ δsh = 0

û0(s) = u0h

∂s
(
ûhchL 1 ⊗ δsh

) = 0

(30)

for L 1-a.e. h.

Remark 1 Notice that, by splitting

u = m1S + u1Sc

the equation can be written as

∂t (u1Sc )+ ∂t (m1S)+ div(m1Sb)︸ ︷︷ ︸
=0

+ div(u1Scb) = 0

because b = 0 on S by construction. Hence, taking into account that b = 0 on the
critical set, Proposition 3 is actually establishing that

{
∂t (u1Sc )+ div(u1Scb) = −∂t (m1S)

u(0, ·) = u0(·)

is equivalent to

{
∂t ûh + ∂sûh + ch∂t m̂hL 1 ⊗ δsh = 0

û0(s) = u0h
for L 1-a.e. h.

Now we consider the Cauchy problem for the transport equation associated to b
with initial condition u0 := 1S :

{
∂tu+ div(ub) = 0

u(0, ·) = 1S(·)
.

We disintegrate the equation on the level sets and we obtain, denoting for typo-
graphic simplicity by vh(t, s) := ûh(t, s), we have

{
∂tvh + ∂svh = −ch∂t (vhL 1 × δsh)
vh(0, ·) = ch1{sh}(·)

.
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i.e.

{
∂t
(
vh(1+L 1 × chδsh)

)+ ∂svh = 0

vh(0, ·) = ch1{sh}(·)
, (31)

which is exactly of the form (6). Applying Lemma 2, we have that the function

vh(t, s) :=
⎧
⎨

⎩
ch1σ̂ (sh)(σ̂ (s)− t) s �= sh 
σ̂ (sh)

ch1σ̂ (sh)(ŝ − t)dŝ s = sh

is a non-stationary solution to (31). Some easy computations show that

vh(t, sh) =
 
σ̂ (sh)

1σ̂ (sh)(ŝ − t)dŝ =
1

ch

ˆ sh+ch

sh

ch1[sh,sh+ch](ŝ − t)dŝ

=
ˆ sh+ch−t

sh−t
1[sh,sh+ch](τ )dτ

=
{
ch − t t < ch

0 t > ch

In particular, we have that for a.e. h ∈ R and for every t ∈ (0, T ) it holds

∂tvh(t, sh) = −1[0,ch](t).

Hence, for this particular solution, the 1D equation on the level set Eh is explicit:

∂tvh + ∂svh = ch1[0,ch],

which can be written also in the divergence form

divt,s (vh(1, 1)) = ch1[0,ch]. (32)

From (32), we deduce immediately that, for a.e. h ∈ R, the vector field vh(1, 1)
is a bounded, divergence-measure vector field in (0, T ) × Rs . Applying Point 2 of
Proposition 2 we can write for a.e. t ∈ (0, T )

v−h (t)− v+h (t) = +ch1[0,ch](t) (33)

where v±h are the (L∞ functions representing) Anzellotti traces on the surfaceΣh :=
{s = sh}, defined as

v±h :=
Tr±
(
vh(1, 1),Σh

)

Tr±
(
(1, 1),Σh

) = Tr±
(
vh(1, 1),Σh

)
.



Chain rule in the non steady two-dimensional setting 59

We observe that by construction v−h = 0 a.e., hence (33) reduces to

−v+h = ch1[0,ch].

Taking now β(τ) = τ 2 and applying the Chain rule for Anzellotti traces (4) (being
the vector field v = (1, 1) clearly of bounded variation) we obtain that for a.e. h ∈ R

the vector field wh(1, 1) := v2
h(1, 1) is still a divergence-measure vector field and it

holds

w−h = 0, w+h = +c2
h1[0,ch],

i.e.

w−h − w+h = −c2
h1[0,ch]

so that, applying again Point 2 of Proposition 2, we can write

divt,s (wh(1, 1))�Σh = (∂t ŵ + ∂sŵ)�Σh = −c2
h1[0,ch].

which in turn can be written as (recall m̂h = chvh1sh )

∂t ŵh + ∂sŵh = −ch∂t (m̂hL 1 × δsh), for a.e. h ∈ R.

Integrating and using Remark (1), we obtain the equation satisfied by u2:

∂t (u
2)+ div(u2b) = T ,

being T the distribution defined by

T := −∂t (u21S). (34)

We conclude with the following

Proposition 4 The distribution T defined in (34) is not representable by a Radon
measure.

Proof By contradiction, assume that T is induced by some measure ξ : being the
divergence of the bounded, measure-divergence vector field w(1,b), we would
necessarily have ξ � H d . On the other hand, it is immediate to see, directly from
the construction of the Hamiltonian, that for any φ ∈ C∞c , ‖φ‖∞ ≤ 1 we have

ˆ
[0,T ]×R2

φdξ =
ˆ T

0

ˆ
S

u2φtdtdx =
ˆ
R

ˆ T

0
u(t, xh)c

2
hφt (t, xh) dt dh
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which diverges being ch /∈ L2(R). Thus

sup
{〈T , φ〉 : φ ∈ C∞c ((0, T )× R

2), ‖φ‖∞ ≤ 1
} = +∞

which shows that T cannot be a distribution of order 0, hence it is not representable
by a measure.

Acknowledgements The second author would like to thank Nikolay A. Gusev for bringing to his
attention the reference [12] and for useful discussions on the topic.
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On the Maximality of the Sum of Two
Maximal Monotone Operators

Yuqing Chen, Yeol Je Cho, and Themistocles M. Rassias

Dedicated to Haim Brezis and Louis Nirenberg in deep
admiration

1 Introduction

Maximal monotone operators play very important role in proving various existence
results for nonlinear partial differential equations, variational inequalities and
nonlinear evolution equations (see [3–9, 14]).

In this paper, let E be a real reflexive Banach space, E∗ be the dual space of E
and S : D(S) ⊆ E → 2E

∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal monotone

operators. It is well known that the sum T + S of two maximal monotone operators
need not to be maximal monotone (see [14]) and, also, we can find some well known
results on the maximality of the sum of maximal monotone operators in Brézis et
al. [5] and Rockafellar [15, 16]. For more results on the maximality of sums of two
maximal monotone mappings, see [1, 2, 10, 14, 18].

In this paper, we pose the following conditions on two maximal monotone
operators T and S:

(A) There exists x0 ∈ E such that inff∈T x(f, x − x0) is lower bounded on each
bounded subset of D(T ), i.e., for each bounded subset K ⊆ D(T ), there exists
a constant αK ∈ R such that
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(f, x − x0) ≥ αK
for all x ∈ K and f ∈ T x;

(B) There exist r > 0 and λ0 > 0 such that, if, for each y ∈ B(x0, r), g ∈ E∗,
xn ∈ D(T ) and λn ∈ (0, λ0)with g ∈ T xn+Sλnxn+Jxn for each n = 1, 2, · · · ,
{RSλnxn}∞n=1 is bounded, then we have infn≥1(Sλnxn, R

S
λn
xn − y) > −∞, i.e.,

there exists β(g, P, y) ∈ R such that

inf
n≥1
(Sλnxn, R

S
λn
xn − y) ≥ β(g, P, y),

where P = {xn : n ≥ 1}.
Under these conditions (A) and (B), we prove that S + T is maximal monotone.

We note that a special case of the assumption (B) was used in a recent paper by
Afsaw [1] to prove the maximality of the sum of two maximal monotone operators,
where he assume that, for each y ∈ B(x0, r), infg∈Sx(g, x − y) is lower bounded
on each bounded subset of D(S), where r is a constant. In Sect. 4, we show that
the assumption (B) is more flexible in applications. Further, if Ω ⊂ E is an open
bounded subset such that

Ω ∩D(T ) ∩D(S) �= ∅, 0 /∈ (T + S)(D(T ) ∩D(S) ∩ ∂Ω)

and the assumptions (A) and (B) are only satisfied onΩ∩D(T ), then we construct a
degree theory for the sum T+S of two maximal monotone operators, where this sum
may not be maximal monotone. Also, we use this degree theory to study the operator
equation 0 ∈ (T + S)x. Finally, we give some examples to show applications of our
results.

2 Maximality of the Sum of Two Maximal Monotone
Operators

In the following, let E be a real reflexive Banach spaces and E∗ be the dual
space of E. We may assume that both E and E∗ are locally uniform convex
(otherwise, there exists equivalent norms on E and E∗ such that both E and E∗ are
locally uniform convex, see [19], since renorming doesn’t change the monotonicity
(maximal monotonicity) of an operator and boundedness of subsets), so the duality
operator J : E → E∗ defined by (Jx, x) = ‖x‖2 = ‖Jx‖2 is a single-valued
continuous maximal monotone operator and is also an operator of class (S+) (see
[7, 13, 20]).

Let S : D(S) ⊆ E→ 2E
∗

be a maximal monotone operator and let

Sλx = (S−1 + λJ−1)−1x
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for any x ∈ E and λ > 0 be the Yosida approximation of S andRSλx = x−λJ−1Sλx

be the resolvent with respect to Sλ. Then it is well known that Sλ is a continuous
maximal monotone operator.

Lemma 2.1 If {λn}∞n=1 ⊂ (0,+∞) and {xn}∞n=1 are bounded, x0 ∈ D(S) and

(Sλnxn, xn − x0) ≤ L

for some L ∈ R, then {RSλnxn}∞n=1 is bounded.

Proof Since Sλnxn ∈ SRSλnxn, we have

(Sλnxn, R
S
λn
xn − x0) ≥ (f0, R

S
λn
xn − x0),

where f0 ∈ Sx0 is a fixed element. Note that

(Sλnxn, xn − x0) = (Sλnxn, xn − RSλnxn)+ (Sλnxn, RSλnxn − x0)).

So, we have

(Sλnxn, xn − RSλnxn) ≤ L+ ‖f0‖‖RSλnxn − x0‖. (2.1)

Since Sλnxn = λ−1
n J (xn − RSλnxn), it follows from (2.1) that

‖xn − RSλnxn‖2 ≤ λn(L+ ‖f0‖‖xn − RSλnxn‖). (2.2)

By the boundedness of {λn}+∞n=1, {xn}∞n=1 and (2.2), it follows that {RSλnxn}∞n=1 is
bounded. This completes the proof.

Remark 2.1 A special case of Lemma 2.1 was proved in [1] under the assumption
that λn→ 0+, where we only require that {λn}∞n=1 is bounded.

Lemma 2.2 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators and let x0 ∈ D(S) ∩ D(T ), xn ∈ D(T ), fn ∈ T xn and λn ∈
(0, λ) be such that fn + Sλnxn + Jxn = f for each n = 1, 2, · · · . Then {xn}∞n=1 is
bounded and

(Sλnxn, xn − x0) ≤ L

for some L ∈ R.
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Proof Take f0 ∈ T x0. Then, by the assumption fn + Sλnxn + Jxn = f for each
n = 1, 2, · · · , we have

(f − f0 − Sλnx0, xn − x0)

= (fn − f0, xn − x0)+ (Sλnxn − Sλnx0, xn − x0)+ (Jxn, xn − x0).

The monotonicity of T and Sλ yields

(f − f0 − Sλny0, xn − y0) ≥ (Jxn, xn − y0). (2.3)

By (2.3) and limn→∞ Sλny0 = g0 ∈ Sy0 (see [5, 14]), we deduce that {xn}∞n=1 is
bounded. Again, by the assumption fn + Sλnxn + Jxn = f for each n = 1, 2, · · · ,
we have

(f, xn − x0) = (fn + Sλnxn + Jxn, xn − x0)

and

(fn, xn − x0) ≥ (f0, xn − x0).

Therefore, we have

(Sλnxn, xn − x0) ≤ (f − f0 − Jxn, xn − x0)

for each n = 1, 2 · · · . Thus there exists L > 0 such that (Sλnxn, xn − x0) ≤ L for
each n = 1, 2, · · · . This completes the proof.

Lemma 2.3 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators such thatD(S)∩D(T ) �= ∅ and let xn ∈ D(T ), fn ∈ T xn and
λn ∈ (0, λ) be such that fn + Sλnxn + Jxn = f for each n = 1, 2, · · · . Suppose
that there exist x0 ∈ E, α ∈ R and r > 0 such that

(1) (fn, xn − x0) ≥ α;
(2) If {RSλnxn}∞n=1 is bounded and, for each y ∈ B(x0, r), there exists β(y) ∈ R

such that

(Sλnxn, R
S
λn
xn − y) ≥ β(y)

for each n = 1, 2, · · · .
Then both {xn}∞n=1 and {Sλnxn}∞n=1 are bounded.

Proof Take y0 ∈ D(T ) ∩ D(S). Then, by Lemma 2.2, {xn}+∞n=1 is bounded and
there exists L ∈ R such that (Sλnxn, xn − y0) ≤ L for each n = 1, 2, · · · . By
Lemma 2.1, we know that {RSλnxn}∞n=1 is bounded. Once again, by the assumption
fn + Sλnxn + Jxn = f for each n = 1, 2, · · · , we have
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(fn, xn − x0)+ (Sλnxn, xn − x0)+ (Jxn, xn − x0) = (f, xn − x0). (2.4)

By (2.4) and the assumption (1), it follows that there exists a constant k ∈ R such
that

(Sλnxn, xn − x0) ≤ k. (2.5)

Since

(Sλnxn, z)

= (Sλnxn, RSλnxn − x0 + z)+ (Sλnxn, xn − RSλnxn)− (Sλnxn, xn − x0)

for all z ∈ B(0, r), by the assumption (2) and (2.5), we have

(Sλnxn, z) ≥ β(x0 − z)− k (2.6)

for all z ∈ B(0, r). Note that −B(0, r) = B(0, r) and so, by (2.6), we know that
{(Sλnxn, z)}∞n=1 is bounded for each z ∈ B(0, r). By the uniform bounded principle
(see [17]), it follows that {Sλnxn}∞n=1 is bounded. This completes the proof.

The following lemma is a strong version of Theorem 2.1 in [5] and we also need
this lemma in the next section to construct a degree theory:

Lemma 2.4 If λn → 0+ as n → ∞, f ∈ E∗, {xn}∞n=1 ⊂ D(T ) is bounded,
fn ∈ T xn and {Sλnxn}∞n=1 is bounded such that

fn + Sλnxn + Jxn = f (2.7)

for each n = 1, 2, · · · , then xn→ y0 ∈ D(T )∩D(S) inE and f ∈ Ty0+Sy0+Jy0.

Proof Without loss of generality, we may assume that xn ⇀ y0 ∈ E, fn ⇀ g1 ∈ E∗
and Jxn ⇀ g2 ∈ E∗ as n→∞ and thus Sλnxn ⇀ f−g1−g2. By the monotonicity
of the operators T , Sλ and (2.7), we have

lim sup
n,m→∞

(Jxn − Jxm, xn − xm) ≤ 0. (2.8)

Since

(Jxn − Jxm, xn − xm) = ‖xn‖2 − Jxn(xm)− Jxm(xn)+ ‖xm‖2

≥ (‖xn‖ − ‖xm‖)2,

we have limn→∞ ‖xn‖ exists, which is denoted by r . Therefore, we must have

lim
n,m→∞ Jxn(xm) = r

2, lim
n,m→∞ Jxm(xn) = r

2,
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i.e., for any ε > 0, there exists N > 0 such that

|Jxn(xm)− r2| < ε (2.9)

for each n,m > N . First, letting m → ∞ and then, letting n → ∞ in (2.9), we
have g2(y0) = r2. Since

‖g2‖ ≤ lim inf
n→∞ ‖Jxn‖, ‖y0‖ ≤ lim inf

n→∞ ‖xn‖,

we must have ‖g2‖ = ‖y0‖ = r . The locally uniform convexity of E implies that
xn→ y0 and so Jxn→ Jy0 = g2. By the monotonicity of S and T , we have

(Sλnxn − g,RSλnxn − x) ≥ 0

for all x ∈ D(S), g ∈ Sx and (fn − h, xn − y) ≥ 0 for all y ∈ D(T ) and h ∈ Ty.
By letting n→∞ and noting that RSλnxn→ y0, we have

(g1 − h, y0 − y) ≥ 0

for all y ∈ D(T ), h ∈ Ty and (f − g1− Jy0− g, y0− x) ≥ 0 for all x ∈ D(S) and
g ∈ Sx. The maximality of T and S implies that

g1 ∈ Ty0, f − g1 − Jy0 ∈ Sy0,

i.e., f ∈ Sy0 + Ty0 + Jy0. This completes the proof.

Now, we give the main results in this section.

Theorem 2.1 Let S : D(S) ⊆ E → 2E
∗

and T : D(T ) ⊆ E → 2E
∗

be two
maximal monotone operators with D(S) ∩ D(T ) �= ∅. Suppose that there exist
x0 ∈ E, r > 0 and λ0 > 0 such that

(1) For each bounded subset K ⊆ D(T ), there exists a constant αK ∈ R such that

(f, x − x0) ≥ αK
for all x ∈ K and f ∈ T x;

(2) There exist r > 0 and λ0 > 0 such that, if, for each y ∈ B(x0, r), g ∈ E∗,
xn ∈ D(T ) and λn ∈ (0, λ0)with g ∈ T xn+Sλnxn+Jxn for each n = 1, 2, · · · ,
{RSλnxn}∞n=1 is bounded, then we have infn≥1(Sλnxn, R

S
λn
xn − y) > −∞, i.e.,

there exists β(g, P, y) ∈ R such that

inf
n≥1
(Sλnxn, R

S
λn
xn − y) ≥ β(g, P, y),

where P = {xn : n ≥ 1}.
Then S + T is maximal monotone.
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Proof We only need to prove that S + T + J is surjective. For any f ∈ E∗ and
λ > 0, it is well known that T + Sλ + J is surjective. Take λn → 0+, then there
exist xn ∈ D(T ) and fn ∈ T xn such that

fn + Sλnxn + Jxn = f (2.10)

for each n = 1, 2, · · · . By (2.10), Lemmas 2.2 and 2.1, {RSλnxn}∞n=1 is bounded and
so, by Lemma 2.3, we know that both {xn}∞n=1 and {Sλnxn}∞n=1 are bounded. By
Lemma 2.4, {xn}∞n=1 converges to a point y0 ∈ E∗ as n→∞ and f ∈ Sy0+Ty0+
Jy0. Thus S + T + J is surjective. Therefore, S + T is maximal monotone. This
completes the proof.

Corollary 2.1 Let S : D(S) ⊆ E → 2E
∗

and T : D(T ) ⊆ E → 2E
∗

be two
maximal monotone operators with D(S) ∩ D(T ) �= ∅. Suppose that there exist
x0 ∈ E, r > 0 and λ0 > 0 such that

(1) For each bounded subset K ⊆ D(T ), there exists a constant αK ∈ R such that

(f, x − x0) ≥ αK
for all x ∈ K and f ∈ T x;

(2) For each y ∈ B(y0, r), each bounded subset Q of D(T ) and each bounded
subset P of ∪λ∈(0,λ0)R

S
λ (Q), there exists a constant β(P,Q, y) ∈ R such that

(g, x − y) ≥ β(P,Q, y)

for all x ∈ P and g ∈ Sx.

Then T + S is maximal monotone.

Proof For any g ∈ E∗ and λn ∈ (0, λ0) with g ∈ T xn + Sλnxn + Jxn for each
n = 1, 2, · · · , Lemmas 2.2 and 2.1 imply that Q = {xn}∞n=1 ⊂ D(T ) and P =
{RSλnxn}∞n=1 ⊂ ∪λ∈(0,λ0)R

S
λ (Q) are bounded. By the assumption (2), we have

inf
n≥1
(Sλnxn, R

S
λn
xn − y) ≥ β(P,Q, y)

and so the conclusion follows from Theorem 2.1. This completes the proof.

Corollary 2.2 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators, andD(S)∩D(T ) �= ∅. Suppose that there exist x0 ∈ E, r > 0,
such that

(1) For each bounded subset K ⊆ D(T ), there exists a constant αK ∈ R such that

(f, x − x0) ≥ αK
for all x ∈ K and f ∈ T x;
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(2) For each y ∈ B(x0, r) and each bounded subset P ⊆ D(S), there exists a
constant β(P, y) ∈ R such that

(g, x − y) ≥ β(P, y)

for all x ∈ P and g ∈ Sx.

Then S + T is maximal monotone.

Proof Since ∪λ>0R
S
λ(D(T )) ⊆ D(S), the conclusion of Corollary 2.2 follows from

Corollary 2.1.

Remark 2.2 Corollary 2.2 was proved in [1].

Corollary 2.3 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators with x0 ∈ D(S) ∩ D(T ), L : E → R be a bounded function
and γ : E → R be a function. Suppose that (g, x − y) ≥ L(x) + γ (y) for all
x ∈ D(T ), g ∈ T x and y ∈ B(x0, r0), where r0 > 0 is a constant. Then S + T is
maximal monotone.

Proof Take f0 ∈ T x0, then we have (f, x−x0) ≥ (f0, x−x0) for all x ∈ D(T ) and
f ∈ T x. For any bounded subset P ⊆ D(S), set β(P, y) = infx∈P L(x)+ γ (y). It
is easy to see that the conditions of Corollary 2.2 are satisfied and so the conclusion
of Corollary 2.3 follows from Corollary 2.2.

Remark 2.3 Corollary 2.3 was proved in [11].

Corollary 2.4 Let T : D ⊆ E → 2E
∗
, S : D ⊆ E → 2E

∗
be two maximal

monotone mappings and Ω ⊂ E be an open bounded subset. Suppose that there
exist x0 ∈ D ∩Ω and r > 0 such that, for each y ∈ B(x0, r), each bounded subset
Q ⊆ D and each P ⊆ ∪0<λ<λ0R

S
λ(Q), there exists a constant β(P,Q, y) ∈ R

such that (g, x − y) ≥ β(P,Q, y) for all x ∈ P and g ∈ Sx and

0 /∈ ∪t∈[0,1][tT + (1− t)S](∂Ω ∩D).

Then deg(T ,Ω ∩D, 0) = deg(S,Ω ∩D, 0).

Proof For each t ∈ (0, 1), we have (tf, x − x0) ≥ t (f0, x − x0) for all x ∈ D, f ∈
T x, where f0 ∈ T x0 is a fixed element. For each y ∈ B(x0, r), each bounded subset
Q ⊆ D(T ) and each P ⊆ ∪0<λ<λ0R

S
λ(Q), we have

((1− t)g, x − y) ≥ (1− t)β(P,Q, y)

for all x ∈ P , g ∈ Sx and t ∈ (0, 1). By Theorem 2.1, (1 − t)S + tT is maximal
monotone for all t ∈ (0, 1). By Theorem 2.9 in [10], we have

deg(T ,Ω ∩D, 0) = deg(T ,Ω ∩D, 0).

This completes the proof.
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For homotopy properties of degree theory for monotone mappings, see [7, 10,
13, 20].

3 Degree for the Sum of Two Maximal Monotone Operators

Let T : D(T ) ⊆ E → 2E
∗
, (S : D(S) ⊆ E → 2E

∗
be two maximal monotone

operators, Ω ⊂ E be an open bounded subset with Ω ∩ D(T ) ∩ D(S) �= ∅ and
0 /∈ (T + S)(D(T ) ∩D(S) ∩ ∂Ω .

In fact, we do not have maximal monotonicity condition on T +S. In this section,
we construct a degree theory deg(T +S,Ω ∩D(T )∩D(S), 0). For this, we always
assume that there exist y0 ∈ E, r > 0 and λ0 > 0 such that

(C) There exists a constant α ∈ R such that (f, x − y0) ≥ α for all x ∈ Ω ∩D(T )
and f ∈ T x;

(D) For each y ∈ B(y0, r), there exists a constant β(y) ∈ R such that

(g, x − y) ≥ β(y)

for all x ∈ {Ω ∩D(T ) ∩D(S)} ∪ {∪λ∈(0,λ0)R
S
λ (D(T ) ∩Ω)} and g ∈ Sx.

First, we give some lemmas for the main results.

Lemma 3.1 Under the above assumptions (C) and (D), there exists ε0 > 0 such
that

0 /∈ (T + S + εJ )(D(T ) ∩D(S) ∩ ∂Ω)

for all ε ∈ (0, ε0).

Proof Suppose that there exist a sequence {εn} with εn→ 0+, xn ∈ D(T )∩D(S)∩
∂Ω , fn ∈ T xn and gn ∈ Sxn such that

fn + gn + εnJxn = 0 (3.1)

for each n = 1, 2, · · · . We may also assume that xn ⇀ x0 by taking a subsequence
{xn}. By the monotonicity of T , S and (3.1), we have

(εnJxn − εmJxm, xn − xm) ≤ 0 (3.2)

for each n = 1, 2, · · · . By letting m→∞ in (3.2), we have (εnJxn, xn − x0) ≤ 0
for each n = 1, 2, · · · . Since J is a mapping of class (S+), we have xn→ x0 ∈ ∂Ω .
Again, by (3.1), we have

(fn, xn − y)+ (gn, xn − y)+ εn(Jxn, xn − y) = 0 (3.3)
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for each n = 1, 2, · · · . Set y = y0−z for any z ∈ B(0, r0) and using the assumptions
(C) and (D), it follows from (3.3) that

(fn, z) ≤ −α − β(y0 − z)+ εn‖xn‖‖xn − y0 + z‖

for each n = 1, 2, · · · . Note that −B(0, r0) = B(0, r)) and so we know that
{(fn, z)}∞n=1 is bounded for all z ∈ B(0, r0). Therefore, it follows from the uniform
bounded principle that {fn}∞n=1 is bounded and so {gn}∞n=1 is also bounded. We may
assume that fn ⇀ f0 and so gn ⇀ −f0. By using the maximality of T and S,
it is easy to check that x0 ∈ D(T ) ∩ D(S), f0 ∈ D(T ) and −f0 ∈ Sx0 and so
0 ∈ T x0 + Sx0, which is a contradiction. This completes the proof.

Lemma 3.2 For each ε ∈ (0, ε0), where ε0 is as in Lemma 3.1, there exists λ0 > 0
such that

0 /∈ (T + Sλ + εJ )(D(T ) ∩ ∂Ω)

for all λ ∈ (0, λ0).

Proof Suppose that there exist λn→ 0+, xn ∈ D(T )∩ ∂Ω and fn ∈ T xn such that

fn + Sλnxn + εJxn = 0 (3.4)

for each n = 1, 2, · · · . By using the same proof as in Lemma 2.3, we know that
{Sλnxn}∞n=1 is bounded. By Lemma 2.4, we know that {xn}∞n=1 converges to a point
x0 ∈ ∂Ω as n→∞ and so 0 ∈ T x0+Sx0, which is a contradiction. This completes
the proof.

Lemma 3.3 For any λ1, λ2 > 0, {Ttλ1+(1−t)λ2 + εJ }t∈[0,1] is a homotopy of
mappings of class (S+).

Proof Suppose that xn ⇀ x0 ∈ E, tn→ t0 and

lim sup
n→∞

(Stnλ1+(1−tn)λ2xn + εJxn, xn − x0) ≤ 0.

By the monotonicity of Sλ, we have

(Stnλ1+(1−tn)λ2xn − (Stnλ1+(1−tn)λ2x0, xn − x0) ≥ 0

and, by Lemma 2.7 in [10], it follows that

lim
n→∞ Stnλ1+(1−tn)λ2x0 = St0λ1+(1−t0)λ2x0

and so

lim sup
n→∞

(εJxn, xn − x0) ≤ 0.
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Thus xn → x0 and Stnλ1+(1−tn)λ2xn + εJxn → St0λ1+(1−t0)λ2x0 + εJx0. This
completes the proof.

Since Sλ + εJ is a mapping of class (S+) for each λ > 0 and ε > 0, under the
above assumptions, by Lemma 3.2 and [7] (see also [14]), we know that

deg(T + Sλ + εJ,Ω ∩D(T ), 0)

is well defined for any λ ∈ (0, λ0(ε)) and ε ∈ (0, ε0) and we define

deg(T + S + εJ,D(T )∩D(S) ∩Ω, 0) = lim
λ→0+

deg(T + Sλ + εJ,D(T ) ∩Ω, 0).

(3.5)
By Lemma 3.3, we know that deg(T + Sλ + εJ,Ω ∩D(T ), 0) does not depend on
λ ∈ (0, λ0(ε)) and so deg(T + S + εJ,D(T ) ∩D(S) ∩Ω, 0) is well defined.

Finally, we define

deg(T +S,D(T )∩D(S)∩Ω, 0) = lim
ε→0+

deg(T +S+ εJ,D(T )∩D(S)∩Ω, 0).

(3.6)
Now, we need to check that (3.6) is well defined. To do this, we need the

following:

Lemma 3.4 For any εi ∈ (0, ε0), i = 1, 2, there exists η > 0 such that

0 /∈ ∪t∈[0,1][T + Sλ + tε1J + (1− t)ε2J ](D(T ) ∩ ∂Ω)

for all λ ∈ (0, η).
Proof Suppose that the conclusion is not true. Then there exist a sequence {λn}∞n=1
with λn→ 0+, xn ∈ D(T ) ∩ ∂Ω , fn ∈ T xn and tn ∈ [0, 1] such that

fn + Sλnxn + [ε1tn + (1− tn)ε2]Jxn = 0

for each n = 1, 2, · · · . For simplicity, we denote by εn = tnε1 + (1 − tn)ε2. From
the same reasoning as in Lemma 2.3, it follows that {Sλnxn}∞n=1 is bounded and so
{fn}∞n=1 is also bounded. We may assume that tn → t0, xn ⇀ x0, fn ⇀ g0 ∈ E∗
and Jxn ⇀ g1 ∈ E∗ and so

Sλnxn ⇀ −g0 − [t0ε1 + (1− t0)ε2]g1.

Since

(fn−fm, xn−xm)+ (Sλnxn−Sλmxm, xn−xm)+ (εnJxn− εmJxm, xn−xm) = 0,

for each n = 1, 2 · · · , by using the monotonicity of T and S, we have

lim sup
n,m→∞

(εnJxn − εmJxm, xn − xm) ≤ 0. (3.7)
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Note that εn→ t0ε1 + (1− t2)ε2 ∈ (0, ε0) as n→∞, it follows from (3.7) that

lim sup
n,m→∞

(Jxn − Jxm, xn − xm) = 0.

The same proof as in Lemma 2.4, we have xn→ x0 ∈ ∂Ω and so Jxn→ Jx0.
Finally, by using the monotonicity of T and S, we have (fn − f, xn − x) ≥ 0 for

all x ∈ D(T ), f ∈ T x and

(Sλnxn − g,Rλnxn − y) ≥ 0

for all y ∈ D(S) and g ∈ Sy. By letting n→∞ and using the maximality of T and
S, we have

x0 ∈ D(T ) ∩D(S), g0 ∈ T x0, −g0 − [t0ε1 + (1− t0)ε2]Jx0 ∈ Sx0,

i.e., 0 ∈ T x0+Sx0+[t0ε1+ (1− t0)ε2]Jx0, which is a contradiction to Lemma 3.1.
This completes the proof.

Lemma 3.5 {Sλ + tε1J + (1 − t)ε2J }t∈[0,1] is a homotopy of mappings of class
(S+).

Proof The proof is straightforward, so that we omit the details.

By Lemmas 3.4, 3.5 and [10] (see also Theorem 6.3.2 in [13]), we know

deg(T + Sλ + ε1J,D(T ) ∩Ω, 0) = deg(T + Sλ + ε2J,D(T ) ∩Ω, 0)

for all λ ∈ (0, η) and so

deg(T + S + ε1J,D(T )∩D(S)∩Ω, 0) = deg(T + S + ε2J,D(T )∩D(S)∩Ω)

for and εi ∈ (0, ε0), i = 1, 2. Thus (3.6) is well defined.

Theorem 3.1 If deg(T + S,D(T ) ∩D(S) ∩Ω, 0) �= 0, then 0 ∈ (T + S)x has a
solution in D(T ) ∩D(S) ∩Ω .

Proof Since deg(T + S,D(T ) ∩D(S) ∩Ω, 0) �= 0, we have

deg(T + S + εJ,D(T ) ∩D(S) ∩Ω, 0) �= 0

for all ε ∈ (0, ε0). By (3.5), we have deg(T + Sλ + εJ,D(T ) ∩Ω, 0) �= 0 for all
λ ∈ (0, λ0(ε)) and so 0 ∈ (T+Sλ+εJ )x has a solution inD(T )∩Ω . Take λn→ 0+,
then there exist xn ∈ Ω ∩ D(T ) and fn ∈ T xn such that fn + Sλnxn + εJxn = 0
and so

(fn, xn − y)+ (Sλnxn, xn − y)+ ε(Jxn, xn − y) = 0
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for all y ∈ B(y0, r0) and n = 1, 2, · · · . By using the assumptions (C) and (D), we
know that {Sλnxn}∞n=1 is bounded. By Lemma 2.4, we may assume that xn → zε
and 0 ∈ (T + S + εJ )xε.

Now, we take εj → 0+, then there exist xj ∈ D(T ) ∩ D(S) ∩ Ω , xj ⇀ z0,
fj ∈ T xj and gj ∈ Sxj such that

fj + gj + εjJxj = 0 (3.8)

for each j = 1, 2, · · · . By (3.8) and the monotonicity of T and S, we have

(εiJ xi − εjJxi − xj ) ≤ 0 (3.9)

for each i, j = 1, 2, · · · . The same reason as in (3.2), we have xi → x0 ∈ Ω as
i →∞.

Again, by (3.8), we have

(fj , xj − y)+ (gj , xj − y)+ εj (Jxj , xj − y) = 0

for all y ∈ B(y0, r0) and j = 1, 2, · · · . By using the assumptions (C) and (D), we
have

(fj , z) ≥ −α − β(y0 − z)− εj‖xj‖‖xj − y0 − z‖

for all z ∈ B(0, r) and the symmetry of B(0, r) implies that {(fj , z)}∞j=1 is bounded
for each z ∈ B(0, r). By using the uniform bounded principle, {fj }∞j=1 is bounded
and so {gj }∞j=1 is bounded. We may assume that fj ⇀ f0 by taking a subsequence
{jj } and so gj ⇀ −f0. The maximal monotonicity of T and S imply that f0 ∈ T x0
and −f0 ∈ Sx0, which yields 0 ∈ (T + S)x0. Obviously, x0 �∈ ∂Ω and so x0 ∈
D(T ) ∩D(S) ∩Ω . This completes the proof.

Theorem 3.2 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators and Ω ⊂ E be an open bounded subset with 0 ∈ Ω ∩D(S) ∩
D(T ). Suppose that the assumptions (C) and (D) hold, 0 /∈ (S + T )(∂Ω) and

(f, x) ≥ 0

for all x ∈ D(S) ∩D(T ) ∩ ∂Ω and f ∈ Sx + T x. Then

deg(S + T ,D(S) ∩D(T ) ∩Ω, 0) = 1.

Proof For any ε > 0, it is easy to see that (tf + εJx, x) > 0 for all x ∈ D(S) ∩
D(T ) ∩ ∂Ω , f ∈ Sx + T x and t ∈ [0, 1] and so

0 /∈ [t (S + T )+ εJ ](D(S) ∩D(T ) ∩ ∂Ω

for all t ∈ [0, 1].
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Next, we prove that there exists λ0 > 0 such that

0 /∈ [tSλ + tT + εJ ](∂Ω ∩D(T )) (3.10)

for all t ∈ [0.1] and λ ∈ (0, λ0). If this is not true, then there exist a sequence
{tn}∞n=1 with tn→ t0, xn ∈ ∂Ω with xn ⇀ x0, λn→ 0+ and gn ∈ T xn such that

tnSλn + tngn + εJxn = 0 (3.11)

for each n = 1, 2 · · · .
Case (1) t0 = 0: Since {Sλnxn}∞n=1 converges as n → ∞ (see [5] or [14]) and
tng→ 0 for all g ∈ T 0, we have

lim inf
n→∞ tn(Sλnxn, xn) ≥ 0, lim inf

n→∞ tn(gn, xn) ≥ 0

for all gn ∈ T xn. Therefore, we have

lim sup
n→∞

(Jxn, xn) ≤ 0

and so xn→ 0 ∈ ∂Ω , which is a contradiction to 0 ∈ Ω .

Case (2) t0 �= 0: We have

(tn(Sλnxn, xn − y)+ (tngn, xn − y)+ ε(Jxn, xn − y) = 0

for all y ∈ B(y0, r0) and n = 1, 2, · · · . By using the assumptions (C) and (D) and
the same reasoning as in Lemma 2.3, it follows that {Sλnxn}+∞n=1 is bounded and so
{gn}∞n=1 is bounded. Without loss of generality, we may assume that gn ⇀ g0 ∈ E∗
and Sλnxn ⇀ f0 ∈ E∗ as n→∞.

Now, we claim that

lim inf
n→∞ (Sλnxn, xn − x0) ≥ 0, lim inf

n→∞ (gn, xn − x0) ≥ 0. (3.12)

Otherwise, we have

lim
k→∞(Sλnk xnk , xnk − x0) < 0 (3.13)

and

lim
k→∞(gnkxnk , xnk − x0) < 0. (3.14)

By the monotonicity of S and T , we have

(Sλnk xnk − f,RSλnk xnk − x) ≥ 0 (3.15)
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for all x ∈ D(S) and f ∈ Sx and

(gnk − g, xnk − y) ≥ 0 (3.16)

for all y ∈ D(T ) and g ∈ Ty. From (3.13)–(3.16) and xn − RSλnxn → 0, it follows
that

(f0 − f, x0 − x) ≥ 0

for all x ∈ D(S), f ∈ Sx and (g0 − g, x0 − y) ≥ 0 for all y ∈ D(S) and g ∈ Ty.
The maximality of S and T implies that x0 ∈ D(S)∩D(T ), f0 ∈ Sx0 and g0 ∈ T x0
and so

lim inf
k→∞ (Sλnk xnk , xnk − x0) ≥ 0, lim inf

k→∞ (gnk , xnk − x0) ≥ 0,

which are contradictions to (3.13) and (3.14), respectively, and so our claim is true.
By (3.11) and (3.12), we have limn→∞(εJxn, xn − x0) ≤ 0. Since J is a mapping
of class (S+), xn → x0 ∈ ∂Ω and Jxn → Jx0. Consequently, x0 ∈ D(S) ∩D(T ),
f0 ∈ Sx0, g0 ∈ T x0 and 0 ∈ t0(S + T )+ εJx0, which is a contradiction. So, (3.10)
is true.

Finally, for each λ ∈ (0, λ0), we claim that there exists η0 > 0 such that

0 �= t (Sλ + Tη)x + εJx (3.17)

for all t ∈ [0, 1], x ∈ ∂Ω and η ∈ (0, η0). If this is not true, then there exist
ηj → 0, tj → t0, xj ∈ ∂Ω and xj ⇀ x0 such that tj Tηj xj + tj Sλxj + εJxj = 0
for each j = 1, 2, · · · . If t0 = 0, then tj Tηj 0→ 0 and tj Sλxj → 0 and so we have
xj → 0 ∈ ∂Ω , which is a contradiction. Therefore, since t0 �= 0 and {Tηj xj }∞j=1 is
bounded, we may assume that Tηj xj ⇀ g0 by taking a subsequence.

Now, we prove that lim infj→∞(Tηj xj , xj − x0) ≥ 0. Otherwise, we have

lim sup
k→∞

(Tηjk
xjk , xjk − x0) < 0, (3.18)

i.e., lim supk→∞(Tηjk xjk , xjk ) < (g0, x0). By the monotonicity of T , we have

(Tηjk
xjk − g,RTηjk xjk − x) ≥ 0

for all x ∈ D(T ) and g ∈ T x and RTηjk
xjk − xjk → 0 and so we have (g0 − g, x0 −

x) ≥ 0 for all x ∈ D(T ) and g ∈ T x. The maximal monotonicity of T implies that
x0 ∈ D(T ) and g0 ∈ T x0 and so

lim inf
k→∞ (Tηjk

xjk , xjk − x0) ≥ 0,
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which contradicts (3.18). Thus we have lim infj→∞(Tηj xj , xj − x0) ≥ 0 and so the
monotonicity of Sλ implies that limj→∞(εJxj , xj−x0) ≤ 0 and so xj → x0 ∈ ∂Ω .
Consequently, Jxj → Jx0, Sλxj → Sλx0 and Tηj xj → −Sλx0 − t−1

0 Jx0 ∈
T x0, which is a contradiction to (3.10). Hence (3.17) is true. It is easy to see that
{t (Sλ + Tη)+ εJ }t∈[0,1] is a homotopy mappings of class (S+) and so we have

deg(Sλ + Tη + εJ,Ω, 0) = deg(εJ,Ω, 0) = 1

for all η ∈ (0, η0). Therefore, deg(Sλ+T+εJ,D(T )∩Ω, 0) = 1 for all λ ∈ (0, λ0).
By (3.5), we have

deg(S + T + εJ,D(S) ∩D(T ) ∩Ω, 0) = 1

for all ε > 0 and so (3.6) yields the conclusion of Theorem 3.2. This completes the
proof.

Corollary 3.2 Let S : D(S) ⊆ E → 2E
∗
, T : D(T ) ⊆ E → 2E

∗
be two maximal

monotone operators and Ω ⊂ E be an open bounded subset with 0 ∈ Ω ∩D(S) ∩
D(T ). Suppose that the assumptions (C) and (D) hold and

(f, x) ≥ 0, for all x ∈ D(S) ∩D(T ) ∩ ∂Ω, f ∈ (T + S)x.

Then 0 ∈ (T + S)x has a solution in D(T ) ∩D(S) ∩Ω .

Proof Set Tε = T + εJ , then it is easy to see that Tε satisfies the assumption (3)
and we have

(f, x) > 0

for all x ∈ D(T ) ∩D(S) ∩ ∂Ω and f ∈ (Tε + S)x. By Theorem 3.2, we have

deg(Tε + S,D(T ) ∩D(S) ∩Ω, 0) = 1

and, by Theorem 3.1, 0 ∈ (T + S + εJ )x has a solution inD(T )∩D(S)∩Ω . Take
εn → 0+, then there exist xn ∈ D(T ) ∩ D(S) ∩Ω , fn ∈ T xn and gn ∈ Sxn such
that

fn + gn + εnJxn = 0

for each n = 1, 2, · · · . By using the same proof as in Lemma 3.1, we know that {xn}
converges to a point x0 ∈ D(T ) ∩ D(S) ∩Ω as n→ ∞ and 0 ∈ (T + S)x0. This
completes the proof.

When S = 0 in Corollary 3.2, we have the following:
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Corollary 3.3 Let T : D(T ) ⊆ E → 2E
∗

be a maximal monotone operator and
Ω ⊂ E be an open bounded subset with 0 ∈ Ω ∩ ∩D(T ). Suppose that

(f, x) ≥ 0

for all x ∈ D(T ) ∩ ∂Ω and f ∈ T x. Then 0 ∈ T x has a solution in D(T ) ∩Ω .

Remark 3.1 The assumption (D) in this section can be weaken to the following
assumptions:

(4A) There exists e0 > 0 such that, if, for xn ∈ D(T )∩D(S)∩Ω and εn ∈ (0, e0)

with fn+gn+εnJxn = 0, where fn ∈ T xn and gn ∈ Sxn for each n = 1, 2, · · · ,
then we have

inf
n≥1
(gn, xn − y) > −∞

for all y ∈ B(y0, r);
(4B) There exists e0 > 0 such that, if, for xn ∈ D(T ) ∩ Ω , ε ∈ (0, e0), λn ∈
(0, λ0) with fn+ Sλnxn+ εJxn = 0, where fn ∈ T xn for each n = 1, 2, · · · and
{Rsλnxn}∞n=1 is bounded, then we have

inf
n≥1
(Sλnxn, Rλnxn − y) > −∞

for all y ∈ B(y0, r).

4 Examples

In this section, we give some examples to illustrate the main results in this paper.

Example 4.1 Let Ω ⊂ R
N be an open bounded subset with smooth boundary and

bi : R → R be differentiable functions for each i = 1, 2, · · · , N . Suppose the
following conditions are satisfied:

(1) ΣN
i=1[bi(xi)− bi(yi)](xi − yi) ≥ 0, where x = (xi), y = (yi) ∈ R

N ;
(2) |bi(t)| ≤ β|t | + δ for all t ∈ R and i = 1, 2, · · · , N , where δ, β > 0 are

constants;
(3) ΣN

i=1bi(xi)xi ≥ α‖x‖2 − γ for all x = (xi) ∈ R
N , where α > 0, γ > 0.

Assume that V : Ω → R satisfying V (x) ≥ 0 for a.e. x ∈ Ω and V (·) ∈ Lp(Ω)
with p ≥ 2 and p > N and f (·) ∈ L2(Ω). Consider the following equation:

{
−ΣN

i=1Di[bi((Diu)] + V (x)u(x) = f (x), a.e. x ∈ Ω,
u(x) = 0, a.e. x ∈ ∂Ω. (E4.1)
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Let A : H 1
0 (Ω)→ (H 1

0 (Ω))
∗ be an operator defined as follows:

(Au, v) =
ˆ
Ω

[ΣN
i=1bi(Diu)Div]dx

for all u, v ∈ H 1
0 (Ω). Then we have the following:

(a) ‖Au‖ ≤ β
√´

Ω
(ΣN

i=1|Diu|2)dx + δ
√
mes(Ω) for all u ∈ H 1

0 (Ω);

(b) (Au− Av, u− v) ≥ 0 for t ∈ R and u, v ∈ H 1
0 (Ω) and A is hemi-continuous

and monotone and so it is maximal monotone;
(c) (Au, u) ≥ α‖u‖2

H 1
0 (Ω)
− γmes(Ω).

Let T : D(T ) ⊂ H 1
0 → L2(Ω) be an operator defined by

D(T ) = {u ∈ H 1
0 (Ω) : Au ∈ L2(Ω)}

and T u = Au for u ∈ D(T ). Then T : D(T ) ⊂ L2(Ω) → L2(Ω) is obviously
maximal monotone. Set Su = V u for u ∈ D(S) = {u ∈ L2(Ω) : V u ∈ L2(Ω)},
then it is well known that S is maximal monotone (see [5]).

For each u ∈ H 1(Ω), since p > N and 2
p
+ 1

q
= 1, by Sobolev’s theorem,

H 1(Ω) ⊂ L2q(Ω) and we have

‖Su‖ ≤
(ˆ

Ω

V 2u2dx
) 1

2 ≤ ‖V ‖Lp(Ω)‖u‖L2q (Ω) ≤ k‖V ‖Lp(Ω)‖u‖H 1(Ω)

for some k > 0. Therefore, we have

(Su, u− y) ≥ −(Su, y) ≥ −k‖V ‖Lp(Ω)‖u‖H 1(Ω)‖y‖L2(Ω) (4.1)

for all u ∈ H 1(Ω), y ∈ L2(Ω). For each u ∈ D(T ), we have RSλ(u) ∈ H 1
0 (Ω)

since RSλ is Lipschitz for all λ > 0.
If un ∈ D(T ), λn ∈ (0, λ0) and T un + Sλnun + un = v ∈ L2(Ω) for each

n = 1, 2, · · · , then, by (c), {un}∞n=1 is bounded in H 1
0 (Ω) and so (4.1) imply that

the assumptions (1) and (2) in Theorem 2.1 are satisfied by taking x0 = 0 and any
ball B(0, r) in L2(Ω) with r > 0 and so T + S is maximal monotone.

Note that it is impossible to check that the assumption (2) in Corollary 2.2 is
satisfied. By [3], we know that

⎧
⎪⎪⎨

⎪⎪⎩

∂u
∂t
= ΣN

i=1Di[bi(Diu(t, x))] − v(x)u(t, x), (t, x) ∈ (0,+∞)×Ω,
u(t, x) = 0, (t, x) ∈ (0,+∞)× ∂Ω,
u(0, x) = u0(x) ∈ H 1

0 ∩D(T )
(E4.2)
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has a unique solution u(t, x) ∈ C((0,+∞);L2(Ω)) such that u(t, x) ∈ H 1
0 (Ω) ∩

D(T ) for each fixed t ≥ 0 and ∂u
∂t
∈ L∞((0,+∞);L2(Ω)). By (c) and (Su, u) ≥ 0

for all u ∈ D(S), T + S is coercive and so the Eq. (E4.1) has a generalized solution
u ∈ H 1

0 (Ω) ∩D(T ) for all f ∈ L2(Ω).
One can easily see that the solution of the Eq. (E4.1) is unique if V (x) > 0 for

a.e. x ∈ Ω .

Example 4.2 Let H be a real separable Hilbert space and φ : D(φ) ⊆ H →
(0,+∞] be a proper lower semi-continuous even function, where D(φ) = −D(φ),
B : D(B) ⊆ H → 2H be an odd maximal monotone operator with D(B) =
−D(B) and f (·) ∈ L2([0, T ];H). Consider the following equation:

{
x′(t) ∈ −∂φ(x(t))− Bx(t)+ f (t), a.e. t ∈ (0, T ),
x(0) = −x(T ). (E4.3)

Assume that 0 ∈ D(∂φ) ∩D(B) and

‖y‖ ≤ L‖x‖ + α

for all x ∈ D(B) and y ∈ Bx, where L, α > 0 are constants and LT
2 < 1.

Let A : D(A) ⊂ L2([0, T ];H) → L2([0, T ];H) be an operator defined as
follows:

Ax(t) = x′(t) (4.2)

for all x(·) ∈ D(A), where

L2([0, T ];H) =
{
h(t) : [0, T ] → H is measurable,

ˆ T

0
‖h(t)‖2dt <∞

}

and

D(A) = {x(t) : [0, T ]→H is continuous with x(0)=−x(T ),
x′(·) ∈ L2([0, T ];H)}.

The norms in L2([0, T ];H) and D(A) are denoted by

‖h(·)‖L2 =
√ˆ T

0
‖h(t)‖2dt

and

‖x(·)‖∞ = max
t∈[0,T ] ‖x(t)‖,
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respectively. Then it is easy to see that

‖x(·)‖∞ ≤ 1

2

√
T ‖x′(·)‖L2 (4.3)

for all x(·) ∈ D(A). We have

(Ax(·), x(·)) =
ˆ T

0
(x′(t), x(t))dt = 0

for all x(·) ∈ D(A) and so A is monotone and, for all g(·) ∈ L2([0, T ];H), the
equation

{
x′(t)+ x(t) = g(t), a.e. t ∈ (0, T ),
x(0) = −x(T ) (E4.4)

has a unique solution

x(t) = − e
−(t+T )

1+ e−T
ˆ T

0
esg(s)ds + e−t

ˆ t

0
esg(s)ds

and so A : D(A) ⊂ L2([0, T ];H)→ L2([0, T ];H) is maximal monotone.
Next, we define an operator K : D(K) ⊂ L2([0, T ];H)→ L2([0, T ];H) by

Kx(t) = {k(·) ∈ L2([0; T ];H) : k(t) ∈ ∂φ(x(t)), a.e. t ∈ [0, T ]},

where D(K) = {x(·) ∈ L2([0, T ];H) such that x(t) ∈ D(∂φ) a.e. t ∈ [0, T ]}. It is
known that K is maximal monotone and A + Kλ is maximal monotone for λ > 0.
We also have

(Ax(·),Kλx(·)) =
ˆ T

0
x′(t)(∂φ)λx(t)dt = 0

for all x(·) ∈ D(A) and λ > 0.
Also, we define an operator S : D(S)→ L2([0, T ];H) by

Sx(t) = {b(t) : b(t) ∈ L2([0, T ];H) and b(t) ∈ Bx(t), a.e. t ∈ [0, T ]},
where

D(S) = {x(·) ∈ L2([0, T ];H) such that x(t) ∈ D(B), a.e. t ∈ [0, T ]}.
Then S is maximal monotone and, by (4.2), we have

(b(·), x(·)− y(·)) ≥ −3L

2
‖x(·)‖2

L2 − α
√
T ‖x(·)‖L2 − L

2
‖y(·)‖2

L2

−α√T ‖y(·)‖L2
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for all x(·) ∈ D(S), b(·) ∈ Sx(·) and y(·) ∈ L2([0, T ];H) and so, by Corollary 2.3,
A+Kλ+S is maximal monotone for all λ > 0. Thus A+Kλ+S+ εI is surjective
for all λ > 0 and ε > 0, i.e., the equation

{
x′(t)+ (∂φ)λx(t)+ Sx(t)+ εx(t) ( f (t), a.e. t ∈ (0, T ),
x(0) = −x(T ) (E4.5)

has a solution for all ε > 0, λ > 0.
For any fixed λ > 0, take εn → 0+, then there exist xn(·) ∈ D(A) ∩ D(S) and

fn(·) ∈ Sxn(·) such that

x′n(t)+ (∂φ)λxn(t)+ fn(t)+ εnxn(t) = f (t) (4.4)

for a.e. t ∈ (0, T ) and n = 1, 2, · · · . Both sides of (4.4) take inner products with
x′n(t) and integrate over [0, T ], we have

ˆ T

0
‖x′n(s)‖2ds +

ˆ T

0
(fn(s), x

′
n(s))ds =

ˆ T

0
(f (s), x′n(s))ds,

which, together with (4.2) and (4.3), yields

‖x′n(·)‖ ≤
(

1− LT
2

)−1‖f (·)‖L2 + α
√
T

and

‖xn(·)‖∞ ≤
√
T

2

(
1− LT

2

)−1‖f (·)‖L2 + αT
2
.

Therefore, ‖fn(t)‖ ≤ L‖xn(·)‖∞ + α for a.e. t ∈ [0, T ] and so {∂φλxn(·)}∞n=1 is
bounded in L2([0, T ];H).

We may assume that x′n(·) ⇀ y(·), (∂φ)λxn(·) ⇀ g1(·), fn(·) ⇀ g(·) and
xn(·) ⇀ x(·) by taking subsequences in L2([0, T ];H). By (4.4), we have

ˆ T

0
(x′n(t)− x′m(t)+ (∂φ)λxn(t)− (∂φ)λxm(t), xn(t)− xm(t))dt

+
ˆ T

0
(fn(t)− fm(t)+ εnxn(t)− εmxm(t), xn(t)− xm(t))dt

= 0.

The monotonicity of A, Kλ and S imply that

ˆ T

0
(εnxn(t)− εmxm(t), xn(t)− xm(t))dt ≤ 0.
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The same reason as in (3.2), we have xn(·) → x(·) in L2([0, T ];H) and so, from
the monotonicity of A, Kλ and S,

lim
n,m→∞

ˆ T

0
(x′n(t)− x′m(t), xn(t)− xm(t))dt = 0,

lim
n,m→∞

ˆ T

0
((∂φ)λxn(t)− (∂φ)λxm(t), xn(t)− xm(t))dt = 0

and

lim
n,m→∞

ˆ T

0
(fn(t)− fm(t), xn(t)− xm(t))dt = 0.

By the maximality of A, Kλ, S and Lemma 1.2 in [5], we have

y(·) = Ax(·), g1(·) = (∂φ)λx(·), g(·) ∈ Sx(·), y(·)+ g1(·)+ g(·) = f (·),

i.e.,

{
x′(t)+ (∂φ)λx(t)+ g(t) = f (t), a.e. t ∈ (0, T ),
x(0) = −x(T ). (E4.6)

Now, take λn → 0+ and let yn(·) be a solution of the Eq. (E4.6), then, from the
same reason as before, we know that y′n(·), yn(·), (∂φ)λnyn(·) and gn(·) ∈ Syn(·)
satisfying (E4.6) are bounded in L2([0, T ];H). Assume that yn(·) ⇀ y(·), y′n(·) ⇀
z(·), (∂φ)λnyn(·) ⇀ h1(·) and gn(·) ⇀ h2(·) in L2([0, T ];H). Again, by using the
maximal monotonicity of A, K , S and Lemma 1.2 in [5], we have

z(·) = Ay(·), h1(·) ∈ Ky(·), h2(·) ∈ Sy(·), z(·)+ h1(·)+ h2(·) = f (·),

i.e., y(·) is a solution of the Eq. (E4.3).

Remark 4.1 When B = 0, we have the result of Okochi [12].
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Analysis and Simulation of a Model
of Phosphorus Uptake by Plant Roots

Myriam Comte

1 Introduction

Among mineral nutrients, nitrogen (N) and phosphorus (P) are key elements for
plant growth. However, in heavily fertilized agriculture, these nutrients can be
potentially pollutants for water resources and, in the case of P, its availability
might be limited in the future, as a non-renewable resource. As an answer to these
problems, low-input agriculture shall be devised by optimizing the use of fertilizers
(or soil natural resources) and water by plant roots in the soil. The aim of this
paper is to better understand the interactive effects between root system architecture
(geometry, growth) and P/water uptake, in relation with the soil spatial variability
of resources. This will be undertaken by numerical modeling and mathematical
optimization with different levels of details in the description of the root system.
This should result in a modeling coupling soil water/nutrient transfer and uptake by
a root system architecture, including retro-actions between aerial and subterranean
parts of the plant.

In this paper we:

• simulate water movement in soil and water uptake by plant roots, together with
the transport and uptake of nutrients,

• explicitly take into account the geometry of a root system,
• study how water and nutrient uptake is affected by the type and shape of root

systems.

M. Comte (�)
Sorbonne Université, Laboratoire Jacques-Louis Lions, LJLL, F75005 Paris, France
e-mail: myriam.comte@sorbonne-universite.fr

© Springer International Publishing AG, part of Springer Nature 2018
T. M. Rassias (ed.), Current Research in Nonlinear Analysis, Springer Optimization
and Its Applications 135, https://doi.org/10.1007/978-3-319-89800-1_4

85

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-89800-1_4&domain=pdf
mailto:myriam.comte@sorbonne-universite.fr
https://doi.org/10.1007/978-3-319-89800-1_4


86 M. Comte

In Sect. 2 we describe the mathematical analysis of a model of phosphorus
uptake by plant roots. The evolution of the concentration of P in the soil solution is
governed by a convection-diffusion equation with a nonlinear boundary condition
at the root surface, which is included as a boundary of the soil domain. A shape
optimization problem is formulated in order to find root shapes maximizing P
uptake. In Sect. 3, we use unstructured mesh adaptation and parallel computing to
develop numerical models of soil water and solute movement with root water and
nutrient uptake at the plant scale.

2 Nutrient Uptake: Problem Statement

2.1 Soil Solute Transport

The Richards equation represents commonly the movement of water in unsaturated
soils. Combining Darcy’s law

q = −K(h)∇(h+ z),

with the continuity equation [19] gives the Richards equation:

∂θ(h)

∂t
= ∇.(K(h))∇(h+ z)+ S

where

• h is the matric head,
• q is the Darcy flux,
• θ(h) is the volumetric water content,
• K(h) is the hydraulic conductivity,
• z is the elevation
• S represents sources or sinks.

The nonlinear relationships θ(h) and K(h) are given by empirical models whose
parameters depend on the soil physical properties.

Several models can be used, such as the Brooks-Corey model or the van
Genuchten model.

The evolution of the concentration c of a nutrient in the soil solution is governed
by the following mechanisms:

• diffusion of nutrient ions in the soil solution, (dominant for phosphate),
• transport of nutrients by mass flow, (dominant for nitrate)
• absorption of nutrient ions in the soil solid phase, (strong for phosphate,

negligible for nitrate).
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Active nutrient uptake and its ion-selectivity can be regarded as a kinetic process
equivalent to that described by Michaelis-Menten type kinetics, used for the
description of enzyme-catalyzed reactions [1]. Here, the Michaelis-Menten model
relates the uptake rate to the concentration in the soil solution. The uptake rate h is
related to the concentration in the soil solution and is given by

h(c) = Imc

Km + c , Im > 0 , Km > 0

where Im is the maximum uptake rate. The Michaelis constant Km is the concentra-
tion at which the uptake rate is half of Im. The Michaelis-Menten parameters Im and
Km are ion-specific and depend on several factors such as plant species and plant
age.

2.2 Root Nutrient Uptake

Let us consider a shape modeling the root surface. The exterior domain around the
root is the studied section of the soil. Let us denote by Ω ⊂ R

d(d = 2, 3) the soil
domain, delimited by the root surface and the domain boundaries. Let Γ1 be the
boundary representing the root surface and Γ2 = ∂Ω \ Γ1 (Fig. 1).

Let T > 0 be given and I = [0, T ]. The concentration of P in the soil solution c
is given by the following convection-diffusion equation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂t (θc + ϕ(c)) = ∇
(
A∇c − qc

)− R in I ×Ω,
αh(c) = −(A∇c − qc

) · n on I × Γ1

0 = (A∇c − qc
) · n on I × Γ2 = I × (∂Ω \ Γ1),

c(0, x) = c0(x) in Ω,

(1)
where

Fig. 1 Configuration of the
domain

12 GG

W
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• n is the unit outward normal to the boundary of the domain,
• c0 is the initial P concentration,
• A is the diffusion coefficient of P in soil,
• θ is the volumetric water content,
• q is the Darcy flux,
• R represent additional optional source or sink terms to the system; we will only

consider source terms, such as fertilizer application,
• α is a parameter we introduce in order to obtain sufficient regularity of the

boundary condition in the case Γ1 ∩ Γ2 �= 0: α ∈ C2(∂Ω) such that for x ∈ ∂Ω
{

0 < α(x) ≤ 1 on Γ1

α(x) = 0 on Γ2,

• ϕ is an adsorption isotherm relating the amount of adsorbed P to the equilibrium
concentration of P in solution ; an example is the Freundlich adsorption isotherm,
defined by [17]:

ϕ(c) = κ × cb for c ∈ [0,+∞[ , κ > 0 , b ∈]0, 1[,

• h is a model of enzyme kinetics, relating in this case the root uptake rate of P to
its concentration at the root surface ; an example has been given previously: the
Michaelis-Menten model.

We don’t restrict ourselves to considering explicit forms for ϕ or h: we only use
general properties of these functions.

With J.-M. Coron, S. Guerrero, and P.-H. Tournier, we prove in [2] the following
result:

Theorem 1 Let β ∈ (0, 1) .
Under suitable regularity conditions on the data and assuming c0 > 0, problem

(1) has a unique strictly positive solution in the space C1+β/2,2+β(Q).

Proof (Some Steps)

• we derive a priori estimates for positive solutions in C1,2(Q) using a comparison
principle:

0 < cmin ≤ c(t, x) ≤ cmax, (t, x) ∈ Q,

• we prove uniqueness of solution in C1,2(Q),
• we define ϕM by extending ϕ beyond arbitrary bounds M1,M2 with 0 < M1 <

M2 such that ϕM ∈ C3(R), ϕ′M ≥ 0 and ϕ′M(c) = ϕ′′M(c) = ϕ′′′M(c) = 0 for
|c| > M2 + εM ,
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• the new problem (PbM ) has a unique solution cM in the space

C1+β/2,2+β(Q),

• cM can be bounded independently of M1,M2:

0 < cmin ≤ cM(t, x) ≤ cmax, (t, x) ∈ Q,

• we choose M1,M2 such that M1 < cmin et cmax < M2. It follows that the
unique solution cM of problem (PbM ) is also a solution of the original problem
(1). Thus, using the fact that problem (1) has at most one solution in the space
C1,2(Q), we can deduce that problem (1) has a unique solution in the space
C1+β/2,2+β(Q).

2.3 Shape Optimization

Experiments have shown that the uptake of phosphorus especially for young plants
whose growth depends strongly on the uptake capacity of phosphorus, is influenced
by the structure and distribution of the root system: phosphorus uptake creates a
depletion profile in the vicinity of the surface of the root, and due to the slow
diffusion of phosphorus, a root system that explores a greater volume of soil is more
effective. In order to study this phenomenon, we consider two caricature forms of
root systems in dimension 2 of equal surface (Figs. 2, 3, 4).

We note that for short times, here t < 6 h, the differences in local and global
structures between the two forms do not influence the P uptake: the absorbed
quantities are identical with equal surface. However, for longer times, the shape
that explores a larger useful volume is becoming more and more efficient, with a
total gain of more than 8% after 6 days.

We will prove mathematically the results of this experiments. For this we use the
tools of shape optimization presented in [9, 21] and [11] in order to find root shapes
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Fig. 2 Dense root,
concentration profile after 6
days

Fig. 3 Root explorer,
concentration profile after 6
days

Fig. 4 Root explorer
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that increase the amount of absorbed P. More specifically, we want to deform Ω in
order to maximize the shape functional

J (c) =
ˆ T

0

ˆ
Γ1

αh(c),

where |Ω| = is a given constant.
We also assume that A and q are constants and we take R = 0.
Introducing a deformation field V and considering Ωs = (Id + sV)(Ω), s � 1,

we prove in [2] that the shape derivative of J at Ω in the direction V is
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Fig. 5 Snapshots of the domain and P concentration at different steps of the shape optimization
process

dJ (c,V) =
ˆ
Γ1∪Γ2

j (V · n),

where j does not depend on V.
The shape gradient

dJ (c,V) =
ˆ
Γ1∪Γ2

j (V · n)

provides a natural ascent direction V = jn. This yields

dJ (c,V) =
ˆ
Γ1∪Γ2

j2 > 0,

which ensures that J increases as the domain is iteratively deformed.
Numerical resolution of the state and adjoint equations in two spatial dimensions

is carried out using the free finite element software FreeFEM++[10], and we obtain
in [2] (Fig. 5).

3 Coupling Soil and Root Water Flow

In this section we will describe the model used in [23]. With F. Hecht and P.-H.
Tournier, we describe an adaptive finite element model of soil water and nutrient
transport with root uptake. The model aims at including local processes in the
rhizosphere at the whole root system scale by taking advantage of unstructured mesh
adaptation. The model is comparable to [5], where the root system is represented
as a tree-like network composed of cylindrical root segments and radial and axial
water flows are defined for each segment. Soil and root water flows are coupled via
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a sink term in Richards equation and the two problems are solved iteratively until
convergence at each time step. The sink terms representing root water and nutrient
uptake are built from a characteristic function of the root system, representative
of its geometry. This characteristic function is used to drive the mesh adaptation
procedure, so that the adapted mesh can accurately resolve the complex geometry
of the root system as well as small-scale phenomena in the vicinity of the roots.
Since such an approach can be computationally intensive, a parallelization technique
based on a scalable two-level Schwarz domain decomposition method is used to
solve linear systems arising from the discretization of the soil problems. Some
numerical experiments are conducted to illustrate the capabilities of the model.

3.1 Water Flow Within the Root System

We consider that the root system is composed of cylindrical root segments. The
geometry of the root system can then be represented as a series of interconnected
nodes forming a network of root segmentsΣ , each segment with its own parameters
(radius, conductivity, . . . ).

Such a representation can be generated by RootBox [14] which implements a
root growth model using L-Systems.

For a cylindrical root segment of radius r and length l and according to the Ohm’s
law analogy, the volumetric radial water flow between the soil-root interface and the
root xylem can be written as

Jr = Lrsr(hs − hr), (2)

where

• Lr is the radial conductivity of the root,
• sr = 2πrl is the root-soil interface area,
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• hs is the soil water potential at the root surface,
• hr is the water potential in the xylem.

Water moves through the root system due to the transpiration-cohesion-tension
mechanism. The longitudinal water flow in the xylem is defined as

Jx = −Kr dhr
dl
, (3)

where Kr is the xylem conductance.
The radial and longitudinal flow equations

Jr = Lrsr(hs − hr), Jx = −Kx d(hr + z)
dl

can be used to define the following water mass balance for a given root node i of
parent node p in the tree-like structure:

−Kr,i hr,p − hr,i
li

= −
∑

j∈childs(i)

(
Kr,j

hr,i − hr,j
lj

)

+ Lr,i2πrili (hs,i − hr,i)+ (hs,p − hr,p)
2

.

Here Kr,i, Lr,i , ri and li refer to the root segment (p, i) while Kr,j and lj relate to
the root segment (i, j). hs,i and hr,i are the soil water potential at root node i and
the xylem water potential at root node i respectively. We approximate the potentials
hs and hr for segment (i, p) by averaging their value at the two nodes i and p.
Parameters Lr and Kr are given for each segment and can depend on various data
such as root type and age (Fig. 6).

The xylem water potential vector (hr,i)i is then solution of a linear system, with
the right-hand side containing the soil factors hs,i .

Fig. 6 Water mass balance
for root node i

p

i

j1 j2

Jx, j1 Jx, j2

Jx,i
Jr,i
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3.2 Coupling Soil and Root Water Flow

Root water uptake is taken into account in the soil model by defining a sink term S

in the Richards equation.
The usual approach [6, 12] is to compute the sink term by summing contributions

of root segments to water uptake in each soil voxel.
Our approach aims at

• defining an accurate sink term whose shape matches the geometry of the root
system,

• resolving small-scale phenomena at the individual root level.

For this we build a characteristic function of the root system fc representative of
its geometry and use it to define the sink term as well as to guide the mesh adaptation
procedure. The function fc is constructed as follows:

• For a point x of the domain Ω the distance d from x to the root is computed:

d(x) = min
s∈Σ ds(x), (4)

with Σ the set of root segments in the tree-like network. For each root segment
s, the distance ds(x) from the point x to the segment s is easily computed using
distance from line and point routines.

• The distance function d is then used to compute the characteristic function. There
is a variety of admissible transformations that we can use, and we choose the
following:

fc(x) = fd (d(x)) = 1− tanh

(
6d(x)

ε

)
. (5)

We can take ε equal to the radius of the root.
• Consider the case of a single cylindrical root segment (i,j):

Jr = Lrsr (hs,i − hr,i)+ (hs,j − hr,j )
2

.

We build the corresponding sink term S = −λfchl , where hl linearly interpolates
hs − hr along the segment and with λ > 0 such that

ˆ
Ω

S = −Jr .
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3.3 Numerical Experiment

The algorithm we use in [23] is the following. The coupling between the root and
soil models consists in iteratively solving the two problems until convergence. Let
h
ti
s be the soil water potential distribution at time ti , hks and hkr the soil and xylem

water potentials at inner iteration k and time ti+1.

1. h0
s = htis .

2. Solve the linear system arising from the problem defined on the tree-like root
network with soil factors hks , obtain hkr .

3. Compute the sink term S using hks and hkr .
4. Solve the linearized problem corresponding to one Newton step of Richards

equation, obtain hs .
5. hk+1

s = hks+αk(hs−hks ), where 0 < αk ≤ 1 is a damping parameter that ensures
convergence of the system.

6. If ||hs − hks || > ε, go to 2 with k := k + 1.

We then use an unstructured volume mesh adaptation (see[3]). Unstructured volume
mesh adaptation is a flexible and powerful tool in the case of complex geometries.
In our case, the tetrahedral mesh is adapted to the variations of the characteristic
function fc so as to resolve the geometry accurately and capture high gradients
and small scale phenomena expected near the roots (local conductivity drop). To
summarize the mesh adaptation procedure is an iterative algorithm which consists
in

• computing the characteristic function fc on the current mesh.
• defining a nodal-based anisotropic metric tensor field based on the interpolation

error using the reconstructed Hessian of fc (mshmet, P. Frey).
• building a unit mesh for which all edges are of unit length in the prescribed

metric, using local mesh modifications and anisotropic Delaunay kernel (mmg3d,
[3, 4]).

We obtain the following result (Fig. 7).

4 Conclusion

In this work, we only considered homogeneous soils, and the model should be
extended to heterogeneous soils. Root water uptake and soil heterogeneity have
not often been considered simultaneously, although the variability of soil hydraulic
properties significantly affects flow processes and root uptake patterns as stressed
out in [13]. In addition, a number of soil processes affecting solute movement and
availability are simplified or neglected. In most plant nutrition models, chemical
interactions between dissolved elements and the soil are reduced to a buffer power
or simplified by using the Freundlich adsorption isotherm, as is the case in this work.
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root water potential hr
defined on the tree-like
root network

slice through the mesh,
showing adaptive
refinement relative to the
characteristic function fc

sink term S in the domain
supported by the
characteristic function

isosurfaces of the
characteristic function

slice of the solution hs to
Richards equation in the
soil domain

Fig. 7 Overview of the water model

The Freundlich equation is an empirical relation between the solute concentration
in the liquid phase and the amount adsorbed to soil particles and fails to account
for changes of nutrient availability arising from the range of biogeochemical and
biochemical processes that occur in the rhizosphere [8, 20]. The model also makes a
number of simplifications regarding root structure and function. Osmotic gradients
were neglected, although they can significantly affect root water up- take, especially
when considering salt accumulation at the root-soil interface caused by salt transport
towards the roots by mass flow through the soil. This salinity buildup in the
rhizosphere can lead to large osmotic gradients across the roots, effectively reducing
root water uptake. In the simulations, we also used a simplified representation of
the hydraulic architecture of the root system by considering constant radial and
axial conductivities. In reality, root conductivity is a function of root type and age
and varies along root axes. The radial conductivity is affected by the development
of apoplastic barriers [22] and by the activity of aquaporins [16], while the axial
conductivity depends on the development stage of the xylem. On a similar note, we
used a simple Michaelis-Menten model assuming that the nutrient uptake capacity is
evenly distributed over the whole root system, while there is experimental evidence
that nutrient uptake is not uniform along root axes [7].

Future root uptake models should be coupled with mechanistic surface complex-
ation models using thermodynamic and kinetic relationships in order to include
soil processes affecting sorbing surfaces [15, 18]. In particular, biogeochemical
interactions and microbial activity in the rhizosphere can have major effects on soil
properties and ultimately impact the acquisition of nutrients by plants.
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Elliptic Operators with Infinitely Many
Variables

Giuseppe Da Prato

1 Introduction

The extension of the classical theory of linear elliptic PDE’s in finite dimensions to
infinite dimensional Hilbert spaces H is a widely open field. A typical equation is
the following

λϕ − 1

2
Tr [CD2

xϕ] − 〈Ax −DxU,Dxϕ〉 = f, (1)

where λ > 0, C : H → H is a positive bounded operator, A : D(A) ⊂ H → H is
a self-adjoint negative operator, U : H → R is a potential, whereas f (given) and
ϕ (unknown) are mappings from H into R. MoreoverDx (or shortlyD) will denote
the x derivative and Tr [CD2

xϕ] the trace of the operator CD2
xϕ.

Assume for instance that there is an orthonormal basis (eh) in H and that C and
A are diagonal with respect to this basis

Aeh = −αheh, Ceh = cheh, h ∈ N,

where (αh) and (ch) are positive numbers. Setting xh = 〈x, eh〉 and denoting byDh
the partial derivative with respect to xh, Eq. (1) can be written as

λϕ − 1

2

∞∑

h=1

chD
2
hϕ +

∞∑

h=1

(αhxh +DhU(x)Dhϕ) = f. (2)
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We shall call the elliptic operator

K ϕ = 1

2
Tr [CD2

xϕ] + 〈Ax −DxU(x),Dxϕ〉 (3)

a Kolmogorov operator, recalling the seminal paper [10].
Motivations for studying the elliptic equation (1) or the corresponding parabolic

equation

Dtu = K u, u(0, ·) = u0, (4)

come from partial stochastic differential equations (SPDEs) arising in different
domains as: quantum fields theory, statistical mechanics, biology, chemistry and
mathematical finance. The SPDE corresponding to Eq. (1) is the following

dX = (AX −DU(X))dt +√C dW(t), X(0) = x (5)

where W is a cylindrical Wiener process on a given probability space (Ω,F ,P),
see e.g. [7]. The connection between (1) and (5) is formally given by

u(t, x) = E[u0(X(t, x))]. (6)

(The expectation E means integration in Ω with respect to P).
In this note we shall present a review of some recent results on existence,

uniqueness and regularity for the elliptic equation (1) in spacesL2(H,μ)where μ is
an invariant measure for K (see Sect. 3.1 below). All proofs will be only sketched
with the exception of a maximal regularity result (Theorem 25 below) whose proof
seems somewhat non satisfactory in the literature, see [7, 15].

