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Preface

Quantum groups have been investigated rather deeply in mathematical physics
over the last decade. Among the most prominent contributions in this area let us
mention the works of V.G. Drinfeld, S.L. Woronowicz, S. Majid. Probability the-
ory on quantum groups has developed in several directions (see works of P. Biane,
R.L. Hudson and K.R. Partasarathy, P.A. Meyer, M. Schiirmann, D. Voiculescu).
The aim of this book is to present several new aspects related to quantum groups:
operator calculus, dual representations, stochastic processes and diffusions, Appell
polynomials and systems in connection with evolution equations. Much of the ma-
terial is scattered throughout available literature, however, we have nowhere found
in accessible form all of this material collected. The presentation of representation
theory in connection with Appell systems is original with the authors. Stochastic
processes (example: Brownian motion, diffusion processes, Lévy processes) are in-
vestigated and several examples are presented.

As a text the work is intended to be accessible to graduate students and researchers
not specialised in quantum probability.

We would like to acknowledge our colleagues P. Feinsilver, R. Lenzceswki, D.
Neuenschwander, and M. Schiirmann for allowing us to use material which has
been the object of joint works. We would like as well to acknowledge our col-
leagues from Clausthal (Arnold Sommerfeld Institute), Greifswald (Institut fir
Mathematik und Informatik), Nancy (Institut Elie Cartan and LORIA), Stras-
bourg (IRMA) for numerous discussions on the topic of this book. Finally we
express gratitude to our families and to all our friends. Their patience and en-
couragement made this project possible.
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Chapter 1

Introduction

Quantum probability is now a quite active research area motivated by applications
in physics. Recent books of Biane [Bia93], Meyer [Mey93], and Parthasarathy
[Par92] are recommended as introductions to this field. For quantum probability
on Hopf algebras see Schiirmann [Sch93], or also [Mey93, Chapter VII] and Majid
[Maj95b, Chapter 5].

In this book we present some recent developments in the theory of stochastic
processes and operator calculus on quantum groups.
The organisation of this book is as follows:

We begin in Chapter 2 with some preliminaries on Lie groups and related
topics: representation theory, construction of stochastic processes, Appell systems.
This chapter is intended to provide some intuition that might be helpful later on.
Many of our results for quantum groups were motivated by their counterparts on
Lie groups and still contain them as a special case or as “classical limit”.

Chapter 3 provides the necessary background on the algebraic structures that
we are going to use in the following chapters.

Even though no generally accepted definition seems to exist to this day, most
authors agree that a quantum group should at least be a bialgebra or a Hopf
algebra. For the definition of Lévy processes in Chapter 4, it is sufficient to have
an involutive bialgebra structure.

First, in Section 3.1, we give the basic definitions of bialgebras and Hopf alge-
bras. Duality and dual representations are also already introduced. In the next
section (Section 3.2) we present several examples of bialgebras and Hopf alge-
bras. We start with a few classical examples arising from groups or semi-groups
and continue then with some standard examples of non-commutative and non-
cocommutative Hopf algebras. In Section 3.3, we study dual representations. We
show that the definition of dual representations for dually paired bialgebras ex-
tends that of dual representations for Lie algebras introduced in Section 2.3, show
that similar techniques can be used for calculating them, and present the explicit
calculations for several examples. To underline the similarity to the theory on Lie
groups further we introduce an analogue of the composition law in Section 3.4. It
is a consequence of duality, but written in terms of the dual pairing it has the same
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2 Chapter 1

form as the composition (or group) law on Lie groups. In Section 3.6 we intro-
duce matrix elements for dual representations of quantum groups along the line of
Section 2.6. In Section 3.7 we introduce braided tensor categories, an important
concept that is intimately related to the representation theory of quantum groups.
In the next two Sections (Sections 3.8 and 3.9) we define braided bialgebras and
braided Hopf algebras and present several examples. In Section 3.10 we concen-
trate on a special class of braided Hopf algebras which are primitively generated,
called braided spaces.

In Chapter 4 we come to our main topic, the study of stochastic processes on
quantum groups. First, we recall the basic terminology of non-commutative or
quantum probability. In Section 4.2 we introduce the notion of independence for
quantum random variables. The next section (Section 4.3) contains the definition
of quantum stochastic processes with independent and stationary increments, i.e.
Lévy processes. As in the classical situation, these processes are completely char-
acterised by their convolution semi-group or by their generators. In Sections 4.4
and 4.5 we describe two constructions of realisations of Lévy processes. The first
starts from the generator and gives a realisation on a Bose Fock space. In order to
do so, one constructs the so-called Schiirmann triple of the generator, which ap-
pears as coeflicients in the quantum stochastic differential equation of the process.
The second requires a convolution semi-group of normalised functionals as input
and uses an inductive limit procedure. The resulting realisation is poorer from the
analytical point of view, but it has the advantage that it can be applied in a more
general situation, even if the semi-group is not positive. In Section 4.6, we con-
struct convolution semi-groups on quantum groups from classical Lévy processes
and in Section 4.7 we prove an analogue of the Feynman -Kac formula for these
semi-groups. The last section (Section 4.8) deals with duality and time-reversal.

In Chapter 5 we show that Lévy processes have a natural quantum Markov
structure and use this to deal with the question which quantum stochastic pro-
cesses admit classical versions, i.e. for what families of operators (X;):er (of the
form X; = j:(z), where (j;) is a Lévy process), there exists a classical stochastic
process (X¢);c; on some probability space (€, F, P) such that all time-ordered
moments agree, i.e.

(X Xfr) = B(XS - X, (1.1)

for all n,ky,...,kn € N, t; <...<t, €I, for the (vacuum) state ®.

A famous example of a classical version of a quantum Lévy process is the
Azéma martingale. It is well known that on a commutative algebra the quantum
Markov property is sufficient for the existence of classical versions. Therefore it is
sufficient to find commutative *-subalgebras such that the restriction of our process
is still Markovian. We show that we can obtain quantum Markov processes on
commutative subalgebras from quantum Lévy processes that are not commutative,
and that there exist also commutative processes that are not Markovian. We also
show that this approach leads to a powerful tool for the explicit calculation of the
classical generators or measures.

The next two chapters investigate the relation between Lévy processes and
evolution equations. In Chapter 6, we define and construct diffusions on braided
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spaces, and we show that their shifted moments sequences are polynomials (the
so-called Appell polynomials). These polynomials satisfy equations of the form
(6 — L)u = 0, where L is an operator consisting of linear and quadratic terms in
the braided-partials 8. In Section 6.3 we give a brief discussion of how density
functions can be introduced.

In Chapter 7 we consider stochastic processes on quantum groups that are
related to evolution equations of the form

0w = Lu,

with some difference-differential operator L. For the equations considered in Sec-
tion 7.1, u is an element of a quantum or braided group .A. We recall that solutions
of these equations can be given as Appell systems or shifted moments of the as-
sociated process, and show how these can be calculated explicitly on the g-affine
group and on a braided analogue of the Heisenberg-Weyl group. In Section 7.2, we
define a Wigner map from functionals on a quantum group or braided group to a
“Wigner” density on the undeformed space. We prove that the densities associated
in this way to (pseudo-) Lévy processes satisfy a Fokker-Planck type equation. In
the one-dimensional case these coincide with the evolution equations of Section
7.1, but in the general case we get new equations.

In Chapter 8, we turn to the characterisation of certain probability laws and
convolution semi-groups on nilpotent quantum groups and on nilpotent braided
groups. In Section 8.1 we determine the functionals which satisfy an analogue of
the Bernstein property, i.e. that the sum and difference of independent random
variables are also independent, on several braided groups. This extends results
obtained on Lie groups by D. Neuenschwander et al., cf. [Neu93], [NRS97]. As
for Lie groups this class turns out to be too small to constitute a satisfactory
definition of Gaussianity. Therefore we turn to convolution semi-groups. We show
the uniqueness of embedding into continuous convolution semi-groups on nilpotent
quantum groups and nilpotent braided groups in Section 8.2. In Section 8.3 we
define Gaussian convolution semi-groups in the sense of Bernstein and calculate
their generators on several nilpotent braided groups. We show that quadratric
generators on Hopf algebrs (as defined by Schiirmann[Sch93]) generate semi-groups
that are Gaussian in the sense of Bernstein.

Chapter 9 presents the results of Franz, Neuenschwander, and Schott[FNS97b]
for the problem of phase retrieval on nilpotent quantum groups and nilpotent
braided groups: Given the symmetrisation p * Iz and the first moments of a unital
functional x4 on A, when is it possible to retrieve the original functional p from these
data? The somewhat surprising answer is that in this framework, the retrieval is
always possible (provided that the quantum or braided group is “sufficiently” non-
commutative, e.g. if g is not a root of unity). By definition functionals on quantum
groups have all moments and are uniquely determined by them. So it will suffice to
show that the moments of the symmetrisation and the first moments of i together
allow to calculate all moments of u recursively. Observe that one can not expect
to be able to remove the condition of knowledge of the first moments of u, since
already on the classical real line, in the best possible case, p can be determined by
its symmetrisation only up to a shift. The situation on nilpotent quantum groups
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and nilpotent braided groups is in sharp contrast to the classical case of simply
connected nilpotent Lie groups, where the moments can not be retrieved, as we
see in Section 9.1.

In Chapter 10 we present several limit theorems. In Section 10.1, the general
results for limit theorems on bialgebras due to Schiirmann [Sch93] is presented.
Then a randomised g-central (or g-commutative) limit theorem on a family of
bialgebras with one complex parameter is shown in Section 10.2. This result is
due to U. Franz [Fra98]. Section 10.3 is devoted to Woronowicz results [Wor87] on
convergence of convolution products of probability measures to the Haar functional
on compact quantum groups. A g-central limit theorem for U,(su(2)) has been
proved by R. Lenczewski [Len93, Len94], this result is stated in Section 10.4 as
well as a weak law of large numbers which derives easily from the central limit
theorem. Then we recall D. Neuenschwander and R. Schott’s (cf. [NS97]) results
on domains of attraction for g-transformed random variables in Section 10.5.



Chapter 2

Preliminaries on Lie groups

We begin by recalling some basic definitions. The theory of Lie groups and Lie
algebras can be found in many textbooks, see e. g. [HN91, Hum87, SW86, Ser92,
Var84]. We list several examples of Lie algebras in section 2.2.

In the following sections we develop some representation theory that we will
need later to construct stochastic processes on Lie groups . The methods that we
apply are taken from e. g. [GDF82, FS90, FKS93].

First we consider the actions of a Lie algebra on its universal enveloping algebra
defined by multiplication from the left or from the right (the master representation
of [GDF82]). We then show how vector field realisations of the Lie algebra arise
as the duals of these actions.

Next we show how these realisations can be used to compute decomposition
formulas, i. e. formulas that represent a group element as product of N one-
parameter subgroups, where N is the dimension of the corresponding Lie algebra.
We show how the group law looks in these parameters, and define the matrix
elements of the representation of the group on the universal enveloping algebra.
These will be special functions. Their properties, such as summation theorems
and recurrence relations, can also be derived from the approach presented here.

2.1 BASIC DEFINITIONS

Let G be a group and an analytic IK-manifold, where K stands for the field of
complex or real numbers. G is called a Lie group, if the multiplication
m : GxG->G
(91,92) = 9192

and the inverse

1 G—=G

g gt

5
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6 Chapter 2

are analytical maps. A Lie algebra over K is a IK-vector space g equipped with a
IK-bilinear map [-,-] : g X g — g that satisfies

o [X,Y]=-[Y,X]for all X,Y € g (anti-symmetry),
o [X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]] =0 for all X,Y,Z € g (Jacobi identity).

Example: Let (4,-) be an associative IK-algebra. Then Ay = (4,[,]), with
the Lie bracket [-, ] defined by

X, Y]=X'Y-Y - X for X,Y € A,
is a IK-Lie algebra.

For each IK-Lie group G there exists a unique IK-Lie algebra L(G) whose
elements can be considered as left-invariant vector fields on G, and for every K-
Lie algebra g there exists a simply connected IK-Lie group G such that L(G) = g.

One of the most important tools for the study of Lie groups and Lie algebras
is the ezponential map exp : L(G) — G. For nilpotent Lie algebras and for linear
Lie groups (i. e. G C GI(n,K) and L(G) C M(n,K)) it can be defined via the
exponential series

exp(X) =) —.
k!
k=0
In general it is defined by
exp(X) = vx(1),

where x (t) is the integral curve of the vector field X with initial value yx (0) = e
(the unit element of G). With the exponential map we can write the action of
X € L(G) as a vector field on G as

(XN =5 feewx)  for feCx()
t=0

We will now introduce the universal enveloping algebra U(g) of a Lie algebra
g. Let 7T (g) be the tensor algebra of g, and J the ideal generated by

{(X®Y -Y®X - [X,Y];X,Y €g).

Then the universal enveloping algebra U(g) is defined as the quotient

We identify g with its image o(g) under the canonical mapping o : g — U(g). If
{X1,...,X,} is a basis of g, then, by the Poincaré-Birkhoff- Witt theorem, the set

(Xt X = (.., pn) € ZR )

is a basis of U(g). The universal enveloping algebra is characterised by the uni-
versal property:
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Let A be an associative algebra and let ¢ : g = AL be a Lie algebra
homomorphism. Then ¢ extends to a unique algebra homomorphism
@ : U(g) = A such that p(X) = ¢(X) for all X € g.

A representation p of a (Lie) algebra A (resp. g) on a vector space V' is a linear
mapping

p : A— Hom(V,V)
(resp. p : g— Hom(V, V))
such that

pa-b) = pla)op(h)
(resp. p(1X,Y]) = p(X)0p(Y) - p(¥) 0 p(X))

Il

for all a,b € A (resp. X,Y € g). The universality property implies that the
representation theory of g is equivalent to that of U(g).

For every algebra (A, m,e) we can define its opposite A°P = (A, m°P,e) with
the multiplication m°P defined by

m°P(a,b) = m(b,a), for all a,b € A.

For Lie algebras the anti-symmetry implies that Sy : g — g°P, S(X) = —X for all
X € g is a Lie algebra homomorphism, i. e.

So(1X,Y]) = [Ss00, 5001 (1 =[54(1), So(X)] ).

This map extends to a homomorphism between the enveloping algebras S : U(g) —
U(g°P) = U(g)°P. Note that since the algebras U(g) and U(g)°P are defined on the
same space, we can also consider S as an algebra anti-homomorphism from U(g)
to itself.

2.2 EXAMPLES

We now introduce the Lie algebras that we will use in the following.

2.2.1 The affine group and its Lie algebra

The group of affine motions on the real line is equal to Af f(1) = {(a,b) € R%a >
0}. Its group law and its action on the real line are given by

(A,B)o(a,b) = (Aa,aB +b),
(a,b)(z) = axz+b.

Aff(1) is a Lie group. A basis of the tangent space at the unit element (1,0) is
given by X1 = Oul(a,b)=(1,0) @and X2 = Op|(4,5)=(1,0)- These tangent vectors, when
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extended as left-invariant vector fields, become X; = ad, + b8, and X; = 8.
They satisfy [X;,X2] = —X3. In the following calculations we choose the basis
X = —-X; and Y = X, with the commutation relations

[X,Y]=Y

as a basis for the Lie algebra af f(1). Note that this is the only noncommutative
two-dimensional Lie algebra.

2.2.2 N-step nilpotent Lie algebras

The Lie algebra g with basis X, X1, ..., X~ and commutation relations
[XOyXN] = Oa
(X0, X5] = Xipa, 1<i<N-1,
(X, X;] = 0, 1<i,j <N,

is nilpotent, with g2 = [g, g] = span{Xz,..., X~n},-.., 8 = [9,8°"}]
= span{X;,...,Xn}, (2 <i < N), and gN*! = [g,g"] = {0}. For N = 2 this
algebra is called the Heisenberg- Weyl algebra.
2.2.3 The finite-difference algebra
Consider the operators T', A, and X defined by
Tf(z) flz+1),

Af(z) flz+1) = f(z),
Xf(e) = =zf(a)

These operators are a basis of the Lie algebra with basic commutation relations

[T7 X] = T,
AX] = T,
[T,A] = o.

This Lie algebra is solvable, g¥) = g, g® = [g,g] = span{T}, and g® =
[6,91)] = {0}.

2.2.4 The rotation group and its Lie algebra

The real Lie algebra generated by X;, Xs, X3 with the commutation relations

[XlsXZ] = XS) +CYC1.1

lwhere “+cycl.” means that the relations obtained by cyclic permutation of the indices are
also true, i. e. [X2, X3] = X1 and [X3, X1] = X2. Because of the anti-symmetry this determines
the Lie bracket completely.
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is generally denoted as so(3). It is useful to notice that the complexification of
so(3) is isomorphic to the Lie algebra sl(2, €). If weset H = 2i X3, X1 =1X;—Xp,
X_ =1iX; + X2, we get the standard s/(2) commutation relations
[H,Xi] = +2X4,
[X+7X—] H.

The real Lie algebra generated by H, X, X_ is denoted by sl(2,R).
The corresponding groups are

S03) = {AeR**3 ATA=1 and det(4) =1}
SL2,R) = {A€R*2%det(A)=1)
SL2, @) = {Ae C®*%det(A) =1}

Il

with the usual matrix multiplication (where we followed the tradition of denoting
the algebra by lowercase letters and the corresponding group by uppercase letters).

2.3 DUAL REPRESENTATIONS

The multiplication from the right and from the left gives actions

pL, pr:U(g) = Hom(U(g),U(g))
of U(g) on itself,

pL(X)Y = XY,
PrR(X)Y = YX,

which satisfy

pr(X)epr(Y) = pr(XY),
pr(X)opr(Y) = pr(YX),

i. e. pr, is a representation fo U(g), and pg is a representation of U(g)°? called left
and right representation, respectively. This implies that pg o S is a representation
of U(g) (with S as defined on page 7). Finite-dimensional representations of U(g)
can be obtained from pj, by taking the quotient with respect to invariant subspaces
I C U(g) whose codimension is finite (a subspace I C U(g) is called (pr-) invariant,
ifforallY € I and all X € U(g): pr(X)Y € I). If we fix a basis {1} for U(g),
then we can define the matrix elements m% (X) of p(X) (with respect to this
basis), by

pL(X)n =Y mh(X)¥n, (2.1)

n+N>0

for X € U(g) (n and N are generally multi-indices). Another representation, the
adjoint representation, is given by

ad(X)Y = XY - YX, for X,Y € U(g).
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Example: We look at the right and left actions for the affine algebra. Fix the
basis {¢nm = X"Y™} of U(aff(1)). Then the matrix elements of the right and
left action can be read from the following relations,

pL(X)"/)nm = X -X"Yy™=Xx"ty™

1/)n+1,m
LY Yum = Y XY™ =(X-1)"Y™

= (1) i

1l

v=0
pR(X)d’nm = ¢n+1,m + m"/}nm
pR(Y)"/}nm = "/fn,m-}-l .

We will show one example, how quotient representations can be calculated. Let
I be the left ideal (i. e. pr-invariant subspace) generated by X — o, i. e. I =
{z - (X —a);z €U(g)}. Then {¢, = [Y™]} is a basis of U(g)/I, and we get

pr(X)Ym = [X Y7 =[™X+m)]=[Y"(a+m)+Y™(X - a)]

= (a+m)1ﬁm
ﬁL(Y)"/)m = J’m+1'

We will now show how the elements of g can be realized as vector fields. Fix a
basis {X1,...,Xn} of g. Then

glai,...,an; X1,...,Xn) =exp(a1X1) - -exp(anXn)

for a = (a1,...,a,) € U C R" in an appropriate neighbourhood of 0 € IR"™
defines a coordinate system for a neighbourhood of the unit element e € G. These
coordinates are called coordinates of the second kind. Coordinates of the first kind
are introduced in Section 2.4.

Note that g(a1,...,an; X1,...,Xp) can also be interpreted as a formal pair-
ing or dual pairing (a, X) between the algebra K[ay,...,a,] of polynomials in
the commuting variables a1, ...,a,, and the universal enveloping algebra U(g).

m a™l...gmn
Choose {cn(a) = %7 = —nﬁr::n!;m = (my,...,my) € Z}} and {Yn(X) =

X™ = X" X" m € Z}} as bases of K[ay,...,a,] and U(g), respectively.
Then

La,X) = Z em(@)¥m(X) = g(a, ..., 005 X1, ..., Xp).
meN™

This interpretation will also be useful when we later generalise our procedure to
quantum groups.

Using the relation eXYe X = €2dX)Y, we can determine the matrices wzj(a)
and 7};(a) such that

Xlg(a; X) = Xigla; X)
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n

= ZT{'J aa] al,...,an;Xl,...,Xn)

(

n
= E 7r] al) . ;an;XI)"'7Xﬂ)'

<.
—

Xi9(a; X) =

S}

; X)X

<

<.
-

The maps p! : U(g) = Hom(K[a], K[a]) and p* : U(g) = Hom(K[a], K[a]) defined
above are called the left and right dual representation, respectively. From the
viewpoint of the dual pairing they are introduced by requiring

(p'(V)X;a) = (a,pL(Y)X) = (a,YX),

(p*(Y)X;a) = (a,rhor(Y)X) = (a,XY),

i. e. they are the duals of the left and right multiplication. They satisfy
pl(X)opl(Y) = pl(YX),
P (X)op*(Y) = p"(XY),

for X,Y € U(g), i. e. p* is a representation of U(g), and p' is a representation of
U(g)°P. The dual adjoint representation is given by

X' =Xxt-Xx" (2.2)

We can also introduce dual representations for quotient representations, see e. g.
the following example on the affine group.

2.3.1 Ezample: the affine group

We define the group elements with respect to coordinates of the second kind by
g(a,b; X,Y) = exp(aX) exp(bY).

If we interpret the group element g(a, b; X,Y) as a formal pairing, this corresponds
to choosing {cpm = "7;:’7:} and {¢Ynm = X"Y™} as dual bases of the universal
enveloping algebra U(af f(1)) and the algebra A of polynomials in the two com-
muting variables a and b. We obtain vector field realisations corresponding to the

left and right multiplication using the formulas

2
Xy - Yy 4alX,Y]+ %[X, [X, Y]]+

= %Y
2
Y X = X+b[Y,X]+%[Y,[Y,X]]+
= X +bY.



12
Then
Xtg = XeXab¥ = 0,9,
X*g = e XY X = XYy Y by
= X)X oY — gaX (X _ py)ebY
= (0a — bdb)g,

Chapter 2

and so on. For the adjoint representation X'g = Xg — gX = (X1 — X*)g = bOsg.

Proposition 2.3.1 For the action on the left

Xt = Oa,
Yt = €~ %0,
for the action on the right
X* = 0, — bOy.
Yy* = ab:
and for the adjoint representation
X' = b0,
Y' = (a7 -1).
We also give a list of realisations that can be obtained from quotient representa-
tions:
XQ=al: X' =00, +a,
Yt= 0O,
YQ=80: X' =0,
Yt =pge°,
QX =af): X* =a— bby,
Y™ = 0,
QY = B0 : X" = 8.,
Y* = Be®.

2.3.2 Ezample: nilpotent groups

The defining commutation relations imply

ad tX, t? N
e OX]' = Xj+th+1+EXj+2+"'+

N—] i
= > aXus (LGN
i=0

CathjX() = XO—th-H-

(N =)

XN
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With these formulas we can derive the dual representations, if we set
0= 9(6;X) = glao,...,an; Xo, .., Xy) = e*¥ XN eon-Xn-1.. guoXo,

Proposition 2.3.2 (Dual representations) The left dual representation is given
by

N-1
Xt = 6+ Z a;0iy1,
1=1

x! = & (1<i<N).
The right dual representation is given by
Xg = 0o,
N—i j
X = 2% ‘;—?a,-ﬂ, (1<i<N).
j=

One easily verifies that

Xo = 6:07
R Z(N-1)
X, =
! TN
R :L,N—l
Xi = a (N -9
XN = a,

is also a representation.

2.3.3 Ezample: the finite-difference group

We define the finite-difference group via the finite-difference algebra (see paragraph
2.2.3) by

g9(a,b,c) = g(a,b,¢;T, A, X) = exp(aTl’) exp(bA) exp(cX),
and calculate the right and left dual representations.

Proposition 2.3.3 The left dual representation is given by

T' = 8,

Al = 5y,

Xt = —(a+0b)d, +0..
The right dual representations are given by

T = e °4,,

A" = (e =1) 8 + 0y,
X* = ac-
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2.3.4 Ezample: so(3) and si(2)
We define the group elements by

00
g(a,b,c;Xl,Xz,X;,) = Z Cnmr(aabac)"pnmr(XlaX%XiB)
n,m,r=0
00
— Z a™bm " XX X5 — ¢3%1gbX2 ,cX3
it nlmlr! '

From the defining commutation relations of X7, X5, X3 one deduces

ea.X1X26—aX1 — 6ad(axl)(X2)

2 a3
= X2+GX3—%X2—§'-X3+—

X3 cos(a) + X3 sin(a),

and therefore

e*X1 X, (X, cos(a) + X3 sin(a)) e®X1,
X,e®%1 = %1 X5(cosa)™! — X3 tan(a)e®X?

(+ cycl.). With these relations the dual left and right realisations can be calcu-
lated, e. g. (g = g(a, b, ¢; X1, X2, X3))

XIQ — Xl ea.X1 esz eCX3
—_ aaeaxlebX2€CX3,
Xi“g — eaX1 esz eCX3 Xl

_ ea,X1 esz (Xl COS(C) + X2 Sin(C))eCX3

_ axy [ cos(c) bXa _ bXo cX3
= e (cos(b)Xle cos(c) tan(b)e’ 2 X3 ) e

+eaX1gbX2 sin(c)XzeCX"

COS(C) : — aX1 bX2 CX3
(———cos(b) 8, + sin(c)dy — cos(c) tan(b)@c) e’ t2elfs,

The realisations of X, and X3 are calculated analogously.
Proposition 2.3.4 (Realisations of so(3))

1. The dual left realisation is given by

XI = 60.,

. _ sin(a)
X} = sin(a) tan(8)d, + cos(@)ds ~ i
X} = —cos(a) tan(t)o + sin(a)ds + g,

cos(b)
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2. The dual right realisation is given by

. _ cos(c) . B
X = cos(0) 8, + sin(c)d — cos(c) tan(b)0,,

. _ _sin(c) )
Xy = cos(b) 0o + cos(c)8 + sin(c) tan(b)d.,
X; = 0

Notice that

A

X, = cos(z) 0y, X, = sin(z)8;, X3 =0y,

is also a realisation of so(3).
For sl(2) we set

gla,bc; X4, H, X_) = e*X+ebHecX-
Proposition 2.3.5 (Realisation of si(2))
1. The dual left realisation is given by

HY = 2a0, + Oy,

xt = 4,

Xt = —a%, — ad, + €%..

2. The dual right realisation is given by

H* = 08+ 2c0.,

X3 e~%8, — ¢y — 0.,
X = 0..

Notice that A ) .
X, =2%, H=220, X_=0,,

is also a realisation of sl(2).

2.4 THE SPLITTING LEMMA

We have already introduced one canonical coordinate system for Lie groups, the
coordinates of the second kind. As the name suggests, there are also coordinates
of the first kind. They are defined by

(a1,...,0n) — gi(a; X) = exp(a1Xa + - + oanXn).

These coordinates can be defined for any Lie group for some neighbourhood of the
unit element. The following lemma shows how the transformation between these
two coordinate systems can be calculated. It is called splitting lemma, because it al-
lows to “split” the one-parameter subgroup exp(tX) generated by X = Y 1 ; o X;
into a product exp(a; X1) - - exp(anXn).
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Lemma 2.4.1 (The Splitting Lemma) Let X = Y .-, a; X;, and let

exp(tX) = exp(a1(t)X1) - - - exp(an(t) Xn) (2.3)

be the one-parameter subgroup generated by X. Let X, denote either the left or
the right dual representation, with the matriz 7;;(a) defined by

Then the coordinates ay(t),...,an(t) are determined by the differential equations

n
(J,JZZQiﬁ'H(G), j=1,...,n
i=1

with the initial conditions a1(0) = - -+ = a,(0) = 0 for t sufficiently small.
Proof: (Cf. [FKS93]) Differentiating (2.3) with respect to t we get

Xexp tX i (f[ ea.(t)X‘) ; X ea‘J(t)XJ ( ﬁ eae(t)X&)
i1

i=j+1

(t); X) (2.4)

||M: |

aa,

For the left-hand side

Xexp(tX) = ZaiX,-g(a;X)
= Z aiX:g(a; X)
i=1
= Z a; 7rU g(a; X) (2.5)
4,j=1
or, similarly,
Xexp(tX) = exp(tX)

= Z i ( g(a; X). (2.6)

i,j=1

Comparing (2.4) with (2.5) (or (2.6)) yields the result. |
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2.4.1 Ezample: the affine group

Proposition 2.4.2

eaX+5Y

eaXebY

_Be=a_
eaXe E(e l)Y,

_ b
X =R Y

Proof: We solve one of the two equivalent systems of ODEs

a(t) = a,
bty = Pe~o®),

a(t) = a,
b(t) = —ab(t)+ 6.

17

with the initial conditions a(0) = b(0) = 0, and then set t = 1 to get the first
formula. The second formula follows immediately.

2.4.2 Ezample: nilpotent groups

Proposition 2.4.3 (The Splitting Lemma) The relation

N
et Zi=0 a; X; — ean(t)XN . eal(t)Xl eao(t)Xo

is satisfied by the functions

ao(t) = oot,
al(t) = alta

[67Y01
ax(t) = %t2+a2t,

2

[a7{e] [e7hYe
as(t) = 0T1t3 + —02-—2t2 + ast,

i—1 O!’Ya'
at) = Lot Asish

¥

=0

Proof: We have to solve the system of differential equations

with the initial conditions

ag
ay

as

a;

Qo,
ai,

aoa; + aa,

Qoa;—1 + 0y,
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2.4.3 Ezample: the finite-difference group
Proposition 2.4.4 We have the following splitting formula
exp[t(aT + BA + vX)] = exp(a(t)T) exp(b(t)A) exp(c(t) X),

where the functions a(t), b(t), and c(t) are given by

at) = 2L exp(—yt) - pr+ 222,
Y Y
b(t) = Bt
cet) = At
Proof: Apply lemma, 2.4.1. [ |

Remark: For v = 0 we get a(t) = ot.

2.4.4 Ezample: so(3) and sl(2)
Proposition 2.4.5 (Splitting Lemma) The functions a(t), b(t), c(t), such that

. et(otX1+ﬁX2+‘7X3) — ea(t)Xleb(t)Xzec(t)Xs

holds, are uniquely determined by the differential equations

= a+ fsin(a)tan(b) — -y cos(a) tan(b),
b = PBcos(a) + vsin(a),

. sin{a) cos(a)
© = _'Bcos(b) ’Ycos(b)’

(or equivalently

. cos(c) sin(c)

@ = acos(b) B 'Bcos(b)’

b = asin(c) + Bcos(c),

¢ = —acos(c)tan(b) + Bsin(c) tan(b) +1,)

and the initial conditions
a(0) = b(0) = ¢(0) = 0.

Proof: We apply the splitting lemma 2.4.1. [ |

Proposition 2.4.6 (Splitting Lemma for si(2); see [FS93] Chapter 1, 4.3.10)

es(X++aH+bX_) — eu(s)X+ eh(s)Hebu(s)X._,
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where
8% = a?-)b,
dsechds
h(s) = log ((5 - asechds) ’
(5) = tanh ds
v = 6 —atanhds’

We will now derive the splitting lemma for so(3), using the adjoint represen-
tation.

Proposition 2.4.7 The adjoint representation of so(3) with respect to the basis
{X1, X2, X3} is given by

00 O 1 0 0
ad(X;) = 0 0 -1 |, edtXi = 0 cost ~—sint |,
01 0 0 sint cost
0 01 cost 0 sint
ad(Xp) = 0 0 0 |, exdtXz = 0 1 o0 , (2.7)
-1 0 0 —sint 0 cost
0 -1 0 cost —sint 0
ad(X3) = 1 0 0], exdtXs = sint cost 0
0 0 O 0 0 1

Now we can calculate e2de@X1gadbX2padcXs  (p the other hand we find for Y =
aX;, + ,BXz + ’)’X 3

0 -y B
ad(Y) = Y 0 -« y
-8 « 0

B+ -af  -ay
ad(Y)? = —af  o*+4r By |,
—ay =By B+9
0 — B
ad(Y)®? = —-(@®+8*++)| v 0 -a
-8 « 0
= —(a®+ 8 ++%)ad(Y),
ad(Y)’™ = {-(a®+ 8 +7)}" ad(Y),
ad(V)?™? = {—(a®+ B2 ++)}" ad(Y)%

With these equations we can compute e2d(Y),

Proposition 2.4.8 Let Y = aX; + 8Xs +vX3 and t> = a® + #2 + v%. Then

- 0 -y 8 F+y" -—aB  -ay
-1
(V) —q 4 HRE ¥y 0 -a |+ costtz —af  o*++9* By |.
P\-8 a o0 —ay =By B+
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We can now give a different form of the splitting lemma for so(3).

Proposition 2.4.9 (Splitting Lemma) Let o, 3,7 be chosen such that a® + 82 +
72 =1 and letY = aX;+B8Xs+7vX3. Then (for t sufficiently small) the functions
a(t),b(t),c(t) in

ety = ea(t)Xl eb(t)Xz eC(t)Xs

can be determined by

sinb = fsint — ay(cost — 1),
. 1 .
sine = — {asint + By(cost — 1)},
1
: IS S -1
sinc o5t {ysint + aB(cost - 1)},

where a, b, ¢ have to be chosen as continuous functions with a(0) = b(0) = ¢(0) = 0.

Proof: Compare e2d(Y) and e2daX1gadbXspadcXs, [ |

2.5 THE COMPOSITION LAW

We will now look at a composition law for formal pairings. Since the formal
pairings can be interpreted as group elements this will be the group multiplication
in coordinates of the second kind. If g(a; X) and g(b; X) are two group elements,
then their product g(a; X)g(b; X) is also a group element. We will use the notation

9(a @ b; X) = g(a; X)g(b; X)

for the product. The map ® is called composition law and is in general uniquely
defined only for a sufficiently small neighbourhood of 0. We give the explicit form
of the composition law for several groups.

2.5.1 Ezample: the affine group

Proposition 2.5.1 1. In terms of coordinates of the second kind the composi-
tion law s

9(A,B; X,Y) g(a,b; X,Y) = g(A+a,e B+ b; X,Y).

2. In terms of coordinates of the first kind the composition law s

aB(a=" — 1) — Ab(e® — 1)Y
aA(e~(Ate) — 1) '

Proof: 1. From Ye®X = e*Xe2d(-eX)(v) = eaXe=2Y follows Y e

= 2% (e*Y)" and thus eBY e®X = e2Xee™"BY | Therefore

eAX oBY paX bY _ (A+a)X j(eT*B+H)Y

eAX-}-BY eaX-}-bY = exp ((A + CI,)X +

2. follows from 1. with proposition 2.4.2. [ |
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2.5.2 Ezample: nilpotent groups
We will need the formula

90 X0 gAi X 90X0 o Ai Xi g=a0X0 za0Xo
= exp (4;e%024X0X;) e20Xo

N—i j

= exp A,‘ Z Q%X‘H.j e“°X°
=0 I*
G.N_' aj
— eAi(—fg‘_T)!'XN . eAiT?‘Xi-{-j . eA,'X;eaOXO’ (28)

(1 <1 < N). Applying this formula N times and reordering the resulting terms
then gives the following proposition.

Proposition 2.5.2 We have g(a)g(A) =

i—1 4 N-1
a a

g ao+A0,a1+A1,-.-,ai+§ ].—?Ai—ja---aaN+§ ].—(,)AN—]'
—~ j! par

where a = (ag,-..,an), A= (Ag,..., AN).

2.5.3 Ezample: the finite-difference group

Proposition 2.5.3 The composition law with respect to coordinates of the second
kind is given by

g(a,b,c)g(A,B,C) = g(a+ Ae ™ *+ B(e ¢ —1),b+ B,c+ C).

2.5.4 Ezample: so(3) and sl(2)
Proposition 2.5.4 (Composition Law for sl(2); see [FS93] Chapter 1, 3.4.1) For

g(a,b,c) = esX+bHeX-  we have the composition law
Ab? bB cB?
9(a,b,c)9(A4,B,C) =g <a+ T 1A C T 1o Ac)

One can calculate the group law of so(3) from this group law and the splitting
lemmas of the previous section. Or we can again use the adjoint representation.
The second method gives the following expressions for the group law.

Proposition 2.5.5 (Composition Law for so(3)) If we denote the group elements

of s0(3) by
gla,b,c) = 2 X1 b X2 X3

then the composition law can be written as

g(a)b’ C)g(a,7bl)c,) = g(A’ B)C)’
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where
sinB = cosbcoscsinbd’ + cosbsincsina’ cosd’ + sinbcosa’ cosd’,
. 1 o . .
sinA = { — (sinasinbcosc + cosasinc) sin b’
cos B

+(cosacosc — sinasinbsin ¢) sina’ cos ¥’

+sina cosbcosa’ cos b’},

. 1 o . .
sinC = { — (sinasinc — cosasinbcosc) sin b’
cos B

+(sina cosc + cosasin bsin ¢) sin a’ cos b’

+ cosacosbcosa’ cos b’}

Proof: Calculate e2d3X1¢2dbXzgadcXscada’X)padb'Xzpadc'Xs 5y

e2d AX1gad BX30ad CXs 51 compare the matrix elements. [ |
Remark: The preceding proposition is only good for sufficiently small values of
a,b,cand do',¥',c'. If, for example, we get B = 7, then A and C are not uniquely
determined.

2.6 MATRIX ELEMENTS

Exponentiating the representation pr of U(g) on U(g) we get a representation of
G on U(g). To simplify notation we will identify py(X) and X. We define the
matriz elements MM (a) of the representation G on U(g) by

9@ X)Ym(X) = Y Mpl(a)¥minm(X),

m+M>0

where {m(X);m € Z7} is the basis of U(g) introduced on page 10. These
matrix elements are generally well-known special functions, such as hypergeometric
polynomials, etc. For a complete discussion of how their special function properties
can be derived with many interesting examples see [FS90]. We present here only a
strongly abbreviated version. We will sometimes switch to the subscript notation
defined by M(a) = Mi*(a), i. e.

g(a; X)r(X Z My (a)i(X

leZy

The following proposition gives a useful formula for calculating the matrix ele-
ments.

Proposition 2.6.1 (Principal formula)

Ml (@) = Ym(X*)em+m(a)
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Proof: We can write the product of two group elements g(a; X) and g(b; X) as

9(@; X)g(b: X) = g(a,X) Zcm )¥m (X)

Zcm aX'lpm( )

Z e (B) MY (@) re (X)),

m,M
since the a’s and b’s commute. On the other hand, we can also write
9(a; X)g(b; X) 9(b, X*)g(a, X)

ch By (X *)er(a)gr(X).

Il

Comparing these two expressions leads to the desired formula. [ |
Many interesting relations for the matrix elements can now be deduced from the
group law, and the relations of the operators X*.

Addition theorems: Writing the group law as

g(a; Zcm wm+M(X)
and as
9(a@bX) =Y cm(a©b)pm(X),
we can read off the transformation formula

a@b ch Mm k

Similarly,
9(a; X)g(b; X)¥m(X) = g(a © b; X)¥m (X)
yields the addition theorem

MM(aob)= Y MM\ (@)MM (b).
M/'+M"=M

Differential recurrence relations: We use the right dual representation.

XIMY(@) = Xin(X")emen(o)
3 (XWX e (@)
Zm M,?,g.kk( )

where mF (X;) are the matrix elements of pr,(X;), cf. equation (2.1).
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2.6.1 Ezample: the affine group

The matrix elements are given by the principal formula (proposition 2.6.1)
M7IleM (a,b) = Ynm (X, Y*)eny N m+m(a,b).

This gives us

N+nbM+m
MNM - 6a —b n
nm ( 05)" (B6)™ (N +n)Y(M + m)!

- n n—-—v v aN+nbM
- ;;< v )a“ (=b3%) (N +n)IM!
_ i n\ (=M)?aNtvpM
g\ (N +v)IM!

aNoM
= NI 1Fi(-n; N + 1;aM),

where 1 F1(a;b;2) = Y oo 0% and (a), =a(a+1)---(a+v-1).
Proposition 2.6.2 The matriz elements are given by
NbM

MY (a,b) = N ~n tf

(=n; N + 1;aM).
We get the following differential recurrence relations:
(80 — b3) MM (a,b) = M7 (a,b)

or, after some simplification,

%aa 1Fi(-n; N+1;aM) = (% — 1) 1Fi(-n;N+1;aM)+,Fi(—n—1; N;aM),
and "
v n N V,M—
%MW@®=§PD(V)MJWJMM
or

1Fi(=n; N+ 1;aM) = Z(](V;-T:)l_)-_'lFl( -n+v;N+v+1a(M-1)).
v=0

2.7 STOCHASTIC PROCESSES ON LIE GROUPS

In this section we study stochastic processes on Lie groups. Subsection 2.7.1
shows how, for a given continuous stochastic process X; on a Euclidean space, an
analogue X; on a Lie group G can be constructed. To do so we first embed the
given process linearly in the Lie algebra g of G. This embedding depends on the
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choice of a basis for g and uses only the vector space structure of g. This process
could then be mapped to the group via the exponential map, but the resulting
process would not behave similarly with respect to the multiplication of G as the
original process does with respect to the addition of the Euclidean space. Therefore
we decompose the original process into increments, i. e. differences Xiiay — Xi
corresponding to small time intervals, map these to the group, and then multiply
them back together, using the group multiplication. The process X, on the group
is then defined as the limit for At — 0. We see that the generator of X; is also
directly related to the generator of X;.

The next section contains an application of these processes. They can be used
to define solutions of generalised heat equations as Appell polynomials. These
polynomials are also related to limit theorems, and have nice special function
properties (see also [FS92]).

Finally, in the last section of this chapter, we calculate “by hand” certain
solutions of heat equations related to the affine group and to several nilpotent
groups.

2.7.1 A construction of stochastic processes on Lie groups

We now give an explicit construction of stochastic processes on a Lie group G.
The approach we follow can be traced back to McKean’s multiplicative integrals
(cf. [McK69)]), our presentation is taken from [FS89a, FS89b]. We start with a
process W(t) = (Wi(t),...,Wa(t)) on R? and embed it linearly in the linear
space of the Lie algebra g = L(G) (dim g = n > d). Then we use the exponential
mapping that is defined by the Lie algebra structure of g to map W(t) to G.
We suppose that W(t) is a continuous stochastic process with stationary and
independent increments and with W(0) = 0, and that G is an exponential group
(e. g. a nilpotent group), i. e. that exp : L(G) — G is a bijective diffeomorphism.
Furthermore, we identify W (t) and its image in g, W(t) = Y, Wi(t)X;, where
the last n — d coordinates are equal to zero.

We can view W(t) on R? as being built from its increments w(® (n). Fix
t€ R, and k € IN, and let

w(k)(n)=W<(n+1)t>—W<nt>, n=0,... 251

2k 2k
Then obviously
2k -1

W(t) =Y w(n). (2.9)
n=0

In the limit £ — oo, this sum becomes a stochastic integral,

W(t) =/0 dW (s).

To generalise the increment property (2.9) to processes on a group G' we replace
the sum by the group product. But for non-commutative groups this fails for the
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process g(W (t); X), i. e. in general
gW (1); X) # g(w™(0);X) - g(w® (n); X) - g(w® (2* - 1); X).  (2.10)

A way out is to change W(t). We start with the right hand side of (2.10) and
define it as stochastic process g(W *)(t); X) on G, i. e.

g™ () = gW ™ (2); X) = g(w™® (0); X) - - g(w™ (n); X) - - - g(w™® (2% — 1); X).
This defines W(*)(t) uniquely, because G is an exponential group. We set

W(t) = lim W® ().

k—o0

The expression obtained for W (¢) will again involve stochastic integrals.

Remarks:

e To see how the convergence of g(*¥)(t) can be proved in general, consult
[FS89b, Fei78].

¢ For non-exponential groups one needs techniques to patch together the pro-
cesses across different coordinate patches.

o Using semi-martingales one can define a stochastic exponential also for more
general processes as considered here [HDL86]. It is introduced as the solution
of a stochastic differential equation of the form dX; = X,dM;.

Assume now that W(t) is a d-dimensional Brownian motion. Then the expec-
tation of an increment g(w(*)(n); X) is

E(gw®(n); X)) = B(exp@{” @)X exp (n)Xa))

tX? tX?
exp 2.9 +--€Xp 2,2k

and therefore, since the increments are independent,

B (070:0) = (o (£25) o (25"

Using Trotter’s product formula

X x\\V
i (o0 (%) e (22)) " et o0

E(g(W (1) X)) = exp% (X2+..-X2).

Il

we find
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This result remains true, if W (t) is a process with stationary and independent

increments, and with independent components. Let L(z) = Zle L;(z;) be the
generator of W(t), i. e.

IE(exp(W(t)a:)) =exptL(z). for z € RY,
then we find
d
IE(g(W(t);X)) = exptL(X) = expt Y, Li(Xy). (2.11)

Remark: Equation (2.11) can be considered as a generalised Feynman-Kac for-
mula, as is shown in [FS89a, FS89b). To give the limits involved in this equation
a meaning, we have to replace the Lie algebra elements by operators and use the
operator topology. Trotter’s product formula can be applied in different contexts,
e. g. if the operators are bounded or unitary.

Ezample: the affine group

Let A;, B; be two stochastic processes on IR? and g(A¢, By; X, Y) the corresponding
process on the group in terms of coordinates of the second kind. Asin the preceding

discussion we choose a partition? {0 = to,t1,...,tn,tN+1 = t} with width At =
tit1—t; (i =0,...,N) of the interval [0,¢]. This corresponds to approximating the
N-1

stochastic process by a discretised process. We have A;y = > "5 a¢,, Aty =
N-1
AtN +atN, BgN =Z btn.’BtN+1 :BtN +th and

n=0

g AN BN X Y) = glam,biy; X, V)g(AN, B X, Y)

IN+1) TiNg1? (70 7 VA

- 1(N) -
g(AM La, oAb, + BM, X, Y),

tn tn 2
therefore

N
figN) = Zat" = AtN,

n=0

N o N

~(N _ _

BN = NeAaTh, =Y ey,
n=0 =0

In the continuous time limit (N — oo, At — 0), this becomes

At = Ata

t
/ e~ 4dB;,
0

where the integral is the usual Itd integral. With these arguments we have proven
the following proposition.

B

2For convenience we again assume that this is an equi-distant partition, but this is not nec-
essary.
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Proposition 2.7.1 For a continuous time stochastic process with components
(As, B;) on R? the corresponding process on the affine group in terms of coor-
dinates of the second kind is given by

t
o(4r, / exp(=4,)dBy; X, Y).
0

If we again denote by IE(:) the expectation value, and take standard Brownian
motion on IR? for (A4;, B;), we get the following result.

Proposition 2.7.2 For Brownian motion on the affine group we have the relation

t
e — (g(At, [ e-agazsx, Y)) ,
0

where H = 2(X2 +Y?).

Remark: This is just a special case of equation (2.11).
Proof: In the discrete time approximation

N-1
E (g(AtN, > e‘A'"bt";X,Y))

n=0

N-1
]E H ea,"XebgnY
n=0

N-1

At 2 Aty2

= [N
n=0

In the limit At — 0, NV — oo, (IV - At = t), the Trotter product formula

k
lim (exp <&) exp <&)> = exp(X1 + X3)
k—o0 k k

yields the proposition. [ |

This means that for every (sufficiently well-behaved) realisation p of Aff(1)
(see e. g. proposition 2.3.1), we have two equivalent ways to express the time
evolution of (sufficiently well-behaved) solutions f(z,t) of the equation

0 f(z,t) = p(H) f(z,1),

namely
f(@,t) = e f(z,0),

and

.0 = (ol | t e~ aB,ip(X), V)1 (2,0))

But in general it might not be easy to evaluate either of these expressions (see also
2.7.3).
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Ezample: nilpotent groups

We state the analogous results for the nilpotent groups that correspond to the
nilpotent Lie algebras introduced in paragraph 2.3.2. They can be proven along
the same lines as propositions 2.7.1 and 2.7.2.

Proposition 2.7.3 Let A4, = (42,...,AN) be a continuous ti tzme stochastic pro-
cess on RNT. Then the corresponding process g(A;) = g(A?,...,AN) on the
N -step nilpotent Lie group is given by

A =AY

A = Al

t
i = Af+/ A0dAL,
0

t t .
i = A;‘+/ AdAi gy ] ,/ (4%) dal,
0 (1“1)- 0

~ ' N_11 t .
AN = Zﬁ/ (AD)? dAN—I.
j=0 7" 70

Proposition 2.7.4 If we take two-dimensional Brownian motion
Bt (B?aBtl’ ) ) weﬁnd

IE(g(Bt; X)) = exp <%(X§ + Xf))

With the realisation given after proposition 2.3.2, we get
E ( g(B?, B} /t B%BL,..., /t (B9 ' dB!; X)
g t to s sv"'v(N_l)! o s s

2 2N-2

It would be of great interest to find simpler expressions for the action of exp £(82 +
c2x?N-?%). Let for example f(z,t) be defined by

§ " £2N-2
f(z,t) =exp - (6 + ——[N—l)!]2> 1,

i. e. f(z,t) is the solution of

2N -2
By (z,t) = % (az ta [(—;W) W(z,t) (2.12)
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with the initial condition ¥ (z,0) =1 for all z. Then

N gN-i gt i—1
E (exp (a;w—_i)!/() (B9)*~ ng)) = f(z,t)

would allow us to find the characteristic function of the process given by the
stochastic integrals (see also 2.7.3).

Ezample: the finite-difference group

For the finite-difference group we can prove the following proposition similarly as
proposition 2.7.1.

Proposition 2.7.5 If (At,Bt, C:) 1is a stochastic process on R3, then the corre-
sponding process (Ay, By, Cy) on the finite-difference group with respect to coords-
nates of the second kind is given by

t t
A, = / e O dA, + / (e=¢ —1)dB,,
0 0

Bt = Bta
Ct - Ct.

