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Preface

Courses in Stochastic Calculus have in the last two decades changed their target
audience. Once this advanced part of mathematics was of interest mainly to
postgraduates intending to pursue an academic research career, but now many
professionals cannot do without the ability to manipulate stochastic models.

The aim of this book is to provide a tool in this direction, starting from a basic
probability background (with measure theory, however). The intended audience
should, moreover, have serious mathematical bases.

The entire content of this book should provide material for a two-semester class.
My experience is that Chaps. 2-9 provide the material for a course of 72 h, including
the time devoted to the exercises.

To be able to manipulate these notions requires the reader to acquire not only the
elements of the theory but also the ability to work with them and to understand their
applications and their connections with other branches of mathematics.

The first of these objectives is taken care of (or at least I have tried to...) by the
development of a large set of exercises which are provided together with extensive
solutions. Exercises are hardwired with the theory and are intended to acquaint the
reader with the full meaning of the theoretical results. This set of exercises with
their solution is possibly the most original part of this work.

As for the applications, this book develops two kinds.

The first is given by modeling applications. Actually there are very many
situations (in finance, telecommunications, control, ... ) where stochastic processes,
and in particular diffusions, are a natural model. In Chap. 13 we develop financial
applications, currently a rapidly growing area.

Stochastic processes are also connected with other fields in pure mathematics
and in particular with PDEs. Knowledge of diffusion processes contributes to a
better understanding of some aspects of PDE problems and, conversely, the solution
of PDE problems can lead to the computation of quantities of interest related to
diffusion processes. This two-way tight connection between processes and PDEs is
developed in Chap. 10. Further interesting connections between diffusion processes

vii



viii Preface

and other branches of mathematics (algebraic structures, differential geometry, .. .)
are unfortunately not present in this text, primarily for reasons of space.

The first goal is to make the reader familiar with the basic elements of stochastic
processes, such as Brownian motion, martingales, and Markov processes, so that it
is not surprising that stochastic calculus proper begins almost in the middle of the
book.

Chapters 2-3 introduce stochastic processes. After the description of the general
setting of a continuous time stochastic process that is given in Chap. 2, Chap.3
introduces the prototype of diffusion processes, that is Brownian motion, and
investigates its, sometimes surprising, properties.

Chapters 4 and 5 provide the main elements on conditioning, martingales, and
their applications in the investigation of stochastic processes. Chapter 6 is about
Markov processes.

From Chap. 7 begins stochastic calculus proper. Chapters 7 and 8 are concerned
with stochastic integrals and Ito’s formula. Chapter 9 investigates stochastic dif-
ferential equations, Chap. 10 is about the relationship with PDEs. After the detour
on numerical issues related to diffusion processes of Chap. 11, further notions of
stochastic calculus are investigated in Chap. 12 (Girsanov’s theorem, representation
theorems of martingales) and applications to finance are the object of the last
chapter.

The book is organized in a linear way, almost every section being necessary
for the understanding of the material that follows. The few sections and the single
chapter that can be avoided are marked with an asterisk.

This book is based on courses that I gave first at the University of Pisa, then
at Roma “Tor Vergata” and also at SMI (Scuola Matematica Interuniversitaria) in
Perugia. It has taken advantage of the remarks and suggestions of many cohorts of
students and of colleagues who tried the preliminary notes in other universities.
The list of the people I am indebted to is a long one, starting with the many
students that have suffered under the first versions of this book. G. Letta was very
helpful in clarifying to me quite a few complicated situations. I am also indebted
to C. Costantini, G. Nappo, M. Pratelli, B. Trivellato, and G. Di Masi for useful
remarks on the earlier versions.

I am also grateful for the list of misprints, inconsistencies, and plain mistakes
pointed out to me by M. Gregoratti and G. Guatteri at Milano Politecnico and
B. Pacchiarotti at my University of Roma “Tor Vergata”. And mainly I must mention
L. Caramellino, whose class notes on mathematical finance were the main source of
Chap. 13.

Roma, Italy Paolo Baldi
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Common Notations

Real, complex numbers, R

xVy = max(x, y) the largest of the real numbers x and y

XAy = min(x, y) the smallest of the real numbers x and y

(x,y) The scalar product of x,y € R”

xt, x” The positive and negative parts of x € R: x = max(x, 0), x~ =
max(—ux, 0)

x| According to the context the absolute value of the real number x,
the modulus of the complex number x, or the euclidean norm of
xeR"

Nz, Iz The real and imaginary parts of z € C

Bgr(x) {y € R™ |y — x| < R}, the open ball centered at x with radius R

A*, trA,detA The transpose, trace, determinant of matrix A

Derivatives
af ) .
Py fv,  Partial derivatives
Xi
f Derivative, gradient
Nl Second derivative, Hessian

Functional spaces

My (E) Real bounded measurable functions on the topological space E
1l oo = sup,eg [f(X)] if f € My(E)

Xiii



Cp(R™)
Cx(R™)

(D)

C>' (D x [0, T])
€ ([0, T],R™)

€ (R*,R™)

%:([0.T].R™)

Common Notations

The Banach space of real bounded continuous functions on R”
endowed with the norm || || oo

The subspace of C,(R™) of the continuous functions with com-
pact support

k times differentiable functions on the open set D C R™
Functions twice differentiable in x € D and once in ¢ € [0, T[
The vector space of continuous maps y : [0, 7] — R™ endowed
with the sup norm || || It is a Banach space

The vector space of continuous maps y : Rt — R™, endowed
with the topology of uniform convergence on compact sets of
Rt

The vector space of continuous maps y : [0, T] — R™ such that
Yo = x, endowed with the topology of uniform convergence



Chapter 1
Elements of Probability

In this chapter we recall the basic facts in probability that are required for the
investigation of the stochastic processes that are the object of the subsequent
chapters.

1.1 Probability spaces, random variables

A measurable space is a pair (E, &) where

e Fisaset;
* & is ao-algebra of subsets of E.

A probability space is a triple (§2, %, P) where

e (2isaset;
e % is a g-algebra of subsets of £2 (i.e. (£2,.%#) is a measurable space);
* Pis a positive measure on .% such that P(£2) = 1.

The elements of .% are called events, P a probability (measure).

If (£2,.%,P) is a probability space and (E, &) a measurable space, a random
variable (r.v.) is a measurable function X : £2 — E, i.e. such that X~!(4) € .#
whenever A € &. It is a real random variable if E = R and & = %(R) (Borel sets
of R).

For a real r.v. X on (£2, %, P) we can speak of an integral. If X is integrable we
shall usually write E[X] instead of [ X dP. E[X] is the mathematical expectation.
Sometimes the terms mean or mean value are also used.

IfX = Xi1,...,Xn) is (R™, B(R™))-valued we shall speak of m-dimensional
r.v.’s and, if the components X; are integrable, we define

We say that two r.v.’s X, Y are equivalentif P(X = Y) = 1.

© Springer International Publishing AG 2017 1
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2 1 Elements of Probability

The spaces L/, 1 < p < 400, and L* are defined as usual as well as the norms
|X1, and || X || oo Recall in particular that I” is the set of equivalence classes of 1.v.’s
X such that || X|, = E[|X|]'/? < 4-o00. It is worth pointing out that L7 is a set of
equivalence classes and not of r.v.’s; this distinction will sometimes be necessary
even if often, in order to simplify the statements, we shall identify a r.v. and its
equivalence class.

For a real r.v. X, let us denote by X = X+ — X~ its decomposition into positive
and negative parts. Recall that both X* = X v 0 and X~ = (—X) V 0 are positive
r.v.’s. X is said to be lower semi-integrable (1.s.i.) if X~ is integrable. In this case it
is possible to define the mathematical expectation

E[X] = EX"] - E[X],
which is well defined, even if it can take the value 4-co. Of course a positive r.v. is

always Ls.i.
The following classical inequalities hold.

Jensen’s inequality. Let X be an m-dimensional integrable r.v. and @ : R” —
R U {+o00} a lower semi-continuous convex function; then @(X) is lower semi-
integrable and

E[@(X)] = ®(E[X]) (1.D
(possibly one or both sides in the previous inequality can be equal to +00).

Moreover, if @ is strictly convex and @(E[X]) < 400, then the inequality is
strict unless X takes only one value a.s.

Holder’s inequality. Let Z, W be real positive r.v.’s and «, f positive real
numbers such that & + 8 = 1. Then

E[z*WP] < E[Z]"E[W]? . (1.2)

From (1.2) it follows that if X, Y are real r.v.’s and p, g positive numbers such that

; + (11 = 1, then, by setting @ = 11), B = ;,Z = |X|P, W = |Y|?, we have

[EIXY]| < E[IX}"]"7E[|Y|4]"/* (1.3)

which also goes under the name of Holder’s inequality.
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Minkowski’s inequality. Let X, Y be real r.v.’s and p > 1, then

IX + Y, < X1, + 1Y, - (1.4)

Minkowski’s inequality, in particular, implies that LP, p > 1, is a vector space. If
p > g, Jensen’s inequality applied to the continuous convex function ®(x) = |x|/
gives

IX|7 = E[|IX|P] = E[®(|X|9)] = &(E[|X|9]) = E[|X|7]/
and therefore, taking the p-th root,
X1, = 1X1lq - (1.5)

In particular, if p > ¢, [ C L1.

1.2 Variance, covariance, law of a r.v.

Let X be a real square integrable r.v. (i.e. such that E[X?] < +o0). Its variance is
the quantity

Var(X) = E[(X — E[X])’] = E[X*] - E[X]*.

If « > 0, the quantity | |x|*u(dx) is the absolute moment of order  of . If « is
a positive integer the quantity [ x*u(dx), if it exists and is finite, is the moment of
order o of L.

Markov’s inequality. For every § > 0,8 > 0 we have

BlIX|F]

P(X|z8) =

(1.6)

Itis apparent from its definition that the variance of a r.v. is so much larger as X takes
values far from its mean E[X]. This intuitive fact is made precise by the following

Chebyshev’s inequality. Let X € L*. Then for every a > 0

POX —EX]| > ) < ).
o
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This is a very important inequality. It is, of course, a particular case of Markov’s
inequality.
The covariance of two r.v.’s X and Y is defined as

Cov(X.Y) = E[XY] — E[X]E[Y] .

If Cov(X,Y) = 0, X and Y are said to be uncorrelated.
Let X be a r.v. with values in the measurable space (E, &). It is easy to see that the
set function px defined on & as

nx(4) = P(X ' (4))

is itself a probability measure (on &). ux is the law of X. Itis the image (or pullback)
of P through X. The following proposition provides a formula for the computation
of integrals with respect to an image law. We shall make use of it throughout.

Proposition 1.1 Let X : (2, #,P) — (E, &) be ar.v., iy the law of X. Then
a measurable function f : (E, &) — (R, Z(R)) is ux-integrable if and only if
f(X) is P-integrable, and then we have

/ F0) px(d) = / FX (@) P(do) . (1.7)
E 2

In particular, if X is a real r.v. then X has finite mathematical expectation if and
only if x — x is pyx-integrable, and in this case

E[X] = / * ()

Also we have, for every o,

E[IX]*] = [ el )

Therefore X € L7 if and only if its law has a finite absolute moment of order p.

By the notations X ~ p, X ~ Y we shall mean “X has law . and “X and Y have
the same law”, respectively.
Given two probabilities P and Q on (£2, .%), we say that Q is absolutely continuous
with respect to P if P(A) = 0 implies Q(A) = 0. This relation is denoted P > Q.
The Radon—Nikodym Theorem states that if P >> Q then there exists ar.v. Z > 0
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such that
Q) = / ZdP
A

(the converse is obvious). P and Q are said to be equivalent if both P > Q and
Q > P. In other words, two probabilities are equivalent if and only if they have
the same negligible events. Recall that an event N € % is negligible if P(N) = 0.
Conversely, P and Q are said to be orthogonal if there exists an event A such that
P(A) = 1 and Q(A) = 0. If P and Q are orthogonal, of course, it is not possible for
one of them to be absolutely continuous with respect to the other one.

1.3 Independence, product measure

If &, & are o-algebras of events of E let us denote by & Vv &’ the smallest o-
algebra containing both & and &”. This is well defined: it is immediate that the
intersection of any non-empty family of o-algebras is again a o-algebra. We can
therefore consider the family of all o-algebras containing both & and &”. This is
non-empty as certainly &?(E) (all subsets of E) is one of them. Then & Vv &” will be
the intersection of this family of o-algebras. This argument will be used from now
on to define o-algebras as “the smallest o-algebra such that...”.

Let X : (£2,%,P) — (E,&) be a r.v. and denote by o(X) the o-algebra
generated by X, i.e. the smallest sub-c-algebra of .# with respect to which X is
measurable. It is easy to see that o (X) is the family of the events of .% of the form
X1(A") with A" € &.

The following lemma, characterizing the real o(X)-measurable r.v.’s, is very
useful.

Lemma 1.1 (Doob’s measurability criterion) Let X : (£2,%,P) —
(E, &) be a r.v. Then every real o(X)-measurable r.v. is of the form f(X),
where f : (E, &) — (R, (R)) is a measurable map.

The r.v.’s X1, ..., Xy, taking values respectively in (Ey, &), ..., (Ey, &), are
said to be independent if, for every A| € &1,...,A], € &,
P(X; €A],....Xn€A)) =P(X, €A))...P(X,, €A)).
The events Ay, ...,A,, € Z are said to be independent if and only if

P(A; N---NA;,) =P(A;)...P(A;,)
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for every choice of 1 < £ < mandof 1 < ij] < ip < - < iy < m. A
careful but straightforward computation shows that this definition is equivalent to
the independence of the r.v.’s 14,, ..., 14,,.

If #1,...,.%, are sub-o-algebras of .%, we say that they are independent if, for
every Ay € F1,..., Ay € S,

P(A,N---NA,) = P(A))...P(4,) .

It is immediate that the r.v.’s Xj, ..., X, are independent if and only if so are the
generated o-algebras 0 (X1), ...,0(Xpy).

Let (X;);es be a (possibly infinite) family of r.v.’s; they are said to be independent
if and only if the r.v’s X;,...,X;, are independent for every choice of a finite
number iy, ..., i, of distinct indices in /. A similar definition is made for an infinite
family of o-algebras.

We shall say, finally, that the r.v. X is independent of the o-algebra ¢ if and only
if the o-algebras o(X) and ¢ are independent. It is easy to see that this happens if
and only if X is independent of every ¢-measurable r.v. W.

Let us now point out the relation between independence and laws of r.v.’s. If we
denote by p; the law of X; and we define E = E; X --- X E;, & = &1 ® -+ ® &y, On
the product space (E, &), we can consider the product measure t = (4} ® -+ ® .

The following result will be of constant use in the sequel.

Proposition 1.2 In the previous notations the r.v.’s Xy, ..., X, are indepen-
dent if and only if the law of X = (X1, ..., X,y) on (E, &) is the product law p.

The proof of this proposition makes use of the following theorem.

Theorem 1.1 (Carathéodory’s criterion) Let (E, &) be a measurable
space, (1, Uy two finite measures on (E,&); let .# C & be a family of
subsets of E stable with respect to finite intersections and generating &. Then,
if £1(E) = po(E) and pg and p, coincide on .#, they also coincide on &

Proof of Proposition 1.2. Let us denote by v the law of X and let .# be the family
of the sets of & of the form A} x --- x A, with A; € &, i = 1,...,m. &
is stable with respect to finite intersections and, by definition, generates &. The
definition of independence states exactly that i and v coincide on .#; therefore by
Carathéodory’s criterion they coincide on &. O
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Proposition 1.3 If X and Y are real independent integrable r.v.’s, then also
their product is integrable and

E[XY] = E[X]E[Y] .

Recalling that Cov(X,Y) = E[XY] — E[X]E[Y], in particular we have that real
integrable and independentr.v.’s are not correlated. Examples show that the converse
is not true.

Remark 1.1 A problem we shall often be confronted with is to prove that
some o-algebras are independent. Let us see how, in practice, to perform
this task.

Let %, and %, be sub-g-algebras of % and let ¥, C %, 65 C %,
be subclasses generating .%; and .%,, respectively, and stable with respect to
finite intersections. Then .%#; and .%, are independent if and only if

P(A; N A;) = P(A1)P(A2) (1.8)

forevery A| € €}, A; € 6.
Actually, if A, € %5 is fixed, the two measures on .%#;

Al — P(Al ﬂAz) and Al P(Al)P(Ag)

are finite and coincide on %7; they also have the same total mass (= P(Ay)).
By Carathéodory’s criterion, Theorem 1.1, they coincide on .%#}, hence (1.8)
holds for every A; € 1, A, € %,. By a repetition of this argument with
Ay € F fixed, (1.8) holds for every A € F, A; € %, i.e. %) and %, are
independent.

A case of particular interest appears when %, = o(X,X € %), %, =
o(Y,Y € ) are o-algebras generated by families .# and _# of r.v.’s
respectively. If we assume that every X € .# is independentof every Y € ¢,
is this enough to guarantee the independence of .%, and .%,?

Thinking about this a bit it is clear that the answer is negative, as even
in elementary classes in probability one deals with examples of r.v.’s that
are independent pairwise but not globally. It might therefore happen that X,
and Y are independent, as well as X, and Y, whereas the pair (X;,X>) is
not independent of Y. {X;,X,} = # and {Y} = _Z therefore provides a
counterexample.

If, however, we assume that for every choice of Xj,...,X, € .4 and
Yi,....Yr € Ztherv’s (Xi,...,X,) and (Y1,..., Y}) are independent, then
necessarily the two generated o-algebras .% and .%, are independent.

(continued)
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Remark 1.1 (continued)

Let us denote by (E;, &;) and (Gj,%;) the measurable spaces where the
r.v.’s X;, Y; take the their values respectively. Let us consider the class €, of
the events of the form

X, €Al,....X, €A}

forsomen > 1,Xy,...,X, € Z,A| € &1,...,A] € &, and similarly define
% as the class of the events of the form

{YleB/l,...,YkeB/k}

forsomek > 1,Yy,..., Yy € 7,B| € 9,...,B; € %. One verifies that €}
and %, are stable with respect to finite intersections and generate o(X,X €
J) and o(Y,Y € _Z), respectively. Moreover, (1.8) is satisfied for every
Ay € 61,A; € 6. Actually, as the .v.’s (X1,...,X,) and (Y1,...,Y;) are
assumed to be independent, the two events

Ay ={X;€Al,.... X, €A} ={(X1,....Xy) €A x---x A}
Ay ={Y1€B),....Yx€B}={(Y1,....Yx) € By x---x B}

are independent. Therefore, by the previous criterion, .%; and %, are
independent. In other words, .%#; and .%, are independent if and only if the
r.v’s (Xq,...,X,) and (Y1,...,Y;) are independent for every choice of n, k
andof X;,....X, € ﬂanle,...,Yk (S /

We shall see later that if the r.v.’s of .# and _¢# form together a Gaussian
family, then this criterion can be considerably simplified.

The following result will be of constant use in the sequel.

Theorem 1.2 (Fubini) Let i1, ;t, be measures respectively on the measur-
able spaces (E1, &1), (E», &) andletf : E; xE, — Rbe an &1 ®&,-measurable
function such that at least one of the following is true:

1) f is integrable with respect to ;| ® o
2) f is positive.

Then
a) the functions

v [ e (e @ (19)
are respectively &}-measurable and &,-measurable.

(continued)



1.4 Probabilities on R” 9

Theorem 1.2 (continued)
b)

fdu @ py = /Ml(dxl) /f(-xls-xz) a2 (dxz)

E1 XEZ

— /m(dxz) /f(xl,xz) pr(dxy)

1.4 Probabilities on R™

Let u be a probability on (R™, Z(R™)) and let us denote by 7; : R” — R its
projection on the i-th coordinate: we call the image of u through n; the i-th marginal
law of . By the integration rule with respect to an image law, (1.7), the i-th marginal
law is therefore given by

,u,-(A):/ La() p(dxi, ... dxy),  Ac BR). (1.10)

If X = (X1,...,X,) is an m-dimensional r.v. with law w it is clear that its i-th
marginal p; coincides with the law of X;.

We say that a probability i on R™ admits a density (with respect to Lebesgue
measure) if there exists a Borel function f > 0 such that for every A € Z(R™)

uw=AMMn

If © admits a density f then its i-th marginal p; also admits a density f;, given by

ﬁ(x) = /f(yl, e s Yi—1 X Yid1s o - ,ym) dy1 ce dyi_ldyi+1 ce dym

(the existence of the integral and the fact that such an f; is a measurable function are
consequences of Fubini’s Theorem 1.2, see (1.9)).

In any case the previous formulas show that, given p, it is possible to determine
its marginal distributions. The converse is not true: it is not possible, in general,
knowing just the laws of the X;’s, to deduce the law of X. Unless, of course, the r.v.’s
X; are independent as, in this case, by Proposition 1.2 the law of X is the product of
its marginals.

Let X be an R™-valued r.v. with density f, a € R™ and A an m x m invertible matrix;
it is easy to see that the r.v. ¥ = AX + a has also a density g given by

g(y) = |detA| "' f(A7' (v — a)) . (1.11)
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IfX = (Xy,...,X,) is an m-dimensional r.v., its covariance matrix is the matrix
C = (cy)i, defined as

cij = Cov(X;, Xj) = E[(X; — E[Xi])(X; — E[X}])] = E[X,Xj] — E[X{|E[X]] .

It is the matrix having on the diagonal the variances of the components X, ..., X,
and outside the diagonal their covariances. Another more compact way of express-
ing the covariance matrix is the following. Let us assume X centered, then

C = E[XX*], (1.12)

where we consider X as a column vector; X* (* denotes the transpose) is a row vector
and the result of the product XX* is an m x m matrix whose i, j-th entry is precisely
X;X;. I, conversely, X is not centered, we have C = E[(X — E(X))(X — E[X])*].
This formulation allows us, for instance, to derive immediately how the covariance
matrix transforms with respect to linear transformations: if A is a k X m matrix and
Y = AX, then Y is a k-dimensional r.v. and (assume X centered for simplicity)

Cy = E[AX(AX)*] = E[AXX*A*] = AE[XX*]A* = ACA* . (1.13)
If X = (Xi,...,X,) is an m-dimensional r.v., the covariance matrix provides
information concerning the correlation among the r.v’s X;,i = 1,...,m. In

particular, if these are pairwise independent the correlation matrix is diagonal. The
converse is not true in general.

An important property of every covariance matrix C is that it is positive
definite, i.e. that for every vector £ € R”

m

(CE.E) =) eyt = 0. (1.14)

ij=1

Assuming for simplicity that X is centered, we have ¢; = E[X;X;] and

(CE. &) = Zm: cij&i§ = E[ Zm: XinEiEj] = E[(Zm:XiSi)z] >0, (1.15)
ij=1 ij=1 i=1

as the r.v. inside the rightmost expectation is positive.

Let now X and Y be independent m-dimensional r.v.’s with laws p and v
respectively. We call the law of X 4 Y, denoted by u * v, the convolution product of
w and v. This definition actually only depends on p and v and noton X and Y: % v
is actually the image on R™ through the map (x,y) + x + y of the law of (X, Y) on
R™ x R™ that, as we have seen, is the product law 1 ® v and does not depend on the
particular choice of X and Y.
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Proposition 1.4 If x and v are probabilities on R™ having density f and g
respectively with respect to Lebesgue measure, then p * v also has density &
with respect to Lebesgue measure given by

W) = /R @) dz.

Proof If A € Z(R™), thanks to the theorem of integration with respect to an image
law, Proposition 1.1,

jxv(A) = / 1) o v(dz) = / Lo+ ) 1 (d) v(dy)

= [+ sywsmrasas = [ as [ j@se—ad.

which allows us to conclude the proof.

1.5 Convergence of probabilities and random variables

In this section (E, Z(E)) denotes a measurable space formed by a topological space
E with its Borel o-algebra #(E).

e Let (un), be asequence of finite measures on (E, Z(E)). We say that it converges
to u weakly if for every continuous bounded functionf : E — R

tim | fdp, = / f. (1.16)

Note that if p,, —,—c0 1 Weakly, in general we do not have i, (A) =00 1(A)
for A € &, as the indicator function 1,4 is not, in general, continuous. It can be
proved, however, that 1, (A) —,—c0 K(A) if w(dA) = 0 and that (1.16) also
holds for functions f such that the set of their points of discontinuity is negligible
with respect to the limit measure p.
Let X,,, n € N, and X be r.v.’s on (£2, .%, P) taking values in (E, Z(E)).

e We say that (X,), converges to X almost surely (a.s.), denoted X, 22X, if there

exists a negligible event N € .% such that

lim X,(w) = X(w) foreveryw ¢ N .
n—>oo
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U)
e If E = R™ we say that (X,,), converges to X in L7, denoted X, —> X, if X € L
and

lim E[|X, —X|’] = 0.
n—oo

Thanks to (1.5), LP-convergence implies L?-convergence if p > q.
» If the sequence (X,), takes its values in a metric space E with a distance denoted

by d, we say that it converges to X in probability, denoted X,, —P>X, if, for every
§>0,

lim P(d(X,,X) > 8) = 0.

e We say that (X,), converges to X in law, denoted X, iX, if w, — n weakly,
Wn, | denoting respectively the laws of X, and X. Note that for this kind of
convergence it is not necessary for the r.v.’s X, X,,,n = 1,2, ..., to be defined on
the same probability space.

The following proposition summarizes the general comparison results between
these notions of convergence.

rr 5.
Proposition 1.5 If X, 2> X then X, — X. If X, “5 X then X, - X. If

&
X, E) X then X, — X. If X, i X then there exists a subsequence (X, )
converging to X a.s.

In particular, the last statement of Proposition 1.5 implies the uniqueness of the
limit in probability.

Proposition 1.6 (Cauchy criterion of convergence in probability) Let
(X,)n be a sequence of r.v.’s with values in the complete metric space E and
let us assume that for every A > 0, & > 0 there exists an ny € N such that for
every n, m > ny

Pd(X,, X)) > A) < €.

. P
Then there exists an E-valued r.v. X such that X,, - X as n — oo.
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Let us consider on the probability space (§2,.%,P) a sequence (4,), of events.
Let us define an event A (the superior limit of (A,),) through

o0
Tim 4, = (| [JAc=4.
n=1k>n
It is easy to see that, equivalently,
1A = lim lAn
n—>oo
or
A = {w;w € A, for infinitely many indices n} .

We shall often be led to the computation of the probability of the superior limit of a
sequence of events. To this end, the key argument is the following.

Proposition 1.7 (Borel-Cantelli lemma) Let (4,),, and A = lim,.A,
as above. Then

a) if Y_°2 | P(A,) < 400, then P(A) = 0.
b) If > 72, P(A,) = +oo and, moreover, the events (A,), are pairwise
independent, then P(A) = 1.

Usually Proposition 1.7 b) is stated under assumption of global independence of
the events (A,),. Actually, pairwise independence is sufficient.

1.6 Characteristic functions
If X is an m-dimensional r.v. and u denotes its law, let us define
(o) = / ey (dx) = E[e"N], 6 eR™.

1 is the characteristic function (very much similar to the Fourier transform) of . It
is defined for every probability i on R™ and enjoys the following properties, some
of them being immediate.

1. @(0) = 1and |x(9)| < 1, for every 6 € R™.
2. If X and Y are independent r.v.’s with laws p and v respectively, then we have
Hx+v(0) = Z(O)(O).
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3. I is uniformly continuous.
4. If u has finite mathematical expectation then [ is differentiable and

aA . i(0,x
ag 6) = l/x,-e 094 (dx) .
J

In particular,

o

oy © = [ smian.

i.e. '(0) = iE[X].

. If u has finite moment of order 2, i is twice differentiable and

azﬁ — i(0.,x)
s0:00, D =~ / xege 0 () (1.17)
In particular,
az,igej 0)=- / X 4 (dxc) (1.18)
For m = 1 this relation becomes 71”(0) = —E[X?]. If X is centered, then

the second derivative at O is equal to —1 times the variance. If m > 2 and X
is centered, then (1.18) states that the Hessian of & at the origin is equal to —1
times the covariance matrix.

Similar statements hold for higher-order moments: if « = (i1,...,i,) is a
multi-index and |¢| = i} + --- + i, and if the absolute moment of order ||,
E[|X|!®], is finite, then /1 is & times differentiable and

ol
aaxa“ 6) = /i‘“‘xa du(x) . (1.19)

These results of differentiability are an immediate consequence of the theorem
of differentiation of integrals depending on a parameter.

Conversely it is not true, in general, that if all the derivatives of order || of
[ are finite, then the moment of order |«| is finite. It can be shown, however,
that if || is an even number and & is differentiable up to the order |«| at 0,
then X has a finite moment of order |«| and therefore (1.19) holds. Thus, in
particular, in dimension 1, if & is twice differentiable at the origin, then X has
finite variance and (1.17) and (1.18) hold.

The previous formulas are very useful as they allow us to obtain the mean,
variance, covariance, moments. .. of a r.v. simply by computing the derivatives
of its characteristic function at 0.
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10.

Gaussian laws 15

If 2(6) = V(0) for every 6 € R™, then u = v. This very important property
explains the name “characteristic function”.

If Xi,...,X, are r.v.’s respectively pu, ..., u,-distributed, then they are inde-
pendent if and only if, denoting by u the law of X = (X1,...,X},),

RO, ... 0m) = L1(01) ... Lm(Om)

(the “only if part” is a consequence of the definitions, the “if”” part follows from
6 above).
If 1k is the k-th marginal of  then

Au(0) = BQ.....0, 0 .0.....0).

k—th

. Letb € R* and A a k x m matrix. Then ¥ = AX + b is a R¥-valued r.v.; if v

denotes its law, for 6 € RX,

7)\(9) — E[ei(O,AX+b)] — ei(@,h)E[ei(A*O,X)] — ﬁ(A*Q) ei(@,h) (1.20)
(again A* is the transpose of A).
Clearly if 1, —,—00 i Weakly then 11,(0) —,—00 () for every 6; indeed,

x > ¢/ is a continuous function having bounded real and imaginary parts.
Conversely, (P. Lévy’s theorem) if

lim [1,(0) = v (6) for every 6 € R™
n—>oo

and if ¢ is continuous at the origin, then v is the characteristic function of
some probability law p and w, —,—»00 ( Weakly.

1.7 Gaussian laws

A probability u on R is said to be N(a, 02) (normal, or Gaussian, with mean a
and variance 62), where a € R, ¢ > 0, if it has density with respect to Lebesgue
measure given by

(x—a)z]'

f& = 2ro exp[— 202
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Let us compute its characteristic function. We have at first, with the change of
variablex =y — a,

1 +oo (y _ a)z ei@a +oo B 2
o) = / e ex [— ]d = / e 202 dx
o) V2o Jow P 207 Y V2ro Jooo

and if we set

1 +o0 " 2
u(9) = / e'e 2% dx,
V2o J-wo

we have 71(0) = u(0) e’“. Integrating by parts we have

u'(0) = ! /+°° ixei‘gxe_;:rzz dx
V2o J-oo
1 ) 3 2 |t 0_29 +oo B 2
— \/2 (—iO’Z) ez@xe 202 _ \/2 / esze 202 dx
T o —00 O J—o0
= —020u(b) .

This is a first order differential equation. Its general solution is u(f) = c - e=20°0°

and, recalling the condition #(0) = 1, we find

2p2

M(e) — e—éa , ,IZ(H) — ei0ae—;a

292

By points 4. and 5. of the previous section one easily derives, by taking the derivative
at 0, that y has mean a and variance 2. If now v ~ N(b, t?) then

(02 + ‘152)92]

(1% VY6) = BOWO) =" exp| =7

u * v therefore has the same characteristic function as an N(a + b, 6% 4 t2) law and,
by 6. of the previous section, it * v ~ N(a + b,o? + t2). In particular, if X and Y
are independent normal r.v.’s, then X + Y is also normal.

Let X1, ..., X, be independent N (0, 1)-distributed r.v.’s and let X = (X1, ..., Xn);
then the vector X has density

1 2 1 2 1 D Ix?
_ —32 —/2 —2 M 1.21
fx) J2r € Vo ¢ Qm)m/? © ( )

and, by 7. of the previous section, its characteristic function is given by

/2 e On/2 — o 3l0F
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If a € R™ and A is an m x m matrix then, recalling (1.20), AX + a has characteristic
function

ei(e,a)e—; (A*0.4%60) _ ei(e,a)e—; (I'e,0) , (1.22)
where I’ = AA*.

Let a € R™ and let I' be an m x m positive semi-definite matrix. A law u
on R™ is said to be N(a, I') (normal with mean a and covariance matrix I") if
its characteristic function is given by (1.22). This is well defined as we can prove
that (1.22) is certainly the characteristic function of a r.v.

It is actually well-known that if I" is an m x m positive semi-definite matrix,
then there always exists a matrix A such that AA* = I'; this matrix is unique under
the additional requirement of being symmetric and in this case we will denote it
by I’ 1/2 Therefore (1.22) is the characteristic function of I"'/2X + a, where X
has density given by (1.21). In particular, (1.21) is the density of an N(0, /) law (/
denotes the identity matrix).

In particular, we have seen that every X ~ N(a, I")-distributed r.v. can be written
as X = a + I'/?Z, where Z ~ N(0,I). We shall often take advantage of this
property, which allows us to reduce computations concerning N(a, I")-distributed
r.v.’s to N(0, I)-distributed r.v.’s, usually much simpler to deal with. This is also very
useful in dimension 1: a r.v. X ~ N(a,0?) can always be written as X = a + 0Z
with Z ~ N(0, 1).

Throughout the computation of the derivatives at 0, as indicated in 4. and 5. of
the previous section, a is the mean and I" the covariance matrix. Similarly as in the
one-dimensional case we find that if ; and v are respectively N(a, I") and N(b, A),
then p * v is N(a + b, I’ + A) and that the sum of independent normal r.v.’s is also
normal.

If the covariance matrix I" is invertible and I” = AA™, then it is not difficult
to check that A also must be invertible and therefore, thanks to (1.20), an N(a, I')-
distributed r.v. has density g given by (1.11), where f is the N(0, /) density defined
in (1.21). Developing this relation and noting that det I" = (detA)?, we find, more
explicitly, that

1

— o2 (I 'o—a)y—a)
(27)m/2(det I')1/2 ’

g

If, conversely, the covariance matrix I" is not invertible, it can be shown that the
N(a, I') law does not have a density (see Exercise 1.4 for example). In particular, the
N(a,0) law is also defined: it is the law having characteristic function 6 ei(g*“),
and is therefore the Dirac mass at a.

Let X be a Gaussian R™-valued N(a, I")-distributed r.v., A a kxm matrix and b € R¥,

Let us consider the r.v. Y = AX + b, which is R¥-valued. By (1.20)

56) = ﬁ(A*G) eit0b) — ei(e,b)ei(A*e,a)e—;(rA*e,A*e) — ei(e,b+Aa)e—;(ArA*9,9) '



18 1 Elements of Probability

Therefore Y is Gaussian with mean b + Aa and variance AI"A*. This fact can be
summarized by saying that

Theorem 1.3 Linear-affine transformations map normal laws into normal
laws.

This is a fundamental property. In particular, it implies that if X and Y are real
r.v.’s with a normal joint law, then X + Y is normal. It suffices to observe that X 4+ Y
is a linear function of the vector (X, Y).

The same argument gives that if 4 = N(a,I") and py is the k-th marginal
distribution of w, then w; is also normal (the projection on the k-th coordinate is
a linear function). This can also be deduced directly from 8. of the previous section:

i(0) = e 2 b it (1.23)

and therefore py ~ N(ag, Tik)-
If I' is diagonal, then using (1.22) and (1.23),

B, On) = 01 (61) - . . T (6) - (1.24)

By 7. of Sect. 1.6 we see then that u = | ® -+ - ® W, Therefore

if X = (Xi,...,X,) is normal and has a diagonal covariance matrix, its
components Xi, . .. X, are independent r.v.’s.

Therefore for two real jointly Gaussian r.v.’s X and Y, if they are uncorrelated, they
are also independent. This is a specific property of jointly normal r.v.’s which, as
already remarked, is false in general.

A similar criterion can be stated if X1, ..., X,, are themselves multidimensional:
if the covariances between the components of X;, and X, h # k, 1 < hk < m,
vanish, then X, . . ., X, are independent. Actually, if we denote by I, the covariance
matrix of Xj, the covariance matrix I" of X = (X\,...,X,,) turns out to be block
diagonal, with the blocks I}, on the diagonal. It is not difficult therefore to repeat the
previous argument and show that the relation (1.24) holds between the characteristic
functions & of X and those, fiy, of the X, which implies the independence of
X1, ..., X

Definition 1.1 A family .# of d-dimensional r.v.’s defined on (£2,.%,P) is
said to be a Gaussian family if, for every choice of X,...,X,, € ., the
dm-dimensional r.v. X = (Xi, ..., X,,) is Gaussian.
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Remark 1.2 Let us go back to Remark 1.1: let #; = 0(X,X € .¥) and %, =
o(Y,Y € _7) be o-algebras generated respectively by the families .# and ¢
of real r.v.’s. Let us assume, moreover, that .# U _¢ is a Gaussian family. Then
it is immediate that .| and .%, are independent if and only if

Cov(X,Y) =0 foreveryX e /.Y e 7. (1.25)

In fact this condition guarantees that the r.v.’s (Xi,...,X,) and (Y,...,Ys)
are independent for every choice of X;,...,X, € # and ¥1,....Y; € ¢
and therefore the criterion of Remark 1.1 is satisfied. Let us recall again
that (1.25) implies the independence of the generated o-algebras only under
the assumption that the r.v’s X € .#,Y € _# are jointly Gaussian.

Proposition 1.8 Let .# be a family of d-dimensional r.v.’s. Then it is a
Gaussian family if and only if forevery X1,...,X,, € Z and yy, ..., yn € R4,
the r.v. (y1, X1) + -+ 4+ (VYm, Xi) is Gaussian.

Proof We shall assume d = 1 in order to make things simple.
Let us assume that every finite linear combination of the r.v.’s of .# is Gaussian.
Hence, in particular, every r.v. of .# is Gaussian. This implies that if X, Y € .# then

E[|XY]] < E[X}]'2E[Y?]'? < 400 .

So that Cov(X, Y) is well defined. Let X;,...,X,, € £ and X = (Xy,...,X,,) and
let us denote by p the law of X. Let us compute its characteristic function ji. Let
Y = (Y1,....Ym) € R™ By hypothesis y1X; + --- + y.X,, = (y.X) is N(a, 0?)-
distributed for some o2 > 0, a € R. Now we know that X has finite expectation, z,
and covariance matrix I, hence

=E[(y. X)] = Z YiE[Xi] = (y.2)
i=1

o’ =E[(y.X)’]—a* = Z vivi(EIXiXj] — E[X]E[X]]) = Z Lyyiyj -

ij=1 ij=1
Therefore we have
fi(y) = E[e/"X)] = eite —0%/2 _ gilra)g= (I'vy)

so X is Gaussian.
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Conversely, if X = (Xi,...,X,,) is Gaussian and y € R”, then y;X; + --- +
ymXm = (y.X) is Gaussian, being a linear function of a Gaussian vector (see
Theorem 1.3). O

The following property of the Gaussian laws, which we shall use quite often, is,
together with the invariance with respect to affine transformations of Theorem 1.3,
the most important.

Proposition 1.9 Let (X,), be a sequence of m-dimensional Gaussian r.v.’s
converging in law to a r.v. X. Then X is also Gaussian.

Proof Thanks to Proposition 1.8 it is sufficient to prove that Y = (y, X) is Gaussian
for every y € R™.

The r.v.’s Y, = (y,X,) are Gaussian, being linear functions of Gaussian vectors.
Denoting by m,, 0?2 respectively the mean and variance of Y,, the characteristic
function of Y,, is

$u(0) = P11,

By hypothesis ¢,(6) — ¢(6) as n — oo, where ¢ is the characteristic function of
Y. Taking the modulus we have, for every 6 € R,

1 202

e S g0

(o]

This proves that the sequence (af)n is bounded. Actually, if there existed a

subsequence converging to +o0o we would have |[¢(0)] = 0 for 8 # 0 and

|#(0)] = 1, which is not possible, ¢ being continuous. If o denotes the limit of
2 . _ 10,292 _ 1 292

a subsequence of (o, ),, then necessarily e™2%"" — 727",

Let us prove now that the sequence of the means, (m,),, is also bounded. Note
that, Y, being Gaussian, we have P(Y,, > m,) = ; if 0,% > 0and P(Y,, > m,) =1
if 0,% = 0, as in this case the law of Y,, is the Dirac mass at m,. In any case, P(Y,, >
m) > 5.

Let us assume that (m,), is unbounded. Then there would exist a subsequence
(my,)x converging to +oo (this argument is easily adapted to the case m,,, — —00).
For every M € R we would have, as m,, > M for k large,

n—>oo

n—00

1
P(Ynk z mnk) = ) ’

which is not possible, as necessarily limy 4o P(Y > M) = 0. As (m,), is
bounded, there exists a convergent subsequence (m,, )i, m, —> m say. Therefore
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we have, for every 0 € R,
. | _1.2p2 ) 1 am
¢(9) = lim eleu”ke 20‘”](9 — el@me 20 2]
k—00

hence Y is Gaussian. ]

1.8 Simulation

Often one needs to compute a probability or an expectation for which there is no
explicit formula. In this case simulation is natural option.

For instance, if X is a r.v. and f a real Borel function, bounded to make things
simple, and we must know the value of the expectation

E[f(X)] .

then the Law of Large Numbers states that if (X,), is a sequence of independent
identically distributed r.v.’s with the same law as X, then

N
) B0

i=1

A first question in this direction is to be able to simulate a r.v. with a given
distribution, i.e. to instruct a computer to generate random numbers with a given
distribution.

In this section we shall see how to simulate Gaussian distributed random
numbers.

We will assume that the researcher has access to a programming language with
a random generator uniformly distributed on [0, 1], i.e. a command that produces a
random number with this law and such that, moreover, repeated calls to it give rise
to random numbers that are independent.

These are the so-called pseudo-random numbers. We shall not approach the
question of how they are obtained: we shall just be satisfied with the fact that all
the common programming languages (FORTRAN, C, ...) comply with our needs.
We shall see later, however, that it is always wise to doubt of the quality of these
generators. . .

The first problem is: how is it possible, starting from a random generator uniform
on [0, 1], to obtain a generator producing a r.v. with a Gaussian distribution? Various
algorithms are available (see also Exercise 1.21); curiously most of them produce
simultaneously rwo independent random numbers with an N(0, 1) distribution. The
one provided by the following proposition is possibly the simplest.
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Proposition 1.10 (The Box-Miiller algorithm) Let W,Z be independent
r.v.’s respectively exponential with parameter ; (see Exercise 1.2) and uniform

on [0,2n]. Then X = VWecosZ and Y = /WsinZ are independent and
N(0, 1)-distributed.

Proof First, let us compute the density of R = +/W. The partition function of W is
F(t) = 1 —e™"/? (see also Exercise 1.2). Therefore the partition function of R is, for
r>0,

Fr() =P(WW<r)=PW<r?)=1-¢"7
and Fg(r) = 0 for r < 0. Therefore, taking the derivative, its density is fz(r) =

re"/ 2, r > 0. As the density of Z is equal to 21ﬂ on the interval [0, 2], the joint
density of W and Z is

1
f(r,2) = 9 re_rz/z, forr >0, 0 <z<2m,

and f(r, z) = 0 otherwise. Let us compute the joint density, g say, of X = ~WcosZ
and Y = /WsinZ: g is characterized by the relation

+oo p+4oo
E[@(X,Y)] = /_ /_ D(x,y)g(x,y)dxdy (1.26)

for every bounded Borel function @ : R?> — R. Recalling the formulas of
integration in polar coordinates,

E[®(X,Y)] = E[®(vVWcosZ, v/ WsinZ)] = // &(rcosz, rsinz)f(r,z) drdz
1 2 +o0 )
= / dz/ ®(rcosz,rsinz) re”” 2 qr
2 0 0

1 +oo p+oo 2o
= / / & (x,y)e 2 ) dxdy
27 ) J-oo

and, comparing with (1.26), we derive that the joint density g of X, Y is
b emtwn

glx,y) = 9

which proves simultaneously that X and Y are independent and
N(0, 1)-distributed. O
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Proposition 1.10 suggests the following recipe for the simulation of an N(0, )-distri-
buted r.v.: let Z be a r.v. uniform on [0, 27r] and W an exponential r.v. with parameter
é. They can be obtained from a uniform distribution as explained in Exercise 1.2).
Then the r.v.’s

X=+WcosZ, Y=+WsinZ (1.27)

are Gaussian N(0, /)-distributed and independent. To be more explicit the steps
are:

* Simulate two independent r.v.’s U;, U, uniform on [0, 1] (these are provided by
the random number generator of the programming language that you are using);

e set Z = 2nU;, W = 2log(l — U,); then Z is uniform on [0,25] and W is
exponential with parameter ; (see Exercise 1.2);

e thenther.v’s X, Y asin (1.27) are N(0, 1)-distributed and independent.

This algorithm produces an N(0, 1)-distributed r.v., but of course from this we
can easily obtain an N(m, o®)-distributed one using the fact that if X is N(0, 1)-
distributed, then m + o X is N(m, 02)-distributed.

Remark 1.3 a) The Box—Miiller algorithm introduced in Proposition 1.10 is
necessary when using low level programming languages such as FORTRAN
or C. High level languages such as Matlab, Mathematica or scilab, in fact
already provide routines that directly produce Gaussian-distributed r.v.’s and,
in fact, the simulated paths of the figures of the forthcoming chapters have
been produced with one of them.

However, these high-level languages are interpreted, which means that
they are relatively slow when dealing with a real simulation, requiring the
production of possibly millions of random numbers. In these situations a
compiled language such as FORTRAN or C is necessary.

b) The huge number of simulations that are required by a real life
application introduces another caveat. The random number generator that is
usually available in languages such as FORTRAN or C is based on arithmetic
procedures that have a cycle, i.e. the generator produces numbers ag, aj, . . .
that can be considered uniformly distributed on [0, 1] and independent, but
after N numbers (N =the cycle length) it goes back to the beginning of the
cycle, repeating again the same numbers ag, ay, . . .

This means that it is not fit for your simulation if your application requires
the production of more than N random numbers. In particular, the C command
rnd () has acycle N ~ 2-10°, which can very well be insufficient (we shall
see that the simulation of a single path may require many random numbers).

Luckily more efficient random number simulators, with a reassuringly
large cycle length, have been developed and are available in all these
languages and should be used instead of the language default.
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1.9 Measure-theoretic arguments

Very often in the sequel we shall be confronted with the problem of proving that
a certain statement is true for a large class of functions. Measure theory provides
several tools in order to deal with this kind of question, all based on the same idea:
just prove the statement for a smaller class of functions (for which the check is easy)
and then show that necessarily it must be true for the larger class. In this section we
give, without proof, three results that will be useful in order to produce this kind of
argument.

In general, if E is a set and % a class of parts of E, by 0(%) we denote the
o-algebra generated by %, i.e. the smallest o-algebra of parts of E containing %

Proposition 1.11 Let (E, &) be a measurable space and f a positive real
measurable function on E. Then there exists an increasing sequence (f;), of
functions of the form

i@ =il () (1.28)
i=1

such that f,, ' f.

Functions of the form appearing on the right-hand side of (1.28) are called ele-
mentary. Therefore Proposition 1.11 states that every measurable positive function
is the increasing limit of a sequence of elementary functions.

Theorem 1.4 Let E be a set, € a class of parts of E stable with respect to
finite intersections and .Z” a vector space of bounded functions such that:

i) if (f,), is an increasing sequence of elements of .77 all bounded above by
the same element of .7 then sup,, f,, € ¢; and
ii) . contains the function 1 and the indicator functions of the elements of
b.
Then 7 contains every bounded o (6)-measurable function.

Theorem 1.5 Let 57 be a vector space of bounded real functions on a set £
such that:

(continued)
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Theorem 1.5 (continued)
i) 1 e s,
it) if (f,), C 2 and f, —,— 0 f uniformly, then f € 5#; and
iii) if (f,)» C € is an increasing sequence of equi-bounded positive functions
and lim,— o f = f, then f € 2.

Let L be a subspace of .77 stable under multiplication. Then .7 contains
every bounded o (L)-measurable function.

Let us prove Theorem 1.1 (Carathéodory’s criterion) as an example of application
of Theorem 1.4. Let JZ be the set of the real bounded measurable functions f on E

such that
/fdm = /fduz.

¢ is a vector space and satisfies i) of Theorem 1.4 thanks to Lebesgue’s theorem.
Moreover, of course, .77 contains the function 1 and the indicators of the elements
of .#. Therefore 7 contains every bounded o (.#)-measurable function. As by
assumption o (.#) = &, 1 and u, coincide on &.

This example of application of Theorem 1.4 is typical when one must prove in
general a property that is initially only known for a particular class of events.

Similarly, Theorem 1.5 will be used, typically, in order to extend to every
bounded measurable function a property which is known at first only for a particular
class of functions: for instance, the class of continuous functions on (E, #(E)), if E
is a metric space.

Exercises

1.1 (p.437) Given areal r.v. X, its partition function (p.f.) is the function
Ft)=PX <1).

Show that two real r.v.’s X and Y have the same p.f. if and only if they have the same
distribution.

Use Carathéodory’s criterion, Theorem 1.1.

1.2 (p.437) a) A r.v. X has exponential law with parameter A if it has density

() = A& 1o 400 (x) -
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What is the p.f. F of X (see the definition in Exercise 1.1)? Compute the mean and
variance of X.
b) Let U be a r.v. uniformly distributed on [0, 1], i.e. having density

fx) = 1pyKx).

Compute the mean and variance of U.
¢) Let Ube asinb).
cl) Compute the law of Z = aU, o > 0.
c2) Compute the law of W = —i logU, A > 0.

1.3 (p.439) a) Let X be a positive r.v. and f : Rt — R a differentiable function
with continuous derivative and such that f(X) is integrable. Then

+o00
E[(X)] = £(0) + /0 FOPKX = 1yd.

b) Let X be a positive integer-valued r.v. Then

EX] =) PX =k .
k=1

a) If o is the law of X, then [;7°° /() dr [T ju(dx) = [y ju(dx) [} f (1) dr by Fubini’s

theorem.

1.4 (p.439) Let X be an m-dimensional r.v. and let us denote by C its covariance
matrix.
a) Prove that if X is centered then P(X € ImC) = 1 (Im C is the image of the
matrix C).
b) Deduce that if the covariance matrix C of a r.v. X is not invertible, then the
law of X cannot have a density.

1.5 (p.439) LetX,X,,n = 1,2,..., be R"-valued r.v.’s. Prove that if from every
subsequence of (X,), we can extract a further subsequence convergent to X in [/
(resp. in probability) then (X)), converges to X in L (resp. in probability). Is this
also true for a.s. convergence?

1.6 (p.440) Given an m-dimensional r.v. X, its Laplace transform is the function
R" 5 6 — E[e!"¥)]
(possibly = +00). Prove that, if X ~ N(b, I'), then

E[e!®X)] = ei(0.0) 63 (160.6)



1.9 Exercises for Chapter 1 27

1.7 (p.440) Prove points 2 and 8 of Sect. 1.6.

1.8 (p.440) Let X be areal r.v. having a Laplace law with parameter A, i.e. having
density

f(x) = ; e Ah

Compute its characteristic function and its Laplace transform.

1.9 (p.441) Let X, Y be independent N (0, 1)-distributed r.v.’s. Determine the laws
of the two-dimensional r.v.’s (X, X + ¥) and (X, +/2X). Show that these two laws
have the same marginals.

1.10 (p.442) Let X, X, be independent N(0, 1)-distributed r.v.’s. If Y| = X; — X,
Y> = X;+X;, show that Y7 and Y, are independent. And if it were Y| = éXl — “sz,
Y, = ;Xl + €3X2?

1.11 (p.443) a) Let X be an N(u, 0®)-distributed r.v. Compute the density of eX
(lognormal law of parameters 4 and 0°2).

b) Show that a lognormal law has finite moments of all orders and compute them.
What are the values of its mean and variance?

1.12 (p.443) Let X be an N(0, 62)-distributed r.v. Compute, for t € R, E[eX"].

1.13 (p.444) Let X be an N(0, 1)-distributed r.v., o, b real numbers and x, K > 0.
Show that

E[(xe"TX — k)] = xet T2 ®(—¢ + o) — KD(-0L)

where { = (17 (log If —b) and @ denotes the partition function of an N(0, 1)-distribu-
ted r.v. This quantity appears naturally in many questions in mathematical finance,
see Sect. 13.6. (x™ denotes the positive part function, x* = xif x > 0, xT = 0 if
x <0.)

1.14 (p.444) a) Let (X,), be a sequence of m-dimensional Gaussian r.v.’s

respectively with mean b, and covariance matrix I',,. Let us assume that

lim b, := b, lim I}, :=1T.

n—>oo n—>oo

z
Show that X;, - N(b, I") as n — oo.
bl) Let (Z,), be a sequence of N(0,c?)-distributed real independent r.v.’s. Let
(X)) be the sequence defined recursively by

Xo=x€eR, Xpt1 =Xy + Zyyy
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where |a| < 1 (i.e., possibly, X1, ..., Xy, ... represent the subsequent positions of
a moving object that at every iteration moves from the actual position X, to the
position «X,, but also undergoes a perturbation Z,4 ;). What is the law of X;? And
of X,? Prove that, as n — o0, (X)), converges in law and determine the limit law.

b2) Prove that, as n — oo, the sequence of two-dimensional r.v.’s (X, Xy+1))n
converges in law and determine the limit law.

1.15 (p.446) a) Prove that, for every p > 0, there exists a constant ¢, ,, > 0 such
that B(|X|?) < ¢, .E(|X|?)?/? for every Gaussian m-dimensional centered r.v. X.
b) Let (X,), be a sequence of Gaussian r.v.’s converging to 0 in L?. Show that
the convergence also takes place in L for every p > 0.

Recall the inequality, for x = (x, ..., Xn) € R™,

m 5 m

—
Dl < P < m' Dl
i=1

i=1

1.16 (p.446) (Example of a pair of Gaussian r.v.’s whose joint law it is not
Gaussian) Let X, Z be independent r.v.’s with X ~ N(0,1) and P(Z = 1) = P(Z =
—1) = 1. LetY = XZ.

a) Prove that Y is itself N(0, 1).
b) Prove that X + Y is not Gaussian. Does (X, Y) have a joint Gaussian law?

1.17 (p.447) a) Let (X,), be a sequence of independent N (0, 1)-distributed r.v.’s.
Prove that, for every o > 2,

P(Xn > (alogn)!'/? for infinitely many indices n) =0. (1.29)
b) Prove that
P(X, > (2logn)'/? for infinitely many indices n) = 1. (1.30)

¢) Show that the sequence ((logn)~'/?X,,), tends to 0 in probability but not a.s.
Use the following inequalities that will be proved later (Lemma 3.2)

_ —+oo
(x+ 1) 1ef’*’z/z < / e 7Pdz < ! e
X - T x

X

1.18 (p.448) Prove Proposition 1.1 (the integration rule with respect to an image
probability).

1.19 (p.449) (A very useful measurability criterion) Let X be a map (£2,.%) —
(E,&), Y C & afamily of subsets of E such that 0(Z2) = & and let us assume that
X"1(A) € F forevery A € 2. Show that X is measurable.
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1.20 (p.449) (A special trick for the L' convergence of densities) Let Z,, Z be
positive r.v.’s such that Z, — Z a.s. as n — oo and E[Z,] = E[Z] < +o0 for every
n. We want to prove that the convergence also takes place in L!.

a) Let H, = min(Z,, Z). Prove that lim,. -, E[H,] = E[Z].
b) Note that |Z, —Z| = (Z—H,,) + (Z, — H,) and deduce that Z, — Z alsoin L'.

1.21 (p.449) In the FORTRAN libraries in use in the 70s (but also nowadays ... ),
in order to generate an N(0, 1)-distributed random number the following procedure
was implemented. If X,..., X, are independent r.v.’s uniformly distributed on
[0, 1], then the number

W=Xi+-4+Xp—-6 (1.31)

is (approximately) N (0, 1)-distributed.

a) Can you give a justification of this procedure?

b) Let Z be a N(0, 1)-distributed r.v. What is the value of E[Z*]? What is the
value of E[W*] for the r.v. given by (1.31)? What do you think of this procedure?



Chapter 2
Stochastic Processes

2.1 General facts

A stochastic process is a mathematical object that is intended to model the evolution
in time of a random phenomenon. As will become clear in the sequel the appropriate
setting is the following.

A stochastic process is an object of the form

X = (2,7 ,(F)er, X)ier, P) .

where

* (£2,.7,P) is a probability space;

o T (the times) is a subset of RT;

o (F)er is a filtration, i.e. an increasing family of sub-o-algebras of .Z:
F C %, whenever s < t; and

* (Xy)ser is a family of r.v.’s on (£2, %) taking values in a measurable space
(E, &) such that, for every ¢, X, is .%;-measurable. This fact is also expressed
by saying that (X;), is adapted to the filtration (%,),.

Let us look at some aspects of this definition.

Of course X; will represent the random position of our object at time ¢.

At this point the meaning of the o-algebras .%, and the role that they are going
to play may not be evident; we will understand them well only later. For now let us
just say that .%, is “the amount of information that is available at time 7, i.e. it is the
family of the events for which, at time ¢, one knows whether they happened or not.

Note that, if s < t, as X, must be .%,-measurable and .%,; C .%,, then all the r.v.’s
X, for s < ¢, must be .%, measurable, so that .%, necessarily contains the g-algebra
% = o(X;,s < t). These o-algebras form the natural filtration (%,);, which is
therefore the smallest possible filtration with respect to which X is adapted. As X;
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for s < tis an .%; measurable r.v., this means intuitively that at time 7 we know the
positions of the process at the times before time .

In general, if (%), is a filtration, the family | J, %, is not necessarily a o-algebra.
By % we shall denote the smallest o-algebra of parts of §2 containing |, .%;. This
is a o-algebra that can be strictly smaller than .%; it is also denoted \/, .%,.

Another filtration that we shall often be led to consider is the augmented natural
filtration, (¥,);, where ¥, is the o-algebra obtained by addingto %, = o(X,,, u < 1)
the negligible events of .%, i.e.

Y =0X,u<t), Y =0(4,N),

where /= {A;A € % ,P(A) = 0}.

The space E appearing above (in which the process takes its values) is called the
state space. We shall mainly be interested in the case (E, &) = (R™, Z(R™)); in
general, however, it might also be a more involved object (a group of matrices, a
manifold,...).

Via the map w — (t — X,(w)) one can always think of £2 as a subset of ET (ET
is the set of all functions T — E); for this reason §2 is also called the space of paths.
This point of view will be developed in Sect. 3.2.

Let (2, %, (#)ier. Xi)ier, P) and (2, F', (F])ier. (X))ier, P') be two processes.

They are said to be equivalent if for every choice of #1,...,t, € T the r.v.’s
X,...,X,,) and (Xt’1 e ,Xt’m) have the same law.

As we shall see in Sect. 2.3, the notion of equivalence of processes is very important:
in a certain sense two equivalent processes “are the same process”, at least in the
sense that they model the same situation.

One process is said to be a modification (or a version) of the other if
(2,7, (%)ier.P) = (2, 7", (F))ier,P') and if, foreveryt € T, X, = X
P-a.s. In this case, in particular, they are equivalent.

They are said to be indistinguishable if
(Q’ ﬁ, (%)IGT? P) = (Q,’ y’a (%’)IETa P,)

and

P(X; = X, foreveryt € T) = 1.

Two indistinguishable processes are clearly modifications of one another. The
converse is false, as shown in the following example.
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Example 2.1 1f 2 = [0,1], # = (][0, 1]) and P =Lebesgue measure, let
Xi(w) = 1y (0), X/(w)=0.

X' is a modification of X, because the event {X; # X/} is formed by the only
element ¢, and therefore has probability 0. But the two processes are not indis-
tinguishable, and the event {w; X;(w) = X|(w) for every t} is even empty.

Let us assume from now on that the state space E is a topological space endowed
with its Borel o-algebra Z(E) and that T is an interval of R™.

A process is said to be continuous (resp. a.s. continuous) if for every o (resp.
for almost every w) the map 7 + X;(w) is continuous. The definitions of a right-
continuous process, an a.s. right-continuous process, etc., are quite similar.

Note that the processes X and X’ of Example 2.1 are modifications of each
other but, whereas X’ is continuous, X is not. Therefore, in general, the
property of being continuous is not preserved when passing from a process
to a modification.

X is said to be measurable if the map (¢, w) — X,(w) is measurable (T'x 2, Z(T) ®
F) — (E, B(E)). It is said to be progressively measurable if for every u € T the
map (¢, w) — X;(w) is measurable ([0, u] x 2, B([0,u]) ® F,) — (E, B(E)). A
progressively measurable process is obviously measurable.

It is crucial to assume that the processes we are working with are progressively
measurable (see Examples 2.2 and 2.3 below). Luckily we will be dealing with
continuous processes and the following proposition guarantees that they are pro-
gressively measurable.

Proposition 2.1 Let X = (£2,.%,(%): (Xi):,P) be a right-continuous
process. Then it is progressively measurable.

Proof For a fixed u € T let us consider the piecewise constant process

k+1 u[

. k
Xk;,’;l L s e[y u "

Xy ifs=u.

X" =

Note that we can write Xg") = X, where s, > s is a time such that |s,, —s| < u2™"
(s, = (k+ DHu2™if s € [2"” u, k;;l u[). Hence s, \( s as n — oo and, as X is
assumed to be right-continuous, Xg") — X;asn — oo forevery s < u.

Let us prove now that X is progressively measurable, i.e. that if I' € Z(E)

then the event {(s, ®);s < u, X" (w) € I'} belongs to ZA([0, u]) ® #,. This follows
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from the relation

{5, 0);5 <u, X" (w) € T'}

= U (% w5 u] x {Xk;l LETHU (fu) x (X, eT})
k<2n

and the right-hand side is an element of Z([0, u]) ® %#,.

The map (s, w) — X;(w) is now HA([0, u]) ® %#,-measurable, being the limit of

A(]0,u]) ® F,-measurable functions. O

In

Example 2.2 Let us see a situation where the assumption of progressive
measurability is needed. Let X = (£2, %, (%), (X;);, P) be a process. We shall
often be led to the consideration of the process Y;(w) = fot X;(w) ds (assuming
that t — X; is integrable for almost every w). Is the new process (Y;), adapted
to the filtration (.%#,),? That s, is (82, %, (%), (Y:):, P) a process?

Let us fix > 0. If X is progressively measurable, then the map (w, s)

Xs(w),w € 2,5 <t,is Z & A(|0, f])-measurable. Therefore by the first part
of Fubini’s theorem (Theorem 1.2) the map o +> fot X(w)ds = Y, is ;-
measurable. Therefore Y is adapted and, being continuous, also progressively
measurable. Without the assumption of progressive measurability for X, Y
might not be adapted.

Example 2.3 Let X be a stochastic process and ¢ a positive r.v. Sometimes we
shall be led to the consideration of the r.v. X¢, i.e. the position of X at the random
time ¢. Can we say that X; is a r.v.?

The answer is positive if we assume that X is a measurable process: in this

case (w, 1) = X;(w) is measurable and X; is obtained as the composition of the
measurable maps w — (v, {(w)) and (w, t) — X;(®).

order to be rigorous we will sometimes need to make some assumptions

concerning the filtration. These will not produce difficulties, as we shall soon see

that they are satisfied for our processes of interest.

Let #+ = (oo Fite- Clearly .Z,; is a o-algebra (the intersection of any

family of o-algebras is always a o-algebra) and .%, C .%,; we say that the filtration

is right-continuous if #,4+ = #, for every t.

A process is said to be standard if

a) the filtration (.%,); is right-continuous;

b) for every 7, %, contains the negligible events of .7.
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Note that the assumption that a process is standard concerns only the filtration and
not, for instance, the r.v.’s X;.

A situation where this kind of assumption is needed is the following: let X =
(2, %, (%), (X1):, P) be a process and (Y;); a family of r.v.’s such that X; = Y,
a.s. for every ¢. In general this does not imply that Y = (£2, .7, (%)):, (Y1), P) is
a process. Actually, Y, might not be .%;-measurable because the negligible event
N; = {X; # Y,} might not belong to .%,. This problem does not appear if the space
is standard. Moreover, in this case every a.s. continuous process has a continuous
modification.

The fact that the filtration (%), is right-continuous is also a technical assumption
that is often necessary; this explains why we shall prove, as soon as possible, that
we can assume that the processes we are dealing with are standard.

2.2 Kolmogorov’s continuity theorem

We have seen in Example 2.1 that a non-continuous process can have a continuous
modification. The following classical theorem provides a simple criterion in order
to ensure the existence of such a continuous version.

Theorem 2.1 (Kolmogorov’s continuity theorem) Let D C R” be an open
set and (X)yep a family of d-dimensional r.v.’s on (£2,.%, P) such that there
existae > 0, B > 0, ¢ > 0 satisfying

E[|X, — X.|P] < cly — 2" .

Then there exists a family (Yy)y of R%-valued r.v.’s such that

~

X, =X, a.s. foreveryy € D

(i.e. X is a modification of X) and that, for every w € §2, the map y ’i},(w)
is continuous and even Holder continuous with exponent y for every y < g

on every compact subset of D.

In the proof we shall assume D =]0, 1[". The key technical point is the following
lemma.
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Lemma 2.1 Under the assumptions of Theorem 2.1, let D =]0, 1[" and let
us denote by Dp the set, which is dense in D, of the dyadic points (i.e. points
having as coordinates fractions with powers of 2 in the denominator). Then,
for every y < g, there exists a negligible event N such that the restriction of
X to Dg is Holder continuous with exponent y on N°.

Proof For a fixed n let A, C Dg be the set of the points y € D whose coordinates
are of the form k27", Let y < 5 and let

I, = {|X, — X.| > 27" for some z,y € A, with [y — z| = 27"} .
If y,z € A, are such that |y — z| = 27", then, by Markov’s inequality (1.6),
P(X, —X,|>27") < Z"ﬁyE(|Xy —leﬁ) < pn(By—a—m).
As the set of the pairs y, z € A, such that |y — z| = 27" has cardinality 2m - 2",
P(I},) < 2m2mmtnBy=e=m < congt 27

where u = a—fBy > 0. This is the general term of a convergent series and therefore,
by the Borel-Cantelli lemma, there exists a negligible event N such that, if v € N¢,
we have w € I’ eventually. Let us fix now w € N and let n = n(w) be such that
w € I for every k > n. Let us assume at firstm = 1. Lety € Dp:if v > n and
ye[i2™, (i + 1)27"[ then

y=27"+ ) a2,
{=v+1

where oy = 0 or 1. By the triangle inequality

r k+1 k
Xy —Xo—| < D0 X270+ D) a2 —x(@27+ > w2
k=v+1 t=v+1 t=v+1

. 1
< 2—(v+k)y < 27V
SLTE oy
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Let now y,z € Dg be such that |y — z| < 27"; there are two possibilities: if there
exists an i such that (i — 1)27" <y <27V <z < (i + 1)27" then

2 _
1Xy=X:| < [Xe=Xoo— |+ X=X —12— [+ X = X(i—1)2— | = (1+ {— 2_y)2 .
Otherwise y, z € [i27", (i + 1)27"[ and then

Xy — Xz| < |1Xy — Xop—v | + |X; — Xip— 27V

| <

—1-27v
Thus we have proved that if y, z € Dp and |y — z| < 27" then |X, — X;| < k277,
where k does not depend on v or, equivalently, that if y, z € Dg and |y — z| <27
then

|Xy _Xz| = kly - Zly

for every v > n. The lemma is therefore proved if m = 1. Let us now consider the
case m > 1. We can repeat the same argument as in dimension 1 and derive that the
previous relation holds as soon as y and z differ at most by one coordinate. Let us
define x € R™, fori = 0,...,m, by

() Vi it j<i
X = . .
X Zj if ] > 1.

Therefore x© = z, x = y and x' and x*V have all but one of their coordinates
equal, and then

m m
X, =X = 3 X0 = Xyon| < kD —x 0 < mkly —2f”
i=1 i=1

which allows us to conclude the proof.
|

Proof of Theorem 2.1 By Lemma 2.1, if y < g then there exists a negligible event
N such that if @ ¢ N, the restriction of y — X,(w) to Dp is Holder continuous
with exponent y and hence uniformly continuous. Let us denote by X (w) its unique
continuous extension to D. It suffices now to prove that 3(; = X, a.s. This fact is
obvious if y € Dp. Otherwise let (y,), C Dp be a sequence converging to y. The
assumption and Markov’s inequality (1.6) imply that X, —, . X, in probability
and therefore, possibly taking a subsequence, X, —, 00 X, a.5. As Yyn =X,, as.
for every n, this implies that X, = fy a.s. O
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Corollary 2.1 Let X be an R4-valued process such that there exist ¢ > 0,
B > 0, ¢ > 0 satisfying, for every s, t,

E[|IX; — X,|P] < c|t — 5"t

Then there exists a modification Y of X that is continuous. Moreover, for
every y < g the paths of Y are Holder continuous with exponent y on every
bounded time interval.

Example 2.4 In the next chapter we shall see that a Brownian motion is a real-
valued process B = (£2,.%, (Z1):>0, (B1)>0, P) such that
i) By =0a.s.;
ii) forevery 0 < s < rthe r.v. B, — B, is independent of .%;;
iii) forevery 0 <s <t B; — B, is N(0, t — s)-distributed.
Let us show that a Brownian motion has a continuous modification. It is
sufficient to check the condition of Corollary 2.1. Let t > s; as B, — By ~
N(0,7—s), we have B, — By = (t — 5)'/2Z with Z ~ N(0, 1). Therefore

E[|B; — B,|’] = (¢ — 5)?*E[|z|f] .

As E[|Z|’] < 400 for every B > 0, we can apply Corollary 2.1 with @ =
5= 1. Hence a Brownian motion has a continuous version, which is also Holder
continuous with exponent y for every y < ; — /é; i.e., B being arbitrary, for

every y < ;

2.3 Construction of stochastic processes

Let X = (2, %,(%)er, Xi)ier, P) be a process taking values in the topological
space (E, #(E)) and & = (11, ...,t,) an n-tuple of elements of 7 with #; < -+ < 1,,.
Then we can consider the r.v.

X =Xy,....%,): 2 >E"=Ex---xXE

and denote by p its distribution. The probabilities j, are called the finite-dimen-
sional distributions of the process X.
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Note that two processes have the same finite-dimensional distributions if and
only if they are equivalent.

This family of probabilities is quite important: the finite-dimensional distributions
characterize P in the following sense.

Proposition2.2 Let X = (2,%,(%)ier X)ier,P) and X' =
(22, F,(F)rer, Xi)ier, P') be two processes (defined on the same (£2, .%))
having the same finite-dimensional distributions. Then P and P’ coincide on
the o-algebra o (X;,t € T).

Proof If I,..., I, € 9(E), as X and X' have the same finite-dimensional
distributions,

P(th GFI,...,thGFH)ZIL”(FIX"'XFn)ZP/(th GFI,...,XtHEFn),
i.e. Pand P’ coincide on the events of the type
{th (S] Fl,...,th an}.

As these events form a class that is stable with respect to finite intersections, thanks
to Carathéodory’s criterion, Theorem 1.1, P and P’ coincide on the generated o-
algebra,i.e. o (X,,r € T).

(]

A very important problem which we are going to be confronted with later is the
converse: given a topological space E, a time span T and a family (@), of finite-
dimensional distributions (/I = all possible n-tuples of distinct elements of T for
n ranging over the positive integers), does an E-valued stochastic process having
(Mx)rem as its family of finite-dimensional distributions exist?

It is clear, however, that the 1, ’s cannot be anything. For instance, if 7 = {71, 1}
and 7’ = {1}, then if the (i )7 were the finite-dimensional distributions of some
process (X;);, it would be the law of (X;,,X;,) and p,/ the law of X,,. Therefore
W would necessarily be the first marginal of u,,. This can also be stated by saying
that i, is the image of p, through the map p : E x E — E given by p(x1, x2) = x1.

More generally, in order to be the family of finite-dimensional distributions
of some process X, the family (i,),eq must necessarily satisfy the following
consistency condition.
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Condition 2.1 Let 7 = (f1,...,t,) and @7’ = (t1,.... =1, it1s - .- s Ln).
Let pj : E" — E"! be the map defined as (xi.....x,) >
(X1, - -y Xi=1, Xi41, - - - » X). Then the image of p, through p; is equal to pt,.

The next theorem states that Condition 2.1 is also sufficient for (i, ),e to be
the system of finite-dimensional distributions of some process X, at least if the
topological space E is sufficiently regular.

Theorem 2.2 (Kolmogorov’s existence theorem) Let E be a complete
separable metric space, (i, )renr a system of finite-dimensional distributions
on E satisfying Condition 2.1. Let 2 = ET (ET is the set of all paths
T — E) and let us define X,(w) = w(), % = 0cX,s < 1), F =
0(X;,t € T). Then there exists on (§2,.%) a unique probability P such that
(Ux)ren is the family of the finite-dimensional distributions of the process
X = (Qs Z, (yt)reTy (XI)IETsP)~

Uniqueness is of course a consequence of Proposition 2.2.

Example 2.5 (Gaussian processes) An R™-valued process (X;), is said to be
Gaussian if it is a Gaussian family i.e. if its finite-dimensional distributions
are Gaussian. If we define

b, = E(X;), its mean function

Ki{', = Cov(Xi(s),Xj(), 1 <i,j < m, its covariance function ,

then the finite-dimensional distributions of (X;), are completely determined
by these two quantities.

Let us, for instance, determine the distribution of the 2m-dimensional r.v.
(X;, X;), s < t. By assumption it is Gaussian (Proposition 1.8) and has mean
(bs, b;). As K, is the m x m covariance matrix of X, the covariance matrix of
(Xy, X;) is the 2m x 2m block matrix

KI.I KS,I

Kis Kos)
The law of (X,,X;) is therefore determined by the functions K and b.
Similarly, if 0 <, < ..- < t,, then the r.v. (X;,,...,X,,) is Gaussian, has

a covariance matrix with blocks K, ;, on the diagonal and blocks K outside
the diagonal and mean (by,, ..., b;,).

(continued)
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(continued)

Conversely, given a mean and covariance functions, does an associated
Gaussian process exist?

We must first point out that the covariance function must satisfy an
important property. Let us consider for simplicity the case m = 1, i.e. of a
real-valued process X. A real function (s, 1) — C(s, t) is said to be a positive

definite kernel if, for every choice of 11, ... ,t, € Rt and &,....6 R,
Y Cli 1)k = 0 @.1)
ij=1

i.e. if the matrix (C(#;, 1;));; is positive definite.

The covariance function K is necessarily a positive definite kernel: actually
(Ki,.4;);j is the covariance matrix of the random vector (X, ..., X;,) and every
covariance matrix is positive definite (as was shown in (1.14)).

Conversely, let us prove that if K is a positive definite kernel, then there
exists a Gaussian process X associated to it. This is a simple application of
Kolmogorov’s existence Theorem 2.2.

Ifr = (1,...,t,), let us define the finite-dimensional distribution &, of
X to be Gaussian with covariance matrix

E_] = Kl,‘,l,‘ .

Let us check that this family of finite-dimensional distributions satisfies
the coherence Condition 2.1. If 7’ = (f1,...,ti—1,tix1,...,5,) then
is Gaussian with covariance matrix obtained by removing the i-th row and
the i-th column from I'. Let us denote by I’ such a matrix. We must
check that p,- coincides with p;(t), where p; is the map p;(xi,...,x,) =
(X1 e s X1 i1 v e 5 X))

But this is immediate: p;(i,) is also a Gaussian law, being the image of
a Gaussian distribution through the linear mapping p; (recall Theorem 1.3).
Moreover, the covariance matrix of p;(u,) is equal to I"’. To see this simply
observe that if (X1, ..., X)) is a r.v. having law p, and therefore covariance
matrix I", then (X1, ..., Xi—1, Xi+1, ..., X,;) has distribution

pi(fr)

and covariance matrix I"’.

Therefore if K is a positive definite kernel, then there exists a stochastic
process X which is Gaussian with covariance function K and mean function
b; = 0. Now, for every mean function b the process Y, = X, + b, is Gaussian
with covariance function K and mean function b.

41
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2.4 Next...

In this chapter we have already met some of the relevant problems which arise in
the investigation of stochastic processes:

a) the construction of processes satisfying particular properties (that can be reduced
to finite-dimensional distributions); for instance, in the next chapter we shall
see that it is immediate, from its definition, to determine the finite-dimensional
distributions of a Brownian motion;

b) the regularity of the paths (continuity, ... );

c¢) the determination of the probability P of the process, i.e. the computation of the
probability of events connected to it. For instance, for a Brownian motion B, what
is the value of P(supy,, By > 1)?

Note again that, moving from a process to one of its modifications, the finite-
dimensional distributions do not change, whereas other properties, such as regularity
of the paths, can turn out to be very different, as in Example 2.1.

In the next chapters we investigate a particular class of processes: diffusions.
We shall be led to the development of particular techniques (stochastic integral)
that, together with the two Kolmogorov’s theorems, will allow us first to prove their
existence and then to construct continuous versions. The determination of P, besides
some particular situations, will in general not be so simple. We shall see, however,
that the probability of certain events or the expectations of some functionals of
the process can be obtained by solving suitable PDE problems. Furthermore these
quantities can be computed numerically by methods of simulation.

These processes (i.e. diffusions) are very important

a) first because there are strong links with other areas of mathematics (for example,
the theory of PDEs, but in other fields too)

b) but also because they provide models in many applications (control theory,
filtering, finance, telecommunications, ...). Some of these aspects will be
developed in the last chapter.

Exercises

2.1 (p.451) Let X and Y be two processes that are modifications of one another.
a) Prove that they are equivalent.
b) Prove that if the time set is R™ or a subinterval of R* and X and ¥ are both
a.s. continuous, then they are indistinguishable.

2.2 (p.451) Let (X;)o<:i<7 be a continuous process and D a dense subset of [0, T7.
a) Show thato(X;,t <T) = o(X;,t € D).
b) What if (X;)o<;<7 Was only right-continuous?
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2.3 (p.452) Let X = (£2,.%, (%), (X;), be a progressively measurable process
with values in the measurable space (E,&). Let ¥ : E — G be a measurable
function into the measurable space (G, ¥). Prove that the G-valued process ¢ +—
¥ (X;) is also progressively measurable.

24 (p.452) a) Let Zy,Z,, n = 1,..., be r.vs on some probability space
(£2, %, P). Prove that the event {lim,— 0 Z, 7# Zso} is equal to

oo

UNUlzi-2z«l = 3. 2.2)
m=1

no=1n=>ny

b) Let (Qs ya (yt)TETv (Xt)teTs P) and (59 %, (%)re]‘, (FX’[)IGTs ,f)/) be equivalent
processes.
bl) Let (), C T. Let us assume that there exists a number £ € R such that

lim X, =¢ a.s.
n—>oo

Then also

lim X, ={ a.s.
n—>oo

b2) Lett € T. Then if the limit

lim X, =1/¢
s—>1,s€Q
exists for some £ € R then also
lim X, =¢. (2.3)
s—1,5€Q

2.5 (p.453) An example of a process that comes to mind quite naturally is so-
called “white noise”, i.e. a process (X;), defined for # € [0, 1], say, and such that the
r.v.’s X, are identically distributed centered and square integrable and X; and X; are
independent for every s # t.

In this exercise we prove that a white noise cannot be a measurable process,
unless it is = 0 a.s. Let therefore (X,), be a measurable white noise.
a) Prove that, for every a,b € [0,1],a < b,

b b
/ / E(X,X,)dsdt =0 . (2.4)
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b) Show that for every a, b € [0, 1]

E[(/ﬂbxvds)z] =0.

¢) Deduce that necessarily X;(@w) = 0 a.e. in ¢ for almost every w.

2.6 (p.454) Let (£2,7,(%)s, (Z);,P) be an R™-valued continuous process.
Let ¥z : o — {t > Z(w)} be the application associating to every w € §£2
the corresponding path of the process. ¥z is a map with values in the space
% = €(R*,R™). Let us consider on ¢ the topology of uniform convergence on
compact sets and denote by .# the associated Borel o-algebra. We want to prove
that ¥z is measurable.

a) Let,fory € €,t > 0,e > 0,A,,, = {w € €;|y; — wi| < ¢}. Prove that
V7 (Aye) € .

b) Fory € ¢,T > 0,& > 0, let

Uyre ={we€: |y, —w| < eforeveryt € [0,T]} (2.5)

(a closed tube of radius & around the path y). Prove that YU yTe) € F.
¢) Prove that ¥z is a (¢, .#')-valued r.v.

b) As the paths of ¢ are continuous, U, 1. = {w € %; |y, — w,| < e forevery r € [0,T] N Q},
which is a countable intersection of events of the form A, .. c) Recall Exercise 1.19.



Chapter 3
Brownian Motion

Brownian motion is a particular stochastic process which is the prototype of the
class of processes which will be our main concern. Its investigation is the object of
this chapter.

3.1 Definition and general facts

We already know from the previous chapter the definition of a Brownian motion.

Definition 3.1 A real-valued process B = (2, %, (%)>0, (B0, P) is a
Brownian motion if

i) B =0as.;

ii) forevery 0 < s <t ther.v. B, — By is independent of .%;
iii) forevery 0 <s <t B, — By haslaw N(0, —s).

Remarks 3.1

a) ii) of Definition 3.1 implies that B, — B; is independent of B, for every
u < s and even from o (B,,u < s), which is a o-algebra that is contained
in .%;. Intuitively this means that the increments of the process after time
s are independent of the path of the process up to time s.

b) A Brownian motion is a Gaussian process, i.e. the joint distributions of
B,...,B,;, are Gaussian. Let aq,...,0, € R,0 <1t <t < -+ <ty we
must prove that o By, + -+ 4+ a, B, is a normal r.v., so that we can apply
Proposition 1.8. This is obvious if m = 1, as Definition 3.1 with s = 0

(continued)
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Remarks 3.1 (continued)
states that B, ~ N(0, 7). Let us assume this fact true for m — 1 and let us
prove it for m: we can write

(¥le1 +-- +Olthm = [alel +--t (Olm—l +05m)Btm,1] + oy (Blm —Bzm,l) .

This is a normal r.v., as we have seen in Sect. 1.7, being the sum of
two independent normal r.v.’s (the r.v. between [ | is .%; _ -measurable
whereas B;, —B;,_, is independent of .%;,_, thanks to ii) of Definition 3.1).
c) Forevery 0 <1 < --- < t,therealrv’s B, — B, _,,k =1,...,m, are
independent: they are actually jointly Gaussian and pairwise uncorrelated.
d) Sometimes it will be important to specify with respect to which filtration
a Brownian motion is considered. When the probability space is fixed we
shall say that B is an (.%;),-Brownian motion in order to specify that B =
(82, %, (%), (Bs);, P) is a Brownian motion. Of course, for every ¢ the
o-algebra %, must necessarily contain the o-algebra 4 = o(By,s < 1)
(otherwise (B;), would not be adapted to (.%;),). It is also clear that if B is
an (.%#;),-Brownian motion it is a fortiori a Brownian motion with respect
to every other filtration (.%}), that is smaller than (.%,);, (i.e. such that
F] C F, forevery t > 0) provided that B is adapted to (.#}); i.e provided
that (#7}); contains the natural filtration (see p.31). Actually if B, — B; is
independent of .%;, a fortiori it will be independent of .7, .
We shall speak of natural Brownian motion when (.%;); is the natural
filtration.

Proposition 3.1 If B = (2, 7, (%), (B,);, P) is a Brownian motion then

1) Bp =0a.s.;

2) forevery0 <t < -+ < t,, (By,...,By,) is an m-dimensional centered
normal r.v.;

3) E[B;B]] = s At

Conversely, properties 1), 2) and 3) imply that B is a natural Brownian
motion.

Proof 1If B is a Brownian motion, 1) is obvious; 2) is Remark 3.1 b). As for 3), if
s < t, as B; — By and By are centered and independent
E[B:B] = E[{(B; — By) + B}B;] = E[(B: — By)B;] + E[B%] =s5s=SAL.

Conversely, if B satisfies 1), 2) and 3), then i) of Definition 3.1 is obvious. Moreover,
for0 < s < t, B, — By is a normal r.v., being a linear function of (B;, B;), and is
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centered since both B; and By are so; as, for s < t,
E[(B, — B,)*] = E[B?] + E[B?] —2E[BB,] =t +s—2s =t —>s,

B, — B, has an N(0, ¢ — s) distribution and iii) is satisfied. To complete the proof
we must show that B, — B, is independent of o (B,, u < s); Brownian motion being
a Gaussian process, thanks to Remark 1.2 it is sufficient to prove that B, — By is
uncorrelated with B, for every u < s. Actually, if u < s <1,

E[(B,—By)B,J=tAu—sAu=20

and B, — By is therefore independent of o(B,, u < s). |

We have not yet proved the existence of a process satisfying the conditions of
Definition 3.1, but this is a simple application of Remark 2.5. Actually it is sufficient
to verify that, if 1) <t <--- <t,,

K@i, ) =t NG
is a positive definite kernel, i.e. that the matrix I" with entries I';; = t; A t; is positive

definite. The simplest way to check this fact is to produce a r.v. having I" as a
covariance matrix, every covariance matrix being positive definite as pointed out on

p. 10.
Let Zi,...,Z, be independent centered Gaussian r.v.’s with Var(Z;) = t; — t,_1,
with the understanding that #y, = 0. Then it is immediate that the r.v. (Xi,...,X,,)

with X; = Z; + - - - 4+ Z; has covariance matrix [: as the r.v.’s Z; are independent we
have, fori <,

Cov(X;,Xj) =Cov(Zi +---+ Z,Zi +--- + Zj) = Var(Z;) + --- + Var(Z))

=th+G—t)+-+EG—ti) =t =LA

The next statement points out that Brownian motion is invariant with respect to
certain transformations.

Proposition 3.2 Let B = (82, %, (%), (B,);,P) be a Brownian motion.
Then

Xr == B[+S - B_y, _Br, CBt/Czﬂ
tB t>0
7, = 1/t
0 t=0

are also Brownian motions, the first one with respect to the filtration (.%;);,
the second one with respect to (.%;),, and the third one with respect to (%, /2);.
(Z;); is a natural Brownian motion.
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Proof Let us prove that X is a Brownian motion. The condition Xy = 0 is immediate
as is the fact that, if v < u, then X, — X, = By4+5 — By — By+s + B; = By4+5 — By+s
is N(0, u — v)-distributed. This also gives that the increment X,, — X, is independent
of #,+s, so that X is an (.%,4),;-Brownian motion.

Let us now prove that Z is a Brownian motion, the other situations being similar
to the case of X. The proof amounts to checking that the three conditions of
Proposition 3.1 are satisfied.

1) of Proposition 3.1 is immediate, 2) follows from the fact that Z is also a
Gaussian family; actually (Z,,...,Z,,) can be written as a linear transformation

1

of (Biy, ..., Biy,), which is Gaussian. Finally, if s < ¢ then i A i =, and

E[Z,Z] = stE[ByBi;] =st(L A}y =s=sAt
and therefore 3) is satisfied. O

We shall speak of the invariance properties of Proposition 3.2 as the scaling
properties of the Brownian motion.

Definition 3.2 An R™-valued process X = (£2, %, (F):, (Xy):, P) is an m-
dimensional Brownian motion if

a) Xo =0a.s,;

b) forevery 0 <s <, the r.v. X; — X is independent of .%;

c) forevery 0 < s < t, X; — X, is N(O, (t — s)I)-distributed ({ is the m x m
identity matrix).

Remarks 3.2 LetX = (82, F,(Z:):, (X;);, P) be an m-dimensional Brownian
motion.

a) Thereal processes (§2, .7, (%), (Xi(¢));, P) are Brownian motions fori =
1,...,m. Definition 3.1 is immediately verified.

b) The o-algebras o(X;(f),t > 0),i = 1,...,m, are independent. Keeping
in mind Remark 1.2 ¢), it is sufficient to check that E[X;(r)X;(s)] = 0, for
every s <t,i7# j. But

E[Xi(0X;(s)] = E[(Xi(1) — Xi(s)X;(5)] + E[Xi(5)X;(s)]

and the first term on the right-hand side vanishes, X;(s) and X;(r) — X;(s)
being independent and centered, the second one vanishes too as the
covariance matrix of X; is diagonal.

Therefore the components (X;(7));, i = 1,...,m, of an m-dimensional
Brownian motion are independent real Brownian motions.
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Example 3.1 LetB = (2, %, (%), (B;);, P) be an m-dimensional Brownian
motion. Let us prove that if z € R™ and |z| = 1, then the process X; = (z, B;)
is a real Brownian motion.

Since, for t > s, B, — By is independent of .%, the r.v.

Xr _Xy = (Z, B[) - (Za BY) = (Za Bf - BY)

is itself independent of .%;. Moreover, X; — X; = (z, B, — B;) is Gaussian,
being a linear combination of Bi(¢f) — Bi(s), ..., B, (f) — B,(s), which are
jointly Gaussian. The variance of X; — X; is computed immediately, being a
linear function of B, — B;: (1.13) gives

Var(X, — Xy) = (t—8)2* 2= (t—98)|zP =t —s.

As a) of Definition 3.1 is obvious, this proves that X is a Brownian motion
with respect to the filtration (.%;),. Conditions 1), 2), 3) of Proposition 3.1 are
also easily checked. Note. however, that these only ensure that X is a natural
Brownian motion, which is a weaker result.

This, similarly to Proposition 3.2, is a typical exercise: given a Brownian
motion B, prove that some transformation of it gives rise to a Brownian
motion. By now we have the choice of checking that the conditions of
Definition 3.1 or of Proposition 3.1 are satisfied. Note that Proposition 3.1
is useful only if we have to prove that our candidate process is a natural
Brownian motion. Later (starting from Chap. 8) we shall learn more powerful
methods in order to prove that a given process is a Brownian motion.

Of course a) of Remark 3.2 is a particular case of this example: just choose
as z the unit vector along the i-th axis.

We already know (Example 2.4) that a Brownian motion has a continuous mod-
ification. Note that the argument of Example 2.4 also works for an m-dimensional
Brownian motion. From now on, by “Brownian motion” we shall always understand
a Brownian motion that is continuous. Figure 3.1 provides a typical example of a
path of a two-dimensional Brownian motion.

If we go back to Proposition 3.2, if B is a continuous Brownian motion, then
the “new” Brownian motions X, —B, (cB,/2), are also obviously continuous. For Z
instead a proof is needed in order to have continuity at 0. In order to do this, note
that the processes (B;); and (Z;), are equivalent. Therefore, as B is assumed to be
continuous,

lim B, =0,
t—0+
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-4 .
-1 0

Fig. 3.1 A typical image of a path of a two-dimensional Brownian motion for 0 < ¢t < 1 (a black
small circle denotes the origin and the position at time 1). For information about the simulation of
Brownian motion see Sect. 3.7

therefore (see Exercise 2.4 b2))

t—0+,:€Q

from which, the process (Z;); o being continuous, we derive

11m Z;j == O .

t—0+
It will be apparent in the sequel that it is sometimes important to specify the filtration
with respect to which a process B is a Brownian motion. The following remark

points out a particularly important typical filtration. Exercise 3.5 deals with a similar
question.

Remark 3.1 (The augmented natural filtration) Let B = (82, %,(%#);,
(B;);, P) be a Brownian motion and let .%, be the o-algebra that is obtained
by adding to .%, the negligible events of .%. Let us prove that B is a Brownian
motion also with respect to (% ,);.

Actually, we must only prove that the increment B; — By, s < ¢, is
independent of .7 . Let us denote by .4 the family of the negligible events
of .%. Let € be the class of the events of the form A N G with A € %
and G € A4 or G = £2. ¥ is stable with respect to finite intersections and

(continued)
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Remark 3.1 (continued)

contains .%; (one chooses G = £2) and ./, and therefore generates .% ;. By
Remark 1.1, in order to prove that B, — B; and .% are independent we just
have to check that, for every Borel set C C R and A and G as above,

P({B,—B,€ C,NANG) =P({B,— B, € CHP(ANG) ,

which is immediate. If G = §2 the relation above is true because then ANG =
A and B is an (.%;),-Brownian motion, whereas if G € .4, both members are
equal to 0.

In particular, B is a Brownian motion with respect to the augmented natural
filtration, i.e. with respect to the filtration (¥¢,); that is obtained by adding the
negligible events of .% to the natural filtration (¥),.

We shall see in Sect.4.5 that (¢,), is also right-continuous, so that the
Brownian motion with respect to the natural augmented filtration is a standard
process (see the definition on p. 34).
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Remark 3.2 Let B = (2,.%,(%):, (B:);,P) be a Brownian motion. We
know that each of the increments B,—Bq, t > s, is independent of .%;. Actually
a stronger statement holds: the o-algebra o(B; — B,,t > s) is independent
of .Z,.

This fact is almost obvious if . %, = o(B,,u < s), i.e. if B is a natural
Brownian motion, as the families of r.v.’s {B,,u < s} and {B, — By, v > s}
are jointly Gaussian and pairwise non-correlated, so that we can apply the
criterion of Remark 1.2. It requires some care if the filtration is not the natural
one. The proof is left as an exercise (Exercise 3.4).

Note that this is a useful property. For instance, it allows us to state that the
r.v. (B;, — By) + (B, — By), t1, t» > s, is independent of .%;. Recall that if X, Y
are r.v.’s that are independent of a g-algebra ¢, it is not true in general that
their sum is also independent of ¢. Here, however, we can argue that (B, —
B,) 4+ (B, — By) is 0 (B, — By, t > s)-measurable and therefore independent of
Fy. Similarly, if b > s, the r.v.

b
Y:[ (B, — By) du

for t > s is independent of .%;: writing the integral as the limit of its Riemann
sums, it is immediate that Y is o(B; — B, t > s)-measurable and therefore
independent of .%;.
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Remark 3.3 Computations concerning Brownian motion repeatedly require a
certain set of formulas typical of Gaussian distributions. Let us recall them
(they are all based on the relation B, ~ /t Z with Z ~ N(0, 1)):

a) E[COB,] — e; 102,

)

1 : 1
b) E[egBtz] _ «/1—219 lf t9 < >

oo  ift9>]-

a) (the Laplace transform) is computed in Exercise 1.6, b) in Exercise 1.12.

3.2 The law of a continuous process, Wiener measure

Let§ = (2,.%7, (%), (§&):.P) be a continuous R?-valued process and let Ve o>
{t — &(w)} be the map mapping every w to its associated path. This map takes its
values in € = € (R, Rd), the space of continuous maps RT — R4, endowed
with the topology of uniform convergence on compact sets. Let us denote by .# the
corresponding Borel o-algebra on %'

Proposition 3.3 v : (£2,.%) — (€, .#) is measurable.

The proof of Proposition 3.3 is rather straightforward and we shall skip it (see,
however, Exercise 2.6).

Proposition 3.3 authorizes us to consider on the space (%,.#) the image
probability of P through v, called the law of the process &. The law of a continuous
process is therefore a probability on the space € of continuous paths.

Let us denote by P¢ the law of a process &. If we consider the coordinate r.v.’s
X, : € — R? defined as X,(y) = y(¢) (recall that y € % is a continuous function)
and define .#;, = o(X;,s < 1), then

X = (€, A, (M), (X)), PS)

is itself a stochastic process. By construction this new process has the same finite-
dimensional distributions as £. Let Ay, ..., A,, € Z(R?), then it is immediate that

(&, €A1, 6, €A =Y (X €AL,.... X, €Ay)
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so that

P (X, €Ay.....X,, €A) =Py (X, €Ar.....X,, €A))

=P(&, €Ar.....&, €Ay

and the two processes £ and X have the same finite-dimensional distributions and are
equivalent. This also implies that if £ and £ are equivalent processes, then P¢ = P¢ §
i.e. they have the same law.

In particular, given two (continuous) Brownian motions, they have the same law.
Let us denote this law by PV (recall that this a probability on €’). P" is the Wiener
measure and the process X = (¢, .4, (#,),,(X;);,P"), having the same finite-
dimensional distributions, is also a Brownian motion: it is the canonical Brownian
motion.

3.3 Regularity of the paths

We have seen that a Brownian motion always admits a continuous version which is,
moreover, y-Holder continuous for every y < é It is possible to provide a better
description of the regularity of the paths, in particular showing that, in some sense,
this estimate cannot be improved.

From now on X = (£2, %, (%), (X,);, P) will denote a (continuous) Brownian
motion. Let us recall that if / C R is an interval and f : I — R is a continuous
function, its modulus of continuity is the function

w(@ = sup [fx)—fWI.

x,y€l|x—y|<§

The regularity of a function is determined by the behavior of its modulus of
continuity as § — 0+. In particular,

* f is uniformly continuous if and only if lims—o4+ w(8) = 0.
 fis Holder continuous with exponent « if and only if w(§) < ¢§* for some ¢ > 0.
 fis Lipschitz continuous if and only if w(§) < ¢§ for some ¢ > 0.

Theorem 3.1 (P. Lévy’s modulus of continuity) Let X be a real Brownian
motion. For every T > 0

1
P(lim su X—szl)zl.
R (2310 )1 o2

t—s<§
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We skip the proof of Theorem 3.1, which is somewhat similar to the proof of the
Iterated Logarithm Law, Theorem 3.2, that we shall see soon.

P. Lévy’s theorem asserts that if w(-, w) is the modulus of continuity of X,(w) for
t € [0, T], then P-a.s.

im  YO@

=0+ (28 log é)l/z

Note that this relation holds for every w a.s. and does not depend on 7.
As ’;1(2 — 400 as § — 0+, Theorem 3.1 specifies that the paths of a Brownian
motion cannot be Holder continuous of exponent ; on the interval [0, 7] for every T

(Fig. 3.2). More precisely

Corollary 3.1 Outside a set of probability 0 no path is Holder continuous

with exponent y > é in any time interval / C R having non-empty interior.

Proof Tt suffices to observe that for g, r € Q7,0 < g < r,

. |Xt - X?I _
lim sup =1 a.s. 3.1

=s<t=<r 1 1/2
70 a=ise (281og )

thanks to Theorem 3.1 applied to the Brownian motion (X,+, — X,);. Therefore if
N, - is the negligible event on which (3.1) is not satisfied, N = o+ Ngris still
negligible. Since an interval / C R having non-empty interior necessarily contains

~
5 W"

0 M ﬂAvAf\
AR

—4

qre

0 1

Fig. 3.2 Example of the path of a real Brownian motion for 0 < ¢ < 1 (here the x axis represents
time). As in Fig. 3.1, the lack of regularity is evident as well as the typical oscillatory behavior,
which will be better understood with the help of Theorem 3.2
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an interval of the form [g, 7] with ¢ < r, ¢, r € QT, no path outside N can be Holder
continuous with exponent y > é in any time interval / C R having non-empty
interior.

O

Let us recall that, given a function f : R — R, its variation in the interval [a, b] is
the quantity

’

Vif =sup Y |f(tier) — £ (1)

i=1

the supremum being taken among all finite partitionsa =1y < t; < -+ <ty41 = b
of the interval [a, b]. f is said to have finite variation if Vi f < +oo for every a,
beR.

Note that a Lipschitz continuous function f is certainly with finite variation: if
we denote by L the Lipschitz constant of f then

n

Yo f) —f@)] <Y Ll =t =LY (e — 1) = L(b—a) .

i=1 i=1 i=1

Therefore differentiable functions have finite variation on every bounded interval. It
is also immediate that monotone functions have finite variation.

Proposition 3.4 Let X be a real Brownian motion. Let 7 = {f,..., 4}
with s = 1y < f;--+ < t,, = t be a partition of the interval [s, 1], || =
maxo<i<m—1 |lk+1 — lk|. Then if

m—1
Sy = |ka+1 _ka|2
k=0
we have
lim S, =t—s inL?. (3.2)

|| =0+

In particular, the paths of a Brownian motion do not have finite variation in
any time interval a.s.
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Proof We have Y0 (t41 — 1) = (1 —8) + (o —t1) + -+ (= tyy) =1 —
SO we can write

m—1

Se—(t—=9) =Y [(Kyy, = X)? = (41 — 1)) .

k=0

We must prove that E[(S, — (t — 5))>] — 0 as || — 0. Note that Xiq — X,)? —
(tx+1 — 1) are independent (the increments of a Brownian motion over disjoint
intervals are independent) and centered; therefore, if & # k, the expectation of the
product

(Ko = X0)” = et — ) ][ Koy — X0)? — (k1 — 1) ])

vanishes so that

E[(Sx — (1= 9)7]

m—1 m—1
= E(Z [Xiy — X)) — (teg1 — 1] ¥ Z (X — X0)* — (1 — th)])
k=0 h=0
m—1 m—1 5
2 Xy, — X1 2
- ZE([(XtHl _th)z_(tk+1—tk)] )= Z(l‘k+1—l‘k)zE[( fi . —1) ] .
k=0 k=0 Te1 — Ik
But for every k the r.v. }i’/k;:‘rl_f;’(‘ is N(0, 1)-distributed and the quantities
(e )
Ie+1 — I

are finite and do not depend on k (¢ = 2, if you really want to compute it...).
Therefore, as || — 0,

m—1 m—1
E[(Sx — (t= )] = ¢ _(tir1 — 1) < c|m| Y [ter — el = c|m|(t—5) -0,
k=0 k=0

which proves (3.2). Moreover,

m—1

m—1
Se=> Xy — %] < (max[X,,, —X,| 3 X — X, | - (3.3)
k=0 - k=0
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As the paths are continuous, maxo<j<m—1|X;,, — X;| — 0 as [7| — 0+ and

therefore if the paths were with finite variation on [s, 7] for @ in some event A of
positive probability, then on A we would have

m—1

im0 P = K] < oo
k=0

and therefore, taking the limit in (3.3), we would have lim;| o4 Sz (w) = 0 on A,
in contradiction with the first part of the statement. O

Let us recall that if f has finite variation, then it is possible to define the integral

T
/0 (0 df (1)

for every bounded Borel function ¢. Later we shall need to define an integral of the
type

T
/0 6 (1) dX,()

which will be a key tool for the construction of new processes starting from
Brownian motion. Proposition 3.4 states that this cannot be done w by w, as the
paths of a Brownian motion do not have finite variation. In order to perform this
program we shall construct an ad hoc integral (the stochastic integral).

3.4 Asymptotics

We now present a classical result that gives very useful information concerning the
behavior of the paths of a Brownian motion as ¢t — 0+ and as t — 4-o0.

Theorem 3.2 (Iterated logarithm law) Let X be a Brownian motion. Then

P( lim Xi )y = 1) —1. (3.4)
=0+ (2tloglog })

Before giving the proof, let us point out some consequences.



58

Corollary 3.2

. X
lim
10+ (2tloglog 1)

. Xy
im
s>Fo0 (25s]loglog s)l/2

X
lim

12 =~

s—>+00 (2sloglogs)l/2 -

=1

-1

a.s.

a.s.

a.s.

3 Brownian Motion

(3.5)

(3.6)

3.7

Proof Let us prove (3.6). We know from Proposition 3.2 that Z; = tXj; is a
Brownian motion. Theorem 3.2 applied to this Brownian motion gives

li X1/t
r—1>1(§1+ 1\1/2
(2t10g log r)

1

t°

Now, with the change of variable s =

X X
lim 1 = 1 1

1\1/2 m
=0+ (2tloglog }) =0+ (2loglog |

=1

a.s.

151_1 (
s—>+o00

X
2sloglog s)l/2

Similarly, (3.5) and (3.7) follow from Theorem 3.2 applied to the Brownian motions

—X, and (_tXI/t)t'

|

Remark 3.4 (3.6) and (3.7) give important information concerning the
asymptotic of the Brownian motion as + — +o0o. Indeed they imply
the existence of two sequences of times (#,)n, (Sn)n, With lim, o0 f, =

lim,,— o0 5, = +00 and such that

X, >1—-¢) \/21‘,, loglogt,

X;, < —(1 —&)y/2s,loglogs, .

This means that, as t — o0, the Brownian motion takes arbitrarily large
positive and negative values infinitely many times. It therefore exhibits larger
and larger oscillations. As the paths are continuous, in particular, it visits

every real number infinitely many times.

(3.6) and (3.7) also give a bound on how fast a Brownian motion
moves away from the origin. In particular, (3.6) implies that, for ¢ large,

(continued)
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Remark 3.4 (continued)
X;(@w) < (1 + &)4/2tloglogt. Similarly, by (3.7), for t large, X;(w) >
—(1 + €)+/2tloglogt, so that, still for large ,

1X,(®)] < (1 4 €)/2tloglog: . (3.8)
To be precise, there exists a fy = fy(w) such that (3.8) holds for every t > 1.

Similarly, by (3.4) and (3.5), there exist two sequences (t,),, (s,), decreas-
ing to 0 and such that a.s. for every n,

X, >1-¢) \/Zt,, loglog ll
X, <—(1—¢) \/2sn log log 51" .

In particular, X;, < 0 < X, . By the intermediate value theorem the path
t — X, crosses 0 infinitely many times in the time interval [0, €] for every
e > 0. This gives a hint concerning the oscillatory behavior of the Brownian
motion.

In order to prove Theorem 3.2 we need some preliminary estimates.

Lemma 3.1 Let X be a continuous Brownian motion. If x > 0, T > 0, then

P( sup X; > x) <2P(X7 > x) .

0<t<T

Proof Letty <t; <---<t, =T,1 = {to,...,t,} and let T = inf{j; X;; > x}. Note
that if X7(w) > x, then t < T, i.e. {Xr > x} C {r < T}. Moreover, we have X;, > x
on {t = t;}. Hence

n n
PXr>x) =P <T.Xr>x)=» Pt=4Xr>x>) Pt=4Xr—X;>0).
j=0 j=0

We have {t = t;} = {X;, < x,....X,, < x,X; > x}. Hence {t = t;} is F-
measurable and independent of {X7 — Xy = 0}; moreover, P(Xy — Xy, = 0) = é, as
Xr— Xy is Gaussian and centered; therefore

‘ | 1
P(Xr>x) 2 ) Pt = ()PXr—X, 20) = Y P =1) =, P(supX, > x) .
=0

= €l
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Let now I, be a sequence of finite subsets of [0, 7] increasing to [0, 7] N Q. By the
previous inequality and taking the limit on the increasing sequence of events

P( sup X, > x) = supP( sup X, > x) <2P(X7 > x) .

1<TteQ t€l,

As the paths are continuous, sup,<r,eq X; = sup,<r X;, and the statement is proved.
O

Lemma 3.2 If x > O then

— +o00
<x+ 1) le_"z/2 </ ez < ! e /2.
X s X

Proof We have

teo L, 1 [t ), 1 _2p
/ e ¢ /2d; < / e Pdz =" e/
X X X X

and the inequality on the right-hand side is proved. Moreover,

d1

—x2/2 __ ( 1 ) —x2/2
e =—(1+ e
dx x x2

and therefore

+o00

1 +oo 1 1
e—x2/2 — / (1 + 2) e—zz/z dz < (1 + 2)/ e—zz/Z dz .
X . Z x2/) J,

Proof of Theorem 3.2 Let us prove first that

X
lim ! <1 as. (3.9)

=0+ (2tloglog 1)1/2

Let ¢(t) = (2tlog log 1)1/2. Let (#,), be a sequence decreasing to 0, let § > 0 and
consider the event

Ay ={X, > (1 + 8)¢ (1) for some 1 € [tp1. 1]} -

8 being arbitrary, (3.9) follows if we can prove that P(lim,—ccA,) = 0. Indeed,
recall that lim,,—, »c A, is the event that is formed by those @’s that belong to infinitely
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many A,. If this set has probability 0, this means that X; > (1 4 §)¢ () for some ¢ €
[t:+1, £,] only for finitely many n and therefore that lim,—, o4 @tlog fi’g i < (145$),
and § being arbitrary, this implies (3.9). I

By the Borel-Cantelli lemma it suffices to prove that the series Y oo, P(A,)
is convergent; we need, therefore, a good upper bound for P(A4,). First, as ¢ is
increasing,

Avc{ sup Xo> (14 8)p ()] .

0=t=<ty

and by Lemmas 3.1 and 3.2, as X;, / \/t, ~ N(0, 1),
P = P( sup X, = (1+ 8¢ (61) = 2P(X,, = (1 + 9)p(1rs1))
0<t<t,
X; h+1 1 1/2
= 2P " >146)(2 log1
(\/tn _( * )( Iy o8 Ogtn+l) )

+
_ 2 /ooe_zz/zdzf\/z -
Var Js T Xn

n

where x, = (1 + 8)(2”’:rl loglog, il )1/2. Let us choose now t, = ¢" with0 < g <
1, but such that A = g(1 + §)> > 1. Now if we write « = logcll > 0, then

x = (1+8)(2qlog [(n + D log 1])"* = [22log(a(n + 1))]"*.

Therefore

P(A,) < \/2 1 e—xﬁ/Z < \/2 e Mog(a(nt1)) _ ¢ .
~ Voo, VYV n+ 12

As A > 1, the rightmost term is the general term of a convergent series, hence
Z;il P(A,) < 400 and, by the Borel-Cantelli Lemma, P(lim, ., A;) = 0, which
completes the proof of (3.9).

Let us prove now the reverse inequality of (3.9). This will require the use of
the converse part of the Borel-Cantelli Lemma, which holds under the additional
assumption that the events involved are independent. For this reason, we shall first
investigate the behavior of the increments of the Brownian motion. Let again (¢,),
be a sequence decreasing to 0 and let Z, = X, —X, . Ther.v’s Z, are independent,
being the increments of X. Then for every x > 1, ¢ > 0, we have

X[ - 1,
P(Z, > x/t, — 1, =P( " LA )
(70> 2ty = 1) o=t

+
_ 1 / [S°] e_zz/z dz 2 , X 1 e_xz/z Z 1 e_XZ/z ,
x 2 +1 27 2x/27

(3.10)
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where we have taken advantage of the left-hand side inequality of Lemma 3.2. Let

2(1—¢)?

ty =¢"with0 < g < land put 8 = ,a:log;.Then

1—q
x=(l—¢) o) _ 1-e \/210g(nlog1)
= byt N’ 1
2(1 —¢)?
= \/ (1 B :) log (nlog (11) = /B log(an)
so that (3.10) becomes
c
P(Z, > (1 —e)p(t,)) > w12 Jlogn

We can choose ¢ small enough so that 8 < 2 and the left-hand side becomes the
general term of a divergent series. Moreover, as the r.v.’s Z, are independent, these
events are independent themselves and by the Borel-Cantelli lemma we obtain

Z, > (1 — €)¢(2,) infinitely many times a.s.

On the other hand the upper bound (3.9), which has already been proved, applied to
the Brownian motion —X implies that a.s. we have eventually

Xy, > =1+ 8)¢(t) .

Putting these two relations together we have that a.s. for infinitely many indices n

X, =Zn +Xip, > (1 —8)p(t:) — (1 + &) (tar1)

& (tut1) (3.11)
=g@)[1-e—(1+e) ].
¢ (1)
Note that, as loglog qln =logn + log 10g611 and lim,— o loglggl) =1,
n 1 1

b . 24 loglog L _\floglog )},

lim = lim = q lim — \/q )
oo ltn) oo \/2q"loglog ql,, e \/loglog ql”

For every fixed § > 0 we can choose ¢ > 0 and ¢ > 0 small enough so that
l—e—(14+¢/g>1-6,
hence from (3.11)
X, > (1 —8)¢(t,) for infinitely many times a.s.

which completes the proof of the theorem. O
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3.5 Stopping times

Sometimes, in the investigation of a stochastic process X, we shall consider the value
of X at some random time o, i.e. of the r.v. X;(,)(®). A random time is, in general,
justarv.o : 2 — [0, +00[. Among random times the stopping times of the next
definition will play a particular role.

Definition 3.3 Let (%#,),er be afiltration. Ar.v. 7 : 2 — TU {400} is said to
be a stopping time if, for every ¢t € T, {t < t} € .%,. Associated to a stopping
time t let us define the o-algebra

FIr={A€ I, AN{t <t} € Z foreveryt e T}

where, as usual, Zoo = \/, Z,.

Note that, in general, a stopping time is allowed to take the value +oo. Intuitively
the condition {t < t} € %, means that at time # we should be able to say whether
T < t or not. For instance. we shall see that the first time at which a Brownian
motion B comes out of an open set D is a stopping time. Intuitively, at time ¢ we
know the values of By for s < t and we are therefore able to say whether B; & D for
some s < t. Conversely, the last time of visit of B to an open set D is not a stopping
time as in order to say whether some time ¢ is actually the last time of visit we also
need to know the positions of By for s > .

Z. is, intuitively, the o-algebra of the events for which at time ¢ we can say
whether they are satisfied or not. The following proposition summarizes some
elementary properties of stopping times. The proof is a straightforward application
of the definitions and it is suggested to do it as an exercise (looking at the actual
proof only later).

Proposition 3.5 Let o and 7 be stopping times. Then

a) T is .#,-measurable.

b) o v T and o A 7 are stopping times.
¢) Ifo < 7, then %, C %,.

d) Fonr = Fo N .

Proof

a) By Exercise 1.19, we just have to prove that, for every s > 0, {t < s} € %#,. It
is obvious that {t < s} € .%; C Foo. We then have to check that, for every 7,
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{t <siN{r <1} € Z,.Now,ifr <s,wehave{r <s}N{r <t} ={r <t} € Z.
If, conversely, t > s, {t <s}N{t <t} ={t <s} € %, C %.
b) We have

{ont<t}={o <t}U{r <t} €.%.
and therefore o A 7 is a stopping time. The argument for o V 7 is similar:
{ovist}={o<t}nN{r <t} €.%.
c) IfA € %, then, foreveryt, AN{o <t} € F.As{t <t} C{o <1},

AN{r <t} =ANn{oc <tN{t <t} e F.

€Z; €Z;

d) Thanks to c), F, A is contained both in .%, and in .%;. Let us prove the opposite
inclusion. Let A € .%, N Z,;then A € Foo, AN{T <t} € F andAN{o <
t} € .%,. We have therefore

ANfort <t =AN({o <AU{Tt <) = AN{o <HUAN{r <) € F

and therefore A € F, a;. |

Note that, in particular, if # € R* then 0 = t is a (deterministic) stopping time.
Therefore if 7 is a stopping time, by Proposition 3.5 b), T At s also a stopping time.
It is actually a bounded stopping time, even if t is not. We shall use this fact very
often when dealing with unbounded stopping times.

Proposition 3.6 If 7 is an a.s. finite stopping time and X = (£2,.%,
(%), (X1)1, P) is a progressively measurable process, then the r.v. X; is .%-
measurable.

Proof Let us assume that X takes its values in some measurable space (E, &). We
must prove that, forevery I € &, {X, € I'} € .%,. We know already (Example 2.3)
that X, is .%o-measurable, so that {X, € I'} € F .

Recalling the definition of the o-algebra .%;, we must now prove that, for every
t{t<tiN{X, e '} € %, .0fcourse{t <t}N{X, € I'} ={t <t}N{X. n, € '}.

The r.v. T A t is F;-measurable: the event {t A t < s} is equal to §2 if s > ¢ and
to {t < s} if s < r and belongs to .%; in both cases.

The r.v. X; A, then turns out to be .%;-measurable as the composition of the maps
o = (@, T At(w)), which is measurable from (£2, .%;) to (§2 X0, ¢], Z: ® A([0, 1])),
and (w,u) — X,(w), from (£2 x [0,7], % ® £([0,1])) to (E, B(E)), which is
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Fig. 3.3 The exit time of a two-dimensional Brownian motion B from the unit ball. The three
black small circles denote the origin, the position at time 1 and the exit position B,

measurable thanks to the assumption of progressive measurability. Hence {t <
t} N {X, € I'} € %, as the intersection of .%,-measurable events.
O

IfA € B(E), let
T =inf{t > 0;X, ¢ A} .