To finish, let us note that in infinite dimensions several well established finite
dimensional techniques fail, due for instance to the lack of translation invariant and
doubling Borel measures and lack of compactness of bounded closed sets. These
difficulties prevent to study equations by using approximation by convolution with
mollifiers and localization methods based on comparison of integrals of functions
over balls with integrals over larger balls. Therefore proofs of maximal regularity
results are completely different.

2 Setting of the Problem and Preliminaries

Let us start with the heat equation in R
n

⎧
⎨

⎩

Dtu(t, x) = 1
2 Δu(t, x), (t, x) ∈ (0,+∞)× R

n

u(0, x) = f (x), x ∈ R
n,

(7)
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where f : Rn → R is continuous and bounded. It is well known that the unique
continuous solution of (7) is given by

u(t, x) = 1

(2πt)n/2

ˆ
Rn

ϕ(y)e−
|x−y|2

2t dy =
ˆ
Rn

ϕ(y)Nx,tI (dy), (8)

where Nx,tI (I is the identity operator in R
n) is the Gaussian measure in R

n,

Nx,tI (dy) = 1

(2πt)n/2
e−
|y|2
2t (dy). (9)

Let us consider a slightly more general problem

⎧
⎨

⎩

Dtu(t, x) = 1
2 Tr [CD2

xu(t, x)] + 〈Ax,Dxu(t, x)〉, (t, x) ∈ (0,+∞)× R
n

u(0, x) = f (x), x ∈ R
n,

(10)

whereA,C are n×nmatrices, with C symmetric positive definite, and f : Rn→ R

is continuous and bounded. In this case the differential operator 1
2 Tr [CD2

xϕ] is
elliptic possibly degenerate (when detC = 0.)

The solution to (10) is still explicit. As one can see by an elementary computa-
tion, it is given by

u(t, x) =
ˆ
Rn

ϕ(y)NetAx,Qt (dy), (11)

whereNetAx,Qt represents the Gaussian measure in R
n of mean etAx and covariance

operator

Qt =
ˆ t

0
esACesA

∗
ds, t ≥ 0. (12)

In particular, if det Qt > 0 we have the familiar formula

NetAx,Qt (dy) =
1√

(2πt)n detQt

e−
1
2 〈Q−1

t y,y〉 dy. (13)

Now we aim to replace R
n with an infinite dimensional separable Hilbert space

H (norm | · |, inner product 〈·, ·〉). To this purpose we have first to recall some results
on probability measures in Hilbert spaces.
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2.1 Probability Measures on Separable Hilbert Spaces

Let μ be a Borel probability measure in the Hilbert space H that we choose
possessing a finite second moment for simplicity

´
H
|x|2 dμ < ∞. Then by the

Riesz representation theorem there exist m ∈ H such that

〈m, x〉 =
ˆ
H

〈x, y〉μ(dy), ∀ x ∈ H

and a symmetric bounded operator Q ∈ L(H) such that

〈Qx, y〉 =
ˆ
H

〈x, z〉〈y, z〉μ(dz), ∀ x, y ∈ H. (14)

m is called the mean and Q the covariance of μ. Note that Q is a positive operator
because

〈Qx, x〉 =
ˆ
H

|〈x, z〉|2 μ(dz) ≥ 0, ∀ x ∈ H.

Moreover its trace is finite, in fact, for any orthonormal basis (eh) in H we have,
thanks to the monotone convergence theorem and Parseval’s identity,

TrQ =
∞∑

h=1

〈Qeh, eh〉 =
∞∑

h=1

ˆ
H

|〈z, eh〉|2 μ(dz)

=
ˆ
H

∞∑

h=1

|〈z, eh〉|2 μ(dz) =
ˆ
H

|z|2 μ(dz) <∞.

We say that Q is of trace class. We shall denote by L+2 (H) the set of all positive
bounded operators in H which are of trace class. It is not difficult to show that all
such operators are compact.

Finally, we say that a Borel probability measureμ onH is GaussianNm,Q (where
m ∈ H and Q ∈ L+2 (H)), when its Fourier transform μ̂ is given by

μ̂(h) =
ˆ
H

ei〈x,h〉Nm,Q(x) = ei〈m,h〉 e− 1
2 〈Qh,h〉, ∀ h ∈ H. (15)

Ifm = 0 we setN0,Q = NQ for short. The measureNQ is said to be non degenerate
if Ker Q = {0}.

Given a non degenerate Gaussian measure NQ, an important role is played by
the Cameron–Martin spaceQ1/2(H). One shows easily thatQ1/2(H) is dense inH
and that NQ(Q1/2(H)) = 0.
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Also of great importance is the white noise function

Q1/2(H)→ L2(H,NQ), f "→ Wf (x) = 〈Q−1/2f, x〉, x ∈ H. (16)

In view of (14), we have

ˆ
H

Wf Wg dNQ =
ˆ
H

〈Q−1/2f, x〉 〈Q−1/2g, x〉NQ(dx)

= 〈f, g〉2, ∀ f, g ∈ Q1/2(H).

Therefore W is an isometry between Q1/2(H) and L2(H,NQ) that we shall extend
to the whole space H by density (recall that Q1/2(H) is dense in H ). In some cases
we shall write, “par abus de language”,1

Wf (x) = 〈Q−1/2f, x〉, x, f ∈ H.

2.2 Back to Parabolic Equations

It is not possible to extend the validity of formula (8) to the infinite dimensional
space H because for t > 0 the identity operator I is not of trace class. Instead,
formula (11) makes sense under the following assumptions.

Hypothesis 1

(i) A : D(A) ⊂ H → H is the infinitesimal generator of a strongly continuous
semigroup denoted etA, t ≥ 0.

(ii) The trace of Qt is finite for all t > 0, where2

Qt =
ˆ t

0
esAQesA

∗
ds, t > 0. (17)

If Hypothesis 1 is fulfilled then for any ϕ ∈ Cb(H)
3 Eq. (10) has a unique

continuous and bounded solution u which is given by

u(t, x) = Ptϕ(x) =
ˆ
H

ϕ(y)NetAx,Qt (dy), (18)

see [7, Theorem 6.1.2]. Pt is called an Ornstein–Uhlenbeck semigroup.

1Which is not meaningful in L2(H,NQ) because NQ(Q1/2(H)) = 0.
2The integral is intended in the strong sense that is for any fixed x ∈ H .
3Cb(H) represents the space of all real, bounded and continuous functions in H .
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Remark 2 Hypothesis 1 is in a sense necessary for requiring that (10) has solutions
for “sufficiently many” initial datas ϕ, see [7, page 48].

Now we assume Hypothesis 1 and ask the question whether the semigroup Pt is
improving as it happens for the heat equation in finite dimensions. We note, looking
at identity (18), that this fact will occur provided NetAx,Qt is absolutely continuous
with respect to NQt with a regular density. To this purpose we recall the following
basic Cameron–Martin formula, see e.g. [7, Theorem 6.2.2].

Theorem 3 Let μ = NQ be a nondegenerate Gaussian measure and let ν = Na,Q,
where a ∈ H . Then μ and ν are equivalent4 if and only if a ∈ Q1/2(H). In this case
we have

dν

dμ
(y) = e− 1

2 |Q−1/2a|2+W
Q−1/2a(y), y ∈ H, (19)

where W is the white noise function defined in (16). Moreover, if a /∈ Q1/2(H) then
Na,Q and N0,Q are singular.

Now we can prove the regularity of the solution u(t, x) to (10) under the
following rank condition, see [16].

Hypothesis 4 For any t > 0 we have etA(H) ⊂ Q1/2(H). Consequently, by the
closed graph theorem, the operator Λt := Q−1/2etA is bounded for all t > 0.

Remark 5

(i) The rank condition is necessary in order that u(t, ·) ∈ C1
b(H) for any ϕ ∈

Cb(H), see [7].
(ii) IfQ = I Hypothesis 4 is fulfilled under Hypothesis 1, see [7, Example B 3.2].

(iii) IfH is finite dimensional the rank condition is equivalent to the hypoellipticity
Hörmandar condition for the (possible degenerated) elliptic operator

L ϕ = 1

2
Tr [CD2

xϕ(x] + 〈Ax,Dxϕ(x)〉, x ∈ R
n.

see [16].

Theorem 6 Assume Hypotheses 1 and 4. Let ϕ ∈ Bb(H)5 and let u(t, x) be the
solution to (10). Then for any t > 0, u(t, ·) belongs to C∞b (H).6

Proof The proof is straightforward, because under the assumptions of the theorem
we can write, thanks to Theorem 3,

4That is μ << ν and ν << μ.
5Bb(H) is the space of all ϕ : H → R bounded and Borel.
6C∞b (H) is the space of all real mappings in R which are infinitely many differentiable with
bounded derivatives of all order.
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u(t, x) = Ptϕ(x) =
ˆ
H

ϕ(y)NetAx,Qt (dy) =
ˆ
H

ϕ(y)ρ(t, x, y)NQt (dy), (20)

where

ρ(t, x, y) = dNetAx,Qt

dNQt
(y) = e− 1

2 |Λtx|2+WΛt x(y), t > 0, x, y ∈ H. (21)

Since ρ(t, x, y) is C∞ on x the conclusion of the theorem follows by differentiating
(17) how many times we wish.

Remark 7 Under the assumptions of Theorem 6 the semigroup Pt is improving. In
particular, Ptϕ is differentiable for all ϕ ∈ Cb(H) and we have

〈DPtϕ(x), h〉 =
ˆ
H

〈Λtx,Q−1/2
t y〉ϕ(etAx + y)NQt (dy), x, h ∈ H. (22)

Example 8

(i) Assume that C = I , that A is self-adjoint negative and (−A)−1 ∈ L+2 (H).
Then we have

Qt =
ˆ t

0
esACesA

∗
ds = −1

2
A−1(1− e2tA).

Consequently Qt is of trace class and thus Hypothesis 1 is fulfilled. Hypothe-
sis 4 is fulfilled as well because the operator Λt ,

Λt = Q−1/2etA = √2AetA(1− e2tA)−1

is clearly bounded for all t > 0.
(ii) We cannot take, as in the finite-dimensional case, C = I and A = 0, because

in this case we have

Qt = tI,

which is not of trace class for t > 0.
(iii) Take C ∈ L+2 (H) and A = − 1

2 . Then Pt is given by

Ptϕ(x) =
ˆ
H

ϕ(y)Ne−t/2x,Q(1−e−t )(dy), ϕ ∈ Cb(H), t > 0 (23)

and Hypothesis 1 is fulfilled whereas Hypothesis 4 is not as easily checked.
So, in this case Pt is not improving except on the directions of the Cameron–
Martin spaceQ1/2(H), see e.g. [7]. This semigroup is basic in the construction
of the Malliavin calculus, see [12].
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3 The Ornstein–Uhlenbeck Semigroup Pt and Its Generator

We assume here Hypotheses 1 and 4 and consider the Ornstein–Uhlenbeck
semigroup:

Ptϕ(x) =
ˆ
H

ϕ(y)NetAx,Qt (dy), ϕ ∈ Cb(H). (24)

We notice that Pt has an explicit nice expression on the set of all exponential
functions E (H) defined as the linear span of the real parts of functions

ϕh(x) = ei〈h,x〉, x ∈ H, (25)

where h ∈ H . Later we shall need to consider also the subset EA(H) of E (H)
spanned by all ϕh such that h ∈ D(A∗) (the adjoint of A). Any function from
Cb(H) can be approximated point-wise by elements of EA(H) (and consequently
by elements of EA(H)) as the following propositions shows [3, Proposition 1.2].

Proposition 9 For any ϕ ∈ Cb(H) there exists a sequence (ϕn) ⊂ EA(H) such
that

(i) lim
t→∞ϕn(x) = ϕ(x) for all x ∈ H .

(ii) ‖ϕn‖∞ ≤ ‖ϕ‖∞ for all n ∈ N.

Recalling the expression (15) for the Fourier transform of a Gaussian measure
we see that

Ptϕh(x) =
ˆ
H

ei〈h,x〉NetAx,Qt (dy) = ei〈h,e
tA∗x〉 e−

1
2 〈Qth,h〉. (26)

Therefore the subspace EA(H) (as well as E (H)) is stable for Pt . Pt is not a strongly
continuous semigroup on Cb(H) in general (as it follows from (26)). We shall see,
however, in the next subsections that Pt is strongly continuous in L2(H,μ), where
μ is a suitable probability measure, the invariant measure of Pt .

3.1 Invariant Measure of Pt

We say that a Borel probability measure in H is invariant for Pt whenever

ˆ
H

Ptϕ dμ =
ˆ
H

ϕ dμ, ∀ t ≥ 0, ϕ ∈ Cb(H). (27)

We are going to show that Pt has an invariant measure assuming, besides Hypothe-
sis 1 the following
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Hypothesis 10 The semigroup etA from Hypothesis 1 is of negative type, that is
there exist M, ω > 0 such that

‖etA‖ ≤ Me−ωt , ∀ t ≥ 0. (28)

Obviously, under this assumption the linear operator

Q∞x :=
ˆ ∞

0
etACetA

∗
xdt, x ∈ H,

is well defined. Moreover, it is of trace class, because

Q∞ =
∞∑

k=1

ˆ k

k−1
esACesA

∗
ds =

∞∑

k=1

ˆ 1

0
e(s+k−1)ACe(s+k−1)A∗ds

=
∞∑

k=1

e(k−1)AQ1e
(k−1)A∗

and consequently,

Tr Q∞ =
∞∑

k=1

Tr [e(k−1)AQ1e
(k−1)A∗ ] ≤

∞∑

k=1

‖e(k−1)A‖2 Tr Q1

≤ M2
∞∑

k=1

e−2ω(k−1) Tr Q1 < +∞,

as claimed.

Proposition 11 Under Hypotheses 1 and 10, μ = NQ∞ is an invariant measure
of Pt .7

Proof It is enough to show that identity (27) holds when ϕ = ϕh, h ∈ D(A∗) (ϕh
is defined in (25)), because EA(H) is dense in L2(H,μ) thanks to Proposition 9. In
fact if ϕ = ϕh, (27) becomes

μ̂(h) = e− 1
2 〈Q∞h,h〉 = e− 1

2 〈Qth,h〉e−
1
2 〈Q∞etA

∗
h,etA

∗
h〉, ∀ t > 0, h ∈ H. (29)

Equivalently,

〈Q∞etA∗h, etA∗h〉 + 〈Qth, h〉 = 〈Q∞h, h〉, h ∈ H, t ≥ 0,

7One can show that μ is unique, see e.g. [3, Theorem 2.34].
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which can be written as

etAQ∞etA
∗ +Qt = Q∞, t ≥ 0 (30)

(because all operators are symmetric.) So, it remains to check (30). Since for each
h ∈ H

etAQ∞etA
∗
h =

ˆ ∞
0

e(t+s)ACe(t+s)A∗hds

=
ˆ ∞
t

esACesA
∗
hds = Q∞h−Qth, ∀ h ∈ H,

(30) follows.

Proposition 12 Assume Hypotheses 1 and 10. Then Pt is uniquely extendable to a
strongly continuous semigroup of contractions to L2(H,μ), denoted still Pt .

Proof We notice that for all ϕ ∈ Cb(H) we have by Hölder’s inequality

(Ptϕ(x))
2 ≤ Pt (ϕ(x)2), ∀ x ∈ H, t ≥ 0.

Therefore
ˆ
H

(Ptϕ)
2 dμ ≤

ˆ
H

Pt (ϕ
2) dμ =

ˆ
H

ϕ2 dμ, t ≥ 0,

by the invariance of μ. Since Cb(H) is dense in L2(H,μ), Pt is extendable to
L2(H,μ) and

‖Ptϕ‖L2(H,μ) ≤ ‖ϕ‖L2(H,μ), ∀ ϕ ∈ L2(H,μ).

It remains to show the strong continuity of Pt ,

lim
t→0

Ptϕ = ϕ in L2(H,μ). (31)

It is enough to check (31) for ϕ = ϕh, h ∈ D(A∗). In this case we have

Ptϕ(x) = e− 1
2 〈Qth,h〉ei〈etAx,h〉 → ϕh(x),

as h→ 0, as required.
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3.2 The Infinitesimal Generator of Pt

We denote by L the infinitesimal generator of Pt on L2(H,μ) defined as

L ϕ = lim
t→0

1

t
(Ptϕ − ϕ) in L2(H,μ), ∀ϕ ∈ D(L ), (32)

where D(L ) is the space of all ϕ ∈ L2(H,μ) for which the limit above exists.

Proposition 13

(i) EA(H) ⊂ D(L ) and8

L ϕ = 1

2
Tr [CD2

xϕ] + 〈x,A∗Dxϕ〉, ∀ ϕ ∈ D(L ). (33)

(ii) EA(H) is a core for L , that is it is dense in L (endowed with the graph norm).

Proof (i) It is enough to show (33) when ϕ(x) = ϕh(x) = ei〈h,x〉. In this case
by (26) we have

1

t
(Ptϕh(x)− ϕh(x)) = 1

t
(ei〈h,etA

∗
x〉 e−

1
2 〈Qth,h〉 − ei〈h,x〉) (34)

and (33) follows letting t → 0. Finally, (ii) follows from a classical result of
semigroup theory, see [9], since EA(H) ⊂ D(L ) and it is stable for Pt .

4 Sobolev Spaces

We are given a non degenerate Gaussian measure μ = NQ.

4.1 The Sobolev Space W 1,2(H,μ)

We start with a classical integration by parts formula, see [12].

Lemma 14 For all ϕ,ψ ∈ E (H) and all z ∈ Q1/2(H) we have

ˆ
H

〈Dϕ, z〉ψ dμ = −
ˆ
H

〈Dψ, z〉ϕ dμ+
ˆ
H

ϕ ψ 〈Q−1/2z, x〉μ(dx). (35)

8Note that the function ϕh belongs to D(L ) if and only if h ∈ D(A∗).
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Proof It suffices to check (35) when ϕ(x) = ei〈h,x〉, ψ(x) = ei〈k,x〉 and h, k ∈ H .
This is a straightforward computation. In fact, taking into account (15), we have

ˆ
H

〈Dϕ, z〉ψ dμ = i〈h, z〉
ˆ
H

ei〈h+k,x〉 μ(dx) = i〈h, z〉e− 1
2 〈Q(h+k),h+k〉, (36)

ˆ
H

〈Dψ, z〉ϕ dμ = i〈k, z〉
ˆ
H

ei〈h+k,x〉 μ(dx) = i〈k, z〉e− 1
2 〈Q(h+k),h+k〉, (37)

and
ˆ
H

ϕ ψ 〈Q−1/2z, x〉μ(dx) =
ˆ
H

〈Q−1/2z, x〉 ei〈h+k,x〉μ(dx)

= −i d
dt

ˆ
H

ei〈h+k+tQ−1/2z,x〉μ(dx)
∣∣∣
t=0
= −i d

dt

ˆ
H

ei〈h+k+tQ−1/2z,x〉μ(dx)
∣∣∣
t=0

= −i d
dt
e−

1
2 〈Q(h+k+tQ−1/2z),h+k+tQ−1/2z〉∣∣

t=0 = i〈h+ k, z〉e−
1
2 〈Q(h+k),h+k〉.

(38)
The conclusion follows comparing (36), (37) with (38).

Let us show an important consequence of identity (35).

Proposition 15 The gradient operator

D : E (H)→ L2(H,μ;H), ϕ→ Dϕ,

is closable in L2(H,μ). The domain of its closure will be denoted by W 1,2(H,μ).

Proof We have to show that if (ϕn) ⊂ E (H) is such that

ϕn→ 0 in L2(H,μ), Dϕn→ F in L2(H,μ;H),

it results F = 0. To prove this fact let just apply (35) with ϕn replacing ϕ and then
let n→∞. We obtain

ˆ
H

〈F, z〉ψ dμ = 0,

which yields F = 0 by the arbitrariness of ψ and z (recall that Q1/2(H) is dense
in H ).

Remark 16 In a similar way one can prove that the operator Q1/2D is closable on
L2(H,μ). Its closure is called the Malliavin derivative operator.
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4.2 The Sobolev Space W 2,2(H,μ)

We need a generalization of identity (35) to second derivatives. Its proof is similar
and straightforward.

Proposition 17 For all ϕ, ψ ∈ E (H), u, v ∈ Q1/2(H) we have (D2 denotes
second derivative)

ˆ
H

〈D2ϕ u, v〉ψ dμ =
ˆ
H

〈D2ψ u, v〉ϕ dμ−
ˆ
H

WQ−1/2v 〈Dψ, u〉ϕ dμ

−
ˆ
H

WQ−1/2u 〈Dψ, v〉ϕ dμ+
ˆ
H

WQ−1/2u WQ−1/2v ϕ ψ dμ.

(39)

Consider now the application γ ,

E (H)→ L2(H,μ;H)⊕ L2(H,μ;L2(H)), ϕ "→ γ (ϕ) := {Dϕ,D2ϕ},

where L2(H) is the space of all Hilbert–Schmidt operators in H endowed with the
norm

‖T ‖2L2(H)
= Tr [T T ∗] =

∞∑

h,k=1

T 2
h,k, Th,k = 〈T ek, eh〉,

and (eh) is any orthonormal basis on H .

Proposition 18 γ is closable.

Proof Let (ϕn) ⊂ E (H), F ∈ L2(H,μ;H) and T ∈ L2(H,μ;L2(H)) be such
that

lim
n→∞ϕn = 0 in L2(H,μ), lim

n→∞Dϕn = F in L2(H,μ;H),

lim
n→∞D

2ϕn = T in L2(H,μ;L2(H)).

We have to show that F = 0 and T = 0. It is clear that F = 0. To show that T = 0
notice that by (39) we have for any u, v ∈ Q1/2(H), ψ ∈ E (H), n ∈ N,

ˆ
H

〈D2ϕn u, v〉ψ dμ =
ˆ
H

〈D2ψ u, v〉ϕn dμ−
ˆ
H

WQ−1/2v 〈Dψ, u〉ϕn dμ

−
ˆ
H

WQ−1/2u 〈Dψ, v〉ϕn dμ+
ˆ
H

WQ−1/2u WQ−1/2v ϕn ψ dμ.
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Letting n→∞ yields

ˆ
H

〈T u, v〉ψ dμ = 0.

By the arbitrariness of u, v and ψ we deduce that T = 0.

We shall denote by W 2,2(H,μ) the closure of the domain of γ . Let (eh) be an
orthonormal basis in H and let Dh and DhDk denote the partial derivatives in the
direction eh and the second partial derivative in the directions eh, ek respectively.
Then the norms of W 2,2(H,μ) and W 2,2(H,μ) can be written as

‖ϕ‖2
W 1,2(H,μ)

=
ˆ
H

ϕ2 dμ+
∞∑

h=1

ˆ
H

|Dhϕ|2 dμ (40)

and

‖ϕ‖2
W 2,2(H,μ)

= ‖ϕ‖2
W 1,2(H,μ)

+
∞∑

h,k=1

ˆ
H

|DhDkϕ|2 dμ, (41)

respectively.

5 The Elliptic Equation

We are here concerned with the elliptic equation

λϕ −L ϕ = f, (42)

where L is the infinitesimal generator of Pt in L2(H,μ), λ is a positive number
and f ∈ L2(H,μ). By the Hille–Yosida Theorem, see e.g. [14], there is a unique
ϕ ∈ D(L ) solving (42) given by

ϕ = R(λ,L )f, (43)

where R(λ,L ) is the resolvent of L at λ.
This section is devoted to prove regularity properties of ϕ (that a priory only

belongs to L2(H,μ)). First, we show that any solution ϕ to (42) is the limit of
regular solutions.

Lemma 19 Let ϕ = R(λ,L )f be a solution of (42). Then there is a sequence
(ϕn) ⊂ EA(H) such that

ϕn→ ϕ, L ϕn→ L ϕ in L2(H,μ). (44)



Elliptic Operators with Infinitely Many Variables 113

Proof It is enough to recall that EA(H) is a core for L .

We are first going to show that ϕ ∈ W 1,2(H,μ), then we shall prove that ϕ ∈
W 2,2(H,μ). Finally we shall give an explicit characterization of the domainD(L )

of L following [15] and [7]. As will shall see, contrary to what happens when H is
finite dimensional,D(L ) is strictly narrow thanW 2,2(H,μ). We shall perform this
program assuming, besides Hypotheses 1 and 4 the following one (recall Example 8)

Hypothesis 20 A is self-adjoint negative, A−1 is of trace class and C = I .

Note that Hypothesis 20 implies Hypothesis 4, see Remark 5(ii).

5.1 Regularity of the First Derivative of ϕ

We first prove an integration by parts formula (a kind of Green formula).

Lemma 21 Assume, Hypotheses 1, 10 and 20. Then for all ϕ,ψ ∈ EA(H) we have

ˆ
H

L ϕ ψ dμ = −1

2

ˆ
H

〈Dϕ,Dψ〉 dμ (45)

Proof It is enough to check (45) when ϕ(x) = ei〈h,x〉, ψ(x) = ei〈k,x〉 with h, k ∈
D(A). This follows by a direct computation, as we did in the proof of Lemma 14.

Proposition 22 Assume Hypotheses 1, 10 and 20 and let λ > 0 and f ∈ L2(H,μ).
Then the solution ϕ to Eq. (42) belongs to W 1,2(H,μ).

Proof By Lemma 19 there exists a sequence (ϕn) ⊂ EA(H) such that

ϕn→ ϕ, L ϕn→ L ϕ in L2(H,μ).

On the other hand, by (45) we have for each n,m ∈ N,

ˆ
H

|Dϕn −Dϕm|2 dμ = −2
ˆ
H

L (ϕn − ϕm) (ϕn − ϕm) dμ, (46)

so, (Dϕn) is Cauchy on L2(H,μ;H) and the conclusion follows by the very
definition of Sobolev space W 1,2(H,μ).

5.2 Characterization of the Domain of L

We still consider the elliptic equation (42) assuming, Hypotheses 1, 10 and 20.
In this case we have Q = − 1

2 A−1 by (17) and, since Q is compact and Ker
Q = {0}, there exist an orthonormal basis (ek) in H and a sequence of positive
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numbers (λk) such that Qek = λkek, k ∈ N. We shall set αk = − 1
2 λ
−1
k so that

Aek = −αkek, k ∈ N, and xk = 〈x, ek〉, x ∈ H, k ∈ N. Moreover, we shall
denote by Dk the derivative in the direction ek .

Now let λ > 0, ϕ ∈ EA(H) and set f = λϕ −L ϕ, which we write as

λϕ −
∞∑

k=1

D2
kϕ +

∞∑

k=1

αkxkDkϕ = f. (47)

Differentiating with respect to xh, yields

λDhϕ − 1

2

∞∑

k=1

D2
kDhϕ +

∞∑

k=1

αkxkDkDhϕ + αhDhϕ = Dhf, (48)

which can be written as

λDhϕ −L (Dhϕ)+ αhDhϕ = Dhf. (49)

Multiplying both sides byDhϕ, integrating with respect to μ overH and taking into
account (45), yields

λ

ˆ
H

|Dhϕ|2dμ+ 1

2

ˆ
H

|DDhϕ|2dμ+ αh
ˆ
H

|Dhϕ|2dμ =
ˆ
H

Dhf Dhϕ dμ.

(50)
Summing up on h yields

λ

ˆ
H

|Dϕ|2dμ+ 1

2

ˆ
H

Tr [(D2ϕ)2]dμ+
ˆ
H

|(−A)1/2Dϕ|2dμ =
ˆ
H

〈Df,Dϕ〉 dμ.
(51)

We want now to find an identity involving f but not Df . So, we use again (45) and
write

ˆ
H

〈Df,Dϕ〉 dμ = −2
ˆ
H

L ϕ f dμ.

Then by (51) we obtain the following estimate

λ

ˆ
H

|Dϕ|2dμ+ 1

2

ˆ
H

Tr [(D2ϕ)2]dμ+
ˆ
H

|(−A)1/2Dϕ|2dμ = −2
ˆ
H

f L ϕ dμ

= 2
ˆ
H

f 2 dμ− λ
ˆ
H

ϕ f dμ ≤ 2
ˆ
H

f 2 dμ+ 1

2

ˆ
H

f 2 dμ+ 1

2
λ2

ˆ
H

ϕ2 dμ

≤ 3
ˆ
H

f 2 dμ.

(52)



Elliptic Operators with Infinitely Many Variables 115

We are now in position to prove further regularity results for the solution ϕ
to (42).

Proposition 23 Assume Hypotheses 1, 10 and 20. Let λ > 0, f ∈ L2(H,μ) and
let ϕ be the solution to (42). Then ϕ ∈ W 2,2(H,μ), (−A)1/2Dϕ ∈ L2(H,μ;H)
and the following estimate holds

λ

ˆ
H

|Dϕ|2 dμ+ 1

2

ˆ
H

Tr [(D2ϕ)2] dμ+
ˆ
H

|(−A)1/2Dϕ|2 dμ ≤ 3
ˆ
H

f 2dμ.

(53)

Proof By Lemma 19 there exists a sequence (ϕn) ⊂ EA(H) such that

ϕn→ ϕ, L ϕn→ L ϕ in L2(H,μ).

Then fn := λϕn − L ϕn → f . Now let m, n ∈ N. Then replacing ϕ, f with
(ϕm − ϕn), (fm − fn) respectively in (52) we see that the sequence (ϕn) is Cauchy
in W 2,2(H,μ) and that the sequence ((−A)1/2Dϕn) is Cauchy in L2(H,μ;H).
The conclusion follows.

5.2.1 The Special Case When H Is Finite Dimensional

We assume here that dim H = d < ∞, A is a symmetric and strictly negative
matrix and that C = I .

Proposition 24 The domain of L is precisely W 2,2(H,μ) and we have

L ϕ = 1

2
Δϕ + 〈Ax,Dϕ〉, ∀ϕ ∈ W 2,2(H,μ). (54)

Proof We note first that if ϕ ∈ W 2,2(H,μ) then |x||Dϕ| ∈ L2(H,μ) as easily seen,
so that

‖〈Ax,Dϕ〉‖L2(H,μ) ≤ ‖A‖ ‖|x| |Dϕ|‖L2(H,μ) ≤ K‖ϕ‖W 2,2(H,μ). (55)

We already know by Proposition 23 that ϕ ∈ W 2,2(H,μ) so that the following
inclusion holds

D(L ) ⊂ W 2,2(H,μ). (56)

Let us show now the converse inclusion. Let ϕ ∈ W 2,2(H,μ). Then there exists
(ϕn) ⊂ EA(H) such that

ϕn→ ϕ, Δϕn→ Δϕ in L2(H,μ),
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and, by (55) we have

〈Ax,Dϕn〉 → 〈Ax,Dϕ〉 in L2(H,μ).

Then

L ϕn = 1

2
Δϕn + 〈Ax,Dϕn〉 → L ϕ in L2(H,μ), (57)

and letting n→∞ we obtain L ϕ = 1
2 Δϕ + 〈Ax,Dϕ〉, as claimed.

5.2.2 The Infinite Dimensional Case

By Proposition 23 the following inclusion holds

D(L ) ⊂
{
ϕ ∈ W 2,2(H,μ) : (−A)1/2Dϕ ∈ L2(H,μ;H)

}
(58)

From this result we cannot conclude (as we did in the finite dimensional case) that

L ϕ = 1

2
Tr [D2ϕ] + 〈x,ADϕ〉, ∀ ϕ ∈ D(L ).

The reason is that by (58) it follows that D2ϕ is Hilbert–Schmidt which does not
imply that it is of trace class. However, we can prove

Theorem 25 Assume Hypotheses 1, 10 and 20. Then we have

D(L ) =
{
ϕ ∈ W 2,2(H,μ) : (−A)1/2Dϕ ∈ L2(H,μ;H)

}
(59)

We shall prove this result using the spectral decomposition of Pt with respect to
the orthonormal basis (Hγ )γ∈Γ of Hermite polynomials in H whose definition we
recall in the Appendix below. Let us first to prove a lemma.

Lemma 26 For any γ = (γn) ∈ Γ 9 we have (see (95) for the definition of 〈γ, λ−1〉)

PtHγ (x) = e− t
2 〈γ,λ−1〉Hγ (x), x ∈ H. (60)

Therefore Pt is diagonal with respect to the basis (Hγ )γ∈Γ .

Proof Write

PtHγ (x) =
∞∏

n=1

p
(n)
t Hγn(λ

−1/2
n xn), (61)

9For the definition of Γ and Hγ , γ ∈ Γ , see the Appendix.
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where

p
(n)
t f (ξ) =

ˆ
R

f (y)Ne−t/(2λn)ξ,λn(1−e−t/λn )(dy), x ∈ R.

So,

p
(n)
t Hγn(λ

−1/2
n xn) =

ˆ
R

Hγn(y)Ne−t/(2λn)λ−1/2
n xn,λn(1−e−t/λn )(dy).

Then, to conclude the proof, it is enough to show that for any n ∈ N we have

p
(n)
t Hγn(λ

−1/2
n xn) = e− t

2 γnλ
−1
n Hγn(λ

−1/2
n xn). (62)

Let us show (62), forgetting the index n for short and so writing

ptHγ (λ
−1/2x) = e− t

2 γ λ
−1
Hγ (λ

−1/2x), (63)

where

ptHγ (λ
−1/2x) =

ˆ
R

Hγ (y)Ne−t/(2λ)λ−1/2x,λ(1−e−t/λ)(dy).

We first compute pt on the generatrix function F(s, λ−1/2x) (see (91)). We have

ptF (s, λ
−1/2x) = e− 1

2 s
2
rt (e

sλ−1/2x) = e− 1
2 s

2
ˆ
R

esλ
−1/2yNe−t/(2λ)x,λ(1−e−t/λ)(dy).

Therefore

ptF (s, λ
−1/2x) = e− 1

2 s
2
ese
−t/(2λ)λ−1/2x+ 1

2 s
2(1−e−t/λ)

= e− 1
2 e
−t/λs2

ese
−t/(2λ)λ−1/2x = F(se−t/(2λ), λ−1/2x).

(64)

Now by the identity

ptF (s, λ
−1/2x) = F(se−t/(2λ), λ−1/2x),

we deduce

∞∑

n=0

sn√
n! ptHn(λ

−1/2x) =
∞∑

n=0

sne−(tn)/(2λ)√
n! Hn(λ

−1/2x)
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which yields

ptHn(λ
−1/2x) = e−(tn)/(2λ)Hn(λ−1/2x).

By Lemma 26 we obtain the following spectral decomposition of Pt . For any
ϕ ∈ L2(H,μ), ϕ =∑γ∈Γ ϕγHγ , we have (see (95) for the definition of 〈γ, λ−1〉)

Ptϕ =
∑

γ∈Γ
e−

t
2 〈γ,λ−1〉ϕγHγ , t ≥ 0. (65)

We are now ready to prove Theorem 25.

Proof We shall show that if

ϕ ∈ W 2,2(H,μ), (−A)1/2Dϕ ∈ L2(H,μ;H), (66)

then we have ϕ ∈ D(L ).

Claim If (66) holds we have

∑

γ∈Γ
ϕ2
γ 〈γ, λ−1〉2 <∞. (67)

Assume for the moment that the claim is proved. Then the series

ψ :=
∑

γ∈Γ
ϕγ 〈γ, λ−1〉Hγ ,

is convergent in L2(H,μ). Now

1
t
(Ptϕ − ϕ) =

∑

γ∈Γ
1
t
ϕγ (e

− t
2 〈γ,λ−1〉 − 1).

Consequently

lim
t→0

1
t
(Ptϕ − ϕ) =

∑

γ∈Γ
ϕγ 〈γ, λ−1〉Hγ = ψ, in L2(H,μ)

and so ϕ ∈ D(L ) and L ϕ = ψ . Therefore the proposition is proved under the
validity of the claim.

Proof of the Claim We already know that ϕ ∈ W 2,2(H,μ) and (−A)1/2Dϕ ∈
L2(H,μ;H), which imply
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ˆ
H

Tr[(D2ϕ)2]dμ =
∑

γ∈Γ
|ϕγ |2〈γ, λ−1〉2 −

∑

γ∈Γ
|ϕγ |2〈γ, λ−2〉 <∞ (68)

and

ˆ
H

|(−A)1/2Dϕ|2dμ =
∞∑

k=1

ˆ
H

αk|Dkϕ|2dμ

=
∞∑

k=1

∑

γ∈Γ
|ϕγ |2αk γk

λk
= 1

2

∑

γ∈Γ
|ϕγ |2〈γ, λ−2〉 <∞.

(69)

So (67) is fulfilled, because, taking into account (96) and (97), we have

1

2

ˆ
H

Tr[(D2ϕ)2]dμ+
ˆ
H

|(−A)1/2Dϕ|2dμ = 1

2

∑

γ∈Γ
|ϕγ |2〈γ, λ−1〉2 <∞.

(70)
The proof is complete.

Remark 27 Let μ = NQ be a Gaussian measure. Denote by LM be the Malliavin
operator

LMϕ = 1

2
Tr [QD2

xϕ] −
1

2
〈x,Dxϕ〉, ∀ ϕ ∈ E (H), (71)

discussed in Example 8(iii). Consider the elliptic equation

λϕ −LMϕ = f. (72)

In this case the corresponding semigroup PMt is given by (23); one can easily show
that the Gaussian measure NQ is invariant for Pt . As we noticed in Example 8, PMt
is only improving on the directions of the Cameron–Martin space Q1/2(H). For
this reason, to study the regularity of the solution ϕ to (72), one has to introduce the
Malliavin spacesD1,2(H,μ) (the domain of the closure ofQ1/2D) andD2,2(H,μ),
whose norms as defined by

‖ϕ‖2
D1,2(H,μ)

=
ˆ
H

ϕ2 dμ+
∞∑

h=1

λh

ˆ
H

|Dhϕ|2 dμ (73)

and

‖ϕ‖2
D2,2(H,μ)

= ‖ϕ‖2
D1,2(H,μ)

+
∞∑

h,k=1

λhλk

ˆ
H

|DhDkϕ|2 dμ, (74)
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respectively. Then a maximal regularity results has been proved by Meyer see [13],
saying that the domain of LM is precisely D2,2(H,μ).

6 Generalizations

6.1 Elliptic Equations with an Additional Potential Term

We consider here, following [5], the elliptic equation

λϕ −K ϕ = f, (75)

where

K ϕ = L ϕ − 〈DU,Dϕ〉 = f, (76)

L is defined in (33) and U : D(U) ⊂ H → R is a convex potential lower
semicontinuous. Moreover, λ is a positive number and f ∈ L2(H, ν), where ν
is the invariant measure of K .

It is not difficult to show that ν is given by

ν(dx) = e−2U(x)´
H
e−2U(y)μ(dy)

μ(dx), (77)

where μ = NQ is the Gaussian measure defined earlier.
In statistical mechanics ν is called a Gibbs measure.
A weak solution to Eq. (75) is provided by the Lax–Milgram lemma applied to

the coercive Dirichlet form

a(u, v) = 1

2

ˆ
H

〈Du,Dv〉 dν, u, v ∈ W 1,2(H, ν). (78)

In this case Theorem 25 generalizes (see [5])

Theorem 28 Assume Hypotheses 1, 10 and 20 and that U : H → [0,+∞] is
convex and lower semicontinuous. Let λ > 0, f ∈ L2(H, ν) and let ϕ be the
weak solution to (75). Then ϕ ∈ W 2,2(H, ν), (−A)1/2Dϕ ∈ L2(H, ν;H) and the
following estimate holds

λ

ˆ
H

|Dϕ|2 dν + 1

2

ˆ
H

Tr [(D2ϕ)2] dν +
ˆ
H

|(−A)1/2Dϕ|2 dν ≤ 3
ˆ
H

f 2dν.

(79)
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Remark 29 By Theorem 28 it follows that

D(K ) ⊂ {ϕ ∈ W 2,2(H, ν) : (−A)1/2Dϕ ∈ L2(H, ν;H)}.

A characterization of the domain of K , however, is not known.

6.2 Neumann Problem

We still assume Hypotheses 1, 10 and 20. Then we consider the following Neumann
problem in an open convex subset O of H

⎧
⎪⎪⎨

⎪⎪⎩

λϕ −L ϕ = f, in O,

∂ϕ

∂n
= 0, on ∂O,

(80)

where n is the exterior normal to ∂O. We choose O = {x ∈ H : g(x) < r}, where
g : H → R is a convex mapping for which a notion of surface integral can be
defined following Malliavin, see [1, 8, 12] and references therein. In particular, we
can take O = B(0, R) the ball inH of center 0 and radius R. Other possible choices
are domains of the form {g < r} where g : H → R is sufficiently regular. In all
these cases the Sobolev spaces Wk,2(O, μ), k = 1, 2, can be defined in a natural
way.

Existence and uniqueness of a weak solution ϕ ∈ W 1.2(O, μ) of problem (80) is
easily obtained thanks to the Lax–Milgram lemma applied to the symmetric coercive
Dirichlet form

a(u, v) = 1

2

ˆ
O
〈Du,Dv〉 dμ, u, v ∈ W 1.2(O, μ). (81)

We aim to show that ϕ belongs toW 2.2(O, μ) and that its normal derivative (defined
thanks to a trace lemma) vanishes on ∂O . We shall proceed by penalization as in [2]
and [6], by studying the problem

λϕε −L ϕε + 1

ε
〈x −ΠKx,Dϕε〉 = f, (82)

where K is the closure O of O and ΠK denotes the projection on the convex
set K.
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Arguing as in the proof of (53) we arrive at the estimate

λ

ˆ
H

|Dϕε|2 dμε + 1

2

ˆ
H

Tr [(D2ϕε)
2] dμε

+
ˆ
H

|(−A)1/2Dϕε|2 dμε ≤ 3
ˆ
H

f 2dμε,

(83)

where here

με(dx) = e−
dK (x)

ε´
H
e−2d(y)μ(dy)

μ(dx) (84)

and dK(x) represents the distance of x from K ,

dK(x) = inf{|x − y|, y ∈ K}, x ∈ H.

One can show, letting ε → 0 that ϕ ∈ W 2,2(O, μ) and that ∂ϕ
∂n
= 0 on ∂O, see [2]

and [6].

6.3 Dirichlet Problem

Few results seem to be devoted to Dirichlet problems in infinite dimensions. We
limit ourselves, following [4], to present a W 2,2 regularity result for the Dirichlet
problem

⎧
⎨

⎩

λϕ −LMϕ = f, in O,

ϕ = 0, on ∂O,
(85)

where LM is the Malliavin operator introduced in Example 8(iii),

LMϕ = 1

2
Tr [QD2ϕ] − 1

2
〈x,Dϕ〉, (86)

and Q ∈ L+2 (H), μ = NQ. Moreover, O = {g < r} and g is regular as in the
previous subsection.

We shall denote by (eh) an orthonormal basis in H and by (λh) a sequence of
positive numbers such that Qeh = λheh, h ∈ N. Moreover we set xk = 〈x, ek〉,
k ∈ N, Pnx =∑n

k=1 xkek , Qn = QPn and μn = NQn , n ∈ N.
We shall consider the Sobolev spaces D1,2(O, μ) and D2,2(O, μ) whose norms

are natural generalizations of (73) and (74) respectively. Moreover we shall define
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the space D̊1,2(O, μ) as the subspace of those functions from D1,2(H,μ) that
vanish in the exterior of O .

Existence and uniqueness of a weak solution ϕ of (85) is provided again by the
Lax–Milgram theorem applied to the coercive Dirichlet form

a(u, v) = 1

2

ˆ
O
〈Q1/2Du,Q1/2Dv〉 dμ, u, v ∈ D̊1,2(O, μ). (87)

To show that ϕ ∈ D2,2(O, μ) we follow [4] and approximate (85) with a sequence
of finite dimensional problems

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

λϕn − 1

2

n∑

h=1

λhD
2
hϕ +

1

2

n∑

h=1

xhDhϕ = f, in On,

ϕ = 0, on ∂On,

(88)

where On = {g(Pnx) < r}. Then we look for an estimate

‖un‖D2,2(On,μn)
≤ K‖fn‖L2(On,μn)

(89)

with a constant K independent of n. Procedures relying on maximal regularity for
elliptic operators in R

n with respect to the Lebesgue measure do not work, because
the final constant K depends on n in an uncontrollable way. Instead, we follow a
more direct approach, following [11]. Let us consider for simplicity the case of the
unit ball On = B(0, 1) and f ∈ C∞0 (B(0, 1)).

Dimension free bounds for ‖u‖D1,2(On,μn)
are easily found. To estimate the

second order derivatives we proceed as in Sect. 5.2. We differentiate both members
of (88) with respect to xh, we multiply by Dhunλh, we sum up and we integrate by
parts obtaining

ˆ
B(0,1)

Tr [(QnD
2un)

2] dμn = 1

2

ˆ
∂B(0,1)

〈D2unQx,QDun〉 dσn
+terms under control

The boundary integral still contains second order derivatives of un, however
using the identities un = fn = 0 on |x| = 1 we can express 〈D2unQnx,QnDun〉
in terms of first order derivatives of un, and precisely, after some manipulations

〈D2unQnx,QnDun〉 = 〈Q
1/2
n Dun,Q

1/2
n x〉2

|Q1/2
n x|2

(
1− Tr [Qn] + |Qnx|2

|Q1/2
n x|2

)

:= Hn(x)〈Q1/2
n Dun,Q

1/2
n x〉2.
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On the other hand, by a suitable trace lemma it is possible to estimate the boundary
integral

ˆ
∂B(0,1)

〈Q1/2
n Dun,Q

1/2
n x〉2dσn,

in terms of the norm W 2,2(On, μn) of u as follows

ˆ
∂B(0,1)

〈Q1/2
n Dun,Q

1/2
n x〉2dσn

≤ C1

ˆ
B(0,1)

Tr [(QnD
2un)

2] dμn‖fn‖L2(B(0,1),μn) + C2‖fn‖2L2(B(0,1),μn)
,

with C1, C2 > 0 independent of n.
Therefore, if

sup
x∈∂B(0,1)

Hn(x) ≤ C, with C independent of n, (90)

we are done: we get a dimension free estimate for
´
B(0,1) Tr [(QnD

2un)
2] dμn and

the estimate ‖un‖W 2,2(On,μn)
≤ K‖fn‖L2(On,μn)

follows. Finally, letting n → ∞,
we arrive at the desired result ϕ ∈ W 2,2(O, μ). See [4] for details and more general
results.

Remark 30 Checking (90) in the examples gives some surprise, and shows impor-
tant differences between the finite and the infinite dimensional case. For instance,
if O = B(0, r) the suprema hn of Hn on the spherical surfaces are bounded by a
constant independent of n only if some relationship between r and the eigenvalues
of Q is satisfied. In particular, (90) is satisfied only provided r2 < TrQ.

Appendix: Hermite Polynomials in Hilbert Spaces

Let us consider the analytic function

F(t, ξ) = e− t
2
2 +tξ , t, ξ ∈ R, (91)

whose Taylor series in t is given by

F(t, ξ) =
∞∑

n=0

tn√
n! Hn(ξ), t, ξ ∈ R.
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Then for any n ∈ {0} ∪ N the following identity is easily checked

Hn(ξ) = (−1)n√
n! e

ξ2

2 Dnξ

(
e−

ξ2

2

)
, ξ ∈ R. (92)

By (92) we see that for any n ∈ N, Hn is a polynomial of degree n having a positive
leading coefficient. Hn are called Hermite polynomials. The following result is
classic.

Proposition 31 System (Hn)n∈{0}∪N is orthonormal and complete in L2(R, μ),

where μ = N1.

Now let us define a complete orthonormal system onL2(H,NQ), whereμ = NQ
is a non degenerate Gaussian measure. Let (ek) be an orthonormal basis in H and
(λk) a sequence of positive numbers such that Qek = λkek , k ∈ N. We start with a
basic property of Hermite polynomial composed with white noise functions.

Lemma 32 Let h, g ∈ H with |h| = |g| = 1 and let n,m ∈ N∪{0}. Then we have,

ˆ
H

Hn(Wh)Hm(Wg)dμ = [〈h, g〉]nδn,m, (93)

where δn,m is the Kronecker symbol.

Proof For t, s ∈ R write

ˆ
H

F(t,Wh)F (s,Wg)dμ = e− t
2+s2

2

ˆ
H

etWh+sWg dμ

= e− t
2+s2

2

ˆ
H

eWth+sg dμ = e− t
2+s2

2 e
1
2 |th+sg|2 = ets〈h,g〉,

because |h| = |g| = 1. It follows that

ets〈h,g〉 =
∞∑

m,n=0

tnsm√
n!m!

ˆ
H

Hn(Wh)Hm(Wg) dμ,

which implies clearly (93).

We can now define Hermite polynomials in H . Let Γ be the set of all mappings
γ : N → {0} ∪ N, n "→ γn, such that |γ | : = ∑∞

k=1 γk < +∞. Notice that if
γ ∈ Γ then γn = 0 for all n ∈ N, except at most a finite number. We denote by 0
the element γ ∈ Γ such that γh = 0 for all h ∈ N. Then for any γ ∈ Γ we define
the Hermite polynomial Hγ as

Hγ (x) =
∞∏

k=1

Hγk (Wek (xk)) =
∞∏

k=1

Hγk (λ
−1/2
k xk), x ∈ H. (94)
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Notice that in the product in (94) all factors (with the possible exception of a finite
number of them) are equal to 1. In particular we have H0 = 1. It is obvious that
Hγ ∈ L2(H,μ). One can show the following result, see e. g. [7, Theorem 9.1.5]

Theorem 33 System (Hγ )γ∈Γ is orthonormal and complete on L2(H,μ).

Setting

〈γ, λ−1〉 =
∞∑

h=1

γh

λh
, 〈γ, λ−2〉 =

∞∑

h=1

γh

λ2
h

, (95)

we find with a simple computation the following identities, see e. g. [7],

ˆ
H

|Dϕ|2 dμ =
∑

γ∈Γ
〈γ, λ−1〉 |ϕγ |2. (96)

and
ˆ
H

Tr[(D2ϕ)2]dμ =
∑

γ∈Γ
|ϕγ |2〈γ, λ−1〉2 −

∑

γ∈Γ
|ϕγ |2〈γ, λ−2〉. (97)

References

1. H. Airault, P. Malliavin, Intégration géométrique sur l’espace de Wiener. Bull. Sci. Math. 112,
3–52 (1988)

2. V. Barbu, G. Da Prato, L. Tubaro, Kolmogorov equation associated to the stochastic reflection
problem on a smooth convex set of a Hilbert space. Ann. Probab. 37,1427–1458 (2009)

3. G. Da Prato, Kolmogorov equations in Hilbert spaces (Birkhäuser, Basel, 2004).
4. G. Da Prato, A. Lunardi, Maximal L2 regularity for Dirichlet problems in Hilbert spaces. J.

Math. Pures Appl. 99(6), 741–765 (2013)
5. G. Da Prato, A. Lunardi, Sobolev regularity for a class of second order elliptic PDE’s in infinite

dimension. Ann. Probab. 42(5), 2113–2160 (2014)
6. G. Da Prato, A. Lunardi, Maximal Sobolev regularity in Neumann problems for gradient

systems in infinite dimensional domains. Ann. Inst. Henri Poincaré Probab. Stat. 51(3), 1102–
1123 (2015)

7. G. Da Prato, J. Zabczyk, Second Order Partial Differential Equations in Hilbert Spaces.
London Mathematical Society Lecture Notes 293 (Cambridge University Press, Cambridge,
2002)

8. G. Da Prato, A. Lunardi, L. Tubaro, Surface measures in infinite dimension. Rend. Lincei Mat.
Appl. 25, 309–330 (2014)

9. E.B. Davies, One Parameter Semigroups (Academic Press, London, 1980).
10. A.N. Kolmogorov, Über die analytischen Methoden in der Wahrscheinlichkeitsrechnung.

Math. Ann. 104, 415–458 (1931)
11. A. Lunardi, G. Metafune, D. Pallara, Dirichlet boundary conditions for elliptic operators with

unbounded drift. Proc. Am. Math. Soc. 133, 2625–2635 (2005)
12. P. Malliavin, Stochastic Analysis (Springer, New York, 1997).



Elliptic Operators with Infinitely Many Variables 127

13. P.A. Meyer, Note sur les processus d’Ornstein–Uhlenbeck, in Séminaire de Probabilités, XVI.
Lecture Notes in Mathematics, vol. 920 (Springer, New York, 1982), pp. 95–133.

14. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations.
Applied Mathematical Sciences, vol. 44 (Springer, New York, 1983)

15. I. Shigekawa, Sobolev spaces over the Wiener space based on an Ornstein-Uhlenbeck operator.
J. Math. Kyoto Univ. 32, 731–748 (1982)

16. J. Zabczyk, Mathematical Control Theory: An Introduction. Systems & Control: Foundations
& Applications (Birkhäuser, Basel, 1992)



On Generalized Pseudo- and
Quasiconvexities for Nonsmooth
Functions

Ville-Pekka Eronen, Marko M. Mäkelä, and Napsu Karmitsa

1 Introduction

Convexity plays a crucial role in mathematical optimization theory. Especially, in
duality theory and when constructing optimality conditions convexity has been the
most important concept since the basic reference by Rockafellar [22]. Numerous
attempts to generalize the concept of convexity have been made in order to weaken
the assumptions of the attained results (see e.g., [1, 2, 4, 8, 12, 14, 21, 23, 25]).
Generalized convexities have proved to be the main tool when constructing opti-
mality conditions, particularly sufficient conditions. There exist a wide amount of
papers published for smooth single-objective case (see [21] and references therein
and [14]). For nonsmooth and multiobjective problems necessary conditions were
derived for instance in [18, 19, 24].

In this paper, we analyze the properties of the generalized pseudo- and quasicon-
vexities for nondifferentiable locally Lipschitz continuous functions. The treatment
is based on the Clarke subdifferentials and generalized directional derivatives [6].
The paper follows the presentation in [3] with some additional results such as
introduction of GNC-property. In Sect. 2 we recall some basic tools from nonsmooth
analysis. Sections 3 and 4 are devoted to generalized pseudo- and quasiconvexity,
respectively. Also, some relations between generalized pseudo- and quasiconvexi-
ties are considered in Sect. 4. Finally, the derived results are summarized in Sect. 5.

V.-P. Eronen (�) · M. M. Mäkelä · N. Karmitsa
Department of Mathematics and Statistics, University of Turku, Turku, Finland
e-mail: vpoero@utu.fi

© Springer International Publishing AG, part of Springer Nature 2018
T. M. Rassias (ed.), Current Research in Nonlinear Analysis, Springer Optimization
and Its Applications 135, https://doi.org/10.1007/978-3-319-89800-1_6

129

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-89800-1_6&domain=pdf
mailto:vpoero@utu.fi
https://doi.org/10.1007/978-3-319-89800-1_6


130 V.-P. Eronen et al.

2 Nonsmooth Analysis

In this section we collect some notions and results from nonsmooth analysis.
Nevertheless, we start by recalling the notion of convexity and Lipschitz continuity.
The function f : Rn→ R is convex if for all x, y ∈ R

n and λ ∈ [0, 1] we have

f
(
λx + (1− λ)y) ≤ λf (x)+ (1− λ)f (y).

In what follows the considered functions are assumed to be locally Lipschitz
continuous. A function is locally Lipschitz continuous at a point x ∈ R

n if there
exist scalars K > 0 and δ > 0 such that

|f (y)− f (z)| ≤ K‖y − z‖ for all y, z ∈ B(x; δ),

where B(x; δ) ⊂ R
n is an open ball with center x and radius δ. Function is said to

be locally Lipschitz continuous on a set U ⊆ R
n if it is locally Lipschitz continuous

at every point belonging to the set U . Furthermore, if U = R
n the function is

called locally Lipschitz continuous. Note that both convex and smooth (continuously
differentiable) functions are always locally Lipschitz continuous (see, e.g., [6]).

Function f : Rn→ R is said to be Lipschitz continuous on a set U ⊆ R
n if there

exists a scalar K such that

|f (y)− f (z)| ≤ K‖y − z‖ for all y, z ∈ U.

If U = R
n then f is said to be Lipschitz continuous.

Definition 1 ([6]) Let f : Rn→ R be locally Lipschitz continuous at x ∈ S ⊆ R
n.

The Clarke generalized directional derivative of f at x in the direction of d ∈ R
n

is defined by

f ◦(x; d) := lim sup
y→x
t↓0

f (y + td)− f (y)
t

and the Clarke subdifferential of f at x by

∂f (x) := {ξ ∈ R
n | f ◦(x; d) ≥ ξT d for all d ∈ R

n}.

Each element ξ ∈ ∂f (x) is called a subgradient of f at x.

Note that the Clarke generalized directional derivative f ◦(x; d) always exists
for a locally Lipschitz continuous function f . If f is convex ∂f (x) coincides with
the classical subdifferential of convex function (cf. [22]), in other words the set of
ξ ∈ R

n satisfying

f (y) ≥ f (x)+ ξT (y − x) for all y ∈ R
n.
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Furthermore, if f is smooth ∂f (x) reduces to ∂f (x) = {∇f (x)}. Smoothness is
critical here as the function

g(x) =
{

0, x = 0

x2 cos( 1
x
), x �= 0

(1)

shows. Function g is locally Lipschitz continuous and differentiable everywhere but
nonsmooth (not continuously differentiable) and ∂g(0) �= {∇g(0)}. More detailed
analysis on this function can be found in [3, pp. 68–69].

The following properties first derived in [6] are characteristic to the generalized
directional derivative and subdifferential.

Theorem 1 If f : Rn→ R is locally Lipschitz continuous at x ∈ R
n, then

(i) d "→ f ◦(x; d) is positively homogeneous, subadditive and Lipschitz continu-
ous function such that f ◦(x;−d) = (−f )◦(x; d).

(ii) ∂f (x) is a nonempty, convex and compact set.
(iii) f ◦(x; d) = max {ξT d | ξ ∈ ∂f (x)} for all d ∈ R

n.

The subdifferential can be constructed as a convex hull of all possible limits of
gradients at point xi converging to x. Let Ωf be the set of points where f is not
differentiable. That is,

Ωf =
{
x ∈ R

n | f is not differentiable at the point x
}
.

By Rademacher’s Theorem [16] a locally Lipschitz continuous function on U ⊆ R
n

is differentiable almost everywhere on U , in other words, meas(Ωf ) = 0.

Theorem 2 Let f : Rn→ R be locally Lipschitz continuous at x ∈ R
n. Then

∂f (x) = conv
{
ξ ∈ R

n | ∃(xi ) ⊂ R
n\Ωf s.t. xi → x and ∇f (xi )→ ξ

}
,

where conv denotes the convex hull of a set.

Proof See, for example, [16, pp. 50–51]. ��
Some derivation rules can be generalized for nonsmooth functions. However, these
subderivations rules are valid as inclusions instead of equalities. To maintain
equalities instead of inclusions in these rules we need the following regularity
property.

Definition 2 The function f : Rn → R is said to be subdifferentially regular at
x ∈ R

n if it is locally Lipschitz continuous at x and for all d ∈ R
n the classical

directional derivative

f ′(x; d) = lim
t↓0

f (x + td)− f (x)
t

exists and f ′(x; d) = f ◦(x; d).
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The equality f ′(x; d) = f ◦(x; d) need not to be valid in general even if f ′(x; d)
exists. This is the case, for instance, with concave nonsmooth functions. For
example, the function f (x) = − |x| has the directional derivative f ′(0; 1) = −1,
but the generalized directional derivative is f ◦(0; 1) = 1. Nevertheless, convexity,
as well as smoothness implies subdifferential regularity [6]. Furthermore, it is
easy to show that a necessary and sufficient condition for convexity is that for all
x, y ∈ R

n we have

f (y)− f (x) ≥ f ◦(x; y − x)

= f ′(x; y − x). (2)

We will now present two subderivation rules of composite functions, namely the
finite maximum and positive linear combination of locally Lipschitz continuous
functions.

Theorem 3 Let fi : Rn → R be locally Lipschitz continuous at x for all i =
1, . . . , m. Then the function

f (x) := max {fi(x) | i = 1, . . . , m}

is locally Lipschitz continuous at x and

∂f (x) ⊆ conv {∂fi(x) | fi(x) = f (x), i = 1, . . . , m} (3)

In addition, if fi is subdifferentially regular at x for all i = 1, . . . , m, then f is also
subdifferentially regular at x and equality holds in (3).

Proof See, for example, [6, p. 47]. ��
Theorem 4 Let fi : Rn → R be locally Lipschitz continuous at x and λi ∈ R for
all i = 1, . . . , m. Then the function

f (x) :=
m∑

i=1

λifi(x)

is locally Lipschitz continuous at x and

∂f (x) ⊆
m∑

i=1

λi∂fi(x). (4)

In addition, if fi is subdifferentially regular at x and λi ≥ 0 for all i = 1, . . . , m,
then f is also subdifferentially regular at x and equality holds in (4).
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Proof See, for example, [6, pp. 39–40]. ��
The following two results generalize the classical Mean-Value Theorem and the
Chain Rule, respectively.

Theorem 5 Let x, y ∈ R
n be such that x �= y and let the function f be locally

Lipschitz continuous on an open set U ⊆ R
n such that the line segment [x, y] ⊂ U .

Then there exists a point z ∈ (x, y) such that

f (y)− f (x) ∈ ∂f (z)T (y − x).

Proof See, for example, [6, pp. 41–42]. ��
Theorem 6 Let h : Rn → R be locally Lipschitz continuous at x and g : R→ R

be locally Lipschitz continuous at h(x). Then the composite function f = g ◦ h :
R
n→ R is also locally Lipschitz continuous at x and one has

∂f (x) ⊆ conv {∂g(h(x))∂h(x)}.

Proof See, for example, [6, pp. 72–73]. ��
Next we give the basic unconstrained optimality condition.

Theorem 7 Let f : Rn → R be locally Lipschitz continuous at x∗. If f attains its
local minimum at x∗, then

0 ∈ ∂f (x∗).

If, in addition, f is convex, then the above condition is also sufficient for x∗ to be a
global minimum.

Proof See, for example, [16, pp. 70–71]. ��
Now we present a theorem and two lemmas that are used later.

Lemma 1 Let ε > 0, function f : Rn → R be locally Lipschitz continuous at x

and d ∈ R
n, d �= 0. Then

f ◦(x; d)− ε ≤ lim sup
{
∇f (y)T d | y → x, y /∈ Ωf

}
.

Proof See, for example, [16, pp. 51–52]. ��
Lemma 2 Let x ∈ R

n be a point, where f : R
n → R is locally Lipschitz

continuous and differentiable. Let K be the Lipschitz constant of the function f
at the point x. Then the function d "→ f ′(x; d) is positively homogeneous and
Lipschitz continuous with the constant K .

Proof The proof is similar to the corresponding results for the Clarke generalized
directional derivative. ��
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The level set of f with a parameter α ∈ R is defined as

levα f := {x ∈ R
n | f (x) ≤ α}

Lemma 3 Let x, y ∈ R
n and on [x, y] locally Lipschitz continuous function f be

such that f (x) < f (y). Then, there exists a point x̄ = λx + (1 − λ)y, λ ∈ (0, 1)
such that f (x̄) > f (x) and f ◦(x̄; y − x) > 0.

Proof Consider the nonempty set A = levf (x)f ∩ [x, y]. Since level sets of a
continuous function are closed sets and [x, y] is compact, the set A is a compact
set. Since function g(w) := ‖w − y‖ is continuous, it has a minimum on the set
A according to the well-known Weierstrass Theorem. Let this minimum point be z.
Then z is the nearest point to y on the set A and the continuity of function f implies
f (z) = f (x). Also, z �= y since f (x) < f (y). The Mean-Value Theorem 5 implies
that there exist z̄ ∈ (z, y) and ξ ∈ ∂f (z̄) such that

f (y)− f (z) = ξT (y − z).

Since f (z) < f (y) we have

0 < f (y)− f (z) = ξT (y − z) ≤ f ◦(z̄; y − z) ≤ f ◦(z̄; y − x),

where the last inequality follows from positive homogeneity and inequality
‖y − z‖ ≤ ‖y − x‖. By the choice of the point z we know that f (z) < f (z̄)

since z̄ ∈ (z, y). Choosing x̄ = z̄ we have f (x) = f (z) < f (x̄) and the lemma
has been proven. ��

3 Generalized Pseudoconvexity

The most famous definition of pseudoconvexity for smooth functions was intro-
duced in [17].

Definition 3 A continuously differentiable function f : Rn → R is pseudoconvex,
if for all x, y ∈ R

n

f (y) < f (x) implies ∇f (x)T (y − x) < 0.

The main result for a smooth pseudoconvex function f is that the convexity
assumption of Theorem 7 can be weakened. In other words, a smooth pseudoconvex
function f attains a global minimum at x∗, if and only if ∇f (x∗) = 0 (see [17]).

The concept of pseudoconvexity has been extended for nonsmooth case, for
instance, in [2, 14, 21] and the references therein. One way to do this is the usage
of directional derivatives. The Dini directional derivatives were used, for example,
in [5, 8, 11]. In [12] this idea was generalized for lower semicontinuous (l.s.c.)
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functions via h-pseudoconvexity, where h(x, d) is any real-valued bifunction, that
is, for example, any directional derivative. In this paper we use the definition first
given in [10] for locally Lipschitz continuous functions.

Definition 4 A function f : Rn → R is f ◦-pseudoconvex, if it is locally Lipschitz
continuous and for all x, y ∈ R

n

f (y) < f (x) implies f ◦(x; y − x) < 0.

A convex function is always f ◦-pseudoconvex by (2). The next result shows that
f ◦-pseudoconvexity is a natural extension of pseudoconvexity.

Theorem 8 If f is smooth, then f is f ◦-pseudoconvex, if and only if f is
pseudoconvex.

Proof Follows immediately from Theorem 1 (iii), since for a smooth f we have
f ◦(x; y − x) = f ′(x; y − x) = ∇f (x)T (y − x). ��
The reasoning chain in the definition of f ◦-pseudoconvexity may be converted.

Lemma 4 A locally Lipschitz continuous function f is f ◦-pseudoconvex, if and
only if for all x, y ∈ R

n

f ◦(x; y − x) ≥ 0 implies f (y) ≥ f (x).

Proof Follows directly from the definition of f ◦-pseudoconvexity. ��
The important sufficient extremum property of pseudoconvex functions remain also
for f ◦-pseudoconvex functions.

Theorem 9 An f ◦-pseudoconvex f attains its global minimum at x∗, if and only if

0 ∈ ∂f (x∗).

Proof If f attains its global minimum at x∗, then by Theorem 7 we have 0 ∈
∂f (x∗). On the other hand, if 0 ∈ ∂f (x∗) and y ∈ R

n, then by Definition 1

f ◦(x∗; y − x∗) ≥ 0T (y − x∗) = 0

and, thus by Lemma 4 we have

f (y) ≥ f (x∗).

��
The notion of monotonicity is closely related to convexity. It has been studied in e.g.
[12, 20].
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Definition 5 The generalized directional derivative f ◦ is called pseudomonotone,
if for all x, y ∈ R

n

f ◦(x; y − x) ≥ 0 implies f ◦(y; x − y) ≤ 0

or, equivalently

f ◦(x; y − x) > 0 implies f ◦(y; x − y) < 0.

Furthermore, f ◦ is strictly pseudomonotone, if

f ◦(x; y − x) ≥ 0 implies f ◦(y; x − y) < 0.

Theorem 10 If f is locally Lipschitz continuous such that f ◦ is pseudomonotone,
then f is f ◦-pseudoconvex.

Proof Let us, on the contrary, assume that f is not f ◦-pseudoconvex. Then there
exist x, y ∈ R

n such that f (y) < f (x) and

f ◦(x; y − x) ≥ 0. (5)

Then by the Mean-Value Theorem 5 there exists λ̂ ∈ (0, 1) such that x̂ = x+ λ̂(y−
x) and

f (x)− f (y) ∈ ∂f (x̂)T (x − y).

This means that due to the definition of the Clarke subdifferential there exists ξ̂ ∈
∂f (x̂) such that

0 < f (x)− f (y) = ξ̂
T
(x − y) ≤ f ◦(x̂; x − y). (6)

On the other hand, from (5) and the positive homogeneity of d "→ f ◦(x; d) (see
Theorem 1 (i)) we deduce that

f ◦(x; x̂ − x) = f ◦(x; λ̂(y − x)) = λ̂f ◦(x; y − x) ≥ 0.

Then the pseudomonotonicity, the positive homogeneity of d "→ f ◦(x; d) and (6)
imply that

0 ≥ f ◦(x̂; x − x̂) = λ̂f ◦(x̂; x − y) > 0,

which is impossible. Thus f is f ◦-pseudoconvex. ��
Theorem 10 is a special case of Theorem 4.1 in [20], where it was proven for lower
semicontinuous and radially continuous pseudoconvex function.
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The converse result of Theorem 10 is also true. Few lemmas are needed before the
proof.

Lemma 5 Let f be an f ◦-pseudoconvex function, x, y ∈ R
n and λ̄ ∈ (0, 1).

Denote x̄ = λ̄x + (1− λ̄)y. Then, f (x̄) ≤ max {f (x), f (y)}
Proof On the contrary assume that f (x̄) > max {f (x), f (y)}. Since f is f ◦-
pseudoconvex and d "→ f ◦(x; d) is positively homogeneous by Theorem 1 (i),
we have

0 > f ◦(x̄; x − x̄) = f ◦(x̄; (1− λ̄)(x − y)) = (1− λ̄)f ◦(x̄; x − y)

and thus

f ◦(x̄; x − y) < 0.

Correspondingly, we obtain

0 > f ◦(x̄; y − x̄) = f ◦(x̄; λ̄(y − x)) = λ̄f ◦(x̄; y − x)

and thus

f ◦(x̄; y − x) < 0.

Since d "→ f ◦(x; d) is subadditive by Theorem 1 (i), we have

0 > f ◦(x̄; x − y)+ f ◦(x̄; y − x) ≥ f ◦(x̄; (x − y)+ (y − x)) = f ◦(x̄; 0) = 0,

which is impossible. In other words, f (x̄) ≤ max {f (x), f (y)}. ��
Lemma 6 Let f be an f ◦-pseudoconvex function. Then there exist no points x, y ∈
R
n, satisfying

(i) f (x) = f (y) and
(ii) f ◦(x; y − x) > 0.

Proof On the contrary, assume that there exist points x, y ∈ R
n and δ > 0 such

that f ◦(x; y − x) = δ and f (x) = f (y). Since f is locally Lipschitz continuous
there exist ε,K > 0 such that K is the Lipschitz constant in the ball B(x; ε). Since
f ◦(x; y−x) = δ Lemma 1 implies that there exists a sequence (zi ) of points where
f is differentiable and I ∈ N such that zi → x and

f ′(zi; y − x) = ∇f (zi )T (y − x) >
δ

2
(7)
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holds when i ≥ I . Let

ε̂ = min

{
ε,

δ

2K

}

and z ∈ B(x; ε̂) ∩ {(zi ) | i ≥ I}. According to Lemma 2 f ′(z; ·) is Lipschitz
continuous with the constant K . Hence,

∣∣f ′(z; y − x)− f ′(z; y − z)
∣∣ ≤ K ‖y − x − (y − z)‖

= K ‖z− x‖ < K
δ

2K
= δ

2
. (8)

Thus, f ′(z; y− z) > 0 according to (7) and (8). Since f ′(z; y− z) > 0 there exists
μ ∈ (0, 1) such that

f (μz+ (1− μ)y) > f (z). (9)

Since f ◦(x; y − x) = δ, Theorem 1 (i) implies that there exists ε̄ > 0 such that
f ◦(x; d) > 0 when d ∈ B(y − x; ε̄). Let z̄ ∈ B(y; ε̄). Since

‖z̄− x − (y − x)‖ = ‖z̄− y‖ < ε̄,

it follows that z̄ − x ∈ B(y − x; ε̄). Thus, f ◦(x; z̄ − x) > 0 and the f ◦-
pseudoconvexity of the function f implies f (z̄) ≥ f (x) = f (y). Thus, y is a
local minimum for the function f and Theorem 7 implies that 0 ∈ ∂f (y). Due
to Theorem 9 y is also a global minimum. Thus, we have f (y) ≤ f (z) and the
inequality (9) implies that

f (μz+ (1− μ)y) > max {f (z), f (y)} ,

which is impossible by Lemma 5. ��
Remark 1 Differentiability at the point x is crucial in Lemma 2. This allows us
to assume that directional derivatives f ′(x; d) exist at x which was needed in
Lemma 6. Unlike the convexity, the f ◦-pseudoconvexity does not guarantee that
directional derivatives exist at every point. An example of an f ◦-pseudoconvex
function that does not have a directional derivative at every point can be found in [3,
pp. 144–145].

Now we are ready to prove the converse result of Theorem 10. Note that, the similar
result has been proved in [20] (Theorem 4.1) for lower semicontinuous and radially
continuous functions.

Theorem 11 The generalized directional derivative of an f ◦-pseudoconvex func-
tion is pseudomonotone.
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Proof Let f be f ◦-pseudoconvex and, on the contrary, assume that there exist
x, y ∈ R

n such that f ◦(x; y − x) ≥ 0 and f ◦(y; x − y) > 0. Then, by f ◦-
pseudoconvexity f (x) ≤ f (y) and f (y) ≤ f (x), hence f (x) = f (y). Thus, we
have f ◦(y; x − y) > 0 and f (x) = f (y), which contradicts Lemma 6. ��

In what follows we consider how to verify the f ◦-pseudoconvexity in practice.
That is, we analyze how the pseudoconvexity is conserved in composite-, sum- and
max-functions. Before that, we need the following result.

Lemma 7 A locally Lipschitz continuous function g : R→ R is f ◦-pseudoconvex
and strictly increasing, if and only if ς > 0 for all ς ∈ ∂g(x) and x ∈ R.

Proof First, let g be both f ◦-pseudoconvex and strictly increasing and let v < 0.
Then for every x ∈ R we have g(x + v) < g(x) and due to f ◦-pseudoconvexity
g◦(x; v) < 0. By the definition of the subdifferential we have

ςv ≤ g◦(x; v) < 0,

for all ς ∈ ∂g(x). This implies ς > 0.
On the other hand, let all the subgradients of g be positive. We first prove that g

is strictly increasing. On the contrary, suppose that there exist y, x ∈ R such that
y < x and g(y) ≥ g(x). By the Mean-Value Theorem 5 there exists x̂ ∈ (y, x) such
that

g(x)− g(y) ∈ ∂g(x̂)(x − y).

This means that there exists ς̂ ∈ ∂g(x̂) such that ς̂ > 0 and

0 ≥ g(x)− g(y) = ς̂ (x − y) > 0,

which is impossible. Thus, g is strictly increasing.
Since g is strictly increasing we have g(y) < g(x) if and only if y < x, where

x, y ∈ R. Thus, to prove f ◦-pseudoconvexity we need to show that y < x implies
g◦(x; y − x) < 0. Let x, y ∈ R be arbitrary such that y < x. By Theorem 1 (iii)

g◦(x; y − x) = max {ς(y − x) | ς ∈ ∂g(x)} < 0.

Thus, g is f ◦-pseudoconvex. ��
Theorem 12 Let h : Rn → R be f ◦-pseudoconvex and g : R → R be f ◦-
pseudoconvex and strictly increasing. Then the composite function f := g ◦ h :
R
n→ R is also f ◦-pseudoconvex.

