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PREFACE TO THE SECOND EDITION

In preparing the second edition of this volume, an effort
has been made to adapt the book to the teaching requirements
of our engineering schools.

With this in view, a portion of the material of a more
advanced character which was contained in the previous edi-
tion of this volume has been removed and will be included in
the new edition of the second volume. At the same time,
some portions of the book, which were only briefly discussed
in the first edition, have been expanded with the intention of
making the book easier to read for the beginner. For this
reason, chapter II, dealing with combined stresses, has been
entirely rewritten. Also, the portion of the book dealing with
shearing force and bending moment diagrams has been ex-
panded, and a considerable amount of material has been added
to the discussion of deflection curves by the integration
method. A discussion of column theory and its application
has been included in chapter VIII, since this subject is usually
required in undergraduate courses of strength of materials.
Several additions have been made to chapter X dealing with
the application of strain energy methods to the solution of
statically indetermined problems. In various parts of the
book there are many new problems which may be useful for
class and home work.

Several changes in the notations have been made to con-
form to the requirements of American Standard Symbols for
Mechanics of Solid Bodies recently adopted by The American
Society of Mechanical Engineers.

It is hoped that with the changes made the book will be
found more satisfactory for teaching the undergraduate
course of strength of materials and that it will furnish a better
foundation for the study of the more advanced material

discussed in the second volume.
S. TIMOSHENKO
PaLo Avrto, CaLirorNIA

June 13, 1940
iii






PREFACE TO THE FIRST EDITION

At the present time, a decided change is taking place in
the attitude of designers towards the application of analytical
methods in the solution of engineering problems. Design is
no longer based principally upon empirical formulas. The im-
portance of analytical methods combined with laboratory
experiments in the solution of technical problems is becoming
generally accepted.

Types of machines and structures are changing very rap-
idly, especially in the new fields of industry, and usually time
does not permit the accumulation of the necessary empirical
data. The size and cost of structures are constantly increas-
ing, which consequently creates a severe demand for greater
reliability in structures. The economical factor in design
under the present conditions of competition is becoming of
growing importance. The construction must be sufficiently
strong and reliable, and yet it must be designed with the
greatest possible saving in material. Under such conditions,
the problem of a designer becomes extremely difficult. Re-
duction in weight involves an increase in working stresses,
which can be safely allowed only on a basis of careful analysis
of stress distribution in the structure and experimental investi-
gation of the mechanical properties of the materials em-
ployed.

It is the aim of this book to present problems such that the
student’s attention will be focussed on the practical applica-
tions of the subject. If this is attained, and results, in some
measure, in increased correlation between the studies of
strength of materials and engineering design, an important
forward step will have been made.

The book is divided into two volumes. The first volume
contains principally material which is usually covered in
required courses of strength of materials in our.engineering

v



vi PREFACE TO THE FIRST EDITION

schools. The more advanced portions of the subject are of
interest chiefly to graduate students and research engineers,
and are incorporated in the second volume of the book. This
contains also the new developments of practical importance in
the field of strength of materials.

In writing the first volume of strength of materials, atten-
tion was given to simplifying all derivations as much as
possible so that a student with the usual preparation in math-
ematics will be able to read it without difficulty. Forexample,
in deriving the theory of the deflection curve, the area moment
method was extensively used. In this manner, a considerable
simplification was made in deriving the deflections of beams for
various loading and supporting conditions. In discussing
statically indeterminate systems, the method of superposition
was applied, which proves very useful in treating such problems
as continuous beams and frames. For explaining combined
stresses and deriving principal stresses, use was made of the
Mohr’s circle, which represents a substantial simplification in
the presentation of this portion of the theory.

Using these methods of simplifying the presentation, the
author was able to condense the material and to discuss some
problems of a more advanced character. For example, in
discussing torsion, the twist of rectangular bars and of rolled
sections, such as angles, channels, and I beams, is considered.
The deformation and stress in helical springs are discussed in
detail. In the theory of bending, the case of non-symmetrical
cross sections is discussed, the cemter of twist is defined and
explained, and the effect of shearing force on the deflection of
beams is considered. The general theory of the bending of
beams, the materials of which do not follow Hooke’s law, is
given and is applied in the bending of beams beyond the yielding
point. The bending of reinforced concrete beams is given
consideration. In discussing combinations of direct and bend-
ing stress, the effect of deflections on the bending moment is
considered, and the limitation of the method of superposition
is explained. In treating combined bending and torsion,
the cases of rectangular and elliptical cross sections are dis-
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cussed, and applications in the design of crankshafts are
given. Considerable space in the book is devoted to methods
for solving elasticity problems based on the consideration of
the strain energy of elastic bodies. These methods are ap-
plied in discussing statically indeterminate systems. The
stresses produced by impact are also discussed. All these
problems of a more advanced character are printed in small
type, and may be omitted during the first reading of the book.

The book is illustrated with a number of problems to
which solutions are presented. In many cases, the problems
are chosen so as to widen the field covered by the text and to
illustrate the application of the theory in the solution of design
problems. It is hoped that these problems will be of interest
for teaching purposes, and also useful for designers.

The author takes this opportunity of thanking his friends
who have assisted him by suggestions, reading of manuscript
and proofs, particularly Messrs. W. M. Coates and L. H.
Donnell, teachers of mathematics and mechanics in the
Engineering College of the University of Michigan, and Mr.
F. L. Everett of the Department of Engineering Research
of the University of Michigan. He is indebted also to Mr.
E. C. Wilharm for the preparation of drawings, to Mrs. E. D.
Webster for the typing of the manuscript, and to the Van
Nostrand Company for its care in the publication of the book.

S. TIMOSHENKO
ANN ARBOR, MicHiGAN
May 1, 1930






NOTATIONS

0z, Oy, 02. ... Normal stresses on planes perpendicular to x, y

and z axes.

Oneveveennns Normal stress on plane perpendicular to direction
n.

U Normal stress at yield point.

. Normal working stress

P Shearing stress

Tays Tyzy Tezze - Shearing stresses parallel to x, y and 2 axes on the
planes perpendicular to y, 2 and x axes.

Tweovoneens Working stress in shear

S Total elongation, total deflection

€ v Unit elongation

€ €yy €2n ... Unit elongations in x, y and 2z directions

Yo Unit shear, weight per unit volume

E..........Modulus of elasticity in tension and compression

Go......... Modulus of elasticity in shear

Beooe .. Poisson’s ratio

A....... .. Volume expansion

K......... Modulus of elasticity of volume

M,........ Torque

M...... ... Bending moment in a beam

V... ...... Shearing force in a beam

d4......... Cross sectional area

I,1I,...... Moments of inertia of a plane figure with respect
to ¥ and 2z axes

ky k. ... .. Radii of gyration corresponding to /1, I,

Iyo oo .. Polar moment of inertia

Z.o.. . ... Section modulus

C......... Torsional rigidity

oo Length of a bar, span of a beam

P,Q. ...... Concentrated forces

| S Temperature, thickness

1X



NOTATIONS

Coefficient of thermal expansion, numerical coef-
ficient

Strain energy

Strain energy per unit volume

Depth of a beam, thickness of a plate

Load per unit length

Angles

Pressure

Diameters

..Radii

Weight, load
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STRENGTH OF MATERIALS
PART 1

CHAPTER 1

TENSION AND COMPRESSION WITHIN THE ELASTIC LIMIT

1. Elasticity.—We assume that a body consists of small
particles, or molecules, between which forces are acting.
These molecular forces resist the change in the form of the
body which external forces tend to produce. If such external
forces are applied to the body, its particles are displaced and
the mutual displacements continue until equilibrium is estab-
lished between the external and internal forces. It is said
in such a case that the body is in a state of strain. During
deformation the external forces acting upon the body do
work, and this work is transformed completely or partially
into the potential energy of strain. An example of such an
accumulation of potential energy in a strained body is the
" case of a watch spring. If the forces which
produced the deformation of the body are Z /(/M
now gradually diminished, the body returns |
wholly or partly to its initial shape and dur- .

| I d n
ing this reversed deformation the potential ! -+

|

]

energy of strain, accumulated in the body, I

may be recovered in the form of external i

work. ' @ @
Take, for instance, a prismatical bar

loaded at the end as shown in Fig. 1.

Under the action of this load a certain elon-

gation of the bar will take place. The point of application

of the load will then move in a downward direction and

positive work will be done by the load during this motion.
1

P

Fe. 1.
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When the load is diminished, the elongation of the bar dimin-
ishes also, the loaded end of the bar moves up and the poten-
tial energy of strain will be transformed into the work of
moving the load in the upward direction. :

The property of bodies of returning, after unloading, to
their initial form is called elasticity. 1t is said that the body
is perfectly elastic if it recovers its original shape completely
after unloading; it is partially elastic if the deformation,
produced by the external forces, does not disappear com-
pletely after unloading. In the case of a perfectly elastic
body the work done by the external forces during deformation
will be completely transformed into the potential energy of
strain. In the case of a partially elastic body, part of the
work done by the external forces during deformation will be
dissipated in the form of heat, which will be developed in the
body during the non-elastic deformation. Experiments show
that such structural materials as steel, wood and stone may
be considered as perfectly elastic within certain limits, which
depend upon the properties of the material. Assuming that
the external forces acting upon the structure are known, it is
a fundamental problem for the designer to establish such
proportions of the members of the structure that it will
approach the condition of a perfectly elastic body under all
service conditions. Only under such conditions will we have
continued reliable service from the structure and no permanent
set in its members.

2. Hooke’s Law.—By direct experiment with the exten-
sion of prismatical bars (Fig. 1) it has been established for
many structural materials that within certain limits the elon-
gation of the bar is proportional to the tensile force. This
simple linear relationship between the force and the elonga-
tion which it produces was first formulated by the English
scientist Robert Hooke ! in 1678 and bears his name. Using
the notation:

P = force producing extension of bar,
/ = length of bar,

1 Robert Hooke, De Potentia restitutiva, London, 1678.
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A = cross sectional area of bar,

8 = total elongation of bar,

E = elastic constant of the material, called its Mod-
ulus of Elasticity,

Hooke’s experimental law may be given by the following
equation:

P/

) =-E. (I)

The elongation of the bar is proportional to the tensile force
and to the length of the bar and inversely proportional to
the cross sectional area and to the modulus of elasticity.
In making tensile tests precautions are usually taken to secure
central application of the tensile force. In this manner any
bending of the bar will be prevented. Excluding from con-
sideration those portions of the bar in the vicinity of the
applied forces,? it may be assumed that during tension all
longitudinal fibers of the prismatical bar have the same
elongation and the cross sections of the bar originally plane
and perpendlcular to the axis of the bar remain so after
extension.

In discussing the magnitude of internal forces let us im-
agine the bar cut into two parts by a cross section m#» and
let us consider the equilibrium of the lower portion of the
bar (Fig. 1, 4). At the lower end of this portion the tensile
force P is applied. On the upper end there are acting the
forces representing the action of the particles of the upper
portion of the strained bar on the particles of the lower
portion. These forces are continuously distributed over the
cross section. A familiar example of such a continuous dis-
tribution of forces over a surface is that of a hydrostatic
pressure or of a steam pressure. In handling such continu-
ously distributed forces the intensity of force, i.e., the force per
unit area, is of a great importance. In our case of axial
tension, in which all fibers have the same elongation, the

2 The more complicated stress distribution near the pomts of appli-
cation of the forces will be discussed later in Part II,
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distribution of forces over the cross section mn will be uni-
form. Taking into account that the sum of these forces,
from the condition of equilibrium (Fig. 1, 4), must be equal
to P and denoting the force per unit of cross sectional area
by ¢, we obtain

0'=2' (2)

This force per unit area is called stress. In the following,
the force will be measured in pounds and the area in square
inches so that the stress will be measured in pounds per square
inch. The elongation of the bar per unit length is deter-
mined by the equation

~ >

3)

and is called the unit elongation or the tensile strain. Using
egqs. (2) and (3), Hooke’s law may be represented in the
following form:

€ =

€= 5> (4)

and the unit elongation is easily calculated provided the stress
and the modulus of elasticity of the material are known. The
unit elongation € is a pure number representing the ratio of
two lengths (see eq. 3); therefore, from eq. (4), it may be
concluded that the modulus of elasticity is to be measured in
the same units as the stress o, i.e., in pounds per square inch.
In Table I, which follows, the average values of the modulus
E for several materials are given in the first column.?

Equations (1)-(4) may be used also in the case of the com-
pression of prismatical bars. Then & will denote the total
longitudinal contraction, e the compressive strain and o the
compressive stress. 'The modulus of elasticity for compression
is for most structural materials the same as for tension. In
calculations, tensile stress and tensile strain are considered
as positive, and compressive stress and strain as negative.

3 More details on the mechanical properties of materials are given in
Part II.
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TABLE 1
MEecnAaNIcAL PROPERTIES OF MATERIALS
. E Yield Point Ultimate Strength
4 1\
Maerials Ibs.fin.? Ibs.fin2 Ibs.fin.2
Structural carbon steel 0.15 to
0.2§% carbon. .. ... ... . ... 30 X 16°} 30 X 10340 X 10* | £¢ X 10765 X 10?
Nickel steel 3 to 3.5% nickel. . .| 29 X 10| 40 X 10%-50 X 10% | 78 X 10100 X 103
Duraluminum. ............... 10 X 108 35 X 10%-45 X 10° | 54 X 10%-65 X 10°
Copper, cold rolled. . ....... ... 16 X 108 28 X 10%-40 X 103
Glass. ..o oveinn . 10 X 108 3.5 X 108
Pine, with the grain......... . 1.5 X 10° 8 X 10%-20 X 10%
Concrete, in compression. .. ..., 4 X 108 3 X 108
Problems

I. Determine the total elongation of a steel bar 25 in. long, if the
tensile stress is equal to 1§ X 10® Ibs. per sq. in.

Answer.

25 I,
é = /= —> = —in.
¢ X 2,000 80

2. Determine the tensile force on a cylindrical steel bar of one
inch diameter, if the unit elongation is equal to .7 X 1073.

Solution. The tensile stress in the bar, from eq. (4), is

o = ¢ FE = 21 X 10° |bs. per sq. in.
The tensile force, from eq. (2), is

P=g-A=n21X10 Xi = 16,500 lbs.

3- What is the ratio of the moduli of elasticity of the materials
of two bars of the same size if under the action of equal tensile forces
the unit elongations of the bars are in the ratio 1 : 15/8. Determine
these elongations if one of the bars is of steel, the other of copper and
the tensile stress is 10,000 Ibs. per sq. inch.

Solution. The moduli are inversely proportional to the unit
elongations. For steel

10,000 1

€T X108 3000’

for copper
1

€ = "— .

1,600
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4. A prismatical steel bar 2¢ in. long is elongated 1/40 in. under
the action of a tensile force. Find the magnitude of the force if
the volume of the bar is 25 in.?

5. A piece of wire 100 ft. long subjected to a tensile force
P = 1,000 lbs. elongates by 1 in. Find the modulus of elasticity of
the material if the cross-sectional area of the wire is 0.04 sq. in.

3. The Tensile Test Diagram.—The proportionality be-
tween the tensile force and the elongation holds only up to
a certain limiting value of the tensile stress, called the /imis
of proportionality, which depends upon the properties of the
material. Beyond this limit, the relationship between the
elongation and the tensile stress becomes more complicated.
For such a material as structural steel the proportionality
between the load and elongation holds within a considerable
range and the limit of proportionality may be taken as high
as 25 X 10*-30 X 10* lbs. per sq.
in. For such materials as cast iron
or soft copper the limit of propor-
tionality is very low, that is, devia-

i tions from Hooke’s law may be
() noticed at a low tensile stress. In

investigating the mechanical prop-

0 erties of materials beyond the limit

of proportionality the relationship
between the strain and the corre-
sponding stress is usually presented
graphically by the tensile test dia-
gram. Figure 2 (a) presents a typ-
ical diagram for structural steel.
Here the elongations are plotted
along the horizontal axis and the

P corresponding stresses are given
/. .
Tensile Test Diagrams by the ordinates of the curve

Fic. 2. OABCD. From O to A the stress
and the strain are proportional; beyond £ the deviation from
Hooke’s law becomes marked; hence the stress at A4 is the
limit of proportionality. Upon loading beyond this limit the
elongation increases more quickly and the diagram becomes

®)
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curved. At B a sudden elongation of the bar takes place
without an appreciable increase in the tensile force. This
phenomenon, called yielding of the metal, is shown in the
diagram by an almost horizontal portion of the curve. The
stress corresponding to the point B is called the yield point.
Upon further stretching of the bar, the material recovers
and, as is seen from the diagram, the necessary tensile force
increases with the elongation up to the point C, at which
this force attains its maximum value. The corresponding
stress is called the ultimate strength of the material. Beyond
the point C, elongation of the bar takes place with a dim-
inution of the load and finally fracture occurs at a load
corresponding to point D of the diagram.

It should be noted that the stretching of the bar is con-

" nected with the lateral contraction but it is an established

practice in calculating the yield point and the ultimate
strength to use the initial cross sectional area 4. This ques-
tion will be discussed later in more detail (see Part IT).
Figure 2 (4) represents a tensile test diagram for cast iron.
This material has a very low limit of proportionality 4 and
has no definite yield point.
Diagrams analogous to those in tension may be obtained

~also for compression of various materials and such charac-

teristic points as the limit of proportionality, the yield point,
in the case of steel, and the ultimate strength for compression
can be established. The mechanical properties of materials
in tension and compression will be discussed later in more
detail (see Part IT).

4. Working Stress.—A tensile test diagram gives very

-valuable information on the mechanical properties of a ma-

terial. Knowing the limit of proportionality, the yield point
and the ultimate strength of the material, it is possible to
establish for each particular engineering problem the magni-
tude of the stress which may be considered as a safe stress.
This stress is usually called the working stress.

*This limit can be established only by using very sensitive exten
sOmeters in measuring elongations. See Griineisen, Berichte d. deutsch.
ohys. Gesellschaft, 1906.



8 STRENGTH OF MATERIALS

In choosing the magnitude of the working stress for steel
it must be taken into consideration that at stresses below
the limit of proportionality this material may be considered
as perfectly elastic and beyond this limit a part of the strain
usually remains after unloading the bar, t.e., permanent set
occurs. In order to have the structure in an elastic condition
and to remove the possibility of a permanent set, it is usual
practice to keep the working stress well below the limit of
proportionality. In the experimental determination of this
limit, sensitive measuring instruments (extensometers) are
necessary and the position of the limit depends to some extent
upon the accuracy with which the measurements are made.
In order to eliminate this difficulty one takes usually the
yield point or the ultimate strength of the material as a basis
for determining the magnitude of the working stress. De-
noting by ¢, oy and o, respectively the working stress, the
yleld point and the ultimate strength of the material, the
magnitude of the working stress will be determined by one
of the two following equations:

Oy = O-—Y—'E', or Ty = Tu, (5)
Here # and n, are factors usually called factors of safety, which
determine the magnitude of the working stress. In the case
of structural steel, it is logical to take the yield point as the
basis for calculating the working stress because here a con-
siderable permanent set may occur, which is not permissible
in engineering structures. In such a case a factor of safety
n = 2 will give a conservative value for the working stress
provided that only constant loads are acting upon the struc-
ture. In the cases of suddenly applied loads, or variable
loads, and these occur very often in machine parts, a larger
factor of safety becomes necessary. For brittle materials
such as cast iron, concrete, various kinds of stone and for
such material as wood, the ultimate strength is usually taken
as a basis for determining the working stresses.
The magnitude of the factor of safety depends very much
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upon the accuracy with which the external forces acting upon
a structure are known, upon the accuracy with which the
stresses in the members of a structure may be calculated and
also upon the homogeneity of the materials used. This im-
portant question of working stresses will be discussed in more
detail later (see Part II). Here we will include several simple
examples of the determination of safe cross sectional dimen-
sions of bars, assuming that the working stress is given.

Problems

1. Determine the diameter 4 of the steel bolts IV of a press for a
maximum compressive force P = 100,000 lbs. (Fig. 3), if the working
stress for steel in this case 1s ¢, = 10,000
lbs. per sq. in. Determine the total C_FP
elongation of the bolts at the maximum
load, if the length between their heads is [El
/'= goin.

Solution. The necessary cross sec-
tional area, from eq. (2), B

i

A="0= =02 i

m
Total elongation, from egs. (3) and (4), / F U T
T

1
[} ]
{ i

Fic. 3.

2. A structure consisting of two
equal steel bars (Fig. 4) 15 feet
long and with hinged ends is sub-
mitted to the action of a vertical

@ 74 load P. Determine the necessary
s S cross sectional areas of the bars

and the deflection of the point B

N @ when P = 5,000 lbs., ¢ = 10,000

Fic. 4. Ibs. per sq. in. and the initial angle

of inclination of the bars § = 30°.
Solution. From Fig. 4 (#), representing the condition for equi-
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librium of the hinge B, the tensile force in the bars is

p

§= 2sing’

for 0= 30% § = P = 5,000 lbs.

The necessary cross sectional area

The deflection BB; will be found from the small right triangle
DBB, in which the arc BD, of radius equal to the length of the bars,
is considered as a perpendicular dropped upon 4B, which is the
position of the bar 4B after deformation. Then the elongation of
the bar 4B is

oo/ 10,000 X 15 X 12
BlD =¢/ = = 30 X 108

= 0.06 1n.
and the deflection
B.D 121
= —— = 0.12 in.
'“sing

It is seen that the change of the angle due to the deflection BB, is
very small and the previous calculation of §, based upon the
assumption that 8 = 30° is accurate enough.

3. Determine the total elongation of the steel
Q bar 4B having a cross sectional area 4 = 1 in.2 and
submitted to the action of forces Q = 10,000 Ibs.
y10in,  and P = 5,000 lbs. (Fig. 5).

Solution. ‘The tensile force in the upper and
lower portions of the bar is equal to Q and that
P 1= 10in in the middle portion is Q — P. Then the total
elongation will be

P-
~ _ . 0h (@ —P)y 10000 X 10
woin 0T 2t T o T 2T 30 X 10°
& ! 5000 X 10 1 1 1 i
Q +3 X3OXIO°=-I—§5+6OO—120_0'00833”1'
Fic. 5.

4. Determine’the cross sectional dimensions of
the wooden beam BC and of the steel bar 4B of the structure ZBC,
loaded at B, when the working stress for wood is taken as ¢, = 160
Ibs. per sq.in. and for steel ¢, = 10,000 lbs. per sq. in. The load
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P = 6,000 lbs. The dimensions of the structure are shown in
Fig. 6. Determine the vertical and the horizontal components of
the displacement of the point B due to deformation of the bars.
Solution. From Fig. 6 () giving the condition for equilibrium of
hinge B, similar to the triangle /BC of Fig. 6 (a), we have
P1g

A = 10,000 lbs.;

The total elongation of the steel bar and the total compression of
the wooden beam are

E.A~ 30X 10°
6 = Sy _ 160 X 12 X 12
VT E.4y T 1.5 X 108

To determine the displacement of the hinge B, due to deformation,
arcs are drawn with centers 4 and C (Fig. 6, @) and radii equal to
the lengths of the elongated bar and of the compressed beam re-
spectively. They, intersect in the new position B’ of the hinge B.
This is shown on a larger scale in Fig. 6 (¢), where BB, is the elon-

= 0.0154 in.
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gation of the steel bar and BB, the compression of the wooden beam.
The dotted perpendiculars replace the arcs mentioned above.
Then BB’ is the displacement of the hinge B. The components of
this displacement may be easily obtained from the figure.

5. Determine in the previous problem the inclination of the
bar 4B to make its weight a minimum.

Solution. 1f 6 denotes the angle between the bar and the
horizontal beam and /; the length of the beam, then the length of
the bar is / = /i/cos 8, the tensile force in the bar is § = P/fsin 8 and
the necessary cross sectional area is 4 = Plo, sin 6. The volume

of the bar will be
LP aLP

owsin fcos 8 gy, 510 260

1A=

It is seen that the volume and the weight of the bar become a
minimum when sin 26 = 1 and 6 = 45°.

6. The square frame ABCD (Fig. 7, a) consisting of five steel
bars of 1 in.? cross sectional area is submitted to the action of two
forces P = 10,000 lbs. in the direction of the diagonal. Determine
the changes of the angles at 4 and C due to deformation of the
frame. Determine the changes of the same angles if the forces are

applied as shown in Fig. 7 ().

P P
A
[ T
, P
}

Fic. 7.

Solution. 1In the case shown in Fig. 7 (@) the diagonal will
take the complete load P. Assuming that the hinge D and the
direction of the diagonal are stationary, the displacement of the
hinge B in the direction of the diagonal will be equal to the elongation
of the diagonal § = P/[4E. The determination of the new position
C’ of the hinge C is indicated in the figure by dotted lines. It is
seen from the small right triangle CC,C’ that CC’ = §/2. Then
the angle of rotation of the bar DC due to deformation of the frame
is equal to
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radian.

Then the increase of the angle at C will be

I I )
2 X = radian.
3,000 1,500

The solution of the problem shown in Fig. 7 (9) is left to the student.
7. Determine the position of the load P on the beam 4BD so

that the force in the bar BC becomes a maximum. Determine the

angle 9 to make the volume of the bar BC a minimum (Fig. 8).

A s ° 5 )
N—Y: 6
b

Fic. 8. Fia. 9.

Answer. The force in the bar BC becomes maximum when the
load P has its extreme position on the right at point D. The
volume of the bar will be a minimum when 6 = 45°.

8. Determine the necessary cross sectional area of the steel bar
BC (Fig. 9) if the working stress ¢, = 15,000 lbs. per sq. in. and the
uniformly distributed vertical )
load per foot of the beam 4B ’*—5' 8- 3"‘
is ¢ = 1,000 lbs. 4 24,000 24,000 |0

Answer. A4 = 0.6 sq. in. 27

9. Determine the necessary )
cross sectional areas of the bars b © @

AB- and BC of the structures 27,000 27000 ¢
shown in Figs. 10 (4) and (4) "3
if oy = 16,000 lbs. per sq. in. 4

Answer. In the case of 8 (v)
structure 10 (&) the cross sec-
tional area of 4B should be 2.5
sq. in. and of the bar BC 2.0 sq. in. In the case of Fig. 10 (§)
the cross sectional area of the bar 4B should be 2.25 sq. in. and of
the bar BC 2.03 sq. in.

1o. Solve problem 3 assuming that the material is duraluminum
and that P = Q = 10,000 Ibs. per sq. in. .

Fic. 10,



/
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11. Find the cross-sectional areas of the bars CD in Figs. 104
and 10/ and the total elongation of these bars if the material is
structural steel and ¢, = 16,000 lbs. per sq. in.

12. Solve problem 9 assuming that the load is applied at only
one joint of the upper chord at a distance 8 ft. from support 4.

5. Stress and Strain Produced in a Bar by its Own
Weight.—In discussing the extension of a bar, Fig. 1, only
the load P applied at the end was taken into consideration.
If the length of the bar is large, its own weight may produce a
considerable additional stress and should be taken into ac-
count. In this case the maximum stress will be at the built-in
upper cross section. Denoting by v the weight per unit
volume of the bar, the complete weight will be 4v/ and the
maximum stress will be given by the equation:

Omax = '?H_TA‘Y_[ = §+ 7[- ’ _ (6)

The second term on the right side of eq. (6) represents the

stress produced by the weight of the bar. The weight of

that portion of the bar below a cross section at distance x

from the lower end (Fig. 1) 1s Avx and the stress will be given
by the equation:

P+ Avyx

g = A : (7)

Substituting the working stress ¢, for omex 1n eq. (6), the

equation for calculating the safe cross sectional area will be

P

e

(8)
It is interesting to note that with increasing length / the bar’s
own weight becomes more and more important, the denomi-
nator of the right side of eq. (8) diminishes and the necessary
cross sectional area 4 increases. When ¥/ = oy, i.e., the
stress due to the weight of the bar alone becomes equal
to the working stress, the right side of eq. (8) becomes
infinite. Under such circumstances it is impossible to use a
prismatical design and recourse to a bar of variable cross
section is made.
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In calculating the total elongation of a prismatical bar

' submitted to the action of a tensile force P at the end and

" its own weight, let us consider first the elongation of an ele-

ment of length dx cut from the bar by two adjacent cross

sections (see Fig. 1). It may be assumed that along the very

short length dx the tensile stress is constant and is given by
eq. (7). Then the elongation 46 of the element will be

ody P + Avx
E = AE
The total elongation of the bar will be obtained by summing
the elongations of all the elements. Then

ds = dx.

‘P + Ayx /
o = [ Ly = g (P + b, (9)

Comparing this with eq. (1) it is seen that the total elongation
_ produced by the bar’s own weight is equal to that produced
by a load of half its weight applied at its end.

Problems

Y. Determine the cross sectional area of a vertical prismatical
steel bar carrying on its lower end a load P = 70,000 lbs., if the
length of the bar is 720 feet, the working stress ¢, = 10,000 lbs. per
sq. in. and the weight of a cubic foot of steel is 490 Ibs. Determine
the total elongation of the bar.

Solution. The cross sectional area, from eq. (8), is

709,000
490 X 720 X 12
128

4= = 9.27 in.2

10,000 —

The total elongation, from eq. (9), is

__720)( 12

I .
6= 30 X 106(7)550 + 2 2)450) = 2.531n.
2. Determine the elongation of a conical bar under the action
of its own weight (Fig. 11) if the length of the bar is /, the diameter

of the base is 4 and the weight per unit volume of the material is 7.
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Solution. The weight of the bar will be
md* by
4 3

For any cross section at distance x from the lower
end of the bar the tensile force, equal to the weight
of the lower portion of the bar, is

Assuming that the tensile force is uniformly distributed over the
cross section ® and considering the element of length dx as a pris-
matical bar, the elongation of this element will be

-
ds = 3Ea’x
and the total elongation of the bar is
_ _
=3EJ, xdx = 6E

This elongation is one third that of a prismatical
—6\..:1}_ bar of the same length (see eq. 9).
3. The vertical prismatical rod of a mine pump
is moved up and down by a crank shaft (Fig. 12).
Assuming that the material is steel and the working
stress is o, = 7,000 lbs. per sq. in., determine the
cross sectional area of the rod if the resistance of
the piston during motion downward is 200 lbs. and
during motion upward is 2,000 Ibs. The length of
8in.  the rod is 320 feet. Determine the necessary
L1+ length of the radius » of the crank if the stroke of
Fic. 12. the pump is equal to 8 in.
Solution. The necessary cross sectional area of

the rod will be found from eq. (8) by substituting P = 2,000 Ibs.
Then

r !
o

A A R T
B 490-320-12 0339 1

7’ - 123

The difference in total elongation of the rod when it moves up and
when it moves down is due to the resistance of the piston and will be

5 Such an assumption is justifiable when the angle of the cone is small.
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~ equal to
: _ (2,000 + 200)-320-12

. a8 30-10% X 0.338 = o8331n.
. The radius of the crank should be
8 + 0.833 )
r = '——2—"— = 4.421n.

4. Lengths of wire of steel and aluminum are suspended verti-
* cally. Determine for each the length at which the stress due to the
weight of the wire equals the ultimate strength if for steel wire
o = 300,000 lbs. per sq. in. and ¥ = 490 lbs. per cubic foot, and for
aluminum wire o, = 50,000 lbs. per sq. in. and v = 170 lbs. per
cubic foot. ‘

Answer. For steel / = 88,200 ft., for aluminum / = 42,300 ft.

5. In what proportion will the maximum stress produced in a
prismatical bar by its own weight increase if all the dimensions of
‘the bar are increased in the proportion # : 1 (Fig. 1)?

“dnswer. The stress will increase in the ratio » : 1.
. 6. A bridge pillar consisting of two prismatical portions of equal

length (Fig. 13) is loaded at the upper end by a compressive force

P = 600,000 lbs. Determine the volume of masonry if the height
of the pillar is 120 ft., its weight per cubic foot is 100 bs., and the
maximum compressive stress in each portion is 150 lbs. per sq. in.
" Compare this volume with that of a single prismatical pillar designed
for the same condition.

Fic. 13. ’ Fic. 14.

7. Solve the preceding problem assuming three prismatical
portions of equal length.

8. Determine the form of the pillar in Fig. 14 such that the
stress in each cross section is just equal to ¢,. The form satisfying
this condition is called the form of equal strength. ]

Solution. Considering a differential element, shaded in the
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figure, it is evident that the compressive force on the cross section
many 1s larger than that on the cross section m#n by the magnitude
of the weight of the element. Thus since the stress in both cross
sections 1s to be the same and equal to ou, the difference 44 in the
cross-sectional area must be such as to compensate for the difference
in the compressive force. Hence

dAo, = vAdx (@)

where the right side of the equation represents the weight of the
element. Dividing this equation by A4¢, and integrating we find

fﬁ_fxéf
A ow

long =“:ic + G

from which

and
A = Cer*lon, &)

where e is the base of natural logarithms and C = ¢, At x = o
this equation gives for the cross-sectional area at the top of the pillar

(A)zm0 = C.

But the cross-sectional area at the top is equal to PJe.,; hence
C = P/ow and equation (4) becomes

= £e“”’”w. (¢)
Ow
The cross-sectional area at the bottom of the pillar is obtained by
substituting ¥ = / in equation (¢), which gives

p
/{max. = — g'Yl/Uw_ (d)
9. Find the volume of the masonry for a pillar of equal strength
designed to meet the conditions of problem 6.
Solution. By using equation (4) the difference of the cross-
sectional areas at the bottom of the pillar and at its top is found to be

P
— ety — — — — (g'Y””w — I)-
a’w a’w a’ll’

This difference multiplied by the working stress ¢, evidently gives
the weight of the pillar; its volume is thus

V= g(e"””w — 1) = 5,360 cubic feet.
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6. Statically Indeterminate Problems in Tension and
Compression.—There are cases in which the axial forces
acting in the bars of a structure cannot be determined from
the equations of statics alone and the deformation ot the
structure must be taken into consideration. Such structures
are called statically indeterminate systems.

A simple example of such a system is shown in Fig. 13,
The load P produces extension in the bars OB, OC and OD,
which are in the same plane. The conditions for equilibrium
of the hinge O give two equa-
tions of statics which are not
sufficient to determine the three
unknown tensile forces in the
bars, and for a third equation a
consideration of the deformation
of the system becomes neces-
- sary. Let us assume, for sim-
plicity, that the system is sym-
metrical with respect to the
vertical axis OC, that the ver-
tical bar is of steel with A4, and
E, as the cross sectional area and the modulus of elasticity
for the material, and that the inclined bars are of copper with
A, and E. as area and modulus. The length of the vertical
bar is / and that of the inclined bars is //cos . Denoting by
X the tensile force in the vertical bar and by Y the forces in
the inclined bars, the only equation of equilibrium for the
hinge O in this case of symmetry will be

X+ 2Ycosa = P. (@)

In order to derive the second equation necessary for deter-
mining the unknown quantities X and Y, the deformed con-
figuration of the system indicated in the figure by dotted
lines must be considered. Let & be the total elongation of
the vertical bar under the action of the load P; then the
elongation " §; of the inclined bars will be found from the
triangle OFO,. Assuming that these elongations are- very
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small, the circular arc OF from the center D may be replaced
by a perpendicular line and the angle at O; may be taken
equal to the initial angle «; then

&, = 8 cos a.

The unit elongations and the stresses for the vertical and the
inclined bars will be

_o _E$ d . _dcosdfa _Edcos’a
Gs—l, 0'3—/ an ¢ = ] 3 O = i >

respectively. Then the forces in the bars will be obtained
by multiplying the stresses by the cross sectional areas as
follows:

2
X=ad =20y g4 AT,
from which
A.E,
Y = Xcos?a- /{SEB.
Substituting in eq. («), we obtain
X = P . (10)

AL,
AE,

It is seen that the force X depends not only upon the angle
of inclination a but also upon the cross sectional areas and
the mechanical properties of the materials of the bars. In
the particular case in which all bars have the same cross
section and the same modulus we obtain, from eq. (10),

P

1+ 2cosPa

I+ 2cos’a

X =

When « approaches zero, cosa approaches unity, and the
force in the vertical bar approaches 1/3P. When « ap-
proaches go°, the inclined bars become very long and the
complete load will be taken by the middle bar.

As another example of a statically indeterminate system
let us consider a prismatical bar with built-in ends, loaded
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axially at an intermediate cross section m#z (Fig. 16). The
load P will be in equilibrium with the reactions R and R, at

the ends and we have
P =R+ R (c)

In order to derive the second equation for determining the
forces R and R, the deformation of the bar must be consid-
ered. The load P with the force R produces shortening of
the lower portion of the bar and with the force R, elongation
of the upper portion. The total shortening of

one part is equal to the total elongation of the 7_2%2222,:”

other. Then, by using eq. (1), we obtain
R Rb I
TJE=JE T }, "l
‘ Hence b
i @ %WL
i.e., the forces R and R, are inversely propor- Fic. ’:6-

tional to the distances of their points of appli-

cation from the loaded cross section m#n. Now from egs.
(¢) and (d) the magnitudes of these forces and the stresses
in the bar may be readily calculated.

Problems

1. A steel cylinder and a copper tube are compressed between
the plates of a press (Fig. 17). Determine the stresses in steel and
- copper and also the unit compression if P =

! 100,000 1bs., d = 4ins. and D = 8 ins.

Solution. Here again static conditions are
inadequate, and the deformation of cylinder and
= tube must be considered to get that part of the
load carried by each material. The unit short-
ening in the steel and in the copper will be
equal; therefore the stresses of each material
Tr will be in the same ratio as their moduli (eq. 4,

p- 4), ie., the compressive stress in the steel
will be 15/8 the compressive stress in the copper.
Then the magnitude o, of the stress in the copper will be found
from the equation of statics,

NN

0

Fie. 17.
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P=—w—n+am—wm.

Substituting numerical values, we obtain

1

0. = 1,630 lbs. per sq. in., ¢, = = . = 3,060 lbs. per sq. in.;

8
unit compression
ac
e = — = 102 X 1079,
E,
) » 2. A column of reinforced concrete is com-
Z s pressed by a force P = 60,000 lbs. What

part of this load will be taken by the concrete
and what part by the steel if the cross sectional
area of the steel is only 1/10 of the cross
sectional area of the concrete?

AL 1< 1s 3. A rigid body 4B of weight Q hangs
‘o on three vertical wires symmetrically situated
Fic. 18. with respect to the center of gravity C of

the body (Fig. 18). Determine the tensile

forces in the wires if the middle wire is of steel and the two others
of copper. Cross sectional areas of all wires are equal.

Suggestion. Use method of problem 1.

4. Determine the forces in four legs
of a square table, Fig. 19, produced by ,,_r
the load P acting on one diagonal. The 1~
top of the table and the floor are as-
sumed absolutely rigid and the legs are x¥ ¥y
attached to the floor so that they can
undergo tension as well as compression. a

Soluiion. Assuming that the new
position of the top of the table is that
indicated by the dotted line mmn, the
compression of legs 2 and 4 will be the
average of that of legs 1 and 3. Hence \

Y= X427 Ve
and since 2Y + X + Z = P we obtain Fie. 19.
2Y =X+ Z=1P. (a)

An additional equation for determining X and Z is obtained by
taking the moment of all the forces with respect to the horizontal
axis O — O parallel to y and in the plane of the force P. Then

X(3avz +¢) +3P-e = Z(Ja2 — o). ®)
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From (a) and (&) we obtain

I e P 1 e
= - — - 3 Y = - Z = P ( —_ ——-;—_) .
X P(4 a \/2) 4 4 a+2
When e >a v2/4, X becomes negative. This indicates that there

will be tension in leg 1.
5. Determine the forces in the legs of the above table when the
load is applied at the point with the coordinates

— a —
Y=

Hint. In solving this problem it should be noted that when
the point of application of the load P is not on the diagonal of the
table, this load may be replaced by two loads statically equivalent to
the load P and applied at points on the two diagonals. The forces
. produced in the legs by each of these two loads are found as explained
above. Summarizing the effects of the two com-
ponent loads, the forces in the legs for any posi-
tion of the load P may be found.

6. A rectangular frame with diagonals is
submitted to the action of compressive forces P
(Fig. 20). Determine the forces in the bars it
they are all of the same material, the cross sec-
tional area of the verticals is .4, and that of the
remaining bars 4.

Solution. Let X be the compressive force
in each vertical, Y the compressive force in
each diagonal and Z the tensile force in each
horizontal bar. Then from the condition of equilibrium of one
of the hinges,

Y = 1/sin «(P — X); Z=Ycosa= (P~ X)cota. (a)

R

Fi1G. 20.

The third equation will be obtained from the condition that the
frame after deformation remains rectangular by virtue of symmetry;
therefore

Y \2 X\ Z \?
(az-I-/zz)(I—ﬂ)=/12(1—2E,)+a2(1+/'{1E);

from this, neglecting the small quantities of higher order, we get

@+ WY _FX o2 .
4E AE AE N
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Solving egs. (2) and (&), the following value of the force in a diagonal
will be obtained:

_ P
e+ R A & A .
Jz -/11—|-h2-dlcosa—|-sm a
"The forces in other bars will now be easily determined from egs. (4).
7. Solve the above problem, assuming @ = 4, 4 = §4, and
P = 50,000 lbs.

Y

8. What stresses will be produced in a steel bolt
and a copper tube (Fig. 21) by § of a turn of the
nut if the length of the bolt / = 30 ins., the pitch of
the bolt thread 2 = 1 in., the area of the cross sec-
tion of the bolt 4, = 1 sq. inch, the area of the cross
section of the tube 4. = 2 sq. inches?

Solution. Let X denote the unknown tensile force
in the bolt and the compressive force in the tube.
The magnitude of X will be found from the condition
that the extension of the bolt plus the shortening of
the tube is equal to the displacement of the nut along
the bolt. In our case, assuming the length of the tube equal to the
length of the bolt, we obtain

X1 Xl 1 i
AE T AE T
from which
6
X = hAE, _ 30 X 10 = 16,100 lbs.

AE, ig
(+5z) wxe(i+3)
The tensile stress in the bolt is 6, = X/ A, = 16,100 Ibs. per sq. in.
The compressive stress in the tube is o, = X/4. = 8,050 lbs. per
sq. in.

9. What change in the stresses calculated in the above problem
will be produced by tensile forces P = 5,000 lbs. applied to the
ends of the bolt?

Solution. Let X denote the increase in the tensile force in the
bolt and Y the decrease in the compressive force in the tube.
Then from the condition of equilibrium,

X+Y=P. ()

A second equation may be written down from the consideration
that the unit elongation of the bolt and tube under the application
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of the forces P must be equal, i.e.,

X v
9.5 = AE" )

From eqs. (g) and () the forces X and Y and the
corresponding stresses are easily calculated.

10. A prismatical bar with built-in ends is loaded
axially at two intermediate cross sections (Fig. 22) by
forces Py and P,. Determine the reactions R and R,.

Hint. Solution will be obtained by using eq. (4)
on page 21, calculating the reactions produced by each i
load separately and then summarizing these reactions.
Determine the reactions when

Ry

\

N
3

3
l— o

3
fe—— ) O —

Fic. 22.

a=o03l, =03 and P,=2P; = 1,000]lbs.

11. Determine the forces in the bars of the
, System, shown in Fig. 23, where O is an axis of
symmetry.

Answer. The tensile force in the bar OB is
equal to the compressive force in the bar OC
and is P/2 sin a. 'The force in the horizontal bar
04 is equal to zero.

12. Solve problem 10 assuming that the lower portion of length
¢ of the bar has a cross-sectional area two times larger than the cross-
sectional area of the two upper parts of lengths 2 and 4.

7. Initial and Thermal Stresses.—In a statically indeter-
‘minate system it is possible to have some initial stresses
produced in assembly and due to inaccuracies in the lengths
of the bars or to intentional deviations from the correct values
of these lengths. These stresses will exist when external
loads are absent, and depend only upon the geometrical pro-
portions of the system, on the mechanical properties of the
materials and on the magnitude of the inaccuracies. Assume,
for example, that the system represented in Fig. 15 has, by
mistake, / + a as the length of the vertical bar instead of /
Then after assembling the bars BO and DO, the vertical bar
can be put into place only after initial compression and due
to this fact it will produce some tensile force in the inclined
bars. Let X denote the compressive force in the vertical
bar, which finally takes place after assembly. Then the
corresponding tensile force in the inclined bars will be X/2 cos @

Fic. 23.
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and the displacement of the hinge O due to the extension of
these bars will be (see eq. &, p. 20)

X!/

8 = 24.E. cos’a (@)
The shortening of the vertical bar will be
X/
8y = TE (&)

From elementary geometrical considerations, the displace-
ment of the hinge O, together with the shortening of the
vertical bar, must be equal to the error 4 in the length of the
vertical bar. This gives the following equation for deter-
mining X:

X1 Xl
AdEcosa A5 - %
Hence
¥ = aAE, . (11)

[( I + ASES )
24.E. cos® a

Now the initial stresses in all the bars may be calculated.
Expansion of the bars of a system due to changes in tempera-
ture may have also the same effect as inaccuracies in lengths.
Assume a bar with built-in ends. If the temperature of the
bar is raised from #, to ¢ and thermal expansion is prevented
by the reactions at the ends, there will be produced in the
bar compressive stresses, whose magnitude may be calculated
from the condition that the length remains unchanged. Let
a denote the coeflicient of thermal expansion and ¢ the com-

pressive stress produced by the reactions. Then the equation
for determining o will be

alt — k) = 7;""
from which
o = Ea(t — to). (12)

As a second example, let us consider the system represented
in Fig. 15 and assume that the vertical bar is heated from
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the assembly temperature #, to a new temperature . The
corresponding thermal expansion will be partially prevented
by the two other bars of the system, and certain compressive
stresses will develop in the vertical bar and tensile stresses
in the inclined bars. The magnitude of the compressive force
in the vertical bar will be given by eq. (11), in which instead
 of the magnitude @ of the inaccuracy in length we substitute
the thermal expansion a/(¢ — #) of the vertical bar.

Problems

1. The rails of a tramway are welded together at §0° Fahrenheit.
What stresses will be produced in these rails when heated by the
sun to 100° if the coefficient of thermal expansion of steel is 70- 10772

Answer. o = 10,500 lbs. per sq. in.

2. What change of stresses will be produced in the case repre-

- sented in Fig. 21 by increasing the temperature from #,° to #° if the
coefficient of expansion of steel is a, and that of copper a.?

Solution. Due to the fact that a. > a, the increasing tempera-
ture produces compression in the copper and tension in the steel.
The unit elongations of the copper and of the steel should be equal.
Denoting by X the increase in the tensile force in the bolt due to the
change of temperature, we obtain

X X
as(t — to) +/—fa-E—s= ot — t) — E’
from which
_ (ac — ot,,)(t - to)A,E, .
X= 4E,
'+ 3L,

The change in the stresses in the bolt and in the tube may be
calculated now in the usual way.

3- A strip of copper is soldered
between two strips of steel (Fig. 24).

— 1 2R stee! : >
= - C;;gf," What stresses will be produced in the
steel and in the copper by a rise in the
Fla. 24. temperature of the strips from # to ¢
degrees?

Suggestion. The same method as in the previous problem
should be used.
4. What stresses will be produced in the bars of the .system
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represented in Fig. 15 if the temperature of all the bars be raised
from #, to #?

Solution. Let X denote the tensile force produced in the steel
bar by an increase in temperature. Then from the condition of
equilibrium of the hinge O it can be seen that in the copper bars
compressive forces act, equal to X/2 cos a; consequently the
elongation of the steel bar becomes

X/
8= as(t — to)l—{—:{ﬁ;
and the elongation of the copper bars is

X1

cosa 2 cos®ad.E,

61 = ac(;‘ _— to)

Furthermore from previous considerations (see p. 20),
81 = 0 cos aj

therefore

/ X/

cos’a 2 cos® ad.E.’

X!
a(t — to)!l + TE " a.(t — to)

from which

U—m( & —%)4&

cos? a
I AsE,
2 cos® a A.E,

X =

I+

The stresses in the steel and in the copper will now be obtained from
the following equations:

X

" a2 cos ad.

X
0y = —; .
A’

5. Assuming that in the case shown in Fig. 17 a constant load
P = 100,000 is applied at an initial temperature #, determine at
what increase in temperature the load will be completely transmitted
to the copper if a, = 70 X 1077 and @, = 92 X 1077

Solution.
S
(e — )t = to) = = s
from which

t — ty = 75.4 degrees Fahrenheit.
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6. A steel bar consisting of two portions of lengths /i and Z
and cross-sectional areas 4, and A is fixed at the ends. Find the
thermal stresses if the temperature rises by 100 degrees Fahrenheit.
Assume /y = oy A1 = 24,, and o, = 70 X 1077,

5. Find the thermal stresses in the system shown in Fig. 24
if the temperature of all three strips rises by 100 degrees Fahren-
heit. The thickness of each of the three strips is the same and

-the coefficients of thermal expansion are a, = 70 X 1077 and

o, = 92 X 1077 Assume F,: E, = Pl

8. The temperature of the system shown in Fig. 15 rises by 100
degrees Fahrenheit. Find the thermal stresses if all three bars are
of steel and have equal cross-sectional areas. Take a, = 70 X 1077
and E, = 30 X 10° lbs. per sq. in.

9. Find the stresses in the wires of the system shown in Fig. 18
if the cross-sectional area of the wiresis 0.1 sq. in., the load Q = 4,00c
Ibs., and the temperature of the system rises after assembly by 10

-degrees Fahrenheit.

10. Determine the stresses which will be built up in the system
represented in Fig. 20 if the temperature of the upper horizontal
bar rises from # to ¢ degrees.

8. Extension of a Circular Ring.—If uniformly distributed
radial forces act along the circumference of a thin circular
ring (Fig. 25), uniform enlargement of the ring will be pro-

(@)
FiG. 25.

duced. In order to determine the tensile force P in the ring
let us imagine that the ring is cut at the horizontal diametral
section (Fig. 25, 4) and consider the upper portion as a free
body. 1If 4 denotes the uniform load per unit length of the
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center line of the ring and r is the radius of the center line,
the force acting on an element of the ring cut out by two
adjacent cross sections will be grdy, where do is the central
angle, corresponding to the element. Taking the sum of the
vertical components of all the forces acting on the half ring,
the following equation of equilibrium will be obtained:

x/2
o = 2f grsin o do = 2gr,
0

from which
P = gr. (13)

The tensile stress in the ring will now be obtained by dividing
the force P by the cross sectional area of the ring.

In practical applications very often the determination of
tensile stresses in a rotating ring is necessary. Then g repre-
sents the centrifugal force per unit length of the ring and is
given by the equation:

w v?
7= 5> (14)

in which w is the weight of the ring per unit length, r is the
radius of the center line, v is the velocity of the ring at the
radius 7, and g is acceleration due to gravity. Substituting
this expression for ¢ in eq. (13), we obtain

wo?

Tz

b

and the corresponding tensile stress will be

_P_wr_ oy
a‘—/—{—Ag—g. (15)

It is seen that the stress is proportional to the density v/g of
the material and to the square of the peripheral velocity. For
a steel ring and for the velocity v = 100 feet per second this
stress becomes 1,060 Ibs. per sq. in. Then for the same mate-
rial and for any other velocity v, the stress will be o.106 X ¢*
in lbs. per sq. in., when v is in feet per sec.
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Problems

1. Determine the tensile stress in the cylindrical wall of the
press shown in Fig. 3 if the inner diameter is 10 ins. and the thick-
ness of the wall is I in.

Solution. The maximum hydrostatic pressure p in the cylinder
will be found from the equation:

? 11—0—2-- 100,000 1bs.,

from which p = 1,270 1bs. persq.in. Cutting out from the cylinder
an elemental ring of width I in. in the direction of the axis of the

cyhnder and using eq. (13) in which, for this case,¢ = p = 1,270 lbs.
per in. and » = § ins., we obtain

c= =TI & »350 lbs. per sq. in.

2. A copper tube is fitted over a steel tube at a high temperature

.t (Fig. 26), the fit being such that no pressure exists between tubes

at this temperature. Determine the stresses
which will be produced in the copper and in the Copper
steel when cooled to room temperature 4 if the
outer diameter of the steel tube is 2, the thick-
ness of the steel tube is 4, and that of the copper

tube is 4.
Solution. Due to the difference in the co-
efficients of expansion . and «, there will be a Fio. 26,

pressure between the outer and the inner tubes
after cooling. Let x denote the pressure per square inch; then
the tensile stress in the copper tube will be

xd
24,

Jc =

and the compressive stress in the steel will be -

xd
24,

Ty =

The pressure x will now be found from the condition that during
cooling both tubes have the same circumferential contraction; hence

xd

d
alt = 1) = T = el = 1) + Tz,
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from which
xd (. — a.)(t — t)E,
O, = — = .
¢ 2}1@ }lc Ec
't E

In the same manner the stress in the steel may be calculated.

3. Referring to Fig. 26, what additional tensile stress in the
tube will be produced by submitting it to a hydrostatic inner
pressure p = 100 lbs. per sq. in. if the inner diameter 4; = 4 in.,
ke = o.1 in. and 4, = 15/8 X o.1 in.?

Solution. Cutting out of the tube an elemental ring of width 1
in., the complete tensile force in the ring will be

P=P%=zoolbs.

Due to the fact that the unit circumferential elongations in copper
and in steel are the same, the stresses will be in proportion to the
moduli, i.e., the stress in the copper will be 8/15 that in the steel.
At the same time the cross sectional area of the copper is 15/8 that
of the steel; hence the force P will be equally distributed between
two metals and the tensile stress in the copper produced by/a
hydrostatic pressure will be

I 209 = Ibs. per sq. in
a”_thc_2><15/8><o.1“533 S per 8q- 1n.

The stréss in the steel will be

0y = 18_5 o, = 1,000 lbs. per sq. in.

4. A built-up ring consists of an inner copper ring and an outer
steel ring. The inner diameter of the steel ring is smaller than the
outer diameter of the copper ring by the amount § and the structure
is assembled after preliminary heating of the steel ring. When
cooled the steel ring produces pressure on the copper ring (shrink
fit pressure). Determine the stresses in the steel and the copper
after assembly if both rings have rectangular cross sections with the
dimensions /4, and 4. in radial direction and dimensions equal to
unity in the direction perpendicular to the plane of the ring. The
dimensions %, and 4. may be considered small as compared with the
diameter & of the surface of contact of the two rings.

Solution. Let x be the uniformly distributed pressure per
square inch of the surface of contact of the rings; then the com-
pressive stress in the copper and the tensile stress in the steel will be
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found from the equations:

0y

xd xd
=i =i (@)
The decrease in the outer diameter of the copper ring will be
o, , xd*
8, = E d = T
The increase of the inner diameter of the steel ring will be
s xd*
8y = Es-d— ThE.

The unknown pressure x will be found from the equation:

xd? 1 1
61+62—7(m+m)=5’
28AF
JZ(I +h0EC)

Now the stresses ¢, and o, from eqs. {(2), will be

ffom which

X =

5 bk E, ) E;
LN S DU O S
c= 7 h nE " T3 hE.

'+ ,E 1+ LE

5. Determine the stresses which will be produced in the built-
up ring of the previous problem by rotation of the ring with a
constant speed » r.p.m.

Solution. Due to the fact that copper has a greater density and
a smaller modulus of elasticity than steel, the copper ring will
press on the steel ring during rotation. Let x denote the pressure
per square inch of the surface of contact between the two rings.
Then the corresponding stresses will be given by eqs. (2) of the
previous problem. In addition to these stresses the stresses pro-
duced by centrifugal forces should be taken into consideration.
Denoting by v, and «. the weights per unit volume of steel and
copper and using eq. (15), we obtain

_vf2amnY (dthY, _&(Zﬂ)z(d%c)z,
a'_g 60 2 ’ ac_g 6o 2

Combining these stresses with the stresses due to pressure x and
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noting that the unit elongation for both rings should be the same,
the following equation for determining x will be obtained:

1_[3 2mn\ a’+_ﬁs)2 ﬁ]

E, g 60 2 +2ha
_L[‘k 2 (d — kY _xd
T E g\ 6o 2 )T an |

from which x may be calculated for each particular case. Knowing
x, the complete stress in the copper and the steel may be found
without difficulty.

6. Determine the limiting peripheral speed of a copper ring if
the working stress is ¢, = 3,000 lbs. per sq. in. and v. = §50 Ibs. per

cubic foot.
Answer.

v = 159 feet per sec.

7. Referring to problem 2 and Fig. 26, determine the stress in
the copper at room temperature if # — # = 100° Fahrenheit,

o, — a, = 22 X 1077, hy = A

Answer.
o = 2,300 lbs. per sq. in.

8. Referring to problem 5, determine the number of revolu-
tions # per minute at which the stress in the copper ring becomes
equal to zero if the initial assembly stress in the same ring was a
compression equal to ao, and A, = A, and E, = 2E,.

Solution. The number of revolutions # will be determined from
the equation:

2o Vv (d—A V¥ | v-f(d+ A\
= (R (S5 2 (52 ]

9. Find the stresses in the built-up ring of problem 4 assuming
8§ =o0.001 in, d =4 in., k = Ak, and E,/E, = 15/8. Find the
changes of these stresses if the temperature of the rings increases
after assembly by 1o degrees Fahrenheit. Take a. = 92 X 1077
and a, = 70 X 1077,

10. Referring to problem 5, find the stresses in steel and in
copper if n = 3,000 r.p.m., d = 2 ft., b, = k. =  in., v. = 490 lbs.
per cubic foot, and . = §50 Ibs. per cubic foot.



CHAPTER 11
ANALYSIS OF STRESS AND STRAIN

9. Variation of the Stress with the Orientation of the
Cross Section for Simple Tension and Compression.—In
discussing stresses in a prismatic bar submitted to an axial
tension P we have previously considered (art. 2) only the
stress Over cross sections perpen-

dicular to the axis of the bar. £

We now take up the case inwhich £— 2
the cross section pg (Fig. 27a),

perpendicular to the plane of y @

‘the figure, is inclined to the axis.
- Since all longitudinal fibers have

q
) L4

the same elongation (see p. 3) _gg._'
7\

the forces representing the action
of the right portion of the bar on
its left portion are uniformly dis-
tributed over the cross section pg. The left portion of the bar,
isolated in Fig. 274, is in equilibrium under the action of these
forces and the external force P applied at the left end. Hence
the resultant of the forces distributed over the cross section pg
is equal to P. Denoting by A the area of the cross section
normal to the axis of the bar and by ¢,the angle between the
axis ¥ and the normal 7 to the cross section pg, the cross-
sectional area of pg will be A/cos ¢ and the stress s over this
cross section is

)
F1c. 27.

s=£%—‘p=axcos¢ (16)

where o, = P/A denotes the stress on the cross section normal

to the axis of the bar. It is seen that the stress s over any

inclined cross section of the bar is smaller than the stress o,

over the cross section normal to the axis of the bar and that

it diminishes as the angle ¢ increases. For ¢ = #/2 the sec-
35
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tion pg is parallel to the axis of the bar and the stress s
becomes zero, which indicates that there is no pressure be-
tween the longitudinal fibers of the bar.

The stress 5, defined by equation {(16), has the direction
v of the force P and is not perpen-

£ 5/<<«, dicular to the cross scction pg.  In
2 L. = such cases it is usual to resolve the
—A< total stress into two components,
. 9 as is shown in [ig. 28.  The stress

IG. 28,

component o, perpendicular to the
cross section is called the normal stress.  Its magnitude is

G, — 5COS p = g, cos? ¢, (17)

The tangential component 7 is called the shearing stress and
has the value

- . Or
T =5sln @ = 0,C05 @SN ¢ =  sin 2¢. (18)

To visualize the strain which each component stress produces
let us consider a thin element cut out of the bar by two ad-
jacent parallel sections pg and
piq, Fig. 294, The stresses act-
ing on this clement are shown
in Fig. 2ga.  Figures 294 and 29¢
are obtained by resolving these e @ oA
stresses into normal and tan- % A Sor
gential components as explained 7 \\
above and show separately the w 39 o %7
action of each of these compo-
nents. It is scen that the normal
stresses ¢, produce extension of the element in the direction of
the normal # to the cross section pg and the shearing stresses
produce sliding of section pg with respect to pig:.

From equation (17) it is seen that the maximum normal
stress acts over cross sections normal to the axis of the bar
and we have

Fie. 2.

(6n)max = 05
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The maximum shearing stress, as seen from equation (18), acts
over cross section s inclined at 45° to the axis of the bar,
where sin 2¢ - 1, and has the magnitude

Tuwx 30 (19)
Although the maximum shearing stress is one-half the max-
tmum normal stress, this stress is sometimes the controlling
factor when considering the strength of materials which are
much weaker in shear than in tension. For cxample, in a
tensile test of a bar of mild steel with a polished surface,
yielding of the metal is visible to the naked eye, Fig. 30. It

T

' 1
TENYSs00y

LVEDERS’
L. LINE

TENSION

Vi

Fra, 3o,

ocenrs along the inclined planes for which the shearing stress
is a maximum and at the value of the force P which corre-
sponds to the point B in Fig. 22. This indicates that in the
case of mild steel failure is produced by the maximum shearing
stress although this stress is only equal to one-half of the
maximum normal stress.
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Formulas (17) and (18), derived for a bar in tension can
be used also in the case of compression. Tensile stress is
assumed positive and compressive negative. Hence for a bar
under axial compression we have only to take ¢. with a
negative sign in formulas (17) and (18). The negative sign
of ¢, will then indicate that in Fig. 294 we obtain, instead of
tension, a compressive action on the thin element between the
adjacent cross sections pg and pigi. The negative sign for 7
in formula (18) will indicate that for compression of the bar

the shearing action on the ele-

] . . .
._|__L'__.. ,(+)‘ *c—)’ ment has the direction opposite

@ il to that shown in Fig. 29¢c. Figure

2 31 illustrates the rules for signs
_‘lj’— ULt of normal and shearing stresses
) @) . . e .

N 4 which will be used. Positive sign

Fie. 1. for shearing is taken when they

form a couple in clockwise direction and negative sign for

opposite direction.

10. The Circle of Stress.—Formulas (17) and (18) can be

represented graphically.! We take an orthogonal system of
coordinates with the origin at O and

with positive direction of axes as 7

shownin Fig. 32. Beginning with the R

cross section pg perpendicular to the

axis of the bar we have for this case i

¢ = o, in Fig. 28, and we find, from = ¢ f’,;- F L i
formulas (17) and (18) o, = 05, 7 = 0. \U
Selecting a scale for stresses and meas- P)

uring normal components along the ¢ Py

horizontal axis and shearing compo- Fio. 32.

nents along the vertical axis, the stress .

acting on the plane with ¢ = o is represented in Fig. 32 by a
point A4 having the abscissa equal to ¢, and the ordinate equal to
zero. Taking now a plane parallel to the axis of the bar we have

! This graphical representation is due to O. Mohr, Zivilingenieur,
1882, p. 113. See also his “Abhandlungen,” p. 219, 1906. In this
book the references to other publications on the same subject are given.
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¢ = /2, and observing that both stress components vanish for
such a plane we conclude that the origin O, in Fig. 32, corre-
sponds to this plane. Constructing now on OA as diameter
a circle it can be readily proved that the stress components
for any cross section pg with an arbitrarily chosen angle o,
Fig. 28, will be represented by the coordinates of a point on
that circle. To obtain the point on the circle corresponding
to a definite angle ¢ it is only necessary to measure in the
counter-clockwise direction from the point A4 the arc sub-
tending an angle equal to 2¢. Let D be the point obtained in
this manner; then, from the figure,

OF = OC + CF =

SN

Oz
+ - €08 2¢ = 0 cos? o,

— == oy .
DF = CDsin 20 = -Q—ISIn 2¢.