T4 is called the exit time from A (Fig.3.3). In this definition, as well as in other
similar situations, we shall always understand, unless otherwise indicated, that the
infimum of the empty set is equal to +o00. Therefore 74 = +o0 if X, € A for every
t > 0. Similarly the r.v.

pa = inf{t > 0; X; € A}

is the entrance time in A. It is clear that it coincides with the exit time from A. Are
exit times stopping times? Intuition suggests a positive answer, but we shall see that
some assumptions are required.

Proposition 3.7 Let E be a metric space and X an E-valued continuous
process.

a) If A is an open set, then 7, is a stopping time.
b) If F is a closed set and the filtration (.%#,), is right continuous, then tr is a
stopping time.
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Proof

a) If A is an open set, we have

o0
{u>n=JdX.A) > 1} e 7.
=1
Indeed, if w belongs to the set on the right-hand side, then for some n we have
dX,(w),A°) > rll for every r € Q N [0, f[ and, the paths being continuous, we
have d(X;(w),A°) > ’11 for every s < t. Therefore X;(w) € A for every s < t and
Ta(w) > 1.

The opposite inclusion follows from the fact that if 74 (@) > t then X;(w) € A
for every s < r and hence d(X;(w), A¢) > ’11 for some n and for every s < 1 (the
image of [0, 7] through s — X;(®) is a compact subset of E and its distance from
the closed set A is therefore strictly positive).

Therefore {ta <t} = {ta > t}° € %, forevery .

b) Similarly, if F is closed,

lwzg= (] X eFles.

reQ,r<t

so that {tr < t} € .%;. Therefore

{TFSI}ZH{TF<l+8}€«%+=«%

>0

since we have assumed that the filtration is right-continuous.

3.6 The stopping theorem

Let X be a Brownian motion. In Proposition 3.2 we have seen that, for every
s > 0, (X;+s — Xy); is also a Brownian motion. Moreover, it is immediate that it
is independent of .%;. The following result states that these properties remain true if
the deterministic time s is replaced by a stopping time 7.

Theorem 3.3 Let X = (2, %, (%), (X,);,P) be an m-dimensional Brow-
nian motion and t an a.s. finite stopping time of the filtration (.%#;),. Then
Y; = X+, — X, is a Brownian motion independent of .%,.
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Proof Let us assume first that t takes only a discrete set of values: 51 < s, <
- < s < ... Let C € Z,; then, recalling the definition of .%;, we know that
CN{t < s} € F,. Actually also C N {t = 54} € Fy,, as

Cﬂ{f=Sk}=(Cﬂ{ffsk})\£Cﬂ{T§Sk—1}_z

eLg.xk_l Cv?sk

and both events on the right-hand side belong to .%, . Then, if A, ..., A, € B[R")
and C € .%,, we have

P(Y, €Ay.....Y, €A,.C)

=Y P(Xytr—Xe €A1 Xypr — X, €A T =5, C)
k

= ZP(Xt1+Sk _Xxk EA17~”9X1‘,,+X1< _Xxk EAnv T = Sk,c )
X ~ - = -

-
independent of F; Fy —measurable

= ZP(Xt1+Sk _Xs‘k € Ala e ath+Sk _Xs‘k € An)P(T = Sk, C) .
k

Now recall that (X;4,, — X, ), is a Brownian motion for every k, so that the quantity
PXy 45 — X5, € A1,..., Xi 45 — X5, € A,) does not depend on k and is equal to
P(X, €A,....X,, €A,). Hence

P(Y, €Aj.....Y, €A C) =P(X, €Ay.....X, €4,) Y Pt =5.C)
k

= P(th GAI,...,th EAn)P(C) .

Letting C = £2 we have that Y is a Brownian motion (it has the same finite-dimen-
sional distributions as X); letting C € .%, we have that Y is independent of .%,.

In order to get rid of the assumption that t takes a discrete set of values, we use
the following result, which will also be useful later.

Lemma 3.3 Let 7 be a stopping time. Then there exists a non-increasing
sequence (t,), of stopping times each taking a discrete set of values and such
that 7, \{ 7. Moreover, {7, = 400} = {t = 400} for every n.
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Proof Let

0 if t(w) =0
(@) =150 if ) <t() <!

400 if t(w) = 400.
As 1, — 21,, < 1 < 1,, obviously 7, N\ T. Moreover,

== |J =" =tt@=0u0 |J {5 <r=5'}es

kA <t kA <

and therefore 7, is a stopping time. O

End of the proof of Theorem 3.3. If 7 is a finite stopping time, let (z,), be a
sequence of stopping times each taking a discrete set of values as in Lemma 3.3.

In the first part of the proof we have proved that, for every choice of 71, ..., #,
the r.v’s Xy, 4., — Xs,,.... X441, — X, are independent of .%; and have the
same distribution as X, . . ., Xy, Therefore for every bounded continuous function

® :R" - Rand C € %, C %, (recall that, as t < 1, then .#; C .%,,, see
Proposition 3.5 c)), we have

E[@(X 41, — Xeyo - - - Xy, — X)) 1]
=E[®X 47, — X+ - - - Xy, — X2,) |P(C) (3.12)
=E[®(X,.....X,)]P(O) .

Let us take the limit as n — oo in (3.12). As the paths are continuous and by
Lebesgue’s theorem

E[@(Xyte, = Xp o Xytr, = Xe ) lc] = E[@Xypr —Xeoo o Xy —Xo) 1]
so that
E[@(X +: — Xe..... Xy4: — X)1c] = E[@(X,,..... X,) |P(C) . (3.13)

Again by first choosing C = 2 we find that the joint distributions of (X, 4. —
X, X4 —Xr)and (X,,, . . ., X;,) coincide. Therefore the process (X, 4+ —X¢),
having the same joint distributions of a Brownian motion, is a Brownian motion
itself. Then taking C € .%; we find that it is independent of .%;. O

Let us describe a first, very useful, application of the stopping theorem. Leta > 0
and 7, = inf{t; X, > a}; 7, is a stopping time, being the exit time from the half-
line | — o0, af, and is called the passage time at a. By the Iterated Logarithm Law,
Corollary 3.2, the Brownian motion takes arbitrarily large values a.s., hence 7, is
a.s. finite.
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It is often of interest to determine the probability that a Brownian motion X
will cross the level a before a time ¢. This will be a consequence of the following
more general (and interesting) statement. Note that the events {sup,_, X; > a} and
{t, <t} coincide. -

Theorem 3.4 (The joint distribution of a Brownian motion and of its
running maximum) Let X be a Brownian motion. For every + > 0, let
X = supy<,<, X;. Then, ifa > 0 and b < a,

P(X* > a,X, <b) =P(X, >2a—b). (3.14)

Proof Let t, = inf{t > 0; X, = a}. If we write W, = X,4., — X, we have

P(X[ >aX, <b)=P(ta <t.X, <b) =P(t, <t, Wi—, <b—a),

as W, = X, — X;, = X; — a. We know that W is a Brownian motion independent
of %, , hence of t,. As W has same law as —W, the pair (t,, W), as an Rt x
%([0, 7], R)-valued r.v., has the same law as (7., —W).

LetA = {(s5,y) € Rx%([0,7],R),s < t,y(t —s) < b — a}, so that we have

P(r, =t, Wi, <b—a) =P((r,, W) € A). Then, if a > b,
P(X* > a. X, <b) =P(t, < 1. Wiy, <b—a) = P((z,. W) € A)

=P((1,,—W)€A) =P, <t,—-X;, + X;, <b—a)
=P(t, < 1,X; > 2a—b) = P(X, > 2a — b)

since if X; > 2a — b then a fortiori X; > a, so that {X; > 2a — b} C {t, < t}. O

Let us denote by f the joint density of (X, X*). From (3.14), fora > 0, b < a,

b +o0
/ dx f(x,y)dy =PX; < b,X* > a) =P(X; >2a—b)

—0o0 a

1 too >
= / e /2 dx .
V2r (2a—b)//t

Taking first the derivative with respect to b we have
+o0 1

1 >
b,y)dy = e 2 247
f(b,y)dy o

a
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and then taking the derivative with respect to a we find

Corollary 3.3 The joint density of (X;, X)), i.e. of the running maximum and
the position at time ¢ of a Brownian motion, is

f(b.a) =

1
2 a—b)ye b’
t3

Nok

fora > 0,b < a and f(b, a) = 0 otherwise.

Another consequence of Theorem 3.4 is the following, which is an important
improvement of Lemma 3.1.

Corollary 3.4 (The reflection principle)
P(X? > a) = P(t, < 1) = 2P(X, > a) .

Proof We have, from (3.14), P(X} > a,X; < a) = P(X, > a). Moreover, {X;" >
a,X; > a} = {X; > a}. Hence

P(X’>a) =PX} >a,X, <a)+PX' >a,X, >a) =2P(X, > a) .

Remark 3.5 Because of the symmetry of the centered Gaussian distributions
we have 2P(X; > a) = P(|X;| > a). Let again X = supy.,, X;. As a
consequence of the reflection principle, for every a > 0,

P(X* > a) =P(t, <1) =2P(X;, > a) = P(IX;| > a) .

This means that, for every ¢, the two r.v.’s X" and |X,| have the same
distribution. Of course, the two processes are different: (X;), is increasing,
whereas (|X,]), is not.

3.7 The simulation of Brownian motion

How to simulate the path of a Brownian motion? This is a very simple task, but
it already enables us to investigate a number of interesting situations. Very often a
simulation is the first step toward the understanding of complex phenomena.
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Applications may require the computation of the expectation of a functional of
the path of a stochastic process and if closed formulas are not available one must
resort to simulation. This means that one must instruct a computer to simulate many
paths and the corresponding value of the functional: by the law of large numbers
the arithmetic mean of the values obtained in this way is an approximation of the
desired expectation.

In this section we see the first aspects of the problem of simulating a stochastic
process starting from the case of Brownian motion. For more information about
simulation, also concerning more general processes, see Chap. 11. On this subject,
because of today’s ease of access to numerical computation, a vast literature is
available (see, for example, Kloeden and Platen 1992; Fishman 1996; Glasserman
2004).

The first idea (others are possible) for the simulation of a Brownian motion is
very simple: its increments being independent Gaussian r.v.’s, the problem is solved
as soon as we are able to simulate a sequence of independent Gaussian r.v.’s, which
can be done as explained in Sect. 1.8.

If Z,,7,,... are independent m-dimensional and N (0, I)-distributed r.v.’s on
some probability space (£2, .7, P), let us choose a grid of times 0 < h < 2h < ...
where i > 0 is a positive number (typically to be taken small). Then the r.v. v/h Z;
is N(0, i I)-distributed, i.e. has the same distribution as the increment of a Brownian
motion over a time interval of size h. Hence the r.v.’s

Bu(h) = VhZ
By(2h) = vVh(Zi + Z»)
(3.15)
By(kh) = Vh(Zy + -+ + Z)
have the same joint distributions as the positions at times h,2h,...,kh,... of a

Brownian motion.

If, for kh < t < (k+ 1)h, we define By, () as a linear interpolation of the positions
By, (kh) and B, ((k 4 1)h), this is obviously an approximation of a Brownian motion.
More precisely:

Theorem 3.5 Let 7 > 0,n > Oand h = 5 Let us denote by P, the law

of the process B, (P, is therefore a probability on the canonical space 4 =
([0, T],R™)). Then P, converges weakly to the Wiener measure PV,

Proof Note first that the law P, neither depends on the choice of the r.v.’s (Z,),,
nor on the probability space on which they are defined, provided they are N(0, I)-
distributed and independent.

Let (4, .# ,PV) be the canonical space and, as usual, denote by X, the coor-
dinate applications (recall that P denotes the Wiener measure, as defined p. 53).
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The process X = (% S M, (X,),, P ) is therefore a Brownian motion. The r.v.’s
Zy = ! (X +0h — X )

are therefore independent and N(0, I)-distributed. If we construct the process By,
starting from these r.v.’s, we have Bj,(kh) = Xy;. The process By, in this case, is
nothing else but the piecewise linear interpolation of X. As the paths are continuous
(and therefore uniformly continuous on every compact interval), lim;,—o By (w, t) =
X/(w) for every @ € % uniformly on compact sets. This means that the family of
¢ -valued 1.v.’s (Bp), converges to X a.s. in the topology of %. Therefore, as a.s.
convergence implies convergence in law, B, — X in law as & — 0.

Hence, as remarked above, P, — PV weakly as 7 — 0, whatever the choice of
the r.v.’s (Z,)n- O

Theorem 3.5 ensures that if ¢ : ¥ — R is a bounded continuous function, then

lim E[¢(B)] = E[¢(B)] -

Example 3.2 Let B be areal Brownian motion and let us consider the problem
of computing numerically the quantity

E[/O1 e ds] . (3.16)

It is easy to determine the exact value:

! 2 ! 1 1
/ Ele 5]ds = / ds =1+ 2s‘ = /3 —1~0.7320508 .
0 0o 1+2s 0
In order to compute by simulation an approximation of this value, note
that, using the same argument as in the proof of Theorem 3.5, the integral
fol e~ B¢ ds is the limit of its Riemann sums, i.€.

n

1
limhy e Brlh’ — / e B ds
0

h—0
k=1

and, by Lebesgue’s theorem,

n 1
e S o] [ ]
k=1

(continued)
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Example 3.2 (continued)
Hence, if (Z'), are independent N(0, 1)-distributed r.v.’s then, by the Law of
Large Numbers,

N n n
1 h i i \2 2
: —h(Z 7y _ [ —Bh(kh)]
th N E E e E hkg_le (3.17)

i=1 k=1

so that the left-hand side above is close to the quantity (3.16) of interest.

The results for N = 640,000 and various values of the discretization
parameter s are given in Table 3.1. It is apparent that, even for relatively large
values of &, the simulation gives quite accurate results.

Table 3.1 The estimated values of Example 3.2

h Value Error
0o 0.7295657 0.34%
1

200 0.7311367 0.12%
1

0o 0.7315369 0.07%
! 0.7320501 107°%

800

Of course it would be very important to know how close to the true value
E[¢ (B)] the approximation E[¢ (B},)] is. In other words, it would be very important
to determine the speed of convergence, as & — 0, of the estimator obtained by
the simulated process. We shall address this question in a more general setting in

Chap. 11.
Note also that in Example 3.2 we obtained an estimator using only the values of
the simulated process at the discretization times kh, k = 0, ..., n, and that it was not

important how the simulated process was defined between the discretization times.
This is almost always the case in applications.

Example 3.3 Let B be a real Brownian motion and let us consider the problem
of computing numerically the quantity

P( sup B, > 1) . (3.18)

0<s<t

(continued)
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Example 3.3 (continued)
We could try to reproduce the simulation algorithm above, i.e. consider the
approximation

1 N
Xh = N Z l{supOSkﬁn B;;hzl} :

i=1

However, there is a difficulty: the functional € > y — lgup,_ _,p=1}
is not continuous because of the presence of the indicator function, so
that Theorem 3.5 is not immediately sufficient in order to guarantee that
limy— E[Xh] = P( SUPg</<| B, > 1)

One should, however, recall that the convergence holds if the set A =
{supy<,<, B > 1} is such that P (dA) = 0, as indicated on p. 11. This is the

case here, as

3A={supB,=1}

0<s<t

and the r.v. B* = supy.,,B; has a density, which is an immediate
consequence of Remark 3.5. Hence PV (0A4) = P(B* = 1) = 0.

Table 3.2 reproduces the results of the computation of the probabil-
ity (3.18) for different values of 4.

Here again N = 640,000. It is apparent that the relative error is much
larger than in Example 3.2 and, more noteworthy, that the error decreases very
slowly as the discretization step & becomes smaller. This is certainly related
to the lack of regularity of the functional to be computed.

Table 3.2 The outcomes of the numerical simulation and their relative errors. Thanks to the
reflection principle, Corollary 3.4, the true value is 2P(B; > 1) = 2(1 — @(1)) = 0.3173, @

denoting the partition function of an N(0, 1)-distributed r.v.

h Value Error
oo 0.2899 8.64%
200 0.2975 6.23%
00 0.3031 4.45%
; 0.3070 3.22%

800

1
o 0.3099 2.32%
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Exercises

3.1 (p.455) Let B be a Brownian motion and let s < ¢.

a) Compute E[B,B?].
b) Compute E[B?B?].
¢) Show that

E[B,el] = se*/? .

d) Compute E[B,e?].
Recall: E[X*] = 3 if X ~ N(0, 1).

3.2 (p.455) Let B be a Brownian motion. Compute
a) limi— 100 E[l4p,<4].
b) 11mt_>+oo E[Btl{B,EQ}]

3.3 (p.456) Let B be a Brownian motion. Compute

lim +/E[B% %].
t——+00

3.4 (p.456) LetB = (2, .%, (%), (By):, P) be a d-dimensional Brownian motion.
We prove here that the increments (B; — B;)>s form a family that is independent of
Zy, as announced in Remark 3.2. This fact is almost obvious if %; = o(B,,u < s),
i.e. if B is a natural Brownian motion (why?). It requires some dexterity otherwise.
Lets > 0.

a)Ifs<nh<---<tyand I,..., T, € %(Rd) prove that, for every A € Z,

P(B,, —Bi,_, € [.....B, —Bs € I,A)
=P(B,, —B,,_, € [y.....B, —B, € I) - P(A) .

b) Show that the two o-algebras
o(B;, —Bs,...,B, —Bs) and o(B, —B;,_,.Bi,_, —Bi,_,..., By, —By)

are equal.
c¢) Prove that the g-algebra o (B; — B;, t > s) is independent of .%.

3.5 (p.457) Let B be a (:%;),-Brownian motion, let ¢ a ¢-algebra independent of
P = \/,F and F; = F; v 4. The object of this exercise is to prove that B
remains a Brownian motion with respect to the larger filtration (.%,);.
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a) Let & be the class of the events of the form A N G withA € %, and G € ¥.
Prove that ¢’ is stable with respect to finite intersections and that it generates the
o-algebra % . .

b) Prove that B is also a (.-#,),-Brownian motion.

3.6 (p.457) Let B be a Brownian motion.
a) Show that if 0 < s < ¢, then the joint law of (B;, B;) is

1 _1 2 1 _ 1 (y— 2
() = e 2" e 20— T (3.19)
faalry) V2ns V27 (t—s)

b) Show that, for every s > 0,

1
P(B. < 0.By > 0) = -

3.7 (p.459)

a) Let B be a Brownian motion and let X; = ¢ 'B,.
al) Show that (X;)—co<i<+c0 1S a Gaussian process and compute its covariance
function K (s, t) = Cov(X;, X;).

a2) Prove that X is a stationary process, i.e. such that for every ) < , < -+ <
ty and b > O, the r.v’s (X;,,...,X;,) and (X;,+4p, ..., X, +1) have the same
distribution.

a3) Prove that the kernel K(s,f) = e "=l is positive definite (i.e. that it satis-
fies (2.1)).
b) Let (X;)—oco<i<+00 be a (not necessarily continuous) centered Gaussian process
with covariance function K (s, 1) = eI,
bl) Prove that W, = J/uX | ogu 18 @ Natural Brownian motion.
b2) Prove that X has a continuous version.

3.8 (p.459) Sometimes in applications a process appears that is called a p-corre-
lated Brownian motion. In dimension 2 it is a Gaussian process (X;(t), X2(¢)), such
that X; and X, are real Brownian motions, whereas Cov(X;(t), X2(s)) = p(s A 1),
where —1 < p <1 (Figs.3.4 and 3.5).

a) Let B = (Bi(), B2(t)) be a two-dimensional Brownian motion. Then if X, = B,
and X;(r) = \/1 — p2B1 + pBs(?), then X = (X((f), X»(?)) is a p-correlated
Brownian motion.

b) Conversely, if X is a p-correlated Brownian motion and |p| < 1, let Bo(f) = Xa(1)
and

P

1
Vi-p Vi-p

Prove that B = (B, (t), B»2(?)) is a two-dimensional Brownian motion such that
X»(f) = By(r) and X, (f) = /1 — p2 B; + pBy(0).

Bl(l) = ) Xl(l) — ) Xz(l) .
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T T
-5 0 1

Fig. 3.4 Example of a path of a two-dimensional p-correlated Brownian motion for 0 < r < 1
and p = 0.7 (a black small circle denotes the origin and the position at time 1). Of course, for
p = 1 the paths concentrate on the main diagonal

_4 r
-5 0

Fig. 3.5 Example of a path of a two-dimensional p-correlated Brownian motion for 0 < r < 1
and p = —0.6. Now the correlation is negative. (a black small circle denotes the origin and the
position at time 1)

3.9 (p.460) Let B = (£2,.%,(%):, (By),P) be an m-dimensional Brownian
motion. Determine the matrices A € M(m) such that X, = AB, is also an m-
dimensional Brownian motion.



78 3 Brownian Motion

3.10 (p.460) Let B be an m-dimensional Brownian motion and A C R™ a Borel
set having finite and strictly positive Lebesgue measure. Let

Sa(w) = {t e RT;Bi(w) € A} .

Sa(w) is the set of the times ¢ such that B,(w) € A. Let us denote by A the Lebesgue
measure of R; therefore the quantity E[A(S4)] is the mean time spent by B on the set
A (84 is called the occupation time of A). Prove that

E[A(Sa)] = re - 1)/ [x|*™dx ifm>2.
A

27m/2
Recall the definition of the Gamma function: I" (@) = 0+°° x*~le™ dx, fora > 0.

Note that E[A(Sy)] = f0+°° P(X; € A) dt by Fubini’s theorem.

3.11 (p.461) Let X be a continuous Gaussian process.

a) Let us denote by G the family of the compactly supported finite measures y on
R (i.e. such that y([a, b]°) = 0 for some a,b € RT). Let

%=/&M®- (3.20)

Show that (X, ), ¢ is a Gaussian family.
b) Let u be a measure on R™ such that u([a, b]) < +oo for every finite interval
[a, b] (i.e. a Borel measure) and let

t
Y, = / X, u(ds) .
0

bl) Prove that Y is a Gaussian process.
b2) Let us assume that X is a Brownian motion. Using the relation

wQr ) =2 / w0, u) dia () (3.21)

r

prove that ¥; has centered Gaussian law with variance o} fo w(ls, )2 ds.
Compute Cov( Y;, Yy).

a) The integral is the limit of the Riemann sums ;- X;/»y(li{. (i + 1)!]) and one can apply
Proposition 1.9;
b2) use the relations (Fubini)

E(]"x;duuo-]”x;du(vﬂ ='/qdu(mu/Sanx;)du@n,
[ vauw = /qufw—/mjﬁmw [ wtwcsyaa.
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3.12 (p.463) Let B = (2, %, (%#):, (By):, P) be a Brownian motion and let
tBM
Z[ == B[ - / du .
o U

a) Note that the integral converges for almost every @ and show that (Z;), is a
Brownian motion with respect to its natural filtration (¥)),.

b) Show that (Z,), is a process adapted to the filtration (.%,),, but it is not a Brownian
motion with respect to this filtration.

c¢) Prove that, for every ¢, B, is independent of ¥;.

a) Use in an appropriate way Exercise 3.11.

3.13 (p.464) Let B be a Brownian motion. Prove that, for every a > 0 and T > 0,

P(B, < a~/t for everyt<T)=0.

3.14 (p.465) Let B be a Brownian motion and b € R, o > 0. Let X, = e”'+95

a) Investigate the existence and finiteness of the a.s. limit

lim X,

t—>—+00

according to the possible values of b, 0.
b) Investigate the existence and finiteness of

lim E[X] (3.22)

t—>—400

according to the possible values of b, 0.

3.15 (p.465) Let B be a Brownian motion and b € R, o > 0.

a) For which values of b, o, b # 0, is the integral

+o00
/ ebu-i—oBu du
0

a.s. finite?
bl) Prove that the r.v.

1
/ 1{Bu>0} du
0

is > 0 a.s.
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b2) Prove that

t

li 1 du = .S.
Jdim [ L g du= oo as

b3) Deduce that

+o0
/ eBedu = +o00 a.s.
0

¢) For which values of b, o is

+o00
E[/ ebu-l-(TBu du] < 400 ?
0

3.16 (p.466) (Approximating exit times) Let E be a metric space, D C E an open
set, X = (X;); a continuous E-valued process, 7 the exit time of X from D. Let (D,,),
be an increasing sequence of open sets with D,, C D for every n > 0, and such that
d(0D,, dD) < :l Let us denote by t, the exit time of X from D,,. Then, as n — oo,
7, — T and, on {r < 400}, X;, = X;.

3.17 (p.467) Let B be an m-dimensional Brownian motion and D an open set
containing the origin. For p > 0 let us denote by D, the set oD homothetic to D and
by t and 7, the exit times of B from D and D, respectively.

Show that the .v.’s 7, and p* T have the same law. In particular, E[z,] = p’E[7],
this relation being true whether the quantities appearing on the two sides of the
equation are finite or not.

3.18 (p.467) Let S be the unit ball centered at the origin of R”, m > 1, and X a
continuous m-dimensional Brownian motion. Let T = inf{z; X, ¢ S} be the exit time
of X from S.

a) Prove that T < +00 a.s.; X; is therefore a r.v. with values in dS. Show that the
law of X, is the (m— 1)-dimensional Lebesgue measure of dS, normalized so that
it has total mass 1.

b) Prove that t and X are independent.

Recall that an orthogonal matrix transforms a Brownian motion into a Brownian motion
(Exercise 3.9 b)) and use the fact that the only measures on dS that are invariant under the action
of orthogonal matrices are of the form ¢- A, where A is the (m — 1)-dimensional Lebesgue measure
of 05 and ¢ some positive constant.
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3.19 (p.468)

a) Letf : [0, 1] — R be a continuous function. Prove that

log e’ lloc = sup f(s) -

0<s<

b) Let B be a Brownian motion.
bl) Prove that, for every r > 0,

t 1
&
/eB‘Tds ~ t/ eVBs ds |
0 0

b2) Prove that

1 ! &
log eBds S sup B; .
\/t 0 t—>-+o00 s<l1

b3) Give an approximation, for ¢ large, of

P(/OteBx ds < 1) p(/oteBs ds < e.77337-¢r)

(0.77337 is, approximately, the quantile of order z of the N(0, 1) distribution).

Recall the relation among the I norms: lim,—s 4 oo | fll, = | flloo-

3.20 (p.469)

a) Let X be a continuous Brownian motion, ¢ > 0 and 7, = inf{t; X, > a} the
passage time of X at a. Prove that the law of t, has a density, with respect to
Lebesgue measure, given by f,(f) = 0 for t < 0 and (Fig. 3.6)

fu)) = e/ (3.23)

a
(2m)l/243/2

for + > 0. In particular, 7, does not have finite expectation (and neither does
+/Ta)- Show that, as t — +o0,

2a 1
V2 i
b) A researcher wants to explore the distribution of 7; by simulation. He therefore
realizes a computer program and simulates N paths of a Brownian motion and
records the passage times at a = 1 of each of them, 71, ..., Ty say.

Assume N = 10,000. What is the probability that 7; > 10® for at least one
path? And the probability that 7; > 10'° (1 hundred millions) for at least one

P(ty > 1) ~
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path? Why is the program taking so long? This should be done numerically with
a computer.
c) Let us recall that a probability p is said to be stable with exponent o, 0 < o < 2,
if
X1+ + X

nl/a ~ X

where X, ..., X, are independent p-distributed r.v.’s (for instance, a centered
normal law is stable with exponent 2).

Prove that the law of 7, is stable with exponent o = !

2

a) Note that P(t, < t) = P(supy~,,; B; > a). ¢) Use Theorem 3.3 to prove that if X;, ..., X,
are independent copies of 7, then X| + - -+ + X,, has the same distribution as t,,. This property of
stability of the law of 7, will also be proved in Exercise 5.30 in quite a different manner. Do not
try to compute the law of X; + --- + X,, by convolution!

25 H

-
.
e

T T T 1
0 1 2 3 4

Fig. 3.6 The graph of the density f of the passage time at « = 1. Note that, as t — 0+, f tends

to O very fast, whereas its decrease for t — +o00 is much slower, which is also immediate from
(3.23)

3.21 (p.470)

a) Prove, without explicitly computing the values, that

E[ sup BS] - \/tE[supBJ] . (3.24)

0<s<t s<l1

b) Compute

E[ sup BS]

0<s<t

(recall Exercise 1.3).
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3.22 (p.471)

a) Let B be an m-dimensional Brownian motion and let, for R” > z # 0, k > 0,
H = {x € R™, (z,x) < k} be a hyperplane containing the origin in its interior.
Let us denote by 7 the exit time of B from H. The object of this exercise is to
compute the law of t and its expectation.
al) Prove that

1
X = (z. By)
|z]

is a Brownian motion and that t coincides with the passage time of X ata = "Zf‘ .
a2) Compute the density of T and E[z]. Is this expectation finite?
b) Let B = (Bj, B;) be a two-dimensional p-correlated Brownian motion (see
Exercise 3.8) and consider the half-space H = {(x,y),x+y < 1}.
bl) Find a number @ > 0 such that

Xi = a(B (1) + Ba(1)

is a natural Brownian motion.

b2) Let 7 be the exit time of B from H. Compute the density of 7 and E[z]. Is this
expectation finite? Compute P(r < 1) and determine for which values of p this
quantity is maximum.

3.23 (p.472) (Do Exercise 3.22 first)

a) Let B be a two-dimensional Brownian motion and z € R?, 7 # 0. LetX, =
(B, 7). Show that there exists a number v > 0 such that W, = vX; is a Brownian
motion.

b) Let 7 be the first time at which B reaches the straight line x +y = 1.

bl) Let z = (1, 1). Show that t coincides with the passage time ata = 1 of X, =
(B, 7).
b2) Show that the law of t has a density and compute it. Compute P(z < 1).

¢) Let t; and 1, be the first times at which B reaches the lines 2x + y = 1 and

;x —y = 1, respectively.

cl) Compute the densities of 7; and ;.

c2) Prove that 7; and 1, are independent.

c3) Let 0 = 11 A 12: 0 is the exit time of B out of the shaded infinite region in
Fig.3.7. With the help of numerical tables compute P(o < 1).

c4) Compute P(7; < 17).
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3 x—y=1

Fig. 3.7 0 = 11 A 1; is the exit time out of the shaded area



Chapter 4
Conditional Probability

4.1 Conditioning

Let (£2,.%,P) be a probability space and A € .% an event having strictly positive
probability. Recall that the conditional probability of P with respect to A is the
probability P4 on (£2, .%), which is defined as

P4(B) = PANB) for every B € .7 . 4.1)
P(A)

Intuitively the situation is the following: initially we know that every event B € .%
can appear with probability P(B). If, later, we acquire the information that the event
A has occurred or will certainly occur, we replace the law P with Py4, in order to keep
into account the new information.

A similar situation is the following. Let X be a real r.v. and Z another r.v. taking
values in a countable set £ and such that P(Z = z) > 0 for every z € E. For every
Borel set A C R and for every z € E let

PXeA Z=xy

n(z,A) =P(X €A|Z=7) P(Z = 2)

For every z € E, A — n(z,A) is a probability on R: it is the conditional law of X
given Z = z. This probability has an intuitive meaning not dissimilar from the one
just pointed out above: A — n(z,A) is the law that it is reasonable to consider for
the r.v. X, should we acquire the information that the event {Z = z} certainly occurs.
The conditional expectation of X given Z = z is defined as the mean of this law, if
1t exists:

~ B B 1 _ E[Xl{z:z}] .
EX|Z =7 = /x”(z’ dx) = P(Z =2) {z=z}XdP - PZ=2

© Springer International Publishing AG 2017 85
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This is a very important concept, as we shall see constantly throughout. For this
reason we need to extend it to the case of a general r.v. Z (i.e. without the assumption
that it takes at most only countably many values). This is the object of this chapter.

Let us see first how it is possible to characterize the function A(z) = E[X|Z = 7]
in a way that continues to be meaningful in general. For every B C E we have

/{Z i h(Z)dP =Y E[X|Z=2P(Z=2) =Y E[Xlz—]

Z€B Z€EB

{ZeB}

Therefore the r.v. A(Z), which is of course o (Z)-measurable, is such that its integral
on any event B of ¢ (Z) coincides with the integral of X on the same B. We shall see
that this property characterizes the conditional expectation.

In the following sections we use this property in order to extend the notion of
conditional expectation to a more general (and interesting) situation. We shall come
back to conditional distributions at the end.

4.2 Conditional expectations

Let X be areal r.v. and X = X+ — X~ its decomposition into positive and negative
parts and assume X to be lower semi-integrable (1.s.1.) i.e. such that E[X~] < 4o0.
See p. 2 for more explanations.

Definition and Theorem 4.1 Let X be a real Ls.i. r.v.and ¥ C .% a sub-o-
algebra. The conditional expectation of X with respect to &, denoted E[X| 2],
is the (equivalence class of) r.v.’s Z which are Z-measurable and 1.s.i. and
such that for every D € &

/m:/mp. 4.2)
D D

A r.v. Z with these properties always exists and is unique up to P-equivalence.

Proof Existence. Let us assume first that X > 0; then let us consider on (§2, &) the
positive measure

Q(B):/XdP BeP.
B
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Obviously Q < P (see p.4); thus by the Radon—-Nikodym theorem there exists a
real Z-measurable r.v. Z such that

Q(B) = /BZdP

and hence Z € E[X]|Z]. Note that if X is integrable then Q is finite and Z is
integrable. For a general r.v. X just decompose X = X — X~ and check that
E[X|2] = E[X"|2] — E[X~| Z] satisfies the conditions of Definition 4.1. This is
well defined since, X~ being integrable, E[X™| 2] is integrable itself and a.s. finite
(so that the form 4-0co — oo cannot appear).

Uniqueness. Let us assume first that X is integrable. If Z;, Z, are Z-measurable
and satisfy (4.2) then the event B = {Z; > Z,} belongs to & and

/(Zl—Zz)dP:/XdP—/XdP:O.
B B B

As the r.v. Z| — Z, is strictly positive on B this implies P(B) = 0 and hence Z, > Z;
a.s. By symmetry, Z; = Z; a.s.

In general if X is l.s.i. and not necessarily integrable this argument cannot
be applied as is, since it is possible that [, XdP = +oo. However, B can be
approximated by events B, on which the integral of X is finite; the details are left as
an exercise. O

Remark 4.1 (4.2) states that if Z = E[X| 2], the relation
E[ZW] = E[XW] 4.3)

holds for every r.v. W of the form W = 14, A € 2. Of course, then, (4.3)
also holds for every linear combination of these indicator functions and,
by standard approximation results (see Proposition 1.11), for every positive
bounded Z-measurable r.v. W.

If Y is a r.v. taking values in some measurable space (E, &), sometimes we shall
write E[X|Y] instead of E[X|o(Y)]. We know that every real o(Y)-measurable r.v.
is of the form g(Y), where g : E — R is a measurable function (Doob’s criterion,
Lemma 1.1). Therefore there exists a measurable function g : £ — R such that
E[X|Y] = g(Y) a.s. Sometimes we shall use for the function g, in an evocative
manner, the notation

g(y) = E[X|Y =)].
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Always keeping in mind that every o (Y)-measurable r.v. W is of the form v (Y) for
a suitable measurable function ¥, such a g must satisfy the relation

EXy (V)] = E[g()y (Y)] 4.4

for every bounded measurable function ¥. The next section provides some tools for
the computation of g(y) = E[X|Y = y].

To be precise (or pedantic. .. ) a conditional expectation is an equivalence class of
r.v.’s but, in order to simplify the arguments, we shall often identify the equivalence
class E[X| 2] with one of its elements Z.

Remark 4.2 We shall often be called to verify statements of the form “a
certain r.v. Z is equal to E[X|Z]”. On the basis of Definition 4.1 this is
equivalent to show that

a) Z is Z-measurable; and
b) E[Z1p] = E[X1p] forevery D € 2.

In fact it will be enough to check b) for every D in a class ¥ C & generating
2 and stable with respect to finite intersections and containing £2. This is
actually a simple application of Theorem 1.4: let JZ be the space of the Z-
measurable bounded r.v.’s W such that

E[WX] = E[WZ] . (4.5)

Clearly 7 contains the function 1 and the indicator functions of the events
of €. Moreover, if (W,), is an increasing sequence of functions of 7 all
bounded above by the same element W* € 57 and W, 1 W, then we have,
for every n, W; < W, < W*. As both W; and W* are bounded (as is every
function of 7#°), with two applications of Lebesgue’s theorem we have

E[WX] = lim E[W,X] = lim E[W,Z] = E[WZ].
n—>oo n—>o00

Therefore condition i) of Theorem 1.4 is satisfied and J# contains every
0 (%)-bounded measurable r.v.; therefore (4.5) holds for every Z-bounded
measurable r.v. W, which allows us to conclude the proof.

Proposition 4.1 Let X, X1, X; be integrable r.v.’s and o, B € R. Then

a) ElaX) + BX2| Y] = «E[X1| %] + BE[X2]| 2] a.s.
b) If X > 0 a.s., then E[X| %] > 0 ass.
¢) E[E[X|2]] = E[X].

(continued)
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Proposition 4.1 (continued)

d) If Z is bounded and Z-measurable then E[ZX| Y] = ZE[X| Z] a.s.
e) If 2 C 7' thenE[E[X|2']| 2] = E[X| Y] as.

f) If X is independent of & then E[X| %] = E[X] a.s.

Proof These are immediate applications of the definition; let us look more carefully
at the proofs of the last three statements.

d)

e)

As it is immediate that the r.v. ZE[X| 2] is Z-measurable, we must only prove
that the r.v. ZE[X| ] satisfies the relation E[W ZE[X | 2]]| = E[WZX] for every
r.v. W. This is also immediate, as ZW is itself bounded and Z-measurable.

The r.v. E[E[X|2']| 2] is P-measurable; moreover, if W is bounded and Z-
measurable, then it is also 2’-measurable and, using c) and d),

E[WE[E[X|2']| 2]] = E[E[EWX|2']|2]| = E[E[WX|Z']] = E[WX] .
which allows us to conclude the proof.
The r.v. v — E[X] is constant, hence Z-measurable. If W is Z-measurable then
it is independent of X and

E[WX] = E[WIE[X] = E[WE[X]] ,

hence E[X] = E[X|Z] as. O

It is easy to extend Proposition 4.1 to the case of r.v.’s that are only l.s.i. We shall
only need to observe that a) holds only if ¢, 8 > 0 (otherwise «X; + X, might not
be L.s.i. anymore) and that d) holds only if Z is bounded and positive (otherwise ZX
might not be 1.s.i. anymore).

Proposition4.2 Let X, X,,,n = 1,2,..., bereal Ls.i. r.v.’s. Then

a) (Beppo Levi)if X, /' X a.s. then E[X,,| 2] /" E[X| 2] as.
b) (Fatou) If lim,_, ., X, = X and for every n X,, > Z for some integrable r.v.
Z then

E[X|Z] < lim E[X,|Z] as.

c¢) (Lebesgue)If lim,_. o X,, = X and for every n |X,,| < Z for some integrable
r.v. Z then

lim E[X,| 2] = E[X|Z] as.

(continued)
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Proposition 4.2 (continued)
d) (Jensen’sinequality) If @ is a convex lower semi-continuous function R —
R U {400} then @(Y) is also Ls.i. and

E[®(Y)|2] > ®(E[Y|2]) as.

Proof

a) As (X,), is a.s. increasing, the same is true for the sequence (E[X,|Z]). by
Proposition 4.1 b); hence the limit lim,—, o E[X,| Z] exists a.s. Let us set Z :=
lim,— o0 E[X,| Z]. By Beppo Levi’s theorem applied twice we have, for every
De 9,

E[Z1p] = E[ lim E[X,|Z]lp] = lim E[E[X,|Z]lp] = lim E[X,lp] = E[Xlp].

hence Z = E[X|Z] a.s.
b) It Y, = inf;>, X; then

limY,=1lm X, =X.

n—>oo n—00

Moreover, (Y,), is increasing and Y,, < X,,. We can therefore apply a) and obtain

E[X|Z] = lim E[Y,|2] < lim E[X,|Z].

n—>oo
¢) Immediate consequence of b), applied first to X,, and then to —X,.
d) The proof is identical to the proof of the usual Jensen’s inequality: recall that a
convex l.s.c. function @ is equal to the supremum of all the affine linear functions

that are bounded above by @. If f(x) = ax + b is an affine function minorizing
@, then

E[®(X)| 2] = E[f(X)| 2] = f(E[X| Z]).

Then just take the upper bound in f in the previous inequality among all the affine
functions minorizing @. O

Sometimes we shall write P(A|2) instead of E[14]%] and shall speak of the
conditional probability of A given 9.
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Remark 4.3 Tt is immediate that, if X = X’ a.s., then E[X| 2] = E[X'| 2] a.s.
Actually, if Z is a Z-measurable r.v. such that E[Z1p] = E[X1p] for every
D € 9, then also E[Z1p] = E[X'1p] for every D € 2. The conditional
expectation is therefore defined on equivalence classes of r.v.’s.

Let us investigate the action of the conditional expectation on L spaces.
We must not forget that L” is a space of equivalence classes of r.v.’s, not of
r.v.’s. Taking care of this fact, Jensen’s inequality (Proposition 4.2 d)), applied
to the convex function x > |x|? with p > 1, gives |E[X|2]|? < E[|X|P|Z], so
that

E[[EX|Z]|"] < E[E[IXI"|2)] = E[IX]"] . (4.6)

The conditional expectation is therefore a continuous linear operator L/ —
L7, p > 1; moreover, it has norm < 1, i.e. it is a contraction. The image
of I” through the operator X — E[X|Z] is the subspace of L”, which we
shall denote by L’ (2), that is formed by the equivalence classes of r.v.’s that
contain at least one Z-measurable representative. In particular, since p > 1,
by (4.6)

E[[E[X.|2] — ElX|2]|"] = E[|E[X, — X|2]|"] < E[|X. — X|"] .

we have that X, —> X implies E[X,|Z] & E[X|Z].
n—>oo n—>oo

The case L? deserves particular attention. If X € L?, we have for every
bounded Z-measurable r.v. W,

E[(X — E[X|2])W] = E[XW] —E[E[X|Z]W] = 0. 4.7)
As bounded r.v.’s are dense in L?, the relation E[(X — E[X|Z])W] = 0 also
holds for every r.v. W € L*(2). In other words, X — E[X| 2] is orthogonal to

L*(9), i.e. E[X| 2] is the orthogonal projection of X on L?(2). In particular,
this implies that

E[X| 2] is the element of L*(2) that minimizes the L? distance from X.

If for simplicity we set Z = E[X| ], then, for every W € L*(2),

IX - W3 =E[X—-W)’] =E[(X-Z+Z—-W)’]
= E[(X —2)*] + 2E[(X — 2)(Z — W)] + E[(Z — W)?] .

(continued)
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Remark 4.3 (continued)
Note that E[(X—Z)(Z—W)] = 0 thanks to (4.7), since Z—W is Z-measurable.
Hence the double product above vanishes and

IX — W3 =E[(X —2)*] + E[(Z—-W)’] = E[(X —2)’] = |X - Z|}3 .

where the inequality is even strict, unless Z = W a.s.
Therefore, in the sense of L2, E[X| 2] is the best approximation of X by a
P-measurable r.v. (Fig.4.1).

L*(7)

Fig. 4.1 The L? distance between E[X| 2] and X is the shortest because the angle between the
segments E[X| 2] — W and E[X| 2] — X is 90°

Example 4.1 If 9 = {2, @} is the trivial o-algebra, then
E[X|2] = E[X] .

Actually, the only Z-measurable r.v.’s are the constants and, if ¢ = E[X| 2],
then the constant ¢ is determined by the relationship ¢ = E[E[X|Z]] = E[X].
The notion of expectation thus appears to be a particular case of conditional
expectation.

Example 4.2 Let A € % be an event such P(A) > 0 and let & be the o-
algebra {A,A°, 2, @}. Then E[X|Z], being Z-measurable, is constant on A
and on A°. Its value, c say, on A is determined by the relation

E[X14] = E[14E[X|Z]] = cP(A) .
From this relation and the similar one for A we easily derive that

1
E[X|2] = ) P E[X14] onA

P(j&c) E[XlAc] on A€ .

(continued)
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Example 4.2 (continued)
In particular, E[X| 7] is equal to [ X dP4 on A, where P, is the conditional
probability (4.1), and is equal to [ X dPsc on A°.
Example 4.3 Let B = (82, %, (%), (B:):, P) be a Brownian motion. Then if
s<t
E[B,;|.%;] = By a.s.
Indeed
E[Bt|9\s] = E[Bt _Bs|9\s] +E[Bs|ys] = E[Bt _Bs] + Bs = B;s
since B; — B, is independent of .% and centered, whereas B, is already .%,-
measurable.
The computation of a conditional expectation is an operation that we are led to

perform quite often and which, sometimes, is even the objective of the researcher.

Let us now make two remarks that can be of help towards this goal.

Remark 4.4 Sometimes one must compute the conditional expectation of a
r.v. X with respect to a o-algebra & that is obtained by adding to a o-algebra
P, the family ./ of negligible events of a larger o-algebra, .# for example.
It is useful to observe that

E[X|2] = E[X|%)] as.

If we denote E[X | %] by Y, for simplicity, then Y is a fortiori Z-measurable.
Moreover, for every event of the form A N G withA € %y and G € 4 or
G=2%,

E[Y1anc] = E[X1ang] -

Actually, both sides vanish if G € .4 whereas they obviously coincide if
G = 2. As pointed out in Remark 3.1, the events of this form are stable
with respect to finite intersections and generate the o-algebra &, therefore
Y = E[X|Z] as.
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Let 2 be a o-algebra. We have seen two situations in which the computation of
E[-| 2] is easy: if X is Z-measurable then

EX|2]=X
whereas if it is independent of 2 then
EX|2] = E[X] . (4.8)

The following lemma, which is quite (very!) useful, combines these two situations.

Lemma 4.1 (The freezing lemma) Let (£2,.7,P) be a probability space
and ¢4 and 2 independent sub-g-algebras of .%. Let X be a Z-measurable
r.v. taking values in the measurable space (E, &) and ¢ : E X 2 — R an
& ® ¥-measurable function such that w +— ¥ (X(w), w) is integrable. Then

E[y(X.)]7] = 2(X) (4.9)

where @(x) = E[y (x, -)].

Proof Let us assume first that ¥ is of the form ¥ (x,w) = f(x)Z(w), where Z is
¢-measurable. In this case, @ (x) = f(x)E[Z] and (4.9) becomes

E[f(X)Z|Z] = f(X)E[Z] ,

which is immediately verified. The lemma is therefore proved for all functions y of
the type described above and, of course, for their linear combinations. One obtains
the general case with the help of Theorem 1.5. O

Lemma 4.1 allows us to easily compute the conditional expectation in many
instances. It says that you can just freeze one of the variables and compute the
expectation of the resulting expression. The following examples show typical
applications.

Example 4.4 Let B be an m-dimensional (.%;),-Brownian motion and
f:R™ — R a bounded Borel function. Let s < t. What is the value of
E[f(B)|#]?

We can write f(B;) = f((B; — Bs) + B,): we are then in the situation of
Lemma 4.1, i.e. the computation of the conditional expectation with respect
to .Z; of a function of a r.v. that is already .%;-measurable and of a r.v. that is
independent of .%;. If we define ¥ (x, ) = f(x + B;(®w) — By(w)), then ¥ is

(continued)
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Example 4.4 (continued)
ZAB(R™) ® ¥-measurable with 4 = o (B, — B;) and we have

E[f(B,) |yv] = E[f(Bs + (Bl - Bs))|jv]

(4.10)
= E[l//(Bm B; — BS) |33Y] = (D(Bs) s
where @(x) = E[f(x + B; — B,)]. Note that the r.v. E[f(B;) | %] just obtained
turns out to be a function of B, and is therefore o (By)-measurable. Hence

E[f(B,) |Bx]:E[E[f(Bl) |cgzv] |Bs] = E[(D(Bs) |Bs] = @(By) = E[f(Bl) |cgzv] s

i.e. the conditional expectation knowing the position at time s is the same as
the conditional expectation knowing the entire past of the process up to time
s. We shall see later that this means that the Brownian motion is a Markov
process.

It is also possible to make explicit the function @: as x+B;—B; ~ N(x, (t—

D),

Iy—XI2]

@(x) = E[f(x + B, — Bs)] = [27[(1‘ _1 S)]m/Z /f(y) exp [ B 2([ — S)

Example 4.5 (The position of a Brownian motion at a random time) Let B
be an m-dimensional Brownian motion and ¢ a positive r.v. independent of B.
How can we compute the law of the r.v. B;? Lemma 4.1 provides a simple
way of doing this. We assume, for simplicity, { > 0 a.s.

Let A C R™ be a Borel set. We have

P(B; € A) = E[14(B;)] = E[E[14(By) [0 (D)]] -

This is a very common trick: instead of computing the expectation directly
we first compute a conditional expectation and then its expectation. In the
computation of the conditional expectation above we are in the situation of
Lemma 4.1 as B; is a function of the r.v. {, which is o ({)-measurable, and
of the Brownian motion, which is independent of ¢ (). In order to apply the
freezing lemma let A € Z(R"™) and let us define ¥ (¢, w) = 14(B;(w)), so that
14(B¢) = ¥ (¢, -). Therefore

E[E[14(By) [0(0)]] = E[@()]

(continued)
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Example 4.5 (continued)
where

<P
®(1) = E[y(,)] = E[14(B))] = (2ni)m/2 [Ae_ 2 dx .

By Fubini’s theorem and denoting the law of ¢ by v,

“+o00
P(B € A) = E[14(By)] = E[®(D)] = /0 (1) dv (1)

B +ood 1 |;|2 J
[ Vo) s ot g2 T @.11)
+o0o X|2
/dx/ (2 t)m/2 2t dv(t)

—g(Jr)

so that the density g of B¢ is obtained by computing the integral.
One could also compute the characteristic function of B; in quite a similar
way: if (1, w) = "B we can write

E[e"?5)] = E[E[y (¢, 0) |0 (D)]] = E[@ ()]

where now ®(¢) = E[y (1, »)] = E[e/®8)] = ™29 Therefore
) +oo o
E[e/(¢-B0)] = [ e 2 qu() . 4.12)
0

In order to determine the law of B; we can therefore choose whether to
compute the density using (4.11) or the characteristic function using (4.12),
according to the difficulty of the computation of the corresponding integral.
Exercises 4.6 and 4.8 give some important examples of the application of this
technique.

Remark 4.5 Sometimes we are confronted with the computation of some-
thing of the kind

E[/OTX,dt|@], 4.13)

where X is some integrable measurable process and we are tempted to write

T T
E[/ x,dr\@]:/ E[X,| 2] dt . (4.14)
0 0

(continued)
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Remark 4.5 (continued)
Is this correct? It is immediate that if W is a bounded Z-measurable r.v. then

E[W[TX,dt] =[TE[WX,]dt=/TE[WE[X,L@]]dt
0 0 0

= E[W[TE[X,|@]dt] .
0

There are, however, a couple of issues to be fixed. The first is that the quantity
E[X;| 2] is, for every ¢, defined only a.s. and we do not know whether it has a
version such that r — E[X;| 2] is integrable.

The second is that we must also prove that the r.v.

T
z:/ E[X,| 2] dt (4.15)
0

is actually Z-measurable.

In practice, without looking for a general statement, these question are
easily handled: very often we shall see that t — E[X,| %] has a continuous
version so that the integral in (4.15) is well defined. In this case, the r.v. Z
of (4.15) is also Z-measurable, as it is the limit of Riemann sums of the form

Z E[X, [ 2](tit1 — 1)

which are certainly Z-measurable.
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Example 4.6 Let B = (2,.%, (%), (B;);, P) be a Brownian motion. Com-

pute, for s <1,
t
E[/ Budu’%].
0

We have E[B, | %] = B if u > s and E[B,|.%;] = B, if u < s (as B, is then
already .%,-measurable), i.e.

E[Bﬂﬁs] = Bsnu -

This is a continuous process, so that we can apply formula (4.14), which gives

t t t N
E[/ B, du ‘ g\v] = / E[Bu |cgzv] du = / By du = / B, du+ (t - S)Bx .
0 0 0

0
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4.3 Conditional laws

At the beginning of this chapter we spoke of conditional distributions given the value
of some discrete r.v. Z, but then we investigated the conditional expectations, i.e. the
expectations of these conditional distributions. Let us go back now to conditional
distributions.

Let Y, X be r.v.’s with values in the measurable spaces (G,¥) and (E, &),
respectively, and let us denote by vy the law of Y.

A family of probabilities (n(y, dx)),ec on (E, &) is a conditional law of X
given Y if,

i) Forevery A € &, the map y — n(y,A) is ¥-measurable.
ii) ForeveryA € & and B € ¥,

PX €A YeB) = [n(y,A) vy(dy) . (4.16)
B

Intuitively n(y, dx), which is a probability on (E, &), is the law that it is suitable
to consider for the r.v. X, keeping into account the information that ¥ = y. (4.16)
implies that, if f : £ — R and g : G — R are functions that are linear combinations
of indicator functions, then

E0v] = [ ([ 701n0:40)v o) v(@ . @17

Actually, (4.17) coincides with (4.16) if f = 14 and ¥ = 1p. Therefore, by lin-
earity, (4.17) is true if f and ¥ are linear combinations of indicator functions. With
the usual approximation arguments of measure theory, such as Proposition 1.11 for
example, we have that (4.17) holds for every choice of positive functions f, { and
then, decomposing into the sum of the positive and negative parts, for every choice
of functions f, ¥ such that f(X)y (Y) is integrable.

If we set g(y) = [.f(x) n(y, dx), then (4.17) can be written as

E[f(X)y ()] = /Gg(yW(y) vy(dy) = Elg(My (V)] .

A comparison with (4.4) shows that this means that (n(y, dx)),ec is a conditional
distribution of X given Y if and only if, for every bounded measurable function f
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such that f(X) is integrable,

E[f(X)|Y] = g(Y) = /Ef(x) n(Y, dx) a.s. (4.18)

ie. E[f(X)|Y = y] = g(y). In particular, if X is an integrable real r.v., choosing
f(x) = x we have

E[X|Y] = Axn(Y,dx) a.s. 4.19)

ie. EX|Y = y] = [pxn(y,dx). We then find the conditional expectation as the
mean of the conditional law.

The next example highlights a general situation where the computation of the
conditional law is easy.

Example 4.7 Let X, Y be respectively R?- and R™-valued r.v.’s having joint
density A (x, y) with respect to the Lebesgue measure of R? x R™. Let

hy(y) = /R (e y)ds

be the marginal density of Y (see Sect.1.4) and let 0 = {y;hy(y) = 0}.
Obviously P(Y € Q) = fQ hy(y) dy = 0. If we define

h(x,y) .
h(x;y) = 1 hr(y) ify¢Q (4.20)

any arbitrary density ify € Q,

we have immediately that n(y,dx) = h(x;y)dx is a conditional law of X
given Y = y: if f and g are bounded measurable functions on R? and R™
respectively, then

EF0em] = [ [ w0t dvas

- / ey () dy / FOh(y) d
Rm ]R‘/

Therefore, for every measurable function f such that f(X) is integrable,

BLFOOIY =] = [ fohtsiy) ds.

(continued)
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Example 4.7 (continued)
which allows us to compute explicitly the conditional expectation in many
situations.

Note, however, that we have proved that the conditional expectation E[X|Y]
always exists whereas, until now at least, we know nothing about the existence of a
conditional distribution of X given ¥ = y.

4.4 Conditional laws of Gaussian vectors

In this section we see a particular case of computation of conditional laws (hence
also of conditional expectations) when the r.v. X (whose conditional law we want
to compute) and Y (the conditioning r.v.) are jointly Gaussian. In order to do this
it is also possible to use the procedure of Example 4.7 (taking the quotient of the
joint distribution and the marginal), but the method we are about to present is much
more convenient (besides the fact that a joint density of X and Y does not necessarily
exist).

Let X,Y be Gaussian vectors with values in R¥ and R? respectively. Let
us assume that their joint law on (R¥t?, Z(Rf*?)) is Gaussian with mean and
covariance matrix given respectively by

myx and Cx Cxy ’
my CYX CY
where Cy, Cy are the covariance matrices of X and Y, respectively, and
Cxy = E[(X — E[X]) (Y — E[Y])*] = Cjx

is the k x p matrix of the covariances of the components of X and of those of ¥; let
us assume, moreover, that Cy is strictly positive definite (and therefore invertible).

Let us look first for a k x p matrix, A, such that X —AY and Y are independent. Let
Z = X — AY. The pair (X, Y) is Gaussian and the same is true for (Z, Y) which is a
linear function of (X, Y). Therefore, for the independence of Z and Y, it is sufficient
to check that Cov(Z;,Y;) = O foreveryi=1,...,k,j = 1,...,p. In order to keep
the notation simple, let us first assume that the means my and my vanish so that the
covariance coincides with the expectation of the product. The condition of absence
of correlation between the components of Z and Y can then be expressed as

0 = E[ZY*] = E[(X — AY)Y*] = E[XY*] — AE[YY*] = Cxy — ACy .
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Therefore the required property holds with A = CXYC;I. If we remove the
hypothesis that the means vanish, it suffices to repeat the same computation with
X — my and Y — my instead of X and Y. Thus we can write

X =AY 4+ (X —AY),

where X — AY and Y are independent. It is rather intuitive now (see Exercise 4.10
for a rigorous, albeit simple, verification) that the conditional law of X given Y =y
is the law of Ay + X — AY, since, intuitively, the knowledge of the value of Y does
not give any information on the value of X — AY. As X — AY is Gaussian, this law is
characterized by its mean

Ay + my — Amy = my + CxyCy' (y — my)
and covariance matrix (recall that A = CXyC;1)

Cx-ar = E[(X —mx) = A(Y — my)) (X — mx) — A(Y —my))*]
= Cx — CxyA* — ACyx + ACyA*
=Cy— CXyC;IC};Y — nyc;lc;y + CXyC;ICyC;1C§Y
=Cx— nyc;lc;y s

where we took advantage of the fact that Cy is symmetric and of the relation Cyy =
C%y- In conclusion

the conditional distribution of X given ¥ = y is Gaussian with mean
my + nyc;l (y — le) 4.21)
and covariance matrix

Cx — CxyCy ' Cyy. (4.22)

In particular, from (4.21), we obtain the value of the conditional expectation,
which is equal to

E[X|Y] = myx + CxyCy' (Y —my) .
If X and Y are both one-dimensional, this formula becomes

_ Cov(X,Y)
E[X|Y] = mx + Var(Y) Y —my), (4.23)
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whereas the variance (4.22) of the conditional distribution of X given Y = y is

Cov(X,Y)?

Var(X) - Var(Y)

(4.24)

and is therefore always smaller that the variance of X. Let us point out two important
things in the previous computation:

* The conditional laws of a Gaussian vector are Gaussian themselves.

* Only the mean of the conditional law depends on the value y of the
conditioning r.v. Y. The covariance matrix of the conditional law does not
depend on the value of Y and can therefore be computed before knowing
the observation Y.

4.5 The augmented Brownian filtration

Let B = (£2,%,(%):, (B;);,P) be an m-dimensional (continuous) Brownian
motion. Let us consider its natural filtration %, = o(B;,s < t) and the aug-
mented natural filtration 4 = o(¥,,.4") (see p.32). We know that B is still a
Brownian motion if considered with respect to (%), and also with respect to (¢,),
(Remark 3.1). In this section we show that this filtration is right-continuous and
therefore (2, %, (¥4,):, (B;);, P) is a standard Brownian motion. More precisely, let

Gy =% Yo =\/%..

u>s u<s
It is immediate that %, = ¥,. Indeed, as B is continuous, we have
lim B, = By .
u—>s—

Hence the r.v. By, being the limit of ¢,_-measurable r.v.’s, is ¥%,_-measurable itself,
which implies ¥4, C ¥,—. More precisely, we have the following

Proposition4.3 ¥, =9, =9,.
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Proof Of course, we only need to prove the rightmost equality. We shall assume for
simplicity m = 1. It is sufficient to show that for every bounded ¥ -,-measurable
rv.W

E[W|9,.] = E[W|%,] as. (4.25)

This relation, applied to a r.v. W that is already ¥4 -measurable, will imply that
it is also ¢ -measurable and therefore that ¥, O ¥,.. As the reciprocal inclusion
is obvious, the statement will be proved. Note that here we use the fact that the o-
algebras ¢ contain all the negligible events of ¥: thanks to this fact, if a r.v. is
a.s. equal to a r.v. which is ¥ -measurable, then it is & -measurable itself.

We have by Lebesgue’s theorem, for ¢ > s,

E[eiaB, I%H-] — ei“BfE[ei“(B’_Bf) I%H-] — eiaBjE[ hIT(l) eia(B,—BjJrg)
e—>

%+]

= e®Bs lim E[ei“(B’_BfJFE) |9 o+]
e—0 ’ ’

as e@Bi=Bste) s ei@(Bi=Bs) 45 ¢ — () and these r.v.’s are bounded by 1. As, for & > 0,
B; — By is independent of 4,4, and a fortiori of 9,4,

E[eiocB, |gs+] — eiaBS lim E[eia(B,—BS+S) |gs+] — eiaBS lim E[eia(B,—BS+S)]
e—0 e—=>0

— eioch lim e—é o2 (t—s—¢) — eiaBSe—; o (1—s) )
e—>0

Hence, the right-hand side above being ¥;-measurable, we have, for ¢ € RT, a € R,
E[e®?|4,,] = E[e™?"|4,] a.s. (4.26)

(if t < s this relation is obvious).

We now prove that (4.26) implies that (4.25) holds for every bounded ¥ -
measurable r.v. W. Let us denote by Z the vector space of the real r.v.’s Z such that
E(Z|9:+] = E[Z|¥,] a.s. We have seen that .7 contains the linear combinations
of r.v.s of the form Re®? and Je™®®, + € RT, which is a subspace stable under
multiplication; it also contains the r.v.’s that vanish a.s., since for such r.v.’s both
E[Z|9s+] and E[Z|¥,] vanish a.s. and are ¢,-measurable for every ¢, as the o-
algebras ¢, contain all negligible events.

Hence J# satisfies the hypotheses of Theorem 1.5 and therefore contains every
bounded r.v. that is measurable with respect to the smallest o-algebra, <7, generated
by the r.v.’s @8, @ € R, t € R and by the negligible events of .%. But, as

eiaB, _ e—iaB,

B[ == 1lm . 5
a—0 2ia



104 4 Conditional Probability

the r.v.’s B, are «7-measurable and thus & D ¢, for every t > 0, hence & D Yo,
which concludes the proof. O

Corollary 4.1 B = (2, %,(¥,),, (B;);, P) is a standard Brownian motion.

Exercises

4.1 (p.474) Let X be a real r.v. defined on a probability space (£2,.%#,P) and
¢ C .7 asub-o-algebra. Let ¥ C .7 be another o-algebra independent of X and
independent of ¢.

a) Isit true that
EX|9 v 9] = E[X|¥4]? 4.27)

b) Show that if & is independent of o (X) Vv ¢, then (4.27) is true.

Use the criterion of Remark 4.2.

4.2 (p.475) On (82, #,P)let¥ C . be a sub-o-algebraand Y ar.v. independent
of 4. Show that Y cannot be ¢4-measurable unless it is a.s. constant.

4.3 (p.476) Let P and Q be probabilities on (£2,.%) and let us assume that Q
has a density, Z, with respect to P, i.e. Q(A) = E(14Z) for every A € Z. Let
X:(82,%) - (E.&)bearv. and let up = X(P), o = X(Q) be the laws of X
with respect to P and Q, respectively. Prove that up >> j1q and that ‘é’; ‘lf = f, where
f(x) = E[Z]|X = x] (E denotes the expectation with respect to P).

4.4 (p.476) (Conditioning under a change of probability) Let Z be a real positive
r.v. defined on (£2, .%,P) and ¢ a sub-o-algebra of 7.

a) Prove that, a.s., {Z = 0} D {E[Z|¥] = 0} (i.e. by conditioning the set of zeros
of a positive r.v. shrinks). Prove that for every r.v. Y such that YZ is integrable,

b) Let us assume, moreover, that E[Z] = 1. Let Q be the probability on (£2,.%)
having density Z with respect to P and let EQ denote the expectation with respect
to Q. Show that E[Z|¥] > 0 Q-a.s. (E still denotes the expectation with respect
to P). Show that, if Y is Q-integrable,

E[YZ|¥
EQ[Y|¥] = E[[Z||§¢]] Q-as. (4.29)
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a) Try assuming Y > O first.

4.5 (p.477) Let 2 C .Z be a sub-c-algebra and X an m-dimensional r.v. such that
for every A € R™

E[e'*X)| 2] = E[e/*Y]  as.

Then X is independent of 2.

4.6 (p.477) Let B be an m-dimensional Brownian motion and { an exponential r.v.
with parameter A and independent of B.

a) Compute the characteristic function of B; (the position of the Brownian motion
at the random time ¢).
bl) Let X be areal r.v. with a Laplace density with parameter u, i.e. with density

fw =1 e

Compute the characteristic function of X.
b2) What is the law of B; form = 1?

4.7 (p.478) Let B = (2, %#,(%#,):, (B;):, P) be a Brownian motion and let ¢ :
2 — R be a positive r.v. (not necessarily a stopping time of (.%,),) independent
of B.

Prove that X, = By, — B; is a Brownian motion and specify with respect to
which filtration.

4.8 (p.478) Let B = (£2,.%,(%#):, (B);, P) be a two-dimensional Brownian
motion. Let @ > 0 and let = = inf{t; Bo(f) = a} be the passage time of B, at
a, which is also the entrance time of B in the line y = a. Recall (Sect. 3.6) that
T < 400 a.s.

a) Show that the o-algebras o () and 4, = o(B;(u),u > 0) are independent.
b) Compute the law of By (7) (i.e. the law of the abscissa of B at the time it reaches
the line y = a).

b) Recall Example 4.5. The law of t is computed in Exercise 3.20. ..

4.9 (p.479) Let B = (£2,.%, (%)), (B:):, P) be a Brownian motion. Compute

E(/tBﬁdu|9}) and E(/th,des).

4.10 (p.479) Let (E,&), (G,¥) be measurable spaces, X an E-valued r.v. such
that

X=9¢)+2Z,
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where Y and Z are independent r.v.’s with values respectively in E and G and where
¢ : G — E is measurable.
Show that the conditional law of X given Y = y is the law of Z + ¢ (y).

4.11 (p.480)

a) Let X be a signal having a Gaussian N(0, 1) law. An observer has no access to
the value of X and only knows an observation Y = X + W, where W is a noise,
independent of X and N(0, o?)-distributed. What is your estimate of the value X
of the signal knowing that ¥ = y?

b) The same observer, in order to improve its estimate of the signal X, decides to
take two observations Y| = X 4+ W; and Y, = X + W,, where W, and W, are
N(0, 0?)-distributed and the three r.v.’s X, W;, W, are independent. What is the
estimate of X now given ¥, = y; and Y, = y,? Compare the variance of the
conditional law of X given the observation in situations a) and b).

4.12 (p.481)

a) Let B be a Brownian motion. What is the conditional law of (B;,,...,B,,) given
Bi=y0<f<---<t, <1?

b) What is the conditional law of (B;,,...,B;,) givenB; = y,B, = x,0 <1 <
<ty <1 <w?

4.13 (p.483) Let B be a Brownian motion. What is the joint law of
1
B; and / B;ds?
0

Let us assume we know that fol By ds = x. What is the best estimate of the position
B, of the Brownian motion at time 1?

The joint law is Gaussian, see Exercise 3.11.

4.14 (p.483) Let B = (£2,.%, (%), (Bs)1, P) be a Brownian motion and 1 an
N(u, p?)-distributed r.v. independent of (B;);. Let

Yt: nt+GBt

and ¥, = o(Y,,s < r). Intuitively the meaning of this exercise is the following:
starting from the observation of a path Y;(w), s < t, how can the unknown value of
n(w) be estimated? How does this estimate behave as ¢t — co? Will it converge to

n(w)?

a) Compute Cov(n, Yy), Cov(Ys, Yy).

b) Show that (Y;), is a Gaussian process.

c¢) Prove that, for every ¢ > 0, there exists a number A (depending on ) such that
n = AY; + Z, with Z independent of ¥,.
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d) Compute E[1]%;] and the variance of n — E[|%;]. Show that

lim E[n|¥] =1 a.s.
t——+00

4.15 (p.484) Let (2,.%,(%)):, (B;):,P) be a natural Brownian motion and, for
0<r<l,let

X, =B, —1B.

The process (X;);, defined for 0 < ¢ < 1, is called the Brownian bridge .

a) Show that (X,), is a centered Gaussian process independent of B;. Compute
E(X.Xy).
b) Show that, for s < ¢, the r.v.

1 -1t

X —
"l—s

X,
is independent of X.
¢) Compute E[X;|X] and show that, with 4, = o(X,,,u <), fors <1t

EX,|¥] = E[X;|X,] .

d) Compute E[X,|.%]. Do the g-algebras .%; and ¥, coincide?
e) Compute the finite-dimensional distributions of (X;), (0 < ¢ < 1) and show that

they coincide with the finite-dimensional distributions of (B;), conditioned given
B =0.



Chapter 5
Martingales

Martingales are stochastic processes that enjoy many important, sometimes surpris-
ing, properties. When studying a process X, it is always a good idea to look for
martingales “associated” to X, in order to take advantage of these properties.

5.1 Definitions and general facts

LetT C RT.

Definition 5.1 A real-valued process M = (2, %, (%) ier, (M,)ser,P) is a
martingale (resp. a supermartingale, a submartingale) if M, is integrable for
every t € T and

E(Mt|jv) = Mv (TGSP- < M&‘? > MY) (51)

for every s < t.

When the filtration is not specified it is understood to be the natural one.

Examples 5.1

a) If T = N and (X;), is a sequence of independent real centered r.v.’s, and
Y, = X| +--- 4+ X,, then (Y},),, is a martingale.

Indeed let %, = o(Yy,...,Y,) and also observe that %, =
o(X1,...,Xy). If n > m, as we can write ¥;, = Y, + Xpy1 + - + X,
(continued)
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Examples 5.1 (continued)
and, as the r.v.’s X;;+1,...,X, are centered and independent of .%,,, we
have

E(Yn|=%n) = E(Ym|f%n) + E(Xn + e + Xm+1 |cgzm)
=Y +EX, 4+ 4+ Xpp1) =Y .

b) Let X be an integrable r.v. and (.%,), a filtration, then X, = E(X|.%,) is a
martingale. Indeed if n > m, then .%,, C .%, and

E(Xn |cgzm) = E[E(X|cgzn) | %n] = E(X|f%n) = Xm
thanks to Proposition 4.1 e).

c) If B= (82, %, (%), (B:);, P) is a Brownian motion, then (B,); is a (%)~
martingale, as we saw in Example 4.3.

It is clear that linear combinations of martingales are also martingales and linear
combinations with positive coefficients of supermartingales (resp. submartingales)
are still supermartingales (resp. submartingales). If (M), is a supermartingale, then
(—M,), is a submartingale and vice versa.

Moreover, if M is a martingale (resp. a submartingale) and @ : R — Ris a
convex (resp. increasing convex) function such that @(M;) is also integrable for
every t, then (@(M,)), is a submartingale: it is a consequence of Jensen’s inequality,
Proposition 4.2 d). Indeed, if s < ¢,

E[@(M)|.%] = ¢ (E[M,|.Z7]) = ®(M,) .

In particular, if (M,), is a martingale then (|M;|), is a submartingale (with respect to
the same filtration).

We shall say that a martingale (resp. supermartingale, submartingale) (M;); is in
LP,p > 1,if M, € L for every t. We shall speak of square integrable martingales
(resp. supermatingales, submartingales) if p = 2. If (M;), is a martingale in L?,
p > 1, then (|M;|?), is a submartingale.

Note that it is not true, in general, that if M is a submartingale, then also (|M;]),
and (M?), are submartingales (even if M is square integrable): the functions x > |x|
and x > x* are convex but not increasing. If M is square integrable (M?), will,
however, be a submartingale under the additional assumption that M is positive: the
function x > x? is increasing when restricted to R™.
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5.2 Discrete time martingales

In this and in the subsequent sections we assume 7' = N.

A process (A,), is said to be an increasing predictable process for a filtration
(F)nifAg =0,A, <A,4+1 as. and A,y is F,-measurable for every n > 0.

As %, C Fut1, (A,)y 18, in particular, adapted but, intuitively, it is even a process
such that at time n we know its value at time n 4+ 1 (which accounts for the term
“predictable”). Let (X,), be an (.%#,),-submartingale and (A4,), the process defined
recursively as

Ag =0, An+l =A, + E(Xn-H |fg.n) — X . (52)

>0

(An), is clearly increasing and, as A,+; is the sum of .%,-measurable r.v.’s, by
construction it is an increasing predictable process. As A, + is .#,-measurable, (5.2)
can be rewritten as

EXy+1 —Apt11%) = EXut1|.F0) — Apt1 = X — Ay,

ie. M, = X, — A, is an (%,),-martingale, that is we have decomposed X into the
sum of a martingale and of an increasing predictable process.

If X, = M;l + A;l were another decomposition of (X,), into the sum of a
martingale M’ and of an increasing predictable process A’, we would have

Appr = Ay =Xop1 =Xy — (M — M)

By conditioning with respect to .%,, we have A;H_l — Al = EXyq1|Fn) — Xu =
Apt1 — Ay as Ag = Ay = 0, by recurrence it follows that A), = A, and M, = M,, .
We have therefore proved that

Theorem 5.1 Every submartingale (X,), can be decomposed uniquely into
the sum of a martingale (M,,),, and an increasing predictable process (A,).

This is Doob’s decomposition and the process A is the compensator of (X,),.
If (M,), is a square integrable martingale, then (M?), is a submartingale. Its
compensator is called the associated increasing process of (M,,),.
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If (X,)» is a martingale, the same is true for the stopped process X; = Xy,
where 7 is a stopping time of the filtration (.#,),. Indeed as X, | = X} on {t < n},

Xor1 — X, = Ko = X) Le<wy + g — X)) Yemndy = X — X0) Loty

Hence, as by the definition of a stopping time {t > n + 1} = {r < n}‘ € F,, we
have

E(X;, — X, |-Z) = E[(Xu+1 — X)L mnt 13| Z0]

(5.3)
= l{an+I}E(Xn+l _anyn) =0.

Similarly it is proved that if (X,), is a supermartingale (resp. a submartingale) then
the stopped process (X} ), is again a supermartingale (resp. a submartingale).

The following is the key result from which many properties of martingales
follow.

Theorem 5.2 (Stopping theorem) Let X = (2, .%,(%)n, (X)), P) be a
supermartingale and t;, 7, two a.s. bounded stopping times of the filtration
(&), such that 71 < 15 a.s. Then the r.v.’s X;,, X, are integrable and

E(thlytl) = Xfl N

Proof Integrability of X;, and X,, is immediate, as, for i = 1,2 and denoting by k a

number that majorizes 1, |Xy,| < Zf:l |X;|. Let us assume, at first, that 7, = k € N

andletA € F;. AsA N {t; =j} € #;, wehave forj < k
E[X:, lang =] = EXjlang =] = EXilang, =]
and, taking the sum overj, 0 <j <k,
k k
E[X;, 14l = ) EXjlantn=p] = Y E[Xilang=j] = E[Xr, 14] .
=0 =0

We have therefore proved the statement if 7, is a constant stopping time. Let us now
remove this hypothesis and assume 7, < k. If we apply the result proved in the first
part of the proof to the stopped martingale (X}?), and to the stopping times 7; and k
we obtain

E[X; 1] = E[X]714] > E[X;?14] = E[X;,14] .

which allows us to conclude the proof.
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Thanks to Theorem 5.2 applied to X and —X we have, of course,

Corollary 5.1 If X is a martingale and 7, 1, are bounded stopping times such
that 7; < 15, then

E(X,, | %) = X;, as.

Let us point out that the assumption of boundedness of the stopping times in
the two previous statements is essential and that it is easy to find counterexamples
showing that the stopping theorem does not hold under the weaker assumption that
71 and 1, are only finite.

Remark 5.1 In particular, if X is a martingale, Corollary 5.1 appliedtor, = 7
and 7; = 0 gives

E[X;] = E[E(X;|-%0)] = E[Xo]
for every bounded stopping time t. Hence the quantity E(X;) is constant as

T ranges among the bounded stopping times. In fact this condition is also
sufficient for X to be a martingale (Exercise 5.6).

Theorem 5.3 (Maximal inequalities) Let X be a supermartingale and A >
0; then

/\P( sup X; > /\) <E(Xo) + B(X[) . (5.4)
0<i<k
AP(_inf X; < —1) < ~E[Xulniozizon-it] < E(Xi) - (5.5)
Proof Let

t(w) = inf{n;n <k, X,(w) > A}
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with the understanding that ¢ = k if { } = @. 7 is a finite stopping time and we have
X: > A on the event {sup,;; X; > A}. By Theorem 5.2 applied to 7 = 7, 7 = 0,

E(Xo) > E(X;) = E[Xrl{suposistizl}] + E[Xkl{sup[)sist;<l}]

> )LP( sup X; > /\) —EXy).,

I<i<k
from which we obtain (5.4). If conversely
T(w) = inf{n;n < k, X,(w) < =1}

and t(w) = kif {} = @, then 7 is still a bounded stopping time and, again by
Theorem 5.2,

E(Xk) E E(XI) = E[th{inf()s,‘skx,‘f—/\}] + E[Xkl{inﬂ)sistp—l}] E

< —aP( inf X = =A) + E[X] itz %, 0]

O=i<

from which we obtain (5.5).

5.3 Discrete time martingales: a.s. convergence

One of the reasons why martingales are important is the result of this section; it
guarantees, under rather weak (and easy to check) hypotheses, that a martingale
converges a.s.

Let @ < b be real numbers. We say that (X,(®)), makes an upcrossing of the
interval [a, b] in the time interval [i, j] if Xj(w) < a, Xj(®w) > b and X,,(w) < b for
m=i+1,...,j—1.Let

yé"b(w) = number of upcrossings of (X, (w)).<« over the interval [a, b] .

The proof of the theorem of convergence that we have advertised is a bit technical,
but the basic idea is rather simple: in order to prove that a sequence is convergent
one first needs to prove that it does not oscillate too much. For this reason the key
estimate is the following, which states that a supermartingale cannot make too many
upcrossings.
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Proposition 5.1 If X is a supermartingale, then

(b — a)E(ys,) <E[Xi—a)7] .

Proof Let us define the following sequence of stopping times

71(w) = inf{i;i <k, Xi(w) < a}
n(w) = inf{i; 11 (w) < i <k, Xi(w) > b}

Tom—1 (@) = Inf{i; 1o (w) <i <k, Xi{(w) < a}

Tom(w) = Inf{i; 1op—1(w) < i <k, X;(w) > b}
with the understanding that t; = kif { } = @. Let

QZm = {TZm =< k7XT2m > b} = {y‘l‘(b = m} ’

$om—1 = {Vﬁ,h >m—1,X,, , <aj.

It is immediate that £2; € .#,, as t; and X, are .%,,-measurable. Moreover, X;, | <
aon §29,—1 and Xo,,, > b on §25,,. By Theorem 5.2, applied to the bounded stopping
times 7o,,—1 and Ty,

0> / X+, —a)dP > / (Xe,, —a)dP
2om—1 2om—1

> (b— a) P(2a) + / (X —a)dP.
QZm—l\le

where we take advantage of the fact that 75, = k on §25,,—1 \ §22,, and that X, > b
on £25,,. Therefore

b-aP@u) = b-aPOLzm= [ @-aw. 56
22m—1\22m

Let us recall that (Exercise 1.3)

E(yh,) = Z P(yy, = m).

m=1
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As the events §2,,,—1 \ §2,,, are pairwise disjoint, taking the sum in m in (5.6) we
have

(b—a)E(yf,) = (b—a) Y P(ys, =m) <E[X,—a)7].

m=1

Theorem 5.4 Let X be a supermartingale such that

supE(X,) < 4o00. (5.7)

n>0

Then it converges a.s. to a finite limit.

Proof For fixed a < b let us denote by y,,(w) the number of upcrossings of the
path (X,(®)), over the interval [a, b]. As (X, —a)~ < a™ + X, by Proposition 5.1,

. 1
E(rap) = Jlim E(yg,) < |

sup E[(X,, —a)7]
nz0 (5.8)

1
< (a+ + sup E(Xn_)) < +o00.
b —a n>0

In particular, y,, < 400 as., i.e. ¥, < 400 outside a negligible event N, ;;
considering the union of these negligible events N, for every possible a,b € Q
with a < b, we can assume that outside a negligible event N we have y,;, < 400
forevery a, b € R.

Let us prove that if @ ¢ N then the sequence (X,(w)), necessarily has a limit.
Indeed, if this was not the case, let a = lim,_, . X,,(w) < lim,—o0 X, () = b. This
implies that (X,(®)), is close to both a and b infinitely many times. Therefore if
o, are such that a < @ < B < b we would have necessarily Y, g(w) = 400,
which is not possible outside N.

The limit is, moreover, finite. In fact from (5.8)
lim E(y.,p) =
b—il-ir-loo ()/ ’b) 0
but y, (w) is a non-increasing function of b and therefore

h_l)n}_loo Yap(@) =0 a.s.
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As yq» takes only integer values, y,,(w) = 0 for large b and (X, (@)), is therefore
bounded above a.s. Similarly one sees that it is bounded below.
O

In particular,

Corollary 5.2 Let X be a positive supermartingale. Then the limit

lim X,

n—>o00

exists a.s. and is finite.

Example 5.1 Let (Z,), be a sequence of i.i.d. r.v.’s taking the values +1 with
probability é andlet X = 0and X, = Z, +---+ Z, forn > 1. Leta,b
be positive integers and let t = inf{n; X,, > b or X,, < —aj}, the exit time of
X from the interval | — a, b[. Is T < 400 with probability 1? In this case we
can define the r.v. X;, which is the position of X when it leaves the interval
] — a, b[. Of course, X, can only take the values —a or b. What is the value of
P(X; = b)?

We know (as in Example 5.1 a)) that X is a martingale. Also (X,;), 18
a martingale, which is moreover bounded as it can take only values that are
> —qg and < b.

By Theorem 5.4 the limit lim,— oo Xya; €xists and is finite. This implies
that T < 400 a.s.: as at every iteration X makes steps of size 1 to the right
or to the left, on 7 = +o00 we have [X(,+1)ar — Xua:| = 1, so that (Xyac)n
cannot be a Cauchy sequence.

Therefore necessarily T < +o00o and the r.v. X; is well defined. In order
to compute P(X; = b), let us assume for a moment that we can apply
Theorem 5.2, the stopping theorem, to the stopping times 7, = r and 7} = 0
(we cannot because T is finite but not bounded), then we would have

0 = E[Xo] = E[X(] . (5.9)
From this relation, as P(X; = —a) = 1 — P(X; = b), we obtain
0 = E[X;] = bP(X; = b) —aP(X; = —a) = bP(X; = b) —a(1 —P(X; = b))
ie.

P(X, = b) =

a+b
(continued)
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Example 5.1 (continued)
The problem is therefore solved if (5.9) is satisfied. Let us prove it: for every
n the stopping time t A n is bounded, therefore the stopping theorem gives

0 = E[XT/\”] .

Now observe that lim,—c0 X;r, = X; and that, as —a < X;A, < b, the
sequence (X;An), is bounded, so that we can apply Lebesgue’s theorem and
obtain (5.9).

This example shows a typical application of the stopping theorem in order
to obtain the distribution of a process stopped at some stopping time, and also
how to apply the stopping theorem to stopping times that are not bounded:
just apply the stopping theorem to the stopping times t A n, that are bounded,
and then pass to the limit using Lebesgue’s theorem as in this example or
some other statement, such as Beppo Levi’s theorem, in order to pass to the
limit.

Remark 5.2 Condition (5.7) for a supermartingale is equivalent to requiring
that X is bounded in L'. Indeed, obviously,

X < Xl
so that, if sup, E[|X|] < +o0, then also (5.7) holds. Conversely, note that
| Xi| = Xk + 2X, .
hence
E[|Xi[] = E[Xi] + 2E[X;"] < E[Xo] + 2E[X;],

so that (5.7) implies boundedness in L!.

5.4 Doob’s inequality; I” convergence, the p > 1 case

We say that a martingale M is bounded in L? if

supE[|M,[] < +o0.
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Theorem 5.5 (Doob’s inequality) LetM = (2,.%,(%,)n, (M,),,P) be a
martingale bounded in I with p > 1. Then if M* = sup, |M,,|, M* € L’ and

IM*, < gsup [ M|, . (5.10)

where g = 1” , is the exponent conjugate to p.

n—

Theorem 5.5 is a consequence of the following result, applied to the positive
submartingale (|M,]),.

Lemma 5.1 If X is a positive submartingale, then for everyp > 1 andn € N

E( max Xf’) < (pl_’ 1)PE(Xﬁ) :

0<i<n

Proof LetY = max;<;<, X; and, for A > 0,
Ty (w) = inf{i;0 <i < n,X;(w) > A}

and 7y (w) =n+ 1if {} =0.Then ) ;_, l{;,—) = ly>y; and, for every o > 0,
Y +oo
Y? =p/ APLdn =p/ AP Myyany dA
0 0

+o00 . n
:p/o AP Zl{m=k} dA .

k=1

5.11)

Moreover, if k < n, as X; > A on {t; = k}, we have Al -y < Xil¢,—p and

n n
Pl Z Ly miy < AP72 ZX,AM:M . (5.12)
k=1 k=1
As X is a submartingale and 1¢;, —4; is #;-measurable,

EX, 1= | Z%) = 1= EXu | F0) = Xl =iy

and, combining this relation with (5.12), we find

EI:A‘D_I Z 1{U=k}] < E[Ap_z Z 1{u=k}Xk:| < E[AG_ZXH Z l{TA=k}] .

k=1 k=1 k=1
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Thanks to this inequality, if we take the expectation of both members in (5.11),

1 +o00 5 n 1 .
E[Y’] < E[X / A2 1 dx] - E[X, "] .

k=1
~ —_ -

=pll yr—1
Now by Holder’s inequality (recall that we assume p > 1)

p

E[Y?] < . E[y?](P=D/p E[Xs]l/P .
p—

As we know that E(Y?) < 400 (Y is the maximum of a finite number of r.v.’s of
L?), we can divide both terms by E[Y?](?~D/P which gives

p

B < P oEp,
p—1

from which the statement follows. O

Proof of Theorem 5.5 Lemma 5.1 applied to the submartingale X; = |M;| gives the
inequality

where we used the fact that k — || My||,, is increasing as (|M,|"), is a submartingale.
Doob’s inequality now follows by taking the limit as n — oo and using Beppo
Levi’s theorem. O

max |M;|
0<i<n

= ‘Z”Mn”p = g max ”Mk”p )
P k<n

Thanks to Doob’s inequality (5.10), for p > 1, the behavior of a martingale
bounded in L” is very nice and simple.

Theorem 5.6 If p > 1 a martingale is bounded in L7 if and only if it
converges a.s. and in 7.

Proof It is immediate that a martingale M that converges in L? is also bounded in
L.
Conversely, if a martingale M is bounded in L7 with p > 1, then

supM, < sup [M,| = M" .

n=>0 n>0
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Since by Doob’s inequality M* € L?, we have sup, E(M,) < E(M*) < 400, so
that the condition (5.7) of Theorem 5.4 is satisfied and M converges a.s. Moreover,
its limit M, belongs to L7, as obviously |[Mso| < M*.

Let us prove that the convergence takes place in L7, i.e. that

lim E[|M, — Mo|'] =0.

n—>oo

We already know that [M,, — M [P —,—00 0 so that we only need to find a bound in
order to apply Lebesgue’s theorem. Thanks to the inequality |x + y|? < 2P~ (|x]? +
|y|P), which holds for every x,y € R,

My — Moo|” < 2771 (IM, " + |Mool”) < 22M*"

and as the r.v. M*? is integrable by Doob’s maximal inequality, Lebesgue’s theorem
can be applied, giving

lim E[|M, — Ms|’] = 0.
n—>o00

|

We see in the next section that for L'-convergence of martingales things are very
different.

5.5 Uniform integrability and convergence in L!

The notion of uniform integrability is the key tool for the investigation of L!
convergence of martingales.

Definition 5.2 A family of m-dimensional r.v.’s 7 is said to be uniformly
integrable if

lim sup E[|Y[lgy-q] =0. (5.13)
Yes#

c—>+00

The set formed by a single integrable r.v. is the simplest example of a uniformly
integrable family. We have lim. 1 o0 |Y|1{jyj>c; = O a.s. and, as |Y|1qy=cp < |Y],
by Lebesgue’s theorem,

im E[[¥[1gy-q] =0,
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Similarly 2 turns out to be uniformly integrable if there exists an integrable real
r.v. Z such that Z > |Y| for every Y € JZ. Actually, in this case, for every Y € 2,
[Y[1gy;ser < |Z]1gz/>¢) so that, forevery Y € J2,

E[IY|1yq] < E[Zlz-g] .

from which (5.13) follows. Hence the following theorem is a extension of
Lebesgue’s theorem. For a proof, as well as a proof of the following Proposition 5.3,
see J. Neveu’s book (Neveu 1964, §II-5).

Theorem 5.7 Let (Y,), be a sequence of r.v.’s converging a.s. to Y. In order
for Y to be integrable and for the convergence to take place in L' it is necessary
and sufficient that (Y,,), is uniformly integrable.

In any case a uniformly integrable family .7 is bounded in L!: let ¢ > 0 be such
that

sup E[|Y[lgysqg] <1,
Yes#

then we have, for every Y € 57,
E(|Y]) = E[|[Y 1> ] + E[|Y1gyjza] < 1+c.

The next two characterizations of uniform integrability are going to be useful.

Proposition 5.2 A family 57 is uniformly integrable if and only if the
following conditions are satisfied.

2) supye E[|Y]] < +oc.
b) For every ¢ > 0 there exists a 6, > 0 such that, for every Y € J2,

E[[Y|14] < ¢
for every A € % such that P(A) < §..

The proof is left as an exercise or, again, see J. Neveu’s book (Neveu 1964,
Proposition II-5-2).
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Proposition 5.3 A family % C L' is uniformly integrable if and only if
there exists a positive increasing convex function g : R* — R such that
lim,— 4 oo g(r’) = 400 and

sup E[g(|Y])] < 400
Yes#

In particular, if . is bounded in L for some p > 1 then it is uniformly
integrable: just apply Proposition 5.3 with g(f) = #.

Proposition 5.4 Let Y be an integrable r.v. Then the family {E(Y|¥)}, for
% in the class of all sub-g-algebras of .%, is uniformly integrable.

Proof As the family formed by the single r.v. Y is uniformly integrable, by
Proposition 5.3 there exists a positive increasing convex function g : R™ — R
such that lim,—, 4 o g(f) = 4o0 and E[g(|Y|)] < +4oc. By Jensen’s inequality,
Proposition 4.2 d),

E[¢(E(Y|9)D] < E[E(g(|Y]|9)] = E[g(|¥])] < +o0

and, again by Proposition 5.3, {E(Y|¥)}« is uniformly integrable.
0

In particular, if (.%,), is a filtration on (£2,.%.,P) and Y € L', (E(Y|.%,)), is a
uniformly integrable martingale (recall Example 5.1 b)).

Theorem 5.8 Let (M,), be a martingale. Then the following properties are
equivalent

a) (M,), convergesin L';
b) (M,), is uniformly integrable;
¢) (M,), is of the form M, = E(Y|.%,) for some Y € L' (2, %, P).

If any of these conditions is satisfied then (M,), also converges a.s.

Proof If (M,), is a uniformly integrable martingale then it is bounded in L' and
therefore the condition (5.7), sup, E(M,") < o0, is satisfied and M converges a.s.
to some r.v. Y. By Theorem 5.7, Y € L' and the convergence takes place in L.
Therefore (Remark 4.3), for every m,

M, =EWM,|F,) — EY|Fn)
n—>o0
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in L'. This proves that b)=>a) and a)=>c). ¢)=>b) is Proposition 5.4.
O

The following proposition identifies the limit of a uniformly integrable martingale.

Proposition 5.5 Let Y be an integrable r.v. on L' (2, .7, P), (.%,), a filtration
on (£2,.%) and Fo = \/,F,, the o-algebra generated by the o-algebras
(%n)n- Then

lim E(Y|.%,) = E(Y| %) as.andinL'.
n—>oo

Proof LetZ = lim,_,oc E(Y|.%,). Then Z is %o,-measurable. Let us check that for
every A € Z

E(Z14) = E(Y1y,) . (5.14)

By Remark 4.2 it is sufficient to prove this relation for A in a class of events %,
generating .%o, stable with respect to finite intersections and containing 2. If A €
%, for some m then

E(Z14) = lim E(E(Y[F:)1a) = E(Y14)

because for n > m A is .#,-measurable and E(E(Y|.%,)14) = E(E(14Y|.%,)) =
E(Y14). (5.14) is therefore proved for A € € = |, :%,. As this class is stable with
respect to finite intersections, generates %, and contains §2, the proof is complete.

O

5.6 Continuous time martingales

We now extend the results of the previous sections to the continuous case, i.e. when
the time set is R™ or an interval of R™, which is an assumption that we make from
now on.

The main argument is that if (M;), is a supermartingale of the filtration (.%,),,
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Theorem 5.9 Let M = (£2, F, (F:):, (M,),, P) be aright (or left) continuous
supermartingale. Then for every T > 0, A > 0,

)LP( sup M, > )L) <E(Mo) + E(M7) (5.15)
0<t<T
AP(inf My < =A) < —E[Mrlmiyepcmeis] SEWM]]. (5.16)

Proof Let us prove (5.15). Let0 =ty < t; < --- < t, = T. Then by (5.4) applied
to the supermartingale (M, )k=o,...n

/\P( sup M, > /\) <EMo) + EM7) .

0<k<n
Note that the right-hand side does not depend on the choice of 74, ...,,. Letting
{to, ..., 1,} increase to QN[0, T] we have that sup, <;<,, M;, increases to supgn 7y M;

and Beppo Levi’s theorem gives

AP( sup M, > A) < E(Mo) + E(M7) .
Qno.7)

The statement now follows because the paths are right (or left) continuous, so that

sup M; = supM; .
Qnlo.7] [0.7]

The following statements can be proved with similar arguments.

Theorem 5.10 Let X be a right-continuous supermartingale. If [a, b[C RT
(b = 400 possibly) and supy, E(X;") < 400, then lim,,,— X; exists a.s.

Theorem 5.11 A right-continuous martingale M is uniformly integrable if
and only if it is of the form M, = E(Y|.%,), where Y € L' and if and only if it
converges a.s. and in L!.
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Example 5.2 LetB = (2, %, (%#,),, (B,);, P) be a real Brownian motion and,
for 0 € R, let

92
Xt — 6931— 2! .

Then X is a martingale.
Indeed, with the old trick of separating increment and actual position,

2 2
E[XA,?Y] — e 92 IE[CO(B'_B'Y+B‘Y)|,%¥] — e 92 teOBxE[eO(B,—BS) |3;T]

— e B () = X; .
This is the prototype of an important class of martingales that we shall
investigate later. Now observe that X is a positive martingale and hence, by
Theorem 5.10, the limit lim,—, + o, X; exists a.s. and is finite. What is its value?
Is this martingale uniformly integrable? These questions are the object of
Exercise 5.9.

Theorem 5.12 (Doob’s inequality) Let M be a right-continuous martingale
bounded in 17, p > 1, and let M* = sup,- |[M;|. Then M* € L’ and

IM*]l, < gsup |Mi]], .
20

p

where ¢ = 1

Theorem 5.13 (Stopping theorem) Let M be a right-continuous martingale
(resp. supermartingale, submartingale) and 7, 7, two stopping times with
71 < 1. Then if 1, is bounded a.s.

E(M,|.7,) =M,  (resp. <.>). (5.17)

Proof Let us assume first that M is a martingale. Let b > 0 and let t be a stopping
time taking only finitely many values #; < t, < --- < t, and bounded above

Proposition 5.4 the r.v.’s (M,)., for t ranging over the set of stopping times taking
only finitely many values bounded above by b, is a uniformly integrable family.
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Let now (7),, (z2), be sequences of stopping times taking only finitely many
values and decreasing to 7; and 15, respectively, and such that tf > r,} for every n

fo <t < --- < t, are the possible values of the two stopping times 1, 12,
EM 7] =M, .

Conditioning both sides with respect to .%,,, as %, C Z,1,

n

EIM,| 7o) = EIM, | 7] (5.18)

Since n — oo, M;1 — My, and M2 — M, (the paths are right-continuous) and
the convergence also takes place in L!, (M, 1, (M2), being uniformly integrable.
Therefore one can take the limit in (5.18) leading to (5.17).

Assume now that M is a supermartingale. A repetition of the argument as above
brings us to (5.18) with = replaced by <, i.e.

E[Mt,% |fg~11] = E[Mr,} |fg~11] .

Now the fact that (M,)), and (M,2), are uniformly integrable is trickier and follows
from the next Lemma 5.2 applied to %, = #,; and Z, = M,;, observing that the
stopping theorem for discrete time supermartingales ensures the relation M.[i_H >

E[M; |9ti+l ]- The proof for the case of a submartingale is similar.

Lemma 5.2 Let (Z,), be a sequence of integrable r.v.’s, (J%,), a decreasing
sequence of g-algebras, i.e. such that 4,4, C %, foreveryn = 0,1,...,
with the property that Z, is 7%,-measurable and Z, 1 > E[Z,|.7%,+1]. Then, if
sup, E[Z,] = € < 400, (Z,), is uniformly integrable.

Proof Let ¢ > 0. We must prove that, at least for large n, there exists a ¢ > 0 such
that E[|Z,|1z,1>c:] < €. As the sequence of the expectations (E[Z,]), is increasing
to £ there exists a k such that E[Z;] > £ — e. If n > k we obtain for every A € JZ,

ElZ14] = E[E(Zi14| )] = E[LLE(Z| 7)) < E[Z,14] .
hence

E[Zkl{Z,,<c}] = E[an{Z,,<c}] s
EZliz,<-] SE[Z1{z,<—0] -
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Now, for every n > k,
E[|Z:|14z,12c1] = ElZu1iz,>¢3] — E[Zu1yz,<—c}]
= E[Zn] - E[an{Z,,<c}] - E[an{an—c}]
= {— E[Zkl{Z,,<c}] - E[Zkl{Z,,s—c}]

(5.19)
<&+ E[Z] - ElZlz,<3] — ElZlz,<—]
= e+ E[Zz,>0] — ElZiliz,<—]
= e+ E[|Z1z,20] -
Moreover, for every n,
1 1 n 1
P(Z|zc) = ElZ[l= CEZ[]-EZ)< Q(-EZ). (520

Let now § be such that E[Z;14] < ¢ for every A € ¥ satisfying P(A) < 4,
as guaranteed by Proposition 5.2 (the single r.v. Z; forms a uniformly integrable
family) and let ¢ be large enough so that P(|Z,| > ¢) < §, thanks to (5.20). Then
by (5.19), for every n > k,

E(|Z,|1¢z,120] < & + E[|Zi[1{z,120)] < 2¢,

which is the relation we are looking for.

Proposition 5.6 Let M = (2, %, (%), (M,);,P) be a right-continuous
martingale and 7 a stopping time. Then (M;A.), is also an (:#;),-martingale.

Proof Thanks to Exercise 5.6 we need only prove that, for every bounded stopping
time o, E(Myn.;) = E(My). As 0 A T is also a bounded stopping time, this follows
from Theorem 5.13 applied to the two bounded stopping times 7; = 0 and 7, =
OAT.

0

Example 5.3 Let B be a Brownian motion, a, b > 0 and denote by t the exit
time of B from the interval [—a, b]. It is immediate that 7 < 400 a.s., thanks
to the Iterated Logarithm Law. By continuity, the r.v. B, i.e. the position of B
at the time at which it exits from [—a, b], can only take the values —a and b.
What is the value of P(B; = —a)?

(continued)
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Example 5.3 (continued)
As B is a martingale, by the stopping theorem, Theorem 5.13, applied to
the stopping times 7; = 0, 7, = t A T, we have for every 1 > 0

0 = E(By) = E(Biac) -

Letting t — 400 B;ar — B; and, by Lebesgue’s theorem (the inequalities
—a < B;x; < b are obvious),

0 = E(B;) = —aP(B; = —a) + bP(B, = b)
= —aP(B; = —a) + b(1 = P(B; = —a)) = b— (a + b)P(B, = —a)

from which

a

PB.=b)= |-

b
P(B, = a)—a+b,
As in Example 5.1, we have solved a problem concerning the distribution of
a process stopped at some stopping time with an application of the stopping
theorem (Theorem 5.13 in this case) to some martingale.

Here, as in Example 5.1, the process B itself is a martingale; in general,
the stopping theorem will be applied to a martingale which is a function of
the process or associated to the process in some way, as developed in the
exercises.

The hypothesis of right continuity in all these statements is not going to be
too constraining, as almost every martingale we are going to deal with will
be continuous. In a couple of situations, however, we shall need the following
result, which gives some simple hypotheses guaranteeing the existence of a right-
continuous modification. See Revuz and Yor (1999) or Karatzas and Shreve (1991)
for a proof.

Theorem 5.14 Let (£2,.%, (%), (M;);,P) be a supermartingale. Let us
assume that the standard hypotheses are satisfied: the filtration (%), is right-
continuous and is augmented with the negligible events of .%,. Then (M;),
admits a right-continuous modification if and only if the map ¢ — E(M,) is
continuous.

We have seen in Proposition 3.4 that the paths of a Brownian motion do not have
finite variation a.s. The following two statements show that this is a general property
of every continuous martingale that is square integrable.
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Theorem 5.15 Let M be a square integrable continuous martingale with
respect to a filtration (.%;),. Then if it has finite variation, it is a.s. constant.

Proof Possibly switching to the martingale M, = M, — My, we can assume My = 0.
Letm =0 <1t < --- <t, = tdenote a subdivision of the interval [0, ¢] and let
|| = max |t;+1 — t;|. As was the case when investigating the variation of the paths
of a Brownian motion, we shall first look at the quadratic variation of the paths. Let
us assume first that M has bounded variation on the interval [0, 77, i.e. that

n—1

Vr(w) = supZ M, (0) — M, ()| <K

T =0

for some K > 0 and for every w. Note that E[M,_ ,M,] = E[E(M,_, |%,)M,] =
E[Mtzl_], so that

E[(M,,, —M,)’] = E[M; o —2M, M, + M| =EM;, —M].

1 Lit+1
Therefore
EM?] = E [Z( 2, —M)|=E [E(Mf,ﬂ )]
i=0
As

(Mti+1 _Mti)2 = |Mti+1 _Mti| : |Mti+1 _Mti| = |Mti+1 _Mtii : illlna—xl |Mti+1 _Mti

we have
n—1
BIM) < B max (M, =My 3 My =M < E[Vr max [0, =]

< KE[maX thhH _Mtiu :

The paths of M being continuous, if (), is a sequence of subdivisions such that
|7r,| — O then max,, |M;,, —M;,| — 0asn — oo and also max,, |M;, —M;| <
Vi < K. Therefore by Lebesgue’s theorem

EM*] =0,

which gives M; = 0 a.s. The time ¢ being arbitrary, we have P(M, = 0 for every g €
Q) = 1, so that, as M is assumed to be continuous, it is equal to O for every 7 a.s.
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In order to get rid of the assumption Vy < K, let V; be the variation of M up to
time #, i.e.

n—1

Vi = Supz |Mfi+1 _Mti|

T i=0

for 7 ranging among the partitions of the interval [0, 7]. The process (V;), is adapted
to the filtration (.%#);, as V; is the limit of .%;-measurable r.v.’s. Hence, for every
K > 0, tx = inf(s > 0; V; > K) is a stopping time. Note that (V;); is continuous,
which is a general property of the variation of a continuous function.

Hence (Viar, ) is bounded by K and is the variation of the stopped martingale
M{¥ = My, n;, which therefore has bounded variation. By the first part of the proof
M™% is identically zero and this entails that M; = 0 on {V;y < K}. Now just let
K — +o0.

0

As a consequence,

a square integrable stochastic process whose paths are differentiable or even
Lipschitz continuous cannot be a martingale.

An important question is whether Doob’s decomposition (Theorem 5.1) also holds
for time continuous submartingales. We shall just mention the following result (see
Revuz and Yor 1999, Chapter IV or Karatzas and Shreve 1991, Chapter 1 for proofs
and more details).

Theorem 5.16 Let M be a square integrable continuous martingale with
respect to a filtration (%), augmented with the negligible events of .%,. Then
there exists a unique increasing continuous process A such that Ay = 0 and
(M,2 —Ay)is a (%)-martingale. If 7 = {0 =1 <t <---<t, =t}isa
partition of the interval [0, 7] then, in probability,

m—1

A, = lim Z|M,k+l —M, . (5.21)

We shall still call the process (A;), of Theorem 5.16 the associated increasing
process to the square integrable martingale M and sometimes we shall use the
notation (M). Thus (M) is a process such that t —= M? — (M), is a martingale and
Theorem 5.16 states that, if M is a square integrable continuous martingale, such a
process exists and is unique.
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Note that (5.21) implies that the increasing process associated to a square
integrable continuous martingale does not depend on the filtration: if (M,), is
a martingale with respect to two filtrations, then the corresponding increasing
associated processes are the same.

Remark 5.3 Under the hypotheses of Theorem 5.16, if 7 is a stopping time
and we consider the stopped martingale M; = M. (whichis also continuous
and square integrable), is it true, as it may appear natural, that its associated
increasing process can be obtained simply by stopping (M)?

The answer is yes: it is clear that (M7)? — (M);n, = M% — (M)in; is a
martingale, being obtained by stopping the martingale (M? — (M),),. By the
uniqueness of the associated increasing process we have therefore, a.s.,

(M)ine = (M");. (5.22)

We are not going to prove Theorem 5.16, because we will be able to explicitly
compute the associated increasing process of the martingales we are going to deal
with.

Example 5.4 1f (B,), is a Brownian motion of the filtration (.%,),, then we
know (Example 5.1 c)) that it is also a martingale of that filtration. Therefore
Proposition 3.4, compared with (5.21), can be rephrased by saying that the
increasing process A associated to a Brownian motion is A, = ¢ This is
consistent with the fact that (B> — 1), is a martingale, which is easy to verify
(see also Exercise 5.10).

There are various characterizations of Brownian motion in terms of martingales.
The following one will be very useful later.

Theorem 5.17 Let X = (2, %, (%), (X;), P) be an m-dimensional contin-
uous process such that Xy = 0 a.s. and that, for every A € R™,

y? = eftXi+ SIAP

is an (%#;),-martingale. Then X is an (.%;),-Brownian motion.
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Proof The martingale relation
E[eiu,xx)ﬂm% | 7] =E(Y}F) =Y} = (A Xs)+ 3 1A
implies that, for every A € R™,
B(eHXX) | 7,) = e 2 WP (5.23)
Taking the expectation in (5.23) we find that the increment X, — X; is N(O, (r —
s)I)-distributed. Moreover, (Exercise 4.5), (5.23) implies that the r.v. X, — X is

independent of .%;. Therefore a), b) and c) of Definition 3.2 are satisfied.
O

5.7 Complements: the Laplace transform

One of the natural application of martingales appears in the computation of the
Laplace transform of stopping times or of processes stopped at some stopping time
(see Exercises 5.30, 5.31, 5.32, 5.33).

Let  be a o-finite measure on R™. Its complex Laplace transform is the function
Y, 1 C" — C™ defined as

V. (2) = /R ) e du(x) (5.24)

for every z € C™ such that

/ e du(x) < 400 . (5.25)
Rm

The domain of the Laplace transform, denoted Z,,, is the set of the z € C™ for
which (5.25) is satisfied (and therefore for which the Laplace transform is defined).
Recall that e/ = ") (cos(J(z, x)) + isin(J(z, x)) so that [e{#¥)| = &M},

If 1 has density f with respect to Lebesgue measure then, of course,

@ = [ e as

and we shall refer to it indifferently as the Laplace transform of p or of f. If X is an
m-dimensional r.v., the Laplace transform of its law uy is, of course,

Yy (2) = E[eY]

thanks to the integration rule with respect to an image law, Proposition 1.1.
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In this section we recall some useful properties of the Laplace transform. We
shall skip the proofs, in order to enhance instead consequences and applications.
We shall assume m = 1, for simplicity. The passage to the case m > 2 will be rather
obvious.

e1) There exist x;,x; € RU {400} U {—00},x; < 0 < xp, (the convergence
abscissas) such that, if x; < Nz < xy,

/Wﬂwm=/€WW@<+w
R R

i.e.z € 9,, whereas

/ |e¥| du(t) = +oo (5.26)
R

if Rz < x; or xy < Nz. In other words, the domain Z,, contains an open strip (the
convergence strip) of the form x; < Rz < xp, which can be empty (if x; = x).
Let x; < x; be real numbers such that

/ e“du(t) < +oo, i=1,2
R

and let z € C such that x; < RNz < xp. Then Nz < tx, if + > 0 and Nz < xy if
t < 0. In any case, hence e™? < e® + "2 and (5.26) holds.

A typical situation appears when the measure p has a support that is contained
in RT. In this case |e¥| < 1if Rz < 0; therefore the Laplace transform is defined at
least on the whole half plane )iz < 0 and in this case x; = —oo.

Of course if u is a finite measure, &,, always contains the imaginary axis fiz = 0.
Even in this situation it can happen that x; = x, = 0. Moreover, if i is a probability,
then its characteristic function [t is related to its Laplace transform by the relation

A0 = V).

Example 5.5

a) Let pu(dx) = 1o, 400 Ae™** be an exponential distribution. We have

o o
/\/ efe ™M dr = )L/ e (A9 gy
0 0

so that the integral converges if and only if %iz < A. Therefore the
convergence abscissas are x; = —00, x, = A. For iz < A we have

o0 A
Yuz) = A / e gy = . (5.27)
0

(continued)



5.7 Complements: the Laplace transform 135
Example 5.5 (continued)
b) If

dt

wan =4

(Cauchy law) then the two convergence abscissas are both equal to O.
Indeed

+o0 ezSRz
dt =
f_oo (1 42) 4T

unless Nz = 0.

#2) If the convergence abscissas are different (and therefore the convergence strip
is non-empty) then v, is a holomorphic function in the convergence strip.
This property can be easily proved in many ways. For instance, one can prove that
in the convergence strip we can take the derivative under the integral sign in (5.24).
Then if we write z = x + iy we have, using the fact that z > e is analytic and
satisfies the Cauchy-Riemann equations itself,

ad J . Too 9
3xmwu(z) B 3ymﬁ“(z) - /_oo (Bx
too g

<3y

ad
Re¥ — ay%ez’) du(t) =0,

5 5 5.
W) + () = / Mo+ ) 3t du( = 0.

—0o0

so that the Cauchy—Riemann equations are satisfied by . In particular, inside the
convergence strip the Laplace transform is differentiable infinitely many times.

Example 5.6

a) If u ~ N(0, 1), we have already computed its Laplace transform for x €

R in Exercise 1.6, where we found v, (x) = e”/2. As the convergence
abscissas are x; = —00,x, = +00, ¥, is analytic on the complex plane
and by the uniqueness of the analytic extension this relation gives the value

of ¥, forevery z € C:

Yu(z) =72 (5.28)

(continued)
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Example 5.6 (continued)
The same result might have been derived immediately from the value of
the characteristic function

Yulit) = fi(t) = e="/2 (5.29)

and again using the argument of analytic extension. Note also that the
analyticity of the Laplace transform might have been used in order to
compute the characteristic function: first compute the Laplace transform
for x € R as in Exercise 1.6, then for every z € C by analytic extension
which gives the value of the characteristic function by restriction to the
imaginary axis. This is probably the most elegant way of computing the
characteristic function of a Gaussian law.

b) What is the characteristic function of a I"(«, A) distribution? Recall that,
for @, A > 0, this is a distribution having density

A
f(x) — F(a) xot—le—)tx

for x > 0 and f(x) = O on the negative half-line, where I" is Euler’s
Gamma function, I' (@) = 0+°° X le™ gy As developed above, we can

compute the Laplace transform on the real axis and derive its value on the
imaginary axis by analytic continuation. If 7 € R and z < A. We have

o 400
ww=ﬂ%ma=£mﬁ e gy

A (T e, A T@ A\
_F(a)[o e dx_F(ot)(/\—z)“_(/\—Z)’

where the integral was computed by recognizing, but for the normalizing
constant, the expression of a I'(«, A — z) distribution. If z > A the integral
diverges, hence A is the convergence abscissa. The characteristic function
of f is then obtained by substituting z = if and is equal to

9”(11‘9)&‘

The fact that inside the convergence strip ¥ is differentiable infinitely many times
and that one can differentiate under the integral sign has another consequence: if 0
belongs to the convergence strip, then

W©=/mmw
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i.e. the derivative at 0 of the Laplace transform is equal to the expectation. Iterating
this procedure we have that if the origin belongs to the convergence strip then the
r.v. having law pu has finite moments of all orders.

e3) Let us prove that if two o-finite measures (|, ity have a Laplace transform
coinciding on an open non-empty interval ]xi, x2[C R, then | = p». Again by the
uniqueness of the analytic extension, the two Laplace transforms have a convergence
strip that contains the strip x; < Mz < x, and coincide in this strip. Moreover, if
A is such that x; < A < x, and we denote by 71;,j = 1,2, the measures d [;(1) =
etd (1), then, denoting by v their common Laplace transform,

Vi@ = [ duy) = v +2).
R
The measures ﬁ'j are finite, as

Hi(R) = 93,(0) = ¥(A) < +o0.

Up to a division by ¥ (1), we can even assume that 7; and [i, are probabilities.
Hence, as

() = Y, (i) = v(A + ir)

they have the same characteristic function. Therefore, by 6. of Sect. 1.6, 11 = 1>
and therefore also y; = us.
This proves that the Laplace transform v, characterizes the probability .

o4) As is the case of characteristic functions, it is easy to compute the Laplace
transform of the sum of independent r.v.’s. If X and Y are independent then the
product formula for the expectation of independent r.v.’s gives for the Laplace
transform of their sum

Vx+r(2) = B[] = E[e™e™] = E[e]E[e”] = yx ()Y (2)

provided that both expectations are finite, i.e. the Laplace transform of the sum is
equal to the product of the Laplace transforms and is defined in the intersection of
the two convergence strips.

As for the characteristic functions this formula can be used in order to determine
the distribution of X 4 Y.

o5) A useful property of the Laplace transform: when restricted to R™  is
a convex function. Actually, even log v is convex, from which the convexity of
Y follows, as the exponential function is convex and increasing. Recall Holder’s
inequality (1.2): if f, g are positive functions and 0 < « < 1, then

l—a

[ 1o ane < ( [ 1w aue)’( [ s duco)
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Therefore
W(Ole + (1 —Ol)k) — /e(oc9+(l—oc)l)x dpL(X) — / (eﬁx)d (ekx)l—a dpL(X)

o l—a
= ([ anw)’( [ anw) " = vervir.
from which we obtain the convexity relation for log ¥:

logyr(af + (1 —a)A) <alogy(0) + (1 —a)logy(A) .

e6) Let X be a r.v. and let us assume that its Laplace transform  is finite at a
certain value A > 0. Then for every x > 0, by Markov’s inequality,

¥ = EM] = e"P(X = )
i.e. we have for the tail of the distribution of X
P(X > x) < y(R)e ™.
The finiteness of the Laplace transform therefore provides a useful information
concerning the decrease of the tail of the distribution. This gives to the convergence
abscissa some meaning: if the right abscissa, x,, is > 0, then, for every ¢ > 0,

P(X > x) < conste” 279>

with const possibly depending on &.