Proof According to Theorem 6 function f is locally Lipschitz continuous. Suppose
now that f (y) < f (x). Then g(h(y)) = f (y) < f (x) = g(h(x)) and since g is
strictly increasing we have

h(y) < h(x). (10)
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From Theorems 1 (iii) and 6 we obtain that

f ◦(x; y − x) = max {ξT (y − x) | ξ ∈ ∂f (x)} (11)

≤ max
{
ξT (y − x) | ξ ∈ conv {∂g(h(x))∂h(x)}}.

Due to the definition of a convex hull the right hand side of (11) is equivalent to

max
{( m∑

i=1

λiςiζ i

)T
(y − x) | ςi ∈ ∂g(h(x)), ζ i ∈ ∂h(x), λi ≥ 0,

m∑

i=1

λi = 1
}

≤ max
{( m∑

i=1

λiςi

)
· max
ζ i∈∂h(x)

ζ Ti (y − x) | ςi ∈ ∂g(h(x)), λi ≥ 0,
m∑

i=1

λi = 1
}

= max
{( m∑

i=1

λiςi

)
h◦(x; y − x) | ςi ∈ ∂g(h(x)), λi ≥ 0,

m∑

i=1

λi = 1
}
,

since by Lemma 7 we have ςi > 0 for all i = 1, . . . , m and thus

m∑

i=1

λiςi > 0.

On the other hand, since h is f ◦-pseudoconvex, (10) implies that h◦(x; y− x) < 0.
Then

f ◦(x; y − x) ≤ max
{( m∑

i=1

λiςi

)
h◦(x; y − x) | ςi ∈ ∂g(h(x)), λi ≥ 0,

m∑

i=1

λi = 1
}
< 0

thus f is f ◦-pseudoconvex. ��
Theorem 13 Let fi : Rn → R be f ◦-pseudoconvex for all i = 1, . . . , m. Then the
function

f (x) := max {fi(x) | i = 1, . . . , m}
is also f ◦-pseudoconvex.

Proof According to Theorem 3 f is locally Lipschitz continuous. Suppose that
f (y) < f (x). Define the index set

I (x) := {i ∈ {1, . . . , m} | fi(x) = f (x)}.
Then for all i ∈ I (x) we have

fi(y) ≤ f (y) < f (x) = fi(x). (12)
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From Theorem 1 (iii) and 3, the definition of a convex hull, f ◦-pseudoconvexity of
fi , and (12) we obtain that

f ◦(x; y − x) = max {ξT (y − x) | ξ ∈ ∂f (x)}
≤ max

{
ξT (y − x) | ξ ∈ conv {∂fi(x)) | i ∈ I (x)}

}

= max
{( ∑

i∈I (x)
λiξ i

)T
(y − x) | ξ i ∈ ∂f (x), λi ≥ 0,

∑

i∈I (x)
λi = 1

}

≤ max
{ ∑

i∈I (x)
λi · max

ξ i∈∂fi (x)
ξTi (y − x) | λi ≥ 0,

∑

i∈I (x)
λi = 1

}

= max
{ ∑

i∈I (x)
λif
◦
i (x; y − x) | λi ≥ 0,

∑

i∈I (x)
λi = 1

}
< 0.

Thus, f is f ◦-pseudoconvex. ��
We can say slightly more about the subdifferential of maximum of f ◦-pseudoconvex
functions than the relation (3) in Theorem 3. Before the results we need a lemma.
Recall that ray S := {λx | x ∈ S, λ ≥ 0}.
Lemma 8 Let S be a convex compact set such that 0 /∈ S and z /∈ ray S. Then there
exists w ∈ R

n such that wT z > 0 and wT x < 0 for all x ∈ ray S\ {0}.
Proof Since 0 /∈ S and S is compact, ray S is closed by Theorem 2.12 in [3, pp. 25].
By the Separation Theorem (e.g. Theorem 2.5 in [3, pp. 18]) there exists q ∈ R

n

such that

qT z > α and qT x ≤ α, for all x ∈ ray S.

Since 0 ∈ ray S and ray S is a cone we may choose α = 0. By the Separation
Theorem, when we choose sets {0} and S, there exists p ∈ R

n such that pT x < 0
for all x ∈ S. This holds for all x ∈ ray S\ {0}. Suppose pT z �= 0 and let w =
1
2
|qT z|
|pT z|p + q. Then

wT z = 1

2

|qT z|
|pT z|p

T z+ qT z ≥ 1

2
qT z > 0

and

wT x = 1

2

|qT z|
|pT z|p

T x + qT x < 0

for all x ∈ ray S\ {0}. If pT z = 0, we may choose w = p + q to obtain the result.
��
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Theorem 14 Let x ∈ R
n, fi : Rn → R, i = 1, . . . , m be f ◦-pseudoconvex

functions and f (x) := max {fi(x) | i = 1, . . . , m}. If 0 /∈ ∂f (x) then

∂f (x) ⊆ conv {∂fi(x) | fi(x) = f (x), i = 1, . . . , m} ⊂ ray ∂f (x)\ {0} .

Proof The first inclusion is stated in Theorem 3. For the second inclusion suppose,
on the contrary, that there exists

η ∈ conv {∂fi(x) | fi(x) = f (x), i = 1, . . . , m} \ {ray ∂f (x)\ {0}} .

Then there exists i and ξ ∈ ∂fi(x)\ {ray ∂f (x)\ {0}} such that fi(x) = f (x). Note
that ξ �= 0 since this would imply that x is a minimizer of fi and, thus, a minimizer
of f . This would imply that 0 ∈ ∂f (x) contradicting the assumption. Hence, ξ ∈
∂fi(x)\ ray ∂f (x).

By Lemma 8 there exists d ∈ R
n such that dT ξ > 0 and dT ζ < 0 for all ζ ∈

ray ∂f (x)\ {0}. Thus, f ◦i (x; d) > 0 and f ◦(x; d) < 0. This means that there exists
t0 > 0 such that f (x + t0d) < f (x). By f ◦-pseudoconvexity fi(x + t0d) ≥ fi(x).
Hence f (x + t0d) < fi(x + t0d). This contradiction proves the theorem. ��
Due to the fact that the sum of f ◦-pseudoconvex functions is not necessarily f ◦-
pseudoconvex we need the following property.

Definition 6 The functions fi : Rn→ R for i = 1, . . . , m are said to be additively
strictly monotone, if for all x, y ∈ R

n and λi ≥ 0, i = 1, . . . , m

m∑

i=1

λifi(y) <

m∑

i=1

λifi(x) implies fi(y) < fi(x).

Theorem 15 Let fi : R
n → R be f ◦-pseudoconvex and additively strictly

monotone, and let λi ≥ 0 for all i = 1, . . . , m. Then the function

f (x) :=
m∑

i=1

λifi(x)

is f ◦-pseudoconvex.

Proof According to Theorem 4 f is locally Lipschitz continuous. Suppose that
f (y) < f (x). Then the additive strict monotonicity implies that for all i =
1, . . . , m we have

fi(y) < fi(x). (13)

From Theorem 1 (iii) and 4, nonnegativity of λi , f ◦-pseudoconvexity of fi , and (13)
we deduce that
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f ◦(x; y − x) = max {ξT (y − x) | ξ ∈ ∂f (x)}

≤ max {ξT (y − x) | ξ ∈
m∑

i=1

λi∂fi(x)}

= max
{( m∑

i=1

λiξ i

)T
(y − x) | ξ i ∈ ∂fi(x)

}

≤
m∑

i=1

λi · max
ξ i∈∂fi (x)

ξTi (y − x)

=
m∑

i=1

λif
◦
i (x; y − x) < 0.

Thus, f is f ◦-pseudoconvex. ��

4 Generalized Quasiconvexity

The notion of quasiconvexity is the most widely used generalization of convexity
and there exist various equivalent definitions and characterizations for it. Next we
recall the most commonly used definition (see e.g. [2]).

Definition 7 The function f : Rn → R is quasiconvex, if for all x, y ∈ R
n and

λ ∈ [0, 1]

f (λx + (1− λ)y) ≤ max {f (x), f (y)}.

Remark 2 Lemma 5 implies that f ◦-pseudoconvex function is also quasiconvex.

The previous definition of quasiconvexity does not require any differentiability
assumptions (cf. pseudoconvexity). Next we will give a well-known geometrical
characterization to quasiconvexity.

Theorem 16 A function f is quasiconvex, if and only if the level set levαf is a
convex set for all α ∈ R.

Proof Let f be quasiconvex, x, y ∈ levαf , λ ∈ [0, 1] and α ∈ R. Then

f (λx + (1− λ)y) ≤ max {f (x), f (y)} ≤ max {α, α} = α,

thus λx + (1− λ)y ∈ levαf .
On the other hand, let levα f be a convex set for all α ∈ R. By choosing β :=

max {f (x), f (y)} we have x, y ∈ levβ f . The convexity of levβ f implies, that
λx + (1− λ)y ∈ levβ f for all λ ∈ [0, 1], in other words
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f (λx + (1− λ)y) ≤ β = max {f (x), f (y)}. ��
We give also a useful result concerning a finite maximum of quasiconvex functions.

Theorem 17 Let fi : Rn → R be quasiconvex at x for all i = 1, . . . , m. Then the
function

f (x) := max {fi(x) | i = 1, . . . , m}

is also quasiconvex.

Proof Follows directly from the definition of quasiconvexity. ��
The concept of quasiconvexity has been studied by many authors (see [21]

and references therein). The Dini directional derivatives were used in the char-
acterization of quasiconvexity for radially lower semicontinuous functions in [8].
Analogously to the Definition 4 we can define the corresponding generalized
concept, which is a special case of h-quasiconvexity defined in [12] when h is the
Clarke generalized directional derivative.

Definition 8 A function f : Rn → R is f ◦-quasiconvex, if it is locally Lipschitz
continuous and for all x, y ∈ R

n

f (y) ≤ f (x) implies f ◦(x; y − x) ≤ 0.

Similarly to f ◦-pseudoconvexity, the reasoning chain may be converted.

Lemma 9 The locally Lipschitz continuous function f is f ◦-quasiconvex, if and
only if for all x, y ∈ R

n

f ◦(x; y − x) > 0 implies f (y) > f (x).

Proof Follows directly from the definition of f ◦-quasiconvexity. ��
A locally Lipschitz continuous and quasiconvex function can be expressed similar
to Definition 8.

Definition 9 A function f : Rn → R is l-quasiconvex, if it is locally Lipschitz
continuous and for all x, y ∈ R

n

f (y) < f (x) implies f ◦(x; y − x) ≤ 0.

Remark 3 Definitions 8 and 9 imply that an f ◦-quasiconvex function is l-
quasiconvex.

The are different definitions for f ◦-quasiconvexity in the literature. For instance,
if the results given in [14] are converted to the case we are considering (i.e. locally
Lipschitz continuous functions and Clarke subdifferential) the f ◦-quasiconvexity
defined in [14] is the same as our l-quasiconvexity. On the other hand, in [14] the
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function class we call f ◦-quasiconvex is called f ◦-protoconvex (see also [13]).
These different naming possibilities arise from the fact that for a differentiable
function the definitions of l-quasiconvexity and f ◦-quasiconvexity are equivalent as
noted, for example, in e.g. [7]). Hence, the quasiconvexity can be straightforwardly
generalized by using either definition.

Next, we prove that l-quasiconvexity coincides with quasiconvexity in locally
Lipschitz continuous case. This result can be found in [9, 20].

Theorem 18 If a locally Lipschitz continuous function f : Rn→ R is quasiconvex
then it is l-quasiconvex.

Proof Let f be locally Lipschitz continuous and quasiconvex. Let x, z ∈ R
n be

such that f (z) < f (x). Since local Lipschitz continuity implies continuity there
exists ε > 0 such that f (z + d) < f (x + d) for all d ∈ B(0; ε). For generalized
directional derivative f ◦(x; z− x) we have

f ◦(x; z− x) = lim sup
y→x
t↓0

f (y + t (z− x))− f (y)
t

= lim sup
y→x
t↓0

f (y + t (z− x + y − y))− f (y)
t

= lim sup
y→x
t↓0

f ((1− t)y + t (z+ y − x))− f (y)
t

When t ∈ (0, 1) and y − x ∈ B(0; ε) the quasiconvexity of f implies

f ((1− t)y + t (z+ y − x))− f (y)
t

≤ max {f (y), f (z+ y − x)} − f (y − x + x)

t

= max {0, f (z+ y − x)− f (x + y − x)}
t

= 0

Passing to the limit t → 0 and y → x we get f ◦(x; z − x) ≤ 0. Thus, f is l-
quasiconvex. ��
Theorem 19 If function f : Rn→ R is l-quasiconvex then it is quasiconvex.

Proof On the contrary assume that an l-quasiconvex function f is not quasiconvex.
Then there exist x, y ∈ R

n and λ̄ ∈ (0, 1) such that f (x̄) > max {f (x), f (y)},
where x̄ = λ̄x+ (1− λ̄)y. Without a loss of generality we may assume that f (x) ≥
f (y). Lemma 3 implies that there exists x̃ ∈ (x, x̄), for which

f (x̃) > f (x) and f ◦(x̃; x̄ − x) > 0.
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Denote x̃ = λ̃x + (1− λ̃)y, where λ̃ ∈ (λ̄, 1). From the definitions of points x̄ and
x̃ we see that

x̄ − x = (1− λ̄)(y − x) and y − x̃ = λ̃(y − x)

Thus,

x̄ − x = 1− λ̄
λ̃

(y − x̃)

and

0 < f ◦(x̃; x̄ − x) = 1− λ̄
λ̃

f ◦(x̃; y − x̃).

Thus, 0 < f ◦(x̃; y − x̃) and f (x̃) > f (x) ≥ f (y) which contradicts the l-
quasiconvexity of function f . Hence, f is quasiconvex. ��
Corollary 1 A function f : R

n → R is locally Lipschitz continuous and
quasiconvex if and only if it is l-quasiconvex.

Proof The result follows directly from Theorems 18 and 19. ��
Corollary 2 If f is f ◦-quasiconvex, then f is quasiconvex.

Proof The result follows from Remark 3 and Theorem 19. ��
Similar to the pseudomonotonicity there exists a concept of quasimonotonicity
(see [12, 20]).

Definition 10 The generalized directional derivative f ◦ is called quasimonotone,
if for all x, y ∈ R

n

f ◦(x; y − x) > 0 implies f ◦(y; x − y) ≤ 0

or, equivalently

min {f ◦(x; y − x), f ◦(y; x − y)} ≤ 0.

Note that analogously to the pseudomonotonicity (see Definition 5) we could define
also the strict quasimonotonicity, but it would be equivalent to the pseudomono-
tonicity.

It turns out that the generalized directional derivative f ◦ of the function f :
R
n → R is quasimonotone if and only if the function is locally Lipschitz

continuous and quasiconvex. The following two results have been proven for lower
semicontinuous functions in [15]. The proofs use subdifferential that is applicable
for l.s.c. functions and they are more complex than the ones given below.
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Theorem 20 If f ◦ is quasimonotone, then f is quasiconvex.

Proof Let us, on the contrary assume, that f is not quasiconvex. Then there exist
x, y ∈ R

n and λ̄ ∈ (0, 1) such that

f (x̄) > f (x) ≥ f (y),

where x̄ = x+ λ̄(y−x). Then by the Mean-Value Theorem 5 there exist x̂, x̃ ∈ R
n

such that

f (x̄)− f (y) ∈ ∂f (x̂)T (x̄ − y)

and

f (x̄)− f (x) ∈ ∂f (x̃)T (x̄ − x),

where

x̂ = x + λ̂(y − x), x̃ = x + λ̃(y − x), 0 < λ̃ < λ̄ < λ̂ < 1.

This means that, due to the definition of the Clarke subdifferential, there exist ξ̂ ∈
∂f (x̂) and ξ̃ ∈ ∂f (x̃) such that

0 < f (x̄)− f (y) = ξ̂
T
(x̄ − y) ≤ f ◦(x̂; x̄ − y) = (1− λ̄)f ◦(x̂; x − y)

and

0 < f (x̄)− f (x) = ξ̃
T
(x̄ − x) ≤ f ◦(x̃; x̄ − x) = λ̄f ◦(x̃; y − x)

by the positive homogeneity of d "→ f ◦(x; d) (see Theorem 1 (i)). Then we deduce
that

f ◦(x̂; x̃ − x̂) = (λ̂− λ̃)f ◦(x̂; x − y) > 0

and

f ◦(x̃; x̂ − x̃) = (λ̂− λ̃)f ◦(x̃; y − x) > 0,

which contradicts the quasimonotonicity. Thus, f is quasiconvex. ��
Theorem 21 If function f : R

n → R is locally Lipschitz continuous and
quasiconvex then the generalized directional derivative f ◦ is quasimonotone.

Proof On the contrary, assume that f ◦ is not quasimonotone. Then there exist
x, y ∈ R

n such that f ◦(x; y − x) > 0 and f ◦(y; x − y) > 0 Let
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δ = min
{
f ◦(x; y − x), f ◦(y; x − y)

}
.

Let ε1 > 0 be such that the local Lipschitz condition holds in the ball B(x; ε1)

with Lipschitz constant K1. Correspondingly, let ε2 > 0 be such that the local
Lipschitz condition holds in the ball B(y; ε2) with Lipschitz constant K2. Let
K = max {K1,K2} and ε = min

{
δ

4K , ε1, ε2
}
. According to Lemma 1 there exists

a sequence (zi1), such that f is differentiable, limi→∞ zi1 = x and an index I ∈ N

such that

f ′(zi1; y − x) = ∇f (zi1)T (y − x) ≥ δ

2

when i ≥ I . Similarly, there exists a sequence (zj2), such that f is differentiable,

limj→∞ z
j

2 = y and an index J ∈ N such that

f ′(zj2; x − y) = ∇f (zj2)T (x − y) ≥ δ

2

when j ≥ J . Let z1 ∈ B(x; ε)∩
{
(zi1) | i ≥ I

}
and z2 ∈ B(y; ε)∩

{
(z
j

2) | j ≥ J
}

.

Due to symmetry we may assume that f (z1) ≥ f (z2) without a loss of generality.
According to Lemma 2

∣∣f ′(z1; z2 − z1)− f ′(z1; y − x)
∣∣ ≤ K ‖z2 − z1 − (y − x)‖

≤ K ‖x − z1‖ +K ‖z2 − y‖ < 2K
δ

4K
= δ

2
.

Since f ′(z1; y − x) > δ
2 also f ′(z1; z2 − z1) > 0. Thus, there exists λ ∈ (0, 1)

such that

f (z1 + λ(z2 − z1)) > f (z1) ≥ f (z2),

which contradicts the quasiconvexity. ��
Corollary 3 A function f is l-quasiconvex if and only if f ◦ is quasimonotone.

Proof The result follows from Corollary 1 and Theorems 20 and 21. ��
Corollary 4 If f is f ◦-quasiconvex, then f ◦ is quasimonotone.

Proof The results follows from Remark 3 and Corollary 3. ��
By Corollary 2 f ◦-quasiconvex function is quasiconvex. The next result shows,
that for a subdifferentially regular function quasiconvexity and f ◦-quasiconvexity
coincides.

Theorem 22 If f is both quasiconvex and subdifferentially regular, then f is f ◦-
quasiconvex.
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Proof Due to the subdifferential regularity f is locally Lipschitz continuous.
Suppose, that f (y) ≤ f (x). Then the subdifferential regularity and quasiconvexity
implies, that

f ◦(x; y − x) = f ′(x; y − x) = lim
t↓0

f (x + t (y − x))− f (x)
t

= lim
t↓0

f (ty + (1− t)x)− f (x)
t

≤ lim
t↓0

f (x)− f (x)
t

= 0

in other words, f is f ◦-quasiconvex. ��
Corollary 5 A subdifferentially regular l-quasiconvex function is f ◦-quasiconvex.

Proof The result follows from Corollary 1 and Theorem 22. ��
Corollary 6 A subdifferentially regular function f with quasimonotone f ◦ is f ◦-
quasiconvex.

Proof The result follows from Corollaries 3 and 5. ��
In Theorem 22 the subdifferential regularity cannot be omitted, which can be seen,
for instance, by considering the following example:

Example 1 Define f : R→ R such that

f (x) :=

⎧
⎪⎪⎨

⎪⎪⎩

|x|, x ∈ (−∞, 1)

1, x ∈ [1, 2]
x − 1, x ∈ (2,∞).

Then f is clearly locally Lipschitz continuous and quasiconvex. However, by taking
x := 1 and y := 2 we have f ◦(x; y − x) = f ◦(1; 1) = 1 > 0, but f (y) = f (2) =
1 ≯ 1 = f (1) = f (x) and thus, due to Lemma 9, f is not f ◦-quasiconvex.
Note that f is not subdifferentially regular since f ′(1; 1) = 0 �= 1 = f ◦(1; 1).
Furthermore, f is not f ◦-pseudoconvex, since 0 ∈ ∂f (1) = [0, 1] although x = 1
is not a global minimum (cf. Theorem 9).

As stated in Corollary 5 the subdifferential regularity ensures that the l-quasicon-
vexity implies f ◦-quasiconvexity. In [12] it was show that also the following
nonconstancy property has the similar consequence.

Definition 11 A function f : Rn→ R is said to satisfy nonconstancy property (in
short, NC-property), if there exists no line segment [a, b] along which f is constant.

Definition 11 is somewhat restrictive as, for example, f : R2 → R such that
f (x, y) = x does not satisfy it. This leads us to generalize the concept to be more
applicable to this kind of functions.
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Definition 12 A function f : Rn → R is said to satisfy generalized nonconstancy
property (in short, GNC-property) if there does not exist x ∈ R

n and ε > 0 such
that f (y) = f (x) for all y ∈ B(x; ε).
If f : Rn → R satisfies NC-property it satisfies GNC-property. The function
f (x, y) = x shows that converse is not true. For R → R functions these two
concepts coincide.

It is good to note that the subdifferential regularity and the GNC-property are
two separate concepts. An example of function which is subdifferentially regular
but does not satisfy the GNC-property is

g1(x) =

⎧
⎪⎪⎨

⎪⎪⎩

(x + 1)2 , if x ≤ −1

0 , if − 1 ≤ x ≤ 1

(x − 1)2 , if x ≥ 1

.

On the other hand, the function

g2(x) =
{

2x , if x ≤ 0
1
2x , if x ≥ 0

possesses the GNC-property but it is not subdifferentially regular since g◦2(0; 1) =
2 �= 1

2 = g′2(0; 1).
Next we will show that l-quasiconvex function satisfying GNC-property is f ◦-

quasiconvex.

Theorem 23 Let f be an l-quasiconvex function that possesses the GNC-property.
Then it is f ◦-quasiconvex.

Proof If f is not f ◦ -quasiconvex then there exist x, y ∈ R
n such that f ◦(x; y −

x) > 0 but f (x) = f (y).
Suppose that f (x) is the global minimum value of f . By the similar deductions

used in Lemma 6 there exist z ∈ R
n and 0 < μ < 1 such that

f (μz+ (1− μ)y) > f (z). (14)

Since f (x) = f (y) is the global minimum value we also have f (z) ≥ f (y). This
and (14) contradicts with the definition of quasiconvexity.

Suppose then that f (x) is not the global minimum value of f . By continuity
of f ◦ as a function of d there exists ε > 0 such that f ◦(x; d) > 0 for all d ∈
B(y−x; ε). Then, by the l-quasiconvexity of f there exists δ > 0 such that f (y) ≥
f (x) = f (y) for all y ∈ B(y; δ). Since there exists z such that f (z) < f (x),
the continuity of f implies there exists γ > 0 such that f (z) < f (x) for all z ∈
B(z; γ ). Furthermore, there exist w ∈ R

n and r > 0 such that

B(w; r) ⊂ B(y; δ) ∩ conv {{y} , B(z; γ )} . (15)
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Since B(w; r) ⊂ B(y; δ), we have f (w) ≥ f (y) for all w ∈ B(w; r). By
inclusion (15), for any w ∈ B(w; r) there exist z ∈ B(z; γ ) and 0 < λ < 1
such that w = λy + (1 − λ)z. By the quasiconvexity of f we have f (w) ≤
max {f (y), f (z)} = f (y). Hence, f (w) = f (y) for all w ∈ B(w; r) contradicting
the GNC-property assumption. ��
Corollary 7 If f ◦ is quasimonotone and f possesses the GNC-property, then f is
f ◦-quasiconvex.

Proof The result follows from Corollary 3 and Theorem 23. ��
Example 2 Consider the following function

f (x, y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

max {x, y} , x ≤ 0, y ≤ 0

y2, x ≤ 0, y ≥ 0

x2, x ≥ 0, y ≤ 0

y2 + x2, x ≥, y ≥ 0

.

The function f is l-quasiconvex as it is locally Lipschitz continuous and the level
sets are convex. It does not possess the NC-property since f (x, y) = 0 for all
(x, y) ∈ [(0,−1), (0, 0)]. Furthermore, f is not subdifferentially regular since
f ′((0, 0); (1, 0)) = 0, but f ◦((0, 0); (1, 0)) = 1. However, the GNC-property holds
and consequently f is f ◦-quasiconvex.

Example 3 Consider the function in Example 1. Its generalized directional deriva-
tive is quasimonotone since the function is quasiconvex and locally Lipschitz
continuous. However, the function does not satisfy the (generalized) nonconstancy
property and, thus, it is not guaranteed to be f ◦-quasiconvex. As shown in
Example 1 the function is not f ◦-quasiconvex.

The next results concerning the verification of the f ◦-quasiconvexity are,
analogous to those of f ◦-pseudoconvexity.

Lemma 10 A locally Lipschitz continuous function g : R→ R is increasing, if and
only if ς ≥ 0 for all ς ∈ ∂g(x) and x ∈ R.

Proof The proof is almost similar to that of Lemma 7 by changing the symbols <
and ≤. ��
Theorem 24 Let h : Rn→ R be f ◦-quasiconvex and g : R→ R locally Lipschitz
continuous and increasing. Then the composite function f := g ◦ h : Rn → R is
also f ◦-quasiconvex.

Proof The proof is similar to that of Theorem 12. ��
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Theorem 25 Let fi : Rn → R be f ◦-quasiconvex for all i = 1, . . . , m. Then the
function

f (x) := max {fi(x) | i = 1, . . . , m}

is also f ◦-quasiconvex.

Proof The proof is similar to that of Theorem 13. ��
As in the case of f ◦-pseudoconvexity, the following property guarantees that the
sum of f ◦-quasiconvex functions is also f ◦-quasiconvex.

Definition 13 The functions fi : Rn→ R for i = 1, . . . , m are said to be additively
monotone, if for all x, y ∈ R

n and λi ≥ 0, i = 1, . . . , m

m∑

i=1

λifi(y) ≤
m∑

i=1

λifi(x) implies fi(y) ≤ fi(x).

Theorem 26 Let fi : Rn → R be f ◦-quasiconvex and additively monotone, and
λi ≥ 0 for all i = 1, . . . , m. Then the function

f (x) :=
m∑

i=1

λifi(x)

is f ◦-quasiconvex.

Proof The proof is similar to that of Theorem 15. ��
Finally we study the relations between pseudo- and quasiconvexity. According to [2]
for differentiable functions pseudoconvexity implies quasiconvexity. Also, It turns
out that f ◦-pseudoconvexity implies f ◦-quasiconvexity. A proof for quasiconvex,
not necessarily locally Lipschitz continuous, functions can be found in [13].

Theorem 27 An f ◦-pseudoconvex function is f ◦-quasiconvex.

Proof On the contrary, assume that an f ◦-pseudoconvex function f is not f ◦-
quasiconvex. Then, there exist points x, y ∈ R

n such that f ◦(x, y − x) > 0
and f (x) = f (y). According to Lemma 6 this is impossible for f ◦-pseudoconvex
function. Thus, f is f ◦-quasiconvex. ��
Corollary 8 If f ◦ is pseudomonotone then it is also quasimonotone.

Proof The result follows from Corollary 4 and Theorems 10 and 27. ��
The next example shows that the result in Theorem 27 cannot be converted.

Example 4 Define f : R → R such that f (x) := x3. Clearly f is quasiconvex
and as a smooth function also subdifferentially regular. Thus, by Theorem 22 it is
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f ◦-quasiconvex. However, by taking x := 0 and y := −1 we have f ◦(x; y − x) =
f ◦(0;−1) = 0, but f (y) = f (−1) = −1 � 0 = f (0) = f (x) and thus, due to
Lemma 4, f is not f ◦-pseudoconvex.

If a quasiconvex function f is continuously differentiable and ∇f (x) = 0 only
if x is a global minimum, f is pseudoconvex. Similar result holds for generalized
convexities, which was proved for radially upper semicontinuous functions in [14].
The proof given below is quite similar to that in [14].

Lemma 11 Let f be l-quasiconvex and x, y ∈ R
n. If f (y) < f (x) and 0 /∈ ∂f (x)

then f ◦(x; y − x) < 0.

Proof Suppose f (y) < f (x) and 0 /∈ ∂f (x). By continuity of f there exists r > 0
such that f (z) < f (x) for all z ∈ B(y; r).

Let ξ ∈ ∂f (x) be arbitrary. Since 0 /∈ ∂f (x) we may define ŷ = y + ξ
‖ξ‖ r . The

l-quasiconvexity of f and the inequality f (ŷ) < f (x) imply that

f ◦(x; ŷ − x) ≤ 0. (16)

By the basic properties of the Clarke generalized directional derivative, inequal-
ity (16) implies ξT (ŷ − x) ≤ 0. Thus,

ξT (y − x) = ξT (ŷ − ξ

‖ξ‖ r − x) = −r ‖ξ‖ + ξT (ŷ − x) ≤ −r ‖ξ‖ .

Since 0 /∈ ∂f (x) we have −r ‖ξ‖ < 0. Thus,

f ◦(x; y − x) = max
ζ∈∂f (x)

ζ T (y − x) ≤ max
ζ∈∂f (x)

−r ‖ζ‖ < 0,

proving the lemma. ��
Theorem 28 If f is l-quasiconvex and 0 ∈ ∂f (x) implies x ∈ R

n is a global
minimum point, then f is f ◦-pseudoconvex.

Proof Let x, y ∈ R
n be such that f (x) > f (y). By assumption 0 /∈ ∂f (x). Then,

Lemma 11 implies f ◦(x; y − x) < 0. ��

5 Concluding Remarks

To the end we summarize in Fig. 1 all the considered relationships.
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Fig. 1 The relations between considered function classes. 1) demands continuous differentiability.
2) demands local Lipschitz continuity. 3) demands GNC-property or subdifferential regularity. 4)
demands that 0 ∈ ∂f (x) implies x is a global minimizer
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On the Equivalence of Eulerian and
Lagrangian Variables for the
Two-Component Camassa–Holm System
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1 Introduction

The prevalent way to analyze the ubiquitous wave breaking for the Camassa–
Holm (CH) equation, is to transform the original equation from its Eulerian
variables into a new coordinate system, e.g. in Lagrangian variables. The reason
for the transformation is that while the solution develops singularities in Eulerian
coordinates, the solution remains smooth in the Lagrangian framework. This invites
the question of a closer analysis of the transformation between the Eulerian and the
Lagrangian variables. That is the goal of the present paper.

A two-component generalization of the CH equation was introduced in [30,
Eq. (43)], and we will study the above question in this setting. It turns out that
this system, denoted the two-component Camassa–Holm (2CH) system, has a
regularizing effect on the original CH equation as long as the density ρ remains
positive. To set the stage, we recall that the 2CH system can be written as

ut + uux + Px = 0, (1a)

ρt + (uρ)x = 0, (1b)

where P is implicitly defined by

P − Pxx = u2 + 1

2
u2
x +

1

2
ρ2. (2)
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The original CH equation [4, 5] is the special case where ρ vanishes identically. The
CH equation possesses many intriguing properties, and the main challenge when one
considers the Cauchy problem, is that the solution develops singularities in finite
time, independent of the smoothness initially. This singularity is characterized by
the H 1-norm of the function u remaining finite, while the spatial derivative ux goes
to negative infinity at a specific point at the time of wave breaking. The structure of
the points of wave breaking may be intricate [13]. The behavior in the proximity of
the point of wave breaking, and, in particular, the prolongation of the solution past
wave breaking, has been extensively studied. See, e.g., [2, 3, 6–8, 10, 12, 14–25, 27–
29] and references therein. The key point here is that past wave breaking uniqueness
fails, and there is a continuum of distinct solutions [19], with two extreme solutions
called dissipative and conservation solutions, respectively. The various solutions can
be characterized by the behavior of the total energy, as measured by the local H 1

density of the solution u. As mentioned above, the density ρ has a regularizing
effect on the solution: If ρ is positive on the line initially, then the solution will
not develop singularities [9, 16]. A local result, saying that if ρ initially is smooth
on an interval, then the solution will remain smooth on the interval determined by
the characteristics emanating from the endpoints of the original interval, can be
found in [16, Thm. 6.1]. This is surprising, as the 2CH system has infinite speed of
propagation [26].

In this paper we study in detail the relation between the Eulerian and the
Lagrangian variables, and, in particular, the stability of solutions in the two
coordinate systems. Two aspects are considered. First one may ask if the solution
of the 2CH system will converge to a solution of the CH equation in the limit when
the density ρ vanishes, and if so, to which of the plethora of solutions. This problem
has also been studied in [16]. We show that the limit is the so-called conservative
solution of the CH equation where the energy is preserved, see Theorem 7. The
second question addresses the relation between stability in Eulerian variables and
stability in Lagrangian variables in general. The short answer is that the two notions
are equivalent. This result can hardly be considered surprising. However, as each of
the norms for the variables is rather intricate, and the relation between them is highly
nonlinear, the actual proofs are considerably more technical than we expected. In
part, this is due to the fact that the solution does develop singularities in Eulerian
coordinates, while it remains smooth in the Lagrangian framework. We have chosen
to give rather detailed proofs, as we find that eases the understanding. Each proof is
broken down into shorter technical arguments for the benefit of the reader.

Let us describe more precisely the content of this paper. A key role is played
by the non-negative Radon measure μ with absolutely continuous part μac =
(u2
x+ ρ̄2)dx. Here ρ− ρ̄ is a real constant, and ρ̄ is square integrable. The dynamics

between the singular and absolutely continuous part of the measure encode the wave
breaking. In Sect. 2 we consider the Cauchy problem for the CH equation with initial
data (u, μ). We mollify these data to obtain a sequence (un, ρn, μn) with positive
density ρn. The main result in this section, Theorem 1, shows that indeed un→ u in
H 1 while ρn ⇀ 0, and μn((−∞, x])→ μ((−∞, x]) at points of continuity of the
limit. In Theorem 7 we prove that the same result applies to the solution of the initial
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value problem. More specifically, we show (in obvious notation) that the solution
(un(t), ρn(t), μn(t)) of (1) with initial data (u0,n, ρ0,n, μ0,n) will converge to the
conservative solution (u(t), μ(t)) with initial data (u0, μ0). In Sect. 3 we study
how this approximation by a mollification procedure carries over in Lagrangian
coordinates. To detail this, we first need to recall the transformation between
Eulerian and Lagrangian variables. We are given the pair of functions (u, ρ) ∈
H 1 × L2 (Eulerian variables). For simplicity we let ρ = ρ̄. In addition, we need
the energy density in the form of a positive Radon measure μ, that was introduced
above, such that the absolutely continuous part equals μac = (u2

x + ρ2) dx. The
characteristic is given by y(ξ) = sup{y | μ((−∞, y)) + y < ξ}. The Lagrangian
velocity, energy density, and density read U = u(y), h = 1 − yξ , and r = ρ(y)yξ ,
respectively. The full set of Lagrangian variables is then X = (y, U, h, r). We
write X = L((u, ρ, μ)), and (u, ρ, μ) = M(X). There is a lack of uniqueness
in this transformation, corresponding to the fact that a particle trajectory can be
parametrized in several distinct ways. In our context we denote this by relabeling.
Thus M ◦ L = id, while L ◦M is only the identity on the equivalence classes of
Lagrangian functions that correspond to one and the same Eulerian solution, see
[27, Thm. 3.12]. We prove that the convergence (un, ρn, μn) → (u, 0, μ) implies
that Xn → X (in obvious notation) in the appropriate norm, see Theorem 3. The
proof is surprisingly intricate and applies the notion of relabeling.

The situation is turned around in Sect. 4, where we consider an arbitrary sequence
of Lagrangian coordinates Xn that converges to X, thus Xn → X in an appropriate
norm. It is then shown that the corresponding Eulerian variables (un, ρn, μn)
converge to (u, ρ, μ), see Theorem 4. In Sect. 5 we study how general convergence
in Eulerian coordinates carries over to Lagrangian variables. To be more specific,
consider a sequence (un, ρn, μn) that converges to (u, ρ, μ). Then we show in
Theorem 5 that the corresponding Lagrangian coordinates converge. Here it is not
assumed that the sequence (un, ρn, μn) is a mollification of (u, ρ, μ). Finally, in
Sect. 6 we consider the time-dependent case. Consider a sequence of initial data
(un,0, ρn,0, μn,0) that converges to (u0, ρ0, μ0) in D . In Theorem 6 it is shown
that the corresponding solutions converge for each fixed positive time. The proof
transfers the convergence issue from Eulerian variables to Lagrangian coordinates,
analyzes it in these variables, and finally translates the result back to the original
variables.

2 Approximation in Eulerian Coordinates

The aim of this section is to show that any initial data (u, 0, μ) of the CH equation
can be approximated by a sequence of smooth initial data (un, ρn, μn) of the 2CH
system. We start by introducing the Banach spaces needed in this context, before
recalling the definition of the set of Eulerian coordinates for the 2CH system (and
hence also for the CH equation). Thereafter we state and prove the approximation
theorem.
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Let

L2
const(R) = {ρ ∈ L1

loc(R) | ρ(x) = ρ̄(x)+ k, ρ̄ ∈ L2(R), k ∈ R}. (3)

Then we can associate to any ρ ∈ L2
const(R) the unique pair (ρ̄, k) ∈ L2(R) × R.

Thus, if we equip L2
const(R) with the norm

‖ρ‖L2
const
= ‖ρ̄‖L2 + |k|, (4)

then L2
const(R) is a Banach space.

We are now ready to introduce the set of Eulerian coordinates of the 2CH system
(and hence also of the CH equation). The case of the CH equation corresponds to
ρ(x) = 0 for all x ∈ R.

Definition 1 (Eulerian Coordinates) The set D is composed of all triples
(u, ρ, μ) such that u ∈ H 1(R), ρ ∈ L2

const(R), and μ is a positive finite Radon
measure whose absolutely continuous part μac satisfies

μac = (u2
x + ρ̄2)dx.

We write F(x) = μ((−∞, x]).
We will need a standard Friedrichs mollifier φ ∈ C∞c (R), chosen in such a way

that φ(x) = φ(−x) ≥ 0, ‖φ‖L1 = 1, φ′(x) > 0 for x ∈ (−1, 0), and supp(φ) =
[−1, 1].
Theorem 1 Given (u, 0, μ) ∈ D , let (un, ρn, μn) be given through

un(x) =
ˆ
R

nφ(n(x − y))u(y)dy, (5a)

ρn(x) =
( 1

n2 +
ˆ
R

nφ′(y)F (x − y
n
)dy − (

ˆ
R

φ(y)ux(x − y
n
)dy
)2)1/2

(5b)

= 1

n
+ ρ̄n(x),

μn(x) = u2
n,x(x)+ ρ̄2

n(x). (5c)

Define moreover

Fn(x) = μn((−∞, x]).

Then (un, ρn, μn) ∈ D is a sequence of smooth functions, which approximates
(u, 0, μ) in the following sense:

un→ u in H 1(R),

Fn(x)→ F(x) for every x at which F is continuous.
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Proof We split the proof into several steps.

Step 1: Approximation of u by Smooth Functions un By assumption we have
u ∈ H 1(R). Thus, application of Minkowski’s inequality for integrals and the
dominated convergence theorem yield that un defined in (5a) converges to u in
H 1(R). Moreover, the smoothness of φ implies that un ∈ C∞(R).
Step 2: Construction of Some Auxiliary Functions and Measures We start by
defining the auxiliary function

F̂n(x) =
ˆ
R

nφ(n(x − y))F (y)dy. (6)

Then F̂n is smooth and converges pointwise to F at every point x at which F is
continuous. Now recall that F(x) = μ((−∞, x]) and denote by μd the purely
discrete part of the finite Radon measure μ. Then μd can be written as an at most
countable sum of Dirac measures, the positions of which coincide with the set of
discontinuities of F . In particular, F is continuous almost everywhere, and thus F̂n
converges to F pointwise almost everywhere. Define moreover

μ̂n(x) =
ˆ
R

n2φ′(n(x − y))F (y)dy =
ˆ
R

nφ(n(x − y))dμ(y) ≥ 0. (7)

Then we obtain by Fubini’s theorem that
∥∥μ̂n

∥∥
L1 = ‖μ‖ for all n ∈ N.

As a next step, we will associate a sequence of densities ρ̂n to (un, μ̂n). To that
end, we note, using the Cauchy–Schwarz inequality and the fact that ‖φ‖L1 = 1,
that

ˆ
R

φ(z)u2
x

(
x − z

n

)
dz−

(ˆ
R

φ(z)ux

(
x − z

n

)
dz

)2

≥
ˆ
R

φ(z)u2
x

(
x − z

n

)
dz−

(ˆ
R

φ(z)dz

)(ˆ
R

φ(z)u2
x

(
x − z

n

)
dz

)
= 0.

As a consequence, as μ is a positive Radon measure and μac = u2
xdx, we see that

μ̂n(x) =
ˆ
R

nφ(n(x − y))dμ(y) ≥
ˆ
R

nφ(n(x − y))dμac(y)

=
ˆ
R

nφ(n(x − y))u2
x(y)dy ≥

(ˆ
R

nφ(n(x − y))ux(y)dy
)2
,

and we may define ρ̂n to be the non-negative root of

ρ̂2
n(x) = μ̂n(x)− u2

n,x(x). (8)

Note that by construction ρ̂2
n ∈ L1(R) and ρ̂2

n ∈ C∞(R). The function ρ̂n itself need
not be smooth, though.
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Step 3: Smooth, Approximating Sequences ρn and μn Let ρn be defined by (5b),
then

ρ2
n(x) = ρ̂2

n(x)+
1

n2 . (9)

In particular, ρn is well-defined, since the term within the square root is always
positive. Furthermore, we can decompose ρn as

ρn(x) = 1

n
+ ρ̄n(x).

Then

ρ̄n(x) = −1

n
+
( 1

n2
+ ρ̂2

n(x)
)1/2 ≥ 0,

where we always take the positive root on the right-hand side. Since ρ̂2
n is smooth

and the term within the square root is bounded away from zero, it follows that ρ̄n ∈
C∞(R) and consequently also μn ∈ C∞(R). Note also that this implies that

ρn(x) ≥ 1

n
for all x ∈ R. (10)

Moreover, we have that

ρ̄2
n(x)+

2

n
ρ̄n(x) = ρ̂2

n(x), (11)

which in particular implies that

ρ̄2
n(x) ≤ ρ̂2

n(x) for all x ∈ R. (12)

Next, we see, using the definition of μn in (5c) and the Eqs. (12) and (8), that

μn(x) = u2
n,x(x)+ ρ̄2

n(x) ≤ u2
n,x(x)+ ρ̂2

n(x) = μ̂n(x) (13)

for all x ∈ R. As a consequence,

∥∥un,x
∥∥2
L2 + ‖ρ̄n‖2L2 = ‖μn‖ ≤

∥∥μ̂n
∥∥ = ‖μ‖ , (14)

which in particular shows that μn is a finite Radon measure, but also that ρ̄n ∈
L2(R) and therefore ρn ∈ L2

const(R).
So far, we have shown that (un, ρn, μn) is a sequence of smooth functions

contained in D , and that un → u in H 1(R). It now remains to show that Fn(x)→
F(x) at every point x at which F is continuous, which is in this case equivalent to
μn→ μ weakly, cf. [11, Props. 7.19 and 8.17]. This means we have to prove that
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ˆ
R

ψ(x)dμn(x)→
ˆ
R

ψ(x)dμ as n→∞ (15)

for all ψ ∈ C∞c (R). To that end observe first that, due to (5c), (8), and (11), we have

ˆ
R

ψ(x)dμn(x)dx =
ˆ
R

ψ(x)dμ̂n(x)− 2

n

ˆ
R

ψ(x)ρ̄n(x)dx. (16)

We already know that μ̂n→ μ weakly, that is,

ˆ
R

ψ(x)dμ̂n(x)→
ˆ
R

ψ(x)dμ(x) as n→∞, (17)

for all ψ ∈ C∞c (R). Moreover we obtain from (14) and the Cauchy–Schwarz
inequality that

∣∣∣∣
2

n

ˆ
R

ψ(x)ρ̄n(x)dx

∣∣∣∣ ≤
2

n
‖ψ‖L2 ‖ρ̄n‖L2 ≤ 2

n
‖ψ‖L2 ‖μ‖1/2 → 0

for all ψ ∈ C∞c (R), which concludes the proof.

Remark 1 Note that one can show that the function 1
n
ρ̄n converges pointwise to 0.

Indeed, according to (8) and (11), we have

0 ≤ ρ̄2
n(x) ≤ ρ̂2

n(x) = μ̂n(x)− u2
n,x(x) ≤ μ̂n(x). (18)

Moreover, from (7) we get

1

n2 μ̂n(x) =
1

n

ˆ 0

−1
φ′(z)

(
F
(
x − z

n

)
− F

(
x + z

n

))
dz ≤ 1

n
‖μ‖φ(0). (19)

Thus combining (18) and (19) yields that the sequence 1
n
ρ̄n is uniformly bounded

and that

1

n
ρ̄n→ 0 pointwise as n→∞.

Remark 2 In the next section we are not only going to use the splitting of μ̂n(x)
into u2

n,x(x) and ρ̂2
n(x) as introduced in (8), but also a second one, which we are

introducing next. Namely, let Fs(x) = μs((−∞, x]), where μs denotes the singular
part of the measure μ, and let φ be the Friedrichs mollifier. Define

ũ2
n,x(x) =

ˆ
R

φ(z)u2
x

(
x − z

n

)
dz (20)

and
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ρ̃2
n(x) =

ˆ
R

nφ′(z)Fs

(
x − z

n

)
dz. (21)

Then

ũ2
n,x(x)+ ρ̃2

n(x) =
ˆ
R

nφ′(z)Fs

(
x − z

n

)
dz+

ˆ
R

φ(z)u2
x

(
x − z

n

)
dz

=
ˆ
R

nφ′(z)F
(
x − z

n

)
dz = μ̂n(x).

(22)

Remark 3 Let (u, 0, μ) ∈ D , n ∈ N, and (un, ρn, μn) ∈ D be defined as in
Theorem 1. By construction we then have that un, ρn ∈ C∞(R), μn is absolutely
continuous, and, according to (10), that ρn(x) ≥ 1

n
for all x ∈ R. Hence [16,

Cor. 6.2] implies that the corresponding solution (un(t), ρn(t), μn(t)) has the same
regularity for all times t , and, in particular, no wave breaking occurs.

3 Convergence in Lagrangian Coordinates

The aim of this section is to show that the smooth approximating sequence
constructed in Theorem 1 not only converges in the set of Eulerian coordinates
D but also in the set of Lagrangian coordinates F . Hence, we are first going to
introduce the set of Lagrangian coordinates F and the mapping L from D to F ,
before stating and proving the outlined convergence theorem.

Let V be the Banach space defined by

V = {f ∈ Cb(R) | fξ ∈ L2(R)},

whereCb(R) = C(R)∩L∞(R) and the norm is given by ‖f ‖V = ‖f ‖L∞+
∥∥fξ

∥∥
L2 .

Let moreover

E = V ×H 1(R)× L2(R)× L2(R)× R,

then E equipped with the norm

‖(ζ, U, h, r̄, k)‖E = ‖ζ‖V + ‖U‖H 1 + ‖h‖L2 + ‖r̄‖L2 + |k| (23)

is a Banach space. Note that we can associate to each (ζ, U, h, r̄, k) ∈ E the tuple
(y, U, h, r) by setting

y = ζ + id and r = r̄ + kyξ . (24)

Conversely, for any pair (y, r) such that y − id ∈ V and r ∈ L2
const(R) there exists

a unique triplet (ζ, r̄, k) ∈ [L2(R)]2 × R such that (24) holds. For more details we
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refer to [16, Sect. 3]. In what follows we will slightly abuse the notation by writing
(y, U, h, r) ∈ E instead of (ζ, U, h, r̄, k) ∈ E.

In addition we have to introduce the set of relabeling functions, which are not
only needed for identifying equivalence classes in Lagrangian coordinates, but also
for determining the set of Lagrangian coordinates.

Definition 2 (Relabeling Functions) We denote by G the subgroup of the group
of homeomorphisms f of R such that

f − id and f−1 − id both belong to W 1,∞(R), (25a)

fξ − 1 belongs to L2(R), (25b)

where id denotes the identity function.
Given κ ≥ 0, we denote by Gκ the subset of G defined by

Gκ = {f ∈ G | ‖f − id‖W 1,∞ +
∥∥∥f−1 − id

∥∥∥
W 1,∞ ≤ κ}.

We are now ready to introduce the set of Lagrangian coordinates of the 2CH
system (and hence also of the CH equation). The case of the CH equation
corresponds to r(ξ) = 0 for all ξ ∈ R.

Definition 3 (Lagrangian Coordinates) The set F is composed of all tuplesX =
(y, U, h, r) ∈ E, such that

(ζ, U, h, r) ∈ [W 1,∞(R)]2 × [L∞(R)]2, (26a)

yξ ≥ 0, h ≥ 0, yξ + h > 0 almost everywhere, (26b)

yξh = U2
ξ + r̄2 almost everywhere, (26c)

y +H ∈ G, (26d)

where we denote y(ξ) = ζ(ξ)+ ξ and H(ξ) = ´ ξ
−∞ h(η)dη.

Moreover, we set

Fκ = {X ∈ F | y +H ∈ Gκ }.

Observe that

F0 = {X ∈ F | y(ξ)+H(ξ) = ξ for all ξ ∈ R}. (27)

We note that the group G acts on F by means of right composition of the form

X = (y, U, h, r) "→ X ◦ g := (y ◦ g,U ◦ g, (h ◦ g)gξ , (r ◦ g)gξ ).
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This group action then allows us to define equivalence classes of Lagrangian
coordinates, where we say that two coordinates X and X̂ are equivalent, if there
exists some g ∈ G such that X̂ = X ◦ g.

Given an arbitrary X = (y, U, h, r), we note that y + H ∈ G and hence also
(y +H)−1 ∈ G. In particular, if we introduce

Γ (X) = X ◦ (y +H)−1, (28)

then a short computation yields that Γ (X) ∈ F0. This shows that every equivalence
classX◦G of Lagrangian coordinates has a unique canonical representative Γ (X) in
F0. Moreover, it has been shown in [16, Lem. 4.6] that the mapping Γ |Fκ

: Fκ →
F0 is continuous for each κ > 0.

Finally we can introduce the mapping L from Eulerian to Lagrangian coordi-
nates.

Theorem 2 ([16, Thm. 4.9]) For any (u, ρ, μ) in D , let

y(ξ) = sup {y | μ((−∞, y))+ y < ξ} , (29a)

h(ξ) = 1− yξ (ξ), (29b)

U(ξ) = u ◦ y(ξ), (29c)

r(ξ) = ρ ◦ y(ξ)yξ (ξ). (29d)

Then (y, U, h, r) ∈ F0. We denote by L : D → F0 the mapping which to any
element (u, ρ, μ) ∈ D associates X = (y, U, h, r) ∈ F0 given by (29).

In the case of the CH equation, we have r(ξ) = 0 for all ξ ∈ R.

Theorem 3 Let (u, 0, μ) ∈ D , and let (un, ρn, μn) ∈ D be the corresponding
approximating sequence defined in Theorem 1. Moreover, let (y, U, h, 0) =
L((u, 0, μ)) and (yn, Un, hn, rn) = L((un, ρn, μn)). Then

(yn, Un, hn, rn)→ (y, U, h, 0) in E.

Proof Let (u, 0, μ) ∈ D and (un, ρn, μn) ∈ D be the approximating series defined
in Theorem 1. Furthermore, let X = (y, U, h, 0) = L((u, 0, μ)) and Xn =
(yn, Un, hn, rn) = L((un, ρn, μn)), which yields a smooth sequence in Lagrangian
coordinates, cf. [16, Proof of Thm. 6.1]. However, due to the construction of
our approximating sequence (un, ρn, μn), it turns out that in order to prove that
Xn → X in Lagrangian coordinates, it is better to introduce another sequence
X̂n = (ŷn, Ûn, ĥn, r̂n) which is linked to the sequence Xn via relabeling. For
better understanding, we split the proof into several steps. After first defining the
new sequence X̂n, we show that for every n ∈ N there exists gn ∈ G such that
X̂n = Xn ◦ gn (Step 1). Thereafter, we establish that X̂n → X in E (Steps 2–9).
Finally, we show that X̂n → X implies Xn → X in E (Step 10). The situation is
also depicted in Fig. 1.
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Fig. 1 Outline of the proof of Theorem 3

Step 1: Definition of the Sequence X̂n and Proof That X̂n = Xn ◦ gn Define1

F̂n(x) by

F̂n(x) =
ˆ
R

nφ(n(x − y))F (y)dy = μ̂n((−∞, x]), (30)

such that

μ̂n(x) =
ˆ 0

−1
nφ′(z)

(
F
(
x − z

n

)
− F

(
x + z

n

))
dz.

Introduce ρ̂2
n = μ̂n−u2

n,x . Then μ̂n = u2
n,x+ ρ̄2

n+ 2
n
ρ̄n = u2

n,x+ ρ̂2
n , as in (8)–(11).

Let now X̂n = (ŷn, Ûn, ĥn, r̂n) ∈ F , where

ŷn(ξ) = sup
{
y | μ̂n((−∞, y))+ y < ξ

}
, (31a)

ĥn(ξ) = 1− 2

n
¯̂rn(ξ)− ŷn,ξ (ξ), (31b)

Ûn(ξ) = un ◦ ŷn(ξ), (31c)

¯̂rn(ξ) = ρ̄n ◦ ŷn(ξ)ŷn,ξ (ξ), (31d)

r̂n(ξ) = ρn ◦ ŷn(ξ)ŷn,ξ (ξ). (31e)

We are going to show that we can write X̂n = Xn ◦ gn for some gn ∈ G, that is,2

X̂n(ξ) = (ŷn(ξ), Ûn(ξ), ĥn(ξ), r̂n(ξ)) (32)

= (yn(gn(ξ)), Un(gn(ξ)), hn(gn(ξ))gn,ξ (ξ), rn(gn(ξ))gn,ξ (ξ)
)

= Xn ◦ gn(ξ),

1This construction resembles the one used in Step 2 of the proof of Theorem 1. However, here we
perform the construction in Lagrangian variables.
2Note the factors gn,ξ (ξ).
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which implies immediately that X̂n ∈ F and that it belongs to the same equivalence
class as Xn. Additionally, we will show that there exists some κ independent of n
such that gn ∈ Gκ for all n ∈ N.

Since both μn and μ̂n are smooth and purely absolutely continuous, we have that

yn(ξ)+ Fn(yn(ξ)) = ξ, (33)

and

ŷn(ξ)+ F̂n(ŷn(ξ)) = ξ, (34)

for all ξ ∈ R. Moreover, recall that

μn(x)+ 2

n
ρ̄n(x) = μ̂n(x) for all x ∈ R

according to (11), (8) and (5c), and 2
n
ρ̄n ∈ L1(R). Hence we can rewrite (34) as

ŷn(ξ)+ Ĥn(ξ) = ŷn(ξ)+ Fn(ŷn(ξ)) = ξ − 2

n

ˆ ŷn(ξ)

−∞
ρ̄n(x)dx = gn(ξ), (35)

which defines gn(ξ). Here Ĥn(ξ) =
´ ξ
−∞ ĥn(η)dη. Moreover, using (33) we have

yn(gn(ξ))+ Fn(yn(gn(ξ))) = gn(ξ) for all ξ ∈ R,

and, since id+Fn is strictly increasing, we conclude that

ŷn(ξ) = yn(gn(ξ)) for all ξ ∈ R, (36)

which immediately implies that

Ûn(ξ) = un(ŷn(ξ)) = un(yn(gn(ξ))) = Un(gn(ξ)) for all ξ ∈ R.

Using (31b), (31d), (35), (36), and (29d) we infer that

ĥn(ξ) = 1− 2

n
¯̂rn(ξ)− ŷn,ξ (ξ) = gn,ξ (ξ)− ŷn,ξ (ξ)

= (1− yn,ξ (gn(ξ))
)
gn,ξ (ξ) = hn(gn(ξ))gn,ξ (ξ). (37)

In addition, we see that

r̂n(ξ) = ρn(ŷn(ξ))ŷn,ξ (ξ) = rn(gn(ξ))gn,ξ (ξ).
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Thus we conclude that X̂n = Xn ◦gn, and it remains to show that gn ∈ Gκ for some
κ independent of n.

Instead of checking that gn satisfies all the properties listed in Definition 2, we
are going to apply [27, Lem. 3.2]. Namely, if gn is absolutely continuous, gn,ξ −1 ∈
L2(R), and there exist c1 ≥ 1 and c2 > 0 such that 1

c1
≤ gn,ξ (ξ) ≤ c1 almost

everywhere and ‖gn − id‖L∞ ≤ c2, then gn ∈ Gκ for some κ > 0 depending only
on c1 and c2. By construction, X̂n is smooth and therefore gn is smooth and, in
particular, absolutely continuous. Since 2

n
ρ̄n ∈ L1(R) and ρ̄n is strictly positive, we

get from (35) that gn−id ∈ L∞(R), and from (8), (11), and (14) that ‖gn − id‖L∞ ≤
‖μ‖. Moreover, using the notation in the proof of Theorem 1, we obtain from (34)
and (8) that

ŷn,ξ (ξ) = 1

1+ u2
n,x(ŷn(ξ))+ ρ̂2

n(ŷn(ξ))
≤ 1. (38)

Thus

1

2
≤ 1+ u2

n,x(ŷn(ξ))+ ρ̄2
n(ŷn(ξ))

1+ 1
n2 + u2

n,x(ŷn(ξ))+ 2ρ̄2
n(ŷn(ξ))

≤ 1+ u2
n,x(ŷn(ξ))+ ρ̄2

n(ŷn(ξ))

1+ u2
n,x(ŷn(ξ))+ ρ̄2

n(ŷn(ξ))+ 2
n
ρ̄n(ŷn(ξ))

= 1−
2
n
ρ̄n(ŷn(ξ))

1+ u2
n,x(ŷn(ξ))+ ρ̂2

n(ŷn(ξ))

= gn,ξ (ξ) ≤ 1, (39)

due to (11) and (35). Finally, we have to check that gn,ξ − 1 ∈ L2(R). Direct
computations, using (35) and (38), yield

ˆ
R

(gn,ξ (ξ)− 1)2dξ = 4

n2

ˆ
R

ρ̄2
n(ŷn(ξ))ŷ

2
n,ξ (ξ)dξ ≤

4

n2

ˆ
R

ρ̄2
n(x)dx.

Thus gn,ξ − 1 ∈ L2(R), since ρ̄n ∈ L2(R). Thus [27, Lem. 3.2] implies that gn is a
relabeling function and that there exists κ > 0 independent of n such that gn ∈ Gκ
for all n ∈ N.

Step 2: The Sequence ŷn − id Converges to y − id in L∞(R) Recall that we have
by definition that

y(ξ)+ F(y(ξ)−) ≤ ξ ≤ y(ξ)+ F(y(ξ)) for all ξ ∈ R, (40)



170 M. Grasmair et al.

where F(x) = μ((−∞, x]). Moreover, since μ̂n(x) is smooth and purely absolutely
continuous, we have

ŷn(ξ)+ F̂n(ŷn(ξ)) = ξ for all ξ ∈ R, (41)

where F̂n(x) = μ̂n((−∞, x]). Introducing

G(x) := x + F(x) and Ĝn(x) := x + F̂n(x), (42)

we conclude that

Ĝn(ŷn(ξ)) = ŷn(ξ)+ F̂n(ŷn(ξ))

=
ˆ 1

−1
φ(z)

(
ŷn(ξ)− z

n
+ F

(
ŷn(ξ)− z

n

))
dz

=
ˆ 1

−1
φ(z)G

(
ŷn(ξ)− z

n

)
dz,

where we used (30). Moreover, since G(x) is strictly increasing and due to (41)
and (42), one has that

G
(
ŷn(ξ)− 1

n

)
< Ĝn(ŷn(ξ)) = ξ < G

(
ŷn(ξ)+ 1

n
−
)
, (43)

and by (40) that

G(y(ξ)−) ≤ ξ ≤ G(y(ξ)). (44)

Combining (43) and (44) yields on the one hand that

G
(
ŷn(ξ)− 1

n

)
< ξ ≤ G(y(ξ))

and on the other hand that

G(y(ξ)−) ≤ ξ < G
(
ŷn(ξ)+ 1

n
−
)
.

Recalling that G(x), and hence also G(x−), is strictly increasing, we obtain that

ŷn(ξ)− 1

n
< y(ξ) < ŷn(ξ)+ 1

n
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or, equivalently,

−1

n
< y(ξ)− ŷn(ξ) < 1

n
for all ξ ∈ R.

In particular, this shows that
∥∥ŷn − y

∥∥
L∞ → 0 as n→∞.

Step 3: Convergence of h̃n to h in L1(R) Let

h̃n = 1− ŷn,ξ . (45)

To show that h̃n→ h in L1(R) is the main (and most difficult) step.
Due to our change from Eulerian to Lagrangian coordinates, it is not clear at first

sight that h̃n and h belong to L1(R). We know that hyξ = U2
ξ , or, equivalently,

h = U2
ξ + h2, because yξ + h = 1. However, since Uξ and h both belong to L2(R),

it follows that h ∈ L1(R). Combining (45) and (31b), and recalling that X̂ ∈ F
which implies that (26c) is satisfied, one obtains

h̃n = h̃nŷn,ξ + h̃2
n = ĥnŷn,ξ +

2

n
¯̂rnŷn,ξ + h̃2

n = Û2
n,ξ + ¯̂r2

n +
2

n
¯̂rnŷn,ξ + h̃2

n, (46)

where ¯̂rn, h̃n, Ûn,ξ ∈ L2(R), 2
n
¯̂rn ∈ L1(R) and ŷn,ξ ∈ L∞(R). Thus also h̃n ∈

L1(R). Define

H̃n(ξ) =
ˆ ξ

−∞
h̃n(η)dη and H(ξ) =

ˆ ξ

−∞
h(η)dη. (47)

Then the identities H̃n + ŷn = id and H + y = id together with the pointwise
convergence of ŷn → y imply that H̃n converges pointwise to H and H̃n(∞) =∥∥μ̂n

∥∥
L1 and H(∞) = ‖μ‖. In particular, this means that H̃n(∞) = H(∞) for all

n ∈ N and hence

∥∥h̃n
∥∥
L1 = ‖h‖L1 , n ∈ N. (48)

Next we will prove that h̃n converges to h pointwise almost everywhere, which
will imply that h̃n → h in L1(R), see [1, Prop. 1.33]. To that end, observe first that
h̃n(ξ) − h(ξ) = yξ (ξ) − ŷn,ξ (ξ) for all ξ ∈ R. Thus it suffices to show that ŷn,ξ
converges pointwise to yξ almost everywhere. Recalling (41), (42), and that ŷn is
smooth, we see that this is equivalent to showing that

Ĝ′n(ŷn(ξ))→
1

yξ (ξ)
for almost every ξ ∈ R. (49)
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Moreover, note that

Ĝ′n(ŷn(ξ)) = n
ˆ 1

−1
φ′(z)G

(
ŷn(ξ)− z

n

)
dz

= n
ˆ 1

−1
φ′(z)

(
G
(
ŷn(ξ)− z

n

)
− ξ

)
dz

= n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))(G(z)− ξ)dz. (50)

Introducing the strictly increasing function G̃(z) = G(z) − ξ , it follows that we
have to show that

Ĝ′n(ŷn(ξ)) = n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz→ 1

yξ (ξ)
(51)

for almost every ξ ∈ R.
In fact, we will show below that (51) holds at every ξ ∈ R where the function y

is differentiable. Since y is Lipschitz continuous and therefore differentiable almost
everywhere, this will prove the convergence of h̃n to h inL1(R). In the proof of (51),
we will consider separately the cases where the derivative of y is zero, and where it
is strictly positive.

(a) The Case yξ (ξ) = 0 We have to show that Ĝ′n(ŷn(ξ)) → ∞ as n → ∞. By
assumption yξ (ξ) = 0 and hence for every ε > 0 there exists some δε > 0 such that

0 ≤ y(η)− y(ξ)
η − ξ < ε whenever |ξ − η| < δε. (52)

Define γε := εδε and let z ∈ R such that |z − y(ξ)| < γε. In addition, recall (40)
and (42), and observe that y(G(z)) = z for all z ∈ R. If |G(z) − ξ | < δε, we have
by (52) that

G(z)− ξ
z− y(ξ) =

G(z)− ξ
y(G(z))− y(ξ) >

1

ε
.

On the other hand, if |G(z)− ξ | ≥ δε, then

G(z)− ξ
z− y(ξ) =

|G(z)− ξ |
|z− y(ξ)| >

δε

γε
= 1

ε
.

Thus

G(z)− ξ
z− y(ξ) >

1

ε
whenever |z− y(ξ)| < γε. (53)
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In the remainder of this section we are going to show that there exists a constant
C > 0 independent of n and ε such that

Ĝ′n(ŷn(ξ)) >
C

ε
for all n such that

2

n
< γε, (54)

which will prove the claim. Let

I0 := {z | |z−ŷn(ξ)| ≤ |y(ξ)−ŷn(ξ)|} = ŷn(ξ)+{t | |t | ≤ |y(ξ)−ŷn(ξ)|}. (55)

Direct computations show that for all z ∈ R \ I0

φ′(n(ŷn(ξ)− z))G̃(z) ≥ 0 (56)

and that
ˆ
I0

φ′(n(ŷn(ξ)− z))G̃(z)dz

=
ˆ |ŷn(ξ)−y(ξ)|
−|ŷn(ξ)−y(ξ)|

φ′(nz)G̃(ŷn(ξ)− z)dz

=
ˆ |ŷn(ξ)−y(ξ)|

0
φ′(nz)

(
G̃(ŷn(ξ)− z)− G̃(ŷn(ξ)+ z)

)
dz ≥ 0, (57)

since both terms in the last integral are non-positive on the interval of integration.
Again, we have to consider two situations separately depending on the difference

of y(ξ) and ŷn(ξ).

(a.I) The Case |ŷn(ξ)−y(ξ)| ≤ 1
2n We only prove (54) in the case y(ξ) ≤ ŷn(ξ) ≤

y(ξ) + 1
2n and leave the other case, which follows the same lines, to the interested

reader. Using (50), (53), (56), and (57) we have

Ĝ′n(ŷn(ξ)) = n2
ˆ y(ξ)

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz

+ n2
ˆ
I0

φ′(n(ŷn(ξ)− z))G̃(z)dz

+ n2
ˆ ŷn(ξ)+ 1

n

2ŷn(ξ)−y(ξ)
φ′(n(ŷn(ξ)− z))G̃(z)dz

≥ n2
ˆ y(ξ)

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz
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≥ n2
ˆ y(ξ)

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))z− y(ξ)
ε

dz

= n

ε

ˆ y(ξ)

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))dz

≥ n

ε

ˆ ŷn(ξ)− 1
2n

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))dz

= 1

ε

ˆ 1

1
2

φ(z)dz = C

ε

with C = ´ 1
1/2 φ(z)dz. Here we applied (53) to G̃(z) = G(z)− ξ , which is possible

since we assume that 2
n
< γε.

(a.II) The Case 1
2n < |ŷn(ξ) − y(ξ)| < 1

n
We only prove (54) in the case y(ξ) +

1
2n < ŷn(ξ) < y(ξ) + 1

n
and leave the other case, which follows the same lines, to

the interested reader. Due to (56) and (57) we have

Ĝ′n(ŷn(ξ)) = n2
ˆ y(ξ)

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz

+ n2
ˆ
I0

φ′(n(ŷn(ξ)− z))G̃(z)dz

+ n2
ˆ ŷn(ξ)+ 1

n

2ŷn(ξ)−y(ξ)
φ′(n(ŷn(ξ)− z))G̃(z)dz

≥ n2
ˆ y(ξ)

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz

= n
ˆ 1

n(ŷn(ξ)−y(ξ))
φ′(z)G̃

(
ŷn(ξ)− z

n

)
dz.

Let us turn our attention to the last integral

n

ˆ 1

n(ŷn(ξ)−y(ξ))
φ′(z)G̃

(
ŷn(ξ)− z

n

)
dz,
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where n(ŷn(ξ) − y(ξ)) ∈ ( 1
2 , 1). Since G̃(ŷn(ξ) − z

n
) is strictly decreasing and

G̃(ŷn(ξ)− z
n
−) ≤ 0 for all z ∈ [n(ŷn(ξ)− y(ξ)), 1], we have

0 ≤ n
ˆ 1

n(ŷn(ξ)−y(ξ))
φ′(z)G̃

(
ŷn(ξ)− z

n

)
dz

= −n
ˆ 1

n(ŷn(ξ)−y(ξ))

ˆ 0

G̃(ŷn(ξ)− z
n
)

φ′(z)dp dz.

Since the area of integration has finite measure and the integrand is uniformly
bounded, we can interchange the order of integration and get

−n
ˆ 1

n(ŷn(ξ)−y(ξ))

ˆ 0

G̃(ŷn(ξ)− z
n
)

φ′(z)dp dz

= −n
ˆ 0

G̃(ŷn(ξ)− 1
n
)

ˆ 1

max(n(ŷn(ξ)−y(ξ)),n(ŷn(ξ)−G̃−1(p)))

φ′(z)dz dp.

Evaluating the inner integral and using that φ(z) is decreasing on [0, 1], we end up
with

−n
ˆ 0

G̃(ŷn(ξ)− 1
n
)

ˆ 1

max(n(ŷn(ξ)−y(ξ)),n(ŷn(ξ)−G̃−1(p)))

φ′(z)dz dp

= n
ˆ 0

G̃(ŷn(ξ)− 1
n
)

φ
(
max(n(ŷn(ξ)− y(ξ)), n(ŷn(ξ)− G̃−1(p)))

)
dp

≥ n
ˆ 0

G̃(ŷn(ξ)− 1
n
)

ˆ 1

max(n(ŷn(ξ)−y(ξ)),n(ŷn(ξ)−G̃−1(p)))

φ(z)

1−max(n(ŷn(ξ)− y(ξ)), n(ŷn(ξ)− G̃−1(p)))
dz dp

≥ n

1− n(ŷn(ξ)− y(ξ))
ˆ 0

G̃(ŷn(ξ)− 1
n
)

ˆ 1

max(n(ŷn(ξ)−y(ξ)),n(ŷn(ξ)−G̃−1(p)))

φ(z)dz dp

= n

1− n(ŷn(ξ)− y(ξ))
ˆ 1

n(ŷn(ξ)−y(ξ))

ˆ 0

G̃(ŷn(ξ)− z
n
)

φ(z)dp dz

= − n

1− n(ŷn(ξ)− y(ξ))
ˆ 1

n(ŷn(ξ)−y(ξ))
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz.

In the last step we used once more that both the area of integration and the integrand
are bounded, which justifies once more the interchange of the order of integration.
Thus we showed, so far, that
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Ĝ′n(ŷn(ξ)) ≥ n
ˆ 1

n(ŷn(ξ)−y(ξ))
φ′(z)G̃

(
ŷn(ξ)− z

n

)
dz

≥ − n

1− n(ŷn(ξ)− y(ξ))
ˆ 1

n(ŷn(ξ)−y(ξ))
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz.

The last step towards (54) is to replace the interval of integration [n(ŷn(ξ)−y(ξ)), 1]
by [−1, n(ŷn(ξ)− y(ξ))] and to use (53). To that end observe that we have

ˆ 1

−1
φ(z)G

(
ŷn(ξ)− z

n

)
dz = Ĝn(ŷn(ξ)) = ξ =

ˆ 1

−1
φ(z)ξdz for all ξ ∈ R.

(58)
Since G̃(ŷn(ξ)− z

n
) = G(ŷn(ξ)− z

n
)− ξ , we have

ˆ n(ŷn(ξ)−y(ξ))

−1
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz = −

ˆ 1

n(ŷn(ξ)−y(ξ))
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz,

and, accordingly,

Ĝ′n(ŷn(ξ)) ≥ −
n

1− n(ŷn(ξ)− y(ξ))
ˆ 1

n(ŷn(ξ)−y(ξ))
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz

= n

1− n(ŷn(ξ)− y(ξ))
ˆ n(ŷn(ξ)−y(ξ))

−1
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz

≥ n

1− n(ŷn(ξ)− y(ξ))
ˆ 0

−1
φ(z)

ŷn(ξ)− z
n
− y(ξ)

ε
dz

≥ n(ŷn(ξ)− y(ξ))
1− n(ŷn(ξ)− y(ξ))

1

ε

ˆ 0

−1
φ(z)dz

≥ 1

2ε
,

where we used in the last step that 1
2 ≤ n(ŷn(ξ)−y(ξ)) ≤ 1. This finishes the proof

of (54).

(b) The Case yξ (ξ) = c > 0 By assumption yξ (ξ) = c > 0 and hence for every
ε > 0 there exists some δε > 0 such that

(1− ε)c < y(η)− y(ξ)
η − ξ < (1+ ε)c whenever |η − ξ | ≤ δε. (59)

Let 0 < ε < 1 be fixed and define γε := (1− ε)cδε. In addition, let z ∈ R be such
that |y(ξ) − z| < γε. We will first show that |G(z) − ξ | < δε. Indeed, assume the
opposite. Then, due to (59), if G(z) ≥ ξ + δε, we have
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z = y(G(z)) ≥ y(ξ + δε) ≥ y(ξ)+ δε(1− ε)c = y(ξ)+ γε,

and, if G(z) ≤ ξ − δε, then

z = y(G(z)) ≤ y(ξ − δε) ≤ y(ξ)− δε(1− ε)c = y(ξ)− γε.

Together, these estimates contradict |y(ξ)− z| < γε, and hence prove that |G(z)−
ξ | < δε.

As an immediate consequence, we obtain

(1− ε)c < y(G(z))− y(ξ)
G(z)− ξ < (1+ ε)c whenever |z− y(ξ)| < γε,

and thus, as z = y(G(z)) for all z ∈ R,

1

(1+ ε)c <
G(z)− ξ
z− y(ξ) <

1

(1− ε)c whenever |z− y(ξ)| < γε. (60)

In view of the above inequality (60), which will play a key role, we assume
without loss of generality that 2

n
< γε for the rest of this section.

