
Stochastic Processes and Operator Calculus on Quantum Groups 



Mathematics and Its Applications 

Managing Editor: 

M. HAZEWINKEL 

Centre for Mathematics and Computer Science, Amsterdam, The Netherlands 

Volume 490 



Stochastic Processes and 
Operator Calculus on 
Quantum Groups 

by 

Uwe Franz 
Institut für Mathematik und Informatik, 
Emst-Moritz-Amdt-Universität Greifswald, 
Greifswald, Germany 

and 

Rene Schott 
Institut Elie Cartan and Loria, 
Universite Henri Poincare-Nancy 1, 
Vandoeuvre-les-Nancy, 
France 

Springer-Science+Business Media, B.V. 



A C.I.P. Catalogue record for this book is available from the Library of Congress. 

ISBN 978-90-481-5290-2 ISBN 978-94-015-9277-2 (eBook) 

DOI 10.1007/978-94-015-9277-2 

Printed on acid-free paper 

All Rights Reserved 
© 1999 Springer Science+Business Media Dordrecht 
Originally published by Kluwer Academic Publishers in 1999. 
Softcover reprint of the hardcover 1 st edition 1999 

No part of the material protected by this copyright notice may be reproduced or 
utilized in any form or by any means, electronic or mechanical, 
inc\uding photocopying, recording or by any information storage and 
retrieval system, without written permission from the copyright owner. 



Contents 

Preface vii 

1 Introduction 1 

2 Preliminaries on Lie groups 5 
2.1 Basic definitions .. 5 
2.2 Examples . . . . . . 7 
2.3 Dual representations 9 
2.4 The splitting lemma 15 
2.5 The composition law 20 
2.6 Matrix elements 22 
2.7 Stochastic processes on Lie groups 24 

3 Hopf algebras, quantum groups and braided spaces 45 
3.1 Coalgebras, bialgebras, and Hopf algebras 46 
3.2 Examples of bialgebras and Hopf algebras 50 
3.3 Dual representations for quantum groups 58 
3.4 A composition law for quantum groups . 68 
3.5 q-Exponentials . . . . . . 73 
3.6 Matrix elements ............. 78 
3.7 Braided tensor categories ........ 81 
3.8 Braided bialgebras and braided Hopf algebras 83 
3.9 Examples of braided bialgebras and braided Hopf algebras . 86 
3.10 Braided spaces . . . . . . 88 
3.11 Compact quantum groups . . . . . . . . . 91 

4 Stochastic processes on quantum groups 93 
4.1 Quantum prob ability . . . . . 93 
4.2 Independence . . . . . . . . . . . . . . . . 94 
4.3 Levy processes on bialgebras ....... 96 
4.4 Realisation of Levy processes on Fock spaces . 98 
4.5 Realisation of Levy processes by an inductive limit 102 
4.6 Multiplicative stochastic integrals. . . 105 
4.7 Feynman-Kac formula . . . . . . . . . 106 
4.8 Time-reversal, duality, and R-matrices 109 

v 



vi CONTENTS 

5 Markov structure of quantum Levy processes 119 
5.1 Classical vers ions of quantum Levy processes . . . . . . . . . 120 
5.2 Examples of classical versions of Levy processes on <Dq(a, a*) 125 
5.3 Examples of classical versions of Levy processes on Uq (sl(2)) 131 
5.4 Levy pro ces ses on Uq(aff(l)) . . . . . . . . . . . . . . . . . . 136 

6 Diffusions on braided spaces 139 
6.1 A construction of (pseudo-) diffusions on braided spaces 140 
6.2 Appell systems 146 
6.3 Densities........................... 150 

7 Evolution equations and Levy processes on quantum groups 153 
7.1 Appell systems . . . . 153 
7.2 Wigner-type densities ..................... 156 

8 Gauss laws in the sense of Bernstein on quantum groups 161 
8.1 Gaussian functionals in the sense of Bernstein. 161 
8.2 Uniqueness of embedding ............ 171 
8.3 Gaussian semi-groups in the sense of Bernstein 175 

9 Phase retrieval for probability distributions on quantum groups 
and braided groups 183 
9.1 Classical simply connected nilpotent Lie groups . . . . . . . . 184 
9.2 The phase problem on the braided line . . . . . . . . . . . . . 185 
9.3 The phase problem on nilpotent quantum or braided groups . 185 
9.4 On the braided plane. . . . . . . . . . . 187 
9.5 On the braided Heisenberg-Weyl group. . . . . . . . . . . . . 187 

10 Limit theorems on quantum groups 189 
10.1 Analogues of the law of large numbers and the centrallimit theorem 189 
10.2 A mixed quantum-classical centrallimit theorem . . . . . . . . 191 
10.3 Convergence to the Haar measure on compact quantum groups 198 
10.4 q-centrallimit theorem for Uq (su(2)) . . . . . . . . . . . . 198 
10.5 Domains of attraction for q-transformed random variables 206 

Bibliography 215 

Index 225 



Preface 

Quantum groups have been investigated rather deeply in mathematical physics 
over the last decade. Among the most prominent contributions in this area let us 
mention the works of V.G. Drinfeld, S.L. Woronowicz, S. Majid. Prob ability the­
ory on quantum groups has developed in several directions (see works of P. Biane, 
RL. Hudson and K.R Partasarathy, P.A. Meyer, M. Schürmann, D. Voiculescu). 
The aim of this book is to present several new aspects related to quantum groups: 
operator calculus, dual representations, stochastic processes and diffusions, Appell 
polynomials and systems in connection with evolution equations. Much of the ma­
terial is scattered throughout available literature, however, we have nowhere found 
in accessible form all of this material collected. The presentation of representation 
theory in connection with Appell systems is original with the authors. Stochastic 
processes (example: Brownian motion, diffusion processes, Levy processes) are in­
vestigated and several examples are presented. 
As a text the work is intended to be accessible to graduate students and researchers 
not specialised in quantum prob ability. 
We would like to acknowledge our colleagues P. Feinsilver, R Lenzceswki, D. 
Neuenschwander, and M. Schürmann for allowing us to use material which has 
been the object of joint works. We would like as weIl to acknowledge our col­
leagues from Clausthal (Arnold Sommerfeld Institute), Greifswald (Institut für 
Mathematik und Informatik), Nancy (Institut Elie Cartan and LORIA), Stras­
bourg (IRMA) for numerous discussions on the topic of this book. Finally we 
express gratitude to our families and to all our friends. Their patience and en­
couragement made this project possible. 

vii 



Chapter 1 

Introduction 

Quantum prob ability is now a quite active research area motivated by applications 
in physics. Recent books of Biane [Bia93], Meyer [Mey93], and Parthasarathy 
[Par92] are recommended as introductions to this field. For quantum probability 
on Hopf algebras see Schürmann [Sch93], or also [Mey93, Chapter VII] and Majid 
[Maj95b, Chapter 5]. 

In this book we present some recent developments in the theory of stochastic 
processes and operator calculus on quantum groups. 
The organisation of this book is as follows: 

We begin in Chapter 2 with some preliminaries on Lie groups and related 
topics: representation theory, construction of stochastic processes, Appell systems. 
This chapter is intended to provide some intuition that might be helpful later on. 
Many of our results for quantum groups were motivated by their counterparts on 
Lie groups and still contain them as a special case or as "classicallimit". 

Chapter 3 provides the necessary background on the algebraic structures that 
we are going to use in the following chapters. 

Even though no generally accepted definition seems to exist to this day, most 
authors agree that a quantum group should at least be abialgebra or a Hopf 
algebra. For the definition of Levy processes in Chapter 4, it is sufficient to have 
an involutive bialgebra structure. 

First, in Section 3.1, we give the basic definitions of bialgebras and Hopf alge­
bras. Duality and dual representations are also already introduced. In the next 
section (Section 3.2) we present several examples of bialgebras and Hopf alge­
bras. We start with a few classical examples arising from groups or semi-groups 
and continue then with some standard examples of non-commutative and non­
cocommutative Hopf algebras. In Section 3.3, we study dual representations. We 
show that the definition of dual representations for dually paired bialgebras ex­
tends that of dual representations for Lie algebras introduced in Section 2.3, show 
that similar techniques can be used for calculating them, and present the explicit 
calculations for several examples. To underline the similarity to the theory on Lie 
groups furt her we introduce an analogue of the composition law in Section 3.4. It 
is a consequence of duality, but written in terms of the dual pairing it has the same 
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2 Chapter 1 

form as the composition (or group) law on Lie groups. In Section 3.6 we intro­
du ce matrix elements for dual representations of quantum groups along the line of 
Section 2.6. In Section 3.7 we introduce braided tensor categories, an important 
concept that is intimately related to the representation theory of quantum groups. 
In the next two Sections (Sections 3.8 and 3.9) we define braided bialgebras and 
braided Hopf algebras and present several examples. In Section 3.10 we concen­
trate on a special class of braided Hopf algebras which are primitively generated, 
called braided spaces. 

In Chapter 4 we come to our main topic, the study of stochastic processes on 
quantum groups. First, we recall the basic terminology of non-commutative or 
quantum probability. In Section 4.2 we introduce the not ion of independence for 
quantum random variables. The next section (Section 4.3) contains the definition 
of quantum stochastic processes with independent and stationary increments, i.e. 
Levy processes. As in the classical situation, these pro ces ses are completely char­
acterised by their convolution semi-group or by their generators. In Sections 4.4 
and 4.5 we describe two constructions of realisations of Levy processes. The first 
starts from the generator and gives a realisation on a Bose Fock space. In order to 
do so, one constructs the so-called Schürmann triple of the generator, which ap­
pears as coefficients in the quantum stochastic differential equation of the process. 
The second requires a convolution semi-group of normalised functionals as input 
and uses an inductive limit procedure. The resulting realisation is poorer from the 
analytical point of view, but it has the advantage that it can be applied in a more 
general situation, even if the semi-group is not positive. In Section 4.6, we con­
struct convolution semi-groups on quantum groups from classical Levy processes 
and in Section 4.7 we prove an analogue of the Feynman -Kac formula for these 
semi-groups. The last section (Section 4.8) deals with duality and time-reversal. 

In Chapter 5 we show that Levy processes have a natural quantum Markov 
structure and use this to deal with the quest ion which quantum stochastic pro­
cesses admit classical versions, Le. for what families of operators (Xt)tEI (of the 
form X t = jt(x), where (jt) is a Levy process), there exists a classical stochastic 
process (Xt)tEI on some prob ability space (0, F, P) such that all time-ordered 
moments agree, i.e. 

(1.1) 

for all n, k1 , ... , kn E lN, t1 :S ... :S t n EI, for the (vacuum) state <P. 
A famous example of a classical version of a quantum Levy process is the 

Azema martingale. It is weH known that on a commutative algebra the quantum 
Markov property is sufficient for the existence of classical versions. Therefore it is 
sufficient to find commutative *-subalgebras such that the restriction of our process 
is still Markovian. We show that we can obtain quantum Markov processes on 
commutative subalgebras from quantum Levy pro ces ses that are not commutative, 
and that there exist also commutative processes that are not Markovian. We also 
show that this approach leads to a powerful tool for the explicit calculation of the 
classical generators or measures. 

The next two chapters investigate the relation between Levy pro ces ses and 
evolution equations. In Chapter 6, we define and construct diffusions on braided 
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spaces, and we show that their shifted moments sequences are polynomials (the 
so-called Appell polynomials). These polynomials satisfy equations of the form 
(8t - L)u = 0, where L is an operator consisting of linear and quadratic terms in 
the braided-partials 8i . In Section 6.3 we give abrief discussion of how density 
functions can be introduced. 

In Chapter 7 we consider stochastic processes on quantum groups that are 
related to evolution equations of the form 

8t u = Lu, 

with some difference-differential operator L. For the equations considered in Sec­
tion 7.1, u is an element of a quantum or braided group A. We recall that solutions 
of these equations can be given as Appell systems or shifted moments of the as­
sociated process, and show how these can be calculated explicitly on the q-affine 
group and on a braided analogue ofthe Heisenberg-Weyl group. In Section 7.2, we 
define a Wigner map from functionals on a quantum group or braided group to a 
"Wigner" density on the undeformed space. We prove that the densities associated 
in this way to (pseudo-) Levy processes satisfy a Fokker-Planck type equation. In 
the one-dimensional case these coincide with the evolution equations of Section 
7.1, but in the general case we get new equations. 

In Chapter 8, we turn to the characterisation of certain prob ability laws and 
convolution semi-groups on nilpotent quantum groups and on nilpotent braided 
groups. In Section 8.1 we determine the functionals which satisfy an analogue of 
the Bernstein property, i.e. that the sum and difference of independent random 
variables are also independent, on several braided groups. This extends results 
obtained on Lie groups by D. Neuenschwander et al. , cf. [Neu93], [NRS97]. As 
for Lie groups this dass turns out to be too small to constitute a satisfactory 
definition of Gaussianity. Therefore we turn to convolution semi-groups. We show 
the uniqueness of embedding into continuous convolution semi-groups on nilpotent 
quantum groups and nilpotent braided groups in Section 8.2. In Section 8.3 we 
define Gaussian convolution semi-groups in the sense of Bernstein and calculate 
their generators on several nilpotent braided groups. We show that quadratric 
generators on Hopf algebrs (as defined by Schürmann[Sch93]) generate semi-groups 
that are Gaussian in the sense of Bernstein. 

Chapter 9 presents the results of Franz, Neuenschwander, and Schott[FNS97b] 
for the problem of phase retrieval on nilpotent quantum groups and nilpotent 
braided groups: Given the symmetrisation J.l * Ti and the first moments of a unital 
functional J.l on A, when is it possible to retrieve the original functional J.l from these 
data? The somewhat surprising answer is that in this framework, the retrieval is 
always possible (provided that the quantum or braided group is "sufficiently" non­
commutative, e.g. if q is not a root of unity). By definition functionals on quantum 
groups have all moments and are uniquely determined by them. So it will suffice to 
show that the moments of the symmetrisation and the first moments of J.l together 
allow to calculate all moments of J.l recursively. Observe that one can not expect 
to be able to remove the condition of knowledge of the first moments of J.l, since 
already on the dassical realline, in the best possible case, J.l can be determined by 
its symmetrisation only up to a shift. The situation on nilpotent quantum groups 
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and nil potent braided groups is in sharp contrast to the classical case of simply 
connected nilpotent Lie groups, where the moments can not be retrieved, as we 
see in Section 9.I. 
In Chapter 10 we present several limit theorems. In Section 10.1, the general 
results for limit theorems on bialgebras due to Schürmann [Sch93] is presented. 
Then a randomised q-central (or q-commutative) limit theorem on a family of 
bialgebras with one complex parameter is shown in Section 10.2. This result is 
due to U. Franz [Fra98]. Section 10.3 is devoted to Woronowicz results [Wor87] on 
convergence of convolution products of prob ability measures to the Haar functional 
on compact quantum groups. A q-centrallimit theorem for Uq (su(2)) has been 
proved by R. Lenczewski [Len93, Len94], this result is stated in Section 10.4 as 
weH as a weak law of large numbers which derives easily from the central limit 
theorem. Then we recaH D. Neuenschwander and R. Schott's (cf. [NS97]) results 
on domains of attraction for q-transformed random variables in Section 10.5. 



Chapter 2 

Preliminaries on Lie groups 

We begin by recalling some basic definitions. The theory of Lie groups and Lie 
algebras can be found in many textbooks, see e. g. [HN91, Hum87, SW86, Ser92, 
Var84]. We list several examples of Lie algebras in section 2.2. 

In the following sections we develop some representation theory that we will 
need later to construct stochastic processes on Lie groups . The methods that we 
apply are taken from e. g. [GDF82, FS90, FKS93]. 

First we consider the actions of a Lie algebra on its universal enveloping algebra 
defined by multiplication from the left or from the right (the master representation 
of [GDF82]). We then show how vector field realisations of the Lie algebra arise 
as the duals of these actions. 

Next we show how these realisations can be used to compute decomposition 
formulas, i. e. formulas that represent a group element as product of N one­
parameter subgroups, where N is the dimension of the corresponding Lie algebra. 
We show how the group law looks in these parameters, and define the matrix 
elements of the representation of the group on the universal enveloping algebra. 
These will be special functions. Their properties, such as summation theorems 
and recurrence relations, can also be derived from the approach presented here. 

2.1 BASIC DEFINITIONS 

Let G be a group and an analytic lK-manifold, where lK stands for the field of 
complex or real numbers. G is called a Lie 9rouP, if the multiplication 

and the inverse 

m : GxG~G 

(91,92) I-t 9192 

5 
U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999



6 Chapter 2 

are analytical maps. A Lie algebra over IK is a IK-vector space 9 equipped with a 
IK-bilinear map [., .] : 9 X 9 --+ 9 that satisfies 

• [X, Y] = - [Y, X] for all X, Y E 9 (anti-symmetry), 

• [X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = 0 for all X, Y, Z E 9 (Jacobi identity). 

Example: Let (A,·) be an associative IK-algebra. Then AL = (A, [., .]), with 
the Lie bracket [., .] defined by 

[X, Y] = X . Y - Y . X for X,Y E A, 

is a IK-Lie algebra. 

For each IK-Lie group G there exists a unique IK-Lie algebra L(G) whose 
elements can be considered as left-invariant vector fields on G, and for every IK­
Lie algebra 9 there exists a simply connected IK-Lie group G such that L(G) = g. 

One of the most important tools for the study of Lie groups and Lie algebras 
is the exponential map exp : L(G) --+ G. For nilpotent Lie algebras and for linear 
Lie groups (i. e. G ~ Gl(n, IK) and L(G) ~ M(n, IK)) it can be defined via the 
exponential series 

00 Xk 
exp(X) = L Tl' 

k=O 

In general it is defined by 
exp(X) = 'Yx(l), 

where 'Yx (t) is the integral curve of the vector field X with initial value 'Yx (0) = e 
(the unit element of G). With the exponential map we can write the action of 
XE L(G) as a vector field on G as 

(Xf)(g) = :tlt=o j(gexp(tX)) for j E Coo(G). 

We will now introduce the universal enveloping algebra U(g) of a Lie algebra 
g. Let T(g) be the tensor algebra of g, and J the ideal generated by 

{X ® Y - Y ®X - [X,Y];X,Y E g}. 

Then the universal enveloping algebra U(g) is defined as the quotient 

U(g) = T(g)jJ. 

We identify 9 with its image O'(g) under the canonical mapping 0' : 9 --+ U(g). If 
{Xl,"" X n } is a basis of g, then, by the Poincare-Birkhoff- Witt theorem, the set 

{Xi' ... X;:k; f.1 = (f.1l'''·' f.1n) E 7l~} 

is a basis of U(g). The universal enveloping algebra is characterised by the uni­
versal property: 
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Let A be an associative algebra and let r.p : 9 --+ AL be a Lie algebra 
homomorphism. Then r.p extends to a unique algebra homomorphism 
<j; : U(g) --+ A such that r.p(X) = <j;(X) for aH X E g. 

7 

A representation p of a (Lie) algebra A (resp. g) on a vector space V is a linear 
mapping 

such that 

p 

(resp. p 

p( a . b) 

(resp. p([X, Y)) 

A --+ Hom(V, V) 

9 --+ Hom(V, V)) 

p(a) 0 p(b) 

p(X) 0 p(Y) - p(Y) 0 p(X)) 

for aH a, b E A (resp. X, Y E g). The universality property implies that the 
representation theory of gis equivalent to that of U(g). 

For every algebra (A,m,e) we can define its opposite AOP = (A,mOP,e) with 
the multiplication mOP defined by 

mOP(a, b) = m(b, a), for aH a, b E A. 

For Lie algebras the anti-symmetry implies that Sg : 9 --+ gOP, S(X) = -X for aH 
X E 9 is a Lie algebra homomorphism, i. e. 

( = [Sg(Y), Sg(X)] ). 

This map extends to a homomorphism between the enveloping algebras S : U(g) --+ 
U(gOP) ~ U(g)OP. Note that since the algebras U(g) and U(g)OP are defined on the 
same spaee, we ean also eonsider S as an algebra anti-homomorphism from U(g) 
to itself. 

2.2 EXAMPLES 

We now introduce the Lie algebras that we will use in the foHowing. 

2.2.1 The affine group and its Lie algebra 

The group of affine motions on the realline is equal to Af f(l) = {(a, b) E lR?; a > 
O}. Its group law and its action on the realline are given by 

(A, B) 0 (a, b) 

(a, b)(x) 
(Aa,aB + b), 

ax + b. 

Af f(l) is a Lie group. A basis of the tangent space at the unit element (1,0) is 
given by Xl = Oal(a,b)=(l,o) and X 2 = obl(a,b)=(I,O)' These tangent vectors, when 
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extended as left-invariant vector fields, become Xl = a8a + b8b and X 2 = 8b • 

They satisfy [XI ,X2] = -X2 • In the following calculations we choose the basis 
X = -Xl and Y = X 2 with the commutation relations 

[X,Y] = Y 

as a basis for the Lie algebra af f(I). Note that this is the only noncommutative 
two-dimensional Lie algebra. 

2.2.2 N -step nilpotent Lie algebras 

The Lie algebra g with basis Xo, Xl, ... , XN and commutation relations 

0, [XO,XN] 

[XO,Xi ] 

[Xi,Xj ] 

Xi+l, 1 ~ i ~ N - 1, 

0, 1 ~ i,j ~ N, 

is nilpotent, with g2 = [g, g] = span{X2, ... , X N }, ... , gi = [g, gi-I] 
= span{Xi , ... , XN}, (2 ~ i ~ N), and gN+l = [g, gN] = {O}. For N = 2 this 
algebra is called the Heisenberg- Weyl algebra. 

2.2.3 The finite-difference algebra 

Consider the operators T, b., and X defined by 

Tf(x) 
b.f(x) 

Xf(x) 

fex + 1), 
= fex + 1) - fex), 
= xf(x). 

These operators are a basis of the Lie algebra with basic commutation relations 

[T,X] T, 

[b.,X] T, 

[T,b.] O. 

This Lie algebra is solvable, g(1) = g, g(2) = [g, g] 
[g(2), g(2)] = {O}. 

2.2.4 The rotation group and its Lie algebra 

span{T}, and g(3) 

The real Lie algebra generated by Xl, X 2 , X 3 with the commutation relations 

+cyd. l 

lwhere "+cycl." means that the relations obtained by cyclic permutation of the indices are 
also true, i. e. [X2, X3] = Xl and [X3, XI] = X2. Because of the anti-symmetry this determines 
the Lie bracket completely. 
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is generally denoted as 80(3). It is useful to notice that the complexification of 
80(3) is isomorphic to the Lie algebra 8l(2, <C). Ifwe set H = 2iX3 , X+ = iX1 -X2 , 

X_ = iX1 + X 2 , we get the standard 8l(2) commutation relations 

The real Lie algebra generated by H, X+, X_ is denoted by 8l(2, IR). 
The corresponding groups are 

80(3) 

8L(2,IR) 

8L(2, <C) 

= {A E IR3X3 jAT A = 1 and det(A) = I} 

= {A E IR2X2 j det(A) = I} 

{A E <c2X2 jdet(A) = I} 

with the usual matrix multiplication (where we followed the tradition of denoting 
the algebra by lowercase letters and the corresponding group by uppercase letters). 

2.3 DUAL REPRESENTATIONS 

The multiplication from the right and from the left gives actions 

of U(g) on itself, 

which satisfy 

PL, PR : U(g) -t Hom(U(g), U(g)) 

pdX)Y = XY, 

PR(X)Y = YX, 

pLCX) 0 pLCY) 

PR(X) 0 PR(Y) 

pLCXY), 

= PR(YX), 

i. e. PL is a representation fo U(g), and PR is a representation of U(g)OP called left 
and right representation, respectively. This implies that PR 0 8 is a representation 
of U(g) (with 8 as defined on page 7). Finite-dimensional representations of U(g) 
can be obtained from PL by taking the quotient with respect to invariant subspaces 
I C U(g) whose co dimension is finite (a subspace I C U(g) is called (pL-) invariant, 
if for all Y E land all X E U(g): pdX)Y EI). If we fix a basis Nn} for U(g), 
then we can define the matrix elements m;; (X) of PL(X) (with respect to this 
basis), by 

pdX)'ljJn = L m~(X)'ljJN, (2.1) 
n+N~O 

for X E U(g) (n and N are generally multi-indices). Another representati.on, the 
adjoint representation, is given by 

ad(X)Y = XY - YX, for X, Y E U(g). 
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Example: We look at the right and left actions for the affine algebra. Fix the 
basis hf)nm = xnym} of U(aff(I)). Then the matrix elements of the right and 
left action can be read from the following relations, 

= 'l/Jn+l,m 
PL(Y)'l/Jnm y . Xnym = (X _l)nym 

~ ( : ) (_l)n-v'l/Jvm 

PR (X)'l/Jnm 'l/Jn+l,m + m'l/Jnm 

PR (Y)'l/Jnm 'l/Jn,m+l. 

We will show one example, how quotient representations can be calculated. Let 
I be the left ideal (i. e. PL-invariant subspace) generated by X - a, i. e. I = 
{x· (X - a);x E U(g)}. Then {~m = [ym]} is a basis of U(g)jI, and we get 

h(X)~m = [X· ym) = [Ym(x + m)) = [ym(a + m) + ym(x - a)) 

= (a+m)~m 
h (Y)~m = 'l/Jm+l. 

We will now show how the elements of 9 can be realized as vector fields. Fix a 
basis {Xl' ... ,Xn } of g. Then 

for a = (al, ... , an) E U ~ IRn in an appropriate neighbourhood of 0 E IRn 

defines a coordinate system for a neighbourhood of the unit element e E G. These 
coordinates are called coordinates 0/ the second kind. Coordinates of the first kind 
are introduced in Section 2.4. 

Note that g( al, ... , an; Xl, ... , X n) can also be interpreted as a formal pair­
ing or dual pairing (a, X) between the algebra IK[al, ... , an) of polynomials in 
the commuting variables al, ... , an, and the universal enveloping algebra U(g). 

'JTll Tnn 

Choose {cm(a) = ~ = '::t !:::::;n!;m = (ml, ... ,mn ) E 7l~} and Nm(X) = 
xm = X{"l ... X:n; m E 7l~} as bases of IK[al, ... , an) and U(g), respectively. 
Then 

La,X) = L cm(a)'l/Jm(X) =g(al, ... ,an;XI, ... ,Xn). 
mElNn 

This interpretation will also be useful when we later generalise our procedure to 
quantum groups. 

Using the relation eXYe- x = e&d(X)y, we can determine the matrices 7r!j(a) 
and 7rij (a) such that 

xl g(a; X) = Xig(a; X) 
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n 0 L 7lL(a) oag(al, ... ,anjXl ,· .. ,Xn) 
j=l J 

Xtg(aj X) g(aj X)Xi 

n 0 
L 1l';j(a) oa g(al,"" anj Xl,"" Xn). 
j=l J 

The maps pt : U(g) ---+ Hom(IK[a], IK[al) and p* : U(g) ---+ Hom(IK[a], IK[al) defined 
above are called the left and right dual representation, respectively. From the 
viewpoint of the dual pairing they are introduced by requiring 

(pt(Y)Xj a) 

(p*(Y)Xj a) 

(a,pdY)X) = (a,YX), 

(a, rhoR(Y)X) = (a, XY), 

i. e. they are the duals of the left and right multiplication. They satisfy 

pt (X) 0 pt (Y) 

p*(X) 0 p*(Y) 

= pt(yX), 

p*(XY), 

for X, Y E U(g), i. e. p* is a representation of U(g), and pt is a representation of 
U(g)OP. The dual adjoint representation is given by 

Xl = xt -X*. (2.2) 

We can also introduce dual representations for quotient representations, see e. g. 
the following example on the affine group. 

2.3.1 Example: the affine group 

We define the group elements with respect to coordinates of the second kind by 

g(a, bj X, Y) == exp(aX) exp(bY). 

If we interpret the group element g(a, bj X, Y) as a formal pairing, this corresponds 
to choosing {cnm = a ~ b~} and {.,pnm = xn ym} as dual bases of the universal 

n.m. 
enveloping algebra U(af f(l)) and the algebra A of polynomials in the two com-
muting variables a and b. We obtain vector field realisations corresponding to the 
left and right multiplication using the formulas 

a2 
Y + a[X, Y] + 2[X, [X, Y]] + ... 
eay 

b2 
X + b[Y, X] + 2" [Y, [Y, X]] + ... 
X+bY. 
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Then 

xtg XeaXabY = aag, 

X* 9 eaX ebY X = eaX ebYYe-bY ebY 

eaX ead(bY) X ebY = eaX (X - bY)ebY 

(aa - bab)g, 

and so on. For the adjoint representation X'g = Xg - gX = (xt - X*)g = babg. 

Proposition 2.3.1 Por the action on the left 

xt aa, 
yt = e-aab, 

for the action on the right 

and for the adjoint representation 

X' = 

Y' 

We also give a list of realisations that can be obtained from quotient representa­
tions: 

XO==aO: 

YO ==ßO: 

OX ==aO: 

OY == ßO: 

2.3.2 Example: nilpotent groups 

The defining commutation relations imply 

xt = bab + a, 
yt = ab, 

xt = aa, 
yt = ße-a , 

X* = a - bab, 

Y* = ab, 

(1 ~ j ~ N) 
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With these formulas we can derive the dual representations, if we set 

9 = g(a; X) = g(ao, . .. , aN; X o, ... , X N) = eaNXN eaN-IXN-l ... e aoXo . 

Proposition 2.3.2 (Dual representations) The left dual representation is given 
by 

N-l 
XJ Bo + L aiBi+l, 

i=l 

xt 
t (1 ~ i ~ N). 

The right dual representation is given by 

X; Bo, 

X* 
t 

One easily verifies that 

is also a representation. 

N-i j 

"" ao ~ "7j'Bi+j , 
j=O J. 

(1 ~ i ~ N). 

X o Bx , 

Xl 
x(N-l) 

a(N_1)!' 

Xi 
xN- i 

a (N _ i)!' 

XN a, 

2.3.3 Example: the finite-difference group 

We define the finite-difference group via the finite-difference algebra (see paragraph 
2.2.3) by 

g(a, b, c) = g(a, b, c; T,.6., X) = exp(aT) exp(b.6.) exp(cX) , 

and calculate the right and left dual representations. 

Proposition 2.3.3 The left dual representation is given by 

Tt Ba, 
.6. t Bb , 

xt -(a + b)Ba + Be. 

The right dual representations are given by 

T* e-eBa , 

.6.* (e-e-1)Ba +Bb, 

X* Be. 
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2.3.4 Example: 80(3) and 8l(2) 

We define the group elements by 

00 

L cnmr(a, b, c)'ljJnmr(XI , X 2 , X 3 ) 

n,m,r=O 

00 

L 
n,m,r=O 

From the defining commutation relations of Xl, X 2 , X3 one deduces 

and therefore 

eaXl X 2e-aXI ead(aXtl(X2) 

a2 a3 
X2 + aX3 - 2 X2 - 3! X3 + - ... 

= X2 cos(a) + X3 sin(a), 

(X2 cos(a) + X3 sin(a)) eaX1 , 

eaXI X2 (cos a)-l - X3 tan(a)eaXl 

(+ cycl.). With these relations the dual left and right realisations can be calcu­
lated, e. g. (g = g(a, b, Cj Xl, X 2, X 3)) 

xtg XleaXlebX2eCXa 

OaeaX, ebX2eCXa, 

X;g = eaXlebX2eCXa Xl 

eaXl ebX2 (Xl cos(c) + X2 sin(c))eCXa 

eaXI (COS(C) XlebX2 _ cos(c) tan(b)ebX2 X 3) ecXa 
cos(b) 

+eaXlebX2 sin(c)X2eCXa 

(~~:~~~ Oa + sin(C)Ob - cos(c) tan(b)Oc) eaXlebX2eCXa. 

The realisations of X2 and X3 are calculated analogously. 

Proposition 2.3.4 (Realisations of so(3)) 

1. The dual left realisation is given by 

Xt 0 I a, 

X t . sin(a) 
2 sm(a) tan(b)oa + cos(a)Ob - cos(b) Oc, 

t . cos(a) 
X3 = - cos(a) tan(b)oa + sm(a)Ob + cos(b) OC' 
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2. The dual right realisation is given by 

Notice that 

X* 1 

X* 2 

X* 3 

cos(c) . 
cos(b) 8a + sm(c)8b - cos(c) tan(b)8c , 

~n(~ . 
- cos(b) 8a + cos(c)8b + sm(c) tan(b)8c , 

Xl = cos(x)8x , X2 = sin(x)8x , X3 = 8x , 

is also a realisation of so(3). 
~or 81(2) vve set 

Proposition 2.3.5 (Realisation of 81(2)) 

1. The dual left realisation is given by 

Ht = 2a8a + 8b, 
X t 8 + a, 

X! -a28a - a8b + eb8c. 

2. The dual right realisation is given by 

Notice that 

H* 8b + 2c8c , 

X~ = e-b8a - c8b - c28c, 

X~ = 8c . 

X+ = z28z , fl = 2z8z , X_ = 8z , 

is also a realisation of sl(2). 

2.4 THE SPLITTING LEMMA 

15 

We have already introduced one canonical coordinate system for Lie groups, the 
coordinates of the second kind. As the name suggests, there are also coordinates 
0/ the first kind. They are defined by 

(al, ... ,an) I-? gl (a; X) = exp(a1X2 + ... + anXn). 

These coordinates can be defined for any Lie group for some neighbourhood of the 
unit element. The follovving lemma shovvs hovv the transformation betvveen these 
tvvo coordinate systems can be calculated. It is called splitting lemma, because it al­
lovvs to "split" the one-parameter subgroup exp(tX) generated by X = L~l aiXi 
into a product exp(a1XI) ... exp(anXn). 
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Lemma 2.4.1 (The Splitting Lemma) Let X = L:~=1 (XiXi, and let 

(2.3) 

be the one-parameter subgroup generated by X. Let Xi denote either the left or 
the right dual representation, with the matrix 7r ij (a) defined by 

Then the coordinates a1 (t), ... , an (t) are determined by the differential equations 

n 

iLj = L (Xi 7rij(a), j = 1, . .. ,n 
i=l 

with the initial conditions a1 (0) = ... = an (0) = 0 for t sufficiently small. 

Proof: (Cf. [FKS93]) Differentiating (2.3) with respect to t we get 

X exp(tX) 

For the left-hand side 

n 

X exp(tX) = L (XiXig(a; X) 
i=l 

n 

L (XiX; g(a; X) 
i=l 

(2.5) 

or, similarly, 

X exp(tX) 

(2.6) 

Comparing (2.4) with (2.5) (or (2.6)) yields the result. • 
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2.4.1 Example: the affine group 

Proposition 2.4.2 

__ aX -.1!(e-"'-l)Y 
e e '" , 

aX __ ab_y e e-a_l 

Proof: We solve one of the two equivalent systems of ODEs 

ä(t) = Q, a(t) = Q, 

b( t) = ße-a(t), b(t) = -Qb(t) + ß. 

with the initial conditions a(O) = b(O) = 0, and then set t = 1 to get the first 
formula. The second formula follows immediately. • 

2.4.2 Example: nilpotent groups 

Proposition 2.4.3 (The Splitting Lemma) The relation 

is satisfied by the junctions 

a3(t) 

Qot, 

Qlt, 

QOQl t 2 + Q2 t 
2 ' 

Q6 Q l t3 + QOQ2 t2 + Q3t 
6 2 ' 

i-i "I 
"'" Qo Qi -"I "1+ 1 

~ (r+ l)!t , (1 ~ i ~ N) 

Proof: We have to solve the system of differential equations 

ao Qo, 

al Ql, 

a2 QOal + Q2, 

ai QOai-l + Qi, 

with the initial conditions 

ao(O) = al (0) = ... = aN(O) = O. 

• 
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2.4.3 Example: the finite-difference group 

Proposition 2.4.4 We have the following splitting formula 

exp[t(aT + ßb. + ')'X)] = exp(a(t)T) exp(b(t)b.) exp(c(t)X), 

where the functions a(t), b(t), and c(t) are given by 

a(t) 

b(t) 

c(t) 

a+ß a+ß 
--- exp( -')'t) - ßt + --, 

ßt, 

')'t. 

')' ')' 

Proof: Apply lemma 2.4.1. 
Remark: For ')' = 0 we get a(t) = at. 

2.4.4 Examp1e: 80(3) and 81(2) 

Proposition 2.4.5 (Splitting Lemma) The functions a(t), b(t), c(t), such that 

holds, are uniquely determined by the differential equations 

a 
b = 

(or equivalently 

b 

and the initial conditions 

a + ß sin(a) tan(b) - ')' cos(a) tan(b), 

ßcos(a) + ')'sin(a), 

_ßsin(a) + ')' cos(a) 
cos(b) cos(b) , 

a cos(c) _ ßsin(c) 
cos(b) cos(b) , 

asin(c) + ßcos(c), 

-acos(c)tan(b) + ßsin(c)tan(b) +')',) 

a(O) = b(O) = c(O) = O. 

Proof: We apply the splitting lemma 2.4.1. 

Proposition 2.4.6 (Splitting Lemma for 8l(2); see [FS93] Chapter 1, 4.3.10) 

• 

• 
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where 

h(s) 

v(s) 

a2 - b, 

= 1 ( <5secMs ) 
og <5 - asecMs ' 

tanh<5s 
<5 - atanh<5s· 
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We will now derive the splitting lemma for so(3), using the adjoint represen­
tation. 

Proposition 2.4.7 The adjoint representation 0/ so(3) with respect to the basis 
{X1 ,X2,X3 } is given by 

0 0 0 1 0 0 
ad(Xt} = 0 0 -1 ead tXl 0 cost - sint 

0 1 0 0 sin t cost 
0 0 1 cost 0 sin t 

ad(X2) 0 0 0 ead tX2 0 1 0 (2.7) 
-1 0 0 - sint 0 cost 
0 -1 

D' 
cost - sint 0 

ad(X3 ) = 1 0 ead tXa = sin t cost 0 
0 0 0 0 1 

N ow we can calculate ead aX lead bX 2 ead cX a. On the other hand we find for Y = 
aX1 + ßX2 + ,X3 

ad(Y) 

ad(y)2n+1 

ad(y)2n+2 

{_(a2 + ß2 + 'l)} n ad(Y), 

{_(a2 + ß2 + ,2) r ad(y)2. 

With these equations we can compute ead(Y). 

Proposition 2.4.8 Let Y = aX1 + ßX2 + ,X3 and t2 = a 2 + ß2 +,2. Then 

ad(Y) sin t 0 cos t - 1 ß 2 2 ß ( 
0 -, ß) ( ß2 + ,2 -aß -a,) 

e = n. + - I -a + 2 -a a + I -, . 
t -ß a 0 t -a, -ß, ß2 +,2 
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We can now give a different form of the splitting lemma for so(3). 

Proposition 2.4.9 (Splitting Lemma) Let a, ß, "( be chosen such that a2 + ß2 + 
"(2 = 1 and let Y = aX1 + ßX2 +"(X3 . Then (fort sufficiently small) the functions 
a(t),b(t),c(t) in 

can be determined by 

sinb ßsint - a"((cost - 1), 

sin a ~b {a sin t + ß"((cos t - I)}, 
cos 

sine = ~b ("(sint + aß(eost -I)}, 
cos 

where a, b, e have to be chosen as continuous functions with a(O) = b(O) = c(O) = o . 

• 
2.5 THE COMPOSITION LAW 

We will now look at a composition law for formal pairings. Since the formal 
pairings can be interpreted as group elements this will be the group multiplication 
in coordinates of the second kind. If g(a; X) and g(b; X) are two group elements, 
then their product g(a; X)g(b; X) is also a group element. We will use the notation 

g(a 8 b; X) = g(a; X)g(b; X) 

for the product. The map 8 is called composition law and is in general uniquely 
defined only for a sufficiently small neighbourhood of o. We give the explicit form 
of the composition law for several groups. 

2.5.1 Example: the affine group 

Proposition 2.5.1 
tion law is 

1. In terms of coordinates of the second kind the composi-

g(A, B; X, Y) g(a, b; X, Y) = g(A + a, e-a B + b; X, Y). 

2. In terms of coordinates of the first kind the composition law is 

AX+BY aX+bY _ ((A )X aB(a-A -1) - Ab(ea -1)y) 
e e - exp + a + aA(e-(A+a) _ 1) . 

Proof: 1. From YeaX = eaXead(-aX)(y) = eaXe-ay follows yneaX 
= eaX (eayt and thus eBYeaX = eaXee-aBY. Therefore 

eAX eBY eaX ebY = e(A+a)X e(e-a B+b)Y. 

2. follows from 1. with proposition 2.4.2. • 
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2.5.2 Example: nilpotent groups 

We will need the formula 

21 

N-i j 

eAi t!J-i)! XN ... eAi 79- Xi+i ... eAiXieaoXo, (2.8) 

(1 :S i :S N). Applying this formula N times and reordering the resulting terms 
then gives the following proposition. 

Proposition 2.5.2 We have g(a)g(A) = 

( 
i-l j N-l j ) 

9 ao + AO,al + Al, ... ,ai + L ~~ Ai- j , ... ,aN + L ~~ AN-j 
j=o J j=o J 

where a = (ao, ... , aN), A = (Ao, ... , AN) . 

2.5.3 Example: the finite-difference group 

Proposition 2.5.3 The composition law with respect to coordinates 0/ the second 
kind is given by 

g(a, b, c)g(A, B, C) = g(a + Ae-c + B(e-C - 1), b + B, c + C). 

2.5.4 Example: 80(3) and 8l(2) 

Proposition 2.5.4 (Composition Law for sl(2); see [FS93] Chapter 1, 3.4.1) For 
g(a, b, c) = eaX+bH eCx-, we have the composition law 

( Ab2 bB cB2 ) 
g(a,b,c)g(A,B,C)=g a+ l-Ac'I-Ac'C+ I-Ac 

One can calculate the group law of 80(3) from this group law and the splitting 
lemmas of the previous section. Or we can again use the adjoint representation. 
The second method gives the following expressions for the group law. 

Proposition 2.5.5 (Composition Law for 80(3)) 1/ we denote the group elements 
0/80(3) by 

then the composition law can be written as 

g(a, b, c)g(a', b', c') = g(A, B, C), 



22 Chapter 2 

where 

sin B cos b cos c sin b' + cos b sin c sin a' cos b' + sin b cos a' cos b' , 

sin A ~B { - (sin a sin b cos c + cos a sin c) sin b' 
cos 
+(cos a cos c - sin a sin b sin c) sin a' cos b' 

+ sin a cos bcos a' cos b'}, 

sin C ~B { - (sin a sin c - cos a sin b cos c) sin b' 
cos 
+(sin a cos c + cos a sin b sin c) sin a' cos b' 

+ cos a cos b cos a' cos b' } 

Proof: Ca1culate ead aXlead bX2ead cXaead a' Xl ead b' X2ead c' Xa and 
eadAXleadBX2eadCXa and compare the matrix elements. • 
Remark: The preceding proposition is only good for sufficiently small values of 
a, b, c and a', b', c'. If, for example, we get B = ~, then A and C are not uniquely 
determined. 

2.6 MATRIX ELEMENTS 

Exponentiating the representation PL of U(g) on U(g) we get a representation of 
G on U(g). To simplify notation we will identify pdX) and X. We define the 
matrix elements M!:! (a) of the representation G on U(g) by 

g(a; X)'l/Jm(X) = L M;;; (a)'l/Jm+M(X), 
m+M?O 

where Nm(X); m E 7l+.} is the basis of U(g) introduced on page 10. These 
matrix elements are generally well-known special functions, such as hypergeometric 
polynomials, etc. For a complete discussion ofhow their special function properties 
can be derived with many interesting examples see [FS90]. We present here only a 
strongly abbreviated version. We will sometimes switch to the subscript notation 
defined by Mkl(a) = Mi-k(a), i. e. 

g(a; X)'l/Jk(X) = L Mkl(a)'l/Jl(X), 
lE7};+ 

The following proposition gives a useful formula for ca1culating the matrix ele­
ments. 

Proposition 2.6.1 (Principal formula) 
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Proof: We can write the product of two group elements g(a; X) and g(b; X) as 

g(a;X)g(b;X) 
m 

m 

L cm(b)M;;[ (a)7/Jm+M(X), 
m,M 

since the a's and b's commute. On the other hand, we can also write 

g(a;X)g(b;X) g(b,X*)g(a,X) 

L Ck (b )7/Jk (X*)CI (a)7/J1 (X). 
k,l 

Comparing these two expressions leads to the desired formula. • 
Many interesting relations for the matrix elements can now be deduced from the 
group law, and the relations of the operators X*. 

Addition theorems: Writing the group law as 

g(a; X)g(b; X) = L cm(b)M;;[ (a)7/Jm+M(X) 

and as 

we can read off the transformation formula 

Similarly, 
g(a; X)g(b; X)7/Jm(X) = g(a 8 b; X)7/Jm(X) 

yields the addition theorem 

M'+M"=M 

Differential recurrence relations: We use the right dual representation. 

X;7/Jm(X*)Cm+M(a) 

L m~(Xi)7/Jm+k(X*)Cm+M(a) 
L m~(Xi)M::;;kk(a), 

where m~(Xi) are the matrix elements of pL(Xi ) , cf. equation (2.1). 
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2.6.1 Example: the affine group 

The matrix elements are given by the principal formula (proposition 2.6.1) 

M;;mM (a, b) = 'l/Jnm(X*, Y*)Cn+N,m+M(a, b). 

This gives us 

h ( ) ,",00 ~~~ w ere IF1 a; b; x = wv=o Tbtvr and (a)v = a(a + 1)··. (a + 11 - 1). 

Proposition 2.6.2 The matrix elements are given by 

aNbM 
M;;:!(a,b) = N!M! IF1(-n;N + l;aM). 

We get the following differential recurrence relations: 

(8a - b8b )M;;mM (a, b) = M:;+-;.~:nM (a, b) 

or, after some simplification, 

and 

or 

2.7 STOCHASTIC PROCESSES ON LIE GROUPS 
In this section we study stochastic pro ces ses on Lie groups. Subsection 2.7.1 
shows how, for a given continuous stochastic process X t on a Euclidean space, an 
analogue Xt on a Lie group G can be constructed. To do so we first embed the 
given process linearly in the Lie algebra 9 of G. This embedding depends on the 
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choice of a basis for 9 and uses only the vector space structure of g. This process 
could then be mapped to the group via the exponential map, but the resulting 
process would not behave similarly with respect to the multiplication of G as the 
original process does with respect to the addition of the Euclidean space. Therefore 
we decompose the original process into increments, i. e. differences Xt+.:lt - X t 
corresponding to small time intervals, map these to the group, and then multiply 
them back together, using the group multiplication. The process Xt on the group 
is then defined as the limit for Ilt -+ O. We see that the generator of Xt is also 
directly related to the generator of Xt. 

The next section contains an application of these processes. They can be used 
to define solutions of generalised heat equations as Appell polynomials. These 
polynomials are also related to limit theorems, and have nice special function 
properties (see also [FS92]). 

Finally, in the last section of this chapter, we calculate "by hand" certain 
solutions of heat equations related to the affine group and to several nilpotent 
groups. 

2.7.1 A construction of stochastic processes on Lie groups 

We now give an explicit construction of stochastic processes on a Lie group G. 
The approach we follow can be traced back to McKean's multiplicative integrals 
(cf. [McK69]), our presentation is taken from [FS89a, FS89b]. We start with a 
process W(t) = (W1(t), ... , Wd(t)) on IRd and embed it linearly in the linear 
space of the Lie algebra 9 = L( G) (dirn 9 = n 2: d). Then we use the exponential 
mapping that is defined by the Lie algebra structure of 9 to map W(t) to G. 
We suppose that W(t) is a continuous stochastic process with stationary and 
independent increments and with W(O) = 0, and that G is an exponential group 
(e. g. a nilpotent group), i. e. that exp : L( G) -+ G is a bijective diffeomorphism. 
Furthermore, we identify W(t) and its image in g, W(t) = L:~=l Wi(t)Xi , where 
the last n - d coordinates are equal to zero. 

We can view W(t) on IRd as being built from its increments w(k) (n). Fix 
tE IR+ and kEIN, and let 

(k)( ) = W ((n + l)t) _ W (nt) 
w n 2k 2k ' 

n = 0, ... ,2k - 1. 

Then obviously 
2k _l 

W(t) = L w(k)(n). (2.9) 
n=O 

In the limit k -+ 00, this sum becomes a stochastic integral, 

W(t) = l t 
dW(s). 

To generalise the increment property (2.9) to processes on a group G we replace 
the sum by the group product. But for non-cümmutative groups this fails für the 
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process g(W(t); X), i. e. in general 

g(W(t); X) i= g(w(k) (0); X) ... g(w(k) (n); X) ... g(W(k) (2k - 1); X). (2.10) 

A way out is to change W(t). We start with the right hand side of (2.10) and 
define it as stochastic process g(W(k)(t); X) on G, i. e. 

This defines W(k) (t) uniquely, because G is an exponential group. We set 

W(t) = lim W(k)(t). 
k--+oo 

The expression obtained for W(t) will again involve stochastic integrals. 

Remarks: 

• To see how the convergence of g(k)(t) can be proved in general, consult 
[FS89b, Fei78]. 

• For non-exponential groups one needs techniques to patch together the pro­
ces ses ac ross different coordinate patches. 

• Using semi-martingales one can define a stochastic exponential also for more 
general processes as considered he re [HDL86]. It is introduced as the solution 
of a stochastic differential equation of the form dXt = XtdMt. 

Assume now that W(t) is a d-dimensional Brownian motion. Then the expec­
tation of an increment g(w(k)(n);X) is 

exp __ 1 ... exp __ 1 ( tX2 ) ( tX2 ) 
2·2k 2· 2k 

and therefore, since the increments are independent, 

Using Trotter's product formula 

J~oo (exp ( ~ ) ... exp ( ; ) ) N = exp(X 1 + ... + X d ) 

we find 

IE(g(W(t); X)) = exp ~ (X~ + ... Xl) . 
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This result remains true, if W(t) is a process with stationary and independent 
increments, and with independent components. Let L(x) = 2::t=1 Li(Xi) be the 
generator of W(t), i. e. 

lE( eXP(W(t)x)) = exptL(x). 

then we find 

d 

lE(g(W(t);X)) = exptL(X) = expt LLi(Xi). (2.11) 
i=1 

Remark: Equation (2.11) can be considered as a generalised Feynman-Kac for­
mula, as is shown in [FS89a, FS89b]. To give the limits involved in this equation 
a meaning, we have to replace the Lie algebra elements by operators and use the 
operator topology. Trotter's product formula can be applied in different contexts, 
e. g. if the operators are bounded or unitary. 

Example: the affine group 

Let At, B t be two stochastic pro ces ses on IR? and g(At , Bt ; X, Y) the corresponding 
process on the group in terms of coordinates of the second kind. As in the preceding 
discussion we choose a partition2 {O = to, t1, ... ,tN, tN+! = t} with width Llt = 
ti+! - ti (i = 0, ... , N) of the interval [0, t]. This corresponds to approximating the 
stochastic process by a discretised process. We have AtN = 2::~:01 atn , AtN+ 1 = 
AtN + atN' B tN = 2::~:01 btn , B tN +1 = B tN + btN and 

therefore 

N 

Latn = A tN , 
n=O 
N N 

-(N) 

L e-Atn btn = L e- Atn btn · 

n=O n=O 

In the continuous time limit (N -+ 00, Llt -+ 0), this becomes 

At At, 

Bt 1t 
e-A'dBs , 

where the integral is the usual Itö integral. With these arguments we have proven 
the following proposition. 

2Por convenience we again assume that this is an equi-distant partition, but this is not nec­
essary. 
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Proposition 2.7.1 For a continuous time stochastic process with components 
(At, B t ) on IR2 the corresponding process on the affine group in terms of coor­
dinates of the second kind is given by 

If we again denote by lE(·) the expectation value, and take standard Brownian 
motion on IR2 for (At, B t ), we get the following result. 

Proposition 2.7.2 For Brownian motion on the affine group we have the relation 

where H = ~(X2 + y2). 

Remark: This is just a special case of equation (2.11). 
Proof: In the discrete time approximation 

E m>·," x e".v ) 
N-l 

II MX2 <l.ty2 
e 2 e 2 • 

n=O 

In the limit tlt -+ 0, N -+ 00, (N· tlt = t), the Trotter product formula 

yields the proposition. • 
This means that for every (sufficiently well-behaved) realisation p of Af f(l) 

(see e. g. proposition 2.3.1), we have two equivalent ways to express the time 
evolution of (sufficiently well-behaved) solutions f(x, t) of the equation 

8d(x, t) = p(H)f(x, t), 

namely 
f(x, t) = etp(H) f(x, 0), 

and 

But in general it might not be easy to evaluate either of these express ions (see also 
2.7.3). 
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Example: nilpotent groups 

We state the analogous results for the nilpotent groups that correspond to the 
nilpotent Lie algebras introduced in paragraph 2.3.2. They can be proven along 
the same lines as propositions 2.7.1 and 2.7.2. 