Remark 5.4 To fix the ideas, let us consider Exercise 5.33. There we prove
that if 6 < O then

Ele’™] = e~e(W/r=20 ) (5.30)

where 7, is the passage time at a > 0 of X, = B, + ut, u > 0. Let us
define g(z) = ea(Wi? =2 =) g defines a holomorphic function also for some
values of z with fiz > 0, actually on the whole half-plane Nz < "22. Can we
say that (5.30) also holds for 0 < 6 < "22 and that “22 is the convergence
abscissa of the Laplace transform of t,,?

The answer is yes, as we shall see now with an argument that can be

reproduced in other similar situations. This is very useful: once the value of
the Laplace transform is computed for some values of its argument, its value

(continued)
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Remark 5.4 (continued)
is immediately known wherever the argument of analytic continuation can be
applied.

Let xo < 0. The power series development of the exponential function at
XoT, gives

> (x — xo)k

XT, k x0T,
e“=§ T, .
k! a

k=0

If we choose x real and such that x — xy > 0, the series above has positive
terms and therefore can be integrated by series, which gives

© Nk
Ele™] =Y x k'xO) E[zke™m] (5.31)
k=0 :

and this equality remains true also if E[e*™] = +o0 since the series on the
right-hand side has positive terms. As also g, being holomorphic, has a power
series development

o Nk
g =Y. @ k,xO) a (5.32)

k=0

and the two functions g and z — E[e*™] coincide on the half-plane %z < 0,
we have a; = E[tfe"™] and the two series, the one in (5.31) and the other
in (5.32), necessarily have the same radius of convergence. Now a classical
property of holomorphic functions is that their power series expansion
converges in every ball in which they are holomorphic. As g is holomorphic
on the half-plane iz < w , then the series in (5.31) converges for x < w ,
so that ”22 is the convergence abscissa of the Laplace transform of 7, and the

relation (5.30) also holds on Rz < “22 )

Exercises

5.1 (p.485) Let (£2, (%), (X));, P) be a supermartingale and assume, moreover,
that E(X;) = const. Then (X)), is a martingale. (This is a useful criterion.)

5.2 (p.486) (Continuation of Example 5.1) Let (Z,), be a sequence of i.i.d. r.v.’s
taking the values -1 with probability é andlet Xo =0and X, = Z; +---+ Z,. Let
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a, b be positive integers and let 7,, = inf{n; X,, > b or X,, < —a}, the exit time of X
from the interval | — a, b].

a) Compute limy—s oo P(X¢,, = b).

b) Let 7, = inf{n; X,, > b} be the passage time of X at . Deduce that 7, < +00 a.s.
5.3 (p.486) Let (Y,), be a sequence of i.i.d. r.v.’s such that P(Y; = 1) = p,
P(Y;=-1)=qgwithg>p.LetX, =Y, +---+ Y,.

a) Compute lim,,— oo :l X, and show that lim,,— o0 X, = —00 a.s.

bl) Show that
Xll
7=,
p
is a martingale.

b2) As Z is positive, it converges a.s. Determine the value of lim,,—, , Z,.
¢) Leta, b € Nbe positive numbers and let T = inf{n; X, = b or X, = —a}. What
is the value of E[Z,.]? And of E[Z;]?
d) What is the value of P(X; = b) (i.e. what is the probability for the random walk
(X,,) to exit from the interval | — a, b[ at b)?

5.4 (p.487) Let (X,), be a sequence of independent r.v.’s on the probability space
(£2, .7 ,P) with mean 0 and variance o> and let .%, = o(X,k < n). Let M, =
X| + --- + X, and let (Z,), be a square integrable process predictable with respect
to (%), (i.e. such that Z, | is .%,-measurable).

a) Show that

n
Y, = szxk
k=1

is a square integrable martingale.
b) Show that E[Y,] = 0 and that

E[Y?] = o Xn:E[z,f] .
k=1

What is the associated increasing process of (M,,),? And of (¥,,),?
c) Let us assume Z; = ,i Is the martingale (Y),), uniformly integrable?
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5.5 (p.488) Let (Y,)n>1 be a sequence of independent r.v.’s such that

P(Y,=1)=27%
PVi=0)=1-2.27F
P(Y, =—1)=27F

andletX, =Y, +---+ Y, %, = o(Xy,k <n).

a) Show that (X,), is a martingale of the filtration (%#,),,.

b) Show that (X,), is square integrable and compute its associated increasing
process.

¢) Does the martingale (X,,), converge a.s.? In L'? In L2?

5.6 (p.489)

a) Let (&), be a filtration. Let s < t and A € .Z. Prove that the r.v. T defined as

s ifoeA
t(w) =
t ifoeA

is a stopping time.

b) Prove that an integrable right-continuous process X = (82, %, (%), (X));, P) is
a martingale if and only if, for every bounded (.%;),-stopping time 7, E(X;) =
E(Xo).

5.7 (p.490) Let B = (2, %, (%), (B:):, P) be a real Brownian motion. Prove
that, for every K € R,

M, = (eB’ - K)+

is an (.%;),-submartingale.
5.8 (p.490)

a) Let M be a positive martingale. Prove that, for s < ¢, {M; = 0} C {M, = 0}
a.s.
b) Let M = (M,), be a right-continuous martingale.
bl) Prove that if T = inf{s; M; = 0}, then M, = O on {t < +o0}.
b2) Prove thatif M7 > 0 a.s., then P(M; > O foreveryt <T) = 1.

b2) Use the stopping theorem with the stopping times 7, T > 0,and T A 7.

* Concerning b), let us point out that, in general, it is possible for a continuous
process X to have P(X; > 0) = 1 forevery t < T and P(X; > O foreveryt <
T) = 0. Even if, at first sight, this seems unlikely because of continuity.
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An example is the following, which is an adaptation of Example 2.1: let
2 =]0,1[, & = 2(0,1]) and P =Lebesgue measure. Define a process X
as Xy(w) = 0ift = w, Xo(w) = X1(w) = 1, Xy(w) =linearly interpolated
otherwise. We have, for every ¢, {X, > 0} = £ \ {t} =]0, 1[\{z}, which is a set
of probability 1, but every path vanishes for one value of 7. This exercise states
that this phenomenon cannot occur if, in addition, X is a martingale (Fig.5.1).

0 1

Fig. 5.1 A typical graph of 1 = X;(w)

59 (p.490) Let B = (£2,.%,(%):, (By),P) be an m-dimensional Brownian
motion and let, for A € R™,

X, = W BI-iPr

a) Prove that (X;), is an (.%#;),-martingale.

b) As the condition of Theorem 5.12 is satisfied (X is positive) lim,— 4o X; exists
a.s. and is finite. What is its value?

¢) Is X uniformly integrable?

510 (p.491) Let B = (2, %,(%#,), (B:);, P) be a real Brownian motion and let
Y, =B -1t

a) Prove that (Y;), is an (%;),-martingale. Is it uniformly integrable?

b) Let 7 be the exit time of B from the interval | — a, b[. In Example 5.3 we saw
that T < +o00 a.s. and computed the distribution of X;. Can you derive from a)
that E[B?] = E[r]? What is the value of E[7]? Is E[z] finite?

¢) Let B = (22, %, (%), (B, P) be an m-dimensional Brownian motion and let
Y, = |B/|> — mt.

cl) Prove that (Y}), is an (%#;),-martingale.
c2) Let us denote by 7 the exit time of B from the ball of radius 1 of R”. Compute
E[z].
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511 (p.493) Let M = (£2,.%,(%#):, (M,);,P) be a square integrable martin-
gale.

a) Show that E[(M, — M,)*] = E[M? — M?].

b) M is said to have independent increments if, for every t > s, the r.v. M, — M is
independent of .%;. Prove that in this case the associated increasing process is
(M), = E(M?) —E(M}) = E[(M, — My)?] and is therefore deterministic.

¢) Show that a Gaussian martingale has necessarily independent increments with
respect to its natural filtration.

d) Let us assume that M = (£2,.%, (%), (M,);, P) has independent increments
and, moreover, is a Gaussian martingale (i.e. simultaneously a martingale and a
Gaussian process). Therefore its associated increasing process is deterministic,
thanks to b) above. Show that, for every 8 € R,

Z, = M= 02 (5.33)
is an (.%;);-martingale.

5.12 (p.494)

a) LetX = (£2,.%,(%n)n, (Xu)n, P) be a (discrete time) martingale. Let Y = (¥,,),
be a process equivalent to X (see p. 32 for the definition of equivalent processes).
Show that Y is a martingale with respect to its natural filtration.

b) LetX = (22, %, (%), (X;);, P) be a (time continuous) martingale. Let Y = (Y;);
be a process equivalent to X. Show that Y is a martingale with respect to its
natural filtration.

5.13 (p.495) Let B = (£2, #, (%), (By);, P) be a Brownian motion.

a) Show that

t
Y,:tB,—/ B, du
0

is a martingale. Recall (Exercise 3.11) that we know that (Y;), is a Gaussian
process.
b) Prove that, if ¢t > s, E[(Y; — Y;)B,] = O forevery u <s.
5.14 (p.495)
a) Let (#,), be a filtration, X an integrable r.v. and t an a.s. finite stopping time of
(F)n- Let X, = E(X|Z,); then
E(let) =X;.

b) Let (%#)>0 be a filtration, X an integrable r.v. and 7 a a.s. finite stopping time.
Let (X;); be a right continuous process such that X, = E(X|.%;) a.s. (thanks
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to Theorem 5.14 the process (X;), thus defined always has a right-continuous
modification if (.%;); is the augmented natural filtration). Then

EX|ZF:) = X. .
b) Use Lemma 3.3.

515 (p.496) Let B = (£2, %, (%), (B));, P) be a Brownian motion and A € R.
Prove that

t
M, =B, — ) / e*B, du
0

is an (%;),-martingale with independent increments.

5.16 (p.496) Let (£2,.%,(%):, (B:):,P) be a Brownian motion and A, v real
numbers with v > 0. Let

Xt — eAB,—\)l‘

a) Compute, for A € R, v > 0, the value of lim,_, o E(X}).
b) Show that (X)), is

. A2
a supermartingale if 5, <v
. o A2
a martingale its =v
. . 2
a submartingale if Az >v.
c) Assume v > 0. Show that there exists an ¢ > 0 such that (X7); is a

supermartingale with lim,_, o, E(X{") = 0. Deduce that the limit lim,_, o, X; exists
a.s. for every A € R and compute it.

d) Prove that, if A; < v, then

+o00
Aso i= / M s < +o0 a.s.
0

and compute E(As). Prove that the r.v.’s

+o0 1 400 -
/ e*s S ds  and 5 / el AT g
0 A% Jo

have the same law.
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517 (p.498) (The law of the supremum of a Brownian motion with a negative
drift)

a) Let (M,); be a continuous positive martingale such that lim,—, oo M; = 0 and
My = 1 (do you recall any examples of martingales with these properties?). For
x> 1,let t, = inf{t; M, > x} its passage time at x. Show that

lim Mt/\fx = xl{l—x<+oo} . (534)

t—>-+4o00

b) Deduce from (5.34) the value of P(7, < +00).

¢) Let M* = sup,., M;. Compute P(M* > x).

d) Let B be a Brownian motion and, for 8 > 0, let X, = B; — 0t. Prove that
M, = 520" is a martingale and show that the r.v. X* = sup. X, is a.s.
finite and has an exponential law with parameter 26. -

5.18 (p.499) The aim of this exercise is the computation of the law of the
supremum of a Brownian bridge X. As seen in Exercise 4.15, this is a continuous
Gaussian process, centered and with covariance function K, = s(1—¢) fors < t.

a) Show that there exists a Brownian motion B such that, for0 <z < 1,

X, =(1-0B: . (5.35)
1—

t

b) Prove that, for every a > 0,

P( sup X; > a) = P( sup(B; — as) > a)

0<r<l1 s>0

and deduce the partition function and density of sup,.,<; X;.

b) Use Exercise 5.17 d).

5.19 (p.499) Let B be a Brownian motion and let T = inf{s; B; ¢] — x, 1[} be the
exit time of B from the interval | — x, 1].

a) Compute P(B; = —x).
b) We want to compute the distribution of the r.v.

Z = — min B;
0<t<rt

where 7| denotes the passage time of B at 1. Z is the minimum level attained by
B before passing at 1. Compute

P(Z>x) = P( min B, < —x) .

0<t<7

Does the r.v. Z have finite mathematical expectation? If so, what is its value?
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5.20 (p.500) In this exercise we compute the exit distribution from an interval of a
Brownian motion with drift. As in Example 5.3, the problem is very simple as soon
as we find the right martingale...Let B = (£2, %, (%), (B:);, P) be a Brownian
motion and, for u > 0, let X; = B; + ut.

a) Prove that
Mt == e_ZMXt

is an (.%;),-martingale.
b) Leta,b > 0 and let T be the exit time of (X;), from the interval | — a, b|[.
bl) Show that t < 400 a.s.
b2) What is the value of P(X; = b)? What is the value of the limit of this probability
as u — o0o?

5.21 (p.500) Let B = (£2, %, (%), (By):, P) be a Brownian motion.

a) Show that X; = Bf — 3tB, is an (%,),-martingale.
b) Leta,b > 0 and let us denote by t the exit time of B from the interval | — a, b|.

Compute the covariance Cov(z, B;).

Recall (Exercise 5.10) that we know that t is integrable.

5.22 (p.501) (The product of independent martingales) Let (M,);, (N;); be
martingales on the same probability space (§2, .7, P), with respect to the filtrations
(A3, (N});, respectively. Let us assume, moreover, that the filtrations (.#;), and

(A7), are independent. Then the product (M,N;), is a martingale of the filtration
H = M N N,

5.23 (p.501) Let (M,), be a continuous (.%#;),-martingale.

a) Prove that if (M?), is also a martingale, then (M), is constant.
bl) Prove that if p > 1 and (|M,|?), is a martingale, then (IM,|P), is a martingale
forevery 1 <p’ <p.
b2) Prove thatif p > 2 and (|M;|?), is a martingale then (M), is constant.

524 (p.502) Let B = (£2,.%,(%):, (By):,P) be an m-dimensional Brownian
motion.

a) Prove that, if i # j, the process (B;(t)B;(?)); is a (.%;),-martingale.

b) Prove thatif ij,...,is, d < m are distinct indices, then ¢ — B; (t) ... B;,(¢) is a
martingale.
c) Let B be an m x m matrix Brownian motion, i.e. B, = (Bjj(¢));, i,j = 1,...,m,

where the B;;’s are independent Brownian motions. Prove that X, = det(B,) is a
martingale. Prove that ¥; = det(B;B}) is a submartingale.
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5.25 (p.503) Let B = (82, %, (%), (B):, P) be a Brownian motion.

a) Compute, forz < T,
E[lg,~03| F] -

b) Let us denote by @ the partition function of an N(0, 1) distribution. Prove that

M’:qb(\/ﬁt_t)

is an (%#;),-martingale for t < T. Is it uniformly integrable? Compute the a.s.
llmlt limt_>T_ Mt~

5.26 (p.503) Let B = (£2, %, (%), (By);, P) be a Brownian motion.

a) Show that the integral

t
Bu
X, = du
' 0 Nu

converges a.s. for every t > 0.

b) Show that (X;), is a Gaussian process and compute its covariance function K ; =
Cov(X;, X;).

¢) Is (X;); a martingale?

5.27 (p.505) Let P, Q be probabilities on (£2, %, (%;),). Let us assume that, for
every t > 0, the restriction Q, 7 of Q to .%; is absolutely continuous with respect to
the restriction of P to .%;. Let

_4Qy,
~ dP z

t

a) Show that (Z;), is a martingale.
b) Show that Z, > 0 Q-a.s. and that (Z; '), is a Q-supermartingale.
c) Show that if also Q 7 > P 7,0 then (Z!), is a Q-martingale.

Recall (Exercise 5.8) that the set of the zeros ¢ > {Z, = 0} is increasing.

5.28 (p.505) Let (X;); be a continuous process such that X, is square integrable
forevery t. Let ¥ = 0(Xy,u < s) and 4, = 0 X,k = 1,...,2"). Lett > .
Does the conditional expectation of X; given ¥, converge to that of X, given ¢, as
n — 0o0? In other words, if the process is known at the times sk/2" fork = 1,...,2",

is it true that if n is large enough then, in order to predict the future position at time



148 5 Martingales

t, it is almost as if we had the knowledge of the whole path of the process up to time
s?

a) Show that the sequence of o-algebras (%,), is increasing and that their union
generates ¢.
bl) Let Z, = E(X;|%,). Show that the sequence (Z,), converges a.s. and in L? to
EX:|9).
b2) How would the statement of b1) change if we just assumed X; € L! for every
17

5.29 (p.506) Let (B,), be an (.%;); Brownian motion and t an integrable stopping
time for the filtration (.%;),. We want to prove the Wald equalities: E[B;] = O,
E[B?] = E[t]. The situation is similar to Example 4.5 but the arguments are going
to be different as t here is not in general independent of (B;),.

a) Prove that, for every > 0, E[B,»,] = 0 and E[B?,,] = E[t A 1].
b) Prove that the martingale (B; ), is bounded in [? and that

E[supBiA,] < 4E[7] . (5.36)
>0

¢) Prove that E[B,;] = 0 and E[B?] = E[t].

5.30 (p.507) (The Laplace transform of the passage time of a Brownian motion)
Let B be a real Brownian motion, a > 0 and 7, = inf{t; B, > a} the passage time at
a. We know from Example 5.2 that M, = R A T martingale.

a) Prove that, for A > 0, E[M,,] = 1. Why does the proof not work for 1 < 0?
b) Show that the Laplace transform of t, is

¥(0) = E[e?™] = e~V (5.37)

for 6 < 0, whereas ¥ (0) = +oo for 8 > 0.
c) Show that 7, has a law that is stable with exponent ; (this was already proved in a
different manner in Exercise 3.20, where the definition of stable law is recalled).

5.31 (p.507) Let B be a Brownian motion and, for a > 0, let us denote by t the
exit time of B from the interval [—a, a]. In Example 5.3 we remarked that 7 < +o00
a.s. and we computed the distribution of X,. Show that, for 6 > 0,

1

—0ty] _ .
Ele = cosh(a+/26)

Find the right martingale...Recall that B, and 7 are independent (Exercise 3.18). Further
properties of exit times from bounded intervals are the object of Exercises 5.32, 8.5 and 10.5.
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5.32 (p.508) Let B be a Brownian motion with respect to a filtration (.%#;), and let
T = inf{t; |B;| > a} be the exit time from | —a, a[. In Exercise 5.31 we computed the
Laplace transform 6 — E[e’7] for § < 0. Let us investigate this Laplace transform
for 6 > 0. Is it going to be finite for some values 6 > 0?

a) Prove that, for every A € R, X, = cos(AB,) e2*"" is an (F;),-martingale.

b) Prove that, if [A] < 7,

152 1
E 247NN < < ,
fe I= cos(Aa) oo
and that the r.v. e2%°7 is integrable. Prove that
1 n?
E[e’] = ., 0<6<_ - (5.38)
<] cos(a~/26) 8a?

c) What is the value of E(7)? Show that t € L” for every p > 0

d) Determine the spectrum of the Laplace operator ;Z; on the interval | — a, g,
with the Dirichlet conditions u(a) = u(—a) = 0, i.e. determine the numbers
6 € R such that there exists a function u not identically zero, twice differentiable

in | — a, a[, continuous on [—a, a] and such that

éu” = 6u on]—a,a|

(5.39)
u(—a) = u(a) = 0.

Which is the largest of these numbers? Do you notice some coincidence with the

results of b)?

Recall thatif 0 < p < 7, then cos x > cos p > 0 for x € [—p, p]. See Exercise 10.5 concerning

the relation between the convergence abscissas of the Laplace transform of the exit time and the
spectrum of the generator of the process.

5.33 (p.510) Let (82, .7, (%), (B;):, P) be a Brownian motion. Let © € R, a > 0.
We want to investigate the probability of crossing the level a > 0 and the time
needed to do this for the process X; = B; 4+ ut. For u = 0 the reflection principle
already answers this question whereas Exercise 5.17 investigates the case u < 0.
We now consider i > 0. Let T = inf{r > 0; X; > a}.

a) Prove that T < 400 a.s.
b) Prove that, for every A € R,

2
M, = e)\x,—(“2 At
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is an (.%,),-martingale. What is the value of
EMin.] = B[ (2 #2007 9
¢) Let A > 0. Show that M., < e** and that
E[e_(k22 Jrl’”’] =e M,

d) Compute, for 6 > 0, E[e~?"]. What is the value of E[z]?

5 Martingales

(5.40)



Chapter 6
Markov Processes

In this chapter we introduce an important family of stochastic processes. Diffusions,
which are the object of our investigation in the subsequent chapters, are instances of
Markov processes.

6.1 Definitions and general facts

Let (E, &) be a measurable space.

A Markov transition function on (E, &) is a function p(s, t, x, A), where s, t, €
RT,s<t,xe€E, A€ &,suchthat

i) for fixed s, 1, A, x — p(s,t,x,A) is &-measurable;
ii) for fixed s, t,x, A + p(s,t,x,A) is a probability on (E, &);
iii) p satisfies the Chapman—Kolmogorov equation

p(s.t,x,A) = [p(u, t,y,A) p(s, u, x, dy) 6.1)
E

foreverys <u <t

Definition 6.1 Given on (E, &) a Markov transition function p and a prob-
ability u, an (E, &)-valued process X = (2, %, (F)i>u» X)i>u, P) is said

(continued)
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Definition 6.1 (continued)
to be a Markov process associated to p, starting at time u and with initial
distribution pu, if

a) X, haslaw .
b) (The Markov property) For every bounded measurable functionf : E — R
andt > s> u

E(F(X)| 7)) = /E FO PG X do)  as. 62)

When the filtration (%), is not specified it is understood, as usual, that it is the
natural filtration.

As we shall see better in the sequel, p(s, 7, x, A) represents the probability that
the process, being at position x at time s, will move to a position in the set A at
time ¢. The Chapman—Kolmogorov equation intuitively means that if s < u < ¢, the
probability of moving from position x at time s to a position in A at time ¢ is equal
to the probability of moving to a position y at the intermediate time # and then from
y to A, integrated over all possible values of y.

Remark 6.1

a) Let us have a closer look at the Markov property: if f = 14, A € &, (6.2)
becomes, for s < ¢,

P(Xl €A|<9ZY) =p(sa t?XYaA) M

Note that this conditional expectation given .%; only depends on X;.
Therefore

P(X; € AlX;) = E[P(X; € A|.F)|X]]

(6.3)
= E[[)(S‘, t, XVaA) |Xs] = [’(S, t, XVaA) = P(Xz € A|=gzv) s
i.e. the conditional probability of {X, € A} given X, or given the whole past
Z5 coincide. Intuitively, the knowledge of the whole path of the process
up to time s or just of its position at time s give the same information about
the future position of the process at a time ¢, t > s.

(continued)
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Remark 6.1 (continued)

It is important to understand this aspect of the Markov property when
modeling a random phenomenon with a Markov process. Consider, for
instance, the evolution of financial assets (stocks, bonds, options,...): to
assume that, in view of predicting tomorrow’s price, the knowledge of
the prices of the previous days, knowing today’s price, does not give
any additional valuable information is certainly not correct. Consider the
importance of knowing whether or not we are in a trend of growing prices,
and that to determine this we need to know the price evolution of the last
few days. To model this kind of situation with a Markovian model may
lead to grossly wrong appreciations.

However, we shall see how to derive a non Markovian model from a
Markovian one (see Exercises 6.2 and 6.11, for example).

b) Recalling (4.18), the relation

/Ef(X)P(S, 1. X, dx) = B[f(X)|.7,] = B[f(X)|X,]

says that p(s, t, x, -) is the conditional distribution of X; given X; = x. This
a useful starting point when, given a Markov process, one has to determine
the transition function.

c¢) For every bounded measurable function f : E — R and for every s < ¢,
the map

X /E F(39) pls.1.x.dy) 6.4)

is measurable. Indeed i) of the definition of transition function states
that (6.4) is measurable for every f which is an indicator of a set A € &.
Therefore this is true for every linear combination of such indicators and
for every positive measurable function, as these are increasing limits of
linear combinations of indicators. By subtracting the positive and negative
parts, (6.4) is true for every bounded measurable function f.

d) Definition 6.1 allows to determine the finite-dimensional distributions of
a Markov process. Let fy, fi : & — R be Borel functions and ¢ > u and let
us derive the joint distribution of (X,, X;). As X, has law w, with the trick
of performing an “intermediate conditioning”,

E[fi (X)fo(X.)] = E[ fo(XDELf (X) |7 ]

= E[o0x) [ i) pGs.1. X, ) 65
= /fo(xo)ﬂ(dxo) /fl(xl)P(S, t,Xo,dx1) .

E E

(continued)
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Remark 6.1 (continued)
By induction on m we have, foreveryu <t < --- <t,,

E[fo(X)fi Xy,) - - - fn(Xs,)]
= [fo(Xo)/L(dXo) [f] (xl)p(u, tl,xo,dxl) -
E E
s /fm—l(xm—l)p(tm—Za bn—15Xm—2, dxm—l)
E

X /ﬁn (xm)p(tm—l ) tma Xm—1» dxm) .
E

(6.6)

The meaning of (6.6) may be difficult to decrypt at first, however it is simple:
once the rightmost integral in dx,, has been computed, the result is a function
of x,,—1, which is integrated in the subsequent integral giving, rise to a
function of x,,—», and so on.

Formula (6.6) states that a priori the finite-dimensional distributions of a
Markov process only depend on the initial distribution u, the starting time u
and the transition function p. In particular, two Markov processes associated
to the same transition function and having the same starting time and starting
distribution are equivalent.

Example 6.1 If E =R", & = B(R™), let

(s, 1,x,A) ! / [ |y_x|2]d (6.7)
S, 1, X, = exp| — . .
! -9 LT 2091

Then p is a Markov transition function: p(s,,x,) is an N(x, (t — s)I) law.
The Chapman—Kolmogorov equation is a consequence of the property of the
normal laws with respect to the convolution product: if A € Z(R"), then

/ plu,t,y,A) p(s, u, x,dy)

1 ly — x|? 1 |z —yI?
- / R —s)p/2 P [ N 2y(u - s)]dy /A 2r(t — w2 P [ N 2Z(t —yu):l ‘

42 2
- /AdZ/ LZn(u i s)|m/2 xp [ B 2|)Eu — L)_]«LG(t —1 N exp [ - ;(t —yIL)l b

fi(y) fa(z=y)

so that the inner integral is the convolution of the densities fj, which is
N(x, (u — s)I), and f, ~ N(O, (¢t — u)I). The result, owing to well-known
(continued)
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Example 6.1 (continued)
properties of Gaussian distributions (see Sect. 1.7), is N(x, (t — s)I), i.e.
p(s, t,x,-). Therefore we can conclude that

_ 1 ly—x*7
/p(u, t,y,A) p(s,u, x,dy) = Rt — s)]/2 /Aexp [ - 2 — s)] dy = p(s,t,x,A) .

In Example 4.4 we computed

_ 1 |y — Bs|?
E[f(B)|F] = [2n(t_s)]m/2 /f(y) exp[_ ;(t—s) ]
= /Ef(x)p(s, t,Bs,dX) s

i.e. the Markov property, b) of Definition 6.1, is satisfied by Brownian motion,
with respect to the Markov transition function given by (6.7). Therefore
Brownian motion becomes our first example of Markov process. To be
precise, it is a Markov process associated to the transition function (6.7) and
starting at O at time 0.

Let us now prove the existence of the Markov process associated to a given
transition function and initial distribution. The idea is simple: thanks to the previous
remark we know what the finite-dimensional distributions are. We must therefore

a) check that these satisfy the coherence Condition 2.1 of Kolmogorov’s existence
Theorem 2.2 so that a stochastic process with these finite-dimensional distribu-
tions does exist;

b) prove that a stochastic process having such finite-dimensional distributions is
actually a Markov process associated to the given transition function, which
amounts to proving that it enjoys the Markov property (6.3).

Assume E to be a complete separable metric space endowed with its Borel o-
algebra #(E) and p a Markov transition function on (E, Z(E)). Let 2 = ERJr;
an element @ € 2 is therefore a map R™ — E. Let us define X, : 2 — E as
X(w) = o(t), t = 0 and then .F} = 0 (Xs,u < s <1), ¥ = FL.Letus consider
the system of finite-dimensional distributions defined by (6.6). The Chapman-—
Kolmogorov equation (6.1) easily implies that this system of finite-dimensional
distributions satisfies the Condition 2.1 of coherence.

Therefore there exists a unique probability P on (£2, %) such that the probabili-
ties (6.6) are the finite-dimensional distributions of (£2, .%, (#"),, (X;);, P). We now
have to check that this is a Markov process associated to p and with initial (i.e. at
time u) distribution p. Part a) of Definition 6.1 being immediate, we have to check
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the Markov property b), i.e. we must prove thatif D € F' andf : E — R is
bounded and measurable, then

L) 15] = E[1p [ £09p(6.1.X.0d0)]. ©8)

It will, however, be sufficient (Remark 4.2) to prove this relation for a set D of the
form

DZ{XtO EBo,...,theBn},

where u = tp < t; < --- < t, = s, since by definition the events of this form
generate .7/, are a class that is stable with respect to finite intersections, and £2
itself is of this form. For this choice of events the verification of (6.8) is now easy
as both sides are easily expressed in terms of finite-dimensional distributions: as
1{kaEB’k} = 1p5,(X,,), we have 1p = 15,(X;,) ... 1p,(X;,) and

E[f(Xt)lD] = E[lBo(Xto) s an—l (Xfu—l)lB,, (Xs)f(Xt)]

:/130(yo),u(dyo)/131(y1)p(u,t1,yo,dy1)...

---/lB,,(Yn)p(tn—lasy)’n—lad)’n) /f(y)p(sah)’md)’)

::ﬁy”)
- / 1o () 2(dyo) / s, (1) ... / L, (TPt 52 nr )
= E[lp,(Xy) - - 1p,_, (X, ) 15, (X)F(X,)] = E[1pf(X)] -

Hence (6.8) holds for every D € % and asf(Xs) is .#!-measurable we have proved
that

ELF(0)| 7] =FX,) = / FO) pls.t Xordy)

Therefore (2, . Z, (%) i>u, (Xi)i=u, P) is a process satisfying conditions a) and b)
of Definition 6.1. The probability P just constructed depends of course, besides p,
on p and on u and will be denoted P, If ;1 = §, we shall write P** instead of P
and we shall denote by E** the expectation computed with respect to P**.

Going back to the construction above, we have proved that, if £ is a complete
separable metric space, then there exist

a) a measurable space (£2,.%) endowed with a family of filtrations (.%#;);>, such
that 3 C Fifs <5,/ <t
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b) a family of r.v.’s X, : £2 — E such that ® — X;(w) is .#;-measurable for every
S=1

c) a family of probabilities (P**) .z (cr+ such that P** is a probability on (£2, .%5)
with the properties that, for every x € E and s, h > 0,

P¥(X, =x) =1 (6.9)

E™[f(Xin) |- F] = / f@Qp@t t+h X, dz) P“-as. (6.10)
E

Note that in (6.10) the value of the conditional expectation does not depend on s.

A family of processes (£2,.%,(F)i>s, (Xo)i, (P*)ys) satisfying a), b), c) is
called a realization of the Markov process associated to the given transition function
p. In some sense, the realization is a unique space (£2,.%) on which we consider
a family of probabilities P** that are the laws of the Markov processes associated
to the given transition function, only depending on the starting position and initial
time.

Let us try to familiarize ourselves with these notations. Going back to the
expression of the finite-dimensional distributions (6.6) let us observe that, if u = §,
(i.e. if the starting distribution is concentrated at x), (6.5) with f, = 1 gives

B[] = /E 5. (dxo) /E FG0P(s. 150 dv) = /E FaopGs.txds)  (6.11)

so that, with respect to P**, p(s, t, x, -) is the law of X,. If f = 1,4 then the previous
relation becomes

P (X; € A) = p(s,t,x,A) . (6.12)

Thanks to (6.11) the Markov property (6.10) can also be written as

EV[f(Xien) | 7] = /f(Z)P(L t+h X, dz) = B [f(Xn)] P-as.,  (6.13)

for every x, s or, for f = 14,
PV (X € A|FS) = pt,t + 1, X;,A) = PX' (X4, € A)  P™-as.  (6.14)

for every x, s. The expression PX/(X,,;, € A) can initially create some confusion:
it is simply the composition of the function x +— P*(X;4, € A) with the r.v. X.
From now on in this chapter X = (£2, %, (% )>s, (X)>0, (P**),s) will denote the
realization of a Markov process associated to the transition function p.

The Markov property, (6.10) or (6.13), allows us to compute the conditional
expectation with respect to .%; of a r.v., f(X;4;), that depends on the position of the
process at a fixed time ¢ 4 & posterior to t. Sometimes, however, it is necessary to
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compute the conditional expectation E**(Y|.%#/) for a r.v. Y that depends, possibly,
on the whole path of the process after time 7.

The following proposition states that the Markov property can be extended to
cover this situation. Note that, as intuition suggests, this conditional expectation
also depends only on the position, X;, at time .

Let 9 = 0(Xy,s < u < t). Intuitively, a ¢ -measurable r.v. is r.v. that depends
on the behavior of the paths after time s.

Proposition 6.1 Let Y be a bounded ¢ -measurable r.v. Then

E“(Y|.Z%) = EX'(Y) P™-as. (6.15)

Proof Let us assume first that Y is of the form fi(X},) .. .fu(X;,), where t < #; <
- < tyandfi,...,f, are bounded measurable functions. If m = 1 then (6.15) is
the same as (6.13). Let us assume that (6.15) holds for Y as above and for m — 1.

Then, conditioning first with respect to 7, |

E“[AXy) - fun(X,,) | FF)

= EV[fi(X) ot Ko DBV U (X, | 75,1 7]
= E"[AXy) - St Ko JESmr 2 [ £,(X,,)] | 7]
= E“[AX) . Fne1 K )| FT

Wherefm_l (*) = fin—1(x) - EX¥"=1[£,,(X,,)]; by the induction hypothesis

E“[A(X0) - S ) | 5] = X AKX - et (X)) -

However, by (6.13), E¥m—1=1[£,,(X, )] = E¥[fu(X,,)|-ZL, ] P*-as. for every
X, t so that

LA, .?m—l(Xtm—l)] =EXAX,) .. fue1 (X, ) - EXm—rin=1 [ (X, )]
= B (0 - fet Ky B (X, | 7,
=B EY A1) - et O X ) [ ]
=E*'[fiX0) - Sum1 Ky Vo (X)) -

We obtain the general case using Theorem 1.4.
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Remark 6.2 In some sense the Chapman—Kolmogorov equation follows from
the Markov property. More precisely, let X = (2, %, (F)i=s, (Xo)1, (P**)s)
be a family of stochastic processes such that X; = x P**-a.s. for every x, s and
let p(s, t, x, A) be a function satisfying the conditions i) and ii) of the definition
of a transition function on p. 151. Then, if foreveryx € Eands < u <,

PY(X; € A|.Z)) =pu,1,X,,A) P*-as.

necessarily p satisfies the Chapman—Kolmogorov equation (6.1) and X is a
realization of the Markov process associated to p.

Indeed first with # = s in the previous relation we obtain, as X; = x
P*f-as.,

PY(X; € A|.Z)) = p(s,t, X, A) = p(s,1,x,A) P*-a.s.
i.e. p(s, 1, x, -) is the law of X; with respect to P**. Then, if s <u <1,
ps, t,x,A) = P (X, € A) = E¥[PY(X, € A|.%))]

= ES[p(u. 1, X, A)] = / Pl by, (s, u,x. dy)
E

which is the required Chapman—Kolmogorov relation.

The probability of making a given transition in a time span /, p(s,s + h,x,A), in
general depends on the time s. Sometimes the transition function p depends on s and
t only as a function of ¢ — s, so that p(s, s + h, x, A) does not actually depend on s.
In this case, p is said to be time homogeneous and, recalling the expression of the
finite-dimensional distributions,

Ex’x[fl (Xrl +J) .- -fm(er-i-s)] = EX’O[fl (Xl‘l) .- -fm(er)] .

In this case, as the transition p(s, s + h, x, A) does not depend on s, in some sense the
behavior of the process is the same whatever the initial time. It is now convenient
to fix 0 as the initial time and to set p(t,x,A) = p(0,t,x,A), % = ZO, P =
P*0 and consider as a realization X = (£2,.%, (%) (X,);, (P*),). The Chapman—
Kolmogorov equation becomes, for 0 < s < 1,

plx.A) = / Pt — 5.3 A)p(s. x. dy)

and the relations (6.12) and (6.14), for s < #, are now

P*(X, € A) = p(t,x,A)
P'(X, € A|.Z%,) = p(t —5.X;,A) =P (X,_, € A)  P'as.

The transition function of Brownian motion, see Example 6.1, is time homogeneous.
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Remark 6.3 Transition functions such as that of Brownian motion, Exam-
ple 6.1, satisfy another kind of invariance: by looking back to the expression
for the transition function (6.7), by a change of variable we find that

p(t,x,A) = p(t,0,A —x) .
This implies that, if (B;), is a Brownian motion, then (B}),, with B} = x + B,
is a Markov process associated to the same transition function and starting at
x. Indeed, going back to (4.10),
P(Bf € A|.%;) =P(B; € A—x| %) =p(t —s,B;,A—x)
=p(t—s,B;+x,A) =p(t—s,B},A).

Hence the Markov process associated to the transition function of Brownian
motion, (6.7), and starting at x has the same law as t — B, + x.

6.2 The Feller and strong Markov properties

A positive r.v. T is said to be an s-stopping time if T > s and if it is a stopping
time for the filtration (%), i.e. if {t < t} € %’ for every t > 5. We define
Fr={Ae F;AN{t <t} € % foreveryt}.

o2

Definition 6.2 We say that X is strong Markov if, for every x € Eand A €
HB(E), for every s > 0 and for every finite s-stopping time t,

PY(Xyy, € A|.F)) = p(v,t + 1, X;,A) P -as. (6.16)

It is clear that if T = h > s then (6.16) boils down to the usual Markov
property (6.10). (6.16) is, of course, equivalent to

EY[f(Xi40) |.F:] = /Ep(t,t—i-r,Xr,dy)f(y) P*-as. (6.17)

for every bounded Borel function f, thanks to the usual arguments of approximating
positive Borel functions with increasing sequences of linear combinations of
indicator functions.
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Example 6.2 1t is immediate to derive from Theorem 3.3 (the stopping
theorem for Brownian motion) that a Brownian motion is strong Markov.

Indeed, as the increment X,, — X, is independent of .%, we have, by the
freezing Lemma 4.1,

Ef (X4 [ F] = E'[f(Xiqe — Xz + Xo) | F2] = P(Xr) (6.18)
where
?(2) = B [f(Xi4r — X +2)] -
Now, as t > X;+, — X is also a Brownian motion, under P* X, , — X; + z has

law p(t, z, dy), denoting by p the transition function of a Brownian motion.
Hence

o) = [ FO) Ptz dy) .

which, going back to (6.18), allows to conclude the proof.

The strong Markov property allows us to compute the conditional expectation,
given %, of a function of the position of the process at a time subsequent to time 7.

It is often very useful to have formulas allowing us to compute the conditional
expectation, given .%,, of a more complicated function of the path of the process
after time 7. This question resembles the one answered by Proposition 6.1 where
(the simple) Markov property was extended in a similar way.

Here the situation is more complicated, as it does not seem easy to give a precise
meaning to what a “function of the path of the process after time 7” is. In order to
do this we are led to the following definitions.

Sometimes the space §2, on which a Markov process is defined, is a space of
paths,ie. w € £ isamap RT — E and the process is defined as X;(w) = (7).
This is the case, for instance, for the process constructed in Kolmogorov’s theorem,
where 2 = ER" , or for the canonical space (¢, 4, (), (X;);, (P¥),) introduced
in Sect. 3.2, where ¥ = ¥ (R*,R™). We shall say, in this case, that the Markov
process is canonical. In this case we can define, for every ¢ € R™, the map 0, :
2 — §2 through

O:w(s) = w(t + ) .
The maps 6, are the translation operators and we have the relations

X 0 Oi(w) = X;(0,0) = X1 5(w) .
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Translation operators are the tool that allows us to give very powerful expressions
of the Markov and strong Markov properties.
Ifo: 2 — Rt isar.v., we can define the random translation operator 6, as

(o)1) = o(t + 0(w)) .

Note that in the time homogeneous case the strong Markov property can be written
as

BVl 7 = [ £ Xedy)
or, with the notations of translation operators,
E[f(X) 0 0.|.Z.] = EX[f(X))] . (6.19)

This leads us to the following extension of the strong Markov property for the time
homogeneous case. The proof is similar to that of Proposition 6.1.

Proposition 6.2 Let X be a canonical time homogeneous strong Markov
process and Y an .%-measurable r.v., bounded or positive. Then for every
finite stopping time

E'[Y 0 0, |.%,] = EX*[1]. (6.20)

Proof The proof follows the same pattern as Proposition 6.1, first assuming that
Y is of the form ¥ = fi(X;)...fu(X;,) where 0 < 1, < .-+ < t,, and fi, ..., [
are bounded (or positive) functions. Then (6.20) is immediate if m = 1, thanks
to (6.19). Assume that (6.20) is satisfied for every Y of this form and for m — 1.
Thenif Y = fi(Xy,) .. .fu(X,,) for every x we have P*-a.s.
EX[Y o 0, |fg.r] = Ex[fl (Xt1+r) .- 'le(X[m"'T)l’g.f]
= Ex[fl (Xt1+r) . -fm—l(Xtm71+t)Ex[fm(Xtm+t)Igztmfl+t] Ijt]
= Ex[fl (Xt1+r) .- -fm—l(Xt,nf1+t)EXt’”71Jrr [fm(Xtm)] Ijt]
= B +0) - Fu1 Koy 40 | F2]

Wherefm_l (%) = fi—1 (0)E*[fin(X3,)]. By the recurrence hypothesis then, going back
and using the “simple” Markov property,

E'[Y 0 0,|7] = EX[AiXy) .. Foue1 (X))
= EX[fi(Xn)) - - fon1 (X JEXim=1 [ £ (X))
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= EX[/i(Xy) - fomt K- JE [ (X, ) | F, 1]
= EC[EY[i(X) -t Ko Vo (X3, | 2, ]
= E“[Ai(X0) ot X Mo (X3,
= EX[y].
Theorem 1.4 allows us to state that if (6.20) is true for every Y of the form
Y =fiXy)...fu(X,) withO < #; <... <t,andfi,...,f, bounded or positive

functions, then it holds for every bounded (or positive) .%,-measurable r.v.
0

Example 6.3 Let X = (6, 4, (M:):, (X;):, (P¥)x) be the canonical realiza-
tion of an m-dimensional Brownian motion. Let D C R™ be a bounded open
set, T the exit time from D and ¢ : dD — R a bounded measurable function.
Let

u(x) = E*[¢p(B,)] . (6.21)

We see now that u enjoys some important properties.

Let Bg(x) be a ball centered at x with radius R and contained in D, tx the
exit time from Bg(x). As t > tp P*-a.s (starting at x the process must exit
from Bg(x) before leaving D), we have

X =X, 00,

as the paths t — X;(w) and ¢ — X4 1,() (@) exit D at the same position (not
at the same time of course). Hence (6.20) gives

u(x) = E'[¢p(X;)] = E'[¢p(X;) o 02
= BB ($(0X0) 0 by )] = EESS[£0X,)]).

=M(XZR)

Hence

u(x) = Eu(Xyp)] = / u(y) dir(y) .

0BR(x)

where Ag is the law of X, under P*. By Exercise 3.18 Ag is the normalized
Lebesgue measure of the spherical surface dBg(x). Therefore the value of u at

(continued)
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Example 6.3 (continued)

x coincides with the mean of u on the surface of the sphere dBg(x) for every
R (small enough so that By C D). It is a well-known result in mathematical
analysis (see Han and Lin 1997, p. 3, for example) that a bounded measurable
function with this property is harmonic, i.e. that it is twice differentiable in D
and such that

Au=0,

where A denotes the Laplace operator
A= .
2 a2
Therefore if one wants to look for a solution of the Dirichlet problem

Au=0 onD
Ujpp = ¢
the function u of (6.21) is a promising candidate. We shall discuss this kind of

problem (i.e., the relation between solutions of PDE problems and stochastic
processes) in more detail in Chap. 10.

At this point Brownian motion is our only example of a strong Markov process. We
shall snow see that, in fact, a large class of Markov processes enjoy this property.

Let us assume from now on that E is a metric space (we can therefore speak of
continuous functions) and that & = Z(E).

Definition 6.3 A transition function p is said to enjoy the Feller property if,
for every fixed 2 > 0 and for every bounded continuous functionf : E — R,
the map

(1.2) /E FOIP(tt + .z dy)

is continuous. A Markov process X is said to be a Feller process if its transition
function enjoys Feller’s property.

In fact Feller’s property is equivalent to saying that if s, — s and x,, — x then

p(sp,sn+h,x,,)) —  p(s,s+hx,-)
n—>o00
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weakly. Hence, in a certain sense, that if x is close to y and s close to ¢ then the

probability p(s,s + A, x, -) is close to p(t,t + h, y, -).
Of course if the transition function is time homogeneous then

/ Spt,t+ h,z,dy) = / Sp(h, z,dy)
E E

and Feller’s property requires this to be a continuous function of z, for every
bounded continuous function f and for every fixed & > 0.

Remark 6.4 Let p be the transition function of Brownian motion, then

1

/E TPz dy) =5 oy

/ Fea o dy.

Rl"l

It is immediate, taking the derivative under the integral sign, that, if f is a
bounded measurable function, the left-hand side is actually a C* function of
z. Therefore Brownian motion is a Feller process.

Theorem 6.1 Let X be a right-continuous Feller process. Then it is strong
Markov.

Proof We must prove that, if 7 is a s-stopping time,
P (X4 € A|.Z) = p(v,t + 1, X, A) P -as.

Note first that, as X is right-continuous, then it is progressively measurable and
therefore, by Proposition 3.5, X, is .%;-measurable. Therefore the right-hand side
in the previous equation is certainly .#:-measurable. We must then prove that if
I' € Z: then for every A € A(E)

P ({Xi4r € A} N T) = EX(p(z.t + 7, X0, A) 1 ) .

Let us assume first that v takes at most countably many values {¢;};. Then

P ((Xipe €ALNT) = 3 P((Xipe € A}NT N {T = 1)

J
=Y PY(Xy, €AINT N{T=1}). 622

J
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AsI'N{r =t} e Z;, by the Markov property (6.10),

P (X, € AN T N T = 1) = B [Lgy,, en L rngems)]
= EX’S[EXJ[I{X,J,_UEA}1Fﬂ{t=tj} L%j]]
= EX’S[1Fn{r=t_,}Ex’s[1{X,+,jeA} |<%7]] = Ex’s[lrm{mtj}P(l‘j, r+ fj,th,A)]

so that, substituting into (6.22)

PO (X € AYNT) = 3 B [Lroprypp(ty 1 + 17 X,.4)]
J

=E"[p(r.t + 7. X:. A)lr].

Let now t be any finite s-stopping time. By Lemma 3.3 there exists a sequence (,),
of finite s-stopping times, each taking at most countably many values and decreasing
to 7. In particular, therefore .77 D ... The strong Markov property, already proved
for t,,, and the remark leading to (6.17) guarantee that, for every bounded continuous
function f on E,

BV (Kiee)| 2] = /E POt + T Xey )

In particular, if I € #} C 7. then

BT O] = B2 [1r [ FOp (et 4 5 X )]

By the right continuity of the paths and the Feller property

[rowitn Xy o [+ exed.
E E

Since by Lebesgue’s theorem we have E**[f(X;4+)1r] — E*[f(Xi+:)1r] as
n — oo (recall that f is bounded and continuous), we have obtained that, for every
bounded continuous function f,

Bl 1] = B¥[1r [ FOp(er+ X))

By Theorem 1.5 the previous equation holds for every bounded Borel function f and
we have proved the statement.
|
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Note that the Feller and right continuity assumptions are not needed in the first part
of the proof of Theorem 6.1. Therefore the strong Markov property holds for every
Markov process when 7 takes at most a countable set of values.

We have already seen (Proposition 4.3) that for a Brownian motion it is always
possible to be in a condition where the filtration is right-continuous. In fact, this

holds for every right-continuous Feller process. Let .7, = (\,.¢ %,

Theorem 6.2 If X = (£2,.7,(%)>s, (Xi): (P**)ys) is a realization of a
Feller right-continuous Markov process then (£2, .7, (F )i=s. (X1)1, (P*)1s)
is also a realization of a Markov process associated to the same transition
function.

Proof We must prove the Markov property with respect to (., );, i.e. that

B (Xoan) | 75, ] = /E FOIPt + . Xov d) 6.23)

where f can be assumed to be bounded continuous on E. A routine application of
Theorem 1.5 allows us to extend this relation to every bounded Borel function f. For
every ¢ > 0 we have, by the Markov property with respect to (.%;);,

BT Kppre) | Z5] = /E FOIW(E+ent+h+ 6 Xopor dy)

and, by conditioning both sides with respect to ﬁrﬂr, which is contained in 9};8,

EY[f (Xitnte) | F4] = Ex"v[/Ef()’)P(t +et+h+ e Xipe, dy) | yf:—:l :

As the paths are right-continuous, f(X;+p+:) — f(Xi+s) a.s. as ¢ — 04. Hence
the left-hand side converges to E“[f(X,+4)|-#/ ] by Lebesgue’s theorem for
conditional expectations (Proposition 4.2 c)). Thanks to the Feller property, the
right-hand side converges to

EX’S[/Ef(y)p(“ (X dy) | ) | = /Ef(y)p(t, t+ h X, dy) |

X, being .7, -measurable, which concludes the proof.
O

Recall that a o-algebra ¢ is said to be trivial with respect to a probability P if for
every A € ¢ the quantity P(A) can only take the values O or 1, i.e. if all events in
& are either negligible or almost sure. Recall that we denote by (¢); the natural
filtration 4’ = 0(X,, s <u <1). Let %’ = (0%,
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Proposition 6.3 (Blumenthal’s 0-1law) Let X be a right-continuous Feller
process. Then the o-algebra &7, is trivial with respect to the probability P**
foreveryx € E, s > 0.

Proof By the previous theorem X is a Markov process with respect to the filtration
(Fi)izs- As 92, C 77, if A € 47, by Proposition 6.1 for Y = 14 and with
s =t,

1y = E¥(14|.75,) = E¥(14) as.

as X; = x P**-a.s. Therefore E**(14) = P**(A) can assume only the values O or 1.
O

Example 6.4 An application clarifying the otherwise mysterious Blumenthal
0-1 law is the following.

Let F C E be a closed set and x € dF. Let X be a right-continuous Feller
process and let T = inf{s;t > s5,X; € F¢} be the first exit time from F after
time 5. X being right-continuous, 7 is a stopping time for the filtration (%),
thanks to Proposition 3.7. Then the event {t = s} belongs to ¢, :

{r = s} = {there exists a sequence of times s, \ s such that X, € F*}

and the event on the right-hand side belongs to ¢, , for every & > 0.

Proposition 6.3 states that the probability P**(z = s) (i.e. the probability
for the process to leave F' immediately) can only take the values O or 1, i.e.
either all paths exit F' immediately P**-a.s. or no path does (recall that x €
dF). Figures 6.1 and 6.2 suggest situations where these two possibilities can
arise.

FC

Fig. 6.1 Typical situation where P**(t = s) = 1: the boundary dF near x is smooth and the
oscillations of the path take it immediately outside F
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Fig. 6.2 Typical situation where P**(t = s) = 0: the set F° near x is “too thin” to be “caught”
immediately by the path

6.3 Semigroups, generators, diffusions

Let p be a transition function, which for now we assume to be time homogeneous,
on the topological space E. To p we can associate the family of linear operators
(T1)s>0 defined on M, (E) (bounded Borel functions on E) by

100 = [ £ ptexdy)
E
or, if X is a realization of the Markov process associated to p,

Tif(x) = E*[f(X)] . (6.24)

As |E"[f(X,)]‘ < |Ifllco, for every ¢ > 0O the operator T is a contraction on . (E),
i.e. [T flloo < |If|lco- Moreover, we have

I,T; = Ts+r s

i.e. the family of operators (7}), is a semigroup. Indeed, by the Chapman—Kolmogo-
rov equation,

TT,f(x) = /E pls.x. d)T,F(y) = /E p(s.x.dy) /E Pty d2)f )

= /Ep(t +5,x,d2)f (z) = T4 f (%) .

If, moreover, p is Feller, then T, also operates on Cp, i.e. T,f € Cp if f € Cp. If
f € M,(E) let us define, if the limit exists,

AFG) = lim (1) —f 0] (625

lim
t—0+
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Let us denote by Z(A) the set of functions f € M,,(E) for which the limit in (6.25)
exists for every x. The operator A is defined for f € Z(A) and is the infinitesimal
generator of the semigroup (7}), or of the Markov process X.

In this section we investigate some properties of the operator A and characterize
an important class of Markov processes by imposing some conditions on A. We
assume from now on that the state space E is an open domain D C R™.

These concepts can be repeated with obvious changes when p is not time homoge-
neous. In this case we can define the family of operators (7)<, through

Tuf) = [ F0ps 1) = EP LX)
and, for s < u < t, the Chapman—Kolmogorov equation gives
Ts,t - Ts,uTu,t .

For a time inhomogeneous Markov process, instead of the operator A we are led to
consider the family of operators (A;,), defined, when the expression is meaningful,
by

1
ASE) = lim | [Toif @) —f @)

We say that the infinitesimal generator A is local when the value of Af(x) depends
only on the behavior of f in a neighborhood of x, i.e. if, given two functions f, g
coinciding in a neighborhood of x, if Af(x) is defined, then Ag(x) is also defined and

Af(x) = Ag(»).

Proposition 6.4 Let Bg(x) be the sphere of radius R and centered at x and let
us assume that for everyx € Dand R > 0

.1 o
hglg)l+ 4 p(t,t+ h,x,BR(x)°) =0. (6.26)

Then A, is local.

Proof Letf € Z(A) and let R be small enough so that Bg(x) C D, then
1 1
it =10 = ([ FO)pte+ v~ 1)
1
=, [V ~relptr + hoxay

! 1
- h/BR(X)[f(Y) —f@]p(t, t + h,x,dy) + h/B;[f(y) —f()]p(t,t + h,x.dy) .
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As

}11‘ /Bk(xy [f(y) —f@)]p(t,t + h, x, dy)‘ < 111 / o |£(3) = f@)|p(t. 1 + h,x, dy)

Bg(

1 :
= 21 flleop(t. 1+ B x. Br(x))

we can conclude that the two limits

1 1
Jm [ FG) =@l e+ hoxdy). o lim - BR(X[)f(y) =[] p@t. 1+ h,x, dy)

either both exist or neither of them exist; moreover, A, f(x) does not depend on
values of f outside of Bg(x), for every R > 0.
O

Note that condition (6.26) simply states that the probability of making a transition
of length R in a time interval of amplitude & goes to 0 as & — 0 faster than A.
The operator A satisfies the maximum principle in the following form:

Proposition 6.5 (The maximum principle) Iff € Z(A) and x is a point of
maximum for f, then Af(x) < 0.

Proof
Tf(x) = / FOIpt.x.dy) < / FOIp(t.x.dy) = F(0)

and therefore | [T, f(x) — f(x)] < 0 for every 7 > 0.
O

If A is local, the maximum principle takes the following form. The proof is rather
straightforward.

Proposition 6.6 If A is local, then if f € Z(A) and x is a point of relative
maximum for f then Af (x) < 0.

If E = R™ the following proposition provides a way of computing the generator
A, at least for a certain class of functions.
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Proposition 6.7 Let us assume that for every R > 0, r > 0 the limits

.1 .

Jim p(nt 4 hox Be()%) = 0 6.27)
1

Jim /B O xplea+hondy) = b (6.28)
1

hk}& i /BR(X)()’I' —x)(yj —x) p(t.t + h,x,dy) = a;(x,1) (6.29)

exist. Then the matrix a(x, t) is positive semidefinite for every x, t and, if

l — 92 l 9
L = ix, bi(x, ,
’ 2 Z af(x )axlaxl + ; (.X t) axi

ij=1

we have, for every function f € C2(R™) N Cp(R™),

i [Tf 00 0] = L) forevery x € D.

Proof By (6.27), for f € C2(R™) N C,(R™)

h—

1 1
lim [T/ @)~ 0] = Jim / LF(3) = F @ pleat + hx.dy)

— lim | / () —fQ] p(t.t + hox.dy)
Bgr(x)

h—0+ h

Replacing f with its Taylor development to the second order,

’f

" of & 0 )
Fy) =fx)+ () (yi—xi) + () (i =xi)(yj—x) + o(lx—y|")
; 8x,~ 2 i\j2=:1 3x,~8;g,~ J ]

we find

. 1 . 1
Bim [T/ — 0] = L) + lim /B ol Pl ).
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Let us check that the rightmost limit is equal to 0. As the above computation holds
for every R, let R be small enough so that |”(r’) | < eforevery 0 < r < R. Then

1 1
li =y plt.t4h.x.dy) < 1i —yI’p(t.t+h.x.d
Jim [ totesPlper by < tim e [ xesPperhay)

= lim ¢ / Z(x, yi)2pt,t + h,x,dy) = ¢ Za,,(x 1)
BR(x) ;

h—0+ h n
=

and the conclusion comes from the arbitrariness of &. We still have to prove that the
matrix a(x, ¢) is positive semidefinite for every x,z. Let # € R" and f € C*(R™) N
Cp(R™) be a function such that f(y) = —(0,y — x)? for y in a neighborhood of x.

. . . 2
Then, as the first derivatives of f vanish at x, whereas ag- gx (x) = =260,
i0%j

—{a(x, 1), 6) Z ai(x,00,6; = Lif(x) = lim ! ) Lot f () =]

ij=1

But x is a relative maximum for f, hence, by Proposition 6.6, —{a(x,1)8,60) =
Lif(x) <0.
O

Example 6.5 Let us compute the infinitesimal generator of an m-dimensional
Brownian motion B. Let us first establish that it is local by checking
condition (6.26) of Lemma 6.4. We have

1 1 2
h,x, BR(x)€) = e~ g
P = o [ y

1 / NG 1 — 12
— e~ an Yl dy = / e 21 gz
Q@rhyn? Jysr Q)" Jizi=rs o
1 / ZLg LR
= e 4 d e 4 l2 dZ
@)™ Jeizry v

1
<e 411 IR ) e 4 i e dz < conste™ 411 IR
Q)2 Jgm

so that condition (6.26) is satisfied. Moreover,

1/ 1 Vi — X;
(vi—xi)plh,x,dy) = / e~ o =y dy
b Jy—x<r i = y—sl<r 2h)"/?

(continued)
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Example 6.5 (continued)
1 / Zi —|z|2/2h
= e dz=0
h ld|<R (27[]’[)’”/2

as we are integrating an odd function on a symmetric set. Also, with the
change of variable 7 = }J}f so that dz = hiy)z,

1
lim i —x)(y; —x)p(h,x,d
=0+ h /Iy—xlsk(y )y —x)p( y)

|
= lim

1 ' s
=0 —X — — o =l
-+ i i i e 2h d
h h /|;) x|<R (2111’1)’”/2 (y )(yJ xJ) y

1 / 2Py ! / e 2l gy = §
= ZiZj w ZiZj w = 6
Q)2 J<ryun =0 (2m)™? Jgu ™ /

as we recognize in the last integral nothing else than the covariance matrix of
an N (0, I)-distributed r.v. Going back to the notations of Proposition 6.7, we
have b; = 0,a;; = §;. Therefore the Brownian motion has an infinitesimal
generator given, for every function f € C> N Cp, by

1 o 0%
Lf = 'Af = .
f =20/ 2 ; 0x?
Definition 6.4 Let
L 12’”: (x,0) » +Xm:b( z‘)a (6.30)
= a;i(x, i\X, .
' 2”:1 v ax,-axj =1 ax,-

be a differential operator on R” such that the matrix a(x,f) is positive
semidefinite. A diffusion associated to the generator L, is a Markov process
such that

a) it is strongly Markovian,
b) for every function f € C,%(]R’"), if (T5,)s>s is the semigroup associated to
X’

T, f(0) = ) + / yuLf () dt. 631)

N
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We have, up to now, a candidate example of diffusion, which is Brownian motion.
We know that it enjoys the Feller property (Example 6.4) and, being continuous, it
is also strongly Markovian by Theorem 6.1. Its generator is the Laplace operator
divided by 2 and we shall see soon that b) of Definition 6.4, which is more or less
equivalent to the fact that é A is its generator, also holds.

It is natural now to wonder whether, given a more general differential operator L,
as in (6.30), an associated diffusion process exists and is unique. In the next chapters
we shall answer this question; the method will be the construction of a new process
starting from Brownian motion, which is itself a diffusion.

Exercises

6.1 (p.511) (When is a Gaussian process also Markov?) Let X be a centered m-

dimensional Gaussian process and let us denote by Kj’, = E(X;'X{) its covariance
function. Let us assume that the matrix Kj ; is invertible for every s.

a) Prove that, for every s,7, s < ¢, there exist a matrix C,; and a Gaussian r.v. Y
independent of X, such that

Xt = Ct,sXv + Yt,s .

What is the conditional law of X, given X; = x?
b) Prove that X is a Markov process with respect to its natural filtration (%)), if and
only if foreveryu < s <t

Kiu = K K Kou . (6.32)

b) Use the freezing Lemma 4.1; (6.32) is equivalent to requiring that Y; ; is orthogonal to X,, for
every u < s.

6.2 (p.512) Let B = (£2,.%,(%)):, (B;):, P) be a Brownian motion and let

t
Xr:/Budu.
0

a) Is (X;), a martingale of the filtration (.%#;),?

b) Show that (X;), is a Gaussian process and compute its covariance function K ; =
Cov(Xy, X;). Show that (X;); is not a Markov process

c) Compute

Cov(X;, By)

(be careful to distinguish whether s <t ors > t).
d) Show that (B;, X;), is a Markov process.
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6.3 (p.514) Let g.h: Rt — R be continuous functions with g increasing and
both vanishing at most at 0. Let B = (£2, %, (%), (B;):, P) be a Brownian motion
and

X[ == h([)Bg(r) .

al) Prove that X is a Markov process (with respect to which filtration?) and compute
its transition function. Is it time homogeneous?

a2) Assume that i(f) = Ji(tt)' What is the law of X; for a fixed ¢? Is X a Brownian
motion?

b) Assume that lim,— 40 g(f) = +00. What can be said about

X

lim ?
i=+00 /2¢(1)h2(z) log log g (1)

6.4 (p.515) Let B be a Brownian motion, A > 0, and let
Xt = C_AIBCZ/U .

a) Prove that X is a time homogeneous Markov process and determine its
transition function.
bl) Compute the law of X;. What do you observe?
b2) Prove that for every t; < t, < --- < t, and h > O the two r.v.’s (X, ..., X,,)
and (X;,4#, - . -, Xy, +1) have the same distribution (i.e. that X is stationary).
c) Let (£2,.%,(F):, (Z)):, (PY),) be a realization of the Markov process associ-
ated to the transition function computed in a). What is the law of Z; under P*?
Prove that, whatever the starting point x,

z 2 NOT). (6.33)

t——+00

6.5 (p.516) (Brownian bridge again). We shall make use here of Exercises 4.15
and 6.1. Let B be a real Brownian motion and let X; = B, — tB;. We have already
dealt with this process in Exercise 4.15, it is a Brownian bridge.

a) What is its covariance function K, = E(X,X;)? Compute the law of X; and the
conditional law of X, given X; = x,0 <s <t < 1.

b) Prove that X is a non-homogeneous Markov process and compute its transition
function.

* The generator of the Brownian bridge can be computed using Proposition 6.7. It
will be easier to compute it later using a different approach, see Exercise 9.2.
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6.6 (p.517) (Time reversal of a Brownian motion) Let B be a Brownian motion
andfor0 <7 <1let

Xr == Bl_r .
a) Prove that X is a Gaussian process and compute its transition function.
b) Prove that (X;);<; is an inhomogeneous Markov process with respect to its natural

filtration and compute its transition function.

6.7 (p.517) Let X be an R™-valued Markov process associated to a transition
function p such that, for some 8 > 0, & > 0 and ¢ > 0,

/ |'x_y|ﬁp(svts-xsdy)§C|I_S|m+£
R"’l

for every x € R™ and s < t. Then X has a continuous version and its generator is
local.

6.8 (p.518) Let X = (£2,.%,(%): (Xp):, (P)y) be an m-dimensional time
homogeneous diffusion and let us assume that its transition function p satisfies the
relation

p(t,x,A) = p(t,0,A — x)

as in Remark 6.3.

a) Prove that, for every bounded Borel function f,

/f(y)p(t, x,dy) = Amf(x +y)p(t,0,dy) . (6.34)

b) Prove that the generator L of X has constant coefficients.

6.9 (p.519) (A transformation of Markov processes)

a) Let p be a time homogeneous transition function on a measurable space (E, &),
h : E — R a strictly positive measurable function and o a number such that for
everyx e R, >0,

/Eh(y)p(t, x,dy) = e*"h(x) . (6.35)

Show that
A e—O{l‘
Pitx A) = / h(3) pl.x. dy)
h(x) Ja

is a Markov transition function.
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b) Let us assume that (6.35) holds and let us denote by L and L" the generators of
the semigroups (7;), and (T"), associated to p and to p" respectively. Show that
iff € Z(L), then g = ]; belongs to Z(L") and express L"g in terms of Lf.

c) Let us assume, moreover, that E = R™ and that p is the Markov transition
function of a diffusion of generator

m 2 m

1 0 d
L= i b; . .
o) Z () dx;0x; + ; () ox; (6.36)

ij=1 !

Prove that, if / is twice differentiable, C C Z(L") and compute L' g for g € C%.

d) Let p be the transition function of an m-dimensional Brownian motion (see
Example 6.1) and let h(x) = e{**), where v € R” is some fixed vector. Show
that (6.35) holds for some « to be determined and compute L"g for g € C%(.

6.10 (p.520) Let E be a topological space. We say that a time homogeneous E-
valued Markov process X associated to the transition function p admits an invariant
(or stationary) measure |4 if | is a o-finite measure on (E, (E)) such that, for
every compactly supported bounded Borel function f,

/ T/ () dux) = /E £ dn) 637)

for every . Recall that T, f(x) = |, £f(¥) p(t,x,dy). If, moreover, u is a probability,
we say that X admits an invariant (or stationary) distribution.

a) Prove that p is a stationary distribution if and only if, if X, has law u then X, also
has law p for every > 0.

b) Prove that the Lebesgue measure of R™ is invariant for m-dimensional Brownian
motion.

c) Prove that, if for every x € E, the transition function of X is such that

lim p(t,x,A) =0 (6.38)

t—>—+00

for every bounded Borel set A C E, then X cannot have an invariant probability.
Deduce that the m-dimensional Brownian motion cannot have an invariant
probability.

d) Prove that if X is a Feller process and there exists a probability i on (E, B(E))
such that, for every x € E,

lim p(t.x,)) = u (6.39)
t—>—400

in the sense of the weak convergence of probabilities, then p is a stationary
distribution.
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6.11 (p.521) (When is a function of a Markov process also Markov?) Let X =
(2, F, (%), (X:)r, P) be a Markov process associated to the transition function p
and with values in (E, &). Let (G,¥) be a measurable space and @ : E — G a
surjective measurable map. Is it true that Y = (2, %, (%)), (Y;);,P) with Y¥; =
@(X;) is also a Markov process? In this exercise we investigate this question. The
answer is no, in general: the Markov property might be lost for Y. We have seen an
example of this phenomenon in Exercise 6.2.

a) Prove that if the map @ is bijective then Y is a Markov process and determine
its transition function.

b) Let us assume that for every A € ¢ the transition function p of X satisfies the
relation

p(s.t,x, @V A)) = p(s. 1,2, D71 (A)) . (6.40)

for every x, z such that @(x) = @(z); let, for§ € Gand A € ¥4, ¢(s,1,§,A) =
p(s,t,x, 7' (A)), where x is any element of E such that @(x) = £.)
bl) Prove that for every bounded measurable functionf : G — R

/ FO) qls.t.E.dy) = / £ o @) pls.tox.d) (6.41)
G E

where x € E is any element such that @(x) = &.
b2) Show that, if Vi = &(X,), (22, %, (F): (Yy):,P) is a Markov process
associated to g, which therefore turns out to be a transition function (note that
it is a Markov process with respect to the same filtration).
c) Let X = (2, %#,(%#),, (X,));,P) be an m-dimensional Brownian motion and
z € R™ Let Y; = |X; — z|; Y; is therefore the distance of X; from z. Show that
(2, %, (%), (Y1):, P) is a Markov process.

¢) Note that if Z ~ N(0, I), then the transition function of the Brownian motion can be written
as

p(s,x,A) = P(\/sZ €A —1x) . (6.42)
Then use the rotational invariance of the distributions N(0, 7).

* Condition (6.40) is called Dynkin’s criterion. It is a simple sufficient condition
for Y to be a Markov process (not necessary however).

* The Markov process introduced in c) is called Bessel process of dimension m. It
is a diffusion on R™ which will also be the object of Exercise 8.24.



Chapter 7
The Stochastic Integral

7.1 Introduction

Let B = (2,.%, (%), (B;);, P) be a (continuous) standard Brownian motion fixed
once and for all: the aim of this chapter is to give a meaning to expressions of the
form

/T X,(w) dBs(w) (7.1
0

where the integrand (X;)o<s<7 iS @ process enjoying certain properties to be
specified. As already remarked in Sect. 3.3, this cannot be done path by path as the
function ¢ — B;(w) does not have finite variation a.s. The r.v. (7.1) is a stochastic
integral and it will be a basic tool for the construction and the investigation of
new processes. For instance, once the stochastic integral is defined, it is possible
to consider a stochastic differential equation: it will be something of the form

dX, = b(X,)dt + o(X,) dB, . (7.2)

where b and ¢ are suitable functions. To solve it will mean to find a process (X;),
such that for every t > 0

t t
X, =Xo+ / b(X;) ds + / o(X,)dBy ,
0 0

which is well defined, once the stochastic integral is given a rigorous meaning.
One can view the solution of (7.2) as a model to describe the behavior of objects
following the ordinary differential equation X, = b(x;), but whose evolution is also
influenced by random perturbations represented by the term o (X;) dB;.
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The idea of the construction of the stochastic integral is rather simple: imitating
the definition the Riemann integral, consider first the integral of piecewise constant
processes, i.e. of the form

n—1

Xl‘ = Zxkl[tk,tk+1[(t) ’ (73)
k=0

wherea =ty < t; < --- <t, = b. For these it is natural to set

b
/ X,dB; = ZXk(Bthrl _Btk) .
a k=0

Then with processes as in (7.3) we shall approximate more general situations.
Although the idea is simple, technical difficulties will not be in short supply, as
we shall see.

Once the integral is defined we shall be concerned with the investigation of the
newly defined process ¢ +— for X, dB;. The important feature is that, under suitable
assumptions, it turns out to be a martingale.

7.2 Elementary processes

Let us define first the spaces of processes that will be the integrands of the stochastic
integral.

We denote by M? ([a, b]) the space of the equivalence classes of real-valued
progressively measurable processes X = (2,7, (%) a<i<br (Xt)a<i<b, P)
such that

b
/ |X;|P ds < +00 a.s. (7.4)

By MP([a,b]) we conversely denote the subspace of M?

oc([a, b]) of the
processes such that

E(/b |Xy|pds) < 4oo. (1.5)

M? ([0, +o0[) (resp. MP([0, +oo[)) will denote the space of the processes

loc

(X, such that (X;)o</<7 lies in M ([0, T]) (resp. MP([0, T])) forevery T > 0.
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Speaking of equivalence classes, we mean that we identify two processes X and X’
whenever they are indistinguishable, which can also be expressed by saying that

b
/ X, — X)|ds =0 a.s.
a

Remarks 7.1

a) It is immediate that a continuous and adapted process (X;); belongs to
M%) ([a,b]) for every p > 0. Indeed continuity, in addition to the fact
of being adapted, implies progressive measurability (Proposition 2.1).
Moreover, (7.4) is immediate as s +— |X;(w)|?, being continuous, is
automatically integrable on every bounded interval. By the same argument,
multiplying a process in M}, .([a, b]) by a bounded progressively measur-
able process again gives rise to a process in M}, ([a, b]).

b) If X € M) (resp. MP) and 7 is a stopping time of the filtration (%),
then the process t — X;1{,..) also belongs to MY (resp. MP). Indeed the
process t > 1l is itself progressively measurable (it is adapted and
right-continuous) and moreover, as it vanishes for t > t,

b bAT b
/ |Xv|pl{s<r} ds =/ |Xv|p ds 5/ |Xv|p ds

so that condition (7.4) (resp. (7.5)) is also satisfied.
¢) It is not difficult to prove that M? is a Hilbert space with respect to the
scalar product

b b
(e =B( [ x1ds) = [ BGE) @5,

being a closed subspace of L?(2 X RT, P® A, ), where A[, ;) denotes the
Lebesgue measure of [a, b].

d) Quite often we shall deal with the problem of checking that a given
progressively measurable process (X;); belongs to M?([a, b]). This is not
difficult. Indeed, by Fubini’s theorem

E(/b |XY|2ds) - /bE(|XX|2) ds

and therefore it is enough to ascertain that s — E(|X,|?) is, for instance,
continuous. The Brownian motion itself is in M2, for instance.
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Among the elements of M/ _ there are, in particular, those of the form

n—1

X,(©) =Y X)) - (7.6)

i=0

wherea = 1y < t; < --- < t, = b and, for every i, X; is a real .%,-measurable r.v.
The condition that X; is .%,,-measurable is needed for the process to be adapted and
ensures progressive measurability (a process as in (7.6) is clearly right-continuous).
We shall call these processes elementary. As

E[/th dt] = E|:§X,'2(Ii+l - li)] = nz_iE(Xiz)(ti-i-l — 1)
a =0 i=0

we have that X € M?([a, b]) if and only if the r.v.’s X; are square integrable.

Definition 7.1 Let X € M?

loc

stochastic integral of X (with respect to B), denoted fab X; dB;, is the r.v.

([a, b)) be an elementary process as in (7.6). The

n—1

> Xi(By,, —By). (1.7)

i=0
It is easy to see that the stochastic integral is linear in X. Moreover,

Lemma 7.1 If X is an elementary process in M>([a, b]), then

E(/bX,dB,|9‘a) =0,

a

E[(/abX,dB,)z EAE E[/abxqu%] .

In particular, the stochastic integral of an elementary process of M>([a, b]) is
a centered square integrable r.v. and

E[([hX,dB,)z] - E[/bxfdt]. (7.8)

a a



7.3 The stochastic integral 185

Proof Let X, = Z;:l Xilpg () as X; is square integrable and F;,-measurable

and B, — B, is independent of .%;,, we have E[X;(B,,,, — B;)|.%,] = X;E[B;,,, —
B;;] = 0 and therefore

E(Xi(Bti+1 —Bti)|3‘\a) = E[E[Xi(Bti+1 _Bti)I%i]l‘gZﬂ] =0,

from which the first relation follows. We also have

b 5 n—1
E( [ xam) | 2] = B[ X XX~ BB, -B) | F] . (09)

¢ ij=0
Note first that, as X; is .%;,-measurable and therefore independent of B, +1 — By, the
rL.v.’s Xi2 (Bry — B,,)? are integrable being the product of integrable independentr.v.’s
(Proposition 1.3). Therefore the r.v. X;X;(B;,,, — B,)(By,, — By) is also integrable,
being the product of the square integrable r.v.’s X;(B;,,, — B;,) and X;(B;,, — By).

We have, forj > i,

E[XiXi(Bti+1 - BT,‘)(BTJ’-H _Bl‘/)|fg~a]
= E[E(XiX/(BtiJrl _Bti)(ijJrl _Bt./)l‘%j) |3‘\ﬂ]
= E[Xi)(j(Bti+1 - Bti)E(Bthrl —Bt/ |<9th) |<9Za] = 0 .

=0

Therefore in (7.9) the contribution of the terms with i # j vanishes. Moreover,

E(X}(B,

i+1 —Bti)2|§a) = E[E[X?(Bt

o — B FF] = BIX (tipr — )| 7] -

Therefore, going back to (7.9),
([ xan) | 7] = e[ T 00 -0| 2] [ [ ] 7).
a = a

|

In the proof of Lemma 7.1, note the crucial role played by the assumption that the
r.v.’s X; are ., measurable, which is equivalent to requiring that X is progressively
measurable.

7.3 The stochastic integral

In order to define the stochastic integral for processes in M” we need an approxima-
tion result stating that a process in MP can be suitably approximated with elementary
processes.
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Given a function f € L”([a, b]), p > 1, and an equi-spaced grid 7, = {a = fp <
t) <---<t,=b}suchthattiy; —t; = :l (b—a),let

n—1
G.f = Zﬁl[r;,r,+1[ )

i=0
where f; = 0if i = 0 and

1 fi n fi
=, [_lf(s)ds= b_a[_lf(s)ds

i i

is the average of f on the interval at the left of t;. As, by Jensen’s inequality,

» 1 ti p 1 li » n li »
[filP = fl)ds| =< [f(s)|P ds = [f(s)IP ds,
ti—tio1 Ji, ti—tio1 Ji, b—al,_,

we have
b n—l1 |ﬁ|p n Lit1 b
[iGsoras=Y " o-a =3 [Tirora= [irora
a i=0 =171 a

(7.10)

and therefore also G, f € L’([a,b]). As Gonf = GolGyut1 f), the same argument
leading to (7.10) gives

b b
/ G f)P ds < / (G ()P ds . 7.11)

G, f is a step function and let us to prove that

b
lim [ 16,0~ ds =0 (.12)

Actually, this is immediate if f is continuous, owing to uniform continuity: let, for a
fixed &, n be such that | f(x) —f(y)| < eif [x—y| < ? (b—a) and f;‘ |f(s)|Pds < &.

Fori > 1,if s € [t;,ti+1[ and u € [ti—1, 4], then |u — 5| < i (b — a) so that
|f(s) —f(u)|] < e and also |G,f(s) —f(s)| < &, as G,f(s) is the average of f on
[ti—1, t;[. Then we have

b 131 b
/ 1Guf (s) —F(5)|P ds = / F(s) P ds + / (Guf(s) —f(5)7 ds < (1 + b—a)
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which proves (7.12) if f is continuous. In order to prove (7.12) for a general function
f € LP([a, b]) one has just to recall that continuous functions are dense in L”, the
details are left to the reader.

Lemma 7.2 Let X € M}, ([a, b)), then there exists a sequence of elementary

processes (X,), C M}, ([a, b]) such that
b
lim / |X; — X, ()| dt =0 a.s. (7.13)
n—>oo a

If X € MP([a, b]) then there exists a sequence of elementary processes (X,,), C
MP ([a, b]) such that

b
lim E(/ X, — X, (1)|" dt) 0. (7.14)
n—>oo a

Moreover, the elementary processes X,, can be chosen in such a way that n —
b .. .
J;) 1X,|P ds is increasing.

Proof If X € M/ then t — X/(w) is a function in L’ a.s. Let us define
X, = G,X. Such a process X, is adapted as on the interval [z, f;4+[ it takes
the value ti_tli+1 frf’_l X, ds, which is .#,-measurable, as explained in Remark 2.2.
Finally, (7.13) follows from (7.12).

Let X € MP and let , be the equi-spaced grid defined above. We know already

that X,, = G,X is adapted and moreover, thanks to (7.10),

b X0 (s)|" ds < b X (s)I” ds
/ /

so that X,, € MP([a, b)] and, moreover, by (7.10) we have for every n

b b b b
[ o xaopar=2([xpas [Cmora) =2 [xea

hence we can take the expectation in (7.13) and obtain (7.14) using Lebesgue’s
theorem.
Finally the last statement is a consequence of (7.11). O

We can now define the stochastic integral for every process X € M?([a, b]): (7.8)
states that the stochastic integral is an isometry between the elementary processes
of M?([a, b]) and L*(P). Lemma 7.2 says that these elementary processes are dense
in M?([a, b]), so that the isometry can be extended to the whole M?([a, b]), thus
defining the stochastic integral for every X € M?([a, b]).
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In practice, in order to compute the stochastic integral of a process X €
M?([a, b]), by now, we must do the following: we must first determine the sequence
G,X of elementary processes approximating X in the sense of (7.14), and then
compute the limit

b
lim / X,.(s) dB,
n—>o00 a

in the L? sense. This procedure does not look appealing, but soon we shall see (in the
next chapter) other ways of computing the stochastic integral. This is similar to what
happens with the ordinary Riemann integral: first one defines the integral through
an approximation with step functions and then finds much simpler and satisfactory
ways of making the actual computation with the use of primitives.

Let us investigate the first properties of the stochastic integral. The following
extends to general integrands the properties already known for the stochastic integral
of elementary processes.

Theorem 7.1 If X € M?([a, b]) then

E(/bX,dB, | ﬂ«‘) —0, (7.15)

a

E[(/bX,dB,)2|ﬁa] - E[/bxfdty%]. (7.16)

In particular,
E[(/bx,dB,)z] - E[/bxfdt]. (7.17)

Proof Let (X,), be a sequence of elementary processes approximating X as stated
in Lemma 7.2. Then we know by Lemma 7.1 that (7.15) is true for the stochastic
integral of processes of X, and we can take the limit as n — o0 as f( lb X,(t)dB;, —

[? X, dB, in L2 As for (7.16) we have

E[(/bXn(t) dBt)2|35a] = E[/bxg(t) aEAR

We can take the limit as n — oo at the left-hand side as fab X, (1) dB; — f( lb X, dB;
in L? hence (fab X, (1) dB,)2 — (fab X; dBt)2 in L' and we can use Remark 4.3. As

for the right-hand side we can assume that n — fab |X,,(1)|* dt is increasing and then
use Beppo Levi’s theorem for the conditional expectation, Proposition 4.2 a). O
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Remark 7.1 IfX,Y € M2([a, b)), then

b b b
( / X, dB, - / Y.dB,) = / E(X,Y,) ds . (7.18)

a a

Indeed, it is sufficient to apply (7.17) to X + Y and X — Y and then develop
and subtract:

(/ab(Xﬁ—Ys)st)z = (/bx5d35)2+ (fabYJst)szz/a

a

(/ab(xs—ys)d&)2 = (be5d35)2+ (/bYJdBJ)Z—szxsst-/b Y, dB,

a a a

b b
Xsst~/ Y, dB;
a

and therefore

4E( / bxv dB, - / ’ Y, dBX>

_E [(X +Y)dB [(X—Y)dB)]

_ [[ab(x +Y)2ds [(X—Y)st]—ma[/ XYds]

a

Examples 7.1

a) Note that the motion Brownian B itself belongs to M?. Is it true that
1
_ 1y 9
B dB; = ) Bi (7.19)
0
Of course no, as
1
E(/ By st) =0 whereas E(B%) =1.
0

We shall see, however, that (7.19) becomes true if an extra term is added.
b) Also (B?), belongs to M?. What is the value of

1 1
E[ / B, dB, / deBs]?
0 0o

(continued)
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Examples 7.1 (continued)
Easy

E[/OlBsdBJ/OIdeBJ] =E[/01B5des] - /OlE[Bf]ds=0.

¢) What is the value of

E[/OzBsst/:B;st]?

The two stochastic integrals are over different intervals. If we set

B, if0<s<2
0 if2<s<3

0 if0<s<l
B, ifl <s<3

Xs = Yy =

then
E[/zBsdBS/SBsdBJ] =E[/3X5d35/3 Y;dB;]
0 1 0 0

3 2 3
:[ E[X,Y;] ds =[ sds =
0 1 2

Of course, this argument can be used in general in order to compute the
expectation of the product of stochastic integrals over different intervals.
In particular, the expectation of the product of two stochastic integrals of
processes of M? over disjoint intervals vanishes.

Remark 7.2 As the stochastic integral is an isometry M?> — L?(£2,.%7,P), we
can ask whether every r.v. of L*(£2, % ,P) can be obtained as the stochastic
integral of a process of M?. One sees immediately that this cannot be as,
by (7.15), every stochastic integral of a process in M? has zero mean. We shall
see, however, in Sect. 12.3 that if (.%;); is the natural augmented filtration of
the Brownian motion B, then every r.v. Z € L*(2, %7, P) can be represented
in the form

T
ZZC"‘/ deBx
0

with X € M?([0,T]) and ¢ € R. This representation has deep and important
applications that we shall see later.
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By the isometry property of the stochastic integral (7.17)

E[(ben(s) dB, — /a”x‘Y dBS)Z] _ E[(/ab(Xn(s) x) de)z]
= E(/h 1X,(0) = X, dr)

so that

Corollary 7.1 If X,, X € M?([a, b]) are processes such that

b 2
IEEOE(/ X, (1) — X,| dt) -0

then

b 2 b
/ X,(s)dB;, — / X,dB; .
a n—>o00 a

Note that we cannot say that the value of the integral at @ depends only on the
paths 7 > X;(w) and t — B,(w), as the integral is not defined pathwise. However,
we have the following

Theorem 7.2 Let X,Y € M*([a,b]) and A € % such that X, = Y, on A for
every t € [a, b]. Then on A we have a.s.

b b
/ XtdBtZ/ YtdBt.

Proof Let (X,,), and (Y,), be the sequences of elementary processes that respec-
tively approximate X and Y in M?([a, b]) constructed on p. 186, i.e. X, = G,X,
Y, = G,Y. A closer look at the definition of G, shows that G,X and G,Y also
coincide on A for every ¢ € [a, b] and for every n, and therefore also fah X, dB, and
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fah Y, dB;. By definition we have
b 2 b
/ X,()dB, / X (1) dB,
a n—>oo a

b 2 b
/ Y, () dB, > / Y(t) dB,
a n—>o00 a

and then just recall that L?>-convergence implies a.s. convergence for a subsequence.
O

7.4 The martingale property

Let X € M?([0, T]), then the restriction of X to [0, 7], ¢ < T also belongs to M>([0, #])
and we can consider its integral fot X; dBy; let, for 0 <t < T, the real-valued process
I be defined as

t
1) = / X, dB, .
0

It is clear that

a) ift > s, 1(t) — I(s) = [ X, dB,,

b) I(¢) is .#,-measurable for every t. Indeed if (X,), is the sequence of elementary
processes that approximates X in M?([0,7]) and I,(f) = fot X, (s) dBs, then it
is immediate that 1,(¢) is .%,-measurable, given the definition of the stochastic
integral for the elementary processes. Since I,,(f) — I(f) in L? as n — oo, there
exists a subsequence (ny); such that I, (f) — I(¢) a.s. as k — oo; therefore
1(¢) is also .%#,-measurable (remember that we assume that the Brownian motion
B is standard so that, in particular, .%; contains the negligible events of .%# and
changing an .%,-measurable r.v. on a negligible event still produces an .%,-measu-
rable r.v.)

Note that if

n—1

X, = inl[tisti+l[(t)

i=0
is an elementary process then we can write

n—1

t
1(t) = / X dB; = ZXI'(BG+1/\! _Br;Ar) . (7.20)
0 i=0



7.4 The martingale property 193

In particular, if X is an elementary process then / is a continuous process adapted
to the filtration (.%));.

A key property of the process / is the following.

Theorem 7.3 If X € M?([0,T]), then I is an (.%,),-square integrable mar-
tingale. Moreover, I has a continuous version and its associated increasing
process is

t
A = / X2ds . (7.21)
0

Proof If t > s we have, thanks to Theorem 7.1,

t
E[I(1) — I(5)| ] = ( / X, dB, | 32) -0 as.
and therefore we have the martingale relation
E[I(t)| %] = 1(s) + E[I(t) — I(s)| 5] = I(s) as.

Theorem 7.1 also states that /(¢) is square integrable. In order to check that A is
the associated increasing process to the martingale I, we need to verify that Z, =
I(1)> — A(1) is a martingale. With the decomposition 1(1)> — A(t) = [I(s) + (I(t) —
1(s5))]> — A(s) — (A(f) — A(s)) and remarking that I(s) and A(s) are .%;-measurable,
E[[(1)* — A()|F]
= 1(s)> = A(s) + E[2L(s) (1) = 1(9)) + (I(1) = 1(5))* — (A(1) — A(5)) | F;]
= 1(s)> = A(s) + 21(s) ElI(n) - I(S)I J +E[(U() - 1(9))* = (A() = A))|F]

=

which allows us to conclude that the process defined in (7.21) is the associate
increasing process as, thanks to (7.16), we have a.s.

el 16917 = [ [ x,a8,)’| 7] =¥ / Xau| 7]
= EA() —A®)| 7]

Let us prove the existence of a continuous version. We already know that this is
true for elementary processes. Let (X,,), be a sequence of elementary processes in
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M?([0, T]) such that

lim E(/OT 1X,,(1) —X(t)|2dt) ~0.

n—>oo

LetI,(t) = fot X, (s) dB;. The idea of the existence of a continuous version is simple:
just find a subsequence (nz) such that the sequence of processes (I, )x converges
uniformly a.s. The limit, J say, will therefore be a continuous process. As we know
already that

lim 1,(t) = I(t) inL?
k—00

we shall have that J(r) = I() a.s., so that J will be the required continuous version.
In order to prove the uniform convergence of the subsequence (I, )x we shall write

Ly (0) = L (1) + D (U (1) = L, (1)) (7.22)
i=1

and prove that supy,<r |I,,(f) — I,,_, (#)| is the general term of a convergent series.
As (I,(t) — L,(t)), is a square integrable continuous martingale, by the maximal
inequality (5.16) applied to the supermartingale (—|I,(f) — I,,(t)|?); and for A = &2,

P( sup 11,0 =1 (0] > &) = P( inf 1) ~ 1.0 < ~¢")

0<t<T

< LEln @ = LE[([ 00 - X an) |
_ 812 E(/OT 1X,(5) — X (5) )

As (X,), is a Cauchy sequence in M?, the right-hand side can be made arbitrarily
small for n and m large. If we choose ¢ = 27 then there exists an increasing
sequence (ny); such that, for every m > ny,

—k 2k ! 2 1
P( sup 1) (0] > 27) = 2 /0 Xons) = X ds) <

and therefore

o1
P( sup |1 () = by, 0] > 27) < -

0<t<T
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But klz is the general term of a convergent series and, by the Borel-Cantelli lemma,

P( sup |1y, (t) — L, (D] > 27* infinitely many times) =0.

0<t<T

Therefore a.s. we have eventually

sup |1, () — "k+l(t)| <27k,

0<t<T

Therefore the series in (7.22) converges uniformly, which concludes the proof. O

From now on, by /() or fol X, dB; we shall understand the continuous version.

Theorem 7.3 allows us to apply to the stochastic integral (I(r)), all the nice
properties of square integrable continuous martingales that we have pointed out in
Sect. 5.6. First of all that the paths of I do not have finite variation (Theorem 5.15)
unless they are a.s. constant, which can happen only if X; = 0 a.s for every s.
The following inequalities also hold
1

sup }/ E(/ X2dv> for every A > 0
0<z<T )L

E[ngpT(/o XSdBS> ] [/ dev] .

(7.23)

In fact the first relation follows from the maximal inequality (5.16) applied to

the supermartingale M, = —‘ fot X, dBS|2: (5.16) states that, for a continuous
supermartingale M,

AP( inf M, < -1) <E[|Mr]]

0<t<T

so that

sup ‘/
0<t<T
t
:P( inf —‘ /
0<t<T 0

sup )/

0<t<T

fs—ws;zﬁo o
0

> ){2>

xz) - ;2 E(/OTxfds).
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As for the second one, we have, from Doob’s inequality (Theorem 5.12),

t t
E[OZ?ET(/O Xsst)z] < 402215[(/0 Xsst)z]
=4 sup E[/tdes] = 4E[/Txfds].

o<i<t LJo 0

As a consequence, we have the following strengthening of Corollary 7.1.

Theorem 7.4 Let X,, X € M?([0, T]) and let us assume that

E[/0T|Xn(s)—XS|2ds] = 0

then

2):0.

t t
lim E( sup ‘ / X, (s) dB, — / X, dB,
0 0

n—00 0<t<T

Obviously if f € L*([0, T]), then f € M?([0, T]). In this case the stochastic integral
enjoys an important property.

Proposition 7.1 If f € L*([0, T]) then the process

I = / r f(s) dB, (7.24)
0

is Gaussian.

Proof Let us prove that, for every choice of 0 < sy < --- < s, < T, ther.v. & =
(I(s1),...,1(sm)) is Gaussian. This fact is immediate if f is piecewise constant: if

F@ = 31 il 4 then

n
I, = Z Ai(Bt,-/\s - Bt,-,l/\s)

i=1

and the vector .# is therefore Gaussian, being a linear function of the r.v.’s B, Asj
that are jointly Gaussian. We know that there exists a sequence (f,), C L*([0, T])
of piecewise constant functions converging to f in L?([0, T]) and therefore in M>.
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Let I,(t) = [, f,(s)dBy, I() = [ f(s) dBy. Then, by the isometry property of the
stochastic integral (Theorem 7.1), for every ¢,

BQLO) ~ 1) = [ () —f@) ds <157 5 0

so that 1,,() =0 I; in L* and therefore, for every t, I, is Gaussian by the properties
of the Gaussian r.v.’s under L? convergence (Proposition 1.9). Moreover, if 0 < 51 <

- < sy, then &, = (I,(s1), ..., L,(sy)) is a jointly Gaussian r.v. As it converges,
forn — oo, to & = (I(s1),...,1(s,)) in L2, the random vector .# is also jointly
Gaussian, which concludes the proof. O

Remark 7.3 Proposition 7.1 implies in particular that

E[exp ( [0 "s) st)] — exp (; [0 sy ds) . (7.25)

Indeed we recognize on the left-hand side the mean of the exponential of a
centered Gaussian r.v. (i.e. its Laplace transform computed at 6 = 1), which
is equal to the exponential of its variance divided by 2 (see Exercise 1.6).

If 7 is a stopping time of the filtration (.%;), then, thanks to Corollary 5.6, the process
INT
I(t/\r)z/ X, dB;
0

is a (.%;),-martingale. In particular, E( fomr X, dB;) = 0. The following statement is
often useful.

Theorem 7.5 Let T be a stopping time of the filtration (%), with t < T.
Then if X € M*([0, T]) also (X;1{<.y), € M*([0, T]) and

T T
/ X,dB, = / X,l(rydB, as. (7.26)
0 0

Proof (X;1y<}): € M?([0, T]) because the process # — 1y, is bounded, adapted
and right-continuous hence progressively measurable.
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(7.26) is immediate if 7 takes at most finitely many values #1, . . ., #,. Actually we
have a.s.

T n 1k n Ik
y
/ X,dB; = E 1{r=tk}/ X,dB, = E 1{r=fk}/ Xsly5<ry dB;
0 k=1 0 k=1 0

T
= / le{s<r} dBy ,
0

where the equality marked with | is a consequence of Theorem 7.2, as on {t = #;}
the processes (X;); and (X;1¢<}), coincide on the time interval [0, 7.

For a general stopping time 7, let (z,),, be a sequence of stopping times taking at
most finitely many values and decreasing to 7 (see Lemma 3.3); possibly replacing
7, with 7, A T we can assume 7, < T for every n. Then, the paths of the stochastic
integral being continuous,

n—>oo

lim | X,dB, = / X,dB,  as. (7.27)
0 0

Moreover,

T T
2
/ |Xv1{s<r,1} _XS‘l{X<t}| ds = / Xyzl{rss<rn} ds .
0 0

As lim, o0 1z <5<7,} = l{r=4}, by Lebesgue’s theorem

T T
im | X leny — Xolgpen| ds = / X2y ds = 0
0 0

n—>o00

and again by Lebesgue’s theorem

T
lim E[/ |XS1{S<T”} —XY1{KT}|2 ds] =0.
0

n—>o00

Therefore, by Corollary 7.1,
T T
lim | X1y, dBs = / XlgerydB,  inL*.
0

n—>oo 0

This relation together with (7.27) allows us to conclude the proof of the lemma. 0O

Let X € M?*([0,T]) and let 7; and 7, be stopping times with 7, < 7, < T.
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The following properties follow easily from the stopping theorem, Theorem 7.5,
and the martingale property, Theorem 7.3, of the stochastic integral.

E( / "x dB,) =0 (7.28)
0

E[(/Il x,dB,)z] = E(/1 xfdt) (7.29)
0 0

E( / i X,dB,|9}l) - / " X.dB. s (7.30)
0 0

E[(/j X,dB,)2 | %1] - E(/j X,zdt|97,1), a.s. (7.31)

Let [a, b] be an interval such that X,(w) = 0 for almost every a < t < b. Is it true
that t — I, is constant on [a, b]?
Lett = inf {7 > a, far X?ds > 0} with the understanding that T = bif { } = 0.
Then by Lemma 7.5 and (7.23)
INT 2
E( sup |liae —Ia|2) = E( sup / X, dB, )
a<t<b ast<b'Ja

2) < 4E(/bX,fl{u<,}du) - 4E(/tX5du) =0,

a a

= E( sup

a<t<b

t
/ Xul {u<t} dB,

a

where the last equality follows from the fact that X,(w) = 0 for almost every u €
la, T(w)[. Therefore there exists a negligible event N,; such that, for ® ¢ N,p,
t — I,(w) is constant on ]a, t|.

Proposition 7.2 Let X € M?([0, T]). Then there exists a negligible event N
such that, for every w ¢ N and forevery 0 < a < b < T, if X;(w) = 0 for
almost every ¢ €]a, b[, then ¢ — I;(®) is constant on |a, b|.

Proof We know already that for every r, g € QN[0, T] there exists a negligible event
N, 4 such that if X;(w) = 0 for almost every ¢ €]r, g[, then ¢ — I,(w) is constant on
Ir. q[.

Let N be the union of the events N, 4, r,g € Q N [0, T]. N is the negligible event
we were looking for, as if o ¢ N, then if X;(w) = 0 on |a, b[, t — I;(w) is constant
a.s. on every interval |r, s[Cla, b[ having rational endpoints and therefore also on
la, bl. O
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7.5 The stochastic integral in Mlzo .

We can now define the stochastic integral of a process X € Mlzoc([O, 7]). The main
idea is to approximate X € M; ([0, T]) by processes in M>([0, T]).

Let, for every n > 0, 7, = inf{r < T; fot X2?ds > n} with the understanding
1, = Tif fOT Xf ds < n. Then 7, is a stopping time and the process X,,(f) = X;1{<,}
belongs to M?([0, T]). Indeed, thanks to Theorem 7.5,

T T AT
/ X, (s)* ds = / X(s)zl{KT”} ds = / st ds<n
0 0 0

so that X,, € M2. We can therefore define, for every n > 0, the stochastic integral
t
10 = [ %) dB..
0

Let us observe that, as fOT X2ds < +oo by hypothesis, 7, /T a.s. as n — +00.
Moreover, if n > m then t, > 1, so that {t, = T} D {1, = T} and the processes
X, and X,, coincide on {t,, = T}. By Proposition 7.2 I, and I,, also coincide on
{tw = T} as. forevery 1. As 2 = |J,{t, = T}, the sequence (I,), is eventually
constant and therefore converges a.s. to some r.v. I.

Definition 7.2 Let X € M?>

loc

([0, T]), then its stochastic integral is defined as

t t
I,:/ X,dB; = lim / X1 {s<r,y dBy a.s.
0 n—>o00 0

The stochastic integral of a process X € M2 ([0, T]) is obviously continuous, as
it coincides with I, on {z, > T} and I, is continuous as a stochastic integral of a
process in M?.

If X € M? then also X € M> . Let us verify that in this case Definition 7.2
coincides with the definition given for processes of M? in Sect. 7.3, p. 187. Note that

if X € M?*([0, T]), then

E(/OT X, —X,,(s)|2ds) - E(/T |XS|2ds) (1.32)

since X; = X, (s) if s < 7, whereas X,,(s) = 0 on s > 7,,. Therefore the right-hand
side in (7.32) tends to 0 as n — oo, thanks to Lebesgue’s theorem, so that

lim E(/T X, —Xn(s)|2ds) —0.
0

n—>oo
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Thanks to Corollary 7.1,

limE sup)/XdB—/
n—>oo 0<[<T

and therefore if X € M?([0, T]) the two definitions coincide.

) 0

Remark 7.4 The statement of Theorem 7.2 remains true for stochastic inte-
grals of processes of M2, ([0, T]. Indeed if X, = Y, on £2, for every t € [a, b],
then this also true for the approximants X,, Y,. Therefore the stochastic
integrals

T T
/ X,(s)dB; and [ Y, (s) dB;
0 0

also coincide on 2y and therefore their a.s. limits also coincide.

We now point out some properties of the stochastic integral when the integrand is
a process in X € Mlz(m([a, b]). Let us first look for convergence results of processes
X,.,X € M? ([a,b]). We shall see that if the processes X,, suitably approximate X

loc

in M z(m([“ b)), then the stochastic integrals converge in probability. The key tool in
this direction is the following.

Lemma 7.3 If X € M?>

loc
u

([a, b)), then for every ¢ > 0, p > 0

>£)§P(/th2dt>p)+:;-

a

b
/ Xt dBt

Proof Let t, = inf{t;t > a, f X2ds > p}. Then we can write

P( /bXtdBt > e)

b b
/x,dB, >8,tp>T)+P( / X, dB,

b
§P</X,dB, >e.t,>T)+P(5, <T).

:P(

> e, < T) (7.33)
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As the two processes ¢ — X; and 7 — X, 1, -} coincide on £2o = {r, > T} and by

Remark 7.4,
b
/ X[ dB[

i

>s,rp>T):P(

b
/ X ooy dB| > £.7, > T)

-,

b
= (| f X1z, dB,

Therefore, as

b
E(‘ / X, 1z, -ry dB,

by Chebyshev’s inequality

z) _ E(/bmpxtzdt) .

b P
p( / X,dB|>e.1,>T) <
a €
and as
b
P(r, < T) = P(/ X2 dt > p) ,
going back to (7.33) we can conclude the proof. O

Proposition 7.3 Let X, X, € M,zoc([a, b]), n > 1, and let us assume that

b
/|X(t)—Xn(t)|2dt 5 0.
a n—>o00

Then

b P b
/Xn(t)dB, > /X(t)dB,.

Proof By Lemma 7.3

P( /bXn(t)dB,—/bX,dB, >e) :P<

b
sP(/L&@—X¥m>p)+§'

~9)

b
/mm—mw,
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Let 17 > 0 and let us first choose p so that ;< 7 and then ng such that for n > ng

b
P(/ X, — X, (1) | dr > ,o) < Z .

Therefore for n > ny

b b
P( / Xn(t)dB,—/ X, dB,| > s) <7,
which allows us to conclude the proof. O

The following proposition states, similarly to the Lebesgue integral, that if the
integrand is continuous then the integral is the limit of the Riemann sums. Note,
however, that the limit is only in probability and that the integrand must be computed
at the left end point of every small interval (see Exercise 7.9 to see what happens if
this rule is not respected).

Proposition 7.4 If X € M2 ([a,b]) is a continuous process, then for every
sequence (1,), of partitions a = t,0 < ty) < :++ < tym, = b with |7,| =
max |t — t, | — 0 we have

my,—1

b
Z P
X(tn’k)(Btﬂ.](+l - Btn.k) njoo / X(t) dBt .
k=0 ¢

Proof Let
my,—1
Xut) = ) Xt sl (1)
k=0
X, is an elementary process and
my,—1 b
> X(twi) By, — Byy) = / X, (1) dB, .
k=0 ¢

As the paths are continuous,

b
/ 1X,() — X(@)|*dt  — 0 as.
a n—>o0
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Hence by Proposition 7.3,

mp—1 b b

P
> X0 By B0 = [ a5 [ xwas,.
k=0 a a

Remark 7.5 It is worthwhile to point out that we defined the stochastic
integral under the assumption that the integrand is progressively measurable,
which implies, intuitively, that its value does not depend on the future
increments of the Brownian motion.

This hypothesis is essential in the derivation of some of the most important
properties of the stochastic integral, as already pointed out at the end of the
proof of Lemma 7.1. Exercise 7.9 shows that strange things happen when
one tries to mimic the construction of the stochastic integral without this
assumption.

For the usual integral multiplying constants can be taken in and out of the integral
sign. This is also true for the stochastic integral, but a certain condition is necessary,
which requires attention.

Theorem 7.6 Let Z be a real .%,-measurable r.v.; then for every X €
Mz, ([a, b))

b b
/ ZXI‘ dBr == Z/ Xr dBr . (7.34)

Proof Let us consider the case of an elementary integrand

m
X, = ZXil[tisti+l[(t) .
i=1

Then ZX is still an elementary process. Indeed ZX; = 3 /_, ZX;l{;,,,,,((1) and, as Z
is .%;,-measurable forevery i = 1, ..., m, the r.v.’s ZX; remain .%, -measurable (here
the hypothesis that Z is .%,-measurable and therefore .%#,-measurable for every i is
crucial). It is therefore immediate that the statement is true for elementary processes.
Once the statement is proved for elementary processes it can be extended first to
processes in M? and then in M2 by straightforward methods of approximation. The

loc
details are left to the reader. ]



7.6 Local martingales 205

Note also that if the condition “Z .%,-measurable” is not satisfied, the rela-
tion (7.34) is not even meaningful: the process t — ZX, might not be adapted and
the stochastic integral in this case has not been defined.

7.6 Local martingales

We have seen that, if X € M>([0, +o0[), (I,); is a martingale and this fact has been
fundamental in order to derive a number of important properties of the stochastic
integral as a process. This is not true in general if X € MZZUL,([O, +o00[): I; in this
case might not be integrable. Nevertheless, let us see in this case how (I;), can be
approximated with martingales.

Definition 7.3 A process M = (2, %, (F1):, (M,),;, P) is said to be a local
martingale if there exists an increasing sequence (z,), of stopping times such
that

i) t, / 4+ooasn — ocoas.
ii) (M;az,), is a (#,),-martingale for every n.

We shall say that a sequence (,,), as above reduces the local martingale M.

It is clear that every martingale is a local martingale (just choose 7, = +00).
The important motivation of this definition is that the stochastic integral of a
process X € M? is a local martingale: going back to Definition 7.2, if 7, =

loc
inf{z; [; X?ds > n} and
t
I :/ X, dB;
0

then

AT, t
Il‘/\‘L'n = / X;dBs = / le{s<r,,} dB;
0 0

and the right-hand side is a (square integrable) martingale, being the stochastic
integral of the process s — X1,y which belongs to M>.
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Remark 7.6

a) If M is a local martingale, then M, might be non-integrable. However, M,
is integrable. In fact My = Mo, and (M;a,,); is a martingale.

b) Every local martingale has a right-continuous modification. Actually, this
is true for all the stopped martingales (M;x,,); by Theorem 5.14, so that
t — M, has a right continuous modification for t < t, for every n. Now
just observe that 7, — +00 as n — oo a.s.

¢) In Definition 7.3 we can always assume that (M), is a uniformly
integrable martingale for every n. If (7,), reduces M the same is true for
0, = T, A n. Indeed, condition i) is immediate. Also the fact that (M;as, ):
is a martingale is immediate, being the martingale (M-, A;); stopped at time
n. Therefore (0,), also reduces M. Moreover, M,, is integrable because
M;, = My, and (M;p-,); is a martingale. We also have

Mino, = E[Mo, | 7] . (7.35)

In fact for t+ < n we have E[M,, |.%] = E[Mun, | %] = Mo,
thanks to the martingale property of (M;ay,):, Whereas, if t > n, M,, =
M+, is already .Z#,-measurable. (7.35) implies that (M;ae, ), is uniformly
integrable.

d) If, moreover, M is continuous, then we can assume that the stopped
martingale (M., ), is bounded. Let p, = inf{t; |M;| > n} and 0, = 1, APy,
then the sequence (o,), again satisfies the conditions of Definition 7.3 and,
moreover, |M, ;| < n for every .

We shall always assume that the stopped martingales (Minq,); are uniformly
integrable and, if (M,); is continuous, that they are also bounded, which is always
possible thanks to the previous remark.

As remarked above, in general a local martingale need not be integrable.
However, it is certainly integrable if it is positive, which is one of the consequences
of the following result.

Proposition 7.5 A positive local martingale is a supermartingale.

Proof Let (t,), be a sequence of stopping times that reduces M. Then M;x,, — M,
as n — 400 and by Fatou’s lemma

E(Mt) f hm E(Mt/\‘[n) = E(M()) N
n—>oo
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therefore M, is integrable. We must now prove that if A € .%; and s < ¢, then
E(M14) < E(M,1,), i.e. that

E[(M; — M;)14] < 0. (7.36)
We have
E[lAﬂ{tn>X}(Ml‘/\Tn _Mv)] = E[lAﬂ{t,,>x}(Mt/\rn - Mv/\t,,)] =0. (737)

Indeed A N {7, > s} € %, and (Mx,,), is a martingale, which justifies the last
equality. Also we used the fact that on {7, > s} the r.v.’s M and M;,,, coincide. As

nlggo 1Aﬂ{r,,>s}(Mt/\1:,, — M) = 14(M, — M)
and
Lang,>st Minz, — M) > =M,
we can apply Fatou’s lemma (we proved above that —M is integrable), which gives

0= lim E[lAﬂ{r,,>s}(MrAr,, - Ma)] > E[IA(Mr - Ms)] s

n—>o0o

completing the proof. O

Remark 7.7 A bounded local martingale M is a martingale. This is almost
obvious as, if the sequence (t,), reduces M, then

E(Mt/\t” | t9\5) = Ms/\r,,

and we can take the limit as n — oo using Lebesgue’s theorem for conditional
expectations (Proposition 4.2).

Note, however, that other apparently strong assumptions are not sufficient
to guarantee that a local martingale is a martingale. For instance, there
exist uniformly integrable local martingales that are not martingales (see
Example 8.10). A condition for a local martingale to be a true martingale
is provided in Exercise 7.15.

Proposition 7.6 Let M be a continuous local martingale. Then there exists
a unique continuous increasing process (A;);, which we continue to call the
associated increasing process to M, such that X, = Mt2 — A, is a continuous
local martingale.
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The proof is not difficult and consists in the use of the definition of a local
martingale in order to approximate M with square integrable martingales, for which
Theorem 5.16 holds. Instead of giving the proof, let us see what happens in the
situation that is of greatest interest to us.

loc
local martingale whose increasing process is

t
A,:/des.
0

Proof We know already that [ is a local martingale. In order to complete the proof
we must prove that (I> — A,), is a local martingale. Let 7, = inf{z; fot X2ds > n},
then we know already that (t,), reduces / and that

Proposition 7.7 If X € M2 ([0,T]) and I, = f(; X, dBs, then (I})o<i<r is a

AT, t
II‘AI,, = / X;dB; = / 1{s<r,,}Xs dB;
0 0

is a square integrable (.%#;),-martingale. By Proposition 7.3 and Lemma 7.5,

t 2 t
I"Z/\Tn _At/\tﬂ = (/ 1{S<TH}XS dBY) _/ 1{S<‘L’,1}XY2 ds
0 0

is a martingale, which means that (z,), reduces (It2 — A,);, which is therefore a local
martingale. O

We shall still denote by ({M),),; the associated increasing process of the local
martingale M.

Corollary 7.2 If M and N are continuous local martingales, then there exists
a unique process A with finite variation such that Z, = M;N, — A, is a
continuous local martingale.

The proof of the corollary boils down to the observation that M;N; = i((M, +N,)>—

(M; — N,)*), so that A, = i((M + N), — (M — N),) satisfies the requirement. (A;),

is a process with finite variation, being the difference of two increasing processes.
We will denote by (M, N) the process with finite variation of Corollary 7.2.
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Exercises

7.1 (p.523) Let B be a Brownian motion.
a) Compute
1
Z = / lig,—0y dB; .
0

b) Let

1
Z == / 1{3120} dB[ .
0

Compute E[Z] and Var(Z).

* Note that the processes t +— 1¢g—¢y and ¢t +— lyp >0y are progressively
measurable, thanks to Exercise 2.3.

7.2 (p.523) Compute

t
E(BS /0 B. dBu) .

7.3 (p.523) Let B be a standard Brownian motion and ¥; = fot e’ dB;. If

t
Z 2/ Y, dB; ,
0

compute E(Z,), E(Z?) and E(Z,Z).
7.4 (p.524)

a) Compute, fors <,

E[Bf([tBu dBu)z] .

S

b) Prove that,if X € M?([s,1]), ther.v.Z = f; X, dB,, is uncorrelated with B,,, v < s,
but, in general, it is not independent of .%.

7.5 (p.525) Let

t
X, = / e_BAg dB; .
0

Prove that X is a square integrable martingale. Is it bounded in >?
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7.6 (p.525) Let B = (£2,.%,(%#):, (B;):,P) be a two-dimensional standard
Brownian motion and let

! 1 s 2
7, = dB B 4B, (u) .
: /01+4S l(s)/oe ()

a) Is Z a martingale? Determine the processes ({(Z),); and ({(Z, B1));.
b) Prove that the limit Zy, = lim,_, 400 Z; exists a.s. and in L? and compute E[Zeo]
and Var(Zso).

7.7 (p.526)

a) Letf € L*([s,]); show that W = f;f(u) dB,, is independent of .Z;.
b) Let @ : Rt — RT be a strictly increasing differentiable function such that
@(0) = 0 and let

=L@
B? =/ V&' (u)dB, .
0
Then B? is a Brownian motion. With respect to which filtration?

7.8 (p.527) Show that the r.v. for B2 du is orthogonal in L*(§2, %, P) to every r.v.
of the form fosf(u) dB,, for every s > 0 and f € L?([0, s]).

7.9 (p.528) Let B = (2, %, (%), (B;);) be a Brownian motion and let 0 = ¢y <
t; < --- < t, = tbe a partition of the interval [0, 7] and || = max;=o__n—1 |ti+1—1]|

the amplitude of the partition. Mr. Whynot decides to approximate the stochastic

integral
t
/ X, dB;
0

for a continuous adapted process X with the Riemann sums

n—1

> Xy, (B, — By) (7.38)
i=0

instead of the sums

n—1
> X, (B, — B (7.39)
i=0
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as indicated (and recommended!) in Proposition 7.4. He argues that, if this were
an ordinary integral instead of a stochastic integral, then the result would be the
same.

a) Compute the limit of the sums (7.38) as the amplitude of the partition tends to 0
when X = B.
b) Do the same thing assuming that the process X has paths with finite variation.

7.10 (p.529) Let B be a Brownian motion and f € L>(R™).
a) Show that the limit

lim / t f(s)dB,
0

t——+00

exists in L2. Does it also exist a.s.?
b) Let g : Rt — RT be a function such that fOTg(s)2 ds < +oo forevery T > 0.
bl) Show that

YT = ef(;g(3) st_% fég(s)z ds

is a martingale. Compute E[Y?].

b2) Prove that if g € L*(R™) then (Y;); is uniformly integrable.

b3) Assume, conversely, that f0+°° g(s)>ds = +oo. Compute E[Y?] for « < 1.
What is the value of lim,—, o ¥; now? Is (¥;), uniformly integrable in this
case?

7.11 (p.530) a) For ¢ < 1 let B a Brownian motion and

t

By

Y,:(l—t)/ -
0

l—s.

al) Show that (Y;), is a Gaussian process and compute E(Y;Y;), 0 < s <t < 1.
Does this remind you of a process we have already met?
a2) Show that the limit lim,_, | Y; exists in L? and compute it.

b) LetA(s) = ,% andlet
A(s) dBu
WS :/ .
0 1—u

1+s
Show that (W), is a Brownian motion and deduce that lim,,;— Y; = 0 a.s.
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712 (p.531) Let (£2,.%#,(%):, (B:)s, P) be a Brownian motion and A > 0. Let

t t
Y, = / e =9 gB,, Z, = / e M dB, .
0 0

a) Prove that, for every ¢ > 0, ¥; and Z, have the same law and compute it.
b) Show that (Z;), is a martingale. And (Y;),?
¢) Show that lim,—, 4 Z; exists a.s. and in 2.

dl) Show that lim,—, 4o Y; exists in law and determine the limit law.

d2) Show that

. 1 _
r_lf.lglooE[(Y""h -Y)’] = A (1—e M)

and therefore (Y,), cannot converge in L?.