Comparing these expressions for the coordinates of point D
with expressions (17) and (18) it is seen that this point defines
the stresses acting on the plane pg, Fig. 28. As the section
pg rotates in the counter-clockwise direction about an axis
perpendicular to the plane of Fig. 28, ¢ varying from o to #/2,

.the point D moves from A to O, so that the upper half-circle

determines the stresses for all values of ¢ within these limits.
If the angle ¢ is larger than 7/2 we obtain a cross section as
shown in Fig. 334 cut by a plane mm the external normal 2
to which makes with the x axis an angle larger than =/2.
Measuring again in the counter-clockwise direction from the
point A, in Fig. 32, the arc subtending an angle equal to 2¢
we will obtain now a point on the lower half-circle.

Take, as an example, the case when mm is perpendicular
to cross section pg which was previously considered. In
such a case the corresponding point on the circle in Fig. 32
is point D, such that the angle DOD, is equal to #; thus DD, is
a diameter of the circle. Using the coordinates of point D,

?The portion of the bar on which the stresses act is indicated by
shading. The external normal #, is directed outward from that portion.
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we find the stress components ¢., and 7, for the plane mm

— - o, o .

g, = OF, = OC — FiC = f — fcos 20 = g, sin? ¢ (20)
) Tr .

Ty = — F1D1 = — CD1 Sith 2¢ = — —2—31n 2§0.3 (21)

Comparing these results with expressions (17) and (18) we
find

oo + 0., = 0, cos? ¢ + o, 81N ¢ = o, (22)
Ty, — — T. (23)

This indicates that the sum of the normal stresses acting on
two perpendicular planes remains constant and equal to o.
The shearing stresses acting on two perpendicular planes are
numerically equal but of opposite sign.

n
m,/f

y

Fic. 33.

By taking the adjacent cross sections #,m, and p.g, parallel
to mm and pg an element, such as shown in Fig. 33, 1s tsolated
and the directions of stresses acting on this element are
indicated. It is seen that the shearing stresses acting on the
sides of the element parallel to the pg plane produce a couple
in the clockwise direction, which, according to the accepted
rule defined in Fig. 31¢, must be considered positive. The
shearing stresses acting on the other two sides of the element

3 The minus sign is taken since point D; is on the side of negative
ordinates.
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produce a couple in the counter-clockwise direction which,
according to the rule defined in Fig. 314, is negative.

The circle in Fig. 32 called the circle of stress is used to
determine the stress components ¢, and = for a cross section
pq whose normal makes any angle ¢ with the x axis, Fig. 28.
A similar construction can be used to solve the inverse prob-
lem, when the components ¢, and r are given and it is re-
quired to find the tensile stress o, in the axial direction and
the angle ¢. We observe that the angle between the chord
OD and the x axis is equal to ¢, Fig. 32. Hence, after
constructing the point D with coordinates o, and 7, we obtain
¢ by drawing the line OD. Knowing the angle ¢, the radius
DC making the angle 2¢ with the axis OC can be drawn and
the center C of the circle of stress obtained.

Problems

1. Determinegpand = ana]ytically and graphically if o, = 15,000
Ibs. per 5q. in. and ¢ = 30° or ¢ = 120°. By using the angles 30°
and 120° isolate an element as shown in Fig. 336 and show by
arrows the directions of stresses acting on the element.

2. Solve the previous problem assuming that instead of tensile
stress ¢ there acts compressive stress of the same amount. Observe
that in this case the diameter of the circle, Fig. 32, must lie on the

negative side of the abscissa.
' 3. On a plane pg, Fig. 28, are acting a normal stress ¢, = 12,000
Ibs. per sq. in. and a shearmg stress T = 4,000 lbs. per sq. in. Find
the angle ¢ and the stress o..
Answer.

tan ¢ = 1 gy = —2 = 13,330 Ibs. per sq. in
5 c = st e , . q. in.

4. On the two perpendicular sides of the element in Fig. 334
are acting the normal strésses ¢, = 12,000 lbs. per sq. in. and
s, = 6,000 lbs. per sq. in. Find o, and 7.

Answer. o, = 18,000 lbs. per sq. in., 7 = =+ 8,485 Ibs. per sq. in.

5. Find maximum shearing stress for the case in problem 1.

6. Determine the aspect of cross sections for which the normal
and the shearing stresses are numerically equal.

11. Tension or Compression in Two Perpendicular Di-
rections.—There are cases in which the material of a structure
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is submitted to the action of tension or compression in two
perpendicular directions. As an example of such a stress
condition let us consider stresses in the cylindrical wall of a
boiler submitted to internal pressure p lbs. per sq. in Let
us cut out a small element from the cylindrical wall of the
boiler by two adjacent axial sections and by two circum-
ferential sections, Fig. 344. Because of the internal pressure

EDE

Fic. 34.

@

the cylinder will expand both in the circumferential and in
the axial directions. The tensile stress ¢, in the circum-
ferential direction will be determined in the same manner
as in the case of a circular ring (art. 8). Denoting the inner
diameter of the boiler by 4 and its wall thickness by £, this
stress is

d
Oy = 12)—}1 (24)

In calculating the tensile stress o, in the axial direction we
imagine the boiler cut by a plane perpendicular to the x axis.
Considering the equilibrium of one portion of the boiler it will
be appreciated that the tensile force producing longitudinal
extension of the boiler is equal to the resultant of the pressure
on the ends of the boiler, i.e., equal to

2
r-r ()

4 More accurately p denotes the difference between the internal
pressure and the external atmospheric pressure.
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The cross sectional area of the wall of the boiler is ®

A = ndh.
Hence P ;
== (25)

Itis seen that the element of the wall undergoes tensile stresses
oz and o, in two perpendicular directions.® The tensile stress

" gy in the circumferential direction being twice as large as the

stress oz in the axial direction. We consider now the stress
over any cross section pg, Fig. 344, perpendicular to xy plane
and whose normal » makes an angle ¢ with the x axis. By
using formulas (17) and (18) of the previous article we con-

~clude that the tensile stresses o, acting in the axial direction

produces on the plane pg normal and shearing stresses of
magnitude

o, = o,cos? @, ' = lo, sin 2¢. (a)

To calculate the stress components produced on the same
plane pg by the tensile stress o,, we observe that the angle

. . T .
between o, and the normal 7, Fig. 344, is ;¢ and 1s meas-

ured clockwise from the y axis, while ¢ is measured counter-

clockwise from the x axis. From this we conclude that in
using equations (17) and (18) we must substitute in this case

oy for o, and — (7—; — go) , instead of ¢. This gives

¢,/ = a,sin? o, 7" = — 1g,sin 2¢. . (B
Summing up the stress components (2) and (4) produced by
oz and g, stresses respectively, the resultant normal and shear-
ing stress components for the case of tension in the two

5 The thickness of the wall is assumed small in comparison with the
diameter and the approximate formula for the cross-sectional area is used.

¢ There is also a pressure on the inner cylindrical surface of the
element but this pressure is small in comparison with ¢; and 9y and is
neglected in further discussion.



44 STRENGTH OF MATERIALS
perpendicular directions are obtained
on = 0;CO8%2 ¢ + gy, s1in? o, (26)
7 = %(6, — o,) sin 2¢. (27)

12. The Circle of Stress for Combined Stresses.—Pro-
ceeding as in article 10 the graphical representation of the
formulas (26) and (27) can be readily obtained using the circle
of stress. Assuming again that the abscissas and the ordinates
represent to a certain scale the normal and the shearing stress
components, we conclude that the points 4 and B, in Fig. 33,

+7 F 0’
®
o AK—-\RH +g
4
P
9% 2 J
I1ae. 33.

with abscissas equal to ¢, and o, represent the stresses acting
on the sides of the element in Fig. 344, perpendicular to the x
and y axes respectively. To obtain the stress components on
any inclined plane, defined by an angle ¢ in Fig. 344, we have
only to construct a circle on 4B as a diameter and draw the
radius CD making the angle ACD, measured in the counter-
clockwise direction from point A, equal to 2¢. From the
figure 'we conclude that

OE = OC — CE = (04 + OB) — (OB — OA) cos 2¢

g, + o o, — O .
= ’2 ¥ _ ”,, — cos 2¢ = 0, cos? ¢ + o, s51n% o,

This indicates that the abscissa OF of the point D on the
circle, if measured to the assumed scale, gives the normal
stress component ¢, (26).
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The ordinate of the point D is

= —_ . (728 (12 .
DE = CDsin 2¢ = -4”2——" sin 2¢.

Observing that this ordinate must be taken with negative
sign, we conclude that the ordinate of the point D, taken with
the proper sign, gives the shearing stress component (27).

When the plane pg is rotating counter-clockwise with
respect to an axis perpendicular to xy plane, Fig. 344, the
corresponding point D is moving in the counter-clockwise
direction along the circle of stress in Fig. 35 so that for each
value of ¢ the corresponding values of the components o,
and 7 are obtained as the coordinates of the point D.

From this graphical representation of formulae (26) and
(27) it follows at once that the maximum normal stress com-
ponent in our case 1s equal to ¢, and the maximum shearing
stress represented by the radius CF of the circle in Fig. 35 is

oy ~— Oz
Tmax = _—2__- (28)
and occurs when sin 2¢ = — 1 and ¢ = 37/4. The same
magnitude of shearing stress but with negative sign is acting
on the plane for which ¢ = /4.

Taking two perpendicular planes defined by the angles
¢ and w/2 + ¢, which the normals # and 7, make with the x
axis, the corresponding stress components are given by the
co-ordinates of points D and D in Fig. 35, and we conclude

G+ 00 = 0: + oy, (29)
L= —T. (30)

This indicates that the sum of the normal stresses acting on
two perpendicular planes remains constant as the angle ¢
varies. Shearing stresses acting on two perpendicular planes
are numerically equal but of opposite sign.

The circle of stress, similar to that in Fig. 35, can be con-
structed also if one or both stresses ¢, and ¢, are compressive,
it is only necessary to measure the compressive stresses on the
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negative side of the abscissa axis. Assuming, for example,
that the stresses acting on an element are as shown in Fig. 364,
the corresponding circle is shown in Fig. 364. The stress

y

’ n

\\ 1% e
A 4 8 a 7, \ X

2
o- N
P q
‘ (o)
®)

Fic. 36.

components acting on a plane pg with normal # are given by
the coordinates of the point D in the diagram.

Problems

1. The boiler shown in Fig. 34 has d = 100 in., 2=} in.
Determine ¢, and o, if p = 100 lbs. per sq. in. Isolate a small
element by the planes for which ¢ = 30° and 120° and show the
magnitudes and the directions of the stress components acting on
the lateral sides of that element.

2. Determine the stresses o., on, 7 and =, if, in Fig. 36a,

7z = 10,000 lbs. per sq. in., o, = — 5,000 lbs. per sq. in. and ¢ = 30°,
Q1 = 120°.

Answer. o, = 6,250 lbs. per sq. in., ., = — 1,250 lbs. per
sq. in.,, 7 = — 71 = 6,500 lbs. per sq. in.

3. Determine o., 0., 7 and 71 in the previous problem, if the
angle ¢ is chosen so that 7 is a maximum.

Answer.  on = g, = 2,500 lbs. per sq. in., 7 = — 71 = 7,500
Ibs. per sq. in.

13. Principal Stresses.—It was shown in the previous ar-
ticle that for tension or compression in two perpendicular
directions x and y one of the two stresses o, or ¢y is the maxi-
mum and the other the minimum normal stress. For all
inclined planes, such as planes pg in Figs. 344 and 364, the
value of the normal stress o, lies between these limiting values.
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At the same time there is acting on all inclined planes not only
normal stresses g, but also shearing stresses, 7. Such stresses
as o and ¢, of which one is the maximum and the other the
minimum normal stress, are called the principal stresses and
the two perpendicular planes on which they act are called the
principal planes. There are no shearing stresses acting on
these planes.

In the example of the previous article, Fig. 34, the principal
stresses o, and o, were found from very simple considerations
and it was required to find the expressions for the normal and
shearing stress components acting on any inclined plane,
such as plane pg in Fig. 344. In our further discussion (see
p. 122) there will be cases in which it will be possible to
determine the shearing and the normal stress components
acting on two perpendicular planes. From the previous dis-
cussion we already know that such normal stresses do not
represent the maximum stress which is the stress particularly
‘important in design. To get the maximum value of stress,
the principal stresses are required. The simplest way of
solving this problem is by using the circle of stress we con-
sidered in Fig. 35. Assume that the stresses acting on an
elementary rectangular parallelepiped are as shown in Fig.

g T

_/_"i - % ﬁf

| ] e 2o l
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374. The stresses o, and g, are not principal stresses, since
not only normal but also shearing stresses are acting on the
planes perpendicular to the x and y axes. To construct the
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circle of stress in this case, we use first the stress components
0z, 0y, and 7 and construct the points D and D, as shown in
Fig. 376. Since these two points represent the stresses acting
on two perpendicular planes, the length DD, represents a
diameter of the circle of stress. The intersection of this
diameter with the x axis gives the center C of the circle, so
that the circle can be readily constructed. The intersection
points A4 and B of the circle with the x axis define the magni-
tudes of the maximum and the minimum normal stresses,
which are the principal stresses and are denoted by ¢, and o,.
Using the circle, the formulas for calculating o, and ¢, can be
easily obtained. From the figure we have

g, — Oy

7 =04 =0C+CD =200 (=22) 4y o)

2

_— _— — - 2
o, = OB =oc—CD=ﬂi:-i’—”—\/("’—2—"—") + 2 (32)

The directions of the principal stresses can also be obtained
from the figure. We know that the angle DCA is the double
angle between the stress o, and the x axis and since 2¢ is
measured from D to A in the clockwise direction the direction
of o1 must be as indicated in Fig. 374. If we isolate the ele-
ment shaded in the figure with the sides normal and parallel
to o, there will be only normal stresses ¢; and ¢, acting on its
sides. For the calculation of the numerical value of the
angle ¢ we have, from the figure,

DE

CE

Regarding the sign of the angle ¢, it must be taken negative
in this case since it is measured from the x axis in the clock-
wise direction, Fig. 374. Hence

l_)—E 2T

tan’_’go:—C—E=—ax__%' (33)

The maximum shearing stress is given by the magnitude of

Itan2¢[ =
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the radius of the circle of stress and we have

—_ —_ 2
Tmax — 0_-1_2_0-_2 = J(a-z_za_-l_/) + 72, (34)

The equations (31)-(34) completely solve the problem of the
determination of the maximum normal and the maximum
shearing stresses if the normal and shearing stresses acting on
any two perpendicular planes are given since a circle is fixed
by two points at the ends of a diameter.

Problems

1. An element, Fig. 374, is submitted to the action of stresses
o, = §,000 lbs. per sq. in., ¢, = 3,000 lbs. per sq. in., 7 = 1,000 lbs.
per sq. in. Determine the magnitudes and the directions of
principal stresses ¢; and as.

Solution. By using formulas (31) and (32) we obtain

—_ 2
o = 5,000 + 3,000 " \/(5,000 3,000) + 1,000t

2 2

= 4,000 + 1,414 = §,414 lbs. per sq. in.,
02 = 4,000 — I,414 = 2,586 Ibs. per sq. in.
From formula (33) we have
tan 2¢ = — 1, 20 = — 45°, o = — 221°,

The minus sign indicates that ¢ is measured from the x axis in the
clockwise direction as shown in Fig. 374.

2. Determine the direction of the
principal stresses in the previous prob- ¢
lem if ¢, = — 5,000 lbs. per sq. in. 3

Solution. The corresponding circle 12

T4

of stress is shown in Fig. 38, tan 2 = 1, 2¢ €19 2
2¢ = 14°2’. Hence the angle which the ' ),
maximum compressive stress makes with | 5000 ——tme3 ,
the x axis is equal to 7°1’ and is measured
counter-clockwise from the x axis. -

3. Find the circle of stress for the Fic. 38.
case of two equal tensions ¢, = o, = 0o
and for two equal compressions ¢, = ¢, = — ¢. 7= 0in both cases.

Answer. Circles become points on the horizontal axis with the
abscissas ¢ and ~- ¢ respectively.
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4. On the sides of the element shown in Fig. 394 are acting the
stresses ¢, = — §oo lbs. per sq. in., o, = 1,500 lbs. per sq. in.,
7 = 1,000 lbs. per sq. in. Find, by using the circle of stress, the
magnitudes of the normal and shearing stresses on () the principal
planes, () the planes of maximum shearing stress.

Solution. The corresponding circle of stress is shown in Fig. 394.
The points D and D, represent stresses acting on the sides of the
element in Fig. 394 perpendicular to the ¥ and y axes. OB and 04
represent the principal stresses. Their magnitudes are ¢, = 1,914
Ibs. per sq. in. and o2 = — 914 lbs per sq. in. respectively. The
direction of the maximum compressive stress g2 makes the angle =
221° with the x axis, this angle being measured from the x axis in
the counter-clockwise direction as shown in Fig. 392. The points

)
»

@)

NI

F1G. 39.

F and F, represent stresses acting on the planes subject to maximum
shear. The magnitude of this shear is 1,414 lbs. per sq. in. OC
represents the normal stresses equal to §oo lbs. per sq. in. acting on
the same plane.

5. Solve the previous problem if ¢, = — 5,000 lbs. per sq. in.,
oy = 3,000 lbs. per sq. in., 7 = 1,000 lbs. per sq. in.

14. Analysis of Strain in the Case of Simple Tension.—
In article 2, the axial elongation of a bar in tension was
discussed. Experiments show that such axial elongation is
always accompanied by lateral contraction of the bar, and
unit lateral contraction . .

— - is constant for a given

unit axial elongation

bar within the elastic limit. This constant will be called ¢
and is known as Poisson’s ratio, after the name of the French
mathematician who determined this ratio analytically by

that the ratio
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using the molecular theory of structure of the material. For
materials which have the same elastic properties in all direc-
tions, so-called isotropic materials, Poisson found p = 1/4.
Experimental investigation of the lateral contraction in struc-
tural metals 7 shows that u is usually not very far off the value
calculated by Poisson. For instance, in the case of structural
steel it can be taken as u = 0.30. Knowing the Poisson ratio
of a material, the change in volume of a bar in tension can

be calculated. The length of the bar will increase in the
ratio (1 4+ ¢€) : 1. The lateral dimensions diminish in the
ratio (1 — pe) : I3 hence the cross-sectional area diminishes
in the ratio (1 — ue)?2:1. Then the volume of the bar
changes in the ratio (1 4 €)(1 — pe)?: 1, which becomes
(1 + € — 2pe) : 1 if we recall that e is a small quantity and
neglect its powers. Then the unit volume expansion is
e(1 — 2u). Itis unlikely that any material diminishes its vol-
ume when in tension; hence up must be less thano.50. Forsuch
materials as rubber and paraffin p approaches the above limit
and the volume of these materials during extension remains
approximately constant. On the other hand such material
as concrete has a small magnitude of u (u = 1/8 to 1/12) and
for cork u can be taken equal to zero.

The above discussion of lateral contraction during tension
can be applied with suitable changes to the case of com-
pression. Longitudinal compression will be accompanied by
lateral expansion and for calculating this expansion the same

value for g as in the case of extension is used.

Problems

1. Determine the increase in unit volume of the bar in tension
if ¢, = 5,600 lbs. per sq. in., p = 0.30, E = 30-10° lbs. per sq. in.
Solution. Increase in unit volume is

5,600

o X 10 (1 — 0.6) = 74.7 X 1075,

6(1—2u)=;;—:”(1—2u)=

2. Determine the increase in volume of a bar the extension of

7 These materials can be considered as isotropic (see Part II).
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which is produced by the force P at the end and the weight of the
bar (see article 5), p. 14.
Answer. The increase in volume is equal to

A1 — 2pu) f 7_/
E (A+2).

.

15. Strain in the Case of Tension or Compression in Two
Perpendicular Directions.—If a bar in the form of a rec-
tangular parallelepiped is submitted to tensile forces acting
in two perpendicular directions x and y (Fig. 34), the elonga-
tion in one of these directions will depend not only upon the
tensile stress in this direction but also upon the stress in the
perpendicular direction. The unit elongation in the direc-
tion of the x axis due to the tensile stress o, will be a,/E.
The tensile stress o, will produce lateral contraction into x
direction equal to po,/E; then if both stresses o, and o, act
simultaneously the unit elongation in x direction will be

Oz ay

&=L T hE (3%
Similarly, for the y direction, we obtain

gy [

w=F - HE (36)

In the particular case, for the two tensions equal, ¢, = 0, = o,
we obtain

e=e¢=70—n (37)

From egs. (35) and (36) the stresses o, and o, can be obtained
as functions of unit strains €, and ¢, as follows:

_ (et pe)E _ (& +ue)E
- 1_#2 ’ v I__#Z

(38)

Oz

If in the case shown in Fig. 394 the elongation e, in axial
direction ahd the elongation €, in circumferential direction are
measured by an extensometer the corresponding tensile stresses
o: and o, will be found from equations (38).
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Problems

1. Determine the increase in the volume of the cylindrical steel
boiler under internal pressure (Fig. 34), neglecting the deformation
of the ends and taking o, = 6,000 lbs. per sq. in.

Solution. By using eqs. (35) and (36)

6,000 3,000  §JI00 .
e”_3oxloﬁ—o’330><Io"_goXIo"’— 17 X 107,
_ 3,000 6,000 1,200 -
e"—3ox106_0'330XIo"’_goXIo“=4XIO ’

The volume of the boiler will increase in the ratio
T4+ e +e):1=004e+2¢): 1 =1.00038:1.

2. A cube of concrete is compressed in two perpendicular
directions by the arrangement shown in Fig. 40. Determine the
decrease in the volume of the
cube if it is 4 inches on a side,
the compressive stress is uni-
- formly distributed over the faces,
p = o.1 and P = 20,000 lbs.

Solution. Neglecting friction
in the hinges and considering the
equilibrium of each hinge (Fig.
40, &), it can be shown that the
block is submitted to equal com- Fre. 40.
pression in two perpendicular
directions and that the compressive force is equal to P2 = 28,300
Ibs. The corresponding strain, from eq. (37), is

@

28,300
€& =€, = — m(l — 0.1) = — 0.000398.
In the direction perpendicular to the plane of the figure a lateral
expansion of the block takes place which is

Oz

28,300
ez=—uE—u%=0.2x 23

T6 X 2 <X 10 4 X 10° = 0.00008835.
The decrease per unit volume of the block will be
€&+ e+ e = — 2 X 0.000398 + 0.0000885 = — 0.000707.

3. Determine the increase in the cylindrical lateral surface of
the boiler considered in problem 1 above.
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Solution. Increase per unit area of lateral surface = ¢ + ¢,
= 21 X 1078,

4. Determine the unit elongation in the o, direction of a bar of
steel, if the stress conditions are such as indicated in problem 1, p. 49.

Solution.

(5,414 — 0.3 X 2,586) = 154.6 X 107"

I
17 30 X 108
16. Pure Shear. Modulus in Shear.—Let us consider the
particular case of normal stresses acting in two perpendicular
directions in which the tensile stress o, in the horizontal di-
rection 1s numerically equal to the compressive stress a, in
the vertical direction, Fig. 414. The corresponding circle of

Fic. 41.

stress 1s shown in Fig. 414. Point D on this circle represents
the stresses acting on the planes 24 and ¢d perpendicular to xy
plane and inclined at 45° to the x axis. Point D, represents
stresses acting on the planes @4 and éc perpendicular to ab
and ¢d. It is seen from the circle of stress that the normal
stress on each of these planes is zero and that the shearing
stress over the same planes, represented by the radius of the
circle, 1s numerically equal to the normal stress o, so that

T=0; = — gy (a)

If we imagine the element abcd to be isolated it will be in
equilibrium under the shearing stresses only as shown in
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Fig. 41a. Such a state of stress is called pure shear. It may
be concluded that pure shear is equivalent to the state of
stress produced by tension in one direction and an equal
compression in the perpendicular direction. If a rectangular
element, similar to the element adcd in Fig. 41a, is isolated
by planes which are no longer at 45° to the x axis, normal
stress as well as shearing stress will act on the sides of such an
element. The magnitude of these stresses may be obtained
from the circle of stress, Fig. 414, in the usual way.

Let us consider now the deformation of the element abcd.
Since there are no normal stresses acting on the sides of this
element the lengths @b, ad, éc and ¢d will not change due to
the deformation, but the horizontal diagonal 44 will be
stretched and the vertical diagonal ac will be shrunk changing
the square aécd into a rhombus after deformation as indicated
in the figure by dotted lines. The angle at 4, which was =/2
before deformation, now becomes less than /2, say (w/2) — 7,
and at the same time the angle at 4 increases and becomes
equal to (7/2) + 7. The small angle ¥ determines the dis-
tortion of the element abcd, and is called the skearing strain.
The shearing strain may also be visual-
ized as follows: The element abcd of Fig. a_———— &

41ais turned counter-clockwise through /"d’ |~ 74
45° and put into the position shown in v 1/
Fig. 42. After distortion, produced by / /// i
the shearing stresses 7, the same element / 28 T
takes the position indicated by the dotted ¥~ -
lines. The shearing strain, represented Fro. 42.

by the magnitude of the small angle v,
may be taken equal to the ratio @a/ad, equal to the horizontal
sliding aa, of the side a4 with respect to the side dc divided
by the distance between these two sides. If the material
obeys Hooke’s law this sliding is proportional to the stress =
and we can express the relation between the shearing stress
and the shearing strain by the equation
T

Y=G (39)
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in which G is a constant depending on the mechanical proper-
ties of the material. Equation (39) is similar to equation (4)
which was established for simple tension and the constant G
is called modulus of elasticity in shear, or modulus of rigidity.
Since the distortion of the element abed, Fig. 42, is en-
tirely defined by the elongation of the diagonal 44 and the
contraction of the diagonal ac, which deformations can be
calculated by using the equations of the preceding article, it
may be concluded that the modulus G can be expressed by
the modulus in tension E and Poisson’s ratio u. To establish
this relationship we consider the triangle Oaé, Fig. 414. The
elongation of the side O4 and the shortening of the side Oa
of this triangle during deformation will be found by using
equations (35) and (36). In terms of ¢; and ¢, we have

06, = 06(1 + ), Oa, = Oa(1 + ¢,)

and, from the triangle Oa,4,,

—tan(FoY)=0a_1te
tan (Obya,) = ta.n(4 — 2>_ 05 =TT e (%)
For a small angle ¥ we have also
. tan— — tan% I —%
tan(~-—§)= 4 - ~ S (¢)
4 I+tan~tanz 1+ -
4 2 2

Observing that in the case of pure shear

g = — 0y = 7,

_ _ou(l+p) (144
E b

€& = — € = E

and equating expressions (&) and (¢) we obtain

I_T(Ig#)_l
I+T—(I——E—M—) 1

+
iR TR
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from which
y_t(+p)
2 E
or
_ar(t 4w
YK
Comparing this result with formula (39) we conclude that
E
CTaEw (4)

We see that the modulus of elasticity in shear can be easily
calculated if the modulus in tension £ and Poisson’s ratio u
are known. In the case of steel, for example,

3010
2(1 + 0.30)

It should be noted that the application of a uniform shear-
ing stress to the sides of a block as assumed in Fig. 42 is very
difficult to realize so that the condition of pure
shear is usually produced by the torsion of a
circular tube, Fig. 43. Dueto a small rotation
of one end of the tube with respect to the other
the generators traced on the cylindrical surface
become inclined to the axis of the cylinder and
an element abcd formed by two generators and
two adjacent circular cross sections undergoes a
shearing strain similar to that shown in Fig. 42.
The problem of twist will be discussed later (see chapter g)
where will be shown how the shearing stress 7 and the shearing
strain v of the element abcd can be calculated if the torque and
the corresponding angle of twist of the shaft are measured.
If 7 and v are found from such a torsion test, the value of the
modulus G can be calculated from equation (39). With this
value of G, and knowing E from a tensile test, Poisson’s
ratio u can be calculated from equation (40). The direct
determination of p by measuring lateral contraction during a
tensile test is more complicated since this contraction is very

G =

= 11.5-10°% Ibs. per sq. in.

Fic. 43.
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small and an extremely sensitive instrument is required to
measure it with sufficient accuracy.

Problems

1. The block abdcd, Fig. 42, is made of a material for which
E = 10-10° ]bs. per sq. in. and p = 0.25. Find v and the unit
elongation of the diagonal 44 if r = 10,000 lbs. per sq. in.

2. Find for the previous problem the sliding aa; of the side a4
with respect to the side ¢4 if the diagonal 44 = 2 in.

3. Prove that the change in volume of the block @écd in Fig. 42
is zero if the first powers only of the strain components e, and ¢,
are considered.

17. Working Stresses in Shear.—Submitting a material
to pure shear the relation between shearing stress and shearing
straincan be established experimentally.

, Such a relationship is usually shown by
12 a diagram, Fig. 44, in which the abscissa
A represents shearing strain and the ordi-

nate—shearing stress. The diagram is
similar to that of a tensile test and wecan
0 — mark on it the proportional limit 4 and
" the yield point® B. The experiments

show that for a material such as struct-
ural steel the yield point in shear 7y is only about 0.55 — 0.60
of oyp. Since at yield point a considerable distortion occurs
without an appreciable change in stress, it is logical to take
as the working stress in shear only a portion of yield point
stress so that

Fic. 44.

= TYP
Tw = 7 (4-1)

where # is the factor of safety. Taking this factor of the
same magnitude as in tension or compression we obtain

Tw = 0.5§ to 0.60 of gy

which indicates that the working stress in shear should be

8 To obtain a pronounced yield point tubular specimens are used
in the torsion test.
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taken much smaller than the working stress in tension. It
was already indicated that in practical applications we do not
encounter a uniform distribution of shearing stress over the
sides of a block as was assumed in Fig. 42 and that pure shear
is realized in the case of torsion. We will see later that pure
shear also occurs in the bending of beams. But there are
many practical problems in which a solution is obtained on
the assumption that we are dealing with pure shear although
this assumption is only a rough approximation. Take, for
example, the case of the joint in Fig. 45. It is evident that if

gl

W1,

Fic. 4s.

the diameter of the bolt 24 is not large enough the joint may
fail due to shear along the cross sections m#n and min,. Al-
though a more rigorous study of the problem indicates that
the shearing stresses are not uniformly distributed over these
cross sections and that the bolt undergoes not only shear but
also bending under the action of tensile forces P, a rough
approximation for the required diameter of the bolt is ob-
tained by assuming that we have along the planes m# and
miny a uniformly distributed shearing stress = which is ob-
tained by dividing the force P by the sum of the cross sec-
tional areas m#n and mnz;. Hence

_ 2P

T = —
Td?’

and the required diameter of the bolt is obtained from the

equation

2P
Tw =g (42)
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We have another example of such a simplified treatment
of shear problems in the case of riveted joints, Fig. 46. Since

oo}

LN
P m} N N P
- Il
_ml {7 -
Fic. 46.

the heads of the rivets are formed at high temperature the
rivets produce after cooling a great compression of the plates.?
If tensile forces P are applied the relative motion between the
plates is prevented by friction due to the above mentioned
pressure between the plates. Only after friction is overcome
do the rivets begin to work in shear and if the diameter of the
rivets is not sufficient failure due to shear along the planes
mn and min, may occur. It is seen that the problem of stress
analysis for a riveted joint is very complicated. A rough
approximate solution of the problem is usually obtained by
neglecting friction and assuming that the shearing stresses are
uniformly distributed along the cross section m#n and mn,.
Then the correct diameter of the rivets is obtained by using
the equation (42) as in the previous example.

Problems

I. Determine the diameter of the bolt in the joint shown in
Fig. 45 if P = 10,000 lbs. and 7, = 6,000 lbs. per sq. in.

2. Find the safe length 2/ of the joint of two rectangular wooden
bars, Fig. 47, submitted to tension, if P = 10,000 lbs., 7, = 100
Ibs. per sq. in. for shear parallel to the fibers and 4 = 10 in. De-
termine the proper depth mmn,, if the safe limit for the local compres-
sive stress along the fibers of wood is 800 lbs. per sq. in.

? Experiments show that tensile stress in rivets is usually approaching
the yield point of the material of which the rivets are made. See C.
Bach, Zeitschr. d. Ver. Deutsch. Ing. 1912.
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Fia. 47.

3. Find the diameter of the rivets in Fig. 46, if r, = 8,000 lbs.
per sq. in. and P = 8,000 lbs.

4. Determine the dimensions /and é in the joint of two rectangu-
lar bars by steel plates, Fig. 48, if the forces, the dimensions and the
working stresses are the same as in problem 2.

P -1 — T P

Fic. 48. Fia. 49.

5. Determine the distance @ which is required in the structure
shown in Fig. 49, if the allowable shearing stress is the same as in
problem 2 and the cross-sectional dimensions of all bars are 4 by
8 in. Neglect the effect of friction.

18. Tension or Compression in Three P
Perpendicular Directions.—If a bar in the
form of a rectangular parallelepiped is sub-
mitted to the action of forces P., P, and P, —~ 5
(Fig. 50), the normal stresses over cross ,/
sections perpendicular to x, y and z axes are K
respectively Fie. so.

P, P

— = Y.
a'z_Aza a'y—'dy’

It is assumed below that ¢, > o, > o..

Combining the effects of the forces P,, P, and P., it can be
concluded that over a section through the z axis only the
forces P, and P, produce stresses and therefore these stresses

- L
0. =7
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may be calculated from eqs. (26) and (27) and represented
graphically by using the Mohr circle. In Fig. 51 the stress
circle with a diameter 4B rep-
resents these stresses. In the
tmox same manner the stresses over
L any section through the x axis
¢ can be represented by a circle
having BC as a diameter. The
circle with the diameter AC
represents stresses over any sec-
% ' tion through the y axis. The
Fio. s1. three Mohr circles represent
stresses over three series of sections through the %, y and 2
axes. For any section inclined to x, y and z axes the stress
components are the coordinates of a point located in the
shaded area of Fig. §1. On the basis of this it can be con-
cluded that the maximum shearing stress will be represented
by the radius of the largest of the three circles and will be
given by the equation 7msx = (0. — 0;)/2. It will act on the
section through the y axis bisecting the angle between the x
and z axes.

The equations for calculating the unit elongations in the
directions of the x, y and z axes may be obtained by combin-
ing the effects of P, P, and P, in the same manner as in con-
sidering tension or compression in two perpendicular directions
(see article 15). In this manner we obtain

b S

ez=~E_%‘(a'lI+a'Z))

€ = E\ - %(az + a'z)) (4‘3)

o,

€z='E_£‘(a'x+a'y)'

10 The proof of this statement can be found in the book by A. Féppl,
Technische Mechanik, Vol. 5, p. 18, 1918. See also H. M. Westergaard,
Z. angew. Math. Mech., Vol. 4, p. 520, 1924.
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The volume of the bar increases in the ratio
(I + )1+ )1 +e) 11,
or, neglecting smali quantities of higher order,
(1 + e+ e te):I.
It is seen that the unit volume expansion is
A=e+e¢+e. (44)

The relation between the unit volume expansion and the
stresses acting on the sides of the bar will be obtained by
adding together egs. (43). In this manner we obtain

A=€z+fy+€z=<l__z;:_2i)'<a'z+ay+az)‘ (45)

In the particular case of uniform hydrostatic pressure we have

Gz = 0y = 0, = — P.
Then from egs. (43)
| &= € = € = — g(l — 2u), (46)
and from egs. (44)
1 —2
A=~ QL'E—”)P, (47)
or, using the notation
E
=~ R (4
we obtain
a=-%. (49)
K 4

The unit compression is proportional to the compressive stress
2 and inversely proportional to the quantity K, which is
called the modulus of elasticity of volume.
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Problems

1. Determine the decrease in the volume of a solid steel sphere
of 10 inch diameter submitted to a uniform hydrostatic pressure
2 = 10,000 lbs. per sq. inch.

Solution. From eq. (49)

p__xo,ooo)(3(1—2><o.3)___i_
K 30 X 108 T T ot

The decrease in the volume is, therefore,

%; T—éi—s = 0.209 cubic inch.
2. Referring to Fig. 52, a rubber cylinder A is compressed in a
steel cylinder B by a force P. Determine the pressure between the
rubber and the steel if P = 1,000 lbs., 4 = 2 ins.,
Poisson’s ratio for rubber u = 0.45. Friction be-
tween rubber and steel is neglected.

Solution. Let p denote the compressive stresses
over any cross section perpendicular to the axis of
the cylinder and ¢ the pressure between the rubber
and the inner surface of the steel cylinder. Com-
pressive stress of the same magnitude will act be-
tween the lateral surfaces of the longitudinal fibers
of the rubber cylinder, from which we isolate an

y element in the form of a rectangular parallelepiped,
with sides parallel to the axis of the cylinder (see
Fig. 52). This element is in equilibrium under
Fie. 52. the compressive stresses ¢ on the lateral faces of the

element and the axial compressive stress p. Assum-
ing that the steel cylinder is absolutely rigid, the lateral expansion
of the rubber in the x and y directions should be equal to zero and
from egs. (43) we obtain

o= —%(P+9)y

=

from which

up 045 '1,ooo><4
I—p 1 —045 xX2°

g = = 260 lbs. per sq. in.

3. Aconcrete columnisenclosed in a steel tube (Fig. §3). Deter-
mine the pressure between the steel and concrete and the circumfer-
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ential tensile stress in the tube, assuming that there is no friction
between concrete and steel and that all the dimensions and the
longitudinal compressive stress in the column are
known (Fig. §3)-

Solution. Let p denote the longitudinal and ¢
the lateral compressive stress, 4 the inner diameter
and 4 the thickness of the tube, E, the modulus of
elasticity for steel, E., u. the modulus of elasticity
and Poisson’s ratio for concrete. The expansion
of the concrete in a lateral direction will be, from

eqs. (43),

S IS Sas eSSy

e,=—§;+%°c(p+q). (a)

This expansion should be equal to the circumferential expansion of
the tube (see eq. 13)
qd

€= SiE. )
From eqs. (@) and (&) we obtain
94 _ _ g ke
2#E - "ETE®TD
from which
M
9=2 dE, .
24 E, + 1=k

The circumferential tensile stress in the tube will now be calculated
from equation

4. Determine the maximum shearing stress in the concrete
column of the previous problem, assuming that p = 1,000 lbs.
per sq. in., y, = 0.10, df2h = 7.5.

Solution.

|
B
S

me=p =—(1—?——;)=4741bs.persq.in.

(&)
(&)



CHAPTER I1I

SHEARING FORCE AND BENDING MOMENT

19. Types of Beams.—In this chapter we will discuss the
simplest types of beams such as shown in Fig. 54. Figure 544
P represents a beam with simply

g L, supported ends. Points of sup-
N ——Ia port 4 and B are hinged so

4
ﬁi,-, r%; that the ends of the beam can

’ (a') ‘ rotate freely during bending.

, p P It is also assumed that one of

4 5 the supports 1s mounted on
a9z, ®) rollers and can move freely in
P ¢ s the horizontal direction. Fig-
faw 2 ure 546 represents a cantilever
« beam. The end A of this beam

16- 54 is built into the wall and cannot

rotate during bending, while the end B is entirely free.
Figure 54¢ represents a beam with an overhanging end. This
beam is hinged to an immovable support at the end 4 and
rests on a movable support at C.

All three of the foregoing cases represent statically de-
terminate beams since the reactions at the supports produced
by a given load can be determined from the equations of
statics. For instance, considering the simply supported beam
carrying a vertical load P, Fig. 544, we see that the reaction
R at the end B must be vertical, since this end is free to move
horizontally. Then from the equation of statics, ZX = o, it
follows that reaction R, is also vertical. The magnitudes of
R, and R, are then determined from the equations of mo-
ments. Equating to zero the sum of the moments of all forces
with respect to point B, we obtain

Rll—Pb=O
66
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from which

Ri==.

In a similar way, by considering the moments wi.th respect to
point A, we obtain

Rz = PTﬂ .

The reactions for the beam with an overhanging end, Fig. 54¢,
can be calculated in the same manner.

In the case of the cantilever beam, Fig. 544, the load P
1s balanced by the reactive forces acting on the built-in end.
From the equations of statics, ZX = o and £Y = o, we con-
clude at once that the resultant of the reactive forces R; must
be vertical and equal to P. From the equation of moments,
ZM = o, it follows that the moment M, of the reactive forces
with respect to point A is equal to Pa and acts in the counter-
clockwise direction as shown in the figure.

The reactions produced by any other kind of loading on
the above types of beams can be calculated by a similar
procedure.

It should be noted that the special provisions permitting
free rotation of the ends and free motion of the support are

used in practice only in beams of large spans, such as those
found in bridges. In beams

of shorter span, the conditions

at the support are usually as
illustrated in Fig. §5. During 4 2
bending of such a beam friction !

forces between the supporting Fie. s5.

surfaces and the beam will be

produced such as to oppose rotation and horizontal move-
ment of the ends of the beam. These forces can be of some
importance in the case of flexible bars and thin metallic strips,
see p. 178; but for a rigid beam the deflection of which is very
small in comparison with the length / of the span these forces
can be neglected, and the reactions can be calculated as though
the beam were simply supported, Fig. §44.

7
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20. Bending Moment and Shearing Force.—Let us now
consider a simply supported beam on which act vertical forces
P,, P,, and P;, Fig. 56a. We assume that the beam has an
axial plane of symmetry and that the loads act in this plane.
Then, from considerations of symmetry, we conclude that the
bending also occurs in this same plane. In most practical
cases this condition of symmetry is fulfilled since the usual
cross-sectional shapes, such as a circle, a rectangle, an I, or
a T, are symmetrical. The more general case of a non-
symmetrical cross section will be discussed later (see p. 93).

ud A
R \m 2
A 13 l’z vg 8 x
, o ,,%7
1; !
J @
L C,-riQ R m
R x ”
M/’ v

) \

Fia. 56.

To investigate the stresses produced in a beam during
bending, we proceed in the same manner as we have already
used in discussing the stresses produced in a bar by a central
tension, Fig. 1. We imagine that the beam 4B is cut in two
parts by a cross section mn taken at any distance x from the
left support A, Fig. 564, and that the right portion of the beam
is removed. In discussing the equilibrium of the remaining
left-hand portion of the beam, Fig. 564, we must consider not
only the external forces such as loads P;, P,, and reaction R,
but also the internal forces which are distributed over the
cross section mn and which represent the action of the right
portion of the beam on the left portion. These internal forces
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must be of such a magnitude as to equilibrate the above men-
tioned external forces Py, P2, and R,.

In the ensuing discussion it will be advantageous to reduce
the actual system of external forces to a simplified equivalent
system. From statics we know that a system of parallel
forces can be replaced by one force equal to the algebraic sum
of the given forces together with a couple. In our particular
case we can replace the forces P;, Py, and R, by the vertical
force 7 acting in the plane of the cross section m#z and by the
couple M. The magnitude of the force is

V =R, — P, — Py, (@)
and the magnitude of the couple is
M= Rlx—Pl(x—cl) —Pz(x—CQ). (b)

The force 7, which is equal to the algebraic sum of the ex-
ternal forces to the left of the cross section mn, is called the
shearing force at the cross section mn. The couple M, which
is equal to the algebraic sum of the moments of the external
forces to the left of the cross section mn with respect to the
centroid of this cross section, is called the bending moment at
the cross section mn. Thus the system of external forces to
the left of the cross section m# can be replaced by the statically
equivalent system consisting of the shearing force 7 acting
in the plane of the cross section and the couple M, Fig. 56¢.
The stresses which are distributed over the cross section mn
and which represent the action of the right portion of the
beam on its left portion must then be such as to balance the
bending moment M and the shearing force 7.

If a distributed load rather than a number of concentrated
forces acts on a beam, the same reasoning can be used as in
the previous case. Take, as an example, the uniformly loaded
beam shown in Fig. 574. Denoting the load per unit length
by ¢, the reactions in this case are
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To investigate stresses distributed over a cross section mn we
again consider the equilibrium of the left portion of the beam,
Fig. 576. The external forces

R x m R, acting on this portion of the
T T TIIII « beam are the reaction R, and
K the load uniformly distrib-
@ uted along the length x. This
m
T latter load haS, of course, a
R . A resultant equal to gx. The
@ algebraical sum of all forces
Fic. 7. to the left of the cross section

mn is thus R, — ¢gx. The
algebraic sum of the moments of all forces to the left of the
cross section mn with respect to the centroid of this cross sec-
tion is obtained by subtracting the moment of the resultant
of the distributed load from the moment R,x of the reaction.
The moment of the distributed load is evidently equal to
__E
gx X 2
Thus we obtain for the algebraic sum of the moments the
expression
Rux =
All the forces acting on the left portion of the beam can now
be replaced by one force acting in the plane of the cross section
mn and equal to

V= Rl—qx—q(é—x) ()
together with a couple equal to
2

M=Rx-ZL =Ly @

The expressions (¢) and (d) represent, respectively, the shear-

ing force and the bending moment at the cross section mn.
In the above examples the equilibrium of the left portion

of the beam has been discussed. If, instead of the left portion,
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the right be considered, the algebraic sum of the forces to the
right of a cross section and the algebraic sum of the moments
of those forces have the same magnitudes 7 and M as have
already been found but are of opposite sense. This follows
from the fact that the loads acting on a beam together with
the reactions R; and R, represent a system of forces in equi-
librium; and the moment of all these forces with respect to
any point in their plane, as well as their algebraic sum, must
be equal to zero. Hence the moment of the forces acting on
the left portion of the beam with respect to the centroid of a
cross section 7z must be equal and opposite to the moment
with respect to the same point of the forces acting on the right
portion of the beam. Also the algebraic sum of forces acting
on the left portion of the beam must be equal and opposite
to the algebraic sum of forces acting on the right portion.

In the following discussion the bending moment and the
shearing force at a cross section mn are taken as positive if in
considering the left portion of a beam the directions obtained
are such as shown in Fig. §7¢. To visualize this rule of sign
for bending moments, let us isolate an element of the beam by
two adjacent cross sections mn and mni, Fig. §8. If the

m m, m m,
SRR EDN
; )
CEDRRE(EDE
> SN T B J
_ n ”, n ",
+) )
\_—/
@ ®
Fie. 38.

bending moments in these cross sections are positive the
forces to the left of the cross section mn give a moment in the
clockwise direction and the forces to the right of the cross
section m,7; a moment in the counter-clockwise direction as
shown in Fig. 584. It is thus seen that the directions of the
moments are such that a bending is produced which is convex
downwards. If the bending moments in the cross sections
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mn and mn, are negative, a bending convex upwards is
produced as shown in Fig. §84. Thus in portions of a beam
where the bending moment is positive, the deflection curve is
convex downwards, while in portions where bending moment
is negative the deflection curve is
?,,, m, - ,,,‘ convex upwards.
‘ 7 I B The rule of signs for shearing
Y forces is visualized in Fig. 59.

n 1 ln y 21. Relation Between Bend-
) ) ing Moment and Shearing Force.
@ ® —Let us consider an element of a

beam cutout by two adjacent cross

sections mn and m,n, which are a

distance dx apart, Fig. 60. Assuming that there is a positive

bending moment and a positive shearing force at the cross sec-
tion mn, the action of the left portion of the beam on the element
is represented by the force 7" and the couple M as indicated
in Fig. 60oa. In the same manner, assuming that at section

¢
-

Fie. s59.

— mipdidgm -
{ } {
QMCvl‘dz- v)mm( fu(v = gz~ wdamd/v}
) [ 3
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Fic. 6o.

min, the bending moment and the shearing force are positive,
the action of the right portion of the beam on the element is
represented by the couple and the force shown. If no forces
act on the beam between cross sections m» and m,n,, Fig. 60a,
the shearing forces at these two cross sections are equal.?

! The weight of the element of the beam is neglected in this discussion.
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Regarding the bending moments, it can be seen from the equi-
librium of the element that they are not equal at two adjacent
cross sections and that the increase M in the bending moment
equals the moment of the couple represented by the two equal
and opposite forces 7 i.e.,

dM = Vdx
and
aM
T = (50)

Thus, on all portions of a beam between loads the shearing
force is the rate of change of the bending moment with
respect to x.

Let us now consider the case in which a distributed load
of intensity g acts between the cross sections mn and mn,
Fig. 606. Then the total load acting on the element is gdx.
If ¢ is considered positive when the load acts downward, it
may be concluded from the equilibrium of the element that
the shearing force at the cross section mn, is different from
that at m»n by an amount

dV = — qdx,
from which it follows that

arv
= ¢ (51)

Thus the rate of change of the shearing force is equal to the
intensity of the load with negative sign.

Taking the moment of all forces acting on the element
we obtain

dM=de—quXé§-

Neglecting the second term on the right side as a small
quantity of the second order, we again arrive at equation (50)
and conclude that the rate of change of the bending moment
is equal to the shearing force in the case of a distributed load
as well. :
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If a concentrated load P acts between the adjacent cross
sections mn and myn,, Fig. 6oc, there will be an abrupt change
in the magnitude of the shearing force. Let 7 denote the
shearing force at the cross section mn and 7, that at the cross
section m;7;. Then from the equilibrium of the element
mmmn, we find

y1=y—P.

Thus the magnitude of the shearing force changes by the
amount P as we pass the point of application of the load.
From equation (50) it can then be concluded that at the point
of application of a concentrated force there is an abrupt change
in the magnitude of the derivative dM/dx.

22. Bending Moment and Shearing Force Diagrams.—
It was shown in the preceding discussion that the stresses
acting on a cross section mn of a beam are such as to balance
the bending moment M and shearing force 7 at that cross
section. Thus the magnitudes of M and 7 at any cross
section entirely define the magnitudes of stresses acting on
that cross section. To simplify the investigation of stresses
in a beam it is advisable to use a graphical representation of
the variation of the bending moment and the shearing force
along the axis of the beam. In such a representation the
abscissas indicate the position of the cross section and the
ordinates, the values respectively of the bending moment and
shearing force which act at this cross section, positive values
being plotted above the horizontal axis and negative values
below. Such graphical representations are called bending
moment and shearing force diagrams, respectively.

Let us consider, as an example, a simply supported beam
with a single concentrated load P, Fig. 61.2 The reactions
in this case are

R1=_ and R2=“—'

Taking a cross section m# to the left of P, it can be concluded

2 For simplicity the rollers under the movable supports will usually
be omitted in subsequent figures.
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that at such a cross section

= PTé and M= -P/—b x. ()

The shearing force and the bending moment have the same
sense as those in Figures 584 and 594 and are therefore posi-
tive. It is seen that the shearing force remains constant
along the portion of the beam to the left of the load and that
the bending moment varies directly as x. For x = o the
moment is zero and for ¥ = a4, i.e., at the cross section where
the load is applied, the moment is equal to Pab/l. The corre-
sponding portions of the shearing force and bending moment
diagrams are shown in Fig. 614 and 61c, respectively, by the

P
R a b R,
m X
e ”
L * .
g c (@)
P%{ +)
¢ b
S
P,
+) d?
4 4
©
Fic. 61.

straight lines @c and aic;.  For a cross section to the right of

the load we obtain

V=£—b—P=—&Z and =£éx—P(x—a), (%)
/ / /

x always being the distance from the left end of the beam.

The shearing force for this portion of the beam remains
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constant and negative. In Fig. 614 this force is represented
by the line ¢’4 parallel to the x axis. The bending moment is
a linear function of x which for ¥ = 4 is equal to Pab// and
for x = /is equal to zero. It is always positive and its varia-
tion along the right portion of the beam is represented by the
straight line ¢14:. The broken lines acc’s and a@.c:4, in Figs.
615 and 61c represent respectively the shearing force and
bending moment diagrams for the whole length of the beam.
At the load P there is an abrupt change in the magnitude of
the shearing force from the positive value P2// to the negative
value — Pa/l and a sharp change in the slope of the bending
moment diagram.

In deriving expressions () for the shearing force and
bending moment, we considered the left portion of the beam,
a portion which is acted upon by the two forces R, and P.
It would have been simpler in this case to consider the right
portion of the beam where only the reaction Pa// acts. Fol-
lowing this procedure and using the rule of signs indicated in
Figures 38 and 59, we obtain

V=—7 and M=1¥(/—x). (¢)
Expressions (4) previously obtained can also be brought to
this simpler form if we observe that a =/ — 4.

It is interesting to note that the shearing force diagram
consists of two rectangles the areas of which are equal.
Taking into consideration the opposite signs of these areas we
conclude that the total area of the shearing force diagram is
zero. This result is not accidental. By integrating equation

(50), we have
B B
f M = f Vi, %)
A A

where the limits 4 and B indicate that the integration is
taken over the entire length of the beam from the end A to
the end B. The right side of equation (4) then represents the
total area of the shearing force diagram. The left side of
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the same equation, after integration, gives the difference
Mg — M, of the bending moments at the ends B and A.
In the case of a simply supported beam the moments at the
ends vanish; hence the total area of the shearing force diagram
vanishes. '

If several loads act on a beam, Fig. 62, the beam 1s divided
into several portions and expressions for » and M must be

a, 29
R, 2 R,
) ,31 :

g

¢

[

Q.@,,

£

Ra-Plrq) N
|
@)
Fic. 62.

&

established for each portion. Measuring x from the left end
of the beam and taking ¥ < 4, we obtain for the first portion
of the beam

V =R, and M = Rx. (e)
For the second portion of the beam, i.e., for a; < x < as,
we obtain

V=R —P and M = Rix — Piyx — a1). ()

For the third portion of the beam, i.e., for a; < x < a3, it is
advantageous to consider the right portion of the beam rather
than the left. In this way we obtain

V== (R, — Py)
+ and M= R(! — x) — Ps(/ — x — b3). (g)
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Finally for the last portion of the beam we obtain
V= — Rg, M = Rg(l - x). (/1)

From expressions (¢) - -+ (4) we see that in each portion of the
beam the shearing force remains constant; hence the shearing
force diagram is as shown in Fig. 626 The bending moment
in each portion of the beam is a linear function of x; hence in
the corresponding diagram it is represented by an inclined
straight line. To draw these lines we note from expressions
(e) and (%) that at the ends ¥ = o0 and ¥ = / the moments are
zero. The moments under the loads are obtained by sub-
stituting in expressions {(¢), (f), and () ¥ = a;, x = a,, and
% = ag, respectively. In this manner we obtain for the above
mentioned moments the values

M= Ra, M= Rua,— Pi(az —a), and M = R,

By using these values the bending moment diagram, shown in
Fig. 62¢, is readily constructed.

In practical applications it is of importance to find the
cross sections at which the bending moment has its maximum
or minimum values. In the case of concentrated loads just
considered, Fig. 62, the maximum bending moment octurs
under the load P,. This load corresponds in the bending
moment diagram to point &1, at which point the slope of the
diagram changes sign. Further, from equation (50), we know
that the slope of the bending moment diagram at any point
is equal to the shearing force. Hence the bending moment
has its maximum or minimum values at the cross sections in
which the shearing force changes its sign. If, as we proceed
along the x axis, the shearing force changes from a positive
to a negative value, as under the load P; in Fig. 62, the slope
in the bending moment diagram also changes from positive
to negative. Hence we have the maximum bending moment
at this cross section. A change in 7 from a negative to a
positive value indicates a minimum bending moment. In the
general case a shearing force diagram may intersect the hori-
zontal axis in several places. To each such intersection point
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there then corresponds a maximum or a minimum in the
bending moment diagram. The numerical values of all these
maxima and minima must be investigated to find the nu-
merically largest bending moment.

Let us next consider the case of a uniformly distributed
‘load, Fig. 63. From our previous discussion (p. 70), we have
for a cross section a distance x from the left support

V=q(—é-x) and M=Lu-»n. @

. We see that the shearing force diagram consists in this case
of an inclined straight line the ordinates of which for x = o
and x = / are equal to ¢//2 and — ¢//2 respectively, as shown
in Fig. 6356. As can be seen from expression (i) the bending

”
;{gﬂHIHILLU LTI T z
oy —n

® } %
< b
2
9%
g, 1 b,
@
Fic. 63.

moment in this case is a parabolic curve with its vertical axis
at the middle of the span of the beam, Fig. 63c. The moments
at the ends, i.e., for x = o and ¥ = /, vanish; and the max-
imum value of the moment occurs at the middle of the span
where the shearing force changes the sign. This maximum
is obtained by substituting ¥ = //2 in expression (), which
gives Mu.x = g/2/8.

If a uniform load covers only a part of the span, Fig. 64,
we must consider three portions of the beam of length 4, 4,
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and ¢. Beginning with the determination of the reactions R,
and R, we replace the uniformly distributed load by its re-
sultant ¢gb. From the equations of statics for the moments

Ry

R 1]

o x

——im
P IHI!LIIHJHIIH 8 x

Fie. 64.

with respect to B and A, we then obtain
R1=q75(c+é) and Rz=#(a+é)'

2 2

The shearing force and the bending moment for the left
unloaded portion of the beam (0 < x < 4) are

V = Rl and M = Rlx- (j)

For a cross section 7 taken in the loaded portion of the beam
the shearing force is obtained by subtracting the load ¢g(x — )
to the left of the cross section from the reaction R;. The
bending moment in the same cross section is obtained by
subtracting the moment of the load to the left of the cross

section from the moment of the reaction R;. In this manner
we find

V =R — qgx — a)
and M = Rix — glx —a) X ==+ (B)
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For the right unloaded portion of the beam, considering the
forces to the right of a cross section, we find

V=—R and M = R,(I — x). ()

By using expressions (j), (), and (/) the shearing force and
bending moment diagrams are readily constructed. The
shearing force diagram, Fig. 644, consists of the horizontal
portions a¢, and 414, corresponding to the unloaded portions
of the beam and the inclined line ¢id; corresponding to the
uniformly loaded portion. The bending moment diagram,
~ Fig. 64¢, consists of the two inclined lines asc; and 4.d,
corresponding to the unloaded portions and of the parabolic
curve cads with vertical axis corresponding to the loaded por-
tion of the beam. The maximum bending moment is at the
point ez, which corresponds to the point e; where the shearing
force changes sign. At points ¢, and 4, the parabola is
tangent to the inclined lines azc: and b, respectively. This
follows from the fact that at points ¢; and 4, of the shearing
force diagram there is no ab-
rupt change in the magnitude d ﬂ £,
of the shearing force; hence, by 4 ;%x
virtue of equation (50), there cd
cannot occur an abrupt change [
R

!
@

-}

in slope of the bending moment
diagram at the corresponding 4 o
points ¢z and da. {
In the case of a cantilever ®
beam, Fig. 65, the same method % i
as before is used to construct \‘H\
the shearing force and bending (; ~X
moment diagrams. Measuring
x from the left end of the

beam and considering the portion to the left of the load P,
(0 < ¥ < a), we obtain

V=—pP and M = — Px.

<

< b,

K

Fic. 63.

The minus sign in these expressions follows from the rule of
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signs indicated in Fig. 584 and Fig. 594. For the right portion
of the beam (¢ < ¥ < /) we obtain

=-P1—P2 and M=—P1x—P2(x—a).

The corresponding diagrams of shearing force and bending
moment are shown in Fig. 654 and 65¢. The total area of the
shearing force diagram does not vanish in this case and is
equal to — P/ — P.b, which is the bending moment M at
the end B of the beam. The bending moment diagram con-
sists of the two inclined lines @y, and ¢4, the slopes of which
are equal to the values of the shearing force at the correspond-
ing portions of the cantilever. The numerical maximum of
the bending moment is at the built-in end B of the beam.

If a cantilever carries a uniform load, Fig. 66, the shearing
force and bending moment at a distance x from the left end are

2

= — gx and M=-qu§=—q—;c—-

The shearing force is represented in the diagram by the in-
clined line 24 and the bending moment by the parabola 2,4,
which has a vertical axis and

{[III1 [”[7] T ETOTT is tangent to the horizontal
A dn g axis at @), where the shearing
7 2 ;
z force vanishes. The numeri-
) | @ ] . f b .
g PT: 3 cal maximum of the bending
© ¢¢ moment and shearing force
‘ (® s occurs at the end B of the
G 5 beam.
o If concentrated loads and
13 distributed loads act on the
&) g 2 . . .
beam simultaneously- it is
advantageous to draw the
J diagrams separately for each
Fro. 66 & kind of loading and obtain

the total values of 7 or M
at any cross section by summing up the corresponding or-
dinates of the two partial diagrams. If, for example, we



SHEARING FORCE AND BENDING MOMENT 83

have concentrated loads P, P; and P, Fig. 62, acting simul-
taneously with a uniform load, Fig. 63, the bending moment
at any cross section is obtained by summing up the corre-
sponding ordinates of the diagrams in Fig. 62¢ and Fig. 63c.

Problems

1. Draw approximately to scale the shearing force and bending
moment diagrams and label the values of the largest positive and
negative shearing forces and bending moments for the beams shown
in Fig. 67.

v 2000" , ,
1000 4 &
41 6[__-‘__ I [__
r_ t “ —_] 600% per ft.
& py B A @ ,
a’ 6’——" ’ ’ [
mog] [T 0
400% per f+. 400 °per f1. (4052 per £
@) - @) 77
1000
=~ D a’——-f-— 4'——1
> ;g%: @ 1000 "977
I—— 4’——]——— 5’—-?-_ 4 '-l
B 3] A
Fic. 67.

2. Draw approximately to scale the shearing force and bending
moment diagrams and label the values of the largest positive and

1000* A
% % 400% per #.
4——6' L———é’—vl— st Z 10* 1000*

(a) 1000 * ®
00 “ per #. 4007 per #.
' 6’——-1/000, L—— 5’-——’———-‘6':%
] @) oo
F1c. 68.

negative shearing forces and bending moments for the cantilever
beams shown in Fig. 68.
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3. A cantilever carrying a total load # which increases uni-

formly from zero at the left end as shown by the inclined line 4C,

Fig. 69a, is built in at the right end.

x m ¢ Draw the diagrams of shearing force and
bending moment.

8 Solution. The shearing force at a

"l m}:{,‘ P cross section mn at a distance x from the

! left end of the cantilever is numerically

@ equal to the shaded portion of the load.

Since the total load # is represented

by the triangle #CB the shaded portion

w is Wx*[l2. By using the rule of sign pre-

w

=)

@ viously adopted, Fig. 59, we obtain
s 2
a4 «) =—-W 2’
© W5 The shearing force diagram is thus rep-

resented in Fig. 694 by the parabola 4
which has a vertical axis at the point a.
5 The bending moment at the cross section
Fic. 69. mn is obtained by taking the moment
of the shaded portion of the load with

respect to the centroid of the cross section m#. Thus

% x
M=-Ww I3 X 5
This moment is represented by the curve 4,4, in Fig. 69c.
4. A beam of length / uniformly supported along its entire
length carries at the ends two equal loads P, Fig. 70. Draw the
shearing force and bending moment diagrams.

P P o 1000
4 r'— [
Pt et

Fic. 7o. Fie. 71,

5. A beam of length /, uniformly supported along its entire
length, carries at the center a concentrated load P = 1,000 lbs.,
Fig. 71. Find the numerical maximum of the bending moment.
Draw the shearing force and bending moment diagrams.

6. A simply supported beam of length / carries a total distributed
load # the intensity of which increases uniformly from zero at the
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left end, as shown in Fig. 724. Draw approximately to scale the
shearing force and bending moment diagrams if # = 12,000 lbs.
and / = 24 ft.

Solution. The reactions at the supports in this case are
R, = 3 = 4,000 lbs. and R; = 8,000 lbs. 'The shearing force at
a cross section m# is obtained by
subtracting the shaded portion 2 .

of the load from the reaction R;. xy
x2 1 x2 Wi n )
V=R1—W—l-2=W(——l—2)- IWF—/J—’%’

3
a
Theshearing force diagramisrep- @
resented by the parabolic curve %#

(+)

ach in Fig. 726. The bending <
moment at a cross section m» is L'_'_%@_"I “

2 oW
M=R1x—W£-Xf 5/

273

x? & b
= W« (I - ﬁ)

This moment is represented by

R:

the curve @ic14, in Fig. 72¢.  The g 5
maximum bending moment is at @)
cywhere the shearing force changes Fic. 72.

its sign and where x = //+3.
7. A simply supported beam 4B carries a distributed load the
intensity of which is represented by the line #CB, Fig. 73. Find

<
; /\ y
m
R Re
2}
A = (=
x —— — SR
! w
Fie. 73.

the expressions for the shearing force and the bending moment at
a cross section mn.
Solution. Assuming the total load /# to be applied at the cen-
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troid of the triangle 4CB, the reactions at the supports are

[+ a
3l

The total load is then divided into two parts, represented by the
triangles /CD and CBD, of the amount s/l and W5/l respectively.

x2

The shaded portion of the load is 7# ? X=5= w -f—l . For the shear-

ing force and the bending moment at m» we then obtain

R1=W"—_ and R2=W

2 2
V=R —-WS and M=Rx-W5xZ-
al al " 3
In a similar manner the shearing force and bending moment for a
cross section in the portion DB of the beam can be obtained.