2.7.2 Appell systems

Appell polynomials {hn(z);n € IN} on IR are usually characterised by the two
conditions

e h,(z) is a polynomial of degree n,
o Lhn(z) =nhn_1(z).

Interesting examples are furnished by the shifted moment sequences

o0
hn(z) = [ (a4 0)"pldw), (213)
—00

where p is a probability measure on IR with all moments finite. This includes in
particular the Hermite polynomials

1 * N\
Hy(z) = E/ (¢ +iy) e~V 2dy

for the Gaussian case. P. Feinsilver and R. Schott [FS92] have used the probabilis-
tic interpretation of Appell systems to define their analoga on Lie groups (where,
in general, they are no longer polynomials). We will present this definition and
some of the basic properties of Appell systems on Lie groups, before we look at
several examples.

We are here interested in Appell systems, because they are polynomial solutions
of generalised heat equations (see proposition 2.7.6). Naturally, they can also be
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used to give more general solutions in the form of infinite series. In probability
theory they are also used to obtain non-central limit theorems (see references in
[FS92)).

The left and right Appell polynomials (corresponding to the random variable
Z) on a Lie group are defined as

hi(@) = Y c(a)EM(2)),

j+J=n
@) = 3 B(g(2)M] ().
j+J=n
The convolution formulas
hi@) = E(en(Z0a)) (2.14)

hR@) = IE(cn(a(DZ))

show the analogy to formula (2.13). To derive these formulas we have to expand
the product ¢g(Z; X)g(a; X) in two ways:

E(9(Z X)g(a; X)) = E(g(Z0aX))
= Y E(ca(Z00))galX)

and

E(9(2; X)g(a; X))

E(g(z;X)ch(a)z/)j(X))
(ZCJ 1/)J+J(X))
= th{ (a)yn(X

Equation (2.14) follows, since {¢,(X)} is a basis for U(g). Starting with <
g(a; X)g(Z; X) >, we get the corresponding formula for the right Appell poly-
nomials.

Of particular interest are the Appell systems related to the process W (t) con-
structed in the previous section.

Il

Proposition 2.7.6 For the case of the process ]E( (W (t); X)) LX) we have
hra,t) = " *ey(a),

i. e. hL(a,t) (resp. hf(a,t)) is the solution of the evolution equation

Ofat) = LXNf(a
(resp. %f(a,t) = L(X*)f(a,t))

with initial condition f(a,0) = cp(a).
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Proof: We show the first equation, the second follows similarly.

S hE@gaX) = Y E(ca(W(t) @ a))in(t)

= E(g0¥ (1) X)g(a; X))
B(g07 (1) X1) 3 en(@)n(X)
= Y e Ne, (@) (X).

Ezample: the affine group
We use here the results of Section 2.7.3. Using the group law (see 2.5.1)

9(4, B)g(a,b) = g((A, B) o (a, b)) =g(A+a,e B +b)

and the convolution formulas (2.14), we can calculate the left Appell polynomials
with the formula

hE (a,b)

Il

E (cnm (41 B) © (@,1)) )
1

= m]E ((A~.t + a)"(e—aBt + b)m) , (215)

hé‘,z(a, b) = E (Co,z ((At, B)o® (a,b))) = %IE ((e“‘f?t + b)2)

= % (e-2“B§ +2e7°B;b + bz)
_ l 2t _ —2a E
= 3 (e**—1)e 2 + 5

where we have used E(4;) = IE(B;) = 0, IE (Bf) = 1 (e® — 1) (see 2.7.3). We

see that in this case the Appell polynomials are only for ¢ = 0 polynomials. We
list some more left Appell “polynomials”.

ho(a,b) = 1
hﬂo(a, b) = a
hg,l (a’a b) = b
1
h{l,l (a,b) = ab
L 1 2t —2a b2
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a at
hé’yo(a, b) = 3 + 5
h31(a,b) = % (a®b + tb)
2 q 1
his(a,b) = % + 3 (e — 1) ae %" + 1 (1-2t)e* —1)e?e
L 1 b
h0,3(aa b) = 1 (€2t 1) e 2% + 3

All these functions are solutions of the following partial differential equation

1 1
Ouht(a,b1) = 5 (X1 + Y1*) hE, (0, b58) = 5 (82 + e76F) Wy (0, by1).

that arises from the left dual representation (see 2.3.1). For solution of the heat
equation related to the right dual representation

m

athr}fm(a’ b; t) = % (‘X*2 + Y*z) hgm(aa b; t) = % ((aa - bab)2 + 6,?) hﬁ (aab; t)

we need the right Appell system. To get a formula for the right Appell polynomials
we have to exchange (A¢, B;) and (a,b) in equation (2.15). This gives

1 _ . .
hn(a,h) = — T ((At +a) (e Aeh+ Bt)m) .

We calculate for example

hfola,b) = 1

hio(a,b) = a

h§i(a,b) = €%

h3to(a,b) = % (a® +¢)

A (a,b) = et/?(ab — tb)
hy(a,b) = %e%b2 + % (e** - 1)

Example: nilpotent groups

Here we get

hﬁonl'“nN (GOaal, ey (],N)

N-1 . "
L - 1[0\
= b ((B? +ao)™ (B, +a1)n1"'<BtN+ > 5! (B?) aN—j) )
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AR . nn(G0,01,. .. aN)

1 N- 1 i
_ 0 n .. -
= B[ (B} +a0)™ (Bl +ay)" E: ,

_—_0

with equation (2.14) and 2.5.2. In 2.7.3 we will show how the moments

Engmny = ()" (B))" - (B1)™)

can be calculated.

2.7.3  Ezplicit calculations of solutions of the heat equation

In the previous sections we have developed a constructive approach to stochastic
processes on Lie groups, and have shown the relations of these processes to special
functions and solutions of evolution equations (heat equations). In some cases, e.
g. for the groups of type H, this yields a method for calculating the polynomial
solutions of the corresponding evolution equations (see [FKS93]). But in many
cases this last step is not complete, because there is not enough information about
the stochastic processes involved. We will use the fact that the correspondence
works in both ways, i. e. we will try to solve the evolution equation for a particularly
simple realisation, and use the results to calculate the moments of the stochastic
processes, its characteristic function, or determine its asymptotic behaviour, etc.
This information can then, in turn, be used to study the evolution equations of
other realisations. The results in this section have yet to be completed.

Heat polynomials for the affine group

In this section we study the polynomial solutions of a particular generalised heat
equation related to the affine group.

For the realisations that we obtained in proposition 2.3.1, it is not difficult to
calculate

t
o(Ar, /0 exp(~A,)dB,; p(X), p(¥))  (z,0)

for e.g. analytic functions f. The hard part is to compute the expectation value
of this expression, because it requires the knowledge of the expectation values

Epm =E (A;‘ ( /O t exp(——As)st) m) .

On the other hand it does not seem easy to calculate e?(*D) f(z, 0) for, say, analytic
functions either.

We will calculate the action of e*”(H) on polynomials for one realisation by
hand, and use the results to compute the E,,,.

Let p(X) = a — z0;, p(Y) = 0, (see eq.s (2.3),(2.3)). Then

1 (a® + (1 - 2a)z8, + (2% +1)82) .

p(H) = 3 (o~ 20, +02) = 3
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We find

mA[%]
Z "

where the coefficients C7, , satisfy the following recursion relation

(n -2 — a)? n—2u+2)(n—-2p+1)
C::H—l,u = -————?’-———-C:;,u 9 m,u—1- (216)
In particular we get C7, o = @%&, and C7,, = 0if g > [3] Am. By induction
follows (with a = max(2, |a|))
ICrpl £ (n+ a)?™ (2.17)
since Cy = 1.
© ym 0 4m mA[3]
exp(tp(H))z" = Z — H™"g" = Z — Z C,’,‘w:v"_z“
m=0 m=0 pu=0
(3] (3]
cntm s e
= ) D M=) e,
u=0m=p u=0
if we define
o0 tm
0= Y Cr
m=pu
Equation (2.17) shows that the series converges
.- |t™
)< (n+ a)zmﬁ <exp [(n+a)®Jt]] .
m=p '
Obviously
— )2
£3(t) = exp ((" 2a) t> (2.18)

and f =0 for p > [3]. Note also that from the definition of f} follows

dl/
‘dt—u‘T(O) = 0, ifo<v<yp
d” n n

de’m 0) = Cuu'

From the recursion relation (2.16) we get a recursion relation for the functions f}:

p— -_— 2 — —
if,’}(t) _ (n 2/; a) R + (n 2u+2)2(n 2u+1)f;}_1(t)

(2.19)
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forn € N, 0 < p < [%]. Solving this differential equation for p =1, n > 2, we get

1("2_"12t€§ a=n-1,
) = e 2eay? 2 (2.20)
%(:«x;—lnL)(e( et et 2Lt) else.
In general, for o ¢ {n,n —1,...,n — 2u + 1}, the function f}} can be calculated

with the help of the following proposition.

Proposition 2.7.7 Let n,u € N, n > 2u, and a € {n,n —1,...,n - 2u + 1}.
Then

n
n n n—2v—a 2
) = ZAWe‘—)-z t (2.21)

where the A}, are determined by the p+ 1 equations
n-— 21/ - a)?
]

n— 21/ -a)?1* . n!
[ ] AMV —_ m- (2;23)

0, 0<p<p, (2.22)

>
X

Proof: Notice first that from (2.16) follows
(n—2u+2)(n—2p+1)
2 p—1,p—1
nn—1)--(n-2u+2)(n—-2p+1)
2u

n _
Cuu -

n!
26(n —2p)V’

and that, if f;} has the form given in eq. (2.21), then eq.s (2.22),(2.23) follow from
eq.s (2.19),(2.19). Since f§ and f* have the form stated in the proposition (see
(2.18), (2.20)), we only need to verify that the solutions given in (2.21) satisfy the
recursion relation (2.19). Assume now that f;_; has the form of (2.21). Then f}
has to satisfy the differential equation

ifn(t)_( 2u a)? £+ (n— 2u+2)2(n—2u+1 EAu e (H;_a)zt’
v=0

where the hypotheses of the proposition guarantee

n—2v—-a#0 0<v<uy,
(n—=2p+2)(n—-2u+1)#0,
(n—2u—a)?#(n-2v-a)? 0<v <y,

and therefore f;} has the form given in eq. (2.21). Since then equations (2.22)(2.23)
completely determine f, this completes the proof. |
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Nonetheless it is useful to look more closely at the conditions on the A}, that
follow from (2.19). After some simplification we get the recursion relation

dp-vin-v-—p—-a)A}, =(n-2u+2)(n—-2u+ 1A}, ,

for 0 < v < p, which, if we add A}, = — Z‘V‘;(l, Aj, and notice Af, = 1, allows us
to calculate all required A7,

Proposition 2.7.8 Letn,p € N,n>2panda & {n,n—1,...,n—2u+1}. Then
the coefficients in proposition 2.7.7 are determined by the recurrence formulas

(n—2p+2)(n—-2u+1)
Al“’ 4(#— )(n—l/—p,—a) p=1,v 0_l/<p,,

Apy = — ZALW’

An = L

Assume now that we have calculated the f;. Then

(5]

ettHgn = ()" (2.24)

©f3

t

I
&=

=0
¢
<g At,/ exp(—As)dBs;a — x@w,az)z"> (2.25)

0

= ( e~z + Asst>n) (2.26)
u—o( v ) = (e(‘”"’)*‘t (/Ot e-A,st) n—V) . (2.27)

I
[

and by comparing the coefficients of z¥ and o in both expressions we get the
m
values < A7 (fot exp(—As)st) >. For n =2, a # 1, follows

B(do-a) =

t
IE(e("'l)A‘ / e—A’st>
0
t 2
1 a2 (a—2)?
e (eam </0 e—A’st> ) T 2a-1) (e e t>‘

If we set a@ = 0 in the last equation, we get

t 2 2t _
IE((/ e_A’st> ) _e -1
0 2

I
k=
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In general we can deduce from (2.24)-(2.27) by comparing the z° terms

¢ n n o
aAs _A, I R (t) if n is even,
E (e (/0 € st) > - { 0 if n is odd. (2.28)

Expanding both sides in power series with respect to a now yields the values of
m

E.m =1 (A{‘ ( f(f exp(—A,.,)dB.,) ) This can easily be done with programs such

as Mathematica or Maple. We get for example

—1+e?t 4 (—1+ezt—2e“t) a

2
1) =
) = = .
(—2+2€* —t—3e*'t+4e?tt?) o
+
4
(_1+62t_%_ 3e;'t +ezzt2_4e23't3) o3
+
2
(_1+e2t_%_Se;'t_%+9e28't2 _e2;t3 +2e23‘t“) o
+ P
2
(a—4)%t/2 (a—2)%t/2 a’t/)2
ff(t) _ 3e _ 3e + 3e
42-a)83-a) 2(l-a)3-a) 4(1-a)2-0a)
3 g2t 8t 9 262 5edt L, St
= |- _ 4 L2 4= t——
{8 2+8]+[16 3 T4 € 2]"
4|30 +20) et (26 — 39¢ + 36¢2) +e8t (19 — 102t + 2881¢?) o2
32 36 288
9 (5+2¢) + edt (65—366t+1008t2 —2304t3)
64 1728

t (40—60t+45t2 -368)] 5

+

l3 (31+ 14t +2¢t2) €2t (968 — 1452¢ + 1089¢% — 50413 + 432¢%)
- 1296

(211 - 1218t + 3474¢” - 63364° + 13824¢") |, |
[0
10368

In this way we can obtain the values of Enn, €. g.

1
E()g = 5 (62t - 1)
E12 = % ((1 - 2t)€2t - 1)
Ey = % ((4t* — 3t +2)e** =2 - t)
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E04 = (eSt et 46% + 3)

| =

((5 — 24t)e® + (48t — 32)e +27)

|~

With these values the time evolution of the polynomial® solutions of

p(H)f(z,t) = 0. f(=,1)

in other realisations can be determined.
One can use (2.28) also to give an expression for the Fourier transform of the
density of A; and fot exp(—A;)dB;. Let a be purely imaginary, a = iz, then

E (exp (izAt +iy /0 t e"A’st>> = i(—nn (g:;! £2n(8), (2.29)

n=0

where the dependence on z = ¢ is hidden in the f2",

A heat equation for the nilpotent groups

In previous calculations concerning Brownian motion on nilpotent groups we en-
countered the following partial differential equation (2.12):

Op(z,t) = 5 (39(z,t) + Be"Y(z, 1)) .

DO -

To solve this equation we consider the corresponding time-independent equation
B2 fa(x) + Bz™ fa(z) = Afa ().

This equation is found if we make the separation ansatz y(z,t) = fi(z)exp (3%).
It is equivalent to the system

(02) =G 0)(50)

V(z) = (vij(fﬂ))i‘j:l’2 = ( N _Oﬂzn é ) ,

then we can write the solution as

If we denote

3More precisely, where f(z,0) is a polynomial in the z1,...,z%, (z = (z1,...,Tk)).
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where the matrix U(z) is given by

U(z):]l-’r/ V(zl)dx1+--‘+/ ---/"_ V(zy) - V(zp)dzy ---dzy +---.
0 0 0

From this equation we can derive

where

e the constants a and b are determined by the initial values

a = fk(o)a
b = fAI(O)v

e and the functions g and hy are determined by the recursion relations
gr+1(z / / (A = Bx3)gk(z2)dz2dz1,  go(z) =1,

hit1(z / / (A = Bzy) hy (z2)dz2d, ho(z) = z.

These expressions allow us to find an upper bound for f(z). We get

lk(z)] = TN B2D) - (A — Paf)dzak - - daaday
e el
< <|e|€a|x|| A |> (2k)!
i ()] = "= BaD) o (A - fafy)zakdz - daaday
<

N
(é’f‘fﬁ’ﬂ' ~pe ‘) @+ DV

and therefore

- sinh [|z]y/max¢|<|z| [X — BE|]
[fr(z)] < |a|cosh |:|-T| |§I|1§a|);l |A— B¢ |j| + [l \/maXIEISIﬂCl X = Bén|

3 Cexp (|x|%+1) .

For the special case A = 0 we get the stationary solution

Zn+? 2,2n+4
Yo(z,t) = a (1 ~ ) T G m e T

+ b(o - i LAL———

. +
(n+2)(n+3) (n+2)(n+3)(2n+4)(2n+5)
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Solutions of the time-dependent equation can now be constructed as linear com-
binations of the form

z,t) = Zn:cn exp (%) h(z).

Let us now see how we can use these solutions to calculate the moments of
Brownian motion on nilpotent groups.

N =2: Here we have 8 = o? and n = 2, and the two stationary solutions are

a2x4 a4Z8 aﬁle
= 1- _
¥1(z) 12 "6z ssoa T
w (z) a2x5 a4.T9 a6x13
o(z) = z-—

20 + 1440 224640

From the leading terms of < g(A = BY,B = B},C = [} BYdB}; X)yi(z) > we
calculate, using the Feynman-Kac formula

E(g(4,B,C; X)ui(x)) = eu(e) = (a),
the expectation of the coefficients of the expansion of r; = g(A, B, C; X Yi(z),

r1 = 1+[C+Bz]a

4 2 3 _ A2 2 2 3 4
<i+9_>+(_i+30> L (A+B) P Ag _z_]az

+ 12 2 3 2 3 12

+...
A+z+[AC+(AB+C)z+B2? a

_AS 2 _ A4 2
(55 ) + (G vaBe+ )

T2

20 2 4
+ —A3 + A B?
2 2

2 2\ .3 4 5
, (-A’+B%) ¢ Azt 2,
+BC>z + 5 ) 50| @

We know that IE(A"B™) = 0 if n or m is odd, and IE(4*"B?™) = é,.—'f;_L,',.(i—,":n)—:t"““m
Then IE(r;) = ; yields

t2
IE(CZ) - —2—
E(AC) = <BC>=0
[E(AC?) = 0

2
E(ABC) = &
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azl.ﬁ a4xl2

¥ (2) 1= To0 tesse0 T
Of21:7 a4xl3

¥ol2) = - T Yot

We set A=B?, B=B},C = ['B%BL, D= [} (B?)"dB!, and
T3 =g(AaBaC)D1X¢Z(z))

and get the expansions

= 1+[§+Cm+B;2]a
+[((_—AG+D—2)+(:£+€—Q)z+(_—’44+c—2+£2)m2
120 8 20 2 8 2 4
NE IV NI ER R
6 2 8 20 120
o (2.30)
re = A+x+[—42£+<AC+§)z+<ATB+C> m2+B—;—i]a

4 —A7_+_AD2 + —A$_+_ACD+D_2 i
168 8 24 2 8

, (=A%, AC* ABD CD\ ,

8 2 4 2
(=34 ABC C* BD\ ,

24 2 2 T3 )"
L (T34 AB* BCOY

24 8 2
(~A2+B?) 25 A8 o7

8 24 168 @

oo (2.31)

ED? = ¢
E(AD) = E(CD)=0
[E(BD) = g
[E(ABD) = 0
[E(ACD) = al
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Higher moments can be calculated using more terms of the expansion, and
including time-dependent solutions.

Some calculations for SO(3)

We show another method to calculate the expectation value of certain functions
of the coordinates of Brownian motion on a group. We will consider the group
S0O(3), and use finite-dimensional representations. This method is not as powerful
as the methods presented in the previous two sections.

It is well-known that for every integer n > 1 there exists an n-dimensional
representation of sl(2) on the vector space V = span{|j,j >,|j,j—2>,...,|j,—7 >
}, where j = n — 1. The representation is defined by

p(H)|jym> = mlj,m>
p(Xi)ljm> = —\/J -m)(j +m+2)|j,m+2>
pX)im > = 5\/(1' —m+2)(j +m)lj;m—2>
for m = j,j —2,---,—j. Using the isomorphism between (the complexifications
of) sl(2) and s0(3)
X—l(X+X) X—l(X+X) X—lH
1= 2% + -/ 2 = 2 + -/ 3 — 2% )

this gives a representation of so(3). For the Casimir operator C = 2H = X? +
X2 + X3 we get in this representation

1. .
p(C) = 730G +2)1.
If we now calculate g(/it, By, Cy; pX) = e*i‘”(xl)eé‘”(x”eé‘p(x”, then we can use
the Feynman-Kac formula
E (efitp(xl)eémxz)ec‘up(xs)) = et = tili+2)/8y (2.32)
to determine the expectation values of the matrix elements of g(fit, By, Cy: pX).
The following lemma is useful for calculating the exponential of a matrix. If
M is an n x n matrix, then we know that there exists a polynomial p of degree
r < n such that p(M) = 0. We can assume that the coefficient of M" is equal to

1, i. e. that
0=p(M)=M"+ar_ 1M +---a; M + ao1.

Lemma 2.7.9 The matriz elements F(t);; of F(t) = exptM satisfy the differen-

tial equation
F(r Z G.p i i

The initial values are given by

F(”)( 0):; (M")
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Proof: The proof is straightforward if we observe

tkMk+1 d

T = &exptM.

MexptM = Z

This implies

FO(t) = M'F(t)=-) a,M°F(t)

r—1
- Z a,,F(") t)

p=0

and shows thus the first part of the lemma. For the second part

F®)(0) = M? exptM|;—o = M".

Equation (2.32) gives for example for j = 1: '
E (e_’C'/2 cos(A;/2) cos(B;/2) — isin(A;/2) sin(B;/2) ) e~ 3t/8
E ( ’C'/z —i cos(B;/2)sin(A;/2) — cos(A;/2) sin(B;/2) ) =0
E (e"’c'/Z( —icos(B;/2) sin(A;/2) + cos(A;/2) sin(B;/2) ) = 0
( ’C'/Z(cos (A;/2) cos(B;/2) + isin(A;/2) sin(B;/2) ) = ¢ 3/8
and for j = 2:
et = (e iC <Cos(%i)2cos(%)2+ sin(%i) sm(gt) 4 Sin(A;) Sin(Bt)))

0 = E (z sin(A; — B;) + 2 sin(B;) + i sin(A; + Bt))

», 2 A 2 i 2 . . 7 . ~
0 =E (eic‘ —cos(%) sin(%) —cos(%i) s1n(B;t) + d Sln(At)sm(Bt)>>

2

et (—i sin(A; — By) — sin(4; + Bt)))
eiCe ( 1414 —1 cos(Ay — By) + cos(A; + Bt)))
—i sin(4; — By) + 2 sin(B;) — i sin(A; + Bt))

etCr (1 — i+ cos(As — By) — i cos(Ay + Bt))) .



Chapter 3

Hopf algebras, quantum
groups and braided spaces

This chapter provides the necessary background on the algebraic structures that
we are going to use in the following chapters.

Quantum groups have received a lot of attention from the physics and math-
ematics community since the early eighties. Even though no generally accepted
definition seems to exist to this day, most authors agree that a quantum group
should at least be a bialgebra or a Hopf algebra. For the definition of Lévy pro-
cesses, the main class of processes that we shall be concerned with, it is sufficient
to have an involutive bialgebra structure, see Chapter 4.

Standard textbooks on bialgebras and Hopf algebras are [Swe69, Abe80], but
see also [DHL91, Fuc92, FK93, Lus93, Mon93, SS93, CP95, Gui95, Kas95, Maj95b)
and the references therein.

This chapter is organised as follows:

First, in Section 3.1, we give the basic definitions of bialgebras and Hopf alge-
bras. Duality and dual representations are also already introduced. In the next
section (Section 3.2) we present several examples of bialgebras and Hopf alge-
bras. We start with a few classical examples arising from groups or semi-groups
and continue then with some standard examples of non-commutative and non-
cocommutative Hopf algebras. In Section 3.3, we study dual representations. We
show that the definition of dual representations for dually paired bialgebras ex-
tends that of dual representations for Lie algebras introduced in Section 2.3, show
that similar techniques can be used for calculating them, and present the explicit
calculations for several examples. To underline the similarity to the theory on Lie
groups further we introduce an analogue of the composition law in Section 3.4. It
is a consequence of duality, but written in terms of the dual pairing it has the same
form as the composition (or group) law on Lie groups. Formulas of the form (3.12)
will play a central role in the proof of the Feynman-Kac formula in Section 4.7.
In Section 3.6 we introduce matrix elements for dual representations of quantum
groups along the line of Section 2.6.

In Section 3.7 we introduce braided tensor categories, an important concept

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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that is intimately related to the representation theory of quantum groups. In the
next two Sections (Sections 3.8 and 3.9) we defined braided bialgebras and braided
Hopf algebras and present several examples. In Section 3.10 we concentrate on
a special class of braided Hopf algebras which are primitively generated, called
braided spaces.

3.1 COALGEBRAS, BIALGEBRAS AND HOPF
ALGEBRAS

An associative algebra A over a field KK is a IK-vector space equipped with a
bilinear mapping m : A x A = A such that m(a, m(b,c)) = m(m(a,b),c)) for all
a,b,c € A or, equivalently, with a linear mapping m : 4 ® A — A that satisfies

mo(m®id) =mo (id ® m) (associativity).

We will always assume that our algebras are unital, i. e. that an element e € A
exists such that

m(a®e) =m(e®a) =a for all a € A.

Such a unit element e can be identified with the mapping e : IK — A defined by
e(A) = Xe. The tensor product A ® A has again an associative algebra structure
given by

®

e? = eQe,

m® = (m®m)o(id®7Toid),

where 7: A® A - A® A is the flip automorphism defined by 7(a ® b) = b® a,
Ya,b € A.

An algebra (A, m) is called commutative, if m(a®b) = m(b®a) for all a,b € A,
iem=mor.

Assume for the moment that A is finite dimensional. The algebra structure of
A, given by m and e, defines a dual structure m* : A* - (A® A)* = A* ® A*,
e* : A* = KK on the dual space A* = {¢ : A = K;p linear} by

m*(p)(a®b) = ¢(m(a®Db)), (3.1)
e(p) = o(e),
for ¢ € A*, a,b € A. The algebra axioms imply that m* and e* satisfy
(id@m*)om® = (m"®id)om",
(e*®id)om® = (d®e*)om” =id.

We therefore define a coalgebra over the field IK abstractly as a triple (C,A,¢)
of a IK-vector space C (not necessarily finite dimensional) and IK-linear maps
A:C—=CQ®C, e:C — K that satisfy the coalgebra axioms
(A®id)eA = (d®A)oA (coassociativity)
(e®id)o A (id®e)oA=id (counit)



Hopf algebras, quantum groups and braided spaces 47

The dual of an infinite-dimensional algebra is not always a coalgebra, because
for infinite vector spaces (A ® A)* 2 A* ® A*, but only A* ® A* C (A® A)* (in
a canonical way), and the image of the map m* defined in Equation (3.1) will in
general not lie inside A* ® A*. But the dual of a coalgebra is always an algebra
with the multiplication A* : C* ® C* — C* and the unit ¢ : IK — C* defined in the
obvious way.

Similarly as for algebras the maps

A® . CRC-(CRC)’(CRC0),
A® = ([d®7®id)o (A®A),
® : C®C-K,

€® = €QE€

define a coalgebra (C ® C, A®, €®).
A coalgebra (C, A) is called cocommutative, if A = 70 A.

Since Ac is an element of C®C, it is a finite sum of the form Ac =}, cEl) ®c§2).
It has become customary to omit the summation index and/or the summation
symbol, e.g.

Ac=cY g c(2), (3.2)

this kind of short-hand notation is generally referred to as Sweedler’s notation. If
we apply id® A or A®id to Ac, we get the same result (due to the coassociativity),
in Sweedler’s notation this is expressed in the form

(2)() y(2) y(@) y(2)

®c® = ) g g,

= c(1 ® c(1

Vee ® c(?

A sub-coalgebra Cqy of a coalgebra C is a sub-space such that ACy C Co ® Co.
A right (left) coideal T of C is a sub-space such that AT CC®Z (AI CI®C,
resp.). For a coideal one requires AI CC®Z +Z ®C and ¢(Z) = 0, these are
exactly the conditions that are necessary so that A and e factor through to the
maps Ac/z : C/Z = C/I®C/T and ¢z : C/T — K. The triple (C/Z, Ac/1,€c/1)
is again a coalgebra, the so-called quotient coalgebra.

The following useful result is a consequence of the fact that the algebraic tensor
product is used in the definition of coalgebras.

Theorem 3.1.1 (Fundamental theorem of coalgebras) In a coalgebra C, ev-
ery finite-dimensional sub-space is contained in a finite-dimensional sub-coalgebra.

For the proof see [Swe69)].
Definition 3.1.2 A bialgebra over K is a 5-tuple (A, m,e, A, €) where
e (A,m,e) is an algebra over IK,
e (A,Aje) is a coalgebra over IK,
o and the algebra structure and the coalgebra structure are compatible, 1. e.

A: A= AR A and € : A > K are algebra homomorphisms
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or, equivalently,

m: AR A— Aand e: K = A are coalgebra homomorphisms.
The compatibility conditions can also be written as

Aom = mPo(A®A)=(m®m)oA®,

Aoce = eQe,
eom = €Qe¢,
€coe = idk.

For a Hopf algebra we need one more ingredient, the antipode.

Definition 3.1.3 Let (A, m,e, A, ¢) be a bialgebra. A linear map S : A — A that
satisfies
mo(id®S)oA=mo(S®id)oA=eoce

is called an antipode, and (A, m,e, A ¢, S) is called a Hopf algebra.

If an antipode exists, it is unique, and an algebra anti-homomorphism, i. e. mo
(S®S) = Somor, or S(a)S(b) = S(ba) for all a,b € A, and a coalgebra
anti-homomorphism, i.e. Ao S=70(S® S)o A.

A x-bialgebra is a bialgebra A (over a field with involution, e.g. €) with an
involution * : A — A such that (A, m,e, *) is a *-algebra (ie. (e(A))* = e(N),
xom =moTo(xQ®%), xo* =1id), and A and € are *-algebra homomorphisms
(i.e. (*x®*) oA = Aox* and e(a*) = (e(a)) for all a € A). For a x-Hopf algebra
one requires in addition S o * 0.5 o *x = id. Note that this implies xo Sox0 S =id
and therefore that S—! exists and is given by S~ =+ o0 So*.

We say that two IK-bialgebras (A;,m1,e1,A1,€1) and (A2, msg, ez, Ag, €2) are
dually paired (form a dual pair), if there exists a non-degenerate bilinear map
(,) : A1 x A3 = KK, such that

(mi(a1 ®b1),c2) = (a1 ®b1,Az(e2))e,
(c1,ma(a2 ®b2)) = (Ai(a), a2 @ b2)g,
(e1,a2) = ea(az),
(ar,62) = eifa),

for all @y, b1, 1 € A1, az,ba,c2 € Ay. For a dual pairing between two Hopf algebras
(A1,mq,e1,Aq,€1,S51) and (A2, mg, ez, A, €2,S53) we also require

(Sl (al)’a2) = ((11,52((12))

to be satisfied for all a; € A;, a2 € As.
If A; and A, are x-Hopf algebras, then there is an additional condition, namely

(al,a2) = (a1, (S(a2))*)

for all a; € A, a; € A,.
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Whenever we have a dual pair, we also have actions of each Hopf algebra on
the other one, the so-called right and left regular or dual representation. They are
defined by pg,pL : A1 = Hom(Az, Az), pr(X) = (id ® X) 0o Aj and p7(X) =
(X ®1d) o Ay, respectively, and they satisfy

pR(XY) = pr(X)pr(Y),  pL(XY) = p1(Y)pL(X),

for all X,Y € A;.

These representations have a ‘nice’ behaviour with respect to the multiplication
in A,. Since the coproduct in A; is the dual of the multiplication in Az, we get
the following Leibniz formulas. Let A (X) =3 Xi(l) ® Xi(z), then

1(X0@) = TpXM)a) (g (X))
PR(X)(@b) = Y(prXM)a)(pr(XP)b)

for all X € Ay, a,b € Ay. For primitive elements X (ie. AX =X ®1+18® X)
this is the usual Leibniz formula p},  (X)(ab) = (p} (X)a)b+a(pk (X)b). Note
that the primitive elements of a bialgebra form a Lie algebra, since for X, Y with
AX = X®1+1®X and AY =Y ®1+1®Y, wehave A[X Y] = [X®1+10X,Y®
141QY] = XY ®1+ XQY +Y X +10XY -YXQ1-XQY-YRX-19YX =
(X, Y]®1+1®[X,Y].

For group-like elements g (i.e. Ag = g ® g and g(g) = 1) the Leibniz formula
reads p}, 1. (9)(ab) = (pk,(X)a)(pk,(X)b). The group-like elements of a bialgebra
form a unital semi-group, since Al = 1® 1 and since Ag; = g1 ® g1 and Ags =
g2 ® go implies Ag1g2 = 192 ® g1g2. In a Hopf algebra they even form a group. To
see this note that the definition of the antipode implies S(g) = g~! for group-like
elements.

Let us also introduce some basic cohomology language that we will meet again
in Section 4.4. If A is an associative algebra and M an A-bimodule, with the left
and right actions p; : A x M — M and p, : M x A - M, then we define the
space of (p;, pr)-n-cochains as C" = Hom (A®", M) and we define IK-bimodule
maps

(3.3)

9 : Chocnt
O0afa; ® - ®any1) = pla)a(a ® - Qantr)

n
=1
+(_1)n+1a(a1 ® -+ ® an)pr(ant1)

for a (p1, pr)-n-cochain a € C™ and for ay,...,an+1 € A. An (py, pr)-n-cochain a
is called an (py, pr)-n-cocycle, if
da=0

and a (py, pr)-n-coboundary (of B) if there exists an (p;, pr)-(n — 1)-cochain B €
C™1 such that
00 = a.
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We denote by Z™(A, M) the space of (pi, pr)-n-cocycles and by B™(A, M) the
space of (p;, pr)-n-coboundaries. Since §? = 0, we have B"(A, M) C Z™(A, M),
i.e. every coboundary is also a cocycle, and we can define the cohomology group
H"(A,M) = B*(A,M)/Z™"(A,M).

There also exists a cohomology theory for coalgebras that is essentially the dual
version of that for associative algebras. If NV is a C-bicomodule, with the left and
right coactions v, : N = C®N and v, : N = N ®C, then the space of n-cochains
is defined as D" = Homg (N,C®"). The bicomodule maps 8 : D™ — D™*! are
now defined as

8 : D" Dprtl

fa = (de®a)ovy
n
+) (-1)(idc ® - ®idc®A ®idc ® - ®idc) 0
| e
i=1

1 — 1 times n —1— 1 times
+(=)" (@ ®ide) oy,

for a € D™.

As before we can define (7y;,7)-n-coboundaries, (v;,7r)-n-cocycles, and the
cohomology group.’

If A is actually a Hopf algebra, then both constructions can be combined to
define Hopf algebra cohomology theory (see, e.g., [CP95, Paragraph 6.1.B]), but
we shall not need it here.

3.2 EXAMPLES OF BIALGEBRAS AND HOPF
ALGEBRAS

3.2.1 The bialgebras IKG and (IKG)*

Let (G, o,e€) be a finite unital semi-group. The algebra A = FunG = K% = {¢ :
G — K} of functions on G and the group algebra a = IKG can be turned into
a dual pair of IK-bialgebras. The set of the characteristic functions (indicator
functions) {1,; g € G} with

1 ifg=g,
L)={; 57°

0 else,

is a basis of Fun G. For the dual space we will use the dual basis {by;g € G}. The
by are defined by

_ _ 1 if g = 9’»
(bg, Lgr) = by (Ly) = { 0 else,

The multiplication in Fun G is defined as pointwise multiplication

(0 -¥)(9) = (9)¥(9), ¢, € FunG, g€@G.
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In terms of the basis introduced above this becomes

maQ @) =ma (AL ® Y polly) =D Aoty L.

(We use the subscripts a and A to distinguish between the operations in A = Fun G
and a = IKG). The unit element (with respect to m4) is

eA:an’

i. e. the constant function with value 1. The coproduct of Fun G is induced by
the multiplication of G. It is given by

(Aap)(g1,92) = ¥(91 © g2), ¢ €KG, g1,92 €G.
The counit €4 : Fun G — K is defined by
eap = p(e).

Again using the basis {14; g € G}, we can rewrite these relations as
A = A4 (P AeLy) = Aoy L, @ 1,
9:9'

ead = ea (D Al) = A

We now use the duality between Fun G and IKG to define a bialgebra structure
on KG. We set m, = A% and A, = m}, i. e. we define m, and A, by requiring

<mA(’\®/J‘)’x> = (/\@[,L,Aa(l’))®,
(Aa(A),z®yle = (Ama(z®Y)),

to be satisfied for all A, u € Fun G and all z,y € IKG. This gives

Ma (Emybg ®Zy9b9) =) ( Z xg'yg"> by,

9 \g'og'=g
A, (Z :cgbg) = ngbg ® by,

and we see that we really recovered the multiplication of the group algebra, i.e.
the multiplication defined by setting bybys = bye'. We see that the basis elements
b, are group-like. Furthermore, they are the only group-like elements and the
semi-group formed by them is obviously isomorphic to G.

The unit e, and counit ¢, of IKG are given by

ma(z ® y)

Aq(z)

I

ea = bea

€a (Z nSgby) = Ezg'

€. ()
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They satisfy the relations

</\a ea) = EA(/\),
(eA,.'E) = Ea(z)a

for all A € FunG, z € IKKG, i. e. Fun G and IKG are dually paired.
If G is a group, then we can also define antipodes on Fun G and IKG, namely

Sa(lly) = Ty
Sa(bg) = b

g1

and Fun G and IKG are also dually paired as Hopf algebras, i. e.
(Sa(z),A) = (z,S4(N)) for all A € FunG,z € KG.

If the field IK has an involution (e.g., if IK = C), then FunG is an involutive
algebra with the pointwise involution,

A*(9) = X9), for g € G.

It is obvious that €4 and A 4 are then x-algebra homomorphisms and that S40%o
S4 0% = id holds, so that Fun G is even a x-Hopf algebra. To turn Fun G and IKKG
into a dual pair of x-Hopf algebras, the involution * : IKG — IKG has to satisfy

(L,27) = (L, z%) = (L, S(z*)*) = (Ly, 571 (2)),
for all g € G, r € IKG, so that we have to set

z" =Z:Tg?1‘bg, forz:E:cgbg € KG.
9 g

3.2.2 The bialgebras 1*°(Z) and I*(Z)

If we want to turn the space of functions on an infinite (semi-) group into a
bialgebra, we have to be more careful. Consider for example the group (Z, +).
The space IKZ of all functions on Z is too large, we have IKZ @ KZ ¢ IKZ*Z but
not equality, because the algebraic tensor product contains only finite sums. On
the other hand, if we restrict ourselves to the functions that are zero everywhere
except on a finite number of elements (as a vector space this is exactly IKZ, the
free vector space generated by ZZ)

K7Z = {Z Aklg; only finitely many A¢ # 0} )
keZ

then this is too small. The constant function e = ) reZ 1;, our candidate for the
unit element, is not contained in IKZZ.

But we can still define a (topological) Hopf algebra of functions on Z, if we
introduce an appropriate norm on K7, complete IKZ with respect to this norm,
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and replace the algebraic tensor product by some appropriate topological tensor

product. In the case of Z it turns out that we can take the norm || - || defined
by
[|Alloo = sup | k] for A = Z Akbk.
kEZ ez

Completing IKZ with respect to the norm || - ||c We get the Banach space [*°(ZZ)
of bounded functions on Z. The algebraic operations are given by

Moo\ ) = Y Akl
kEZ
€ = an
kEZ
Ax(A) = Z Apgr g @ T
kk'€Z
Eoo()\) = )\0

for A = Y A\ellg, p = Y mylly € I®°(Z). We can also define an antipode S :
1°°(ZZ) — 1>°(Z). It is determined by its action on the basis

S(1g) = 1.
The operations defined above are continuous with respect to the norm || - ||co:

Mmoo (X W)lloo < HAlloo - [ltlloo

llecolloc = 1
1AMIZ = 1Mo

o) < [[Alloo
ISMleo = 1Moo

(where || 3o, o Akp 1k © Lp | = supy, o | Ak, p )
The Hopf algebra (I°(Z), Mo, €c00s Ao, €c0,9) can be dually paired with the
Hopf algebra (I'(Z), m1,e1, 1, €1,S), where

l|zlli = ||Z$kbk||1=2|$k|

kEZ kEZ
mi(z,y) = Z(Zwk—tyt\) br
keZ \l€Z /
e = bo
Ai(e) = ) bk ®bk
kEZ
e(z) = Zxk.
kEZ

and where the pairing is determined by

(b, Lgr) = Op,nr (Kronecker delta).
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3.2.3 Polynomials on the real line

Let us now take the algebra of polynomials

R[z] = Pol(R) = { Z anz™; only finitely many a,, # 0} .
nelN

We will use the identification R[z] ® R[z] = R{z', "] which can be obtained by re-
placing z" @™ by z'"z"™. We can define a multiplication, unit, comultiplication,
counit and antipode on thlS space:

mp(),a(z) = m (Y paz™ Y tne") = Y patna™"

= p(z)q(z) (usual multiplication of polynomials)
e = 1
ApE) = A(Y pwt) = Zzpn( )x ® "
n v=0
= ol +2")

e(p()) = p(0)=po
S(p(z) = Y (-1)"ppa" = p(-2).

This Hopf algebra can be dually paired with itself. We set

(@, 2™) = nldn m.

This can also be written as

o) a(@) = (57 ) a)

=0

3.2.4 The continuous functions on the circle S*

Let S* be the unit circle S = {2z € C;|z| = 1} = {exp(if);8 € [—m,n[}. The
restriction of the complex multiplication to the unit circle turns it into a compact
topological group (using the trace topology). S! x S!, equipped with the product
topology and product group structure, is also a compact topological group, and
we have C(S') ® C(S') = C(S* x S'), where C(S?) (C(S* x S1)) is the space of
continuous functions on S* (resp. S* x S!), and ® denotes the topological tensor
product. The definitions
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turn C(S') into a Hopf algebra. The dual space of C(S!), the space of signed
Radon measures M (S!), can be turned into a Hopf algebra, too. We get

m(p,v) = pxv (convolution of measures)
e = & (the Dirac measure at the unit element)
Alp) = pop
e(p) = p(ShH (the total mass)
S(p) = i(p)=poi

where i : ST — S1,i(2) = 27 L.

3.2.5 Umwersal enveloping algebras

Another very important example for a Hopf algebra is the universal enveloping
algebra U(g) of a Lie algebra g. We defined U(g) as an associative algebra in
section 2.1. Define the mappings A : U(g) — U(g) ® U(g), € : U(g) —» K by
setting

AX) = Xo1+1QX,

for X € g and then extending them as algebra homomorphism to U(g). As an-
tipode we take the map S : U(g) — U(g) defined on page 7. (U(g),m,1,A ¢, S)
is a Hopf algebra with these definitions.

3.2.6 ¢-Numbers

Before we can present examples of Hopf algebras that are neither commutative
nor cocommutative, we have to introduce some notations.

To formulate the commutation relations and the formulas for the coproducts of
quantum groups, we need the so-called ¢g-numbers and several derived functions,
such as the g-factorial, the ¢g-binomial (Gauss polynomials), and the g-exponential.
Readers already familiar with these functions may safely skip this paragraph.

We can consider the g-numbers

n—1
qn:Zq", forn e N,qg e C,
=0

as a generalisation of the sequence of positive integers. For ¢ # 1 this gives
qn = 11—__‘1‘1—, and for ¢ = 1 we have ¢, = n. This allows to define the g-numbers
also for non-integer subscripts,

T ifg=1
9z = 1_1141 else.
—q

For real and positive g they can be characterised as the solutions of a functional
equation. It is well-known (see e. g. [AD89]) that the linear functions f : IR — IR,
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f(z) = cx can be characterised by the (additive) Cauchy equation
flz+y)=f(z)+ f) forall z,y € R

plus certain mild regularity conditions such as measurability or boundedness (be-
low or above on a set of positive inner measure). The g-numbers can be charac-
terised by the generalised Cauchy equation

f(z+y) = f(z) + 9(z)f(y) for all z,y € IR,

see e.g. [Fra94)].
We will assume that g is a complex number, but not a root of unity, i. e. ¢® # 1
for all n € IN. We define the g-factorial

n n
1-¢*
qn! = H qn = )
v=1 v=1 1- q
and the gq-binomial
l: m :| ZQm'Qm—l"‘Qm—n+1 - qm!
n, Qg2 dn ! gm—n!

for m,n € N, m > n. The ¢-binomial coefficients satisfy

[m ],

m+1| | m m—n+1 m ol m m
[ n ] _[n] +q n-1| =T | n| tln-1]-
q q q q q
A symmetric version of the g-numbers is defined by [n], = g;__—qq_:; Then [n],! =
ngl[n]m and

H " ” - [m]q[mﬁlql[]éﬁ;-'-[?niﬂ - [nl«!mq—!nlq!'

These g-numbers are related to the ones defined before by [n], = ¢~ "1(¢?),,
[nl!=¢~ (q2)n!, and

[ R M iad HI

We will also need the g-ezponential

o0
z 1'77'
e = —_—
q Z 1

o In

and

n(n—1
2
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3.2.7 The quantum algebra U,(af f(1))

Now we come to the first example that is neither commutative nor cocommutative.
The g-deformed universal enveloping algebra or quantum algebra that we pre-

sent in this example was introduced by Drinfeld (see [Dri87] Example 6.1).
U,(aff(1)) is generated by X; and X», with the relations

[X1, X2] = ap Xy,
and
A(X;) = X1 ®1+1® X,
1 1
A(Xz) = Xz®exp(§hﬂoX1)+exp(—§hﬂ0X1)®X2.

This is a deformation of the enveloping algebra of the affine group in one dimension
Aff(1) and can therefore be called the g-affine algebra. We use the equivalent
generators X = 0X;,Y = exp(%hﬂoXl)Xz, and a = apfp, because they will be
more convenient for many calculations. Then

[X,Y] = aY,
AX) = X®1+1®X,
AY) = YexphX)+1QY.
It is also possible to define an antipode for U, (Af f(1)):
S(X) = =X,
S(Y) = -=Yexp(—hX).

3.2.8 The quantum algebra U,(sl(2))

Let h be such that ¢ = e*. The g-deformed enveloping algebra of si(2) can be
defined as the algebra generated by H, X,Y with the relations

[H,X] = 2X,
[H,Y] = -2Y,
[(X,Y] = [H],

This becomes a Hopf algebra, if one defines A, S, e by
A(X) = X®l+exp(hH)®X,
AY) = Y®exp(-hH)+1®Y,
A(H) = H®1+1®H,

S(H) = -H,

S(X) = -—-exp(-hH)X,
S(Y) = =Yexp(hH),
e(H) = e(X)=¢Y)=0.

The generators H,X,Y are related to the generators in [DHL91] by H = H,
X = exp(%H)X.H andY = X_ exp(—%H),
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3.2.9 The quantum algebra U(sl(2) @, sl(2))

Another interesting example is the deformation of SL(2) ® SL(2) where the two
SL(2) remain classical, and the deformation introduces a Quantum Link. The
quantum group Fun(SL(2)®,SL(2)), the related quantum algebra and a quantum
space have been constructed and studied by P. Truini, V.S. Varadarajan, and E.
De Vito [TV91, TV93|.

Truini et al. defined U(sl(2) ®,s(2)) as the Hopf algebra generated by H;, Ha,
X, X with the relations

[XF, X571 = 0, i #9)

[Hi, X7] = +6;2X7F,
X, X7 = 6,

AXE) = XE®1+exp(hH)® XE,
A(XE) = XF®exp(xhH)+10 X%,

A(H) = H;®1+1®H,,

S(X¥) = -—exp(¥hH;)XF, (6 # 5)
S(H;) = -H;

e(H;) = e(Xf):O.

3.2.10 The quantum algebra hy(1)

We consider the g-Heisenberg algebra h,(1) generated by Af, H, and A with the
relations (see e. g. [CGST91])

[H,A] = [H,A'l=0
[ArAf] = [H]q

AAT) = At@1+¢ @Al
A(4) = Aed?+104
A(H) = H®1+1Q®H
S(AY) = -AfgH

S(A) = -A¢”

S(H) = -H

e(Ah) = e(4)=¢e(H)=0.

Because H is central, we get the classical Heisenberg-Weyl algebra relations if we
change the basis to A", H' = [H],, and A, but not with the standard coalgebra
relations.

3.3 DUAL REPRESENTATIONS FOR QUANTUM
GROUPS

In this section we will study the dual representations using bialgebra terminology.
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Let g be a Lie algebra and U(g) its universal enveloping algebra. Then actions
oL, PR : g X U(g) = U(g) are defined by
L (X)u = X- u,
pR(X)U u- Xa
(X € g, u € U(g)), where - denotes the multiplication in U(g), and X has been
identified with its image under the canonical injection ¢ : g = U(g). Choosing

an associative algebra A and a non-degenerate pairing (-,-) : U(g) x A = C, we
define the adjoint operators of pr(X) and pr(X) by requiring

(pe(X)u,a) = (u, pg(X)a)
for all u € U(g), a € A, where o stands for either L or R. One easily verifies
pL(X)opp(Y) = pp(YX), (34)
Pr(X) 0 pa(Y) = pR(XY). (3.5)

We want the p%(X) to act as derivations on A. A sufficient condition for this can
be formulated using the Hopf algebra structure of U(g).

Proposition 3.3.1 Let U(g) be the enveloping algebra of g, A an associative alge-
bra, and (-,-) : U(g) x A = € a non-degenerate bilinear form. If for all u € U(g),
a),as € A,

(A(u), a1 ® az2)e = (u,a102); (3.6)
is satisfied, then the operators p%(X), X € g, are derivations, i. e.
pe(X)(ar1az) = (p3(X)a1)az + a1(pe(X)az). 3.7)

holds for all X € g, a1,a2 € A, where o stands for either L or R.
Proof: Let A(u Zu(l) ® u{¥), and notice
Apr(X)w) = AX w)=X81+19X)) vl oul
(e o b o)

> ((brx)u) @ u? + ul?  (pr(X)uf))
(Pr(X) ® 1+ 1@ pr(X)) A(w),

and similarly A(pr(X)u) = (p(X)®1+1® pr(X)) A(u). Then
(u,pe(X)(@a102)) = (pe(X)u,a10z)
= (A(pe(X)u), 01 ® a2)e

)
Au), pi(X)a1 ® az + a1 ® py(X)az)e

(
((pe(X) @ 1+ 1® pe(X)) A(u), a1 ® a2)
(
(u, (ps(a1))az + a1(ps(X)az))
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for all X € g, u € U(g), a1,a2 € A. The non-degenerateness of (-,-) implies now
the result. |
We see that the fact that the p}(X) act as derivations on A is a direct consequence
of the fact that the elements of g are primitive in the Hopf algebra U(g).