7.13 (p.532) Let B be a Brownian motion and let EO = 0and
- ! 12u 1042
B, = (3 - )b
0 t f

a) Show that B is a natural Brownian motion. "

b) LetY = fol udB,. Show that Y is independent of B for every 7 > 0.

c) Show that the o-algebra generated by B,, t > 0 is strictly smaller than the o-
algebra generated by B;, t > 0.

7.14 (p.533) Let X € M?([0, T]). We know that fot X, dBy is square integrable. Is
the converse true? That is if X € M2, ([0, T]) and its stochastic integral is square
integrable, does this imply that X € M?>([0, T]) and that its stochastic integral is
a square integrable martingale? The answer is no (a counterexample is given in
Exercise 8.21). This exercise goes deeper into this question.

Let (2,.%, (%), (B,):, P) be a Brownian motion and let X € M?

ioc([0. T7) and
M, = [, X, dB.

a) Let v, = inf{z; fj X2 ds > n} with the understanding that 7, = T'if f; X2 ds < n.
Prove that

n
E[/ stds] < E[ sup Mtz] .
0 0<t=<T
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b) Prove that X € M?([0, T]) if and only if

E[ sup M < +oo. (7.40)

0<t<T

7.15 (p.533) LetM = (82, .7, (%):, (M;),,P) be a local martingale and assume
that for every r+ > 0 the family (M;x.), is uniformly integrable, with t ranging
among all stopping times of (.%;),. Prove that (M,), is a martingale.



Chapter 8
Stochastic Calculus

8.1 Ito’s formula

Let X be a process such that, forevery0 <t <, <T,
15 15
X[z_Xt1=/ Ftdt+/ GldB[,

131 131

where F € M} _([0,T]) and G € M3 ([0,T]). We say then that X admits the
stochastic differential
dX, = F;dt + G,dB; .

A process admitting a stochastic differential is called an Ito process. An Ito process
is therefore the sum of a process with finite variation and of a local martingale.

Remark 8.1 The stochastic differential is unique: if there existed A;,A; €
M} ([0,T]), Gi, G, € Mz, ([0, T]) such that

loc
A1(t)dt + G|(t)dB;, = Ay (1) dt + G,(¢) dB; ,
then, for every 0 < r < T, we would have a.s.

def def

4 [0 (A1(5) — As(s)) ds = [0 (Ga(s) — Gi(s))dB. ¢ G,

and this is not possible, unless the two integrands are identically zero, as the
left-hand side is a process with finite variation, whereas the right-hand side,
which is a local martingale, is not.

© Springer International Publishing AG 2017 215
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We shall write
t
(X), = / G*ds .
0
(X) is nothing else than the increasing process (see Proposition 7.6) associated to

the local martingale appearing in the definition of X, and it is well defined thanks to
the previous remark. Similarly, if Y is another Ito process with stochastic differential

dYt == Ht dt + Kt dBt,

we shall set

t
(X,Y)t:/ G‘YKyds.
0

Example 8.1 Let us compute the stochastic differential of X, = B?. The
analogy with standard calculus might suggest that dX; = 2B,;dB;, but we
have already remarked that this cannot be as it would give B,2 =2 fol B; dBq,
which is impossible because the stochastic integral is a centered r.v. whereas
B? is not.

Let0 <ty <h <Tandm, ={ti =ty <tyo < <tym = h}bea
partition of [¢1, ;] such that || — 0, then by Proposition 7.4, meaning the
limits in probability,

mp—1

[5)
/;1 B,dB, = nll)ngo ; Btn.k[Btn.k+1 — B,

mp—1

1 : 2 2 2
- 2 nll>n<>lo Z ([Bln.k+1 - Bln.k] - [B’"-k-H — B, )

my—1

e SR
= 2 [Btz _Btl]_ 2 nll>n;O pot [B

- Bln.k]2 :

Ink+1
By Proposition 3.4 the rightmost limit is equal to #, — #; in L?; therefore
12 | ) 1
/ BidB, = (B~ B~ (—1),
1

i.e.

dB? = dt + 2B, dB, . (8.1)
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Example 8.2 X, = tB,. With the notations of the previous example

my—1

n
A tdB; = nlggo ; tn,k(B[n_k-H _Btn.k)

t my—1
/ B, dt = nlggo Z By, (tak+1 — tak) -
d k=1
Let us compute the limit, in probability,

mp—1 mp—1
Jim ( Z B, (k41— tag) + Z tak (B, gy — an,k))
k=1 k=1

my—1

= nlgglo { Z (an,k (tnde+1 = tak) + tug+1By, ) — an,k)) (8.2)
k=1
my—1
+ Z (tne = tng+1) Bryypy — an,k)} :
k=1
But as
mp—1
‘ Z (tn,k-i-l - tn,k) (Bt,,_k_H - Bln,k)
k=1
my—1
=< k=1131..2,1n)1(”—1 |Bln,k+1 _Btn_k| ; |tn.k+l - tn,k' s
- —_— -

=nh—1

thanks to the continuity of the paths of B, the quantity above converges to 0
a.s. Therefore the limit in (8.2) is equal to

my—1
Jim Z (Btn,k (k41— tuk) + tng+1(Br iy —Btn,k))
k=1
my—1
= lim Z (fnkt1Bry i — tnicBi, ] -
k=1

(continued)
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Example 8.2 (continued)
Hence
lz t my—1
Bdt+/ tdB; = lim tnk+1B1, ) — tiiBi, ] = 2B, — 1By,
/;1 t ; t 00 ;[ +151, k41 1, ,k] 5] 31
i.e.
d(tB;) = B, dt + tdB; . (8.3)

Proposition 8.1 If X;, i = 1,2, are processes with stochastic differentials
dX;(t) = Fi(t)dt 4+ Gi(t) dB,
then

d(X1 ()X (1)) = X1(£) dX(t) + Xa(2) dX1 (1) + G1(1) G2 () dt

= X,(1) dXa(0) + Xo(0) dXa (1) + d{X1. Xa), - &h

Proof 1If Fy, Gy, F,, G, are constant on [, 1;], the statement is a consequence
of (8.1) and (8.3). If, conversely, they are elementary processes, let I;,...,1, be
the subintervals of [t1, ;] on which Fy, F,, G;, G, are constants; the statement
follows now using (8.1) and (8.3) applied to each of the intervals I; and taking
the sum. In general, let F;,, G;,, i = 1,2, be elementary processes in Mllm,([O, 7))
and M? ([0, T]), respectively, and such that

loc

T
/ |Fin(t) — Fi(t)|dt — 0 as.
0 n—00

T
/ G = GO dr — 0 as.
0 n—00

and let

t

t
Xin(®) = Xi(0) + / Fin(s)ds + / G, (s)dBs .
0 0
By Theorem 7.4

P
sup [Xin(1) =X — 0

0<t<T
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so that, possibly considering a subsequence, X;,(#) — X;(¢) as n — oo uniformly
a.s. Therefore

1) t
[ xuorawa — [xopoa s
f n—oco [,
15 t
/ XonF 1) dt — / Xo(H)F (1) dt a.s.
f n—oo J,

/tz G1,(t)Gr (1) dt e /t2 G ()G (¢) dt a.s.

n 1

and by Theorem 7.4
o) p n
[ XawGawas 5 [ 060,
n n 1

%) P n
[ xawonoas, % [ 060,
hn n—> n

and taking the limit as n — oo we obtain (8.4). O

Note that the formula for the differential of the product of two processes is a
bit different from the corresponding one for the differential of the product of two
functions. Actually there is an extra term, namely

d(X],XZ)t .

Note also that if at least one of G| and G, vanishes, then this additional term also
vanishes and we have the usual relation

dX (0 X2(1) = X1(1) dXa(1) + Xo(2) dXi (1) .

Let f : R x R be a regular function of (x,7) and X an Ito process. What is the
stochastic differential of the process ¢t + f(X;,7)? The answer to this question is
Ito’s formula, which will be a key tool of computation from now on. In the next
theorem note again that the differential df (X;, r) behaves as an ordinary differential
plus an extra term.

Theorem 8.1 (Ito’s formula) Let X be a process with stochastic differential
dX, = F(t)dt + G(t) dB,

(continued)
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Theorem 8.1 (continued)
and letf : R, x R;F — R be a continuous function in (x, 7), once continuously
differentiable in 7 and twice in x. Then

df (Xi, 1)
_of of 1 0%f
= aé}fxtv 1) dt +a§2x X, 1) dX; + 128%);2
— 2
= (§, 0+ 5 XOF() + 3% (%G dr

+ 7 (X, )G(t) dB, .
0x

(X;, 1)G(1)* dt
(8.5)

Proof (The main ideas)

1° Step: let us assume f(x, t) = x"; (8.5) becomes

dX!' = nX}""dX, + L n(n— )X*G} dt .

This relation is obvious for » = 1 and follows easily by induction by

Proposition 8.1.

2° Step: (8.5) is therefore true if f(x, f) is a polynomial P(x). Let us assume now

that f is of the form f(x, r) = P(x)g;. We have

dP(X,) = [P'(X)F, + ) P"(X,)G?]dt + P'(X,)G, dB,
dg, = g, dt

and again (8.5) follows easily for such f, thanks to Proposition 8.1.
3° Step: (8.5) is therefore true if f is of the form

L
fOen) =Y Pi)gi) (8.6)

i=1

where the P;’s are polynomials and the g;’s are differentiable functions. If f is
continuous in (x, ), once continuously differentiable in ¢ and twice in x, one can

prove that there exists a sequence (f;), of functions of this form such that
Jalx, 1) = f(x,0),

AT (U R A R )

9 9
MO E ()
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as n — oo uniformly on compact sets of R x R (see Friedman 1975, p. 95 for
a proof). We have, fort; <, < T,

Ja(Xy. 12) fn(mel)

I o 1 9%,
_/t\1 [ (Xt’t)_'_ (Xt7t)Ft+ 2 a 2
t2 f;l

+ (er )G dB; .

151

2
Xi, t)Gf] i (8.7)

As n — oo the first integral on the right-hand side converges toward

) af af 1 aZf 5
/ [Bt (Xl‘st) + ax(Xtvt)Ft“r‘ 2 8x2 (Xf’t)Gt:Idt'

151

Actually, t + X; is continuous and therefore bounded on [t1, #;] for every w;
therefore g ,Ju(Xi, 1) converges uniformly to f;(X;, t) and the same holds for the
other derivatives. Moreover,

/ | f”(x,,z) f(X,,t)|2G,2dt 5 0

f n—>oQ

and by Theorem 7.4
20 fn

151

g
(Xt,t)Gt dBt —) / f(Xt,t)Gt dBt

We can therefore take the limit as n — oo in (8.7) and the statement is proved.
O

Example 8.3 As aparticular case, if f : R — R is twice differentiable and
dX; = F,dt + G,dB,
then
df (X,) = f'(X;) dX, + ; " (X)G? dt = f'(X,) dX; + ; ' (X)d(X), .

In particular,

df(B) = f'(B,) dB, + ; By dr
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Example 8.4 If f : RT — R is differentiable then

T T
[ rwas = [ e,
0 0
Actually Ito’s formula (or more simply (8.4)) gives

df(t)B, = f'(t)B, dt + f (1) dB; .

Example 8.5 Let us compute the stochastic differential of

" dB,
Zt:(l_t)/
0

1—s'

In Exercise 7.11 it is shown that Y is a Brownian bridge. There are two
possibilities in order to apply Ito’s formula. The first one is to write Z; = X,Y;

where
" dBy
X[ == 1 - t, Yt = ’
0 1—s
i.e.
1
dX[ == _dt, dY[ == 1 tdB[ .
Proposition 8.1 gives therefore
dZ[ = Ytht+XtdY[ == _Ytdt+dB[ . (88)

Actually here (X, Y), = 0. Observing that Z, = (1 —1)Y;, the previous relation
becomes

1
dZ[:_l tZ[dt+dB[,

which is our first example of a Stochastic Differential Equation.
A second possibility in order to compute the stochastic differential is to
write Z;, = g(Y;, 1), where g(x, 1) = (1 — t)x. Now

dg _ dg _ g _
9 (x, 1) = —x, 9 (x, ) =1-—r1, 92 (x,5)=0

(continued)
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Example 8.5 (continued)
and the computation gives again

9 9 1
dz, = af(Y,,z) d + ag(Y,,t) dY, = —Y,di+dB, =~ Zidi+dB,.
X

Example 8.6 In Exercise 5.13 we proved that

t
Y[ZtBI_/Budu
0

is a martingale. Let us see how Ito’s formula makes all these computations
simpler. We have

dY; == tdB;+B;dt_Btdt= tdB[

i.e.,as Yy =0,

t
Yt:[ Sst
0

so that Y, being the stochastic integral of a (deterministic) process of M?, is
a square integrable martingale. This representation also makes it particularly
easy to compute the variance of Y, which was done in Exercise 5.13 with
some effort: we have

3

t
t
E(Yf):/o s ds = 3

Example 8.6 points out how Ito’s formula allows to check that a process is a
martingale: first compute its stochastic differential. If the finite variation term
vanishes (i.e. there is no term in dr) then the process is a stochastic integral and
necessarily a local martingale. If, moreover, it is the stochastic integral of a process
in M?, then it is a martingale (we shall see in the examples other ways of proving
that a stochastic integral is actually a martingale). This method of checking that a
process is a martingale also provides immediately the associated increasing process.
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Remark 8.2 1t is possible to give a heuristic explanation of the extra term
appearing in Ito’s formula. Thinking of differentials in the old way we find

) = 1100 X+ ()X + .
=f'(X))(A,dt + G,dB,) + ; f"(X)(Ardt + G, dB,)” + ...
= f'(X,)(A, dt + G, dB;) + ; (X)) (A% df* + 2A,G, dt dB; + G (dB;)*) + ...

At this point in ordinary calculus only the first term is considered, all the terms
in df? or of higher order being negligible in comparison to dt. But now it turns
out that dB, “behaves as” +/dt so that the term } f”(X;)G? (dB;)? is no longer
negligible with respect to dt. ..

8.2 Application: exponential martingales

IfX € M2 ([0,T]) and A € C let
t AZ t ,
Z, =\ [ X,dBy— X2d
' /0 2 /0 s & (8.9)
Yr == eZ’ .

Let us compute the stochastic differential of Y. We must apply Ito’s formula to
t— f(Z;) with f(x) = €*: as f'(x) = f(x) = €*, we find

1
dY[ == eZI dZ[ + eZ’d(Z>r
52 12 (8.10)
= o7 (AX, B, — " XPdi) + &% A2XPdi = AX,Y,dB,
2 2
i.e., keeping in mind that ¥y = 1,

t
Y,=1+A/ Y.X,dB; . 8.11)
0

Therefore Y is a local martingale. If A € R it is a positive local martingale and, by
Proposition 7.5, a supermartingale; in particular, if A € R, then

E(Y) <E(Y) =1

foreveryt < T.
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In the future, we shall often deal with the problem of proving that, if A € R, Y is
a martingale. Indeed, there are two ways to do this:

1) by showing that E(Y;) = 1 for every ¢ (a supermartingale is a martingale if and
only if it has constant expectation, Exercise 5.1);
2) by proving that YX € M?([0, T]). In this case Y is even square integrable.

We know (Lemma 3.2) the behavior of the “tail” of the distribution of B;:
P(|B;| = x) < conste™ 2 ,
and the reflection principle allows us to state a similar behavior for the tail of the r.v.

Supy<,;<7 |B:|. The next statement allows us to say that a similar behavior is shared
by stochastic integrals, under suitable conditions on the integrand.

Proposition 8.2 (Exponential bound) Let X € M?([0,7]) be such
that fOT st ds < k a.s. for some constant k > 0. Then, for every x > 0,

t
/ X, dBy
0

Proof Let M, = [y X,dB, and A, = (M), = [, X?ds. Then as A,
6 >0,

2

> x) <2e" % (8.12)

P( sup

0<t<T

< k, for every

{Mt > x} — {eOM, > eGX} c {eOM,—QGZA, > er—éezk} )

The maximal inequality (5.15) applied to the supermartingale t efMi—6%A; gives

192 192 12
P( sup M; > x) < p( sup efM—20%Ar > gbix—30 k) < e frti0%k
0=r=<T 0<i<T

This inequality holds for every 6 > 0. The minimum of § +— —60x+ ;sz ford >0

is attained at 6 = ; and its value is —3, . Substituting this value into the right-hand
side we get

XZ
P( sup M, > x) <e %, (8.13)

0<t<T

The same argument applied to —M gives

P( inf M, < —x) <e k% |

0<1<T

which allows us to conclude the proof. O
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If the process X appearing in (8.9) is of the form Z;’;l AiX;i(s) with Xq,...,X,, €
M,zoc([O, T0), A = (A1, ..., Ay) € C™, then we obtain that if

tm t m
Y, = exp( /0 ;Aixi(s) dB, — ; /0 ; LA Xi(9)Xi(s) ds),

we have
m t
Y, =1 +ZA,-/ Y,X;(s) dB, , (8.14)
i=1 0

i.e. Y is a local martingale. This is the key tool in order to prove the following
important result.

Theorem 8.2 Let X € M?

loc

([0, 400[) be such that
+o00
/ X*ds = +oo as. (8.15)
0

Then, if 7(r) = inf{u; [, X? ds > 1}, the process

(1)
W, = / X, dB,
0

is a (continuous) Brownian motion.

Proof We first compute, using (8.14), the finite-dimensional distributions of W,
verifying that they coincide with those of a Brownian motion. Next we shall prove
that W is continuous. Let 0 < #; < --- < t,; as 7(¢) is a finite stopping time for
every t,

(1)) (1) At t
W, = / X;dB; = lim X;dB; = lim Xslsar (s dBs .
0 t—>+o00 Jy t—>+00 Jo !
(8.16)

In order to determine the joint distribution of (W,,..., W, ) we investigate the
characteristic function

m m

E[exp(ZinWtj)] = E[exp(Zin/OI(rj) X dBX)] .

J=1 j=1
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Let us write (8.14) setting X;(s) = X;1{,<c(;} and A; = i6);, 6; € R:

m t 1 m t
Y, = exp[ZiGj/o X;i(s) dB; + 5 Z 9h9k/ Xn ()X (s) ds]
=1

= ‘ (8.17
m IAT(t]) 1™ IANT(tn) AT (k) ) 17)
= i6: X, dBy 0 X ]
exp[Zz//o ‘d‘+229hk/0 ~ds
j=1 hk=1
We have, by (8.14),
m t
Yy=1+) ib; / Y, X(s) dB; . (8.18)
=t 0
Moreover, Y; is bounded for every ¢ as
t IAT(t) AT (1)
/ X ()X (s) ds = / X ds <t Aty (8.19)
0 0
and therefore, by (8.17),
1 m
Yl<exp|, D bl nn)]. (8.20)

hk=1

Y is therefore a bounded local martingale, hence a martingale, from which we
deduce that E(Y;) = E(Yp) = 1 forevery ¢, i.e.

m tAT(t)) 1 tAT(t) AT (1)
E[exp(ZiGj/ X;dB.+ 3 ehek/ des)] —1. (@821)
= o 0

hk=1

But

IAT(th) AT (1K) T(tn) At (tk)
lim X2 ds = / X2ds =ty At
0

t—>+o0 Jo

and therefore, by (8.16) and Lebesgue’s theorem (the r.v.’s Y; remain bounded thanks
to (8.20)), taking the limit as ¢t — +oo0,

m

L= lim E[¥]= E[exp(zz‘ejw,_, n ; > 66t A tk))] ,

j=1 hk=1

ie.

m

E[exp(ZiGjW,j)] = exp[— ; i O Ok (21 /\tk)] :

j=1 hk=1
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which is the characteristic function of a centered multivariate Gaussian r.v. with
covariance matrix Iy, = #, A t;. Therefore W has the same finite-dimensional
distributions as a Brownian motion and is actually a Brownian motion.

We now have to prove that the paths are continuous. Let A, = for X2 ds. If this
process, which is obviously continuous, was strictly increasing then we would have
7(f) = A~'(#). As the inverse of a continuous function is still continuous, W would
be continuous, being the composition of the two applications

s»—>/‘ X, dB, and t—1(1) .
0

If, conversely, A is not strictly increasing, this simple argument does not work, as
t — 7(f) might be discontinuous. For instance, if A was constant on an interval
[a,b],a < bandt = A, = Ap, then we would have

t(t) = inf{u; A, >t} > b,

whereas 7(u) < a for every u < t; therefore necessarily lim,—,,— t7(u) < a < b <
7(¢). The arguments that follow are required in order to fix this technical point.
However, the idea is simple: if A is constant on [, b[, then X; = 0 a.e. on [a, b[, and
therefore ¢ > fot X, dB, is itself constant on [a, b].

If a : R — R7T is a non-increasing right-continuous function, its pseudo-
inverse is defined as

c(t) = inf{s; a(s) >t} . (8.22)

7 is therefore the pseudo-inverse of A.

Proposition 8.3 Let a be an increasing right-continuous function. Then

a) its pseudo-inverse c is right-continuous.
b) If lim,,,— c() = L < c(tp), then a is constant = £, on [L, c(f)].

Proof

a) Let (z,), be a sequence decreasing to ¢ and let us prove that lim,—,  c(t,) = ¢(?);
¢ being increasing we have lim,—oo c(#,) > c(f); let us assume that c(z,)
L > ¢(f) and let us prove that this is not possible. Let u be a number such that
c(t) <u < L. Asu < c(t,) we have a(u) < t, for every n. As c(tf) < u we have
t < a(u). These two inequalities are clearly incompatible.

b) If L < u < c(ty), then a(u) > t for every ¢ < ty and therefore a(u) > #;. On the
other hand u < ¢(ty) implies a(u) < 1, and therefore a(u) = t,. O
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End of the Proof of Theorem 8.2 As t is the pseudo-inverse of A and is therefore
right-continuous, W is right-continuous. If T was left-continuous at #y then W would

be continuous at fy. If, conversely, lim;—,—t(f) = L < t(t), then A would
be constant on [L, 7(#y)[ and therefore X; = 0 a.e. on [L, t(¢)[. Therefore by
Proposition 7.2 Wi, = Wy, a.s. and W is also left-continuous a.s. ]

Corollary 8.1 Under the hypotheses of Theorem 8.2, if A, = f(; X2 ds we
have

t
Wy, = / X, dB, .
0

Proof By definition, A being increasing, t(A;) = inf{s;A; > A;} > . If 1(A) = ¢
the statement follows immediately from Theorem 8.2. If, conversely, 7(A;) = L > ¢
then A is constant on [L, [ and therefore X; = 0 on [L, [ a.s.; then by Proposition 7.2
and Theorem 8.2

T(Ay) t
WA, = / X dBv = / X dBv .
0 0

|

Corollary 8.1 states that a stochastic integral is a “time changed” Brownian motion,
i.e. it is a process that “follows the same paths” of some Brownian motion W
but at a speed that changes as a function of # and w. Moreover, the time change
that determines this “speed” is given by a process A that is nothing else than the
associated increasing process of the stochastic integral.

Corollary 8.1 is obviously useful in order to obtain results concerning the
regularity or the asymptotic of the paths of ¢ fot X dB;, which can be deduced
directly from those of the Brownian motion (Holder continuity, Lévy’s modulus of
continuity, Iterated Logarithm Law, .. .).

8.3 Application: I” estimates

We have seen in Chap. 7 some L? estimates for the stochastic integral (mostly thanks
to the isometry property M?> < L?). If, conversely, the integrand belongs to M?,
p > 2, is it true that the stochastic integral is in [”? Ito’s formula allows us to
answer positively and to derive some useful estimates. We shall need them in the
next chapter in order to derive regularity properties of the solutions of Stochastic
Differential Equations with respect to parameters and initial conditions.
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Proposition 8.4 If p > 2 and X € M ([0, T]), then

T P _ T
sup ‘/ <c [(/ |XS|2ds)2] < cprzzE(/ |XS|Pds)
0<i<T 0 0

for some constant ¢, > 0.

Proof One can of course assume X € MP ([0, T]), otherwise the statement is obvious
(the right-hand side is = +o00). Let I, = fot X, dB; and define I = supy ., |/].
(I;); is a square integrable martingale and by Doob’s inequality (Theorem 5.12)
P
== (7 ,) sup E[ll]
p—

su
O<t£)T ‘ / ) 0<t<T (8.23)
(P »
= (p_ ) ElpY.

Let us apply Ito’s formula to the function f(x) = |x|” (which is twice differentiable,
as p > 2) and to the process I whose stochastic differential is dI; = X, dB;.

We have f'(x) = psgn(x)|x|P~",f"(x) = p(p — 1)|x|P~2, where sgn denotes the
“sign” function (= 1 for x > 0 and —1 for x < 0). Then by Ito’s formula

1
d|It|p :f/(lr) dIr + zf”(lr) d(l)r
1
= |P~ sen(1)Xs B+, p(p = DILPX] ds .

ie.,asly =0,
t 1 t
L =p / " sgn(l)X, dB, + , p(p—1) / LP2X3 ds . (8.24)
0 0

Let us now first assume | 7| < K: this guarantees that |[;|’~! sgn(I;)X, € M?([0, TY).
Let us take the expectation in (8.24) recalling that the stochastic integral has zero
mean. By Doob’s inequality, (8.23) and Hélder’s inequality with the exponents

and 7. we have

e = (et = (7 ) rto= ([ i)

_—
=co

2

< COE(I;"‘zfoTxfds) < COE[I;P]‘—ZE[(/O des) ]” .
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As we assume |I7| < K, E[I}”] < 400 and in the previous inequality we can divide
by E[I;”]l_g , which gives
2 d 51s
E[I]r < COE[(/ X2 ds) ]" ,
0
ie.
! 5
Bl < o E[( / X2ds)' ] (8.25)
0
If, conversely, I is not bounded, then let 7, = inf{t < T;|l;| > n} (t(n) = T if

{ } = 9). (rn). is a sequence of stopping times increasing to 7', as the paths of [ are
continuous and then also bounded. We have therefore I;, o, — I; as n — oo and

INT, t
Il‘/\‘L'n = / X;dBs = / le{s<r,,} dB;
0 0

so that (8.25) gives

ol [ SR LY
B07) = o E[( [ P ds) ] = e[ [ mpas)]
0 0

and we can just apply Fatou’s lemma. Finally, again by Holder’s inequality,

([ wras) =1 e [ a].

8.4 The multidimensional stochastic integral

Let B = (2,.%, (%), (B;), P) be a standard d-dimensional continuous Brownian
motion and let B, = (B;(¢), ..., By(t)).

A matrix-valued process o (s) = (03(s))iji = 1,...,m,j=1,...,d, is said

to be in M7 ([a,b]), 0 < a < b, if (0;(s)); is progressively measurable for

every i,j and
b
i) foreveryi,jo; € M) ,i.e. / oy (s)|P ds < 400 a.s.
a
We say that 6 € MP([a, b]) if

b
i’) foreveryi,jo; € M?,ie. E[/ loi () ds] < +o00.
a
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Similarly to the one-dimensional case, for fixed d, m, the space M?([a, b]) turns to
be a Hilbert space with norm

jor = [ [ oras].

where
m d
lo@P) =YY 04(s)* = tr(o(s)0(5)*) .
i=1 j=1
If o € M2 ([a, b]) then, for every i, j, the stochastic integral fab 0ij(1) dBj(?) is already
defined. Let

b d b
/a o(t)dB; = (; / o,;i(t)dBj(t)>i. (8.26)

The stochastic integral in (8.26) is an R™-valued r.v. Note that the matrix o (s) is,
in general, rectangular and that the process defined by the stochastic integral has a
dimension (m) which may be different from the dimension of the Brownian motion
(d). 1t is clear, by the properties of the stochastic integral in dimension 1, that, if
o € M2, ([0, T]), the process I, = fot o (s) dB; has a continuous version and every
component is a local martingale (it is easy to see that a sum of local martingales
with respect to the same filtration is still a local martingale).

In the next statements we determine the associated increasing processes to these

local martingales.

Lemma 8.1 Let X;,X, € M>([0, T]) be real processes and
t t
o = [ X, Lo = [ Xwdew.
0 0
Then, for0 <s <t <T,
t t
E( / X, (u) dB) (u) / Xa(u) dBa(u) | 7,) = 0. (8.27)
In particular, the process

t = L) (¢)

is a martingale and (1, 1), = 0.
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Proof Let us first prove the statement for elementary processes. Let

n n
1 2
X (1) = sz( )1[ti~,ti+1[’ X = sz( )1[tiati+l[ .
=1 =1

Then

[ [ X s [ dsa | 2]

E[ Z X" (By(ti1) — Bl(ti))Xj(Z) (B2(tj+1) — Ba(1y)) ‘ 3‘1] (8.28)
ij=1
= Z E[X,'(l)(Bl(ti+l) - Bl(ti))Xj(Z) (B2(tji11) — Ba(1y) | F] -
ij=1

Note first that all the terms appearing in the conditional expectation on the right-
hand side are integrable, as the r.v.’s Xl.(k) (Bk(ti_H) — Bk(t,-)) are square integrable,
being the product of square integrable and independent r.v.’s (recall that Xi(k) is .-
measurable). Now if #; < ¢ then, as the r.v.’s Xi(l), Bi(t;i+1) — B1(1)), Xj(z) are already
#,-measurable,

E[Xi(l)(Bl(liH) - Bl(ti))X;z) (B2(tj41) — Bo() | ]
= E[E[X;l)(Bl(l,'+1) — Bl(l‘,’))Xj(z) (Bz(tj_H) — Bz(lj)) | eg.rj] ‘ yg]
= E[Xi(l)(Bl(liH) - Bl(li))Xj(Z) E[(B2(t+1) — Bo(1)) | ] | #] = 0.

=0

Similarly one proves that the terms with i = j in (8.28) also vanish thanks to the
relation

E[(B1(ti+1) — B1(t:))(Ba(ti+1) — Ba(t:)) |- 7]
= E[(B1(ti+1) — B1(t:))(B2(ti+1) — Ba2(1:))] = 0,
where we use first the independence of (B (f;+1) — B1(%;))(Ba2(t;+1) — Ba2(t;)) with
respect to .%,, and then the independence of By (f;+1) — B1(#;) and Bx(ti+1) — Ba(1)).

(8.27) then follows as the stochastic integrals are the limit in L? of the stochastic
integrals of approximating elementary processes. O

Let now o € M>*([0, T]) and

X, = / o(u) dB, . (8.29)
0
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What is the associated increasing process of the square integrable martingale (X; (7)),
(the i-th component of X)? If we define

L) = /0 01 (1) By ()

then X;(¢r) = I;(¢) + --- + I4(¢) and

d d
X7 = () Ik(t))z = > LOL() .
k=1

hk=1

By Lemma 8.1 I,1;, h # k, is a martingale. Moreover, (Proposition 7.3)

L(0)* — /O o2 (s)ds

is a martingale. Therefore

d ot
Xi(1)* — Z / 0% (s)ds (8.30)
k=10
is a martingale, i.e.
d ot
X)), = Z/ oa(s)ds . (8.31)
k=10

A repetition of the approximation arguments of Sect.7.6 gives that if, conversely,
o € M2 ([0,T]), then the process (8.30) is a local martingale so that again its

loc
associated increasing process is given by (8.31). From (8.31) we have

d t
Xi+X) =) / (0w (s) + o(s))* ds
k=170
d t
=)= Y [ o) = auo?as
k=10
and, using the formula (X;, X;), = 41; ({Xi + Xj); — (Xi — X;).), we obtain

d ‘ t
(X Xi)i =Y /0 0 ()0 (s) ds = /O aij(s) ds , (8.32)
k=1
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where a(s) = o(s)o(s)*. As a consequence we have the following, which shows
that also in the multidimensional case the stochastic integral is an isometry between
M? and L2,

Proposition 8.5 If o € M*([0, T]) and X is as in (8.29) then
[ () ~ X)) ~ 1)) = E( [ ayto) )

(recall that a(s) = o(s)o(s)*) and

E( /tza(t) dB, 2) - E(/Q |0(t)|2dt) - E(/tz tra(r) dt) . (833)

n 1
Proof As both X; and X; are martingales, we have fort; < #,

E[X()X;(t)] = E[E[Xi(2)X;(11)|.Z#,,]] = E[Xi(1)X;(11)] -
Therefore

E[(Xi(t2) — Xi(1))(Xj(12) — X;(11)) ]
= E[Xi(2)X;(12) + Xi(t)X;(11) — Xi(1)X;(12) — Xi(02)X;(11) |
= E[Xi(2)X;(12) — Xi(11)X;(11) ]

but as the process (X;(1)X;(¢)), is equal to a martingale vanishing at O plus the process
(Xi, X;), we have

= E[(X0 X)) — (X X)) ] = E([z ai(s) ds) .

Now (8.33) follows because

E(X(0) - X)) = Bl ~ X)) =E( [ Y asyar)
i=1 =1

|

As is the case for the stochastic integral in dimension 1, the martingale property
allows us to derive some important estimates. The following is a form of Doob’s
maximal inequality.
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Proposition 8.6 If o € M?*([0, T]) then

/Ot ) 2] < 4E[/OT |0(s)|2ds] .

E[ sup

0<t<T

Proof

t m r d 2
/0 o (s) dBy ] [ sup Z(/o Zaij(s)dBj(s)) ]

0=i=T"i—) =1

E sup / ZG’/(S) dB; (s)) ]

1 0<t<T

E[ sup

0<t<T

m
=

i

By Doob’s inequality (Theorem 5.12),

[ sup /Zo,,(s) as)) ] =4[ ( / Z%@ a59) ]

0<t<T

= 4/0TE[;ZUih(s)om(s)] ds = 4/0T E[(00™)i(s)] ds

and now just take the sum in i, recalling that |o'(s)|> = tro(s)o (s)*. O

We say that an R™-valued process X has stochastic differential
dX[ Frdt‘}‘G[dB[,

where F = (Fy,...,Fy,) € M} ([0,T]) and G = (GU), Lo € M

loc

([0, 1)), if for

every 0 <t <t <T we have

1% 153
XTZ_X[l:/ Frdt“r‘/ GrdBr.

151 n

Again do not be confused: the Brownian motion here is d-dimensional whereas the
process X turns out to be m-dimensional. Note that, also in the multidimensional
case, the stochastic differential is unique: just argue coordinate by coordinate, the
details are left to the reader.

In the multidimensional case Ito’s formula takes the following form, which
extends Theorem 8.1. We shall not give the proof (which is however similar).
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Theorem 8.3 Let u : R”™ x Rf — R be a continuous function with
continuous derivatives u, uy,, Uy, i,j=1,...,m. Let X be a process having
stochastic differential

dX[ == Frdt + thBr .
Then the process (u(X, r)), has stochastic differential
du(X,. 1) = u,(Xp. ) dt + Y ug (X, 1) dXi(0)

Lo =l (8.34)
+ ) Z ux,‘Xj(X[7 t)Aii(t) dt B

ij=1

where A = GG*.

Thanks to (8.32) we have A;;(7) dt = d(X;, X;),, so that (8.34) can also be written as

m 1 m
du(X,. 1) = w(X,. ) dt + Y ug (X, 1) dXi() + 5 Dt (X DA (X, X,

i=1 ij=1

Example 8.7 Let u : R — R be a twice differentiable function. Then,
denoting by u’ the gradient of u,

Actually in this case d(B;, B;); = 0 for i # j and d(B;, B;); = dt so that
1 & 1
5 Oty (BB, By)i = ) A u(B)dr.
ij=1

In particular, if i # j, applying the previous remark to the function u(x) =
x;x;, whose Laplacian is equal to 0,

d(Bi(1)B;(r)) = Bi(1) dB;(1) + B;(1) dBi(t) . (8.36)

We find again that B;B; is a martingale for i # j (see Exercise 5.24). In
addition we obtain immediately the associated increasing process A of this

(continued)
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Example 8.7 (continued)
martingale: as

Bi(1)*Bj(1)* = ( /0 lBi(t) dB;(1) + /0 lB,-(t) dB,»(t))2

= ( /0’ Bj(1) dBi(l))2+< /O’ Bi(1) dBj(l))2+2 /O ’ B;(t) dBi(1) /0 l Bi(t) dB; (1)

and we know that the last term on the right-hand side is already a martingale
(Lemma 8.1), we have that if

A = [ Z(Bi(s)z + Bj(s)*) ds
0

then 7 > B;(1)*B;(1)> — A, is a martingale. Hence A is the requested associated
increasing process.

Example 8.8 (Bessel square processes) What is the stochastic differential of
X, = |B;|*?

We must compute the stochastic differential of u(B,) where u : R? — R is
given by u(x) = |x|* = x] 4 -+ 4 x3. Obviously

2

“u
= 28;
8x,»8xj (x) SJ

ad
B;l,- (x) = 2x;,
i.e. u'(x) = 2x whereas Au = 2d. Therefore by (8.35)
dX; = ddt + 2B, dB, (8.37)

and we find again another well-known fact: |B,
Bessel square process.

|> — dt is a martingale. X is a

I£0 = (6),....0,) € R", () = (04(s))i=1.. € M}
=

loc

([0, 7)), leta = oo™ and

X, = / o(s) dB, , (8.38)
0

which is an m-dimensional process. Let

Y? = exp ((e,fo(s) dB,) — ; /r(a(s) 0.0)ds), (8.39)
0 0
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then, by Ito’s formula applied to the function u(x) = e{®* and to the process

t 1 t
70 = / o(s) dBy — / a(s)0 ds
0 2 Jo

so that Y? = u(Z?), we obtain

m t m d t
Y =1+ Zeh/ Y9 dX,(s) = 1+ ZZ@h/ Y00,(s)dBi(s) . (8.40)
h=1

0 h=1j=1 70

Y% is a positive local martingale and therefore a supermartingale. In a way similar
to Proposition 8.2 we get

Proposition 8.7 Let 0 € M?([0,T]) and & € R™ with |8| = 1. Then if there
exists a constant k such that fOT(a(s) 0,0)ds < k we have

2

P( sup [(0,X,)| > x) <2e % . (8.41)

0<t<T

Moreover, if fOT(a(s) 0,0) ds < k* for every vector 8 € R" of modulus 1,

2

P( sup |X,| = x) < 2me”2km . (8.42)

0<t<T

Proof The first part of the statement comes from a step by step repetition of the
proof of Proposition 8.2: we have for A > 0

P( sup 1(6.%)| > x) =P( sup |(16,X,)| > Ax)

0<t<T 0<1<T

1 ’ 2 1 2
gp( sup |()w,x,>|—2/0 2(a(9)6.0)ds = Ax— A k)

0<t<T

1 T
- p( sup exp (|(w,x,)| - /O A2 (a(s) 9,9>ds) > eAx—W) .

0<t<T

Now ¢ — exp(|{A0, X;)| — é fOT A2{a(s) 6, 0) ds) is a continuous supermartingale
whose expectation is smaller than 1. Hence, by the maximal inequality (5.15),

P( sup [(6,X)| > x) < e Mty A%

0<t<T
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and taking the minimum of A — —Ax + ékzk for A € RT we obtain (8.41).
Moreover, the inequality (8.41) applied to the coordinate vectors gives, for every
i=1,...,m,

2

P( sup [Xi(o)| = jm) < 2¢™ 2 m

0<t<T

and now just observe that if sup,_,r |X;| > x, then for one at least of the coordinates
i,i=1,...,m, necessarily supo_, .7 |X;(t)| > xm~'/2_ Therefore

m 2

P( sup |X:| = X) =< ZP( sup |Xi(0)] = jm) < 2me 2%k*m |
<t<

0<I<T = o
O
Theorem 8.4 LetX = (Xy,...,X,) € M2, ([0, +00) such that
+o00
/ 1X,|>ds = 400 a.s.
0
LetA, = [ |X|>ds and 7(r) = inf{s; A, > t}; then the process
(1)
W, = / X, dB,
0

is a (one-dimensional) Brownian motion such that W(A4;) = for X, dB;.

Proof Identical to the proof of Theorem 8.2. O

In particular, if |X;| = 1 a.s. for every s, then A, = r and therefore

Corollary 8.2 Let X = (Xi,...,Xq4) € M3 ([0, +00[) be a process such that

oc

|X;| = 1 for almost every s a.s. Then the process

t
W,z/ X, dB;
0

is a Brownian motion.

Sometimes it would be useful to apply Corollary 8.2 to X; = \BIA B1(?), ..., Ba(1)),
which is obviously such that |X;| = 1. Unfortunately this is not immediately
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possible, as X is not defined if |B,] = 0. In the following example we see how
to go round this difficulty.

Example 8.9 (Bessel square processes again) We have seen in (8.37) that
the process X, = |B;|? has the stochastic differential

dX, = ddt + 2B, dB, . (8.43)

Now let zo € R? be any vector such that |zo| = 1 and let (recall that /X, =
|B:])

W, = /0 l (jx ko) + 20l px,=op ) B (8.44)
Therefore W is a one-dimensional Brownian motion. Note that
VX dW (1) = B, 1(x,20; dB, + /X 1 {x,=0}20 dB; = B, dB,
(of course v/X; 1gx,—0; = 0) so that
d
B,dB, =) Bi(t)dBi(t) = v/X,dW(r).
i=1
(8.43) can now be written as
dX, = ddt + 2+/X, dW, . (8.45)
Therefore the process X; = |B,|2 is a solution of (8.45), another example

of a Stochastic Differential Equation, which we shall investigate in the next
chapter.

The same arguments developed in the proofs of Theorem 8.4 and Corollary 8.2 give
the following

Proposition 8.8 Let (O,); be a progressively measurable O(d)-valued (i.e.
orthogonal matrix-valued) process. Then (O,), € M?([0, +o0]) and

t
Xt = / O‘Y dBy
0

is itself an (%;),-d-dimensional Brownian motion.
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Proof (Oy), obviously belongs to M?([0, +o0[) as all the coefficients of an orthog-
onal matrix are smaller, in modulus, than 1. By the criterion of Theorem 5.17, we

just need to prove that, for every A € R?, Y* = el X)+2 A1 5 an (Z,),-martingale.
By Ito’s formula, or directly by (8.39) and (8.40), we have

t
Y} =1 +i(/\,/ Y} 0, dBy).
0

Since, for s < 1, |Y*| < e212’, the process (Y*Oy); is in M2 ([0, +oo[) and therefore
Y* is an (.%,),-martingale, which allows us to conclude the proof. O

We conclude this section with an extension to the multidimensional case of the
17 estimates of Sect. 8.3.

Proposition 8.9 If o € M; ([0, T]), p > 2, then

[

Proof One can repeat the proof of Proposition 8.4, applying Theorem 8.3 to the
function, R" — R, u(x) = |x|?, or using the inequalities (also useful later)

Zoc

E( sup

0<t<T

sp) <c(pmd)T’? E(/Ot o (s)|” ds) .

Yol <l <m Yl xeR” (8.46)
i=1 i=1

ity <@ Yyl yeRe. (8.47)
Jj=1

By Proposition 8.4 and (8.46),

sup ‘ /
0<t<T

)<m22 (Sup ‘Z/ g,](s)dB(s)))

0<r<T

m

p—2
<m:? E sup

0<t<T

Z [[oano))
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and then by (8.47) and Proposition 8.4

m

=< mpzzdp_l Z ZE( sup

i=1j=1 0=I=T

/0 0ii(s) dBj(s)

)
T m

<p¥PQ(p- 1) m" dp_lTp;zE(/ > Z oy ()" ds)
0

i=1 j=1

< c(p,m,d)TPZZE(/OT I6(s)]? ds) .

8.5 *A case study: recurrence of multidimensional Brownian
motion

Let B be an m-dimensional Brownian motion, with m > 2. We know (see
Remark 3.4) that in dimension 1 the Brownian motion visits (infinitely many times)
every real number with probability 1. What can be said in dimension m > 27 In
dimension m does Brownian motion also go everywhere?

There are two ways of precisely stating this kind of property for a generic
process X.

pl) X visits every open set D C R™ with probability 1.
p2) X visits every point x € R” with probability 1.

A process satisfying p1) is said to be recurrent. A process that is not recurrent is
said to be transient. Of course p2) entails p1).

Let us investigate whether the Brownian motion is transient or recurrent in
dimension > 2. We shall treat the case m > 3, leaving the case m = 2 as an
exercise (Exercise 8.23). Let x € R™, x # 0: we want to investigate the probability
for the Brownian motion to visit a neighborhood of x. It should not be surprising,
as in other questions concerning the visit of a process to some set, that the problem
boils down to finding the right martingale. Let

1

X, = :
' |B; — x|m—2

(8.48)

We can write X; = f(B,), where f(z) = |z — x|~"~2). f has a singularity at x but
is bounded and infinitely many times differentiable outside every ball containing x.
In order to apply Ito’s formula, which in this case is given in (8.35), let us compute

f'(z) and Af(2), z # x. If g(z) = |z — x|, we have, for z # x,

8g — X
0z; Z(Z’ SO —x|
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and therefore

of —(m=-2) zi—x; —(m—2)(z—x;)
(Z) = m—1 = m
9z |z —x|"! |z —x] |z — x|
and
32f( ) m(m—2)(zi —x;)> m—2
7) = -
azi2 |Z__x|m+2 |Z_x|m
so that

Af(z)—m(m Z)Z:(l_i2 m(m — 2)

|m+2 _xlm

f is not a C? function on R (it is not even defined everywhere) so that we cannot
directly apply Ito’s formula in order to obtain the stochastic differential of X, =
f(B;). However, let?be a function that coincides with f outside a small ball, V,,(x),
centered at x and with radius rll with rll < |x| and extended inside the ball in order to

be C2. Then by Ito’s formula (recall that?(O) =£(0) = |x|7"=2)

7wy = W+ [ 7 (B,) dB, + / L ATBy s
0 0

Let us denote by 7, the entrance time of B into the small ball. Then, as f coincides
with f outside the ball,

Xt/\t,, :f(Bt/\t,,) :?(Bt/\t,,)

INT, I‘Ar,,l
b [ wanr [ @ (8.49)
0
=

Therefore (X;ay,); is a local martingale. As f is bounded outside V,,(x) (f < n"2

outside the ball V,(x)), (X;r,): is also bounded and is therefore a martingale
(a bounded local martingale is a martingale, Remark 7.7). Let us deduce that
P(t, < +00) < 1 if nis large enough. As Xy = |x|~"=2,

E(Xinq,) = E(Xo) = ||~

for every t > 0. As X;n,, = n"2 on {1, < t}, we have E(X;r,) > n"?P(z, < 1)
and therefore

x|~ > n"2P(g, < 1) (8.50)
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so that P(z, < 1) < (n|x[)™™ 2 and as t — +oo we have P(1, < +o0) <
(n]x])~0"=2) and for n large the last quantity is < 1. Therefore with strictly positive
probability the Brownian motion does not visit a small ball around x. In dimension
> 3 the Brownian motion is therefore transient.

From this estimate we deduce that, with probability 1, B does not visit x: in order
to visit x, B must first enter into the ball of radius ’11 centered at x so that for every n

1
P(B; = x for some ¢t > 0) < P(z, < +00) <
(n]x|) =2

and, as n is arbitrary,
P(B; = xforsomet > 0) = 0. (8.51)

If m = 2, conversely, the Brownian motion is recurrent (see Exercise 8.23),
but (8.51) is still true: even in dimension 2 the probability for the Brownian motion
to visit a given point x # 0 is equal to 0.

The argument proving recurrence in dimension 2 is similar to the one developed
here for dimension > 3 (find the right martingale. . . ), but using the function f>(z) =
—log(]z — x|) instead. What makes the difference with the function f of (8.48) is
that £, is not bounded outside a neighborhood of x.

Example 8.10 (A uniformly integrable local martingale which is not a mar-
tingale) Since we now know that, with probability 1, B does not visit x, the
process

1
Xl - |Bt _ x|m—2
is well defined and, thanks to (8.49), is a local martingale. We now prove
that it is uniformly integrable but not a martingale, which is a useful
counterexample. In order to prove uniform integrability, let us show that
sup,-o E(X?) < 400 for every p < m(m — 2)~" and therefore that it is a
process bounded in L? for some p > 1. Let r = p(m — 2); then

— 1 P
E(X)) = E(|B,—x|7") = @iyl f ly—x| e [yl /thy.

We split the integral into two parts: the first one on a ball Sy centered at x and
with radius ;|x| the second one on its complement. As |y — x|~ < |x|7"2"

(continued)
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Example 8.10 (continued)
outside of S,,

1 / 12 2r L2
ly _x|—re—|y| /Zldy < /e [yI*/2t dy = .
Qrym2 Js |x|r (27 )m/2 |x[”

The remaining term conversely is evaluated by observing that inside S, we
have [y| > !|x| and therefore e M/ < =l*/%. The integral over S, is
therefore smaller than

1 5 1 2
—|x| /41/ | T _ —|x|* /4t —r
e y—x|""dy = e / |z|™" dy
Qmrym? y—sl= b Qo2 el <4 e

1

1 2 2l
_ —|x|? /4t m—1—r
= const e dp.

@noyn? /o P

If p < m(m — 2)~!, we have r < m and the last integral is convergent. The
quantity E(X?) is bounded in  and X is uniformly integrable.

If X, which is uniformly integrable, were a martingale, then the limit X, =
lim,_, 1 oo X; would exist a.s. and in L'. But by the Iterated Logarithm Law
there exists a.s. a sequence of times (f,), with lim,_,. #, = 400 such that
lim, o |B;,| = 400, therefore Xoo = 0 a.s., in contradiction with the fact
that the convergence must also take place in L!.

Exercises

8.1 (p.533) Let (2, %, (%), (B:):, P) be areal Brownian motion and let
M, = (B, +1)e B0
a) Compute the stochastic differential of (M,);.

b) Show that (M;), is a martingale.

82 (p.534) Let B = (£2,.7,(%):, (B:):,P) be a Brownian motion and let
a,b > 0. Compute the stochastic differential of X, = (b — B;)(a + B;) + t and
deduce that it is a martingale.

8.3 (p.535)

a) Let (B;); be a Brownian motion. Determine which of the following processes is
a martingale

X, = e/?sinB,

Y, =e/%cosB, .
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Compute E(X;) and E(Y;) forz = 1.
b) Prove that X and Y are Ito’s processes and compute (X, Y),.
8.4 (p.536)

a) Let o > 0. Prove that
! 1 2 1 1 2
/ P20 dB = (7P —1) . (8.52)
0 o
b)

t
5 1 S p2
/ efo BudBu_z fO B“duBX ng‘ =f)
0

8.5 (p.536) Let B be a Brownian motion with respect to the filtration (.%#,);.

a) Show that X, = B? — 3tB, is an (.%;),-martingale.
b) Prove that for every n = 1,2,... there exist numbers ¢, ,,, m < [n/2] such that
the polynomial

(/2]
Pu(x, 1) = Z ComX 2" (8.53)

m=0

is such that X; = P, (B, t) is an (%#;),-martingale. Compute P, forn = 1,2, 3, 4.
c) Let a,b > 0 and let 7 be the exit time of B from | — a, b[. In Example 5.3
and Exercise 5.10 we have computed the law of B, and E(r). Are 7 and B,
independent?
8.6 (p.537) Let B = (82, Z, (%), (B:):, P) be a Brownian motion and A € R.

a) Prove that
t
M, =e"'B, — A / e B, du
0

is a square integrable martingale and compute its associated increasing process.
b) Prove that if A < O then M is uniformly integrable and determine the
distribution of its limit as t — 4-00.
cl) Prove that

Zt _ eMt—A&lx\ (62)»!_1)

is a martingale.
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c2) Let Zy, be the limit of the positive martingale Z as t — +o00 and assume A < 0.
What is the law of Zn.?
c3) Assume A > 0. Compute E[Z] for p < 1. What is the law of Zn,?

8.7 (p.538) Let B = (2, %, (%), (B;):, P) be a Brownian motion and let

t
Y,:tB,—/ B,du .
0

In Exercise 5.13 and in Example 8.6 we proved that Y is an (.%#,;),-martingale.
Prove that

1.3
ZI‘ — eY,—Gt

is an (%;),-martingale.

8.8 (p.539) Let B be a Brownian motion and

X—/t dB,
T 0 \/2+sins

What is the value of

. X
lim ?
—>+oo (2tloglog1)!/2

For —w < t < m a primitive of (2 + sin#)™'is t > 2+ 372 arctan(2 - 371/2 tan(}) + 37172

hence
/ 4 ds _ 2@
. 2+sins V3

8.9 (p.540) Let, for A > 0,

Does the limit

lim X, (8.54)

t—>—400

exist? In what sense? Determine the limit and compute its distribution.

Integrate by parts. ..
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8.10 (p.540) Let B be a real Brownian motion and, fore > Oand ¢t < T,
s
X = \/2/ sin dB; .
0 &

a) Prove that, for every 0 < ¢ < T, X converges in law as ¢ — 0 to a limiting
distribution to be determined.

b) Prove that, as ¢ — 0, the law of the continuous process X* for ¢ € [0, T] converges
to the Wiener measure.

8.11 (p.541) Let B be a Brownian motion and

" dB,

X, = :
' 0o /1+s

Compute P( SUPg<<3 Xt = 1).
8.12 (p.541) Let, fora > 0,

t
X, =Va+1 / u’?dB, .
0

a) Compute P(supy_,<, Xy > 1).
b) Let 7 = inf{r > 0;X;, > 1}. Compute the density of t. For which values of «
does 7 have finite expectation?

8.13 (p.542) As the Brownian paths are continuous, and therefore locally
bounded, we can consider their derivative in the sense of distributions, i.e. for every
¢ € CP(R™) and forevery ® € §2 we can consider the distribution B'(w) defined as

+o0
(6.8 (@) = — / o/, () dr
0
Check that

+o00
(¢>,B’)=/ ¢ dB; as.
0

8.14 (p.542) Let B = (2,.%, (%), (B:):, P) be a Brownian motion and let, for
0<tr<l,

1 B
4= Jl—zexP(_Z(l—t))'
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a) Prove that Z is a continuous (.%;),-martingale.

b) Compute, for p > 0, E[Z]]. Is Z square integrable? Is Z bounded in L?>?
¢) What is the value of lim,—,— Z,?

d) Find a process (X;); € M12 such that

oc

1 ot
Z =e Jo XsdB— ) [o X2 ds ]

8.15 (p.545) Let B = (Bj, B,) be a two-dimensional Brownian motion. Which
one of the following is a Brownian motion?

a) Wi(») =/ sinsdBl(s)—l-/ cossdBi(s).
0 0

b) Wa(2) =/ sinsdBl(s)—l-/ cos sdB(s).
0 0

t
c) Wi(r) = / sin B, (s) dB (s) +/ cos By (s) dBx(s).
0 0
8.16 (p.545) Let (B, By, B3) be a three-dimensional Brownian motion and

X, = /t sin(B3(s)) dB1 (s) + /tcos(Bg,(s)) dB»(s)

Or 0.1 (8.55)
Y, = / cos(B3(s)) dBi(s) + / sin(B3(s)) dBa(s) .

0 0

a) Prove that (X;), and (Y;), are Brownian motions.
bl) Prove that, for every s, f, X and Y; are uncorrelated.
b2) Is (X;, Y;); a two-dimensional Brownian motion?

¢) Assume instead that

= [ coswananio) + [ sin(ei s,

Is (X;, Y;); now a two-dimensional Brownian motion?
8.17 (p.546) Let B = (2, %, (%), (B;):, P) be a Brownian motion with respect
to its natural filtration (%,); and let 4, = %, v ¢ (B)).

a) Let 0 < s <t < 1 be fixed. Determine a square integrable function ¢ and a
number « (possibly depending on s, #) such that the r.v.

B,—/ ®(u) dB, — B,
0

is orthogonal to B and to B, forevery v <.
b) Compute E[B,;|¥]. Is B also a Brownian motion with respect to the filtration
(¢4,),? Is B a martingale with respect to (¢,),?
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c) Let,forr <1,

~ "Bi — B,
Bt:Bt_ du.
0

1—u

cl) Prove that, for0 <s <t <~1,§, —ELis independent of ?5.
c2) Prove that, for 0 < < 1, (B/), is a (¢,),-Brownian motion.
c3) Prove that (B,); is a Ito process with respect to (¢,);.

* This exercise shows that when switching to a larger filtration, in general,
properties such as being a Brownian motion or a martingale are lost, whereas
to be a Ito process is more stable.

8.18 (p.548) Let B = (£2,.%,(%)):, (B:),P) be a Brownian motion and X a
centered square integrable .#r-measurable r.v.

a) Let us assume that there exists a process (¥;); in M?([0, T]) such that
T
X = / Y, dB; . (8.56)
0

Show that such a process is unique.

bl) Let X = B3T. What is the value of X; = E[X|.%;] for 0 < s < T? What is the
stochastic differential of (X;)o<s<7?

b2) Determine a process (Y;); such that (8.56) holds in this case.

o2
c) Determine a process (Y;); such that (8.56) holds for X = e’Br —e2 T, for

o #0.

8.19 (p.549) Let B be a Brownian motion and

T
7z = / B,ds .
0
al) Compute M, = E[Z|.%,].
a2) Compute the stochastic differential of (M), and determine a process X € M?

such that
T
Z = / X, dB; .
0

b) Determine a process X € M? such that

T T2 T
/desz +/ X, dB; .
0 2 0
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8.20 (p.550) In Exercise 5.24 we proved that, if B is an m-dimensional Brownian
motion, then M; = B;i(1)Bj(¢), 1 < i,j < m, i # j, is a square integrable martingale
and in Example 8.7 we have shown that

M), = /0 (B (s) + B (s)) ds .

Let 6 > 0. Determine an increasing process (A,), such that

7, = e0Bi(B;(N—A;

is a local martingale.
8.21 (p.551)
a) Let Z be an N(0, 1)-distributed r.v. Show that

(1-2a)73% ifa <!

E[Z%e°%] =
+00 if o >

b) Let (B;); be a Brownian motion and let

H= 5
T a—pr exp

B}
_2(1—1))‘

Prove that lim,—,;— H, = 0 a.s. Prove that H € M2, ([0, 1]) but H & M?([0, 1]).

loc
c) Let, fortr < 1,
x= 0 eo( 0t ,)
= exp| — .
SRV RV o Q16 )
Prove that, fort < 1,
t
X, =1 —/ H dB; . (8.57)

0

Prove that lim,—;— X, = 1 a.s.
d) Prove that

1
/ H;dB, =1
0

so that H is an example of an integrand not belonging to M?> whose stochastic
integral is square integrable.



8.5 Exercises for Chapter 8 253

8.22 (p.552) (Poincaré’slemma) Let By, B;, . .. be a sequence of one-dimensional

independent Brownian motions defined on the same probability space and let Bf") =
(B1(1), ...,Bu(1)); B™ is therefore an n-dimensional Brownian motion. Let 7, be the
exit time of B” from the ball of radius /.

a) Show that M, (¢) = |B§") |>—nt is a martingale. Deduce that E(t,,) = 1 for every n.
b) If R,(t) = rll |B§") |2, show that there exists a Brownian motion W such that

2
dR,(t) = di + ¥ VR.(1) dW; . (8.58)
n
¢) Deduce that

B[ sup IR0~ 1] < ¢

0<t<t, n
and therefore 7, — 1 in probability as n — oo.

d) (Gallardo 1981). Deduce the following classical lemma of H. Poincaré. Let o,
denote the normalized (n — 1)-dimensional Lebesgue measure of the spherical
surface of radius /n of R". Let d be a fixed positive integer and 7,4 the
projection R” — RY.

Then as n — oo the image of o, through 7, 4 converges to the N(0, I) law of R,

¢) Z; = R,(t) — t, suitably stopped, is a martingale.
d) o, is the law of B(T:); 7,.4(0y) is therefore the law of (B (z,), ..., Ba(t)).

8.23 (p.553) In this exercise we investigate the properties of recurrence/transience
of Brownian motion in dimension 2, hence completing the analysis of Sect.8.5.
It turns out that in dimension 2 Brownian motion visits every open set with
probability 1 (which is different from the case of dimension m > 3), and is
therefore recurrent, but in contrast to dimension 1, every point x # 0 is visited
with probability 0.

Let B be a two-dimensional Brownian motion and x € R2, x # 0. Let 7, be the
entrance time of B in the ball of radius ’11 centered at x, with rll < |x|, so that this ball
does not contain the origin. Let X; = —log|B, — x|, when defined.

a) Prove that (X;x, ) is a martingale.

b) Let, for rll < M, 7,31 be the exit time of B from the annulus {z; :l <|z—x| < M}
with M > |x| so that this annulus contains the origin (Fig.8.1). Prove that
Tom < +00 a.s. and compute P(|B;, ,, — x| = :l)

¢) Deduce that P(t, < 4+00) = 1 for every n and therefore that B is recurrent.

d) Letx € R?, x # 0, and let us prove that B does not visit x with probability 1.
Let k > 0 be such that ), < |x| < k. Let

& = 1w = inf{z; |B; — x| = klk}

or = inf{t; |B; — x| = k} .
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d1) Deduce from the computation of b) the value of P(; < oy). Compute the limit
of this quantity as k — oo.

d2) Let T = inf{t; B, = x}. Note that, for every k, P(t < 03) < P({ < o) and
deduce that P(t < 4+-00) = 0.

©

Fig. 8.1 1, is the exit time of the Brownian motion from the shaded annulus. The large circle
has radius M, the small one ,1,

8.24 (p.554) (Bessel processes) Let B = (2, %, (%#:);, (B:):, P) be an m-dimen-
sional standard Brownian motion with m > 1 and let x € R” with |x| > 0. Then,
if X, = |B; + x|, X is a Markov process by Exercise 6.11 and X; > 0 a.s. for every
t > 0 a.s. as seen in Sect. 8.5 and Exercise 8.23.

a) Show that X; = |B; 4 x| is an Ito process and determine its stochastic differential.
b) Show that if f € C%(]0, +-00[) and £ = |x|, then

EFR)-1©) = 1),

-+

where L is a differential operator to be determined.



Chapter 9
Stochastic Differential Equations

In this chapter we introduce the notion of a Stochastic Differential Equation. In
Sects. 9.4, 9.5, 9.6 we investigate existence and uniqueness. In Sect. 9.8 we obtain
some [P estimates that will allow us to specify the regularity of the paths and
the dependence from the initial conditions. In the last sections we shall see that
the solution of a stochastic differential equation is a Markov process and even a
diffusion associated to a differential operator that we shall specify.

9.1 Definitions

Let b(x,1) = (bi(x,1))1<i<m and o (x, 1) = (0j(x, 1)) == be measurable functions

defined on R™ x [0,7] and R”- and M(m,d)-valued respectively (recall that
M (m,d) = m x d real matrices).

Definition 9.1 The process (£2, %, (F1)cjo.1), (&)reu1), (Br):, P) is said to
be a solution of the Stochastic Differential Equation (SDE)

d§ = b, t)dt +o(&.,1)dB,

1
&, =x xeR™ ©-

if

a) (2,.%,(F):, (By):,P) is a d-dimensional standard Brownian motion, and
b) forevery t € [u, T| we have

& ZX+/tb(és,S)dSJr/tU(Es,S)de-

u u

© Springer International Publishing AG 2017 255
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Of course in Definition 9.1 we require implicitly that s +— b(&,s) and s +—
o (&, 5) are processes in M} ([u, T]) and M2 ([u, T]), respectively.

Note that the Brownian motion with respect to which the stochastic integrals are
taken and the probability space on which it is defined are not given a priori.

Note also that the solution of a SDE as above is necessarily a continuous process.
In case someone wanted to model some real life phenomenon with such a SDE it is
important to realize this point: (9.1) is not fit to model quantities that make jumps.
Discontinuous behaviors must be modeled using different SDEs (with the Brownian
motion replaced by some more suitable stochastic process).

Some terminology: o is the diffusion coefficient, b is the drift.

Definition 9.2 We say that (9.1) has strong solutions if for every standard
Brownian motion (§2, .%, (%):, (B;):, P) there exists a process ¢ that satisfies
Eq.(9.1).

We shall speak of weak solutions, meaning those in the sense of Definition 9.1.
If &€ is a solution, strong or weak, we can consider the law of the process (see
Sect. 3.2): recall that the map ¥ : 2 — F([0, T], R™) defined as

w = (t = §(@))

is measurable (Proposition 3.3) and the law of the process £ is the probability on
€ ([0, T], R™) that is the image of P through the map .

Definition 9.3 We say that for the SDE (9.1) there is uniqueness in law if,
given two solutions &' = (2/, F', (F));, (€)1, (B):, P), i = 1,2, (possibly
defined on different probability spaces and/or with respect to different Brow-
nian motions) £' and £2 have the same law.

Definition 9.4 We say that for the SDE (9.1) there is pathwise uniqueness
if, given two solutions (2, Z, (%)), (§));, (B):, P),i = 1,2, defined on the
same probability space and with respect to the same Brownian motion, &; and
£, are indistinguishable, i.e. P(§! = &2 forevery ¢ € [u, T]) = 1.

Note that, whereas the existence of strong solutions immediately implies the
existence of weak solutions, it is less obvious that pathwise uniqueness implies
uniqueness in law, since for the latter we must compare solutions that are defined
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on different probability spaces and with respect to different Brownian motions. It is,
however, possible to prove that pathwise uniqueness implies uniqueness in law.

Remark 9.1 If £ is a solution of the SDE (9.1) and f : R” x Rt — Risa
C?! function, then the stochastic differential of ¢ > f(&;, 1) is

d d 1 92
W& =" God+Y ) Eodan+ )Y G od,
i ! ij

where a; = Y, 0i0j(, i.e. a = oo*. Hence we can write

of

af e = ('

d
600+ 17 0) i+ Y ) (6 0oy(E. 0 dBG)
ij !

where L denotes the second-order differential operator
L 12’” (t)82 +Emb( t)a
= agj\x, i\, :
2 / 8xpc_,- i1 8)(?,‘

ij=1

In particular, if we look for a function f such that ¢t — f (&, f) is a martingale,
a first requirement is that

af
Lf =0,
8t+f

which ensures that 1 — f (&, 1) is a local martingale.
The operator L will play an important role from now on. Note that if d§, =
dB;, then L = ; A, A denoting the Laplace operator.

In this chapter we shall generally denote stochastic processes by the symbols &, (&;);.
The notations X, (X;);, most common in the previous chapters, are now reserved to
denote the canonical process. From now on B = (£2, %, (%;);, (B:);, P) will denote
a d-dimensional standard Brownian motion, fixed once and for all.

9.2 Examples

In the next sections we shall investigate the existence and the uniqueness of solutions
of a SDE, but let us first see some particular equations for which it is possible to find
an explicit solution.
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Example 9.1 Let us consider the equation, in dimension 1,

dE, = —\E dt + o dB,

9.2
£ = x 9.2)

where A, 0 € R; i.e. we assume that the drift is linear in & and the diffusion
coefficient constant. To solve (9.2) we can use a method which is similar
to the variation of constants for ordinary differential equations: here the
stochastic part of the equation, o dB;, plays the role of the constant term. The
“homogeneous” equation would be

d§, = —A& dt
§y=x

whose solution is & = e *x. Let us look for a “particular solution” of (9.2)
of the form &, = e MZ,. As, by Ito’s formula,

de™z) = —Ae MZ dt + e M dzZ,

£ = e MZ,is a solution if e ¥dZ, = o dB,, i.e.

t
Z = / e*o dB,
0

and, in conclusion,
t
£ =e Mx+ e_M/ e™o dB, . (9.3)
0

This is the Ornstein—-Uhlenbeck process (in the literature this name is
sometimes reserved for the case A > 0). It is a process of particular interest,
being the natural model in many applications, and we shall see in the exercises
some of its important properties (see Exercises 9.1, 9.2, 9.24 and 9.25). Now
let us observe that the computation above can be repeated if we consider an
m-dimensional analog of (9.2), i.e. the equation

di“[ == _AE[ dt + o dB[

9.4
fo = x 9.4)

where A and o are m x m and m x d matrices, respectively. By a step by step
repetition of the computation above, we have that a solution is

(continued)
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Example 9.1 (continued)

t
g =eMx4e N / eo dB; , 9.5)
0

e/’ denoting the exponential of the matrix Az. This is a Gaussian process by
Proposition 7.1, as the stochastic integral above has a deterministic integrand.

Example 9.2 Let us now consider instead the equation in dimension 1

d&; = b& dt + o€, dB, 9.6)

%-0 =X.

Now both drift and diffusion coefficient are linear functions of &. Dividing
both sides by & we have

d
S _ bdt+ o dB, . 9.7)
&
The term dg’ is suggestive of the stochastic differential of log &,. It is not quite

this way, as we know that stochastic differentials behave differently from
the usual ones. Anyway, if we compute the stochastic differential of log &,
assuming that £ is a solution of (9.6), Ito’s formula gives

& 1 o?

d
d(log&) = 022 dt = (b -9 ) dt + o dB, .

g 28

Therefore log & = logx + (b — "22)1‘ + 0B, and

2
£ = xe(b—"2 )i+oB; ©.8)

In fact this derivation of the solution is not correct: we cannot apply Ito’s
formula to the logarithm function, which is not twice differentiable on R (it
is not even defined on the whole of R). But once the solution (9.8) is derived,
it is easy, always by Ito’s formula, to check that it is actually a solution of
Eq. (9.6). Note that, if x > 0, then the solution remains positive for every
t>0.

This process is geometric Brownian motion and it is one of the processes
to be taken into account as a model for the evolution of quantities that must

(continued)
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Example 9.2 (continued)

always stay positive (it is not the only one enjoying this property). Because of

this, it is also used to describe the evolution of prices in financial markets.
Note that, for every ¢, & appears to be the exponential of a Gaussian r.v. It

has therefore a lognormal distribution (see Exercise 1.11).

This section provides examples of SDE’s for which it is possible to obtain an explicit
solution. This is not a common situation. However developing the arguments of
these two examples it is possible to find a rather explicit solution of a SDE when the
drift and diffusion coefficient are both linear-affine functions. Complete details are
given, in the one-dimensional case, in Exercise 9.11. Other examples of SDE’s for
which an explicit solution can be obtained are developed in Exercises 9.6 and 9.13.

Note that in the two previous examples we have found a solution but we still
know nothing about uniqueness.

9.3 An a priori estimate

In this section we prove some properties of the solution of an SDE before looking
into the question of existence and uniqueness.

Assumption (A) We say that the coefficients b and o satisfy Assumption (A)
if they are measurable in (x, 7) and if there exist constants L > 0, M > 0 such
that for every x,y € R™, ¢ € [0, T,
|b(x, )] < M(1 + |x]) lo(x, )] < M(1 + |x]) 9.9
|b(x,0) —b(y, )] <Llx—y|  [o(x, 1) —o@, 0| <Llx—y|. (9.10)

Note that (9.10) requires the coefficients b and o to be Lipschitz continuous in x
uniformly in #, whereas (9.9) requires that they have a sublinear growth at infinity.
Note also that if b and o do not depend on ¢ then (9.10) implies (9.9). However, it
is useful to keep these two conditions separate in order to clarify their role in what
follows. In the remainder we shall often make use of the inequality, for xq, ..., x,, €
RY,

X1+ F Xl <N (x4 xal?) 9.11)

A key tool in our investigation of SDE’s is the following classical inequality.
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Lemma 9.1 (Gronwall’s inequality) Let w, v be non-negative real func-
tions on the interval [a, b] with w integrable and v bounded measurable; let
¢ > 0 and let us assume that

v(t) <c+ /tw(s)v(s) ds .

a

Then

v(t) < Ce-/;f wis)ds

Note in particular in the previous statement that if ¢ = 0 then necessarily v = 0.

Gronwall’s inequality is used with ordinary differential equations in order to
prove bounds and uniqueness of the solutions. For SDE’s its use is similar.

In particular, Gronwall’s inequality allows to prove the following Theorem 9.1:
it states that if there exists a solution (weak or strong) of the SDE (9.1) with an
initial value 7 that is in L” with p > 2 and independent of the Brownian motion,
then under the condition of sublinear growth (9.10) the solution is necessarily a
process in MP. Note that sublinear growth of the coefficients is required, but no
assumption concerning Lipschitz continuity is made. And still we do not know
whether a solution actually exists.

Theorem 9.1 Let £ be a solution of

&=n+ /tb(ér,r)dr—i- /ra(gr,r)dB,

where the coefficients b, o are measurable in x, ¢ and satisfy (9.9) (sublinear
growth) and 7 is an .%,-measurable r.v. of L”. Then for every p > 2

E( sup [6F) < c(p. 7. M)(1 +E(nl") 9.12)
E( sup lg—aP) < e(p. TG —uf P +EGN) . ©13)

Proof The idea is to find some inequalities in order to show that the function v(¢) =
E[sup, <, |&;[7] satisfies an inequality of the kind

v(t) < ci(1 +E[n]) + Cz/ v(s)ds

u
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and then to apply Gronwall’s inequality. There is, however, a difficulty, as in order
to apply Gronwall’s inequality we must know beforehand that such a function v is
bounded. Otherwise it might be v = +o0. In order to circumvent this difficulty we
shall be obliged stop the process when it takes large values as described below.

Let, for R > 0, £r(f) = &ar, Where tx = inf{r;u <t < T,|&| > R} denotes
the exit time of & from the open ball of radius R, with the understanding 7z = T if
|&| < R for every t € [u, T]. Then

INTR

Er(t) =n+ b(&,r) dr+/ ' o(&.,r)dB,

u
t

t
= 7] + / b(%‘rs r)l{r<tR} dr+ / O-(Ervr)l{r<rR} dBr (914)

u u

t t
=n+ / b(&r(r), r)l{r<m} dr + / G(ER(}’), r)l{r<m} dB, .
Taking the modulus, the p”* power and then the expectation we find, using (9.11),

E[ sup I6e(o)!]
/J b(Er(r), ) pcypy dr

u )

< ¥ Ellnp] + 37'E[ sup

u<s<t

p] (9.15)

+3P_1E( sup

u<s<t

/ o (Er(r). )y <oy dB,

u

Now, by Holder’s inequality and (9.9),

E[ sup ”] < TP—IE[ / r 1b(Er(r). PP 1 <oy dr]

u<s<t

/ b(Er(r), ) gp<pyy dr

< T"_IM”E[/ut(l + &) dr] .

By the I” inequalities for stochastic integrals (Proposition 8.4) we have

/SU(ER(r), My dB, ”] < cplt— u|p;2E(/Mt o' (Ex(r), )P dr)

u

E[ sup

u<s<t
p—2 !
< T o M”E(/ (1+ gD dr) .
Hence, plugging these two inequalities into (9.15), we find

E| sup [g(s)I"]

u<s<t

P2 !
=3Bl + M (T + 6T 2 )E( / 1+ &P dr)
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p—2 !
< 3B + 3 M (T 4 T 2 )2 E(T 4 / [E ()P dr)

< ai(p T.M)(1 + En?) + ex(p. T. M) / E[|&x(0 "] dr

Let now v(f) = E[ sup, -, |6r(s)|"]: from the previous inequality we have

v(@®) < ai(p. T.M)(1 + E[n|’) + c2(p. T,M)/ v(r)dr.

Now |Er(t)| = |n] if || = R and |&r(¢)] < R otherwise. Hence |[Ex(7)] < R V |7|
and v(r) < E[R? Vv |n|P] < 400. v is therefore bounded and thanks to Gronwall’s
inequality

o(T) =] sup [E(©)F] < c1(p, T.M)(1 + EllgP])e’=r T4

u<s<T

=c(p, T, M)(1 +E[[n]]) .
Note that the right-hand side above does not depend on R. Let us now send R —

oo. The first thing to observe is that g —r—co= T: as £ is continuous we have
SUP,</<q, &7 = R on {tg < T} and therefore

E[ sup |§,|P] >RP(tr <T)

u<t<tp
so that
1 k(T, M) (1 + E(|nl"))
P(tg < T) < E[ su P] <
(w<T) =, B| sw |6P] < o

and therefore P(tg < T) — 0 as R — +o00. As R — 1 is increasing,
limg— 400 Tk = T a.s. and

sup |Er(s) = sup |&[P a.s.

u<s<T R—>+00 ,<s<T

and by Fatou’s lemma (or Beppo Levi’s theorem) we have proved (9.12). As
for (9.13) we have

sup |& —nl’
u<s<t
1 § p 1 s P (9.16)
<277 sup / b, r)dr| +2P7" sup / o(&.,r)dB,
u<s<t u u<s<t u
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Now, by Holder’s inequality and (9.12),

E[ sup /Sb(ér,r) dr)p] < (t—u)”_lE[/t|b(§,, r)|”dr]

u<s<t

=(@- u)P_lMPE[/t(l + &) dr] <27t - u)p_lMPE[/t(l + [6:17) dr]
<calp. T.m)t— w1 +E[nl]) .

Similarly, using again Proposition 8.4,

E[us;gr</us0($,, r) dB,)p] <c(t— u)pzzE[/ut lo (&, r)|P dr]
<c(t— u)”EzMPE[ / U+ 15D dr] < V(- u)”ZzMPE[ / e dr]
< c(p. T.m)(t —u)’">(1 + E[|n|"])

and (9.13) follows from (9.16). O

Remark 9.2 Note again that we have proved (9.12) before we knew of the
existence of a solution: (9.12) is an a priori bound of the solutions.

As a first consequence, for p = 2, under assumption (9.9) (sublinearity
of the coefficients) if n € L? every solution £ of the SDE (9.1) is a process
belonging to M?. This implies also that the stochastic component

t— /ZO(E‘Y,S) dB;
0

is a square integrable martingale. Actually the process s > o (&, s) itself
belongs to M*([u,1]): as |o(&.s)| < M(1 + |&]) we have |o(&,5)|> <
2M?(1+]£,]%). Hence, as the stochastic integral ful o (&, 5) dB, has expectation
equal to O,

t
E[&] = E[n] + E[/ b(&;.s) ds] : 9.17)
u
Therefore, intuitively, the coefficient b has the meaning of a trend, i.e. in the
average the process follows the direction of b. In dimension 1, in the average,
the process increases in regions where b is positive and decreases otherwise.
Conversely, o determines zero-mean oscillations. If the process is one-
dimensional then, recalling Theorem 8.4, i.e. the fact that a stochastic integral
is a time-changed Brownian motion, regions where o is large in absolute value
will be regions where the process undergoes oscillations with high intensity

(continued)
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Remark 9.2 (continued)
and regions where o is small in absolute value will be regions where the
oscillations have a lower intensity.

This is useful information when dealing with the problem of modeling a
given phenomenon with an appropriate SDE.

Remark 9.3 1t is useful to point out a by-product of the proof of Theorem 9.1.
If 7 is the exit time from the sphere of radius R, then, for every n € L?,

KT.M)(1+E(P)

P(zg <T) = P( sup |&| > R) < Ry

u<t<T

Hence limg_, 400 P(tg < T) = 0 and this rate of convergence is moreover
uniform for 7 in a bounded set of L” and does not depend on the Lipschitz
constant of the coefficients.

9.4 Existence for Lipschitz continuous coefficients

In this section we prove existence and uniqueness of the solutions of an SDE under
suitable hypotheses on the coefficients b and 0.

Let us assume by now that (9.9) (sublinear growth) holds. Then, if ¥ €
M>([0, 7)), as [b(x, 9)]> < MP(1 + |x])* < 2M°(1 + [x[?),

E[[ |b(YS,s)|2ds] < zMZE[[(l + 1Y) ds]

, (9.18)
§2M2(t~|—E[ 0 |YY|2ds]>

whereas, with a similar argument and using Doob’s maximal inequality (the second
of the maximal inequalities (7.23)),

fouo(Ys,s) dB; 2] < 4E[[0[ |o(YS,s)|2ds]

< 8M2<t+E[/:|YS|2ds]) .

E[ sup

0<u<t

(9.19)
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We are now able to prove that for an SDE under Assumption (A) there exist strong
solutions and that pathwise uniqueness holds.

Theorem 9.2 Let u > 0 and let 1 be an R™-valued r.v., .%,-measurable and
square integrable. Then under Assumption (A) there exists a £ € M?([u, T])
such that

E=n+ /rb(&,s) ds + /TU(ES,S) dB; . (9.20)

Moreover, we have pathwise uniqueness, i.e. if £ is another solution of (9.20)
then

P(& = & foreveryr € [u,T]) = 1. 9.21)

The proof is very similar to that of comparable theorems for ordinary equations
(the method of successive approximations). Before going into it, let us point out that
to ask for 1 to be .%,-measurable is equivalent to requiring that 7 is independent of
0 (B;+u—By, t > 0), i.e., intuitively, the initial position is assumed to be independent
of the subsequent random evolution.

Actually, if 1 is .%,-measurable, then it is necessarily independent of ¢ (B, —
B,,t > 0), as developed in Exercise 3.4.

Conversely, assume u = 0. If 5 is independent of o(B;,t > 0), then, if ﬂ,’ =
F:Vo(n), Bis also an (#]),-standard Brownian motion (see Exercise 3.5) and now
1 is .#;-measurable.

Proof We shall assume u = 0 for simplicity. Let us define by recurrence a sequence
of processes by &,(f) = n and

Enii () = 1+ /0 b(En(s). 5) ds + /0 0 (En(s). 5) dB, . 0.22)

The idea of the proof of existence is to show that the processes (§,,),, converge
uniformly on the time interval [0, T] to a process & that will turn out to be a solution.
Let us first prove, by induction, that

R m+1
E[OS;I; |E a1 (1) — sm<u)|2] < ((mtl Dt (9.23)

where R is a positive constant. For m = 0, thanks to Holder’s inequality,

2

u 2
/ b(n,s)ds} + 2 sup
0

0<u<t

sup [61G0) — n? <2 sup / o (1.5) dB,
0 0

0<u<t <u<t

2

[ otn.0an,

0

t
< 2t/ |b(n, s)|>ds + 2 sup
0

O<u<t
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By (9.18) and (9.19),

E( sup & (u) — nl2) < 4M1(r + E[|n|]) + 16M2(¢ + tE[|n|2]) <Rt

0<u<t

where R = 16M>*(T + 1)(1 + E(|n|?)). Let us assume (9.23) true for m — 1, then

u 2
s0p (61 0) = Eu =2 sup | [ b(60(5):5) = bl6n1().5) |
0<u<t O0<u<t 0

u 2

+ 2 sup / o (En(s),s) —a(Eu—1(5), s) dBy
0<u<t 0

Now, by Holder’s inequality,

2
sup
0<u<t

/0 b(En(S). 5) — b(Enr (5). 5) ds

< sup M/o |b(En(5), 8) = b(En—1(5), 5)|* ds < tL2/0 |6 (s) = En—1 ()| ds

0<u<t

whereas by Doob’s inequality

2
E( sup )
0<u<t

<48 [ 1060009 = 016010, ) = 417 [ E(80) a9 s

/0 o (En(s),s) —a(Eu—1(5), s) dBy

whence, with a possibly larger value for R,

E( sup [6n1100) — En()l)

0<u<t

< 22705 [ 160(0) = s 17 ) + SLE( [ 16n(9) — s (0 )

t t R m
<& [ Bt~ gD <k [ T 4y
0 0 m'
_ (Rt)m+l
 (m+1)!
and (9.23) is proved. Markov’s inequality now gives

P sup Je1®) —Ea0] > ) < 2E[ sup [Eia(0) — Eu(0P]

0<t<T 0<t<T

m+1
— yu RT)"
- (m+1)!
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As the left-hand side is summable, by the Borel-Cantelli lemma,
1 . .
P( sup [Ep41(0) — &, (0)| > for infinitely many indices m) =0,
0<<T m
i.e. for almost every w we have eventually

1
sup [En+1() — &m0l =,
0<I<T

and therefore for fixed w the series

m—1
N+ D Er1 (D) — &) = En(0)

k=0

converges uniformly on [0, 7] a.s. Let & = lim,—o0 &,(?). Then & is continuous,

being the uniform limit of continuous processes, and therefore £ € M2 ([0, T1). Let

us prove that it is a solution of (9.20). Recall that we have the relation

Erit(l) = 1+ /0 b(En(s). 5) ds + /0 0 (En(s). 5) dB, (9.24)

Of course the left-hand side converges uniformly to &. Moreover, as b and o are
Lipschitz continuous (constant L),

sup [b(En(0).1) — (&, 1)| < LoiltlET Em(1) — &l -

0<t<T

This and the analogous inequality for o imply that, uniformly on [0, T] a.s.,
Jim b(En(0).0) = b(E.0,  lim oEa().0) = 0(&.1)
Therefore
t t
/ b(u(s),s)ds — / b(&,s)ds as.
0 m—>0Q 0
and
T
[Co@o.0 0G0k~ 0 as
0 m—00

and by Theorem 7.3 (a.s. convergence implies convergence in probability)

/ 0(En(s).5) dB, / (6, 5) dB,
0 m—o0 0
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so that we can take the limit in probability in (9.24) and obtain the relation

=+ /0 bE,.s)ds + /0 o (5. 5)dB, |

so that £ is a solution. Of course, § € M?([0, T]) thanks to Theorem 9.1.
Let us turn to uniqueness. Let &, & be two solutions, then

610 — &)
=| [ e@o.0-beo.9)al+ | [ 0@ -o@e.5 .

Using (9.18) and (9.19) and the Lipschitz continuity of the coefficients,

B[ sup 16160 — &P ]

0<u<t

[ &9 b1 ]
[ 6.9 - o1 as,

< 2E[ sup

0<u<t

+2E[ sup

0<u<t

]

) (9.25)
< 28] /0 b(E1(5).5) — bE(s). ) ds |

+8E[ [ 106160.9 =0 (620,91 ]

< I’T + 8] / E[1£1(5) — £2(5)[2] ds
0

Therefore, if v() = E[supy<,<, |§1(1) — &2 () ], v is bounded by Theorem 9.1, and
satisfies the relation

t
v(t)fc/ v(s) ds 0<t<T
0

with ¢ = L2(2T + 8); by Gronwall’s inequality v = 0 on [0, 77, i.e. (9.21).

Remark 9.4 Let us assume that the initial condition 7 is deterministic, i.e.
n = x € R and that the starting time is # = 0. Let us consider the filtration
6 = o (&, s < 1) generated by the solution £ of (9.1). Then we have ¢ C ¥,
(recall that (¥¢,); denotes the augmented natural filtration of the Brownian
motion).

(continued)
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Remark 9.4 (continued)

Actually, it is immediate to check by induction that all the approximants
&, are such that £,(¢) is &,-measurable. Hence the same holds for &;, which is
the a.s. limit of (§,(¢)),.

The opposite inclusion is not always true. Consider, for example, the case
where the last k£ columns of the diffusion coefficient o vanish. In this case the
solution ¢ would be independent of the Brownian motions By—+1, ..., By,
which cannot be adapted to the filtration (577);.

We shall see later that the question of whether the two filtrations (.777), and
(¢4,), coincide is of some interest.

9.5 Localization and existence for locally Lipschitz
coefficients

In this section we prove existence and uniqueness under weaker assumptions than
Lipschitz continuity of the coefficients b and o. The idea of this extension is
contained in the following result, which is of great importance by itself. It states
that as far as the solution ¢ remains inside an open set D, its behavior depends only
on the values of the coefficients inside D.

Theorem 9.3 (Localization) Letb;, 0;,i = 1, 2, be measurable functions on
R™ x [u, T]. Let &,i = 1,2, be solutions of the SDE

d&i(s) = bi(&i(s), s) ds + 0i(§i(s), s) dB;
Eiu) =n

where 7 is a square integrable, .%,-measurable r.v. Let D C R™ be an open set
such that, on D x [u, T], by = by, 01 = 07 and, forevery x,y € D,u <t <T,

|bi(x, 1) — bi(y, )| < Llx —yl, |loi(x, 1) —oi(y, )| < Llx —y].
Then, if 7; denotes the exit time of &; from D,

1y AT =1 ATq.c and P(El(t) =& (t) foreveryu <t <1 A T) =1.

Proof Let,fort <T,

b(x,1) = bi(x, D 1p(x) = ba(x, D1p(x), T(x,1) = 01(x, ) 1p(x) = 02(x, ) 1p(x).
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Then it is easy to see that, as in the proof of Theorem 9.1,

INT;

E(tAnT)=n +/0 ib(gi(s),s) ds +/0 o(&i(s), s) dB;

t t
=n+ / b(&i(sAT),s)ds + / o (&i(s A Ti),5) dBs
0 0
and therefore, fort < T,

sup |E1(r AT) —E2(r A )|

0<r<t
<2 s | [ (BE6 A 1)) = BErts A ) o]
0<r=<t 0
r 2
+2 sup / (@E (s AT).5) —T(E2(s A T2).5)) dBy
0<r<t 0

A repetition of the arguments that led us to (9.25) (Doob’s inequality for the
stochastic integral and Holder’s inequality for the ordinary one) gives

E[ sup [61r A7)~ &0 A w)P] < 12QT+ 8)E(/0 61 A7) a5 A 2) 2 ds)

0<r<t

<r 8 t — 2dr) .
<ver+9E( [ s 80 Am) 60 Aw)Pdr)

0<r<s

i.e., if we set v(r) = E[ supy<,, |61 (r A T1) — &2(r A 12)|?], v satisfies the relation

v(r) < L2(2T + 8) /tv(s) ds .
0

Now, v is bounded by Theorem 9.1 and Gronwall’s inequality gives v(f) = 0, so
that

o(T) =E[ sup [61(rA )~ b(r A )] =0,

0<r<T7

whence the two statements follow simultaneously.

Assumption (A’) We say that b and o satisfy Assumption (A’) if they are
measurable in (x, ) and

(continued)
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(continued)

i) have sublinear growth (i.e. satisfy (9.9));

ii) are locally Lipschitz continuous in x, i.e. for every N > 0 there exists an
Ly > O such that, if x,y € R”, |x]| <N, |y| <N, te][0,T],

b(x,0) =b(y, O] < Lylx=yl,  lo(x.1) —o(y, )] < Ly|x =y,

i.e. their restriction to every bounded set is Lipschitz continuous.

Theorem 9.4 Under Assumption (A’), let n be a square integrable .7,-
measurable r.v. Then there exists a process £ such that

d§ = b, t)dt + o(&.1) dB,
%‘u =7n.

Moreover, £ € M?([0, T]) and pathwise uniqueness holds.

Proof Existence. We shall assume u = 0. For N > 0 let @y € CP(R™) such that
0<dy <1and

1 iflx] <N

Dy(x) =
N {o il =N+1.

Let
by(x,t) = b(x, )Py (x), on(x,t) = o(x, )Py (x) .

oy and by therefore satisfy Assumption (A) and there exists a £y € M>([0, T]) such
that

Ev() =1+ /0 ba(En(s). s) ds + /0 ow(Ex(s). 5) dB, .

Let Ty be the exit time of £y from the ball of radius N. If N/ > N, on {|x| < N} x
[0, T] we have by = by’ and oy = oy’. Therefore, by the localization Theorem 9.3,
the two processes &y and £y coincide for + < T until their exit from the ball of
radius N, i.e. on the event {ty > T} a.s. By Remark 9.3, moreover,

Py > 7) =P( sup v <N) — 1
0<t<T N—>00
and therefore {ty > T} " §2 a.s. We can therefore define & = &y () on {zy > T}:
this is a well defined since if N’ > N then we know that &y (r) = &y(¢) on {ty > T};
by Theorem 7.2 on the event {ty > T} we have
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b= Ev() =1+ /0 by(En(s). ) ds + /0 ow(Ex(s). 5) dB,

=n+[Olb(ss,s)ds+/0lo@s,s)d35,

hence, by the arbitrariness of N, £ is a solution. Of course, £ € M?([0, T]) thanks to
Theorem 9.1.

Uniqueness. Let &, & be two solutions and let, fori = 1,2, 7;(N) = inf{r <
T;|&(t)] > N}. Then, by Theorem 9.3, 7;(N) = 1(N) a.s. and &; and &, coincide
a.s. on {ty(N) > T}. As {tyu(N) > T} /" £2 as., & and &, coincide for every
t€[0,T] a.s.

O

Remark 9.5 With the notations of the previous proof &y — £ uniformly for
almost every @ (éy(w) and &(w) even coincide a.s. on [0, 7] for N large
enough). Moreover, if n = x, the event {ty < T} on which &y and & are
different has a probability that goes to 0 as N — oo uniformly for u € [0, T
and x in a compact set.

Remark 9.6 A careful look at the proofs of Theorems 9.1, 9.2, 9.3, 9.4
shows that, in analogy with ordinary differential equations, hypotheses of
Lipschitz continuity of the coefficients are needed in order to guarantee
local existence and uniqueness (thanks to Gronwall’s inequality) whereas
hypotheses of sublinear growth guarantee global existence. Exercise 9.23
presents an example of an SDE whose coefficients do not satisfy (9.9) and
admits a solution that is defined only on a time interval [0, {(w)[ with { <
+00 a.s.

9.6 Uniqueness in law

In this section we prove uniqueness in law of the solutions under Assumption (A’).

Theorem 9.5 Let B; = (2',.7',(#})., (B),,P)), i = 1,2, be d-dimen-
sional standard Brownian motions, 7;,i = 1,2, m-dimensional r.v.’s in
L*(£2', Zi,P'), respectively, and having same law. Let us assume that b and o
satisfy Assumption (A’) and let & be the solutions of

(continued)
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Theorem 9.5 (continued)

?@zm+/ﬂﬂﬂ®m+/ﬂﬁ&ﬂ@3

u u

Then the processes (£7, B'), i = 1,2, have the same law.

Proof We assume u = 0. Let us first assume Assumption (A). The idea of the proof
consists in proving by induction that, if & are the approximants defined in (9.22),
then the processes (&, B'), i = 1,2, have the same law for every n.

This is certainly true for n = 0 as & = ; is independent of B’ and 7, and
12 have the same law. Let us assume then that (§/_,, B'), i = 1,2, have the same
law and let us prove that the same holds for (&, B'). This means showing that the
finite-dimensional distributions of (£, BY) coincide. This is a consequence of the
following lemma.

Lemma 9.2 Let B, = (2,7, (%), (B):,P), i = 1,2, be d-dimen-
sional standard Brownian motions, 7;,i = 1,2, m-dimensional r.v.’s in
L2(21, Z1 P'), respectively, and having same law. Let us assume that b
and o satisfy Assumption (A) and let £', £2 be processes in MIZOC,B1 ([0, T]),
MZZM’BZ([O, T)) respectively such that (n;, &, BY), i = 1,2, have the same law.
Then, if

t t
K=m+/ﬂ%ﬂw+/M§ﬂﬁL
0 0

the processes (77;, Y?, B) have the same finite-dimensional distributions.

Proof 1f the £”’s are elementary processes and b and o are linear combinations
of functions of the form g(x)1y,,((7) this is immediate as in this case b(&., s) and
o (€L, 5) are still elementary processes and by Definition 7.15 we have directly that
the finite-dimensional distributions of (1;, Y',B') and (1, Y?, B?) coincide. The
passage to the general case is done by first approximating the £’s with elementary
processes and then b and o with functions as above and using the fact that a.s.
convergence implies convergence in law. The details are omitted. O

End of the Proof of Theorem 9.5 As the equality of the finite-dimensional distri-
butions implies equality of the laws, the processes (£, B’) have the same law.
As (&1, B') converges to (£', B) uniformly in 7 and therefore in the topology of
€ ([0, T],R"*4) (see the proof of Theorem 9.2) and the a.s. convergence implies
convergence of the laws, the theorem is proved under Assumption (A).
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Let us assume now Assumption (A’). By the first part of this proof, if EJ{,, 51%, are
the processes as in the proof of Theorem 9.4, (£}, B') and (£2, B?) have the same
law. As &, — &' uniformly a.s. (see Remark 9.5), the laws of (£4,B%), i = 1,2,
converge as N — oo to those of (£, B'), which therefore coincide. O

9.7 The Markov property

In this section we prove that, under Assumption (A’), the solution of an SDE is a
Markov process and actually a diffusion associated to a generator that the reader can
already imagine. In Sect. 9.9 we shall consider the converse problem, i.e. whether
for a given differential operator there exists a diffusion process that is associated to
it and whether it is unique in law.

Let, for an .%,-measurable r.v. 1, £ be the solution of

d& = b(g,t)dt + o (&,1) dB, (9.26)
S‘v =1n

and let us prove first the Markov property, i.e. that, for every I' € Z(R™) and
sS=u=t

P(§" € I'\F)) = p(u.t.€)°.T) (9.27)

for some transition function p. We know that the transition function p(u, t, x, -) is the
law at time ¢ of the process starting at x at time u, i.e. if & is the solution of

d§ = b, t)dt + o (&, 1) dB,

(9.28)
Eu =X
then the candidate transition function is, for I' € Z(R™),
pu,t,x, ') =P¢E™ eI). (9.29)
In order to prove the Markov property (9.27) we note that
t t
= +/ b(&], v)dv —1—/ o(&],v)dB,
=17 +/ b(E!, v)dv +/ o(&¥,v)dB,
b s ' _ (9.30)

t t
+ / b(ED, v) dv + / o (&, v) dB,
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i.e. the value at time ¢ of the solution starting at 1 at time s is the same as the value
of the solution starting at £, at time u, i.e.

n.s é‘-z,t].sa“ 9
t U= t . ( .31)
Let us deﬁne

Vx o) = 1r " (@)

and observe that

¢ ;= E[y(x.)] = E[1r ()] =P € I') = p(u, x,1.T) . (9.32)

By (9.31)

YEP . 0) = 1rE " ()

and, going back to (9.27),
s s 0 u s s s
P(E" € I'|.F) = P(E" " € ['|.75) = E(Y (14, )|.F2) .

The r.v. &/ is .Z5-measurable. If we prove that the r.v. & is independent of .72,
then ¥ (x, -) is independent of .% ! and we can apply the freezing lemma (Lemma4.1)
and obtain

P € I|7)) = E[y €1, )| 73] = ¢(E)) = pw.§)°,1.T)

(¢ is defined above in (9.32)), which proves the Markov property.
Hence in order to complete this proof we still have to

a) prove that & is a r.v. that is independent of .%?, and, unfortunately, also that

b) the map (x,u) +— & is measurable for every w or at least that there is
a measurable version of it. This is the object of the next section, where
(Theorem 9.9) it is shown that, under Assumption (A), there exists a version of
(x, u, 1) = &"" that is continuous in the three arguments x, u, ¢ (it will be another
application of Theorem 2.1, the continuity Kolmogorov theorem).

Fact a) above follows easily from the following lemma. Let 5#° = o(B, —
B,,v > u) be the o-algebra generated by the increments of B after time u and
, the o-algebra obtained by adding to 7 the negligible sets of F . Of course
(Exercise 3.4) ., is independent of .7,,.
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Lemma 9.3 LetY € M?bea process such that Y is .77;,-measurable for every
s > u. Then the r.v.

t
/ Y, dB; (9.33)

is also .#,-measurable for every ¢ > u and therefore independent of .%,.

Proof The statement is immediate if ¥ = Y-, X;1,,, 411 18 an elementary process.
In this case the r.v.’s X; are %,-measurable and in the explicit expression (7.7)
only the increments of B after time u and the values of the X; appear. It is
also immediate that in the approximation procedure of a general integrand with
elementary processes described at the beginning of Sect. 7.3 if Y is 7,-measurable,
then the approximating elementary processes are also .77,-measurable. Then just
observe that the stochastic integral in (9.33) is the a.s. limit of the integrals of the
approximating elementary processes.

O

Let us assume Assumption (A). If we go back to the successive approximations
scheme that is the key argument in the proof of existence in Theorem 9.2, we see
that (§")>, is the limit of the approximating processes &,,, where £y(r) = x and

t t
Ent1(t) = x +/ b(€,(v),v) dv +/ 0(&n(v),v)dB, .
The deterministic process § = x is obviously .7#,-measurable and by recurrence,
using Lemma 9.3, the processes £, are such that &,,(7) also is J7,-measurable, as
well as (§");>, which is their a.s. limit.

Hence, given as granted b) above, we have proved the Markov property under
Assumption (A).

Theorem 9.6 Under Assumption (A’), p defined in (9.29) is a transition
function and the process (2, %, (%);, (§°);, P) is a Markov process starting
at time s, with initial distribution §, and associated to the transition function p.

Proof Under Assumption (A) the Markov property has already been proved. Under
Assumption (A’) we shall approximate the solution with processes that are solutions
of an SDE satisfying Assumption (A): let & and 7y be as in the proof of
Theorem 9.4 and let

pn(s,t.x, ') :=PEy () el).
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&y is the solution of an SDE with coefficients satisfying Assumption (A), and
therefore enjoying the Markov property, i.e.

Py’ (1) € I'|7)) = py(u. 1. &y (w). T') .
We now have to pass to the limit as N — oo in the previous equation. As & and

1’{;S(t) coincide on {ty > t} and P(zy < t) — 0 as N — oo, we have, using the fact
that probabilities pass to the limit with a monotone sequences of events,

pn(s.t.x, ) =PE (1) € IN)
=P elw>0+ P(éj)\c,’s(l‘) el <1t Njoo P& erl) (9.34)

=p(s,t,x,I).

From this relation we derive that
pN(uvts E[{I’S(u)s F) — p(uvtﬂ EX’S(M)’ F)
N—oo

as &y" (u) = &**(u) for N large enough. Moreover,

P(& € 7)) = E[1r(E")  gyon | o ] + E[1r(E) liy<n |- 75 ]
= E[17 &5 ) Lioysn |- Z5 ] + E[1r (67 Ly <s |- 75 ]
=E[1r (" O)|Z)] + E[(Ar(E™) — 10 E O y<p |75 ] -

The second term on the right-hand side tends to zero a.s., as P(ty < #) N\ 0 as
N — o0, hence

lim P(§y°(r) € I'|.%)) = lim E[lp(éj{;s(t))lﬁbf] =P(§" € Flﬁbf) a.s.
n—00 n—oo
and putting things together
P € M7 = Jim E[lr (& ()| 7]

= lim pyGu, 1,6y w), I') = plu, 1,6 (), T') .

The Markov property is therefore proved under Assumption (A’). We still have to
prove that p satisfies the Chapman—Kolmogorov equation; this is a consequence of
the argument described in Remark 6.2: as p(s, £, x, -) is the law of &

pls.t,x, ) =P € I') = EP(E™ € I'|.7)] = Elp(u, 1,6, T')]

u >’

= /p(u,t,y, Np(s,u, x,dy) .
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We can now construct a realization of the Markov process associated to the solution
of an SDE. In order to do this, let € = ([0, T],R™) and letX; : ¥ — R™ be the
applications defined by X;(y) = y(¢). Let # = B(E), 4} = 0 (Xy,s < u < 1),
M3, = 0(Xy,u > s). On € let P** be the law of the process £ (Sect.3.2) and
denote by E** the expectation computed with respect to P**. Of course, if p is the
transition function defined in (9.29), we have p(s,t,x, ") = P**(X; € I').

As, by definition, the finite-dimensional distributions of (X;);>s with respect to
P** coincide with those of £** with respect to P, the following theorem is obvious.

Theorem 9.7 Under Assumption (A’), (€, A, (M} )i>s5. (X1)1=5. (P**)xs) 18
a realization of the Markov process associated to the transition function p
defined in (9.29).

Thanks to Theorem 9.5, which guarantees the uniqueness in law, the probability
P** does not depend on the Brownian motion that is used to construct the solution
£, Therefore the realization (€', A , (A} )i>s, (Xi)1>s, (P**)ys) is well defined. We
shall call this family of processes the canonical Markov process associated to the
SDE (9.1).

Theorem 9.8 Under Assumption (A’) the canonical Markov process associ-
ated to (9.1) is a diffusion with generator

1 9? - 9
L = ii N bi ,t >
) Z (X, 1) 0x;0x; + ; x )3)6,'

ij=1

where a(x, 1) = o(x,t)o (x,1)*.

Proof Let us prove first the Feller property which will imply strong Markovianity
thanks to Theorem 6.1. We must prove that, for every 2 > 0 and for every bounded
continuous function f, the map

() > [ SO0+ hxdy) = BV ()] = ELFE)

is continuous. Under Assumption (A) this is immediate, using the fact that & (w) is
a continuous function of x, s, 7, > s thanks to the forthcoming Theorem 9.9. Under
Assumption (A’) if £y’ and ty are as in the proof of Theorem 9.4 then as £* and
€y’ coincide on {ty > T},

E[f(§5)] = E[f (63" (t + W] + E[(F(E5,) — F &' (t + W) Lry<my] -
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Now it is easy to deduce that (x,7) +— E[f (éfj:h)] is continuous, as the first term
on the right-hand side is continuous in (x, ) whereas the second one is majorized
by 2||f||lccP(zty < T) and can be made small uniformly for (x, 7) in a compact set,
thanks to Remark 9.3.

Let us prove that L, is the generator. By Ito’s formula, as explained in Remark 9.1,

iff e 2,
T f(x) = E[f(§)]

— 1 + [ / L&) du] + E] / ZZo,,(a,, € anw).

5 oi=1 j=1
The last integrand is a process of M>([s, 1]), as £ € M?([s.]) and o has a sublinear

growth (the derivatives of f are bounded), therefore the expectation of the stochastic
integral vanishes and we have

Tof () = f() + / EILuf (€5 du = () + / Tyl f) () it

Example 9.3 What is the transition function p(t,x,-) of the Ornstein—
Uhlenbeck process, i.e. the Markov process that is the solution of

d§, = A& dt + o dB, ? (9.35)

By (9.29) p(t, x, -) is the law of &/, i.e. of the position at time ¢ of the solution
of (9.35) starting at x. We have found in Sect. 9.2 that

t
£ =e Mx+ e_’“/ eMo dB; .
0

Now simply observe that & has a distribution that is Gaussian with mean e ™*x

and variance
2 ' 20(-9) ;2 o’ 21
— 1—s —2At
o= ds = (1—e).
! /0 2

This observation can be useful if you want to simulate the process &: just fix a
discretization step h. Then choose at random a number z with distribution
N(e My, o7) and set Eh = z. Then choose at random a number z with
distribution N(e *"&,, 0 ) and set £, = z and so on: the position £y 1y,

will be obtained by sampling a number with distribution N(e™*&,, 07).

(continued)
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Example 9.3 (continued)

This procedure allows us to simulate subsequent positions of an Ornstein—
Uhlenbeck process exactly, which means that the positions (x, &, ..., &)
have exactly the same joint distributions as the positions of the Markov
process which is the solution of (9.35) at the times 0, A, . . ., mh.

This procedure can be easily extended to the case of a multidimensional
Ornstein—Uhlenbeck process, the only difference being that in that case the
transition function is a multivariate Gaussian distribution.

Chapter 11 is devoted to the simulation problems of a more general class
of diffusion processes.

Example 9.4 Let B be a real Brownian motion and X the solution of the two-
dimensional SDE

déi (1) = bi(51(1) dt + &1(1) dB,
dé>(1) = by(52(1)) dt + £x(1) dB; .

What is the differential generator of £?
This equation can be written as

d§ = b(&)dit + o (&) dB; .

b1(x1)

where b(x, x;) = (bz(xz)

) and o(x) = (xl): here the Brownian motion B
X2

is one-dimensional.
In order to obtain the generator, the only thing to be computed is the matrix
a = ago* of the second-order coefficients. We have

2
a(x) = o(x)o* (x) = (2) (x1 %) = (xl xl’f) :

X1X2 X5
Therefore
1 02 92 92 0 0
L= 2 2 2 ) b b ’
(4 a2 T TG g, ) TOIE, F o)

And if it was

dé (1) = b1(§1(1)) dt + £1(2) dB1 (1)
dé>(1) = by(52(1)) dt + £2(1) dBa (1) |

(continued)
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Example 9.4 (continued)
where B = (Bj, B,) is a two-dimensional Brownian motion?
Now
_[*1 0
o(x) = (0 xZ)
and
2
a() = 0 (W0 * (x) = ("1 02)
0 x;
so that
1 92 92 0 0
L = 2 2 ) b b *
2 (XI ax% + X2 8x§ + I(XI) 8x1 + Z(X2) 3)(2

9.8 [L? bounds and dependence on the initial data

Let us see how the solution depends on the initial value 7 and initial time u. What if
one changes the starting position or the starting time “‘just a little”? Does the solution
change “just a little” too? Or, to be precise, is it possible to construct solutions so
that there is continuity with respect to initial data?

In some situations, when we are able to construct explicit solutions, the answer to
this question is immediate. For instance, if £ is the position at time s of a Brownian
motion starting at x at time ¢, we can write

' =x+ (B, —By),

where B is a Brownian motion. It is immediate that this is, for every w, a continuous
function of the starting position x, of the starting time ¢ and of the actual time s.
Similar arguments can be developed for other processes for which we have explicit
formulas, such as the Ornstein—Uhlenbeck process or the geometric Brownian
motion of Sect. 9.2.

The aim of this chapter is to give an answer to this question in more general
situations. It should be no surprise that the main tool will be in the end Kolmogorov’s
continuity Theorem 2.1.



9.8 L? bounds and dependence on the initial data 283

Proposition 9.1 Under Assumption (A), let & and &, be solutions of (9.20)
with initial conditions 7, u and n,, v, respectively. Let us assume u < v.
Then, if p > 2,

E[ sup [6160) ~ b2 ]

v=<t<

< (L, T.M,p)(1 + E(Im ") (Ju = v + E(Im — n2")) .

(9.36)

Proof Fort > v
§1(0) = &)
= El(v)—nz+/ [6(1(r). 1) = b(E2(r). 1] dr+/ [o¢1(r). 1) =0 (§2(r). )] dB;

and therefore, again using Holder’s inequality on the integral in dtf and Doob’s
inequality on the stochastic integral,

B[ sup 160 - &P

V=<t<s

= ¥ B[l — ]+ 3T E] [ 1bE 0.0 —bE). P o]
]

< ¥'E[l6(v) - ;] + (L. T,M,P)/ E[ sup 1610~ 2001 | ar-

v<t<r

+3”_1E[ sup

V<t<s

/ (061 (), 7) — 0(Ea(r), )] dB,

The function s = E[sup,,<, [§1(f) — &(¢)|”] is bounded thanks to (9.12). One can
therefore apply Gronwall’s inequality and get

E[ swp [610) ~ &1 | < . 7.M.p) (1 + E[l61(0) = mP))

V=I=

Now, by (9.13),

E[|&(v) — n2)P] < 227 (E[16:(v) — mi ] + E[|m — n2I”])
< (T M.p)(1 +E[ImP]) v —ul’* + E[|m — nal]
< (T.M.p)(1 +E[ImI])(lv — ul””* + E[|lm —n2l"]) .

which allows us to conclude the proof.
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Let us denote by & the solution of

d§ = b, t)dt + o (&, 1) dB,

fo—x. (9.37)

A classical result of ordinary differential equations is that, under suitable conditions,
the solution depends continuously on the initial data x, s. The corresponding result
for SDEs is the following.

Theorem 9.9 Under Assumption (A) there exists a family (Zy s(¢)) x5, of .v.’s
such that

a) the map (x,s,f) — Z,(¢) is continuous for every w for x € R",s,t €
R, s <t
b) Z.,(t) = & a.s. foreveryx € R™, s,t € RT, s < t.

Proof This is an application of Kolmogorov’s continuity Theorem 2.1. Note that,
by (9.30), for every s > u, £** is a solution of

d§ = b, t)dt + o (&, 1) dB,
& =&

Letus fix T > 0 and let u, v, s, t be times with u < s,v < r. We want to prove, for
x,y with |x|, |y| < R the inequality

E[|E7 — &"1P] < (L, M, T,p, R)(Ix —yIP + |t = s|”* + Ju—v[”?) . (9.38)
Assume first u < v < s < t. We have
E[lE — &) < 227 'E[1g — &1 + 22 'E[1€ — €] -

Using Proposition 9.1 in order to bound the first term on the right-hand side, we
have

E[16" = &"1'] < e, T.M.p)(1 + xI”) (Ju = vl"? + [x = yI7) ,

whereas for the second one, recalling that & is the solution at time ¢ of the SDE
with initial condition £)'¥ at time s, (9.12) and (9.13) give

E[|8" - &) < e(p, T.M)|t — s|"”*(1 + E[|€)"1"])
< c(p. T.M)|t = s/ (1 + yI")
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which together give (9.38). The same argument proves (9.38) in the case u < v <
r<s.

If, instead, u < s < v < ¢, we must argue differently (in this case &’ is not
defined); we have

E[j&5 — £"F]
< ¥IE[lg - 8]+ B[ - 8P+ YRS - 871

and again Proposition 9.1, (9.12) and (9.13) give (9.38). In conclusion, for p large
enough,

E[|65 — 1] < e(lx =yl + |t = s| + |u—v])"F*

for some o > 0. Theorem 2.1 guarantees therefore the existence of a continuous
version of & in the three variables x, 5,7, s < ¢ for |x| < R. R being arbitrary, the
statement is proved.

O

Note that in the previous proof we can choose o = ’2’ — m — 2 and a more precise
application of Theorem 2.1 allows us to state that the paths of &%* are Holder

continuous with exponent y < zlp (p—2m) = ; 1 - Z‘) and therefore, by the
arbitrariness of p, Holder continuous with exponent y for every y < é, as for the
Brownian motion.
9.9 The square root of a matrix field and the problem
of diffusions

Given the differential operator

L 1i (x,7) ” +§:b( t)a (9.39)

= a;i\x, i\X, > .
! 2 =1 v axiaxj' =1 axi

where the matrix a(x, t) is positive semidefinite, two questions naturally arise:

¢ under which conditions does a diffusion associated to L, exist?
* what about uniqueness?

From the results of the first sections of this chapter it follows that the answer to
the first question is positive provided there exists a matrix field o (x,f) such that
a(x,t) = o(x,t)o(x,)* and that o and b satisfy Assumption (A’) (local Lipschitz
continuity and sublinear growth in the x variable, in addition to joint measurability).

In general, as a(x, t) is positive semidefinite, for fixed x, ¢ there always exists
an m X m matrix o (x, f) such that o (x, f)a(x,1)* = a(x, ). Moreover, it is unique
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under the additional assumption that it is symmetric. We shall denote this symmetric
matrix field by o, so that o'(x, 1) = a(x, t).

Let us now investigate the regularity of o. Is it possible to take such a square
root in such a way that (¢, x) — o (x, r) satisfies Assumptions (A) or (A’)? Note also
that, due to the lack of uniqueness of this square root o, one will be led to enquire
whether two different square root fields o (x, r) might produce different diffusions
and therefore if uniqueness is preserved. We shall mention the following results.
See Friedman (1975, p. 128), Priouret (1974, p. 81), or Stroock and Varadhan (1979,
p. 131) for proofs and other details.

Proposition 9.2 Let D C R™ be an open set and let us assume a(x,t) is
positive definite for every (x, ) € D x [0, T]. Then if a is measurable in (x, t),
the same is true for 0. If a is locally Lipschitz continuous in x then this is also
true for o. If a is Lipschitz continuous in x and uniformly positive definite, o
is Lipschitz continuous in x.

To be precise, let us recall that “a(x, f) positive definite” means that

(ax.0z.2) = Y az(x.0)z5 > 0 (9.40)

ij=1

forevery z € R™, |z| > 0, or, equivalently, that, for every x, ¢, the smallest eigenvalue
of a(x, 1) is > 0. “a uniformly positive definite” means

(a(x.0z.2) = Y ay(x. D7z > Az (9.41)

ij=1

for every z € R™ and some A > 0 or, equivalently, that there exists a A > 0 such
that the smallest eigenvalue of a(x, r) is > A for every x, ¢.

Definition 9.5 We say that the matrix field a is elliptic if a(x,t) is positive
definite for every x, ¢ and that it is uniformly elliptic if a(x,t) is uniformly
positive definite.