The other main ingredient is to establish that limn→∞ |n(ŷn(ξ) − y(ξ))| = 0.
We note here that this fast convergence of ŷn(ξ) to y(ξ) need not necessarily hold
in points ξ where yξ (ξ) = 0, cf. the remark after this proof. We will only consider
the case ŷn(ξ) ≤ y(ξ) and leave the other case, which follows the same lines, to the
interested reader. From (58), we can deduce that

0 =
ˆ 1

−1
φ(z)G̃

(
ŷn(ξ)− z

n

)
dz

= n
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))G̃(z)dz

= n
ˆ y(ξ)

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))G̃(z)dz

+ n
ˆ ŷn(ξ)+ 1

n

y(ξ)

φ(n(ŷn(ξ)− z))G̃(z)dz

≤ n
ˆ y(ξ)

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))z− y(ξ)
(1+ ε)c dz

+ n
ˆ ŷn(ξ)+ 1

n

y(ξ)

φ(n(ŷn(ξ)− z))z− y(ξ)
(1− ε)c dz
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= n
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ(n(ŷn(ξ)− z))z− y(ξ)
(1+ ε)c dz

+ n
ˆ ŷn(ξ)+ 1

n

y(ξ)

φ(n(ŷn(ξ)− z))z− y(ξ)
c

[
1

1− ε −
1

1+ ε
]
dz

= ŷn(ξ)− y(ξ)
(1+ ε)c + n 2ε

(1− ε2)c

ˆ ŷn(ξ)+ 1
n

y(ξ)

φ(n(ŷn(ξ)− z))(z− y(ξ))dz

≤ ŷn(ξ)− y(ξ)
(1+ ε)c + n 2ε

(1− ε2)c

ˆ ŷn(ξ)+ 1
n

ŷn(ξ)

φ(n(ŷn(ξ)− z))2

n
dz

≤ ŷn(ξ)− y(ξ)
(1+ ε)c + 2ε

n(1− ε2)c
,

where we used (60). Thus

0 ≤ y(ξ)− ŷn(ξ) ≤ 2ε

n(1− ε) , (61)

which implies that limn→∞ n(y(ξ)− ŷn(ξ)) = 0.
Let us return to the term Ĝ′n(ŷn(ξ)). We have from (50) that

Ĝ′n(ŷn(ξ)) = n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))G̃(z)dz

= n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))z− y(ξ)
c

dz

+ n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))
[
G̃(z)− z− y(ξ)

c

]
dz

= 1

c
+ n2

ˆ ŷn(ξ)+ 1
n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))
[
G̃(z)− z− y(ξ)

c

]
dz.

Thus (49) will follow if we can show that the last term on the right-hand side tends
to 0 as n→∞. Now observe that (60) implies that

∣∣∣G̃(z)− z− y(ξ)
c

∣∣∣ = |z− y(ξ)|
c

∣∣∣1− cG̃(z)

z− y(ξ)
∣∣∣ ≤ ε

(1− ε)c |z− y(ξ)|,

and hence
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∣∣∣n2
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))
[
G̃(z)− z− y(ξ)

c

]
dz

∣∣∣

≤ n2

c

ε

1− ε
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

|φ′(n(ŷn(ξ)− z))||z− y(ξ)|dz

≤ n2 ε

(1− ε)c
ˆ ŷn(ξ)+ 1

n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))(z− y(ξ))dz

+ 2n2 ε

(1− ε)c
ˆ
I0

|φ′(n(ŷn(ξ)− z))||z− y(ξ)|dz

= ε

(1− ε)c
(

1+ 2n2
ˆ
I0

|φ′(n(ŷn(ξ)− z))||z− y(ξ)|dz
)
,

where we used (56).
Recall from (55) that for z ∈ I0 one has

ŷn(ξ)− |ŷn(ξ)− y(ξ)| ≤ z ≤ ŷn(ξ)+ |ŷn(ξ)− y(ξ)|

and therefore

|z− y(ξ)| ≤ 2|ŷn(ξ)− y(ξ)| ≤ 4ε

n(1− ε) ,

where we used (61).
This implies that

∣∣∣Ĝ′n(ŷn(ξ))−
1

c

∣∣∣ ≤
∣∣∣n2

ˆ ŷn(ξ)+ 1
n

ŷn(ξ)− 1
n

φ′(n(ŷn(ξ)− z))
[
G̃(z)− z− y(ξ)

c

]
dz

∣∣∣

≤ ε

(1− ε)c
(

1+ 8ε

(1− ε)n
ˆ
I0

|φ′(n(ŷn(ξ)− z))|dz
)

≤ ε

(1− ε)c
(

1+ 16ε

1− εφ(0)
)
.

Since ε > 0 can be chosen arbitrarily small, this implies that Ĝ′n(ŷn(ξ))→ 1
c

as
n→∞.

To summarise, we have in this step shown that Ĝ′n(ŷn(ξ)) converges to 1/yξ (ξ)
in every point ξ ∈ R where y is differentiable. Thus also h̃n(ξ) converges to h(ξ) in
all of these points. Together with the fact that ‖h̃n‖L1 = ‖h‖L1 for all n (see (48)),
this shows that ‖h̃n − h‖L1 → 0.
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Step 4: Convergence of h̃n to h in L2(R) Recall that

h̃n = 1− ŷn,ξ and h = 1− yξ . (62)

Since h̃n, ŷn,ξ , h, and yξ all are non-negative, it follows that

0 ≤ h̃n(ξ) ≤ 1 and 0 ≤ h(ξ) ≤ 1 for all ξ ∈ R.

Thus we have

∥∥h̃n − h
∥∥2
L2 ≤

∥∥h̃n − h
∥∥
L1 .

Since we already know that h̃n→ h in L1(R), the claim follows.

Step 5: Convergence of ŷn,ξ − 1 to yξ − 1 in L1(R) ∩ L2(R) By definition we
have

h̃n = 1− ŷn,ξ and h = 1− yξ .

Since h̃n→ h both in L1(R) and L2(R) the claim follows.

Step 6: Convergence of Ûn to U in L2(R) A proof can be found in [27, Prop. 5.1].

Step 7: Convergence of Ûn,ξ to Uξ in L2(R) Let S = {ξ ∈ R | yξ (ξ) = 0}. Then
Uξ(ξ) = 0 for almost all ξ ∈ S, since U2

ξ = hyξ almost everywhere. Thus we have

∥∥Ûn,ξ − Uξ
∥∥2
L2 =

ˆ
S

Û2
n,ξ (ξ)dξ +

ˆ
Sc
(Ûn,ξ − Uξ)2(ξ)dξ. (63)

From (46) and the fact that ¯̂rn ≥ 0, it follows that we have for almost every ξ ∈ S
that

Û2
n,ξ (ξ) ≤ h̃n(ξ)ŷn,ξ (ξ) = h̃n(ξ)(ŷn,ξ − yξ )(ξ) = h̃n(ξ)(h− h̃n)(ξ),

and, therefore,

ˆ
S

Û2
n,ξ (ξ)dξ ≤

∥∥h− h̃n
∥∥
L1 ,

since
∥∥h̃n

∥∥
L∞ ≤ 1. Thus the first integral in (63) tends to 0 as n→∞.

As far as the integral over Sc is concerned, the proof of the convergence follows
closely the one of r̄n → r̄ in L2(R) as n → ∞ in [16, Lemma 6.4], which
we reproduce here for completeness. Note that by definition we have Ûn,ξ (ξ) =
un,x(ŷn(ξ))ŷn,ξ (ξ) and Uξ(ξ) = ux(y(ξ))yξ (ξ) for almost every ξ ∈ Sc, so that
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∥∥Un,ξ − Uξ
∥∥2
L2(Sc)

= ∥∥(un,x ◦ ŷn)ŷn,ξ − (ux ◦ y)yξ
∥∥2
L2(Sc)

=
ˆ
Sc
(un,x ◦ ŷn)2ŷn,ξ (ŷn,ξ − yξ )dξ

+
ˆ
Sc
(un,x ◦ ŷn)ŷn,ξ (un,x ◦ ŷn − un,x ◦ y)yξ dξ

+
ˆ
Sc
(un,x ◦ ŷn)ŷn,ξ (un,x ◦ y − ux ◦ y)yξ dξ

+
ˆ
Sc
(ux ◦ y)2yξ (yξ − ŷn,ξ )dξ

+
ˆ
Sc
(ux ◦ y)yξ (ux ◦ y − ux ◦ ŷn)ŷn,ξ dξ

+
ˆ
Sc
(ux ◦ y)yξ (ux ◦ ŷn − un,x ◦ ŷn)ŷn,ξ dξ. (64)

The first and the fourth term have the same structure, and we therefore only treat the
first one. Since (un,x ◦ ŷn)2ŷn,ξ ≤ h̃n ≤ 1, we have

∥∥∥(un,x ◦ ŷn)2ŷn,ξ (ŷn,ξ − yξ )
∥∥∥
L1(Sc)

≤ ∥∥yξ − ŷn,ξ
∥∥
L1 ,

and thus this term tends to 0 as n→∞. In order to investigate the fifth term we will
use that ux ∈ L2(R) and therefore there exists for any ε > 0 a continuous function
l̃ with compact support such that

∥∥ux − l̃
∥∥
L2 ≤ ε/(3 max(1, ‖ux‖L2)). Thus we can

write

∥∥(ux ◦ y)yξ (ux ◦ y − ux ◦ ŷn)ŷn,ξ
∥∥
L1(Sc)

≤ ∥∥(ux ◦ y)yξ (ux ◦ y − l̃ ◦ y)ŷn,ξ
∥∥
L1(Sc)

+ ∥∥(ux ◦ y)yξ (l̃ ◦ y − l̃ ◦ ŷn)ŷn,ξ
∥∥
L1(Sc)

+ ∥∥(ux ◦ y)yξ (l̃ ◦ ŷn − ux ◦ ŷn)ŷn,ξ
∥∥
L1(Sc)

≤ ‖ux‖L2

(
2
∥∥ux − l̃

∥∥
L2 +

∥∥l̃ ◦ ŷn − l̃ ◦ y
∥∥
L2

)
.

(65)

Here we have used in the last inequality that both yξ and ŷn,ξ are non-negative and
bounded above by 1. Since ŷn− y → 0 in L∞(R) and l̃ is continuous with compact
support, we obtain by Lebesgue’s dominated convergence theorem that l̃◦ŷn→ l̃◦y
in L2(R). In particular, we can choose n large enough so that

∥∥(ux ◦ y)yξ (ux ◦ y − ux ◦ ŷn)ŷn,ξ
∥∥
L1(Sc)

≤ ε.
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Since ε can be chosen arbitrarily small, we obtain in particular that

lim
n→∞

∥∥(ux ◦ y)yξ (ux ◦ y − ux ◦ ŷn)ŷn,ξ
∥∥
L1(Sc)

= 0. (66)

For the convergence of the second term, we estimate, using again that yξ is bounded
by 1,

∥∥(un,x ◦ ŷn)ŷn,ξ (un,x ◦ ŷn − un,x ◦ y)yξ
∥∥
L1(Sc)

≤ ∥∥(un,x ◦ ŷn)ŷn,ξ (un,x ◦ ŷn − ux ◦ ŷn)yξ
∥∥
L1(Sc)

+ ∥∥(un,x ◦ ŷn)ŷn,ξ (ux ◦ ŷn − ux ◦ y)yξ
∥∥
L1(Sc)

+ ∥∥(un,x ◦ ŷn)ŷn,ξ (ux ◦ y − un,x ◦ y)yξ
∥∥
L1(Sc)

≤
(ˆ

Sc
(un,x ◦ ŷn)2ŷn,ξ dξ

)1/2(ˆ
Sc
(un,x ◦ ŷn − ux ◦ ŷn)2ŷn,ξ dξ

)1/2

+ ∥∥(un,x ◦ ŷn)ŷn,ξ (ux ◦ ŷn − ux ◦ y)yξ
∥∥
L1(Sc)

+ ∥∥(un,x ◦ ŷn)ŷn,ξ
∥∥
L2

∥∥(ux ◦ y − un,x ◦ y)yξ
∥∥
L2 .

The first and third term in this last estimate tend to zero because un,x → ux ∈ L2(R)

and both yξ and ŷn,ξ are uniformly bounded, and for the convergence of the second
term we can use the same method as in (65). Thus also the second term in (64) tends
to zero. As far as the third (and, similarly, the last) term in (64) is concerned, we
have that

∥∥(un,x ◦ ŷn)ŷn,ξ (un,x ◦ y − ux ◦ y)yξ
∥∥
L1(Sc)

≤ ∥∥(un,x ◦ ŷn)ŷn,ξ
∥∥
L2(Sc)

∥∥(un,x ◦ y − ux ◦ y)yξ
∥∥
L2(Sc)

≤ ∥∥un,x
∥∥
L2

∥∥un,x − ux
∥∥
L2 ,

which again tends to zero since by assumption un,x → ux ∈ L2(R). Hence all terms
in (64) tend to 0 as n→∞ and therefore Ûn,ξ → Uξ in L2(R).

Step 8: Convergence of ¯̂rn to Zero in L2(R) By construction, we have ¯̂rn ≥ 0
since ρ̄n ≥ 0 and ŷn,ξ ≥ 0. Hence, by (26c), (29b), (46), and (62), we have

∥∥∥ ¯̂rn
∥∥∥

2

L2
≤
∥∥∥∥ ¯̂r2
n +

2

n
¯̂rnŷn,ξ

∥∥∥∥
L1

= ∥∥h̃nŷn,ξ − hyξ − Û2
n,ξ + U2

ξ

∥∥
L1

= ∥∥h̃n − h− h̃2
n + h2 − Û2

n,ξ + U2
ξ

∥∥
L1
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≤ 3
∥∥h− h̃n

∥∥
L1 +

(∥∥Ûn,ξ
∥∥
L2 +

∥∥Uξ
∥∥
L2

)∥∥Ûn,ξ − Uξ
∥∥
L2

≤ 3
∥∥h− h̃n

∥∥
L1 + 2 ‖μ‖ ∥∥Ûn,ξ − Uξ

∥∥
L2 .

Since h̃n → h in L1(R) and Ûn,ξ → Uξ in L2(R), the above estimate implies that
¯̂rn→ 0 in L2(R) as n→∞.

Step 9: Convergence of ĥn to h in L1(R) ∩ L2(R) According to (29b) and (31b),
we have

∥∥ĥn − h
∥∥
L2 ≤ 2

n

∥∥∥ ¯̂rn
∥∥∥
L2
+ ∥∥ŷn,ξ − yξ

∥∥
L2 .

Since ¯̂rn → 0 and ŷn,ξ − yξ → 0 in L2(R), this inequality implies that ĥn → h in
L2(R). As far as the L1(R) convergence is concerned, observe that

ĥn − h = ĥn(ŷn,ξ + h̃n)− h(yξ + h)
= ĥnŷn,ξ − hyξ + ĥnh̃n − h2

= Û2
n,ξ − U2

ξ + ¯̂r2
n + ĥnh̃n − h2.

Here the first equality follows from (29b) and (45), and the last equality follows
from (26c) and (46). Thus

∥∥ĥn − h
∥∥
L1 ≤

∥∥Ûn,ξ + Uξ
∥∥
L2

∥∥Ûn,ξ − Uξ
∥∥
L2 +

∥∥∥ ¯̂rn
∥∥∥

2

L2

+ ∥∥h̃n
∥∥
L2

∥∥ĥn − h
∥∥
L2 + ‖h‖L2

∥∥h̃n − h
∥∥
L2 ,

which implies that ĥn→ h in L1(R).

Step 10: Convergence of Xn to X in E So far we have shown that X̂n → X

in E. In addition we showed in Step 1 for all n ∈ N that we can write X̂n =
Xn ◦ gn with gn ∈ Gκ for some κ > 0 independent of n, or, equivalently that
X̂n ∈ Fκ for all n ∈ N. Moreover, it is known, see, e.g., [16, Lemma 4.6], that
the mapping Γ : Fκ → F0 defined in (28) is continuous. Thus we also have that
Xn = Γ (X̂n)→ X in E, which completes the proof.

Remark 4 A closer look at the proof of Theorem 3 reveals that we showed that for
every ξ ∈ R where y is differentiable and yξ > 0, we have

lim
n→∞ n(ŷn(ξ)− y(ξ)) = 0.

As the following example illustrates, we cannot expect this convergence to hold for
almost every ξ ∈ R such that yξ (ξ) = 0.
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Consider the following initial data for the CH equation which corresponds to a
symmetric/antisymmetric peakon-antipeakon solution, which vanishes at breaking
time t = 0, i.e.,

u(x) = 0 for all x ∈ R and F(x) = μ((−∞, x]) =
{

0, x < 0,

α, 0 ≤ x,

where α > 0. Then

y(ξ) =

⎧
⎪⎪⎨

⎪⎪⎩

ξ, ξ < 0,

0, 0 ≤ ξ ≤ α,
ξ − α, α < ξ.

and especially yξ (ξ) = 0 for all ξ ∈ (0, α). For the approximating sequence we
know that

ŷn(ξ)+ F̂n(ŷn(ξ)) = ξ for all ξ ∈ R,

where

F̂n(x) =
ˆ
R

nφ(n(x − y))F (y)dy.

We are going to show that limn→∞ n(ŷn(ξ) − y(ξ)) �= 0 for any ξ ∈ (0, α) except
ξ = α

2 .
Indeed, if we denote

Φ(x) :=
ˆ x

−∞
φ(y) dy,

then we see that

F̂n(x) =
ˆ
R

nφ(n(x − y))F (y)dy = α
ˆ ∞

0
nφ(n(x − y))dy = αΦ(nx)

for all x ∈ R. Now assume that 0 < ξ < α. Then y(ξ) = 0 and thus

ξ = ŷn(ξ)+ F̂n(ŷn(ξ)) = ŷn(ξ)+ αΦ(nŷn(ξ))
= ŷn(ξ)− y(ξ)+ αΦ(n(ŷn(ξ)− y(ξ))).

In Step 2 in the proof of Theorem 3 we have shown that ŷn(ξ)→ y(ξ). Taking the
limit n→∞ in the previous equation therefore implies that
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ξ

α
= lim
n→∞Φ(n(ŷn(ξ)− y(ξ))).

Using that
∣∣n(ŷn(ξ)− y(ξ))

∣∣ < 1 for all n and that Φ is continuously invertible on
(−1, 1), it follows that

lim
n→∞ n(ŷn(ξ)− y(ξ)) = Φ

−1(ξ/α).

Since Φ(0) = 1/2 and therefore Φ−1(1/2) = 0, this shows in particular that the
sequence n(ŷn(ξ)− y(ξ)) only converges to 0 for ξ = α/2.

4 Convergence in Lagrangian Coordinates Implies
Convergence in Eulerian Coordinates

In the previous two sections, we saw that we can approximate any given initial data
(u, μ) for the CH equation by a sequence of smooth initial data (un, ρn, μn) for the
2CH system where the measures μn are purely absolutely continuous. Afterwards
we saw that this convergence in Eulerian coordinates is transported, via the mapping
L, to convergence in Lagrangian coordinates.

In this section we consider the case when we are given a sequence Xn ∈ F0 and
X ∈ F0, such thatXn→ X inE. DoesM(Xn)→ M(X) in some sense in Eulerian
coordinates? Here M : F0 → D denotes the mapping from Lagrangian to Eulerian
coordinates, which is defined as follows.

Definition 4 ([16, Thm. 4.10]) Given any element X = (y, U, h, r) ∈ F0, we
define (u, ρ, μ) as follows3

u(x) = U(ξ) for any ξ such that x = y(ξ), (67a)

μ = y#(h(ξ) dξ), (67b)

ρ̄(x) dx = y#(r̄(ξ) dξ), (67c)

ρ(x) = k + ρ̄(x), (67d)

where k is implicitly given through the relation r(ξ) = r̄(ξ )+ kyξ (ξ) for all ξ ∈ R.
We have that (u, ρ, μ) belongs to D and, in particular, that the measure y#(r̄(ξ) dξ)

is absolutely continuous. We denote by M : F0 → D the mapping which to any X
in F0 associates the element (u, ρ, μ) ∈ D as given by (67).

3Here we denote by y#(h dξ) the push-forward of the measure h dξ by y, defined by
y#(h dξ)(A) =

´
y−1(A)

h(ξ)dξ for all Borel sets A ⊂ R.
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We recall from Definition 3 that for any (y, U, h, r) ∈ F0 we have that yξ ≥ 0
and Uξ = 0 whenever yξ = 0, or, in other words, that U is constant whenever
the increasing function y is constant. As a consequence, the value U(ξ) is uniquely
determined by y(ξ), which means that the definition of the function u in (67a) is
independent of the choice of ξ satisfying x = y(ξ). Also, the fact that y is Lipschitz
continuous (see (26a)) implies that the push-forward of the absolutely continuous
measure r̄(ξ ) dξ under y is again absolutely continuous, cf. [16, Thm. 4.10].

Moreover, we consider the following notion of sequential convergence on D .

Definition 5 We say that a sequence (un, ρn, μn) ∈ D converges to (u, ρ, μ) ∈ D
as n→∞ if4

un→ u ∈ L2(R) ∩ L∞(R), (68a)

un,x ⇀ ux, (68b)

ρ̄n ⇀ ρ̄, (68c)

kn→ k, (68d)
ˆ
R

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx →

ˆ
R

u2
x(x)

1+ u2
x(x)+ ρ̄2(x)

dx, (68e)

ˆ
R

ρ̄2
n(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx →

ˆ
R

ρ̄2(x)

1+ u2
x(x)+ ρ̄2(x)

dx, (68f)

Fn(x)→ F(x) for every x at which F is continuous,
(68g)

Fn(∞)→ F(∞), (68h)

where Fn(x) = μn((−∞, x]) for all n ∈ N and F(x) = μ((−∞, x]).
With this definition, the convergence result can be stated as follows.

Theorem 4 Given a sequenceXn = (yn, Un, hn, rn) ∈ F0 andX = (y, U, h, r) ∈
F0 such that Xn → X in E as n→ ∞, then (un, ρn, μn) = M(Xn) converges to
(u, ρ, μ) = M(X) in the sense of Definition 5.

Proof The proof is divided into 8 steps for convenience.

Step 1: Convergence of un to u in L∞(R) For a proof we refer the interested
reader to [16, Thm. 6.5].

Step 2: Convergence of un to u in L2(R) If we can show that the assumptions of
the Radon–Riesz theorem are fulfilled, see, e.g., [1, Thm. 1.37], the claim follows.
Thus we have to show that ‖un‖L2 → ‖u‖L2 and that un converges weakly to u as
n→∞.

4We say that fn ⇀ f if
´
R
fn(x)g(x)dx →

´
R
f (x)g(x)dx for every g ∈ L2(R).
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A straightforward computation using (67a) yields

‖un‖2L2 =
ˆ
R

(U2
n − U2)yn,ξ (ξ)dξ +

ˆ
R

U2(yn,ξ − yξ )(ξ)dξ + ‖u‖2L2 , (69)

where we have used that U2yξ (ξ) = 0 whenever yξ (ξ) = 0, and similarly that
U2
nyn,ξ (ξ) = 0 whenever yn,ξ (ξ) = 0. Applying the Cauchy–Schwarz inequality to

the first and second term on the right-hand side of (69) yields that

∣∣∣
ˆ
R

(U2
n−U2)yn,ξ (ξ)dξ

∣∣∣+
∣∣∣
ˆ
R

U2(yn,ξ − yξ )(ξ)dξ
∣∣∣

≤ (‖Un − U‖L2 + 2 ‖U‖L2) ‖Un − U‖L2

+ ‖U‖L∞ ‖U‖L2

∥∥yn,ξ − yξ
∥∥
L2 ,

where we used that 0 ≤ yn,ξ ≤ 1. Since Un → U in L2(R) and ζn,ξ → ζξ in
L2(R), we obtain from (69) that ‖un‖L2 → ‖u‖L2 as n→∞.

Since C∞c (R) is dense in L2(R) and ‖un‖L2 → ‖u‖L2 , it suffices to show that

lim
n→∞

ˆ
R

unψ(x)dx =
ˆ
R

uψ(x)dx (70)

for all ψ ∈ C∞c (R). This however follows immediately, as

∣∣∣
ˆ
R

(un − u)ψ(x)dx
∣∣∣ ≤ ‖un − u‖L∞ ‖ψ‖L1 → 0

according to Step 1.

Step 3: Convergence of Fn(x) to F(x) for all x at Which F(x) is Continuous
According to [11, Props. 7.19 and 8.17], this is equivalent to showing that

lim
n→∞

ˆ
R

ψ(x)dμn(x) =
ˆ
R

ψ(x)dμ(x) (71)

for all ψ ∈ C∞c (R). It follows from (67b) that

ˆ
R

ψdμn(x) =
ˆ
R

ψ(yn(ξ))hn(ξ)dξ, (72)

and
ˆ
R

ψdμ(x) =
ˆ
R

ψ(y(ξ))h(ξ)dξ. (73)
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Since yn−id→ y−id inL∞(R), the support ofψ◦yn is contained in some compact
set which can be chosen independently of n, and, from Lebesgue’s dominated
convergence theorem, we have that ψ ◦yn→ ψ ◦y in L2(R). Hence, since hn→ h

in L2(R),

lim
n→∞

ˆ
R

ψ(yn(ξ))hn(ξ)dξ =
ˆ
R

ψ(y(ξ))h(ξ)dξ,

and (71) follows from (72) and (73).
Note that, in particular, μn(R)→ μ(R) as n→ ∞, since ‖hn‖L1 → ‖h‖L1 by

assumption. Moreover,

μn,ac = (u2
n,x + ρ̄2

n)dx and μac = (u2
x + ρ̄2)dx,

which implies

∥∥un,x
∥∥2
L2 + ‖ρ̄n‖2L2 ≤ μn(R) and ‖ux‖2L2 + ‖ρ̄‖2L2 ≤ μ(R), (74)

and hence un,x , ux , ρ̄n and ρ̄ belong to L2(R).

Step 4: Weak Convergence of un,x to ux Since C∞c (R) is dense in L2(R) and∥∥un,x
∥∥
L2 and ‖ux‖L2 can be uniformly bounded according to (74), it suffices to

show that

lim
n→∞

ˆ
R

un,x(x)ψ(x)dx =
ˆ
R

ux(x)ψ(x)dx

for all ψ ∈ C∞c (R). To that end, observe that

ˆ
R

un,x(x)ψ(x)dx =
ˆ
R

Un,ξ (ξ)ψ(yn(ξ))dξ,

since Un,ξ (ξ) = 0 for all ξ ∈ R such that yn,ξ (ξ) = 0, and

ˆ
R

ux(x)ψ(x)dx =
ˆ
R

Uξ(ξ)ψ(y(ξ))dξ.

Thus it suffices to show that

lim
n→∞

ˆ
R

Un,ξ (ξ)ψ(yn(ξ))dξ =
ˆ
R

Uξ(ξ)ψ(y(ξ))dξ, (75)

for all ψ ∈ C∞c (R). By assumption we have that Un,ξ → Uξ in L2(R) and
yn − id → y − id in L∞(R) and hence the support of ψ(yn(ξ)) and ψ(y(ξ))
is contained in some compact set that can be chosen independent of n. Thus
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ψ(yn(ξ))→ ψ(y(ξ)) in L∞(R) ∩ L2(R), and Lebesgue’s dominated convergence
theorem implies (75).

Step 5: Weak Convergence of ρ̄n to ρ̄ The argument closely follows the argument
for the weak convergence of un,x to ux in Step 4.

Step 6: Convergence of
´
R

u2
n,x(x)

1+u2
n,x(x)+ρ̄2

n(x)
dx to

´
R

u2
x(x)

1+u2
x(x)+ρ̄2(x)

dx Let S =
{ξ ∈ R | yξ (ξ) = 0} and Sn = {ξ ∈ R | yn,ξ (ξ) = 0}. Furthermore, let Bn = yn(S).
Then we claim that meas(Bn)→ 0 as n→∞.

By definition, we have that S = {ξ ∈ R | yξ (ξ) = 0} = {ξ ∈ R | h(ξ) = 1},
which implies that meas(S) ≤ ‖h‖L1 . Thus

meas(Bn) = meas(yn(S)) =
ˆ
yn(S)

dx

=
ˆ
S

yn,ξ (ξ)dξ =
ˆ
S

(
yn,ξ (ξ)− yξ (ξ)

)
dξ

≤ meas(S)1/2
∥∥yn,ξ − yξ

∥∥
L2

≤ ‖h‖1/2
L1

∥∥yn,ξ − yξ
∥∥
L2 .

By assumption yn,ξ − yξ → 0 in L2(R), and hence meas(Bn) tends to 0 as
n→∞. Moreover,

Un,ξ (ξ) = 0 for ξ ∈ Sn and Uξ (ξ) = 0 for ξ ∈ S.

As far as yn,ξ (ξ) and yξ (ξ) are concerned, we have the representations

yn,ξ (ξ) = 1

1+ u2
n,x(yn(ξ))+ ρ̄2

n(yn(ξ))
for almost every ξ ∈ Scn

and

yξ (ξ) = 1

1+ u2
x(y(ξ))+ ρ̄2(y(ξ))

for almost every ξ ∈ Sc.

This means, in particular, that

ˆ
Sc
U2
n,ξ (ξ)dξ =

ˆ
Sc∩Scn

U2
n,ξ (ξ)dξ

=
ˆ
Sc∩Scn

u2
n,x(yn(ξ))y

2
n,ξ (ξ)dξ

=
ˆ
Sc∩Scn

u2
n,x(yn(ξ))

1+ u2
n,x(yn(ξ))+ ρ̄2

n(yn(ξ))
yn,ξ (ξ)dξ
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=
ˆ
Bcn∩yn(Scn)

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx

=
ˆ
Bcn

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx,

since yn is Lipschitz continuous and therefore meas(yn(Sn)) = 0 for all n ∈ N.
Similarly, one obtains

ˆ
Sc
U2
ξ (ξ)dξ =

ˆ
R

u2
x(x)

1+ u2
x(x)+ ρ̄2(x)

dx,

as meas(y(S)) = 0. Since Un,ξ → Uξ in L2(R) we find that

lim
n→∞

ˆ
Bcn

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx =

ˆ
R

u2
x(x)

1+ u2
x(x)+ ρ̄2(x)

dx.

Furthermore, note that
u2
n,x (x)

1+u2
n,x (x)+ρ̄2

n(x))
is uniformly bounded by 1 for all n ∈ N and

x ∈ R. This means, in particular, that

ˆ
Bn

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx ≤ meas(Bn),

and thus the term on the left-hand side converges to 0 as n→∞ since meas(Bn)→
0. Thus we get

lim
n→∞

ˆ
R

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx =

ˆ
R

u2
x(x)

1+ u2
x(x)+ ρ̄2(x)

dx.

Step 7: Convergence of
´
R

ρ̄2
n(x)

1+u2
n,x(x)+ρ̄2

n(x)
dx to

´
R

ρ̄2(x)

1+u2
x(x)+ρ̄2(x)

dx The argu-

ment is similar to the one in Step 6.

Step 8: Convergence of kn to k By definition we have

r(ξ) = r̄(ξ )+ kyξ (ξ)

and

rn(ξ) = r̄n(ξ)+ knyn,ξ (ξ).

By assumption Xn converges to X in E, and thus according to (23), we infer that
kn→ k.
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Remark 5 Note that the convergence in Lagrangian coordinates implies in partic-
ular that ρ̄n converges to ρ̄ weakly. Thus, in the special case k = 0 and r(ξ) =
r̄(ξ ) = 0 for all ξ ∈ R, we infer that ρ̄n converges weakly to zero and kn → 0.
Thus ρ(x) = 0 for all x ∈ R, and hence (u, ρ, μ) = (u, 0, μ) belongs to the set
of Eulerian coordinates for the CH equation. Thus the sequence ρ̄n in Theorem 1
converges to zero in the weak sense, since all the assumptions in Theorem 4 are
satisfied due to Theorem 3.

5 Convergence in Eulerian Coordinates Implies Convergence
in Lagrangian Coordinates

In this section we want to show that convergence in Eulerian coordinates implies
convergence in Lagrangian coordinates. Due to the definition of Eulerian coordi-
nates, one might guess that it is natural to impose only the condition un → u in
H 1(R). However, due to Theorem 4 we will require a somewhat stronger mode
of convergence for un,x to ux , which in the end yields an equivalence between
convergence in Eulerian and Lagrangian coordinates.

Theorem 5 Given a sequence (un, ρn, μn) ∈ D and some (u, ρ, μ) ∈ D such that
(un, ρn, μn) converges to (u, ρ, μ) as n→∞ in the sense of Definition 5, letXn =
(yn, Un, hn, rn) = L((un, ρn, μn)) ∈ F0 and X = (y, U, h, r) = L((u, ρ, μ)) ∈
F0. Then Xn→ X in E as n→∞.

Proof The proof is divided into 7 steps.

Step 1: The Sequence yn Converges Pointwise to y Denote D = {ξ ∈ R |
F is discontinuous at y(ξ)}. By construction we have for all ξ ∈ Dc that

F(y(ξ))+ y(ξ) = ξ, (76)

and, in particular,

F(y(ξ)) = μ((−∞, y(ξ)]) = μ((−∞, y(ξ))). (77)

As far as yn(ξ) is concerned, we have by (29a) that

μn((−∞, yn(ξ)))+ yn(ξ) ≤ ξ ≤ μn((−∞, yn(ξ)])+ yn(ξ) = Fn(yn(ξ))+ yn(ξ).
(78)

To show the pointwise convergence of yn(ξ) to y(ξ) for ξ ∈ Dc, we have to
distinguish two cases.
For yn(ξ) ≤ y(ξ), combining (76)–(78) yields

F(y(ξ))+ y(ξ) = ξ ≤ Fn(yn(ξ))+ yn(ξ)
= Fn(y(ξ))− μn((yn(ξ), y(ξ)])+ yn(ξ).
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Thus

0 ≤ y(ξ)− yn(ξ)+ μn((yn(ξ), y(ξ)]) ≤ Fn(y(ξ))− F(y(ξ)).

For y(ξ) < yn(ξ), combining again (76)–(78) yields

μn((−∞, yn(ξ)))+ yn(ξ) = Fn(y(ξ))+ μn((y(ξ), yn(ξ)))+ yn(ξ)
≤ ξ = F(y(ξ))+ y(ξ).

Hence

0 ≤ yn(ξ)− y(ξ)+ μn((y(ξ), yn(ξ))) ≤ F(y(ξ))− Fn(y(ξ)).

Since μn and μ are positive finite Radon measures for all n ∈ N, we get that

|yn(ξ)− y(ξ)| ≤ |Fn(y(ξ))− F(y(ξ))|, ξ ∈ Dc. (79)

Since by assumption ξ ∈ Dc, we have that F is continuous at the point y(ξ), which
in turn implies that |Fn(y(ξ)) − F(y(ξ))| converges to zero. Thus yn(ξ) → y(ξ)

for every ξ ∈ Dc.
For ξ ∈ D, we argue as follows. Any point x at which F is discontinuous

in Eulerian coordinates, corresponds to a maximal interval [ξ1, ξ2] in Lagrangian
coordinates such that y(ξ) = x for all ξ ∈ [ξ1, ξ2] and ξ2 − ξ1 = μ({x}). In
particular, there exists an increasing sequence ξi ∈ Dc such that ξi converges to ξ1.
We may write

yn(ξ1)− y(ξ1) = (yn(ξ1)− yn(ξi))+ (yn(ξi)− y(ξi))+ (y(ξi)− y(ξ1)).

Because yn and y are Lipschitz continuous with Lipschitz constant at most 1 due
to (29a), we can thus estimate

|yn(ξ1)− y(ξ1)| ≤ 2 |ξi − ξ1| + |yn(ξi)− y(ξi)| .

Since y is continuous at ξi (cf. (79)), the second term on the right-hand side tends to
0 as n→ ∞, which shows that |yn(ξ1)− y(ξ1)| can be made arbitrarily small and
thus yn(ξ1) → y(ξ1). A similar argument shows that yn(ξ2) → y(ξ2) by taking a
decreasing sequence ξi ∈ Dc such that ξi converges to ξ2.

We can now show that yn(ξ)→ y(ξ) for all ξ ∈ [ξ1, ξ2], By definition yn is an
increasing function, and y(ξ) is constant on [ξ1, ξ2]. Thus

|yn(ξ)− y(ξ)| ≤ max
(|yn(ξ1)− y(ξ1)|, |yn(ξ2)− y(ξ2)|

)
for all ξ ∈ [ξ1, ξ2].

Since both |yn(ξ1)− y(ξ1)| and |yn(ξ2)− y(ξ2)| tend to zero as n→∞, it follows
immediately that yn(ξ)→ y(ξ) for all ξ ∈ [ξ1, ξ2]. Thus yn→ y pointwise.
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Step 2: Convergence of hn to h and ζn,ξ to ζξ in L2(R) By definition, we have
that Xn ∈ F0 for all n ∈ N and X ∈ F0. Thus Hn(ξ) = ξ − yn(ξ), n ∈ N, and
H(ξ) = ξ − y(ξ) for almost every ξ ∈ R. As yn(ξ) converges pointwise to y(ξ),
we infer that Hn(ξ) → H(ξ) pointwise almost everywhere as n → ∞. Moreover,
Hn(ξ), n ∈ N, and H(ξ) are all continuous, and hence we conclude that, actually,
we have pointwise convergence of Hn(ξ) → H(ξ) for every ξ ∈ R. Moreover,
since

Hn(ξ) =
ˆ ξ

−∞
hn(η)dη and H(ξ) =

ˆ ξ

−∞
h(η)dη,

hn and h can be seen as positive finite Radon measures, and hence

lim
n→∞

ˆ
R

hn(ξ)ψ(ξ)dξ =
ˆ
R

h(ξ)ψ(ξ)dξ (80)

for all ψ ∈ C∞c (R) according to [11, Props. 7.19 and 8.17]. If we can show that
‖hn‖L2 → ‖h‖L2 , (80) will remain true for all ψ ∈ L2(R) by a density argument
and hence all assumptions of the Radon–Riesz theorem are satisfied. Thus hn → h

in L2(R), provided ‖hn‖L2 → ‖h‖L2 .
In order to show this convergence, observe that

‖hn‖L1 = ‖Hn‖L∞ = μn(R)→ μ(R) = ‖H‖L∞ = ‖h‖L1 as n→∞.
(81)

Since Xn ∈ F0 and X ∈ F0, we have because of (26c) that

h2
n(ξ) = hn(ξ)−U2

n,ξ (ξ)− r̄2
n(ξ) and h2(ξ) = h(ξ)−U2

ξ (ξ)− r̄2(ξ), (82)

respectively. Moreover, let S = {ξ ∈ R | yξ (ξ) = 0} and Sn = {ξ ∈ R | yn,ξ (ξ) =
0}. Then

yn,ξ (ξ) = 1

1+ u2
n,x(yn(ξ))+ ρ̄2

n(yn(ξ))
for almost every ξ ∈ Scn,

and

yξ (ξ) = 1

1+ u2
x(y(ξ))+ ρ̄2(y(ξ))

for almost every ξ ∈ Sc.

Hence we get

ˆ
R

U2
n,ξ (ξ)dξ =

ˆ
Scn

U2
n,ξ (ξ)dξ =

ˆ
Scn

u2
n,x(yn(ξ))

1+ u2
n,x(yn(ξ))+ ρ̄2

n(yn(ξ))
yn,ξ (ξ)dξ

=
ˆ
R

u2
n,x(x)

1+ u2
n,x(x)+ ρ̄2

n(x)
dx,
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where we used that Un,ξ (ξ) = yn,ξ (ξ) = 0 for all ξ ∈ Sn and that meas(yn(Sn)) =
0. Similar arguments yield

ˆ
R

U2
ξ (ξ)dξ =

ˆ
R

u2
x(x)

1+ u2
x(x)+ ρ̄2(x)

dx.

Thus, according to (68e),

lim
n→∞

∥∥Un,ξ
∥∥2
L2 = lim

n→∞

ˆ
R

U2
n,ξ (ξ)dξ =

ˆ
R

U2
ξ (ξ)dξ =

∥∥Uξ
∥∥2
L2 . (83)

Following the same argument, this time using (68f), we obtain

lim
n→∞‖r̄n‖

2
L2 = ‖r̄‖2L2 . (84)

Hence combining (81)–(82) and (83)–(84) yields that ‖hn‖L2 → ‖h‖L2 , and, in
particular, hn → h in L2(R) and yn,ξ → yξ in L2(R), since both Xn and X belong
to F0.

Step 3: Convergence of Un,ξ to Uξ in L2(R) In order to conclude that Un,ξ → Uξ
inL2(R), it suffices to show, according to the Radon–Riesz theorem, thatUn,ξ (ξ) ⇀
Uξ(ξ) since we have convergence of the corresponding norms, cf. (83). Due to the
fact that C∞c (R) is dense in L2(R), it suffices to show that

lim
n→∞

ˆ
R

Un,ξ (ξ)ψ(ξ)dξ =
ˆ
R

Uξ(ξ)ψ(ξ)dξ

for all ψ ∈ C∞c (R). Observe that we have for any ψ ∈ C∞c (R)
ˆ
R

Un,ξ (ξ)ψ(ξ)dξ =
ˆ
Scn

Un,ξ (ξ)ψ(ξ)dξ =
ˆ
R

un,x(x)ψ(y
−1
n (x))dx.

Here Sn = {ξ ∈ R | yn,ξ (ξ) = 0} and hence, according to (26c), Un,ξ (ξ) = 0 for
almost every ξ ∈ Sn, and y−1

n (x) denotes the pseudo inverse to yn(ξ) defined as

y−1
n (x) = inf{ξ ∈ R | yn(ξ) > x}.

Similarly,

ˆ
R

Uξ(ξ)ψ(ξ)dξ =
ˆ
R

ux(x)ψ(y
−1(x))dx,

where y−1(x) denotes the pseudo inverse to y(ξ), i.e.,

y−1(x) = inf{ξ ∈ R | y(ξ) > x}.
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Thus it suffices to show that

lim
n→∞

ˆ
R

un,x(x)ψ(y
−1
n (x))dx =

ˆ
R

ux(x)ψ(y
−1(x))dx (85)

for all ψ ∈ C∞c (R).
Let ψ ∈ C∞c (R). By assumption, there exist c, d ∈ R such that supp(ψ) ⊂

[c, d]. Then supp(ψ ◦ y−1) ⊂ [ξ1, ξ2], where

ξ1 = min{ξ ∈ R | y(ξ) ≥ c} and ξ2 = max{ξ ∈ R | y(ξ) ≤ d}.

Since y(ξ)+H(ξ) = ξ for all ξ ∈ R and H(ξ) ≤ ‖μ‖, we have

c − ‖μ‖ ≤ ξ1 < ξ2 ≤ d + ‖μ‖

or, in other words, supp(ψ ◦ y−1) ⊂ [c−‖μ‖ , d+‖μ‖]. Similarly one obtains that
supp(ψ ◦ y−1

n ) ⊂ [c−‖μn‖ , d +‖μn‖]. In particular, cf. (68g), there exists N ∈ N

such that

supp(ψ ◦ y−1
n ) ⊂ [c − 2 ‖μ‖ , d + 2 ‖μ‖], for all n ≥ N.

Moreover, to any x ∈ R we can assign a unique y−1(x) and y−1
n (x) using the pseudo

inverse to y(ξ) and yn(ξ), respectively. Thus we have from (29a)

y−1(x) = x + μ((−∞, x]) = x + F(x).

and

y−1
n (x) = x + μn((−∞, x]) = x + Fn(x).

In particular,

|y−1
n (x)− y−1(x)| = |Fn(x)− F(x)|.

Thus y−1
n (x) converges to y−1(x) for any x ∈ R at which F(x) is continuous. In

particular, y−1
n (x) converges to y−1(x) for almost every x ∈ R, since F(x) has

at most countably many discontinuities. Hence, after using Lebesgue’s dominated
convergence theorem, we obtain that ψ ◦ y−1

n → ψ ◦ y−1 in L2(R). Moreover,
we have by assumption that un,x converges weakly to ux . Thus un,x ψ ◦ y−1

n is the
product of a weakly convergent sequence and a strongly convergent sequence, which
implies that its integral converges to the integral of the limit ux ψ ◦ y−1, which in
turn proves (85).

Step 4: Convergence of r̄n to r̄ in L2(R) The proof follows exactly the same lines
as the one of Un,ξ → Uξ in L2(R) in Step 3.
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Step 5: Convergence of ζn to ζ in L∞(R) Since both Xn and X belong to F0, we
have

|y(ξ)− yn(ξ)| = |H(ξ)−Hn(ξ)| ≤ ‖hn − h‖L1 . (86)

Moreover, by (82),

hn(ξ)− h(ξ) = h2
n(ξ)− h2(ξ)+ U2

n,ξ (ξ)− U2
ξ (ξ)+ r̄2

n(ξ)− r̄2(ξ),

which together with (86) implies that ‖yn − y‖L∞ → 0 as n→∞, since hn → h,
Un,ξ → Uξ and r̄n→ r̄ in L2(R).

Step 6: Convergence of Un to U in L2(R) For a proof we refer the interested
reader to [27, Prop. 5.1].

Step 7: Convergence of kn to k By definition we have

r(ξ) = r̄(ξ )+ kyξ (ξ) = ρ̄(y(ξ))yξ (ξ)+ kyξ (ξ) = ρ(y(ξ))yξ
and

rn(ξ) = r̄n(ξ)+ knyn,ξ (ξ)+ ρ̄n(yn(ξ))yn,ξ (ξ)+ knyn,ξ (ξ) = ρn(yn(ξ))yn,ξ (ξ).

Thus, the constants kn in Eulerian and Lagrangian coordinates coincide and the
same is true for k, and the claim is an immediate consequence of (68d).

6 Convergence for the Initial Data Implies Convergence
for the Solution of the 2CH System

Finally, we would like to turn our attention to the 2CH system. In particular, we are
going to study the consequences of the results derived so far in the context of the
global weak conservative solutions of the 2CH system.

Theorem 6 Given (u0, ρ0, μ0) in D , let (un,0, ρn,0, μn,0) in D be a sequence
satisfying (un,0, ρn,0, μn,0) → (u0, ρ0, μ0) in the sense of Definition 5.
Consider the weak conservative solutions (u(t, · ), ρ(t, · ), μ(t, · )) and
(un(t, · ), ρn(t, · ), μn(t, · )) of the 2CH system with initial data (u, ρ, μ)|t=0 =
(u0, ρ0, μ0) and (un, ρn, μn)|t=0 = (un,0, ρn,0, μn,0), respectively. Then we have,
for all t ∈ [0,∞),

un(t, · )→ u(t, · ) ∈ L2(R) ∩ L∞(R),
un,x(t, · ) ⇀ ux(t, · ),
ρ̄n(t, · ) ⇀ ρ̄(t, · ),

kn→ k,
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ˆ
R

u2
n,x(t, x)

1+ u2
n,x(t, x)+ ρ̄2

n(t, x)
dx →

ˆ
R

u2
x(t, x)

1+ u2
x(t, x)+ ρ̄2(t, x)

dx,

ˆ
R

ρ̄2
n(t, x)

1+ u2
n,x(t, x)+ ρ̄2

n(t, x)
dx →

ˆ
R

ρ̄2(t, x)

1+ u2
x(t, x)+ ρ̄2(t, x)

dx,

Fn(t, x)→ F(t, x) for every x at which F(t, x) is continuous,

Fn(t,∞)→ F(t,∞),

where Fn(t, x) = μn(t, (−∞, x]) for all n ∈ N and F(t, x) = μ(t, (−∞, x]).
That is, for every t ≥ 0 we have that the sequence (un(t, · ), ρn(t, · ), μn(t, · ))
converges to (u(t, · ), ρ(t, · ), μ(t, · )) in the sense of Definition 5.

Proof Again, we are going to split the proof into several steps.

Step 1: Convergence in Eulerian Coordinates Implies Convergence in
Lagrangian Coordinates for the Initial Data Let X0 = (y0, U0, h0, r0) =
L((u0, ρ0, μ0)) and Xn,0 = (yn,0, Un,0, hn,0, rn,0) = L((un,0, ρn,0, μ0,n)). Then
according to Theorem 5, Xn,0 → X0 in E.

Step 2: Convergence at Initial Time Implies Convergence at Any Later Time
for the Solution in Lagrangian Coordinates Consider the following semilinear
system of ordinary differential equations, which describes weak conservative
solutions of the 2CH system in Lagrangian coordinates, cf. [16],

ζt = U, (87a)

Ut = −Q(X), (87b)

ht = 2(U2 + 1

2
k2 − P)Uξ , (87c)

r̄t = −kUξ , (87d)

kt = 0, (87e)

where y(t, ξ) = ζ(t, ξ)+ ξ , and

P(X)(t, ξ) = 1

4

ˆ
R

e−|y(t,ξ)−y(t,η)|(2U2yξ + 2kr̄ + h)(t, η)dη + 1

2
k2,

and

Q(X)(t, ξ) = −1

4

ˆ
R

sgn(ξ − η)e−|y(t,ξ)−y(t,η)|(2U2yξ + 2kr̄ + h)(t, η)dη.

Then to X(0) = X0 and Xn(0) = Xn,0 ∈ F , there exists a unique global
solution to (87) in F , which we denote X(t) and Xn(t), respectively. Moreover,
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the mappings X "→ P(X) − 1
2k

2 and X "→ Q(X) are Lipschitz continuous on
bounded sets as mappings from E to H 1(R). In particular, one has, cf. [27, Lemma
2.1], that

‖P(Xn(t))− P(X(t))‖L2∩L∞ ≤ Ct,n ‖Xn(t)−X(t)‖E , (88)

where Ct,n is dependent on ‖Xn(t)‖E , ‖X(t)‖E . Similarly, we have

‖Q(Xn(t))−Q(X(t))‖L2∩L∞ ≤ Ct,n ‖Xn(t)−X(t)‖E . (89)

Furthermore, following closely the proof of [18, Thm. 3.5] and [27, Thm. 2.8], we
get from (87) and (27) that

Σ(X(t)) =
ˆ
R

(U2yξ + h)(t, η)dη =
ˆ
R

(U2yξ + h)(0, η)dη

=
ˆ
R

(U2yξ + h2 + U2
ξ + r̄2)(0, η)dη = Σ(X(0)), (90)

and, in particular,

‖X(t)‖E ≤ D(t,Σ(X(0))) ‖X(0)‖E ,

where D(t,Σ(X(0))) depends on t and Σ(X(0)). A similar estimate holds for
Xn(t) with n ∈ N. Thus Ct,n in (88) and (89) only depends on t , ‖Xn(0)‖E ,
and ‖X(0)‖E , due to (90). Furthermore, since Xn(0) → X(0) in E, there exists
M > 0 such that max(‖Xn(0)‖E , ‖X(0)‖E) ≤ M . Thus, (88) and (89) imply
that the right-hand side of (87) is Lipschitz continuous on bounded sets, and, in
particular, applying Gronwall’s inequality yields

‖Xn(t)−X(t)‖E ≤ Ct ‖Xn(0)−X(0)‖E , (91)

where Ct only depends on M and t .

Step 3: Convergence Independent of Relabeling in F As in [27, Lemma 3.3],
one can show, given T ≥ 0 and X̄(0) ∈ F0, one has

X̄(t) ∈ Fα

for all t ∈ [0, T ], where α only depends on t and
∥∥X̄(0)

∥∥
E

. In our case, since
Xn(0) → X(0) in E, there exists M > 0 such that M ≥ ‖X(0)‖E and M ≥
‖Xn(0)‖E for all n ∈ N. Thus there exists β(t) > 0 independent of n, such that

X(t) ∈ Fβ(t) and Xn(t) ∈ Fβ(t) for all n ∈ N.
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Moreover, it is known, see, e.g., [16, Lemma 4.6], that for β(t) ≥ 0, the mapping
Γ : Fβ(t) → F0 with X "→ Γ (X) = X ◦ (y + H)−1 is continuous. Let X̃n(t) =
Γ (Xn(t)) and X̃(t) = Γ (X(t)). Then for each t ≥ 0 the convergence Xn(t) →
X(t) in E implies X̃n(t)→ X̃(t) in E.

Step 4: Convergence of the Solutions in Eulerian Coordinates Since X̃n(t) →
X̃(t) in E for all t ≥ 0 and X̃n(t), X̃(t) ∈ F0 for all t ≥ 0, applying Theorem 4
finishes the proof.

The next result gives the corresponding result in the case where the approximation
is constructed using the mollifier.

Theorem 7 Given (u0, 0, μ0) in D and let (un,0, ρn,0, μn,0) in D be the smooth
approximation given by (5) in Theorem 1. Consider the weak, conservative solu-
tions (u(t, · ), 0, μ(t, · )) and (un(t, · ), ρn(t, · ), μn(t, · )) of the 2CH system with
initial data (u, 0, μ)|t=0 = (u0, 0, μ0) and (un, ρn, μn)|t=0 = (un,0, ρn,0, μn,0),
respectively. Then we have, for all t ∈ [0,∞),

un(t, · )→ u(t, · ) ∈ L2(R) ∩ L∞(R),
un,x(t, · ) ⇀ ux(t, · ),
ρ̄n(t · ) �

⇀ ρ̄(t, · ),
kn→ 0,

ˆ
R

u2
n,x(t, x)

1+ u2
n,x(t, x)+ ρ̄2

n(t, x)
dx →

ˆ
R

u2
x(t, x)

1+ u2
x(t, x)

dx,

ˆ
R

ρ̄2
n(t, x)

1+ u2
n,x(t, x)+ ρ̄2

n(t, x)
dx → 0,

Fn(t, x)→ F(t, x) for every x at which F(t, x)

is continuous,

Fn(t,∞)→ F(t,∞),

where Fn(t, x) = μn(t, (−∞, x]) for all n ∈ N and F(t, x) = μ(t, (−∞, x]).
Moreover, for each n ∈ N, (un(t, · ), ρn(t, · ), μn(t, · )) is a smooth solution to

the 2CH system, that is, un(t, x) and ρn(t, x) belong to C∞(R×R) and μn(t, x) =
μn,ac(t, x) = (u2

x(t, x) + ρ̄2(t, x))dx for all t ≥ 0, and, in particular, no wave
breaking occurs.

Proof Since we showed in Theorem 3 that Xn = (yn, Un, hn, rn) converges to X =
(y, U, h, 0) inE, and hence according to Theorem 4, the sequence (un,0, ρn,0, μn,0)
converges to (u0, 0, μ0) in the sense of Definition 5, the first part of the theorem is
an immediate consequence of Theorem 6.
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As far as the smoothness of the solution (un(t, · ), ρn(t, · ), μn(t, · )) for any
t ≥ 0 and n ∈ N is concerned, we refer the interested reader to [16, Sect. 6].
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Sum-Intersection Property of Sobolev
Spaces

Petru Mironescu

Dedicated to Haim Brezis and Louis Nirenberg, with deep
esteem and affection

1 Introduction

In connection with the factorization of unimodular Sobolev maps, Haim Brezis and
the author observed the following property of Sobolev spaces [5]. Let 1 < p < ∞
and 0 < λ < 1. Then every function f ∈ W 1,p(RN) can be decomposed as

f = g+ h, with g ∈ (Wλ,p/λ ∩W 1,p)(RN) and h ∈ (Wp,1 ∩W 1,p)(RN). (1)

We will present in appendix a proof of this fact using factorization. We will also
explain there how (1) is related to functional calculus (superposition operators) in
Sobolev spaces.

Decomposition (1) has a flavor of interpolation, and indeed we have for example
when p = 2 the equality [20, Section 2.4.3, Theorem, p. 66]

W 1,2 = [Wλ,2/λ, F 2
1,1]θ,2, with θ := 1/(2− λ). (2)

[We will recall in the next section the definition of the Triebel-Lizorkin spaces
F sp,q .] Using (2) and the embedding F 2

1,1 ↪→ W 2,1 (see the next section), we find

that W 1,2 ⊂ Wλ,2/λ +W 2,1. However, this does not yield the stronger conclusion
W 1,2 ⊂ (Wλ,2/λ ∩W 1,2)+ (W 2,1 ∩W 1,2). Actually, one cannot derive the equality
Z = (X∩Z)+(Y∩Z)merely from the inclusionZ ⊂ X+Y (take e.g.X = R×{0},
Y = {0} × R and Z = {(x, x); x ∈ R)}.
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We address here the following question. Let 0 ≤ s, s1, s2 < ∞, and 1 ≤
p1, p, p2 ≤ ∞. Assume that

Ws,p(RN) ⊂ Ws1,p1(RN)+Ws2,p2(RN) for any N. (3)

Is it true that

Ws,p(RN) = (Ws1,p1 ∩Ws,p)(RN)+ (Ws2,p2 ∩Ws,p)(RN) for any N? (4)

We emphasize the fact that we ask for N -independent properties. For example,
by the Sobolev embeddings we have W 1,1 ⊂ L2 when N = 1 or 2, but not for
N ≥ 3, and thus (3) does not hold for s1 = s2 = 0, s = 1, p1 = p2 = 2, p = 1.

Our first results characterize most of the triples T = (Ws1,p1 ,Ws,p,Ws2,p2) such
that (3) and (4) hold.

Proposition 1 Assume that (3) holds. Then there exists some θ ∈ [0, 1] such that

s ≥ θs1 + (1− θ)s2, (5)

1

p
= θ

p1
+ (1− θ)

p2
. (6)

Proposition 2 Assume that for some θ ∈ [0, 1] we have (6) and s > θs1+(1−θ)s2.
Then both (3) and (4) hold.

On the other hand, (3) and (4) trivially hold when (5)–(6) are satisfied with θ = 0
or 1, since we then have either Ws,p ↪→ Ws2,p2 , or Ws,p ↪→ Ws1,p1 . We next
investigate the case where

s = θs1 + (1− θ)s2, 1

p
= θ

p1
+ 1− θ

p2
for some θ ∈ (0, 1). (7)

In this case, (3) holds most of the time, but not always. For example, whenN = 1
we have

W 1/2,2(R) �⊂ W 1,1(R)+ L∞(R), (8)

i.e., (3) does not hold for the triple T = (W 1,1,W 1/2,2, L∞). Indeed, for N = 1 we
have W 1,1 ↪→ L∞, and thus W 1,1 + L∞ = L∞. However, W 1/2,2 �⊂ L∞.

Definition 1 A triple T = (Ws1,p1 ,Ws,p,Ws2,p2) is admissible if it satisfies (7).
An admissible triple T is irregular if s1 �= s2, 1 < p < ∞ and (exactly) one of

the spaces Ws1,p1 , Ws2,p2 is of the form Wk,∞ with k ∈ N. T is regular otherwise.

Thus T = (W 1,1,W 1/2,2, L∞) (which corresponds to the example occurring
in (8)) is irregular.

Our main result is the following
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Theorem 1 Let T be a regular triple. Then both (3) and (4) hold.

Equivalently, for every regular triple T we have

Ws,p(RN) = (Ws1,p1 ∩Ws,p)(RN)+ (Ws2,p2 ∩Ws,p)(RN), ∀N. (9)

For most of the regular triples, (4) follows automatically from (3), as explained
in Proposition 3 below. Thus, in particular, the conclusion of the theorem follows
whenever T is as in Proposition 3 and Ws,p can be obtained by interpolation
from Ws1,p1 and Ws2,p2 . However, when T is admissible Ws,p need not be an
interpolation space between Ws1,p1 and Ws2,p2 , at least for the standard real and
complex methods [20, Sections 2.4.2–2.4.7, p. 64–73]; thus one cannot derive
Theorem 1 directly from Proposition 3. We will present, in Sect. 3, a proof of
Theorem 1 which does not rely on interpolation and establishes simultaneously (3)
and (4).

Definition 2 A Sobolev space Ws,p is exceptional if s ∈ N and either p = 1 or
p = ∞. It is ordinary otherwise.

Proposition 3 Assume thatWs,p,Ws1,p1 andWs2,p2 are all three ordinary Sobolev
spaces. Assume that for some (fixed) N we have Ws,p(RN) ⊂ Ws1,p1(RN) +
Ws2,p2(RN). Then for such N we have

Ws,p(RN) = (Ws1,p1 ∩Ws,p)(RN)+ (Ws2,p2 ∩Ws,p)(RN).

We now turn to irregular T ’s. At least in some special cases (see (8) and, more
generally, the triples T = (W 1,1,W 1/p,p, L∞), with 1 < p < ∞), (3) does not
hold for such triples. We do not know the characterization of irregular triples T for
which (3) and/or (4) do not hold. For irregular triples, we were only able to establish
a weaker form of (4), in which the spaceWk,∞ is replaced by a slightly larger space,
modeled on bmo (the local BMO space whose definition will be recalled in the next
section).

Theorem 2 Let T be an irregular triple, and assume e.g. that p2 = ∞ (and thus s2
is an integer). Let 1 < q2 <∞. Then

Ws,p(RN) = (Ws1,p1 ∩Ws,p)(RN)+ (F s2∞,q2
∩Ws,p)(RN). (10)

In particular, when s2 = 0 (and thus Ws2,p2 = L∞) we have

Ws,p(RN) = (Ws1,p1 ∩Ws,p)(RN)+ (bmo ∩Ws,p)(RN). (11)

When s2 > 0, we have

Ws,p(RN) =(Ws1,p1 ∩Ws,p)(RN)

+ ({f ∈ Ws2−1,∞; Ds2−1f ∈ bmo } ∩Ws,p)(RN).
(12)
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In the special case s2 = 0, s �∈ N, p1 = 1, Theorem 2 was established in [5,
Chapter 6].

Remark 1 The question of the validity of (3)–(4) is somewhat dual to the one of
the validity of the Gagliardo-Nirenberg inequalities. There, one asks whether the
inclusion

Ws1,p1(RN) ∩Ws2,p2(RN) ⊂ Ws,p(RN) (13)

leads, for some appropriate θ ∈ [0, 1], to the estimate

‖f ‖Ws,p(RN) � ‖f ‖θWs1,p1 (RN)
‖f ‖1−θ

Ws2,p2 (RN)
. (14)

In the spirit of our Proposition 1, one may prove that the validity of (13) for every
N requires

s ≤ θs1 + (1− θ)s2, (15)

1

p
= θ

p1
+ (1− θ)

p2
(16)

for some θ ∈ [0, 1]. If we have either “<” in (15) or θ ∈ {0, 1}, then we have
both (13) and (14); this follows from the main result in [4]. As in our situation, the
interesting case is the one of admissible triples. In that case, (15) and (16) hold when
s1, s, s2 are integers, as established in the seminal contributions of Gagliardo [11]
and Nirenberg [15]. It turns out that (15) and (16) hold for most of the admissible
triples, but not all of them. A characterization of the admissible triples for which (15)
and (16) hold has been obtained in [4]; see also [8, 12, 16] for older partial results.

Remark 2 As one may expect, whenever it is possible to decompose f = f1 + f2
with f1 ∈ (Ws1,p1 ∩ Ws,p)(RN) and f2 ∈ (Ws2,p2 ∩ Ws,p)(RN), we also
have a norm control for f1 and f2 in terms of ‖f ‖Ws,p . A simple example of
such decomposition with norm control is the following. For f ∈ L2(RN), set
f1 := f 1{x; |f (x)|>‖f ‖

L2(RN )} and f2 := f 1{x; |f (x)|≤‖f ‖
L2(RN )}. Then clearly

f1 ∈ (L1 ∩ L2)(RN) and f2 ∈ (L∞ ∩ L2)(RN), and in addition we have the
norm controls

‖f1‖L1(RN) ≤ ‖f ‖L2(RN), ‖f1‖L2(RN) ≤ ‖f ‖L2(RN),

‖f2‖L∞(RN) ≤ ‖f ‖L2(RN), ‖f2‖L2(RN) ≤ ‖f ‖L2(RN).

Note however that the map f "→ (f1, f2) is not linear. Likewise, in general we
will construct nonlinear decompositions.

Our text is organized as follows. In Sect. 2, we recall some basic facts on
function spaces, instrumental for our purposes. The proofs of Propositions 1, 2 and 3
and of Theorems 1 and 2 are presented in Sect. 3. A final appendix presents the
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factorization theory and its connections with the sum-intersection property and with
the functional calculus in Sobolev spaces.

2 Basic Properties of Triebel-Lizorkin Spaces

Definition 3 Let ψ ∈ C∞c (RN) be such that ψ = 1 in B1(0) and suppψ ⊂ B2(0).
Define ψ0 = ψ and, for j ≥ 1, ψj (x) := ψ(x/2j ) − ψ(x/2j−1). Set ϕj :=
F−1ψj ∈ S .1 Then for each temperate distribution f we have

f =
∑

j

fj in S ′, with fj := f ∗ ϕj . (17)

f =∑ fj is “the” Littlewood-Paley decomposition of f ∈ S ′.

Note that Ffj = ψjFf is compactly supported, and therefore fj ∈ C∞ for
each j .

Definition 4 Starting from for Littlewood-Paley decomposition, we define the
Triebel-Lizorkin spaces F sp,q as follows: for −∞ < s < ∞, 0 < p < ∞ and
0 < q ≤ ∞, we let

‖f ‖Fsp,q :=
∥∥∥∥∥

∥∥∥∥
(

2sj fj (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

, F sp,q := {f ∈ S ′; ‖f ‖Fsp,q <∞}.

Same definition when p = q = ∞.
This definition has to be changed when p = ∞ and 1 < q < ∞ [20, Section

2.3.4, p. 50]: we let

‖f ‖Fs∞,q = inf

⎧
⎨

⎩esssup
x∈RN

∥∥∥∥∥

∥∥∥∥
(

2sj fj (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
L∞(RN )

; fj ∈ L∞(RN), f =
∑

fj ∗ ϕj
⎫
⎬

⎭ ,

the latter equality being in the sense of S ′.

Most of the Sobolev spaces can be identified with Triebel-Lizorkin spaces [20,
Section 2.3.5] and [17, Section 2.1.2].

Theorem 3 The following equalities of spaces hold, with equivalence of norms:

1. If s > 0 is not an integer and 1 ≤ p ≤ ∞, then Ws,p(RN) = F sp,p.

2. If s ≥ 0 is an integer and 1 < p <∞, then Ws,p(RN) = F sp,2.

1Equivalently, we have ϕ0 = F−1ψ and, for j ≥ 1, ϕj (x) = 2Njϕ0(2j x)− 2N(j−1)ϕ0(2j−1x).
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When s ≥ 0 is an integer and either p = 1 or p = ∞, the Sobolev space Ws,p

cannot be identified with a Triebel-Lizorkin space.

Theorem 3 is usually used in conjunction with Lemma 1 below. The reason is
that, in practice, we do not know the Littlewood-Paley decomposition of f , but only
a Nikol’skij decomposition of f .

Definition 5 A Nikol’skij decomposition of f ∈ S ′ is a representation of the form

f =∑ f j in S ′, with suppFf j ⊂
{
B2j+1(0) \ B2j−1(0), if j ≥ 1

B2(0), if j = 0
.

Note that in particular the Littlewood-Paley decomposition f = ∑
fj is a

Nikol’skij decomposition.

Lemma 1 1. Let 1 < p < ∞, 1 < q ≤ ∞ and s ∈ R. Consider a sequence (f j )

such that

∥∥∥∥
∥∥∥
(
2sj f j (x)

)
j≥0

∥∥∥
lq (N)

∥∥∥∥
Lp(RN)

<∞. Then f =∑ f j ∗ ϕj converges

in S ′ and

‖f ‖Fsp,q �
∥∥∥∥∥

∥∥∥∥
(

2sj f j (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

. (18)

2. Same conclusion if 1 ≤ p = q ≤ ∞.

Proof It suffices to consider finite sums, and to establish (18) in this case. We start
with item 2, which is easier. Note that f ∈ Lp(RN), and thus f ∈ S ′.

Let f =∑j≥0 fj be the Littlewood-Paley decomposition of f . Since ϕj∗ϕk = 0
if |j − k| ≥ 2, we find that

fj = f ∗ ϕj =
∑

k

f k ∗ ϕk ∗ ϕj =
∑

|k−j |≤1

f k ∗ ϕk ∗ ϕj , (19)

and thus

‖fj‖Lp(RN) ≤
∑

|k−j |≤1

‖f k ∗ ϕk ∗ ϕj‖Lp(RN)

≤
∑

|k−j |≤1

‖f k‖Lp(RN)‖ϕk ∗ ϕj‖L1(RN) ≤ C
∑

|k−j |≤1

‖f k‖Lp(RN).
(20)

We obtain (18) with p = q from (20).
We now consider item 1. From (19), we find that

|fj (x)| ≤
∑

|k−j |≤1

|f k ∗ ϕk ∗ ϕj (x)| ≤ C
∑

|k−j |≤1

Mf k(x). (21)
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Here, M is the standard maximal operator, and we used the inequality [18,
Proposition, p. 24]

|f ∗ ρε(x)| ≤ CρMf (x), ∀ ρ ∈ S , ∀ ε > 0.

Using (21), we find that

‖f ‖Fsp,q �
∥∥∥∥∥

∥∥∥∥
(

2sjMf j (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

�
∥∥∥∥∥

∥∥∥∥
(

2sj f j (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

,

the latter inequality being the Fefferman-Stein vectorial maximal inequality [10].

Definition 6 We define, for f ∈ L1
loc(R

N),

‖f ‖bmo := sup
|B|≤1

ˆ
B

|f | + sup
|B|≤1

 
B

 
B

|f (x)− f (y)| dxdy,

the sup being taken over the balls of volume ≤ 1. We set

bmo := {f ∈ L1
loc(R

N); ‖f ‖bmo <∞}.

With its natural norm, bmo is the local BMO space.

Then we have [21, Theorem, p. 47] bmo = F 0
∞,2. Using this equality,

Definition 4 and the embedding �q ↪→ �2, 0 < q < 2, we obtain the following

Corollary 1 If f =∑j≥0 f
j ∗ ϕj in S ′ and 0 < q < 2, then

‖f ‖2bmo ≤ C esssup
x∈RN

∑

j

|f j (x)|2 ≤ C esssup
x∈RN

⎛

⎝
∑

j

|f j (x)|q
⎞

⎠
2/q

, (22)

for some C independent of the f j ’s.

Corollary 2 For 1 < q < 2, we have F 0∞,q ↪→ bmo .

As we noticed above, when s ∈ N the spaceWs,1 is not a Triebel-Lizorkin space.
However, we have the following

Lemma 2

1. When s ≥ 0, we have F s1,1 ↪→ Ws,1(RN).

2. More generally, for every s ≥ 0 and 1 ≤ p < ∞ we have F sp,1 ↪→ Ws,p(RN).
The same holds when p = ∞ and s > 0 is not an integer.

3. When k > 0 is an integer and 1 < q ≤ 2, we have

Fk∞,q ↪→ {f ∈ Wk−1,∞(RN); Dk−1f ∈ bmo }.
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Proof We start with p = 1. When s is not an integer, we actually have equality.
When s = 0 and f ∈ F 0

1,1, we have ‖f ‖L1(RN) ≤
∑
j≥0 ‖fj‖L1(RN) = ‖f ‖F 0

1,1
<

∞. When s ≥ 1 is an integer, we use the fact that [20, Section 2.3.8, Theorem (ii),
pp. 58–59]

‖f ‖Fs1,1 ∼
s∑

j=0

‖Djf ‖
F
s−j
1,1
≥

s∑

j=0

‖Djf ‖F 0
1,1
≥

s∑

j=0

‖Djf ‖L1(RN) = ‖f ‖Ws,1(RN).

When 1 < p <∞, the desired inclusion follows from

F sp,1 ↪→ F sp,q = Ws,p(RN) (with q = 2 or q = p, according to s).

Similarly if p = ∞ and s is not an integer.
Finally, if p = ∞ and s is an integer, we argue as for p = 1, relying on

Corollary 2 and [20, Section 2.3.8, Remark 2, p. 60].

We now briefly recall the characterization of Triebel-Lizorkin spaces in terms of
wavelets.
Let ψ0, ψ1 be respectively a father and mother (sufficiently smooth) wavelets. For

G ∈ {0, 1}N , j ∈ N and m ∈ Z
N , let ψjG,m(x) := 2Nj/2

N∏

r=1

ψGr (2
j xr − mr),

x ∈ R
N . Let, for f ∈ S ′,

λ
j
G,m :=

{
0, if j > 0 and G = {0}N
2Nj/2 (f, ψjG,m), otherwise

.

Recall [22, Section 3.1.3] that f =
∑

j,G,m

2−Nj/2λjG,mψ
j
G,m in the sense of S ′.

Conversely, if

f =
∑

G,m

μ0
G,mψ

0
G,m +

∑

j>0,G�={0}N ,m
2−Nj/2μjG,mψ

j
G,m in the sense of S ′,

then the wavelet coefficients λjG,m of f are given by

λ
j
G,m =

{
0, if j > 0 and G = {0}N
μ
j
G,m, otherwise

.

Let, for j ∈ N and m ∈ Z
N ,Qj,m be the cube

N∏

r=1

[2−j (mr − 1), 2−j (mr + 1)]. Set,

for 0 < q <∞, s ∈ R,



Sum-Intersection in Sobolev Spaces 211

g(x) = gsp,q(x) :=
(∑

2sqj |λjG,m|q1Qj,m(x)
)1/q

. (23)

When q = ∞, we replace the �q norm by the sup norm.
Then one may read the smoothness of f in terms of the integrability properties

of g. The following statement is a rephrasing of [22, Theorem 1.64, p. 33].

Theorem 4

1. Let −∞ < s <∞, 1 ≤ p <∞, 0 < q ≤ ∞. Then ‖f ‖Fsp,q ∼ ‖gsp,q‖Lp(RN).
2. Same conclusion if p = q = ∞.
3. In particular, if s > 0 is not an integer and 1 ≤ p ≤ ∞, then ‖f ‖Ws,p(RN) ∼
‖gsp,p‖Lp .

4. If s ≥ 0 is an integer and 1 < p <∞, then ‖f ‖Ws,p(RN) ∼ ‖gs,2‖Lp .

Let us note that when p = q, this norm equivalence takes a particularly simple
form. More specifically, we have

‖f ‖pF sp,p ∼
∑

j,G,m

2(sp−N)j |λjG,m|p, −∞ < s <∞, 1 ≤ p <∞ (24)

‖f ‖Fs∞,∞ ∼ sup
j,G,m

2sj |λjG,m|, −∞ < s <∞. (25)

Our next result relies on properties of the Besov spaces Bsp,q . In order to keep
this section short, we will be rather sketchy.

Lemma 3 Let 0 ≤ s < ∞, 1 ≤ p ≤ ∞ and ε > 0. Then, with gsp,q as in (23), we
have

‖f ‖Ws,p(RN) � ‖gs+εp,p ‖Lp(RN), (26)

‖gs−εp,p ‖Lp(RN) � ‖f ‖Ws,p(RN). (27)

Proof (Sketch of Proof) The above estimates are equivalent to the embeddings

F s+εp,p ↪→ Ws,p(RN) ↪→ F s−εp,p . (28)

When s is not an in an integer, we have Ws,p(RN) = F sp,p, and the conclusion
is clear.

When s is an integer and 1 ≤ p ≤ ∞, the Littlewood-Paley decomposition
f =∑j fj of f satisfies [7, Lemma 2.1.1]

‖f0‖Lp(RN) ≤ ‖f ‖Lp(RN), 2sj‖fj‖Lp(RN) � ‖Dsf ‖Lp(RN), ∀ j ≥ 1. (29)

Thus supj 2sj‖fj‖Lp(RN) � ‖f ‖Ws,p(RN), i.e., we have the embedding
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Ws,p(RN) ↪→ Bsp,∞. (30)

On the other hand, we have [19, Chapter 5, Lemma 3.14]

‖Dsfj‖Lp(RN) � 2sj‖fj‖Lp(RN), ∀ j ≥ 0,

and thus

‖f ‖Ws,p(RN) �
∑

j

(‖fj‖Lp(RN) + ‖Dsfj‖Lp(RN)
)
�
∑

j

2sj‖fj‖Lp(RN).

Equivalently, we have the embedding

Bsp,1 ↪→ Ws,p(RN). (31)

We obtain (28) via (30)–(31) and the following elementary embeddings [20,
Section 2.3.2, Proposition 2, p. 47]

F s+εp,p = Bs+εp,p ↪→ Bsp,1 ↪→ Ws,p(RN) ↪→ Bsp,∞ ↪→ Bs−εp,p = F s−εp,p .

