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This course covers basic elements of vectors, matrices, determinants, solving systems of linear

equations, concepts and applications of differential and integral calculus of one variable.

Course objectives:

On completion of the course successful students will be able to:
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understand the basic ideas of vector algebra,

apply scalar and vector products ,

determine direction angles and direction cosines of a vector,

write equations of lines and planes,
understand matrix algebra,

Know and apply elementary row operations,
solve systems of linear equations,

determine the determinants,

determine inverse of a matrix,

understand the concepts of limit and continuity

Understand the intuitive and formal definitions of limit,

Understand the basic limit theorems,
Understand definition of derivative,
apply derivatives,

understand the concepts of integration,
evaluate integrals,

Know different techniques of integration,

apply integrals,
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Chapter -1

Vectors
Introduction

Many physical quantities such as mass, length, area, density, volume, etc that possess only
magnitude are called scalars. While other physical quantities such as force, displacement,

velocity, acceleration, etc that has both magnitude and direction are called vectors.

Therefore, this chapter deals with the concept of vectors and vector operations in n-space, norm
of a vector, scalar product, vector product, orthogonal projections, applications of vectors and

equations of lines and planes.
Chapter Objectives:
At the end of this chapter students will be able to:-

e Define a vector.

e |dentify properties of vectors.

e Add vectors and multiply a vector by a scalar.

e Determine the length and direction of vectors.

e List properties of scalar product and vector product.

e Determine the dot and cross product of vectors.

e Determine the volume of a parallelepiped generated by three vectors.
e Determine equation of a line in space.

e ldentify the different types of equation of a line in space.

e Determine equation of a plane in space.

1.1 Definition of points in n-space

It is known that a real number x can be used to represent a point on a number line once a unit

length is selected.(see figurel.l).

A pair of numbers (x4, x,) can be used to represent a point in the plane.(see figurel.2).
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Similarly a triple of numbers (x4, x5, X3) can be used to represent a point in three dimensional

. A
space.(see figurel.3). ALY z
L __ _]P(Xl ) P(X1,%>,X2)
I I
I I
I I
I I
> X |
| e
e
______ 47
o Point in 3-space
0 X - Point in a plane X
Point on a line
Figurel.l
Figurel.2 Figurel.3
Generally, an n-tuple of numbers (x4,X,, X3, ... ,X,)iS used to represent a point in

n-dimensional space. The numbers x4, X,, X3 ... X,, are called the coordinates of the point.

If A= (xq,X3,X3, ... ,Xp) and B = (y4,¥2,V3, ... ,¥n) are points in the same space [1 " and if

A is a real number then,

1. A and B are equal (or represent the same point) if x; = y;, X, =y,

...........

2. A+B: (X1+y1, X2+yZ,---,Xn+Yn) and

3. M=(AX1, AXa,..., AXn)

1.2 vectors in a plane and their geometrical interpretation

In physics and engineering, a vector is characterized by two quantities length and direction.
Thus a vector is a directed line segment that corresponds to a displacement from one point to

another point.

Now we can visualize this directed line segment geometrically as follows.
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Geometrical representation of vectors

Vectors can be represented geometrically as a directed line segments or arrows in a plane.

Suppose P and Q be two points in a plane. The vector from P to Q is denoted by PQ , where the

point P is called its initial point (tail), and the point Q is called its terminal point (head) as shown
in the figurel.4.
Q

Figurel.4

A vector is also denoted by single boldface, lowercase letters such as u, v, w, etc.

Note: The length (magnitude) of the vector PQ is denoted by |ﬁ|and its direction is from point

P to point Q as shown in the above fig.
Question: What is the length and direction of the vector PP?

Definition 1.2.1:- Two vectors PQ and RS are equal if and only if they have the same

magnitude and the same direction.

) P
Figurel.5

Coordinate representation of vectors in the plane

We say that a vector in the plane is represented geometrically by a directed line segment. Vectors
with initial points at the origin of the coordinate system are said to be vectors in standard
position. The vector u in the figurel.6 below is a standard position vector with terminal

point(x,y).
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The ordered pair (x,y) is the coordinate representation of the vector u, and it can be written as

u = (x,y). The coordinates x and y are called the components of the vector u.

(x,y)

Terminal point

v

Initial point

Figurel.6
Two position vectors u = (x4,%,) and v = (y4,y,) in the plane are equal If and only if
Xy =y; and x; =y,

It is known that two given points in a plane determine a line segment. Let (X1,X2) and (y1,y.) be

the coordinate representation of the given points A and B respectively in a plane. Since a vector

is a directed line segment, then AB is a vector determined by the points A and B, and this vector

is given by B - A=(y1-X1, Y2-X2), that is the coordinates of B minus corresponding coordinates of
A. Therefore, for such types of vectors in a plane, there exists a unique position vector OP such
that OP= AB=B - A, where O is the origin of the coordinate system. ;7 B

/ i

. A
Figurel.7

v

0
Examplel.2.1: Let A = (1,3) and B = (4,5) be two points on a plane. Find the terminal point of
the vector OP such that AB = OP.

0=(00andP=B—-A=(45)—(1,3)=(4—-15-3) =(3,2), which is the

terminal point of the vector OP .
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Vector operations in a plane
A) Vector Addition

Now, let u and v be vectors with initial points at Pand P'and terminal points at Q and Q'
respectively. To find the sum u + v, geometrically connect the two vectors head-to-tail as shown

in figurel.6. .
Q=P

u+v Q

Figurel.8
On the other hand, let u and v be vectors in a plane with coordinate u = (uy, u,) and
v = (v4,Vv,) then the sum of the two vectors is given by:
u+v=_(uy,uz) + (vy,v2) = (ug + vy, uy +vy)

Examplel.2.2: letu = (—3,5) and v = (6,—1) thenu +v = (-3,5) + (6,—1)
=(-3+4+6,5+(-1))
=(34)

Question: Is it possible for three nonzero vectors to have sum zero?

Properties of Vector Addition

1. Vector addition is commutative: u + v = v + u, for any vectors u and v.
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Figurel.9

2. Vector addition is associative: (u + v) + w = u + (v + w), for any vectors u, v and w.

(u+v) + w=u + (v + w)

Figurel.10
3. Existence of identity element: the zero vector, denoted by 0, is the identity element for vector

addition. u + 0 = 0 4+ u = u, for any vector u.

Question: What can you say about the magnitude and direction of the zero vector?

4, Existence of additive inverse:- The additive inverse of a vector u has the same magnitude as u but
opposite direction to u, and is denoted by—u. Hence u+(—u) =0=(—u) +u
B) Scalar multiplication
Let u be a vector and A € [ . The scalar multiple of u, denoted by Au, is a vector with
magnitude|A||ua].

If A < 0 then the vectors u and Au have opposite direction.
If A > 0 then the vectors u and Au have the same direction.

If A = 0 then the vectors Lu is the zero vector.
Properties of scalar multiplication
Let u and v be vectorsand A, u € [0 , then

1. (A+ wu = >ru+ puu.

Course Title: Revised Edition | Date: July 2016

. . Learner’s Guide p o and Mathematics Instructors Page 11
Applied mathematics |

revised by:




FDRE TVET Institute LBS Department

2. Mu+v)=a+Aiv
3. (Mwu = A(pu) = u(ru).

4, 1u=u.

1.3 Vectors in n-space (R")

The discussion of vectors in the plane can now extended to a discussion of vectors in n-space.
Definition1.3.1: An ordered n-tuple of numbers (x4, x5, x3, ... ,x,) represent a vector in R™
_.The numbers x;, x,, x5 ... x,, are called components of the vector.

Remark: From definition of points in n-space (section1.1) and definition1.3.1, we can conclude
that an ordered n-tuple of numbers (x4, x5, x3, ... , X;,) represent either a point or a
position vector.

The set of all n-tuples is called n-space and is denoted by [1 " .
That is: R! =1-space=set of all real numbers.
R? =2-space=set of all ordered pairs of real numbers.

R3 =3-space=set of all ordered triples of real numbers.

R™ =n-space=set of all ordered n-tuples of real numbers.

Similar to that of equality of two vectors in 2-space, two vectors in n-space are equal if and only
if corresponding components are equal.

The sum of two vectors and the scalar multiple of a vector in R™ are defined as follows.
1. Letu = (uy,uy,ug, ... ,uy)and v = (vq,v,, Vs, ... ,vy) bevectorsin 0" and A be a real

number then the sum of u and v is defined as the vector,
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u+v=_(u,uyus, ... ,uy)+ (Vy,vy, Vs, ... ,Vp)
= (uy; + vy, uy, +vy,uz +vs, ..., Uy +Vy)
2. The scalar multiple of u by A is defined as the vector
Au = A(ug,uy,us, ... ,uy) = (Aug, Auy, Aug, ... ,Auy).
Notice that u;,uy,us, ... ,u, andvy,v,,vs, ... ,v, are the components of the vectors u
and v respectively.
Examplel.3.1: letu = (—1,3,2) and v = (2,—1,5) be two vectors in[] ®, then find
a) u—3v
b) find a vector w such that w — 2u = v — 3w.
ayu—3v=(-132)—-3(2,-1,5) =(-13,2) — (6,—3,15)
=(-1-6,3—-(-3),2—-15) =(-7,6,—13)
b) w — 2u = v — 3w Rewriting this we get
4w = 2u+v = 2(-1,3,2) + (2,—1,5) = (0,5,9), now multiplying both sides
byiwe getw = i(0,5,9) = (0,2,% .
Properties of vector addition and scalar multiplication in R™
Let u, v and w be vectors in R™ (n-space) and let 2 and u be scalars, then

1. Closure property under addition
u+ visavectorin [1".

2. Commutative property of additive
u+v=v+u.

3. Associative property of addition

(u+v)+w=u+(v+w).
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4. Additive identity property

u+0=u.-

5. Additive inverse property

u+(—u)=0.

6. Closure property under multiplication

Auis a vector in R™

7. Distributive property

(A + wu = du + pu.

8. Distributive property

A(u+v) =2iu+ v

9. Associative property of multiplication

(Au = A(uu) = p(hu).
10. Multiplicative identity property

lu = u.

Norm of a vector

LBS Department

Definition1.3.2 The length (magnitude) of a vector u = (uy, u,, us, ... ,uy) in J"is
called the norm of u, denoted by ||ul|, and is defined by |lul| = \/u 2 + uy2? + - +uy,?
Ay
(ulluZ)
llull 7
| U,
|
! » X
Uy
Figurel.11
If u = (uy, u,) is in 2-space, as shown in the figure,
Then by Pythagoras theorem ||lu|| = {/u;2 + u,?2.
Examplel.3.2: Find the norm of the vector a) u = (2, —3)
b)u = (2,1,5)
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a) |lull =22+ (=3)2=V4+9 =13

b) |lull| =v22 +12+52 =4+ 1 + 25 =30
Definition1.3.3: A vector u is said to be a unit vector if and only if |[uf| = 1.
Question: Can you find a unit vector along any given non-zero vector u? ( how?)
The answer is yes, because given any non-zero vector u, we can always obtain a unit vector
along the given vector, and this unit vector is given by: ﬁ
Question: let u = (—3,0,4) be a given vector, can you find two unit vectors, one is in the
direction of u and the other is in the opposite direction of u?
Definition1.3.4: Two non-zero vectors u and v are said to be parallel if and only if u = A v for
some A € R \{0}.

Question: Find at least four vectors that are parallel to the vector u= (2,-3,0, 8).

Angle between two vectors

Figurel.12 v
The angle between two non-zero vectors u and v is defined as
the angle 6 (0 < 6 < m) formed by the vectors u and v

with the same initial point.

Activityl.3
1. If u and v are two vectors with the same initial point and 6 is the angle between them.

What can you say about the directions of the two vectors u and v if:-

O =0 i) =m iii) 6 ==

2

v
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2. Let u=(1,3,-5), v=(0,0,2) and w=(-2,0,3).
a) find the components of i) u-3v i) 3(u+v-2w)
b) find the scalars a, b, c such that au + bv - cw=(1,0,2).

3. Find the vector u and v so that u + v = (4,5,6) and u — v = (2,5,8).

4. Find a unit vector u in the direction of v = (3,4,5).

5. Find the norm of the vector u= (2, -3, V5, %).

1.4 Scalar product, Orthogonal Projection and Directions cosine.

Definition 1.4.1: Let u and v be two vectors and 8 be the angle between u and v. Then the

scalar product of u and v is denoted by u.v and is defined by

u.v = ||ul|||v]|cosO , 0<O6<nm

u.v

lllllivil

If u and v are non-zero vectors, the angle between them is given by: cosf =

Example 1.4.1: Let u and v be vectors with lengths 2 and 5 units respectively. If the angle

between u and v is 45° then the scalar product of u and v is
u.v = |lullllvllcos® = (2)(5)cos45° = 10 (\/2—7) = 5v2

Letu = (uq,u,,us, ... ,uy) and v = (vq,v,,vs, ... ,Vvy) be vectors in n-space. Then the scalar

product of u and v is defined by:
u.v = (ug,uy,us, ... ,uy).(Vy,V,, V3, ... ,Vy) = UgVy + UyVy + UgVs + oo + Uy vy
Example 1.4.2: Letu = (1,0,1) and v = (0,1,1) be two vectors in 3-space. Then the angle

between them is
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uv (1,0,1).(0,1,1) _ 1 1
llullllvll (\/12+02+12)(\/02+12+12) (V2)(vV2) 2’

cosO =

Hence the angle between them is 8 = cos™! G) = 60°

Example 1.4.3: Letu = (—1,3,2,5) and v = (3,0, —4,1) then
u.v=(-1,3,25).(3,0,—4,1)
=(-1)3)+3(0)+2(—4)+5(1)=-3+0+(-8)+5=6
Question: 1. Can you determine the angle between u and v in example 1.4.3?
2.Findi.tandj.j where i=(1,0,0) and j=(0,1,0)
Properties of scalar product

Let u, vand w be vectors in] " and let » € U , then

L w.v=vilooo Comutativity property.
2. u.(v+Hw)=uv+uw................ Associativity property.
3. u.(wwv) = (QAu).v=2rwv)........... Relationship between scalar product and
scalar multiplication.
4. wu=0andu.u=0ifandonlyifu = 0.
Remark: Let u = (uq, u,,us3, ... ,u,) beavector. Using scalar product we can also determine

the length of the vector u as follows.
u.u = |lull/{lul[cosB
= ||u||?>cos@ , since 8 = 0°

= [lull?

Then, |Ju|| = Vu.u= \/(ul,uz,u3, oo yUp). (ug,uy,ug, ... ,uy)

= Ju2 + uy? + -+ u,? , as stated in definition1.3.2.
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Theorem1.4.1: Let u be a vector in n-space and let A be a scalar. Then

a) |lu]l =0and|u|l =0ifandonlyifu=20
b) [[Aull = 2|l

Proof: a) Let u = (uq,u,, us, ... ,up)

then [[u]| = Vaou = \/u 2 + uy? + -+ + up?

Since u;2 > 0foralli =1,2,...,n, |[u]| = 0.

|lul]| = 0ifand only if u;2 = 0 foralli=1,2,...,n, and
u;?2 =0 ifand only if u; = 0 foralli=1,2,...,n,

Thereforeu =0

b) ull = Viwdu = 22 (uw) = VA2V = [A|flull

Orthogonal vectors

It is known that the concept of perpendicularity is fundamental to geometry; consequently the

concept of orthogonality is fundamental to Linear Algebra. Thus the perpendicularity or

orthogonality of vectors in [J "is defined as follows.
Definition 1.4.2: Two non -zero vectors u and v are said to be perpendicular (or orthogonal) if
and only if the angle between them is 90° .
Question: 1. Is the zero vector orthogonal to every vector? Why?
2. Letu = (5,—2,3) be a given vector. Then how many nonzero vectors are there
that are orthogonal to u?
Theorem1.4.2: Let u and v be two non-zero vectors. u and v are orthogonal if and only if

a) u.v=0

Course Title: Revised Edition | Date: July 2016

Learner’s Guidel i and Page 18

Applied mathematics | _ . Mathematics Instructors
revised by:




FDRE TVET Institute LBS Department

b) llu— vl = [lu+ vl
Proof: a) (i) Suppose u and v are orthogonal. We need to show that u.v=0.
u.v = ||u]|||v]|cosé
= |lullllvllcos90°"
=0
(if) Suppose u.v = 0. We want to show that u and v are orthogonal.
0 = u.v = [|lu]|||]v]lcos@, dividing both sides by |lu]|||v]| we get
cosd =0and § =90°since0 <0 <m
Therefore, u and v are orthogonal.
b) (i) Suppose u and v are orthogonal.
lu—v]?=@-v).(u-v)
=(u—-v)u—(u—-v).v
=(uwu)—(v.u) — (u,v)+ (v.v)
= [lull? — 2u.v + ||v||?
= |[u]|? + ||v]|?, sinceu.v=10

= [[ull* + 2w.v+ ||v]|*  (why?)

= [lu+v|?
Hence, [[lu — v|| = ||lu + v]||.
(ii) Suppose ||lu — v|| = ||lu + v||. Then squaring both sides we get

llu — v||? = |lu + v||?, expanding it we also get

llull> — 2w.v + [[v]|? = [|u]|? + 2u.v + ||v||?, after simplification we get
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4u.v = 0andthen u.v=20
Therefore, u and v are orthogonal vectors.
Definition1.4.3: Let P and Q be points in R™. The distance between P and Q denoted by
d(P, Q) is defined as d(P,Q) = ||P — Q||. (P — Q is a vector).
Examplel.4.3: Find the distance between the points P = (3,—2,6) and Q = (1,2, -7).
Solution: d(P,Q) = [[P - Q|| = lI(3,-2,6) — (1,2, —7|

= [1(2,-4,13)||

=22 + (—4)% + (13)2
=v4+ 16 + 169
=189

Theorem1.4.2: Let u and v be vectors in R™, then

a) lwv| < |ufl|lv]] .......... (Schwartz inequality)

b) llu+v| <l +|v].......... (Triangle inequality)
Proof: a) If either u = 0 or v = 0, then the theorem is true.

If |lu]| # 0 and ||v|| # 0, we need to prove —[luf| [|[v]| < w.v < ||u] |IV]l.

uv

This statement is true if and only if —1 < v =

u.v u u A% .
, = . , where — and — are both unit vectors.
(lall {lvll (fall (vl [lul| (vl

Now
Thus, it is enough to show that —1 < a. b < 1 for any unit vectors a and b.

The term a. b occurs as part of the expansion of (a + b). (a + b) as well as part of

(a—b).(a—Db).
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The first expansion gives (a + b).(a + b) = |la+b]|? > 0
= aa+2a.b+b.b=>0
=|lal|* + 2a.b + ||b]|* = 0
=142a.b+1=>0
= ab>=-1
Similarly the second expansion gives (a — b).(a — b) = |la—b]|? > 0
=a.a—2a.b+b.b=>0
=|la||> = 2a.b + ||b||> = 0
=1-2a.b+1=>0
= ab<l1
Hence -1 <a.b < 1.
b) lu+v]?=@+Vv).(u+v)
= |lul|® + 2u.v + ||v]|?
< llull? + 2[u. v| + ||v]|?
< Jlall? + 2[lul| V]l + IV]I% ....... Schwartz inequality.
= [llall + [lvll]?
Therefore, |[u + v|| < [lul| + [|v]|.
Orthogonal projection of a vector

The general concept of scalar product of vectors together with their orthogonality property is still

important in dealing with orthogonal projection of vectors.

Definition 1.4.4: Let u and v be two non zero vectors with the same initial point at A and 6
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be the angle between uand v,(0 < 8 < m). The vector obtained by droping a
perpendicular from the head of u onto v or on the extention of v with initial at A

is called an orthogonal projection of u onto v.
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Figurel.13

The projection of u onto v is a vector denoted by projy and the length of the vector projy

is given by |lullcos6. Thus the vector proj® = ||u||cos6 (”_:”)

_ Il
= (cosB)v

_ IIuII( u.v )
= — \"
VIl Nl vl

=z

Examplel.4.4: Letu = (4,3,—2) and v = (1,—1,1). Find

2) projl b) proj!, c) projgy *
. . (43,-2).(1,-1,1) -1 111
a) projy =ﬁ V) = »(1,—-1,1) =T(1’_1’1) = (T’E’E)'

(VIZ+(-DZ+12)
Similarly, you can do for (b) and (c).
Note: projy and v are parallel vectors while u-projy and v are perpendicular vectors.( verify it).

Direction cosines
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Let{, and k be unit vectors along the positive x, y and z- axes of the rectangular coordinate
system. Letu = al + bj +ck = (a, b, c) be a nonzero vector. If a, § and 6 are angles between u

and the vector 1, j and k respectively as shown in the figure,

Figurel.14
Then cosa = L
(il
u.j b
cosf = — = —
k (lalllizll
wk
cosf = — =
[[ull]|-E||
C
[[ull

The angles a, 8 and 6 are called directions angles of u, and the numbers cosa , cosf and

cos@ are called direction cosines of u.

Activity 1.4
1. Determine whether the following pairs of vectors are equal or parallel or orthogonal.

a)u=(3,1,-3)andv = (4,—-6,2)
b)u=(-3,1,7)and v=(-9,3,21)
c)u=(5-67)andv = (-5,6,—-7)
d)u = (2,0,—5) and v = (5,0, —2)

2. For vectors wand vin R? or R®  specify the condition(s) for which llu + v|| = [[ul| + [[v]].
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3. Letu = (4,c) and v = (3,5)find ¢ such that
a) u and v are orthogonal.
b) the angle between u and v isg
4. Letu = (3,0,4) and v = (2,3,3). Find
a) projy
b) the angle between u and v
c) a unit vector orthogonal to the vector v by projecting u onto v.
d) the direction cosines of u.
5. Let 6 be the angle between u and v, then identify the direction of the vectors proj¥ and v if

a)osa<§ b)ezg C)§<9Sn’

1.5 The Vector Product
In the previous section we have seen that the scalar product of two vectors in = " is a scalar.
However, in this section our discussion of vector operation is restricted only in 3-space, and this

type of vector multiplication produces a vector.

Definition1.5.1: Let u = (a, b,c) and v = (x, y, z) be vectors in [ °
The vector product (or cross product) of u and v is denoted by uxv is a vector in U :
and defined by : uxv = (bz — cy, —(az — cx), ay — bx).

Examplel.5.1: Find the vector product of the vectors

a) u=(1,-1,2)andv = (3,1,2)
b) u = (4,0,—2)and v = (2,0,—1)

2) uxv = (-1 - 2(1),-(12) - 2(3)), L)— (-1 (3))
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=(-2-2,—(2-6),1+3)
= (—4,4,4).
b)uxv=(0-0—-(—4—-(-4)),0—0)
= (0,0,0)
Standard Unit Vectors

The vectors i = (1,0,0),j = (0,1,0) and k = (0,0,1) are unit vectors that lie on the positive

x,y and z-axes respectively, and are called standard unit vectors in 3-space.

Every vector u = (x,y,z) in 7] 3 can be expressed in terms of the unit vectors i,j and k. That is

u=xi+yj+zk

Examplel.5.2: Write the vector u = (2,3, —1) interms of the standard unit vectors.

~

u=(23-1) =2(100) +3(0,1,0) + —=1(0,01) =2i +3j— k

Remark:- ixi =0 ixj=k jxi= -k
jxj =0 jxk =1 kxj = —i
kxk =0 kxi=j ixk=-j

Now if u = ai + bj + ck and and v = xi + yj + zk then

uxv = (ai +bj + ck) X (xd + yj + zk) = ax(1X1) + ay(iX7) + az(ixk) + bx(jX1) + by(i Xj) +
bz(j X k) + cx(kX1) cy(kXj) + cz(k Xk)

= ayk + az(—Kk) + bx(—k) + bzi + cxj + cy(—1)
= (bz — cy)i + (cx — az)j + (ay — bx)k
= (bz — cy, —(az — cx), ay — bx), as given in definition1.5.1.

Theorem1.5.1: ( properties of vector product)
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Let u, v and w be vectors in [ *and A€ [ , then

a) uxv=—(vxu)
b) uxu=0
c) ux0=0

d) u.(uxv) =v.(uxv) =0

e) ux(v+w) = (uxv) + (uxw)
D aBuxv) = (2u)xv=ux(av)
Proof: Letu = (a,b,c) and v = (x,y, z) then
uxv = (a,b,0)x(x,y,2)
= (bz — cy, —(az — cx), ay — bx)
= —(cy — bz,az — cx,bx — cy
= —(vxu)

To prove the other properties take the vectors u = (a,b,c) and v = (x,y,z) and w = (T, s,t) and

apply the definition of cross product.
Remark: 1. The vector uxv is orthogonal to both vectors u and v.
2. If uxv = 0 then u and v are parallel vectors.
3. Since the scalar product of u and uxv is zero then u and uxv are orthogonal
vectors.
Examplel.5.3: Let u = (1,—-2,2) and v = (1,3,0) then show that uxv is orthogonal to both
vectors u and v.
uxv = (1,-2,3)x(1,3,0) = (—-6,2,5)

Thus u. (uxv) = (1,-2,2).(=6,2,5) = -6 —4+ 10 = 0
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v.(uxv) =(1,3,0).(—6,25)=-6+6+0=0
Therefore, uxv is orthogonal to both vectors u and v.
Theorem1.5.2: Let u and v be vectors in R3 if 8 is the angle between u and v. Then
a) lluxvll? = [lull?|Iv]* — (u.v)?
b) [luxv| = [[ull[|v]|sin6
proof: Let u=(a,b,c) and v=(x,y,z) be vectors in R®
i) lluxv|> = (uxv). (uxv)
= (bz — cy, cx — az,ay — bx). (bz — cy, cx — az, ay — bx)
= (bz — cy)? + (cx — az)? + (ay — bx)?
= (bz)? — 2bzcy + (cy)? + (cx)? — 2cxaz + (az)? + (ay)? — 2aybx + (bx)?
= (bz)?+(cy)? + (cx)? + (az)? + (bx)? — 2bzcy — 2cxaz — 2aybx
= (@%+b%+ )% +y? +2z2) — (ax)® — (by)? — (cz)? — 2bzcy — 2cxaz — 2aybx
= (a2 +b% + c?)(x% + y%2 + z2) — (ax + by + cz)?
= [lull?[Iv]l? = (u.v)?
i) [laxv]|? = [[u]l?[Iv]]? = (u.v)?
= [lull?[Ivll* = (llulllIvlicos8)?
= [lall?[IVII*[1 — cos?6]
= [lull?[IvI|*sin®6
= [[lullllvllsin6]?

Therefore, |luxv|| = |Jul|||v]|sin6,0 < 6 < m.
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Activity 1.5
1. Letu=3i+ 5j—2kandv = 4i— 8j+ 7k. Then find:-
Q) u+v b) uv and ) uxv
2. Letu = (1,2,3),v = (3,0,1) and w = (1,5, —4) be three vectors in(J * then find
aQ) uxv
b) ux(v —2w)
c) an orthogonal vector to both v and w.
d) a unit vector perpendicular to both vectors u and w.
e) the angle between the vectors u and v.

f) the volume of the parallelepiped generated by the three vectors u, v and w.

1.6 Application on Area and Volume
Area: Let u and v be nonzero vectors in [0 * and 6 be the angle between u and v. Then

[luxv|| = [|lu]l||v]|sin8, for 0 < 6 < m, is the area of the parallelogram determined by the

vectors u and v.

[lu]|sind

v

Figurel.15
Area = (base)(height)=||v||||u]|sin6 = ||u]|||v]|sin6 = |luxv||
Examplel.6.1:- Find the area of the parallelogram determined by the vectors

u=(230andv=(-12-2)
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Area=|luxv/||

= [I(—6,4,7)|l = /(—6)% + 42 + 72 = \/101 square units.
Examplel.6.2: Find the area of the triangle with vertices P=(2,6,-1), Q=(1,4,1) and R=(3,6,2).