Remark 9.7 Note that

(a(x,0z,2) = (0 (x,N0™ (x,)z,2) = (07 (x, 1)z, 0" (x, 1)z) = |0 (x, D)2|?
(continued)
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Remark 9.7 (continued)
hence (9.40) is equivalent to requiring that

lo*(x,1)z]> > 0

diffusion process and d the dimension of the driving Brownian motion).

that

(a(x,0)"'w,w) < /11 lw)? .

for every z € R™, z # 0, i.e. the matrix o (x, £)* : R” — R must be injective.
As o (x, 1) is an m X d matrix, (9.40) can hold only if d > m, otherwise 6*(x, t)
would have a kernel of dimension > 1 (recall that m is the dimension of the

Of course (9.40) implies that a(x, t) is invertible for every x, r and (9.41)

287

If a is not positive definite, the square root o may even not be locally Lipschitz
continuous, even if a is Lipschitz continuous. Just consider, for m = 1, the case

a(x) = |x| and therefore o (x) = \/ |x|. However, we have the following result.

Proposition 9.3 Let D C R™ be an open set and assume that a(x, t) is positive

semidefinite for every (x,7) € D x [0, T]. If a is of class C? in x on D x [0, T},

then o is locally Lipschitz continuous in x. If, moreover, the derivatives of

order 2 of a are bounded, o is Lipschitz continuous in x.

We can now state the main result of this section.

Theorem 9.10 Let us assume that b satisfies Assumption (A’) and that a(x, 1)

is measurable in (x, ), positive semidefinite for every (x, ¢) and of class C? in

x or positive definite for every (x, f) and locally Lipschitz continuous. Let us

assume, moreover, that, for every ¢ € [0, T,

lax, )] < MP(1+ 1x]) .

Then on the canonical space (€, 4, (M)i>s. (Xi)>0) there exists a unique

family of probabilities (P**),, such that (€, A, (A} )i=s, (X)t=s. (P¥¥)xs) is

the realization of a diffusion process associated to L,. Moreover, it is a Feller

process.
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Proof If o is the symmetric square root of the matrix field a, then the coefficients
b, o satisfy Assumption (A’) and if £** denotes the solution of

d§ = b, t)dt + o(&.1) dB,
%‘s =X

then the probabilities P** on (%, .#) introduced p.279 satisfy the conditions
required.

Uniqueness requires more attention. We must prove that if & is any matrix field
such that a(x, r) = 5(x, £)o (x, r)* and & is a solution of

(9.42)

d§, = b(E,.0)dt + 5 (E,.1) dB,

E = x (9.43)

then the laws of &%* andé7 coincide. If a is elliptic, so that a(x, ¢) is invertible for
every x, t, and o is another m x m matrix field such that ' (x, )& (x, £)* = a(x, t) for
every x, t, then there exists an orthogonal matrix field p(x, r), such that G = op (just
set p = 015 and use the fact that a and its symmetric square root o commute).
Hence £ is a solution of

dE, = b(E,, 1) dt + o (5., Dp(E,, 1) dB; = b(E;, 1) dt + o (., 1) dB; ,

where

E:A}@mws

is once again a Brownian motion by Proposition 8.8. By Theorem 9.5 (uniqueness
in law under Assumption (A’)) £ and £ have the same law.

This gives the main idea of the proof, but we must take care of other possible
situations. What if a is not elliptic? And if & was an m x d matrix field with d # m?
The first situation is taken care of by the following statement.

Lemma 9.4 Let A be an m x m semi-positive definite matrix and S;, S, be
two m X m matrices such that
A=SS".
Then there exists an orthogonal matrix Q such that §; = S,0.
Proof There exists an orthogonal matrix O such that A = O*DO, where D is
diagonal and with non-negative entries. Then if R; = OS;, we have

RR! = 0S;ST0* = 00*DOO* =D . (9.44)
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Suppose A has m’ non-zero eigenvalues, ordered in such a way that

D= DO
00
for an m’ x m’ diagonal matrix D with strictly positive entries in its diagonal. Let e;
be the vector having 1 as its j-th coordinate and O for the others. Then if j > m/

0 = (Dej.¢j) = (RiR} ¢j. ¢;) = |R}¢j|” .

which implies that the last m —m’ columns of R} vanish. Hence the last m —m’ rows
of R; vanish and R; is of the form
/
r=(5)-
0

Clearly R\R* = D so that if R; = D~'/2R] we have
RRf =D '?RR'D'?=1.

Hence the rows of E are orthonormal. Let ﬁi be any (m — m’) X m matrix whose
rows complete to an orthonormal basis of R”. Then the matrices

are orthogonal and there exists an orthogonal matrix Q such that
R = R:0.

From this relation, “going backwards” we obtain ’I\él = ’ﬁzQ, then Ry = R,Q and
finally S; = $»0. O

End of the Proof of Theorem 9.10 Let us now consider the case of an m x d-matrix
field & such that 0205 = al(x,1) for every x,t, hence consider in (9.43) a d-
dimensional Brownian motion possibly with d # m. Also in this case we have a
diffusion process associated to the generator L and we must prove that it has the
same law as the solution of (9.42). The argument is not really different from those
developed above.

Let us assume first that d > m, i.e. the Brownian motion has a dimension that is
strictly larger than the dimension of the diffusion €. Then @ (x, ¢) has a rank strictly
smaller than d. Let us construct a d x d orthogonal matrix p(x, t) by choosing its last
d — m columns to be orthogonal unitary vectors in ker o (x, ) and then completing
the matrix by choosing the other columns so that the columns together form an
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orthogonal basis of R?. Then (9.43) can be written as

d§, = bE. 0 dt +5E,.0)pE.0)pE.0) 7" dB,
= b(E,. 1) dt + (& 1) dW, ,

where G,(x, 1) = G(x,7)p(x,1) and W, = [, p(,.5)"! dB; is a new d-dimensional
Brownian motion. Now with the choice we have made of p(x, ), it is clear that the
last d — m columns of o, (x, f) vanish. Hence the previous equation can be written

dE, = b(E,, 1) dt + 5o (£, 1) AW, ,

where 05 (x, 7) is the m x m matrix obtained by taking away from o,(x, ) the last
d — m columns and W is the m-dimensional Brownian motion formed by the first m
components of W. It is immediate that 05 (x, 1)o2 (x, 1)* = a(x, t) and by the first part
of the proof we know that the process £ has the same law as the solution of (9.42).
It remains to consider the case where o, is an m X d matrix with d < m (i.e. the
driving Brownian motion has a dimension that is smaller than the dimension of ),
but this can be done easily using the same type of arguments developed so far, so
we leave it to the reader.

Note that this proof is actually incomplete, as we should also prove that the
orthogonal matrices p(x, f) above can be chosen in such a way that the matrix field
(x,1) = p(x, 1) is locally Lipschitz continuous. O

9.10 Further reading

The theory of SDEs presented here does not account for other approaches to the
question of existence and uniqueness.

Many deep results are known today concerning SDEs whose coefficients are not
locally Lipschitz continuous. This is important because in the applications examples
of SDEs of this type do arise.

An instance is the so-called square root process (or CIR model, as it is better
known in applications to finance), which is the solution of the SDE

d&, = (a— b&) di + o /& dB, .

In Exercise 9.19 we see that if a = "42 then a solution exists and can be obtained
as the square of an Ornstein—Uhlenbeck process. But what about uniqueness? And
what about existence for general coefficients a, b and o?

For the problem of existence and uniqueness of the solutions of an SDE there are
two approaches that the interested reader might look at.

The first one is the theory of linear (i.e. real-valued) diffusion as it is developed

(among other places) in Revuz and Yor (1999, p. 300) or Ikeda and Watanabe (1981,
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p. 446). The Revuz and Yor (1999) reference is also (very) good for many other
advanced topics in stochastic calculus.

The second approach is the Strook—Varadhan theory that produces existence and
uniqueness results under much weaker assumptions than local Lipschitz continuity
and with a completely different and original approach. Good references are, without
the pretension of being exhaustive, Stroock and Varadhan (1979), Priouret (1974)
(in French), Rogers and Williams (2000) and Ikeda and Watanabe (1981).

Exercises

9.1 (p.556) Let & be the Ornstein—Uhlenbeck process solution of the SDE

dét == _A«%‘r d[ + O-dB[

9.45
£y = x (9.45)

with A > 0 (see Example 9.1).

a) Prove that, whatever the starting position x, the law of &, converges as t — +o00
to a probability u to be determined.

b) Consider now the process £ but with a starting position & = 7, where 7 is a
square integrable r.v. having law p and independent of the Brownian motion B.
Show that & has distribution p for every .

9.2 (p.557)

a) Let B be a d-dimensional Brownian motion and let us consider the SDE, in
dimension m,

d§¢, = b(t)é, dt + o (1) dB, (9.46)
fo=x
where b and o are locally bounded measurable functions of the variable ¢ only,
with values respectively in M(m) and M(m,d) (m x m and m x d matrices
respectively). Find an explicit solution, show that it is a Gaussian process and
compute its mean and covariance functions (see Example 2.5).
b) Let us consider, for 7 < 1, the SDE

d§,=—1$rtdt+dBt

(9.47)
g() =X.

Solve this equation explicitly. Compute the mean and covariance functions of &
(which is a Gaussian process by a)). Prove that if x = 0 then £ is a Brownian
bridge.
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9.3 (p.558) (The asymptotic of the Ornstein—Uhlenbeck processes) Let B =
(2, 7, (%), (B)),,P) be a real Brownian motion and ¢ the Ornstein—Uhlenbeck
process solution of the SDE, for A # 0, 0 > 0,

dét == _A.gt dt + GdBt

SOZX.

a) Letusassume A > 0.
al) Prove that

im ¥ =_° im & o— O
t—>—+00 «/logt «/A ' 1—>+00 «/logt «/A

a2) What can be said of lim,_, , & and lim,, { o §,?
b) LetA < 0.Prove that there exists an event A € % such that lim,_, o & = +00

on A and lim,—, y o § = —o0 on A° with P(A) = CD(’“/U_M), where @ denotes

the partition function of an N(0, 1)-distributed r.v. (in particular P(A) = é if
x = 0).

9.4 (p.560) Let & be the solution of the SDE, fort < 1,
1 &

d& = —
& , 1

& =x.

(it V1 —1tdB, 0.48)

a) Find the solution of this equation and prove that it is a Gaussian process.
b) Compare the variance of & with the corresponding variance of a Brownian bridge
at time 7. Is £ a Brownian bridge?

9.5 (p.561) Let B be a real Brownian motion and & the solution of the SDE

d§ = b(1)§ dt + o (1)§, dB; (9.49)
g() =x>0,
where b and o are measurable and locally bounded functions of the time only.

a) Find an explicit solution of (9.49).
b) Investigate the a.s. convergence of £ as t — 400 when

1 2+t
0 o0= .y, M= 0
@ o) = 41 bO= 54 1y
@ oW=, PO= 50y
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9.6 (p.562) Letb € R™, 0 an m x d matrix, B a d-dimensional Brownian motion.
Let us consider the SDE

d
d&i(t) = big( dt + E(0) Y _oydBi(r). i=1.....m

= (9.50)

& =x.

a) Find an explicit solution. Prove that if x; > 0 then P(&;(r) > O for every t > 0) =
1 and compute E[£;(7)].

b) Prove that the processes 7 > & (1)&(7) are in M? and compute E[§;(2)&;(7))] and
the covariances Cov(§;(r), £(1)).

9.7 (p.564) Let B be a two-dimensional Brownian motion and let us consider the
two processes

d§i(t) = r&i(t) dt + 0161(1) dB1 (1)
dé>(t) = (1) dt + 0265(1) dBs (1)
where ry, r», 01, 0, are real numbers.

a) Prove that both processes X; = &1 (¢)&,(¢) and Z, = \/ £1(1)&2(¢) are solutions of
SDEs to be determined.
b) Answer the same questions as in a) if we had

d& (1) = n& (1) di + 0161 (1) dB, (1)
d&(t) = 1 (1) dt + 023/ 1 — p? £(1) dBo(1) + 02p6:2(1) dB (1)
where —1 < p < 1.
9.8 (p.565) Let & be the solution (geometric Brownian motion) of the SDE

d§; = b dt + o0&, dB;
&=1.

a) Determine a real number « such that (£), is a martingale.
b) Let t be the exit time of & out of the interval | ; 2[. Compute P(&, = 2).

9.9 (p.566) Let B be a two-dimensional Brownian motion and, for v € R, let us
consider the SDE

dst = ﬂt dB](t)
dn, = v, dt + n, dB, (1)
Eozx,n0=y>0.
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a) Find an explicit expression for (1), and (&,),. Is (&), a martingale?
b) Compute E(&) and Var(,).
¢) Prove that, if v < —é, the limit

lim
=0t gt

exists a.s. and in L2

9.10 (p.567) Let us consider the one-dimensional SDE

d& = (a+ b&)dt+ (A + 0&)dB,

9.51
gy =x. ©31)

a) Let v(r) = E[&]. Show that v satisfies an ordinary differential equation and
compute E[§/].
bl) Prove thatif b < 0, then lim,— 1o E[§] = —7.
b2) Prove that if x = —} then the expectation is constant and E[§;] = x whatever
the value of b.
b3) Assume b > 0. Prove that

— if xo < —¢
lim E[5] = oo ifxg b
t=>+00 +oo ifxg > —7 -

9.11 (p.568) Let us consider the one-dimensional SDE

d§, = (a+ b&,)dt + (A + 0&,) dB, (9.52)

ég'() =X.
Recall (Example 9.2) that if « = A = 0 then a solution is given by &(¢)x, where
£(1) = o= itoB:

al) Determine a process C such that t — &y(¢)C; is a solution of (9.52) and produce
explicitly the solution of (9.52).
a2) Prove that if 0 = 0 then £ is a Gaussian process and compute E[§,], Var(§,).
a3) Prove that, if 0 = 0 and b < 0, £ converges in law as t — +o00 to a limit
distribution to be determined.
b) We want to investigate the equation

dYt = (b+ QIOgY,«)Ytdl‘—l-UY,dBt

9.53
Yo=y>0. ( )
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Show that & = logY; is the solution of an SDE to be determined. Show
that (9.53) has a unique solution such that ¥; > 0 for every ¢ a.s. What is
the law of Y;? Prove that, if 6 < 0, (Y;), converges in law as t — +o00 and
determine the limit distribution.

9.12 (p.570) Let (£2,.%#,(%):, (B:)s, P) be a one-dimensional Brownian motion
and let £ be the Ornstein—Uhlenbeck process that is the solution of the SDE

dgt = /Vg't dt+ UdBt
g =x,

where A # 0.

a) Show that
o? )
2)
is an (%#;),-martingale.

b) LetY, = Stz + ‘2’; What is the value of E(Y;)? And of lim,— o, E(Y;)? (It will be
useful to distinguish the cases A > 0 and A < 0.)

Z, =e M (étz +

9.13 (p.571) Let us consider the one-dimensional SDE
dg, = (\/1 eyt E)dt—f— \/1 +£2dB
! gt r (9.54)
%'0 =xeR.

a) Does this equation admit strong solutions?
bl) Let

Y,zlog(\/l—i-é,z—f-ér).

What is the stochastic differential of Y?
b2) Deduce an explicit solution of (9.54).

Hint: z = log («/ 14+224 z) is the inverse function of y > sinhy.
9.14 (p.572) Let (&, n,) be the solution of the SDE

d&, = —A& dt + odBy (1)

dn, = —An,dt + opdBi () + /1 — p? dBs (1)
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with the initial conditions (§y, 7o) = (x,y), where B = (By, B») is a two-dimensio-
nal Brownian motion and —1 < p < 1.

a) Compute the laws of & and of 7, and explicitly describe their dependence on the
parameter p.

b) Compute the joint law of (&, n,). What is the value of Cov(&,, 1;)? For which
values of p is this covariance maximum? For which values of p does the law of
the pair (&, ;) have a density with respect to Lebesgue measure?

¢) What is the differential generator of the diffusion (&, ,)?

9.15 (p.573) Let B be a Brownian motion. Let & = (&,(¢), £,(7)) be the diffusion
process that is the solution of the SDE

dEi(1) = =3 &1(1) di — &(1) dB,

d&x(1) = =)&) di + & (1) dB,

with the initial condition &, (0) = 0, &,(0) = 1.

a) What is the generator of (&;),? Is it elliptic? Uniformly elliptic?
b) LetY, = & (£)> + £ (¢)>. Show that (Y;), satisfies an SDE and determine it. What
can be said of the law of Y;?

9.16 (p.574) Letu € R,0 > 0and

t 2
X, =x+ / el="% utoBy 1,
0

2
YI‘ — e(M_Uz )t+0oB; .

a) Prove that the two-dimensional process Z, = (X, ¥;) is a diffusion and compute
its generator.
b) Prove that

X,
Sr: '

e
is a (one-dimensional) diffusion which is the solution of an SDE to be deter-
mined.
¢) Letr € R, o0 > 0. Find an explicit solution of the SDE

dZ[ == (1 + rZr) d[ + O-Z[ dBr

9.55
Zy=z€R ( )

and compare with the one obtained in Exercise 9.11. Determine the value of
E[Z] and its limit as t — 400 according to the values of r, 7, z.
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9.17 (p.576) (Do Exercise 9.11 first) Let us consider the SDE

dé; = &(a — b&) dt + 0§, dB;

fr = x>0 (9.56)

where b > 0. Note that the conditions for the existence of solutions are not satisfied,
as the drift does not have a sublinear growth at infinity.

a) Compute, at least formally, the stochastic differential of Z, = ! and determine

&
an SDE satisfied by Z.
b) Write down the solution of the SDE for Z (using Exercise 9.11) and derive a
solution of (9.56). Prove that & > 0 for every ¢ > 0.

9.18 (p.577) Let & be the solution, if it exists, of the equation

dg, = y(/otéyds)dt—i-adB,

§o=x,

where y,x € R, 0 > 0. This is not an SDE, as the drift depends not only on the
value of the position of £ at time ¢ but also on its entire past behavior.

t
7’},:/ %‘sds
0

then the two-dimensional process Z, = (&, 7,) is a diffusion. Write down its
generator and prove that £ is a Gaussian process.
b) Prove (or take as granted) that if
Oa
b0

” cosh «/ab \/Z sinh v/ab
© = \/Z sinh /ab cosh v/ab

a) Prove that if

<
[

then

which of course means, if ab < 0,

i ( cos /—ab —y/— % sin \/—ab)

9.57
—\/—Z sin ~/—ab cos /—ab ( )
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¢) Compute the mean and variance of the distribution of & and determine their
behavior as t — 400, according to the values of y, .

9.19 (p.579) (Have a look at Example 8.9 first) Let B be a Brownian motion and
& the Ornstein—Uhlenbeck process solution of the SDE

dét = bét dt+GdBt
& =x,

where b, o € R. Let n, = £2.
Prove that 7 is the solution of an SDE to be determined.

9.20 (p.580) Leto : R — R be a function satisfying hypothesis (A’). Moreover,
let us assume that o(x) > ¢ > 0 for every x € R and let £ be the solution of the SDE
dét - O—(gr) dB[, S() - 0 .

Let I = [—a,b], where a,b > 0, and let t be the exit time from /. Show that

T < +o00 a.s. and compute P(§; = b).

9.21 (p.581) Leta,b > 0 and let £ be the Ornstein—Uhlenbeck process that is the
solution of

dgt = —/Vg't dt + UdBt
g() =X.

a) Prove that the exit time, t, of £ from | — a, b[ is finite a.s. for every starting
position x and give an expression of P(§; = b) as a function of 0, A, a, b.
bl) Prove thatif a > b then
/ elzz dz
lim 79

b
A—>+o0 2
/ e* dz
0

b2) Assume a > b. Prove that

= +00. (9.58)

lim P& = b) = 1
A—>—+o00

whatever the starting point x € | — a, b|.

b3) In b2) it appears that, even if x is close to —a, the exit from | — a, b[ takes place
mostly at b if A is large. Would you be able to give an intuitive explanation of
this phenomenon?
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9.22 (p.582) Let £° be the Ornstein—Uhlenbeck process solution of the SDE

dEF = —AE° dt + o dB,

E =x,
where A € R, o > 0.
a) Prove that, for every r > 0
<
£ S eMx,
e—0

b) Prove that the laws of the processes £° (which, remember, are probabilities on the
space € = % ([0, T], R)) converge in distribution to the Dirac mass concentrated
on the path xo(f) = e *x that is the solution of the ordinary equation

;’) =: j& 9.59)

In other words, the diffusion £° can be seen as a small random perturbation of
the ODE (9.59). See Exercise 9.28, where the general situation is considered.

9.23 (p.583) (Example of explosion). Let us consider the SDE, in dimension 1,

g = & di + & dB, ©.60)

Eh=x

and let 7, = inf{t; B, = i} for x # 0, 1p = +o00. Prove that, for t € [0, 7,[, a
solution is given by

X
g'_l—xB,'

9.24 (p.584) Let L be the operator in dimension 2

19 d

L=
2 8x2+x8y

(9.61)

and ¢ the diffusion having L as its generator.

a) Is L elliptic? Uniformly elliptic? Compute the law of & with the starting
condition & = x. Does it have a density with respect to the Lebesgue measure
of R??
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b) Answer the same questions as in a) for the operator

1 92 9
= a2 TVa (9.62)

L
2 3y

9.25 (p.585) (Continuation of Exercise 9.24) Let us consider the diffusion
associated to the generator

1l 9 a d
L= i b;ix; > 9.63
5 i; aijj ax; 3xj + iiz=:l ijXj x; ( )

where a and b are constant m X m matrices.

a) Compute the transition function and show that, if the matrix a is positive definite,
then the transition function has a density with respect to Lebesgue measure.

b) Show that for the operator L in (9.63) the transition function has a density if and
only if the kernel of a does not contain subspaces different from {0} that are
invariant for the matrix b*.

9.26 (p.586) Let £ be the solution of the SDE in dimension 1

d§ = b(§)dt + o(§,) dB,

Eh=x.

Assume that b is locally Lipschitz continuous, o is C! and such that o(x) >8>0
for some ¢ and that b and o have a sublinear growth at infinity.

a) Prove that there exists a strictly increasing function f : R — R such that the
process 1, = f(&) satisfies the SDE

dn, =b(n,) dt + dB, (9.64)

for some new drift b.
b) Prove that, under the assumptions above, the filtration 7 = o(§,,u < ?)
coincides with the natural filtration of the Brownian motion.

9.27 (p.587) (Doss 1977; Sussmann 1978). In this exercise we shall see that,
in dimension 1, the solution of an SDE can be obtained by solving an ordinary
differential equation with random coefficients. It is a method that can allow us to
find solutions explicitly and to deduce useful properties of the solutions.
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Let us assume m = 1. Let b and o be Lipschitz continuous functions R — R
and let us assume that o is twice differentiable and strictly positive. Let us denote
by A(x, y) the solution of

w'(y) = o(u(y)

9.65
u(0) =x. ( )
Let t — D;(w) be the solution of the ODE with random coefficients
D; = f(D;, Bi(w)), Dy = x,
where
1 Z
f@.2) = =, (@'0)h(x.2) + blhx. 2) | exp ( / o’ (h(x. 5)) ds) .
0

a) Prove that & = h(D;, B,) is the solution of

d§, = b(&) dt + o (&) dB, (9.66)

& =x.

b) Lethg a Lipschitz continuous function such that Z(x) > b(x) for every x € R
and let £ be the solution of

d§, ='b(&,) dt + o(&) dB,

- 9.67
Eo =X ©-67)

with ¥ > x. Note that the two SDEs (9.66) and (9.67) have the same diffusion
coefficient and are with respect to the same Brownian motion. Show that &, > &
forevery t > 0 a.s.

a) Thanks to differentiability results for the solutions of an ODE with respect to a parameter, £ is
twice differentiable in every variable. Giving this fact as granted, prove that

oh 4 9%h
e =ex| [ o't as] 2 020 = 0 (o (e ) O68)

and apply Ito’s formula to t = h(D;, B;).

b) Recall the following comparison theorem for ODEs: if g1, g, are Lipschitz continuous functions
R x Rt — R such that g,(x, 1) > g (x, 1) for every x,t and y;,i = 1,2 are solutions of the
ODEs

Y/ = giri(0).1)
vi(s) = x;

with x, > x1, then y,(r) > y, (¢) for every r > 0.
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9.28 (p.588) Let £° be the solution of the SDE, in dimension m,
d&/ = b(&/) dt + eo (&) dB,
& =x,

where b and o are Lipschitz continuous with Lipschitz constant L and ¢ is bounded.
Intuitively, if ¢ is small, this equation can be seen as a small random perturbation of
the ordinary equation

Y, = b(y)

Yo =X .

(9.69)

In this exercise we see that £° converges in probability as ¢ — 0 to the path y that
is the solution of (9.69) (and with an estimate of the speed of convergence).

a) If n° = & — y,, show that 7° is a solution of

dn; = [b(n; + y1) — b(y)]dt + ea(n; + y:) dB,
no=0.

b) Prove that, for7 > 0, > 0,

& / o(n;, + yu) dB,
0

< a} @ { sup |n5| < aeLT}

0<s<T

{ sup

0<s<T

and therefore

1 o?e”

2LT
&2 2mT o], ] ’

P( sup |&5 — vy > oz) < 2mexp[—

0<s<T

Deduce that £° : £2 — %([0, T], R™) converges in probability (and therefore in
law) as ¢ — O to the r.v. concentrated on the path y a.s.

c) Are you able to weaken the hypothesis and show that the same result holds if b
and o satisfy only Assumption (A’)?

b) Use Gronwall’s inequality and the exponential inequality (8.42). ¢) Localization. . .

9.29 (p.589) We have seen in Sect.9.3 some L” estimates for the solutions of a
SDE, under Assumption (A’). In this exercise we go deeper into the investigation of
the tail of the law of the solutions. Let B be a d-dimensional Brownian motion and,
for a given process Z, let us denote sup,,, |Z| by Z.

a) Let X be the m-dimensional process
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b)

9

d)

t t
X,:x—i—/Fsds—}—/ G, dB,
0 0

where F and G are processes in M' ([0, T]) and M?([0, T]), respectively, that
are m- and m X d-dimensional, respectively; let us assume, moreover, that G is
bounded and that the inequality

|[F:] < M(1+ |X,])

holds (which is satisfied, in particular, if F is bounded). Then for every T > 0,
K > 0, there exist c = ¢y > 0 and Ry > 0 such that, for R > Ry and for every x
such that |x| < K,

P(X:>R) <e (9.70)

Let us assume that b and o satisfy Assumption (A’) and that, moreover, the m xd
matrix o is bounded. Let & be the solution of

d§ = b, t)dt + o (1) dB,
%‘u =X.

Then for every T > 0 there exists a constant ¢ = ¢y > 0 such that for large R
P(&; > R) <e™F

uniformly for x in a compact set.

Let us assume again that b and o satisfy Assumption (A’) and drop the
assumption of boundedness for . Show that ¥, = log(1 +£?) is an Ito process
and compute its stochastic differential. Deduce that, for every T > 0, there exists
a constant ¢ = ¢y > 0 such that for large R

1
PEr > R) = poigr

uniformly for x in a compact set.
Show that £ € L” for every p (this we already know thanks to Theorem 9.1).

Moreover, if o is bounded, all exponential moments &7 are finite (i.e. eMT s
integrable for every A € R) and even

E[e“f;z] < 400

for o < c¢* for some constant ¢* > 0.

a) Use the exponential inequality, Proposition 8.7, in order to estimate P(supy<,<7 | fot G, dB,| >
p) and then Gronwall’s inequality. d) Recall the formula of Exercise 1.3.



Chapter 10
PDE Problems and Diffusions

In this chapter we see that the solutions of some PDE problems can be represented
as expectations of functionals of diffusion process. These formulas are very useful
from two points of view. First of all, for the investigation and a better understanding
of the properties of the solutions of these PDEs. Moreover, in some situations, they
allow to compute the solution of the PDE (through the explicit computation of the
expectation of the corresponding functional) or the expectation of the functional (by
solving the PDE explicitly). The exercises of this chapter and Exercise 12.8 provide
some instances of this way of reasoning.

10.1 Representation of the solutions of a PDE problem

Let D be a domain of R™ and u a solution of the Dirichlet problem

Lu=20 on D

Ujpp =¢,

(10.1)

where L is a second-order differential operator and ¢ a function dD — R. Without
bothering about regularity assumptions, let B be a Brownian motion and &* the
diffusion associated to L and starting at x € D obtained as seen in the previous
chapter by solving an SDE with respect to the Brownian motion B. Then by Ito’s
formula applied to the function u (that we assume to exist and to be regular enough)
we have

W€D = ulx) + /0 Lu(e) ds + /0 W (E9)0 (X,) dB, .

© Springer International Publishing AG 2017 305
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u' denoting the gradient of u (recall Remark 9.1). If © denotes the exit time of £
from D, then

) =ue+ [ Ly s+ [ w @@ s,

=0
and if the process ¢ > u/(£") belongs to M?, taking the expectation we find

E[u(§,.)] = u(x) .

As &' € 0D and u = ¢ on 9D, taking the limit as + — oo we find finally, if © is
finite and u bounded,

u(x) = Elu(§;)] = E[p(€))] . (10.2)

i.e. the value of u at x is equal to the mean of the boundary condition ¢ taken with
respect to the exit distribution from the domain D of the diffusion associated to L and
starting at x. Note that, denoting by (€, 4, (A1)>0, (Xi)r=0, (P*)x) the canonical
diffusion associated to L, (10.2) can also be written as

u(x) = B[ (Xo)] . (10.3)

The idea is therefore really simple. There are, however, a few things to check in
order to put together a rigorous proof. More precisely:

a) We need conditions guaranteeing that the exit time from D is a.s. finite. We shall
also need to know that it is integrable.

b) It is not allowed to apply Ito’s formula to a function u that is defined on D only
and not on the whole of R“. Moreover, it is not clear that the solution u can be
extended to the whole of R? in a C? way. Actually, even the boundary condition
¢ itself might not be extendable to a C? function.

c) We must show that 7 — u'(£F) belongs to M?.

In the next sections we deal rigorously with these questions and we shall find similar
representation formulas for the solutions of other PDE problems.

Note that, as stated above, the previous argument leads to the representation of
the solutions of problem (10.1), once we know already that this problem actually
has a solution. The PDE theory is actually well developed and provides many
existence results for these problems. Once the representation (10.2) is obtained we
can, however, work the argument backwards: in a situation where the existence of
a solution is not known we can consider the function defined in (10.2) and try to
show that it is a solution. In other words, the representation formulas can serve as
a starting point in order to prove the existence in situations in where this is not
guaranteed a priori. This is what we shall do in Sects. 10.4 and 10.6.
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10.2 The Dirichlet problem

We need a preliminary result. Let £ be the solution of the SDE

3 =x+/stb(§u,u)du+[ta(gu,u)dBu,

where b and o satisfy Assumption (A’). Let D be a bounded open set containing x.
We see now that, under suitable hypotheses, the exit time from D, T = inf{s;r >
s, &(w) ¢ Dy}, is finite and actually integrable. Let, as usual,

I — 02 “ 0
L == ij ,t bi ) ’
=y ) g DB

ij=1

where a = o o*. Let us consider the following assumption.

Assumption Hy. There exists a C>! (R™ xR™) function @, positive on DxR™
and such that, on D x R,

0P
+ LD < -—1.
ot

Under Assumption Hj the exit time from D is finite and integrable.

Proposition 10.1 Under Assumption Hy and if D is bounded, E(t) < 400
for every (x,s) € D x R*.

Proof By Ito’s formula, for every ¢ > s we have

aots.n = (%

0D
) T L,@)@, f)dt + Z i, (&, )03, 1) dB;(1)

hence for s < ¢
®(gt/\‘[a VAN f) — @(.x, S)

[ (% o) [ )3 e (600360 B0
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As o and the first derivatives of @ are bounded on D x [s, ], the last term is a
martingale and has mean 0; hence for every ¢ > s,

P

E[@(Ene,t A T)] — P(x,5) = E([M ( . Lucp)(éu, ) du) < _E(tAT)+5.

As @ is positive on D x R, we obtain ®(x,s) + s > E(t A 7). Now just take the
limit as + — +o0 and apply Fatou’s lemma. O

The following two assumptions, which are easier to check, both imply that
Assumption Hj is satisfied.

Assumption Hj. There exist two constants A > 0, ¢ > 0 and an index i,
1 <i < m, such that

aii(x, 1) = A, bi(x, 1) > —c

foreveryx € D,t > 0.

Assumption H>. On D x R™ b is bounded and the matrix field a is uniformly
elliptic, i.e. such that {a(x,?)z,z) > A|z|> for some A > 0 and for every
(x,f) e Dx R,z e R™,

Proposition 10.2 H, = H; = H,.

Proof H, = H;: we have a;(x,t) = (a(x,f)e;, e;) > A, where e; denotes the
unitary vector pointing in the i-th direction.

H, = Hy: let ®(x,1) = B(e*® — e*%), where R is the radius of a sphere
containing D, and «, B are positive numbers to be specified later (@ therefore does
not depend on #); then @ > 0 on D and

0P

o T L@ = —Be*(Salay(x, 1) + abi(x, 1) < —Be™ (Ja’A — ac)

< —afe *(Jad — o)

and we can make the last term < —1 by first choosing « so that ;O{A —c > 0and
then B large. O
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In particular, the exit time from a bounded open set D is integrable if the
generator of the diffusion is elliptic.

Let us assume that the open bounded set D is connected and with a C?
boundary; let

1 m 82 m 8
L= ii b,’
2 Z aJ(X) Bxiaxj + ; (X) 8x,~

ij=1

be a differential operator on D such that

a) L is uniformly elliptic on D, i.e. (a(x) z,z) > A|z|*> for some A > 0 and for
everyx € D,z € R™;
b) a and b are Lipschitz continuous on D.

The following existence and uniqueness theorem is classical and well-known (see
Friedman 1964, 1975).

Theorem 10.1 Let ¢ be a continuous function on dD and ¢ and f Holder
continuous functions D — R with ¢ > 0. Then, if L satisfies conditions a) and
b) above, there exists a unique function u € C?>(D) N C(D) such that

Lu—cu=f onD

Up = ¢ .

(10.4)

We prove now that the solution « of (10.4) can be represented as a functional of
a suitable diffusion process, in particular giving a rigorous proof of (10.2).

By Proposition 9.2 there exists an m x m matrix field o, Lipschitz continuous
on D, such that @ = o0*. As ¢ and b are assumed to be Lipschitz continuous
on D, they can be extended to the whole of R™ with Assumption (A) satisfied.
Let B = (2, %, (%), (B));, P) be an m-dimensional Brownian motion and &* the
solution of the SDE

déf:x—i-/o b(éf)ds—i—/o o(&)dB; .

Moreover, let Z, = e~ JocE)ds o that dZ, = —c(£)Z, dt. Let, for & > 0, D, be a
regular open set such that D, C D and dist(dD,, d0D) < &; let 7, be the exit time
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from D,: obviously t. < t and, moreover, T < 400 by Propositions 10.1 and 10.2;
as the paths are continuous, 7, /' T a.s. as & N\ 0. Let u, be a bounded C?(R"™)
function coinciding with u on D,. Then Ito’s formula gives

dZtus(S;r) = Ma(éf) dz, + 7, dua(éf)

= —c(&NZue &) dt + Z,(Lue &) dr + Z 035 dB(9))

ij=l1
Therefore, P-a.s.,
Zinete €)= () + / (Lue(E) — c(€)ue(ED) 2 ds
/ DN ()20 dB ().

lJl

(10.5)

As the derivatives of # on D, are bounded, the stochastic integral above has 0 mean
and as u coincides with u, on D, we get, taking the expectation for x € D,,

AT,

Bl Zine) = w00 + B( | E)2,ds) .

Now, taking the limit as ¢ \ 0,

ELu(€ ) Zine) = ) + B /0 Zf(E) ds]

We now take the limit as ¢t — +o00: we have E[u(§,,)Zr;] — E[u(§)Z;] as u
is bounded (recall that 0 < Z, < 1). As for the right-hand side, since Z; < 1 for
every s,

‘/Om Zf(§) ds) < || flloo -

As 7 is integrable by Propositions 10.1 and 10.2, we can apply Lebesgue’s theorem,
which gives

Bz = ue) + [ [ 206 as].
Finally, as &7 € 0D a.s., u(§Y) = ¢(£}) and we obtain

u(x) = E[p(E)Z,] - E[/OT Zf(&) ds] .
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This formula can also be expressed in terms of the canonical realization:

Theorem 10.2 Under the assumptions of Theorem 10.1, the solution of the
PDE problem (10.4) is given by

u(x) = E'[p(X:)Z;] - E[ /0 ' Zf(X;) ds] , (10.6)

where (¢, A , (A1) >0, (X1)1>0, (P¥)y) is the canonical diffusion associated to
the infinitesimal generator L, Z, = e~ X and v = inf{r; X, & D}.

In the case ¢ = 0, f = 0, (10.6) becomes simply

u(x) = E[p(X,)] , (10.7)

i.e. the value at x of the solution u is the mean of the boundary value ¢ taken with
respect to the law of X;, which is the exit distribution of the diffusion starting at x.

As remarked at the beginning of this chapter, formulas such as (10.6) or (10.7)
are interesting in two ways:

» for the computation of the means of functionals of diffusion processes, such as
those appearing on the right-hand sides in (10.6) and (10.7), tracing them back
to the computation of the solution of the problem (10.4),

¢ in order to obtain information about the solution u of (10.4). For instance, let
us remark that in the derivation of (10.6) we only used the existence of u.
Our computation therefore provides a proof of the uniqueness of the solution
in Theorem 10.1.

The Poisson kernel of the operator L on D is a family (/1(x, -)).ep of measures
on dD such that, for every continuous function ¢ on dD, the solution of

{LMZO on D (10.8)

Ujpp = ¢

is given by

u(x) = /a RELCYE

(10.7) states that, under the hypotheses of Theorem 10.1, the Poisson kernel always
exists and I7(x, -) is the law of X, with respect to P* (i.e. the exit distribution from D
of the diffusion X starting at x € D). This identification allows us to determine the
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exit distribution in those cases in which the Poisson kernel is known (see the next
example and Exercise 10.4, for example).

Example 10.1 Let L = ;A and By be the open sphere centered at 0 with

radius R in R™, m > 1; let o(dy) be the surface element of 0Bg and w,, =
IZZZ;) the measure of the surface of the sphere of radius 1 in R™. Then it is
known that, for y € dBg, x € B, if

Moy = - F
Rw,, |x—y|™
then the Poisson kernel of ;A on B is given by

II(x,dy) = Ng(x.y) o(dy) . (10.9)
Therefore (10.9) gives the exit distribution from Bg of a Brownian motion

starting at a point x € Bg. If x =the origin we find the uniform distribution on
0Bg, as we already know from Exercise 3.18.

Example 10.2 Let (X;), be a one-dimensional diffusion process associated to
some SDE with Lipschitz continuous coefficients b, 0. Let [a, b] be some
finite interval and x € ]a, b[ and assume that 0 > « > 0 on [a, b]. We know
from Propositions 10.1 and 10.2 that the exit time, t, from [a, b] is a.s. finite.
We want to compute the probability

PX; =a).

We can use the representation formula (10.7) with D =]a, b[ and ¢ given by
¢(a) = 1, ¢(b) = 0 (the boundary dD here is reduced to {a, b}). By 10.7
therefore

u(x) = P'(X; = a) = E[¢(X;)]

is the solution of the ordinary problem

2
5 W =0 onla,b|,

u(@) =1, u(b) =0.

b’ +

(continued)
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Example 10.2 (continued)

Let us compute the solution: if v = ' the ODE becomes bv + ; o2 =0,
i.e.

which gives logv(x) = — | 02 b(y)dy + ¢y ie.

x 2b(y)

v(x) =cie %0 J

and therefore

z 2b(y)

X
d
M(x)262+6‘1/ e T2V gy
a

The condition u(a) = 1 gives at once ¢c; = 1, from which also c¢; is easily

computed giving
X z 2b(y)
dy
/ e o0 Yz

2b(x)
[ fa 20) dZ
a

It is useful to note that to solve the equation bu’ + "22 u” = 0 is equivalent
to finding a function u such that (u(X;),); is a martingale. We know already
that problems of determining the exit distribution are often solved using an
appropriate martingale.

ux) =1-—

In the following examples, conversely, formulas (10.6) and (10.7) are used in order
to prove properties of the solutions of the Dirichlet problem (10.4).

Remark 10.1 (The maximum principle) Let D be a bounded domain and

m 2

L:;Zau(x) - —i—Zb(x)

ij=1

a uniformly elliptic differential operator on D; let us assume a and b are
Lipschitz continuous on D. The maximum principle states that for a function
u which is in C2(D) N C(D) and such that Lu = 0, we have

minu < u(x) < maxu .
9D aD

(continued)
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Remark 10.1 (continued)
This is now an immediate consequence of (10.7), as it is immediate that

minu < E*[u(X;)] < maxu .
9D oD

If u satisfies the weaker condition Lu = f > 0 (but still ¢ = 0) then it enjoys
a weaker form of the maximum principle: starting from (10.6) we have

u(x) = Eu(X,)] — E[ /0 F(X,) ds] < Eu(X,)] < maxu.

(¢ = 0 implies Z, = 1). Recall that we have already come across the
maximum principle in Sect. 6.3 (Proposition 6.5).

Remark 10.2 Let D be a bounded domain and u : D — R a harmonic
function, i.e. such that ;Au = 0 on D. Then u enjoys the mean property:
if we denote by Bg(x) the ball of radius R and by o the normalized Lebesgue
measure of the surface dBg(x), then

u(x) = / u(y) do(y) (10.10)
0BR(x)

for every x € D and R > 0 such that Bg(x) C D.

Indeed, from (10.7), applied to D = Bg(x), we have u(x) = E*[u(X,)],
where 1z denotes the exit time from Bg(x) and we know that the exit distri-
bution of a Brownian motion from a ball centered at its starting point is the
normalized Lebesgue measure of the surface of the ball (see Exercise 3.18).

Actually the mean property (10.10) characterizes the harmonic functions
(see also Example 6.3)

Formula (10.6) also gives a numerical approach to the computation of the solution
of a PDE problem as we shall see in Sect. 11.4.
10.3 Parabolic equations

A representation formula can also be obtained in quite a similar way for the Cauchy—
Dirichlet problem.
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Let D C R™ be a bounded connected open set having a C? boundary and let
Q=Dx|0,T[ and

1 m 32 m a
L, = i, 1 bi(x,t 10.11
! 2 i,/‘Xz:l aj(x )axian + ; (x ) 8x,» ( )
be a differential operator on Q such that

a) {a(x,1)z,z) > )L|z|2, where A > 0 for every (x,7) € O,z € R";
b) a and b are Lipschitz continuous in Q.

Then (Friedman 1964, 1975) the following existence and uniqueness result holds.
Note that assumption b) above requires that the coefficients are also Lipschitz
continuous in the time variable.

Theorem 10.3 Let ¢ be a continuous function on D and g a continuous
function on dD x [0, T] such that g(x,T) = ¢(x) if x € dD; let ¢ and f be
Holder continuous functions Q — R. Then, under the previous hypotheses a)
and b), there exists a unique function u € C>!(Q) N C(Q) such that (Fig. 10.1)

I n ou
U — ClU 9 =f onQ

u(x, T) = ¢(x) onD (10.12)
ux,t) = g(x,1) on dD x [0, 7] .

By Proposition 9.2 there exists a Lipschitz continuous matrix field o on Q

such that 00* = a; moreover, the coefficients o and b can be extended to
g(x,1)
N
D —¢(x)
0 N T
g(x,1)

Fig. 10.1 In the problem (10.12) the boundary values are given on the boundary of D (i.e. on
oD x [0, T]) and at the final time T (i.e. on D x {T}). Note that the hypotheses of Theorem 10.3
require that on 3D X {T}, where these boundary conditions “meet”, they must coincide
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R™ x [0, T] preserving Lipschitz continuity and boundedness. Hence b and ¢ satisty
Assumption (A) (see p.260). Actually they are even Lipschitz continuous in the
time variable, which is not required in Assumption (A).

Theorem 10.4 Let (€, A, (M) =5, (Xi):. (P**),) be the canonical diffu-
sion associated to the SDE with coefficients » and o. Then under the
hypotheses of Theorem 10.3 we have the representation formula

u(x, 1) = Ex,tl:g(X‘“ T)e” I e(Xy.5) dsl{r<T}j|
T
+ Ex,t |:¢ (XT) e_ft c(Xy.5) d‘Vl{tzT}] (1013)
AT s
_Exvf[ / F(Xy, 5) e Jr G du dS] :
t

where 7 is the exit time from D.

Proof The argument is similar to the one in the proof of (10.6): we must apply Ito’s
formula to the process Y, = u.(Xj,s) e~ Jr eXrn) dar where u, approximates u in a
way similar to (10.6). O

In the particular case g = 0, ¢ = 0,f = 0, (10.13) becomes

u(x,1) = E"[¢p(Xr)lz=1y] -

Note that this relation follows from Theorem 10.4 if we assume that ¢ vanishes
on dD, otherwise the condition g(x,7) = ¢(x) if x € dD, which is required in
Theorem 10.3, is not satisfied.

Remark 10.3 1If (Fig.10.2) b, 0,f, g, ¢ do not depend on ¢ then if v(x,7) =
u(x, T — 1), v is a solution of

Lv—?;—cv =f(x) onQ
v(x,0) = ¢(x) onD (10.14)
v(x, 1) = g(x) on 0D x [0, 7] .

For the solution v of (10.14) we have the representation (recall that now the
diffusion associated to L is time homogeneous, so that E*/[¢ (X7)1;>73] can
be written as E*[¢ (X7—/) 1z>1—1])

v(x,t) = u(x, T —t) = E[¢p(X;) 1 (1] .
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8(x,1)

b =)

0 N T
g(x,1)

Fig. 10.2 In the problem (10.14) the boundary values are given on dD X [0, 7] and at time 0, i.e.
it is an “initial value” problem. Note that, with respect to (10.12), the term in gr has the — sign

10.4 The Feynman-Kac formula

In this section we investigate representation formulas similar to the one of Theo-
rem 10.4, for the domain R” x [0, T]. We shall see applications of them in the next
chapters. The main difficulties come from the fact that R™ is not bounded.

Let ¢, f be two real continuous functions defined respectively on R™ and R™ x
[0, T] and let us make one of the assumptions

lp(0)] < M(1+ xY), |fG,0] <M+ [x[*)  (x,1) e R" x [0, 7]
(10.15)

for some A > 0 (condition of polynomial growth), or

¢ =0, f=0. (10.16)

Let L, be a differential operator on R” x [0, T[, as in (10.11), and let us consider its
associated canonical diffusion (€, A, (A} )15, (X1)1, (P**)x5)-

Theorem 10.5 Let ¢ : R” x [0,7] — R be a continuous function bounded
below (i.e. c(x,f) > —K > —oo) and w a C>'(R” x [0, T[) function,
continuous on R™ x [0, 7] and a solution of the problem
ow
Lw + —ew=f onR"x[0,T]
ot (10.17)

wx, T) = ¢(x) .

(continued)
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Theorem 10.5 (continued)
Let us assume that the coefficients a and b are Lipschitz continuous on [0, T x

R™ and that a is uniformly elliptic. Assume also that the functions ¢, f, in
addition to being continuous, satisfy one of the hypotheses (10.15) or (10.16).
Assume, finally, that w has a polynomial growth, i.e. there exists M|, u > 0
such that

[w(x, £)] < Mi(1 + [x]*) (10.18)

for every ¢ € [0, T], x € R™. Then we have the representation formula

T T S
W(X, t) — Ex,t [¢(XT) e—f, c(Xy,s) ds] _ Ex,t[/ f(XS‘a S) e—f, c(Xy,u) du ds:l .
' (10.19)

Proof Let 1z be the exit time of X from the sphere of radius R. Then, by
Theorem 10.4 applied to D = Bg, we have, for every (x, ) € Bg x [0, T|,

TATR \
W(th t) = _Ex’t[/ f(XS, S) e_ft c(Xy,u) du ds:l

t T,
FE [ (X ) €1 Wy (1020)
FEY [ (Xr) e 0ty
= 11 + 12 + 13 .

Let us first assume that (10.15) holds. By Lemma 9.1 we know that

E“[ max |Xu|‘1] < C,(1 + x| (10.21)

t<u<T

for every g > 2, where the constant C, does not depend on x. Then by the Markov
inequality we have

P (1p < T) = P"”( max [X,| = R) < CR(1 + |a]7) . (10.22)
<u<

hence P*(tg < T) — 0 as R — +o0, faster than every polynomial. The map
R — g is increasing and g AT — T as R — 400 for every w. Therefore if
we let R — +oo in the first term in (10.20) and apply Lebesgue’s theorem, thanks
to (10.21) and to the second relation in (10.15), we find that it converges to

t

A similar argument works for /3: as R — +oo the r.v. inside the expectation
converges to

¢(Xr)e™ S e(Xuu) du ’
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being bounded by |¢(X7)|eX” which, thanks to (10.21) and to the first relation
in (10.15), is an integrable r.v. We still have to prove that I, — 0 as R — +o0.
In fact

_[®
W(Xey Tp) e I Xy < MK (1 + RM) Ly
and therefore

B W (X, ) e 00y ] < MieKT (1 4+ RP) P (1 < T)

and the left-hand side tends to 0 as R — +oo as in (10.22) (just choose g > ).
If, conversely, (10.16) holds, then we argue similarly, the only difference being
that now the convergence of /; and /5 follows from Beppo Levi’s Theorem. O

Remark 10.4 The hypothesis of polynomial growth (10.18) can be weakened
if, in addition, ¢ is bounded. In this case the process (X;); enjoys a stronger
integrability property than (10.21). In Exercise 9.29 we prove that if

sup lo()a* ()| &% [b(0)| = Mp(1 + |x])

xERM

where | | denotes the operator norm of the matrix, then
Ex"’[exp (a max |X,,|2)] <K
1<u<T

for every a < ¢ = e M (2Tmk*)~!. It is easy then to see that, if we
replace (10.18) by

lw(x, )| < My’ (10.23)
for some o« < ¢, then we can repeat the proof of Theorem 10.5 and the
representation formula (10.19) still holds. In this case, i.e. if o is bounded,
also the hypotheses of polynomial growth for ¢» and f can be replaced by

P < M| f ] < MePT (o e R"x[0,T]  (10.24)

for some o < ¢ = e MT2Tmk*)~!.

Theorem 10.5 gives an important representation formula for the solutions of the
parabolic problem (10.17). We refer to it as the Feynman—Kac formula.

It would, however, be very useful to have conditions for the existence of a
solution of (10.17) satisfying (10.18). This would allow us, for instance, to state
that the function defined as the right-hand side of (10.19) is a solution of (10.17).
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Existence results are available in the literature: see Friedman (1975, p. 147), for
example, where, however, boundedness for the coefficients a and b is required, an
assumption that is often too constraining and which will not be satisfied in some
applications of Chap. 13.

Until now we have given representation formulas for the solutions of PDE
problems as functionals of diffusion processes. Let us conversely try to construct
a solution and therefore prove that a solution exists.

Let us assume ¢ and f to be locally Holder continuous and let, for (x, 7) € R™ x
[0, 71,

. T y
u(x, 1) = E¥[(Xp) e~ I o] E[ / F(Xy,5) e I cua d ds] . (1025)
- t

_ -

=up(x,1) ~ v -

=ur(x,1)

where, as above, L, is a differential operator on R™ x [0, T[, as in (10.11), and
(C, M, (M) 155, (X1)1, (P, ) is the associated canonical diffusion.

We shall now prove that such a function u is continuous on R™ x [0, T, that it is
C>!(R™ x [0, T[) and a solution of (10.17).

Let Bg be the ball centered at the origin and of radius R large enough so that
x € Bg. The idea is simply to show that, for every R > 0, u satisfies a relation of the
same kind as (10.13), with a function g to be specified on dBgx[0, T[. Theorems 10.3
and 10.4 then allow us to state that u has the required regularity and that it is a
solution of (10.12) on Bg x [0, T[. In particular, by the arbitrariness of R, we shall
have

0
Lu + 8’: —cu=f onR"x[0,T]. (10.26)

The key tool will be the strong Markov property.

Lemma 10.1 Let us assume that

* the coefficients a and b are Lipschitz continuous on [0, 7] x R™ and that a
is uniformly elliptic

* that the function c is continuous and bounded below, on R™ x [0, T], by a
constant —K.

Then if ¢ is continuous and has polynomial growth, the function u; defined
in (10.25) is continuous in (x, 7). The same holds for u;, if f is continuous and
has polynomial growth.

If, moreover, the diffusion coefficient is bounded, it is sufficient to assume
that ¢ and f have an exponential growth, i.e. that there exist constants k;, k, >
0 such that |¢ (x)| < kie*2, | f(x,1)| < kie*2H forevery 0 <1 < T.
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Proof This is an application of the continuity property of a diffusion with respect to
the initial conditions (Sect. 9.8). The idea is simple but, to be rigorous, we need to
be careful. One can write

u(x.1) = E[p(g5") e I ]
where £ denotes, as in the previous chapter, the solution of
dé; = b(&, s)ds + o(&, s) dB;
& =x

with respect to a Brownian motion (£2,.%, (%), (B:):, P).

By Theorem 9.9 we can assume that (x, 7, s) — £"(w) is a continuous function
forevery w € 2. If (x,,,1,) — (x,f) as n — oo, let R be a number large enough so
that x, x,, € Bg.

Let ¢r be a bounded continuous function coinciding with ¢ on Bg and let us
denote by t and 1, respectively, the exit times of £/ and £ from Bg. Then

|u1(xn, tﬂ) - ul(xv t)|

Xn.in

Xnsln — TC 7 ) du X, _ TC ,u\‘.t’u u
= E[‘d)(sT T)e fxn (3 u) d _¢($Tt)e f; (& )d ‘:I
X _ TC A‘n.tuu ” X _ TC ;(’I,u "
< B[ gulgy ) e 0 ety eI 0 (1027
+E[|¢(§Tn,r,,)‘e S @y a IWKT}]

+E[|¢(§;'r)| eI et dul{w\fd}] .
Applying Lebesgue’s theorem, we first have hat
Pl e e ET  g(gpty o I e s
and then (recall that ¢ is bounded and ¢ > —K) that
i E(| () e 00— g gty eI G0 = 0.

It remains to show that the last two terms in (10.27) can be made arbitrarily small
uniformly in #n for large R. To this end let us observe that

Vaneery = Vgery + Lery = Lip 1681503 T Visup, <oer 677 15RY
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Thanks to Holder’s inequality (1.3) and using the upper bound |¢ (x)| < M(1 + |x|*)
for some M > 0, A > 0, we have for every z, s > 0

s - )TC {;‘S.u u
E[lp (5" e b G0y o e er]

< MeTE[ (14 sup 1621 ) Lup, oy v |

s<u<T

5112 1/2
< MaE[ 1+ sup |55 T P( sup |5 > R)

s<u<T s<u<T

and the last quantity tends to zero as R — o0, uniformly for z, s in a compact set.
Actually thanks to Proposition 9.1

E[1+ sup [ ] < +o0

s<u<T
and thanks to Remark 9.3

P( sup |E5°) >R) —- 0.

s<u<T R—+00

Hence the last two terms in (10.27) can be made uniformly arbitrarily small for
large R.
The proof of the continuity of u, follows the same pattern. O

Lemma 10.2 Let o be a #-stopping time such that o < T a.s. Then
ui(x,f) = Ex,r[e_ I e(Xs.9) dsul(XUv O')] ,

Mz(x, t) — Ex,t[/ f(XX, S) o [ e(Xyou) du dS] + Ex,t[e_ I e(Xuu) du Mz(Xa, CT)]
t

We prove Lemma 10.2 later.

Let 7z = inf{s;s > 1, X; & By} be the first exit time from By after time 7. This
is of course a stopping #-time (see the definition p. 160). Let T = tz A T and let us
deal first with u;.

Lemma 10.2 applied to the ¢-stopping time t gives

u(x,t) = ui(x, 1) —us(x, t)

= B¥[e oy (x t)] —E* [ / F(X,, 5) e i e du ds]
t
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B YRC i X. _ TC s)ds
= E""[u(Xe. tr) € SR e(Xy) d Lige<ry | + B[ (X1) e I e(Xs.5) d T
wRAT )
_Ex,r[/ f(Xs.5) o= Ji e(Xuu) du ds] .
t

Comparing with the representation formula of Theorem 10.4 with g = u this allows
us to state that if

* f and c are Holder continuous and
¢ the function u is continuous,

then u coincides with the solution of

d
Lw + av:—cwzf on Bg x [0, T[

w(x, T) = ¢(x) on Bg
wi(x, 1) = u(x,t) on dBg x [0, T]

and, in particular, is of class c2l, By the arbitrariness of R, u is of class C%!and a
solution of (10.26).
We have proved the following

Theorem 10.6 Let us assume that

* the coefficients a and b of L, are Lipschitz continuous on R x [0, T] and
moreover that for every R > 0 there exists a Ag > 0 such that (a(x, 1)z, z) >
Aglz|? forevery (x,1), |x| <R,0<t<T,zeR"

* ¢ :R" — Ris continuous and has polynomial growth.

* the real functions f and ¢, defined on R™ x [0, T], are locally Holder
continuous; ¢ is bounded below, f has polynomial growth.

Then there exists a function u, continuous on R x [0, T] and C>!(R" x
[0, T]), which is a solution of

L,u—i—au—cu:f on R™ x [0, T[
ot (10.28)
ux,T) = ¢(x) .

It is given by
T T S
u(x, t) — EXt[(ZS(XT) e~ Ji e(Xy.s) ds] _ Ex,t[/ f(Xva S) e—f, c(Xy,v)dv ds] ,
t

(continued)
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Theorem 10.6 (continued)
where (€, A, (AMy):, (X;):, (P**),) is the canonical diffusion associated to
L,. Moreover, u is the unique solution with polynomial growth of (10.28).

If, moreover, the diffusion coefficient o is bounded, then if ¢ and f have an
exponential growth, u is the unique solution with exponential growth.

Proof of Lemma 10.2 The proof consists in a stronger version of the strong Markov
property. We shall first make the assumption that o takes a discrete set of values.

Taking the conditional expectation with respect to ./, as the r.v. fta c(Xs, s)ds
is ./} -measurable,

ul(x’ t) — Ex,t[e_ /IJ c(Xy,5) d‘YEX’t (¢(XT) o /01 c(Xy,5) ds Ijlé)] . (10.29)
Let us denote by sy, . .., s,, the possible values of ¢. Then if C € .Z! we have

r ! S5)das X, - — TL' S)ds
Ex'r[lc P (Xp) e Jo e ] =E J[ Z Lenfomsy @ (Xr) e o o9 d ]

k=1

= - TC \ \
= EXJ[ Z lengo=sy @ (Xr) e I (X“)d‘]

k=1

< — TL' S) ds
= B[ Y lentomaaBY (00t e 0 1) ]

k=1

,
Note now that the r.v. ¢(X7) e~ Jo cXss) ds i Sk -measurable. Hence by Proposi-
tion 6.1

T T
Ex,t(¢ (XT) e_-/fk c(Xy,5) ds | %Stk) — EXSk*Sk (¢ (XT) e_-/fk c(Xy,5) ds) P""-a.s.

Hence, as
m m T
Ml(XtTvo-) = Z 1{G=5k}ul(XSkﬂsk) = Z 1{U=Sk}EXxk,5k (¢(XT)e ./.?k C(Xx,S)dS) ,
k=1 k=1
we have

T N " — [T e(x,.5) ds
187y 0] = B 35 18 (1) o= 05099

k=1

= B[ 3 Lentomsatn Ko 50| = B [lc (X5, 0)]
k=1
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and therefore

E¥(@(Xr) el 08 40) = 1y (X, 0)
and going back to (10.29) we see that the first equality of Lemma 10.2 is proved
for a discrete stopping time o. We obtain the result for a general stopping time

o < T with the usual argument: let (0,), be a sequence of discrete stopping times
decreasing to 0. We have proved that

EY[¢(Xp) el O gt | = I e by (X, ) (10.30)
Conditioning both sides with respect to ., as .4, C .4 ,
B[ () e 0| gt ] = BRi e i e (X, )]
Now clearly
e I Xy (X, 6,) eI Dy, (X, o)
n—>00

and thanks to (10.30) the sequence on the left-hand side above is uniformly
integrable so that, P*'-a.s.,

Ex,r[e_ ftn” C(Xx,s)dsul(XGn’ O—n)l'%;] n__))oo EX”[e_ fxﬂ "(X‘“S)dsul(Xg, O—)l'%;]
= e /Wy (X, o)

which proves the first equality of Lemma 10.2. The second one is proved along the
same lines. O

Example 10.3 Let us consider the problem

1 )
) Bule.n) + 3”: (1) — Ax[Pu(e,)) =0 onR™ x [0, T]
u(x,T)=1.

By Theorem 10.6 a solution is therefore given by

u(x, ) = E¥'[e™ JTIxP @]

(continued)
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Example 10.3 (continued)
(here ¢ = 1, f = 0), where X = (2,7, (F)i>s. X)i, P*)y,) is a
realization of the diffusion associated at generator ;A, i.e.

u(r.r) = B[et o Bt ds] (10.31)

where B is a Brownian motion. This solution is unique among those with a
polynomial growth. In Exercise 12.8 the expectation on the right-hand side
of (10.31) will be computed giving the explicit solution

p[— V2A

u(x, 1) = cosh (V2 (T — t))_m/2 ex 5 bl tanh (v/24 (T — t))].

10.5 The density of the transition function, the backward
equation

In the examples of diffusion processes we have met so far (all of them being R”™-
valued for some m > 1), the transition probability p had a density, i.e. there existed
a positive measurable function ¢(s, ¢, x, y) such that

p(s,t,x,dy) = q(s,t,x,y)dy ,

dy denoting the Lebesgue measure of R™. We now look for general conditions
ensuring the existence of a density.

Definition 10.1 A fundamental solution of the Cauchy problem on R"x[0, T
associated to L, is a function I"(s, t, x, y) defined forx,y e R", 0 <s <t < T,
such that if, for every continuous compactly supported function ¢,

vx.9) = [ Ftep0)dy.
then v is C>! (R™ x [0, ¢]), is bounded and is a solution of

)
Lov + =0 on R™ x [0, £

ds (10.32)
limg—,— v(x,s) = ¢(x) .

Let us assume that the operator L, satisfies the assumptions of Theorem 10.6. If the
transition function p(s, t, x, dy) has a density ¢(s, t, x, y), then this is a fundamental
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solution. Actually, by Theorem 10.6 there is a unique bounded solution of (10.32),
given by

v(r.s) = BV (X,)] = / $0) pls.tox.dy) = / ()q(s. 1x.) dy .

Therefore I' = ¢ is a fundamental solution. Conversely, if a fundamental solution
I' exists, by the same argument, necessarily

/ () pls. x.dy) = / SOV (s.1.x.) dy

for every compactly supported continuous function ¢. This implies that the transi-
tion function has density I".

We still have to investigate conditions under which the transition function has a
density, or equivalently, the differential generator has a fundamental solution.

Let us make the following assumptions

e {a(x,1)z,2) > Alz|? for some A > 0 and for every z € R™, (x,1) € R” x
[0, T].

* a and b are continuous and bounded for (x, ) € R™ x [0, T]. Moreover, a
is continuous in ¢ uniformly in x.

* aand b are Lipschitz continuous in x uniformly for ¢ € [0, T].

Theorem 10.7 Under the assumptions above there exists a unique funda-
mental solution I" of the Cauchy problem on R™ x [0, T] associated to L.
Moreover, it satisfies the inequalities

M—ﬂj
C

[F(stxy)] < €= exp| ="
— S

(10.33)
ar x—y?

‘ (s,t,x,y)) < C(t—s)_(’”'H)/zexp[—c| v ] ,
ox; t—s

where C and c are positive constants. Furthermore the derivative of I with

respect to s and its second derivatives with respect to x exist and are continuous

for t > s. Finally, as a function of (x, s), s < t, I" is a solution of

or
Lr+% =o. (10.34)
as
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Theorem 10.7 is a classical application of the parametrix method. See Levi (1907)
and also Friedman (1964, Chapter 1), Friedman (1975, Chapter 6) or Chapter 4
of Azencott et al. (1981). Note, however, that Assumption (H) is only a sufficient
condition. In Exercise 9.25 b) the transition density (and therefore the fundamental
solution) is computed explicitly for an operator L whose second-order matrix
coefficient a(x) is not elliptic for any value of x.

As we have identified the transition density ¢(s,t,x,y) and the fundamental
solution, g satisfies, as a function of s, x (the “backward variables”), the backward
equation

dgq
Lyg + =0. (10.35)
ds

10.6 Construction of the solutions of the Dirichlet problem

In this section we construct a solution of the Dirichlet problem

u € C2(D) N C(D)

1

) Au=20 onD (10.36)
Ujpp = ¢

without using the existence Theorem 10.1. In particular, we shall point out the
hypotheses that must be must satisfied by the boundary dD in order to have a
solution; the C? hypothesis for 3D will be much weakened.

LetX = (¢, 4, (M), (Xy);, (PY),) be the canonical realization of an m-dimen-
sional Brownian motion, D a connected bounded open set of R”, 7 the exit time
from D. Let

u(x) = E*[p(X1)] . (10.37)

Let us recall that in Example 6.3 we have proved the following result.

Proposition 10.3 For every bounded Borel function ¢ on dD, u is harmonic
in D.

(10.37) therefore provides a candidate solution of the Dirichlet problem (10.36). We
see now which conditions on ¢ and dD are needed for u to be continuous on D and
verify the condition at the boundary. It is clear that, for z € dD, u(z) = ¢(z) and in
order for u to be continuous at x it will be necessary to show that if x € D is a point
near z, then the law of X; with respect to P* is concentrated near z. The investigation
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of this type of property is the object of the remainder of this section. It is suggested
at this time to go back and have a look at Example 6.4.

Proposition 10.4 Let g : R” — R be a bounded Borel function. Then the
function ¥ (x) = E*[g(X,)] is C*°, for every fixed t > 0.

Proposition 10.4 is just a repetition of Remark 6.4.

Let 7/(w) = inf{t > 0;X, ¢ D}. 7’ is not the exit time from D, because of the >
instead of >. Of course, 7/ = 7 if Xg € Dor Xy € DC; 7 and 7’ can be different if
the initial point of the process lies on the boundary dD, as then t = 0 (as dD C D),
whereas we may have t/ > 0 (if the path enters D immediately).

It is immediate that 7’ is a stopping time of the filtration (.#;+),. Indeed

{t/ = 0} = {there exists a sequence (¢,), of times with t,, > 0, ¢, \ O and X, ¢ D}

and this is an event of .#, for every ¢ > 0. Therefore {t" = 0} € .#+. Moreover,
foru > 0,

U<uy={<u)\{t=0U{r' =0} € A, C M.

Definition 10.2 x € 9D is said to be a regular point if P*(z' = 0) = 1.

It is immediate that, as Brownian motion is a continuous Feller process, by
Blumenthal’s 0-1 law (Proposition 6.23), P*(z" = 0) can take the values 0 or 1
only.

Lemma 10.3 For every u > 0 the function x +— P*(r > u) is upper
semicontinuous.

Proof Let ty(w) = inf{t > 5;X; ¢ D}. Then 7, \ T’ as s \{ 0, therefore P*(z; > u)
decreases to P*(t/ > u) as s N\, 0. We now just need to prove that x - P*(t; > u) is
a continuous function, as the lower envelope of a family of continuous functions is
known to be upper semicontinuous. Using translation operators we can write 7, =
s 4 T o 6;: in fact 7 o O;(w) is the time between time s and the first exit from D of @
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after time s. By the strong Markov property, Proposition 6.2,

P'(zy; > u) =P (t 00y > u—5) = E'[l{r4— 0 64
[E(l{t>u s} © Oy | )] = EX[PX (T >u— s)] Ex[g(XX)] ’

where g(x) = P*(r > u — s}. Therefore x — P*(t; > u} is even C* by
Proposition 10.4. O

Lemma 10.4 If z € 9D is a regular point and u > 0, then

lim P*(t > u) = 0.

xeD

Proof If x € D, then P*(r > u) = P*(¢/ > u) and by Lemma 10.3

0 <lmP'(r>u) = l_i_r)r}P"(t’ >u) <P(' >u)=0.

xeD xeD

O

The following lemma states that if z € dD is a regular point, then, starting from a
point x € D near to z, the Brownian motion exits from D mainly at points near to z.

Lemma 10.5 If z € 9D is a regular point, then for every ¢ > 0 and for
every neighborhood V of z there exists a neighborhood W of z such that, if
xeDNW,P(X; ¢ VN ID) <e.

Proof By the Doob and Chebyshev inequalities

4 16m 16tm
P(sup Xo—xl= ) = LB swp [xo—x?] = BN - =

0<s<t 0<s<t
Let o > 0 be such that By (z) C V; thenif |[x —z| < §

P(IX; —zl > a) <P(r > u) + P'(IX; —x| > 5.7 < u)

<P >0+ P sup X~ > )EPX(DMH IZL;’”

0<s<u

l6um

Now just choose u small so that < 5 and apply Lemma 10.4. O
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Proposition 10.5 If z € dD is a regular point and ¢ : dD — R is continuous
at z, then the function u(x) = E*[¢ (X )] satisfies limx:g u(x) = ¢(2).

Proof Let n > 0 be such that [¢(y) — ¢(2)| < 5 forevery y € aD with [y —z| < n;
then
lu(x) — ()| < E'[|¢(Xr) — ¢(2)]]
< E{lp(X0) — @15, —af<ny ] + E[I#(X0) — 6 @)1 gx,—212n3]

&
=,+ 2| @llocP*(IX: — 2] = 1) .

Now, by Lemma 10.5, there exists a neighborhood V of z such that if x € V then
P*(|X; —z| = n) < &, which allows us to conclude the proof. O

The following statement is now a consequence of Propositions 10.3 and 10.5.

Theorem 10.8 Let D C R™ be a bounded open set such that every point in
dD is regular. Then if ¢ is a continuous function on 9D, the function u(x) =
E*[¢(X,)] is in C?(D) N C(D) and is a solution of

1
Au=0 onD
2

Ujgp = o
It is now natural to investigate conditions for the regularity of points of dD.

Proposition 10.6 (Cone property) Letz € dD and let us assume that there
exist an open cone C with vertex z and a neighborhood V of z such that CNV C
D¢. Then z is regular.

Proof Leta > 0 be such that the ball B, (z) of radius « and centered at z is contained
in V; then, as {t’ > 1} \( {7/ > 0}, we have

P’ > 0) = tli)lg:_ Pt > 1)
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but for every t > 0
Pi(r' > 1) <P(X, ¢ CNBu(2)) = 1 = P(X; € CNBy(2))
so that

Pi(r' > 0) < 1— lim P(X, € C N Bu(2)) . (10.38)
t—>0+

Butif C; = C — z, C; is an open cone with vertex at the origin, which is invariant
under multiplication by a positive constant, hence C; = C;/+/t and

Pi(X, € CN By(z)) = P°(X, € C, NB,) = P’(V1X, € C; N By,)

1 2
=P'(X, € NB,, ) = / &b gy
/Nt Q2 Je, "B,

Taking the limit as t — 0+ in (10.38) we find

1 2
Pi(¢'>0)<1— / e P 2gy < 1.
- Qm)m'? J,

As P¥(7’ > 0) can be equal to 0 or 1 only, we must have P*(7/ > 0) = O and zis a
regular point. O

By Proposition 10.6 all the points of the boundary of an open convex set are
therefore regular, as in this case we can choose a cone which is a whole half-plane.
One easily sees that all the points at which the boundary is C? are regular. The
cone condition requires that the boundary does not have inward pointing thorns, see
Fig. 10.3.

The cone hypothesis of Proposition 10.6 is only a sufficient condition for the
regularity of the boundary, as we see in the following example.

Fig. 10.3 The domain on the left-hand side enjoys the cone property at z, the one on the right-hand
side doesn’t
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Example 10.4 Let D C R? be a domain formed by a disc minus a segment §
as in Fig. 10.5. Let us prove that all the points of dD are regular. This fact is
obvious for the points of the circle so we need to consider only the points of
the segment S. We can assume that S belongs to the axis y = 0 and that one
of its ends is the origin. Let us prove that the origin is a regular point.

Let V be a ball centered at 0 and with a small enough radius and let

Vs =VNS, Vi=VvVn{y=0}\9), Vo=VsUWV,
(see Fig. 10.4). Consider the three stopping times
 =inf{t > 0;X, € Vs}, 7 =inf{t> 0;X, € Vi}, 10 = inf{t > 0; X, € V,}.

The idea of the proof is simple: starting at 0, by the Iterated Logarithm
Law applied to the component X, of the Brownian motion X, there exists
a sequence of times (t,), decreasing to 0 such that X,(¢,) = 0 for every n.
Now we just need to show that with positive probability, possibly passing to
a subsequence, we have X (1,) € Vs for every n. We have

) {" =0} C{z' =0}

2) {10 = 0} = {r; = 0} U {z” = 0}. In one direction the inclusion is
obvious. Conversely, if @ € {79 = 0} then there exists a sequence (#,),,
decreasing to 0 and such that X, € V. As Vy = Vs U V|, there exists a
subsequence (#y, ) such that X, €WVi for every k, or X, € Vs for every
k; therefore w € {r; = 0} or w € {t” = 0}, from which we derive the
opposite inclusion.

3) P°(¢” = 0) = P%(r; = 0), which is obvious by symmetry.

4) P°(r' = 0) = ) P’(zy = 0). From 2) and 3) we have

P’(19 = 0) < P°(” = 0) + P°(1; = 0) =2P°(z” = 0) <2P°(<' = 0).

5) P>ty = 0) > Po(sup()s,Sa |X1(f)] < 1) > 0 where 7 is the radius of V
and « is any number > 0. Indeed {ty = 0} contains the event

Xo(t Xo(t
lim 2(0) =1, lim 2(0) —1, sup |X1(t)|<77}

{t_)(H_ (2loglog i)l/z Ci—>o0t (2tloglog i)l/Z " o<iza
and this event is equal to { supy <, |X1(1)| < 7} by the Iterated Logarithm
Law.

From 4) and 5), we have P’(¢/ = 0) > 0 and by Blumenthal’s 0-1 law 0
is a regular point (Fig. 10.5).
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Fig. 10.4 The different objects appearing in Example 10.4

Fig. 10.5 The domain D is the interior of the disc minus the segment S

Exercises

10.1 (p.591)

a) Let D C R™ be a bounded open set with a C? boundary. Let L be the differential
operator

1 & 9? = d
L= ii =+ bl‘
2 i; () 0x;0x; ; (x) ox;
and assume that the coefficients a and b satisfy the conditions a) and b) stated

p. 309 before Theorem 10.1. Let u € C*(D) N C(D) be the solution of

Lu=-1 onD

Ujpp = 0.

(10.39)

Let X = (€, 4, (A:);, (X;):, (P¥),) be the canonical diffusion associated to L
and t the exit time from D. Prove that

u(x) = E*(7) .

b) Let X = (¢, .4, (M), (X;):, (P¥),) be the canonical realization of an m-di-
mensional Brownian motion. Let t be the exit time from the sphere of radius 1.
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Solve (10.39) explicitly and prove that
X 1 2
E'(t)= (1-[x")-
m

Compare the result of b) with Exercise 5.10 c).

10.2 (p.592) Let X = (¥¢,.#, (M), (X;):, (PY),) be the canonical diffusion
associated to the SDE in dimension 1

dX[ == b(X[) d[ + dBr .

Let 0 < a < b and let us assume that b(x) = f( fora < x < b and that, on R, b
satisfies Assumption (A’). Let t be the exit time of X from ]a, b|.

a) Show that T < 400 P*-a.s. for every x.
b) Prove that, if § # ; and fora < x < b,

-

Px(Xt:b): 1_(,1)/1
b

(10.40)

with A = 2§ — 1.

c) LetX = (¢, A, (M), (X;);, (P¥),) be the canonical realization of an m-dimen-
sional Brownian motion with m > 3 and let D = {a < |x| < b}. Let us denote
by o the exit time of X from the annulus D. What is the value of P*(|B,| = b)
for x € D? How does this probability behave as m — o0o?

Go back to Exercise 8.24 for the SDE satisfied by the process & = |X, — x|.
10.3 (p.593) Leta,b > 0,0 >0, u € R.
a) Let & be the solution of the SDE

fo=x

and 7 the exit time of & from the interval | — a, b|.
al) Prove that T < 400 a.s. whatever the starting point x.
al) What is the generator, L, of the diffusion §? Compute P(§° = b) (£° is the
solution starting at x = 0).
b) Let n* be the solution of the SDE

W o
- di +
Lem i+

No = Xx.

dn; = dB,

Let now 7 be the exit time of * from the interval | — a, b|.
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bl) What is the generator of the diffusion n? Can you say that T < +o00 a.s.?
Whatever the starting point x?
b2) Compute P(n® = b) (n° is the solution starting at x = 0).

Compare the result of a) with Exercise 5.20.
10.4 (p.594) Let B be a two-dimensional Brownian motion, I the circle of radius
1,x = (; 0) and 1 the exit time of B from the ball of radius 1. If I'’ C I denotes

the set of the points of the boundary with a positive abscissa, compute P*(B, € I'")
(Fig. 10.6).

See Example 10.1.

1"/

ol— P

Fig. 10.6 The starting point and the piece of boundary of Exercise 10.4

10.5 (p.595) (The Laplace transform of the exit time, to be compared with
Exercise 5.32)

a) Let X be the canonical diffusion on R™ associated to the generator

1 & 9 a 9
L= i bi
2 i; aj(X) 8x,~8x,~ + ; (X) 8x,~

that we assume to be uniformly elliptic and satisfying Assumption (A’). If D C
R™ is a bounded open set having a C?> boundary and 6 € R, let u (if it exists)
be a solution of

Lu4+0u=0 onDx|[0,T] (10.41)

M3D=1.

We know that, if 6 < 0, a unique solution exists by Theorem 10.1 and is given
by u(x) = E*[e?"]. Let, for every & > 0, D, be an open set such that D, C D
and dist (0D, dD) < ¢ and let us denote by t, 7, the respective exit times of X
from D, D,.

al) Show that if M, = e?"u(X;) then, for every & > 0, (M;p+,): is a martingale.

a2) Prove thatif u > 0 then

u(x) = B[] .
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b) Let X = (¢, .#, (M), (X,):, (P¥),) be the canonical realization of a real
Brownian motion and D =] — a, a[, a > 0.
bl) Prove that

cos(+/26x) 0 ?

E* eQr — s <
] cos(v/20a) 8a?

and E*[e?7] = 400 for § > 8’;22
b2) Deduce that the r.v. T is not bounded but that there exist numbers 8 > 0 such
that P*(t > R) < const - e #® and determine them.
b3) Compute E*[z].
b) Note that u(x) = E*[M,.,] for every ¢ and prove first, using Fatou’s lemma, that the r.v. e7% is
P*-integrable.

10.6 (p.596) Let us consider the problem

VPu B, R x [0, 7]

— X
202 " ot on ’ (10.42)
ulx,T) = ¢(x) .

a) Find a solution for ¢(x) = x>. What can be said about uniqueness?
b) Show that if ¢ is a polynomial, then the unique solution of (10.42) having
polynomial growth is a polynomial in x, ¢.

10.7 (p.597)

a) Find a solution of the problem

2 g 9 9
e a;; (x,1) + bx az (1) + aL; (1) =0 onR x [0, T]

u(x,T) =x.

o
(10.43)

b) What if the boundary condition was replaced by u(x, T) = x??

10.8 (p.597) Let

2

02 &
L=
2 =

N
+ A Xi .
; 8x,~

L

i=1 i
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a) Find a solution of the problem

ou "
Lu+8t_0 on R x [0, T[ (10.44)

u(x, T) = cos({0,x)) ,

where 0 € R™.
b) What can be said of x — u(x,0) as T — +o0?

10.9 (p.598) Compute the fundamental solution of the Cauchy problem (in
dimension 1) of the operator

1 92 9
L= _ax’ bx >
2a ox? +ox X

wherea > 0,b € R.
10.10 (p.599) Let £ be the solution of the SDE in dimension 1

d§; = b(§. § dr + 0(§.1)§, dB,

SA‘:-xa

where b and o are continuous functions in x, s, Lipschitz continuous in x and
bounded. Let us assume o (x, t) > 0 for every x, ¢.

a) Assume x > 0. Show that the process 77" = log(§"") is defined for every s > 0
and is the solution of an SDE to be determined. Deduce that & > 0 for every ¢
a.s.

b) Let ¢ : R — R be a continuous function having polynomial growth and f, ¢
functions R™ x [0, 7] — R measurable in x, ¢t and locally Hélder continuous in
x, such that f has a polynomial growth as a function of x and c is bounded below.
Let

T x.t T s Xt
u(x,1) = E[p(g") e~ @] _ [ / FE, ) el gg]
t

and let L, be the differential operator
1 5 5 0 d
L = zo(x, 1)%x? a2 T b(x, t)xdx .

Show that u is a solution of

ad
L,u—}—al:—cu:f on Rt x [0, T][

ux,T) = ¢(x) .

(10.45)
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* Note that in b) Theorem 10.6 cannot be applied directly as L, does not satisfy
all the required assumptions (the diffusion coefficient vanishes at 0).

b) Trace back to the diffusion 7 introduced in a) and apply the Feynman—Kac formula.

10.11 (p.600) Let X = (€, A, (), (X1)s, (P*")x,) be the canonical realization
of an m-dimensional Brownian motion and ¢ : R™ — R a bounded Borel function.
Let

u(x, 1) = EY[p(Xr)] .

a) Show that u is C*°(R"™ x [0, T|).
b) Show that u(x, s) = E**[u(X;,t)] foreveryt,s <t < T.
¢) Show that u is a solution of

1 0

Aut =0 onR"x[0,T] (10.46)
2 ot
liIJI_l u(x,t) = ¢(x) for every x of continuity for ¢ . (10.47)
t—>T—

d) For m = 1, find a solution of (10.46) such that

1 ifx>0

lim u(x, 1) =
1—>T— 0 ifx<O.

What is the value of lim,—,7— u(0, t)?

10.12 (p.601) Let X = (¥, .4, (My):, (X;)s, (PY),) be the canonical diffusion
associated to the differential operator

l & 92 - B
L= . b; 10.4
D SUTEPES SN (049

ij=1 '

that we assume to satisfy the same hypotheses as in Theorem 10.1. Let D be an open
set of R™, x € dD; we shall say that dD has a local barrier for L at x if there exists
a function w(y) defined and twice differentiable in a neighborhood W of x and such
that Lw < —lon WND,w>0on W N D and w(x) = 0.

Then

a) if dD has a local barrier for L at x, then x is regular for the diffusion X.
b) (The sphere condition) Let x € dD and assume that there exists a ball § C D¢
such that S N D = {x}. Then x is regular for X.

a) Apply Ito’s formula and compute the stochastic differential of # + w(X;). b) Construct a local
barrier at x of the form w(y) = k[|x — z| ™" — |y — z| "], where z is the center of S.



Chapter 11
*Simulation

Applications often require the computation of the expectation of a functional of a
diffusion process. But for a few situations there is no closed formula in order to
do this and one must recourse to approximations and numerical methods. We have
seen in the previous chapter that sometimes such an expectation can be obtained by
solving a PDE problem so that specific numerical methods for PDEs, such as finite
elements, can be employed. Simulation of diffusion processes is another option
which is explored in this chapter.

11.1 Numerical approximations of an SDE

Let B = (22, .%,(%):, (By);,P) be a d-dimensional Brownian motion and £ the
m-dimensional solution of the SDE

dgr = b(&, 1) dt + o (&,1) dB; (11.1)
u =1

where

a) b is an m-dimensional vector field and o0 a m x d matrix field satisfying
assumptions to be made precise later;
b) nis an .%,-measurable square integrable r.v.

We have already discussed the question of the simulation of the paths of a process
in the chapter about Brownian motion in Sect. 3.7. Of course, the method indicated
there cannot be extended naturally to the case of a general diffusion unless the
transition function p of £ is known and easy to handle, as is the case, for instance,
for the Ornstein—Uhlenbeck process, as explained in Example 9.3.
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This is not, however, a common situation: the transition function is in most cases
unknown explicitly or difficult to sample. Hence other methods are to be considered,
possibly taking into account that we shall have only an approximate solution.

The simplest method in this direction is the so-called Euler scheme, which
borrows the idea of the scheme that, with the same name, is used in order to
solve numerically Ordinary Differential Equations. Sometimes it is called the Euler—
Maruyama scheme, G. Maruyama (1955), being the first to apply it to SDEs.

The idea is to discretize the time interval [u, T] into n small intervals of length
h= ’11 (T—u).Letty = u+kh,k =0,1,...,n. Then we consider the approximation

b= b+ / " b, 5)ds + / " o(6,.5) dB,

Tx—1

= gfk—l + b(gl‘k—l ’ tk—l)h + O-(Efk—l s tk—l)(Bfk - Bfk—l) .

(11.2)

Let (Z,), be a sequence of d-dimensional independent N (0, I)-distributed r.v.’s; then
the r.v.’s v/h Z; have the same joint distributions as the increments B,, — B,,_, of the
Brownian motion. We can construct the subsequent positions of an approximating

process & ™ by choosing the initial value & (n)(u) by sampling with the same law as 7
(and independently of the Z;’s) and then through the iteration rule

(n) (n) (n) (n)
£, =&, +bE, n-Dh+oE, t)VhZ. (11.3)

Of course we need to prove that, as & — 0, the process obtained in this way
converges, in some appropriate way, to the solution of the SDE (11.1).

There are two points of view concerning the convergence. The first one is the
so-called strong approximation. A result about strong approximation is a statement
that gives an estimate of how close the values of the approximants & :: : are to those
of the solution &, when Z; = Jh (B, —B;_,) asin (11.2).

The second point of view, the weak approximation, concerns the estimation of
how close the law of & @ is to the law of £. Typically it consists in estimates of how

close the value of E[f (& (Tn ))] is to the “true” value E[f(ér)] for a function f that is
sufficiently regular.

Definition 11.1 An approximation scheme E(n) is said to be strongly conver-
gent of order B if forevery k, 1 <k <mn,

(n)

E[l§, — & 1'% < consth’ . (11.4)

(continued)
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Definition 11.1 (continued)

Let % be a class of functions R” — R. An approximation scheme & “ is said
to be weakly convergent of order B for the class of functions % if for some
T>0

|E[f(6")] — ELf(£)]| < const b (11.5)

for every functionf € #'.

Of course, for every Lipschitz continuous function f with Lipschitz constant L we
have

ELFED] — BLFEN]| < BIFEY) —FEDN < LE[IE) — &) (11.6)

so that strong approximation gives information of weak type, at least for some class
of functions f.

In the next sections we shall often drop the superscript ). We shall use the
notations

e n: number of subintervals into which the interval [u, T] is partitioned,;
s h= rll (T — u): length of each of these subintervals;
e t=u+ hk,k=0,...,n: endpoints of these subintervals.

11.2 Strong approximation

We shall make the following assumptions.

Assumption (E) We say that the coefficients b and o satisfy Assumption (E)
if there exist constants L > 0, M > 0 such that for every x,y € R™, r € [0, T],

|b(x, 1) — b(x,s)| < L(1 + |x])|t — 5|2, (11.7)
lo(x,8) — o (x,s)| < L(1 + |x])|t — s|"/2, (11.8)
|bCx, )] < M(1 + |x]), lo(x, )] < M(1 + |x]), (11.9)

|b(x.0) =b(y. 0] < Lix—yl.  [o(x)—o(y.0] <Llx—y. (11.10)
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In practice this is almost the same as Assumption (A) p. 260, but for the fact that we
require more regularity in the time variable.

Let us consider an Euler scheme whose subsequent positions Eto, - Etn are
defined in (11.3), with the choice Z; = jh (B, — By_,). It will be useful to define

an approximating process & interpolating the values of the Euler scheme between
the times #;. More precisely, for #—; <t < , let

&=, b, ) —te) F 05, ie)(Bi—By_) - (11.11)

Let us define j,(s) = 1, fort, < s < ty41; then/g\satisﬁes
E=nt [ 0G0 ds+ [ 0@, (o, (11.12)
0 0

In particular, £ is a Ito process.
Let us prove first that £ has finite moments of order p for every p > 1.

Lemma 11.1 If the coefficients b, o satisfy (11.9) (sublinear growth) and the
initial value n belongs to L”, p > 2, then

E[ sup |§t |P] < E[ sup |§t|p] < 400.
k=

..... u<t<T

Proof The proof follows almost exactly the steps of the proof of Theorem 9.1. For
R > 0, let §R(t) = E(t A 1), where g = inf{t;t < T, |§ | > R} denotes the exit

time of 5 from the open ball of radius R. Then a repetition of the steps of the proof
of Theorem 9.1 gives the inequality

[ sup E)] = (. 7M1+ Elnt) + cx(p.7.0) [ E[EaCis)P]ar

u<s<t

< (p 7)1+ ElP) + ca(p. 7.0 [ E[ sup Baoip]ar.

u<s<r

Let now v(¢) = E( SUD, <5</ |§R(s) | ): from the previous inequality we have

v(1) < er(p. T.M)(1 + ElnP’) + ex(p. T. M) / o dr

As v(s) < R we can apply Gronwall’s inequality, which gives

(T) = c(p, T,M)(1 +E[In"]) ,
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ie.

B[ sup [EF] < cp.T.M(1+ Bl

u<s<TAtp

We remark that the right-hand side does not depend on R and we can conclude the
proof by letting R — 400 with the same argument as in the proof of Theorem 9.1.
O

The following theorem gives the main strong estimate.

Theorem 11.1 Assume that b and o satisfy Assumption (E). Let B be a
d-dimensional Brownian motion, n € L, p > 2, an m-dimensional r.v.
independent of .%, and & the solution of

d§ = b(&,t)dt + o (&, 1) dB,

%‘u =n.
Let E = /E\(”) be the approximating process defined by the Euler
scheme (11.11) and with initial condition £, = 71, u > 0. Then for every

p>1land T > u, we have

E[ sup |§,—g,|1’] < const /"2, (11.13)

u<t<T

where the constant ¢ depends only on 7', p, L, M and the L” norm of 7.

Proof The idea of the proof is to find upper bounds allowing us to apply Gronwall’s
inequality. We shall assume for simplicity that u = 0. Let j,(s) = 1, fort, < s <
ty+1, then, thanks to (11.12), we have

~

-t =27 [[0@ 0.0 - s ds
0 ' R
27| [ @ @uionlo) = 065 db,

‘P

P

and, by Holder’s inequality and the L7 bound of Proposition 8.9,

E| sup [ —&0] =27 77E| /0 @007 (5) — blE P ]

0<u<t

R (11.14)
+2p_lC(p,m,d)T 2 E[/() |U(§j,,(s)ajn(s)) _G(S‘Y’S)IP dS:I .
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We have, fort, <s < t,+1,

1B(E()5Jn(5)) = b(Es, 5)] = |b(E, 1) — b(Es, 5))|
< |b(&,, $) — (&, 9)| + b(E,. 5) — b(E,ys )| + |(Es 1) — B(E, 1)

hence, fort, < v < t,4+1, under Assumption (E),
[ 1006 = bt as
tn
v v v ~
=y w([le-s st sl [s-nrPa [l -Erd).
I In In
The same arguments give
[ 10@0.dno) ~ ot s
rll

v v v
=y ([ l-gras+a+ig )y [ s-nPas [l -Eras).
I In In

Thanks to the I” estimates for the solution of an SDE with coefficients with a
sublinear growth, (9.13) and (9.12), p. 261, we have for ¢, < s < t,4; and denoting
by c¢(p, T), ¢(L, p, T) suitable constants,

E[l& — &,17] < c(p, T)(s — 1,)"*(1 + E[l&, "D < ¢(p, T)(s — :)"*(1 + E[Inl’]) -

Substituting into (11.14) we find

R T
e sup -] < e rp{a+ B [ ls=ioras

0<u<t . (11.15)
+ [ Bl - Bl as}
0
As
T =g n T
/ |s —jn(s) [P/ ds = Z/ (s—ny* =, 1 h? = . w2
0 P 2 2

and

t t
[ Bt ~Eoras < [ B sup lg~Eup]as,
0 0

0<u<s
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for the function v(#) = E[supy<,<, |€, — £.|’] we have the inequality

v(t) < h"/zc(L, T,p)(1 + E[|nP]) + ¢(L, T, p) /t v(s)ds .
0

As by Lemma 11.1 and Theorem 9.1 the function v is bounded, we can apply
Gronwall’s inequality, which gives

E[ sup B, —&l"] < oL T.p)e™ T (1 + Ellyl) w2

0<u<T

concluding the proof.
|

By Theorem 11.1 with p = 2 the Euler scheme is strongly convergent of order é

Theorem 11.1 states that the L? difference between the r.v.’s & , and &, tends to
0 as h — 0. This is enough in many situations, typically if we need to estimate
a functional of the type E[f(£7)]. Sometimes we might be concerned with more
complicated functionals of the path of &, which leads to the following extension.

Let us define a process, which we shall denote again by &, by setting, for f; <
t < ty+1, &, as the value that is obtained by interpolating linearly between the values
g,k and g,Hl. More precisely, if #y <t < x4, we have

1 1
t= (tep) — D1, t— 1,
h(k+l )k+h( O+ 1

and we define

b=, G =08, + |, (= 1E,

1 (11.16)
= gtk + b(gtkvtk)(t_ ) + h G(S,k,lk)(t— tk)(Bthrl _Btk) .

The processes £ and ¢ coincide at the discretization times #; but differ between
the times #; and f;4+; because the stochastic components are different. £ has the
advantage that it can be numerically simulated.

Corollary 11.1 Under the assumptions of Theorem 11.1, as n — oo the

Euler approximations S(n) (11.16) converge in law to the law of & on
€ ([u, T], R™) for every T > 0 and in €'(R™, R™).

Proof Again we shall assume u = 0. We shall prove that, for a fixed 7, from every

. ()
sequence (7;); converging to +00 we can extract a subsequence (n;)j such that & g
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converges to £ uniformly on [0, T]. As a.s. convergence implies convergence in law,
this will conclude the proof. If we define h; = r: , then we have thanks to (11.13)
7

and the Markov inequality, for every ¢ > 0,

hj cT

1 2
P oo l67 — =) = [ swp 16 6P < s = 1,

hence certainly there exists a subsequence (njf) ; such that

o /
ZP( sup |$,k ) &> 8) < +00.

i=1 et

By the Borel-Cantelli lemma, for every ¢ > 0 the event

{ sup |§tk — £&,| > ¢ for infinitely many indices j}
k=0....n]

has probability 0. Let @ € §2. Then as the map ¢ — & (w) is continuous, for every
& > 0 there exists a . > O such that if |r—s| < &, then |&(w)—& (a))| < ¢. Letus fix

|’3rk @)~ (@)] <

& > 0 and let jo > 0 be such that hj’ <e, hj’ < 8, and sup,_,
¢ for every j > jo. Then we have, for f; <t < f341,

(@) —&p (@) = and  [§(0) —§ (o) <& (L.17)

and also, forj > jo,

f@) - @l e and g @ -0 @l <e.  (LI8)

By (11.16) we have Et ) (w) = S,k ( )+ (1 — a)étk’ (w) with ¢ = h, (tx+1 —
t). Thanks to (11.17) and (11.18), we have by adding and subtracting the quantity
afy () + (1 — )&, (@), if i <1 < tiy1,

6(0) — £ ()]
< [6(@) — (@€ (@) + (1 — @)y, (@)

(e, (@) + (1 — a>sfk+l(w>)—<asf;”( >+(1—a)s§;21( )|

=$t '/ (@)
< alg(w) =& (@) + (1 — o) [§(@) — &,y (@)

+aly (@) — £ @) + (1 = )y, (@) — £ (@)]

<2e¢.
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Hence we have proved that, for j > jo, supy<,<7 | — s;nj )| < 2¢ hence that (¢ ¢ ))j
converges a.s. to £ in ([0, T], R™).

The convergence in law of & @ to £ in €'(R*, R™) is easily deduced recalling that
convergence in ¢’ (R*, R™) means uniform convergence on [0, T] for every T. The
details are left to the reader.

O

We remarked above that Theorem11.1 and (11.6) guarantee that the Euler scheme
is weakly convergent of order ; for the class of Lipschitz functions. In the next
section we shall see that, for a class % of regular functions and under regularity
assumptions on the coefficients b and o, the weak rate of convergence is of order 1.

11.3 Weak approximation

The following theorem gives an estimate concerning the weak convergence of the
Euler scheme in the case of a time homogeneous diffusion. We shall skip the proof,
putting the focus on the applications of the results.

Theorem 11.2 (The Talay-Tubaro expansion) Let us assume that

a) the coefficients b and o are time homogeneous and differentiable infinitely
many times with bounded derivatives of all orders (b and o may be
unbounded themselves);

b) the initial conditionis n = x € R™;

c) f : R™ — R is differentiable infinitely many times and all its derivatives
have polynomial growth, i.e. for every multi-index & = (o, . .., &) there
exist numbers Cg, py > 0 such that

olely

< Cy(1 o)
e | = Call 4 )

Then there exists a constant ¢ such that

E[f(¢r)] —Elf(p)] = ch+ O(h?) . (11.19)

The Talay—Tubaro theorem, Talay and Tubaro (1990) or Graham and Talay (2013,
p- 180), actually gives more precision about the constant c¢. Note also that Theo-
rem 11.2 does not just give a bound of the error as in Theorem 11.1, but gives an
expansion of the error, which is a more precise statement. This fact will be of some
importance in Sect. 11.6.
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Example 11.1 The usual weak convergence estimate, such as the one of
Theorem 11.2, gives information concerning how much the expectation
E[f(&;)] differs from the true value E[f(&7)], but what about the discrepancy
when considering the expectation of a more complicated function of the path
of the diffusion £? For instance, if ¢ : R" — R is a regular function how do
we estimate the difference between

E[/OT¢(EJ)ds] (11.20)

and, for instance, its Euler approximation

E[h§¢(g,k)]? (11.21)

A nice approach can be the following. Let us consider the (m+1)-dimensional
diffusion that is the solution of the SDE

d&; = b(§) dt + o (&) dB; (11.22)
dn, = ¢(&) drt.

Hence 7 = fOT ¢ (&) ds and we have written our functional of interest as a

function of the terminal value of the diffusion (&, 17). The Euler scheme gives

for the n component the approximation

n—1

nr=hy ¢, . (11.23)
k=0

If £ satisfies the assumptions of Theorem 11.2 and ¢ is differentiable infinitely
many times with bounded derivatives, then (11.19) guarantees for the Euler
approximation (11.23) a rate of convergence of order /.

11.4 Simulation and PDEs

The representation results of Chap. 10 allow us to compute numerically the solution
of a PDE problem via the numerical computation of expectations of functionals of
diffusion processes. Let us consider, as in Sect. 10.4, the differential operator

l — 02 - 0
L = i(x,t b(x,
' 2 Z af('x )axlaxl + ; (.X t) axi

ij=1
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and the parabolic problem
ou

L —cu + 5 =f onR"” x|[0,T]

u(x,T) = ¢(x) x eR™,
We know that, under the hypotheses of Theorem 10.6, a solution is
T T S
u(x, 1) = B [p(Xp) e~ i e ] —E[ / F(Xg,5) e Jrctrdy ds] . (11.24)
t

where (6, 4, (M), (X;):, (P**)x) is the canonical diffusion associated to L,.
Hence, thanks to Corollary 11.1, as the functionals inside the expectations in (11.24)
are continuous functionals of the paths (X;),, we have that, denoting by P:’t the law
on (¢, .#) of the Euler approximation with time step h = Z, if

T S
1) = B, [ () e~ ] ] / S (X, ) eI e gg]
t

then
lim u,(x, ) = u(x,f) .
n—oo

In practice, an approximation of the value of the solution u at (x, #) can be obtained
by simulating, with the Euler scheme, N paths &, ..., &, of the diffusion associated
to the generator L and with starting condition x, t and considering the approximation

1 N
() = D P
k=1

where

T s
R R
t

In the simpler situation f = 0, ¢ = 0 the approximation becomes

1 N
(1) = D S BED)) -
k=1
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The solutions of the Dirichlet and Cauchy—Dirichlet problems of Sects. 10.2
and 10.3 can be numerically approximated in the same spirit. But then an additional
problem appears. Let us consider the Dirichlet problem

{Lu—c:f onD

Up = ¢ .

Theorem 10.2 states that, under suitable assumptions, the solution is given by

u(x) = Ep(X)Z.] B /0 2, (%) ds] (11.25)

where (¢, A , (AM));, (X;):, (P¥),) denotes the canonical realization of the diffusion
associated to the generator L, Z; = e~ JoeX)ds and 1 is the exit time from D.

We can think of simulating the diffusion with its Euler approximation in order to
approximate u(x) with

u(x) = E'fp(x)2] ~ E| /0 2,/ (X,) ds] (11.26)

where by E' we denote the expectation with respect to the law of the Euler
approximation with step h.

We know from Corollary 11.1 that under mild assumptions the laws of the Euler
approximations P converge weakly, as & — 0, to P*. Unfortunately the map 7 :
% — RT is not continuous so we cannot immediately state that u(x) converges to
u(x) as h — 0. In this section we prove that, in most cases, this is not a difficulty.

The idea is very simple. In the next statement we prove that the exit time from
an open set is a lower semicontinuous functional 4 — R, whereas the exit time
from a closed set is upper semicontinuous. In Theorem 11.3 it will be proved that,
under suitable assumptions, the exit time t from an open set D is P*-a.s. equal to the
exit time from its closure for every x. Hence t will turn out to be P*-a.s. continuous,
which is sufficient in order to guarantee the convergence of u(x) to u(x).

Proposition 11.1 Let D be an open (resp. closed) set. Then the exit time
from D as a functional 4 — R™ is lower (resp. upper) semicontinuous.
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Proof Assume that D is an open set and let y € % . For every ¢ > 0 the set I’ =
{x € D;x = y,forsomet < t(y) — &} is a compact set contained in D. Hence
8 := d(I,dD) > 0 (the distance between a compact set and a disjoint closed set is
strictly positive). Now U = {w € € Supg</<(y)— [Wr — 7| < g} is a neighborhood
of y such that for every path w € U t(w) > 7(y) — €. Hence, by the arbitrariness
of &,

lim t(w) > 7(y) .

w—>y

Assume now that D is closed and let y be such that t(y) < oo. Then there exist
arbitrarily small values of ¢ > 0 such that y;(,)+, € D°. Let § := d(yz(y)4e. D) > 0.
Again if U = {w € C58uPg<i<r(y)te IWe — Vil < g}, for every w € U we have
tw) =t(y) +e. u]

We must now find conditions ensuring that, for a given open set D, the exit time
from D and from its closure coincide P*-a.s.

The intuitive explanation of this fact is that the paths of a diffusion are subject
to intense oscillations. Therefore as soon as a path has reached dD, hence has gone
out of D, it immediately also exits from D a.s. This is an argument similar to the
one developed in Example 6.4 (and in particular in Fig.6.1). It will be necessary
to assume the boundary to have enough regularity and the generator to be elliptic,
which will ensure that oscillations take place in all directions.

The formal proof that we now develop, however, shall take a completely different
approach.

Let D C R™ be a regular open set and let D,, be a larger regular open set with
D C D, and such that dist(dD, dD,) — 0 as n — oo. Let us consider the functions
u, u, that are the solutions respectively of the problems

Lu=—1 onD
{” on (11.27)
Uyp = 0
and
Lu, = —1 D,
{ " on (11.28)
u"|al),1 =0.

As a consequence of Theorem 10.2 (see also Exercise 10.1) we have, denoting by
7, T and 1, the exit times from D, D, D, respectively,

u(x) = E*[t], u(x) = E'[1,]
hence, foreveryx € D,ast <1 < 1,

u(x) < E'r] < uu(x) . (11.29)
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But, of course, u,, is also the solution of

Lu, = —1 on D

(11.30)
uy(x) = u,(x) x€dD
and thanks to the representation formula (10.6), for x € D,
Ex[fn] = up(x) = Ex[un(XT)] + Ex[f] . (11.31)

Later on in this section we prove that, for every ¢ > 0, there exists an ny such that
u,(x) < e on aD for n > ng. This is rather intuitive, as u, = 0 on dD, and the
boundaries of D and D,, are close. Hence (11.31) will give

u,(x) <E'[t] + ¢,
which together with (11.29) gives
E[t] <E[r] <E'[r] + ¢.

Hence, by the arbitrariness of ¢, E¥[t] = E*[tr] and as t < 7 this entails T = 7 a.s.

The result is the following. It requires the boundary of D to be C*>¢, i.e. locally
the graph of a function that is twice differentiable with second derivatives that are
Holder continuous of order «. It also requires that D is convex, an assumption that
can certainly be weakened.

Theorem 11.3 Let (¢, .#,(A)),, (X;);, (P*),) be the canonical diffusion
associated to the differential operator

m 2 m

1 0 0
L= i b; 11.32
2 Za/(x) dx;0x; + ; ) 0x; (11.32)

ij=1 '

and let D be a bounded open set with a Cc*e boundary with 0 < o < 1. We
assume that there exists an open set D such that D C D and

* the coefficients a and b are locally Lipschitz continuous on D;
* L is uniformly elliptic on D, i.e. (a(x) z,z) > A|z|? for some A > 0 and for
everyx € D,z € R™.

Then the exit time 7 from D is a.s. continuous with respect to P for every x.
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In order to complete the proof we must prove that for every & > 0 there exists an ng
such that u,(x) < & on dD for n > ny. This will follow as soon as we prove that the
gradient of u,, is bounded uniformly in n, and this will be a consequence of classical
estimates for elliptic PDEs.

Let us introduce some notation. For a function f on a domain D and 0 < o < 1,
let us introduce the Holder’s norms

Lf ) —fD)I
Ml = 1flloen + )
x,yED xF#y Ix - yl
and, for a positive integer k and denoting by 8 = (81, ..., B,») a multi-index,
k
Bl
e =22 D |5 |-
X o
h=0|B|=h

The following result (see Gilbarg and Trudinger 2001, Theorem 6.6, p. 98 for
example) is a particular case of the classical Schauder estimates.

Theorem 11.4 Let D be an open set with a C>* boundary and let u be a
solution of (11.27), where L is the differential operator (11.32). Assume that
the coefficients satisfy the conditions

(a(0)E, E) > Mg (11.33)
forevery x € D, £ € R and, forsome o, 0 < @ < 1,

|ajles [bile, < A (11.34)

forevery i,j = 1,...,m, for some constants A, A > 0. Then for the solution
u of (11.27) we have the bound

lul2.0 < C(llulloo + 1) (11.35)

for some constant C = C(m, «, A, A, D).

End of the proof of Theorem 11.3 We must prove that, for a suitable family (D)),
as above, the gradients of the solutions u, of (11.30) are bounded uniformly in 7.
This will be a consequence of the Schauder inequalities of Theorem 11.4, as the
Holder norm | |, majorizes the supremum norm of the gradient.
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The first task is to prove that the constant C appearing in (11.35) can be chosen
to hold for D, for every n.

Let us assume that the convex set D contains the origin so that we can choose
D,, as the homothetic domain (1 + lll)D. Note that, as D is assumed to be convex,
D C D,.Letusdefiner, =1+ rll and let n be such that D,, C D. Let

F’Zn(x) = Up(rsx)
O N ), O (11.36)
Ln = o b

2 i\jz=:l al] (X) axian + ; ! (X) Bxi

with " (x) = : ai(rax), B (x) = | bi(r,x). Then Li,(x) = (Lytty)(rx), hence
u, is the solution of

L, =—1 onD
(11.37)

Uny,, = 0.

Let us consider on D the differential operators L,, L and let us verify that there exist
constants A, A such that (11.33) and (11.34) are satisfied for all of them. Indeed if
(a(x)&,€) > A|€|? for every x € D, then, as r, < 2,

A A
(@t &) = IEP = gl
5 4
and if A is such that |a;|, < A (the Holder norm being taken on D,,), then
ra
My <A< A
|a,] le < }’% =

and a similar majorization holds for the coefficients 5™ Hence by Theorem 11.3
there exists a constant C such that, for every n,

Tl llso = " lloo < 2 < C[linlloo + 1) = C(llunlloo + 1) - (11.38)

Finally, simply observe that, as D, C D, and the generator L is elliptic on D,, the
exit time from D, is integrable thanks to Proposition 10.1 and we have the bound

”un“oo = Sup EX[Tn] = sup EX[Tn] < 400 (11.39)

x€D, X€D,
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and, putting together (11.38) and (11.39), we obtain that the supremum norm of the
gradient of u, is bounded uniformly in n, thus concluding the proof of Theorem 11.3.
0

Note that the assumption of convexity for the domain D is required only in order
to have D C (1 + ,ll)D and can be weakened (D starshaped is also a sufficient
assumption, for example).

Example 11.2 Consider the Poisson problem in dimension 2

JAu=0 on D

(11.40)
uap (X1, x2) =x VO,

where D is the ball centered at O of radius 1. The representation formula (10.6)

gives

u(x) = E[Xx(t) v 0],

where (¢, %,(Z):, (X)):, (P¥),) denotes the realization of the diffusion
process associated to L = ;A so that, under P*, X = (X1,X») is a two-
dimensional Brownian motion starting at x and 7 is the exit time from D. The
value u(x) of the solution at x € D can therefore be computed by simulating
many paths of the Brownian motion starting at x and taking the mean of the
values of X, (7) V0, i.e. the positive part of the ordinate of the exit point. Doing
this for a grid of starting points in D, the result would appear as in Fig. 11.1.

This can be compared with the solution obtained with the aid of some
specific numerical method for PDEs (finite elements for instance), shown in
Fig. 11.2.

It is apparent that finite elements are much more accurate, as a comparison
with the exact solution given by the formulas of Example 10.1 would show.
Simulation therefore performs poorly in comparison with these numerical
methods and requires, for an accurate result, a very small value of the
discretization step 4 and a large number of simulated paths. However it has
two great advantages.

a) Itis very simple to implement.

b) Very often it is the only method available. This is the case, for instance,
if the dimension is larger than, say, 4. In these situations other numerical
methods are unavailable or become really complicated to implement.
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Fig. 11.1 The solution of (11.40) computed numerically by simulation of a two-dimensional

Brownian motion. At each point the value was determined as the average on n = 1600 paths,

each obtained by a time discretization 1 = 510

Fig. 11.2 The solution of (11.40) computed numerically with the finite elements method
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11.5 Other schemes

The Euler scheme is possibly the most natural approach to the approximation of the
solution of an SDE but not the only one, by far. In this section we provide another
approximation scheme. Many more have been developed so far, the interested reader
can refer to the suggested literature.

Going back to (11.2) i.e.

Ix

&, =&, +/k b(é‘v,s)ds+/ o(&,s)dB; , (11.41)

Tr—1

anatural idea is to find a better approximation of the two integrals. The Euler scheme
can be thought of as a zero-th order development: what if we introduce higher order
developments of these integrals?

In this direction we have the Milstein scheme. Let us apply Ito’s formula to the
process s — o (&, s): assuming that o is twice differentiable, we have for f;—; <
s < I,

0;j (&5, 8) =050y - 1)

S /0oy doj; " %0y
+/, ( +Z bz+ 3 an ) 6oy )

/ > o) v B
=1 =1

r 1

The integral in du is of order 4 and, after integration from #.—; to # in (11.41), will
give a contribution of order o(%), which is negligible with respect to the other terms.
Also we can approximate

/ Z Z o orz)(su, ) dBi(u)

h=1 =1 r=1

m 90 d
>~ Z U(Etk_ls tk—l) Zo-rl(gl‘k_l ’ tk—l)(Bl(s) - Bl(tk—l)) 3

r=1 o, =1

which gives finally the Milstein scheme, which is obtained by adding to the Euler
iteration rule (11.2) the term whose i-th component is

d
Zza"”@,ﬂ,rk I)Zaﬂ@,ﬂ,rk ) / (Bi(s) — Bilt1)) dBy(s)
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Ifd = 1, i.e. the Brownian motion is one-dimensional and o is an m x 1 dimensional
matrix, by Ito’s formula we have

173 1 N
/rk_l (BS - Bfk—l) dBs; = 2 ((Btk - Bfk—l) - h)

and the iteration rule becomes, fori =1, ...,m,
Si(tk) Zsi(tk—l) + bi(stk71 5 tk—l)h + O—i(stk71 5 tk—l)(Btk - Btkfl)
m 80,- I
+ Z a (gfk—l ’ tk—l)o—l(gl‘k_l ’ tk—l) / (BS - Bl‘k—l) dBS
=1 M it
=&i(tr—1) + bi(&,_, . ti1)h + 0i(&y_, ti—1)(By, — By )

1 - aCTi
+ 2 Z ax; (CT fk—l)Ul(Stk,l R tk—l)((Btk _ Btk71)2 _ /’l) '
=1

In practice, the subsequent positions of the approximating process will be obtained
by choosing &, ~ 1 and iterating

§:() =§,(t-1) + bil§,_, - + Vhoi(E,_ | 1) Z

h ” 80,-
5 2 gy G oo e (ZE = 1)
=1

for a sequence (Z;), of independent N (0, 1)-distributed r.v.’s.
In dimension larger than 1 this scheme requires us to be able to simulate the joint
distribution of the r.v.’s

Ik
B,'(lfj), / (Bz(l)—Bl(lk_l))dBj(l), Ljil=1,....d, k=1,...,n,
thk—1

which is not easy. In addition this scheme requires the computation of the derivatives
of 0. The Milstein scheme in practice is confined to the simulation of diffusions in
dimension 1 or, at least, with a one-dimensional Brownian motion.

Also for the Milstein scheme there are results concerning strong and weak
convergence. Without entering into details, the Milstein scheme is of strong order
of convergence equal to 1 (i.e. better that the Euler scheme) and of weak order of
convergence also 1 (i.e. the same as the Euler scheme).

Let us mention, among others, the existence of higher-order schemes, usually
involving a higher order development of the coefficients.
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11.6 Practical remarks

In this section we discuss some issues a researcher may be confronted with when
setting up a simulation procedure.

In practice, in order to compute the expectation of a continuous functional of the
diffusion process £ it will be necessary to simulate many paths &, ..., &y using the
Euler or some other scheme with discretization step 4 and then to take their average.

If the functional is of the form @(§) for a continuous map @ : € ([0, T],R") —
R, the expectation E[@(§)] will be approximated by the average

L
Dy = N ;95(5/() .

In order to evaluate the error of this approximation it is natural to consider the mean
square error

E[(@y —E[@(®)]’].
We have, adding and subtracting E[® ()],

E[(@n — E[@(§)])*]
= E[(@y —E[@(§)])*] + 2E(@x — E[@(£)]) (E[@(£)] — E[@(§)])
+(E[@(&)] — E[®(6)])* .

The double product above vanishes as E[@y] = E[@(§)] so that the mean square
error is the sum of the 2 terms

I := E[(@y —E[@®)]’], L= (E[PE)]-E[@E)])’.

The first term, I, is equal to I{IVar((b(El)), i.e. is the Monte Carlo error. The
second one is the square of the difference between the expectation of @(§) and
the expectation of the approximation @(§). If we consider the Euler scheme and the
functional @ is of the form @ (&) = f(&r) and the assumptions of Theorem 11.2 are
satisfied, we then have I, ~ ¢ h2.