8. Find M,.x in the previous problem if / = 12 ft., 4 = 3 ft.,
W = 12,000 lbs.

Answer.  Myex = 22,400 ft. lbs.

g. Draw approximately to scale the shearing force and bending
moment diagrams and label the values of the largest positive and
negative shearing forces and bending moments for the beams with
overhangs shown in Fig. 74.

= 400 1bs per 1t
4.UIHHIHIITHIUhmIzUJIUHI 7
7w p 4 P < % '/oao'
& L
1600" o’ j;l'_ s 'l 1000*
P o . «) @
o 3 r—4’ S s’ 4.
1230* 1 wge® 111111} e
A g-400pertt.
aﬁf\ . @
] F
@ le ¢ ﬁ—-—‘ d —ﬁ c-—lp
5 (@)
Fie. 74.

Solution. In the case shown in Fig. 744 the reactions are 670
lbs. and 3,330 lbs. The shearing force for the left portion of the
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beam is ¥ = 670 — g4o0x. It is represented in the figure by the
inclined line @4. The shearing force for the right portion of the
beam is found as for a cantilever beam and is shown by the inclined
line #c. The bending moment for the left portion of the beam is
M = 670x — g00x%[2. It isrepresented by the parabola 2,e14;. The
maximum of the moment at ¢; corresponds to the point e, at which
the shearing force changes its sign. The bending moment diagram
for the right portion is the same as for a cantilever and is repre-
sented by the parabola 4y, tangent at ¢;.

L T T T

d
1

Fic. 75.

10. A beam with two equal overhangs, Fig. 75, loaded by a
uniformly distributed load, has a length /. Find the distance 4
between the supports such that the bending moment at the middle
of the beam is numerically equal to the moments at the supports.
Draw the shearing force and bending moment diagrams for this case.

Answer. d = 0.586.



CHAPTER 1V

STRESSES IN TRANSVERSALLY LOADED BEAMS

23. Pure Bending.—It was mentioned in the previous
chapter that the magnitude of the stresses at a cross section
is defined by the magnitude of the shearing force and bending

moment at that cross section.

l._a_.lP ra_.l To calculate the stresses we
\m P | . . R

y -+~ s shall begin with the instance

P in fa) 2 Tep in which the shearing force

'1m vanishes and only the bending

i‘)”” moment acts. This case is

called pure bending. An ex-

Fic. 76. ample of such bending 1s

shown in Fig 76. Fromsym-
metry we can conclude that the reactions in this case are equal
to P. Considering the equilibrium of the portion of the beam
to the left of a cross section mn, it can be concluded that the
internal forces which are distributed over the cross section m#»
and which represent the action of the removed right portion
of the beam on the left portion must be statically equivalent
to a couple equal and opposite to the bending moment Pa.
To find the distribution of these internal forces over the cross
section, the deformation of the beam must be considered. For
the simple case of 2 beam having a longitudinal plane of sym-
metry with the external bending couples acting in this plane,
bending will take place in this same plane. If the beam is of
rectangular cross section and two adjacent vertical lines mm
and pp are drawn on its sides, direct experiment shows that
these lines remain straight during bending and rotate so as
to remain perpendicular to the longitudinal fibers of the beam
(Fig. 77). The following theory of bending is based on the
assumption that not only such lines as mm remain straight
but that the entire transverse section of the beam, originally

88
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plane, remains plane and normal to the longitudinal fibers of
the beam after bending. Experiment shows that the theory
based on this assumption gives very accurate results for the
deflection of beams and the strain of longitudinal fibers. From
the above assumption it follows that during bending the cross
sections mm and pp rotate with respect to each other about

Fie. 77.

axes perpendicular to the plane of bending, so that longitu-
dinal fibers on the convex side suffer extension and those on
the concave side compression. The line ##; is the trace of
the surface in which the fibers do not undergo strain during
bending. This surface is called the neutral surface and its
intersection with any cross section is called the neutral axis.
The elongation 5’5, of any fiber, at distance y from the neutral
surface, i1s obtained by drawing the line 7,5, parallel to mm
(Fig. 77, @). Denoting by r the radius of curvature of the
deflected axis?! of the beam and using the similarity of the
triangles #on: and s,7:5’, the unit elongation of the fiber ss’ is
14
= i = J . (59_)

nn,y r

€z

It can be seen that the strains of the longitudinal fibers are

proportional to the distance y from the neutral surface and

inversely proportional to the radius of curvature.
Experiments show that longitudinal extension in the fibers

1 The axis of the beam is the line through the centroids of its cross
sections. O denotes the center of curvature.
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on the convex side of the beamis accompanied by lateral contrac-
tion and longitudinal contraction on the concaveside, by lateral
expansion, as in the case of simple tension or compression
(see article 14). This changes the shape of all cross sec-
tions, the vertical sides of the rectangular section becoming
inclined to each other as in Fig. 77 (4). The unit strain in
the lateral direction is

€ = — Ue = — /.t%’ (53)

where u is Poisson’s ratio. Due to this distortion all straight
lines in the cross section, parallel to the z axis, curve so as
to remain normal to the sides of the section. Their radius
of curvature R will be larger than r in the same proportion
in which ¢, is numerically larger than e, (see eq. §3) and we
obtain
I

R=_r (54)
From the strains of the longitudinal fibers the corresponding
stresses follow from Hooke’s law (eq. 4, p. 4):

L
-2

(5%)

Oz

The distribution of these stresses is shown in Fig. 78. The
stress in any fiber is proportional to its distance from the
neutral axis nn. The position
of the neutral axis and the
A radius of curvature r, the two
x unknowns in eq. (§5), can now
Nt be determined from the condi-
X tion that the forces distributed
over any cross section of the
beam must give rise to a resist-
ing couple which balances the

4

Y
Fic. 78.

external couple M (Fig. 76).

Let 44 denote an elemental area of a cross section
distant y from the neutral axis (Fig. 78). The force acting
on this elemental area is the product of the stress (eq. §5)
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and its area dA, i.e., (Ey/r)dA4. Due to the fact that all such
forces distributed over the cross section represent a system
equivalent to a couple, the resultant of these forces must be
equal to zero and we obtain

f@—dd=§fyd4=o,
r r

i.e., the moment of the area of the cross section with respect
to the neutral axis is equal to zero; hence the neutral axis
passes through the centroid of the section.
_ The moment of the force on the above element with
respect to the neutral axisis (Ey/r)-dA-y. Summarizing such
moments over the cross section and putting the resultant
equal to the moment M of the external forces, the following
equation for determining the radius of curvature r is obtained:

E El, 1M
7y2dd == M or > = EL.’ (56)
in which
I, = fy%’d

is the moment of inertia of the cross section with respect to
the neutral axis z (see appendix, p. 343). From eq. (56) it
is seen that the curvature varies directly as the bending
moment and inversely as the quantity EI7,, which is called
the flexural rigidity of the beam. Elimination of » from egs.
(55) and (56) gives the following equation for the stresses:

=2 (57

The preceding discussion was for the case of a rectangular
cross section. It will hold also for a bar of any type of cross
section which has a longitudinal plane of symmetry and is
bent by end couples acting in this plane, since for such cases
also bending takes place in the plane of the couples and cross-
sectional planes remain plane and normal to the longitudinal
fibers after bending.

In eq. (§7) M is positive when it produces a deflection
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of the bar convex down, as in Fig. 77; y is positive downwards.
A negative sign for ¢, indicates compressive stress.

The maximum tensile and compressive stresses occur in
the outermost fibers, and for the rectangular cross section or
any other type which has its centroid at the middle of the
depth 4 they occur for y = = 4/2 and are

Mr M#
(G'I)max = 2_[—; and (a'z)min= —_ —2—[:. (58)

For simplification we will use the following notation:

21,

Z= 7 (59)

Then

M
(a'z)max = —Z_; (a'z)min = -

N}g

(60)

The quantity Z is called the section modulus. In the case of
a rectangular cross section (Fig. 77, 4) we have
3 2
P '3
12 6

For a circular cross section of diameter 4

rd? 7 Zri;f

L=% 7%

For the various profile sections, e.g., for I beams, channels
and so on, the magnitudes of 7, and Z for the sizes manu-
factured are tabulated in handbooks.

When the centroid of the cross section is not at the mid-
dle of the depth, as, for instance, in the case of a T beam,
let %; and %, denote the distances from the neutral axis to the
outermost fibers in the downward and upward directions re-
spectively. Then for a positive bending moment we obtain

Mk Mh
(a':c)max = _I:E; (a'z)min = - .[32 * (61)
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For a negative bending moment we obtain

MP Mh
(a'z)max = - Iz2 5 (a'z)min = 121 : (62)

The preceding derivations were made on the assumption
that the beam has a longitudinal plane of symmetry in which
the bending couples act. However they can also be used
when no such plane of symmetry exists, provided the bending
couples act in an axial plane which contains one of the two
principal axes of the cross section (see appendix, p. 351).
These planes are called the principal planes of bending.

When there is a plane of symmetry and the bending
couples act in this plane, deflection occurs also in this plane.
The moments of the internal forces such as shown in Fig. 78
about the horizontal axis are balanced by the external couple.
The moments of these forces about the vertical axis cancel
each other, because the moments of the forces on one side of
this axis are just balanced by the moments of the correspond-
ing forces on the other side.

When there is no plane of symmetry, but the bending
couples act in an axial plane through one principal axis of
the cross section, xy in Fig. 79, a distribution of the stresses

SV
) N {

y ) @ P
y

T

Fic. 79.

following eq. (56) will still satisfy all the conditions of equi-
librium. This distribution gives a couple about the horizon-
tal axis which balances the external couple. About the ver-
tical axis y, it gives a resultant moment:

My=fz?dd=-§fyzd4.

The integral on the right side is the product of inertia of the
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cross section (see appendix, p. 348) and it is zero if the y and z
axesare the principal axes of thesection. Therefore this couple
is zero and, since the component about the y axis of the applied
couple is zero, the conditions of equilibrium are satisfied.

Problems

1. Determine the maximum stress in a locomotive axle (Fig. 80)
if ¢ = 13.5 in., diameter 4 of the axle

U oa oo % ____s [P is 10in. and the spring-borne load P
‘cf,T ov o> per journal is 26,000 lbs.

10 Solution. The bending moment

Fic. 8o. acting in the middle portion of the

axle is M = P X ¢ = 26,000 X 13.5
Ibs. in. The maximum stress, from eq. (60), is
M 32-M 32 X 26,000 X 13.§

Tmax = 7 == = X 15 = 3,580 lbs. per sq. in.

2. Determine the radius of curvature » and the deflection of the
axle of the previous problem, if the material is steel and the distance
between the centers of the journals is g9 in.

Solution. The radius of curvature 7 is determined from eq. (55)
by substituting y = d/2 = § in., (6z)max = 3,580 lbs. per sq. in.
Then

For calculating & (Fig. 80), the deflection curve is an arc of a circle of

radius r and DB is one leg of the right triangle DOB, where O is the
center of curvature. Therefore

DB =22 — (r — 8)2 = 276 — &

4 is very small in comparison with the radius » and the quantity 2
can be neglected in the above equation; then
DB’ 59°

& = o 3 X 41,900 = 0.0104 1n.

3. A wooden beam of square cross section 10 X 10 inches is
supported at A4 and B, Fig. 80, and the loads P are applied at the
ends. Determine the magnitude of P and the deflection & at the
middle if ZB = 6’; ¢ = 1’} (02)max = 1,000 lbs. per sq. in. and
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E = 1.5 X 10° lbs. per sq. in. The weight of the beam is to be
neglected.

Answer. P = 13,900 Ibs.; § = 0.0864 in.

4. A standard 30" girder beam is supported as shown in Fig. 81
and loaded on the overhangs

by a uniformly distributed load ] l [T1]
" I5i z
15

of 10,000 lbs. per foot. Deter-
mine the maximum stress in the

middle portion of the beam and 70 20—t
the deflection at the middle of Fic. 81.

the beam if 7. = 9,150 in.4

Solution. The bending moment for the middle portion of the
beam is M = 10,000 X 10 X 60 = 6 X 10° Ibs. in.

5. Determine the maximum stress produced in a steel wire of
diameter d = 1/32 in. when coiled round a pulley of diameter
D = 20in.

Solution. The maximum elongation due to bending, from eq.
(52), 1s

I
32 X 20

_4_
€=7 =

and the corresponding tensile stress is

30 X 10f

(o'a:)max = £ = 32 X 20

= 46,900 lbs. per sq. in.

6. A steel rule having a cross section 1/32 X 1 in. and a length
/ = 10 1n. is bent by couples at the ends into a circular arc of 60°.
Determine the maximum stress and deflection.

Solution. The radius of curvature r is determined from the
equation / = %277, from which r = 9.¢5 in., and the maximum
stress will be given by eq. (55),

E X 1/64 30 X 10°
r 64 X 9.55

The deflection, calculated as for a circular arc, will become

(02)mex = = 49,100 lbs. per sq. in.

6= r(1 — cos 30°) = 1.28 in.
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7. Determine the maximum stress and the magnitude of the
couples applied at the ends of the rule in the previous problem if
maximum deflection at the middle is 1 in.

Answer.

(02)max = 38,300 lbs. per sq. in., M = 6.23 lbs. ins.

8. Determine the curvature produced in a freely supported
steel beam of rectangular cross section by non-uniform heating over
the depth % of the cross section. The temperature at any point at
distance y from the middle plane xz of the beam (Fig.77) is given by
the equation: _
i+t (1 — )y

2 T

=

where #, is the temperature at the bottom of the beam, s tempera-
ture at the top, & — fo = 123 degrees Fahrenheit, and the coeffi-
cient of expansion o, = 70 X 1077, What stresses will be pro-
duced if the ends of the beam are clamped?

Solution. The temperature of the middle plane xz is the
constant (# + #)/2, and the change in temperature of other fibers is
proportional to y. The corresponding unit thermal expansions are
also proportional to y, i.e., they will follow the same law as the unit
elongations given by eq. (52). As a result of this non-uniform
expansion of the fibers bending of the beam will occur and the
radius r of curvature is found from eq. (§2) with a,(t; — £)/2 for
e; and 4/2 for y. Then

I

r= m = 1,160A.

If the ends of the beam are clamped, reactive couples at the
ends will be produced of magnitude such as to remove the curvaturc
due to non-uniform heating. Hence

and the maximum stress is

E

;—X_I,—I_é(—)— = 12,900 1bs. per sq. 1n.

(U.r)max =
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9. Solve problems 6 and 7 if the arc is of 10° and material is
copper.

10. Solve problem 4, assuming that the beam is of wood, has a
square cross section 12” X 12” and the intensity of distributed
load is 1,000 lbs. per foot.

24. Various Shapes of Cross Sections of Beams.>—From
the discussion in the previous article it follows that the
maximum tensile and compressive stresses in a beam in pure
bending are proportional to the distances of the most remote
fibers from the neutral axis of the cross section. Hence if
the material has the same strength in tension and compression,
it will be logical to choose those shapes of cross section in
which the centroid is at the middle of the depth of the beam.
In this manner the same factor of safety for fibers in tension
and fibers in compression will be obtained. This is the under-
lying idea in the choice of sections symmetrical with respect
to the neutral axis for materials such as structural steel,
which have the same yield point in tension and compression.
If the section is not symmetrical with respect to the above
axis, e.g., a rail section, the material is so distributed between
the head and the base as to have the centroid at the middle
of its height.

For a material of small strength in tension and high
strength in compression, e.g., cast iron or concrete, the ad-
visable cross section for a beam is not symmetrical with
respect to the neutral axis but such that the distances 4; and
ks from the neutral axis to the most remote fibers in tension
and compression are in the same proportion as the strengths
of the material in tension and in compression. In this manner
equal strength in tension and compression is obtained. For
example, with a T section, the centroid of the section may be
put in any prescribed position along the height of the section
by properly proportioning its flange and web.

For a given bending moment the maximum stress depends
upon the section modulus and it is interesting to note that

2 A very complete discussion of various shapes of cross sections of
beams is given by Barré de Saint Venant in his notes to the book by
Navier, Resistance des Corps Solides, 3d ed., 1864. See pp. 128-162.
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there are cases in which increase in area does not give a
decrease in this stress. As an example, a bar of square cross
section bent by couples acting in the vertical plane through
a diagonal of the cross section (Fig. 82) will have a lower
maximum stress if the corners shown shaded on the figure
are cut off. Letting 2 denote the
length of the side of the square
cross section, the moment of in-
ertia with respect to the 2 axis is
(see appendix) I, = a*/12 and the
corresponding section modulus is
I.\2 2

Z=""22
a 12

Fic. 82.

Let us now cut off the corners so
that mp = aa, where « is a fraction to be determined later.
The new cross section consists of a square mmmm, with the
sides (I — a) and of two parallelograms munn;m;. The mo-
ment of inertia of such a cross section with respect to the z
axis is

, a1 — a)t aa\2[a(t — a) 44(1 - a)3
]z——T+2' 3 [ V2 ] (1 + 3a)
and the corresponding section modulus is

z' = ;(Ir:z‘og =~-a3(1 — a)? (1 + 3a).

Now if we determine the value of a to make this section
modulus a maximum, we find @« = 1/9. With this value of
a in Z' it is found that cutting off the corners decreases the
maximum bending stress by about 5 per cent. This result is
easily understood once we consider that the section modulus
is the quotient of the moment of inertia and half the depth
of the cross section. By cutting off the corners the moment
of inertia of the cross section is diminished in a smaller pro-
portion than the depth; hence the section modulus increases
and (o) max decreases. A similar effect may be obtained in
other cases. For a rectangle with narrow outstanding por-



STRESSES IN LOADED BEAMS 99

‘tions (Fig. 83, @) the section modulus is increased, under
certain conditions, by cutting off these portions. For a
circular cross section (Fig. 83, &) the section modulus is
increased by 0.7 per cent by cut-
ting off the two shaded segments
which have a depth & = o.o114d.
In the case of a triangular section
(Fig. 83, ¢) the section modulus
can be increased by cutting off the
shaded corner.

In designing a beam to undergo pure bending, not only the
conditions of strength should be satisfied but also the condition
of economy in the beam’s own weight. Of two cross sections
having the same section modulus, i.e., satisfying the condition
of strength with the same factor of safety, that with the smaller
area is more economical. In comparing various shapes of
cross sections, we consider first the rectangle of depth % and
width . The section modulus is

oh* 1

Z =% = ¢ dh, (a)

where A4 denotes the cross-sectional area.

It is seen that the rectangular cross section becomes more
and more economical with increase in its depth 2. However,
there is a certain limit to this increase, and the question of
the stability of the beam arises as the section becomes nar-
rower. The collapse of a beam of very narrow rectangular
section may be due not to overcoming the strength of the
material but to sidewise buckling (see part II).

In the case of a circular cross section we have

z2="_1 4 )
32 3
Comparing circular and square cross sections of the same
area, we find that the side % of the square will be 2 = d+x/2,
for which eq. (a) gives

Z = o0.1474-d.
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Comparison of this with () shows a square cross section to
be more economical than a circular one.

Consideration of the stress distribution along the depth
of the cross section (Fig. 78) leads to the conclusion that
for economical design most of the material of the beam
should be put as far as possible from the neutral axis. The
most favorable case for a given cross-sectional area 4 and
depth %2 would be to distribute each half of the area at a
distance 4/2 from the neutral axis. Then

A A\ AR?
Iz=2X;X(E>=——4—; Z =

(ST

Ah. (¢)

This is a limit which may be approached in practice by use
of an I section with most of the material in the flanges. Due
to the necessity of putting part of the material in the web
of the beam, the limiting condition (¢) can never be realized,
and for standard I profiles we have approximately

Z =~ o0.304h. (d)

Comparison of (d) with (2) shows that an I section is more
economical than a rectangular section of the same depth. At
the same time, due to its wide flanges, an I beam will always
be more stable with respect to sidewise buckling than a beam
of rectangular section of the same depth and section modulus.

Problems

1. Determine the width x of the flange of a cast iron beam
having the section shown in Fig. 84, such that the maximum

C N, A, T
c— —H
X

Fic. 84.

tensile stress is one third of the maximum compressive stress.
The depth of the beam 4 = 4 in., the thickness of the web and of the
flange ¢ = 1 in.

Solution. In order to satisfy the conditions, it is necessary for
the beam to have dimensions such that the distance of the centroid
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from the extreme bottom edge will satisfy the equation ¢ = 14.
Now, referring to Fig. 84, the position of the centroid is calculated
from the equation:

h 1
ht-2+ (x—t);

A
TRy w—nt g
from which
iy R 6 .
x =14+ 21,--1-4-4 ;= 9in
ya m
( — )" et
f— b =l *
Fic. 83.

2. Determine the ratio (0;)mex ¢ (6;)min for a channel, bent as
shown in Fig. 85,if f = 2in,, 4 = 101in.,4 = 24 in.

Answer. | |_—_g

(a'x)max : (G'x)min =3:—=7.

3. Determine the condition at which the di-
minishing of the depth 2%; of the section shown in
Fig. 86 is accompanied by an increase in section i
modulus. Y

Solution. Fic. 86, -
bh® ah?
—

B dhy
~ G + T .
The condition for increase in Z with decrease of 4; is

W dh b e
6h12>3 or 2d>h3‘

|
e

N N

¥

4. Determine what amount should be cut from an equilat-
eral triangular cross section (Fig. 83, ¢) in order to obtain the maxi-
mum Z.

5. Determine the ratio of the weights of three beams of the
same length under the same M and (0:)mex and having as cross
sections respectively a circle, a square and a rectangle with pro-
portions 4 = 2.

Solution,

I.I2 :1:0.93.
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25. General Case of Transversally Loaded Beams.—In
the general case of transversally loaded beams, the stresses
distributed over a cross section of a beam must balance the
shearing force and the bending moment at that cross section.
The calculation of the stresses is usually made in two steps by
determining first the stresses produced by the bending mo-
ment, the so-called bending stresses, and afterwards the shear-
ing stresses produced by the shearing force. In this article we
shall limit ourself to the calculation of the bending stresses;
the discussion of shearing stresses will be given in the next
article. In calculating bending stresses we assume that these
stresses are distributed in the same manner as in the case of
pure bending and will use the formulas derived for the stresses
in article 23. Experiments show that such a procedure gives
satisfactory results if we are dealing with sections which are
not very close to the point of application of a concentrated
force. In the vicinity of the application of a concentrated load
the stress distribution is more complicated. This problem
will be discussed in Part I1.

The calculation of bending stresses is usually made for
the cross sections at which the bending moment has the
largest positive or negative value. Having the numerical
maximum of the bending moment and the magnitude of the
allowable stress o, in bending, the required cross-sectional
dimensions of a beam can be obtained from the equation

ow = (63)

The application of this equation will now be shown by a
number of examples.

Problems

1. Determine the necessary dimensions of a standard I beam to
support a distributed load of 400 lbs. per foot, as shown in Fig. 87,
when the working stress g, = 16,000 lbs. per sq. in. Only the
normal stresses g are to be taken into consideration and the weight
of the beam is neglected.
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Solution. 'To obtain the dangerous section the shearing force
diagram should be constructed (Fig. 87, ). The reaction at the

]
/‘?17— /2'————1—3'*:‘—6'—— 7,
|
1
1
!
]

left support is

12 X 400 X 15 + 6 X 400 X 3
21

R, = = 3,770 lbs.
The shearing force for any cross section of the portion 4C of the
beam is

V =Ry — gx = 3,770 — 400 X x.

This force is zero for x = 3,770/400 = 9.43 feet. For this section
the bending moment is a maximum,
R A
Muax = 3,770 X 9.43 — 400 X § X 9-43* K== :
= 17,800 X 12 lbs. in. | }|[TRCT Y .

The necessary section modulus

_ 17,800 X 12 -
Z = oo T 13.4 in. 7

This condition is satisfied by a standard b
I beam of depth 8 in., cross-sectional area
§.33 sq. in., and Z = 14.2 in.? s

2. A wooden dam (Fig. 88) consists of Fic. 88.
vertical bars such as 4B of rectangular
cross section and dimension 2 = 1 foot supported at the ends. De-
termine (o) max if the length of the bars / = 18 feet and the weight
of the bar is neglected.

Solution. 1f b is the width of one bar, the complete hydrostatic
pressure on the bar, represented by the triangular prism A4BC, is
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= b2 X 62.41bs. Thereactionat £is Ry = " = }4/* X 62.4
Ibs. and the shearing force at any cross section m# is equal to the
reaction R, minus the weight of the prism Amn of water, i.e.,

x2 1 x?
V=R1—Wz—2=W(§—l7)-

The position of the cross section corresponding to Mpax is found
from the condition ¥ = o or

X
_17= o,

Lo

from which

/
X === T0.4 feet.
V3

The bending moment at any cross section m# is equal to the moment
of the reaction R; minus the moment of the distributed load repre-
sented by the triangular prism 4m»n. Then
Wsr x _Wx X2
)

Substituting, from the above, ¥2/2 = 1 and x = 10.4 feet, we obtain
g 4

Mupox = %bﬁ X 62.4 X 10.4 1bs. feet,

Mmax 6Mmax / \262. 4 X 10.4
= =03 ) 71z =9731bs. persq.in.

2 3. Determine the magnitude
| of Mumax in a beam loaded by a
! triangular load 4DB equal to #”
! = 12,000 lbs. if /= 12 feet and

'C
i
i d = 3 feet (Fig. 89).
I 4@’
—

Solution. The distance ¢ to
the vertical through the center of
gravity C from the support B is, in
Fic. 8. the case of a triangle,

c=%0+4d) =

The reaction at the support A is then

- W-c 12,000 X5
R, = = " = 5,000 lbs.
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The shearing force at any cross section m# is equal to the reaction R,
minus the weight of the load represented by area #/mn. Since the
load represented by the area

ADE = ﬂ:_@ =3 w,
/ 4
we obtain
3y *
V =
R, W(/ —
The position of the section with M.y is found from the condition
3y *
Ry W(l — A= ©°
or
¥ 4R
(=dp 3 o
from which

x = 671 feet.

The bending moment at any cross section m# is equal to the moment
of the reaction Ry minus the moment of the load #mn. Then

2
M= Re = WG gm g
Substituting for the above value x,
Mopax = 22,400 lbs, ft. Z
4. Construct the bending I g ‘Wmmml}"
moment and shearing force dia-  |~a b -

grams for the case in Fig. go (a)

<
c

and determine the necessary RIS
standard I beam if 2 = ¢ = //4 "f
= 6feet, P = 2,000 lbs.,g = 400 4 3] 7
Ibs. per foot, o, = 15,000 Ibs. per } T
sq. in. The weight of the beam % .
can be neglected. S

Solution. 1In Fig. 9o (4) and ! e) AN\ - I
(¢) the bending moment and _I_
shearing force diagrams pro- q
duced by the distributed loads Fic. go. '

are shown. To this the moment
and the shearing force produced by P should be added. The
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maximum bending moment will be at the middle of the span,

M pex = 19,200 lbs. ft.
The necessary
19,200 X 12

15,000

Z = = 15.4 in?
The standard I beam of depth 8 in. and cross-sectional area 6.71
sq. in., Z = 16.1 in3, is the nearest cross section satisfying the
strength conditions. '

5. Determine the most unfavorable position of the hoisting
carriage of a crane which rides on a beam as in Fig. 91.  Find Mpax
if the load per wheel is 2 = 10,000 Ibs.,

== /=24 feet, d =6 feet. The weight
L7 e of the beam is neglected.
r 7 Solution. 1If x is the distance of the
Fic. or. left wheel from the left support of the
beam, the bending moment under this
wheel is
2Pl — x — Yd)x
/
This moment becomes a maximum when
! 4
x==——;
2 4

hence in order to obtain the maximum bending moment under the
left wheel the carriage must be displaced from the middle position
by a distance d/4 towards the right support. The same magnitude
of bending moment can be obtained also under the right wheel by
displacing the carriage by d/4 from the middle position towards the
left support.

f
N

14
! & il
b RYERZ i
@
w 4
Fic. 92.

6. The rails of a crane (Fig. 92) are supported by two standard I
beams. Determine the most unfavorable position of the crane, the
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corresponding M,.x and the dimensions of the I beams if o, = 15,000
Ibs. per sq. in.,/ = 30 feet, 4 = 12 feet,d = 6 feet, the weight of the
crane /¥ = 10,000 lbs., the load lifted by the crane P = 2,000 lbs.
The loads are acting in the middle plane between the two I beams
and are equally distributed between them.

Solution. The maximum bending moment will be under the
right wheel when the distance of this wheel from the right support is
equal to /y = 3(/ — §d); Mmwx = 1,009,000 lbs. in. Dividing the
moment equally between the two beams, we find the necessary

Minax

20w

Z = = 33.6 in.?
The necessary I beam has a depth 12 in., cross-sectional area g.26 sq.
in.; Z = 36.0 in? The weight of the beam is neglected.

7. A circular wooden beam supported at C and attached to the
foundation at 4 (Fig. 93) carries a load ¢ = 300 lbs. per foot uni-

) IIIHHHWHIWHHIHII )
g - N
zbz %) o

formly distributed along the portion BC. Construct the bending
moment diagram and determine the necessary diameter 4 if ou
= 1,200 lbs. per sq. in., 2 = 3 feet, b = 6 feet.

Solution. The bending moment diagram is shown in Fig. 93
(4). Numerically the largest moment will be at C and is equal
to 64,800 lbs. in.:

3fa M .
d = ‘3—-—=8.2m.
™ O



108 STRENGTH OF MATERIALS

8. The wooden dam backed by vertical pillars built in at the
lower ends (Fig. g4) consists of horizontal boards. Determine the
dimension of the square cross section of the pillars if / = 6 feet,
d = 3 feet and g, = 500 lbs. per sq. in. Construct the bending
moment and shearing force diagrams.

Solution. The total lateral load on one pillar is represented by
the weight # of the triangular prism 4BC of water. At any cross
section mmn, the shearing force and the bending moment are
W-x* Ws? «x

F M=— 3

In determining the signs of 7 and M it is assumed that Fig. g4 1s
rotated go° in the counter-clockwise direction so as to bring the
axes x and y into coincidence with those of Fig. §6. The necessary
dimension 4 is found from equation
5 Mmax 3 X 62X 624 X 12

= = 3

6 T 500

V= —

from which
b = g.goin.

The construction of diagrams is left to the reader.

g. Determine the necessary dimensions of a cantilever beam
of a standard I section which carries a uniform load ¢ = 200 lbs.
per foot and a concentrated load P = 500 lbs. at the end if the
length / = s feet and o, = 15,000 lbs. per sq. in.

Solution.

(500 X § 4 1,000 X 2.5)12
15,000

7 =

= 41in3

The necessary standard I beam is § in. deep and of 2.87 in.? cross-

sectional area.

— L]

j— h

= RS
A BT

— .

— A

= » s

Fre. 93.

10. Determine the bending stresses in a rivet by assuming that
the loads acting on the rivet are distributed as shown in Fig. gs.
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The diameter of the rivet 4 = 3/4 in., A = 1/4 in., &k = 3/8 in,,
P = 10,000 Ibs. per sq. in.

Solution. The bending moment at the cross section mn is
Pj2 X Af2. The bending moment at the middle cross section m 7,

1S
f(_’i é}).
ACH 4

This latter moment is the one to be taken into account in calculating
the stresses. Then
P(h @)-@_if_’_ﬂz-i-hx

(62)max = Y T - = 26,400 lbs. per sq. in.

2 4

11. Determine the necessary standard 1 beams for the cases in
Figures 674, 67d, and 685, assuming working stress of 16,000 lbs.
per sq. in.

12. Determine the necessary dimensions of a simply supported
beam of standard I-section such as to carry a uniform load of 400
Ibs. per ft. and a load of P = 4000 lbs. placed at the middle. The
length of the beam is 15 ft. and working stress g, = 16,000 lbs.
per sq. in.

13. A channel the cross section of which is shown in Fig. 85 is
simply supported at the ends and carries a concentrated load at the
middle. Calculate the maximum value of the load which the beam
will carry if the working stress is 1,000 lbs. per sq. in. for tension and
2,000 lbs. per sq. in. for compression.

26. Shearing Stresses in Bending.—In the preceding ar-
ticle it was shown that when a beam is bent by transverse
loads not only normal stresses
. o, but also shearing stresses 7 | m l .
are produced in any cross sec- 7~ L2
tion mn of the beam, Fig. 6. w
Considering the action on the u——_A'
right portion of the beam, Fig. q;

96, it can be concluded from Fic. o6.

the conditions of equilibrium

that the magnitude of these shearing stresses is such that their
summation is equal to the shearing force /. In investigating
the law of their distribution over the area of the cross section
we begin with the simple case of a rectangular cross section,
Fig. 97. Insuch a case it is natural to assume that the shear-
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ing stress at each point of the cross section is parallel to the
shearing force 7, i.e., parallel to the sides m#n of the cross
section. We denote the stress in such a case by 7,,. The
subscript y in 7., indicates that the shearing stress is parallel
to the y axis and the subscript x that the stress acts in a plane
perpendicular to the x axis. As a second assumption we take

v
n
<
2
Y P mom ¢
NNz — |~ — - ——&x | e
e N =
n ;\\d_rh 4&”'”}—.—_ :
r cd{ b AIQZ{_
Y "o \__T'{,x_,r
ez
(@) @

Fic. ¢7.

the distribution of the shearing stresses to be uniform across
the width of the beam c¢c;. These two assumptions will
enable us to determine completely the distribution of the
shearing stresses. A more elaborate investigation of the prob-
lem shows that the approximate solution thus obtained is
usually sufficiently accurate and that for a narrow rectangle
(% large in comparison with 4, Fig. 97) it practically coincides
with the exact solution.?

If an element be cut from the beam by adjacent cross
sections and by adjacent planes parallel to the neutral plane,

3The exact solution of this problem is due to de Saint Venant,
Journal de Math. (Liouville), 1856. An account of de Saint Venant’s
famous work is given in Todhunter and Pearson’s “ History of the Theory
of Elasticity.” The approximate solution given below is by Jouravski.
For the French translation of his work see Annales des Ponts et Chaussées,
1856. The exact theory shows that when the depth of the beam is small
in comparison with the width the discrepancy between the exact and the
approximate theories becomes considerable.
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as in Fig. 97 (4), in accordance with our assumption there
is a uniform distribution of the shearing stresses 7,, over
the vertical face accia:. These stresses have a moment
(1426dy)dx about the lower rear edge ee of the element which
must be balanced by the moment (7.,6dx)dy due to shearing
stresses distributed over the horizontal face of the element,
cddic;. Then

Tybdydx = 1.,0dxdy and Tyz = Ty,

i.e., the shearing stresses acting on the two perpendicular
faces of the element are equal. The same conclusion was
‘met before in simple tension (see p. 40) and also in tension
or compression in two perpendicular directions (see p. 4%).
The existence of these shearing stresses in the planes parallel
to the neutral plane can be demonstrated by simple experi-
ments. Take two equal rectangular bars put together on
simple supports as shown in Fig.
98 and bent by a concentrated
load P. If there is no friction be-
tween the bars, the bending of
each bar will be independent of
that of the other; each will have
compression of the upper and ten-
sion of the lower longitudinal fibers
and the condition will be that in-
dicated in Fig. 98 (4). The lower
" longitudinal fibers of the upper bar slide with respect to the
upper fibers of the lower bar. In a solid bar of depth 24
(Fig. 98, @) there will be shearing stresses along the neutral
plane nn of such magnitude as to prevent this sliding of the
upper portion of the bar with respect to the lower, shown in
Fig. 98 (4). Due to this prevention of sliding the single
bar of depth 2% is much stiffer and stronger than two bars
each of depth 4. In practice keys such as 4, 4, ¢, . . . are
sometimes used with built-up wooden beams in order to pre-
vent sliding (Fig. 99, 4). Observation of the clearances
around a key, Fig. 99 (4), enables us to determine the direc-
tion of sliding in the case of a built-up beam and therefore
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the direction of the shearing stresses over the neutral plane
in the case of a solid beam.

The above discussion shows that the shearing stress 7.
at any point of the vertical
cross section is vertical in
: direction and numerically
__é,_é__éﬂr@{_@.m%é.@.r equal to the horizontal
' * - shearing stress 7., in the

horizontal plane through

T @ :

b
ey thesame point. Thislatter
"}7%% stress can easily be calcu-
— ) lated from the condition of

equilibrium of the element
ppinn; cut out from the
beam by two adjacent cross sections m# and m#; and by the
horizontal plane pp1, Fig. 100 (2) and (4). The only forces on

P

Nl
N

—

P €

F1G. 99.

M MrdM

A S,
[ L LT
L A | g |

n y n y dA I__ T
@) © )

F16. 100.

this element in the direction of the x axis are the shearing
stresses 7., over the side pp; and the normal stress o, over the
sides p»# and pn,. If the bending moments at cross sections
mn and mn, are equal, i.e., in the case of pure bending, the
normal stresses ¢, over the sides #p and #,p, will be also
equal and will be in balance between themselves. Then the
shearing stress 7,, must be equal to zero.

Let us consider now the more general case of a varying
bending moment, denoting by M and M + dM the moments
in the cross sections m#n and min; respectively. Then the
normal force acting on an elemental area 44 of the side nppn
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will be (eq. 57)

0.dAd = Afy dA.
The sum of all these forces distributed over the side nppn of
the element will be
hi2 M
f 2 ad. (@)
n 2

In the same manner the sum of the normal forces acting on
the side n1pip17, is

"M+ dM)y

=

The force due to the shearing stresses 7., acting on the top

side pp: of the element 1s
szbdx. (C)

dA. )

The forces given in (a), (4) and (¢) must satisfy eq. ZX = o, hence

"2 "2
robdi = f (M—“LT‘%” dd — f %IZ:M,
7 z v z

from which

aM 1 "2
Tay = ";1;— m " yd/{,
or, by using eq. (50),
V hi2
Ty = Tys = FT ] ydA. (64)

The integral in this equation has a very simple meaning. It
represents the moment of the shaded portion of the cross
section, Fig. 100 (&), with respect to the neutral axis z. For
the rectangular section discussed

dd = bdy

and the integral becomes

hi2
bydy =

n

4y?

2

hi2 é }12
)

The same result can be obtained by multiplying the area
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b[(#/2) — y1] of the shaded portion by the distance 1[(4/2) + y.]
of its centroid from the neutral axis.

Substituting (d) in eq. (64), we obtain for the rectangular
section

V [k
Tey = Tyz = 27:(; —ylz)' (65)

It is seen that the shearing stresses 7,, are not uniformly
distributed from top to bottom of the beam. The maximum
value of r,, occurs for y, = o, Le., for points on the neutral
axis; and is, from equation (6%),
Vht
(Tyz) max = 8T,
or, since I, = bh3/12,

14
(Tya) max = ‘z W (66)

Thus the maximum shearing stress in the case of a rectangular
cross section is §o per cent greater than the average shearing
stress, obtained by dividing the shearing force by the area of
the cross section.

For the bottom and for the top of the cross section,
y1 = = £/2 and equation (65) gives 7,, = o. The graph of
equation (65) (Fig. 100, ¢) shows that the distribution of the
shearing stresses along the depth of the beam follows a para-
boliclaw. Theshadedareaboundedbythe
parabola multiplied with the width 4 of the
beam gives %(7y:) maxhb = ¥, as it should.

A natural consequence of these shear-
ing stresses 1is shearing strain, which
, causes cross sections, initially plane, to

become warped. This warping can be

easily demonstrated by bending with a
force on the end a rectangular piece of rubber (Fig. 101),
on whose sides vertical lines have been drawn. The lines
will not remain straight as indicated by the dotted lines,
but become curved, so that the maximum shear strain
occurs at the neutral surface. At the points m', m\/, »', n,

Fic. 101,
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the shearing strain is zero, so that the curves m'n’ and m.'n,’
are normal to the upper and lower surfaces of the bar after
bending. At the neutral surface the angles between the tan-
gents to the curves m'#" and mi.'n,’ and the normal sections
mn and mn, are equal to v = 1/G-(7y2)mex. As long as the
shearing force remains constant along the beam, the warping
of all cross sections is the same, so that mm' = mm,', nn'
= mm’ and the stretching or the shrinking produced by the
bending moment in the longitudinal fibers is unaffected. This
fact explains the validity here of eq. (57), which was devel-
oped for pure bending and based on the assumption that
cross sections of a bar remain plane during bending.

A more elaborate investigation of the problem * shows that
the warping of cross sections also does not substantially
affect the strain in longitudinal fibers if a distributed load
acts on the beam and the shearing force varies continuously
along the beam. In the case of concentrated loads the stress
distribution near the
loads is more compli- 64'0 £
cated, but this devia- | r ;
tion from the straight —
line law is of a local E
type (see Part 11). '

!
1
]

|
|
' — —
Problems / + AN -1.
. : ! _L
i
|

1. Determine the
limiting values of the
loads P acting on the
wooden rectangular
beam, Fig. 102, if 6 = 8
in., £ =10in.,0,, = 800lbs.
per sq. in., 7, = 200 lbs. Fic. 102.
per sq. in., ¢ = 1.5 feet.

Solution. Thebending moment and shearing force diagrams are
given in Fig. 102.

4See W. Voigt, Gottingen Abhandlungen, Bd. 34 (1887); J. H.
Michell, Quart. J. of Math., Vol. 32 (1901); and L. N. G. Filon, Phil.
Trans. Roy. Soc. (Ser. A), Vol 201 (1903), and London Roy. Soc Proc,
Val. 72 (1904).

I
4
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Vmax = P; Mmax = P'f-
From equations
Pc 3P
7= Ow and ;b/l = Twy
we obtain

P =y35,9301lbs. and P = 10,700 lbs.;
therefore P = 5,930 lbs. is the limiting value of the load P.

p 2. Determine the maximum nor-
ed—ec—o -
(

mal stress ¢, and the maximum shear-
A

N
MNR

ing stress 7,, in the neutral plane
of the beam represented in Fig. 103
if 2 = 2 feet, ¢ = 4 feet, b = § in.,
k = 101in. and P = 6,000 lbs.

Fie. 103.
Answer.
(02)max = 720 lbs. per sq. in.; (7yz)max = 75 lbs. per sq. in.

3. Determine the maximum shearing stress in the neutral plane
of a uniformly loaded rectangular beam if the length of the beam
! = 6 feet, the load per foot ¢ = 1,000 lbs., the depth of the cross
section 2 = 10 in. and the width 4 = 8 in.

Answer.

Tmax = §6.3 Ibs. per sq. in.

4. Determine the maximum shearing stresses in problem 2 of
article 25.

2%7. Distribution of Shearing Stresses in the Case of a Circular
Cross Section.—In considering the distribution over a circular
cross section (Fig. 104) there
is no foundation for the as-
sumption that the shearing
stresses are all parallel to the
shearing force 7. In fact
we can readily show that at
points p (Fig. 104, 4) of the
cross section along the bound-
ary the shearing stress 1is
tangent to the boundary.
Let us consider an infinitesimal element sbed (Fig. 104, ¢) in
the form of a rectangular parallelepiped with the face adfg in
the surface of the beam and the face 4bcd in the plane yz of the
cross section. If the shearing stress acting over the side abcd of
the element has a direction such as 7, it can always be resolved

Fi16. 104.
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into two components 7y, in a radial direction and 73, in the direction
of the tangent to the boundary. Now it has been proved before
(see p. 111), by using the equation of equilibrium of an element,
that if a shearing stress 7 acts over an elemental area, an equal
shearing stress will act also over an elemental area perpendicular
to 7. Applying this in our case it must be concluded that if a
shearing stress 71, is acting on the element @bcd in a radial direction
there must be an equal shearing stress 7., on the side adfg of the
element lying in the surface of the beam. If the lateral surface of
the beam is free from shearing stresses, the radial component 7y, of
the shearing stress 7 must be equal to zero, i.e., 7 must be in the
direction of the tangent to the boundary of the cross section of the
beam. At the midpoint 7 of the chord pp symmetry requires that
the shearing stress have the direction of the shearing force /.
Then the directions of the shearing stresses at the points p and 7 will
intersect at some point O on the y axis (Fig. 104, 4). Assuming now
that the shearing stress at any other point of the line pp is also
directed toward the point O, we have a complete determination of
the directions of the shearing stresses. As a second assumption we
take the vertical components of the shear-
ing stresses equal for all points of the line
pp® As this assumption coincides com-
pletely with that made in the case of a
rectangular cross section, we can use eq.
(64) for calculating this component. Know-
ing the actual direction of the shearing
stress and its vertical component, its mag-
nitude may be easily calculated for any
point of the cross section.

Let us calculate now the shearing stresses along the line pp of
the cross section (Fig. 105). In applying eq. (64) to the calculation
of the vertical component 7,. of these stresses we must find the
moment of the segment of the circle below the line pp with respect

to the z axis. The elemental area m#n has the length 2VR? — y?

and the width dy. The area is d4 = 2VR? — »*dy. The moment
of this strip about Cz is ydA4 and the total moment for the entire
segment is

FiG. 10s.

5 The approximate theory based on the above two assumptions gives
satisfactory accuracy and comparison with the exact theory shows that
the error in the magnitude of the maximum shearing stress is about 5
per cent, which is not high for practical application. See Saint Venant,
loc. cit., p. 110. See also the book by A. E. H. Love, ‘“ Mathematical
Theory of Elasticity,” 4th ed., 1927, p. 346. ‘



118 STRENGTH OF MATERIALS

R
f aVR2 — y2-ydy = 3(R? — y2)i2,
v

Substituting this in eq. (64) and taking 2VR? — yg for 4, we obtain
_ VR -y
= i , (67)

and the total shearing stress at points p (Fig. 105) is

Tyx

R VRVRE — 5
! VR? — ylz 312

It is seen that the maximum r is obtained for y; = o, i.e., for the
neutral axis of the cross section. Then, substituting I, = 7RY/4,

=T T, . (68)

In the case of a circular cross section, therefore, the maximum
shearing stress is 33 per cent larger than the average value obtained
by dividing the shearing force by the cross-sectional area.

28. Distribution of Shearing Stresses in I Beams.—In
considering the distribution of the shear-
ing stresses in 1 beams (Fig. 106) for the
abe—glr—le  section of the web, the same assumptions are
made as for a rectangular cross section;
these were that the shearing stresses are
parallel to the shearing force 7 and are uni-
%, formly distributed over the thickness 4; of
the web. Then eq. (64) will be used for
ﬁ calculating the stresses 7,.. For points on
the line pp at a distance y, from the neu-
tral axis, where the width of the cross sec-
tion is 4;, the moment of the shaded portion with respect
to the neutral axis 2 1s :

hi2 b (A2 A2 bl h?
[ yaa = (5 -20) 2 (5 - 02),

Substituting in eq. (64), we obtain

VIie(r i by ( he®
ve=gri (- 5)+ (5 -00)] e

v

»r h o3
P

-

NN
NN -
¥

|
e

fa— &

Fic. 106.
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The stress then varies along the depth of the beam following
a parabolic law. The maximum and minimum values of 7,,
in the web of the beam are obtained by putting y, = o and
Y = 121/2:

V [éh2 A

(Tye) max = Efz[“g - _BL (6 — bl)]; (70)
V' @bk  bh?

(Tyz)min = b—ll—z ("g' - '_81“) : (71)

When 2; is very small in comparison with & there is no great
difference between (7y:)max and (7y:)min and the distribution
of the shearing stresses over the cross section of the web is
practically uniform.

A good approximation for (74.)msx is obtained by dividing
the complete shearing force # by the cross-sectional area of
the web alone. This follows from the fact that the shearing
stresses distributed over the cross section of the web yield a
force which is nearly equal to 7, which means that the web
takes nearly all the shearing force, and the flanges have only
a secondary part in its transmission. To prove this the
summation of the stresses r,. over the web which we will call

/2
Viis f l T4201dy, from eq. (69):

mil2

LV E[R(E R, b (b
Vl—m _huz[z(:‘ ; )+ Z(T—yﬁ)]hdy

and, after integration,

- ]zl 1 ]13
A IR TIPS R

2 2 2 12
For small thickness of flanges, i.e., when 4; approaches 4, the
moment of inertia 7, is represented with sufficient accuracy
by the equation:
— 2 3
Iz — b(ll /Z]) ) (/Z ";;/11) + bl}ll s (&)

2 12

in which the first term represents the cross-sectional area of
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the flanges multiplied by the square of the distance (4 + 41)/4
of their centers from the z axis, which is approximately the
moment of inertia of the cross section of the flanges. The
second term is the moment of inertia of the cross section of -
the web. Comparing (2) and (4), we see that as 4, approaches
A the force 7 approaches ¥/ and the shearing force will be
taken by the web alone.

In considering the distribution of the shearing stresses
over the cross sections of the flanges the assumption of
no variation along the width of the section cannot be made.
For example, at the level ae (Fig. 106), along the lower
boundary of the flange, ac and de, the shearing stress 7,
must be zero since the corresponding equal stress 7., in the
free bottom surface of the flange is zero (see p. 116 and also
Fig. 104, ¢). In the part ¢d, however, the shearing stresses
are not zero, but have the magnitudes calculated above for
(Tyz)min in the web. This indicates that at the junction ¢d
of the web and the flange the distribution of shearing stresses
follows a more complicated law than can be investigated by
our elementary analysis. In order to dissipate a stress con-
centration at the points ¢ and 4, the sharp corners are usually
replaced by fillets as indicated in the figure by dotted lines.
A more detailed discussion of the distribution of shearing
stresses in flanges will be given later (see Part II).

Problems

1. Determine (7y:)max and (7yz)min In the cross section of the web
of an I beam, Fig. 106,if 4 = §5in., 4, = §in,, b = 12
-T ’"T in., Ay = 10} In.,, V = 30,000 lbs. Determine the
h’b’ shearing force transmitted by the web /1.
l/ h Answer.  (Ty)max = §,870 lbs. per sq. in., (7yc)min
z = 4,430 lbs. per sq. in., | = 0.945/.
I—L J 2. Determine the maximum shearing stress in the
v web of a T beam (Fig. 107) if 2= 8 in,, &y = 7 in,,
ko 2 b =4in, b = 11n. and V = 1,000 lbs.
Fic. 107. Answer. Using the same method as in the case of
an I beam, we find (7z)max = 176 lbs. per sq. in.
3. Determine the maximum shearing stress in problems 1 and
6 of article 2.
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29. Principal Stresses in Bending.—By using eqs. (57)
and (64) the normal stress o, and the shearing stress 7,, can
easily be calculated for any point of a cross section provided
the bending moment M and the shearing force 7 are known
for this cross section. The maximum numerical value of o,
will be in the fiber most remote from the neutral axis, and
the maximum value of 7,, usually at the neutral axis. In
the majority of cases only the maximum values of ¢, and 7y,
obtained in this manner are used in design and the cross-
sectional dimensions of beams are taken so as to satisfy the
conditions

(02)max = 0w and (Tye) maz = Tuw-

It is assumed here that the material is equally strong in
tension and compression and ¢, is the same for both. Other-

-;1 m ‘I,P m, 'ZE
Z i X
n n,
m. Y @’
- > N e ]
WA L
d pa=c
4 fm/<¢-
M
Intin X MCV
b,
. fb ) @)
& All hl
* 2} < Tmax
Ty
”
T T

Fic. 108.

wise the conditions of strength in tension and in compression
must be satisfied separately and we obtain

(02)max = 0 1In tension; {o;)min = 0w In COmMpression.
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There are cases, however, which require a more detailed
analysis of stress conditions. We shall now demonstrate the
method of analysis necessary for such cases with a beam simply
supported and loaded at the middle (Fig. 108). For a point
A below the neutral axis in the cross section mn, the magni-
tudes of the stresses o, and 1,, = 7., are given by eqgs. (57)
and (64). In Fig. 108 (&) those stresses are shown acting
on an infinitesimal element cut out of the beam at the point A4,
their senses being easily determined from those of M and 7.
For such an infinitesimal element the changes in stresses o,
and 7,, for various points of the element can be neglected
and it can be assumed that the element is in a komogeneous
state of stress, 1.e., the quantities o, and 7,, may be regarded
as the same throughout the element. Such a state of stress
is illustrated by the element of finite dimensions in Fig. 37a.

From our previous investigation (see p. 46) we know
that the stresses on the sides of an element cut out from a
stressed body vary with the directions of these sides and
that it is possible to so rotate the element that only normal
stresses are present (see p. 47). The directions of the sides
are then called principal directions and the corresponding
stresses principal stresses. The magnitudes of these stresses
can be found from eqgs. (31) and (32) by substituting in these
equations ¢, = 0. Then we obtain

PR—

Tmax — % + \ (%) + 7111:2) (72)
3 .

OTmin = E;' - \/ (0_;) + 7'1/:2- (73)

It should be noted that ¢,,.x is always tension and omi, always
compression. Knowing principal stresses, the maximum
shearing stress at any point will be obtained from eq. (34)

(see p. 49):
-— R 2
Tmax — ?Ex_{lu = V (%) + 7'1/22' (74’)

For determining the directions of principal stresses Mohrt’s
circle will be used. For an element such as at point 4 (Fig.
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108, 4), the corresponding Mohr’s circle is shown in Fig. 108
(¢). By taking the distance OF = ¢, and DF = 7,,, the
point D, representing stresses over the sides 4c and ad of
the element, is obtained. The distance OF is taken in the
direction of positive ¢ and DF in the upward direction because
o, 1s tensile stress and shearing stresses 7,. over sides 4c and
ad give a clockwise couple (see p. 38). Point D; represents
the stresses over the sides 44 and dc of the element on which
the normal stresses are zero and the shearing stresses are
negative. The circle constructed on the diameter DD, deter-
mines omex = OA4 and omin = — OB. From the same con-
struction the angle 2¢ is determined and the direction of
omax in Fig. 108 () is obtained by measuring ¢ from the
x axis in the clockwise direction. Of course onia i1s perpen-
dicular to omax.

By taking a section min; to the right of the load P (Fig.
108, 4) and considering a point A4 above the neutral axis,
the direction of the stresses acting on an element abcd at A
will be that indicated in Fig. 108 (4). The corresponding
Mohr’s circle is shown in Fig. 108 (¢). Point D represents
the stresses for the sides @b and dc of the element abed and
point D; the stresses over the sides ad and &c. The angle ¢
determining the direction max must be measured in the clock-
wise direction from the outer normal to the side a4 or ¢d as
shown in Fig. 108 (d).

If we take a point at the neutral surface, then o, becomes
zero. An element at this point will be in the condition of
pure shear. The directions of the principal stresses will be
at 45° to the x and y axes.

It is possible to construct two systems of orthogonal curves
whose tangents at each point are in the directions of the
principal stresses at this point. Such curves are called the
trajectories of the stresses. Figure 109 shows the stress trajec-
tories for a rectangular cantilever beam, loaded at the end.
All these curves intersect the neutral surface at 45° and have
horizontal or vertical tangents at points where the shearing
stress 7y, is zero, i.e., at the top and at the bottom surfaces
of the beam. The trajectories giving the directions of opax
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(tension) are represented by full lines and the other system
of trajectories by dotted lines. Figure 110 gives the tra-
Jjectories and the stress distribution diagrams for o, and 7,
over several cross sections of a simply supported rectangular

4
,I ; I, 1
/ ,/ / h . ﬂ
AN, ‘ x Z
Q... N\ \‘, P \
z 44
Ay vF ?
Fic. 10g.

beam under uniform load. It is clearly seen that o, has a
maximum value at the middle, where the bending moment
M is a maximum, and 7,, is maximum at the supports, where
the maximum shearing force acts.® In the design of beams
the concern is for the numerically maximum values of .
From eq. (72) it can be seen that for the most remote fibers
in tension, where the shear is zero, the longitudinal normal
stress o. becomes the principal stress, i.€., 0max = (02) max-
For fibers nearer to the neutral axis the longitudinal fiber
stress o, is less than at the extreme fiber; however we now
have a shear stress r,, also and the stresses o, and 7., acting
together at this point may produce a principal stress, given
by eq. (72), which will be numerically larger even than that
at the extreme fiber. In the case of beams of rectangular or
circular cross section, in which the shearing stress r,, varies
continuously down the depth of the beam, this is not usually
the case, that is, the stress (o.)masx calculated for the most
remote fiber at the section of maximum bending moment is
the maximum stress acting in the beam. However, in such
a case as an I beam, where a sudden change occurs in the
magnitude of shearing stress at the junction of flange and
web (see p. 120), the maximum stress calculated at this joint

8 Several examples of construction of the trajectories of stresses are
discussed by I. Wagner, Zeitschr. d. Osterr. Ing. u. Archit. Ver., 1911, p.
6as.



STRESSES IN LOADED BEAMS 125

from eq. (72) may be larger than the tensile stress (0,)max
in the most remote fiber and should be taken into account
in design. To illustrate, consider the case represented in
Fig. 108 (a) with a beam of 1
section and the same dimen-
sions as in problem 1, page
120, the length / = 2 feet and
P = 60,000 lbs. Then M,
= 30,000 lbs. feet; Vuax =
30,000 lbs. From eq. (57)
the tensile stress in the most remote fiber is

Fig. 111,

(a'z)max = 30,000 2>§6I2 X 6 = 7,550 le. pel‘ Sq. in.

Now for a point at the junction of flange and web we obtain
the following values of normal and shearing stresses:

-, = 7,550 X 103

> = 6,610 lbs. per sq. in.;

T = 4,430 lbs. per sq. in.
Then, from eq. (72), the principal stress is
Tmex = 8,830 lbs. per sq. in.

It can be seen that ou.. at the joint between the flange
and the web is larger than the tensile stress at the most remote
fiber and therefore it must be considered in design. The
variations of ¢, Tyz, Omax and omin along the depth of the
beam are shown in Fig. 111.

Problems

I. Determine omax and omin at a point 2 in. below the neutral
axis in the section 3 feet from the loaded end of the cantilever (Fig.
109) if the depth 2 = 8 in., the width 4 = 4 in. and P = 2,000 lbs.
Determine the angle between onax at this point and the & axis.

Solution. (o) = — 844 lbs. per sq. in.; (74) = 70.3 lbs. per
$q. in.; omex = §.7 lbs. per sq. in.; omin = — 849.7 lbs. per sq. in.
The angle between o, and the & axis is 85° 16’ measured clockwise.

2. Determine omax and omia at the neutral axis and in the cross
section 1 foot from the left support for the uniformly loaded
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rectangular beam supported at the ends (Fig. r1o). The cross-
sectional dimensions are the same as in the previous problem,
and ¢ = 1,000 lbs. per foot; / = 10 feet.
Answer.
Omax = — Omin = 187.5 lbs. per sq. in.

3- Determine the length of the I beam considered on p. 125 if
(02)max 1s equal to omax at the junction of flange and web.
Answer. [ = 39.8 in.

30. Stresses in Built-up Beams.—In engineering practice
built-up beams are frequently used and the stresses in them
are usually calculated on the assumption that their parts are
rigidly connected. The computation will then involve ()
the designing of the beam as a solid beam and (4) the designing
and spacing of the elements which unite the parts of the
beam. In the first case the formulas for solid beams are
used, making an allowance for the effect of rivet holes, bolts,
slots, etc., by the use of reduced sections. The computations
necessary for the uniting of the elements will be indicated by
illustrations.

Let us discuss first a wooden beam built up as shown in
Fig. 99. It is assumed that the keys used between the two
parts of the beam are strong enough to resist the shearing
forces § (Fig. 99, 6). Then eq. (57) can be used for calcu-
lating o,. In order to take into account the weakening of
the section by the keyways and the bolt holes, only the shaded
portion of the section, indicated in Fig. 99 (¢), should be
taken into consideration. Then

I, = (b

[(2);)3 — (20*].

In calculating the shearing force § acting on each key we
assume that this force is equal to the shearing force dis-
tributed in a solid beam over the area eé of the neutral surface
where 4 is the width of the beam and e is the distance between
the middle points. of the keys (see Fig. 99, 4). Then by
using eq. (66) and considering that the depth of the beam
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is equal to 22 in this case, we obtain

S=e-d =370 79)

The dimensions of the keys and the distance ¢ between them
should be chosen so as to insure sufficient strength against
shear of the key and against crushing of the wood on the
lateral sides of the key and the keyway. In such calculations
the rough assumption is usually made that the shearing
stresses are uniformly distributed over the middle section
a X b of the key and that the pressure on the lateral sides
of the keys is uniformly distributed over the areas ¢ X 4.
Then denoting by 7, the working shearing stress for the keys,
and by ¢,/ the working stress in lateral compression of the
wood of the keys or the keyways, the following equations
for designing the keys are obtained:

S _ S_
(E<TW; %<‘7w-

It is necessary to insure also sufficient strength against shear-
ing of the wood of the beam along the fibers between two
keys. The shearing force will be again equal to § and the
resisting area is & X (¢ — 4). Denoting with 7,/ the working
stress in shear of the material of the beam along the fibers,
the condition of strength becomes

S -,
ble —a) < T

In addition to keys there are bolts (Fig. 99) uniting the
parts of the beam. By tightening them friction between the
parts of the beam is produced. This friction is usually
neglected in calculations and it is assumed that the total
shearing force is taken by keys. Experiments show that such
built-up wooden beams are weaker than solid beams of the
same dimensions.”

7 The experiments made by Prof. E. Kidwell at the Michigan College
of Mines show that built-up wooden beams have about 75 per cent of the
strength of the solid beam of the same dimensions.
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In calculating the o, stresses in built-up I beams the
weakening effect of rivet holes is usually taken into account
by assuming that all the holes are in the same cross section
(Fig. 112, 4) of the beam ® and subtracting their diametral
sections in calculating 7, in eq. (§7).
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In calculating the maximum shearing stress 7, it is also
the practice to take into account the weakening effect of the
rivet holes. It can be seen that the cross-sectional area of
the web is diminished, by holes, in the ratio (¢ — d)/e, where
e is the distance between the centers of the holes and 4 the
diameter of the holes. Hence the factor ¢/(e — d) is usually
included in’ the right side of eq. (64) for calculating 7,. in
the web of built-up I beams. It should be noted that this
manner of calculating the weakening effect of rivet holes is
only a rough approximation. The actual distribution of
stresses near the holes is very complicated. Some discussion
of stress concentration near the edge of a hole will be given
later (see Part II).

In calculating the shearing force acting on one rivet, such
as rivet 4 (Fig. 112, 4), let us consider the two cross sections
mn and mn;.  Due to the difference of bending moments in
these two cross sections the normal stresses ¢, on sections
mn and mn; will be different and there is a tendency’for the

8 The holes in vertical web are present in sections where vertical
stiffeners are riveted to the girder.
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flange of the beam shaded in Fig. 112 (¢) to slide along the
web. This sliding is prevented by friction forces and by the
rivet 4. Neglecting friction, the force acting on the rivet
becomes equal to the difference of forces acting in sections
mn and mn, of the flange. The force in the flange in the
cross section mn is (see eq. (@), p. 113)

M
"j;fyd/f,

where the integration should be extended over the shaded
cross sectional area of the flange. In the same manner for
the cross section mz; we obtain

(M + AM) —!} AM) f ydA.
- Then the force transmitted by the rivet 4 from the flange
to the web will be
AM
= '7': f _ya’A. (d)

By using eq. (50) and substituting the distance e between
the rivets instead of dx, we obtain

AM = Ve,

where 7 is the shearing force in the cross section of the beam
through the rivet 4. Substituting in eq. (), we obtain

Ve

=7 ydA. . (76)

The integral entering in this equation represents the moment
of the shaded cross section (Fig. 112, ¢) of the flange with
respect to the neutral axis z.