Letu=Q—-P=(-1,-2,2)and v =R — P = (1,0,3) be vectors with initial at P and terminal
at Q and R respectively. Then the area A of triangle PQR is one-half the area of the parallelogram

determined by the vectors u and v.
Thatis, A = ~[luxv|| = 2||(—6,5,2)l = V36 + 25 + 4 = /65 square units.

To see the other application of scalar product together with vector product of vectors, let us see

first the following definition.

Definition1.6.1: Let u, v and w be vectors in[] 3, then u. (vxw) is called the scalar triple
product of u,vand w.

Examplel.6.3: Letu = (3,2,—5),v = (3,0,1) and w = (1,5, —4), then

u. (vxw) = (3,2,-5).((3,0,1)x(1,5,—4))

= (3,2,5).(=5,13,15)
=-154+26—-75
= —64

Remark: For any vectors u,vand win [ ° w.(vxw) = v.(wxu) = w. (uxv).

Volume: The geometrical interpretation of the scalar triple product u. (vxw) is as follows
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u. (vxw) = |[ul||lvxwl||cos8, where 6 is the angle between u and vxw as shown in figurel.15.

= (|lu]lcosO)||lvxw]||, where ||u|||cos] is height of the parallelepiped and ||vxw]|| is

the area of the base of the parallelepiped.

Therefore,|u. (vxw)| =Volume of the parallelepiped, generated by the three vectors u, vand w

in(3

Examplel.6.4: Find the volume V of the parallelepiped generated by the vectors

a)u=(32-4),v=(101)andw= (13,-2)

b)u = (1,2,5),v = (1,—1,1) and w = (0,1, —3)

a) V=lu(vxw)| =13,2-4).((1,0,1)x(1,3,-2))|

=1(3,2,-4).(3,-3,3)| = |9+ (—6) + (—12)| = |-9|

= 9 cubic units.

b) V=lu(vxw)|=](125).((1,-1,1)x(0,1,-3))|

=1(1,25).(23,1)] =2+ 6+ 5| = |13]

= 13 cubic units
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1.7 Lines and Planes

In this section we use the concept of vectors to drive the parametric, the normal and vector

forms of equations of a linein R%and R? as well as planes,

Lines in R?

Suppose that [ is a line in a plane through the points P and Q as shown in the figurel.16. and let
n be a vector perpendicular to [ at P, then the vectors Q — P and n are orthogonal to each other

at P.

Thatis n.(Q—P) = 0.

/

Figurel.17

Therefore, the equation n. (Q — P) = 0 is called the normal form of equation of a line [ in R?,

The general form of equation of a line [ is ax + by = ¢, where n = (a, b) and (x,y) is a point on

the line L.
Linesin R3

Again let [ be a line in 3-space passing through the point P, = (X0, yo,7) and parallel to the

nonzero vector v = (a, b, ¢). Let P = (x,,z) be an arbitrary point on [ for which the vector P,P

is parallel to v. Then by definition1.3.4, if two vectors are parallel then there exist a scalar t

suchthat PpP =tv, —o0o<t<o ......cccoceen.n.. (1)
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Figurel.18
But P,P = P — P,, and then P — P, = tv.

In terms of components equation (1) becomes (x — xq,V — Vo, Z — Zo) = (ta, tb, tc) and from

equality of vectorsx —x, =ta, y—y, =tb and z —z, = tc.

X=X+ at
Thus the equation y =y, + bt =00 Kt <00 i (2)
Z=12y+cCt

is called parametric equation of the line L and t is called a parameter.

Now taking Py, = (Xq,V0,Zo) and P = (X,y, z) to be the terminal points of position vectors
1, = (X0, Vo, Zo) and r = (x,y,z) respectively as shown in the figure1.17, we get P,P = r — 1y

thatis, r—rg=tv Or r=r)+tv. =00 <t < O..eoiitiiiinininnnn. (3).

Equation (3) is called the vector form of a line in[] *

Examplel.7.1: Find the vector form and parametric form of equation of the line [ passing

through the point P, = (1,2, —1) and parallel to the vector v = (5, —1,3).

The vector form of equation of a line is r = ry + tv, where r is a position vector whose terminal
point is an arbitrary point P = (x,y,z) on the line [ and r, is also a position vector with terminal
point P, = (1,2,—1) on L.

Therefore, the required vector form of the equation of the line is:

(x,y,z) = (1,2,—1) + t(5,—1,3) and the corresponding parametric equation of the line is
x=1+4+5t,y=2—-tandz= -1+ 3t.
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Examplel.7.2: a) Find the parametric form of equation of the line, [ which passes through the
points P, = (2,4,1) and P, = (3,0,—-2.).
b) Find the intersection of the line you obtain in part (a) and the xy-plane?
a) Since the vector P,P; = (1, —4,-3) lies on the line I, P,P; and | are parallel. As
Py = (2,4,1) is on [, the parametric equation of the line lisx = 2 + t,y = 4 — 4t and

z=1-3t.

b) The line [ intersects the xy-plane at the point where z = 1 — 3t = 0; that is when t = T

Substituting this value of t in the parametric equation of [, we get the point of intersection

7 8
(Xry' Z) = (5'570)
Equation of a Plane

Suppose the plane passing through the point Po = (X0, Yo, Zo)and having the nonzero normal
vector n = (a,b, ¢) to the plane at P,. Let P = (x, y, z) be arbitrary point on the plane, as shown

in the figurel.18. (a vector that is orthogonal to a plane ‘~ ~alled normal vector).

7 n

A

v
<

X Figurel.19

n is orthogonal to the plane at P,, hence n.PTP =0 (1)

where, W’) =(X—X0,Y—Vo0Z—Zy) and n = (a,b,c).
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Equation (1) can be written as a(x — xg) + b(y—yo) +c(z—2p) =0.evvrrrvnnnnnn.n. (2)
Equation (2) is called point-normal form of equation of a plane.

From equation (2) we get ax + by + cz — axy, — by, — czy, = 0 and letting the constant
—ax, — by, — czy = d, we get the equation ax + by + cz + d = 0, which is called the general

form of equation of a plane, with normal vector n = (a, b, c).

Let ry = (Xo,¥0,20) and r = (X,y,z) be position vectors with terminal points P, = (Xq, Yo, Zo)
and P = (x,y,z) respectively, since the two vectors P,P and r — r, represent the same vector as

shown in figure 1.17, W =r — ry. SO equation (1) can be written as n. (r — ry) = 0. This

equation is called the vector form of the equation of a plane.

Two planes in 3-space are said to be parallel if their normal vectors are parallel. They are said to
be perpendicular if their normal vectors are perpendicular. The angle between two planes is

defined to be the angle between their normal vectors.
Examplel.7.3: Find the equation of the plane passing through the point (—1,2,4) and
perpendicular to the vector n = (—2,4,1) .

Let P = (x,y, z) be any point on the plane. Then the point-normal form of equation of the
plane is given by: —2(x+ 1) + 4(y — 2) + 1(z — 4) = 0. Simplifying this gives
—2Xx+4y+z—14=0.

Examplel.7.4: Let P, = (1,2,—1), P, = (2,3,1)and P; = (3,—1,2) be three points.

Find the equation of the plane that pass through the points P;, P, and P;.

ﬁ’ = (1,1,2) and ﬁ = (2,—3,3) are two vectors in the plane with
common initial point at P;. The normal vector to the plane at P;is
n =P Px PP; = (9,1,-5)

Since P; is on the plane, the point- normal form of equation of the plane is
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I x—1D)+1(y—2)—-5Z+1)=0 or 9x+y—5z—16 =0,
Examplel.7.5: Find the equation of the plane that pass through the point (3, —6,7) and
is parallel to the plane 5x — 2y +z -5 = 0.
Let n, be a normal vector to the required plane and n, be the normal vector to the
plane 5x — 2y +z —5 = 0. Then n, = (5,—2,1). Since the two planes are parallel, their
normal vectors are parallel. Thus, n; = tn,, where t is a nonzero scalar. This implies
n; = (5t,—2t,t).Now if we choose t = 1 then n; = (5,—2,1), then by the point-
normal form of equation of the plane, the required equation is
5x—3)—2(y+6)+1(z—7)=0 or 5x—2y+z—34=0.
Distance from a point to a plane

In this subtopic we want to drive the distance formula from a point to a plane using the concept

of vectors.
Theorem1.7.1: The distance D from a pointP, = (X, Yo, Zo), Not on the plane, and the plane

|axg+byg+czg+d|
0TDbYyo 0

vaZ+b2+c2

ax+by+cz+d=0isgivenby: D =

where Pg is not on the plane,

A _"_ P,
Fo
L/__d

P

/ Ty

Figurel.20 X /

Proof: let P = (x4,y1,2,) be any point in the plane. Let n = (a, b, c)be a normal vector whose
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initial point is at P.

__ |nPPg |n.PPg|

IInIIZ( )| ]|’

PP,

= ||p7"0]
But n.PP; = (a,b, 0). (Xo-X1, Yo-Y1,Z0-21) = a(Xo-X1) + b(yo-y1) + c(Zo-2)
= axy + byy + czg — ax; — by; — cz;.

|axg+byg+czo—ax; —by;—cz4
n|| =va?+b*+c?. Thus D = :
In] Vat+brect

Since P = (x4, ¥4, z1) lies on the plane it satisfies the equation of the plane. That is
ax; +by; +cz; +d=00r d = —ax; — by; —cz;.
|ax0+by0+czo+d|

,Ia2+b2+c2

Examplesl.7.6: Find the distance between the point (0,3,2) and the plane

Therefore, =

2x+y—3z=>5.
+by,+czg+d
D = [ao +byg+czo |, where a=2,b=1,c=-3 and d=-5
,/a2+b2+c2
D= 12(0)+1(3)+(=3)(=2)+(-5)| _ 6

[22+1%+(-3)? Vit

Examplel.7.7: Find the distance between the parallel planes:x 4+ 2y — 2z = 3 and
2X+4y—4z =7

Since corresponding normal vectors n;=(1,2,-2) and n,=(2,4,-4) are parallel, the two planes are
parallel. Thus take any point on one of the plane and find the distance between the point of your

choice and the other plane. For instance, the point (1,1,0) is on the plane x + 2y — 2z = 3.
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Therefore, the distance between the plane containing the point (1,1,0) and the other plane

2x + 4y —dz—7 = 0is: D = ZRHADAOCA _ 1Al _ 1

NpEvereny 36 6

Activityl.7

1. Let I be a line through the points P; (1, —2,3) and P,(—2,3, —3). Find the vector form and the
parametric equation of [.

2. Determine the equation of the xy-plane.

3. Determine the acute angles between the planesx +y+z=1and x — 2y — z = 3.

4. Find the distance from the point (—1,3,2) to
a) the plane z = —%x+ 5

b) the line x—1=%.

Check list

Evaluate yourself with the following questions whether you attain the objectives stated at the

beginning of this chapter.
Canl:
1. Define a vector?
2. Find the scalar product of two vectors?
3. Find the angle between two nonzero vectors?
4. Specify the conditions for two vectors to be orthogonal?
5. State and prove Schwarz inequality and triangular inequality?

6. Find two vectors one is parallel and the other is perpendicular to the given vector?
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7. Define cross product of vectors and state its properties?
8. Explain the difference between dot product and cross product of vectors?
9. Find the area of a parallelogram generated by two vectors?

10. The volume of the parallelepiped generated by three vectors?

11. Find the equations of a line and a plane in 3-space?

12. Find the distance between a point and a plane?

If your answer to each of these questions is absolutely yes, you can proceed to the self-test

exercise and then to the next chapter. However if you are hesitated to a certain extent, please

review your lessons once more.

Self-test exercise

9.

Find the non-zero vector u with initial point at (-1,3,-5)and having the same direction as
the vector (2,-1,4).
Letu = (1,—-3,2) and v = (—1,4,3). then find||—2u + V2v||.
Using vector method, show that the line joining the mid points of the two sides of a
triangle is parallel to the third side and has half the length.
Let u=(2,-1) and v= (-1,2) be given. Find a vector w such that w.u=1 and w.v=0.
If |Jul|=5 and [|u]|=3. What are the smallest and the largest values of
a) u.v b) |lu — v]|.
Let u, v and w be vectors in R® such that u + v+ w = 0 and||u|| = 3, ||v|]| = 5,
|lwl|| = 7. Then find the angle between u and v.

If  is the angle between u and v and u.v# 0, then prove that tanf = M.

Let u=(x, y+2, 1, 2) and v=(3, 1, x+y, x-1) be vectors. For what values of x and y the
vectors u and v are orthogonal.

If u. (vxw) = 5 then find the values of u. (wxv) and v. (uxw).

10. If the vectors u, v, w, and r, lies in the same plane then prove that (uxv) x(wxr) = 0.
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11.

12.

13.
14.

15.

16.

17.

18.

19.

Verify that the triangle with vertices P(2,3,-4), Q(3,1,2) and R(7,0,1) is a right angled
triangle.
Find the interior angles and area of the parallelogram generated by the
vectors (3,1,1) & (2, —2,5).
Find the angle between a diagonal of a cube and one of its adjacent edges?
Find the parametric equation of the line passing through the point P = (3, —-1,2) and
Parallel to the vector v = (1,-2,3).
Determine whether the following lines and planes are parallel or perpendicular or neither.
a. x=5-—4t, y=1—t, z=3+12t; x+2y+3z—-9=0
b. x=2+4+¢t, y=1-t, z5+3t; 6x+6y—7z=0
C. x=9-5¢t, y=—-1—-t, z=3+¢; 2x—3y+4z+7=0
Find the parametric equation for the line of intersection of the planes 2x + 3y —5x = 0
Andy = 0.
Find the equation of the plane that pass through the origin and is parallel to the plane
7x +4y —2z+3=0.
Find the intersection of the line with parametric equation x = 2 + 2t
y=1-2t,z=3+tandtheplanex +2y —z=7.
Find the distance from the point P = (1,2,3) to the line | through the point
Q = (1,—1,—2)and is parallel to the vector v = (2,0, —2).
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Introduction

The concepts of matrices had its origin in various types of linear problems, the most important of
which concerns the nature of solutions of any given system of linear equation. Matrices are also

LBS Department

CHAPTER TWO

Matrices and Determinants

useful in organizing and manipulating large amounts of data.

Today, the subject of matrices is one of the most important and powerful tools in Mathematics

which has found applications to a very large number of disciplines such as Engineering, Business

and Economics, Statistics etc.

Chapter Objectives

At the end of this chapter the readers should be able to:

e Define the term matrix.

e Identify the properties of a matrix.

e Define the inverse, transpose and determinant of a matrix.

e Find the inverse, transpose and determinant of a matrix.

e ldentify the properties of a determinant.

e Determine echelon form of a given matrix.

e Solve systems of linear equations.

2.1 Definition of a Matrix and Basic Operations

Definition 2.1: A matrix is any rectangular array of real numbers or variables of the form

A,

d, - &
a‘22 a‘2n
am2 amn
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The numbers or the variables in the matrix are called entries or elements of the matrix. If a
matrix has m rows and n columns then we say that its size is m by n (mxn) matrix .An nxn
matrix is called a square or a matrix of order n. A 1x1 matrix is simply a real number .Matrices

will be denoted by capital bold —faced letters A, B etc or by (a;)or (b;).

} .......................... Q)
2

then A is 3x3 square matrix or a matrix order 3 while B is 2x3 matrix .The entries in the i row

For instance if

~N 0o N
© o u
| W

10
B:[e J3

and j™ column of mxn matrix of B is written a; -For an nxn square matrix ,the entries
a,; ,a,5,,- - -, A, are called the main diagonal element .The the main diagonal entries for

the matrix A (2) are 1,8,9.

Definition 1.2: [Column and row vectors]

8

.| ay . . .
An nx1matrix | .’ |is called a column vector. A 1xn matrix (a,,a,,..,a, ) is called a row vector.

2.1.1 Special Matrices

In matrix theory there are many special kinds of matrices that are important because they posses

certain properties .The following is a list of some of these matrices.

a) A matrix that consists of all zero is called a zero matrix and is denoted by Omxn
0 00 0 0O
For example O, = 0 O,,, = 00 0,,=/0 0 O
0 0O

b) An nxn matrix A is said to be a triangular matrix if all its entries below the main diagonal

are zeros or if all its entries above the main diagonal are zeros,[in other words a square matrix A
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is triangular if a;; = 0 fori > jor a;; = 0,i < j].More specially ,in the first case the matrix is

called upper triangular and in the second case the matrix is called lower triangular .The following

matrices
2 5 6 11 2 0 0 O
0 47 0 -5 6 0 O
007 3 4 9 5 0
0 0 0 10 7 3 9 2
Upper triangular matrix Lower triangular

An nxn matrix A is said to be a diagonal matrix if all its entries not on the main diagonal are

zeros. In terms symbolism D= (dij)nxn , D is diagonal matrix if d;; =0 fori = j.The matrix D thus

is given by
d, O 0
p-|° dfz o ?3)
0 0 - d

(c) If in (3) if all the diagonal elements are equal, it is referred to as a scalar matrixs,,, and if

these elements are equal to 1, we have a unity or identity matrix I,,of ordern.

Thus, Sn:: o |y =

are respectively a scalar and identity matrix.
2.1.2 Operation on Matrices
Defination1.3 [Equality of Matrices]

Two matrices A = (aij)mxn and B = (b,-]-)mxn are equal if a;; = b;; for each i and j. In other

words, two matrixes are equal if and only if they have the same size and their corresponding

entries are equal.
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Matrix Addition

When two matrices A and B are of the size we can add them by adding their corresponding
entries

Definition 1.4 If A and B are mxn matrices, then their sum is
A+B=(a; +b;) -

Example 1: Addition of two matrices.

2 -1 3 4 7 -8
ayA=| 0 4 6 and|9 3 5 |then
-6 10 -5 1 -1 2

2+4 -1+7 3+-8 6 6 -5
A+B=| 0+9 443 6+5 |=| 9 7 11
-6+1 10+(-1) -5+2 -5 9 -3

b) The sum of

1 3 4 10
A= and B=
2 57 10
is not define, since A and B are of different sizes.

Definition 1.5 [Scalar Multiplication of a matrix]

If k is a real number, then the scalar multiple of a matrix A is

kall kaiz o ka1n
ka ka -k

kA: 321 222 . aizn - ( aij )mxn
ka,, ka,, --- ka,,

In other words, to compute kA, we simply multiply each.

Course Title: Revised Edition | Date: July 2016

. . Learner’s Guide p o and Mathematics Instructors Page 43
Applied mathematics |

revised by:




FDRE TVET Institute LBS Department

For instance, from definition 1.5

2 0 5 52 50 55 10 0 25
51 3 4|=|51 53 54|=|5 15 20
3 61 53 56 51) |15 30 5

The difference of two mxn matrices defined in usual A — B = A + (—B) where — 1B = —B

2.1.3 Properties of Matrix Addition and Scalar Multiplication
Suppose 4, B and C are mxn matrices and «and £ are scalars .Then

i) A+B=B+A (Commutative law of addition)

i) (A+B)+C=A+(B+C) (Associative law of addition)
i) g(A+B)=cA+aB

(a+p)A=aA+ pA

iv)
Vo (ap)A=a(fA)
vi) 1A=A

Note: Each of the above six properties can be proved by using definition 1.4 and 1.5
2.2 Product of Matrices and Some Algebraic properties, Transpose

Definition 1.6:Let the number of columns in matrix A be the same as the number of rows in
matrix B, then the matrix product AB exists and the element in row i and column j of AB is
obtained by multiplying the corresponding elements of row i of A and column j of B and adding

the product.

In other words if matrix A has n column and matrix B has n rows then the i row of A is

by;
b2j

(a,,a,,..,a,)and j™ columnof B| ~ |.Thus if C=AB then
bnj
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n
Cj=auhy; +a by +---+a,b, :Zaikbkj
P}

Moreover the number of rows and the number of columns of C are equal to the number of rows

of A and the number of column of B, respectively .Thus

A B C

mxn nxXr M Xr

1 2
3 4 21
. 3 4
Example 1:if A=|1 2 3 1 and B= L ol
01 2
-1 1

3+12+2-1 6+16+0+1 16 23
Then AB=| 1+6+3-1 2+8+0+1|=|9 11
0+3+2-3 0+4+0+3 2 7

We note here that the size of A is 3x4 and the size of B is 4x2 consequently the size of AB is
3X2.

2.2.1 Properties of Matrix Multiplication

In defining the properties of matrix multiplication below, the matrix A, B and C are assumed to

be of compatible dimensions for the operations in which they appear.

Property I: Matrix multiplication is, in general, not commutative. That is AB# BA. Observe
that in Example 1 of section BA is not even define because the first matrix in this case B does

not have the same numbers of columns as the number of rows of the second matrix A.

Property I1: From AB=0, it does not follow that either A=0 or B=0.Here O™® are null matrix of

appropriate order.

Example 2: For matrices A and B are given by
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10 00
A= and B=
;o) )

00
We have, AB= [0 OJ is a null matrix even though A or B is not a null matrix.

Property I11: The relation AB=AC or BA=CA does not imply that B=C.The cancelation law

does not hold in general as in a real numbers.

Example 4 For the matrices

1 2 3 1 2 3 2 3 4
A=1 1 2 B={1 1 -1, C=|2 2 0
-1 4 3 2 2 2 111

We have, by direct multiplication

9 10 7
AB={6 7 6 [=AC,althoughB=C
9 8 -1

Property 1V: Matrix multiplication is associative That is
A (BC)=(AB)C
Property V: The multiplication of matrices is distributive with respect to addition i.e
A(B+C)=AB+AC (B+C)A=BA+CA

Example 5

1 2 2 1 10
A= B= and C=
A IS

Verify that A (BC) = (AB) C and A (B+C) =AB+AC

Solution:
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1 24 1 6 5
A(BC) = _
3 41 2) \16 11
-4 51 0 6 5
(AB)C = =
-6 11\2 1 16 11

Thus

6 5
A(BC)z[lG 1J:(AB)C

agacr—(t 2) 3 1)1 7
(B+C)=(5 4}(—1 3}‘(5 15j

[151 ﬂ i @ 175j

-4 5
AB+ AC = +
-6 11

Therefore
A(B+C)=AB+AC.
Notation: Since A (BC)=(AB)C, one may simply omit the parentheses and write ABC.

The same is true for a product of or more matrices .In the case where an nxn matrix is multiplied
by itself a number of times, it is convenient to use exponential notation. Thus, if k is a positive,
then

A = AA--- A
%/_/
k times

11
, (1 1y1 1 2 2
Then A° = -
1 101 1 2 2
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A3=AAA:AA2:G ﬂ[g 3:(3 j]

And in general

n-1 n-1
A :(2 2 ]
2n—l 2n—l

Example 7 Simplify the following matrix expression

A(A+2B)+3B(2A-B)-A’+7B*-5AB
Solution: Using the properties of matrix we get

A(A+2B)+3B(2A-B)— A*> +7B* —-5AB = A’ + 2AB + 6BA-3B* — A* + 7B* -5AB
=-3AB +6BA+4B°®

2.2.2 Transpose of a Matrix

Definition 1.7 The transpose of a matrix A, denoted AT, is the matrix whose column are the rows

of the given matrix A. Symbolically the transpose of an mxn matrix A=(a, )  is nxm matrix
T T T

A —(aij )nxm :(aji)nxm Where a; =a;.

For example, if

Theorem 1.1 Suppose A and B are matrices and k a scalar. Then

i) (AT ) = A i) (A+B)' = AT + B’
iii) (AB)T =BT AT iv) (KA)T = kAT

Proof: We give here the proof of iii) here the rest is left as exercise

Note that

A= (aik )mxn , B= (bkj )nxr

then
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B'A' :(bikT )rxn (aij)nxm - kZ:‘bikT aij =[kzn;aikbki}

and the last step follows from the definition of a transpose .Also
n
AB = (aik )mxn (bkj )nxr = (Z aikbkj )
k=1 mxr

Which on being transpose (i.e., on interchanging the subscriptiand j) gives

(AB)" =(ia,-kbkij @)

Now iii) follows from (1) and (2)
The remaining properties can e proved similarly.
Definition 1.8 An nxn matrix A= (aij) is said to be
i) Symmetric if a; =a; forall i and j, that is if AT=A.

i) skew —symmetric if a; =-a; forall i and j thatis AT=A

The following are examples of symmetric matrices

2 3 4
315
45 3

10
0 -4

Activity 2.1

1 -3 1 2 -3 2 -4 5
1.If A= B= C-=
0 4 5 0 -1 1 0 O

Then find

1)
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a) A+C byB-C c) AB d) AC e) BTAT f) (AB)"
g) Determine the following elements of D = AB + 2C, without computing the complete matrix
d,, and d,,

2. Let A be 3 x 5 matrix, B be 5 x 2 matrix, C be 3 x 4 matrix, D be 4 x 2 matrix, E be 4 x5
matrix, give the size of 2(EB) + DA b) CD - 2(CE)B.

3. Simplify A(A - 4B) + 2B(A + B) - A2+ 7B2 + AB.
4. Show that for a square matrix A=(a;j)

i) A+ ATisasymmetric matrix

i) A—ATis skew-symmetric matrix

iii) AAT and ATA, A? are symmetric matrices.

2.3 Elementary Row Operations and Echelon Form

We use matrices to describe systems of linear equations. There are two important matrices
associated with every system of linear equations. The coefficients of the variables form a matrix
called the matrix of coefficients of the system. The coefficients, together with the constant terms,
form a matrix called the augmented matrix of the system. For example, the matrix of coefficients

and the augmented matrix of the following system of linear equations are as shown.

X + X, + %X =2 1 1 1 1 1 1 2
2X, +3X, + X3 =3 2 3 1 2 3 1 3
X, — X, —2X; =—6 1 -1 -2 1 -1 -2 -6

matrix of coefficient augmented  matrix l

Observe that the matrix of coefficients is a sub matrix of the augmented matrix. The augmented

matrix completely describes the system.

Transformations called elementary transformations can be used to change a system of linear

equation into another system of linear equations that has the same solution. These
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transformations are used to solve systems of linear equations by eliminating variables. In practice
it is simpler to work in terms of matrices using equivalent transformations called elementary row

operations. These transformations are as follows:
Elementary Transformations

1. Interchanging two equations
2. Multiplying both sides of an equation by a nonzero constant
3. Add a multiple of one equation on to another equation.

Elementary Row Operations

1. Interchanging two rows of a matrix

2. Multiply the elements row by a nonzero constant

3. Add a multiple of the elements of one row to the corresponding elements of another row.
Systems of equations that are related through elementary transformations, and thus have the
same solutions, are called equivalent systems. The symbol = is used to indicate equivalent
system of equations. The next example compares the elementary transformation with elementary

row operations.
Example 1: Solve the following system of linear equations.

X +X, + X, =2
2%, +3X, +X; =3
X, — X, —2X; =—6

Solution: Elimination Methods

X, +X, + X, =2
Initial system  2x, +3x, + X; =3
X, =X, —2Xy =—6

Eliminate x; from the 2" and 3" equations
X +X, +X; =6

eq(2) — 2eq(l) —eq(2)

= X,—X3=-1
eq(3) —eq(3) —eq(d)

—2X, —3X; =—6
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Eliminate x, from the 1%'and 3"equations

X, +2X%; =3
~x —x - A —eql)—eq()
. —25X3 3: -10 eq(3) —eq(3)+2eq(2)

Make coefficient of x in 3"

X, +2X; =3 !
= X, —X;=-1 eq(3) —» geq(3)
Xy =2

Eliminate x; from 1% and 2" equations

The solution is X1=.1,Xo =1,X3 =2

Matrix Method
1 1 1 2
Augmented matrix |2 3 1 3
1 -1 -2 -6

We refer to the first row as the pivot row, and then we have:

1 1 1 2

~/0 1 -1 -1|R,>R,-2R,R, >R, —R,
0 -2 -3 -8

Create appropriate zeros in column 2
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10 2 3
=01 -1 -1| R —>R-R,R,>R,—2R,
0 0 -5 -10

Make the (3,3) element 1
10 2 3

=0 1 -1 —1,R3—>%1R3
00 1 2

Create zeros in column 3

-1
R, >R -2R,,R, >R, +R,

1
o O -
o - O
~ O O

1
2

Matrix corresponding to the system

Thus the solution is X;=-1,X,=1,X3=2

Exercise 1: Solve the following system of linear equations.