These remarks are useful when designing a simulation program, in order to
decide the best values for N (number of simulated paths) and /# (amplitude of the
discretization step). Large numbers of N make the Monte Carlo error /; smaller,
whereas small values of 4 make the bias error I, smaller.
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In the numerical approximation problems of this chapter it is possible to take
advantage of the classical Romberg artifice, originally introduced in the context of
the numerical solution of Ordinary Differential Equations. Assume that we know
that an approximation scheme has an error of order 4%, i.e. that

a, = ELf(€7 )] = E[f(En)] + ch + o(h%) . (11.42)

Then if we have an estimate a;, for the value / and an estimate a;,/» for 2/2, we have
2%y —ap = (2% — DE[f(7)] + o(h%)
i.e., the linear combination

2“(1;,/2 — ap

o = ELRED] + o)

of the two approximations a; and ay,/> gives an approximation of higher order.
Note that the knowledge of the constant ¢ in (11.42) is not needed. In order to
apply this artifice the value of o must be known, otherwise there is no improvement
(but the estimate should not become worse by much).
In the case of an Euler approximation, in the assumptions of Theorem 11.2 we
have o = 1 and the Romberg estimator will give an approximation of order /2.

Example 11.3 Imagine that you want to obtain an approximation of the
expectation at time 7 of a geometric Brownian motion using the Euler
scheme. Of course, the true value is known and for geometric Brownian
motion there are more reasonable ways to perform a simulation, but this
example allows us to make some explicit estimates.

By Theorem 11.2 the error is of order 4. The Romberg artifice says that if,
instead of a simulation with a very small value of 4, you make two simulations
with moderately small values & and //2 you may obtain a better estimate at
a lower price. Table 11.1 shows some results. Here the drift and diffusion
coefficientare » = 1 and 0 = 0.5 and we set T = 1. Hence the true value is
e =2.7182.
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Table 11.1 The quantity of interest appears to be better estimated making two sets of approxima-
tions with the values 7 = 0.02 and 42 = 0.01 than with a single simulation with # = 0.001, which
is probably more costly in time. Here 10° paths were simulated for every run

Value Error
h=10.02 2.6920 0.0262
h=0.01 2.7058 0.0124
261()_()1 — adp.02 2.7196 0.0014
h = 0.001 2.7166 0.0016

Example 11.4 Let us go back to Example 3.3 where we were dealing with
the estimation by simulation of the probability

P( sup B; > 1).

0=<r<l1

We remarked there that the discrepancy between the estimate provided by
the Euler scheme (which in this case coincides with a discretization of the
Brownian motion) and the true value was decreasing very slowly. Actually it
is believed that it is of the order 4'/2. Granting this fact, the Romberg artifice

gives, combining the estimates for 4 = 2(])0 and h = 4(')0, the value

2 %x0.3031 — 0.2
V2 x0.3031 -0 97520.3166
V2 -1

with a 0.15% of relative error with respect to the true value 0.3173. Note that

this value is much better than the result obtained by simulation with & = | 6]00.

Exercises

11.1 (p.602) Let us consider the geometric Brownian motion that is the solution
of the SDE

dét = bét dt + th dBt

11.43
Eo=x. ( )
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In this exercise we compute explicitly some weak type estimates for the Euler
scheme for this process. Let us denote by £ the Euler scheme with the time interval
[0, T] divided into n subintervals. Of course the discretization step is h = Z Let
(Zi)x be a sequence of independent N (0, 1)-distributed r.v.’s.

al) Prove that
Er~x[[+bh+o0vVhz). (11.44)
i=1

a2) Compute the mean and variance of &, and verify that they converge to the mean
and variance of &7, respectively.
a3) Prove that

[E[é7] —E[7]| = c1 h+ o(h) (11.45)
E[E2] — E[£7]] = e + o(h) . (11.46)

bl) Find a formula similar to (11.44) for the Milstein approximation of &7.
b2) Let us denote this approximation by &7. Prove that

|E[ér] — E[§7]] ="¢1 h + o(h) (11.47)

and compare the values¢; and ¢; of (11.45).



Chapter 12
Back to Stochastic Calculus

12.1 Girsanov’s theorem

Example 12.1 Let B = (82, %, (%), (B;):, P) be a Brownian motion. We
know that

_1ly
Ml:eAB, ZAt

is a positive martingale with expectation equal to 1. We can therefore define
on (£2,.7) a new probability Q letting, for every A € .Z,

Q) = EM;1,] = /A My dP.

What has become of (B;); with respect to this new probability? Is it still a
Brownian motion?

We can first investigate the law of B, with respect to Q. Its characteristic
function is

EQ[e?] = E[e""M7] .
Let us assume ¢ < 7. Then, as B, is .%;-measurable,
) ) . I s
Ele”® My] = E[E[e”"'M7|.7]] = E[e?P'M,] = E[e* TP 247
_ E[e(/\-i-iG)B,—; G-+ o2 CHAGE _ —) Orkidn
N

- -
=1

(continued)

© Springer International Publishing AG 2017 365
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Example 12.1 (continued)

where the expectation of the quantity over the brace is equal to 1 because
we recognize an exponential complex martingale. The quantity on the right-
hand side is the characteristic function of an N(At, t) distribution. Hence, with
respect to Q, B, ~ N(At,1); it is not a centered r.v. and (B;); cannot be a
Brownian motion under Q. What is it then?

The previous computation suggests that B, might be equal to a Brownian
motion plus a motion ¢ + At. To check this we must prove that W, = B, — At
is a Brownian motion with respect to Q. How can this be done? Among the
possible ways of checking whether a given process W is a Brownian motion
recall Theorem 5.17, reducing the task to the verification that

Y, = eifWit 671 _ Gif(B—An+, 6%
is a Q-martingale for every 6 € R. This is not difficult: if s < ¢+ < T and
A € F,, we have, again first conditioning with respect to .%,

EQ[Y,14] = E[Y,1,M7] = E[Y,1,E[M7| Z]] = E[Y,1,M|]
_ E[eie(B,—AzH; ezreAB,—; AzrlA] — E[e(x+i9)3,—; H(A+i0)? 14]
e
= E[Z,14] = E[e* B2 50+ 1 — B[y, M,1,4] = E[Y,Mr14] = EQ[Y;14],

as we recognized that Z is a complex martingale with respect to P.
Hence, for 0 < ¢ < T, B is a Brownian motion plus a drift z — Az.

The example above introduces a subtle way of obtaining new processes from old:
just change the underlying probability. In this section we develop this idea in full
generality, but we shall see that the main ideas are more or less the same as in this
example.

From now onlet B = (£2,.%, (%), (B,), P) denote an m-dimensional Brownian
motion. Let @ be a C"-valued process in M? ([0, T]) and

loc

t 1 t
z,zexp[/ <1>5dBS—2/ qbfds], (12.1)
0 0

where, if z € C™, we mean z2 = z + --- + z2,. By the same computation leading
to (8.40) we have

dZ[ == Zr¢[ dBr (12.2)



12.1 Girsanov’s theorem 367

and therefore Z is a local martingale. If @ is R™-valued, Z is a positive supermartin-
gale and E(Z;) < E(Zy) = 1.If E(Zy) = 1 for T > 0, we can consider on (§2, .%)
the new probability dQ = Zy dP. Girsanov’s Theorem below investigates the nature
of the process (£2, .%, (%), (B;):, Q) in general.

First let us look for conditions guaranteeing that Z is a martingale. Let |z|*> =
S lz|? forz € C™ If E[fOT |Z,®|* dt] < +o0, then Z& is an m-dimensional
process whose real and imaginary parts are in M>([0, T]) and therefore, recall-
ing (12.2), Z is a complex martingale.

Proposition 12.1 If [ |®,2ds < K for some K € R then (Z)o</<r is a
complex martingale bounded in L” for every p.

Proof Let Z* = supy,<r|Z| and let us show first that E(Z*?) < +o0c. We shall
use the elementary relation (see Exercise 1.3)

+o00
E(Z*) = / pr’'P(Z* > r)dr. (12.3)
0

Therefore we must just show that » — P(Z* > r) goes to 0 fast enough. Observe
that, as the modulus of the exponential of a complex number is equal to the
exponential of its real part,

t 1 t 1 t
1Z,| = exp[/ Re &, dB, — / IRe @2 ds + / IIm q>x|2ds]
0 2 0 2 0

t 1 t
< exp [/ Re &, dB, + ) / [Tm §I§S|2 ds] .
0 0

Therefore, if r > 0, by the exponential inequality (8.41),

t 1 t
P(Z*>r) < P( sup exp[/o Re &, dB; + 2/0 |Tm (b5|2ds] > r)

0<t<T

t 1 T
:p( sup / Re &, dB, > logr — / |Imq>x|2ds)
0=<t<T Jo 2 Jo
_ (logr - ’2()2]

! K
fP( sup / Re &, dB; > logr — )fZexp[
0 2 2K

0<t<T

The right-hand side at infinity is of order e¢(l°¢ = rcllog, and therefore r —
P(Z* > r) tends to 0 as r — oo faster than r~* for every & > 0 and the integral

in (12.3) is convergent for every p > 1. We deduce that #Z € M?, as

T T
E(/ |¢S|2|Z5|2ds) < E(Z*Z/ |q§5|2ds) < KE(Z*?) < 400
0 0
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and, thanks to (12.2), Z is a martingale. It is also bounded in L? for every p as we
have seen that Z* € L? for every p.
O

If @ is R™-valued, then Z, > 0 and if Z is a martingale for 7 € [0, T], then E(Zy) =
E(Zy) = 1. In this case we can consider on (£2, %) the probability Q having density
Zr with respect to P. From now on E? will denote the expectation with respect to Q.

Lemma 12.1 Let (Y;); be an adapted process. A sufficient condition for it to
be an (.%;),-martingale with respect to Q is that (Z,Y;); is an (%#;),-martingale
with respect to P.

Proof Lets <t < T. From Exercise 4.4 we know that

_E&Y|#)

EQ(Y,|.%,) = 2|7 (12.4)

But if (Z,Y}), is an (%;),-martingale with respect to P
E(Z1Y,| 7)) = E[E(ZrY:| )| T = B[VE(Zr | 7). F,] = B(ZY,|.F) = Z.Y;

so that from (12.4)

EQ(Y,|.%,) = =Y.

Theorem 12.1 (Girsanov) Let B = (£2,.%,(%):, (B:);,P) be an m-

dimensional Brownian and @ € Mlzoc([O, T]). Let us assume that the process

Z defined in (12.1) is a martingale on [0, 7] and let Q be the probability on
(£2, %) having density Zr with respect to P. Then the process

t
Bl‘:Bl‘_/ @Sds
0

is an (.%;),-Brownian motion on [0, 7] with respect to Q.

Proof Thanks to Theorem 5.17 we just need to prove that, for every A € R”,

Y) = Qi B+ AP
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is an (%;),-martingale with respect to Q. This follows from Lemma 12.1 if we verify
that XrA = Z,Y,)k is a (#;),-martingale with respect to P. We have

! 1 ~ 1
x* = z,v* :exp[/ @, dB, — 2/ o} ds+i(h.B) + |A|2t]
0 0
t 1 t t 1
:exp[/(Q—i-i)L)st— / ¢3ds—i/ (A, ®,) ds + |/\|2t]]
0 2 0 0 2

t 1 t
- exp[ /0 (@, +ik)dB,— /0 (cbs—i—i/\)zds]

(recall that z* is the function C" — C defined as 22 = Y ;_,z2). If the r.v.
fOT |®,|? ds is bounded then X* is a martingale by Proposition 12.1. In general, let

t
T, = inf{t < T;/ |®|% ds > n} (12.5)
0

and @, (s) = Dyl;<,3. We have

t 1 t
el [[eas- ) [1o0Fa]
AT, 1 INTy
= exp[/o D(s)dB; — 2/0 |®(s)|? ds] =Zirq, -

If
d 1
Yj(t) = exp [i(A,B, - / D,(s) ds) + |,X|2t] ,
0 2

then, as fOT |Bu(s)|? ds < n, X}(t) = Zin,, Y2 (?) is a P-martingale by the first part of
the proof. In order to show that X} = Z Y} is a martingale, we need only to prove
that X*(f) — X} asn — oo a.s. and in L'. This will allow us to pass to the limit as
n — oo in the martingale relation

EXF (0| 7] = X)(9)  as.
First of all Zia;, —n—o0 Z; @.S., S Ty —>p—so0 +00. If H, = min(Z,,,,7Z), then
H, =00 Z; and, as 0 < H,, < Z,, by Lebesgue’s theorem E[H,] — E[Z]. Finally,
as E[Z;] = E[Zx,,] = 1 (both (Z), and (Z;x,); are martingales equal to 1 for ¢ = 0),

E(lZ — Zins,[| = ElZ — Hi) + ElZinr, — Hi] = 2E[Z = H,] > 0
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and therefore Z,n;, —>n—o0 Z in L. Moreover, note that Y} () —,—cc ¥ a.s. and
[YA(1)| < ez’ Then

E[IX}() — X}] = E[|IZ} ()Y} (1) — Z}¥}]]
<E[|Z} () - ZH Y} 0] + E[ZHY} 1) — ¥}]

and by Lebesgue’s theorem both terms on the right-hand side tend to 0 as n — oo.
It follows that, for every 7, X (f) —,—00 X} in L' which concludes the proof.
|

Girsanov’s theorem has many applications, as the next examples will show. Note,
however, a first important consequence: if X is an Ito process with stochastic
differential

dXt = At dt + Gt dBt
then, with the notations of Theorem 12.1,
er == (A[ + Gr¢[) dt + Gr dE[ .

As both (G,); and (@), belong to M3, , the process t — G, P, belongs to M}, , so
that X is also an Ito process with respect to the new probability Q and with the
same stochastic component. Because of the importance of Girsanov’s theorem it
is useful to have weaker conditions than that of Proposition 12.1 ensuring that Z
is a martingale. The following statements provide some sufficient conditions. Let
us recall that anyway Z is a positive supermartingale: in order to prove that it is a

martingale, it is sufficient to show that E(Z7) = 1.

Theorem 12.2 Let @ € M?

loc

([0, 7)), M, = [y ®dB,,0 <t <T,and

Consider the following properties:

1 1 T 2 g . e .
a) E[e2 M1] = E[e2 o 1% 45] < 400 (the Novikov’s criterion).
b) (M,)o</<r is a martingale that is bounded in L? and E[eé Mr] < 400 (the
Kazamaki’s criterion).
¢) (Z:)o<i<r is a uniformly integrable martingale.

Then a)=-b)=c).
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Proof 1f a) is true then the positive r.v. (M) 7 has a finite Laplace transformat 6 = ;
It is therefore integrable:

E[(M)7] = E[/OT |Q>X|2ds] < +oo

hence ® € M?([0,T]) and (M,)o<;<r is a martingale which is bounded in L?.
Moreover, note that

e;MT _ Z}/Z(eé (M)T)I/Z
so that, thanks to the Cauchy—Schwarz inequality,
Ele2Mr] < E[Z7]/?E[e? M)1]1/2 < Ele2 M1]1/2 < 4 oo

(recall that E[Z7] < 1) so that b) is true.
Let us prove that b)=>c). By the stopping theorem, for every stopping time t < T
we have M, = E[M7|.%,] and by Jensen’s inequality

e2Me < Ble2Mr| 7] .

As e2M7 is assumed to be integrable, the r.v.’s E[eé Mr| #,] with T ranging among
the stopping times that are smaller than 7 form a uniformly integrable family
(Proposition 5.4). Hence the family of r.v.’s e2 M (which are positive) is also
uniformly integrable.

LetO < a < 1 and Y = e ™ We have

eaMt_%‘Iz(M)t _ (er_é (M>t)a2 (Yt(a))l—az '

1+4a

2a > 1’

IfA € Zrand v < T is a stopping time we have by Holder’s inequality, as

E[1 e > )] < EfeM—s M) B[1, v ] =
< E[L Y7 < B[1,(Y@) 5] 507 = B[l Mejei=o) (120
We used here the relation E[e—2 )] = E[Z,] < E[Z7] < 1, which follows from
the stopping theorem applied to the supermartingale Z.

As we know that the family (e%Mf)r for t ranging among the stopping times
that are smaller than 7 forms a uniformly integrable family, by (12.6) and using the
criterion of Proposition 5.2, the same is true for the r.v.’s eaM: =3 (M)

Let us prove that (e“M’_é “2<M)')t is a uniformly integrable (true) martingale: as
we know that it is a local martingale, let (z,), be a sequence of reducing stopping
times. Then for every s < t, A € %,

E[e“Mz/\rn—; a2 (M)inr, 4] = E[eaM.r/\ry,_éaz(M)s/\rn 14] .
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_1 .2 _1 2 . .
As eMinn =2 @Mhinay |\ eMi—2a(M)i], and these r.v.’s are uniformly inte-

grable, we can take the limit in the expectations and obtain the martingale relation
E[eaM,—% a* (M), 1A] — E[eaMx—é (M), 1A] .

Again by Jensen’s inequality, repeating the argument above for 7 = 7, A = 2, we
have

1 = E[eaMT—éaz(M)T] < E[eMT_; (M)T]aZE[Y;_a)]l—az < E[eMT—é (M)T]azE[eéMT]a(l—a).

Letting @ — 1 this inequality becomes E[eM7—2 M)7] > 1, which allows us to
conclude the proof.

|
Corollary 12.1 With the notations of Theorem 12.2, if for some u© > 0
E[e“"p"z] < C < 4ooforevery 0 <t <T,then (Z;)o<;<r is a martingale.
Proof By Jensen’s inequality (the exponential is a convex function)
1 [~ ) 1 h] )
exp[ / | Dy ds] = exp[ / (ty — 11)| Dy ds]
2 f h—1t Jy 2
4
< 1 / ’ e% (ta—1)| @ ds .
h—1h 131
Let r, — t; < 2. With this constraint we have
1 [~ 1 f 2
E[exp( / |<1>5|2ds)] < / E[e"®1"ds < 400 .
2 151 tZ - tl 151
Let0 =4 < tp < -+ < ty41 = T be chosen so that #;1; — #; < 2u and let
Di(s) = Dsly,4,,,1(s). Each of the processes @;,i = 1,.. ., n, satisfies condition a)

of Theorem 12.2 as
1 fit1
E[e; fo \d’i(‘v)\zdf] = E[exp (2/ |2 ds)] < 400
t

and if

‘ ! 17
Z, = exp[/o ®;(s)dB; — 2/0 |@i(s)|2 dS:|
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then Z' is a martingale. We have Zr = Z...Zj; moreover, Zi = 1,as & = 0
on [0, #[ and therefore E(Z}|.%,) = Zfi = 1. Hence it is easy now to deduce that
E[Zr] = 1as

E(Zr) =E(Z;...Z}) =E[Z;... ZF '"E(Z}| P )] =B(Zy ... 25 ) = =1

which allows us to conclude the proof.

Example 12.2 Let B = (2,.%, (%#,):, (B;), P) be a Brownian motion. Let us
prove that

t 92 t
Z, = exp (9 / B.dB, — / des)
0 0

is a martingale for ¢ € [0, T7.
Novikov’s criterion requires us to prove that

E[e’ & B < 100

Here, however, it is much easier to apply the criterion of Corollary 12.1, which
requires us to check that for some p > 0

E[e"?1] < 400 (12.7)

for every ¢t € [0, T]. Recalling Remark 3.3 we have that if 2u0?T < 1 then
E[eM?’B] = (1 — 2u0°T) /2, so that (12.7) is satisfied as soon as

1
K=oy
Therefore the criterion of Corollary 12.1 is satisfied and (Z)o<;<7 is a
martingale.
We can therefore consider on . the probability Q having density Zr with
respect to P. What can be said of B under this new probability Q?
Girsanov’s theorem states that, for0 < ¢ < T,

t
W[:B[_Q/Bsst
0

(continued)
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Example 12.2 (continued)
is a Q-Brownian motion. Therefore, under Q, (B;)o<;<r has the differential

dB; = 0B, dt + dW,

and, with respect to Q, (B,)o<:<r is an Ornstein—Uhlenbeck process.

Example 12.3 As an example of application of Girsanov’s theorem, let us
investigate the distribution of the passage time t, at a > 0 of a Brownian
motion with a drift u. Recall that the distribution of t, for the Brownian
motion has been computed in Exercise 3.20. Let B be a Brownian motion

2
and Z; = etB="2 1 Then Z is a martingale and, by Girsanov’s formula, if
dQ = Z, dP, then, with respect to Q, Wy = B; — s is, for s < ¢, a Brownian
motion. Hence, with respect to Q, By = W, + us.
If 7, = inf{t; B, > a}, let us compute Q(z, < t), which is then the partition
function of the passage time of a Brownian motion with drift ;. We have

Q(tu < 1) = E9l <] = E*[1(r,<nZ] -

Recall now that {7, < t} € F,, N.%# = %, A and that Z is a martingale.
Therefore, by the stopping theorem for martingales,

EP[l{TaSt}ZI] = EP[E[l{Taft}Zt |jfa/\t]] = EP[l{Taft}Zfa/\t] = EP[l{TaEI}ZTa] ’
the last equality coming from the fact that, of course, on {7, < t} we have
T, ANt = 1, But

2

2
Z'E — el’LBra_#z Ta — eﬂa_ﬂz Ta
a

and, under P, B is a Brownian motion so that the law of r, under P is given
by (3.23). In conclusion,

2

Q(ty < 1) = e"EP[ly;,<pe™ 2 ]

! a 2 n?

__ AMa —a/2s .—", s
_&L@wmme ¢ s (12.8)
t

a

_ o2 (5?4
= )y @n)2 g2 s

(continued)
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Fig. 12.1 The graph of the densities of the passage time 7, fora = 1 and u = i (solid) and
= 0 (dots). The first one decreases much faster as t — 400

Example 12.3 (continued)

If & > 0, then we know that 7, is Q-a.s. finite and taking the derivative we
find that the passage time 7, of the Brownian motion with a positive drift u
has density (Fig. 12.1)

1

f(r) = e 2 (0" (12.9)

a
(2m)1/2 5372

In particular,

oo a — ) (us—ay?
/0 PR ds=1. (12.10)

Note the rather strange fact that the integral in (12.10) does not depend on .,
as faras u > 0.

For n© > 0 the passage time has a finite expectation, as its density goes
to 0 at +oo exponentially fast. This is already known: in Exercise 5.33 we
obtained, using a Laplace transform argument, that E[z,] = Z

If u < 0, conversely, we know that T, = 400 with probability 1 — e?*
(Exercise 5.17).

Example 12.4 (Same as the previous one, but from a different point of view)
Imagine we want to compute the quantity

E[f(za)]

(continued)
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Example 12.4 (continued)

7, being the passage time at a of a Brownian motion and f some bounded
measurable function. Imagine, moreover, that we do not know the distribution
of 7, (or that the computation of the integral with respect to its density is too
complicated) so that we are led to make this computation by simulation. This
means that we are going to simulate N paths of the Brownian motion and for
each one of these to note the passage times, 77, ..., Ty say. Then by the law
of large numbers

l N
. j;f(n)

is, for N large, an approximation of E[f(z,)].

However, in practice this procedure is unfeasible as 17, is finite but can take
very large values (recall that 7, does not have finite expectation). Therefore
some of the values 7; may turn out to be very large, so large that the
computer can stay on a single path for days before it reaches the level a (see
Exercise 3.20 b)).

The computation of the previous example suggests that we can do the
following: instead of a Brownian motion, let us simulate a Brownian motion

with a positive drift y, collect the passage times, T!", . . ., Tﬁ say, and consider
the quantity
—pa N
e Ha w2
1 7!
v 2@
J=1
w2

Let us check that e *E[f(T/")e 2 Ti ] = E[f(z,)] so that, again by the law of
large numbers, this is also an estimate of E[f(z,)]. Actually, denoting g,., go
the densities of the r.v.’s Tl.“ and T; ,respectively (given by (12.9) and (3.23)
respectively), we have

¢ HE[ f(T;‘)e“zz ] = e Om Fle 'g, (1) dt
=e 0+00f(t) e#; [ (2m) 1a/2 13/2 e 21[ e dt
+00 a 2

f(@® Q)12 B2 e 2 dt
+o00

= f(®)go(0) dt = E[f(T})] .

(continued)
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Example 12.4 (continued)

Now, as the passage time of the Brownian motion with a positive drift p
has finite expectation, the simulation of these paths is much quicker and the
problem mentioned above disappears.

In other words, Girsanov’s theorem can by applied to simulation in the
following way: instead of simulating a process X (B in the example above),
which can lead to problems, simulate instead another process Y (B, + ut
above) that is less problematic and then compensate with the density of the
law of X with respect to the law of Y.

Example 12.5 Let X be a Brownian motion and p a real number. Let a > 0
and

T =inf{t; X; > a + ut} .

We want to compute P(z < T), i.e. the probability for X to cross the linear
barrier ¢t — a + ut before time 7. For u = 0 we already know the answer
thanks to the reflection principle, Corollary 3.4. Thanks to Example 12.3 we
know, for ;1 < 0, the density of T so we have

= t
(=1 , )22 £

but let us avoid the computation of the primitive by taking another route and
applying Girsanov’s theorem directly. The idea is to write

Pz <T) = P( sup (X; — ut) > a)

0<i<T
and then to make a change of probability so that, with respect to the new
probability, t — X; — ut is a Brownian motion for which known formulas are
available. Actually, if
Zr = ehXr=y w2 T

and dQ = Zr dP, then with respect to Q the process

W[:Xl_ﬂt

(continued)
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Example 12.5 (continued)
is a Brownian motion up to time 7. Hence

P( sup (Xy — us) > a) =E? [Z;] l{SUPOSxST(Xx_/L*Y)Z“}iI

0<s<T
— RQ| o—nXr+, 12T
=E [C 2 1{sup0§J§1(X.v_/”)Z“}
12
A, W TRQ| = Wr
=€ 2 E [C l{Supog.csT Wy=a} | -

The expectation on the right-hand side can be computed analytically as, from
Corollary 3.3, we know the joint density of Wr and supy,.7 Wi, i.e.

P( sup (X; — pus) > a)
0<s<T
+o0 K
2 e_;“”/ ds/ (2s — x) e ar = emnx gy
a —0o0

B V27 T3

With the change of variable y = 25 — x and using Fubini’s theorem
2 R 2]‘ +o0o +o0o 1 (23—)
P( sup (X;—us) > a) = e 2M ds ye 2r Y em STV gy
\/27'[ T3 a s

0<s<T

2 +o0 y

= e_é /}“2 T / ye_ 217" ."2611)' dy / e_zlis ds
\/27'[ T3 a a

1

1 2T +oo 1.2 N -2 -2
a

Now, integrating by parts,

+
P((swp (Kemp) 2a) == | bt et _ g "
0<s<T /L\/Q,]TT - a

-_— -

=0
1

+ - HZT/+OO —ar Y (eh020) | emHY) g
e e eht e y

\/27TT a

and with the change of variable 7z = JT (y—uT)

1
27T

1,2 +OO 1 .2
e 2ag=a T [ e 2r Ve dy
a

(continued)
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Example 12.5 (continued)

1 —2ua oo (—uT)?
- V2rT © © @
T a
1 +oo 2 a—uT
= A e_zl‘“/ et dz= e_z““(l - (D( JT )) .
T (a=pD) /T
Similarly
1 e 12T oo e ar Ve hy dy > e~ 2r O FuT)? dy
V2rT a V2rT Ja

+00
~/12ﬂ [a+uﬂ/«/T " o= (1 - q>(“ J«F/;LT))

and finally

P( sup (X; — us) > a)

0<s<T

= ; (12.11)
=ee(ima(* )+ (1-o("0)-

12.2 The Cameron—-Martin formula

In this section we see how we can use Girsanov’s Theorem 12.1 in order to construct
weak solutions, in the sense of Definition 9.1, for SDEs that may not satisfy
Assumption (A’).

Let us assume that o satisfies Assumption (A’) and, moreover, that it is a
symmetric d x d matrix field and that, for every (x, 7), the smallest eigenvalue of
o (x, 1) is bounded below by a constant A > 0. The last hypothesis implies that the
matrix field (x, f) — o(x, )" is well defined and bounded. Let b : R” x Rt — R”
be a bounded measurable vector field. We know, by Theorem 9.4, that there exists a
solution of the SDE

d¢, =o(&,1)dB,

12.12
£ = x ( )

which, moreover, is unique in law. Let now, for a fixed T > 0,

T T
zr=ew| [ oo an— ) [ e 6] a213)
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As o~! and b are bounded, by Proposition 12.1 and Theorem 12.1 E[Z7] = 1 and if
P is the probability on (£2, .%) with density Zy with respect to P and

BB — / o S)b(E, ) ds |
0

then B = (2, 7, (F)o<i<r> (Et)ostsT’F) is a Brownian motion; hence (12.12) can
be written as

dt, = b(&, 1) dr + o (&, 1) dB,

12.14
gy =x. ¢ )

Therefore, with respect to F, & is a solution of (12.14).

Theorem 12.3 Under the previous assumptions equation (12.14) admits a
weak solution on [0, 7] for every T and there is uniqueness in law.

Proof The existence has already been proved. As for the uniqueness the idea of
the proof is that for Eq. (12.12) there is uniqueness in law (as Assumption (A’) is
satisfied) and that the law of the solution of (12.14) has a density with respect to the
law of the solution of (12.12). "

Let (82, F', (F)o<i<r> (§)o<i<T, (E;)OStSTv P’) be another solution of (12.14),
ie.

d§! = b(E. 1) dt + o (€. 1) dB. .
We must prove that £ has the same law as the solution & constructed in (12.14). Let

~

T - 1 T
Zr=exo[~ [ o GopE B~ [l € b o ]

and let P’ be the probability on (§2’,.%") having density 7} with respect to P’. Then,
by Proposition 12.1 and Theorem 12.1, the process

t
B =T+ [ o~ €L )b(E. ) ds
0

is a P’-Brownian motion. Expressing B’ in terms of B’ in (12.14), it turns out that
(2", F',(F])o<i<r> ()o<i<1, (B))o<i<T, P’) is a solution of (12.12). Moreover, P’
has density with respect to P’ given by

~ T T
7 =7 = e | o7 @opean+ ) [ o7 € opEras]

— e[ [ o7 & onie B ) [ 1o~ & onE e
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As Eq. (12.12) satisfies Assumption (A’), there is uniqueness in law and the laws
&(P) and &' (P’) coincide. The law of the solution of (12.14) is £(P) (image of P
through &), but

E(P) =£(Zr-P).

Also the joint laws of (£, Zy) and (¢, Z}) (Lemma 9.2) coincide and from this it
follows (Exercise 4.3) that the laws £(Z;P) = £(P) and &' (Z/.P) = §’(P’) coincide,
which is what had to be proved.

O

The arguments of this section stress that, under the hypotheses under consideration,
if £ is a solution of (12.14), then its law is absolutely continuous with respect to
the law of the solution of (12.12). More precisely, with the notations of the proof of
Theorem 12.3, if A is a Borel set of the paths space ¥,

P(E € A) = P (Zr1geny) . (12.15)

where Z7 is defined in (12.13).(12.15) is the Cameron—Martin formula. In fact,
it holds under hypotheses weaker than those considered here. These are actually
rather restrictive, since often one is led to the consideration of diffusions having
an unbounded drift or a diffusion coefficient that it is not uniformly invertible. In
this case the vector field (x,7) — o(x,#)~'b(x, 1) is not bounded and therefore
Proposition 12.1 cannot be used to obtain that E(Zy) = 1; it will be necessary to
turn instead to Proposition 12.2. In Exercise 12.5 the absolute continuity of the laws
of the Ornstein—Uhlenbeck process with respect to Wiener measure is considered:
this is a simple example where the hypotheses of this section do not hold, the drift
being linear.

12.3 The martingales of the Brownian filtration

Let B be an m-dimensional Brownian motion with respect to a filtration (.%,),;. We
have seen in Sect. 8.4 that the stochastic integral of B with respect to an integrand
of M? is a square integrable (.%,),-martingale. Is the converse also true? Is it true
that every square integrable (.%;),-martingale is a stochastic integral with respect to
some integrand of M>?

We see in this section that the answer is yes if (%), = (¥,);, the natural
filtration augmented with the events of probability zero of .# which was introduced
in Remark 3.1. This is a particularly important representation result with deep
applications, some of which will appear in Chap.13. Now just observe that
this result implies that every (¢,),-martingale is continuous (has a continuous
modification, to be precise). We know from Proposition 4.3 that (¢,), is right-
continuous, so that (2, %, (¢,):, (B;);, P) is a standard Brownian motion.
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The key result is the following, which we have already mentioned in
Remark 7.2.

Theorem 12.4 Let B = (2, %,(¥4,):, (B;);, P) be an m-dimensional Brown-
ian motion with respect to its augmented natural filtration and let 7 > 0. Then
everyr.v. Z € > = L*(£2,%7,P) is of the form

T
Z=c+/ H,dB; (12.16)
0

where ¢ € Rand H € M?([0, T]) (in particular, H is (¢,),-adapted). Moreover,
the representation (12.16) is unique.

Proof The uniqueness is obvious, as ¢ is determined by ¢ = E[Z] whereas, if H;
and H, were two processes in M>([0, T]) satisfying (12.16), then from the relation

T
| e~ o) an = o

we have immediately, by the isometry property of the stochastic integral, that

E(/OT |Hi (5) —Hz(s)|2ds) =0

and therefore H|(s) = H,(s) for almost every s € [0, T] a.s.

As for the existence, let us denote by .77 the space of the r.v.’s of the form (12.16)
and let us prove first that .77 is a closed subset of L?. If (Z,), C # is a Cauchy
sequence in L? and

T
Z, =cy +/ H,(s)dBs = c, + I,
0

then (c,), is also a Cauchy sequence, as ¢, = E[Z,] and
len — em| < B(1Zy — Zn]) < E(|1Z, — Zm|2)l/2 .

Therefore both (c,), and (I,), are Cauchy sequences (in R and in L? respectively).
As the stochastic integral is an isometry between L? and M?([0, T]) (Theorem 7.1),
it follows that (H,,), is a Cauchy sequence in M>([0, T]). Therefore there exist c € R
and H € M?*([0, T]) such that

lim ¢, =c¢
n—>o0
lim H, = H in M2([0, 7))

n—>oo
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whence we get

T
limZn=c+/ H, dB, inL?.
0

n—>oo

Let us prove now that .7 is also dense in L2. If f € L?([0, T], R™) (f is therefore a
deterministic function), for t < T, and we set

o= ([ rram— ) [0 o)

then we know that
T
e(T) =1 +/ er(s)f (s) dBy . (12.17)
0

Moreover, ef(T) is square integrable, as fOTf (s) dBy is a Gaussian r.v. More precisely
(see also Remark 7.3).

Ele (7] = E[exp (2 | 'fs)ds.) ] exp - / R as)

= exp (Z/OT [f(s)|2ds) exp(— /OT [f(s)|2ds) = exp(/OT If ()| ds) .

Therefore

T T
/ Ele;(9)%] [f(9)]” ds < E[e(T)?] / ()P ds
0 0

<en( [ vora) [ vora,

which proves that the process Hy(s) = f(s)es(s) belongs to M?([0, T]) hence, thanks
to (12.17), the r.v.’s of the form e;(T) belong to 7. Let us prove that they form a
total set, i.e. that their linear combinations are dense in J#. To this end let Y €
L*(97) be a r.v. that is orthogonal to each of the r.v.’s e;(T) and let us prove that
Y=0as.

First, choosing f = 0 so that e;(T) = 1 a.s., Y = ¥ — ¥~ must have mean
zero and therefore E[YT] = E[Y~]. If both these mathematical expectations are
equal to 0, Y vanishes and there is nothing to prove. Otherwise we can multiply ¥
by a constant so that E(Y*) = E(Y~) = 1. The remainder of the proof consists
in checking that the two probabilities Y *dP and Y~dP coincide on (§2,%47), which
will imply Y™ = Y~ and therefore ¥ = 0 a.s.
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Iff(s) = Z;'l=1 Al 41(s), where0 =10 <t; <--- <t, =Tand Ay,..., 4, €
R™, then fOTf(s) dBy = 3 (A;,B; — By_,). We have

n

1) = exp (Y0 B = By) = 5 D IAP G —5m)
j=1

j=1
and orthogonality of Y with respect to e;(T') implies

n

0= E[Y exp(Z(Aj,B,j _ B,j_l))] , (12.18)

j=1

ie.
n

E[y+ exp (zn:(xj,B,j —B,j_l))] - E[Y— exp( (A, B, —B,j_l>)] .
j=1

j=1
Allowing the vectors Ay, ..., A, to take all possible values, this implies that the
laws of the random vector (By,,B;,, — By,,...,B;, — B;,_,) with respect to the two
probabilities Y+dP and Y~dP have the same Laplace transforms and therefore
coincide (see Sect.5.7 for more details). Recalling the definition of the law of a
r.v., this also implies that

E[Y* &(B,.B,—B,.....B,—B,_)| =E[Y” ®@®B,.B,—B,,.....B, —B,,_))]

for every bounded measurable function @, from which we deduce that Y™ dP and
Y~ dP coincide on the o-algebra o (B,,, B;, — By,. ..., B, — B;,_,), which is equal to

o(By,....By).
As the union of these o-algebras for all possible choices of n, and of 0 =
th <t < -+ < t, = T, forms a family that is stable with respect to finite

intersections and generates %7, the two probabilities ¥ dP and Y~dP coincide on
%r by Carathéodory’s criterion, Theorem 1.1. They also coincide on ¢ 7 (just repeat
the argument of Remark 4.4): let 4" be the class of the events of the form A N N
with A € ¥r and N € .7 is either a negligible set or N = £2. Then % is stable with
respect to finite intersections, contains both % and the negligible sets of .# and
therefore generates ¥ 7. Moreover, the two probabilities YT dP and Y~ dP coincide
on ¥ and therefore also on ¢, again by Carathéodory’s criterion.

O

An immediate consequence is the following

Theorem 12.5 Let (M;)o<;<7 be a square integrable martingale of the filtra-
tion (¢,);. Then there exist a unique process H € M>([0, T]) and a constant

(continued)
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Theorem 12.5 (continued)
¢ € R such that

t
M, =c+ / H, dB; a.s.
0

for ¢ € [0, T). In particular, (M;)o</<r has a continuous modification.

Proof As My € L?, by Theorem 12.4 there exists a unique process H € M>([0, T])
such that

T
MT =c+ / Hg dBY
0
and therefore
t
M[ == E(MTlgr) =cC + / H_y dBé a.s.
0

|

Note that in the statement of Theorem 12.5 we make no assumption of continuity.
Therefore every square integrable martingale of the filtration (¥,), always admits a
continuous version.

The representation Theorem 12.5 can be extended to local martingales.

Theorem 12.6 Let (M;)o<;<r be a local martingale of the filtration (¥,);.
Then there exists a unique process H € M3 ([0,7]) and a constant ¢ € R
such that, for 7 € [0, T,

t
M, =c+ / H, dB; a.s.
0

Proof The idea of the proof is to approximate M with square integrable martingales,
but in order to do this properly we first need to prove that (M,)o<;<r is itself
continuous, or, to be precise, that it has a continuous modification. Let us first
assume that (M,)o<,<r is a martingale of the filtration (¢,), (not necessarily square
integrable). As My is integrable and L?(¢7) is dense in L'(¥7), let (Z,), be a
sequence of .v.’s in L*>(%47) such that

1Z, — M|y <27".
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Let M,(r) = E(Z,|9,); M, is a square integrable martingale for every n and
has a continuous modification by Theorem 12.5. (M,)o<,<r has a right continuous
modification thanks to Theorem 5.14. Then the supermartingale (—|M; — M, (¢)|); is
right-continuous and we can apply the maximal inequality (5.16), which gives

P( sup M, — M,(1)| = ]lc) = P(Oértlsz—|Mt—Mn(t)| < _]1{)

0<t<T

< KE(|Mr —Z,|) <k27".

As we have on the right-hand side the general term of a convergent series, by the
Borel-Cantelli lemma,

1
sup |M, — M,(1)| < P

0<t<T

eventually a.s. In other words, (M,,(¢)), converges a.s. uniformly to (M;),, which is
therefore a.s. continuous.

If M is a local martingale of the filtration (¥,); and (z,), is a sequence of
reducing stopping times, then the stopped process M™ is a martingale. Therefore,
M is continuous for ¢ < 1, for every n and, as lim, - 7, = +00, M is continuous.

The fact that M is continuous allows us to apply the argument of Remark 7.6 and
we can assume that the sequence (z,), is such that the stopped processes M™ are
bounded martingales, and therefore square integrable. By Theorem 12.5, for every
n there exist ¢, € R and a process H™ € M?([0, T]) such that

t
M™ = Myps, = ¢, + / H"dB;,  as.
0

. def
Obviously ¢, = c¢,+1 = My = c. Moreover, the two processes M™ and M™+!
coincide for ¢t < 1, therefore

Tn Tn
/ H"™ dB, = / H"D 4B, a.s.
0 0

By the uniqueness of the representation of the r.v.’s of L?>(¢7) of Theorem 12.4,
it follows that the two processes (H,(X)t”), and (H,(ﬂ;l)), are modifications of one

another. This allows us to define a process H by setting H;, = H,(") on {t < 1,}, as
this definition does not depend on the choice of n. The process thus defined is such

that
E(/ H2ds) < +00
0
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.. . T
for every n; as t, — —400 as n — 00, this implies fo Hf ds < 400 a.s., and

therefore H € M2

loc

([0, TT). We still have to prove that

t
M, = c+/ H, dB; a.s.,
0

but

AT, INTy
Mip, = ¢+ / Hg") dB; = c + H, dB, a.s.
0 0

and we can take the limit as n — oo.

12.4 Equivalent probability measures

Let B = (82, 7, (%), (B));, P) be an m-dimensional Brownian motion. Girsanov’s

Theorem 12.1 states that if (Z;), is a martingale of the form

t 1 t
Z, = exp [/ &, dB; — / |®X|2 ds] ,
0 2 Jo

where (®,), is an R"-valued process in M2,_([0,T]), then dQ = ZrdP is a

probability on (§2, %r) that is equivalent to P.

Let us show now that if .%, = ¢, then all the probabilities on (§2, .%7) that are

equivalent to P are of this form.

Theorem 12.7 Let B = (2, %,(¥Y,);, (B;);, P) be an m-dimensional Brow-

nian motion with respect to its natural augmented filtration (¥,),. If a
probability Q on (§2,%7) is equivalent to P then there exists a progressively

measurable m-dimensional process @ € MZZOC([O, T)) such that dQ = Zr dP,

where

t 1 t
Z = exp[/ @, dB, — 2/ |<1§S|2ds], (12.19)
0 0

. . =4 t . . .
is a martingale under P. Moreover, B, = B,— fo @, ds is a4 ;-Brownian motion

under Q.
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Proof Let

dQg,

Z[ ==
dPy,

We know that (Z;)o<;<7 is a martingale. Obviously we have, for every t < T,
QZ > 0) = EP(Ztl{Z,>O}) = EP(Zt) =1.

Therefore Z, > 0 Q-a.s. and also P-a.s., as P and Q are assumed to be equivalent.
By Theorem 12.6 there exists a process (%), € M2 ([0, T]) such that

loc
t

Z,zl—}—/ V. dB; .
0

We want now to apply Ito’s formula in order to compute d log Z;. This is not possible
directly, as log is not a C? function on R. Let f be a function such that f(x) = logx

forx > :l and then extended to R so that it is of class C2. Then, by Ito’s formula,

G (@) = @)z + L @)

The derivatives of f coincide with those of logx forx > ! ie. f/(x) = |, f"(x) =
—xlz, so that, if 7, = inf{z; Z; < ’11},

AT, AT,

log Zinyg, = f(Z)¥, dB; + 5 1 (Z)s|* ds
0 0

AT, v, 1 INT, Il], |2
= / ' dB, — / *ds.
o Z 2 Jo 72

s

By Exercise 5.8 b), Z being a martingale, we have P(Z, > O foreveryt < T) =1
for every t+ < T and therefore t + Z,(w) never vanishes a.s. Therefore, Z being
continuous, for every w € §2 there exists an ¢ > 0 such that Z;(w) > ¢ for every

t < T. Therefore @; = ;’:‘ e M3,.([0,T]) and

ATy 1 INT,
Zine = €X &, dB, — @2 ds) .
; p 5 p
0 0

Now just let n — 0o and observe that, again as Z, > 0 for every ¢ a.s., 7, = +00.
|
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Exercises

12.1 (p.603) Let B = (£2,.%#,(%);, (B:);,P) be a Brownian motion. Let us
consider the three processes

(Bo)1s Y, = B, + ct, Z; =08,

where ¢, o are real numbers. On the canonical space (¢, .#, (M), (X)) let us
consider the probabilities P2, P¥, PZ, respectively the law of B (i.e. Wiener measure)
and the laws of the processes Y and Z. Then

a) P? and P? are equivalent (P? « P and P¥ « P?) on .#, for every t > 0, but,
unless ¢ = 0, not on .# where they are actually orthogonal.
b) If |o| # 1 then P2 and P? are orthogonal on ., for every ¢ > 0.

a) Use Girsanov’s theorem in order to find a probability Q of the form dQ = ZdP with respect
to which (B,), has the same law as (¥;),. b) Look for an event having probability 1 for P? and
probability 0 for PZ.

12.2 (p.604) Given two probabilities i, v on a measurable space (E, &), the
entropy H(v; u) of v with respect to u is the quantity

/dvl Do ity <
og dp ifv<p
Hv;p) = yJedn  ~dp

+o00 otherwise .

Note that we also have, for v < u,

d
H(v; ) = /1ogd” dv . (12.20)
E 24

The chi-square discrepancy of v with respect to u is the quantity

dU 2
—17dp ifr<p
K p) = /Eidﬂ |
+o00 otherwise .

a) Show that H(v; u) > 0 and H(v; u) = 0 if and only if & = v. Show, with an
example, that it is possible that H(v; n) # H(u; v).
b) Let € = %([0,T],R") and let (¢, .#7,(F)o<i<r, (X)o<i<7,P) be the
canonical space endowed with the Wiener measure P. Let y be a path almost
a.e. differentiable and with square integrable derivative and let P; be the law of
W, = X; + y;, i.e. of a Brownian motion with a deterministic drift y.
bl) What is the value of the entropy H(P; P)? And of H(P; P,)?
b2) Compute y*(Py; P) and x?(P; Py).
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a) Use Jensen’s inequality, since x > xlog x is a strictly convex function. bl) Girsanov’s theorem
gives the density of P; with respect to P. b2) Look first for a more handy expression of the x>
discrepancy (develop the square inside the integral).

123 (p.606) Let B = (£2,.%,(Z:);, (By):, P) be a Brownian motion and let
X, = B; — 0t,0 > 0. As lim;—s 4 00 X; = —0o0 (thanks, for instance, to the Iterated
Logarithm Law), we know that sup,. , X; < +o0c. In this exercise we use Girsanov’s
theorem in order to compute the law of sup,. , X;. We shall find, through a different
argument, the same result as in Exercise 5.17.

The idea is to compute the probability of the event {sup,., X; > R} with a change
of probability such that, with respect to the new probability, it has probability 1 and
then to “compensate” with the density of the new probability with respect to the
Wiener measure P.

a) Let Z, = ¢208—20" Show that (Z,), is an (.%,),-martingale and that if, for a fixed
T >0,

dQ = Zy dP

then Q is a probability and, ifE = B,—20t,then (2, %, (%)o<i<r, (E)ostsT, Q)
is a Brownian motion.

b) Show that (Z; '), is a Q-martingale. Note that Z; ! = e 2%,

c) Let R > 0 and 1z = inf{t; X, = R}. Show that P(t;x < T) = EQ(l{tR<T}Z;/1\‘[R)
and

P(g <T) =e ?RQ(r < 7). (12.21)

d) Show that P(tz < +00) = e 2% hence the r.v. sup,. , X; has an exponential law
with parameter 26.

) {tr < T} € Fr, and we can apply the stopping theorem to the Q-martingale (Z;7'),.

12.4 (p.607) Let B = (£2,.7,(%):, (By):, P) be a standard Brownian motion. In
Exercise 8.14 it is proved that

on(- gty e (= [ B [ B
ex — = eX — s — s
V-t PAT a2y PAUT 1= 72 ), (=92

is a martingale for 7 € [0, T] for every T < 1. Let Q be a new probability on (§2, .%)
defined as dQ = Zy dP. Show that, with respect to Q, (B,); is a process that we have
already seen many times.

12.5 (p.607) Let X = (£2,%,(Z);, (X;):, P) be an m-dimensional Brownian
motion. The aim of this exercise is to compute

= e (1 [ 1xPas)]

Zt:
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It may help to first have a look at Exercise 1.12 and, for d), at the properties of the
Laplace transform in Sect. 5.7.

a) Let

t 92 t
Z,:exp(@/ XodX,— / |XS|2ds).
0 0

Show that E(Z;) = 1 for every ¢ > 0.

b) Let Q be the probability on (£2,.%7) defined as dQ = Zr dP. Prove that, with
respect to Q, on the time interval [0, 7] X is an Ornstein—Uhlenbeck process (see
Sect.9.2). What is the mean and the covariance matrix of X;, 0 < t < T, with
respect to Q?

¢) Prove that, if A = —922 andr < T,

J, = EQ [e—g(\Xx\z—mr)]

and determine the value of J, for A < 0.
d) Compute J; for every A € R.

12.6 (p.609) Let X = (£2, 7%, (%), (X;);, P) be a real Brownian motion.

al) Letb: R — R be a bounded continuously differentiable function and x a fixed
real number. Determine a new probability Q on (£2,.%) such that, with respect
to Q, the process B, = X; — for b(Xy 4+ x) ds is a Brownian motion for t < T.
Prove that, with respect to Q, the process Y; = x + X; is the solution of an SDE
to be determined.

a2) Let U be a primitive of b. Prove that dQ = Zr dP with

Z, = exp (U(X, 1) —U) — ; /0 (X, 1) + B2, ) ds) . (1222)

bl) Let b(z) = ktanh(kz + c) for some constant k. Prove that b'(z) + b*(z) = k°.
b2) Let Y be the solution of

dY, = ktanh(kY; + ¢) dt + dB, (12.23)
Y() =X.
Compute the Laplace transform of Y, and show that the law of Y; is a mixture of
Gaussian laws, i.e. of the form o) + (1 — o) 2, where 0 < o < 1 and py, po
are Gaussian laws to be determined.
b3) Compute E[Y;].

b2) A primitive of z > tanh z is z = log cosh z.
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12.7 (p.611) (Wiener measure gives positive mass to every open set of 6p) Let as
usual ¥ = %([0, T], R™) endowed with the topology of uniform convergence and
let P be the Wiener measure on % Let us denote by % the closed subspace of €’
formed by the paths y such that yy = 0.

a) Show that PY (%) = 1.

b) Recall that, for a real Brownian motion, if t denotes the exit time from [—r, 7],
r > 0, then the event {r > T} has positive probability for every T > 0
(Exercise 10.5 ¢)). Deduce that P (A) > 0 for every open set A C ¢ containing
the path y = 0.

¢) Note that the paths of the form y, = fot @, ds, with @ € L*(RT,R™), are dense
in %y (they form a subset of the paths that are twice differentiable that are dense
themselves). Deduce that P (A) > 0 for every open set A C %p.

b) A neighborhood of the path y = 0 is of the form V = {w;supy,<y [w;| < n} for some

T,n > 0. c) Use Girsanov’s formula to “translate” the open set A to be a neighborhood of the
origin.

12.8 (p.612) In this exercise we use the Feynman—Kac formula in order to find
explicitly the solution of the problem

1 9
, Bu.n) + BLtt (1) — AxPue, 1) = 0 if (x,7) € R™ x [0, T
ux, T)=1,

(12.24)

where A > 0. Let X = (£2,.%,(%):, (B:);,P) be a m-dimensional Brownian
motion. By Theorem 10.6, a solution of (12.24) is given by

u(x, 1) = E¥ [e_)‘ i \xst] ’

where (2, %, (F)s, (X1)r, (P*')y;) is the canonical diffusion associated to the
operator L = éA. We know that, with respect to P*/, the canonical process (X;),>/
has the same law as (B;—; + x),, where (B;); is a Brownian motion. Hence for x = 0,
t = 0 we shall recover the result of Exercise 12.5.

a) Forx e R"and 0 € R, let

t 92 t
Z; = exp (9/ (By + x)dB; — 5 / |B; + x|? ds) .
0 0

Show that E(Z7) = 1.

b) Let Q be the probability on (£2,.%7) defined as dQ = Zr dP. Prove that, with
respect to Q, Yy = By +x is an Ornstein—Uhlenbeck process (see Sect. 9.2). What
is the mean and the covariance matrix of By 4 x with respect to Q?
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¢) Prove that, under P,
T 1
/ (B + x) dB, = 5 (|IBr + x> = |x|* = mT) (12.25)
0

and deduce that, for every 6 > 0,
92
E[ exp ( ~,

d) Prove (or take as granted) that, if W is an m-dimensional N (b, 021)-distributed
r.v., then

T
/ |B‘v + X|2ds):| = eg (’"T+|X\2)EQ|:e—g \B]'+x|2] '
0

0
OIWN _ (1 _ 7~20\—m/2 2
E(™) = (1-2070) exp(1 L ) (12.26)

for every 6 < (20%)7\.
e) What is the value of E[ exp ( — 922 fOT |Bs + x| ds)]?
f) Derive from b) and e) that a solution of (12.24) is

V22 |x|?
2

u(x,t) = cosh («/2)& (T - t))_m/2 exp [ — tanh («/2)& (T - t))] .

Is it unique?
a) Use the criterion of Proposition 12.2 b) and Exercise 1.12.
12.9 (p.615) Let B be an m-dimensional Brownian motion, 7 > O andf : R” — R

a bounded measurable function. We know (Theorem 12.4) that there exists a process
X € M? such that

T
f(Br) = E[f(Br)] + /O X, dBy . (12.27)

In this exercise we determine X explicitly (Theorem 12.4 is not necessary).

a) Determine a function ¥ : [0, T[xR™ — R such that

E[f(Br)|.F1] = ¥ (B:.1)

and show that v is actually differentiable infinitely many times on R” x [0, T7.
What is the value of (0, 0)?

b) Write the stochastic differential of Z, = ¥ (B;,t). Because of what possible
reason can you state that

1
dt +2Aw_0
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without actually computing the derivatives? Prove that, for every r < T,

¥ (B, 1) = ¥(0,0) —I—/O V. (Bs,s)dB; . (12.28)

cl) Determine a process X € M>([0, T]) such that (12.27) holds.
c2) Determine X explicitly if the dimension of Bis m = 1 and f(x) = 1g0)-
d) Prove that if, in addition, f is differentiable with bounded first derivatives,
then (12.27) holds with X; = E[f’(Br)| %]



Chapter 13
An Application: Finance

Stochastic processes are useful as models of random phenomena, among which a
particularly interesting instance is given by the evolution of the values of financial
(stocks, bonds, ...) and monetary assets listed on the Stock Exchange.

In this chapter we develop some models adapted for these situation and we
discuss their application to some typical problems.

13.1 Stocks and options

In a stock exchange, besides the more traditional stocks, bonds and commodities,
there are plenty of securities or derivative securities which are quoted and traded. A
derivative security (also called a contingent claim), as opposed to a primary (stock,
bond,...) security, is a security whose value depends on the prices of other assets of
the market.

An option is an example of a derivative: a call option is a contract which
guarantees to its holder the right (but not the obligation) to buy a given asset
(stock, commodity, currency, . ..), which we shall refer to as the underlying
asset, at a given time T (the maturity) and at a price K fixed in advance (the
strike price).

These types of contracts have an old history and they became increasingly practised
at the end of the 60s with the institution of the Chicago Board Options Exchange. A
call option is obviously intended to guarantee the holder of being able to acquire the
underlying asset at a price that is not larger than K (and therefore being safe from
market fluctuations).

© Springer International Publishing AG 2017 395
P. Baldi, Stochastic Calculus, Universitext, DOI 10.1007/978-3-319-62226-2_13



396 13 An Application: Finance

If at maturity the underlying asset has a price greater than K, the holder of the
option will exercise his right and will obtain the asset at the price K. Otherwise he
will choose to drop the option and buy the asset on the market at a lower price.

To be precise, assume that the call option is written on a single asset whose price
S is modeled by some process (£2,.%, (%), (S)r, P). Then the value Z that the
issuer of the option has to pay at maturity is equal to 0 if S; < K (the option is not
exercised) and to S7 — K if Sy > K. In short it is equal to (S — K) . This quantity
(St — K)™T is the payoff of the call option.

Many other kinds of options exist. For instance put options, which guarantee the
owner the right to sell at a maturity time 7 a certain asset at a price not lower than K.
In this case, the issuer of the option is bound to pay an amount K — Sy if the price St
at time 7 is smaller than the strike K and O otherwise. The payoff of the put option
is therefore (K — S7) ™. Other examples are considered later (see Example 13.3 and
Exercise 13.4, for instance)

A problem of interest, since the appearance of these derivatives on the market, is
to evaluate the right price of an option. Actually the issuer of the option faces a risk:
in the case of a call option, if at time T the price of the stipulated asset turns out to
be greater than the strike price K, he would be compelled to hand to the owner the
amount S7 — K. How much should the issuer be paid in order to compensate the risk
that he is going to face?

A second important question, also connected with the determination of the price,
concerns the strategy of the issuer in order to protect himself from a loss (to
“hedge”).

Put and call options are examples of the so-called European options: each of these
is characterized by its maturity and its payoff. One can formalize this as follows

Definition 13.1 A European option Z with maturity T is a pair (Z, T), where
T is the maturity date and Z, the payoff, is a non-negative .#r-measurable r.v.

In the case of calls and puts the payoff is a function of the value of the underlying
asset at the maturity 7. More generally, an option can be a functional of the whole
price process up to time 7 and there are examples of options of interest from
the financial point of view which are of this kind (see again Example 13.3 and
Exercise 13.4, for instance).

There are also other kinds of options, such as American options, which differ
from the European ones in the exercise date: they can be exercised at any instant
t < T. Their treatment, however, requires tools that are beyond the scope of this
book.

In the next sections we develop the key arguments leading to the determination
of the fair price of an option. We shall also discuss which stochastic processes might
be reasonable models for the evolution of the price of the underlying asset. In the
last section, Sect. 13.6, we shall go deeper into the investigation of the most classical
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model in mathematical finance, the Black-Scholes model, and we shall be able to
derive explicit formulas for the price of the options and for some related quantities.
Constructing the models, we shall take into account the following facts.

* There are no transaction costs in buying or selling assets and no taxes.

* Short-selling is admitted, i.e. it is possible to sell assets that are not actually
in possession of the vendor: investors who do not own a stock can sell
shares of it and arrange with the owner at some future date to be payed an
amount equal to the price at that date.

* It is possible to buy or sell fractions of a security.

These facts constitute an ideal market that does not exist in real life. Hence
our models must be considered as a first approximation of the real markets. In
particular, models taking into account transaction costs (as in real markets) have
been developed, but they introduce additional complications and it is wiser to start
with our simple model in order to clarify the main ideas.

Some financial slang:

* holder of an option: the individual/company that has acquired the rights of
the option;

* issuer of an option: the individual/company that has issued the option and
has acquired the obligations connected to it;

e to be short (of something): this is said of someone who has short sold
something.

13.2 Trading strategies and arbitrage

Let B = (2, #, (%), (B));, P) be a d-dimensional Brownian motion.

Throughout this chapter we assume that .%, = ¢,, i.e. that the filtration (%)),
is the natural augmented filtration of B (see p. 32 and Sect. 4.5)

Actually it will be clear that this assumption is crucial in many instances.
We shall consider a market where m + 1 assets are present and we shall denote
their prices by Sp, S1, ..., S,. We shall, by now, assume that the prices Sy, ..., S,
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are Ito processes with stochastic differentials

d
dsi(t) = Ay dt + Y _ Gy (1) dB;(1) , (13.1)
j=1

where A;, G;; are continuous adapted processes. We shall assume, moreover, that the
solution S is such that S;(t) > 0 a.s forevery ¢ € [0, T]. This is, of course, a condition
that must be satisfied by every good model . The process Sy will have differential

dSo(t) = r,So(t) dt , (13.2)

where (7;), is a non-negative bounded progressively measurable process (the spot
interest rate). If we assume Sy(s) = 1 then

So(t) = el rudn (13.3)

Typically Sy is an investment of the type of treasury bonds or money deposited into
a bank account: it is the riskless asset (even if its evolution is however random, as
here we assume that the spot interest rate is a stochastic process).

The model (13.1), (13.2) is very general and we shall see later more explicit
choices for the processes A;, G;; and r.

An investor may decide to invest an amount of money by acquiring shares of the
m + 1 assets of the market.

A trading strategy (or simply, a strategy) over the trading interval
[0, 7] is a progressively measurable (m + 1)-dimensional process H, =
(Ho(t),H\(?),...,Hy,(t)) whose general component H;(f) stands for the
number of units of the i-th security held by an investor at time ¢. The portfolio
associated to the strategy H is the corresponding wealth process:

Vi(H) = (H,.S;) = > Hi(0)Si(t). t€[0.T]. (13.4)
i=0

The initial value of the portfolio Vo(H) represents the initial investment of the
strategy H.

At any moment the investor may decide to move part of his wealth from one asset
to another. A particularly important type of trading strategy, from our point of view,
is one in which he does not add or remove capital from the portfolio. The rigorous
definition is given below.
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We shall assume that the trading strategy H, = (H(¢), H\(¢), ..., H,(t)) satisfies
the condition

T m T
/ |H0(t)|dt+Z/ |[Hi(1))?dt < o0 as. (13.5)
0 i=1 70

The trading strategy H is said to be self-financing over the time interval [0, T
if it satisfies (13.5) and its associated portfolio V;(H) satisfies the relation

dVi(H) = (H,.dS;) = Y Hi(1)dSi(r), 0=<t=<T. (13.6)
i=0

Therefore a strategy is self-financing if the variations of the associated portfolio,
in a small time period, depend only on increments of the asset prices Sy, ..., Sn,
i.e. changes in the portfolio are due to capital gains or losses and not to increase or
decrease of the invested funds.

Notice that the requirements (13.5) are technical and are necessary for the
differentials appearing in (13.6) to be well defined. In fact, as the processes ¢ —
Ai(t), t — Gy(t) and t — r, are bounded on [0, 7] for every w (4; and Gj
have continuous paths), then Hyr € M} ([0,T]), H:A; € M} ([0,T]) for every

loc
i =1,...,m, and also H;G; € M3 ([0, T)) for every i,j (see also Remark 7.1 a)).
Of course (13.6) can be written as

m m d
dVi(H) = Ho(t) r; S{dt + Y " Hi(OA:(Ddt + Y Hi(t) Y Gy(1) dB;(1) .
i=1 i=1 j=1

In particular, the portfolio V(H) associated to a self-financing strategy H is a Ito
process. Let

iy = SO finasg P —
S,(t)—SO(t) =e Si(H), i=1,....,m
S o ViH)
Vi{(H) = So(t) e V:(H) .

Notice that, thanks to (13.4), Vt(H) = Ho(t) + Y_r, H;(#) S:(). We shall refer
toS, = (§1 ®,... ,En(t)) as the discounted price process and to V(H) as the
discounted portfolio. Intuitively, E(z‘) is the amount of money that must be invested
at time O into the riskless asset in order to have the amount S;(¢) at time ¢. Note that
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by Ito’s formula, as ¢ — fot 1, ds has finite variation,

dSi(t) = —re= B8 (8) dr 4+ e~ 0D as,(r)

~ f (13.7
= —rSi(H)dt + e~ Jorsds ds;(1) . )

The following result expresses the property of being self-financing in terms of the
discounted portfolio.

Proposition 13.1 Let H, = (Ho(t),Hi(?),...,Hy(?)) be a trading strategy
satisfying (13.5). Then H is self-financing if and only if

Vi(H) = Vo(H) + Zm:/THi(f) dsi(n, telo0,1]. (13.8)
=170

Proof Suppose that H is self-financing. Then, by Ito’s formula and (13.7),

dV,(H) = d(e—fé reds v,(H)) = —re oy (Hy d + e I d gy, (H)
— e i df( — 1 Y H(D) Sty de + Y Hio) dS,-(t))
i=0 i=0
but, as Hy(t)dSo () = r.Hy(t)So (), the terms with index i = 0 cancel and we have

co=eh d( —n Xm:Hi(t) Si(r) dt + Xm:Hi(t) dSi(t))
i=1 i=1

- Z Hi(1) ( —re” B (1) di + e 107 dSi(r) )
= =d5()
and, as VO(H) = Vu(H), (13.8) holds. Conversely, if V(H) satisfies (13.8), again by
Ito’s formula and (13.7)

dV,(H) = d(efé dSV,(H)) = 1l SV, (H) di + &b 3" Hy(1) dSi(0)

i=1

=V (Hydi + e 3 Hi) ( — 1Sty dt + e Jorsds dSi(t))

i=1

= rVi(H)dt—r, Y Hi(0)Si(t)dt + Y Hi(t) dSi(1)

i=1 i=1
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and again using the relation Hy(£)dSy(t) = rHo(£)So(?),

o= ViH)dt—r Yy H(0)Si(0) de+ Y Hi(t)dSi(t) = Y Hi(t) dSi(0) .
i=0 i=0 i=0

=Vi(H)

i.e. H is self financing. O

Let us now introduce the following sub-class of self-financing strategies.

A self-financing strategy H is said to be admissible if V,(H) > 0 for every f,
a.s.

To be precise, note that the processes H; can take negative values corresponding to
short selling of the corresponding assets. In order for a strategy to be admissible it
is required, however, that the overall wealth V;(H) of the portfolio remains > 0 for
every ¢ (i.e. that the investor is solvable at all times).

A self-financing trading strategy H over [0, T] is said to be an arbitrage
strategy if the associated portfolio V,(H) satisfies

Vo(H) =0
Vi(H) > Oas. foreveryt <T (13.9)
P(Vr(H) >0) > 0.

Roughly speaking, an arbitrage portfolio requires no initial capital (this is the
assumption Vo(H) = 0), its value is never negative (i.e. its admissible) and can
produce a gain with strictly positive probability.

As one can imagine, an arbitrage is an operation that is seldom possible. It can
happen for instance that, keeping in mind the parity between euro and yen, the dollar
is cheaper in Tokyo than in Milano. An operator might then buy dollars in Tokyo
and sell them in Milano; he could pay the purchase in Japan with the money from
the sale in Italy and make a gain with no risk and without the need of any capital.
Such a situation is therefore an arbitrage as it satisfies the three conditions (13.9).

In the real market these situations do appear, but seldom and in any case during a
very short time span: in the example above purchases in Tokyo and sales in Milano
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would quickly provoke a raise of the exchange rate in Japan and a drop in Italy, thus
closing the possibility of arbitrage.

Therefore it is commonly assumed that in a reasonable model no arbitrage
strategy should be possible.

Definition 13.2 A market model is said to be arbitrage-free if every admis-
sible strategy H on [0, T] with Vo(H) = 0 is such that P(Vr(H) > 0) = 0.

We shall see in the next section that the arbitrage-free property is equivalent to an
important mathematical property of the model.

13.3 Equivalent martingale measures

Definition 13.3 A probability P* on (£2, .%7) is called an equivalent martin-
gale measure if P* is equivalent to P on .77 and the discounted price processes
S1(0), ..., Su(t) are (%;),-martingales under P*.

Equivalent martingale measures play a very important role in our analysis. Does an
equivalent martingale measure exist for the model (13.1)? Is it unique? We shall
investigate these questions later. In this section and in the next one we shall point
out the consequences of the existence and uniqueness of an equivalent martingale
measure.

Thanks to Theorem 12.7, if P* is an equivalent martingale measure, there exists
a progressively measurable process @ € M2 ([0, T]) such that

dpP¥ .
\FT _ oJo @edB—] [ 0, ds

dP|z,

Therefore by Girsanov’s Theorem 12.1 the process

t
B:(:Br_/ ¢sds
0
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is a P*-Brownian motion and, recalling (13.1) and (13.7), under P* the discounted
prices have a differential

dsi(1)
d
= (_r,’s“i(t) +ehrda ) + e b3 Gy @) ) dt
_ =1 _ (13.10)

d
e b N7 Gy(n) dBr (1)
j=1

Therefore the prices, which are supposed to be Ito processes under the “old”
probability P, are also Ito processes under P*. Note also that properties of the trading
strategies as being self-financed, admissible or arbitrage are preserved under the new
probability.

The requirement that the components of S are martingales dictates that the
quantity indicated by the brace in (13.10) must vanish. The following proposition is
almost obvious.

Proposition 13.2 If there exists an equivalent martingale measure P*, the
discounted portfolio V(H) associated to any self-financing strategy H is a
local martingale under P*. Moreover, if H is admissible on [0, 7], then V(H)
is an (.%;),-supermartingale under P* on [0, T].

Proof Let H be a self-financing strategy. Then by Proposition 13.1 and (13.10),
under P*

m m d
dVi(H) = Y H() dS, () = e Y Hi0) Y Gyt dBF (1)

i=1 i=1 j=1

fort < T. As t — Gj(t, ) is continuous and therefore bounded for every i and j on
[0, T], and H; € M2, ([0, T]) for every i (recall that this condition is required in the
definition of a self-financing strategy), it follows that H;G; € M2, ([0, T]) for every
i =1,...,m and therefore V(H) is a local martingale on [0, T].

If H is admissible, then V(H) is self-financing and such that V,(H) > 0 a.s.
for every ¢ under P. As P* is equivalent to P, then also V,(H) > 0 a.s. under P*.
Hence under P*, V(H ) is a positive local martingale and therefore a supermartingale
(Proposition 7.5). ]
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Note that, thanks to (13.10), under P* the (undiscounted) price process S follows
the SDE

dSi(t) = d(eh"Ty(0)) = el Ty dr + b dSi()
d

13.11

= rSi(dt + Y GydBX(1) . (13.11)

Jj=1

In particular, the drift # — A;(¢) is replaced by ¢ > r.S;(f) and the evolution of the
prices under P* does not depend on the processes A;.

The next statement explains the importance of equivalent martingale measures
and their relation with arbitrage.

Proposition 13.3 If there exists an equivalent martingale measure P*, the
market model is arbitrage-free.

Proof We must prove that for every admissible strategy H over [0, 7] such that
Vo(H) = 0 a.s. we must have Vr(H) = 0 a.s. By Proposition 13.2, V,(H) is a
non-negative supermartingale under P*, hence

0 < E*[V4(H)] < E*[Vo(H)] = 0.

Therefore, as V7 (H) > 0, necessarily P* (VT(H) > 0) = 0, and then, as P and P*
are equivalent, also P(Vy(H) > 0) = 0. O

Often we shall need the discounted portfolio to be a true martingale and not just a
local one. Thus, we introduce the following definition, which requires the existence
of an equivalent martingale measure P*.

Let P* be an equivalent martingale measure. For T > 0, .#7(P*) will denote
the class of the admissible strategies H on [0, T] such that the associated
discounted portfolio V(H) is an (.%;),-P*-martingale on [0, 7.

13.4 Replicating strategies and market completeness

Definition 13.4 Assume that an equivalent martingale measure P* exists. We
say that a European option (Z, T) is attainable if there exists a strategy H €
Mr(P*) such that Vr(H) = Z. Such a strategy H is said to replicate the option
(Z,7) in Ar(P*).
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Remark 13.1 1f H € ./r(P*) then the corresponding discounted portfolio
V(H) is a martingale under P*, hence Vr(H) is P*-integrable and the same is
true for Vy(H) = elo s sy, (H), as the spot rate r is assumed to be bounded.

Therefore the condition Z € L!(£2,.%7,P*) is necessary for the option
(Z,T) to be attainable.

From now on we denote by E* the expectation with respect to P*.

Proposition 13.4 Assume that an equivalent martingale measure P* exists
and let (Z,T) be an attainable European option. Then for every replicating
strategy H € .1 (P*) the corresponding portfolio is given by

V.(H) = E* [e—ff"vdfz | 3&7] . (13.12)

Proof The r.v.e™ VAT integrable under P*, because Z is integrable under P*
and r > 0. Moreover, for every replicating strategy H € .47 (P*) for Z, V(H) is a
P*-martingale, hence

Vi(H) = eV (H) = b S B [Vo(H) | ] = el @B e b n () | 7]
— e.fotrxds E*[e—forrsdsz | %] — E*[e—frTrstZ I (th] .

|

Let V; = E*[e” frds 7 ‘ Z;]. Proposition 13.4 suggests that (13.12) should be the
right price of an option at time . In fact, whenever an equivalent martingale measure
exists, the issuer of the option with an amount V, can start at time ¢ an admissible
strategy covering the payoff at maturity.

From another point of view, if the price at time # was not given by (13.12) there
would be a possibility of arbitrage. If the price was fixed at a level C, > V,, then
an investor could set up a portfolio by selling the option, thus acquiring the amount
C;. Part of this amount would be used in order to set up the replicating portfolio.
He would invest the difference C; — V; into the riskless asset. This operation does
not require any capital to be engaged. At maturity the replicating portfolio would
have the same value as the payoff of the option and the investor would remain with
a strictly positive gain of (C; — V) el rs s which constitutes an arbitrage.

In quite a similar way an arbitrage portfolio can be produced if the price was
fixed at alevel C; < V.
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T
Fort < T, the value V, = E* [e_fr 145 7 | #,] is the no-arbitrage price of the
European option Z at time t.

This definition of price obviously depends on the martingale measure P*. This might
not be unique but the next statement asserts that, if many equivalent martingale
measures exist, the respective prices and replicating portfolios coincide.

Proposition 13.5 Suppose there exist two equivalent martingale measures
P} and P}. Let (Z,T) be a European option attainable both in .#7(P}) and
A1(P3). Then the values at any time ¢ of the two replicating portfolios agree
and are equal to

Vi =Ei[e i b z] 7| =B3[eF i z] 7],

where E! denotes the expectation under P, i = 1,2. In particular, the no-
arbitrage prices under P} and P} agree.

Proof Let H; and H, be replicating strategies for (Z, T) in .#7(P}) and .#7(P}),
respectively. In particular, they are both admissible and Z is integrable both with
respect to P{ and P7. Since P{ and P are both equivalent martingale measures, by
Proposition 13 4 V(Hl) isa P*-supermartlngale and V(Hz) isaPy- supermartlngale

Moreover, Vr(H)) = Z = VT(Hz) and thus VT(Hl) = e Jo rs sz =
VT(HZ) and by Proposition 13.4, V,(Hl) = E*[ -y ndsz | F ] and Vt(Hz) =

Ef[e=/ v 7| .7,]. As V(H)) is a P} supermartingale we have P3-a.s.
~ T
Vi) = B; o™i v 2| 2] = B3 (Ve ()| 7 < Vi)

By interchanging the role of P} and P5, we obtain Vt(Hz) > Vt(Hl) P}-a.s. as well
and hence, as P}, P} and P are equivalent (so that P-a.s. is the same as P}-a.s.), the
two conditional expectations agree. O

In summary, the existence of an equivalent martingale measure P* (i.e. a measure
equivalent to P under which the discounted price processes are martingales) has two
important consequences.

 Every discounted portfolio is a P*-local martingale.
* The market is arbitrage free, which allows us to determine the non-arbitrage price
for attainable options and the existence of a replicating strategy.
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One might ask whether the converse of the last statement also holds: is it true
that absence of arbitrage implies existence of an equivalent martingale measure?

The answer is positive: this is the fundamental theorem of asset pricing. In the
literature there are several results in this direction, according to the model chosen
for the market: the interested reader can refer to Musiela and Rutkowski (2005) and
the references therein.

We have seen that if an equivalent martingale measure exists, the no arbitrage-
price is well defined for every attainable option. Therefore it would be nice if every
option (at least under suitable integrability assumptions) were attainable.

Assume that there exists an equivalent martingale measure P*. The model is
said to be complete if every European option (Z, T) with Z € L*(2, %, P¥)
is attainable in .#7(P*) for every equivalent martingale measure P*. Other-
wise the market model is said to be incomplete.

We have the following fundamental result

Theorem 13.1 If the model is complete then the equivalent martingale
measure is unique.

Proof Suppose that there exist two equivalent martingale measures P} and P}. Let
A € Zr and consider the option (Z, T) defined as Z = elo rsds | 4. Notice that Z is
Fr-measurable and, as r is assumed to be bounded, Z € (2, Pl’.“) for every p and
i = 1, 2. Since the market is complete, Z is attainable both in .#7(P}) and .#7(P5).
Hence, by Proposition 13.5,

PT(A) = ET [e_forrxdé‘ Z:I = E; I:e_./;)Trst Z] — P;((A) .

As this holds for every A € %7, Pf = P} on Jr, i.e. the equivalent martingale
measure is unique. O

13.5 The generalized Black—Scholes models

In the previous sections we investigated general properties of the very general
model (13.1), (13.2). In this section we introduce a more precise model, which is a
particular case of (13.1) and (13.2), and we investigate the existence of an equivalent
martingale measure and completeness.
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Let us recall first some properties that a reasonable model should enjoy.

As remarked on p. 398, prices must remain positive at all times i.e., if we assume
a situation where only one asset is present on the market, it will be necessary for its
price S; to be > 0 a.s. for every r > 0.

Moreover, the increments of the price must always be considered in a multi-
plicative sense: reading in a financial newspaper that between time s and time ¢ an
increment of p% has taken place, this means that = 14 f,- It is therefore
wise to model the logarithm of the price rather than the price itself. These and other
considerations lead to the suggestion, in the case m = 1 (i.e. of a single risky asset),
of an SDE of the form

ds,
5 = b(S;, 1) dt + o (S, 1) dB, (13.13)
S =x.

If b and o are constants, this equation is of the same kind as (9.6) on p.259 and we
know that its solution is a geometric Brownian motion, i.e.

0.2
S, = xe(b_ 5 )(t=s)+0(Bi—By) , (13.14)

which, if the initial position x is positive, is a process taking only positive values.
More precisely, we shall consider a market where m + 1 assets are present with
prices denoted So, S, .. ., S;». We shall assume that Sy is as in (13.2), i.e.

So(t) = efirud

for a non-negative bounded progressively measurable process r. As for the other
assets we shall assume that they follow the SDE

dsi(r)

d
s ~ biSend+ Y 0y(Si.1) dBi(1) (13.15)

j=1

where S; = (S1(¢), ..., Su(2)). Recall that in this model there are m risky assets and
that their evolution is driven by a d-dimensional Brownian motion, possibly with
m#d.

We shall make the assumption

b and o are bounded and locally Lipschitz continuous.

With this assumption the price process S is the solution of an SDE with coefficients
satisfying Assumption (A) on p. 260. In particular (Theorem 9.1), S € M?>.
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This is the generalized Black—Scholes (or Dupire) model. In the financial models
the diffusion coefficient is usually referred to as the volatility.

By Ito’s formula applied to the function f : z = (z1,....2m)
(logzi, . ..,logzy), the process ¢; = (log Si(?), ... ,log S, (7)) solves the SDE

d
1
dei(t) = (bi(eff”), 1) dt — 5 a;; (50, t)) dr + Zoik(eff“), 1) dBy(1) . (13.16)

Jj=1

where a = oo ™. This not a rigorous application of Ito’s formula, as f is not even
defined on the whole of R, but note that the assumptions stated for » and o guarantee
that the SDE (13.16) has a unique solution, ¢, defined for every ¢ > 0. It is then easy
by Ito’s formula, correctly applied to f~! : (y,...,ym) = ("1, ...,e"), to check
that S, = xe¥ > 0 is a solution of (13.13).

Hence if S;(s) = x; > 0 then S;(¢) > 0 for every ¢t > s a.s., which is a good thing,
as remarked above.

Let us investigate the properties of this model starting from the existence
and uniqueness of an equivalent martingale measure. The next theorem gives a
characterization of the equivalent martingale measures in the generalize Black—
Scholes model.

Theorem 13.2 The following are equivalent.

a) An equivalent martingale measure P* exists.
b) There exists a process y € M2 _such that

loc
1t

£ = e./&; YudBu— Jo lyul* du (13.17)

is an (%,),-martingale and y is a solution of the system of m equations (but
y is d-dimensional)

o(S,)y() = R —b(S,, 1), (13.18)

where R, denotes the m-dimensional process having all its components
equal to r;.

Proof Let us assume that b) holds and let P* be the probability having density &7
with respect to P. By Girsanov’s theorem, Theorem 12.1, the process

t
B} =B,—/ Vudu (13.19)
0
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is, for # < T, a Brownian motion with respect to the new probability dP* = & dP
and under P* the discounted price process, thanks to (13.10), satisfies

ds; d .,
§(£;) = (bi(Si(t), t) - rt) dt + Z Uij(Si(t), t) dBj(t) = Z aij(Si(t), t) dBj* (t) '
L =1 =

Let us prove that Siisa martingale with respect to P*. Let us apply Ito’s formula
and compute the stochastic differential of ¢ logg‘i(t) or, to be precise, let f; be
a function coinciding with log on Je, +00o[ and extended to R so that it is twice
differentiable. If 7, denotes the exit time of 3‘, from the half-line ]&, +00[, then Ito’s
formula gives

log Si(t A .)

AT, IATe

—togx+ [ LGS+, [ 5 Gw)aB),
:10gXi+/tAtg~1 dE(u)_;/tAtg,vl d(E);,{

Si(u) Si(u)?
int, d 1 fine d )
= logx; + [ ;UU(S[(H), i) dBj’."(u) —, /0 ;aij(Si(u), u)-du .

(13.20)

As we know that S;(r) > 0, hence also E(t) > 0, for every r > 0 a.s., we have
T = +o0as ¢ — 0+, so that we can take the limit as ¢ — 0+ in (13.20), which
gives for S; the expression

Si(6) = xiexp / Zo,,(s (w), u) dB () — / Zo,,(s (), 1) du).

As o is assumed to be bounded,g’; is a martingale, thanks to Proposition 12.1.

Conversely, if an equivalent martingale measure P* exists, then by Theorem 12.7
there exists a process y € M2 such that the .v. &7 defined by (13.17) is the density
of P* with respect to P on Zr. Then with respect to P* the process B* defined
in (13.19) is a Brownian motion up to time 7 so that, for 0 < ¢ < T, S; is a solution
of

dSi(t)

30 (b (Si0), 1) — r, + Zal,(s ), t))y,(t)) dr + Zo,,(s (1), 1) dBX (1) .

Jj=1 Jj=1
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AsS;isa martingale with respect to P*, then necessarily the coefficient of df in the
previous differential vanishes, i.e.

bi(SHD, 1) — i+ Y 05(Si(1), 1) y;(1) = 0

J=1

foreveryi=1,...,m,i.e.(13.18). O

Recall that, as seen in the proof of Theorem 13.2, the processes?,- satisfy under
P* the relation

dSi(t) _ <~ )
50 =Y 0;(Si.1)dB} (1) (13.21)

j=1

whereas for the undiscounted price processes we have

ds;(t)

d
s =" dt+ ) 0y(Si. 1) dB] (1) . (13.22)

j=1

If the price processes S; are martingales under the probability P*, the process y
introduced in Theorem 13.2 is called the market price of risk.

Let us now investigate the existence of an equivalent martingale measure for the
generalized Black—Scholes model.

Proposition 13.6 Suppose d > m (i.e. that the dimension of the driving
Brownian motion is larger than or equal to the number of risky assets), that
o (x, t) has maximum rank for every (x, 7) (i.e. o (x, f) has rank equal to m) and,
moreover, that the matrix field a = oo* is uniformly elliptic with its smallest
eigenvalue bounded from below by A > 0 (Definition 9.5 and (9.41)).

Then, there exists at least an equivalent martingale measure P* and the
corresponding market price of risk y is bounded a.s.

Moreover, if d = m the process y is unique and is the unique solution
of (13.18). Conversely, if d > m then there is no uniqueness for the equivalent
martingale measure.

Proof We know, see Remark 9.7, that the assumption of ellipticity implies that
a(x, t) is invertible for every x, t. Let us first consider the case d = m and therefore
that o (x, 7) is invertible for every x, t. Equation (13.18) then has the unique solution

v =0(S;, t)_l(Rt —b(S1, 1) .
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Such a process y is bounded. In fact

y:l* = (U(Sts n~' (Rt —b(S:, t)), oS! (Rt —b(S1, t)))
= ((UU*(Sr» 0! (Rr —b(S:, t))th —b(S:, t)) = \ IR, — b(Si.0)|> <K .

A
=a(x.))"!
(13.23)

The existence of an equivalent martingale measure is now a consequence of
Theorem 13.2. If d > m the argument is similar but we cannot argue in the same
way, as now o (x, ) is not invertible. Actually o (x, f) has, for every x, 1, a (d — m)-
dimensional kernel. However, for every x, ¢, let p(x, f) be an orthogonal d x d matrix
such that its columns from the (m + 1)-th to the d-th form an orthogonal basis of
ker o (x, ¢). Then (13.18) can be written as

0(S1.0p(5:.1) p~ (Sr. )y = Ri — b(Sy.1) . (13.24)
=0 (5:,1)

The columns from the (m 4+ 1)-th to the d-th of the matrix o (S;, f) = o (S;, 1) p(S;, )
vanish, hence o (x, #) is of the form

U(xv t) = (E(xv t)v Om,d—m) s

where G (x, ) is an m x m matrix and 0,, 4, denotes an m x (d — m) matrix of zeros.
As

a(x,t) = o, o*(x, 1) = o(x,)0*(x,1) =6 (x, )5 " (x,1) ,
G (x, t) is invertible for every x, ¢. Let ¢; be the m-dimensional process
G(t) =S, )~ (R — b(S,. 1))

and let »(¢) be any bounded progressively measurable process taking values in

R4 Then the process y; = (222) satisfies the relation

o(S, 0 =R, —b(S;,1)

and y} = 0 1(S,,1)¢, is a solution of (13.24). A repetition of the argument as
in (13.23), proves that the process ¢; is bounded, hence also y* is bounded, thus
proving the existence of an equivalent martingale measure.

Finally, note that if d > m then there are many bounded solutions of (13.18) (for
any possible choice of a bounded progressively measurable process ). Hence if
d > m the equivalent martingale measure is not unique. O
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In particular, if d > m, the market cannot be complete, thanks to Proposition 13.1
(see, however, Remark 13.2 and Example 13.1 below). Let us investigate complete-
ness if d = m. The main point is contained in the next statement.

Lemma 13.1 Suppose d = m and that o™ is uniformly elliptic. Let
P* denote the unique equivalent martingale measure whose existence is
proved in Proposition 13.6. Let (Z,T) be a European option such that Z €
LY($2, Z7,P*) and let

Mt — E*I:e_-/bTrSdSZi‘%:I .

Then there exist m progressively measurable processes Hi, ..., H, € M _
such that

dM, =) Hi(t) dSi(1) .

i=1

Proof The idea is to use the representation theorem of martingales, Theorem 12.6,
recalling that in this chapter we assume that (), is the natural augmented filtration
of B. In fact, as M is a martingale of the Brownian filtration, we might expect to
have the representation:

~

. t
M,:E*[e_folff‘“z]+/ Y.dB*, 1€[0.T], (13.25)
0

where Y is a progressively measurable process in M2,.. In order to conclude the
proof it would be sufficient to choose H as the solution of

ZHi(t)E(t)oik(S,, N=Yt), k=1,....,m, (13.26)

i=1

i.e., o being invertible,

[(0*)~' (S, DY),

H;i(t) = 3.0)

i=1,....m. (13.27)

The integrability requirement for H is satisfied as (0*)™' is bounded (this has
already been proved in the proof of Proposition 13.6, as a consequence of the fact
that a = oo™ is uniformly elliptic) and S, is a strictly positive continuous process.
Therefore H; € M2, for every i because Yy € M2 for every k.

loc
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However, the representation theorem for Brownian martingales cannot be applied
in this setting. Indeed, as we are working under P*, thus with the Brownian motion
B*, the filtration to be taken into account in the representation theorem for Brownian
martingales is not (%), but (.%,),, i.e. the augmented filtration generated by B* and
completed by the P*-null sets (and in general, .#;* C .%#,). In other words, the above

argument would be correct if one had to work with E* [e_-/;T rsds 7| 9,*], and not
with E*[e=/ 7| 7,].

The argument that follows is necessary in order to take care of this difficulty. Let
y* denote the market price of risk (see Proposition 13.6) and let

g = hordB=3 il s
.

Py )
be the usual exponential martingale such that dP:i I = §&r. Let us consider the
o7
martingale

B[ Hrizg| 7).

Note that the expectation is taken under the original measure P and not P*
and that E[e‘foT ndzer] = E*[e‘foT 4 7], so that the r.v. el ds 7 £ s P-
integrable. Therefore (M;);cpo,1] is an (%;),-martingale under P and we can apply
the representation theorem for the martingales of the Brownian filtration and obtain

that there exists a progressively measurable process Y € M2 _ such that

- t
M, :E[e—fo' ’xdfng] + / Y, dB; .
0

Now, recalling the relation between conditional expectations under a change of
probability (Exercise 4.4),

T ¢ _ T ¢
W, = B[ i z) 5, Bleineze| 7] e[ hrezelz] oy,
= e Tsas , 1‘] = = =

Eltr | 7] & £

Let us compute the stochastic differential of M. We have
th == Yt dBt = Yt(ﬂiB;'< + )/r* dt)
and d§, = &y dB,, hence

1 1 1
d, = dét d(¢) = — )’t* dB; +

1 * *
- e te : Vi db,

1
ly P =~
t gt

&
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and with a final stroke of Ito’s formula

1
(Y, —M,y])dB; .

~ M 1
t t

M, * * 1 *
y, dB — Yy dt =
& & T g

3

This gives the representation formula (13.25) with Y, = £71(Y, — M), which
when inserted in (13.27) gives the process H we are looking for. It remains to prove
that Y € M2 , which is easy and left to the reader. O

loc?

Theorem 13.3 If m = d and the matrix field a(x, r) = 00 ™ (x, ) is uniformly
elliptic then the generalized Black—Scholes model (13.15) is complete.

Proof Let Z € L'($2,.%7,P*) be a positive r.v. We must prove that it is attainable.
Let

M, = E* [e—fd[ ndz| 9,] , 1€[0,7].

By Lemma 13.1 there exist m progressively measurable processes Hy,...,H, €
M2, such that

loc

dM, =) Hi()dSi(1) .

i=1

Let

Ho(t) = M, — Y _Hi(Si(t) . t€[0.7]. (13.28)

i=1

and consider the trading strategy H = (Ho, H,, . .., Hy) over [0, T]. Notice that for
the corresponding portfolio we have

Vi(H) = Ho(t) + Y _Hi(0)Si(t) = M, t€[0.T], (13.29)

i=1

hence Vr(H) = Z. Let us prove that H is admissible.
First observe Qat H §gtisﬁes (13.5). In fact, we already know that Hy, ..., H, €

Moreover, M and S are continuous; this proves that the H;S; are also in Mlzoc

M2

loc*

and from (13.28) Hy € M3, C M}, . By (13.29)

oc

dVi(H) = dM, = ) Hi()dSi(1) .

i=1
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so that V(H) is self-financing thanks to Proposition 13.1. Moreover, V,(H) =M, >
0 a.s. by construction, being the conditional expectation of a positive r.v. Therefore
H is admissible.

Moreover, H is a trading strategy in .#7(P*) as V(H) is a (;),-martingale under
P*: V,(H) = M, and M, is an (%#;),-P*-martingale by construction.

As, finally, Vy(H) = elo rds\o(H) = el ndpf, = 7, H replicates Z at time T
and Z is attainable. O

In the previous statements we have assumed d > m, i.e. that there are at least
as many Brownian motions as there are risky assets. If, conversely, d < m then the
solution of the equation

(S, 0)yr = b(Si, 1) — R
might not exist as o(x, ) is a matrix mapping RY — R™. Hence an equivalent

martingale measure might not exist and arbitrage is possible. Exercise 13.5 gives an
example of this phenomenon.

Remark 13.2 Let us criticize the theory developed so far.

The definition of a European option given in Definition 13.1 is not really
reasonable. An option in the real market is something that depends on the
value of the prices. The call and put options are of this kind, as well as the
other examples that we shall see in the next sections.

Therefore a reasonable definition of a European option would be that it
is a pair (Z, T) (payoff and maturity) such that Z is ¢ r-measurable where
I, = o(Ss, s < t, AN) denotes the filtration generated by the price process S
and augmented. It is clear that 5, C .%, and in general ¢ # .%, (recall that
we assume (%), = (¢,),, see also Remark 9.4).

Similarly it would be useful if the trading strategy H, at time ¢ were an
J¢-measurable r.v., i.e. a functional of the price process.

If m = d this turns out not to be a real problem: under the assumptions of
Theorem 13.3, i.e. the matrix field a(x, t) = oo™ (x, t) is uniformly elliptic, it
can be proved that the two filtrations (.%;), and (J¢,), coincide.

This equality of the two filtrations is not true if d > m. In this case,
however, one may ask whether a European option (Z,T) such that Z is
J¢r-measurable is attainable. The next example provides an approach to the
question.

Example 13.1 Let us consider a generalized Black—Scholes market model
with one risky asset satisfying the SDE, with respect to the two-dimensional

(continued)
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Example 13.1 (continued)
Brownian motion B,

ds

S’ = b(S,) dt + 01 dB,(t) + 02 dB> (1) , (13.30)
t

where 01,0, > 0. In this case, the dimension of the Brownian motion is
d = 2, so that, by Proposition 13.6, there is no uniqueness of the equiv-
alent martingale measure and by Theorem 13.1 the model is not complete.
Hence there are options that are not attainable. But, denoting by (.7¢;), the
augmented filtration generated by S, we see now that every European option
(Z,T) such that Z is ¢ 7-measurable is actually attainable.

Indeed, consider the real Brownian motion

01B1(1) + 02B5(t) )

W[:
\/012 + 03

Now (13.30) can be rewritten as

ds
Sf = b(S,) dt + o dW, ,

t

where 0 = \/ 012 + 022 and Theorem 13.3 guarantees that every option that
is¥Y TV-V -measurable is attainable, where we denote by (%:V), the augmented
filtration of W (which is strictly smaller than .%r: try to find an example of

an .%#r-measurable r.v. which is not %TW -measurable). As 777 C g;v (again
thanks to Remark 9.4) our claim is verified.

Note also that in this case 777 = ¥ ;V (see Exercise 9.26).

13.6 Pricing and hedging in the generalized Black—Scholes
model

We have seen in Theorem 13.3 that under suitable conditions for the generalized
Black—Scholes model a unique equivalent martingale measure P* exists and that
the model is complete. Hence every European option (Z, T) such that Z is square
integrable with respect to P* is attainable and by Proposition 13.4 its no-arbitrage
price is given by

V, = E* [e—ffrsdfz | y“,] . (13.31)

The problem of the determination of the price is therefore solved.
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But let us consider the problem also from the point of view of the issuer: which
strategy should be taken into account in order to deliver the contract? The value
V, of (13.31) is also the value of a replicating portfolio but it is also important to
determine the corresponding strategy H. This would enable the issuer to construct
the replicating portfolio, which, at maturity, will have the same value as the payoff
of the option.

This is the hedging problem. In Theorem 13.1 we have proved the existence of
a replicating strategy H, but we made use of the martingale representation theorem,
which is not constructive. We make two additional assumptions to our model

* (x,f) — o(x,1) is Lipschitz continuous.
¢ The randomness of the spot rate r is driven by the risky asset prices, i.e. is
of the form

ry = r(S], t) .
Note that this assumption contains the case where r is a deterministic

function. We shall require (x,f) — r(x, ) to be a bounded, non-negative
and Lipschitz continuous function.

Hence, recalling (13.22) and (13.21), the price process and the discounted price
process solve respectively the SDEs

ds;(t) -
0 = (S, 1) dt + ;Uik(S,-(t), 1) dB} (1) (13.32)
Si(O)in i=1,...,m
and
sy <&
30 = k;cnk(&(t), 1) dBy (1)) (13.33)
$:(0) = x; i=1,....m.

Note that with these assumptions on o and r, the diffusion process § satisfies the
hypotheses of most of the representation theorems of Chap. 10 and in particular of
Theorem 10.6.

Let us consider an option Z of the form Z = h(S7). Under P*, S is an (m + 1)-
dimensional diffusion and thanks to the Markov property, Proposition 6.1,

Vv, = E* I:e_ftT 7(Ss,5) ds h(S7) ig&‘t] = P(S,, t) ,
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where
P(.x, t) = E* I:e_-/;l V(SA’;‘J,X) ds h(SJ;,l‘):I .

(S¥")s> denoting the solution of (13.33) starting at x at time 7. The value of the
replicating discounted portfolio is then

Vt =e fot 7(Ss.5) dSVr =e fo’ r(Ss:s) dsP(Sf’ t) .

Now suppose that the function P is of class C>! (continuous, twice differentiable in
the variable x and once in 7). Ito’s formula gives

df‘\/,r _ —}’(S[, l)e_ f(; 7(Ss.8) dSP(Sr, l) dt +e” f(; r(Ss,s) ds dP(Sr, l)
; oP
= e SIS 0P + (510

" 0P
+ Z axi (Sta t)r(St, t)Si(t)
T ep (13.34)
+ 2 2 , S U0 S00)
. it m BP d
+e Jo r(Ss.5) ds Z . (S, H)Si(1) Z o (S, 1) dB;: OF

i=1 ! k=1

where a = o ¢* as usual. Now, as V is a P*-martingale, necessarily the finite
variation part in the previous differential must vanish, i.e.

%I: (x,0) + L,P(x,t) —r(x,t) P(x,t) =0, onR" x[0,T], (13.35)

where L, is the generator of S under the risk neutral measure i.e.

S R 92
L, = r(x,1) Z X; 9. + ) Z a;i(x, 1) x; x; Do .
i=1 ! [

ij=1

Theorem 13.4 Let 7 : R” — R* be a continuous function such that 4(x) <
C(1 + |x|%) for some C,« > 0 and let

P, = E*[emH 9@ sy (13.36)

(continued)
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Theorem 13.4 (continued)
be the price function of the option A(S7) with maturity 7 in the generalized
Black—Scholes model. Then P is the solution of the PDE problem

%i) (x, 1) + LP(x, 1) — r(x, 1) P(x,£) = 0, onR™ x [0, T]
P, T) = h(x).

(13.37)

Proof In the computation above we obtained (13.37) under the assumption that P
is of class C>!, which is still to be proved. In order to achieve this point we use
Theorem 10.6, which states that the PDE problem (13.37) has a solution and that it
coincides with the left-hand side of (13.36).

Unfortunately Theorem 10.6 requires the diffusion coefficient to be elliptic,
whereas the matrix of the second-order derivatives of L, vanishes at the origin
(and becomes singular on the axes), hence it cannot be applied immediately. The
somehow contorted but simple argument below is developed in order to circumvent
this difficulty.

The idea is simply to consider the process of the logarithm of the prices, whose
generator is elliptic, and to express the price of the option in terms of this logarithm.

For simplicity, for x € R™, let us denote (e, ...,e") by e*. By a repetition of
the argument leading to (13.16), if ¢;(t) = log S;(¢) then

d
1
dt(0) = (r O 0 dr = ae®.n)) di+ Y o1 dBL ().
=1

where a = o0™* and with the starting condition ¢;(s) = logx;. Hence ¢ is a diffusion
with generator

= 1 J n By
L= Z (V(ex,f) - 2aii(ex,t)) A Z a;(e", 1) . (13.38)
! 194

i=1 ij=m

Now for the option price we can write
P(ex7 [) = E* [e_ f,T r(e%\'.t,é‘) ds h(eé';t):l )

As the generator L, in (13.38) satisfies the assumptions of Theorem 10.6 (in partic-
ular, its diffusion coefficient is uniformly elliptic), the function P(x, f) := P(e", ) is
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a solution of

P
5 (00 + LP(0) = r(e". ) Pv.0) = 0. on R x [0. 7]
P(x,T) = h(e),
which easily implies that P satisfies (13.37). O
From (13.34) we now have

m

~ ) I P —
v, =Y 2 (S0 0810 Y oulSi. ) dBE (1) = B, (S, 1) dSi(1)

i=1 k=1 i=1

m

so that, by Proposition 13.1, we find the replicating strategy, defined by

Hi = 2 P i=1,....m
8x,~
e (13.39)
Ho(t) =V, — ZHi(f) Si(1) ,

i=1

which is self-financing and, as V, > 0 by construction, also admissible.

Equation (13.35) is sometimes called the fundamental PDE following from the
no-arbitrage approach. Theorem 13.4 gives a way of computing the price P of
the option with payoff 4(Srt), just by solving the PDE problem (13.37), possibly
numerically.

Note the not-so-intuitive fact that the price does not depend on the drift b
appearing in the dynamic (13.15) of the prices in the generalized Black—Scholes
model.

This means in particular that it is irrelevant, in order to consider the price of an
option, whether the price of the underlying asset follows an increasing trend
(corresponding to b;(x, r) > 0) or decreasing (b;(x, ) < 0).

Recalling that V, — e Jor5e9) asp(s,, 1), (13.39) can also be written as

H;(t) = 8P(S,,t), i=1,....m
Bx,»
, m (13.40)
Ho(t) = 0S4 (p(s,.0) = 3 Hi0) 1))

i=1
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The quantities H;(¢), i = 1, ..., m, in (13.39) are also called the deltas of the option
and are usually denoted by A:

P
AiS) =y (S0 i=1...m.

The delta is related to the sensitivity of the price with respect to the values of the
underlying asset prices. In particular, (13.40) states that the replicating portfolio
must contain a large amount in the i-th underlying asset if the price of the option is
very sensitive to changes of the price of the i-th underlying.

The delta is a special case of a Greek.

The Greeks are quantities giving the sensitivity of the price with respect to the
parameters of the model. The name “Greeks” comes from the fact that they are
usually (but not all of them. .. ) denoted by Greek letters. They are taken into special
account by practitioners, because of the particular financial meanings of each of
them. The most used Greeks can be summarized as follows:

* delta: sensitivity of the price of the option w.r.t. the initial value of the price

of the underlying: A; = gf ;

e gamma: sensitivity of the delta w.r.t. the initial values of the price of the

underlying: I';; = di;’; -
* theta: sensitivity of the price w.r.t. the initial time: ® = %f ;
* Rho: sensitivity of the price w.r.t. the spot rate: Rho= %f ;
* Vega: sensitivity of the price w.r.t. the volatility: Vega= gi .

Obviously, in the Rho and Vega cases, the derivatives must be understood in a
suitably functional way whenever » and o are not modeled as constants.

The last two Greeks, Rho and Vega, give the behavior of the price and then of
the portfolio with respect to purely financial quantities (i.e. the interest rate and the
volatility), whereas the other ones (delta, gamma and theta) give information about
the dependence of the portfolio with respect to parameters connected to the assets on
which the European option is written (the starting time and the prices of the assets).

13.7 The standard Black—Scholes model

In this section we derive explicit formulas for the price of a call and put option as
well as the associated Greeks in a classical one-dimensional model, the standard
Black—Scholes model. By this we mean the particular case where there is only one
risky asset and the volatility o and the spot rate r are constant.
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Under the risk-neutral measure P*, the price of the risk asset evolves as

ds

t

"= rdt+odB* (13.41)
and the price at time ¢ of the call option with maturity 7 is given by
Pean($11) = B* [T (57— K)* | 7,

where K stands for the strike price. If we use the notation S* to denote the solution
S of (13.41) starting at x at time ¢, then

S;(,t _ xe(r—% 02)(s—r)+o(BS*—B,*), s>t
and we have

Pcall(x, t) = E* [e—’(T—t) (S)}r _ K)+:|
(13.42)
= C_V(T—T) E* I:(xe(r—é gz)(T—[)—f—g(B;f_Bt*) _ K)+] .

The expectation above can be computed remarking that, with respect to P*, B} — Bf
has the same distribution as /T — ¢t Z with Z ~ N (0, 1), so that

1 +oo 1 _ .
Pean(x, 1) = e iy / (xe(’ 2 oNT=D+oVT1z _ K)Jr ey
T J—o0

1
The integrand vanishes if xe2 0T ro Tz < K,i.e.forz < dy(x, T—t), where

1 X 1

= " (—10g "~ (=L o)

o(x. 1) A G (r=50)

so that
Pcall(-xv t)
+
— or(T—1) 1 / > (xe(r—éoz)(T—r)-i-o«/T—tz_ K) P12 gy (13.43)
V2 do(x,T—1)

This integral can be computed with a simple if not amusing computation, as already
developed in Exercise 1.13. If we denote by @ the partition function of a N(0, 1)-
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distributed r.v. we have from (13.43)

400 Ke—r(T—1)  p+oo
Pean(x, 1) = X / e—é(z—a«/T—t)z dz — / e_zz/z dz
V27 Jager—n V2r Jager—n
X oo —2/2 —r(T—1)
= e “/“dz—Ke D(—do(x, T —1))
V2 do(x,T—1)—o ~/T—t

=xP(—do(x,T— 1) + 0T —t) — Ke "I D(—dy(x, T — 1)) .

It is customary to introduce the following two quantities

1 1
di(x,1) = —do(x,1) + 0/t = o i (log; + (r+ 5 o?) t)

da(x,t) = —dp(x, 1) = - i/t (log; + (r — ;52) t)

so that finally the price of the call option is given by the classical Black-Scholes
formula (see Fig. 13.1)

Peai(x, 1) = x@(dy(x, T — 1)) — Ke "7 &(dy(x, T — 1)) . (13.44)

0.6 -
S 044
=
e
QL
0.2 -
O I T T 1
0 0.5 1 1.5 2
o

Fig. 13.1 Behavior of the price of a call option as a function of o, on the basis of the Black-
Scholes formula for x = 1, = .15,7 = 1 and different values of the strike price K. As 0 — 0

the price tends to 0 if log If — 1T > 0, otherwise it tends to x — Ke™'"
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Let us determine the hedging portfolio. Again by straightforward computations, one
obtains

aPca
Acar(.1) = ", 1) = d(di(x, T —1)) . (13.45)

Hence, recalling formulas (13.40), a hedging portfolio for the call option in this
model is given by

Hi(t) = Acau(Si, 1) = @(di (S, T — 1))
(13.46)
Ho(f) = ™" (P(s,, f) — D(dy (S, T — t))S,) .

Note that we can write

Ay (S, T —1) = ;(«/Tl—t 1ogf<’ + (r—l—;oz)x/T—I).

If the price S; remains > K for ¢ near T then d,(S;, T — ¢) will approach +oc and,
thanks to (13.46), H, () will be close to 1. This is in accordance with intuition: if the
price of the underlying asset is larger than the strike it is reasonable to expect that
the call will be exercised and therefore it is wise to keep in the replicating portfolio
a unit of the underlying.

As for the put option, one could use similar arguments or also the call-put parity

property
Pean(x, 1) = Ppy(x,t) = e 7T E*[(S}' —K)] = x — Ke "™

as explained later in Remark 13.3. The associated price and delta are therefore given
by the formulas

Pou(x, 1) = Ke 7T &(—dy(x, T — 1)) —x ®(—d, (x, T — 1)),

9p (13.47)

Aput('xv t) = apm (.X, t) = d)(dl (-xv T - t)) - 1 .
X

The other Greeks can also be explicitly written as summarized below (denoting by
¢ = @’ the standard N(0, 1) density):
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¢(di(x. T —1))

Tean(x,t) = ‘o \/T _ = pur(xs 1)
Ounti) == P00 T ke 0 g T )
Opur(x. 1) = —x¢(‘121 E);’TT__;)) 7 4 rxe T G(—dy(x, T — 1)) (13.48)

Rhocan(x,1) = x (T — 1) e 770 ®(dy(x, T — 1))
Rhopu(x,1) = —x(T — ) e """ ®(—dy(x, T — 1))

Vega, . (x, 1) = x VT - tp(di(x, T — 1)) = Vegay,,(x,1) .

These expressions of the Greeks can be obtained by the Black—Scholes formula
with straightforward computations. Let us derive explicitly the formula for the Vega,
whose value has some important consequences. Let us consider the case of the call
option. We must take the derivative of the price with respect to 0. Instead of taking
the derivative in (13.44), it is simpler to differentiate (13.43) under the integral sign.
We then have, since the integrand in (13.43) vanishes at dy(x, T — ?),

aPcall
X, t
9 &0
—(T—
_ ey ((xe“—i NI +Tt0z _ ) e—zz/z)
J2n do N e=do(T—1)
=0
4 e—r(T—t) /+00 a (xe(r_é Uz)(T—t)-f—«/T—T(TZ _ K) e_z2/2 dz
\/2” d()(x,T—T) ao—
+o00 1
_ X / ( —o(T—1)+ \/T _ tz)e_2 o2 (T—1)++/T—toz e—z2/2 dz
\/27[ do(x,T—t)
+o0
= 7 / (—U(T—t)—i-«/T—tz)e_é(z_"‘/T_’)zdz
V271 Jaox1—0)
and with the change of variable y = z — 0'+/T — t we finally obtain
aPC[l +oo 5
”(x,t): ; / \/T—tye"z/zdy
do V21 Jagoer—ty—o /Tt

_ NT—1 o~ Hdo(xT—0) =0/ T—1)

V2
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which, recalling that do(x, T — 1) — oNT —t = —d, (x, T — 1), is the result that was
claimed in (13.48). In particular, the Vega in the standard Black—Scholes model is
strictly positive, i.e.

the price is a strictly increasing function of the volatility o (Fig. 13.1).

Example 13.2 Let us assume 62 =02,r=0.1,T = 1,K = 1. What is
the price of a call option at time ¢t = 0 if the price of the underlying asset is
x = 0.9? What is the composition, always at time 0, of the hedging portfolio?

This is a numerical computation, requiring appropriate software in order
to perform the evaluations requested by formulas (13.44) and (13.46). The
results are

P.ai1(0.9,0) = 0.16
H(0) =0.58
Hy(0) = —0.37.
How do we expect these quantities to change if the price at t = 0 were x =
1.1?

In this case the option is more likely to be exercised, the initial price x
now being greater than the strike. Hence we expect the price to be higher and
the hedging portfolio to contain a larger amount of the underlying asset. The
numerical computation gives

P.an(1.1,0) = 0.29
H,(0) =0.75
Hy(0) = —0.53
in accordance with what was expected.

And what if, still with x = 1.1, we assumed o> = 0.5? We know that the

price will increase. In fact
P.u(1.1,0) = 0.38
H,(0) =0.74
Hy(0) = —0.42.
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Example 13.3 (Barrier options) The payoff of a European option (Defini-
tion 13.1) can be any positive .#7-measurable r.v. Puts and calls are particular
cases that are functions of the value of the price of the underlying asset at time
T. In practice more general situations are possible, in particular with payoffs
that are functions of the whole path of the price. These are generally referred
to as path dependent options.

A typical example is the payoff

zZ= (ST - K)+1{S“P053-57'SJ-SU} s (13.49)

where U is some value larger than the strike K. The holder of this option
receives at time T the amount (S; — K)™T (as for a classical call option) but
under the constraint that the price has never crossed the level U (the barrier)
before time 7. Many variations of this type are possible, combining the type
of option (put or call as in (13.49)) with the action at the crossing of the barrier
that may cancel the option as in (13.49) or activate it. In the financial jargon
the payoff (13.49) is an up and out call option.

In this example we determine the price at time ¢+ = 0 of the option
with payoff (13.49) under the standard Black—Scholes model. The general
formula (13.12) gives the value

p= E* [e—rT(ST — K)+1{SUP0§t§TSISU}] N (1350)

where, under P*,

S, = xe(r—; o2)t+oB;

and x = Sy is the price of the underlying at time 0. The computation of
the expectation in (13.50) requires the knowledge of the joint distribution of
St and its running maximum sup,,7 S, or, equivalently, of the Brownian
motion with drift ; (r— ; 0?) and of its running maximum. The idea is to
first make a change of probability in order to “remove” the drift. The joint
distribution of a Brownian motion and of its running maximum is actually
known (Corollary 3.3). Let

1 1
Zr = exp(— o (r— ) OZ)BT - 952 (r— ) 02)2T) s

then with respect to Q, dQ = Zr dP*, the process

1 o?
Wt:Bt+ (r— )t
o 2

(continued)
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Example 13.3 (continued)

is a Brownian motion. Hence

Ele"(Sr—K)" Lisupy, 7 i<

— ¢ 'TREQ [Z;I(XGUWT — K)+1{sup0§,§7~erW'SU}:| .

Now, as By = Wy — i (r— ";)T,

1 1 1
Z;l =exp[0 (r— 202)BT+ 952 (r— 202)2T]
1 1 1 1 2
:exp[g (r— 202)WT— 2o (r—zoz) T]

so that the price p of the option is equal to

1 1 1
—rT— (r— 02)2T U (p— 2wy w-
e 202 U2 ER|eo r—2 o)W1 (e W — K)+ I{SUPOSIS’I‘XEJW[SU} .

By Corollary 3.3 the joint law of (Wr, sup, ., W;) has density

2 \1/2 L
fzy) = ( ) @Qy-9e @ yszyso.
T3
Hence
1
EQ [e; (r—5 oY)Wy (xeoWT — K)+ l{sup0§,§7~xe"W’SU}]
& y PR
=/ dy/ er T2 (e — K) [ (2,y) dz
0 —00
where & = (17 log(g). Note that the integrand vanishes for z < & :=

5 log(f ), so that we are left with the computation of
& N N
/ dy / e 727 (e — K)f(2.y) dz
0 1

2 \1/2 & & 1 I
~ () @[ e —p@—ge T @ g,
nT £ VO

Z

(continued)



430 13 An Application: Finance

Example 13.3 (continued)
Replacing the variable y with { = 2y — z the integral becomes

1 & _1 26—z _ 1
/ efl, (r—, UZ)Z(XGUZ —K) dZ/ fe ot 2 dt
2 1 2(zv0)—z

T

& 1 1 1
=, / v 29 (407 _ Ky (e 2r AEVO=D | omop G2y g
1

Finally, the requested price is equal to

1 1
—rT— 262 (r—2 o»)?’T |

£ «/27[T

2 1 1 1

y / o0 2092377 _ ) (e 2r CEVO=I? _ o=y 26=9%) 4
1

(&
(13.51)

From this it is possible to deduce a closed formula, having the flavor of the
Black—Scholes formula, only a bit more complicated.

Proposition 13.7 In the standard Black-Scholes model with spot inter-
est rate r and volatility o, the price p at time 0 as a function of the initial
price x of an up-and-out call barrier option with strike K, maturity 7 and
barrier U is given by:

x(P(ar) — P(az)) — Ke™ T ((by) — (b))
7T (r o222, 1 (2rT+02T+4a$2 2
e TG TEE T T (B — D))+ (13.52)
2/‘7‘7627‘+4J$

T (r_oy2_2g2_ 1 2)?
ke TRET RSN  UT (p(d)) — D (b))

where @ is again the cumulative distribution function of a N(0, 1)-
distributed r.v. and

1 1
&= log(%), £ =log(¥),
¥ 2r + o O& 2r + o2
r
alzgz —«/Tr O, a) = ! —\/T s
JT 20 , JT 20 )
2r — 2 —
b= 2 vr? 7 N S
VT 20 JT 20
& 21T+ 0’T + 40& & 2rT + 0’T + 40&
c1 = — ,Cy = —_ s
T 20T PTUT 26T
g = & 2T —0o’T + 408, & 2T —-0’T + 40
YT UT 20T T T 20T

(continued)
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Example 13.3 (continued)
Proof The integral in (13.51) can be decomposed into the sum of four terms:

& &
x/ e<;+%>z—29z2dz_xe—%s%/ eI+ ie— b2 g
1

1

%-2 r_o 1.2 22 s r_o
—K/ elo =202 ar2 dZ+Ke_T52/ elo™ 9+ 87—z dZ

1 1

and we treat them separately. The first term on the right-hand side can be
rewritten as

13 2r+a
2/+J _
xe2 (3 / e Z(W VT dZ,
&l

so that with the change of variable u = jT —JT 2’;; o> we arrive at

& _JT2r+02
T 2r+02\2 JT 20 1 _MZ
x27Tex T2 ) / s e 2 du
élT_JTZr;tIU «/ZJTT

r (12
= xv21T e 5 (@(a)) — Plan)) .
With similar changes of variables, the second term gives

|, 2 T+02T 440t

_2g2 2
—xN2nTe TR ey ) (@(by) — D(b2)),
the third term
r_(fz
—KV2xT e "% 7 (@(c)) — (c2)) .

and the last one

| 2T—02T+408)

)
kv2rTe 1900 s (@) — d(dy)) .