��

3 Proofs

Proof (Proof of Proposition 1) In order to prove the existence of some θ such
that (6) holds, we have to establish the double inequality

min{p1, p2} ≤ p ≤ max{p1, p2}. (32)

We argue by contradiction. Assume first that p > max{p1, p2}. Let

f (x) = 2

(1+ x2)(1+ε)/(2p)
, ∀ x ∈ R.

Clearly, f ∈ Lp(R), and more generally f ∈ Wk,p(R) for every integer k. It
follows that f ∈ Ws,p(R) for every s ≥ 0. On the other hand, for every f1, f2 such
that f = f1+f2 and every x we have either |f1(x)| ≥ f (x)/2 or |f2(x)| ≥ f (x)/2.
We find that

|f1(x)|p1 + |f2(x)|p2 � f (x)p1 + f (x)p2 := g(x).

Since, for sufficiently small ε, we have g �∈ L1(R), we find that f �∈ Lp1(R) +
Lp2(R). Therefore, f �∈ Ws1,p1(R)+Ws2,p2(R), which is a contradiction.
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Assume next that p < min{p1, p2}. Let p < r < min{p1, p2}. Let N be
sufficiently large such thatWs,p(B) �⊂ Lr(B); here, B is a ball in R

N . By a standard
extension argument, there exists some f ∈ Ws,p

c (RN) such that f �∈ Lr(RN). Such
an f does not belong toLrloc(R

N), and thus does not belong toLp1(RN)+Lp2(RN).
We find that f �∈ Ws1,p1(RN)+Ws2,p2(RN), again a contradiction.

We thus know that (32) holds, or equivalently, that (6) holds for some θ .
We next proceed to the proof of (5). Assume first that p1 = p2 = p. Then θ is

not determined by (6), and its existence is equivalent to s ≥ min{s1, s2}. Arguing
by contradiction, assume that s < min{s1, s2}. Let s < ρ < min{s1, s2}. If f ∈
Ws,p(R) \Wρ,p(R), then

f �∈ Ws1,p(R)+Ws2,p(R) = Wmin{s1,s2},p(R) ⊂ Wρ,p(R),

a contradiction.
Assume next that p1 �= p2. Then θ is determined by (6). Argue again by

contradiction and assume that s < θs1 + (1− θ)s2. Set σ := θs1 + (1− θ)s2 > s.
Consider some ε > 0 such that s + ε < σ − ε. In view of Lemma 3, in order to
contradict (3) it suffices to establish, for some appropriate N , the non inclusion

F s+εp,p �⊂ F s1−εp1,p1
+ F s1−εp2,p2

. (33)

With no loss of generality, we may assume that

1 ≤ p1 < p2 ≤ ∞. (34)

We will treat separately the cases p2 <∞ and p2 = ∞.
Set, in all cases,

α :=
s1 − ε
p2

− s2 − ε
p1

1

p1
− 1

p2

=
s1

p2
− s2

p1
1

p1
− 1

p2

+ ε. (35)

Proof of (33) When p2 <∞. We rely on the following
Claim. For appropriate C1, C2 > 0, we have

[a + b = S, S ≥ C12αj ] -⇒ [2(s1−ε)jp1 |a|p1 + 2(s2−ε)jp2 |b|p2 ≥ C22(σ−ε)jp].
(36)

Granted the claim, we conclude as follows. Consider some f ∈ S ′ such that
for every j , G and m we have either λjG,m = 0 or |λjG,m| ≥ C12αj , with C1 as
in (36). The claim combined with (24) implies that for every possible decomposition
f = f1 + f2 we have

‖f1‖p1

F
s1−ε
p1,p1

+ ‖f2‖p1

F
s2−ε
p2,p2

� ‖f ‖p
Fσ−εp,p

. (37)
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We are now in position to obtain a contradiction. Let N be sufficiently large such
that (σ−ε+α)p < N . Let δ := N−(σ−ε+α)p > 0. Fix someG0 ∈ {0, 1}N\{0}N .
For every j ∈ N, consider a set Mj ⊂ Z

N such that #Mj ∼ 2δj . Set

f :=
∑

j,m∈Mj

2−Nj/2C12αjψjG0,m
.

By (24), we have

‖f ‖p
F s+εp,p
∼
∑

j

2((s+ε+α)p−N+δ)j =
∑

j

2−((σ−ε)−(s+ε))jp <∞,

while

‖f ‖p
Fσ−εp,p

∼
∑

j

2((σ−ε+α)p−N+δ)j =
∑

j

1 = ∞.

We complete the proof of (33) when p2 < ∞ using the two above inequalities
and (37).
Proof of (33) When p2 = ∞ and θ ∈ (0, 1]. This time we have α = −(s2 − ε). We
modify the definition of f by setting

f :=
∑

j,m∈Mj

2−Nj/2j2αjψjG0,m
.

Assume, by contradiction, that f = f1 + f2 for some f1 ∈ F s1−εp1,p1 and f2 ∈
F
s2−ε∞,∞. Write f1 =∑j,G,m 2−Nj/2ajG,mψ

j
G,m, f2 =∑j,G,m 2−Nj/2bjG,mψ

j
G,m.

Since f2 ∈ F s2−ε∞,∞, we have

|bjG,m| ≤ C2−(s2−ε)j = C2αj , ∀ j,G,m.

Since ajG0,m
+ bjG0,m

= j2αj , ∀ j , ∀m ∈ Mj , for sufficiently large j0 we have

|ajG0,m
| ≥ 1

2
j2αj , ∀ j ≥ j0, ∀m ∈ Mj.

Inserting this into (24) and using the fact that

(s1 − ε + α)p1 −N + δ = (s1 − s2)p1 − θ(s1 − s2)p = (s1 − s2)(p1 − θp) = 0

(since p1 = θp), we find that
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‖f ‖p1

F
s1−ε
p1,p1

�
∑

j≥j0,m∈Mj

jp12((s1−ε+α)p1−N)j

∼
∑

j≥j0

jp1 2((s1−ε+α)p1−N+δ)j =
∑

j≥j0,m∈Mj

jp1 = ∞.

On the other hand, we have

‖f ‖p
F s+εp,p
∼
∑

jp2((s+ε+α)p−N+δ)j =
∑

jp2−((σ−ε)−(s+ε))jp <∞.

This leads to a contradiction and completes the proof of (33) when p2 = ∞ and
θ ∈ (0, 1].
Proof of (33) When p2 = ∞ and θ = 0. This is similar to the case p2 = ∞
and θ ∈ (0, 1]. We have α = −(s2 − ε) = −(σ − ε) < −(s + ε). Consider
f := ∑

j,m 2−Nj/2j2αjψjG0,m
. [This time, the sum in m is over all m ∈ Z

N .]
We then have f ∈ F s+ε∞,∞. Arguing by contradiction, we obtain that f cannot be

decomposed as f = f1 + f2 with f1 ∈ F s1−εp1,p1 and f2 ∈ F s2−ε∞,∞. Indeed, as in the
previous case, if f2 ∈ F s2−ε∞,∞ then for large j0 we have

‖f1‖p1

F
s1−ε
p1,p1

�
∑

j≥j0

∑

m∈ZN
jp12(s1αp1−N)j = ∞.

Proof of the Claim. Let S > 0. The function

[0,∞) ( t "→ g(t) := 2(s1−ε)j (1− t)S + 2(s2−ε)jp2/p1 tp2/p1Sp2/p1

is convex, and its derivative at the origin is negative. Thus g has a global minimum
at the point t0 where g′(t0) = 0. Solving the equation g′(t) = 0, we find that
t0 = C12αjS−1, with C1 > 0 independent of j . Provided that S ≥ C12αj , we have
t0 ≤ 1, and therefore the first term in g(t) is non negative. For such S, we thus have

g(t) ≥ g(t0) ≥ 2(s2−ε)jp2/p1(t0)
p2/p1Sp2/p1 = c 2(s2−ε+α)p2/p1j = c2(σ−ε)p/p1j ,

∀ t ≥ 0,

with c > 0 independent of S.
Let now a, b be such that a + b = S ≥ C12αj . Then

2s1jp1 |a|p1 + 2s2jp2 |b|p2 ≥ 2s1jp1ap1 + 2s2jp2bp2 ,

where

a :=

⎧
⎪⎪⎨

⎪⎪⎩

a, if 0 ≤ a, b ≤ S
0, if a < 0 and b > S

S, if a > S and b < 0

, b :=

⎧
⎪⎪⎨

⎪⎪⎩

b, if 0 ≤ a, b ≤ S
S, if a < 0 and b > S

0, if a > S and b < 0

. (38)
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Therefore, it suffices to prove (36) under the extra assumption that 0 ≤ a, b ≤ S.
Write a = (1− t)S, b = tS, with t ∈ [0, 1]. We then have

2(s1−ε)jp1ap1 + 2(s2−ε)jp2bp2 ∼
(

2(s1−ε)j a + 2(s2−ε)jp2/p1bp2/p1
)p1

= [g(t)]p1 ≥ [g(t0)]p1 ≥ cp1 2(σ−ε)jp.

��
Proof of Proposition 2 Assuming Theorem 1. As already noticed in the proof of
Proposition 1, when p1 = p2 = p or when θ ∈ {0, 1}, properties (3) and (4)
are trivially true. We may thus assume that p1 �= p2 and θ ∈ (0, 1). Set λ :=
s − (θs1 + (1 − θ)s2) > 0. For 0 < ε <

λ

θ
, let δ > 0 satisfy θε + (1 − θ)δ = λ.

Then we may pick ε such that neither s1 + ε nor s2 + δ is an integer. Thus the triple
T := (Ws1+ε,p1 ,Ws,p,Ws2+δ,p2) is regular. Granted Theorem 1, this implies

Ws,p(RN) = (Ws1+ε,p1 ∩Ws,p)(RN)+ (Ws2+δ,p2 ∩Ws,p)(RN)

⊂ (Ws1,p1 ∩Ws,p)(RN)+ (Ws2,p2 ∩Ws,p)(RN).

��
Proof of Proposition 3. Decompose f ∈ Ws,p(RN) as f = f1 + f2, with f1 ∈
Ws1,p1(RN) and f2 ∈ Ws2,p2(RN). Write, in the sense of S ′,

f =
∑

j,G,m

2−Nj/2λjG,mψ
j
G,m,

f1 =
∑

j,G,m

2−Nj/2ajG,mψ
j
G,m, f2 =

∑

j,G,m

2−Nj/2bjG,mψ
j
G,m.

In the spirit of (38), define

a
j
G,m :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a
j
G,m, if 0 ≤ ajG,m, bjG,m ≤ λjG,m

0, if ajG,m < 0 and bjG,m > λ
j
G,m

λ
j
G,m, if ajG,m > λ

j
G,m and bjG,m < 0

, f
1
:=

∑

j,G,m

2−Nj/2ajG,mψ
j
G,m

b
j
G,m :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

b
j
G,m, if 0 ≤ ajG,m, bjG,m ≤ λjG,m
λ
j
G,m, if ajG,m < 0 and bjG,m > λ

j
G,m

0, if ajG,m > λ
j
G,m and bjG,m < 0

, f
2
:=

∑

j,G,m

2−Nj/2bjG,mψ
j
G,m.

Then f = f
1
+ f

2
, and Theorem 4 implies that
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∥∥∥f 1

∥∥∥
Ws,p(RN)

� ‖f ‖Ws,p(RN) <∞,
∥∥∥f 1

∥∥∥
Ws1,p1 (RN)

� ‖f1‖Ws1,p1 (RN) <∞,
∥∥∥f 2

∥∥∥
Ws,p(RN)

� ‖f ‖Ws,p(RN) <∞,
∥∥∥f 2

∥∥∥
Ws2,p2 (RN)

� ‖f2‖Ws2,p2 (RN) <∞.

��
Proof of Theorem 1. The case where p1 = p2 is trivial, since we then have Ws,p ⊂
Wmin{s1,s2},p.

We may thus assume that

1 ≤ p1 < p < p2 ≤ ∞. (39)

We further distinguish between the cases s1 = s2 and s1 �= s2, and also between
p2 <∞ and p2 = ∞.

Given f ∈ Ws,p(RN), we write f =∑j,G,m 2−Nj/2λjG,mψ
j
G,m.

Case 1. s1 = s2 = s �∈ N. Set

f1 :=
∑

j,G,m

2−Nj/2ajG,mψ
j
G,m, f2 :=

∑

j,G,m

2−Nj/2bjG,mψ
j
G,m,

with

a
j
G,m :=

{
λ
j
G,m, if |λjG,m| ≥ 2−sj

0, if |λjG,m| < 2−sj
, b

j
G,m :=

{
0, if |λjG,m| ≥ 2−sj

λ
j
G,m, if |λjG,m| < 2−sj

.

Since p1 < p, we have

|ajG,m|p1 ≤ 2sj (p1−p)|λjG,m|p. (40)

Using (40), the fact that s is not an integer and (24), we find that

‖f1‖Ws,p(RN) � ‖f ‖Ws,p(RN), ‖f1‖p1
Ws1,p1 (RN)

� ‖f ‖p
Ws,p(RN)

. (41)

Similarly, if p2 <∞ then we have

‖f2‖Ws,p(RN) � ‖f ‖Ws,p(RN), ‖f2‖p2
Ws2,p2 (RN)

� ‖f ‖p
Ws,p(RN)

. (42)

On the other hand, if p2 = ∞ then

‖f2‖Ws,p(RN) � ‖f ‖Ws,p(RN), ‖f2‖Ws2,∞(RN) � 1. (43)

We complete this step via (41)–(43).
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Remark 3 The estimates (41)–(43) are nonlinear, while one would expect linear
estimates. Actually, it is possible to obtain linear estimates by cutting the coefficients
λ
j
G,m at height A2−sj instead of 2−sj , with A := ‖f ‖Ws,p(RN). The corresponding

decomposition satisfies

‖f1‖Ws,p(RN) + ‖f1‖Ws1,p1 (RN) + ‖f2‖Ws,p(RN) + ‖f2‖Ws2,p2 (RN) � ‖f ‖Ws,p(RN).

Similar observations apply to all the other cases.

Case 2. s1 = s2 = s ∈ N. In this case, we follow the ideas of DeVore and Scherer
[9] concerning the interpolation theory of classical spaces, in the form presented in
Bennett and Sharpley [1, Section 5.5, pp. 347–362].

We claim that it suffices to decompose every f ∈ (Ws,p ∩ C∞)(RN) as f =
f1 + f2, with

‖f1‖Ws,1(RN) � ‖f ‖Ws,p(RN), ‖f1‖Ws,p(RN) � ‖f ‖Ws,p(RN), (44)

‖f2‖Ws,∞(RN) � ‖f ‖Ws,p(RN), ‖f2‖Ws,p(RN) � ‖f ‖Ws,p(RN). (45)

Indeed, if this holds then Hölder’s inequality implies that

‖f1‖Ws,p1 (RN) � ‖f ‖Ws,p(RN), ‖f2‖Ws,p2 (RN) � ‖f ‖Ws,p(RN), 1 ≤ p1 < p2 ≤ ∞,
(46)

and then a density argument shows that (44)–(46) hold without the extra assumption
f ∈ C∞; this settles this case.

We next proceed to the construction of f1 and f2. Let M denote the standard
maximal (uncentered) operator. Set H�(x) := ∑

|α|=� |∂αf (x)| and H(x) :=
∑k
�=0H�(x). Let Ω := {x ∈ R

N ;MH(x) > τ } and M := R
N \ Ω . Thus M

is closed and H(x) ≤ τ , ∀ x ∈ M .
Let c be such that ‖M g‖Lp(RN) ≤ c‖g‖Lp(RN), ∀ g ∈ Lp(RN). If τ :=

c‖H‖Lp(RN) ∼ ‖f ‖Ws,p(RN), then

|Ω| ≤ 1

τp

ˆ
Ω

(MH)p(x) dx ≤ 1

τp
‖MH‖p

Lp(RN)
≤ 1. (47)

We then let f2 be the Whitney extension of f|M and set f1 := f − f2. More
specifically, let (Qj ) be a Whitney covering of Ω with cubes of size �j and
centers yj . Let Qj,t denote the cube of center yj and size t�j . Recall the following
properties of the Whitney covering:

(Qj,9/8) is a covering of Ω, Qj,4 intersects M, ∀ j,
∑

j

1Qj (x) ≤ C(N), ∀ x.
(48)

Let (φj ) be an adapted Whitney partition of unity in Ω , i.e.,
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suppφj ⊂ Qj,9/8, ∀ j, and |∂αφj | � (�j )
−α, ∀α ∈ N

N. (49)

Let xj ∈ M ∩Qj,4 and set

Tj (x) :=
∑

|α|≤s−1

∂αf (xj )
(x − xj )α

α! ,

the Taylor expansion of order s − 1 of f around xj . Then we set f2 :={
f, in M
∑
Tjφj , in Ω

.

This f2 satisfies [1, Theorem 5.10, p. 355] f2 ∈ Ws,∞(RN) and

‖f2‖Ws,∞(RN) � τ ∼ ‖f ‖Ws,p(RN). (50)

On the other hand, using the fact that |Ω| ≤ 1 (by (47)), we find that for every
1 ≤ r ≤ p the function f1 satisfies

‖f1‖Ws,r (RN) = ‖f − f2‖Ws,r (Ω) ≤ ‖f ‖Ws,r (Ω) + ‖f2‖Ws,r (Ω)

� ‖f ‖Ws,r (Ω) + τ � ‖f ‖Ws,p(Ω) + τ � ‖f ‖Ws,p(RN).
(51)

Combining (50)–(51), we also have

‖f2‖Ws,p(RN) � ‖f ‖Ws,p(RN). (52)

We obtain (44) (and complete this case) from (50)–(52).
Case 3. s1 �= s2 and p2 < ∞. This is somewhat the general case. We will prove
below that

F sp,q = (F s1p1,q1
∩ F sp,q)+ (F s2p2,q2

∩ F sp,q), (53)

under the assumptions

−∞ < s1, s, s2 <∞, s1 �= s2, 0 < p1 < p < p2 <∞
such that (7) holds, 0 < q1, q, q2 <∞.

(54)

In view of Theorem 3 and Lemma 2, this is stronger than the conclusion of
Theorem 1.

We now proceed to the proof of (53). Throughout the calculations we perform in
this case, we assume (54).
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Define, in the spirit of (35),

α :=
s1

p2
− s2

p1
1

p1
− 1

p2

. (55)

Let us first note that the proportionality condition (7) leads to the following
identities

α =
s

p2
− s2
p

1

p
− 1

p2

=
s1

p
− s

p1
1

p1
− 1

p

(56)

and

(s1 + α)p1 = (s + α)p = (s2 + α)p2. (57)

In addition, we have

either s1 + α, s + α, s2 + α > 0, or s1 + α, s + α, s2 + α < 0. (58)

Given a sequence (xj ) of nonnegative numbers, set, for i = 1, 2,

Si(x) :=
∑

2si jqi (xj )
qi , gi(x) := [Si(x)]pi/qi ,

T (x) :=
∑

2sjq(xj )
q, h(x) := [T (x)]p/q .

(59)

Lemma 4 There exists some finite constant C such that

[xj ≤ 2αj , ∀ j ] -⇒ g2(x) ≤ Ch(x).

Lemma 5 There exists some finite constant C such that

[∀ j, xj ≥ 2αj or xj = 0] -⇒ g1(x) ≤ Ch(x).

Granted the two lemmas, we proceed to the proof of (53).
Let f ∈ F sp,q and write, in the sense of S ′, f =∑j,G,m 2−Nj/2λjG,mψ

j
G,m. Set

f1 :=
∑

|λjG,m|>2αj

2−Nj/2λjG,mψ
j
G,m, f2 :=

∑

|λjG,m|≤2αj

2−Nj/2λjG,mψ
j
G,m. (60)

Clearly, f1, f2 ∈ F sp,q .
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We next note that, for each x and j , there exists some subset M(j, x) of ZN ,
say M(j, x) = {m�j,x}k�=1 (with k := 3N independent of j and x), such that m �∈
M(j, k) -⇒ x �∈ Qj,m. This implies that for all x ∈ R

N we have

∑

j,G,m

2σjρ
∣∣∣ajG,m

∣∣∣
ρ

1Qj,m(x) ∼
∑

j,G,�

2σjρ
∣∣∣∣a
j

G,m�j,x

∣∣∣∣
ρ

1Q
j,m�

j,x

(x), ∀ σ, ∀ ρ, ∀ ajG,m.
(61)

Applying Lemmas 4 and 5 with xj :=
∣∣∣∣λ
j

G,m�j,x

∣∣∣∣ 1Qj,m�
j,x

(x) and using (60)–(61),

we find that

‖f1‖p1

F
s1
p1,q1

� ‖f ‖pF sp,q , ‖f2‖p2

F
s2
p2,q2

� ‖f ‖pF sp,q . (62)

It thus remains to prove Lemmas 4 and 5.

Proof of Lemma 4. Define A := (s2+α)q2, B := (s+α)q. By (57), we have either
A,B > 0, or A,B < 0.

Set aj := 2−αj xj ∈ [0, 1]. Then

S2(x) = S̃2(a) :=
∑

2Aj (aj )
q2, g2(x) = g̃2(a) :=

[
S̃2(a)

]p2/q2
,

T (x) = T̃ (a) :=
∑

2Bj (aj )
q, h(x) = h̃(a) := [T̃ (a)]p/q .

Let J be an arbitrary nonnegative integer, and set

A2
J := {a = (aj )j≥0; aj ∈ [0, 1], ∀ j, and aj = 0, ∀ j > J }. (63)

In order to establish the lemma, it suffices to prove that

g̃2(a) ≤ Ch̃(a), ∀ a ∈ A2
J , (64)

provided C does not depend on J .

Fix J . For a ∈ A2
J , a �≡ 0, set f̃2(a) := g̃2(a)

h̃(a)
. Since f̃2 is homogeneous of

degree p2 − p > 0, it attains its maximum at some a such that at least one of the
aj ’s equals 1. For this a, set

Λ1 := {j ≤ J ; aj = 0}, Λ2 := {j ≤ J ; aj = 1}, Λ2 := {j ≤ J ; 0 < aj < 1}.

By the above, we have Λ2 �= ∅. Set m := minΛ2 and M := maxΛ2.
Step 1. Proof of the lemma when Λ3 = ∅. Assume first that A,B > 0. Then

S̃2(a) =
∑

j∈Λ2

2Aj ≤
∑

j≤M
2Aj � 2AM, T̃ (a) =

∑

j∈Λ2

2Bj ≥ 2BM.
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We find that

f̃2(a) �
(2AM)p2/q2

(2BM)p/q
= 1,

since A
p2

q2
= Bp

q
(by (57)).

If A,B < 0, we have similarly S̃2(a) � 2Am and T̃ (a) ≥ 2Bm, and therefore
f̃2(a) � 1.
Step 2. Proof of the lemma when Λ3 �= ∅. Set � := minΛ3, L := maxΛ3.

If j ∈ Λ3, then
∂

∂aj
f̃2(a) = 0, and thus

p22Aj [S̃2(a)]p2/q2−1(aj )
q2−1[T̃ (a)]p/q = p2Bj [T̃ (a)]p/q−1(aj )

q−1[S̃2(a)]p2/q2,

which implies that

(aj )
q2−q = C12(B−A)j , ∀ j ∈ Λ2, with C1 = C1(a) constant. (65)

Step 2.1. Proof of the lemma when Λ3 �= ∅ and q2 = q. By (65), the quantity
2(B−A)j does not depend on j ∈ Λ3. On the other hand, since q2 = q we have
B − A = (s − s2)q �= 0. Thus Λ3 contains only one element, Λ3 = {�} = {L}. We
find that

g̃2(a) =
∑

j∈Λ2

2Aj + 2A�(a�)
q, h̃(a) =

∑

j∈Λ2

2Bj + 2B�(a�)
q .

As in Step 1, when A,B > 0 we find that

f̃2(a) �
(
2AM + 2A�(a�)q

)p2/q

(
2BM + 2B�(a�)q

)p/q � 2Ap2/qM + 2Ap2/q(a�)
p2

2Bp/qM + 2Bp/q(a�)p
≤ 1,

the latter inequality following from A
p2

q2
= Bp

q
, p2 > p and 0 < a� < 1.

The case where A,B < 0 is handled similarly.

Step 2.2. Proof of the lemma when Λ3 �= ∅ and q2 �= q. Define γ := B − A
q2 − q . It

follows from (65) that

aj = C22γj , ∀ j ∈ Λ3. (66)

Let us note that

A+ γ q2 = A+ B − A
q2 − q q2 = Bq2 − Aq

q2 − q = qq2
s − s2
q2 − q �= 0.
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We therefore have the following four possibilities:

1. A,B > 0, A+ γ q2 > 0.
2. A,B > 0, A+ γ q2 < 0.
3. A,B < 0, A+ γ q2 > 0.
4. A,B < 0, A+ γ q2 < 0.

We complete Step 2.2 in one of these cases, and let to the reader the three other
ones, which are similar. Assume e.g. that A,B > 0 and A + γ q2 < 0. In this case
we obtain an information on C2 by letting, in (66), j = �. [If A+ γ q2 > 0, we take
j = L.] Since 0 < a� < 1, we have 0 < C22γ � < 1, and thus C2 = C32−γ �, with
0 < C3 < 1. We find that

aj = C32γ (j−�), ∀ j ∈ Λ3, for some C3 ∈ (0, 1). (67)

Since A > 0 and A+ γ q2 < 0, we find that

S̃2(a) ≤
∑

j≤M
2Aj +

∑

j≥�
2(A+γ q2)j (C3)

q2 2−γ q2�

� 2AM + 2(A+γ q2)�(C3)
q2 2−γ q2� = 2AM + 2A�(C3)

q2 ,

while

T̃ (a) ≥ 2BM + 2B�(C3)
q .

We find that

f̃2(a) �
(
2AM + 2A�(C3)

q2
)p2/q2

(
2BM + 2B�(C3)q

)p/q � 2Ap2/q2M + 2Ap2/q2�(C3)
p2

2Bp/qM + 2Bp/q�(C3)p
≤ 1,

since A
p2

q2
= Bp

q
, 0 < C3 < 1 and p2 > p.

The proof of Lemma 4 is complete. ��
Sketch of Proof of Lemma 5. This is very much similar to the proof of Lemma 4.
This time, we have aj ∈ {0} ∪ [1,∞). With C := (s1 + α)q1, we set S̃1(a) :=∑

2Cj (aj )q1 and

A1
J := {a = (aj )j≥0; aj = 0 or aj ≥ 2αj , ∀ j, and aj = 0, ∀ j > J }.

If a ∈ A1
J , a �≡ 0, we set f̃1(a) := [S̃1(a)]p1/q1

[T (a)]p/q . We have to prove that f̃1(a) �

1, ∀ J , ∀ a ∈ A1
J , a �≡ 0. This is obtained following the same strategy as in the proof

of Lemma 4, considering, for a maximum point a of f̃1, the sets
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Λ1 := {j ≤ J ; aj = 0}, Λ2 := {j ≤ J ; aj = 1}, Λ3 := {j ≤ J ; 1 < aj <∞}.

The key ingredients are that C and B are either both positive or both negative,

respectively the fact that, when q �= q1, the quantity C+ B − C
q1 − q q1 does not vanish.

Details are left to the reader. ��
Case 4. s1 �= s2 and p2 = ∞. This is very much similar to Case 3. We prove the
equality

F sp,q = (F s1p1,q1
∩ F sp,q)+ (F s2∞,∞ ∩ F sp,q) (68)

under the assumptions

−∞ < s1, s, s2 <∞, s1 �= s2, 0 < p1 < p < p2 = ∞
such that (7) holds, 0 < q1, q <∞.

(69)

[For an improvement of (68) under more restrictive conditions of p1, see the proof
of Theorem 2.]

In view of Theorem 3 and Lemma 2, this implies Case 4. In order to prove (68),
we decompose f ∈ F sp,q as in (60). By Theorem 4 and Lemma 5, we have f1 ∈
F
s1
p1,q1 ∩ F sp,q . On the other hand, since p2 = ∞ we have α = −s2, and then

clearly (60) implies that f2 ∈ F s2∞,∞ ∩ F s,p.
The proof of Theorem 1 is complete. ��

Proof of Theorem 2. We will prove the following version of (68): we have

F sp,q = (F s1p1,q1
∩ F sp,q)+ (F s2∞,q2

∩ F sp,q) (70)

under one of the following assumptions

−∞ < s1, s, s2 <∞, s1 �= s2, 1 < p1 < p < p2 = ∞
such that (7) holds, 0 < q <∞, 1 < q1, q2 <∞

(71)

or

−∞ < s1, s, s2 <∞, s1 �= s2, 1 = p1 < p < p2 = ∞
such that (7) holds, 0 < q <∞, q1 = 1, 1 < q2 <∞.

(72)

Granted (70), we obtain the conclusion of Theorem 2 via Theorem 3, Corollary 2
and Lemma 2.

We now proceed to the proof of (70).
Let f ∈ F sp,q , and let f = ∑ fj be the Littlewood-Paley decomposition of f .

Set f j := ∑|k−j |≤1 fk =
∑
|k−j |≤1 f ∗ ϕk ∗ ϕj . Taking into account the fact that
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ϕj ∗ ϕk = 0 if |j − k| ≥ 2 and that
∑
k ϕk = δ in the sense of S ′, we find that

∑

j

f j ∗ ϕj =
∑

j,k

f ∗ ϕk ∗ ϕj =
∑

j

f ∗ ϕj = f. (73)

On the other hand, we clearly have

∥∥∥∥∥

∥∥∥∥
(

2sj f j (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

�
∥∥∥∥∥

∥∥∥∥
(

2sj fj (x)
)

j≥0

∥∥∥∥
lq (N)

∥∥∥∥∥
Lp(RN)

= ‖f ‖Fsp,q .
(74)

Define

δ := 1

p(s − s2) �= 0. (75)

Let us note that (7) and (75) imply the identity

p1

p
+ (s1 − s)δp1 = 1. (76)

Given x ∈ R
N , let h(x) :=

(∑
2sjq |f j (x)|q

)p/q
, so that h <∞ a.e. Whenever

h(x) <∞, define J = J (x) as follows: J is the least non negative integer such that
2J ≥ [h(x)]δ .
Lemma 6 Let δ and J be as above.

1. If δ > 0, then

⎛

⎝
∑

j<J

2s1jq1 |f j (x)|q1

⎞

⎠
p1/q1

� h(x) and

⎛

⎝
∑

j≥J
2s2jq2 |f j (x)|q2

⎞

⎠
1/q2

� 1.

(77)
2. If δ < 0, then

⎛

⎝
∑

j>J

2s1jq1 |f j (x)|q1

⎞

⎠
p1/q1

� h(x) and

⎛

⎝
∑

j≤J
2s2jq2 |f j (x)|q2

⎞

⎠
1/q2

� 1.

(78)

Granted Lemma 6, we complete the proof of Theorem 2 as follows. Assume e.g.
that δ > 0, the case δ < 0 being similar. Define, for a.e. x ∈ R

N ,

gj (x) :=
{
f j (x), if j < J(x)

0, if j ≥ J (x) , h
j (x) :=

{
0, if j < J(x)

f j (x), if j ≥ J (x) . (79)
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Combining (73), (74), Lemma 6 and Lemma 1, we find that the series f1 :=∑
gj ∗ ϕj and f2 := hj ∗ ϕj converge in S ′, that f = f1 + f2, and that f1 ∈

F
s1
p1,q1 ∩ F sp,q , f2 ∈ F s2∞,q2 ∩ F sp,q . ��

Proof of Lemma 6. We consider only the case δ > 0, the case δ < 0 being similar.
Set M := [h(x)]δ . We let to the reader the case where M < 1 and thus J = 0 and
the first sum in (77) vanishes. Assuming that M ≥ 1, we have 2J ∼ M and

|f j (x)| ≤ 2−sj [h(x)]1/p = 2−sjM1/(δp), ∀ j ≥ 0. (80)

Since δ > 0, we have s > s2, and thus s1 > s > s2. Using (80), we find that
∑

j<J

2s1jq1 |f j (x)|q1 � Mq1/(δp)
∑

j<J

2(s1−s)jq1 � Mq1/(δp)2(s1−s)Jq1

∼ Mq1[1/(δp)+(s1−s)]. (81)

Combining (76) and (81), we find that

⎛

⎝
∑

j<J

2s1jq1 |f j (x)|q1

⎞

⎠
p1/q1

�
[
M1/δ

]p1/p+(s−1−s)δ = M1/δ = h(x),

i.e., the first inequality in (77) holds.
For the second inequality, we note that (80) leads to

∑

j≥J
2s2jq2 |f j (x)|q2 � Mq2/(δp)

∑

j≥J
2(s2−s)jq2

� Mq2/(δp)2(s2−s)Jq2 ∼ Mq2[1/(δp)+(s2−s)] = 1,

the latter equality following from the definition of δ. ��

Appendix: Factorization, Functional Calculus,
Sum-Intersection

The lifting problem for S1-valued Sobolev maps is the following. Let B be a ball in
R
N . Let s > 0 and 1 ≤ p ≤ ∞. Is it possible to lift every map u ∈ Ws,p(B;S1)

as u = eıϕ with ϕ ∈ Ws,p(B;R)? This question has been completely answered in
[3]. The answer depends on s, p and N . For example, in W 1,p(B;S1) the answer is
positive if N = 1 or [N ≥ 2 and p ≥ 2], but negative if [N ≥ 2 and 1 ≤ p < 2].
Factorization is a substitute to lifting, but is also valid and relevant if the answer
to the lifting problem is positive. Special cases of factorization were announced in
[13]. The general case is presented in [5] and asserts the following. Let s > 0 and
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1 ≤ p <∞. Then every map u ∈ Ws,p(B;S1) can be factorized as u = eıϕ v, with
ϕ ∈ Ws,p(B;R) and v ∈ F sp1,1(B;S1).

Factorization has the following application announced in the introduction. Let
p > 1 and consider some f ∈ W 1,p(B;S1). Set u := eıf ∈ W 1,p(B;S1). Let 0 <
λ < 1. Since u ∈ W 1,p ∩ L∞, we also have u ∈ Wλ,p/λ (by Gagliardo-Nirenberg).
Factorization implies that u = eıϕ v, with ϕ ∈ Wλ,p/λ and v ∈ Fp1,1 ↪→ Wp,1.

We note that

Wp,1(B;R) ( v = eı(f−ϕ), with f ∈ W 1,p(B;R) and ϕ ∈ Wλ,p/λ(B;R).
(82)

We next invoke the following delicate result [5]. If f1 ∈ Ws1,p1(B;R), f2 ∈
Ws2,p2(B;R) are such that

s1p1 ≥ 1, s2p2 ≥ 1, eı(f1+f2) ∈ Ws3,p3 , with s3 ≥ 1,

then f1+f2 ∈ Ws3,p3∩Ws3p3,1. In our case, this implies that ψ := f −ϕ ∈ Wp,1∩
W 1,p, and thus ϕ = f − ψ ∈ W 1,p. Finally, f = ϕ + ψ , with ϕ ∈ Wλ,p/λ ∩W 1,p

and ψ ∈ Wp,1 ∩W 1,p.
Our Theorem 1 yields the same conclusion without factorization.
Let us also note that not only factorization leads to a sum-intersection property,

but sum-intersection is necessary for factorization to hold. Indeed, let p ≥ 2 and
u ∈ W 1,p(B;S1). Then we may write u = eıf with f ∈ W 1,p(B;R) [2]. Assume
that we want to factorize u = eıϕ v with ϕ ∈ Wλ,p/λ(B;R) and v ∈ Wp,1(B;S1).
The first step consists of splitting (assuming this is possible) f = ϕ + ψ , with
ϕ ∈ Wλ,p/λ and ψ ∈ Wp,1. However, this decomposition does not imply that
v := eıψ ∈ Wp,1(B;S1). Indeed, if s > 1 and ρ > 1, then a map g ∈ Wσ,ρ

satisfies eıg ∈ Wσ,ρ if and only if g satisfies the extra-assumption g ∈ W 1,σρ

[6]. In our case, this implies that factorization in Wλ,p/λ(B;S1) requires the sum-
intersection property of the triple T = (W 1,p,Wλ,p/λ,Wp,1). However, one cannot
reduce factorization to sum-intersection, since in generalWs,p(B;S1) does not have
the lifting property.

Sum-intersection property has the following implication related to lifting, pre-
sented in [5]. If sp < 1, then maps in Ws,p(B;S1) can be lifted within Ws,p

[3]. Factorization leads to a better result. Indeed, let u ∈ Ws,p(B;S1) and let
ϕ ∈ Ws,p(B;R) be a lifting of u. Write, as in Theorem 2, ϕ = ϕ1 + ϕ2, with
ϕ1 ∈ BMO ∩Ws,p and ϕ2 ∈ Wsp,1 ∩Ws,p. Set v := eıϕ2 ∈ Wsp,1. Then v has a
lifting ϕ3 ∈ Wsp,1 ∩ L∞ [14]. By Gagliardo-Nirenberg, we also have ϕ3 ∈ Ws,p,
and clearly ϕ3 ∈ BMO (since ϕ3 ∈ L∞). Finally, u = eıψ , where ψ := ϕ1 + ϕ3
satisfies the improved regularity ψ ∈ Ws,p ∩ BMO .
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Operator-Norm Convergence of the
Trotter Product Formula on Hilbert
and Banach Spaces: A Short Survey

Hagen Neidhardt, Artur Stephan, and Valentin A. Zagrebnov

1 Introduction

Recall that the product formula

e−τC = lim
n→∞

(
e−τA/ne−τB/n

)n
, τ ≥ 0, (1.1)

was established by S. Lie (in 1875) for matrices where C := A + B. The
proof of formula (1.1) can be carried over easily to bounded operators on Banach
spaces. Moreover, a straightforward computation shows that the convergence rate is
O(1/n), i.e.

sup
τ∈[0,T ]

‖e−τA/ne−τB/n − e−τC/n‖ = O(1/n). (1.2)

Trotter [25] has extended this result to unbounded operators A and B on Banach
spaces, but in the strong operator topology. He proved that ifA and B are generators
of contractions semigroups on a separable Banach space such that the algebraic
sum A + B is a densely defined closable operator and the closure C = A+ B is a
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generator of a contraction semigroup, then

e−τC = s− lim
n→∞

(
e−τA/ne−τB/n

)n
, (1.3)

uniformly in τ ∈ [0, T ] for any T > 0.
Formula (1.3) is often called the Trotter or the Lie-Trotter product formula. It was

a long-time belief that this formula is valid only in the strong operator topology. But
in nineties it was discovered that under certain quite standard assumptions the strong
convergence of the Trotter product formula can be improved to the operator-norm
convergence. In the following we give a review of these results.

The paper is organised as follows. In Sect. 2.1 we give an overview on operator-
norm convergence of the Trotter product formula if the generators A and B are
non-negative self-adjoint operators. Section 2.2 summarises the case when one of
the generator is only a maximal accretive operator. Section 2.3 is devoted to the
evolution case, which arises in the theory of the abstract non-autonomous Cauchy
problem. These results are commented in Sect. 2.4.

Section 3 is concerned with the operator-norm convergence of the Trotter product
formula on the Banach spaces. Section 3.1 presents the results under the assumption
that one of generators is for holomorphic semigroup. Section 3.2 considers again the
evolution case but on Banach spaces. The relation between evolution semigroups
and propagators is explained in Sect. 3.3. We comment the results in Sect. 3.4.

In Sect. 4 we collect some examples and counterexamples. They show what is
expectable and what is not and even surprising.

We use below the following notations and definitions.

1. We use a definition of the semigroup generator C (1.3), which differs from the
standard one by a minus, as it is in the book [11].

2. Furthermore, we widely use the so-called Landau symbols:

g(n) = O(f (n))⇐⇒ lim sup
n→∞

∣∣∣∣
g(n)

f (n)

∣∣∣∣ <∞ ,

g(n) = o(f (n))⇐⇒ lim sup
n→∞

∣∣∣∣
g(n)

f (n)

∣∣∣∣ = 0 ,

g(n) = Θ(f (n))⇐⇒ 0 < lim inf
n→∞

∣∣∣∣
g(n)

f (n)

∣∣∣∣ ≤ lim sup
n→∞

∣∣∣∣
g(n)

f (n)

∣∣∣∣ <∞ ,

g(n) = ω(f (n))⇐⇒ lim sup
n→∞

∣∣∣∣
g(n)

f (n)

∣∣∣∣ = ∞ .

3. We use the notation C0,β([0, T ]) for the Hölder (β ∈ (0, 1)) and, respectively,
for the Lipschitz (β = 1) continuous functions.



Survey on the Trotter Product Formula 231

2 Trotter Product Formula on Hilbert Spaces

2.1 Self-Adjoint Case

Considering the Trotter product formula on a separable Hilbert space H, T. Kato has
shown in [9, 10] that for non-negative operators A and B the Trotter formula (1.3)
holds in the strong operator topology if dom(

√
A)∩dom(

√
B) is dense in the Hilbert

space and C = A+̇B is the form-sum of operators A and B.
Naturally the problem arises whether Kato’s result can be extended to the

operator-norm convergence. A first attempt in this direction was undertaken by
Rogava [23]. He proved that if A and B are non-negative self-adjoint operators such
that dom(A) ⊆ dom(B) and the operator-sum: C = A+ B, is self-adjoint, then

‖(e−τA/ne−τB/n)n − e−τC‖ = O(ln(n)/√n), n→∞, (2.4)

holds. In [15] it was shown that if one substitutes in above conditions the self-
adjointness of the operator-sum by the A-smallness of B with a relative bound less
then one, then (2.4) is true with the rate of convergence improved to

‖(e−τA/ne−τB/n)n − e−τC‖ = O(ln(n)/n), n→∞.

The problem in its original formulation was finally solved in [8]. There it was
shown that the best possible in this general setup rate (1.2) holds if the operator
sum: C = A + B, is already a self-adjoint operator. Obviously, Rogava’s result, as
well as many other results (including [15]), when the operator sum of generators is
self-adjoint, follow from [8] .

A new direction comes due to results for the fractional-power conditions. In [20],
with elucidation in [6], it was proven that assuming

dom(Cα) ⊆ dom(Aα) ∩ dom(Bα), α ∈ (1/2, 1), C = A+̇B, (2.5)

and

dom(A1/2) ⊆ dom(B1/2) (2.6)

one obtains that

sup
τ∈[0,T ]

‖(e−τA/ne−τB/n)n − e−τC‖ = O(n−(2α−1)).

Notice that formally α = 1 yields the rate obtained in [8].
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We remark also that the results of [6, 20] do not cover the case α = 1/2.
Although, it turns out that in this case the Trotter product formula converges on
the operator norm:

sup
τ∈[0,T ]

‖(e−τA/ne−τB/n)n − e−τC‖ = o(1) ,

if
√
B is relatively compact with respect to

√
A, i.e.

√
B(I + A)−1/2 is compact,

see [16].

2.2 Nonself-Adjoint Case

Another direction was related with attempts to extend the Trotter, and the Trotter-
Kato, product formulae to the case of nonself-adjoint sectorial generators [3].
Let A be a non-negative self-adjoint operator and let B be a maximal accretive
(0e(Bf, f ) ≥ 0 for f ∈ dom(B)) operator, such that

dom(A) ⊆ dom(B) and dom(A) ⊆ dom(B∗).

If B is A-small with a relative bound less than one, then the rate estimate (2.4)
holds, for generator C, which is the well-defined maximal accretive operator-sum:
C = A+ B, see [1].

In [2] this result was generalised as follows. Let A be a non-negative self-adjoint
operator and let B be a maximal accretive operator such that dom(A) ⊆ dom(B)
and B is A-small with relative bound less than one. If the condition

dom((C∗)α) ⊆ dom(Aα) ∩ dom((B∗)α), C = A+ B ,

is satisfied for some α ∈ (0, 1], then the norm-convergent Trotter product formula:

sup
τ∈[0,T ]

‖(e−τA/ne−τB/n)n − e−τC‖ = O(ln(n)/nα) ,

holds as n→∞.
In fact, more results are known about the operator-norm Trotter product formula

convergence for nonself-adjoint semigroups, but without the rate estimates, see [4].

2.3 Evolution Case

At the first glance a very different result about a Trotter-type product formula was
obtained in [7]. The authors consider instead of the self-adjoint operator B a family
{B(t)}t∈[0,T ] of self-adjoint operators on the separable Hilbert space H such that the
condition
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dom(Aα) ⊆ dom(B(t)), t ∈ [0, T ], (2.7)

is satisfied for some α ∈ [0, 1) for A, which is a non-negative self-adjoint operator.
Then the operator sum C(t) = A+B(t) defines a family of self-adjoint operators in
H space such that dom(C(t)) = dom(A), t ∈ [0, T ]. With the family {C(t)}t∈[0,T ]
one associates the evolution equation:

∂tu(t) = −C(t)u(t), t ∈ [0, T ] , (2.8)

corresponding to the non-autonomous Cauchy problem with initial condition u0 =
u(0) for t = 0.

It turns out that equation (2.8) admits a propagator {U(t, s)}(t,s)∈Δ̄, Δ̄ =
{(t, s) ∈ [0, T ] × [0, T ] : 0 ≤ s ≤ t ≤ T }, which solves this problem. We
remind that a family {U(t, s)}(t,s)∈Δ of bounded operators is called a propagator
if the operator-valued function U(·, ·) : Δ̄ −→ B(H) is strongly continuous and
verifies the conditions:

U(t, t) = I for t ∈ [0, T ], (2.9)

U(t, s) = U(t, r)U(r, s) for t, r, s ∈ [0, T ] with s ≤ r ≤ t . (2.10)

Let {tj }nj=0 be a partition of the closed interval [0, t]:

0 = t0 < t1 < . . . < tn−1 < tn = t, tj = τj, τ = t/n ,

for any 0 < t ≤ T . Further, let

Qj(t, s; n) = e−
t−s
n
A
e
− t−s

n
B(s+j t−s

n
)
, j = 0, 1, . . . , n , (2.11)

and

E(t, s; n) := Qn−1(t, s; n)Qn−2(t, s; n)× · · · ×Q1(t, s; n)Q0(t, s; n)

:=
(n−1)←∏

j=0

Qj(t, s ; n) ,
(2.12)

where the symbol
∏n←
j=1 means that the product is increasingly ordered in j from

the right to the left. If in addition to assumption (2.7), the condition

‖A−α(B(t)− B(s))A−α‖ ≤ L1|t − s|, t, s ∈ [0, T ], L1 > 0, (2.13)

is satisfied, then in [7] it was proved that the propagator {U(t, s)}(t,s)∈Δ̄, which
solves the Cauchy problem (2.8), admits the approximation
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sup
t∈[0,T ]

‖U(t, 0)− En(t, 0; n)‖ = O(ln(n)/n) as n→∞. (2.14)

Scrutinising the proof in [7] one finds that in fact the claim (2.14) can be slightly
generalised to any interval Δ̄

sup
(t,s)∈Δ̄,t−s≥τ0>0

‖U(t, s)− En(t, s; n)‖ = O(ln(n)/n) as n→∞, (2.15)

for every τ0 > 0. At the first glance, it seems that the result (2.15) is quite far from
the Trotter product formula. However, this is not the case. To show this we follow the
evolution semigroup approach to evolution equations developed in [12, 21]. Let us
introduce the Hilbert space L2([0, T ],H) and consider on this space the semigroup

(U (τ )f )(t) := U(t, t − τ)χ[0,T ](t − τ)f (t − τ), f ∈ L2([0, T ],H), (2.16)

t ∈ [0, T ]. It turns out that {U (τ )}τ∈R+ is a C0-semigroup on the Hilbert space
of the H-valued trajectories L2([0, T ],H). By K we denote its generator, then
U (τ ) = e−τK , τ ≥ 0.

Let us introduce two multiplication operators

(A f )(t) = Af (t), f ∈ dom(A ),

dom(A ) :=
{
f ∈ L2([0, T ],H) : f (t) ∈ dom(A) for a.e. t ∈ [0, T ]

Af (t) ∈ L2([0, T ],H)
}
,

(2.17)
and

(Bf )(t) = B(t)f (t), f ∈ dom(B),

dom(B) :=
{
f ∈ L2([0, T ],H) : f (t) ∈ dom(B(t)) for a.e. t ∈ [0, T ]

B(t)f (t) ∈ L2([0, T ],H)
}
.

(2.18)
Note that both operators are well-defined and self-adjoint in L2([0, T ],H). More-
over, condition (2.7) yields: dom(A ) ⊆ dom(B).

By D0 we define in L2([0, T ],H) the generator of the right-shift semigroup
e−τD0 given by

(e−τD0f )(t) = χ[0,T ](t − τ)f (t − τ), f ∈ L2([0, T ],H).

Notice that the operator D0 is defined by

(D0f )(t) = ∂

∂t
f (t),

f ∈ dom(D0) := {f ∈ W 2,2([0, T ],H) : f (0) = 0}.
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Collecting these definitions we introduce the operator

(K̃ f ) = D0f +A f +Bf,

f ∈ dom(K̃ ) := dom(D0) ∩ dom(A ) ∩ dom(B).
(2.19)

Since {U(t, s)}(t,s)∈Δ̄ is a propagator solving the evolution equation (2.8) one

deduces that by virtue of assumptions (2.7) and (2.13) the operator K̃ is closable
and that its closure coincides with generator K , see [12, Theorem 4.5].

Furthermore, let us define the operator

(K0f )(t) = D0f +A f, f ∈ dom(K0) := dom(D0) ∩ dom(A ).

Then operator K0 is a generator of the C0-semigroup, which has the form

(e−τK0f )(t) = e−τAχt∈[0,T ](t − τ)f (t − τ), f ∈ L2([0, T ],H).

Note that we obviously get that K = K0 +B = K0 +B.
For the pair {K0,B} one obtains the following result.

Proposition 2.1 Let A be a non-negative self-adjoint operator on the separable
Hilbert space H and let {B(t)}t∈[0,T ] be a family of non-negative self-adjoint
operators. If the assumptions (2.7) and (2.13) are satisfied, then

sup
τ≥τ0>0

‖(e−τK0/ne−τB/n)n − e−τK ‖ = O(ln(n)/n) for n→∞ , (2.20)

and

sup
τ≥τ0>0

‖(e−τB/ne−τK0/n)n − e−τK ‖ = O(ln(n)/n) for n→∞, (2.21)

for every τ0 > 0.

Proof A straightforward computation shows that for f ∈ L2([0, T ],H) one gets

((e−τK0/ne−τB/n)nf )(t) = E(t, t − τ ; n)χ[0,T ](t − τ)f (t − τ),

where E(t, s ; n) is given by (2.12). Taking into account (2.16) we obtain

((e−τK0/ne−τB/n)nf )(t)− (e−τK f )(t)

= (E(t, t − τ ; n)− U(t, t − τ))χ[0,T ](t − τ)f (t − τ) ,

which yields the estimate
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‖((e−τK0/ne−τB/n)nf )(t)− (e−τK f )(t)‖
≤ χ[0,T ](t − τ)‖E(t, t − τ ; n)− U(t, t − τ)‖ ‖f (t − τ)‖.

Hence, this implies

sup
τ≥τ0>0

‖(e−τK0/ne−τB/n)nf − e−τK f ‖2

≤ sup
τ≥τ0>0

ˆ T

0
χ[0,T ](t − τ)‖E(t, t − τ ; n)− U(t, t − τ)‖2 ‖f (t − τ)‖2dt

≤
ˆ T

0
sup

(t,s)∈Δ̄,t−s≥τ0

‖E(t, s ; n)− U(t, s)‖2 ‖f (r)‖2dr.

Using (2.15) we immediately obtain (2.20). Similarly (2.21) follows from [7]. ��

2.4 Comments

Section 2.1

The operator-norm convergence rate O(1/n) of [8] for pairs of non-negative self-
adjoint operators is sharp and ultimate optimal due to observations in [24]. The same
remark concerns the sharpness and optimality of the rate O(1/n2α−1) obtained first
in [20] under assumption (2.5) together with the Aα-smallness of Bα with relative
bound less then one. Then the same ultimate sharp rate was proven in [6], when the
smallness condition is relaxed to the mild subordination (2.6). It is an open problem
whether the assumption (2.6) is really necessary.

Section 2.2

It is unclear whether the convergence rates O(ln(n)/n) and O(ln(n)/nα) are sharp.
One expects convergence rates identical to that in Sect. 2.1.

Section 2.3

The approach used here was developed in [12, 17–19, 21, 22]. The idea is to
transform a time-dependent evolution problem to a time-independent problem, see
also the next section.

Let us add some remarks. One easily checks that the operator K0 is not self-
adjoint whereas the operator B is self-adjoint. However, K0 is maximal accretive.
This is in some sense in contrast to Sect. 2.2, where the pair {A,B} consists of a
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self-adjoint operator A and an maximal accretive operator B such that dom(A) ⊆
dom(B) and dom(A) ⊆ dom(B∗). In the evolution case the conditions dom(K0) ⊆
dom(B) and dom(K ∗

0 ) ⊆ dom(B) are satisfied but in the reversed order with
respect to Sect. 2.2. However, the convergence rate O(ln(n)/n) is not affected by
this.

The proof of the estimate (2.14) and (2.15) are very involved. Naturally the
problem arises whether one can give a direct proof the estimate (2.14) avoiding
those propagator estimates.

3 Trotter Product Formula on Banach Spaces

3.1 Holomorphic Case

There are only few generalisations of the results of Sect. 2 to Banach spaces. The
main obstacle for that is the fact that the concept of self-adjointness is missing in
the Banach spaces. One of solution is to relax the self-adjointness replacing the non-
negative self-adjoint generator A by a generator of the holomorphic semigroup. The
following result was proved in [5].

Theorem 3.1 ([5, Theorem 3.6 and Corollary 3.7]) Let A be a generator of a
holomorphic contraction semigroup on the separable Banach space X and let B a
generator of a contraction semigroup on X.

(i) If for some α ∈ (0, 1) the condition

dom(Aα) ⊆ dom(B) ,

holds and dom(A∗) ⊆ dom(B∗) is satisfied, then the operator sum C = A+B
is a generator of a contraction semigroup and

sup
τ∈[0,T ]

‖(e−τB/ne−τA/n)n − e−τC‖ = O(ln(n)/n1−α) , (3.22)

for any T > 0.
(ii) If for some α ∈ (0, 1) the condition

dom((Aα)∗) ⊆ dom(B∗) ,

is satisfied and dom(A) ⊆ dom(B) is valid, then C = A + B is the generator
of a contraction semigroup and

sup
τ∈[0,T ]

‖(e−τA/ne−τB/n)n − e−τC‖ = O(ln(n)/n1−α) , (3.23)
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for any T > 0.

Theorem 3.2 ([5, Theorem 3.6 and Corollary 3.7]) Let A be a generator of a
holomorphic contraction semigroup on X and let B a generator of a contraction
semigroup on X. If B is in addition a bounded operator, then

sup
τ∈[0,T ]

‖(e−τB/ne−τA/n)n − e−τC‖ = O((ln(n))2/n),

and

sup
τ∈[0,T ]

‖(e−τA/ne−τB/n)n − e−τC‖ = O((ln(n))2/n),

for any T > 0.

3.2 Evolution Case

Similarly of Sect. 2.3 let us consider a generator A of a holomorphic semigroup
on the separable Banach space X and a family of {B(t)}t∈[0,T ] of generators of
holomorphic semigroups on X. We make the following assumptions:

Assumption 3.3

(A1) The operator A is a generator of a holomorphic contraction semigroup on X
such that 0 ∈ ρ(A).

(A2) Let {B(t)}t∈[0,T ] be a family of closed operators such that for a.e. t ∈ [0, T ]
and some α ∈ (0, 1) the condition dom(Aα) ⊂ dom(B(t)) is satisfied such
that

Cα := ess supt∈[0,T ]‖B(t)A−α‖B(X) <∞ .

(A3) Let {B(t)}t∈[0,T ] be a family of generators of contraction semigroups in X
such that the function [0, T ] ( t "→ (B(t)+ξ)−1x ∈ X is strongly measurable
for any x ∈ X and any ξ > b > 0.

(A4) We assume that dom(A∗) ⊂ dom(B(t)∗) and

C∗1 := ess supt∈[0,T ]‖B(t)∗(A∗)−1‖B(X∗) <∞,

where A∗ and B(t)∗ denote operators which are adjoint of A and B(t),
respectively.

(A5) There exists β ∈ (α, 1) and a constant Lβ > 0 such that for a.e. t, s ∈ [0, T ]
one has the estimate:

‖A−1(B(t)− B(s))A−α‖ ≤ Lβ |t − s|β .
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(A6) There exists a constant L1 > 0 such that for a.e. t, s ∈ [0, T ] one has the
estimate:

‖A−α(B(t)− B(s))A−α‖ ≤ L1|t − s| .

The assumption 0 ∈ ρ(A) in (A1) is made for simplicity. We note that
assumption (A3) is similar to (2.7). Assumption (A4) is automatically satisfied
for self-adjoint operators. Assumption (A5) is a modification of (2.13) while
assumption (A6) coincides with (2.13).

With the family {C(t)}t∈[0,T ], C(t) = A + B(t), one associates the evolution
equation (2.8). It turns out that under the assumptions (A1) and (A2) the family
{C(t)}t∈[0,T ] consists of generators of contraction semigroups.

In accordance with Sect. 2.3 we consider the Banach space Lp([0, T ],X) for
some fixed p ∈ [1,∞) and introduce the multiplication operators A and B,
cf. (2.17) and (2.18). Under the assumptions (A1)–(A3) the operators A and
B are generators of contraction semigroups such that dom(A ) ⊆ dom(B), in
particular, A is a generator of holomorphic semigroup. Similarly, one can introduce
the multiplication operator C induced by the family {C(t)}t∈[0,T ] which is also a
generator of a holomorphic semigroup. Notice that C = A +B and dom(C ) =
dom(A ).

Let D0 the generator of the right-shift semigroup on Lp([0, T ],X), i.e.

(e−τD0f )(t) = f (t − τ)χ[0,T ](t − τ)f (t − τ), f ∈ Lp([0, T ],X),

cf. (2.19). We consider the operator

K̃ f = D0f +A f +Bf,

f ∈ dom(K̃ ) = dom(D0) ∩ dom(A ) ∩ dom(B),

cf. (2.19). Assuming (A1)–(A3) it was shown in [12] that the operator K̃ is closable
and its closure K is the generator of a semigroup.

Furthermore, we set

K̃0f = D0f +A f, f ∈ dom(K̃0) = dom(D0) ∩ dom(A ),

In contrast to the Hilbert space the operator K̃0 is not necessary a generator of a
semigroup. However, the operator K0 closable and its closure K0 is a generator.
Notice that K coincides with the algebraic sum of K0 and B, i.e K = K0 +B.

In [12] the following theorem was proved.

Theorem 3.4 ([12, Theorem 7.8]) Let the assumptions (A1)–(A4) be satisfied for
some α ∈ (0, 1). If (A5) holds, then

sup
τ≥0
‖(e−τB/ne−τK0/n)n − e−τK ‖ = O(1/nβ−α), (3.24)
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when n→∞.

Assuming instead of assumption (A5) the assumption (A6) the result slightly
modifies, see [14].

Theorem 3.5 ([14, Theorem 5.4]) Let the assumptions (A1)–(A4) be satisfied for
some α ∈ (1/2, 1). If (A6) is valid, then for n→∞ one gets the asymptotic:

sup
τ≥0
‖(e−τB/ne−τK0/n)n − e−τK ‖ = O(1/n1−α). (3.25)

3.3 Convergence Rates for Propagators

The proof of both theorems does not use propagator approximations of type (2.14)
or (2.15). However, Theorems 3.4 and 3.5 can be used to prove propagator approxi-
mations. To this end one has to introduce the notion of a evolution semigroup.

Definition 3.6 A generator K in Lp([0, T ], X), p ∈ [1,∞), is called a evolution
generator if

(i) dom(K ) ⊂ C([0, T ], X) and M(φ)dom(K ) ⊂ dom(K ) for φ ∈
W 1,∞([0, T ]),

(ii) K M(φ)f −M(φ)K f = M(φ̇)f for f ∈ dom(K ) and φ ∈ W 1,∞([0, T ]),
where φ̇ = ∂tφ,

(iii) the domain dom(K ) has a dense cross-section, i.e. for each t ∈ (0, T ] the set

[dom(K )]t := {x ∈ X : ∃f ∈ dom(K ) such that x ∈ f (t)},

is dense in X.

By M(φ), φ ∈ L∞([0, 1]), the bounded operator

(M(φ)f )(t) = φ(t)f (t), f ∈ Lp([0, T ],X).

is meant.
One can check that the operator K defined as the closure of K̃ is an

evolution generator, cf. [12, Theorem 1.2]. Evolution generators a directly related
to propagators. For this purpose one has slightly weaken the notion of a propagator
defined in Sect. 2.3.

Definition 3.7 Let {U(t, s)}(t,s)∈Δ, Δ = {(t, s) ∈ (0, T ] × (0, T ] : s ≤ t ≤ T }, be
a strongly continuous family of bounded operators on X. If the conditions

U(t, t) = I for t ∈ (0, T ] , (3.26)

U(t, r)U(r, s) = U(t, s) for t, r, s ∈ (0, T ] with s ≤ r ≤ t , (3.27)
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‖U‖B(X) := sup
(t,s)∈Δ

‖U(t, s)‖ <∞ (3.28)

are satisfied, then {U(t, s)}(t,s)∈Δ is called a propagator.

Comparing with Sect. 2.3 we note thatΔ slightly differs from Δ̄. Indeed,Δ ⊆ Δ̄ but
Δ = Δ̄. Restricting (2.9) and (2.10) to (0, T ] we get (3.26) and (3.27), respectively.
Condition (3.28) is necessary because the set Δ is not closed.

It is known that there is an one-to-one correspondence between the set of all
evolution generators on Lp([0, T ],X) and the set of all propagators in the sense of
Definition 3.7 established by

(e−τK f )(t) = U(t, t − τ)χ[0,T ](t − τ)f (t − τ), f ∈ Lp([0, T ],X),

cf. [12, Theorem 3.3] or [17, Theorem 4.12].
Let K0 be the generator of an evolution semigroup {U0(τ )}τ≥0 and let B be a

multiplication operator induced by a measurable family {B(t)}t∈[0,T ] of generators
of contraction semigroups. Note that in this case the multiplication operator B is a
generator of a contraction semigroup (e−τ Bf )(t) = e−τ B(t)f (t), on the Banach
space Lp([0, T ], X). Since {U0(τ )}τ≥0 is an evolution semigroup, then there is a
propagator {U0(t, s)}(t,s)∈Δ such that the representation

(U0(τ )f )(t) = U0(t, t − τ)χ[0,T ](t − τ)f (t − τ), f ∈ Lp([0, T ], X),

is valid for a.e. t ∈ [0, T ] and τ ≥ 0. Then we define

Qj(t, s; n) := U0(s + j (t−s)n
, s + (j − 1) (t−s)

n
)e
− (t−s)

n
B
(
s+(j−1)

(t−s)
n

)

where j ∈ {1, 2, . . . , n}, n ∈ N, (t, s) ∈ Δ, and we set

Vn(t, s) :=
n←∏

j=1

Qj(t, s; n), n ∈ N, (t, s) ∈ Δ,

where the product is increasingly ordered in j from the right to the left. Then a
straightforward computation shows that the representation

((
e−τK0/ne−τB/n

)n
f
)
(t) = Vn(t, t − τ)χ[0,T ](t − τ)f (t − τ) ,

f ∈ Lp([0, T ], X), holds for each τ ≥ 0 and a.e. t ∈ [0, T ]. Similarly we can
introduce

Gj(t, s; n) = e−
t−s
n
B(s+j t−s

n
)
U0(s + j t−sn , s + (j − 1) t−s

n
)

where j ∈ {1, 2, . . . , n}, n ∈ N, (t, s) ∈ Δ. Let
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Un(t, s) :=
n←∏

j=1

Gj(t, s; n), n ∈ N, (t, s) ∈ Δ,

where the product is again increasingly ordered in j from the right to the left. We
verify that

((
e−τB/ne−τK0/n

)n
f
)
(t) = Un(t, t − τ)χ[0,T ](t − τ)f (t − τ) ,

f ∈ Lp([0, T ], X), holds for each τ ≥ 0 and a.e. t ∈ [0, T ].
Proposition 3.8 ([13, Proposition 2.1]) Let K and K0 be generators of evolution
semigroups on the Banach space Lp([0, T ], X) for some p ∈ [1,∞). Further, let
{B(t))}t∈[0,T ] be a strongly measurable family of generators of contraction on X.
Then

sup
τ≥0

∥∥∥e−τK −
(
e−τK0/ne−τB/n

)n∥∥∥ = ess sup
(t,s)∈Δ

‖U(t, s)− Vn(t, s)‖, n ∈ N,

and

sup
τ≥0

∥∥∥e−τK −
(
e−τB/ne−τK0/n

)n∥∥∥ = ess sup
(t,s)∈Δ

‖U(t, s)− Un(t, s)‖, n ∈ N.

Let us introduce the approximations

Un(t, s) :=
n←∏

j=1

Gj(t, s ; n), n = 1, 2, . . . ,

Gj (t, s ; n) := e− t−sn B(s+j t−sn )e− t−sn A, j = 0, 1, 2, . . . , n,

(t, s) ∈ Δ, with increasingly ordered product in j from the right to the left. From
Theorem 3.4 and Proposition 3.8 one immediately obtains the following theorem.

Theorem 3.9 ([12, Theorem 1.4]) Let the assumptions (A1)–(A4) be satisfied. If
(A5) holds, then for n→∞ the rate:

ess sup
(t,s)∈Δ

‖Un(t, s)− U(t, s)‖ = O(1/nβ−α) . (3.29)

From Theorem 3.5 and Proposition 3.8 we get

Theorem 3.10 ([14, Theorem 5.6]) Let the assumptions (A1)–(A4) be satisfied for
some α ∈ (1/2, 1). If (A6) is valid, then for n→∞ one obtains a better rate:

ess sup
(t,s)∈Δ

‖Un(t, s)− U(t, s)‖ = O(1/n1−α) .
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3.4 Comments

Section 3.1

It is unclear whether Theorem 3.1 is sharp. Theorem 3.1 should be valid if the
contractivity of the involved semigroups is replaced Trotter-stability. A pair of
generators {A,B} is called Trotter-stable if the Trotter product is uniformly bounded
in n ∈ N, i.e., if

sup
n∈N

sup
τ≥0

∥∥∥
(
e−τA/ne−τB/n

)n∥∥∥ <∞.

It turns out that the pair {A,B} is Trotter-stable if and only {B,A} is Trotter-stable.

Section 3.2

Theorems 3.4 and 3.5 are proved in [12] and [14] under the assumption that
the pair {K0,B} is Trotter-stable. The convergence rates (3.24) and (3.25) differ
significantly from the convergence rate O(ln(n)/n) of Proposition 2.1. It is an
open problem whether the convergences rates (3.24) and (3.25) can be improved
to O(ln(n)/n). One has to mention that the convergence (3.25) coincides with that
one of (3.23) despite the fact that K0 is not a generator of a holomorphic semigroup.
Indeed, the generator K0 is not holomorphic since e−τK0 = 0 for τ ≥ T .

Section 3.3

It is a bit surprising that the operator-norm convergence of the Trotter product
formula for the pairs: generator of evolution semigroup and multiplication operator,
is equivalent to the operator-norm convergence of a certain approximation of the
corresponding propagator, see Proposition 3.8. In particular, this yields that two
convergences: (2.15) and (2.20), are equivalent.

4 Sharpness

4.1 Example

Let us consider a “solvable” example. We study bounded perturbations of the
evolution generator D0. To do this aim we consider X = C and we denote by
L2([0, 1]) the Hilbert space L2([0, T ],C).
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For t ∈ [0, 1], let q : t "→ q(t) ∈ L∞([0, 1]). Then, q induces a bounded
multiplication operator Q in the Hilber space L2([0, 1]):

(Qf )(t) = q(t)f (t), f ∈ L2([0, 1]).

For simplicity we assume that q ≥ 0. Then Q generates on L2([0, 1]) a contraction
semigroup {e−τQ}τ≥0. Since generator Q is bounded, the closed operator K :=
D0 + Q, with domain dom(K ) = dom(D0), is generator of a semigroup on
L2([0, 1]). From [25] one gets immediately

s- lim
n→∞

(
e−τD0/ne−τQ/n

)n = e−τ(D0+Q)

uniformly in τ ∈ [0, T ] for any T > 0. One easily checks that K is an evolution
generator. A straightforward computation shows that

(
e−τ(D0+Q)f

)
(t) = e−

´ t
t−τ q(y)dyχ[0,1](t − τ)f (t − τ)

which yields that the propagator corresponding to K is given by

U(t, s) = e−
´ t
s q(y)dy, (t, s) ∈ Δ.

A simple computation shows that

((
e−τD0/ne−τQ/n

)n
f
)
(t) =: Vn(t, t − τ)χ[0,T ](t − τ)f (t − τ) .

Then by straightforward calculations one finds that

Vn(t, s) = e−
t−s
n

∑n−1
k=0 q(s+k t−sn )

, (t, s) ∈ Δ .

Proposition 4.1 ([13, Proposition 3.1]) Let q ∈ L∞([0, T ]) be non-negative. Then

sup
τ≥0

∥∥∥e−τ(D0+Q) −
(
e−τD0/ne−τQ/n

)n∥∥∥
B(Lp([0,1]))

= Θ
(

ess sup
(t,s)∈Δ

∣∣∣
ˆ t

s

q(y)dy − t − s
n

n−1∑

k=0

q(s + k t−s
n
)

∣∣∣

)

as n→∞, where Θ is the Landau symbol defined in the introduction.

Note that by Proposition 3.8 the operator-norm convergence rate of the Trotter
product formula for the pair {D0,Q} coincides with the convergence rate of the
integral Darboux-Riemann sum approximation of the Lebesgue integral.
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4.2 Results

Below we give a series of examples which show the dependence of the convergence
rate on the smoothness of the function q ∈ L∞([0, T ]). First we consider the Hölder
and Lipschitz continuous cases.

Theorem 4.2 ([13, Theorem 3.2]) If the function: q ∈ C0,β([0, T ]), β ∈ (0, 1], is
non-negative, then for n→∞ one gets

sup
τ≥0

∥∥∥e−τ(D0+Q) −
(
e−τD0/ne−τQ/n

)n∥∥∥ = O(1/nβ) .

Now a natural question that one may to ask is: what happens, when q is simply
continuous?

Theorem 4.3 ([13, Theorem 3.3]) If q : [0, 1] → C, is continuous and non-
negative, then for n→∞

∥∥∥e−τ(D0+Q) −
(
e−τD0/ne−τQ/n

)n∥∥∥ = o(1) . (4.30)

We comment that for a general continuous q one can say nothing about the
Trotter product formula convergence rate. Indeed, as it follows from the next
theorem the convergence to zero in (4.30) may be arbitrary slow.

Theorem 4.4 ([13, Theorem 3.4]) Let δn > 0 be a sequence with δn → 0 as
n→∞. Then there exists a continuous function q : [0, 1] → R such that

sup
τ≥0

∥∥∥e−τ(D0+Q) −
(
e−τD0/ne−τQ/n

)n∥∥∥
B(Lp([0,1])) = ω(δn) ,

as n→∞, where ω is the Landau symbol defined in the Introduction.

Our final comment concerns the case when q is only measurable. Then it can
happen that the Trotter product formula for that pair {D0,Q} does not converge in
the operator-norm topology:

Theorem 4.5 ([13, Theorem 3.5]) There is a non-negative measurable function
q ∈ L∞([0, 1]), such that

lim inf
n→∞ sup

τ≥0

∥∥∥e−τ(D0+Q) −
(
e−τD0/ne−τQ/n

)n∥∥∥
B(Lp([0,1])) > 0 .

We note that Theorem 4.5 does not exclude the convergence of the Trotter
product formula for the pair {D0,Q} in the strong operator topology.
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4.3 Comments

Section 4.1

Our example can be considered as a kind of solvable model. It fits into the evolution
cases considered in Sects. 2.3 and 3.2. Indeed, one has to set X = C, p = 2,
Lp([0, T ],X) = L2([0, T ]), A = I and B(t) = q(t) and B = Q. One easily
checks that

(e−τ/nK0e−τB/n)n = e−τ (e−τ/nD0e−τQ/n)n

which shows that the convergence rate of (e−τ/nD0e−τQ/n)n coincides with that
one (e−τ/nK0e−τB/n)n. One easily checks that the choice A = I , B(t) = q(t),
q(t) ≥ 0, guarantees the assumptions (A1)–(A4) If q ∈ C0,β([0, T ]), then the
assumption (A5) is satisfied. If Q is Lipschitz continuous, i.e. q ∈ C0,1([0, T ]),
then the assumption (A6) is valid.

Section 4.2

Theorem 4.2 shows that for β ∈ (0, 1) the convergence rate is O(1/nβ), which
is better than the convergence rates O(1/nβ−α) and O(1/n1−α) in Theorems 3.4
and 3.5. Hence, they are not sharp.

Theorems 4.3 and 4.4 demonstrate that the convergence rate can be arbitrary slow
if the smoothness of Q is weaker and weaker.

Finally, Theorem 4.5 shows that there is a bounded operator such that the Trotter
product formula does not converge in the operator norm. This makes clear that
Theorem 3.2 becomes false if the condition that A is a holomorphic generator is
dropped. Indeed the operator D0 which plays the role of A of Theorem 3.2 is not a
generator of holomorphic semigroup.

References

1. V. Cachia, H. Neidhardt, V.A. Zagrebnov, Accretive perturbations and error estimates for the
Trotter product formula. Integr. Equ. Oper. Theory 39(4), 396–412 (2001)

2. V. Cachia, H. Neidhardt, V.A. Zagrebnov, Comments on the Trotter product formula error-
bound estimates for nonself-adjoint semigroups. Integr. Equ. Oper. Theory 42(4), 425–448
(2002)

3. V. Cachia, V.A. Zagrebnov, Operator-norm approximation of semigroups by quasi-sectorial
contractions. J. Funct. Anal. 180(1), 176–194 (2001)

4. V. Cachia, V.A. Zagrebnov, Operator-norm convergence of the Trotter product formula for
sectorial generators. Lett. Math. Phys. 50, 203–211 (1999)

5. V. Cachia, V.A. Zagrebnov, Operator-norm convergence of the Trotter product formula for
holomorphic semigroups. J. Oper. Theory 46(1), 199–213 (2001)



Survey on the Trotter Product Formula 247

6. T. Ichinose, H. Neidhardt, V.A. Zagrebnov, Trotter-Kato product formula and fractional powers
of self-adjoint generators. J. Funct. Anal. 207(1), 33–57 (2004)

7. T. Ichinose, H. Tamura, Error estimate in operator norm of exponential product formulas for
propagators of parabolic evolution equations. Osaka J. Math. 35(4), 751–770 (1998)

8. T. Ichinose, H. Tamura, H. Tamura, V.A. Zagrebnov, Note on the paper: the norm convergence
of the Trotter-Kato product formula with error bound by T. Ichinose and H. Tamura. Comm.
Math. Phys. 221(3), 499–510 (2001)

9. T. Kato, On the Trotter-Lie product formula. Proc. Jpn. Acad. 50, 694–698 (1974)
10. T. Kato, Trotter’s product formula for an arbitrary pair of self-adjoint contraction semigroups,

in Topics in Functional Analysis: Essays Dedicated to M.G. Kreı̆n on the Occasion of his 70th
Birthday. Adv. in Math. Suppl. Stud., vol. 3 (Academic Press, New York, 1978), pp. 185–195

11. T. Kato, Perturbation theory for linear operators. Classics in Mathematics (Springer, Berlin,
1995), Reprint of the 1980 edition

12. H. Neidhardt, A. Stephan, V.A. Zagrebnov, Convergence rate estimates for Trotter product
approximations of solution operators for non-autonomous Cauchy problems (December 2016).
arXiv:1612.06147 [math.FA]

13. H. Neidhardt, A. Stephan, V.A. Zagrebnov, Remarks on the operator-norm convergence of the
Trotter product formula. Integr. Equ. Oper. Theory 90(15) (2018)

14. H. Neidhardt, A. Stephan, V.A. Zagrebnov, On convergence rate estimates for approximations
of solution operators for linear non-autonomous evolution equations. Nanosyst. Phys. Chem.
Math. 8(2), 202–215 (2017)

15. H. Neidhardt, V.A. Zagrebnov, On error estimates for the Trotter-Kato product formula. Lett.
Math. Phys. 44(3), 169–186 (1998)

16. H. Neidhardt, V.A. Zagrebnov, Trotter-Kato product formula and operator-norm convergence.
Comm. Math. Phys. 205(1), 129–159 (1999)

17. H. Neidhardt, On abstract linear evolution equations I. Math. Nachr. 103, 283–298 (1981)
18. H. Neidhardt, On abstract linear evolution equations II, Prepr. Akad. Wiss. DDR, Inst. Math.