X, —2X, +4x%, =12
2%, — X, +5X, =18
— X, +3X, —3%;, =8
2.3.1 Reduced Row Echelon form and Elementary Row Operations:

In above motivating example, the key to solve a system of linear equations is to transform the
original augmented matrix to some matrix with some properties via a few elementary row

operations. As a matter of fact, we can solve any system of linear equations by transforming the
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associate augmented matrix to a matrix in some form. The form is referred to as the reduced row

echelon form.

2.3.2 Definition of a Matrix in Reduced Row Echelon Form:

A matrix in reduced row echelon form has the following properties:

1. All rows consisting entirely of 0 are at the bottom of the matrix.

2. For each nonzero row, the first entry is 1. The first nonzero entry is called a leading 1.

3. For two successive nonzero rows, the leading 1 in the higher row appears farther to the left

than the leading 1 in the lower row.
4. If a column contains a leading 1, then all other entries in that column are 0.

Note: a matrix is in row echelon form as the matrix has the first 3 properties.

Example

o O O O -
O O O O w
o O O — O
o O B O O
O O O o N
o O O O -
o O O o o
o O O — O
O O N O W
O kb O O O

are the matrices in reduced row echelon form.

1 2 3 4
) 01 9 6/. ) .
The matrix 00 109 is not in reduced row echelon form but in row echelon form
0 00O

since the matrix has the first 3 properties and all the other entries above the leading 1 in the third

column are not 0.
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10 8 9
. 101 -6 4 _ .
The matrix 01 3 3 are not in row echelon form (also not in reduced row echelon form)
00 0 O

since the leading 1 in the second row is not in the left of the leading 1 in the third row and all the

other entries above the leading 1 in the third column are not 0.

2.3.3 Definition of Elementary Row(Or Column) Operation

Elementary row (or column ) operation on a matrix A inculding the following :

i) Interchanging any two rows (or column)

I.eR; <>R;or C; «<>C,; ii) Multiplingarow (or column) by a non zero scalar.
I.eR; —>oR or C; —oC,

iii) Replacing the i" row (or column ) by o times the j™ row (or column) plus the i row (or

column).
e Ry »>aR; +R, orC; -»aC;+C,

Defination 1.10 A matrix A is said to be row (or colunm) equivalent to a matrix B if B can be
obtained by appling a finite sequence of elemntary row (or column ) operations to A.

Example :The following four matrices are row equivalent .

001 2 3 36 -9 0 01 2 O 0 1 2
A=|2 3 0 -2|=zB=|2 3 0 -2|=C=|2 3 0 -2|=zD=|2 3 0 -2

3 36 -9 001 2 11 2 -3 -1 -3 6 -5
Because of

e B s obtained from A by interchanging row land row 3 .(i.e R, <> R;)

e Cisobtained from A multiply the third row of A by % . (i.eRy = % R;)
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e Disalso obtained from A multiply the second of Aby -2. (i.eR, »>—-2R,)

Note: 1) Every nonzero mxn matrix can be transformed to a unique matrix in reduced row

echelon form via elementary row operations.

2) If the augmented matrix [A:b] can be transformed to the matrix in reduced row echelon

form [C:d] via elementary row operations, then the solutions for the linear system corresponding

to [C:d] is exactly the same as the one corresponding to [A :b]

Activity 2.2

1. Reduce the following matrices to row echelon and reduced row echelon forms.

2 0 -1
a5 1 0
01 3

2 2

2
b
)3

4

o b~ W

4

4
5
6

4

c)

~N O O

2.4 Rank of a Matrix Using Elementary Row Operations

Defination 2.11: Let A be mxn matrix and U be an echelon or the reduced echelon form of

o O O

w B e

O w N
w N W

A.The rank of A is denoted by Rank(A) and is define as the number of non-zero rows of U.

i.e if a matrix A is carried to a row-echelon matrix U by elementary row operations, then the

number of leading 1s in U is called the rank of A.

Example: Find the rank of each of the following matrices.

1 1 -2
A=l 3 -1 1
-1 3 4

Solution : We transform the matrix A in to row —echelon form by using elementary row

3
B=1
-1

-2 1 -2
-1 3 5
1 1 -1

operations.
1 1 -2 1 1 -2
A=/ 3 -1 1 |=z|0 -4 5 |,R,—>-3R+R,and R, >R +R, ,
-1 3 4 0 4 2
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o

1
o O -

1 -2

LBS Department

~4 -5/ R,>R,+R,

0 -3

I
|
|—\01le

is row echelon form.Therefore Rank(A)=3

3 -2 1|-2
B={1 -1 3|5
-1 1 1]-1

1R

N

1N

is row of echelon form and also the number of leading 1°® is 3. Therefore Rank(B)=3

3 -2 1 -2
~ |0 -5 10 13|,R, >3R,+R.and R, >3R, R,
0O 5 2 -1
-3 -2 1 -2
0 -5 10 13| R, >R, +R,
0O 0 12 12
2 1 2
53 :]%.3 1 1 1
1 -2 ? Rl—)?Rl,RZ—)—ngand RS—)—ERs
0 1 1
2 -1 2
3 3 3
1 -2 _?13 'R, = 2R, +R,
0 O _—3
5

1 1

’RZ —)—ZRzand R3 —)—§R3
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2.5 Inverse of a Matrix and its Properties

We motivate the idea of the inverse of a matrix by looking at the multiplicative inverse of a real

number. If number b is the inverse of a, then

ab=1 and ba=1

1. .
for example 3 is the inverse of 2 and we have

2()=(5 )21

These are the ideas we extend to matrices.

Definition 1.12 An nxn matrix A is said to be nonsingular or invertible if there exists a matrix B
such that AB=BA=I,. The matrix B is said to be the multiplicative inverse of A. Note: If Band C
are both multiplicative inverses of A, then

B =Bl,=B(AC) = (BA)C = ¢ =C.
Thus an invertible matrix has a unique inverse.

Example 1: Show that the matrix B is the inverse of matrix A if

2 0- -1 3 -1 1
A=|5 1 0 B=|-15 6 -5
0 1 3 5 -2 2

Solution: Observe that

2 0 -1 3 -1 1 1 00
AB=5 1 0]-15 6 -5|=|0 1 0|=I,
01 3 5 -2 2 0 01
And
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3 -1 1 -1
BA=|-15 6 -5|5 1 0 |=1I,
5 -2 2 3

Thus AB=BA=I3,which shows matrix Bis the inverse of A.
Note:i) Inverse of a matrix B is only defined for square matrices.

ii)A matrix may not be invertable even if it is square matrix.

01 . - . :
For example let A:[O Oj ,then if A is invertable ,then there exists a matrix say

o s B MR S

Implying 0=1, which is absurd. Thus A is not invertible.
Definition 1.13: An nxn matrix is said to be singular if it does not have a multiplicative inverse.
Notation: Let A be an invertible matrix. We denote its inverse by A™.
Gauss-Jordan Elimination for finding the inverse of a matrix
Let A be an nxn matrix.
1. Adjoin the identity nxn matrix I, to A to form the augmented matrix (A: 1)
2. Compute the reduced echelon form of (A: I,). If the reduced echelon form is of the type

(In: B), then B is the inverse of A. If the reduced echelon form is not of the type (I,: B), in that

the first nxn submatrix is not I,, then A has no inverse.

Example 2: Determine the inverse of the matrix

1 -1 -2
A= 2 -3 -5
-1 3 5
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Solution: Applying the method of Gauss-Jordan Elimnation ,we get

1 -1 -2 1 1 -1 -2 1

00
R, >R, -2R,
(A:ly))={2 -3 -5 01 0|z|0 -1 -1 -2 :
R, >R, +R,
-1 3 5 001 0 2 3 1 01
1 -1 -21 0 0
=0 1 1 2 -1 0,R,—>-R,
0 2 3 1 01
10 -1 3 -10
= 1 1 2 -1 0,R—>R+R,,
00 1 -3 2 1
R, > R;-2R,
100 0 1 1
=01 0 5 -3 1R >R +R,,
001 -3 21
R, >R, —R,
Thus
0 1 1
A'= 5 -3 -1
-3 2 1

The following example illustrates the application of the method for a matrix that does not have
an inverse. Letter on in this chapter we devise more effective method to decide whether a matrix

invertible.

Example 3: Determine the inverse of the matrix below, if it exists.
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Solution: Applying the method of Gauss-Jordan Elimnation we get

115100 (1 1 5 1 00
(A:l)=|1 2 7 01 0|=z{0 1 2 -1 1 0|R,>R,—R andR, >R,-2R,
2 -1 400 1)(0 -3 -6 -201
103 2 -10
~l01 2 -1 1 O0|,R >R -R,and R, >R,-3R,
000 -5 3 1

There is no need to proceed further. The reduced echelon from cannot have a one in the (3,3)

location. That is the reduced echelon form cannot be of the form (In: B). Thus A-1does not exist.
Activivity 2.3

1. Find the inverse of the matrix below if it exists.

- 2 1 3 1 2 -3
a)(2 3) blo 2 1 ol1 -2 1
11 2 5 -2 -3

Properties of Inverse Matrices

Let A and B be invertible matrices and ¢ a nonzero scalar. Then

1L(A*) =A
2. (cA)t=1aAt
Cc

3. (AB)'=BA™
4. (A"t = (A"
5. (AT )71 — (Afl)T

we verify the 1% and 3" results to illustrate the techniques involved leaving for the reader the

remaining results to verify.

i) (A1) =A this results followes directly from the defination of inverse of a matrix .Since A™ is

the inverse of A ,we have
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AAT=ATA=I,
This statement also tells us that A is the inverse of A™.Thus (A)*=A

ii)(AB)'=B*A™® we want to show that the matrix BA™ is the inverse of the matrix AB.We

get,using the properties of matrices,

AB(BA) = A(BB A
= Al A"
= AAT =1,

Similarly ,it can be shown that (BA™)(AB)=I,.
Thus (BA™) is the inverse of the matrix AB.

Activety 2.4

51 2 -1
1.1f A= then At =| -
9 2 -9 5

Use this information to determine
a)(2AT)* b) A c) (AAT)*
2.6 Determinants and its Properties

To every square matrix A=[aj]nxn 1S associated a number or an expression called
the determinant of A and is denoted by |A| or det (A).
2.6.1 Determinant of Order One

Let A=[a1;] be a square matrix of order one. Then det (A) = a;; By definition, if A is invertible,

then a;; = 0 and so det A#0. Also, conversely if det (A)#0, then a;; = Q and so, A is invertible.
2.6.2 Determinant of Order Two

The determinant of a 2x2 matrix is given by
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all alZ

=ay,8,, —a,4a,
a, ay

Example 1:Determine the determinant of the following matrices

1 5
a. b.

1 5
Solution:a. det((7 10])=1.10—7.5:10—35:—25

-6

O

3

Wl

1
= 6

b. det(| © yolg gl 1 1 -1
= 3 3 2 6
3

Defination 2.14:Let A=[a;] and M;; be the (n-1)x(n-1) matrix obtained from A by deleting the |
row and j column containing a;;. The det(M;) is called the minor of a;;.We define the cofactor Cj
of a;j by Cij=(-1)™ det(Mj;)

Example 2 Determine the minors and cofactors of the elements a;; and as, of the following

matrix A.

>

Il
o u B
o N
B w o

Solution:Applying the above defination we get the following.

Minor of aj1:
2 3 H st st
det(My1)= 01 =2-0=2 ,By deletining the 1> row 1> column.

And the cofactor of a;1-
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C11=(-1)*"* det(My;)=2
. 10
Minor of as,=det(Ms,)= 5 3 =3-0=3

The cofactor of asy:
Car=(-1)*"? det(Ms2)=-3

Theorem?2.2 :If A is an nxn matrix with n>3,then det(A) can be expressed as the a cofactor

expansion using any row or column of A.

ie, det(A)=8q,C,+a,C,+..+8,C,,.or

In~in*

=a,;C;; +a,,C,; +..+3,C

nj ~’nj
fori=1,...,nandj=1,. ..n.

Note:One can often save work by expanding along the row or column that contains the most
zeros. There is a useful rule that can be used to give the sign part (-1)™, of the cofacotors in these

expansion.The rule is sumarized in the following array.

If, for example ,one expands in terms of the second row ,the signs will be - + - etc.The signs

alternate as one goes along any row or column.

Example 3:To evaluate the determinant of

N O O O
o r AN
= O O1 W
w w O o

Solution:One would exxpand down the first column.The first three terms will drop out,leaving
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2 30

2 3
—2det(4 5 0):—2.3det((4 5}):—2.3(—2):12
10 3

2 -1 4 9
3 -2 7 3

Example 4:Caluculate det( )
0O 0 0 O
-4 3 -2 5

Solution:Choose row 3 ,since it has the most zeros.

2 1 4 9
dget( | © 2 T 30 -0.det( 1+ 0.det( )+0.det( )+0.det( )=0
0 0 0 0
4 3 -2°5

This example illustrate es the fact that if amatrix has a row (or column ) containing all zeros the

determinant is zero.

7

o o B~ W

2
0
Example 5:Calculate det( 0 0o
0 0 10

Solution:Choose column 1 since it has the most zeros.

2. 73 3 4 3
det( 0 -3 43 )=2det( _0 6 4 |,expand by column 1
0 0 6 4|  SXpanaby '
0 0 10
0 0 0 10
6 4
=2(-3)det(. ) =2(-3)(6)(10) =-360
0 10
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Another look at Example 3 shows us that the determinant of the given matrix was the product of

the diagonal element .Although this does not happen for all matrices ,it does if the matrix is

upper or lower triangular matrix.
Theorem2.3 If A be a nxn matrix is upper (or lower ) triangular,then det(A)= a,,a,,...a,, -

Proof: Let us use the principle of mathematical induction. The proposition P(n) is as follows: An

n x n upper triangular matrix A has determinantay; az; ... ann First, we check p(n).When n=2

A [311 au]
0 a,
and by definition det( A)=ai1a,, . The proposition is true for n=2 . For the induction hypothesis

we suppose that P(K) is true. That is, suppose that if Ayxk IS upper triangular then

det(Axxk )= a8y, ...8y, -

To complete the proof ,we must show that det(A, ;) = 83,82 -8y -

all alZ alk a1k+l
9 a22 a2k a'2 k+1
Writing Ax+1ke1=|
0
O O O akk akk+l
0 0 0 0 a‘k+1k+1

We compute det(Ax+1xk+1) by using row k+1 to find

det(Ak+lk+l) = (_1)2k+2 ak+lk+1 dEt(Akxk )
Byinduction=a, ,, ,(a,, --ay)

hypothesis
—_

=g Qe Ay

Thus by the principle of mathematical induction ,the propostion is true for all n.
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So, if A is upper or lower triangular, the determinant is easy to calculate. To use this fact, we can
row-reduce a matrix to upper or lower triangular form, calculate the determinant of the resulting

matrix, and then relate that determinant to the determinant of the original matrix.

Activty2.5
2 0 39
4 0 1 5 i . .

l.Let A= 5 8 2 5 ,then find the following minors and cofactors of A.
0 -3 6 7

a. M, and Ci2  b) Mysz and Cygs.

2.Find the determinant of the following matrix using as little computation as possible.

1 -2 30

4 0 50
B=

7 -3 8 4

-3 9 30

2.6.3 Properties of a Determinant

The following theorem tells us how elementary row operation affect determinants. It also tells us

that these operations can be extended to columns.
Theorem 2.4 Let A be an n x n matrix and ¢ be a nonzero scalar.

a) If a matrix B is obtained from A by multiplying the elements of a row (column) by c then
|B| = cl|A|.
b) If amatrix B is obtained from A by interchanging two rows (column) then |B|=—A|
c) If a matrix B is obtained from A by adding a multiple of one row (column) to another
row(column), then |B| = |A|.

The proof is left as exercise.

Example 6:Evalute the following determinant
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3 4 -2
-1 -6 3
2 9 -3

Solution: We examine the rows and columns of the determinant to see if we can create zeros in
a row column the above operations. Note that we can create zeros in the second column by

adding twice the third column to it:

3 4 -2 |3 0 -2
-1 -6 3|=|-1 0 3|C,>C,+3C,
2 9 -3 |2 3 -3

Expand this determinant in terms of the second column to take adevantage of the zeros.
=3 > "A-(-30-2--21
-1 3| -

We shall find that matrices that have zero determinant play a significant role in theory of

matrices.

Defination2.14: A square matrix A is said to be singular if |A| =0.Ais nonsingular if |A| #0.

The following theorem gives information about some of the circumstance under which we can

expect a matrix to be singular.
Theorem 2.5 Let A be a square matrix. A is singular if

a) all the elements of a row (column) are zero.
b) two rows (columns) are equal.
c) Two rows(columns) are proportional.

Example 7 :Show that the following matrices are singular.

2 0 -7 2 -1 3
a A= 3 0 1 b) B={1 2 4
-4 0 9 2 4 8
Solution:
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a) All the elements in column 2 of A are zero. Thus |A| = 0.
b) Observe that every element in row 3 of B is twice the corresponding element in row 2. We
write
(row 3) = 2(row 2)
Row 2 and row 3 are proportional. Thus |B| = 0.
The following theorem tells us how determinants interact with various matrix operations. The
examples following it demonstrate the theorem in use.
Theorem 2.6 Let A and B be n x n matrices and ¢ be a nonzero scalar.
a) Determinant of a scalar multiple : |cA|=c"|A|
b) Determinant of a product: |[AB| = |A||B|
c) Determinant of a transpose: |A'| = |A|
1

A (assuming A exists).

d) Determinant of an inverse: ‘A‘l‘:

Example 8 If A is a 2x2 matrix with |A| = 4, use Theorem 2.22 to compute the following

determinants.
a) [3A] b)) A c) [pA'A”| ,assuming A™ exists.

Solution:a) [3A|=(3)|A| =9x4=36
a) |A*|=|AA|=|AlA] =(4).(4) =16

b) [pA'AY|=5AAY= 25|A4ﬁ =25
Exampe 9:Prove that |A7A'A =|A

Solution: by the properties of matrices ,determinants, and real numbers we get
_ _ _ _ 1

A A= R A A 2 A -

Activity 2.5

x-1 -2
1.Find all the values of x that make the following determinant zero. ( 5 J
X—2 X-—
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1 -1 -3
2If A=| 2 0 —4|then |A| = —2. Use this information, together with the properties of
-1 1 2

determinants, to compute the determinant of the following matrices.

1 -1 -3 2 0 -4 1 -1 -3
a2 0 -4| b1 -1 -3| ¢4 -2 -10
2 2 4 11 2 1 1 2

3.If Aand B are 3 x 3 matrices and |A|= — 3, |B| = 2, compute the following determinants.
a)|AB|  b) [AAT| ©)|(AB™)T|
2.7 Determinant Method of Finding Inverse Matrices

We first introduce tools necessary for developing a formula for the inverse of nonsingular
matrix.

Definition 2.23: Let A be an n x n matrix andC j; be the cofactor of a;;. The matrix whose (i, jm
element is Cj; is called the matrix of cofactors. The transpose of this matrix is called the adjoint
of A and is denoted adj(A).

T

Cll ClZ Cln Cll ClZ Cln Cll CZl Cnl

C'21 C.22 h C'Zn then C'Zl C.zz ’ ) C.Zn _ C.12 C.zz C'nz

Cnl Cn2 Cnn Cnl Cn?_ Cnn C1n C2n Cnn
) matrix of cofactors adjoint matrix

Example 10 : Find the matrix of cofactors and the adjoint matrix of the matrix

-2 -1 3
A=-4 5 2
-3 1 4

Solution:The cofactors of A are
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c. =P 2‘=18 C =—‘_4 2‘:10 C =‘_4 5‘:11
o4 ¥ -3 4 ®l-3 1

C _1 3‘:7 C :‘_2 3‘:1 C :‘_2 _wzs
201 4 2 1-3 4 2 -3 1

c. -t 3‘:—17 C =‘_2 3‘=—8 C =‘_2 _]1=—14
15 2 #1-4 2 ¥ -4 5

Thus the matrix of cofactor of this matrix is

18 10 11
7 1 5
-17 -8 -14

and the adjoint of A is the transpose of this matrix

18 7 -17
adj(A)=/10 1 -8
11 5 —14

Theorem 2.7Let be a square matrix with det(A) = 0.A is invertable with

1
AT = = adj(A)
A

Proof: as exersise

a a.
Example 11: For a 2x2 matrix [a“ 12J,the adjoint  Adj(A) =( 2 312J

a21 a‘22 21 a‘ll

; : ~ 1 a,, -—a
If Ais nonsingular then A" =———~ | % 12
8118y — 8y \ 8y an

Example 12: use the result of Theorem 1.25 to compute the inverse of the matrix

-2 -1 3
A=|-4 5 2
-3 1 4
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Solution: A ;¢ computed and found to be -13.This matrix was discussed in example 10.There

we found that

18 7 -17
adj(A)=[10 1 -8
11 5 -14

The formula for the inverse of a matrix gives

e
13 13 13

Aflz__ladj(A): -0 -1 8
13 13 13 13
-1 -5 14

13 13 13

Activity 2.6

1. Determine whether the following matrices have inverse. If a matrix has an inverse, find the

inverse using the formula for the inverse of a matrix.

2) @ g b)

We now discuss the relationship between the existence and uniqueness of the solution to a

H~ O B
o = N
~N N W

system of n linear equations in n variables and the determinant of the matrix of coefficient of the

system.
2.8 System of Linear Equations and Characterization of Solutions

Theorem 2.8: (Cramer’s Rule). Let A be an n x n nonsingular matrix and let B € R". Let A; be
the matrix obtained by replacing the ith column of A by B. If X is the unique solution to AX =B,
then

X: :m ,fori=12,...,n
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Theorem 1.9 Let AX = B be a system of n linear equations in n variables.

i) If |A| #0, then AX =B has a unique solution. The system has a trivial solution that
is X=0if B =0.
i) If |A| =0, and at least one of the Ajs is nonzero the system has no solution. For, if

|Al =0and |Aq| # 0, then X |A| =|A,] leads to a contradiction. Such systems are

called inconsistent
iii) If |Al=0and |A[=0,i=12,...,n thesystem my ave an infinite number of

solutions or may not have a solution. A system having an infinite number of solutions is called
dependent.
Definition 2.14 If AX = 0 then the system of equations is said to be homogeneous.
Example 1:Solve

3X, — X, +X=3

X, +X, +X; =6

X =X, =Xy =—4
by using Cramer*® rule.
Solution: First we calculte det(A).

3 -1 1] 38 -11
det(A)=f1 1 1|=1 1 1,R,—»>R,+R,

1 -1 -1 2 0 O
-1
:2‘ j4
1
3
Now substute B=| 6 | for column 1 and calculate
-4
4 -11 4 -1 2
dett 6 1 1| detf 6 1 O
-4 -11 -4 -1 0 -4
X, = = C;,—>-C,+C,=—=1
-4 -4 -4
Similarly
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3 4 1 30 1
dett1 6 1| detfl 2 1
1 -4 1 10 -1
X, = 2 = 2 ,C, > -4C, +C,
::_jzz
3 -1 4 3 -1 4
def1 1 6 dett4 0 10
1 -1 -4 2 0 2
Xy = 2 = 2 ,R, >R, +Rand R, >R, +R,
-12
=, "

The answer checks, by direct substitution.

The following two systems of linear equations, each of which has a singular matrix of

coefficients, illustrate that there may be many or no solutions.

X, —2X, +3X; =1 X, +2X, +3%X; =3

3X; —4X, +5X; =3 2X, + X, +3%X; =3

2X, —3X, +4X; =2 X, + X, +2X;, =0
many  solution no solution

X, =t+1x, =2t,X; =t

Example 2: Determine values of r for which the following system of equations has nontrivial

solutions. Find the solutions for each value of r.

(r+2)x,+(r+4)x,=0
2% +(r+1)x, =0

Solution: This system is a homogeneous system of linear equations. It thus has the trivial
solution by Theorem 2.26 (i). The same theorem part (iii) tells us that there is the possibility of

other solution only if the determinant of the matrix of coefficients is zero.

Equating this determinant to zero, we get
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r+2 r+4
2 r+l
(r+2)(r+1)-2(r+4)=0
r’+r-6=0
(r=2)(r+3)=0

Thus the determinant is zero if r=-3 or r=2.

r=-3 result in system

—-X+X,=0
2X, —2%X, =0

LBS Department

This system has infinitely many solutions x, =m,x, =m, for me R

r=2 the result of system

4%, +6x, =0
2%, +3%, =0

This system has many solutions

_—3m

X, =——,X, =m, for meR

2

Cramer’s rule gives us a convenient method for writing down the solution to an n x n system of
equations in terms of determinants. In this method we can solve for any one of the xis with out
solving the solution of the entire system. However to compute the solution of the system as a
whole, one must evaluate n + 1 determinants of order n. Evaluating even two of these

determinants generally involves more computation than solving the system using Gaussian

Elimination that we are going to see below.
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2.8.1 The Gaussian Elimination Method

Let AX = B be a linear system of equations then

1. Write down the augmented matrix of the system of linear equations.
2. Find an echelon form of the augmented matrix using elementary row operations.
3. Write down the system of equations corresponding to the echelon form.

4. Use back substitution to arrive at the solution.

Example 3 Solve the following system of linear equations using the method of Gaussian

elimination.
X, +2X, +3%; +2X, =-1

— X —2X, =2X; + X, =2
2%, +4X, +8X, +12%x, =4

Solution: Solving the augmented matrix, create zeros below the pivot in the first column.

1 2 3 2 -1 1 2 3 2 -1
[A:b]=|-1 -2 -2 1 2|0 01 3 1|R,»R,+R,R;,—>R;-2R,
2 4 8 12 4 0 0 2 8
1 2 3 2 -1
=0 01 3 1|R;—>R;—-2R,
0 0 0 2
1 2 3 2 -1 )
=0 01 3 1|R;—> > R,
0 001 2
We have arrived at the echelon form.
The corresponding system of equation is
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X, +2X, +3X; +2X, =—1
X +3X, =1
X, =2

The system is now solved by back substitution i.e. the value of X4 is substituted into the second

equation to give X3 . X3 and X4 are then substituted into the first equation to get X; .

We get

X;+3(2) =1

Substituting x;,=2 and x3=-5 into the first equation we have

X, +2X, +3(-5)+2(2)=-1
X, +2x, =10
X, =—2X, +10

Let x, = t, hence the system has infinitely many solutions.
Therefore the solution set is (-2t+10,t,-5,2)"

Example 4 Determine the value of k so that the following system of unknown X, y, z has

(i) a unique solution, (ii) no solution, (iii) an infinite number of solutions.