Proposition 2.7.3 Let At = (A~, ... , At') be a continuous time stochastic pro­
cess on JRN+I. Then the corresponding process g(Ad = g(A~, ... , At') on the 
N -step nilpotent Lie group is given by 

A~, 
AL 
A; + l t A~dA!, 

l t 
1 l t i 0 i-I 0 i-I I 

At + AsdAs + ... + (' )' (As) dAs, 
o z-l· o 

N-I t 

L ~ 1 (A~)j dA~-j. 
j=O J. 0 

Proposition 2.7.4 If we take two-dimensional Brownian motion 
Bt=(Bp,Bi,O, ... ,O) wefind 

lE(g(Bt;X)) = exp (~(X5 + xn) 
With the realisation given after proposition 2.3.2, we get 

( 0 I l t 
0 I 1 l t 

(O)N-I 1 A) lE g(Bt,Bt , 0 B sdBS '''''(N_1)! 0 B s dBs;X) 

exp ~ (0; + a2_[(_~_2~_~2_)!]-=2) , 

It would be of great interest to find simpler expressions for the action of exp ! (0; + 
C2x2N- 2). Let for example f(x, t) be defined by 

t ( x2N- 2 ) f ( x, t) = exp -2 0; + a 2 2 1, 
[(N - I)!] 

i. e. f(x, t) is the solution of 

1 ( x2N- 2 ) OttjJ(x, t) = -2 0; + a 2 2 tjJ(x, t) 
[(N - I)!] 

(2.12) 
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with the initial condition 'ljJ(x, 0) = 1 for all x. Then 

( ( 
N N-i t )) 

JE exp Q ~ (; _ i)! 10 (B~) i-I dB; = f(x, t) 

would allow us to find the characteristic function of the process given by the 
stochastic integrals (see also 2.7.3). 

Example: the finite-difference group 

For the finite-difference group we can prove the following proposition similarly as 
proposition 2.7.1. 

Proposition 2.7.5 1f (At, B t , Ct) is a stochastic process on IR3 , then the corre­
sponding process (At, Fit, Ct ) on the finite-difference group with respect to coordi­
nates of the second kind is given by 

At Iot 
e-c'dAs + Iot (e- c , - l)dBs , 

Bt = Bt, 

Ct Ct. 

2.7.2 Appell systems 

Appell polynomials {hn(x); nEIN} on IR are usually characterised by the two 
conditions 

• hn(x) is a polynomial of degree n, 

• d~hn(x) = nhn-I(x). 

Interesting examples are furnished by the shifted moment sequences 

(2.13) 

where p is a probability measure on IR with all moments finite. This includes in 
particular the Hermite polynomials 

Hn(x) = -- (x + iy)ne- y /2dy 1 100 
2 

....tFff -00 

for the Gaussian case. P. Feinsilver and R. Schott [FS92] have used the probabilis­
tic interpretation of Appell systems to define their analoga on Lie groups (where, 
in general, they are no longer polynomials). We will present this definition and 
some of the basic properties of Appell systems on Lie groups, before we look at 
several examples. 

We are here interested in Appell systems, because they are polynomial solutions 
of generalised heat equations (see proposition 2.7.6). Naturally, they can also be 
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used to give more general solutions in the form of infinite series. In probability 
theory they are also used to obtain non-central limit theorems (see references in 
[FS92]). 

The left and right Appell polynomials (corresponding to the random variable 
Z) on a Lie group are defined as 

h~(a) L cj(a)JE(Mj (Z)), 
j+J=n 

h~(a) L JE(cj(Z))Mj(a). 

The convolution formulas 

h~(a) 

h~(a) 

j+J=n 

JE(cn(Z8a)) 

JE ( Cn (a 8 Z) ) 

(2.14) 

show the analogy to formula (2.13). To derive these formulas we have to expand 
the product g(Z; X)g(a; X) in two ways: 

JE (g(Z; X)g(a; X)) 

and 

JE(g(Z 8 a; X)) 

L JE( cn(Z 8 a) )~n(X) 

JE(g(Z; X) L cj(a)~j(X)) 
JE( L cj(a)Mj (Z)~j+J(X)) 

L h~(a)~n(X). 
Equation (2.14) follows, since Nn(X)} is a basis for U(g). Starting with < 
g(a; X)g(Z; X) >, we get the corresponding formula for the right Appell poly­
nomials. 

Of particular interest are the Appell systems related to the process W(t) con­
structed in the previous section. 

Proposition 2.7.6 For the case ofthe process JE(g(W(t);X)) = etL(X) we have 

h~(a, t) = etL(XI)cn(a), 

h~(a, t) = etL(x·)cn(a), 

i. e. h~(a, t) (resp. h~(a, t)) is the solution of the evolution equation 

(resp. 

8 
8/(a, t) 

8 
8t f (a, t) 

with initial condition f(a, 0) = cn(a). 

L(xt)f(a, t) 

L(X*)f(a, t)) 
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Proof: We show the first equation, the second follows similarly. 

Example: the affine group 

L JE (cn(W(t) 8 a))~n(t) 

JE(g(W(t); X)g(a; X)) 

JE(g(W(t); xt)) L cn(a)~n(X) 
L etL(xt)Cn(a)~n(X), 

We use here the results of Section 2.7.3. Using the group law (see 2.5.1) 

g(A, B)g(a, b) = g( (A, B) 8 (a, b)) = g(A + a, e-a B + b) 

• 

and the convolution formulas (2.14), we can calculate the left Appell polynomials 
with the formula 

JE (Cnm ( (At, Bt ) 8 (a, b) ) ) 

-+rJE ((At + a)n(e-a Bt + b)m) , (2.15) 
n.m. 

e. g. 

JE (CO,2 ( (At, Bt) 8 (a, b) )) = ~ JE (( e -a Bt + b)2 ) 

~JE (e- 2a B 2 + 2e-a B b + b2) 2 t t 

1 b2 
_ (e 2t _ 1) e-2a + _ 
4 2 ' 

where we have used JE(At) = JE(Bt ) = 0, JE (Bn = ~ (e 2t - 1) (see 2.7.3). We 

see that in this case the Appell polynomials are only for t = 0 polynomials. We 
list some more left Appell "polynomials" . 

h{;,o(a,b) 

hf,o(a, b) 

h{;l(a,b) , 

M,o(a, b) 

hL (a, b) 

h{;,2(a, b) 

1 

a 

b 

1 
"2 (a2 +t) 

ab 

1 b2 
- (e2t -1) e-2a +-
4 2 
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h~ o(a, b) 

hf,l(a,b) 

hf,2(a, b) 

h{;,3(a, b) 

All these functions are solutions of the following partial differential equation 

L ( .) _ 1 (t2 t2) L ( . _ 1 (2 -2a 2) L ( . athnm a, b, t -"2 X + Y hnm a, b, t) -"2 aa + e ab hnm a, b, t). 
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that arises from the left dual representation (see 2.3.1). For solution of the heat 
equation related to the right dual representation 

we need the right Appell system. To get a formula far the right Appell polynomials 
we have to exchange (Ä t , Bt ) and (a, b) in equation (2.15). This gives 

h~m(a, b) = -frIE ((Ät + at(e-Ä'b + Bt)m) . 
n.m. 

We calculate for example 

h~o(a, b) 

hfo(a, b) 

h{}l (a, b) 

hfo(a, b) 

hfl (a, b) 

h~2(a, b) 

Example: nilpotent groups 

Here we get 

1 

a 

et / 2 b 

1 
"2 (a2 + t) 

et/2(ab - tb) 

1 1 _e2t b2 + _ (eU - 1) 
2 4 
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h~onl ... nN (ao, al, ... ,aN) 

~! JE (B~ + ",,)n. (Bi + a,)"' . ( Bi" + ~ ~ Bi" -j a~) n) 
with equation (2.14) and 2.5.2. In 2.7.3 we will show how the moments 

can be calculated. 

2.7.3 Explicit calculations of solutions of the heat equation 

In the previous sections we have developed a constructive approach to stochastic 
processes on Lie groups, and have shown the relations of these processes to special 
functions and solutions of evolution equations (heat equations). In some cases, e. 
g. for the groups of type H, this yields a method for calculating the polynomial 
solutions of the corresponding evolution equations (see [FKS93]). But in many 
cases this last step is not complete, because there is not enough information about 
the stochastic pro ces ses involved. We will use the fact that the correspondence 
works in both ways, i. e. we will try to solve the evolution equation for a particularly 
simple realisation, and use the results to calculate the moments of the stochastic 
processes, its characteristic function, or determine its asymptotic behaviour, etc. 
This information can then, in turn, be used to study the evolution equations of 
other realisations. The results in this section have yet to be completed. 

Heat polynolllials for the affine group 

In this section we study the polynomial solutions of a particular generalised heat 
equation related to the affine group. 

For the realisations that we obtained in proposition 2.3.1, it is not difficult to 
calculate 

g(At, fot exp( -As)dBs; p(X), p(Y))f(x, 0) 

for e.g. analytic functions f. The hard part is to compute the expectation value 
of this expression, because it requires the knowledge of the expectation values 

On the other hand it does not seem easy to calculate etp(H) fex, 0) for, say, analytic 
functions either. 

We will calculate the action of etp(H) on polynomials for one realisation by 
hand, and use the results to compute the Enm . 

Let p(X) = a - x8x , p(Y) = 8x (see eq.s (2.3),(2.3)). Then 

1 1 
p(H) = 2 (Ca - X8x )2 + 8;) = 2 (o? + (1 - 2a)x8x + (x2 + 1)8;) . 
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We find 
mA[~l 

Hmxn = ~ Cn xn- 2 /l 
~ m/l ' 
/l=0 

where the eoefficients C~/l satisfy the following reeursion relation 

(2.16) 

I t · 1 t cn (n_a)2'" d cn 0 ·f [n] B d n par leu ar we ge m,O = 2'" ,an mJ1. = 1 J.L > "2 1\ m. y in uetion 
follows (with a = max(2, 10:1)) 

sinee ClJo = 1. 

exp(tp(H))xn 

if we define 

Equation (2.17) shows that the series eonverges 

Obviously 

fö(t) = exp ((n ~ 0:)2 t) 

and fr; = 0 for J.L > [~]. Note also that from the definition of fr; follows 

dV jn(o) 
dtv /l 

d/l jn(o) 
dtJ1. J1. 

0, 

(2.17) 

(2.18) 

From the reeursion relation (2.16) we get a reeursion relation for the functions fr;: 

i f n( ) = (n - 2J.L - 0:)2 fn() (n - 2J.L + 2)(n - 2J.L + 1) fn () 
dt /l t 2 /l t + 2 /l-l t (2.19) 
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for n E N, 0 :::; /1 :::; [i]. Solving this differential equation for /1 = 1, n ~ 2, we get 

ff(t) = { 
n(n-1)t 1. 

2 e 2 

n(n-1) (n-22-Q)2 t _ (n-;t)2 t) 
4(1+a-n) e e 

a = n -I, 

else. 
(2.20) 

In general, for a f/. {n, n - I, ... ,n - 2/1 + I}, the function rr: can be calculated 
with the help of the following proposition. 

Proposition 2.7.7 Let n,/1 E N, n ~ 2/1, and a f/. {n,n - 1, ... ,n - 2/1 + I}. 
Then 

(2.21) 
11=0 

where the A~II are determined by the /1 + 1 equations 

~[(n-2;-a)2r A~II = 0, 0:::; P < /1, (2.22) 

t, [(n - 2; -a)2r A~II n! 
(2.23) 

Proof: Notice first that from (2.16) follows 

n (n-2/1+2)(n-2/1+1)Cn 
CI-'I-' 2 1-'-1,1-'-1 

n(n - 1)··· (n - 2/1 + 2)(n - 2/1 + 1) 

n! 
21-'(n - 2/1)!' 

and that, if rr: has the form given in eq. (2.21), then eq.s (2.22),(2.23) follow from 
eq.s (2.19),(2.19). Since l ö and Ir have the form stated in the proposition (see 
(2.18), (2.20)), we only need to verify that the solutions given in (2.21) satisfy the 
recursion relation (2.19). Assume now that 1:;-1 has the form of (2.21). Then I:; 
has to satisfy the differential equation 

2 1-'-1 2 
~fn( ) = (n - 2/1- a) fn() (n - 2/1 + 2)(n - 2/1 + 1) '" An (n-2~-a) t 
dt I-' t 2 I-' t + 2 L..t 1-'-1,lIe , 

where the hypotheses of the proposition guarantee 

n - 2v - a 'I 0 

(n - 2/1 + 2)(n - 2/1 + 1) '10, 
(n - 2/1- a)2 'I (n - 2v - a)2, 

11=0 

0:::; v < /1, 

0:::; v< /1, 

and therefore f:; has the form given in eq. (2.21). Since then equations (2.22)(2.23) 
completely determine f:;, this completes the proof. • 
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Nonetheless it is useful to look more closely at the conditions on the AZII that 
follow from (2.19). After some simplification we get the recursion relation 

4(p, - v)(n - v - p, - a)AZII = (n - 2p, + 2)(n - 2p, + 1)AZ-1,1I 

for 0 :S v < p" which, if we add AZJL = - L~:~ AZII and notice Aöo = 1, allows us 
to calculate all required AZII . 

Proposition 2.7.8 Letn,p, E N, n ~ 2p, and a f/. {n,n-1, ... ,n-2p,+1}. Then 
the coefficients in proposition 2.7.7 are determined by the recurrence formulas 

(n-2p,+2)(n-2p,+1) An 
4(p, - v)(n - v - p, - a) JL-l,lI' o :S v < p" 

JL-l 

A~JL - 2: A~II' 
11=0 

Aoo 1. 

Assurne now that we have calculated the f;. Then 

[~J 

2: f~(t)xn-2JL (2.24) 

JE (9(At, l t 
exp(-As)dBs;a - XOx'(3x)xn) (2.25) 

JE (,.A' (,-A'x + J,' ,-A'dE,)") (2.26) 

~ ( ~ ) xllJE (e(a-II)A, (fot e-AsdBs) n-II) , (2.27) 

and by comparing the coefficients of XII and a k in both expressions we get the 

values < Ar (I~exP(-As)dBs)m >. For n = 2, a i' 1, follows 

JE (e(a-2)A,) 

JE (e(a-l)A, l t e-As dBs) 

JE (,.A' (J,' ,-A'dE,) ') 
If we set a = 0 in the last equation, we get 

(a_2)2 t 
e 2 

0, 

, 
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In general we can deduce from (2.24)-(2.27) by comparing the X O terms 

if n is even, 
if n is odd. 

Chapter 2 

(2.28) 

Expanding both sides in power series with respect to a now yields the values of 

Enm = JE ( Af (f~ exp( - A s )dB s ) m). This can easily be done with programs such 

as Mathematica or Maple. We get for example 

H(t) = 

fi(t) 
3e{a-4)2t/2 3e{a-2)2t/2 3ea2t /2 

----- - + --,---,---
4(2 - a)(3 - a) 2(1- a)(3 - a) 4(1 - a)(2 - a) 

= [~_ e2t + e8t ] + [~_ 2e2t + 5e8t + e2tt _ e8t t] a 
8 2 8 16 3 48 2 

[
3 (7+2t) e2t (26-39t+36t2) e8t (19-102t+288t2)] 2 

+ 32 - 36 + 288 a 

[
9 (5 + 2 t) e8t (65 - 366 t + 1008 t2 - 2304 t3 ) 

+ 64 + 1728 

e2 t (40 - 60 t + 45 t2 - 36 t3 ) ] 3 

54 a 

[
3 (31 + 14 t + 2 t2) e2 t (968 - 1452 t + 1089 t 2 - 504 t3 + 432 t4) 

+ 128 - 1296 

e8 t (211 - 1218 t + 3474 t2 - 6336 t3 + 13824 t4) 1 4 

+ 10368 a + ... 

In this way we can obtain the values of Enm , e. g. 

E02 = ~ (e2t - 1) 
2 

E12 = ~ ((1 - 2t)e2t - 1) 
2 

E22 = ~ ((4t2 - 3t + 2)e2t - 2 - t) 
2 
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1 
- (e8t _ 4e2t + 3) 
8 

418 ((5 - 24t)e8t + (48t - 32)e2t + 27) 

With these values the time evolution of the polynomial3 solutions of 

p(H)f(x, t) = 8t!(x, t) 

in other realisations can be determined. 

39 

One can use (2.28) also to give an expression for the Fourier transform of the 
density of At and f; exp( -As)dBs. Let Q be purely imaginary, Q = ix, then 

where the dependence on x = T is hidden in the {/;.n, 

A heat equation for the nilpotent groups 

In previous calculations concerning Brownian motion on nilpotent groups we en­
countered the following partial differential equation (2.12): 

8t~(x, t) = ~ (8;~(x, t) + ßxn~(x, t)) . 

To solve this equation we consider the corresponding time-independent equation 

This equation is found if we make the separation ansatz ~ (x, t) = 1>, (x) exp ( ~t ) . 
It is equivalent to the system 

If we denote 

V(x) = (Vij(X)). . = (A °ß n 01 ) , 
t,J=1,2 - X 

then we can write the solution as 

Y(x) = U(x)Y(O), 

3More precisely, where fex, 0) is a polynomial in the Xl, ... , Xk, (X = (Xl, ... , Xk)). 
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where the matrix U(x) is given by 

From this equation we can derive 

00 00 

f>..(x) = a L9k(X) + b L hk(x), 
k=O k=O 

where 

• the constants a and bare determined by the initial values 

a = 1>.(0), 

b = 1>.'(0), 

• and the functions 9k and hk are determined by the recursion relations 

90(X) = 1, 

ho(x) = x. 

These expressions allow us to find an upper bound for f(x). We get 

11'" 1"'1 .. ·1"'2k-l (A - ßX2)··· (A - ßX2k)dx2k ... dX2dxli 

< CW~IIA - ßCI) ~~~;! 
11'" 1"'1 .. ·1"'2k-l (A - ßX2) ... (A - ßX2k)X2kdx2k ... dX2dxli 

< ( ) 
Ixl2k+l 

IW~IIA - ßCI (2k + I)!' 

and therefore 

11>. (x) I < lai cosh [lXI max IA - ß~nl] + Ibl sinh [lxIJmaxl{I<I"'IIA - ß~nlJ 
I{I$I",I Jmaxl{I$I",IIA - ß~nl 

z-+oc C exp (lxi ~+1) . 

For the special case A = 0 we get the stationary solution 
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Solutions of the time-dependent equation can now be constructed as linear com­
binations of the form 

1/J(x,t) = Lcnexp (~t) f>..(x). 
n 

Let us now see how we can use these solutions to calculate the moments of 
Brownian motion on nilpotent groups. 

N = 2: Here we have ß = 0:2 and n = 2, and the two stationary solutions are 

0:2 X 4 0:4 x 8 0:6 X l2 

1 - ~ + 672 - 88704 + - ... 
0:2 x5 0:4 x9 0:6 Xl3 

X - 20 + 1440 - 224640 + - .... 

t ' 
From the leading terms of < g(A = B2, B = Bi, C = Ja B~dB;; X)1/Ji(X) > we 
calculate, using the Feynman-Kac formula 

the expectation of the coefficients of the expansion of Ti = g(A, B, C; X)1/Ji(X), 

Tl = 1 + [C + B xl 0: 

+ [( - A 4 + C2
) + (-A 3 + B C) x + (-A 2 + B 2) x2 _ A x3 _ x4 ] 0:2 

12 2 3 2 3 12 

+ ... 
T2 A+x+ [AC+(AB+C) x+Bx2] 0: 

+ [( 2~ 5 + A ~2) + ( : 4 + ABC + ~2) X 

+ -- + -- + B C x + - -- - - 0:2 ( _A3 AB2 ) 2 (-A2 +B2) x3 Ax4 x5 ] 

2 2 2 4 20 

+ ... 

We know that IE(An Bm) = 0 if n or m is odd and IE(A2n B 2m ) = (2n)!(2m)!tn+m. 
, 2n +m n!m! 

Then IE(Ti) = 1/Ji yields 

IE(C2 ) 
t 2 

2 
IE(AC) < BC >= 0 

IE(AC2) 0 

IE(ABC) 
t2 
-
2 
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N=3: 
2 

Here ß = ~ , n = 4, and 

We set A = B2, B = Bi, C = J~ B~dB;, D = J~ (B~)2 dB;, and 

ri = g(A,B,C,D;X'l/Ji(X), 

+ ... 

From this we deduce 

IE(D2 ) = t3 

IE(AD) = IE(CD) = 0 

IE(BD) 
t2 

= 2 
lE(ABD) = 0 

IE(ACD) 
t 3 

= 4' 

Chapter 2 

(2.31 ) 
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Higher moments can be calculated using more terms of the expansion, and 
including time-dependent solutions. 

Some calculations for SO(3) 

We show another method to calculate the expectation value of certain functions 
of the coordinates of Brownian motion on a group. We will consider the group 
SO(3), and use finite-dimensional representations. This method is not as powerful 
as the methods presented in the previous two sections. 

It is well-known that for every integer n ~ 1 there exists an n-dimensional 
representation of sl(2) on the vector space V = span{lj, j >, U, j -2 >, ... , Ij, -j > 
}, where j = n - 1. The representation is defined by 

p(H)lj,m> 

p(X+)lj,m> 

p(X_)lj,m> 

mlj,m> 

~v'(j - m)(j + m + 2)lj, m + 2 > 

~v'(j - m + 2)(j + m)lj,m - 2 > 

for m = j,j - 2,···, -j. Using the isomorphism between (the complexifications 
of) sl(2) and so(3) 

this gives a representation of so(3). For the Casimir operator C = 21i = xl + 
Xi + xg we get in this representation 

p(C) = ~j(j + 2)n. 

If we now calculate g(Ät , Bi> Ct ; pX) = eÄ,p(xlleB'P(X2)eG'P(X3) , then we can use 
the Feynman-Kac formula 

(2.32) 

to determine the expectation values of the matrix elements of g(Ät , Bt , Ct ; pX). 
The following lemma is useful for calculating the exponential of a matrix. If 

M is an n x n matrix, then we know that there exists a polynomial p of degree 
r ~ n such that p(M) = o. We can assume that the coefficient of M r is equal to 
1, i. e. that 

0= p(M) = M r + ar_lMr- l + ... alM + aon. 

Lemma 2.7.9 The matrix elements F(t)ij 01 F(t) = exptM satisly the differen-
tial equation 

r-l 

F(r) (t)ij = - I>pF(p) (t)ij. 
p=o 

The initial values are given by 
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Proof: The proof is straightforward if we observe 

t k Mk+l d 
MexptM=L k! =dtexptM. 

This implies 

r-l 

M r F(t) = - L apMP F(t) 
p=O 

r-l 

- L apF(p)(t), 
p=o 

and shows thus the first part of the lemma. For the second part 

F(p) (0) = MP exp tMlt=o = MP. 

Equation (2.32) gives for example for j = 1: 

JE (e- iCt/2 (cos(At/2) cos(Bt/2) - i sin(At/2) sin(Bt/2))) e-3t/ 8 

JE ( eiCt/2( -i cos(Bt/2) sin(At/2) - cos(At/2) sin(Bt/2))) 0 

JE (e- iC'/2( -i cos(Bt/2) sin(At/2) + cos(At/2) sin(Bt/2))) 0 

JE (eiCt/2(cos(At/2) cos(Bt/2) + i sin(At/2) sin(Bt/2))) e-3t / 8 

and for j = 2: 

• 

e- t JE ( -iC, ( (At )2 (Bt )2 . (At )2 . (Bt )2 iI Sin(At)Sin(Bt))) e cos - cos - + sm - sm - - -----''---''---'---'-
2 2 2 2 2 

0 

0 

0 

e-t 

0 

0 

0 

e- t = 

JE (i sin(At - Bt ) + 2 sin(Bt} + i sin(At + Bt )) 

JE ( iC, ( (Bt )2. (At )2 (At )2. (Bt )2 iI Sin(At)Sin(Bt))) 
e -cos 2 sm 2 - cos 2 sm 2 + -~c...-.:..:2---'--:":" 

JE (e- i C, (- sin(At - Bt ) - i sin(At + Bt )) ) 

JE (cos(At ) COS(Bt )) 

JE (ei C, (-i sin(At - Bt ) - sin(At + Bt )) ) 

JE (e- iC, (-1 + i-i cos(At - Bt ) + cos(At + Bt ))) 

JE (-i sin(At - Bt ) + 2 sin(Bt) - i sin(At + Bt )) 

JE (eiC' (1 - i + cos(At - Bt ) - i cos(At + Bt ))) . 



Chapter 3 

Hüpf algebras, quantum 
grüups and braided spaces 

This chapter provides the necessary background on the algebraic structures that 
we are going to use in the following chapters. 

Quantum groups have received a lot of attention from the physics and math­
ematics community since the early eighties. Even though no generally accepted 
definition seems to exist to this day, most authors agree that a quantum group 
should at least be abialgebra or a Hopf algebra. For the definition of Levy pro­
cesses, the main dass of processes that we shall be concerned with, it is sufficient 
to have an involutive bialgebra structure, see Chapter 4. 

Standard textbooks on bialgebras and Hopf algebras are [Swe69, Abe80], but 
see also [DHL91, Fuc92, FK93, Lus93, Mon93, SS93, CP95, Gui95, Kas95, Maj95b] 
and the references therein. 

This chapter is organised as folIows: 
First, in Section 3.1, we give the basic definitions of bialgebras and Hopf alge­

bras. Duality and dual representations are also already introduced. In the next 
section (Section 3.2) we present several examples of bialgebras and Hopf alge­
bras. We start with a few dassical examples arising from groups or semi-groups 
and continue then with some standard examples of non-commutative and non­
cocommutative Hopf algebras. In Section 3.3, we study dual representations. We 
show that the definition of dual representations for dually paired bialgebras ex­
tends that of dual representations for Lie algebras introduced in Section 2.3, show 
that similar techniques can be used for calculating them, and present the explicit 
calculations for several examples. To underline the similarity to the theory on Lie 
groups further we introduce an analogue of the composition law in Section 3.4. It 
is a consequence of duality, but written in terms of the dual pairing it has the same 
form as the composition (or group) law on Lie groups. Formulas ofthe form (3.12) 
will playa central role in the proof of the Feynman-Kac formula in Section 4.7. 
In Section 3.6 we introduce matrix elements for dual representations of quantum 
groups along the line of Section 2.6. 

In Section 3.7 we introduce braided tensor categories, an important concept 
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that is intimately related to the representation theory of quantum groups. In the 
next two Sections (Sections 3.8 and 3.9) we defined braided bialgebras and braided 
Hopf algebras and present several examples. In Section 3.10 we concentrate on 
a special dass of braided Hopf algebras which are primitively generated, called 
braided spaces. 

3.1 COALGEBRAS, BIALGEBRAS AND HOPF 
ALGEBRAS 

An associative algebra A over a field lK is a lK-vector space equipped with a 
bilinear mapping m : A x A -+ A such that m(a, m(b, c)) = m(m(a, b), c)) for all 
a, b, cE A or, equivalently, with a linear mapping m : A ® A -+ A that satisfies 

mo (m ® id) = mo (id ® m) (associativity) . 

We will always assume that our algebras are unital, i. e. that an element e E A 
exists such that 

m(a®e) = m(e®a) = a for all a E A. 

Such a unit element e can be identified with the mapping e : lK -+ A defined by 
e(A) = Ae. The tensor product A ® A has again an associative algebra structure 
given by 

e® e ® e, 

m® (m ® m) 0 (id ® T 0 id), 

where T : A ® A -+ A ® Ais the flip automorphism defined by T(a ® b) = b ® a, 
Va,b E A. 

An algebra (A, m) is called commutative, if m(a®b) = m(b®a) for all a, bE A, 
i.e. m = mOT. 

Assume for the moment that A is finite dimensional. The algebra structure of 
A, given by m and e, defines a dual structure m* : A* -+ (A ® A)* ~ A* ® A*, 
e* : A * -+ lK on the dual space A * = {cp : A -+ lKi cp linear} by 

m*(cp)(a ® b) 

e* (cp) 

cp(m(a ® b)), 

= cp(e), 

for cp E A *, a, b E A. The algebra axioms imply that m* and e* satisfy 

(id®m*)om* 

(e* ®id) om* 

(m*®id)om*, 

(id ® e*) 0 m* = id. 

(3.1) 

We therefore define a coalgebra over the field lK abstractly as a tri pie (C, Ä, 10) 
of a lK-vector space C (not necessarily finite dimensional) and lK-linear maps 
Ä : C -+ C ® C, 10 : C -+ lK that satisfy the coalgebra axioms 

(Ä ® id) 0 Ä (id ® Ä) 0 Ä (coassociativity) 

(€®id)oÄ = (id®€)oÄ=id (counit) 
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The dual of an infinite-dimensional algebra is not always a coalgebra, because 
for infinite vector spaces (A 0 A)* 'F A* 0 A*, but only A* 0 A* c (A 0 A)* (in 
a canonical way), and the image of the map m* defined in Equation (3.1) will in 
general not lie inside A* 0 A*. But the dual of a coalgebra is always an algebra 
with the multiplication ß * : C* 0 C* -+ C* and the unit e : lK -+ C* defined in the 
obvious way. 

Similarly as for algebras the maps 

ß® C 0C -+ (C 0C) 0 (C 0C), 

= (id 0 T 0 id) 0 (ß 0 ß), 

define a coalgebra (C 0 C, ß ® , f®). 
A coalgebra (C, ß) is called cocommutative, if ß = T 0 ß. 
Since ßc is an element of C 0C, it is a finite sum of the form ßc = Ei C~l) 0C~2). 

It has become customary to omit the summation index andjor the summation 
symbol, e.g. 

(3.2) 

this kind of short-hand notation is generally referred to as Sweedler's notation. If 
we apply id0ß or ß0id to ßc, we get the same result (due to the coassociativity), 
in Sweedler's notation this is expressed in the form 

A sub-coalgebra Co of a coalgebra C is a sub-space such that ßCo ~ Co 0 Co. 
A right (left) co ideal I of C is a sub-space such that ßI ~ C 0 I (ßI ~ I0 C, 
resp.). For a coidealone requires ßI ~ C 0 I + I 0 C and e(I) = 0, these are 
exactly the conditions that are necessary so that ß and e factor through to the 
maps ßC/I: CjI -+ CjI0CjI and eC/I: CjI -+ lK. The triple (CjI,ßC/I,eC/I) 
is again a coalgebra, the so-called quotient coalgebra. 

The following useful result is a consequence of the fact that the algebraic tensor 
product is used in the definition of coalgebras. 

Theorem 3.1.1 (Fundamental theorem of coalgebras) In a coalgebra C, ev­
ery finite-dimensional sub-space is contained in a finite-dimensional sub-coalgebra. 

For the proof see [Swe69]. 

Definition 3.1.2 Abialgebra over lK is a 5-tuple (A, m, e, ß, f) where 

• (A, m, e) is an algebra over lK, 

• (A, ß, f) is a coalgebra over lK, 

• and the algebra structure and the coalgebra structure are compatible, i. e. 

ß : A -+ A 0 A and f : A -+ lK are algebra homomorphisms 
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01', equivalently, 

m : A ® A ---* A and e : IK ---* Aare coalgebra homomorphisms. 

The compatibility conditions can also be written as 

ßom = m® 0 (ß ® ß) = (m ® m) 0 ß®, 

ßoe e®e, 

fOm = f ® f, 

fOe = idIK· 

For a Hopf algebra we need one more ingredient, the antipode. 

Definition 3.1.3 Let (A, m, e, ß, f) be abialgebra. A linear map S : A ---* A that 
satisjies 

mo (id ® S) 0 ß = m 0 (S ® id) 0 ß = e 0 f 

is called an antipode, and (A, m, e, ß, f, S) is called a Hopf algebra. 

If an antipode exists, it is unique, and an algebra anti-homomorphism, i. e. m 0 

(S ® S) = S 0 m 0 T, or S(a)S(b) = S(ba) for all a, b E A, and a coalgebra 
anti-homomorphism, i.e. ß 0 S = T 0 (S ® S) 0 ß. 

A *-bialgebra is abialgebra A (over a field with involution, e.g. <V) with an 
involution * : A ---* A such that (A,m,e,*) is a *-algebra (i.e. (e(..\))* = e(X), 
* 0 m = mo T 0 (* ® *), * 0 * = id), and ß and c are *-algebra homomorphisms 
(i.e. (* ® *) 0 ß = ß 0 * and c(a*) = (c(a)) for all a E A). For a *-Hopj algebra 
one requires in addition So * 0 S 0 * = id. Note that this implies * 0 S 0 * 0 S = id 
and therefore that S-l exists and is given by S-l = * 0 S 0 * .. 

We say that two IK-bialgebras (Al,ml,el,ßl,fd and (A2,m2,e2,ß2,f2) are 
dually paired (form a dual pair), if there exists a non-degenerate bilinear map 
(.,.) : Al x A2 ---* IK, such that 

(ml(al ® bl ), C2) 

(Cl, m2 (a2 ® b2)) = 

(al ® bl , ß2(C2))®, 

(ß l (cd,a2 ®b2 )®, 

(el, a2) f2(a2), 

(al,e2) = fl(ad, 

for all al , bl , Cl E Al, a2, b2, C2 E A2. For a dual pairing between two Hopf algebras 
(Al,ml,el,ßl,fl,Sd and (A2 ,m2,e2,ß2,f2,S2) we also require 

to be satisfied for all al E Al, a2 E A2 . 

If Al and A2 are *-Hopf algebras, then there is an additional condition, namely 
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Whenever we have a dual pair, we also have actions of each Hopf algebra on 
the other one, the so-called right and left regular or dual representation. They are 
defined by PR'P'i : Al -+ Hom(A2,A2), PR(X) = (id ® X) 0 ß2 and P'i(X) 
(X ® id) 0 ß2, respectively, and they satisfy 

PR(XY) = PR(X)PR(Y), P'i(XY) = p'i(Y)p'i(X), 

for all X, Y E Al' 
These representations have a 'nice' behaviour with respect to the multiplication 

in A2 . Since the coproduct in Al is the dual of the multiplication in A2 , we get 

the following Leibniz formulas. Let ßI (X) = L: X;!) ® X?l, then 

pL(X) (ab) 

pR(X)(ab) 
L:(p'i (Xpl)a)(p'i (X?l)b) 
L:(PRXpl)a) (PR (X;2 l )b) 

(3.3) 

for all X E Al, a, bE A2. For primitive elements X (i.e. ßX = X ® 1 + 1 ® X) 
this is the usual Leibniz formula PR L(X)(ab) = (PR L(X)a)b+ a(pR L(X)b). Note 
that the primitive elements of abialgebra form a Li~ algebra, since for X, Y with 
ßX = X®1+1®X and ßY = Y®l+l®Y, we have ß[X, Y] = [X®l+l®X, Y® 
1+1®Y] = XY®l+X®Y +Y®X +l®XY -YX®l-X®Y -Y®X -l®YX = 
[X, Y] ® 1 + 1 ® [X, Y]. 

For group-like elements g (i.e. ßg = g ® g and c(g) = 1) the Leibniz formula 
reads PR,L (g)(ab) = (PR,L (X)a)(pR,L (X)b). The group-like elements of abialgebra 
form a unital semi-group, since ß1 = 1 ® 1 and since ßgl = gl ® gl and ßg2 = 
g2 ® g2 implies ßgIg2 = glg2 ® glg2. In a Hopf algebra they even form a group. To 
see this note that the definition of the antipode implies S(g) = g-l for group-like 
elements. 

Let us also introduce some basic cohomology language that we will meet again 
in Section 4.4. If Ais an associative algebra and M an A-bimodule, with the left 
and right actions Pt : A x M -+ M and Pr : M x A -+ M, then we define the 
space of (Pl,Pr)-n-cochains as Cn = HomlK(A®n,M) and we define IK-bimodule 
maps 

a 
aa(al ® ... ® an+!) 

cn -+ Cn +! 

pI(ada(a2 ® ... ® an+d 
n 

+ ~) -l)ia(al ® ... ® aiai+! ® ... ® an+!) 
i=l 

for a (Pt, Pr )-n-cochain a E Cn and for al, ... , an+l E A. An (PI, Pr )-n-cochain a 
is called an (Pt, Pr) -n -cocycle, if 

aa =0 

and a (Pt,Pr)-n-coboundary (of ß) if there exists an (Pl,Pr)-(n - l)-cochain ß E 
C n - l such that 

aß = a. 
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We denote by zn (A, M) the space of (PI, Pr )-n-cocycles and by Bn (A, M) the 
space of (PI,Pr)-n-coboundaries. Since 82 = 0, we have Bn(A,M) ~ zn(A,M), 
Le. every coboundary is also a cocycle, and we can define the cohomology group 
Hn(A,M) = Bn(A,M)jzn(A,M). 

There also exists a cohomology theory for coalgebras that is essentially the dual 
version of that for associative algebras. If N is a C-bicomodule, with the left and 
right coactions /'1 : N -+ C Q9 N and /'r : N -+ N Q9 C, then the space of n-cochains 
is defined as Dn = HomlK (N, c®n). The bicomodule maps 8 : Dn -+ Dn+1 are 
now defined as 

8 Dn -+ Dn +1 

8a (idc Q9 a) ° /'1 
n 

+ 2) -l)i(idc Q9 ..• Q9 idc Q9~ Q9 !dc Q9 . ~. Q9 idc) ° a 
i=l -----......-..-

i-I times n - i-I times 

for a E Dn. 
As before we can define (/'1, /'r )-n-coboundaries, (/'1, /'r )-n-cocycles, and the 

cohomology group.· 
If A is actually a Hopf algebra, then both constructions can be combined to 

define Hopf algebra cohomology theory (see, e.g., [CP95, Paragraph 6.l.B]), but 
we shall not need it here. 

3.2 EXAMPLES OF BIALGEBRAS AND HOPF 
ALGEBRAS 

3.2.1 The bialgebras IKG and (IKG)* 

Let (G, 0, e) be a finite unital semi-group. The algebra A = Fun G = lKG = {cp : 
G -+ lK} of functions on G and the group algebra a = lKG can be turned into 
a dual pair of lK-bialgebras. The set of the characteristic functions (indicator 
functions) {1L g ;g E G} with 

if 9 = g', 
else, 

is a basis of Fun G. For the dual space we will use the dual basis {bg ; gE G}. The 
bg are defined by 

if 9 = g', 
else, 

The multiplication in Fun G is defined as pointwise multiplication 

(cp. 'ljJ)(g) = cp(g)'ljJ(g) , cp,'ljJ E FunG, gE G. 
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In terms of the basis introduced above this becomes 

(We use the subscripts a and A to distinguish between the operations in A = Fun G 
and a = lKG). The unit element (with respect to mA) is 

i. e. the constant function with value 1. The coproduct of Fun G is indueed by 
the multiplication of G. It is given by 

t.p E lKG, gl,g2 E G. 

The eounit fA : Fun G -+ lK is defined by 

fAt.p = t.p(e). 

Again using the basis {I g ; gE G}, we ean rewrite these relations as 

ßA (2.: Ag I g) = 2.: Agogl I g 0 Igl, 
g,gl 

We now use the duality between Fun G and lKG to define abialgebra structure 
on lKG. We set m a = ß A and ß a = mA' i. e. we define m a and ß a by requiring 

(mA(A0jl),x) 

(ßA(A),x 0 y)® 

(A 0 jl, ßa(x))®, 

(A, ma(x 0 y)), 

to be satisfied for all A, jl E Fun G and all x, y E lKG. This gives 

m. (L x,b, ® Ly,b,) ~ ~ C~~, X"y,,,) b" 

ß a (2.: xgbg) = 2.: xgbg 0 bg, 

and we see that we really reeovered the multiplieation of the group algebra, Le. 
the multiplieation defined by setting bgbgl = bggl. We see that the basis elements 
bg are group-like. Furthermore, they are the only group-like elements and the 
semi-group formed by them is obviously isomorphie to G. 

The unit ea and eounit f a of lKG are given by 

ea be , 

Ea(X) = Ea (2: Xgbg)=2: X g. 
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They satisfy the relations 

for all A E Fun G, x E IKG, i. e. Fun G and IKG are dually paired. 
If G is a group, then we can also define antipodes on Fun G and IKG, namely 

SA(lg ) Ig-! 

Sa(bg) bg-!, 

and Fun G and IKG are also dually paired as Hopf algebras, i. e. 

for all A E Fun G, xE IKG. 

If the field IK has an involution (e.g., if IK = <D), then Fun G is an involutive 
algebra with the pointwise involution, 

A*(g) = A(g), for 9 E G. 

It is obvious that cA and ßA are then *-algebra homomorphisms and that SA 0 * 0 

SA 0 * = id holds, s6 that Fun Gis even a *-Hopf algebra. To turn Fun G and IKG 
into a dual pair of *-Hopf algebras, the involution * : IKG -+ IKG has to satisfy 

(I g, x*) = (I;, x*) = (I g, S(x*)*) = (I g, S-l(X)), 

for all 9 E G, x E IKG, so that we have to set 

for x = L xgbg E IKG. 
9 

3.2.2 The bialgebras loo (71) and II (71) 

If we want to turn the space of functions on an infinite (semi-) group into a 
bialgebra, we have to be more careful. Consider for example the group (71, +). 
The space IK~ of all functions on 7l is too large, we have IK~ ® IK~ c IK~ x ~, but 
not equality, because the algebraic tensor product contains only finite sums. On 
the other hand, if we restrict ourselves to the functions that are zero everywhere 
except on a finite number of elements (as a vector space this is exactly IK71, the 
free vector space generated by 7l) 

IK71 = {L Akllk; only finitely many Ak i- o} , 
kE~ 

then this is too small. The constant function e = LkE~ Ik, our candidate for the 
unit element, is not contained in IK71. 

But we can still define a (topological) Hopf algebra of functions on 7l, if we 
introduce an appropriate norm on IK71, complete IK71 with respect to this norm, 
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and replace the algebraic tensor product by some appropriate topological tensor 
product. In the case of 'll it turns out that we can take the norm 11 ·1100 defined 
by 

IIAlloo = sup IAkl 
kE7l, 

Completing lK71 with respect to the norm 11·1100 we get the Banach space [oo('ll) 
of bounded functions on 'll. The algebraic operations are given by 

moo(A, fl) L AkflkD.k 
kE7l, 

eoo L D.k 
kE7l, 

ßoo(A) L Ak+k' D.k ® D. k, 
k,k'E7l, 

10 00 (A) AO 

for A = L: AkD.k, fl = L: mkD.k E [00 ('ll). We can also define an antipode S : 
[00 ('ll) -+ [00 (71). It is determined by i ts action on the basis 

S(D.k) = D.-k. 

The operations defined above are continuous with respect to the norm 11·1100: 

< 11 All 00 . IIfllloo IImoo(A,fl)lIoo 

lIeoo 1100 

IIßoo(A)II~ 
It:oo(A)1 < 

IIS(A) 1100 

1 

11 A 1100 

IIAlloo 

IIAlloo 

(where 11 L:k,k' )..k,k' nk ® n k, II~ = sUPk,k' l)..k,k,l). 

The Hopf algebra (loo(71), moo , eoo , ß oo , 10 00 , S) can be dually paired with the 
Hopf algebra W(71),m1,e1,ß1,t:1'S), where 

IIxI11 = 11 L xkbkl11 = L IXkl 
kE7l, kE7l, 

m1(x,y) 2: (2:Xk-lY,1 b, 
kE7l, IE7l, J 

e1 bo 

ßdx) L Xkbk ® bk 
kE7l, 

101 (x) LXk. 
kE7l, 

and where the pairing is determined by 

(bk, nk,) = 6k ,k' (Kronecker delta). 
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3.2.3 Polynomials on the real line 

Let us now take the algebra of polynomials 

lR[x) = Pol(lR) = { L anxn; only finitely many an "# o} . 
nEIN 

We will use the identification lR[x) ®lR[x) = lR[x', X") which can be obtained by re­
placing xn ®xm by x,nx"m. We can define a multiplication, unit, comultiplication, 
counit and antipode on this space: 

m(p(x), q(x)) m (LPnxn, L qnxn) = LPnqnxn+m 

p(x)q(x) (usual multiplication of polynomials) 

e 1 

~(p(x)) ~ (LPnxn) = ~ ~pn ( : ) x" ® xn- II 

p(x' + x") 

€(p(x)) = p(O) = Po 

5(P(x)) = L( -l)npnxn = p(-x). 

This Hopf algebra can be dually paired with itself. We set 

This can also be written as 

(P(x),q(x)) = P (ddx ) q(X)!x=o' 

3.2.4 The continuous junctions on the circle SI 

Let 51 be the unit circle 51 = {z E <V; Izl = I} = {exp(iO);O E [-7r,7r[}. The 
restriction of the complex multiplication to the unit circle turns it into a compact 
topological group (using the trace topology). 51 x 51, equipped with the product 
topology and product group structure, is also a compact topological group, and 
we have C(51 ) ® C(51 ) ~ C(51 X 51), where C(51 ) (C(51 X 51)) is the space of 
continuous functions on 51 (resp. 51 x 51), and ® denotes the topological tensor 
product. The definitions 

(f·g)(z) J(z)g(z) 

e(z) 1 

(~f) (z' , Zll) J(z' Zll) 

€(f) J(l) 

(5f) J(Z-l) 
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turn C(Sl) into a Hopf algebra. The dual space of C(Sl), the space of signed 
Radon measures M(Sl), can be turned into a Hopf algebra, too. We get 

m(J.L, v) (convolution of measures) 

e (the Dirac measure at the unit element) 

6.. (J.L) J.L C?J J.L 
€(J.L) J.L(Sl) (the total mass) 

S(J.L) i(J.L) = J.L 0 i 

3.2.5 Universal enveloping algebras 

Another very important example for a Hopf algebra is the universal enveloping 
algebra U(g) of a Lie algebra g. We defined U(g) as an associative algebra in 
section 2.1. Define the mappings 6.. : U(g) -+ U(g) C?J U(g), € : U(g) -+ IK by 
setting 

6..(X) 

€(X) 

x C?J n + n C?J X, 

0, 

for X E 9 and then extending them as algebra homomorphism to U(g). As an­
tipode we take the map S : U(g) -+ U(g) defined on page 7. (U(g), m, n, 6.., €, S) 
is a Hopf algebra with these definitions. 

3.2.6 q-JVur.nbers 

Before we can present examples of Hopf algebras that are neither commutative 
nor cocommutative, we have to introduce some notations. 

To formulate the commutation relations and the formulas für the coproducts üf 
quantum groups, we need the so-called q-numbers and several derived functiüns, 
such as the q-factorial, the q-binomial (Gauss polynomials), and the q-exponential. 
Readers already familiar with these functions may safely skip this paragraph. 

We can consider the q-numbers 

n-l 

qn = Lqll, for nEIN, q E <C, 
11=0 

as a generalisation of the sequence of positive integers. For q =F 1 this gives 
1 n 

qn = l-!q' and for q = 1 we have qn = n. This allows to define the q-numbers 
also for non-integer subscripts, 

X 
l-q" 
l-q 

if q = 1 
else. 

For real and positive q they can be characterised as the solutions of a functional 
equation. It is well-known (see e. g. [AD89]) that the linear functions f : IR -t IR, 
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f(x) = cx can be characterised by the (additive) Cauchyequation 

f(x + y) = f(x) + f(y) for all x, y E IR 

plus certain mild regularity conditions such as measurability or boundedness (be­
low or above on a set of positive inner measure). The q-numbers can be eharae­
terised by the generalised Cauehy equation 

f(x + y) = f(x) + g(x)f(y) for all x, y E IR, 

see e.g. [Fra94]. 
We will assume that q is a eomplex number, but not a root of unity, i. e. qn "I- 1 

for all n E lN. We define the q-factorial 

and the q-binomial 

qm . qm-l ... qm-n+l qm! 
= ql . q2 ... qn qn! . qm-n! 

for m, n E N, m > n. The q-binomial eoefficients satisfy 

and 

[ m: 1 ] q = [ ~ ] q + qm-n+1 [ n: 1 ] q = qn [ ~ ] q + [ n: 1 ] q . 

A symmetrie version of the q-numbers is defined by [n]q = q;~r:ln. Then [n]q! = 
I1~=1 [n]q, and 

[[ m ]] [m]q[m -l]q'" [m - n + l]q [m]q! 
n q [1]q[2]q ... [n]q - [n]q![m - n]q!' 

These q-numbers are related to the ones defined before by [n]q = q-n+1 (q2)n, 
[n]q! = q_n(n;l) (q2)n!' and 

We will also need the q-exponential 
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3.2.7 The quantum algebra Uq(af f(l)) 

Now we come to the first example that is neither commutative nor cocommutative. 
The q-deformed universal enveloping algebra or quantum algebra that we pre­

sent in this example was introduced by Drinfeld (see [Dri87] Example 6.1). 
Uq(af f(1)) is generated by Xl and X 2 , with the relations 

[Xl, X 2] = aOX 2, 

and 

Xl ® 1 + 1 ® Xl, 
1 1 

X 2 ®exp(2hßoXd +exp(-2hßoXd ®X2· 

This is adeformation of the enveloping algebra of the affine group in one dimension 
Af f(1) and can therefore be called the q-affine algebra. We use the equivalent 
generators X = ßXI , Y = exp(~hßoXdX2' and a = aoßo, because they will be 
more convenient for many calculations. Then 

[X,Y] aY, 

~(X) = X ® 1 + 1 ® X, 

~(Y) = Y ® exp(hX) + 1 ® Y. 

It is also possible to define an antipode for Uq(Aff(1)): 

S(X) -X, 

S(Y) = -Yexp(-hX). 

3.2.8 The quantum algebra Uq(sl(2)) 

Let h be such that q = eh. The q-deformed enveloping algebra of sl (2) can be 
defined as the algebra generated by H, X, Y with the relations 

[H,X] 2X, 

[H,Y] = -2Y, 

[X, Y] = [H]q. 

This becomes a Hopf algebra, if one defines ~,S, f by 

~(X) X ® 1 + exp(hH) ® X, 

~(Y) Y ®exp(-hH) + 1 ® Y, 

~(H) H®1+ 1®H, 

S(H) -H, 

S(X) - exp( -hH)X, 

S(Y) -Yexp(hH), 

f(H) f(X) = f(Y) = O. 

The generators H, X, Y are related to the generators in [DHL91] by H H, 
X = exp(~H)X+, and Y = X_ exp(-~H). 
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3.2.9 The quantum algebra U(sl(2) EBq sl(2)) 

Another interesting example is the deformation of SL(2) ® SL(2) where the two 
SL(2) remain classical, and the deformation intro duces a Quantum Link. The 
quantum group Fun(SL(2)®qSL(2)), the related quantum algebra and a quantum 
space have been constructed and studied by P. Truini, V.S. Varadarajan, and E. 
De Vito [TV91, TV93]. 

Truini et al. defined U(sl(2) EB q sl(2)) as the Hopf algebra generated by H1, H2 , 

X:j' ,xi with the relations 

[X;,xt] 0, (i :j; j) 

[Hi, xt] = ±Oij 2X;, 

[xt,xn oijHi, 

ß(X:j') X:j' ® 1 + exp(±hH2 ) ® X:j', 

ß(xi) xi ® exp(±hHt} + 1 ® xi, 
ß(Hi) Hi ® 1 + 1 ®Hi, 

S(X;) - exp(~hHj)X;, (i:j;j) 

S(Hi) -Hi , 

€(H i ) = €(X i±) = o. 

3.2.10 The quantum algebra hq (1) 

We consider the q-Heisenberg algebra hq(l) generated by At, H, and A with the 
relations (see e. g. [CGST91]) 

[H,A] = [H,At] = 0 

[A,At] [H]q 
ß(At) = At®l+q-H®At 

~(A) = A®qH + 1 ®A 

~(H) = H®l+l®H 
S(At) = _Atq- H 

S(A) _AqH 

S(H) -H 

c(At) c(A) = c(H) = O. 

Because H is central, we get the classical Heisenberg-Weyl algebra relations if we 
change the basis to At, Hf = [H]q, and A, but not with the standard coalgebra 
relations. 

3.3 DUAL REPRESENTATIONS FOR QUANTUM 
GROUPS 

In this section we will study the dual representations using bialgebra terminology. 
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Let 9 be a Lie algebra and U(g) its universal enveloping algebra. Then actions 
PL, PR : 9 x U(g) -t U(g) are defined by 

PL(X)U X· U, 

PR(X)U = U· X, 

(X E g, U E U(g)), where . denotes the multiplication in U(g), and X has been 
identified with its image under the canonical injection i : 9 -t U(g). Choosing 
an associative algebra A and a non-degenerate pairing (.,.) : U(g) x A -t <U, we 
define the adjoint operators of pdX) and PR(X) by requiring 

(P.(X)u,a) = (u,p:(X)a) 

for all u E U(g), a E A, where • stands for either L or R. One easily verifies 

PI. (X) 0 PI. (Y) 

PR(X) 0 PR(Y) 

P'i(YX), 

PR(XY). 

(3.4) 

(3.5) 

We want the p:(X) to act as derivations on A. A sufficient condition for this can 
be formulated using the Hopf algebra structure of U(g). 

Proposition 3.3.1 Let U(g) be the enveloping algebra oJ g, A an associative alge­
bra, and (.,.) : U(g) x A -t <U a non-degenerate bilinear Jorm. 1J Jor all u E U(g), 
al,a2 E A, 

(A( u), al 0 a2)® = (u, ala2); 

is satisjied, then the operators p:(X), X E g, are derivations, i. e. 

holds Jor all X E g, al, a2 E A, where • stands Jor either L or R. 