The generators of g-deformed universal enveloping algebras (quantum algebras)
are generally not primitive, but satisfy a slightly weakened condition. They are
(¢®H, ¢PH)-primitive with appropriate constants a, 3, and appropriate H, i.e.

AX)=¢"H @ X + X ®¢°H.

This means that if we can introduce a grading on A, such that p}(H)a = Adeg(a)a
for all homogeneous a € A with some constant A, then the operators p}(X) will
be (¢**,¢*P)-derivations, or what we one may call g-vector fields, i. e.

Pa(X)(araz) = @48 ay (03 (X)az) + ¢ 95 (03 (X ) a1 )as

for all homogeneous a;,as € A.

Equation (3.6) suggests that A and U(g) should be dually paired. Indeed, if
we suppose that A is a bialgebra, and that A and U(g) are in duality, in particular
that

(uruz,a) = (u1 ® uz, A(a))g

is satisfied, then we can give a very simple form for the dual representations (cf.
[MMN*90a, MMN*90b, VS88]), i.e. the dual representation introduced in Chapter
2 for Lie algebras is nothing else than the dual representation introduced in Section
3.1 for dually paired bialgebras.

Proposition 3.3.2 Let A(a) =3, agl) ® agz)’ Then
pp(X)a = S (x,a")ad?,
Pr(X)a = > (X,a)al.

Remark: If we identify X with the linear functional defined by X (a) = (X, a),
then

pL(X)a = (X ®id)o Aa),
ph(X)a = (d® X)oAla).

Proof: We show the first equation, the second equation can be proved analogously.
We have for all u € U(g)

(w,pp(X)a) = (X -u,a)
= (X®u,A)s

= (Y (X,a")a{”).
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The pairing (-, -) was required to be non-degenerate, therefore this implies
pi(X)a = T(X,a)a?. i

We will illustrate the above discussion by several examples. There are several
methods to actually calculate the dual pairing and the dual actions, see for example
[Dob92, DP93a, DP93b] or [FG93, BCG*94]. We shall use here dual bases and
formal pairings, as in Section 2.3. Let A = Funy(G) and U = U,(g) be two dually
paired Hopf algebras, and let {c,;n € INd} and {Yn;n € ]Nd} be a pair of dual
bases, i. e.

(c’fh "/hn) = 671?17.‘

Then we write the pairing (-,-) : A x U — @€ formally as

9= chwn

Note that this is not unique. The key property of this formal pairing that we shall
exploit continuously is

Z CnpL (X)’(/)n = Z (pZ(X)Cn) 1/)71
> enpr(X)n = Y (PR(X)cn) ¥,
for all X € U. We write the above identities often simply as

Xg = pr(X)g (3.8)
gX = pr(X)g. (3.9)

3.3.1 Ezample: the quantum algebra U,(af f(1))
The generators of Uy(af f(1)) satisfy

A(X™) = Z( . >X”®X"'”,
v=0

AY™ = Y [ ’Z } Y* ® Y™ Hexp(uhX),
UIO euh

as can be proved by induction from the relations given in paragraph 3.2.7. It
follows

A(Y™X™) = i:f: ( § ) [ ’Z LY“X"@Y"““exp(phX)X""’

v=0 pu=0
n

S (2)[7] e gy

v=0 p=0 p=0 q

Il
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(with ¢ = e®?) and therefore the coefficients of A with respect to the basis
{Y™X™ n,m € IN} are
0 fu+p Zmorv+v <n,

Onvsv/ ifpu=0=m-py' and v+ ' > n,

RS

AW )
(m,n - e
[73] %:I—h_g_—m else.
q

We want to define an algebra (A,m) and a mapping (-,-) : Us(g) x A —
€, such that equation (3.6) is satisfied. We let A = span{A;;;i,j € N} and
(Y™X"™ Ajj) = 0imbjn and use (3.6) to define a multiplication on A. If the
coefficients of m : A® A — A are introduced by letting

Akl . Ak’l’ - m(Akl ® Ak’l’) = Zm&)‘l),(k,l,)Am\;
2

R3S

then m?,;\l)’(k,l,) = Agf\l)’(kll’). Therefore

A - Apr = ZAS\”’(’C D A,

KA
in particular
v+
Aoy - AOV’ = ( v ) AO,V+I/’)
!
Apo - Ao = [ . ‘;# ] Aptu 05
q

AOV'A#IO = Au’w
Ao-Aor = hA+ Anr.

We set a = Ag; and b = Ao, and notice that A is the associative algebra generated
by a and b with the relation

b-a=a- b+ hb.

We have A,, = %, and < Y""X”,a"’b”" >= Omm/ Onnnlgm!. We write the
pairing formally as
o0
Y™ Xngmh™
I= Z nlgm!

)
n,m=0

and calculate the actions of Y and X on g:

el ym+l xnanpm

Yg = Tlgm!
n,m=0
2 Y™ X" (6,0™)
= 2 T (3.10)

n,m=0
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and therefore
Ay = & (3.11)
In the same manner we obtain p} (X), pr(Y) and pg(X).

Proposition 3.3.3 The dual representations are given by

pL(Y) = b,
pr(X) = 0.+ alN,
Pr(Y) = exp(aa)d,
PrR(X) = 0.

To obtain g-vector fields, we have to ensure p}(X)a = Adeg(a)a. We can find
one subalgebra for py, and one for p7, on which this condition can be satisfied.
Let A; be the subalgebra of A generated by z = exp(—aa)b, then

pr(X)z" = —an2",
Pr(X)(2122) = (pr(X)21)22 + 21PR(X)22, 71,23 € A1
We define deg(z") = n and set A = —a. Since Y is (1,exp(hX))-primitive, pk(y)
is a (1, ¢~ !)-derivation on A;. One calculates
PRV = (¢71),2"7,
pr(Y)(z"2™) = ¢ ™ (pr(Y)z")2™ + 2"pR(Y)2"™.
Note that because of the commutativity of A1, pk(Y) is also a (¢g7*, 1)-derivation.
We obtain similar results, if we take p} and the subalgebra A; generated by b.

pr (X" = anb®,

PL(X)(b1b2) = (pL(X)b1)ba + b1pL (X)be, b1, b2 € Ag,
pLY" = g,

pL(Y)(®™™) = g™ (pL(Y)o™)b™ + b pL(Y)b™.

With the definition deg(b™) = n, p} (Y) acts as a (1, g)-derivation on A;.

A more direct way to obtain the same realisations would have been to start
with a representation V, in which pe(X) is already diagonal. To follow the same
procedure as before, we need one more structure on V, a coproduct Ay : V —
V ® V. We can obtain such a V as the quotient space of U,(Af f(1)) with respect
to a subspace which is a coideal and also a left (right) ideal of U,(Af f(1)). Such
a space is the left (right) ideal Iy = U (Aff(1))X (resp. Ir = XU (Aff(1)))
generated by X.

Let now V = U,(Aff(1))/Ir. Then {Y™;n € N} is a basis of V, and the
action of X, Y on V is determined by

pLv(X)Y™ = oanY™,
pLyv(Y)Y" = Yt
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The coproduct Ay is given by

n

s =3 | vrev,

v=0

therefore

v

(AV):,V, = 5u+u’,n [ n :l .
q

If we set B, = span{Ax; k € N} and < Y™, Ay >= dn, and define a multiplication
k
a

on B; as before, we find that B, is generated by a = A;, with Ax = o We write
formally

(>}
Y"am
9=
n=0
and compute p} y in the same way as before:

pZ,V(X) = al,,
PZV(Y) = da,

pLv(X) is a derivation, and pj /(Y) is a (1,q)-derivation. As we noticed in
Equation (3.4), p} y is an anti-homomorphism. If we compose pj, ;, with the

antipode S, we get a homomorphism pz‘v = pL,v ©S. This yields

PLyv(X) = —aN,
pLy(Y) = —bag™Ne = —pn1ba.

With respect to the grading introduced before, pLV(Y) is a (1,¢7!)-derivation.

If we start with the right ideal generated by X, and set V' = U,(Af f(1))/Ir,
then {Y";n € N} is again a basis, and we get

PRV (X)Y" = —anY™,

PRV (Y)Yn — Yn+1,
P‘}‘%,V' (X) = —aN,,
P;i,V' Y) = 16,

where py 1/ (X) and p}, v/ (Y) act on the algebra B; generated by b, and the pairing
is
. = YT
9=
nzz% (¢71),,!

Note that B; (resp. Bs) is isomorphic to the subalgebra A; (resp. A3) of A that
we used before.
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3.3.2 FEzample: the quantum algebra U,(sl(2))
From the defining commutation relations follows
fHE)X" = X"f(H+2n),
fH)Y" = Y"f(H -2n),
YX" = X"Y - X" nl,[H +n-1],,
Y"X = XY"—[n][H+n-1),Y""

Let I, = U,y(sl(2))H be the left ideal generated by H, and V = U,(sl(2))/IL.
Then {X"Y™;n,m € N} is a basis of V. The coproduct on V is given by

y(X"Y™) Z Z [ ] [ ] gEXTTYE @ XYY TR,
v=0 p=0 q°
Note that the coalgebra (V,Ay) is not cocommutative, although X and Y are
cocommutative elements (Ay(X) = X ®1+10X,Ay(Y) =Y ®1+1QY).
If we set A = span{Ay;k,l € N} and (X"Y™, Ag;) = 8,k0mi, we find that A is
isomorphic to the algebra generated by a,b with the relation a - b = ¢b - a, which
is (Dgz (cf. [RTF90]). The formal pairing is given by
— X"Y™a"b"
2 (@) (@) m!
The realisation of U,(sl(2)) on (Dgz is given by
pLv(H) = 2N, — 2N,
PZ,V(X) = q25a,
pLv(Y) = @28 —ag [Ny — 2],
cf. [GP89]. In the limit ¢ — 1 this becomes
prv(H) — 2a0, — 2b0s,
pLv(X) — Oa,
pLv(¥) = 0O — a%d, + 2ab0.

If we take the right ideal Ip = HU,(sl(2)) generated by H instead, set W =
Uq(sl(2))/Ir, and apply the same procedure, then we get again a realisation of
Uqg(sl(2)) on A = €Z. This time

prw(H) = 2Ny —2N,,
PFQ,W(X) = 4200 — quNb [Ny — 2N,]q,
Prw(Y) = 420

In the limit ¢ — 1 this becomes

g:

n,m=0

Prw(H) — 2b3, — 2a0,,
Prw(X) — 08, — b8 + 2abd,,
)
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3.3.3  Ezample: the quantum algebra U(sl(2) @, sl(2))

Let Ir = H U(sl(2) @, sl(2)) + HaU(sl(2) &, sl(2)) be the right ideal generated
by H; and Hy. We use V = U(sl(2) @, si(2))/Ir and construct an associative
algebra A and a dual pairing (-,-) : U(sl(2) @, sl(2)) x A = €. We find that A is
generated by 1,2, y1,y2 with the relations

T1T2 = q2$2$1, nth = Wy,
Ty = ¢ ’yam, T2y = ¢z,
T2Y2 = Y22, ny2 = q2y2y1.

The dual pairing can be written as

g = 3 P OGP O™ O a2
nilmylIng!ms! ’

We obtain the following realisation:

P;I(Xr) = O +251y10y, — yfayl’
PR(XT) = 0Oy,

pr(H1) = 2Ny, —2Ng,,
-p*R(X2+) = O, +203,04,0y, — azzayz,
PrR(X3) = Oy,

pr(H2) = 2Ny, —2N,,.

3.3.4 Ezample: the quantum algebra hy(1)
We proceed as before. By induction A(A"H™AT) =

Z( g ) ( j > ( ) )A*"Huq<"-">HAP®Af""’H’"-"q"”A’“".
v 5 p

If we expand this we can read off the coefficients AEZ’I',”JI)M), (na;ma,rg)- W define
functionals A,m- by

(Anmr; A" Hm, Ar,) = Onns Omm! Orrr,s
and turn Hy(1) = span{Anmr;n,m,r € IN} into an algebra by setting

M(Anymirss Animars) = 9 Afw) Anmr.

ni,mi,r2),(n2,ma,ra)
This leads to

Am,O,rl : Am,O,rz = (711 ha 72):(7'1' +|T2)!An1+n2,0,r1+rz
N1 M2:T1:To!
(m1 + Tnz)'
my!ms!

An,O,O : AO,m,O * AO,O,r = An,m,r

AO,th ‘ AO,mmO 0,m1+mz2,0
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and

Aioo - Aoro = Aoio - Aroo + hAioo
Agor - Aoro = Aoio - Aoo1 + hAgo:.

H,(1) is the associative algebra generated by three elements a = Ajgo, b = Ao1o,

and ¢ = Ago1, Anmr = gr;lmTrT’ with the relations
= b-a+ha
b-c+ hc

a-c = c-a

The pairing between hy(1) and Hy(1) can be formally written as

t
g= eaA ebHecA‘

With this the left and right dual representations can be calculated.

Proposition 3.3.4 The dual representations are given by

p*L(AT) = 0,
p1(H) O
pL(A) = 0.+ a[ab]q
p;{(AT) = 8o + 0c[0b]q
pL(H) = 0
pr(4) = O,
where [0], acts as
O f(@) = LoL pay = LEAE WS
—1

g—q!

Note that [8]; — O for ¢ — 1 on differentiable functions. On the monomials
(@#1)

(%54

0]z =

n—2v—1p2v+1
< 2v+1 ) h )

That the sum runs only over a finite number of terms shows in particular that no
convergence problems arise as long as we act on polynomials in the variables a, b
and c. If we switch to a different set of generators for H,(1), namely a, B = €,
and c, then the formal pairing becomes

—1
v=0

g(a,B,c; AT H A) = e“AtBHeCA,
and the algebraic relations between a, B, and c are

aB = qBa, c¢B = ¢Bc, ac = ca.
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The dual representations change to

pL(AT) = 4., PR(AY) = 8.+ 0. [NBlg,
pi(H) = Np, pR(H) = Nsg,
pL(A) = 0.+ a[NB], pr(4) = @,

where [Ng], = [BOB], is the g-number operator defined by

M) = [l s,
Na" = [nlea™

3.4 A COMPOSITION LAW FOR QUANTUM
GROUPS

In Chapter 1 we used a composition law for formal pairing to construct stochastic
on Lie groups. We will again need such a composition law, but this time we have
no group multiplication that could produce such a relation. We will now show how
to combine two formal series g(a'; X) and g(a"; X) to a series g(a; X), and it will
be this composition law that will allow us in the following chapter to construct
stochastic processes on quantum groups.

Consider the dual pairing for the g-affine group

oo
Y™mX"a"p™
9= nlgn!
n,m=0 ram:

We can rewrite this in the form

{2 (X — ma)"Y manpm

9 = g1
o nlgm!
o0
— Z ea(X—ma) ympm
|
m—0 dm:
— ea,XeZ_"‘“bY
AX BY
= e,
where e = ;’Tﬂl, A = a, and B = e~ *%. If we take two commuting copies of
q'a’ff(l)a i e.
A1=A®1, B1=B®1,
A =1R® A, B =1® B,
then we find

g(AlaBl;va)g(A2;B2;Xa Y) = eAIXqulyeAzxquzy
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m m
—_ A1X' Az(x—ﬂwn)lgl }’ Bgy
= € e —' eq
dm:

—aAg
— e(A1+Az)XeZ BlquBZY

_ C(A1+A2)X (e“’A?BH-Bz)Y
= eq

b

since Bye~®42 = ¢~*(42-h) B, = ge~242B, and egey = e;ﬂ’ for zy = qyz (see e.
g. [Sch53]). The dual of the multiplication on Uy(af f(1)) defines a coproduct on
the algebra generated by A and B,

A(Ad) = AQ1+1®A,
A(B) = B®e **+1®B,
(see (3.21), (3.23)) and with this we can write
JA®1,BRLX,Y)g(1® 4,10 B;X,Y) = g(A(4),A(B); X,Y).  (3.12)

That the formal pairing (g € Funy(G) ® Uy(g)) always has this property has been
realised before (see [FG93, BCG*94]). In the literature the names transfer matrix
or universal T-matrix are also used. Bonechi et al. remarked that g can generally
be expressed as a product of exponentials and g-exponentials. We list several
examples (see also [MV94].

3.4.1 Ezample: SLy(2)
The dual pairing for U,(sl(2)) can be written as

F E
= ef, ev2el

g €1/¢

where ¢ = e"' = ¢2, k' = 2h, and @, 1,  are generators of Fung(SL(2)) with

(¢,n] = 0O

[v,¢] = h'¢

[v.nl = h'n

m*(¢) = ¢®1+(?@¢)(11+7®¢) (e’ 1)
m* ) = 19n+(10e)101+n0¢) (n®e?)
m*(y) = 1®7+7®1—2h’2—(;7l_®;iﬁ3

and E = aY, J3 = —H/2, F = aX is a basis of Uy(sl(2)) with a = 1/,/.
The generators ¢, 7, v do not satisfy the standard SL4(2)-relations, but one can

choose functions of ¢, 1, v that do. We show this in detail in the next paragraph
for GLg ¢ (2).

3.4.2 Ezample: GLyy(2)
For U,,4(gl(2)) we have

_ ,2P— _zxpo ,Ep1 L YP+
g= eqq, € € el/qq,,
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where g = e?, ¢’ = e"', and z, %, y, 2 are generators of Fung g (GL(2)) with
[z,y] = h'y
[z,2] = hz
[v,2] = 0
[&,y] = hy
[£,2) = Kz
[z,2] = 0

and po, p1, p—, p+ is a basis of Uy 4 (91(2)) with

[PO;pi] = [pl,p:t] =+py
[PO;I’l] =0
p+,p-] = (¢- (]l—l)(e}“”"ehll’1 - ehlpoehm)

Alp) = po®1+1®po
Alpr) = pe1+1®p:

Alpy) = pr@e PP L1@p,
Alp-) = p-®1+ ehvoth'mgp
If we set
a=¢e", b= ey, c=e"?%z, d=e"% + 2¢%y,

then we find generators of GLg 4 (2) that satisfy the standard relations

ab = q¢'ba ac = qca
bd = qdb cd = ¢'dc
g'bc = qcb ad—da = (¢ —q1)bc.
The coproduct of these generators is
Afa) = a®a+b®c Ab) = a®b+b®c
Alc) = ¢c®a+d®c A(d) = c®b+d®d.

It is also interesting to note that the quantum algebra U, 4 (gl(2)) splits as an
algebra into the direct product U;(sl(2)) ® U(k), where § = 1/gq’ is the geometric
mean of ¢ and ¢’ and U(k) is the enveloping algebra of the one-dimensional Lie
algebra, i. e. U(k) is the free commutative algebra with one generator k. The
generators of Uz(sl(2)) are

>

1.,
= ’ﬁ(hpo + hp1)

pr = e SM/ip,

where Ah = h — k', h = b8 and k = py — p; is the generator to U(k). The
coalgebra structure does not respect this decomposition [Dob92].
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3.4.3 Ezample: q-Euclidean group E,(2)
For the g-Euclidean algebra e,(2) we have
b wJ _m+by

-
=e e™e
9 1/q

q
where ¢ = e and 7_, w4, 7 are generators of E,(2) with

[r_,my] = 0
[m,m_] = —hn_
[m,74] = —hmy
m*(r.) = m_-Q®l+e " @7
m*(r) = 7®1+1®n
m*(ry) = 1Qni+7my Qe "

Generators that satisfy the standard relations have to be constructed from 7,
m_, 7 in the same manner as in the previous paragraph. For

m™

v=e ", v=e", n=mn_, n="m4,
we get the algebraic relations
un = qnu, VN = qnv,
nv = qun, v = qun,
v = v =1, nn = nn,
and the coalgebraic relations
A(v) =vQu, An)=n®l+vQu,
AD) =797, AR)=A®v+1®7,

(cf. [Wor91, SWZ92)).

3.4.4 Ezample: g-Galilean group T';(1)
For the ¢g-Galilean group U,(T'(1)) [BCG192] we have
g= epmezPetTevb

where m = e P M, b= e *PB, and y, z, t, v can be considered as generators
of I'y(1) with

[v,2) = 2ihv

[o,u] = —2ihu

[v,p] = —hv?

t,u] = [t,al=[t,v]=0

= 1®v+v®1
= 1Qt+t®1

)
)
. 1
m*(u) = 1®,u+,u®1+w®a:—§vz®t
m*(z) = 1®@zrx+zQ1+ivd®t,
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and B, P, M, T are generators of U(I'g(1)) with

[B,P] = iM

B,T] = isin(hP)

[PT] = 0

[M,B] = [M,P]=[M,T]=0
AB) = e " @B+ Bgehr
AM) = e"PM+Meeh?
A(P) = 1@P+P®1

A(T) = 18T+TQ1L

For ¢ — 1 this converges to the (centrally extended) Galilean algebra, which is
isomorphic to the nilpotent algebra introduced in 2.2.2 (for N = 3)

B — X, T - X, 1P - X,, -M - X;.

We can use the formal pairing introduced above to calculate the representations
(as in section 2.3). We get for the left dual representation of b for example

beumezPetTevb — eum(b _ h'umZ)e:cPetTevb — ...
e—2ihP -1
— eumezPethevb + eumezPetTt o eub
+ieumzmezPetTevb _ hﬂm2eumezPetTevb
From this we can read the action of pj (b) on I'y(1).
Proposition 3.4.1 We have for the left dual representation
. ) ) e—2ih6¢ -1
pL(b) = 61) ~h0u8u+7,0'zau+0'tT,
pr(T) = 0,
pZ (P) = 0O,
pz (m) = 6#)
and for the right dual representation
p}}(b) = Oy,
o (o, 0]
PR(T) = B+ (1 — e %ho )" h"aga;;) ,
n=0
i o= R
PR(P) = B.+1 3 ot
n=1

(e 9]
pR(m) = 0, h"o}oy.
n=0
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Of interest is also the dual of the quotient representation induced by QM = QX
and QOB = QAs,

eihB, _ e——ihaz

PR (B) = Ao —izA — o,
PR (T) = 0,
PR (P) = O,
PR (M) = A,

acting on the polynomials in the two commuting variables = and t.

3.5 ¢-EXPONENTIALS

In this section we consider a class of Hopf algebras characterised by the relations of
their generators (see below), and calculate the dual algebras and dual pairings. The
pairing between such an algebra and its dual can formally be written as a product of
g-exponentials, a result that is helpful later when we study multiplicative processes
on these algebras.

Let U be a Hopf algebra with generators Xi,...,Xay, H1,...,Hay, Y1,..., Y4,
We add generators K1, ..., K4, that commute with Hy,..., Hg,,. We will later see
that they play the role of e®H1 . . ehenHen h; € €, and suppose the following
conditions are satisfied:

( {Ykimn = YFHIK™X™ k€ N% 1 € N%% m € Z% n € N¥} spans U
AH;, = H;®1+1® H;,
AXy = JIKP* ® Xi+ Xip ® [[ KP*,
H: AY, = K" @Y +Y, @K,
(Hi, Hj] = 0, [Hi,K;] =0, [KiK;]=0
(Hi, Xi) = xikXk, KiXp = eXiehi XpK;
| [H, Y] = maY, KY = emthiyK;

for some constants Sk, tik, Pil, @it € Z, Xik,Mit € C.

Remark: Note that we impose no conditions on the relations between the
X and the Yj; they are not needed for the calculations in this section. But the
condition that the ¥k;mn span I implies that such relations exist, namely that their
commutator is a linear combination of the ¥k, Furthermore, they are restricted
by the condition that U is a Hopf algebra, but this leaves many possibilities. Just
looking at Lie algebras we see among the possibilities that a commutator of X’s
and/or Y’s may be zero, or an element of the Cartan subalgebra (i. e., a linear
combination of the H’s), or a linear combination of X’s and Y’s.

The conditions H are satisfied for most quantum algebras, in particular for the
standard semi-simple quantum groups introduced by Drinfeld and Jimbo[Dri87,
Jim85, Jim86], as well as many others, e. g. , that have been considered by physi-
cists.

We also introduce the subspace Uy = span{¥xior }-
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Then the dual Y* of U is an algebra with the multiplication defined by

(f1- f2)(u) = (f1 ® f2)(Au). (3.13)

We define functionals A, € U* by

him; m'; . ) .
At (Wkimn) = { gkkl(snn’ I1 S'(_Lrl'.-—l.- 7 if I'; > I; for all 4 (3.14)

otherwise,

and set Ag = span{Agn;k € N¥ | e N n € INdX}. It turns out that Ag is

a subalgebra of {{*. This definition guarantees that Zfzo M will tend to K;
in the weak topology, i. e., that K; can be considered as e ¥+ if U is interpreted
as a subspace of Aj.

Lemma 3.5.1 Let X € U be (A, B)-primitive, i. e., AX = A®X + X ® B and
suppose XA = aAX, XB = [(BX, a,€ €. Then
n
n o _ n (n—v)v gn—v yv v yn—v
AX™ = Z[U] BV AV XY @ BV X
v=0 af/B
n
Z [ n jl a—(n—u)uqun—u Q X" VB,
14

v=0 a/B
Proof: We set AX™ = Y7 CrA™YXY ® B’X™", consider AX"*! = AX -
AX", and find the following recursion relation

CoHl = gYOT + a" Ve

Solving this relation now completes the proof. |
We introduce the following constants:

ap =e” E.' sikXikhi’ Be=¢e" Ei tikXikhi,
w=e" Zipil'ﬂuhi’ S=e Z.’ q:‘lﬂilhi’
akkl = e— Zt‘ s"kx"k’hi, ,Bkk' = e— Zi tikx”” hi,

Y =€ > Pumuh-‘, o =e” > G hi

WARNING: The double-indexed § used here is not a Kronecker delta.

Lemma 3.5.2
_ (km) 7 (kin) o p(kin)
AYrimn = Z C(K,,;l,u) L(N,:,u) ® R(n,:\b,u)
(1, 0) < (kln)

where

cw, < [B] [kl (B)()
K,V
k1 Y1/61 Kdy Ydy [8dy A1 /\dH
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ni ] |: Ndx ] H —(ki—ki)K1 H (nyr—ve)v,
. R ~ ﬂr
[ " ai1/B Vax aay [Bay
X H ,yl;(kl—KI)Nu H 6l—ll'¢l(kl’_"51') H g’;’; Vi)V H ﬂ:"::,(n"'_u"’

> >l k'<k k'<k
Lgil,:?u) - Ylm L Yd';dy le\l . .H‘;‘;H HKf.’k(nk—uk)+Pu(k1—m)+miX{/1 . ,X;’;x
Rgil,t\l,)u) — Ylkl—Kl L. de;’y —Kdy H{l—)\l . H‘li:x“’\dx HKfika+(IilNl+mi

D ¢l ...X;‘;x_""x.
Proof: Apply Lemma 3.5.1 and reorder the terms. |

We set a; = A¢, 00, bi = Ao,e;,0, ¢k = Ao,0,e,- The formula of the previous
lemma allows us to calculate the algebraic relations on ay, b;, c.

Lemma 3.5.3

bi - Ao,mo = Aom.,o - bi = (m; + 1) Ao m+e; 05

" dy qm.—m i
—-n, -n il
ap Anmr = Z (3—) ! H ’Ylll H 6”' l Tnl_—wAﬂ-i-elym';T
mi<m N nt+1 r<i 1>l =1\ i
m;—m';
’Yl ny p 1
T D ) 201 £ 7 1 (70 | f SRy
mi<m Nt nl+1 1>l >l =1 VT i)
mi— m i
ak T Th! T gt t
Ck - Anmr = (""") kk H Qi H ﬂkk’ H m—__','n"—)"AN,m',T-}-ek)
m'<m k/ r41 k<k’ k' <k i=1
a d mz-—m
r T
Anmr - Ck = <—) g 11 e 11 ﬂk’k “———m,—,),An,m',Hew
mi<m PR/ metl gk K<k’ -1 i
where (gi) and (%h) are the q-numbers introduced in the previous sec-
Hong+1 k/re+1

Proof: Follows from the definition of the multiplication in &/* in Equation (3.13)
and Lemma 3.5.2. |
These relations show that 4 is in fact a subalgebra of U/*.

Proposition 3.5.4 If v /6r and ax/Bk are not roots of unity, then the algebra

Ag is generated by ay,...,84,,b1,...,b4y,C1,...,Cax Wwith the relations
aj - Cp = Cg * Qy, bi-bj=bj-b,',
dwar-ap =yway-a,  PrrCrCkr = Qprk Chr - Ck,

by a) = (pu — qar)au, [biycr) = (sik — tik)ck-
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Proof: Follows directly from Lemma 3.5.3. [ |

If some of the 7 /0, ar /B are roots of unity, then the algebra generated by
ai, .. 8dy, b1,...,bay,c1,...,cax is a subalgebra of Ay, which we shall denote
by ./io For this case we 1ntroduce the algebra U = U/T, where T = {u € U;Va €
Ao i< u,a >=0}.

For the following calculations we will assume that

qu =0, sik = 0.
This can always be achieved by an appropriate choice of the generators, e. g., set

Y, = HKi_q”Y[, Xk = HKi_s“‘Xk. Then ar = 1, agp = 1, 51 = 1, (5”1 =1
We find in this case

1

a; - Apmr = (—) An+e1,m,r if ny =0 for I < l,
M ni+1

Apmr -Ck = ([3k)rk+1An,m,r+e;e if 1y = 0 for &' > k.

If we assume also that 1/+; and §; are not roots of unity, then we have

Hbm1 .. b"dH . C"Dx
dy ~1 dx

1 [ . 1 7 1
’71)711' ("fdy )ndy e de'(ﬂl)rl ' (ﬂ”x )"dx :

ni
a,” - ad

Anmr = (

We consider the sequence

nmr

The sequence (¢'™)) vewn C A®Uy C U ®Up C End(Up) converges weakly towards
the identity idg,. If we omit the tensor product we can also formally write for the

sequence g = (¢")new, g({a}, {b}, {c}; {Y}, {H}, {X}) =

Y, X
el el eI i e e ein o,
i. e., we have found that we can write the formal pairing as a product of g-
exponentials if hypothesis H is satisfied and the generators are chosen appropri-
ately. The duality between A 4 and my implies that we can formally write (see

e. g. [BCG194, FG93))

9(A4(a); ¢) = g(a;9)g(a"; ¥), (3.15)

wheread' =a®1,d" =1Qa.

With some modifications this result remains valid also for the case where some
of the parameters -y /8, o/ Bk are roots of unity. The sum has to be restricted to
the terms where all g-factorials are different from zero, and we get a dual pairing
between Uy and Ao in this case.
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Example: The g-affine algebra is the quantum algebra &/ with two generators
X,Y and relations
XY-YX = qaYf,

AX) = XQ1+1®X,

AY) = Yoexp(BX)+1QY,

e(X) = ) =0,
with a, 8 € €, ¢ = e*¥ not a root of unity. Then we get A = span{a™d™;n,m €
IN}, ba — ab = b, and

oo

9(ab; X,Y) = Y

n,m=

a™b™

nlgm!
o Mgm

X"y™ = eaXel;Y

We will also call A the g-affine group.

If the dual pairing can be written as a product of g-exponentials, then we can
really compute the dual representations in the same way as in Section 2.3 for Lie
groups. The key property of the formal pairing g = > An @ ¥ =] eg;‘x" is that
multiplying the 1, in each term from the right (left) by X, leads to the same
result as applying the right (left) dual representation pg(X;) (p7(Xi)) to A, in
each term, i. e.,

Pr(Xi)g(a; X) = g(a; X)X,
pL(Xi)g(a; X) = Xig(a; X).

To compute the dual representations, commute X; past the factors eg’ X3 in g(a; X)

until it is next to eg; Xi "and then replace it by the operator d;,
ey~ { LSRR ita#l
1 1) .
%%l if gi =1,
since on the individual factors we have Xie‘q}:X‘ = 616‘;;‘)"‘. For factors where

g; is equal to 1, we can apply the relation e%%i X;e=%%i = ¢%24Xi X, (where
ade (X,,) = [Xj,Xi]).

Example: We get for the g-affine algebra (cf. Proposition 3.3.3)

pL(X) = 08+ ably, pL(Y) = o,
Pr(X) = 0a, pR(Y) = exp(aa)ds.

Since the dual of these representations is the coproduct of A (interpreted as right
or left corepresentation of A on itself), we can use their matrix elements to get
the coproduct of A:

Afa) = a®1+1Qa,
Ab) = b®1+exp(aa)®b.
We shall use the quotient representation that arises from the relation X = r:

pr(X) =1 —abdy,  pr(Y) =6y (3.16)



78 Chapter 3

3.6 MATRIX ELEMENTS

We introduce matriz elements for quantum groups. We define left and right matrix
elements corresponding to the left and right multiplication

9(a; X)Yn = Z Mﬁ(a2L)1/’n+N

n+N>0
Yng(@; X) = D MY(aR)Ynin.
n+N2>0

Note that in Section 2.6 we introduced only the left matrix elements. We will
again switch freely between this notation and the subscript notation defined by
Mpm(a;e) = M™ "(a;e) and we will write shorter ¥(X)* (resp. ¥(X)') for the
right (left) dual representation pg(¥(X)) (resp. p} (¥(X))).

Proposition 3.6.1 We have the principal formulas
MrJLV(a; L) Yn (X)*Cn+N(a)
Miv(a; R) = Yn (X)fcn+N (a).

Remark: With the identities Xt = (id ® X) o A and X* = (X ®id) o A we can
write the principal formulas also as

MYM@;L) = (id® ) o Acnyn(a)
MY (a;R) = (¥n®id) o Acpin(a).
Proof: We have (with equations (3.8), (3.9))
> MY (@ Lnen(X) = g(a; X)¢n(X)
= ¥n(X)"g(a; X)
= Z"/)n ) em(a)ym(a)

It

and, respectively,
> MY(@R) = $n(X)g(a; X)
= ¢a(X)'g (a'X)
= > (X)) em(@)gm(X).
i

Just as in the Section 2.6, summation theorems and recurrence relations follow
readily from the definitions. We get for example!

Acp(a) = ZM,:‘“k(a;L)@)ck(a) (3.17)

1To see e. g. equation (3.17), note that Acn(a) can be written as Acn(a) = Z L1 ® ci(a)
since {c;(a)} is a basis. With < 94 (X), ¢;(a) >= 65; we get
Min(a; L) = Mg 7*(a; L) = (1d ® ¥3(X)) 0 Acn(a) = Y Lutbp =

Equations (3.18) and (3.19) can be derived by applying the coproduct A twice to cn(a) and using
the coassociativity (i. e. (id® A) o A = (A ®id) 0 A).
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ch ) ® M*(a; R),
and

AMam(@;L) = ) Mim(a; L) ® Mu(a; L) (3.18)
l

AMum(@;R) = > Mu(a;R) ® Mim(a; R) (3.19)
l

Equation (3.17) shows immediately

9(A@);X) = > Acala)yn =Y M *(a; L) ® ck(a)yn
Z"l}kcn ® ck(a)yn = Z(Cn(a) ® 1)(1 ® ck(a))¥n - Yx
9(a®1; X)g(1®a; X). (3.20)

i. e. the composition law that was mentioned in Section 3.4.
Recurrence relations follow from

XMy (a; L) Xin(X)*enyn(@) = (Xi - ¥n(X))" cntn(a)
= ) mi(Xi; L)k (X) cnin(a)
= > mb(Xs )My *(a; L)

XIMY(@R) = X[yn(X)tensn(a) = @n(X)- Xi) crin(a)
= Y mk(Xi; R)pnr(X) enin(a)
= Y mh(X; MY (a; R),

il

where the matrix elements m[Y (X;; L) and mY (X;; R) are defined by
Xipn(X) = Y mY(Xi; L)gnin(X)
Yn(X)Xi = D m (Xi; R)nin(X).

3.6.1 FEzample: the quantum algebra Uy(af f(1))

With the principal formulas we calculate
an+N bm+M

NM . _ aa mAan
My (a, b L) = (e*%6) aa——————(n+N)!qm+M!

NpM
maaa b
N'qM'

an+N bm+M

(n 4+ N)!gm+ !
N+v bM

- 2 () e G

v=0

MTIleM(a,b;R) = (aa+aNb)n5gn

aVoM
= 1F1(—n N + 1 aMa)N'qM
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In particular
b (n,m) = (0,0)
Mpmoi(a,b;L) = e~ (n,m) =(0,1)
0 else
a (n,m)=(0,0)
Mpmao(a,b;L) = 1 (n,m) =(1,0)
0 else
With equation (3.17) this implies
Afa) = a®l+1Qa
A(d) = b®1+e*®b.
We also calculate the coproduct of B = e~*®b. We get
A(B)=B®e *+1®B.
3.6.2 FEzample: the quantum algebra hy(1)
With the principal formula we get
an+me+Mcr+R

Chapter 3

Myarta,b,; L) = (9a + 0c[Bs]q)"050;

n) _aVt ([8)y) b R
Z( v ) (N+v)!  M! Rl

In particular,

a (nmr)
Mnmr,lOO (a; b; G, L) = 1 (nmr)
0 else

(000)
(100)

b (nmr) = (000)

1 (nmr) = (010)
Mnmr ;b; ;L = c
o10(a,5,6L) Zber (nmr) = (100)
0 else

(000)
(001)

c (nmr)
Mnmr,OOl (aa ba C; L) = 1 (nmr)
0 else.

(n+ N)(m + M)!(r + R)!

With formula (3.17) these matrix elements allow us to calculate the defining rela-
tions for the coproduct A = m* of H,(1) that turns hy(1) and Hy(1) into a pair

of dual bialgebras,

Afa) = a®1+1Q®a
2h
g—q!

>
~—~
>
=
Il

b®1+1®b+ c®a

>
~~
o
N’

I

c®l1+1®ec.
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3.7 BRAIDED TENSOR CATEGORIES

Braided categories were introduced by André Joyal and Ross Street (Macquarie
Mathematics Reports 850067 (Dec. 1985) and 86081 (Nov. 1986), see [JS91a,
JS91b, JS93, Kas95, Majisb]).

Definition 3.7.1 [Mac71] A tensor category (also called monoidal category) is a
category C with a tensor product ® : CxC — C, a unit I, an associativity constraint
a, a left unit constraint I w.r.t. I, and a right unit constraint r w.r.t. I, such that
the Pentagon Axiom

((U®V)®W)®X

ayv,w ®idx N\ QUQV,W,X
(U IVeW)® X)
av,vew.x + UeV)e(WeX)
U® ((V W) ® X)
dy ® av,w,x ¢ v AUV, x®X

U® (V ®We X))
and the Triangle Axiom

Velhew ‘¥ veleWw)
Ty ®idw N\, v idy ® lw
Vew

are satisfied for all objects U,V,W, X of C.

Example: The most fundamental example is the category Vec(IK) of vector
spaces over a field IK. It comes with a tensor product ® : Vec(IK) x Vec(IK) > U x
V> UQ®V € Vec(K), the unit object is the ground field IK, and the associativity
and unit constraints are the natural isomorphisms ayyvw : (U@ V)Q@ W —
U(VeW),l, : KV >V,ry : VK-V,

au,v,w((u®v)®w) =uQ® (vQuw), ly(AQu)= v =ry(v®\)

forueU,veV,weW, UV, W e Vec(K), A € K. The pentagon and triangle
axioms are clearly satisfied.

Example: Let A4 be a bialgebra. The category of left (right) .A-modules
A-Mod (Mod-A, resp.) and the category of right (left) .A-comodules Comod-.A
(A-Comod, resp.) can be equipped with tensor product.

Definition 3.7.2 (a) A left (right) .A-module over an algebra A is a pair
(M, par) of a vector space M and a linear map ppr : AQM — M (un -
M®A— M, resp.) such that pp(a ® pm(b®u)) = pp(m(a ® b) ® b) and
pnm(e®u) = u (or pp(pm(u®a)®b) = pp (u@m(a®b)) and pp(u®l) =,
resp.) for all a,b € A, u e M.
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(b) A right (left) C-comodule over a coalgebra C is a pair (N,0n) of a vector
space N and a linear map 6y : N - NQC (by : N = C® N, resp.)
such that (0y ® id¢) oy = (idy ® A) 0 dn and (idy ® €) 0oy = idy (or
(idc ® JN) odnN = (A ® idN) odn and (E ® idN) ody =idpy, resp.).

If M,M' are left (right) A-modules, then M ® M' has a natural left (right)
A ® A-module structure, just take (up ® ppr) o (id ® 7 ® id), and check the
axioms. If A is a bialgebra, then we get back an .A-module, if we set ppygr =
(kM ® pyr) o (ida ® 7®@id)y) o (A®idmem) (or pmem = (kM ® pur) o (idm ®
T ®id4) o (ildmem ® A) for right modules).

Similarly, for two right (left) A-comodules N, N’ over a bialgebra A their tensor
product has again a right (left) A-comodule structure, take dngn' = (idngn' ®
m) o (idN®T®idA) o (5N®5N') (OI‘ 5N®N' = (m®idN®N:)o (idA@Tile)o (5N ®5NI),
resp.).

Definition 3.7.3 Let (C,®,1,a,l,7) be a tensor category. A braiding ¥ in C is
a commutativity constraint satisfying the Hexagon Axiom, i.e. the diagrams

Ue(Vew) "V (Vew)eU

ay,v,w / Ny ay,w,u
UeV)eW Ve WeU)
Yy ® idw N\ Aidy @ Yyw

Vel)eW " VeUW)

and
UeV)eW %Y weUeV)
aa,lv,w pN GITV%U,V
U (VeWw) WwWel)eV
idy @ Ty,w ¢ ' Yuw @idy

-1

UeWaeV) Y WUew)seV
commute for all objects U, V,W, X of C.

Example: A trivial example for a braiding is the flip automorphism 7y v :
UV - VU, T(u®v) = vQ®u, in the category of left (or right) modules
of a cocommutative bialgebra. That this works on the level of vector spaces, is
obvious. But we also have pprgn = T,\’,ﬁ® MmO bmem o (ida®Targn). In general,
the category of modules of a bialgebra A has a braiding if and only if A is quasi-
triangular (or braided), i.e. if there exists an invertible element R € AQ® A, called
universal R-matriz that ‘controls’ the non-cocommutativity of A in the sense that

70A(a) = RA(a)R™Y, forallae A
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and that satisfies (A®id)(R) = Ri3R23 and (id®A)(R) = Ri13R12, see e.g. [Kas95,
Proposition XIII.1.4]. Here Rj2 = R®1, Ry3 =1® R, Ri3=(id® 7)(R®1) are
elements of the algebra A ® A® A.

Definition 3.7.4 A braided tensor category (C,¥) consists of a tensor category
C and a braiding ¥ of C.

3.8 BRAIDED BIALGEBRAS AND BRAIDED HOPF
ALGEBRAS

Consider two algebras A and B who ‘live’ in a braided tensor category (C, ¥), i.e. A
and B are objects of C, and their multiplications m4 : AQA -+ A, mp : BB — B
and unit maps e4q : I = A, ep : I — B are morphisms of the category (here
the unit object I is the underlying field IK). Then there exists a braided tensor
product algebra A®B, build on the object A ® B, with multiplication magp =
(ma®mp)o(id®¥®id) and unit map esgp = €4 Qep, cf. [Majd3a, Lemm§4.1].
Thus it makes sense to look for braided bialgebras, i.e. for algebras that are objects
of a braided category, and for which there exist morphisms A, : A — AQA,
g : A — K, that satisfy the conditions corresponding to those in Definition 3.1.2,
ie.

(A®id)ocA=(d®A)ol, (¢e®id)oA=id=(id®g)oA,

and A and ¢ are algebra homomorphisms.
A braided antipode S : A — A is defined by the condition

mao(S®id)oA=eoc=mao0(id®S) oA,

it is again unique, but no longer an algebra anti-homomorphism. Instead we have
Som=mo¥o(S®S) (but note that we still have S o e = e). With respect to
the coproduct and counit it satisfies Ao S =(SoS)o¥PoA andgoS=S.

Most notions related to algebras and coalgebras as e.g. modules, comodules,
dual pairing or dual representations can immediately be defined in braided cat-
egories as well. One should note though that for the extension of the dual pair-
ing to tensor products often a slightly different convention is adopted, and, re-
lated to this, the factors are numbered in opposite direction.. When calculating
(,Yon : A" x B&" — KK, often one evaluates the last factor of A against the first
of B,etc.,ie. (a1 ®a2® - ®ap, by ®bp_1®---®b1)gn = ngl(a,,,b,,).

If we use the same dual pairing as in the symmetric case, i.e.

(0.1 ® by,a0 ® b2)® = (al,a2)<b1,b2>, for all a;, b; € B;
then we get the following Leibniz formula for the right dual representations.
Lemma 3.8.1 a) The right dual representation is an homomorphism, i.e.

p(zy) = p(z)p(y)
for all z,y € Hom(B, C).



84 Chapter 3

b) If z is in a bialgebra dually paired with B, then p(z) satisfies a generalised
Leibniz formula, which has the form

p(z)(ab) = Y (m @ z{)) o (id ® ¥)(A(a) ® p(a”))b)

i

where x om =
we can also write

izgl) ® 152) is the coproduct of . In the symmetric case

p@)(ab) = 3" (o(eM)a) (o(z)p).

Proof:

a) Using the definition of the right dual representation and the coassociativity
of A, we get p(zy)a = ([d®zy) o Ala) = ([d®2z®y) o (id ® A) 0o A(a) =
(i[d®z®y) o (A®id) o Ala) = p(z)p(y)a.

b) We have to compute p(z)(ab) = (id ® z) o A o m(a ® b). The braiding now

shows up because A is a homomorphism between the algebras (B,m) and
(BB,m® =(mem)o(id® ¥ ®id)), i.e. we get

p(z)(ab) = ([d®z)oAom(a®b)
= ([d®z)(mem)o(id®¥®id)o (A®A)(a®b)

We get the desired expression, if we substitute zom =, zgl) ® 152). With

Sweedlers notation Aa =}, a§-1) ®a§2) and Ab=)", bil) ® bf), we can also
write this as

© p)(ab) = Y (mez)) (@ ® ¥l @ b)(zl?,b).
i,j,k

In the symmetric case we have \Il(ag-z) ® bfcl)) = b;cl) ® a§2) and everything
simplifies to

p@)(ab) = 3 a0z, Py = 57) = 3 (p(ai)a) (p(al)b).

4.5,k i

It is not clear what the correct definition of *-structures on braided Hopf al-
gebras is, see [Maj94, Maj95a, Maj97] for one set of axioms. But for the study of
Lévy processes these axioms are not adequate since the braided coproduct is not
a *-algebra homomorphism.

We propose an alternative definition.

Definition 3.8.2 A braided x-bialgebra is a braided bialgebra (A,A,e,m,1,¥)
over € with an anti-linear map * : A — A that satisfies
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o (A,m,1,%) is a x-algebra,

o A® A admits a x-structure such that the canonical inclusions are *-algebra
homomorphisms and A : A - A® A is a *-homomorphism for this x-
structure.

If there exists antipode S (i.e. a linear map S: A — A s.t. (A,A,e,m,1,5,¥) is
a Hopf algebra), then we will call (A,A,e,m,1,S, ¥, %) a braided *-Hopf algebra.

Remarks:

e From the condition that the canonical inclusions A -+ AQA <2 A are -
homomorphisms follows (a®1)* = a*®1, (1®a)* = 1Qa* for all a € A. Now
the condition that this map *is an anti-homomorphism uniquely determines
it, (a0b)" = ((a@1)(18b)) = (18b")(a"®1) = ¥(b*®a") forall a,b € A
This defines a *-structure on A ® A if and only if it is also an involution,
ie if (To(x®x)or)? =id. To see this, let {z;} be a basis of A consisting
of self-adjoint elements, i.e. such that 7 = z;. Define the coeflicients of the
braiding ¥ in this basis by ¥(z; ® z;) = ), U5z ® z) (note that this sum
is finite, even though the index set can be infinite). ¥ o (x ® %) o 7 is an
involution, if and only if },, WFm®E = §.65. With this relation we can
show that ¥ o (* ® *) o 7 is an anti-homomorphism. It is sufficient to check
this on the basis elements, we get

((.’Ei ® z]-) -z ® zl))*
= YU ean @zaa) = Y T (@) ® (@im)")

nm nm

= Z_\II;.‘,:”m%o(lII®lII)o(id®\Il®id)(zl®xn®xm®zi)

nm

= Z LI my o (¥R V) (z; ®zy® Tp ®T;)

nmpgq
= m%o(\l/@\ll)(x,@)xk Rz; ® ;)
= m (\Il(zl ®zr) Q@ ¥(z; ®.Z'1;))
= (zez)" - (z; ®zj)",

where m$ = (m ® m) o (id ® ¥ ® id) is the multiplication of A ® A. If
U o (x ® *) o T is an involution, then we also have ¥ ox o ¥ o*x =idygH.

e If the coproduct is fixed, then the counit and the antipode (if it exists) are
unique. Therefore one should expect their axioms to be a consequence of
those given in the definition.
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3.9 EXAMPLES OF BRAIDED BIALGEBRAS AND
BRAIDED HOPF ALGEBRAS

3.9.1 The braided line R,

Let ¢ € €, ¢ not a root of unity. The braiding ¥(z" ® z™) = ¢"™z™z" turns the
algebra of polynomials in one variable into a braided Hopf algebra (with Az =
z + z'). This Hopf algebra, denoted by IR, can be dually paired with itself, set
(p", ™) = gn'0nm. The dual copy acts on R, via p(u)a = Y (u,aM)a®, where
Aa = 3 aM) ® a®. One finds that p(p) is the g-difference operator §, : f(z) —

f(qzz—fézz
z(g—1 *
3.9.2 The braided plane (D§|0

The braided plane is the braided Hopf algebra with two g-commuting primitive
generators z,y and braid relations z'z = ¢%zz’, 2'y = qyz’, y'z = qzy' +(¢*— 1)y,
yv'y = a’yy'.