—rT— 2;2 (r— ”22 W1
«/27rT
completed. O

Multiplying all these terms by e the proof is

As an example let us compare the price of a barrier option with the values
x=09, 06 =02,r =01, T = 1, K = 1 and with the barrier U = 2.
Hence in this case the option is canceled if before the maturity T the price of
the underlying becomes larger that 2.

(continued)
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Example 13.3 (continued)

We have obtained in Example 13.2 that without the barrier constraint the
price of the option is 0.15. Computing with patience the value in (13.7) we
find that the price of the corresponding barrier option becomes 0.09.

The barrier option is therefore considerably less expensive, but of course
it does not protect from spikes of the price of the underlying asset. Taking
U = 3 the price of the barrier option becomes 0.14, very close to the value
without barrier.

Remark 13.3 (The call-put parity) Let C,, resp. P,, denote the price of a call,
resp. a put, option on the same asset at time ¢. Assume that the spot rate r is
deterministic. Then the following call-put parity formula holds:

T ds
Co=P+8—elintg, (13.53)
In fact, using the relation z+ — (—z)* = z,

* —fTrds + * —j‘Tr ds + | g
C;—P,:E[e t s (ST—K) |<%:|_E [e ¢ Ts (K—ST) |‘74ti|
= E* I:e_/,Trsds(ST —_ K) | 3@] = ef(;rdeE*[’S:TL%] _ e_/tTrsd_S‘K
— efotrxdfs;t _ e—f,Trxde =S, - e—f,TrstK )

The relation (13.53) can also be obtained from the requirement of absence of
arbitrage, without knowing the expression of the prices. Let us verify that a
different relation between these prices would give rise to an opportunity of
arbitrage.

Let us assume C; > P, + S, —Ke™ s 4 One can then establish a portfolio
buying a unit of the underlying asset and a put option and selling a call option.
The price of the operation is C; — P, —S; and is covered through an investment
of opposite sign in the riskless asset. This operation therefore does not require
us to engage any capital. At maturity we dispose of a put option, a unit of the
underlying asset and an amount of cash —(C; — P, — S;) eft[ 45 and we have
to fulfill a call.

There are two possibilities

* St > K. In this case the call is exercised; we sell the underlying, which
allows us to honor the call and to collect an amount equal to K. The put is,
of course, valueless. The global balance of the operation is

— — — jl rs ds
K—(C,—P,—S)e >0.
(continued)
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Remark 13.3 (continued)
* St < K. In this case the call is not exercised. We use then the put in order
to sell the unit of underlying at the price K. The global balance of operation

is again K — (C, — P, — S;)eli % > 0.

In a similar way it is possible to establish an arbitrage portfolio if
conversely C; < P, + S, — Ke™ I s

Note that this arbitrage argument holds for very general models (the only
requirement is that the spot interest rate must be deterministic).

(13.53) is useful because it allows us to derive the price of a call option
from the price of the corresponding put and put options are somehow easier
to deal with, as their payoff is a bounded r.v.

Note that almost all quantities appearing in the Black—Scholes formulas (13.43)
and (13.47) are known in the market. The only unknown quantity is actually the
volatility .

In practice, o is estimated empirically starting from the option prices already
known: let us assume that in the market an option with strike K and maturity 7 is
already traded with a price z. Let us denote by Ck (o) the price of a call option
as a function of the volatility o for the given strike and volatility K, T. As Ck 7 is
a strictly increasing function, we can determine the volatility as 0 = CE,IT(Z)~ In
this way options whose price is already known allow us to determine the missing
parameter o and in this way also the price of options not yet on the market.

Another approach to the question is to estimate o from the observed values of
the underlying: actually nowadays the price of a financial asset is known at a high
frequency. This means that, denoting the price process by S, the values S;,, Sy, ...
at times 71, f, . .. are known. The question, which is mathematically interesting in
itself, is whether it is possible starting from these data to estimate the value of o,
assuming that these values come from a path of a process following the Black—
Scholes model.

The fact that the option price is an invertible function of the volatility also allows
us to check the soundness of the Black—Scholes model. Assume that two options
on the same underlying asset are present in the market, with strike and maturity
K, T, and K;, T, and prices zj, 22, respectively. If the Black—Scholes model was a
good one, the value of the volatility computed by the inversion of the price function
should be the same for the two options, i.e. the two quantities

Cx'7,(z1) and CE;,TZ (z2)

should coincide. In practice, it has been observed that this is not the case. The
standard Black—Scholes model, because of its assumption of constancy of the
volatility, thus appears to be too rigid as a model of the real world financial markets.
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Nevertheless, it constitutes an important first attempt and also the starting point of,
very many, more complicated models that have been introduced in recent years.

Exercises

13.1 (p.616) Assume that the prices S; = (So(2), S1(?), ..., Su(2)) follow the
generalized Black—Scholes model (13.15) and that the spot rate process (r;), is inde-
pendent of (S;), (this assumption is satisfied in particular if (r;), is deterministic).
Assume, moreover, that there exists an equivalent martingale measure P*. Prove
that, for every i = 1,...,m, and E*[S;(0)] < +o0,

E*[Si(0)] = eh FE[5,(0)]

13.2 (p.617) Let us consider the generalized Black—Scholes model (13.15) which,
we know, may not be complete in general, so that there are options that might
not be attainable. We want to prove, however, that, if the spot interest rate (r;), is
deterministic and there exists an equivalent martingale measure P*, then the option

T
Z= /0 (aSi(s) + ,3) ds ,

a, B > 0, is certainly attainable, forevery i = 1,...,m.

a) Write down the differential of S; under P* and compute E*[S;(¢) | Z].

b) Compute E*[e™ [ ruduz | Z;] and determine a replicating portfolio for the option
Z (check in particular that it is admissible).

c¢) Deduce that Z is an attainable option and compute its price at time 0 as a function
of the price x = S;(0).

13.3 (p.618) In a standard Black—Scholes model let us consider an investor
that constructs a self-financing portfolio V with the constraint that the value of
the component invested into the risky asset is constant and equal to some value
M > 0.

a) Assuming that the value Vj at time O is deterministic and positive, compute the
distribution of V; and compute E[V{], as a function of V, and of the parameters
r, i, o of the Black—Scholes model.

b) Is V admissible?

13.4 (p.620) (Have a look at Example 12.5 first) Let us consider a standard Black—
Scholes model with parameters b, o, r. Consider an option, Z, that pays an amount
C if the price S crosses a fixed level K, K > 0, before some fixed time 7 and 0
otherwise.
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a) Write down the payoff of this option.
b) Compute its no-arbitrage price at time 0.

13.5 (p.621) Let us consider a market with a riskless asset with price Sp(¢) = e”
and two risky assets with prices

dsi(t) = Si()(u;dt + o dB;), Si(0) = x;,

where u; € R, 1 # po, r,0 > 0 and B is a real Brownian motion. Show that there
are arbitrage possibilities by proving that an equivalent martingale measure does not
exist and provide explicitly an arbitrage portfolio.



Solutions of the Exercises

1.1 If X and Y have the same law u, then they also have the same p.f., as
Fx(1) =PXX <t) = p(] —o0,#]) =P(Y < 1) = Fy(?) .

Conversely, if X and Y have the same p.f. F, then, denoting by px and wy their
respective laws and if a < b,

px(la, b)) = P(a < X < b) = P(X < b) — P(X < a) = F(b) — F(a) .

Repeating the same argument for py, iy and py coincide on the half-open intervals
la,b], a,b € R,a < b. The family ¥ formed by these half-open intervals is stable
with respect to finite intersections (immediate) and generates the Borel o-algebra.
Actually a o-algebra containing € necessarily contains any open interval ]a, b[ (that
is, the intersection of the half-open intervals Ja, b + ’11 ]) and therefore every open set.
By Carathéodory’s criterion, Theorem 1.1, pux and py coincide on Z(R).

1.2
a) Ifx>0

F(X)ZP(Xfx)zfx f(t)dt:/\/Xe‘*’dtzl—e—“,
—00 0

whereas the same formula gives F(x) = 0 if x < O (f vanishes on the negative
real numbers). With some patience, integrating by parts, we find

+o00 +o0
E[X] = /_ xf(x)dx = A/o xe Mdx = /1\

o0
o0 +o00 1 1
E[X?] = Kf(x)dx = A / Pe Mdx= _ +
- A AT A2
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and Var(X) = E[X?] —E[X]* = i
b) We have

+o00 1
E[U]:/_ xf(x)dx:/o xdx:i

o0

E[U?] = ::oxzf(x)dx: /lezdx: ;

and Var(U) = é — i = 112.
cl) We have

PZ<2)=P@U =<2 =PU=<)).
Now

if ; <0
ifOf;fl

if 2 >1

P(U< )=

— Qa O

hence

0 ifz<0

if0<z<a«a

~n

P(Z <z =

—

ifz>o.

Taking the derivative we find that the density of Z is

0 ifz<o0
f2(z) = ; fo<z<a
0 ifz>aw,

i.e. Z is uniform on the interval [0, «].
c2) Ift > 0 we have

1
Fy(t) =P(—} logU <) =P(U > e™*) = /

e—

dx=1—e"
At

whereas Fy () = 0 for r < 0. Therefore W has the same p.f. as an exponential
law with parameter A and, by Exercise 1.1, has this law.
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1.3

a) Let us denote by u the law of X. By the integration rule with respect to an image
law, Proposition 1.1, and by Fubini’s theorem

+o00

E[(X)] = /0 " o = /0 au ) (£(0) + /0 F0 )

+o00 +o00

+o00
—r0+ [ o / du) =10+ [ 7 OPE = nar.

b) Imitating Fubini’s theorem,

EX] =) nP(X=n)= ZP(X:n)il =Y Y PX=m=) PX=k.
n=1 k=1 k=1

n=1 k=1n=k

1.4

a) If £ is a vector in the kernel of C then, repeating the argument of (1.15),

0= (C¢,§) = E(§,X)7]

and therefore (£, X)> = 0 a.s., i.e. X is orthogonal to £ a.s. As C is symmetric, its
image coincides with the subspace of the vectors that are orthogonal to its kernel:
z € ImC if and only if (z, &) = 0 for every vector £ such that C§ = 0. Hence,
if &,...,&, k < m, is a basis of the kernel of C, then z € ImC if and only if
(z,&) =0fori=1,...,k In conclusion

X elmC} = {{X.&) =0} N---N{{X, &) = 0}

and therefore the event {X € Im C} has probability 1, being the intersection of a
finite number of events of probability 1.

b) If C is not invertible, Im C is a proper subspace of R™. The r.v. X — E(X) is
centered and has the same covariance matrix as X and, as we have seen, X —
E(X) € Im C with probability 1. If X had a density, f say, then we would have

1 =P(X € ImC + E(X)) = /1 . F(x)dx .

But the integral on the right-hand side is equal to 0 because the hyperplane ImC+
E(X) has Lebesgue measure equal to 0 so that this is absurd.

1.5 TItis well-known that a sequence of real numbers (a,), converges to a limit £
if and only if from every subsequence of (a,), we can extract a further subsequence
converging to {. Therefore || X, — X||, — 0 as n — oo if and only if from every
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subsequence of (|| X, — X||,)» we can extract a further subsequence converging to 0.
For convergence in probability the argument is similar.

For a.s. convergence this argument cannot be repeated, because to say that a
subsequence converges a.s. means that there exists a negligible set N possibly
depending on the subsequence such that, on N°, X, (w) ——>c0 X(w). The argument
above therefore allows us to say that the sequence (X,), converges to X outside the
union of all these negligible events. As the set of all possible subsequences of a
given sequence has a cardinal larger than countable, the union of all these negligible
events may have strictly positive probability.

Note also that, if this criterion was true for a.s. convergence, it would entail,
using the last statement of Proposition 1.5, that convergence in probability implies
a.s. convergence.

1.6 IfX ~ N(0,I), then
E[e(®] = 1 00 =P g — ohlor 1 — 6P g _ G LI6P
e =y o e'"e x=¢e @y o e x=¢ ,

=]

as we recognized the expression of the N(6,I) density. If, more generally, X ~
N(b, T"), then we know that X = I''/2Z + b, where Z ~ N(0, I). Therefore

E[e(e,x)] _ E[e(e,rl/zz+b)] _ e(e,b)E[e(rl/ze,z)] — (0D T 20P

But [I''/20)2 = (I'V/20, /20y = (I'V/2r''/20,0) = (I'6, 6).
1.7 We have

Ax4v(6) = B[] = B 0601 < Bl ER1) = RO(@) .

where the equality indicated by the arrow follows from Proposition 1.3, recalling
that X and Y are independent.

IfX = (Xy,...,X,) is a u-distributed m-dimensional r.v., then the k-th marginal,
W, is nothing else than the law of X;. Therefore, if we denote by 6 the vector of
dimension m whose components are all equal to 0 but for the k-th one that is equal
to 0,

fik(0) = E[¢®] = E['®X)] = 2(8) .

1.8 If 6 € R then

A +o00 A +o00 0
E[egx] = / e Ml efr gy = (/ e =M gy + / g0 A dx) .
2 —00 2 0 —00
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It is apparent that in order for both integrals to converge the condition |0 < A is
necessary. Once this condition is satisfied the integrals are readily computed and we
obtain the expression of the Laplace transform

P | 22
0X71 __ — .
Efe ]_z<x_9+x+9>_xz—92

As for the characteristic function, since x + sin 6x is an odd function whereas
x > cos fx is even,

] A +oo ] A +oo +oo
E[e?X] = / e Ml gy = / e cos fxdx = A f e M cos Ox dx .
2 —0o0 2 —00 0
The last integral can be computed by parts with some patience and we obtain
. A2
E el@X — .
SRt + 62

We shall see in Sect. 5.7 that the characteristic function can be deduced from the
Laplace transform in a simple way thanks to the property of uniqueness of the
analytic continuation of holomorphic functions.

1.9 The vector (X,X + Y) can be obtained from (X, Y) through the linear map
associated to the matrix
10
A= .
(i)

As (X,Y) is N(0, I)-distributed, by the stability property of the normal laws with
respect to linear-affine transformations as seen in Sect. 1.7, (X, X + Y) has a normal
law with mean O and covariance matrix

AA* — 1Oy (11y _ (11
11)\01 12)°
Similarly the vector Z = (X,+/2X) is obtained from X through the linear
transformation associated to the matrix

=)

that allows us to conclude that Z is normal, centered, with covariance matrix AA™.
Equivalently we might have directly computed the characteristic function of Z: if
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0 = (01, 6,), then
E[e62)] = E[ei(91+«/202>X] =exp(— ;(91 + V2 6)%)
=exp(— ;(ef +2602 +2v/26,6y))

whence we get that it is a normal law with mean 0 and covariance matrix

1 V2
V22 )
In particular, the two vectors (X,X + Y) and (X, +/2X) have the same marginals

(normal centered of variance 1 and 2 respectively) but different joint laws (the
covariance matrices are different).

1.10 First observe that the r.v. (X; — X5, X| + X;) is Gaussian, being obtained
from X = (X, X;), which is Gaussian, through the linear transformation associated

to the matrix
a= (171,
1 1

We must at this point just check that the covariance matrix, I", of (X; — X, X; + X»)
is diagonal: this will imply that the two r.v.’s X; — X, X| + X, are uncorrelated and
this, for jointly Gaussian r.v.’s, implies independence. Recalling that (X, X) has
covariance matrix equal to the identity, using (1.13) we find that

I = AA* =2I.

The same argument applies to the r.v.’s Y, = éX 1— “43 X,and Y, = éX 1+ ‘é3 X,.The
vector Y = (Y1, Y,) is obtained from X through the linear transformation associated

to the matrix
1 /3
A=123 ?]. (S.1)
2 2

Therefore Y has covariance matrix AA* = [ and also in this case Y; and Y, are
independent. Furthermore, Y has the same law, N(0, ), as X.

Taking a closer look at this computation, we have proved something more
general: if X ~ N(0, I), then, if A is an orthogonal matrix (i.e. such that A=! = A*),
AX also has law N(0, ). The matrix A in (S.1) describes a rotation of the plane by
an angle equal to 7.
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1.11

a) Let us compute the law of X with the method of the partition function. Let us
denote by @, , and f}, ;, respectively, the partition function and the density of an
N(u, 0?) law; for y > 0 we have

P(e* <y) =P(X <logy) = @, ,(logy) .

By taking the derivative we obtain the density of eX:
d 1 1 1
8uo() = Puo(logy) = fuo(logy) = exp(—, ,(logy—p)*).
0 dy " yIr V21 oy ( 202 )

b) If X ~ N(u,o?), then we can write X = 4+ 0Z, where Z ~ N(0, 1). Therefore,
using Exercise 1.6, for every p > 0,

E[(e¥)’] = E[e"7H71] = ePterr”,

For p = 1 this gives the mean, which is therefore equal to ele?’/ 2. as for the
variance

Var(e¥) = E[e*] — E[¢"])* = e’ _ (e"e"z/z)2 = 2o’ (e”2 -1).

Note that the computations would have been more complicated if we tried to
compute the moments by integrating the density of the lognormal law, which
leads to the nasty looking integral

+o00

Weuo(y)dy.

1.12 Let us assume first that X ~ N(0, 1), then
+ +
B = | / Vet gy o ] / T b g
V2r J-s V27 Jso

The integral diverges if r > é If, conversely, t < é we recognize in the integrand

+o00 -
/ e 2 (1-20 g
—00

up to a constant, the density of a normal law with mean 0 and variance (1 — 2¢)~!.

Therefore the integral is equal to /27 (1 — 2¢)~/2, hence E[e’Xz] = tooift > é
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and E[e®X’] = (1 —20)"12ift < 1. Recalling that if Z ~ N(0,1) then X = 0Z ~
N(0, 62), we have E[eX’] = E[e®°Z’]. In conclusion, if X =~ N(0, 02),

: 1
>
+00 ift > 202

1 : 1
.y ift < 202 -

E[e?] =

1.13 Thanks to Proposition 1.1

1
V2

Note that the integrand vanishes if xe?*?% — K < 0, i.e. if

+o0
E[(xeb+UX _K)+] — / (eb-l-oz _ K)+ e—z2/2 dz .

—00

1 K
7<= (log — b) .
o X
Hence, with a few standard changes of variable,

1
V27

+ +
= 7 / ” ebtoe/2 gy ! / ” Ke</2d;
V2r Je V2 Je

X€

V2r

+oo
E[(xeb+oX _ K)+] — / (xeb+oz _ K) e—z2/2 dz
¢

b+;02/+oo [
e 27 dz — K®(-0)
¢

b+ o2 +o00
N erzz / e/ dg— Ko (=)
T —0

= xet T2 P(—L + o) —KD(-0) .

1.14

a) Itis immediate to compute the characteristic functions of the r.v.’s X,, and their
limit as n — oo: for every 6§ € R™ we have

bx,(0) = ei(bn,e)e—;(rne,o) N ei(b,o)e—;(re,o)
n—o0

and we recognize on the right-hand side the characteristic function of an
N(b, I')-distributed r.v.
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bl)

b2)

X, = ax + Z; has a normal law (it is a linear-affine function of the normal r.v.

Z:) of mean ax and variance o2.

X, = aX; + Z, is also normal, being the sum of the two r.v.’s aX; and Z;,
which are normal and independent. As

E[X,] = E[aX|] + E[Z)] = o*x
N —
=0

Var(X,) = Var(aX,) + Var(Z,) = o*0* + o?
we derive that X, ~ N(a?x, (1 + a?)o?). By recurrence
X, ~ N(@"x,02(1 + & + --- + > D)) |

Indeed let us assume that this relation is true for a value n and let us prove that
it holds also forn+1. As X, = aX,,+7Z,+ and the twor.v.’s X, and Z,, 1 are
independent and both normally distributed, X,,+; is also normally distributed.
We still have to check the values of the mean and the variance of X, +:

E[X,+1] = E[aX,] + E[Z,41] = - 'x = «""'x
Var(X,+1) = Var(aX,) + Var(Z,+1)
=a? o (1 +a* + -+ a*" ) 4 o2

=o*(l+a’+---+a™).
As || < 1 we have o"x—0 as n — oo and

o2

o’(l+a* +--+a? D) —

n—oo | — a2

Thanks to a) (X,), converges in law to an N (0, 1322 )-distributed r.v.

The vector (X, X,+1) is Gaussian as a linear transformation of the vector
(X, Zy+1), which is Gaussian itself, X, and Z,4+; being independent and
Gaussian. In order to compute the limit in law we just need to compute the
limit of the covariance matrices I}, (we know already that the means converge
to 0). Now

Cov(Xy, Xyt1) = Cov(X,, X, + Zy4+1) = aCov(X,, X,,) + Cov(X,,, Zy+1)
=ao?(1+a? + - +a*" ).

. . 2
As n — oo this quantity converges to ** ;. We already know the value of the

limit of the variances (and therefore of the elements on the diagonal of I7},), and
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we obtain

The limit law is therefore Gaussian, centered and with this covariance matrix.
1.15

a) The result is obvious for p < 2 (even without the assumption of Gaussianity),
thanks to the inequality between I” norms (1.5). Let us assume therefore that
p > 2 and let us consider first the case m = 1. If X is centered and E[X?] = ¢
we can write X = 0Z with Z ~ N(0, 1). Therefore

>

E[IX|"] = o” E[|1Z"] = ¢,E[I X}/ .

=cp

Form > 2,let X = (Xi,...,Xy). Using the result obtained for m = 1 and as
g > 1, thanks to both the inequalities of the hint,

E[XP] <m™ STE(X[F] < cm’s Y E[X PP
i=1 i=1

p—2 1’/2 p—2
< e (Y EIXPY) T = o> EIXPP2.
i=1
b) First of all L?>-convergence implies L'-convergence and therefore the conver-

gence of the means: if m, =~E[Xn], then lim,_, o, m, = 0. Let F}Zn =X, — m,.
Then X, is centered and also X,, —,—»o00 0 in L. Thanks to a),

E[|X, "] = E[IX, + m,|’] < 27 (Im,[” + E[|X, "))

=27 (|mal” + cpuBIX,P?) = 0.

1.16

a) For the partition function Fy of Y we have, X and Z being independent,
Fy() =PY <) =PXZ<1)=PXZ<t,Z=1)+PXZ<t,Z=-1)

1 1
=PX<1Z=D+P(X<1Z=-1)= PX <0+ PX=-0).
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Fig. S.1 The two shaded surfaces have the same area

But, with an obvious change of variable,

P(X > —1) ! / +°O /2 g ! / ey P(X < 1)
— = (&} X = c X =
- No - N 2 B

(see also Fig.S.1, for an intuitive explanation). Therefore, going back to the
computation of Fy, P(Y <) = P(X < ¢) forevery t € R and X and Y have the
same law. It is also possible to compute the characteristic function of Y: always
using the independence of X and Z,

E[eiOY] — E[eiQXZ] — E[eiOXZI{Zzl}] 4 E[eiOXZI{Zz_l}]
. . 1 . 1 :
— E[ezOXl{Z=l}] + E[e—LGXl{Z=_1}] — 5 E[eLGX] + 5 E[e—LGX]

— 1 3—92/2 + 1 6—02/2 — 6—02/2.
2

b) Let us compute the characteristic function of X 4+ Y: we have E[e?* V] =
E[e**(1+2)] and repeating the argument above for the characteristic function of
Y,
E[ iO(X+Y)] _ 20X _ 1 1 20X1 __ 1 1 —202

e | =E[lgz——n] +E[e" 1z=p] = . + _E[]=_+ _e .
2 2 2 2

It is easy to see that this cannot be the characteristic function of a normal
r.v.: for instance, note that X + Y has mean O and variance 02 = 2 (taking
the derivatives of the characteristic function at 0) and if it was Gaussian its
characteristic function would be 6 — e~%". The pair (X,Y) cannot therefore
be jointly normal: if it was, then X + Y would also be Gaussian, being a linear
function of (X, Y).

1.17
a) By the Borel-Cantelli lemma, Proposition 1.7, (1.29) holds if

> P(X, = (alogn)'/?) < +oo . (S.2)

n=1
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Thanks to the inequality of the hint (the one on the right-hand side)

1 oo 2
PO = wlogn ) = [ ey
\/27t (o logn)l/2
< 1 —éalogn — 1 .
~ 2ralogn J2malognn®/?

As g > 1, the series in (S.2) is summable.
b) Again in view of the Borel-Cantelli lemma we have to investigate the summa-

bility of P(X,, > (21logn)'/?). By the other inequality of the hint

| _ 1
P(X, > (2logn)"/?) > o (2logn)'/? + (2logn)~"72) el an i logn

which is the term of a divergent series. Hence, by the Borel-Cantelli lemma
P(X, > (2logn)"/? infinitely many times) = 1 .

¢) The r.v.’s (logn)~'/?X, have zero mean and variance, (logn)~", tending to 0 as
n — oo. By Chebyshev’s inequality, for every o > 0,

P penl 29) = orogn 22 O
Jlogn = T allogn nooo

Therefore (logn)~'/2X,, —, .00 0 in probability. On the other hand, by b), we
have, with probability 1,

"> 2 for infinitely many indices n
Jlogn

and therefore it is not possible for the sequence to converge to 0 a.s.

1.18 Let us first check the formula for f = 1,4, with A € &. The left-hand side is
obviously equal to ux(A).

Note that 14(X) = lixeay: X(w) € A if and only if w € {X € A}. Therefore the
right-hand side is equal to P(X € A) and, by the definition of image probability, (1.7)
is true for every function that is the indicator of an event.

By linearity (1.7) is also true for every function which is a linear combination of
indicator functions, i.e. for every elementary function.

Let now f be a positive measurable function on E. By Proposition 1.11 there
exists an increasing sequence ( f;), of elementary functions converging to f.
Applying Beppo Levi’s theorem twice we find

/E fdp = lim /E fudux = tim. /Q f(X)dP = /Q £(X)dP (8.3)
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so that (1.7) is satisfied for every positive function f and, by taking its decomposition
into positive and negative parts, for every measurable function f.

1.19 Let us consider the family, & say, of the sets A € & such that X~!(A) € .Z.
Using the relations

o0 o0
XA = x7 149, x! ( UAH) = Jx '@
n=1 n=1
it is easy to check that &’ is a o-algebra contained in &. It contains the class 2
hence also &. Therefore X' (A) € .% for every A € & and X is measurable.

1.20

a) AsZ, — Z as. we also have H, — Z a.s. and, as 0 < H,, < Z, one can apply
Lebesgue’s theorem.

b) Note thatif Z > Z, then |Z—Z,| = Z—Z, = Z — H,, whereas Z, — H, = 0 and
the relation is proved. Repeating the argument changing the roles of Z and Z,, we
see that the relation also holds if Z, > Z. We now have

E[|Z—-Z,|| =E[Z—-H,] + E[Z,—H,)=2E[Z—H,] — 0.
n—>o00

1.21

a) By the Central Limit Theorem the sequence

v — Xi+--+X,—nu
" Jno

converges in law to an N(0, 1)-distributed r.v., where u and o are respectively
the mean and the variance of X;. Obviously u = é, whereas

1
1

E[Xlz] :/ X dx =
0 3

and therefore 02 = i — i = 112. W is nothing else than Y;,. We still have to see

whether n = 12 is a number large enough for Y, to be approximatively N(0, 1)

b) We have, integrating by parts,

4 1 T 2 1 3 2|7 T e
E[X"]= / xte™ 2 dx= (—x e_"/‘ +3/ e/ dx)
x/27t —00 \/27T % —o0
1 +oo
=3 / e 2 dx =3 .
:/2]1 —00

=Var(X)=1
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The computation of the moment of order 4 of W is a bit more complicated. If
Zi =X, — é, then the r.v.’s Z; are independent and uniform on [—é, é] and

E[W] =E[(Z + -+ Z1n)"] .

As E[Z] = E[Z}] = 0 (the Z’s are symmetric with respect to the origin), the
expectation of many terms appearing in the expansion of (Z; 4 --- + Z;5)*
vanishes. For instance, as the r.v.’s Z;,i = 1, ..., 12, are independent,

E[Z{Z,] = E[Z]]E[Z:] = 0.

A moment of reflection shows that a non-zero contribution is given only by the
terms of the form E[Z7Z?] = E[Z}]E[Z}] with i # j and those of the form E(Z}).
The term Zf clearly has a coefficient = 1 in the expansion. In order to determine
the coefficient of Z?ij, i # j, we can observe that in the power series expansion
of the function

(x1, ... x12) = (x1 + -+ x12)*

2

the monomial xizxi , for i # j, has the coefficient

1 0% 1
0)=  x24=6.
2121 axfax}( )= 4

Let us compute now

1/2 1

1/2 1
E[Z}] = / Pdx= > E[Z}] = / Hdx= -
—1/2 12 —1/2 80

As, by symmetry, the terms of the form E[ZiZZf], i # j, are all equal and there are
IH+10+--+1= ; x 12 x 11 of them, their contribution is

1 1 11
6x  x12x11x = .
2 144 4

The contribution of the terms of the form E[Zlf‘] (there are 12 of them), is
conversely éé In conclusion

1112
E[W*] = A +80=2.9.

In practice W turns out to have a law quite close to an N(0, 1). It is possible to
compute its density and to draw its graph, which is almost indistinguishable from
the graph of the Gaussian density.
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However it has some drawbacks: for instance W cannot take values outside
the interval [—6, 6] whereas an N(0, 1) can, even if with a very small probability.
In practice W can be used as a substitute for the Box—Miiller algorithm of
Proposition 1.10 for tasks that require a moderate number of random numbers.

2.1

a) X and Y are equivalent because two r.v.’s that are a.s. equal have the same law: if
t,...,t, € T, then

(Ko X)) # YY) = X # 70
i=1

These are negligible events, being finite unions of negligible events. Therefore,
for every A € £%", the two events {(X,,,...,X,,) € A} and {(Y,,,....Y,) € A}
can differ at most by a negligible event and thus have the same probability.

b) As the paths of the two processes are a.s. continuous but for a negligible event,
if they coincide at the times of a dense subset D C T, they necessarily coincide
on the whole of 7. Let D = {t,, ,, ... } be a sequence of times which is dense in
T(T'NQ,e.g.). Then

{X, = Y, forevery 1} = ﬂ{X, =Y = m{Xr; =Y,}.

teT €D

As P(X,, = Y,,) = 1 for every i, it follows that

P(ﬂ{X,,. = Y,,.}) =1

€D

so that also P(X; = Y; for every r) = 1 and the two processes are indistinguish-
able.

2.2

a) Firstitis clearthato(X;,t < T) D o(X;,t € D): everyr.v. X;, s € D, is obviously
0 (X, t < T)-measurable and o (X;, ¢ € D) is by definition the smallest o-algebra
that makes the r.v.’s X, s € D, measurable.

In order to show the converse inclusion, o (X;,t < T) C 0(X;,t € D), we need
only show that every r.v. X;,r < T, is measurable with respect to o(X;,t € D).
But if # < T there exists a sequence (s,), C D such thats, — tasn — 0o. As
the process is continuous, X;, — X; and therefore X; is the limit of 0 (X;, € D)-
measurable r.v.’s and is therefore o (X;, t € D)-measurable itself.

b) The argument of a) can be repeated as is, but now we must choose the sequence
(sn)n decreasing to t and then use the fact that the process is right-continuous.
This implies that all the r.v.’s X, with t < T are (X;, ¢ € D)-measurable, but this
argument does not apply to ¢+ = T, as there are no times s € D larger than T.
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Therefore if the process is only assumed to be right-continuous, it is necessary
to make the additional assumption T’ € D.

2.3 By hypothesis, for every u > 0, the map ([0, u] x £2), Z([0,u] x F#,) —
(E, &)) defined as (¢, w) — X,;(w) is measurable. Now note that, as the composition
of measurable function is also measurable, (f,w) — WY (X,(w)) is measurable
([0, u] x £2), B([0, u] x F#,) — (G,¥9)), i.e.t — Y (X,) is progressively measurable.

24

a) To say that the sequence (Z,(w)), does not converge to Zoo(w) is equivalent
to saying that there exists an m > 1 such that for every ny > 1 there exists an
n > ng such that |Z, — Z| > rL , which is exactly the event (2.2).
bl) Thanks to a) we know that

{ 1im x,, # € = UN Utk -tz ez (S4)
m=1

no=1n=ng

is negligible. Let us prove that the corresponding event for X is also negligible.
Astherv’s (X,,,..., X, ) and (X,,, ..., X, ) have the same distribution, the
events (belonging to different probability spaces)

k k
Jix, —e1= )y and [ JUX, — €= )}
n=nog n=ngp
have the same probability. As these events are increasing in k, we have that
o0 o0
Uik, =€z 3 and [ JUX, — 012 )} (8.5)
n=nyg h=ngo

also have the same probability. As the event in (S.4) is negligible and observing
that the events in (S.5) are decreasing in m, ng, for m, ny large

o0
P, —t1= 1}) =e
n=ng
therefore also
o0
P(UIR, —t= )3) <e.
n=n

which allows us to conclude the proof.
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b2) A repetition of the arguments of a) allows us to state that the event of the @ € Q
such that the limit (2.3) does not exist is

Un U X-a=.
m=1

k=1 geq.lg—<}

and, by a repetition of the argument of b1), this event has the same probability
as its analogue for X, i.e. 0.

2.5

a) We have E(X;X,) = E(X,)E(X,) = 0 for every s # ¢, the two r.v.s being
independent and centered. Therefore the function (s, f) > E(X,X;) vanishes but
on the diagonal s = ¢, which is a subset of Lebesgue measure O of [a, b]z. Hence
the integral in (2.4) vanishes.

b) As (X); is assumed to be measurable, the map v fah X(w)ds is ar.v. (recall
Example 2.2). By Fubini’s theorem

E(/bXYds) - /bE[XS] ds=0. (S.6)

a

Also the map (s,7,w) — X;(w)X;(w) is measurable and again by Fubini’s
theorem and a)

E[(/ahXYds)z] :E[/abXsds/ahXtdt] - /ah/abE(XSXt)dsdtzO.

(S.7)

The r.v. fa b X; ds, which is centered by (S.6), has variance 0 by (S.7). Hence it is
equal to 0 a.s.

c) From b) we have that, for every a,b € [0,1], a < b, fabXS ds = 0 as.
Therefore, for almost every w, the function ¢ > X,(w) is such that its integral
on a subinterval [a, b] vanishes for every a < b and it is well-known that such a
function is necessarily = 0 a.e.

Actually the previous argument is not completely correct as, if fab X(w)ds =
0 but for a negligible event, this event N,, C §2 might depend on a and b,
whereas in the previous argument we needed a negligible event N such that
fah X;(w) ds = 0 for every a, b. In order to deal with this question just set

N=|J Nas-

a,beQ
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N is still negligible, being the union of a countable family of negligible events.
For every w ¢ N therefore

b
/ Xi(w)ds = 0, forevery a,b € Q

and a function whose integral on all the intervals with rational endpoints vanishes
is necessarily = 0 almost everywhere.

* To be rigorous, in order to apply Fubini’s theorem in (S.7) we should first
prove that 5,7, — X;(w)X;(w) is integrable. But this is a consequence of
Fubini’s theorem itself applied to the positive measurable function s,7,® >
|X;(0)X;(®)|. Indeed, as E[|X;|] < E[X?] = \/c,

E[/b ds/ab |X5X,|dt] - /ab/abE(lXSX,Ddsdt
-/ b / " B(XDE(X]) dsdi < c(b— o)’

hence s, t, > X;(w)X;(w) is integrable.

2.6
a) We have

Wz_l(Ay,t,s) ={w; |y — Zi(w)| < &}.

Therefore ¥, ' (A,..) € .Z, as this set is the inverse image through Z; of the
closed ball of R™ centered at y; and with radius ¢.
b) As the paths are continuous,

V7' (Uypre) = {oi |y — Zi(w)| < eforevery 1 € [0, T]}
= {w: |y, — Z(»)| < e forevery r € [0,T] N Q}

= () {olyp—2Z@l<et= ) v7'@Au).
ref0,71NQ re[0,71NQ
Therefore, thanks to a), ¥, l(U},,T,S) € %, as a countable intersection of events
of Z.

c) Keeping in mind Exercise 1.19 we must prove that the sets (2.5) generate
the Borel o-algebra Z(%). For every y € % the sets U, r, form a basis of
neighborhoods of y and, as & is separable, every open set of € is the countable
union of sets of the form (2.5). Hence the o-algebra generated by the sets (2.5)
contains the Borel o-algebra.
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31

a) With the usual trick of separating the actual position from the increment
E[BSB?] = E[BS(Bt_Bs +B‘v)2] = E[BS(Bt_BS)Z]+2E[B§(Bt_Bx)]+E[B§] =0.

More easily the clever reader might have argued that B;B? has the same law as
—BSBf ((—By); is again a Brownian motion), from which E[BSBtZ] = 0 (true even
ift <s).

b) Again

E[B;B;] = E[B}(B, — B, + B,)’]
= E[B%(B, — B,)*] +2E[B3(B, — B,)] + E[BY] = s(t —s) + 35> .
- - - - | a——

- -
=s(t—s) =0 =352

¢) We know that, if Z denotes an N(0, 1)-distributed r.v., then B; ~ /s Z. Hence,
integrating by parts and recalling the expression for the Laplace transform of the
Gaussian r.v.’s (Exercise 1.6),

+o00
E[BseBS] = E[«/SZe“/JZ] = \;/S / Ze«/sze—zz/z dz
T J—o0

+o0
= — J/s e‘/”e_zz/z‘+oo + \/s / eVsig=?/2 dz = se’/? .
™ 2 _oi 2

—00
_—

=0
d) We have E[B,e?"] = E[B,e®'e "] and as B, and B, — By are independent
E[B,eP] = E[B;e®]E[e? 5] = se/2e™9/? = /2.

3.2
a) We have
E[l(s,<a] = P(B, < a) = P(/1B <a)—P<B< “)
{Bi=a} t= 1= 1= i

and therefore

. 1
= < = .
t—lggloo E[I{B,ﬁa}] P(Bl = O) 2
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b)
1 a X2 t 2 ja
BBzl = [ seva=— ) e
—00
Vi
= — e 2 -  —00.
\/27-[ t——+o00

3.3 Recalling that B, ~ +/t By, we are led to the computation of

A2 poo .
hm VtE[iZ%e %' = lim K e 2% dx
t—>-+o00 t—>-+o00 \/27t —00

t3/2 A2 oo L
= lim / e 2@V gy —  lim / xPe 22" dx,
t—>+oo t—+00 \/27-[ —00

where Z denotes an N(0, 1)-distributed r.v. and we have set o2 = o +1 With this

position we are led back to the expression of the variance of a centered Gaussian
V..

1 +o0 1 t3/2
o= lim or/? / e 22" dx = lim ¢°/A? = lim
t——+00 V2wo J—oo 1—>-+o00 —>+oo (2t 4+ 1)3/2
o
=273/2 = b
V8

34

a) As {B,, — B,_, € I',} is independent of .%, _, whereas all the other events are
Z,,_, -measurable,

P(Btm _Btmfl (S Fm,... ’Btl _BS (S] FI,A)
= P(Bl‘m _Btmfl € Fm)P(Btm71 _Btrn72 € Fm_l, e ’Btl _BA‘ (S F],A) .

Iterating this procedure m times we have

P(Btm_Btm71 EFm,...,Btl —BYEFI,A)
= P(Brm - Btm—l (S Fm)P(B[m—l - Btm—Z (S Fm_]) .. 'P(Btl _B_y € FI)P(A)
- P(B[m - Brm—l S Fm, e ’B[l _B_y S FI)P(A) .

b) Therv’s B;,, — B;,...,B:, — B are functions of B;, — B;,_,, B:,_, — B+ -+
B, — By, so that they are o(B,, — B;,_,,Bi,,_, —Bi,_,, - - ., By, — B;)-measurable
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and therefore
o(B;, —Bs,...,B, —By) Co(B,, —By,_,,Bi,_, —Bi,,_»,-.., By, — By) .

ButB,,—B,,_,.B;,_,—B;,_,....,B,—Bsarealso functionsof B, —B;, ..., B; —
B; and by the same argument we have the opposite inclusion.
¢) Thanks to a) and b) we have, fors <, <--- <tyand I, ..., I}, € BRY),

P(B,,—Bs € I, ...,B,—B; € I1,A) =P(B,,—Bs € I,,...,B,—B; € I)-P(A)
ifs <ty <---<t,. Butthe events
{B[m_BS € Fm,...,B[l —BAE Fl}

form a class that is stable with respect to finite intersections and generates o (B, —
B;,t > 5)) and we can conclude the argument using Remark 1.1.

3.5

a) It is immediate that % is stable with respect to finite intersections. Also %
contains .%; (just choose G = £2) and & (choose A = £2). Therefore the o-
algebra generated by % also contains .%; = %, vV ¢4 (which, by definition, is
the smallest o-algebra containing .%; and ¢). The converse inclusion 0 (%) C
F, vV 9 is obvious. _

b) We must prove that, for s < ¢, B, — By is independent of .%;. By Remark 1.1
and a) it is enough to prove that, for every Borel set I" € Z(R) and for every
Ae F,Ge¥9,

P({B,—B,€ TYNANG)=PB,—B, € P(ANG).

Now {B;, — B, € I'} N A € .%, is independent of G (¢ and .%, are independent).
Therefore

P({B,— B, € '} NANG) =P(B,— B, € '} N A)P(G)
=P({B,— B, € I'})P(A)P(G) = P(B, — B, € ')P(AN G)

where we used the fact that {B, — B; € I'} and A are independent.

3.6

a) The joint law of (Bj, B;) is a centered Gaussian distribution with covariance
matrix
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1 t —s
= (47
st—s) \—s s

so that, defining z = (x, y), the joint density of (B, By) is

We have

f l‘(z) = 1 e_ é (C_IZ,Z,) _ 1 e_ 2S(l‘l—s) (t’“2+fy2—2sxy)
" N =
27 \/s(t —5) 2 st — )
- 1 e 2S(tl_s) ((t=9)x* 4 (522 +5y> —2sxy))
27 /(i = 5)
! e_ Z‘Y(tl—x) ((t—s)x>+s(x—y)?)

- 27t\/S(l—S)

from which (3.19) follows.
b) Of course

0 400
P(B, < 0, By, > 0) = / e [ fintey) dy
0

—0o0

0 1 +o00 1
:/ ! e_2sx2dx/ ! e 2 O—? dy
—00 V/27s 0 V27s

and with the change of variable z = x — y in the inner integral,
P(B, < 0, By, > 0) /O ! ‘zlxzd/x b ea?a
s < U, Dby > = e 25 X e 2s 7z .
—o0 N/27s —o0 \/27s

Let

1 X
®X(X) - \/ZJTS /—oo

be the partition function of the N(0, s) distribution, then the previous relation can
be written as

Lo
e 25° dz

0

1 0 1
P(B; < 0,By > 0) = / D!/ (X)Ps(x) dx = _ Dy(x)* =
00 h 2 —00 8

since &;(0) = é for every s > 0.
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3.7

al) X is a Gaussian process, as the random vector (X;,, ..., X;,) is a linear function

a2)

a3)

b1)

b2)

of the vector (B, . . . , Bo2i ) Which is Gaussian itself. If s < ¢
Cov(X;, X,) = E[X,X,] = ¢ e *E[BoxBex] = e (19 = 779 = g7l |

We have, for 1 < ij < m, Cov(X;4sXy4n) = e lith=@G+nl =
e il = Cov(X;,X;,). Therefore the two centered Gaussian random vectors
X, +h, - - > X4, +5) and (X;, ..., X;,) have the same covariance matrix, hence
the same law.

K, being the covariance kernel of a stochastic process, is necessarily positive
definite as explained in Remark 2.5.

A repetition of the argument of al) gives that W is a centered Gaussian process.
Moreover, if v < u,

—1 (logu— v
E[W,W,] = E[N/MX% logu\/UXé lOgv] = Juve 2 (logu—logv) — Vuv \/u =V

so that W is a natural Brownian motion thanks to Proposition 3.1.
Two possibilities. First one may try to apply Theorem 2.1 (Kolmogorov’s
continuity theorem): the r.v. X; — X is centered Gaussian with covariance

Var(X, — X,) = Var(X,) + Var(X;) — 2Cov(X;. X;) = 2(1 —e™ ™) .
Therefore X; — X; ~ \/2(1 —e~(=9)) Z, where Z ~ N(0, 1). Hence
B — —(1—s)y)\A/2 B
E[IX, — X1 = (2(1 —e7"7))""E[1Z|F] .

Now, for every & > 0, |1 —e™*| < «, as the function x — e~ has a derivative
that is < 1 in absolute value for x > 0. We have then

E[IX, — X,[] < cylt — I/ = cglt — 5| FE2D.

Hence, by choosing B large enough, X has a modification that is Holder
continuous with exponent y for every y < é, very much similarly as for the
Brownian motion.

More quickly just note that W, being a Brownian motion, has a continuous
modification. If we denote it by W, then X, = e W, is a continuous
modification of X.

3.8

a) It is immediate that X is a Gaussian process (for every t; < f,...t, the r.v.

(X4, ..., X,,) is a linear function of (By,, ..., B,,) which is Gaussian) and that

Cov(Xi(1), X2(s5)) = p(t A5) .
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Moreover, X, is obviously a Brownian motion and as
Cov(X (1), X1(s)) = p*(tAs) + (1 —pH)(AS) =1 As

the same is true for X;.
b) As X is a Gaussian process, then B is also Gaussian (same argument as in a)).

Let |p| < 1. B, being already a real Brownian motion we must prove that B is a
Brownian motion and that B; and B, are independent. Now, for s < ¢,

Cov(Bi(t), Bi1(s))

_ _1p2 Cov(Xi(). Xi(s) — | 2 OV, 2(9)

2

- L oot i) + P Coviam. ()
—p L—p

- 1_sz (1=p*=p*+p%) =

and

| Cov(Xi (1), X (5)) - P | Cov(Xa(t), Xa(s)) = 0.

1
Vi-p Vi-p

* Note that in b) the condition p # 1, —1 is needed.

Cov(By(1), B2(s)) =

3.9 If X is a Brownian motion then X; — X; = A(B; — By) must be N(0, (t — s)I)-

distributed. It is Gaussian, being a linear function of a jointly Gaussian r.v., and its
covariance matrix is C = (t — s)AA™ (see (1.13)). We therefore have the condition
AA* = I, or A* = A~'. A must therefore be orthogonal. On the other hand, if A is
orthogonal, X is a Brownian motion with respect to the filtration (.%#,),, as X; — X; =
A(B; — By) is independent of .%; and a) of Definition 3.2 is immediate.

3.10 We have

+o00
A(Sy) = / Lip,eaydt .
0

Therefore, with two strokes of Fubini’s theorem,

E[A(S4)] = E[ /0+OO 1s,en) dt] - /0+OO P(B, € A) dr

o

400 1 |x|? 400 1
— dt T2t dx = d. T dt.
/(; (znt)m/z Ae * //; x/(; (2]”)111/2 ©
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With the changes of variable s = 1 and subsequently u = é|x|2s,

400 2 +00

/ 1 _Ié‘r dt 1 / —247 _%|x\2sd
c = S c S

o (Qmpm? Qmym2 Jo

1 oo oy \2+y 2 1 too m
= 1 / ( uz) ’ , e du = 2 |x|2_m/ w2 e du .
(2m)ymz Jo |x]| |x]| 2™ 0

The last integral diverges (at 0+) if —2 + '5’ < —1,1.e.if m < 2. On the other hand,
ifm > 3,itis equal to I" ("} —1).

3.11

a) If y € G, as the paths of X are continuous, the integral in (3.20) is the limit, for
every w, of its Riemann sums, i.e.

X, = / Xedy(s) = lim > Xiyay([}. "D -
>0

=Iy(y)

Now if y1,...,¥m € G, then the vector I, = (I,(y1), ..., L,(yw)) is Gaussian,

being a linear function of the r.v’s X;/,,i = 0,1,..., which are jointly
Gaussian.

On the other hand lim, 0 I, = (X,,,...,X,,) a.s.; as a.s. convergence
implies convergence in law, by Proposition 1.9 the rv. (X,,,...,X,,) is

Gaussian and therefore (X, ), ¢ is a Gaussian family.
bl) In order to show that Y is a Gaussian process, just observe that we can write

y, — /0 X, j(ds) = / X, y(ds).

where dy = 1jpq du. One can therefore apply what we have already seen in a).
b2) 7Y, is centered for every ¢ as, by Fubini’s theorem,

t t
E(Y,) = E( / X, dp,(u)) - / E(X,) du(u) = 0 .
0 0
If K, = E(Y,Y,) denotes its covariance function, then

ko =e( [ X du() - / X, du(vs)) -/ du) | "E(,X,) du(v)

= /td,u(u)/ unvdu(v) .
0 0
(S.8)
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Therefore
t t
atz =K, =/ d,u(u)/ uAvdu(v)
0 0
t u t t
— [(anw [ vane)+ [ duto [uapw =141,
0 0 0 u
By Fubini’s theorem
t v
I, = / dp,(v)/ udpu(u) =1, .
0 0
Moreover,

/ouvd“(v) B /oud“(”)/ovd’=/Oudr/rudu(v) =/Ouu(]r,u])dr

and therefore, using (3.21),

I = /0 () /0 p(ru) dr = /0 dr / ) dutu) = /0 p(r) dr.

which concludes the computation of the variance of Y;. In order to compute the
covariance Cov(Yy, ¥;) = K, we have, starting from (S.8) and assuming s < ¢,

K., = /Oxdu(u) /Oxu/\vd,u(v)+/std,u(u) /Osu/\vd,u(v)
-/ (s dr + | dp) / "0 dp(v)
= [ ntrespars sy [ nGrshar= [ uriurshar.

Only for completeness let us justify (3.21). w(]r,#])? is nothing else than the
measure, with respect to i ® u, of the square ]r, t]x]r, 1], whereas the integral
on the right-hand side is the measure of the shaded triangle in Fig. S.2. The
rigorous proof can be done easily with Fubini’s theorem.
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Fig. S.2 The integration domain in (3.21)

3.12

a) The integral that appears in the definition of Z, is convergent for almost

every w as, by the Iterated Logarithm Law, with probability 1, |B, <
((2 + e)tloglog })'/? for ¢ in a neighborhood of 0 and the function 7 >
~12(log log | H/ 7 is integrable at 0+. Let us prove that Z is a Gaussian process,
i.e. that, for every choice of #1, . . ., t,, the r.v. 7= (Z,,....2,,)is Gaussian. We
cannot apply Exercise 3.11 b) 1mmed1ately because th du is not a Borel measure
(it gives infinite mass to every interval containing 0). But, by Exercise 3.11 a),
ther.v. Z® = (Z" ..., Z") is indeed Gaussian, where Z\" = 0 if f; < ! and

t,'B
z" =B, — / “du o i=1,....m
I/n U

otherwise. Then just observe that lim,— oo 7™ =7 as. and that a.s. convergence
implies convergence in law. We deduce that Z is Gaussian, by Proposition 1.9.
Clearly Zy = 0 and Z, is centered. We only need to compute the covariance

function of Z and verify that it coincides with that of the Brownian motion.
Repeatedly using Fubini’s theorem we have for s < ¢,

E(Z,7,) = E[(BS — /0 E;v dv) (B, — /Or li“ du)]

_ E(B, Bt)_/‘ E(B,B) / E(B, B")d +/ / E(B, Bu)

_s_/dv—/du—/ du+/dv/v/\u u

= —s—s(logr—1logs) +1.
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Let us compute the double integral:

N Ul N tl
I:/dv/ du—}—/dv/ du
0 oV 0 v U
:s+/‘(logt—logv)dv:s+s10gt—s10gs+s:2s+s(logt—logs)
0

so that, finally, E(Z;Z,) = s = s A t, which, thanks to Proposition 3.1, completes
the proof that (Z;), is a natural Brownian motion.

b) (Z,); is clearly adapted to (.%,); (see Exercise 2.2 a)). In order to show that it is
not a Brownian motion with respect to (.%;);, there are many possible approaches.
For instance, if it was Brownian, then Z; — Z; would be independent of By, that is
an .Z;-measurable r.v. Instead we have

"E(B,B,
B:Bu) |, _
u

E[(Z,—Z,)B,] = E[(B,—B)B,]— / _ / t Z du = —s 1og§ £0.

s

¢) Arguing as in a) Z; and B, are jointly Gaussian. Hence, in order to prove that B,
is independent of ¢, by Remark 1.1 it is enough to prove that B, is independent
of Z, for every s < ¢, i.e. that they are uncorrelated. Actually

S E(B,B, S
E(ZB.) = E(B,B,) — / BuBD) = 5 / du=0.
0 u 0

3.13 We have

{B, < a/tforeveryt < T}
— Bt

= { /2 < for every t < T}
(2r1oglog ;) \/2 loglog !

but by the Iterated Logarithm Law, with probability 1
B,

lim =1
0t \/Ztlog log i

hence, with probability 1 there exists a sequence of times (%), such that

Br”
— 1
\/2t,,10g10g Lo
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whereas

a
—- 0

\/2 loglog | "7

and therefore the event in question has probability 0.
3.14

a) By the Iterated Logarithm Law, see also (3.8), |B;| < (1 + &)+/2tloglogt for t
large. Therefore if b < 0

Iim X, =0
t—>-+4o00
whatever the value of 0. The same arguments give lim;— 400 X; = +o0 if b >
0 (again for every o). If b = 0 and ¢ > 0 we know, by the behavior of the
Brownian motion as ¢ — 400 as described in Remark 3.4, that lim,—, 4 oo X; =
+o0, lim,_, , . X; = 0.
b) We have

o2
E[Xr] — ebrE[eGB,] — e(b-i- Ot

so that the limit (3.22) is finite if and only if b < —"22 and equal to 400

otherwise. Observe the apparent contradiction: in the range b €] — ”22 ,0[ we
have lim,_, { oo X; = 0 a.s., but lim,_, 4 oc E[X;] = +00.

3.15

a) By the Iterated Logarithm Law |B,| < (1 + &)+/2uloglog u for ¢ large. Hence,
if b > 0, e85 .\ +oo (this is also Exercise 3.14 a)) and in this case
the integrand itself diverges, hence also the integral. If b < 0, conversely, we
have, for ¢ large,

e? B < exp (bu + (1 4 &) y/2uloglogu) < e/?

and the integral converges to a finite r.v.

bl) The integral can vanish only if the integrand, which is > 0, vanishes a.s.
However, we know by the Iterated Logarithm Law (see Remark 3.4) that the
Brownian path takes a.s. strictly positive values in every neighborhood of 0. As
the paths are continuous they are therefore strictly positive on a set of times of
strictly positive Lebesgue measure a.s.

b2) By a change of variable and using the scaling properties of the Brownian
motion, as v > &r B,, is also a Brownian motion,

t 1 1 1
<z
g0y du =t L, >0y dv =1t l{ U B0} dv X~ t Lig, >0y dv .
0 0 0o v 0
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Now

1
lim t/ lig,>0y du = +o00
0

t—>—+00

as we have seen in b1l) that the r.v. fol 1¢p,>0y du is strictly positive a.s. Hence,

as the two r.v.s [ 1z,~0) du and 1 [} 1¢s,~0y du have the same distribution for
every t, we have

t
lim lyp,>0y du = +00 in probability .
0

t—>-+o00

In order to prove the a.s. convergence, it suffices to observe that the limit

t

lim 1{Bu>0} du
t—=>+00 Jo

exists a.s. as the integral is an increasing function of ¢. Hence the proof
is complete, because the a.s. limit and the limit in probability necessarily
coincide.

b3) It suffices to observe that

e = lip20)
and then to apply b2).

¢) By Fubini’s theorem and recalling the expression of the Laplace transform of
the Gaussian distributions,

+o00 +o00 +o00 2
E[/ ghutoBu du] = / E[eb"+UB”] du = / et gy
0 0 0

The expectation is therefore finite if and only if b < —°, . The integral is then
easily computed giving, in conclusion,

+o00 - ifb< =%
E[/ ebu"l‘UBu du:l — b+ 62
0 +o00 otherwise .

3.16 The sequence (t,), is increasing and therefore converges to some r.v. o.
Obviously, as 7, < 7, also 0 < t. Let us prove that actually o = t.

Let us consider first the event {o < +o0}. On it of course 7, < +o00 and X;, €
0D,,. X being continuous, X;, — X, and d(X,;, 0D) = lim, . d(X;,, dD) = 0, so
that X, € 0D and o > t. Conversely, on {o = +00} there is nothing to prove.

The argument above also implies that X;, — X; as n — oo.
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Note that this argument only works for an open set D because otherwise the
condition X, € dD does not imply o > t. Actually the statement is not true if D is
closed (try to find a counterexample. .. ).

3.17 1If X, = pB,,», then X is also a Brownian motion by Proposition 3.2 so that,
if

o = inf{u: X, ¢ pD}
we have 7 ~ 7,. As pB; = X,

T = inf{s; By ¢ D} = infis; pB; & pD} = inf{s; X,,» & pD}
= plz inf{u; X, & pD} ~ plz T, .

3.18

a) By the Iterated Logarithm Law, with probability 1 there exist values of ¢ such that
X1 (t) = (1 — g)/2tloglogr (X; is the first component of the Brownian motion
X). There exists therefore, with probability 1, a time ¢ such that |X;| > 1 and so
T < 400 a.s.

Let us denote by u the law of X; and let O be an orthogonal matrix; if ¥; =
0X;, then (Exercise 3.9) Y is also a Brownian motion. Moreover, as |Y;| = |X;|
for every t, t is also the exit time of Y from S. Therefore the law of Y; = OX;
coincides with the law of X;, i.e. with . Therefore the image law of w through
O (that defines a transformation of the surface of the sphere, dS, into itself) is
still equal to p.

This allows us to conclude the proof since, as indicated in the hint, the only
probability on 0S with this property is the normalized (m — 1)-dimensional
Lebesgue measure. Figures S.3 and S.4 show the positions of some simulated
exit points.

b) Let I and A be Borel sets respectively of dS and of R*; we must show that
P(X; e I't € A) = P(X; € I')P(r € A). Repeating the arguments developed in
a), we have, for every orthogonal matrix O,

PX:elt€A)=PX,; €0lt €A).

Therefore, for every fixed A € Z(RY), the measure iy on S defined as
pa(I') = P(X; € I',t € A) is rotationally invariant. It is therefore of the form
a = c- A and obviously the constant ¢ is determined by cA(dS) = P(zr € A).
Therefore

P(t € A)

PX,elteA) =c-AMI') = 2(35)

M) = P(X, € INP(t € A) .
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Fig. S.3 The exit positions of 200 simulated paths of a two-dimensional Brownian motion from
the unit ball. The exit distribution appears to be uniform on the boundary

Fig. S.4 The exit positions of 200 simulated paths from the unit ball for a two-dimensional
Brownian motion starting at (é, 0) (denoted by a black small circle). Of course the exit distribution
does no longer appears to be uniform and seems to be more concentrated on the part of the
boundary that is closer to the starting position; wait until Chap. 10 in order to determine this
distribution

3.19

a) Immediate as

||ef||oo = sup /) — eSUpo<s=<1 /()

0<s<l

bl) The clever reader has certainly sensed the imminent application of the scaling
properties of Brownian motion. Replacing in the left-hand side the Brownian
motion B with s > +/1B;;, we have, with the substitution u = s/1,

t t 1
£
/eB‘T ds ~ /e“/’Bf/’ ds:t/ eViBu gy .
0 0 0

b2) The previous relation gives

‘ 1
log/ efrdgs £ log (t/ eViBs ds)
0 0
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and by the property of the [” norms mentioned in the hint we have, in
distribution,

. 1 ! B . 1 . 1 x/TB 1/\/t
Jim g [ s = i vone i tog (7 eras) ]

= logle®[loc = sup B(s) .

0<s<l

b3) Taking the log and dividing by /¢

t l t
lim P(/ ebs ds§1)= lim P( log/ ebs ds < 0)=P(susz < 0) —0.
t— 400 0 t——+o00 «/[ 0 s<1

Similarly, by the Reflection Principle,

t 1 t
lim P(/ eBsds < e'77337"/’) = lim P(Jt log/ eBids < .77337)
0 0

t—>+00 t—>+00
1
- P( sup B, < .77337) —1-2P(B, > 77337) = _ -
0<s<I 2
3.20
a) By the reflection principle the partition function F, of t, is, for r > 0,

Fu(t) = P(ty < 1) = P( sup By > a) = 2P(B, > a) = 2P(B, > ar~/?)

0<s<t

+
= 2 /ooe_xz/zdx.
«/27'[ at—1/2

F, is differentiable, so that 7, has density, for r > 0,

2 _ad oa a 2
- (t :F/t :_\/ —a“ /2t — —a/2t'
Ja(t) = F,(0) 7 ° dtJt = St

We have

+o00 a

V2t

e /2 gt = 400 ,

+o00
(1) = /0 N
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as the integrand behaves as 1 towards infinity. A fortiori E(t,) = +o00. Again by
the reflection principle, as ¢t — +oo0,

P(t, > 1) =1 —2P(B, > a) = 1 —2P(B; > at~/?)
=1—PB, > ar/?) —P(B, < —at™/?)

m—l/z
- / e 2 dx ~ ! 2arV? = 2a
V2 Joam1 V2 V2wt

b) The events {7; < ¢}, j = 1,...,N are independent, each of them having
probability

1
P(T; <) = 2P(B, > 1) = 2P(Z > \/t) ,

where Z ~ N(0, 1). Hence

P(T; > t for at least one index j,j = 1,...,N)

N y 1 N
:1—P(ﬂ{Tj§t}):1—P(Tj§t) =1—(2P<Zz t)) _

j=1
For N = 10000 and r = 10® we have ZP(Z > 10_4) = 0.9999202 and
1—(2P(2 = 1074))" " = 1 - 55 = 45%

whereas similar computations for r = 10'° give

1—(2P(2 = 107%))"*™ = 076 = 7.6% .

Therefore the program has the drawback that it can remain stuck on a single path
for a very very long time. We shall see some remedies to this problem later on
(see Example 12.4).

¢) By Theorem 3.3, E, = B, 4 — B, is a Brownian motion independent of .%_. If
we denote by T, the passage time at a of E, the two r.v.’s 7, and T, have the same
law and are independent. Moreover, it is clear that 7o, = 7, + T,. By recurrence
therefore the sum of n independent r.v.’s Xj, ..., X, each having a law equal to
that of 7, has the same law as t,,. Therefore the density of nlz X+ + X))
is

2,2

an a —a?
) = L)

2 2 2 na (
na 1) = — =
") = V21 (n2t)3/2 P 22 V2 32



Solutions of the Exercises 471

3.21
a) We have

1
sup By = supB, = Vi sup B, .

0<s<t u<l u<l

As ( 1 B, is itself a Brownian motion, this means that
N

sup By ~ +/t sup B,

0<s<t u<l

(recall that ~ means equality in law). Of course this implies (3.24).
b) From Exercise 1.3 and thanks to the reflection principle

E[ sup B‘Y] = /+00 P( sup By >x> dx = 2/+OOP(B, > x) dx
0 0

0<s<t 0<s<t

2 +oo +oo 2 2 +oo 2 z
= dx/ e 2dz= / e 2 dz/ dx
\/27”‘ /0 x \/27”‘ 0 0

2 /+°° _2 J 2 2 |+oo \/2:
= ze 2tdz = e 2o — .
V2rt Jo V2t 0 s

3.22
al) The vector ‘ ;‘ zhas modulus equal to 1, therefore X is a Brownian motion thanks
to Remark 3.1. We have
v = inflf; (¢, B) > k} = inf{r;[c]X, > k} = inf{; X, > [}

a2) As 7 coincides with the passage time of X ata = |’; it has infinite expectation,
as seen in Exercise 3.20, and its density is given by (3.23).

bl) X is a centered Gaussian process starting at 0 whatever the value of «. In order
to check whether it is a Brownian motion we have to determine for which values
of o > 0 condition 3) of Proposition 3.1 is satisfied. We have, for s < 1,

E[X:X;] = E[a(B1(?) + B2(1))a(Bi(s) + Ba(s))]
= &*(E[Bi()B1(5)] + E[B2(1)Ba(5)] + E[B1(1)Ba(s)] + E[B1(5)B2(1)])
= otz(s + 54 ps + ps) =2a°(1 + p)s
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hence, if p > —1, we have the condition

1
T 2a+e

If p = —1 such an « does not exist. Actually, if p = —1 we have B (f)+B»(f) =
0as.

A repetition of the argument of a2): t coincides with the passage time of the
Brownian motion X with the choice of @ as in (S.9) at a = (2 4 2p)~"/? so that
7 has the density (3.23) with @ = (2 + 2p)~'/? and has infinite expectation. By
the reflection principle (Proposition 3.4)

(5.9)

P(r < 1) =2P(X; > (2 +2p) /%),

which is maximum for p = 1.

3.23

a)

b1)

b2)

cl)

We know that ¢ — (w, B;) is a Brownian motion if w is a vector having modulus
equal to 1 (Example 3.1). Hence v = ‘l‘ satisfies the requested condition.
Of course

t = inf{t; By (1) + B>(t) = 1} = inf{z; (z. B,) = 1} .

We have |z|?> = 2, so that, thanks to a), W, := «}2 (z, B;) is a Brownian motion.
Hence

T = inf{£; B;(f) + Bo(r) = 1} = inf{t; V2 W, = 1} = inf{t; W, = le}
so that t has the same distribution as the passage time of W at a = \}2 and

therefore has density

—a2 /2t 1 —1/4t

a
Q)12 326 = o122 32¢

[0 =

and, by the reflection principle and using tables of the partition function @ of
an N(0, 1)-distributed r.v.,

1
P(r < 1) = 2P(W1 > \/2) =0.48.
We have 1) = inf{#; 2B; (¢) + B, () = 1}. We can repeat the arguments of b) for

2B (1) + By (1) = (z, B(r)) withz = (2, 1); here |z = /5 and 2B, (1) + By (1) =
V/5 Wi (), where W; is a Brownian motion. Therefore

7, = inf{r; 2B, (t) + B2(t) = 1} = inf{r; V5 W, (1) = 1} = inf{r; W, (1) = Js)
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c2)

c3)

so that t; has density, for t > 0,

1 1
— —1/10t
0= Gomynpr®
The same argument, for the new Brownian motion W,(r) = «}5 Bi(t) —

js B; (1), gives
= inf{; L By (1) — Bo(t) = 1} = inflt; %3 Wa(r) = 1} = inf{r; Wa(r) = 23
with density

2 1
— —1/5t
fz(t) - (107[)1/2 t3/ze

In order to prove that t; and t, are independent, it suffices to show that the two
Brownian motions W, W, are independent. We have

2 Bz(s) .

1
Bi(s) — J5

Wi(t) = J5

55 Bi(1) + \}532@, Was) =

Therefore, assuming s < ¢,

Cov(W, (1), Ws(s)) = EIW,(0Wa(s)] = . E[Bi()B1 ()] 25E[Bz(l)32(s)] — 0.

NG v

Hence, as the r.v.’s Wi (t), W, (s) are jointly Gaussian, they are independent for
every t, s. Alternatively, just observe that the two-dimensional process (W, W;)
is obtained from (Bj, B,) through the linear transformation associated to the

matrix
2 1
(JS JS )
T2
V5005

which is orthogonal. Hence by Exercise 3.9 (W;, W;) is a two-dimensional
Brownian motion which implies the independence of W; and W,.

The event {o < 1} is the union of the events {r; < 1} and {r, < 1}, which are
independent. Therefore

Po<1) =P =D)+Pm=<1)-Pr <1)P(n=<1).
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Now, by the reflection principle and again denoting by @ the partition function
of the N(0, 1) distribution,

P < 1) = 2P<W1 > Js) - 2(1 ) Jls)) = 2(1-0.67)) = 0.65,
Py < 1) = 2P(w2 > js) - 2(1 ) js)) = 2(1-0.81)) = 0.37,

which gives
P(c <1) =0.65+0.37—-0.65-0.37 = 0.78 .

c4) The important thing is to observe that the event {7; < 7,} coincides with the
event “the pair (71, 72) takes its values above the diagonal”, i.e., as t; and 1, are

independent,
+o0 t
P(t1 <n) = @) dt/ fi(s)ds . (S.10)
0 0
Let us compute this integral. To simplify the notations let us set a; = «}5’
a; = js' By the reflection principle
t 2 400 2
[A@a=rpa zn=2moza = 2 [eia
0 V27t a
and substituting into (S.10)
Foo too ay 2 2 2
P < — —a5/2t —x=/2t
(11 < 1) /al dx/o (@12 328 ot e dt
+ + + =
:”2/ - dx/ Tl <a%+x2>dt:“2/ - ax( 2 haa) +°°)
7 Ja, 0 t T Ja as + x2 =0

oo

ap

too o 2 tee 2
:a2/ ) de: / xzdx: arctanx
T Ja a; +x Taz Jg, 1+(a2) T a

2/ a 2 1
= ( — arctan ) =1— arctan =~0.7.
T \2 a b4 2

* Note that the independence of 7; and 1, is a consequence of the orthogonality of
the two straight lines 2x + 1 = 1 and ; x—y=1.

4.1 Statement a) looks intuitive: adding the information &, which is independent
of X and of ¢, should not provide any additional information useful for the
prediction of X. But the formulation of the exercise has certainly led the reader
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to surmise that things are not really this way. Let us therefore start proving b); we
shall then look for a counterexample showing that the answer to a) is negative.

b) The events GN D, G € ¥,D € & form a class which is stable with respect to
finite intersections, generating ¢ Vv & and containing §2. Let us prove that

E[E(X|¥9)16np] = EX1gnp)

forevery G € 4,D € 9. As ther.v. E[X|¥] is obviously ¢ v Z-measurable, by
Remark 4.2 this will prove that E(X|¥¢) = E(X|¥ Vv 2). As D is independent of
0(X) v ¢ and therefore also of ¢,

E[E(X|9)16np] = E[E(X15|¥)1p] = E[E(X16|9)]E[1p]
= E[XlG]E[lb]?E(Xlsln) = EXlnp) .

where 1 denotes the place where independence of D and o(X) V ¥ is used.

a) The counterexample is based on the fact that it is possible to construct three
r.v.’s X,Y,Z such that the pairs (X, Y), (Y,Z) and (Z,X) are each formed by
independent r.v.’s but such that X, Y, Z are not independent globally.

An example is given by 2 = {1, 2, 3, 4}, with the uniform probability P(k) =
}1, k = 1,...,4, and the o-algebra % of all subsets of 2. Let X = 1y,
Y =14 and Z = 13 4;. Then we have

PX=1,Y=1) =P({l,2}N{2,4}) =PQ2) = i =PX=1P(Y=1).

Similarly it can be shown that P(X = i,Y = j) = P(X = )P(Y = j) for
every possible value of i, j € {0, 1}, which implies that X and Y are independent.
Similarly we prove that (X, Z) and (Y, Z) are also pairs of independentr.v.’s. Let
¥ = o(Y) and 9 = 0(Z). Then the o-algebra & v 2 contains the events

(1}={r=0,z=0}, {21={r=12=0},
Bl={r=02z=1}, {4={yr=1zZ=1}

and therefore 9 v 9 = % . Hence E[X |9 Vv 9] = X, whereas E[X |¥4] = E(X) =

; a.s. as X and ¢ are independent.

4.2 Let us first assume that Y is integrable. Then if ¥ were ¢-measurable we
would have

Y = E[Y|¥] a.s.
But on the other hand, as Y is independent of ¢,

E[Y|¥] =E[Y] as.
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and these two relations can both be true only if ¥ = E[Y] a.s. If Y is not integrable
let us approximate it with integrable r.v.’s. If ¥, = Y Vv (—n) A n then Y, is still
independent of ¢4 and ¢-measurable. Moreover, as |Y,| < n, Y, is integrable.
Therefore by the first part of the proof Y, is necessarily a.s. constant and, taking
the limit as n — oo, the same must hold for Y.

4.3 Recall (p.88) that f(x) = E[Z|X = x] means that f(X) = E[Z]o(X)] a.s., i.e.
that E[ f(X)y (X)] = E[Zy¥ (X)] for every bounded measurable function ¢ : E — R.
Let A € &. Then we have {X € A} € 0(X) and

Ho(A) = QX € A) = EZ1xen] = B[S0 xen] = /A FO) () .

which proves simultaneously that ©q < wp and that Z’; ‘s =f.
44
a) If G = {E(Z|¥) = 0}, then G € ¥ and therefore, as E(Z|¥)1¢ = 0,
E(Z1g) = E[E(Z16|¥)] = E[E(Z]|9)16] = 0. (S.11)

As Z > 0, this implies Z = 0 a.s. on G, i.e. {Z = 0} D {E(Z]|¥9) = 0} ass.
Taking the complements, {Z > 0} C {E(Z|¥) > 0} and l(z.0y < l{gz|%)>0}-
Hence if Y > 0 we have a.s.

E[ZY|¥9] = E[Z1(2.0,Y|¥] < E[Zl{gz)9)>0 Y |¥9] = l{gz)9)>0EIZY|¥] .

As the opposite inequality is obvious, (4.28) is proved for ¥ > 0. We obtain the
case of a general .v. Y splitting into positive and negative parts.
b) We have, with a repetition of the argument of (S.11),

Q(E[Z]¥9] = 0) = E[Zlgz191=03] = 0,

hence E[Z|¥] > 0 Q-a.s. Moreover, as the right-hand side of (4.29) is clearly ¢-
measurable, in order to verify (4.29) we must prove that, for every ¢-measurable
boundedr.v. W,

ofv BOZID T g
E [W E(ZI%)]_E [YW] .
But

E(YZ|9) E(YZ|9)
Ee[w E(Yzzw) | =E[zw E(YZZ|5¢) ]
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and, as inside the expectation on the right-hand side Z is the only r.v. that is not
%-measurable,

E(Yzlg)] — E[E(YZ|9)W] = E[YZW] = EQ[YW]

:E[E(Zlg)W E219)

and (4.29) is satisfied.

 In the solution of Exercise 4.4 we left in the background a delicate point which
deserves some attention. Always remember that a conditional expectation (with
respect to a probability P) is not a r.v., but a family of r.v.’s, only differing
from each other by P-negligible events. Therefore the quantity E[Z|%] must be
considered with care when arguing with respect to a probability Q different from
P, as it might happen that a P-negligible event is not Q-negligible. In the case of
this exercise there are no difficulties as P > Q, so that negligible events for P are
also negligible for Q.

4.5 Let us prove that every Z-measurable real r.v. W is independent of X. The
characteristic function of the pair Z = (X, W), computed at 6 = (1,1), A € R",t €
R, is equal to

E[ei(G,Z)] — E[ei(A,X)eitW] — E[eitWE(ei(k,X) |g)] — E[eitW]E[ei(A,X)]

so that X and W are independent by criterion 7 of Sect. 1.6. This entails the
independence of X and 2.

4.6

a) Thanks to Example 4.5 and particularly (4.12), the requested characteristic
function is

: Foo Lo A 2A
E[e/(®Fd)] = A/ e 210 e gy = = .
[ ] 0 A+ 11602 24 +16P

bl) The characteristic function of X is

W +o00 )
ox(0) =, / eifxe—hh gy

Now x > sin(fx) e *M is an odd function so that the imaginary part in the
integral above vanishes. Conversely, x - cos(6x) e *" is an even function so
that

+o00

+o00
dx(0) = ,u/ cos(fx) e M dx = Wf(H/ RO dx)
0

0
2

:m(,u,lji@) - /Lzl:- 62 '
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b2) Comparing the characteristic function of B; computed in a) with that of a
Laplace distribution computed in b2) we see that if m = 1 then B; has a Laplace

distribution with parameter V24

4.7 There are two possible methods: the best is the second one below. . .

a) First method. Let us check directly that X has the same finite-dimensional
distributions as a Brownian motion. Let t; < t, < -+ < t,,, 8 = (0y,...,0,) €
R™,

Thanks to the freezing lemma,

E[eielel +...+i0,,,X,m] — E[ei91 (Br+1, —Bg)+...+i9,,,(B;+,m—B¢)]
_ E[E[em‘ B4ty —B)+++++i0u (B 4-4,,—Bt) |(f(§')]] = E[®()],
where

D(s) = E[eit‘)l (Bx+t1_Bs)+"'+i9m(3x+tm_3x)] )

As we know that the increments (B4, — By); form a Brownian motion (Proposi-
tion 3.2), @ does not depend on s and we have that

E[eielel +...+i9mX,m] — E[ei913'1+"'+i9m31m] .

The process X has the same finite-dimensional distributions as B so that it is itself
a natural Brownian motion.

b) Second method. Let .#; = o(%,, d({)) be the filtration that is obtained by
adding to (%), the o-algebra generated by {. Thanks to Exercise 3.5, B is also
a Brownian motion with respect to (%,), and now ¢ is a stopping time for this
larger filtration as {{ < t} € o({) and therefore {{ < t} € %, for every t. Then
the stopping theorem, Theorem 3.3, allows us to conclude that X is an (%)
Brownian motion.

4.8

a) Recall that the o-algebras 4 = o(B(u),u > 0) and % = o (By(u),u > 0) are
independent (Remark 3.2 b)) and note that 7 is %-measurable.
b) Recalling Remark 4.5 and particularly (4.11), the density of B;(7) is given by
+o00 1

_ —x2 /2t
x) = e dv(t),
8 0 V2rt ©

where v denotes the law of 7. From Exercise 3.20 we know that t has density

a 2
(t) — e /2t
! V27312
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for t > 0 hence the density of B (7) is

+o00 1

+o00
glx) = “ e 2= gy = @ / ! e~ @)/ gy
0

2wt 25 1312 27 2

With the change of variable s = i we obtain

+o0
= f [Tty o
21 0

 w(a® +x2) '
which is a Cauchy law.

4.9 The idea is always to split B, into the sum of B, and of the increment B, — By.
As B2 = (B, — B, + B,)?> = (B, — B,)> + B + 2B,(B, — B,), we have

t t t
/ B2du = (t — s)B, + / (By — By)* du + 235/ (B, — By) du .
B, is .%#;-measurable whereas (recall Remark 4.5)
t t t 1
E(/ (BM_BS)2 du | jv) = / E[(BM_BS)2 | JGZV] du = / (u—s)du = 2 (t_s)z ,
the r.v.’s B, — B, being independent of .%;. By the same argument
t t
E(sz/ (Bu — By) du| 7,) = 233/ E(B.— B, | #)du=0

so that finally

t
E(/ Bgdu|3a) - (t—s)BS—i-;(t—s)z.

As this quantity is already o (B;)-measurable,

g g 1 2
E(/ Budu|BX) :E[E(/ Buduiﬁ}) \BS] = (=B, +  (1=5)".
The meaning of the equality between these two conditional expectations will

become clearer in the light of the Markov property in Chap. 6.

4.10 Letus denote by vy, uz, respectively, the laws of Y and Z and by p, the law
of ¢(y) + Z. We must prove that for every pair of bounded measurable functions
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f:E—Randg: G — R we have

EL/(X)g(V)] = /G £0) dvy(y) /E £ iy ()
But we have

/ FO) dity @) = / F@O) + 2 dpz(d)
E E

and

EL/(X)g(V)] = E[f@(¥) + 2)g(¥)] = /G () dvy(y) /E F@O) + 9 dz(2)

- / ¢ dvr(y) / Q) dy ()
G E

4.11

a) We must find a function of the observation, Y, that is a good approximation
of X. We know (see Remark 4.3) that the r.v. ¢(Y) minimizing the squared
L? distance E[(¢(Y) — X)?] is the conditional expectation ¢(Y) = E(X|Y).
Therefore, if we measure the quality of the approximation of X by ¢(Y) in the
L? norm, the best approximation of X with a function of Y is E(X|Y). Let us go
back to formulas (4.23) and (4.24) concerning the mean and the variance of the
conditional laws of a Gaussian r.v.’s: here

my =my =0, Cov(X,Y)=Cov(X+W.X)=1, Var(Y)=1+0?,

so that

Cov(X,Y) y
XY =y)=mx + Var(¥) O =—my) = 12

The required best approximation is

Y
1+ 02

Note that the variance of the conditional distribution of X given ¥ = y is

Cov(X, Y)? 1 2
oviX, 1) _ - 7 . (S.12)

Var(X) — —1-
ar®) = var(n) 1402 1402

b) The computation follows the same line of reasoning as in a) but now Y is two-
dimensional and we shall use the more complicated relations (4.21) and (4.22).
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IfY = (Y,Y2),y = (y1,y2), we have my = 0, my = 0, Cx = 1. As Var(¥}) =
Var(Y,) = 1 + o2 and Cov(Y1, Ys) = Cov(X + Wi, X + Wr) =1,

l4+0% 1
cyz(1 1+oz)’ Cxy=(11).

A quick computation gives

=l 1 1+02 -1
YU +022—1\ -1 1+402)°

Therefore the conditional law of X given Y = y has mean

_ 14+ 02y — i+
CxyCyly = ( = :
xrty Y 202—1—04( )((1+az)yz—y1 2 + 02

The best approximation of X given Y = y now is

n+1r,
2 +02

The variance of the conditional law is now

_ 1 14+02 -1 1
|
I=CorCy Gy =1- 202 + o4 (11) ( -1 1+ 02) (1)

1 2 2 o?
=1- 11)(%)=1- =
202 + o* o 2402 2402

b}

which is smaller than the value of the conditional variance given a single
observation, as computed in (S.12).

4.12

a) We apply formulas (4.21) and (4.22) to X = (By,,...,B;,), Y = B;. We have

Cy = 1 whereas, as Cov(B;,,B1) =ti Al =1,

5
Cxy =

Im
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CX,YC;IC;Y = (l‘l Ce lm)

Im

the matrix CX,YC;1 C;Y has #;t; as its (i, j)-th entry. As Cx is the matrix (£ A1),
the conditional law is Gaussian with covariance matrix Cxy — CX,YC;ICX,Y =

(ti Nt — titj)i.j, i.e.

n(l—n) 1l =) ... n(1 —1n)
h(l—=1n) b(l=1n) ... (1 —1n)

H(l—t,) (1 —t,) tn(1 —t,)

and mean (here E[X] = 0,E[Y] = 0)

b) Now Y = (B, B,) and

11
Cy = :
= (1)

hy
CxyCy'ly =

so that
nh n no
v —1
CxyC;! : =1 :
Xty v—1 | ) \=1 1)
Im tm tm O
and
no
_ A/t
CX,YCYIC;’Y = : ([i t ) s
tn O
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which is still the matrix with ##; entries. Hence the covariance matrix of the
conditional law is the same as in a). The same holds for the mean which is
equal to

hy

Imy

In conclusion, to be repositioned the conditional law neither depends on x nor on
v and coincides with the conditional law given B; = y. From the point of view
of intuition this is not surprising as the addition of the information B, = x means
to add the information B, — B; = x — y. As the increments of the Brownian
motion are independent of the past it would have been reasonable to expect that
the addition of this new information does not change the conditional law. This
fact may be obtained directly using Exercise 4.1 b).

4.13 Thanks to Exercise 3.11 the joint law of the two r.v.’s is Gaussian. In order

to identify it, we just need to compute its mean and covariance matrix. The two r.v.’s
are obviously centered. Let us compute the variance of the second one:

1 2 1
E[(/O Bsds)]:E[/O Bsds-/ B,dt //BB,dsdt
1 1 1
2//s/\tdsdt:/ dt/sds—i—/ dt/ tds=1+1,.
0 0 0 0 0 t

We have easily
12
t 1
I = / dt =
0o 2 6

and similarly I, = (; therefore the variance is ;.
of course, whereas for the covariance we find

1 1 1
1
E[31/ Bsds] =/ E(BlBs)dszf sds =
0 0 0 2
The covariance matrix of B; and fol B; ds is therefore
1
(:1)
1 1) -
23

The best L? estimate of the value of B, given fol B, dt = x is the conditional mean,
which is easily computed using formula (4.23) and is equal to ;x.

The variance of B is equal to 1,
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4.14
a) We have Cov(n,Y;) = Cov(n,ns) + Cov(n,oB;) = sp* (n and B, are
independent). By the same argument

Cov(Ys, Y;) = Cov(ns, nt) + Cov(oBy,0B;) = stp2 + (s A t)crz.

b) As 7 is independent of B, (1, (B;)>0) is a Gaussian family. Therefore for
every tq,...,t, the vector (¥y,..., Y, ) is Gaussian, being a linear function of
(n,By,...,B,).

¢) A must satisfy the relation Cov(n — AY;, ¥;) = 0 for every s < r. We have

Cov(n — AY,, Ys) = Cov(n, Yy) — Cov(AY,, Yy) = s,o2 — )k(sz‘,o2 + soz)
= s(p” — A(tp” + 0%))

and therefore

_

o +1p?

With this choice of A the r.v. Z = n — 1Y, is not correlated with each of the r.v.’s
Y;,s < t. As these generate the o-algebra &, and (5, Y,,t > 0) is a Gaussian
family, by Remark 1.2 Z is independent of ¥;.

d) AsY,is%,-measurable whereas Z = n—AY, is independent of 4, and E[Y;] = ut,

E[n|¥4] = E[AY; + Z|¥}] = AY; + E[Z] = AY; + E[n — AY}]

2 2 2 2
pY: tp pYr+o
=AY, + pu(l— Ay = (1- )= :
s ) 02+t,02+u 02+ 1p? o? + 1p?
We have
2Y 0.2 2Y
lim E[n|@] = tim " TR o g PN
t—>+o0 t—>+o0 02 + tp? t—>+00 02 + tp?
0’
t—j—lglooaz—f-tpz(n ToB)=n s
as lim;— 4 o 1B, = 0 a.s. by the Iterated Logarithm Law.
4.15
a) Ifr,...,t, € RT, then (X4, ..., X,,) is Gaussian, being a linear function of

(B, -..,B,,B1). Moreover, if t < 1,

E[X,Bi] = E[(B,— tB))B)]] =tA1—1=0.
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The two r.v.’s X; and Bj, being jointly Gaussian and uncorrelated, are independent
for every t < 1. X, is centered and, if s < ¢,

E[X;X;] = E[(B; —tB1)(Bs —sB1)] =s—st —st + st = s(1 —1) . (8.13)

b) As X and X, — 11:2 X; are jointly Gaussian, we need only to show that they are
not correlated. We have, recalling that s < ¢,

B (x - i:;x)x] — (1 —1)— ::;s(l—s)zo.

c¢) We have

-1 1—1 |-t
E[X,|X,] = E[X, R X, |XS] - X, (S.14)

1—s 1—s 1—=s

as, thanks to b), X; — }:j X; is independent of X; and centered whereas 11: X
is already o (X;)-measurable. The relation E[X,|X;] = E[X;|¥;] follows if we
show that X, — 11: X, is independent of ¥, and then repeat the same argument
as in (S.14). In order to obtain this it is sufficient to show that X, — }:j X, is

independent of X, for every u < s. This is true as, if u < s,
1—1¢ 1—1¢
E[(X,— I_SXS)XL,] —u(l =N~ _ u(l—9=0.
d) We have, fors <t <1,
E[X,|.%,] = E[B; — tB|.%;] = By —tB; = (1 — 1)B; .

This result is different from

1—1¢
E[Xt|gv] = 1_SXS‘

obtained in c), as it is easy to see that Var( 11:5 X,) = (1-1)? |~ whereas Var((1—
)Bs) = (1 — 1)%s. Therefore the two o-algebras .%, and ¥, are different.

e) Let0 < # < .-+ <t, < 1. The conditional law of the vector (B, ...,B;,)
given B; = 0 can be computed as explained in Sect. 4.4. It has actually already
been computed in Exercise 4.12 b). It is Gaussian, centered, and with covariance
matrix whose (i, j)-th entry is #; A t; — t;t;, the same as the covariance matrix of

the Brownian bridge, as it can be computed from (S.13).

5.1 Forevery t > s, we have E(X,|.%,) < X, a.s. Therefore the r.v. U = X; —
E(X,|.%;) is positive a.s.; but it has zero mean, as

E[U] = E[X,] — E[E(X,|.#,)] = B(X,) — E(X,) = 0.
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We deduce that U = 0 a.s. (a positive r.v. having mean equal to 0 is = 0 a.s.).
Therefore E(X;|.%,) = X; a.s. for every ¢ > s.

5.2

a) We know that P(X,,, = b) = ., hence

lim P(X,, =b) =1,

a—+00

which was to be expected: if the left endpoint of the interval | — a, b[ is far from
the origin, it is more likely for the exit to take place at b.
b) The event {X, , = b} is contained in {7, < +o0}, hence, for every a > 0,

P(zp < +00) > P(X,,, = b)
so that, thanks to a), P(7, < +00) = 1.

5.3

a) Thanks to the law of large numbers we have a.s.

n—00

Therefore a.s. there exists an ny > 0 such that ’11 X, < é (p—q) < O0forn > ny,
which implies X, < 7 (p — ¢); hence X, — —o0 a.s.

bl) Let #, = 0(Xy,...,X,) = o(Yy,...,Y,). We have, Y, 4| being independent
of %,

et =E () (= ()
- (Z>XnE[(z>Yn+l] _ (DXn (Z P(Yyp1=1)+ Z P(Y,41 = _1)>

() (et = () o= () -

Note that this argument proves that the product of independent r.v.’s having
mean equal to 1 always gives rise to a martingale with respect to their natural
filtration. Here we are dealing with an instance of this case.
b2) As, thanks to a), lim,, o X, = —o0 a.s. and Z > 1, we have lim,,, o Z, = 0.
c) As n A t is a bounded stopping time, by the stopping theorem E[Z,A.] =
E[Z] = 1. By a) T < 400, therefore lim,—s00 Zya: = Z; a.8. As Z > 1 and

—a < X,nr < b, we have (z)_“ < Zune < (g)” and we can apply Lebesgue’s
theorem and obtain that E[Z;] = lim, o0 E[Z,;] = 1.
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d) As X; can only take the values —a, b,
| =Bz = E[(Z)X’] = (Z)bP(Xf =0+ (4) "Pex = -a)
= (9)pex =)+ () (- pex =),

Actually, as 7 < +00, P(X; = —a) = 1 — P(X; = b). Hence

1=(p) " =re=n(() - () )

ie.

B =)™
== oy gy
5.4

a) Z is Fr—1-measurable whereas X; is independent of %, therefore X; and
Z; are independent. Thus Z2X? is integrable, being the product of integrable
independent r.v.’s and Y, is square integrable for every n (beware of a possible
confusion: “(Y,,), square integrable” means Y, € L? for every n, “(Y,), bounded
in L*” means sup,,. o E(Y?) < +00). Moreover,

E[Y,+1]|- 7] = ElY, + Zo 1 Xot1 | F] = Vo + Zyt 1 E[X 1| ]
=Y, +Zi1 E[Xu1] = Y.
-0

b) As Z; and X are independent, E[Z;X;] = E[Z;]E[X)] = O and therefore E[Y}] =
0. Moreover, we have

n

E[Y?] = E[( anzkxk)z] - E[ Z ZkaZhXh] = 3 Elzxzixi
k=1

k.h=1 k.h=1

but in the previous sum all the terms with & # k vanish: let us assume k > h,
then Z; X;,Z;, is %—1-measurable whereas X} is independent of .%;_;. Therefore

E[ZiXiZnXn] = E[Xi] E[ZiZ3X1]
——
-0

hence, using again the independence of Z; and X,

E[¥{] = anE[Zix,%] = iE[Zi]E[X,%] =0’ anE[Z,%] : (S.15)

k=1 k=1 k=1
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The compensator (A,),, of the submartingale (M?), is given by the relations Ay =
0,A,+1 =A, + E[Mﬁ+1 — MﬁL%l]. Now
E[M;y, — My|.7,] = E[(My + Xu11)* — M |7,
= E[M? + 2M, X, 41 + Xop — M2 | %] = ERM, X1 + Xopy | F0)
= 2MnE[Xn+l |yn] + E[XZ-H |fg.n] .

As X+ is independent of .Z,,,

EXy1| 7] = EX,t1] =0 as.

E[X2, | 7] =EX2 ] =0>  as. (S.16)

and therefore A, = A, + o2, which with the condition Ay = 0 gives A, = no?.

In order to compute the compensator of (Yﬁ)n just repeat the same argument.
If we denote it by (B,),, then

E[Y2,, — Y2|.%,) = E[(Yy + Zyt1Xu41)? — Y2| 5]

= E[ZYnZn-I—an-I—l + Zﬁ_HXZ-H |<gzn]

n

= 2Y,Zy+1E[Xot1 | 7] + E[Zﬁ-HXﬁ-H | Fl = Zr21+1E[Xr21+1 | 7] = UZZVZL-H :

From the relations By = 0 and B,+; = B, + E[Y3+1 — Y3|§n] we find

n
B, = o? ZZ,% .
k=1

c) By (S.15)
E[Y}] = o2 - |
[Yil=o Zkz'
k=1

As the series on the right-hand side is convergent, the martingale (Y;), is
bounded in L2. It is therefore convergent a.s. and in L? and therefore uniformly
integrable.

5.5
a) We have

EVi]=-1-27%40-01-2"5+1.27% =0,

Therefore (X,),, being the sum of independent centered r.v.’s, is a martingale
(Example 5.1 a)).
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b) The r.v.’s ¥; are square integrable and therefore X,, € L?, as the sum of square
integrable r.v.’s. The associated increasing process of the martingale (X,),, i.e.
the compensator of the submartingale (Xﬁ)n, is defined by Ag = O and forn > 1

Ay =Any + E[(Xy — X0m1)?|.F0m1] = Auey + E[Y? 1] = Ay + E[Y2].

AsE[Y2] =2.27",

A—1+1+ + ! =2(1-2™"
n— 2 on—1 " :

(Note that the associated increasing process (A,), turns out to be deterministic,
as is always the case for a martingale with independent increments).
c¢) Thanks to b) the associated increasing process (4,), is bounded. As

A, = E[X?]

the martingale (X,,), is bounded in L?. Hence it converges a.s. and in L. It also
. . . . /
converges in L', as I convergence implies convergence in L for every p’ < p.

5.6
a) We have
@ ifu<s
{t<u}=49A ifs<u<t
2 fu>t

therefore, in any case, {t < u} € .%, for every u.

b) If X is a martingale then the relation E(X;) = E(Xj) for every bounded stopping
time 7 is a consequence of the stopping theorem (Theorem 5.13) applied to the
stopping times 1, = t and 7; = 0.

Conversely, assume that E(X;) = E(Xy) for every bounded stopping time ©
and let us prove the martingale property , i.e. that, if t > s, for every A € %

E(X:14) = E(X;14) . (S.17)
The idea is to find two bounded stopping times t;, 7> such that from the relation
E[X;,] = E[X,,] (S.17) follows. Let us choose, for a fixed A € .%, t as in a) and
7, = t. Now X; = X;14 + X;14c and the relation E[X;] = E[X;] can be written as

E[X;14] + E[X/1x]] = E[X;] = E[X|] = E[X;14] + E[X;1,]

and by subtraction we obtain (S.17).
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5.7 Note first that M, is integrable for every r > 0, thanks to the integrability
of e?r. Then, as indicated at the end of Sect. 5.1, it suffices to prove that g(x) =
(e — K)™ is a convex function. But this is immediate as g is the composition of
the functions x — e* — K, which is convex, and of y y+, which is convex and
increasing.

5.8
a) If s <t as {M, = 0} € .Z,

E(I{MFO}M,) = E(I{MFO}MS) =0.

As M, > 0, we must have M, = 0 a.s. on {M; = 0} (this is also a consequence
of Exercise 4.4 a)).

bl) t is the infimum of the set of times at which M vanishes; therefore there exists
a sequence (f,), with #, \ 7 such that M, = 0. Therefore, as M is right-
continuous, M, = 0.

b2) Let T > 0 and t = inf{r; M, = 0}. Let us prove that P(t < T) = 0. By the
stopping theorem and as M, = 0 a.s.

E(Mr) = E(Mrac) = E(Mrlgary + Mclp<ry) = EMrlgary) .
As M7 > 0 a.s. this equality is possible only if P(z > T) = 1.

5.9

a) This is an extension to an m-dimensional Brownian motion of what we have
already seen in Example 5.2. Let s < t. As By is .%;-measurable whereas B; — By
is independent of .,

E(X,|.7,) = (e BT BrB)=3F| 57
= MBI AP (BB | g7y = (M B2 AP B (M BBy
— MBI AP SR (—s) _ o(AB) =5 APs X, .
b) Two ways of reasoning are possible.

First let us assume that m = 1. For large ¢, B,(w) < ((2 + &)tloglog?)'/? by
the Iterated Logarithm Law. Therefore, a.s.,

1
AB, — _|APt
2

B 1 VAEN;

(2 + e)tloglog'/2 2 ((2 + &) loglog£)'/2 ) —doo C

— ((2+#)rloglog t)1/2(

—4o00
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¢)

and therefore

_1 2
X, =MW 0 g
t—+00

If m > 1, then we know that W; = | il (A, B;) is a Brownian motion. We can
write

X, = elMWi—bIaPe

and then repeat the argument above with the Iterated Logarithm Law applied to
W.
The second approach is the following: let 0 < o < 1. Then

E[X;)z] — e—%aletE[e(a)u,B,)] — e—%alk\zte%azlk\zt — e—é [APra(1—a) )

Hence lim,—, 1 E[X] = 0. Let us denote by X, the a.s. limit of X (whose
existence is guaranteed, X being a continuous positive martingale). Then by
Fatou’s lemma

E[X%] < lim EX]=0.
t——+o00
The positive r.v. X3, having expectation equal to 0, is therefore = 0 a.s.

This second approach uses the nice properties of martingales (the previous
one with the Iterated Logarithm Law does not) and can be reproduced in other
similar situations.

If the martingale (X;), was uniformly integrable, it would also converge to 0 in

L' and we would have E(X,) — 0 as t — +oo. But this it is not the case, as
E(X,) = E(Xo) = 1 forevery ¢t > 0.

5.10

a)

b)

The first point has already been proved in Remark 5.4 on p. 132. However, let
us produce a direct proof. If s < 7, as By is .%;-measurable whereas B; — B; is
independent of .%;,

E(Ytlgzx) = E[(Bx + (Bt - Bx))ﬂjv] —1

= E[B} +2B,(B, — B,) + (B, — B.)*| 7] — 1
= B} + 2B,E(B. — B,|.#,) +E[(B,— B)’]| -1 = Bl —=s = V..
= =
If Y was uniformly integrable then it would converge a.s. and in L'. This is not
possible, as we know by the Iterated Logarithm Law that there exists a sequence
of times (#,), such that t, — 400 and B,, = 0. Therefore lim Y, = —o0
a.s.

The requested equality would be immediate if T was bounded, which we do not
know (actually it is not). But, for every ¢t > 0, ¢ A 7 is a bounded stopping time

t—>-+o00
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and by the stopping theorem 0 = E[¥A,] = E[B?,, — (¢ A 7)]. Therefore

E(B>.) =E(t A7)

INT

and we can take the limit as t — 400

: 2 _ 2
i BB ) = BB

by Lebesgue’s theorem (B2, . < max(a?, b*)) and

lim E(t A1) =E(7)
t—>+o00
by Beppo Levi’s theorem (f — ¢ A T is obviously increasing). In Example 5.3
we have seen that

a

b
P(BI:—a):a , P(Bt:b):a_'_b.

+b
Therefore we find

ab + b*a _

E(r) = E(B?) = ot b =ab.

Immediate as

Y, =Bi(t)> —t+ -+ Bu(1)* —1t
so that, thanks to a), (Y¥;), turns out to be the sum of m (.%;),-martingales.
Recall that we know already that T < +o0 a.s. (Exercise 3.18). By the stopping
theorem, for every t > 0, E[|B.n/|> — T A #] = 0, i.e.

E[|B.ni|?] = mE[t A 1]

By a repetition of the argument of b), i.e. using Lebesgue’s theorem for the
left-hand side and Beppo Levi’s for the right-hand side, we find

E[|B.|’] = mE[t]
and, observing that |Br|2 = 1 a.s., we can conclude that

1

m

E[r] =
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5.11
a) As E[M,M;|.Z,] = M;E[M,|.Z,] = M? we have
E[(Mt - Mv)z] = E[E[(Mt - Mv)zljv]]
= E[E[M] — 2MM, + M}|.Z]| = E[M; — M] .

b) Let us assume My, = O for simplicity. This is possible because the two
martingales (M), and (M; — M), have the same associated increasing process.
Note that the suggested associated increasing process vanishes at 0. We have then

E[M?|.%,] = E[(M,—M,+M,)*|.%,] = E[(M,—M,)>+2(M,—M)M,+M>|.%,] .

But E[(M, — M,)*|.%] = E[(M; — M,)*] = E[M? — M?] as M has independent
increments whereas E[(M;, — M,)M,| %] = M,E[M, — M,|.%,] = 0. Therefore

E[M?| ) = M? + E[M? — M?]
from which it follows that Z, = M? — E(M?) is a martingale, i.e. that (M), =
E[M?].

¢) M being a Gaussian process we know (Remark 1.2) that M, — M; is independent
of 4, = 6 (M,,u < s) if and only if, for every u < s,

E[((M; — MM, =0.
But this relation is immediate as, M being a martingale,

E[(M; — M)M,| = E[E[(Mt — MM, |gs]:| = E[E[(Mt - M) |gflMu] .
=0

d) As (M) is deterministic and because of the independence of the increments,

1 1
E[egM’_ZOZ(M)’ ys] — eeMs_zez(M)tE[ee(Mt_Mx) ys]
- eeMs—;éﬂ(M),E[ee(Mt—Ms)] )
As M, — M, is Gaussian, we have E[e/™—M)] = e2 OPVarMi—My) (recall

Exercise 1.6). As, thanks to a),
Var(M; — My) = E[(M, — M,)’] = E[M; — M}] = (M), — (M), ,
we have

E[eeM,—W(M), EAE M= 20 (M)i g3 62(M)—(M)) — 7
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5.12

a) We must prove that, for every n and for every bounded Borel function ¢ :
R" - R,

E[Yn+l ¢(Yla ceey Yn)] = E[Yn ¢(Y17 cees Yn)] . (S.18)

But

E[Yn+l ¢(Yla cee 7Yn)] = E[Xn+l¢(Xl7~- 7Xn)] s
ElY,¢(Yy,...,Y))] = E[X,p(X1,...,X,)]

as (X,), and (Y,,), are equivalent and, (X,,), being a martingale,
EX,+10(X1,....X,)] = EX,0(X1,...,X0)],

from which (S.18) follows.

b) The proof follows the same idea as in a). Let us denote by (¥}), the natural
filtration of the process (Y;);. By Remark 4.2, in order to show that E[Y;|¥4;] = Y,
s < t, we must just prove that

E[Y,1c] = E[Y;1]

forevery C in a class & of events that is stable with respect to finite intersections,
containing §2 and generating ¢. If we choose as % the family of events of the
form {Y;, € Ay,...,Y,, €Ay}, forn=1,2,...,81,...,8, <sandAy,...,A, €
HB(R), then we are led to show that

ElY, Iy, eay - - - Ly eat] = E[Ys Ly ey - - Loy ean] -
But this follows from the fact that

ElY, Iy, eay - - - Ly en] = EXi Ly, enpy - - - Lix, ean]

E[Ys Ly, ey - - - Ly, ean] = BlXslix, eary - Lix, e,

as (X;); and (Y), are equivalent and

E[Xt I{X.rl EAL} - I{XsneAu}] = E[XS I{XSIEAI} o I{X.TneAll}]

as (X;), is, by assumption, a martingale.
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513

a) If + > s and recalling Remark 4.5, then
t t
E[Y,|. 7] = E[tB,— / B. du\ﬁ}] = E[«(B, + B,— B,)|.7,] - / E[B,|.7,] du
0 0

s t
= tB; + E[t(B; — By| %] —/ B, du — / B, du
~ - - 0 s
=0

N
:tBS—/ B,du—(t—s)B; =Y.
0

b) We have, foru <s <1,

E[(Y, — Y,)B.] = E[(tB, — sB,)B.] — E[Bu / B, dv]

N

= (t—s)u—/tE[BuBU]dvz (t—s)u—/tudsz.

5.14

a) Let us prove first that X, is .%,-measurable. Let A € Z(R), then we have

k k
X.eAr<k=|JX. cAdr=m=|JXncAar=m}. (519

m=0 m=0

As{t =m} = {t <m}\{t <m-—1} € %, C %, from (S.19) we have
{X; €A, v <k} € F foreveryk,ie. {X, € A} € ..

We are left with the proof that E[X14] = E[X.14] forevery A € %#,. If A €
F,then AN {t =n} € %, and

E(X14) = Y E(Xlange=n) = Y Ellang=nBX|.Z)] = Y EXulang=n)

n=0 n=0 n=0

o0
=Y EX:Lingr=ny) = E(X;14) .
n=0

b) If (z,), is a sequence of stopping times decreasing to t and such that 7, takes
a discrete set of values (see Lemma 3.3), then repeating the proof of a) we
have E(X|.%#;,) = X,,. As (X,), is right-continuous, X;, — X; as n — o0
a.s. Moreover, the family (X;,), is uniformly integrable by Proposition 5.4 and
therefore X,, — X, alsoin L'. As E(X|.%,) = E[E(X|.%,,)| %] we deduce that

EX|.%#;) =EX,, |#:) — EX:|%) =X,.
n—>oo
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The last equality in the relation above follows from the fact that X, is .%,-measu-
rable, as a consequence of Propositions 2.1 and 3.6.

5.15 We have, recalling again Remark 4.5,

t
BV, |7 = VBB |7~ 4 [ BB 7] du

0

s t
=eMB, — A / eB, du — /\/ e B, du
0 K
=B, — A / eMB, du — (e* — e*)B, = M, .
0

which proves the martingale property. Let us write down the increments of M, trying
to express them in terms of the increments of the Brownian motion. We have

t
M, — M, = e*B, — e™B, — ) / e B, du

s

t t
= e (B, — By) + (e —e*)B, — A / e (B, — By) du— A / e™B, du

t
=eM(B,—By) — A / e* (B, — By) du .

N

As M; — M; is a function of the increments of B after time s, it follows that it is
independent of .%; (recall Remark 3.2).

5.16

a) Recalling the expression of the Laplace transform of Gaussian laws (Exer-
cise 1.6),

E[eAB,—vt] — e(”\22 —)t

22 22

so that the required limit is equal to 400, 1 or 0, according as %, > v,

/12
2 < V.

b) Lett > s. With the typical method of factoring out the increment we have

=V or

2
E(ekB,—vtLg*S) — eABX—vtE(eA(B,—BX) |3;Y) — e)LBX+A2 (t—s)—vt
so that, if A; = v, (X;) is a martingale. Conversely, it will be a supermartingale
if and only if

2
t—s)— vt < —vs,
o (1=s)—vi <
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L a2 .
ie. if Az < v. The same argument also allows us to prove the result in the
submartingale case.

c¢) We have

X% — eoclB,—avr
. = .
It is obvious that we can choose & > 0 small enough so that éazkz < av, so that,

for these values of o, X* turns out to be a supermartingale, thanks to b). Being
positive, it converges a.s. Let us denote by Z its limit: as by Fatou’s lemma

lim E(X%) = lim E(e*# ") = lim eGF ) = |
—>00 —> 00 —> 00

we have

E(Z) < lim E(X*) =0,

t—>—+00

from which, as Z > 0, we deduce Z = 0 a.s. Therefore lim,_, o, X} = 0 and also
lim,— 00 X; = O a.s.
d) The integral

+o00
Aoo — / ele—vs ds
0

is well defined (possibly = -+o00), the integrand being positive. By Fubini’s
theorem

+o0 too
E(Aoo) = E[/ eABX—vx dS] — / E[eABj_”] dS] — / e( 5 —V)s ds .
0 0 0

Therefore, if 122 <1, E(lx) = (v — 122)_1. If A; > v then E[As] = +00.
Itw, = iBlz,, we know, thanks to the scaling property, that (W;), is also a
Brownian motion. Therefore the r.v.’s

+o00
/ ele—vs ds
0

+o00 +o00
/ e)kW;—vs ds = / eB)sz—vs ds
0 0

have the same law. Now just make the change of variable = A%s.

+o00

and

* Note the apparent contradiction: we have lim,,oc X; = O for every value of
A € R, v > 0, whereas, for ;Az > v, lim—, E(X;) = +00.



498 Solutions of the Exercises

5.17

a) Let us consider the two possibilities: if 7, = +00, then

llm Mt/\fx = llm Ml‘ = O

t—>+00 t—>+00

whereas if 7, < +oo, then M;n,, — M; = x ast — oo (the martingale is
continuous). Putting together the two possible cases we obtain (5.34).

b) As the stopping time ¢ A 7, is bounded, by the stopping theorem, Theorem 5.13,
E[M;r.,] = E[M)] = 1. As the stopped martingale (M,,.,), is bounded (actually
0 < M., < x), by Lebesgue’s theorem,

1= lim E(Mt/\tx) = E['XI{IX<+OO}] = XP(TX < +OO) s
t—>+00

ie. P(zy < +00) = )1{
¢) Just observe that, for x > 1, {M* > x} = {r, < +00}, so that

P(M* > x) = P(z, < +00) = i : (8.20)

d) By Exercise 5.9 we know that (M,), is a continuous martingale such that My = 1
and vanishing as t — +o00. Thanks to (S.20)

P(X* < x) = P(20X* < 20x) = P(sup(zeB, —20%) < 29x>

>0

_ P(sup o20B—26% < e29x) — P(M* < &¥) = 1 —P(M* > ¥") = | —e 20" |
=0

We recognize the partition function of an exponential law with parameter 26,
therefore X* is exponential with parameter 26.

* This is an example of a ruin problem. The process X is a ruin process modeling,
for instance, the net loss of an insurance company, coming from the difference
between the claims and the premia. In the average X, tends to —oo, as the premia
are computed in order to make a profit, but the outflow produced by the claims is
a random quantity which can (hopefully with small probability) become large.

If R denotes the reserves of the company at time 0, the event {X* > R}
corresponds to the fact that the company is unable to face its obligations, hence
of being bankrupt.

Investigating this kind of situation is therefore of interest and Exercise 5.17 is
a first example. The process X; = B, — 6t is not really a good ruin process and
more realistic ones have been developed (see Asmussen 2000 if you want to go
further). It is nevertheless a good first look.
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5.18
a) If s = 1’_t, then t = sil and 1 —t = Hl_l.(5.35) therefore holds if and only
if the process B, = (1 + $)X i is a Brownian motion. As it is obviously a

centered Gaussian process that vanishes for s = 0, we just have to prove that
E(B;B;) = s A t. Note that s s 4&-1 =1- Hl_l is increasing. Therefore if s < 7,

then also S j_l <, 4’_1 and, recalling the form of the covariance function of the

Brownian bridge,

s t
E(B:B) = (L+9)(1+DE(X ;X 1) = (1491 +0 | (1 - 1) =
and therefore B is a Brownian motion.

b) We have, with the change of variable s = lt

—

P( sup X, > a) - P( sup (1-1)B 1 > a) - P(sup B, > a)

o<i<I 0<i<l s>0 S+ 1

1
:P(sup (Bx—(s+1)a)>0) :P(susz—sa>a).
s>0 S+ 1 s>0

Thanks to Exercise 5.17 the r.v. sup,.,Bs; — sa has an exponential law with
parameter 2a, therefore

P( sup X; > a) =e @

0<r<l1

and the partition function of supy.,<; X; is F(x) = 1 — e for x > 0. Taking
the derivative, the corresponding density is f(x) = 4xe™2 for x > 0.

5.19
a) As computed in Example 5.3 (herea = x, b = 1) P(B, = —x) = Hl_x.
b) The important observation is that if Z > x, i.e.
minB; < —x,
<t
then B has gone below level —x before passing at 1, so that B, = —x. Therefore,
by a),
P(Z>x)=P(B ) !
X) = = —X) = )
- I +x

i.e. the partition function of ZisP(Z <x) =1 — l}rx. Taking the derivative, the
density of Z is

1
fz(x): (1+x)2 > x>0.
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The expectation of Z would be

+o00 x J
/0 (1 +02"

but the integral does not converge, as the integrand behaves like )lc as x — +o00.
Therefore Z does not have finite expectation.

5.20

a) We have M, = e 21B2%1 §q that this is the martingale of Example 5.2 for
0 =-2u.
bl) By the Iterated Logarithm Law...
b2) By the stopping theorem

E(M:n) = E(Mo) = 1. (S.21)

As—a < X;pn, < b, t — M A, 1s bounded and we can apply Lebesgue’s theorem
taking the limit as  — +o00 in (S.21), which gives

1 =E(M,) = E(e72%") = e?P(X, = —a) + e *"P(X, = b)
=e(1 —P(X, = b)) + e *P(X, = b)

hence

1 — e

P(X: =b) = e—2ub _ g2pa

and the limit as 4 — +o0 of this probability is equal to 1.

5.21

a) We have
E[B - 3iB:|#,] = E[(B, + (B, — B,))’ — 31(B, + (B, — B,))| 7]
= E[B} + 3B*(B; — B) + 3B,(B; — B,)* + (B: — B,)*|.%,] — 3tB,

=B} +3(t—s)B;, — 3tB, = X, .
b) By the stopping theorem applied to the bounded stopping time 7 A f,
0 =E(X.n) = E(B},,) —3E((rt ADB:A) ,
ie.
E(BS,,) = 3E[(r A Bl -

Now E(B3,) —/>+0 E(B3), as |B3,,| < max(a,b)® and we can apply
Lebesgue’s theorem. The same argument allows us to take the limit on the right-
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hand side, since |(t A t)B;a;| < T max(a, b) and we know (Exercise 5.31) that t
is integrable. We can therefore take the limit and obtain
b*a a*b ) _ 1 ( ab

1 1
E(zB,) = _E®B>) = -
(tB) = ; E(BY) 3(a+b a+b) " 3\a+b

@Lfﬁziwwﬂy

We have actually seen in Exercise 5.31 that P(B; = —a) = aj’_b and P(B, =
b) = aj_b. Therefore, recalling that E(B;) = 0, we find

Cov(t,B;) = E(tB;) = ; ab(b—a) .

Note that the covariance is equal to zero if a = b, in agreement with the fact that,
if a = b, then t and B; are independent (Exercise 3.18).

5.22  We must prove that, if s < 1,
E[M,N,1,] = E[MN;14] (S.22)

forevery A € J% or at least for every A in a subclass €; C %, which generates /7,
contains £2 and is stable with respect to finite intersections (this is Remark 4.2). One
can consider the class of the events of the form A NA, with A € #, A, € A;. This
class is stable with respect to finite intersections and contains both .Z; (choosing
Ay = 2) and A (with A| = £2). As M;14, and N,14, are independent (the first is
M -measurable whereas the second one is .#{-measurable) we have

E[M:N:14,n4,] = E[M;14,N:14,] = E[M,14,]E[N;14,] = E[M;14,]E[Ns14,]

= E[M14,N;14,] = E[MNsl4,0a,] »
hence (S.22) is satisfied for the events of the class %;.

5.23
a) If (Mtz)t is a martingale we have, for every s < f,
0= E[Mr2 _M3|ys] = E[(Mr — M, + Ms)z _M3|ys]
E[(M, — M;)* + 2M,(M, — M,)| 7,] = E[(M, — M,)*| ;] .
Now, taking the expectation, E[(M; — M,)?] = 0, i.e. M, = M; a.s. Let us
determine a negligible event N such that, for every v ¢ N, B, = B; for every
t,s.Forq,r € Qlet N, be the negligible event such that for o ¢ N, M; = M,.
It is easy to verify that, as M is supposed to be continuous, N = |_J 7reQNa.r

satisfies this requirement.
bl) The functionx — |x|?” being convex, (|M,|" ), is a submartingale and, for s < ¢,

E[|M[|.7] = M7 . (5.23)
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If p’ < p then x > |x[P/?" is also convex so that
IM|? = E[|M:"| 7] = E[(1M)7)""|.7] = E[IMi]” | F ]

which gives E[|M,|”'|.Z,] < |M,"" and this inequality together with (S.23)
allows us to conclude the proof.

b2) For p = 2 this is already proved. If for p > 2 (|M,|?), is a martingale, then it is
a also martingale for p = 2 by bl) and is therefore constant thanks to a).