Proof: Let A(u) = L:u~l) 0U~2), and notice 

A(X . u) = (X 0 1 + 1 0 X) L U~l) 0 U~2) 

L ((X . U~l)) 0 U~2) + u~l} 0 (X . U~2))) 

L ((PR(X)U~l)) 0 U~2) + U~l) 0 (PR(X)u~2))) 

(pR (X) 0 1 + 10 PR(X)) A(u), 

and similarly A(pdX)u) = (pdX) 01 + 10 pdX)) A(u). Then 

(P.(X)u, ala2) 

(A(p.(X)u), al 0 a2)® 

((P.(X) 0 1 + 1 0 P.(X)) A(u), al 0 a2)® 

(A(u),p:(X)a10a2 +a10P:(X)a2)® 

(u, (p:(al))a2 + al(p:(X)a2)) 

(3.6) 

(3.7) 
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for all X E g, u E U(g), a1,a2 E A. The non-degenerateness of (.,.) implies now 
the result. • 
We see that the fact that the p:(X) act as derivations on Ais a direct consequence 
of the fact that the elements of 9 are primitive in the Hopf algebra U(g). 

The generators of q-deformed universal enveloping algebras (quantum algebras) 
are generally not primitive, but satisfy a slightly weakened condition. They are 
(t"H, qßH)-primitive with appropriate constants a, ß, and appropriate H, Le. 

~(X) = qo:H ® X + X ® qßH. 

This means that if we can introduce a grading on A, such that P: (H)a = )"deg(a)a 
for all homogeneous a E A with some constant ).., then the operators p:(X) will 
be (q>'O:, q>'ß)-derivations, or what we one may call q-vector fields, L e. 

for all homogeneous a1, a2 E A. 
Equation (3.6) suggests that A and U(g) should be dually paired. Indeed, if 

we suppose that Ais abialgebra, and that A and U(g) are in duality, in particular 
that 

is satisfied, then we can give a very simple form for the dual representations (cf. 
[MMN+gOa, MMN+90b, VS88]), i.e. the dual representation introduced in Chapter 
2 for Lie algebras is not hing else than the dual representation introduced in Section 
3.1 for dually paired bialgebras. 

Proposition 3.3.2 Let ~(a) = l: a~l) ® a~2). Then 

pi,(X)a 

PR(X)a 

Remark: If we identify X with the linear functional defined by X(a) = (X, a), 
then 

pi,(X)a 

PR(X)a 

(X ® id) 0 ~(a), 

(id ® X) 0 ~(a). 

Proof: We show the first equation, the second equation can be proved analogously. 
We have for all u E U(g) 

(u, pi,(X)a) (X. u,a) 

(X ® u, ~(a))0 

L (X, a~1))(u, a~2)) 

( ,,( (1)) (2)) u,~ X,a i ai . 
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The pairing (., .) was required to be non-degenerate, therefore this implies 
pL(X)a = I:(X, a~1))a~2). • 

We will illustrate the above diseussion by several examples. There are several 
methods to aetually ealculate the dual pairing and the dual aetions, see for example 
[Dob92, DP93a, DP93b] or [FG93, BCG+94]. We shall use here dual bases and 
formal pairings, as in Seetian 2.3. Let A = Funq(G) and U = Uq(g) be two dually 
paired Hopf algebras, and let {cn; n E ]Nd} and Nn; n E ]Nd} be a pair of dual 
bases, i. e. 

(Cn, 'l/Jm) = 6nm . 

Then we write the pairing (.,.) : A x U -+ <V formally as 

Note that this is not unique. The key property of this formal pairing that we shall 
exploit eontinuously is 

LCnPdX)'l/Jn 

LCnPR(X)'l/Jn 

L (pi(X)cn) 'l/Jn 

L (PR(X)cn) 'l/Jn, 

for all X EU. We write the above identities often simply as 

Xg 

gX 

pi(X)g 

PR(X)g. 

3.3.1 Example: the quantum algebra Uq(af f(l)) 

The generators of Uq(af f(l)) satisfy 

~ ( : ) XV 0 x n - v , 

f [ m] YIL 0 ym-IL exp(J-LhX), 
1'=0 J-L eah 

(3.8) 

(3.9) 

as ean be proved by induetion from the relations given in paragraph 3.2.7. It 
follows 

t, t, ( : ) [ : ) q ylL Xv 0 ym-IL exp(J-LhX)Xn- v 

~ ~ ~ ( : ) [ : L (J-L;)P ylL Xv 0 ym-IL Xn-v+p 
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(with q = eah ) and therefore the coefficients of ~ with respect to the basis 
{ym X n ; n, mEIN} are 

o if J.L + J.L' 1= m or v + v' < n, 

~ (/L,v),(/L' ,v') _ H ~r:+i 
if J.L = 0 = m - J.L' and v + v' ~ n, 

(m,n) -
/Lh v+v' -n 

v+v'-n)! else. 

We want to define an algebra (A,m) and a mapping (.,.) : Uq(g) x A ~ 

<C, such that equation (3.6) is satisfied. We let A = span{ A ij ; i, JEN} and 
(ym X n , Aij ) = ÖimÖjn and use (3.6) to define a multiplication on A. If the 
coefficients of m : A ® A ~ Aare introduced by letting 

Akl . Ak'l' = m(Akl ® Ak'l') = L m{~),(k'l,)AItA' 
ItA 

ItA A (kl),(k'I') h C 
then m(kl),(k' I') = U ItA . T erelore 

A A "'" A (kl),(k'l')A 
kl' k'l' = ~ U ItA ItA' 

ItA 

in particular 

A ov ' A ov' = ( v + v' ) 
V Ao,v+v" 

Al'o . Al"o [ J.L + J.L' ] J.L q AI'+I" ,0, 

A ov . A/L'o A/L'v, 

AlO·AOl = hAlO + All' 

We set a = A Ol and b = A lO , and notice that A is the associative algebra generated 
by a and b with the relation 

b . a = a . b + hb. 

We ha e A aVbl' and < ym X n n'bm' >- 15 15 n' , We write the v /LV = v!ql'!' ,a - mm' nn' ·qm" 
pairing formally as 

and calculate the actions of Y and X on g: 

yg = 

(3.10) 
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and therefore 

In the same manner we obtain P'i(X), PR(Y) and PR(X), 

Proposition 3.3.3 The dual representations are given by 

P'i(Y) 

p'i(X) 

PR(Y) 

PR(X) 

c5b , 

aa + aNb, 

exp(aa)c5b , 

aa. 
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(3.11) 

To obtain q-vector fields, we have to ensure p:(X)a = >'deg(a)a. We can find 
one sub algebra for PR' and one for Pi" on which this condition can be satisfied. 
Let Al be the subalgebra of A generated by z = exp( -aa)b, then 

PR(X)zn = -anzn, 

PR(X)(ZIZ2) (pR(X)zd z2 + ZIPR(X)Z2, 

We define deg(zn) = n and set>. = -a. Since Y is (l,exp(hX))-primitive, PR(Y) 
is a (l,q-l)-derivation on Al. One calculates 

PR(Y)zn (q-l)nzn-l, 

PR(Y)(Znzm) = q-m(PR(Y)Zn)zm + znpR(Y)zm. 

Note that because of the commutativity of Al, PR (Y) is also a (q-l , 1 )-derivation. 
We obtain similar results, if we take PI, and the sub algebra A2 generated by b. 

p'i(X)bn 

p'i(X)(blb2) 

p'i(Y)bn 

p'i(Y)(bnbm) 

anbn, 

(p'L(X)bdb2 + bIP'L(X)b2, bl , b2 E A2, 
qnbn- l , 

qm(p'i(Y)bn)bm + bnpL(Y)bm. 

With the definition deg(bn) = n, pL(Y) acts as a (1, q)-derivation on A2 • 

A more direct way to obtain the same realisations would have been to start 
with a representation V, in which P.(X) is already diagonal. To follow the same 
procedure as before, we need one more structure on V, a coproduct ßv : V -+ 
V ® V. We can obtain such a V as the quotient space of Uq(Aff(l)) with respect 
to a subspace which is a coideal and also a left (right) ideal of Uq(Af f(l)). Such 
aspace is the left (right) ideal h = Uq(Af f(l))X (resp. IR = XUq(Af f(l))) 
generated by X. 

Let now V = Uq(Aff(l))/h. Then {yn;n E N} is a basis of V, and the 
action of X, Y on V is determined by 

PL,v(X)yn 

PL,v(y)y n 
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The coproduct ~ v is given by 

~v(yn) = :t [ ~] yv @ yn-v, 
v=o q 

therefore 

(~v)~,V' = <5v+v',n [ ~ L. 
If we set B 2 = span {Ak; k E N} and < yn, Ak >= <5nk , and define a multiplication 

k 
on B2 as before, we find that B2 is generated by a = Al, with Ak = ~. We write 

qk· 
formally 

and compute PL v in the same way as before: , 

PL,v(X) aNa , 

PL,v(Y) <5a , 

PL,v(X) is a derivation, and PL,v(Y) is a (1, q)-derivation. As we notieed in 
Equation (3.4), PL v is an anti-homomorphism. If we compose PL v with the 

antipode S, we get 'a homomorphism pt,v = PL,V 0 S. This yields ' 

pl,v(X) 

pt,v(Y) 

With respect to the grading introduced before, pt,v(Y) is a (1, q-l )-derivation. 
If we start with the right ideal generated by X, and set V' = Uq (Aff(l))/IR, 

then {yn; nE N} is again a basis, and we get 

PR,v,(x)yn 

PR,v,(y)yn 

PR v,(X) , 

PR v,(Y) , 

-anyn, 
yn+l , 

where PR, v' (X) and PR, v' (Y) act on the algebra BI generated by b, and the pairing 
is 

Note that BI (resp. B2 ) is isomorphie to the sub algebra Al (resp. A2 ) of A that 
we used before. 
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3.3.2 Example: the quantum algebra Uq(sl(2)) 

F'rom the defining eommutation relations follows 

f(H)X n 

f(H)yn 

YX n 

ynX 

Xnf(H + 2n), 
yn f(H - 2n), 

Xny - Xn-1[n]q[H + n - l]q, 
xyn - [n]q[H + n - l]qyn-l. 
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Let h = Uq(sl(2))H be the left ideal generated by H, and V = Uq(sl(2))jh. 
Then {xnym; n, mE N} is a basis of V. The eoproduet on V is given by 

Av(xnym) = t f [ ~ ] 2 [ ; ] 2 q-211/1 X n- IIY/1 Q9 X ll ym-/1. 
11=0/1=0 q q 

Note that the eoalgebra (V, Av) is not eoeommutative, although X and Y are 
eoeommutative elements (Av(X) = X Q9 1 + 1 Q9 X, Av(Y) = Y Q9 1 + 1 Q9 Y). 
If we set A = span{Akl ; k, 1 E N} and (xnym, Akl ) = OnkOml, we find that A is 
isomorphie to the algebra generated by a, b with the relation a· b = q2b . a, which 
is <C~2 (cf. [RTF90]). The formal pairing is given by 

00 xnymanbm 
g = L (2) '( 2) ,. n,m=O q n· q m· 

The realisation of Uq (sl (2)) on <C~2 is given by 

PI,,v(H) 2Na - 2Nb, 

PI,,v(X) = q20a, 

PI,,v(y) = q20b - aq-Na [Na - 2Nb]q, 

cf. [GP89]. In the limit q -t 1 this beeomes 

PI,,v(H) -t 2aoa - 2bob, 

pI, v(X) -t Oa, 

PI,,v(y) -t 8b - a28a + 2ab8b. 

If we take the right ideal IR = HUq(sl(2)) generated by H instead, set W = 
Uq(sl(2))j IR, and apply the same proeedure, then we get again a realisation of 
Uq(sl(2)) on A = <C~2. This time 

pR,w(H) 2Nb - 2Na, 

PR,W(X) = q-20a - O"bqNb[Nb - 2Na]q, 

PR,w(Y) = q-20b. 

In the limit q -t 1 this beeomes 

pR,w(H) -t 2b8b - 2a8a, 

PR,W(X) -t 8a - b28b + 2ab8a, 

PR,W(Y) -t Ob· 
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3.3.3 Example: the quantum algebra U(sl(2) EBq sl(2)) 

Let IR = H1U(8l(2) EB q 8l(2)) + H2U(8l(2) EB q 8l(2)) be the right ideal generated 
by Hl and H2. We use V = U(8l(2) EB q 8l(2))jIR and construct an associative 
algebra A and a dual pairing (-,.) : U(8l(2) EB q 8l(2)) x A ~ <C. We find that A is 
generated by Xl, X2, Yl, Y2 with the relations 

q2 X2Xl , 
= q-2 y2xl , 

Y2 X2, 

Y1Xl, 
q2 ylx2 , 
q2 y2yl . 

The dual pairing can be written as 

9 _ (xt)n1 (xt)n2 (x1 )m1 (X2)m2x~lyrlx~2y;n2 
- L nl!ml!n2!m2! 

We obtain the following realisation: 

PR(Xt) 

PR(X1) 
PR(Hd = 

. PR (xi) 
PR(X2 ) 

PR(H2) 

8Xl + 2X1Y18Yl - yi8y1 , 

8y1 , 

2NY1 - 2Nx1 , 

8X2 + 2aX2aY28Y2 - a;2 8Y2' 

8y2 , 

2NY2 - 2Nx2 · 

3.3.4 Example: the quantum algebra hq(l) 

We proceed as before. By induction A(Atn Hm Ar) = 

If we expand this we can read off the coefficients A ((n,m,r) ) (n m ). We define nt, ffi l,T2, 2, 2,T2 

functionals Anmr by 

t n ' m' r' (Anmr , AHA ) = c5nn' c5mm' c5rr" 

and turn Hq(l) = span{Anmr;n,m,r E IN} into an algebra by setting 

This leads to 

(nl + n2)!(rl + r2)! A 
I I I I nl+n2,O,rl+r2 

nl·n2·rl·r2· 
(ml + m2)! 

I I AO,ml +m2,O 
ml·m2· 

An,o,o . AO,m,o . Ao,o,r = An,m,r 
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and 

AlOO . A010 = A010 ' AlOO + hAlOO 

A001 . A010 AOlO • A001 + hAo01 . 

H q (l) is the associative algebra generated by three elements a = A lOO , b = AOlO , 

d A A anb"'c"· h h I' an c = 001, nmr = n!m!r!' Wlt t e re atlOns 

a·b b·a+ha 

c· b b· c + hc 

a· c c· a 

The pairing between hq (l) and H q (l) can be formally written as 

With this the left and right dual representations can be calculated. 

Proposition 3.3.4 The dual representations are given by 

pi,(At) oa 

pi,(H) Ob 
pL(A) Oe + a[Ob]q 

p'R(At) Oa + O"e[Ob]q 

pi,(H) Ob 

pi,(A) Oe, 

where [O]q acts as 

[al f(x) = q8 - q-8 f(x) = f(x + h) - f(x - h). 
q q _ q-1 q _ q-l 

Note that [o]q -+ 0 for q -+ 1 on differentiable functions. On the monomials 
(q:l 1) 

That the sum runs only over a finite number of terms shows in particular that no 
convergence problems arise as long as we act on polynomials in the variables a, b 
and c. If we switch to a different set of generators for Hq(I), namely a, B = eb, 

and c, then the formal pairing becomes 

g(a B C" At H A) = eaAt B H eeA , " , , , 

and the algebraic relations between a, B, and c are 

aB = qBa, cB = qBc, ac = ca. 
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The dual representations change to 

pi, (At) Ba, 
pL(H) = NB, 

Ba + O"e[NB]q, 
NB, 

pL(A) = Be + a[NB]q, Be, 

where [NB]q = [BBB]q is the q-number operator defined by 

f(qx) - f(q-Ix) 

3.4 A COMPOSITION LAW FOR QUANTUM 
GROUPS 

In Chapter 1 we used a composition law for formal pairing to construct stochastic 
on Lie groups. We will again need such a composition law, but this time we have 
no group multiplication that could pro du ce such a relation. We will now show how 
to combine two formal series g(a'j X) and g(a"j X) to aseries g(a; X), and it will 
be this composition law that will allow us in the following chapter to construct 
stochastic pro ces ses on quantum groups. 

Consider the dual pairing for the q-affine group 

We can rewrite this in the form 

00 

9 = 
n,m=O 

where eX = " x n
" A = a, and B = e-cwb. If we take two commuting copies of q ~ qn· 

q-aff(l), i. e. 

then we find 

Al = A 13)1, 

A2 = 113) A, 

BI = B 13)1, 

B 2 = 113) B, 
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since B 2 e-o:A2 = e-o:(A2-h)B2 = qe-o:A2 B 2 , and e~e~ = e~+Y for xy = qyx (see e. 
g. [Sch53]). The dual of the multiplication on Uq(af f(I)) defines a coproduct on 
the algebra generated by A and B, 

~(A) A ® 1 + 1 ® A, 

~(B) B ® e-o:A + 1 ® B, 

(see (3.21), (3.23)) and with this we can write 

g(A ® 1, B ® 1; X, Y)g(1 ® A, 1 ® B; X, Y) = g(~(A), ~(B); X, Y). (3.12) 

That the formal pairing (g E Funq(G) ® Ug(g)) always has this property has been 
realised before (see [FG93, BCG+94]). In the literature the names transfer matrix 
or universal T-matrix are also used. Bonechi et al. remarked that g can generally 
be expressed as a product of exponentials and q-exponentials. We list several 
examples (see also [MV94]. 

3.4.1 Example: SLq (2) 

The dual pairing for Uq (sl(2)) can be written as 

where q' = eh' = q2, h' = 2h, and </J, TJ, 'Y are generators of Funq(SL(2)) with 

[</J, TJl 
[,,(, </J] 

[,,(, TJ] 

m*(</J) 

m*(TJ) 

mOb) 

o 
h'</J 

h'TJ 
rjJ ® 1 + (e-'"Y/ 2 ® </J)(1 ® 1 + TJ ® </J)-1(e-'"Y/2 ® 1) 

1 ® TJ + (1 ® e-'"Y/2 )(1 ® 1 + TJ ® </J)-l(TJ ® e-'"Y/2 ) 

1 ® + 'Y ® 1 _ 2h'" (-TJ ® </J)n 
'Y L..J 1 _ q-l 

and E = aY, h = -H/2, F = aX is a basis of Ug (sl(2)) with a = 1/ VQ. 
The generators </J, TJ, 'Y do not satisfy the standard SLq (2)-relations, but one can 
choose functions of </J, TJ, 'Y that do. We show this in detail in the next paragraph 
for G Lq,ql (2). 

3.4.2 Example: GLq,ql(2) 

For Uq,ql (gl(2)) we have 
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where q = eh, q' = eh', and x, X, y, z are generators of Funq,q,(GL(2)) with 

[x, y] = h'y 

[x, z] hz 

[y, z] = 0 

[x,y] hy 

[x, z] h'z 

[x, x] 0 

and Po, PI, P-, P+ is a basis of Uq,q,(gl(2)) with 

If we set 

(Po,P±] 

(Po, PI] 

(p+,p-] 

ß(po) 

ß(pt} 

ß(p+) 

ß(p_) 

(PI,P±] = ±p± 

o 
(q _ q,-I)(ehPOeh'Pl _ eh'POehP1 ) 

Po@l+l@po 

PI @ 1 + l@PI 

P+ @ e-h'po-hPl + 1 @ P+ 

p_ @ 1 + ehpo+h'Pl @p_. 

then we find generators of G Lq,q' (2) that satisfy the standard relations 

ab q'ba 
bd = qdb 

q'bc = qcb 

The coproduct of these generators is 

ß(a) = a@ a + b@ c 
ß(c) = c@a+d@c 

ac 
cd 

ad-da 

qca 
q'dc 
(q' - q-l )bc. 

ß(b) = a @ b + b@c 
ß(d) = c@b+d@d. 

It is also interesting to note that the quantum algebra Uq,q' (gl(2)) splits as an 
algebra into the direet produet Uq(sl(2)) @ U(k), where ij = ..;qq; is the geometrie 
mean of q and q' and U(k) is the enveloping algebra of the one-dimensional Lie 
algebra, i. e. U(k) is the free eommutative algebra with one generator k. The 
generators of Uq(sl(2)) are 

P ~(h'po + hpd 

P± e-f:.hk/2p± 

where ßh = h - h', 1i = hth', and k = Po - PI is the generator to U(k). The 
coalgebra strueture does not respeet this deeomposition [Dob92]. 
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3.4.3 Example: q-Euclidean group Eq (2) 

For the q-Euclidean algebra e q (2) we have 

g = e7r_Le7rJe7r+b+ 
q l/q 

where q = eh and 7r_, 7r+, 7r are generators of Eq (2) with 

[7r-,7r+l 

[7r,Ll 

[7r,7r+l 

m*(7r_) 

m*(7r) 

m*(7r+) 

o 
-h7r_ 

-h7r+ 

7r_®l+e-7r ®7r_ 

7r®1+1®7r 

1 ® 7r + + 7r + ® e -7r • 
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Generators that satisfy the standard relations have to be constructed from 7r +, 
7r _, 7r in the same manner as in the previous paragraph. For 

-7r 
V = e , v = e7r , 

we get the algebraic relations 

vn = qnv, 
nv = qvn, 
vv = vv = 1, 

and the coalgebraic relations 

A(v) =v®v, 
A(v) =v®v, 

(cf. [Wor91, SWZ92)). 

vii = qiiv, 
iiv = qvii, 
nii = iin, 

A(n) = n ® 1 + v ® v, 
A(ii) =ii®v+1®ii, 

3.4.4 Example: q-Galilean group fq(l) 

For the q-Galilean group Uq (r(l)) [BCG+92l we have 

g = e/LmexP etT evb 

where m = e- ihP M, b = e- ihP B, and f..L, x, t, v can be considered as generators 
of r q (l) with 

[v,xl 

[x,f..Ll 

[v, /ll 
[t, /ll 

m*(v) 

m*(t) 

m*(f..L) 

m*(x) 

2ihv 

-2ihf..L 

-hv2 

[t, xl = [t, vl = 0 

l®v+v®l 

l®t+t®l 
. 1 

1 ® f..L + f..L ® 1 + zv ® x - 2V2 ® t 

1 ® x + x ® 1 + iv ® t, 
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and B, P, M, T are generators of U(fq(l)) with 

[B,P] iM 

[B,T] 
i sin(hP) 

h 
[P,T] 0 

[M,B] [M,P] = [M,T] = 0 

Ll(B) = e-ihP ® B + B ® eihP 

Ll(M) e-ihP ® M + M ® eihP 

Ll(P) l®P+P®l 

Ll(T) l®T+T®l. 

For q --+ 1 this eonverges to the (eentrally extended) Galilean algebra, which is 
isomorphie to the nilpotent algebra introdueed in 2.2.2 (for N = 3) 

B --+ X o, 

We ean use the formal pairing introdueed above to ealculate the representations 
(as in seetion 2.3). We get for the left dual representation of b for example 

el1ffi(b _ hJ.Lm2)eXP etT evb = ... 
e-2ihP - 1 

el1ffieXP etTbevb + el1ffi eXP etT t evb 

2h 
+iel1ffixmeXP etT evb _ hJ.Lm2el1ffieXP etT evb 

From this we ean read the action of pi, (b) on f q (1). 

Proposition 3.4.1 We have for the left dual representation 

p'L(b) 

p'L(T) 

pL(P) 

p'L(m) 

e-2ih8• - 1 
8v - hO"118~ + iO"x811 + O"t 2h ' 

8t , 

8x , 

811 , 

and for the right dual representation 

p'R(b) 

p'R(T) 

P'R(P) 

p'R(m) 
00 

811 L hnO"~8;. 
n=O 
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Of interest is also the dual of the quotient representation induced by nM = nAl 
and nB = nA2, 

PR. >'1 ,A2 (B) 

PR,Al ,A2 (T) 

PR,Al ,A2 (P) 

PR,Al,A2(M) 

acting on the polynomials in the two commuting variables x and t. 

3.5 q-EXPONENTIALS 

In this section we consider a dass of Hopf algebras characterised by the relations of 
their generators (see below), and calculate the dual algebras and dual pairings. The 
pairing between such an algebra and its dual can formally be written as a product of 
q-exponentials, a result that is helpfullater when we study multiplicative processes 
on these algebras. 

Let U be a Hopf algebra with generators Xl, ... ,Xdx ' Hl , ... ,HdH' Yl , ... , Ydy' 
We add generators K l , ... ,KdH that commute with Hl , ... ,HdH . We williater see 
that they play the röle of ehlHl , ... , ehdHHdH, hi E <C, and suppose the following 
conditions are satisfied: 

{'l/Jklmn = y k H l Km xn; k E INdy ,l E INdH ,m E 7ldH , n E INdX} spans U 
tlHi Hi @ 1 + 1 @ Hi, 
tlXk TI Ktik @ X k + X k @ TI Krik , 

H : tlYi TI Kfil @ Yi + Yi @ TI K'l'1 , 
[Hi,Hj ] 0, [Hi,K j ] = 0, [Ki,Kj ] = ° 
[Hi , X k] XikXk, KiXk = eXikhi XkKi 
[Hi, Yi] 'f/ilYi, KiYi = eTJilhiYiKi 

for some constants 8ik, tik, Pil, qil E 7l, Xik, 'f/il E <C. 
Remark: Note that we impose no conditions on the relations between the 
X k and the Yi; they are not needed for the calculations in this section. But the 
condition that the 'l/Jklmn span U implies that such relations exist, namely that their 
commutator is a linear combination of the 'l/Jklmn' Furthermore, they are restricted 
by the condition that U is a Hopf algebra, but this leaves many possibilities. Just 
looking at Lie algebras we see among the possibilities that a commutator of X's 
and/or y's may be zero, or an element of the Cartan sub algebra (i. e., a linear 
combination of the H's), or a linear combination of X's and Y's. 

The conditions H are satisfied for most quantum algebras, in particular for the 
standard semi-simple quantum groups introduced by Drinfeld and Jimbo[Dri87, 
Jim85, Jim86], as well as many others, e. g. , that have been considered by physi­
cists. 

We also introduce the subspace Uo = span{ 'l/JkLOr}' 
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Then the dual U* of U is an algebra with the multiplication defined by 

(h . h)(u) = (h ® h)(ßu). 

We define functionals Akln E U* by 

if l/i ~ li for aB i 
otherwise, 

(3.13) 

(3.14) 

and set Ao = span {Akln ; k E JNdy ,l E JNdH ,n E JNdX }. It turns out that Ao is 
a sub algebra of U*. This definition guarantees that 2::=0 (hi~it will tend to K i 

in the weak topology, i. e., that Ki can be considered as ehiIl:, if U is interpreted 
as a subspace of Ao. 

Lemma 3.5.1 Let X E U be (A, B)-primitive, i. e., ßX = A ® X + X ® Band 
suppose XA = nAX, XB = ßBX, n,ß E ~. Then 

ßXn = t [ ~] ß(n-v)v An- v Xv ® B V X n- v 

v=O Ot/ß 

t [ ~ ] n-(n-v)v Xv An-v ® X n- v B V. 
v=o Ot/ß 

Proof: We set ßXn = 2:~=0 C~ An-v Xv ® BV xn-v, consider ßxn+l = ßX . 
ßXn, and find the following recursion relation 

Solving this relation now completes the proof. 
We introduce the following constants: 

ß -" t"kX"k h " k = e L..Ji" , ", 

eSl = e- 2:i qilT/i/hi , 

ßkk' = e- 2:i tik Xik' hi , 

eSll' = e - 2:i qilT/i/' hi • 

WARNING: The double-indexed eS used here is not a Kronecker delta. 

Lemma 3.5.2 

where 

d kln) 
(K,A,v) 

'" d kln ) L(kln) ® R(kln) 
~ (K,A,V) (K,A,v) (K,A,V) 

(K,A,v)~(kln) 

• 
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· [ :: ] ... [ :;x ] II 'Y-(kl-Itt}ltl II ß~nr-Vr)Vr 
adßI x adx /ßdx I 

· II -(kl-ltll lt /' II ,-It/(kl,-Itl') II (nk-Vk)vk' II ßVk(nk'-Vk') 
'Yl/' al/' (Xkk' kk' 

1'>1 1'>1 k'<k k'<k 

L(kln) 
(It,A,V) 

Y,ltl ... yltdy HAI ... HAdH II K~ik(nk-Vk)+Pi/(kl-It/)+mi XVI ... XVdx 
1 dy 1 dH t 1 dx 

R(kln) 
(It,A,V) 

Y,kl-1t1 ... ykdy -Itd y HII-AI ... Hldx -AdX II KtikVk+qi/lt/+mi 
1 dy 1 dH t 

· Xnl-vI ... Xndx -Vdx 
1 dx· 

Proof: Apply Lemma 3.5.1 and reorder the terms. • 
We set al = A e, ,0,0, bi = AO,ei,O, Ck = AO,O,ek. The formula of the previous 

lemma allows us to calculate the algebraic relations on al, bi , Ck. 

Lemma 3.5.3 

bi . Ao,m,o Ao,m,o . bi = (mi + l)Ao,m+ei,O, 

al· Anmr = 

( ) 
d mi-m'i 

'YI -ni -ni' -ni' Pi/ L {; 'YI II 'Y/l' II 81'1 II (mo _ mlo)!An+e"m',r 
m'~m I nl+1 1'>1 1>1' i=1 t t 

where (J1) and (~) are the q-numbers introduced in the previous sec-
0/ n/+1 ßk rk+1 

tion. 

Proof: Follows from the definition of the multiplication in U* in Equation (3.13) 
and Lemma 3.5.2. • 
These relations show that Ao is in fact a sub algebra of U* . 

Proposition 3.5.4 1/ 'Yk/8k and (Xk/ßk are not mots 0/ unity, then the algebra 

Ao is generated by a1, ... , ady , bl , ... , bdH , Cl, ... ,Cdx with the relations 

al . Ck = Ck . al, 

811' al . al' = "'(l/' al' . al, 

[bi, ad = (Pi! - qi! )at, 

bi . bj = bj . bi , 

ßk'k Ck . Ck' = (Xk'k Ck' . Ck, 

[bi, Ck] = (Sik - tik)Ck· 
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Proof: Follows directly from Lemma 3.5.3. • 
If some of the 'Yk/8k, ak/ßk are roots of unity, then the algebra generated by 

al, ... , ady, bl , ... , bdH , Cl, ... ,Cdx is a subalgebra of A o , which we shall denote 
by Ao. For this case we introduce the algebra U = U /'I, where 'I = {u E U; Va E 
Ao :< u,a >= O}. 

For the following calculations we will assurne that 

qil = 0, Sik = O. 

This can always be achieved by an appropriate choice of the generators, e. g., set 
ft = TI K;qi1Yi, Xk = TI Ki-Sik Xk. Then ak = 1, akk' = 1, 81 = 1, 811' = 1. 

We find in this case 

(~) An+e1,m,r 
'YI nl+l 

if nl' = 0 for L' < L, 

(ßk)rk+IAn,m,r+ek if rk' = 0 for k' > k. 

If we assurne also that l/'Yi and ßi are not roots of unity, then we have 

We consider the sequence 

N 

g(N)(A, 'ljJ) = L Anmr i8l 'ljJnmr. 
nmr 

The sequence (g(N))NEIN C Ai8lUo C Uü i8lUo C End(Uo) converges weakly towards 
the identity iduo ' If we omit the tensor product we can also formally write for the 
sequence 9 = (g(N))NEIN, g( {a}, {b}, {c}; {y}, {H}, {X}) = 

i. e., we have found that we can write the formal pairing as a product of q­
exponentials if hypothesis H is satisfied and the generators are chosen appropri­
ately. The duality between ßA and mu implies that we can formally write (see 
e. g. [BCG+94, FG93]) 

g(ßA(a);,p) = g(a' ; 'ljJ)g(a"; 'ljJ), (3.15) 

where a' = a i8l 1, a" = 1 i8l a. 
With some modifications this result remains valid also for the case where some 

ofthe parameters 'Yk/8k, ak/ßk are roots ofunity. The sum has to be restricted to 
the terms where all q-factorials are different from zero, and we get a dual pairing 
between Uo and Ao in this case. 
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Example: The q-affine algebra is the quantum algebra U with two generators 
X, Y and relations 

XY-YX 

ß(X) 
ß(Y) 

c(X) 

aY, 

X@l+l@X, 

Y @ exp(ßX) + 1 @ Y, 

c(Y) = 0, 

with a, ß E <C, q = ecxß not a root of unity. Then we get A = span{ anbm ; n, mE 
1N}, ba - ab = ßb, and 

CXl nbm 
g(a b' X Y) = '"' _a _Xnym = eaX ebY 

'" L...." q n,m=O n·qm· 

We will also eall A the q-affine group. 
If the dual pairing ean be written as a product of q-exponentials, then we ean 

really compute the dual representations in the same way as in Seetion 2.3 for Lie 
groups. The key property of the formal pairing 9 = I: An @ 'ljJn = rr e~;Xi is that 
multiplying the 'ljJn in eaeh term from the right (left) by Xi leads to the same 
result as applying the right (left) dual representation P'R(Xi ) (pL(Xi)) to An in 
eaeh term, i. e., 

P'R(Xi)g(a; X) = g(a; X)Xi 

p'i,(Xi)g(a; X) = Xig(a; X). 

aX· To eompute the dual representations, eommute Xi past the faetors eqJ ] in g(a; X) 
until it is next to e~iiXi, and then replaee it by the operator 8i, 

{ 
f(qiai)-f(a;) 

8.f(a.) = (qi-1)ai 
t t of(ai) 

oai 

if qi =J 1, 

if qi = 1, 

since on the individual factors we have Xie~:Xi = 6ie~:Xi. For factors where 
qj is equal to 1, we ean apply the relation eajXj Xie-ajXj = eaj adXj Xi (where 
adXj (Xi) = [Xj, Xi]). 

Example: We get for the q-affine algebra (cf. Proposition 3.3.3) 

pL(X) = aa + abab , 

P'R(X) = aa, 
P'L(Y) 
P'R(Y) 

= 8b , 

= exp(aa)8b . 

Sinee the dual of these representations is the eoproduet of A (interpreted as right 
or left eorepresentation of A on itself), we ean use their matrix elements to get 
the eoproduet of A: 

ß(a) a@l+l@a, 

ß(b) b @ 1 + exp(aa) @ b. 

We shall use the quotient representation that arises from the relation X = r: 

(3.16) 



3.6 MATRIX ELEMENTS 

We introduce matrix elements for quantum groups. We define left and right matrix 
elements corresponding to the left and right multiplication 

L M:(a;L)1jJn+N 
n+N~O 

'l/Jng(a; X) = L M:(a;R)'l/Jn+N. 
n+N~O 

Note that in Section 2.6 we introduced only the left matrix elements. We will 
again switch freely between this notation and the subscript notation defined by 
Mnm(a;.) = M:-n(a;.) and we will write shorter 'I/J(X)* (resp. 1jJ(X)t) for the 
right (left) dual representation PR('I/J(X)) (resp. pL('I/J(X))). 

Proposition 3.6.1 We have the principal formulas 

M: (a; L) = 'l/Jn(X)*cn+N(a) 

M: (a; R) = 'l/Jn(X)tCn+N(a). 

Remark: With the identities xt = (id ® X) 0 ~ and X* = (X ® id) 0 ~ we can 
write the principal formulas also as 

M: (a; L) = (id ® 'l/Jn) 0 ~Cn+N(a) 

M: (a; R) = ('l/Jn ® id) 0 ~Cn+N(a). 

Proof: We have (with equations (3.8), (3.9)) 

LM:(aiL)'l/Jn+N(X) g(aiX)'l/Jn(X) 

and, respectively, 

'l/Jn(xtg(a;X) 

L 'l/Jn(X)*cm(a)'l/Jm(a) 

'l/Jn(X)g(a; X) 

'l/Jn(X)tg(a;X) 

L 'l/Jn (X)t cm (a)1jJm (X). 

• 
Just as in the Section 2.6, summation theorems and recurrence relations follow 

readily from the definitions. We get for example1 

(3.17) 

lTo see e. g. equation (3.17), note that .6.cn(a) can be written as .6.cn (a) = L Ln/ ® c/(a) 
since {Cl(a)} is a basis. With < 1/Jk(X),ez(a) >= 6kl we get 

Mkn(a; L) = M;-k(a; L) = (id ® 'fh(X)) 0 .6.cn (a) = L Lnl6kl = Lnk . 

Equations (3.18) and (3.19) can be derived by applying the coproduct .6. twice to cn(a) and using 
the coassociativity (i. e. (id ® .6.) 0 .6. = (.6. ® id) 0 .6.). 
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and 

LM1m(a;L) ® Mnl(a;L) 

L Mnl(a; R) ® Mlm(a; R) 

Equation (3.17) shows immediately 

g(ß(a); X) L ßcn(a)'l/Jn = L Mr-k(a; L) ® ck(a)'l/Jn 
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(3.18) 

(3.19) 

L 'l/J'kcn(a) ® ck(a)'l/Jn = L(cn(a) ® 1)(1 ® cda))'l/Jn . 'l/Jk 

g(a ® 1; X)g(l ® a; X). (3.20) 

i. e. the composition law that was mentioned in Section 3.4. 
Recurrence relations follow from 

X;'l/Jn(X)*Cn+N(a) = (Xi· 'l/Jn(X))* Cn+N(a) 

L m~(Xi; L)'l/Jn+k(X)*Cn+N(a) 

'"' mk (X· L)Mn+N-k(a· L) ~ n t, n+k , 

Xl'l/Jn(X)tcn+N(a) = ('l/Jn(X)· Xi)t Cn+N(a) 

L m~(Xi; R)'l/Jn+k(X)t Cn+N(a) 

L m~(Xi; R)M:::r-k(a; R), 

where the matrix elements m;; (Xi; L) and m;; (Xi; R) are defined by 

Xi'l/Jn(X) L m;; (Xi; L)'l/Jn+N(X) 

'l/ln(X)Xi = L m;; (Xi; R)'l/ln+N(X). 

3.6.1 Example: the quantum algebra Uq(af f(l)) 

With the principal formulas we calculate 

an+Nbm+M 

M NM (a, b; L) = (eo:a(h)ma: ( N)' , 
nm n + .qm+M. 
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In particular 

Mnm,Ol (a, b; L) 

Mnm,lO(a, b; L) = 

(n, m) = (0,0) 
(n, m) = (0,1) 
else 

(n, m) = (0,0) 
(n,m) = (1,0) 
else. 

With equation (3.17) this implies 

~(a) = a ® 1 + 1 ® a 

~(b) = b®l+eaa ®b. 

We also calculate the coproduct of B = e-aab. We get 

~(B) = B ® e-aa + 1 ® B. 

3.6.2 Example: the quantum algebra hq(l) 

With the principal formula we get 

In particular, 

Mnmr,lOO(a, b, c; L) 

Mnmr,OlO(a, b, c; L) 

Mnm"OOl (a, b, C; L) = {~ 

(nmr) = (000) 
(nmr) = (100) 
else 

(nmr) = (000) 
(nmr) = (010) 
(nmr) = (100) 
else 

(nmr) = (000) 
(nmr) = (001) 
else. 

Chapter 3 

(3.21 ) 

(3.22) 

(3.23) 

With formula (3.17) these matrix elements allow us to calculate the defining rela­
tions for the coproduct ~ = m* of Hq (l) that turns hq (l) and Hq (l) into a pair 
of dual bialgebras, 

ß(a) 

~(b) 

~(c) 

a®l+l®a 

c ® 1 + 1 ® c. 
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3.7 BRAIDED TENSOR CATEGORIES 

Braided categories were introduced by Andre Joyal and Ross Street (Macquarie 
Mathematics Reports 850067 (Dec. 1985) and 86081 (Nov. 1986), see [JS91a, 
JS91b, JS93, Kas95, Maj95b]). 

Definition 3.7.1 [Mac71] A tensor category (also calted monoidal category) is a 
category C with a tensor product 0 : Cx C -+ C, a unit I, an associativity constraint 
a, a left unit constraint l w.r.t. I, and a right unit constraint r w.r.t. I, such that 
the Pentagon Axiom 

au,v,W 0 idx .,/ 

( U 0 (V 0 W) 0 X) 
aU,v0W,X -l-

U 0 ((V 0 W) 0 X) 
idu 0 av,w,x '\t 

and the Triangle Axiom 

(V0I)0W a~ 
rv 0 idw '\t 

V0W 

are satisfied for alt objects U, V, W, X of C. 

'\t aU0V,W,X 

(U 0 V) 0 (W 0 X) 

.,/ aU,V,X0X 

V Q9 (I0 W) 
.,/ idv 0lw 

Example: The most fundamental example is the category Vec(IK) of vector 
spaces over a field lK. It comes with a tensor product 0 : Vec(IK) x Vec(IK) 3 U x 
V 1-7 U 0 V E Vec(IK), the unit object is the ground field IK, and the associativity 
and unit constraints are the natural isomorphisms au, v, W : (U 0 V) 0 W -+ 
U 0 (V 0 W), Lv : IK 0 V -+ V, rv : V 0 IK -+ V, 

au,v, W ( (u 0 v) 0 w) = u 0 (v 0 w), lV(A Q9 v) = AV = rv(v 0 A) 

for u E U, v E V, w E W, U, V, W E Vec(IK), A E IK. The pentagon and triangle 
axioms are clearly satisfied. 

Example: Let A be abialgebra. The category of left (right) A-modules 
A-Mod (Mod-A, resp.) and the category of right (left) A-comodules Comod-A 
(A-Comod, resp.) can be equipped with tensor product. 

Definition 3.7.2 (a) A left (right) A-module over an algebra A is a pair 
(M, J-tM) of a vector space M and a linear map J-tM : A 0 M -+ M (J-tM : 
M 0 A -+ M, resp.) such that J-tM(a 0 J-tM(b 0 u)) = J-tM(m(a Q9 b) Q9 b) and 
J-tM(e0u) = u (or J-tM(J-tM(u0a)0b) = J-tM(uQ9m(a0b)) and J-tM(uQ91) = u, 
resp.) for alt a, b E A, u E M. 
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(b) A right (left) C-comodule over a coalgebra C is a pair (N, 8 N) of a vector 
space N and a linear map 8N : N --+ N ® C (8N : N --+ C ® N, resp.) 
such that (8N ® idc) o8N = (idN ® ß) o8N and (idN ® f) o8N = idN (or 
(idc ® 8N) o8N = (ß ® idN) 0 8N and (c ® idN) o8N = idN, resp.). 

If M, M' are left (right) A-modules, then M ® M' has a naturalleft (right) 
A ® A-module structure, just take (J.LM ® J.LM') 0 (id ® T ® id), and check the 
axioms., If A is abialgebra, then we get back an A-module, if we set J.LM®M' = 
(J.LM ® J.LM' ) 0 (idA ® T ® id~) 0 (ß ® idM®M') (or J.LM®M' = (J.LM ® J.LM' ) 0 (idM ® 
T ® idA) 0 (idM®M' ® ß) for right modules). 

Similarly, for two right (left) A-comodules N, N' over abialgebra A their tensor 
product has again a right (left) A-comodule structure, take 8N®N' = (idN®N' ® 
m)o(idN®T®idA)O(8N®ON') (or ON®N' = (m®idN®N' )o(idA®TidN' )O(ON®ON'), 
resp.). 

Definition 3.7.3 Let (C, ®,I, a, 1, r) be a tensor category. A braiding W in C is 
a commutativity constraint satisfying the Hexagon Axiom, i. e. the diagrams 

and 

au,V,W /" 

(U®V) ®W 

wu,v ® idw ~ 

-1 /" au,V,W 

U®(V®W) 

idu ® WV,W ~ 

(V®U) ®W a'0:4w 

(U®V) ®W \lI~w 

a- 1 

U® (W®V) ~v 

commute for all objects U, V, W, X of C. 

V® (U®W) 

W® (U®V) 

(U®W) ®V 

~ av,w,u 

V® (W®U) 

/" idv ® Wu,w 

~ -1 aw,u,V 

(W®U) ®V 

/" Wu,W ® idv 

Example: A trivial example for a braiding is the flip automorphism TU, v : 
U ® V --+ V ® U, T(U ® v) = v ® U, in the category of left (or right) modules 
of a cocommutative bialgebra. That this works on the level of vector spaces, is 
obvious. But we also have J.LM'®M = TM~®M 0 J.LM®M' 0 (idA ®TM'®M). In general, 
the category of modules of abialgebra A has a braiding if and only if A is quasi­
triangular (or braided), Le. if there exists an invertible element R E A ® A, ca11ed 
universal R-matrix that 'controls' the non-cocommutativity of A in the sense that 

T 0 ß(a) = Rß(a)R-1 , for a11 a E A 
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and that satisfies (~®id)(R) = R l3 R 23 and (id®~)(R) = R 13R 12 , see e.g. [Kas95, 
Proposition XIIL1.4]. Here R l2 = R ® 1, R 23 = 1 ® R, R 13 = (id ® r)(R ® 1) are 
elements of the algebra A ® A ® A. 

Definition 3.7.4 A braided tensor category (C, 'It) consists 01 a tensor category 
C and a braiding 'It 01 C. 

3.8 BRAIDED BIALGEBRAS AND BRAIDED HOPF 
ALGEBRAS 

Consider two algebras A and B who 'live' in a braided tensor eategory (C, "IJ1), Le. A 
and Bare objeets of C, and their multiplieations mA : A®A -+ A, mB : B®B -+ B 
and unit maps eA : I -+ A, eB : I -+ Bare morphisms of the eategory (here 
the unit objeet I is the underlying field IK). Then there exists a braided tensor 
product algebra A®B, build on the objeet A ® B, with multiplieation mA®B = 
(mA ®mB) 0 (id® 'It ®id) and unit map eA®B = eA ®eB, cf. [Maj93a, Lemma 4.1]. 
Thus it makes sense to look for braided bialgebras, i.e. for algebras that are objeets 
of a braided eategory, and for which there exist morphisms ~ A : A -+ A®A, 
~ : A -+ IK, that satisfy the eonditions eorresponding to those in Definition 3.1.2, 
Le. 

(~ ® id) 0 ~ = (id ® ~) 0 ~, (~® id) 0 ~ = id = (id ®~) 0 ~, 

and ~ and ~ are algebra homomorphisms. 
A braided antipode 5.. : A -+ A is defined by the eondition 

mA 0 (5.. ® id) 0 ~ = e 0 ~ = mA 0 (id ® 5..) 0 ~, 

it is again unique, but no longer an algebra anti-homomorphism. Instead we have 
5.. 0 m = m 0 'It 0 (5.. ® 5..) (but note that we still have 5.. 0 e = e). With respeet to 
the eoproduct and eounit it satisfies ~ 05..= (S 0 S) 0 'It 0 ~ and ~ 05..= 5... 

Most notions related to algebras and coalgebras as e.g. modules, eomodules, 
dual pairing or dual representations ean immediately be defined in braided eat­
egories as weIl. One should note though that for the extension of the dual pair­
ing to tensor produets often a slightly different eonvention is adopted, and, re­
lated to this, the faetors are numbered in opposite direetion.. When ealculating 
(, )®n : A~n x B?2.n -+ IK, often one evaluates the last faetor of A against the first 

of B, ete., i.e. (al ® a2 ® ... ® an, bn ® bn- l ® ... ® bl)®n = I1~=1 (a v , bv ). 

If we use the same dual pairing as in the symmetrie-ease, Le. 

then we get the following Leibniz formula for the right dual representations. 

Lemma 3.8.1 a) The right dual representation is an homomorphism, i.e. 

p(xy) = p(x)p(y) 

lor all x,y E Hom(ß, <V). 
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b) If x is in abialgebra dually paired with 8, then p( x) satisfies a generalised 
Leibniz formula, whieh has the form 

p(x)(ab) = l)m 0 X~l)) 0 (id 0 w)(~(a) 0 p(x~2))b) 
i 

where x 0 m = ~i X~l) 0 X~2) is the eoproduet of x. In the symmetrie ease 
we ean also write 

p(x)(ab) = L (p(x~l))a) (p(x~2))b). 
i 

Proof: 

a) Using the definition of the right dual representation and the coassociativity 
of ~, we get p(xy)a = (id 0 xy) 0 ~(a) = (id 0 x 0 y) 0 (id 0 ~) 0 ~(a) = 
(id 0 x 0 y) 0 (~0 id) 0 ~(a) = p(x)p(y)a. 

b) We have to compute p(x)(ab) = (id 0 x) 0 ~ 0 m(a 0 b). The braiding now 
shows up because ~ is a homomorphism between the algebras (8,m) and 
(808, m® = (m 0 m) 0 (id 0 w 0 id)), i.e. we get 

p(x)(ab) (id 0 x) 0 ~ 0 m(a 0 b) 

(id 0 x)(m 0 m) 0 (id 0 w 0 id) 0 (~ 0 ~)(a 0 b) 

We get the desired expression, if we substitute x 0 m = ~i x~l) 0 x~2). With 

Sweedlers notation ~a = ~j a;l) 0 a;2) and ~b = ~k bil) 0 bi2) , we can also 
write this as 

. p(x)(ab) = l)m 0 x~l))(a;l) 0 w(aY) 0 bil)))(x~2), bi2)). 
i,j,k 

In the symmetrie case we have w(aY) 0 bil)) = bill 0 a;2) and everything 
simplifies to 

p(x) (ab) = La?) bill (x~l) ,a;2)) (X~2) ,bi2)) = L (p(x~l))a ) (p(x~2))b). 
i,j,k i 

• 
It is not clear what the correct definition of *-structures on braided Hopf al­

gebras is, see [Maj94, Maj95a, Maj97] for one set ofaxioms. But for the study of 
Levy processes these axioms are not adequate since the braided coproduct is not 
a *-algebra homomorphism. 

We propose an alternative definition. 

Definition 3.8.2 A braided *-bialgebra is a braided bialgebra (A,~, c, m, 1, w) 
over <V with an anti-linear map * : A -+ A that satisfies 
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• (A,m,l,*) is a *-algebra, 

• A Q9 A admits a *-structure such that the canonical inclusions are *-algebra 
homomorphisms and ß : A --+ A Q9 A is a *-homomorphism lor this *­
structure. 

11 there exists antipode S (i.e. a linear map S : A --+ A S.t. (A, ß, c, m, 1, S, \]i) is 
a Hopl algebra}, then we will call (A, ß, c, m, 1, S, \]i, *) a braided *-Hopf algebra. 

Remarks: 

• From the condition that the canonical inclusions A Ä AQ9A Ä Aare *­
homomorphisms follows (aQ91)* = a*Q91, (lQ9a)* = 1Q9a* for all a E A. Now 
the condition that this map is an anti-homomorphism uniquely determines 

it, (aQ9b)* = ((aQ91)(1Q9b))* = (1Q9b*)(a*Q91) = \]i(b*Q9a*) for all a,b E A. 

This defines a *-structure on A Q9 A if and only if it is also an involution, 
i.e. if (\]i 0 (* Q9 *) 07)2 = id. To see this, let {xd be a basis of A consisting 
of self-adjoint elements, i.e. such that xi = Xi. Define the coefficients of the 
braiding \]i in this basis by \]i(Xi Q9Xj) = I: kl \]i~jXl Q9Xk (note that this sum 
is finite, even though the index set can be infinite). \]i 0 (* Q9 *) 0 7 is an 
involution, if and only if I:nm \]ijim\]i~~ = 6~6j. With this relation we can 
show that \]i 0 (* Q9 *) 07 is an anti-homomorphism. It is sufficient to check 
this on the basis elements, we get 

((Xi Q9Xj)' (Xk Q9Xl))* 

L(\]ijkXiXm Q9 XnXl)* = L \]ijk\]i ((XnXl)* Q9 (XiXm)*) 
nm nm 

nm 

nmpq 

m~ 0 (\]i Q9 \]i)(XI Q9 Xk Q9 Xj Q9 Xi) 

m~ (\]i(XI Q9 Xk) Q9 \]i(Xj Q9 Xi)) 

(Xk Q9 Xl)* . (Xi Q9 Xj)*, 

where m~ = (m Q9 m) 0 (id Q9 \]i ® id) is the multiplication of A Q9 A. If 
\]i 0 (* Q9 *) 0 7 is an involution, then we also have \]i 0 * 0 \]i 0 * = idHl:9H. 

• If the coproduct is fixed, then the counit and the antipode (if it exists) are 
unique. Therefore one should expect their axioms to be a consequence of 
those given in the definition. 
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3.9 EXAMPLES OF BRAIDED BIALGEBRAS AND 
BRAIDED HOPF ALGEBRAS 

3.9.1 The braided line IRq 

Let q E <V, q not a root of unity. The braiding w(xn ® xm) = qnmxmxn turns the 
algebra of polynomials in one variable into a braided Hopf algebra (with ßx = 
x + x'). This Hopf algebra, denoted by IRq can be dually paired with itself, set 
(pn,xm) = qn!8nm . The dual copy acts on IRq via p(u)a = L:(u,a{1))a(2), where 
ßa = L:a(1) ® a(2). One finds that p(p) is the q-difference operator 8q : f(x) ....., 
f(qX)-ff X) 

x(q-l . 