It is easy to see that in order to get sliding of the flange
along fthe web the rivet must be sheared through two cross
sections. Assuming that the force § is uniformly distributed
over these two cross sections, the shearing stress in the rivet
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will be
2Ve

T ,,dz = dl. fydd 77

The force § sometimes produces considerable shearing stress
in the web of the beam along the plane a4 (see Fig. 112, 4)
which must be taken into consideration. Assuming that these
stresses are uniformly distributed and dividing § by the area
b(e — d), we obtain

Ve
. —bljz-e_dfydd. )

In addition to this stress produced by forces § transmitted
from the flanges there will act along the same plane a4 shear-
ing stresses 7"/ due to bending of the web. The magnitude
of these stresses will be obtained by using the above eq. (4)
and substituting for the integral S ydA the statical moment
with respect to the neutral axis 2 of the portion of the rectan-
gular cross section of the web above the plane 44. In this
manner we arrive at the following equation for the shearing
stress 74y in the web along the plane aé:

V
T =1 +1 bll T — f}’dd (78)

in which the integral is extended over the shaded area of the
cross section shown in Fig. 112 (d). Knowing o, and 7.,
the omax and onin for the points in the plane 44 can be cal-
culated from eqgs. (72) and (74), as was explained in the
previous article, and the directions of principal stresses can
be determined.

From the above discussion it i1s seen that in calculating
stresses in built-up I beams several assumptions are made for
simplifying the calculations. This to a certain extent reduces
the accuracy of the calculated stresses, which fact should be
considered in choosing the working stresses for built-up I
beams.®

® Experiments show that the failure of I beams usually occurs due
to buckling of the compressed flanges or of the web (see H. F. Moore,
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Problems

I. A built-up wooden beam (Fig. 9g) consists of two bars of
rectangular cross section connected by keys. Determine the
shearing force acting on the keys, the shearing stress in the key and
pressure per unit area on its lateral sides if the load P = g,000 lbs.,
the width of the beam é = s in., the depth 24 = 16 in., the width
of the key 2 = 3 in., the depth of the key 2¢ = 2} in., and the
distance between centers of the keys ¢ = 11 in.

Answer.

3 2,500 X II

Sz 16

= 2,580 lbs.

Shearing stress in the key is

_ 2,580 .
T = Pt 172 lbs. per sq. in.
The pressure per unit area on the lateral side is
§ 2,880 X 2 .
p= b_c: —2%7-5—- = 413 1bs. per sq. 1n.

2. Determine the shearing stress at the neutral axis of a girder,
the web of which is § in. thick and 5o in. high, the flanges consisting
of two pairs of angles 6 in. X 6 in. X % in., when the total shearing
force on the section is 150,000 lbs. Determine also the shearing
stresses in the rivets attaching the flanges to the web if the diameter
of these rivets is 1 in. and the pitch ¢ = 4 in. (Fig. 112).

Solution. For the dimensions given we have

s .
I, = f—i X f—;)— + 4(19.9 4+ 5.75 X 23.3%) = 20,400 in.*
The moment of half of the cross section with respect to the neutral
axis is
12
f ydd = %2—5—¥5+ 2 X 575 X 23.3 = §02 in?
0

In this calculation §.75 in.? is the cross sectional area of an angle,
19.9 in.* is the moment of inertia of the cross section of an angle with

University of Illinois, Bulletin 68, 1913). This question of buckling will
be considered later. The effect of bending of rivets on the distribution of
stresses in I beams has been discussed by I. Arnovlevic, Zeitschr. f.
Architekt. u. Ingenieurwesen, 1910, p. 57. He found that due to this
bending stresses for usual proportions increase about 6 per cent.
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respect to the axis through its centroid parallel to the neutral axis of
the beam, 23.3 in. is the distance of the centroid of each angle from
the neutral axis 2z of the beam. All such numerical data can be
taken directly from a handbook. Now we obtain, from eq. (64),

150,000 X §02

2 X 20,400 = 4,920 lbs. per sq. in.

(T:y)max =
If we consider weakening of the web by the rivet holes, then
e 4 .
(Teg)max = Py - 4,920 = 34,920 = 6,560 lbs. per sq. in.

The force § transmitted by one rivet, from eq. (76),

§= 150,000 X 4 X 268
- 20,400

= 7,880 lbs.

The shearing stress in the rivet, from eq. (77),

7,880 X 2
T =
3-14

3. Determine omax in points of the plane 24 (Fig. 112) a distance

of 21.5 in. from the neutral axis if the dimensions of the beam are

the same as in the previous problem, ¥ = 150,000 and the bending
moment M = 3 X 10° lbs. in.
Solution. From eq. (78),

= 5,020 lbs. per sq. in.

150,000 4 .
Toy = m . 5(268 + 61) = 4,300 Ibs. per sq. in,,
3 Xt Xarg . )
e = oo 3,160 lbs. per sq. in.,

oz [ .
Orax = + A ’—4— + 72= 6,160 lbs. per sq. in.

4. Determine the shearing force in the
rivets connecting the two rails of the beam
shown in Fig. 113 if the cross-sectional
area of a rail is 4 = 10 sq. in., the distance
from the bottom of the rail to the centroid
of its cross section ¢ = 3 in., the moment
of inertia of the cross section of the rail with
respect to the axis through its centroid ¢ and
parallel to the z axis is 40 in.4, the distance
between the rivets e = 6 in., and the shear-
ing force ¥ = §,000 lbs.
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Solution.

§=1. 2222220 1,730 lbs.



CHAPTER V

DEFLECTION OF TRANSVERSALLY LOADED BEAMS

31. Differential Equation of the Deflection Curve.—In
the design of a beam the engineer is usually interested not
only in the stresses produced by the loads acting but also in
the deflections produced by these loads. In many cases,
furthermore, it is specified that the maximum deflection
shall not exceed a certain small portion of the span.

4

a6

Fic. 114.

Let the curve 4mB in Fig. 114 represent the shape of the
axis of the beam after bending. This curve is called the
deflection curve. To derive the differential equation of this
curve we take the coordinate axes as shown in the figure and
assume that the curvature of the deflection curve at any point
depends only on the magnitude of the bending moment M
at that point.! Insuch a case the relation between the curva-
ture and the moment is the same as in the case of pure bending
(see equation (56)), and we obtain

1 M (2)
r ~ EI, “
1 The effect of shearing force on the curvature will be discussed later

(see art. 39). It will be shown that this effect is usually small and can
be neglected.

134
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To derive an expression for the relation between the curvature
and the shape of the curve, we shall consider two adjacent
points m and m, ds apart on the deflection curve. If the
angle which the tangent at m makes with the x axis is denoted
by 8, the angle between the normals to the curve at m and
my is d9. The intersection point O of these normals gives
the center of curvature and defines the length » of the radius
of the curvature. Then

de
ds
the bars indicating that we consider here only the numerical
value of the curvature. Regarding the sign, it should be
noted that the bending moment is taken positive in equation
(@) if it produces upward concavity (see p. 71). Hence the
curvature is positive when the center of curvature is above
the curve as in Fig. 114. However, it is easy to see that for
such a curvature the angle 6 decreases as the point 7 moves
along the curve from 4 to B. Hence, to a positive increment
ds corresponds a negative 4. Thus to have the proper sign
equation (&) must be written in the form

I
r

ds = rdf and > (%)

=g (c)

In practical applications only very small deflections of beams
are allowable, and the deflection curves are very flat. In
such cases we can assume with sufficient accuracy that

ds =~ dx and 0 ~ tan 8 = dy/dx. (d)

Substituting these approximate values for ds and 8 in equation
(¢) we obtain

=22 (¢)
Equation (2) thus becomes

EI, W); = — M. (79)
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This is the differential equation of the deflection curve which
must be integrated in each particular case to find deflections
of beams.

It should be noted that the sign in equation (79) depends
upon the direction of the coordinate axes. For example, if
we take y positive upwards, 1t is necessary to put

~ — dy[dx

in place of equation (d); and we obtain plus instead of minus
on the right side of equation (79).

In the case of very slender bars, in which the deflection
may be large, it is not permissible to use the simplifications
(d); and we must have recourse to the exact expression

_ dy
g = arctan(a,x)-

Then

- d d arc tan(j‘y)dx

rds dx ds
d%
dx?

@

Comparing this result with equation (e¢), it can be concluded
that the simplifications shown in equation (d) are equivalent
to assuming that the quantity (dy/dx)? in the denominator of
the exact formula (f) is small in comparison with unity and
can therefore be neglected.?

By differentiating equation (79) with respect to x and
using equations (§0) and (§1), we obtain

d’y

zd 3 =
2 The exact expression (f) for the curvature was used by the first

investigators of the deflection curves. It was used, for example, by

L. Euler in his famous work on “Elastic Curves,” an English translation
of which was published in “Isis,” No. 58 (vol. XX, 1) November, 1933.

ET -V




DEFLECTION OF LOADED BEAMS 137

and

d'y
Elzd ria s (80)

The last equation is sometimes used in considering the de-
flection of beams under a distributed load.

32. Bending of a Uniformly Loaded Beam.—In the case
of a simply supported beam which is uniformly loaded, Fig. 63,
the bending moment at a cross section m#, a distance ¥ from
the left support, is
glx  gx?
2 T a2

M =

and the differential equation (79) becomes

d% glx | gx?
Eliga=—"2t%

Multiplying both sides by dx and integrating, we obtain

d
- +6+c (2)

EI
where C is the constant of integration which is to be adjusted
to satisfy the conditions of this particular problem. To this
end, we note that as a result of symmetry the slope at the
middle of the span is zero. Setting dy/dx = o when » = //2,
we thus obtain

oo
24
and equation (4) becomes
g’!_ _ glx®  gx® q_lf‘
B =4 tety @)

A second integration gives

3 4 3
Elzy=_zl_x_+q_x_+q/x

13 24 22 + C. ()

The new constant of integration C, is determined from the
condition that the deflection at the supports is zero. Sub-
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stituting y = o and x = o into equation (¢) we find C;, = o.
Equation (¢) then becomes

y = 242 T (Bx = 20 4 ). (81)
This is the deflection curve of a simply supported and uni-
formly loaded beam. The maximum deflection of this beam
is evidently at the middle of the span. Substituting x = //2
in equation (81) we thus find
_ 5

Ymax = 384 E[z ¢ (82)
The maximum slope occurs at the left end of the beam where,
by substituting x = o in equation

! l Y (6), we obtain

U LTI ITTTTTTTIT _ dy _qP
fe— x —-” / * (;{;)max - 24E.[; ) (83)
! @ In the case of a wuniformly
loaded cantilever beam, Fig. 113a,
LTI « the bending moment at a cross
) section mn a distance x from the

left end is
g M= -2,
Fig. 1138, 2

and equation (79) becomes
2

dy _ gx*
EI, a2
The first integration gives
ELZ - =1 (@)

dx
The constant of integration is found from the condition that

the slope at the built-in end is zero, that is dy/dx = o for
x = J. Substituting these values in equation (a) we find

_ _ k.

6
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The second integration gives

X LA
Ely = %—4— ~-&2 + e )
The constant C; is found from the condition that the deflection
vanishes at the built-in end. Thus, by substituting x = /,
y = o in equation (%), we obtain

Substituting this value in equation (), we find

Y = BT, (% = 4l + 3. (84)

This equation defines the deflection curve of the uniformly
loaded cantilever.

If the left end, instead of the right end, is built in, as in
Fig. 1154, the deflection curve is evidently obtained by sub-
stituting / — x instead of x in equation (84). In this way
we find

y = 242 7 (=l o+ 6). (85)

Problems

I. A simply supported and uniformly loaded wooden beam of
square cross section has a span /= 10 ft. Find the maximum
deflection if (6z)max = 1,000 lbs. per sq. in., £ = 1.5 X 10° lbs. per
sq. in. and ¢ = 400 lbs. per ft.

2. Find the depth of a uniformly loaded and simply supported
steel I beam having a span of 10 ft., if the maximum bending stress
is 16,000 lbs. per sq. in. and the maximum deflection & = o.1 in.

Answer: k= 16 in.

3. A uniformly loaded cantilever beam of a span /= 10 ft.
has a deflection at the end equal to o.01/. What is the slope of the
deflection curve at the end?

4. What is the length of a uniformly loaded cantilever beam if
its deflection at the free end is 1 in. and the slope of the deflection
curve at the same point is 0.01?
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5. A uniformly loaded steel I beam supported at the ends has a
deflection at the middle of § = 5/16 in. while the slope of the deflec-
tion curve at the end # = 0.01. Find the depth % of the beam if the
maximum bending stress is ¢ = 18,000 Ibs. per sq. in.

Solution:
We use the known formulas
S 4B It r,
S=Raml’ YT oEr == g Xap

From the first two formulas we find

§ 5

] .
1—61—5 —6><Ioom and = 100 in.

The second formula then gives

g” _ 3Ef
87 -/

3 X 30 X 16° X 001
100

Substituting this in the third formula, we obtain

5= 2 X 18,000 X 100 .,
T 3X g0 X 108 X001 4

33. Deflection of a Simply Supported Beam Loaded with
a Concentrated Load —In this case there are two different
p expressions for the bend-

iy ”“fﬁ ing moment (see p. 75)

4 = corresponding to the two

o ”, portions of the beam, Fig.

116. Equation (79) for

d the deflection curvesmust
Fie. 116,

therefore be written for
each portion. In this way we obtain

d%y Pb

S5 = — 5 for x=a
2 dx? /

ET

and

2
El;%=—PTbx+P(x—a) for x = a.
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By integrating these equations we obtain

2
EI,Zx ——Iff—f—-:—c for x=a
and (a)
dy Péx2 P(x — a)?
El,a, - 27 + (x2 PLe for x=za

Since the two branches of the deflection curve must have a
common tangent at the point of application of the load P,
the above expressions (z) for the slope must be equal for
" x = a. From this we conclude that the constants of in-
tegration are equal, i.e., C = C;,. Performing the second
integration and substituting C for C;, we obtain

Pbx?

EI,_y=——1—+Cx+C2 for x=a
and (4)
3 - 3
EI,y=—Pé7 +P(x6 %) + Cx + C; for x =a.

Since the two branches of the deflection curve have a common
deflection at the point of application of the load, the two
expressions () must be identical for x = 4. From this it
follows that C; = C;.  Finally we need to determine only two
constants C and C,, for which determination we have two
conditions, namely that the deflection at each of the two ends
of the beam is zero. Substituting ¥ = 0 and y = o in the
first of expressions (%), we find

CZ = C3 = Q. (C)

Substituting ¥y = o and ¥ = / in the second of expressions
() we obtain

3 2 A2
o PH_PP_PNI-5) @

Substituting the values (¢) and (d) of the constants into
equations (&) for the deflection curve, we obtain
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Ely = Pff (P—8—x) for x=a (86)
and
—_ 3
Ely = Pflx (72— 8 — x?) + ﬂx—é—ﬂ for x=a (87)

The first of these equations gives the deflections for the left
portion of the beam and the second gives the deflections for
the right portion.

Substituting the value (d) into equations (2) we obtain

dy _

EL 7, /b =83 for x=a
and (e)
— g)2
ELZ:J’ % (/2 — b2 — 3x%) + M for x = a.

From these equations the slope at any point of the deflection
curve can readily be calculated. Often we need the values of
the slopes at the ends of the beam. Substituting x = o in
the first of equations (¢), ¥ = / in the second, and denoting
the slopes at the corresponding ends by 6, and 6; we obtain ?

_ (&Y _pr-5)

= (dx )1=o = T GIEI, ° (88)
_(D __ Pab(l + a)

% = (dx)z—z - T T GIEI, (89)

The maximum deflection occurs at the point where the
tangent to the deflection curve is horizontal. If 2 > 4 as
in Fig. 116, the maximum deflection is evidently in the left
portion of the beam. We can find the position of this point
by equating the first of the expressions (¢) to zero to obtain

2 — 5 — 3x* = o,

3 For flat curves, which we have in most cases, the slopes #, and 6.
can be taken numerically equal to the angles of rotation of the ends of
the beam during bending, the slopes bemg taken positive when the
rotation is clockwise.
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from which
Ny

i (f)

This is the distance from the left support to the point of
maximum deflection. To find the maximum deflection itself
we substitute expression (f) in equation (86), which gives

Py — )
_ymax - 9\/§/Elz : (g)

If the load P is applied at the middle of the span the
maximum deflection is evidently at the middle also. Its
magnitude is obtained by substituting 4 = //2 in equation (g),
which gives

PB
(J’)Z:;/z = BEL, (90)

From equation (f) it can be concluded that in the case of
one concentrated force the maximum deflection is always near
the middle of the beam. When 4 = //2 it 1s at the middle;
in the limiting case, when 4 is very small and P is at the
support, the distance x as given by equation (f) is //3, and
the point of maximum deflection is only a distance

Il

B2 0.077!
from the middle. Due to this fact the deflection at the middle
is a close approximation to the maximum deflection. To
obtain the deflection at the middle we substitute x = //2 in
equation (86), which gives

Po
(J’)z;z)_/z = 8ET. (307 — 489. (91)

The difference of the deflections (g) and (91) in the most
unfavorable case, that is when 4 approaches zero, is only about
2.5 per cent of the maximum deflection.
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Problems

1. Find the position of the load P, Fig. 116, if the ratio of
|the n!umerical values of the slopes at the ends of the beam is
91/92 = ';3' )

2. Find the difference between the maximum deflection and the
deflection at the middle of the beam in Fig. 116 if 4 = 2a4.

3. Find the maximum deflection of the beam shown in Fig. 116
if 4B is an American Standard I beam, 8 in. in depth and .34
sq. in. in cross-sectional area, and @ = 12 ft., 4 = § ft., and P =
2000 lbs.

4. What will be the maximum deflection if the I beam of the
previous problem is replaced by a wooden beam having a cross
section IO in. by 10 in. The modulus of elasticity for wood can be
taken as £ = 1.5 X 10° lbs. per sq. in.

34. Determination of Deflections by the use of the Bend-
ing Moment Diagram; Method of Superposition.—In the pre-
ceding articles it was shown
how the deflection curve of a
beam can be determined by
integration of the differential
equation (79). In many cases,
© however, especially if we need
the deflection in a prescribed
point rather than the gen-
eral equation of the deflection
curve, the calculation can be
considerably simplified by the
use of the bending moment
diagram as will be described in
the following discussion.*

In Fig. 117 4B represents a portion of a deflection curve
and ;4 the corresponding portion of the bending moment

b

o
[

4]
M
[ X

Fie. 117.

4 The use of the bending moment diagram in calculating deflections
of beams was developed by O. Mohr, see Zeitschr. d. Architekten und
Ingenieur-Vereins zu Hannover, p. 10, 1868. See also O. Mohr, Abhand-
lungen aus dem Gebiete der Technischen Mechanik, p. 294, Berlin, 1906.
A similar method was developed independently of O. Mohr by Prof. C.
E. Green, University of Michigan, 1874.
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diagram. Two adjacent cross sections of the beam at dis-
tance 45 apart will intersect after bending, at an angle 4,
and, from eq. (56),

M
EI.
For beams used in structures, the curvature is very small,
and we may use dx for ds. Then

a6 = lds = ds.
r

do = ‘EIT, (Mdx). (a)

Graphically interpreted, this means that the elemental angle
d6 between two consecutive radii or two consecutive tangents
to the deflection curve equals the shaded elemental area Mdx
of the bending moment diagram, divided by the flexural
rigidity.® This being so for each element, the angle 6 between
the tangents at 4 and B will be obtained by summarizing
such elements as given by eq. (4). Then

B
6 = ’ EITszx’ (92)
that is, the angle between the tangents at two points 4 and B
of the deflection curve equals the area of the bending moment
diagram between the corresponding verticals, divided by the
flexural rigidity of the beam.

Let us consider now the distance of the point B from the
tangent 4B’ at point 4. Recalling that a deflection curveisa
flat curve, the above distance can be measured along the
vertical BB’. The contribution made to this distance by the
bending of an element m# of the beam and included between
the two consecutive tangents at m and # is equal to

Mdx
xdf = x—ETz .

Interpreted graphically this is 1/E/, (moment of shaded area
Mdx with respect to the vertical through B). Integration

* By way of dimensional check: 40 is in radians, i.e., a pure number,
Mdx in inch Ibs. X inches, EI. in Ibs. per sq. in. X (inches)4
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gives the total deflection BB’:

—_—_ By
BB = s =fA FT *Mds, (93}

that is, the distance of B from the tangent at A is equal to
the moment with respect to the vertical through B of the area
of the bending moment diagram between A and B, divided by
the flexural rigidity EI.. By using eqs. (92) and (93) the
slope of the-deflection curve and the magnitude of deflec-
tion at any cross section of the beam can easily be calculated.
This method of calculating deflections is called Area-Moment

Method.
f—ec —“l

¢ Al

I
| s — ,

Trangle Porabola
Area /504 Area %54

—

—]
0
J:I:'_—

C‘.

4 I [ #

SN
Th—s—

Parabole Cobre Parabola
Area /3 14 Area J4lh
Fic. 118.

It should be noted that the deflection of 2 beam of a given
flexural rigidity (see equation (93)) is entirely defined by the
bending moment diagram. From this fact a very important
conclusion can be drawn. It will be appreciated from the
definition of the bending moment (art. 19) that the bending
moment produced at a cross section m# of a beam by several
simultaneously acting loads is equal to the sum of the mo-
ments produced at the same cross section by the individual
loads acting separately. On the basis of this conclusion,
together with equation (93), it can be stated that the deflec-
tion produced at a point of a beam by a system of simultane-
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ously acting loads can be obtained by summing up the de-
flections produced at that point by the individual loads. For
example, if the deflection curve produced by a single load
(equations (86) and (87)) is known, the deflection produced
by several loads is obtained by simple summation. This
method of calculating deflections will be called the method
of superposition in the subsequent discussion. '

The calculation of the integrals in equations (92) and (93)
can often be simplified by the use of known formulas concern-
ing areas and centroids. Several formulas which are often
encountered in applications are given in Fig. r18.

35. Deflection of a Cantilever Beam by the Area-Moment
Method.—For the case of a canti-
lever beam with a concentrated
load at the end (Fig. 119, ) the
bending moment diagram is shown
in Fig. 119 (4). Since a tangent
at the built-in end 4 remains fixed,
the distances of points of the de-
flection curve from this tangent
are actual deflections. The angle 6,
which the tangent to the deflection
curve at B makes with the tangent
at A is called the angular deflection of B with respect to A.
Then from eq. (92) ¢

Fie. 119.

/ PP
= PIX X E] = SEL.’ (94)

The deflection § is calculated from eq. (93) as the moment of
the area aba, about the vertical through 4 divided by EI..
Then

/ 2 1 PB
5=P1X5X§1XFJ‘,=3—ET,' (95)

For any cross section such as mn, the angular deflection from

6 The numerical value of the angular deflection is calculated. The
direction of the deflection is readily seen from the loading conditions.
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A is the area m'n’aa; of Fig. 119 (), divided by EI,. 1In the
case of flat curves such as deflection curves of beams, angular
deflection can be taken equal to the slope of the curve and we
obtain

2 - | -] (96)

T dx  2FI, 2
The deflection y at the same cross section is the moment of the
area m’'n’aa, about m’n" divided by EI, (seeeq. 93). Separat-
ing this area into the rectangle and the triangle indicated in
the figure, this is

Px? ox P (Ixr X
EI [P(l )2+ 2 3]=E—I—Z(T—g)' (o7)

For a cantilever with a concentrated load P at a cross sec-
tion a distance ¢ from the support (Fig. 120, @) the bending

» moment diagram is shown in

S— x ‘;m | P}‘ig. IZﬂO (). fThra slope and

: —X the deflection for any section

@ ZDI\TE:B to the left of the point of ap-

-+ g/ :','; E x plication of the load are deter-
Pe 5 mined from eqgs. (96) and (97)
A L‘*"(Z;_'* with ¢ in place of /. For any
’ Fro. 120, cross section to the right of the

load the bending moment and
the curvature are zero; hence this portion of the beam re-
mains straight. The slope is constant and equal to the slope |
at D, i.e., from eq. (94), Pc?/2EI,. The deflection at any
cross section mu is the moment of the area of the triangle aa,d
about the vertical m'n’ divided by EI., which gives

1 Pc? 1
=E1,“2£("";")' (98)

In the case of a cantilever with a uniform load of intensity
g (Fig. 121, a4) the bending moment at any cross section
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mn distant x; from the built-in end is

_ U= x)?
M= - 2

The slope at any cross section a
distance x from the support is,
from eq. (92),

_dy 1 (TqU = x)?
e_dx_Elzj; s dn

x3
ti(ewsD) w0 K
The slope at the end is obtained by
substituting / for x in the above equation, giving

) _ ¢
(dx )x__, = GEL." (100)

The deflection at any section a distance x from the built-in
end is the moment of the area aaicd about the vertical ¢d
divided by EI, (Fig. 121, 4). The moment of the element of
this area, shown shaded, is

Fie. 121.

— 2
(x — x1) ﬂ_zﬂ dx,

and the total moment is the integral of this with respect to x;
from x; =0 to x; = x. Hence

y = E—‘I—gj; (v — x)( — x2)des.

The deflection at any point a distance x from the support is
then, after integration,

_ g (B _ ﬁ“_)
y—zEI,(z T3 Tn) (101)



150 STRENGTH OF MATERIALS

For the deflection at the end x = /|

14
8 = (¥)emt = 8%] (102)

The same problem can be solved by using the method

of superposition. The uniform load can be considered as a
system of infinitesimal loads ¢dc as indicated by the shaded
area in Fig. 122. The deflection

j cl 2l produced at the cross section mn

3 O : by each elemental load g¢dc to its

4 m I

5 . left can be found from eq. (98) by

ey m substituting gdc for P. The de-

VI ‘ flection y, produced by the total
Fio. 122 load to the left of m# is the sum-

mation of the deflections produced

by all such elemental loads with ¢ varying from ¢ = o to
c = x:

1 c? x4

yl:ET, q (¥ — 5c)d —25124_'

The deflection produced at the cross section mn by an ele-
mental load ¢de; to its right is found from eq. (g97) by
substituting gdc; for Pand ¢, for /. The deflection y, produced
at mn by the total load to the right is the summation of the
deflections due to all such elemental load, with ¢, varying
from ¢y = x to ¢, = /:

O S T o Y Pl
yZ‘EI,fzq(z“e)d‘I*zEL( +_“§)

Then the total deflection at the section m# is

- o g (e _ ke s
y_-y‘+y2—2EIz(2_3+12 ’

which agrees with eq. (101) found above.

Problems

Determine the deflection and the slope of the cantilever
beam in problem g, p. 108.
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Solution.
Pp q#

8=3EL T REL

2. Determine the deflection of the top of the pillar represented
in Fig. 94.
Solution. The bending moment at any cross section mn, a
distance x from the top, is
&

M= —7[2—,

where /" = 3dl* X 62.4 lbs. is the total hydrdstatic pressure trans-
mitted to one pillar. Using eq. (93), the deflection of the top of
the pillar is

s ‘wtdx WP 3X6°X62.4X6°X123X12
T ELJ, 32 15EI,  2X15X1.§X10°Xg.gt

= 0.070 in.

3. Determine the deflection and the slope at the end of a canti-
lever bent by a couple M (Fig. 123).

Answer.
_ MP dy M
Demt = = J775 (d—x)pl” T EI
i - b
T Y | %&
Z ; J 1
y 4

Fic. 123. Fic. 124.

4. Two wooden rectangular beams clamped at the left end
(Fig. 124) are bent by tightening the bolt at the right end. Deter-
mine the diameter & of the bolt to make the factors of safety for
the wooden beams and for the steel bolt the same. The length of
the beams / = 3 feet, the depth 42 = 8 in., the width & = 6 in,,
working stress for steel ¢, = 12,000 lbs. per sq. in., for wood
0w = 1,200 lbs. per sq. in. Determine the deflection of the beams
when the tensile stress in the bolt is 12,000 Ibs. per sq. in.

Solution. 1If P'is the force in the bolt, the equation for deter-
mining the diameter 4 will be

4P 6P] 12,000

md?’ bA? T 1,200

= 10,
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from which
. wd?
d =0.,476in. and P = 12,000 X v = 2,130 lbs.

Then from eq. (95), by taking E = 1.5 X 10° |bs. per sq. in. the
deflection & = 0.0864 in.

5. What is the ratio of the deflections at the ends of the canti-
levers shown in Fig. 125 if the intensity of uniform load is the same
in both cases?

Answer. 7 ¢ 41.

Y3 —
AT s
, N—

. ) Z 8
% I, 42 _QK )
—§ — y
Fic. 125. Fie. 126.

6. What must be the equation of the axis of the curved bar 4B
before it is bent if the load P, moving along the bar, remains always
on the same level (Fig. 126)?

Answer.

Py

Y= T 3EL

7. Determine the safe deflection of the beam shown in Fig. 123
when the working stress o, is given. Determine this also for a
cantilever loaded at the end (Fig. 119).

Answer.
oul? 2 g,l2
G (1) 8 =%7> (2)5_§Eh' .
A
“ 8. A circular disc N of radius R (Fig. 127)
Fic. 127. produces on a thin steel strip of thickness 4

an attraction of ¢ lbs. per sq. in. uniformly

distributed. Determine the length / of the unsupported part AC

of the strip and the maximum stress in it if 2 = o.01 inch, R = 3
in., and ¢ = 15 lbs. per sq. in.

Solution. The length of the unsupported part of the strip can

be determined from the condition that at the point C the curvature

produced by the uniformly distributed load ¢ must be equal to
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1/R. Therefore

from which
LEI,
/= JR 1/3 in.
The maximum stress is determined from the equation omax =
ER/2R = 50,000 lbs. per sq. in.

9. Determine the deflections of the cantilever beams shown in
Fig. 68, assuming that the material is steel, the depth of each
beam is 10 in., and the maximum bending stress is 16,000 lbs.
per sq. in.

36. Deflection of a Simply Supported Beam by the Area-
Moment Method.—Let us consider the case of a simply
supported beam with a load P applied at point F, Fig.
128. The bending moment diagram is the triangle a4 fi.

¢ /18

o,
5
]
5
bl

X

e

fiet) —

Pede

Frc. 128,

lm(m)
: /az 0]

Its area is Pab/2, and its centroid C is at distance (/ + 4)/3
from the vertical B4;. The distance & from the end B to the
line 4%’ which is tangent to the deflection curve at A is ob-
tained from equation (93) and is

1 Ec_zéxl+b_Pab(l+b).
EL > 5 = T 6El,

§ =
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By using this value the slope 6, at the left end of the beam
is found to be
_ 8 Pabl+4 b
b=7="eEL (@)

which coincides with previously obtained formula (88).7 A
simple interpretation of the formula (@) is obtained if we
consider 2,4, as a simply supported beam, carrying the tri-
angular load represented by the triangle 2, f14;. The reaction
at the left support 4, of this imaginary beam is evidently

Pab [ +6 1 Pabll+ b)
2 XT3 NPT T

By comparing this with formula (@), it can be concluded that
the slope 6: is equal to the reaction at the corresponding
support of the imaginary beam divided by the flexural rigidity
of the real beam. The slope 6, at the right end of the beam
can be obtained in a similar way; to get the correct sign for
0, the reaction at the right end must be taken with minus sign,
which represents the shearing force at the right end of the
imaginary beam. The imaginary beam 4,4, which carries the
fictitious load represented by the area of the bending moment
diagram is called a conjugate beam. It can thus be concluded
that the numerical values of the slopes at the ends of a simply
supported beam can be obtained by dividing the reactions at
the ends of the conjugate beam by the flexural rigidity EI..
This conclusion, which was derived for the case of a single
load, holds for any transverse loading, since, as has been
shown (p. 146) the moments and the deflections in the case
of several loads can be obtained by the superposition of the
moments and deflections due to single loads.

To calculate the slope at any point 4 of the deflection
curve, Fig. 128, it is necessary to subtract the angle 8 between
the tangents at A4 and at 4 from the angle 6; at the support.
Using equation (92) for the calculation of the angle 6, we
obtain ' :

7" Note that @ = / — 4.

R =
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d
Z% =0, — 0 =—EIT,(R_Aa1mn)'

The first term in the parenthesis is the reaction at the left
support of the conjugate beam 4,4, and the second is the load
on the conjugate beam to the left of the cross section mn.
The expression in the parenthesis therefore represents the
shearing force at the cross section m#n of the conjugate beam.
Consequently the slope of the actual beam at a point 4 can
be obtained by dividing the shearing force at the correspond-
ing cross section of the conjugate beam by the flexural
rigidity EI..

Considering next the deflection y at a point 4, it may be
seen from Fig. 128 that

y = c¢ — de. (4)
From the triangle Ace we obtain the relation

_ Rx

e = Ox = T, (¢

where R is the reaction at the left support of the conjugate
beam. The second term on the right side of equation (4)
represents the distance of the point 4 of the deflection curve
from the tangent Ae and is obtained from equation (93) as

El,

Substituting expressions (¢) and (d) in equation (), we obtain

de = —I—area Aaymn X ;—; . (d)

y=E}—z(Rx-Aa1mnX§)« (e)

The expression in parenthesis is seen to be the bending moment
at the cross section mn of the conjugate beam. Thus the
deflection at any point of a simply supported beam is obtained
by dividing the bending moment at the corresponding cross
section of the conjugate beam by the flexural rigidity EI..
Substituting the actual value of R in equation (¢) and noting
that
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_ Pbx?
area Aamn = 7
we obtain
1 [ Pabx(l+ & Pbhx® Pbhx
= EI,[ xé/ LI ] = gEL =8 - )

This checks with equation (86), which was previously ob-
tained by integration of the differential equation of the de-
flection curve. The deflection for a point to the right of the
load P can be calculated in a similar manner. The result
will, of course, be the same as equation (87).

Having the deflection curve produced by a single load P,
the deflection curve produced by any system of transverse
concentrated loads can readily be obtained by employing the
method of superposition. It is simply necessary to use
equations (86) and (87) for each individual load.

The same method is also
o [ applicable to the case of a dis-

IA[[”]” [1] [? [,  tributed load. As an example
g we shall take the case of a

@

¢ simply supported beam under

| ’% a uniformly distributed load,
l__,% 5*"%-‘ i Fig. 129, and calculate the
U slopes at the ends and the de-

a
t ) 14%4 l#}& I , flection at the middle. From
72 Rz equation (4) the increment of
slope d6; produced at the left
end of the beam by the ele-
ment of load ¢d4 shown in the Fig. 129 is

gabdb(l + &)  gb(I* — #)db
6/EI, ~  6IEI,

The slope 8, produced by the total load is then the summation
of the increments of slope produced by all the elements qdb
fromé =0tob =17 Thus

Yqb(2 — B)db gl

bo= ) T GBI, T nEL f)

FIG 129.

d01 =
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The deflection at the middle is obtained from equation (91),
which was derived on the assumption that the load is to the
right of the middle. Any element of load ¢d# to the right of -
the middle produces at the middle a deflection

qbdb
A(dy):=l/2 = 8EI ( 2~ bz)

Summing up the deflections produced by all such elements of
load to the right of the middle, and noting that the load on
the left half of the beam produces the same deflection at the
middle as the load on the right half, we obtain for the total
deflection

2 gbdb It
- = 4249 _ q
b= =2 [ BT Gr-w) =21 ®

The results (f) and (g) coincide with formulas (83) and (82)
previously obtained by integration of the differential equation
of the deflection curve.

The same results are readily obtained by considering the
conjugate beam 44, Fig. 1294, loaded by the parabolic segment
ach, which is the bending moment diagram in this case. The
total fictitious load on the conjugate beam is

2 98

3 X 5 X A

and each reaction is equal to ¢/*/24. The slope (f) is then
obtained by dividing this reaction by EI.. To calculate the
deflection at the middle we find the bending moment at the
middle 4 of the conjugate beam, which is

g (! sql

24 (5 16) 384"

The deflection (g) is then obtained by dividing this moment
by EI..

The method of superposition is g_‘md'l

especially useful if the distributed

load covers only a part of the span
as in Fig. 130. Using the expression developed above for

Fic. 130.
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(dy)z=i/3, the deflection produced at the middle by the load
to the right of the middle is

bdb
61=£ q8EI(12_4bz)
The load to the left of the middle produces the deflection
bdb
= [ B G .
The total deflection at the middle is therefore
bdb bdb
5= 814 8 = fd TETGr— ) +f EEL 6P — 4.

In the case of a simply supported beam 4B with a couple
M acting at the end, Fig.

. 7 - L<B . 135 the b.endin.g moment
J\/ diagram is a triangle abd,
DA - as shown in Fig. 1314.
y o J Considering @4 as the
T conjugate beam, the total

m ¢ M fictitious load is M//2.

a | __L The reactions at the
lm ln, mA—VJ — ends of the conjugate
% ® s beam are thus M//6 and
Fic. 131. M![3. Hence the numer-

ical values of the slopes
at the ends of the actual beam are

M
9, = GET. (103)
and .
M.
0, = m . . (104)

The sign of the slope at the right end is of course negative.
The deflection at a cross section m#n of the beam is obtained
by dividing the bending moment at the corresponding- cross
section m;n, of the conjugate beam by EI,, which gives
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(M M2y My
Yy=Er\®* "2 B 3) sErL,\' ~ 1) (o5

Problems

1. Determine the angles at the ends and the deflection under
the loads and at the middle of the beam

shown in Fig. 132. pmec—f Pr_c—p
Solution. The conjugate beam will “ H—&%ET

be loaded by the trapezoid adeb, the area | - 1 - -|,
of which is Pc(/ — ¢). The angles at the 4 S———~F
ends are A i‘
1 Pc(/l—¢) e .
b1=10,= El, 2 FiG. 132.

The deflection under the loads is

oo = [ 22U =0 Efi’f]J”ﬁf_ 2.
(yzzc_E[, 2 T2 317 EL 2-3€

The deflection at the middle, from eq. (91), is

Pc
Dawrz = 77 EL. (372 — 4.

2. Determine the slope at the ends of the beam shown in Fig, 88.
Answer.

dy _awr, dy _ _swr
dx ) .o 180EI,’ dx )., 180 EI,’

3. Determine the deflection at the middle of the beam 4B,
shown in Fig. 133, when I, = g1.4in4 ¢ =

500 lbs. per foot, / = 24 feet,a = 12 feet,

4 ___“E“I_”_”ﬂ 1!”},1__ ® b =8feet. E= 30 X 10® lbs. per sq. in.
2 Solution. Due to the fact that «

= //2 the deflection produced at the

Fic. 133. middle by the load acting on the left

half of the beam, from eq. (82), is
2
(9)ane = ~—— 2.

The deflection produced at the middle by the load on the right
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half of the beam is

b
. gede ) e 28 4
(y2)emiiz = j(: 48E1, (3 — 4c) = 28 X 162 N EI,’

The total deflection is

1 2 M i
()’)z=z/2= (_}’1):=l/2+(_y2)x=l/z = (; 3%4 + 4—._8—>ZSI_6; ) l’q:I, = 1.02 1n,

4. Determine the deflection at the middle of the beam shown
in Fig. 91 when the load is in a position to produce the maximum
bending moment.

Suggestion. The deflection can be obtained by using eq. (91)
together with the method of superposition and substituting & = //2
— dJ4 in this equation for one load and & = //2 — 44 for the
other. '

5. Determine the deflections at the middle and the angles of

rotation of the ends of the

1___ x—of p , &  beams shown in Figs. 67 (§)
A g . =8 and 67 (¢). Assumein these
%3 G ° ., calculations a standard 1
@ |, Peb beam of 8 in. depth and 5.97
/(f) % sq. in. area, E = 30 X 10"

4 7 ! & lbs. per sq. in.
Pedy) ) 6. Determine the angles
/£I % 6, and 6, and the deflection

at any cross section mn of a
beam simply supported at
Fi. 134. the ends and bent by a
couple Pc (Flg 134).
Solution. The loading of the conjugate beam is indicated in
Fig. 134 (6). The reactions at @; and &, are

Pca? a P2 2
T (”5)‘735];
Pm22a Pch? b
R"=/[ 7 3 ‘T/(“+§)]'
Therefore

oo P afpr?)_2
= e Y\0T3) T

2
3
Pc 2
6 = —m[gas—bz(a—{-

@
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If a = 4 = /2, we obtain
Pcl_
24E1,
If @ > I/+/3 the angle 6, changes its sign. The bending moment at
the cross section my7; of the conjugate beam is

Pea®x*x _ Pex a 2 Pex?
Alx__ﬂ—a“’g_ D [aQ(b-i-g)—}bS] -~

0y = 0; =

Therefore the deflection curve for the left part of the actual beam is

Pex a 2 Pex?
— 2 A Wy £ 3 il
y z/zFJ,[” (’”3) 3’}] 6IEL,
7. A beam with supported ends is bent by two couples M; and
M,, applied at the ends (Fig.

135). Determine the angles 7 v, 6, , ‘4’
of rotation of the ends and the = J o
position of the cross section 2
in which the deflection is a Fio, 135,
maximum,
Solution. The absolute values of the angles are
o Ml M M Ml
1

=3ELV6EL’ %= 3EI TRl

The deflection curve, by using eq. (105), is

M - x) [ (/ - x)z] Mylx x?
Y="¢kr, L' \77 JI1terr.\' ~E)
The position of maximum deflection can be found from this equa-
tion by equating the first derivative to zero.

8. A beam is bent by two couples as shown in Fig. 136. Deter-
mine the ratio M;: M, if the
pe—— point of inflection is at a distance

_.l X/, !/3 from the left support.

(—

Answer. M, = 2 M.

9. Two planks of different
thicknesses 41 and 4, resting one
on the other, support a uniformly distributed load as shown in
Fig. 137. Determine the ratio of the maximum stresses occut-
ing in each.

o
(

Fie. 136.
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Solution. Both planks have the same deflection curves and
curvature; hence their bending moments are in the same ratio as
the moments of inertia of their cross sections, i.e., in the ratio
A : 28, The section moduli are in the ratio 4,2 : 45?; hence the
maximum stresses are in the ratio A; : As.

P P

u_LLLLJ_LL_Li é@"' AMKZ )’ffﬁ/
he

77 77777, ¥

Fie. 137. e, 138.

10. A steel bar 4B has such an initial curvature that after
being straightened by the forces P (Fig. 138) it produces a uni-
formly distributed pressure along the length of the rigid plane
surface MN. Determine the forces P necessary to straighten the
bar and the maximum stress produced in it if / = 20 in., § = 0.1 in.,
and the cross section of the bar is a square having 1 in. sides.

Solution. To obtain a uniformly distributed pressure, the
initial curvature of the bar must be the same as the deflection curve
of a simply supported beam carrying a uniformly distributed load
of intensity 2P//. Then we obtain

2P Pl
max — Té = : ’ (d)
_ Sk r
0= 35 X T X7, @
The maximum stress will be
Muax Plh
Tmax =~ = 8. (c)

Now from (4) and (¢)

_24FE8h 24 X 3o X108 Xor X1 )
Tmex = = T X 20 = 36,000 lbs. per sq. in.

and from (¢)
P = 1,200 lbs.

37. Deflection of Beams with Overhangs.—A beam with an
overhang can be divided into two parts: the one between the
supports which is to be treated as a beam with supported ends
and the overhang which is to be treated as a cantilever. Asan
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illustration, we consider the bendingof abeam with an overhang
under the action of a uni-

formly distributed load ¢4 (Fig. %g@@@*ﬁ%_\,
139). The beam is divided lgm% 8 c
into the parts /B and BC and (l)

the action of the overhang on )

the portion of the beam be- mm (ol
tween the supports is replaced ! s

by a shearing force gz and a
couple M = ga?/2. We find y
that the shearing force is di-

rectly transmitted to the sup-

port and that only the couple g4?/2 need be considered. Then
the deflection at any cross section between the supports is
obtained by subtracting the deflection produced by the couple

ga?/2 from the deflections produced by the uniform load ¢
(Fig. 139, #). Using eqs. (81) and (105), we obtain

(C)
Fie. 139.

a?lx x?
3 = o (=2t ) = 20 (1 - 7).

The angle of rotation of the cross section at B is obtained by
using eqs. (83) and (104), from which, by considering rotation
positive when in the clockwise direction, we have

92 = ¢ET, ~ 24EL.

The deflection at any cross section of the overhang (Fig. 139,
¢) 1s now obtained by superposing the deflection of a cantilever
(eq. 101) on the deflection

qa®l ql? )
Bax (6El 24EL )"

due to the rotation of the cross section B.

Problems

i. Determine the deflection and the slopz at the end C of the
beam shown in Fig. 141a.
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Pa*(l + a)

. Pa(2/ + 3a)
3EI,

Answer. Deflection = 6EI,

Slope =

2. For the beam shown in Fig. 140 determine the deflection at
the end C and also that at the midpoint between the supports.

Solution. 'That part of the

Rl 49 s i ,8 beam between the supports

c 7] ~7 will be in the condition of a

E z J beam loaded by the force P

Fic. 140. and by the couples Pz and

P at the supports. By using

egs. (91) and (105), pp. 143, 159, and the method of superposition,
the deflection at the middle is

o

_— DY e
8 SEI (8% — 4) — {GET. ~ 16EL

The angle 6, at the support A is obtained from eqs. (88), (103)
and (104) on pp. 142, 158,

o PP~  Pal  Pwl
"7 TG/EI. T 3EI.~ 6EL

From eq. (95) the deflection at the end C'is

Pa? Vi 2
:;Ez — ab. JA’_\A\V’
. . l‘l/e ——r=- Ve --L—- a— €
3. A beam with an overhang is @
bent in one case by the force P at |-*’/z—~1 2 _c
the end (Fig. 141, 4), and in another A& 2
case by the same force applied at I-—'/z—-‘
the middle of the span (Fig. 141, ®)
5). Prove that the deflection at Fie. 141

the point D in the first case is equal
to the deflection at the end C in the second case.
Answer. In each case the deflection is

Pl2a
16EI,

4. A beam of length / with two equal overhangs is loaded by
two equal forces P at the ends (Fig. 142). Determine the ratio x//



DEFLECTION OF LOADED BEAMS 165

at which (1) the deflection at the middle is equal to the deflection at
either end, (2) the deflection at the middle has its maximum value.
Answer. (1) x = o.152/; (2) » = //6.

¢ A : D Am_L“JJ_LU_U.UJD
P__.X_J\ F—X-’P Jﬁlma—_"

Fic. 142. Fie. 143.

5. A wooden beam of circular cross section supported at C,
with the end attached at A, carries a uniformly distributed load
g on the overhang CD (Fig. 143). Determine the diameter of the
cross section and the deflection at D if / = 3 feet, a = 6 feet, ¢ =
300 lbs. per foot, ¢ = 1,200 lbs. per sq. in.

Solution. The diameter 4 is found from equation

2 3
9 @ _
2 32
Then the deflection at the end D is
S A L
®=%E1, T oEL,

6. A beam of length / carries a uniformly distributed load of

intensity ¢ (Fig. 144). Determine the

length of overhangs to make the numer-
ical maximum value of the bending dtiai bl TN

14

moment as small as possible. Determine == x —
the deflection at the middle for this FIc. 144.
condition.

Solution. Making the numerical values of the bending mo-
ments at the middle and at the supports equal we obtain

x = 0.207/.
The deflection at the middle is determined from the equation

5 = 5. gl — 2x)! _ gx2(/ — 2x)?
"~ 384 EI. 16E1,

in which the first term on the right side represents the deflection pro-
duced by the load between the support (eq. 82) and the second,
the deflection produced by the load on the overhangs (eq. 105).

7. Determine the deflections at the ends of the overhangs for
the beams represented in Fig. 74 4, 4, ¢. Assume a standard I
beam of 8 in. depth and 5.97 sq. in. area. E = 30 X 10° lbs.
per sq. in.

b
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38. The Deflection of Beams When the Loads Are Not
Parallel to One of the Two Principal Planes of Bending.—
Let us consider first a simple ex-

g, —— b ample of a cantilever, whose cross .
Z xz PAn section has two axes of symmetry
Ny « (Fig.145). Theload Pattheend
Py y  is perpendicular to the axis of the
Fro. 145. beam and makes an angle a with

the principal axis y of the cross
section. In calculating the stresses and deflections of the
beam the method of superposition will be used. The load P
will be resolved into two components Pcosa and Psine in the
directions of the two principal axes of the cross section. The
deflection produced by each of these components can easily be
obtained by using the theory of bending in the plane of
symmetry. Then the resultant deflection is obtained by
superposition. The absolute values of the two components
of the bending moment at any cross section m# of the canti-
lever are M, = P cos a(/ — x) about the 2z axis, and M,
= P sin a(/ — x) about the y axis. From the directions of
the two components and of the axes y and 2, it will be seen
that the moment M, produces compression in points with a
positive ¥ and M, produces compression in points with 2
positive 2. Then the normal stress ¢, at any point of the
cross section (y, 2) is obtained by adding together the stresses
produced by M, and M, separately. We thus arrive at the
equation:

_ _Pcosa(l —x)y Psinal — x)z
9= = I. B I,

= — P( — %) [y °;’j°‘+“}j°‘]. (@)

The neutral axis is found by taking points with such coordi-
nates that the expression in brackets in eq. () equals zero.
The equation of the neutral axis is therefore

ycosa  zsina

7, t—1, = )
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This is an axis through the centroid of the cross section making
an angle 8 with the 2z axis (see Fig. 146) such that, from eq. (%),

y I, -~ Ky a4

tan 8 = —E=tanal—y. (e) ]r
It will be seen that, in general, tan 8 is 2 \ h
not equal to tan a; hence the neutral *—FJ< £ I
axis 7z is not perpendicular to the plane _’L N\ ¥al. 4
of the bending forces and the plane of NN f
the deflection curve, which is perpen- 6 y s -
dicular to #n, does not coincide with A
the plane of the bending forces. These Fro. 146.

two planes coincide only when tan «

=oor w or I, = I,. In the first two cases the plane of the
bending forces coincides with one of the principal planes of
bending. In the last case the ellipse of inertia becomes a
circle since the two principal moments of inertia are equal and
any two perpendicular directions may be taken as the two
principal axes of the cross section. When 1./, 1s a large
number, i.e., when the rigidity of the beam in the xy plane is
much larger than that in the xz plane, tang becomes large in
comparison with tana and when angle « is small, angle 8
will approach go° and the neutral axis will approach the
vertical axis. The deflection will be principally in the xz
plane, i.e., there is a tendency to deflect in the plane of greatest
flexibility. This can be demonstrated in a very simple
manner on a thin rule. The slightest deviation of the bending
force from the plane of greatest rigidity results in a bending in
the perpendicular direction. This can be shown also by
resolving the force P (Fig. 145) into two components and
calculating deflections produced by each component. If the
flexural rigidity of the cantilever in the horizontal plane is
very small in comparison with the rigidity in vertical plane, a
small horizontal component may produce a much greater
horizontal deflection than the deflection in the vertical plane;
hence the resultant deflection will be principally in the plane of
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greatest flexibility. It is interesting to note that the neutral
axis #n is parallel to the tangent drawn to the ellipse of
inertia at the point of intersection of this ellipse with the
direction of the force P. This can be proved as follows. The
equation of the ellipse is

y2 Z2
k2T

and the equation of the tangent at the point with the coordi-
nates yo and zo (Fig. 146) is

¥y pa4
TR

The tangent of the angle between the z axis and this tangent
will be

ﬂ)—kiz = tanaé= tan 8.

Yo ky I,
When the direction of the neutral axis is determined the points
of maximum normal stress will be those most distant from it.
In our case the maximum tension will be at point 4 and
maximum compression at point B. Substituting in eq. ()
x =03y = — (&/2);2 = — (4/2), we obtain

/ cos 4 sin
(02)oue = P22 4 23 2). @

The compressive stresses at the point B will have the same
magnitude. The method developed above for the case of a
cantilever with two planes of symmetry and loaded at the end
can be applied also to beams supported at the ends and loaded
by several loads. Resolving each force into two components
parallel to the two axes of symmetry of the cross section, the
problem is reduced to two simple problems of bending of a
beam in the two principal planes. The resultant deflections
will be obtained by superposing the two deflections in the
principal planes.
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Problems

1. A cantilever beam of Z section is loaded at the end by a
vertical load P = 400 lbs. (Fig. 147). Determine the maximum
normal stress g, and the vertical .

. 4 100
and horizontal components of

the deflection at the end. The 7% X a:
P

dimensions are as indicated in
the figure. « = 17° 20/, princi- A
pal moments of inertia T 75X 6

X s
I, = 60.3in.%; I, = 3.54 in 8" \b a ):’zx/?za

Answer. (0z)max = 6,420 ibs. _1_ 2

y P

per sq. in. at Bj; dver. = 0.178 "-:—;l
in.; Ohoriz. = 0336 in. PP
2. A cantilever of rectangu- Fio. 147.

lar cross section is bent by a force
P at the end. What curve will be described by the loaded end,
when the angle o (Fig. 145) varies from o to 2x?

Answer. The curve will be an ellipse with the semil axes

PP PP
3EI,  *¢ 3ELC
3. A wooden beam of rectangular cross section carries a uni-
formly distributed load of intensity ¢ and is supported

b at the ends in the position shown in Fig. 148. Deter-
mine the maximum normal stress and the vertical deflec-

2By tion at the middle if the length of the beam / = 10 feet,
@ |~ ¢ = 200 lbs. per foot, h =8 in.,, & = 6 in., tan @ = 1/3.
F Solution. The maximum bending moment will be at
1G6. 148 .
the middle
Mpax = 1813 = 20—0%<-Ii = 2,500 Ibs. feet = 30,000 lbs. ins.

The components of the bending moment in the principal planes are
M, = M_,, cos a = 30,000 X 0.949 = 28,500 lbs. ins. and M, =
M ox 5in @ = 30,000 X 0.316 = g,480 lbs. in. The maximum stress
at the point B is

6 X 28,500 6 X 9,480

(02)max = 7 +p = 643 Ibs. per sq. in.
The deflections at the middle in the two principal planes are
_ 5 gitcosa _ 5 ghsina
o= 384 EI. and 3 384 EI,
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The vertical deflection at the middie is

_ - __5_91“( ) &-2)
5-6,,c05a+6zsma—-384E[z cos' a+1ysm «@

= o.117 in. X 1.08 = .126 in.

4. Soive the above problem if the distance between the sup-
ports is b feet and the beam has two equal overhangs each 2 feet
long,

39. Effect of Shearing Force on the Deflection of Beams.—In
the previous discussion (see p. 134) only the action of the bending
moment in causing deflection was considered. An additional de-
flection will be produced by the shearing force, in the form of a
mutual sliding of adjacent cross sections along
each other. As a result of the non-uniform dis-
tribution of the shearing stresses, the cross sec-
tions, previously plane, become curved as in
Fig. 149, which shows the bending due to shear
alone® The elements of the cross sections at
the centroids remain vertical and slide along one
another; therefore the slope of the deflection
curve, due to the shear alone, is equal at each cross section to the
shearing strain at the centroid of this cross section. Denoting by
1 the deflections due to shear, we obtain for any cross section the
following expression for the slope:

- G 4G (@)

in which 7/4 is the average shearing stress 7,z, G is the modulus
in shear and « is a numerical factor with which the average shearing
stress must be multiplied in order to obtain the shearing stress at
the centroid of the cross sections. For a rectangular cross-section
a = 3/2 (see eq. 66, p. 114); for a circular cross-section a = 4/3
(see eq. 68, p. 118) With a continuous load on the beam, the
shearing force ¥ is a continuous function which may be differ-
entiated with respect to x. The curvature caused by the shear
alone is then

dx*  AGdx = ~ A4Gc?

8 The deformation produced by the bending moment and consisting of
a mutual rotation of adjacent cross sections is removed.
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The sum of this and the curvature produced by the bending moment
(see eq. 79) gives

d%y I aFEl,
i 'EI,(M+ ple 7)' (106)

This equation must be used instead of eq. (79) to determine
deflections in all cases in which the effect of the shearing force
should be taken into consideration.® Knowing M and ¢ as func-
tions of x, eq. (106) can be easily integrated in the same manner
as has been shown in article 32.

The conjugate beam method (see p. 154) may also be applied
to good advantage in this case by taking as ordinates of the imag-
* inary load diagram

EI,
M+°‘:Eq> (b)

instead of only M.

Let us consider, for example, the case of a simply supported
beam with a uniform load (Fig. 150). The bending moment at
any section x is

_a,
M= 5 X , (c)

The load on the conjugate beam consists of two parts: (1) that

represented by the first term of (4) and given by the parabolic

bending moment diagram (Fig. 150, &) and (2) that represented

by the second term of (), which is a(EI./4G)q. Since g is constant,

the second term is a uniformly distributed load shown in Fig. 150 ().
The additional deflection at

any section due to the shearing L —
force is the bending moment pro- ¢
duced at this section of the con- MAREEN U(a,;' LU d
jugate beam by such a load, di- v
vided by EI.. At the middle of v
the beam the additional deflection £ [0 7 *
is consequently
| otk
5 __I_ EIZ )l_z_alzq. [ fc) A G
VEEL\YA4GY |8 T 834G Fic. 150.

Adding this to the deflection due to the bending moment (see eq.

? Another way of determining additional deflection due to shear is
discussed on page 298.



172 STRENGTH OF MATERIALS

82, p. 138), we obtain the total deflection

5 g/t al’g 5 g ( 48a k2 E) ,

384 EI, ' 84G ~ 384 EI, s 2 G

6 = (@)

in which k., = VI./A is the radius of gyration of the cross section
with respect to the z axis.

For a rectangular cross-section of depth 4, &2 = {54% « = 3/2.
Putting E/G = 2(1 + p) = 2.6, we obtain from (&)

5o 54t ( hz)
= 384 KT, I+ 3.1212 .
It may be seen that for //4 = 10 the effect of the shearing force
on the deflection is about 3 per cent. As the ratio //4 decreases
this effect increases. :
The factor a is usually larger than 2 for I beams and when

they are short the effect of the shearing force may be comparatively
great. Using eq. (70) and Fig. 106, we have

oV V [k b
7_511,[ g§ 8 (b—bl)]’
from which
A [bh2 e
"‘_M,[s*s(b_“]' ()

For example, suppose 2 = 24 in., 4 = 31.0sq. in., I, = 2,810 in.4,
the thickness of the web 4, = /8 in., / = 64. Then eq. (¢) gives
a = 2.42. Substituting in eq. (d), we find

59t £

5o 5 (1 48 pan ¢ —2810
~38s EL\ T X X5y

- 59
" X 2.6) = 1'265384EL

The additional deflection due to shear in this case is equal to 26.5

p per cent of the deflection produced by

™ the bending moment and must therefore
be considered.
M 3 In the case of a concentrated load
d i P (Fig. 151) such a load can be con-
1’? sidered as the limiting case of a load
5 3, distributed over a very short portion e

of the beam. The amount of the im-
aginary loading P: on the conjugate
beam A.B,, cortesponding to the second term in expression (4),

Fre. 151
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will be

El,
P=«a e P. (f)

The additional deflection due to shearing forces is obtained by
dividing by EI. the bending moment produced in the conjugate
beam by the imaginary concentrated load given by eq. (f). For
instance, for central loading of a beam the bending moment at the
middle of the conjugate beam produced by the load (f) will be
a(EIL[AG)PI/4 and the additional deflection at the middle due to
shearing forces is

a Pl
51'—‘%:' (®

Adding this to the deflection produced by the bending moment
alone (see eq. 9o, p. 143), the following expression for the complete
deflection is obtained:

PpB a Pl PP ( 120k 2 E )

8= BEL VY 4G 5 = BEL E G

W8EI, T 4G 4 T 48EIL

For a beam of rectangular cross-section of depth 4 we have

k2B _3
2 12p° “=3
and we obtain
Pl3 h?
= WEL (1+39o ) (2)

For A/l = 1/10 the additional effect of the shearing force is about
4 per cent.

It has been assumed throughout the above discussion that
the cross sections of the beam can warp freely as shown in Fig.
149. The uniformly loaded beam is one case in which this
condition is approximately satisfied. The shearing force at the
middle of such a beam is zero and there will be no warping here.
The warping increases gradually with the shearing force as we
proceed along the beam to the left or to the right of the middle.
The condition of symmetry of deformation with respect to the
middle section is therefore satisfied. Consider now bending by a
concentrated load at the middle. From the condition of symmetry
the middie cross section of the beam must remain plane. At the
same time, adjacent cross sections to the right and to the left of
the load carry a shearing force equal to P/2, and warping of cross
sections caused by these shearing forces should take place. From
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the condition of continuity of deformation, however, there can be
no abrupt change from a plane middle section to warped adjacent
sections. There must be a continuous increase in warping as we
proceed along the beam in either direction from the middle, and
only at some distance from the load can the warping be such as a
shearing force P/2 produces under conditions of freedom in warping.
From this discussion it must be concluded that in the neighborhood
of the middle cross section the stress distribution will not be that
predicted by the elementary theory of bending (see p. 113). Warp-
ing will be partially prevented and the additional deflection due
to shearing forces will be somewhat less than that found above (see
eq. £). A more detailed investigation ° shows that in the case of
a concentrated load at the middle the deflection at the middle is

5_ﬁ[ sc 2 _ og (ﬁ)"' 2
SWEIL T m k) | (%)

We have an analogous condi-
tion also in the case of a cantilever
beam. If the built-in cross sec-
tion can warp freely as shown
in Fig. 152 (@), the conditions

fa) /) ol will be as assumed in the deri-
— L vation of eq. (4). The deflection
! of a cantilever of rectangular
cross section will be obtained
by substituting / for //2 and P for P2 in this equation, giving

PB R
8=m(1+0.98;)- )]
When the built-in cross section is completely prevented from warp-

ing (Fig. 152, %), the conditions will be the same as assumed in
the derivation of eq. (£) and the deflection will be

= gar[ +on i - oo ()]
5_3EI I+ 071 7~ o107 ) (m)

which is less than the deflection given by (/).

18 See L. N. G. Filon, Phil. Trans. Roy. Soc. (A), Vol. 201, p. 63,
1903, and S. Timoshenko, Phil. Mag., Vol. 47, p. 1095, 1924. See also
Th. v. Karman, Scripta Universitatis atque Bibliothecae Hierosolmi-
tanarum, 1923, and writer’s “ Theory of Elasticity,” p. 95, 1934.

/b
NN

A}

Fie. 152.




CHAPTER VI

STATICALLY INDETERMINATE PROBLEMS IN BENDING

40. Redundant Constraints.—In our previous discussion
three types of beams have been considered: () a cantilever
beam, (%) a beam supported at the ends and (¢) a beam with
overhangs. In all three cases the reactions at the supports
can be determined from the fundamental equations of statics;
hence the problems are statically determinate. We will now
consider problems on the bending of beams in which the
equations of statics are not sufficient to determine all the
reactive forces at the supports, so that additional equations,
based on a consideration of the deflection of the beams, must
be derived. Such problems are called statically indeterminate.

Let us consider the various types of supports which a
beam may have. The support represented in Fig. 153 (4) is

R R
R 1 i
1x 1 x # l_x
m ’"(a} & /b) Yy <)
y y
Fie. 153.

called a Ainged movable support. Neglecting the friction in the
hinge and in the rollers, it is evident that in this type of
support the reaction must act through the center of the hinge
and must be perpendicular to the plane m# on which the rollers
are moving. Hence we know the point of application of the
reaction and its direction. There remains only one unknown
element, the magnitude of the reaction.

In Fig. 153 (&) a hinged immovable support is shown. In
this case the reaction must go through the center of the hinge
but it may have any direction in the plane of the figure. We
have two unknowns to determine from the equations of

175
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statics, the direction of the reaction and its magnitude, or,
if we like, the vertical and horizontal components of the
reaction.