X+y-z=1
2X+3y+kz=3
X+ky+3y=2

Solution: The augmented matrix determined by the system is
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11 -1 1 1 1 -1 1
[A:b]=|2 3 -k 3|=z|0 1 k+2 1, R,>R,-2R,R,>R,—R,
1 k 3 2) (0 k-1 4 1
11 -1 1
=0 1 k+2 1 |,R,>R,—(k-DR,
0 0 —(k-(k+2)+4 2-k
11 -1 1
=0 1 k+2 1
0 0 (2-K)(k+3) 2-k

The system has a unique solution if the solution if the coefficient of z in the third equation is not
zero; that is, if k # 2 and k # -3. In case k = 2, the third equation reduces to 0 = 0 and the system

has infinite equation reduces to 0 = 5 and the system has no solution.
Summarizing (i) k #2 and k # 3, (ii) k = -3, (iii) k

Activity 2.5

1. Solve the following systems of equations using

a. Cramers rule (if possible)
b. Gaussian elimination method

2% +TX, +3X, =7 X, +6X, —X; =3
1) X +2X,+% =3 1) X, —2X, +3X; =2
X, +95X, +2X; =5 A%, —2X, +5%, =5
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Self test
1. Find the inverse of the following matrices if possible

-1 3 7 5
L 3 1 2 3 L 5 -1 3 1 01
a b)[-3 1 2 c)| . B d)f2 1 2
()(HJ (0) ©, o 1 4 @
9 5 6 1 21
1 -1 -1 3
11 0
2.Find the values of x for which the matrix A=|1 0 -1 is invertible. In that case give A™.
1 2 X

3. Find the determinants of the matrices in 1above.

4. What is the determinant of the product matrix below?

R O WlkF

oON -
R O O
R O N
o O
R O K
ONI|F, N

o

1 -2 0 1 20

5.Giventhat [ 2 1 OfA/=2 10 :5|3,Whatisdet(A)?
0 0 1 0 01

6. Find the determinant and inverse of the following matrix

1 0 0 O
010 0 1 1 1 X+m X X
(a) ()l a b c ) x xm x
0 01 O s Lo o
a- b° ¢ X X X
a b c d

7. For what values of k wills the system

X, + X, +kx; =0
X, +KX, +X; =0
KX, +X, +X, =0
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have a non-trivial solution? In each case what are these solutions?
8. Solve each of the following system of linear equations by using:
1) Gaussian elimination method
i1) Cramer’s rule, whenever possible

2X+Yy+62=6 3X+4y+72=0
c) 3x+2y-2z=-2d) y-2z=3
X+y+2z=4 X+3y—z=-5

2x-5y =1 b X+2y-z=-1

@ o _
X—2y=-4 —-X+2y-9z=9

X+y+z+w=-4
2y+z+3w=4
2X+Yy—-z+2w=5
X—y+w=4
9. A man refused to tell anyone his age, but he likes to drop hints about it. He then remarks that
twice his mother’s age add up to 140 and also that his age plus his father’s age add up to 105

Furthermore, he says that the sum of his age and his mother’s age is 30 more than his father’s

age. Calculate the man’s age or show that his hints contradict one a
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CHAPTER THREE

3. Limit and Continuity

Introduction:

The concept of a limit is a central idea that distinguishes calculus from algebra and trigonometry.
It is fundamental to finding the tangent to a curve or the velocity of an object.

In this chapter we develop the limit first intuitively and then formally. We use limits to describe
the way a function f varies. Some functions vary continuously; small changes in x produces
only small changes in f (x). Other functions can have values that jump or vary erratically. The
notion of limit gives a precise way to distinguish between these behaviors. The geometric
application of using limits to define the tangent to a curve leads at once to the important concept
of the derivative of a function. The derivative, which we investigate thoroughly in chapter 4,

quantifies the way a functions value’s change.
Chapter Objectives

At the end of this chapter the readers should be able to:

e Understand the concept of limit.

e Study and use a formal definition of limit.

e Evaluate a limit using properties of limits.

e Understand one-sided limit.

e Evaluate one-sided limit.

e Determine limit at infinity and infinite limits.

e Determine the horizontal and the vertical asymptote of the graph of a function.
e Determine continuity at a point and continuity on an interval.

e Understand and use the Intermediate VValue Theorem.
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3.1 Definitions of Limit

Until now we have been evaluating the limit of a function by using its intuitive definition. That is

we have said that limit of f(x) as x approaches to a is L and write

limf(x)=L

X—a

if we can make f(x) close enough to L by choosing x close enough to a but distinct from a.

Although this intuitive definition is sufficient for solving limit problems it is not prices enough.
In this section we see the formal definition of limit, which we call the £—0O definition of
limit.

Definition 3.1(Formal definition of limit)

The limit of f(x) as x approaches a is L, written

limf (x)=L

X—a

ifevery &>0, there exists a & >0such that | f (x) — L| <& whenever 0<|x—a|<& .
In definition 3.1 above we should not that:

I.  The absolute value symbol is read as “the distance between” for instance |X—a| is the

distance between x and a.
ii.  Notice that|x — a| > 0. In other words x is not equal to a.
So with this in mind we can read the definition as:
“The distance between f(x) and L can be made smaller than any positive number &, whenever
the distance between x and a is less than some number §and x does not equal a.” Fig 3.1 below

represents this idea pictorially as:
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N -

N
1 ad a a 8‘\

Fig 3.1
If we wish to use a form of Definition 3.1 that does not contain absolute value symbols we can
have the following alternative definition of limit.

Definition 3.2: lim f(x) =L if and only if for every £ >0, there is a ¢ >0 such that if x is in the

X—a

open interval (@ — &,a + &) and x # a then f(x) is in the open interval (L — &, L + &).
Using either of the definitions of limit given above we can prove the following theorem.

Theorem 3.3: If limf(x)=Landlimf(x)=M ,thenL=M .

The above theorem tells us that if a limit of a function f(x) at a exists then it must be unique.

3.2 Examples on Limit

Even if it is very difficult to us the formal definition of limit to handle all limit problems, let us
see how we can use it for evaluating some important limits that may help us in developing rules
by the way of which we can evaluate limits without using the formal definition.

Example 1: Assume thatlirr21(5x —7)=3. By using properties of inequalities, determine a § > 0

such that
if0 < |x—2] <d&then|(5x —7) — 3] <0.01
Solution: By considering|(5x — 7) — 3| < 0.01, we can see that
|(5x — 7) — 3| < 0.01 & |5x — 10| < 0.01
< 5|x — 2] <0.01
S |x — 2] <0.002
So now it is clear that if we choose § = 0.002 the statement holds, but to check our result holds

we proceed as follows:
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If0 < |x—2| <& then|x—2| <0.002

0.01
= |x—2| <T

= 5|x — 2] < 0.01
= |5x — 10| < 0.01
= |(5x —7) — 3] < 0.01
Thus we have shown that the choice of § = 0.002 satisfies the statement
if0<|x—2| <déthen|(5x—7) — 3| <0.01
This example is for the specific £ =0.01. The general case can be seen as follows.
Example 2: Show that |Xi_I’>Y21(5X —7)=3.
Solution:
We need to show that given &> 0 then there exists § > 0 such that
ifo<|x—2|<dthen|(5x—7)—-3|< ¢
To choose an appropriate § we start with |(5x — 7) — 3| < & then we have

[5x—10| < ¢ =5|x—2| < ¢
:>5|x—2|<§

Hence, we let § = %

This proves that 1im(5x —7) = 3.

Example 3: Prove that lim7 = 7.

X—>5
Solution:
Begin by letting & >0 be given. Find § > 0 so that
if0<|x—5|/<dthen|f(x)—7| < ¢
i.e. |7 —7| < ¢ i.e. |0| < . But this trivial inequality is always true, no matter what value is

chosen for §. For example § = % will work.

Thus, if 0 < |x — 5] < § then it follows that |f(x) — 7| < ¢.

This completes the proof.
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A similar proof as example 2 shows us that for any number a and k

Iimk = k. (1)

Mok T e

Example 4: Prove that 1im kXx = ka for any real number k.

X—>a

Solution: from (1) itisclear that if k = 0

IIMmkx=1imo=0=0.a=%k.a

X—>a X—>a

If k + 0, letting £ >0we must finda § > 0 so that

O0<|x—a|= lkx —ka| < ¢

Since,

lkx —ka| < ¢ = |kl|lx —al < ¢

=>|x—a|<i
K

Now, choose § = £
N

Thus, I1m kx = ka for any real numberk.

- 2
Example 5: Prove that |X|_T>T11 X +3)=4

Solution:
Begin by letting &£ >0 be given. Find § > 0 (which depends on¢ ) so that
If 0 <|x—1]| <6, then |f(x) — 4| < ¢. Begin with |f(x) — 4| < ¢ and “solve for” |x — 1|.
Then
f(x) —4|< e & |(x?+3)—4|< ¢

s x2-1l< ¢

S|lx-Dx+1D|< ¢

Slx—-1lx+1< ¢
We will now replace the term |x + 1| with an appropriate constant and keep the term |x — 1],

since this is the term we wish to “solve for.” To do this, we will arbitrary assume that § < 1
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[This is a valid assumption to make since, in general, once we find a é that works, all smaller
values of a § also work].
Then
Ix—1]|<6<1=>-1<x-1<1
=0<x<2
=1<|[x+1]<3
It follows that
[x —1llx+ 1| < |x—1|3) < ¢
=3lx—1|< ¢

<=)|x—1|<i
3

Now choose § = min {1, %}
Thus, if 0 < |x — 1] < §, it follows that |f(x) — 4| < ¢.
Hence, ||m(X2 + 3): 4

x—1

1
+33

Solution: Begin by letting & >0 be given. Find § > 0 (which depends on& ) so that

Example 6: Prove that |Im

If 0 <|x—3| <&, then |f(x) =3 < & . Begin with |[f(x)— 2| < ¢

and “solve for” |x — 3]|. Then

=3l < e s -1 <
_—— @_—_
fx 3 & 13 &

3 2 1x+3

& = - = <
3x+3 3x+3
6 —(x+3)
3x+3) | °
13 — x| <
@—
Bllx+3] " °
|x — 3] <
<=>—
Bllx+3] ¢
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1|x— 3|
“3x+3 ¢

1 1
<=>§|X—3||x+3|<8

We will now replace the term |x + 3| with an appropriate constant and keep the term |x — 3|,
since this is the term we wish to “solve for.” To do this, we will arbitrary assume that § < 1
[This is a valid assumption to make since, in general, once we find a § that works, all smaller
values of a § also work].
Then
lx —3|<6<1=>-1<x-3<1
=2<x<4
=5<|x+3|<7
i1t 1
7 |x+3] 5
It follows that

1

§|X—3|

<1| 3|1<
x+3] 3% 5S¢

1
= —|x —
1 lx —3| < &
S |x -3 <15¢
Now choose § = min{1,15¢ }

Thus, if 0 < |x — 3| < &, it follows that |f(x) —3| < &.

Example 7: Prove that !(I_Y)Q(Z + \/;) =5

Solution:
Begin by letting £ >0 be given. Find § > 0 (which depends on¢ ) so that

If0<|x—9| <6, then |f(x) — 5] < ¢. Begin with |[f(x) = 5| < ¢
and “solve for” |x — 9]|. Then

lf(x)-5l< e e |2+Vx)-5|<e¢
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<:)|\/§—3|<8

Vx +3
Vx +3

=

(Vx-3)

x—9
Vx +3

‘<g

=

|<g

— 9
S x ||\/§+3|<5

We will now replace the term |\/§ + 3| with an appropriate constant and keep the term |x — 9],
since this is the term we wish to “solve for.” To do this, we will arbitrary assume that§ < 1
[This is a valid assumption to make since, in general, once we find a § that works, all smaller
values of a § also work].

Then
Ix -9 <6<1=>-1<x-9<1

=8<x<10

= V8 <Vx <10

=V8+3< |Vx+3|<V10+3
1 1 1

< <
~ V10 +3 [Vx+3| V8+3

It follows that

1
<|lx—9|——< ¢

1
[Vx + 3| V8+3
(=>|x—9|<(\/§+3)5

|x — 9]

Now choose § = min{1, (V8 + 3)¢}
Thus, if 0 < |x — 9] < 4§, it follows that |f(x) — 5] < «.

Hence, !('_")7;(2 + \/;): S

Example 8: Prove that |X|m3X sin—=0
—0 X

Solution:

We need to show that given £ >0, then there exists § > 0 such that
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0 < |x — 0] < & implies |3xsin~ — 0| < &. For” |x - 9].

Looking for &

1
’3xsin —‘ < ¢
X

1
< |3x]| sin;‘ <e¢

1 1
< 3x| |sin;| < 3|x|.1 < ¢; since |sin;| <1

&
S x|l < =
3

Hence we let § = %

: .1
Thus. lTM3xsin—=0
T x>0 X

Negation of the Existence of a Limit
Next we present an example of a function that does not have a limit at a certain point. For a
function f not to have real number L, the statement “L is the limit at a” is false. What does it
mean for that statement to be false? By definition 3.1, “ is the limit of f at a” means that:
For every &> 0there isanumber § > 0 such that

if0<|x—a|l<d,then|f(x)—L|< ¢
For this statement to be false, there must be some & >0 such that for every § > 0 it is false that
ifO<|x—al <8, then [f(x) =Ll < & toorveiiiii e, (2)
But, to say that (2) is false is the same as to say that there must be a number x such that
O0<|x—al<dand |f(x)—L| = ¢

Thus to say that the statement !('_';2 T (X) = L isfalse is the same as to say that there

is some & >0such that for every § > 0 there is a number x satisfying
O0<|x—al<dand |f(x)—L| = ¢
Example 9: Let f be defined by
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_(x* 5 forx>0
f(x)_{—l; forx <0

Show that Iirgl f(x) does not exist

Solution:

Let L be any number. We will prove that the statement “L is the limit of f at 0” is false by letting

& =% and showing that for any § > 0 there is an x satisfying

0<|r—al<&and |[f(x)—Ll2;=¢
Let § be any positive number.

IfL < —%, then we let x = g and note that f(x) = x2, so that

52 s 62+1
2 =

4 2>—=5

2

|f(x) = LI =

If L > —%, then we let x = —g and note that f(x) = —1, so that

11 1
|f(>C)—LI=I—1—L|=|1+L|2|1—§|=_=,g

In either case we have shown that for any § > 0 there is an x satisfying

0<|r—al<dand [f(x)—Ll2=¢

Therefore, f has no limit at 0. (i. e. Iing f (X) does not exist)

Activity 3.1
1. Using the ¢ — & definition of limit, prove that
. . 2
lim2x -1)=1 limy =4
a. X—)l( ) C. X—-2 X
b, limyx-1=1 d. lim(2x-1)=3
X—2 Xx—1

3.3 One-Sided Limit
The notion of limit discussed in the preceding sections can be extended to one-sided limit as we

can see from the definition below.
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Definition 3.4

a. A number L is the right-hand limit of f at a denoted by lim f(x)=L
=

if for every &£ >0 there is a number & >0 such that

if O<x—a<d, then [f(x)-L|<e

b. A number L is the left-hand limit of f at a denoted by lim f(x)=L
X—>q

if for every &£ >0 there is a number & >0 such that

if —o<x—a<0,then |[f(x)-L|<e

Example 9: Show that lim+/x-1=0

xaf
Solution: Let & >0 be given. We need to show that there isa ¢ >0 such that

if 0<x—1<5, then [Vx-1-0|<¢
from ‘\/x —1‘ < & squaring both sides we get 0 <x—1< 52

Hence choose 6 = 52

Then
if0<x—1<5,maﬂvx—l—qux—1<J5=g

* Below we give a theorem that relates one-sided limit with the general limit the student
can see Robert Ellis and Danny Gulick for the proof of the theorem.
Activity 3.2
1. Show that

a. limJx=0 b. limJ4—x=0

x—>o+ x4

Theorem 3.5: lim f (x) exists and is equal to L if and only if lim f(x)=L and lim f(x)=L
X—a x—>g x>g"

both exists and both are equal to L.
Example 10: Observe that in Example 1 even if the right hand side of f at 1 exists since the left

side limit of f at 1 does not exist, as the function is not defined for x < 1 then
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lim+/x—1 does not exist.

x—1
3.4 Infinite Limits and Infinite Limits at Infinity
According to Definition 3.1 if a function f has a limit L at a then L is a real number, so if the
value of a function f becomes larger and larger in absolute value as x approaches a from the
right or from the left of a the f has no limit at a. Now we introduce a definition that addresses
such a case.
Infinite Limits
Definition 3.6 Let f be defined on some open interval (a, c).
a. IfvN,36 > 0 such that
if0<x—a<dthenf(x) >N

Then lim f(x) =00
X~>a

b. If ¥N,36 > 0 such that
if0<x—a<dthen f(x) <N

Then lim f(x)=—0

)<~>a_+
c. In either case (a) or (b) the vertical line x = a is called a vertical asymptote of the
graph of f, and we say that f has an infinite right- hand limit at a.
There are analogous definitions for the limits

lim f(x)=o00 and lim f(x)=-o0
x—>a7 x—>a+

Note if lim f(x)= lim =oo then we write simply lim=oo for the common expression and say

x=>gq x_>a’ X—a
that the limit of f(x) as x approaches a is oo and that f has an infinite limit at a.

Example 10: Show that |imi2 — o« - Show also that the line x = 0 is a vertical asymptote of the
x—0
X

graphof 1 .
X

Solution: Observe that for any N > 0,

ifoox< L ,then 1 _
JN N
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Thus |im —L — o, and that the line x = 0 is a vertical asymptote of the graph of 1 .

><~>O+ X2 X
OncemoreforanyN>0,if_\/1_<X<O,then 2N
N X
Thus |im L _ ., and that the line x = 0 is a vertical asymptote of the graph of 1 .
x—>0Q X2 X2

: . .1 .1 .1
Finally since lim — =oc= lim —;, we have lim— =oo.
><—>0+ X =0 X x—0 X
Limits at Infinity
Until now the limits we have seen have been limits of a function f at a number a. Now we
consider the limit of f as x becomes larger and larger in absolute value.
Definition 3.7

a. limf(x)=L if for every £>0 there is a number M such that

X—>0

if x > M, then |f(x)-L|<e

b. lim f(x)=L if for every >0 there is a number M such that

X—>—00

if x <M, then |f(x)-L|<e

c. If either imf(x)=L or lim f(x)=L, then we call the horizontal line y =L a

X—00

horizontal asymptote of the graph of f.

Example 11: Show that |imi2=o and lim iz:o

X—»00 X X—>—00 X
Solution: Let £>0. To show that Iimi2 =0 we must find an M such that
X—00 X
if x > M, then iz—O iz =i2<5
X Xl X
But then

If x>i,then i2>g

Je

X
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Therefore we let M :i and conclude that Iimi =0.

,\/; X—>0 X2
.1 . 1
To show that lim — =0, we simply choose M = -—
X—>—00 X \/Z
Then M < 0, and thus
ifx <M then |t o=L< 1 _;
X X M

This proves that lim iz =0.
X—>—0 X

LBS Department

Note here that the line y = 0 is the horizontal asymptote of the graph of iz

Activity 3.3

1. Find the vertical asymptote (if any) of the graph of the following functions.

2

X

d. f(X)ZM

a. _
b. ¢y~ X1 e f(X)=—
v sint
—-2X
C. f(x):S—_1 f. f(x):l—i2

2. Find the horizontal asymptote (if any) of the graph of the following functions.

X
a. f(X)=% C. f(x)= 32X
X +2
JoOx -2 3x + 2|
b. f _NV'X 74 d. ¥ _
9 2xX+1 ) -2

Infinite Limits at Infinity

We now see the last possible formal definition of limit that is not considered yet.

Definition 3.8 lim f (x) =oo if for any real number N there is some number M such that

X—0

If x > M, then f(x) >N
Note: the definition of
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lim f(xX) =—o0, lim f(x) =00, and lim f(x) =—o are completely analogous.

X—>0

Example 12: Show that limy° = co

X—>0
Solution: We use the fact that X3 >X for x>1.

For any N, choose M sothat M > 1 and M > N. Then it follows that
If x> M,thenx®>>x>M >N

Therefore by definition 3.8 , we have limy’ =

X—>0

Similarly, we conclude that for any positive integer n, lim X” =00,
X—>0

3.5 Basic Limit Theorems

Even if we have developed important techniques of solving limit problems by using the formal
definition, 1 hope by now we have realized that it is not that easy to use this definition to solve
each and every problem. Nevertheless the student had encountered in his or her earlier studies of
calculus rather easy ways of evaluating limits by the help of different rules. Here we state and

prove some of them by using Definition 3.1 and use them to evaluate more complex limit cases.

Theorem 3.9 Assume that limf(x)=L and limg(x)=M, and c is a constant. Then

X—a X

1. @;[f(x)ig(x)]: lim f (x) £limg(x) =L +M

X—a

2. limcf (x) =cL

3. Ixirg[f(x)g(x)]zIxina1f(x).limg(x):L.M

X—a

lim f (x)
4. lim F(x) =22 :L ; provided that M # 0.
xa g(x) | limg(x) M

Proof: Here we proof (1). Statement (2), (3), and (4) are left as exercise.
Let limf(x)=L and limg(x)=M.

We need to show for every € > 0 there is some § > 0 such that
if 0<|x—a|l<é,then|f(x)+gx)—(L+M)|<e

Observe that lim f (x) =L if and only if for every% > 0 there is some §; > 0 such that

if 0<|x—al <&y, then|f(x)—L| <§
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Similarly limg(x) =M if and only if for every% > 0 there is some &, > 0 such that

if 0<|x—al <&, then|g(x)—M|<:
Let § = min{d,,5,}. Then we can see that
if 0<|x—al <6 then|f(x)+g(x)—L+MI<IfC)—LI+|gl) LI <-+>=¢

Thus, |Xirg[f(x)+g(x)]= lim f () +1img(x) =L+ M

X—a

In addition to these rules you have also seen that for instance if f is a polynomial or a rational
function and a is in the domain of f, then

limf(x)=f(a)

X—a
Now let as quickly go through some important limit finding techniques that would require a little
bit of caution before applying the rules in Theorem 3.9.

2
-4
Example 13: Find lim X

X2 X—2

X —4

Solution: Direct substitution of 2 in

implies that we have O/O which is indeterminate.

Thus we cannot use Theorem 3.9(4) but for x # 0 simplification of the rational expression

would lead us to

2
X _4:(X_2)(X+2)=x+2
X—2 X—2

2
Thus, lim X4 lim[x+2]=4

X2 X—2 x—>2

2

Example 14: Find lim X

Solution: Again here we cannot use Theorem3.9(4), as we get from direct substitution the
indeterminateo/o. But for x # 0 rationalizing the denominator we have:

X2 X2 1,X2+1+1

lim =lim

0 o1 o1y
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X2_1/X2+1+1_
=lim F———1 =
0y 1)1

X2_1/X2+1+1_
=lim—= 5 =
X—0

X

—IImX le2+1+1}=2

x—0

Example 15: Find Iingx|x|

Solution: Observe that

2

2 .
X|X|:{X, WXZO
-X, ifx<0

. 2
Since x|x|=x" for x>0, we have

XX = |ImX =0

And also X|x| = —X2 for x <0, we have

lim x|x| = I|m =0
xao || O X

Therefore, we conclude that

I|mx|x|
x—0
Example 16: Prove that I| does not exist.
1IX+14
Solution:
|imil lim 222 tim1=1and tim X = gim 2 jim 1=
X—> x—>_1 X+1 x—>_:]_+ x—>_1 |X+1| x>_1 — ( 1) x>_1
Consequently
X+1 . X+1
lim —= % lim
X—> xa_l |X +1|
Thus, I|m— does not exist.
X—>— 1|X +1|
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Example 17: Find |ImX 2X
X—>00 X 1 X—>—0 X_l

2
X=2X by X in the limit we have

Solution: Dividing the numerator and the denominator of X 5

X -1
1
-_2
limX—£X_ 2X —lim X = 2
X—>00 X _1 xaool_i
X
Similarly
1
2 ——2
lim X=2X _ jimx___ 5
X—>—0 X _1 X—>—o0 _i
X

Observe that y =2 is the horizontal asymptote of the graph of ¢ (x) - X—£X_ 2X
X -1

Example 18: Let f(x)— X—£X 2X . Find all vertical asymptotes of the graph of f .
X -1

Solution: Since f is not defined at x=1 and x=—1 they are the possible vertical asymptotes

but to confirm our claim we use limit:

X— 2X = lim X 1_2X: ooand

lim&~ =2~
x—1" X -1 x~>1+X+1 Xx—1

lim X=X 2X = lim = 1-2x _

x~>_1 X -1 x~>_1 X+1 x—1

It follows that x =1 and x =—1 are the vertical asymptotes of the graph of f .

The next theorems give two additional properties of limits. For their proofs the student may
refer any major calculus books.

Theorem 3.10 If f(x)<g(x) for all x in an open interval that contains a (except possibly at
a) and the limits of f and g both exist as x approachesa, then

limf(x) <g(x)

Theorem 3.11 (The squeezing Theorem)
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If f(x)<g(x)<h(x) forall x in an open interval that contains a (except possibly at a)
and le£2 f(x)= @;h(x) =L.Then

lelr; g(x)=L.
I don’t think the student is new for these theorems and for the special limit that is the

Consequence of especially the Squeezing Theorem. i.e.

smx

lim =1
x=>0 X
{smce cosx<&<1 fo r(% Ej Takingbothsideslimitasx — 0, wegetllrngl}
X x>0 X
(you can see the detail proof on the book Robert Ellis)
N .1
Example 19: Flndllrgxzsm—.
X—> X
: : .1
Solution: Since—1<sin—<1, ¥x =0, we have
X
2 2 . 1 2
-X <X sm;sX , Vx#0
Moreover lim- x° =0 and |ImX =0
Thus, by squeezing theorem we have
1
IXTQX sm;—o
Example 20: Find |ImX X
x> X+1
4 2
Solution: Simplifying % we can evaluate the limit as below
+
4 2 2 2 2
. - ) | . X+1fx-1
imX —X _jimX b( ]:IlmX(—X)_IlmX *[x-1]=00
X—>0 X + X—00 X + X—»00 X + X—»00
Activity 3.4
1. Evaluate each of the following limits, if it exists.
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2
_X_2 _ _

a limX =< d limYirXovi=x

x>-1  X+1 =1 X

3 .

. sin2 . , if x<1
b. limSn2X e. limf(x) where f(x)=1%X _

x=>0  3X x—1 (X_Z)Z’ if x>1

. _1-cosx . 1-tanx
c. lim > f. lim————

o0y s~ SiN X — COSX

4

3.6 Continuity of a Function and the Intermediate Value Theorem

Definition 3.11 A function f is continuous at a number a in its domain if

limf (x) =  (2)

f is said to be discontinuous at a if £ is not continuous at a.

Notice that Definition 3.11 implicitly requires three things if f is continuous at a:

i f(a) is defined (that is, a is in the domain f ).

ii.  limf(x) exists (so f must be defined on an open interval that contains a).
X—a

i, limf()=f(a).

2
—-X-2 . . - .
1X— . Determine the number at which f is discontinuous.

Example 21: Let f(x)=Ilim
x+1

X—>—
Solution: Notice that f is a rational function. Since the denominator of f is 0 for x = —1, f is
defined for all x except at —1. Thus f is discontinuous only at x = —1 else where it is
continuous in its domain.

Example 22: If we redefine the function f in Example 21 as:

2_x=2

X .
f(x): T, |fX¢—l
-3, if x=-1
Then since
2
—X=2 —
lim 100 = lim XX 72 _ jim X=2Mx+1) g
x—>-1 x—>-1 X+1 x—>-1 X+1
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and hence Iirpl f(x)=-3=1(-0)

Thus, f is continuous.
Notice that we are able to make f in Example 21 to be continuous by redefining it at - 1 as

in Example 22. Such discontinuity points like - 1 in our example are called removable
discontinuities because we can remove the discontinuity of the function by redefining the

function just at the discontinuity point. Otherwise it is called non-removable discontinuity.

1 1, if x<0 )
Example 23: Let f(x)=—; and g(x)= . . Then we can see that, f is not
X 0, if x>0
defined at 0 and Iinon‘(x) =00, ¢ is defined at 0 but Iingg(x) does not existas lim g(x) =1and

x-()

limg(x)=0.
x—)O+

Thus, both functions are not continuous at 0.
We say we have infinite discontinuity at 0 in case of f while we say we have jump discontinuity
at 0 in case of ¢
Clearly combinations of continuous functions follow immediately from the corresponding results
for limits.
Theorem 3.12 If f and g are continuous at a and c is a constant, then the following
functions are also continuous at a.

i. fxg iii. fg

ii.  cf iv. 5 if g(a) # 0
So using Theorem 3.12 we can show that every polynomial function is continuous over R.
Every rational function is continuous every where except at numbers where the denominator is 0.
Another way of combining continuous functions f and g to get a new continuous function is to

form the composite function f o g . This fact is a consequence of the following theorem.