3.9.2 The braided plane a;~lo 

The braided plane is the braided Hopf algebra with two q-commuting primitive 
generators x, y and braid relations x' x = q2 xx' , x' y = qyx', y' x = qxy' + (q2 -1 )yx' , 
y'y = q2 yy'. 

<v~IO is dually paired with <V~~1 and thus there are partial derivatives, 

3.9.3 The braided Heisenberg- Weyl group HWq 

In this Subsection we introduce a braided Hopf algebra structure for the q-oscillator 
algebra HW q defined by 

ae - qea = (1 - q)b, ab = ba, eb = be, (3.24) 

where q E <V\{O}, q not a root of unity. For other quantum or braided groups 
related to the Heisenberg group see [BM93) and the references therein. 

We can also regard this algebra as generated by two generators a, e with the 
cubic relations 

aae + qeaa = (1 + q)aea 

ace + qcca = (1 + q)cac 

with q E <V, q not a root of unity. If we define the braiding by 

a'a = qaa' a'c = ca' 
1 

c'a = -ac' c'c = qcc' 
q 

then 
ßa = a + a', ßc = c + c' 

(3.25) 

(3.26) 

(3.27) 

defines an algebra homomorphism from HW q to HW q ®HW q' The counit is defined 
by da) = dc) = 0 (extend as a unital algebra homomorphism). The braided 
bialgebra defined in this way also admits an antipode. Define S by 

S(a) = -a, S(c) = -c, 
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and extend by So m = mo W 0 (S ® S). 
The advantage of introdueing a third generator, e.g. by ac - qca = (1 - q)b or 

d = ac - ca, is that {anbmcr;n,m,r E lN} and {andmcr;n,m,r E lN} are bases 
(Poincare-Birkhoff-Witt bases) of HW q' 

One can calculate the coproduet on a general basis element 

u(n-lJ) lJbU P+IL-U ,n-lJ+IL-ub,m-IL ,r-p q a c a c . 

We will eonstruet the dual of HW q' The eoproduct of HW q defines an algebra 
strueture in its dual. Let X, Y : HW q -+ <r be two functionals on HW q, then their 
product is defined by 

(X * Y)(u) = (X ® Y)ß(u) = L X(U(2))Y(U(1)) 

where we used Sweedler's notation, ß( u) = L: u(1) ® U(2)' For the functionals 
defined by 

Xijdanbmcr) = c5inc5jmc5kr 

we see that they span an algebra, denoted by HW~, generated by the three ele-

- - - -~ ments x - X lOO , Y - X OlO , Z - X 001 such that XiJo k - 1 01 01 and qk .q, .q,. 

xy = qyx, yz = qzy, xz - zx = y. 

We see that this algebra is isomorphie to HW q, the isomorphism being x f-t a, 
z f-t c. 

The following formula is useful to eompute products of general basis elements 
of the HW q algebra, it can be derived by induction. 

rl\n (-1) '( -1) '( l)k r n _ '""' q r' q n' - n-kdk r-k 
C a - ~ ( 1) '( 1) '( 1) ,a c. q- r-k' q- n-k· q- k· k=O 

If q is real, then the involution * : HW q -+ HW q defined by 

satisfies 

a* = c, b* = b, c* = a. 

* 0 * id (i.e. (a*)* = a Va E A), 

* om = m 0 T 0 (* ® *) i.e. * is an anti-homomorphism, 

c o * 
T 0 ß 0 *, 

o c, 

* 0 S, 

(3.29) 

i.e. turns HW q into a braided *-Hop/ algebra in the sense 0/ Majid (see [Maj95a] 
for the origin of the last three conditions). 
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An action of HW: of HWq can be defined by defining p(x) and p(z) as 

p(x)a = 1, 

p(z)a = 0, 

p(x)c = 0, 

p(z)c = 1, 

on the generators a and c, and extending with the Leibniz formulas 

p(x)(au) 
p(z)(au) 

u + qap(x)u, p(x)(cu) 
ap(z)u, p(z) (cu) 

i-cp(x )u, 
u + qcp(z)u, 

3.10 BRAIDED SPACES 

Braided spaces are braided Hopf algebras with a particular form of the prüduct 
and coprüduct, see belüw. They are a generalisatiün of super-spaces, there are 
braided lines, braided planes, braided matrices, etc., all in analügy with super­
lines, super-planes, etc. Braided spaces are the elementary building blocks of the 
'braided würld' or braided linear algebra. 

Für a pair of invertible matrices (R, R') that satisfy 

(i) Rl2Rl3R23 = R23Rl3Rl2 (i.e. the Quantum-Yang-Baxter equation), 

(iii) (PR + l)(PR' - 1) = 0, 

where P is the permutation matrix (X2 181 xlP = Xl 181 X2), and R 12 = R 181 id, 
R23 = id 181 R, etc., there exist two braided Hüpf algebras V(R, R') and V-(R, R') 
with generators VI, ... ,Vn and Xl, ... ,Xn and relations 

• for V(R, R'): 

ßvi vi 1811 + 10 Vi, 

lJ1(vi 0 vj) Rikjlvl0vk, 

viv j R,i kj lv1vk, 

~(Vi) -Vi, 

t:(vi ) 0, 

• für V-(R, R'): 

ßXi = Xi 01 + 10 Xi, 

IJ1(Xi @Xj) Rk I Xl@Xk ij, 

XiXj = R,k 1 X1Xk i j, 

~(Xi) -Xi, 

t:(Xi) 0, 
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see [Maj93b, Theorem 1]. Here the first two indices (i, k) correspond to the first 
factar in the tensor product, and the last two (j, I) to the second factor. We use 
the summation convention, i.e. indices that appear twice (once as subscript and 
once as superscript) are summed over. In a shorter notation this becomes 

• for V(R,R'): ~v = VQ91+1Q9V, 1J!(VI Q9V2) = R12V2Q9Vl, R~2V2Vl = VIV2, 
3.(v) = -v, €(v) = 0, 

• for V'(R, R'): ~x = xQ91+ lQ9x, 1J!(XI Q9X2) = X2Q9x1R12 , X2XIR~2 = XIX2, 
3.(x) = -x, €(x) = O. 

The braided Hopf algebras V(R, R') and V'(R, R') are called the braided vector 
space and the braided covector space associated to (R, R'). For a detailed devel­
opment of their properties see also [Maj93c, Maj93a, Maj96]. We will summarise 
here only so me facts that are used in this presentation. 

Let S {I, ... , n} be the set of all finite sequences composed of the elements 
1, ... , n, i.e. 

S{I, ... , n} = {0; 1, ... , n; 11, 12, ... , nn; 111, ... }. 

Set va = vak ···val if a = (al···ak) E S{l, ... ,n}\{0}, and v0 = I, and anal­
ogously, but in reversed order, for Xa = xal ' .. xak . Then {va; a E S {I, ... , n} }, 
{xa;a E S{l, ... ,n}} span V(R,R') and V'(R,R'), respectively. Notice that in 
general these sets do not form a basis. But a basis can easily be extracted from 
them, if one orders them, and eliminates all elements that are linearly dependent 
on those that precede them. 

The algebras V(R, R') and V'(R, R') are lN-graded with 

V(R, R,)(r) 

V-(R, R,)(r) 
span {va;a E sr{I, ... ,n}} 

span {xa ; a E sr {I, ... , n}}, 

where sr {I, ... , n} ~ S{l, ... , n} contains only the sequences of length r. This 
allows us to define a scaling s(..\) : V'(R, R') -T V-(R, R') by s(..\)a = ..\deg(a)a for 
homogeneous elements a E V'(R, R') or V(R, R'). 

V(R, R') and V-(R, R') are mutually dual with the definition 

(va,Xa) = 6Ial,lbl[lal,R]!b 

where lai, Ibl is the length of a, bE S{l, ... ,n} and 

[miR] 

[m;Rj! 

1 + (PRh2 + (PRh2(PRh3 + ... + (PR)12'" (PR)m_l,m(3.30) 

[2; Rjm-l,m[3; Rjm-2,m-l,m'" [mi Rh, ... ,m (3.31) 

(cf. [Maj96, Section 5]) are the braided-integers and the braided-factorials. This 
defines also an action of V(R, R') on V'(R, R') (and vi ce versa) by 

p(v i ) 8i=((vi,')Q9id)o~, 

p(Xi) 8i = ((., Xi) Q9 id) 0 ß. 
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Braided-exponentials exp(xlv) are defined as solutions of 

ai exp(xlv) = exp(xlv)v i , 

exp(xlv)8i = Xi exp(xlv), 

(f0id)exp(xlv) = 1 

(id 0 f) exp(xlv) = 1. 

Chapter 3 

If the braided integers [mi R] are all invertible, the exp(xlv) is given by 

We will assume that this is the case in our examples and applications, or rather 
that there exists a braided-exponential exp(xlv) = 2: xaF(m; R)bvb, see [Maj96, 
Section 5.4]. 

Again, as in Section 3.8 it is not clear, what the correct axioms for a *-structure 
are, let us give the following tentative definition. 

Definition 3.10.1 A braided *-space is a braided space (cf. [Maj96j) equipped 
with an involution that turns it into a braided *-Hop/ algebra (in the sense 0/ 
Definition 3.8.2). 

3.10.1 Examples 

We have already seen two examples, the braided line IRq and the braided plane 
<e;!O, see Subsections 3.9.1 and 3.9.2. There are defined by the R-matrices R = (q) 
and R' = (1) and 

R- (~ ~ - 0 0 
o 0 

o 
q2 -1 

q 
o 

R' = q-2 R, 

respectively. 
Even though the second braided-integer for the R-matrix of the braided plane 

<e2!O 
q 

( 

1 + q2 0 0 

[2' R] = 0 1 q 
, 0 q q2 

o 0 0 

o ) o 
o ' 

1 + q2 

is not invertible, there exists nonetheless a braided-exponential [Maj96, Example 
5.4] 

Xava 00 (x' v)P 
exp(xlv) = L [lai; q2]! = ~ [Pi q-2]!' 

aES{l, ... ,n} p-O 

2 1 2", 2 m 2 where [mo q ] = l-q- . and [mo q ]' - TI [11.' q ] , ~ ,. - JL=l'-' . 
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The free braided-space 

Here R' = P, there are no relations in the algebras V(R, R') and V"(R, R') since 
the ideal generated by R~2v2Vl = VIV2 (respectively XIX2R~2 = x2xd is equal to 
{O}, Le. we have the free algebra with n generators. {va; a E S{l, ... ,n}} (respec­
tively {Xa; a E S{l, ... ,n}}) is thus a basis of V(R, R') (respectively V"(R, R')). 

We will assume that R is also equal to P, Le. that the braiding is given by 
"Ilt(v i ® vj) = (vi ® vj) (respectively "Ilt(Xi ® Xj) = (Xi ® Xj)). In this case the 
braided-integers [mi P)I: = m8ab , m = lai = Ibl, are invertible and thus 

00 1 
exp(xlv) = L k! L X a va, 

The dual action is 

on the basis elements. 

k=O aESk{l, ... ,n} 

if al = i, 
else 

3.11 COMPACT QUANTUM GROUPS 

Definition 3.11.1 [Wor98, Definition 2.1} A pair (A, ß) where A is a separable 
unital C* -algebra and ß : A -+ AQ1A is a unital *-algebra homomorphism from A 
into its minimal tensor product AQ1A is called a compact quantum group, i/ 

1. ß is coassociative, i. e. the diagram 

is commutative, and 

2. the sets 

AQ1A 
-l-ß®id 

AQ1AQ1A 

{(b ® l)ß(c); b, cE A} 
{(I ® b)ß(c); b, cE A} 

are linearly dense subsets 0/ AQ1A. 

If A is commutative, then there exists a compact topological group A such that 
A = C(A), see the third remark following [Wor98, Definition 2.1). 

We recall two fundamental results of the theory of compact quantum groups. 
The first states that a compact quantum group contains (densely) a Hopf *-algebra. 

Theorem 3.11.2 [Wor98, Theorem 2.2} Let (A, ß) be a compact quantum group 
and A be the set 0/ all linear combinations 0/ matrix elements 0/ all finite-dimen­
sional unitary representations 0/ (A, ß). Then A is a dense *-subalgebra 0/ A and 
AA ~ A ® A. Moreover, (A, AIA) is a Hopf *-algebra. 
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The second result is the existence of a Haar state. Let ß be a lK-bialgebra. 
A functional J : ß -t lK is called a left (right) Haar functional or a left (right) 
invariant integral, if it satisfies 

(id ® J) 0 t:. = e 0 J, ((J ®id) 0 t:. = e 0 J resp.). 

If ß is a Hopf algebra and if J is a right Haar functional with J 1 :j; 0, then 
it is even biinvariant and unique, if we normalise so that J 1 = 1. Woronowicz 
has shown that on compact quantum groups such a normalised, biinvariant Haar 
functional always exists and that is is positive. 

Theorem 3.11.3 [Wor98, Theorem 2.3} Let (A,8) be a compact quantum group. 
Then there exists a unique positive normalised linear functional h : A -t Gj such 
that 

(id ® h) 0 t:.(a) = (h ® id) 0 t:.(a) = h(a)1 

for all a E A. 

REFERENCES 
In addition to the two c1assic textbooks on bialgebras and Hopf algebras [Swe69, 
Abe80], a number of books on this topic have appeared during the last 10 years 
[DHL91, Fuc92 , FK93, Lus93, Mon93, SS93, CP95, Gui95, Kas95, Maj95b]. 



Chapter 4 

Stochastic processes on 
quantum groups 

In this chapter we define Levy processes on involutive bialgebras. These processes 
appeared first in the work of von Waldenfels[WaI73], the algebraic framework 
for the general theory of these processes was formulated in [ASW88]. For the 
development of the theory until 1993 see also [Sch93]. 

In the first section of this chapter we recall the basic terminology of non­
commutative or quantum probability. In Section 4.2 we introduce the not ion 
of independence for quantum random variables. The next section (Section 4.3) 
contains the definition of quantum stochastic processes with independent and sta­
tionary increments, i.e. Levy processes. In Sections 4.4 and 4.5 we describe two 
constructions of realisations of Levy process. The first starts from the genera­
tor and gives a realisation on a Bose Fock space, whereas the second requires a 
convolution semi-group of normalised functionals as input and uses an inductive 
limit procedure. In Section 4.6, we construct convolution semi-groups on quantum 
groups from classical Levy processes and in Section 4.7 we prove an analogue of 
the Feynman-Kac formula for these semi-groups. The last section (Section 4.8) 
deals with duality and time-reversal. 

4.1 QUANTUM PROBABILITY 

We summarise the basic definitions of quantum prob ability or non-commutative 
probability, for a detailed introduction see e.g. the books by Biane [Bia93], Meyer 
[Mey93], and Parthasarathy [Par92]. 

A quantum probability space is defined as a pair (A, IJ» consisting of a *-algebra 
A and astate (i.e. a normalised positive linear functional) IJ> on A. A classical 
prob ability space (0,:1", P) gives rise to a quantum probability space by taking a 
*-algebra of complex-valued integrable functions on 0, e.g. LOO(O,:1", P), and the 
functional defined by IJ> : j H In jdP. 

A quantum random variable j over a quantum probability space (A, IJ» on a 
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*-algebra 13 is a *-algebra homomorphism j : 13 --+ A. A classical random variable 
X : ° --+ E over a probability space (0, F, P) with values in a measurable space 
(E, &) defines a quantum random variable via Jx(f) = foX for f E 13 (where 13 
is an appropriately chosen algebra of functions on E, e.g., 13 = UJO(E,&)). The 
functional 'Pj = cI> 0 j is ca11ed the distribution of j in the state cI>. 

A quantum stochastic process is simply a family of quantum random variables 
{jti tE I} over the same quantum probability space, indexed by some set I, just 
as in the classical context. Its one-dimensional or marginal distributions are the 
functionals 'Pt = cI> 0 jt. 

Two quantum stochastic processes {jti t E I} and {kti t E I}, indexed by the 
same set I, on the same *-algebra 13 over the quantum prob ability spaces (Aj , cI>j) 
and (Ak, cI>k) are ca11ed equivalent, if a11 their finite-dimensional distributions agree, 
Le. if 

cI>j (jt 1 (bt} ... jtn (bn )) = cI>k (kt} (bt} ... ktn (bn )), 

for a11 n E lN, tl, ... ,tn E I, b1, ... ,bn E 13. 
Every element a of aquanturn prob ability space (A, cI» defines a quantum ran­

dom variable on <V(z, z*) (= the free algebra over <V with generators z, z*, and 
the obvious *-structure), or on <V[z) (= the algebra of complex-valued polynomials 
on IR), if a is self-adjoint. Simply set j(z) = a and extend as a *-algebra homo­
morphism. In the same way a family {at i t E I} of elements of A gives rise to a 
quantum stochastic process indexed by I. We will ca11 such a family {ati t E I} 
an operator process. Given a quantum stochastic process {jt : 13 --+ Ai t E I} one 
gets an operator process of every element x E 13 of 13 by simply setting at = jt(x), 
tE I. 

Let us associate densities on the realline to self-adjoint elements a of a quantum 
prob ability space. By a density of a (in the state cI» we will mean a measure J.L 
on IR such that CP(an ) = IlR xndJ.L(x) for a11 n E lN. Note that J.L is determined 
by a moment problem and therefore not necessarily unique. Then we might ca11 a 
random variable X on some probability space (0, F, P) a classical version of a if 
its distribution Px is a density of a. For a classical version {Xti tE I} of a family 
of quantum random variables {at; t E I}, Le. of a process, indexed by an ordered 
set I, we only require that the time-ordered moments agree, i.e. 

for a11 n,k1, ... ,kn E lN, tl, ... ,tn E I, tl ::; tz ::; ... ::; tn . Again, a classical 
version, if it exists, may not be unique. 

4.2 INDEPENDENCE 

Several different definitions of independence in non-commutative probability the­
ory have been proposed and studied. There is Voiculescu's[VDN92) free inde­
pendence, related to the free product of algebras, the tensor independence (see, 
e.g., [Sch93, Section 1.3)) related to the tensor product, and finally the boolean 
independence (see e.g. [SW97)). Work by Schürmann and Ben Ghorbal[BGS99), 
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Schürmann[Sch95a], and R. Speicher[Spe97] indieates that, under certain natural 
conditions, these are the only ones, at least if one insists that it should be possible 
to reconstruct the joint distribution of two independent quantum random vari­
ables from their marginal distributions. But there do exist many other notions of 
independence not satisfying this condition, see e.g. [Küm90, ALV94], that are also 
used in non-commutative probability, for example to derive limit theorems or to 
develop a theory of stochastic integration[HKK98]. 

The appropriate notion of independence for this work is that of (braided) tensor 
independence. Schürmann has considered non-symmetrie tensor products, where 
the braiding arises from an action 0: and a coaction "( of some group algebra <V]L 
as 

\11 = (0: Q9 id) 0 (id Q9 7) 0 ("( Q9 id), or \11 = (id Q9 0:) 0 (7 Q9 id) 0 (id Q9 "(). (4.1) 

We will generalise this to arbitrary braidings (but we still assurne that the asso­
ciativity constraint is the trivial one). 

Definition 4.2.1 Let (A, cf» be a quantum probability space, and B a *-algebra 
in some braided category (C, \11). An n-tuple (h, ... ,jn) of quantum random vari­
ables ji : B -+ A, i = 1, ... , n, over (A, cf» on B is \li-independent or braided 
independent, if 

(i) cf> (jU(l) (b1) ... ju(n) (bn)) = cf> (ju(l) (b1)) ... cf> (ju(n) (bn)) for alt permutations 

a E S(n) and alt b1, ... , bn E B, and 

(ii) mA 0 (jk Q9 jt) = mA 0 (jl Q9 jk) 0 \11 for alt 1 ~ k < l ~ n. 

Remark: 

1. Note that, in general, the order of (j1, ... ,jn) is important, unlike the clas­
sieal case. 

2. If A is commutative, then (i) is equivalent to the condition used in classieal 
prob ability theory: 

(i') cf> (j1 (bd ... jn(bn)) = cf>(h (b1)) ... cf>(jn(bn)) for aU b1, ... ,bn E ß. 

We will caU j1, ... ,jn pseudo-(\II-)independent, if they satisfy only (i') and 
(ii). We will use the not ion of pseudo-independence also, if there are no 
*-structures defined on A or B, or if cf> is not positive. 

3. More generally, we say that a family {j,12 E I} of quantum random vari­
ables indexed by some partially ordered set I is independent, if the n-
tuple (j'l' ... ,j'n) is independent for all finite n-tuples (21, ... ,2n ) such that 
21 < 22 < ... < 2n ). 

Both independence and the weaker pseudo-independence imply that cf>om ~-1) 0 

(j1 Q9 •.• Q9 jn) can be factorised into a tensor product of the marginal distributions 
q;i = <I> 0 ji, i = 1, ... ,n, and thus that it is uniquely determined by the marginal 
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distributions. But the 'true' independence implies in addition an invariance or 
commutativity condition, namely, 

cf;l 0 ~ 0··· 0~, -----­ ~2 = ~ 0 cf;2 0 ~ 0 ... 0 ~, 
'-v-" 

(n - 1) times (n - 2) times 

~n = ~ 0 ... 0 ~ 0cf;n 
'-v-" 

(n - 1) times 

have to commute (in the convolution algebra of functionals on B!!Zn). 
We call a functional cf; on an algebra A in some braided category (C, 'lT) 'lT­

invariant, if we have 

for all functionals 8 : A --+ lK, 
In general, the convolution of two positive functionals on a braided *-bialgebra 

is not again positive, but if a functional cf; on a braided *-bialgebra A is positive 
and 'lT-invariant, then convolution cf; * 8 = (cf; 0 8) 0 ß of cf; with another positive 
functional 8 on A is also positive, see the lemma below. 

Lemma 4.2.2 Let cf;,8 be two positive functionals, and cf; 'lT -invariant or 8 'lT-1_ 
invariant. Then cf; * 8 = (cf; 0 8) 0 ß is also positive. 

Proof: Let a E A, and ß(a) = Li a~1) 0a~2) (Sweedler's notation). Then ß(a*) = 
Lj'lT (( a}2)) * 0 (aY)) *). If cf; is 'lT-invariant, then (cf; 0 8) 0 ß(a*a) = (cf; 0 8) 0 

(m 0 m) 0 (id 0'lT 0 id) 0 ('lT 0 id 0 id) (Li,j (a?)) * 0 (a}l)) * 0 a~l) 0 a~2)) 

8 0 (cf; 0 m) 0 ('lT 0 id) 0 (id 0 m 0 id) (Li,j (a;2))* 0 (a;l))* 0 a~l) 0 a~2)) = 
Li,j 8 ( ( a}2)) * a~2)) cf; ( ( a}l)) * a~l)) is positive, since it is the Schur product of 
two positive definite matrices. 

If instead 8 is 'lT-1-invariant, then we can show in the same way that (cf; 0 8) 0 

ß(aa*) = Li,j cf; (aY) (a~l)) *) 8 (a?) (a~2)) *) is positive. • 

4.3 LEVY PROCESSES ON BIALGEBRAS 

Let us now introduce one of the central themes of this book, processes with in­
dependent and stationary increments (Levy processes) on bialgebras. To define 
the not ion of increments one needs an operation to compose them. In classical 
prob ability Levy processes can therefore be defined, if the state space that the 
processes take values in has a semi-group structure. A semi-group structure on 
the state space can usually be used to define abialgebra structure on an appropri­
ate algebra of functions on this space, see, e.g., the first examples in Section 3.2. 
This is therefore the right structure to study Levy processes in non-commutative 
probability (but it is not the only possibility, cf. [Sch95b]). 

Definition 4.3.1 [Sch93} Let B be a (braided) *-bialgebra. A quantum stochastic 
process {jstlO ~ s ~ t ~ T}, T E IR+ U {oo} on B over some quantum probability 
space (A, p) is called a Levy process if the following conditions are satisfied. 
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1. (increment property) 

irs * ist 

itt 
irt for all 0 ::; r ::; s ::; t ::; T, 

e 0 c for all 0 ::; t ::; T, 
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2. (independence of increments) the family {jstlO ::; s ::; t ::; T} is independent, 

3. (stationarity of increments) the distribution 'Pst = ~ 0 ist of ist depends only 
on the difference t - s, 

4. (weak continuity) ist converges to iss (= e 0 c) in distribution for t '\t s. 

Remarks: 

1. Recall that the convolution i1 * h : C -+ A of two linear maps i1, h : C -+ A 
from a coalgebra C to an algebra A is defined by 

2. If {jtlO ::; t ::; T} is a quantum stochastic process on a (braided) *-Hopf 
algebra, then we can define its increments by 

ist = (j soS) * it, 
this automatically satisfies the increment property. We call {jtlO ::; t ::; T} 
a Levy process, if {jst = (js 0 S) * it!O ::; s ::; t ::; T} is one. 

3. If the increments are only pseudo-independent, or if ~ in not positive, but 
only a unital linear functional, or if no *-structures are specified on Band 
A, then we will call (jst) a pseudo-Levy process. 

We know (cf. [Sch93]) that the process is uniquely determined by its marginal 
laws 'Pt = <I> 0 jOt (up to equivalence). This can also be seen from Section 4.5, since 
all we need to recover the joint distributions are the marginal distributions. The 
marginal distributions form a convolution semi-group, since 

'Ps * 'Pt 'Ps * 'Ps,s+t = (<I> 0 jo,s) @ (<I> 0 js,s+t) 0 ~ 

<I> 0 mA 0 (jo,s @ js,s+t) 0 ~ = <I> 0 io,s+t 

'Ps+fl 

where we used first the stationarity, then the factorisation property from the def­
inition of independence, and then the increment property. 

Using the fundamental theorem of coalgebras (Theorem 3.1.1) one can show 
that there exists a unique, conditionally positive (i.e. positive on ker c: L(a*a) ~ 0 
for all a E B with c(a) = 0), hermitian, linear functional L : B -+ <V with L(ll) = 0, 
such that 'Pt = exp* tL, see [Sch93, Theorem 1.9.2]. This functional is called the 
generator of the process (jst). Furthermore, the independence of the increments 
implies (L ® L) 0 'lI = L ® L. If we restrict ourselves to 'li-invariant generators 
(for 'l1 = 7, i.e. in the symmetrie or 'unbraided' case all generators are invariant), 
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then we can also go back. Using Schoenberg correspondence, we see that the 
convolution semi-group generated by L is again positive. For the symmetrie case, 
this is [Sch93, Theorem 3.2.8], for the graded case it follows from [Sch93, Section 
3.3]. Thanks to Lemma 4.2.2 this result remains true in the general braided case. 
Thus the construction in Section 4.5 or on Pages 38-40 in [Sch93] gives a kind of 
'canonical representation' of the process on an inductive limit of the tensor product 
algebras of 8. It is interesting to note that this construction does not depend on 
the positivity, we can get these 'canonical representations' also for 'pseudo-Levy 
processes' (i.e. 'processes' that have only pseudo-independent increments, or that 
are defined without the *-structure or with a functional <P that is not positive, but 
that satisfy all the other conditions). 

We summarise this in the following proposition, for details see [Sch93, Corollary 
1.9.7, Theorem 3.2.8]. 

Proposition 4.3.2 Let 8 be a *-bialgebra over Q; in a braided category (C, 1l1). 

(i) Let 111 = T. Then there is a one-to-one correspondence between (equivalence 
classes of) Levy processes {jstJ, normed positive convolution semi-groups of 
functionals 'Pt = <P 0 jOt = exp* tL, and hermitian, conditionally positive 
functionals L = a't'Ptlt=o on 8. 

(ii) The correspondence holds also for general braidings, if we restriet to 1l1-
invariant generators, and their semi-groups and processes. 

The essential ingredient of the generalisation from a-invariant generators in [Sch93] 
to 1l1-invariant generators is Lemma 4.2.2. 

In the next two sections we will present two constructions of realisations of 
Levy processes. 

4.4 REALISATION OF LEVY PROCESSES ON 
FOCK SPACES 

In this section we will discuss Schürmann's representation theorem [Sch93, Theo­
rem 2.5.3]. This theorem states that every Levy process on asymmetrie involutive 
bialgebra can be realized as the solution of a quantum stochastic differential equa­
tion on some Boson Fock space. Using the symmetrisation from [Sch93, Chapter 
3] this result extends to all involutive bialgebras in braided tensor categories whose 
braiding comes from an action and coaction of a group as in Equation (4.1). For 
the detailed proof see Schürmann's monograph [Sch93], for abrief outline see also 
[Mey93, Section VII.2]. 

So let now 8 be asymmetrie involutive bialgebra and let L : 8 -+ Q; be a 
conditionally positive, hermitian, linear functional with L(ll) = 0, Le. a generator 
of a Levy process. Abialgebra 8 can always be written as a direct sum 8 = 
1Kll EIl 8 0 , where 8 0 = kerc. Note that because of the multiplicativity of the 
counit 8 0 is even an ideal. The decomposition of an element a E 8 is given by 
a = c(a)ll + (a - c(a)ll). The generator L can be used to define a semi-positive 
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inner product (., ')L : Bo 0 Bo -+ <Von Bo, 

(ao, bO)L = L(a~bo), for ao, bo E Bo. 

This inner product can be extended to all of B by setting 

(a, b)L = (Poa, POb)L = L ((a - c(a)l)* (b - c(b)l)), 

where Po denotes the projection from B onto Bo. Let 

N L = {a E BI(a, a)L = O} 
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for a,b E B, 

be the null-space of (., .)L, then 1{L = B/NL is a pre-Hilbert space with the inner 
product induced by (., ')L (which we will again denote by (., ·)L). Let us denote 
the canonical projection by T/L : B -+ 1{L. 

B acts on Bo by left multiplication. The null-space N2 = N L n Bo = PO(NL) 
is invariant under this action, since 

Ilabo Ili = L ((abo - c(abo) 1)* (ab - c(abo) 1)) = (bo, a* abo) L 

::; IlbollLlla*abollL = 0, for all a E B,bo E Ni, 
by the Cauchy-Schwarz inequality, so that it induces an action on 1{L = B / N L ~ 
Bo/N2· Let us denote this action by PL. By the definition of PL we have 
pL(a)r/L(bo) = 7]L(abo) for a E B, bo E Bo. For a general element bEB we 
have TJL(b) = TJdPob) = TJdb - c(b)l) and therefore 

for a,b E B, 

i.e. TJL is a (pL,c)-l-cocycle. 
Let fJL = TJL 0 *, then we have 

L(ab) = L((a - c(a)l)(b - c(b)l)) + L(a)c(b) + c(a)L(b) 

= (fJL(a), TJdb))L + L(a)c(b) + c(a)L(b), 

for all a,b E B. Bringing (fJda),TJdb))L to the left, we see that (fJLO,TJd·))L is 
the (c,c:)-2-coboundary of -L, i.e. 

(fJL(a), TJdb))L = L(ab) - L(a)c(b) - c(a)L(b), 

for all a, bEB. 
Note that in this construction we did not use the coproduct, but only the 

counit. 

Definition 4.4.1 A Schürmann tri pIe on a unital *-algebra with a one-dimen­
sional *-representation c : B -+ <V is a tripIe (p, TJ, L) where P is a *-representation 
01 B on some pre-Hilbert space K, TJ is a (p,c)-l-cocycle, and L is a hermitian 
linear lunctional that satisfies 

(TJ(a) , TJ(b)) = L(a*b) - L(a*)c(b) - c(a)L(b), 

for all a, bEB. 
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By the preceding discussion we see that we can always construct a 8chürmann 
triple from a given generator. On the other hand the 8chürmann triple uniquely 
characterises the generator (since it is part of the triple) and therefore the process. 
Furthermore, if (p, 'Tl, L) is a 8chürmann triple on some unital *-algebra B with a 
one-dimensional representation c:, then it is not difficult to show that L is eondi­
tionally positivei, i.e. that L(a*a) ~ 0 for all a E ker c:, and that L(n) = O. 80 the 
classifieation of all Levy proeesses on a given *-bialgebra ean be done by first clas­
sifying all its *-representations, then determining all eoeycles, and finally finding 
all solutions of the eohomologieal equation (ij(.),'Tl(.)) = -aL with ij = 'Tl 0 *. For 
the ease of SUq (2) this programme was earried out by M. 8keide, ef. [8ke94, 8898]. 

8ehürmann's representation theorem tor Levy processes [8eh93, Theorem 2.5.3] 
says that if (p, 'Tl, L) is a 8ehürmann triple on a *-bialgebra B, then the quantum 
stoehastie differential equations 

djst = jst * (dA; 0 'Tl + dAt 0 (p - c:) + dAt 0 ij + Ldt) (4.2) 

with the initial eonditions 
jss = c:id, 

Le. with 8weedler's notation ßb = L: b{l) 0 b(2), 

(4.3) 

jst(b{l)) (dA;('Tl(b{2))) + dAt (p(b{2)) - c:(b{2))id) + dAt ('Tl(b{2)*)) 

+ L(b{2))dt) , 

c:(b)id, 

for all bEB, have solutions (defined on some appropriate eommon domain in the 
Boson Fock space r(L 2 (IR+, K))) and that the process (ist) is a Levy process on 
B with generator L in the vacuum state. Conversely, if (ksd is a Levy proeess 
with generator L on asymmetrie involutive bialgebra, then it is equivalent to the 
process (jsd defined by Equations (4.2) and (4.3) with p = PL and 'Tl = 'TlL. 

For the definition of the creator, conservator, and annihilator integrals see, e.g., 
[Par92, Mey93]. We will only show here that 

dMt = dA; 0 'Tl + dAt 0 (p - c:) + dAt 0 ij + Ldt 

formally defines a *-homomorphism on ker c: = Ba, if we define the algebra of quan­
tum stoehastic differentials (or Itö algebra, cf. [Bel98] and the referenees therein) 
over some pre-Hilbert spaee K as follows. Let L(K) denote the algebra of alllin­
ear operators on K and denote by H(K) the subalgebra of L(K) of all operators 
F E L(K) with the property that there exists aG E L(K) with 

(u,Fv) = (Gu,v), for all u, v E K. 

1 But note that it is necessary to impose the condition that L is hermitian in the definition 
of a Schürmann tripie. Let B = <r(x,x') be the free algebra with two generators x and x' and 
the obvious *-structure. The words in x and x' form a basis of B. If we set p = 0, T/ = 0, and 
define L on the words in x and x' by L(x) = Zl, L(x') = Z2, and L(w) = 0 else, then (p,T/,L) 
satisfies all conditions of the definition of a Schürmann tri pie except the hermitianity of L for 
all Zl, Z2 E <r. But the process defined by Equation (4.2) is an involutive homomorphism if and 
only if Zl = Z2, i.e. only if L is hermitian. 
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If we set F* = G, then this defines an involution H(K). The algebra of quantum 
stochastic differentials I(K) over K is the *-algebra generated by 

{dA(F)IF E H(K)} U {dA*(u)lu E K} U {dA(u)lu E K} U {dt}, 

if we identify 

dA(AF + J-lG) - AdA(F) + J-ldA(G), 

dA*(AU + J-lv) _ AdA*(u) + J-ldA*(v), 

dA(AU + J-lv) _ XdA(u) + IldA(v) , 

for all F, GE H(K), u, v E K, ,\, J-l E (1;. The involution of I(K) is defined by 

dA(F)* = dA(F*), 

(dA* (u) r = dA(u), 

dA(u)* = dA*(u), 

for F E H(K), u E K, and the multiplication by the Ito table 

• 11 dA*(u) 1 dA(F) 1 dA(u) 1 dt 1 

dA*(v) 0 0 0 0 
dA(G) dA*(Gu) dA(GF) 0 0 
dA(v) (v, u)dt dA(F*v) 0 0 

dt 0 0 0 0 

for all F, GE H(K), u, v E K, i.e. we have, for example, 

dA( v) • dA * (u) = (v, u)dt, and dA* (u) • dA(v) = O. 

Proposition 4.4.2 Let B be an involutive unital algebra with a one-dimensional 
*-representation c, Bo = kerc, and (p : B -+ H(K),TJ : ß -+ K,L : ß -+ (1;) a 
Schürmann tripie. Then the map dM : Bo -+ I(K) defined by 

dM = dA * 0 TJ + dA 0 (p - c:) + dA 0 i] + Ldt 

is a * -homomorphism. 

Proof: Let a, bE Bo. Using the Ito table we get 

dM(a) • dM(b) = dA* ((p(a) - c(a)id)TJ(b)) + dA( (p(b) - E(b)id)TJ(a*)) 

+ dA ((p(a) - c:(a)id)(p(b) - C:(b)id)) + (TJ(a*), TJ(b))dt 

= dA*(TJ(ab)) + dA(p(ab) - c(ab)id) + dA(i](ab)) + L(ab)dt. 

And we also have 

dM(a)* = (dA*(TJ(a))r +dA(p(a)) -c(a)id)* +dA(i](a))* + (L(a)dtr 

= dA(i](a*)) + dA(p(a*)) - E(a*)id) + dA*(TJ(a*))* + L(a*)dt 

= dM(a*), 
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because L is hermitian. • 
Remark: dM does not define a *-homomorphism on B, because we alw~s have 
dM(!) = 0, but it can be turned into a *-homomorphism, if we define I(K) by 
adjoining a unit to the algebra I(K) and dM : B -+ I(K) by dM(a) = c(a)! + 
dM(a - c(a)!). 

4.5 REALISATION OF LEVY PROCESSES BY AN 
INDUCTIVE LIMIT 

We will now present an alternative construction. It has the advantage to be 
applicable in a more general framework. We do not need the positivity of the state 
or the convolution semi-group for this construction. Also, it easily applies directly 
to the braided case also, without the need of bosonisation or symmetrisation. This 
construction was introduced in [ASW88, Sch93], but see also [FFS97, Section 8]. 

Let B be a braided Hopf algebra. We set Tn = {t = (tl, ... , tn)j ti E IR+, tl < 
t2 < ... < t n } C IR~, To = {0}, T = U~=o Tn , i. e., Tn contains all subsets of IR+ 
with n elements, and T all finite subsets of IR+. The set T is partially ordered by 
inclusion. For each t = (tl, ... , t n ) E T we set At = B®ltl as a vector space, where 
Itl = n is the length of t. Let 'l/Jt : At -+ B®ltl be defined by 

'l/Jt(al 0···0 altl) = (al 010··· 01)(ßa2 010···01)··· (ßltl-laltl) (4.4) 

where the multiplication on the right hand side is the usual multiplication m®ltl 
in the braided tensor product algebra B®ltl. 

Lelllllla 4.5.1 These maps are vector space isomorphisms. 

Proof: Let 'l/J2 : B 0 B -+ B 0 B be defined by 'l/J2(a 0 b) = (a 0 l)(ßb), Le., 
'l/J2 = (m 0 idB) 0 (idB 0 ß). 'l/J2 is an isomorphism, and its inverse is given by 
4;2 = (m 0 idB) 0 (idB 0 S 0 idB) 0 (idB 0 ß). Here is a diagrammatic proof of the 
relation 'l/J2 04;2 = idB®B, and 4;2 0 'l/J2 = idB®B can be shown similarly. 

= = 

For the interpretation of this diagram see [Maj93a, Maj95b]. Not using the 
diagram technique we can write the proof as 'l/J2 0 4;2 = (idB 0 ß) 0 (m 0 idB) 0 (idB 0 
ß)o(idB®S®idB)o(m®idB) = (idB0ß)o(idB0ß0idB)O(idB0idB0S®idB)O(idB® 
m0idB)o(m0idB) = (idB0ß)o(idB0c0idB)o(idB0e0idB)(m®idB) = idB®B 

Note now that 'l/Jt can be written as 
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This completes the proof. • 
This lemma allows us to equip At with an algebra structure by the definition 

(4.6) 

Define it, ,t : At' -+ At for t' E t by inserting the unit element 1 in the factors 
corresponding to the indices of t that are missing in t', e. g. for t = (h, ... , tn) 
and t' = (h, ... ,tj-l, tj+l, ... ,tn) we have i t, ,t(al 0· .. 0 an-d = al 0· .. aj-l 0 
10 aj+l 0· .. an-I. Note it, ,t 0 it" ,t' = it" ,t and that these mappings are injective. 
Related to these are the maps jt' ,t = 'l/Jt 0 it, ,t 0 'l/J;;l : 8 01t'I -+ 8 01tl . One verifies 
that for these maps also jt' ,t 0 jt" ,t' = jt" ,t, and that for t = (tl,' .. ,tn) and t' = 
(tl, ... ,tj-l, tj+l, ... , tn) we have jt' ,t(aI0' . '0an-l) = a10' .. aj-l0ßaj0aj+1 0 
... an-I, i. e., jt' ,t decomposes the increment from tj-l to tj+l into the increments 
from tj-l to tj and from tj to tj+l via the coproduct, whereas for t = (tl,"" tn) 
and t' = (tl,"" tn- l ) we have jt',t(al 0··· 0 an-I) = al 0··· an-l 01, i. e., for 
increments corresponding to times larger than the maximal time represented in t' 
the unit element 1 is adjoined. 

Proposition 4.5.2 The algebras (At, mt) and the mappings it,t' form an induc­
tive system and thus define an algebra A with injective algebra homomorphisms 
i t : At -+ A such that i t 0 it' ,t = it' . 

Proof: To prove the proposition we have to show mt 0 (it',t 0it, ,t) = it, ,t omt', i. e., 
that the maps i t , ,t are algebra homomorphisms with respect to the multiplications 
mt, mt'. It is clear that jt' ,t is an algebra homomorphism, since the coproduct ß 
is one, and adjoining the unit element is one, too. Now 

mt 0 (it',t 0 it',t) 

'l/J;l om01tl 0 ('l/Jt 0'l/Jt) 0 «'l/J;l ojt',t o'l/Jt') 0 ('l/J;l ojt',t 0'l/Jt')) 

'1fJt 1 0 m~9It1 0 (jt' ,t ® jt' ,t) 0 ('1fJt' ® '1fJt') 

'l/J;l 0 jt' ,t 0 m0lt'l 0 ('l/Jt' 0 'l/Jt') 

it' ,t 0 mt'. 

• 
This algebra plays the röle of the canonical representation of the process. The 

maps i(t) : 8 ~ A(t) -+ A, tE IR+, embed 8 into A. This is the process we want 
to construct, we set kt = i(t) for t E IR+. Then the increments are given by 

kst = (ks 05) * kt = i(s,t) 0 (50 id) 0 ß, 

for 0 :::; s :::; t. If 8 has a *-structure, then A inherits a *-structure also and the 
maps kst, 0 :::; s :::; t, are even *-algebra homomorphisms. 

Now we have to define a functional on.A. Let ('Pt)tEIR+ be a convolution 
semi-group. Then we define 

(4.7) 
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for a E At, t E T. 

Proposition 4.5.3 The functionals {<I>t; t E T} determine a unique functional <I> 
on Ä such that <I> 0 i t = <I>t. 

Proof: We have to show that <I>t' = <I>t 0 i t, ,t for all t l ~ t. Since the functionals 
'Pt form a convolution semi-group, i. e., ('Pt ® 'Ps) 0 ß = 'Pt+s, and, more generally, 
for t = (tl, ... ,tn) and t' = (tVI "" ,tvk ) ~ t, 

The proposition now follows from the definition of <I>t = ('Ptt ® ... ® 'Ptn -tn-I) 0 'l/Jt 
and of i t , ,t. • 

If there is a *-structure defined on ß and if the functionals 'Pt, t E lR+ are 
states, then one immediately sees that <I> is also astate and thus that (kt)tEIR+ is a 
quantum stochastic process, i. e., it is a *-algebra homomorphism from a *-algebra 
ß to the *-algebra Ä with the state <I>. The one-dimensional distributions of this 
process are exactly the functionals 'Pt = <I> 0 kt . 

By the construction of the state the expectation factorises and the increments 
kst, 0 S s stare independent and stationary (or pseudo-independent and sta­
tionary, if there is no *-structure and no positivity). 

The following theorem summarises the main results of this section. 

Theorem 4.5.4 {kt : ß -+ (Ä, <I»; t E lR+} is a quantum process with indepen­
dent and stationary increments, i. e., it satisfies 

1. kt : ß -+ Ä is a unital algebra homomorphism for alt t E lR+, 

2. the functionals 'Pt = <I> 0 kt = <I> 0 ks,s+t form a convolution semi-group, i. e., 

for alt a E A, t, sE lR+, and limt\,o 'Pt = c. 

Example: Take the q-affine group (see Subsections 3.2.7 and 3.3.1). We set 
at = kt(a) and bt = kt(b). The algebra Ä is spanned by 

The commutation relations between elements corresponding to the same time t 
remain unchanged, those between elements corresponding to different times s < t 
are determined by 

as . at, as·bt+hbs, 
= bs . at - hbs , q-Ibs ' bt + (1- q-l)b;. 
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4.6 MULTIPLICATIVE STOCHASTIC INTEGRALS 

Motivated by McKean's [McK69] stochastic product integrals on Lie groups (see 
also Section 2.7 and [FS89a, FS89b]) we define a limiting procedure to obtain 
functionals, that, if their limit exists, converge to a one-parameter semi-group of 
functionals that will be considered as the analogous multiplicative process on the 
quantum group. By the previous section these semi-groups determine a unique 
pseudo-Levy process. 

Let (Wt)tEIR+ = (Wl,···, Wl)tEIR+ be a stochastic process with values in IRd 

with independent increments, and assume that all moments of Wt are finite. Then 
a functional cl>tl h on IR[Xl" .. ,Xd], corresponding to an increment Wt2 - Wt1 , 

is defined by cl>tlh(X~l"'X~d) = IE((Wt; - Wt~)nl"'(Wt~ - Wt~)nd). We can 
identify A with IR[Xl, ... ,Xd] as a vector space, if we fix a Poincare-Birkhoff-Witt 
(PBW) basis {An; nE ]Nd} for A and set z(An) = xn. We denote the functional 
on A obtained in this way also by cl>h ,t2' 

We suppose that z is chosen such that the functionals cl> tl,t2 are positive. For 
example for the q-affine group this is the case for z defined by z( a~bm,) = x\x~ n.qm' n.m. 
with an appropriate definition of positivity2. We do not know how to define z in 
general to guarantee the positivity of cl>tl ,t2' N evertheless, the results below hold 
regardless of the positivity hypothesis. 

The following construction will start with these functionals, and then re cover 
their properties with respect to the coproduct of A. 

We suppose that Wt has independent increments. For the functional cl>t on 
IR[Xl, ... ,Xd] this means that 

where the coproduct of IR[Xl, ... ,Xd] is defined by ßXi = Xi Q91 + 1 Q9 Xi. We want 
to construct a functional <l>t on A that satisfies the same relation with respect to 
the coproduct of A. To this end we define a sequence of functionals 1>~N), and 
take its limit for <Pt, if it exists. Let 

(N)' , (N-l ) 
<l>s,t (a) = <l>s,s+(t-s)/NQ9" 'Q91>s+(t-s)(N-l)/N,t ß (a) for N > 1, a E A. 

Loosely speaking, this corresponds to decomposing the desired process into its in­
crements via the coproduct, and approximating its expected value by the expected 
value with respect to cl> in each increment. We define 

for a E A, (4.8) 

if this limit exists. 

Definition 4.6.1 Let Wt be a stochastic process on IRn with independent incre­
ments 

2If we define the positive elements of A as the inverse image under 2 of the positive elements 
of lR[Xl, X2). 
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Ws,t = Wt - Ws, and all moments finite. Let further A be a Hopf algebra and 
z : A --+ IR. [X 1 , ... ,Xn ] a vector space isomorphism. We call 

q,s,t(a) = J~oo JE(z®N (ßN-1(a))(Ws,s+(t_s)/N,"" Ws+(t-s)(N-l)/N,t)) 

the l-analogue of Wt on A, if this limit exists. 

In our applications we will consider processes whose increments are stationary, 
i. e., the functionals ~s,t and q,s,t depend only on the difference t - s, in this case 
we can also write ~t and q,t. 

In the following section we have a dass of examples where this limit exists, and 
the expected value of the dual pairing, which in this context should be understood 
as a generating function, is found. For this it is necessary to extend the definition 
of the functional q,t to infinite series thus: 

00 00 

q,t(L an) = L q,t(an), 
n=O n=O 

if the left-hand-side converges absolutely. 
On Lie groups the multiplicative stochastic integrals define stochastic processes. 

Unfortunately in our case the positivity of the constructed process is not apriori 
dear, but depends on the choice of the identification of A and IR.[Xl,' .. ,dj. Never­
theless, the proof of the Feynman-Kac formula in the next section doesn't require 
positivity. Finding good criteria for which cases the obtained process will be pos­
itive is an open problem, for some results ab out positive functionals on quantum 
groups see [Koo91]. 

4.7 FEYNMAN-KAC FORMULA 

On Lie groups one can obtain Feynman-Kac type formulae with Trotter's product 
formula 

Let Wt be a stochastic process on IR. d with independent and stationary increments 
and independent components, and 

be the expectation value of an increment, i. e., Li is the generator of Wi(t). Then, 
if we approximate the process g(W(t); X) on the Lie group defined by McKean's 
stochastic product integral [McK69] by g(n)(t), 

JE (g(n) (t)) = JE (II e W1Xi ... e WdXd ) = II JE (eW1X1 ... e WdXd ) 

( eL1(Xdilt ... eLd(Xd)ilt)n _ e t (L 1(X1)+,,+Ld(Xd)). 
n->oo 
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If we take the limit on both sides we get 

see also Subsection 2.7.1. Note that this formula still contains Trotter's product 
formula for the special case of a deterministic process, i. e., if Li(Xi ) = Xi for 
i=l, ... ,d. 

Theorem 4.7.1 (Feynman-Kac formula) Let A and U be a quantum group and 
a quantum algebra that are in duality, with generators al, ... , ad and Xl,"', Xd, 
respectively, and dual pairing 

Let p be a representation of U by operators that are bounded with respect to some 
norm 11·11. We set 

Pi = { :X{P;P(Xil'" O} if p(Xi ) is nilpotent, i.e. p(XitH = ° for some 
integer r, 

otherwise. 

Let z : A -t lR[Xl,"" xnl be defined by z(an) = xn 
Suppose further that we are given a d-dimensional stochastic process W(t) with 

independent and stationary increments and independent components, and moment 
generating functions 

and moments mdWi(t)) = U!J k etL;(U)!u=o' such that the series 

Pi l( i) k 
- "'kU 
Li(u) = ~ -( .) I' 

k=l q, k· 
and 

are well-defined and converge (in particular, (qih i 0, for 1 ~ k ~ Pi). 
Then we have for the z-analogue of A(t) on the associated quantum group A 

Remark: If U has a sufficiently rich dass of representations that satisfy the 
conditions of the theorem, then this relation allows us to read off aB moments of 
the Brownian motion. 
Proof: According to Definition 4.6.1 we have to consider 

q,~N) (g(a; p(X))) = <I>~~(g(6N-la; p(X))) 
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where ~t/N is the functional corresponding to an increment of Wt for Llt = 
t j N. By the identification procedure outlined in the previous section this gives 
~t/N(an) = I1 i mni (Wi(tjN)). If we take into account that (cf. Equation (3.15)) 

g(Lla;X) = g(al; X)g(a ll ; X), 

where al = a @ 1, all = 1 @ a, then we get 

~~N) (g(a; p(X))) = ~~~(g(a(1); X)··· g(a(N); X)) 

where a(k) = 10k- 1 @a@ 1N- k, and thus 

<I>~N) (g(a; p(X))) = ~0N (ft i! e::p(x.j) 

= fi rr (1 + t mk(Wi(tj.N~)P(Xi)k) 
v=li=l k=l (q,h· 

Note that for k ~ 1 each mk(Wi(T)) can be written as 

mk(Wi(T)) = Tlki) + T2 Rik(T) 

therefore 

where Ri(tjN) is some bounded operator. Taking the product we get 

where R(tjN) is also bounded. 

Using I1~=1 av - I1~=1 bv = L:~=1 a1" ·av-1(av - bv)bv+1" ·bN, we have 

ft i! (1 + t, m, (W';:'~~)p(X,)k) -ft (1+ ~ t, L, (P(X,») 

t (rr 1 + t mk(Wi(tjN~)P(Xi)k) 1'-1 

1'=1 i=l k=l (q,h· 

"RttN) (1+ ~ t,L,(p(x,»r-" 
constant 0 

< N -+ 
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for N -+ 00. This eoncludes the proof, sinee rr~=l (1 + 1:t L:~=1 Li(p(Xi))) con­

verges to exp (t L:~=1 Li(p(Xi ))). • 

We ean now obtain a Trotter-type produet formula for q-exponentials. 

Proposition 4.7.2 (Trotter's produet formula) Let Xi, i = 1, ... , d be bounded 
operators and assume that lor each i = 1, ... ,d one 01 the lollowing two conditions 
is satisfied: 

1. qi E {I} U {z E <Vi Izl =I I}, 

2. the operator Xi is nilpotent 01 same order Pi i. e., xt+1 = 0, and qi E 
{I} U {z E <Vi ZV =11 lor /I = 1, ... ,pd. 