P-MATH-07/81, 56 p. (1981)
19. H. Neidhardt, On linear evolution equations III: hyperbolic case. Prepr., Akad. Wiss. DDR,

Inst. Math. p-MATH-05/82, 74 p. (1982)
20. H. Neidhardt, V.A. Zagrebnov, Fractional powers of self-adjoint operators and Trotter-Kato

product formula. Integr. Equ. Oper. Theory 35(2), 209–231 (1999)
21. H. Neidhardt, V.A. Zagrebnov, Linear non-autonomous Cauchy problems and evolution

semigroups. Adv. Differ. Equ. 14(3–4), 289–340 (2009)
22. G. Nickel, On evolution semigroups and nonautonomous Cauchy problems. Diss. Summ.

Math. 1(1–2), 195–202 (1996)
23. Dzh.L. Rogava, Error bounds for Trotter-type formulas for self-adjoint operators. Funct. Anal.

Appl. 27, 217–219 (1993)
24. H. Tamura, A remark on operator-norm convergence of Trotter-Kato product formula. Integr.

Equ. Oper. Theory 37(3), 350–356 (2000)
25. H.F. Trotter, On the product of semi-groups of operators. Proc. Amer. Math. Soc. 10, 545–551

(1959)



Multiple Periodic Solutions
of Lagrangian Systems of Relativistic
Oscillators

Biagio Ricceri

1 Introduction

As the reader can notice, the title of the present paper is, intentionally, almost
identical to the one of [1].

Actually, it is our aim to show how to obtain the multiplicity of periodic solutions
for the systems mentioned in the title making a joint use of the theory developed by
Brezis and Mawhin in [1] with that we developed in [3].

To be more precise, we now fix some notations that we will keep throughout the
paper and recall the main result of [1].
L, T are two fixed positive numbers. For each r > 0, we set Br = {x ∈ Rn :

|x| < r} (| · | being the Euclidean norm on Rn) and Br is the closure of Br .
We denote by A the family of all homeomorphisms φ from BL onto Rn such

that φ(0) = 0 and φ = ∇Φ, where the function Φ : BL →] −∞, 0] is continuous
and strictly convex in BL, and of class C1 in BL. Notice that 0 is the unique global
minimum of Φ in BL.

We denote by B the family of all functions F : [0, T ] × Rn → R which are
measurable in [0, T ], of class C1 in Rn and such that ∇xF is measurable in [0, T ]
and, for each r > 0, one has supx∈Br |∇xF (·, x)| ∈ L1([0, T ]), with F(·, 0) ∈
L1([0, T ]).

Given φ ∈ A and F ∈ B, we consider the problem

⎧
⎨

⎩

(φ(u′))′ = ∇xF (t, u) in [0,T]

u(0) = u(T ) , u′(0) = u′(T ) .
(Pφ,F )
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A solution of this problem is any function u : [0, T ] → Rn of class C1, with
u′([0, T ]) ⊂ BL, u(0) = u(T ), u′(0) = u′(T ), such that the composite function
φ ◦ u′ is absolutely continuous in [0, T ] and one has (φ ◦ u′)′(t) = ∇xF (t, u(t)) for
a.e. t ∈ [0, T ].

Now, we set

K = {u ∈ Lip([0, T ],Rn) : |u′(t)| ≤ L f or a.e. t ∈ [0, T ], u(0) = u(T )} ,

Lip([0, T ],Rn) being the space of all Lipschitzian functions from [0, T ] into Rn.
Clearly, one has

sup
[0,T ]
|u| ≤ LT + inf[0,T ] |u| (1.1)

for all u ∈ K . To see this, take t0 ∈ [0, T ] such that |u(t0)| = inf[0,T ] |u| and
observe that, for each t ∈ [0, T ], one has

|u(t)− u(t0)| =
∣∣∣∣
ˆ t

t0

u′(τ )dτ
∣∣∣∣ ≤ LT .

Next, consider the functional I : K → R defined by

I (u) =
ˆ T

0
(Φ(u′(t))+ F(t, u(t)))dt

for all u ∈ K .
The basic result of the theory developed in [1] is as follows:

Theorem 1.1 ([1], Theorem 5.2) Any global minimum of I in K is a solution of
problem (Pφ,F ).

Well, the aim of the present paper is to provide a set of conditions under which
the functional I has at least two global minima in K .

As far as we know, this is the first result of this kind, and so we cannot do any
proper comparison with previous ones.

Notice that some multiplicity results for problem (Pφ,F ) are already available in
the literature. In this connection, we refer to the numerous references contained in
the very recent survey by Mawhin [2] and in [4]. But, as we repeat, in those papers
the multiple solutions of problem (Pφ,F ) are not shown to be global minima of the
functional I in K .

As we said at the beginning, our main tool is provided by the main result obtained
in [3] which is recalled in the next section.

Finally, Sect. 3 contains the statement of our multiplicity result, its proof and
various related remarks.
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2 A Well-Posedness Theorem

In this section, we summarize the theory developed in [3].
So, let X be a Hausdorff topological space, J,Ψ two real-valued functions

defined in X, and a, b two numbers in [−∞,+∞], with a < b.
If a ∈ R (resp. b ∈ R), we denote by Ma (resp. Mb) the set of all global minima

of the function J+aΨ (resp. J+bΨ ), while if a = −∞ (resp. b = +∞),Ma (resp.
Mb) stands for the empty set. We adopt the conventions inf ∅ = +∞, sup∅ = −∞.
We also set

α = max

{
inf
X
Ψ, sup

Mb

Ψ

}
,

β = min

{
sup
X

Ψ, inf
Ma

Ψ

}
.

One proves that α ≤ β.
As usual, given a function f : X→ R and a set C ⊆ X, we say that the problem

of minimizing f over C is well-posed if the following two conditions hold:

– the restriction of f to C has a unique global minimum, say x̂ ;
– every sequence {xn} in C such that limn→∞ f (xn) = infC f , converges to x̂.

A set of the type {x ∈ X : f (x) ≤ r} is said to be a sub-level set of f . The main
result of [3] is as follows:

Theorem 2.1 ([3, Theorem 1]) Assume that α < β and that, for each λ ∈]a, b[,
the function J + λΨ has sequentially compact sub-level sets and admits a unique
global minimum in X.

Then, for each r ∈]α, β[, the problem of minimizing J overΨ−1(r) is well-posed.
Moreover, if we denote by x̂r the unique global minimum of J|Ψ−1(r) (r ∈]α, β[),

the functions r → x̂r and r → J (x̂r ) are continuous in ]α, β[, and, for some
λ̂r ∈]a, b[, x̂r is the global minimum in X of the function J + λ̂rΨ

3 The Main Result

Here is our main result:

Theorem 3.1 Let φ ∈ A , F ∈ B,G ∈ C1(Rn), ψ ∈ L1([0, T ])\ {0}, with ψ ≥ 0.
Moreover, let γ : [0,+∞[→ R be a convex strictly increasing function such that
lims→+∞ γ (s)

s
= +∞. Assume that the following assumptions are satisfied:
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(i1) for a.e. t ∈ [0, T ] and for every x ∈ Rn, one has

γ (|x|) ≤ F(t, x) ;

(i2) lim inf|x|→+∞ G(x)
|x| > −∞ ;

(i3) the function G has no global minima in Rn ;
(i4) there exist two distinct points x1, x2 ∈ Rn such that

inf
x∈Rn

ˆ T

0
F(t, x)dt < max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

}

and

G(x1) = G(x2) = inf
Bc
G

where

c = LT + γ−1
(

1

T
max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

})
.

Then, there exist λ̃ > 0 such that the problem

⎧
⎨

⎩

(φ(u′))′ = ∇x(F (t, u)+ λ̃ψ(t)G(u)) in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

has at least two solutions which are global minima in K of the functional

u→
ˆ T

0
(Φ(u′(t))+ F(t, u(t))+ λ̃ψ(t)G(u(t)))dt .

Proof Let C0([0, T ],Rn) be the space of all continuous functions from [0, T ] into
Rn, with the norm sup[0,T ] |u|. We are going to apply Theorem 2.1 taking: a = 0,
b = +∞, X = K regarded as a subset of C0([0, T ],Rn) with the relative topology
and

J (u) =
ˆ T

0
ψ(t)G(u(t))dt ,

Ψ (u) =
ˆ T

0
(Φ(u′(t))+ F(t, u(t)))dt

for all u ∈ K . Fix λ > 0. By (i2), for a suitable constant δ > 0, we have

−δ(|x| + 1) ≤ G(x)
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for all x ∈ Rn. For each u ∈ K with sup[0,T ] |u| ≥ LT , in view of (i1), (1.1) and of
the convexity of γ , using Jensen inequality, we get

ˆ T

0
ψ(t)G(u(t))dt + λ

ˆ T

0
(Φ(u′(t))+ F(t, u(t)))dt ≥

−δ
ˆ T

0
ψ(t)|u(t)|dt + λ

ˆ T

0
γ (|u(t)|)dt − δ

ˆ T

0
ψ(t)dt + λΦ(0)T ≥

−δ
ˆ T

0
ψ(t)dt sup

[0,T ]
|u| + λT γ

(
1

T

ˆ T

0
|u(t)|dt

)
− δ

ˆ T

0
ψ(t)dt + λΦ(0)T ≥

−δ
ˆ T

0
ψ(t)dt sup

[0,T ]
|u| + λT γ

(
inf[0,T ] |u|

)
− δ

ˆ T

0
ψ(t)dt + λΦ(0)T ≥

− δ
ˆ T

0
ψ(t)dt sup

[0,T ]
|u| + λT γ

(
sup
[0,T ]
|u| − LT

)
− δ

ˆ T

0
ψ(t)dt + λΦ(0)T .

(3.1)
In turn, since lims→+∞ γ (s−LT )

s
= +∞, we infer from (3.1) that, for every ρ ∈ R,

there is M > 0 such that

{
u ∈ K :

ˆ T

0
ψ(t)G(u(t))dt + λ

ˆ T

0
(Φ(u′(t))+ F(t, u(t)))dt ≤ ρ

}
⊆

{
u ∈ K : sup

[0,T ]
|u| ≤ M

}
. (3.2)

Now, observe that K is a closed subset of C0([0, T ],Rn). On the other hand, from
Lemma 4.1 of [1], it follows that the functional J + λΨ is lower semicontinuous
in K . Summarizing: the functions belonging to any sub-level set of J + λΨ are
equi-continuous (since they are in K) and equi-bounded in view of (3.2). Hence, by
the Ascoli-Arzelà theorem, any sub-level set of J + λΨ is relatively sequentially
compact in C0([0, T ],Rn). But, for the remarks above, the same set is closed
in C0([0, T ],Rn), and so it is sequentially compact in K . Next, observe that the
functional J ha no global minima in K . Since the constant functions lie in K , it is
clear that

inf
K
J = inf

Rn
G

ˆ T

0
ψ(t)dt .

Hence, ifG is unbounded below, so J is too. Now, suppose thatG is bounded below.
Arguing by contradiction, assume that û ∈ K is a global minimum of J . Then, we
would have
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ˆ T

0
ψ(t)

(
G(û(t))− inf

Rn
G

)
dt = 0 ,

and so, since the integrand is non-negative, it would follow

ψ(t)

(
G(û(t))− inf

Rn
G

)
= 0

for a.e. t ∈ [0, T ]. Therefore, since ψ �= 0, for some t ∈ [0, T ], we would have
G(û(t)) = infRn G, against (i3). Notice that the absence of global minima for J
implies that

β = sup
K

Ψ .

Moreover, since lims→+∞ γ (s) = +∞, from (i1) it follows that

sup
K

Ψ = +∞ .

Furthermore, since b = +∞, we have

α = inf
K
Ψ .

Clearly

inf
K
Ψ ≤ inf

x∈Rn

ˆ T

0
F(t, x)dt +Φ(0)T .

Now, put

r = max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

}
+Φ(0)T .

By the above remarks and by the inequality in (i4), we have

α < r < β .

Fix u ∈ Ψ−1(] −∞, r]). By (i1) and Jensen inequality again, we have

r ≥
ˆ T

0
(Φ(u′(t))+ F(t, u(t)))dt ≥

ˆ T

0
γ (|u(t)|)dt +Φ(0)T ≥

T γ

(
1

T

ˆ T

0
|u(t)|dt

)
+Φ(0)T ,
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and so

γ

(
1

T

ˆ T

0
|u(t)|dt

)
≤ 1

T
max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

}
.

Applying γ−1, we get

1

T

ˆ T

0
|u(t)|dt ≤ γ−1

(
1

T
max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

})

and hence

inf[0,T ] |u| ≤ γ
−1
(

1

T
max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

})
.

In view of (1.1), we then infer that

sup
[0,T ]
|u| ≤ LT + γ−1

(
1

T
max

{ˆ T

0
F(t, x1)dt,

ˆ T

0
F(t, x2)dt

})
. (3.3)

In turn, in view of (i4), (3.3) implies that

J (x1) = J (x2) ≤ J (u) .

Since x1, x2 ∈ Ψ−1(] −∞, r]), we then conclude that x1, x2 are two distinct global
minima of J|Ψ−1(]−∞,r]). Now, arguing by contradiction, assume that, for every λ >
0, the functional J + λΨ has a unique global minimum in K . Then, by Theorem
2.1 (recall that J + λΨ has sequentially compact sub-level sets), there would exist
λ̂r > 0 and ûr ∈ Ψ−1(r) such that ûr is the unique global minimum of J + λ̂rΨ in
K . Then, for i = 1, 2, we would have

inf
u∈K(J (u)+ λ̂rΨ (u)) ≤ J (xi)+ λ̂rΨ (xi) ≤ J (ûr )+ λ̂rΨ (ûr ) =

inf
u∈K(J (u)+ λ̂rΨ (u)) .

That is to say, x1 and x2 would be two distinct global minima in K of the functional
J + λ̂rΨ , a contradiction. So, there exists some λ̂ > 0 such that the functional
J + λ̂Ψ has at least two global minima inK . To conclude the proof, take λ̃ = 1

λ̂
and

apply Theorem 1.1. ��
In the sequel, the following further result from [1] will be useful:

Proposition 3.1 ([1, Proposition 3.2]) Let φ ∈ A , p > 1 and μ > 0. Then, for
every ω ∈ L1([0, T ],Rn), the problem



256 B. Ricceri

⎧
⎨

⎩

(φ(u′))′ = μ|u|p−2u+ ω(t) in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

has a unique solution.

The next three examples (where φ ∈ A ) show that, in Theorem 3.1, none of
(i2)− (i4) can be removed at all.

Example 3.1 Take: F(x) = |x|22 , G(x) = 〈z, x〉, with z ∈ Rn \ {0}, ψ = 1, γ (s) =
s2

2 . Clearly, (i1)− (i3) are satisfied, but, for every λ ∈ R, the problem

⎧
⎨

⎩

(φ(u′))′ = u+ λz in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

has a unique solution by Proposition 3.1.

Example 3.2 Take: F(x) = |x|22 , G = 0, γ (s) = s2

2 . Clearly, (i1), (i2) and (i4) are
satisfied, but, by Proposition 3.1, 0 is the unique solution of the problem

⎧
⎨

⎩

(φ(u′))′ = u in [0,T]

u(0) = u(T ) , u′(0) = u′(T ) .

Example 3.3 Take: F(x) = |x|2,

G(x) =
⎧
⎨

⎩

0 if |x| ≤ LT + 1

−(|x| − LT − 1)3 if |x| > LT + 1 ,

ψ = 1, γ (s) = s2. Clearly, (i1), (i3) and (i4) are satisfied. In particular, (i4) is
satisfied by any pair of distinct points x1, x2 ∈ Rn such that |x1| = |x2| ≤ 1.
However, for each λ > 0, the functional u→ ´ T

0 (Φ(u
′(t))+|u(t)|2+λG(u(t)))dt

is unbounded below in K .

We conclude with a joint consequence of Theorem 3.1 and Proposition 3.1.

Theorem 3.2 Let φ ∈ A , p > 1 ,G ∈ C1(Rn) , ψ ∈ L1([0, T ])\{0}, withψ ≥ 0.
Assume thatG satisfies assumptions (i2) , (i3) of Theorem 3.1 and the following:

(j1) there is ρ > LT such that G is constant in Bρ .

Then, there exists λ̃ > 0 such that the problem
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⎧
⎨

⎩

(φ(u′))′ = |u|p−2u+ λ̃ψ(t)∇G(u) in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

has at least one solution which is a global minimum in K of the functional

u→
ˆ T

0

(
Φ(u′(t))+ |u(t)|

p

p
+ λ̃ψ(t)G(u(t))

)
dt

and whose range is contained in Rn \ Bρ−LT .

Proof Apply Theorem 3.1 with F(t, x) = |x|p
p

and γ (s) = sp

p
. Concerning (i4),

notice that it is satisfied by any pair of distinct points x1, x2 ∈ Rn, such that |x1| =
|x2| ≤ ρ−LT . This comes from (j1) after observing that γ−1

(
1
T

´ T
0 F(t, x1)dt

)
=

|x1|. So, by Theorem 3.1, there exists λ̃ > 0 such that the problem

⎧
⎨

⎩

(φ(u′))′ = |u|p−2u+ λ̃ψ(t)∇G(u) in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

has at least one non-zero solution which is a global minimum inK of the functional

u→
ˆ T

0

(
Φ(u′(t))+ |u(t)|

p

p
+ λ̃ψ(t)G(u(t))

)
dt .

Denote by w such a solution. To complete the proof, we have to show that
inf[0,T ] |w| > ρ−LT . Arguing by contradiction, assume that inf[0,T ] |w| ≤ ρ−LT .
Then, by (1.1), we would have

sup
[0,T ]
|w| ≤ ρ .

By (j1), this would imply that w is a solution of the problem

⎧
⎨

⎩

(φ(u′))′ = |u|p−2u in [0,T]

u(0) = u(T ) , u′(0) = u′(T )

and hence w = 0 by Proposition 3.1, which is a contradiction. The proof is
complete. ��
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Applications of a Theorem of
Brezis-Nirenberg

Martin Schechter

1 Introduction

For problems arising in the sciences it is expected that there should be a unique
solution. Otherwise, any mathematical formulation of the problem comes under
question. If the formulation is linear, this expectation is reasonable. However,
scientists realize that the world is not linear, and in nonlinear formulations,
uniqueness cannot be expected. On the other hand, it is almost as difficult to show
that a problem does not have a unique solution as it is to prove uniqueness. In this
presentation we show how a theorem by Brezis and Nirenberg can be used to prove
non-uniqueness for a class of problems involving partial differential equations.

In [1] Brezis and Nirenberg prove the following:

Theorem 1 Let M,N be closed subspaces of a Hilbert space E such that 0 <

dimN <∞ and M = N⊥. Let G ∈ C1(E,R) satisfy the PS condition and

G(v) ≤ 0, v ∈ N ∩ BR,

G(w) ≥ 0, w ∈ M ∩ BR,

for some R > 0, where BR is the closed ball in E with center 0 and radius R.

Assume that

−∞ < α = inf
E
G < 0.

Then G has at least three critical points.
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Two applications can be stated as follows: Let Ω be a smooth, bounded domain
in R

n, and let A be a self-adjoint operator on L2(Ω). We assume that

C∞0 (Ω) ⊂ D := D(|A|1/2) ⊂ HT,2(Ω) (1)

holds for some T > 0 (T need not be an integer), and the eigenvalues of A satisfy

0 < λ0 < λ1 < · · · < λk < · · · .

Let f (x, t) be a Carathéodory function on Ω × R. We assume that the function
f (x, t) satisfies

|f (x, t)| ≤ C(|t | + 1), x ∈ Ω, t ∈ R. (2)

We have

Theorem 2 Assume that for some integers l < m, the following inequalities hold:

t[f (x, t1)− f (x, t0)] ≤ at2, tj ∈ R, t = t1 − t0, (3)

where a < λm+1,

a0t
2 ≤ 2F(x, t) ≤ a1t

2, |t | < δ, (4)

for some δ > 0, with λl < a0 ≤ a1 < λl+1, where

F(x, t) :=
ˆ t

0
f (x, s)ds,

and

a2t
2 −W1(x) ≤ 2F(x, t), |t | > K, (5)

for some K ≥ 0, where a2 > λm and W1 ∈ L1(Ω). Then the equation

Au = f (x, u), u ∈ D, (6)

has at least two nontrivial solutions.

Theorem 3 Equation (6) will have at least two nontrivial solutions if we assume
that for some integers l > m, the following inequalities hold:

t[f (x, t1)− f (x, t0)] ≥ at2, tj ∈ R, t = t1 − t0, (7)

where a > λm,



Theorem of Brezis-Nirenberg 261

a0t
2 ≤ 2F(x, t) ≤ a1t

2, |t | < δ, (8)

for some δ > 0, with λl < a0 ≤ a1 < λl+1,

2F(x, t) ≤ a2t
2 +W2(x), |t | > K, (9)

for some K ≥ 0, where a2 < λm+1 and W2 ∈ L1(Ω).

More comprehensive applications will be presented in the next section. Proofs will
be given in Sect. 4.

2 Further Applications

We use the notation

a(u, v) = (Au, v), a(u) = a(u, u), u, v ∈ D.

We define

‖u‖D := ‖A1/2u‖ (10)

and

G(u) := ‖u‖2D − 2
ˆ
Ω

F(x, u)dx.

It is known that G is a continuously differentiable functional on the whole of D
(cf., e.g., [17]) and

(G′(u), v)D = 2(u, v)D − 2(f (u), v),

where we write f (u) in place of f (x, u(x)). In connection with the operator A,
the following quantities are very useful. For each fixed positive integer �, we
let N� denote the subspace of D spanned by the eigenfunctions corresponding to
λ0, . . . , λ�, and let M� = N⊥� ∩D. Then D = M� ⊕N�. For real a, b, we define

I (u, a, b) = (Au, u)− a‖u−‖2 − b‖u+‖2,
γ�(a) = sup{I (v, a, 0) : v ∈ N�, ‖v+‖ = 1},
Γ�(a) = inf{I (w, a, 0) : w ∈ M�, ‖w+‖ = 1},

F1�(w, a, b) = sup{I (v + w, a, b) : v ∈ N�},
F2�(v, a, b) = inf{I (v + w, a, b) : w ∈ M�},
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M�(a, b) = inf{F1�(w, a, b) : w ∈ M�, ‖w‖D = 1},
m�(a, b) = sup{F2�(v, a, b) : v ∈ N�, ‖v‖D = 1},
ν�(a) = sup{b : M�(a, b) ≥ 0},
μ�(a) = inf{b : m�(a, b) ≤ 0},

where u±(x) = max{±u(x), 0}. Our first result is

Theorem 4 Assume that for some integers l < m, the following inequalities hold:

t[f (x, t1)− f (x, t0)] ≤ a(t−)2 + b(t+)2, tj ∈ R, t = t1 − t0, (11)

where b < Γm(a),

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | < δ, (12)

for some δ > 0, with a0, b0 < λl+1, a1, b1 > λl, b0 > μl(a0), and b1 < νl(a1),

a2(t
−)2 + b2(t

+)2 −W1(x) ≤ 2F(x, t), |t | > K, (13)

for some K ≥ 0, where a2, b2 < λm+1, b2 > μm(a2), and W1 ∈ L1(Ω). Then (6)
has at least two nontrivial solutions.

In contrast to this, we have

Theorem 5 Equation (6) will have at least two nontrivial solutions if we assume
that for some integers l > m, the following inequalities hold:

t[f (x, t1)− f (x, t0)] ≥ a(t−)2 + b(t+)2, tj ∈ R, t = t1 − t0, (14)

where b > γm(a),

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | < δ (15)

for some δ > 0, with a0, b0 < λl+1, b0 > μl(a0) and a1, b1 > λl, b1 < νl(a1),

2F(x, t) ≤ a2(t
−)2 + b2(t

+)2 +W2(x), |t | > K, (16)

for some K ≥ 0, where a2, b2 > λm, b2 < νm(a2), and W2 ∈ L1(Ω).

It was shown in [16] that the functions γl, μl, νl−1, Γl−1 all emanate from the
point (λl, λl) and satisfy

Γl−1(a) ≤ νl−1(a) ≤ μl(a) ≤ γl(a)
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on their common domains. It would therefore give a weaker result if we assumed in
Theorems 4 and 5 that b0 > γl(a0) and b1 < Γl(a1). However, the functions γl, Γl
are defined on the whole of R, while the others are not. For cases in which the other
functions are not defined, we state the following.

Theorem 6 Theorems 4 and 5 remain true if we assume that (12) holds with b0 >

γl(a0), and b1 < Γl(a1) for some a0, a1 ∈ R.

3 Some Lemmas

The proofs of the theorems of the previous section will be based on a series of
lemmas.

Lemma 1 If b < Γl(a), then there is an ε > 0 such that

I (w, a, b) ≥ ε‖w‖2D, w ∈ Ml. (17)

Proof By the continuity of Γl, there is a t < 1 such that b/t < Γl(a/t). Then

I (w, a/t, b/t) = ‖w‖2D −
a

t
‖w−‖2 − b

t
‖w+‖2 ≥ 0, w ∈ Ml.

Therefore,

I (w, a, b) = t
[
‖w‖2D −

a

t
‖w−‖2 − b

t
‖w+‖2

]
+ (1− t)‖w‖2D ≥ (1− t)‖w‖2D.

Lemma 2 If b > γl(a), then there is an ε > 0 such that

I (v, a, b) ≤ −ε‖v‖2D, v ∈ Nl. (18)

Proof By the continuity of γl, there is a t > 1 such that b/t > γl(a/t). Hence,

I (v, a/t, b/t) = ‖v‖2D −
a

t
‖v−‖2 − b

t
‖v+‖2 ≤ 0, v ∈ Nl,

and

I (v, a, b) = t
[
‖v‖2D −

a

t
‖v−‖2 − b

t
‖v+‖2

]
+ (1− t)‖v‖2D ≤ (1− t)‖v‖2D.

Lemma 3 If

t[f (x, t1)− f (x, t0)] ≤ a(t−)2 + b(t+)2, tj ∈ R, t = t1 − t0, (19)
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then

(G′(v+w1)−G′(v+w0), w) ≥ 2I (w, a, b), v,wj ∈ D, w = w1−w0. (20)

Lemma 4 Suppose there are closed subspaces X,Y of a Banach space E such that
E = X ⊕ Y, and

(G′(x+y1)−G′(x+y2), y1−y2) ≥ m(‖y1−y2‖), x ∈ X, y1, y2 ∈ Y, (21)

for some function m(t) satisfying

(a)

m(t) > 0, t > 0,

(b) there is a t0 > 0 such that

ˆ t0

0

m(t)

t
dt <∞,

(c)

m(t)

t
→ 0 implies t → 0,

and
(d)

1

M

ˆ M

0

m(t)

t
dt →∞ as M →∞.

Then there exists a continuous function ϕ : X→ Y satisfying

(i) G(x + ϕ(x)) = miny∈Y G(x + y).
(ii) The function G̃(x) = G(x + ϕ(x)) : X→ R is of class C1 and satisfies

(G̃′(x), h) = (G′(x + ϕ(x)), h), h ∈ X. (22)

Lemma 5 If f (x, t) satisfies (19) and b < Γm(a), then there is a continuous map
ϕ from Nm→ Mm such that

J (v) ≡ G(v + ϕ(v)) = min
w∈Mm

G(v + w) ∈ C1(Nm,R), v ∈ Nm, (23)

and

J ′(v) = G′(v + ϕ(v)), v ∈ Nm. (24)
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Proof In view of Lemmas 1 and 3, we have

(G′(v + w1)−G′(v + w0), w) ≥ ε‖w‖2D, w ∈ Mm.

We can now apply Lemma 4 to arrive at the conclusion.

Lemma 6 If, in addition,

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t), |t | < δ, (25)

for some δ > 0, with a0, b0 < λl+1, b0 > μl(a0), l ≤ m, then there are ε >
0, r > 0 such that

J (v) ≤ −ε‖v‖2D, v ∈ Nl ∩ Br, (26)

where

Br = {u ∈ D : ‖u‖D ≤ r}.

Proof Let q be any number satisfying

2 < q ≤ 2n/(n− 2T ), 2T < n (27)

2 < q <∞, n ≤ 2T . (28)

It follows that there is a continuous map τ : Nl → Ml such that

τ(s v) = s τ (v), s ≥ 0, (29)

I (v + τ(v), a0, b0) = inf
w∈Ml

I (v + w, a0, b0), v ∈ Nl, (30)

‖τ(v)‖D ≤ C‖v‖D, v ∈ Nl. (31)

Then, for u = v + τ(v), we have, by (2),

J (v) ≤ G(u) ≤ I (u, a0, b0)+
ˆ
|u|>δ
[a0(u

−)2 + b0(u
+)2 − 2F(x, u)] dx

≤ F2l (v, a0, b0)+ C
ˆ
|u|>δ
|u|q dx ≤ ml(a0, b0)‖v‖2D + o(‖v‖2D) ≤ −ε‖v‖2D

for r sufficiently small.

Lemma 7 Assume that

a(t−)2 + b(t+)2 −W1(x) ≤ 2F(x, t), |t | > K, (32)
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for some K ≥ 0, where a, b < λm+1, b ≥ μm(a), l ≤ m, and W1 ∈ L1(Ω). Then
there is a K1 <∞ such that

J (v) ≤ K1. (33)

If b > μm(a), then

J (v) −→ −∞ as ‖v‖D −→∞. (34)

Proof For u = v + w, v ∈ Nm, w ∈ Mm, we have

G(u) ≤ I (u, a, b)+ C
ˆ
|u|<K

|u|q dx +
ˆ
Ω

W1(x) dx ≤ I (u, a, b)+K ′.

Thus,

J (v) = inf
w∈Mm

G(v + w)

≤ inf
w∈Mm

I (v + w, a, b)+K ′

= F2m(v, a, b)+K ′

≤ m(a, b)‖v‖2D +K ′.

If b ≥ μm(a), thenm(a, b) ≤ 0. This proves (33). If b > μm(a), thenm(a, b) < 0.
This proves (34).

Lemma 8 If l < m and λl < a, b < λm+1, then there are continuous functions
ξ : Nm ∩Ml → Nl, η : Nm ∩Ml → Mm homogeneous of degree 1 and such that

I (ξ(y)+η(y)+y, a, b) = sup
v∈Nl

inf
w∈Mm

I (v+w+y, a, b) = inf
w∈Mm

sup
v∈Nl

I (v+w+y, a, b)
(35)

for y ∈ Nm ∩Ml.

Proof Let

Ly(v,w) = I (v + w + y, a, b).

Then Ly is a strictly convex, lower semicontinuous functional in w ∈ Mm, and
strictly concave and continuous in v ∈ Nl. Consequently, for each y0 ∈ Nm ∩Ml,

there are unique elements v0 = ξ(y0) ∈ Nl, w0 = η(y0) ∈ Mm such that (35)
holds, i.e., that

Ly0(v,w0) ≤ Ly0(v0, w0) ≤ Ly0(v0, w), v ∈ Nl, w ∈ Mm.



Theorem of Brezis-Nirenberg 267

The functions ξ, η are clearly homogeneous of degree 1. To prove continuity, let
yj → y0 in Nl ∩Mm, and let vj = ξ(yj ), wj = η(yj ). We note that the functions
vj , wj are bounded in D. Otherwise, it is easy to show that

I (v + wj + yj , a, b) −→∞ as j −→∞

for any v ∈ Nl, and

I (vj + w + yj , a, b) −→ −∞ as j −→∞

for any w ∈ Mm. This would contradict (35). Thus there are renamed subsequences
such that vj → v1, wj ⇀ w1 in D. Since

I (v + wj + yj , a, b) ≤ I (vj + wj + yj , a, b)
≤ I (vj + w + yj , a, b), v ∈ Nl, w ∈ Mm,

we have in the limit

I (v + w1 + y0, a, b) ≤ I (v1 + w1 + y0, a, b)

≤ I (v1 + w + y0, a, b), v ∈ Nl, w ∈ Mm,

showing that v1 = v0, w1 = w0. Since this is true for any subsequence, the result
follows.

Lemma 9 If

2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | ≤ δ, (36)

for some δ > 0, with a1, b1 > λl, b1 < νl(a1), l < m, then there are ε > 0, r > 0
such that

J (y + ξ(y)) ≥ ε‖y‖2D, y ∈ Nm ∩Ml ∩ Br. (37)

Proof By Lemma 8

inf
w∈Mm

I (ξ(y)+ y + w, a1, b1) = inf
w∈Mm

sup
v∈Nl

I (v + y + w, a1, b1) (38)

for y ∈ Nm ∩Ml . Then, for y ∈ (Nm ∩Ml ∩ Br) \ {0},

J (ξ(y)+ y) = G(ξ(y)+ y + ϕ(ξ(y)+ y))
≥ I (ξ(y)+ y + ϕ(ξ(y)+ y), a1, b1)− o(‖y‖2D)
≥ inf
w∈Mm

I (ξ(y)+ y + w, a1, b1)− o(‖y‖2D)
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= inf
w∈Mm

sup
v∈Nl

I (v + y + w, a1, b1)− o(‖y‖2D)

≥ inf
w∈Mm

Ml(a, b)‖y + w‖2D − o(‖y‖2D)

= Ml(a, b)‖y‖2D − o(‖y‖2D)
≥ ε‖y‖2D.

Lemma 10 Assume

t[f (x, t1)− f (x, t0)] ≥ a(t−)2 + b(t+)2, tj ∈ R, t = t1 − t0. (39)

Then

(G′(v1 +w)−G′(v0 +w), v) ≤ 2I (v, a, b), vj , w ∈ D, v = v1 − v0. (40)

Proof We have

(f (x, v1 + w)− f (x, v0 + w), v) ≥ a‖v−‖2 + b‖v+‖2.

Hence,

(G′(v1 + w)−G′(v0+w), v)/2
= ‖v‖2D − (f (x, v1 + w)− f (x, v0 + w), v)
≤ I (v, a, b).

Lemma 11 If f (x, t) satisfies (39), and b > γm(a), then there is a continuous
map ψ from Mm→ Nm such that

J (w) ≡ G(w + ψ(w)) = max
v∈Nm

G(v + w) ∈ C1(Mm,R), w ∈ Mm, (41)

and

J ′(w) = G′(w + ψ(w)), w ∈ Mm. (42)

Proof In view of Lemmas 2 and 10, we have

(G′(v1 + w)−G′(v0 + w), v) ≤ −ε‖v‖2D, v ∈ Nm.

We can now apply Lemma 4 to obtain the conclusion.
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Lemma 12 If, in addition,

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t), |t | < δ, (43)

for some δ > 0, with a0, b0 < λl+1, b0 > μl(a0), l > m, then there are ε >
0, r > 0 such that

J (y + η(y)) ≤ −ε‖y‖2D, y ∈ Nl ∩Mm ∩ Br. (44)

Proof For y ∈ Mm ∩Nl, let u = y + η(y) ∈ Mm. By (2),

J (u) = G(u+ ψ(u)) ≤ I (u+ ψ(u), a0, b0)+ o(‖u‖2D)

≤ sup
v∈Nm

I (u+ v, a0, b0)+ o(‖u‖2D)

= I (y + η(y)+ ξ(y), a0, b0)+ o(‖u‖2D)

= sup
v∈Nm

inf
w∈Ml

I (y + v + w, a0, b0)+ o(‖u‖2D)

= sup
v∈Nm

F2l (y + v, a0, b0)+ o(‖u‖2D)

≤ sup
v∈Nm

ml(a0, b0)‖y + v‖2D + o(‖u‖2D)

≤ −ε‖y‖2D
for r sufficiently small.

Lemma 13 If

2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | ≤ δ, (45)

for some δ > 0, with a1, b1 > λl, b1 < νl(a1), l > m, then there are ε > 0, r > 0
such that

J (w) ≥ ε‖w‖2D, w ∈ Ml ∩ Br. (46)

Proof There is a continuous map θ : Ml → Nl such that

θ(s w) = s θ(w), s ≥ 0, (47)

I (θ(w)+ w, a1, b1) = sup
v∈Nl

I (v + w, a1, b1), w ∈ Ml. (48)
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Thus,

J (w) ≥ G(w + θ(w), a1, b1)

≥ I (w + θ(w), a1, b1)− o(‖w‖2D)
= sup

v∈Nl
I (v + w, a1, b1)− o(‖w‖2D)

= F1l (w, a1, b1)− o(‖w‖2D)
≥ Ml(a1, b1)‖w‖2D − o(‖w‖2D)
≥ ε‖w‖2D

for r sufficiently small.

Lemma 14 Assume that

2F(x, t) ≤ a(t−)2 + b(t+)2 +W1(x), |t | > K, (49)

for some K ≥ 0, where a, b > λm, b ≤ νm(a), l ≥ m, and W1 ∈ L1(Ω). Then
there is a K1 <∞ such that

J (w) ≥ −K1, w ∈ Mm. (50)

If b < νm(a), then

J (w) −→∞ as ‖w‖D −→∞. (51)

Proof For u = v + w, v ∈ Nm, w ∈ Mm, we have

G(u) ≥ I (u, a, b)− C
ˆ
|u|<K

|u|q dx −
ˆ
Ω

W1(x)dx ≥ I (u, a, b)−K ′.

Thus,

J (w) = sup
v∈Nm

G(v + w)

≥ sup
v∈Nm

I (v + w, a, b)−K ′

= F1m(w, a, b)−K ′

≥ Mm(a, b)‖w‖2D −K ′.

If b ≤ νm(a), thenMm(a, b) ≥ 0. This proves (50). If b < νm(a), thenMm(a, b) >

0. This proves (51).
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Lemma 15 If

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t), |t | < δ, (52)

for some δ > 0, with b0 > γl(a0), l ≤ m, then there are ε > 0, r > 0 such that

J (v) ≤ −ε‖v‖2D, v ∈ Nl ∩ Br, (53)

where

Br = {u ∈ D : ‖u‖D ≤ r}.

Proof Let q be any number satisfying

2 < q ≤ 2n/(n− 2T ), 2T < n

2 < q <∞, n ≤ 2T .

By (2),

J (v) ≤ G(v) ≤ I (v, a0, b0)+
ˆ
|v|>δ
[a0(v

−)2 + b0(v
+)2 − 2F(x, v)] dx

≤ − ε‖v‖2D + C
ˆ
|v|>δ
|v|q dx

≤ − ε‖v‖2D + o(‖v‖2D)
≤ − ε‖v‖2D

for r sufficiently small.

Lemma 16 If

2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | ≤ δ, (54)

for some δ > 0, with b1 < Γl(a1), l < m, then there are ε > 0, r > 0 such that

J (v) ≥ ε‖v‖2D, v ∈ Nm ∩Ml ∩ Br. (55)

Proof Let u = v + ϕ(v) ∈ Ml. Then

J (v) = G(u) ≥ I (u, a1, b1)+
ˆ
|u|>δ
[a0(u

−)2 + b0(u
+)2 − 2F(x, u)] dx

≥ ε‖u‖2D − C
ˆ
|u|>δ
|u|q dx
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≥ ε‖u‖2D − o(‖u‖2D)
≥ ε‖v‖2D − o(‖v‖2D)
≥ε‖v‖2D

for r sufficiently small, since

‖v‖D ≤ ‖u‖D ≤ C‖v‖D.

Lemma 17 If

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t), |t | < δ, (56)

for some δ > 0, with b0 > γl(a0), l ≥ m, then there are ε > 0, r > 0 such that

J (w) ≤ −ε‖w‖2D, w ∈ Nl ∩Mm ∩ Br. (57)

Proof For w ∈ Mm ∩Nl, let u = w + ψ(w) ∈ Nl. By (2),

J (w) = G(w + ψ(w)) = G(u)

≤ I (u, a0, b0)+
ˆ
|u|>δ
[a0(v

−)2 + b0(u
+)2 − 2F(x, u)] dx

≤ − ε‖u‖2D + C
ˆ
|u|>δ
|u|q dx

≤ − ε‖u‖2D + o(‖u‖2D)

≤ − ε‖u‖2D
for r sufficiently small. Since

‖w‖D ≤ ‖u‖D ≤ C‖w‖D,

the result follows.

Lemma 18 If

2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | ≤ δ (58)

for some δ > 0, with b1 < Γl(a1), l > m, then there are ε > 0, r > 0 such that

J (w) ≥ ε‖w‖2D, w ∈ Ml ∩ Br. (59)
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Proof We have

G(w) ≥ I (w, a1, b1)+
ˆ
|w|>δ
[a0(u

−)2 + b0(w
+)2 − 2F(x,w)] dx

≥ ε‖w‖2D − C
ˆ
|w|>δ

|w|q dx

≥ ε‖w‖2D − o(‖w‖2D)
≥ ε‖w‖2D − o(‖w‖2D)
≥ ε‖w‖2D

for r sufficiently small. Since

J (w) = sup
v∈Nl

G(v + w) ≥ G(w),

the result follows.

4 The Proofs

Proof of Theorem 4. By Lemma 5, it suffices to show that J (v) has two nontrivial
solutions. Now J is bounded from above by Lemma 7 and satisfies (PS) by (34).
Moreover,

J (v) < 0, v ∈ Nl ∩ Br\{0}, (60)

by Lemma 6, and

J (ξ(y)+ y) > 0, y ∈ Nm ∩Ml ∩ Br \ {0}, (61)

by Lemma 9. Thus, J has a positive maximum onNm.We can now apply Theorem 1
and Lemma 4 to obtain the desired conclusion.

Proof of Theorem 5. By Lemma 11, it suffices to show that J (w) given by (41)
has two nontrivial solutions. Now J is bounded from below by Lemma 14 and
satisfies (PS) by (51). Moreover,

J (w + η(w)) < 0, w ∈ Nl ∩Mm ∩ Br\{0}, (62)

by Lemma 12, and

J (w) > 0, w ∈ Ml ∩ Br \ {0} (63)
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by Lemma 13. Thus, J has a negative minimum on Mm. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion.

Proof of Theorem 6. With reference to Theorem 4, we note that, by Lemma 5,
it suffices to show that J (v) has two nontrivial solutions. Now J is bounded from
above by Lemma 7 and satisfies (PS) by (34). Moreover,

J (v) < 0, v ∈ Nl ∩ Br\{0} (64)

by Lemma 15, and

J (v) > 0, v ∈ Nm ∩Ml ∩ Br \ {0} (65)

by Lemma 16. Thus J has a positive maximum on Nm. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion. With respect to
Theorem 5, we note that by Lemma 11, it suffices to show that J (w) given by (41)
has two nontrivial solutions. Now J is bounded from below by Lemma 14 and
satisfies (PS) by (51). Moreover,

J (w) < 0, w ∈ Nl ∩Mm ∩ Br\{0}, (66)

by Lemma 17, and

J (w) > 0, w ∈ Ml ∩ Br \ {0}, (67)

by Lemma 18. Thus, J has a negative minimum on Mm. We can now apply
Theorem 1 and Lemma 4 to obtain the desired conclusion.

5 Notes and Remarks

In his studies of semilinear elliptic problems with jumping nonlinearities, Các [2–7]
proved the following.

Theorem 7 LetΩ be a bounded domain in R
n, n ≥ 2, with smooth boundary ∂Ω.

Let 0 < λ0 < λ1 < · · · < λk < · · · be the sequence of distinct eigenvalues of the
eigenvalue problem

−Δu = λu in Ω, u = 0 on ∂Ω. (68)

Let p(t) be a continuous function such that p(0) = 0 and

p(t)/t −→ a as t −→ −∞
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and

p(t)/t −→ b as t −→ +∞.

Assume that for some k ≥ 1, we have a ∈ (λk−1, λk), b ∈ (λk, λk+1), and the only
solution of

−Δu = bu+ − au− in Ω, u = 0 on ∂Ω (69)

is u ≡ 0, where u± = max[±u, 0]. Assume further that

p(s)− p(t)
s − t ≤ ν < λk+1, s, t ∈ R, s �= t. (70)

Assume also that p′(0) exists and satisfies p′(0) ∈ (λj−1, λj ) for some j ≤ k. Then

−Δu = p(u) in Ω, u = 0 on ∂Ω (71)

has at least two nontrivial solutions.

This theorem generalizes the work of Gallouët and Kavian [9, 10] which required λk
to be a simple eigenvalue and the left-hand side of (70) to be sandwiched in between
λk−1 and λk+1 and bounded away from both of them. Các proves a counterpart of
the theorem in which the inequalities are reversed.

In the present work we generalized this theorem and its reverse-inequality
counterpart by not requiring p(t)/t to converge to limits at either ±∞ or ±0.
Rather, we worked with the primitive

F(x, t) :=
ˆ t

0
f (x, s)ds

and bounded 2F(x, t)/t2 near ±∞ and ±0 [we replaced p(t) with a function
f (x, t) depending on x as well]. Our main assumptions were

t[f (x, t1)− f (x, t0)] ≤ a(t−)2 + b(t+)2, tj ∈ R, t = t1 − t0, (72)

a0(t
−)2 + b0(t

+)2 ≤ 2F(x, t) ≤ a1(t
−)2 + b1(t

+)2, |t | < δ, (73)

for some δ > 0,

a2(t
−)2 + b2(t

+)2 −W1(x) ≤ 2F(x, t), |t | > K, (74)

for some K > 0 and W1 ∈ L1(Ω), where the constants a, a0, a1, a2, b, b0, b1, b2
are suitably chosen (they include the cases considered by Các). The advantage of
such inequalities is that they do not restrict the expression 2F(x, t)/t2 or f (x, t)/t
to any particular interval.
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The results of this presentation come from [13] with changes in the proofs.
Certain cases were considered in [11]. Local linking results similar to those of [1]
can be found in [12]. Lemma 4 is due to Castro [8]. The quantities used in the
theorems were introduced in [14] and [15].
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Porous Medium Equation with Nonlocal
Pressure

Diana Stan, Félix del Teso, and Juan Luis Vázquez

Dedicated to Profs. Haim Brezis and Louis Nirenberg with deep
admiration

1 Introduction

The study of evolution equations associated to dissipative operators was intensely
pursued in the second half of the twentieth century. It took the form of the abstract
equation

du

dt
= A(u)+ f ,

where u is a time function with values in a Hilbert or Banach space X and
A is typically an unbounded linear or nonlinear operator with strict dissipative
conditions, the simplest case being the Laplacian operator acting on L2(Ω). Famous
theorems were proved that widely extended what was known for the heat equation
and then for parabolic equations. The first results dealt with the case where the
underlying functional space X was a Hilbert space, [10, 11, 66], and then the
theory applied to Banach spaces, [23, 31, 49]. The aim of the general theory was
to construct the corresponding semigroups (for f = 0) or flows (for general f ) with
detailed properties [35, 43, 46, 51].
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(I) It was soon realized that a general theory was bound to be too rich in details and
difficulties, and this led to concentrating the attention on particular equations with
a relevant physical interest and significant novel properties, [9, 44]. One of these
equations was the porous medium equation, PME for short,

∂tu = Δ(um) = ∇(mum−1∇u), m > 1,

which had received much attention from the Russian school in the 1950s and 1960s,
[1, 50], and was taken up in the abstract general setting in the 70–80s, [2, 3]. This
equation is a relevant model for heat propagation with finite propagation speed.
As a consequence of such property, interesting geometry occurs in the form free
boundaries (interfaces), an issue that originated a great amount of mathematical
analysis [12, 13, 19, 41, 42]. Work done for several decades led to considerable
success and a rather complete theory was formulated, cf. [59]. The PME generates
a nonlinear contraction semigroup in X = L1(Ω),Ω ⊂ R

N with definite regularity
properties.

This led to extensions like the fast diffusion equation where m < 1, the p-
Laplacian equation, ∂tu = Δp(u) = ∇(|∇u|p−2∇u), 1 < p < ∞, [29, 58],
and several other equations in the areas of Nonlinear Diffusion and Reaction-
Diffusion. Much attention was also given to the Stefan Problem, very important
for its mathematics and its applications, [14, 15, 29, 40, 47]. For a general survey
paper see [62].

(II) A decade ago there arose the interest in combining the PME nonlinear
mechanism with nonlocal operators so as to take into account anomalous diffusion
effects, the main examples of such operators being the so-called fractional Laplacian
operators. This trend has been a very active area of research since then. The main
problem to be treated was the Porous Medium Equation with fractional pressure
formulated by Caffarelli and Vázquez as

∂tu = ∇(u∇(−Δ)−su), (1)

for 0 < s < 1, having in mind models in statistical mechanics, see [32, 33] that
deal with the macroscopic evolution of interacting gas systems. In [16] existence
of weak solutions is proved for initial data u0 ∈ L1 ∩ L∞ via an approximation
method that requires a suitable decay of the data. On the other hand, the 1D
model was investigated by Biler et al. in [4] having an application to dislocation
theory, [36].

Uniqueness is a key issue for this model. It holds for suitable solutions in 1D
as proved in [4]. However, uniqueness of weak or better solutions is not known so
far in several dimensions, except locally in time for good data (see [67] for Besov
spaces). The lack of comparison principle is also an important issue to deal with.

A quite important, and rather surprising, feature of the equation is the property of
finite speed of propagation. This property was not evident since fractional operators
are known to imply very fast propagation. and could overrun the PME nonlinearity,
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but the nonlinearity wins in this case. The property was proved [16] by comparison
with special type of barrier functions, called by the authors true supersolutions.
Hölder regularity of solutions is proved in [18, 20]. The large time asymptotic
behavior of weak solutions of (1) is given by a unique fundamental solution
constructed via an obstacle type problem (the proof is given in [17]). A suitable
entropy function is constructed to prove the uniqueness of the self-similar solution
and the asymptotic behavior. Refined asymptotics was done in [21]. Gradient flow
methods are also an alternative to prove existence of solutions, see [45]. However,
because of the lack of a uniqueness theory, the constructed weak solutions of [16]
and gradient flow solutions ([45]) might be different.

(III) Extending model (1) to general exponents, as in the standard PME, is natural
and motivates the model we study here:

∂tu = ∇ · (um−1∇(−Δ)−su) x ∈ R
N, t > 0. (M1)

The extension also agrees with the generality of the models proposed in [32, 34].
We are specially interested in better understanding well-posedness and velocity of
propagation. It turns out that this equation has quite interesting properties, some of
them are inherited from (1) (finite speed of propagation for m ≥ 2) and therefore
some techniques of the proofs can be successfully adapted, but many other different
properties were discovered, like infinite speed of propagation for m ∈ (1, 2). In
what follows we describe this last model with its main properties that have been
obtained so far: existence of solutions in the general setting of finite measure data
(therefore this extends the result of [16] for (1)), the transition finite-to-infinite speed
of propagation, uniqueness in dimension one, and so on. Moreover we prove new
results like existence of selfsimilar solutions for m ≥ 2 and N = 1, the asymptotic
behavior for m > 1 and N = 1 and partial results on these topics in higher
dimensions.

(IV) Equations with two nonlinearities of the form

∂tu = ∇ · (ua−1∇(−Δ)−sub−1) (GM)

have also been considered in the literature. We refer to [55] for construction of
self-similar solutions when a > 1, b > 1 and transformation formulas between
self-similar solutions of (GM), (M1) and (FPME).

Dolbeault and Zhang [30] proved that for a−1 = 1
2 , b < 3

2 , self-similar solutions
are not optimal for the Gagliardo-Nirenberg-Sobolev inequalities, in strong contrast
with usual standard fast diffusion equations based on non-fractional operators (see
[27]). Their approach is mainly based on entropy methods.

Important related work is due to Biler, Imbert and Karch. In [5, 6] they considered
the model

∂tu = ∇ · (|u|∇(−Δ)−s |u|b−2u), (2)



280 D. Stan et al.

corresponding to a = 2, b > 1 in (GM). They prove existence of a changing-
sign weak solution and its main properties. Moreover, they find explicit self-similar
solutions with compact support. In a later work [39] finite speed of propagation is
established for general positive solutions.

2 Presentation of the Model

We consider the initial value problem

{
∂tu = ∇ · (um−1∇(−Δ)−su) for x ∈ R

N, t > 0,

u(0, x) = u0(x) for x ∈ R
N,

(M1)

for u = u(x, t) ≥ 0, exponents m > 1, 0 < s < 1, and space dimension N ≥ 1.
This model has been studied in the series of papers [54–57] by the present

authors. Many properties of the solutions were proved and there is of course work
to be done. In this paper we report on the results obtained so far and also we make
a step further in the theory of this model by describing the asymptotic behavior in
dimension N = 1.

First, we introduce the notion of weak solution in the very general context of
measures as initial data. It applies for all m ∈ (1,+∞) and s ∈ (0, 1). We denote
by M+(RN) the set of nonnegative Radon measures.

Definition 1 We say that u ≥ 0 is a weak solution of Problem (M1) with initial
data μ ∈M+(RN) if : u ∈ L1

loc(R
N × (0, T )), ∇(−Δ)−su ∈ L1

loc(R
N × (0, T )),

um−1∇(−Δ)−su ∈ L1
loc(R

N × (0, T )), and

ˆ T

0

ˆ
RN

uφt dxdt−
ˆ T

0

ˆ
RN

um−1∇(−Δ)−su·∇φ dxdt+
ˆ
RN

φ(x, 0)dμ(x) = 0,

for all test functions φ ∈ C1
c (R

N × [0, T )).
Remark 1 Note that, if μ = u0 ∈ L1

loc(R
N), then dμ(x) = u0(x)dx and

ˆ
RN

φ(x, 0)dμ(x) =
ˆ
RN

u0(x)φ(x, 0)dx,

thus, the initial datum is taken in the usual sense (as initial trace). We will prove the
existence of a constructed weak solution by an approximation method; we will call
it constructed weak solution.

In what follows we will present the main results on Problem (M1). In Sect. 3
three different diffusion models are introduced and we show their relation to
Problem (M1) and the consequences of this transformation on the qualitative
properties of solutions to Problem (M1). Section 4 is devoted to the integrated
version of (M1). In Sect. 5 we state general results on existence of solutions, velocity
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of propagation. Uniqueness and asymptotic behavior are also stated, but only in
dimension 1. Finally the proofs are given in Sect. 6.

3 Related Models and Transformations

The study of some properties of Problem (M1) is made more difficult because the
comparison principle does not hold and no proof of uniqueness of weak solutions in
dimension higher than one is known. This motivates us to search for a connection
with other fractional diffusion models that allow a more friendly approach. We
present here some models of fractional diffusion connected to Problem (M1) via
useful transformations at the self-similar level.

3.1 The Fractional Porous Medium Equation

An alternative fractional version of the standard or local Porous Medium Equation,
wt = Δwq , is given by the following equation

wt + (−Δ)σwq = 0, (FPME)

called the Fractional Porous Equation in the literature (we call the exponent q
instead of the usual m for convenience in later comparisons). For q = 1 and
0 < σ < 1 this leads to the linear Fractional Heat Equation, for which we refer
to the survey [8] and also [63]. Note that (FPME) corresponds to the general model
(GM) when a = 1, b = q + 1 and s = 1− σ .

In recent years the theory for this model has been widely developed: the
existence, uniqueness and continuous dependence of solutions of the Cauchy
problem (FPME) for all q > 0 and 0 < σ < 1 have been proved by De Pablo,
Quirós, Rodríguez and Vázquez in [24, 25].

The (FPME) model inherits some of the properties of the classical PME.
Using the Caffarelli-Silvestre extension method and the Bénilan-Brezis-Crandall
functional semigroup approach, a weak energy solution is constructed, and u ∈
C([0,∞) : L1(RN)). Moreover, the set of solutions forms a semigroup of ordered
contractions in L1(RN).

An important property of (FPME), which does not hold in its non-fractional
version, is the infinite speed of propagation: assume σ ∈ (0, 1), q > (q)c = (N −
2σ)+/N . Then for non-negative initial data u0 ≥ 0 such that

´
RN
u0(x) dx < ∞,

there exists a unique solution w(x, t) of problem (FPME) satisfying w(x, t) > 0
for all x ∈ R

N , t > 0. Moreover, there is conservation of mass
´
w(x, t) dx =´

w0(x) dx for all t > 0. The solutions are Cα continuous as proved in [65].
More general diffusions were considered in [26]. We refer to the survey [61] for
a complete description of the (FPME).
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Asymptotic Behavior and Self-similarity for FPME The large time behaviour of
such solutions is described by the self-similar solutions with finite mass (Barenblatt
solutions) constructed in [60], which have the form

w(x, t) = t−Nβ1φ1(y), y = x t−β1 ,

where β1 = 1/(N(q − 1) + 2σ) and the profile function φ1 satisfies the following
equation

(−Δ)σφq1 = β1∇ · (y φ1). (3)

These solutions are well defined for q > (q)c, where β1 is positive. The profile
φ1(y) is a smooth and positive radial function in R

N , it is monotone decreasing in
r = |y| and has a polynomial decay rate as |y| → ∞ depending on the exponent q.

3.2 Self-similar Solutions for Problem (M1) When m < 2

In a previous work [55] we have established three main types of self-similar
solutions for model (M1) depending on the range of the parameter m, but always
restricted to the range m < 2. The first type are functions that are positive
for all times, while the second type are functions that extinguish in finite time,
both separated by a transition type. We briefly present these solutions here with
the purpose of relating model (M1) with its alternative (FPME). The rigorous
computations and the derivation of the formulas are written in [55].

Self-similarity of First Type. Solutions that Exist for All Positive Times A
self-similar solution V (x, t) of the first type to equation (M1) conserving mass is
given by

V (x, t) = t−α2φ2(y), y = x t−β2

with α2 = Nβ2 and β2 = 1/(N(m − 1) + 2 − 2s), and with profile function φ2
satisfying the equation

∇ · (φm−1
2 ∇(−Δ)−sφ2) = −β2∇ · (y φ2). (4)

These solutions are considered in the range of parameters where β2 > 0, that is,
for m > (N − 2+ 2s)/N .

Self-similarity of Second Type. Extinction in Finite Time These are solutions to
Eq. (M1) with the self-similar form

V (x, t) = (T − t)α2ψ2 (y) , y = x(T − t)β2 .
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where α2 = Nβ2, β2 = 1/(N(1−m)+2s−2). The profileψ2 satisfies the equation

∇ · (ψm−1
2 ∇(−Δ)−sψ2) = ∇ · (yψ2). (5)

Here β2 = −β2, where β2 is the self-similarity exponent of first type. We argue now
in the range of parameters where β2 > 0, that is m < (N − 2+ 2s)/N .

• Self-similarity of Third Type. Eternal Solutions For m → (N − 2 + 2s)/N
there is a class of self-similar solutions to Eq. (M1) conserving mass of the form

V (x, t) = e−c tF (y), y = xe−c t ,

where c > 0 is a free parameter (exponential self-similarity, which usually plays
a transition role) and F is a solution to the profile equation

∇ · (Fm−1∇(−Δ)−sF ) = −c∇ · (yF ). (6)

Remark 2 Solutions of this type live backward and forward in time, they are eternal.
Notice that in this borderline casem→ (N−2+2s)/N we have 1/β2 = 1/β2 → 0,
and therefore self-similar solutions of the first and second type do not apply here.

• The Transformation In [55] we found an unexpected relationship that allows
to transform the families of mass-conserving self-similar solutions of models
(FPME) and (M1) into each other, if suitable parameter ranges are prescribed.
Actually, there exists a precise correspondence between the profiles φ1 and φ2,
ψ2 or F , and the parameters q and m, as well as σ and s.

Theorem 1 Let q > N−2σ
N

, s ∈ (0, 1) and let φ1 ≥ 0 be a solution to the profile
equation (3). The following holds:

(i) If q ∈ ( N
N+2σ ,∞) then

φ2(x) = (β1/β2)
q

1−q (φ1(x))
q

is a solution to the profile equation (4) if we put m = 2q−1
q

and s = 1 − σ .

This corresponds to m ∈ (N−2+2s
N

, 2), s ∈ (0, 1).
(ii) If q ∈ (N−2σ

N
, N
N+2σ ) then

ψ2(x) = (β1/β2)
q

1−q (φ1(x))
q

is a solution to the profile equation (5) if we put m = 2q−1
q

and s = 1 − σ .

This corresponds to m ∈ (N−4+4s
N−2+2s ,

N−2+2s
N

)
, s ∈ (0, 1).

(iii) If q = N
N+2σ then
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F(x) = (β1/c)
N
2σ (φ1(x))

N
N+2σ

is a solution to the profile equation (6) if we put m = N−2+2s
N

and s = 1− σ .

This transformation is an algebraic relation that has important consequences. It
provides a proof for the existence of self-similar solutions to Problem (M1) and their
characterization. Note that m < 2.

Self-similar solutions of equation (FPME) can be also constructed for smaller
values of q: these are very singular solutions that extinguish in finite time (see
Vázquez [60]) or blow up in finite time (see Vázquez and Volzone [64]). These ones
can be transformed in a similar manner to corresponding self-similar solutions of
the model (M1). Rigorous proofs with complete computations can be found in [55].
Self-similar solutions do not have an explicit formula, except very particular cases
of exponents m = m(s) explicitly computed by Huang in [37].

3.3 Related Models for m > 2

In this section we will derive (in a formal way) a transformation formula between
self-similar solutions of model (M1) and two new nonlocal problems. First, we will
show that when m > 2, self-similar solutions of (M1) have a correspondence to
self-similar solutions of

vt + v2(−Δ)1−svm = 0, x ∈ R
N, t > 0. (7)

withm = 1/(m− 2). The algebraic change v = 1/w maps solutions of problem (7)
to solutions of

wt − (−Δ)1−sw−m = 0.

which corresponds to solutions of (FPME) for negative exponents q (it is known
this equation does not admit integrable solutions, cf. [7], therefore one must search
for non-integrable solutions).

Self-similar solutions of Problem (7) are of the form

V (x, t) = t−aψ(y), y = x tb
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with

a = bN, b = 1

N(m+ 1)+ 2(1− s) ,

where ψ satisfies the profile equation

b(Nψ − y∇ψ) = ψ2(−Δ)1−sψm. (8)

Lemma 1 Let m > 2 and let φ(x, t) a smooth solution to the profile equation (4).
Let ψ and m defined by

φ = c ψm, m = 1

m− 2
,

with c =
(
β
b

)1/(m−1)
. Then ψ is a solution to the profile equation (8).

Proof The proof follows directly from the profile equation (4) . Indeed,

φm−1 ∇(−Δ)−sφ = −βy φ
∇ · ∇(−Δ)−sφ = −β∇ · (y φ2−m)

(−Δ)1−sφ = β(N φ2−m + (2−m)yφ1−m∇φ)
φ2(m−2)(−Δ)1−sφ = β(N φm−2 − y∇φm−2)

ψ2(−Δ)1−sψm = b(N ψ − y∇ψ).

Remark 3

(i) In Lemma 4 we will have prove the existence of a self-similar solution of model
(M1) when N = 1 as a limit of the rescaled solutions. The transformation
formula given by Lemma 1 would give the existence of a self-solution of
model (M1) for N ≥ 1 and m ≥ 2 subject to a rigorous proof of existence
of selfsimilar solutions of model (7).

(ii) Model (7) has not been studied in the literature yet. However, it seems natural
to think that it will enjoy some good properties, such as comparison principle
for viscosity solutions. It is a possible direction to follow in order to deal with
the open problem of the asymptotic behavior of solutions of model (M1) for
m > 2 and N > 1 where no uniqueness is known for (M1).

4 The Integrated Model in one Dimension for m ∈ (1,∞)

We consider model (M1) in one space dimension

∂tu = ∂x · (um−1∂x(−Δ)−su), (9)
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for x ∈ R, t > 0 and s ∈ (0, 1). We take compactly supported initial data u0 ≥ 0
such that u0 ∈ L1

loc(R). The “integrated solution” v is defined by

v(x, t) =
ˆ x

−∞
u(y, t) dy ≥ 0 for t > 0, x ∈ R. (10)

Therefore vx = u and v(x, t) will be a solution (in the viscosity sense) of the
equation

∂tv = −|vx |m−1(−Δ)αv, (11)

with α = 1− s and initial data

v(x, 0) = v0(x) :=
ˆ x

−∞
u0(x) dx for all x ∈ R. (12)

Note that v(x, t) is a non-decreasing function in the space variable x. Moreover,
since u(x, t) enjoys the property of conservation of mass, then v(x, t) satisfies

lim
x→−∞ v(x, t) = 0, lim

x→+∞ v(x, t) = M

for all t ≥ 0. We consider viscosity solutions v(x, t) of (11)–(12) in the sense of
Crandall-Lions.

Definition 2 Let v be a upper semi-continuous function (resp. lower semi-
continuous function) in R× (0,∞).
(i) We say that v is a viscosity sub-solution (resp. super-solution) of Eq. (11) on

R × (0,∞) if for any point (x0, t0) with t0 > 0 and any τ ∈ (0, t0) and any
test function ϕ ∈ C2(R× (0,∞))∩L∞(R× (0,∞)) such that v − ϕ attains a
global maximum (resp. minimum) at the point (x0, t0) onQτ = R× (t0− τ, t0]
we have that

∂tϕ(x0, t0)+ |ϕx(x0, t0)|m−1((−Δ)αϕ(·, t0))(x0) ≤ 0 (≥ 0).

(ii) We say that v is a viscosity sub-solution (resp. super-solution) of the initial-
value problem (11)–(12) on R× (0,∞) if it satisfies moreover at t = 0

v(x, 0) ≤ lim sup
y→x, t→0

v(y, t) (resp. v(x, 0) ≥ lim inf
y→x, t→0

v(y, t)).

We say that v ∈ C(R × (0,∞)) is a viscosity solution if v is a viscosity sub-
solution and a viscosity super-solution on R× (0,∞).
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Since Eq. (11) is invariant under translations, the test function ϕ in the above
definition can be taken such that ϕ touches v from above in the sub-solution case,
resp. ϕ touches v from below in the super-solution case.

Now we state the correspondence of solutions between the two models, together
with the regularity estimates that u inherits from v.

Proposition 1 Let s ∈ (0, 1) and m ≥ 1. Let also u be a constructed weak solution
for Problem (9) with initial data u0 ∈M+(R). Then v defined by (10) is a viscosity
solution for Problem (11)–(12) and v ∈ C(R×(0, T )). If additionally u0 ∈ L∞(R),
then v ∈ C(R× [0, T )).
Proof We start by proving the regularity of v. If u0 ∈ L∞(R) then u ∈ L∞(R ×
(0, T )). This implies that v ∈ L∞([0, T ] : Lip(R)) since vx = u ∈ L∞([0, T ] :
L∞(R)). Moreover vt ∈ L2([0, T ] : L2(B)) by the second energy estimate for u.
Then the continuity in time is shown by estimating the decay of the time shift:
|v(x0, t1) − v(x0, t0)| ≤ K|t1 − t0|1/3 when t1 and t0 are close. This is done by
combining the L2 estimate on vt and the already proved spatial regularity.

When u0 �∈ L∞(R), we use the smoothing effect given in Theorem (2) to show
that u ∈ L∞(RN × (τ,∞)) for any τ > 0. Consequently, we proceed as before but
avoiding t = 0.

To show that v is in fact a viscosity solution, we consider the regularized problem

(vδ)t = δΔ(vδ)+ |(vδ)x |m−1(−Δ)1−svδ. (13)

It is clear that vδ =
´ x
−∞ uδ(y, t)dy where uδ is the classical solution of

∂tuδ = δΔuδ + ∂x · (um−1
δ ∂x(−Δ)−suδ),

Not that this is the same problem that in the last step of the proof of existence of u.
Thus, up to a corresponding subsequence, we can pass to the limit in (13) and show
that v := limδ→0 vδ is a viscosity solution of (11) since it is a limit of viscosity
solutions.

The standard comparison principle for viscosity solutions holds true (see Chas-
seigne and Jakobsen [22]). We also refer to [4] for more details regarding properties
of this integrated model when m = 2.

Proposition 2 (Comparison Principle) Let m ≥ 1 and α ∈ (0, 1). Let w be a
viscosity sub-solution and W be a viscosity super-solution of Eq. (11). If w(x, 0) ≤
W(x, 0), then w ≤ W in R× (0,∞).

The following uniqueness result is also proved in [22]. This result is crucial to
obtain uniqueness of weak solution in dimension one for (M1).

Proposition 3 Let m ≥ 1 and α ∈ (0, 1). Then there exists a unique viscosity
solution of Problem (11) with piecewise continuous initial data.



288 D. Stan et al.

5 Main Results for Model (M1)

5.1 Existence of Solutions

The most important contribution to the existence theory was done in [57] where
we constructed a weak solution in the sense of Definition 1 in the general setting
of initial data any μ ∈ M+(RN), the space of nonnegative Radon measures on
R
N with finite mass. In particular, this includes the case of merely integrable data

u0 ∈ L1(RN).

Theorem 2 Let m ∈ (1,+∞), s ∈ (0, 1), N ≥ 1 and μ ∈ M+(RN). Then there
exists a nonnegative weak solution u of Problem (M1) and for all τ > 0,

u ∈ L∞((τ,∞) : L1(RN)) ∩ L∞(RN × (τ,∞)) ∩ L∞((0,∞) :M+(RN)).

Moreover, u has the following properties:

1. (Conservation of mass) For all 0 < t < T we have
ˆ
RN

u(x, t)dx =
ˆ
RN

dμ(x).

2. (L∞ estimate) 0 < τ < t < T we have ||u(·, t)||∞ ≤ ||u(x, τ )||∞.
3. (Lp-energy estimate) For all 1 < p <∞ and 0 < τ < t < T we have

ˆ
RN

up(x, t)dx + 4p(p − 1)

(m+ p − 1)2

ˆ t

τ

ˆ
RN

∣∣∣(−Δ) 1−s
2

[
u
m+p−1

2

]
(x, s)

∣∣∣
2
dxds

≤
ˆ
RN

up(x, τ )dx.

(14)
4. (Second energy estimate) For all 0 < τ < t < T we have

1

2

ˆ
RN

∣∣∣(−Δ)− s
2 u(x, t)

∣∣∣
2
dx+

ˆ t

τ

ˆ
RN

um−1
∣∣∇(−Δ)−su(x, s)∣∣2 dxds

≤ 1

2

ˆ
RN

∣∣∣(−Δ)− s
2 u(x, τ )

∣∣∣
2
dx.

(15)
5. (Smoothing effect) For all t > 0, we have

‖u(·, t)‖L∞(RN) ≤ CN,s,m t−γ μ(RN)δ

where γ = N
(m−1)N+2(1−s) > 0 and δ = 2(1−s)

(m−1)N+2(1−s) > 0.

Remark 4 If u0 ∈ L1(RN)∩L∞(RN), all the properties of Theorem (2) hold up to
τ = 0.
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5.2 Uniqueness in Dimension N = 1

Uniqueness of weak solutions is proved in the one-dimensional case.

Theorem 3 Let m ∈ (1,+∞), s ∈ (0, 1), N = 1 and μ ∈ M+(RN). Then there
exists a unique constructed weak solution to Problem (M1).

The proof follows as consequence of Propositions 1 and 3.

5.3 Speed of Propagation

A very interesting property is the finite/infinite speed of propagation of the solution
of Problem (M1) depending on the nonlinearity parameter m, as proved in [56, 57].

Theorem 4 Let m ∈ [2,∞), s ∈ (0, 1) and N ≥ 1. Assume that u0 ∈ L∞(RN)
has compact support and let u be the constructed weak solution of Problem (M1)
given in Theorem 2. Then, u(·, t) has compact support for all t > 0, i.e., u has finite
speed of propagation.

Theorem 5 Letm ∈ (1, 2), s ∈ (0, 1) andN = 1. Assume u0 ∈ L1(RN)∩L∞(RN)
and let u be the constructed weak solution of Problem (M1). Then, for any t > 0
and R > 0, the set PR,t = {x : |x| ≥ R, u(x, t) > 0} has positive measure (even
if u0 is compactly supported). This is a weak form of infinite speed of propagation.
Moreover, if u0 is radially symmetric and non-increasing in |x|, then u(x, t) > 0 for
all x ∈ R and t > 0.

5.4 Asymptotic Behavior

Once we know the uniqueness result of Theorem 3 and the existence of solutions for
finite measure data, we can prove that there exists a unique fundamental solution to
Problem (M1) and it describes the large time asymptotic behavior of a general class
of solutions.

Theorem 6 (Asymptotic Behavior) Let m ∈ (1,∞), s ∈ (0, 1) and N = 1.
Assume that u0 ∈ L1(R) such that ‖u0‖L1(R) = M and let u be the corresponding
constructed weak solution of (M1). Then

t

N
(

1− 1
p

)

(m− 1)N + 2− 2s ‖u(·, t)− UM(·, t)‖Lp(RN)→ 0 as t →∞

for any p > 1, where UM is the unique self-similar solution of (M1) with initial
data μ = Mδ0.
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Notice that UM can be transformed into a self-similar solution of (FPME) (for
m < 2) or (7) (for m > 2) as explained in Sect. 3. In the first case m < 2
this transformation allows to obtain the main properties of UM from the known
properties of the Barenblatt solutions of the (FPME), which are derived in [60]. The
precise decay for large |x| of UM is given in [55], Corollary 3.2.

6 Proofs of the Results

6.1 Sketch of the Proof of Existence

The proof of existence for general initial data given by an integrable measure is a
long ride, with several nontrivial steps. In this section we will show the strategies of
the proof, together with some details of the main ingredients of it.

We will first prove existence for u0 ∈ L1(RN) ∩ L∞(RN) via a four steps
approximation method by regularized versions of (M1). In this first part we will
also obtain very useful energy estimates that ensure compactness, together with
an L1 − L∞ smoothing effect. Afterwards, using the smoothing effect we prove
existence for initial data μ ∈ M+(RN) approximating μ by bounded integrable
initial data.