(]33'0 is dually paired with (Dj'_ol and thus there are partial derivatives,

n—1, m n, n, m—1

Oz™y™ = (¢P)nz" Y™,  Gez"y™ = (¢*)mg"z"y™ !,

3.9.3 The braided Heisenberg-Weyl group HW,

In this Subsection we introduce a braided Hopf algebra structure for the g-oscillator
algebra HW, defined by

ac — gca = (1 — q)b, ab = ba, ¢b = be, (3.24)

where ¢ € C\{0}, ¢ not a root of unity. For other quantum or braided groups
related to the Heisenberg group see [BM93] and the references therein.
We can also regard this algebra as generated by two generators a,c with the
cubic relations
aac+qgcaa = (1+ q)aca (3.25)
acc+qcca = (1+ g)cac (3.26)

with ¢ € €, g not a root of unity. If we define the braiding by

a'a = qaa’ a'c=ca (3.27)
1
ca= ~ac cc = qcc
q
then
Aa=a+ad, Ac=c+<c

defines an algebra homomorphism from HW, to HW,®HW,. The counit is defined
by €(a) = €(c) = 0 (extend as a unital algebra homomorphism). The braided
bialgebra defined in this way also admits an antipode. Define S by

S@) =—-a, S(c)=—c,
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and extend by Som =mo¥o (S®S).

The advantage of introducing a third generator, e.g. by ac — gca = (1 — q)b or
d = ac — ca, is that {a"b™c";n,m,r € IN} and {a"d™c";n,m,r € IN} are bases
(Poincaré-Birkhoff-Witt bases) of HW,.

One can calculate the coproduct on a general basis element

wove - SEES1] (3] 2] [1] e

v=0 u=0 o0=0 p=0
n—v+pu—o,m— r—
qa'(n v avbacp—f—u 74 I b Mc/ P.

We will construct the dual of HW,. The coproduct of HW, defines an algebra
structure in its dual. Let X,Y : HW,; — C be two functionals on HW, then their
product is defined by

(X*Y)(w) = (X®Y)AW) =) X(ue)Y(yy) VueHW,

where we used Sweedler’s notation, A(u) = Y ux) ® u(y). For the functionals
defined by
Xijk(@™0™c") = 6in0jmOpr

we see that they span an algebra, denoted by HW;’, generated by the three ele-
zk jzi

qrlq;lq! and

ments £ = X100, ¥ = Xo10, 2 = Xoo1 such that X;;, =
TY =qyzr, Yz =gqry, ITZ—2T =Y.

We see that this algebra is isomorphic to HW,, the isomorphism being = — a,
zH e

The following formula is useful to compute products of general basis elements
of the HW,, algebra, it can be derived by induction.

rANn -1\ 1(,—1 1 —_1\k
cra® = Z (q )T"(q )n( 1) an—kdkcr—k. (329)

2 @ )il D g~ D!

If g is real, then the involution * : HW, — HW, defined by

a* =c, b* = b, c* =a.
satisfies
xox = id (e (@")"=a Va€ A,
xom = moTo (x® %) i.e. * is an anti-homomorphism,
(*®*x)c A = ToAox,
gox = T og,
Sox = %08,

i.e. turns HW, into a braided *-Hopf algebra in the sense of Majid (see [Maj95a)
for the origin of the last three conditions).
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An action of HW;/ of HW, can be defined by defining p(z) and p(z) as

p(zla=1,  p(z)c=0,
p(2)a=0, p(z)c=1,

on the generators a and ¢, and extending with the Leibniz formulas

p(z)(aw) = u+qap(z)u, plz)(cu) = gep(z)u,
p(z)(auw) = ap(z)u, p(z)(cu) = u+qgep(z)u,

3.10 BRAIDED SPACES

Braided spaces are braided Hopf algebras with a particular form of the product
and coproduct, see below. They are a generalisation of super-spaces, there are
braided lines, braided planes, braided matrices, etc., all in analogy with super-
lines, super-planes, etc. Braided spaces are the elementary building blocks of the
‘braided world’ or braided linear algebra.

For a pair of invertible matrices (R, R’) that satisfy

(i) Ri2Ri13R23 = Re3R13Ri2 (i.e. the Quantum-Yang-Baxter equation),

(iii) (PR+1)(PR —1)=0,

)
(ii) Ri2Ri3Rh3 = Rj3Ri3R12, RasRi3Ryy = RjyRi3Ros,
)
(iv) Ra1Rj, = Ry Ria,

where P is the permutation matriz (xo ® x1P = x; ® X2), and R = R®id,
Ry3 = id ® R, etc., there exist two braided Hopf algebras V(R,R') and V*(R, R')
with generators vy,...,v, and z,...,z, and relations

e for V(R,R'):

Avt = v R1+1®9,
\I’('Ui®vj) = Rikjlvl®'uk,
vivi = R ulE,
S = -v,
e(v’) = 0,
e for V'(R,R'):
Az; = ;91+1®71;,
U(z;®z;) = = RzRY;,
Tir; = ziz R,
§(zl) = Iy,

e(z;) = 0,
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see [Maj93b, Theorem 1]. Here the first two indices (i, k) correspond to the first
factor in the tensor product, and the last two (j,1) to the second factor. We use
the summation convention, i.e. indices that appear twice (once as subscript and
once as superscript) are summed over. In a shorter notation this becomes

o for V(R,R): Av =v®1+1®v, ¥(vi®Vvs) = R12va®Vv1, Riyvav) = vyvs,
S(v) = —v, e(v) =0,

o for V'(R,R'): Ax =x®1+1®%, ¥(x; ®x2) = X2 ®X1 Ri2, XX R}5 = X1X3,
S(x) = —x, €(x) = 0.

The braided Hopf algebras V(R, R') and V'(R, R') are called the braided vector
space and the braided covector space associated to (R, R'). For a detailed devel-
opment of their properties see also [Maj93c, Maj93a, Maj96]. We will summarise
here only some facts that are used in this presentation.

Let S{1,...,n} be the set of all finite sequences composed of the elements
1,...,n, le.

S{1,...,n} ={0;1,...,n;11,12,...,nn;111,.. .}.

Set v = v ---v® if a = (a1 ---ax) € S{1,...,n}\{0}, and v? = 1, and anal-
ogously, but in reversed order, for X, = z4, - Z,,. Then {v*;a € S{1,...,n}},
{xq;a € §{1,...,n}} span V(R,R') and V*(R, R'), respectively. Notice that in
general these sets do not form a basis. But a basis can easily be extracted from
them, if one orders them, and eliminates all elements that are linearly dependent
on those that precede them.

The algebras V(R, R') and V™(R, R') are IN-graded with

V(R,R)" = span {v%ae€ S"{1,...,n}}
V(R,R)" = span {x,;a € S{1,...,n}},

where S™{1,...,n} C S{1,...,n} contains only the sequences of length r. This
allows us to define a scaling s(\) : V'(R, R') = V*(R, R') by s(\)a = \38(?)q for
homogeneous elements a € V'(R, R') or V(R, R').

V(R,R') and V'(R, R') are mutually dual with the definition

(v*,%a) = 8ja)p/llal, R]'S
where |al, |b| is the length of a,b € S{1,...,n} and

[m;R] = 1+ (PR)12+ (PR)12(PR)2s+ -+ (PR)12-+ (PR)m—1,m(3.30)
[m; R]I = [23 R]m-—l,m[3§ R]m-2,m—1,m T [m; R]1 _____ m (331)

(cf. [Maj96, Section 5]) are the braided-integers and the braided-factorials. This
defines also an action of V(R, R') on V'(R, R') (and vice versa) by

p') = 0'=((v',)@id)oA,
pzi) = di=((,z:)@id)o A,
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Braided-ezponentials exp(x|v) are defined as solutions of

0 exp(x|v) = exp(x|v)v?, (e®id)exp(x|v) =1
1.

|
exp(x[v)di = s exp(xlv),  (id ® €) exp(x]v) =

If the braided integers [m; R] are all invertible, the exp(x|v) is given by

exp(x|v) = Zxa [m; R]'"™!),v

We will assume that this is the case in our examples and apphcatlons, or rather
that there exists a braided-exponential exp(x|v) = 3 x,F(m; R)¢v®, see [Maj96,
Section 5.4].

Again, as in Section 3.8 it is not clear, what the correct axioms for a *-structure
are, let us give the following tentative definition.

Definition 3.10.1 A braided *-space is a braided space (cf. [Maj96]) equipped
with an involution that turns it into a braided x-Hopf algebra (in the sense of
Definition 3.8.2).

3.10.1 Ezamples

We have already seen two examples, the braided line IR, and the braided plane

(Dglo, see Subsections 3.9.1 and 3.9.2. There are defined by the R-matrices R = (g)
and R' = (1) and

@ 0 0 0
| 0 ¢ -1 0 f_ o
R= 0 0 7 o | R =q R,
00 0 ¢

respectively.

|Even though the second braided-integer for the R-matrix of the braided plane
(D2 0
q

1+¢2 0 0 0
oy 0 1 ¢ 0
[ZaR]_ 0 q (]2 0 ’
0 0 0 1+4¢?

is not invertible, there exists nonetheless a braided-exponential [Maj96, Example
5.4

= 2 i Z[pq-zl"

_a2m
where [m; ¢?] = 4 and [m; ¢*]! = [T,y (i ¢”)
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The free braided-space

Here R' = P, there are no relations in the algebras V(R, R') and V"(R, R') since
the ideal generated by R},vavy = viva (respectively x;x2 R}, = X2X;) is equal to
{0}, i.e. we have the free algebra with n generators. {v®;a € §{1,...,n}} (respec-
tively {xq;a € S{1,...,n}}) is thus a basis of V(R, R') (respectively V'(R, R')).
We will assume that R is also equal to P, i.e. that the braiding is given by
T(v' @ vI) = (v' ® v?) (respectively ¥(z; ® z;) = (z; ® z;)). In this case the
braided-integers [m; P]¢ = md,s, m = |a| = |b], are invertible and thus

o0
1
exp(x|v) = Z 7 }: X,V
k=0 """

a€S*{1,...,n}

The dual action is

ive _ [ lalXaza, ifar =1,
pv)%a = { 0 else

on the basis elements.

3.11 COMPACT QUANTUM GROUPS

Definition 3.11.1 [Wor98, Definition 2.1] A pair (A,A) where A is a separable
unital C*-algebra and A : A = A®A is a unital x-algebra homomorphism from A
into its minimal tensor product A®A is called a compact quantum group, if

1. A is coassociative, i.e. the diagram
AL ABA
Al lA®id
ARA 422 A@ARA
is commutative, and

2. the sets

{(b®1)A(c);b,c € A}
{(1®b)A(c);b,c € A}

are linearly dense subsets of AQA.

If A is commutative, then there exists a compact topological group A such that
A = C(A), see the third remark following [Wor98, Definition 2.1].

We recall two fundamental results of the theory of compact quantum groups.
The first states that a compact quantum group contains (densely) a Hopf *-algebra.

Theorem 3.11.2 [Wor98, Theorem 2.2] Let (A, A) be a compact quantum group
and A be the set of all linear combinations of matriz elements of all finite-dimen-

sional unitary representations of (A,A). Then A is a dense x-subalgebra of A and
AAC AR A. Moreover, (A, A|4) is a Hopf *-algebra.
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The second result is the existence of a Haar state. Let B be a K-bialgebra.
A functional [ : B = K is called a left (right) Haar functional or a left (right)
invariant integral, if it satisfies

(id®/)oA=eo/, ((/@id)oA:eo/ resp.).

If B is a Hopf algebra and if [ is a right Haar functional with [1 # 0, then
it is even biinvariant and unique, if we normalise so that [1 = 1. Woronowicz
has shown that on compact quantum groups such a normalised, biinvariant Haar
functional always exists and that is is positive.

Theorem 3.11.3 [Wor98, Theorem 2.3] Let (A,d) be a compact quantum group.
Then there exists a unique positive normalised linear functional h : A — € such
that

(id ® h) o A(a) = (h®1id) o A(a) = h(a)l
for all a € A.
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Chapter 4

Stochastic processes on
quantum groups

In this chapter we define Lévy processes on involutive bialgebras. These processes
appeared first in the work of von Waldenfels[Wal73], the algebraic framework
for the general theory of these processes was formulated in [ASW88]. For the
development of the theory until 1993 see also [Sch93].

In the first section of this chapter we recall the basic terminology of non-
commutative or quantum probability. In Section 4.2 we introduce the notion
of independence for quantum random variables. The next section (Section 4.3)
contains the definition of quantum stochastic processes with independent and sta-
tionary increments, i.e. Lévy processes. In Sections 4.4 and 4.5 we describe two
constructions of realisations of Lévy process. The first starts from the genera-
tor and gives a realisation on a Bose Fock space, whereas the second requires a
convolution semi-group of normalised functionals as input and uses an inductive
limit procedure. In Section 4.6, we construct convolution semi-groups on quantum
groups from classical Lévy processes and in Section 4.7 we prove an analogue of
the Feynman-Kac formula for these semi-groups. The last section (Section 4.8)
deals with duality and time-reversal.

4.1 QUANTUM PROBABILITY

We summarise the basic definitions of quantum probability or non-commutative
probability, for a detailed introduction see e.g. the books by Biane [Bia93|, Meyer
[Mey93], and Parthasarathy [Par92].

A quantum probability space is defined as a pair (A4, ®) consisting of a *-algebra
A and a state (i.e. a normalised positive linear functional) ® on A. A classical
probability space (€2, F, P) gives rise to a quantum probability space by taking a
x-algebra of complex-valued integrable functions on 2, e.g. L*°(Q2, F, P), and the
functional defined by @ : f — [, fdP.

A quantum random variable j over a quantum probability space (A, ®) on a

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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x-algebra B is a x-algebra homomorphism j : B + A. A classical random variable
X : Q = E over a probability space (2, F, P) with values in a measurable space
(E,€&) defines a quantum random variable via jx (f) = f o X for f € B (where B
is an appropriately chosen algebra of functions on E, e.g., B = L®(E,£)). The
functional ¢; = ® o j is called the distribution of j in the state ®.

A quantum stochastic process is simply a family of quantum random variables
{jt;t € I} over the same quantum probability space, indexed by some set I, just
as in the classical context. Its one-dimensional or marginal distributions are the
functionals ¢; = ® o j;.

Two quantum stochastic processes {js;t € I} and {k:;t € I}, indexed by the
same set I, on the same *-algebra B over the quantum probability spaces (A;, ®;)
and (Ag, ®x) are called equivalent, if all their finite-dimensional distributions agree,
ie. if

®; (jtl(bl) “ Jta (bn)) =9 (ktl (b1) -k, (bn))a

foralln e N, t1,...,tp € I, by,...,b, € B.

Every element a of a quantum probability space (A, ®) defines a quantum ran-
dom variable on @©(z,2*) (= the free algebra over € with generators z, 2*, and
the obvious *-structure), or on €[z] (= the algebra of complex-valued polynomials
on RR), if a is self-adjoint. Simply set j(z) = a and extend as a *-algebra homo-
morphism. In the same way a family {a;;t € I} of elements of A gives rise to a
quantum stochastic process indexed by I. We will call such a family {as;t € I}
an operator process. Given a quantum stochastic process {j; : B —+ A;t € I} one
gets an operator process of every element z € B of B by simply setting a; = j;(z),
tel

Let us associate densities on the real line to self-adjoint elements a of a quantum
probability space. By a density of a (in the state ®) we will mean a measure u
on IR such that ®(a") = [ z™du(z) for all n € IN. Note that u is determined
by a moment problem and therefore not necessarily unique. Then we might call a
random variable X on some probability space (Q, F, P) a classical version of a if
its distribution Py is a density of a. For a classical version {X;;t € I'} of a family
of quantum random variables {a;;t € I}, i.e. of a process, indexed by an ordered
set I, we only require that the time-ordered moments agree, i.e.

®(a;! --agr) = B(Xg - Xf)

for all n,k1,...,k, € N, t1,...,t, € I, t; <ty < --- < t,. Again, a classical
version, if it exists, may not be unique.

4.2 INDEPENDENCE

Several different definitions of independence in non-commutative probability the-
ory have been proposed and studied. There is Voiculescu’s[VDN92] free inde-
pendence, related to the free product of algebras, the tensor independence (see,
e.g., [Sch93, Section 1.3]) related to the tensor product, and finally the boolean
independence (see e.g. [SW97]). Work by Schiirmann and Ben Ghorbal[BGS99],
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Schiirmann[Sch95a), and R. Speicher[Spe97] indicates that, under certain natural
conditions, these are the only ones, at least if one insists that it should be possible
to reconstruct the joint distribution of two independent quantum random vari-
ables from their marginal distributions. But there do exist many other notions of
independence not satisfying this condition, see e.g. [Kiim90, ALV94], that are also
used in non-commutative probability, for example to derive limit theorems or to
develop a theory of stochastic integration[HKK98].

The appropriate notion of independence for this work is that of (braided) tensor
independence. Schiirmann has considered non-symmetric tensor products, where
the braiding arises from an action a and a coaction 7 of some group algebra CIL
as

U=(a®id)o(id®7)o(y®id), or ¥=(d®a)o(r®id)o (id®7). (4.1)

We will generalise this to arbitrary braidings (but we still assume that the asso-
ciativity constraint is the trivial one).

Definition 4.2.1 Let (A, ®) be a quantum probability space, and B a *-algebra
in some braided category (C,¥). An n-tuple (j1,...,jn) of quantum random vari-
ables j; : B = A, i = 1,...,n, over (4,®) on B is ¥-independent or braided
independent, if

() @ (o) (B1) ++ om) (5n) ) = B(ig(1) (51)) -~ Big(a (b)) for all permutations
o € S(n) and all by,...,b, € B, and

(i) mao(jr®ji) =mao(i®jx)oV foralll <k <l<n.
Remark:

1. Note that, in general, the order of (ji,...,Jn) is important, unlike the clas-
sical case.

2. If A is commutative, then (i) is equivalent to the condition used in classical
probability theory:

(i) ‘I’(jl(bl) . 'jn(bn)) = ®(j1(b1)) - B(jn(bn)) for all by, ..., b, € B.

We will call ji,...,5 pseudo-(¥-)independent, if they satisfy only (i’) and
(i)). We will use the notion of pseudo-independence also, if there are no
x-structures defined on A or B, or if ® is not positive.

3. More generally, we say that a family {j,|+ € I} of quantum random vari-
ables indexed by some partially ordered set I is independent, if the n-
tuple (ji,, - - -, s, ) is independent for all finite n-tuples (11, . . ., 1) such that
11 <19 < "'<’Ln).

Both independence and the weaker pseudo-independence imply that Qom(j—l) o
(j1®---®jn) can be factorised into a tensor product of the marginal distributions

¢; =®o0j;,i=1,...,n, and thus that it is uniquely determined by the marginal
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distributions. But the ‘true’ independence implies in addition an invariance or
commutativity condition, namely,

¢ = 0®E® BV $hr=ERGMOERD Ot ... Pp=£® - QB¢n
N——— —— N———rt
(n — 1) times (n — 2) times (n — 1) times

have to commute (in the convolution algebra of functionals on B&").
We call a functional ¢ on an algebra A in some braided category (C,¥) -
invariant, if we have

(PR6) 0T =0®1.

for all functionals 6 : 4 — K,

In general, the convolution of two positive functionals on a braided *-bialgebra
is not again positive, but if a functional ¢ on a braided *-bialgebra A is positive
and ¥-invariant, then convolution ¢ x 6 = (¢ ® ) ® A of ¢ with another positive
functional 8 on A is also positive, see the lemma below.

Lemma 4.2.2 Let ¢,0 be two positive functionals, and ¢ ¥-invariant or § ¥~1-
invariant. Then ¢ x0 = (¢ ® 8) o A is also positive.

Proof: Let a € A, and A(a) = ia§1)®a§2) (Sweedler’s notation). Then A(a*) =
>, ¥ ((ag_z)) ® (ag-l)) ) If ¢ is ¥-invariant, then (¢ ® ) o A(a*a) = (¢ ®0) 0

(mem)o(de ¥oid)o(¥eideid (T, () (") e @af?) =

fo(p®m)o (¥oid)o(id®m id) (Zw‘ (agz))* % (a(l))* ®a§1) ®a(z)) -

] 1
Zi‘j 0 ((a;z)) a?’) 1) ((ag-l)) agl)) is positive, since it is the Schur product of
two positive definite matrices.
If instead 6 is ¥~ !-invariant, then we can show in the same way that (¢ ®6) o

Aaa*) =3 ;; ¢ (a;l) (agl))*) 6 (agz) (a?))*) is positive.

4.3 LEVY PROCESSES ON BIALGEBRAS

Let us now introduce one of the central themes of this book, processes with in-
dependent and stationary increments (Lévy processes) on bialgebras. To define
the notion of increments one needs an operation to compose them. In classical
probability Lévy processes can therefore be defined, if the state space that the
processes take values in has a semi-group structure. A semi-group structure on
the state space can usually be used to define a bialgebra structure on an appropri-
ate algebra of functions on this space, see, e.g., the first examples in Section 3.2.
This is therefore the right structure to study Lévy processes in non-commutative
probability (but it is not the only possibility, cf. [Sch95b]).

Definition 4.3.1 [Sch93] Let B be a (braided) -bialgebra. A quantum stochastic
process {jst|0 < s <t <T}, T € RyU{oo} on B over some quantum probability
space (A, ®) is called a Lévy process if the following conditions are satisfied.
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1. (increment property)
Jre*Jst = Jrt forall0<r<s<t<T,
jiu = eoe forall0<t<T,
2. (independence of increments) the family {j+|0 < s <t < T} is independent,

3. (stationarity of increments) the distribution ps; = ®ojs of jst depends only
on the difference t — s,

4. (weak continuity) js; converges to jss (= eog) in distribution for t N\ s.
Remarks:

1. Recall that the convolution j; % j : C = A of two linear maps ji,j2 : C = A
from a coalgebra C to an algebra A is defined by

Jixja =mao (j1 ®j2) o Ac.

2. If {j:|0 < t < T} is a quantum stochastic process on a (braided) »-Hopf
algebra, then we can define its increments by

Jst = (]s o S) * Jt,

this automatically satisfies the increment property. We call {j;|0 <t < T}
a Lévy process, if {jst = (js 0 S) % |0 < s <t < T} is one.

3. If the increments are only pseudo-independent, or if ® in not positive, but
only a unital linear functional, or if no x-structures are specified on B and
A, then we will call (j5;) a pseudo-Lévy process.

We know (cf. [Sch93]) that the process is uniquely determined by its marginal
laws p; = ® 0 jo; (up to equivalence). This can also be seen from Section 4.5, since
all we need to recover the joint distributions are the marginal distributions. The
marginal distributions form a convolution semi-group, since

Vsxpr = PsxPs st = (PoJo,s) ®(Podssit) 0 A
= ®omao(Jos ®Js,s+t) 0 A = P0josst
=  Ps+t

where we used first the stationarity, then the factorisation property from the def-
inition of independence, and then the increment property.

Using the fundamental theorem of coalgebras (Theorem 3.1.1) one can show
that there exists a unique, conditionally positive (i.e. positive on ker &: L(a*a) > 0
for all a € B with £(a) = 0), hermitian, linear functional L : B = € with L(1) = 0,
such that ¢; = exp, tL, see [Sch93, Theorem 1.9.2]. This functional is called the
generator of the process (jst). Furthermore, the independence of the increments
implies (L ® L) o ¥ = L @ L. If we restrict ourselves to ¥-invariant generators
(for ¥ = 7, i.e. in the symmetric or ‘unbraided’ case all generators are invariant),
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then we can also go back. Using Schoenberg correspondence, we see that the
convolution semi-group generated by L is again positive. For the symmetric case,
this is [Sch93, Theorem 3.2.8], for the graded case it follows from [Sch93, Section
3.3]). Thanks to Lemma 4.2.2 this result remains true in the general braided case.
Thus the construction in Section 4.5 or on Pages 38-40 in [Sch93] gives a kind of
‘canonical representation’ of the process on an inductive limit of the tensor product
algebras of B. It is interesting to note that this construction does not depend on
the positivity, we can get these ‘canonical representations’ also for ‘pseudo-Lévy
processes’ (i.e. ‘processes’ that have only pseudo-independent increments, or that
are defined without the *-structure or with a functional ® that is not positive, but
that satisfy all the other conditions).

We summarise this in the following proposition, for details see [Sch93, Corollary
1.9.7, Theorem 3.2.8].

Proposition 4.3.2 Let B be a *-bialgebra over € in a braided category (C,¥).

(i) Let ¥ = 7. Then there is a one-to-one correspondence between (equivalence
classes of ) Lévy processes {jst}, normed positive convolution semi-groups of
functionals @1 = ® o jo = exp, tL, and hermitian, conditionally positive

functionals L = %‘pth:o on B.

(i) The correspoﬁdence holds also for general braidings, if we restrict to U-
invariant generators, and their semi-groups and processes.

The essential ingredient of the generalisation from a-invariant generators in [Sch93]
to W-invariant generators is Lemma 4.2.2.

In the next two sections we will present two constructions of realisations of
Lévy processes.

4.4 REALISATION OF LEVY PROCESSES ON
FOCK SPACES

In this section we will discuss Schiirmann’s representation theorem [Sch93, Theo-
rem 2.5.3]. This theorem states that every Lévy process on a symmetric involutive
bialgebra can be realized as the solution of a quantum stochastic differential equa-
tion on some Boson Fock space. Using the symmetrisation from [Sch93, Chapter
3] this result extends to all involutive bialgebras in braided tensor categories whose
braiding comes from an action and coaction of a group as in Equation (4.1). For
the detailed proof see Schiirmann’s monograph [Sch93], for a brief outline see also
[Mey93, Section VII.2].

So let now B be a symmetric involutive bialgebra and let L : B = C be a
conditionally positive, hermitian, linear functional with L(1) = 0, i.e. a generator
of a Lévy process. A bialgebra B can always be written as a direct sum B =
K1 & By, where By = kere. Note that because of the multiplicativity of the
counit By is even an ideal. The decomposition of an element a € B is given by
a = g(a)l + (a — e(a)1). The generator L can be used to define a semi-positive
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inner product (-, )1 : Bo ® Bo = € on By,
(a0, bo) = L(agbo), for ag, by € By.
This inner product can be extended to all of B by setting
(a,b) = (Poa, Pob) = L((a —e(a)1)*(b- E(b)]].)), for a,b € B,
where Py denotes the projection from B onto By. Let
Nt = {a € Bl{(a,a)r = 0}

be the null-space of (-,-)r, then H; = B/N is a pre-Hilbert space with the inner
product induced by (-,-)r (which we will again denote by (-,-)1). Let us denote
the canonical projection by nr : B = H.

B acts on By by left multiplication. The null-space N? = N N By = Py(N1)
is invariant under this action, since

laboll?, = L((abo — e(abo)1)* (ab— £(abo)1)) = (b0, a”abo)z
||bol|]la*abol|z = O, for all a € B, by € N},

IA

by the Cauchy-Schwarz inequality, so that it induces an action on Hy = B/N| &
Bo/N?. Let us denote this action by pr. By the definition of p; we have
pr(a)nL(bo) = nr(aby) for a € B, by € By. For a general element b € B we
have nr(b) = nr(Pob) = nr.(b — &(b)1) and therefore

pL(a)nr(b) = nw(ad) — nL(a)e(d), for a,b € B,
i.e. nr is a (pr,€)-1-cocycle.
Let 77 = 1L o *, then we have
Lah) = L{(a—e(@1)(b (b)) + L(@)e(b) + (@)L (D)
(i (a), 7 (b)) + L(a)e(b) + e(a)L(b),

for all a,b € B. Bringing (7jr(a),nL (b)) to the left, we see that (7. (-),nL(-))L is
the (g,€)-2-coboundary of —L, i.e.

(7ir(a),nL (b)) = L(ab) — L(a)e(b) - e(a) L(b),

Il

for all a,b € B.
Note that in this construction we did not use the coproduct, but only the
counit.

Definition 4.4.1 A Schiirmann triple on a unital *-algebra with a one-dimen-
sional x-representation € : B — € is a triple (p,n, L) where p is a x-representation
of B on some pre-Hilbert space K, n is a (p,e)-1-cocycle, and L is a hermitian
linear functional that satisfies

(n(a),n(b)) = L(a™b) — L(a*)e(b) — (a)L(b),
for all a,b € B.
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By the preceding discussion we see that we can always construct a Schiirmann
triple from a given generator. On the other hand the Schiirmann triple uniquely
characterises the generator (since it is part of the triple) and therefore the process.
Furthermore, if (p,n, L) is a Schiirmann triple on some unital *-algebra B with a
one-dimensional representation &, then it is not difficult to show that L is condi-
tionally positive!, i.e. that L(a*a) > 0 for all a € kere, and that L(1) = 0. So the
classification of all Lévy processes on a given *-bialgebra can be done by first clas-
sifying all its *-representations, then determining all cocycles, and finally finding
all solutions of the cohomological equation (7j(-),n(:)) = —0L with 7j = n o *. For
the case of SU,(2) this programme was carried out by M. Skeide, cf. [Ske94, SS98].

Schiirmann’s representation theorem for Lévy processes [Sch93, Theorem 2.5.3]
says that if (p,n, L) is a Schiirmann triple on a *-bialgebra B, then the quantum
stochastic differential equations

djst = jst ¥ (dAf on+dAso(p —€) +dA; o) + Ldt) (4.2)
with the initial conditions
Jss = €id, (4.3)
i.e. with Sweedler’s notation Ab= 5 b1 ® b2,

djse(d) = sr(6D) (a4 (MB®)) +dAs(p(?) - e(b)id) + dA(n(6*"))
+L(b<2))dt),
Jss(b) = e(b)id,

for all b € B, have solutions (defined on some appropriate common domain in the
Boson Fock space I'(L%(IR+,K))) and that the process (js:) is a Lévy process on
B with generator L in the vacuum state. Conversely, if (ks) is a Lévy process
with generator L on a symmetric involutive bialgebra, then it is equivalent to the
process (js;) defined by Equations (4.2) and (4.3) with p = pr and n =1n,.

For the definition of the creator, conservator, and annihilator integrals see, e.g.,
[Par92, Mey93]. We will only show here that

dM; = dA; on+dAso (p—¢) +dA; o + Ldt

formally defines a *-homomorphism on ker ¢ = By, if we define the algebra of quan-
tum stochastic differentials (or Itd algebra, cf. [Bel98] and the references therein)
over some pre-Hilbert space K as follows. Let L(K) denote the algebra of all lin-
ear operators on K and denote by H(K) the subalgebra of L(K) of all operators
F € L(K) with the property that there exists a G € L(K) with

(u, Fv) = (Gu,v), for all u,v € K.

1But note that it is necessary to impose the condition that L is hermitian in the definition
of a Schiirmann triple. Let B = ©(z,z*) be the free algebra with two generators x and z* and
the obvious *-structure. The words in  and z* form a basis of B. If we set p =0, 7 =0, and
define L on the words in z and z* by L(z) = 21, L(z*) = z2, and L(w) = 0 else, then (p,n, L)
satisfies all conditions of the definition of a Schiirmann triple except the hermitianity of L for
all 21,22 € €. But the process defined by Equation (4.2) is an involutive homomorphism if and
only if 2] = 22, i.e. only if L is hermitian.
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If we set F* = G, then this defines an involution H(K). The algebra of quantum
stochastic differentials Z(K) over K is the x-algebra generated by

{dA(F)|F € H(K)} U {dA*(u)|u € K} U {dA(u)|u € K} U {dt},
if we identify

dAAF + pG) = MA(F) + pdA(G),
dA*(Au +pv) = AdA™(u) + pdA*(v),
dA(Mu 4+ pwv) = AdA(u) + mdA(v),

for all F,G € H(K), u,v € K, A,up € €. The involution of Z(K) is defined by
dA(F)* = dA(F™),
(dA*(u))* = dA(u),
dA(u)* = dA*(u),
for F € H(K), u € K, and the multiplication by the Ito table

| o [ dA*(u) | dA(F) |dA(u) |dt|
a4 (v) 0 0 0 10
dAG) [dA (Gu) [dAGE) | 0 [0
dA(v) || (v,u)dt | dA(F*v) 0 0
dt 0 0 0 0

for all F,G € H(K), u,v € K, i.e. we have, for example,
dA(v) e dA*(u) = (v,u)dt, and dA*(u)edA(v)=0.

Proposition 4.4.2 Let B be an involutive unital algebra with a one-dimensional
x-representation €, By = kere, and (p : B - H(K),n: B—-> K,L : B> @) a
Schiirmann triple. Then the map dM : By = Z(K) defined by

dM =dA*on+dAo(p—€)+dAoq+ Ldt
s a x-homomorphism.

Proof: Let a,b € By. Using the Itd table we get
dM(a) e dM(b) = dA*((plo) — e(@)idn(®)) +dA((p(5) - e(B)id)n(a"))

+aA((pla) — e(@lid)p(t) — =(6))) + {n(a"), n(B)l
dA*(n(ab)) + dA(p(ab) — e(ab)id) + dA(7j(ab)) + L(ab)dt.

And we also have

(44 (n(a))) " + dA(p(@) - e()id)* +dA(i(@))" + (L(a)dt)’
dA(f(a*)) + dA(p(a*)) — e(a*)id) + dA*(n(a™))* + L(a*)dt
dM (a%),

dM(a)*

I
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because L is hermitian. [ |
Remark: dM does not define a *-homomorphism on B, because we always have
dM(1) = 0, but it can be turned into a *-homomorphism, if we define Z(K) by
adjoining a unit to the algebra Z(K) and dM : B > Z(K) by m(a) = ¢(a)l +
dM(a — e(a)l).

4.5 REALISATION OF LEVY PROCESSES BY AN
INDUCTIVE LIMIT

We will now present an alternative construction. It has the advantage to be
applicable in a more general framework. We do not need the positivity of the state
or the convolution semi-group for this construction. Also, it easily applies directly
to the braided case also, without the need of bosonisation or symmetrisation. This
construction was introduced in [ASW88, Sch93], but see also [FFS97, Section 8].

Let B be a braided Hopf algebra. We set T, = {t = (t1,...,ts);ti € Ry, t; <
tp < <tp} CRY, To = {0}, T = Upy T, i. €., T, contains all subsets of IRy
with n elements, and T all finite subsets of IR.... The set T is partially ordered by
inclusion. For each t = (t1,...,t,) € T we set A; = B®! as a vector space, where
[t| = n is the length of t. Let v; : A; — B®!l be defined by

Yr(a1® - Qap) =(01®19 - ®1)(Ae®11---®1) - (At-1gy)  (4.4)

where the multiplication on the right hand side is the usual multiplication m®!t!
in the braided tensor product algebra B®!.

Lemma 4.5.1 These maps are vector space isomorphisms.

Proof: Let ¢, : B® B - B ® B be defined by 9(a ® b) = (a ® 1)(Ab), i.e.,
s = (m ®idg) o (idp ® A). ¥, is an isomorphism, and its inverse is given by
¢ = (m®idp) o (idg ® S®idp) o (idg ® A). Here is a diagrammatic proof of the
relation 12 o ¢ = idpgn, and @3 o ¥, = idpgs can be shown similarly.

a
v

For the interpretation of this diagram see [Maj93a, Maj95b]. Not using the
diagram technique we can write the proof as 9,0 ¢ = (idg® A) o (m®idp) o (idp®
A)o(idp®S®idg)o(m®ids) = (idp®A)o(idg®A®ids) o (idp®ids®S®ids)o (ids®
m®idg)o(m®idg) = (ildg®A)o(idg®e®idp) o (idp R e®idp)(m®idp) = idpes

Note now that ¥; can be written as

Py = (Y, ®idp®- - -idp)o(idp®Y, ®idp®- - -®idg)o- - -o(idp®- - -®ids@2). (4.5)
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This completes the proof. [ |

This lemma allows us to equip .4; with an algebra structure by the definition

me(a,b) = ¢ (N (Y (a), ¥ (0))). (4.6)

Define iy ¢ : Ay — Ay for t' € t by inserting the unit element 1 in the factors
corresponding to the indices of ¢ that are missing in t', e. g. for t = (¢1,...,tn)
and t' = (t1,...,tj—1,tj+1,...,tn) We have iy (a1 ® - ®an-1) =01 ® - aj_1 ®

1®aj41 ® - -an—_1. Note iy s 04y ¢ = 140 4 and that these mappings are injective.
Related to these are the maps jy ¢ = ¢ oip 09" : BOIt'l - BOIt One verifies
that for these maps also jy/ ¢ © jyu ¢+ = ji ¢, and that for t = (t1,...,t,) and t' =
(tl, v tion, iy, . ,tn) we havejy,t(a1®- . -®an_1) =a;Q - aj_1®Aaj®aj+1®
“*+@p-1, 1. €., jy; decomposes the increment from ¢;_; to ¢;4; into the increments
from t;_; to t; and from ¢; to tj4; via the coproduct, whereas for t = (t1,...,tn)
and t' = (t1,...,th—1) we have jy 1(a1 @ - ®apn-1) =a1 ® - -ap-1 ® 1, i. e, for
increments corresponding to times larger than the maximal time represented in t'
the unit element 1 is adjoined.

Proposition 4.5.2 The algebras (A, m:) and the mappings i;y form an induc-
tive system and thus define an algebra A with injective algebra homomorphisms
1 At — A such that 1; 0 it’,t = iy.

Proof: To prove the proposition we have to show myo (it ®iy ¢) = iy romy, i. €.,
that the maps iy : are algebra homomorphisms with respect to the multiplications
m¢, my. It is clear that jy ; is an algebra homomorphism, since the coproduct A
is one, and adjoining the unit element is one, too. Now

me o (ig t ® iy t)
= P om®o (Y @) o (W' 0 s othy) ® (W7 0 s ® Prr))
= ¢ om®o (y e ® jurt) o (Y ® Yy)
= 7t ojugom®lo Yy @ y)
= pygomy.

This algebra plays the rdle of the canonical representation of the process. The
maps i(y) : B= Ay — A, t € IRy, embed B into A. This is the process we want
to construct, we set k; = i(;) for t € R;. Then the increments are given by

kst = (ks 0 S)*kt = i(s,t) © (S®id)o A,

for 0 < s < t. If B has a x-structure, then 4 inherits a *-structure also and the
maps ks, 0 < s <t, are even x-algebra homomorphisms.

Now we have to define a functional on A. Let (¢;)iem + be a convolution
semi-group. Then we define

Qi(a) = pr, @ Pro—t; @ Q@ Pt —t,_, (Yi(a)) (4.7)
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forae A;, teT.

Proposition 4.5.3 The functionals {i’t;t € T} determine a unique functional &
on A such that ® oi; = ®;.

Proof: We have to show that &, = &, o iy ¢ for all ¢’ C t. Since the functionals
¢ form a convolution semi-group, i. e., (p: ® ps) 0 A = ¢4, and, more generally,
for t = (t1,...,tn) and t' = (ty,, -, 1) Ct,

Oty @ ®Pt, —t,, | =Pt OPty—t; ® O Pt—t,_, 0 Jt ¢

The proposition now follows from the definition of &, = (pt, @+ Qpt, —t._,) 0Pt
and of iy ;.

If there is a *-structure defined on B and if the functionals ¢;, t € R4 are
states, then one immediately sees that d is also a state and thus that (kt)ter, s a
quantum stochastic process, i. e., it is a x-algebra homomorphism from a *-algebra
B to the *-algebra A with the state ®. The one-dimensional distributions of this
process are exactly the functionals ¢; = & o k;.

By the construction of the state the expectation factorises and the increments
ks, 0 < s < t are independent and stationary (or pseudo-independent and sta-
tionary, if there is no *-structure and no positivity).

The following theorem summarises the main results of this section.

Theorem 4.5.4 {k; : B = (A,®);t € Ry} is a quantum process with indepen-
dent and stationary increments, i. e., it satisfies

1. ks : B— A is a unital algebra homomorphism for all t € R,

2. the functionals p; = ®oky = ® ok, 444 form a convolution semi-group, i. e.,

(r *x ps)(a) = (9t ® ps)(Aa) = piys(a)

foralla€ A, t,s € Ry, and limy\ o p; = €.

Example: Take the g-affine group (see Subsections 3.2.7 and 3.3.1). We set
a; = ki(a) and by = ky(b). The algebra A is spanned by

{ag} b5 ---a::"b?:”;p EN,t; <ty <...<tp € Ry,n,me NP}
The commutation relations between elements corresponding to the same time ¢
remain unchanged, those between elements corresponding to different times s < ¢
are determined by

a;-a; = ag-ay, bi-as = ag-by+ hbs,
at-bs = bs-a; — hbg, bs - b g tbs by + (1 — g 1)B2.



Stochastic processes on quantum groups 105

4.6 MULTIPLICATIVE STOCHASTIC INTEGRALS

Motivated by McKean’s [McK69] stochastic product integrals on Lie groups (see
also Section 2.7 and [FS89a, FS89b]) we define a limiting procedure to obtain
functionals, that, if their limit exists, converge to a one-parameter semi-group of
functionals that will be considered as the analogous multiplicative process on the
quantum group. By the previous section these semi-groups determine a unique
pseudo-Lévy process.

Let (Wy)iem, = (W, -+, Wi)iem, be a stochastic process with values in R¢
with independent increments, and assume that all moments of W are finite. Then
a functional ®;, ¢, on R[zq,...,z4], corresponding to an increment Wy, — W;,,

is defined by &y, 4, (27" - -2]) = E((W} — WE)™ - (W2 — W)™). We can
identify A with IR[z1,...,z4] as a vector space, if we fix a Poincaré-Birkhoff-Witt
(PBW) basis {An;n € IN} for A and set 1(4,) = z”. We denote the functional
on A obtained in this way also by &, ;,.

We suppose that ¢ is chosen such that the functionals éthtz are positive. For

example for the g-affine group this is the case for 1 defined by z(z?q';";) = %

with an appropriate definition of positivity?. We do not know how to define ¢ in
general to guarantee the positivity of ‘i’tl,tz- Nevertheless, the results below hold
regardless of the positivity hypothesis.

The following construction will start with these functionals, and then recover
their properties with respect to the coproduct of A.

We suppose that W; has independent increments. For the functional &, on
Rz, ..,z4] this means that

§t1,t2 ® @tz‘%(Az) = étl,ta (Z), for z € IR[(II], N ,iIJd]

where the coproduct of R[z;,...,z4) is defined by Az; = z; ® 1+ 1®z;. We want
to construct a functional ®; on A that satisfies the same relation with respect to

the coproduct of 4. To this end we define a sequence of functionals <I>§N), and
take its limit for ®;, if it exists. Let

Qg)(a) = i)s,s-f—(t—s)/N@’ . '®$s+(t—s)(N—1)/N,t (AN_I(G)) for N>1, ac€ A

Loosely speaking, this corresponds to decomposing the desired process into its in-
crements via the coproduct, and approximating its expected value by the expected
value with respect to ® in each increment. We define

®;¢(a) = 1\}1_13100 Qg)(a) fora € A, s<telRy, (4.8)

if this limit exists.

Definition 4.6.1 Let W, be a stochastic process on R"™ with independent incre-
ments

2If we define the positive elements of A as the inverse image under 2 of the positive elements
of ]R[:L‘l, 1:2] .



106 Chapter 4

Wit = Wy — Ws, and all moments finite. Let further A be a Hopf algebra and
1: A= Rz,...,z,] a vector space isomorphism. We call

®,4(a) = 1\;1—I)noo IE(z@N(AN_l(a))(Ws,s+(t—s)/N; ey Ws+(t—s)(N—1)/N,t))

the 1-analogue of Wy on A, if this limit exists.

In our applications we will consider processes whose increments are stationary,
i. e., the functionals <i>3,t and ®,; depend only on the difference ¢ — s, in this case
we can also write @t and ¥,.

In the following section we have a class of examples where this limit exists, and
the expected value of the dual pairing, which in this context should be understood
as a generating function, is found. For this it is necessary to extend the definition
of the functional ®; to infinite series thus:

‘Dt(z an) = Z ®4(an),
n=0 n=0

if the left-hand-side converges absolutely.

On Lie groups the multiplicative stochastic integrals define stochastic processes.
Unfortunately in our case the positivity of the constructed process is not a priori
clear, but depends on the choice of the identification of A and R[z;,...,d]. Never-
theless, the proof of the Feynman-Kac formula in the next section doesn’t require
positivity. Finding good criteria for which cases the obtained process will be pos-
itive is an open problem, for some results about positive functionals on quantum
groups see [Koo91].

4.7 FEYNMAN-KAC FORMULA

On Lie groups one can obtain Feynman-Kac type formulae with Trotter’s product
formula

N
lim (eX‘/N...eXd/N) — X1+ +Xa
N—oo

Let W; be a stochastic process on IR? with independent and stationary increments
and independent components, and

E (ew,‘,:xx .. .eW;’,txd) = el1(X1)(t=s) .., gLa(Xa)(t—s)

be the expectation value of an increment, i. e., L; is the generator of W;(t). Then,
if we approximate the process g(W (t); X) on the Lie group defined by McKean’s
stochastic product integral [McK69] by ¢(™(t),

IE(!](n)(t)) = [E (H ewr X ---e“"’X") = H]E (emr X1 ... gwaXa)

- (eLuxl)At . emxd)m)" LX)+ LX)
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If we take the limit on both sides we get
lE(g(W(t);X)) = et (Xt +La(Xa))

see also Subsection 2.7.1. Note that this formula still contains Trotter’s product
formula for the special case of a deterministic process, i. e., if L;(X;) = X; for
i=1,...,d

Theorem 4.7.1 (Feynman-Kac formula) Let A and U be a quantum group and
a quantum algebra that are in duality, with generators ay,...,aq and X1, -+, X4,
respectively, and dual pairing
. — X X
g(a; X) = el ™t - -eqd™e, g € C.

Let p be a representation of U by operators that are bounded with respect to some
norm || - ||. We set

max{p; p(X;)? # 0} if p(X;) is nilpotent, i.e. p(X;)™* =0 for some
pi = integer T,
00 otherwise.

Letv: A —> Rz,...,z,] be defined by 1(a™) = 2"

Suppose further that we are given a d-dimensional stochastic process W (t) with
independent and stationary increments and independent components, and moment
generating functions
l;:)uk

k!

(&Y
E(e" ) =t Liw)=3]
k=1

analytic,

and moments my(Wi(t)) = (gda)k etli(w)

, such that the series

R Y T 2 my (W) p(X)k
Lw =2 5r od L=

are well-defined and converge (in particular, (g;)r # 0, for 1 <k < p;).
Then we have for the 1-analogue of A(t) on the associated quantum group A

d d
(@ ®id) (H ez:f’“‘*’) = exp [tzw(x,-))} -

i=1

Remark: If I/ has a sufficiently rich class of representations that satisfy the
conditions of the theorem, then this relation allows us to read off all moments of
the Brownian motion.

Proof: According to Definition 4.6.1 we have to consider

(™ (g(a; p(X))) = BEN (9(AN a3 p(X)))
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where @t/N is the functional corresponding to an increment of W; for At =

t/N. By the identification procedure outlined in the previous section this gives

®;/n(a") = [[; mn, (Wi(t/N)). If we take into account that (cf. Equation (3.15))
9(Aa; X) = g(a; X)g(a"; X),

where @' =a®1, 0" = 1® a, then we get

(™ (g(a; p(X))) = BN (9(aV; X) - - - g(a™; X))

where a(®) = 1%%-1 ® ¢ ® 1V ~* and thus

N d
™ (g(a;p(X)) = &N (H He;:p<xi))

v=1i=1
_ N P g (Wi(t/N))p(X)
= LI (”; @

Note that for k > 1 each my(W?(r)) can be written as
Mg (W'L(T)) = Tlgci) + TzRik (T)

therefore

R;i(t/N)

Pi 1 )k ~ 2

where R;(t/N) is some bounded operator. Taking the product we get

d pi m 1 )k d = ?
1 (1 s K (W ((t(N)')p(Xz) ) —14 %ZLi(p(xi)) + %R(t/N),

i=1 k=1 %)x!

where R(t/N) is also bounded.
Using H,11V=1 a, — ]—[f,v=1 b, = Z,I,V=1 a1 ay-1(ay — by)by41 -+ - by, we have

ne 2 me(Wit/N)p(X)k\ t oo
1] (1+2’"’°( ((q/i)k)!)p( ))—H(1+N§L )H

N2

constant

< N -0
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for N = oo. This concludes the proof, since Hfjvzl (1 + £ Z‘.i lf/i(p(Xi))) con-
verges to exp (t Ele ii(p(Xi))). |

We can now obtain a Trotter-type product formula for g-exponentials.

Proposition 4.7.2 (Trotter’s product formula) Let X;, i = 1,...,d be bounded
operators and assume that for eachi =1,...,d one of the following two conditions
is satisfied:

1. ¢ € {1} U{z € C;|2| # 1},

2. the operator X; is nilpotent of some order p; , i. e., Xf‘“ =0, and q; €
{1}u{z € C;2* #1 forv=1,...,p;}.

Then we have

N d d
H H egfi/N Now €XP Z Xi. (norm convergence)
v=0i=1 i=1

Remark: For the second case, the g-exponential can be defined by the finite sum

egf" =35, iu, since ¢,! # 0 for v < p; and X} =0 for v > p;.

Proof: Take a deterministic process with L;(X;) = X;,7=1,...,d, and apply
Theorem 4.7.1.

The following proposition can also be presented as a consequence of Theorem
4.7.1.

Proposition 4.7.3 The functionals defined as the 1-analogue of a stochastic pro-
cess with independent and stationary increments and independent components form
a convolution semi-group.

4.8 TIME-REVERSAL, DUALITY, AND
R-MATRICES

In this section we show some constructions for obtaining new Lévy processes from
a given Lévy process.

4.8.1 Time-reversal

If (X¢)icpo,r) is a classical right Lévy process with values in a group, then one
defines the time-reversed process by

X;=X7'Xr_y,  forte[0,T)

The increments of this process are given by X = Xs‘lXt = XT‘isXT_t =
(X7—t1-5) ! for 0 < s <t <T, and it is obvious that we have again a right
Lévy process.
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If (Xt)teo,7) takes values in IR™ and has characteristic exponent @, i.e. if

IE(e™Xt) = *®(¥), then the characteristic exponent & of the time-reversed process
(Xt)teo,17 is given by ®(u) = ®(—u). This follows from

E(eiuf(t) — E(eiu(XT-'_XT)) — ]E(e—iu(XT—X_,)) — IE(e—iuX.).