Then we have 

N d d 

II II e;'i/N N~-:'" exp LXi. (norm convergence) 
V=o i=l i=l 

Remark: For the seeond ease, the q-exponential ean be defined by the finite sum 

e;'i = L:~~o ~~ sinee q) =I ° for /I :s; Pi and Xi = ° for /I > Pi· 

Proof: Take a deterministie proeess with Li(Xi) = Xi, i = 1, ... , d, and apply 
Theorem 4.7.1. • 

The following proposition ean also be presented as a eonsequenee of Theorem 
4.7.1. 

Proposition 4.7.3 The lunctionals defined as the z-analogue 01 a stochastic pro­
cess with independent and stationary increments and independent components lorm 
a convolution semi-group. 

4.8 TIME-REVERSAL, DUALITY, AND 
R-MATRICES 

In this seetion we show so me construetions for obtaining new Levy pro ces ses from 
a given Levy proeess. 

4.8.1 Time-reversal 

If (XdtE[O,TJ is a classical right Levy proeess with values in a group, then one 
defines the time-reversed proeess by 

for t E [0, Tl· 

The inerements of this proeess are given by X st = X;l Xt = XT~sXT-t = 
(XT_t,T_s)-l for ° :s; s :s; t :s; T, and it is obvious that we have again a right 
Levy proeess. 
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If (Xt)tE[O,Tj takes values in lRn and has characteristic exponent ~, i.e. if 
IE(eiuXt ) = et~(u), then the characteristic exponent ~ of the time-reversed process 
(Xt)tE[O,Tj is given by ~(u) = ~(-u). This follows from 

IE(eiUXt) = IE(eiU(XT-t-XT)) = IE(e-iU(XT-X-tl) = IE(e- iuXt ). 

Our first construction of a time-reversed U~vy process is taken from [Sch93, 
Proposition 1.9.4]. 

Proposition 4.8.1 Let B = (B, m, e, Ll, c, w, *) be a braided *-bialgebra and let 
(jst}O~s5:t~T be a Levy process on B.Then 

BCop = (B, m, e, Ll cop = w-1 0 Ll, c, w-1 , *) 

is also a braided * -bialgebra and the time-reversed process 

·COp . 
Jst = JT-t,T-s 

is a Levy process on BCoP. Moreover, (jst) and (j~~P) have the same generator and 
the same marginal distribution. 

Proof: That (B,m,e,Llcop = w-1 0 Ll,c, w-1 ) is a braided bialgebra was shown 
in [Maj93a, Lemma 4.6], so we only need to show that Llcop = w-1 0 Ll is a *­
algebra homomorphism (where the *-structure in BCop ® BCop is defined by *0 = 
W- 1 0 (* ® *) 0 T). We have 

LlCOP 0 * w- 1 0 Ll 0 * = W- 1 0 W 0 (* ® *) 0 Toll 

(* ® *) 0 T 0 ~ = W- 1 0 (* ® *) 0 T 0 W- 1 0 ~ 

*0 0 Llcop, 

where we used (* ® *) 0 T = (w 0 (* ® *) 0 T 0 w) -1 = W- 1 0 (* ® *) 0 T 0 W- 1 . 

The rest of the proof is identical to the proof of [Sch93, Proposition 1.9.4]. • 

For classical Levy processes this construction does not give an essentially new 
process, it only amounts to interpreting a right Levy process as a left Levy process 
with values in the (semi-)group with the opposite multiplication. 

To define a time-reversed process in an analogous manner to the classical case 
we need the antipode. 

Proposition 4.8.2 Let (B, m, e, Ll, c, w, S, *) be a braided *-Hop/ algebra with in­
vertible antipode Sand let (jst)O<s<t<T be a Levy process on B. Then BOP = 
(B,mOP = m 0 w- 1 ,e,Ll,c, W-1,S=1~S-1 0 * 0 S) is also a braided *-Hop/ algebra 
and the time-reversed process 

ist = jT-t,T-s 0 S 

is a Levy process on BOP. Moreover, i/ L is the generator 0/ (jst), then t = LoS 
is the generator 01 (jst) 
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Proof: It is not difficult to check that BOP = (B,mOP = mow-1 , e,~,c, 'li-I, S-I) 
is a braided Hopf algebra and that it is actually isomorphie to BCop, the isomor­
phism being the antipode S : BOP ~ BCoP. This also shows that BOP is a braided 
*-Hopf algebra with the involution S-1 0* 0 S. Writing {Jsd as j~? oS, the rest 
of the proposition becomes obvious. • 

We can also combine both constructions. Then we get the Levy pro ces ses 

·cOpOp -:cop . S-1 
J st = J st = J st 0 , for 0 ~ s ~ t ~ T, 

on BCopop = (B,m ° W,e, 'li-I ° ~,c, S, W,S 0 * oS-I) and 

j~icop = fs? = jst 0 S, for 0 ~ s ~ t ~ T, 

on BOP cop = (B, mo 'li-I, e, W o~, c, S, W, S-1 0 * 0 S). More generally, we get the 
two families 

.kxcopop . S-k 
Jst =Jst O , for 0 ~ s ~ t ~ T, 

on Bkxcopop = (B, m ° wk, e, w-k o~, c, S, W, Sk ° * ° S-k) and 

,kxcopop _ . Sk+l 
Jst - JT-t,T-s ° , for 0 ~ s ~ t ~ T, 

4.8.2 Levy coprocesses 

Levy processes can be defined on bialgebras, because the coproduct allows to 
compose representations. Similarly, the multiplication can be used to compose 
corepresentations, this leads to the definition of infinitely divisible corepresenta­
tions or Levy coprocesses. We will consider only symmetrie bialgebras (i.e. w = r) 
in this subsection and also neglect *-structures, Le. stay at the level of pseudo (co-) 
processes. 

Let (A, <1» be a coalgebra with some fixed element <I> satisfying c(<I» = 1. A 
coprocess on a coalgebra Cover (A, <1» is a family of coalgebra homomorphisms 
(jt)tEI : A ~ C indexed by so me set I. 

First we have to dualize the definition of independence. 

Definition 4.8.3 A tuple of coalgebra homomorphisms (jl,"" jn) /rom A to C 
is called independent (with respect to <I> E A), if the following two conditions are 
satisfied: 

(i) 

where ~(1) = id, ~(2) = ~, and ~(k+l) = (~® id0 (k-l)) ° ~(k) for k = 
3,4, ... 
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(ii) 

lor k,l = 1, ... ,no 

Let 8 be abialgebra. The operation that we will use to compose increments 
is the same as for Levy processes, Le. for two linear maps iI, h : A -t 8 we set 

only the roles of A and 8 are switched. 

Definition 4.8.4 Let 8 be abialgebra. A coprocess {jstlO :S s ::; t ::; T} on 8 over 
(A, <1» is called a (pseudo) Levy coprocess il the lollowing conditions are satisfied. 

1. (increment property) 

jrs * jst jrt lor alt 0 ::; r ::; s ::; t ::; T, 

jtt = eB ° cA lor alt 0 ::; t ::; T, 

2. (independence 01 increments) the tuples (jSltl"" ,jsntJ are independent lor 
all n E 1N and all 0 ::; 81 ::; tl ::; 82 ::; ... ::; t n ::; T, 

3. (stationarity 01 increment8) the element 'Pst = jst(<I» depend8 only on the 
difference t - 8, 

4. ("weak" continuity) ho jst(<I» converges to ho jss(<I» = h(eB) a8 t \t 8 lor 
all linear functionals h : 13 --+ <C. 

The following result shows that these Levy coprocesses are really the dual 
not ion of pseudo-Levy processes. 

Theorem 4.8.5 Let 8 1 , 8 2 be two dually paired bialgebra8 and let (jst}O<s<t<T 
be a Levy coproce8s on 8 1 , Then the process j;t : 8 2 -t A * defined by - - -

is a p8eudo-Levy process on 8 2 • 

Remarks: We can easily recover a pseudo-Levy process from Levy coprocess, be­
cause A* is an algebra (as the dual of a coalgebra). We can not go in the opposite 
direction, because, in general, the dual of an infinite-dimensional algebra does not 
have a natural coalgebra structure. 
Proof: The properties 1. to 4. of the definition of a (pseudo-) Levy process fol­
low immediately from the corresponding conditions in the definition of a Levy 
coprocess. We have, e.g., for the increment property 

(j;t * j:J(b) = mAo ° (j;t ® j:u) ° 6oB2 (b) = b ° mBl ° (jst ® jtu) ° 60A 

= b o. (jst * jtu) = b 0 jsu = j;u(b) 
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and 

for all bE B2 • 

We omit the proof of the other properties. • 
4.8.3 Constructions using the universal R-matrix 

In this subsection we will only deal with symmetrie bialgebras. As in Subsection 
4.8.1 we can construct the bialgebras BCop = (B, m, e, ~cop = 7 0 ~,€), BOP = 
(B,mOP = m07,e,~,€), and BCopop = (B,mOP = m07,e,~cop = 70~,€) from a 
given bialgebra B = (B,m,e,~,€), but furt her iteration will not lead to anything 
else, since we have 72 = id. If B is a Hopf algebra and if its antipode is invertible, 
then BOP, BCop, and BOpcop are Hopf algebra, too. If, furthermore, B is a *-Hopf 
algebra, then BCop, BOP, and BCopop are *-Hopf algebras, too, with the involutions 
*Cop = *, *op = S-1 0 * 0 Sand *Copop = So * 0 S-I, respectively. 

Let BI and B2 be two dually paired bialgebras and suppose that BI is quasi­
triangular, i.e. that there exists an invertible element R E BI ®Bl (called universal 
R-matrix) such that 

7 0 ~(a) = R~(a)R-l, for all a E A 

and that satisfies (~ ® id)(R) = R13 R23 and (id ® ~)(R) = R13 R12 , see [Dri87, 
Section 10] or Section 3.7. 

With the universal R-matrix we can build two linear maps from B2 to BI, they 
are defined by 

RA(b) = (b ® id)(R), and AR(a) = (id ® b)(R) , 

where we identified elements b E B2 with the linear functionals on BI defined by 
b : BI 3 a 1-7 (a, b) E (1;. As a map between B2 and BI the map AR is a coalgebra 
homomorphism and an algebra anti-homomorphism, and RA is a coalgebra anti­
homomorphism and an algebra homomorphism, see [Kas95, Proposition VIII.2.5]. 
Passing to opposites or co-opposites we can turn them into homomorphisms. 

Proposition 4.8.6 The maps AR : B~P -+ BI and RA : B2 -+ B~op are bialgebra 
homomorphisms. 

Proof: (See also [Kas95, Proposition VIII.2.5]). 
We have AR(l) = (id ® €)(R) = 1 and thus 

€ 0 AR(b) = (€ ® b)(R) = b(l) = e(b), 

for all b E B2 , i.e. AR preserves the counit, and 

AR(b2bl ) = (id ® b2bl )(R) = (id ® b2 ® bl ) 0 (id ® ~)(R) 

(id ® b2 ® bl)(RI3RI2) = AR(bl )AR(b2) 
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and 

(AR ® AR) 0 ß(b) = (id ® b(l) ® id ® b(2»)(R ® R) = (id ® id ® b)(RI3 R23 ) 

= (id ® id ® b) 0 (ß ® id)(R) = ß 0 AR(b) 

for all b, b1, b2 E B2. 
The second part of the proposition follows similarly. • 

Proposition 4.8.7 I! BI and B2 are even dually paired Hop! algebras with in­
vertible antipodes, then AR : B~P --+ BI and RA : B2 --+ B~op are Hop! algebra 
homomorphisms. 

Proof: Recall (see, e.g., [Kas95, Theorem VIII. 2.4. (b)]) that the R-matrix of a 
Hopf algebra with invertible antipode satisfies 

(S ® id)(R) = R-1 = (id ® S-1 )(R), and (S ® S)(R) = R. 

Thus we have 

and 

AR 0 S-I(b) = (id ® S-I(b))(R) = (id ® b) 0 (id ® S-I)(R) 

(id ® b) 0 (S ® id)(R) = S 0 AR(b) 

RA 0 S(b) = (S(b) ® id)(R) = (b ® id) 0 (S ® id)(R) 

= (b ® id) 0 (id ® S-1 )(R) = S-1 0 RA(b) 

for all bE nB2 . • 

Let us now check how AR and RA behave with respect to the involution. 

Proposition 4.8.8 Let BI and B2 be two dually paired *-Hop! algebras and sup­
pose !urthermore that BI is quasi-triangular and that its R-matrix satisfies 

R*®* = R-1. 

Then AR : B~P --+ BI and RA: B2 --+ B~op are *-Hop! algebra homomorphisms. 

Proof: Write R = R(1) ® R(2), then we get 

and 

AR (b*opr ((id® S-I(S(b)*))(R)r = (R(I)(S(b)*,S-I(R(2»))r 

= R(I)* (S(b), R(2)*) = (id ® b) 0 (id ® S)(R*®*) 

= (id ® b) 0 (id ® S)(R-1) = (id ® b)(R) = AR(b), 

RA(b*)* = (W,R(I»)R(2»)* = ((b,S(R(1»)*)R(2»)* 

= (b ® id) 0 (* ® *) 0 (S ® id) (R) = (b ® id) 0 (* ® * ) (R- 1 ) 

= (b ® id)(R) = RA(b) 
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for all b E 8 2 . • 
We can now use these maps to obtain Levy processes on 82 from Levy pro ces ses 

on 81 

Theorem 4.8.9 (a) Let 8 1 and 8 2 be two dually paired Hop/ algebras and sup­
pose that 81 is quasi-triangular with the R-matrix R. 1/ (jst)O~s~t~T is a 
pseudo-Levy process on 8 1, then 

iT-t,T-s 0 AR 0 S, and ir-t,T-s 0 RA, tor 0 ~ s ~ t ~ T, 

are pseudo-Levy processes on 82. 

(b) Let 8 1 and 82 be two dually paired *-Hop/ algebras and suppose that 81 is 
quasi-triangular with the R-matrix Rand that R satisfies R*®* = R-1 • 1/ 
(jst)O~s9~T is a Levy process on 8 1 , then 

ir-t,T-s 0 AR 0 S, and ir-t,T-s 0 RA, tor 0 ~ s ~ t ~ T, 

are Levy processes on 8 2 • 

Proof: 

(a) It follows from Proposition 4.8.6 that ist 0 AR is a pseudo-Levy process on 
8~P. Using the time-reversal defined in Proposition 4.8.2 we then get the 
pseudo-Levy process ir-t,T-s 0 AR 0 S on 82, all that has to be done is to 
check that Proposition 4.8.2 also holds for pseudo-Levy processes, Le. if no 
involution is defined. 

Similarly, using first the time-reversal defined in Proposition 4.8.1 to obtain 
a Levy process on 8~oP and then Proposition 4.8.6 we see that ir-t,T-s 0 RA 
also defines a pseudo-Levy process on 82. Note that ir-t,T-s 0 RA can also 
be defined, if BI and BE are only bialgebras. 

(b) Follows by combining Proposition 4.8.8 with the time-reversals defined in 
Propositions 4.8.1 and 4.8.2. 

• 
A "dual" theory of time-reversal for Levy coprocesses can be developed also. 

The constructions on dually paired bi algebra using R-matrices have analogues 
using universal R-forms (see, e.g., [Kas95, Section VIII.5] for the definition of a 
universal R-form). 

Examples 

Group algebras. Let G be a finite group and let <CG be defined as in Subsection 
3.2.1. Then <CG is quasi-triangular and its R-matrix is R = be®be, where e denotes 
the neutral element of G. The *-Hopf algebras <CG and Fun Gare dually paired, 
so that we get two Levy processes iT-t,T-s 0 AR 0 Sand iT-t,T-s 0 R on Fun G 
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for every Levy process jst on <rG by Theorem 4.8.9. But these pro ces ses are not 
very interesting, we only get the trivial Levy process e 0 c, since 

jT-t,T-s 0 AR 0 S(x) = (iT-t,T-s @ S(x))(be @ be) = iT-t,T-s(be)x(be) = c(x) id, 

and 

jT-t,T-s 0 RA(X) = (x @iT-t,T-s)(be @ be) = c(x) id 

for all x E <rG. 

Quantum double of group algebras. Drinfeld has given a construction of 
quasi-triangular Hopf algebras, cf. [Dri87, Section 13]. Let G be a finite group 
with unit element e, then the quantum double D = D( <rG) of the group algebra 
<rG has an R-matrix. The set {D.g @ bh; g, h E G} is a basis, and the Hopf algebra 
structure of D is given by 

ng1 @ bh1 . ng2 @ bh2 

cD(ng @ bh ) 

ßDng @bh 

L ng@be 
gEG 

Ög h 9 h- 1 ng1 @ bh1h2 1) 1 2 1 

Öe,g 

L (ng2 @ bh) @ (ng1 @ bh) 

for g,gl,g2,h,h1 ,h2 E G, see also [Kas95, Section IX.4]. Its R-matrix is given by 

R= L(n@bg)@(ng@be), 
gEG 

where n = 2:9EG ng denotes the unit element of Fun G. 
Let D* denote the dual of D, as a vector space it can be given as D* 

span {bg @ nh ; g, hE G}. The dual pairing (-,.) : D* x D ~ <r is defined by 

and Hopf algebra structure of D* is given by 

bg1 @ nh1 . bg2 @ nh2 

cD" (bg @ nh) 

ßD* (bg @ nh) 

L bg@ne 
gEG 

Öh1 ,h2 bg291 @ nh1 

Öh,e 

L (bg @ nh1) @ (bhl1gh1 @ nh2) 
h 1h 2 =h 

bh-1y-1h @ nh -1. 
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We get 

ir-t,T-s 0 AR 0 S(D*)OP (bg ® lLh) (ir-t,T-S ® (bg ® lLh)) (R- 1) 

= bh,eir-t,T-s(lL ® bg-l), 

ir-t,T-s 0 RA(bg ® lL h ) ir-t,T-s(lLh ® be), 

These processes can actually be interpreted as pro ces ses on <VG and Fun G, using 
the surjective Hopf algebra homomorphisms PrnG : D* -t <VG, bg ® lLh f-t be,hbg-1 
and PFunG : D* -t FunG, bg ® lLh f-t lLh. 

REFERENCES 
Levy processes in non-commutative prob ability theory appeared first in [Wa173], 
the formulation of the algebraic framework was done in [ASW88]. For an accessible 
first introduction to these processes see [Mey93, Chapter VII], for a more complete 
account [Sch93]. The seetions on multiplicative stochastic integrals and on the 
Feynman-Kac formula are taken from [FFS97]. Time-reversal has been considered 
in [Sch93, Proposition 1.9.4] and in [Maj93d], but Subsections 4.8.2 and 4.8.3 are 
new. 



Chapter 5 

Markov structure of 
quantum Levy processes 

In this chapter we will consider the question which quantum stochastic processes 
admit classical versions, Le. for what families of operators (Xt)tEI there exists a 
classical stochastic process (XdtEI on some prob ability space (0, F, P) such that 
aIl time-ordered moments agree, i.e. 

(5.1) 

for aIl n, k1 , ... , kn E lN, tl :S ... :S t n E I, for the (vacuum) state <P. 
A famous example of a classical version of a quantum Levy process is the Azema 

martingale [Aze85, Eme89, Par90, Sch91a, Sch93]. In this case we can choose an 
element x of the bialgebra on which the process is defined such that the process 
(Xt = jt(x)) is actually commutative, and thus it is clear that it is equivalent to 
a classical process. This process turns out to have several surprising properties, 
it was the first example of a process that has the chaotic representation property, 
but is not a (classical) Levy process, see the references cited above. 

The approach presented here is based on the theory of quantum Markov pro­
cesses. We show that every quantum Levy process, i.e. every Levy process on a 
(possibly braided) *-bialgebra has a natural Markov structure. Then we use this 
Markov structure to give sufficient conditions for the existence of classical versions 
of Levy processes on *-bialgebras. 

It is weIl known that on a commutative algebra the quantum Markov property 
is sufficient for the existence of classical versions, see e.g. [BKS96]. Therefore it is 
sufficient to find commutative *-subalgebras such that the restriction of our process 
is still Markovian. We will show that we can obtain quantum Markov pro ces ses on 
commutative subalgebras from quantum Levy processes that are not commutative, 
and that there exist also commutative processes that are not Markovian. 

We also show that this approach leads to a powerful tool for the explicit cal­
culation of the classical generators or measures. 

In Subsection 5.1, we construct a family of conditional expectations on the 
inductive limit representation (see Subsection 4.5) of a quantum Levy process 
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and show that these proeesses are always Markovian. We also give neeessary and 
sufficient eonditions for restrietions of Levy proeesses to be also Markovian. 

In the following subseetions (Subseetions 5.2, 5.3, and 5.4) we give a detailed 
study of several examples, including the Azema martingale and a symmetrised 
Poisson proeess, and show how Hopf algebra duality ean be used for explicit eal­
eulations. 

5.1 CLASSICAL VERSIONS OF QUANTUM LEVY 
PROCESSES 

5.1.1 Schürmann's condition 

Let us first reeall a sufficient eondition for the existenee of a classical version that 
is due to M. Sehürmann. 

Theorem 5.1.1 [Sch93, Proposition 4.2.3} Let (jdtE[O,Tj be a Levy process on 
a (braided) bialgebra B, and b1,···, bn EBbe commuting elements of B, i. e. 
bibk = bkbi for alt i, k = 1, ... , n. If bi ® 1 and flbk commute in B ® B for alt 
i, k = 1, . .. ,n, then the family (jt(bd, . .. ,j(bn))tE[O,Tj is a family of commuting 
operators. 

Remark: In [Seh93) this result is only stated for the symmetrie ease and for 
n = 1, but the generalisation is straightforward. 
Proof: Let 0 ~ s ~ t ~ T, and let fl(bk) = L: b~l) ® b~2). Then we have 

L js(bk1))jst (bk2 ) )js (bi) 

L mA 0 (js ® jst ® js)(bk1) ® b~2) ® bi) 

L mA 0 (js ® js ® jst)(b~l) ® 'l1(bk2) ® bi)) 

mA 0 (js ® jst)(mB0B(flbk ® (bi ® e)) 

mA 0 (js ® jst}(mB0B((bi ® e) ® fl(bk)) 

L mA 0 (js ® jst)(bib~l) ® b~2)) 

Ljs(bib~1))jst(b~2)) = Ljs(bi)jS(b~1))jst(b~2)) 
js(bi)jt(bk). 

• 
5.1.2 From quantum Levy processes to quantum Markov processes 

We will take for (A, <1» the quantum probability spaee (8,~) obtained as inductive 
limit from finite tensor produets of Band the marginal distribution !.pt = <I> 0 jt by 
the construction deseribed in Seetion 4.5. 
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For an interval I ~ [0, T] we denote by AI the *-subalgebra of A generated 
by UTEI jT (B). For singletons {t} = [t, t] the algebra At = A[t,t] is isomorphie to 
B, and we have the shift isomorphisms Ts,t : A s -+ At, Ts,t = jt 0 j;l. Let FI 
be the *-subalgebra of A generated by the increments of subintervals of I, Le. the 
algebra generated by Uh ,T2KI jTl ,T2 (B). Since jt' = jt * jt,t' for ° ~ t ~ t' ~ T, 
we see that A[lt,t2] is exactly the algebra generated by A tl UF[tlh]' In particular, 
we obviously have F[o,t] = A[o,t] for aB t E [0, T]. 

It is not essential to use this realisation, we could just as weH use the re­
alisation of the Levy process on Bose Fock space defined by the representation 
theorem [Sch93, Theorem 2.5.3] (see also Seetion 4.4), in that case the decomposi­
tion r(L2 ([0, Tl, H)) ~ r(L2 ([0, td, H)) 0 r(L2 ([t1 , t2], H)) 0 r(L2([t2' T], H)) for 
[tl, t2] ~ [0, T] can be used to define conditional expectations P[tl.t2]. But since 
we want to treat the symmetrie and the braided case simultaneously, this would 
require extending Schürmann's results to the braided case. 

We want to define conditional expectations PI : A -+ FI for I ~ [0, T], and 
show that a Levy process satisfies p[o,s](At ) ~ A s for aH ° ~ s ~ t ~ T, Le. 
that it is a quantum Markov process. Remember that the factors in an element 
b1 0··· 0 bn of B(lt, ... ,tn ) get mapped to jdbi ) E At;, and that we can use the 
coproduct to 'decompose' them into their increments. This was done by the map 

'1f;(tl, ... ,tn) : B(tl, ... ,tn) -+ B0n, where '1f;2 = (m 0 idB) 0 (idB 0 ~). This motivates 
the foHowing definition. 

Let B(Sl, ... ,Sn) be the 'approximation' of A = B corresponding to the tuple 
(Sl,"" Sk, ... , sn), Sl < ... < Sn· Suppose Sk = s for some k. Then we define 
p,(Sl, ... ,Sk,o .. ,Sn) . B -+ B CA b 

[o,s] . (Sl, ... ,Sn) (Sl"",Sk=S) - [o,s] Y 

Proposl'tl'on 5,1,2 The maps p,[(oS,ls],···,Sk, ... ,sn) . B ----'- A extend to a . (Sl, ... ,Sn) --, [O,s] 
unique linear map p[O,s] : A -+ A[o,s]. 

Proof: Let is',s : Bs' -+ Bs with S = (Sl,"" sn) and S' ~ S be the inclusion 
maps from [FFS97, Proposition 8.2] (i.e. the maps that add the unit element 
in the factors that are missing in S'). To prove the proposition it is sufficient 
to show p[~,s] 0 is',s = p[~:s]' where we can assurne that S occurs in S' (and 
therefore also in S). We show the proof for the case S = (Sl,"" Sk = S, ... , sn) 
and S' = (Sl,"" Sk = S, ... , SI-1, SI+1, ... ,sn), the general case is similar. In 
this case the inclusion map acts as iS',s(b1 0 ... 0 bl-1 0 bl+1 0 ... 0 bn ) = 
b1 0· .. @ bl-1 @ e @ bl+1 @ ... @ bn für all b1 @ ... @ b1- 1 @ b1+1 @ ... @ bn E Bs'· 
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Therefore 'l/Js 0 is, ,S = (idB®(I-') ® ~ ® idB®(n-l-l») 0 'l/Js', and thus 

R s . 
[O,s] 0 ~S' ,S = 

= 'l/Js~[O,s] 0 (idB®k ® e 0 'PSk+l-Sk ® ... ® e 0 ('PSI-SI_l * 'PSI+1 -SI) ® 

S' = p[O,s], 

... ® e 0 'Psn-sn-l) 0 'l/Js' 

11 
Conditional expectations are usually studied on von Neumann algebras with a fixed 
faithful normal state (or on C*-algebras), where they are defined as completely 
positive maps that preserve the unit and the state. Here, in our purely algebraic 
setting, we will call an element x of a *-algebra A positive if and only if it can be 
written in the form x = L~=l ai ai for some nEIN and a1, ... ,an E A. The set 
Mn(A) of all n x n matrices with entries in A is again an involutive algebra with 
the obvious matrix multiplication and the involution (a*)ij = aji' A linear map 
'P : Al --+ A 2 between two involutive algebras is called completely positive, if, for 
all nEIN, the linear maps 'Pn : Mn(At) --+ Mn(A2 ) defined by ('Pn(a))ij = 'P(aij) 
preserve positivity. 

We can now show that the maps p[O,s] really have the desired properties. 

Proposition 5.1.3 Let s E [0, T]. The linear map p[O,s] : A --+ A[o,s] is com­
pletely positive and satisjies p[~,s] = p[O,S] , <P 0 p[O,s] = <P, p[o,s](l) = 1, and 
p[O,s](xyz) = Xp[O,S] (y)z for all x,z E A[o,s], Y E A, i.e. it is a conditional expec­
tation. Furthermore, we have P[O,81] 0 P[O,S2] = P[O,S2] 0 P[O,Sl] = p[O,min(sl,.2)] for 
all 81,82 E [0, T]. 

Proof: p[~,s] = p[O,s] is clear, because p[~,s] = 'l/Js1 0 idB®lsl 0 'l/Js = id for 
all S ~ [0,8]. <P 0 p[O,S] = <P and p[o,s](l) = 1 follow also immediately from the 
definition. 

We will show p[O,s](xyz) = XP[O,s](y)z for the case x, z E A s, y E At, ° < 
8 < t < T, the general case is similar. For this case it is sufficient to take 
S = (8, t), and we can write 'l/Js(x) = x ® e, 'l/Js(y) = ~(y) = LyF) ® yi2), 
'l/Js(z) = z ® e. Therefore 'l/Js(xyz) = L xy~1)'lt(y~2) ® z), and p[O,s](xyz) = 

'l/J~) ((id ® 'Pt-s)(L xyF)'lt(yi2) ® z))) = L xyF) Z'Pt_s(y;2)) = Xp[O,s] (y)z, where 

we used the 'lt-invariance of 'Pt-s. 
In order to prove the complete positivity, it is sufficient to prove that the map 

rri:::::::::i· .. ,sn) is completely positive, since the 'l/Js are *-algebra homomorphisms. 
But this is obvious from the way it is defined via the identity map and the states 
'PSi+1-Si' 1 

Theorem 5.1.4 Every quantum Levy process is a quantum Markov process, i.e. 
we have p[O,s] (At) ~ A s for all ° ~ 8 ~ t ~ T. 
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Proof: Since the one-dimensional distributions form a convolution semi-group, all 
p[~~~r··,Sk, ... ,sn) for n ~ 2, 0 < Sk = S < Sn = t act in the same way on elements of 

At, namely p[~~~J."'Sk, ... ,Sn) IAt = js 0 (idB 0 'Pt-s) 0 b. 0 jt-1 , and therefore this is 

also true for P[O,SdAt. In particular, it follows p[O,s] (At) ~ A s • 

In this proof we have seen how p[O,s] can be calculated on At. 

Corollary 5.1.5 For the Markov semi-group Ps,t = p[O,s] 0 Ts,t we have 

tor alt bEB, 

where Pt-s = (id 0 'Pt-s) 0 b.. 

This result allows us to do all calculations direct1y on the Hopf algebra, without 
using any particular realisation of the process (jt). One recognises that the map 
Pt : B ---t B is the right dual representation (cf. Section 3.3)) p('Pt) of the functional 
'Pt· 

5.1.3 From quantum Markov processes to classical Markov processes 

We know (see e.g. [BKS96]) that for every quantum Markov process on a commu­
tative *-algebra (e.g. the subalgebra generated by one self-adjoint element) there 
exists a classical version, i.e. a classical stochastic process that has the same (time­
ordered) joint moments as the quantum Markov process. The quantum Markov 
property is sufficient (not necessary) for the joint density associated to the joint 
time-ordered moments to be positive, and then the classical process exists by Kol­
mogorov's construction. 

Thus we need to look for self-adjoint elements of B who generate a subalgebra 
such that the restriction of the quantum Levy process to this algebra remains 
Markov. 

We give two criteria that guarantee that the restriction of (jt) to a subalgebra 
Bo remains Markovian. 

Theorem 5.1.6 

(a) Let Bo be a *-subalgebra 0/ B. 1/ b.(Bo) ~ Bo 0 B (i.e. Bo is a right coideal), 
then the restriction (jtIBo) to Bo 0/ every Levy process (jd on B is a quantum 
Markov process. 

(b) Let L be the generator 0/ (jd, and Bo ~ B a *-subalgebra 0/ B. Then the 
restrietion 0/ (jt) to Bo is a quantum Markov process i/ and only i/ p(L) = (id 0 
L) 0 b. leaves Bo invariant, i.e. i/ p(L)(Bo) ~ Bo. 

Proof: 

a) If Bo is a right coideal, then p(L)(Bo) ~ Bo for any functional L, and conse­

quently p[O,s] (jt(Bo)) = js (p(e(t-S)L)(Bo)) ~ js(Bo). 
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b) That the eondition is sufficient is clear, sinee p[O,sj = is 0 e(t-s)p(L) 0 it1 

on At. To see that it is neeessary it is enough to differentiate the relation 
p(e(t-s)L)(Bo) ~ Bo with respeet to t and then set t = s. 

• 
In the symmetrie ease an Abelian sub algebra is a right eoideal only if aB its 

elements satisfy the eondition of Theorem 5.1.1, so that Part a) of the preeeding 
theorem does not enable us to find any classical versions that eould not have been 
obtained with Sehürmann's result. 

Proposition 5.1.7 Let B be asymmetrie bialgebra. If Bo is an Abelian subalgebra 
and a right eoideal of B, then a @ 1 and Llb eommute for all a, bE Bo. 

Proof: Let Llb = ~ b(l) @ b~2) then (a@ 1)Llb = ~ ab~l) @ b~2) = ~ b~l) a@b(2) = L.J't 1,' L..J 1, t L..J't 1, 

Lla(b @ 1) sinee the b~l) are in Bo and eommute therefore with a. • 

In Subseetion 5.3.1, we will see that there exist eommutative operator pro­
ces ses of the form (jt(x)) where the quantum stoehastie proeess (jtl<V[xj) is not 
Markovian, and also rest riet ions of Levy processes to eommutative *-subalgebras 
that are Markovian but not eommutative, Le. we ean get processes that have a 
classical version with Part b) of Theorem 5.1.6, but that do satisfy the eonditions 
of Theorem 5.1.1. 

5.1.4 1~ artingales 

Definition 5.1.8 Let (A, <1» be a quantum probability spaee equipped with a family 
of eonditional expectations (p[O,sj)sE[O,Tj. An operator proeess (Xt)tE[O,Tj ~ A is 
ealled a (p[O,sj)sE[O,Tj -martingale, if 

for all 0 ~ s ~ t ~ T. 

It is often useful to find a function f(x, t) for a given initial value g(x) and a 
given stoehastie proeess (Xt ) such that f(x, 0) = g(x) and f(Xt , t) is a martingale. 
For example, if (Xt)tEIR+ is a classical Levy proeess (with eharaeteristic exponent 
L, Le. IE(eiuXt ) = etL(u)) and g(x) = eiux for some u E IR, then (eiUXt-tL(u))tEIR+ 

is a martingale (w.r.t. the filtration of (Xt)tEIR+), the so-eaBed exponential mar­
tingale of (Xt ). 

We will show how solutions of this problem for quantum Levy pro ces ses ean 
be given. 

Theorem 5.1.9 Let (jt)tE[O,Tj be a Levy process on a *-bialgebra B (realized on 
the inductive limit quantum probability spaee 13) with generator Land let bEB. 
Then (jt (e-tp(L) b)) tE[O,Tj is a martingale. 
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Proof: With Corollary 5.1.5 we get 

P[O,sl (jt (e-tP(L) b) ) 

for all 0 :S s :S t :S T. 

js (e(t-S)P(L)e-tP(L)b) 

js (e-SP(L)b), 

5.2 EXAMPLES OF CLASSICAL VERSIONS OF 
LEVY PROCESSES ON <Dq(a, a*) 

• 

Let us first consider the *-bialgebra on which the Azema martingale is defined 
(cf. [Sch91a, Sch93]). It can be viewed as the free algebra with two generators a, a* 
(and the obvious *-structure), we shall denote it here by <r:q(a, a*). We will restrict 
ourselves to the case where q E lR\{O}. The set ß = {l,a,a*,aa,aa*,a*a, ... } of 
all words in the two letters a, a* forms a basis of <r:q(a, a*). The coproduct and 
counit are defined as 

~(a) = a + a', ~(a*) = a* + a*', c(a) = c(a*) = 0 

on the generators, where we used the shorthand notation a = a 01, a' = 10 a, 
a* = a* 0 1, a*' = 1 0 a*. Then extend as algebra homomorphisms, where the 
algebra structure of <r:q(a, a*) 0 <r:q(a, a*) is determined by the braid relations 

a'a = qaa', 

a'a* = q-1a*a' 

a*' a = qaa*', 

a*'a* = q-1a*a*'. 

We need to construct the dual U of <Vq(a, a*). For q = 1 this is the shufHe 
algebra, see e.g. [8S93, Section 3.8]. In the general case the dual might be called a 
q-shufHe algebra, the formulas of the shufHe algebra only have to be modified by 
some q-dependent combinatorial coefficients. 

A functional on <r: q (a, a*) is determined by its action on the basis chosen above, 
i.e. on the words in a, a*. Thus it can be written as 

where X is the dual basis of ß, Le. the set of all words in two letters (x, x*), and 
Cx E <r:. As dual of a coalgebra this is an algebra, and if we restrict to finite linear 
combinations, then it is even abialgebra, and the dual pairing 

(X,ß)={ ~ if X, ß are identical modulo the substitution a +-+ x, a* +-+ x*, 
else, 

X EX, ß E B, is still non-degenerate. 
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The coproduct of a word in x, x* is just the sum over the different ways to 
split the word in two, i.e. for a word with n letters there are exactly n + 1 terms. 
Thus we have e.g. ßx = x ® 1 + 1 ® x, ßx* = x* ® 1 + 1 ® x*, or ßxx* x = 
xx*x ® 1 + xx* ® x + x ® x*x + 1 ® xx*x. 

To compute the productl of two basis elements Xl, X2 in the q-shufHe algebra, 
we have to look at all the ways in which the first word Xl can be 'shufHed' into 
the second. The first term is simply the concatenation XIX2. Now we form all 
combinations of the letters of Xl and X2 where the order of the letters of Xl (and 
X2, resp.) remains unchanged, and add a factor q every time an x (from xd is 
moved to the right across a letter of X2, and a factor q-l every time an x* (from 
xd is moved to the right across a letter of X2. Thus, e.g. 

x·x 
x*·x 

xx + qxx = (1 + q)xx, x . x* 
x*x + q-Ixx*, x* . x* 

xx* + qx*x, 
x*x* + q-Ix*x* = (1 + q-l )x*x*, 

or 

,.-... 
xx* . xx* 
~ 

,.-... ..-...... ,.-... -----.. ~ ,.-... 
= xx* xx* +q-l X xx* x*. + x xx* x* +q-2 X xx* x* +q-l X xx* x* + xx* xx* 
~ -.,......... -------- ~ ~ ~ 

= 2xx*xx* + (1 + 2q-1 + q-2)XXX*X*. 

WARNING: xx, xx*, xx*xx*, etc. means concatenation, in this section the 
multiplication in U is always indicated by a dot. 

The dual action or right regular representation eliminates the letters corre­
sponding to those of X, if they are in the same order, with possibly additional 
letters in between, and adds a factor q (q-l, resp.) for every letter to the left of 
an a (a*, resp.) that is suppressed. E.g., on an element ala2"'an E <Vq(a,a*), 
with ai E {a,a*} for i = 1, ... ,n, 

p(x) : al" ·an I-t L qi-I al ·· ·ai·· ·an 
i:ai=a 

p(xx*) : al ... an I-t 

5.2.1 The Azema martingale 

If we choose the generator L = CIXX* + C2X*X, with CI,C2 E IR+, then the Azema 
martingale Mt (cf. [Sch91a, Sch93]) is a classical version of {jt(a + a*)}, i.e. 
the (finite) joint moments of (jt(a + a*»tEIR+ agree with those of the (classical) 
Azema martingale: IE(Mt~l ... Mt:k) = <I> ((jtl (a + a*)t1 ... (jtk (a + a*)tk) for 

1 Remember that we use the convention (u· v, ß) = l)u, ßC1l)(v, ß C2l ), i.e. we define the dual 
pairing of the tensor product algebra with the flip automorphism T: (',')0 = ((., .) ® (., .)) 0 (id ® 
T®id). 
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all h, ... , tk E IR+, nl, ... , nk E IN, kEIN. In order to find the generator of the 
Azema martingale (as a classical Markov process) and to compute the moments, 
~ need to know how L acts on the subalgebra generated by z = a + a*. 

Proposition 5.2.1 (Leibniz formulas). Let f(z) be a polynomials in z, i.e. 
f(z) = L:~=o fk Zk with fk E <r: and z = a + a*. Then 

p(x)(zf(z)) 

p(x*)(zf(z)) 

p(xx*)(zf(z)) 

p(x*x)(zf(z)) 

f(z) + qzp(x)f(z), 

f(z) + q-l zp(x*)f(z), 

p(x*)f(z) + zp(xx*)f(z), 

p(x)f(z) + zp(x*x)f(z). 

Proof: This follows from the Lemma 3.8.1. We have p(u)(aß) = L: a{l) . 
(id ® u{1))(w(a{2) ® p(u{2))ß)) (where we used Sweedler's notation for the co­
product). Applying the braid relations and recalling that z, x, x* are primitive, 
while ~(xx*) = xx* ® 1 +x®x* + 1 ®xx*, ~(x*x) = x*x ® 1 + x* ®x + 1 ®x*x, 
we get the desired formulas. • 

Setting f = zn, we obtain recurrence relations that allow us to determine the 
operators on polynomials in z, 

p(x) : zn I-t qnzn => (p(x)f)(z) Oqf(z) 

= f(qz)- f(z) 
z{ q-l) 

p(x*) : zn I-t (q-l )nzn => (p(x)f)(z) ol/qf(z) 
f(q-I zi-f(z) 

z{q -1) 

{ (q-Il n- n Zn-2 n 2': 2, OILqf{z)-j'{z) p(xx*) : zn I-t => (p(xx*)f)(z) q -1 z{q 1_1) 
0 n = 0,1 

p(x*x) : zn I-t { qn-n zn-2 n 2': 2, 
(p(xx*)f)(z) oqf{z)-j'{z) q-l => = 0 n = 0,1 z(q-l) 

for q =I- 1, and p(x)f = p(x*)f = /" p(xx*)f = p(x*x)f = ~f" for q = 1. Here we 

used the q-numbers qn = L:~:~ qV = q;~/ for q =I- 1 and qn = n for q = 1. 
Using these operators to calculate the Appell polynomials defined by 

hn(z;t) = etp{L)zn, 

we can also calculate the moments of the Azema martingale, lE(Ml') = hn(O, t). 
We summarise the results in the following theorem. 

Theorem 5.2.2 Let (jt)tEIR+ be the quantum Levy process on <r:q(a, a*) with gen­
erator L = CIXX* + C2X*X, Cl,C2 E IR+, and (Mt)tEIR+ a classical version of 
it(a + a*) (i.e. the Auima martingale). Then the generator L a+a* of Mt (as a 
classical M arkov process) acts as 

q=l-l 
q=l 
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on polynomials f(z) = L~=o fkZn, fo, 11,.··, fn E (1;. The moments of this pro-
cess are 

n = 2m even, 
n odd, 

5.2.2 Other processes on <vq(a, a*) 

If we want to obtain other classical pro ces ses we can either change the quantum 
process, i.e. choose a different generator, or use a different commutative sub algebra 
of (l;q (a, a*) that satisfies the conditions discussed in Subseetion 5.1.3. Let us 
briefly look at the second possibility. We want an element of u E B = (l;q(a, a*) 
such that ß(I;[u] ~ (I;[u] @ (l;q(a, a*). A possible choice is u = a*a - qaa*. In fact, 

ßun = L~=o ( ~ ) ull (u l )n-II, so that u actually generates a Hopf subalgebra. 

But, since this Hopf subalgebra is isomorphie to the Hopf algebra of polynomials 
in IR, we find exact1y the classical Levy processes whose moments are finite. 

Let us now look at other generators. Since no algebraic relations are imposed 
on a and a*, we can take any operator X acting on so me Hilbert space 11. to define 
a representation Px of (l;q(a, a*), simply represent a by X and a* by its adjoint. 
To get a positive functional on (l;q(a, a*) we now simply fix an element h E 11. and 

set "iJh,X(U) =< h, px(u)h >'/-l. Then 'l/Jh,X = "iJh,X - "iJh,x(l)c is conditionally 
positive, and, if 'l/Jh,x also satisfies the invariance condition, then there exists a 
Levy process with generator 'l/Jh,X. The invariance condition in this case means 
simply that 'l/Jh,x vanishes on 'words' that do not have the same number of a's and 
a*'s. Let 11. = (1;2, 

then 'l/Ji,o: = 'l/Jhi'X", are generators of Levy pro ces ses on (l;q(a, a*). One verifies 
that they can be written as 

'l/Jl,o: = lal 2xx* + laI 4xx*xx* + laI 6 xx*xx*xx* + ... 
'l/J2,o: = lal2x*x + laI 4x*xx*x + laI 6 x*xx*xx*x + "', 

i.e. 'l/Jl,o: ('l/J2,o:, resp.) is the sum over all concatenations of xx* (x*x, resp.) with 
itself, with coefficient lall, where I is the length of the 'word'. The functional 'l/Jl,o:, 
e.g., gives zero on all words in a, a*, except for those that start with an a, never 
have two identical letters next to each other, and have an even number of letters. 
On those words it gives 

'l/Jl,o:(~)=lall. 

I letters 
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Introducing 

<Pl,o; lal2x* + laI 4 x*xx* + laI 6 x*xx*xx* + ... = lal2 x*(l + ,(fl,o;) 

<P2,o; lal2x + lal 4 xx*x + laI 6 xx*xx*x + ... = lal2 x(l + ,(f2,o;), 

(Concatenation!) we can state the Leibniz formulas that allow to determine the 
action of 'l/Jl,o; and 'l/J2,o; on polynomials in z = a + a*. 

Proposition 5.2.3 (Leibniz formula) Let j(z) = 2:;=0 fkZk. We have 

p('l/Jl,o;)(zf(z)) 

p(<pl,o;)(zf(z)) 

p('l/J2,o;)(zf(z)) 

p(<p2,o;)(zf(z)) 

p(<pl,o;)f(z) + zp('l/Jl,o;)f(z) 

lal2 p(1 + 'l/Jl,o;)f(z) + q-1Zp(<Pl,o;)f(z) 

p(<p2,o;)f(z) + zp('l/J2,o;)f(z) 

lal 2p(1 + 'l/J2,o;)f(z) + qzp(<p2,o;)f(z) 

Proof: Similarly as in the proof of Proposition 5.2.1. We only need the first two 
terms of D.('l/Ji,o;), since the others vanish when applied to 1 or z. • 

We set Pn = P('l/Jl,o;)Zn, and combine the recurrence relations above to 

for n 2: 1, Pl (z) = Po(z) = O. Qn = P('l/J2,o;)Zn satisfies the same relation with q 
instead of q-l. 

We use the generating function 

00 00 

G(t, z) = L tnQn(z) = L P('l/J2,o;)Zn, 
n=O n=O 

this is (formally) the image of l~zt under P('l/J2,o;). Using the recurrence relation 
we get 

and thus 

G(t, z) 
(1 - (1 + q)tz - (lal 2 - qz2)t2)(1 - zt) 

where 

Al A2 1 --+-----
1-zlt 1-z2t 1-zt 

~((1+q)z+J(1-q)2z2+4IaI2), Al 

~ ((1 + q)z - J(l - q)2z2 + 4IaI2), A2 

We thus have the following result. 

1. (1-q)z+y{1-q)2 z2+4\o;\2 
2 V{1_q)2 z 2+4\o;\2 
1. -(1-q)z+y(1-q)2 z2+4\o;\2 
2 V{1_q)2 z2+4\o;\2 
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Theorem 5.2.4 The generator p('l/J2,aJ acts on Q:[z] as 

where 

Al = !((q-1)z+y'(1-q)2z2+4IaI2), Al 

A2 ! ((q - l)z - y'(1 - q)2z2 + 41a12) , A2 

1. (1-q)z+y(1-q)2 z2+4l a I2 

2 y'(1_q)2z2+4laI2 

1. -(1-q)z+y(1-q)2 z2+4lal2 

2 y'(1-q)2z2+4laI2 

The action of p('l/Jl,a) is given by the same express ions, if we replace q by q-l. 
The two generators p('l/J2,a) , p('l/Jl,a) on Q:[z] are the generators of classical real­

valued jump processes (or rather their restrictions to the algebra of polynomials). 
These classical processes therefore have the same moments as Ut(z)) and are thus 
classical versions of Ut(z)). 

Remarks: 

1. For q = 1 thisgenerator is simply Lf(z) = Hf(z + laI) + f(z -laI) - 2f(z)}, 
and the process is a difference of two independent Poisson processes with 
jumps of size lai and same intensity, Zt = Nt = NP) - N?). From these we 
can build any symmetrie compound Poisson process by taking the generator 
LI' = IIR 'l/Jl,ad/L(a), and thus we have 'q-analogues' of symmetrie compound 
Poisson pro ces ses at hand. 

2. Another special case where the description of Zt becomes a lot simpler is 
q = -1. In this case Z2 = [Z,Z]t + 2I~ Zs_dZs = [N,N]t is a Poisson 
process, i.e. Zt takes values in {±vnlali n E :IN}. Jumps are only possible 
from vnlal to ±Vn+1lal, the transition probabilities are given by Al,l = 
! (1 ± )$1)' 

3. The jumps Al, A2 are the solutions of the quadratie equation 

this implies that Zt is a solution of 

Le. a structure equation where t, whieh is the quadratie variation of a Brow­
nian motion, has been replaced by the quadratic variation of asymmetrie 
Poisson process. 
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5.3 EXAMPLES OF CLASSICAL VERSIONS OF 
LEVY PROCESSES ON Uq(sl(2)) 

131 

The Hopf algebra Uq (sl(2)) is generated by three elements e, k, k-l, J with the 
relations [Dri87] 

k2 _ k- 2 

kk-1 = k-1k = 1, ke = qek, Jk = qkJ, eJ - Je = 1 ' 
q- q-

1).k = k (8) k, 1).e = e (8) k + k-1 (8) e, 1).J = J (8) k + k-1 (8) J, 

S(k) = k- 1, S(q) = -qe, S(f) = _q-l J, c(k) = 1, c(e) = c(f) = 0, 

where q is a complex parameter, q =1= 0, ±l. The Casimir element of Uq (sl(2)) is 

qk2 + q-1k-2 - 2 
C = (q _ q-l)2 + Je, 

it is a generator of the center of Uq (sl(2)). 
The dual of Uq (sl(2)) is generated by four functionals x,y,u,v which we will 

write as a matrix X = (~ ~) : Uq (sl(2)) -+ ((;2X2, see [MMN+90a]. On the 

generators they are defined by 

X(k) = ( ~~~~ u(k) ) 
y(k) = ( q~2 q-~/2 ) , 

X(e) = ( ~~:~ u(e) ) 
y(e) = ( ~ ~ ), 

X(f) = ( ~g~ u(f) ) 
y(f) = ( ~ ~ ) , 

and extended to general elements by 

X(ab) = X(a)X(b) for a, bE Uq (sl(2)). 

This implies that the Leibniz formula for the right dual representation reads 

p(X)(ab) = (p(X)a) (p(X)b) for a,b E Uq (sl(2)) 

in the same matrix notation. Therefore, to calculate the right dual action of 
x, y, u, von polynomials in some element z E Uq (sl(2)) it is sufficient to calculate 
p(X)z, from this follows immediately 

p(X)p(z) = p(p(X)z), for p(z) E ((;[z] C Uq (sl(2)). 

There exist three inequivalent *-structures on Uq (sl(2)). 

Proposition 5.3.1 (MMN+ 90a, Proposition 3) Real forms of Uq (sl(2)) are clas­
sified as Jollows: 
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• Uq (su(2)) with q E (-1,0)U (0, 1) (the compact real form): the involution is 
defined by 

k* = k, e* = f, f* = e. 

• Uq (su(1, 1)) with q E (-1,0) U (0,1) (a non-compact real form): the involu­
tion is defined by 

k* = k, e* = - J, J* = -e. 

• Uq (sl(2,lR)) with Iql = 1 (a non-compact real form): the involution is defined 
by 

k* = k, e* = -e, J* = - J. 

5.3.1 The compact real form Uq(su(2)) 

Let us first consider the compact real form Uq (su(2)). The element z = ek + kJ is 
self-adjoint (i.e. z* = z), and satisfies Schürmann's condition (see Theorem 5.1.1), 
since D.z = z ® k2 + 1 ® z. 

For the dual representation one obtains 

( 
q-l/2 ) 

p(X)z = q!:/2 1 q- z 

and therefore 

p(X)p(z) = P (q!:/2 ~~l::) 
for all polynomials p(z) E <V[z]. Since the functionals x,y,u,v generate the dual 
of Uq(su(2)) this implies that <V[z] ~ Uq(su(2)) is a right coideal and that (jtl<V[z]) 
is aquanturn Markov process for any Levy process (jt) on Uq (su(2)). 

Using l~Az as a generating function, we can get a more useful expression for 
p(X)I<v[z]' 

1 
p(X) 1- AZ 

where Q = (q2 - 1)2 z2 + 4q, and 

(q2 + l)z + VCJ 
Zl = , 

2q 

(q2 + l)z - VCJ 
Z2 = . 

2q 

q-l/2 A ) 
1- qAZ 
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For example for q > 0 and L = y - c, we get again a jump process that tends 
to asymmetrie Poisson process in the classicallimit q ---+ 1, as in Theorem 5.2.4. 