In Fig. 153 (¢) a built-in end 1s represented. In this case
not only the direction and the magnitude of the reaction are
unknown, but also the point of application. The reactive
forces distributed over the built-in section can be replaced by
a force R applied at the centroid of the cross section and a
couple M. We then have three unknowns to determine from
the equations of statics, the two components of the reactive
force R and the magnitude of the couple M.

For beams loaded by transverse loads in one plane we have,
for determining the reactions at the supports, the three
equations of statics, namely,

X = o Y = o; ZM = o. (a)

If the beam is supported so that there are only three unknown
reactive elements, they can be determined from egs. (4);
hence the problem is statically determinate. These three
elements are just sufficient to assure the immovability of the
beam. When the number of reactive elements is larger than
three, we say there are redundant constraints and the problem
is statically indeterminate.

A cantilever is supported at the built-in end. In this
case, as was explained above, the number of unknown reactive
elements is three and they can be determined from the equa-
tions of statics. For beams supported at both ends and
beams with overhangs it is usually assumed that one of the
supports is an immovable and the other a movable hinge. In

such a case we have again three
unknown reactive elements,
» which can be determined from
the equations of statics.

If the beam has immovable
hinges at both ends (Fig. 154),
the problem becomes statically indeterminate. At each end
we have two unknown elements, the two components of the
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corresponding reaction, and for determining these four un-
knowns we have only the three equations (¢). Hence we
have one redundant constraint and a consideration of the
deformation of the beam becomes necessary to determine the
reactions.. The vertical components of the reactions can be
calculated from the equations of statics. In the case of
vertical loads it can be concluded also from statics that the
horizontal components H are equal and opposite in direction.
To find the magnitude of H let us consider the elongation of
the axis of the beam during bending. A good approximation
to this elongation can be obtained by assuming that the
deflection curve of the beam is a parabola,! the equation of
which 1s .

y= =) 0
where 6 is the deflection at the middle. The length of the
curve 1s

12 172 2
s=2f \"dx2+dy2=2f a’x\ll—i—(g,l)- (¢)
0 0 X

In the case of a flat curve the quantity (dy/dx)? is small in
‘comparison with unity and neglecting small quantities of
order higher than the second we obtain approximately

dy \? 1{dy\?
Vit (@) = +3(7)-
Substituting this expression in equation (¢) and using equation
(#) we find the length of the curve to be

8 o2
s=/(1+§72)~

Then the difference between the length of the curve and the
distance / between the supports represents the total axial
elongation of the beam and is (8/3)(8%/); the uait elongation

1 The exact expression for the deflection curve will be given later
(see Part II). .
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is then (8/3)(8%//%). Knowing this and denoting by E the
modulus of elasticity of the material of the beam and by 4
its cross-sectional area, we obtain the horizontal reaction fro
equation: -
8y

H = REA. )

It is interesting to note that for most beams in practice the
deflection § is very small in comparison with the length and
the tensile stress (8/3)(8%*//?)E produced by the forces H is
usually small in comparison with bending stresses and can be
neglected. This justifies the usual practice of calculating
beams with supported ends by assuming that one of the two
supports is a movable hinge, although the special provisions
for permitting free motion of the hinge are actually used only
in cases of large spans such as bridges.

In the case of the bending of flexible bars and thin metallic
strips, where the deflection 3 is no longer very small in
comparison with /, the tensile stresses produced by the
longitudinal forces H can not be neglected. Such problems
will be discussed later (see Part II). In the following discus-
sion of statically indeterminate problems of bending the
method of superposition will be used and the solutions will be
obtained by combining statically determinate cases in such a
manner as to satisfy the conditions at the supports.

41. Beam Built-in at One End and Supported at the
Other.—Consider first the case where there 1s a single con-
centrated load P (Fig. 155).2 In this case we have three
unknown reactive elements at the left end and one at the
right end. Hence the problem is statically indeterminate
with one redundant constraint. In the solution of this prob-
lem let us consider as redundant the constraint which prevents
the left end A4 of the beam from rotating during bending. Re-
moving this constraint, we obtain the statically determinate
problem shown in Fig. 155 (4). The bending produced by the
statically indeterminate couple M, will be studied separately
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as shown in Fig. 155 (¢).2 It is evident that the bending of
the beam represented in Fig. 155 (2) can be obtained by a
combination of cases (#) and (¢).
It is only necessary to adjust
the magnitude of the couple
M, at the support in such a
manner as to satisfy the con-
dition

0 = — 01’. (ﬂ)

Thus, the rotation of the left
end of the beam, due to the
force P, will be annihilated by n
M, and the condition of a ' =
built-in end with zero slope will "m [
be satisfied. To obtain the stat- [Hiie "““I““ "'" " c)i
ically indeterminate couple M,
it is necessary only to substitute
in eq. (4) the known values for
the angles 6, and 6," from equations (88), p. 142, and (104),
p- 158. Then

NEa

I‘IG 155.

Pelt—)  MJ
6/EI. ~ ~ 3EI.
from which
2 __ 2
Ma —_ P.C_(ZQP—CZ . - (107)

The bending moment diagram can now be obtained by com-
bining the diagrams for cases (#) and (¢) as shown by the
shaded area in Fig. 155 (4). The maximum bending moment
will be either that at @ or that at 4.

The deflection at any point can easily be obtained by
subtracting from the deflection at this point produced by the
load P the deflection produced by the couple M,. The
equations of the deflection curves for both these cases have
already been given in (86) and (87), p. 142, and in (10%),
p. 159. Let us take, for instance, the case ¢ < 3/ and calcu-

2 Deflection curves and bending moment diagrams are shown to-
gether.



180 STRENGTH OF MATERIALS

late the deflection at the middle of the span. From egs. (91)
and (10%)

Pc M, /?
b= Er, 8" — 4 + T6£T,

or, by using eq. (107),

Pc
é = m (32 — 5¢2).

At the point € where the bending moment becomes zero, the
curvature of the deflection curve is also zero and we have a
point of inflection, i.e., a point where the curvature changes
sign.

It may be seen from eq. (107) that the bending moment
at the built-in end depends on the position of the load P. If
we equate to zero the derivative of eq. (107) with respect to ¢,
we find that the moment M, hasits numerical maximum value
when ¢ = //y/3. Then

| M| max = % = 0.192P/. (108)
The bending moment under the load, from Fig. 155 (d), is

Pc(l — Pe(# —¢) P
M, ~ f(l ‘>_£/ ‘<2/2 ‘)=2—-/§(/—c)2(z/+c). ®)

If we take the derivative of () with respect to ¢ and equate it
to zero, we find that M, becomes a maximum when

(V3 — 1) = 0.366/.

[SR R

C =

Substituting this in eq. (), we obtain
(M) max = 0.174PL

Comparing this with eq. (108), we find that in the case of a
moving load the maximum normal stresses o, are at the
built-in section,

Having the solution for the single concentrated load and
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using the method of superposition, the problem can be solved
for other types of transverse .

loading by simple extension of

A4 a 5
the above theory. Take, for M,</ a !
instance, the case represented in € ’

Fig. 156. The moment at the Zch 6. -
support A, produced by any

element gdc of the load, is obtained from eq. (107) by substi-
tuting gdc for P. The total moment M, at the support will be

b
_ gede(P =) q [{2(52 —-d) V-a
M, =— j: 2/? YL 2 4 ()

If the load be distributed along the entire length of the beam,
then substituting in eq. (¢) 2 = o, & = /, we obtain

M, = — q—éf * (109)
The bending moment diagram is obtained by subtracting
the triangular diagram due to the couple M, (Fig. 157)
from the parabolic diagram, due to uniform loading. It can
, be seen that the maximum bend-
Z 1 ing stresses will be at the built-in
Al idieeitiiitiiilg . .

) section. The deflection at any
point is obtained by subtracting
the deflection at this point pro-
duced by the couple M, (see eq.
105, p. 15§9) from the deflection at
the same point produced by the
uniform load (see eq. 81, p. 138).
For the middle of the span we will obtain

-5 e MP gl
b= %, EL, T 16EL, = T9:ET, (110)

Fie. 157.

Problems

1. Draw shearing force diagrams for the cases shown in Figures

155 and 157.
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2. Determine the maximum deflection for the case of a uni-
formly distributed load shown in Fig. 157.

Solution. Combining egs. (81) and (105), the following equa-
tion for the deflection curve is obtained:

Setting the derivative dy/dx equal to zero, we find the point of
maximum deflection at x = (J/16)(15 — V33) = 0.579/. Substi-
tuting in (d), we obtain

b = —T .
mx = T5¢ET,

3. Determine the reaction at the right support of the beam
shown in Fig. 157, considering this reaction as the redundant con-
straint,

Solution. Removing support B, the deflection of this end of
the beam, considered as a cantilever, will be ¢#4/8EI, from eq. (84).
Reaction R, at B (Fig. 157, @) must be such as to eliminate the
above deflection. Then by using eq. (95) we obtain the equation:

q14 _ Rbl3
8EI, 3EI,’
from which
3
(1] Rb =3 l
o Wﬂm T 2 g7
" ””“””ﬂ ¢ 4. A beam is loaded as shown in
a%& A Fig. 158. Determine the moment
M, and the reactions R, and R, at the
F1c. 158. supports.
Answer.
_M__p+l. P =342, R=—l+—l
120 75 g9t T 4o 115 i 7 71

5. Determine the reaction R, at the support B of a uniformly
loaded beam such as shown in Fig. 147 if the support B is elastic,
so that a downward force of the magnitude % lowers the support a
unit distance.

Solution. Using the same method as in problem 3 above, the
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equation for determining R, will be

qh R &
8EI,  3EI.  k’
from which
§9° " 3EI,
T+

6. Construct the bending moment diagram for a uniformly
loaded beam supported at three equidistant points.

Suggestion. From the condition
of symmetry the middle cross section
does not rotate during bending and 44 (a) - A
each half of the beam will be in the 7 . % __!
condition of a beam built in at one end ¢
and supported at the other. o, o,

7. Determine the deflection of the HQSD ®
end C of the beam shown in Fig. 159. . .

Solution. Replacing the action of (A%:?ﬁ#ﬁ ©
the overhang by a couple Pa, the Fie. 150.
bending of the beam between the sup- ’
ports will be obtained by superposing cases (¢) and (¢). The stat-
ically indeterminate couple M, will be found from the equation
6= — 6 or

Pal  MJ
6EI, 3EI’
from which M, = Paf2. The deflection at C will be

Pa? , Pa? Pail
6 = 3Elz+ 4(62 - 02) ha 3Elz+ 4Elz.

The first term on the right side represents the deflection of a canti-
lever and the second represents the deflection due to rotation of
the cross section at B.

8. Determine the additional pressure of the beam 4B on the
support B (Fig. 155) due to non-uniform heating of the beam,
provided that the temperature varies from £ at the bottom to ¢
at the top of the beam according to a linear law.

Solution. If the support at B is removed, the non-uniform
heating will cause the deflection curve of the beam to become an
arc of a circle. The radius of this circle can be determined from
the equation 1/r = a(t — #)/A, in which 4 = the depth of the beam
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and a = the coefficient of thermal expansion. The corresponding
deflection at B can be found as in problem 2, p. 94, and is

2 Pa(t — t)
oy 2k )

This deflection is eliminated by the reaction of the support B.
Letting R, denote this reaction,
R Pat — t)
3EI, 24

b

from which
3EI,
24!

9. A cantilever 4B, loaded at the

X end, is supported by a shorter cantilever

z CD of the same cross section as cantilever

-2, AB. Determine the pressure X between

t the two beams at C.

Fre. 160. Solution. Pressure X will be found

from the condition that at C both the can-

tilevers have the same deflection. Using eq. (95) for the lower

cantilever and eq. (97) together with eq. (95) for the upper we
obtain

R, = ~a(t — ).

”F§

N

Xt _ P (W B _ XL
3EI,” EI.\'2 ~ 6 ) 3EI’

_£(1_ 1)
T 4 \A 3

From a consideration of the bending moment diagrams for the
upper and lower cantilevers it can be concluded that at C the upper
cantilever has a larger angular deflection than the lower has. This
indicates that there will be contact between the two cantilevers
only at points D and C.

10. Solve problem 7 assuming, instead of a concentrated load
P, a uniformly distributed load of intensity ¢ to be distributed (1)
along the length 4 of the overhand, (2) along the entire length of
the beam.

11. Draw the bending moment and shearing force diagrams for
the case shown in Fig. 156 if ¢ = 4 ft., b = 12 ft., / = 15 ft. and
g = 400 lbs. per ft.

from which

42. Beam with Both Ends Built in.—In this case we have
six reactive elements (three at each end), i.e., the problem has
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three statically indeterminate elements. However, for ordi-
nary beams, the horizontal components of the reactions can be
neglected (see p. 178), which

reduces the number of stati- o c —
cally indeterminate quantities %4\’/3%4
to two. Let us take the mo- % , € o
ments M, and M, at the sup- " @ l
ports for the statically inde- Aﬁ::%n

1 iti Then 4

terminate quantities. 4

for the case of a single concen-

trated load P (Fig. 161, 4) the (HQ%Q
solution can be obtained by % ) i
combining the two statically ||||||“|“H|II|II| peli<);
determinate problems shown < "llﬂl M
in Fig. 161 (4) and (¢). 1 Hl

It is @)
evident that the conditions at Fe. 161,
the built-in ends of the beam
AB will be satisfied if the couples M, and M, are adjusted
so as to make

6, = — 01,; 0, = — 02,- (4)

From these two equations the two statically indeterminate
couples are obtained. Using egs. (88) and (89) for a con-
centrated load and egs. (103) and (104) for the couples,
eqs. (@) become

Pl - MJ | M
6IET,  ~ 3EL Yt GETL

Pc(/ — 02 —-¢)  MJ M/

6IEL, = §EI. T 3EI
from which
Pe(l — Pe(l — o
Ma=__c_([2_c); Mb=—-—c<—lz—cl- (111)

Combining the bending moment diagrams for cases (&) and (¢),
the diagram shown in Fig. 161 (d) is obtained. The maximum
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positive bending moment is under the load at the point C.
Its magnitude can be found from Fig. 161 (d) and is given by
the following:

_ —_ 2 —_ 2
Mcch(ll )+ [ +Mb(1 ) 2Pc'([l3 ¢) . (112)

From Fig. 161 (d) it may be seen that the numerically
maximum bending moment is either that at C or that at the
nearest support. For a moving load, i.e., when ¢ varies,
assuming ¢ < //2, the maximum numerical value of M, is
obtained by putting ¢ = 1/3/in eq. (111). This maximum is
equal to 4/27P/. The bending moment under the load is a
maximum when ¢ = //2 and this maximum, from eq. (112),
is equal to 1/8PL Hence for a moving load the greatest
moment is at the end.

By using the method of superposition the deflection at any
point can also be obtained by combining the deflection pro-
duced by load P with that produced by couples M, and M,.

Having the solution for a single concentrated load P, any
other type of transverse loading can easily be studied by using
the method of superposition.

Problems

1. Draw the shearing force diagram for the case in Fig. 161 (4)
if P = 1,000 lbs., / = 12 ft., and ¢ = 4 ft.

2. Construct the bending moment diagram for a uniformly

. , loaded beam with built-in ends (Fig.

H o 162).
(‘%‘I RERERENRRENL! ’TJ:%B ) Solution. 'The moment at A4 pro-
" deed e ZPM, quced by one element gdc of the load

(Fig. 162, a) is, from eq. (111),

i
H 4l =z 2(] —
L2 _ gkl =0
V e aM, 7
Fic. 162.

The moment produced by the load
over the entire span is then

f'qdcc“’(l—c) _ .
. T
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the moment at the support B will have the same magnitude. Com-
bining the parabolic bending moment diagram produced by the
uniform load with the rectangular diagram given by two equal
couples applied at the ends, we obtain the diagram shown in Fig.
162 (4) by the shaded area.

3. Determine the moments at the 7
ends of a beam with built-in ends and %

loaded by the triangular load shown L{Zl
in Fig. 163. o g € Mo
Solution. The intensity of the Fic. 163.

load at distance ¢ from the support B

is gac/l and the load represented by the shaded element is gacdc//.
The couples acting at the ends, produced by this elementary load, as
given by egs. (111), are

_ g/ = c)de _ gac®(l — o)%dc

dMa = ]3 ; de = 13 H
therefore
4 3
_ 7 = e _ g
Ma - - L 13 - 20 3
t 2 2
_ qac(l—c)dc___qilf.
M, = - j; B T 30

4. Determine the reactive couples M, and M, in a beam with
built-in ends and bent by a couple Pc

7 Pare vy (Fig. 164). . .
Iy Solution. By using the solution of
_.% problem §, p. 160, and egs. (104) and
(105), the following equations are ob-

Fie. 164. tained:
3Pc a 2
2Ma+Mb=——]3—[42(&+§)—-353],
3P é)]
aMy + M, = 13[3“ b(a-i—3 )

from which M, and M, can easily be calculated.

5. Determine the bending moments at the ends of a built-in
beam due to non-uniform heating of the beam if the temperature
varies from £, at the bottom to # at the top of the beam according
to a linear law.
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Answer.
aEI(t — t)
}[ b

where « is the coefficient of thermal expansion and 4 is the depth
of the beam.

6. Determine the effect on the reactive force and reactive couple
at A of a small vertical displacement § of the built-in end A4 of the
beam 4B (Fig. 161).

Solution. Remove the support A; then the deflection & at A
and the slope 6, at this point will be found as for a cantilever built
in at B and loaded by P, i.e.,

Pe P
T 3EI, +

M, = M, =

_ P
YA

C2
& 2ET. (/ —¢); 6
Applying at A4 an upward reactive force X and a reactive couple
Y in the same direction as M., of such magnitude as to annihilate
the slope 6, and to make the deflection equal to §, the equations
for determining the unknown quantities X and Y become

X Yl P

2EI, ~ EI,  2EI,’
Xr _ye
3EI,~ 2KEI, %

7. Draw the shearing force and bending moment diagrams for
the beam shown in Fig. 163 if g. = 400 Ibs. per ft. and / = 15 ft.

8. Draw the shearing force and bending moment diagrams for
a beam with built-in ends if the left half of the beam is uniformly
loaded with a load ¢ = 400 Ibs. per ft. The length of the beam is
I = 16 ft.

— 3.

43. Frames.—The method used above for the cases of
statically indeterminate beams can be applied also to the
study of frames. Take, as a simple example, the symmetrical
and symmetrically loaded frame, Fig. 165, hinged at C and D.
The shape of the frame after deformation is shown by the
dotted lines. Neglecting the change in the length of the bars
and the effect of axial forces on the bending of bars,® the frame
can be considered to be made up of three beams as shown in

3 Simultaneous action of bending and thrust will be discussed later
(see Part II).
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Fig. 165 (#). Itis evident that there will be couples M at the
ends of the horizontal beam 4B which oppose the free rotation
of these ends and represent the action of the vertical bars
on the horizontal beam. This couple M can be considered as
the only statically indeterminate quantity. Knowing M, the

e A M‘_ﬁ__—-ﬁ 8
4 }61___‘_,’\_\ 8 ’\%M M)’\

f"‘ﬁ/ |
! i
h |
c\ My o ¢ D
Wp/; @) p’Z?’ ®
ah AN
8
¢ D

@
Fic. 163.

bending of all three bars can be investigated without any
difficulty. For determining M we have the condition that at
A and at B there are rigid joints between the bars so that the
rotation of the top end of the vertical bar /C must be equal to
the rotation of the left end of the horizontal bar. Hence the
equation for determining M is

6, = 0/. (@)

6, must be determined from the bending of the horizontal
beam A4B. Denoting by / the length of this beam and by EJ
its flexural rigidity, the rotation of the end A due to the load P,
by eq. (88) (& = //2), is Pi2[16EI. The couples at the ends
resist this bending and give a rotation in the opposite direction,
which, from egs. (103) and (104), equals M//2EI. The final
value of the angle of rotation will be

§ = ——— — ——= -
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Considering now the vertical bar 4/C as a beam with supported
ends, bent by a couple M, and denoting by % its length and by
EI, its flexural rigidity, the angle at the top, from eq. (104),
will be '
_ Mhk

= 3BT

Substituting in eq. (4), we obtain

Pr Ml M
16ET = 2EI ~ 3EI,’

6,

from which

Pl 1
NNy 1
I 3[[1

This is the absolute value of M. Its direction is shown in
Fig. 165 (¢). Knowing M, the bending moment diagram can
be constructed as shown in Fig. 165 (¢). The reactive forces

at the hinges C and D are also
8 shown (Fig. 165, 4). The verti-
cal components of these forces,
(o) from considerations of symmetry,
are each equal to P/2. As regards
the horizontal components, their
magnitude M]/A is obtained by con-
sidering the vertical bars as simply
supported beams loaded at the top
by the couples M.

The same problem can be solved
in another way by taking the hori-
zontal reaction H at the hinges
C and D as the statically inde-
terminate quantity, instead of M
(Fig. 166). The statically inde-
terminate problem is solved by
superposing the two statically de-
terminate problems shown in Fig.
166 (%) and (). 1ncase (%) the redundant constraint prevent-

Fic. 166.
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ing the horizontal motion of the hinges € and D is removed.
The vertical bars no longer have any bending. The horizontal
bar 4B is in the condition of a bar with simply supported ends
whose angles of rotation are equal to P/2/16EI, and the hori-
zontal motion of each hinge C and D is therefore A(P/2/16EI).
In case (c) the effect of the forces H is studied. These forces
produce bending couples on the ends of the horizontal bar 4B
equal to H-4, so that the angles of rotation of its ends ¢’ will
be Hk-I[2EI. The deflection of each hinge C and D consists
of two parts, the deflection 8’42 = HA?[2EI due to rotation of
the upper end and the deflection HA*/3EI, of the vertical bars
as cantilevers. In the actual case (Fig. 166, 4) the hinges C
and D do not move; hence the horizontal displacements pro-
duced by the force P (Fig. 166, 4) must be counteracted by
the forces H (Fig. 166, ), 1.e.,

P2 Hpl | HR

6EI" = 2ET T 3EL’
from which
1 P/ I
H=3% L2 L
3 / [1
Remembering that HA2 = M, this re-

sult agrees with the equation (113)
above.

This latter method of analysis is
especially useful for nonsymmetrical
loading such as shown in Fig. 167. £1c otz
Removing the constraint preventing Fic. 167.
the hinges C and D from horizontal
motion, we have the condition represented in Fig. 167 (5). It
is evident that the increase in distance between C and D may
be obtained by multiplying by %2 the sum of the angles 6:
and 6,. Using eqgs. (88) and (89), this increase in distance
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becomes

, [Pc(ﬂ — ) | Pl — (2l — )| _ Pl — o)k
6lE1 T 6IET = T .El

It must be eliminated by the horizontal reactions H (Fig.
166, ¢). Then, using the results obtained in the previous
problem, we get the following equation for determining H:

. (H/ﬁ/ Hp ) Pl — o)k

2ET T 3ET, T
from which
_ Pe(l - o) I
H = Y, _}_zié (114)
' 31!

Having the solution for one concentrated load, any other case
of loading of the beam 4B of the frame can easily be studied
by the method of superposition.

Let us consider now a frame with built-in supports and an
unsymmetrical loading as shown in Fig. 168. In this case we have

4 I pLC-B fc-j’/’é %rc-_
A B

@ @)

WO
N
N
N

»
[t_-al P/zl-c- X P
Fhr 07 LLJL—T
\ y o) p Ye— /;
2 TR 1

J_ ,jl

7

@ (@) o
Fi1c. 168.

three reactive elements at each support and the system has three
statically indeterminate elements. In the solution of this problem
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we will use a method based on the method of superposition in
which the given system of loading is split into parts such that
for each partial loading a simple solution can be found.* The -
problem shown in Fig. 168 () can be solved by superposing the
solutions of the two problems shown in Fig. 168 (4) and (¢). The
case shown in () is a symmetrical one and can be considered in
the same manner as the first example shown in Fig. 165. A study
of the case shown in (¢) will show that the point of inflection O
of the horizontal bar 4B is situated at the middle of the bar. This
follows from the condition that the loads P/2 are equally distant
from the vertical axis of symmetry of the frame and are opposite
in sense. ‘The moment, the deflection, and the axial force produced
at the mid point O of the horizontal beam 4B by one of the loads
P/2 will be removed by the action of the other load P/2. Hence
there will be no bending moment, no vertical deflection and no axial
force at 0. The magnitude of the shearing force at the same point
X can be found from the condition that the vertical deflection of O
is equal to zero (Fig. 168, 4). This deflection consists of two parts,
a deflection 8, due to the bending of the cantilever OB and a deflec-
tion 5, due to rotation of the end B of the vertical bar BD. Using
the known equations for a cantilever (eq. 98), and using the notations
given in the figure, the following equations are obtained:

1 3
Po P [l X(E)
h=s o) -5

3EI ' 2 2E] 3EI
Pe I\ Al |
b= (7 B Xa)zz;'
Substituting this in the equation 8; + 82 = o, the magnitude X of
the shearing force can be found. Having determined X, the bend-
ing moment at every cross section of the frame for case (¢) can be

calculated. Combining this with the bending moments for the sym-
metrical case (%), the solution of the problem () is obtained.?

Problems

1. Determine the bending moments at the corners of the frame
shown in Fig. 169.

4 Such a method was extensively used by W. L. Andrée; see his book
“Das B-U Verfahren,” Miinchen and Berlin, 1919.

5 Solutions of many important problems on frames can be found in
the book by Kleinlogel, “ Mehrstielige Rahmen,” Berlin, 1927,
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Solution. Considering the bar 4B as a beam suppnrted at the

P ZZF'IPHM
A 1/’ 8 (‘{, 2 \)a
M 0}'

// {\\
— 1 —~] 4
P
M p M
@ )
Fia. 169.

ends (Fig. 169, 4) and denoting by M the moments at the corners,
the angle 6; will be

PR M

16EI  2E]
Putting this equal to the angle 6/ at the ends of the vertical bars

which are bent by the couples M only, the following equation for
M is obtained:

PP Ml Mh

16EI ~ 2EI  2EL

from which
Pl 1
MeE AL
I L
I 2. Determine the horizontal reactions H
2 for the case shown in Fig. 170.
v 8 Suggestion. By using eq. (114) and ap-
%71, plying the method of superposition, we get
?
w ] ol #, _ 1 !
e % 24h 2T h
Fic. 170. I 5 i

3. Draw the bending moment diagram for the three bars of the
preceding problem assuming 2 = /and 7 = ),
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4. Determine the bending moments at the joints of the frame
shown in Fig. 171.

— fgm

Solution. Disjointing the frame as shown in Fig. 171 (&), the
equations for determining the couples M and M are

01 = 01’ and 02 = 02’.

Substituting in these equations

0 _Pcl—¢) M H 4\ _ -]
V= TEI T 2El° % /’
/
0,_Mh_M1h_ /,\"'7—'1——-1/
v = 3EI, T 6El,’ / P
02 = _Mll ; % _-I\@) —
2El, ; ”,_\ C” ? 8
oy Mb M 72 4" & %Z e
* T 6EI,  3EI’ o
2

we obtain two equations for deter-
mining M and M.

M
5. A symmetrical rectangular "\)”'CA.%-E__——-AD
frame is submitted to the action of ¢t '!")
a horizontal force H as shown in @
Fig. 172. Determine the bending Fie. 172.

moments M and M, at the joints.

Solution. The deformed shape of the frame is shown in Fig.
172 (). Disjointing the frame as shown in Fig. 172 (4), and
applying moments the directions of which are chosen to comply
with the distorted shape of the frame, Fig. 172 (4), we have
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for the bar CD

Md  ( Hb /
”1‘6E1‘(T‘M)6E1' (a)

Considering now the vertical bar 4C as a cantilever built in at the
end C at an angle 61, the slope at the end £ will be

[ e .
b =6+ TEn T OEL @)

Finally, due to bending of the bar 4B,

M]
0= 6, = 6?[2 (c)
Then, from egs. (@), (4) and (c),
_HA( L TN
'tLTeIT

Substituting in eq. (4), the bending moment M; can be found.
When the horizontal bar CD has very great rigidity, we approach
the condition of the frame shown in Fig. 168, submitted to a lateral
load H. Substituting in (d) I = o, we obtain for this case

HhA I
T e UL “
TT6nT,

The case of a frame such as shown in Fig. 165 with hinged supports
and submitted to the action of a lateral load applied at 4 can also
be obtained by substituting 7 = o in eq. (d).

6. Determine the horizontal reactions A, and the moments M,
and M, at the joints £ and B for the frame shown in Fig. 173.

Answer.
H=_q£11m+2o’
20 2m + 3 -
VR L
M"—Mb_6o 2m + 3’
where

2~
AN
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7. A frame consists of two bars joined rigidly at B and built
in at 4 and C (Fig. 174). Determine the bending moment M at

A B
4 5
> c
h fe—— & Z
e 7
PAS 2 Lr
c
H Y7 ¥ 3
4 q 4,
Fic. 173. Fic. 174.

B and the compressive force P in AB when, due to a rise in tem-
perature, the bar 4B increases in length by A = o/(t — 1,).
Answer. P and M can be found from equations:

Pl Mt _
3EI 7 2EI — 7

Pl ML _ Ml
2E] ~ EI ~ 4EI

44. Beams on Three Supports.—In the case of a beam
on three supports (Fig. 175, 4) there is one statically inde-
terminate reactive element. Let the reaction of the inter-
mediate support be this element. Then by using the method
of superposition the solution of case (4) may be obtained by
combining the cases represented in (4) and (¢), Fig. 175. The
intermediate reaction X is found by using the condition
that the deflection § produced at C by the load P must be
eliminated by the reaction X. Using eq. (86), we get the
following equation for determining X:

Pch[(L A+ 1)? — & — I1%] _ X722
6(/ + L)EL, ~ 3(h + LEL’

from which

2 . A2 2
¥ = Pc[(l, + 1) . c l ]' (115)
2/,

If P is acting on the left span of the beam, the same equation
can be used, but the distance ¢ must be measured from the
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support A4 and /; and /; must be interchanged. For/, =/, = /]
from (11%),
Pc(32 — ¢?)
Having the solution for a single load P, any other loading can
easily be studied by using the method of superposition.

The same problem can be solved in another manner. Im-
agine the beam cut into two parts at C (Fig. 175, 4) and let

- ﬁf%

@

s lx
@

X =

1], B
4 TIETIT)L \
;"_.T ]
@
Fic. 175.

M. denote the magnitude of the bending moment of the orig-
inal beam at this cross section. In this manner the problem
is reduced to the consideration of the two simply supported
beams shown in (d) which are statically determinate. The
magnitude of M, is determined from the condition of con-
tinuity of the deflection curve at the support C. From this
§ = 6’, whence, using the eqgs. (88), p. 142, and (104), p. 158,
we obtain
M,  Pc(l2— ¢ M,

~3EL " T 6LEL, T 3EL’

Pc(l2 — ¢%
2o(ly + 15) ) (117)

from which
M, = —



STATICALLY INDETERMINATE SYSTEMS 199

The direction of M, as determined from the condition of bend-
ing is shown by arrows in Fig. 175 (d). The bending moment
diagram is shown by the shaded area in Fig. 175 (d).

Problems

1. For the example in Fig. 175 prove that the magnitude of the
bending moment M. given by eq. (117) is the same as that given
for the cross section C by eq. (113).

2. Draw the shearing force diagram for the beam of the preced-
ing problem if 4} = /5, ¢ = ly/2, and P = 1,000 lbs.

3. A beam on three supports (Fig. 175, @) is carrying a uni-
formly distributed load of intensity ¢g. Determine the bending
moment at the support C.

Solution. By the method of superposition, substituting gdc for
P in eq. (117) and integrating along both spans, we obtain

M= f’2 ge(l? — Nde h ge(l2 — Ade gld+ 3
°

ah(h+0h) — Jy 2h(h+4h) ~ T 8L+
when

ll=[2=[, Mc=—-q—p'
8
The direction of this moment is as shown in Fig. 175 ().

4. Draw the shearing force diagram for the preceding problem
assuming /; = /3 and ¢ = 500 Ibs. per ft.

5. Determine the numerical maximum bending moment in the
beam ACB (Fig. 175) if P = 10,000 lbs., &y = 9 ft., p = 12 ft,,
c =6 ft.

Answer. Muax = 23,600 1bs. ft.

6. A beam on three equidistant supports is carrying a uniformly
distributed load of intensity g. What effect will it have on the
middle reaction if the middle support is lowered a distance §?

Solution. Using the method shown in Fig. 175 (8) and (o),
the middle reaction X is found from the equation:

S5 qht_ XC)

384 EI ~ @ELTY
from which
5 _ 66EI_
X = 2 29/ I

7. Determine the additional pressure of the beam 4B on the
support C (Fig. 175, @) due to non-uniform heating of the beam
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if the temperature varies from ¢ at the bottom to # at the top of
the beam according to a linear law, ¢ > f1and /y = lo = /.

Solution. 1f the support at C were removed, then, due to the
non-uniform heating, the deflection curve of the beam would be-
come the arc of a circle. The radius of this circle is determined
by the equation:

I a(t — f])

r B

in which 4 = the depth of the beam and a = the coefficient of
thermal expansion. The corresponding deflection at the middle
is 8 = 2/2r and the reaction X at C can be found from the equation:

X(2)* _

48EI 8.

8. Determine the bending moment diagram for the beam #BC
supported by three pontoons (Fig. 176) if the horizontal cross-sec-
tional area of each pontoon is A4 and the weight of unit volume
of water is ¥.

Solution. Removing the support at C, the deflection & pro-

duced at this point by the load

A c_ Pbds P consists of two parts: (@) the
7 deflection due to bending of the
e e e beam and (&) the deflection due
SPYN RP to sinking of pontoons 4 and B.
Fic. 176. From eq. (91) we obtain
Pc P
= REL [3(20)? — 4c2] + ady (a)

The reaction X of the middle support diminishes the above deflec-
tion by
X(2h)3 X
48EL, T ady” Q
The difference between (2) and (4) represents the distance the
middle pontoon sinks, from which we get the following equation
for determining X:
Pc P X(20)3 X X
2 2 —_— —_ == —.
BEL O — 4l e - = 4y

Knowing X, the bending moment diagram can readily be obtained.
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45. Continuous Beams.—In the case of a continuous beam
on many supports (Fig. 177) one support is usually considered
as an immovable hinge while the other supports are hinges on
rollers. In this arrangement every intermediate support has
only one unknown reactive element, the magnitude of the
vertical reaction; hence the number of statically indeterminate

M, M. M, M, Ms
o [ 2 3. 4 5 6
@) ,

e LS 5
-/ N B n n —1 _m
~ :ﬂ 4 P
y )

M, M M

Cﬂ Cn’l m’
an-f n an [T AN
g, —=t=— b,, l—— Gy —t— brnl
An @) Anvl
Fie. 177.

elements is equal to the number of intermediate supports.
For instance, in the case shown in Fig. 177 () the number of
statically indeterminate elements is five. Both methods
shown in the previous article can be used here also. But if
the number of supports is large, the second method, in which
the bending moments at the supports are taken as the stati-
cally indeterminate elements, is by far the simpler method.
Let Fig. 177 (&) represent two adjacent spanszandz + 1 of a
continuous beam cut at supports # — 1, » and » + 1. Let
M,_,, M, and M,, denote the bending moments at these
supports. The directions of these moments depend on the
loads on the beam. We will assume the directions shown in
the figure.® It is evident that if the bending moments at the
supports are known the problem of the continuous beam will
be reduced to that of calculating as many simply supported

¢ If finally we would obtain negative signs for some moments, this will
indicate that the directions of these moments are opposite to that shown
in the figure. :
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beams as there are spans in the continuous beam. For
calculating the bending moments M,_,, M,, M, the con-
dition of continuity of the deflection curve at the supports
will be used. For any support # this condition of continuity
is satisfied if the deflection curves of the two adjacent spans
have a common tangent at the support #, i.e., if the slope at
the right end of span # is equal to the slope at the left end of
span # + 1. To calculate these slopes the area moment
method will be used. Let A, denote the area of the bending
moment diagram for the span 7, considered as a simply sup-
ported beam, due to the actual load on this span; let 2, and 4,
represent the horizontal distances of the centroid C, of the
moment area from the supports # — 1 and ». Then the slope
at the right end for this condition of loading is (see Art. 35)

A.a,
T LEI,

In addition to the deflection caused by the load on the span
itself, the span 7 is also bent by the couples M,—, and M,.
From equations (103) and (104) the slope produced at the
support 7 by these couples is

M.l M, i,
( SEL T 6EI, )
The total angle of rotation is then *

_ Ml Mn—ll nn
b= (3EI + BET, +/EI)

(a)

In the same manner, for the left end of the span # + 1, we
obtain

r_ /{n+lbn+l Mnln+1 n+lln+1

0 =T EL T 3E, ¥ TeEL @)

From the condition of continuity it follows that

0= 0. ()

* The angle is taken positive if rotation is in clockwise direction.
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Substituting expressions () and (&) in this equation we obtain

Mn—lln + 2Mn(ln + ln+1) + Mn+lln+l
_ 6/{7.47. 6/{n+lbn+l .

ln ln+1

(118)

This is the well-known equation of three moments.” It is
evident that the number of these equations is equal to the
number of intermediate supports and the bending moments at
the supports can be calculated without difficulty.

In the beginning it was assumed that the ends of the
continuous beam were supported. If one or both ends are
built in, then the number of statically indeterminate quantities
will be larger than the number of intermediate supports and
derivation of additional equations will be necessary to express
the condition that no rotation occurs at the built-in ends (see
problem 5 below).

Knowing the moments at the supports, there is no difficulty
in calculating the reactions at the supports of a continuous
beam. Taking, for instance, the two adjacent spans # and
n + 1 (Fig. 177, ), and considering them as two simply
supported beams, the reaction R, at the support #, due to the
loads on these two spans, can easily be calculated. In
addition to this there will be a reaction due to the moments
M,_1, M, and M,,,. Taking the directions of these moments
as indicated in Fig. 177 (%), the additional pressure on the
support # will be

Mn—l -_ Mn - Mn + Mn+l
+ .
ln ln+1
Adding this to the above reaction R,’, the total reaction will be
R, =R, + Moo = M, + — M, + Mo (119)
ln ln+1

If concentrated forces are applied at the supports they will

7 This equation was established by Bertot; see Comptes rendus de
la Société des Ingenieurs civils, p. 278, 1855; see also Clapeyron, Paris,
C. R, t. 45 (1857).



204 STRENGTH OF MATERIALS

be transmitted directly to the corresponding supports and
must be added to the right side of equation (119).

The general equation of continuity (¢) can also be used for
those cases where, by mis-align-

3 Bn ! ' h .
”':7'"“f~~~_- + o --} ment, the supports are not situ-
===t i,,, ated on the same level (Fig.
! I e lm/‘—: 178). LetB,and B,41denote the
Fic. 178. angles of inclination to the hori-

zontal of the straight lines con-
necting the points of supports in the nth and (# 4 1)th spans.
The angle of rotation given by eqs. (4) and (4) was measured
from the line connecting the centers of the hinges; hence the
angle 8 between the tangent at » and the horxzontal line will be,
for the span #,

Mn n—ll Anan
0= (3u + 6E1, TILEL 5") °
In the same manner for the span 7 + 1

An+lbn+l M 1n+1 n+l[n +1
heiEl, T 3EI, T 6EI T B

o =

Equating these angles we obtain

Mn—lln + 'ZMn(/n + 1n+1) + Mn+1[n+1

6Ana,  6Aniibn
= — 2Cntn | 2OnePntl BT (Baei — Ba). (120)

ln ln+1

If Aoy, Bny ngr denote the vertical heights of the supports # — 1,
n and # + 1 above a horizontal reference line, we have

Iln_l —_ Iln Iln - Iz‘n4—l
Bn = I H Bry1 = A :
Substituting in eq. (120), the bending moments at the supports
due to mis-alignment can easily be calculated.

Problems

1. Determine the bending moment and shearing force diagrams
for a continuous beam with three equal spans carrying a uniformly
distributed load of intensity ¢ (Fig. 179).

Solution. For a simply supported beam and a uniformly dis-
tributed load the bending moment diagram is a parabola with
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maximum ordinate ¢/,2/8. The area of the parabolic segment is

Fia. 179.

The centroid is at the middle of the span, so @, = 4, = /./2. Sub-
stituting in eq. (118), we obtain

3 3
Mo sy + 2My(ln + 1) + Muirhosr = — —;— —_ '—4— « (118)

Applying this equation to our case (Fig. 179) for the first and the
second span and noting that at the support o the bending moment
is zero, we obtain

g

From the condition of symmetry
it is evident that M; = M. -
Then, from (d), M, = — (¢/*[10). h
The bending moment diagram ¢
is shown in Fig. 179 (4) by ", " !
the shaded area. The reaction 1
at support o is an —l;‘_b”* )
_7_1_251__4_ Fia. 180.

Ro= — 107" 10?

The reaction at support 1 is
g1 _I
=g+ 10/ 10 gl

The shearing force diagram is shown in Fig. 179 (). 'The maximum
moment will evidently be at a distance 4//10 from the ends of the
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beam, where the shearing force is zero. The numerical maximum
bending moment is at the intermediate supports.

2. Set up the expression for the right side of eq. (118) when
there is a concentrated force in the span 7 and no load in the span
n + 1 (Fig. 180).

Solution. In this case A, is the area of the triangle of height
Pc(l, — )/l. and with the base /,; hence A4, = Pe(/, — ¢)/2 and
@n = Iy — bn = ln — ([ 4+ ¢)/3. Substituting in (118), we get

Pc(l, — o) (2l — ©)
A )

3. Determine the bending moments at the supports and the
reactions for the continuous beam shown in Fig. 181.

rt 1“
g 7 z 3 P
7" 4.1 A -] 7 2
2- 2
4~ &' —f= 4= 6’

Fic. 181.

Musbn + 2Mp(ly + lngr) + Muyidoyr = —

Answer. M, = — 1.54 ton ft.; M, = — 3.74 ton ft.; M,
= — 1.65 ton ft. The reactions are Ry = — 0.386 ton; R; = 2.69
tons; Ry = 6.22 tons; R; = 3.75 tons; Ry = — 0.275 ton. The
moments at the supports are negative and produce bending con-
vex up.

4. Construct the bending moment and shearing force diagrams
for the continuous beam shown in Fig. 182 (a) if P = ¢/, ¢ = I/4.

Solution. In this case the imaginary loading for the first span
is Ay = ¢gl3[12, for the second span A; = o, and for the third span

Pc(l —¢) I+ ¢
= — as = .
2 3 3
Substituting in eq. (118) gives the following equations for deter-
mining the bending moments A; and Mo:

gl

_21—6“

As ; b3

4M11+M2/= —-:,
_ 2
Mll + 4M2[= ot &(—F‘]‘—E_) ,
from which
49 44
M1=—§gqlz; M2=_§_6—oql2'
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Both these moments are negative, so that the bending moment
diagram will be as shown in Fig. 182 (4). To obtain the shearing

fo:ce diagram it is necessary to find the reactions at the supports
of the separate spans (eq. 119). The pressures on supports o and
1 for the first span of the beam are

! M,
—92——}-—1—' = 0.449¢/ and —-——1=0.551ql.

The pressure on supports 1 and 2 of the second span of the beam are

- Ml + M2 — M2 + Ml.
— = 0.005¢/  and 7 = — o059/

and on supports 2 and 3 of the third span

M, 1 -
% - 72 = 0.296g/  and )

+ 7 -0704ql

From this, the shearing force diagram is obtained as shown in
Fig. 182 (o).

5. Determine the bending moment diagram for the case shown
in Fig. 183 (a).

Solution. Equation (118) for this case becomes

M01+ 4M1[+ Mg[ = 0.

Now, M, = — Pc, while the condition at the built-in end (sup-
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port o) gives (from eqs. 103, 104)

My | M _

3EI T6EI = ©
From the above equations we obtain M, = — ;Pc; M, =+ 2 Pc;
M, = — Pc. The bending moment diagram is as shown in

Fig. 183 (4).

Fic. 183.

6. Determine the bending moments at the supports of a con-
tinuous beam with seven equal spans when the middle span alone
is loaded by a uniformly distributed load ¢.

Answer.

My=Mi= =25 My= M= — -~ My Mi= My =L M
3 = 4_—18.9, 2= 5__3.75 3y 1= 6—15 i
7. A continuous beam having four equal spans of length 16 ft.

each is uniformly loaded over the last span. Draw the shearing

force and bending moment diagrams if ¢ = 400 1bs. per ft.

8. Solve problem § assuming that a uniform load of intensity ¢
is distributed along the entire length of the beam and that ¢ = //.
Draw the shearing force diagram for this loading condition.



CHAPTER VII

BEAMS OF VARIABLE CROSS SECTION. BEAMS
OF TWO MATERIALS

46. Beams of Variable Cross Section.—In the preceding
discussion all of the beams considered were of prismatical
form. More elaborate investigation shows that equations
(56) and (57), which were derived for prismatical bars, can
also be used with sufficient accuracy for bars of variable cross
section provided the variation is not too extreme. Cases of
abrupt changes in cross section, in which considerable stress
concentration takes place, will be discussed in Part II.

As a first example of a beam of a variable cross section
let us consider the deflection of a cantilever beam of uniform
strength, i.e., a beam in which the section modulus varies along
the beam in the same proportion as the bending moment.
Then, as is seen from egs. (60), (¢2) max remains constant along
the beam and can be taken equal to o,. Such a condition is
favorable as regards the amount of material used, because
each cross section will have only the area
necessary to satisfy the conditions of A
strength. Py L2

For a cantilever with an end load (Fig.
184), the bending moment at a cross sec-
tion a distance x from the load is numer-
ically equal to Px. In order to have a beam of uniform
strength the section modulus also must be proportional to x.
This condition can be fulfilled in various ways.

Let us take as a first example the case of a rectangular cross
section of constant width & and variable depth 2. From the
definition of the beam of equal strength it follows that

M 6Px 6P/
—Z— = W = b_b? = COnSt.,
209

o I ——=

Fic. 184.
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in which 4, is the depth of the beam at the built-in end. Then
o= 20T

It may be seen that in this case the depth of the beam varies
following a parabolic law. At the loaded end the cross-
sectional area is zero. This result is obtained because the
shearing stress was neglected in the derivation of the form of
the beam of uniform strength. In practical applications this
stress must be taken into account by making certain changes
in the above form at the loaded end to have a cross-sectional
area sufficient to transmit the shearing force. The deflection
of the beam at the end is found from eq. (93):

' 12 Pxtdx _ 12P32 f‘ T = gﬂa_
| I < Eme ), V= sEn (20

where Iy, = bAo*/12 represents the mo-
ment of inertia of the cross section at
the built-in end. Comparison with
eq. (95) shows that this deflection
is twice that of a prismatical bar

B

1 having the flexural rigidity EZ, and
¥
-4

4

4

2

6 =

subjected to the same load. That
is, the bar has the same strength,
but not the same stiffness as the pris-
matical bar.

As a second example we consider a
cantilever of rectangular cross section
of constant depth %4 and wvariable
width & (Fig.1854,4). As the section
modulus and moment of inertia I, of a beam of triangular
shape increases with x in the same proportion as the bending
moment, the maximum stress (¢.)max and the curvature (see
eq. §6) remain constant along the beam and the magnitude
of the radius of curvature can be determined from the equation

(see eq. §5):

TS

F1c. 185.

hE
ar

(0)

(02)max =
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The deflection at the end of a circular arc can be taken, for
small deflections, equal to

2 Pp
= > = 2ET, (122)
or, by using (¢),
/2
6 = (a'x)ma,x ﬁ . (123)

It is seen from this equation that for this type of cantilever of
uniform strength the deflection at the end varies as the square
of the length and inversely as the depth.

These results may be used to compute the approximate
stresses and deflections in a spring of leaf type. The triangular
plate considered above is thought of as divided into strips,
arranged as shown in Fig. 185 (4, ¢, d). The initial curvature
and the friction between the strips are neglected for a first
approximation and eq. (123) can then be considered as
sufficiently accurate.!

The conjugate beam theory can also be used in calculating
the deflection of beams of variable cross section. In this
connection it is only necessary to bear in mind that the
curvature of the deflection line at any cross section is equal to
the ratio M/EI, (eq. 56, p. 91). Therefore an increase in
the flexural rigidity at a given section will have the same
effect on the deflection as a decrease of the bending moment
there in the same ratio. Consequently the problem of the
deflection of beams of variable cross section can be reduced to
that of beams of constant cross section, by using the modified

1This solution was obtained by E. Phillips, Annales des Mines,
Vol. 1, pp. 195-336, 1852. See also Todhunter and Pearson, History of
Elasticity, Vol. 2, part 1, p. 330, and Theorie der Biegungs- und Torsions-
Federn v. A. Castigliano, Wien, 1888. The effect of friction between
the leaves was discussed by G. Marié, Annales des Mines, Vols. 7-g,
1905 and 1906. D. Landau and P. H. Parr investigated the distribution
of load between the individual leaves of the spring, Journ. of the Franklin
Inst.,, Vols. 185, 186, 187. A complete bibliography on mechanical
springs was published by the Amer. Soc. Mech. Eng., New York, 1927.
See also the book by S. Gross and E. Lehr, “ Die Federn,” V. D. 1. Verlag,
1938.
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bending moment diagram in which each ordinate is multiplied
by I,/I, where I is the moment of inertia at that cross section
and 7, is the constant mement of a uniform bar to the de-
flection of which we will reduce our bar of variable cross section.
For example, the problem of the deflection of a circular
shaft (Fig. 186) which has sections of two different diameters,
with moments of inertia 7, and 71,

3 4 —+P;§ ey and loaded by P, can be reduced to
A 7 f*] that for a circular shaft having a
4 4 B constant moment of inertia of the

@
A cross section [, as follows. In con-
. <M i & sidering the conjugate beam ;B

Fio. 186. instead of a triangular loading
A,C\B; representing the bending
moment diagram, we use the loading represented by the shaded
area. This area is obtained by reducing ordinates of the
diagram along the middle portion of the shaft in the ratio Jo/7;.
Determination of deflections and slopes can now be made as
in the case of prismatical bars, the magnitude of the deflection
and slope at any cross section of the beam being equal to the
bending moment and shearing force of the conjugate beam
divided by EI,. It should be noted that in the case repre-
sented in Fig. 186 an abrupt change in the diameter of the
shaft takes place at a distance //4 from the supports, producing
local stresses at these points. These have no substantial
effect upon the deflection of the shaft provided the difference
in diameter of the two portions is small in comparison with
the lengths of these portions.

The method used for a shaft of variable cross section can be
applied also to built-up I beams of variable cross section. An
example of an I beam supported at the ends and uniformly
loaded is shown in Fig. 187. The bending moment decreases
from the middle towards the ends of the beam and the weight
of the beam can be reduced by diminishing the number of
plates in the flanges as shown schematically in the figure. The
deflection of such a beam may be calculated on the basis of the
moment of inertia of the middle cross section. The load on
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the conjugate beam, instead of being a single parabola indi-
cated by the dotted line, is taken as represented by the shaded

 —— ey

I

- 1 L
AT I
e L
b o

i i by

] lc, i

A’ ) 5[

F1c. 187.

diagram in Fig. 187, each diminution in the cross section being
compensated for by an increase of the ordinates of the moment
diagram in the ratio Zumidaie/Z.

Problems
I. A steel plate of the form shown
in Fig. 188 is built in at one end and %, 5 c’:h
loaded by a force P at the other. 4. —,
Determine the deflection at the end if - —

the length is 2/, 4 is the width, 2 the % ;
thickness of the plate, and P the load at
the end.

Solution. The deflection will con- Fic. 188.
sist of three parts:
Pp Pp .
(1) 6, = jEIz + ST the deflection at B,
3PP . .
(2) 86 = TR the deflection at € due to the slope at B,
and
b . .
(3) & = SEL the deflection due to bending of part BC of the plate.

The complete deflection is given by & = &; + 82 + &;.
2. Solve the previous problem assuming / = 10 in., @ = 3 in.,
P = 1,000 lbs. and omax = 70,000 lbs. per sq. in.
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3. Determine the width 4 of a carriage leaf spring (Fig. 185)
and its deflection if P = 6,000 lbs.,, A =1% in.,, /=24 in.,, o0 =
70,000 lbs. per sq. in., and the number of leaves » = 10.

Solution. Considering the leaves of the spring as cut out of a
triangular plate (Fig. 185, ), the maximum stress will be

6P/
Omax — nd/z"’ >
from which

6P/ 6 X 6,000 X 24 X 4 _

4= nowht 1o X 70,000 49410

The deflection is determined from eq. (123),

4. Compare the deflection at the middle and the slope at the
ends of the shaft shown in Fig. 186 with those of a shaft of the
same length but of constant cross section whose moment of inertia
is equal to 7o. Take I,: I, = 2.

Solution. Due to the greater flexural rigidity at the middle,
the slopes at the ends of the shaft shown in Fig. 186 will be less
than those at the ends of the cylindrical shaft in the ratio of the
shaded area to the total area of the triangle #1.C1B1. The total area

: is the loading for the case of the
cylindrical shaft. For the values
given, this ratio is §/8 : 1.

The deflections at the middle
for the two types of shaft are in
the ratio given by the bending mo-
ment produced by the shaded area,
divided by that produced by the
area of the triangle 4,C1By. This
will be /16 : 1.

5. A beam supported at the ends is loaded as shown in Fig. 189.
How should the depth 4 of the beam vary in order to have a form
of equal strength if the width 4 of the rectangular cross section
remains constant along the beam?

Answer.
hz=;lo2(l — 8 %3)'
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6. Determine the deflection of a steel plate % in. thick shown in
Fig. 190 under the action of the load P = 20 lbs. at the middle.
Solution. Reducing the problem to

that of the deflection of a plate of con-  p——p | L.
stant width = 4 in., the transformed ) )
moment area for this case will be repre-
sented by the trapezoid adeb, and we 3
obtain ; ;
5= U DPp 10" ske- /8 |
T 8 48EL’° d e
/’cl\\\

where I, is the moment of inertia at the -~ A

i | | /[ \
middle of the span. The numerical 3
value of the deflection can now be easily Fio. 1g0.

calculated.

7. Determine the maximum deflection of a leaf spring (Fig.
185) if /= 36 in.,, A = § in., E = 30 X 10® lbs. per sq. in., oy, =
60,000 lbs. per sq. in.

Answer. & = 5.18 in.

8. A simply supported rectangular beam carries a load P which
moves along the span. How should the depth # of the beam vary
in order to have a form of equal strength if the width & of the
rectangular cross section remains constant along the beam?

Solution. For any given position of the load, the maximum
moment occurs under the load. Denoting the distance of the load
from the middle of the span by «x, the bending moment under the

load is
L (é x)(é I x)
== 1 .

The required depth % of the beam under the load is obtained from
the equation

6M
Oy = 271;:

from which

6M 6P (2
2 — o L e
& bow  lbay ( 4 o )
and

ll2 x2

6Pl abow T Pl -

It may be seen that in this case the depth of the beam varies follow-
ing an elliptical law, the semi-axes of the ellipse being

/2 and V6P!/4bow.
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lP g. Determine the bending
A /% Vol moments at the ends of the
7 / beam 4B shown in Fig. 191,
Py T D 8™ with built-in ends and centrally
- z 2 _ | - _
§ z 3 loaded. Take 7/, = 2.

e — . —

Solution. A solution is ob-

/’// . _éé tained by combining the two
.....umIIIhnmlIIIIIIII||uullllun....., simple cases shown in (@) and

dition at the built-in ends will

w 7z 1) be satisfied if the slopes at the
( A TR )M ends are equal to zero, i.e., if
© the reactions due to the imag-

Fie. 191. inary loading (see p. 154) repre-

sented by the shaded areas in
(6) and (c) are equal. Therefore the equation for calculating the
numerical value of M is

Pl

3
42 84

/7
“=M1“M:
2 4

from which
M = 5/48P/.

10. Solve the above problem on the assumption that two equal
loads P are applied at C and D.
Answer. M = Pl[6.

47. Beams of Two Different Materials.—There are cases
when beams of two or more different materials are used.
Figure 192 (4) represents a simple case, a wooden beam re-
inforced by a steel plate bolted to the beam at the bottom.
Assuming that there is no sliding between the steel and wood
during bending, the theory of solid beams can also be used
here. According to this theory elonga-

tions and contractions of longitudinal midn B
fibers are proportional to the distance I r h'
from the neutral axis. Due to the fact # 5 H, I‘
that the modulus of elasticity of wood is l J
much smaller than that of steel, the £
) . @ ®)
wooden part of the beam in bending Fro. 192

will be equivalent to a much narrower
web of steel as shown in Fig. 192 (4). To have the moment
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of the internal forces unchanged, for a given curvature, i.e.,
for a given elongation and contraction, the thickness &, of this
web must be as follows:

51 = N (a)

In this manner the problem is reduced to that of the bending
of a steel beam of T section, which can be solved on the basis of
the previous theory. Consider, for instance, a simply sup-
ported beam 10 feet long loaded at the middle by 1,000 Ibs.
The cross-sectional dimensions of the wooden part of the beam
are 4 = 4 in. and 4 = 6 in. and at the convex side it is re-
inforced by a steel plate 1 inch wide and % inch thick. As-
suming E,/E, = 1/20 and using eq. (4), the equivalent section
will have a web 6 X 0.20 and the flange 1 X o0.50. The dis-
tances of the outermost fibers from the neutral axis (Fig.
192, &) are by = 2.54 in. and A, = 3.96 in. The moment of
inertia with respect to the neutral axisis /, = 7.37 in.%, whence
the stresses in the outermost fibers are (from egs. 61, p. 92)

I M paxhiy _ 30,000 X 2.54
max Iz 7.37

Tmin = — M'}‘:"h2 =— 30’0070;; 3:96 _ _ 16,000 lbs. per sq. in.

To obtain the maximum compressive stress in the wood of the
actual beam the stress ¢, Obtained above for steel must be

multiplied by E./E, = 1/20.

= 10,300 lbs. per sq. in.,

As another example of the bending of a beam of two different
materials let us consider the .case of a bi-metallic strip built up of
nickel steel and monel metal (Fig. 193). The bending of such a
strip by external forces can be discussed in the same manner as
in the above problem of wood and steel, it being necessary only to
know the ratio En/E,, in which E, and E, are respectively the
moduli of elasticity of monel metal and steel. Let us consider now
the bending of such a strip due to a change in temperature. The
coefficient of thermal expansion of monel metal is larger than that
of nickel steel and when the temperature rises bending will occur
concave on the side of the steel. This phenomenon of bending of
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bi-metallic strips under varying temperatures is used in various
automatic instruments for regulating temperature ® (thermostats).
Let 4/2 be the thickness of each metal, # the width of the strip,
¢ the increase in temperature, 7 the radius of curvature, o, and an

~ ”m o1y, — 4 _—-/\rMI

c ; { o222

p— o 1 R&KLL P
@) 7 ®) monel

m m,

i_é < " 5
; +
! . e

”
€) "'

F1c. 193.

the coefficients of thermal expansion of steel and monel respec-
tively, E,/, = the flexural rigidity of the steel, EnJm = the flexural
rigidity of monel metal. When the temperature rises, the strip of
monel metal, having a greater coefficient of expansion, will be sub-
jected to both bending and compression and the steel will be sub-
Jected to bending and tension. Considering an element of the strip
cut out by two adjacent cross sections mn and mn, (Fig. 193, ¢),
the internal forces over the cross section of the steel can be reduced
to a tensile force Py and a couple M. In the same manner for
the monel metal, the internal forces can be reduced to a compressive
force Py and a couple M, The internal forces over any cross
section of the beam must be in equilibrium; therefore

P1 = Pz = P
and
Ph
S = M+ M, (a)
Using equations:
Ml=é{:; M2=EMIM-
r r
Then, from eq. (a),
Ph_ Ed,  Enly
2 -, T, ®)

3 See author’s paper in Journal of the Optical Soc. of Amer., Vol. 11,
1925, pP. 233-
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another equation for determining P and » can be derived from the
condition that at the joining surface, c—¢, the unit elongation of
monel metal and steel must be the same; therefore

2P B 2P, A
T S Y S

or
"f(i 1)\_ 2
hb E, +Em = (am - aa)t - 2 . (C)
From egs. (%) and (¢) we obtain
4 RIS U N L3
bhr (Es-[s + Em]m) (Es + Em) = (am - ae)t - 2 . (d)
Substituting in this equation
b
Iy=1I,= -9—6- and E, = 1.14E,,
the following approximate equation is obtained:
1 3lem—a)t
ro 2 A O

Now, from eq. (4),

. bk
P = 3 (on — @B + Enl) = 2 (an = )t (Eu + En) ()
and
_3m —a)t _ 3am — )t
Ml - 2 ]l Esls ’ M2 == 2 ]l
From egs. (f) and (g) P, My and M, can be determined. The
maximum stress in the steel is obtained by adding to the tensile
stress produced by the force P the tensile stress due to the curva-
ture 1/7:

_2P RE 4 b
Omax = +4 r - bhgr(EaIs + Em1m+ 16 Ea) ‘

Emlp. (&

bh

Assuming, for example, that both metals have the same modulus
E, we obtain
RE
Omax = —— 5
3r
or, by using eq. (¢),*
Omax = %Et(am - al)’

4 This equation holds also for E, = En.
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For E = 27 X 10° |bs. per sq. in., # = 200 degrees Centigrade and
an — a, = 4 X 1078 we find

omax = 10,800 lbs. per sq. in.

The distribution of stresses due to heating is shown in Fig. 193 ().
Problems

1. Find the safe bending moment for the wooden beam rein-
forced by a steel plate, Fig. 192, if 4 = 6 in,, 2 = 8 in., and the
thickness of the steel plate is § in. Assume E, = 1.5 X 10° lbs.
per sq. in., E, = 30 X 10° Ibs. per sq. in., ¢, = 1,200 lbs. per sq. in.
for wood and ¢, = 16,000 lbs. per sq. in. for steel.

2. Assume that the wooden beam of the previous problem is
reinforced at the top with a steel plate 2 in. wide and 1 in. thick
and at the bottom with a steel plate 6 in. wide and  in. thick.
Calculate the safe bending moment if E and o, are the same as in
the previous problem.

Answer. M = 308,000 in. 1bs.

3. A bimetallic strip has a length /= 1 in. Find the deflection
at the middle produced by a temperature increase equal to 200
degrees Centigrade if E, = 1.15E, and amn — a; = 4 X 1075

48. Reinforced-Concrete Beams.—It is well known that
the strength of concrete is much greater in compression than in
tension. Hence a rectangular beam of concrete will fail
from the tensile stresses on the convex side. The beam can
be greatly strengthened by the addition of steel bars on the
convex side as shown in Fig. 194. As concrete grips the steel
strongly there will be no slid-

q—'-'l 7 i ing of the steel bars with re-
”1’_ h A 1 spect to the concrete during
a N |l bending and the methods de-
°23 F e veloped in the previous article
Fre. 194, can also be used here for

calculating bending stresses.
In practice the cross-sectional area of the steel bars is usually
such that the tensile strength of the concrete on the convex
side is overcome before yielding of the steel begins and at
larger loads the steel alone takes practically all the tension.
Hence it is the established practice in calculating bending
stresses in reinforced-concrete beams to assume that all the
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tension is taken by the steel and all the compression by the
concrete. Replacing the tensile forces in the steel bars by
their resultant R, the distribution of internal forces over any
cross section mp will be as shown in Fig. 194 (8). Assuming
as before that cross sections remain plane during bending
and denoting by k4 the distance of the neutral axis ## from
the top,® the maximum longitudinal unit contraction in the
concrete €, and the unit elongation of the axes of the steel
bars e, are given by the following:

kh (1 — k)4
-7 € = 7 : (a)

Concrete does not follow Hooke’s law and a compression
test diagram for this material has a shape similar to that for
cast iron in Fig. 2 (4). As the compression stress increases, the
slope of the tangent to the diagram decreases, i.e., the modulus
of concrete decreases with an increase in stress. In calcu-
lating stresses in reinforced-concrete beams it is the usual
practice to assume that Hooke’s law holds for concrete, and to
compensate for the variable modulus by taking a lower value
for this modulus than that obtained from compression tests
when the stresses are small. In specifications for reinforced-
concrete it is usually assumed that E,/E, = 15. Then, from
egs. (4), the maximum compressive stress in the concrete and
the tensile stress in the steel & are, respectively,

kh (1 — k)4 E..