Our first construction of a time-reversed Lévy process is taken from [Sch93,
Proposition 1.9.4].

Proposition 4.8.1 Let B = (B,m,e,A,e,¥,x) be a braided x-bialgebra and let
(Jst)o<s<t<T be a Lévy process on B.Then

BP = (B,m,e, AP =¥ 1o Ae, U1 x)
is also a braided x-bialgebra and the time-reversed process
Jett = JT—t,T—s

is a Lévy process on B°P. Moreover, (js:) and (j5;*) have the same generator and
the same marginal distribution.

Proof: That (B,m,e, A = ¥~10 A ¢, ¥71) is a braided bialgebra was shown
in [Maj93a, Lemma 4.6], so we only need to show that A®P = ¥~10 A is a *-
algebra homomorphism (where the *-structure in B°P ® BP is defined by *g =
T~lo(x®%*)o7). We have

A Pox = T loAox=T¥loTo(x®*)oT0A
= (x®%)o70A=Tlo(x®*x)oToT oA
= *®0ACOP,

where we used (* @ *) o7 = (Lo (*®*)oT0¥) ! =¥ lo(x@*)oTo¥L,
The rest of the proof is identical to the proof of [Sch93, Proposition 1.9.4]. W

For classical Lévy processes this construction does not give an essentially new
process, it only amounts to interpreting a right Lévy process as a left Lévy process
with values in the (semi-)group with the opposite multiplication.

To define a time-reversed process in an analogous manner to the classical case
we need the antipode.

Proposition 4.8.2 Let (B,m,e,A,e,¥,S,x) be a braided x-Hopf algebra with in-
vertible antipode S and let (js¢)o<s<t<T be a Lévy process on B. Then B°P =
(B,mP =mo¥le Ae, U1 571 S ox0S) is also a braided *-Hopf algebra
and the time-reversed process

Jst = JT-t,T-35© S

is a Lévy process on B°P. Moreover, if L is the generator of (jst), then L =Lo S
is the generator of (Jst)
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Proof: It is not difficult to check that B°P = (B,m°? = mo¥~! e, A e, ¥, §-1)
is a braided Hopf algebra and that it is actually isomorphic to B°°P, the isomor-
phism being the antipode S : B°® — BP, This also shows that B°P is a braided
*-Hopf algebra with the involution S™! o x o S. Writing (js) as j5* o S, the rest
of the proposition becomes obvious. [ |

We can also combine both constructions. Then we get the Lévy processes

Jatt P =Gt = Jse 0 ST, for0<s<t<T,

on BPP = (Bmo¥,e, ¥ 1oA S, ¥, Soxo0S571) and
ot S = ot =Jst oS, for 0<s<t<T,

on BPP = (Bmo¥~1 e ¥oA e S, ¥, S oxo0S). More generally, we get the
two families

j:tXCOPOP — jst o S-—-k, for O S s S t S T,
on BEXoPoP — (B m o ¥k e Uk0A g S, ¥ S ox0 S5—*%) and

jsktxcomp = jr-t7-s 0 ST, for0<s<t<T,

on BoP (kxcopop) — (B moW—k-1 ¢ Wko A g, S, U1 S~*~1ox0 Sk+1) for k € Z.

4.8.2 Léuvy coprocesses

Lévy processes can be defined on bialgebras, because the coproduct allows to
compose representations. Similarly, the multiplication can be used to compose
corepresentations, this leads to the definition of infinitely divisible corepresenta-
tions or Lévy coprocesses. We will consider only symmetric bialgebras (i.e. ¥ = 1)
in this subsection and also neglect *-structures, i.e. stay at the level of pseudo (co-)
processes.

Let (A, ®) be a coalgebra with some fixed element ® satisfying (®) = 1. A
coprocess on a coalgebra C over (A, ®) is a family of coalgebra homomorphisms
(4t)ter + A = C indexed by some set I.

First we have to dualize the definition of independence.

Definition 4.8.3 A tuple of coalgebra homomorphisms (j1,...,jn) from A to C
is called independent (with respect to ® € A), if the following two conditions are
satisfied:

(i)
(1® @) 0 AL (@) = 1(®) ® - ® ju (@)

where AD) = id, A® = A, and A*+D) = (A @ id®* D)o AK) for k =
3,4,...
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(ii)
To(fk®ji)oAa= (i ®Jr)oAa
fork,l=1,...,n.

Let B be a bialgebra. The operation that we will use to compose increments
is the same as for Lévy processes, i.e. for two linear maps ji,j2 : A = B we set

J1%j2 =mpo (j1 ®j2) 0 Aa,
only the roles of A and B are switched.

Definition 4.8.4 Let B be a bialgebra. A coprocess {js:|0 < s <t < T} on B over
(A, ®) is called a (pseudo) Lévy coprocess if the following conditions are satisfied.

1. (increment property)

Jrs*jst = Jrt forall0<r<s<t<T,
Jet egoes forall0<t<T,

il

2. (independence of increments) the tuples (js,t,,- - -, Jsnt,) are independent for
alln€Nandall0<s1 <t; <8<+ <t, LT,

3. (stationarity of increments) the element ps = js:(®) depends only on the
difference t — s,

4. (“weak” continuity) h o jst(®P) converges to ho jos(®) = h(ep) ast \y s for
all linear functionals h: B - C.

The following result shows that these Lévy coprocesses are really the dual
notion of pseudo-Lévy processes.

Theorem 4.8.5 Let By, By be two dually paired bialgebras and let (jst)ossgth
be a Lévy coprocess on By. Then the process j;, : By — A* defined by

]:t(b) = (jst('):b)a fOT be B2a
s a pseudo-Lévy process on Bs.

Remarks: We can easily recover a pseudo-Lévy process from Lévy coprocess, be-
cause A* is an algebra (as the dual of a coalgebra). We can not go in the opposite
direction, because, in general, the dual of an infinite-dimensional algebra does not
have a natural coalgebra structure.

Proof: The properties 1. to 4. of the definition of a (pseudo-) Lévy process fol-
low immediately from the corresponding conditions in the definition of a Lévy
coprocess. We have, e.g., for the increment property

(Jae *xJi) () = mas o (f5 ®Jf,) 0 Ap,(b) = bomp, o (st ® jiu) 0 A
b ° (Jst * Jtu) = b0 Jsu = Jgu (b)
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and
Jt1(b) =boju =boep 0c4 = ea- 0€p,(b)

for all b € B,.
We omit the proof of the other properties. [ |

4.8.3 Constructions using the universal R-matriz

In this subsection we will only deal with symmetric bialgebras. As in Subsection
4.8.1 we can construct the bialgebras BP = (B,m,e, AP = 70 A,¢), B? =
(B,m°® =mor,e A ¢), and BP = (B,m°® =mor,e, A =T10A,e) from a
given bialgebra B = (B, m,e, A, €), but further iteration will not lead to anything
else, since we have 72 = id. If B is a Hopf algebra and if its antipode is invertible,
then B°P, BP and B°PP are Hopf algebra, too. If, furthermore, B is a *-Hopf
algebra, then B°°P, B°P, and BP°P are x-Hopf algebras, too, with the involutions
*OP = x x°P = S~ 1o x 0 S and ¥°P°? = S o x 0 S71, respectively.

Let B, and By be two dually paired bialgebras and suppose that B; is quasi-
triangular, i.e. that there exists an invertible element R € B; ® B; (called universal
R-matrix) such that

70A(a) = RA(a)R™!, forallae A4

and that satisfies (A ® id)(R) = Ri3R23 and (id ® A)(R) = Ry3Ri2, see [Dri87,
Section 10] or Section 3.7.

With the universal R-matrix we can build two linear maps from B, to By, they
are defined by

rA(b) = (b®id)(R), and Ag(a)=(id®b)(R), for b € By,

where we identified elements b € By with the linear functionals on B; defined by
b: By 3awr (a,b) € €. As a map between B> and B; the map Ap is a coalgebra
homomorphism and an algebra anti-homomorphism, and g\ is a coalgebra anti-
homomorphism and an algebra homomorphism, see [Kas95, Proposition VIIIL.2.5].
Passing to opposites or co-opposites we can turn them into homomorphisms.

Proposition 4.8.6 The maps Ag : By® — By and g\ : B2 — B{°® are bialgebra
homomorphisms.

Proof: (See also [Kas95, Proposition VIII.2.5]).
We have Agr(l) = (id ® €)(R) = 1 and thus

e Ar(b) = (¢ ® b)(R) = b(1) = €(b),

for all b € By, i.e. Ag preserves the counit, and

Ar(m®P (b1 ® by)) Ar(b2b1) = (id ® byb1)(R) = (id ® by ® by) © (id ® A)(R)

(id ® bz ® b1)(R13R12) = Ar(b1)Ar(b2)

i
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and

(Ar ® Ar) 0 A(D) (id®bY ®id ® ¥ )(R® R) = (id ® id ® b)(R13Ra23)

(id®id ® b) o (A ® id)(R) = A o Ar(b)

for all b, by, by € Bs.
The second part of the proposition follows similarly. |

Proposition 4.8.7 If B, and By are even dually paired Hopf algebras with in-
vertible antipodes, then Ar : Bs® — By and g\ : By — Bi°® are Hopf algebra
homomorphisms.

Proof: Recall (see, e.g., [Kas95, Theorem VIII.2.4. (b)]) that the R-matrix of a
Hopf algebra with invertible antipode satisfies

(S®id)(R) =R '=(id®S™')(R), and (S®S)(R)=R.

Thus we have

ApoS7Ib) = (d® S—l(b))(R) =(id®b)o(ld® S_l)(R)
= (id®b)o(S®id)(R) =S o Agr(b)
and
rAoS(b) = (S(b)®id)(R) = (b®id)o (S®id)(R)
= (b®id)0(id®5_l)(R) =S"103/\(b)
for all b € nBs;. [ |

Let us now check how Ar and rA behave with respect to the involution.

Proposition 4.8.8 Let By and By be two dually paired x-Hopf algebras and sup-
pose furthermore that By is quasi-triangular and that its R-matriz satisfies

R*®* = RL
Then AR : Bo? — By and g : By — Bi°P are x-Hopf algebra homomorphisms.
Proof: Write R = R(") ® R(?), then we get

(") = ((des i SE))®) = (RVEEF, 51 &)

= RW™(S(b),RP") = (id ® b) o (id ® S)(R*®*)
= (i[d®@b)o(id®S)(R™) = (id ® b)(R) = Ar(b),

and

R0 = (" ROED) = (B SED)IRD)
= (@id)o(x@x) o (S@id)(R) = (beid)o (+&)(E™)

(b®1id)(R) = rA(D)
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for all b € Bs. [ |

We can now use these maps to obtain Lévy processes on Bs from Lévy processes
on Bl

Theorem 4.8.9 (a) Let By and By be two dually paired Hopf algebras and sup-
pose that By is quasi-triangular with the R-matriz R. If (jst)o<s<t<T i5 @
pseudo-Lévy process on By, then

JT-t,T-s0AR0S, and jr-¢T-soRA, for 0<s<t<T,
are pseudo-Lévy processes on B,.

(b) Let By and By be two dually paired x-Hopf algebras and suppose that B; is
quasi-triangular with the R-matriz R and that R satisfies R*®* = R~!. If
(4st)o<s<t<T s a Lévy process on By, then

JT-tT-s°Ar©oS, and jr-t7-sorA, for 0<s<t<T,
are Lévy processes on B,.

Proof:

(a) It follows from Proposition 4.8.6 that js o Ag is a pseudo-Lévy process on
B3P. Using the time-reversal defined in Proposition 4.8.2 we then get the
pseudo-Lévy process jr_;T—s © Ag ©.S on Ba, all that has to be done is to
check that Proposition 4.8.2 also holds for pseudo-Lévy processes, i.e. if no
involution is defined.

Similarly, using first the time-reversal defined in Proposition 4.8.1 to obtain
a Lévy process on B;°? and then Proposition 4.8.6 we see that jr_;7—50 rA
also defines a pseudo-Lévy process on B;. Note that jr—; -5 o rA can also
be defined, if B; and B¢ are only bialgebras.

(b) Follows by combining Proposition 4.8.8 with the time-reversals defined in
Propositions 4.8.1 and 4.8.2.

A “dual” theory of time-reversal for Lévy coprocesses can be developed also.
The constructions on dually paired bialgebra using R-matrices have analogues
using universal R-forms (see, e.g., [Kas95, Section VIIL5] for the definition of a
universal R-form).

Examples

Group algebras. Let G be a finite group and let CG be defined as in Subsection
3.2.1. Then C€G is quasi-triangular and its R-matrix is R = b, ®b., where e denotes
the neutral element of G. The x-Hopf algebras CG and Fun G are dually paired,
so that we get two Lévy processes jr—i -5 © Ag © S and jr—i -5 © r on FunG
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for every Lévy process j;: on €G by Theorem 4.8.9. But these processes are not
very interesting, we only get the trivial Lévy process e o ¢, since

jT—t,T—s °oAgo S((E) = (jT—t,T—s ® S(x))(be ® be) = jT—t,T—s(be)x(be) = 6(17) id,
and

JT—t,T—s © RA(Z) = (T ® jT—t,7—5)(be ® be) = €(z) id
for all z € CG.

Quantum double of group algebras. Drinfeld has given a construction of
quasi-triangular Hopf algebras, cf. [Dri87, Section 13]. Let G be a finite group
with unit element e, then the quantum double D = D(CG) of the group algebra
CG has an R-matrix. The set {Il; ® by; g, h € G} is a basis, and the Hopf algebra
structure of D is given by

ep = Zlg®be

9€G
1, ® by, 1,,® bp, = 591,h192h;1 1, ® bhihs
ep(Ly®bn) = deg
Aplly®by, = Y (Ly, ®bs) ® (Iy, ® by)
9192=9
SD(llg ®by) = ]lh—xg—xh ® by -1

for g, g1, 92, h, h1, ha € G, see also [Kas95, Section IX.4]. Its R-matrix is given by

R=> (18b,)® (I, ®b),
9eqG

where 1 = > - 1, denotes the unit element of FunG.
Let D* denote the dual of D, as a vector space it can be given as D* =
span {b, ® 14;g,h € G}. The dual pairing (:,-) : D* x D = C is defined by
(bgl ® 1, ]192 ® bhz) = (bgulgz)(lhnbhz) = 591,925h1,h2’

and Hopf algebra structure of D* is given by

eps = Zbg®le

9€G
b91 ® 1, - bgz ®Lp, = ‘shl,hzbgzgl ® 1y,
Ap(bg®1p) = Z (bg ® p,) ® (bhl‘lghl ® ;)
hih2=h

Sp- (bg @1y = bh—lg—lh ® lp-1.
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We get
T t-s0 AR S(pmyeslby ®1s) = (jr—er—e ® (b ® 1n))(R™)
5h,ejT—t,T—s(n ® bg‘l)a
JT-t,7-5 © RA(bg ® 1p) = jr—t,7—s(Ln ® be),

These processes can actually be interpreted as processes on €G and Fun G, using
the surjective Hopf algebra homomorphisms pgg : D* =+ €G, by ® 1, — e,nbg—1
and ppung : D* = FunG, bg ® Uy — 1.

REFERENCES

Lévy processes in non-commutative probability theory appeared first in [Wal73],
the formulation of the algebraic framework was done in [ASW88]. For an accessible
first introduction to these processes see [Mey93, Chapter VII], for a more complete
account [Sch93]. The sections on multiplicative stochastic integrals and on the
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in [Sch93, Proposition 1.9.4] and in [Maj93d], but Subsections 4.8.2 and 4.8.3 are
new.



Chapter 5

Markov structure of
quantum Lévy processes

In this chapter we will consider the question which quantum stochastic processes
admit classical versions, i.e. for what families of operators (X¢):es there exists a
classical stochastic process (X;):c; on some probability space (Q2, F, P) such that
all time-ordered moments agree, i.e.

(X Xf) =B(Xf - X, (5.1)

for all m, ki,...,k, € N, t; <...<t, €I, for the (vacuum) state ®.

A famous example of a classical version of a quantum Lévy process is the Azéma
martingale {Azé85, Eme89, Par90, Sch91a, Sch93]. In this case we can choose an
element z of the bialgebra on which the process is defined such that the process
(Xt = je(z)) is actually commutative, and thus it is clear that it is equivalent to
a classical process. This process turns out to have several surprising properties,
it was the first example of a process that has the chaotic representation property,
but is not a (classical) Lévy process, see the references cited above.

The approach presented here is based on the theory of quantum Markov pro-
cesses. We show that every quantum Lévy process, i.e. every Lévy process on a
(possibly braided) *-bialgebra has a natural Markov structure. Then we use this
Markov structure to give sufficient conditions for the existence of classical versions
of Lévy processes on *-bialgebras.

It is well known that on a commutative algebra the quantum Markov property
is sufficient for the existence of classical versions, see e.g. [BKS96]. Therefore it is
sufficient to find commutative *-subalgebras such that the restriction of our process
is still Markovian. We will show that we can obtain quantum Markov processes on
commutative subalgebras from quantum Lévy processes that are not commutative,
and that there exist also commutative processes that are not Markovian.

We also show that this approach leads to a powerful tool for the explicit cal-
culation of the classical generators or measures.

In Subsection 5.1, we construct a family of conditional expectations on the
inductive limit representation (see Subsection 4.5) of a quantum Lévy process

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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and show that these processes are always Markovian. We also give necessary and
sufficient conditions for restrictions of Lévy processes to be also Markovian.

In the following subsections (Subsections 5.2, 5.3, and 5.4) we give a detailed
study of several examples, including the Azéma martingale and a symmetrised
Poisson process, and show how Hopf algebra duality can be used for explicit cal-
culations.

5.1 CLASSICAL VERSIONS OF QUANTUM LEVY
PROCESSES

5.1.1 Schirmann’s condition
Let us first recall a sufficient condition for the existence of a classical version that

is due to M. Schiirmann.

Theorem 5.1.1 [Sch93, Proposition 4.2.3] Let (ji):icjo,) be a Lévy process on
a (braided) bialgebra B, and by,---,b, € B be commuting elements of B, i.e.
bibr, = bib; for all i,k =1,...,n. If b; ® 1 and Ab, commute in B® B for all
i,k =1,...,n, then the family (js(b1),...,5(bn))telo,1 5 a family of commuting
operators.

Remark: In [Sch93] this result is only stated for the symmetric case and for
n = 1, but the generalisation is straightforward.
Proof: Let 0 < s <t <T,and let A(b) = Zb(l) ® b(z) Then we have

GeR)Gs () = 3 a0 gt (0 ) (02)
= ZmA 0 (Js ® Jst ® js)(bi” ® bﬁf) ® b;)
= S mao(is ® s ® ) B ® TP ® b))
= myo (js ® jst) (mBes(Abx ® (b; ® €))
= myo (js ® jst)(mBes((b: ® €) ® A(by))

= ZmA o (js ®jst)(b'b§:) ® b(2))
= Z]s b(l) Jst b(Z) Z]S ]s b( ) ]st(b(2 )
= Js(b:)5e(b)-

5.1.2 From quantum Lévy processes to quantum Markov processes

We will take for (A, ®) the quantum probability space (B, ®) obtained as inductive
limit from finite tensor products of B and the marginal distribution ¢; = ® o j; by
the construction described in Section 4.5.
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For an interval I C [0,7T] we denote by A; the x-subalgebra of A generated
by U, ¢ jr(B). For singletons {t} = [t,t] the algebra A; = Ay, is isomorphic to
B, and we have the shift isomorphisms Ty ¢ : As = A, Ts¢ = jz 055 . Let Fr
be the *-subalgebra of A generated by the increments of subintervals of I, i.e. the
algebra generated by U[n,rz]g Jr,r2(B). Since jy = jexjrp for 0 <t <t' <T,
we see that A[;, ¢,] is exactly the algebra generated by A¢, U F(s, ¢,]- In particular,
we obviously have Fo = Ap,q for all ¢ € [0,T].

It is not essential to use this realisation, we could just as well use the re-
alisation of the Lévy process on Bose Fock space defined by the representation
theorem [Sch93, Theorem 2.5.3] (see also Section 4.4), in that case the decomposi-
tion ['(L2([0,T), H)) = T(L%([0, t1], H)) ® T(L?([t1, t2), H))  T(L?([t2, T}, H)) for
[t1,t2] C [0,T] can be used to define conditional expectations Py, ¢,). But since
we want to treat the symmetric and the braided case simultaneously, this would
require extending Schiirmann’s results to the braided case.

We want to define conditional expectations P; : A — Fy for I C [0,T], and
show that a Lévy process satisfies Pg ;(A;) C As for all 0 < s <t < T, ie.
that it is a quantum Markov process. Remember that the factors in an element
by ® - ® b, of By, ,..+.) get mapped to jt, (b;) € Ay, and that we can use the
coproduct to ‘decompose’ them into their increments. This was done by the map

Vitr,otn) = (Y2 ®idp®- - -®idg)o(idp®12®idp®- - -Qidp)o- - -0(idpR®- - -®idg®2),

Vitr,ntn) : Bt ta) = BE™, where ¢ = (m ® idp) o (ids ® A). This motivates
the following definition.

Let Bs,...s,) be the ‘approximation’ of A=B corresponding to the tuple
(81y-«+y8ky---,8n), $1 < -+ < 8p. Suppose s; = s for some k. Then we define

P[(O“J,:ij,‘(j’e ..... ) :B(Sl,...,sn) — B(sl,...,sk:s) g A[O,s] by

P[(Os’;i...,sk,...‘sn)-_— (:1 ’’’’’ sk)°(idB®‘°®e°‘psk+1—sk®'--®€°‘Ps,.—s"_1)01/1(3, ,,,, 5n)

If we introduce II{81r%kr8n
(815--418k)

: (81,-s8kys8n) _ 1 —1 (8150-18k5ees5n)
can also write Py’ = Yorrs) © Tior o) O Y(sy,05n)-

) = idper ®eops, 5, ® - ®e0p, 5. _,, then we

Proposition 5.1.2 The maps P[E)fls]’""sk""’s") : Bsy,...sn) — Ajo,s] eztend to a

unique linear map Pg 4 : A = Ap,g)-

Proof: Let ig 5 : Bs» — Bs with S = (s1,...,s,) and S’ C S be the inclusion
maps from [FFS97, Proposition 8.2] (i.e. the maps that add the unit element
in the factors that are missing in S’). To prove the proposition it is sufficient
to show P[g,s] oigg = P[gjs], where we can assume that s occurs in S’ (and
therefore also in S). We show the proof for the case S = (s1,...,5 = s,..., Sn)
and S’ = (S1,...,8k = 8,...,81_1,5141,---,5n), the general case is similar. In
this case the inclusion map acts as iss(b1 ® - @ b1 @ bi41 Q@ -+ ® bp) =
b @ @bt ®e@biy1 ® - @by forall by @ @by @by @+ @by € Bsr.
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Therefore g o 15,5 = (ing(l—l) A® idB@(n—l—l)) o g, and thus
P ois.s =
= '(/"grl\[o,s] ° (idBQ‘“e ®eo Pskt1—3k ®---Qeo (‘p81—81-1 * <Ps,+1—s,) ®

.- ®eo 908,.——87._1> o g
s’
= Fo,q)-

ll
Conditional expectations are usually studied on von Neumann algebras with a fixed
faithful normal state (or on C*-algebras), where they are defined as completely
positive maps that preserve the unit and the state. Here, in our purely algebraic
setting, we will call an element z of a *-algebra A positive if and only if it can be
written in the form z = ), afa; for some n € N and a,...,a, € A. The set
M, (A) of all n x n matrices with entries in A is again an involutive algebra with
the obvious matrix multiplication and the involution (a*);; = aj;- A linear map
¢+ A1 = A, between two involutive algebras is called completely positive, if, for
all n € IN, the linear maps ¢, : My(A1) = My(A2) defined by (¢n(a))i; = ¢(ai;)
preserve positivity.

We can now show that the maps P 4 really have the desired properties.

Proposition 5.1.3 Let s € [0,T]. The linear map Py : A = Aj 4 is com-
pletely positive and satisfies P[%’s] = Pos, PoFog = @, Pog(l) =1, and
Po,s)(zyz) = zPo 5(y)z for all z,z € Ap 5, y € A, i.e. it is a conditional expec-
tation. Furthermore, we have Flo .10 Pl s,) = Po,s5] © Plo,s;] = Plo,min(s1,s2)] fOr
all 51,82 €[0,T].

Proof: P[%’s] = Pp is clear, because P[g’s] = ¢3! oidgeis o s = id for
all S C [0,s]. @0 Py, = ® and Py 4(1) = 1 follow also immediately from the
definition.

We will show Py g(zyz) = 2Py 4(y)z for the case 2,z € A,, y € A, 0 <
s < t < T, the general case is similar. For this case it is sufficient to take
S = (s,t), and we can write Ys(z) = z ® e, Ys(y) = Aly) = Zy,(l) ® y,@),
Ys(z) = z ® e. Therefore Ys(ryz) = nygl)‘ll(ygz)) ® z), and Py q(zyz) =

¥ (1@ e ) (o e ©2))) = Ty ape- o) = 2P 4 (4)z, where
we used the ¥-invariance of ¢;_;.
In order to prove the complete positivity, it is sufficient to prove that the map
E::::)s") is completely positive, since the s are *-algebra homomorphisms.
But this is obvious from the way it is defined via the identity map and the states

Qos,-.H—si- l

Theorem 5.1.4 Every quantum Léuvy process is a quantum Markov process, i.e.
we have Py q(At) C A for al0<s<t<T.
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Proof: Since the one-dimensional distributions form a convolution semi-group, all

P[E)s:j""s"“"’s") forn > 2,0 < sy = s < s, =t act in the same way on elements of

P[E)f‘si”"s""“’s") W= js o (idp ® @i_s) o A oj; !, and therefore this is

also true for Py 4 | 4, In particular, it follows Po,g(Ae) C A, |

A, namely

In this proof we have seen how Py, can be calculated on A:.
Corollary 5.1.5 For the Markov semi-group Ps: = Py 5) 0 Ts+ we have

P 4(js (b)) = js(pt—s(b)) forall beEB,
where py—s = (id ® pi—s) 0 A.

This result allows us to do all calculations directly on the Hopf algebra, without
using any particular realisation of the process (j:). One recognises that the map
pt : B = B is the right dual representation (cf. Section 3.3)) p(y:) of the functional
Pt

5.1.3 From quantum Markov processes to classical Markov processes

We know (see e.g. [BKS96]) that for every quantum Markov process on a commu-
tative *-algebra (e.g. the subalgebra generated by one self-adjoint element) there
exists a classical version, i.e. a classical stochastic process that has the same (time-
ordered) joint moments as the quantum Markov process. The quantum Markov
property is sufficient (not necessary) for the joint density associated to the joint
time-ordered moments to be positive, and then the classical process exists by Kol-
mogorov’s construction.

Thus we need to look for self-adjoint elements of B who generate a subalgebra
such that the restriction of the quantum Lévy process to this algebra remains
Markov.

We give two criteria that guarantee that the restriction of (j;) to a subalgebra
Bo remains Markovian.

Theorem 5.1.6

(a) Let By be a -subalgebra of B. If A(Bo) C Bo ® B (i.e. By is a right coideal),
then the restriction (ji|g,) to Bo of every Lévy process (j:) on B is a quantum
Markov process.

(b) Let L be the generator of (j;), and By C B a *-subalgebra of B. Then the
restriction of (j;) to Bg is a quantum Markov process if and only if p(L) = (id ®
L) o A leaves By invariant, i.e. if p(L)(Bo) C Bo.

Proof:

a) If By is a right coideal, then p(L)(Bo) C By for any functional L, and conse-
quently Plo (ji(Bo)) = js (p(e“=%)(Bo)) € jis(Bo).
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b) That the condition is sufficient is clear, since Py = js o e(t=9#(L) o 1
on A;. To see that it is necessary it is enough to differentiate the relation
p(e®=9)L)(By) C By with respect to t and then set t = s.

In the symmetric case an Abelian subalgebra is a right coideal only if all its
elements satisfy the condition of Theorem 5.1.1, so that Part a) of the preceding
theorem does not enable us to find any classical versions that could not have been
obtained with Schiirmann’s result.

Proposition 5.1.7 Let B be a symmetric bialgebra. If By is an Abelian subalgebra
and a right coideal of B, then a ® 1 and Ab commute for all a,b € By.

Proof: Let Ab= Y b @b, then (a®1)Ab= Y ab{! ©b® = T btMa @b =
Aa(b® 1) since the bgl) are in By and commute therefore with a. ||

In Subsection 5.3.1, we will see that there exist commutative operator pro-
cesses of the form (j;(z)) where the quantum stochastic process (jt|g(s)) is not
Markovian, and also restrictions of Lévy processes to commutative x-subalgebras
that are Markovian but not commutative, i.e. we can get processes that have a
classical version with Part b) of Theorem 5.1.6, but that do satisfy the conditions
of Theorem 5.1.1.

5.1.4 Martingales

Definition 5.1.8 Let (A, @) be a quantum probability space equipped with a family
of conditional expectations (Pjo 5))se[o,7]- An operator process (Xi)iejo,m) € A is
called a (Pp,s))se[0,7) -martingale, if

P[O,s] (Xt) =X,

forall0<s<t<T.

It is often useful to find a function f(z,t) for a given initial value g(z) and a
given stochastic process (X;) such that f(z,0) = g(z) and f(Xt,t) is a martingale.
For example, if (X;):cr, is a classical Lévy process (with characteristic exponent
L,i.e. E(e®Xt) = etL(¥) and g(z) = e**® for some u € IR, then (ei“X"tL(“))tem+
is a martingale (w.r.t. the filtration of (X;):cr, ), the so-called exponential mar-
tingale of (X}).

We will show how solutions of this problem for quantum Lévy processes can
be given.

Theorem 5.1.9 Let (jt)iejo, 1) be a Lévy process on a *-bialgebra B (realized on

the inductive limit quantum probability space B) with generator L and let b € B.

Then (j¢ (e‘t"(L)b))te[O 7} i @ martingale.
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Proof: With Corollary 5.1.5 we get

P, (jt (e-tﬂ(L)b)) = j, (e(t—s)p(L)e—tp(L)b)
= s (e—sp(L)b),

forall0<s<t<T. [ |

5.2 EXAMPLES OF CLASSICAL VERSIONS OF
LEVY PROCESSES ON C,(a, a*)

Let us first consider the *-bialgebra on which the Azéma martingale is defined
(cf. [Sch91a, Sch93]). It can be viewed as the free algebra with two generators a,a*
(and the obvious *-structure), we shall denote it here by €,(a,a*). We will restrict
ourselves to the case where ¢ € R\{0}. The set B = {1,a,a*,aa,aa*,a*a,...} of
all words in the two letters a,a* forms a basis of €,(a,a*). The coproduct and
counit are defined as

Ala) =a+d, A(a*) = a* +a*, g(a) =¢€(a*) =0

on the generators, where we used the shorthand notationa = a® 1, a’' = 1Q aq,
a*=a"®1,a" =1 ® a*. Then extend as algebra homomorphisms, where the
algebra structure of €4(a,a*) ® C4(a,a*) is determined by the braid relations

a'a = qaa’, a*'a = qaa*’,
ala* — q—la*al a*/a* :q—la*a*/'

We need to construct the dual & of €C4(a,a*). For ¢ = 1 this is the shuffle
algebra, see e.g. [SS93, Section 3.8]. In the general case the dual might be called a
g-shuffle algebra, the formulas of the shuffle algebra only have to be modified by
some g-dependent combinatorial coefficients.

A functional on €,(a, a*) is determined by its action on the basis chosen above,
i.e. on the words in a,a*. Thus it can be written as

u= ZCXX;

XEX

where X is the dual basis of B, i.e. the set of all words in two letters (z,z*), and
¢x € €. As dual of a coalgebra this is an algebra, and if we restrict to finite linear
combinations, then it is even a bialgebra, and the dual pairing

1 if x, B are identical modulo the substitution a ¢ z, a* < z*,
(x,B8) = else

X € X, B € B, is still non-degenerate.
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The coproduct of a word in z,z* is just the sum over the different ways to
split the word in two, i.e. for a word with n letters there are exactly n + 1 terms.
Thus we haveeg. Az =z2®1+1Q®z, Az* = z2*®1+1Q z*, or Arz*zr =
zr*z Q@1+ zr* ®r+2rR@z'c+ 1@ zz*z.

To compute the product! of two basis elements xi, x2 in the g-shuffle algebra,
we have to look at all the ways in which the first word x; can be ‘shuffied’ into
the second. The first term is simply the concatenation x;x2. Now we form all
combinations of the letters of x; and x, where the order of the letters of x; (and
X2, resp.) remains unchanged, and add a factor ¢ every time an z (from ;) is
moved to the right across a letter of x2, and a factor ¢~! every time an z* (from
x1) is moved to the right across a letter of x3. Thus, e.g.

z-z = zzx+qzrer=(1+q)zz, =z z* = zz*+qz*z,
* T = z*r 4 q lzz*, *-z* = z*z* +qz*s* = (14 ¢ V)z*2*,
or
* *
zr* - zT
= zz* zz* +q 'z gzt 2t 4zt ot +q ozt F +q Lz zat 2 + 22t 2Tt
-~ %—/ N s’ -~ A N~

= 2zz*zz” + (1+2¢7' + ¢~ H)zza* 2"

WARNING: zz, zz*, zz*zz*, etc. means concatenation, in this section the
multiplication in i is always indicated by a dot.

The dual action or right regular representation eliminates the letters corre-
sponding to those of x, if they are in the same order, with possibly additional
letters in between, and adds a factor q (¢7*, resp.) for every letter to the left of
an a (a*, resp.) that is suppressed. E.g., on an element aja;---an, € Cq4(a,a*),
with a; € {a,a*} fori=1,...,n,

p(z):a1-~-an [ d Z qi_lal...di...an

i:a.<=a
p(z*) a1 -an +— Z ¢ *lay--di-an
i:a;=a*
p(zz*) 1a1---an + Z ¢ *lay @@ an.

i<j:a;=a,a;=a*

5.2.1 The Azéma martingale

If we choose the generator L = c;zz* + coz*z, with ¢1,c2 € R, then the Azéma
martingale M; (cf. [Sch9la, Sch93]) is a classical version of {j;(a + a*)}, i.e.
the (finite) joint moments of (j:(a + a*)):cm, agree with those of the (classical)
Azéma martingale: IE(M[* - M;*) = ®((js, (a +a*))™ - (ji, (@ + a*))™*) for

!Remember that we use the convention (u-v,3) = Z(u, B (v, ), i.e. we define the dual
pairing of the tensor product algebra with the flip automorphism 7: {-,-)g = ({-,-)®(:,)) o (id ®
T ®id).
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all t1,...,tx € Ry, ny,...,ng € N, k € IN. In order to find the generator of the
Azéma martingale (as a classical Markov process) and to compute the moments,
we need to know how L acts on the subalgebra generated by z = a + a*.

Proposition 5.2.1 (Leibniz formulas). Let f(z) be a polynomials in z, i.e.
2) = Y p—o fe2* with fr € € and z = a + a*. Then

pe)(2f(2)) = f(2)+ qzn( )f(2),
pz*)(2f(2)) = [(2)+4q  2p(z")f(2),
plzz®)(2f(2)) = p(z*)f ()+zp(m*)f(Z),
plz”z)(2f(2)) p(x)f(2) + zp(z”z) f(2).

Proof: This follows from the Lemma 3.8.1. We have p(u = Yo

(id ® uW)(¥(a? @ p(ul?)B)) (where we used Sweedler’s notatlon for the co-
product). Applying the braid relations and recalling that z,z,z* are primitive,
while A(zz*) = z2* @1+ 2z Qz* +1®zz*, A(z*z) ="z Q@1+ 2* @z +1® 27,
we get the desired formulas. |

Setting f = 2™, we obtain recurrence relations that allow us to determine the
operators on polynomials in z,

po) 2" > g > P@NE) = 1
p(z*) 12" = (71 )n2" = (p@))(z) = iljé?z(lz)_)f ]
R g—1)
plaa®) 2 o { St nIh S beane) = AafEeht
plera) e o LT MR ) = SR

for ¢ # 1, and p(z)f = p(z*)f = f', p(zz*) f = p(z*z)f = " for ¢ = 1. Here we
n—1

used the g-numbers g, = > 7 ¢” = ‘qu_l‘l' for g #1 and ¢, = n for ¢ = 1.
Using these operators to calculate the Appell polynomials defined by

ha(z;t) = €021,

we can also calculate the moments of the Azéma martingale, IE(M]*) = hn(0,t).
We summarise the results in the following theorem.

Theorem 5.2.2 Let (ji)tem, be the quantum Lévy process on Cy(a,a*) with gen-
erator L = cyzx* + cex*z, c1,ca € Ry, and (My)ier, o classical version of
ji(a + a*) (i.e. the Azéma martingale). Then the generator Loyq+ of M: (as a
classical Markov process) acts as

204 f(2)—qc1814f(2)—(ca—ge1)f'(2)
La—i—a."f(z) = { 2(¢-1) 71

age f(z) g=1
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on polynomials f(z) = 3 p_o fxz", fo, f1,..., fn € €. The moments of this pro-

CESS are
kamkam—2-k2 m

ny_ | —o——= n = 2m even,
E(M;) = { 0 n odd,

where kn—cl( ) +czq" = for g # 1, and k, = (c1 +cz)’—’£1’2_—ll forq=1.

5.2.2  Other processes on Cy(a,a*)

If we want to obtain other classical processes we can either change the quantum
process, i.e. choose a different generator, or use a different commutative subalgebra
of €,(a,a*) that satisfies the conditions discussed in Subsection 5.1.3. Let us
briefly look at the second possibility. We want an element of u € B = Cy(a,a*)
such that A C[u] C C[u] ® C4{a,a*). A possible choice is u = a*a — gaa*. In fact,
Aut =37 Z u?(u")"¥, so that u actually generates a Hopf subalgebra.
But, since this Hopf subalgebra is isomorphic to the Hopf algebra of polynomials
in R, we find exactly the classical Lévy processes whose moments are finite.

Let us now look at other generators. Since no algebraic relations are imposed
on a and a*, we can take any operator X acting on some Hilbert space # to define
a representation px of €,(a,a*), simply represent a by X and a* by its adjoint.
To get a positive functional on €,(a,a*) we now simply fix an element h € ‘H and
set ’(Z)h,)((u) =< h,px(u)h >y. Then ¢px = I/Jh,x - &h,x(l)e is conditionally
positive, and, if ¢ x also satisfies the invariance condition, then there exists a
Lévy process with generator 15 x. The invariance condition in this case means
simply that ), _x vanishes on ‘words’ that do not have the same number of a’s and
a*’s. Let H = €2,

ne(35) me(3) me(2)

then ¥; o = V¥, x. are generators of Lévy processes on C4(a,a*). One verifies
that they can be written as

V1,0 = |a*zz* + |o|*zz* 2" + |0z 22 2T + - -
"7[)2,01 = |a|2$*.’L‘ + |a|4z*zz*x + lalex‘zq;*xx*x +-,

1.e. 1,0 (¢2,q, resp.) is the sum over all concatenations of zz* (z*z, resp.) with
itself, with coefficient |a|', where [ is the length of the ‘word’. The functional 1,4,
e.g., gives zero on all words in @, a*, except for those that start with an a, never
have two identical letters next to each other, and have an even number of letters.
On those words it gives

Y14(aa*a---a*aa*) = |al.
al ,

| letters



Markov structure of quantum Lévy processes 129

Introducing
e = la|?z* + |a|4x*xz* + |afz*zz*z* + - = |oz|2 (1 + J)l,a)
b2 = laf*z+|o|*zz*z + |afrz*zr*s + - = |aP (1 + ’t/;z,a),

(Concatenation!) we can state the Leibniz formulas that allow to determine the
action of ¥ o and ¥, o on polynomials in z = a + a*.

Proposition 5.2.3 (Leibniz formula) Let f(z) = Y p_, fxz*. We have

p(¥1,0)(2f(2)) p($1,0)f(2) + 2p(¥1,0) f(2)
p(01,0)(2f(2)) = lal’p(1 +910)f(2) + a7 20(¢1,0)(2)
P(¥2,0)(2f(2)) = p(d2,0)f(2) +2p(¥h2,0) f(2)
p(82,0)(2f(2)) = la’p(1+92a)f(2) +azp($2,0) f(2)

Proof: Similarly as in the proof of Proposition 5.2.1. We only need the first two
terms of A(%); ), since the others vanish when applied to 1 or z. |

We set P, = p(t1,a)2™, and combine the recurrence relations above to
Poi1(2) = (1 +q7H2Pa(2) + (|af* = ¢7122) Pacy + |af?2™ 7Y,

forn > 1, Pi(2) = Po(z) = 0. Qn = p(12,4)2™ satisfies the same relation with ¢
instead of ¢7!.
We use the generating function

(o9} oo
G(t,2) = Y t"Qn(2) = 3 plt.0) 2™,
n=0 n=0
this is (formally) the image of ;= under p(12,). Using the recurrence relation
we get
2 2y;2 |af?t?
Glt,2) = (1 + QtzG(t,2) + (ol = ¢2)£G(t,2) + o,
and thus
242
Glt,2) = lof*¢
(1= 1+ gtz - (laf® — g2%)t*)(1 - 2t)
_ Ay + A, 1
1—2z1t 1—2ot 1-—2t
where

(1=q)z+y/(1=g) " +4]af?
2 = % ((1 + ‘I)Z + \/(1 - q)222 + 4|a|2) ’ Al = % q\/z(l_q)223+z|a|z > )

~(1-9)z+y/(1=072+4[a]?
2 = %((1+q)z— \/(1 —q)2z2 +4la|2)’ A = % 1/:1—4)21214;12 - ’

We thus have the following result.
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Theorem 5.2.4 The generator p(i2,a) acts on C[z] as
Lf(z) = Aif(z + A1) + A2 f (2 + A2) — £(2)

where

=1 _ — 2,2 p) _ 1 (1-g)z+y/(1-g)222+4|a]?
A = 2(@-Dz+ /T- 0P +4aP), 4 = el T

_ — — 2,2 2 _ 1 ~=(-g)z+4/(1-q)222+4|a]?
8y = 3 (0= Dz~ VI=0PF + 1), 4y = =Gt el

N

D=

The action of p(11,a) is given by the same expressions, if we replace q by ¢~ *.

The two generators p(¥2,a), P(¥1,o) on €[2] are the generators of classical real-
valued jump processes (or rather their restrictions to the algebra of polynomials).
These classical processes therefore have the same moments as (j:(z)) and are thus
classical versions of (ji(2)).

Remarks:

1. For ¢ = 1 this generator is simply Lf(z) = ${f(z+|el) + f(z—|a]) -2 (2)},
and the process is a difference of two independent Poisson processes with
jumps of size |a| and same intensity, Z; = N, = Nt(l) - Nt(2). From these we
can build any symmetric compound Poisson process by taking the generator
L, = fm ¥1,odp(a), and thus we have ‘g-analogues’ of symmetric compound
Poisson processes at hand.

2. Another special case where the description of Z; becomes a lot simpler is
q = —1. In this case 22 = [Z,Z]; + 2fot Z,_dZ, = [N,N]; is a Poisson
process, i.e. Z; takes values in {£/n|al;n € IN}. Jumps are only possible
from y/n|a| to £v/n + 1|a|, the transition probabilities are given by A; ; =

1 n
L (1 + L\/m)
3. The jumps A;, Ay are the solutions of the quadratic equation

A% = (¢ —1)zA +|of?,

this implies that Z; is a solution of

t
(2, 2] = (¢ - 1) / Zo_dZ, + [N, N,
0

i.e. a structure equation where t, which is the quadratic variation of a Brow-
nian motion, has been replaced by the quadratic variation of a symmetric
Poisson process.
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5.3 EXAMPLES OF CLASSICAL VERSIONS OF
LEVY PROCESSES ON U,(sl(2))

The Hopf algebra U,(sl(2)) is generated by three elements e, k, k™!, f with the

relations [Dri87]

k? — k2
Ak=k®k, Ae=e®k+k'®e, Af=fQk+k'Qf,

S(k)=k", S(g)=-qge, S(f)=-q'f, elk)=1, e(e)=¢(f) =0,

where ¢ is a complex parameter, q¢ # 0, 1. The Casimir element of U, (sl(2)) is

kk_lzk_lk:]., ke=qek, fk:qkf) ef_fez

C- gk® +q k2 -2
(g—q71)2

it is a generator of the center of Uj,(sl(2)).
The dual of U,(sl(2)) is generated by four functionals z,y,u,v which we will
: z ) : U, (s1(2)) =& €**2, see [MMN*90a). On the

generators they are defined by
w=( W) = (% )
xo=(t0 40) =
-3 ) -

and extended to general elements by

+ fe,

write as a matrix X =

L)

—_o OO

X(ab) = X(a)X(b) for a,be Uy(si(2)).

This implies that the Leibniz formula for the right dual representation reads
p(X)(ab) = (p(X)a) (p(X)b) for a,b€ Uy(si(2))

in the same matrix notation. Therefore, to calculate the right dual action of
z,y,u,v on polynomials in some element z € U,(sl(2)) it is sufficient to calculate
p(X)z, from this follows immediately

p(X)p(2) = p(p(X)2), for p(z) € T[z] C Uy(sl(2)).
There exist three inequivalent *-structures on Uy(sl(2)).

Proposition 5.3.1 [MMN™* 90a, Proposition 3] Real forms of U,(sl(2)) are clas-
sified as follows:



132 Chapter 5

o U,(su(2)) with g € (-1,0)U(0,1) (the compact real form): the involution is
defined by
k*=k e'=f f'=e.

o U,(su(1,1)) with g € (=1,0)U (0,1) (a non-compact real form): the involu-
tion is defined by
k*=k, e =-f [f'=-e

o U,(sl(2,R)) with |q| = 1 (a non-compact real form): the involution is defined

by
k*=k, e =-e f[f'=-f.

5.3.1 The compact real form Uy(su(2))

Let us first consider the compact real form U, (su(2)). The element z = ek +kf is
self-adjoint (i.e. z* = z), and satisfies Schiirmann’s condition (see Theorem 5.1.1),
since Az=2Qk +1Q®z.

For the dual representation one obtains

-1/2
gz q
X)z=
p(X) <q—1/2 g 'z )

~1/2
qz q
X)p(z) =

p(X)p(z) =p ( Y I )
for all polynomials p(z) € C[z]. Since the functionals z,y,u,v generate the dual
of Uy(su(2)) this implies that €[z] C U,(su(2)) is a right coideal and that (j¢|g[z))

is a quantum Markov process for any Lévy process (j:) on Ug(su(2)).
Using ﬁ as a generating function, we can get a more useful expression for

p(X)| ez

and therefore

1 o qz q—1/2 -1
p(X)l—/\z = {1—/\<q—1/2 gz
_ 1 1-g¢7 1)z —1/2)
T 1-(q+q 1))\z+/\2(z2 ~q71) g 2\ 1-gXz
(q —1)Z+ ﬁ_
_ e Ve
1—Az1 Vi (¢®-1)z+4/Q
Va 22
—(@-1)2+/Q v
— Ve Vo
1— Az _ —(*-Dz+y/Q |°
Ve 2/Q

where Q = (¢® — 1)%22 + 4q, and

_(@+Dz+ve (@ +1Dz- V@

21 2q ) - 2q
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For example for ¢ > 0 and L = y — ¢, we get again a jump process that tends
to a symmetric Poisson process in the classical limit ¢ — 1, as in Theorem 5.2.4.

Another element that satisfies Schiirmann’s condition is the Casimir element
since C'®1 is in the center of U, (su(2)) @ Uq(su(2)). Therefore (j:(C))ter, is com-
mutative and has a classical version for any Lévy process (ji)icr, on Ug(su(2)).
But C€[C] is not a right coideal and (ji|g(c)) will in general not be a quantum
Markov process, as we can see from

-2 4y.—-2 _
p(X)C = ( qC + (=t g2k f )
= 2_1\p—-2 -1_ )
g~ /2ek1 q1C + (g 1)(’;_;3%3 9]

since p(X)C € M,(C[C)).

But if we take, e.g., L = y —¢, then the restriction of the corresponding process
to the commutative x-subalgebra C[C, k] is a quantum Markov process, and has
thus a classical version. The action of L on C[C, k] is determined by

k) _ pla™/2k) {1 - 2 (4C + L=l 2ye=n) }
1-)XC 1—)\((q+q—1)0+2$‘1‘(’:—_‘q‘l_‘;{;ﬁ) + 22 (C— L%/;___qq_—rxgg)

(5.2)

p(y)

2

for p(k) € C[k]. But the process (j¢|g(c,1))teRr, is not commutative, since

kL,AC))=('-1)f@ke+(1-qg"e® fk#0

for ¢ # 1, and, furthermore,

@ (3 (£)0s (), 3e(C)ies (0))

pe®gus((a - D @ ket + (1 - ) fe@kfe)

(1-¢7)e® (079 (fe) @ ™70 (k fe))

(em“?—l)s —_ e(q-‘—l)s> (e<q-5/2—1)(t—s) - e(q—““-l)(t—s))
1—g*

# 0 (for g € (0,1)).

So we have here an example of a classical version whose existence does not
follow from Schiirmann’s criterium (Theorem 5.1.1). From Equation (5.2) we can
explicitly construct it.

Theorem 5.3.2 Let (ji¢)sejo,1) be @ Lévy process on Uy(su(2)) with generator L =
y —¢ and let (Ny)eo,1) be a standard Poisson process. Then the classical Markov

process ,
((q(N’+1)/2 - q‘““*””) q—N:/z)
" ’
4-q e

is a classical version of (ji:(C), ji(k))teo.1)-

[0,T]
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Proof: From Equation (5.2) we deduce that p(L) acts on polynomials in C' and
k as

(p(L)f)(C, k) = A1 f(cr, a7 /%k) + A2 f(ca, a7 /%k) — £(C, k),
for f(C,k) € C[C, k], where

L O D@1 42 + g+ 1 OE = TP 47

2q(g +1)?

o = C@+1)(g+1)?+2¢*> - (¢+1)%/C((¢? —1)2C+4q2)
29(qg +1)?

Y - (1-¢? C+2—:%5_—1—+\/C(q—1)20+4q)

b VO(@ - 1)2C + 4¢%) ’

4 = ~(1-))C - 2585 + V/O[@ - DT +4g).