Another element that satisfies Schürmann's condition is the Casimir element 
since C01 is in the center ofUq(su(2))0Uq(su(2)). Therefore (jt(C))tEIR+ is com­
mutative and has a classical version for any Levy process (jt)tEIR+ on Uq(su(2)). 
But ([:[C] is not a right coideal and (jtl<r[Cl) will in general not be a quantum 
Markov process, as we can see from 

since p(X)C ~ M 2 ( ([:[C]). 
But if we take, e.g., L = y - c, then the restriction of the corresponding process 

to the commutative *-subalgebra ([:[C, k] is a quantum Markov process, and has 
thus a classical version. The action of L on ([:[C, k] is determined by 

p( q-1/2 k) { 1 - A ( qC + (1-q~~~~2tW-1)) } p(k) 
p(y) 1 - AC _ \ (( -l)C 2(ql/2_q-l/2)2) \2 (C _ (ql/2_ q-l/2)2)2 

1 "q+q + (q_q 1)2 +" (q_q 1)2 

for p(k) E ([:[k]. But the process (jtl<r[C,kl)tEIR+ is not commutative, since 

[k 0 1, ~(C)] = (q-1 - l)f 0 ke + (1 - q-1)e 0 fk t 0 

for q t 1, and, furthermore, 

<I> (js (J)[js (k), jt (C)]jts (e)) 

<Ps 0 <Pt-s ((q-1 - l)f2 0 ke2 + (1 - q-1 )fe 0 kfe) 

(1 - q-1 )c®2 (eSP(Y-E) (Je) 0 e(t-s)p(y-c) (kfe)) 

(e(q-2- 1)S _ e(q-l-1)S) (e(q-5/2- 1)(t-S) _ e(q-s/2-1)(t-S)) 

1- q-4 

t 0 (for q E (0,1)). 

(5.2) 

So we have here an example of a classical version whose existence does not 
follow from Schürmann's criterium (Theorem 5.1.1). From Equation (5.2) we can 
explicitly construct it. 

Theorem 5.3.2 Let (jt)tE[O,Tl be a Levy process on Uq(su(2)) with generator L = 
y - c and let (Nt)tE[O,Tl be a standard Poisson process. Then the classical Markov 
process 

(( q(N'+1)/2 ~ q~1(N'+1)/2)2 ,q-Nt/2) 

q q tE[O,Tl 

is a classical version of (jt(C),jt(k))tE[O,Tl' 
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Proof: From Equation (5.2) we deduce that p(L) acts on polynomials in C and 
k as 

(p(L)f)(C, k) = AI!(CI, q-l/2k) + A2!(C2,q-I/2k) - I(C, k), 

for I(C, k) E <e[C, k], where 

C(q2 + l)(q + 1)2 + 2q2 + (q + 1)2JC((q2 - 1)2C + 4q2) 
2q(q + 1)2 

C(q2 + l)(q + 1)2 + 2q2 - (q + 1)2JC((q2 - 1)2C + 4q2) 
2q(q + 1)2 

(1 - q2)C + 2~ + JC((q2 - 1)2C + 4q2) 

JC((q2 - 1)2C + 4q2) 

-(1- q2)C - 2~ + JC((q2 - 1)2C + 4q2) 

JC((q2 - 1)2C + 4q2) 

A Markov process (Ct , kt ) is a classical version of (jt (C), it (k)), if (Co, ko) 
(c( C), c (k)) and if its generator acts on polynomials in the same way as p( L), so 
we see that we have to take a jump process starting from 

( 
q(n+l)/2_ q-(n+l)/2) 2 (q(n+2)/2_ q-(n+2)/2) 2 

We calculate that for C = j we get Cl = q q j q-q -

( 
n/2 _n/2)2 

and C2 = q q~ll . But, furthermore, it turns out that A 2 = 0 and Al = 1 

for 

( ( q(nH)/2 _ q-(nH)/2) 2 -n/2) 
(c, k) = I' q , q - q-

so that the probability to jump to C2 is zero. • 
This actually allows to characterise the representation it (for fixed t). 

Corollary 5.3.3 The non-commutative random variable it (in the state <p) is 
equivalent to the representation 

00 00 

7r = L 7r1l/2 on H = EI? DII / 2 

11=0 

in the vacuum vector 
00 

Ot = L wlI (t)lvj2, -vj2), 
nu=O 

with IwlI(tW = P(Nt = v) = Se-t , where (7r1l /2,D II / 2) denotes the unitary irre­
ducible v + 1 dimensional representation 0/ Uq (su(2)) and Ivj2, -vj2) the lowest 
weight vector 0/ DII / 2. 



Markov structure oE quantum Levy processes 135 

5.3.2 The real form Uq (su(l, 1)) 

The element z is not self-adjoint for the *-strueture of Uq (su(l, 1)), but we ean 
take, e.g., Z = ek - kf instead. We get 

_ ( qz 
p(X)z = _q-1/2 

and therefore <V(z] is also a right eoideal. 
To get eonditionally positive functionals on Uq (su(l, 1)) and to express them 

in terms of x, y, u, v the formulas for the matrix elements of the irreducible uni­
tary representation of Uq (su(l, 1)) given in (MMN+90b] ean be used. Take for 

example w~2 with 0 < l < ~, as a diagonal element of a unitary representation 
(see (MMN+90b, Proposition 4]), it is a positive functional. Furthermore we ean 

(I) 

see that it eonverges weakly to c as l goes to O. Therefore L = liml'\.O wQ~ -ö is 
a eonditionally positive functional. From (MMN+90b, Proposition 3] we get the 
following expression for L, 

L = ~ 2h(uv)n , 
L..J qn _ q-n 
n=1 

where h = ln(q). To ealculate p(uv) we introduee 

on z we get 

( 

q2z 
1/2 

p(X(2 l )z = q~~/2 

xu UX U
2

) 
xy uv uy 
vu yx yu ' 
vy yv y2 

q1/2 q-1/2 0 
Z 0 q-1/2 

0 Z q-3/2 
q-l/2 q-3/2 q-2 z 

). 
this allows to ealculate p(X(2 l )p(Z) 
p(z) E Q;[z]. p(uv) is eharaeterised by 

P (p(X(2 l )Z) for arbitrary polynomials 

1 
p(uv) 1 - AZ 

(1 - Az)(l - (q2 + q-2)Az + A2 (Z2 - q-1 (q + q-1 )2)) 

q(q2 + 1) {_(q2 - 1)2 z + VS (q2 - 1)2 z + VS I} 
z2q(q2 - 1)2 + (q2 + 1)2 2VS(1- AZ1) + 2VS(1 - AZ2) - 1 - AZ 

where S = (q4 - 1)2 z2 + 4q(q2 + 1)2 and 
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We see that p( uv) is a difference operator where the differences depend on 2 and 
q. The action of L on polynomials can be written in the form 

00 2n 

Lf(z) = L L Ankf(znk) 

n=Ok=1 

where the Znk can be obtained by iterating Z1 and Z2, i.e. set 201 = Z, Zu 
_ (_) _ (q4+ 1)z+VS _ _ (_) (q4+1)z-VS _ _ (_ ) _ _ (_ ) 
Z1 Z = Z1 = 2q2 , Z12 = Z2 Z = 2q2 , Z21 = Z1 Zu , Z22 = Z2 Zu , 

Z23 = Z1 (Z12), Z24 = Z2 (Z12), and so forth. A c1assical version is given by the 
process (starting from 0) that jumps after an exponential time given by -AOl = 

E~1 E~:1 A nk to one of the Znk (with prob ability -Ank/AOl ). 

For q -+ 1 we get p(uv)p(z) = i {p(z + 2) + p(z - 2) - 2p(z)}, and, using eAZ 

as a generating function, we get for p(L), 

p(L)eAZ = 
00 (2A -2A 2)n 00 2n ( l)V ( ) 
'" e + e - eAZ = eAZ '" '" _-__ 2n e2A(n-v) 
~ ~n ~~ ~n v 
n=1 n=1v=0 

1 (1 . h2 ') AZ _ 1 (3 -COSh(2.\)) AZ = - n - S1n 1\ e - - n e , 
2 

from which we get 

(L) (x) = ~ p(x + 2k) + p(x - 2k) -10 (3 + 2V2) (x) 
p p ~ (3 + 2V2)kk g 4 p, 

i.e. the process 

L 2kNt(:~kl(3+2V2)lkll 
kE7L,kj;O 

is a c1assical version of jt(z), if the Nt(k), k E 7l\{0}, are mutually independent 

Poisson processes. The marginallaw of (jt(z)) (for q = 1) is uniquely deter­
tElR+ 

mined by its generating function 

<I> (eAj,(z)) =coetp(L) (eAZ) = ( 2 )t 
3 - cosh(2.\) 

5.4 LEVY PROCESSES ON Uq(af f(l)) 

We will now consider an example where the parameter q in not real, but of mod­
ulus 1, and not a root of unity. Instead of Uq (sl(2,lR)) we take a simpler Hopf 
algebra with only two generators that can also be obtained as a sub-Hopf algebra 
of Uq (sl(2,lR)), namely Uq (aff(l)). Recall this Hopf *-algebra is generated by 
two elements X, Y with the relations 

XY-YX=Y, 

ß(X) = X 0 1 + 1 0 X, 

c(X) = c(Y) = 0, 

X* = -X, Y* = -Y 

ß(Y) = Y 0 qX + 1 0 Y 

S(X) = -X, S(Y) = Yq-X, 
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with q E <v, Iql = 1. Let h E IR be such that q = eih . Positive functionals can 
be obtained from the trivial one-dimensional representation X I--t ix, Y I--t 0, for 
x E IR, i.e. on the elements 'Px : ym X n I--t bm,o(ix)n. Differentiating 'Px with 
respect to x at x = 0 we get the two conditionally positive functionals 'P(1) : 

ym xn I--t ibm,obn,l and 'P(1) : ym xn I--t -bm,obn,2' But these functionals do not 
give any interesting processes because we always get it (Y) = O. 

Let Xl and X2 be the operators on [2(1N) defined by 

(Xl U)n = nUn + vn(n + 1)Un+l 

(X2u)n nUn + vn(n - 1)Un-l. 

They are closed on their maximal domains and satisfy [Xl ,X2] = Xl + X 2 and 
X; = X 2 , see [PS91]. 

If we set X = ~(Xl - X2) and Y = i(Xl + X2), then this defines a *­
representation of Uq(al 1(1)). Let us compute the 'vacuum expectation' of yn X m 

in the state n = Ul = (1,0, ... ). 

Lemma 5.4.1 Por Cl, ß sufficiently small we have 

with 

( ea + 1 .) a = -log -2- - zß + Cl, ( ea + 1 ) b = - log -2- - iß 

Proof: {Xl, X2} and {X, Y} both form a basis of the Lie algebra all(1), so that 
the preceding formula is just a coordinate change for a neighbourhood of the unit 
element in the Lie group Aff(1). • 
With this lemma we obtain 

from which we can deduce 

(el, ebX2eaX'el) = (ebX2 el, eUx1el) 

ea+b , 

which makes sense for Cl E <V, Cl i= (2k + 1)2i7r for k E 'll. 
We can now define a conditionally positive functional on Uq(all(1)) by 

L(u) = (u) - c(u), 

if q is not a root of unity. 

(5.3) 

The restrictions of this process to the subalgebras generated by X or Y turn 
out to be commutative and Markovian, so that there exist classical versions of 
it (iX) and it (iY), respectively. 
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Proposition 5.4.2 Let (Xk~o and CY)t~O be classical versions 0/ (jt(iX))t~O 
and (jt(iY))t>o, respectively. Then the action 0/ the generators Lx and Ly 0/ 
(X)t~O and (Y)t~O on polynomials is determined by 

(u E IR, nEIN). 

Proof: This follows directly from 

and Equation (5.3). • 
Remark: In the limit h -+ 0 we obtain for Ly, 

REFERENCES 
This chapter is based on the article [Fra99]. For an introduction to the theory of 
quantum Markov processes see, e.g., [Küm88). Biane has shown that additive and 
multiplicative free LE~vy processes are also Markov processes, see [Bia98), but no 
such results exist for more general free and boolean Levy pro ces ses (in the sense 
of [Sch95b)). 
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Diffusions on braided spaces 

The applications of diffusions in physics go far beyond the description of the phys­
ical phenomenon they are named after. Functional integrals can be used to solve 
partial differential equations, cf. the celebrated Feynman-Kac formula. Wiener in­
tegrals are very elose to Feynman path integrals. Another interesting application 
of diffusions is the stochastic mechanics of Nelson [NeI66] (see also [NeI88]). 

Diffusions on manifolds are characterised by two properties, the first being their 
Markov property, i.e. that at every instant t they start again, and their evolution 
does not depend on their history, but only on their distribution at time t. This 
gives rise to a semi-group and this property also plays a central role for the study 
of diffusions on braided spaces. The other property, i.e. that they have continuous 
sampie paths, does not have a direct counterpart on braided spaces. It is replaced 
by the condition that diffusions can be obtained as the limit of a (simple) random 
walk. 

The motivations for this approach come from two directions. First, there is 
Majid's random walk approach to Brownian motion on the braided line and on 
any-spaces [Maj93d, MRP94]. In [FS98a] his definition is extended to (pseudo-) 
diffusions on multi-dimensional braided spaces and, using coalgebraic limit theo­
rems due to M. Schürmann [Sch93], their explicit form is given. This allows to 
consider semi-groups of functionals and Markovian transition operators, as weIl as 
the associated heat equations, and to introduce Appell systems as their polynomial 
solutions. Heat kerneis, i.e. the densities of the functionals are also considered. 

The second ingredient, M. Schürmann's theory of quantum Levy processes, 
comes into play to assure the existence of the associated processes, e.g. as operators 
on a Hilbert space. For this is was necessary to use adefinition of *-structures for 
braided Hopf algebras that differs from the one due to S. Majid. 

To distinguish the two levels of the constructions, we call the functionals and 
semi-groups obtained via S. Majid's construction pseudo-diffusions, and reserve 
the name diffusion for the case where the pro ces ses can be realised as operators 
on a Hilbert space and are Levy processes (i.e. independent increment pro ces ses) 
in the sense of M. Schürmann. 

Section 6.1 shows how (pseudo-) diffusion processes can be constructed on 
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generic braided spaces associated to a pair of matrices (R, R1 ). 

Section 6.2 investigates the relation between the diffusion processes and asso­
ciated evolution equations. These equations are of the form (at - L)u = 0, where 
L is an operator consisting of linear and quadratic terms in the braided-partials 
ai . Appell systems (introduced as shifted moment polynomials) are shown to be 
solutions of the evolution equation. We investigate their properties. 

In Section 6.3 we give abrief discussion of how density functions can be intro­
duced. 

6.1 A CONSTRUCTION OF (PSEUDO-) 
DIFFUSIONS ON BRAIDED SPACES 

Following Majid we first define a quantum random walk. Consider a classical 
random walk on the lattice. We assurne that the process can only jump from a 
lattice site x to a finite number of other sites x + di , i = 1, ... ,k. If at time t the 
particle is located at x, then it will be at x + di at time t + f1t with a probability 
Pi, 0 ~ Pi ~ 1, and naturally the probabilities add to one, 

In classical prob ability theory there corresponds an evolution operator to this, that 
maps a function (Le. an observable) at time t to the corresponding function one 
time step later 

k 

ft(x) t-+ ft+t:.t(x) = LPdt(x + di ) 
i=l 

Let cjJ(di ) be the functional corresponding to evaluation of a function at di , i.e. 
cjJ(d;j : f(x) t-+ f(di ), then the above equation can be written as 

where cjJ = LPicjJ(d;j and f1 stands for the usual cocommutative coproduct on 
IR[Xl, ... ,xn ]. This can be done in the same manner on braided spaces and quan­
tum groups, if one chooses an appropriate functional cjJ. The problem here (in 
dimension> 1) is that one can not define the cjJ(d i ) simply as replacing the vari­
ables Xi by the components of the vectors dj = (dj1 , ... , d jn ) due to the non­
commutativity. One possibility is to bring the variables into some fixed order (Le. 
fix a basis of monomials) and replace them then by the dji . We shall see later that 
in the limit only the choice on the quadratic and linear terms matters. 

A functional cjJ( d) that corresponds to evaluation at d = (d1, ... , dn ) should 
satisfy 

F1: cjJ(d) (1) = 1, or equivalently cjJ(d) IV"(R,R')(O) = f, 
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F2: evaluation on the generators gives the components of d, i.e. 

for i = 1, ... ,n, 

F3: it has the correct behaviour with respect to a rescaling of d, more precisely, 

for homogeneous a E V-(R, R'). 

But these conditions do not determine cjJ(d) uniquely. 
A possible choice for cjJ(d) with d = (d1 , ... ,dn ) is to use the braided-exponential 

cjJ(d) = exp(dlv) = (6.1) 
aES{l, ... ,n} 

This definition makes sense for all cases where the braided-integers [m; R] are 
invertible, and can also be used if this is not the case, if an appropriate braided­
exponential is chosen. For the commutative case we have cjJ(d) f(x) = f(d) by 
Taylor's theorem, and similarly for the braided line IRq by a q-Taylor theorem. 
On any-space this agrees with definition of the Dirac 6-function, see [MRP94]. 

Another possibility is to use (positive) Dirac functionals, defined as functionals 
'P for which there exists a (*-) algebra A, astate IJ? on A, and a (*-) algebra homo­
morphism j : V-(R, R') -t A such that 'P = lJ?o j and the pair (j, j) is independent, 
see Definition 8.1.17. Typically these Dirac functionals replace one generator by 
areal or complex number, and all other generators by zero, and lead to the same 
dass of diffusions as the functional presented above. 

Assurne now that we have defined the functionals cjJ(d;) , and chosen values for 
the transition probabilities Pi, i.e. fixed cjJ. Then this defines an evolution for 
functions, i.e. observables on our space by 

ft I-t ft+t:.t = (cjJ Q9 id) 0 llft 

as before. As explained in [Maj93d] there is a one-to-one correspondence between 
functionals cjJ and transition operators T, to pass from one to the other take 

cjJ I-t T</J=(cjJQ9id)oll, 

T I-t cjJT = f. 0 T. 

The transition operators form a (discrete) semi-group with respect to composition, 
and the functionals with respect to convolution. The passage from one to the other 
is in fact a homomorphism, i.e. T</J 0 T1/J = T</J1/J and cjJTcjJS = cjJTS. 

We study the limit that arises if the lattice parameters di and the time step 
llt go to zero. The discrete semi-groups (indexed by IN) will then converge to 
continuous on es (indexed by IR+). 
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Theorem 6.1.1 Let d1, ... , dk and p~, ... ,p~ be chosen such that 2::~=1 p? = 1 
and<p = 2::~=1 p?<p(d i ) vanishes on V·(R, R')(1), i.e. 2::~=1 p?dij = 0 /or all j = 
1, ... ,no 

Choose /urthermore pt , ... ,Pk such that PI (J.L) = p~ + J.Lpt, ... ,Pk (J.L) = p~ + J.LPk 
satis/y 0 ~ Pi ~ 1 and 2::~=1 Pi = 1 /or sufficiently small J.L (this implies in 

particular 2::~=1 p} = 0). 
Then /or <PN = 2::~=1 Pi (1jVN)<p(d;/VN) we have 

where akl = 2::~=1 p? 2::~,S=1 dirdis ([2; Rt1m and bj = 2::~=1 p}dij . 

Proof: We apply [Sch93, Theorem 6.1.1]. Let kN = N, 'PNk = <PN for k = 
1, ... , N. We have to check the conditions of the theorem. 

(i) 'PNl, ... , 'PNN commute since they are identical. 

(ii) Let c = 2::aES{1, ... ,n} caxa with some coefficients ca E a;. Then 

goes to zero as N -+ 00. 

(iii) 

N 

~)'PNk - €)(c) 
k=l 

k n k n 

Lp} L dijc{j} + LP? L dirdisCrs + O(1jVN) 
i=l j=l i=l r,s=l 

is bounded and tends to (2::~,1=1 akl vkvl + 2::7=1 bivi)(C). 

Thus limN-+oo (rr~=l 'PNk) (c) = exp(2::~,1=1 aklvkvl + 2::7=1 bivi)(C). • 

We will consider functionals that can be obtained in this way as diffusions on 
braided spaces and call L = 2::~,1=1 aklVkVI + 2::7=1 bivi their generator. 

Definition 6.1.2 We will caU a semi-group 0/ /unctionals exp(tL) on V·(R, R') 
a (homogeneous) pseudo-diffusion, i/ there exist parameters di = (di1 , ... , din ), p?, 
pt (i = 1, ... , k) such that the conditions 0/ Theorem 6.1.1 are satisfied, and such 

that L = 2::~,1=1 aklvkvl + 2::7=1 bivi with ak/ = 2::~=1 p? 2::;,8=1 dir dis ([2; Rt1 m 
and bj = 2::~=1 p} dij. 

1/ the process associated to exp(tL) is also a Levy process, then we will call it 
a diffusion. 
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Remarks: 

1. We have formulated the limit theorem in terms of the functionals, analogous 
theorems for the associated transition operators hold also. 

2. In the statements of Theorem 6.1.1 we assumed that the braided-integers 
are invertible. The theorem remains valid if this is not the case, as long 
as a braided-exponential exp(xlv) = L: xaF(m; R)bvb exists, the inverted 
braided-exponentials just have to be replaced by the F(m; R). 

6.1.1 Examples of (pseudo-) diffusions 

Dimension n = 1: The braided line ffiq 

Here R = (q) and R' = (1). This leads to the braiding w(xm ® xP) = qmp xp ® xm 

(Le. x' x = qxx', where x = x ® 1, x' = 1 ® x). The diffusions on the braided line 
have the form 

~t = exp [t C : q v2 + bV) ] . 
Using the expansion e-tu2/2+xu = L::,o ~~ Hp(x, t) with the Hermite polynomials 

H ( ) - ",[~J ( P ) (2k)! p-2k()k fi d s: h p x, t - L..k=O 2k W!x -t we n lor t e moments 

Dimension n = 2: The quantum plane <c~lo 

Here 

( 

q2 

R- 0 - 0 
o 

o 0 
q q2-1 
o q 
o 0 

R'=q-2 R. 

This is the standard two-dimensional quantum plane. It has two generators x, y 
with relations yx = qxy and braid statistics x' x = q2 xx', x'y = qyx', y'y = q2 yy', 
y' X = qxy' + (q2 - 1 )yx'. For the second braided-integer we get 

( 

1 + q2 0 0 

[2. R] = 0 1 q 
, 0 q q2 

o 0 0 

o ) o 
o ' 

1 + q2 

Le. it is not invertible. There exists nonetheless a braided-exponential [Maj96, 
Example 5.4] 

exp(xlv) = 
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where [m;q2] = \-3;: and [m;q2]! = n;=I[p,;q2]. For the generator we get 

The free braided-space 

Here R' = P, there are no relations in the algebras V(R, R' ) and V-(R, R' ) since 
the ideal generated by R~2 V2VI = VI V2 (respectively XIX2R~2 = X2XI) is equal to 
{O}, i.e. we have the free algebra with n generators. {va; a E S{l, ... ,n}} (respec­
tively {xa;a E S{l, ... ,n}}) is thus a basis of V(R,R' ) (respectively V-(R,R')). 

We will assume that R is also equal to P, i.e. that the braiding is given by 
w(vi ® vj) = (vi ® vj) (respectively W(Xi ® Xj) = (Xi ® Xj)). In this case the 
braided-integers [m; P]b = mt5ab , m = lai = Ibl, are invertible and thus 

The dual action is 

00 1 
exp(xlv) = L k! L X a va, 

k=O aESk{I, ... ,n} 

if al = i, 
else 

on the basis elements. Generators of diffusions have again the form 

n n 

L = L aklßkßI + L bjßj 

k,I=1 j=1 

with symmetrie akl. 

6.1.2 Examples of true diffusions 

A free two-dimensional braided plane: V- = lRq * IRq 

(6.2) 

The algebra underlying this example can be considered as the free product of 
the braided line with its dual. As an algebra it is the free unital algebra <V(x,p) 
with two generators. Let X be the generator of the braided-covector space lRq, 
and p that of the braided-vector space dual to it (i.e. another copy of lRq). Let 
q E lR \ {O}, so that R = (q) is of real type I in the sense of [Maj95a]. Following 
Majid's definitions we have the braid relations 

and 

XIX = qxx 

plx = q-Ixpl 

xlp = q-Ipxl 

plp = qppl, 

*IRq~IRq lRq®IRq -+ lRq®IRq, x* = p 

*IRq~IRq~IRq~IRq : lRq®IRq®lRq®IRq -+ lRq®IRq®lRq®IRq, x* = pI, (xl )* = p, 
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turn IRq®IRq and IRq®IRq®IRq®IRq in into *-algebras such that ß : IRq®IRq -+ 
IRq®IRq®IRq®IRq satisfies ß 0 *ffiq0IRq = *ffiq0IRq0ffiq0IRq 0 T 0 ß. Even though 
this *-strueture does not suit our purposes, atleast not in this form, it does tell 
how we ean guess a 'better' one. 

The eoproduet on IRq and its dual extends to a map ~ : IRq*IRq -+ (IRq®IRq)* 
(IRq®IRq) = (Jj(p,p',x,x')/Io, where Io is the ideal generated by x'x - qxx' and 
p'p - qpp', and satisfies ß 0 *ffiq*IRq = *(ffiq0ffiq)*(IRq0IRq) 0 ß, if we define the 
*-struetures in those algebras by --

IRq * IRq -+ IRq * IRq, 
x* = p, 
(IRq®IRq) * (IRq®IRq) -+ (IRq®IRq) * (IRq®IRq), 

x* = p', (x')* = p. 

We now note that we get (IRq*IRg)®(IRq*IRq~ ifwe quotient by th~ rela:tions qxp = 
px and qp'x' = x'p', Le. (IRq * IRq)®(IRq * IRq) = (IRq®IRq) * (IRq®IRq)/{qxp = 
pxp, qp'x' = x'p'} = (Jj(p', X,p, x')/I, where I is the ideal generated by x'x - qxx', 
qxp - px, qp'x' - x'p', and p'p - qpp'. The eanonieal projeetion 1[' : (IRq®IRq) * 
(IRq®IRq -+ (IRq * IRq)®(IRq * IRq) is'a *-algebra homomorphism, and ß = 1[' 0 ~ 
turns V· = IRq * IRq into a braided *-Hopf algebra in the sense we need. In 
partieular, the coproduct is a *-algebra homomorphism. Note that we now have 
PI = p' and Xl = X in the first faetor of the tensor product, and P2 = P and X2 = x' 
in the seeond, i.e. the braid relations take the form 

X2XI = qXI X2, 

X2PI = qPI X2 , 

and the *-structure be comes x; = Pi, i = 1,2. 
The braiding of the realline, and thus also that of V·, are induced by an action 

and co action of the group algebra (Jj71. V· is the (free) braided plane associated 
to the matrices 

( 
1 0 0 0) 

R' = 0 0 1 0 
o 1 0 0 ' 
000 1 

( 

q 0 
_ 0 q-l 

R- 0 0 

o 0 

The possible generators of pseudo-diffusions are of the same form as in Equation 
(6.2), but now we are interested in generators of 'true' diffusions, Le. \li-invariant, 
hermitian, eonditionally positive generators. Choose the set of all words {I 
0, X,p, xx, xp,px,pp, ... } as basis of V·, then cPxp and cPpx with 

if u = xp, 
else, 

if u = px, 
else, 

on basis elements u are such generators. The processes associated to these gener­
ators have been studied by M. Schürmann[Seh93], we find the processes that have 
the Azema martingales as classical version. 

Let us now consider an example whose braiding does not come from a group, 
but from a non-commutative and non-cocommutative bialgebra. 
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Diffusions on the four-dimensional braided-covector space V~ = Q;~!O * 
~ 2!0 
Q;q 

Let again q in lR\{O}, and set V~ = Q;~!O * ct~IO = Q;(v,w,x,y)/{yx - qxy,vw­
qwv}. A similar construction as in the preceding example leads to a four-dimen­
sional braided-covector space, where the braid relations between Xl, Yl and X2, Y2 

are described by the R-matrix of the braided plane, 

( 

q2 0 0 

R= 0 q q2_l 
o 0 q 
o 0 0 

those between Xl, Yl and V2, W2 by its inverse, 

those between Vl, W2 and X2, Y2 again by R, and, finally, those between V2, W2 again 
by R- l . The *-structure is defined by x* = v and y* = w, compare also [Maj95a). 

{xnym In, mEIN} and {wmvn In, mEIN} are bases of the two components 
of the free product defining V~, and therefore we can take the finite, alternating 
sequences of elements of these bases as a basis of V~: 
{I = 0,xnlyml,wmlvnl,xnlymlwm2vn2, ... lnl,n2, ... ,ml, ... EIN}. The func­
tionals defined on this basis by 

CPxv(u) = 

cPyw(u) = 

if u = xv, 
else, 
if u = yw, 
else, CPWy(u) 

if u = vx, 
else, 
ifu = wy, 
else, 

as weH as linear combinations thereof with positive coefficients, are generators of 
diffusions. 

6.2 APPELL SYSTEMS 

Recall that Appell systems {hk; kEIN} can be defined by the conditions 

Al: hk is a polynomial of degree k, 

A2: Dhk = khk - l , 

where D = d/dx, see Subsection 2.7.2. Examples are furnished by shifted moment 
sequences of the form 



Diffusions on braided spaces 147 

where p is any probability measure on IR with all moments finite. For example 
in the Gaussian case this gives the Hermite polynomials Hn(x) = .An: fIR.(x + 
iyte-y2 / 2dy. Recently analogous classes of 'moment polynomials' on Lie groups 
[FS92] and quantum groups [FFS95] have been introduced. They cease to be 
polynomials in general. 

The definition on quantum groups is easily adapted to braided groups. 

Definition 6.2.1 We define the Appell polynomials on the braided covector space 
V-(R, R') with respect to the /unctional <P by 

ha = (<p Q9 id) 0 ~xa, 

i.e. ha = TcjJ(xa ), tor a E S{I, ... , n}. 

We are in particular interested in the Appell systems with respect to diffusions. 

Proposition 6.2.2 Let <Pt be a diffusion on V-(R, R') with generator Land let 
{ha(t); a E S{I, ... , n}} be the associated Appell system. Then we have the /ol­
lowing: 

1. ha(t) = X a + Pa(t), where Pa(t)'E EB~~~l V-(R, R,)(a), 

2. Diha = LbESlal-1{l, ... ,n}[lal; R]~bhb, where Di = exp(tL)8i exp( -tL) and 
i.b the concatenation 0/ i with b, i.e. i.b = ib1 ··· blal-1 ' 

3. the ha(t) satis/y the evolution equation 8tu = Lu. 

Proof: Note that 1. and 2. are the analogues of Al and A2. 

1. The braided-binomial theorem [Maj96, Equation (91)] teIls us that 

lai [lai ] b.c 

~xa = f= i L a -i i ; R a Xb Q9 Xc' 
t-O bES {l, ... ,n},cESI I {l, ... ,n} 

where the braided-binomial coefficients are defined by 

[ ~ ;R] 

[ ~ ;R] 

[ ~ ;R] 

[ m-l ] [m-l ] (PR)r,r+l ... (PR)m-l,m r _ 1 ; R + r ; R , 

1, 

= 0 for r > m. 

The statement follows now since <p(t)lv"(R,R')(O) = f, i.e. ha(t) = Xa + Pa(t) 
with 

lal-l [lai ] b.c 
Pa(t) = L Li; R <Pt(Xb)Xc ' 

i=O bESlal-i{1, ... ,n},cES1i{1, ... ,n} a 

Note that this formula can also be used to calculate the Appell systems, if 
the moments of the process are known. 
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2. 

Diha = exp(tL)[Ji exp( -tL) exp(tL)xa 
exp(tL)ßixa 

exp(tL) L 
bES1al-l{1, ... ,n} 

= 
bESlal-l{l, ... ,n} 

with [Maj96, Equation (77)]. 

3. 

ßt exp( tL )xa = L exp( tL )xa 

Lha(t). 

Chapter 6 

• Property 2 shows that the D i act as lowering operators. We also define raising 
operators. 

Proposition 6.2.3 Let Xi = exp(tL)Xi exp( -tL), then 

Xiha(t) = hi.a(t). 

Examples 

6.2.1 The braided line IRq 

The Appell polynomials associated to the functional if>t = exp(tL) where L = 
L v 2 + bv are 
l+q 

These polynomials are solutions of 

a2 
ßtu = -1-tS2u + Mu 

+q 

with u(x, t = 0) = xk (where tS is the q-difference operator (tSf)(x) = !(;(l={fX)). 
For b = 0, a = )(1 + q)j2 the Appell polynomials simplify to 

[~l [k; q]ltV x k - 2v 

hk(x; t) = L [k _ 2 . l'2v " 
v=O /I, q. /I. 

these polynomials are a q-analogue of the Hermite polynomials (see also [FFS95]). 
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6.2.2 The quantum plane a:;~IO 

We choose CPt = exptL with L = 1~q2 (8r + 8~). We get 

cP = ~ r ~ [ r . -4] 821182(r-1I) 
t ~ (1 + q2)rr! ~ 11' q 2 1 

since 8281 = q- 18182 • This leads to the following formula for the Appell polyno­
mials: 

hrm(x, y; t) 

= exp(tL)xrym 

[~l [~l [/.L: II ;q-4] [m;q2]![r;q2]!q2 1L(r-211) t lL+lI 

'""' '""' r-211 m-21L 
~ ~ [m - 2/.L - 1; q2]![r - 211 - 1; q2]!(1 + q2)1L+1I(/.L + II)!X Y , 

where [ : ; q-4] are the braided-binomial coefficients with respect to R = (q-4) E 

M(l) 0 M(l). These polynomials solve the evolution equation 

1 (2 2) 8t u = -1--2 81 + 82 U 
+q 

where 81 , 82 can be defined by 

8 f( ) = f(q2 x , y) - f(x, y) 
1 X, Y X(q2 _ 1) , 

8 f( ) = f(qx, q2 y) - f(qx, y) 
2 x, Y y (q2 _ 1) . 

6.2.3 The free braided-space 

We consider again the free braided-space associated to R = R' = P. It is straight­
forward to calculate the action of the generator of a diffusion on a basis element: 

LXk = r(r - 1)aklk2xk3 ... k. + rbk1xk2 ... k., 

for L = 2:Z,I=l akl8k81 + 2:7=1 bj 8j and k = (k1 , ••• , kr) E S{l, ... , n}. Thus we 
get for the Appell polynomials 

hk exp( tL )Xk 

Xk + t(r(r - 1)aklk2xk3··.k. + rbklxk2 ... k.) 

t2 
( +"2 r(r - l)(r - 2)(r - 3)aklk2ak3k4xks···k. 

+ r(r - l)(r - 2)(bk1 ak2k3 + aklk2bk3)Xk4 ... k. 

+ r(r - 1)bk1 bk2Xk3 ... k.) + ... , 

If the drift term vanishes, Le. bj = 0 for j = 1, ... , n, then 

[~l t P 

hk = L ,r(r - 1)··· (r - 2p + 1)ak1k2 ... ak2P_lk2pXk2p+l···k.· 
p=Ü p. 



150 Chapter 6 

6.3 DENSITIES 

There are two ways in which densities can be associated to the diffusions con­
structed here. 

This first uses the (right or left) invariant integrals (see Section 3.11). Fix such 
a functional J : V~(R, R' ) ~ <r. One can look for an element Pt E V~(R, R') such 
that 

is satisfied for all a E V~(R,R') (where <pt(a) =< <Pt,a > denotes the evaluation 
map between V~(R, R') and V(R, R')). This defines a (non-commutative) left (or 
right) density. For e.g. any-space this leads to the results exhibited in [MRP94]. To 
calculate it the Fourier transform (w.r.t. to the integral considered) can be used. 
For a braided-Hopf algebra B with dual B*, exponential exp and invariant integral 
J : B ~ <r the Fourier transform F : B ~ B* is defined by F = (J ®id) 0 (m®id) 0 

(id®exp), see [KM94]. Let now J be a left invariant integral on V~(R,R') and r 
a right invariant integral on V(R, R'). Then, since (id® < ',' » 0 (exp ®id) = id, 

!(pa) =< F(p),a > 

for all a E V~(R, R') and p E V(R, R'). Thus we need to invert the Fourier 
transform F to find the density corresponding to the functional <Pt. By [KM94, 
Proposition 6.4], F* 0 F = vol~, where vol is a constant and F* the Fourier 
transform w.r.t. r, Le. F* = (id ® rom) 0 ("IJI ® id) 0 (id ® exp). Thus 

Pt = 2-1~-1 0 F*(<pd· 
vo 

Take, e.g., the braided-line and <Pt = exp(t~2). We shall use the Jackson integral 

J~;: f(x)dqx where "( is a parameter. For f(x) = E fnxn we set f("() = E fn"(n 
and 

/+1. 00 f(x)dqx = (1 - q) f: (J(qk"() + f( _qk"()) qk"( 
-,,/.00 k=-oo 

if the right-hand-side converges. We will express the density in terms of the discrete 
q-Hermite II polynomials 

With the orthogonality relations for the discrete q-Hermite 11 polynomials [Ko095, 
Equation (8.14)] and 

if n is odd, 

if n is even, 
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we get 

1 00 2 m (_I)kq-4mkqk(2k+l}tm-k_ 
Pt = ~( ) L q4m L (1 _ 2)k[k' 2]!2m- k h2m (x; q)eq2( -(1- q2)X2), 

q 'Y m=O k=O q, q 
(6.3) 

where eq2(z) = 2:~=0 [n~;2J" and cq(-y) is a constant depending only on q and 'Y 
(for its value see [Koo95, Equation (8.15)]). 

The other way, commonly used in quantum probability (see e.g. [Mey93]) leads 
to a density on the usual realline. Consider for example a diffusion ,pt = exp(tv2 /2) 
on the braided line, and the generator x, then ,pt(eitx ) can be interpreted as the 
Fourier transform of the density of x in the state ,pt. Let 0 < q < 1 and Y = 
(1- q) 2::0 Xi, where the Xi are independent, and exponentially distributed with 

respective means qi (see [Fei87]). Then E(eiuY ) = n:o (1 - iu(l- q)qifl = 
2:~=o(iu)n/[n;q]! = e~u. Thus ,pt(E(eiuYx )) = ,pt(e~ux) = e-tu2 /2, and it follows 
that Y x has a Gauss distribution. This determines the distribution of x uniquely, 
see [Fei87, Theorem 3]. 

REFERENCES 
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Chapter 7 

Evolution equations and 
Levy processes on quantum 
groups 

In this chapter we consider stochastic pro ces ses on quantum groups that are related 
to evolution equations of the form 

8t u = Lu, 

with some difference-differential operator L. For the equations considered in Sec­
tion 7.1, u is an element of a quantum or braided group A. We recall that solutions 
of these equations can be given as Appell systems or shifted moments of the as­
sociated process, and show how these can be calculated explicitly on the q-affine 
group and on a braided analogue of the Heisenberg-Weyl group. 

In Section 7.2, we define a Wigner map from functionals on aquanturn group 
or braided group to a "Wigner" density on the undeformed space. We prove 
that the densities associated in this way to (pseudo-) Levy processes satisfy a 
Fokker-Planck type equation. In the one-dimensional case these coincide with the 
evolution equations of Section 7.1, but in the general case we get new equations. 

7.1 APPELL SYSTEMS 

We want to consider equations of the form 

8tu = Lu 

where L : A -t A is a differential operator, independent of t, e.g. 

8tu (a8~ + Mq)u 

ÖtU = (ö~+öi)u 

153 

on lRq 

on ([;210 
q 

(7.1) 
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(p(X)2 + p(y)2) U 

(p(X)2 + p(Z )2) U 

on Affq 

onHWq 

Chapter 7 

In the first equation, L is a general second order q-difference operator, but for the 
explicit calculations we shall assume that a and bare constants. 

In the second equation we have an analogue of the Laplacian, the operator in 
the third equation is related to the Gegenbauer or ultraspherical polynomials, see 
e.g. [FF]. In the fourth equation we have an analogue of the Kohn-Laplacian on 
the Heisenberg group. 

An equation of the form (7.1) gives rise to a transition operator, formally 
written as etL . If the functional € 0 L is conditionally positive (w.r.t. an involution 
on A), then € 0 etL defines a convolution semi-group of states and thus a Levy 
process (if the braiding is different from the twist map, then we have to impose 
the additional condition that €oL is 'li-invariant, Le. that (€oLQ94J ) o 'lI = 4JQ9€oL for 
all 4J E A *). We can still associate a process to L, even if € 0 L is not conditionally 
positive, but in this case the state fails to be positive, see the construction of 
Section 4.5 or [FFS97]. 

Appell systems on Lie groups have been studied in [FS92], quantum groups 
were considered in [FFS97]. Appell systems on quantum or braided groups are 
defined in the same way as on braided spaces, see Section 6.2, but in general they 
are no longer polynomials (see also [FFS97, FS98a]). 

Definition 7.1.1 We define the (left) Appell system on a braided group A with 
respect to a semi-group of functionals {'Pt} by 

hk = ('Pt Q9 id) 0 ßak, 

i.e. hk = Ut('P)(ak), for a fixed basis {ad of A-

If L is the generator of {'Pd, then hk solves 

For other interesting properties, e.g., raising operators, or relation to matrix ele­
ments, see Section 6.2 and [FFS97, FS98a]. 

Examples of Appell systems on the braided line IRq and the braided plane <D~IO 
were already considered in the Subsections 6.2.1 and 6.2.2. 

7.1.1 Example: The q-affine group 

We can use the generalised Gegenbauer polynomials defined in [FF] 

and the representation Ph(X) = a(x8x + h), Ph(Y) = ia8x to calculate the 
moments of IJ>t = exp (~(X2 + y 2)). These polynomials are eigenfunctions of 
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Sh = (xox + h)2 - 8; = Ph(X)2 + Ph(y)2, Le. ShC~(X) = (n + h)2C~(x), and their 
inversion formula is 

, [tl h 2k 
n qn' '" + n - h 

X ="2n"" ~ (h) k'Cn - 2k (X). 
k=O n-k+l· 

Using the Feynman-Kac type formula (cf. [FFS97]) 

and comparing the coefficients of xn - 2r , we get 

for n ~ 2r, 

for n ~ 2r + 1. 

Differentiating 11 times W.r.t. hand setting h = m-J.L+2r-n, we get all moments 
that are needed to calculate the Appell functions hnm(a, b, t) = 

7.1.2 Example: The braided q-Heisenberg- Weyl group 

Consider L = x 2 + Z2. Then 

n 2(n-V)A2v cn tn 
tL '" '" V,I< 2(n-v)-1< I< 2v-1< e = ~ ~ --, -z y x n. v=o 1<=0 

where the coefficients C:;,I< are determined by the recurrence relations 

C n +l cn + 21<Cn + 1<-ICn + C n V,I< = v-I,1< q V,I< q2v-I<+lq2q v,I<-1 Q2v-I<+2Q2v-I<+1 v,I<-2' 

For '" = 0 we have the binomial coefficients C:;,o = ( : ). This allows to calculate 

using e.g. the dual pairing 

( r m n n' bm' r') _ 1: 1: 1: '" z y x , a c - Unn'umm'urr,qn·qm·qr·· 
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7.2 WIGNER-TYPE DENSITIES 

For one single variable, or in the commutative case, one can use Bochner's theorem 
to associate a density to a quantum random variable, cf. [Mey93]. For the braided 
real line we have done this for one example in Section 6.3 

We want to associate joint densities to several non-commutating variables, 
along the line of Wigner distributions [Wig32]. We will map functionals on an 
algebra with n generators to measures on lRn . Equivalently, we can ask for a map 
from functions on lRn (e.g., polynomials) to elements of the algebra. 

Consider the following diagram: 

Wigner 
QS ----+ CS 

Duality t t Duality 

where 
QS: 
CS: 

QO: 
CO: 

QO +-- CO 
Weyl 

(linear span of) the set of quantum states 
(linear span of) set of classical states 
set of quantum observables 
set of classical observables 

We want the following similar diagram: 

"Wigner" 
U ----+ M(X) 

q-Fourier t t 
A +-- C(X) 

"Weyl" 

Fourier 

where X is the undeformed space or group, and M(X) denotes the (convolu­
tion) algebra of (signed) measures on X, C(X) the algebra of continuous functions 
on X, and A and U the quantum group and algebra. The q-Fourier transformation 
(with respect to an invariant integral JA on A) is defined by 

FA(U) = i (uexp) 

where exp is the exponential or coevalution map of A and U, see [KM94, Koo95]. 
We have JA(ab) = (FA(a),b), and thus in this setting a density (w.r.t. JA) of a 
functional <I> E A * can, at least in principle, be calculated with the inverse Fourier 
transform, P4> = FAl (<I». A more detailed discussion, including an explicite ex­
ample on lRq , can be found in Section 6.3 or in [FS98a]. 

We use the right-hand-side of the diagram to introduce densities that 'live' on 
the classical, i.e. undeformed, group or space. Following Anderson[And69], we fix a 
set of generators Xl, ... ,Xn of A and define the Weyl map [Wey31] on polynomials 

k 1 k b u l .. ·unn Y 
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where k = k1 + ... + kn . Other definitions are possible, e.g. Ww : U~l ... u~n f-t 

xk1 ... xkn ("Wiek") or WAW . uk1 ... ukn f-t xkn ... xk1 ("Anti-Wiek") or also 1 n , ·1 n n1 , 
Wq- exp defined by eu.·v f-t exp(xlv). But Wq- exp will not leave the marginal 
distributions unehanged. In fact, W is uniquely determined by the eonditions 
W(Ui) = Xi and W ((a1u1 + ... + anUn)k) = (a1W(ud + ... + anW(un))k, and 
thus only W* will give the eorreet marginal distributions for all linear eombinations 
of the generators. Ordered monomials like the "Wiek" or "Anti-Wiek" map still 
lead to the right marginal distributions for the generators. 

The Wigner map W* is defined by the eondition 

(<p, W(u)) = J udW*(<p), 

Le. as the dual of the Weyl map. The measure W* (<p) is ealled the Wigner density 
or Wigner distribution on X assoeiated to the state <P. The Fourier transform of 
the measure W* (<p) is 

g~(v) F(W*(<p))(v) = J eiU.ovdW*(<p) 

(<p, W(eiU..V)), 

where we assumed that we ean interchange the limits involved, and that this 
series defines an analytie funetion. Note that here J and F denote integration and 
Fourier transform on X. 

If the functionals <Pt form a eonvolution semi-group, then the associated Wigner 
densities satisfy an evolution equation or Fokker-Planck equation. 

Proposition 7.2.1 Let {<Pt; t E IR+} be a convolution semi-group with generator 
L, i.e. ft<Pt = L<Pt = <PtL. Suppose /urther that W is invertible. Then the Wigner 
distribution of <Pt satisfies 

with p(X) = W-1 0 p(X) 0 Wand p(X)* defined by duality. 

Proof: Differentiate 

(<Pt, W(u)) = J udW*(<pt) 

with respeet to t, on the right hand side we get J ud dW:~~tl, while the left hand 
side gives 

(L<pt, W(u)) = (<pt,p(L)W(u)) = (<Pt, W(p(L)u)) 

J p(L)udW*(<Pt) = J ud (p(L)*W*(<Pt)). 
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7.2.1 Example: The braided line 

Here we have only one variable, and the algebra is commutative, so the Weyl map 
is just W : un I--t xn. The Fourier transform of the functional ~ = E~=o anpn is 
thus 

00 '(. )n 
g~(u) = (~,ei'Ux) = L anqn· ,zu 

n. n=O 
where we assumed that the regularity conditions necessary for interchanging the 
limits are satisfied. E.g. for ~a = eap , Le. the functional determined by ~a(e~lp) = 
eap (where ex1p =",,00 X

npn ) we get q L..m=O qn! 

We need p(P)* to be able to give the form of the Fokker-Planck equation. 
Because of the simple form of W we have p(p) = 8. The adjoint of the q-difference 
operator is a multiple of the q-difference with q replaced by q-l, 

8* f(x) = -~ f(q-lx) - f(x) = -~8l f(x) 
q X(q-l - 1) q /q 

so that the Wigner density 77t(dx) = dW*(~d of the semi-group with generator 
L = E cnpn satisfies 

7.2.2 Example: The braided plane 

In order to determine W we calculate (al x + a2y)N, the coefficient of ara2' is the 

[ n+m ] 

image of uru2'. We get W : uru2' I--t n q xnym and thus 
( n:m ) , 

[ n+m ] 

( ) ~ n q .n+m(.T.. n m) n m 
g~ Vl, V2 = ~ ( )' z 'J.', X Y Vl v2 . n+m. n,m=O 

For the Gauss functionals in the sense of Bernstein (~(xnym) = zn8m,o or zm8n,o, 
see [FNS97a]) we get g~ (v) = eiZV1 or g~ (v) = eiZV2 , i.e. W* (~) is a Dirac mass in 
(z,O) or (O,z). 

To write down the Fokker-Planck equations for Wigner distributions we need 
the representation p. For the two generators we get 

qn+m n-l m n--ul u2 
n+m 

n qn+m n m-l mq --ul U 2 
n+m 
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7.2.3 Example: The q-affine group 

We get W . unum f-t ",",n n!m! An+mßn-la"bm where the AN are determined . 1 2 L..t1l=O (n+m)! n,1I , nll 

by A;;11 = 0 if n > N or 1/ > n or n < 0, Ai% = 1, A~1I = 6NII' and 

A;;I1+1 = A;;-1,11-1 + (N + 1 - n)A;;_l,1I + A;;II' 

For the special case where the two lower indices are identical, we get A;;n 

( ~ ). 
The Weyl map and its inverse are characterised by 

This allows to write down p and thus the Fokker-Planck equation for any Levy 
process. For X we simply get p(X) = 8~1' the expression for p(Y) is more 
complicated. 

7.2.4 Example: The q-Heisenberg- Weyl algebra 

The q-Heisenberg-Weyl algebra HW q can be treated in the same way. Choose 
a, b, c as generators of HW q, then the Weyl map is given by W : Ufu;nu3 f-t 

n'm'rID n +Tn + r 
",",nM . .. n,"',k an-kbm+kCr-k where the coefficients D n+m+r are defined by 
L..tk=O (n+m+r)!" n,r,k 

DN 
n,T,k o if n < 0 or r < 0 or n + r > N or k < 0 or k > n 1\ r, 

DN n,O,O 

DN 
O,r,O if 0 ::; r ::; N 

and the recurrence relation 

D N+1 DN D N k-rD N ( -1) (1 1) D N 
n r k = n r k + n r-1 k + q n-1 r k + q r-k+1 - - n-1,r,k-1' , , , , " , , q 

REFERENCES 
The material in this chapter is mainly taken from [FS98b]. 
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Gauss laws in the sense of 
Bernstein on quantum 
groups 

In this chapter we turn to the characterisation of certain probability laws and con­
volution semi-groups on nilpotent quantum groups and nilpotent braided groups. 

In Section 8.1 we determine the functionals which satisfy an analogue of the 
Bernstein property, i.e. that the sum and difference of independent random vari­
ables are also independent, on several braided groups. This extends results ob­
tained on Lie groups by D. Neuenschwander et al. , cf. [Neu93], [NRS97]. As for 
Lie groups this dass turns out to be too small to constitute a satisfactory def­
inition of Gaussianity. Therefore we turn to convolution semi-groups. We show 
the uniqueness of embedding into continuous convolution semi-groups on nilpotent 
quantum groups and nilpotent braided groups in Section 8.2. In Section 8.3 we 
define Gaussian convolution semi-groups in the sense of Bernstein and calculate 
their generators on several nilpotent braided groups. 

8.1 GAUSSIAN FUNCTIONALS IN THE SENSE 
OFBERNSTEIN 

The Gauss law plays a central role in prob ability theory on Euclidean spaces. 
Bernstein's theorem gives a characterisation in terms of the group law of the 
underlying space. 

Theorem 8.1.1 Let P be a probability measure on IR n. P is a Gauss law if and 
only if for all pairs of independent random variables X, Y with distribution P the 
random variables X + Y and X - Y are also independent. 

Note that it is not essential that the two random variables X and Y have the 
same law, we also have the following version of the above theorem. 
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Theorem 8.1.2 Let Px and Py be two probability measures on IRn • If there 
exists a pair of independent random variables X, Y with distribution Px, Py, 
respectively, such that the random variables X + Y and X - Y are also independent, 
then Px and Py are Gauss laws (with identical covariance matrices). 

This characterisation can be used as adefinition of Gaussian functionals on 
groups in general, if some care is taken concerning the order of the factors in 
non-commutative groups. 

Definition 8.1.3 Let G be a (locally compact topological) group. A probability 
measure J.L on G is called Gaussian in the sense of Bernstein if there exists a 
probability space (n,B,p) and a pair ofG-valued r.v. X, Y, such that J.L = X(P) = 
Y(P), and (X· Y, Y . X) and (X . Y-l, y- 1 . X) are independent. 

D. Neuenschwander showed [Neu93] that the Gauss measures in the sense of 
Bernstein on the Heisenberg-Weyl group are exactly the Gauss measures con­
centrated on Abelian subspaces. In fact, this result holds on connected simply­
connected nilpotent Lie groups in general [NRS97]. 

We will now give adefinition of Gaussian functionals on (braided) Hopf alge­
bras. 

8.1.1 Definition of Gaussian functionals in the sense of Bernstein 
on (braided) Hopf algebras 

We have to translate X + Y and X - Y into Hopf algebra language. Replacing 
the group operation by the coproduct and the inverse by the antipode we write 
jl * 12 = mA 0 (11 ® 12) 0 AB and jl * (12 0 S) = mA 0 (jl ® (12 0 S)) 0 AB for 
the sum and difference of two quantum random variables 11,12 : B -t A, see also 
[ASW88, Sch93]. 