6.1.1 Existence for u0 ∈ L1(RN) ∩ L∞(RN)

Formally, we consider an equivalent version of (M1) given by:

ut = ∇ · (um−1∇(−Δ)−1(−Δ)1−su) in R
N. (16)

The idea is to consider a regularized version of (16) where all the problematic terms
are approximated. More precisely, we add the vanishing viscosity term δΔu to
(16) that ensures good properties of regularity for the solution, we eliminate the
degeneracy at the zero level sets by putting um−1 ∼ (u + μ)m−1 and we eliminate
the singular character of the fractional Laplacian (−Δ)1−s approximating it by the
zero order pseudo-differential operator

L 1−s
ε (u)(x) = CN,1−s

ˆ
RN

u(x)− u(y)
(|x − y|2 + ε2

)N+2−2s
2

dy. (17)

Additionally, to ensure existence, we will restrict (16) to a bounded domain BR . The
approximated problem reads
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⎧
⎨

⎩

(U1)t = δΔU1 +∇ · ((U1 + μ)m−1∇(−Δ)−1L 1−s
ε [U1]) in BR × (0, T ),

U1(x, 0) = û0(x) in BR,

U1(x, t) = 0 in BcR × (0, T ),
(PεδμR)

depending on the parameters ε, δ, μ,R > 0. We also consider û0 to be a smooth
approximation of u0. We say that U1 is a weak solution of (PεδμR) if

ˆ T

0

ˆ
BR

U1(φt − δΔφ)dxdt −
ˆ T

0

ˆ
BR

(U1 + μ)m−1∇(−Δ)−1L 1−s
ε [U1] · ∇φdxdt

+
ˆ
BR

û0(x)φ(x, 0)dx = 0

for smooth test functions φ(x, t) that vanish on the spatial boundary ∂BR and for
large t . Indeed, existence of smooth weak solutions is proved via mild solutions, i.e,
U1 is the fixed point of the following map:

T (v)(x, t) = eδtΔu0(x)+
ˆ t

0
∇eδ(t−τ)Δ ·G(v)(x, τ )dτ,

where G(v) = (v + μ)m−1∇(−Δ)−1L s
ε [v]. The map,

T : C((0, T ) : L1(BR) ∩ L∞(BR))→ C((0, T ) : L1(BR) ∩ L∞(BR))

is well defined and it is also a contraction, thus, Banach contraction principle ensures
existence of a fixed point. We refer to [6] for a very similar proof in a slightly
different context.

Once existence and regularity of the approximated problem are obtained, we
provide the solution with the following energy-type estimates, that will give
compactness that allow to pass to the limit in all the approximation parameters.

• Lp Energy Estimates for 1 ≤ p <∞ For all 0 < t < T we have that:

ˆ
BR

U
p

1 (x, t)dx+p(p − 1)
ˆ t

0

ˆ
BR

|(L 1−s
ε )

1
2 [Ψ (U1)](x, s)|2dxds

+ 4(p − 1)δ

p

ˆ t

0

ˆ
BR

∣∣∣∇(Up/21 )(x, s)

∣∣∣
2
dxds ≤

ˆ
BR

u
p

0 (x)dx

(18)

where Ψ (z) = ´ z
0 ζ

p−2
2 (ζ + μ)m−1

2 dζ . We want to mention that a crucial step in
the derivation of (18) relies on the generalized version of the Stroock-Varopoulos
Inequality: Given ψ : R → R such that ψ ∈ C1(R), ψ ′ ≥ 0 and Ψ such that
ψ ′ = (Ψ ′)2 we have
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ˆ
RN

ψ(w)L s
ε [w]dx ≥

ˆ
RN

∣∣∣(L s
ε )

1
2 [Ψ (w)]

∣∣∣
2
dx.

• Second Energy Estimate For all 0 < t < T we have that:

1

2

ˆ
BR

∣∣∣∣
(
(−Δ)−1L 1−s

ε

) 1
2 [U1(t)]

∣∣∣∣
2

dx

+
ˆ t

0

ˆ
BR

(U1 + μ)m−1
∣∣∣∇(−Δ)−1L 1−s

ε [U1]
∣∣∣
2
dxdt

+ δ
ˆ t

0

ˆ
BR

∣∣∣(L 1−s
ε )

1
2 [U1]

∣∣∣
2
dxdt ≤ 1

2

ˆ
BR

∣∣∣∣
(
(−Δ)−1L 1−s

ε

) 1
2 [u0]

∣∣∣∣
2

dx.

• (Decay of Total Mass) For all 0<t <T we have
´
BR
U1(x, t)dx≤

´
BR
u0(x)dx.

• (L∞-estimate) For all 0 < t < T we have ||U1(·, t)||∞ ≤ ||u0||∞.

By combining these energy estimates we are able to apply some suitable parabolic
compactness theorems to derive convergence of approximated solutions when the
parameters of the approximations are passed to the limit step by step in the order:

(PεδμR)
ε→0−→ (PδμR)

R→∞−→ (Pδμ)
μ→0−→ (Pδ)

ε→0−→ (P ).

Remark 5

(i) Notice that the fractional operator is always defined by extending the function
by 0 outside the ball BR in the first two problems of the approximation (PεδμR)
and (PδμR). This is a delicate aspect which needs to be properly justified. The
functionsU1, U2 are defined on a ball BR and extended by 0 to R

N \BR . We are
able to do this extension since U1, U2 ∈ H 1

0 (BR) by (18) therefore they have
the right decay at the boundary ∂BR that allows the extension by 0. This is also
one of the reasons for which the term δΔU in the approximating problems is
the last one passing to the limit.

(ii) The term with δ coefficient in the Lp estimate (18) gives H 1 regularity,
an essential information in using parabolic compactness criteria. Again, this
motivates the δ→ 0 limit to be the last one.

Passing to the Limit First limit is done as ε → 0 and is based on the compactness
criteria of type Simon-Aubin-Lions [53] in the context of

H 1−s
ε0

(BR) ⊂ L2(BR) ⊂ H−1(BR),

where H 1−s
ε0

(BR) is the space associated to (17), and thus the left hand side
inclusion is compact. We conclude that the family of approximate solutions {U1}ε>0
is relatively compact in L2(0, T : L2(BR)) and we obtain that (U1)ε,δ,μ,R →
(U2)δ,μ,R as ε → 0 in L2(0, T : L2(BR)), up to subsequences.
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As usual, the limitU2 is identified to be a weak solution of a limit problem, in this
case (PδμR). Moreover, U2 will satisfy the corresponding energy estimates which
are proved by passing to the limit as ε → 0 the estimates for U1. The following two
limits R →∞ and μ→ 0 are similar using the same type of compactness criteria
of Simon.

The novelty appears in the last limit as δ → 0 where the regularity given by H1
term with δ coefficient is lost. Here we need to use a different compactness criteria
due to Rakotoson and Temam [52] which does not ask for such strong regularity
assumptions as before. We conclude that the solution U4 of (Pδ) satisfies

U4 → u as δ→ 0 in L2
loc(R

N × (0, T )).

In the end we prove that u is a weak solution to Problem (M1) and it satisfies
the corresponding energy estimates. We call this u constructed weak solution since
there is no uniqueness theory available in R

N . For N = 1 we prove in Sect. 5.2
that uniqueness holds in the class of weak solutions and therefore the u we have
constructed is indeed the weak solution to Problem (M1).

An Lp-L∞ smoothing effect is proved by combining Lp energy estimate (14)
with the Nash-Gagliardo-Nirenberg inequality (See Theorem 7.4 in [57]) for the

function u
m+p+1

2 . More precisely we get

‖u(·, t)‖L∞(RN) ≤ CN,s,m,p t−γp‖u0‖δpLp(RN) for all t > 0, (19)

where γp = N
(m−1)N+2p(1−s) , δp = 2p(1−s)

(m−1)N+2p(1−s) .

6.1.2 Existence for Initial Data in M+(RN)

The existence of a solution for measure data is done via an approximating problem
with data (u0)n ∈ L1(RN) ∩ L∞(RN) where (u0)n→ μ and it conserves the mass
‖(u0)n‖L1(RN) = μ(RN). More precisely, let un be the solution to Problem (M1)
with data

(u0)n(x) :=
ˆ
RN

ρn(x − z)dμ(z).

We use the smoothing effect (19) for L1(RN)∩L∞(RN) initial data in the particular
case p = 1. Then, as in the previous section un satisfies the energy estimates plus
the smoothing effect:

‖un(·, t)‖L∞(RN ) ≤ ‖un(·, τ )‖L∞(RN ) ≤ CN,s,m τ−γ ‖(u0)n‖δL1(RN )
= CN,s,m τ−γ μ(RN)δ,
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where γ = N
(m−1)N+2(1−s) , δ = 2(1−s)

(m−1)N+2(1−s) . Note that the bound does not
depend on the approximation parameter n. In a similar way as before, we derive
compactness estimates and apply the Rakotoson-Temam criteria [52] in order to
obtain a limit as n→∞ away from t = 0

un −→ uτ as n→∞ in L2
loc(R

N × (τ, T )).

We also show that the initial data is recovered. Basically, the second energy estimate
given by (15) allows us to prove that for any test function φ we have that

∣∣∣∣
ˆ τ

0

ˆ
RN

um−1
n ∇(−Δ)−sun∇φdxdt

∣∣∣∣ ≤ Λ(τ)

for some modulus of continuity that only depends on φ, μ and s. Thus,

∣∣∣∣
ˆ
RN

(un(τ )− (u0)n)φdx

∣∣∣∣ =
∣∣∣∣
ˆ τ

0

ˆ
RN

∂tunφ dxdt

∣∣∣∣

=
∣∣∣∣
ˆ τ

0

ˆ
RN

um−1
n ∇(−Δ)−sun∇φ dxdt

∣∣∣∣ ≤ Λ(τ).

A standard diagonal argument in τ and n completes the proof of existence for
measure data.

• Conservation of Mass is proved by using the previous estimate with the
sequence of cutoff type test functions φR(x) = φ(x/R) with 0 ≤ φ ≤ 1 and
φ1(x) = 1 for |x| ≤ 1 and such that ‖∇φR‖L∞(RN) = O(R−1).

6.2 Sketch of the Proof of Speed of Propagation

The proof requires delicate barrier arguments since Problem (M1) is proved to
have a lack of comparison principle. We refer to [16] for an explicit example of
this fact.

6.2.1 Finite Speed of Propagation for m ∈ [2,∞)

However, a special kind of super solutions (so-called true super-solutions), are of
particular interest. We can show that, comparing any solution with a true super-
solution, no contact point between them is possible. This will be enough to show
the property of finite speed of propagation.
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Without loss of generality, we assume that 0 ≤ u0 ≤ 1 (thus, 0 ≤ u(x, t) ≤ 1)
and consider the parabola-like function

U(x, t) = ((Ct − (|x| − b))+)2.

where b > 0 is such that u0(x) < U(x, 0) =: U0(x) for all x ∈ Bb(0) and C is a
suitable constant to be chosen later.

We argue by contradiction at a possible first contact point (xc, tc) between u and
U . The fact that such a first contact point happens for t > 0 and x �= ∞ is justified
by regularization. We also exclude the extreme case where the contact is made at
the boundary of the support of U given by |xf (tc)| := b + Ctc (see Lemma 7.2 in
[56]). Then, there exists h > 0 such that b + Ctc − |xc| = h > 0. At (xc, tc), we
have that u = U , ∇(u− U) = 0, Δ(u− U) ≤ 0, (u− U)t ≥ 0, that is

u(xc, tc) = h2, ur = −2h, Δu ≤ 2N, ut ≥ 2Ch,

where r = |x| denotes the radial coordinate. We also have the following estimates
on ∇p := ∇(−Δ)−s for 0 < s < 1/2 (see Theorem 5.1. of [16]):

−pr(|xc|, tc) ≤ K1 +K2h
1+2s +K3h, Δp(|xc|, tc) ≤ K4

for some K1,K2,K3,K4 ≥ 0. We now use the expanded form of Problem (M1)
given by ut = (m− 1)um−2∇u · ∇p + um−1Δp, we get the inequality

C ≤ (m− 1)h2m−4
(
−pr(|xc|, tc)+ h

2
Δp(|xc|, tc)

)

≤ (m− 1)h2m−4
(
K1 +K2h

1+2s + (K3 + K4

2
)h

)
,

which leads to a contradiction choosing C = C(s,N) large enough.
When 1/2 ≤ s < 1, an improved version on the estimate of pr leads to similar

result, but this time C = C(t). This is again enough to prove the property of finite
speed of propagation, but this time, we do not have a quantitative estimate on the
growth of the support.

One can easily see that the term h2m−4 in the last estimate needs m ≥ 2 to create
a contradiction. In fact m = 2 is show to be the critical exponent, as we show in the
following section.

6.2.2 Infinite Speed of Propagation

In dimension N = 1, we have already established a duality between constructed
weak solutions of (M1)

∂tu = ∇ · (um−1∇(−Δ)−su)
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and viscosity solutions of the “integrated problem”

∂tv = −|vx |m−1(−Δ)αv, (20)

where v(x, t) = ´ x
−∞ u(x, t)dx and α = 1 − s. It will be enough to consider the

initial data given by

v0(x) ≥ Hx0(x) =
{

0, x < x0,

1, x > x0.
(21)

Indeed, (20) has suitable comparison principles for viscosity solutions. See Propo-
sitions 8.5 and 8.6 in [56] for a standard comparison principle and a parabolic
type comparison principle respectively. At this point, we need to find a subsolution
Φ = Φ(x, t) of (20) such that Φ(x, 0) ≤ v0(x) and Φ(x, t) > 0 for any
t > 0 and |x| arbitrary large. See Figs. 1 and 2 for a graphic version of the
proof.

We need to find this kind of subsolution. First, consider a function G = G(x)

such that G is compactly supported in the interval (−x0,∞), G(x) ≤ C1 for all
x ∈ R and (−Δ)sG(x) ≤ −C2|x|−(1+2s) for all x < x0 (see Lemma 9.1 in [56]

x

(x,0)
v0(x)

1

0
−x0

Fe

e

Fig. 1 Comparison with the barrier at time t = 0

(x, t1)

1

0
−

v(x, t1)

x0x1

Fe

e x

Fig. 2 Comparison with the barrier at time t > 0
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for the existence of such a function G). Now, given any τ, ξ, ε > 0, we can find
C2 = C2(N, s, α, τ ) such that the function

Φε(x, t) = (t + τ)bγ
(
(|x| + ξ)−γ +G(x))− ε, t ≥ 0, x ∈ R.

satisfies

(Φε)t + |(Φε)x |m−1(−Δ)αΦε ≤ 0 for x < x0, t > 0

for γ = m+ 2α

2−m and b = 1
m−1+2α . The parameters γ and b are found in the study

of self-similar solutions of (20).
The main tool to finish the proof is given by the following parabolic comparison

principle proved in [56]:

Proposition 4 Let m > 1, α ∈ (0, 1) and N = 1. Let v be a viscosity solution
of Problem (11)–(12). Let Φ : R × [0,∞) → R such that Φ ∈ C2(Ω × (0, T )).
Assume that

• Φt + |Φx |m−1(−Δ)αΦ < 0 for x ∈ Ω , t ∈ [0, T ];
• Φ(x, 0) < v(x, 0) for all x ∈ R (comparison at initial time);
• Φ(x, t) < v(x, t) for all x ∈ R\Ω and t ∈ (0, T ) (comparison on the parabolic

boundary).

Then Φ(x, t) ≤ v(x, t) for all x ∈ R, t ∈ (0, T ).
At this point we need to show that Φε can be compared at initial time and also

on the parabolic boundary.
The initial data (21) naturally impose the following conditions on Φε :

ξ > x0 + ε−
1
γ .

that ensures that Φε(x0, 0) < v0(x0). Now let k1 := min{v(x, t) : x ≥ x0, 0 <
t ≤ T } > 0 (we recall that v ∈ C([0, T ] : C(R)) and v0(x0) = 1). The condition
Φε(x, t) < v(x, t) for all x ≥ x0, t ∈ [0, T ] requires

(t + 1)bγ (ξ−γ + C1) < k1.

The maximum value of t = T for which this inequality holds is

T <

(
k1

ξ−γ + C1

)1/bγ

− 1.

Thus, in order to have T > 0 we require ξ > (k1−C1)
− 1
γ . The remaining parameter

C1 from assumption (G2) is chosen here such that: C1 < k1. By Proposition 4 we
obtain the desired comparison:

v(x, t) ≥ Φε(x, t) for all (x, t) ∈ QT .
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Now, let x1 < x0 < 0 and t1 ∈ (0, T ) be arbitrary. It is now straightforward to show
that for

ε <

[
(t1 + 1)b

(k1 − C1)
− 1
γ − x1

]γ
.

we have that Φε(x1, t1) > 0 and thus, by comparison v(x1, t1) > 0. In this way, we
have proves the following result:

Theorem 7 (Infinite Speed of Propagation for v) Assume that u0 ∈ L∞(RN) is
nonnegative and compactly supported. Let v be the solution of Problem (11)–(12).
Then 0 < v(x, t) < M for all t > 0 and x ∈ R.

The result for u follows immediately. We have proved that v(x, t) is positive for
every t > 0 and x ∈ R, thus u has accumulated mass at every (x, t). This fact
ensures that for every time t > 0 there exists an x ∈ R arbitrary far from the
origin such that u(x, t) > 0. Moreover, when u0 is radially symmetric and non-
increasing in |x| then u inherits these properties, ensuring that u can not take zero
values.

Remark 6

(i) This method is working only in one dimension since we use the integrated
function. It is an open issue the proof of infinite speed of propagation in
dimensionN ≥ 2. New methods should be employed and, at least for particular
cases of data, one can see a possible direction to continue: for instance radial
data will produce radial solutions and then one could search for a suitable
transformation between (M1) and a 1−D problem.

(ii) Infinite speed of propagation holds for m < 2 for any self-similar
solution as a consequence of the transformation formula from the previous
section. Moreover their properties are imported from the alternative model
(FPME).

6.3 Proof of the Asymptotic Behavior

Here we provide the proof of the asymptotic behavior in dimension N = 1 using a
four step method. This will be a new contribution to the study of Problem (M1).
The result can only be presented in dimension 1 due to the lack of uniqueness
for (M1). However, we will present intermediate steps valid in R

N , and the
reader could trivially see that the asymptotic behaviour result for general N ≥ 1
would follow from a result of uniqueness of solutions with Dirac delta type initial
data.
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6.3.1 Existence of a Rescaled Solution

Lemma 2 Letm ∈ (1,+∞), s ∈ (0, 1) andN ≥ 1. Assume that u0 ∈ L1(RN) and
let u be the constructed weak solution of (M1) given by Theorem 2. Then, for any
λ > 0 the rescaled function

uλ(x, t) = λNu(λx, λbt),

with b = (m− 1)N + 2− 2s, is a weak solution of

{
∂tuλ = ∇ · (um−1

λ ∇(−Δ)−suλ) for x ∈ R
N, t > 0,

uλ(0, x) = λNu0(λx) for x ∈ R
N.

(22)

Moreover, uλ has the following properties:

1. (Conservation of mass) For all 0<t <T we have
´
RN
uλ(x, t)dx=

´
RN
u0(x)dx.

2. (Lp energy estimate) For all 1 < p <∞ and 0 < τ < t < T we have

ˆ
RN

u
p
λ (x, t)dx +

4p(p − 1)

(m+ p − 1)2

ˆ t

τ

ˆ
RN

∣∣∣(−Δ) 1−s
2

[
u
m+p−1

2
λ

]
(x, s)

∣∣∣
2
dxds

≤
ˆ
RN

u
p
λ (x, τ )dx.

3. (Second energy estimate) For all 0 < τ < t < T we have

1

2

ˆ
RN

∣∣∣(−Δ)− s
2 uλ(x, t)

∣∣∣
2
dx+

ˆ t

τ

ˆ
RN

um−1
∣∣∇(−Δ)−suλ(x, s)

∣∣2 dxds

≤ 1

2

ˆ
RN

∣∣∣(−Δ)− s
2 uλ(x, τ )

∣∣∣
2
dx.

4. (Smoothing effect) For all t > 0,

‖uλ(·, t)‖L∞(RN) ≤ CN,s,m t−γ ‖u0‖δL1(RN)

where γ = N
(m−1)N+2(1−s) > 0 and δ = 2(1−s)

(m−1)N+2(1−s) > 0.

Note that estimates 2 and 3 in Lemma 2 are not uniform in λ up to τ = 0 since
the hypothesis u0 ∈ L1(RN) is not enough to find a uniform bound for the right
hand side term. Note that uλ only belongs to L1(RN) and uλ(x, 0) will converge to
‖u0‖L1(RN)δ0 as λ → ∞. However, for any τ > 0, the smoothing effect ensures
that uλ is bounded uniformly in λ and then, the right hand side terms of estimates
2 and 3 can be bounded by the terms involving only L1 norm of u0. This kind of
uniform estimates are very useful and will be given in more details later.
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Proof

I) uλ is a weak solution of (22). Note that given any test function φ ∈ C∞c (RN ×
(0, T )), we can define ψ ∈ C∞c (RN × (0, λbT )) such that φ(x, t) =
ψ(λx, λbt). Then, the first term in the weak formulation reads

ˆ T

0

ˆ
RN

uλ(x, t)φt (x, t) dxdt = λN
ˆ T

0

ˆ
RN

u(λx, λbt)φt (x, t) dxdt

= λN+b
ˆ T

0

ˆ
RN

u(λx, λbt)ψt (λx, λ
bt) dxdt

=
ˆ λbT

0

ˆ
RN

u(y, s)ψs(y, s) dyds.

The second term is as follows:

ˆ T

0

ˆ
RN

um−1
λ (x, t)∇(−Δ)−suλ(x, t) · ∇φ(x, t) dxdt

= λN(m−1)+N
ˆ T

0

ˆ
RN

um−1(λx, λbt)∇(−Δ)−s[u(λ·, λbt)]

· ∇φ(x, t) dxdt

= λNm+1−2s
ˆ T

0

ˆ
RN

um−1(λx, λbt)∇(−Δ)−su(λx, λbt)

· ∇φ(x, t) dxdt

= λNm+2−2s
ˆ T

0

ˆ
RN

um−1(λx, λbt)∇(−Δ)−su(λx, λbt)

· ∇ψ(λx, λbt) dxdt

= λN(m−1)+2−2s−b
ˆ λbT

0

ˆ
RN

um−1(y, s)∇(−Δ)−su(y, s)

· ∇ψ(y, s) dyds

=
ˆ λbT

0

ˆ
RN

um−1(y, s)∇(−Δ)−su(y, s) · ∇ψ(y, s) dyds.

Finally the initial condition is reformulated as

ˆ
RN

uλ(x, 0)φ(x, 0)dx = λN
ˆ
RN

u0(λx)φ(x, 0)dx =
ˆ
RN

u0(y)ψ(y, 0)dy,

which concludes the proof of (I).
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II) uλ has conservation of mass independent of λ. Since u preserves the mass, we
have that
ˆ
RN

uλ(x, t)dx = λN
ˆ
RN

u(λx, λbt)dx =
ˆ
RN

u(y, λbt)dx =
ˆ
RN

u0(x)dx.

III) Energy estimates. The energy estimates are obtained by similar scaling argu-
ments using the energy estimates available for u.

IV) uλ has smoothing effect uniform in λ. Since uλ is a weak solution of (M1)
we can use the smoothing effect of Theorem 2 together with the result of
conservation of mass independent of λ to get

‖uλ(·, t)‖L∞(RN) ≤ CN,s,m t−γ ‖uλ(x, 0)‖δ
L1(RN)

= CN,s,m t−γ ‖u0‖δL1(RN)
for all t > 0.

6.3.2 Convergence of the Rescaled Solution as λ → ∞

Lemma 3 Let m ∈ (1,+∞), s ∈ (0, 1) and N ≥ 1. Assume that u0 ∈ L1(RN)

such that ‖u0‖L1(RN) = M . Let also uλ defined as in Lemma 2. Then, for any 0 <
t1 < t2 < ∞, there exists a function UM ∈ L1(RN × (0,∞)) and a subsequence
{λj }∞j=1 such that

uλj → UM as λj →∞ in Lp(RN × [t1, t2]) for 1 ≤ p <∞, (23)

where UM is a weak solution of (M1) with measure initial data UM(x, 0) = Mδ0
and it satisfies the properties 1–5 of Theorem 2. Moreover, in dimension N = 1, the
full sequence uλ converge in the sense of (23).

Proof I. Existence of a Limit Estimates 1–3 from Lemma 2 are enough to follow
the same proof of Theorem 5.2 in [57]. We get that (up to a subsequence),

uλj → UM as λj →∞ in L2
loc(R

N × [t1, t2])

where UM is a weak solution of (M1) with initial data UM(x, 0) = Mδ0 with
all the desired properties. Now we need to have a uniform control of the tails of
the solutions in order to be able to pass from local convergence in L2 to global
convergence in any Lp. Moreover, in dimension N = 1, uniqueness of weak
solutions ensures that the full sequence uλ converges.

II. Tail Control Let φ ∈ C∞(RN) be a nondecreasing function such that φ(x) =
0 if |x| < 1 and φ(x) = 1 if |x| > 2. Now we take φR(x) := φ(x/R) as test function
(after an approximation argument) to get
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ˆ
RN

uλ(x, t)φR(x)dx

≤
ˆ
RN

uλ(x, 0)φR(x)dx

−
ˆ
RN

ˆ t

0
um−1
λ (x, t)∇(−Δ)−suλ(x, t) · ∇φR(x)dx = I + II.

First, we note that since uλ ≥ 0, then

ˆ
RN

uλ(x, t)φR(x)dx =
ˆ
|x|>R

uλ(x, t)φR(x)dx ≥
ˆ
|x|>2R

uλ(x, t)dx.

On the other hand, for λ > 1 we have

ˆ
RN

uλ(x, 0)φR(x)dx ≤ λN
ˆ
|x|>R

u0(λx)dx=
ˆ
|y|>λR

u0(y)dy ≤
ˆ
|y|>R

u0(y)dy

and the last term clearly goes to zero as R→∞ since u0 ∈ L1(RN). We also have,
as in part III in the proof of Theorem 5.2 in [57], that

|II | ≤ ‖∇φR‖∞
ˆ t

0

ˆ
RN

um−1
λ (x, t)|∇(−Δ)−suλ(x, t)|dxdt ≤ Λ(t)/R

where Λ is a locally bounded function in t . Combining the above estimates, we
conclude that

´
|x|>2R uλ(x, τ )dx → 0 as R →∞ for all τ ∈ (0, t). Passing to the

limit, the same estimate is inherited byUM . A similar tail control argument has been
used by one of the authors in [38] for a fractional diffusion-convection equation.

III. Convergence in Lp(RN × [t1, t2]). First, we prove L1 convergence. From
step II in this proof, for any ε > 0 we can choose R large enough such that

IBcR
=
ˆ t2

t1

ˆ
BcR

|uλj (x, t)− UM(x, t)|dxdt

=
ˆ t2

t1

ˆ
BcR

|uλj (x, t)|dxdt +
ˆ t2

t1

ˆ
BcR

|UM(x, t)|dxdt < ε/2.

On the other hand,

IBR =
ˆ t2

t1

ˆ
BR

|uλj (x, t)− UM(x, t)|dxdt

≤ |BR|(t2 − t1)
(ˆ t2

t1

ˆ
BR

|uλj (x, t)− UM(x, t)|2dxdt
) 1

2

.
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Since uλj → UM as λj → ∞ in L2
loc(R

N × [t1, t2]), we can now choose λj big
enough such that IBR < ε/2. In this way,

‖uλj − UM‖L1(RN×[t1,t2]) ≤ IBR + IBcR < ε

which concludes the proof of L1 convergence. By the smoothing effect, both uλ and
UM are uniformly bounded outside t = 0, for any R > 0 we have that

‖uλj − UM‖pLp(RN×[t1,t2]) ≤ ‖uλj − UM‖
p−1
L∞(RN×[t1,t2])‖uλj − UM‖L1(RN×[t1,t2])

≤ C‖uλj − UM‖L1(RN×[t1,t2])

which again converges to 0 as λj →∞.

6.3.3 Self-similarity of the Limit Solution

Lemma 4 (Existence of Self-similar Solution) Letm ∈ (1,+∞), s ∈ (0, 1),N =
1. The solution UM constructed in Lemma 3 is a selfsimilar solution of the form

UM(x, t) = t−αφ(xt−β),

for a certain function φ ∈ R
N → R and α = Nβ with β = 1/(N(m−1)+2−2s).

Proof First we note that for b = N(m − 1) + 2 − 2s, UM is invariant under the
following scaling

λN0 UM(λ0x, λ
b
0t) = lim

λ→∞ λ
N
0 uλ(λ0x, λ

b
0t) = lim

λ→∞(λ0λ)
Nu(λ0λx, (λ0λ)

bt)

= lim
λλ0→∞

uλ0λ(x, t) = UM(x, t). (24)

Thus, since bβ = 1 and then, we choose λ0 = t− 1
b = t−β to get

UM(x, t) = λN0 UM(λ0x, λ
b
0t) = t−

N
b UM(xt

− 1
b , 1)

= t−Nb UM(xt− 1
b , 1) = t−αUM(xt−β, 1).

Remark 7 Note that, in identity (24), the fact the full sequence uλ converges plays
a crucial role. If we do not have this property, we cannot ensure that the sequence in
{λ0λj }∞j=1 gives a convergent uλ0λj .
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6.3.4 Proof of Theorem 6

We have that

‖uλ − UM‖Lp(RN×[t1,t2])→ 0 as λ→∞,

which in particular implies

‖uλ(·, t)− UM(·, t)‖Lp(RN)→ 0 as λ→∞ for a.e t ∈ [t1, t2].

Without loos of generality, assume the above limit holds for t = 1. Then, choosing
τ = λb = λ1/β ,

‖uλ(·, 1)− UM(·, 1)‖Lp(RN) = λN‖u(λ·, λb)− UM(λ·, λb)‖Lp(RN)
= λN−Np ‖u(·, λb)− UM(·, λb)‖Lp(RN)
= τN(1− 1

p
)β‖u(·, τ )− UM(·, τ )‖Lp(RN).

Since τ →∞ as λ→∞, we conclude that

τ
N(1− 1

p )

(m−1)N+2−2s ‖u(·, τ )− UM(·, τ )‖Lp(RN)→ 0 as τ →∞.

7 Comments and Open Problems

• As a summary, we establish the theory of existence of suitable weak solutions
of problem (M1) and settle the question of finite vs infinite speed of propagation
depending on whether m ≥ 2 or m < 2. We also settle the asymptotic behavior
in one dimension by means of an integrated version of the problem.

• The questions of uniqueness in several dimensions are widely open and ought to
be addressed. Once this result is available, the existence of selfsimilar solutions
together with the asymptotic behaviour would follow with the techniques showed
in this paper.

If m ∈ (1, 2), N ≥ 1 we have uniqueness by the 1-to-1 correspondence of
self-similar solutions between (M1) and (FPME), and the last ones are known to
be unique. However, we need a uniqueness result regarding general initial data in
order to be able to prove the asymptotic behaviour in dimension higher than one.

If m ∈ (1,∞) and N = 1, the solutions (not only self-similar ones) are
unique since there exists a 1-to-1 correspondence with viscosity solutions of the
integrated problem, which are known to be unique.

• Another pending issue is continuity of weak solutions. In the case m = 2 Hölder
continuity is proved in [17, 20].
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• Recently, the problem posed in a bounded domain was considered in [48] for
dimension N ≥ 1. Further work is to be done on that issue.

• Satisfying numerical experiments have been performed, see [57] for some
numerical experiments using ideas of [28]. A systematic and rigorous numerical
analysis is still pending.
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Nondiscrete Lassonde-Revalski Principle
and Dependent Choice

Mihai Turinici

1 Introduction

Let (M, d) be a complete metric space; and ϕ ∈ F (M,R∪{∞}) be (M, d)-regular;
that is,

(a01) ϕ is proper (Dom(ϕ) := {x ∈ M;ϕ(x) <∞} �= ∅)
(a02) ϕ is bounded below (infϕ(M) > −∞)

(a03) ϕ is d-lsc (lim infn ϕ(xn) ≥ ϕ(x), whenever xn
d−→ x).

[Here, for each couple A,B of nonempty sets, F (A,B) denotes the class of all
functions from A to B; when A = B, we write F (A) in place of F (A,A)].
The following 1974 statement in Ekeland [15] (referred to as Ekeland’s variational
principle; in short: EVP) is our starting point.

Theorem 1 Let the precise conditions hold. Then, for each element u ∈ Dom(ϕ),
there exists some other element v = v(u) ∈ Dom(ϕ), with

(11-a) d(u, v) ≤ ϕ(u)− ϕ(v) (hence ϕ(u) ≥ ϕ(v))
(11-b) d(v, x) > ϕ(v)− ϕ(x), for all x ∈ M \ {v}.
This principle found some basic applications to control and optimization,

generalized differential calculus, critical point theory, and global analysis; see the
1979 Ekeland’s paper [16] for a survey of these. As a consequence, many extensions
of (EVP) were proposed. For example, the (abstract) order one starts from the fact
that, with respect to the Brøndsted quasi-order [7]

(a04) (x, y ∈ M): x ≤ y iff d(x, y)+ ϕ(y) ≤ ϕ(x),
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e-mail: mturi@uaic.ro

© Springer International Publishing AG, part of Springer Nature 2018
T. M. Rassias (ed.), Current Research in Nonlinear Analysis, Springer Optimization
and Its Applications 135, https://doi.org/10.1007/978-3-319-89800-1_13

309

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-89800-1_13&domain=pdf
mailto:mturi@uaic.ro
https://doi.org/10.1007/978-3-319-89800-1_13


310 M. Turinici

the element v ∈ M appearing in the second conclusion above is maximal; so
that, (EVP) is nothing but a denumerable variant of the Zorn-Bourbaki maximality
principle; its precise formulation is just the 1976 ordering principle due to Brezis
and Browder [6] (in short: BB). Further, the dimensional way of extension refers to
the ambient space (R) of ϕ(M) being substituted by a (topological or not) vector
space; an account of the results in this area is to be found in the 2003 monograph by
Goepfert et al. [17, Ch 3]. Finally, the metrical one consists in conditions imposed
to the ambient metric over M being relaxed; the basic result in this direction was
obtained in 1996 by Kada et al. [19].

Now, the natural question arising here is that of all these extensions for (EVP)
(including (BB)) being or not effective. Some partial answers were stated in Turinici
[31]; see also Bao and Khanh [1]. According to these, the dimensional and metrical
extensions of (EVP) are obtainable from either (EVP) or (BB), via straightforward
techniques. Concerning the question of (BB) (and its subsequent extensions) being
reducible to (EVP), the basic tool for solving it is the Dependent Choice Principle
(in short: DC) due—independently—to Bernays [2] and Tarski [28]. Precisely, note
that, by the developments in Cârjă et al. [9, Ch 2, Sect 2.1]

(DC) -⇒ (BB) -⇒ (EVP);

and (cf. Brunner [8]), (EVP) -⇒ (DC). Hence, any maximal/variational
result—(MP) say—with

DC -⇒ MP -⇒ EVP

is logically equivalent with both (DC) and (EVP); see Turinici [32] for details.
Note that, this is the case with many sequential extensions of (EVP) and/or (BB);
in particular (cf. Turinici [33]), the conclusion is retainable for a technical 1987
generalization of (EVP) referred to as the Smooth Borwein-Preiss Variational
Principle [4] (in short: BP). Now—especially from a practical perspective—this
last principle found a lot of applications in Variational Analysis; so that, it was
the subject of numerous extensions. For example, a basic contribution in the area
is the 1993 Generic Smooth Variational Principle due to Deville, Godefroy and
Zizler [13] (in short: DGZ). Further, in their 2005 paper, Lassonde and Revalski
[21] established that (DGZ)—and many other statements of this type—may be
viewed as a particular case of some fragmentability result involving sequences of
multivalued maps (referred to as: Lassonde-Revalski Principle; in short: LR). Taking
the preceding observations into account, it is legitimate to ask whether the obtained
results are genuine (logical) extensions of (EVP). As we shall see, the answer
to this is negative, in the larger sense: the Semi-Bump Deville-Godefroy-Zizler
Generic Smooth Variational Principle (DGZ-sb) (including (DGZ)) and Nondiscrete
Lassonde-Revalski Principle; (LR-ndiscr) (including (LR)) enter in the “logical”
segment between (DC) and (EVP); i.e.

(DC) -⇒ (LR-ndiscr) -⇒ (DGZ-sb) -⇒ (EVP) -⇒ (DC);
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whence: both (LR-ndiscr) and (DGZ-sb) are equivalent with (DC)—or, equiva-
lently: with (EVP). The steps of this investigation process are to be described as
follows. In Sect. 2, we show that (DC) is equivalent with Baire Category Theorem
over complete metric spaces (in short: BC); hence, in particular, (BC) includes the
Denumerable Axiom of Choice (in short: AC(N)). Further, in Sects. 3 and 4, the
obtained facts are used to get the inclusion chain

(DC) implies (LR-ndiscr) -⇒ (LR-ndiscr-m) -⇒ (LR-VP-m);

here, (LR-ndiscr-m) is the metrical version of (LR-ndiscr) and (LR-VP-m) denotes
its associated variational principle. The objective of Sect. 5 is to establish that

(LR-VP-m) -⇒ (DGZ); hence (by the above) (BC) -⇒ (DGZ);

an explicit proof of this last inclusion is also provided, for completeness reasons.
Finally, in Sects. 6 and 7, we prove that (DGZ) -⇒ (EVP) and (EVP) -⇒ (DC),
respectively; so, we close the circle between all these. Further aspects, involving the
2000 Pseudometric Variational Principle in Li and Shi [22] or the 2001 Perturbed
Minimization Principle due to Deville and Ghoussoub [12] will be discussed
elsewhere.

2 (DC) ⇐⇒ (BC)

Throughout this exposition, the axiomatic system to be used is Zermelo-Fraenkel’s
(abbreviated: ZF), as described in Cohen [10, Ch 2, Sect 3]. The notations and basic
facts about these are standard. Some important ones are given below.

(A) Let X be a nonempty set. By a relation over it, we mean any (nonempty) part
R ofX×X; in this case, (X,R) is called a relational structure. As usually, we may
regard R as a mapping from X to 2X (=the class of all subsets in X). Precisely, for
each x ∈ X, denote

X(x,R) = {y ∈ X; xRy} (the section of R through x);

then, the mapping in question is

R(x) = X(x,R), x ∈ X.

Call R, proper when R(x) �= ∅, for all x ∈ X; note that, in such a case, R appears
as a mapping between X and (2)X (=the class of all nonempty parts in X). This
will be also referred to as: (X,R) is a proper relational structure; note that a basic
example of such object is

I = {(x, x); x ∈ X} (the identity relation).

Given the relations R, S over X, define their product R ◦S as
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(x, z) ∈ R ◦S , if there exists y ∈ X with (x, y) ∈ R, (y, z) ∈ S .

Also, for each relation R over X, denote

R−1 = {(x, y) ∈ X ×X; (y, x) ∈ R} (the inverse of R).

Finally, given the relations R and S on X, let us say that R is coarser than S (or,
equivalently: S is finer than R), provided

R ⊆ S ; i.e.: xRy implies xS y.

Given a relation R on X, the following properties are to be discussed here:

(P1) R is reflexive: I ⊆ R
(P2) R is irreflexive: R ∩I = ∅
(P3) R is transitive: R ◦R ⊆ R
(P4) R is symmetric: R−1 = R
(P5) R is antisymmetric: R−1 ∩R ⊆ I .

This yields the classes of relations to be used; the following ones are important for
our developments:

(C0) R is trivial (i.e.: R = X ×X)
(C1) R is a (partial) order (reflexive, transitive, antisymmetric)
(C2) R is a strict order (irreflexive and transitive)
(C3) R is a quasi-order (reflexive and transitive)
(C4) R is an equivalence (reflexive, transitive, symmetric).

A basic ordered structure is (N,≤); here, N = {0, 1, . . .} is the set of natural
numbers and (≤) is defined as

m ≤ n iff m+ p = n, for some p ∈ N .

For each n ∈ N(1,≤), letN(n,>) := {0, . . . , n−1} stand for the initial interval (in
N ) induced by n. Any set P with P ∼ N (in the sense: there exists a bijection from
P to N ) will be referred to as effectively denumerable; also denoted as: card(P ) =
ℵ0. In addition, given some natural number n ≥ 1, any set Q with Q ∼ N(n,>)

will be said to be n-finite; and we write this: card(Q) = n; when n is generic here,
we say thatQ is finite. Finally, the (nonempty) set Y is called (at most) denumerable
iff it is either effectively denumerable or finite.

LetX be a nonempty set. By a sequence inX, we mean any mapping x : N → X.
For simplicity reasons, it will be denoted as (x(n); n ≥ 0), or (xn; n ≥ 0); moreover,
when no confusion can arise, we further simplify this notation as (x(n)) or (xn),
respectively. Given such an object (xn), any sequence (yn := xi(n); n ≥ 0) with

(i(n); n ≥ 0) is divergent (i(n)→∞ as n→∞)

will be referred to as a subsequence of (xn; n ≥ 0).
Remember that, an outstanding part of (ZF) is the Axiom of Choice (abbreviated:

AC); which, in a convenient manner, may be written as

(AC) For each nonempty set M , there exists a (selective) function
f : (2)M → M (in the sense: f (Y ) ∈ Y , ∀Y ∈ (2)M ).
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There are many logical equivalents of (AC); see, for instance, Moore [24, Appendix
2]. Sometimes, when the ambient set M is endowed with denumerable type
structures, this general choice procedure may be replaced with a weaker form of
it, called: Dependent Choice Principle. Some preliminaries are needed. Let M be a
nonempty set. For each natural number k ≥ 1, call the map F : N(k,>) → M ,
a k-sequence; if k ≥ 1 is generic, we talk about a finite sequence. The following
result, referred to as the Finite Dependent Choice property (in short: (DC-fin)) is
available in the strongly reduced Zermelo-Fraenkel system (ZF-AC). Given a ∈ M ,
let us say that the k-sequence F : N(k,>)→ M (where k ≥ 2) is (a,R)-iterative
provided

F(0) = a and F(i + 1) ∈ R(F (i)), for all i ∈ N(k − 1,>).

Lemma 1 Let the relational structure (M,R) be proper. Then, for each k ≥ 2, the
following property holds:

(P(k)) for each a ∈ M , there exists an (a,R)-iterative k-sequence.

Proof Clearly, (P (2)) is true; just take b ∈ R(a) and define F : N(2,>)→ M as:
F(0) = a, F(1) = b. Assume that (for some k ≥ 2),

(P (h)) is true, for 2 ≤ h ≤ k;

we claim that (P (k + 1)) is also true. For, let F : N(k,>) → M be an
(a,R)-iterative k-sequence, assured by hypothesis. As R is proper, R(F (k − 1))
is nonempty; let u be some element of it. The map G : N(k + 1,>) → M

introduced as

G(i) = F(i), i ∈ N(k,>); G(k) = u
is an (a,R)-iterative (k + 1)-sequence; and then, we are done.

Now, it is natural to see what happens when k “tends to infinity”. At a first glance,
the following Dependent Choice Principle (in short: DC) is obtainable in (ZF-AC)
from this “limit” process. Given a ∈ M , let us say that the sequence (xn; n ≥ 0) in
M is (a;R)-iterative, provided

x0 = a; xn+1 ∈ R(xn), ∀n.

Proposition 1 Let the relational structure (M,R) be proper. Then, for each a ∈ M
there exists at least one (a,R)-iterative sequence in M .

Formally, the “argument” involved here consists in the possibility of constructing
an (infinite) sequence via finite sequences. This, ultimately, cannot be done under
the precise context [so, the limit process in question does not work in (ZF-AC)];
whence, (DC) is not obtainable from the axioms of our strongly reduced system. On
the other hand, this principle—proposed, independently, by Bernays [2] and Tarski
[28]—is deductible from (AC), but not conversely; cf. Wolk [35]. Moreover, by the
developments in Moskhovakis [25, Ch 8], and Schechter [27, Ch 6], the reduced
system (ZF-AC+DC) it large enough so as to cover the “usual” mathematics; see
also Moore [24, Appendix 2, Table 4].
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(B) Let (Rn; n ≥ 0) be a sequence of relations on M . Given a ∈ M , let us say that
the sequence (xn; n ≥ 0) in M is (a; (Rn; n ≥ 0))-iterative, provided

x0 = a; xn+1 ∈ Rn(xn), ∀n.

The following “Diagonal Dependent Choice” principle (in short: DDC) is to be
taken into consideration.

Proposition 2 Let (Rn; n ≥ 0) be a sequence of proper relations on M . Then, for
each a ∈ M there exists at least one (a; (Rn; n ≥ 0))-iterative sequence in M .

Clearly, (DDC) includes (DC); to which it reduces when (Rn; n ≥ 0) is constant.
The reciprocal of this is also true. In fact, letting the premises of (DDC) hold, put
P = N ×M; and let S be the relation over P introduced as

S (i, x) = {i + 1} ×Ri (x), (i, x) ∈ P .

It will suffice applying (DC) to (P,S ) and b := (0, a) ∈ P to get the conclusion
in our statement; we do not give details.

Summing up, (DDC) is provable in (ZF-AC+DC). This is valid as well for its
variant, referred to as: the “Selected Dependent Choice” principle (in short: SDC).

Proposition 3 Let the map F : N → (2)M and the relation R over M fulfill

(∀n ≥ 0): R(x) ∩ F(n+ 1) �= ∅, ∀x ∈ F(n).
Then, for each a ∈ F(0) there exists a sequence (x(n); n ≥ 0) in M with

x(0) = a, x(n) ∈ F(n), x(n+ 1) ∈ R(x(n)), ∀n.

As before, (SDC) -⇒ (DC) (⇐⇒ (DDC)); just take F(n) = M , n ≥ 0. But, the
reciprocal is also true, in the sense: (DDC) -⇒ (SDC). This follows from

Proof (Proposition 3) Let the premises of (SDC) be true. Define a sequence of
relations (Rn; n ≥ 0) over M as: for each n ≥ 0,

Rn(x) = R(x) ∩ F(n+ 1), if x ∈ F(n),
Rn(x) = {x}, otherwise (x ∈ M \ F(n)).

Clearly, Rn is proper, for all n ≥ 0. So, by (DDC), it follows that, given the starting
a ∈ F(0), there exists an (a, (Rn; n ≥ 0))-iterative sequence (x(n); n ≥ 0) in M .
Combining with the very definition above, it follows that conclusion in the statement
is holding.

(C) In particular, when R = M ×M , the regularity condition imposed in (SDC)
holds. The corresponding variant of the underlying statement is just

(AC(N))=the Denumerable Axiom of Choice.

Precisely, we have

Proposition 4 Let F : N → (2)M be a function. Then, for each a ∈ F(0) there
exists a function f : N → M with f (0) = a and f (n) ∈ F(n), ∀n.
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Note that, as a consequence of the above facts,

(DC) -⇒ (AC(N)) in the strongly reduced system (ZF-AC).

A direct verification of this is obtainable by taking A = N ×M and introducing the
relation R over it, according to:

R(n, x) = {n+ 1} × F(n+ 1), n ∈ N , x ∈ M;

we do not give details. The reciprocal of the written inclusion is not true; see
Moskhovakis [25, Ch 8, Sect 8.25] for details.

(D) As a useful application of these developments, we show that the Baire Category
Theorem (in short: BC) is provable in (ZF-AC+DC).

Let (X, d) be a metric space. For each x ∈ X, ε > 0, denote

X(x, ε) = {y ∈ X; d(x, y) < ε}, X[x, ε] = {y ∈ X; d(x, y) ≤ ε}
(the open/closed sphere with center x and radius ε). Let Y ∈ 2X be arbitrary fixed.
We say that y ∈ X is interior to Y when

X(y, ε) ⊆ Y , for some ε = ε(y) > 0;
or, equivalently:
X[y, ε] ⊆ Y , for some ε = ε(y) > 0;

the set of all such points will be denoted as int(Y ) (the interior of Y ). Also, let us
say that z ∈ X is adherent to Y when

X(z, ε) ∩ Y �= ∅, for each ε > 0;
or, equivalently:
X[z, ε] ∩ Y �= ∅, for each ε > 0.

the set of all such points will be denoted cl(Y ) (the closure of Y ). Call Y , open (resp.,
closed) provided Y = int(Y ) (resp., Y = cl(Y )). In particular, any open (resp.,
closed) sphere in X is an open (resp., closed) subset of X. Clearly, the following
basic duality formula holds

(dual-1) (for each Y ∈ 2X):
int(X \ Y ) = X \ cl(Y ), cl(X \ Y ) = X \ int(Y );

see, for instance, Bourbaki [5, Ch 1, Sect 1.6]. Finally, given Y ∈ (2)X, denote

diam(Y ) = sup{d(u, v); u, v ∈ Y } (the diameter of Y );

clearly, for any such part, we have

diam(Y ) = diam(Z), where Z = cl(Y ).

Now, call the ambient metric space (X, d), complete when each d-Cauchy
sequence is d-convergent. To give a characterization of this concept, call the
sequence of (nonempty) closed parts (Fn; n ≥ 0),

(i) descending when Fi ⊇ Fj for i ≤ j ;
(ii) 0-descending if, in addition, diam(Fn)→ 0.
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We say that (X, d) has the Cantor property when

each 0-descending sequence of nonempty closed sets in X has a nonempty
intersection.

The following Cantor Intersection Theorem (in short: CI) is useful for us.

Proposition 5 The following (generic type) properties are valid, in the class of
metric structures:

(25-1) Cantor property -⇒ completeness, in (ZF-AC)
(25-2) completeness -⇒ Cantor property, in (ZF-AC+DC).

Proof

(i) Assume that the metric space (X, d) has the Cantor property; and let (xn; n ≥
0) be a d-Cauchy sequence in X:

limn diam(Yn) = 0, where (Yn = {xk; k ≥ n}; n ≥ 0).

By the properties of diameter function (see above), this yields

limn diam(Fn) = 0, where (Fn = cl(Yn); n ≥ 0).

So, taking into account the Cantor property, we must have

∩{Fn; n ≥ 0} = {z}, for a (uniquely determined) z ∈ X.

And this, along with

Yn ⊆ Fn ⊆ X[z, diam(Fn)], n ≥ 0

tells us that limn(xn) = z; so that, (X, d) is complete.
(ii) Assume that (X, d) is a complete metric space; and let (Fn; n ≥ 0) be a 0-

descending sequence of nonempty closed sets inX. By the Denumerable Axiom
of Choice (AC(N)), we may construct a sequence (xn; n ≥ 0) in X, according
to

xn ∈ Fn, for each n ≥ 0.

From the choice of our sequence (Fn; n ≥ 0), one has

limn diam(Yn) = 0, where (Yn = {xk; k ≥ n}; n ≥ 0);

which tells us that (xn) is a d-Cauchy sequence inX. But then, by completeness,

limn xn = z, for some (uniquely determined) z ∈ X.

This in turn yields, in a direct way,

∩{Fn; n ≥ 0} = {z};

so that, the Cantor property follows.
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(E) Having these precise, call Y ∈ 2X, nowhere dense when int(cl(Y )) = ∅; and
dense, provided cl(Y ) = X; note that—as a consequence of some related fact—the
derived duality formula holds

(dual-2) (for each Y ∈ 2X):
(Y=closed, nowhere dense)⇐⇒ (X \ Y=open, dense).

Finally, let us say that Y ∈ 2X is of Fσ (resp., Gδ) type, when

Y may be represented as a denumerable union (resp., intersection) of closed
(resp., open) subsets in X.

The following Baire Category Theorem (in short: BC) is available.

Proposition 6 Let (X, d) be a complete metric space. Then

(26-1) If (Fn) is a sequence of (proper) nowhere dense closed subsets of X, then
F = ∪{Fn; n ≥ 0} is a (proper) nowhere dense Fσ type subset of X
(26-2) If (Gn) is a sequence of (nonempty) dense open subsets of X, then G =
∩{Gn; n ≥ 0} is a (nonempty) dense Gδ type subset of X.

An appropriate proof of this may be found in Schechter [27, Ch 20, Sect 20.16];
for completeness reasons, we shall provide it, with some modifications.

Proof (Proposition 6) Clearly, the properties (26-1) and (26-2) are equivalent, via
preceding duality formula; so, it will suffice verifying that, e.g., (26-2) holds.
Without loss, one may assume that G0 = X; otherwise, we simply replace
(G0,G1, . . .) by (X,G0,G1, . . .). Denote M := X × R0+, where R0+ :=]0,∞[;
and, for each n ≥ 0, put

Mn = {(x, ε) ∈ M;X[x, ε] ⊆ Gn}; hence, M0 = M .

We introduce a relation R over M as:

(x, ε)R(y, δ) iff X[x, ε] ⊇ X[y, δ], ε ≥ 2δ.

Fix n ≥ 0 and take some (x, ε) ∈ Mn; i.e., X[x, ε] ⊆ Gn. As cl(Gn+1) = X, we
have thatX(x, ε)∩Gn+1 is a nonempty open set inX; hence, there exists (y, δ) ∈ M
in such a way that

X(y, 2δ) ⊆ X(x, ε) ∩Gn+1, δ ≤ ε/2;

which yields

X[y, δ] ⊆ X[x, ε] ∩Gn+1, δ ≤ ε/2;
hence, in particular, (x, ε)R(y, δ) and (y, δ) ∈ Mn+1.

By the Selected Dependent Choice Principle (SDC), it follows that for each starting
(x0, ε0) ∈ M(= M0) there exists a sequence ((xn, εn); n ≥ 0) in M , with the
properties (for each n)

(26-3) (xn, εn) ∈ Mn (that is: X[xn, εn] ⊆ Gn)
(26-4) (xn, εn)R(xn+1, εn+1)

(i.e.: X[xn, εn] ⊇ X[xn+1, εn+1], εn ≥ 2εn+1).
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By the latter of these, one derives—via Cantor Intersection Theorem—that there
must be a unique z ∈ X with ∩{X[xn, εn]; n ≥ 0} = {z}; so, combining with the
former, z ∈ G. Since, on the other hand, z ∈ X[x0, ε0], we have X[x0, ε0] ∩G �= ∅.
This, by the arbitrariness of (x0, ε0), gives cl(G) = X; and completes the argument.

(F) By the developments above, it follows that

(DC) -⇒ (BC), in (ZF-AC).

The remarkable fact to be added is that the converse inclusion is valid too.

Proposition 7 We have [in (ZF-AC)]:

(27-1) (BC) -⇒ (DC); hence, (BC)⇐⇒ (DC)
(27-2) (BC) -⇒ (AC(N)) (but not conversely).

The original argument may be found in Blair [3]. For completeness reasons, we
provide however a verification of it, with certain modifications.

Proof (Proposition 7) The argument will be divided into several steps.

Part 1 Let P be a nonempty set; and d stand for the discrete metric over it:

(s, t ∈ P ): [d(s, t) = 0, if s = t] and [d(s, t) = 1, if s �= t];
(Note that d is even an ultrametric on P , in the sense

d(x, z) ≤ max{d(x, y), d(y, z)}, ∀x, y, z ∈ X;

but this is not essential for us). Let S (P ) := F (N, P ) stands for the class of all
sequences in P . Fix some a ∈ P ; and put X = {x ∈ S (P ); x(0) = a}. Define a
mapping d∞ : X ×X→ R+ as

d∞(x, y) =∑n 2−nd(x(n), y(n)), for x = (x(n)), y = (y(n)) in X.

It is not hard to see that d∞ appears as a metric on X. The natural question to be
discussed here involves its completeness property. In this direction, we have

Lemma 2 Under the above conventions, the metric space (X, d∞) is complete:
each d∞-Cauchy sequence in X is d∞-convergent.

Proof Let (xn; n ≥ 0) be a sequence in X; it may be written as

(xn = (xn(0), xn(1), . . .) = (a, xn(1), . . .); n ≥ 0).

Assume that (xn; n ≥ 0) is d∞-Cauchy; this may be also characterized as:

∀ε > 0: C(ε) := {n ∈ N; n ≤ p ≤ q -⇒ d∞(xp, xq) < ε} �= ∅.
As a consequence, the map ε "→ C(ε) is increasing on R0+, in the sense:

ε∗ < ε∗ implies C(ε∗) ⊆ C(ε∗);
so that, the map ε "→ Γ (ε) := min[C(ε)] is decreasing on R0+:
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ε∗ < ε∗ implies Γ (ε∗) ≥ Γ (ε∗).
Let (εn; n ≥ 0) be a strictly descending sequence in R0+ with

εn < 2−n, ∀n (hence: εn→ 0 as n→∞).

Denote for simplicity

m(k) = Γ (εk), n(k) = m(k)+ k, k ≥ 0.

By the properties above, the map k "→ m(k) is increasing; hence, the map k "→ n(k)

is strictly increasing. For the moment, it is clear that

xn(0)(0) = xp(0) = a, ∀p ≥ n(0).
Further, by the very definition of these maps,

n(1) ≤ p ≤ q -⇒ d∞(xp, xq) < ε1.

Combining with the definition of d∞, gives

2−1d(xp(1), xq(1)) < ε1, if n(1) ≤ p ≤ q;

so that (as ε1 < 2−1),

xn(1)(1) = xp(1), for all p ≥ n(1).
The procedure may continue indefinitely; and gives us

xn(i)(i) = xp(i), for all p ≥ n(i) and all i ≥ 0.

Let y = (y(i); i ≥ 0) be the “diagonal” sequence (y(i) = xn(i)(i); i ≥ 0); clearly,
it is an element of X. We claim that our initial sequence (xn; n ≥ 0) is convergent
(modulo d∞) towards y; i.e.,

d∞(xn, y)→ 0, as n→∞.

In fact, let ε > 0 be arbitrary fixed; and h = h(ε) ≥ 0 be such that

2−h < ε (hence: 2−j < ε, ∀j ≥ h).

For each n ≥ n(h) we have (by the above properties)

d(xn, y) =∑i≤h 2−id(xn(i), xn(i)(i))+∑i>h 2−id(xn(i), xn(i)(i)) =∑
i>h 2−id(xn(i), xn(i)(i)) ≤∑i>h 2−i = 2−h < ε;

and, from this, we are done.

Part 2 Let M be a nonempty set; and R be a proper relation over M:

(p-rel) ∀a ∈ M , ∃b ∈ M: (a, b) ∈ R.

Fix some a ∈ M; and put X = {x ∈ S (M); x(0) = a}. Let the metric d∞(., .) over
X be introduced as before; remember that
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(X, d∞) is complete:
each d∞-Cauchy sequence in X is a d∞-convergent one.

For each x ∈ X, define the relation H (x) : N → 2N and the associated
functions H(x) : N → N ∪ {∞}, H [x] : N → N ∪ {∞}, according to

H (x)(i) = {j ∈ N(i,<); (x(i), x(j)) ∈ R}, i ≥ 0
H(x)(i) = minH (x)(i), i ≥ 0
H [x](n) = max{H(x)(i), i ≤ n}, n ≥ 0;

here, as usual, min(∅) = ∞. Clearly, the following progressive type relations hold

(prog-1) i < H(x)(i), for each i ≥ 0
(prog-2) n < H [x](n), for each n ≥ 0.

Some other useful completions of these are being collected in

Lemma 3 Let n ≥ 0 and x ∈ X be such that

k := H [x](n) <∞; hence, n < k and (H(x)(i) ≤ k, for 0 ≤ i ≤ n).

Then,

(p1) for each i ≤ n(< k), there exists j ≤ k with i < j , (x(i), x(j)) ∈ R
(p2) if y ∈ X fulfills (y(h) = x(h), whenever 0 ≤ h ≤ k), then
(H(y)(i) = H(x)(i), for 0 ≤ i ≤ n); so that, H [y](n) = H [x](n).

Proof

(i) Evident, by letting j = H(x)(i) and combining with a progressive type relation
we just listed.

(ii) Let y ∈ X be taken as before; and let i ∈ N(n,≥) be arbitrary fixed. By the
preceding step, we have with p := H(x)(i) (hence, p ≤ k)

i < p and (x(i), x(p)) ∈ R;

or, equivalently (by our working hypothesis)

i < p and (y(i), y(p)) ∈ R;

whence q := H(y)(i) ≤ p. This, again by our working hypothesis, gives

i < q and (x(i), x(q)) ∈ R;

wherefrom p = H(x)(i) ≤ q. Combining these, yieldsH(x)(i) = H(y)(i); so
that [by the arbitrariness of i ∈ N(n,≥)], it results that H [y](n) = H [x](n).

We may now pass to the basic part of our developments. To each n ≥ 0, let us
associate a subset An of X as

An = {x ∈ X;H(x)(i) <∞, for all i ≤ n};
or, equivalently: An = {x ∈ X;H [x](n) <∞}.

Note that, for the moment, the alternative of

An = ∅ for some n ≥ 0
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cannot be avoided. This, however, cannot hold; as results from

Lemma 4 The subset An is nonempty in X, for each n ≥ 0.

Proof Let n ≥ 0 be arbitrary fixed. By the Finite Dependent Choice property (DC-
fin), there exists a (n+ 2)-sequence F : N(n+ 2,>), in such a way that

F(0) = a and F(k)RF(k + 1), for k ≤ n.

The sequence x ∈ S (M) introduced as

x(i) = F(i), i ≤ n; x(i) = F(n+ 1), i > n

belongs to X and

H(x)(i) = i + 1 ≤ n+ 1, ∀i ≤ n; whence, H [x](n) = n+ 1;

and this tells us that x ∈ An.

Concerning the remaining properties of the family (An; n ≥ 0), a basic one is
expressed by

Lemma 5 Let n ≥ 0 and x ∈ An be arbitrary fixed; hence,

k := H [x](n) <∞; so that: n < k and (H(x)(i) ≤ k, for all i ≤ n).

Then, each y ∈ X with

d∞(x, y) =∑i 2−id(x(i), y(i)) < 2−k

fulfills y ∈ An. In particular, An is open in X (for each n ≥ 0).

Proof By the meaning of our notation (and a previous auxiliary fact)

∀i ≤ n, ∃j ≤ k: i < j and (x(i), x(j)) ∈ R.

On the other hand, by the imposed condition,

x(h) = y(h), whenever 0 ≤ h ≤ k.

Combining these yields (see above)

H(y)(i) = H(x)(i), ∀i ≤ n; wherefrom H [y](n) = H [x](n)(<∞);
so that y ∈ An.

Finally, as another basic property of (An; n ≥ 0), we have

Lemma 6 The subset An is dense in X, for each n ≥ 0.

Proof Let us consider the logical property

(Dense(n)) An is dense in X (modulo d∞).

We show, by induction, that

(Dense(n)) is true, for all n ≥ 0.
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(I) First, we are verifying the starting property:

A0 is dense in X (modulo d∞).

Let the sequence z ∈ X and the number ε > 0 be arbitrary fixed. Further, let
the rank m ≥ 0 be such that 2−m < ε. By hypothesis, there exists b ∈ M such
that (z(0), b) ∈ R. Define the sequence w ∈ X according to

w(n) = z(n), n ≤ m; w(n) = b, n > m.

As a consequence of these facts,

(i) H(w)(0) = H [w](0) ≤ m+ 1; hence, w ∈ A0
(ii) d∞(z, w) ≤∑i>m 2−i = 2−m < ε;

and our assertion follows.
(II) Further, we pass to the inductive step:

(Aj is dense in X for 0 ≤ j ≤ m) implies Am+1 is dense in X.

Let the sequence z ∈ X be given, as well as the number ε > 0 with ε < 2−m.
As Am is dense in X,

d∞(z, u) < ε/2, for some u ∈ Am.

On the other hand, as u ∈ Am,

p := H [u](m) <∞; whence, m < p and (H(u)(j) ≤ p, ∀j ≤ m).

Fix some index q according to

q ≥ p + 1, 2−q < ε/2;

and choose (by the properness of R) some c ∈ M with (u(m + 1), c) ∈ R.
Finally, define the sequence w ∈ X, according to

w(n) = u(n), n ≤ q; w(n) = c, n > q.

By this very convention (and p = H [u](m) < q),

H(w)(j) = H(u)(j) ≤ p < q + 1, ∀j ≤ m; H(w)(m+ 1) ≤ q + 1;
wherefrom H [w](m+ 1) ≤ q + 1(<∞);

which tells us that w ∈ Am+1. Moreover (combining with the choice of q)

d∞(u,w) ≤
∑

j>q

2−j = 2−q < ε/2;

wherefrom

d∞(z, w) ≤ d∞(z, u)+ d∞(u,w) < ε.

Putting these together, our assertion is proved.
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Having these precise, let us continue our argument, by passing to

Part 3 Since all sets in the sequence (An; n ≥ 0) are (nonempty) open dense, it
results—via Baire Category Theorem (BC)—that A∞ := ∩{An; n ≥ 0} is a dense
Gδ type subset of X. Fix some sequence y = (y(0), y(1), . . .) in A∞; note that, by
this very choice,

H(y)(i) <∞, for each i ≥ 0; whence: H [y](n) <∞, for each n ≥ 0.

Define a strictly ascending rank sequence (k(n); n ≥ 0), according to the iterative
type construction

k(0) = 0, k(n+ 1) = H(y)(k(n)), n ≥ 0.

The subsequence (z(n) := y(k(n)); n ≥ 0) of (y(n); n ≥ 0) is an element of X,
with

z(n)Rz(n+ 1), ∀n;

so that, (z(n); n ≥ 0) is (a,R)-iterative. This ends our argument.

Note, finally, that in a separable complete metric space, the Baire Category
theorem does not require any choice techniques; cf. Oxtoby [26, Supplem. Notes
Ch 9]. Further aspects may be found in Schechter [27, Ch 20, Sect 20.16].

3 (BC) Implies (LR-ndiscr-m)

Let Z be a nonempty set. Remember that, by a topology over Z we mean any
(nonempty) family of subsets T ⊆ 2Z , fulfilling

(top-1) A =arbitrary part of T -⇒ ∪A ∈ T
(top-2) A =finite part of T -⇒ ∩A ∈ T ;

in this case, (Z,T ) will be referred to as a topological space. Given any z ∈ Z, any
subset U ∈ T with U ( z will be referred to as a open neighborhood of z; the class
of all these will be denoted as V 0(z). Also, by a neighborhood of z we mean any
subset V of Z with

V ⊇ W , for some W ∈ V 0(z);

the family of all such subsets will be denoted as V (z). In this case, call the
topological space (Z,T ), Hausdorff separated if

(a, b ∈ Z, a �= b) -⇒ (∃A ∈ V (a), ∃B ∈ V (b)): A ∩ B = ∅.
Note that such a condition is fulfilled whenever the ambient topology T is generated
by a metric Δ(., .) over Z.

Let Y ∈ 2Z be arbitrary fixed. We say that y ∈ X is interior to Y , when

V ⊆ Y , for some V ∈ V (y);
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the set of all such points will be denoted as int(Y ) (the interior of Y ). Also, let us
say that z ∈ X is adherent to Y , when

V ∩ Y �= ∅, for each V ∈ V (z);

the set of all such points will be denoted cl(Y ) (the closure of Y ). Call Y , open (resp.,
closed) provided Y = int(Y ) (resp., Y = cl(Y )); note that the basic duality formula
from the metric setting continues to hold here. Finally, call Y ∈ 2Z , nowhere dense
when int(cl(Y )) = ∅; and dense, provided cl(Y ) = X. As before, the derived duality
formula holds too in this extended setting; we do not give details.

Having these precise, we may now pass to the formulation of our problem. Let
(Z,T ) be a Hausdorff separated topological space. Denote for simplicity

T 0 = T \ {∅} = T ∩ (2)Z;

this is nothing else than the class of all nonempty open subsets of Z. Further, let
(X, d) be a metric space (in the usual sense). Remember that, for each Y ∈ (2)X,
we denoted

diam(Y ) = sup{d(u, v); u, v ∈ Y } (the diameter of Y ).

Let T : R0+ × Z → (2)X be a (nonempty valued) map; it may be also viewed as a
family (T (β);β > 0) of (nonempty valued) maps in F (Z, (2)X), according to

T (β)(z) = T (β, z), β > 0, z ∈ Z.

Call this family, ascending provided

β1 ≤ β2 -⇒ T (β1)(z) ⊆ T (β2)(z), ∀z ∈ Z;
or, equivalently:
β1 ≤ β2 -⇒ T (β1)(U) ⊆ T (β2)(U), ∀U ∈ (2)Z .

Given such a family (T (β);β > 0) over F (Z, (2)X), define the extremal mapping
T (0+) : Z→ 2X, as

T (0+)(z) = ∩{T (β)(z);β > 0}, z ∈ Z.

Denote, for simplicity

Dom(T (0+)) = {z ∈ Z; T (0+)(z) �= ∅} (the domain of T (0+)).
Note that the alternative

T (0+) is not proper: Dom(T (0+)) = ∅
cannot be avoided; but, even if

T (0+) is proper: Dom(T (0+)) �= ∅
we must emphasize that, given z ∈ Dom(T (0+)), the extremal representation of
T (0+)(z) relative to (T (β)(z);β > 0) cannot be viewed as a limit one (from a
topological perspective). So, we may ask under which (extra) regularity conditions
about our family (T (β)(.);β > 0) is this possible. As we shall see, the following
general conditions are needed:
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(c01) (Z,T ) is a Baire space; i.e.: (T is Hausdorff separated and) the
intersection of a countable family of open dense subsets in Z is dense
(c02) (X, d) is a complete metric space
(c03) (T (β);β > 0) is ascending (see above) and nonempty closed valued; i.e.:
T (β)(z) ∈ (2c)X, for all β > 0, z ∈ Z.

Here, we denoted for simplicity

(2c)X=the class of all nonempty closed parts in X.

Concerning the specific conditions to be added, some preliminaries are in order.
Define, for each ε > 0

A (ε) = {(U, β) ∈ T 0 × R0+; diam(T (β)(U)) < ε};
note that ε "→ A (ε) is a multivalued map from R0+ to T 0 × R0+, with (possibly
empty values and) the hereditary property

(for each (U, β), (U∗, β∗) ∈ T 0 × R0+):
(U, β) ∈ A (ε) -⇒ (U∗, β∗) ∈ A (ε), whenever U ⊇ U∗, β ≥ β∗.

Let also ε "→ Π1(A (ε)) and ε "→ Π2(A (ε)) stand for the projection maps

Π1(A (ε)) = {U ∈ T 0; (U, β) ∈ A (ε), for some β ∈ R0+}, ε > 0
Π2(A (ε)) = {β ∈ R0+; (U, β) ∈ A (ε), for some U ∈ T 0}, ε > 0.

Now, the announced specific condition upon our family may be written as

(c04) (T (β);β > 0) is d-fragmentable:
∀U ∈ T 0, ∀ε > 0, ∃V ∈ Π1(A (ε)): U ⊇ V .

Finally, let us introduce the generalized Hausdorff-Pompeiu pseudo-distance over
(2)X as: for each A,B ∈ (2)X,

Γ (A,B) = sup{d(x, B); x ∈ A},
where d(x, B) = inf{d(x, b); b ∈ B}, for all such x and B.

Note that its symmetric counterpart

Θ(A,B) = max{Γ (A,B), Γ (B,A)}, A,B ∈ (2)X
is a generalized distance (in the Luxemburg-Jung sense [23], [18]) over (2c)X; see
Kuratowski [20, Ch 2, Sect 15] for details.

The following result (referred to as: Nondiscrete Lassonde-Revalski Principle; in
short: (LR-ndiscr)) is a basic tool for our developments.

Theorem 2 Let (T (β) : Z → (2c)X;β > 0) be an ascending family of nonempty
closed valued maps from Z to X, where (V ,T ) is a (Hausdorff separated) Baire
space and (X, d) is a complete metric space. In addition, suppose that (T (β);β >
0) is d-fragmentable. Then, there exists a dense Gδ type subset W ∈ (2)Z , with

(31-a) Dom(T (0+)) is W -including (Dom(T (0+)) ⊇ W )

such that, for each z ∈ W [hence, z ∈ Dom(T (0+))],
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(31-b) T (0+)(z) is a (nonempty) singleton
(31-c) for each ε > 0, there exists (U, β) ∈ A (ε), such that
U ∈ V 0(z) and T (0+)(z) ∈ T (β)(z) ⊆ T (β)(U) ⊆ X(T (0+)(z), ε)
(31-d) Θ(T (β)(z), T (0+)(z))→ 0 as β → 0+.

Technically speaking, this result is to be obtained by means of certain choice
procedures. The most general one is (AC) (= Axiom of Choice). But, as we shall see,
(AC(N)) (= Denumerable Axiom of Choice) will suffice for the proposed argument
to work. This will follow from

Proposition 8 We have

(31-1) ((DC) -⇒) (AC(N)) -⇒ (LR-ndiscr), in (ZF-AC);

or, in other words,

(31-2) (LR-ndiscr) is deductible in (ZF-AC+DC).

Proof Let (εn; n ≥ 0) be a strictly descending sequence in R0+ with limn εn = 0.
(The natural choice is (εn = 2−n; n ≥ 0); but, this is not the only possible one).

Step 1 Denote, for simplicity

Wk = ∪Π1(A (εk)), k ≥ 0.

Clearly, Wk is (nonempty) open in Z (for each k ≥ 0), as a union of (nonempty)
open parts of Z. Moreover,

Wk is dense in Z, for each k ≥ 0.

In fact, let z ∈ Z be arbitrary fixed; and U ∈ V 0(z) be an open neighborhood
of it. As (T (β);β > 0) is d-fragmentable, there exists V ∈ Π1(A (εk)) (hence,
V ⊆ Wk), with U ⊇ V . Consequently, ∅ �= V ⊆ Wk ∩ U ; wherefrom, z ∈ cl(Wk).

Step 2 Further, denote W = ∩{Wk; k ≥ 0}; this (by the Baire space condition) is a
dense Gδ type subset of Z. We claim that conclusions of (LR-ndiscr) are necessarily
holding under such a choice.

In fact, let z ∈ W be arbitrary fixed. By definition,

z ∈ Wk = ∪Π1(A (εk)), for each k ≥ 0;

so that, the multivalued map

Fz(k) = {(U, β) ∈ A (εk); U ( z}, k ≥ 0

is nonempty valued. By the Denumerable Axiom of Choice (AC(N)), there exists a
sequence ((U(k), β(k)); k ≥ 0) in T 0 × R0+, such that

(U(k), β(k)) ∈ Fz(k), ∀k ≥ 0;

that is

U(k) ∈ V 0(z), diam[T (β(k))(U(k))] < εk, k ≥ 0.
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Define a new sequence (γ (k); k ≥ 0) in R0+ as

γ (k) = 2−k min{β(0), . . . , β(k)}, k ≥ 0.

Clearly, (γ (k); k ≥ 0) is strictly descending in R0+ with

(γ (k) ≤ β(k), ∀k ≥ 0) and limk(γ (k)) = 0;

moreover, by the ascending property of the family (T (β);β > 0), we must have

U(k) ∈ V 0(z), diam[T (γ (k))(U(k))] < εk, k ≥ 0.

In particular, this tells us that

diam[T (γ (k))(z)] ≤ diam[T (γ (k))(U(k))] < εk, k ≥ 0;

which, by the Cantor Intersection Theorem, assures us that

T (0+)(z) = ∩{T (γ (k))(z); k ≥ 0}
is a nonempty singleton; hence, the first conclusion in the statement follows. On the
other hand, let ε > 0 be arbitrary fixed; and k ≥ 0 be such that

εk < ε; hence, εh < ε, for all h ≥ k.

In view of

T (0+)(z) ∈ T (γ (k))(U(k)), diam[T (γ (k))(U(k))] < εk < ε,

we therefore get

T (γ (k))(U(k)) ⊆ X(T (0+)(z), εk) ⊆ X(T (0+)(z), ε);

and this, along with

T (0+)(z) ∈ T (γ (k))(z) ⊆ T (γ (k))(U(k)),

shows that our second conclusion in the statement is holding with [U := U(k),
β := γ (k)]. Finally, the last conclusion is clear, by the very definition of Hausdorff-
Pompeiu (generalized) distance.