VC((¢® - 1)°C +4¢%)

A Markov process (C’t,l}t) is a classical version of (j:(C),j:(k)), if (CA'O,IAco) =
(e(C),e(k)) and if its generator acts on polynomials in the same way as p(L), so
we see that we have to take a jump process starting from

2
1/2 —~1/2
qt/r —q Y
-'—__1_ ,1 .
q—q
(n41)/2 _ ,—(n41)/2 (n+2)/2 —(n+z)/2)2

2
We calculate that for C = (9—————‘1_—1——) we get ¢ = (L——q—__qq:l—

q9—q
n/2__—n/2

2
and ¢ = (g—lq:f—) . But, furthermore, it turns out that A, =0 and 4, =1

q9—q
(n+1)/2 _ ,—(n+1)/2
(¢, k) = ((q q—1 ) 1‘1—”/2)
q9—q

so that the probability to jump to c; is zero. [ |

for

This actually allows to characterise the representation j; (for fixed t).

Corollary 5.3.3 The non-commutative random variable j; (in the state ®) is
equivalent to the representation

o0 o0
7T=Z7T,,/2 on H=®D,,/2
v=0 v=0

in the vacuum vector

o0
Q=3 w@lv/2,-v/2),
nu=0
with |w, (t)|? = P(N; = v) = Le™t, where (m,3,D,2) denotes the unitary irre-

ducible v + 1 dimensional representation of Uy(su(2)) and |v/2, —v/2) the lowest
weight vector of D, z.
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5.3.2 The real form U,(su(1,1))

The element z is not self-adjoint for the *-structure of U,(su(1,1)), but we can
take, e.g., Z = ek — kf instead. We get
and therefore ©[Z] is also a right coideal.

To get conditionally positive functionals on U,(su(1,1)) and to express them

in terms of z,y,u,v the formulas for the matrix elements of the irreducible uni-
tary representation of U, (su(l 1)) given in [MMN*90b] can be used. Take for

example w((,o) with 0 < I < 1, as a diagonal element of a unitary representation

(see [MMN*90b, Proposmon 4]), it is a positive functional. Furthermore we can
w®
see that it converges weakly to € as [ goes to 0. Therefore L = lim;\ o —‘m—— is

a conditionally positive functional. From [MMN*90b, Proposition 3] we get the
following expression for L,
I= Z 2h( uv—n,

14" —4q

g1/

g 'z

qz

p0z=( _ B

where h = In(q). To calculate p(uv) we introduce
2 ru uzr u?
x@ | T Ty uv uy
T vz wvu yr yu |’
v? vy yv y?
on z we get
Pz /2 g2 0
1/2 5 —1/2
@s_| ¢ z 0 ¢
p(X'?)z q—l/z 0 3 q_g/z )
0 g2 g3 g2

this allows to calculate p(X®)p(2)
p(Z) € C[z]. p(uv) is characterised by

p(p(X®)z) for arbitrary polynomials

pluv) =
(1+¢72)N
(1=22)(1 - (@2 +q )X+ \2(22 — ¢~ (g +q1)2))

B alg® +1) —(q2—1)2z+\/§+ (¢ -1%2+VS 1
T 2@ -12+ (¢ +1)? | 2v5(1- A5 2VS(1-2z) 1-A2
where S = (¢* — 1)22% + 4q(¢? + 1) and
(@ +1)z2+vVS _  (¢*+1z-+S
H =, = ————:
2 2¢2
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We see that p(uv) is a difference operator where the differences depend on z and
g. The action of L on polynomials can be written in the form

oo 2"

) =YY Ankf(Znk)

n=0 k=1

where the Z,; can be obtained by iterating z; and 2, i.e. set Zo; = Z, Z;; =

= = -5 = = /s = = /=
zi(z2) =2 = MM, Zia = 2(2) = £<I_+_%§_‘/__’ Zn = Z1(211), Zo2 = Z2(Z11),

2q
Zos = Z1(Z12), Z24 = Z2(Z12), and so forth. A classical version is given by the

process (starting from 0) that jumps after an exponential time given by —Ag; =
Yooy Ei=1 Apk to one of the Z, (with probability —Ank/Ae1).

For ¢ = 1 we get p(uv)p(z) = § {p(Z + 2) + p(z — 2) — 2p(2)}, and, using e*
as a generating function, we get for p(L),

_ [es] 2)‘+€ _ o 2n
p(L)e)\z — Z /\zzz 4nn ( y >62A(n—x/)

n=1v=0

—In(1 — sinh® A\)e* = —In (%}1(2/\—)) e*?,

from which we get

ad +2k) + p(z — 2k 3+2v2
;px 3+2\/Ii() ) hg( 4 )p(”)’

i.e. the process

(k)
Z 2th/[|k|(3+2\/-)lkl]
kEZ,k#0

is a classical version of j,(2), if the N\¥, k € Z\{0}, are mutually independent
Poisson processes. The marginal law of (jt (2)) R (for ¢ = 1) is uniquely deter-
telR4

mined by its generating function

- . 2 !
Aje(2) ) — to(L) (AZ) — —
<I>(e )—aoe (e )_(3—cosh(2/\)> .

5.4 LEVY PROCESSES ON U,(aff(1))

We will now consider an example where the parameter g in not real, but of mod-
ulus 1, and not a root of unity. Instead of Uy(sl(2,IR)) we take a simpler Hopf
algebra with only two generators that can also be obtained as a sub-Hopf algebra
of Uy(sl(2,IR)), namely U,(aff(1)). Recall this Hopf *-algebra is generated by
two elements X, Y with the relations

XY -YX =Y, X*=-X, Y'=-Y
AX)=X®1+1®X, A}
e(X)=e(Y)=0, S(X
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with ¢ € @, |g] = 1. Let h € IR be such that ¢ = e**. Positive functionals can
be obtained from the trivial one-dimensional representation X — iz, Y — 0, for
z € IR, i.e. on the elements ¢, : Y™ X" — 0, 0(iz)". Differentiating ¢, with
respect to z at £ = 0 we get the two conditionally positive functionals () :
Y™X™ = i0m,00n,1 and e Y™mX" —0m,00n,2. But these functionals do not
give any interesting processes because we always get j;(Y) = 0.

Let X; and X; be the operators on [2(IN) defined by

(X1w)n = nup++v/n(n+ Dupt
(Xau)n = nup++v/nn—ug—;.
They are closed on their maximal domains and satisfy [X;, X2] = X; + X, and
X3 = Xo, see [PS91].
If weset X = 2(X; — X,) and Y = i(X; + X3), then this defines a -
representation of Uy(af f(1)). Let us compute the ‘vacuum expectation’ of Y X™
in the state Q@ = u; = (1,0,...).

Lemma 5.4.1 For a, 8 sufficiently small we have

eﬁYeaX — engeaX1

with

a o 1
a=—log(e ;l—iﬂ>+a, b:—log(e; ——iﬂ)

Proof: {X;,X>} and {X,Y} both form a basis of the Lie algebra af f(1), so that
the preceding formula is just a coordinate change for a neighbourhood of the unit
element in the Lie group Aff(1). |
With this lemma we obtain

(65Y60X) — (el,ebXZeaXIel) — (eZXgel’eaXlel)
ea+b’

from which we can deduce

moaXy _ @™
(Yme2X) = (m + 1)!_———_coshm+2(a/2)’ (5.3)

which makes sense for a € €, o # (2k + 1)2i7 for k € Z.
We can now define a conditionally positive functional on Uy (af f(1)) by

L(u) = (u) —e(w),

if q is not a root of unity.

The restrictions of this process to the subalgebras generated by X or Y turn
out to be commutative and Markovian, so that there exist classical versions of
7t (1X) and j; (1Y), respectively.



138 Chapter 5

Proposition 5.4.2 Let (X)tzo and (f/)tzo be classical versions of (ji(iX))t>o0
and (j:(1Y))t>0, respectively. Then the action of the generators Lx and Ly of
(X)¢>0 and (Y)i>o0 on polynomials is determined by

Lxe™® = —tanh®(u/2)e™,
L (=D — v+ 1) [ : ]
— a,v _ ,n
Lyy" - ZO cosn—v+2 (%) ) Yy,
(ueR, neN).

Proof: This follows directly from
m n n
AmenZZZ[ZL] (V)YuX"(@Ym_“X"_Vq"X,
p=0v=0 q

and Equation (5.3). ||

Remark: In the limit A — 0 we obtain for Ly,

Ly(e™) = {(1_—1W - 1} e,

REFERENCES

This chapter is based on the article [Fra99). For an introduction to the theory of
quantum Markov processes see, e.g., [Kiim88]. Biane has shown that additive and
multiplicative free Lévy processes are also Markov processes, see [Bia98], but no
such results exist for more general free and boolean Lévy processes (in the sense

of [Sch95b]).



Chapter 6

Diffusions on braided spaces

The applications of diffusions in physics go far beyond the description of the phys-
ical phenomenon they are named after. Functional integrals can be used to solve
partial differential equations, cf. the celebrated Feynman-Kac formula. Wiener in-
tegrals are very close to Feynman path integrals. Another interesting application
of diffusions is the stochastic mechanics of Nelson [Nel66] (see also [Nel88]).

Diffusions on manifolds are characterised by two properties, the first being their
Markov property, i.e. that at every instant ¢ they start again, and their evolution
does not depend on their history, but only on their distribution at time ¢. This
gives rise to a semi-group and this property also plays a central role for the study
of diffusions on braided spaces. The other property, i.e. that they have continuous
sample paths, does not have a direct counterpart on braided spaces. It is replaced
by the condition that diffusions can be obtained as the limit of a (simple) random
walk. .

The motivations for this approach come from two directions. First, there is
Majid’s random walk approach to Brownian motion on the braided line and on
any-spaces [Maj93d, MRP94]. In [FS98a] his definition is extended to (pseudo-)
diffusions on multi-dimensional braided spaces and, using coalgebraic limit theo-
rems due to M. Schiirmann [Sch93], their explicit form is given. This allows to
consider semi-groups of functionals and Markovian transition operators, as well as
the associated heat equations, and to introduce Appell systems as their polynomial
solutions. Heat kernels, i.e. the densities of the functionals are also considered.

The second ingredient, M. Schiirmann’s theory of quantum Lévy processes,
comes into play to assure the existence of the associated processes, e.g. as operators
on a Hilbert space. For this is was necessary to use a definition of *-structures for
braided Hopf algebras that differs from the one due to S. Majid.

To distinguish the two levels of the constructions, we call the functionals and
semi-groups obtained via S. Majid’s construction pseudo-diffusions, and reserve
the name diffusion for the case where the processes can be realised as operators
on a Hilbert space and are Lévy processes (i.e. independent increment processes)
in the sense of M. Schiirmann.

Section 6.1 shows how (pseudo-) diffusion processes can be constructed on

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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generic braided spaces associated to a pair of matrices (R, R’').

Section 6.2 investigates the relation between the diffusion processes and asso-
ciated evolution equations. These equations are of the form (8; — L)u = 0, where
L is an operator consisting of linear and quadratic terms in the braided-partials
0*. Appell systems (introduced as shifted moment polynomials) are shown to be
solutions of the evolution equation. We investigate their properties.

In Section 6.3 we give a brief discussion of how density functions can be intro-
duced.

6.1 A CONSTRUCTION OF (PSEUDO-)
DIFFUSIONS ON BRAIDED SPACES

Following Majid we first define a quantum random walk. Consider a classical
random walk on the lattice. We assume that the process can only jump from a
lattice site z to a finite number of other sites z + d;, i = 1,..., k. If at time ¢ the
particle is located at x, then it will be at z + d; at time ¢ + At with a probability
pi, 0 < p; <1, and naturally the probabilities add to one,

k

Zpi =1L

i=1

In classical probability theory there corresponds an evolution operator to this, that
maps a function (i.e. an observable) at time ¢ to the corresponding function one
time step later

k
Fo(@) = frene(@) =) pifilz + di)

i=1

Let ¢(%) be the functional corresponding to evaluation of a function at d;, i.e.
¢(%) : f(z) — f(d;), then the above equation can be written as

ft(2) = frrat(z) = (9 ®@id) 0 Afi(x)

where ¢ = 3" p;¢(%) and A stands for the usual cocommutative coproduct on
R(z1,...,2z,]. This can be done in the same manner on braided spaces and quan-
tum groups, if one chooses an appropriate functional ¢. The problem here (in
dimension > 1) is that one can not define the ¢(%) simply as replacing the vari-
ables z; by the components of the vectors d; = (dj1,...,d;n) due to the non-
commutativity. One possibility is to bring the variables into some fixed order (i.e.
fix a basis of monomials) and replace them then by the d;;. We shall see later that
in the limit only the choice on the quadratic and linear terms matters.

A functional ¢(?) that corresponds to evaluation at d = (d1,--..,d,) should
satisfy

F1: ¢(9(1) = 1, or equivalently ¢(d)|V~(R,Rr)<0) )
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F2: evaluation on the generators gives the components of d, i.e.
¢ (z:) = di
fori=1,...,n,
F3: it has the correct behaviour with respect to a rescaling of d, more precisely,
609 (a) = 69 (s(V)a) = X5 (a)
for homogeneous a € V'(R, R').

But these conditions do not determine ¢(¥) uniquely.
A possible choice for ¢(®) withd = (di, - - -, d,) is to use the braided-exponential

¢@ =exp(dv)= ) da(fm;R]T), V" (6.1)
a€S{1,...,n}

This definition makes sense for all cases where the braided-integers [m; R] are
invertible, and can also be used if this is not the case, if an appropriate braided-
exponential is chosen. For the commutative case we have ¢(¥) f(x) = f(d) by
Taylor’s theorem, and similarly for the braided line IR, by a g-Taylor theorem.
On any-space this agrees with definition of the Dirac §-function, see [MRP94].

Another possibility is to use (positive) Dirac functionals, defined as functionals
¢ for which there exists a (x-)algebra A, a state ® on A, and a (x-)algebra homo-
morphism j : V'(R, R') = A such that ¢ = ®oj and the pair (j, j) is independent,
see Definition 8.1.17. Typically these Dirac functionals replace one generator by
a real or complex number, and all other generators by zero, and lead to the same
class of diffusions as the functional presented above.

Assume now that we have defined the functionals ¢(%), and chosen values for
the transition probabilities p;, i.e. fixed ¢. Then this defines an evolution for
functions, i.e. observables on our space by

fe o firar = (9 ®id) o Afy

as before. As explained in [Maj93d] there is a one-to-one correspondence between
functionals ¢ and transition operators T, to pass from one to the other take

¢ = Ty=(o®id)oA,
T —» ¢r=e€oT.

The transition operators form a (discrete) semi-group with respect to composition,
and the functionals with respect to convolution. The passage from one to the other
is in fact a homomorphism, i.e. Ty 0o Ty = Tyy and ¢rds = ¢rs.

We study the limit that arises if the lattice parameters d; and the time step
At go to zero. The discrete semi-groups (indexed by IN) will then converge to
continuous ones (indexed by R ).
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Theorem 6.1.1 Let di,...,d; and p?,.. ,p,C be chosen such that Zlep? =1
and ¢ = 21—11’ #%) vanishes on V" (R, R")D), i.e. Zz—lpldlj =0 for all j =
1,...,n.

Choose furthermore p},...,p; such that py(p) = p}+upl,...,pe(p) = P} +upk
satisfy 0 < p; < 1 and Zle pi = 1 for sufficiently small p (this implies in

particular Y, pl =0).
Then for ¢n = Ele pi(1/VN)¢4/VN) we have

lim ( ¢N = exp( Z arvFv +Zb vl)

N-ooo
k=1

where ay; = Ele 24 Zr so1 dirdis([2; R]1)5S and b; = ZLI prd;;.

Proof: We apply [Sch93, Theorem 6.1.1]. Let ky = N, ong = ¢n for k =
., N. We have to check the conditions of the theorem.

(i) ¥n1,---,oNN commute since they are identical.

(if) Let ¢ =3 ,es(1,...,n) €*Xa With some coefficients c¢* € €. Then

.....

ax_|(pnk = €)(0)| = ¢n(c) — ¢ = O(1/VN)

1<k<N

goes to zero as N — oo.

(iii)
N
Sone - = Ngn(d) - )
k=1

Zp Zd,JC{J}+2p Z dirdisc™ + O(1/VN)
i=1

TS-'

is bounded and tends to (3 -, arv*v! + X7, biv')(c).
Thus impy_,e0 (HkN=1 <ka) (c) = exp(X 1=y amv®o! + 2 biv?)(o). |

We will consider functionals that can be obtained in this way as diffusions on
braided spaces and call L = Z:,z=1 agvpY; + Z;=1 b;v* their generator.

Definition 6.1.2 We will call a semi-group of functionals exp(tL) on V™ (R, R')
a (homogeneous) pseudo-diffusion, if there exist parameters d; = (di1, . .., din), DY,
p} (i =1,...,k) such that the conditions of Theorem 6.1.1 are satisfied, and such
that L = 3°% ) av*ol + 37 biv' with ay = >F o e=1 Girdis ([2; RI71)E
and b; = 35| pld;;.

If the process associated to exp(tL) is also a Lévy process, then we will call it
a diffusion.
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Remarks:

1. We have formulated the limit theorem in terms of the functionals, analogous
theorems for the associated transition operators hold also.

2. In the statements of Theorem 6.1.1 we assumed that the braided-integers
are invertible. The theorem remains valid if this is not the case, as long
as a braided-exponential exp(x|v) = Y x,F(m; R)¢v® exists, the inverted
braided-exponentials just have to be replaced by the F(m; R).

6.1.1 FEzamples of (pseudo-) diffusions

Dimension n = 1: The braided line R,

Here R = (¢) and R’ = (1). This leads to the braiding ¥(z™ ® z?) = ¢"PzP @ ™
(i.e. 'z = qzz', where = 2 ® 1, 2’ = 1 ® z). The diffusions on the braided line

have the form \
— a~ o
¢t = exp [t <1+qv +bv)] .

Using the expansion e—tv?/2+au = Z:io ‘;—pr(z, t) with the Hermite polynomials

Hy(z,t) = EEO ( p > 2k)L zP=2k (—4)* we find for the moments

2% | FE!

p < z? > Hy (bt7_2{‘-1:;)
s = ‘

[p; q! !

Dimension n = 2: The quantum plane (]33'0

Here
¢ 0 0 0
_| 0 ¢ ¢-10 P2
R= 0 0 q 0 , R =q¢™°R.
0 0 0 q*

This is the standard two-dimensional quantum plane. It has two generators z,y
with relations yz = gry and braid statistics 'z = ¢’zz’', 'y = qyz’, ¥'y = ¢*yy',
y'r = qzy’' + (¢ — 1)yz’'. For the second braided-integer we get

1+¢> 0 0 0
Dl 0 1 ¢ 0
[2’R]_ 0 q q2 0 ’
0 0 0 1+¢?

i.e. it is not invertible. There exists nonetheless a braided-exponential [Maj96,

Example 5.4]
exp(x|v) = Z [|z|a3“’12]! = Z [(;(,qu]l’

a€S{1,...,n}
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where [m; ¢%] = 11_—_qqi; and [m;¢?)! = H;T:l[/‘; ¢?]. For the generator we get

- ﬁ Z aija,'aj + Z b;0;.

The free braided-space

Here R' = P, there are no relations in the algebras V(R, R') and V"(R, R') since
the ideal generated by Rj,vov1 = vivy (respectively x;xa R}, = X2X1) is equal to
{0}, i.e. we have the free algebra with n generators. {v®;a € S{1,...,n}} (respec-
tively {xq;a € S{1,...,n}}) is thus a basis of V(R, R') (respectively V(R, R')).
We will assume that R is also equal to P, i.e. that the braiding is given by
T(vi @ v/) = (v' ® v9) (respectively ¥(z; ® z;) = (z; ® z;)). In this case the
braided-integers [m; P|§ = mdqs, m = |a| = |b|, are invertible and thus

The dual action is

ive _ J lalXayay, ifar =1,
p(v')xq = { 0 else

on the basis elements. Generators of diffusions have again the form

L= Z a1 00 + Zb 6 (62)

k,l=1

with symmetric ay;.

6.1.2 Ezamples of true diffusions
A free two-dimensional braided plane: V" =R, * R,

The algebra underlying this example can be considered as the free product of
the braided line with its dual. As an algebra it is the free unital algebra C(z,p)
with two generators. Let z be the generator of the braided-covector space R,,
and p that of the braided-vector space dual to it (i.e. another copy of R,). Let
g € R\{0}, so that R = (q) is of real type I in the sense of [Maj95a]. Following
Majid’s definitions we have the braid relations

r'r=qzz 1'p=qlpz
pz=q 'z’ pp=qpp,
and

*R,®R, - qu@Il:lq - IRququ, ) ) zt=p
*R,oR,8R,6R, < Li®RBRBR, 2R QR QR®R,, z* =p

/

, (') =p,
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turn R,®R, and R,8R,®R,®R, in into *-algebras such that A : R, @R, —
R,®R,8R,®R, satisfies A o *R,eR, = *R,el,0R,elk, © 7 ©A. Even though
this *-structure does not suit our purposes, at least not in this form, it does tell
how we can guess a ‘better’ one.

The coproduct on R, and its dual extends to amap A, : R,*R; — (R,8R,)*
(R,®R,) = C(p,p',z,2') /Lo, where I is the ideal generated by z'z — qzz’ and
p'p — qpp', and satisfies A o ¥R, = *(R,0R,)x(R,ek,) ° 4, if we define the
x-structures in those algebras by B -

*RoR, R, IRq - R * 1Rq,
T* =p,
*(R®R,)x(R,®R,) (Re8Ry) * (R®R¢) = (R®IR,) * (R ®Ry),
=9, (@) =p

We now note that we get (IRq*IRg) B(R, *IRq) if we quotient by the relations gzp =
pz and gp'z’ = z'p, ie. (IRq * Ry)®(R, * Ry) = (R,QIR,) * (IR,QR,)/{qzp =
pzp,qp'zs’ = z'p'} = C(p', z,p,z') /I, where T is the ideal generated by z'z — qzz’,
qzp — pz, qp'z’ — z'p’, and p'p — gpp’. The canonical projection 7 : (Ry®IR,) *
(R,®R, = (R, *Ry)®(R, *IR,) is'a *-algebra homomorphism, and A = 10 A,
turns V- = R, * IR, into a braided *-Hopf algebra in the sense we need. In
particular, the coproduct is a *-algebra homomorphism. Note that we now have
p1 = p' and z; = z in the first factor of the tensor product, and p, = pand z2 = z'
in the second, i.e. the braid relations take the form

TaT1 = qT1T2,  Pa%1 = ¢ 'Tipe,
Topy = qPiT2,  P2b1 =4 'Pip2

and the x-structure becomes z} =p;, ¢ = 1,2.

The braiding of the real line, and thus also that of V~, are induced by an action
and coaction of the group algebra CZ. V" is the (free) braided plane associated
to the matrices

1000 g 0 0 0
, oo 10 o gt o0 0
E=1lo100f 5[0 0 ¢ o

0001 0 0 0 ¢!

The possible generators of pseudo-diffusions are of the same form as in Equation
(6.2), but now we are interested in generators of ‘true’ diffusions, i.e. ¥-invariant,
hermitian, conditionally positive generators. Choose the set of all words {1 =
0,z,p,zz,zp,pT, PP, - - .} as basis of V", then ¢, and ¢y with

1 if u = zp, 1 if u = pz,
Pepl) = { 0 else, ’ 9ps (1) = { 0 else,
on basis elements u are such generators. The processes associated to these gener-
ators have been studied by M. Schiirmann[Sch93], we find the processes that have
the Azéma martingales as classical version.
Let us now consider an example whose braiding does not come from a group,
but from a non-commutative and non-cocommutative bialgebra.
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Diffusions on the four-dimensional braided-covector space V™ = (173]0 *

= 2|0
¢,

Let again ¢ in IR\{0}, and set V™ = (Dﬁlo * @3'0 = Clv,w,z,y)/{yz — qzy,vw —
qwv}. A similar construction as in the preceding example leads to a four-dimen-
sional braided-covector space, where the braid relations between z1,y; and z2,y
are described by the R-matrix of the braided plane,

¢ 0 0 0

1 0 ¢ ¢-1 0
k= 0 0 q 0 ’

0 0 0 ¢

those between z,,y; and v, wy by its inverse,

g2 0 0 0
1 0 ¢! ¢%2-1 0
R = 0 0 g ! 0 ’
0 0 0 g2

those between vy, we and 2, y, again by R, and, finally, those between v;, w, again

by R~!. The *-structure is defined by z* = v and y* = w, compare also [Maj95a].
{z"y™|n,m € IN} and {w™v™|n,m € IN} are bases of the two components

of the free product defining V", and therefore we can take the finite, alternating

sequences of elements of these bases as a basis of V™:

{1 = 0, z™y™ wmy™ gMy™yw™y"2 . |ng,ny,...,mq,... € IN}. The func-

tionals defined on this basis by

1 if u = zv, _ 1 if u = vz,

$zu(u) = 0 else, Pz (u) = 0 else,
_ 1 if u = yw, _ 1 if u = wy,

bpu(v) = 0 else, Puy(u) = 0 else,

as well as linear combinations thereof with positive coefficients, are generators of
diffusions.

6.2 APPELL SYSTEMS

Recall that Appell systems {hy;k € IN} can be defined by the conditions
Al: h; is a polynomial of degree k,
A2: Dhy = khg_1,

where D = d/dz, see Subsection 2.7.2. Examples are furnished by shifted moment
sequences of the form

hi(z) = /m (z +y)*p(da),
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where p is any probability measure on IR with all moments finite. For example
in the Gaussian case this gives the Hermite polynomials Hy(z) = \/% Jr(z +

iy)”e’y2/ 2dy. Recently analogous classes of ‘moment polynomials’ on Lie groups
[FS92] and quantum groups [FFS95] have been introduced. They cease to be
polynomials in general.

The definition on quantum groups is easily adapted to braided groups.

Definition 6.2.1 We define the Appell polynomials on the braided covector space
V™(R, R') with respect to the functional ¢ by

h, = (¢ ® ld) o Ax,,
i.e. hg = Ty(x,), for a € S{1,...,n}.
We are in particular interested in the Appell systems with respect to diffusions.

Proposition 6.2.2 Let ¢; be a diffusion on V'(R, R') with generator L and let
{ha(t);a € S{1,...,n}} be the associated Appell system. Then we have the fol-
lowing:

1. ho(t) = x4 + pa(t), where po(t) € @t":;l V*(R, R,

2. D*he = Tpestai-1q1,. nyllal; Bli®he, where D* = exp(tL)d* exp(—tL) and
i.b the concatenation of v with b, i.e. i.b =iby -+ - bjq|_1,

3. the ho(t) satisfy the evolution equation J;u = Lu.
Proof: Note that 1. and 2. are the analogues of Al and A2.
1. The braided-binomial theorem [Maj96, Equation (91)] tells us that

lal

Axe = Z Z [ I(Zl ;R] b‘cxb ® Xe.

i=0 beSi{1,...,n},c€Slel-{1,...,n} a

where the braided-binomial coefficients are defined by

| m—1 m—1
(T = (PR (PRI | TR+ TR,
T
I 0 1R- - 17
T;R =0 for r > m.

The statement follows now since ¢(t)|y-(g,r)©@ = €, i.. ha(t) = Xa + pa(t)
with

lal]-1

b.c
pelt) = Y > |15 ir] e

i=0 peSlel-i{1,...,n},ceSIi{1,...,n} a

Note that this formula can also be used to calculate the Appell systems, if
the moments of the process are known.
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2.
Dh, = exp(tL)8"exp(—tL)exp(tL)x,
= exp(tL)dix,
= exp(tL) Y, [l Rli"xs
beSlel-1{1,...,n}
= Y. lal R R
beSlal=1{1,...,n}
with [Maj96, Equation (77)].
3.

Otho(t) = Opexp(tL)x, = Lexp(tL)x,
Lh,(t).

Property 2 shows that the D* act as lowering operators. We also define raising
operators.

Proposition 6.2.3 Let X; = exp(tL)z; exp(—tL), then
Xiho(t) = hioft).

Ezamples
6.2.1 The braided line R,

The Appell polynomials associated to the functional ¢; = exp(tL) where L =

o b
mv + 0v are

h(z; t) = (:® ld) o _é_l‘k
k

= ) [ I; ;q] ¢t (z”)a*"

v=0

K [kqlH, (bt,-352)
[k —v;ql! T

v=0
These polynomials are solutions of

a2
6%u + béu
1+¢
with u(z,t = 0) = z* (where § is the g-difference operator (6f)(z) = %ﬂ)
For b =0, a = /(1 + ¢)/2 the Appell polynomials simplify to

2
k q]'t" k—2v
S Z < [k - 2v;g'20

Btu =

these polynomials are a g-analogue of the Hermite polynomials (see also [FFS95)).
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6.2.2 The quantum plane (Di'o

We choose ¢y = exptL with L = 5 (87 + 83). We get

- tr [ 7 4] sows2tr-v)
‘bt:Z(qu)wE%[ L 34 ]32 0;
T =

=0

since 9,0, = q~1018;. This leads to the following formula for the Appell polyno-
mials:

hrm(z,y;t)

= exp(tL)z"y™
13 3] [ wry ;q“*] [m; g%]![r; g?]!g?(r =) v

= v - wr—2uym—2u
v=0 p=0 [m—2p—1;¢2)![r — 2v — 1;¢?)/(1 + ¢®)»+¥(u + v)! ’

where [ :; ; q‘4] are the braided-binomial coefficients with respect to R = (¢7%) €
M (1) ® M(1). These polynomials solve the evolution equation
1 2 | o2
atu = W (81 +62) u
where 01, 0; can be defined by

flg*z,y) - f(z,y) Buf(z,y) = LB LY ~ flaz.y)

Bifley) = z(¢* -1 y(g* - 1)

6.2.3 The free braided-space

We consider again the free braided-space associated to R = R’ = P. It is straight-
forward to calculate the action of the generator of a diffusion on a basis element:

Lxp = r(r — 1)k, gy Xkg-k, + Tk, Xkg- kyr

for L =37 _, anOk8 + X5, b;0; and k = (k1,...,kr) € S{1,...,n}. Thus we
get for the Appell polynomials

hy = exp(tL)xg
= X+ t(T(T - l)aklkzxka...k, + Tbhxkzmkr)
t2
+5 (r(r = 1)(r — 2)(r — 3) @k, ky QkskyXks-- k.

+ 7‘(7‘ - 1)(T - 2)(bk1ak2k3 + Ak, ky bk3)xk4~~-k,
+r(r - 1)bk1bk2xk3"'kr) LR
If the drift term vanishes, i.e. b; =0 for j = 1,...,n, then

5 ,,
hk = Z —'T‘(T - 1) e (T - 2P + 1)ak1k2 2 Okgp_1kop Xkopyr ket
p=0""
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6.3 DENSITIES

There are two ways in which densities can be associated to the diffusions con-
structed here.

This first uses the (right or left) invariant integrals (see Section 3.11). Fix such
a functional [ : V'(R,R’) - €. One can look for an element p; € V"(R, R') such

that
sl = [ (o), (or sl = [ (apt))

is satisfied for all a € V*(R, R') (where ¢;(a) =< ¢:,a > denotes the evaluation
map between V”(R, R') and V(R, R')). This defines a (non-commutative) left (or
right) density. For e.g. any-space this leads to the results exhibited in [MRP94]. To
calculate it the Fourier transform (w.r.t. to the integral considered) can be used.
For a braided-Hopf algebra B with dual B*, exponential exp and invariant integral
J : B — C the Fourier transform F : B — B* is defined by F = ([ ®id)o(m®id)o
(id ® exp), see [KM94]. Let now [ be a left invariant integral on V"(R, R') and [~
a right invariant integral on V(R, R'). Then, since (id® < -,- >) o (exp ®id) =i

/ (pa) =< F(p),a >

for all @ € V'(R,R') and p € V(R,R'). Thus we need to invert the Fourier
transform F to find the density corresponding to the functional ¢;. By [KM94,
Proposition 6.4], 7* o F = vol S, where vol is a constant and F* the Fourier
transform w.r.t. [7,ie. F* = (id® [“om)o (¥ ®id) o (id ® exp). Thus

pt= ;—1§~ o F*(¢1).

Take, e.g., the braided-line and ¢; = exp(%) We shall use the Jackson integral
f_+7'°° f(z)d,z where «y is a parameter. For f(z) = ) foz" weset f(y) =Y fay"

anéi *

+7.00 0
/ f@)dgz=(1-q) > (f(d") + f(=d") "y

—7.00 k=-00

if the right-hand-side converges. We will express the density in terms of the discrete
q-Hermite II polynomials

(5] k—2nk k(2k+1) .n—2k
ha(z39) = (1= )" q)! S :
@0 == 0"l L T e 2T - g — 2ea]

With the orthogonality relations for the discrete q-Hermite II polynomials [Koo95,
Equation (8.14)] and

. 0 if n is odd
) hn a:;q)) = 1)k g—2nk k(2h+1)t3- —k . .
¢ (hn 9)"[n; Q]'Zk 2 (1£q2; Fk T L if n is even,
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we get

1 o m 1)kq—4mk gt (@k+1) gm—k _ .
& 64(7) mz 1 Z 1 - q?) k q2]l2m k 2m (:L‘,q)eqz( (1-4¢*)z*),

=0 =0

(6.3)
where ep2(z) = Yo [%'7]—!, and c4(7y) is a constant depending only on ¢q and 7
(for its value see [K0oo95, Equation (8.15)]).

The other way, commonly used in quantum probability (see e.g. [Mey93]) leads
to a density on the usual real line. Consider for example a diffusion ¢; = exp(tv?/2)
on the braided line, and the generator x, then ¢;(e*®) can be interpreted as the
Fourier transform of the density of z in the state ¢;. Let 0 < ¢ < 1and Y =

(1-gq) 32, Xi, where the X; are independent, and exponentially distributed with
respective means g (see [Fei87]). Then E(e™Y) = []r2, (1 —tu(l - q)q")_1 =
oo o(iu)"/[n; q]! = eit. Thus ¢;(E(e™Y?)) = ¢s(efuz) = e~t*/2 and it follows
that Yz has a Gauss distribution. This determines the distribution of z uniquely,
see [Fei87, Theorem 3.

REFERENCES
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Chapter 7

Evolution equations and
Lévy processes on quantum
groups

In this chapter we consider stochastic processes on quantum groups that are related
to evolution equations of the form

Oiu = Lu,

with some difference-differential operator L. For the equations considered in Sec-
tion 7.1, u is an element of a quantum or braided group 4. We recall that solutions
of these equations can be given as Appell systems or shifted moments of the as-
sociated process, and show how these can be calculated explicitly on the g-affine
group and on a braided analogue of the Heisenberg-Weyl group.

In Section 7.2, we define a Wigner map from functionals on a quantum group
or braided group to a “Wigner” density on the undeformed space. We prove
that the densities associated in this way to (pseudo-) Lévy processes satisfy a
Fokker-Planck type equation. In the one-dimensional case these coincide with the
evolution equations of Section 7.1, but in the general case we get new equations.

7.1 APPELL SYSTEMS

We want to consider equations of the form
Otu = Lu (7.1)

where L : A — A is a differential operator, independent of t, e.g.

I

(’)t u
Bt u

(a7 + bdg)u on R,
(@ +3)u  on a2
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du = (p(X)*+p(Y)?)u on Aff,
du = (p(z)® + p(2)?) u on HW,

In the first equation, L is a general second order g-difference operator, but for the
explicit calculations we shall assume that a and b are constants.

In the second equation we have an analogue of the Laplacian, the operator in
the third equation is related to the Gegenbauer or ultraspherical polynomials, see
e.g. [FF]. In the fourth equation we have an analogue of the Kohn-Laplacian on
the Heisenberg group.

An equation of the form (7.1) gives rise to a transition operator, formally
written as etL. If the functional € o L is conditionally positive (w.r.t. an involution
on A), then € o et defines a convolution semi-group of states and thus a Lévy
process (if the braiding is different from the twist map, then we have to impose
the additional condition that eoL is ¥-invariant, i.e. that (0o L®¢)o¥ = ¢®¢coL for
all ¢ € A*). We can still associate a process to L, even if € o L is not conditionally
positive, but in this case the state fails to be positive, see the construction of
Section 4.5 or [FFS97).

Appell systems on Lie groups have been studied in [FS92], quantum groups
were considered in [FFS97]. Appell systems on quantum or braided groups are
defined in the same way as on braided spaces, see Section 6.2, but in general they
are no longer polynomials (see also [FFS97, FS98a]).

Definition 7.1.1 We define the (left) Appell system on a braided group A with
respect to a semi-group of functionals {¢:} by

hx = (p: ®id) o Aay,
i.e. hy = U(p)(ar), for a fized basis {ax} of A.
If L is the generator of {¢;}, then hy solves
O¢hy = Lhy.

For other interesting properties, e.g., raising operators, or relation to matrix ele-
ments, see Section 6.2 and [FFS97, FS98a].

Examples of Appell systems on the braided line R, and the braided plane @3!0
were already considered in the Subsections 6.2.1 and 6.2.2.

7.1.1 Ezample: The g-affine group

We can use the generalised Gegenbauer polynomials defined in [FF]

Cn(z) =

and the representation p(X) = a(z0; + h), pr(Y) = iad, to calculate the
moments of &; = exp (%(X 24+Y? ) These polynomials are eigenfunctions of
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Sh = (205 + h)? =82 = pr(X)2 + pr(Y)?, i.e. SLCH(z) = (n+ h)2Ch(z), and their

inversion formula is

(5]

»f3

h+n-2k_, ()

n z
P (R)n—ky1k! "2k

gn!
T :2_"'

Using the Feynman-Kac type formula (cf. [FFS97])

®, (eaph(X)eZ’"‘(Y)wn) = e3(Pr(@)* +on(Y))gn

and comparing the coefficients of 72", we get

~ (A +n = 2K)(R)n—r—k(-1) e(n—2k+h)?a’t/2

i) (n—2r+h)aap2r — Q2r
t (e ) a2 ;} 47 (h)p_g41k!(r — K)!
for n > 2r,
&, (e("—2f+h>°'ab2’+1) =0 for n > 2r + 1.

Differentiating v times w.r.t. h and setting h = m — u + 2r — n, we get all moments
that are needed to calculate the Appell functions h,,(a,b,t) =

®; (A(a™™)) = i i ( Z > [ TZ L o, (a"e(m‘“)"‘“b“) il Lt

v=0 p=0

7.1.2 FEzample: The braided g-Heisenberg-Weyl group

Consider L = z2 + 22. Then

n 2(n—v)A2V ~p ,n
CV Kt K 2U—K

etL — Z Z f Z2(n—v)—ny z
n!
v=0 k=0

where the coefficients C}, are determined by the recurrence relations

n
w + q2u—n+2q2v——n+lcu,n—-2'

C:},—:l = Cl?—-l,n + q2nc;’},n + q2V—n+1q2qn_ICu,n—-1

For £ = 0 we have the binomial coefficients C7; = ( Z > . This allows to calculate

hnmr(t) = €X' (a™d™c"),

using e.g. the dual pairing

(zrym z", anl bml CTI ) = bnn'Omm' Orr Gn!gm!qr!.
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7.2 WIGNER-TYPE DENSITIES

For one single variable, or in the commutative case, one can use Bochner’s theorem
to associate a density to a quantum random variable, cf. [Mey93]. For the braided
real line we have done this for one example in Section 6.3

We want to associate joint densities to several non-commutating variables,
along the line of Wigner distributions [Wig32). We will map functionals on an
algebra with n generators to measures on IR". Equivalently, we can ask for a map
from functions on IR™ (e.g., polynomials) to elements of the algebra.

Consider the following diagram:

Wigner
QS — CS
Duality § 3 Duality
QO — CO
Weyl

where
QS: (linear span of) the set of quantum states

CS: (linear span of) set of classical states
QO: set of quantum observables
CO: set of classical observables

We want the following similar diagram:

“Wigner”
u — M(X)
g-Fourier J 3 Fourier
A — C(X)
“Weyl”

where X is the undeformed space or group, and M(X) denotes the (convolu-
tion) algebra of (signed) measures on X, C(X) the algebra of continuous functions
on X, and A and U the quantum group and algebra. The ¢-Fourier transformation
(with respect to an invariant integral [ 4 on A) is defined by

Falu) = /A (uexp)

where exp is the exponential or coevalution map of A and U, see [KM94, Koo95].
We have [,(ab) = (F4(a),b), and thus in this setting a density (w.r.t. [,) of a
functional ® € A* can, at least in principle, be calculated with the inverse Fourier
transform, pg = .7-";1(<I>). A more detailed discussion, including an explicite ex-
ample on IR,, can be found in Section 6.3 or in [FS98a).

We use the right-hand-side of the diagram to introduce densities that ‘live’ on
the classical, i.e. undeformed, group or space. Following Anderson[And69], we fix a
set of generators z;,...,z, of A and define the Weyl map [Wey31] on polynomials

k1 k
upt - -ugm by

kylee k!
W(uy' o oupr) = S5 D Ta(1) Tnlh)
TESK
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where k = k1 + - -+ + k,. Other definitions are possible, e.g. Wy : u{” cube oy
¥ gk (“Wick”), or Waw : uft - oube o zhn ---z¥1 (“Anti-Wick”), or also
Wy_exp defined by e* + exp(z|v). But Wy_exp will not leave the marginal
distributions unchanged. In fact, W is uniquely determined by the conditions
W(u;) = z; and W ((a1u1 + -+ + @nun)¥) = (@1W(u1) + -+ + anW(un))¥, and
thus only W* will give the correct marginal distributions for all linear combinations
of the generators. Ordered monomials like the “Wick” or “Anti-Wick” map still
lead to the right marginal distributions for the generators.
The Wigner map W* is defined by the condition

(@, W (u)) = / wdW* (2),

i.e. as the dual of the Weyl map. The measure W*(®) is called the Wigner density
or Wigner distribution on X associated to the state ®. The Fourier transform of
the measure W*(®) is

gav) = FW(@)@) = / AW (@)
= (@, W),

where we assumed that we can interchange the limits involved, and that this
series defines an analytic function. Note that here [ and F denote integration and
Fourier transform on X.

If the functionals ®; form a convolution semi-group, then the associated Wigner
densities satisfy an evolution equation or Fokker-Planck equation.

Proposition 7.2.1 Let {®:;t € R} be a convolution semi-group with generator
L, i.e. ad;q)t = L&, = &, L. Suppose further that W is invertible. Then the Wigner
distribution of ®, satisfies

d ~ *TAT*
S (@) = p(Ly W (3)
with p(X) =W=op(X)oW and 5(X)* defined by duality.

Proof: Differentiate
(@, W(w) = [udw(@)

with respect to ¢, on the right hand side we get [ udgﬂc‘lt&l, while the left hand
side gives
d

3 W) = (L8 W(u)= (e, (L)W (u) = (D¢, W(A(L)u))

/ H(LyudW™(3,) = / ud (B(L) W™ (22).
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7.2.1 FEzample: The braided line

Here we have only one variable, and the algebra is commutative, so the Weyl map
is just W : u™ = z™. The Fourier transform of the functional ® = Y">° a,p"

thus .
_ uz\ angn!(iv)®
golu) = (3,67 = 3 S

where we assumed that the regularity conditions necessary for interchanging the
limits are satlsﬁed E.g. for <I> = e%, i.e. the functional determined by &,(e2?) =
e® (where eg? =y > q ; ZP") we get

o, (u) = E gn! Zau) )

We need p(p)* to be able to give the form of the Fokker-Planck equation.

Because of the simple form of W we have §(p) = §. The adjoint of the g-difference

operator is a multiple of the g-difference with ¢ replaced by ¢!,

15(™'2) - f(z) _ _1

so that the Wigner density n;(dz) = dW*(®;) of the semi-group with generator

L =Y c,p" satisfies
-1)"c
UEDY ( q)n =07 me-

7.2.2 Ezample: The braided plane

In order to determine W we calculate (a1 + azy)”, the coefficient of afal® is the
n+m

image of uful'. We get W : uluj® — e z"y™, and thus
[n+m]
o0
— n 9q n+m m\,n,m
ge(v1,02) = Z n + m)! (®,2"y™ ooy

n,m=0

For the Gauss functionals in the sense of Bernstein (®(z"y™) = 2" 0 or 2™dy 0,
see [FNS97a]) we get go(v) = €'**1 or go(v) = €¥2, i.e. W*(®) is a Dirac mass in
(2,0) or (0, 2).

To write down the Fokker-Planck equations for Wigner distributions we need
the representation . For the two generators we get

3 dn+m _

Oulult = Zntm u? lu;"
n+m

q.n,m _ nn+m n m-1

Outuy® = mq"——ufu;

n+m
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7.2.3 FEzample: The g-affine group

We get W : uful = 30, G’%ﬂm!ﬁAﬁjm n=Yq¥b™ where the A, are determined
by AN, =0ifn>Norv>norn<0, A, =1, AN, =én,, and

ArI:rV+1 = Ag—l,u—l + (N + 1- n)A'rI:r—l,u + A'rl:ru

For the special case where the two lower indices are identical, we get ALY, =
N
n
The Weyl map and its inverse are characterised by

a1B_
w - ea1u1+a2u2 - ea1a+a2b — ealaeﬂTlﬁ_lazb
Bbyb Bbyb
w1t o e"“‘e”?”'—-eblaJre T - ebluﬁe’;l}’-lu2

This allows to write down j and thus the Fokker-Planck equation for any Lévy
process. For X we simply get g(X) = 5‘2—1, the expression for §(Y) is more

complicated.

7.2.4 Ezample: The q-Heisenberg-Weyl algebra

The q-Heisenberg-Weyl algebra HW, can be treated in the same way. Choose
a,b,c as generators of HW,, then the Weyl map is given by W : ulufuj —

n+mr
nar WD e on—kpmtkor—k where the coefficients D™T™ " are defined b
k=0 (n+m+r)! ' ’ n,r,k y

Dﬁ,yk = 0 ifn<O0orr<Qorn+r>Nork<Oork>nAr,
DYy, = <N>, f0<n<N

0, n
DY, = (ﬁ’), fo<r<N

and the recurrence relation

_ _ 1
‘D'r]:J:-i = Dr’Xr,k + Drlxr—l,k +q* TD'I]IY—I,T,IC + (g r—kt (1 - ‘q”) D'rl’zv——l,r,k—l'

REFERENCES
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Chapter 8

Gauss laws in the sense of
Bernstein on quantum
groups

In this chapter we turn to the characterisation of certain probability laws and con-
volution semi-groups on nilpotent quantum groups and nilpotent braided groups.

In Section 8.1 we determine the functionals which satisfy an analogue of the
Bernstein property, i.e. that the sum and difference of independent random vari-
ables are also independent, on several braided groups. This extends results ob-
tained on Lie groups by D. Neuenschwander et al., cf. [Neu93], [NRS97]. As for
Lie groups this class turns out to be too small to constitute a satisfactory def-
inition of Gaussianity. Therefore we turn to convolution semi-groups. We show
the uniqueness of embedding into continuous convolution semi-groups on nilpotent
quantum groups and nilpotent braided groups in Section 8.2. In Section 8.3 we
define Gaussian convolution semi-groups in the sense of Bernstein and calculate
their generators on several nilpotent braided groups.

8.1 GAUSSIAN FUNCTIONALS IN THE SENSE
OF BERNSTEIN

The Gauss law plays a central role in probability theory on Euclidean spaces.
Bernstein’s theorem gives a characterisation in terms of the group law of the
underlying space.

Theorem 8.1.1 Let P be a probability measure on R™. P is a Gauss law if and
only if for all pairs of independent random variables X, Y with distribution P the
random variables X +Y and X — Y are also independent.

Note that it is not essential that the two random variables X and Y have the
same law, we also have the following version of the above theorem.

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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Theorem 8.1.2 Let Px and Py be two probability measures on R". If there
erists a pair of independent random variables X, Y with distribution Px, Py,
respectively, such that the random variables X +Y and X -Y are also independent,
then Px and Py are Gauss laws (with identical covariance matrices).

This characterisation can be used as a definition of Gaussian functionals on
groups in general, if some care is taken concerning the order of the factors in
non-commutative groups.

Definition 8.1.3 Let G be a (locally compact topological) group. A probability
measure p on G is called Gaussian in the sense of Bernstein if there exists a
probability space (Q, B, P) and a pair of G-valued r.v. X,Y, such that p = X(P) =
Y(P), and (X -Y,Y - X) and (X - Y~1,Y 1. X) are independent.

D. Neuenschwander showed [Neu93] that the Gauss measures in the sense of
Bernstein on the Heisenberg-Weyl group are exactly the Gauss measures con-
centrated on Abelian subspaces. In fact, this result holds on connected simply-
connected nilpotent Lie groups in general [NRS97].

We will now give a definition of Gaussian functionals on (braided) Hopf alge-
bras.

8.1.1 Definition of Gaussian functionals in the sense of Bernstein
on (braided) Hopf algebras

We have to translate X + Y and X — Y into Hopf algebra language. Replacing
the group operation by the coproduct and the inverse by the antipode we write
Jixj2 = mao (j1 ®j2) o Ag and j1 * (j2 ©S) = mao (j1 ® (j2 0.5)) o Ag for
the sum and difference of two quantum random variables j;,js : B — A, see also
[ASW88, Sch93].

Definition 8.1.4 A functional ¢ on the (braided) Hopf algebra B is called right
(left) Gaussian in the sense of Bernstein if there ezists a quantum probability space
(A, ®) and two independent quantum random variables ji,jo : B — A such that
= ®oj; =®ojs and the applications

J=myo(j1®j2)oAp and K,=myo(j1®j2)o(id®S5)oAs
(J=mac(ii®i)oAs and Ki=mao(jr®js)o(S@id)oAs)
form also a pair of independent quantum random variables.

A Gaussian functional in the sense of Bernstein is a functional that is right
and left Gaussian in the sense of Bernstein.