O¢ =—'r—Ec; oy — r

€ —

()

We will now calculate the position of the neutral axis from
the condition that the normal forces over the cross section mp
reduce to a couple equal to the bending moment. The sum of
the compressive forces in the concrete must equal the tensile
force R in the steel bars, or

bkho.
)

= g4, (0

5k is a numerical factor less than unity. '
¢ The cross-sectional dimensions of the steel bars are usually smali
and the average tensile stress is used instead of the maximum stress.
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where 4, is the total cross sectional area of steel. Using the
notation A,/bh = n, and E,/E. = n, we get from (¢) and (8)

k=201 — kb)nn, (d)
from which
k= — nn + V(nn)? + 2nn,. (124)

After determining the position of the neutral axis from eq.
(124), the ratio between the maximum stress in the concrete
and the stress in the steel becomes, from egs. (4),

R (125)

The distance @ between the resultants R of the compressive
and tensile forces acting over the cross section of the beam

(Fig. 194, &) is
2 k
a=§kh+(1—/e)lz=(1—§)h (126)

and the moment of the internal forces equal to the bending
moment M is

aR = dd,d’s - a—kzbil [ Ma
from which
- M (127)
05 = ZZ‘ ) 127
oM
O = — m . (128)

By using eqs. (124) to (128) the bending stresses in reinforced-
concrete beams are easily calculated. :

Problems

1. If E,JE, = 15 and A, = 0.0084A, determine the distance of
the neutral axis from the top of the beam (Fig. 194).

Solution. Substitutingineq. (124) # = 1§, n; = 0.008, weobtain

= 0.384 and the distance from the top of the beam is k2 = 0.3844.

2. Determine the ratio #, = A,/bh if the maximum tensile stress



BEAMS OF VARIABLE CROSS SECTION 223

in the steel is 12,000 lbs. per sq. in., the maximum compressive
stress in the concrete is 645 lbs. per sq. in., and E,/E. = n = 13.
Solution. From eq. (125) & = 0.446. Then, from eq. (d),

__ e
T2t — k)

3. Determine the ratio »; if the maximum compressive stress
in the concrete is one-twentieth of the tensile stress in the steel.

Answer. m = 0.0107.

4. If » = 15 and the working compressive stress for concrete
is 650 Ibs. per sq. in., determine the safe load at the middle of a
reinforced-concrete beam 10 feet long supported at the ends and
having 4 = 10in., A = 12 in., 4, = 1.17 sq. in.

Answer. P = 5,570 lbs.

5. Calculate the maximum moment which a concrete beam will
safely carry if 4 = 8 in,, A = 12 in,, 4, = 2 sq. in.,, EJE, = 12,
and the working stress for steel is 15,000 lbs. per sq. in. and for
concrete 8oo lbs. per sq. in.

Answer. M = 16,000 ft. Ibs.

6. Determine the value of k for which the maximum permissible
stresses in the concrete and the steel are realized simultaneously.

Solution. Let o, and o, be the allowable stresses for the concrete
and the steel. Then taking the ratio of these stresses, as given
by formulas (4), and considering only the absolute value of this
ratio, we obtain

7 = 0.0I2.

2 kE,
oo (1 — kE,’
from which
O¢
k= _E_c
Oc + s E,

If this condition is satisfied the beam is said to have &dalanced
reinforcement. . Having % and using equation (126) the depth is
obtained from equation (128) and the area 4, from equation (127).
7. Determine the steel ratio m1 = A,/bk if ¢, = 12,000 lbs. per
sq. in., o, = 645 lbs. per sq. in., and » = E,[E, = 15.
Solution. From the formula of the preceding problem we find

k = 0.446.
Then, substituting in equation (4), we obtain

71 = 0.0I2.
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8. Design a beam 10 in. wide to withstand safely a moment of
22,500 ft. Ibs. if o, = 750 Ibs. per sq. in., o, = 12,000 Ibs. per sq. in.,
and E,/E. = 12. Find the depth % and the steel area 4,. Assume
balanced reinforcement as in problem 6.

49. Shearing Stresses in Reinforced-Concrete Beams.—
Using the same method as in arti-

m m,

B oan ' cle 26, by considering an elf:ment

= A #  mnmn; between the two adjacent

:@—_—::::::_'—:_ﬂLf{Q_’-?: { cross sections mp and mp, (Fig.

3 an 195) it can be concluded that the
-—dx—— . - .

Fio. 15 maximum shearing stress 7., will

act over the neutral surface nn,.
Denoting by 4R the difference between the compressive forces
on the concrete on cross sections mp and m,p;, the shearing
stress 7z over the neutral surface is found from the following:

(Tey)maxbdx = dR,

from which
(rer)oee = 3. (@
Since the bending moment is
M = Ra,
eq. (a) becomes
(roone = 5 _ 7 ®

in which 7 is the shearing force at the cross section considered.
Using eq. (126), the above equation for shearing stresses
becomes
-3
(T:cy)max = b/l(s — k) (129)

In practical calculations not only the shearing stresses over
the neutral surface but also the shearing stresses over the
surface of contact between the steel and concrete are of
importance. Considering again the two adjacent cross
sections (Fig. 195), the difference between the tensile forces
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in the steel bars at these two sections is

Vi
s

dR =

This difference is balanced by the shearing stresses distributed
over the surface of the bars. Denoting by A the total laterai
surface of all the steel bars per unit length of the beam, the
shearing stress over the surface of the bars is

4R _V _ 3V
A AT G- kA (130)

This stress becomes larger than the stress on the neutral
surface (eq. 129) if A is fess than 4. To increase 4 and at the
same time keep the cross sectional area of steel constant, it is
only necessary to increase the number of bars and decrease
their diameter.,



CHAPTER VIII

COMBINED BENDING AND TENSION OR COMPRESSION;
THEORY OF COLUMNS

s0. Bending Accompanied by Compression or Tension.—
It is assumed here that a prismatical bar is loaded by forces in
one of its planes of symmetry, but, whereas in the previous
discussion these forces were all transverse, here they may have
components along the axis of the bar. A simple case of this
kind is shown in Fig. 196, which represents a column loaded by
an inclined force P. This force is resolved into a transverse
component N and a longitudinal T and it is assumed that the
column is comparatively stiff with a deflection so small that
it can be neglected in discussing the stresses produced by the
force T. Then the resultant stress at any point is obtained
by superposing the compressive stress due to the force T on
| the bending stress produced by the

| x transverse load N. The case of a
VoW »  flexible column, in which the thrust,
A N -, due to deflection of the column (Fig.

196, 4), has a considerable effect on
the bending, will be discussed later
J (see Art. 53). The stress due to
L S L — Y f?rce T is constant for all cross sec-
W tions of the c?lumn and equf:tl to
T/A where A is the cross-sectional
area. The bending stress depends
upon the moment, which increases from zero at the top to a
maximum N/ at the bottom. Hence the dangerous section
is at the built-in end, and the stress there, for a point at dis-
tance y from the z axis, is

[

@)
Fig. 196.

0r = = ST T (a)
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Assuming, for instance, that the cross section of the column is
a rectangle X % with the side 4 parallel to the plane of bending,
we have 4 = bk and I, = b#(12. Maximum compressive
stress will be at point #, at which

(@dmin = = 37— 33 - (%)

This stress is numerically the largest.
At point m we obtain

When the force P is not parallel to one of the two principal
planes of bending, the bending stresses, produced by its
transverse component NN, are found by resolving N into
components parallel to those planes (see the discussion in art.
38). The resultant stress at any point is obtained by super-
posing these bending stresses with the compressive stress
produced by the longitudinal force.

Problems

1. Determine the maximum compressive stress in the circular
wooden poles 20 feet high and 8 inches in diameter shown in Fig.
197 if the load P on the wire 4BC is 60 lbs. The tensile force in

T

4 i S Y
TP~ p
0 : ) ]‘Z I —t
,3 ",—20, /571" P T {
F X J X F mlln
077 07
@) )

F1c. 197.

each cable DF is § = 1,000 lbs.; tan « = 1f10; sin8 = 1/5, and
Lk = 15 feet.

Solution. The components of the force in the wire BC (Fig.
197, &) are Ny = 300 lbs.; Ty = 30 lbs. The components of the
force in the cable DF are N; = 200 lbs.; T2 = g80 lbs. The maxi-
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mum bending moment is found to be at the built-in end, where
Mex = 36,000 lbs. in. The thrust at the same cross section is
Ty + T2 = 1,010 lbs. The maximum compressive stress at the
point m is

4 X 1,010 2 X 36,000 .
==+ 3 m313 = 21 + 715 = 736 lbs. per sq. in.

[

2. Determine the maximum tensile stress in the rectangular
wooden beam shown in Fig. 198 if § = 4,000 lbs.; & = 8 in;
k= 1oin.

Answer. .
(02) max = § X87§<>I<O;’OOO 4’;20 = ggo lbs. per sq. in.
s
i"i__ m 8
C I A
6" —— "

I1a. 148. Fia. 199.

3. Determine the maximum compressive stress in the structure
ABC, which supports a load P = 2,000 lbs. (Fig. 199), has a rigid
connection between the bars at B, an immovable hinge at 4, and
a movable support at C. The cross section of the bars 4B and BC
is a square 10 X 1o in.

Answer.

6 X 1,000 X8 X 12 60O ;
e +iz = 5§82 1bs. per sq. in.

4. A brick wall 6 feet thick and 15 feet high
supports sand pressure (Fig. 200). Determine
the maximum tensile compressive stresses at
the bottom of the wall if its weight is ¥ = 150
H Ibs. per cubic foot and the lateral pressure of
the sand is 10,000 lbs. per yard of the wall
The distribution of the sand pressure along the
Fic. 200. height of the wall follows a linear law, given by
the line 4B.

150 X 1§ 10,000 X 60 X 6

144 36 X 72
= — 156 —19.3 = — 34.9 lbs. per sq. in. The stress at

Answer. The stress at m = —
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150 X 15§ = 10,000 X 60 X 6
T + 6 X 72*
44 36 X 7
5. Determine the thickness of the wall in the previous problem
which will give zero stress at #.

Answer. 80 in.

6. A circular column, 6 ft. high, Fig. 196, is acted upon by a
force P the components N and T of which are equal to 1,000 Ibs.
Find the diameter of the column if the maximum compressive stress
is 1,000 lbs. per sq. in.

7. Find omax and omia at the cross section at the middle of the
bar BC, Fig. 199, if, instead of the concentrated load P, a uniform
vertical load ¢ = 400 Ibs. per ft. is distributed along the axis ZBC.

8. A circular bar 4B hinged at B and supported by a smooth
vertical surface (no friction) at .4 is submitted to the action of its
own weight. Determine the position of the
cross section m#n (Fig. 201) at which the com-
pressive stress is maximum.

Solution. Denote by / the length of the
bar, by ¢ its weight per unit length and by
o its angle of inclination to the horizon.
The horizontal reaction at 4 is R=(g//2) cot a.
The compressive force at any cross section
mn, distant x from A, is gx sin a + (g//2)
X (cos? afsin a); the bending moment at the Fie. 201.
same cross section is M = (¢g//2) cos a-x
— (g cos a/2)x®. The maximum compressive stress at the cross
section m# is

- .
-i-( xsina+z—lcis—g)+§—2—(z“cosa-x—qcosaxz),

= 3.7 lbs. per sq. in.

wd? 2 siha wd®

where 4 is the diameter of the bar.
Equating the derivative of this stress with respect to ¥ to zero,
we obtain the required distance

d
X = 3 -+ § tan a.

g. The bar shown in Fig. 196 is 6’ long and has a 12” diameter.
Determine the magnitude of the force P if its components N and
T are equal and the maximum compressive stress at # is 1,000 lbs.
per sq. in.

Answer. P = 3,260 lbs.

10. A force P produces bending of the bar 4BC built in at 4
(Fig. 202). Determine the angle of rotation of the end C, during
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bending, if the bending moments at 4 and at B are numerically
equal.

i Solution. From the equality of the bending moments at 4 and
B, it follows that the force P passes through the midpoint D of
the bar #4B. Then P, = P,//2a, and the
components P, and P, may now be calcu-
lated. The rotation of the cross section
B due tobending of the portion 4B by the
component P, is P,2/2E] in a clockwise
direction. The rotation of the same
8 p cross section due to the component P, is
P.al/EI in a counter-clockwise direction.
The rotation of the cross section C with
respect to the cross section B, due to bending of the portion BC of
the bar, is P.a?/2EI in a counter-clockwise direction. The total
angle of rotation of the end C in a clockwise direction is

P2 Pal Pat P.a?

b N
>
—
/
L

Frc. 202

51. Eccentric Loading of a Short Strut.—FEccentric load-
ing is a particular case of the combination of direct and
bending stresses. When the length of the bar is not very
large in comparison with its lateral
dimensions, its deflection is so small qp
that it can be neglected in compar- St
ison with the initial eccentricity e; {P
hence the method of superposition "
may be used.! Take, for example,
the case of compression by a longi- o ©
tudinal force P applied with an eccen-
tricity e (Fig. 203) on one of the two icamd U:[[[Eﬂﬂ
principal axes of the cross section.
Then, if we put two equal and oppo- % 4
site forces P at the centroid O of the ., a
cross section, the problem is not Fi. 203.
changed, as they are equivalent to
zero, and we obtain an axial compression by the force P pro-
ducing direct compressive stresses, — (P/A4), as shown in

[Ee

©)

@

1 For the case of eccentric loading of long bars see art. 53.
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Fig. 203 (), and bending in one of the principal planes by
the couple Pe producing bending stresses, — (Pey/l.), as
shown in Fig. 203 (¢). The total stress is then

0z = — 3~ T (a)

The distribution diagram of this total stress is shown in Fig.
203 (d). It is assumed that the maximum bending stress is
less than the direct stress; then there will be compressive
stresses all over the cross section of the bar. If the maximum
bending stress is larger than the direct compressive stress,
there will be a line of zero stress parallel to the z axis, dividing
the cross section into two zones with tensile stresses on the
left and compressive stresses on the right. For a rectangular
cross section with sides 4 and 4 (Fig. 203, 2) eq. (4) becomes

and we obtain, by putting y = — (4/2),
(Uz)max=—zpz+—6b—]/;€=§z(—l+67;>) (%)
and, by putting y = 4/2,
(0x)min = —5—%%=—§l(1+67§>- (©

It may be seen that when ¢ < %/6 there is no reversal of sign
of the stresses over the cross section; when ¢ = 4/6, the
maximum compressive stress, from eq. (¢), is 2P[bh, and
the stress on the opposite side of the rectangular cross section
is zero; when e > A/6, there is a reversal of sign of the stress
and the position of the line of zero stress is obtained by
equating to zero the general expression (2’) for o, giving

= (d)

or, using the notation k, for the radius of gyration with
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respect to the z axis (see appendix),

k.?

y=-- (131)

It will be seen that the distance of the line of zero stress from
the centroid O diminishes as the eccentricity ¢ increases.
The same discussion applies as well to the case of eccentric
loading in tension. Equation (131) may also be used for other
shapes of cross sections if the point of application of the load
is on one of the principal axes of inertia.

Let us consider now the case in which B, the point of applica-
tion of the eccentric compressive force P, is not on one of the two
principal axes of the cross section, taken as the y and the 2 axes,
in Fig. 204. Using 7 and # as the coordinates of this point, the
moments of P with respect to the y and z axes are Pz and Pm
respectively. By superposition, the stress at any point F of the

5 cross section is

in which the first term on the right side
represents the direct stress and the two
other terms are the bending stresses pro-
duced by the moments Pm and Pn re-
spectively. It may be seen that the
Fic. 204. stress distribution follows a linear law.
The equation of the line of zero stress
is obtained by equating the right side of eq. (¢) to zero. Using
the notation 7,/4 = k2 and I,/A4 = k2, where k., and %, are the
radii of gyration with respect to the z and y axes respectively, this
gives

my . nz

76:2+;?+I=O.

By substituting in this equation first y = o and then z = o we
obtain the points M and N of intersection of the line of zero stress
with the axes of coordinates z and y (Fig. 204). The coordinates
of these points, s and r, are

SF=— - P = e

@

B2 k2
m
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From these equations we obtain

k2 k2
n=——; m = — "
S r

These equations have the same form as eqs. (g) and it can be con-
cluded that when the load is put at the point B’ with the coordinates
s and r, the corresponding line of zero stress will be the line N’Af,
indicated in the figure by the dotted line, and cutting off from the
y and z axes the lengths » and #.

There is another important relation be-
tween the point of application B of the load
and the position of the corresponding line
of zero stress, namely, as B moves along a
line ByB: (Fig. 205), the corresponding line
of zero stress turns about a certain constant
point B’. This is proven as follows: Re-
‘solve the load at B into two parallel com-
ponents, one at B; and the other at B..
The component at B; acts in the principal Fia. 205.
plane xz; hence the corresponding line of
zero stress is parallel to the y axis and its intercept on OZ, as found
from an equation analogous to eq. (131), is

k2
s=— (%)
“L Similarly the line of zero stress for the component
B; is parallel to the z axis and its distance from this
a- axis is
7] k2
m n = — — .
r=- (%)
[ For any position of the load on the line B,B: there will

P be zero stress at B’; hence as the point of application of
Fie. 206,  the load moves along the straight line B,B;, the corre-
sponding line of zero stress turns about the point B’,

the coordinates of which are determined by eqs. (4) and ().

Problems

1. The cross-sectional area of a square bar is reduced one
half at mn (Fig. 206). Determine the maximum tensile stress at
this cross section produced by an axial load P. :



234 STRENGTH OF MATERIALS

Answer.
2P Pa24 8P

(U'z)max =2 4 e = &

2. Solve the above problem, assuming the bar to have a circular
cross section.

3. Abar of L section is excentrically loaded by the forces P (Fig.
207). Determine the maximum tensile and compressive stresses in
this bar if 4 = 17, A = 5, the width of the flange 4 = 5"/, P =
4,000 lbs.

; - -
o ld ool f,
2 LRI I 22 ¢
T P e —& A7
y
Fiac. 207.

Solution. The distances of the centroid of the 1 section from
the bottom and the top are respectively 4, = 33 in. and }zz = $}in.
The eccentricity of the force P is e =13 + 4§ = 24 in. The
moment of inertia /, = 19.64 in* The bendmg stresses are

P-e-ln 4000 X 2§ X 29

(0z)max = Ay e = 693 lbs. per sq. in.,
Pehy 4,000 X 2% X 61 .
(02)min = — [zz = 19.64 ; 8 1,458 Ibs. per sq. in.

Combining with the direct stress P/4 = 4,000/9 = 444 lbs. per
sq. in., we obtain the maximum tensile stress 693
+ 444 = 1,137 Ibs. per sq. in., maximum compres-
sive stresses 1,458 — 444 = 1,014 lbs. per sq. in.

4. Determine the maximum tensile stress at

I . the section m# of the clamp shown in Fig. 208 if
‘P P = 300 Ibs., 5 = 3 in,, and the cross section is a
’ - rectangle with the dimensions 1 in. X } in.

Answer. omax = 22,800 lbs. per sq. in.

o~ 5. Determine the width of the cross section m#
Fic. 208. in the previous problem to make omax = 20,000 lbs.
per sq. in.

6. Find the maximum and the minimum stress at the built-in
cross section of the rectangular column shown in Fig. 203, if 4 = 10
in.,, £ = 12 in., P = 5,000 lbs., and the coordinates of the point B
of application of the load, Fig. 204, are m» = » = 2 in. Find the
position of the neutral axis.
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52. The Core of a Section.—In the previous article it was
shown that for a small eccentricity ¢ the normal stresses have the
same sign over all of the cross section of an eccentrically loaded bar.
For larger values of ¢ the line of zero stress cuts the cross section
and there is a reversal of sign of the stress. In the case of a mate-
rial very weak in tension, such as brick work, the question arises
to determine the region in which the compressive load may be
applied without producing any tensile stress on the cross section.
This region is called the core of the cross section. The method of
determining the core is illustrated in the following simple examples.

In the case of a circular cross section of radius R we can con-
clude from symmetry that the core is a circle. The radius a of
this circle is found from the condition that when the point of appli-
cation of the load is on the boundary of the core the corresponding
line of zero stress must be tangent to the boundary of the cross
section. Remembering that the moment of inertia of a circle about
a diameter is 7R*/4 (see appendix), and hence the radius of gyration
is k = VI/4 = R/2, we find from eq. (131) (p. 232), by substituting
a for ¢ and R for — y, that

a=5=", (132)

i.e., the radius of the core is one quarter of the radius of the cross
section.

For the case of a circular ring section with outer radius Ro and
inner radius R; we have

I  Rié+ RS
A 4 ’
and the radius of the core, from eq. (131),
becomes

=T (R¢ —RY; K=

2
a=g="r (13

For R; = o,eq. (133) coincides with eq. (132).
For a very narrow ring, when R; approaches l
Ry the radius @ of the core approaches the

value Ry/2. P }

In the case of a rectangular cross section I-— o —*
(Fig. 209) the line of zero stress coincides Fic. 209.
with the side ¢g when the load is applied at
point A4, a distance 4/6 from the centroid (see p. 231). In the same
manner the line of zero stress coincides with the side gf when the




236 STRENGTH OF MATERIALS

load is at the point B, a distance A/6 from the centroid. As the
load moves along the line /B the neutral axis rotates about the
point g (see p. 233) without cutting the cross section. Hence 4B
is one of the sides of the core. The other sides follow from sym-
metry. The core is therefore a rhombus with diagonals equal to
k/3 and 4/3. As long as the point of application of the load remains
within this rhombus the line of zero stress does not cut the cross
section and there will be no reversal in the sign of the stress.

For an I section (Fig. 210) the extreme
positions of the lines of zero stress, in which
they do not cut the cross section, are given by
the sides 4B and CD and by the dotted lines
AC and BD. The corresponding positions
of the point of application of the load may be
determined from eq. (131). From symmetry
it may be concluded that these points will

Fic. 210. be the corners of a rhombus, shaded in
Fig. 210.

If the point of application of the eccentric load is outside the
core of a cross section, the corresponding line of zero stress crosses
the section and the load produces not only compressive but also
tensile stresses. If the material does not resist tensile stresses at
all, part of the cross section will be inactive and the rest will carry
compressive stresses only. Take, for example, a rectangular cross
section (Fig. 211) with the point of application 4 of the load on
the principal axis y and at a distance ¢ from the edge of the section.
If ¢ is less than 4/3, part of the cross section will not work. The
working portion may be found from the condition that the distri-

n

Jc

.-—Q—ﬁ

"~

Fic. 211. Fia. 212.

bution of the compressive forces over the cross section follows a
linear law, represented in the figure by the line m#, and that the
resultant of these forces is P. Since this resultant must pass
through the centroid of the triangle mus, the dimension ms of the
working portion of the cross section must be equal to 3c.
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In the case of a circular cross section (Fig. 212), if the eccen-
tricity CA of the load is larger than R/4 and the material does not
resist tensile stresses, only a portion of the cross section will work.
Let the line #n, perpendicular to 4C, be the limit of this portion.
Its distance 4 from the point .f may be found from the conditions
that (1) the compressive stresses are proportional to the distance
y from zn, (2) the sum of the compressive forces over the working
portion of the cross section is equal to the load P, and (3) the
moment of these forces with respect to n# is equal to the moment
Pb of the load P with respect to the same axis. Denoting the
maximum compressive stress by ouax, the compressive stress at any
distance y from nn is

__ YOmax
b+«
and the equations for determining 4 become

JOmex o p Y9 max —
fb_l_[dA—P, fw”dd Pb,

g

from which
Ln
b= oo (a)
in which I.. = fy%d4 is the moment of inertia of the working
portion of the cross section with respect to the n# axis and Q.
= JSydA is the moment of the working portion of the cross section
with respect to the same axis. By using eq. (4) the position of, 4
for any given position of #z# may easily be found. The same
equation may also be used for other shapes of cross sections, pro-
vided A is on one of the principal axes.? If the load is not on a
principal axis, the problem of determining the working portion of
the cross section becomes more complicated.?
By using the notion of the core, the calculation of maximum
bending stresses when the bending is not in a principal plane may
be greatly simplified. For example, in Fig. 209 let 7 be the axial

2 For the cases of circular cross sections and circular ring sections,
which are of importance in calculating stresses in chimneys, tables have
been published which simplify these calculations. See Keck, Z. Han-
nover. Arch. u. Ing. Ver., 1882, p. 627; see also V. D. L., 1902, p. 1321,
and the paper by G. Dreyer in ““Die Bautechnik,” 1925.

3 Some calculations for a rectangular cross section will be found in
the following papers: Engesser, Zentralblatt d. Bauv., 1919, p. 429;
K. Pohl, Der Eisenbau, 1918, p. 211; O. Henkel, Zentralbl. d. Bauv.,
1918, p. 447; F. K. Esling, Proc. of the Institute of Civ. Eng., 1905—
1906, part 3.
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plane of the beam in which a bending moment M acts and #n#n the
corresponding neutral axis, which makes an angle a with the plane
mm (see p. 166). Denoting by omax the maximum stress in the most
remote point ¢ and by 4 its distance from the neutral axis ##n, the
stress at any other point, distant w from n#, is ¢ = omaxw/d, and
the moment of all forces distributed over the cross section with
respect to the axis ## is

OmaxW? OTmax
7 dd = 7 Loy &)

in which 7., is the moment of inertia of the cross section with
respect to the »—» axis. The moment of the external forces with
respect to the same axis is M sin a. Equating this to (4), we have

Md si
Omax = ’_—731:{1—6! ° A (“)

This equation may be greatly simplified by using the property of
the core of the cross section.t Let O be the point of intersection
of the plane mm with the core and 7 its distance from the centroid
of the cross section. From the property of the core it follows that
a compressive force P at O produces zero stress at the corner ¢;
hence the tensile stress produced at ¢ by the bending moment Pr,
acting in the plane mm, is numerically equal to the direct com-
pressive stress P/A4, or, substituting Pr for M in eq. (c), we obtain

£_Prdsina
4 L.

from which
dsin a _ I

I = Zﬁ : (d)
Substituting this into eq. (¢), we obtain
M
OTmax = Ar ¢ (134)

The product Ar is called the section modulus of the cross section
in the plane mm. This definition agrees with the definition which
we had previously (see p. 92), and for bending in a principal plane
Ar becomes equal to Z.

Problems
1. Determine the core of a standard I beam, 24" depth, for

4 See R. Land, Zeitschr. f. Architektur und Ingenieurwesen, 1897,
p. 291.
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which 4 = 23.33 sq. in., I, = 2,087 in4, k., = 9.46 in.,, I, = 42.9
in4, k, = 1.36 in. The width of the flanges & = 7 in.

Answer. The core is a rhombus with diagonals equal to 14.9
in. and 1.06 in.

2. Determine the radius of the core of a circular ring section
if Ro = 10in. and R; = 8 in.

Answer. The radius of the core ¢ = 4.10 in.

3. Determine the core of a cross section in the form of an equi-
lateral triangle.

4. Determine the core of the cross section of a square thin tube.

Solution. 1f k is the thickness of the tube and 4 the side of
the square cross section, we have

I=1I,=~~hp; k2=kh2=

L

The core is a square with diagonal

P
2 3
53. Eccentric Compression of a Slender Column.—In dis-
cussing the bending of a slender column under the action of
an eccentric load, Fig. 213, the deflection
8 can no longer be neglected as being small  * sd'-‘e
in comparison with the eccentricity e. P
Assuming that the eccentricity is in the
direction of one of the principal axes of the [ ”
cross section of the column, the deflection
occurs in the same axial plane xy in which
the load P acts, and the bending moment | x
at any cross section mn is

M=—P(6+e—_y).‘ (#)

In determining the sign of the moment it
should be noted that by rotating Fig. 213
in the clockwise direction by an angle 1 /2 the same directions
of the coordinate axes are obtained as those used in deriving
equation (79). Hence, to follow the rule shown in Fig. 58
(&), the moment (a) 1s taken with a minus sign since the de-
flection curve is concave in the positive direction of the y

H4 dre-y

) e

Fic. 213.
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axis. The differential equation of the deflection curve ob-
tained by substituting (4) in equation (79) is

a2
ELL%% = PG+ ¢ — y). )
Using the notation
_P_ — 2
EL ? (135)

we obtain from equation (&)

T 4 oy = 26 + o). ©
By substitution it can be readily proved that

y=Cisinpx + Cycos px + 6 + ¢ (d)

is the solution of equation (¢). This solution contains two
constants of integration C, and C, whose magnitudes must
be adjusted so as to satisfy the conditions at the ends of the
column if we are to obtain the true deflection curve of the
column. At the lower end, which is built-in, the conditions are

Deo=0 (2) =0 (o)

Using these conditions together with expression (4) and its
first derivative, we obtain

C1=O, Cg=—(6+€).
The equation of the deflection curve (d) thus becomes
y = (8 4+ e)(1 — cos px). f)

To obtain the magnitude of the deflection & at the upper end
of the column, we substitute x = /1in the right side of equation
(f). The deflection y on the left side must then be equal to &
and we obtain the equation

= (6 4+ ¢)(1 — cos pl)

e(1 — cos p/)
cos p/

from which

(136)
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Substituting this into equation (f) we obtain the deflection
curve

_e(1 — cos px)
= cos pl : (137)

By using this equation the deflection at any cross section of
the column can readily be calculated.

In the case of short columns, which were considered in
Art. 51, the quantity p/ is small in comparison with unity and
it is sufficiently accurate to take

cos pl = 1 — 3p?2, (2)

Using this value of cos p/ and neglecting the quantity p?2/2
in the denominator of expression (136), as being small in
- comparison with unity, we obtain

e PP
=y = AL’ ®

This represents the magnitude of the deflection at the end of a
cantilever bent by a couple Pe applied at the end. Hence the
use of the approximate expression (g) is equivalent to neglect-
ing the effect of the deflections upon the magnitude of the
bending moment and taking instead a constant moment
equal to Pe.

If p/ is not small, as is usually the case when the column
is slender, we must use expression (136) in calculating 8. In
this way we find that the deflection is no longer proportional
to the load P. Instead, it increases more rapidly than P,
as is seen from the values of this deflection as given in the
second line of the table below.

DerLEcTIONS PrODUCED BY AN EcceEntric LonciTupinaL Loap

Pl o.1 0.5 1.0 | Y /2
B 0.008e 0.139¢ o.851e 13.1¢ oo
Approximate 5.. . ... 0.005¢ 0.139¢ 0.840¢ 12.8¢ s
secpl. oL 1.00§ 1.140 1.867 13.2 o
PlPy. ool 0.004 o.1o1 0.405 0.911 1
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The maximum bending moment occurs at the built-in end
of the column and has a magnitude

Muox = P(e + 8) = Pesecpl. (138)

A series of values of sec p/ is given in the fourth line of the
above table. These values show how rapidly the moment
increases as p/ approaches the value w2, This phenomenon
will be discussed in the next article.

Here, however, we should like to repeat that in the case
under discussion there is no proportionality between the mag-
nitude of the compressive force and the deflection § which it
produces. Hence the method of superposition (p. 147) cannot
be used here. An axially applied force P produces only
compression of the bar; but when the same force acts in
conjunction with a bending couple Pe, it produce not only
compression but also additional bending, so that the resulting
deformation cannot be obtained by simple superposition of
an axial compression due to the force P and a bending due
to the couple Pe. The reason why in this case the method of
superposition is not applicable can readily be seen if we
compare this problem with the bending of a beam by trans-
verse loads. In the latter case, it can be assumed that small
deflections of the beam do not change the distances between
the forces, and the bending moments can be calculated without
considering the deflection of the beam. In the case of
eccentric compression of a column the deflections produced
by the couple Pe entirely change the character of the action of
the axial load by causing it to have a bending action as well
as a compressive action. In each case in which the deforma-
tion produced by one load changes the action of the other
load it will be found that the final deformation cannot be ob-
tained by the method of superposition.

In the previous discussion bending in one of the principal
planes of the column was considered. If the eccentricity e
is not in the direction of one of the principal axes of the cross
section, it is necessary to resolve the bending couple Pe into
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two component couples each acting in a principal plane of
the column. The deflection in each of the two principal planes
can then be investigated in the same
manner as discussed above. ‘-a-{o

The preceding discussion of bending p
of a column built-in at one end can also
be applied to the case of a strut eccen- 2z,
trically compressed by two equal and
opposite forces P, Fig. 214. From sym-
metry it can be appreciated that the
cross section A at the middle does not ro-
tate during bending and each half of the
strut in Fig. 214 is in exactly the same
condition as the strut in Fig. 213. Hence
the deflection and the maximum bending 1\,
moment are obtained by substituting //2 _.l,
for / in equations (136) and (138). In

- h Fic. 214.
this way we obtain
e ( I — cos ‘%[ )
b= (139)
cos 2
2
and
Mpox = Pe sec‘%l . (140)
Problems

1. Find the deflection at the middle and the maximum tensile
and compressive stresses in an eccentrically compressed strut 1o
ft. long with hinged ends if the cross section is a channel of 8 in.
depth with 7, = 1.3 in4, I, = 32.3 in%, and 4 = 3.36 sq. in. The
distance between the centroid and the back of the channel is 0.58
in., and the compressive forces P = 4,000 lbs. act in the plane of
the back of the channel and in the symmetry plane of the channel.

2. A square steel bar 2 by 2 in. and 6 ft. long is eccentrically
compressed by forces P = 1,000 lbs. The eccentricity ¢ is directed
along a diagonal of the square and is equal to 1 in. Find the
maximum compressive stress, assuming that the ends of the bar
are hinged.
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3. A steel bar 4 ft. long and having a rectangular cross section
1 by 2 in. is compressed by two forces P = 1,000 lbs. applied at the
corners of the end cross sections so that the eccentricity is in the
direction of a diagonal of the cross section and is equal to half
the length of the diagonal. Considering the ends to be hinged, find
the maximum compressive stress.

54. Critical Load.—It was indicated in the previous article
that the deflection of an eccentrically compressed column
increases very rapidly as the quantity p/ in equation (136)
approaches the value /2. When p/ becomes equal to /2,
the formula (136) for the deflections and (138) for the max-
imum bending moment both give infinite values. To find the
corresponding value of the load we use formula (135). Sub-
stituting p = w/2/ in this expression we find that the value of
the load at which the expressions (136) and (138) become
infinitely large is

2
P, = ’rﬁf‘- (141)

This value depending, as we see, only on the dimensions of
the column and on the modulus of the material is called the
critical load or Euler’s load since Euler was the first to derive
its value in his famous study of elastic curves.®* To see more
clearly the physical significance of this load let us plot curves
representing the relation between the load P and the deflection
3 as given by equation (136). Several curves of this kind,
made for various values of the eccentricity ratio efk., are
shown in Fig. 215. The abscissas of these curves are the
values of the ratio 8/k, while the ordinates are the ratio P/P,,,
that is the values of the ratio of the acting load to its critical
value defined by equation (141).

It is seen from the curves that the deflections & become
smaller and smaller and the curves approach closer and closer
to the vertical axis as the eccentricity ¢ decreases. At the
same time the deflections increase rapidly as the load P ap-

5 An English translation of this work is given in “Isis” No. 58
(vol. XX, 1), 1933.
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proaches its critical value (141), and all the curves have as
their assymptote the horizontal line P/P., = 1.
The differential equation of the deflection curve (79),

" which was used in the discussion of the preceding article, was

derived on the assumption that the deflections are small in
comparison with the length / of the column. Hence formula
(136) for the deflection & cannot give us an accurate result
when P is very close to P,,. However, the curves in Fig. 215
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indicate that, irrespective of how small the eccentricity ¢ may
be, very large deflections are produced if the load P is suffi-
ciently close to its critical value. If the deflection becomes
large, the bending moment at the built-in end and the stresses
are also large.

Experiments dealing with the compression of columns
show that even when all practicable precautions are taken to
apply the load centrally there always exists some unavoidable
small eccentricities. Consequently in such experiments the
load P produg es not only compression but also bending. The
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curves in Fig. 216 show the results of such experiments as
obtained by several experimenters. It may be seen that
with increasing accuracy in the application of the load the
* curves become closer and closer to the vertical axis and the
rapid increase in the deflection as the load approaches its
critical value becomes more and more pronounced. The loads
P which are close to their critical values always produce large
deformations which usually go beyond the elastic limit of the
material, so that after such a loading the column loses its
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practical usefulness. This indicates that the critical value of
the load, as given by equation (141), must be considered as
an ultimate load which will produce complete failure of the
column. In practical applications the allowable load should
be smaller than the critical load and is obtained by dividing
the critical value of the load by a certain factor of safety.
Further discussion of this question is given in the next two
articles.

In the preceding discussion a column with one end built-in
and the other end free was considered. Similar conclusions
can be made in the case of a strut with hinged ends, Fig. 214.
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Equations (139) and (140) give infinite values when

»_

T
2

Substituting for p its value from formula (135) we obtain

2E],
P, = ”7— (142)

This is the critical value of the compressive force
for a strut with hinged ends.

In the case of compression of columns with
built-in ends the deflection has the form shown in
Fig. 217. The deflection curve can be considered
as consisting of four portions each similar to the
curve previously obtained for a column with one
end built-in and the other free. The critical
value of the load is found in such a case by
substituting //4 instead of / into equation (141),
which gives Fic. 217.

k1,
Py = 47T12 . (143)

This is the ¢ritical Joad for a column with built-in ends.

It should be noted that in the derivation of equation (136)
it was assumed that the eccentricity is in the direction of the
y axis and that the bending occurs in the xy plane. Similar
formulas will be obtained if the initial eccentricity is in the
direction of the z axis. The bending then occurs in the xz
plane and, to calculate the deflections, I, must be substituted
in place of I, in equation (136). If an attempt is made to
apply the load centrally and bending occurs as a result of
small unavoidable eccentricities, we must consider deflections
in both principal planes xy and xz; and, in calculating the
critical value of the load, we must use the smaller of the two
principal moments of inertia in equations (141), (142) and
(143). In the following discussion it is assumed that 7, is
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the smaller principal moment of inertia and &, is the corre-
sponding radius of gyration.

In calculating deflections it is sometimes advantageous to
use approximate formulas instead of the accurate formulas
(136) and (138). It was shown in the preceding article that
for small loads, that is when p/ is a small fraction, say less
than 1/10, the deflection i1s given with sufficient accuracy by
the equation

6= Pelt  (a)

2kl

in which the influence of the longitudinal force on the bending
is neglected and a constant bending moment Pe is assumed.
For larger loads the equation (4) is not accurate enough, and
the influence of the compressive force on bending should be
considered. This influence depends principally on the ratio
P/P,, and the deflection can be obtained with very satisfactory
accuracy from the approximate formula

Pel? I '
_ 2EIZ . - £ . (b)

P

)

The deflections calculated from this formula are given in the
third line of the table on p. 241. Comparison of these figures
with those of the second line of the same table shows that the
formula (8) is sufficiently accurate almost up to the critical
value of the load.

A similar approximate formula for the deflection of a strut
with hinged ends is ¢

Pel? 1
7 A ©

The first factor on the right side is the deflection produced
by the two couples Pe applied at the ends. The second factor

¢ This approximate solution was given by Prof. J. Perry. See Engi-
neer, December 10 and 24, 1886.
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represents the effect on the deflection of the longitudinal
compressive foice P.

Equation (¢) is very useful for determining the critical
load from an experiment with a compressed strut. If the
results of such experiment are represented in the form of a
curve, such as the one shown in Fig. 216, the horizontal
asymptote to that curve must be drawn to determine P.,.
This operation cannot be done with sufficient accuracy,
especially if the unavoidable eccentricities are not very small
and the curve does not turn very sharply in approaching the
horizontal asymptote. A more satisfactory determination
of P. is obtained by using equation (¢). Dividing this
equation by P/P, we obtain

] em? 1 e
?'P”—T—I_!i %
P..
and
6 em?
’1’)"-Pcr_‘S ='§—'

This equation shows that, if we plot the
ratio §/P against the deflection & meas-
ured during experiment, the points will L’}g'l 4
fall on a straight line, Fig. 218. This
line will cut the horizontal axis (§/P = o)
at the distance en?/8 from the origin, and the inverse slope of
the line gives the critical load.”

55. Critical Stress; Design of Columns.—Considering
the case of a strut with hinged ends, the critical stress is
obtained by dividing the critical load given by equation (142)
by the cross-sectional area 4. In this way we find

P., w2 E
T =T = TR (144)

Fi1c. 218.

7 This method, suggested by R. V. Southwell, Proc. Roy. Soc. London,
series A, vol. 135, p. 601, 1932, has proved a very useful one and is widely
used in column tests.
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It is seen that for a given material the value of the critical
stress depends on the magnitude of the ratio //k., which is
called the slenderness ratio. In Fig. 219 the curve A4CB
represents ® the relation between o, and //k. for the case of
steel having £ = 30 X 10° Ibs. per sq. in. It will be appreci-
ated that the curve is entirely defined by the magnitude of
the modulus of the material and is independent of its ultimate
strength. For large values of the slenderness ratio //k, the
critical stress becomes small, which indicates that a very
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slender strut buckles sidewise and loses its strength at a very
small compressive stress. This condition cannot be improved
by taking a steel of higher strength, since the modulus of steel
does not vary much with alloy and heat treatment and remains
practically constant. The strut can be made stronger by in-
creasing the moment of inertia /, and the radius of gyration
k., which can very often be accomplished without any increase
in the cross-sectional area by placing the material of the strut
as far as possible from the axis. Thus tubular sections are
more economical as columns than are solid sections. As the
slenderness ratio diminishes the critical stress increases and
the curve ZCB approaches the vertical axis asymptotically.
However, there must be a certain limitation to the use of the
Euler curve for shorter struts. The derivation of the ex-

# This curve is sometimes called the Euler curve, since it is deriveu
from Euler’s formula for the critical load.



COMBINED BENDING AND TENSION 251

pression for the critical load is based on the use of the differ-
ential equation (79) for the deflection curve, which equation
assumes that the material is perfectly elastic and follows
Hooke’s law (see art. 31). Hence the curve ZCB in Fig. 219
gives satisfactory results only for comparatively slender bars
for which ., remains within the elastic region of the material.
For shorter struts, for which ¢., as obtained from equation
(144) is higher than the proportional limit of the material, the
Euler curve does not give a satisfactory result and recourse
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should be had to experiments with the buckling of struts
compressed beyond the proportional limit. These experi-
ments show that struts of materials such as structural steel,
which have a pronounced yield point, lose all their stability
and buckle sidewise as soon as the compressive stress becomes
equal to the yield point stress. Some experimental results
are shown in Fig. 220. The material is a structural steel
having a very pronounced yield point at oy » = 45,000 lbs. per
sq.in. Itis seen that for struts of relatively large slenderness
(//k.>80) the experimental values of the critical stresses
coincide satisfactorily with the Euler curve, while for shorter
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struts the critical stress remains practically independent of
the slenderness ratio //k, and is equal to the yield point stress.

In the case of an ordinary low carbon structural steel the
yield point is not as pronounced as in the preceding example
and occurs at a much lower stress. For such steel we may
take oy p = 34,000 lbs. per sq. in. The proportional limit is
also much lower, so that the Euler curve is satisfactory only
for slenderness ratios beginning with //k, = 100, to which
value corresponds the compressive stress g, = 30,000 lbs.
per sq. in. For higher stresses, i.e., for //k, < 100, the ma-
terial does not follow Hooke’s law and the Euler curve cannot
be used. It is usually replaced in the inelastic region by the
two straight lines /B and BC as shown in Fig. 221. The
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horizontal line 4B corresponds to the yield point stress and
the inclined line BC is taken for the stresses between the
proportional limit and the yield point of the material.
Having such a diagram as the line #BCD in Fig. 221,
constructed for ordinary structural steel, the critical stress
for a steel strut of any dimensions can readily be obtained.
It is only necessary to calculate in each particular case the
value of the slenderness ratio //k, and take the corresponding
ordinate from the curve. To obtain the safe stress on the
strut the critical stress must then be divided by a proper
factor of safety. In selecting this factor it must be considered
that as the slenderness ratio increases various imperfections,
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such as an initial crookedness of the column, are likely to
increase. It appears logical therefore to introduce a variable
factor of safety which increases with the slenderness ratio.
In some specifications the factor of safety increases from 1.7
for //k, = o to 3.5 for /[k, = 100. It varies in such a way
that the allowable stress in the inelastic range follows a para-
bolic law. For //k, > 100, the factor of safety is taken as
constant at 3.5, and the allowable stresses are calculated from
the Euler curve. In Fig. 221 curves are given which represent
the allowable stress and the factor of safety as functions of
the slenderness ratio for ordinary structural steel.

In the preceding discussion a strut with hinged ends was
considered. This case is sometimes called the fundamental
case of buckling of struts, since it is encountered very often
in the design of compressed members of trusses with hinged
joints. The allowable stresses established by the diagram in
Fig. 221 for the fundamental case can also be used in other
cases provided we take, instead of the actual length of the
column, a reduced length the magnitude of which depends on
the conditions at the ends of the column. Considering, for
example, the case of a column with one end built-in and the
other end free and also the column with both ends built-in,
the corresponding formulas for the critical loads can be put
respectively in the form

7T2E.[z _ 77'2Elz
Po=y  wd Po=ge

Comparing these formulas with formula (142) for the funda-
mental case it can be concluded that in the design of a column
with one end built-in and the other free we must take a length
two times larger than the actual length of the column when
using the diagram of Fig. 221. In the case of a column with
both ends built-in the reduced length is equal to half of the
actual length.

The selection of proper cross-sectional dimensions of a
column is usually made by trial and error. Having the load
P which acts on the column, we assume certain cross-sectional
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dimensions and calculate %, and //k, for these dimensions.
Then the safe value of the compressive stress is obtained from
the diagram of Fig. 221.  Multiplying this value by the area
of the assumed cross section, the safe load on the column is
obtained. If this load is neither smaller nor overly larger
than P, the assumed cross section is satisfactory. Otherwise
the calculations must be repeated. In the case of built-up
columns the gross cross section is used in calculating &,,
since the rivet holes do not appreciably affect the magnitude
of the critical load. However, in calculating the safe load
on the column the safe stress is multiplied by the net cross-
sectional area in order to insure against excessive stresses in
the column.

Problems

I. A steel bar of rectangular cross section 1 by 2 in. and having
hinged ends is compressed axially. Determine the minimum length
at which equation (144) for the critical stress can be applied if the
limit of proportionality of the material is 30,000 lbs. per sq. in. and
E = 30 X 10% lbs. per sq. in. Determine the magnitude of the
critical stress if the length of the bar is ¢ ft.

Answer. Minimum length = 28.9 in. The critical stress for
! = g ft. is 6,850 lbs. per sq. in.

2. Solve the preceding problem assuming a bar with a circular
cross section I in. in diameter and built-in ends.

3. Determine the critical compressive load for a standard I
section 6 ft. long and 6 in. deep assuming hinged ends. I, = 1.8
in4 I, = 21.8 int and 4 = 3.61 sq. in. Determine the safe load
from the curve of Fig. 121. '

4. Solve the preceding problem assuming that the ends of the
column are built-in.

5. Calculate, by the use of Fig. 221, the safe

# load on a member built-up of two I beams of the

L same cross section as those in problem 3, Fig. 222.

’ The length of the member is 10 ft. and the ends
e are hinged. Assume that the connecting details
Fic. 222, are so rigid that both I beams work together as a

single bar.
6. Solve the preceding problem assuming that the ends of the
member are built-in.
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7. A column 10 ft. long with hinged ends is made of two channels
8 in. deep having 7, = 1.3 in.4, I, = 32.3 in4, 4 = 3.36 in2 and a

‘distance of ¢ = 0.58 in. between the centroid and the back of

channel. Find the safe load on the column if the back to back
distance between the channels is 4 in.

8. Determine the cross-sectional dimension of a square steel
strut 6 ft. long if the load P = 40,000 lbs. and the ends are hinged.
Use Fig. 121.

9. Solve the preceding problem assuming that the ends of the
strut are built-in. Use Fig. 121.

56. Design of Columns on Basis of Assumed Inaccuracies.
—In the preceding article the safe load on a column was
obtained by dividing the critical load for the column by a
proper factor of safety. The weakness of that method lies in
a certain arbitrariness in the selection of the factor of safety
which, as we have seen, varies with the slenderness ratio. To
make the procedure of column design more rational, another
method based on assumed inaccuracies has been developed.?
On the basis of existing experimental data we can assume
certain values for the magnitude of the unavoidable ec-
centricity ¢ in the application of the compressive force P.
Then, by using these values in the formulas of Article 53, we
can calculate the magnitude Py p of the load at which the

.maximum stress in the compressed strut becomes equal to

the yield point stress of the material. The safe load is then
obtained by dividing the load Py p by a proper factor of safety.
Thus instead of using the critical load, which is equivalent
to the ultimate load, we use the load at which yielding begins
as a basis for calculating the safe load.

This method of column design can be simplified by the
use of diagrams the calculations of which will now be ex-
plained. Taking the case of a strut with hinged ends, Fig.
214, the maximum bending moment is obtained from equation
(140) and the maximum compressive stress is

P P P
¢rmu=/—{+—z—qsec ELa (a)

9Sce paper by D. H. Young, Proceedings Am. Soc. Civil Eng.,
December, 1934.
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The first term on the right side is the direct stress and the
second is the maximum compressive bending stress. The load
at which yielding begins is obtained by substituting ey » for
omax 1n this equation, which gives -

Oy p = Pj{'P'( 1 +;sec 2—116—2 Pg;) . (%)

We now introduce the notations » = Z/A for the radius of the

core of the cross section (see p. 238) and k, = VI,/A for the
smaller principal radius of gyration. The quantity Py /A is
the average compressive stress or centroidal compressive stress
at which yielding begins. Denoting this stress by o, we obtain

G'Y'P.=0'c(1 +;seczli—z 2) (¢)

From this equation, for a given value of the eccentricity ratio
e/r, the value of ¢, can readily be obtained for any value of the
slenderness ratio //k,. The results of such calculations for a
structural steel having oy , = 36,000 lbs. per sq. in. are repre-
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sented by curves in Fig. 223. By the use of these curves the
average compressive stress o, and the compressive load
Py . = Ao, at which yielding begins can readily be calculated
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if e/r and /[k, are given. The safe load is then obtained by
dividing Py » by the factor of safety.

We assumed in the foregoing discussion that the unavoid-
able inaccuracies in the column could be represented by an
eccentricity of the load. In a similar manner we can also
constider the inaccuracies to be equivalent to an initial crooked-
ness of the column. Denoting the maximum initial deviation
of the axis of the column from a straight line ¥ by 4, curves
similar to those shown in Fig. 223 and representing o, as a
function of the ratio 4/r and the slenderness ratio //k. can be
obtained. '
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In practical design it is usually assumed that the initial
deflection « is in a certain ratio to the length / of the column.
Taking a certain magnitude for that ratio,” the magnitude
of 4 is calculated and the value of o, is then obtained from the
above-mentioned curves. The results obtained in this way
for three different values of the ratio 4// and for oy p = 36,000
lbs. per sq. in. are shown for an I section in Fig. 224. For
very short columns all three curves give o, = 36,000 lbs.

1 A half wave of a sinusoidal form is usually taken as representing
the initial crookedness of a column.
/

1000

|/
v

. L Y 4
1 Tt is usually taken within the limits — =
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per sq. in. For very slender columns the values given by the
curves approach those obtained from the Euler curve. Using
one of the curves and dividing the value o, from the curve by
a proper factor of safety, say by 2, the safe value of the average
compressive stress is obtained. The advantage of this
method is that it employs a constant factor of safety, since
the increase of inaccuracies with the length / of the column
has already been taken into consideration by assuming that
the eccentricity is proportional to the span. However, the
magnitude of the inaccuracies which should be taken remains
to a certain extent indefinite and dependent upon existing
experimental data.

57. Empirical Formulas for Column Design.—In both of
the methods of column design developed in the last two articles
on the basis of theoretical considerations there occur some
uncertainties such as a variable factor of safety in the design
procedure illustrated by Fig. 221 or the assumed inaccuracies
as used in making the curves in Fig. 224. These quantities
can be properly selected only on the basis of experiments with
actual columns. Under such circumstances it is natural that
many practical engineers prefer to use directly the results
of experiments as represented by empirical formulas. Such a
procedure is entirely legitimate so long as the application of
these formulas remains within the limits for which they were
established and for which there is sufficient experimental
information. However, as soon as it is necessary to go beyond
those limits, the formulas must be modified to conform with
the new conditions. In this work the theoretical considera-
tions become of primary importance.

One of the oldest empirical formulas was originated by
Tredgold.®? It was adapted by Gordon to represent the re-
sults of Hodgkinson’s experiments and was given in final form
by Rankine. The allowable average compressive stress as

12 Regarding the history of the formula see E. H. Salmon, *“ Columns,”
London, 1921. See also Todhunter and Pearson, ““History of the Theory
of Elasticity,” vol. 1, p. 105, Cambridge, 1886.
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given by the Rankine formula is

a

aw=:_—é—<‘—kzz—)7, (@)

in which « is a stress and 4 is a numerical factor, both of which
are constant for a given material. By a proper selection of
these constants the formula can be made to agree satisfactorily
with the results of experiments within certain limits.

The American Institute of Steel Construction in its specifica-
tions of 1928 takes for the safe stress on the cross section of
a column

18,000
go = — 15200 0
T+ 18,000k 2
for //k, > 60. For shorter columns ¢, is taken as 15,000
lbs. per sq. in.

The straight-line formula used by the American Railway
Engineering Association and incorporated also in the building
codes of the cities of Chicago and New York gives the working
stress in the form

0, = 16,000 — 70l/r (¢)

to be used for 30 < //k, < 120 for main members and as high
as//k, = 150 for secondary members. For values of //k, < 30,
0» = 14,000 lbs. per sq. in. is used.

The parabolic formula proposed by A. Ostenfeld ¥ is also
sometimes used. It gives for the critical compressive stress

¢”=a_b(éf )

in which the constants @ and 4 depend upon the mechanical
properties of the material. For structural steel equation (d)

18 Zeitschr. Ver. Deutsch Ing. vol. 42, p. 1462, 1898. See also C. E.
Fuller and W. A. Johnston, “Applied Mechanics,” vol. 2, p. 359, 1919.
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is sometimes taken in the form

2 .
Ter = 40,000 — 1.33 ( ki) : (e)

This gives a parabola tangent to the Euler curve at //k, = 122.5
and makes o, = 40,000 lbs. per sq. in. for short columns. A
suitable factor of safety varying from 2-1/2 to 3 should be
used with this formula to obtain the working stress.

Problems

I. A 6in. X 6 in. 22-1/2 Ib. H-beam, 7, = 12.2 in.4, 4 = 6.61
sq. in., is to be used as a column with hinged ends. Three lengths
are to be considered: / = § ft., 10 ft., and 13 ft.-4 in. What are
the safe loads using the formulas (4), (¢), and (¢), the latter with a
factor of safety of 2-1/2.

Answers.

Formulas !/ = 60 in. / = 1201n. = 160 in.
(b) 99,000 83,000 67)300
() 85,300 65,000 51,000
(e) 98,700 78,300 577,000

2. Select a Carnegie Beam section to serve as a column 25 ft.
long with fixed ends to carry a load of 200,000 Ibs.  Use formula (4).

Solution. Taking the reduced length /= }-25 ft. = 150 in.,
equation (&) gives

200,000 18,000

1.2¢
1+ kzs

)

The minimum area may be found by taking ¢, = 15,000 lbs. per sq.
in. as for a short column. This gives 4 = 200,000/15,000 = 13.3
sq. in. We therefore need not try any section which has an area
less than 13.3 sq. in. We try a 12 in. X 10 1n. §3 lb. section, for
which 4 = 15.57 sq. in., k, = 2.48, and //k, = 60.5. The safe
stress as given by the right side of equation (f) is 14,970 lbs. per sq.
in. The actual stress given by the left side is 12,850 lbs. per sq. in.
It may be seen that a smaller section should be tried. Taking a
12 in. X 8 in. 50 lb. section, for which 4 = 14.69 sq. in., k. = 1.96
in., and //k, = 76.5, the permissible stress is found to be 13,600
Ibs. per sq. in. This value is also given by the left side of equation
(f). The above section is therefore satisfactory.



CHAPTER IX

TORSION AND COMBINED BENDING AND TORSION

%8. Torsion of a Circular Shaft.—Let us consider a cir-
cular shaft built in at the upper end and twisted by a couple
applied to the lower end (Fig. 225). It can be shown by
measurements at the surface that circular sections of the shaft
remain circular during twist, and that their diameters and
the distances between them do not change provided the angle
of twist is small.

A disc, isolated as in Fig. 225 (4), will be in the following
state of strain. There will be a rotation of its bottom cross
section with reference to its top through an angle do where
¢ measures the rotation of the section m# with reference to
the built-in end. An element @bcd of the surface of the disc
whose sides were vertical before strain takes the form shown

Fie. 225,

in Fig. 225 (4). The lengths of the sides remain essentially
the same, and only the angles at the corners change. The

.element is in a state of pure shear (see article 16) and the

magnitude of the shearing strain is found from the small
261
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triangle cac’:
7

[nY
[

~

“Y::

N

¢

Since ¢’c 1s the small arc of radius 4/2 corresponding to the
difference d¢ in the angle of rotation of the two adjacent
cross sections, ¢'c = (d/2)dp, we obtain

_1de
Y=o (@)

For a shaft twisted by a torque at the end the angle of twist
is proportional to the length and the quantity de/dx is con-
stant. It represents the angle of twist per unit length of the
skaft and will be called 6. Then, from (a),

v = 30d. (145)

The shearing stresses which act on the sides of the element
and produce the above shear have the directions shown. The
magnitude of each, from eq. (39), is

T = 1God. (146)

So much for the state of stress of an element at the surface
of the shaft. As for that within the shaft the assumption
will now be made that not only the circular boundaries of
the cross sections of the shaft remain undistorted but also
the cross sections themselves remain plane and rotate as if
absolutely rigid, that is, every diameter of the cross section
remains straight and rotates through the same angle. The
tests of circular shafts show that the theory developed on this
assumption is in very good agreement with the experimental
results. Such being the case, the discussion for the element
avcd at the surface of the shaft (Fig. 225, 4) will hold also for
a similar element of the surface of an inner cylinder, whose
radius 7 replaces d/2 (Fig. 225, ¢). The thickness of the ele-
ment in radial direction is considered as very small.

Such elements are then also in pure shear, and the shearing
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stress on their sides is
r = Grb. )

This states that the shearing stress varies directly as the
distance 7 from the axis of the shaft. Figure 226 pictures this
stress distribution. The maximum stress occurs in the outer
surface of the shaft. For a ductile material, plastic flow
begins first in this surface. For a material which is weaker
in shear longitudinally than transversely, e.g., a wooden shaft
with the fibers parallel to the axis, the first
cracks will be produced by shearing stresses . m
acting in the axial sections and they will ap- Elu
pear on the surface of the shaft in the longi- “
tudinal direction. In the case of a mate- Fic. 246,
rial which is weaker in tension than in shear,
e.g., a circular shaft of cast iron or a cylindrical piece of
chalk, a crack along a helix inclined at 45° to the axis of
the shaft often occurs (Fig. 227). The explanation is simple.
We recall that the state of pure shear is equivalent
~=—] to one of tension in one direction and equal com-
pression in the perpendicular direction (see Fig. 41).
¥ A rectangular element cut from the outer layer of a
twisted shaft with sides at 45° to the axis will be
submitted to such stresses as shown in Fig. 227.
The tensile stresses shown produce the helical crack
____ ) mentioned.

We seek now the relationship between the applied
twisting couple M, and the stresses which it produces.
From the equilibrium of that portion of the shaft between the
bottom and the imaginary section m#n, we conclude that the
shearing stresses distributed over the cross section are statically
equivalent to a couple equal and opposite to the torque M,.
For each element of area 44 (Fig. 225, ¢), shearing force
= rdA. The moment of this force about the axis of the
shaft = (1dA)r = GOr*dAd, from eq. (4). The total moment
M, about the axis of the shaft is the summation, taken over the
entire cross-sectional area, of these moments on the individual

Fic. 227.



264 STRENGTH OF MATERIALS

elements, i.e.,

r=d/2 r—=d/2

M, = f GorrdA = Go f rdd = Gol,, (o)
r=0 r =0 .

where I, is the polar moment of inertia of the circular cross

section. From the appendix, for a circle of diameter d,
I, = nd'[325

4
M, =Go™
32
and
_ M3 M,
= G xd ~ GI,’ (147)

We see that 6, the angle of twist per unit length of the shaft,
varies directly as the applied torque and inversely as the
modulus of shear G and the fourth power of the diameter.
If the shaft is of length /, the total angle of twist will be

M/
¢ =0/= G[tp § (148)

This equation is useful in the physical verification of the
theory, and is checked by numerous experiments which prove
the assumptions made in deriving the theory. It should be
noted that experiments in twist are commonly used for deter-
mining the modulus of materials in shear. If the angle of
twist produced in a given shaft by a given torque be measured,
the magnitude of G can be easily calculated from eq. (148).

Substituting 6 from eq. (147) in eq. (146), we obtain an
equation for calculating the maximum shearing stress in twist
of a circular shaft:

Tmex = 57 = T ° . (149)

That is, this stress is proportional to the torque M, and
inversely proportional to the cube of the diameter of the
shaft. In practical applications the diameter of the shaft
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must usually be calculated from the horse-power H which it
transmits. Given H, the torque is obtained as lbs. ins. from
the well-known equation:

M,.?—g%]-q=55o><12><H (150)

in which » denotes the number of revolutions of the shaft
per minute. The quantity 27#/60 1s then the angle of rotation
per second and the left side of the equation (150) represents
the work done during one second by the torque M, measured
inin. Ibs. The right side of the same equation represents the

" work done in in. Ibs. per second as calculated from the horse-

power H. Taking M, from eq. (150) and substituting it into
eq. (149), we obtain

H

nTmax

d = 68.5 (151)

Taking, for instance, the working stress for shear as 7, = 9,000
lbs. per sq. in., we have

s|H
d=3.29\/;-

Problems

1. Determine the shaft diameter 4 of a machine of 200 h.p. of
speed # = 120 r.p.m., for the working stress r, = 3,000 lbs. per
sq. in.

Answer,

d = 5.63 in.

2. Determine the horse-power transmitted by a shaft if 4 = 6
ins., » = 120 r.p.m., G = 12 X 10® lbs. per sq. inch, and the
angle of twist, as measured between two cross sections 25 ft. apart,
is 1/15 of a radian.

Solution. From eq. (148)

mdt oG w X6 12 X 108
32/ T 32 . 15X 25 X 12

t =
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The power transmitted is, from eq. (150),

_ M, 2mn _ X 6*X 12 X 108 X 27 X 120 646
T6oX 550X 12 32X 15X25 X 12X 60X 550X 12 4

3. A shaft of diameter 4 = 3.5 in. makes 45 r.p.m. Determine
the power transmitted if the maximum shearing stress is 4,500 lbs.
per sq. in.

4. A steel shaft (G = 12 X 10° lbs. per sq. in.) is to have such
proportions that the maximum shearing stress is 13,500 lbs. per sq.
in. for an angle of twist of go°. Determine the ratio //d.

Answer.

= 698.

[~

5. A steel shaft with built-in ends (Fig. 228) is submitted to the
action of a torque M., applied at an intermediate cross section mn.
Determine the angle of twist if the working stress 7, is known.

Solution. For both parts of the shaft the angles of twist are
equal; therefore, from eq. (148), the twisting moments are inversely
proportional to the lengths of these parts. If a > 4, the greater
twisting moment is in the right part of the shaft and 1ts magnitude is

A Me
. 7
N n
v a ol — Z F— 143
F1c. 228. F1G. 229.