Definition 8.1.4 A functional <p on the (braided) Hopf algebra B is called right 
(left) Gaussian in the sense of Bernstein if there exists a quantum probability space 
(A, <fI) and two independent quantum mndom variables 11,12 : B -t A such that 
<p = <fI 0 jl = <fI 012 and the applications 

J = mA 0 (11 ® 12) 0 AB 

(J = mA 0 (11 ® 12) 0 AB 

and Kr = mA 0 (11 ® 12) 0 (id ® S) 0 AB 

and Kl = mA 0 (jl ® 12) 0 (S ® id) 0 AB) 

form also a pair of independent quantum mndom variables. 
A Gaussian functional in the sense of Bernstein is a functional that is right 

and left Gaussian in the sense of Bernstein. 

Here jl and 12 are required to have the same law. We shall see that in the 
examples we consider this condition is too strong. We propose therefore also a 
weaker definition that is motivated by Theorem 8.1.2. 
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Definition 8.1.5 A functional cp on a (braided) Hopf algebra B is called weakly 
right (left) Gaussian in the sense of Bernstein if there exists a quantum probability 
space (A, <I» and a pair of independent quantum random variables h,h : B -+ A 
such that cp = <I> ° h (cp = <I> ° h) and the applications 

J = mA ° (jl ® h) ° 6.B 

(J = mA ° (h ® h) ° 6.B 

and Kr = mA ° (h ® h) ° (id ® S) ° 6.B 

and K1 = mA ° (h ® h) ° (S ® id) ° 6.B) 

form also a pair of independent quantum random variables. 

8.1.2 Preliminary results 

Before presenting explicit results on partieular (braided) Hopf algebras, we give a 
lemma showing a link between left and right (weakly) Gaussian funetionals in the 
sense of Bernstein. 

Taking a Hopf algebra H whose antipode S is invertible, we ean define three 
Hopf algebras HOP, HCop, HOpcop, if we replaee the multiplieation or the eomulti­
plication by their opposites mOP = ~ ° T or 6. cop = T ° 6., and invert the antipode 
eaeh time we take an opposite. Similarly, we ean take opposites or eo-opposites of 
braided Hopf algebras using the braiding or its inverse and inverting the braiding, 
Le. the opposites lie in the braided eategory that has the opposite braiding 'IJI- 1. 

In partieular, let (B, m, 1, 6., c, S, 'IJI) be a braided Hopf algebra with invertible 
antipode and define 6.cop = 'IJI- 1 06. Then BCop = (B m 1 6.cop C S-1 'IJI-l) , ., " " , 
is also a braided Hopf algebra [Maj93a, Lemma 4.6]. Notiee that we have to use 
the inverse of the braiding, .i cop = 'IJI ° 6. does not lead to a braided Hopf alge­
bra. We ean also define a braided Hopf algebra with opposite multiplieation. Set 
mOP = m ° 'IJI- 1, then BOP = (B, mOP , 1,6., C, S-I, 'IJI-l) is a braided Hopf algebra. 
Combining the above operations we get the braided Hopf algebras (BcoptP = 
(B, m ° IJI, 1, IJI-l ° 6., c, S, IJI) and (BOP)COP = (B, m ° 1JI-1, 1, IJI ° 6., c, S, IJI), and, 
more generally, Bkxcopop = (B, mo 'IJIk, 1, 'IJI- k 06., c, S, 'IJI) for k E 'll .. All these 
braided Hopf algebras are isomorphie, sinee the antipode is an isomorphism from 
Bkxcopop to B(k+l)xcopoP. In the same way we ean eonstruet a ehain ofisomorphic 
braided Hopf algebras starting from BOP or BCop, in particular, S : BOP -+ BCOP is 
an isomorphism. 

We have the following lemma. 

Lemma 8.1.6 Let h,h : B -+ A be a pair of 'IJI-independent quantum random 
variables on B over some quantum probability space (A, <I». Then the following 
statements are equivalent. 

1. J(h,h) = mA ° (h 0 h) 06. and Kr(h,h) = mA ° (h 0 (h oS)) 06. are 
independent (and thus 'P = <I> ° h is a (weakly) right Gaussian functional in 
the sense of Bernstein on B), 

2. JCOP(h,jd = mAo(h0h)o6.cop andK~OP(h,jl) = mAo((h oS)0h)o6.cop 

are independent, 
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3. JOP(h 0 S,jl 0 S) = mA 0 ((h 0 S) 0 (jl 0 S)) 0 ~ and K~P(j2 0 S,iI 0 S) = 
mA 0 ((h 0 SoS) 0 (iI 0 S)) 0 ~ are independent. 

Proof: The equivalence of 2. and 3. is dear since S : BOP -t BCOP is an isomor­
phism. 

Let us show now that 1. and 2. are equivalent. The pair (iI, h) is "IJI-indepen­
dent if and only if (jz, jd is "IJI-1-independent. 

We find 

J(iI,h) mA 0 (iI 0 h) 0 ~ 

= mA 0 (iI 0h) o"IJI 0 "IJI-l~ 

mA 0 (h 0 jd 0 ~cop 

JCOP( . ') J2,]1 , 

and 

Kr(iI,h) mA 0 (iI 0 (h 0 S)) 0 ~ 

= mA 0 ((h 0 S) 0 iI) 0 ~ cop 

= KCOP( . ') I J2,Jl, 

so that J(iI,h) and Kr(jl,h) are independent exactly when JCOP( . ') J2,]1 and 
K~OP(h,iI) are independent. • 

To use this lemma to relate (weakly) left Gaussian functionals in the sense 
of Bernstein to (weakly) right Gaussian functionals in the sense of Bernstein on 
the opposite or co-opposite quantum/braided group we have to deal with two 
technical difficulties. First, we have to assume that jl, h are "IJI-independent. In 
the examples considered we see that the condition that jl * h is also an algebra 
homomorphism is sufficient to show that iI, h satisfy the commutation relations 
for "IJI-independence. 

Second, in the definition of K~P, K~op we have the original antipode. We should 
use the antipode of the opposite or co-opposite quantum/braided group though, 
i.e. S-l. But in the applications we will see that the condition that jl * (j2 0 S) is 
an algebra homomorphism implies that there is no difference between h 0 Sand 
h o S-I. 

8.1.3 The braided line 

If we look for left or right Gaussian functionals in the sense of Bernstein on the 
braided line Bq we find only the trivial solution c.p = c; (the counit). But, as the 
following theorem shows, we can find non-trivial weakly Gaussian functionals in 
the sense of Bernstein. 

Theorem 8.1. 7 Let c.p be a weakly right Gaussian /unctional in the sense 0/ Bern­
stein on the braided line Bq, q f:. 0,1, and q not a root 0/ unity. Then there exists 
a constant a E Q; such that c.p is given by 

c.p(xn ) = an. 
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Conversely, if rp is of this form, then it is a weakly right Gaussian functional in 
the sense of Bernstein. 

Proof: We shall determine the pairs of functionals (rp, 'l/J) on lRq such that 
there exists a quantum probability space (A, <1» and independent quantum random 
variables h , h : lRq -+ A such that rp = <I> 0 jl and 'l/J = <I> 0 hand the applications 

form a pair of independent quantum random variables. This way we will also see 
that there are no right Gaussian functionals in the sense of Bernstein. 

Step 1. We can assume that A is of the form lRq@lRq /{(X')2 = O} = <D« 
x,x'» /{x'x = qxx',(X')2 = O}, where <D« x,x'» denotes the free complex 
algebra with two generators. 

Lemma 8.1.8 Suppose we are given an algebra C and two algebra homomorphisms 
k1 , k2 : lRq -+ C such that k1 * k2 and k1 * (k2 0 S) are also algebra homomorphisms. 
Then there exists an algebra homomorphism rr : IRq@IRq /{(X')2 = O} -+ C and 
jl,h : IRq -+ IRq @IRq /{(x')2 = O} with h(x) = x, h(x) = x', and ki = rr 0 ji, 
i = 1,2. 

Proof of Lemma. Set rr(x) = k1 (x) and rr(x') = k2 (x). We can directly check 
the relations to verify that rr is an algebra homomorphism. rr(x')rr(x) = qrr(x)rr(x') 
follows since k1 * ki is an algebra homomorphism: 

o k1 * k2(X2) - (k1 * k2(x))2 

rr(x)2 + (1 + q)rr(x)rr(x') + rr(x')2 - (rr(x) + rr(x'))2 

qrr(x)rr(x') - rr(x')rr(x), 

Similarly, checking on x2 = x . x that k1 * (k2 0 S) is an algebra homomorphism 
yields rr(x')2 = o. • 

Step 2. If <I> is a functional on IRq®IRq /{(X')2 = O} such that jl and h are 
independent, then <I> is of the form rp ® 'l/J, cp : IRq -+ <D, 'l/J : IRq /{(x')2 = O} -+ <D. 

This follows from the factorisation property 

(where y, z E IRq, a E S2), i.e. taking a = id we can set cp = <I> 0 jl, 'l/J = <I> 0 h· 
Furthermore, setting y = x and z = x n we see 

<I>(h(x)h(xn)) = <I>(x'xn) = qn<l>(xnx') 

qn'l/J(x)rp(xn ). 

Since we suppose that q is not a root of unity this means cp(xn ) = 0 for all n ~ 1 
if 'l/J(x) i 1. Vice versa, if <p(xn) i 0 for some n ~ 1, then 'l/J(x) = O. 

Step 3. The only pair (<p, 'l/J) such that J = h * hand Kr = h * (h 0 S) are 
independent is rp as given in Theorem 8.1.7, and 'l/J = c. 
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a. Let us first consider the case 'lj;(x) = C :f= O. Then 'P = c. We check the 
factorisation property for J and Kr on y = z = x: 

~(J(x)Kr(x)) = ~((x + x')(x - x')) = ~(X2 + (q - l)xx' + (X')2) = 0, 

but 
~(J(x))~(Kr(x)) = ~(x + x')~(x - x') = _c2 

so that the factorisation property is only satisfied for c = O. 
b. So let now 'lj;(x) = 0, cp(xn) = Cn. We check the factorisation property 

on y ~ zn, Z ~ zm. We have J(zn) ~ j, '" j, ( L:~"O [ : 1. z"(z,)n-") ~ 
xn + qnxn-1x' and Kr(xm) = xm - qmxm-1x', since (X')2 = O. For the product 
we get J(xn)Kr(xm) = xn+m + (qnqm - qm)xn+m- 1x'. This implies 

and thus Cn = an with a = Cl. 

Step 4. One checks without difficulty that J and Kr verify the factorisation 
property for all (J' E S2. But on IRq ®IRq /{(X')2 = O} they don't satisfy the right 
commutation relations. To remedy this we quotient by x' = 0, this is possible 
without changing the functionals since 'lj;(x) = O. We get thus A = IRq, )1 = id = 
J = Kr, j2 = eoc and 'P(xn) = an for all n, and (J,Kr) satisfy (trivially) the 
conditions of Bose or symmetrie independence. • 

Corollary 8.1.9 The weakly left Gaussian /unctionals on the braided line IRq are 
exactly the functionals that can be written as 

'P(xn) = an 

for some constant a E <D. 

Proof: Note that the first step of the proof of Theorem 8.1.7 shows that the 
quantum random variables i1 and h have to be IJI-independent and that h 08 
and h 08-1 are identical. 

We show that IRq-l and IR~op are isomorphie, and then apply Lemma 8.1.6. 
The opposite coproduct gives ~x = x + x', if we extend (using the inverse 

braiding) as an algebra homomorphism we get ~xn = I:~=o [ :] XV (x,)n-v. 
q-l 

We see that the identity map is a braided Hopf algebra isomorphism between IRq-l 
and IR~oP. • 

8.1.4 The braided plane 

Theorem 8.1.10 The weakly right Gaussian /unctionals in the sense 0/ Bernstein 
on the braided plane <D~lo are exactly the functionals of the form 

'P(xnym) = 8m,ozn or 'P(xnym) = 8n,ozm 
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where z E ([; is some constant. 

Proof: The proof is based on the same ideas as in the case of the braided line, we 
indicate only the results of each step. 

Step 1. We can suppose A = ([;~I°cib ([;~IO / {(X')2 = 0, x'y' = 0, (y')2 = O}. 
Step 2. We can suppose cf> = <p ® 'lj; and 

'lj;(x) :j:. 0 * <p(xnym) = 0 if n + m > 0 

'lj;(y):j:.O * <p(xnym)=Oifn+m>O 

Step 3. We can show 'lj; = c, and <p is of the form given in the theorem. 
Step 4. We get .Ä = ([;~IO, )1 = id, h = 10 c. • 

Corollary 8.1.11 A functional on the braided plane ([;~IO is a weakly left Gaussian 
functional in the sense of Bernstein if and only if it is a weakly right Gaussian 
functional in the sense of Bernstein on ([;~Io. 

Proof: We use Lemma 8.1.6, as for the braided line. The isomorphism between 

( ([;~Io) cop and ([;!~l is defined by xnym I-t ynxm. • 

8.1.5 The braided q-Heisenberg algebra 

Theorem 8.1.12 Let q E ([;\{O}, q:j:. 1, and q not a root of unity. 
The weakly right Gaussian functionals in the sense of Bernstein on the braided 

q-H eisenberg- Weyl algebra are exactly the functionals which can be defined by 

with constants m a , m c E ([;. 

Proof: We proceed as for the braided line. 
Step 1. We can ass urne that A is of the form HWqcibHWq/{c'a' - 2b' 

0, (a')2 = 0, (C')2 = O} 

Lemma 8.1.13 Suppose we are given an algebra C and two algebra homomor­
phisms k1 , k2 : HW q -7 C such that k1 * k2 and k1 * (k2 0 S) are also algebra homo­
morphisms. Then (in addition to the HW q -relations) ki (a), ki (b), ki (c), i = 1, 2, 
satisfy the following relations: 

k2(a)k 1 (a) = qk1 (a)k2(a) k2(a)k1 (b) = qk1 (b)k2(a) k2(a)k1 (c) = k1 (c)k2(a) 

k2(b)k1 (a) = k1 (a)k2(b) k2(b)k1 (b) = qk1 (b)k2 (b) k2(b)k1 (c) = qk1 (c)k2(b) 
1 

k2(c)k1 (a) = -k1 (a)k2 (c) k2 (c)k 1 (b) = k1 (b)k2(c) k2 (c)k1 (c) = qk1 (c)k2(c) 
q 

k2(a)2 = 0 k2(c)k2(a) = 2k2(b) k2(c)2 = O. 
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Proof of Lemma: The first nine relations are exactly the braid relations, they 
follow from the condition that k1 * k2 is an algebra homomorphism. 

The last three relations follow if we also require k1 * (k2 0 S) to be an algebra 
homomorphism. • 

We shall from now on simply write a,b,c for i1(a),i1(b),jl(C) and a',b',c' for 
h(a),h(b),h(c). 

Step 2. If i1 and h are independent, then <T> can be written as the tensor 
product of two functionals, i.e. <T> = <p ® 'ljJ. Furthermore, we have the following 
restrietions 

'ljJ(a) '" 0 => <p(anbmcr ) = 0 if n '" 0 or m '" 0 

'ljJ(b) '" 0 => <p(anbmcr ) = 0 if m '" 0 or T '" 0 

'ljJ(c) '" 0 => <p(anbmcr ) = 0 if n '" T. 

To show this we apply the factorisation property twice, e.g. 

'ljJ(c)<p(anbmcr ) = <T>(c'anbmcr ) = qr-n<T>(anbmcrc') = qr-n<p(anbmcr)'ljJ(c). 

Step 3. J = i1 *h and Kr = jl *(h oS) only satisfy the factorisation property 
if'ljJ = c and <p has the form given in Theorem 8.1.12. 

First we show 'ljJ = c. Suppose 'ljJ(a) '" O. Then <p is of the form <p(anbmcr ) = 
onOomOmr. Checking the factorisation property for J and Kr on a leads to a 
contradiction: 

o <T>((a + a')(a - a')) = <T>(J(a)Kr(a)) = <T>(J(a))<T>(Kr(a)) 

= <T>(a + a')<T>(a - a') = _'ljJ(a)2, 

and therefore 'ljJ(a) = O. In the same way we obtain 'ljJ(b) = 'ljJ(c) = O. 
So we have seen that all non-trivial moments of'ljJ vanish. Let <p(andmcr ) = 

mnmr , then 

<PJ(an~cr) 

<PKr (andmcr ) 

and the factorisation property implies 

<T> 0 J(andmcr ) = mnmr 

<T> 0 Kr(andmcr ) = mnmr , 

<p Kr (an1 dm1 Cr1 )<pJ (an2 dm2 Cr2 ) = <T> (Kr (an1 dm1 cr1 )J(an2 dm2 cr2 )) 
<T>(an1 ~l cr1 an2dm2cr2). 

which leads to 

Taking only the n's different from zero (or the m's, or the r's), we immediately see 
that all moments are completely determined by the first order moments, mnOO = 
(mlOO)n (mOmO = (mOlO)m, mOOr = (moolt), and mnmr = mloommomoOl· 
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Furthermore, choosing (100) and (001) we get 

i.e. mOlO = 0. 
The general solution is thus given by 

(one checks that this really defines a solution). 
Step 4. We can now take A = HWq/{d = o} = <V[a,c], i.e. the algebra of 

polynomials in two variables, and it = 7r = J = Kr and h = 7r 010 c without 
changing the functionals. 7r is here the canonical projection 7r : HW q -t HW q / {d = 
O}. • 

Corollary 8.1.14 The sets of weakly left and weakly right Gaussian functionals in 
the sense of Bernstein on the braided q-Heisenberg- Weyl group HW q are identical. 

Proof: Notice that andmcr H (_I)m cndmar defines a braided Hopf algebra iso­
morphism between HW~op and HWq-l, and apply Lemma 8.1.6. • 

8.1.6 Positivity 

The braided line. Let q E IR. Then x* = x defines a *-structure on IRq. One 
easily verifies the following result. 

Proposition 8.1.15 Let q E IR, q f/. {-1,0, I}. 
The positive weakly right Gaussian functionals in the sense of Bernstein on the 

braided line IRq are exactly the linear functionals 'P such that 

for all nEIN, 

for some real constant c E IR. 

The braided plane. If q is real then we can define a *-structure on the braided 
plane <v~lo by x* = y, y* = x. The only weakly right Gaussian functional in the 
sense of Bernstein that is positive with respect to this *-structure is the counit c. 
To see this evaluate a weakly right Gaussian functional in the sense of Bernstein 'Pz 
(where 'Pz(xnym) = znom,o or zmon,o, Z E <V) on a*a for a = x + y and a = x - y. 
We get 

'Pz((x+y)*(x+y)) 

'Pz((x-y)*(x-y)) 

'Pz(x2 + (1 + q)xy + y2) = Z2, 

'Pz(-x2 + (1 + q)xy - y2) = _z2, 

so that 'Pz can only be positive, if z = 0. 
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The braided q-Heisenberg-Weyl group. Let q be real, and consider the *­
structure defined by a* = c, c* = a, d* = d. 

Proposition 8.1.16 Let q E ffi, q rt {-I, 0, I}. 
The weakly right Gaussian functionals in the sense of Bernstein on the braided 

q-Heisenberg- Weyl group HW q are positive if and only if m a = m c. 

Proof: In the proof ofTheorem 8.1.12 we saw that we can assurne that h,h, J, Kr 
take values in the algebra of polynomials in two variables, denoted e.g. by a = 
jl(a),"( = h(c). For jl,h, J, Kr to be *-algebra homomorphisms we need a* = "( 
and "(* = a. Introduce X = a + "(, Y = i(a - "(), then x* = X, y* = y. In these 
coordinates <p is given by <p(xnym) = (ma + mc)nim(ma - mc)m. We see that <p 
is positive if and only if m a + m c and i(ma - m c) are real, i.e. if m a = m c. • 

8.1.7 Remarks 

The result of Section 8.1 has to be considered as a negative result. The only 
Gaussian functionals in the sense of Bernstein that we found, can be considered 
as deterministic or Dirac laws, in the sense of the following definition. 

Definition 8.1.17 Astate 4> on B is ca lied deterministic, or a Dirac law, if there 
exists a quantum probability space (A, <I» and a quantum random variable j : B -+ 
A such that the pair (j, j) is independent and <I> 0 j = 4>. 

The Bernstein functionals obtained here do not form convolution semi-groups. 
It is interesting to remark that they can be considered as quantum convolution 
semi-groups, though. Note that a continuous convolution semi-group (ccs) {Ilt; tE 
ffi+} (see Section 8.2 for their definition) defines a map from A to the algebra of 
continuous functions on ffi+ via faCt) = Ilt(a) such that 

faCt + t' ) = L fa(1) (t)fa(2) (t') and fa(O) = c(a), 

where ~a = L a(l) ® a(2) (Sweedler's notation). But f(t) f4 f(t + t' ) and f(t) f4 

f(O) are nothing else but the coproduct and counit of the algebra of functions on 
the semi-group (ffi+, +), Le. the map a f4 faCt) is a coalgebra homomorphism. 

This suggests the following definition, if one wants to "deform" the t-depen­
den ce of convolution semi-groups. 

Definition 8.1.18 Let C be a coalgebra. AC-quantum convolution semi-group 
(C-qcs) on A is a coalgebra homomorphism /rom A to C. 

The family of weakly right Gaussian functionals in the sense of Bernstein on 
the braided plane <v~IO e.g. gives two families of ffiq-qcs xnym f4 an znömo and 
xnym f4 amzmöno, where z denotes now the generator of ffiq , and a E <V is some 
constant. 

The weakly right Gaussian functionals in the sense of Bernstein on the braided 
q-Heisenberg-Weyl group also give rise to ffiq-qcs if one of the constants is replaced 
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by the generator of IRq. The original functional can be recuperated, if the IRq-qcs 
are composed with weakly right Gaussian functionals in the sense of Bernstein on 
IRq. 

The family of one-dimensional distributions of the quantum Brownian motion 
defined by Bozejko and Speicher [BS91] can also be interpreted as a IRq-qcs (for 
o < q < 1). These functionals can be represented on the braided q-Heisenberg­
Weyl group as 

Vn,m,r E lN. 

To see this consider the unitary representation of HW q on the Hilbert space H = 
span{ 'lj;n; n E lN} with inner product < 'lj;nl'lj;m >= 8nmqn!, defined by 

if n = 0 
if n > 0 

Then in the state <P =< 'lj;ol . 'lj;o > we get <P 0 Pt = 'Pt· 
Interpreting t as the generator of IRq we have a IRq-qcs: anbmcr r-t tm8no8ro. 

8.2 UNIQUENESS OF EMBEDDING 

A continuous convolution semi-group (ccs) of functionals on a (braided) Hopf al­
gebra A is a family of functionals {'Pt : A -+ <V; t E IR+} indexed by IR+ such 
that 

1. 'Po = c: (the counit). 

2. 'Ps * 'Pt = 'Ps+t for an s, tE IR+. Here the convolution is defined by ifJ * 'lj; = 
(ifJ0'lj;)o~, 

3. 'Pt(a) is continuous as a function of t for an a E A. 

M. Schürmann [Sch93] has shown that every ccs on a (braided) Hopf algebra has 
a generator 'lj; and can be expressed as a (convolution) exponential 'Pt = exp*(t'lj;) = 
c: + t'lj; + t;'lj; *'lj; + ... + ~ 'lj;*n + . ". Here we are interested in the quest ion whether 
such a ccs is already uniquely determined by its value for one fixed value t =J O. 
D. Neuenschwander and others [Neu96, Ba185, Pap94] have shown on connected 
simply-connected nilpotent Lie groups that if a prob ability measure is embeddable, 
then this embedding is unique (under some regularity conditions that guarantee 
the existence of moments). In this section we will introduce a not ion of nilpotency 
and show that the above uniqueness result can be extended to nilpotent (braided) 
Hopf algebras. 

For Hopf algebras in general this result is not true, we can e.g. translate the 
counter-example for ccs on 713 from Heyer's book [Hey77] to a counter-example 
on the Hopf algebra of functions on 7l3 • This counter-example also shows that our 
not ion of nilpotency can not include an algebras of functions on nilpotent groups. 
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8.2.1 Definition of nilpotency 

Nilpotent connected simply-connected Lie groups are diffeomorphic to some IRn , 

and the group law can be brought into the following form (e.g. with the Campbell­
Hausdorff formula) 

where the Zi are of the form 

where the Pi are polynomials. We will use the analogue of this property as a 
definition of nilpotency for (braided) Hopf algebras. 

Definition 8.2.1 Let A be a (braided) Hopf algebra with unit element 1. We say 
that A is nilpotent if there exists a well-ordered set I and a basis of the form 
{I} U V with V = {at; Z E I} indexed by I such that for alt at E V 

~(at) = at ® 1 + 1 ® at + L C;',t"at, ® at" (8.2) 
2/ ,1,"<'t 

where (for jixed z) only jinitely many C;, t" i- O. , 

The above discussion shows that the Hopf algebras of polynomials on connected 
simply-connected nilpotent Lie groups are nilpotent in the sense of our definition. 

For the "unbraided" or quantum group case (Le. W = r) there exists a nilpo­
tent Lie algebra that is naturally associated to a nilpotent quantum group. 1t is 
obtained in the same way that can be used to reconstruct the Lie algebra of a Lie 
group from the Hopf algebra of smooth functions on the groups, Le. as the space 
of derivations at the neutral element. 

Proposition 8.2.2 Let A be a nilpotent quantum group and suppose that 

L(A) = {f : A -7 a; linearlf(ab) = f(a)c(b) + c(a)f(b)} 

is jinite-dimensional. Then L(A) is a nilpotent Lie algebra with the commutator 
[I,g] = m(f ® g) - m(g ® 1), m = ~A· 

Proof: L(A) is the set of primitive elements of the dual of A, and thus a Lie 
algebra, see Page 49. Set U = {f E L(A)lf(at/) = 0 for z' < z}. We have 
[L(A), U] ~ U+1, since 

(f ® 9 - f ® g) ( L C;",t,,,at,, ® atl ,,) 
1." ,1." <t' 

o 

for f E L, 9 EU, z' ~ z. But since L(A) is finite-dimensional, this implies that 
we actually have a finite sequence Lo = L(A) ~ LI ~ ... ~ U+I = {O} of ideals, 
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and thus that Lo = L(A) is nilpotent. • 
There does not seem to be a natural generalisation of this result for braided 

groups, because the primitive elements of a braided Hopf algebra do not have an 
obvious Lie algebra structure. 

8.2.2 Poincare-Birkhoff- Witt property and nilpotency 

We say that a (braided) Hopf algebra A has the Poincare-Birkhoff-Witt (PBW) 
property if there exists a set of elements (called generators) {al, ... , ad} such that 
{a~l ... a~d; k = (kl , ... , kd) E ]Nd} is a basis of A. We shall also use the multi­
index notation ak = a~l ... a~d . 

Proposition 8.2.3 Let A have PBW property with generators al, ... ,ad' 1f for 
alli,j = 1, ... ,d 

then A is nilpotent. 

kElNmax(i.j)-l 

ai@l+l@ai+ L D~k,ak@ak' 
k,k' ElNi-l 

(8.3) 

(8.4) 

Proof: We are going to use the index set I = ]Nd with the lexicographic order 
and the PBW basis V = {a~l ... a~d;k = (kl, ... ,kd) E ]Nd}. Let O:S 8:S d 
and define A(o) to be the linear span of {a~l ... a~·;k = (kl, ... ,ko) E ]NO}. By 
the condition on the product, A(o) is a subalgebra. Furthermore, we even have 
[ao, A(O-l)] ~ A(o-l). Thus 

~(a~l ... a~·) = ~(al)kl ... ~(ao)k. 

(al @ 1 + 1 @ al)k 1 (a2 @ 1 + 1 @ a2 + L D;,sa'i. @ ai) k2 
r,s 

( ) 

k. 

6 I 11 

ao @ 1 + 1 @ ao + L D " ,," a' @ a' 
t' ,'1," EINO-l 

o 
L II ( ki ) k' k" 

k'+k"=k i=l k~ a @ a + K, 

where K E A(o-l) @ A(O-l), so that ~(ak) is of the form required in Definition 
8.2.1. • 

Remark: A similar result for braided Hopf algebras with PBW property can 
be formulated if we require in addition that the braiding a:aj = 'ljJ( ai @ aj) = 
Lkl RfJal @ ak doesn't involve generators that come "after" ai and aj, i.e. 

R~J = 0 if k,l ~ max(i,j). (8.5) 
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The following result is immediate from the formula for the coproduct of the 
HW q algebra, see Equation (3.28). 

Proposition 8.2.4 The braided q-Heisenberg- Weyl algebra HW q is nilpotent. 

8.2.3 Uniqueness of embedding 

Lemma 8.2.5 Let A be a nilpotent (braided) Hopj algebra and ~ : A -+ a; a 
normed junctional on A. Then there exists a unique normed junctional 3 : A -+ a; 
such that 

~ =.::.*.::.. 

Proof: We can directly calculate the action of 3 on the basis V. On 1 we have 

1 = ~(1) = (3 ® 3)(A1) = 3(1)2. 

so that 3 can be chosen to be normed, Le. 3(1) = 1. Now 3 is uniquely determined 
by 

~(a,) = (3 ® 3)(A(a,)). 

In fact, suppose we have calculated 3(a,) already for all z E M ~ I. Then 

allows to calculate 3(al<) for K = minI\M. • 
Theorem 8.2.6 1j 4J is normed, infinitely divisible, and embeddable, then the em­
bedding is unique. 

Proof: Lemma 8.2.5 implies that the embedding is unique on the dyadie num-
bers. The rest follows from continuity. • 

8.2.4 Remark 

Note that e.g. on IR we can also find a "root" for functionals that are not divisible 
(as probability measures). Take e.g. asymmetrie Bernoulli law (concentrated on 
± 1). The moments are 

if n is even, 
if n is odd. 

Then (by the lemma in Subsection 8.2.3) there exists a normed functional 3 such 
that ~ = 3 * 3. But 3 does not correspond to a probability measure. 
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We ean ealculate 3 n = 3(xn ) reeursively by 

if n is even, 

if n is odd. 

All odd moments vanish, and 30 = 1, 3 2 = ~, 24 = -1, ete. We see that 2 is not 
positive. 

8.3 GAUSSIAN SEMI-GROUPS IN THE SENSE OF 
BERNSTEIN 

Sinee the results of Seetion 8.1 must be interpreted as a rather "negative" result, 
the quest ion arises if there are "better" extensions of the Bernstein property to 
quantum groups and braided groups. 

Let us eonsider the situation on Lie groups. If from the beginning one sug­
gests that the measure is embeddable into a eontinuous eonvolution semi-group 
(ces) of probability measures on the Lie group G, then a natural version of the 
Bernstein theorem on G is given in Hazod ([Haz77], Satz III.3.3) and Heyer 
([Hey77], Theorem 8.4) by eonsidering the generating distribution of the ces. A 
ces {/Lt h~o C MI (G) is a topologieal monoid homomorphism 

[0,00[3 h--+ /Lt E (MI(G),8e,~)' 

The generating distribution of {/Ldt~o is given by 

. 1 J A(f):= hm - [f(x) - f(O)]/Lt(dx) 
t--.o+ t 

G 

for bounded eomplex-valued COO-funetions f on G (cf. Siebert [Sie81, p. 119]). We 
write /Lt = exp tAo Then A has always the form 

d d 

A(f) = L aiXd(O) + ,L bi,jXiXjf(O) + J [f(x) - f(O) - iP(f' x)]1](dx) 
t=l t,J=1 c\{O} 

where a = (al, a2, ... ,ad) E IRd, M = (bi,j h~i,j~d is a symmetrie positive semidef­
inite d x d-matrix, 1] is a Levy measure (i.e. a non-negative measure on G\{O} 
such that JC\{O} x2/(1 + x2)1](dx) < 00), 

{ (x, \1)f(O) : Ilxll::; 1, 
iP(f,x):= (11~11,\1)f(O) : Ilxll>l 

and Xl, X 2 , .•. ,Xd is a fixed basis of the Lie algebra 9 of G. (Cf. Siebert [Sie73, 
Satz 1]) For short, we will write A = (a, M, 1]). The ces {exp tA h~o is ealled 
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Gaussian if A = (a, M, 0). Now the "semi-group version" ofthe Bernstein theorem 
reads as follows: Let H := G x G and define the map cp : H ~ H by cp(x,y) := 
(x. y,x. y-1). 

Theorem 8.3.1 Let A o be a generating distribution on G and consider the gener­
ating distribution A := Aa 060 +60 0Aa on H. Furthermore let 8(f) := A(f ocp-1) 
and define, for any generating distributions 81 , 8 2 on G, the generating distribu­
tion 8 3 on H by 8 3 := 8 1 0 60 + 60 0 8 2 . There exist 8 1,82 such that 8 = 8 3 iJJ 
Aa, A, 8, 8 i (1 ~ i ~ 3) are Gaussian. 

8.3.1 Definition of Gaussian convolution semi-groups 'Ln the sense 
of Bernstein 

Schürmann [Sch93] teIls us that every convolution semi-group on a quantum or 
braided group has a unique generator. We will use it to define Gaussian convolution 
semi-groups. The map cp : (x,y) H (x + y,x - y) becomes <P = (m 0 m) 0 (id 0 
'l1 0 S) 0 (A 0 A) on (braided) Hopf algebras. 

Definition 8.3.2 The semi-group I-tt on A with generator A is called Gaussian in 
the sense ofBernstein if A0c+c0A can be written in the form (B1 0c+c0B2 )o<p 
with some functional B 1, B 2 : A ~ (1). We will call I-tt weakly Gaussian in the 
sense of Bernstein if there exists another semi-group I-t~ with generator A' such 
that A 0 c + c 0 A' can be written in the form (B1 0 c + c 0 B 2 ) 0 <P. 

If B1 and B2 are elements of abialgebra that is dually paired with A and if we 
define <j)v = (mB 0 mB) 0 (id ® WB0B ® SB) 0 (AB ® AB), then we can also write 
<p V (B1 0 c + c 0 B 2 ) instead of (B1 0 c + c 0 B 2 ) 0 <P. 

8.3.2 General results 

Since <P is linear, it follows directly from the definition that the generators of 
Gaussian semi-groups in the sense of Bernstein and those of weakly Gaussian 
semi-groups in the sense of Bernstein form vector spaces. If A has an involution 
* then we want to consider only semi-groups of positive functionals. If we restrict 
ourselves to a-invariant functionals, then I-tt = exp* tA is positive for all t ~ 0, if 
and only if A is hermitian and conditionally positive, i.e. positive on the kernel of 
the counit c, cf. [Sch93, Theorem 3.2.7]. 

The following proposition is the analogue of one direction of Theorem 8.3.1, if 
A is the sum of first and second order terms of primitive elements, then A is the 
generator of a weakly Gaussian convolution semi-group in the sense of Bernstein. 

Proposition 8.3.3 Let A be a (braided) Hopf algebra, and let Xl, X 2 : A ~ <C 
be primitive linear functionals on A, i.e. Xi(ab) = Xi(a)c(b) +e(a)Xi(b), i = 1,2, 
for all a, b E A. Then Xl, and X 2 are generators of Gaussian convolution semi­
groups in the sense of Bernstein, and X 1X 2 is a generator of a weakly Gaussian 
convolution semigroup in the sense of Bernstein. 
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Proof: To show that A E {Xl, X 2 , X1X2} is (weakly) Gaussian in the sense of 
Bernstein we have to show that there exist Bi, B2 such that (B1 0c:+c:0B2) o<P = 
A0C:+C:0AI. 

It suffices to use that S(Xi) = -Xi since the Xi are primitive and (id 0 S) 0 

1l1(X2 0 Xt} = 1l1(S(X2) 0 Xl) = -1l1(X2 0 Xt} since we can pull the antipode 
across a braiding, and to take 

E.g. for the last case we get 

for A = Xl, 
for A = X 2 , 

for A = X1X2. 

1 1 
"2ß(X1X2) + "2(id 0 S) 0 ß(X1X2) 

1 
X1X2 0 c: + c: 0 "2(X1X2 + S(X1X 2)). 

• 
Remark: We see that S(X1X 2) = m 0 1l1(Xl 0 X 2) is also generator of a 

weakly Gaussian convolution semi-group. 
M. Schürmann has proposed an alternative definition, see [Sch93, Proposition 

5.1.1]. 

Definition 8.3.4 A functional A on abialgebra A is called quadratic, or a Gaus­
sian generator in the sense of Schürmann, if for all a, b, cE A with c:(a) = c:(b) = 
c:(c) = 0 follows 

A(abc) = O. 

This definition is more general in that it requires less structure on A, only the 
counit and the multiplication are needed. But, if A is actually a Hopf algebra (or 
a braided Hopf algebra), then we can show that this property implies that A is a 
generator of a weakly Gaussian convolution semi-group in the sense of Bernstein. 

Proposition 8.3.5 Let A be a (braided) Hopf algebra, and A : A ~ <B a quadratic 
functional. Then A gene rates a weakly Gaussian convolution semi-group in the 
sense of Bernstein. 

Proof: Let K = kerc:. We can write A as a direct sum A = K EB <BI, just set 
a = al + c(a)l, with al = a - c:(a) 1. The coproduct of an element a E K is of the 
form ß(a) = a 01 + 10 a + L: a~1) 0 a~2), with a~l), a~2) E K, and therefore S(a) 
is equal to -a plus some term in K2, more precisely, 

(8.6) 

Set AI = ~(A + A 0 S), Bi = B2 = ~A, then AI,Bl ,B2 are also quadratic 
functionals. We verify A Ci$) c: + c: 0 AI = (Bi 0 c: + c 0 B2) 0 <P with these definitions. 
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On 1 ® 1, 1 ® a, or a ® 1, with a E K, the equality is obvious. This leaves the case 
a ® b, a, b E K, to check. In this case both sides vanish, A(a)E:(b) + E:(a)(A(b) + 
A(S(b))j2 = 0, and 

Bl(ab) + B2(aS(b)) 

~ {A(ab) - A(ab) + LA(ab~l)S(b~2))} 
0, 

where we used Equation (8.6) for S(b). • 
8.3.3 The braided line 

Theorem 8.3.6 Let q E <r\{0}, q not a root of unity. The weakly Gaussian con­
volution semi-groups in the sense of Bernstein on the braided line IRq are exactly 
the convolution semi-groups whose generator is of the form 

with some constants ao, al, a2 E <r. Por q # 1 they are Gaussian in the sense 0/ 
Bernstein ifJ a2 = O. 

Remark: Using the duality of IRq with another copy of IRq we can write A as 
A = aoe: + alP + ffqp2, where p denotes the generator of the dual copy. 

Proof: Following Definition 8.3.2 we have to look for functionals B l , B2 such 
that we can write (Bl ® e: + c ® B2) 0 !J> in the form A ® e: + e: ® A'. 

A functional on IRq is characterised by its values on the monomials xn , so that 

using a dual copy of IRq with generator p, we can write Bi = I:~=o b~) pn, where 

b~) = B'(x,n) ,'i = 1,2. Composing Bl ® e: + e: ® B2 with !J> is equivalent to taking 
qn' 

!J>V(Bl ® C + e: ® B2 ), where !J>v is formally identical to !J>, but the coproduct, 
antipode, and multiplication are now those of the dual copy of IRq. 

One calculates !J>v (pn ® 1) = t1pn = I:~=o [ ~ L pli ® pn-II and !J>v (1 ® pn) = 

(id ® S) 0 t1pn = I:~=o [ ~ ] q (_l)n-II q (n-")(;-"-l) pli ® pn-II, and thus 

!J> V (Bl ® e: + e: ® B2) = L [ ~] (b~l) + (_l)n-1I q (n-")(;-"-l) b~)pll ® pn-II. 
n,1I q 

This expression has to be of the form A ® c + c ® A', Le. the coefficients of the 
terms pli ® pn-II have to vanish for 0 < IJ < n. This is the case if and only if all 
coefficients except b6i), b~i), b~i) are zero. For A this gives the form given in the 
theorem. 
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A is the generator of a Gaussian semi-group in the sense of Bernstein if we 
have A = A'. This implies that the coefficients of pn ® 1 and 1 ® pn have to be 
identical. This is the case if and only if all coefficients except b~l), b~l), and b~2) 
vanish. It follows that a2 = O. • 

8.3.4 The braided plane 

Theorem 8.3.7 Let q E <V\{O}, q not a root of unity. The weakly Gaussian 
convolution semi-groups in the sense of Bernstein on the braided plane <v~IO are 
exactly the convolution semi-groups whose generator is of the form 

A ( f: cnmxnym) = aooCoo + alOClO + aOlCol + a20C20 + anCn + a02Co2, 
n,m=O 

with some constants aOO, alO, aOl , a20, an, a02 E <V. 

Proof: We proceed as for the braided line. This gives the following conditions: 

b(l) + (_l)n-II+m- JL q(n-II+m- JL )(n-II+m- JL -l) b(2) = 0 
nm nm , 

if 1 ::; v ::; n - 1 or 1 ::; fL ::; m - 1. 

8.3.5 The braided q-Heisenberg- Weyl group 

• 

Proposition 8.3.8 Let q E <V\ {O}, q i:- 1, and q not a root of unity. The genera­
tors of weakly Gaussian convolution semi-groups in the sense of Bernstein on the 
braided q-Heisenberg- Weyl group are of the form: 

A CI=o cnm,anbme" ) 

aooocooo + alOOClOO + aOlOColO + aOOlCoOl + a200C200 + alOlClOl + a002Co02 

with some constants aOOO, alOO, aOlO, aOOl, ano, a020, aon . 

Remark: Using the dual of HW q constructed in Subsection 3.9.3, we see that 
the space of weakly Gaussian generators in the sense of Bernstein is spanned by 
{x, y, Z, x2 , z2 , xz}. But for q i:- 1, xy, y2, and yz do not generate weakly Gaussian 
convolution semi-groups, unlike in the classical case. This is due to the fact that 
y is no longer primitive. 

Proof: By Proposition 8.3.3 we know that x, y = xz - zX,z, x2, z2, and xz 
are generators of weakly Gaussian semi-groups, since x and z are primitive. The 
hard part of the proof is to show that none of the higher order terms generate 
Gaussian semi-groups. This involves rather tedious calculations, and we will only 
outline the major steps. 
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We take again two general functionals Bi = L:~m,r=O b~/nr, i = 1,2, and check 
when (pV(Bl ®€+€®B 2) = ß(Bd + (id®S) oß(B2 ) is ofthe form A®€+€®A', 

Le. under what conditions on the coefficients b~/nr the mixed terms vanish. We 
use the fact that HW~ is 7l2-graded with deg(x) = (1,0) and deg(z) = (0,1) to 
control which terms in the Bi contribute to a given term xn1 ym1 zr1 ® xn2 ym2 zr2. 

We check that x and z are indeed primitive, and use u = xZl __ ~zX instead of y, 
so that we can use Formula (3.28). The antipode of xnumzr can be written as 

nAr 
S(xnumzr) = L DnmrkXn-kum+rzr-k, (8.7) 

k=-m 

where the coefficients Dnmrk are defined via certain recurrence relations. No other 
terms can appear since S has to respect the grading. We will only need the 
explicit form of the antipode for a few lower order terms: S(x) = -x, S(z) = -z, 

S(x2 ) = qx2 , S(xz) = mo w(x ® z) = zx = xqz + (1 - ~) u, etc. 

Using Equations (3.28) and (8.7), and the values of DV/-Lpk for small v, JL, p, we 
can write down the conditions on the b~!m,r that are equivalent to the vanishing 
of the coefficient of xnlumlzrl ® XVu/-LzP in (pV(B l ® € + € ® B2 ). We get for 
(v, JL, p) = (1,0,0) and nl + ml + Tl > 0: 

for (v, JL, p) = (0,1,0) and nl + ml + Tl > 0: 

for (v, JL, p) = (0,0,1) and nl + ml + Tl > 0: 

and for (v, JL, p) = (0,0,2) and nl + ml + Tl > 0: 

Combining these equations we can show that b~l~r = b}?~r for n + m + T ~ 2, 
b~/nr = ° for n + m + T > 2, and, by looking at the cases for small nl, ml, Tl in 
detail, bi?o = b~~o = b~?l = 0, i = 1,2. This implies that A and A' have the form 
stated in the theorem. • 
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8.3.6 IRq-quantum convolution semi-groups 

We can also define the notion of (weakly) Gaussian IRq-quantum convolution semi­
groups on quantum/braided groups. Let p be the functional on IRq defined by 
p(xn) = 8no and <I> a IRq-quantum convolution semi-group. Then we define the 
generator of <I> as A<t> = <1>* (p) = p 0 <1>, and caU a IRq-quantum convolution semi­
group (weakly) Gaussian in the sense of Bernstein if its generator is the generator 
of a (weakly) Gaussian ces in the sense of Bernstein. With this definition we 
can immediately translate the previous results into characterisations of (weakly) 
Gaussian IRq-quantum convolution semi-groups. 

Theorem 8.3.9 The normed (i.e. A<t>(1) = 0) weakly Gaussian IRql-quantum con­
volution semigroups in the sense of Bernstein on the braided line IRq are of the 
form 

<I> • xk f4 ~ ( n ) a2n- k ak- n qk! (x,)n 
. ~ 2n - k 1 2 q~! ' 

n=r~ 1 

where al, a2 E <V are constants, and x, x' denote the generators of IRq and IRql, 
respectively. 

Proof: The possible generators were given in Theorem 8.3.6. This aUows to 
construct <1>* and thus <1>. • 

Remark: The IRq-qcs associated to Bozejko and Speicher's quantum Brownian 
motion is also weakly Gaussian in the sense of Bernstein (as a qcs!). 

REFERENCES 
The results of this chapter were first published in [FNS97a]. For other characteri­
sations of Gaussian (=quadratie) generators see [Seh93, Seetion 5.1]. 



Chapter 9 

Phase retrieval for 
probability distributions on 
quantum groups and braided 
groups 

Consider the following question: Under which conditions is a probability measure 
(on the realline e.g.) uniquely determined (up to a shift) already by the absolute 
value of its Fourier transform? In other words: When is it possible to retrieve 
the phase (up to a constant) from the absolute value of the Fourier transform? 
This problem has its origin in crystallography and there exists a vast literature 
on it (there was even a Nobel prize given for this subject), see e.g. Carnal and 
Fel'dman[CF95, CF97] and the references cited there. 

Let J.L be the law of a random variable X (on the realline) and 'P(u) (u E IR) 
its Fourier transform. Then 1'P(u)1 2 = 'P(u)· 'P(u) can be interpreted as the Fourier 
transform of the symmetrisation J.L * 7i (where 7i denotes the adjoint measure, i.e. 
the law of the random variable -X). So the above question can be reformulated 
in purely probabilistic terms: Under which conditions is a probability measure J.L 
uniquely determined by its symmetrisation J.L * 7i and the first moment of J.L? If one 
formulates the quest ion like this, it makes sense not only on vector spaces, but also 
on more general convolution structures. Carnal and Fel'dman[CF97] have treated 
this problem on Abelian groups. 

In this chapter, we will present the results of Franz, Neuenschwander, and 
Schott[FNS97b] for the problem of phase retrieval on nilpotent quantum groups 
and nilpotent braided groups: Given the symmetrisation J.L * 7i and the first mo­
ments of a unital functional J.L on A, when is it possible to retrieve the original 
functional J.L from these data? The somewhat surprising answer is that in this 
framework, the retrieval is always possible (provided that the quantum or braided 
group is "sufficiently" non-commutative, e.g. if q is not a root of unity). By defini­
tion functionals on quantum groups have all moments and are uniquely determined 
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by them. So it will suffice to show that the moments of the symmetrisation and 
the first moments of I-" together allow to calculate all moments of I-" recursively. 
Observe that one can not expect to be able to remove the condition of knowledge of 
the first moments of 1-", since already on the classical realline, in the best possible 
case, I-" can be determined by its symmetrisation only up to a shift. The situation 
on nilpotent quantum groups and nilpotent braided groups is in sharp contrast to 
the classical case of simply connected nilpotent Lie groups, where the moments 
can not be retrieved, as we see in Section 9.1. 

9.1 CLASSICAL SIMPLY CONNECTED 
NILPOTENT LIE GROUPS 

A simply connected nilpotent Lie group is a Lie group G with Lie algebra 9 such 
that exp : 9 -+ G is a diffeomorphism and that the descending central series is 
finite, i.e. there is some rEIN such that 

where 
90:= 9, 9k+l:= [9,9k] (0 ~ k ~ r -1). 

Gis then called step r-nilpotent. So G may be interpreted as lRd equipped with a 
Lie bracket [., .] : lRd x lRd -+ lRd which is bilinear, skew-symmetric, and satisfies 
the Jacobi identity 

[[x, yl, z] + [[y, z], x] + [[z, x], y] = 0. 

The most prominent examples are the so-called Heisenberg groups HW d , given by 
lR2d+1 and the Lie bracket 

[x,y] := (O,O,(XI,yl)_(XIl,yll)) 

(x = (XI,XIl,XIll),y = (yl,yll,ylll) E lRd X lRd X lR ~ lR2d+1). 

Consider an adapted vector space decomposition of G = 9 (see [GKR77]), Le. 

r 

G ~ 9 ~ lRd ~ EB Vi 
i=l 

such that 
r 

EB Vi = 9k-l· 
i=k 

Then on the "first layer" V1 , the group multiplication always re duces to Euclidean 
addition +. But on the real line, a straightforward calculation of the 3rd and 
the 4th moment of the symmetrisation shows that the above-mentioned moment 
retrieval is not possible. On the line: 

E(X - X 1)4 2E(X4 ) - 8E(X 3)E(X) + 6E(X2 )2, 

E(X - X 1)3 = 0. 
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It would also be interesting to characterise classes of probability measures for which 
the phase retrieval is nevertheless possible on nilpotent (and even more general) 
Lie groups. 

9.2 THE PHASE PROBLEM ON THE BRAIDED 
LINE 

We consider first the braided line (see Subsection 3.9.1), because it turns out to 
be typical, but at the same time simpler since it has only one generator. 

On quantum groups and braided groups the antipode plays the role of the 
inverse, so that the symmetrisation of a functional I/> : ß -+ (Jj is defined by 

I/> * (fi = (I/> ® (I/> 0 S)) 0 .6.. 

Proposition 9.2.1 Let q E (Jj\{O}, q not a root 0/ unity. A unital functionall/> 
on IRq is uniquely determined by its symmetrisation I/> * (fi and its first moment 
I/> (x ). 

n [n] ~ Proof: We have .6.(xn) = .Ev=o v q xv(x,)n-v, and S(xn) = (-l)n q 2 xn, 

and thus 

I/>*(fi(xn) = I/>® (l/>oS) o.6.(xn) = t [ ~] (_1)n-v q(n-v}(n-v-l)/21/>(xv)l/>(xn- v). 
v=o q 

If q is not a root of unity this gives a recurrence relation that allows to calculate 
all moments of I/> except the first from those of the symmetrisation I/> * (fi, we get 
I/>(xn) = 

1 {(</J * 4») (xn) _ ~ [ n] q(n-v)(n-V-l)/2</J(XV)</J(Xn- v)}. 
1 + (_1)nqn(n-l)/2 L...J 11 

v=l q 

9.3 THE PHASE PROBLEM ON NILPOTENT 
QUANTUM OR BRAIDED GROUPS 

• 

Looking at the classical case and at the braided line, we see that it is sufficient for 
retrieving a certain moment I/>(xn) if S(xn) :P -xn, (if we suppose that all other 
moments are already known). In the classical case this is true for even moments, 
thus symmetrical measures can be retrieved, if they are uniquely determined by 
their moments, see [CD89, Proposition 2.2]. On the braided line this is true for all 
powers of the generator x except the first, thus all moments except the first can 
be retrieved (Proposition 9.2.1). 
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This argument can be extended to a dass of quantum groups or braided groups 
called strongly nilpotent or S-nilpotent. In addition to the condition from Defi­
nition 8.2.1, these quantum or braided groups have to satisfy a condition on the 
antipode. 

To be able to retrieve the values on a basis element X n of a functional on 
these groups from its symmetrisation and its 'first' moments, it is sufficient, if the 
coefficient of X n in the expansion of S(xn ) is not equal to -1, see Theorem 9.3.2. 

To formulate this rigorously, we need the following definition. 

Definition 9.3.1 A quantum group or braided group ß is called S-nilpotent or 
strongly nilpotent, if there exists a basis {D., a,j Z E I}, indexed by a well-ordered 
set I, such that 

ß(a,) - a, ® D. - D. ® a, ~ ß<, ® ß<, 

S(a,) ~ ß~, 

(9.1) 

(9.2) 

for alt z EI, where ß<, = span{D.,a,'jz' < z}, ß~, = span{D.,a,'jz' ~ z}. Bases 
that satisfy these conditions will be called adapted. 

Remark: If we require only condition (9.1), then we have the notion of 
nilpotency introduced in Subsection 8.2.1. It was motivated by the fact that 
the Hopf algebra of polynomials on a connected, simply connected nilpotent Lie 
group can be characterised in this way. But in that case we have S(X~l ... x~n) = 
(_I)kl+··+knx~l .. ·x~n, so condition (9.2) is also satisfied. 