Here j; and jp are required to have the same law. We shall see that in the
examples we consider this condition is too strong. We propose therefore also a
weaker definition that is motivated by Theorem 8.1.2.
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Definition 8.1.5 A functional ¢ on a (braided) Hopf algebra B is called weakly
right (left) Gaussian in the sense of Bernstein if there ezists a quantum probability
space (A, ®) and a pair of independent quantum random variables j1,j2 : B = A
such that ¢ = ® o j; (p = ® 0 j2) and the applications

J=mpao0(j1®j2)oA and K,=myo(j1®J2)o(id®S)oAp
(J=on(j1®j2)oAB and K,:on(j1®j2)o(S®id)oAB)

form also a pair of independent quantum random variables.

8.1.2 Preliminary results

Before presenting explicit results on particular (braided) Hopf algebras, we give a
lemma showing a link between left and right (weakly) Gaussian functionals in the
sense of Bernstein.

Taking a Hopf algebra H whose antipode S is invertible, we can define three
Hopf algebras H°P, HP, H°PP if we replace the multiplication or the comulti-
plication by their opposites m°? =m o7 or AP = 70 A, and invert the antipode
each time we take an opposite. Similarly, we can take opposites or co-opposites of
braided Hopf algebras using the braiding or its inverse and inverting the braiding,
i.e. the opposites lie in the braided category that has the opposite braiding ¥~!.

In particular, let (B,m,1,A ¢, S, ¥) be a braided Hopf algebra with invertible
antipode, and define AP = ¥~1 0o A. Then B®P = (B,m,1,AP ¢ S~ ¥-1)
is also a braided Hopf algebra [Maj93a, Lemma 4.6]. Notice that we have to use
the inverse of the braiding, AP = ¥ o A does not lead to a braided Hopf alge-
bra. We can also define a braided Hopf algebra with opposite multiplication. Set
m°P =m o ¥~1 then B = (B,m°,1,A,¢e,57!,¥~1) is a braided Hopf algebra.
Combining the above operations we get the braided Hopf algebras (B°P)® =
(B,mo¥,1,¥10A,¢,S,¥) and (B°P)*P = (B,mo¥~1,1,¥o0A,¢,S,¥), and,
more generally, B¥*°PoP = (B,m o ¥* 1,¥~* 0 A ¢,S,¥) for k € Z.. All these
braided Hopf algebras are isomorphic, since the antipode is an isomorphism from
BExcopop to Bk+1)xcopop In the same way we can construct a chain of isomorphic
braided Hopf algebras starting from B°P or B°°P, in particular, S : B°P — B®P is
an isomorphism.

We have the following lemma.

Lemma 8.1.6 Let j1,j2 : B = A be a pair of V-independent quantum random
variables on B over some quantum probability space (A, ®). Then the following
statements are equivalent.

1. J(j1,42) = mao (j1 ®j2) o A and K+ (j1,52) = mao (j1 ® (j20 5)) o A are
independent (and thus ¢ = ® 0 j; is a (weakly) right Gaussian functional in
the sense of Bernstein on B),

2. JP(j2, 1) = mao(j2®71)0 AP and K[°P(j2, 1) = mao((j205)®j1)0 A%P
are independent,
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3. J®(j20S,j108) =mao((j205)®(j105)) oA and KP(j205,j108) =
mao((j20S0S)®(j1085)) oA are independent.

Proof: The equivalence of 2. and 3. is clear since S : B°?P — B°°P is an isomor-
phism.

Let us show now that 1. and 2. are equivalent. The pair (j;, j2) is ¥-indepen-
dent if and only if (js,4;) is ¥~ !-independent.

We find
J(G1,52) = mao(j1®j2)0A
= mao (1 ®j2)oLoTTIA
= mao (j2®j1)o AP
J°P(ja, J1),
and

K:(j1,j2) = mao(j1®(j208))0A
m4 o ((jaoS)®j1)o AP
= K;:op(j2aj1))

so that J(ji,j2) and K (j1,j2) are independent exactly when JP(j3,7;) and
K[°P(j2,j1) are independent. [ |

To use this lemma to relate (weakly) left Gaussian functionals in the sense
of Bernstein to (weakly) right Gaussian functionals in the sense of Bernstein on
the opposite or co-opposite quantum/braided group we have to deal with two
technical difficulties. First, we have to assume that j;, j» are ¥-independent. In
the examples considered we see that the condition that j; % j2 is also an algebra
homomorphism is sufficient to show that j;,js satisfy the commutation relations
for ¥-independence.

Second, in the definition of K}, K;°P we have the original antipode. We should
use the antipode of the opposite or co-opposite quantum/braided group though,
i.e. 1. But in the applications we will see that the condition that j; x (jz 0 S) is
an algebra homomorphism implies that there is no difference between j; o S and
jaoS™L.

8.1.3 The braided line

If we look for left or right Gaussian functionals in the sense of Bernstein on the
braided line R, we find only the trivial solution ¢ = ¢ (the counit). But, as the
following theorem shows, we can find non-trivial weakly Gaussian functionals in
the sense of Bernstein.

Theorem 8.1.7 Let ¢ be a weakly right Gaussian functional in the sense of Bern-
stein on the braided line Ry, ¢ # 0,1, and g not a root of unity. Then there exists
a constant a € € such that ¢ is given by

p(a") = a".
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Conversely, if ¢ is of this form, then it is a weakly right Gaussian functional in
the sense of Bernstein.

Proof: We shall determine the pairs of functionals (¢,) on IRy such that
there exists a quantum probability space (A, ®) and independent quantum random
variables ji, j2 : Rq = A such that ¢ = ®0j; and 1 = ® 0 j, and the applications

J=myo (j1®j2)0 AR, and K, =m0 (j1 ®j2) 0 (id® S)o AR, (8.1)

form a pair of independent quantum random variables. This way we will also see
that there are no right Gaussian functionals in the sense of Bernstein.

Step 1. We can assume that A is of the form R,®IR,/{(z')? = 0} = € <<
z,z' >> /{z'z = qzz',(z')? = 0}, where € << 7,1z’ >> denotes the free complex
algebra with two generators.

Lemma 8.1.8 Suppose we are given an algebra C and two algebra homomorphisms
ki,ks : Ry — C such that ki xky and ki x(k20S) are also algebra homomorphisms.
Then there exists an algebra homomorphism 7 : R,®R,/{(z')? = 0} = C and
i1,d2 : Ry = Ry®R,/{(z')? = 0} with ji(z) = z, jo(z) = 2, and k; = 7o j;,
i=1,2.

Proof of Lemma. Set 7(z) = k1(z) and 7(z') = k2(z). We can directly check
the relations to verify that = is an algebra homomorphism. 7 (z')7(z) = gn(z)n(z')
follows since k; x kg is an algebra homomorphism:

0 = kl*kz( 2) (kl*k2($))
m(z)® + (1 + @) (z)r(z') + 7(z')? ~ (n(z) + 7(2"))?
= gn(z)n(z’) — n(z")n(z),

Similarly, checking on 2 = z - z that k; x (k2 o S) is an algebra homomorphism
yields 7 (z')2 = 0. [ |

Step 2. If @ is a functional on R,®R,/{(z')> = 0} such that j; and j, are
independent, then & is of the form ¢ ® ¥, v : R, = C, ¢ : Ry/{(z")? =0} = C.
This follows from the factorisation property

®(jo1) W)o(2)(2)) = ® 0 Jo(1) (1) © Jo(2) (2)

(where y,z € Ry, 0 € Sy), i.e. taking 0 = id we can set p = ® 01, 9 = @ o js.
Furthermore, setting y = = and z = =™ we see

P(@)pe™) = (j2(2)ii(z")) = &(a'z") = ¢"®(z"2)
= ¢"P(@)p(z").

Since we suppose that ¢ is not a root of unity this means ¢(z") =0 for alln > 1

if ¢(z) # 1. Vice versa, if ¢(z") # 0 for some n > 1, then 9(z) =

Step 3. The only pair (p,%) such that J = ji x j; and K, = j; x (jz 0 S) are
independent is ¢ as given in Theorem 8.1.7, and ¢ = e.
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a. Let us first consider the case ¥(z) = ¢ # 0. Then ¢ = £. We check the
factorisation property for J and K, ony = 2z = z:

2(J(x)K-(z) = ®((z +2')(z — 7)) = 8(2® + (¢ - Va2’ + (2')) =0,

but
®(J(2))®(K,(z)) = ®(z + 2')®(z — 2') = —c?
so that the factorisation property is only satisfied for ¢ = 0.
b. So let now ¥(z) = 0, p(z") = ¢,. We check the factorisation property

ony =z 2= 2™ We have J(@") = jr ® js (ELO ] f”(r’)"‘u) )
q

" + ¢uz™ "1z’ and K,(z™) = 2™ — gmz™ !z, since (z')? = 0. For the product

we get J(z") K, (z™) = 2™ + (¢ng™ — ¢m)z™ ™ 12’. This implies
Cnim = B(J(z")Kr(z™)) = ®(J(z")) (K (z™)) = Ccnem,

and thus ¢, = a™ with a = ¢;.

Step 4. One checks without difficulty that J and K, verify the factorisation
property for all o € S;. But on R;®R,/{(z')? = 0} they don’t satisfy the right
commutation relations. To remedy this we quotient by z’ = 0, this is possible
without changing the functionals since 9(z) = 0. We get thus A = R,, j; = id =
J = K, ja = eoc and ¢(z™) = o™ for all n, and (J, K,) satisfy (trivially) the
conditions of Bose or symmetric independence. [ |

Corollary 8.1.9 The weakly left Gaussian functionals on the braided line R, are
exactly the functionals that can be written as

p(z") = a®
for some constant a € C.
Proof: Note that the first step of the proof of Theorem 8.1.7 shows that the
quantum random variables j; and j, have to be ¥-independent and that j; o S
and j2 0 S7! are identical.

We show that R;-: and IR(°® are isomorphic, and then apply Lemma 8.1.6.
The opposite coproduct gives Az = z + z', if we extend (using the inverse
braiding) as an algebra homomorphism we get Az™ =Y .._, [ Z ] z¥(z")"v.
-1

We see that the identity map is a braided Hopf algebra isomorphism between IR ;-1
and RZ°P.

8.1.4 The braided plane

Theorem 8.1.10 The weakly right Gaussian functionals in the sense of Bernstein
on the braided plane (IJ§|O are exactly the functionals of the form

o(z"Y™) = Omoz™  or  @(z"Yy™) = dnoz™
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where z € € is some constant.

Proof: The proof is based on the same ideas as in the case of the braided line, we
indicate only the results of each step.
Step 1. We can suppose A = 0]3'0@(]33'0/{(:1:’)2 =0,z'y' =0,(y")? =0}.
Step 2. We can suppose ® = ¢ ® 1 and

P(E)#£0 = p"y™) =0ifn+m >0
YY) #0 = p"y™) =0ifn+m>0

Step 3. We can show ¢ = ¢, and ¢ is of the form given in the theorem.
Step 4. We get A = (Dzlo, h=id, jo=1o0e¢. |

Corollary 8.1.11 A functional on the braided plane ®2| 15 a weakly left Gaussian
functional in the sense of Bernstein if and only if it is a weakly right Gaussian
functional in the sense of Bernstein on (132 o

Proof: We use Lemma 8.1.6, as for the braided line. The isomorphism between
cop
((]33'0) and (Dzl_o1 is defined by z"y™ > y"z™. [ |

8.1.5 The braided q-Heisenberg algebra

Theorem 8.1.12 Let ¢ € €\{0}, ¢ # 1, and g not a root of unity.
The weakly right Gaussian functionals in the sense of Bernstein on the braided
g-Heisenberg- Weyl algebra are exactly the functionals which can be defined by

p(a™d"c®) = mimiérg
with constants m,, m, € C.

Proof: We proceed as for the braided line.
Step 1. We can assume that A is of the form HW,QHW,/{c'a’ — 2V’ =
0,(a")? =0,(c')? =0}

Lemma 8.1.13 Suppose we are given an algebra C and two algebra homomor-
phisms ki, ka : HW g — C such that ki xky and ky x (ky 0 S) are also algebra homo-
morphisms. Then (in addition to the HW -relations) k;i(a), ki(b), ki(c), 1 = 1,2,
satisfy the following relations:
ka(a)ki(a) = gki(a)kz(a) k2(a)ki(b) = gk1(b)k2(a) ka(a)ki(c) = ki(c)kz(a)
ka(b)k1(a) = ki(a)ka2(b)  k2(b)k1(b) = qka(b)k2(b) K2(b)k1(c) = gk (c)kz(b)
ka(c)k1(a) = =ki(a)kz(c)  ka(c)k1(b) = k1 (b)ka(c)  ka(c)ki(c) = gk (c)ka(

ka(a)? =0  ka(c)ka(a) = 2ka(b) ka(c)? = 0.

uQv—l



168 Chapter 8

Proof of Lemma: The first nine relations are exactly the braid relations, they
follow from the condition that k; % ko is an algebra homomorphism.

The last three relations follow if we also require k; x (k2 o S) to be an algebra
homomorphism.

We shall from now on simply write a, b, ¢ for j;(a), j1(b),j1(c) and a',b', ¢’ for
ja2(a), j2(b), j2(c).

Step 2. If j; and j; are independent, then ® can be written as the tensor
product of two functionals, i.e. ® = ¢ ® 9. Furthermore, we have the following
restrictions

P(@)#0 = @@"b™c")=0ifn#0orm#0
Pb)#0 = @™ c")=0ifm#0orr#0
P(E)#0 = ¢@™d™c") =0ifn #r.

To show this we apply the factorisation property twice, e.g.
Y(c)p(a™b™c") = ®(da™b™c") = " ®(a™™c" ') = ¢" " "p(a™b™c")Y(c).

Step 3. J = jixj; and K, = j; x(j20.5) only satisfy the factorisation property
if ¢y = £ and ¢ has the form given in Theorem 8.1.12.

First we show 9 = e. Suppose ¥(a) # 0. Then ¢ is of the form p(a™b™c") =
0n0dmom,. Checking the factorisation property for J and K, on a leads to a
contradiction:

0 = 2((a+d)(a-ad) =2(J(a)K:(a)) = ®(J(a))B(K~(a))
= ®(a+a)®(a~d)=-y(a)
and therefore 1(a) = 0. In the same way we obtain ¥(b) = ¥(c) = 0.

So we have seen that all non-trivial moments of ¢ vanish. Let p(a™d™c") =
Mpmr, then

ps(a™d™c") ®o J(a"d™c") = Mumer
¢k, (a"d™c") = ®oK.(a"d™c") = Mnmsr,

and the factorisation property implies
ek, (@™ d™cM)ps(a™d™ ™) = (K (a™d™c™)J(a™?d™c™?))
= ®(a™d™ca™d™c™?).
which leads to
A — —
— ~ (q 1)7‘1!((] l)nzl(_l)k
DR i [N ol R PR N

- —k —k
xXq ma(ne )qm2(1‘1 )mn1+n2—k,m1+m2+k.7‘1+72—k

mnl mi1T1 mnzszz

Taking only the n’s different from zero (or the m’s, or the r’s), we immediately see
that all moments are completely determined by the first order moments, myg =
(m100)™ (Momo = (Mo10)™, Moor = (Moo1)"), and Mpmr = MMyt ompo; -
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Furthermore, choosing (100) and (001) we get

mM101 = M1007001 = 0017100 = M101 — Mo10,

ie. moi0 = 0.
The general solution is thus given by

p(a™d™c") = dpompmy,

(one checks that this really defines a solution).

Step 4. We can now take A = HW,/{d = 0} = Cla, (], i.e. the algebra of
polynomials in two variables, and j; = 7 = J = K, and j; = w01 o¢ without
changing the functionals. = is here the canonical projection 7 : HW, -+ HW,/{d =

0}.

Corollary 8.1.14 The sets of weakly left and weakly right Gaussian functionals in
the sense of Bernstein on the braided g-Heisenberg- Weyl group HW, are identical.

Proof: Notice that a®d™c" — (—1)™c"*d™a" defines a braided Hopf algebra iso-
morphism between HW{°? and HW -1, and apply Lemma 8.1.6. [ |

8.1.6 Positivity

The braided line. Let ¢ € R. Then z* = z defines a *-structure on IR,;. One
easily verifies the following result.

Proposition 8.1.15 Let g € R, ¢ ¢ {-1,0,1}.
The positive weakly right Gaussian functionals in the sense of Bernstein on the
braided line R, are ezactly the linear functionals ¢ such that

p(z™) =" for all n € IN,

for some real constant c € R.

The braided plane. If ¢ is real then we can define a *-structure on the braided
plane (1?3'0 by z* = y, y* = z. The only weakly right Gaussian functional in the
sense of Bernstein that is positive with respect to this x-structure is the counit €.
To see this evaluate a weakly right Gaussian functional in the sense of Bernstein ¢,
(where @, (z"y™) = 2™0m 0 or 2™dp0, 2 € C)ona*afora=z+yanda=1z-y.

We get
@2 ((w+y)*(x+y)) = (2% + (1 +q)zy +y?) = 2%,
Pz ((fv -y)"(z - y)) = @ (-2® + (1+q)zy —y%) = —2%,

so that ¢, can only be positive, if z = 0.
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The braided gq-Heisenberg-Weyl group. Let ¢ be real, and consider the *-
structure defined by a* = ¢, ¢* =a, d* =d.

Proposition 8.1.16 Let g€ R, g ¢ {-1,0,1}.
The weakly right Gaussian functionals in the sense of Bernstein on the braided
g-Heisenberg- Weyl group HW are positive if and only if m, = .

Proof: In the proof of Theorem 8.1.12 we saw that we can assume that 53, j2, J, K,
take values in the algebra of polynomials in two variables, denoted e.g. by a =
ji(a),y = ji(c). For j1, ja, J, K, to be *-algebra homomorphisms we need a* = v
and v* = a. Introduce z = a+~, y = i(a — ), then z* = z, y* = y. In these
coordinates ¢ is given by p(z"y™) = (mq + m.)"i™(m, — m.)™. We see that ¢
is positive if and only if m, + m. and i(m, — m.) are real, i.e. if m, = . |

8.1.7 Remarks

The result of Section 8.1 has to be considered as a negative result. The only
Gaussian functionals in the sense of Bernstein that we found, can be considered
as deterministic or Dirac laws, in the sense of the following definition.

Definition 8.1.17 A state ¢ on B is called deterministic, or a Dirac law, if there
exists a quantum probability space (A, ®) and a quantum random variable j : B —
A such that the pair (j,j) is independent and ® o j = ¢.

The Bernstein functionals obtained here do not form convolution semi-groups.
It is interesting to remark that they can be considered as quantum convolution
semi-groups, though. Note that a continuous convolution semi-group (ccs) {u;t €
IR} (see Section 8.2 for their definition) defines a map from A to the algebra of
continuous functions on R4 via f,(t) = pt(a) such that

fat+) =D far () far (t) and fa(0) = €(a),

where Aa = Y a® ® a® (Sweedler’s notation). But f(t) — f(t+¢') and f(t) —
f(0) are nothing else but the coproduct and counit of the algebra of functions on
the semi-group (R4, +), i.e. the map a — f,(t) is a coalgebra homomorphism.

This suggests the following definition, if one wants to “deform” the ¢-depen-
dence of convolution semi-groups.

Definition 8.1.18 Let C be a coalgebra. A C-quantum convolution semi-group
(C-qcs) on A is a coalgebra homomorphism from A to C.

The family of weakly right Gaussian functionals in the sense of Bernstein on
the braided plane (Dg'o e.g. gives two families of IR,-qcs z"y™ — a™2"d,0 and
z™y™ > a™2™dn0, where z denotes now the generator of IR,, and a € € is some
constant.

The weakly right Gaussian functionals in the sense of Bernstein on the braided
g-Heisenberg-Weyl group also give rise to IR4-qcs if one of the constants is replaced
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by the generator of IR,. The original functional can be recuperated, if the IR¢-qcs
are composed with weakly right Gaussian functionals in the sense of Bernstein on
R,.

The family of one-dimensional distributions of the quantum Brownian motion
defined by Bozejko and Speicher [BS91] can also be interpreted as a IR4-qcs (for
0 < g < 1). These functionals can be represented on the braided g-Heisenberg-
Weyl group as

(pt(anbmcr) = tm6n06r0a Vna m,T € IN.

To see this consider the unitary representation of HW, on the Hilbert space H =
span{yn;n € IN} with inner product < ¢n|¢m >= dnm@n!, defined by

p(a)Vn = t¥np

0 ifn=0
pYn = {qnzpn-l ifn>0
p(b)wn = tYn.

Then in the state ® =< | - o > we get ® o p; = 4.
Interpreting ¢ as the generator of IR, we have a IR4-qcs: a™b™c” +— t™dnobro.

8.2 UNIQUENESS OF EMBEDDING

A continuous convolution semi-group (ccs) of functionals on a (braided) Hopf al-
gebra A is a family of functionals {¢: : A - C;t € IR;} indexed by R such
that

1. o = € (the counit).

2. s %y = psqy for all s,t € IR;. Here the convolution is defined by ¢ ¢ =
(p®Y) oA,

3. ¢;(a) is continuous as a function of ¢ for all a € A.

M. Schiirmann [Sch93] has shown that every ccs on a (braided) Hopf algebra has
a generator 1 and can be expressed as a (convolution) exponential ¢; = exp, (t¥) =
e+ty+ %d)ﬂ/} 4.4 %w*" + ... Here we are interested in the question whether
such a ccs is already uniquely determined by its value for one fixed value t # 0.
D. Neuenschwander and others [Neu96, Bal85, Pap94] have shown on connected
simply-connected nilpotent Lie groups that if a probability measure is embeddable,
then this embedding is unique (under some regularity conditions that guarantee
the existence of moments). In this section we will introduce a notion of nilpotency
and show that the above uniqueness result can be extended to nilpotent (braided)
Hopf algebras.

For Hopf algebras in general this result is not true, we can e.g. translate the
counter-example for ccs on Zj3 from Heyer’s book [Hey77} to a counter-example
on the Hopf algebra of functions on Z3. This counter-example also shows that our
notion of nilpotency can not include all algebras of functions on nilpotent groups.
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8.2.1 Definition of nilpotency

Nilpotent connected simply-connected Lie groups are diffeomorphic to some R",
and the group law can be brought into the following form (e.g. with the Campbell-
Hausdorff formula)

(Z1,--sZn) - W1y ¥n) = (21,...,25)

where the z; are of the form
zi = + ¥ +pi(T1,. ., Tic1, Y1, Yie1)

where the p; are polynomials. We will use the analogue of this property as a
definition of nilpotency for (braided) Hopf algebras.

Definition 8.2.1 Let A be a (braided) Hopf algebra with unit element 1. We say
that A is nilpotent if there exists a well-ordered set T and a basis of the form
{1} UV with V = {a,;1 € T} indezed by T such that for all a, € V

Ala,) =0, ®1+1Qa, + Z Cy @y ® agn (8.2)

V"<
where (for fized 1) only finitely many C}, ,, # 0.

The above discussion shows that the Hopf algebras of polynomials on connected
simply-connected nilpotent Lie groups are nilpotent in the sense of our definition.

For the “unbraided” or quantum group case (i.e. ¥ = 7) there exists a nilpo-
tent Lie algebra that is naturally associated to a nilpotent quantum group. It is
obtained in the same way that can be used to reconstruct the Lie algebra of a Lie
group from the Hopf algebra of smooth functions on the groups, i.e. as the space
of derivations at the neutral element.

Proposition 8.2.2 Let A be a nilpotent quantum group and suppose that
L(A)={f: A— C linear|f(ad) = f(a)e(b) + (a)f(b)}

is finite-dimensional. Then L(A) is a nilpotent Lie algebra with the commutator
[f,gl=m(f®g) —m(g® f), m = A%.

Proof: L(A) is the set of primitive elements of the dual of A, and thus a Lie
algebra, see Page 49. Set L' = {f € L(A)|f(ay) = Ofor¢ < :}. We have
[L(A),L*] C L**!, since

[f’ g](al') = (f ® g-—- f ® g) Z C://’ZIII Ay ® Q11

g <y

= 0

for f € L, g € L*, +/ < 1. But since L(A) is finite-dimensional, this implies that
we actually have a finite sequence Lo = L(A) D L! D --- > L™ = {0} of ideals,



Gauss laws on quantum groups 173

and thus that Lo = L(A) is nilpotent. |

There does not seem to be a natural generalisation of this result for braided
groups, because the primitive elements of a braided Hopf algebra do not have an
obvious Lie algebra structure.

8.2.2 Poincaré-Birkhoff- Witt property and nilpotency

We say that a (braided) Hopf algebra A has the Poincaré-Birkhoff-Witt (PBW)
property if there exists a set of elements (called generators) {a1,...,aq} such that
{a¥ .- ake k = (ki,...,ks) € N?} is a basis of A. We shall also use the multi-

index notation a* = a%* ... ake.

Proposition 8.2.3 Let A have PBW property with generators ay,...,aq. If for
alli,j=1,...,d

[ai,aj] = E Pi,j,kak, (83)
kGINmnx(i,j)——l
Ale) = a;®1+1®a;i+ » Diga*®d (8.4)
koK' €INi—1

then A is nilpotent.

Proof: We are going to use the index set Z = IN% with the lexicographic order
and the PBW basis V = {a¥'---af%;k = (ki,...,ks) € N?}. Let 0 < 6 < d
and define A® to be the linear span of {a%'---a}*;k = (ki,...,ks) € N°}. By
the condition on the product, A® is a subalgebra. Furthermore, we even have
[as, AC~1] C AG—D). Thus

Aafr - af®) = A(a)k - Afas)ke

k2
(a1 ®14+1®a)™ <a2®1+1®az+ZD3,sa§®a‘{>

T8
ks

! "
as;®1+1®as + Z Df,,,,,al ® a*
z',’L"E]Na_l

[
) H(Q)J®W+K

k' +k" =k i=1

where K € A0~V @ A6~V so that A(a*) is of the form required in Definition
8.2.1. |

Remark: A similar result for braided Hopf algebras with PBW property can
be formulated if we require in addition that the braiding aja; = ¥(a; ® a;) =
Yok Rf}al ® ai doesn’t involve generators that come “after” a; and a;, i.e.

RE =0 if k0> max(i,j). (8.5)
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The following result is immediate from the formula for the coproduct of the
HW, algebra, see Equation (3.28).

Proposition 8.2.4 The braided g-Heisenberg-Weyl algebra HW is nilpotent.

8.2.3 Uniqueness of embedding

Lemma 8.2.5 Let A be a nilpotent (braided) Hopf algebra and ® : A —» C a
normed functional on A. Then there exists a unique normed functionalZ: A — C
such that

d =

1
[

*

Proof: We can directly calculate the action of = on the basis V. On 1 we have
1=2(1) = (E®E)(Al) = Z(1)%

so that = can be chosen to be normed, i.e. Z(1) = 1. Now Z is uniquely determined
by
$(a.) = (E®E)(A(ar)).

In fact, suppose we have calculated Z(a,) already for all : € M C I. Then
- 1 K = =
Z(ax) = 5 § Blax) - > ChElar)E(aw)
V<K

allows to calculate Z(a,) for kK = minZ\ M. [ |

Theorem 8.2.6 If ¢ is normed, infinitely divisible, and embeddable, then the em-
bedding is unique.

Proof: Lemma 8.2.5 implies that the embedding is unique on the dyadic num-
bers. The rest follows from continuity.

8.2.4 Remark

Note that e.g. on IR we can also find a “root” for functionals that are not divisible
(as probability measures). Take e.g. a symmetric Bernoulli law (concentrated on
+1). The moments are

1 ifniseven,

ny
&(z )—{ 0 ifnisodd.

Then (by the lemma in Subsection 8.2.3) there exists a normed functional = such
that ® = Zx Z. But E does not correspond to a probability measure.



Gauss laws on quantum groups 175

We can calculate =,, = Z(z™) recursively by
En = 3 EvEn—y if n is even,
v=1
1 n—1 /
Zn = —= \ )M,Hn v if n is odd.
2
v=1
All odd moments vanish, and 2y =1, Z; = %, 24 = —1, etc. We see that = is not
positive.

8.3 GAUSSIAN SEMI-GROUPS IN THE SENSE OF
BERNSTEIN

Since the results of Section 8.1 must be interpreted as a rather “negative” result,
the question arises if there are “better” extensions of the Bernstein property to
quantum groups and braided groups.

Let us consider the situation on Lie groups. If from the beginning one sug-
gests that the measure is embeddable into a continuous convolution semi-group
(ccs) of probability measures on the Lie group G, then a natural version of the
Bernstein theorem on G is given in Hazod ([Haz77], Satz III.3.3) and Heyer
([Hey77], Theorem 8.4) by considering the generating distribution of the ccs. A
ces {pe >0 € MY(G) is a topological monoid homomorphism

[0,00[3 t = s € (MY(G), 8., 2).

The generating distribution of {4 }:>¢ is given by

= lim - /[f )]t (dz)

t—0+ t

for bounded complex-valued C*®-functions f on G (cf. Siebert [Sie81, p. 119]). We
write u; = expt.A. Then A4 has always the form

zazx O+ 3 by XX F0) + [ U@ - 10 - 8, 2in()
=t G\{0}
where a = (a1, as,...,a4) € RY M = (b; j)1<i,j<d is a symmetric positive semidef-

inite d x d-matrix, 7 is a Lévy measure (i.e. a non-negative measure on G\{0}
such that fG\{O} 22/(1 + z%)n(dz) < o),

@V : |kl <,
2(f:2) '—{ (DO ¢zl > 1

and X1, Xs,...,Xq is a fixed basis of the Lie algebra G of G. (Cf. Siebert [Sie73,
Satz 1]) For short, we will write 4 = (a, M,n). The ccs {exptA}:>o is called
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Gaussian if 4 = (a, M,0). Now the ”semi-group version” of the Bernstein theorem
reads as follows: Let H := G x G and define the map ¢ : H = H by ¢(z,y) :=

(1‘ ‘Y,z y_l)'

Theorem 8.3.1 Let A be a generating distribution on G and consider the gener-
ating distribution A := Ag®38o+080®.Ap on H. Furthermore let B(f) := A(fop™)
and define, for any generating distributions By, By on G, the generating distribu-
tion Bz on H by B3 := By ® §g + dg ® By. There exist By, By such that B = Bs iff
Ao, A, B,B; (1 <1i<3) are Gaussian.

8.3.1 Definition of Gaussian convolution semi-groups in the sense
of Bernstein

Schiirmann [Sch93] tells us that every convolution semi-group on a quantum or
braided group has a unique generator. We will use it to define Gaussian convolution
semi-groups. The map ¢ : (z,y) = (z + y,z — y) becomes & = (m @ m) o (id ®
¥ ®S5)o(A®A) on (braided) Hopf algebras.

Definition 8.3.2 The semi-group u: on A with generator A is called Gaussian in
the sense of Bernstein if AQe+£®A can be written in the form (B; ®c+£Q®By)o®
with some functional By,B; : A = C. We will call u; weakly Gaussian in the
sense of Bernstein if there exists another semi-group p; with generator A' such
that AQe+e® A' can be written in the form (B; ® € + € ® B;) 0 &.

If B; and B are elements of a bialgebra that is dually paired with 4 and if we
define &V = (mp ® mp) o (id ® ¥per ® Sg) o (A ® Ag), then we can also write
®V(B; ® e +¢€® By) instead of (B; ® ¢ + ¢ ® By) o ®.

8.3.2 (General results

Since @ is linear, it follows directly from the definition that the generators of
Gaussian semi-groups in the sense of Bernstein and those of weakly Gaussian
semi-groups in the sense of Bernstein form vector spaces. If 4 has an involution
* then we want to consider only semi-groups of positive functionals. If we restrict
ourselves to a-invariant functionals, then u; = exp, tA is positive for all ¢t > 0, if
and only if A is hermitian and conditionally positive, i.e. positive on the kernel of
the counit €, cf. [Sch93, Theorem 3.2.7].

The following proposition is the analogue of one direction of Theorem 8.3.1, if
A is the sum of first and second order terms of primitive elements, then A is the
generator of a weakly Gaussian convolution semi-group in the sense of Bernstein.

Proposition 8.3.3 Let A be a (braided) Hopf algebra, and let X1,X2 : A = C
be primitive linear functionals on A, i.e. X;(ab) = X;(a)e(b) +¢e(a)X;(d), i = 1,2,
for all a,b € A. Then X1, and X2 are generators of Gaussian convolution semi-
groups in the sense of Bernstein, and XX, is a generator of a weakly Gaussian
convolution semigroup in the sense of Bernstein.
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Proof: To show that A € {X;, Xs, X1X,} is (weakly) Gaussian in the sense of
Bernstein we have to show that there exist B;, By such that (B; ®e+e®By)o® =
ARe+e® A

It suffices to use that S(X;) = —X; since the X; are primitive and (id ® S) o
U(X, ® X;) = U(S(X2) ® X;) = —¥(X2 ® X;) since we can pull the antipode
across a braiding, and to take

(Xl,O) fOIA:Xl,
(BlaB2) = (XZ)O) fOI‘AIXz,
(%X1X2,%X1X2) for A = X; X,.

E.g. for the last case we get

(B] ®€+€®B2)O¢

1 1
§A(X1X2) + -2-(id ®S) o A(X1X5)
1
= X1 XoQ®e+e® §(X1X2 + S(X1X2))
[ |

Remark: We see that S(X;X2) = m o ¥(X; ® X3) is also generator of a
weakly Gaussian convolution semi-group.

M. Schiirmann has proposed an alternative definition, see [Sch93, Proposition
5.1.1].

Definition 8.3.4 A functional A on a bialgebra A is called quadratic, or a Gaus-
sian generator in the sense of Schiirmann, if for all a,b,c € A with e(a) = €(b) =
e(c) =0 follows

A(abc) = 0.

This definition is more general in that it requires less structure on A, only the
counit and the multiplication are needed. But, if A is actually a Hopf algebra (or
a braided Hopf algebra), then we can show that this property implies that A is a
generator of a weakly Gaussian convolution semi-group in the sense of Bernstein.

Proposition 8.3.5 Let A be a (braided) Hopf algebra, and A : A — C a quadratic
functional. Then A generates a weakly Gaussian convolution semi-group in the
sense of Bernstein.

Proof: Let K = kere. We can write A as a direct sum A4 = K & C1, just set
a=d +¢e(a)l, with o’ = a — e(a)l. The coproduct of an element a € K is of the
form A(a) =a®1+1®a+ Y, aﬁl) ® a§2), with agl),a?) € K, and therefore S(a)
is equal to —a plus some term in K2, more precisely,

S(a) = —a+ Z agl)S(agz)). (8.6)

Set A’ = 3(A+ AoS), By = B, = 1A, then A', By, B, are also quadratic
functionals. We verify A®e+e® A' = (B; ®¢+¢e® Bs) o ® with these definitions.
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Onl®l,1®a,ora®1l, with a € K, the equality is obvious. This leaves the case
a®b, a,b € K, to check. In this case both sides vanish, A(a)e(b) + €(a)(A(b) +
A(S(b))/2 =0, and

(B1®e+e®By)o®(a®b) = Bi(ab) + Bz(aS(b))
- % {Atab) - A(ab) + 3 A(ab50)) }

= 0,

where we used Equation (8.6) for S(b). |

8.3.3 The braided line

Theorem 8.3.6 Let g € C\{0}, ¢ not a root of unity. The weakly Gaussian con-
volution semi-groups in the sense of Bernstein on the braided line IR, are ezactly
the convolution semi-groups whose generator is of the form

00
A (Z Cnil:n> = @gCy + a1C1 + a2C2

n=0

with some constants ap,a1,a2 € €. For g # 1 they are Gaussian in the sense of
Bernstein iff ag = 0.

Remark: Using the duality of IR, with another copy of IR, we can write A as
A=ape +a1p+ 1—1251)2, where p denotes the generator of the dual copy.

Proof: Following Definition 8.3.2 we have to look for functionals B;, B such
that we can write (B; ® € + £ ® B2) o ® in the form AQe+e® A4'.

A functional on IR, is characterised by its values on the monomials z™, so that
using a dual copy of R, with generator p, we can write B; = Z:’:O bgf) p", where
bs) = g—"q@,;i =1,2. Composing B; ® € + € ® Bz with ® is equivalent to taking
V(B ®e+e® Bs), where ®V is formally identical to ®, but the coproduct,
antipode, and multiplication are now those of the dual copy of IR,.

One calculates ®V(p"®1) = Ap" =Y, _, [ Z ] p’®p" " and ®V(1®p") =
q

(id®S)oAp™ = Y0, [ § ] (-1)"q"= 5 p* @ p"~*, and thus
q

(-v)n-v-1) ;_“'1 b512))pv® n—v

®V(B,®e+e®B;) = Z [ : ] (bg) +(=1)""g .
q

n,v

This expression has to be of the form A ® € + ¢ ® A', i.e. the coefficients of the
terms p¥ ® p™~" have to vanish for 0 < v < n. This is the case if and only if all
coeflicients except b(()i), bgi), bgi) are zero. For A this gives the form given in the
theorem.



Gauss laws on quantum groups 179

A is the generator of a Gaussian semi-group in the sense of Bernstein if we
have A = A'. This implies that the coefficients of p™ ® 1 and 1 ® p" have to be
identical. This is the case if and only if all coeflicients except b(()l), bgl), and béz)
vanish. It follows that az = 0. [ |

8.3.4 The braided plane

Theorem 8.3.7 Let ¢ € C\{0}, q not a root of unity. The weakly Gaussian

convolution semi-groups in the sense of Bernstein on the braided plane (]32[0 are
exactly the convolution semi-groups whose generator is of the form

o0
A < Z cnmmnym) = @poCoo + a10C10 + @o1C01 + @20C20 + A11C11 + Ao2Co2,

n,m=0
with some constants agg, @10, Ao1,a20,0a11,a02 € T.

Proof: We proceed as for the braided line. This gives the following conditions:

b(l) + (_l)n—u-+-m—-uq(n—u+m—u)(7‘»—11-}-"1—;1«1)bgg1 — 0,

nm

ifl<v<n—-lorl<pu<m-1. [ |

8.3.5 The braided q-Heisenberg- Weyl group

Proposition 8.3.8 Let ¢ € C\{0}, ¢ # 1, and q not a root of unity. The genera-
tors of weakly Gaussian convolution semi-groups in the sense of Bernstein on the
braided q-Heisenberg-Weyl group are of the form:

A( i cnmpa"bmcp)

n,m,p=0

= QgooCo00 + @100C100 + Q010C010 + Q001C001 + G200C200 + A101C101 + A002C002

with some constants apoo, @100, @010, G001, @110, 30205 A011 -

Remark: Using the dual of HW, constructed in Subsection 3.9.3, we see that
the space of weakly Gaussian generators in the sense of Bernstein is spanned by
{z,y,2,2%,22,2z}. But for ¢ # 1, zy, y?, and yz do not generate weakly Gaussian
convolution semi-groups, unlike in the classical case. This is due to the fact that
y is no longer primitive.

Proof: By Proposition 8.3.3 we know that z, y = 2z — 22,2, 22, 2%, and 72
are generators of weakly Gaussian semi-groups, since ¢ and z are primitive. The
hard part of the proof is to show that none of the higher order terms generate
Gaussian semi-groups. This involves rather tedious calculations, and we will only
outline the major steps.
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We take again two general functionals B; = 3 _g b,fm,-, i=1,2, and check

when @V (B, ®¢+e® By) = A(B;) + (id®S) 0 A(By) is of the form A®€+€®A'
i.e. under what conditions on the coefficients be,)nr the mixed terms vanish. We
use the fact that HW/ is Z*-graded with deg(z) = (1,0) and deg(z) = (0,1) to
control which terms in the B; contribute to a given term z™1y™12"™ ® z™2y™22"2.

We check that z and z are indeed primitive, and use u = a_va:ng_z instead of y,

so that we can use Formula (3.28). The antipode of z"u™z" can be written as

nAr
S(z"u™z") = Z Dpmrez™ Fum™tr 7k (8.7

k=-m

where the coefficients Dy ,rr are defined via certain recurrence relations. No other
terms can appear since S has to respect the grading. We will only need the
explicit form of the antipode for a few lower order terms: S(z) = —z, S(2) = —

S(a?) = g2?, S(z2) =moU(w®2) =23 = Z + (1- 1) u, et
Using Equations (3.28) and (8.7), and the values of D,k for small v, u, p, we

can write down the conditions on the bn m,r that are equivalent to the vanishing
of the coefficient of z™u™ 2™ ® z¥ut2z” in ®V(B; ® € + € ® By). We get for
(v, 1, p) = (1,0,0) and ny + my +r; > 0:

1
q‘n +1q bn1+1 mi1,T1 + qm1+1b£ll),m1+l,r1 1 qn1+1q bn1+1 mi1,T1
+qm1+1b$11),m1+1,7'1—1 = 0’
for (v, u,p) = (0,1,0) and n1 +my + 711 > 0:

r13(1) r1—13(2)
dm,+19 1bnl,m1+1 ry — 9mi+19 b bn1 mi+1,m

1
+ (1 - E) q711+1q7‘1+1q bn1+1 my,r1+1 — 0
for (v,u,p) = (0,0,1) and ny + my +7r; > 0:

(1) (2) -
qT1+1bn1,m1,1‘1+1 - q"1+1bn1ym1v"1+l =0,

and for (v, p,p) =(0,0,2) and ny + my + 71 > 0:

1+ 2 1 r1 + 2 2
[ 1 2 ] b'Ell)’m177'1+2 +4q !: ' 2 ] bgll),m1,1'1+2 =0.
q

Combining these equations we can show that bS})m = 512,%, forn+m+r > 2,

b,(f,)m =0 for n +m +r > 2, and, by looking at the cases for small nj,my,r; in
detail, bg’l)o = bg’z)o = bg'l)l =0, ¢ = 1,2. This implies that A and A’ have the form
stated in the theorem. |
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8.3.6 IR,-quantum convolution semi-groups

We can also define the notion of (weakly) Gaussian IR4-quantum convolution semi-
groups on quantum/braided groups. Let p be the functional on R, defined by
p(z™) = dno and ® a IRy-quantum convolution semi-group. Then we define the
generator of ® as A = ®*(p) = po @, and call a IR,-quantum convolution semi-
group (weakly) Gaussian in the sense of Bernstein if its generator is the generator
of a (weakly) Gaussian ccs in the sense of Bernstein. With this definition we
can immediately translate the previous results into characterisations of (weakly)
Gaussian IR4-quantum convolution semi-groups.

Theorem 8.3.9 The normed (i.e. Ag(1) = 0) weakly Gaussian IRy -quantum con-
volution semigroups in the sense of Bernstein on the braided line R, are of the

form
k
]
®:zF Z ( 2nn_ & > af"_ka’;'"q—fi'(a:')",
Al

where a1,a; € C are constants, and z, ' denote the generators of R, and Ry,
respectively.

Proof: The possible generators were given in Theorem 8.3.6. This allows to
construct ®* and thus ®. |

Remark: The IR4-qcs associated to Bozejko and Speicher’s quantum Brownian
motion is also weakly Gaussian in the sense of Bernstein (as a qcs!).

REFERENCES

The results of this chapter were first published in [FNS97a]. For other characteri-
sations of Gaussian (=quadratic) generators see [Sch93, Section 5.1].
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Phase retrieval for
probability distributions on
quantum groups and braided
groups

Consider the following question: Under which conditions is a probability measure
(on the real line e.g.) uniquely determined (up to a shift) already by the absolute
value of its Fourier transform? In other words: When is it possible to retrieve
the phase (up to a constant) from the absolute value of the Fourier transform?
This problem has its origin in crystallography and there exists a vast literature
on it (there was even a Nobel prize given for this subject), see e.g. Carnal and
Fel’dman[CF95, CF97] and the references cited there.

Let p be the law of a random variable X (on the real line) and ¢(u) (u € IR)
its Fourier transform. Then |¢(u)|> = p(u) - ¢(u) can be interpreted as the Fourier
transform of the symmetrisation p * @i (where &t denotes the adjoint measure, i.e.
the law of the random variable —X). So the above question can be reformulated
in purely probabilistic terms: Under which conditions is a probability measure p
uniquely determined by its symmetrisation g% and the first moment of u? If one
formulates the question like this, it makes sense not only on vector spaces, but also
on more general convolution structures. Carnal and Fel’dman[CF97] have treated
this problem on Abelian groups.

In this chapter, we will present the results of Franz, Neuenschwander, and
Schott[FNS97b] for the problem of phase retrieval on nilpotent quantum groups
and nilpotent braided groups: Given the symmetrisation p * & and the first mo-
ments of a unital functional u on A, when is it possible to retrieve the original
functional p from these data? The somewhat surprising answer is that in this
framework, the retrieval is always possible (provided that the quantum or braided
group is “sufficiently” non-commutative, e.g. if ¢ is not a root of unity). By defini-
tion functionals on quantum groups have all moments and are uniquely determined

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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by them. So it will suffice to show that the moments of the symmetrisation and
the first moments of u together allow to calculate all moments of y recursively.
Observe that one can not expect to be able to remove the condition of knowledge of
the first moments of u, since already on the classical real line, in the best possible
case, i can be determined by its symmetrisation only up to a shift. The situation
on nilpotent quantum groups and nilpotent braided groups is in sharp contrast to
the classical case of simply connected nilpotent Lie groups, where the moments
can not be retrieved, as we see in Section 9.1.

9.1 CLASSICAL SIMPLY CONNECTED
NILPOTENT LIE GROUPS

A simply connected nilpotent Lie group is a Lie group G with Lie algebra g such
that exp : g = G is a diffeomorphism and that the descending central series is
finite, i.e. there is some r € IN such that

) )
90;&91;& .- 28 = {0},
where
go:=0, Gr+1:=[g0] (0<k<r-—1).
G is then called step r-nilpotent. So G may be interpreted as IR? equipped with a
Lie bracket [.,.] : R? x R? = IR? which is bilinear, skew-symmetric, and satisfies
the Jacobi identity
[z, 9], 2] + [ly, 2], 2] + [[2, 2], 4] = 0.

The most prominent examples are the so-called Heisenberg groups HW¢, given by
IR24*! and the Lie bracket

[-’L',y] = (070’ (zlayl) - (.’L‘”,y”))
(.’l} — (zl,zll’zlll)’y — (y',y",y"') € IRd x IRd x IR = IR2d+1).
Consider an adapted vector space decomposition of G = g (see [GKR77]), i.e.

GEg%RdEéVi

i=1

,.
@ Vi=gk-1.
i=k

Then on the "first layer” V;, the group multiplication always reduces to Euclidean
addition +. But on the real line, a straightforward calculation of the 3rd and
the 4th moment of the symmetrisation shows that the above-mentioned moment
retrieval is not possible. On the line:

E(X -X")"" = 2E(X*) -8E(X®)E(X)+6E(X?)7?,
EX-X)? = o.

such that
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It would also be interesting to characterise classes of probability measures for which
the phase retrieval is nevertheless possible on nilpotent (and even more general)
Lie groups.

9.2 THE PHASE PROBLEM ON THE BRAIDED
LINE

We consider first the braided line (see Subsection 3.9.1), because it turns out to
be typical, but at the same time simpler since it has only one generator.

On quantum groups and braided groups the antipode plays the role of the
inverse, so that the symmetrisation of a functional ¢ : B — (€ is defined by

$*p=(¢®(¢05))oA.

Proposition 9.2.1 Let ¢ € C\{0}, ¢ not a root of unity. A unital functional ¢
on R, is uniquely determined by its symmetrisation ¢ * ¢ and its first moment

¢(z).

Proof: We have A(z") =37 _, [ Z ] 2¥(z')", and S(z") = (—=1)"¢*F 2",
q

and thus

n

Px3(a") = 98 ($05)oA") = 3 [ " ] (~1)r g n=r D 2 g (),
v=0 q

If ¢ is not a root of unity this gives a recurrence relation that allows to calculate

all moments of ¢ except the first from those of the symmetrisation ¢ * @, we get

¢(z") =

n—1
1 Y ny _ n (n—v)(n—v—1)/2 v n—v
T (g7 {(qﬁ #)(z™) ; [ , ]qq o(z”)p(z )}.

9.3 THE PHASE PROBLEM ON NILPOTENT
QUANTUM OR BRAIDED GROUPS

Looking at the classical case and at the braided line, we see that it is sufficient for
retrieving a certain moment ¢(z,) if S(z,) # —zn, (if we suppose that all other
moments are already known). In the classical case this is true for even moments,
thus symmetrical measures can be retrieved, if they are uniquely determined by
their moments, see [CD89, Proposition 2.2]. On the braided line this is true for all
powers of the generator = except the first, thus all moments except the first can
be retrieved (Proposition 9.2.1).
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This argument can be extended to a class of quantum groups or braided groups
called strongly nilpotent or S-nilpotent. In addition to the condition from Defi-
nition 8.2.1, these quantum or braided groups have to satisfy a condition on the
antipode.

To be able to retrieve the values on a basis element z, of a functional on
these groups from its symmetrisation and its ‘first’ moments, it is sufficient, if the
coefficient of z,, in the expansion of S(z,) is not equal to —1, see Theorem 9.3.2.

To formulate this rigorously, we need the following definition.

Definition 9.3.1 A quantum group or braided group B is called S-nilpotent or
strongly nilpotent, if there ezists a basis {1, a,;1 € I}, indezed by a well-ordered
set I, such that

A(az) -3, 1 -1®a, C B<z®B<t (91)
S(a;) C Bg,

for all v € T, where B, = span{ll,a,;1' < 1}, B<, = span{ll,a,;¢' < 1}. Bases
that satisfy these conditions will be called adapted.

Remark: If we require only condition (9.1), then we have the notion of
nilpotency introduced in Subsection 8.2.1. It was motivated by the fact that
the Hopf algebra of polynomials on a connected, simply connected nilpotent Lie
group can be characterised in this way. But in that case we have S (:1:’1cl cooghn) =
(=1)katthaghi o gka 50 condition (9.2) is also satisfied.

On non-commutative nilpotent quantum groups and nilpotent braided groups
there exist bases that satisfy (9.1), but not (9.2). Take for example the free
algebra C((z,y)) with two primitive generators, then the basis of monomials
{1,z,y,2%,y%, zy,yz,23, -} (take any order such that a < b if the total de-
gree of a is less than that of b) satisfies (9.1), but not (9.2), since S(zy) = yz and
S(yz) = zy. But we have S? = id, so we can choose a basis that diagonalises
S for each of the subspaces with total degree n, and the union of these bases,
{1, z,y,z% y%, zy + yz,zy — yz, 23, - -}, satisfies both (9.1) and (9.2). We do not
know if their exist quantum groups or braided groups that are nilpotent, but not
S-nilpotent.