M,-a/(a + &). Substituting this for the torque, and 7, for Tmax in
eq. (149), the following equation for 4 is obtained:

J 3’ 16aM,
“ Nz + b)rra
Now the angle of twist can be obtained by using eq. (148).

6. 500 h.p. is transmitted from pulley I, 200 h.p. to pulley II
and 300 h.p. to pulley ITI (Fig. 229). Find the ratio of the diameters
dy and d; to give the same maximum stress in both parts of the
shaft. Find the ratio of the angles of twist for these two parts.

Solution. The torques in the two parts of the shaft are in the
ratio § : 3. In order to have the same maximum stress from eq.
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é_\sji.
dz- 3

The angles of twist, from eqs. (148) and (149), must be in the ratio

¢1.502—l2 5

7. Assuming that the shaft of the preceding problem has a
constant diameter and turns at 200 r.p.m., find the magnitude of
the diameter if 7, = 6,000 lbs. per sq. in. Find the angle of twist
for each portion of the shaft if G = 12 X 10° lbs. per sq. in. and
h = Iy = 4 ft.

8. Determine the length of the steel shaft of 2 in. diameter

(149),

" (G = 12 X 10° Ibs. per sq. in.) if the maximum stress is equal to

13,500 lbs. per sq. in. when the angle of twist is 6°.
Answer.
/=93 in.

g. Determine the diameter beginning from which the angle of
twist of the shaft, and not the maximum stress, is the controiling
factor in design, if G = 12 X 10% lbs. per sq. in,, 7, = 3,000 lbs.
per sq. in. and the maximum allowable twist is $° per yard.

Solution. Eliminating M, from the equations

16Mt 3'2Mg i
3% =

> Gomd* T 180X 4 X 36
we obtain 4 = 4.12 in.; for d < 4.12 in., the angle of twist is the

-.controlling factor in design.

10. Determine the torque in each . "
portion of a shaft with built-in ends a % £ b
which is twisted by the moments M/’ G B2
and M,” applied in two intermediate 2@ & ¢~
sections (Fig. 230). Z z 4

Solution. By finding the torques Fia. 230.

produced in each portion of the shaft
by each of the moments M, und M/’ (see problem § above) and
adding these moments for each portion we obtain

M+ +M'c M'a—M'"c Mla+ M/ (a+5)
/ : / ’ / '
11. Determine the diameters and the angles of twist for the

shaft of problem 6 if # = 120 r.p.m., Tmax = 3,000 lbs. per sq. in.,
5 = 6 feet, I, = 4 feet.
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59. Torsion of a Hollow Shaft.— From the previous dis-
cussion of the twist of a solid shaft, it is seen (see Fig, 226)
that only the material at the outer surface of the shaft can
be stressed to the limit assigned as the working stress. The
material within will work at a lower stress, and in the cases
in which reduction in weight is of great importance, e.g.,
propeller shafts of acroplanes, it is advisable to use hollow
shafts. In discussing the torsion of hollow shafts the same
assumptions are made as in the case of solid shafts. The
general expression for shearing stresses will then be the same
as is given by eq. () of the previous article. In calculating
the moment of the shearing stresses, however, the radius
r varies from the radius of the inner hole, which we will
denote by 34, to the outer radius of the shaft, which, as
before, will be 34. Then eq. (¢) of the previous article must
be replaced by the following equation:

"
Go f #dd = M. = Gol,,
$d,

where I, = (v/32) {(d* — d\*) is the polar moment of inertia of
the ring section. Then

__ M. M.
O~ @ —ame T G, (152)
and the angle of twist will be
M/
¢ - 0 - &p- (153)
Substituting eq. (152) in eq. (146), we obtain
16M, Md
Tmax = —F—— v < a7 (154)
4\ 2/,
TP 1 — 7

We see from eqs. (153) and (154) that by taking, for instance,
dy = }d the angle of rwist and the maximum stress, as com-
pared with the same quantities for a solid shaft of diameter d,
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will increase about 6 per cent while the reduction in the
weight of the shaft will be 25 per cent.

Problems

1. A hollow cylindrical steel shaft, 10 in. outside diameter and
6 in. inside diameter, turns at 1,000 r.p.m. What horse-power is
being transmitted if Tmee = 8,000 lbs. per sq. in.

Answer. H = 21,700 h.p.

2. Find the maximum torque that may be applied ro a hollow
circular shaft if 4 = 6 in., &1 = 4 in., and 7, = 8,000 lbs. per sq. in.

3. A hollow propeller shaft of a ship transmits 8,000 h.p. at
100 t.p.m. with a working stress of 4,500 Ibs. per sq. in.  1fd/dy = 2,
find 4.

Solution.
8,000 X 12 X 33,000
Me— =0 X 100
Eq. (154) becomes
_ E) 16M,
e T e Twd

from which

e —
Je \//?x 16 X 8,000 X 12 X 33,000 _ o i
15 X 27 X 100 X 7 X 4,500

Then dy = 9.1 in.

6o. The Shaft of Rectangular Cross Section.
—The problem of the twist of a shaft of rectangu-
lar cross section is complicated, due to the
warping of the cross section during twist. This
warping can be shown experimentally with a rec-
tangular bar of rubber on whose faces a system
of small squares has been traced. It is scen
from photograph 231 that during twist the lines
originally perpendicular to the axis of the bar be-
come curved, This indicates that the distortion
of the small squares, mentioned above, varies
along the sides of this cross section, reaches a
maximum value at the middle and disappears at
the corners. We therefore expect that the
shearing stress varies as this distortion, namely,
is maximum at the middle of the sides and zero Fia. 251
at the corners of the cross section. Investigation
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of the problem ! indicates that the maximum shearing stress occurs
at the middle of the longer sides of the rectangular cross section
and is given by the equation:

M, '
Tmax = Zb_t‘;) (155)

in which 4 is the longer and ¢ the shorter side of the rectangular
cross section and a is a numerical factor depending upon the ratic
blc. Several values of a are given in Table 3 below. It isinteresting
to note that the magnitude of the maximum stress can be calculated
with satisfactory accuracy from the following approximate equation:

_ M g€
Tmax — bﬂ 3 + I. b °

TABLE 3

DaTa ror THE TwisT oF A SHAFT oF REcTaANGULAR Cross SeEcTioN

= 1,00 1.§o L7§ 2,00 240 3.00 400 6 8 10 ©

a = 0208 0231 0239 0246 0.258 0.267 0.282 0.299 0.307 ©.313 0©.333
B =o0.141 0196 0.214 0.229 0249 0.263 0.281 0299 0.307 0.313 0©.333

The angle of twist per unit length in the case of a rectangular
cross section 1s given by the equation:

M,

o= BbciG ’ (156)

The values of the numerical factor 8 are given in the third line of the
above table.

In all cases considered the angle of twist per unit length
is proportional to the torque and can be represented by the
equation

t
6 = ?" (ﬂ)
where C is a constant called the torsional rigidity of the shaft.

In the case of a circular shaft (eq. 147), C = GI,.

For a rectangular shaft (eq. 156), C = B&c3G.

! The complete solution is due to de Saint Venant, Mém. des Savants
étrangers, t. 14 (1855). An account of this work will be found in Tod-
hunter and Pearson’s “History of the Theory of Elasticity,” Vol. II, p.
312,
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61. Helical Spring, Close Coiled.—Assume that a helical
spring of circular cross section is submitted to the action of
axial forces P (Fig. 232), and that any one coil lies nearly in
a plane perpendicular to the axis of the helix. Considering
the equilibrium of the upper portion of the spring bounded
by an axial section such as m#n (Fig. 232, 4), it can be concluded
from the equations of statics that the stresses over the cross
section mn of the coil reduce to a shearing force P through
the center of the cross section and a couple acting in a counter
clockwise direction in the plane of the cross section of mag-

1/’ ,/' \/‘
_'\’:T/, / ! ‘>”’)’
o A i ao

Fic. 232.

nitude PR, where R is the radius of the cylindrical surface
containing the center line of the spring. The couple PR
twists the coil, and causes a maximum shearing stress given
by eq. (149), which becomes here

16PR
T1 = 7I'd3 b (ﬂ)

where 4 is the diameter of the cross section mn of the coil.
Upon this stress due to twist that due to the shearing force
P 1s superposed. For a rough approximation, this shearing
force is assumed to be uniformly distributed over the cross
section; the corresponding shearing stress will be

P
re =2 ®)

At the point m the directions of 7, and 7. coincide so that
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the maximum shearing stress occurs here and has the mag-
nitude

6PR d
Tmax='rl+72=1_n_d3 (I +:R) (157)

It can be seen that the second term in the parenthesis, which
represents the effect of the shearing force, increases with the
ratio d/R. It becomes of practical importance in heavy heli-
cal springs, such as are used on railway cars. Due to this
term points such as 7 on the inner side of a coil are in a less
favorable condition than points such as #. Experience with
heavy springs shows that cracks usually start on the inner
side of the coil.

There is another reason to expect higher stresses at the
inner side of the coil. In calculating the stresses due to
twist, we used eq. (2), which was derived for cylindrical bars.
In reality each element of the spring will be in the condi-
tion shown in Fig. 233. It is seen that

= ¢ if the cross section bf.rotates vyith re-

‘ spect to ac, due to twist, the displace-

A% ment of the point 4 with respect to a

: “ will be the same as that of the point f
Fic. 233.

with respect to ¢. Due to the fact that
the distance a4 is smaller than the distance ¢f, the shearing
strain at the inner side a4 will be larger than that at the outer
side ¢f, and therefore the shearing stresses produced by the
couple PR will be larger at 4 than at f. Taking this into con-
sideration, together with the effect of the shearing force,? we
replace eq. (157) by the following equation for calculating the
maximum shearing stress:
I6PRf(4m — 1 0.61
Tanx = — g ( 2 2), (158)
wd 4m — 4 m

2 Such investigations were made by V. Roever, V. D. L., Vol. 57, p.
1906, 1913; also A. M. Wahl, Trans. Am. Soc. Mech. Eng., 1928. The
latter also determined the stresses experimentally by making measure-
ments at the surface of the coil. Recent literature on helical springs

is given in the paper by J. R. Finniecome. See Trans. Am. Soc. Mech.
Eng., Vol. 6 A, p. 188, 1939.
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in which

_ 2R
m=—r-

It can be seen that the correction factor in the parenthesis
increases with a decrease of m; for instance, in case m = 4
- this factor is about 1.40 and for m = 10 it is equal to I.14.
In calculating the deflection of the spring, usually only the
effect of the twist of the coils is taken into consideration.
For the angle of twist of one element between the two adja-
cent cross sections mn and m'n’ (Fig. 232, ¢), using eq. (148),
in which Rda is used instead of /, we obtain

P-R-Rda
J A

Due to this twist the lower portion of the spring rotates with
respect to the center of mn (Fig. 232, a), and the point of appli-
cation B of the force P describes the small arc BB’ equal to
adp. The vertical component of this displacement is

PR
1,G . (¢)
The complete deflection of the spring is obtained by summa-

tion of the deflections B’B’’ due to each element mnm'n’, over
the length of the spring. Then

PR 64nPRO
. T,0%="dc > (159)

do =

BB = BB'X - R4y -

8:

in which # denotes the number of coils.

For a spring of other than circular cross section, the
method above can be used to calculate stresses and deflections
if, instead of egs. (148) and (149), we take the corresponding
equations for this shape of cross section. For example, in the
case of a rectangular cross section eqgs. (155) and (156) should
be used.

Problems

1. Determine the maximum stress and the extension of the
helical spring (Fig. 232) if P = 250 lbs., R = 4 in., d = 0.8 in., the
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number of coils is 20 and G = 12 X 10 lbs. per sq. in.
Answer.
Tmax = 11,300 Ibs. per sq. in., 8 = 4.17 In.

2. Solve the previous problem, assuming that the coil has a
square cross section 0.8 in. on a side.

Solution. Assuming that the correction factor for the shearing
force and the curvature of the coils (see eq. 158) in this case is the
same as for a circular cross section, we obtain from eq. (155)

_ PR 250 X 4 X I1.14 b .
T = SO S R4 = T og = 10,790 Ibs. per sq. in.
In calculating extension o.1414* (see eq. 156) instead of md%/32 must
be used in eq. (159); then

_ 4T _ :
= X oial = 2.90 in.

3- Compare the weights of two helical springs,
one of circular, the other of square cross section,
designed for the conditions stated in problem I and
having the same maximum stress. Take the cor-
rection factor in both cases as 1.14. Compare the
deflections of these two springs.

Solution. The length of the side of the square
cross section is found from the equation 7d%16
= 0.2084%, from which 4 = J0.944-d = 0.9814.
The weights of the springs are in the same ratio as
the cross-sectional areas, i.e., in the ratio

o
T—Z : 0.981%4% = 0.816.

The deflections of the two springs are in the ratio

Tt

0.1414% : T = 0.141 X 0.926 : 312 = 1.33.

4. How will the load P be distributed between the two ends of
the helical spring shown in Fig. 234 if the number of coils above the
point of application of the load is 6 and that below this point is §?

Answer. Ri: Ry = 5 :6.

5. Two helical springs of the same material and of equal circular
cross sections and lengths, assembled as shown in Fig. 235, are
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compressed between two parallel planes. Determine the maximum
stress in each spring if 4 = 0.5 and P = 100 lbs.

Solution. Fromeq. (159) it follows that the load P is distributed
between two springs in inverse proportion to the cubes of the radii
of the coils, i.e., the forces compressing the outer and the inner
springs will be in the ratio 27 : 64. The maximum stresses in these
springs are then (from eq. 158) 2,860 lbs. per sq. in. and .
5,380 lbs. per sq. in. respectively. 4

6. What will be the limiting load for the spring of
problem 1 if the working stress is 7, = 20,000 lbs. per sq.
in.? What will be the deflection of the spring at this
limiting load?

Answer. 442 lbs. & = 7.38 in.

7. A conical spring (Fig. 236) is submitted to the ac-
tion of axial forces P. Determine the safe magnitude of
P for a working stress 7, = 45,000 lbs. per sq. in.; diam- 3"
eter of the cross section 4 = 1 in.; radius of the cone at  Fic. 23s.
the top of the spring R, = 2 in.; and at the bottom,

R: = 8 in. Determine the extension of the spring if the number
of coils is #, and the horizontal projection of the center line of the
spring is a spiral given by the equation

(R: = Ry)er

R= Rl+ 2N

Solution. For any point A of the
spring, determined by the magnitude of
the angle , the distance from the axis of

(Rz — Rl)a

R=Rl+ 27N

(2)
and the corresponding torque is

(Re — Rl)a) .

27N

M, = <R1+

The maximum torque, at a = 27n, is
P-R,. The safe limit for P, from eq.
(158), will be

45,000 X 7

P=16><8><1.09

= 1,010 lbs. Fic. 236.
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The deflection of the spring will be obtained, from eq. () (see p. 273),
as follows:

_32P [

d=72¢J,

(Rz bl Rl)a]zda
2N

[Rl +

6P
= o R + RA)(R: + Ry).

8. Determine the necessary cross sectional area of coils of a
conical spring, designed for the same conditions as in the previous
problem, but of a square cross section. Take 1.09 as the correction
factor (see previous problem).

Answer. 4 = 0.960 sq. in,

62. Combined Bending and Twist in Circular Shafts.—
In the previous discussion of twist (see p. 261) it was assumed
that the circular shaft was in simple torsion. In practical
applications we often have cases where torque and bending
moment are acting simulta-
neously. The forces trans-
mitted to a shaft by a pul-
ley, a gear or a flywheel
can usually be reduced toa
torque and a bending force.
A simple case of this kind
is shown in Fig. 237. A
circular shaft is built in at
one end and loaded at the
other by a vertical force P
at a distance R from the
axis. This case reduces to
one of loading by a torque
M, = PR and by a transverse force P at the free end.* The
torque is constant along the axis and the bending moment
due to P, at any cross section, is

M = — P(l — x). (a)

In discussing the maximum stress produced in the shaft it
is necessary to consider (1) shearing stresses due to the torque

F1c. 237.

3 The weight of the shaft and of the pulley is neglected in this problem.
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M., (2) normal stresses due to the bending moment (), and
(3) shearing stresses due to the shearing force P. The maxi-
mum torsional stress occurs at the circumference of the shaft
and has the value

16M,
—F @

The maximum normal stress o, due to bending occurs in the
fibers most remote from the neutral axis at the built-in end;
where the bending moment is numerically a maximum, it has
the value

Tmax

(O':c)max = -Z = ﬁ;— ¢ (C)

The stress due to the shearing force is usually of only secondary
importance. Its maximum value occurs at the neutral axis
where the normal stress due to bending is zero; hence the
maximum combined stress usually occurs at the point where
stresses (1) and (2) are a maximum, in this case at the top and
bottom surface elements at the built-in end.

Figure 237 (4) is a top view of the portion of the shaft at
the built-in end, showing an element and the stresses acting
onit. The principal stresses on this element are found from

egs. (72) and (73) (p. 122):
Omex = Z+ 2 VT T 47,
or, using egs. (&) and (¢),
Tnax = 57 (M + NI+ D)
= ;—;(M + VM? + M7, (160)
In the same manner using eq. (73)
Omin = %(M - m)

6 o
= T%J—s(M — NFEF MP). (160
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It will be noted that om.x would have the same value for a
case of simple bending in which the eqguivalent bending moment
is

Mequlvalent = %(M + “/Mz + Mfz)'

The maximum shearing stress at the same element (Fig. 237,
b), from eq. (34) (p. 49), is

Ty = x— Tmin ié-\M2 + M2 (161)
2 wd®

For ductile metals such as are used in shafting it is now

common practice to use the maximum shearing stress to

determine the safe diameter of the shaft. Calling the working

stress in shear 7,, and substituting it into eq. (161) for Tmax,

the diameter must then be

i = 2L i (162)

The above discussion can be used also in the case of a
hollow shaft of outer diameter 4 and inner diameter 4;. ‘Then

-2l (9]
Z= 32d - 32[I ~\4 ’

and setting d1/d = n, eqs. (160) and (160") for a hollow shaft
become

6
i (M NI, (163)

Omax — st(l —

6
Comin = m (M — NBET MD.  (164)

The maximum shearing stress is

16 VAT T Mg, (165)

Tmax = 231 — n%)

and 4 becomes

16

7To(1 — #?)

d= A (166)
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If several parallel transverse forces act on the shaft, the total
bending moment M and the total torque M, at each cross
section must be taken in calculating the necessary diameter at
that point, from eq. (162) or (166). If the transverse forces
acting on the shaft are not parallel, the bending moments due
to them must be added vectorially to get the resultant bend-
ing moment M. An example of such a calculation is discussed
in problem 3 below.

Problems

1. A 23-in. circular shaft carries a 3o-inch diameter pulley
weighing soo lbs. (Fig. 238). Determine the maximum shearing

3P
1750
o m 5°
a
in
2 -YmP
6" 50
- 500 z—4
Fie. 238. Fie. 239.

stress at cross section mzn if the horizontal pulls in the upper and
lower portions of the belt are 1,750 lbs. and 250 lbs. respectively.
Solution. At cross section mn,

M, = (1,750 — 250)15

22,500 lbs. ins.,

12,370 lbs. ins.

M = 6V500% + 2,000?
Then, from eq. (161),
Tmax = 8,370 lbs. per sq. in.

2. A vertical tube, shown in Fig. 239, is submitted to the action
of a horizontal force P = 250 lbs. acting 3 feet from the axis of the
tube. Determine omax and Tmax if the length of the tube is / = 25’
and the section modulus Z = 10 in.?

Answer.

Omax = 7,530 Ibs. per sq. in.  Tmax = 3,780 lbs. per sq. in.
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3. Determine the necessary diameter for a uniform shaft (Fig.
240) carrying two equal pulleys, 3o in. in diameter, weighing goo
Ibs. each. The horizontal forces in the
belt for one pulley and the vertical
forces for another are shown in the
figure. 7, = 6,000 lbs. per sq. in.

Solution. The worst sections are
mn and mimy, which carry the full torque
and the highest bending moments.
The torque at both points is M; =
(1,500 — §oo)15 = 15,000 lbs. ins. The
bending moment at mn is (1,500 +
§00 + 500)6 = 15,000 lbs. ins. The
bending moment at myz; in the hori-
zontal plane is

1(1,500 + §00) X 30 = 15,000 lbs. ins.

The bending moment at the same cross section in the vertical
plane is

§00 X 30 2,500 X 6 X 1§
4 . 30
The combined bending moment at cross section myn; is

= — 3,750 lbs. ins.

M= \/15,0002 + 3’7502 = 15,460 1bs. ins.

This is larger than the moment at cross section m#z and should
therefore be used together with the above calculated M, in eq.
(162), from which

d = 2.63 in.

4. Determine the diameter of the shaft shown in Fig. 238 if
the working stress in shear is 7, = 6,000 lbs. per sq. in.

5. Determine the outer diameter of a hollow shaft if 7, = 6,000
Ibs. per sq. in., dif/d = 1/3, and the other dimensions and forces
are as in Fig. 240.

6. Solve problem 3 assuming that the same torque is produced
by a horizontal force tangent to the periphery of the pulley instead
of by vertical tensions of 1,500 lbs. and 500 lbs. in the belt acting
on the right-hand pulley.



CHAPTER X
ENERGY OF STRAIN

63. Elastic Strain Energy in Tension.—In the discussion
of a bar in simple tehsion (see Fig. 1), we saw that, during
elongation under a gradually increasing load, work was done
on the bar, and that this work was transformed, either
partially or completely, into potential energy of strain. If the
strain remains within the elastic limit, the work done will be
completely transformed into potential energy and can be
recovered during a gradual unloading of the strained bar.

_ If the final magnitude of the load is P and the correspond-
ing elongation is §, the tensile test diagram will be as shown in
Fig. 241, in which the abscissas are

the elongations and the ordinates are """""‘“‘“ﬁ .
the corresponding loads. P; repre- ,ﬁ:: ------- A7

sents an intermediate value of the | ¢ P
load, and §, the elongation due to it. %

An increase 4P in the load causes an J

increase 46, in the elongation. The “of— — i 5 ¢
work done by P, during this elonga- 82

tion is P:d8,, represented in the fig-
ure by the shaded area. If allow-
ance is made for the increase of P; during the elongation, the
work done will be represented by the area of the trapezoid
abed. The total work done in increasing the load from O to P
is the summation of such elemental areas, and is given by the
area of the triangle O4B. This represents the total energy U
stored up in the bar during strain. Then
Ps

U= (167)

Fic. 241.

By use of eq. (1), we obtain the following two expressions for
281
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the strain energy in a prismatical bar:

P2

U= 3d5 (168)
AE§?
U= 2l (169)

The first of these gives the strain energy as a function of the
load P and the second the same energy as a function of the
elongation 8. For a bar of given dimensions and a given
modulus of elasticity the strain energy is completely deter-
mined by the value of the force P or the value of the elon-
gation .

In practical applications the strain energy per unit volume
is often of importance; this is, from eqgs. (168) and (169):

U e _Eé
w=-—0= g (170) or W=, (171)

in which ¢ = P/A is the tensile stress and € = §// is the unit
elongation.

The greatest amount of strain energy per unit volume
which can be stored in a bar without permanent set ! is found
by substituting the elastic limit of the material in place of ¢ in
eq. (170). Steel, with an elastic limit of 30,000 Ibs. per sq. in.
and E = 30 X 10® lbs. per sq. in., gives w = 15 inch lbs. per
cubic inch; rubber, with a modulus of elasticity £ = 150 lbs.
per sq. in. and an elastic limit of 300 lbs. per sq. in., gives
w = 300 inch lbs. per cubic inch. It is sometimes of interest
to know the greatest amount of strain energy per unit weight
of a material w; which can be stored without producing
permanent set. This quantity is calculated from eq. (170)
by substituting the elastic limit for ¢ and dividing w by the
weight of one cubic inch of the material. Several numerical
results calculated in this manner are given in the table on the
following page.

! This quantity sometimes is called the modulus of resilience.
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E Elastic limit w w
Material | Density| Ibs. per sq. | Ibs. per sq. per cu.
inch inch inch per pound

Structural -

steel. . ... 7.8 30 X 16 28,000 13.1 inch lbs. 46 inch lbs.
Tool steel.. .| 7.8 30 X 10° 120,000 240 ¢« 850 ¢
Copper.....[ 85 16 X 10° 4,000 g 1.6 <
Oak....... 1.0 1.5 X 108 4,000 g3 0« 146 ¢ ¢
Rubber....| .93 150 300 300 ¢« 8,900 “

This indicates that the quantity of energy which can be stored
in a given weight of rubber is about 10 times larger than for
tool steel and about 200 larger than for structural steel.

Problems

I. A prismatical steel bar 10 inches long and 4 sq. ins. in cross

“sectional area is compressed by a force P = 4,000 lbs. Determine

the amount of strain energy.
Answer.

U = 2 inch Ib.

2. Determine the amount of strain energy in the previous
problem if the cross-sectional area is 2 sq. in. instead of 4 sq. in.
Answer.
U = 14 inch lbs.

3. Determine the amount of strain energy in a vertical uniform
steel bar strained by its own weight if the length of the bar is
100 feet and its cross-sectional area I sq. in., the weight of steel
being 490 lbs. per cubic foot.

Answer.

U = o0.772 inch lb.

4. Determine the amount of strain energy in the previous
problem if in addition to its own weight the bar carries an axial
load P = 1,000 lbs. applied at the end.

Answer.

U = 27.48 inch lbs.

5. Check the solution of the problem shown in Fig. 15 for the
case in which all bars have the same cross section and the same



284 STRENGTH OF MATERIALS

modulus by equating the strain energy of the system to the work
done by the load P.

Solution. 1f X is the force in the vertical bar, its elongation is
XI//AE and the work done by P is $P(X//4E). Equating this to

the energy of strain, we obtain

X Xxu (X cos? a)¥
AE ~ 24E 2 2AE cosa

3P

from which

P

X=——
1+ 2costa

which checks the previous solution.
6. Check problem 2, p. g9, by showing that the work done
by the load is equal to the strain energy of the two bars.
7. A steel bar 30 inches long and of 1 sq. in. cross-sectional
area is stretched 0.02 in. Find the amount of strain energy.
Answer. From eq. (16g),

2 6
| [% U= (0.02)" X 30 X 10 = 200 inch lbs.

l-od‘ 2 X 30
8. Compare the amounts of strain
" energy in the two circular bars shown:
@ () © in Fig. 242 (@) and (%) assuming a uni-
Fie. 242. form distribution of stresses over cross

sections of the bars.
Solution. The strain energy of the prismatical bar is

P

T 24E’

The strain energy of the grooved bar is

Pyl P¥l 7 PY

U

Ur= 7 Y 34E = 16 2.4E
Hence
17— L.
Ur: U= 16

For a given maximum stress the quantity of energy stored in a
grooved bar is less than that in a bar of uniform thickness. It
takes only a very small amount of work to bring the tensile stress
to a dangerous limit in a bar such as shown in Fig. 242 (¢), having
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a very narrow groove and a large outer diameter, although its
diameter at the weakest place is equal to that of the cylindrical bar.

64. Tension Produced by Impact.—A simple arrangement
for producing tension by impact is shown in Fig. 243. A
weight /7 falls from a height % onto the flange mn»

and during the impact produces an extension of % ]
the vertical bar /4B, which is fixed at the upper
end. If the masses of the bar and flange are # t

small in comparison with the mass of the falling
body, a satisfactory approximate solution is
obtained by neglecting the mass of the bar and mr
assuming that there are no losses of energy dur-
ing impact. After striking the flange m#n the
body # continues to move downward, causing an exten-
sion of the bar. Due to the resistance of the bar the ve-
locity of the moving body diminishes until it becomes zero.
At this moment the elongation of the bar and the corre-
sponding tensile stresses are a maximum and their magnitudes
are calculated on the assumption that the total work done by
the weight 7# is transformed into strain energy of the bar.?
If 5 denotes the maximum elongation, the work done by # is
W(h + 8). The strain energy of the bar is given by eq. (169).
Then the equation for calculating § is

AE

Fic. 243.

W+ = 2 (@
from which .
5 = bu +4/0us +§_53tv2, (172)
where
N
st — AE

is the static elongation of the bar by the load 7 and v = V2g#
is the velocity of the falling body at the moment of striking
the flange mn. If the height % is large in comparison with

2 In actual cases part of the energy will be dissipated and the actual
elongation will always be less than that calculated on the above as-
sumption.
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ds:, this reduces to approximately

5 = J= B,
g

The corresponding tensile stress in the bar is

BE E /2E
g [ = stv2 = 11/ (173)

The expression under the radlcal is dlrectly proportional to
the kinetic energy of the falling body, to the modulus of
elasticity of the material of the bar and inversely proportional
to the volume 47 of the bar. Hence the stress can be di-
minished not only by an increase in the cross-sectional area but
also by an increase in the length of the bar or by a decrease in
the modulus £. This is quite different from static tension of
a bar where the stress is independent of the length / and the
modulus Z. .

By substituting the working stress for ¢ in eq. (173) we
obtain the following equation for proportioning a bar sub-
mitted to an axial impact:

2E W

Al ==

o 2g (174)

ie., for a given material the vo/ume of the bar must be pro-
portional to the kinetic energy of the falling body in order to
keep the maximum stress constant.

Let us consider now another extreme case in which % is
equal to zero, 1.e., the body # is suddenly put on the support
mn (Fig. 243) without an initial velocity. Although in this
case we have no kinetic energy at the beginning of extension of
the bar, the problem is quite different from that of a static
loading of the bar. In the case of a static tension we assume
a gradual application of the load and consequently there is
always equilibrium between the acting load and the resisting
forces of elasticity in the bar. The question of the kinetic
energy of the load does not enter into the problem at all under
such conditions. In the case of a sudden application of the
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load, the elongation of the bar and the stress in the bar are
zero at the beginning and the suddenly applied load begins to
fall under the action of its own weight. During this motion
the resisting force of the bar gradually increases until it just
equals /. when the vertical displacement of the weight is 4.
But at this moment the load has a certain kinetic energy,
acquired during the displacement 3,;; hence it continues to
move downward until its velocity is brought to zero by the
resisting force in the bar. The maximum elongation for this
condition is obtained from eq. (172)

by setting v = o. Then a

0 = 20,1, (175)

i.e., a suddenly applied load, due to
dynamic conditions, produces a de-
flection which is twice as great as
that which is obtained when the load
is applied gradually.

This may also be shown graphic- l
ally as in Fig. 244. Theinclined line o —'LCI— c—s
04 is the tensile test diagram for the e A
bar shown in Fig. 243. Then for Fic. 244.
any elongation such as OC the area
AOC gives the corresponding strain energy in the bar. The
horizontal line DB is at distance # from the § axis and the
area ODBC gives the work done by the load # during the
displacement OC. When § is equal to 3,;, the work done by 7
is represented in the figure by the area of the rectangle
ODA,C,. At the same time the energy stored in the bar is
given by the area of the triangle O4,C,, which is only half the
area of the above rectangle. The other half of the work done
is transformed into the kinetic energy of the moving body.
Due to its acquired velocity the body continues to move and
comes to rest only at the distance § = 24,, from the origin.
At this moment the total work done by the load 77, repre-
sented by the rectangle ODBC, equals the amount of energy
stored in the bar and represented by the triangle OA4C.

—lS
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The above discussion of impact is based on the assumption
that the stress in the bar remains within the elastic limit.
Beyond this limit the problem becomes more involved,
because the elongation of the bar is no longer proportional to
the tensile force. Assuming that the tensile test diagram
does not depend upon the speed of straining the bar,? elonga-
tion beyond the elastic limit during
impact can be determined from an
ordinary tensile test diagram such
as shown in Fig. 245. For any
assumed maximum elongation &
the corresponding area OADF
gives the work necessary to pro-
duce such an elongation; this must
equal the work ##7(% + §) produced
by the weight 7. When 77 (h + 6)
is equal or larger than the total area O4BC of the tensile test
diagram, the falling body will fracture the bar.

From this it follows that any change in the form of the bar
which results in diminishing the total area OA4BC of the
diagram diminishes also the resisting power of the bar to
impact. In the grooved specimens shown in Fig. 242 (4) and
(¢), for instance, the plastic flow of metal will be concentrated
at the groove and the total elongation and the work necessary
to produce fracture will be much smaller than in the case of the
cylindrical bar shown in the same figure. Such grooved
specimens are very weak in impact; a slight shock may
produce fracture, although the material itself is ductile.
Members having rivet holes or any sharp variation in cross
section are similarly weak against impact.*

P

)

N

(o] O

In the previous discussion we neglected the mass of the bar

3 Experiments with ductile steel show that with a high velocity of
straining the yield point is higher and the amount of work necessary
to produce fracture is greater than in a static test. See N. N. Daviden-
koff, Bulletin Polyt. Institute, St. Petersburg, 1913; also Welter, Ztschr.
f. Metallkunde, 1924.

1 See Hackstroh, Baumaterialienkunde, 1903, p. 321, and H. Zim-
mermann, Zentralbl. d. Bauverw., 1899, p. 265.
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in comparison with the mass of the falling body 7. Only then
may we assume that the total energy of the falling body is trans-
formed into strain energy of the bar. The actual conditions of
impact are more complicated and when the bar has an appreciable
mass a part of the energy will be lost during impact. It is well
known that when a mass #/g moving with a velocity v strikes
centrally a stationary mass /#1/g and the deformation at the point
of contact is plastic the final common velocity v, of the two bodies, is

w

ey A @

Ug =

In the case of the bar shown in Fig. 243 the conditions are more
complicated. During impact the upper end A is at rest while the
- lower end B acquires the velocity of the moving body #7. Hence,
to calculate the final velocity v, from eq. (4) we use a reduced mass
in place of the actual mass of the bar. Assuming that the velocity
of the bar varies linearly along its length, it can be shown that
the reduced mass in such a case is equal to one third of the mass
of the bar.® For a bar of weight ¢ per unit length, eq. (4) becomes

w

Vg =

70
W+9

This is the common velocity of the load # and the lower end of
the bar which is established at the first moment of impact. Assum-
ing plastic deformation at the surface of contact between the falling
load and the support m# (Fig. 243) so that there will be no question
of rebounding, the correspondmg kinetic energy is

I

W
<W+91/3> .

T
14 37
This quantity must be substituted for
w
7% _
2

in eq. () in order to take into account the loss of energy at the

% This solution was obtained by H. Cox, Cambridge Phil. Soc. Trans.,
1849, p. 73. See also Todhunter and Pearson, History, Vol. 1, p. 89s.
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first moment of impact. Then, instead of eq. (172), we obtain

5= 8y - \/5 4+ astv - (176)
g/
1+ 3W

The method described gives satisfactory results as long as the mass
of the bar is small in comparison with the mass of the falling body.
Otherwise a consideration of longitudinal vibrations of the bar
becomes necessary.® The local deformation at the point of contact
during impact has been discussed by J. E. Sears? and J. E. P.
Wagstaff.?

Problems

1. A weight of 10 lbs. attached to a steel wire } in. in diameter
(Fig. 246) falls from A with the acceleration g. De-

A termine the stress produced in the wire when its upper
end A is suddenly stopped. Neglect the mass of the

b wire.
Solution. If the acceleration of the weight # is
w equal to g, there is no tensile stress in the wire. The
Frc. 246,  Stress after stopping the wire at A is obtained from eq.

(173), in which &, is neglected. Substituting v* = 2g#

and / = %, we obtain

= 221 X 10* lbs. per sq. in.

2[«3}?’__\/2><30><Ioﬁ><lo><82
A4 0.785

It may be seen that the stress does not depend upon the height %
through which the load falls, because the kinetic energy of the body
increases in the same proportion as the volume of the wire.

2. A weight W = 1,000 lbs. falls from a height 2 = 3 ft. upon
a vertical wooden pole 20 feet long and 12 in. in diameter, fixed
at the lower end. Determine the maximum compressive stress in
the pole, assuming that for wood E = 1.5 X 10° lbs. per sq. in.
and neglecting the mass of the pole and the quantity é,..

¢ The longitudinal vibrations of a prismatical bar during Impact
were considered by Navier. A more comprehensive solution was de-
veloped by St. Venant; see his translation of Clebsch, “Theorie der
Elasticitit fester K&rper,” note on par. 61. See also I. Boussinesq,
“Application des Potentiels,” p. 508, and C. Ramsauer, Ann. d. Phys.,
Vol. 30, 1909.

7J. E. Sears, Trans. Cambridge Phil. Soc., Vol. 21 (1908), p. 49.

8 J. E. P." Wagstaff, London Royal Soc. Proc. (Ser. A), Vol. 1053,

1924, P. 544
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Answer. o = 2,000 lbs. per sq. in.

3. A weight 7 = 10,000 lbs. attached to the end of a steel wire
rope (Fig. 246) moves downwards with a constant velocity v = 3
- feet per sec. What stresses are produced in the rope when its

upper end is suddenly stopped? The free length of the rope at
- the moment of impact is / = 60 feet, its net cross-sectional area
is 4 = 2.5 sq. in. and E = 1§ X 10° lbs. per sq. in.

Solution. Neglecting the mass of the rope and assuming that
the kinetic energy of the moving body is completely transformed
into the potential energy of strain of the rope, the equation for
determining the maximum elongation & of the rope is

AE®  AES: W
T g e b, @

in which 8, denotes the statical elongation of the rope. Noting
that W = AEd.// we obtain, from eq. (d),

2
%(6 - 6.”)2 = P_fﬁ",
from which
6 = 6st + '@'
AEg

Hence, upon sudden stopping of the motion, the tensile stress in
the rope 1ncreases in the ratio

AN K @
b 8a VAEg T N, ‘

For the above numerical data

Wil 10,000 X 60 X 12

Oss = JE= 25 X 15X 10° = .1g2 1n.,
3 3 X 12
== 8.
o't V386 X .192 5

Hence

W .
¢ = §.18— = 20,700 Ibs. per sq. in.

4. Solve the previous problem if a spring, which elongates .5 in.
per thousand pounds load, is put between the rope and the load.
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Solution. 8, = 0.192 + 0.5 X 10 = §.1921in. Substituting into
eq. (e),

) /4 .
5= + 0.80 = 1.80; ¢ = 1.802 = 7,200 lbs. per sq. in.
£1

5. For the case shown in Fig. 243 determine the height % for
which the maximum stress in the bar during impact is 30,000 lbs.
per sq.in. Assume /" = 25 lbs.,/ = 6 feet, 4 = } sq.in., E = 30
X 108 Ibs. per sq. in. Neglect the mass of the bar.

Answer. h = 21.6 in.

65. Elastic Strain Energy in Shear and Twist.—The
strain energy stored in an element submitted to pure shearing
stress (Fig. 247) may be calculated by the method used in the
case of simple tension. If the bottom side 44 of the element is

taken as fixed, only the work done during

i, strain by the force P at the upper side ¢
7 N need be considered. Assuming that the
/ ! g
A TA T’7’ t material follows Hooke’s law, the shearin
/ , , g
/ / strain 1s proportional to the shearing stress
;o proportional to the shearing
as 7 and the diagram showing this relationship is
“5 g g ¢ p
Fie. 247. analogous to that shown in Fig. 241. The

work done by the force P and stored in
the form of elastic strain energy is then (see eq. 167)

U= ? . (167"
Remembering that
LN A i
ITYTGT 46
we obtain the following two equations from (167'):
P . AG#
U=_76> (77 U=—7r. (178

We obtain two expressions for the shearing strain energy per
unit volume by dividing these equations by the volume A4/ of
the block:
72 vG
w= 5, (179) W=, (180)
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in which 7 = P/A4 is the shearing stress and v = §// is the
shearing st-ain. The amount of shear energy per unit
volume, which can be stored in the block without permanent
set, is obtained by substituting the elastic limit for 7 in
eq. (179)

The energy stored in a twisted circular shaft is easily
calculated by use of eq. (179). If 74.x is the maximum
shearing stress at the surface of the shaft, then rn.(27/d) is
the shearing stress at a point a distance » from the axis, where
d is the diameter of the shaft. The energy per unit volume at
this point is, from eq. (179),

2 L2
27 mas?

W= G (@)

The energy stored in the material included between two
cylindrical surfaces of radii r and » 4 dr is

2,2
27 max?

—GW— 21r/rdr,

where / is the length of the shaft. Then the total energy
stored in the shaft is

d/2 2 2 2] .2
U =f0 Lol anlrdr = %”;“g%. - (181)

This shows that the total energy is only half
what it would be if all elements of the shaft A
were stressed to the maximum shearing u, T
Stress Tmax- “

The energy of twist may be calculated
from a diagram of twist (Fig. 248) in which ‘l'
the torque is represented by the ordinates o TRt
and the angle of twist by the abscissas. P
Within the elastic limit, the angle of twist Fic. 248.

is proportional to the twisting moment, as

represented by an inclined line O4. A small area shaded in
the figure represents the work done by the torque during an
increase de in the angle of twist ¢. The area O4B = M,p/2
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represents the total energy stored in the shaft during twist
Recalling that ¢ = M,//GI,, we obtain

Mtzl _ §02Glp .

V=1, o U=77%

(182)

In the first of these two equations the energy is represented as
a function of the torque, in the second as a function of the
angle of twist.

In the general case of any shape of cross section and a
torque varying along the length of the shaft, the angle of
twist between the two adjacent cross sections is given by the
equation (see p. 270)

dgpd M,

P < ' dx.

The strain energy of one element of the shaft is

saagias - S(52)

and the total energy of twist is

! 2
U =g£ (%) dx. "183)

Problems

1. Determine the ratio between the elastic limit in shear and
the elastic limit in tension if the amount of strain energy per cubic
inch, which can be stored without permanent set, is the same in
tension and in shear.

Solution. From egs. (170) and (179),

2

qQ

l

ty
8

2 =
from which

Qs
It
Bl Q
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1
= 0 4 /__ = 0.62q.
T 2 26 0.620

2. Determine the deflection of a helical spring (Fig. 232) by

For steel

' using the expression for the strain energy of twist.

Solution. Denote by P the force acting in the direction of the

¢ axis of the helix (Fig. 232), by R the radius of the coils and by #

the number of coils. The energy of twist stored in the spring,
from eq. (182), is
_ (PR)*27Rn

U="—"3r,

' Equating this to the work done, P3/2, we obtain

5 — 2mnPR®  64nPR?
- GI, ~  G&

3. The weight of a steel helical spring is 10 lbs. Determine
the amount of energy which can be stored in this spring without
producing permanent set if the elastic limit in shear is 74,300 1bs.
per sq. in.

Solution. The amount of energy per cubic inch, from eq.
(179), is

(74,300)”

TX 11, X 10 - 40 Ibs. ins.

w =
The energy per pound of material (see p. 282) is 850 Ibs. ins. Then
the total energy of twist ® which can be stored in the spring is

1 X 10 X 850 = 4,250 lbs. ins.

4. A solid circular shaft and a thin tube of the same material
and the same weight are submitted to twist. In what ratio are
the amounts of energy in shaft and tube if the maximum stresses
in both are equal?

Answer. % : 1.

5. A circular steel shaft with a flywheel at one end rotates at
120 r.p.m. It is suddenly stopped at the other end. Determine
the maximum stress in the shaft during impact if the length of
the shaft / = ¢ feet, the diameter 4 = 2 inches, the weight of the
flywheel # = 100 lbs., its radius of gyration » = 10 inches.

Solution. Maximum stress in the shaft is produced when the

? The stress distribution is assumed to be the same as that in a twisted
circular bar.
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total kin=tic energy of the flywheel is transformed into strain energy
of the twisted shaft. The kinetic energy of the flywheel is

Wrie® 100 X 10* X (47)°
2 2 X 386

= 2,050 lbs. ins.

Substituting this for U in eq. (181),

_ \/16 X 11.5 X 10% X 2,050
Tmax = 7rX4.X6O

= 22,400 lbs. per sq. in.

6. Two circular bars of the same material, the same length but
different cross sections A4 and A, are twisted by the same torque.
In what ratio are the amounts of energy of strain stored in these
two bars?

Answer. Inversely proportional to the squares of the cross
sectional areas.

66. Elastic Strain Energy in Bending.—Let us begin with
pure bending. For a prismatic bar built in at one end and
bent by a couple M applied at the other
end (Fig. 249) the angular displacement at

the free end 1s

M/
¢ =ET." (@)

Fie. 249.

This displacement is proportional -to the
bending moment M and by using a diagram similar to that
in Fig. 248 we may conclude from similar reasoning that the
work done during deflection by the bending moment M, or
also the energy stored in the bar, is

U=—": (%)

By use of eq. (4) this energy may be expressed in either of
these forms:

M2/ §92EIZ
U=cprs (189 U=—7r- (85

It is sometimes useful to have the potential energy expressed
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. as a function of the maximum normal stress omax = Mpax/Z;

thus, for a rectangular bar ¢nex = 6M/[6A% or M = bh%0 1ax /6,

and eq. (184) becomes

2
U= gm ";g . (186)

_ In this case the total energy is evidently only one third as
* much as it would be if all fibers carried the stress omqx.

In the discussion of bending by transverse forces, the
strain energy of shear will be neglected, at first. The energy

. stored in an element of the beam of length dx is, from eqs. (184)

and (185),

M2dx EL(de)®

dU = 2 ET. or dU = de

Here the bending moment M is variable with respect to ¥, and

dx d*y

r dx?

do = dx

(see p. 135). The total energy stored in the beam is conse-
quently

' M2dx EI,
U=fo?E_I,’ (187) or U = f (dxz) dx. (188)

Take, for instance, the cantilever 4B (Fig. 250). The
bending moment at any cross section mn is M = — Px.

- Substitution into eq. (187) gives

. L predy PP PR L 1.
U= f 2EI, ~ 6EL," "‘M—l%
For a rectangular bar, omex = Y

6Pl/bh?% and eq. (¢) may be putin
the form

x

U=- b}zl ";‘g . %) Fio. 250,

This shows that the quantity of energy which can be stored
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in a rectangular cantilever beam, loaded at the end, without
producing permanent set, is one third of that for pure bending
of the same bar and one ninth of that for the same bar in
simple tension. This consideration is of importance in de-
signing springs, which must absorb a given amount of energy
without damage and yet have as small a weight as possible.
The capacity of a cantilever to absorb energy may be in-
creased by giving it a variable cross section. For example, a
cantilever of uniform strength with a rectangular cross section
of constant depth % (Fig. 185), and with the same values for
P, i, and 0.y, has a deflection and hence an amount of stored
energy 5o per cent greater than for the prismatical bar. At
the same time the bar of uniform strength has half the weight
of the prismatical bar, so it can store three times as much
energy per pound of material.

Returning to eq. (¢) and equating the strain energy to the
work done by the load P during deflection, we obtain

Ps P23
T TGEL @
from which the deflection at the end is
5 - P53
Y

which coincides with eq. (g3).

The additional deflection due to shear may also be determined
from the potential energy of strain. For the cantilever shown in
Fig. 250, with a rectangular cross section, the shearing stress at a
distance y from the neutral axis is (see eq. 635)

ﬁ(f_ .).
2.\ 4 Y

The energy of shear in an elemental volume bdxdy is, therefore,
from eq. (179),

P2 112 2
sz~ ) s
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l +hi2 P2 y 2 23/
U=j:f __(“_ ﬁ _ .
o Joun SCTZ\ 3 ') 0% = G, (e)

This must be added to the right side of eq. (d) above © to obtain
the e_quation for determining the total deflection:

j Po_ PP PUR
> = 6L T 2oGT.’ ()

consequently
~ PE 3 RE
= 3EL\' tiweg) (&)

| The second term in the parentheses represents the effect of the
_~ shearing stresses on the deflection of the beam. By use of the
- method developed in article 39 under the assumption that the
- element of the cross section at the centroid of the built-in end
- remains vertical (Fig. 250, 4), the additional slope due to shear is

3

¥

and the additional deflection is
3P
254G’

hence

_PE 3 P/ pPp 3B E ,
P =3ELTamG ™ 3E12( 8120)' (&)
It will be seen that egs. (g) and (g’) do not coincide. The dis-
crepancy is explained as follows: The derivation of article 39 was
based on the assumption that the cross sections of the beam can
warp freely under the action of shearing stresses. In such a case
the built-in cross section will be distorted to a curved surface mon
(Fig. 250, #) and in calculating the total work done on the cantilever
we must consider not only the work done by the force P, Fig. 250 (a),
but also the work done by the stresses acting on the built-in cross
section, Fig. 250 (§). If this later work is taken into account, the

10 Such an addition of the energy of shear to the energy due to normal
stresses is justified, because the shearing stresses acting on an element
(Fig. 247) do not change the lengths of the sides of the element and if
normal forces act on these sides, they do no work during shearing strain.
Hence shearing stresses do not change the amount of energy due to
tension or compression and the two kinds of energy may be simply
added together.
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deflection calculated from the consideration of the strain energy
coincides with that obtained in article 39 and given in equation
(g’) above.l

In the case of a simply supported beam loaded at the middle,
the middle cross section does not warp, as can be concluded from
considerations of symmetry. Insuch a case equatlon (g), if applied
to each half of the beam, will give a better approximation for the
deflection than will equation (g’). This can be seen by comparing
the approximate equations (g) and (g’) with the more rigorous
solution given in article 39.

Problems

1. A wooden cantilever beam, 6 feet long, of rectangular cross
section 8" X 5’ carries a uniform load ¢ = 200 lbs. per foot. De-
termine the amount of strain energy stored if £ = 1.5 X 10° lbs.
per sq. n.

Answer.

b 1200? X 728 X 12
T 40EI. T 40 X 1.5 X 108 X § X 8

2. In what ratio does the amount of strain energy calculated
in the previous problem increase if the depth of the beam is §”
and the width 8"?

Answer. The strain energy increases in the ratio 82/52%

3. Two identical bars, one simply supported, the other with
built-in ends, are bent by equal loads applied at the middle. In
what ratio are the amounts of strain energy stored?

Answer. 4 : 1.

4. Solve the above problem for a uniformly distributed load of
the same intensity ¢ for both bars.

5. Find the ratio of the amounts of strain energy stored in
beams of rectangular section equally loaded, having the same length
and the same width of cross sections but whose depths are in the
ratio 2/1.

Solution. For a given load the strain energy is proportional
to the deflection and this is inversely proportional to the moment
of inertia of the cross section. By halving the depth the deflection
is therefore increased 8 times and the amount of strain energy
increases in the same proportion.

67. Bending Produced by Impact.—The dynamic deflec-
tion of a beam which is struck by a falling body # may be

= 42 lbs. ins.

1t See “Theory of Elasticity,” p. 150, 1934.
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' determined by the method used in the case of impact causing
¢ tension (art. 64). Take, as an example, a simply supported
! beam struck at the middle (Fig. 251), and assume that the
' mass of the beam may be neglected in comparison with the
é’ mass of the falling body, and that the beam is not stressed be-
' yond the yield point. Then there will be no loss of energy dur-

ing impact and the work done by the weight /# during its fall

is completely transformed into strain energy of bending of the
" beam.”? Let & denote the maximum deflection of the beam
¢ during impact. If we assume that the deflection curve during
i impact has the same shape as thatduring

| static deflection, the force which would E:Lrh

. cause such a deflection is, from eq. (90), - :‘%:[x
SEI b

: P =3 4 IE P (a) Fie. 251,

The total energy stored in the beam is equal to the work done
by the force P:
_ Ps 24FEl,
U=s3=0"F"

If % denotes, as before, the distance fallen, the equation for
determining & is

Wk + 8) = 52“‘—515, (4)
from which |
5 = 5,;; + \dasﬁ +§6st”2) (’89)
where

Wik
Oet = 48_E]~2 and v = Vagh.

Equation (189) is exactly the same as that for impact causing
tension (eq. 172).

It should be noted that the form of the equation remains
the same for any other case of impact, provided the deflection

12§ 0cal deformation at the surface of contact of the load and the
beam is neglected in this calculation.
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at the point of impact is proportional to the force P, exerted
at this point. If we represent by « the factor of proportion.
ality which depends upon the structure, we have

aP = 3§ and = =
Then
W(;l-l-a):;&,

and since §,; = #a, this reduces to eq. (189) above.

It should be noted also that the deflection § calculated
from (189) represents the upper limit, which the maximum
dynamic deflection approaches when there are no losses of
energy during impact. Any such loss will reduce the dynamic
deflection. When the dynamic deflection ts found from eq.
(189), the corresponding stresses can be found by multiplying
by 8/3: the stresses obtained for a statical application of the
load 7.

When 4 is large in comparison with &, eq. (189) may take

the simpler form
§ = \& 8.0 (c)

For the case of a beam supported at the ends and struck at
the middle this equation gives

7z

“N'og REL @
The maximum bending moment in this case is
Mmax = £{ = 6-483EIZZ—
4 P4

and
Muax _ §-48EI,

Omax = — — = ; .
max L{ /3 4Z

For a rectangular cross section, using eq. (d),

_ ,W'v2 18E
Uma.x - 2g _ZZ- (e)
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This indicates that the maximum stress depends upon the
kinetic energy of the falling body and the volume /A4 of the
beam.

In determining the effect of the mass of the beam on the maxi-
mum deflection we will assume that the deflection curve during
impact has the same shape as during static deflection. Then it
can be shown that the reduced mass of the beam 8 supported at the
ends is 17/35 (¢//g) and the common velocity which will be estab-
lished at the first moment of impact is

7
“ W+ (735 ¢

The total kinetic energy after the establishment of common velocity
Va 1S

Ve

1

LA 7 .
—2}(% 4 {17/35) ¢/) =

2 . ql’
Sty 72
using this instead of
W 9
~— W
28
in eq. (4), we obtain
f 8t
5= but [0 4+ — "‘”‘I—“—Z, (190)
£ 17 9°
\' 1+ B'ITW

which takes account of the effect of the mass of the beam on the
deflection 8.14

13 See paper by Homersham Cox mentioned before (see p. 289).

14 Several examples of the application of this equation will be found
in the paper by Prof. Tschetsche, Zeitschr. d. Ver. d. Ing., 1894, p. 134.
A more accurate theory of transverse impact on the beam is based on
the investigation of its lateral vibration together with the local deforma-
tions at the point of impact. See St. Venant, loc. cit., p. §37. Note
finale du par. 615 C. R., Vol. 45, 1857, p. 204. See also writer’s paper in
Ztschr. f. Math. u. Phys., Vol. 62, 1913, p. 198. Experiments with beams
subjected to impact have been made in Switzerland and are in satis-
factory agreement with the above approximate theory; see ‘“Tech.
Komm. d. Verband Schweiz. Briickenbau- u. Eisenhochbaufabriken,”
Bericht von M. Ro§, March, 1922. See also the recent articles by Tuzi,
Z., and Nisida, M., Phil. Mag. (7), Vol. 21, p. 448; and R. N. Arnold,
Proc. of the Institution of Mechanical Engineers, Vol. 137, 1937, p. 217.
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In the case of a cantilever, if the weight »” strikes the beam
at the end, the magnitude of the reduced mass of the beam is
33/140 (¢//g). When a beam simply supported at ends is struck
at a point whose distances from the supports are respectively a
and &, the reduced mass is

1;5[I+2( ‘e )]?

Problems

I. A simply supported rectangular wooden beam g feet long is
struck at the middle by a 40 lb. weight falling from a height 4 = 12
in. Determine the necessary cross-sectional area if the working
stress is o, = 1,000 lbs. per sq. in., E = 1.§ X 108 lbs. per sq. in.

Solution. Usmg eq. (e), p. 302, s

_ W 18K 5 18 X 1.5 X108 i
=2 Tod = 40 129———-——————>< 2 X 1000 = 120 8¢ in.

2. In what proportion does the area in the previous problem
change (1) if the span of the beam increases from g to 12 feet;
(2) if the weight 7 increases by 5o per cent?

Answer. (1) The area diminishes in the ratio 3: 4. (2) The
area increases by 5o per cent.

3- A weight /7 = 100 lbs. drops 12 inches upon the middle of
a 51mply supported I beam, 1o ft. long. Find safe dimensions if

= 30 X 10% lbs. per sq. in.

Solution. Neglecting 8, in comparlson with 4 (see eq. ¢), the
ratio between the dynamlc and the static deflections is

' v2
ast gast ast

If the deflection curve during impact is of the same shape as for
static deflection, the maximum bending stresses will be in the same
ratio as the deflections; hence

’g_/t_fli/_ p h'hg 6EW k
83¢4Z—6w’ rom which == =2 1°

in which Z is the section modulus and ¢ is the distance from the
neutral axis of the most remote fiber, which is half the depth of

15 ] ocal deformation at the surface of contact of the load and the
beam is neglected in this calculation,



ENERGY OF STRAIN 305

the beam in our case. Substituting the numerical data,

Z 6 X 30X 10 X100 X 12

= 21in.2
< 30,000% X 120

The necessary I beam is of 5" depth, wt. per foot 12.25 Ibs.

_ 4 What stress is produced in the beam of the previous problem
~ by a 200 lb. weight falling onto the middle of the beam from a
" height of 6 in.?

Answer. omax = 28,900 lbs. per sq. in.

5. A wooden cantilever beam 6 feet long and of square cross
section 12" X 12" is struck at the end by a weight /77 = 100 lbs.
. falling from a height 2 = 12 in. Determine the maximum deflec-
" tion, taking into account the loss in energy due to the mass of the
beam.

Solution. Neglecting §,; in comparison with 4, the equation
analogous to eq. (190) becomes

b= g 33 ¢
I+140PV
For ¢/ = 40 X 6 = 240 lbs,,
24 \/ 15.3 X 100 X 723 :
8oy - ———— = -
5=\/ t - 33 X 240 3X 1.5 X 108 X 128 O271 1M
' 140 X 100

6. A beam simply supported at the ends is struck at the middle
by a weight 7 falling down from the height 4. Neglecting &, in
comparison with 4, find the magnitude of the ratio ¢//## at which
the effect of the mass of the beam reduces the dynamical deflection
by 10 per cent.

Answer.

q/
'I;, = 0.483.

68. The General Expression for Strain Energy.—In the
discussion of problems in tension, compression, twist and
bending it has been shown that the energy of strain can be
represented in each case by a function of the second degree in
the external forces (egs. 168, 177 and 184) or by a function of
the second degree in the displacements (eqs. 169, 178 and
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185). Thisis also true for the most general deformation of an
elastic body, with the following provisions: the materiaj
follows Hooke’s law; the conditions are such that the small
displacements, due to strain, do not affect the action of the
external forces and are negligible in calculating the stresses.!®
With these two provisions, the displacements of an elastic
system are linear functions of the external loads; if these
loads increase in a certain proportion, all the displacements
increase in the same proportion. Consider a body submitted
to the action of the external forces P,, Py, Ps, - -+ (Fig. 252)
and supported in such a manner that movement as a rigid
body is impossible and displacements are due to elastic
deformations only. Let 81, 8, 83, --- denote the displace-
ments of the points of application of the
forces each measured in the direction of
the corresponding force.'” If the external
forces increase gradually so that they are
always in equilibrium with the resisting in-
ternal elastic forces, the work which they
do during deformation will be equal to the
Fic. 252, strain energy stored in the deformed body.
The amount of this energy does not de-
pend upon the order in which the forces are applied and is
completely determined by their final magnitudes. Let us
assume that all external forces P,, P, P;, - -+ increase simul-
taneously in the same ratio; then the relation between each
force and its corresponding displacement can be represented
by a diagram analogous to that shown in Fig. 241, and the
work done by all the forces Py, Py, P3, - - -, equal to the strain
energy stored in the body, is

U:P151+P252+P353+..., (191)

2 2 2

18 Such problems as the bending of bars by lateral forces with simul-
taneous axial tension or compression do not satisfy the above condition
and are excluded from this discussion. Regarding these exceptional
cases see article 72.

17 The displacements of the same points in the directions perpendicular
to the corresponding forces are not considered in the following discussion.
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i.e., the total energy of strain is equal to half the sum of the
products of each external force and its corresponding displace-
ment.!® On the assumptions made above, the displacements
81, 82, 83, + - - are linear functions of the forces Py, Py, Py, - --.
The substitution of these functions into eq. (1g1) gives a
general expression for the strain energy in the form of a
homogeneous function of the second degree in the external
forces. If the forces be represented as linear functions of
displacements and these functions be substituted into eq.
(191), an expression for the strain energy in the form of a
homogeneous function of the second degree in displacements
is obtained.

In the above discussion the reactions at the supports were
not taken into consideration. The work done by these
reactions during the deformation is equal to zero since the
displacement of an immovable support, such as A4 (Fig. 252),
is zero and the displacement of a movable support, such as B,
is perpendicular to the reaction, friction at the supports
being neglected. Consequently, the reactions add nothing to
the expression for the potential energy (191).

As an example of the application of eq. (191) let us consider
the energy stored in a cubic element submitted to uniform tension
in three perpendicular directions (Fig. 50). If the edge of the cube
is of unit length, the tensile forces on its faces are numerically o,
oy, 0- and the corresponding elongations, e, ¢, €.. Then the strain
energy stored in one cubic inch, from eq. (191), is '

G 1€ T 2€,

Ty€y
2 + 2 + 2

W =

Substituting, for the elongations, the values given by (43),"

w = ;IE (0 + 0 + o) — % (0:0y + 040 + 0.02).  (192)

18 This conclusion was obtained first by Clapeyron; see Lamé,
Legons sur la théorie mathématique de I’élasticité, 2 ed., 1866, p. 79.

19 Here the changes in temperature due to strain are considered of
no practical importance. For further discussion see the book by T.
Weyrauch, “Theorie elastischer Kérper,” Leipzig, 1884, p. 163. See
also Z. f. Architektur- und Ingenieurwesen, Vol. 54, 1908, p. 91 and

P 277
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This expression can also be used when some of the normal stresses
are compressive, in which case they must be given a negative
sign.

If in addition to normal stresses there are shearing stresses
acting on the faces of the element, the energy of shear can be added
to the energy of tension or compression (see p. 299), and using
eq. (179) the total energy stored in ohe cubic inch is

1
w=_p(ed +o’+0t) — % (0204 + 0y0: + 020%)

1
+ E (T:cy2 + Tyz2 -+ Tz.rz)- (193)

As a second example let us consider a beam supported at the
ends, loaded at the middle by a force P and bent by a couple M
applied at the end 4. The deflection at the middle is, from egs.
(90) and (103),

o PP MP
= BEI T T6EL (@)
"The slope at the end A is, from eqs. (88) and (104),
Pr Mi
b= 6Er T3E @

Then the strain energy of the beam, equal to the work done by the
force P and by the couple M, is

Ps Mo 1(P213 M2 MPP)

U=+t ="m\ %% T%

2 El ()

This expression is a homogeneous function of the second degree in
the external force and the external couple. Solving egs. (2) and
(6) for M and P and substituting in eq. (¢), an expression for the
strain energy in the form of a homogeneous function of the second
degree in displacements may be obtained. It must be noted that
when external couples are acting on the body the corresponding
displacements are the angular displacements of surface elements on
which these couples are acting.

69. The Theorem of Castigliano.—From the expressions
for the energy of strain in various cases a very simple method
for calculating the displacements of points of an elastic body
during deformation may be established. For example, in
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the case of simple tension (Fig. 1), the strain energy as given
by eq. (168) is

P2/

2dE "’

By taking the derivative of this expression with respect to P
we obtain

U =

dv_ Pl _
dP — AE
i.e., the derivative of the strain energy with respect to the

load gives the displacement corresponding to the load, i.e., at
the point of application of the load in the direction of the

3,

" load. In the case of a cantilever loaded at the end, the strain

energy is (eq. ¢, p. 297)
P23
6ET"

The derivative of this expression with respect to the load P

U =

. gives the known deflection at the free end PZ/3EI.

In the twist of a circular shaft the strain energy is (eq. 182)

Ma
2GI, "

The derivative of this expression with respect to the torque
gives

AU MJ_

m = —G_f; = ¢

which is the angle of twist of the shaft, and represents the
displacement corresponding to the torque.