Theorem 3.13 If f continuous at b and limg(x) =b, then

limf(g(x))= f(b) = flimg(x))
The following theorem tells us that the composition of two continuous functions at a given

number is continuous.
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Theorem 3.14 If gis continuous at a and f is continuous at g(a), then
(fog)(x)= f(g(x)) is continuous at a.

Activity 3.5
1. Where are the following functions continuous?

b. g(X) = ————
JX +3-2

a. f(x)=[x

3.6.1 One-Sided Continuity

Definition 3.15:

-a function f is continuous is continuous from the right at a point a in its
domain if

lim f(x) = f (a)
=a

-a function f is continuous is continuous from the left at a point a in its

domain if
lim f(x) = f(a)
X%a
_ 1, ifx=#0 . )
Example 24: The step function g(x) = 0 if 3 is continuous from he left at 0.
, If x=

Since lim g(x)=1=g(0) but it is not continuous from the right at 0 as lim g(x)=g(0) .
x=>() x=()

(verify!)

3.6.2 Continuity on an Interval

Definition 3.16:

a) a function f is continuous on an open interval (a,b), if it is continuous at every point in(a,b).
b) a function f is continuous on a closed interval [a,b], if it is continuous at every point in

(a,b) and is also continuous from he right at a and continuous from the left at b.
Example: Discuss the continuity of f(x)=,/1- )(2 .

Solution: The domain of f is the closed interval [-11].

At all points in the open interval (-11), f is continuous.
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Moreover,

XE rr:lL 1- X2 =0="1(-1)...... continuous from the right
and

xILT 1- X2 =0="f1).......... Continuous from he left

Thus, f is continuous on the closed interval [-11].

Activity 3.6
Let f(x)=+16—x.Showthat f is continuouson [-4,4].

An important property of continuous functions is expressed by the following theorem.
Theorem 3.17 [The Intermediate Value Theorem (IVT)]

Suppose that f is continuous on the closed interval [a,b] and let N be any number strictly
between f(a) and f(b). Then there exists a number ¢ in (a,b) such that f(c)=N.
In other words, if f is continuous on the closed interval [a,b] and if f(a) and f(b) differ or
opposite in sign , then there exists atleast one real root ¢ in (a,b) such that f(c)=0.

Example 24: Show that there is a root of the equation
AX —6X +3x—2=0 on [1,2].

Solution: Let f (X):4x3_6xz+3x—2.

We are looking for a solution of the given equation, that is, a number ¢ between 1 and 2 such

that f(c)=0.

Therefore we take a=1, b=2, and N =0 in Theorem 3.17. We have
f()=4-6+3-2=-1<0and f(2)=32-24+6-2=12>0

Thus, f(1)<0< f(2), thatis, N =0 is a number between f (1) and f(2).

Also f is continuous, since it is a polynomial.

Hence, by the IVT, there is a number ¢ between 1 and 2 such that f(c)=0.

In other words, the equation 4y —@X +3x—2=0 hasaroot ¢ in the interval (1,2).
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Activity 3.7

1. Find the constant a, or the constantb, or the constant ¢ such that the function is

continuous on the entire real line.

2 5 ify<l 2, if x<-1
a f(x)={X"° ' X< c. f(x)=Jax+b, if —-1<x<3
Ax—4 , if x>1 )
-2, if x>3
4sinx . 2 :
b g0)={ x if x<0 4 f(x)= X+bx+c., if [x—2/>1
a-2x , if x>0 x+1, if 1<x<3

2. Demonstrate that the equation cosx+x =0 has atleast one solution.

3. Verify that the Intermediate VValue Theorem applies to the give interval and find the value

of ¢ guaranteed by the theorem.

a. f()=x+x-1, [05], f(c)=11

b, f(x)=)§(_+1x, BA] f(c)=6

Self Test Exercises

1. Find the limitL. Then use the £—¢ definition to prove that the limitisL.

. B 2
a. XI|_>rpl(x—1) C. 'X'f;(l_X)
b. limvx d. lim(3-2x)

2. Evaluate the following limits (if it exists)

a) limi=SosX £, pim¥X =31
x>0 SN X x>4 x—4
2 2
. -9 i -4
b) lim & g. lim X3
-3 3—X 2% +8
/ _ sin[%/ + x] -
0 lim¥A+tx=2 h. lim 76t X1
x—0 X x—0 X
(%/1 j_l In(x—1)
d) lim/ =X i. lim
x>0 X =2 In|(|x-1)
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. 1-3/x o AJ2x+1-43
e) lim jo lim——————=
-1 x=1 x—1 X—=1

3. Evaluate the following limits (if it exists)

a) limSn2X 0) xllr_rl(Bxh/gxz—xj

X—0 X
2
+1
b>1m2§+"{xxz} 9 tin{ 2[4 1]
4. Find the one-sided limit (if it exists)
2
+X+1
a lim Xt g fim 2X***1
x> X -1 x—>_9 X+2
. sin4x ) -y
b. lim e. lim X
x-(Q" 5x X—>Oilze
2
-2x+1
C. Hn12£————— f. lim le
x-—1 X+1 -1} +1

5. Find the values of the constants a and b such that

\/rb):(—\@:\/—

lim 3

x—0
6. Determine the value of ¢ such that the function is continuous on the entire real number

line

Xx+3, if x<2
f(x)= .
cX+6,if x>2

7. Determine the values of a and b such that the function is continuous on the entire real
number line
f(x)z{x;l, i_f 1<x<3
X +ax+b, if [x—2/>1
8. Determine all values of the constanta such that the following function is continuous for
all real numbers

ax .
—, if x=0
f(x) =1 tanx

a2—2, if x<O0
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9. Determine the intervals on which the following functions are continuous

a) f(0)=—3x+7 ) f(x)=449-%’
3X2_X_2 i x+1
b) f(x){?,lf X=1 d) f(X): T
0 if x=1
10. Find the vertical and horizontal asymptotes of the graph of the following functions (if it
exists)
a) f(x) =1+§ ¢) f(x)=In(25-x")
_3
b) f(x)= 4X2 d) f(X)=7eA
4-X

11. Use the Intermediate VValue Theorem to show that

f(x)=2x ~3 hasazero in the interval [L,2].
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CHAPTER FOUR

Derivatives and Application of Derivatives

Introduction

The problem of finding the tangent line to a curve and the problem of finding the velocity of an
object both involve finding the same type of limit, as in the previous chapter. This special type of
limit is called a derivative and we will see that it can be interpreted as a rate of change of any of
the sciences or engineering. We also learn how derivatives are used to find extreme values of
functions, to determine and analyze the shapes of graghs, to calculate limits of fractions whose
numerators and denominators both approach zero or infinity, and to find numerically where a
function equals zero. We also consider the process of recovering a function from its derivative.
The key to many of these accomplishments is the Mean Value Theorem, a theorem whose
corollaries provide the gateway to integral calculus in chapter 5.

In this chapter we discuss general properties of inverses and their derivatives. Also recall that the

0 o0 . . .
forms 0 and — are called indeterminate forms because they do not guarantee that a limit
o0

exists, nor do the indicate what the limit is, if one does exist. In this chapter we develop a

mechanism for evaluating such limit problems.

Chapter Objectives
At the end of this chapter the readers should be able to:

e Find the slope of the tangent line to a curve at a point.

e Use the limit definition to find the derivative of a function.

e Understand the relationship between differentiability and continuity.

o Explain different properties of differentiation rules.

e Find the derivative of a function using the differentiation rules.

e Find the derivative of a composite function using the chain rule.

e Distinguish between functions written in implicit form and explicit form.

e Use implicit differentiation to find the derivative of a function.
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Define extrema of a function on an interval.

Understand and use Rolle’s theorem.

Understand and use the Mean Value Theorem.

Determine intervals on which a function is increasing or decreasing.

State and apply the first and second derivative test to find relative extrema of a function.
Evaluate the the relative extrema of a function.

Determine intervals on which a function is concave upward or concave down ward.
Find any points of inflection of the gragh of a function.

Analyze and sketch the graph of a function.

State L *Hopital’s rule.

Recognize limits that produce indeterminate forms.

Apply L *Hopital’s rule to evaluate a limit.

The Tangent Lines

What does it mean to say that a line is tangent to a curve at a point? For a circle, the tangent line

at point P is the line that is perpendicular to the radial line at point P, as shown in figure4.1.

For a general curve, however, the problem is more difficult. For example, how would you define

the tangent lines shown in figure 4.2?

You might say that line is tangent to a curve at point P if it touches, but does not cross, the

curve at point P . This definition would work for the first curve shown in figure 4.2, but not for

the second. Or you might say that a line is tangent to a curve if the line touches or intersects at

exactly one point-----this definition would work for a circle but not for more general curves, as

the third curve in figure 4.2 shows.

¥

y=fx)

Figure 4.1 Figure 4.2
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Tangent line to a circle Tangent line to a curve at a point

Essentially, the problem of finding the tangent line at a point P boils down to the problem of
finding the slope of the tangent line at P . You can approximate this slope using a secant line
through the point of tangency and a second point on the curve, as shown in figure 4.3. If
(c, f(c)) is the point of tangency and (c+ Ax, f(c+Ax)) is a second point on the graph of f

then the slope of the secant line through the two points is given by

_fle+ag-f(e) _ fle+A)-1(c)  changeiny . o o of secant line
sec (c+Ax)—c AX changein x

(¢~ Ax, fle + Ax))

3 fle+Ax)—fle)=Ay

Figure 4.3

The secant line through (c, f (c)) and (c + AX, f (C + Ax))

You can obtain more and more accurate approximations to the slope of the tangent line by
choosing points closer and closer to the point of tangency, as shown in figure 4.4 .

/jv Ax—>0
(@ x'(an/ (@)
y/___ Ay / / /
Ax (e, fl Ay
(e, fle)) C/M_\r
Tay
WAy

(¢, fle)) (c. ﬁc)»
|

/ir ’ / /
As o0 (c. fle)) tc\ftc})

Tangent line Tangent line

AS Ax — 0 from the left, the secant As Ax — 0 from the right, the secant

line approaches the tangent line. line approaches the tangent line.

Figure 4.4
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4.1 Definition of Derivatives

Definition: If f is defined on an open interval containingc, and if the limit

Iimﬂ: lim f(c+Ax)— f(c) _m

Ax—0 AX  Ax—>0 AX

exists, then the line passing through (c, f(c)) with slope m is the tangent line to the graph of f
at the point (c,  (c)).

Example 1: Find the slope of the graph of f (x)=2x-5 at the point(3,1).

Solution: To find the slope, m, of the graph of f when ¢ =3, we can apply the definition of the

slope of the tangent lines, as follows

i S BT F@) [2(3+ Ax)-5]-[2(3) - 5]
Ax—0 AX Ax—0 AX
_ 6+2AX-5-6+5 . 2AX
Ax—0 AX Ax—0 AX
=2

Thus, the slope of f at (31) ism=2.
Example 2:Find the equation of the tangent line to the graph of f(x)= X2—7 at the point (2,—3).

Solution: First we have to find the slope, m, of the graph of f when c=2, we can apply the

definition of the slope of the tangent lines, as follows

i feEM @) [(2+AX)2‘(‘3)]‘[(2)2—(—3)}

Ax—0 AX Ax—0 AX

2 2
i 4+4Ax+(AX) +3-4-3 i 4Ax+(AX)
Ax—0 AX Ax—0 AX
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= lim(4+Ax)=4

Ax—0
Hence, the equation of the tangent line to the graph of f at the point(2,—3) is
y-f(c)=m(x-c)=y-(-3)=4(x-2)

This becomes, y=4x-11.

Definition: The derivative of a function f atanumbera, denoted by f '(a), is defined as

f'(a):lxi% f(x) f(a) ................................. (1)

provided that this limit exists.
If we write x=a+h, then x—a=h and x approaches a if and only if h approachesto 0.
Thus, equivalent way of stating the definition of the derivative is

f'(a):mf(“hz‘f(a) ................................. @

This last definition is more convenient for finding the derivative of a function.

Note: In addition to f‘(x), other notations are used to denote the derivative of y = f(X). The

most common are:

oo, 2y, 21fol D]

The notation d_z(/ is read as “the derivative of y with respect to x.” Using limit notation, we can

write

dy = lim—= Ay = lim
dx Aax>0 AX x>0

- f

f(x+Ax)—f(x)
AX
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Example 1: Find the derivative of the function f(x)= X2+3x+2 at —1.

Solution: By definition, we have

o f(=1+h)— (1)
f n=lim h

Thus,

Imi(—1+hf+3@1+m+2]{f—1f+a—n+2]

h—o h

o f(-1+h)— f(-1)
f D=lim - =

1-2h+h°—3+3h+2
=lim h

h—o h

2
tim N jim@en)=1
h h—0

I hope the student remembers that the slope of the tangent line to the graph of the function
f atapoint(a, f(a)) is given by the derivative of f atai.e f (a). Consequently, using the

Point-slope form of the equation of a line, we have the equation of the tangent line to the curve

y=f(x) atapoint (a, f (a)) is given by
y—f(@)= f'(a)(x—a).

For instance, the equation of the tangent line to the graph of f(x)= X2+3x+2 at (—1,0) in our

Example 1 is given by

y— ()= f D)(x—(-1))= y-0=1(x+1)= y=x+1
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Given a function f , we associate with it a new function f , is called the derivative of f

defined by:

f (x)=lim

h—0

(x)

f(x+h)—f
h

We know that the value of f 'at x, f '(x), can be interpreted geometrically as the slope of the

tangent line to the graph of f at the point (x, f (x)).

Example 2: Find the derivative of the function f(x)=Xx++/x+1 .

Solution: By definition of derivative, we have

Yoy s T(x+h)=f(X)
f () =lim h
Thus,
f'(X):Lirg[x+h)+\/x+h:1]—(x+ x+1)
=Iithr\/(x+h)+l—\/x+l
h—0
h+[\/(x+h)+1—\/x+1]-\/(X+E)+i+jx+i-
:Ihing ™ ‘/(X+ )+ X , rationalize the radicals.
. 1
=lim 1+
ol J(x+h)+1++/x+1
=1+ !
2+/x+1
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Definition 4.2: A function f is differentiable at a if f'(a) exists. It is differentiable on an

open interval (a,b) [or (a,o0)or (—o0,a) or (—oo,c0)] if it is differentiable at every number in the

interval.

Example 3: Show that f(x) =|x| is not differentiable at 0.

Solution: Observe that

x, If x>0
X= it x<0

Then, for x>0 using (1) we have

I|m| H |_ I|m =liml=1
-0 X=0 0 X Q'

and for x>0, we have

I|m| |_|| = lim—==lim-1=-1
x>0 X— 0 x>0 X -0

Hence, I|m| | | |

x—0 X—

does not exist.

Thus, f(x)=|x| is not differentiable at 0.
Theorem 4.3 If f is differentiable ata, then f is continuous at a.

Proof: To prove that f is continuous at a, we have to show that limf(x) = f(a).

We do this by showing that the difference f(x)— f(a) approaches 0.

For x=a we can divide and multiply by x —a.

We did this in order to involve the difference quotient.
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Thus, we can use the product law of limits to write

mﬂun—umknmi%gggkwa)

X—>a

Jdim(x—a)

X—a

=lim|

X—a

{f(x)— f(a)}

x—a
- f (2)0=0
Therefore,
lim f (x) =1im[f (a) + f () - f (2)]
:lxilgf(a)+lxilg[f(x)— f(a)]
=f(a)+0= f(a)

Hence, f is continuous at a.

Note: The converse of Theorem 4.3 is false; that is, there are functions that are continuous but

not differentiable at a point.

For instance, consider the function f (x) =|x].
Clearly, f(x)=|x is continuous at 0 because
lim £ (x) = limlx =0 = f (0).
But, as we have seen in Example 3 that f is not differentiable at 0.

Let us remind you some of the differentiation rules that you have developed in your high school
calculus course. We advice the student to check on these results using the definition of

derivative.
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The power rule: If f(x)=y" for any real number n is given by f '(x):nxnfl.

Derivatives of sine and cosine: (Sin X) =CosXx and (COS X) =—Sinx.

Derivatives of exponential and logarithmic functions: (ex): ex and (ln X) =

etc.
Basic Differentiation Rules

Theorem: If f and g are differentiable , then

a. (Cf )(x) —c f (x), where c is an arbitrary constant.
b. (f+g)0=Ff g ®
e. (fg)m=f @+ 1xg®

f | f ()g(x) - F(x)Q (x
d | —[(xX)= ()90~ T )g( );provided that g(x=0).
g [9(0)]
Activity 4.1
1. Find the derivative of each of the following functions.
a f()=x"4+5x +25 f. f(x)=tanx
1 secx
b. f(X) =y -— Cf(x) =
() =X X2 g 1) 1+ tan x
C. f(x):x4+4\/§ h. f(x)=cscx
d f(Xx)=x x+% i. f(x)=sinxcosx
X Vx
*tan x
e. f(x)=xsinx i foo=2X
secx
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The Chain Rule
The rules that we have introduced till now are not enough to find composition of functions. Thus,

we need to develop an appropriate technique to handle these cases.
Theorem 4.5 [The Chain Rule]: If the derivatives, g'(x) and f'(g(x)) both
exists, then
(fog)w=f(@x).g®
Example 1: Find h'(x) if h(x)=cos2x.
Solution: Let f(x)=cosx and g(x)=2x.
Then, h=f og. Since also g‘(x) —2and f (x)=—sinx
We conclude that
h () =(f og)(x) ~ f (9(x)-g (%) = (~sin2x)2) = ~2sin2x
Example 2: Find h'(x) if h(x) =41+ XZ.

Solution: Let g(x) =1+ X2 and f (x)=+/x.consequently h=fog.

Then g'(x):2x and f'(x):% for x > 0.
X

Therefore,

hoo=f (900).9 00 =——

X
2X=
21+ 1+ X

Activity 4.2
1. Find the first derivative of the following functions
1

. f0)=(x3+2v2+3) . y=—=—
b+2x+3] X o
b. f(x) = coslsin(tan x)) d. y=w/cosi§in2xi

2. Find the equation of the tangent line to the curve at the given point.

a. y=(x3—x2+X—1)w7 at (1,0)
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b, (0= x+1  at (1L42)
X
4.2 Inverse Functions and Derivatives of Inverse Trigonometric Functions

Definition 6.1 A function f with domain D and range R is one-to-one function if

whenever a # b in D, then f(a) # f(b) in R.

Note: From Definition 6.1 we see that every strictly increasing function is one-to-one, because if
a < b, then f(a) < f(b), and if b < a, then f(b) < f(a) in short if a # b, then f(a) # f(b).
Similarly, every strictly decreasing function is one-to-one. We now give the definition of inverse
functions in terms of one-to-one function.

Definition 6.2 Let f be a one-to-one function with domain D and range R. A function g with
domain R and range D is the inverse of f , provided the following condition is true for every x
in D and every y in R:

y=f(x) ifand only if x=g(y).

-1
If a function f has an inverse function g, we often denote g by f . Of course we must note

1 1
here that almost always f ;tT.

If f is a one-0-one function with domain D and range R, then for each number y in R, there is
exactly one number x in D such that y = f(x). Since x is unique, we may define a function g
from R to D by means of the rule x =g(y). g reverses the correspondence given by f . We
call g the inverse function of f .

Note: - a function f has an inverse if and only if it is one-to-one.

Theorem: Every strictly increasing and every strictly decreasing function has an inverse.

Note that: a function f is strictly increasing on I if

= f'(x) =0forall xinIand f'(x) = 0 for atmost finitely many values of x.

= f'(x) <0forall xinIand f'(x) = 0 for atmost finitely many values of x.
Example 1: Let f(x) =2X7+3X5+6x—4. Show that f has an inverse.

Solution: Since f'(x) = 14x® + 15x2 + 6 > 0 for all x in its domain, we have

f is strictly increasing.
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Thus, f hasan inverse.

6.2 Properties of Inverses

Let f have aninverse. Then f and f_l have the following properties.
a. Domainof f 71:Range of fand Range of f ~ =Domain of f .
b, (f —1)1= f
c. f (f(x))=xforall x inthe domain of f .
d. f[ f _1(y)): y forall y intherange of f .

In some cases we can find the inverse of a one-to-one function by solving the equation y = f (x)

for x interms of y, obtaining an equation of the form x = f 7l(y).

Guide lines for finding f
i.  Write y=1f(x).

ii.  Solve for x intermsof vy.

ii.  Write f (y)for x instep 2.

Example 2: Let f(x)=2x+3. Find the inverse of f .
Solution: Since f'(x) =2 > 0, f isstrictly increasing.
Thus f has an inverse.

Now let y=2x+3, from step 1.

= x:y7_3 , from step 2.

= f (y)= yT_3 from step 3.

Since we customarily use x as the independent variable, we replace y by x to obtain
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-1 X—3
f (X)=T

Example 3: Let f(x)= X2—3 for x >0. Find the inverse of f .

Solution: Since f'(x) = 2x > 0 for all x in is domain, f is strictly increasing.

Thus f has an inverse.
Now let y = X2—3, from step 1.

= Xx=,Yy+3, since x>0 and from step 2.

— f "(y)=./y+3, fromstep 3.
Since we customarily use x as the independent variable, we replace y by x to obtain
f ') =+/x+3

Inverse Trigonometric Functions

Since the trigonomeric functions are not one-to-one, they do not have inverse functions. By
restricting heir domains, however, we may obtain one-to-one functions that have the same values

as trigonomeric funcions and that do have inverse over these restricted domains.
The Arcsine Function

If we restrict the domain of the sine function to [—%%} then the resulting function is strictly

increasing (because its derivative is positive except at —% and %). Hence the restricted

function which is called arcsine function has domain [-11], and range {—%%} Its value at

. . . - -1
X is usually written arcsinx or gj X. As a consequence,
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arcsinx =y ifand only if siny = x
for —1<x<1and — =< yéE
2 2
We also see from the propery of inverse funcions that
i. arcsin(sinx)=x for - Z<x<Z
2 2
ii.  sin(arcsinx)=x for —1<x<1

Example 1: Evaluate

. .1 (.. . ( . 5«7
d. SiIn| arcsin— b. arcsin/ sin— C. arcsin sin—
2 4 6

Solution:
a. sin arcsin1 :l,since —1s131.
2) 2 2
b. arcsin sinZ | =~ since BB RN
4) 4 2 4 2
. ( . 57[) . (1) 7
c. arcsin sin— |=arcsin = |=—.
6 2) 6
S5t . T T ..
In example 1c) 3 is not between ~3 and o and hence we can not use ii. Instead we use

properties of special angles to first evaluate sin[%[j and then find arcsin(%} .

Example 2: Simplify the expression sec(arcsin\/;).

Solution: We will evaluate sec(arcsin\/;) by evaluating secy for the value of y in (—%%)

such that arcsiny/x =y, that is, siny=+/x. Since siny=+/x>0, it follows that 0 < y<%.

Applying the Pythagorean Theorem to the triangle given below

Jx
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We find secy =

1
Vi-x'
. 1
Thus, seclarcsiny/x J=secy = —— .
fresiny)=secy = 5=

The Arccosine Function

If we restrict the domain of the cosine function to [0,7], then the resulting function is strictly
decreasing (because its derivative is negative exceptat 0 and ). Hence the restricted function
which is called arccosine function has domain [-1.1], and range [0,7].
Its value at x is usually written arccos x or Cos_lx. As a consequence,

arccosx =Y if and only if cosy=x

for —1<x<land 0<y<~x
Since cos and arcc cos are inverse functions of each other, we obtain the following properties.

i. arccogcosx)=x for 0<x<z
ii. coslarccosx)=x for —1<x<1.

Example 2: Evaluate

1 27 V.4
da. CO0§ arccoy —— b. arccod cos— C. arccoy cos ——
fooo{ 3] {oosly] o wooofoo )

Solution:
a. cog arcco —i =—£,since —13—131.
2 2 2

b. arcco{cosz—” :Z—E,Since Osz—ﬂgﬂ.
3 3 3

C. arcco{co{— %j} = arcco{g] = %

Note that in the c) part of the preceding example 2, —% IS not between 0 and 7z, and hence

y : e : a(V2
we can not use property ii above. Instead we firs evaluate co{— Zj and then find cQOS 1[7J
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Example 3: Simplify the expression cos(arctanx).
Solution: Let y =arcanx. Then tany=x and — % <y< % We want to find cosy. But,
since tany is known, it is easier to find secy. First:
sec y=1+tan'vy
Now, SEC2y=1+X2 —>secy = \/“7 (as secy >0 for —% <y <% )-

11
secy 1+X2.

Thus, cos(arctanx)=cosy =

Note that instead of using trigonometric identities as in the solution above, it is easy to use a

triangular diagram. If we let y =arcanx, then tan y = x, and using he right triangle below we

can read from the figure that

1

A1+ x2 .

Thus, (:os(ta_rf1 x)z cosy =

The Arctangent Function

To find an inverse for the tangent function, we restrict he tangent function to (—%%} The

resulting inverse function is called the arctangent funcion. Its domain is (—oo,o0), and its range
is (—%%) We usually write is value at x as arctanx or tan_lx . As a consequence,

arctanx =y ifand only if tany=x

forany x and —£<y<z
y 2 2

Course Title: Revised Edition | Date: July 2016

. . Learner’s Guide p o and Mathematics Instructors Page 123
Applied mathematics |

revised by:




FDRE TVET Institute LBS Department

Thus for any x, arctanx is the number y between —% and %whose tangentis x.
As with arcsinx and arccos x , we have the following properties of arctan:

i. arctan(tanx)=x for —%< x<%.

ii.  tan(arctanx)=x for every x.

Example 4: a) arctan tan =z,since SLUPS P
4) 4 2 4 2

b) tan(arctan99)=99.

¢) arctan(tan ) =arctan(0)=0.

Example 5: Evaluate sec(arctan éj

Solution: Ifwe let y = arctan% ,then tany= % We wish o find secy .

Since —% < arctan x <% for every x and tany >0, it follows that 0<y <% and from the

triangle below we obtain that

V13 V13

Thus, secy=——
y 3

The remaining trigonometric functions can be done analogously and are summarized here as

below:

* y=csC x for [x|>1 ifand only if cscy=x and ye(o,%}u(ﬂ,%ﬁ]

* y:sec’lx for |x|21 if and only if secy=x and ye{o,%ju[n,%”j.
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* y:cot‘lx for x e R ifand only if coty =x and YE(OJT)-

Activity 4.3
1. Find the exact value of the expression, whenever it is defined.

a. arcsinf —— €. arccos ——
2 2

b. arctan(—\/§) f. sin(arcsin%j
. ( . 57[) { 572')
c. arcsin sin— g. arccog cos—
4 24
3 .4 3 8
d. cog arctan(——) —arcsin(= h. tan| arctan(=) + arccos(—
rctan-3) - arcsin) [arten() +arccos(?) |
2. Rewrite as an algebraic expression in x for x>0.
X X
a. sec(arcsm(g)j C. tan(arccsc(g)j
b. cos(2arcsinx) d. sin(2arcsinx)

Derivatives of Inverse Trigonometric Functions
We now see the derivatives of the inverse trigonomeric functions in the following theorems.

Theorem 1:

a) i(arcsinx) = d) i(arcsecx) =

1 1
dx [1_ XZ dx X X2 -1
1

b) di(arccosx):— e) i(arccscx):—;
X 1-X dx XX -1
c) i(arctan x)=L2 f) i(arccotx):— .
dx 1+X dx 1+X

Proof: a) To proof %(arcsinx)= =, put y=arcsinx so that siny=x whenever

1-x

—l<x<land —% <y< % Then differentiating siny = x implicitly, we have
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cosy%zl
X

And hence, dy _ i(arcsinx) _ 1
dx dx cosy

Since —% <y< % cosy is positive and, therefore,

cosy=11—sin’y =y1—X’

Thus, %(arcsinx)z—:L 2; for |X|<1'
1-x

Observe that he inverse sine function is not differentiable at x=+1.