Theorem 9.3.2 Let B be an S-nilpotent quantum group or S-nilpotent braided
group, with the adapted basis {a,;1 € T} and let K C Z. Suppose furthermore that
the coefficient s, , of S(a,) in the expansion S(a,) = Y, <, Si,kak s not equal to —1
for all v € I\K. Then a normalised functional ¢ : B — C is uniquely determined
by its symmetrisation ¢ * ¢ and its moments on {ax; k € K}.

Proof: We can give an explicit procedure to calculate the moments of ¢. Let 2 be
the smallest index in Z for which we do not yet know ¢(a,). Then

([d®S)oAl@)=1+s,+ ¥ CVav @a

V<
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and thus, since s, , # —1,

$a) = +15“{¢ Bla) - Y. CVlav)dla )}

<
[ |

For example on IR the basis could be chosen as {z™;n € IN}, and the set of
moments that have to be known to recover the measure is K = {2n + 1;n € IN}.
On the braided line we have only K = {1}.

9.4 ON THE BRAIDED PLANE

The braided plane @310 (see Subsection 3.9.2) is S-nilpotent, and an adapted basis
if given by {z"y™;n,m € IN}, where T = {(n,m);n,m € IN} is taken with the
order defined by (n1,m;) < (ng,m2) if and only if n; < ny and m; < m;.

To see that this basis is really adapted, recall

s = E8[1], (3], eoeverne
q

v=0 u=0
S(xn,ym) — ( 1)n+m (n+m)(n+m+1) nyrn (9'3)

Proposition 9.4.1 Let ¢ € C\{0}, g not a root of unity. A unital functional ¢
on the braided plane (Ei'o is uniquely determined by its first moments ¢(z), ¢(y),
and its symmetrisation ¢ * ¢.

Proof: This follows immediately from Theorem 9.3.2 with Equation (9.3), if we
take K = {(0,1),(1,0)}. [ |

9.5 ON THE BRAIDED HEISENBERG-WEYL
GROUP

Our last example will be the braided Heisenberg-Weyl group HW,, (cf. Subsection
3.9.3).

We shall now derive some properties of the coproduct and the antipode of
HW,, in order to show that HW is S-nilpotent, and to determine which moments
are necessary to characterise a functional on HW, by its symmetrisatin.

This algebra is graded with deg(a) = (1,0), deg(c) = (0, 1), since the relations
(3.25) and (3.26) are homogeneous. Let HW((I""") be the subspace of elements of
degree (n,m). The braiding of two homogeneous elements is given by

(n1—mi1)na+mima

uv = q ’Uul, for u € ngnh'nu), v € HW‘(]nz,mz)’ (94)
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This, together with the definition of the coproduct on the generators, implies
that Equation (9.1) holds for any basis of homogeneous elements ordered by their
degree.

Equation (9.2) can also be satisfied, because

n(n~1)+m(m—1)—nmid

S2|ngn,m) =gq ngn,m), (95)

and thus there exists a basis of homogeneous elements that diagonalises S. This
basis, if ordered by the degree, is obviously adapted, and HW, is thus S-nilpotent.
Equation (9.5) can be shown by complete induction. It is true for HW((IO’O) =

€1, since S?(1) = 1. Let now u € HW,(I"""), then with Equation (9.4)

S%(aw) = T (a® S%(u)) = ¢* ™aS%(u),
S*cu) = @*c®S%(u) =¢*™ S (u).

Proposition 9.5.1 Let g € C\{0}, ¢ not a root of unity. Then a unital functional
¢ on HW is uniquely determined by the moments

#(a), ¢(c), ¢laca), @(cac), ¢(aacc— gPccaa), $(acac — qgeaca),

and its symmetrisation ¢ * @.

Proof: After the preceding discussion we know that there exists an adapted basis
of eigenvectors of S, so that, by Theorem 9.3.2, all that remains to be done is
to determine the eigenspace E_; of the eigenvalue —1. By Equation (9.5) the
only possible eigenvalues of S |ngn,m) are gq . But n(n - 1) +
m(m — 1) —nm # 0 for all (n,m) except (0,0),(1,0),(0,1),(2,1),(1,2),(2,2), so
that E_; € HW{? @ HW{"? ¢ HW(™) & HWD @ HW(? @ HW P2 =: 4.
A simple calculation (note E_; = (id — S)(A), since S is involutive on A) gives

n(n—1)4+m(m—1)~nm
2

E_; = span{a, c, aca, cac, aacc — q*ccaa, acac — qcaca},

and this proves the proposition. |

REFERENCES

This chapter is taken from [FNS97b].
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Limit theorems on quantum
groups

Limit theorems are a fundamental part of probability theory. Such theorems have
been proved over the last decades for Lie groups [GKR77] and commutative hy-
pergroups [BH95] but only few limit theorems exist in the quantum group case.
In this chapter we present different aspects of that theory. In Section 10.1, the
general results for limit theorems on bialgebras due to Schiirmann [Sch93] is pre-
sented. Then a randomised g-central (or g-commutative) limit theorem on a family
of bialgebras with one complex parameter is shown in Section 10.2. This result is
due to U. Franz [Fra98]. Section 10.3 is devoted to Woronowicz results [Wor87)
on convergence of convolution products of probability measures to the Haar func-
tional on compact quantum groups. A g-central limit theorem for U,(su(2)) has
been proved by R. Lenczewski [Len93, Len94], this result is stated in Section 10.4
as well as a weak law of large numbers which derives easily from the central limit
theorem. Then we recall D. Neuenschwander and R. Schott’s (cf. [NS97]) results
on domains of attraction for g-transformed random variables in Section 10.5.

10.1 ANALOGUES OF THE LAW OF LARGE NUM-
BERS AND THE CENTRAL LIMIT THEOREM

The most general result is probably the following theorem due to M. Schiirmann.

Theorem 10.1.1 [Sch93, Theorem 6.1.1] Let oni, n € N, k = 1,...,k, (kn €
IN), be linear functionals on a coalgebra C satisfying

(i) Pn1,...,Pnk, commute for each n € IN with respect to convolution,
(i) limp_yo0 limy <<k, |(pnk —€)(c)| =0 for allc € C,
(i#) SUPpeN 21<k<k, |(Pnk — €)(c)| < oo forallceC.

U. Franz et al., Stochastic Processes and Operator Calculus on Quantum Groups
© Springer Science+Business Media Dordrecht 1999
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Furthermore, suppose that there is a linear functional ¢ on C such that for all

ceC
lim ( > (pnk —6)(c)) = 9(9).

1<k<kn
Then
*
nll)ngo ( H Sank) (C) = (exp* w)(C)
1<k<kn

for all ¢ € C (where the product [[* is the convolution product).

Let us look at a corollary of this theorem for IN-graded coalgebras. Let C be
an IN-graded coalgebra, i.e. C = @, C™ and AC™M C @ R CM) @),
Then we can define a scaling s : € x C — C by setting

n1+n2=

s(2)c = 298¢,

for ¢ € C(d¢(¢)) | and extending linearly in the second argument. With this defini-
tion we have (¢ x ¢) 0 s(2) = (p 0 s(2)) * (¥ 0 s(z)) for all linear functionals , 1
on C and all z € C.

Corollary 10.1.2 ([Sch93, Theorem 6.1.3]) Let C be an IN-graded coalgebra and
let K € IN. If a linear functional ¢ on C satisfies

(1) lcwy =0 for 0 <1 <k,

() @lew = €lew,

then for allc € C

lim (" o s(n'/%)) (c) = (exp, 9,)(c),

n—oo

where g, denotes the linear functional on C with

golewy = 0 foralll #k,
Golew = lC™.

Remark: For « =1 this can be considered as a generalised weak law of large
numbers, for kK = 2 as a generalised central limit theorem.

The braided line

The study of the ‘g-convolution’ and related limit theorems was initiated by
Ph. Feinsilver [Fei87]. In this case the convolution can be defined via a q-charac-
teristic function, and it is therefore possible to consider also measures that are not
characterised by their moments. Thus we can look e.g. for analogues of stable laws
(cf. [NS97]).

Application of Corollary 10.1.2 gives the following result.
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Proposition 10.1.3 Let K € IN, ¢ : R, = € normalised (i.e. (1) = 1), and
o) = =" 1) =0. Set p, = ¢*" 0 5(n'/*), then

. 3
lim ¢, =e?,
n—oo

where ¢ = p(z*)/qy!

For |g| < 1, Neuenschwander and Schott’s result [NS97] allows to extend the
previous proposition to k €]0, 2[, if e°?” is interpreted as the g-characteristic func-
tion of the limit distribution.

10.2 A MIXED QUANTUM-CLASSICAL CENTRAL
LIMIT THEOREM

Let us now present the randomised central limit theorem of [Fra98]. This work
was motivated by a non-commutative limit theorem due to Speicher [Spe92], in
which the commutation relations of the quantum random variables are given by
classical {—1,1}-valued random variables, i.e. Bernoulli random variables.

In Franz’ work it is the coproduct that depends on a sequence of i.i.d. complex-
valued random variables. This also leads to g-commutation relations for the in-
crements, but with less independence in the choice of the commutation factors.
The limit distribution can be expressed as an exponential with respect to a (non-
associative!) averaged convolution.

We begin by briefly recalling the results of Speicher [Spe92] and Schiirmann
[Sch93].

In Subsection 10.2.1, we introduce the bialgebras used to formulate the main
theorem (Subsection 10.2.2), and the algebra structure of their duals.

Finally, in Section 10.2.3, we show how explicit formulas for the moments and
their associated measures were obtained using dual representations.

Let ¢ € € be a fixed complex number, and %1, %3, ... a sequence of quantum
random variables that satisfy

TnIm = qZmn,

o
QT Tn,

Il

Iy,

for n > m, and set

= T

If, for n € IN, we have e.g. (Q,%,0) = (Q,72Q) = (Q,72Q) = (Q, (},)2Q)

= (,5,2:Q) = 0, (Q,2:2,0) = g € R4 in the vacuum state 2, then the
moments of (Sn, Sx) (in the state ) converge for N — oo to those of the quantum
Azéma process, cf. [Sch91b].

If we take instead quantum random variables Z;, Zs,..., whose commutation
relations are determined by classical i.i.d. random variables (€mn)n,menN; P(Enm =
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Emn = +1) = p, P(€nm = €mn = "1) =1l-ppe€ [071]7
EnEm = EnmImTn,
(no relations between Z,, and £}, ) and set again

5 _&1+---+iN

N_———\/N—’

then the moments of (S’N,S';,) converge for N — oo to those of Bozejko and
Speicher’s g-Brownian motion[BS91, BKS96], see [Spe92]. The parameters ¢ and
p are related via ¢ = 2p — 1.

Deﬁnew:((l)),
m=<g é), y(q)=((1) 2>,

for ¢ € @, then we can realize the quantum random variables (%, )nemn and (£, )neN

N, .
on the infinite tensor product (®2)® “ of 2 (as a Hilbert space, the product
being taken with respect to the sequence w, = w) as

i = y(@® --0yY(@Rze1e1®: -,
—_—
n — 1 times

En = YEn1)® - QYlEnn-1)920101Q®---.

The state is given by Q = w®N,

In this realization the following amounts to replacing the parameter ¢ in the
definition of &, by complex-valued random variables (g;):enN, i.e. we set z, =
(1) ® - ®Y(gn-1)®T®1®---. But, in order to stay in a bialgebra framework,
we get less independence than in the commutation factors of the Z,,. It turns out
that an increment z,, has to satisfy the same commutation relation either with all
preceding or with all following increments, i.e. we have two possible cases

a) TnTm = QnTmn for n > m,

b) ZnZm GmTmNn for n > m.

10.2.1 The family of bialgebras

Let A be the (unital, associative) *-algebra generated by z, z*, and {y.;a €
C\{0}} with the relations y? = ys, and

Yo = QTYq, Yo = QYaT”, Ya¥s = Yap for a, 8 € C\{0}, y=1.

Note that degz = degz* = 1, degys = 0 for all @ € C\{0} defines a grading,
and so we can introduce a scaling map s(r) : A — A, for r € IR, by setting
s(r)a = r~9%84g on homogeneous elements.
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A basis of A is given by
B = {yow;w a word in the two letters z,z*, and a € C\{0}}.

On this algebra we can define a whole family of coalgebras, depending on one
parameter ¢ € C\{0}, namely,

Az =2Qy,+1®z, Az =2Qy;+10z", Ay(¥a) = Yo ®Yo for a € C\{0},

and g4(z) = g4(z*) = 0, g4(ya) = 1 for all @ € C\{0}. In fact, this is a Hopf
algebra with the antipode S, : A — A,

S¢(Ya) = Y1/as Sy(z) = —TY1/q> Sq(z*) = —x*yl/q.

Using these different coalgebra structures one obtains different multiplications
for functionals on 4, i.e. a one-parameter family of convolutions,

pxreP = (p®Y) ol

for linear functionals ¢, : A —» C.
For a word w in the two letters z,z*, let x(w) be the functional defined by

n_J 1 if w=uw,
xwew)={ § 5
on the basis B.
Then U = span {x(w);w a word in the two letters z,z*} is a subalgebra of the
dual of A (with the multiplication m; = A}). Let a € A, Aja = Za(l ® a( ),
then the product x(w) %4 x(w') is defined by

xX(w) % x(w')) (@) = 3" x(w) (w')(a{).
( )@

We get by induction

Qv-dn—v-

where [ Z } = —1"*—., ! =i, =2 ¢t = 9— and from this

we can calcufate the coproduct of any element of A.

To calculate the product x(w) %, x(w'), we have to see what elements of A
have a term y,w ® ygw' in their coproduct. Since the coproduct does not change
the total number of z’s and z*’s, but just splits a word into two, the product has
to do the inverse. We get

X *q X ch w'’ X('U (101)
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where v runs over all words that can be obtained by shuffling w and w’, and the
€' aT€ polynomials in g and g~!. To get the explicit expression, use the following
procedure.

In the first term v is simply the concatenation of w and w', and the coefficient
is equal to one. Then move the letters of w to the right, without changing their
order, and multiply by ¢ every time an z is moved to the right past another z,
and by ¢! every time it is moved past an z*. When moving an z* to the right
take the conjugate factors, i.e. a § when it is moved past an z, and a §~! when it
is moved past an z*. We get e.g.

x(@) *q x() 1+ g)x(zz),
X(@) % x(2*) = x(zz*) +q 7 'x(z"2),
x(@*) *g x(2) = x(z*z) + gx(az”),

x(@*) *g x(z*) = (1+§ x(z*z").
We will also need the averaged convolution (w.r.t. to a @\{0}-valued random
variable q) defined by
urkug = IE(u; %4 u2),
i.e. ui¥uy is the functional defined by ui*us(a) = [(u1 ® uz)(Aq(a))dp(g), where
u is the law of ¢. This binary operation conserves positivity, but in general it is
not associative.

10.2.2 The central limit theorem
We will now show that the functionals
2) ¢% = (%0 ©) %6 ®) o o 00 S(VN)
= (p® - ®p)o(8y ®id®V )0 -0y, , 0s(VN)
DA A (2 2 w)) o s(VN)
= (p® Q¢ o(id®2@A,)0--0A,_, os(VN)

converge for appropriately chosen functionals ¢.
In the realization from the beginning of this section, with ¢(-) =< w,-w > and
for a non-commutative polynomial P(z,z*), we can write

‘pﬁ,—)(P(x’x*)) = (Q’P(SN’STV)Q%

with
S _ng)+---+:c$\1,V)
N \/]—v-
and
a) ) = 18- ®1leT®Y(e.) ® - ®y(gn-1)

n — 1 times
b) z{V = 18 -®18r®y(gN-n) 8 - ®Y(gN-n),

v

n — 1 times N —n times
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where, as one verifies easily, the increments :vsl ) satisfy commutation relations
a) TnTm = GnTmTn for n > m,
b) ZpZTm = @mITmNn for n > m.

We state now our result.

Theorem 10.2.1 Let (gn)nen be i.i.d. random wvariables with values in C\{0}
such that IE(|g*|) < oo for allm € Z, and let p : A — € be a normed functional
inU. Suppose furthermore that ¢ is centralised, i.e. p(z) = p(z*) = 0.

Then the moments of

o = ((‘P *q1 P) *q ‘P) *gs "t ¥gno1 PO 5(\/]_\/:)

oy = ¢ *qn-1 7" *gs (‘P (2 ‘P)) ° s(\/JV)
converge for N — oo in probability to those of the functionals

9% = expy,g=e+g+grg+(gFg)Rg+---,

pZ = expy g=c+g+g¥g+gx(gxg)+---,
where g| 4 = ¢, and g| 4 =0 for k # 2.

Proof: We will only prove this for <p1_V,, since the convergence of ¢ can be
shown in the same way.
We can write ¢ as

p=c+g+e

where ¢ vanishes on homogeneous elements of degree less than three.

Let us first assume ¢ = 0,i.e. p =€+ 9, g = g1x(zz) + g2 x(z*z) + gsx(xz*) +
gax(z*z*). To simplify the notation we assume in fact g = x(z*z).

Then the functional

o = ("'(‘P*m P) *gz "+ *qn_y <p) o S(VN)

can be written as

f (@, an-
o= 3 ) )
= NGB

N
where |v| denotes the length of v. The coefficients %&1_) will be some ratio-

N
nal functions of ¢;,...,qn—1, as can be seen from the recurrence relations below.

N
To prove the theorem for this case it is sufficient to show that IE <L‘—(ﬂ—-@‘u>
N

converges and that Var (LN(—‘“—@‘”’—“—)> goes to zero for N = oo (and fixed v).
N

We will do this by induction over the length of v. The coefficient of 1 (the empty
word) is constant and the coefficient of the only word with |v| < 4 that occurs,
i.e. v = z*z, is equal to IV, so the induction hypothesis is satisfied for |v| < 4. Let



196 Chapter 10

Cry.u (g) denote the coefficients of the multiplication, as in Equation (10.1). We
have the following relations for fN*(qy,...,qn),

f1{V+1(QI7~--;qN):ftlzv(QM"')QN—l)'*' Z CZ',z'm(qN)fﬁ(QI)"-7QN—1):
v': v |=|v]-2

or

N-1
fz{v(qu--')QN—-l) = Z Z c‘u’z z(qk—l) 51_1(q1)~"an—2)7

k=l v forl=lo]—2

and therefore

IE(f Q1’ ’QN 1 )
IE

k-1
( Cot g+ e (Qr— 1))]E (fv' (qjl\;iv_':.[’qk_z))

2

1 . N-1 k_ll_v;l fkl—lq’.”, ~
N E (¢ zn(q-1)) ) ( J_’)l g (@ Jv_Lqu 2)
vill=lel-2 =i N (k—1)73
o 2 . N(gr,...,qn—
= m ]E(Cglyz.m(ql)) A}Hgo]E(fv (QI MQN 1)) (10'2)
v v |=|v|-2 N5

The same technique works for the limit of the variance. Let us suppose that
Var (f)(q1,...,qn-1)) is bounded by K, N!*I~1, which is obviously true for |v| =
0,1,2,3. Then, by

Var (f{,v(QIy .- -$QN—1))

N-1
= Var| > Y aes(@-0)fi @ q2)

k=1Ll v’ [v'|=]v]-2

2
N

E ((C'u’ z* z(qk—l))z) Var (ff’_l(QIv oo an—Z))
k=12l v': v |=|v| -2

N|U|_1 Z IE ((Cz’,x‘m(ql))2) Ky

v’ v |=|v| -2

IN

it is true for all v, and therefore Var ('fN(‘“"%f”“)) N2 0. So, for N = o0,
N

N
the coefficients iﬂ“—‘}'\'l'gzgq”—“) converge to the expectation in probability, and this

limit can be calculated recursively over the order of v with Equation (10.2). This
shows that for ¢ = & + g the functionals p”, tend to

€+ 9+ 9%+ (9%g)*g + -~ = exps; ,(9)-
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As in [Sch93, Theorem 6.1.3] the contributions of the higher order terms con-
tained in ¢ vanish in the limit, because they pick up higher orders of the scaling
factor N71. |

10.2.3  Special cases

We will now show how dual representations can be used to give explicit expressions
for the moments of the limit functional. If ¢ is a functional on a bialgebra A, then
we can associate the operators pr(p), pr(p) : A = A to it by

pr(@)a=>aPe@®),  prlpa=Y eaP)al?,

where A(a) = Zagl) ® agz)’ i.e. by the right and left dual representation. The
functional ¢ can be retrieved from these operators, since ¢ = €0 pgr(p) = opr(p).
Also, the map pg : A* - Hom(A) (resp. p, : A* = Hom(A)) is a homomorphism
(resp. anti-homomorphism), i.e.

pr(p 5 ¥) = pr(¢) 0 pr(¥)  (resp. pLlp*¥) = pr(¥) o pr(%)).
Let A be as before, p, the right dual representation w.r.t. A,, and define
R, = py(x(a*a)) = (id ® x(a*a) 0 A, R=IE(R).
These can be used to calculate the moments of exp; _,, since

€0 pg, (¢1) © pgy(p2) 0+ -+ 0 py, (n) = (P1 *g2 P2) *¢5 *** *q, P,

If q is real, then, for polynomials f(z) in the variable z = z + z*, we have

_ 1)~ () — 2la = DS'2)

qu(z) z2(q___ 1)2 )

i.e. R, is the generator of the Azéma martingale, see Page 127 or [Fra97, Fra99]
to see how this can be derived using Hopf algebra duality and a Leibniz formula.
On monomials we get R,z™ = kn(q)z" "2, kn(q) = Zg;: vg" Y, for n > 2,
R,z = R;1 =0. R follows by averaging over g.
Thus we have the following result.

Proposition 10.2.2 Let q be a random variable with values in IR\ {0} and suppose
that all its moments are finite, i.e. IE(|g|") < oo for all n € IN and denote by *
the averaged convolution with respect to gq. Then

py if n is even, n = 2m,

E2mk2m—2"'l—c2
0 if n is odd,

exp; _, X(z*z)((z + a:*)”) _

where k, = Y01 VIE(q"™").
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Proof: Apply exp; _, x(z*z) = € o ek to (z + z*)", which gives the desired ex-
pression since R(z + z*)" = kn(z + z*)" 2. [ |

Remark: Similarly, the left dual representation can be used to compute

€XPz, (g )-
Examples:

e In the deterministic case, i.e. if P(qg = go) = 1 for some go € R\{0}, we get
the marginal distribution of the Azéma martingale with parameter go.

o For Bernoulli random variables, i.e. if P(¢ = 1) =p, P(g = -1) =1 - p, for
some p € [0, 1], we obtain

m—1

oo (@ + w*)z"‘) = [[ (@ +2up)

p=0

. 1. .2
i.e. the moments of u = c,|z|? 'e~* /?Pdz.

10.3 CONVERGENCE TO THE HAAR MEASURE
ON COMPACT QUANTUM GROUPS

We know that on a compact topological group G (with countable basis) the convo-
lution powers of an adapted probability measure converge weakly to the Haar mea-
sure, i.e. to the unique bi-invariant probability measure on G, see, e.g., [GKR77].
A probability measure is called adapted, if the closed subgroup generated by the
support of the measure is equal to G. Woronowicz has shown a similar result for
compact quantum groups, in this case the condition of adaptedness is replaced
by a condition of faithfulness. A state ¢ on a x-algebra A is called faithful, if
¢(a*a) = 0 implies a = 0 for all a € A.
Woronowicz’ result is as follows:

Theorem 10.3.1 [Wor87, Theorem 4.2] Let (A, A) be a compact quantum group
(see Definition 3.11.1). Then the iterated convolution of every faithful state on
A converge to the Haar state in the pointwise Cesaro-limit, i.e. we have for any
faithful state ¢ on A,

h(a) = C-lim ¢*"(a) for alla € A,

n—oo

where h is the Haar state (see Theorem 8.11.3 for existence of the Haar state).

10.4 ¢-CENTRAL LIMIT THEOREM FOR U, (su(2))

It has been proved by R. Lenczewski [Len93] that more precise statements for limit
theorems can be given for specific quantum groups (for example for U,(su(2))).
We present these results in this section.
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10.4.1 Introduction
Let ¢ > 0,9 # 1. By C, we denote a unital *-algebra over € generated by the set

{e,fit, 7}
where e* = f and t,t~! are hermitian, i.e. t* = ¢, (¢71)* = ¢!, subject to relations
te =q%t, tf =q 2ft, tt7 P =t"1t =1,
with the coproduct
A:C—=C0C,
Aw)=tT'Quw+wet, A’ )=t"®t’, A(1)=1Q1,
where o € {1,—1}, w € {e, f}, the counit

€:Cg—>C

e(w) =0, €t%) =1,

and the coinverse

S:Cq = Cy
S(w) = —twt™, SE)=t", St =t

It can be easily checked that C, is a x-Hopf algebra. Note that if we add the

relation ) )
t°—t~
e, f] = e

then we obtain Uj,(su(2)), the g-deformed universal enveloping algebra of su(2)
(note that A, € and S preserve this relation).
On C, we define two gradations:

(i) d(e) = d(f) =1, d(t) = d(t™!) = d(1) = 0, with the direct sum decomposition
Ci=0Coy®(Ca)®---

(i) b(f) = —1, b(e) = 1, b(t) = b(t~') = b(1) = 0 with the direct sum decomposi-
tion
- -1 0 1
C=...aCNacPacd....
Definition 10.4.1 We will say that the functional ¢ € C; is even if ¢ vanishes
outside C(SO). This means that the only correlations which don’t vanish are those
for which the number of e’s is equal to the number of f’s.

The N-th iteration of the coproduct A is defined as Ay = (Ay-1 ®id) o A
with A; = A. It can be seen that in the case of C; and U,(su(2)) it takes the form

N
An-1(t%) = (t7)®Y, An_i(w) =) jin(w),
=1
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where
jin(w) = (18D @w @ t¥N=D,

Thus, Ay_1(e) and Ax_1(f) can be viewed as sums of “g-independent” random
variables. They satisfy the g-commutation relations

Ji(u)jk(w) = q(u, w)jr (w)Ji(u)
where u,w € {e, f} and g(u,w) is the commutation factor given by

q(u’w) — q2b(w)+2b(u)

for i <k, ie. gle, f) = q(f,e) =1, qle;e) = ¢*, q(f, ) =q~*.
For given functionals ¢, on a bialgebra C*, their convolution is the functional

oxp:C—> C
defined as
pxp=(p®%)0A.
The N-th convolution power of ¢ € C* will be denoted by ¢}, i.e.

Iy =0x...x¢ (N times).

It is well-known that it can be expressed in terms of the N — 1-th coproduct
iteration as ¢% = ¢®V o Ay_;.
In convolution-type limit theorems for C, and U,(su(2)) we need to evaluate

On(v1 .. .vp),

where vq,...,v, € {e, f,t,t71}, rescale the variables v; — Tn(v;) and their prod-
ucts in an appropriate way, then evaluate the pointwise limit

: *
Jim oo
and finally, find the GNS realization of the limit law.
By an ordered partition of the set I = {1,...,p} we understand the r-tuple
S =(S1,...,S,) of mutually disjoint and nonempty subsets of I, for which

I=5U...US,.

By the signature of S we understand the r-tuple (vs,,-..,7s.), where vs, = #Sk.
The signature is even if vs, is even for each k. Then S is also called even. The
set of all (all even) ordered partitions of I = {1,...,p} is denoted P, (Pj). An
inversion of S is a pair (4, j), such that i € Sk, j € Sm, 1 > j, k < m. The set of
all inversions of S is denoted Wg.
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10.4.2 A g-Central Limit Theorem

A g-analogue of the convolution limit theorem was derived for C, and U,(su(2))
in [Len93] (extended in [Len94] to Jimbo-Drinfeld quantum groups U,(g) and the
associated *-Hopf algebras) under the assumption that the state ¢ is a homomor-
phism on C[¢t,t™!]. We summarise these results here.

Definition 10.4.2 Let B C A be associative unital x-algebras and let ¢ be a state
on A. We say that ¢ is left or right B-independent if

¢(ba) = ¢(b)¢(a) or ¢(ad) = ¢(a)d(b),
respectively, for alla € A, b € B.

Proposition 10.4.3 Let B C A be associative unital -algebras and let ¢ be a
state on A. Then ¢ is left and right B-independent iff the restriction of ¢ to B is
a unital x-homomorphism.

Proof: Clearly, if ¢ is left and right B-independent, then it is a unital *-homo-
morphism on B. Conversely, if ¢ is a unital *-homomorphism on B, then we use
the Cauchy-Schwarz inequality to obtain

l6((b — #(b)a)| < V/d(a*a)g((b* — ¢(b*))(b— $(b))) =
for any b € B and a € A. Thus,

¢(ba) = ¢(b)4(a)

and ¢ is left B-independent. In a similar fashion we show that it is right B-
independent. [ |

Corollary 10.4.4 If ¢ € C, is a non-trivial x-homomorphism on C[t,t™'], then
1t is even.

Proof: If c € (C;)(") and n € Z, then
$(t"c) = ¢*""p(ct").
By Proposition 2.2, ¢ is right and left €[t,¢~!]-independent and thus we obtain
P(t")d(c) = " $(t")9(c),

and therefore, since ¢(t) # 0 and 0 < g < 1, we must have ¢(c) = 0, i.e. ¢ vanishes
outside (Uy)(?), i.e. ¢ is even. [ |

Definition 10.4.5 Let A denote the free x-algebra generated by & (denote e* = f}
Let0<a<1,0<q< 1. For a given state ¢ on C,y, define a functional ¥, , on
A as the linear extension of ¥, 4(1) =1 and

‘I’a q Z D wS1 ¢(w57~)

SEP;
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where wy, ..., wp € {e, f}, ws; = ersj wy, (in the natural order) and
_ (a=* —1)P/?
D(S) - Q(S) (a_z’YSl — 1)(a~2751 _2752 —_ 1) . (a_2751“~~-“275r _ 1)

where Q(S) is a g-dependent “commutation factor” of the form

Q(S) = [T avirby)
Ws

(recall that Ws is the set of inversions of S).

In the central limit theorem the g-normalisation was given by

w = TN (w) = w/V/[N]a2,

where [N],2 = (a* —a~2N)/(a? — a~%), which was obtained from the calculation
of the variance

o (vw) = $(vw)[V]a2
where v, w € {e, f}.

Remark. The origin of Definition 10.4.5 is the g-central limit theorem for
C, and U,(su(2)) in which ¥, , appears as the limit functional. Thus Definition
10.4.5 may be viewed as the combinatorial form of the central limit state. More
information on this state is given in the sequel.

Theorem 10.4.6 Let 0 < a < 1,0 < g < 1. If ¢ is a state on C; and a *-
homomorphism on C[t,t~1] with ¢(t) = a, then

lim ¢ orn(wy... wp) =W, (W1... 0
N—)oo¢N N (w1 p) a,q( 1 p)

for p even. If p is odd, then the limit vanishes. Thus, ¥, , is the limit state for a
convolution g-analogue of the central limit theorem for C,.

Remark. One can extend ¥, , to a state ¥, , on A = A * C[r], where r is a
hermitian generator, by assuming that ¥, , is a homomorphism on C€[r] and the
two-sided ideal generated by the relations

2 -2

éef —fe= ——r
2 —q2
er = qzré, fr = q‘zrf
is contained in ker ¥, ,. Then it can be seen (or shown) that ¥, , is the vacuum
state for the canonical Fock space representation of a g-harmonic oscillator with
scale ¢ given by the relations

bgb} — bibg = cr?

rebg = ¢ 2bry, rqb; = qzbzrq
where ¢ = (a? — a™%)/(¢? — ¢72%) (thus ¢ = 1 if a = ¢). Note that one can write

ry = ¢*N, where N is the number operator.
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Corollary 10.4.7 Let 0 < a < 1,0 < ¢ < 1. If ¢ is a state on Uy(su(2)) and a
homomorphism on C[t,t™!], then

N]i_r)noo PN oTN(wy ... wp) = W q(Wy ... Tp),
for p even. For p odd, the above limit vanishes. Thus, the limit state is the vacuum
state for the g-oscillator with scale c = (a? —a™2)(¢®> — ¢72).

Proposition 10.4.8 The limit law of by + b} is ¢*-Gaussian.

Proof: It can be shown that the moments my; = ¥((bgy + b})") coincide with the
moments m;, = ¥'((cg + cz)k), k € Z*, respectively, where cqc; - q“cch =1. 1

The explicit formula for the density of the ¢-Gaussian law can be found in the
works of Bozejko and Speicher[BS91].

10.4.3 A g-Weak Law of Large Numbers

To get the normalisation in the weak law of large numbers, we evaluate
¢n (V) = ¢(v)[Na,

where v € {e, f}, for any state ¢ on Cq or Ug(su(2)). Therefore, we will use the

following normalisation: )
(V) = —[N]av

and extend it multiplicatively to the free algebra generated by e, f (appropriate
normalisation for t and ¢! is obtained easily). Note that when a — 1, [N], = N,
therefore this normalisation may be viewed as the canonical g-analogue of that in
the usual weak law of large numbers.

The simplest case is when we assume that the state ¢ is a homomorphism on
C[t,t7*]. Let me discuss this case first and show that it boils down to the central
limit theorem. This is because ¢ must be even then and all that the new normal-
isation changes is the scale of the g-oscillator.

Theorem 10.4.9 Let 0 < a < 1,0 < ¢ < 1. If ¢ is a state on Cy and a
homomorphism on C[t,t™!] with ¢(t) = a, then

-1
l-m * ! — a—a p\II ﬁ)lu_))
N Py o Tn(wr ... wp) (_———a2 = a‘2) a( p

for p even. For p odd, the above limit vanishes. Thus, the limit state is a rescaled
central limit state.

Proof: Obvious. i
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Corollary 10.4.10 Let0<a<1,0< g < 1. If ¢ is a state on Uy(su(2)) and a
homomorphism on C[t,t~] with ¢(t) = a, then

Jim g oy (wr ... wp) = (—m
for p even. For p odd, the above limit vanishes. Thus, the limit state is the vacuum
state of a g-oscillator with scale ¢! = (a —a™1)?/(¢?> — ¢72).

Proof: Obvious. [ |
Therefore, assuming that ¢ is a homomorphism on C[t,t~1], we get a modification
of the g-central limit theorem. The general case, i.e. when ¢ is not a homomor-
phism on C[t,t™1], seems of interest.

Example: The simplest example is furnished by the states associated with
the two- dimensional fundamental representation of U,(su(2)). Take pure states
¥(.) = (z,.x) with £ = ax; + Bz, where z,z, are canonical basis vectors in €2
and |a|? + |8|? = 1. In particular, then we have ¢(t") = ¢"|a|2 + ¢~ "|B|%, n € Z.
Note that if & ¢ {0, 1}, then + does not satisfy the homomorphism assumption.

It seems desirable to be able to prove a g-analogue of the weak law for such
states (for which v¥(e) # 0 # (f)). However, we’ll show that if one wants the
limits of all correlations (moments) to exist, then using a natural normalisation
one has to assume that ¢ is a homomorphism on C[t,t™!].

Some additional notation is needed (this is taken from [Len94]). For a given
ordered partition S = (S1,...,S5;) and j € {1,...,r} define S;) = S, U...US;_1,
S(j = j+1U...US7-, Sﬂ = Slu...US,-, S[j = S]'U...UST, and put So] = S[,-_H =
S(» = S1y = 0. Define the following partition-dependent mappings:

t if k€S
Tf(vk) = v if k€S;
t! if k€ S(]

where 1 < j < r. Another family of partition-dependent mappings is given by

s, v_f t if ke,
Uf(vk)_{t‘l if k€S,

for vy € {e,f}. Both maps are extended multiplicatively to all products v =
v1...Vk, v; € {e,f}, 1 <1 < k. Using those maps we can evaluate convolutions
of functionals. The lemma below gives a formula for the N-th convolution power
(this is Lemma 1 of [Len94]).

Lemma 10.4.11 Let ¢ be any functional on Cq or Uy(su(2)) and let v=v;...vp
where vq,...,vp € {e, f}. It holds

Oy (vi ... vp)
r+1

=y > 3 H¢(az(v>)“m-im-l—”qus(rf(v))
i

r=11<i1<...<ir <N S=(54,...,5»)€Pp, m=1
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where we put io =0, ;41 = N + 1.

Let us find the natural normalisation in this case. For any state ¢ on C, or
U,(su(2)), we obtain

¢ (e) = (e)[N]p(r).00-1)
where N N
a¥ —b
Nlgp = ———
[ ]a,b a— b
and @(t) # ¢(t~!). Therefore, let us normalise the variables e, f as follows:

1 1
Tv(e) = =—————e, TN(f)=
N [Nlt),et-1) N [No),et-1)

Let us calculate the convolution powers of ¢. We have
o*f(vl cUp) = H18n1=1851 — 4nf

where

We put ¢(t”is )= q"is and evaluate

Z qaf(il—1)+a§(i2—i1—1)+...+af+1(1v—i,)
1<i1<...<i. <N

_ —aS—.—a+a’ N S S S S S S
=q ™ TN G(al - ay,a5 —ag,..., 0 —op]g)

where

N(B1,.--,Brlg) = Z o1kt e+ Bekr

1<k1<...<kn <N
for q,61,--.,08- € R. It holds

T

GN(Br,... Brlg) =) gV tFBgi(By, ..., Brlg),

=0

where g;’s do not depend on N (their explicit form is given in [Len98]). Note that

forg=1,
GN(ﬁl,---,,Br|q) = <]7\‘])

Corollary 10.4.12 Under the assumptions of Lemma 10.4.11 we have
¢;V(U1 .o .Up)
- s s r
= Y XNyl — o, 08 - afule) [T 607 )
Jj=1
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Corollary 10.4.13 Under the assumptions of Lemma 10.4.11 we have

¢'1(V [¢] TII\I,('UI .. .'Up) =

E s qNaf-H '
Z q i=1 Z gJ(al a2’ ,a r+1|q H¢(

S=(S1,...,5+)€Pp [N]¢(t) #(t~1)
Proof: Immediate from Corollary 10.4.12 and the form of 7. |

It remains to evaluate the limit of the above expressions as N — 0o. In order to
S

do that one needs to compare the growth rate of ¢/V*i+1 with that of [N ]z( £),8(t-1)

for each j. Note that in particular

g = g(t7P), = = ¢(tP),

which implies that one needs to compare

max {¢(t7")",...,6(")"}
with
(@)Y — p(t)N)P

This boils down to comparing
max {§(t"),...,4(t7")}
with ¢(¢)? or ¢(t )P, depending which one is larger. But Holder’s inequality gives
P(t)? < (t7).

If we had a strict inequality for some positive p, then the limits of correlations
of order p would not exist since the normalisation would not grow fast enough.
Therefore, we must have an equality which means that ¢ must be a homomorphism
on C[t]. Finally, it is not hard to see (using Cauchy Schwarz Inequality) that this
implies that ¢ must be a homomorphism on C€[t,t~!]. This is the case considered
in the beginning. Therefore, one can conclude that if we want the limits of all
moments to exist (which seems standard in QP), then we must assume that ¢ is
a homomorphism on C€[t,t~!] and thus an even state.

10.5 DOMAINS OF ATTRACTION FOR
¢-TRANSFORMED RANDOM VARIABLES

g-algebra and g-analysis (0 < ¢ < 1) on the real line may be interpreted as a
generalisation of ordinary addition, which (roughly speaking) corresponds to the
case ¢ = 1. However, it is not possible to define g-addition directly on the real
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line itself, but rather indirectly on the space of measures on IR in the sense that
the g-convolution of two Dirac measures is in general not a Dirac measure (in
the ordinary sense). So the whole theory is somewhat similar to hypergroups (cf.
[BH95]), but it does not fit exactly into this context.

Feinsilver [Fei87] began a probabilistic study on g-added random variables. In the
last part of his paper, he initiated an investigation of limit theorems for g-sums of
random variables. The result of Neuenschwander-Schott [NS97], which we recall
below, states that a random variable X lies in the strict domain of attraction
of a non-degenerate strictly stable random variable Z with exponent a €]0,2]
iff the g-transform of X lies in the strict domain of attraction of mZ for some
constant m depending on ¢ and a with the same norming sequence. The proof
consists essentially of getting rid of the centering constants appearing in the case
of ordinary addition and of a desintegration procedure for the "only if’-direction.

10.5.1 g-addition

Let 0 < ¢ < 1. We define g-addition (indirectly) by defining a ”Dirac measure”
51691/) by

k
Sean (@) = (18 = 3| ¥ |+,
7=0 q
The g-convolution of measures u € M°(IR) is then extended from the g-convolution
of Dirac probability measures as indicated above also in the natural way by lin-
earity and weak continuity.
The g-characteristic function of £(X) for the random variable X is defined by

¥x(v) = E(e(iuX)) (ueR).

The symbol ¢x(u) will be used for the ordinary characteristic function. It has
been shown by [Fei87, Theorem 3| that £(X) is uniquely determined by its g-
characteristic function ¥ x. Furthermore, if X;, X7 are independent random vari-
ables, then the g-convolution of X; and X, is a random variable Z whose g¢-
characteristic function is the product of the g-characteristic functions of X; and
Xo: ¥z = ¥x,¥x, (cf. [Fei87]). Define the random variable ¥ by

[e9)
Y =) T, (10.3)
k=0

where the T} are independent random variables, T} obeying to an exponential law
with mean ¢*. Assume X is any random variable on IR, independent of Y. Then
the g-characteristic function of X is the ordinary characteristic function of XY
¥x = pxy (cf. [Fei87], Proposition 4). We will call XY the g-transform of X.
If F(r) = P(X < z) is the law of the random variable X, then the law of the
g-transform is given by the mixture

G(z) = P(XY < ) / FYLY)(dy). (10.4)
0
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So what we have to study are sums of the type

n
> XY,
k=1

where X1, X5, ... are any random variables and Y1,Y5,... are i.i.d., as in (10.3),
and independent of X;, Xo,.. ..

10.5.2 Domains of attraction

First, we recall some facts on stable laws with respect to ordinary addition. As
references, see e.g. [GK54] or [Bre68]. A random variable Z is called stable if for
every n > 1 and i.i.d. copies Z1,2Zs,...,Z, of Z there are ¢, > 0,d, € IR such

that
n
Z Zi +dy)
k:

Equivalently, Z is stable iff there are i.i.d. random variables X1, X2,... and a, >
0,b, € IR such that

Ilh

zn: (Xk +bn) (10.5)

(where = denotes weak convergence). If X £ X1, then X is said to lie in the
domain of attraction of Z. The sequence {(an,bn)}n>1 is called norming sequence.
We will use the term ”strictly stable” and ”strict domain of attraction” if d, =0
resp. b, = 0. It can be shown that there exists a €]0, 2] such that

cn =n"Ve,

The number « is called the exponent of stability. The case a = 2 corresponds to
the case where Z obeys to a normal distribution. Z is non-degenerate and stable
with exponent a €]0, 2[ iff its characteristic function has the form

[o o]
_ . uxr _ _ﬂ_ _dz_
pz(u) = exp{z'yu+(v/+w/)(e 1 1+z2)|:v|1+“}
0

(vyw > 0,v+w > 0).

For short, we write Z £ (a,7v,v,w). It follows that for k € IN, we have
(a, ky, kv, kw) £ kMo Z.
For the following lemma see [PWZ81], Remark 3 on p.628.

Lemma 10.5.1 In the case 0 < a < 1 we have
nanb, > b

for some b € R.



Limit theorems on quantum groups 209

The next lemma follows also from [PWZ81], Remark 3 on p.628 (see also [GK54],
Theorem 35.3).

Lemma 10.5.2 In case 1 < a < 2 we have
b+ o(1)
nan

bn = —E(X)) + (n = o0)

for some b € R.

What remains, is the case @ = 1. This situation is somewhat special in the
following sense. If a €]0, 1{U]1, 2[ and if Z is a-stable, then it is always possible to
center Z so that it becomes strictly stable (see e.g. [Sha69], Theorem 6). However
the following property follows at once by considering the characteristic function
for @ = 1 in the ”explicit form”

. . 2
pz(u) = exp{ifu - plul(1 +z0|”7|;10g|u|)}
v—w
(ﬂEIRap>O’e— ’U+’LU)’

the centering statement then follows from [Fel71}, Theorem VIIL.5.3.

Lemma 10.5.3 The only non-degenerate strictly stable laws p with exponent a =
1 are the shifted (with shift b € R) symmetric (Cauchy) ones (i.e. those with
v =w). In this case, we have

b+ o(1)
n
where b € IR is the afore-mentioned shift of p.

anbn, = —E(sin(apX1)) +

(n = o),

The domains of attraction of stable laws with exponent 0 < a < 2 may be char-
acterised as follows (cf. [Mee86], p.344):

Proposition 10.5.4 For a non-degenerate stable random variable Z with ezxpo-
nent 0 < a < 2 (10.5) holds iff

T
it
nP(anX; < 7) = v / M (i) (@<
—0

and

nP(ap Xy > &) - w/ 4 ) (z>0)

it
T
Let X, Z be random variables. The g-transform of X lies in the strict domain of
attraction of Z with norming sequence {a,}, if for i.i.d. copies X;,Xs,... of X
and i.i.d. random variables Y},Y>,... as in (10.3) and independent of X, X, ...
there exist a, > 0 such that

an Y XipYe 3 Z. (10.6)

k=1
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Lemma 10.5.5 The characteristic function of logY is analytic in a neighbour-
hood of the real axis.

Proof: By [Fei87], the density of Y is given by

= 9
hence the density of logY is
00 -
h(z) = e®g(e®) = Cije‘q etz (10.7)
=0
where 1y
= ()
Clearly
o0
> lpsl < oo. (10.8)
= v
Since ‘
' —qg e +r< -+ <K (z€R), (10.9)

it follows from (10.8) and (10.9) that the series in (10.7) converges uniformly for
z € IR, so we get, with the aid of (10.7)-(10.9),

P(|logY| > z) h(t)dt

R\[—z,z]
)

el [ et
I=0 R\[-z.4]

= O(l—e_e_:+e_ez)

= 0(™®) (z- ).

IA

Now the assertion follows from [Luk70], Theorem 7.2.1. ll
For fixed a and Y as in (1), define the constant

m = (EY*)"/°.

Theorem 10.5.6 Let Z be a non-degenerate strictly stable random variable with
ezponent 0 < a < 2 and let X be any random variable. Then the g-transform of
X lies in the strict domain of attraction of mZ with norming sequence {an}n>1
iff X lies in the strict domain of attraction of Z with norming sequence {an}n>1.

Proof: 1. ”If’-direction: Assume X lies in the strict domain of attraction of Z
with norming sequence {an}.>1. Let ¥1,Y2,... be as in (10.6). By [GK54], Theo-
rem 25.1 and the Remark on p.121 it follows that the conditions (i)-(iii) mentioned
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before Proposition 8 in [Fei87] are indeed fulfilled. Hence by [Fei87], Proposition
8 the condition of our Proposition 10.5.4 carries over to the g-transforms (2) of
X1, Xs,...1in the sense that XY lies in the domain of attraction of mZ with some
norming sequence {an, b, }n>1 for certain b, € RR.

1.1 Case 0 < a < 1: By Lemma 10.5.1 it follows that XY lies in the strict domain
of attraction of mZ — b for some b € IR. By the convergence of types theorem (see
e.g. [Bre68], Theorem 8.32) it follows that mZ — b is also strictly a-stable, hence
b=0.

1.2 Case 1 < a < 2: By Lemma 10.5.2 it follows that

napE(X) 2 b (n— o0)
for some b € IR. Hence also
nap E(XY) -5 bE(Y) (n — o).

So it follows from Lemma 10.5.2 that XY lies in the strict domain of attraction
of mZ — b + bE(Y) for some b,b' € R and the rest of the proof is as under 1.1.
1.3 Case a = 1: By Lemma 10.5.3 it follows that

nE(sin(a, X)) = b (n = ),

where b € R is the shift of Z as in Lemma 10.5.3. Hence by the dominated
convergence theorem, Proposition 10.5.4, and the stability property, we get

[,

lim nE(sin(a,XY)) = lim | nE(sin((a,y)X))L(Y)(dy)

n—oo n—o0o

= mb.

So by Lemma 10.5.3 it follows that XY lies in the strict domain of attraction of
mZ.

”Only if’-direction: By Proposition 10.5.4 it follows that

" / / LanyX1)(d)L(Y)(dy)
0 J
- m v-1{t< 0} +w- 1{t>0}) Ta
I

= [ [ ag<opru 1> )T b))
0 J
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and thus

(v-1{t <0} +w-1{t> 0})|t—/yd|Ll+;£(Y)(dy) (n = o), (10.10)

where J is an interval of the form | — 00,2z] (z < 0) or [z,00[ (z > 0). Let n and
7 denote the finite measures on 0, o[ given by

2 dz
n(B) =w/1+z2 gl/a
B

and )
z
B

for Borel subsets B C]0, oo[. Define A and A, to be the finite measures on IR given
by

4 e 0/flogy

and

/ £(2)An(dz) = / £ (log y)7n(dy)
0

for bounded real-valued continuous functions on IR. Let H be the distribution
function of logY. By the ”basic estimate” in [Fei87] and (10.10) it follows (simi-
larly as in the proof of [Fei87], Proposition 8) that

A*xHBAXxH (n— 00) (10.11)

Let {(u), (n(u), resp. £(u) be the characteristic function (in the ordinary sense)
of A\, A, resp. H. Then (10.11) may be rewritten as

Cn(u) - () = ((u) -{(v) (n—>o0) (uelR). (10.12)

By Lemma, 10.5.5, £ is analytic in a neighbourhood of the real axis, hence it has
only isolated zeroes there. So we may divide (10.12) by £(u) for all real u with the
exception of isolated points, and of course in a neighbourhood of ug = 0. Thus it
follows from the Lévy continuity theorem and the continuity of { that

(a(w) = ((w) (n—o0) (ueR),
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hence

A 23X (n—> o)
and thus

man (n— o).
An analogous argument holds also for the negative real axis, hence by Proposition
10.5.4 it follows that X lies in the domain of attraction of Z with norming sequence
{@n,bn}n>1 for certain b, € IR. Now the same type of argument as in the proof

of the ”if”-direction shows that one may replace b, by 0 by the strictness of the
domain of attraction. |
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