When several loads act on an elastic body, the same
method of calculation of displacements may be used. For
example, expression (¢) of the previous article gives the strain
energy of a beam bent by a load P at the middle and by a
couple M at theend. The partial derivative of this expression
with respect to P gives the deflection under the load and the
partial derivative with respect to M gives the angle of rotation
of the end of the beam on which the couple M acts.



310 STRENGTH OF MATERIALS

The theorem of Castigliano is a general statement of these
results.?? If the material of the system follows Hooke’s law
and the conditions are such that the small displacements due
to deformation can be neglected in discussing the action of
forces, the strain energy of such a system may be given by a
homogeneous function of the second degree in the acting
forces (see art. 68). Then the partial derivative of strain
energy with respect to any such force gives the displacement
corresponding to this force (exceptional cases see art. 72).
The terms “force” and “displacement” here may have their
generalized meanings, that is, they include “couple” and
“angular displacement” respectively.

Let us consider a general case such as shown in Fig. 252.
Assume that the strain energy is represented as a function of
the forces Py, P, P, - -+, so that

U=f(P1,P2,P3,"‘)o (@)

If a small increase 4P, is given to any external load P,, the
strain energy will increase also and its new amount will be

U

But the magnitude of the strain energy does not depend upon
the order in which the loads are applied to the body—it
depends only upon their final values. It can be assumed, for
instance, that the infinitesimal load 4P, was applied first, and
afterwards the loads P,, Py, Ps, ---. The final amount of
strain energy remains the same, as given by eq. (4). The load
dP,, applied first, produces only an infinitesimal displacement,
so that the corresponding work done is a small quantity of the
second order and can be neglected. Applying now the loads
Py, Py, Ps, - - -, it must be noticed that their effect will not be

20 Sece the paper by Castigliano, “Nuova Teoria Intorno dell’ Equi-
librio dei Sistemi Elastici,” Atti della Academia delle scienze, Torino,
1875. Seealso his “ Théorie de’équilibre des systemes élastiques,” Turin,
1879. For an English translation of Castigliano’s work see E. S. An-
drews, London, 1919.
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modified by the load 4P, previously applied #* and the work
done by these loads will be equal to U (eq. ), as before. But
during the application of these forces, however, dP, is given
some displacement &, in the direction of P,, and does the
work (dP,)8,. The two expressions for the work must be
equal; therefore

AU

oU ‘
b = 3p- - (194)

As an application of the theorem let us consider a cani-
lever beam carrying a load P and a couple M, at the end,
Fig. 253. The bending moment at a cross section mn is
M = — Px — M, and the strain energy, from equation

(184), 1s
l 2
U - f de

To obtain the deflection & at the end of the cantilever we have
only to take the partial derivative of U with respect to P,
which gives

5= aP EIfM

Substituting for M its equivalent expression, in terms of F
and M,, we obtain

Pr M
nf (P + Moxds = —pp+ 577

The same expression would have been obtained by applying
one of the previously described methods, such as the area
moment method.

To obtain the slope at the end we calculate the partial

21 This follows from the provisions made on page 306 on the basis of
which the strain energy was obtained as a homogeneous function of the
second degree.
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derivative of the strain energy with respect to the couple
M.. Then

6 = aM EIfM

PE | Md
(’Z“ o B/ EIf (Px + Mo)dx = 33+ 7 -

% The positive signs obtained for & and #
oe—— ¢ — indicate that the deflection and rotation

FiG. 253. of the end have the same directions re-
spectively as the force and the couple in

Fig. 253.

It should be noted that the partial derivative dM/IP is
the rate of increase of the moment M with respect to the
increase of the load P and can be visualized by the bending
moment diagram for a load equal to unity, as shown in Fig.
254 (a). The partial derivative dM/dM, can be visualized

__1_—1 ]—-—z .
(—

x

.
4

x x
a4
-/

@) /)
F16. 254.

in the same manner by the bending moment diagram in
Fig. 254 (4). Using the notations

oM, oM _ .,
3P = M, and I, M,
we can represent our previous results in the following form:

’ I ! ’
5 = MM dx; f = E——Ij; MM, 'dx. (195)

EI.0
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These equations, derived for the particular case shown in
Fig. 253, also hold for the general case of a beam with any
kind of loading and any kind of support. They can also be
used in the case of distributed loads.

Let us consider, for example, the case of a uniformly loaded
and simply supported beam, Fig. 255, and calculate the de-
~ flection at the middle of this beam by using the Castigliano
theorem. In the preceding cases concentrated forces and
couples acted, and partial derivatives with respect to these
forces and couples gave the corresponding displacements and

/

AT IR IO 00 8
%] ¢ B a2
l : @) l ™ ¢
@)
}él%—y%) o % %

a 4 {

@ @

Fie. 245.

rotations. In the case of a uniform load there is no vertical
force acting at the middle of the beam which would correspond
to the deflection at the middle. Thus we cannot proceed as
in the previous problem. This difficulty can, however, be
readily removed by assuming that there is a fictitious load P
of infinitely small magnitude at the middle. Such a force
evidently will not affect the deflection and the bending mo-
ment diagram shown in Fig. 255 (). At the same time, the
rate of increase of the bending moment due to the increase of P,
represented by the partial derivative M/ P, is as represented
by Fig. 255 (c) and 255 (d). With these values of M and dM/dP
the value of the deflection is

aU I oM
5=3}—)=ETZ.£MFJ%.

Observing that M and dM/dP are both symmetrical with
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respect to the middle of the span, we obtain

6:

) 12 aM
T, fo M5p ax

_ 2 f“z(z{f_q_ﬁ)fd _ 5.4
T ELJ, \ 2 2 ) 2% T 384 ELLC

_$>‘) ~

./ g ¢
@)

@)
Fie. 256.

If it 1s required to calculate
the slope at the end B of the
beam in Fig. 255 (2) by using
the Castigliano theorem;, we
have only to assume an infi-
nitely small couple M, applied
at B. Such a couple does not
change the bending moment

diagram in Fig. 255 (4). The
partial derivative dM/OM, is then as represented in Fig. 236
(@) and 256 (&). The required rotation of the end B of the
beam is then

aU I ! oM
0=m=Ff;.oM¢9_M,dx

_ (e g\

_Efz,o(?_ Q)de

_

T o4El

We see that the results ob-
tained by the use of Castig-

liano’s theorem coincide with ,7:;_” Y 3
those previously obtained (p. e )
138).

The Castigliano theorem is
especially useful in the calcula- & ¢
tion of deflections in trusses. o ’777%7”
As an example let us consider Fic. 257.

the case shown in Fig. 257. All

members of the system are numbered and their lengths and
cross-sectional areas given in the table below. The force S,
produced in any bar 7 of the system by the loads Pi, P, P;
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may be calculated from simple equations of statics. These
forces are given in column 4 of the table. The strain energy

TasLe oF Data ror THE Truss IN Ficure 257

! ' B
1 2 3 + ; 5 6 7
. k A Si , 8.8¢6 .
! in. | in.? tn. 8 A; S
I 250 6 —13.7§ —0.625 358 o
2 150 3 8.2¢ 0.375 155 1
3 200 2 8.00 o o o
4 150 3 8.25 0.375 155 1
5 250 i 2 3-75 0.62¢ 293 o
6 300 ‘ 4 —10.50 —0.750 59 )
7 240 : 2 6.2 0.625 488 o
8 150 i 3 6.75 0.37§ 127 o
9 200 i 2 4.00 o o o
10 250 6 —11.2§ -0.62§ 293 o
11 150 3 672 0.375 . 127 o
. ! | i
LS S ,
> = 2,045 tns. per inch.
i=1 A

of any bar 7, from eq. (168), 1s §:%:;/24;FE. The amount of
strain energy in the whole system is

(mS/

U = ‘};1 A E (196)

in which the summation is extended over all the members of
the system, which in our case is m = 11. The forces §; are
functions of the loads P, and the deflection 8, under any load
P, is, therefore, from eq. (194),

aU = S, 6S,~

b =3P, = L 4E 3P, (197)

The derivative 38;/dP, is the rate of increase of the force §;
with increase of the load P,. Numerically it is equal to the
force produced in the bar i by a unit load applied in the
position of P,, and we will use this fact in finding the above
derivative. These derivatives will hereafter be denoted by
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§/. The equation for calculating the deflections then
becomes

by = X 715_ (198)

Consider for instance the deflection §; corresponding to P, at A
in Fig. 257 (@). The magnitudes §; tabulated in column 3
above are obtained by the simple principles of statics from the
loading conditions shown in Fig. 257 (4), in which all actual
loads are removed and a vertical load of one ton is applied at
the hinge 4. The values tabulated in column 6 are calculated
from those entered in columns 2 through 5. Summation and
division by the modulus £ = (30/2,000) X 10° tns. per sq. in.
gives the deflection at 4, eq. (198),

2,055 X 2,000

%2 = 30 X 10°

= 0.137 in.

The above discussion was concerned with the computation
of displacements 81, 8, - - -+ corresponding to the given external
forces Py, Pa, -+-. In investigating the deformation of an
elastic system, it may be necessary to calculate the displace-
ment of a point at which there is no load at all, or the dis-
placement of a loaded point in a direction different from that
of the load. The method of Castigliano may also be used
here. We merely apply at that point an additional infinitely
small imaginary load Q in the direction in which the displace-
ment is wanted, and calculate the derivative dU/8Q. In this
derivative the added load Q is put equal to zero, and the
desired displacement obtained. For example, in the truss
shown in Fig. 257 (a), let us calculate the horizontal displace-
ment of the point 4. A horizontal force Q is applied at this
point, and the corresponding horizontal displacement is

oU =n 8l 938

5"‘(@‘)@:0-214—,-13'(99’ @)
in which the summation is extended over all the members of
the system. The forces §; in eq. (d) have the same meaning
as before, because the added load Q is zero, and the derivatives
38:/0Q = 8/ are obtained as the forces in the bars of the
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truss produced by the loading shown in Fig. 257 (¢). These
are tabulated in column 7. Substituting these forces into
eq. (d), we find that the horizontal displacement of 4 is equal
to the sum of the elongations of the bars 2 and 4, namely,

o = %(% + %) = %& (8.25+8.25) = 0.055 in.
In investigating the deformation of trusses P

it is sometimes necessary to know the change ' s

in distance between two points of the system. 2l 8

This can also be done by the Castigliano
method. Let us determine, for instance, what
decrease §, in the distance between the joints
A and B (Fig. 258, a), is produced by the loads s
P,, Py, P;. At these joints, two equal and
opposite imaginary forces Q are applied as in-
dicated in the figure by the dotted lines. It
follows from the Castigliano theorem that the
partial derivative (8U/80Q)q—o gives the sum
of the displacements of 4 and B, in the direction 4B, produced
by the loads P, Py, P;. Using eq. (194), this displacement is 22
U “n$J 88, =rSd o,
s=(3g)..~ ZaRig - Eap 5 09
in which §; are the forces produced in the bars of the system by
the actual loads P, P., P;; §/ are the quantities to be
determined from the loading shown in Fig. 258 (£), in which all
actual loads are removed and two opposite unit forces are
applied at A4 and B; and m is the number of members.

(a)

)
Fic. 258,

Problems

lP 1. Determine by the use
A < & of Castigliano’s theorem the
”% / 779/7 @ ‘l deflection and the slope at
| the end of a uniformly loaded
Fic. 259. cantilever beam.
2. Determine the deflec-
tion at the end B of the overhang of the beam shown in Fig. 259.

2 This problem was first solved by J. C. Maxwell, “On the Calcu-
lation of the Equilibrium and Stiffness of Frames,” Phil. Mag. (4),
Vol. 27, 1864, p. 294. Scientific Papers, Vol. 1, Cambridge, 1890, p. 598.
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3- A system consisting of two prismatical bars of equal length
and equal cross section (Fig. 260) carries a vertical load P. Deter-
mine the vertical displacement of the hinge 4.

Solution. The tensile force in the bar
AB and compressive force in the bar A4C are
equal to P. Hence the strain energy of the
system is

P2

U=20JE

Fic, 260, The vertical displacement of 4 is
,_dU_aPl
dP  AE

4. Determine the horizontal displacement of the hinge 4 in
the previous problem.

Solution. Apply a horizontal imaginary load Q as shown in
Fig. 260 by the dotted line. The potential energy of the system is

_ (PO | (P = NGO

v 24E 24E

+

The derivative of this expression with respect to @ for Q = o gives
the horizontal displacement

(), ()
k 6Q Q=0 3/{E Q=0 °

5. Determine the angular displacement of the bar 4B produced
by the load P in Fig. 261.

Solution. An imaginary couple M is ap-
plied to the system as shown in the figure by
dotted lines. The displacement correspond-
ing to this couple is the angular displacement
¢ of the bar 4B due to the load P. The
forces §; in this case are: P + 1/y3(M//)
in the bar 4B and — P — 2/y3(M/]) in the
bar 4C. The strain energy is

/ MY
U=m[(})+1/\/§_/‘) F1c. 263.

+(— P - 2/\61‘74)2]’
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from which

(29), (DGt EG
L oM M=0 - AE 3[/{E M=0 - AE

6. What horizontal displacement

of the support B of the frame shown !
in Fig. 262 is produced by horizontal 1
force H? X ¢ A
Answer.
o aHE | HR ) ,
" 3EL TR T —
7. Determine the wvertical dis- Fic. 262.

placement of the point .4 and hori-

zontal displacement of the point C of the stee! truss shown in Fig. 263
if P = 2,000 lbs., the cross-sectional areas of the compressed bars
are § sq. in., and of the other bars 2 sq. in.

l———l/s’———l

Fic. 263. Fig. 264.

8. Determine the increase in the distance 4B produced by
forces H (Fig. 264) if the bars 4C and BC are of the same dimen-
sions and only the bending of the bars need be taken into account.
It is assumed that « is not small, so that the effect of deflections on
the magnitude of bending moment can be neglected.

Answer.

2 H sina
3 EI

2

" g. Determine the deflection at
. / a distance @ from the left end of
% % the uniformly loaded beam shown
oA ' @ in Fig. 25¢ (a).

raty Solution. Applying an infi-
nitely small load P at a distance
@ a from the left end, the partial

derivative dM/oP is as visual-

ized in Fig. 265 (2) and 265 (4).
Using for M the parabolic diagram in Fig. 255 (4), the desired

Fic. 263.
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deflection is

gl _ g2\ xb
aP EIfM Elf( )zd”

1 glx ¢\ all—x) .,  qab
+EIJ;(2_2) I =R @ Pt 3.

Substituting x for 2 and / — x for & this result can be brought
into agreement with the equation for the deflection curve previously
obtained (p. 138).

7o. Application of Castigliano Theorem in Solution of
Statically Indeterminate Problems.—The Castigliano theorem
1s very useful also in the solution of statically indeterminate
problems. Let us begin with problems in which the reactions
at the supports are considered as the statically indeterminate
quantities. Denoting by X, Y, Z, --- the statically inde-
terminate reactive forces, the strain energy of the system is a
function of these forces. For the immovable supports and
for the supports whose motion is perpendicular to the direction
of the reactions the partial derivatives of the strain energy
with respect to the unknown reactive forces must be equal to
zero by the Castigliano theorem. Hence

oU aU aU
ﬁ=0; -6—17=O; 'ﬁ'=0; (200)

In this manner we obtain as many equations as there are
statically indeterminate reactions.

It can be shown that egs. (200) represent the conditions
for a minimum of function U, from which it follows that
the magnitudes of statically indeterminate reactive forces are
such as to make the strain energy of the system a minimum.
This is the principle of least work as applied to the determi-
nation of redundant reactions.??

2 The principle of least work was stated first by F. Menabrea in
his article, “Nouveau principe sur la distribution des tensions dans les
systémes élastiques,” Paris, C. R., Vol. 46 (1858), p. 1056. See also
C.R,, Vol. 98 (1884), p. 714. The complete proof of the principle was
given by Castigliano, who made of this principle the fundamental method
of solution of statically indeterminate systems. The application of
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As an example of application of the above principle let

us consider a uniformly loaded beam ) .

built in at one end and supported |
at the other (Fig. 266). This is the M‘G g
problem with one statically indeter- %

minate reaction. Taking the verti- Fro. 266.

cal reaction X at the right support as

the statically indeterminate quantity, this unknown force is
found from the equation:

daUu
tﬁ( = 0. (d)
The strain energy of the beam, from eq. (187), is
t M?dx
U= o 2EI’ @)
in which
M= Xx — sl
2

Substituting in (@), we obtain

dX EIfM E[f (X”"~)”d”

[4
~z(%5-05) o

from which
X = $4/

Instead of the reactive force X the reactive couple M, at
the left end of the beam could have been taken as the statically
indeterminate quantity. The strain energy will now be a
function of M,. Equation (&) still holds, where now the

strain energy methods in engineering was developed by O. Mohr (see
his ‘““Abhandlungen aus dem Gebiete d. technischen Mechanik™), by
H. Miiller-Breslau in his book, “ Die neueren Methoden der Festigkeits-
lehre,” and F. Engesser, “ Uber die Berechnung statisch unbestimmter
Systeme,” Zentralbl. d. Bauverwalt. 1907, p. 606. A very complete
bibliography of this subject is given in the art. by M. Griining, Encyklo-
pidie d. Math, Wiss,, Vol. IV, 2, 11, p. 419.
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bending moment at any cross section is
(Y My, _e¥
M = ( 2/ ) YT

From the condition that the left end of the actual beam does
not rotate when the beam is bent the derivative of the strain
energy with respect to M, must be equal to zero. From this
we obtain

aU 1 (. dM , - 1 ("T(qgd M,
m*ﬁjfo Mt = =51, [(2 —7 )”

,...qx.‘i]zd.: __;_(q_ﬁ_Ma1)=
L / ¥ El 24 3 O,

from which the absolute value of the moment is

M, = 342

Problems in which we consider the forces acting in
redundant members of the system as the statically indeter-
minate quantities can also be solved by using the Casti-

gliano theorem. Take, as an ex-
¢ ample, the system represented in Fig.

15 which was already discussed (see

p. 19). Considering the force X in
o the vertical bar OC as the statically
y indetermined quantity, the forces
in the inclined bars OB and OD are
(P — X)/2 cos a. Denoting by U,
the strain energy of the inclined bars
(Fig. 267, @) and by U, the strain energy of the vertical bar
(Fig. 267, &), the total strain energy of the system is,*

P — X\? / X2 (
2 cos a) AE cos « + 2AE " )

@ @
Fic. 267.

U=U1+U2=

24 [t is assumed that all bars have the same cross-sectional area A4
and the same modulus of elasticity E.
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If & 1s the actual displacement downwards of the joint O in
Fig. 15 the derivative with respect to X of the energy U; of
the system in Fig. 267 (4) should be equal to — §, since the
force X of the system has the direction opposite to that of
the displacement 6. In the same time the derivative dU,/d.X
will be equal to 6. Hence

oU _aU, | aU, _ ~

ox " ax tox = —iti=o @)
It is seen that the true value of the force X in the redundant
member is such as to make the total strain energy of the

system a minimum. Substituting for U its expression (¢) in
equation (d) we obtain

¢P-x_ 1 x_
T 2cos’a AEcosa ~ AE - °

from which

¥ = P

T 14 2co8

A similar reasoning can be applied to any statically indeter-
mined system with one redundant member, and we can state
that the force in that member is such as to make the strain
energy of the system a minimum. To illustrate the procedure
of calculating stresses in such systems let us consider the frame

¢ X xz D——P ¢ 2. C /7
T § T
e |/ 3 a
W, L
A P i 8 A 8 A B
. s R o
‘@) &)
FiG. 268,

shown in Fig. 268 (2). The reactions here are statically deter-
minate, but when we try to compute the forces in the bars,
we find that there is one redundant member. Let us consider
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the bar CD as this redundant member. Cut this bar at any
point and apply to each end F and F, a force X, equal to that
in the bar. We thus arrive at a statically determinate system
acted upon by the known force P, and, in addition, unknown
forces X. The forces in the bars of this system are found in
two groups: first, those produced by the external loading P
assuming X = o, Fig. 268, 4, and denoted by §.° where 7 in-
dicates the number of the bar; second, those produced when
the external force P is removed and unit forces replace the
X forces (Fig. 268, ¢). The latter forces are denoted by S§/.
Then the total force in any bar, when the force P and the
forces X are all acting, is

S =8+ S/X. (e)
The total strain energy of the system, from eq. (196), 1s

= (80 + 8 X)Y
U= cgi 2 A;E =1 2AE ’ (f)

in which the summation is extended over all the bars of the
system including the bar CD, which is cut.?® The Castigliano
theorem i1s now applied and the derivative of U with respect
to X gives the displacement of the ends F and F towards each
other. In the actual case the bar is continuous and this
displacement is equal to zero. Hence

dUu

ax = 0 (g)

i.e., the force X in the redundant bar is such as to make the
strain energy of the system a minimum. From egs. (f) and (g)

d ‘2 (§2+ 8§/ X)U, _5 (8L 4+ §/X).8

iX & 24 :E = AE °
from which
=m 5,087/,
L AE
X = — Sm oA (201)
5 S
i=1 AT:E

% For this bar §° = oand 8§ = 1.
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This process may be extended to a system in which there are
several redundant bars. ‘

The principle of least work can be applied also when the
statically unknown quantities are couples. Take, as an
example, a uniformly loaded beam on three supports (Fig.
269). If the bending moment at the middle support be
considered the statically indeterminate quantity, the beam is
cut at B and we obtain two simply supported beams (Fig.

4 T TD
8 @)

Z/ I3 —

r UIIIIIIIIIIllIIIIlIIIIII@ ﬁllllllll[llllllllll ¢’
. N

Yy M

;—-—- 1 — (b
Fig. 269.

269, &) carrying the unknown couples M, in addition to the
known uniform load ¢g. There is no rotation of the end B’
with respect to the end B’’ because in the actual case (Fig.
269, a) there 1s a continuous deflection curve. Hence

dUu
AL = © (202)

Again the magnitude of the statically indeterminate quantity
is such as to make the strain energy of the system a minimum.

Problems

1. The vertical load P is supported by a vertical bar DB of
length / and cross-sectional area 4 and by two
equal inclined bars of length / and cross sec-
tional area 4 (Fig. 270). Determine the forces
in the bars and also the ratio .4;/4 which will
make the forces in all bars numerically equal.

Solution. The system is statically indeter-
minate. Let X be the tensile force in the ver-
tical bar. The compressive forces in the inclined
bars are 1/¥2(P — X) and the strain energy of Fic. 270,
the system is

X (P — X)

U=zt 24E
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The principle of least work gives
aU_Xxi  (P—-X) _

dX~ AE A\E ?
from which
P
X = " 7
Ty
Substituting this into equation
‘ 1
a4, X =3P -X),
X._,Q%T we obtain
x
_j__. 7 /{1 = \E/{
77%4771 2. Determine the horizontal reaction X in the
Fic. 271, system shown in Fig. 271.

Solution. The unknown force X will enter only
into the expression for the potential energy of bending of the por-
tion AB of the bar. For this portion, M = Pa — Xx, and the equa-
tion of least work gives

JU_d (Mds_1 [t dM
X~ ax), 2Er " E1), Max® = _F_If (Pa — Xx)xdx
(X _Par) _
EI\ ;3 2 =
from which
3P

3. Determine the horizontal
reactions X of the system shown
in Fig. 272. All dimensions are
given in the table below.

Solution. From the principle 4
of least work we have

au 5 NA
ax = a’X 24:E

Let 8 be the force in bar 7 pro-
duced by the known load P assum-
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ing X = o, §/ the force produced in the same bar by unit forces
which replace the X forces (Fig. 272, 4). The values of §;° and S/
are determined from statics. They are given in columns 4 and § of

the table below. Then the total force in any bar is

§i=38"+ §/X.
. . i N . . 2 .
i k N so sy SR S
n. n. A; A;
1 180.3 5 —1.803P 1.202 — 78.1°P §2.0
2 158.1 3 1.581P —2.108 —175.7P 234
3 §0.0 2 1.000P —1.333 — 33.3P 44.5
4 180.3 5 —1.803P 1.202 — 78.1P §2.0
5 158.1 3 | 1.581P —2.108 —175.9P 234

S = —s540.9P; T = 616.5.

Substituting into the equation of least work (200),

(S8 4+ Si’X)liS.,

>4k P05
from which
=5 SiOSiI A
2.
{=1 /{i
X=- t=5 S;'21,-
=1 A;

)

The necessary figures for calculating X are given in columns 6 and

7. Substituting this data into eq.
(f), we obtain .

X = o.877P.

4. Determine the force in the
redundant horizontal bar of the
system shown in Fig. 273, assum-

ing that the length of this bar is

Iy = 300" and the cross-sectional .

area is Ao. The other bars have %)
the same dimensions as in prob- Fic. 273.
lem 3.

Solution. The force in the horizontal bar is calculated from
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eq. (201). This equation is of the same kind as eq. (f) in problem 3
but in the system of Fig. 273 there is the additional horizontal
bar. The force produced in this bar by the force P alone (X = o)
is zero, i.e., §” = 0. The force produced by two forces equal to
unity (Fig. 273, 8) i1s §¢ = 1. The additional term in the numer-
ator of eq. (f) is
Sn®So'ly
Ao

The additional term in the denominator is

Then, by using the data of problem 3,
_ _540.9P

30
4. + 616.5
Taking, for instance, 4, = 10 sq. in.,

= 540.9P —
X _——30—{-616.5 0.836P.

That is only 4.7 per cent less than the value obtained in problem 3
for immovable supports.?
Taking the cross-sectional area 4, = 1 sq. in.,

=349  _ 590P.

300 + 616.5
It can be seen that in statically indeterminate sys-
tems the forces in the bars depend also on their
cross-sectional areas.

5. Determine the forces in the bars of the sys-
tems shown in Fig. 20 by using the principle of
least work.

6. Determine the forces in the bars of the sys-
tem shown in Fig. 274, assuming that all bars are
of the same dimensions and material.

Solution. 1f one bar be removed, the forces in the remaining bars
can be determined from statics; hence the system has one redundant
bar. Let 1 be this bar and X the force acting in it. Then all the

Fie. 274.

2 Taking 4o = ®, we obtain the same condition as for immovable
supports.
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bars on the sides of the hexagon will have tensile forces X, bars 8, g,
11 and 12 have compressive forces X, and bars 7 and 10 have the
force P — X. The strain energy of the system is

2] — YY)
U=IOX +2(P X)[-

24E 24E
From the equation /U/dX = o we obtain
_P
6

7. Determine the forces in the system shown in Fig. 268,
assuming the cross-sectional areas of all bars equal and taking the
force X in the diagonal 4D as the statically indeterminate quantity.

Solution. Substituting the data, given in the table below, in
eq. (201),

341243
X==——=P
o 4+ 242
i k 80 8’ 8.8k §%k
I a p —1/2 —aP/+2 aj2
2 a p —1/v2 —aP/+2 a/2
3 a ) -1/v2 ) a2
4 a p —1/42 —aP/2 af2’
5 a2 — P42 +1 —2aP av2
6 a2 I +1 o av2
— P
2=w; T = 24a(1 + 2).
V2

8. A rectangular frame of uniform cross section (Fig. 275) is
submitted to a uniformly distributed load of intensity ¢ as shown.
Determine the bending moment M at the corner.

Answer.
_ @+
T 12(e 4+ 4)
beasadsy tP
= @ e C -1
= Beg FAN A
e s = T
= = %] #
: = i
T (T%

Fie. 275. FiG. 276.
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9- A load P is supported by two beams of equal cross section,
crossing each other as shown in Fig. 276. Determine the pressure
X between the beams.

Answer.

PR
P+ I3
10. Find the statically indeterminate quantity in the frame

shown in Fig. 167 by using the principle of least work.
Solution. The strain energy of bending of the frame is

b2, i _ )
U=2fodx+f(M02Hh)dx
0 0

X:

2ET El (g)

in which M, denotes the bending moment for the horizontal bar
calculated as for a beam simply supported at the ends. Substi-
tuting in equation:

aU
= ()
we find
2H Iz3 le2l

The integral on the right side is the area of the triangular moment
diagram for a beam carrying the load P. Hence

14
f Mods =~ Pe(l — o).
0 2

Substituting in (&), we obtain for H the same expression as in (114).
(See p. 192.)

i1. Find the statically indeterminate quantities in the frames
shown in Figs. 166, 169 and 171 by using the principle of least
work.

12. Find the bending moment in Fig. 269 assuming that /; = 2/.

71. The Reciprocal Theorem.—Let us begin with a prob-
lem of a simply supported beam shown in Fig. 277 (4) and
calculate the deflection at a point D when the load P is acting
at C. This deflection is obtained by substituting ¥ = d into
equation (86) which gives

(¥)zma = Pb[d(lz — 2 — ). (a)
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It is seen that the deflection (4) does not change if we put 4
for 4 and 4 for d, which indicates that for the case shown in
Fig. 277 (4) the deflection

at D, is the same as the de-

flection at D in Fig. 277 (a).

From Fig. 277 (¢) we obtain L ~__£7
Fig. 277 (¢) by simply rotat-
ing the beam through 180
degrees which brings point I-— 40 ¢ ‘*—~ 4—{
C: in coincidence with point pl @

D and point D; with point 4 f—— - - A8
C. Hence thedeflectionat |« « 4‘ I'“ 6~
C in Fig. 277 (¢) is equal €
to the deflection at D in
Fig. 277 (4). This means that if the load P is moved from
point C to point D, the deflection which in the first case
of loading was measured at D will be obtained in the
second case at point C. This is a particular case of the
reciprocal theorem.

To establish the theorem in general form ?” we consider an
elastic body, shown in Fig. 278, loaded in two different
manners and supported in such a way that displacement as
a rigid body is impossible. In the first state of stress the
applied forces are P; and Ps, and in the second state P; and Pa.
The displacements of the points of application in the directions
of the forces are 8y, 82, 83, 84 in the first state and 8/, 8,/, 8, 84
in the second state. The reciprocal theorem states: The work
done by the forces of the first state on the corresponding
displacements of the second state is equal to the work done
by the forces of the second state on the corresponding dis-

Fic. 277.

27 A particular case of this theorem was obtained by J. C. Maxwell,
loc. cit., p. 317. The theorem is due to E. Betti, Il nuovo Cimento
(Ser. 2), V. 7 and 8 (1872). In a more general form, the theorem was
given by Lord Rayleigh, London Math. Soc. Proc., Vol. 4 (1873), or
Scientific Papers, Vol. 1, p. 179. Various applications of this theorem
to the solution of engineering probiems were made by O. Mohr, loc. cit.,
p. 327, and H. Miiller-Breslau, loc. cit., p. 327.
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placements of the first. In symbols this means
Plal, + P262, = P363 + P454. (203)\

To prove this theorem let us consider the strain energy of the
body when all forces Py, - -+ P, are acting together and let us

A

<

]

Fie. 278.

use the fact that the amount of the strain energy does not
depend upon the order in which the forces are applied but
only upon the final values of the forces. In the first manner
of loading assume that forces P, and P, are applied first and
later forces P; and P,. The strain energy stored during the
application of P; and P, is

Applying now. P; and Pi, the work done by these forces is
P353, P464,
=t @

It must be noted, however, that during the application of P;
and P, the points of application of the previously applied
forces Py and P, will be displaced by §,’ and 8,’. Then P, and
P; do the work

P + P,5, .28 ()

Hence the total strain energy stored in the body, by summing

28 These expressions are not divided by 2 because forces Py and P,
remain constant during the time in which their points of application
undergo the displacements §,” and 3y,
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(), (4) and (e), is

P Pso Py P
U = ;l-f- ;2—{- 323+ 424 + Pis + Py, (d)

In the second manner of loading, let us apply the forces P; and
P, first and afterwards P, and Py, Then, repeating the same
reasoning as above, we obtain

P353, P454’ Plal P252

U = 2 + > + 7y + 2 +P353+P454- (6’)

Putting (d) and (¢) equal, eq. (203) is obtained. This
theorem can be proven for any number of forces, and also for
couples, or for forces and couples. In the case of a couple
the corresponding angle of rotation is considered as the dis-
placement. '

For the particular case in which a single force P, acts in
the first state of stress, and a single force P, in the second
state, eq. (203) becomes ¥

Plal’ = P252. (204)

If P, = P,, it follows that 3,/ = &, i.e., the displacement of
the point of application of the force P, in the direction of
this force, produced by the force P, is equal to the displace-
ment of the point of application of the force P, in the direction
of P,, produced by the force P,. A verification of this
conclusion for a particular case was given in considering the
beam shown in Fig. 277.

As another example let us again consider the bending
of a simply supported beam. In the first state let it be
bent by a load P at the middle, and in the second state by
a bending couple M at the end. The load P produces the
slope 8 = P/*[16E] at the end. The couple M, applied at the
end, produces the deflection M/?/16E] at the middle. Equa-
tion (204) becomés
M2 P
6EI =M 16ET

29 This was proved first by J. C. Maxwell, and is frequently called
Maxwell’s theorem.

P




334 STRENGTH OF MATERIALS

The reciprocal theorem is very useful in the problem of
finding the most unfavorable position of moving loads on a
statically indeterminate system. An -

xt*‘ Ar 7 example is shown in Fig. 279, which
8
fm

Ak represents a beam built in at one
@ .
end and simply supported at the othet
y and carrying a concentrated load P.
—LJ\LL__ The problem is to find the variation in
T #*  the magnitude of the reaction X at
Fic. 279. the left support as the distance x of
‘ the load from this support changes.
Let us consider the actual condition of the beam (Fig. 279, a)
as the first state of stress. The second, or fictitious, state is
shown in Fig. 279 (4). The external load and the redundant
support are there removed and a unit force upward replaces
the unknown reaction X. This second state of stress is stat-
ically determinate and the corresponding deflection curve is
known (see eq. 97, p. 148). If the coordinate axes are taken
as shown in Fig. 279 (),

y = g7 U — 02l + ). %)

Let & denote the deflection at the end and y the deflection at
distance x from the left support. Then, applying the re-
ciprocal theorem, the work done by the forces of the first
state on the corresponding displacements of the second state is

Xé — Py.

In calculating now the work done by the forces of the second
state, there is only the unit force on the end,*® and the corre-
sponding displacement of the point £ in the first state is equal
to zero. Consequently this work is zero and the reciprocal

theorem gives
Xé — Py = o,
from which

X = P%- (8)

30 The reactions at the built-in end are not considered in either case
because the corresponding displacement is zero.
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It is seen that, as the load P changes position, the reaction X
is proportional to the corresponding values of y in Fig. 279 (2).
Hence the deflection curve of the second state (eq. f) gives a
complete picture of the manner in which X varies with x.
Such a curve is called the influence line for the reaction X.%

If several loads act simultaneously, the use of eq. (g)
together with the method of superposition gives

X=%Z-Pnyn,

where y, is the deflection corresponding to the load P, and the
summation is extended over all the loads.

Problems

1. Construct the influence lines for the reactions at the sup-
ports of the beam on three supports (Fig. 280).

Solution. To get the influence line for the middle support the
actual state shown in Fig. 280 (a) is taken as the first state of stress.
The second state is indicated in Fig.

280 (), in which the load P is re- '._, F 4T

moved and the reaction X is replaced 4 _.l 82
by a unit force upward. This second Z, e 7,

state of stress is statically determin- !

ate and the deflection curve is known A== —xy——S;——==" 4
(eqs. 86 and 87, p. 142); hence the !
deflections & and y can be calculated. ¥ | 4.
Then the work done by the forces of 5 T

the first state on the corresponding
displacements of the second state is

Xé — Py.

The work of the forces of the second state (force-unity) on the
corresponding displacements of the first state (zero deflection at
C) is zero; hence

Fia. 280.

X5 — Py = o5 X=P%-

Hence the deflection curve of the second state is the influence line
for the reaction X. 1In order to get the influence line for the reac-

3 The use of models in determining the influence lines was developed
by G. E. Beggs, Journal of Franklin Institute 1927.
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tion at B, the second state of stress should be taken as shown in
Fig. 280 (¢).

2. By using the influence line of the previous problem, deter- .
mine the reaction at B if the load P is at the middle of the first
span (x = /;/2) (Fig. 280, a).

Answer. Reaction is downward and equal to

P _t2
16 [22 + 12[1

3. Find the influence line for the bending moment at the middle
support C of the beam on three supports (Fig. 281). By using
this line calculate the bending moment M, when the load P is at
the middle of the second span.

Solution. The first state of stress is the actual state (Fig. 281,
a) with a bending moment M., acting at the cross section C. For
the second state of stress the load P is removed, the beam is cut
at C and two equal and opposite unit couples replace M. (Fig. 281,

b). This case is statically deter-
p R p minate. The angles 6, and 6, are

‘F -y *C l—m given by eq. (104) and the de-

flection y by eq. (105). The sum

4 ; 8 of the angles 8, + 6, represents the
e PEATERE displacement in the second state
Fic. 281, corresponding to the bending mo-

ment M, acting in the first state.
The work done by the forces of the first state on the corresponding
displacement in the second state is 32

M.(6, + 6;) — Py.

The work done by the forces of the second state on the displace-
ments of the first state is zero because there is no cut at the support
C in the actual case and the displacement corresponding to the
two unit couples of the second state is zero. Hence

Mc(01 + 02) —_ Py = O
and

Y
M. = Py, *)

It will be seen that as the load P changes its position, the bending
moment M, changes in the same ratio as the deflection y. Hence

# It is assumed that the bending moment M, produces a deflection
curve concave downward.
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the deflection curves of the second state represent the influence line
for M,. Noting that
h+ 4

6+ 6, = 3EI

and that the deflection at the middle of the second span is

1 '[22
(_y)z=12/2 = I6EI’

the bending moment when the load P is at the middle of the second
span is, from eq. (%),

_ 3 pPp

16 /1+[2

The positive sign obtained for M., indicates that the moment has
the direction indicated in Fig. 281 (4). Following our general rule
for the sign of moments (Fig. 58) we then consider M, as a negative
bending moment.

4. Find the influence line for the bending moment at the built-
in end B of the beam 4B shown in Fig. 279, and calculate this
moment when the load is at the distance ¥ = //3 from the left

support.
Answer.
My = (4/27)IP.
5. Construct the influence line lP
for the horizontal reactions H of the A 5

frame shown in Fig. 167 (4) as the
load P moves along the bar A4B. ! A SN N
Answer. The influence line has l

the same shape as the deflection

curve of the bar /4B for the loading ”N__L. %
condition shown in Fig. 166 (¢). p

6. Construct the ignﬂuence line l-— _—l @ -
for the force X in the horizontal F
bar CD (Fig. 282, 4) as the load
P moves along the beam AB.
Calculate X when the load is at
the middle. The displacements | c -
due to elongation and contraction ©
of the bars are to be neglected Fic. 282.
and only the displacement due to
the bending of the beam 4B is to be taken into account.

-
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Solution. ‘The actual condition (Fig. 282, 4) is taken as the
first state of stress. In the second state the load P is removed
and the forces X are replaced by unit forces (Fig. 282, 4). Due to
these forces, upward vertical pressures equal to (1-4)/c are trans-
mitted to the beam 4B at the points ¥ and H and the beam de-
flects as indicated by the dotted line. If y is the deflection of the
beam at the point corresponding to the load P, and & is the dis-
placement of the points C and D towards one another in the second
state of stress, the reciprocal theorem gives

Xo—Py=o0 and X=P%- ()

Hence the deflection curve of the beam 4B in the second state is
the required influence line. The bending of the beam by the two
symmetrically situated loads is discussed in problem 1, p. 159.
Substituting (1-4)/c for P in the formulas obtained there, the de-
flection of the beam at F and that at the middle are

ch , A
Neme = g7/ —40) and  Womire = m(.?” — 4%,
respectively.
Considering the rotation of the triangle AFC (Fig. 282, ¢) as

a rigid body, the horizontal displacement of the point C is equal
to the vertical displacement of the point F' multiplied by 4/c; hence

h v
§=2-()e= =§E_I(3l — 40).

Substituting this and the deflection at the middle into eq. (7) gives

_ P3Pk e
8k 3l — 4¢
¢
P .
[, >
W { h 8
2
- T
Fic. 283. Fic. 284.

7. Find the influence line for the force in the bar CD of the
system shown in Fig. 283, neglecting displacements due to con-
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tractions and elongations and considering only the bending of the
beam A4B.

Answer. The line will be the same as that for the middle
reaction of the beam on three supports (see problem 1, p. 335).

8. Construct the influence line for the bar BC which supports
the beam A4B. Find the force in BC when P is at the middle
(Fig. 284).

Answer. Neglecting displacements due to elongation of the bar
BC and contraction of the beam 4B, the force in BCis % (P/sin a).

72. Exceptional Cases.—In the derivation of both the Cas-
tigliano theorem and the reciprocal theorem it was assumed that
the displacements due to strain are proportional to the loads acting
on the elastic system. There are cases in which the displacements
are not proportional to the loads, although the material of the
body may follow Hooke’s law. This always occurs when the dis-
placements due to deformations must be considered in discussing
the action of external loads. In such cases, the strain energy is no
longer a second degree function and the theorem of Castigliano
does not hold. In order to explain this limitation let us consider
a simple case in which only one force P acts on the elastic system.
Assume first that the displacement § is proportional to the corre-
sponding force P as represented by the straight line O4 in Fig. 285

—
P

o —*]

(@). Then the area of the triangle OA4B represents the strain
energy stored in the system during the application of the load P.
For an infinitesimal increase 48 in the displacement the strain energy
increases by an amount shown in the figure by the shaded area
and we obtain

dU = Pds. (@)
With a linear relationship the infinitesimal triangle 4DC is
similar to the triangle O4B; therefore

5 ] dapPs
f_s i o
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Substituting this into eq. (),

dU:P‘%,

from which the Castigliano statement is obtained:
dUu
P = 8. (¢)

An example to which the Castigliano theorem cannot be applied is
shown in Fig. 286. Two equal horizontal bars 4C and BC hinged at
A, B and C are subjected to the ac-

A s c sV tion of the vertical force P at C. Let
~5_ - C1 be the position of C after deforma-
Y Ty P tion and « the angle of inclination of
either bar in its deformed condition.
The unit elongation of the bars,

PRl Bk s from Fig. 286 (a), is
, e=(cosa—z);1. )

F1c. 286.

If only small displacements are con-
sidered, a 1s small and 1/cos @ = 1 4 (a*/2) approximately. Then,

from (d),

2|8,

€ =

The corresponding forces in the bars are

2
T = AEe = ’{f“ : ()
From the condition of equilibrium of the point C; (Fig. 286, 2),
P = 2aT, )
and for T, as given in eq. (¢),
‘ P = AE,
from which
3/ P
a=\Zx €3]
and
3
b= o= I (205)



ENERGY OF STRAIN 341

In this case the displacement is not proportional to the load P,
although the material of the bars follows Hooke’s law. The rela-
tion between § and P is represented in Fig. 285 (&) by the curve
OA. The shaded area O4B in this figure represents the strain
energy stored in the system. The amount of strain energy is

1]
U= f Pds. (4)
0
Substituting, from (205),
55 )
P = AEﬁ’ (’)
we obtain
AE AEst  Ps  Pl3 P
— ——— 3 = — = — == —A[—=
U= Oada— e 2 = 2 Vi )

This shows that the strain energy is no longer a function of the
second degree in the force P. Also it is not one half but only one
quarter of the product P§ (see art. 68). The Castigliano theorem
of course does not hold here:

‘i_l_f_i(f;/gi)_£113/_fi_f_5
dP = AP\ 4 N4E] ~3°N4E ™~ 3%

. Analogous results are obtained in all cases in which the displace-

ments are not proportional to the loads.






APPENDIX
MOMENTS OF INERTIA OF PLANE FIGURES

1. The Moment of Inertia of a Plane Area with Respect to an
Axis in Its Plane

In discussing the bending of beams, we encounter integrals
of this type:

I, = f A, (1)
A

in which each element of area 44 is multiplied by the square
of its distance from the 2-axis and integration is extended over
the cross sectional area 4 of the beam (Fig. 1). Such an
integral is called the moment of inertia of the area A4 with

Yy iy
r‘ ’h
\} 2
dy c } z
}
b
2
‘ 2’
— & —
Fic. 1. Fic. 2.

respect to the z-axis. In simple cases, moments of inertia can
readily be calculated analytically. Take, for instance, a
rectangle (Fig. 2). In calculating the moment of inertia of
this rectangle with respect to the horizontal axis of symmetry
z we can divide the rectangle into infinitesimal elements such
as shown in the figure by the shaded area. Then

/2
I, = 2f ybdy = bh¥[12. (2)
0

In the same manner, the moment of inertia of the rectangle
343
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with respect to the y-axis is
bf2
I, = 2f 2*hdy = hb[12.
1]

Equation (2) can also be used for calculating 7., for the
parallelogram shown in Fig. 3, because this parallelogram
can be obtained from the rectangle shown by dotted lines by a
displacement parallel to the axis z of elements such as the one
shown. The areas of the elements and their distances from
the z-axis remain unchanged during such displacement so that
I, 1s the same as for the rectangle.

Fic. 4.

In calculating the moment of inertia of a triangle with
respect to the base (Fig. 4), the area of an element such as
shown in the figure is

h—y

dd = 672 dy

and eq. (1) gives

h —
I. =f lz;l—;l—yy'-’dy = b1,
0

The method of calculation illustrated by the above examples
can be used in the most general case. The moment of inertia
is obtained by dividing the figure into infinitesimal strips
parallel to the axis and then integrating as in eq. (1).

The calculation can often be simplified if the figure can be
divided into portions whose moments of inertia about the axis
are known. In such case, the total moment of inertia is the
sum of the moments of inertia of all the parts.
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From its definition, eq. (1), it follows that the moment of
inertia of an area with respect to an axis has the dimensions
of a length raised to the fourth power; hence, by dividing the
moment of inertia with respect to a certain axis by the cross
sectional area of the figure, the square of a certain length
is obtained. This length is called the radius of gyration with
respect to that axis. For the y and 2z axes, the radii of gy-
ration are

k, = N1,[4; k. = ~N1./A4. (3)
Problems

1. Find the moment of inertia of the rectangle in Fig. 2 with
respect to the base. (Ans. I, = 44%/3.)

2. Find the moment of inertia of the triangle /BC with respect
to the axis 2" (Fig. 4).

Solution. This moment is the difference between the moment of
inertia of the parallelogram 4/BDC and the triangle BDC. Hence,

I, = bh¥|3 — bh¥ )12 = bhP/4.

y Yy
'/h y ta- & —f
[
L] % ] N
j hr h
C
1 i z a A z = z a
‘Z@ N 4 h L
. | A 7 3§
a et o ! b
fa) ()

Fic. s.
3. Find I, for the cross sections shown in Fig. 3.
— —_— 3

(Ans. I, = a*/12 — (a — 24)%12; I, = bad12 — G }ZI)I(; 24) 2

4. Find the moment of inertia of a square with sides @ with
respect to a diagonal. (Ans. I = a/12.)

5. Find %, and k. for the rectangle shown in Fig. 2. (Ans.
ky = b/23; ke = A/23)

6. Find k. for Figs. sa and 3é.

II. Polar Moment of Inertia of a Plane Area

The moment of inertia of a plane area with respect to an
axis perpendicular to the plane of the figure is called the polar
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moment of inertia with respect to the point, where the axis
intersects the plane (point O in Fig. 1)i It is defined as the
integral ‘

I, - f rdd, (4)

in which each element of area 4.4 is multiplied by the square of
its distance to the axis and integration is extended over the
entire area of the figure.

Referring back to Fig. 1, > = 32 4+ 2%, and from eq. (4)

Ip = L(yz +Zz)d/1 = .[z + -[v- (5)

That is, the polar moment of inertia with respect to any point O
is equal to the sum of the moments of in-
ertia with respect to two perpendicular
axes y and z through the same point.

Let us consider a circular cross section.
We encounter the polar moment of inertia
of a circle with respect to its center in dis-
cussing the twist of a circular shaft (see
article §8). If we divide the area of the
circle into thin elemental rings, as shown
in Fig. 6, we have d4 = 27nrdr, and from eq. (4),

dj2

I, =2r rdr = wd*/32. (6)

0

We know from symmetry that in this case 7, = I,; hence,
from eqgs. (5) and (6),

I, =1I, = }I, = nd'[64. (7)

The moment of inertia of an ellipse with respect to a
principal axis z (Fig. 7) can be obtained by comparing the
ellipse with the circle shown in the figure by dotted line.

The height y of any element of the ellipse such as the one
shown shaded can be obtained by reducing the height y; of the
corresponding element of the circle in the ratio 4/z. From
eq. (2), the moments of inertia of these two elements
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with respect to the z-axis are in the ratio #%/4’. The moments
of inertia of the ellipse and of the circle are evidently in the
same ratio; hence, the moment of inertia of the ellipse is

1. = 7(2a)![64-8|a® = wab®|4. (8)
Y
e (I
/// =1 —_—\T
T 7> 7 1
Y
l ) z

In the same manner, for the vertical axis
1, = mba®|4;

the polar moment of inertia of an ellipse is then, from eq,

(5),
I, = I, + I. = wab|4 + wba*l4. (9)

Problems
1. Find the polar moment of a rectangle with respect to the
centroid (Fig. 2). (Ans. I, = 6h312 + Ab/12.)
2 Find the polar moments of inertia with respect to their
centroids of the areas shown in Fig. s.

III. Transfer of Axis

If the moment of inertia of an area with respect to an axis z
through the centroid (Fig. 8) is known,
the moment of inertia with respect to
any parallel axis 2’ can be calculated z
from the equation:

y dA

e Q
N

I, =14+ Ad?, (10) -
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in which A is the area of the figure and 4 is the distance
between the axes. This can be proved as follows: from

eq. (1)

I, =f(_y + d)dA =fy2d4 + 2fydd.4 +fd2d.4.
A A A A

The first integral on the right side is equal to I,, the third
integral is equal to A44? and the second

d integral vanishes due to the fact that z

S llF===—=1 passes through the centroid; hence, this
1l # equation reduces to (10). Equation (10)

¢ isespecially useful in calculating moments

< % z of inertia of cross sections of built- up
JLs , beams (Fig.g). The positions of the cen-

?  troidsof standard angles and the moments

f__._.[._ -——zl_l_ of inertia of their cross sections with re-

spect to an axis through their centroid
are given in hand books. By transfer of
axis, the moment of inertia of such a built-up section with
respect to the z-axis can readily be calculated.

.y
=
2}

©

Problems

1. By transfer of axis, find the moment of inertia of a triangle
(Fig. 4) with respect to the axis through the centroid and parallel to
the base. (Ans. I = 64%/36.)

2. Find the moment of inertia I, of the section shown in Fig. 9
if 2= 120", 4 =1%", and the angles have the dimensions 4" X 4"
>< %I’.

Solution. I, = 20%/(2 X 12) + 4[5.56 + 3.75(10 — 1.18)?]
= 1,522 int

3. Find the moment of inertia with respect to the neutral axis
of the cross section of the channel shown in Fig. 85.

IV. Product of Inertia, Principal Axes
The integral

I,. =fyzd.4, (11)
A

in which each element of area dA is multiplied by the product
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of its coordinates and integration is extended over the entire
area A of a plane figure, is called the product of inertia of the
figure. If a figure has an axis of symmetry which is taken for
the y or z axis (Fig. 10), the product of inertia is equal to zero.
This follows from the fact that in this case for any element
such as 44 with a positive 2 there exists an equal and sym-
metrically. situated element d4’ with a negative 2. The
corresponding elementary products yzdA cancel each other;
hence integral (11) vanishes.

dA’ L @A

Fic. 10, Fia. 11.

In the general case, for any point of any plane figure, we
can always find two perpendicular axes such that the product
of inertia for these axes vanishes. Take, for instance, the axes
y and 2, Fig. 11. If the axes are rotated about O 9o° in the
clock-wise direction, the new positions of the axes are y’ and
2’ as shown in the figure. There is then the following relation
between the old coordinates of an element dA4 and its new
coordinates:

y =z 2 = —.

Hence, the product of inertia for the new coordinates is

Lyz =f_y’z’a'zi = ——fyzdd = — I,
A A

thus, during this rotation, the product of inertia changes its
sign. As the product of inertia changes continuously with
the angle of rotation, there must be certain directions for which
this quantity becomes zero. The axes in these directions are
called the principal axes. Usually the centroid is taken as the
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origin of coordinates and the corresponding principal axes are
then called the centroidal principal axes.. If a figure has an
axis of symmetry, this axis and an

Y . . . .

a axis perpendicular to it are prin-
A cipal axes of the figure, because
the product of inertia with respect
¢ Z  to these axes is equal to zero, as

f , explained above.
z If the product of inertia of a

Fic. 12.

figure is known for axes y and 2
(Fig. 12) through the centroid, the product of inertia for
paralle] axes y’ and 2’ can be found from the equation:

_ Iyr =1, + Aab. (12)
The coordinates of an element 44 for the new axes are

y =y + & 2 =2+ a.
Hence,

1@:Lﬁﬁd=£@+@@+mm

= [ yuta + [ avdd + [ yadd + [ s
A A A A

The last two integrals vanish because C is the centroid so that
the equation reduces to (12).

Problems
1. Find I, for the rectangle in Fig. 2.  (Ans. Iyrp = (822%4).)
2. Find the product of inertia of the v
angle section with respect to the y and 2 /1 3
axes. Do the same for the y1 and 2z axes I Vi
(Fig. 13). , a //
Solution. Dividing the figure into two % <.
. PRERN 45
rectangles and using eq. (12) for each of \{ Ly .
these rectangles, we find N £,
1. = @Ky + P(a = )]s s
Fic. 13.

From the symmetry condition Jy,, = o.
3. Determine the products of inertia Iy, of the sections shown in
Fig. 5 if C is the centroid.



MOMENTS OF INERTIA OF PLANE AREAS 351

Solution. For Figs. sa and §b, I,. = o because of symmetry.
In the case of Fig. ¢, dividing the section into three rectangles,
and using eq. (12), we find

a—hb
I = — 2(6 — m)A P
V. Change of Direction of Axis. Determination of the
Principal Axes
Suppose that the moments of inertia
I, = f yidd, I,= f 2dA ()
A A
and the product of inertia
I, = fyza’d (%)
A

are known, and it is required to find the same quantities for

Fic. 14.

the new axes y: and % (Fig. 14). Considering an elementary
area dA, the new coordinates from the figure are

2 =2C0S @+ ysing; y1=ycose—2zsing, (¢)

in which ¢ is the angle between z and 2.. Then,
I, = fy#dd = f (y cos ¢ — 2sin ¢)2dAd = fyz cos?® pdA
A A A

-+ f 22 sin? pdAd — fﬁyz sin ¢ cos edA,
A A
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or by using (4) and (&)

I, =1I,cos® ¢ + I,sin? ¢ — I, sin 2¢. (13)
In the same manner

I, = I,sin? ¢ + I, cos? ¢ + I, sin 2¢. (13") .

By taking the sum and the difference of egs. (13) and (13’)
we find

Izl+Iv‘=Iz+Im (14)
I, — I, = (I. — I,) cos 2¢ — 2[,. sin 2¢. (15)

These equétions are very useful for calculating I, and /,,.
For calculating 7., we find

Ly = L_ylzxa'/f = L(_y cos ¢ — z sin ¢)(z cos ¢
+ y sin ¢)dAd = fy“’ sin ¢ cos odAd
A

- fzz sin ¢ cos pdd + f._yz(cos2 ¢ — sin? ¢)dA,
4 A
“or by using (2) and (%)
L. = (I, — I,)} sin 2¢ + I, cos 2¢. (16)

The principal axes of inertia are those two perpendicular
axes for which the product of inertia vanishes. The axes y,
and z; in Fig. 14 are principal axes if the right side of eq. (16)
vanishes.

(. — 1,)} sin 2¢ + I,. cos 2¢ = 0;
this gives
tan 29 = 2/1,,/([, — I.). (17)
Let us determine, as an example, the directions of the principal

axes of a rectangle through a corner of the rectangle (Fig. 2).
In this case,

Iy = bh¥)3; Iy = ht*[3; lyy = 0°R%4;
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hence,

tan 2¢ = 2(}153/3&251_2 513 = 30h[2(8* — A%). (d)

In the derivation of eq. (17), the angle ¢ was taken as posi-
tive in the counter-clockwise direction (Fig. 14), so ¢ must
be taken in this direction if it comes out positive. Equation
(d) gives two different values for ¢ differing by 9o°. These
are the two perpendicular directions of the principal axes.
Knowing the directions of the principal axes, the corresponding
moments of inertia can be found from egs. (14) and (15).

The radii of gyration corresponding to the principal axes
are called principal radii of gyration.

If y1 and z; are the principal axes of inertia (Fig. 15) and #,,
and %, the principal radii of gyration, the ellipse with £, and

!
!
fo—Hy—>

Fia. 135,

k., as semi-axes, as shown in the figure, is called the e//ipse of
inertia. Having this ellipse, the radius of gyration %, for any
axis z can be obtained graphically by drawing a tangent to the
ellipse parallel to z. The distance of the origin O from this
tangent is the length of k.. The ellipse of inertia gives a
picture of how the moment of inertia changes as the axis z
rotates in the plane of the figure about the point O, and shows
that the maximum and minimum of the moment of inertia
are the principal moments of inertia.
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Problems

1. Determine the directions of the centroidal principal axes of
the Z section (Fig. §c) if A= =1";6 =§";a = 10".

2. Find the directions of the centroidal principal axes and the
corresponding principal moments of inertia for an angle sectign
§” X 23" X 3”. (Ans.tan2¢ = 0.§47; I nae = 9.36in.%; I i = 0.99
in.t)

3. Determine the semi-axes of the ellipse of inertia for an
elliptical cross section (Fig. 7). (Ans. k. = 8/2; k, = a/2.)

4. Under what conditions does the ellipse of inertia become a
circle? (Ans. When the moments of inertia with respect to the
principal axes are equal.)
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A

Angle of twist, 264
Assembly stresses, 25

B

Beams, Chapters 111, IV, V, VI, VII
cantilever, 81, 138, 147
continuous, 200
deflection of, Chap. V
normal stresses in, 102
of built-up sections, 126
of reinforced concrete, 220
of two different materials, 216
of variable cross section, 209
on three supports, 197
principal stresses in, 121
shearing stresses in, 109
simply supported at ends, 68, 137, 140
with built-in ends, 184
with overhanging ends, 162

Bending and direct stresses, 226
and twist combined, 276
in a plane inclined to principal planes,

166
moment, 68
moment diagram, 74
moment diagram modified, 211
moment equivalent, 278
of bi-metallic strip, 217
of continuous beams, 200
of frames, 188
of L beam, 100
potential energy of, 296
pure, 88
theory of, Chapters III, IV, V, VI, VII

Bi-metallic strip, 217

Boiler, cylindrical, 42

Built-in ends, 176

Built-up beams, 126

C
Cantilever beam, 81, 138, 147
deflection of, 147
Castigliano, theorem, 308
deflection of trusses by, 314
solution of statically indeterminate
problems by, 320
Circular shaft in torsion, 261
ring, extension of, 29
ring, rotating, 30
Clapeyron’s theorem of three moments,
203
Columns, Chapter VIII
design of, 249, 255
factor of safety in, 256
Combined bending and direct stresses,
Chapt. VIII, 226
bending and twist, 276
stresses, Chap. 11, 35
stresses represented by Mohr’s circle, 38
Compression, 4
eccentric, 230
Compressive strain, 4
stress, 4
Conical springs, 275
Continuous beam, 200
with the supports not on the same level,
204
Contraction, lateral, 50
Core of a section, 235
Critical load, 244
Cross sections of beams, various shapes,

Curvature of beams, 91, 134
Cylindrical boiler, 42
Cylindrical tubes, thermal stresses in, 31

D

Deflection curve, differential equation,

134
by using bending moment diagram, 144
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Deflection of beams, Chap. V, 134
cantilever, 147
due to impact, 3oo
due to shearing force, 170
of variable cross section, 209
simply supported at ends, 153
under direct and bending load, 239
uniformly loaded, 137, 156
with built-in ends, 184
with overhangs, 162
Deflection of helical springs, close coiled,
273
conical, 276
of leaf_type, 211
Diagrams of bending moment, 74
shearing force, 74
Differential equation of deflection curve,
134
E

Eccentric longitudinal loading, 230
Elastic, perfectly, partially, 2
Elastic strain energy, Chap. X, 281
Elasticity, 2
modulus of, 3
Elongation in simple tension, 4
under combined stress, 52, 62
Energy of strain, 1, Chap. X, 281
in bending, 296
in shear, 292 -
in tension, 281
in torsion, 293
Equal strength in tension, 17
in bending, 209
Equation of three moments, 203
of deflection curve, 134

F

Factor of safety, 8
Flexural rigidity, 91
Frames, 188

H

Helical springs, close coiled, 271
Hollow shaft, 268
Hooke's law, 2

SUBJECT INDEX

I
Imaginary loading in the theory of bend-
ing, 154

Impact in bending, 300

tension, 285

torsion, 295
Indeterminate systems, 19, 17§
Inertia, moment of, Appendix
Influence line, 335
Initial stresses in tension, 2§
Isotropic material, 51

L

Lateral contraction, 50
Least work, principle of, 320
Limit of proportionality, proportional
limit, 6
M
Modulus of elasticity in shear, 56
in tension and compression, 3
of volume, 63
Modulus of resilience, 282
Modulus of section, 92, 238
Mohr circle, 38
Moment, bending, 68
of inertia, Appendix

N
Neutral axis, 89
surface, 89
Normal stress, 36
P

Permanent set, 2
Poisson’s ratio, 50
Polar moment of inertia, Appendix
Potential energy of strain, Chap. X, 281
Principal axes of inertia, Appendix
planes of bending, 93, 166
stresses, 47
stresses in beams, 121
stresses in shafts, 277
Principle of superposition in bending, 144
of least work, 320
Product of inertia, Appendix
Proportional limit, limit of proportion-
ality, 6
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R

Radius of curvature, g1
Radius of gyration, Appendix
Reciprocal theorem, 330
Reduced mass, 289, 303
Redundant constraint, 176
Reinforced concrete beams, 220
Resilience, 282
Rigidity modulus, 56
Rings, circular, 23

rotating, 30
Rivet stress, 60, 130

S
Safety factor, 8
" Section modulus, 92, 238
Set, permanent, 2
Shafts, of circular cross section, 261
hollow, 268
under bending and twist, 276
Shapes of cross sections of beams, g7
Shear, pure, 54
Shear in beams, 109
deflection due to, 170
in rivets, 60, 130
Shearing force in bending, 68
diagram, 74
effect on deflection, 170
Shearing stress in beams, 109
of circular section, 116
of I Section, 118
of rectangular cross section, 113
of reinforced concrete, 224
in tension, 36
Springs, helical close coiled, 271
conical, 275
leaf-type, 211
Strain, tensile, compressive, 4
energy in bending, 296
energy in shear, 292
energy in tension, 281
general expression, 30§
shearing, 5§
Strength, ultimate, 7
bar of equal, 17
Stress, 3
combined, 41

compressive, tensile, 4
principal, 46
principal in bending, 121
shearing in bending, 109
shearing in tension, 36
working, 7

Struts, 239
short, eccentrically loaded, 230

T
Tensile test, 1
Tensile test diagram, 6
Tension and compression, Chap. 1
impact in, 285
strain energy of, 281
Thermal stresses in bending, 96, 187
in tension, compression, 2§
Three moment equation, 203
Thrust on columns, 230, 239
Torque, 264
Torsion circular shafts, 261
combined with bending, 276
hollow shafts, 268
rectangular shafts, 269
strain energy of, 293
Torsional rigidity, 270
Trajectories of stresses, 123

9]

Cltimate strength, 7

Uniform strength in tension, 17
in bending, 209

Unit elongation, 4

v
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Variable cross section of tensile bars, 17

of beams, 209
Volume change, 63
Volume modulus of elasticity, 63

w
Working stress, 7

Yielding, 6
Yielding point, 6