¢) To proof i(arctan x):%, put y=arctanx so that tany=x whenever xe%®R and
dx 1+x

Ty T
2 2

Differentiating tany = x and trigonomeric identities, we have

d 1 1 1 1

—(arctanx)= 5 == —= .

dx Lty Secy 1+tan’y 1+X
y

Thus, i(arctanx)=L2; for every xe9R.
dx 1+X

The of the formulas can be obtained in similar fashion.
Example 1: Find

d . 2 d 2X
a. &(arcsmgx) C. &(arctane )
d d 2
b. &(arccos(lnx)) d. &(arcsece,x)
Solution:

i(arcsin?,xz)z ;i(?,xz): __&x .

b. di(arccos(lnx)):—;zdi(ln X)=— ! -
x J1=(In x)y & x/1—(In X)
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2X
c. %(arctan ezx)z m%(ezx): ]ﬁng .

(;jx (arcsec3x ax \/W dx 3X \/ﬁ .

Each of the formulas in Theorem 3.1 gives rise to an integration formula. These have the

following relations:

a) i(arcsinx)=; if and only if _[4dx arcsinx+c

dx 1-X \/1—

d 1
b) —(arccosx)=—-——=— ifandonly if | —=—=dx=-arccosx+c
e g e
o L (arctanx)= _ ifand only if f _dx=arctanx+c

dx 1+X 1+x

dx=—-arccscx+c

d : 1
d) (arcsecx ifand only if | ———
w/ -1 I Xy X' —1

if and only if Jgdx arcsecx+c

X1

;dx=—arccotx+c

e) i(arccscx):

1
dx x\/?—l

if and only if I

2

d
f) —(arccotx)=-
dx 1+x 1+X

Note: These six properties will be considered in the next chapter when we discuss about
techniques of integration.
Activity 4.4

1. Find the derivative of the following functions and simplify where possible

a  f(x)=arcsin@x—1) d. (x)= {1 xJarctan x
b. f(x)= arctan(x — \/]? ) e. T(x)= cos(xfl)+ (COS X)ﬁl+ Cosflx
C. (tan x)amanx f. f(x)=(arctan4x)@™" "
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4.3 Higher Order Derivatives

If f isa function, then f is the function that assigns the number f (x) to each x a which f
is differentiable. Since f is a function, we can carry the process a step further and define

f " (a) by the formula

f-f (@

f (a)=lim
X—a
Whenever this limit exists.

We call f (a) the second derivative of f at a
Example 1: Let f(x) =cos2x. Then find a formula for f "(x).
Solution: Since f'(x) =-2sin2x, it follows that
f (x)=—4cos2x.
Example 2: Let f(x) =+/x . Then find a formula for f "(x).

Solution: Since f (x)= L , it follows that

24x
" 1 3
foo=-2x"%
4
In general, for any positive integer n >3 we can define the nth derivative of f at a, denoted
oy " (a) as

f0- 1"

X—a

f”(a)=lim
X—a
Whenever this limit exists.

Note: The second derivative, the third derivative, and so on are called higher order derivatives,

to distinguish them from the first derivative.

Example 3: Let f(x)= );—Jri . Then find a formula for f ™ (x).
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Solution: Using quotient rule, f '(x) =—

4

2 (D

LBS Department

(x-1)  (x-2J"

(D2

f (X):(X_l)s— (X—l)m '
12 (-1) 2@

f (X)=_(X_1)4— (X_1)3+1 '
g (=12

4

@, _
f (X) - (X _1)5 (X _1)4+l

Continuing this process we get

" (x

(

Forinstance, T (2) —

Activity 4.5

llet f(x)= 3)(4 - 2)(3 + X2 —4x+ 2. Then find all higher derivatives of f .

f -2
X—2 '

2.Let f(X)= X8—2x+3. Then find Iin;

_ (=) 2(n)

(1) 2a0)

oA

cfor n>1

= 2(101).

it follows that

3. Let p(x) be a polynomial function of degree n with leading coefficient k , then find

) p X

b) p" (%)

4. Find a formula for the nth derivative of f , if

a. f(x)=Inx

(n+1)

o p"x

b. f(x)=sinx
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5.1f f“(x)= f(x) forall x, then what is the relationship between f “(x) and f " (x)

4.4 Implicit Differentiation
The following problems require the use of implicit differentiation. Implicit differentiation is
nothing more than a special case of the well-known chain rule for derivatives. The majority of

differentiation problems in pre-calculus involve functions y written explicitly as functions of x.

For example, if
y=3x —sin(7x+5)
Then the derivative of y is

f dy
=—2=6X-7c0s(7x+5).
y i (7x+5)

However, some functions y are written IMPLICITLY as functions of x. A familiar example of

this is the equation

2 2
X + y =25,
Which represents a circle of radius five centered at the origin. Suppose that we wish to find the

slope of the line tangent to the gragh of this equation at the point (3,—4).

L 1
\\\ ;//(3, -4)
How could we find the derivative of y in this instance? One way is to first write y explicitly as

a funcion of x. Thus,

X2+ y2:25: y:J_q/25_X2.

Where the positive square root represents the top semi-circle and the negative square root

represents the bottom semi-circle. Since the point (3,-4) lies on the bottom semi-circle given by

y=-25-X

The derivative of y is
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y' _dy_ . x
dx 25X’

Thus, the slope ,m, of the line tangent to the gragh at the point (3,—4) 1§
' 3 3
=Y J25-3 4
Unfortunately, not every equation involving xand y can be solved explicitly for y . For the sake

of illustration we will find the derivative of y WITHOUT writing y explicitly as a function of

x. Recall that the derivative of a function of x squared, ( f (x))2, can be found using the

chain rule:
dx[(f (X))} 2f(x)— [f(0]=2F(0 f ()

2
Since y symbolically represents a function of x, the derivative of y can be found in the same

fashion:

%[y} Zyd[] 2yy .

Now begin with X2+ y2 = 25. Differentiate both sides of the equation, getting
d 2 2 2 d 2 d
S Y = g -y )= e
And so

2x+2yy =0
Hence, 2y y =—
dy ' X
Thus, 2=V =——.
dx y

Therefore, the slope of the line tangent to the gragh at the point (3,—4) is

dy_-3_3
RATS (-4) 4
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This second mehod illustrates the process of implicit differentiation. It is important to note that
the derivative expression for explicit differentiation involves x only, while the derivative

expression for implicit differentiation may involve BOTH x AND .

The following problems range in difficulty from average to challenging.
Example 1: Using implici differentiation find % for X3+ y3:4.
Solution: Differentiating both sides of the equation, getting
d d d(s d¢ gz d
hall ——(4
dx[x +y} [ ]:dx(X)erx(yj dx( )
Sothat, 3" +3y Yy =0=3y y=_3x

' d 2
Thus, y:d—i/:—iz.
y

ot e oy 3
Example 2: Using implici differentiation find ix for (X—y)2 =x+y-1.

Solution: Differentiating both sides of the equation, getting

dx[(x Y)} d[x+y e [(X y)} dx() %(y)_%(l)

. . d 2
Applying the chain rule on &[(X— y) J , We get

S Oy =2y byl S (x-y ) -2y

So that

dy dy dy . dy
2/x—y)]1-—= |=1+ L -0=2(x—-y)-2(x—y)—==1+—2=
( y)( dxj t (x=y)=20x-y) o =1+~

Hence, 2(x—y)% dy =2(x-y)-1=[2(x- y)+1]g =2(x-y)-1

dx
. dy
Thus, solving for g we get
dy _2(x-y)-1
dx  2(x—-y)+1
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Example 3: Using implici differentiation find % for y=sin(3x+4y).
Solution: Differentiating both sides of the equation, getting

d dr. dy d
—(y)=—/|sin(3x+ 4 —= =c0s@x+4y).—(3x+4
2(y)= < fsin(ax+4y)]= L = cos(ex+ A7) (3x+4y)
So that dy =COS(3X + 4y){i (3x) + i(3y)} = dy =3c0s@x+4y)+4cos(3x+ 4y)ﬂ :
dx dx dx dx dx
Solvin forﬂ we get
g ax’ g

ﬂ: 3cos(3x+4y)
dx 1-4cos@x+4y)’

Example 4: Using implici differentiation find % for y= )(2 y3+ )(3 yz.

Solution: Differentiating both sides of the equation, getting

=G XY Y= 2= iy ) (XY)

Using product rule, we have
Ay [ (A [ (s eV
dx_{dx(x )y X dx(yj}{dx()()y X dx(y ﬂ
_ 3 2 2% 2,2 3 ﬂ
=2Xy +3X Y 5 3K Y 12X Vg,

Factoring out % , We get

13Ky -2y |- 2xy 3Ky’

day_ 2Xy 3y
d 1_3x°y -2x’y

Thus,

Example 5: Find an equation of the tangent line to the gragh of )(2-|_(y_)()j =9 at x=1..
. . . 2 3
Solution: Begin with x —|—(y—x) =9 . If x=1, then

W +(y-1)=0=y-3
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Hence the tangent line passes through the point (1,3).

Now by using implicit differentiation, we have
dl 2 d dy .|
&[X +(y—xﬂ = &(9): 2x+3(y—x)Z {&— } =0

e 8y Sy -3 B

Thus, the slope , m, of the tangent line to the gragh at (1,3) is

dy 3(3—1)2 -2() 10 5
dx 3(3_1)2 12 6

And the equation of the tangent line is

5 13

5
_3-2(x-1 _2 _
y 6(>< )=y X+

2
Example 6: Using implici differentiation find d Z or 'y for X4+ y4:25.
dx

Solution: Differentiating both sides of the equation implicitly with respect to x, we get
3

+4y *dy O:>3y —Ly
X
y
2
To find (2] )2/ or 'y we differentiate this expression for % using the quotient rule and
X

remembering that y is a function of x

d'y_y_d[ X Y XX (Y
dx’ d| (y3)2
vl x(3y-Y)
y
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If we now substitute the value of % into this expression, we get
3 X3
, y (3x )— X[~ 73
dy__ y
2 3
dx (y j
4
3xX(x'+y')
= ——7
y

_ _3X2(725) ,since X + y4 =25

_ 75X
7
y
Activity 4.5

1. Using implicit differentiation find % for

a. %+L3=X2y4 d. COSZX+COSZy:cos(2x+2y)
X — 3

b. yZ:x+2 e. '=p +p”
Y+X

C. X= X2+ y2 f. sinx+cos(y—x):)(2

2. Find an equation of the tangent line o he gragh of (X2‘|‘ yzjzgxz y2 at the point

(-11).

3. Find the slope of the gragh x"y+ y4 =4+ 2x at the point (—11).

2
4. Find all poins (x, y) on the gragh of X%Jf yé =8 (see a diagram.) where lines tangen to

the gragh at (x,y) have slope —1.
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23

2
5. Using implicit differentiation find d )2/ for
dx
2 2 3 3
a. X+xy+y:1 C. X+y:1
b. Vx+,y=1 d. ¥ +6xy+ y2:8

4.5 Application of Derivatives

45.1 Extrema of a Function

Definition 1: A function f has an absolue maximum at ¢ if f(c)> f(x) for all x in D,
where D is in the domain of f . The number f(c) is called the maximum value of f on D.
Similarly, f has an absolue minimum at ¢ if f(c)< f(x) for all x in D and the number
f(c) is called the minimum value of f on D. The maximum and minimum values of f are
called the extreme vales of f .

Definition 2: A function f has a local maximum (or relative maximum) value at ¢ if there is
an open interval | containing ¢ such that f(c)> f(x) for all x in I . Similarly, f has a local
minimum (or relative minimum) value at c if there is an open interval | containing ¢ such that
f(c)<f(x) forall x in I .

Example 1: Consider the function f(x)zxz. Then f(x)> f(0) because XZZO forall x.

Therefore, f(0) =0 is the absolute (and local) minimum value of f . This corresponds to the

fact that the origin is the lowest point on the parabola y= le However, there is no highest
point on the parabola and so this function has no maximum value.
Example 2: Consider the function f(x)= Xg. We see that this funcion has neither an absolute

maximum value nor an absolute minimum value. In fact, it has no local extereme values either.
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Theorem 1:If f has a relative (local) extremum (that is, maximum or minimum) value at c,

and that fI(C) exists, then f'(c):()_
Definition 3: A number ¢ in the domain of a function f is a critical number of f if eiher
f'(C):() or f(C) does not exist.

Example 3: Find the critical numbers of the function f(x)= 4)(%— X% :

Solution: The derivative of f is given by

' 8 -
P =0 x 2amgns 212780
S5 5x°

Therefore, f'(C):O if 122-8x=0, that is x=g and f'(X) does not exist when x=0.

.. 3
Thus the critical numbers are x=0 and X:E.

To find the absolue extreme value of a function on a closed interval a similar theorem to theorem
1 is given below.

Theorem 2: (Maximum-Minimum Theorem)

Let f be continuous on a closed interval [a,b]. Then f has a maximum and a minimum value
on [a,b].

Note that according to Maximum-Minimum Theorem an exreme value can be taken on more
than once.

The following theorem will simplify our effort of searching for an extreme value on a closed
interval.

Theorem 3: Let f be defined on [a,b]. If an absolute extreme value of f on [a,b] occurs at a

number ¢ in (a,b) at which f has a derivative, then f '(C):() :

In using theorem 2 to find the extreme value we follow the three-step procedure below:

i.  Find the values of f at the critical numbers of f in (a,b).

ii.  Find the values of f(a) and f(b).
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iili.  The largest of the values from steps 1 and 2 is the absolute maximum value; and the
smallest of these values is the absolute minimum value.

Example 3: Find the absolute maximum and minimum values of the function

f(x)=x -3x +2, on —%sst.

Solution: Since f is continuous on {—%,3} , We can use the procedure oulined above:

Now, f (x)=3x?—6x=3x(x—2)
Since, f (X) exists for all x, the only critical numbers of f occur when f '(X):O , that
is, when x=0o0r x=2.
Notice that each of these critical numbers lies in the interval {—%,3} )
The values of f at these critical numbers are

f(0)=2and f(2)=-2.
The values of f at the end points of the interval are are

1, 1
f(-=)==and f(3)=2.
( 2) 5 ©)

Comparing these four numbers, we see that

The absolute maximum value is f(0)=f(3)=2, and

The absolute minimum value is f(2)=-2.

Activity 5.1
1. Find the critical numbers each of the following functions.
a f(x)= X3—6x+1 c. f(X)=cosvx
1
b. f(x)=|x d f(x)=

VI+X

2. Find the extreme values (if any) of the given function on the given inerval. Determine at

which numbers in the interval these values occur.

) f()=x-2x+2,[03] ¢ fx)=x?2[-88]
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2 2 1
b) f(X):X +;, |:E,2i|

3. Show that 0 is a critical number of the function f(x)= X5 , but f doesnot have a local
exremum value at 0.
4. Prove that the function f(x)=y +X +xX+1 has neither a local maximum nor a local

minimum.
4.5.2 The Rolle’s Theorem and the Mean Value Theorem (MVT)
Theorem : (Rolle’s Theorem)

Let f be continuous on the closed interval [a,b] and differentiable on the open interval (a,b). If
f(a)= f(b) then there is atleast one number ¢ in (a,b) such that f (©)=0

Example: Let f(x)= X4_2X2 . Find all value(s) of ¢ in the interval (—2,2) such that
f (©)=0.

Solution: Note that the function f(x)= )(4—2)(2 satisfies the conditions of Rolle’s Theorem.
That is, f is continuous on the interval [-2,2] and differentiable on the open interval (—2,2).
Moreover f(-2)=8=f(2).

Thus there exists atleast one number ¢ in (—2,2) such that f (©)=0.

Now, f(x)=x'-2x" = fI(X)Z4X3—4X

= ax{y’ 1)

= 4x(x—1)x+1)
To find ¢, we have
f‘(C)=0:>4C(C—l)(C=1)=0
Hence, c=0, -1, L also 0, -1, 1e(-2,2)

Thus all values of ¢ that satisfies he Rolle’s Theorem are ¢ =0, -1, 1.
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Theorem 4: Let f be continuous on [a,b] and differentiable on (a,b). Then there is a number

¢ in (a,b) such that

f(b)—f(a)
b—a

Example 5: Let f(x)=X3—8x+5. Find a number ¢ in (0,3) that satisfies the Mean Value

f'(c)=

Theorem.

Solution: Since f is coninuous on [0,3] and f'(C) should satisfy the condition

f(3)—f(0) s-s
3-0 3

=1

f(0)=
We seek a number ¢ in (0,3) such that f (C) —1 .But

f'(x)=3x -8
So that ¢ must saisfy

3c’-8=1=¢"=3
Hence, ¢ = +/3

Since —~/3 ¢(0,3), the value of c¢ that satisfies the Mean Value Theorem in the interval (0,3) is

c=+3.

Applications of The Mean Value Theorem

Theorem 5:
a. Let f be continuous on an interval | . If f'(x) =0 for each interior point x of |,
then f isconstanton I .
b. Let f and g be continuous on an interval I . If f‘(x)=g'(x) for each interior

point x of |, then f —g is constant on | . In other words, there is a constant ¢ such

that f(X)=g(x)+c forall x in I .

Example: Let f be such that f'(x)=—2 and f(0) =2. Determine the function f .
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Solution: Since f and —2x are both antiderivatives of g(x)=-2x, by Theorem 5(b) there is
a constant ¢ such that f(x)=g(x)+c

So that f(x) =—-2x+c, for the appropriate constant c.

To determine ¢, we have the assumption f (0) =2, which yields
f(0)=0=-2(0)+c=2=c=2.

Thus, f(x)=-2x+2.

Activity 4.6
1. Verify that the function bellow satisfies the hypothesis of the Mean-Value Theorem on

the given interval. Then find all numbers c that satisfy the conclusion of the Mean Value

Theorem.
a f(x)=1=x[03] c. f(x)=+x;[L4]
b. f(x):B(x+%);E,3} d. f(x)=(x-1)(x-2)(x—3); [1,3]

2. Let f(x)=|x—1. Show that there is no value of ¢ such that f(3)- f(0)=f '(c)(3—o).

Why does this not contradict the Mean Value Theorem?

3. Determine all functions satisfying the given conditions.
a f (0=sinx; f (x)=-2 f(0)=4
b. f (0=0 f (=3 f(-n=1
c. f (n)(x) =n; for any positive integer n.
4. Show that the equation X5+1Ox+3= 0 has exactly one real root.

5. Show that the equation X4+4x+ ¢ =0 has at most two real roots.
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4.5.3 First and Second Derivative Tests

We hope you remember that a function that is increasing or decreasing on an interval | is called

monotonic on | and we used the test in the theorem bellow to identify whether a function is
monotonic or not on a given interval.

Theorem 5: Suppose f is continuous on [a,b] and differentiable on (a,b).

a) If fI(X)>O forall x in (a,b), then f isincreasingon [a,b].

b) If f'(x)<0 forall x in (a,b), then f isdecreasingon [a,b].

Theorem 5 lays the bases for the proof of the first derivative test stated as follows.
Theorem 6: (The First Derivative Test)

Suppose that c¢ is a critical number of a continuous function f .

a) If fI(X) changes from positive to negative at ¢, then f hasa local maximumat c.
b) If f(x) changes from negative to positive at ¢, then f hasa local minimum at c.

c) If f(x) does not change sign at ¢ (that is, f(x) is positive on both sides of ¢ or

negative on both sides of ¢ ), then f has no local extremum at c .

Example 6: Find the local extrema of f(x) = X% (8—x) and find its interval of monotonocity.

Solution: By the product rule we have

' 1 2
f (x)=3x :(68-x)-x"
_8-x-3x _4(2-%)
3% 3%

The derivative f '(X):() when x=2 more over f (X) does not exist when x=0.

Hence, the critical numbers are 0 and 2.

Below we will give the sign chart for f ()()
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42-x) |+ +

3X% + + |+

f(x)

Thus, by first derivative test, f has
e Does not have an extreme value at x=0.
e A local maximum value at x =2 and the local maximum value is f (2) =6%/2
Also, f is
v' Increasing on (—o0,0)u(0,2] and
v’ Decreasing on [2,:0)

Theorem 7: (The Second Derivative Test)

Suppose " is coninuous on an open inerval of a function.
a) If f'(x):() and f"(C)>O ,then f has a local minimum value at c.

b) If f'(x):() and f”(C)<O ,then f has a local maximum value at c.

Example 6: Use he Second Derivaive Test to find the relaive extrema of

f(x)=3x +8x +4

Solution:
f (X)=12x+24x*=12x2(x+2)

To find the critical point, f (X) =12 XZ()(+ 2):0

Hence, the critical numbersare x=0 and x=-2.

Also, f "(x):36x2+48x
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Now, f(—2)=48>0 and f (0)=0
Thus, by the second derivative test f has a relative minimum value at x=-2 and he relaive

minimum value is f(-2)=-12.
Since f "(O)ZO , the second derivaive test fails.

In the last case, x =0 could still be a relative maximum, relative minimum or neither; but the
Second Derivative Test fails to produce any useful information.
If you used the First Derivative Test, you would find out that x = 0 is not relative extremum.

Definition : Let f be differentiable on an open inerval | . The gragh of f is concave upward

on | if f is increasing on the interval and concave downward on | if f is deccreasing on

the interval.
The following graghical interpretation of concavity is useful.
1. Let f be differentiable at c. If the gragh of f is concave upward at (c, f(c)), then the

gragh of f lies above the tangent line at (c, f(c)) on some open interval containing c .

[see figure 4.53a]
2. Let f be differentiable at c. If the gragh of f is concave downward at (c, f(c)), then

the gragh of f lies below the tangent line at (c, f (c)) on some open interval containing

c . [see figure 4.5b]

v

Concave upward,
" is increasing.

Concave downward,
" is decreasing.

Figure 4.5a figure 4.5b
The gragh of T lies above its The gragh of T lies below its
tangent lines. tangent lines

Theorem 7: (The Test for Concavity)
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Suppose f is twice differentiable on an interval | .

a) If f"(x)>0 forall x in I, then the graph of f isconcave upwardon I .

b) If f"(X)<O forall x in I, then the graph of f is concave downward on I .

Definition 4: A point (c, f(c)) on a curve is called a point of inflection if the curve changes

from concave upward to concave downward or from concave downward to concave upward at
(c, f(c)).
Theorem: If (c, f (c)) is a point of inflection of the gragh of f , then either f (c)=0 or f is

undefined at x=c.

Example 7: Determine the interval of concavity and the inflection point of the funcion

f(x)=yx —3x+1
Solution: f(x)= X3—3x+1, then f'(X):3X2_3:3(X_1XX_|_1)

Since f '(X):O when ¥’ =1, the criical numbers are x=:+1. Also
f (x)=6x

Hence, f"(X)>0 when x>0 and f"(X)<O when x <0.

Thus, f is concave upward on (0,0) and concave downward on (~,0).

Since concavity changes at he point x =0, the inflection point of f is (0, f (0))=(01).
Example 7: Determine the interval of concavity and the inflection point(s) (if any) of the
funcion f(x)= )(4—4)(3

Soluion: differentiating f twice we ge
f 00=4x-12x
f (=12 —24x

=12x(x—2)

0 2
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2x | ++++ ++++
e ) +4+++
f ()=12x(x-2) | ***+ | -————- ot

Thus, - f is concave upward on (—a0,0)(2,0) and
- f is concave downward on (0,2)
Since concavity changes at both points x=0 and x=2 , the inflection points are (O, f(O)) and

(2, f(2)) which equals (0,0) and (2,~16).

Activity 4.6
1. Find the critical numbers (if any) and the intervals on which the function is increasing or
decreasing
2 3
a 1(0=(x-3)(x~1] c. 1(x)=(x+1)
b. f(x)=x(x—3) d. f(x)=sinx+cosx; for 0<x<2x

2. Use the First or the Second Derivative Test to find any relative extrema (if any) of the

following functions

a f(x)=%x4—8x c. f(x):gsin(%— j;on [0.4]

b. f()=x-9x +27x  d. f(x)=x+%

3. Find the intervals of concavity and the inflection points(if any) of the function

a) f(x)=x(x—4) 0 f(x):%xz—lnx
b) f(x)=yx 3-12x d) f(x)=xvx+3

4. Find a, b, c, and d such that the cubic polynomial function f(x):ax3+bxz+cx+d

satisfies the indicated conditions:
Relative maximum: (3,3)
Re;ative minimum: (5,1)

Inflection poin: (3,3)
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4.5.5 Curve Sketching

Now we apply the knowledge that we have developed in this chapter for sketching the graphs of

different functions. The table below lists the items that are most important in graphing a

function f .

LBS Department

Property

fhas y intercept ¢
f'has x intercept ¢

. . J' Vv axis
symmetric with respect to theq™
lor:gm

f has a relative maximum value at ¢

f has a relative minimum value at ¢

f is strictly increasing on an open interval |
t is strictly decreasing on an open interval |
Graph of f is concave upward on |

Graph of f is concave downward on |
(c, f©) is an inflection point

t has a vertical asymptote x =¢

t has a horizontal asymptote x = d

Test
A0)=c
fo=c
f(=x)= f(x)
fl=x)=—f(x)

f'(¢)=0and f'changes from v+ tov—
{f'(_c) =0and f"(c)<0
f'(¢)=0and f'changes from v—tov+
{f’(c) =0and f"(c)>0

t7>0 for all except finitely many x in |
t7<0 for all except finitely many x in |

f"(x)<0 Vxel

f"(x)>0 vxel

/" changes sign at ¢ and usually f"(¢)=0
lim f(x) =00 or lim f(x)=to0

limf(x)=d or lim f(x)=d

X—o0

2

Example: If g(x) = X
—X

Solution:

—=— , discuss and sketch the graph of ¢.

1. Analize the x — intercepts and y — interceptx — intercepts s

x — intercept = (0,0) and x — intercept = (0,0)

2. Analize the first derivative.

2X ;. This hasarootat x=0.Possible local maximum or minimum here.

Notice that neither g(x) nor its derivative are defined at x=1and x=-1.
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The derivative is negative for x <0, except at X =-1, where it is not defined. It is positive for

x>0, exceptat X =1, where it is not defined.

That is g is decreasing on (—o0,~1)(—1,0) and increasing on (0,1) (1, ).

3. Analize the second derivative.

g 60— 2 +6;<2 ; There are no values of x where the second derivative equals zero, so the
—X

graph of g has no inflection points.

g" (0)=2; At x=0, acritical number, the second derivative is positive, so the graph is

concave up at this point, and has a local minimum.

4. Find horizontal asymptotes.
> 2
lim—X__ —_1 and iy, X s=-1

r1—X rl-X

Hence, h(x) =-1 is a horizontal asymptote.

5. Find vertical asymptotes.

Since g is undefined at x=1and x=-1, examine the limits of g as x approaches these

values.

2 2 2 2
lim-—X = o= tim X ad j; X o jim X
1 ]1—X >-11—X 1 1—X >-1]1—X

Hence, g has a vertical asymptotesat x=1and x=-1.

6. Put it all together.

r=-5-499.5
Range of graghing
g(r)
h{r)
r
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Notice that all the aspects of the gragh you found in your analysis are present: a local minimum

at x=0, vertical asymptotes at x=1and x=-1, a horizontal asymptote at y =-1, downward

sloping when x <0, upward sloping when x > 0.
Activity 5.4
1. Discuss and sketch the gragh of f if

? 2X
a. f(x):zL c. f(x)=
X —X=2 X +1
X \IZXZ +1
b. f(X)=7—— d f(x)=—"o———
(x-+1) =5
Note: Your sketches should look like one of the graphs below:
4_-
| | | ' -5 = 1o 5 10
-4 =2 0 P 4
= — = — = — - ﬁ_ __________ é
41
4L
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4.6 Indeteminate Forms (L’Hopital’s Rule)

While we study limits in the previous section, we considered limits of quotients such as

2

. -4 .sinx
|ImX and lim——=
x>2 X+ 2 x>0 X

and calculated the limits by using algebraic, geometric, and trigonometric methods even if the

limits have the undefined form % In this section we develop another technique that employs

the derivatives of the numerator and denominator of the quotient. His new technique is called
L’Hopitals rule. For the proof of this rule we need the following generalization of the Mean
Value Theorem.