Technically speaking, the Baire space condition is comprehensive enough so as to
include some nice particular cases of (Hausdorff separated) topological spaces; see,
for instance, Willard [34, Ch 7, Sect 25]. However (cf. our previous developments),
the most natural circumstance when (Z,T ) is a Baire space is that of our ambient
topology T being induced by a complete metric Δ(., .) over Z. This yields
the following practical statement, (referred to as: Nondiscrete Lassonde-Revalski
Metrical Principle; in short: (LR-ndiscr-m)).
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Theorem 3 Let (T (β) : Z → (2c)X;β > 0) be an ascending family of nonempty
closed valued maps from Z to X, where (Z,Δ) and (X, d) are complete metric
spaces. In addition, suppose that (T (β);β > 0) is d-fragmentable. Then, there
exists a dense Gδ type subset W ∈ (2)Z , with

(32-a) Dom(T (0+)) is W -including (Dom(T (0+)) ⊇ W )

such that, for each z ∈ W [hence, z ∈ Dom(T (0+))],
(32-b) T (0+)(z) is a (nonempty) singleton
(32-c) for each ε > 0, there exists (U, β) ∈ A (ε), such that
U ∈ V 0(z) and T (0+)(z) ∈ T (β)(z) ⊆ T (β)(U) ⊆ X(T (0+)(z), ε)
(32-d) Θ(T (β)(z), T (0+)(z))→ 0 as β → 0+.

Formally, this result may be viewed as a particular case of the preceding one.
However, the Baire property of the complete metric space (V ,Δ) is no longer
assured under (AC(N)); but (see above) it is retainable under the Baire Category
theorem (BC). Summing up, the following inclusion type result is valid.

Proposition 9 We have

(32-1) ((DC)⇐⇒) (BC) -⇒ (LR-ndiscr-m), in (ZF-AC);

or, in other words,

(32-2) (LR-ndiscr-m) is deductible in (ZF-AC+DC).

Proof Let (εn; n ≥ 0) be a strictly descending sequence in R0+ with limn εn = 0.

Part 1 Denote, for simplicity

Wk = ∪Π1(A (εk)), k ≥ 0.

Clearly, Wk is (nonempty) open (for each k ≥ 0), as a union of (nonempty) open
parts of Z. Moreover (see above), Wk is dense in Z, for each k ≥ 0.

Part 2 Further, denote W = ∩{Wk; k ≥ 0}; this—by the Baire Category theorem
(BC) applied to the complete metric space (Z,Δ)—is a dense Gδ type subset of Z.

Finally, by our previous developments, conclusions of (LR-ndiscr-m) are neces-
sarily holding under such a choice.

4 (LR-ndiscr-m) Implies (LR-VP-m)

Let (M, d) be a complete metric space; and the function ψ ∈ F (M,R ∪ {∞}) be
(M, d)-regular; i.e.,

(reg-1) ψ is proper (Dom(ψ) := {x ∈ M;ψ(x) <∞} �= ∅)
(reg-2) ψ is bounded below (inf[ψ(M)] > −∞)

(reg-3) ψ is d-lsc (lim infn ψ(xn) ≥ ψ(x), whenever xn
d−→ x).
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Denote, for each β ≥ 0

ulev(ψ;M;β) = {x ∈ M;ψ(x) ≤ infψ(M)+ β};
this will be referred to as the β-upper level set of ψ with respect to M; note that,
ulev(ψ;M; 0) is nothing else than the set of global minimum points of ψ over M .
Let us say that ψ is (M, d)-admissible, when the optimization problem attached to
these data

(M,d;ψ): inf{ψ(x); x ∈ M}
is well posed, in the sense

(wp-1) ulev(ψ;M; 0) is a (nonempty) singleton, {x∞}
(wp-2) limβ→0+Θ(ulev(ψ;M;β), x∞) = 0; hence, any minimizing sequence

(xn) in M (in the sense: ψ(xn)→ infψ(M) = ψ(x∞)) fulfills xn
d−→ x∞.

In what follows, the Nondiscrete Lassonde-Revalski Metrical Principle (LR-
ndiscr-m) is used to get a generic type description of (M, d)-admissible functions
in F (M,R ∪ {∞}). To this end, some preliminaries are needed.

(A) Let (X, d) be a complete metric space. Denote

C (X)=the (real) vector space of all continuous f ∈ F (X,R).

With the supremum generalized norm

||f ||∞ = sup{|f (x)|; x ∈ X}, f ∈ C (X),

C (X) becomes a generalized Banach space; equivalently, this means: (C (X),D∞)
is a complete generalized metric space; where

D∞(f, g) = ||f − g||∞, f, g ∈ C (X) (the supremum generalized metric).

Further, take a linear subspace A of C (X). Let ||.||A be a (standard) norm over A ;
and DA stand for its associated (standard) metric

DA (f, g) = ||f − g||A , f, g ∈ A .

The following regularity conditions are accepted

(d01) (completeness):
(A , ||.||A ) is a Banach space; or, equivalently: (A ,DA ) is complete
(d02) (subordination):
there exists μ > 0, with (μ||g||A ≥ ||g||∞, ∀g ∈ A ).

A basic consequence of the second one is the following. Denote

Cb(X)=the linear subspace of all bounded f ∈ C (X).

Note that

(Cb(X), ||.||∞) is a (standard) Banach space;
hence, (Cb(X),D∞) is a (standard) complete metric space.
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By the quoted condition, it results that

A is a subset of Cb(X); i.e.; each g ∈ A is bounded over X.

Now, let in the following ϕ : X→ R ∪ {∞} be (X, d)-regular; i.e. (see above)

(reg-1) ϕ is proper (Dom(ϕ) := {x ∈ X;ϕ(x) <∞} �= ∅)
(reg-2) ϕ is bounded below (infϕ(X) > −∞)

(reg-3) ϕ is d-lsc: (lim infn ϕ(xn) ≥ ϕ(x), whenever xn
d−→ x).

The following hereditary type result is useful in the sequel.

Proposition 10 Under these conventions,

ϕ + g is (X, d)-regular (see above), for each g ∈ A .

Proof

(j) As g ∈ A is bounded (on X),

Dom(ϕ + g) = Dom(ϕ) �= ∅,
inf(ϕ + g)(X) ≥ infϕ(X)− ||g||∞ > −∞;

hence, (reg-1) and (reg-2) are holding for ϕ + g.
(jj) As g is d-continuous on X, the sum function ϕ + g is d-lsc (on X); so that, it

fulfills (reg-3) as well.

Remember that, for each (X, d)-regular function ψ : X → R ∪ {∞} and each
β ≥ 0, we introduced the convention

ulev(ψ;X;β) = {x ∈ X;ψ(x) ≤ infψ(X)+ β};
this will be referred to as the β-upper level set of ψ with respect to X; moreover,
ulev(ψ;X; 0) is nothing else than the set of global minimum points of ψ over X.
Returning to our initial setting, the following auxiliary fact involving the upper level
sets attached to the family (ϕ + g; g ∈ A ) will be in effect for us.

Proposition 11 Let k, h ∈ A and δ > 0 be such that ||k − h||A ≤ δ. Then, for
each λ ≥ 0, we have

ulev(ϕ + k;X; λ) ⊆ ulev(ϕ + h;X; λ+ 2δμ).

Proof By the subordination property, we have for the moment

||k − h||∞ ≤ μ||k − h||A ≤ δμ;

wherefrom, by definition

|k(x)− h(x)| ≤ δμ, ∀x ∈ X.

This yields the evaluations, for each x ∈ X

ϕ(x)+ k(x) ≤ ϕ(x)+ h(x)+ δμ
ϕ(x)+ h(x) ≤ ϕ(x)+ k(x)+ δμ;
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wherefrom, passing to infimum

inf(ϕ + k)(X) ≤ inf(ϕ + h)(X)+ δμ
inf(ϕ + h)(X) ≤ inf(ϕ + k)(X)+ δμ.

Combining these facts yields, for each x ∈ ulev(ϕ + k;X; λ)

(ϕ + h)(x) ≤ (ϕ + k)(x)+ δμ ≤ inf(ϕ + k)(X)+ λ+ δμ
inf(ϕ + k)(X) ≤ inf(ϕ + h)(X)+ δμ;

wherefrom

(ϕ + h)(x) ≤ inf(ϕ + h)(X)+ λ+ 2δμ.

This proves that x ∈ ulev(ϕ + h;X; λ+ 2δμ); and concludes the argument.

We may now pass to the effective part of our developments. Let ϕ : X→ R∪{∞}
be (X, d)-regular. Define a mapping T : R0+ ×A → (2)X as

T (β, g) = ulev(ϕ + g;X;β), β ∈ R0+, g ∈ A .

As precise, this may be viewed as a family of maps (T (β) : A → (2)X;β > 0),
according to

T (β)(g) = T (β, g), β ∈ R0+, g ∈ A .

From the developments above, ϕ + g is d-lsc over X; so that, T (β) is nonempty
closed valued, for each β > 0. On the other hand, the (partial) map β "→ T (β) is
increasing, in the sense

T (β1)(g) ⊆ T (β2)(g), whenever 0 < β1 ≤ β2, g ∈ A .

Finally, the limiting map T (0+) : A → 2X attached to this family (see above) has
the representation

T (0+)(g) = ∩{T (β)(g);β > 0} = ulev(ϕ + g;X; 0), g ∈ A .

Clearly, Dom(T (0+)) is just the set of all g ∈ A where the optimization problem

(X; d;ϕ + g): inf{(ϕ + g)(x); x ∈ X}
has global minimum solutions. Note that the alternative

T (0+) is not proper: Dom(T (0+)) = ∅
cannot be avoided; but, even if

T (0+) is proper: Dom(T (0+)) �= ∅
we must emphasize that, given g ∈ Dom(T (0+)), the extremal representation
of T (0+)(g) relative to (T (β)(g);β > 0) cannot be viewed as a limit one
(from a topological perspective). So, we may ask under which (extra) regularity
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conditions about our family (T (β)(.);β > 0) is this possible. The needed conditions
are just the ones encountered in our previous developments. Precisely: whenever
(T (β);β > 0) is d-fragmentable, the Nondiscrete Lassonde-Revalski Metrical
Principle (LR-ndiscr-m) is applicable to these data; and the desired conclusion
follows.

(B) Passing to sufficient conditions under which the underlying property holds, we
start with

(d03) X is d-unbounded: diam(X) = ∞.

For example, this holds when X is a linear space and its ambient metric d(., .) is
generated by a norm; we do not give details.

Under this framework, put for x ∈ X, ε > 0

Xc(x, ε) = X \X(x, ε), Xc[x, ε] = X \X[x, ε];
these are just the complements of the open/closed sphere centered at x with radius
ε. Note that, by the unboundedness condition,

Xc(x, ε) �= ∅ and Xc[x, ε] �= ∅, for each ε > 0;

since the verification is immediate, we omit it.

Proposition 12 Let the general completeness, subordination and unboundedness
conditions above be accepted; and the extra requirements below be considered

(extra-1) for each (X, d)-regular function ψ : X→ R ∪ {∞}
and each ε > 0, there exist h ∈ A and α > 0 such that
||h||A ≤ ε and diam[ulev(ψ + h;X;α)] < ε

(extra-2) for each ε > 0, there exists δ > 0, such that:
for each y ∈ X, there exists g ∈ A , with the properties
||g||A = 1 and g(y)+ δ ≤ inf g(Xc(y, ε)).

Then, the following are valid:

(43-1) (extra-2) implies (extra-1)
(43-2) if (extra-1) holds, then (T (β);β > 0) is d-fragmentable.

The initial argument may be found in Lassonde and Revalski [21]. For complete-
ness reasons, we provide its proof [which differs in part from the original one].

Proof (Proposition 12) There are two steps to be passed.

(i) Suppose that (extra-2) holds; and fix some (X, d)-regular function ψ : X →
R ∪ {∞}, as well as some ε > 0. Put η := ε/3; and let δ > 0 be the number
associated to it by (extra-2). Denote α := ηδ/2; and pick y ∈ X so that

ψ(y) < infψ(X)+ α.

Further, let g ∈ A be the function attached to (η, δ, y) via (extra-2); and put
h = ηg. We claim that the couple (h, α) is the desired one for (extra-1). In
fact, let x ∈ ulev(ψ + h;X;α) be arbitrary fixed. By definition (and the above
relations)
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infψ(X)+ h(x) ≤ (ψ + h)(x) ≤ inf(ψ + h)(X)+ α ≤
(ψ + h)(y)+ α < infψ(X)+ h(y)+ 2α.

This, along with −∞ < infψ(X) <∞, gives

h(x) < h(y)+ 2α ≤ h(y)+ ηδ; hence, g(x) < g(y)+ δ;
so that, by the choice of g [in (extra-2)]

g(x) < inf g(Xc(y, η)); wherefrom x ∈ X(y, η).

This (by the arbitrariness of x in ulev(ψ + h;X;α)), tells us that

ulev(ψ + h;X;α) ⊆ X(y, η); whence diam[ulev(ψ + h;X;α)] ≤ 2η < ε.

Finally, h = ηg is an element of A , with ||h||A = η < ε. Putting these
together, it follows that (extra-1) holds.

(ii) Suppose that (extra-1) holds; and let the nonempty subset U of A as well as
the number ε > 0 be arbitrary fixed. Fix some f ∈ U , γ > 0 according to

U0 := A (f, γ ) ⊆ U ; where A (f, γ ) = {h ∈ A ; ||f − h||A < γ };
without loss, one may work with U0 in place of U . Further, put η :=
(1/2)min{ε, γ }. By (extra-1) there exists, for the (X, d)-regular function ψ+f
and the number η > 0, some element g ∈ A and some number α > 0 with the
properties

||g||A ≤ η and diam[ulev(ψ + f + g;X;α)] < η.

Let the number δ > 0 be taken as:

δ < min{γ /2, α/4μ} (where μ > 0 is given by (d02));

and put V0 = A (f + g, δ). By the triangular property, one gets (via η ≤ γ /2)

V0 ⊆ A (f, δ + η) ⊆ A (f, γ ) = U0.

Moreover, in view of

α/2+ 2δμ < α/2+ α/2 = α,

one derives (by an auxiliary fact above)

ulev(ϕ + k;X;α/2) ⊆ ulev(ϕ + f + g;X;α), ∀k ∈ V0;

so that (by the imposed notations)

T (α/2)(V0) ⊆ ulev(ϕ + f + g;X;α).
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Taking a preceding relation into account, yields (by the monotone property)

(V0 ⊆ U0 and) diam[T (β)(V0)] < η < ε, whenever 0 < β ≤ α/2;

so that, (T (β);β > 0) is d-fragmentable. The proof is thereby complete.

As a consequence of this, the following generic statement (referred to as:
Metrical Lassonde-Revalski Variational Principle; in short: (LR-VP-m)) is available.
Let (X, d) be a complete metric space fulfilling (d03). Further, let (A , ||.||A ) be a
subspace of the generalized normed space (C (X), ||.||∞), with the properties (d01)
and (d02). Finally, let the function ϕ : X→ R ∪ {∞} be (X, d)-regular.

Theorem 4 Suppose (in addition) that one of the extra conditions (extra-1) or
(extra-2) is holding. Then, there exists a dense Gδ type subset B of A such that
for each g ∈ B, the perturbed function ϕ + g is (X, d)-admissible; i.e.

(41-a) ulev(ϕ + g;X; 0) is a (nonempty) singleton, {x∞(g)}
(41-b) limβ→0+Θ(ulev(ϕ+ g;X;β), x∞(g)) = 0; so, any (ϕ+ g)-minimizing
sequence (xn) in X [i.e.: (ϕ + g)(xn)→ inf(ϕ + g)(X) = (ϕ + g)(x∞(g))]
fulfills xn

d−→ x∞(g).

Proof Denote, for simplicity,

T (β, g) = ulev(ϕ + g;X;β), β > 0, g ∈ A .

This yields a family of nonempty closed valued maps (T (β) : A → (2c)X;β > 0),
according to

T (β)(g) = T (β, g), β > 0, g ∈ A .

In addition, by this very definition, (T (β);β > 0) is increasing:

T (β1)(g) ⊆ T (β2)(g), whenever 0 < β1 ≤ β2, g ∈ A .

Denote the limiting map attached to this family as

T (0+)(g) = ∩{T (β)(g);β > 0} = ulev(ϕ;X; 0).
From the auxiliary statement above, (T (β);β > 0) is d-fragmentable. So, by
the Nondiscrete Lassonde-Revalski Metrical Principle (LR-ndiscr-m), there exists
a dense Gδ type subset B of A , with

(41-c) Dom(T (0+)) is B-including (Dom(T (0+)) ⊇ B)

such that, for each g ∈ B [hence, g ∈ Dom(T (0+))], the following conclusions
hold:

(41-d) T (0+)(g) is a singleton {x∞(g)}
(41-e) limβ→0+Θ(T (β)(g), x∞(g)) = 0.

But, these are just the conclusions in the statement.
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Finally, note that conclusion of (LR-VP-m) is no longer retainable if the
(complete) subspace A of C (X) is to be substituted by a (closed) convex cone
A+ of the same (endowed with usual mild properties). This, ultimately, shows that
a quasi-order version of (LR-VP-m) under the lines in Turinici [29] is not available
here; further aspects will be provided elsewhere.

5 (LR-VP-m) Implies (DGZ)

In the following, we show that the above established Metrical Lassonde-Revalski
Variational Principle (LR-VP-m) may be used to get (a certain bump version of) the
Generic Smooth Variational Principle in Deville et al. [13].

(A) Let (X, ||.||) be a Banach space; hence, if d stands for the associated metric

d(x, y) = ||x − y||, x, y ∈ X,

we have that

(X, d) is complete and X is d-unbounded.

Denote

C (X)=the (real) vector space of all continuous f ∈ F (X,R).

Remember that, with the supremum generalized norm

||f ||∞ = sup{|f (x)|; x ∈ X}, f ∈ C (X),

C (X) becomes a generalized Banach space; equivalently, this means: (C (X),D∞)
is a complete generalized metric space; where

D∞(f, g) = ||f − g||∞, f, g ∈ C (X) (the supremum generalized metric).

Further, take a linear subspace A of C (X). Let ||.||A be a certain norm over A ;
and DA stand for its associated metric

DA (f, g) = ||f − g||A , f, g ∈ A .

The basic regularity conditions to be accepted are our old ones:

(e01) (completeness):
(A , ||.||A ) is a Banach space; or, equivalently: (A ,DA ) is complete
(e02) (subordination):
there exists μ > 0, with (μ||g||A ≥ ||g||∞, ∀g ∈ A ).

As precise, a basic consequence of the second one is the following. Denote

Cb(X)=the linear subspace of all bounded f ∈ C (X).

Note that

(Cb(X), ||.||∞) is a (standard) Banach space;
hence, (Cb(X),D∞) is a (standard) complete metric space.
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By the quoted condition, it results that

A is a subset of Cb(X); i.e.: each g ∈ A is bounded over X.

To state the remaining (specific) conditions, we need a convention. For each λ ∈
R0+, u ∈ X, define the affine transformations of C (X)

J (λ, u)g(x) = g(λx + u), x ∈ X, g ∈ C (X).

Let us now accept the compatible type requirements:

(e03) (functional invariance)
∀λ ∈ R0, ∀u ∈ X: J (λ, u)(A ) ⊆ A ,
(e04) (norm conservation)
∀u ∈ X, ∀g ∈ A : ||J (1, u)g||A = ||g||A .

For the last condition to be stated, some preliminaries are needed. Define, for
each function b ∈ C (X)

K(b) = b−1(R \ {0}), supp(b) = cl(K(b));

these will be referred to as the semi-support and support of b, respectively.
The following simple properties of these concepts will be useful for us.

Proposition 13 Let b ∈ C (X) be a function; and, given λ > 0, u ∈ X, put

c := J (λ, u)b (i.e.: c(x) = b(λx + u), x ∈ X).

Then,

(51-1) K(c) = (1/λ)(K(b)− u)
(51-2) supp(c) = (1/λ)(supp(b)− u).

Proof

(i) Let x ∈ K(c) be arbitrary fixed. By definition, this means

c(x) = b(λx + u) �= 0; i.e., λx + u ∈ K(b);

and, from this x ∈ (1/λ)(K(b) − u). Conversely, let y ∈ (1/λ)(K(b) − u) be
arbitrary fixed. This gives

λy + u ∈ K(b); i.e., c(y) = b(λy + u) �= 0;

which tells us that y ∈ K(c).
(ii) Evident, by the properties of closure operator attached to (X, ||.||).
(B) Call b ∈ Cb(X), a bump function if

K(b) is nonempty bounded;
or, equivalently:
supp(b) = cl(K(b)) is nonempty bounded.

Now, the last condition to be added reads:
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(e05) (bump-function):
there exists a bump function b ∈ A .

When the requirements (e01)–(e04) and (e05) hold, we say that (A , ||.||A ) is an
admissible subspace of Cb(X).

Finally, let us remember that the function ψ : X → R ∪ {∞} is called (X, d)-
regular, when

(reg-1) ψ is proper (Dom(ψ) := {x ∈ X;ψ(x) <∞} �= ∅)
(reg-2) ψ is bounded below (infψ(X) > −∞)

(reg-3) ψ is d-lsc: (lim infn ψ(xn) ≥ ψ(x), whenever xn
d−→ x).

Denote, for each β ≥ 0

ulev(ψ;X;β) = {x ∈ X;ψ(x) ≤ infψ(X)+ β};
this will be referred to as the β-upper level set of ψ with respect to X; note that,
ulev(ψ;X; 0) is nothing else than the set of global minimum points of ψ over X.
We say that ψ is (X, d)-admissible, when the attached optimization problem

(X, d;ψ): inf{ψ(x); x ∈ X}
is well posed, in the sense

(wp-1) ulev(ψ;X; 0) is a (nonempty) singleton, {x∞}
(wp-2) limβ→0+Θ(ulev(ψ;X;β), x∞) = 0; hence (in particular) any minimiz-
ing sequence (xn) in X (in the sense: ψ(xn) → infψ(X) = ψ(x∞)) fulfills

xn
d−→ x∞.

Under these facts, the following generic type statement (referred to as: the Bump
Deville-Godefroy-Zizler Variational Principle (in short: (DGZ-b)) is available. Let
(X, ||.||) be a Banach space; and (A , ||.||A ) be be an admissible subspace of Cb(X).

Theorem 5 Let the function ϕ : X→ R∪{∞} be (X, d)-regular. Then, there exists
a dense Gδ type subset B of A , such that: for each g ∈ B, the perturbed function
ϕ + g is (X, d)-admissible; i.e.

(51-a) ulev(ϕ + g;X; 0) is a (nonempty) singleton, {x∞(g)}
(51-b) limβ→0+Θ(ulev(ϕ+g;X;β), x∞(g)) = 0; so, any minimizing sequence
(xn) in X [i.e.: (ϕ + g)(xn)→ inf(ϕ + g)(X) = (ϕ + g)(x∞(g))]
fulfills xn

d−→ x∞(g).

Proof We show that the Metrical Lassonde-Revalski Variational Principle (LR-VP-
m) is applicable here; precisely, that one of the extra conditions below holds:

(extra-1) for each (X, d)-regular function ψ : X→ R ∪ {∞}
and each ε > 0, there exist h ∈ A and α > 0 such that
||h||A ≤ ε and diam[ulev(ψ + h;X;α)] < ε

(extra-2) for each ε > 0, there exists δ > 0, such that: for each y ∈ X, there
exists g ∈ A , with ||g||A = 1 and g(y)+ δ ≤ inf g(Xc(y, ε)).
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In fact, the latter of these is more appropriate here. For, let b ∈ A be the bump
function assured by (e05); hence,

K(b) := b−1(R \ {0}) is nonempty bounded;
or, equivalently:
supp(b) := cl(K(b)) is nonempty bounded.

This, by definition, gives (passing to b1 := −b ∈ A if needed)

K(b) ⊆ X[0, λ], for some λ > 0
b(u) > 0, for at least one u ∈ K(b).

Passing to the bump function (in A ) b2 = J (1, u)b, it results that (cf. a previous
auxiliary fact)

K(b2) = K(b)− u ⊆ X[0, 2λ] and b2(0) = b(u) > 0.

Further, passing to the bump function (in A ) b3 = J (4λ, 0)b2, we get

K(b3) = (1/4λ)K(b2) ⊆ X[0, 1/2], and b3(0) = b2(0) > 0.

Finally, taking the bump function (in A )

b4 = (1/ν)b3, where ν := b3(0),

we have the evaluations

K(b4) = K(b3) ⊆ X[0, 1/2] and b4(0) = (1/ν)b3(0) = 1.

Put c = b4; we show that it is essential for solving our question. In fact, let ε > 0
be arbitrary fixed. The bump function (in A ) c1 := J (1/ε, 0)c fulfills

K(c1) = εK(c) ⊆ X[0, ε/2], and c1(0) = c(0) = 1.

Let y ∈ X be arbitrary fixed. The bump function (in A ) c2 = J (1,−y)c1 has the
properties (cf. the choice of A )

K(c2) = K(c1)+ y ⊆ X[y, ε/2], ||c2||A = ||c1||A , c2(y) = c1(0) = 1.

Finally, the bump function (in A )

c3 = −βc2, where β = 1/||c2||A
has the properties

K(c3) = K(c2) ⊆ X[y, ε/2], ||c3||A = 1, c3(y)+ β = 0;
whence, supp(c3) ⊆ X[y, ε/2] ⊆ X(y, ε).

This tells us that the desired condition holds with g = c3, δ = β. And then, by the
underlying variational principle, we are done.

(C) In the following, an (extended) semi-bump counterpart of this principle is to be
considered. Remember that we introduced the notations

Xc(x, ε) = X \X(x, ε), Xc[x, ε] = X \X[x, ε], x ∈ X, ε > 0;
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these are just complements of the open/closed sphere centered at x with radius
ε. Note that, in our normed context, these subsets are always nonempty; further
properties of them are contained in

Proposition 14 Under these conventions, we have, for λ, ε > 0 and u, y ∈ X
(52-1) λXc(0, ε)+ u ⊆ Xc(0, λε − ‖u‖), whenever λε − ||u|| > 0
(52-2) Xc(y, ε)− y = Xc(0, ε).

Proof

(i) Let x ∈ λXc(0, ε)+ u be arbitrary fixed. By definition, this gives

(1/λ)(x − u) ∈ Xc(0, ε); hence (1/λ)||x − u|| ≥ ε.
But then (from the triangular property),

||x|| ≥ λε − ||u|| > 0; that is: x ∈ Xc(0, λε − ‖u‖).
(ii) Evident.

Now, given the bounded function g : X→ R, denote

lim infx→∞ g(x) = supε>0 inf g(Xc(0, ε)),
lim supx→∞ g(x) = infε>0 sup g(Xc(0, ε)).

Note that, from the boundedness property,

−∞ < lim inf
x→∞ g(x) ≤ lim sup

x→∞
g(x) <∞.

Generally, these (finite) numbers may be distinct; if equality holds, we denote

limx→∞ g(x)=the common value of underlying limits.

A natural question is that of these functional operations being invariant with respect
to the affine transformations J (., .). The answer to this is positive; as results
from

Proposition 15 Under these conventions, we have, for λ > 0, u ∈ X, g ∈ Cb(X)

(53-1) lim infx→∞ J (λ, u)g(x) = lim infx→∞ g(x)
(53-2) lim supx→∞ J (λ, u)g(x) = lim supx→∞ g(x)
(53-3) limx→∞ J (λ, u)g(x) = limx→∞ g(x),
whenever the right member exists (in R).

Proof It will suffice verifying the first part. So, let λ > 0 and u ∈ X be fixed in the
sequel. Define the function δ : R0+ → R as

δ(ε) = λε − ||u||, ε > 0.

Further, given g ∈ Cb(X), denote

h = J (λ, u)g; i.e.: h(x) = g(λx + u), x ∈ X.
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Let ε > (1/λ)||u|| be arbitrary fixed. By the auxiliary facts above,

h(Xc(0, ε)) = g(λXc(0, ε)+ u) ⊆ g(Xc(0, δ(ε)));

wherefrom,

infh(Xc(0, ε)) ≥ inf g(Xc(0, δ(ε))), ε > (1/λ)||u||.
Passing to supremum over all such ε, one gets

lim infx→∞ h(x) ≥ lim infx→∞ g(x).

The reciprocal inequality is also true, in view of

g = J (μ, v)h, where μ := 1/λ, v = −(1/λ)u;

and then, all is clear.

Under the precise facts, let us say that b ∈ Cb(X) is a semi-bump function, if

lim supx→∞ b(x) < sup b(X).

Note that, in view of

sup b(Xc(0, ε)) ≤ sup b(X), ε > 0,

we have

lim sup
x→∞

b(x) ≤ sup b(X), b ∈ Cb(X);

so, this relation is “almost” fulfilled by every element b ∈ Cb(X).
Denote the class of all these functions as C s

b (X). Some basic properties of it are
being collected in

Proposition 16 The class C s
b (X) is invariant to affine transformations:

(54-1) b ∈ C s
b (X) -⇒ J (λ, u)b ∈ C s

b (X), ∀λ ∈ R0+, ∀u ∈ X.

In addition, we have

(54-2) b ∈ C s
b (X) -⇒ μb + θ ∈ C s

b (X), ∀μ ∈ R0+, ∀θ ∈ R.

The verification is immediate, by the auxiliary facts above; so, we do not give
further details.

To see the effectiveness of this notion, the following facts are useful. Call b ∈
Cb(X), a strong semi-bump function if

K(b) := b−1(R \ {0}) (the semi-support of b) is nonempty,
and limx→∞ b(x) = 0.

The following inclusion holds (over Cb(X)):

b is strong semi-bump -⇒ b or (−b) is semi-bump.



Nondiscrete Lassonde-Revalski Principle and DC 341

But, the reciprocal is not in general true: just take X = R (endowed with the usual
norm) and the function

b(t) = 1+ |t |/(1+ t2), t ∈ R.

As another example, remember that b ∈ Cb(X) is called a bump function if

K(b) := b−1(R \ {0}) is nonempty bounded; or, equivalently:
supp(b) := cl(K(b)) (the support of b) is nonempty bounded.

Clearly, we have the inclusion (over Cb(X)):

b is bump -⇒ b is strong semi-bump.

The reciprocal is not in general true: just take X = R (endowed with the usual
norm) and the function

b(t) = |t |/(1+ t2), t ∈ R.

Now, the last conditions to be added reads:

(e06) there exists a semi-bump function b ∈ A .

When the requirements (e01)–(e04) and (e06) hold, we say that (A , ||.||A ) is a
semi-admissible subspace of Cb(X).

Some useful properties of this last class are described in

Proposition 17 Assume that (A , ||.||A ) is a semi-admissible subspace of Cb(X);
and let ε > 0, α > 0 be arbitrary fixed. Then,

(55-1) there exists a semi-bump function b ∈ A , with
||b||A < ε, sup b(Xc(0, α)) < b(0)
(55-2) for each y ∈ X, the semi-bump (in A ) function e := J (1,−y)b
fulfills ||e||A = ||b||A < ε, sup e(Xc(y, α)) = sup b(Xc(0, α)), e(y) = b(0);
hence, sup e(Xc(y, α)) < e(y).

Proof By hypothesis, there are semi-bump functions in A ; let a(.) be one of these:

lim supx→∞ a(x) < sup a(X).

From the very definition of our involved concepts,

sup a(Xc(0, β)) < a(u), for some β > 0, u ∈ X.

Passing to the semi-bump (in A ) function a1 := J (1, u)a, this becomes

sup a1(X
c(0, δ)) = sup a(Xc(0, δ)− u)) ≤ sup a(Xc(0, β))

< a(u) = a1(0); where δ := ||u|| + β.

As a consequence, the semi-bump (in A ) function

a2 := J (γ, 0)a1, where γ := δ/α,

fulfills the property
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sup a2(X
c(0, α)) = sup a1(γX

c(0, α)) ≤ sup a1(X
c(0, δ)) < a1(0) = a2(0).

It will suffice then passing to the semi-bump (in A ) function

b = (ε/2ν)a2, where ν := ||a2||A > 0,

to get the first conclusion. The second one follows at once by the semi-admissible
condition, and the preceding auxiliary facts.

Finally, let ψ : X→ R ∪ {∞} be a (X, d)-regular function; i.e.:

(reg-1) ϕ is proper (Dom(ϕ) := {x ∈ X;ϕ(x) <∞} �= ∅)
(reg-2) ϕ is bounded below (infϕ(X) > −∞)

(reg-3) ϕ is d-lsc (lim infn ϕ(xn) ≥ ϕ(x), whenever xn
d−→ x).

Denote, for each β ≥ 0

ulev(ψ;X;β) = {x ∈ X;ψ(x) ≤ infψ(X)+ β};
this will be referred to as the β-upper level set of ψ with respect to X; note that,
ulev(ψ;X; 0) is nothing else than the set of global minimum points of ψ over
X. Remember that ψ is called (X, d)-admissible, when the optimization problem
attached to these data

(X, d;ψ): inf{ψ(x); x ∈ X}
is well posed, in the sense:

(wp-1) ulev(ψ;X; 0) is a (nonempty) singleton, {x∞}
(wp-2) any minimizing sequence (xn) in X

(i.e.: ψ(xn)→ infψ(X) = ψ(x∞)) fulfills xn
d−→ x∞.

A related concept of this type may be introduced as follows. Let us say that ψ is
(X, d)-sequentially-admissible, when

(sa-1) there exists (xn; n ≥ 0) in Dom(ψ) and x∞ ∈ Dom(ψ) with

xn
d−→ x∞ and lim supn ψ(xn) ≤ infψ(X \ {x∞})

(sa-2) if (yn; n ≥ 0) in Dom(ψ) fulfills ψ(yn)→ ψ(x∞), then yn
d−→ x∞.

The connection between these admissible concepts is described as follows.

Proposition 18 For each (X, d)-regular function ψ , we have in (ZF-AC+DC),

(X, d)-sequentially-admissible⇐⇒ (X, d)-admissible.

Precisely, the following conclusions hold:

(56-1) if ψ is (X, d)-sequentially-admissible, then the point x∞ from (sa-1) is
the unique element of ulev(ψ;X; 0); so that, ψ is (X, d)-admissible
(56-2) if ψ is (X, d)-admissible, then (sa-1) holds, with x∞ taken as the unique
element in ulev(ψ;X; 0); so that, ψ is (X, d)-sequentially-admissible.

Proof
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(I) Suppose that ψ is (X, d)-sequentially-admissible; hence, (sa-1)+(sa-2) hold.
From the former of these, one gets (as ψ is d-lsc)

ψ(x∞) ≤ lim inf
n

ψ(xn) ≤ lim sup
n

ψ(xn) ≤ infψ(X \ {x∞});

wherefrom x∞ ∈ ulev(ψ;X; 0). Moreover, from the latter of these, one gets

y ∈ Dom(ψ), ψ(y) = ψ(x∞) -⇒ y = x∞;

and this yields ulev(ψ;X; 0) = {x∞}. Combining again with (sa-2), one
derives that ψ is (X, d)-admissible.

(II) Suppose that ψ is (X, d)-admissible. By (wp-1), we formally have

infψ(X) = ψ(x∞), for a uniquely determined x∞ ∈ X.

From the Denumerable Axiom of Choice (AC(N)) (deductible in (ZF-AC+DC);
see above), we may pick some sequence (xn) in X with

xn ∈ ulev(ψ;X; 2−n), n ≥ 0; whence, limn ψ(xn) = infψ(X) = ψ(x∞).
Note that, as a direct consequence of the second equality,

ψ(x∞)(= infψ(X)) ≤ infψ(X \ {x∞});
and this, along with the first equality, gives

lim
n
ψ(xn) ≤ infψ(X \ {x∞});

wherefrom (sa-1) holds. On the other hand, (sa-2) holds as well, in view of (wp-
2); so, combining these, one derives that ψ is (X, d)-sequentially-admissible.
The proof is thereby complete.

Finally, letting the (X, d)-regular function function ψ : X → R ∪ {∞} (see
above), denote for each α > 0

amin(ψ;X;α) = {y ∈ X;ψ(y) < infψ(Xc(y, α))};
each point y of this set will be referred to as (spherically) almost minimum for ψ
over X. Note that the alternative

amin(ψ;X;α) = ∅, for certain α > 0

cannot be avoided. On the other hand, if y ∈ X is a global minimum point for ψ ,
then we must have

ψ(y) = infψ(X) ≤ infψ(Xc(y, α)), for each α > 0;

hence, y is “very close” to be (spherically) almost minimum for ψ over X.
Under these facts, the following generic type statement, comparable with the

one in Deville et al. [13] (referred to as: the Semi-Bump Deville-Godefroy-Zizler
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Variational Principle (in short: (DGZ-sb)) is available. Let (X, ||.||) be a Banach
space; and (A , ||.||A ) be a semi-admissible Banach subspace of Cb(X).

Theorem 6 Let (in addition) ϕ : X→ R∪{∞} be a (X, d)-regular function. There
exists then, in (ZF-AC+DC), a subset B of A , with

(52-a) B is of Gδ type and dense (modulo DA )
(52-b) for each g ∈ B, ϕ + g is (X, d)-sequentially-admissible
(or, equivalently: (X, d)-admissible).

Proof There are two steps to be passed.

Step 1 Denote, for simplicity

U(α;ϕ) := {g ∈ A ; amin(ϕ + g;X;α) �= ∅}, α > 0.

The basic properties of these functional sets are concentrated in

Proposition 19 The following conclusions hold, in the strongly reduced system
(ZF-AC), for each α > 0:

(57-1) U(α;ϕ) is dense (modulo DA ) in A
(57-2) U(α;ϕ) is open (modulo DA ) in A .

Proof (Proposition 19) There are two parts to be verified.

(I) (Denseness). Let ε > 0 be arbitrary fixed. By a preceding result, there exists a
semi-bump function b(.) in A , with the property

||b||A < ε, sup b(Xc(0, α)) < b(0).

Let g ∈ A be arbitrary fixed. Since ϕ+ g is (X, d)-regular, there exists y ∈ X with

(ϕ + g)(y) < inf(ϕ + g)(X)+ b(0)− sup b(Xc(0, α)).

Passing to the semi-bump function e := J (1,−y)b, one has (by an auxiliary fact)

||e||A = ||b||A , e(y) = b(0), sup e(Xc(y, α)) = sup b(Xc(0, α));

so, replacing in the above relation,

(ϕ + g)(y) < inf(ϕ + g)(X)+ e(y)− sup e(Xc(y, α)).

Put h = g − e; we claim that it is our desired element. In fact, g = h + e gives
‖g − h‖A = ‖e‖A < ε. Moreover, as ϕ + g = ϕ + h + e, one gets (via direct
calculations)

inf(ϕ + g)(X) ≤ inf(ϕ + g)(Xc(y, α)) ≤
inf(ϕ + h)(Xc(y, α))+ sup e(Xc(y, α)).

On the other hand, the preceding relation (involving e(.)) gives

(ϕ + h)(y) = (ϕ + g)(y)− e(y) < inf(ϕ + g)(X)− sup e(Xc(y, α)).
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Combining these relations yields

(ϕ + h)(y) < inf(ϕ + h)(Xc(y, α)); hence, h ∈ U(α;ϕ).

(II) (Openness) Fix g ∈ U(α;ϕ); hence, there exists y ∈ X so as

(ϕ + g)(y) < inf(ϕ + g)(Xc(y, α));
note that, in particular, this yields

−∞ < inf(ϕ + g)(X) ≤ (ϕ + g)(y) <∞; whence, y ∈ Dom(ϕ).

The case Xc(y, α) ∩ Dom(ϕ) = ∅ yields (via A ⊆ Cb(X))

(ϕ + h)(y) <∞ = inf(ϕ + h)(Xc(y, α)), for all h ∈ A ;

wherefrom U(α;ϕ) = A ; so, without loss, one may assume that

Xc(y, α) ∩ Dom(ϕ) �= ∅; hence −∞ < inf(ϕ + g)(Xc(y, α)) <∞.

Take the number δ > 0 according to:

(ϕ + g)(y)+ 2δ < inf(ϕ + g)(Xc(y, α));
and let h ∈ A be such that ||g − h||A < δ/μ. By the subordination hypothesis

||g − h||∞ < δ; wherefrom |g(x)− h(x)| < δ, for all x ∈ X.

As a consequence, we have (via y ∈ Dom(ϕ))

(ϕ + h)(y) < (ϕ + g)(y)+ δ < inf(ϕ + g)(Xc(y, α))− δ,
inf(ϕ + g)(Xc(y, α)) ≤ inf(ϕ + h)(Xc(y, α))+ δ.

Combining these gives

(ϕ + h)(y) < inf(ϕ + h)(Xc(y, α));

or, in other words, h ∈ U(α;ϕ).
Step 2 Fix a strictly descending sequence (γn; n ≥ 0) in R0+ with γn → 0. [For
example, one may take γn = 2−n, n ≥ 0]. By the previous part, each member of the
sequence (U(γn;ϕ); n ≥ 0) is dense and open (moduloDA ) in A . Since (A ,DA )

is complete, an application of the [deductible from (DC)] Baire Category Theorem
(BC) assures us that B := ∩{U(γn;ϕ); n ≥ 0} is a (nonempty) dense (moduloDA )
Gδ type subset of A . We now claim that, for each g ∈ B, the associated function
ϕ+g is (X, d)-sequentially-admissible (or, equivalently: (X, d)-admissible). In fact,
as [g ∈ U(γn;ϕ), for all n], we have by definition that

amin(ϕ + g;X; γn) is nonempty, for each n ≥ 0.
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By the Denumerable Axiom of Choice (AC(N))—deductible, as already established,
from (DC)—there exists then a sequence (xn; n ≥ 0) inX such that, for each n ≥ 0,

xn ∈ amin(ϕ + g;X; γn); i.e.: (ϕ + g)(xn) < inf(ϕ + g)(Xc(xn, γn));
note that, necessarily, {xn; n ≥ 0} ⊆ Dom(ϕ). We claim that

||xn − xp|| ≤ γn, for n < p.

For, otherwise, there exists a couple (n, p) with

n < p, ||xn − xp|| > γn(> γp);

and this, by the very definition of our sequence, gives

(ϕ + g)(xn) < (ϕ + g)(xp), (ϕ + g)(xp) < (ϕ + g)(xn);

a contradiction; hence the claim. As a consequence of this, (xn; n ≥ 0) is a d-
Cauchy sequence; so (from the completeness of X)

xn
d−→ x∞ as n→∞, for some (uniquely determined) x∞ ∈ X.

We claim that (xn; n ≥ 0) and x∞ are the desired data so as to verify the (X, d)-
sequentially-admissible property for ϕ + g.

(sa-1) Let x ∈ X \ {x∞} be arbitrary fixed. As

||xn − x|| − γn→ ||x∞ − x|| > 0 as n→∞,

there must be some rank p = p(x) ≥ 0 such that

||xn − x|| > γn (hence : x ∈ Xc(xn, γn)), for all n ≥ p.

By the very definition of these points,

(ϕ + g)(xn) < inf(ϕ + g)(Xc(xn, γn)) ≤ (ϕ + g)(x), ∀n ≥ p;

so that

lim sup
n

(ϕ + g)(xn) ≤ (ϕ + g)(x).

This, by the arbitrariness of x ∈ X \ {x∞}, gives

lim sup
n

(ϕ + g)(xn) ≤ inf(ϕ + g)(X \ {x∞});

wherefrom, the first half of (X, d)-sequentially-admissible condition holds (with
respect to ϕ + g). For, as a consequence of this, one gets (by the d-lsc property of
ϕ)
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(ϕ + g)(x∞) ≤ lim inf
n

(ϕ + g)(xn) ≤ lim sup
n

(ϕ + g)(xn) ≤ inf(ϕ + g)(X \ {x∞});

and then

(ϕ + g)(x∞) = inf(ϕ + g)(X) < ∞; i.e.: x∞ ∈ Dom(ϕ) is a global minimum
for ϕ + g.

(sa-2) Let (yn) be a sequence in Dom(ϕ) with

(ϕ + g)(yn)→ (ϕ + g)(x∞) = inf(ϕ + g)(X).

Assume that (yn) does not converge to x∞. Passing to a subsequence if necessary,
one may assume that, for some ε > 0,

||yn − x∞|| ≥ 2ε,∀n; ||xp − x∞|| ≤ ε, ∀p;

wherefrom (by the triangle inequality)

||yn − xp|| ≥ ||yn − x∞|| − ||xp − x∞|| ≥ ε, ∀n,∀p.

As a consequence, there exists a rank p ≥ 0 such that

||yn − xp|| > γp (whence, yn ∈ Xc(xp, γp)), for all n.

This yields (by the definition of xp)

inf(ϕ + g)(X) ≤ (ϕ + g)(xp) < inf(ϕ + g)(Xc(xp, γp)) ≤ (ϕ + g)(yn),∀n;

wherefrom (passing to limit as n→∞)

inf(ϕ + g)(X) < inf(ϕ + g)(Xc(xp, γp)) ≤ inf(ϕ + g)(X);

contradiction. Hence, yn
d−→ x∞; and the proof is complete.

(D) Let again (X, ||.||) be a Banach space; and (A , ||.||A ) be a semi-admissible
Banach subspace of Cb(X). The following “plane” version of the obtained statement
(referred to as: Plane Semi-Bump Deville-Godefroy-Zizler Variational Principle (in
short: (DGZ-psb)) is now available.

Theorem 7 Let (ϕi; i ≥ 0) be a sequence of (X, d)-regular functions. There exists
then, in (ZF-AC+DC), a subset B of A , with

(53-a) B is of Gδ type and dense (modulo DA )
(53-b) for each i ≥ 0 and g ∈ B, ϕi + g is (X, d)-sequentially-admissible
(or, equivalently: (X, d)-admissible).

Proof (Sketch) Let (γn; n ≥ 0) be a strictly descending sequence in R0+ with
limn γn = 0. By the argument of (DGZ-sb) we just exposed, it follows that
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U(γn;ϕi) is dense and open in A ( modulo DA ), for each n ≥ 0, i ≥ 0;

so that, by the Baire Category Theorem (BC), one gets

B := ∩{U(γn;ϕi); n ≥ 0, i ≥ 0} is of Gδ type and dense in A (modulo DA ).

Moreover, by the same argument of (DGZ-sb), we have that, for each g ∈ B,

ϕi + g is (X, d)-sequentially-admissible, for all each i ≥ 0.

This gives us all desired facts.

Formally, (DGZ-psb) is an extension of (DGZ-sb); to which it reduces when
the sequence (ϕi; i ≥ 0) is constant. But, as we shall see, the reciprocal inclusion
holds too; hence, these statements are in fact equivalent to each other. Note, finally,
that a similar plane construction is obtainable by starting from the Bump Deville-
Godefroy-Zizler Variational Principle (DGZ-b); we do not give details.

6 (DGZ-b) Implies (EVP)

Now, as already precise in the introductory section, a complete ontological status of
the obtained result is to be reached as long as (DGZ-b) includes (EVP). A positive
answer is available; but, it will necessitate some preliminary facts.

(A) Let (X, ||.||) be a Banach space; hence, if d stands for the associated metric

d(x, y) = ||x − y||, x, y ∈ X,

we have that (X, d) is complete. Denote

C (X)=the (real) vector space of all continuous f ∈ F (X,R).

Remember that, with the supremum generalized norm

||f ||∞ = sup{|f (x)|; x ∈ X}, f ∈ C (X),

C (X) becomes a generalized Banach space; equivalently, this means: (C (X),D∞)
is a complete metric space; where

D∞(f, g) = ||f − g||∞, f, g ∈ C (X) (the supremum generalized metric).

Further, let us introduce the functional set

Cb(X)=the linear subspace of all bounded f ∈ C (X).

It is not hard to see that

(Cb(X), ||.||∞) is a (standard) Banach space;
hence, (Cb(X),D∞) is a (standard) complete metric space.

Having these precise, letK be a (nonempty) d-closed subset ofX; clearly, (K, d)
is complete too. Remember that ϕ : K → R ∪ {∞} is (K, d)-regular, when
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(reg-1) ϕ is proper (Dom(ϕ) := {x ∈ K;ϕ(x) <∞} �= ∅)
(reg-2) ϕ is bounded below (infϕ(K) > −∞)

(reg-3) ϕ is d-lsc (lim infn ϕ(xn) ≥ ϕ(x), whenever xn
d−→ x).

The following statement (referred to as: the normed version of (EVP); and
denoted as: (EVP-n)) is our starting point in these investigations.

Theorem 8 Let the function ϕ : K → R ∪ {∞} be (K, d)-regular. Then, for each
u ∈ Dom(ϕ) there exists v ∈ Dom(ϕ) in such a way that

(61-a) d(u, v) ≤ ϕ(u)− ϕ(v) (hence ϕ(u) ≥ ϕ(v))
(61-b) d(v, x) > ϕ(v)− ϕ(x), for all x ∈ K \ {v}.
The normed context we just used suggests us that an application of the preceding

(normed) smooth variational principles must be possible here. A confirmation of
this fact is contained in

Proposition 20 We have in the strongly reduced system (ZF-AC),

(DGZ-b) -⇒ (EVP-n); hence (LR-VP-n) -⇒ (EVP-n).

Proof Let (≤) stand for the Brøndsted quasi-order [7]

(x, y ∈ K): x ≤ y iff d(x, y)+ ϕ(y) ≤ ϕ(x).
Denote, for simplicity

Ku := K(u,≤) (hence, Ku ⊆ Dom(ϕ)).

Clearly, (≤) is an order on Dom(ϕ); hence, all the more on Ku; in addition (as ϕ is
d-lsc on K), we must have

Ku is d-closed in K; so that, Ku is d-closed in X as well.

Define a new function ψ : X→ R ∪ {∞}, as

ψ(x) = ϕ(x), if x ∈ Ku; ψ(x) = ∞, if x ∈ X \Ku.

Clearly, ψ is proper and bounded from below (over X); because

Dom(ψ) = Ku �= ∅ (in view of u ∈ Ku ⊆ Dom(ϕ))
infψ(X) = infψ(Ku) = infϕ(Ku) ≥ infϕ(K) > −∞.

Moreover, ψ is lsc (on X); since Ku is closed; hence, summing up, ψ is (X, d)-
regular. Further, let the generalized Banach space (C (X), ||.||∞) and the standard
Banach space (Cb(X), ||.||∞) be introduced as above; and A stand for the subspace
of Cb(X) consisting of all bounded d-Lipschitz (hence, d-continuous) functions
g : X→ R, endowed with the norm

||g||A = ||g||∞ + ||g||L (hence ||g||A ≥ ||g||∞), g ∈ A ;

where

||g||L = sup{|g(x)− g(y)|/||x − y||; x, y ∈ X, x �= y}, g ∈ A .
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Clearly, the regularity conditions (e01)–(e04) hold for A ; moreover, the function

b(x) = d(x,Xc(0, 1))/[1+ d(x,Xc(0, 1))], x ∈ X

is an element of A , with

supp(b) = X[0, 1] (=the closed unit sphere in X);

hence, b is a bump function over X and (e05) holds too. Summing up, (A , ||.||A )
is an admissible subspace of Cb(X); wherefrom, (DGZ-b) applies to (X, ||.||),
(A , ||.||A ) and ψ . As a consequence, there exists a dense Gδ type subset B of
A , such that:

for each g ∈ B, the perturbed function ψ + g is (X, d)-admissible.

In particular, letting A (0, 1) stand for the open unit sphere in A , we must have
B ∩A (0, 1) �= ∅; so that, there must be some g ∈ A with

(61-1) ||g||A < 1 (hence ||g||∞, ||g||L < 1)
(61-2) ψ + g is (X, d)-admissible (see above).

By the very definition of this concept, the perturbed function ψ + g admits a global
minimum point x∞ ∈ X; i.e.

ψ(x)+ g(x) ≥ ψ(x∞)+ g(x∞), ∀x ∈ X.

Taking x = u in this relation, we derive x∞ ∈ Dom(ψ) = Ku; which tells us (by
the very definition of the underlying subset) that (61-a) holds (with x∞ in place of
v). Further, assume by contradiction that (61-b) would be false: there must be some
x ∈ K \ {x∞}, with

||x∞ − x|| ≤ ϕ(x∞)− ϕ(x).
We then have x∞ ≤ x; so, combining with u ≤ x∞, one gets u ≤ x ∈ K; whence,
x ∈ Ku = Dom(ψ); which allows us to write the preceding relation as

||x − x∞|| + ψ(x)− ψ(x∞) ≤ 0.

On the other hand, by the choice of g, we have

|g(x∞)− g(x)| ≤ ||g||L · ||x∞ − x|| < ||x∞ − x||;
so, combining with our global minimum point relation (and x ∈ Dom(ψ))

ψ(x)− ψ(x∞)+ ||x − x∞|| > ψ(x)− ψ(x∞)+ g(x)− g(x∞) ≥ 0.

This, however, contradicts the preceding relation; and proves our claim.

(B) The obtained normed type variational principle (EVP-n) is just an intermediary
step towards the final inclusion (DGZ-b)-⇒ (EVP). For technical reasons, it would
be useful to complete it with another intermediary step of metrical nature.

Let (M, d) be a complete metric space with

(f01) M is d-bounded (i.e.: diam(M) <∞);

and ϕ : M → R be a function with
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(f02) ϕ is (bilaterally) bounded:
−∞ < ϕ∗ := infϕ(M) ≤ ϕ∗ := supϕ(M) <∞
(f03) ϕ is d-lsc: lim infn ϕ(xn) ≥ ϕ(x), whenever xn

d−→ x.

Clearly, ϕ is proper; because Dom(ϕ) = M; whence, ϕ is (M, d)-regular (see
above). The following “bounded” version of (EVP) (referred to as: (EVP-b)) is an
useful tool for the question we are dealing with.

Theorem 9 Let (M, d) and ϕ be taken as before. Then, for each u ∈ M there exists
some v ∈ M with the properties

(62-a) d(u, v) ≤ ϕ(u)− ϕ(v) (hence ϕ(u) ≥ ϕ(v))
(62-b) d(v, x) > ϕ(v)− ϕ(x), for all x ∈ M \ {v}.
Formally, (EVP-b) is deductible from (EVP). But, the reciprocal inclusion is also

true; as results from

Proposition 21 We have in the strongly reduced system (ZF-AC),

(EVP-b) -⇒ (EVP); hence (EVP-b) ⇐⇒ (EVP).

Proof Let the premises of (EVP) be assured; precisely, let (X, d) be a complete
metric space and ϕ : X → R ∪ {∞} be (X, d)-regular. Further, take some point
u ∈ Dom(ϕ). Let (≤) stand for the Brøndsted quasi-order [7]

(x, y ∈ X): x ≤ y iff d(x, y)+ ϕ(y) ≤ ϕ(x);
remember that it is an ordering on Dom(ϕ). Denote M := X(u,≤); it is a closed
(hence complete) subset of X. Let again ϕ stand for the restriction of ϕ on M; it is
(bilaterally) bounded, since

−∞ < ϕ∗ ≤ ϕ(x) ≤ ϕ(u) <∞, ∀x ∈ M .

This, along with

d(u, x) ≤ ϕ(u)− ϕ(x) ≤ ϕ(u)− ϕ∗, ∀x ∈ M ,

tells us that M is a d-bounded part of X. Summing up, (EVP-b) is applicable to
(M, d) and ϕ. It gives us, for the starting u ∈ M , some v ∈ M with the properties

(62-1) u ≤ v (i.e.: d(u, v) ≤ ϕ(u)− ϕ(v))
(62-2) v ≤ x is false (i.e.: d(v, x) > ϕ(v)− ϕ(x)), for all x ∈ M \ {v}.

The former of these is just the first conclusion (11-a) of (EVP); so, it remains
to establish that the latter of these yields the second conclusion (11-b) of (EVP).
Suppose that this would be false:

v ≤ x (i.e.: d(v, x) ≤ ϕ(v)− ϕ(x)), for some x ∈ X \ {v}.
Combining with u ≤ v yields u ≤ x; whence, x ∈ M \ {v}; and this, along with the
preceding relations, yields a contradiction to (62-2); hence the claim.
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(C) We are now in position to give an appropriate answer to the posed question.
As already noted, (EVP-n) is but a particular case of (EVP); hence (see above) it is
deductible from (EVP-b). The converse implication is discussed in

Proposition 22 We have, in the strongly reduced system (ZF-AC),

(63-1) (EVP-n) -⇒ (EVP-b) -⇒ (EVP)
(63-2) (EVP-n), (EVP-b) and (EVP) are equivalent.

Proof

(i) Let the premises of (EVP-b) be assured; i.e.: take a bounded complete metric
space (M, d) and a (bilaterally) bounded d-lsc function ϕ : M → R. Let
X = Cb(M) stand for the linear space of all continuous bounded over M
functions. The supremum norm

||y||∞ = sup{|y(t)|; t ∈ M}, y ∈ X
is complete, in the sense: its associated metric

d∞(x, y) = ||x − y||∞, x, y ∈ X
is complete upon X. For each z ∈ M , let T (z) stand for the real function
(defined over M)

T (z)(t) = d(z, t), t ∈ M (hence, T (z) ∈ X = Cb(M)).

The canonical map z "→ T (z) fulfills

d(z,w) = d∞(T (z), T (w)), ∀z,w ∈ M;

so, it is an isometry between M and its image K := T (M) in X. As a
consequence,

(63-3) K is bounded and closed (hence complete) in X (modulo d∞).

In fact, assume that the sequence (yn = T (xn); n ≥ 0) in K fulfills

limn d∞(yn, y) = 0, for some y ∈ X.

As (yn) is d∞-Cauchy, so is (xn) (by the isometry relation); wherefrom, there
must be some x ∈ M , with

limn d(xn, x) = 0; or, equivalently: limn d∞(T (xn), T (x)) = 0.

This (by the uniqueness of our limit) yields y = T (x) ∈ K; hence the claim.
Define the associated function (from K to R) as: for each y ∈ K ,

ψ(y) = ϕ(T −1(y)); i.e.: ψ(y) = ϕ(x), where T (x) = y.

By the imposed conditions,

(63-4) ψ is (bilaterally) bounded over K
(63-5) ψ is d∞-lsc over K (in the above described sense).
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The former of these is clear, by the corresponding property of ϕ. For the latter
one, we may proceed as follows. Assume that

ψ(yn) ≤ τ , ∀n, for some τ ∈ R;

where (yn = T (xn); n ≥ 0) is a sequence in K with limn d∞(yn, y) = 0, for
some y = T (x) in K (see above). By definition, this gives

(ϕ(xn) ≤ τ , ∀n), and xn
d−→ x;

hence (as ϕ is d-lsc) ϕ(x) ≤ τ ; (i.e.: ψ(y) ≤ τ ); and our assertion follows.
Summing up, (EVP-n) applies to (X, ||.||), K and ψ ; so, given the starting

point p = T (u) of K there exists another one q = T (v) of K with the
properties

(63-6) d∞(p, q) ≤ ψ(p)− ψ(q),
(63-7) d∞(q, y) > ψ(q)− ψ(y), ∀y ∈ K \ {q}.

But then, (61-a) and (61-b) are clear, by the properties of canonical map T (and
the definition of ψ); wherefrom, our first conclusion follows.

(ii) Clearly, (EVP) -⇒ (EVP-n); and this establishes our second conclusion.

Finally, note that, as (EVP-b) -⇒ (EVP), we must have (EVP-n) -⇒ (EVP). A
direct argument for this is available, under the lines in Daneš [11] and Turinici [30];
we do not give details.

7 (EVP) Implies (DC)

By the developments above, we have [in the strongly reduced Zermelo-Fraenkel
system (ZF-AC)] the inclusions

((DC)⇐⇒) (BC) -⇒ (LR-ndiscr) -⇒ (LR-ndiscr-m)

(LR-ndiscr-m) -⇒ (LR-VP-m) -⇒ (DGZ-b)

(BC) -⇒ (DGZ-psb) -⇒ (DGZ-sb) -⇒ (DGZ-b)

(DGZ-b) -⇒ (EVP-n) -⇒ (EVP-b) -⇒ (EVP).

So, it is natural asking whether these inclusion chains may be reversed. At a first
glance, a negative answer is highly expectable; because (DC) is “too general” with
respect to (EVP). However, the situation is exactly opposite; i.e.: (EVP) includes
(DC); and then, we closed the circle between all such principles. An early result of
this type was provided in 1987 by Brunner [8]; for a different answer to the same,
we refer to the 1999 paper by Dodu and Morillon [14]. It is our aim in the following
to show that a further extension of this last result is possible, in the sense: (DC)
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is deductible from a certain Lipschitz bounded countable version of (EVP). Some
other aspects occasioned by these developments are also discussed.

Let (X,≤) be a partially ordered structure. Remember that z ∈ X is (≤)-
maximal, if z ≤ w ∈ X implies z = w; the class of all these will be denoted as
max(X,≤). In this case, we say that (≤) is a Zorn order when

max(X,≤) is (nonempty and) cofinal in X
(for each u ∈ X, there exists v ∈ max(X,≤) with u ≤ v).

In particular, when d(., .) is a (standard) metric on X and ϕ : X → R+ is some
function, a good example of partial order on X is that introduced by the convention

x ≤(d,ϕ) y iff d(x, y) ≤ ϕ(x)− ϕ(y);
referred to as the Brøndsted order [7] attached to the couple (d, ϕ). Further, let us
say that ϕ is d-Lipschitz, provided

|ϕ(x)− ϕ(y)| ≤ Ld(x, y), ∀x, y ∈ X, for some L > 0;

note that, any such function is uniformly continuous on X.
The following stronger variant of (EVP) enters in our discussion.

Theorem 10 Let the metric space (X, d) and the function ϕ : X→ R+ satisfy

(g01) X is d-bounded and d-complete
(g02) ϕ is d-Lipschitz (hence, bounded)
(g03) ϕ(X) is (at most) countable.

Then, (≤(d,ϕ)) is a Zorn order.

We call this, the Lipschitz bounded countable version of (EVP) (in short: (EVP-
Lbc)). By the above developments, we thus have

(DC) -⇒ (EVP) -⇒ (EVP-Lbc).

The remarkable fact to be added is that this last principle yields (DC); so—as
precise—it completes the circle between all these.

Proposition 23 We have, in the strongly reduced system (ZF-AC)

(EVP-Lbc) -⇒ (DC).

As a consequence of this,

(71-1) the variational principles (BC), (LR-ndiscr), (LR-ndiscr-m), (LR-VP-
m), (DGZ-psb), (DGZ-sb), (DGZ-b), (EVP-n), (EVP-b) are equivalent with both
(DC) and (EVP); hence, mutually equivalent.
(71-2) any maximal/variational principle (VP) with (DC) -⇒ (VP) -⇒ (EVP)
is equivalent with both (DC) and (EVP).

The proof of this result may be found in Turinici [33]. However, for completeness
reasons, we shall provide the argument, with certain modifications.

Proof There are several steps to be followed.
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Part 0 Let M be a nonempty set; and R be a proper relation over it. Fix a ∈ M;
and take some other point α, that does not belong to M . Put P = M ∪ {α}; and let
d(., .) stand for the discrete metric on P :

d(s, t) = 0, if s = t ; d(s, t) = 1, if s �= t .
(In fact, d(., .) is even an ultrametric on P ; but this is not essential for us).

Part 1 Let S (P ) stand for the class of all sequences x = (x(n); n ≥ 0) with
elements in P . Denote X = {x ∈ S (P ); x(0) = a}; and let us introduce the map

d∞(x, y) =∑n 2−nd(x(n), y(n)), for x = (x(n)) and y = (y(n)) in X.

It is not hard to see that d∞ acts as a (standard) metric on X; moreover,

d∞(x, y) ≤
∑

n≥1

2−n = 1,∀x, y ∈ X; whence X is d∞-bounded.

A natural question to be discussed here is the completeness property. In this
direction, we have

Proposition 24 Under the above conventions, the metric space (X, d∞) is com-
plete: each d∞-Cauchy sequence in X is d∞-convergent.

Proof A verification of this was already performed in a previous place; however, for
technical reasons, we shall remember its basic lines.

Let (xn; n ≥ 0) be a sequence in X; it may be written as

(xn = (xn(0), xn(1), . . .) = (a, xn(1), . . .); n ≥ 0).

Assume that (xn; n ≥ 0) is d∞-Cauchy; this may be also characterized as:

∀ε > 0: C(ε) := {n ∈ N; n ≤ p ≤ q -⇒ d∞(xp, xq) < ε} �= ∅.
(I) As a consequence, the map ε "→ C(ε) is increasing on R0+, in the sense:

ε∗ < ε∗ implies C(ε∗) ⊆ C(ε∗);
so that, the map ε "→ Γ (ε) := min[C(ε)] is decreasing on R0+:

ε∗ < ε∗ implies Γ (ε∗) ≥ Γ (ε∗).
(II) Let (εn; n ≥ 0) be a strictly descending sequence in R0+ with

εn < 2−n, ∀n (hence: εn→ 0 as n→∞).

Denote for simplicity

m(k) = Γ (εk), n(k) = m(k)+ k, k ≥ 0.

By the properties above, the map k "→ m(k) is increasing; hence, the map
k "→ n(k) is strictly increasing. Moreover, the following evaluation is valid

xn(i)(i) = xp(i), for all p ≥ n(i) and all i ≥ 0.
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(III) Let y = (y(i); i ≥ 0) be the “diagonal” sequence (y(i) = xn(i)(i); i ≥ 0);
clearly, it is an element of X. The initial sequence (xn; n ≥ 0) is convergent
(modulo d∞) to y; i.e.,

d∞(xn, y)→ 0, as n→∞;

and, from this, we are done.

Part 2 Let Y stand for the class of all sequences x = (x(n); n ≥ 0) in X, with

(∀n): x(n), x(n+ 1) ∈ M -⇒ x(n)Rx(n+ 1).

Note that Y �= ∅; for, given b ∈ R(a), the sequence y = (y(n); n ≥ 0) in X
introduced as below

(y(0) = a, y(1) = b; y(n) = α, n ≥ 2)

is an element of it.

Proposition 25 The subset Y is d∞-closed; hence, d∞-complete as well.

Proof Let (xn := (xn(0) = a, xn(1), . . .); n ≥ 0) be a sequence in Y , and y =
(y(n); n ≥ 0) be an element of X with

xn→ y (modulo d∞); that is,
d∞(xn, y) :=∑i 2−id(xn(i), y(i))→ 0, as n→∞.

Note that, as a direct consequence of this,

xn(i)
d−→ y(i) as n→∞, ∀i ≥ 0.

Further, as d∞=metric, (xn; n ≥ 0) is d∞-Cauchy; so, by a preceding completeness
statement, there exists a strictly ascending sequence of ranks (n(i); i ≥ 0), with

(∀i ≥ 0) : xn(i)(i) = xp(i), ∀p ≥ n(i).

In this case, the d∞-limit y = (y(n); n ≥ 0) of our sequence must have the form

y(i) = xn(i)(i), for all i ≥ 0.

We now claim that the representation of Y gives us the desired conclusion: y ∈ Y .
In fact, let i ≥ 0 be such that y(i), y(i + 1) ∈ M . By the previous relations,

y(i) = xn(i)(i) = xn(i+1)(i) ∈ M; y(i + 1) = xn(i+1)(i + 1) ∈ M.

This, along with xn(i+1) ∈ Y , yields

xn(i+1)(i)Rxn(i+1)(i + 1); that is, y(i)Ry(i + 1).

The argument is thereby complete.
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Part 3 Now, let us note that, conclusion of our statement is equivalent with Y ∩
S (M) �= ∅. For, taking some sequence y = (y(n); n ≥ 0) in this intersection, we
have y(n), y(n + 1) ∈ M , ∀n; so that, by definition, y(n)Ry(n + 1), ∀n; whence,
(y(n); n ≥ 0) is (a,R)-iterative. Assume by contradiction that this is not true:

Y ∩S (M) = ∅; i.e.: for each y = (y(n); n ≥ 0) ∈ Y ,
there exists some k = k(y) ≥ 1, such that y(k) = α.

As a consequence, the functions below are well defined:

g(y) = min{k ≥ 1; y(k) = α}, ϕ(y) = 22−g(y), y ∈ Y .

Some basic properties of these are described in

Proposition 26 The following are valid:
(74-1) the functions g, ϕ are continuous on Y ; precisely,

∀y ∈ Y, ∃β = β(y) > 0 : z ∈ Y, d∞(z, y) < β -⇒ g(z) = g(y), ϕ(z) = ϕ(y)

(74-2) the function ϕ is d∞-Lipschitz, in the sense:

|ϕ(x)− ϕ(y)| ≤ 4d∞(x, y), ∀x, y ∈ Y

(74-3) g(Y ) is countable; hence, so is ϕ(Y ).

Proof

(i) Fix y = (y(n); n ≥ 0) ∈ Y , and put r = g(y); we therefore have

r ≥ 1, y(r) = α, y(k) ∈ M,∀k ∈ N(r,>).

Take some β ∈]0, 2−r [; and let z = (z(n); n ≥ 0) ∈ Y be such that d∞(y, z) <
β. By the definition of our metric,

2−kd(y(k), z(k)) < β < 2−r , ∀k ∈ N(r,≥);

and this yields

z(k) = y(k), ∀k ∈ N(r,≥).

In particular, we must have

(z(k) ∈ M, ∀k ∈ N(r,>)) and z(r) = α;

so that g(z) = r = g(y) (whence, ϕ(z) = ϕ(y)).
(ii) Let x = (x(n); n ≥ 0) and y = (y(n); n ≥ 0) be two points in Y . Denote, for

simplicity r = g(x), s = g(y). If r = s, all is clear; so, it remains the opposite
case r �= s; without loss, one may assume that r < s. As a consequence,
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x = (x(0) = a, . . . , x(r − 1), α, . . . , x(s − 1), x(s), . . .),
y = (y(0) = a, . . . , y(r − 1), y(r), . . . y(s − 1), α, . . .).

In particular, y(r) ∈ M; hence y(r) �= α; and then,

d∞(x, y) ≥ 2−r ≥ 2−r − 2−s = |2−r − 2−s |.

This gives the conclusion we need.
(iii) Evident.

Part 4 We show that, under the introduced conventions,

for each v ∈ Y there exists y ∈ Y \ {v} such that d∞(v, y) ≤ ϕ(v)− ϕ(y);

or, in other words: each element of Y is non-maximal with respect to the Brøndsted
ordering (≤) attached to d∞ and ϕ:

(z,w ∈ Y ): z ≤ w iff d∞(z, w) ≤ ϕ(z)− ϕ(w).
In fact, let v = (v(n); n ≥ 0) be its representation. Put g(v) = r; hence

r ≥ 1; v(0), . . . , v(r − 1) ∈ M; v(r) = α.

Take the sequence y = (y(n); n ≥ 0) in X \ {v} according to

y(k) = v(k), ∀k ∈ N(r,>); y(h) = α, ∀h ∈ N(r + 1,<);
y(r), y(r + 1) ∈ M; y(i)Ry(i + 1), ∀i ∈ {r − 1, r}.

(The last relation is possible, by the Finite Dependent Choice property). We claim
that, necessarily,

y ∈ Y ; hence, y ∈ Y \ {v}.
The assertion is evident in case of r = 1. For the case of r ≥ 2, it will suffice noting
that, by the definition of Y , one gets the relations

v(i)Rv(i + 1), whenever i ≤ r − 2;

and this proves our claim. Note that, as a direct consequence of these facts, we must
have g(y) = r + 2. Now, the desired relation above becomes

d∞(v, y) ≤ 22−r − 2−r = 3 · 2−r .

According to the representation of y ∈ Y \ {v}, this means

∑

i≥r
2−id(v(i), y(i)) ≤ 3 · 2−r .

But then, the last relation is clear, in view of
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∑

i≥r
2−id(v(i), y(i)) ≤

∑

i≥r
2−i = 21−r < 3 · 2−r .

Part 5 We may now pass to the final part of our argument. By the above facts,
(EVP-Lbc) is applicable to the metric space (Y, d∞) and the function ϕ : Y → R+
(introduced as before). Hence, the associated Brøndsted order (≤) (see above) is a
Zorn one. As a consequence, there exists, for the starting point (in Y )

u = (u(n); n ≥ 0): u(0) = a, u(n) = α, ∀n ≥ 1,

some other point v = (v(n); n ≥ 0) in Y with

(zorn-1) u ≤ v: d∞(u, v) ≤ ϕ(u)− ϕ(v)
(zorn-2) v is (≤)-maximal: d∞(v, y) > ϕ(v)− ϕ(y), ∀y ∈ Y \ {v}.

This, however, contradicts the preceding step; and shows that Y ∩S (M) �= ∅. But
then (by the very definition of Y ) there must be some sequence y = (y(n); n ≥ 0)
in M , with

y(0) = a and y(n)Ry(n+ 1), ∀n.

The proof is complete.

In particular, when the boundedness and Lipschitz properties are ignored, this
result is just the one in Dodu and Morillon [14]. Further aspects may be found in
the paper by Turinici [32].

Summing up, all variational principles in this exposition (derived from (DC))
are nothing but logical equivalents of (EVP). So, it is natural to ask whether the
remaining (sequential) ones—including the Smooth Variational Principle in Deville
and Ghoussoub [12]—are endowed as well with such a property. The answer to this
is affirmative; further aspects will be delineated elsewhere.
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17. A. Goepfert, H. Riahi, C. Tammer, C. Zălinescu, Variational Methods in Partially Ordered

Spaces. Canadian Mathematical Society Books in Mathematics, vol. 17 (Springer, New York,
2003)

18. C.F.K. Jung, On generalized complete metric spaces. Bull. Am. Math. Soc. 75, 113–116 (1969)
19. O. Kada, T. Suzuki, W. Takahashi, Nonconvex minimization theorems and fixed point theorems

in complete metric spaces. Math. Jpn. 44, 381–391 (1996)
20. C. Kuratowski, Topologie (vol. I), Mathematical Monographs, vol. 20 (Polish Scientific

Publishers, Warsaw, 1958)
21. M. Lassonde, J.P. Revalski, Fragmentability of sequences of set-valued mappings with

applications to variational principles. Proc. Am. Math. Soc. 133, 2637–2646 (2005)
22. Y. Li, S. Shi, A generalization of Ekeland’s ε-variational principle and its Borwein-Preiss

smooth variant. J. Math. Anal. Appl. 246, 308–319 (2000)
23. W.A.J. Luxemburg, On the convergence of successive approximations in the theory of ordinary

differential equations (II). Indag. Math. 20, 540–546 (1958)
24. G.H. Moore, Zermelo’s Axiom of Choice: its Origin, Development and Influence (Springer,

New York, 1982)
25. Y. Moskhovakis, Notes on Set Theory (Springer, New York, 2006)
26. J.C. Oxtoby, Measure and Category (Springer, New York, 1980)
27. E. Schechter, Handbook of Analysis and its Foundation (Academic Press, New York, 1997)
28. A. Tarski, Axiomatic and algebraic aspects of two theorems on sums of cardinals. Fundam.

Math. 35, 79–104 (1948)
29. M. Turinici, A monotone version of the variational Ekeland’s principle. An. Şt. Univ. “A. I.

Cuza” Iaşi (S. I-a: Mat) 36, 329–352 (1990)
30. M. Turinici, An order drop theorem. Le Matematiche 61, 213–230 (2006)
31. M. Turinici, Variational statements on KST-metric structures. An. Şt. Univ. “Ovidius” Con-
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