On non-commutative nilpotent quantum groups and nilpotent braided groups 
there exist bases that satisfy (9.1), but not (9.2). Take for example the free 
algebra (1;( (x, y)) with two primitive generators, then the basis of monomials 
{D., x, y, x2, y2, xy, yx, x3 , .•. } (take any order such that a < b if the total de­
gree of ais less than that of b) satisfies (9.1), but not (9.2), since S(xy) = yx and 
S(yx) = xy. But we have S2 = id, so we can choose a basis that diagonalises 
S for each of the subspaces with total degree n, and the union of these bases, 
{D., x, y, x2, y2, xy + yx, xy - yx, x3 , •.. }, satisfies both (9.1) and (9.2). We do not 
know if their exist quantum groups or braided groups that are nilpotent, but not 
S-nilpotent. 

Theorem 9.3.2 Let ß be an S-nilpotent quantum group or S-nilpotent braided 
group, with the adapted basis {a,j Z E I} and let K ~ I. Suppose furthermore that 
the coefficient s", of S(a,) in the expansion S(a,) = Lk<' S"kak is not equal to -1 
for alt Z E I\K. Then a normalised functional ljJ : ß --t - (I; is uniquely determined 
by its symmetrisation ljJ * ~ and its moments on {ak j k E K}. 

Proof: We can give an explicit procedure to calculate the moments of 1jJ. Let z be 
the smallest index in I for which we do not yet know ljJ(a,). Then 

(id ® S) 0 ß(a,) = 1 + s, ,+ '""' C(,t) "at' ® a," 
, ~ t,t 

1/ ,t"<! 
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and thus, since S." 1:- -1, 

• 
For example on 1R the basis could be chosen as {xn ; n E lN}, and the set of 

moments that have to be known to recover the measure is K = {2n + 1; nE lN}. 
On the braided line we have only K = {I}. 

9.4 ON THE BRAIDED PLANE 

The braided plane <B~IO (see Subsection 3.9.2) is S-nilpotent, and an adapted basis 
if given by {xnym;n,m E lN}, where'I = {(n,m);n,m E lN} is taken with the 
order defined by (nI, mt} ~ (n2, m2) if and only if nl ~ n2 and ml ~ m2. 

To see that this basis is really adapted, recall 

(9.3) 

Proposition 9.4.1 Let q E <B\{O}, q not a raot oj unity. A unital junctional 4J 
on the braided plane <B~lo is uniquely determined by its first moments 4J( x), 4J(y), 

and its symmetrisation 4J * (ß. 

Proof: This follows immediately from Theorem 9.3.2 with Equation (9.3), if we 
take K = {(O, 1), (1, On. • 

9.5 ON THE BRAIDED HEISENBERG-WEYL 
GROUP 

Our last example will be the braided Heisenberg-Weyl group HW q (cf. Subsection 
3.9.3). 

We shall now derive some properties of the coproduct and the antipode of 
HW q, in order to show that HW q is S-nilpotent, and to determine which moments 
are necessary to characterise a functional on HW q by its symmetrisatin. 

This algebra is graded with deg(a) = (1,0), deg(c) = (0,1), since the relations 

(3.25) and (3.26) are homogeneous. Let Hw~n,m) be the subspace of elements of 
degree (n, m). The braiding of two homogeneous elements is given by 

(9.4) 
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This, together with the definition of the coproduct on the generators, implies 
that Equation (9.1) holds for any basis of homogeneous elements ordered by their 
degree. 

Equation (9.2) can also be satisfied, because 

(9.5) 

and thus there exists a basis of homogeneous elements that diagonalises 8. This 
basis, if ordered by the degree, is obviously adapted, and HW q is thus S-nilpotent. 

Equation (9.5) can be shown by complete induction. It is true for HW~O,O) = 
<Vn, since 8 2 (n) = n. Let now u E Hw~n,m), then with Equation (9.4) 

w2(a Q9 82(u)) = q2n-ma82(u), 

= cp2(c Q9 82(u)) = q2m-ne82(u). 

Proposition 9.5.1 Letq E <V\{O}, q not a root ofunity. Then a unitalfunctional 
cjJ on HW q is uniquely determined by the moments 

cjJ(a) , cjJ(e) , cjJ(aea) , cjJ(eae) , cjJ(aaee - q2eeaa), cjJ(aeae - qeaea), 

and its symmetrisation cjJ * <[>. 

Proof: After the preceding discussion we know that there exists an adapted basis 
of eigenvectors of 8, so that, by Theorem 9.3.2, all that remains to be done is 
to determine the eigenspace E_1 of the eigenvalue -1. By Equation (9.5) the 

n(n-l)+n1.(-m-l)-nm 
only possible eigenvalues of 8IHW(n,m) are ±q 2 • But n(n - 1) + 

• 
m(m - 1) - nm =f ° for all (n, m) except (0,0), (1,0), (0, 1), (2, 1), (1,2), (2,2), so 
that E_ 1 ~ HW~O,O) E9 HW~l,O) E9 HW~O,l) E9 HW~2,1) E9 HW~1,2) E9 HW~2,2) =: A, 
A simple calculation (note E_ 1 = (id - 8)(A), since 8 is involutive on A) gives 

E_ 1 = span {a, e, aea, eae, aaee - q2 eeaa, aeae - qeaea} , 

and this proves the proposition. • 
REFERENCES 

This chapter is taken from [FNS97b]. 
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Limit theorems on quantum 
groups 

Limit theorems are a fundamental part of probability theory. Such theorems have 
been proved over the last decades for Lie groups [GKR77] and commutative hy­
pergroups [BH95] but only few limit theorems exist in the quantum group case. 
In this chapter we present different aspects of that theory. In Section 10.1, the 
general results for limit theorems on bialgebras due to Schürmann [Sch93] is pre­
sented. Then a randomised q-central (or q-commutative) limit theorem on a family 
of bialgebras with one complex parameter is shown in Section 10.2. This result is 
due to U. Franz [Fra98]. Section 10.3 is devoted to Woronowicz results [Wor87] 
on convergence of convolution products of prob ability measures to the Haar func­
tional on compact quantum groups. A q-centrallimit theorem for Uq(su(2)) has 
been proved by R. Lenczewski [Len93, Len94], this result is stated in Section 10.4 
as weH as a weak law of large numbers which derives easily from the centrallimit 
theorem. Then we recall D. Neuenschwander and R. Schott's (cf. [NS97]) results 
on domains of attraction for q-transformed random variables in Section 10.5. 

10.1 ANALOGUES OF THE LAW OF LARGE NUM­
BERS AND THE CENTRAL LIMIT THEOREM 

The most general result is probably the foHowing theorem due to M. Schürmann. 

Theorem 10.1.1 [Sch93, Theorem 6.1.1] Let 'Pnb nEIN, k = 1, ... , kn (kn E 
IN), be linear functionals on a coalgebra C satisfying 

(i) 'Pnl, ... , 'Pnk n commute for each nEIN with respect to convolution, 

(ii) limn-too lim199n 1('Pnk - c)(c)1 = 0 tor alt c E C, 

(iii) sUPnEIN L:199n 1('Pnk - E)(c)1 < 00 tor all c E C. 
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Furthermore, suppose that there is a linear functional 'IjJ on C such that for all 
cEC 

J~~ ( L (CPnk - e)(c)) = 'IjJ(c). 
199n 

Then 

lim ( iI cpnk) (c) = (exp* 'IjJ)(c) 
n-+oo 

199n 

for all c E C (where the product I1* is the convolution product). 

Let us look at a corollary of this theorem for lN-graded coalgebras. Let C be 
an lN-graded coalgebra i e C = lT'I c(n) and Ac(n) C lT'I c(nd ® c(n2) , . . WnEIN - Wnl+n2=n . 
Then we can define a scaling s : Q: x C -+ C by setting 

s(z)c = z-deg(c)c, 

for c E C(deg(c)), and extending linearly in the second argument. With this defini­
tion we have (cp * 'IjJ) 0 s(z) = (cp 0 s(z)) * ('IjJ 0 s(z)) for all linear functionals cP, 'IjJ 
on C and all z E Q:. 

Corollary 10.1.2 ([Sch93, Theorem 6.1.3]) Let C be an lN-graded coalgebra and 
let K, E lN. If a linear functional cP on C satisfies 

(i) cplc(I) = 0 for 0 < I < K" 

(ii) <pleco) = elero), 

then for alt c E C 

where g<p denotes the linear functional on C with 

g<p IC(I) 

g<plcr,,) 

o for alt I :j:. K" 

cpIC(K) . 

Remark: For K, = 1 this can be considered as a generalised weak law of large 
numbers, for K, = 2 as a generalised centrallimit theorem. 

The braided line 

The study of the 'q-convolution' and related limit theorems was initiated by 
Ph. Feinsilver [Fei87]. In this case the convolution can be defined via a q-charac­
teristic function, and it is therefore possible to consider also measures that are not 
characterised by their moments. Thus we can look e.g. for analogues of stable laws 
(cf. [NS97]). 

Application of Corollary 10.1.2 gives the following result. 
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Proposition 10.1.3 Let K, E IN, ep : IRq -t «; normalised (i.e. ep(l) = 1), and 
ep(x) = .,. = ep(X"'-I) = 0. Set epn = ep*n 0 s(n l /"'), then 

where c = ep(x"')/q",! 

lim epn = eCP~ , 
n ..... oo 

For Iql < 1, Neuenschwander and Schott's result [NS97] allows to extend the 
previous proposition to K, E]O, 2[, if e CP" is interpreted as the q-characteristic func­
tion of the limit distribution. 

10.2 A MIXED QUANTUM-CLASSICAL CENTRAL 
LIMIT THEOREM 

Let us now" present the randomised central limit theorem of [Fra98]. This work 
was motivated by a non-commutative limit theorem due to Speicher [Spe92], in 
which the commutation relations of the quantum random variables are given by 
classical {-I, 1 }-valued random variables, i.e. Bernoulli random variables. 

In Franz' work it is the coproduct that depends on a sequence of i.i.d. complex­
valued random variables. This also leads to q-commutation relations for the in­
crements, but with less independence in the choice of the commutation factors. 
The limit distribution can be expressed as an exponential with respect to a (non­
associative!) averaged convolution. 

We begin by briefly recalling the results of Speicher [Spe92] and Schürmann 
[Sch93]. 

In Subsection 10.2.1, we introduce the bialgebras used to formulate the main 
theorem (Subsection 10.2.2), and the algebra structure of their duals. 

Finally, in Section 10.2.3, we show how explicit formulas for the moments and 
their associated measures were obtained using dual representations. 

Let q E «; be a fixed complex number, and XI, X2,'" a sequence of quantum 
random variables that satisfy 

for n > m, and set 
- Xl + ... + XN 
SN = --y'N-"N=--

If, for nEIN, we have e.g. (0, xnO) = (0, x~O) = (0, x;O) = (0, (x~)20) 
= (0, xnx~O) = 0, (0, x~xnO) = g E ffi+ in the vacuum state 0, then the 
moments of (SN, SN) (in the state 0) converge for N -t 00 to those of the quantum 
Azema process, cf. [Sch91b]. 

If we take instead quantum random variables Xl, X2, ... , whose commutation 
relations are determined by classical i.i.d. random variables (cmn)n,mEIN, P(cnm = 
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€mn = +1) = p, P(€nm = €mn = -1) = 1 - p, P E [0,1], 

(no relations between xn and x:n) and set again 

A Xl + ... + XN 
SN = v'N ' 

then the moments of ( SN, SN) converge for N -t 00 to those of Bozejko and 
Speicher's q-Brownian motion[BS91, BKS96], see [Spe92]. The parameters q and 
p are related via q = 2p - 1. 

Define w = ( ~ ), 

x=(~ ~), y(q) = (~ ~), 
for q E <V, then we can realize the quantum random variables (Xn)nEIN and (Xn)nEIN 

on the infinite tensor product (<v2 )®IN,w of <v 2 (as a Hilbert space, the product 
being taken with respect to the sequence Wn = w) as 

Xn = y(q) ® ... ® y(q) ®x ® 1 ® 1 ® ... , 
.", , ... 

n - 1 times 

xn = Y(€n,t} ® ... ® Y(€n,n-t} ® x ® 1 ® 1 ® .... 

The state is given by n = W®IN. 

In this realization the following amounts to replacing the parameter q in the 
definition of xn by complex-valued random variables (qi)iEIN, Le. we set X n = 
y(qt) ® ... ® y(qn-t} ® x ® 1 ® .... But, in order to stay in abialgebra framework, 
we get less independence than in the commutation factors of the Xn. It turns out 
that an increment X n has to satisfy the same commutation relation either with all 
preceding or with all following increments, Le. we have two possible cases 

a) XnXm 

b) XnXm 

10.2.1 The family of bialgebras 

for n > m, 

for n > m. 

Let A be the (unital, associative) *-algebra generated by x, x*, and {Yai a E 
<V\ {O}} with the relations y~ = Yii, and 

YaYß = Yaß for a,ß E <V\{O}, YI = 1. 

Note that degx = degx* = 1, degYa = 0 for all a E <V\{O} defines a grading, 
and so we can intro du ce a scaling map s(r) : A -t A, for r E IR, by setting 
s(r)a = r-degaa on homogeneous elements. 
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A basis of A is given by 

ß = {Yow;w a word in the two letters x,x*, and 0: E <V\{O}}. 

On this algebra we can define a whole family of coalgebras, depending on one 
parameter q E <V\{O}, namely, 

D..qx = x0Yq+10x, D..qx* = x0Yq+10x*, D..q(Yo) = Yo 0yo for 0: E <V\{O}, 

and cq(x) = cq(x*) = 0, cq(Yo) = 1 for all 0: E <V\{O}. In fact, this is a Hopf 
algebra with the antipode Sq : A -+ A, 

Using these different coalgebra structures one obtains different multiplications 
for functionals on A, i.e. a one-parameter family of convolutions, 

for linear functionals <p, 'ljJ : A -+ <V. . 
For a word w in the two letters x; x*, let x( w) be the functional defined by 

on the basis ß. 

if w = w', 
else 

Then U = span {x(w); w a word in the two letters x, x*} is a subalgebra of the 
dual of A (with the multiplication mq = D..~). Let a E A, D..qa = l: a~l) 0 a~2), 
then the product X(w) *q X(w') is defined by 

(x(w) *q x(w')) (a) = L x(w)(a~I))x(w')(a~2)). 
We get by induction 

t [~] X"0xn- I Yqv 
11=0 q 

~ [ ~ L (x*)" 0 Yqv(x*t- II
, 

h [ n ] qn! 'TIn ",n 11-1 qn_l d f th' w ere 11 q = qv!qn-v!' qn' = 11=1 qll' qn = 611=1 q = q-l' an rom lS 

we can calculate the coproduct of any element of A. 
To calculate the product X(w) *q X(w'), we have to see what elements of A 

have a term Yow 0 Yßw' in their coproduct. Since the coproduct does not change 
the total number of x's and x* 's, but just splits a word into two, the product has 
to do the inverse. We get 

x(w) *q X(w') = L C~,WI (q)X(v), (10.1) 
v 
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where v runs over a11 words that can be obtained by shufHing w and w', and the 
c~ w' are polynomials in q and q-l. To get the explicit expression, use the fo11owing 
pr~cedure. 

In the first term v is simply the concatenation of wand w', and the coefficient 
is equal to one. Then move the letters of w to the right, without changing their 
order, and multiply by q every time an x is moved to the right past another x, 
and by q-l every time it is moved past an x*. When moving an x* to the right 
take the conjugate factors, Le. a ij when it is moved past an x, and a ij-l when it 
is moved past an x*. We get e.g. 

x(x) *q X(x) 

X(x) *q X(x*) 

X(x*) *q X(x) 
X(x*) *q X(x*) 

(1 + q)X(xx), 
X(xx*) + q-IX(x*x), 

= X(x*x) + ijX(xx*) , 
(1 + ij-I)X(X*X*). 

We will also need the averaged convolution (w.r. t. to a Q;\ {O}-valued random 
variable q) defined by 

UI*U2 = 1E(UI *q U2), 
Le. UI *U2 is the functional defined by UI *u2(a) = J(UI ® u2)(.6.q (a))dJ.L(q), where 
J.L is the law of q. This binary operation conserves positivity, but in general it is 
not associative. 

10.2.2 The central limit theorem 

We will now show that the functionals 

a) <p~ ((<p *ql <p) *q2 <p) *qS ..• *qN-l <p 0 s(VN) 

(<p ® ... ® <p) 0 (.6.q1 ® id®N-2) 0···0 .6.qN _ 1 0 s(VN) 

b) <p~ <P*qN-l ···*qS (<P*Q2 (<P*ql <p)) os(VN) 

= (<p ® ... ® <p) 0 (id®N-2 ® .6.q1 ) 0···0 .6.qN _ 1 0 s(VN) 

converge for appropriately chosen functionals <po 
In the realization from the beginning of this section, with <p(.) =< W, • W > and 

for a non-commutative polynomial P(x,x*), we can write 

with 

and 

<p~,--t(P(x,x*)) = (D.,P(SN,SN)D.), 

(N) + + (N) S - Xl ... xN 
N - ..JN 

= 1®···®1®x®y(qn)®···®y(qN-I) --.....-..... 
n - 1 times 

1 ® ... ® 1 ®x ® y(qN-n) ® ... ® y(qN-n), 
--.....-.....' v ' 

n - 1 times N - n times 
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where, as one verifies easily, the increments x~) satisfy commutation relations 

We state now our result. 

for n > m, 

for n > m. 

Theorem 10.2.1 Let (qn)nEIN be i.i.d. random variables with values in <V\{O} 
such that 1E(lqil) < 00 for all m E 'll, and let <p : A -t <V be a normed functional 
in U. Suppose furthermore that<p is centralised, i.e. <p(x) = <p(x*) = O. 

Then the moments of 

<p~ = ((<p *ql <p) *q2 <p) *qS ... *qN-l <p 0 s(VN) 

<pf- <p *qN-l ... *qS (<p *q2 (<p *ql <p)) 0 s(VN) 

converge for N -t 00 in probability to those of the functionals 

<p~ exp .. ,-t 9 ='C + 9 + 9*9 + (9*9)*9 + ... , 
<Pr:. exp .. +- 9 = c + 9 + 9*9 + 9*(9*9) + ... , 

where 9IA(2) = <p, and 9IA(k) = 0 for k -::j:. 2. 

Proof: We will only prove this for <pI!,., since the convergence of <pf- can be 
shown in the same way. 

We can write <p as 
<p = c + 9 + ep, 

where ep vanishes on homogeneous elements of degree less than three. 
Let us first assurne ep = 0, i.e. <p = c + 9,9 = 91X(XX) + 92X(X*X) + 93X(XX*) + 

94X(X*X*), To simplify the notation we assurne in fact 9 = X(x*x). 
Then the functional 

can be written as 
N _" ft'(Q1, ... ,qN-d () 

<P-t - W ~ X v, 
v N 2 

where lvi denotes the length of v. The coefficients f: (q~f!/.N-tl will be some ratio­

nal functions of Q1, ... , QN -1, as can be seen from the recurrence relations below. 

To prove the theorem for this case it is sufficient to show that 1E (fI7(q~i:lN-l)) 

converges and that Var (f:(q~i:~1N-tl) go es to zero for N -t 00 (and fixed v). 

We will do this by induction over the length of v. The coefficient of 1 (the empty 
word) is constant and the coefficient of the only word with lvi< 4 that occurs, 
i.e. v = x*x, is equal to N, so the induction hypothesis is satisfied for lvi< 4. Let 
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c~ w' (q) denote the coefficients of the multiplication, as in Equation (10.1). We 
ha~e the following relations for 1;;+1 (ql, ... , qN), 

v': Jv'J=JvJ-2 

or 

N-l 
1;;(ql, ... ,qN-l) = L 

k=W v': Jv/J=JvJ-2 

and therefore 

lE (1;;(Ql, ... ,qN-d) 
NW 

= ~ ~ "lE( v ( ))lE (1:,- l (Ql, ... ,Qk_2)) 
N L...J L...J Cv' ,x'x Qk-l ~ 

k=W v': Jv'J=JvJ-2 N 2 

~ " lE( v ( ))" (k-l) lE lVI (Ql, ... ,Qk-2) N-l ~ (k-l ) 
N L...J CV',X'X Qk-l L...J ~ ~ 

v': Jv/J=Jvf-2 k=W N 2 (k - 1) 2 

N-too ~ L lE( v ()) l' lE (ltf(Ql, ... ,QN-l)) --+ I I CV' x'x Ql 1m 1 .. /1 v ' N-too N~ 
v': Jv'J=JvJ-2 2 

(10.2) 

The same technique works for the limit of the variance. Let us suppose that 
Var U;;(Ql, ... ,qN-l)) is bounded by KvNJvJ-l, which is obviously true for lvi = 
0,1,2,3. Then, by 

k=W v': Jv'J=JvJ-2 

< NJvJ-l L lE ((c~/,x'x(qd)2) KV' 
v': Jv/J=JvJ-2 

it is true for all v, and therefore Var (t,;V(q~~qN-ll) N..:::!..:f O. So, for N -t 00, 

the coefficients f/: (qI "'il. QN - ll converge to the expectation in prob ability, and this 
N2 

limit can be calculated recursively over the order of v with Equation (10.2). This 
shows that for 'P = € + g the functionals 'P~ tend to 

€ + g + g*g + (g*g)*g + ... = exp .. -t(g). , 
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As in [Sch93, Theorem 6.1.3] the contributions of the higher order terms con­
tained in r:p vanish in the limit, because they pick up higher orders of the scaling 
factor N-1 . • 

10.2.3 Special cases 

We will now show how dual representations can be used to give explicit expressions 
for the moments of the limit functional. If <P is a functional on abialgebra A, then 
we can associate the operators PR(<p), pd<p) : A --+ A to it by 

where ~(a) = E a~l) ® a~2), i.e. by the right and left dual representation. The 
functional <P can be retrieved from these operators, since <P = €OPR(<p) = €Opd<p). 
Also, the map PR : A* --+ Hom(A) (resp. PL : A* --+ Hom(A)) is a homomorphism 
(resp. anti-homomorphism), i.e. 

Let A be as before, Pq the right dual representation W.r.t. ~q, and define 

Rq = Pq(X(x*x)) = (id ® X(x*x)) 0 ~q, 

These can be used to calculate the moments of eXP",-f' since 

If q is real, then, for polynomials j(z) in the variable z = x + x*, we have 

R j(z) = f(qz) - fez) - z(q - 1)f'(z), 
q Z2(q - 1)2 

i.e. Rq is the generator of the Azema martingale, see Page 127 or [Fra97, Fra99] 
to see how this can be derived using Hopf algebra duality and a Leibniz formula. 

On monomials we get Rqzn = kn(q)zn-2, kn(q) = E~:i vqn-v, for n 2:: 2, 
Rqz = Rq1 = O. R follows by averaging over q. 

Thus we have the following result. 

Proposition 10.2.2 Let q be a random variable with values in IR\{O} and suppose 
that all its moments are finite, i.e. 1E(lqln) < 00 jor all nEIN and denote by * 
the averaged convolution with respect to q. Then 

h k- ",n-l 1E( n-v) w ere n = L.."v=l V q . 

if n is even, n = 2m, 
if n is odd, 
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Proof: Apply exp .. -t X(x*x) = cO eR to (x + x*)n, which gives the desired ex­
pression since R(x +- x*)n = kn(x + x*)n-2. • 

Remark: Similarly, the left dual representation can be used to compute 
exp;;;,t-(g). 

Examples: 

• In the deterministic case, i.e. if P(q = qo) = 1 for some qo E IR\{O}, we get 
the marginal distribution of the Azema martingale with parameter qo . 

• For Bernoulli random variables, i.e. if P(q = 1) = p, P(q = -1) = 1 - p, for 
some p E [0,1], we obtain 

rn-I 

IPoo ((x + x*)2rn) = II (1 + 2ILP) 
/.'=0 

10.3 CONVERGENCE TO THE HAAR MEASURE 
ON COMPACT QUANTUM GROUPS 

We know that on a compact topological group G (with countable basis) the convo­
lution powers of an adapted prob ability measure converge weakly to the Haar mea­
sure, i.e. to the unique bi-invariant prob ability measure on G, see, e.g., [GKR77]. 
A probability measure is called adapted, if the closed subgroup generated by the 
support of the measure is equal to G. Woronowicz has shown a similar result for 
compact quantum groups, in this case the condition of adaptedness is replaced 
by a condition of faithfulness. Astate rjJ on a *-algebra A is called faithful, if 
rjJ(a*a) = 0 implies a = 0 for all a E A. 

Woronowicz' result is as follows: 

Theorem 10.3.1 [Wor87, Theorem 4.2} Let (A, ß) be a compact quantum group 
(see Definition 3.11.1). Then the iterated convolution of every faithful state on 
A converge to the Haar state in the pointwise Cesaro-limit, i.e. we have for any 
faithful state rjJ on A, 

h(a) = C-lim rjJ*n(a) for alt a E A, 
n-too 

where h is the Haar state (see Theorem 3.11.3 for existence of the Haar state). 

10.4 q-CENTRAL LIMIT THEOREM FOR Uq(su(2)) 

It has been proved by R. Lenczewski [Len93] that more precise statements for limit 
theorems can be given for specific quantum groups (for example for Uq (su(2))). 
We present these results in this section. 
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10.4.1 Introduction 

Let q > 0, q i- 1. By Cq we denote a uni tal *-algebra over «; generated by the set 

where e* = fand t, Cl are hermitian, Le. t* = t, (t-1)* = Cl, subject to relations 

with the coproduct 
ß : Cq -+ Cq ® Cq 

ß(w)=C1®w+w®t, ßW")=tU®tU, ß(l)=l®l, 

where a E {I, -I}, W E {e, f}, the counit 

and the coinverse 
S : Cq -+ Cq 

S(w) = -twC1, S(t) = t-1, S(t-1) = t. 

It can be easily checked that Cq is a *-Hopf algebra. Note that if we add the 
relation 

t2 _ t- 2 

[e, fl = q2 _ q-2 

then we obtain Uq (su(2)), the q-deformed universal enveloping algebra of su(2) 
(note that ß, € and S preserve this relation). 

On Cq we define two gradations: 

(i) d(e) = d(f) = 1, d(t) = d(t-1 ) = d(l) = 0, with the direct surn decornposition 

Cq = (Cq)(o) ~ (Cq)(l) ~ ... 

(ii) b(f) = -1, b(e) = 1, b(t) = b(C1) = b(l) = ° with the direct surn decornposi-
tion 

Cq = ... ~ C~-l) ~ C~o) ~ C~l) .... 

Definition 10.4.1 We will say that the functional fjJ E C; is even if fjJ vanishes 

outside C~o). This means that the only correlations which don't vanish are those 
for which the number of e 's is equal to the number of f 'so 

The N-th iteration of the coproduct ß is defined as ßN = (ßN-1 ® id) 0 ß 
with ß1 = ß. It can be seen that in the case of Cq and Uq(su(2)) it takes the form 

N 

ßN_1(tU) = (tu )0N, ßN-1(W) = I>i,N(W), 
i=l 
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where 

Thus, ßN-l(e) and ßN-l(f) can be viewed as sums of "q-independent" random 
variables. They satisfy the q-commutation relations 

where u, W E {e, J} and q( u, w) is the commutation factor given by 

q(u, w) = q2b(w)+2b(u) 

for i < k, i.e. q(e,f) = q(f,e) = 1, q(e,e) = q4, q(f,f) = q-4. 
For given functionals cp, 'I/J on abialgebra C* , their convolution is the functional 

defined as 

The N-th convolution power of cp E C* will be denoted by cp~, Le. 

cp~ = cp * ... * cp (N times). 

It is well-known that it can be expressed in terms of the N - 1-th coproduct 
iteration as cp~ = cp®N 0 ßN -1. 

In convolution-type limit theorems for Cq and Uq (su(2)) we need to evaluate 

where Vi, ... , Vn E {e, J, t, t- l }, rescale the variables Vi -+ TN(Vi) and their prod­
ucts in an appropriate way, then evaluate the pointwise limit 

and finally, find the GNS realization of the limit law. 
By an ordered partition of the set I = {I, ... ,p} we understand the r-tuple 

5 = (51, ... ,5r ) of mutually disjoint and nonempty subsets of I, for which 

1= 51 u ... u 5r . 

By the signature of 5 we understand the r-tuple (tSll· .. ,'YsJ, where 'YSk = #5k • 

The signature is even if 'Ysk is even for each k. Then 5 is also called even. The 
set of all (all even) ordered partitions of I = {I, ... ,p} is denoted Pp (P;). An 
inversion of 5 is a pair (i,j), such that i E 5k , j E 5m , i > j, k < m. The set of 
all inversions of 5 is denoted Ws. 
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10.4.2 A q-Central Limit Theorem 

A q-analogue of the convolution limit theorem was derived for Cq and Uq (su(2)) 
in [Len93] (extended in [Len94] to Jimbo-Drinfeld quantum groups Uq(g) and the 
associated *-Hopf algebras) under the assumption that the state rjJ is a homomor­
phism on <v[t, r 1]. We summarise these results here. 

Definition 10.4.2 Let ß c A be associative unital *-algebras and let rjJ be astate 
on A. We say that rjJ is left or right ß-independent if 

rjJ(ba) = rjJ(b)rjJ(a) or rjJ(ab) = rjJ(a)rjJ(b), 

respectively, for alt a E A, b E ß. 

Proposition 10.4.3 Let ß c A be associative unital *-algebras and let rjJ be a 
state on A. Then rjJ is left and right ß-independent iff the restrietion of rjJ to ß is 
a unital *-homomorphism. 

Proof: Clearly, if rjJ is left and right ß-independent, then it is a unital *-homo­
morphism on ß. Conversely, if rjJ is a unital *-homomorphism on ß, then we use 
the Cauchy-Schwarz inequality to obtain 

IrjJ((b - rjJ(b))a) I :S JrjJ(a*a)rjJ((b* - rjJ(b*))(b - rjJ(b))) = 0 

for any b E ß and a E A. Thus, 

rjJ(ba) = rjJ(b)rjJ(a) 

and rjJ is left ß-independent. In a similar fashion we show that it is right ß­
~~ffi&~. • 

Corollary 10.4.4 If rjJ E Cq is a non-trivial *-homomorphism on <v[t, r 1], then 
it is even. 

Proof: If cE (cq)(r) and n E 7l, then 

rjJ(tnc) = q2nr rjJ(ctn). 

By Proposition 2.2, rjJ is right and left <V[t, t-1]-independent and thus we obtain 

and therefore, since rjJ(t) I- 0 and 0< q < 1, we must have rjJ(c) = 0, Le. rjJ vanishes 
outside (Uq ) (0), Le. rjJ is even. • 

Definition 10.4.5 Let Adenote the free * -algebra generated by e (denote e* = J). 
Let 0 < a < 1, 0 < q < 1. For a given state rjJ on Cq, define a functional -Wa,q on 
A as the linear extension of -W a,q(l) = 1 and 

-Wa,q(Wl" .wp) = L D(S)rjJ(wsJ ... rjJ(wsJ 
SE?; 
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where WI, ... ,Wp E {e, f}, WSj = TIkESj Wk (in the natural order) and 

(a-4 _ 1)p/2 

D(S) = Q(S) (a-21'SI _ 1) (a- 21'S I -21'52 _ 1) ... (a-21'SI-···-21's. - 1) 

where Q(S) is a q-dependent "commutation factor" of the form 

Q(S) = II q(bi , bj ) 

Ws 

(recall that Ws is the set of inversions of S). 

In the central limit theorem the q-normalisation was given by 

W ~ TN(W) = w/J[N]a2, 

where [N]a2 = (a2N - a-2N )/(a2 - a-2), which was obtained from the calculation 
of the variance 

4J~(VW) = 4J(vw)[N]a2 

where v, W E {e, f}. 

Remark. The origin of Definition 10.4.5 is the q-central limit theorem for 
Cq and Uq(su(2)) in which lJIa,q appears as the limit functional. Thus Definition 
10.4.5 may be viewed as the combinatorial form of the central limit state. More 
information on this state is given in the sequel. 

Theorem 10.4.6 Let 0 < a < 1, 0 < q < 1. If 4J is astate on Cq and a *­
homomorphism on Q;[t, Cl] with 4J(t) = a, then 

lim 4J"N OTN(WI ... Wp ) = 'l1 a,q(Wl ... Wp ) 
N-too 

for p even. If p is odd, then the limit vanishes. Thus, IJI a,q is the limit state for a 
convolution q-analogue of the central limit theorem for Cq. 

Remark. One can extend IJI a,q to a state ~ a,q on A = A * Q;[r], where r is a 
hermitian generator, by assuming that ~a,q is a homomorphism on Q;[r] and the 
two-sided ideal generated by the relations 

2 -2 _- -_ a -a 2 
ef - fe = 2 2 r , q - q-

er = q2re, Ir = q-2r I 
is contained in ker ~a,q. Then it can be seen (or shown) that ~a,q is the vacuum 
state for the canonical Fock space representation of a q-harmonic oscillator with 
scale c given by the relations 

bqb~ - b~bq = cr~ 

b - -2b bt - 2bt rq q - q qrq, rq q - q qrq 

where c = (a2 - a-2 )/(q2 - q-2) (thus c = 1 if a = q). Note that one can write 
r q = q2N, where IV is the number operator. 
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Corollary 10.4.7 Let 0 < a < 1, 0 < q < 1. If<p is astate on Uq(su(2)) and a 
homomorphism on <C[t, r 1], then 

lim <P"N OTN(W1 ... Wp) = "\lIaq(W1 ... Wp), 
N~oo ' 

for p even. For p odd, the above limit vanishes. Thus, the limit state is the vacuum 
state for the q-oscillator with scale c = (a2 - a-2)(q2 _ q-2). 

Proposition 10.4.8 The limit law of bq + bt is q4-Gaussian. 

Proof: It can be shown that the moments mk = w((bq + bt)k) coincide with the 
moments m~ = w'((cq + 4)k), k E 71;+, respectively, where cqct - q4ctCq = 1. • 

The explicit formula for the density of the q-Gaussian law can be found in the 
works of Bozejko and Speicher[BS91]. 

10.4.3 A q- Weak Law of Large Numbers 

To get the normalisation in the weak law of large numbers, we evaluate 

<P"N(v) = <p(v)[N]a, 

where v E {e,j}, für any state <p on Cq or Uq(su(2)). Therefore, we will use the 
following normalisation: 

TJv(V) = [~]a V 

and extend it multiplicatively to the free algebra generated by e, f (appropriate 
normalisation for t and r 1 is obtained easily). Note that when a -t 1, [N]a -t N, 
therefore this nürmalisation may be viewed as the canonical q-analügue of that in 
the usual weak law of large numbers. 

The simplest case is when we assume that the state <p is a homomorphism on 
<C[t, t- 1]. Let me discuss this case first and show that it boils down to the central 
limit theorem. This is because <p must be even then and all that the new normal­
isation changes is the scale of the q-oscillator. 

Theorem 10.4.9 Let 0 < a < 1, 0 < q < 1. If <p is astate on Cq and a 
homomorphism on <C [t, r 1] with <p( t) = a, then 

. * , a - a- 1 --11m <PN 0 TN(W1 ... wp) = ( )P Wa,q(Wl ... Wp) 
N~oo va2 - a-2 

for p even. For p odd, the above limit vanishes. Thus, the limit state is a rescaled 
central limit state. 

Proof: Obvious. • 
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Corollary 10.4.10 Let 0 < a < 1, 0 < q < 1. 1I cjJ is astate on Uq (su(2)) and a 
homomorphism on <V[t, Cl] with cjJ(t) = a, then 

a - a-1 -
lim cjJ7v 0 Tfv(W1 ... Wp) = ( )P Wa,q(uh ... Wp) 

N-too va2 - a-2 

lor p even. For p odd, the above limit vanishes. Thus, the limit state is the va eu um 
state 01 a q-oseillator with seale c' = (a - a-1)2j(q2 _ q-2). 

Proof: Obvious. • 
Therefore, assuming that cjJ is a homomorphism on <V[t, t-1], we get a modification 
of the q-central limit theorem. The general case, Le. when cjJ is not a homomor­
phism on <V[t, Cl], seems of interest. 

Example: The simplest example is furnished by the states associated with 
the two- dimensional fundamental representation of Uq (su(2)). Take pure states 
'ljJ(.) = (x, .x) with x = aX1 + ßX2, where X1,X2 are canonical basis vectors in <v2 

and lal 2 + IßI2 = 1. In particular, then we have cjJ(tn ) = qn la l2 + q-n IßI 2, n E 7l. 
Note that 'if a ~ {O, 1}, then 'ljJ does not satisfy the homomorphism assumption. 

It seems desirable to be able to prove a q-analogue of the weak law for such 
states (for which 'ljJ(e) i- 0 i- 'ljJ(f)). However, we'll show that if one wants the 
limits of all correlations (moments) to exist, then using a natural normalisation 
one has to assurne that cjJ is a homomorphism on <V[t, Cl]. 

Some additional notation is needed (this is taken from [Len94]). For a given 
ordered partition S = (Sl, ... ,Sr) and j E {1, ... ,r} define Sj) = Sl U ... U Sj-1, 

S(j = Sj+1 U ... uSr, Sj] = Sl U .. ,USj, S[j = Sj U ... uSr , and put SO] = S[r+1 = 
S(r = Sn = 0. Define the following partition-dependent mappings: 

if k E Sj) 

if k E Sj 

if k E S(j 

where 1 ::; j ::; r. Another family of partition-dependent mappings is given by 

s( ) _ { t if k E Sj) 
a j Vk - Cl if k E S[j 

for Vk E {e,!}. Both maps are extended multiplicatively to all products v = 
V1 .. ,Vk, Vi E {e,!}, 1 ::; i ::; k. Using those maps we can evaluate convolutions 
of functionals. The lemma below gives a formula for the N-th convolution power 
(this is Lemma 1 of [Len94]). 

Lemma 10.4.11 Let cjJ be any functional on Cq or Uq (su(2)) and let v = V1 ... vp 

where V1, ... ,vp E {e,!}. It holds 

cjJ';y(V1 ... vp ) 

r+1 r 

II cjJ(a~(v))(im-im-l-1) II cjJ(Tl(v)) 
j=l 
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where we put io = 0, i r+1 = N + 1. 

Let us find the natural normalisation in this case. For any state c/J on Cq or 
Uq (su(2)), we obtain 

c/JN(e) = c/J(e)[N]c!>(t),c!>(t- 1 ) 

where 

and c/J(t) =I- c/J(t-1). Therefore, let us normalise the variables e, / as follows: 

11 ( ) 1 11 (/) 1 TN e = e, TN = f. 
[N]c!>(t),c!>(t- 1 ) [N]c!>(t),c!>(t- 1 ) 

Let us calculate the convolution powers of c/J. We have 

where 
S_ S S S S 'TIj - '"YI + ... + 'Yj-1 - 'Yj - ... 'Yr . 

s s 
We put c/J(t'1j ) = qa j and evaluate 

where 

L qai (il-1)+a~ (i2-il-1)+ ... +a;\, (N-i r ) 

l~i,< ... <ir~N 

for q, ß1, ... , ßr E IR. It holds 

r 

GN(ß1, ... ,ßrlq) = LqN(ßi+l+ ... +ßr)gi(ß1, ... ,ßrlq), 
i=O 

where gi's do not depend on N (their explicit form is given in [Leng8]). Note that 
for q = 1, 

Corollary 10.4.12 Under the assumptions 01 Lemma 10.4.11 we have 

r 

L q- L:~=l ar+Na;+lGN(a? - a~, ... , a; - a;+llq) II c/J(rf(v)) 
S=(S"".,Sr)EPp j=l 



206 Chapter 10 

Corollary 10.4.13 Under the assumptions 0/ Lemma 10.4.11 we have 

Proof: Immediate from Corollary 10.4.12 and the form of T~. • 
It remains to evaluate the limit of the above expressions as N --t 00. In order to 
do that one needs to compare the growth rate of qNaf+l with that of [N]:(t),/f>(t-l) 

for each j. Note that in particular 

which implies that one needs to compare 

with 

This boils down to comparing 

max {</JW), ... ,</J(rp)} 

with </J(t)P or </J(rl)p, depending which one is larger. But Hölder's inequality gives 

If we had a strict inequality for some positive p, then the limits of correlations 
of order p would not exist since the normalisation would not grow fast enough. 
Therefore, we must have an equality which means that </J must be a homomorphism 
on <v[t]. Finally, it is not hard to see (using Cauchy Schwarz Inequality) that this 
implies that </J must be a homomorphism on <V[t, r l ]. This is the case considered 
in the beginning. Therefore, one can conclude that if we want the limits of all 
moments to exist (which seems standard in QP), then we must assume that </J is 
a homomorphism on <V[t, t- I ] and thus an even state. 

10.5 DOMAINS OF ATTRACTION FOR 
q-TRANSFORMED RANDOM VARIABLES 

q-algebra and q-analysis (0 < q < 1) on the real line may be interpreted as a 
generalisation of ordinary addition, which (roughly speaking) corresponds to the 
case q = 1. However, it is not possible to define q-addition directly on the real 
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line itself, but rather indirectly on the space of rneasures on IR in the sense that 
the q-convolution of two Dirac rneasures is in general not a Dirac rneasure (in 
the ordinary sense). So the whole theory is sornewhat sirnilar to hypergroups (cf. 
[BH95]), but it does not fit exactly into this context. 
Feinsilver [Fei87] began a probabilistic study on q-added randorn variables. In the 
last part of his paper, he initiated an investigation of limit theorems for q-surns of 
randorn variables. The result of Neuenschwander-Schott [NS97], which we recall 
below, states that a randorn variable X lies in the strict dornain of attraction 
of a non-degenerate strictly stable randorn variable Z with exponent a: E]0,2[ 
Hf the q-transforrn of X lies in the strict dornain of attraction of mZ for sorne 
constant m depending on q and a: with the same norrning sequence. The proof 
consists essentially of getting rid of the centering constants appearing in the case 
of ordinary addition and of adesintegration procedure for the "only if" -direction. 

10.5.1 q-addition 

Let ° < q < 1. We define q-addition (indirectly) by defining a "Dirac rneasure" 
8xEl1y ) by 

k 

8xEl1y (xk) = (8x * 8y )(xk) = L [ ~] xk-jyj. 
j=O J q 

The q-convolution of rneasures I-l E Mb(IR) is then extended frorn the q-convolution 
of Dirac prob ability rneasures as indicated above also in the natural way by lin­
earity and weak continq.ity. 
The q-characteristic function of C(X) for the randorn variable X is defined by 

1/Jx(u) = E(e(iuX)) (u E IR). 

The symbol ip x (u) will be used for the ordinary characteristic function. It has 
been shown by [Fei87, Theorem 3] that .c(X) is uniquely deterrnined by its q­
characteristic function 1/Jx. Furtherrnore, if Xl, X2 are independent randorn vari­
ables, then the q-convolution of Xl and X2 is a randorn variable Z whose q­
characteristic function is the product of the q-characteristic functions of Xl and 
X 2 : 1/Jz = 1/JXl1/JX2 (cf. [Fei87]). Define the randorn variable Y by 

00 

Y= LTk' (10.3) 
k=O 

where the Tk are independent randorn variables, Tk obeying to an exponentiallaw 
with rnean qk. Assurne X is any randorn variable on IR, independent of Y. Then 
the q-characteristic function of X is the ordinary characteristic function of XY: 
1/Jx = ipXY (cf. [Fei87], Proposition 4). We will call XY the q-transforrn of X. 
If F(x) = P(X :::; x) is the law of the randorn variable X, then the law of the 
q-transforrn is given by the mixt ure 

00 

G(x) = P(XY < x) = / F(:' ).c(Y)(dy). - y 
(10.4) 

o 
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So what we have to study are sums of the type 

where Xl, X 2 , ••• are any random variables and YI , Y2 , .•. are Li.d., as in (10.3), 
and independent of X I, X 2, .... 

10.5.2 Domains of attraction 

First, we recall some facts on stable laws with respect to ordinary addition. As 
references, see e.g. [GK54] or [Bre68]. A random variable Z is called stable if for 
every n ~ 1 and i.i.d. copies Zl, Z2, ... ,Zn of Z there are Cn > 0, dn E IR such 
that 

n 

X fi= Cn ~)Zk + dn ). 

k=l 

Equivalently, Z is stable iff there are i.i.d. random variables Xl, X 2 , ••• and an > 
0, bn E IR such that 

n 

an I)Xk + bn) ~ Z (10.5) 
k=l 

(where ~ denotes weak convergence). If X fi= X I, then X is said to He in the 
domain of attraction of Z. The sequence {(an, bn)}n~l is called norming sequence. 
We will use the term "strictly stable" and "strict domain of attraction" if dn = ° 
resp. bn = 0. It can be shown that there exists a E]O, 2] such that 

The number a is called the exponent of stability. The case a = 2 corresponds to 
the case where Z obeys to a normal distribution. Z is non-degenerate and stable 
with exponent a E]O, 2( iff its characteristic function has the form 

o 00 

<pz(u) { . (. / /) ( iux iux ) dx } exp Z"fU + v +w e - 1 - 1 + x2 IxIHa: 
-00 0 

(v,w~O,v+w>O). 

For short, we write Z fi= (a,,),,v,w). It follows that for kEIN, we have 

(a, k,)" kv, kw) fi= kl/a: Z. 
For the following lemma see [PWZ81], Remark 3 on p.628. 

Lemma 10.5.1 In the case ° < a < 1 we have 

for some b E IR. 
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The next lemma follows also from [PWZ81], Remark 3 on p.628 (see also [GK54], 
Theorem 35.3). 

Lemma 10.5.2 In case 1 < a < 2 we have 

bn = -E(X1 ) + b + 0(1) (n -+ 00) 
nan 

for so me b E IR. 

What remains, is the case a = 1. This situation is somewhat special in the 
following sense. If a E]O, 1[U]1, 2[ and if Z is a-stable, then it is always possible to 
center Z so that it becomes strictly stable (see e.g. [Sha69], Theorem 6). However 
the following property follows at once by considering the characteristic function 
for a = 1 in the "explicit form" 

'Pz(u) = exp{ißu - plul(1 + iB I~I ~ log luln 

v-w 
(ß E IR,p > O,B = --)j 

v+w 

the centering statement then follows {rom [Fel71], Theorem VII.5.3. 

Lemma 10.5.3 The only non-degenerate strietly stable laws J.L with exponent a = 
1 are the shifted (with shift b E IR) symmetrie (Cauchy) ones (i.e. those with 
v = w). In this case, we have 

where bE IR is the afore-mentioned shift of J.L. 

The dornains of attraction of stable laws with exponent ° < a < 2 rnay be char­
acterised as follows (cf. [Mee86], p.344): 

Proposition 10.5.4 For a non-degenerate stable random variable Z with expo­
nent 0< a < 2 (10.5) holds iff 

x J dt nP(anX 1 < x) -+ v Itl1+a (n -+ 00) (x< 0) 
-(Xl 

and 
(Xl J dt nP(anXI > x) -+ w t1+a (n -+ 00) (x> 0). 

x 

Let X, Z be randorn variables. The q-transforrn of X lies in the strict dornain of 
attraction of Z with norrning sequence {an}, if for i.i.d. copies Xl, X 2 , ••. of X 
and i.i.d. randorn variables YI , Y2 , ... as in (10.3) and independent of Xl, X 2 , ••• 

there exist an > 0 such that 
n 

an LXkYk ~ Z. (10.6) 
k=l 
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Lemma 10.5.5 The characteristic /unction 0/ log Y is analytic in a neighbour­
hood 0/ the real axis. 

Proof: By [Fei87], the density of Y is given by 

00 . 

L (-1)3 (i) -i 
g(x) = C --q 2 e- q x 

q.I 
j=O 3· 

hence the density of log Y is 

00 

(x ~ 0), 

h(x) = eXg(eX) = CLPje-q-iez+x, 

where 

Clearly 

Since 

j=O 

(-l)j (i) 
Pj = --q 2. 

q .I 
3· 

(10.7) 

(10.8) 

(10.9) 

it follows from (10.8) and (10.9) that the series in (10.7) converges uniformly for 
x E IR, so we get, with the aid of (10.7)-(10.9), 

P(llogYI > x) = J h(t)dt 

IR\[-x,x] 
00 

J j=O IR\[-x,x] 

0(1 _ e-e- z + e-ez ) 

O(e- X ) (x -t 00). 

Now the assertion follows from [Luk70], Theorem 7.2.1. • 
For fixed a and Y as in (1), define the constant 

m = (Eya)l/a. 

Theorem 10.5.6 Let Z be a non-degenerate strictly stable random variable with 
exponent 0 < a < 2 and let X be any random variable. Then the q-trans/orm 0/ 
X lies in the strict domain 0/ attraction 0/ mZ with norming sequence {an}n>l 
ifJ X lies in the strict domain 0/ attraction 0/ Z with norming sequence {an}n>-;'. 

Proof: 1. "Ir'-direction: Assurne X lies in the strict domain of attraction of Z 
with norming sequence {an}n>l. Let Y1, Y2, ... be as in (10.6). By [GK54], Theo­
rem 25.1 and the Remark on p~121 it follows that the conditions (i)-(iii) mentioned 
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before Proposition 8 in [Fei87) are indeed fulfilled. Hence by [Fei87), Proposition 
8 the condition of our Proposition 10.5.4 carries over to the q-transforms (2) of 
Xl, X 2 , ... in the sense that XY lies in the domain of attraction of mZ with some 
norming sequence {an, bn}n~l for certain bn E IR. 
1.1 Case 0 < a < 1: By Lemma 10.5.1 it follows that XY lies in the strict domain 
of attraction of mZ - b for some b E IR. By the convergence of types theorem (see 
e.g. [Bre68), Theorem 8.32) it follows that mZ - b is also strictly a-stable, hence 
b = O. 
1.2 Case 1 < a < 2: By Lemma 10.5.2 it follows that 

nanE(X) -+ b (n -+ 00) 

for some b E IR. Hence also 

nanE(XY) -+ bE(Y) (n -+ 00). 

So it follows from Lemma 10.5.2 that XY lies in the strict domain of attraction 
of mZ - b' + bE(Y) for some b, b' E IR and the rest of the proof is as under 1.1. 
1.3 Case a = 1: By Lemma 10.5.3 it follows that 

nE(sin(anX)) -+ b (n -+ 00), 

where b E IR is the shift of Z as in Lemma 10.5.3. Hence by the dominated 
convergence theorem, Proposition 10.5.4, and the stability property, we get 

00 

lim nE(sin(anXY)) = lim! nE(sin((any)X))C(Y)(dy) 
n~oo n-too 

o 
00 

lim ! y!!:.E(sin(anIYX))C(Y) (dy) 
n-too y 

o 
= bE(Y) 

= mb. 

So by Lemma 10.5.3 it follows that XY lies in the strict domain of attraction of 
mZ. 
"Only ir'-direction: By Proposition 10.5.4 it follows that 

00 

n! ! C(anyXt} (dt)C(Y) (dy) 
o J 

00 

-+ ma ! !(V ·l{t < O} + w ·l{t > O}) Itl~~a 
o J 

00 ! !(V'l{t<O}+W'l{t>O})lt/~~+aC(Y)(dY) (n-+oo) 
o J 
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and thus 

-t JOOj (t/y)2 
1 + (t/y)2 

o J 

Chapter 10 

dt 
(v ·l{t < o} + w ·l{t > o}) \t/y\1+aC(Y)(dy) (n -t 00), (10.10) 

where J is an interval of the form] - 00, x] (x < 0) or [x,oo[ (x > 0). Let 7] and 
7]n denote the finite measures on ]0, oo[ given by 

and 

j x2 dx 
7](B) = w 1 + x2 x1/ a 

B 

7]n(B) = n j 1 :2x2 C(anX 1 )(dx) 

B 

for Borel subsets B C]O, 00[. Define A and An to be the finite measures on IR given 
by 

00 00 

j f(x)A(dx) = j f(1ogy)7](dy) 
-00 0 

and 
00 00 

j f(x)An(dx) = j f(logy)7]n(dy) 
-00 0 

for bounded teal-valued continuous functions on IR. Let H be the distribution 
function of log Y. By the "basic estimate" in [Fei87] and (10.10) it follows (simi­
larly as in the proof of [Fei87], Proposition 8) that 

(10.11) 

Let ((u), (n(u), resp. ~(u) be the characteristic function (in the ordinary sense) 
of A, An resp. H. Then (10.11) may be rewritten as 

(n(u) . ~(u) -t ((u) . ~(u) (n -t 00) (u E IR). (10.12) 

By Lemma 10.5.5, ~ is analytic in a neighbourhood of the real axis, hence it has 
only isolated zero es there. So we may divide (10.12) by ~(u) for all real u with the 
exception of isolated points, and of course in a neighbourhood of Uo = 0. Thus it 
follows from the Levy continuity theorem and the continuity of ( that 

(n(u) -t ((u) (n -t 00) (u E IR), 
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hence 

and thus 
'f}n ~ 'f} (n --+ 00). 

An analogous argument holds also for the negative real axis, hence by Proposition 
10.5.4 it follows that X lies in the domain of attraction of Z with norming sequence 
{an, bn }n21 for certain bn E lR. Now the same type of argument as in the proof 
of the "if" -direction shows that one may replace bn by 0 by the strictness of the 
domain of attraction. • 
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