Indeterminate Forms

If f(x) and g(x) are two functions, then we know that

fog _lmfc)
=ag(x)  limg(x)
If limf(x)=0 and limg(x)=0, then the expression % is said to have the indeterminate
X—a X—a X
form g,at X=a.
0
Course Title: Revised Edition | Date: July 2016

Learner’s Guidel i and Page 150

Applied mathematics | _ . Mathematics Instructors
revised by:




FDRE TVET Institute LBS Department

f(x)

If Iirg f(X)=o and limg(x) =0, then the expression m is said to have the indeterminate

o0
form —,at x=a.
o0

The other indeterminate forms are co—oo, 0xoo, 00, 1, ooo.

The Indeterminate Form %

Theorem 1: (L’Hopital’s rule)
Let f(x) and g(x) be two functions such that

limf (x)=0 and limg(x) =0, f (a)and g (a) existsand (J (@)= 0. Then

feo im0
lim =xa
x-a g (X) ngg (X)

Proof: Suppose f(x) and g(x) satisfy the conditions of Cauchy’s mean value theorem in the

interval [a,x]. Then we have

F(0-f(@) _ f ()
909-9@a) g (o)

, Where ¢ e(a, x).

Since, f(a)=0, g(a)=0 andas x—>a,c—a, we get

() _ f
909 g (©

im £ .
Hence, lim ) _ ca re =lim f,(x) ; (replacing c by x )

xa g (X) !:T; g(C) x—>a g (%)

If f '(a) = g'(a) =0, then this theorem can be extended as follows:

limf(x)  f (x
L2 —|im—s;
limg() > g (x)
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=Iimf ) Jif f(a)= g(a) 0
g )
and so on.
Example 1: Evaluate lerroll x3 :

Solution: Both the numerator and denominator have the limit 0 as x — 0. Hence the quotient

has the indeterminate form % . By L’Hopital’s rule

—_7'In3
Ilml 3 —Iim3—:—ln3
x—0 X x—0 1

X—Ssinx

Example 2: Evaluate lim 3

x—0
X

Solution: Both the numerator and denominator have the limit 0 as x — 0. Hence the quotient

has the indeterminate form % . By L’Hopital’s rule

. X—sinx 1-cosx [0
Ilrg 57— =lim O — | form
X—> X X—> 3X _O
=lim smx 9 form
x—>0 6)( 0_
lim COSX
_x—>0 6

Example 3: Evaluate I|m (1_ )
-0 In(cos2x)

. . - 2 _ IRT
Solution: Observe that lim In(]__x )— 0=lim In(cos2x)

Hence the quotient has the indeterminate form % .

Thus by L’Hépital’s rule we get

Course Title:

Applied mathematics |

Revised Edition

Date: July 2016

Learner’s Guide|

Edited and
revised by:

Mathematics Instructors

Page 152




FDRE TVET Institute LBS Department

—2X
2
I|mI (1 ):Iim 1-X T —2X
-0 In( cost) o0 —2tan2x 0 ]y’ —2tan2x
=lim , since -=1
x-0 tan 2X anl_
= Ilm{ .(cost)}
x-0| sin2Xx
=lim dim(cos2x)

x>0 §IN2X *x—0

7 _arctanx
Example 4: Evaluate lim 2 1
X

X—>0 x—=0 X X—0

Solution: Observe that Iim[z—arctanxJ:O:Iiml,since Iimarctanx=%.

Hence the quotient has the indeterminate form % .

Thus by L’Hépital’s rule we get

E—arctanx = 2 2
lim2— :Iim1+1x “lim—X_1.
X—>00 L X—>o0 ;2 X%ool+x

X X
e —p —2X

Example 5: Evaluate lim .
x>0 2X—Sin2x

Solution: Both the numerator and denominator have the limit 0 as x — 0. Hence the quotient

has the indeterminate form % . By L’Hopital’s rule

x_ —x_2X X+ —X_2
im€ € % _jim& € ~< H form
x>0 2X—Sin2x x>0 2—2C0S2X 0
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Example 6: Evaluate lim

=lim

e-e
x>0 45in2X

LBS Department

P} form
0

=Iim& , {9} form
x-0 8COS2X 0

_2_
8

1
.

SeCZX—Ztan X

)H% 1+ cos4x

Solution: Observe that Iim(SeC2 X—2tan x): 0=lim(l+cos4x).

X—=
4

X—=
4

Hence the quotient has the indeterminate form % .

Thus by L’Hédpital’s rule we get

2 2 2
Iimsec X —2tan x =|im259C xtanx-2sec X

H% 1+ cos4dx

2
—gec x(tan x—1)’ [%} o

H% —4sin4x
=lim -
H% 2sin4x

xaz
47T
- —SecC Z+0
=lim————
=  8cosrx
4
_-4_1
-8 2

) 0
The Indeterminate Form —.

0

Theorem 2: (L’Hopital’s rule)

Let f(x) and g(x) be two functions such that

lime SGCZ X.Sec2 x+(tanx-1)2 SGCZ X tan x
e 8cos4x
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lim f (x) =0 or o0 and limg(x) =c0 or —o0, f (a) and g (a) existsand  (a) 0. Then

0o _timf 0
im = ; .
x-a g (X) ngg (X)

4tan x
Example 1: Evaluate lim

1+secx
(2]

Solution: Observe that the limit has the inditerminate form O%O Then by L’Hopital’s rule we
have

2
X
lim 14tanx _ I(im 4setc _ I(im éisecx
“1+secx secxtan x an x
{z) “i7y) “i7)

By using the trigonometric identity, we have

4
4secx _ %osx _
tan x smy sinx
COSX

Consequently

X
lim Atanx L 4sec - 4secx lim % _4-

X{;,)laLsecx_X (l secxtan x %(/) tan x _H(l%)sinx

2x

Example 2: Evaluate Iime—z.

X—0 X

Solution: Observe that the limit has the inditerminate form O%O Then by L’Hopital’s rule we

have

:lLrQ 2% :1Lrg 2 _angze o
Particularly in a similar fashion we can show that
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X

Iime—n = o0, for every real number n.

X—00 X

Other Indeterminate Forms

. - . . 0 0 0
Various inditerminate forms, such as co—c, Oxo, (), ] and oo , can usually be converted

into the indeterminate form % or O%o and then evaluaed by one of the versions of

L’Hopital’s rule given in the above theorem.

Example 1: Evaluate lim x “Inx.
X—)O

Solution: Since |ImX =0 and limInx=—oo the given limit is of the form Oxoo (more
xao x-(Q"

precisely, 0x (—x)). However, we can transform it into the inditerminate form O%O by writing
it as

|ImX Inx = I|

Q' -0 /
X

Now, applying the L’Hépital’s rule we get

2
Ilmxlnx_ll = lim £2— _I|m— =0-

x—>0 O / ><—>O / ><—>O 2
X X

Example 2: Evaluate lim x" .

x—>0
. .. . . . 0 . |
Solution: The limit evidently has the indeterminate form ()" . But then since x =@" " and
consequently
lim x* = limg"™
)<—>0+ X—> O
Since the exponential function is continuous, it follows that
. xInx lim (xInx)
||m e = exHOJ'
x—>o+
But since
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Ilmxlnx_llm—_llm = lim(-x)=0
xao xao xao }/ xao

By L’Hopital’s rule we get

1
Example 3: Show that lim| 1+— | =e.
X—0 X
Solution: Observe that the limit has the indetrminate form 1"

X

1 1y
Since, | 14+ — :e'” 1+ , we have
X

X—>00 X X

X 1 b x
- 1 1 In[l—k) imlIn 1
lim [14_ —lime (7 x) = gl 1+,

X—>0 X—0 X

But Iimln(l+1j =limxIn 1+1j=|imM, [%} form
X

Thus by L’Hopital’s rule we get

_ 1
Thus, lim{ 14+~ | =@ =e.
X—0 X

Example 4: Find lim i—l
x—>0 e -1 X

Solution: Observe that the limit has the indetrminate form oo —oo.

However, if the difference is written as a single fraction, then

X 0
fim| L L)y X—€* H form
x—>(Q" e -1 X x—Q" Xe —Xx 0
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nstitute

Thus by L’Hopital’s rule we get

LBS Department

Iim&: Iim%
0 xe -x *0xe+e -1
—lim——€ _ 1
~0 xe +28 2
Hence, lim X——l -1
x-(Q e -1 X 2
Activity 4.7
1. Evaluate the following limits
6
_1 anZx
a. Iimlx4 i. Iim(tan X)t ’
X X -1 -7
b. Iims!nax Iimsmx3—x
x-0 SinbXx x—0 X
6
-1 i
e VA | x—0 3x
d. I|m[1+§+in I Iim(x— Xz—lj
X—>0 X X X—>00
i 1 1 .2 .1
e. lim—-—— m. limy"|1-xsin>
©i(Inx x-1 x>0 3
t
f. ”m—an(%() n. |Im{i2— _12 J
X—>0 X x—0 X Sln X
X2
. lim g 0. e _1_’(_( ZJ
g X%—wxe Iim 3
x—0 X
X 2x 2
h.lim 1—1 p. 1im & 1+X
X0 X -0l xIn(L|+x)
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2.

X(l—acosx) +bsinx
3

If lim :1. Then find the values of a and b.

x—0
X

3. Why is the following application of L’Hépital’s rule invalid?

sinx . COSX
m—=lim——=0.

1 .
— =1
% x»% X xa% l

Self Test Exercises

1. Find the derivative of the following functions by using the definition of derivative
a) f(X)=+x+1 ) f(X)=x —4x+5
6 .
by f(x)=— d) f(x)=c0sx—sinx
X
2. Find the derivative of the following functions by using the definition of derivative at the
given point ¢
a) f(x):i,atc:fﬁ b) f(x)=x—+/2x,atc=8
X+4
3. Find the derivative of the following functions
. x-1
a) f(x)=+/xsinx c) f(x):lnx(—zj
1+sinx cos(x—1)
) 1) 1-sinx ) T x—-1
4. Find an equation of the tangent line to the graph of f at the given point
X+1 1
a) f(x)=—=,at (—,—3) b) f(x)=-xtanx, at (0,0)
x-1 2
d d’
5. Find & and —32/ by implicit differentiation
dx dX
a) /xy=x-4y c) xsiny=ycosx
b) ye* +xe¥ =xy d) X2+3xy+ y3=10
6. Find an equation of the tangent line to the graph of the following functions at the given
point
a) ylnx+ yzzo,at (e,~1) b) Xz—y2:20,at (6,4)
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7. Find a formula for the nth derivative of the following functions

x-1

a) f(x)=2" b) T()="—7

8. Find the absolute extrema of the following functions on the given interval

X

1l)(2+1

9. Find the value of the number c guaranteed by the Mean Value Theorem of the following

a) f(x)=2x+5cosx,[0,27] b) f(x)= 0.2] ) f(x)=x"+5x,[-4,0]

functions on the given interval

2 /A
a) f(x) :(x—z)(x-|-3) . [-3.2] c) f(x)=-cosx, {—E,E}

b) f(x)=2% —3x+1,[04] d) f(=x7 L8]
10. Derermine the values a,b,c,andd such that the function f satisfies the hypothesis of the

Mean Value Theorem on the interval [-1,2].

a, x=-1
2, -1<x<0
bx’+c, 0<x<1
dx+4, 1<x<2

f(x)=

11. Find the interval of monotonocity of the following functions

2 2 .4
a) f()=x-2x-8 h) f()=x{16-x ) fx)=x+>

12. Use first or second derivative test to find all the relative extrema of the following

functions
a) f(X)=x—4J/x+1 d) f(x)=x—2cosx , on [0,47]
b) f(¥)=2x(x*~1) e) f(x)=yx-20x +128x-280

13. Find the interval of concavity and the inflection point (if it exists) of the following

functions
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a) f(x)=X2—x—2

b) f()=x+5x"~40X
14. Sketch the graph of the following functions

1

a) f(X):E—3

b) f(x)=

LBS Department

0 fy=X "1

2x-1

d) f()=—X+6X +12x

X' —6x+12
X—4

) f(X)=x —4x +16x

15. Sketch the graph of a function f satisfying the following conditions:

f(2)=f(4)=0, f (x)>0if x<3, f (3) does not exist,

f0<0if x>3, f ()>0 if x#3

16. Determine whether the following function has an inverse or not.

a) f(x)=2—-x-

b) f(x)=3x+1

a) f(x)=ax+b,

b) f(X)=vx-2

3
X

b0

17. Simplify the expression
a) csc(arccot(—\/§))

b) sin(2arcsinx)

c) f(x)=[x+4—[x—4

d) () =sin®)

1. Check the existence of the inverse of the following functions. If it has, find its inverse
c) f(x)=-3

d) f(x)=|x-2, x<2

c) sech(In/2)
) sinh”(3

18. Let F(x)=1(29(x) where f(x)=X4+ X3+1 for 0<x<2, and g(x)= fﬁl(x) . Find

F(3)
19. Find (f —1)(c) if
a) f(X)=x++x

,C=2

b) f(x)=xInx,c=2g’

20. Differentiate the following functions

a) f(x)=sechyInx

9 f(9=sinh™(=3x)
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X_+1)

1
- -1

21. Let y= th Show that (1+ Xz)ﬂ
1+ X2 dx

b) f(x)= arctan(

22. Evaluate the following limits

d) f(x)=arcsec(Inx)

+xy=1.

2

. —(3X+1IHWX+2 . —
2 lim2X f) lim 20X

x—1 X—=1 x—0 1_SeC X
o (o) 9 1)

. 1-sinx . [secx-1
c) lim——— h) lim
) H%1+0052x ) HO( xsinxj
d) Iim(cotx—lj i) IimS'm_(_1

x—0 X Hg Insinx

2x-1
4 in’(x

O p timy SIN 020

'l X =4 @ +3-X
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CHAPTER FIVE

Integration

Introduction

Integration is not as straight forward as differentiation; there are no rules that absolutely
guarantee obtaining indefinite integrals of a function. In this chapter we develop techniques for
using the basic integration formulas to obtain indefinite integrals of more complicated functions.
Therefore we discuss a strategy for integration in this section. Also we consider integrals having

an unbounded limit of integration and integrals of discontinuous functions on an interval.
Chapter Objectives
At the end of this chapter the readers should be able to:

e Know basic integration formulas of an indefinite integral.

e Find the definite and indefinite integral of different functions using different techniques

of integrations.
e Define the improper integral of a function.
e Evaluate an improper integral that has an infinite limit of integration.
e Evaluate an improper integral that has an infinite discontinuity.
o Evaluate improper integrals of different functions.
e Find the area of a region between two curves using integration.
e Find the volume of a solid with known cross-sections.

e Find the volume of a solid of revolution.
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5.1 Ant derivatives; indefinite Integrals

LBS Department

Before we see techniques of integration let us revise the integrals of important functions in

the following table.

Derivative

Indefinite integral

[a—

. Ildx=jdx=x+c

4+l

X

Dr(-
' .r+l

J:x%r#—n

[ ]

r+l
X

. J-x"dxz +c (r#-1)

r+1

D (sinx)=cosx

(8]

. J.cosxa'x =sInx+c¢

D_(—cosx)=sinx

sinxdx =—cosx +c¢

D_(tanx) = sec’ x

n

sec’ xdx =tanx +¢

D (—cotx) =csc” x

6. J.csc xdx =—cotx+c
D (secx)=secxtanx 7. ‘[sec xtanxdx =secx+c¢
D (—cscx) = cscxcotx 8. ‘[csc—xcotxdx:—cschrc
D.(e")=¢" 0. J.e"dx =e* +c
a” a*
D |—|=a" 10. |[a"dx=—+cC
L 1lna Ina
1
Dr(_lll‘l‘) =— 11. _[—dx = ln‘x‘ +c
' X
1 1 X
D (sinT'¥)=—1_D (£)= 12. | ———dx=sin"'" = +¢
|I|_:_; a? —x2 j !az — 52 a
1 1 x
D (cos™ ¥)=——_D (2) = 13. | ———=dx=—cos™ = +c
'Il—j—; a? — x2 I ,"az —x? a
1 1 1 X 1 1 1 b
D.(—tan” Yy =(") (= |14 dx=tan" T4
a a a 1+ ~ a a“ +x° a” +x° a a
1 -1 I\ 1 - 1 1 -1 X
D.| —sec” — | = 15, | ——=dx =—sec” —+c
'[ﬂ GJ xvx?—a’ 'I-x\,f,\“—a‘ a a
Table 1.0
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| hope the student does not forget how to evaluate the definite integral by using the following

fundamental theorem of calculus:
Theorem 5.1 (Fundamental theorem of calculus)
Suppose f is continuous on a closed interval [a, b].

Part I: If the function G is defined by
G(x):jf(t)dt

for every x in [a, b], then G is an antiderivative of f on [a, b].

Part I1: If F is any antiderivative of f on [a, b], then

j‘f(x)dx: F(b)-F(a)

3
Example 1 Evaluate I(6x2 —5)dx.
22

Solution: An antiderivative of 6x*—5is F(x)=2x>—-5x.Then
3 3
j(6x2 —5)dx = 2x* —5x 2
-2 B
=[(3)* -5(3)]-[2(-2)* —5(-2)]= 45
5.2 Techniques of Integration

5.2.1 Integration by Substitution

The formulas for indefinite integrals in Table (1.0) are limited in scope, because we cannot use
them directly to evaluate such as

I\/3x —5dx or Icos(Sx)dx
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In this section we shall develop a simple but powerful method for changing the variable of
integration so that these integrals (and many others) can be evaluated by using the formulas in
Table (1.0).

Method of Substitution

If the integral to be evaluated is of the form
[ f(g(0g (xdx
We substitute u = g(x) and du =g (x)dx, then the integral becomes _f f(u)du

Example 1 Evaluate I\/Zx—de .

Solution: We let u=2x-5 and du=2dx

Since du contains the factor 2, the integral is not in the proper form I f (u)du required in

the method of substitution given above. However, we can introduce the factor 2 into the

integrand, provided we also multiply by % . Doing this and property of integral we have

J'\/Zx—de = j\/2x—5%2dx
:%J\/ZX—Sde
:%I\/Udu

[
N w

+C

N |-
N\oo|

3
:lu2 +C
3

3
:%(\/ZX—5)2 +C
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Example 2 Evaluate Isin(Zx)dx

Solution: We make the substitution
u=2x,du=2dx
Since du contains the factor 2, we adjust the integrand by multiplying by 2 and compensate by

multiplying the integral by % before substituting:

jsin(Zx) dx = lf sin(2x) 2dx
2

_1 inud
—Efsmuu

1
=3 (—cosu) +c¢

1
= —Ecos(Zx) +c

It is not always easy to decide what substitution u = g(x) is needed to transform an indefinite
integral into a form that can be readily evaluated. It may be necessary to try several different
possibilities before finding a suitable substitution. In most cases no substitution will simplify the

integrand properly. The following guidelines may be helpful.
Guidelines for changing variables in indefinite integrals:
1. Decide on a reasonable substitution u = g(x).

2. Calculate du= g (x)dx.

3. Using 1 and 2, try to transform the integral into a form that involves only the variable u.
If necessary, introduce a constant factor k into the integrand and compensate by 1/Kk.
If any part of the resulting integrand contains the variable x, use a different substitution
in 1.
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4. Evaluate the integral obtained in 3, obtaining an antiderivative involving u.
5. Replace u in the antiderivative obtained in guideline 4 by g(x). The final result should
Contain only the variable x.

The following examples illustrate the use of the guidelines.

Example 3 Evaluate .[xz(3x3 +2)"%dx.

Solution: If an integrand involves an expression raised to a power, such as (3x*+2)*,

we often substitute u for the expression. Thus, we let

u=3x*+2, du :9x2dx<:>%du = x%dx

Comparing du=9xdx with x*dx in the integral suggests that we introduce the factor 9 into the
integrand. Doing this and compensating by multiplying the integral by 1/9, we obtain the

following:
1

x2(3x® +2)2dx = [u*® =du

[XE@x + 2y de=Ju 2
zéj'ul"du

l 11
—(

“)+C
911

1 1
=—(B8x*+2) +C
03 +2)
Example 4 Evaluate J.x\/3x—1dx :

Solution: To simplify the expression +/3x—1 ,we let

u=3x-1, so that du=3dx
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1
3
Then _[x«/3x —1dx = Ix\/3x —1dx

Thus we still need to find x in terms of u. From the equation u=3x —1 we deduce that

1
Xx=—(Uu+1
3( )
Therefore
Ju %du
J.x\/3x—1dx:'[x\/3x—1dx:J.(u;rl)x/ad?u

1 $ 1
:§I[u2+u2 Jdu

_L
9

Example 5 Evaluate jxexzdx.

Solution: We let

u=x? du=2xdx= d_2u = xdx.Then

jxexzdx=jexzxdx:je“ d?u
:le“ +C

:leX+C
2

Example 6 Evaluate jsecxdx.

Solution: We first put the integral in the form

2 35112 + 2 (3x_1)?
(g(3x—1) +§(3x—1) J+C

LBS Department
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(secx+tan x) sec® x+secxtan x
jsecxdx=jsecx dx:J'

dx
secx +tan x secx +tan x

If we now let u =sex+tan x, du=(secxtan x +sec® x)dx.Then

sec’ x +secxtan x
J. secxdx= I
secx+ tan x

_ I%d“

dx

=Inju[+C

= In|secx +tan x| +C
Activity 5.1

Evaluate the following integrals.

1.Isin2 xdx 2. jcscxdx
Ly 1

3. | ———dx 4, | ———=dx
Y (x* +5)° j3\/1—2x2

2

5. | x°4/x? —1dx 6. J'Ldt
: NT+2
2 . %

7. ¢ > dx 8. I%dx
1 X X(Inx)

. 242

g [ 3SINX_ 4y 10. | X ax

*1+2cosx 5 V1-x*

5.2.2 Integration by Parts

If we try to evaluate integrals of the type
_[xexdx and Iln xdx

by using the method of substitution we obviously fail. But don’t worry the next formula

will enable us to evaluate not only these, but also many other types of integrals.
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Integration by Parts Formula

If u= f(x)andv=g(x)andif f and g are continuous ,then

[ 1000 (9dx=F()g(x) - [ 9(x) f (x)dx
judv:uv—_[udv

Proof: By the product rule
[F()9()] =T ()g(x)+ f(x)g (x)
Or equivalently, f(x)g (x) =[f(X)g(x)]-g(x) f (x)
Integrating both sides of the last equation gives us
J £009'(dx= [T ()g(0]dx— [ f(x)g KX)o
The first integral on the right side equals f(x)g(x)+c. Since another constant of integration

is obtained from the second integral, we may omit c in the formula; that is

[ 009 09dx=F()g()—[g(x) f (x)dx

Since dv=g (x)dx anddu= f (x)dx we may write the preceding formula as

judv=uv—judv

Since applying (1) involves splitting the integrand into two parts, the use of (1) is referred to as

integrating by parts. A proper choice for dv is crucial. We usually let dv equal the most

complicated part of the integrand that can be readily integrated. The following examples

illustrate this method of integration by parts

Example 1 Evaluate Ixexdx :
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Solution: The integrand xe”can be split into two parts x and e* . We let

u=x and dv=e*dx
Then du=x and v:jexdx:eX

Consequently integration by parts yields

u Qv u v Y du
S vt B ——
Ixexdx:xeX—Iexdx:xex—ex +C

V4

2
Example 2 Evaluate Ixzsin(Zx)dx.
0

Solution: Let u=x?*and dv=sin2xdx
-1
Then, du=2xdx and V=?COSZX

Thus using integration by parts we have;

2 2 o -1, % t -1
Ix sin(2x)d =| —x“ cos2x —IZX ——C€0s2x [dx
0 2 0 0 2

-1, 2
= 7x cos2x| —|xcos2xdx
0

O o [ N

But, since
{—1 x? cost} g —1(£j cos2(Xy-0=""
2 , 2.2 2 8
And
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z
2

SiHZX}

%sin2x
2 1

dx
2

O v [ Ny

XC0s2xdx = [x

- 1[ﬁsinZ(g) —0} —1{— Coszxf

0

2|2 2 2 |,

1 T 1 -1
=—|c0s2(—)—cos0 |=—[-1-1]=—

4{ ) } A=

Hence,

2
x?sin@x)dx =" —+
8 2

O N | Ny

Example 3 Evaluate Iexcosxdx

Solution: We could either let dv=cosxdxor let dv=e*dx ,since each of these expression is

readily integrable. Let us choose
u=e" and dv=cosxdx
So that du=e”dx and v=sinx
Then by integrating by parts we have;
jexcosxdx=e*sinx—jexsinxdx (1)
We next apply integration by parts to the integral of the right side of equation (1). Since

we chose a trigonometric form for dv in the first integration by parts, we shall also choose

a trigonometric form for the second. Letting

u=e*and dv=sinxdx sothat

du=e*dx andv=-cosx
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Integrating by parts, we have

jex sinxdx=e*(—cosx) —I(—cosx)exdx

=— excosx+_[cosxexdx (2)
If we now use equation (2) to substitute on the right side of equation (1), we obtain

_[ex cosxdx=e*sinx—[-e* cosx + jex cosxdx]

_[ex cosxdx=e*sinx+e”" cosx+_[eX cosxdx
Adding .[ex cosxdxto both sides of the last equation gives us

2 jexcosxdx=exsinx+excosx
Finally, dividing both sides by 2 and adding the constant of integration yields

J.excosxdx:%[exsinx+excosx]+C
We could have evaluated the given integral by using dv=e*dx for both the first and second
applications of the integration by parts formula.

In conclusion we remark that integration by parts is effective with integrals involving a

polynomial and either an exponential, a logarithmic, or a trigonometric function. More

Specifically, integration by parts is especially well adapted to integrals of the form

_[( polynomialsinaxdx, I( polynomial) cosaxdf
J (polynomiak)e™dx [ (polynomiab)In xcx

In all except I(polynomiabln xdx,the most effective choice of u is the polynomial, since the
derivatives of a polynomial are simpler than other function, while the choice u=Inx is effective

for I(polynomiabln Xdx.

Course Title: Revised Edition | Date: July 2016

Learner’s Guidel i and Page 174

Applied mathematics | _ . Mathematics Instructors
revised by:




FDRE TVET Institute LBS Department

Example 4 Evaluate Isin‘lxdx.

Solution: Let

u=sin*x and dv=dx sothatdu= dx andv = x

1-x?
Then

X

V1-x?

Now we use substitution to solve the integral to the right. That is let

jsin’lxdx:xsin’lx—j dx

w=+/1—x? or w? =1—x? sothat 2wdw = —2xdx

We then have

X x=— Mz—dez—w+C =—/1-x*+C
w

V1-x2

Consequently
Isin‘lxdx =xsin? x++1-x* +C

Integration by parts may sometimes be employed to obtain reduction formulas for integrals. We
now find reduction formulas of Isin"xdx jcos" xdx with the help of integration by parts.

Example 5 Find a reduction formula for Isin”xdx.
Solution: First write Jsin”xdx:jsin"‘lxsinxdx

and let u=sin"*x and dv=sinxdx sothat
du=(n-1)sin"? xcosxdx and v =-cosx

Then using integration by parts we have:
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jsin“xdx= —cosxsin™™* x+(n—1)J‘sin”‘2 xcos® xdx
Since cos® x=1-sin’x, we may write
Isin”xdx= —cosxsin"™ x+(n —1).|.sin”’2 xdx—(n —1)Jsinn xdx
Consequently,
jsin”xdx+ (n —1)jsin”xdx= —cosxsin"* x+(n —1)J‘sin”‘2 xdx
The left side of the last equation reduces to n Jsin”xdx . Dividing both sides by n, we obtain

coxssin™? x
n

Isin”xdx:— + ngljsin”‘zxdx

In a similar fashion we can show the reduction formula for Icos"xdx is given by:
1. 4 h-1 _
Jcos”xdx= ~sinxcos" 1+—.[cos” 2xdx.
n n

Example 8 Evaluate J.sin‘r’ xdx
Solution: Using the reduction formula for sine with n =5 gives us
_[sinS xdx = — X cosxsin® x+ﬂjcos3 xdx
5 5
A second application of the reduction formula, to IsinS xdx, yields
Isin3 Xdx = — = cosxsin? x+gjsin xdx
3 3
——Lcosxsin? x—gcosx+C
3 3
Consequently
J'sin5 XdX = — = cosxsin® x— - cosxsin? x—>-cosx+C
5 15 15

Activity 5.2

Evaluate the following integerals.
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1. jxe‘xdx 2. len xdx
3. [ sec’ xdx 4. [ x2*dx
5. Ixtan xsecxdx 6. j.Ztsin 2tdt
0
7. [ (x+ 1) (x+2)dx 8. [sin(Inx)dx; (H int : Letu =sin(Inx))
9. jtan’1 xdx 10. jcos(ﬁ)dx

Evalute the integral with the help of the reduction formulas.
3, X 7
11. J.cos (E)dx 12. jcos xdx

5.2.3 Integration by Partial Fractions

An expression for rational function is called a proper fraction if the degree of the numerator is
strictly less than the degree of the denominator; otherwise it is called an improper fraction. In
case of improper fraction we actually divide the numerator by the denominator and the improper
fraction is expressed in terms of a polynomial and a proper fraction. For example,

2X 1:2+ 7 and 4x 3;( +2X 1:4x_3_34>2( 26
X—3 X—3 X“+9 X“+9
Let us consider a proper fraction %where P and Q are polynomials in x, then it can
be proved that
m: F+F+..+F,
Q(x)

Such that each term F,, of the sum has one of the forms

A or Ax+ B
(ax+hb)" (ax+bx+c)"

or real numbers A an and a nonnegative integer n, where +bx+cisirreducible
f I bers A and B and gat teg here ax®+bx+c ducibl

in the sense that this quadratic polynomial has no real zeros (that is, b> —4ac <0).In this case,

ax’ +bx+c cannot be expressed as a product of two first-degree polynomials with real
coefficients.
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P(¥)

The sum F, +F, +...+ F, is the partial fraction decomposition of ——- oK)
X

,and each Fy is a partial
fraction. We state guidelines for obtaining this decomposition.

Guide lines for Partial Fraction Decompositions of P(X)/Q(X)

1. If the degree of P(x) is not lower than the degree of Q(x), use long division to obtain
the proper form
2. Express Q(x) as a product of linear factors ax + b or irreducible quadratic factors

ax” +bx+c, and collect repeated factors so that Q(x) is a product of different factors
of the form (ax+)" or (ax® +bx+c)" for nonnegative integer n.

3. Apply the following rules.
Rule a: For each factor (ax+)" with n> 1, the partial fraction decomposition contains a sum of
n partial fractions of the form

Al+A2 ++L

ax+b (ax+b)? 7 (ax+b)"

where each numerator A, is a real number.

Rule b: For each factor (ax®+bx+c)" with n n>1,and with ax®*-+bx+c irreducible, the
partial fraction decomposition contains a sum of n partial fractions of the form

AXx+B, Ax+B, A x+B,
2 + 2 2 Tt 2 n
ax“+bx+c (ax” +bx+c) (ax® +bx+c)

where each A, and B, is a real number.

Example: Evaluate jwsxsid

Solution: We may factor the denominator of the integrand as follows:
X2 +2x% =3x = x(x® +2x+3) = x(x +3)(x 1)

Each factor has the form stated in Rule (a) of the guideline, with n = 1. Therefore the partial
fraction decomposition has the form

4x* +13x—-9 4x*+13x-9 A B
= ——+—3+

X3 +2x2-3x  x(x+3)(x-1) x

<
x-1

Multiplying by the LCM of the denominators gives us
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4x? +13x—9 = A(X+3)(x—1) + Bx(x —1) + Cx(x + 3). (1)

In a case such as this, in which the factors are linear and non-repeated, the values of A, B and C
can be found by substituting values for x that make the various factors zero. If we let x =0 in (1),
then

-9=-3A,or A=3
Letting x=1in (1) gives us
8=4C, or C=2
Finally, if x=-3 in (1), we have
-12=12B, or B=-1
The partial fraction decomposition is, therefore,

4x* +13x-9 3 -1 L2

X +2x2-3x X Xx+3 x-1

Integrating and letting C denote the sum of the constants of integration we have
I4X +13x-9

NPV d —I dx+j—dx+ —1dx

=3In|x|-In|x+3+ 2Injx -1+ C
= In‘x ‘3 —In|x+3+ In|x—]42 +C

x-1

Another technique for finding A, B, and C is to expand the right-hand side of (1) and collect like
powers of x as follows:

4x2 +13x—9=(A+B+C)x* +(2A— B +3C)x—3A

We now use the fact that if two polynomials are equal, then coefficients of like powers of x are
the same. It is convenient to arrange our work in the following way, which we call comparing
coefficients of x.

Coefficients of x>:A+B+C=4

Coefficients of x; 2A-B+3C=13
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Constant term: -3A=-9

We may show the solution of this system of equationsis A=3,B=-1,and C = 2.

Example 2: Evaluate ILXS X
(x+2)(x-1)
Solution: By Rule (a) of the Guidelines the partial fraction of the integrand has the form

13-7x _ A N B N C N D
(x+2)(x-1° x-1 (x-1)* (x-1° (x+2)

Multiplying both sides by (x+2)(x—1)* gives us
13—-7x= A(x+2)(x-1)* + B(x=1)(x+ 2) + C(x+2) + D(x-1)* (2)
Two of the unknown constants may be determined easily as follows.
Let x =1 in (2) the we obtain
13-7=3C or C=2
Similarly, letting x = -2 in (2) yields,
13+14=D(-2-1)° or D=-1

The remaining constants may be found by comparing coefficients. So comparing the
coefficients of x%on both sides of (2), gives

0=A+D or A=-D ,A=1

And comparing the constant terms on both sides of (2), gives

13=2A-3B+2C-D or B=%(2+4+1—13) =-3

Therefore

13-7x 1 N -3 N 2 N -1
(x+2)(x-1)° x-1 (x-1)* (x-1° x+2

Thus
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13-7x 3 2 -1
e s P i fr  re S P

:In|x +i— 1 +In|x+2|+C
x-1 (x-1)?
:|nx__1+i_;2+c
X+2| x-1 (x-1)

Example 3 Evaluate Iﬂd
X3 + X

Solution: The denominator of the integrand may be factored as follows:

XX+ x*=2=(x-1)(xX* +2x+2)

Applying Rule (b) of the Guidelines to the irreducible quadratic factor x° +2x+2 we

have
X2+2x+7 A Bx+C
= +
X+xP-2 X-1 x*+2x+2
This leads to
X2 42x+7=A(X* +2x+2)+(Bx+C)(x-) (3)

As in previous examples, substituting x=1 in (3) gives us
10=A() or A=2
The remaining constants may be found by combining like powers of x:

X*+2X+7=(2+B)x* +(4+C-B)x+(4-C) 4)

And comparing cofficients in (4)
Coefficients of x*: 1=2+B or B=-1
Constants terms: 7=4-C orC=-3

Thus the partial fraction decomposition of the integrand is
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X2 +2x+7 2 —-x-3
3 2 = +
X°+X° =2 Xx-1 X" +2x+2

Consequently

J'X +2X+7 _j J' 2—X—3 dx
x* +x° X— 1 X" +2X+2
X+3
=2Injx—
| ]4 J.x +2x+2
To evaluate the right-hand integral, we first complete the square in the denominator to obtain

X2+ 2x+2=(x+1)*+1

and substitute u=x+1 sothatdu=dx and X +3=u+ 2

Therefore
J' X+3 J- X+3 Iu+2du
x2+2x+2 (x+1)? +1 u®+1
2
= du+ du
J.u2+1 Iu2+1
:%In(u2+1)+2arctanu+c
:%In(xz+2x+2)+2arctan(x+1)+C
Hence
x +2x+7 —-X-3
[ = [ 2 [
X3+ x? x-1 NG +2x+2

= 2In|x—]4—[§ln(x2 +2x+2)]-2arctan(x—1) +C

dx
sinx(2+cos’x)

Example 4 Evaluate j

Solution: Since
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I dx _I sinxdx
sinx(2+cos” x) ° sin®x(2+cos® X)

Substuting

u=cosx and du=-sinsdx,we get

J~ dx :I sinxdx :,[ —du :.[ u
sinx(2+cos’x) ?sin®x(2+cos’x) 4 (1-u®)(2+u®) Y (U*-1)(u®+2)

But then the partial fraction representation for the integrand of the last integral has the
Form

1 A B Cu+D
2 2 - + Tt
u"-DU°+2) u-1 u+l u“+2

Then by similar procedure as the above examples we have
1=AU+1)U?®+2)+Bu-1)u’+2)+(Cu+D)(u-1)(u+1) (4)

Then putting u=1 gives us 1=6A or A=1/6

Putting u=-1 gives us 1=-6B or B=-1/6

We now compare coefficients to find the remaining two constants

Coefficients of x*: 0=A+B+C or C=0

Constant terms: 1=2A- 2B-D or D=-1/3

Therefore
i -1 -
1 _6 .6, 3
(U*-)U*+2) u-1 u+1 u®*+2
J- du _EJ' du lpedu 1, du
(u*-)Y@U*+2) 6u-1 6°u+l 3Ju*+2
1, Jju-1 u
:— ——arctan—+C
u+1 3\/_ 2"

Consequently resubstituting cosx for u we have

Course Title: Revised Edition | Date: July 2016

Learner’s Guidel i and Page 183

Applied mathematics | _ . Mathematics Instructors
revised by:




FDRE TVET Institute LBS Department

dx lcosx—1] 1 COSX
j 1 rctan +C
sinx(2+cos’x) 6 |cosx+1| 3\/_ V2
Activity 5.3
2 —
L 2x y 5 J-Zx 12x+4
x +x+1 —x*+x*+x3
3 J - Y
X +1 (X+D)(x" +1)
2_
5 [ g 6. [Ty,
X®+3x+4 x+1

o'—.h\eﬁ

7 J-Sln XCOSX 8. | tan® xdx; (H int : sustuteu= tan x)
sin? x+1
dx
10 | ——
J.1+3ex+2(ezx

5.2.4 Trigonometric Integrals

Integrals such as

I sin® xcos® xdx, jtanz xsec® xdx, and I sin3xcos4xdx

are called trigonometric integrals because their integrands are combinations of trigonometric
functions. This section is devoted to trigonometric integrals especially those in which the
integrands are composed of the basic trigonometric functions.

Guidelines for evaluating integrals of the form Isinmxcos“ dx

1. If misan odd integer: Write the integrals as
J'sin”‘xcosn dx:J‘sin"“lcosn xsinxdx and express sin™'x in terms of cosx by using the

trigonometric identity sin®x =1-cos’ x. Make the substitution
u=cosx, du=-sinxdx
and evaluate the resulting integeral.
2. If nis an odd integer: write the integral as

Isin”‘ xcos" xdx:J.sinm xcos"™ xcosxdx

And express cos" x in terms of sinx by using the trigonometric identity

cos? x =1—sin’ x .Make the sustition
u=sinx, du=cosxdx
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and evaluate the resulting integral.
3. If mand n are even: Use half-angle formulas for

1-cos2x 1+ cos2x

sin® x = and cos® X = — and the identity

. 1 .
SINXCOSX = Esm 2X
to reduce the exponents by one-half.
Example 1: Evaluate Isin3 xcos® xdx
Solution: By guideline 1
Isins xCcos’ xdx = Isin2 X €0s’xsin xdx

= I(l—coszx)cos2 xsin xdx

= I(coszx—cos4 x)sinxdx
If we let u=cosx,then du=-sinxdx, and the integeral may be written
J‘sin3 xcos® xdx = J(l—uz)uz(—du) = j(u“ —u®)du

L lesc
5 3

==cos’ x—lcos3 X+C
5 3

Example 2: Evaluate Isinzxcos4 xdx.
Solution: By guideline 3 we have

Isinzxcos4 xdx = J'(sin2 X c0s” x) cos® xdx
:.f(sinxcosx)zcos2 xdx

_ I(%sin 2x)2(—1+°252")dx

= EJ'sin2 2xdx + lj'sin"- 2xc0s2xdx
8 8
1-cos4x

Putting sin® 2X:T and u=sin2x so that du=2cos2xdx in the first and second integerals

of the right of the the last equation we get:
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EI—l_cosllxdx+ljlu2du
8 2 872

_ 3 Lsinaxs Lutsc
16 64 48

:ix—isin4x+isin3 2x+C
16 64 48

An alternative way to evaluate Isinmxcos” dx when m and n are even is to use the identity,
sin® x+cos® x =1but this time we transform the integral into integrals of the form Isink xdxor

of the form Icoxkxdx which can be evaluated by the reduction formulas.

Guidelines for evaluating integrals of the form jtanm xsec" xdx

1. If misan odd integer: Write the integrals as
J'tanm xsec" xdx = jtan ™1 xsec"" xsecxtanxdx and expressed tan™ x in terms of x secx by

using the trigonometric identity tan® x =sec® x—1. Make the substitution
u=secx, du=secxtanxdx
and evaluate the resulting integral.
2. Ifnisan even integer: write the integral as

.[tanm xsec" xdx:_[tanm xsec"?xsec” xdx and express sec" x in terms of tanx by using the

trigonometric identity sec® x =1+ tan® x.Make the substittion
u=tanx, du=sec’xdx
and evaluate the resulting integral.
3. If mis even and n is odd: Reduce to powers of x sec alone by using the identity

sec’ x—1=tan®x
Example 3 Evaluate _[tang xsec® xdx.

Solution: By guideline 1 above

J.tan3 xsec’ xdx= Itan2 xsec*x(secx tan x)dx

= j(sec2 x—1)sec*x(secxtan x)dx

Substituting u=secx and du=secxtanxdx,we obtain
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jtan3 xsec’ xdx:'[(u2 ~1u‘du
= j(ue —u*)du
u’ u®

=4 -2 iC
7 5

_sec’x  sec’x

7 5

+C

Example 4 Evaluate Itan3xsec4xdx.

Solution: By guideline 2 above

_[tan3 xsec*xdx = Itan3xsecz xsec® xdx

= _[tang X(1+tan? x)sec®xdx
If we let u=tanx,then du=sec®xdx,and

Itan3 xsec4xdx:J.u3(1+u2)du
= I(us +u®)du
1

SENLIENTING
6 4
=ltan6x+1tan4x+c
6 4

Integerals of the form I cot™xcsc" xdxmay be evaluated in similar fashion.

Finally, the evaluation of integrals of the form jsinaxcosbxdxepends on the trigonometric

identity
. 1. 1.
sinxcosy = Esm(x— y) +Esm(x+ y)
With the appropriate replacements, this identity becomes

sinaxcosbx=%sin(a—b)x+%sin(a+b)x *)

Notice that%sin(a —b)x and %sin(a +b)xare easy to integrate by substitution.
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Example 5 Evaluate '[sin4xc032xdx.

Solution: Using (*) with a=4 and b =2, we find that
. 1. 1.
jsm4x0052xdx:I(—S|n2x+—3|n6xjdx
2 2

:_—1c032x—isin6x+c
4 12

Note that integrals of the form
jsinaxsinbxdx and Icosaxcosbxdx
can be found by similar techniques

Activity 5.4

Evaluate the following integral

1.jsin3 xcos® xdx 2,J'(tanx+cotx)2dx
2
3.J\/sin X c0s® xdx 4.jsin2 XCc0s°® xdx
0
5.j tan® xcsc* xdx 6._|.cot3 xcscixdx
N
7._|‘sin5 xcos? xdx 8.jcosx0055xdx
0

5.2.5 Trigonometric Substitutions

Observe that the trigonometric substitution x=sing simplifies the expression

vJa® —x*,with a > 0, into a trigonometric expression without radical i.e

Ja? —x? =+Ja?—a?sin?@ =a1-sin’ 6 = acosd

We can use a similar procedure for+/a® + x*,and +/x* —a® .This technique is useful for

eliminating radicals from these types of integrands. The substitutions are listed in the

table 1.1.
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When making a trigonometric substitution we shall assume that 6 is in the range of the

corresponding inverse trigonometric function. Thus, for the substitution x=asin &, we have

%SQS%,Inthiscase, cos0>0.

Trigonometric Substitutions Table

=

Expressions in integrand Trigonometric substitution | Interval(s)
2% — 2 ¥ =asin® —7/2<0<7/2,
e y=atan® -ml2<0<x/2,
ERpS x=asech 0<@<m/2or m<H<3E
Tablel.1

Example 1 Evalute I

1
—_dx
x?~\/16— x*

Solution: Since V16— x2 =+/4% — x2, we substute

X = 4sin@,sothat dx = 4cos&d g, for% <f< %
Then

1 1
————dx= (4cosH)da
IXZ\/16—x2 I16sin2 0/16—16sin% 0

1
- (4cos@)do
J‘16sin"' 64+/1—-sin* 0

T
167 sin’ @

= —icot¢9+C
16

In order to write the answer in terms of the original variable x, we draw the triangle as

figl.1, in which x=4 sinf .
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16—y
Fig 5.1 X
16—y’
Hence, coté = X
X
Thus
2
;dxz_lcotgzﬁ_kc

X21’16—X2 16 16x

Example 2 Evaluate j

1
—dx.
x2Vx%+16

Solution: The denominator of the integrand has an expression of the form va® +x* with a=4.
Hence, using table 1.1, we make the substitution

X =4tand,dx = 4sec’ &6

Consequently

V16+x2 =/16+16tan 6 = 4v1+tan? 0 = 4/sec? O = 4secd

And
1 1
____dx= 4sec’ o
Ixz /x2 +16 I16tan2<9(4sec(9)
_ el gy L1904
16° tan® @ 167 sin“ @
-1
16siné

To give the answer in terms of x, we use the triangle in Fig 1.2, with x=4tan& .We then
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find that
Ji16 + x°
Fig 5.2
Hence, sinH:L
J16+ ¥’
Therefore

1 —/16+x?

1
I)(21/)(2 +16 16sin@ 16x
-3 2 _
Example 3 Evaluate I X 9dx.
X

-6
Solution: The domain of the integrand consists of ( —«,3] and [3,0) but since the

interval over which we must integrate is [-6,-3], we seek an antiderivative whose domain is

contained in (—0,3] .Since Vx? -9 =/x2 =3°

X = 3secd, sothat dx =secfdtan &d o

And notice that v/x? —9 =~/9sec’ 8 —9 = 3tan & .For the limits of integration we observe that
1 47[ .
X =—6,then @ =sec™ (-2) = 3 andif x=-3,thenf=r

Therefore
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f\/xz =94y — T'\/Qsecze—9
5 X ir 3secd

T3tano
;-3secd

3

= 3J'(sec2 0-1)do

-[3tano-0]:.,
=7-3J3

Integrals containing vbx* +cx +d

By completing the square in bx*+cx+d we can express bx?+cx+d in terms of

Ja? +x2,and Vx? —a2 orya? — x2

eliminates the square root as before.

Example 5 Evaluate j

1
—(dXx
Vx?+8x+25

9(3secdtan #)do

3

LBS Department

(3secdtan 9)do = 3Itan o

Solution: We complete the square for the quadratic expression as follows:

x* +8x+25=(x* +8x+16) +25-16
=(x+4) +9

Thus,

J e

If we make the trigonometric substitution

X2 +8x+2

J‘w/(x+4) +9

X +4 =3tand,dx = 3sec’ Ao

Then

for suitable a > 0. Then a trigonometric substitution
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J(x+4)? +9 =/9tan? 0+ 9 = 3/tan’+1 = 3sec

And
J- 1 _ J-Ss‘.ec2 6
Vx2+8x+25 - 3secd
= .[ seced @

=Inlsecd+tang|+C

Using our formulas for tan&and secé ,we conclude that

[t VX 8x+25 x+4
Jx?+8x+25 |

+
3 3
5.3 Improper Integrals

%+C

b
The definite integral If(x)dx has meaning only when f s continuous on [a,b]

consequently bounded on [a,b].
Definition: We say f is bounded on an interval | if there is a constant M such that
[f(x)[<M forall x in I.

In this section, we shall extend the definition of the definite integral when either the integrand or

the inerval of integraion is unbounded. Such integrals are called improper integrals.

Integrals Over Unbounded Intervals

Definition: If f is continuous on [a,0), then the improper integral If(x)dx converges if

t
IimJ' f (x)dx exists. In that case
a

t—>o0

T f (x)dx = !Lrgj FO)AX (1)

If the limit does not exist, the improper integral diverges.
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Again if f is continuous on (-oo,a], then

T f(x)dx = lim j FO)AX (2)

Provided the limit exists.
Example 1: Determine whether the integral converges or diverges, and if it converges find its

value.

21 1
a. ——dx b. |——dx

2
o (X+1) S1-x
Solution: (a) Following the discussion above and equation (1) we have

t

© 1 n t; Ly L
) o) xe,

=lim| —i+i =0+1=1.
= t+1 0+1

Thus, the improper integral converges and has the value 1.
(b) Following the discussion above and equation (2) we have
0 0
1 . 1 . 0
mdx = ||m '!.mdx = tllg _In(l_ X)]t

t—>—0
—00

:tlim[—ln(l—t)+In(1—0)]=—oo+0=—oo.
Thus, since the limit does not exist, the improper integral diverges.

1
Example 2: Determine whether the integral jexdx converges or diverges, and if it converges

—0

find its value.

Solution: As in example 1,

1

I e“dX=Jif_uj 'ax-lim ||

~ lim|g'—g'J=e—0=e.

t—>—o0

Thus, the improper integral converges and has the value e.
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Finally, for integrals over the range (— oo,oo), we write

Tf(x)dx= if(x)dx+T FOOVAX et 3)

Provided both of the improper integrals on the right converge.

If either of the integrals on the right in (3) diverges, then jf(x)dx is said to diverge. It can be

shown that (3) does not depend on the choice of the real number a.

o0

. . 1 . o
Example 3: Determine whether the integral J. >dx converges or diverges, and if it

1+ X
converges find its value.
Solution: Using (3), with a=0, we have
© 0 ©
j 1 5 dXx = ! 5 dx+ L 5 dx.
X F4X od4X
Next, applying (2) we get
T . el : ,
[t im [ sl sox= im (arctan x) +lim[arctan x|,
14X 1+X 01+ X
= lim [arctan0—arctant]+ !im[arctant —arctano]

:I:O_(_—%)}+|:%—O:|=%+%:ﬂ.

Thus, the given improper integral converges and has the value 7.

Integrals with Unbounded Integrands
We now consider a function f that is continuous at every point in (a,b] and unbounded near a

. By assumption f is continuous on the interval (t,b] for t in (a,b), so that

b
_[ f (x)dx is defined for such t. If the one-sided limit
t

Iimj.f(x)dx

t—>a t
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b
exists, then we define J f (x)dx to be the limit. This idea leads us the following definitions:

Definition:

i. If f iscontinuouson [a,b) and is discontinuous at b, then

T f(x)dx=Lirgl j FONAX e (4)

Provided the limit exists.
ii. If f iscontinuouson (a,b]and is discontinuous at a, then
j f (x)dx = lim j FONAX v (5)
t>a 'y
Provided the limit exists.
As the preceding section, the integrals defined in (4) and (5) are reffered to as improper

integrals and they converge if the limit exists. The limits are called the values of the improper

integrals. If the limits does not exist, the improper integral diverge.

2
Example 4: Evaluate f

1dx
1V2—X

Solution: Since the integrand has an infinite discontinuity at x =2, we apply (4) and have

(1 o1
!mdxﬂlmjmdx_llm[ 22— ]

t—2 1

_ Iian[—Z\/ZT—(—Z)\/Z_—lJ:Z

Thus, the given improper integral converges and has the value 2.

1
Example 5: Determine whether the improper integral Jédx converges or diverges.
Solution: The integrand is unbounded near 0. Applying (5) gives us

1

[Zax= tim —dx_ lim[In ] = lim[in1- Int] =<0
0 X tao tao t tao+

Consequently the given improper integral diverges, since the limit does not exist.

We give the definition of another improper integral as follows:
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Definition: If f has a discontinuity at a number ¢ in the open interval (a,b) but continuous

elsewhere on [a,b], then

T f(x)dx:j f(x)dx+i FOOAX et (6)

Provided both of the improper integrals on the right converge. If both converge, then the value of

b
the improper integral J f (x)dx is the sum of the two values.

a

4
Example 6: Determine whether the improper integral J‘;z

(x=3)
Solution: The integrand is undefined at x =3. Since this number is in the interval (0,4), we use

(6), with c=3:

ey Jocay™ L™

For the integral on the left to converge, both integrals on the right must converge.

dx converges or diverges.

dx+'[

However, since

t
1 —— —dx=Ilim %dx: lim—

(x=3f ~ =33(x=3f =3 |x-3]

. 1 1
ST RS P
ta3|: t-3 3j|

Thus, the given improper integral diverges.

o'-—.w

The other kind of improper integral is found if f is continuous in (a,b) and is unbounded near

b
both a and b. We say that If(x)dx converges if for some point ¢ in (a,b) both the integrals

c b
I f (x)dx and j f (x)dx converge. Otherwise we say that the integral is divergent.

1
Example 7: Determine whether J'l_—zxzdx converges or diverges.

0y X—X
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Solution: The integrand is unbounded near both the end points 0 and 1 and is coninuous on

(0,1). Consequently the integral is of the type under consideretion. If we let ¢ = E then we need

to analyze the convergence of
% ]
1-2x ———dx and

B

For O<t<%,we have

1-2x

—dx
\/X X

3
Ale

B

———dx=Ilim 4dx—llm

%
A/ ’ ]
HO X X HO 2 X X t

b

A similar computation shows the second improper integral also converges and that

L o1-2x V3
dx=——-.

X=X 2

Therefore the original integral converges, and

Jl~—1—2x dx=? 1-2x dx+j 1-2x dx:ﬁJ{—ﬁ]:O
X=X X=X wix=x 2 U ?
Activity 5.5

1. Determine whether the following improper integral converges or diverges, and if it
converges find its value.

7
a. —dx f. jseczxdx
01—|—X 0
b. jl;zdx g. j;dx
—w(X+3) 2J4—x
c J L dx h. jsecxdx
2
14X -1 0
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® , 7

d. [xe¥dx i [ dx
] —Iz(x+1ﬁ
Qi 1 3X2_1

e. !\&dx j !XS_de

Self Test Exercises

1. Evaluate the following indefinite integrals

"0 h [—t—d
) Ixe s
2

X LorX -1
b) dx i) | 8—dx
o i
2
5. - Sec X
C xsin xdx dx
) ICOS D '[tanzx+5tanx+6
d) [x’sin’xdx k) [t
(a+bx)
3 2
&) [-———dx ) jZX TAX IS
VX +6x+12 X —2x-8
f) ! dx

X 1_ 2Xd ) _
Jeier " V- (4x+1)
9) J'(x+1),/X2+2x+2dx n) I(ln X)zdx

2. Evaluate the following definite integrals.

e 2
a) Il_lnxdx d) jﬁlnxdx
1 X 1
e |
b) | ———=dx e) | xarcsecxdx
0% +36 2
%/5 6 2
-9
9 | ——d n [ Zax
0 4+9x 3 X
Course Title: Revised Edition | Date: July 2016

Learner’s Guide riiaq angd

Applied mathematics | revised by:

Mathematics Instructors

Page 199




FDRE TVET Institute

3. Determine whether the following improper integral converges or diverges. Evaluate the

integral if it converges.

LBS Department

o0 ex 00 4

) !Hexdx d) :[016+X2dx
e 0

b) [In xdx e) [xe "dx
0 -0

o X —d
0,/25- % I1\/N '
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