5.24

a) With the usual method of factoring out the increment we have for s < f,

E[Bi(1)B;(1)| F;] = E[(Bi(s) + (Bi(1) — Bi(s)) (Bi(s) + (B;(1) — B;(5)) |- 7]
= E[Bi(s)B;(s) + Bi(s)(B;(1) — Bj(5)) + Bj(s)(Bi(r) — Bi(s))
+(Bi(t) — Bi(s)) (B;(1) — B;(s)) |- 7] .

Now just observe that, the increments being independent of .7,

E[B;(5)(B;(t) — B;(5))|- ;] = Bi(s)E[B;(1) — Bj(s)| #,] = 0
E[B;(s)(Bi(1) — Bi(s))| 7;] = Bi(s)E[Bi(r) — Bi(s)| ;] = 0
E[(Bi(t) — Bi(5))(B;(1) — Bj(5))| Z;] = E[(Bi(1) — Bi(5))(B;(1) — B;(5))] = 0

and therefore E[B;(7)B;(t) |.%,] = Bi(s)B;(s).
b) This is proved using the same idea as in a), only more complicated to express:
one must factor out B;, () ... B, (¢) as

(Bi (5) + (Bi, (1) = B; () - .. (Biy (s) + (B, (1) — Bi,(s)) = Bj,(s) ... Bi,(s) + ...

where the rightmost . .. denotes a r.v. which is the product of some B;, (s) (which
are already .%;-measurable) and of some (at least one) terms of the kind B, (1) —
B;, (s). These are centered r.v.’s which are, moreover, independent with respect to
Z,. The conditional expectation of their product with respect to .%; is therefore
equal to 0, so that

E[B; (?)...By,(1)| %] = Bi,(s)...B;,(s) ,

hence ¢t — B; () ... Bj,(t) is a martingale.
c) detB; is a sum of terms of the form By By, ... By ,, with ji,...,j, being
distinct indices. Thanks to b) every such term is a martingale. det B, is therefore
a sum of martingales, hence a martingale itself.
Moreover, ¥, = det(B,B¥) = detB, x detBF = (detB,)> = X2, so that Y is
the square of a martingale and therefore a submartingale.
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Throughout this part of the solution we neglected to prove that both X; and Y;
are integrable, but this immediate.

* Note that each of the processes ¢t + B;(z) is a martingale with respect to the
filtration ¢ + o (B;(u),u < f). As these are independent (Remark 3.2 b)), from
Exercise 5.22 it follows immediately that ¢ — B;(#)B;(¢) is a martingale with
respect to the filtration ¢;;(1) = o(Bi(u), u < 1) V o(Bj(u),u < t).

5.25

a) If + < T, thanks to the freezing Lemma 4.1 we have, as Br — B; is independent
of y ts

E[lg,>03|- %] = E[lg,4+B,—B,>0} |- F1] = W(B:,1) ,

where, denoting by @ the partition function of an N(0, 1) law,

X
W(x,1) = E[l gt p,-5,>0)] = P(Br — B, > —x) = qb(\/T - t> '

We use here the fact that By — B; ~ /T — t Z with Z ~ N(0,1). Hence

B
Ells-0| 71 = #( " ).

b) From a) M, = E[l¢g,~0}|%] hence M is a uniformly integrable martingale. As

+oo ifx>0
X

1. = 1 =

t—lgl—\/T—t 0 ifx=0

—oc0 ifx<O0

we have

1 ifx>0

1imq>( * )= L ifx =0

—>T— «/T—t 2 HX=
0 ifx<O.

Hence (the event {Br = 0} has probability 0)

. B,
lim ¢)<\/T—t) = lyg,>0} a.s.

t—>T—

5.26

Ju is integrable at the origin and the

path ¢t — B(w) is bounded (there is no need here of the Iterated Logarithm
Law...).

a) The integral converges absolutely as u +—
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b) In order to prove that it is a Gaussian process, we use the usual technique of
approximating the integral with Riemann sums, which are obviously Gaussian,
using the property of stability of the Gaussian r.v.’s in the limit (Proposition 1.9).
In this case it is not obvious that the Riemann sums converge to the integral, as
the integrand diverges at 0. This argument, however, allows us to see that, for
every € > 0, the process X, =0fort < ¢ and

X, /tB”d >
- u,  t>¢
) Ju

is Gaussian. One then takes the limit as € \ 0 and uses again the properties of
stability of Gaussianity with respect to limits in law. As the r.v.’s X, are centered,
for the covariance we have, for s < ¢,

Cov(X;,X;) = E[X,X,] = /0th /‘Y Ei[/iujv] / / «’;’:\\/UU
= /Ode/OX 5:\;} dv+/ du/ ;1:\\/1)1)

The last two integrals are computed separately: keeping carefully in mind which
among u and v is smaller, we have for the second one

[rdu/()s ;:jvdv:[rdu/; \/va/vdvzlr judlft/()s\/vdv
= :53/2(\/t—\/s).

Whereas for the first one

/Oxdu/s ;:jv / Ju / Jv dv+/ \/udu/ Jv

:3/udu+2/ \/u(\/s—\/u)du— s —}—:s —s? —3s.

In conclusion
2, 4 3/2
Cov(X, X)) = 5" + ;s (Vi—s).

¢) The most simple and elegant argument consists in observing that (X;), is a square
integrable continuous process vanishing at the origin. If it were a martingale the
paths would be either identically zero or with infinite variation a.s. Conversely
the paths are C'. Therefore (X;), cannot be a martingale.
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Alternatively one might also compute the conditional expectation directly and
check the martingale property. We have, for s < t.

tBM N Bu tBM
E(X,L%):E(/O Wdu\y}) :/0 WduJFE(/S Wdu\y}).
%
(S.24)

For the last conditional expectation we can write, as described in Remark 4.5,
"B "1 "1

E( " du ﬂ«‘):/ EBuﬁ}du:Bs/ du = 2(Nt — /5)By .
! 7 | T2

so that E(X;|.%,) = X, + 2(v/t — +/5)B, and X is not a martingale.
5.27 Let us denote by EP, EQ the expectations with respect to P and Q,
respectively.

a) Recall that, by definition, for A € %, Q(4) = EF(Z14). Let s < t. We must
prove that, for every A € %, E¥(Z,14) = E¥(Z,1,4). Butas A € %, C .%,, both
these quantities are equal to Q(A).

b) We have Q(Z, = 0) = EF (Zi1¢z,=0y) = 0 and therefore Z; > 0 Q-a.s. Moreover,
as {Z, > 0} C {Z; > 0} a.s. if s < 1 (Exercise 5.8), then for every A € %,

EA(1427") = E%langz-0Z ) = PAN{Z > 0}) < P(AN{Z, > 0})
= EQ(14Zh)
and therefore (Z 1), is a Q-supermartingale.

c) Let us assume P < Q: this means that P(A) = 0 whenever Q(A) = 0. Therefore
also P(Z, = 0) = 0 and

EzY=E*zz ") =1.

The Q-supermartingale (Z;), therefore has constant expectation and is a Q-mar-
tingale by the criterion of Exercise 5.1. Alternatively, observe that

dp|, _ Zr_l
dQl.gr,

and (Z7"), is a martingale by a).

5.28

a) Note that the o-algebra ¢, is generated by the same r.v.’s X />» that generate
4, and some more in addition, therefore 4, O ¥,.
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Let, moreover, 9’ = \/,.,%,. As ¥, C ¥ for every n, clearly ¥’ C ¥.
Moreover, the 1.v.’s X/, k =1,....,2" n=1,2,..., are all ¥’-measurable.
Let now u < s. As the times of the form sk/2", k = 1,...,2", n = 1,2,...,
are dense in [0, s], there exists a sequence (s,), of times of this form such that
sy, — uasn — oo. As the process (X;), is assumed to be continuous, X;, — X,
and X, turns out to be ¢’-measurable for every u < s. Therefore 4’ D ¢, hence
9 =9.

bl) The sequence (Z,), is a (¥,),-martingale: as 4,+; D ¥,

Z, = E[Xrlgn] = E[E(Xrlgn-i-l”gn] = E[Zn+l |gn] .

As E[Z3] < E[X?] by Jensen’s inequality (Proposition 4.2 d) with ®(x) =
x%), the martingale (Z,), is bounded in L? and converges a.s. and in L? by
Theorem 5.6. Its limit, by Proposition 5.5, is equal to E[X;|¥] thanks to the
relation 4 = \/,., %, that was proved in a).

b2) If X, is only assumed to be integrable, then (Z,),, is again a uniformly integrable
martingale, thanks to Proposition 5.4. Hence it converges a.s. and in L! to
E[X;|¥]. The difference is that in the situation bl) we can claim that E[X,|%,]
converges to a r.v. that is the best approximation in L? of X, by a &-measurable
r.v. (Remark 4.3), whereas now this optimality claim cannot be made.

5.29

a) This is the stopping theorem applied to the bounded stopping times t A ¢ and to
the martingales (B,); and (Br2 — 0.

b) We have, as t — +o00, T At /' 7 and B;x, — B;. By Beppo Levi’s theorem
E[r A 1] /" E[r] < 400 (7 is integrable by assumption), so that

E[B},] < E[r] < +00

for every t > 0. Therefore the martingale (B;.;), is bounded in I? and we can
apply Doob’s inequality, which gives

E[supBiM] < 4supE[B2,] < 4E[t] < +00
>0 >0
i.e.(5.36).
¢) Thanks to (5.36) the r.v. B* = Sup,»o Brar is square integrable and we have
|B;n;] < B* and B2

A S B*?. These relations allow us to apply Lebesgue’s
theorem and obtain

E[B.] = t—lggloo E[B:n] =0

E[B] = Jim E[B%, | = im E[r A 1] = E[1] .
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5.30

a) By the stopping theorem applied to the bounded stopping time ¢ A 7, we have
E[Mr.,] = E[My] = 1. If, moreover, A > 0 the martingale (M, 1), is bounded,
as ABo,nr < Aa, sothat My A; < e*. We can therefore apply Lebesgue’s theorem

and, recalling that 7, < 400 a.s.,

E[Mf,,] = t—1>i—I|—nooE(Mt“At) =1.

If A < 0 then M, is not bounded and Lebesgue’s theorem can no longer be
applied.
b) The previous equality can be rewritten as

1 = E[M,,] = E[e}fx—24"%] = Eele™ 2V w] |
ie.
E[e_élzt"] — e—la ) (825)

Now if § = —ékz, ie. A = /=20 (recall that (S.25) was proved for A > 0 so
that we have to discard the negative root), (S.25) can be rewritten, for 6 < 0, as

E[eQI,Z] — e—a«/—29 )

For 6 > 0 the Laplace transform is necessarily equal to +00 as a consequence
of the fact that E(t,) = 400 (see Exercise 3.20), thanks to the inequality t, <
1 .67,
g€ .

c) If Xi,..., X, areii.d. r.v.’s, having the same law as t,,, then the Laplace transform
of n2(Xy + -+ + X, is, for 6 <0,

(exp ( — a\/—nsz?))n — e—av/-20 .

The laws of the r.v.’s n=2(X| + - - -+ X,,) and X; have the same Laplace transform
and therefore they coincide, as seen in Sect. 5.7; hence the law of 7, is stable with
exponent ;

2

5.31 We know from Example 5.2 that, for A € R, M, = eAB’_Az " is a martingale.
The stopping theorem gives

2
I = E[Mjs,] = E[efin=" (2]
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ASs |Bia:| < a we can apply Lebesgue’s theorem and take the limit as t — +o00. We
obtain

| = B! ).
As B; and t are independent, as a particular case, for m = 1, of Exercise 3.18 b),

we have

2
A T

1 = E[e*’|E[e™27]. (S.26)

B takes the values a and —a with probability é, hence
AB 1 Aa —Aa
E[e* ] = 5 (e + e %) = cosh(Aa) ,

so that by (S.26)

1

Ele
2 T =
le ] cosh(Aa)

and we just have to put 0 = )‘22 Lie A = /26.

5.32

.« . . : 1452
a) In a way similar to Exercise 5.9 we can show that M, = e*B:i 247

(F;),-martingale:

is a (complex)

EM,|.7,) = e;AZtE(eiABXeM(B,—BX) | 7)) = eéxzteime(eix(B,—Bs))

_ eékzteiABse—;kz(t—s) =M, .
This implies that the real part of M is itself a martingale and note now that
RM, = cos()kB,)e”z’. The martingale relation E[X;|.%;] = X| can also be
checked directly using the addition formulas for the cosine function, giving rise
to a more involved computation.

b) By the stopping theorem applied to the bounded stopping time 7 A f,

1 = E(Xp) = E[cos(AB,r,) 2V )] . (8.27)

But [B; /| < a hence, with the conditions on A, [AB. ;| < 7 and recalling the

behavior of the cosine function, cos(AB; ;) > cos(Aa) > 0. We deduce that

E[e2" (M) < cos(Aa)™!
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and, letting r — oo, by Beppo Levi’s Theorem the r.v. 2’

to the upper bound

is integrable. Thanks

142 142
0 < cos(AByp;) €24 () < @247

we can apply Lebesgue’s theorem as + — +o00 in (S.27). As T < 400 a.s. and
|B:| = a, we obtain

2, 1
Blex™) = cos(Aa)

from which, replacing 6 = é)&z, (5.38) follows.
c) The expectation of T can be obtained as the derivative of its Laplace transform at
the origin; therefore

d 1 )

Bz = df cos(a~/26)16=0 -

This result has already been obtained in Exercise 5.31 b). Finally, for p > 0

and ¢ > 0, we have ¥’ < c(e, p)e®™ for x > 0 (just compute the maximum of

x — xPe™®, which is c(e, p) = pP’e Pe™P). Therefore ¥ < c(e, p) e®*. Now just

choose an ¢ with 0 < ¢ < 8”:;

d) First of all note that & = 0 is not an eigenvalue, as the solutions of éu” =0
are linear-affine functions, which cannot vanish at two distinct points unless they

vanish identically. For 6 # 0 the general integral of the equation
1
W —60u=0
2

isu(x) = cle"‘/ze + cze_x‘/ze. The boundary conditions impose on the constants
the conditions

Clea«/ZO 4 cze—a«/29 =0

cle_“‘/ze + cze“‘/zg =0.

This system, in the unknowns ¢y, ¢, has solutions different from ¢; = ¢, = 0 if
and only if the determinant of the matrix

ea«/29 e—a«/29
e—a«/ZO ea«/ZO



510 Solutions of the Exercises

vanishes, i.e. if and only if e29v20 — e=2a¥20 — () which gives 2a~/26 = ik for
k € Z. Therefore the eigenvalues are the numbers

kZ 2
T k=1.2....
8a?

. . 2

They are all negative and the largest one is of course —¢'5.
» This exercise completes Exercise 5.30 where the Laplace transform of t was
computed for negative reals. A more elegant way of obtaining (5.38) is to observe

that the relation

1
Ele™] = . 0>0,
) cosh(a+/26)

which is obtained in Exercise 5.30, defines the Laplace transform of t as the
holomorphic function

1

e cosh(a+/—2z) (5:28)
on 3z < 0. But z — cosh(ay/—2z) is a holomorphic function on the whole
complex plane which can be written as z > cos(a+/2z) for iz > 0. Hence the
function in (S.28) is holomorphic as far as Nz is smaller than the first positive
zero of O > cos(a~/26) i.e. éz; Note that z — cosh(a~/—2z) is holomorphic on
C, even in the presence of the square root, because the power series development
of cosh only contains even powers, so that the square root “disappears”.

5.33

a) By the Iterated Logarithm Law ...
b) We have

2 A2
M, = e}Brm)=Cy +hwr — AB="5 1

which is a martingale (an old acquaintance...). As t A T is a bounded stopping
time, by the stopping theorem E[M;,.] = E[M] = 1.
c) As A 4 Au >0,

AZ
AXine — ( 2 + A,Uv) (tAT) < AXipr < Aa .
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Hence 0 < M,,, < e*. Moreover, X;, ——>+00 Xr = @, hence

e)ka—()‘z2 +Ap) T

and by Lebesgue’s theorem
2
1 = lim E[M.] = E[eka—(lz +/m)z] ,
t—>+00

i.e. (5.40).
d) Let A > 0 such that Azz +Au=0,ie. A = \/uz + 26 — w. With this choice of
A (5.40) becomes

E[e_of] — e—a(\/u2+29—u) ) (S.29)

The expectation of t is obtained by taking the derivative at 0 of the Laplace
transform (S.29):

By = ¢ atirng|
do =0 U

* Remark: the passage time of a Brownian motion with a positive drift through a
positive level has a finite expectation, a very different behavior compared to the
zero drift situation (Exercise 3.20).

6.1

a) Asin Sect. 4.4 and Exercise 4.10 b), we have, for s <,

Cs =K ,K!

5,8 °

Yis = Xi — KiK' X .

Y,s is a centered Gaussian r.v. with covariance matrix K;, — Kt,xKS_lev,t-
Moreover, by the freezing Lemma 4.1, for every bounded measurable function f

E[f(Xt) IXY] = E[f(CtVXv + Yt,x) |Xv] = qu(Xv) s

where @r(x) = E[ f(C;x+Y;)]. Therefore the conditional law of X, given X, =
x is the law of the r.v. C,sx + Y, i.e. is Gaussian with mean C;x = K,,SK;SIx
and covariance matrix K, — K; ;K Yl K.

b) The Markov property with respect to the natural filtration requires that, for every
bounded measurable function f : R" — R,

EL/(X)|4)] = / FOIP(s. 1. Xe )
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Let us first determine what the transition function p should be: it is the law of X;
given X; = x which, as seen in a), is the law of C;sx + Y, . In a) we have also
proved that

ELAO X = [ £0Ip(s.1.X,dy).
We must therefore prove that
E[f(X)|¥] = E[f(X) |X] . (8.30)

Let us prove that (6.32) implies the independence of Y; ; and the o-algebra &, =
o (Xy,u < s). This will imply, again by the freezing Lemma 4.1,

E[f(X)|9] = E[ f(CisXs + Y1) |9] = Pp(X))

The covariances between Y; ; and X, are given by the matrix (recall that all these
r.v.’s are centered)

E(Y,,X*) = E(X,.X?) — E(K, K, 'X.X*) = K, — K K Ky »

S K

which vanishes if and only if (6.32) holds. Hence if (6.32) holds then the Markov
property is satisfied with respect to the natural filtration.

Conversely, let us assume that (X;), is a Markov process with respect to its
natural filtration. For s < r we have, by the Markov property,

E(X,|%,) = E(X,|X,) = K. K, ' X,
hence

K. = B(X,X}) = E[E(X,|9)X]] = B(K.,K, X, X}) = K. ,K; Kyu .

ie. (6.32).

6.2

a) The simplest approach is to observe that the paths of the process (X;), have finite
variation (they are even differentiable), whereas if it was a square integrable
continuous martingale its paths would have infinite variation (Theorem 5.15).
Otherwise one can compute the conditional expectation

E(X;|7)
and check that it does not coincide with X;. This can be done directly:

t
N

t
E(thjv) =Xv+E(/ Buduijv) :Xv+/ E[Bulgzv]du:Xv"‘(t_s)Bv
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b) If s <1,

t s t S
Ko = Cov0, X) = [ Boau [ Boav) = [au [ Eip51a
0 0 0 0
t s t 5 s s
=/du/u/\vdv=/du/ vdv+/du/u/\vdv
0 0 s 0 0 0
S2 K} u K s
= (t—s)+/ du/ vdv+/ du/ udv
2 0 0 0 u
2 3

N N
= r— B
, =9+,

In order for (X;), to be Markovian, using the criterion of Exercise 6.1 b), the
following relation

K. = KK K, (S.31)

must hold for every u < s < t. But

If we choose u = 1, s = 2, t = 3, this quantity is equal to Z 2 = gi, whereas

K= “22 (t—u) + ”; = ; + % = g. (X;), is not a Markov process.
c) Ifs <1,

t t N t S2
Cov(X;, By) = E(/ B,B; du) = / unsdu = / udu+/ sdu= _ +s(t—s).
0 0 0 s 2

Conversely, if s > ¢,

t t t t2
Cov(X;, By) = E(/ B,B; du) = / uANsdu= / udu = _ .
0 0 0 2

d) If Y, = (B,, X;), the covariance function of this process is, for s < t,

s s
- 3,2 53 3,22 .
S Fs—s) % +5 -y

Therefore the right-hand side of (S.31) becomes here

2 y 3 :22 ‘S;AZZX R 2 " 3 ZM; .
S Est=s) 5 +5 =9\ 5 S tuts—u) 'y + 5 (s—u)

K = Cov(B;, B;) Cov(B;, X;)
"7\ Cov(X,, By) Cov(X;, X;)
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Since

we have

12 s s S-S _ (10
Kt,sKN = 4\l 2 ] 2 2 =
’ T\ Fs—9) L + 5 E—9))\= s t—s1

so that

u2
Kt,xKx_,lex,u = ( ! O) w2 “ W3 uzz
: t—s1 S Fuls—u) 5+ (s—u)

M2
u
B w3 M22 = Kr,u .
(2 +u(t—u) 5 + 5 (t—u))
Condition (S.31) is therefore satisfied and (B;, X;), is a Markov process.

¢ We have found an example of a process, (X;);, which is not Markovian, but which
is a function of a Markov process.

6.3

al) Let us observe first that X is adapted to the filtration (%,);. Moreover,
X is a Gaussian process: its finite-dimensional distributions turn out to be
linear transformations of finite-dimensional distributions of a Brownian motion.
Hence we expect its transition function to be Gaussian.
Using the Markov property enjoyed by the Brownian motion, for a mea-
surable bounded function f and denoting by p the transition function of the
Brownian motion, we have with the change of variable z = h(t)y

E[f(XD)|-Z 9] = ELf(h(1)Ben) | Fy(9)] = / J(h(0)y) p(g(s). g(2). By(s). dy)

1 oo (Y_Bg(s))z
= h —_
J2r(8(0) — g(5)) Joo TP (- 260 a6
1 oo (i — )Zi?)) 2
= = d
1) 2020 — g(5)) oo T @ex ( Z(g(r)—g(s») ‘
_ 1 oo (z— ZE?)Xg(S))z
= )220 — 8 doo 7O (= a2 g9 ©
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from which we deduce that X is a Markov process with respect to the filtration
(F4(»): and associated to the transition function

h(r)
h(s)

a2) From (S.32) we have in general X, ~ N(0,h(t)*g(t)). Hence under the
condition of a2) X, ~ N(0,¢), as for the Brownian motion. However, for the
transition function of X we have

gls,t.x,dy) ~ N % h(1(8(0) — 8(5))) - (S.32)

Vigls)
\/sg(t) " g(0)

whereas recall that the transition function of a Brownian motion is

als. . x.dy) ~ N( (8() — 8(5)))

p(s.1,x,sy) ~ N(x,1—s5)

hence X cannot be a Brownian motion, unless g(f) = +/f (and in this case
X[ == Br).

b) The clever reader has certainly sensed the apparition of the Iterated Logarithm
Law. Actually, by a simple change of variable

lim = lim
i—>+oo |\ /2e(Hh2(r) loglog g(r) =+ /2g(t)h*(r) loglog (1)
B
lim s =1
i—>+00 /2¢(t) loglog g(t)

6.4

a) X is clearly a Gaussian process and we know, by Exercise 6.1, that it is
Markovian if it satisfies the relation

Kiu = KiK' Kou, foru<s<t. (S.33)
Now, if s <1,
K.y = Cov(X,, X;) = e MTIE[B 1B o] = e HIT9e?ts = 74079
In particular, K ; = Var(X;) = 1. Therefore
Kt,SKg_,XlK&‘,u — e M=) g=AG—u) — o—A(—u) — K.

so that (S.33) is satisfied and X is Markovian. In order to determine its transition
function, just recall that p(s, t, x, dy) is the conditional distribution of X, given
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X, = x. X being a Gaussian process, we know that this is Gaussian with mean

K
E(X,) + K’“ (x —E(X,)) = e A9y

5,8

and variance

Kr’[ - b - 1 - e_ZA(t_s) .
Kv,x

Therefore p(u, x,dy) ~ N(e™**x,1 — e 2**). As both mean and variance are
functions of # — s only, X is time homogeneous.

bl) X, is Gaussian, centered and has variance = 1. In particular, the law of X, does
not depend on ¢.

b2) This is immediate: the two random vectors are both Gaussian and centered. As
we have seen in al) that the covariance function of the process satisfies the
relation Ky, ;, = Ki,+n.1,+n, they also have the same covariance matrix.

c¢) Under P* the law of Z is p(t,x,dy) ~ N(e™x,1 —e ?*). Ast — +oo the

mean of this distribution converges to 0, whereas its variance converges to 1.
Thanks to Exercise 1.14 a) this implies (6.33).

6.5

a) From Exercise 4.15 we know that (X;);<; is a centered Gaussian process and that,
fors <t,

K. = E(B,B;) + stE(B}) — sE(B,By) — (E(B,;B)) = s — st = s(1 — 1) .

X, therefore has variance 02 = #(1 — 1). Going back to Exercise 6.1 a), the

conditional law of X; given X; = x is Gaussian with mean

K 1—1
Tx= X (S.34)
K s 1—s
and variance
K? s1—0n* 1—1
K,— " =t1-1- = r—s). S.35
it K., ( ) l—s l—s ( s) ( )

b) With the notations of Exercise 6.1 if u < s < t, K;,, = u(1 — ), whereas

K K 'Ky = s(1—1) ul—s) =u(l—1) =K, .
’ S

1
(I=y3)
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Therefore condition (6.32) is satisfied and (X;); is a Markov process. The
transition function coincides with the conditional distribution of X; given X; = x,
ie p(s,t,x,) ~ N(ll:z x, 7t —5)).

’l—s

6.6

a) As the joint distributions of X are also joint distributions of B, X is also a Gaussian
process. As for the covariance function, for s <t < 1,

K., = E(X,X,) = E(B1_Bi1—,) =min(l — 1,1 —s) = 1 —1¢.

b) As,foru < s <1, K,,XK;JKY,M =({1-n(- s)_l(l —s) =1—t=K,,, the
Markovianity condition (6.32) is satisfied, hence (X;), is Markovian with respect
to its natural filtration. Its transition function p(s, t, x, -) is Gaussian with mean
and variance given respectively by (4.21) and (4.22), i.e. with mean

—1 1—1t
K K  x= X
1—s
and variance
1—-0% 11—t
T L TR A )
5 ’ _ — s

* The transition function above is the same as that of the Brownian bridge (see
Exercise 6.5). The initial distribution is different, as here it is the law of By, i.e.
N(0,1).

6.7

a) In order to prove the existence of a continuous version we use Kolmogorov’s
Theorem 2.1. Let us assume that the process starts at time u with initial
distribution p. Recalling (6.6) which gives the joint law of (Xj, X;), we have
foru <s <t,

E[IX, — X,|] = / () / P, 5.2 dv) / = y1? p(s. 1.x. dv)
Rm Rm Rm
<clt— s|’"+€/]R ,u(dz)/]R p(u,s,z,dx) = clt —s|" ¢ .

Then by Theorem 2.1, X has a continuous version (actually with Holder
continuous paths of exponent y for every y < 2). In order to prove that the
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generator is local, let us verify condition (6.26): as |y — x|# > Rf for y & Bg(x),

1 , 1
p(s,s + h,x, BR(-x)L) = / p(S,S + hv-xv dy)
h h JBre

R P
<8 [ s+ o) < R
Rm

which tends to 0 as h — 0.

6.8
a) If f = 14 we have, recalling that 1,_,(y) = 1a(x + y),

/ 140) plt.x,dy) = p(t.x, A) = p(1.0,A —x) = / Laes(0) p(1.0. dy)

/ 1aGx + ) p(2.0.dy)

so that (6.34) is satisfied if f is an indicator function. It is then also true
for linear combinations of indicator functions and by the usual approximation
methods (Proposition 1.11, for example) for every bounded Borel function
f

b) Recall that p(h, x, -) is the law of X}, under P*, whereas p(%, 0, -) is the law of X,
under P°. Therefore, if we denote by ,f the “translated” function y — f(x + y),
thanks to a) we have

EL/00] = [ £0)pth.dy) = [ £+ 9)p0.0.d) = E 1060
for every bounded Borel function f. If f € CIZ{ then

) = lim (T )~ @) = lim (B 0] ()

= lim
h—0+
= tim (B0 (0] — 1 £(0)) = Lt )O).

As we have

o ) N %))

gy @ gp0="350.
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equating the two expressions

Lf(x) = Zalxx) 2(x>+2b(x>

ij=1

L HO) = 3 a0 i xf (x>+2b<0> 7

ij=1

x)

which must be equal for every choice of f € C%, we have a;;(x) = a;;(0), bi(x) =
b;(0), for every i,j < m.
6.9

a) p" obviously satisfies condition i) on p. 151. Moreover, p(t, x, ) is a measure on
E. As

—Oll‘

Paxe = [ropena) =5 i =1

p" is also a probability. We still have to check the Chapman—Kolmogorov

equation. Thanks to the Chapman—Kolmogorov equation for p,

h h _ e_a[ e_OCS
/E POy A ) = ) /E How ) | /A 1) pls. y. d2)

e—a(t+s)

= Ah(z)p(t+s,x,dz)=ph(s+t,x,A).

b) We have

" B e—OCT
g = [ 1000wy = 5 ).

Therefore, if gh = f € Z(L),

Vg = lim | [T =5 =, | lim [T, ) ()
1 1 —ar
- h(x)(t n (7@ ) + lim (€ = T, )
= oy L) —af @) = | L)) —as).

(5.36)
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c) Ifhe C?andg € C%(, then also gh € CIZ< and

" dg Ok
L(gh) = hLg +gLh+ Y ay ® " -

ox; 0x;
ij=1 S

From (6.35) we have T;h = e*'h, hence h € 2(L) and Lh = «h so that, thanks
to the relation between L and L" given in (S.36),

e 9 "0
L= i bi,
2 Z “’ax,-ax,- + Z 0x;

ij=1 i=1

where
~ 1 = oh
bix) =b i .
@ =b)+, ; a0y
d) Let us check that h(x) = el satisfies (6.35). We have

1 P

We recognize in the rightmost integral the Laplace transform of an N(x, tI) law
computed at v. Hence (see Exercise 1.6)

Th(x) = el eatvl
(6.35) is therefore verified with o = é |v|?. Thanks to b), therefore,

len 2 & 9
Lh:ZZax?—i_Zviaxi'

i=1 i=1

6.10

a) If f is a bounded Borel function and p is stationary, we have

/E F0) 1) = /E T, £ (o) () = /E () /E FO) plt.x. dy)

and now just observe that |, £ m(dx)p(t,x,-) is the law of X;, when the initial
distribution is u.
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b) This is a consequence of Fubini’s theorem: if f is a bounded Borel function with
compact support, then

_ 1 _1 L=y
/m T, f(x)dx = Qo2 /m dx/me 2 (y) dy

1 1 2
= d ol gy = dy .
/Rmf(y) 5 | oy © o= [ fO)dy
=1

c) Let us assume that (6.38) holds for every x; if an invariant probability y existed,
then we would have, for every ¢t > 0 and every bounded Borel set A,

() = /E Pt A) du(x)

As 0 < p(t,x,A) < 1 and lim— 4 p(t,x,A) = 0, we can apply Lebesgue’s
theorem and obtain

ua) = lim /E p(t.x.A) dpu(x) = 0

so that u(A) = O for every bounded Borel set A in contradiction with the
hypothesis that p is a probability.

If p is the transition function of a Brownian motion then, for every Borel set
A C R™ having finite Lebesgue measure,

1 ) 1
1,x,A) = —a b gy < is(A) — 0.
PUEXA) = o 2 /Ae Y= ey M@

t—>-+o00

Therefore a Brownian motion cannot have an invariant distribution.
d) Letf : E — R be a bounded continuous function. Then (6.39) implies

lim T, /(@) = Jim_ /E FO)pls.x.dy) = /E FO)du () - (837)

By the Feller property Tif is also bounded and continuous and, for every x € E,

lin 7.0 = lim T = tim (N0 = [ 1,50) nld).
s—>+00 s—>+00 s—>+00 E
(S.38)
(S.37) and (S.38) together imply that the stationarity condition (6.37) is satisfied
for every bounded continuous function. It is also satisfied for every bounded
measurable function f thanks to the usual measure theoretic arguments as in
Theorem 1.5, thus completing the proof that p is stationary.
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6.11

a)

b1)

b2)

c)

Letf : G — R be a bounded measurable function. Then we have for s < ¢,
thanks to the Markov property for the process X,

E[f(Y)|.Z] = E[f 0 @(X)|F] = /Efo D(2) p(s. 1. X dz)

=/foé(z)p(s,tﬁ‘l(n),dz) Z/f(Y)Q(SJ, Yy, dy) ,
E G

where we denote by ¢(s, t,y, -) the image law of p(s,, ®~'(y),-) through the
transformation @. This proves simultaneously that ¢ is a transition function
(thanks to Remark 6.2) and that Y satisfies the Markov property.

This is simply the integration rule with respect to an image probability
(Proposition 1.1).

If f : G — R is a bounded measurable function and s < ¢ we have, thanks to
the Markov property of X,

B[ f(Y)| 7] = E[ fod(X,)| 7] = fE Fo®(2) pls.1.X; . de)= fE FO)(s.1. Y dy),

which proves simultaneously the Markov property for Y and the fact that g is a
transition function (Remark 6.2 again).

We must show that the invariance property (6.40) is satisfied when X is a
Brownian motion and @(x) = |x — z|. This is rather intuitive by the property of
rotational invariance of the transition function of the Brownian motion. Let
us give a rigorous form to this intuition. Using (6.42), which is immediate
as p(s, x,dy) is Gaussian with mean x and variance s, we must show that, if
|x —z| = |y — 2| then

P(J/sZ€A—x) =P(/sZcA—Y)

Fig. S.5 Thanks to the property of rotational invariance, the probability of making a transition into
the shaded area is the same starting from x or y, or from whatever other point on the same sphere
centered at z
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for every A of the form A = @~ '(A), A € Z(R"). Such a subset of R™ is
some kind of annulus around z (see Fig. S.5). In any case the set A —z is clearly
rotationally invariant. Let O be an orthogonal matrix such that O(x — z) =
y — z (the two vectors x — z and y — z have the same modulus). As the N(0, I)-
distributed r.v.’s are rotationally invariant,

P(JVSZeA—x)=P(/sZ€A—7—(x—72))
=P(/sZ € O(A—z7—(x—2))) = P(/sZ € A—z—(y—2)) = P(V/sZ € A—y).

7.1

a) We have E[Z] = 0, as Z is a stochastic integral with a bounded (hence belonging
to M?) integrand. We also have, by Fubini’s theorem,

E[72] = E[(/Ol 1s,—o03 dBt)z] = E[/Ol im0y di] = /01 P(B, = 0)dt = 0 .

Z, having both mean and variance equal to 0, is equal to 0 a.s.
b) E[Z] = 0, as the integrand is in M>. As for the variance we have

E[Z*] = E[(/Ol Lig,>0} dBt)z] = E[/Ol Lig,>03 df] = /OIP(Bt > 0)dr = ;

7.2 Lets <t We have B; = fot 1j0,5{(v) dB, therefore, by Remark 7.1,

t t t t
E(BS / B. dBu) - E( / 10 (v) dB, / B. dBu) - / E[110. ()B,] du = 0 |
0 0 0 0

If t < s, the same argument leads to the same result.

7.3 We have

t
‘ 1
E(Yf):/o e¥ds = 2(e?’—l)

and

E[/thds]zfrE[Yz]dsz/rl(ezs—l)dsz Peron- ! < oo,
0 § 0 § 0 2 4 2

Hence Y € M? so that E(Z,) = 0 and

E[Z?] :E[/Otdes] - i(ezf—l)_;.
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Finally, using the argument of Example 7.1 ¢), if s < ¢,

E[Z.Z,] = E[/Otyu dB, /0 Y, dBv] - E[(/O Y, dBu)z] - i(ez‘v— 1) —;

In this and the following exercises we skip, when checking that a process is in M2,
the verification that it is progressively measurable. This fact is actually almost
always obvious, thanks to Proposition 2.1 (an adapted right-continuous process
is progressively measurable) or to the criterion of Exercise 2.3.

7.4

a)

b)

We have, by Theorems 7.1 and 7.6,
t 2 t 2 t
E[Bf(/ B, dB,) ] = E[(/ B,B, dB,) ] = E[/ BB du] .
Recalling that s < u so that B, — B, is independent of B,

E(B;B;) = E[B}(B,—B;+B,)’] = E[B; (B, — B,)’] +2E[B.(B, — B,)] +E(B}) .

=s(u—s) =0

We can write By = +/sZ where Z ~ N(0, 1) and therefore E(B}) = s’E(Z*) =
3s%. In conclusion, E(B?B2) = s(u — s) + 3s® and

t 2 t 1
E[B?(/ B, dB,,) ] = / s(u—s) +3s%du = 2s(t — )2 +35%(—ys) .
One can write Z = fot’)\(; dB,, where X, = X, ifu > sand X, = 0if 0 < u < s.
It is immediate that X € M?([0,7]). As B, = fot 110,v) (1) dB, and the product
X, 1[0,0(1) vanishes for every 0 < u < t,

E(ZB,) = E( /0 '%, B, /0 t 0.0 (1) dBu> - E( /0 t’fiul[o_v] () du) —0=E(2)E(B,) .

If Z was independent of .%; it would be E[¢ (Z)W] = E[¢(Z)]E[W] for every
positive Borel function ¢ and every positive .%;-measurable r.v. W. Let us prove
that this is not true, in general, with a counterexample. Using the computation of
a), let ¢(2) = Z*> with Z = [’ B, dB, and W = B2. Then

E(Z%) = / tE[Bf,] du = ;(ﬂ -7,
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hence E[Z?|E[B?] = } (©* — s?), which is different from the value of E(B?Z?)
computed in a).

7.5 We must check that s > e 5 isa process in M2. For every ¢ > 0 and recalling
Remark 3.3,

t t t
1
E[/ e—23§ dS:| — / E[e—233]ds = / ds < +00.
0 0 0 /14 4s

In order to investigate whether X is bounded in L?, just observe that

t t
1
E[X?] = E[/ e 28 ds] :/ ds — +oo
0 0 \/1 + 4S t—+00

so that the answer is no.
7.6

a) Note that (£2,.%, (%)), (B2(?)),,P) is a real Brownian motion and that B; is
progressively measurable with respect to (.%;), and also B; € Méz([o, t]) so that
we can define

t
X, = / e B’ dB,(u) .
0

Note also that (2, %, (.%,),, (B1(?)),, P) is a real Brownian motion and that X is
progressively measurable with respect to (.%;),. Moreover, for every ¢ > 0,
t

2 ro 1
21 2B1(u) _ — _
E[Xr]—E[/O e du]—/o \/1+4udu—2(«/1+4t 1). (839

As we can write

t
X,
7, = dB S.40
: /01+4s () (S.40)

and

X2 _1\/1+4s—1
[(1+4s)2] 2 (1 + 4s)2

the integrand s — 14%4; is in M1231 ([0, 7]) for every t > 0 and Z is a martingale.

Using the notation (S.40) and thanks to Theorem 7.3 and Remark 7.1

t X2 t Xs
(Z)r - / § dS, (Z,B])[ = / dS .
o (1+4s)? o 1+4s
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b) It is sufficient (and also necessary...) to prove that Z is bounded in L*. Now,
recalling (S.39),

S I O
E[Z’]_/o (45 ™= 2/0 ((1+4s)3/2 (1+4S)2)ds.

The rightmost integral being convergent as t — 400, the L? norm of Z is
bounded, so that Z converges as t — +oo a.s. and in L2. As L? convergence
implies the convergence of the expectations we have E[Z,] = 0. Also L?
convergence implies the convergence of the second-order moment, so that

E[Z2] = lim E[Z] = 1/+oo( b1 )ds
T e T 2 s (1+45)32 (14 4s)2
_ 1 1 ‘+00+1 1 ‘+00_1
4 (14491210 81+4slo 8
7.7

a) If f € L?([s,1]) is a piecewise constant function the statement is immediate.
Indeed, if f = Y ' Al Withs =1 <--- <1, =1, then

/tf(u) dBu = Zn: Ai(Br,' - Bt,-_l)
§ i=1

and all the increments B,, — B,,_, are independent of .%,. In general, if (f,), is a
sequence of piecewise constant functions (that are dense in L?([s, #])) converging
to f in L?([s, 1]), then, by the isometry property of the stochastic integral,

def

def ! 12 t
By, = / Ja(w)dB,  — / f(u)dB, = By
’ s n—oo f g

and, possibly taking a subsequence, we can assume that the convergence also
takes place a.s. We must prove that, for every bounded .%;-measurable r.v. W and
for every bounded Borel function ¥,

E[Wy (By)] = E[WIE[y (B)] . (5.41)

But, if ¥ is bounded continuous, then ¥ (B;,) — ¥ (By) a.s. as n — oo and we
can take the limit of both sides of the relation

E[Wy (By,)] = E[WIE[Y (By,)] -

(S.41) is therefore proved for ¥ bounded continuous. We attain the general case
with Theorem 1.5.
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Alternatively, in a simpler but essentially similar way, we could have used the
criterion of Exercise 4.5: for every A € R we have

E(e*?|.Z,) = lim E(e'*Pn |.7,) = lim E(e*%n) = E(e?Pr) ,

where the limits are justified by Lebesgue’s theorem.

* Note that the previous proof would be much simpler if we only had to prove
that By is independent of ¢4, = o(B,,v < s). In this case, by the criterion of
Remark 1.2, it is sufficient to check that By and B, are not correlated for every
v < s, which is immediate: if we denote by f the extension of f to [0, 7] obtained
by setting f(v) = 0 on [0, s[, then

£, = B [ 1o ds, [ Fwas) = [ to@iwd=o.

b) The r.v. B® is Fp- 1(n-measurable. This suggests to try to see whether B? is
Brownian motion with respect to (J )i With F; = Fg—1,y. If s < t, then

a0
B —B? = / V&' (u) dB,
P1(s)

is independent of F s thanks to the result of a). We still have to prove c) of
Definition 3.1. But B® — B? is Gaussian by Proposition 7.1, is centered and has
variance

o)
E[(B? — B?)*] = / 1 ' (u)ydu=1—s.
D 1(s)

7.8 Let us assume first that f = 1o q; therefore f(; f(u) dB, = By. Note that the
r.v.’s B;B? and —B,B? have the same law (—B is also a Brownian motion) so that
E[B;B2] = 0 and we have

t t
E(Bx / B du) = / E(B,B2)du=0.
0 u 0 u

In conclusion fot Bi du is orthogonal to all the r.v.’s Bg,s > 0. It is therefore
orthogonal to f(; f(u)dB,, when f is a piecewise constant function of L?([0, s]), as
in this case the stochastic integral is a linear combination of the r.v.’s B,,0 < u < s.
The conclusion now follows by density.
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7.9

a) We have
n—1 n—1 n—1
ZBT,‘+1(BG+1 - BT,‘) = ZBti(BT,'-H - Bti) + Z(Bti+1 - Bti)z .
i=0 i=0 i=0

The first term on the right-hand side converges, in probability, to the integral

'
/ B dB;
0

as the amplitude of the partition tends to O thanks to Proposition 7.4. Conversely,
by Proposition 3.4,

n—1

2

Z(BTH_I - Bfi) ‘7‘[‘_—>)0 t
i=0

in L2, hence in probability. Therefore, in probability,

n—1

t
B, (B, , — B, — t+ BsdB; .
BB =
b) We have again
n—1 n—1 n—1
ZXl‘iJrl(BfiJrl _Bti) = ZXti(Bti+l _Bti) + Z(XfiJrl _Xti)(BtiJrl _Bti) :
i=0 i=0 i=0

Now, if X has paths with finite variation, we have a.s.

n—1 n—1
) Z(XfiJrl _Xti)(BtiJrl - Bti) = ) OSUP . IBl‘iJrl _Btil Z |Xfi+1 _Xti|
=0 i=0,...,n— i=0

<C suwp By, —By — 0

i=0,...,n—1 |7|—0

thanks to the continuity of B, where C = C(w) is the variation of ¢ — X, in
the interval [0, 7]. Therefore the sums (7.38) and (7.39) have the same limit in
probability.
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7.10

a) We know already that X, = fotf(s) dB, is a martingale, as f € M?([0, T]) for
every T. As, for every t > 0,

BX?] = [0 FsPds < 112

(X,); is a martingale bounded in L? and converges a.s. and in L.

bl) There are various ways of showing that (Y;), is a martingale. For instance, as
t— fot g(s) dB; is a Gaussian martingale with independent increments and its
associated increasing process is A, = for g(s)* ds, we have already seen this in
Exercise 5.11 c2). A direct computation is also simple:

E[Y,| 7] = E[ehs@ B2 igwde| g] — =3 oW dig[ehst) | g ]

— oJoswdB,— 58> duE[ef; g(u)dB,

Fs]
— olo swdB.=} 582 (u) d“E[e-/ff 8048 ]

— eloswaBi—3 i@ dut; [[wdn — y

As the r.v. [; g(s) dB, is Gaussian, we have

E(Y2) = E[eZ./;i 80)d8,] o Jog(yds _ o2 Jy8(s)dBs g Jo8()*ds _ o Jy8(s)*ds
(S42)

b2) If g € L2(RT), then by (S.42) (Y;), is a martingale bounded in L?> and therefore
uniformly integrable.

b3)
E(Yot) — E[ea f(; g(s)dBS] e—‘; f(;g(x)zdx — eéa(a—l)ﬁ; g(s)2ds _ 0.
! t—+00
Therefore, defining Yoo = lim;— oo ¥; (the a.s. limit exists because Y is a

continuous positive martingale), by Fatou’s lemma

E(Ygy) < lim E(¥Y)=0.

t—>-+o00

As Y%, > 0, this implies Y5, = O and therefore Yoo = 0. If (¥)),
was a uniformly integrable martingale, then it would also converge in L!
and this would imply E(Ys) = 1. Therefore (¥;), is not uniformly inte-
grable
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7.11

al)

a2)

b)

Gaussianity is a consequence of Proposition 7.1. Moreover, for s < f,

1

1—v dBv]

vy = a-pa-ve[ [ 1 as, [
- (1—;)(1—s)/os (1_1u)2 du:(l—t)(l—s)(l— lis) —s(1—1),

i.e. the same covariance function as a Brownian bridge.

From al) for s = ¢, E(Y?) = #(1 —t) — 0 for t — 1— hence ¥, — 0 in L? as
t—1—.

(W), is obviously a Gaussian continuous process. Moreover, observe that ¢ —
A(?) is increasing, therefore, for s < ¢,

A(s) dBM A(r) dBv A(s) 1
E(W,W,) = E[/ / ] =/ du
0 1—u 0 1—v 0 (1 — I/t)2

1

= —-1=1 —l=s=snt.
1 — A(s) +s s=s

Therefore (W;), is a (natural) Brownian motion. The inverse of s + A(s) is

tt(r) = |, ie A(z(t)) = r. We have therefore

' dB,
=-n [ P —a-nwy,
0 —Uu

and
lim Y, = lim (1-)Wy; = lim (1=1)-v/27 (1) log log 7 (¢)- Wea .
T == == V2t (t) log log 7(7)

In order to conclude the proof, we simply recall that 7(f) — +oo ast — 1—
and therefore, by the Iterated Logarithm Law,

. W . W
lim =1, lim =
—=>1— \/2r(t) loglog t(?) =1~ \/2‘1,'(t) loglog t(?)

—1 a.s.

whereas
lim (1 — l)\/Z‘L'(t) loglog t(t) = lim \/2t(1 — 1) loglogz(r) =0
t—1— t—1—

hence lim;—— Y; = 0 a.s.
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7.12

a) Y; and Z, are both Gaussian r.v.’s, as they are stochastic integrals with a
deterministic square integrable integrand (Proposition 7.1). Both have mean
equal to 0. As for the variance,

t 2 t t 1
Var(Y,) = E[(/ e AU—s) st) ] — / e M=) o — / e~ 2hu gy — - (l_e—ZAt)
0 0 0

and in the same way

Var(Z,) = E[(/O’e—ks dBS)Z] _ /Ofe_z)m ds — 21/\(1 _ e—z)u) )

Both Y; and Z; have a Gaussian law with mean 0 and variance 211 (1 —e™2M),
b) (Z;); is a martingale (Proposition 7.3). For (Y¥;),, if s < t, we have instead

! s
E[Yt|ﬁ3] = e—)»l‘EI:/ eku dBu | fg.s:l — e—kt/\ e)»u dBu — e—k(t—x) Ys .
0 0

Therefore (Y;), is not a martingale.
¢) We have

1
E[Z?] = imE[Z?] = )
fgg [Z] lim (Z/] gy < Ho0

(Z,), is therefore a martingale bounded in L? and converges a.s. and in L.

d1l) Obviously (Y;), converges in law as t — 400, as Y; and Z; have the same law
for every t and (Z;); converges a.s. and therefore in law.

d2) We have

E[(Yi4n — Y)?] = E[Y2,,] + E[Y7] = 2E[Y,Y,14] -

The two first terms on the right-hand side have already been computed in a).
As for the last, conversely,

t t+h t
E[Y,Yss] = R e—AtE< / ™ dB, / ot st) — o Mith) / o2 s
0 0 0

1 _ _
01 (e Ah e l(2t+h)) )

Therefore, putting the pieces together,

. . 1 - - _ _
t_lginooE[(Yt+h_Yt)2] — t_ljinoo 21 (1_e Z)Lt_'_l_e Z)L(H—h)_ze )»h_'_ze )L(2t+h))

= /1\ (1—e™*.
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(Y}), is not therefore Cauchy in [? ast — 400, and cannot converge in L*. We
shall see in Sect. 9.2 that (Y;), is an Ornstein—Uhlenbeck process.

7.13

a) B is a Gaussian process by Proposition 7.1. In order to take advantage of
Proposition 3.1 let us show that E(B;B;) = s A t. Let us assume s < t. As

e 1m0 1062 S 12u 108
E[B.B,] = E[/ (3— o )dBu/ (3— ST )dBu]
0 t t2 0 R S2
§ 12u  10u? 12u 1042
:/0(3— U t2)<3_ et Sz)du

§ 36u  30u? 36u 1444 1201 30u® 120 100wt
= (o-""+ + - + ) du
0

s 52 t st st 2 s 5212
we have

2 2 S2 S3 s3 s3
E[B,B,] = 95— 185+ 10s— 18" +48 —30" +10, =30, 420" =
t 2 2 2

b) As Y and B, are jointly Gaussian, we must just check that they are uncorrelated.
Lett < 1: we have

E[YB,] = E[/ludBM/t (3— 1?“ + 1?2"2)513”]
/udB/ 3— 2“+1(t)2”2)dBu]

12u  10u? 3, 10
—/Ou(3— + )du—zt—4t2+4t2—0.

t 2

The proof for ¢ > 1 is straightforward and is left to the reader.

c) Let ¥ = J(B,, t > 0) and Y% = o(B;,t > 0). Obviously % C Yo as
every r.v. B, is Yoo -measurable. On the other hand the r.v. Y defined in b) is Y-
measurable but not ¢ o-measurable. If it were we would have

E[Y|9o] =Y
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whereas, conversely,
E[Y|9s] = E(Y) =0

as Y is independent of B, for every t and therefore also of % oo (Remark 1.2).

7.14
a) We have

T Tn
/ Lsee ) X7 ds = / X;ds<n,
0 0

hence the process (X;1¢;<,})s belongs M?([0, T]) and

T, T T 2
E[ / des] - E[ / 1{‘Y<tn}x‘§ds] - E[( / 1{S<Tn}xdes) ]
0 0 0

= E[( / ' st)z] = EM},,) <E[ sup M?].
0

0<t<T

b) Assume (7.40): as 7, /' T a.s., by Beppo Levi’s theorem,

i T
E[ sup Mf] > lim E[/ des] =E[/ des],
0<t<T n—>00 0 0

hence X € M?([0,T]). Conversely, if X € M>([0,T]), (M;)o</<r is a square
integrable martingale bounded in L? and (7.40) follows from Doob’s inequality
(the second one of the relations (7.23)).

7.15 Let (z,), be a sequence reducing the local martingale M. Then, for s < ¢,
E[Mt/\t,, |jv] = Mv/\rn . (843)

As 1, /1 400 asn — oo, we have M\, — M, and Mn,, — M; as n — oo.
Moreover, as the sequence (M;n;,), is assumed to be uniformly integrable, the
convergence for n — oo also takes place in L! and we can pass to the limit in (S.43)
and obtain that M, is integrable for every ¢ > 0 and also the martingale relation

E[M,Lg}] =M.

8.1

a) The computation of the stochastic differential of (M,), is of course an application
of Ito’s formula, but this can be done in many ways. The first that comes to mind
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is to write M, = f(B;, t) with
1
fx, ) = (x + e @D
But one can also write M, = X,Y;, where
Xl‘ == Bl‘ +t
Y[ == e_(Bt+£t) .

By Ito’s formula, considering that Y; = f(B; + é t) with f(x) = e™, we have

1 1
dY, = —e~ 0 (4B, + ) dr) + LBt dr = ~Y, B,

whereas obviously dX; = dB, + dt. Then, by Ito’s formula for the product, as
d(X, Y)l‘ = _Yt dt,
th = d(Xth) == XtdYt + Yl‘Xm‘ + d(X, Y)t
== _(Br + t)Y[ dBr + Y[dB[ + Yr d[ - Yr d[
= —(Bt +t+ 1)3_(Bt+£t) dBt .
b) Thanks to a) (M;), is a local martingale. It is actually a martingale, as the process
t> —(B, + t — 1)e~B+29 s in M2.
In order to show that it is a martingale we could also have argued without

computing the stochastic differential with the usual method of factoring out the
Brownian increments: if s < ¢

E[M,|7,) = E[(B, + (B, — B,) + t)e—(B.y+(Bx—Bs)+%r) EA

= E[(B, + t)e—(BSﬂr)e—(B,—Bs) + (B, — Bs)e_(Bxﬂ’) o—(Bi—By)

Z|
= (B, + ,)e—<Bs+;r>E[e—<B,—Bx>] + e—(B.v+;r>E[(B[ — By)e B
e BF2 (B, + 1)e2 ) — (1 — 5)e2 7)) = (B, + s)e B2 = M, .

This old method appears to be a bit more complicated.

8.2 Itis convenient to write X; = ab + (b — a)B, — B,2 + ¢, so that, recalling that
dB? = 2B,dB, + dt,

dXt: (b—a)dBt_thdBt_dt+dt: (b—a_th)dBt,
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ie.
t
Xt = ab+/ (b_a—th)dBt.
0

The integrand obviously being in M2, X is a square integrable martingale.
8.3

a) Again Ito’s formula can be applied in many ways. For instance, if u(x,t) =
e/ sin x,

ou ou 1 0%u
and as
ad 1 ad 92
al: (x,0) = 5 e'/?sinx, BZ (x,1) = e/?cosx, axZ (x,1) = —"?sinx
we find

1 1
dX, = (2 e'’? sin B, — 5 ¢'/? sin Bt) dt + ¢ cos B, dB, = €' cos B, dB,

and therefore X is a local martingale and even a martingale, being bounded on
bounded intervals. For Y the same computation with u(x, 1) = e”/? cos x gives

dYt = —et/z SinB, dBt

so that Y is also a martingale. As the expectation of a martingale is constant we
have E(X;) = 0, E(Y;) = 1 forevery ¢t > 0.
More quickly the imaginative reader might have observed that
. 1
Y, +ix, = /B T 21
which is known to be an exponential complex martingale, hence both its real and
imaginary parts are martingales.

b) The computation of the stochastic differentials of a) implies that both X and Y
are Ito processes. It is immediate that

t
(X,Y), = —/ e’ cos By sin By ds .
0
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8.4

a) Just take the stochastic differential of the right-hand side: by Ito’s formula
de?Br10" = 7 B2 % (g, — ; o’dr) + ; e"B20%62 g = B2 9% B, |
Hence the left and right-hand sides in (8.52) have the same differential. As they

both vanish at # = 0 they coincide.
b) Recall that if X € M2 and

loc
Y, = oo XudBu— ) [ X3 du
then Y is a local martingale and satisfies the relation

dY[ == XrY[ dBr

and therefore
t
/ X,YsdB;, =Y, — 1.
0
In our case X; = B;, hence

t
s 1 1S p2 t 1 [t p2
/ oo BudBu—) [y B”duBS dB, = oJoBudBu—} [oBidu _ ]
0

8.5
a) If f(x, 1) = x> — 3tx, by Ito’s formula,

of af 1 0*f
ax(B"t) dB; + o (B, 1) dt + 5 952 (B, 1) dt

_of 10%f
= o BB+ (5

df (B, 1) =
of
+ at)(B,, ) dt .

It is immediate that ; gi’; (x, 0+ g’; (x, 1) = 3x—3x = 0; therefore, as f(0,0) = 0,

_ t Bf _ t N 3
f(Bi 1) = /0 5 (Bs»9) dBs = /0 (3B* — 35) dB, .

The integrand belongs to M?([0, +oc[) (it is a polynomial in ¢ and B;) and
therefore X; = f(B;, t) is a (square integrable) martingale.
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b) The computation above shows that X; = P, (B, t) is a martingale if and only if

192P, P, —o
2 9x2 o

If P, is of the form (8.53), the coefficient of x*~2"~2¢" in the polynomial é 3;;” +
P,

o 1 equal to

1
2(}1 —2m)(n—2m— Vcpm + (m + V)cpms -

Requiring these quantities to vanish and setting ¢, = 1, we can compute all
the coefficients sequentially one after the other, thus determining P,, up to a
multiplicative constant. We find the polynomials

Pi(x,t) =x

Py(x,f) = x> —t

P3(x,1) = x* = 3ux

Py(x, 1) = x* — 61 + 31> .
The first two give rise to already known martingales, whereas the third one is the
polynomial of a).

c¢) The stopping theorem, applied to the martingale (P3(By, 1)), and to the bounded
stopping time T A n, gives

E(33 ) = 3E[(T A n)Bt/\n] .

AR

We can apply Lebesgue’s theorem and take the limit as # — oo (the 1.v.’s By
lie between —a and b, whereas we already know that 7 is integrable) so that
E(B?) = 3E[tB,]. Therefore, going back to Exercise 5.31 where the law of B,
was computed

1 —d®b + ab®

1
E(tB,) = 3 E(B}) = 3 atb

=ab(b—a) .

If B, and t were independent we would have E(B,t) = E(B;)E(r) = 0.
Therefore B; and t are not independent if a # b. If conversely a = b, v and
B are uncorrelated and we know already that in this case they are independent
(Exercise 3.18 b)).

8.6

a) Ito’s formula gives

th = ACMB, dt + elt dBt - AeAtBt dt = elt dBt
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so that M is a square integrable martingale (also Gaussian...) with associated
increasing process

t
1
— 21s _ 20t
(M),—/Oe ds—zk(e 1).

Note that, as M is Gaussian, this associated increasing process is deterministic
as was to be expected from Exercise 5.11.
b) If A <0, as

BV = (M) = ), (&~ 1),

M is bounded in L? and therefore uniformly integrable and convergent a.s.
and in I?. As M is Gaussian and Gaussianity is preserved with respect to
convergence in law (Proposition 1.9), the limit is also Gaussian with mean 0
and variance

1

1
lim ) -1 = 5"

t—>—+o00 2

cl) Zis clearly an exponential martingale.

c2) If A < 0, lim,_» 4 oo M; exists in L? and is a Gaussian N (0, — 2l)k)-distributed L.V.
Hence Z is the exponential of an N( 411 ,— 211) distributed r.v., i.e. a lognormal
r.v. (Exercise 1.11).

c3) We have

E[Zf] _ E[ePM’_fA (CZA’—I)] _ epzz:;p(ebu_l) )
If A > 0, for p < 1 we have p?> — p < 0, hence

lim E[Z/] =0.

t—>—+00

Therefore, by Fatou’s lemma,

E[Z5.] < lim E[Z']=0.

t—>+00
The r.v. Z5,, being positive and with an expectation equal to 0, is equal to 0 a.s.
8.7 By Ito’s formula (see Example 8.6 for the complete computation)

dYt == tdBt
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and therefore
1 1
d(Y, ~ t3) =tdB, — 5 2dr.
Hence, again by Ito’s formula,
=1 L, Uoy=is
4z, = ' (tdB,—zt dt)—}— L dy),
1, 1
- z,(tdB,— St tzdt) = 1Z,dB, .

Therefore Z is a local martingale (and a positive supermartingale). In order to
prove that it is a martingale there are two possibilities. First we can prove that
Z € M?([0, T)) for every T > 0: as Y is a Gaussian process,

13 13 13 223 1
E[th] — E[eZY’_St ] — e—3r e2Var(Y,) — e—3r e3r — eSt )

Therefore Z € M? and Z, being the stochastic integral of a process in M2, is a
square integrable martingale. A second method is to prove that E[Z;] = 1 for every
t and to recall that a supermartingale with a constant expectation is a martingale
(Exercise 5.1). This verification is left to the reader.

8.8 By Corollary 8.1, there exists a Brownian motion W such that, if

/' ds
A= . ’
0o 2+ sins

then X; = Wy,. In order to investigate the behavior of A; as t — +oc we must only
pay attention to the fact that the primitive indicated in the hint is not defined for
every value of 7. Note that, as the integrand is a periodic function,

/2” ds /” ds 2 t<2tt+1)ﬂ 2
= = arctan an = .
0o 2-+sins —x 24sins /3 V3002 /3w /3
Hence, denoting by [ ] the integer part function,
A—/t ds _27t[t]+/’ ds
= 24sins  /3l2w on[,t] 2+ sins
so that lim—, o0 }A; = 37!/2. We have therefore
X, Wy, (2A,loglog A,)'/?

. _
b0 (2tloglog)1/2 b0 (2A,loglog A)Y/2  (2tloglogt)!/2
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As

i (24,loglogA)'/? — q—1/4
i—>+oo  (2tloglog?)!/?

)

by the Iterated Logarithm Law we find

Xi

li =3"4~076.
460 (2tloglogn)1/2

8.9 We have d(e *B,) = —Ae B, dt + e~ dB, from which we derive
t 1 1 t
X, = / e MByds =—_ e MB, + / e MdB, .
0 A A Jo

The stochastic integral on the right-hand side is a martingale bounded in L? and
therefore it converges a.s. and in L% As lim;— 4 0o e MB, = 0 a.s. (recall the Iterated
Logarithm Law) and in L?, the limit in (8.54) also exists a.s. and in L?, the limit

being the r.v.
1 +o00
5 / e_“dBX,
0

which is a centered Gaussian r.v. with variance
1 /+°° 1
—2As
e ds = .
A2 S, 213

8.10

a) We know (Proposition 7.1) that X7 has a centered Gaussian distribution with

variance
! s
2 / sin? ~ ds .
0 &

Integrating by parts we find

Loys t t
2 [ sin® ds=—e¢gsin cos +1. (S.44)
0 e e e

Hence, as ¢ — 0, X] converges in law to an N (0, ¢)-distributed r.v.



Solutions of the Exercises 541

b) We know, by Theorem 8.2 and Corollary 8.1, that
X; = Wy
where W¢ is a Brownian motion and

! s
A =2 / sin® ~ ds .
0 &

The Brownian motion W*® depends on ¢ but of course it has the same law as B
for every e. Hence X has the same distribution as (By4:);. As by (S5.44) A7 — ¢
uniformly in ¢, thanks to the continuity of the paths we have

sup |Ba: —B,| — 0.
e—>0

0<t<T

As a.s. convergence implies convergence in law, (Bss);, hence also (X}),,
converges in law as ¢ — 0 to the law of B, i.e. to the Wiener measure.

8.11 By Corollary 8.1 there exists a Brownian motion W such that, if

" ds
A: :1 1 t,
, /01+s og(1 +1)

then X; = Wjy,. Therefore, by the reflection principle applied to the Brownian motion
W’

P( sup X; > 1) :P( sup Wy, > 1) =P( sup W, > 1)

0<r<3 0<t<3 0<s<log4

2 +o00
= 2P(Wiogs > 1) = 2P(y/log4 W; > 1) = o /(l - e /2 dx ~ 0.396 .
0og -

8.12

a) We know that X is a time changed Brownian motion, more precisely (Corol-
lary 8.1)

Xt = WAt

where W is a Brownian motion and

t
A,:(a+1)/ u® du =
0
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Therefore

P( sup X, > 1) = P( sup Wy, > 1) - P( sup W, > 1) = 2P(Wy, > 1)

0<s<2 0<s<2 0<t<A;

= 2P(y/A, Wy > 1) = 2P(W; > 272 (@tD)

I /2 gy
2 27%(a+1)e ’

b) The previous computation with # instead of 2 gives

2 * >
PrftzP(su stl): / e /2 ds
( ) 053‘2! V2 Jh ety

and taking the derivative we find the density of 7:

2 1 (C( + 1)1‘_; (Ol+1)—le—l/(2tw+l) — (C( + 1) e—l/(Zt”J’_l) ]
V2 2 V2me+s

In order for t to have finite mathematical expectation the function ¢ +— 1f;(?)
must be integrable. At zero the integrand tends to O fast enough because of the

exponential whereas at infinity #f, (f) ~ =2 @D _ It is therefore necessary that
—J @+ 1) <-liea>l.

fe =

8.13 By Ito’s formula d(¢,B,) = ¢/B, dt + ¢, dB,. Therefore, for T > 0,
T T
/ ¢;Bt dt + / ¢:dB; = ¢rBr — ¢oBo a.s.

If T is large enough, so that the support of ¢ is contained in [0, 7], we have ¢7 = 0

and therefore
T T
/ ¢[/Bt dt = _/ ¢l‘ dBt a.s.
0 0

Moreover, T can be replaced by 400, as both integrands vanish on |7, +o0].
8.14
a) Letus apply Ito’s formula. If

yien = ml_ P (- 2(1x— r))
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then Z, = 1//(32, t) and we know that dBr2 = 2B,dB, + dt. Let us compute the
derivatives of :

oy x x *
o D= 01 eXP(_ 21— t)) T o(1 =52 eXp(_ 2(1 — t))

= (2(11_ N 2(1x_t)2)1/f(x, )

and similarly

oy 1
o 0= T VD
02y 1
axz (-xv t) - 4(1 _ t)z w(xs t) .
Hence
al// 2 BW 2 1 821// 2 2
dz, = o (B:,t)dr + 9 (B;,t) (2B, dB; + dt) + 5 92 (By,t)4B; dt

1 B 1
= — dt — 2B, dB; + dt
[(2(1—0 2(l—t)2) %(1—t)( (B + di)
4B% dt|y (B>, t
., +8(1—t)21 e
:—1_ft1p(Bf,t)dB,:—1_tB,Z,dB,.
(S.45)

This proves that Z is a local martingale. Being positive it is also a supermartin-
gale. In order to prove that it is actually a martingale it does not seem immediate
to verify that the stochastic integrand ¢ — — 11_ , BiZ;isin M?, as it depends on Z
itself. It is however immediate that Z is bounded (< (1 —#)~'/?) in every interval
[0, 7] with T < 1 and we know that a bounded local martingale is a martingale
(Remark 7.7). It is also possible to check that, forevery r < 1, E[Z,] = E[Z)] = 1,
and we know that a supermartingale having constant expectation is a martingale
(Exercise 5.1). This will be a byproduct of the computation of b).
b) We have

2
Bzl = —lt).D/ZE[eXp (- Z(IiB—t t))] :

Now, denoting by W an N(0, 1)-distributed r.v. (recall Remark 3.3)

B? w2 1 V1-
E[“"(U(ﬁ-t))]:E[e"p<_zl(71t—t)>]: \/1+ ” - \/1+(p_t1),
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so that

1

Pl — ‘
E[Zt] - (1 _ t)(p—l)/z\/l + (P_ l)t

Therefore, for p = 1, E[Z] = 1, thus a second proof that Z is a martingale.
Moreover, Z belongs to L? but, if p > 1, it is not bounded in L7: the L7 norm
divergesas t — 1—.

¢) Z being a continuous positive martingale, the limit lim,,;— Z, := Z; exists a.s.
and is finite. From the computation of b) we have, forp < 1,

lim E[Z/] =0
t—1—
and, as Z is positive, by Fatou’s lemma

E[Z] < lim E[Z]] =0.

t—>1—

The r.v. Z{ being positive and having expectation equal to 0 is necessarily equal
to 0 a.s., i.e.

lim Z;, =0 a.s.
t—=1—

d) From (S.45) we recognize the differential of an exponential martingale. There-
fore a comparison between (S.45) and (8.11) suggests that

=exp( — s — s)
TP 1= T2, (1=

ie.

This remark would be enough if we knew that (8.11) has a unique solution.
Without this we can nevertheless verify directly that, for < 1,

er(adt ) mee ([P [ )
exp | — =exp| — s — s) .
=t P80 =) TP s T2 fy a—p
(5.46)
Ito’s formula for the product gives

B> 2B,dB, +dt B? 0
2(0—1) 2(1—1) 2(1 —1)?
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hence integrating

B /t B dB+/t B d 5 (1—1)
= ¢ s —  log(1 —
2= Jo 1=sTT ), 20 =92 @ T2 8

so that

B, ‘B, 1 [ R
- =V1-1 - dB, — S d
eXP( 2(1—1‘)) v Xe"p( /0 1—s 2/0 (1—s)2 s)

and (S.46) follows.
8.15

a) It is immediate that W is a centered Gaussian process. Its variance is equal to

t t
/(sins+coss)2ds:/(1+251nscoss)ds=t+(l—cosZt)7ét,
0 0

hence W, is not a Brownian motion.
b) We can write

mw=£lmwx

with u(s) = (sins, coss). As u(s) is a vector having modulus equal to 1 for every
s, W5 is a Brownian motion thanks to Corollary 8.2.
¢) Asin b) we can write

%@=Almwx

where now u(s) = (sin By(s), cos B(s)). Again, as u(s) has modulus equal to
1 for every s, W3 is a Brownian motion. Note that, without taking advantage of
Corollary 8.2, it is not immediate to prove that W3 is a Gaussian process.

8.16 Let us denote by B the two-dimensional Brownian motion (B, By).

a) We can write

t
Xt=/ Z, dB;
0

with Z; = (sinB3(s), cos B3(s)). As |Z;| = 1 for every s, X is a Brownian
motion by Corollary 8.2. The same argument applies for Y.
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bl) We have, fors <1,

E[X,Y/]

= E[/OSSin(BS(u)) dBl(u)/0 cos(B3(v)) dB;(v)
+ /OSCOS(B3(M))de(u) /O sin(B3(v))d32(v)]
=g /OASin(BI”(“)) cos(Bs(u)) du + /0 “cos(Bs(w) sin(Bs(w) du]

=2 /S E[sin(B3(u)) cos(B3(u))] du = 0,
0

where the last equality comes from the fact that sin(B3(«)) cos(B3(u)) has
the same distribution as sin(—Bj3(u)) cos(—B3(u)) = — sin(B3(u)) cos(B3(u)),
and has therefore mathematical expectation equal to 0. Hence X, and Y, are
uncorrelated.

b2) If (X;,Y:); were a two-dimensional Brownian motion the product ¢ +— XY,
would be a martingale (see Exercises 5.22 or 5.24). This is not true because

(X,Y), = /Of sin(B3(u)) cos(Bs(u)) du # 0 .

¢) With the new definition we can write

X,) /’
= O, dB;
(Yr 0

0 =( sin(B3(s)) cos(B3(s)))
' —cos(B3(s)) sin(Bs(s)) )

with

It is immediate that s — O is an orthogonal matrix-valued process. Hence the
required statement follows from Proposition 8.8.

* Note the apparent contradiction: the processes X and Y in b) are each a Brownian
motion and are uncorrelated. But they do not form a two-dimensional Brownian
motion. Actually they are not jointly Gaussian.

8.17

a) Orthogonality with respect to B, for v < s imposes the condition

0= E[(B, — /S @& (u)dB, — aBl)Bv] =v-— /U ®(u)du—av ,
0 0
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b)

cl)

c2)

ie.
v(l—a) = / ®(u)du, foreveryv <s (8.47)
0

and therefore @ = 1 — « on [0, s]. Orthogonality with respect to By conversely
requires

0= E[(B,—/ QD(u)dBu—ozBl)Bl] - t—/‘ Py du—a
0 0
i.e., taking into account that ® = 1 — ¢,
O=t—-(1-a)s—a=t—s—a(l—ys),

ie.

r— 1—1¢
a = S, D(u) = .
-5

LetX = [ B + 1 ~! B;. In a) we have proved that the r.v. B, — X, which is
centered, is 1ndependent of % Moreover, as X is % -measurable,

E[B,|¥,] = E[(B: — X) + X|%,]

t—s 1—1
=X+ E[B,—X] = 1_SBl—i-l_sBs.

(5.48)

Hence B is adapted to the filtration (? (): butis nota (? ¢);-martingale, therefore
it cannot be a Brownian motion with respect to this filtration.

As the r.v.’s B, — By,Bl,Bv,v < s form a Gaussian family, it suffices
(Remark 1.2) to show that B, — B is orthogonal to B,, 0 < v < s, and to
B;. We have

_ o~ "E[(B, — B,)B !
E[(Bt—Bs)Bl]=E[<B,-B‘Y)Bl]—/ i B ! du=t—s—/ di=0
K —u K
and, forv <,

"E[B1— BB, _

1—u

B[, — B.)B,] = E[(B, — B)B,] - /

Let us prove that E[EEY] = s, for 0 < s < t This is elementary, albeit
laborious. If s < ¢ < 1, note that E[B,;B;] = E[(B; — By)B,] + E[B%] = E[Bf],
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thanks to c1). Hence we are reduced to the computation of
E[B’]
s B, —B, y ¥ rBi—By, B —B,
=E(B§)—2/ E[BX ! ]du—l—/ dv/ E[ ! ! ]du
) 0 1—u l1—v 1—u
s—u l—u—v+4+unv
=s5s-2 d d d
g /0 1—u u+/ v/ 1—=v)(1—u) !
=s—2L1+ L.

With patience one can compute /, and find that it is equal to 2/;, which gives the
result. The simplest way to check that I, = 21, is to observe that the integrand
in I, is a function of (u, v) that is symmetric in u, v. Hence

’ZZ/X"”/Sl(_lu—_v;(j—uuA)v /d”/ AT
_2/ dv/ (1—v)(l—u) 2/0 i_vdv—le

Hence E[E,EY] =sAtIfs <t therv. E § is centered Gaussian as (E),
is clearly a centered Gaussian process, which together with c1), completes the
proof that Bisa (% 1);-Brownian motion.

c3) We have, of course,

dB, = A,dt + dB,
with

B] _Bt

A =
! 1—1¢

Hence, since (4,); is (?,),—adapted, B is an Ito process with respect to the new
Brownian motion B.

8.18

a) If there existed a second process (Y7); satisfying (8.56), we would have

0=E[(/0Tyvst—/0 Y’dB) /(Y Y’)dB)]
- E[ /OT(YS —Y)? ds]
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and therefore Y, = Y/ a.e. with probability 1 and the two processes would be
indistinguishable.
bl) Asusual, fors < T,
Xs = E[(Bs + (BT - BJ))3 |<g.s]
= B} + 3BE[Br — B,] + 3B,E[(Br — B,)*] + E[(Br — B,)’] = B} +3B,(T—>s) .

By Ito’s formula,
dX; = 3B*>dB, + 3B, ds + 3(T — s) dB; — 3B, ds = 3(B*> + (T — 5)) dB, .

Note that the part in ds vanishes, which is not surprising as (Xj); is clearly a
martingale.
b2) Obviously

T
B} = Xr :/ 3(B? + (T —s)) dB; .
0 - _— -
=Y

o2

c) We can repeat the arguments of b1) and b2): as s — €%~ 2 ¢ is a martingale,

o2

2 2 2 2
X, = E[eUBrlys] — e"z TE[GUBT_JZ les] —e> Te(TBS—"’2 s eUBx-‘rUz (T—s)

and

o2 2

_o
dX, = e2 Tge?B2 S 4B,

and therefore

T 5 2 T N
- o _ o o _
o7 =XT=Xo+o/ 7B (7 dp, = e T+/ e 5 ) gp, .
0 0 e
=Y

8.19
al) We have

M, = E[Z|.7)] :E[/OTBsds\y,] — /OtBsderE[/rTBsdsm,]

t
=/ Byds + (T —1)B, .
0
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a2) Ito’s formula gives

and therefore, as My = 0,

T T
/ Byds=My = | (T—1) dB,.
0 O \-\/--/

=X,

b) Let again

T t T
M,:E[/ des|y,]:/B§ds+E[/ des\y,].
0 0 t

Now, recalling that ¢ — Br2 — tis a martingale,

T T 1
/ E[B§|y“,]ds=/ (E[Bf—s|y“,]+s)ds=(T—t)(Bf—t)Jr2(T2—t2)

t t

and putting things together
! 1
M, = / B2ds+ (T —1)(B> — 1) + 5 (T? - 7).
0

dM, = B*dt + (T — t)(2B,dB, + dt — dt) — (B> —t)dt — tdt = 2(T — t)B, dB,

T2

, we have

and since My =

T T2 T
/ Blds = Mr = 5 +2/ (T —1)B,dB, .
0 0

8.20 Ito’s formula applied to the unknown process Z gives
0? 2 2
1
= 0Z,(Bi(r) dB;(1) + B;(1) dBi(1)) + z,(2 02(Bi(1)? + B;(1)?) di — dA,) .

Z is therefore a local martingale if and only if dA, = } 6>d(M), = } 0*(Bi(1)* +
Bj(1)?) dt.
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* Of course this leaves open the question of whether such a Z is a true martingale.
The interested reader will be able to answer this easily later using Proposi-
tion 12.2.

8.21

a) We have

+00 +oo
E[Z%¢*?] = \/12 / X2 e/ gy = \/12 / Ko 21207 gy
T J—o00 7T J—c0

_ 12 p+
1/2 (1 \/2205) ooxze—;(l—za)xz dx = (1 —205)_3/2
T —00

- _—— -

=(1-2a)"

as the quantity over the brace is equal to the variance of an N(0, (1 — 2a)™!)-
distributed r.v. and is therefore equal to (1 — 2a)™!.

b) We have lim,,;— H/(w) = 0 for o & {B; = 0}, which is a set of probability
0. Hence ¢ > H,(w) is continuous for t € [0,1] if w & {B; = 0}, and H €
M2 ([0, 1]). In order to check whether H € M?([0, 1]) we have, denoting by Z an
N(0, 1)-distributed r.v.,

1 1 .
E[/O H? ds| =/0 (1_1S)3E[B§ exp (- lB_ss)]ds
1 -
:/ol (l_ls).°>E[SZ2 exP(‘ 1S_Zs)]ds:/0 (1_SS)3(1+ 12_ss> 3/2ds

1
S
- /0 (1—sp2(1 4532~ 7%

so that H & M?([0, 1]).
c) Let
2

1 X
V11—t eXp(_2(1—f))

and let us compute the stochastic differential, for 0 < ¢ < 1, of X; = f(B;, ). We
have

fln =

af _ X x?
oD = T (g eXp(_ 2(1 — t)) ’

so that

i
af (Bl‘a t) = _Ht
X
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and, with some patience,

o, 1 x -
5 00 = (2(1 _p2 T2 —z)5/2) exp (- 2(1 —t))

2 2

2
ngzc(x» n = (‘ (1 _lt):’,/z T a _xt)S/Z) exp(— 2(1x— t)) ’

so that
af 0*f
8t(x 1+ 282(x )=20.
By Ito’s formula,
) 10 ad
ax, = (o B+ 2a€(3r,f)) i By dB = (5.0 dB, = ~HydB,.

from which, as Xy = 1, (8.57) follows. It is immediate that if ® & {B; = 0},
then lim,—1— X; = 0.
d) The integral

1
/ H; dB;
0

is well defined as H € M? ([0, 1]). Moreover, by continuity and thanks to (8.57),

loc

t—1— t—>1—

/HdB—hm HidB;=1—1lm X, =1.

8.22

a) This was proved in Exercise 5.10 c).
b) In Example 8.9 it is proved that, if X,(f) = |B§") |2, then there exists a real
Brownian motion W such that

dX,(t) = ndt + 2/X,(1) dW,

from which (8.58) follows.
¢) We have, thanks to (8.58),

AT,
Rt AT —t ATy = VRu(s) dW; .

2
Jn
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As \/Rn(s) < lfors < t,,Z = R,(t A1) —t A T, is @ square integrable
martingale. By Doob’s inequality,

E[ sup |R,(t) — t|2] = E(suerz) < 4supE(Zr2)
>0 >0

0<t=t,

16 [™ 16 16
- E[ / Ra(s) ds] < VE@)= -
0 n n

n

In particular, E(|R,(t,) —1,)|?) < 1’16 and, recalling that R, (z,) = 1, by Markov’s
inequality,

Pll—t)lze)< o
ne

which proves that 7, —,— 1 in probability.

d) m,4(0y) is the law of X, = (Bi(ty),...,B4(1,)), as indicated in the hint. As
T, —n—>oco 1 in probability, from every subsequence of (7,), we can extract
a further subsequence converging to 1 a.s. Hence from every subsequence of
(X,)» we can extract a subsequence converging to X = (Bi(1),...,B4(1)) a.s.
Therefore X,, — N(0, 1) in law as n — oo.

8.23

a) Let f(z) = —log|z — x| so that X, = f(B;). We cannot apply Ito’s formula
to f, which is not even defined at x, but we can apply it to a C> function that
coincides with f outside the ball of radius :l centered at x. Let us compute the
derivatives of f. As remarked in Sect. 8.5, we have for g(z) = |z — x|, z # x,

O | D6

and
af Xi
029 = Tla—xp
&’f 1 (zi — xi)*
, (@ =~ 2 4
z; |z — x| |z — x|

from which Af(z) = 0 for z # x. Hence

AT, INT,

Xynp, = —log || + / ) AF(B)ds + / f/(B)st
0

= ~logl _/0 IB(s) — |2 2 4B1() _/0 IB(s ) |2 2 4B )(S )
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b)

c)

d1)

d2)

Solutions of the Exercises

As |By — x| > :l for s < 1,, we have

|Bi(s) — xi - <n
[B(s) —x|> = |B(s) — x| ~

so that the integrands in (S.49) are processes in M? and (Xinz,)n 18 a square
integrable martingale.

Of course, 7,y < 400 by the Iterated Logarithm Law. Moreover, by the
stopping theorem we have for every r > 0

—log|x| = E[XtArn.M]

and, as —logM < Xr,,, < —log ’11 , we can apply Lebesgue’s theorem, taking
the limit as # — +o0. Therefore

—log |x| = E[X,,,,] = —log |-P(|B,,,—x| = })—logM (1-P(|B,,,,—x| = !))
from which we obtain

log M — log |x|

P(|B,,, —x|=)) = (S.50)

.M

logM —log |
We have {7, < 400} D {1, < tym} = {|Br,,, — | = ’11} Therefore by (S.50)

logM —1
P(7, < +00) > o8 o8 |)lc| .
logM —log ,

This inequality holds for every M and taking the limit as M — +o00 we obtain
P(r, < 4+00) = 1. Hence B visits a.s. every neighborhood of x. The point x
being arbitrary, B visits every open set a.s. and is therefore recurrent.

The probability P({; < oy) is obtained from (S.50) by replacing M with k and
n by k*. Hence

Pt < 0p) = logk — log |)lc| _ log k — log |x|
logk —log ,; (k+ 1)logk

and as k — oo this probability converges to 0.

Note that {; < 7: before reaching x, B must enter the ball of radius klk centered
at x. Hence we have {t < oy} C {{x < ox} and P(t < o) < P({ < 0y). As
oy — +oo fork — oo,

P(t < 4+00) = kl_1)1£1() P(t <oy) < k1_1>no10 P <o) =0.



Solutions of the Exercises 555

8.24

a) We would like to apply Ito’s formula to z + |z + x|, which is not possible
immediately, as this is not a C> function. In order to circumvent this difficulty
let g, : R™ — R be such that g,(z) = |z + x]| for |z + x| > ,11 and extended for

|z 4 x| < rll in such a way as to be C>(R™). For |z + x| > ’11 therefore
08, (@) = Zi+ X 0g> @) = 3jj B (@i +x)(zj + x)
0z; lz+ x| 0z;0z; |z + x| |z + x|3
hence
e =Y %= M
n(X) = X) = .
& 822 Iz + x|

If 7, = inf{s; |B; + x| < rll}, Ito’s formula applied to the function g, gives

INT,

INT,
|Bins, + x| = [x] + / 2 Agn(Bs) ds + / g;(BS) dB;
0 0

ATy -1 INT, BS
=IXI+/ " ds+/ T s, .
0 2|B‘v +x| 0 IBS +x|

By Corollary 8.2 the process

t
B,
W,:/ T B,
0 IBY+X|

is a Brownian motion. Note, as seen in Sect.8.5 (or in Exercise 8.23 for
dimension d = 2), that |B, + x| > 0 for every t > 0 a.s. and 7, — 400 as
n — oo. Therefore, taking the limit as n — oo and setting & = |x|,

"m—1
Xt=S+O 2X3 dS+Wt,

which gives the required stochastic differential.
b) If f € C%(]0, +00), then by Ito’s formula

df (X)) =f'(X,) dX; + ; (X)) dt = Lf (X)) dt + £ (X;) dW; ,

where

L_ld2 +m—1 d
© 2dy? 2y dy
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As f has compact support C]0, +o0], its derivative is bounded and therefore the
expectation of the stochastic integral fot f'(X;) dW; vanishes. In conclusion

1 1 [
B0 —£©) = | [ BlLrelds - 1@ .

9.1

a) Starting from the explicit solution, formula (9.3), the law of & is Gaussian with
At

mean e~ *'x and variance
2 ! 20 (t—s) o’ 21
=0 e M) gy = 1 —e ).
= [ (=)
As A >0,
2
. _ . o
lim e *x =0, lim I} = .
t—>+00 t—>+00 2

This implies (Exercise 1.14) that, for every x, the law of & converges weakly, as

t — +00, to a Gaussian law y with mean 0 and variance 7, .

b) This follows from Exercise 6.10 d) but let us verify this point directly. Let 7 be a
Gaussian r.v. with distribution p, i.e. u ~ N(0, 2&), and independent of B. Then
a repetition of the arguments of Example 9.1 gives that a solution of (9.45) with

the initial condition & = 7 is

Y| and Y, are independent and Gaussian, centered and with variances
2 2
o o
e—ZM and (1 _ e—Z)»t) ,
21 21
respectively. Therefore & is Gaussian, centered and with variance
2 2 2

o —2At o —2At o
1— = )
¢ T e =0,

ie. & ~ W.
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9.2

a) Let us follow the idea of the variation of constants of Example 9.1. The solution
of the ordinary differential equation

is x, = eAx, where A(r) = [, b(s) ds. Let us look for a solution of (9.46) of the
form x; = eAC(#). One sees easily that C must be the solution of

D dc(t) = o(r)dB, ,

ie.
t
c@t) = / e o (s)dB; .
0
The solution of (9.46) is therefore
t
g = ety 4 10 / e 9o (s) dB; . (S.51)
0

As the stochastic integral of a deterministic function is, as a function of
the integration endpoint, a Gaussian process (Proposition 7.1), & is Gaussian.
Obviously E(&,) = e*®x. Let us compute its covariance function. Let s < ¢ and
let

t
Y, = eA(')/ e 9o (s)dB; .
0

Then, by Proposition 8.5,
t Cov(&, &) = E(Y,Y))
s *
:E[e/‘(’)/ e 1@ (1) dBu<eA(5)/ e 1Wo(v) dBv) ]
9 s U0 N
= eA(’)E[/ e 1 ®g (1) dB,,(/ e 1 Wg(v) dBv) ]eA(J)*
0 0

= 40 / e 1 Wa (u)o* (1) e~ AW gy AT
0

(S.52)

In particular, if m = 1 the covariance is

s
eA(t)eA(s) / e—ZA(u)O_Z(M) du .
0
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b) We have, for this equation,

A(t) :/Ot—ll_sds:log(l—t).

Therefore eA®) = 1 — ¢ and the solution of (9.47) is

dB;

l—s

t
b= (-0 [
0
Hence E[&;] = (1 — 7)x. £ is a Gaussian process with covariance function
ke =a-na- [ ' ae=a-pa-o(, ! ~1)=s1-0
) =(1- —s u=(1- —s —1)=s(1-1),
o (1 —u)? 1—s

fors < t.If x = 0, then E(§;) = O for every ¢ and the process has the same mean
and covariance functions as a Brownian bridge.

9.3

al) Recall, from Example 9.1, that the solution is
t
£ =e Mx+ e_M/ eMo dB, .
0

By Corollary 8.1 there exists a Brownian motion W such that, if

" a o’ 21
A, = Yoo du = —1),
' /0 eodu . (e )
then
t
/ e’o dB, = Wy, .
0
We have
) gt ) e_Mx 4 e_MWA, ) e—lrWAt
lim = lim = lim .
t—>+oo /logt  t—>+o0 Jlogt —>+oo /logt

Now, trying to go back to the Iterated Logarithm Law,

. eTMW,, . e M(24,loglogA,)'/? Wy,
lim = lim
i—>+oo flogt  r>+oo Jlogt (2A;loglog A,)1/2
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a2)

b)

and
lim Wa,
1 f—
—~+00 (2A;loglogA;)1/2
whereas
(24, loglog A,)'/? loglog A() \ /2
lim € CATIOBANTE e 0e i) tim (. ())
t——+00 \/logt t—>+00 t—>+00 logt

and we can conclude the proof as

. _ o
lim 2e YA, =
t——+00

and loglogA; ~ logt as t — 4-00. The the case of lim is treated in the same

way.
Thanks to al), for a sequence #,, /' 400 we have

o
&, > 22 \/logt,, .

Therefore
11m Sl‘ = +OO .
t—>+00
Similarly we obtain lim, , , . & = —oo. Therefore the Ornstein—Uhlenbeck

process, in this case, is recurrent in the sense explained p. 243.
We can write

& = e_l’(x + /Orel“a dBu) .

The stochastic integral above is a martingale bounded in L2, as its variance is
2 .
equal to fot g2 gy < _g)w as A < 0. Therefore there exists a r.v. X such that

t
x+/eA”odBM — X as.
0

t—+00
The limit X, moreover, is Gaussian with mean x and variance _"221. Therefore
lim;—s 400 & = +ooonthe set A = {X > 0} and lim;—s 400 & = —o0 on
A ={X < 0}. As X is N(x, _";)-distributed, we have X = x + Jizx Z, where
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Z ~ N(0,1). Hence

P(A) = P(X > 0) = P(x + \/fzx zZ> o) - P(z - _x«/;zx)
xA/—=2A
<)

o

_p (Z (m/;ZA) .

94

a) This is a particular case of the general situation of Exercise 9.2 a). The solution
of the “homogeneous equation”

L&
d§ = — dt
S =
Eo=x
is immediately found to be equal to
Et == \/1 —tx,

and the “particular solution” is given by ¢ — /1 — ¢ C;, where C must satisfy
V1-1dC, = 1-1dB,,
i.e. C; = B, and the solution of (9.48) is found to be
g =~1—1t(x+B).

& is obviously a Gaussian process (this is a particular case of Exercise 9.2 a)).
b) We have

Var(§) = (1 -0t

which is the same as the variance of a Brownian bridge. As for the covariance
function we have, for s < ¢,

Cov(&. &) = E[v1 — 1B, /1 —sB,] = sv/1 —sv1—1,

which is different from the covariance function of a Brownian bridge. Note that,
if the starting point x is the origin, then, for every ¢#,0 < ¢ < 1, the distribution
of & coincides with the distribution of a Brownian bridge at time ¢, but £ is not a
Brownian bridge.
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9.5

a) Similarly to the idea of Example 9.2, if we could apply Ito’s formula to the
function log we would obtain the stochastic differential

2
dlogk, = 1dg, o2(1) &2 dt = (b(t)— ())dt+cr(t)dB, (S.53)

Et 2‘%‘1

and we would have

t o2
log& = / (b(s) — (s ))ds—i-/ o(s)dB; ,
0
which gives for (9.49) the solution

_ oo () = T ds + [y o(s) dB, (S.54)

It is now immediate to check by Ito’s formula correctly applied to the exponential
function that the process £ of (S.54) is a solution of (9.49).
b) In case (1) o is square integrable, hence

t
/o(s)dBS - Z,
0 11—

+o00

where Z is a centered Gaussian r.v. with variance f0+°° o2(f)dt = 1. The
convergence takes place in L? and also a.s. (it is a martingale bounded in L?).

On the other hand b(s) — ° (Y) = 2(ll+x) and

/0+oo(b() 2())ds=+oo

and therefore & — +o00 a.s.
In case (2)

+o00
/ o2(s)ds = 1
0

+oo 2() +oo 1 1
/0 (b()_ )ds _/0 6(1+52 %= 76

The martingale ¢ +— fot o(s) dB converges a.s. and in L?, being bounded in 2,
therefore, as t — +o0, & — xe where Z ~ N (—é, 1), the convergence taking
place also a.s.
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Finally, in situation (3) we have b(s) — ‘722(‘) = 0 but

+o0 ) +o0o 1
ds = ds = .
/0 o“(s)ds /0 L4s s = 400

Therefore, if

t t
1
A,:/ az(s)ds:/ ds =log(l1 +1),
0 0 1+S

then
t
/ o(s)dB; = Wy, ,
0
where W is a new Brownian motion. As lim,, . A; = 400, by the Iterated
Logarithm Law,
t t
lim o(s)dB; = +o00,  lim o(s)dBy; = —o0
1—>+00 Jo =400 J0

which implies

lim & = o0, lim & =0.
1—>+00 t—>+00
9.6

a) Using the same idea as in Example 9.2, applying Ito’s formula formally we have

1 1
dlog&i(r) = d&i(1) —

d d
2
gy 50 ™ o EO"A 2 o8I0 2 ouBi),

k=1

d d d
= bidi+ Y oy dBi(1) - ; > okdi= (bi - “2“) dr+ )" oy dBi() .
j=1 j=1

J=1

where we note @ = oo *. This would yield the solution
E(1) = xiexp ((b,- DY o,;,~3,~(t)) . (S.55)
j=1

Actually, Ito’s formula cannot be applied in the way we did, log not being defined
on the whole of R. We can, however, apply Ito’s formula to the exponential
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function and check that a process £ whose components are given by (S.55)
actually is a solution of (9.50). From (S.55) we have also that if x; > 0 then
&i(r) > O forevery ¢ a.s.

Recalling the expression of the Laplace transform of Gaussian r.v.’s we have

E[&()] = xie(”"_azii)’E[ezf:‘ oB0] = xebi= T+ Do) = et

b) We have

d d
E(5(0) = exp (2(bi= ) )i+2 2 ouBi() +2(5~ Ti+2 > ouBi())

which is an integrable r.v. and, moreover, is such that t — E[£(1)%&(1)?] is
continuous (again recall the expression of the Laplace transform of Gaussian
r.v.’s), hence t > &(1)&(t) is in M?.

Moreover, by Ito’s formula,

d&i(0§;(n) = &(1) d&j(1) + §;(1) d&i(1) + d (i, &)

d
= biE(0E (1) dt + EOED) Y o dBi(t) + biki(DE(1) dt

h=1

d
+EOEWD) Y owdBi(t) + E(0)E(Dag dt .

k=1

Writing the previous formula in integrated form and taking the expectation, we
see that the stochastic integrals have expectation equal to 0, as the integrands are
in M?. We find therefore

ElE(0§(0)] = xig + /0 B8O + b+ a)ds.
If we set v(t) = E[£(1)&(1)], then v satisfies the ordinary equation
V(1) = (bi + bj + ay) v(1)
hence
BIEOE ()] = v(0) = xe
Therefore

Cov(&(0), §(0) = E[&(NE (D] — E[EDIE[ ()] = xix (e — elbirthi)

= x,-xje(b"+h-f)’(e“‘3f' — 1) .



564 Solutions of the Exercises

» This is one of the possible extensions of geometric Brownian motion to a
multidimensional setting.

9.7

a) The clever reader has certainly observed that the processes &;, &, are both
geometric Brownian motions for which an explicit solution is known, which
allows us to come correctly to the right answer. Let us, however, work otherwise.
Observing that the process (€1, &) vanishes,

d&1(D)€2(1) = &1(1) dEa (1) + E2(1) b1 (1)
=£(¢) (rzéz(t) dt + 0,6(1) de(t)) + &(1) (rlgl(t) dt + 01&,(1) dBl(t)) ,
hence
dX, = (r1 + )X, dt + X,(Gl dB(t) + o de(l‘)) .

If

W= ' (@B + 0:Ba0)

\/ o} + 03
then W is a Brownian motion and the above relation for dX; becomes
dX, = (r1 + )X, dt + o} + 03 X, dW, .
X is therefore also a geometric Brownian motion and
X, = xpelritr—h G +odet o+l Wi (S.56)
In order to investigate the case \/ £1()&2(1) we can take either the square root

in (S.56) or compute the stochastic differential of Z, = /X;. The latter strategy
gives

1 1
t

d
27X, 8X

1 1
= UK, ((r1 + )X, dt + \Jo} + 03 X, dW;) — o (02 + 02) /X, di

1 1 1
= (z(rl + 1) — g (0f +022))Z,dt+ 5 o7 + 03 Z, dW; ,
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which is again a geometric Brownian motion with some new parameters r and .
This argument is not completely correct as x > /x is not a C> function, but the
clever reader has certainly learned how to go round this kind of difficulty.

b) We can repeat the previous arguments: now d(&1, &), = po102&(£)€:2(2) dt so
that

d&1(D&(1) = §1(1) d&x(1) + E2(1) d1 (1) + d (&1, &)
= £1(1) (r262(0) dt + 023/ 1 — p? £2(0) dB2 (1) + 02pE2(1) dB1 (1))
+£(0)(r1£1(1) dt + 0181(1) dB1 (1)) + po102£1()E:2(1)) dt

so that, if X; = & (1)&2(1),
dX; = (ry + r, + po102)X; dt +X,((O’1 + po3) dBy(t) + 02\/1 — p? de(l‘)) .

Now we have a new Brownian motion by letting

W, = : (01 + p02) Bi(1) + 02/1 — p? By(1))

\/012 + 03 + 2po10,

and we find that X is again a geometric Brownian motion with stochastic
differential

dX, = (r + r2 + po102)X, dt + \Jo? + 07 + 2p0102 X, AW, .

The same arguments as above give
1 1, )
dz, = (2(r1 + ry + pojoy) — g (o7 + 05 + 2p0102))Z, dt

1
+2 07 + 0} + 2p0102 Z, AW,

1 1 1
= (2(r1 +r)— g (012 + 022 — 2,00102))2, dt + ) 012 + 022 + 2p0103 Z; AW,
which is again a geometric Brownian motion.
9.8

a) Two possibilities: by Ito’s formula, for every real number o

o o— 1 o—
dE* = af* ' dE + 5 a(a — )ET202E dr

0-2 o o
- (ab+ ) ala— 1))5, dt + o&* dB, .



566

Solutions of the Exercises

If the coefficient of df in the stochastic differential above vanishes then £* will be
a local martingale and actually a martingale (why?). The condition is therefore

o = 0 (obviously) or

2
b+02 @—1)=0,

ie.

Second possibility: we know that £ has the explicit form
£ = e "22)r+as,
and therefore
£ = ea(b—";)t+aaB, ,

which turns out to be an exponential martingale if

and we obtain again (S.57).

(S.57)

Note, however, that the use of Ito’s formula above requires an explanation, as

the function x — x* is not defined on the whole of R.
in a),
E[E5 ] =1.

TAL

As t — §2,, remains bounded, Lebesgue’s theorem gives

1 = E[§] =2"P(§; =2) +27%(1 = P(5. = 2))

from which we find

_p«

1
P(STZZ): 20 _n—a :

9.9

a) It is immediate that (7),); is a geometric Brownian motion and

m = ye(v—é)r+Bz(r)

b) By the stopping theorem we have, for every ¢ > 0 and the value of o determined
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and therefore
t
E=x+y / VB0 g (1) | (S.58)
0

This is a martingale, as the integrand in (S.58) is in M, ([0, T]) for every T > 0
since

T T
E(/ ev=Dr+2B2(1) dt) :/ @it gy 4o
0 0

Alternatively, in a more immediate way, the pair (£, 7) is the solution of an
SDE with coefficients with sublinear growth, and we know that the solutions
are automatically in M, ([0, T) for every T > O (Theorem 9.1).

b) Obviously E(&;) = x, as (&), is a martingale and & = x. Moreover, if v # —;,

t t
Var(¢) = E[(& _x)z] — E[yz/ o(2v=1)i+2B5(1) dt] — yz/ E[e(Zv—l)t+2Bz(t)] dt
0 0

2
_ y2 /te(Z\)—l)t+2t di = y2 /’e(2u+1)t di = y (e(2u+1)t —1)
0 0 2V + 1

whereas, if v = — 1, Var(§,) = yr.
¢) Fromb)ifv < —; then E(£2) = E(&)? + Var(§,) = x? + Var(£,) is bounded in
t. Therefore (£;), is a martingale bounded in L? and therefore convergent a.s. and

in L2

9.10

a) We note that (9.51) is an SDE with sublinear coefficients. Therefore its solution
belongs to M? and taking the expectation we find

El&] =x+ /0 (a + bE[&]) ds .

Thus the function v(r) = E[£] is differentiable and satisfies
V() =a+ bv(d) . (S.59)

The general integral of the homogeneous equation is v(f) = e”vy. Let us look
for a particular solution of the form ¢ > e c(f). The equation becomes

be’c(r) + e (t) = a + be"c(r)
i.e. ¢ must satisfy

(1) =a,
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hence
d a
ct)=a / e Pds= " (1—e™)
0 b
so that e”c(f) = ¢ (¢” — 1) and, as v(0) = E[&] = x, we find

El&] = v(1) = "x + Z @ —1). (S.60)

bl) Immediate from (S.60).
b2) (S.60) can be written as

Elg] = (x+ Z)eb’ - Z ,

therefore if x + § = 0, the expectation is constant and
a
E§] = - b =X.
b3) Again by (S.60) lim, 4 E[§;] = F-00 according to the sign of x + 7.

9.11

al) The process C must satisfy

d(o(NCr) = (a+ béo(1)C) dt + (A + 0&o(1)Cy) dB;
= C&(1)(bdt + o dB,) + adt + AdB, .

Let us assume that dC; = ¢, dt+ p, dB, for some processes {, p to be determined.
We have d&,(t) = b&y(t) dt + o&y(t) dt, hence, by Ito’s formula,

d(&o(1)C,) = C, d&o(t) + &o(2) dC, + d(C, &),
= Ctég'()(t)(b dt +o dB,«) + ég'()(l‘) dc, + ap,éo(t) dt .

Therefore C must satisfy
Eo(1) dC, + opio(r) dt = Eo(1)(§,dt + pidBy) + opbo(t)dt = adt + A dB, .

From this relation we obtain

Pr = AEo(t)_l
&= (a—od)é(n)
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and, recalling the expression of &,
t ”2 t o2
C, = (a—ol) / e (=2 )78 gg 4 ) / e~ =2 )98 g
0 0
which gives for (9.52) the general solution

& = E()x + &G
o2 ! o2
SR (x +(a—oh) / e (= )moB g (S.61)
0
t

R s
0

a2) If o = 0(S.61) becomes

t t
£ = eb’(x + a/ e P ds + /\/ e de) )
0 0

The stochastic integral in this expression has a deterministic integrand and
is therefore Gaussian. The other terms appearing are also deterministic and
therefore & is Gaussian itself. We have

E[&] = e”x + Z @ —1)
(S.62)

t 2
Var(§;) = A2 / =9 gy = A e —1).

o 2b

a3) & being Gaussian it suffices to investigate the limits as t — +oo of its mean
and its variance. (S.62) for b < 0 give

a A2

t_ljflooE[gt] = b t_ljfloo Var(§,) = o

Therefore, & converges in law as t — 400 to an N( “ , _A;b) distribution.
Observe that the mean of this distribution is the point at which the drift vanishes.

b) If Ito’s formula could be applied to the function log (but it cannot, as it is not
even defined on the whole real line) we would obtain

1 2

1
d(logY,) = _ dv, d(Y),z(b+910th)dt+adBt—02 dt.  (S.63)

y, ' 2r?

Therefore & = log Y; would be a solution of

o2

& =x=logy,
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which is a particular case of (9.52). Once these heuristics have been performed,
it is immediate to check that if £ is a solution of (S.64) then Y, = e is a
solution of (S.63). We have therefore proved the existence of a solution of the
SDE (9.53), but this equation does not satisfy the existence and uniqueness
results of Chap. 9 (the drift does not have a sublinear growth) so that uniqueness
is still to be proved.

Let Y be a solution of (9.53) and t, its exit time from the interval e, ;[ or,
which is the same, the exit time of log ¥; from | — log i,log i[ Let f; be a C?
function on R that coincides with log on Je, ; [. Then we can apply Ito’s formula
to f¢(Y;), which gives that

TeAL
log Y, A = logy + / (b- "22 + 01og(Ys, ns)) ds + 0 Br s -
0

Therefore by localization (Theorem 9.3) log Y; coincides with the solution
of (S.64) until the exit from the interval | — log ; ,log ; [. But Eq.(S.64) is a
nice equation with Lipschitz continuous coefficients and hence has a unique
solution. As we know that 7, — 400 as ¢ — 0 (Remark 9.3), the uniqueness
of the solution of (S.64) implies the uniqueness of the solution of (9.53).

As Y, = e, necessarily ¥, > O for every ¢ a.s. Thanks to a), ¥; has a
lognormal law (see Exercise 1.11 for its definition) with parameters y, and o7
that can be obtained from (S.62) i.e.

b—lo?
e = e@tx + 2 (eﬁt _ 1)
2
o
o} = 29 e —1).
If6 <0,
, 1 o? ., o
t—lg-lgloo He = —0 (b_ 2 )7 t—1>1-Ii-noo o= —20

and (Y;), converges in law as t — +oo to a lognormal distribution with these
parameters.

9.12

a)

Let us apply Ito’s formula to the function u(x, r) = e " (x> + gi ), so that dZ; =
du(&;, 1). Recall the formula (see Remark 9.1)

u u
du(t,, 1) = ( 0 +Lu>($,,t) di+ ) (6.1)0 dB,
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where
o2 3%u u
Lu(x,t) = 5 952 (x, 1) + Ax 9 (x,1)

is the generator of the Ornstein—Uhlenbeck process. As

ou ou o 9%u

— — _ —2Mt
o = —2X u(x, 1), = 2xe” M, e = 2e

we have
Lu = 2A u(x, 1)

and the term in dr of the stochastic differential vanishes. Therefore
du —2\t
dz, = du(&, 1) = 9 (&,1) 0 dB, = e '20&, dB;
X

and (Z,), is a martingale, being the stochastic integral of a process of M>.
b) We have

2

o
ElZ] = Z, = X2 ,
[Z] =Zo At

hence

2
Y _oauf2, 0
E[Y,] = ME[Z)] = ¢ (x +2,x)’

which entails that lim,—, +c E[Y}] is equal to +o00 or to 0 according as A > 0 or
A <0.

9.13

a) The coefficients are Lipschitz continuous, therefore we have strong existence
and uniqueness.
bl) We have ¥; = f(&) with f(z) = log (V1 +22 +2). As /1 +22 +z > 0 for
every z € R, f : R — R is differentiable infinitely many times and

1 Z 1
/O — 1) =
@ \/1+zz+zx(x/l+z2+ ) V142

Z

f//(z) = _(1 + 22)3/2 :
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Ito’s formula gives

R

Y= e ™ a0
_ , 1 s
_\/1+§3<\/1+§,+2§,)dt+d3, 2\/1+§2d¢

=dt+dB;.
Therefore, as Yy = log (v/1 + 12 + x),
Y, =10g(\/1 +x2+x) +t+B.
b2) We have & = f~!(Y;), assuming that f is invertible. Actually if y = f(z), then

¢ =VI+2+z,

ie. e’ —z = +/1 4 72 and taking the square e® — 2z¢" + 7> = 1 + 7%, i.e.
e” — 1 = 2ze’, and finally

ey — e_y
7= = sinh
2 y

so that
£ = sinh(log(\/l + X2 + x) —l—t—}-B,) )

9.14

a) If ¢, = (&, n,), we can write
dé‘t = —/Xé‘t dt + EdBt

with the initial condition {y = z = (x,y), where
o 0
XY = .
(Gp oy/1- pz)
We know (Example 9.1) that the solution of this SDE is

t
é‘t — e—/\tz_’_ e—ll‘/ elxz dBy
0
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—At

whence we obtain that ¢; is Gaussian with mean e~*z and covariance matrix

1
- (1—ePyzx*. (S.65)

Now

syr_(© 0 o op (0% o
“\opoy1-p2)\0c/1=p2)  \o?%p o> )"

hence each of the r.v.’s &, 1, is Gaussian with variance

2

o _ a—2At
2 (I—e) (S.66)

and mean e *x and e *y respectively. In particular, their (marginal) laws

coincide and do not depend on p.
b) Their joint law has already been determined: it is Gaussian with covariance
matrix given by (S.65), i.e.

2
o _ 1p
1 _ 2Mt .
2 =™ (p 1)
Their covariance is therefore equal to
2

o (1= p,

which is maximum for p = 1.

A necessary and sufficient condition for a Gaussian law to have a density
with respect to Lebesgue measure is that the covariance matrix is invertible. The
determinant of ¥ X* is equal to 6> (1 — p?): the covariance matrix is invertible if
and only if p # +1.

c)

o? /9 02 9’ 0 d
L= 2 —Ax,. —Ay. -
2 (8x2 + dy2 + 'Oaxay) o yay

9.15

a) Here the drift is b(x) = (—)x1, —)x,) whereas the diffusion coefficient is

o(x) = (_;1“2)
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whence the generator of the diffusion is the second-order operator

2

= Y o’ Y b
T2 2 ey T T gy

ij=1 '

where
2
—X> X’ —X2X]
a(x) = 6o ()" = (x1 ) (—x2x1) = (_xjxl o ) :
ie.
L 1 282 +1 282 92 1 0 1 d
= X X — XX - X - X .
2 28x% 2 laxg 123x13x2 2 laxl 2 zaxz

It is immediate that deta(x) = O for every x, hence L is not elliptic. The lack
of ellipticity was actually obvious from the beginning as the matrix o above has
rank 1 so that necessarily a = oo™ has rank 1 at most. This argument allows us
to say that, in all generality, the generator cannot be elliptic if the dimension of
the driving Brownian motion (1 in this case) is strictly smaller than the dimension
of the diffusion.

b) Let us apply Ito’s formula: if f(x) = x% + x%, then dY; = df(§,) and

of of 1, 0%f 0f
df (&) = i, (&) d&i (1) + o (&) d&>(1) + 2( o2 (¢d(&1): + a2 (&)d(éz),)

as the mixed derivatives of f vanish. Replacing and keeping in mind that d(&,), =
£ ()2 dt, d(&), = £(t)? dt, we obtain

af &)
=260 (— 161 (Ddt — &(1) dB;) 4 25(1)( — S &(n)dt + £ (1) dB))
+(52(0 + &1(1)7) dt
=0

so that the process ¥; = £(f)> + £ (¢)? is constant and ¥; = 1 a.s. The process
& = (&1(1), £ (1)) takes its values in the circle of radius 1.

9.16

a) We note that (Y;); is a geometric Brownian motion and that the pair (X;, ¥;) solves
the SDE

er == Yr d[
dY[ == MY[ d[ + O-Y[ dBr
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with the initial conditions Xy = x, Yy = 1. Its generator is

d
+ 1y

32+3
» TY 9y

1
= 2.2
ZUyay ox

b) Ito’s formula (assuming for an instant that it is legitimate to use it) gives

Xi

X
dg, = _Yt2 dy,+ Yt?)

d{y),+ U x ——X’Y( dt+ dB)—l—Xt 2Y2di+dt
t Y, I t\H O aby Y;’U ‘ .

t

Actually d(X, Y), = 0. This gives
d& = (1 + (0? — p)&) dt — o&,dB, . (5.67)

However, we are not authorized to apply Ito’s formula, as the function ¢ :
(x,y) — ;‘ is not defined on the whole of R2. We can, however, reproduce here
an idea developed earlier: let, for every ¢ > 0, ¥, be a function coinciding with
¥ on {|y| > &} and then extended so that it is C?. Let 7, be the first time that
Y, < e. Then the computation above applied to the function v, gives

IATe

En, =x+/0 (1 (oz—msu)du—/o o0&, dB, .

As P(Y; > O foreveryt > 0) = 1, we have 1, — +o00 as ¢ — 0 and, taking the
limit as & — O in the relation above, we find

t

=X r 2_ u— u u -
& = +/0(1+(a W€ d /Oas dB

¢) Equation (9.55) is a particular case of (S.67) with = o> — . With this choice

o? —r)u+oB

02
of,uwehavep,—"; =9 —rand?¥, =%

X =12

« so that a solution is, taking

t
7 = X; _ e_(nzz —r)t—0B, (Z + / e("22 —r)u+oB, du) .
Y 0

Recalling the expression of the Laplace transform of a Gaussian r.v. we have, for

r#0,

t
E[Zt] ZZE[e—(”zz—r)t—aB,] +/ E[e—(”z2 _r)(t_u)_a(B’_B“)]du
0

t
—. e—(”zz—r)t+”22t i / e—(”j =) =)+, (1—u) dul
0

t
1
— Zert +/ er(t—u) du — Zert + (ert _ 1) .
0 r
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If r > 0 we have E[Z;] = —lr ifz = —1 and

ifz > —!
lim E[z] =11 "7,
t—+00 —00 ifz< _i
If r < 0 then lim,—, 4 o E[Z/] = — lr whatever the starting point z.

If r = 0 the computation of the integrals above is different and we obtain
E[Z[] =1 + Z,
which converges to +o00 as t — +o0.

9.17

a) Ito’s formula would give

1 1 1
Q== it dE) =~ | E(a—bg)di - Eos,dng o’&} dr,
i.e.

dz, = (b— (a—0%)Z)dt — 0ZdB, (5.68)

at least as soon as & remains far from 0. Of course Zy = z with z = i > 0.
b) Exercise 9.11 gives for (S.68) the solution

t
Z, = e—(a_zrz2 Yt—o B; (Z + b/ e(a_nzz )s+0B; dS) )
0
As z > 0, clearly Z, > O for every t a.s. We can therefore apply Ito’s formula
and compute the stochastic differential of # — , . As the function z — i is not
everywhere defined, this will require the trick already exploited in other exercises

(Exercise 9.16 e.g.): let 7, be the first time Z;, < ¢ and let ¥, be a C? function
coinciding with z i for z > €. Then Ito’s formula gives

W) = 0@+ [ (V26— a0z + W B0 R ) ds

INTg
+ / —WQ(ZX)CTZX dBv .
0

As Y (z) = i for z > ¢, we have fore < z

1 1 INTg 1 ) 1 I INTg
. +/0 (_ZE b—(a—0o )ZS)JFZEO Zs)ds+/0 72 0B,

Zz/\zg
1 INATe 1 1 INTg 1
+/ (a—b )ds—!—/ o dB, .
Z 0 Zs Zs 0 Zs
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As Z, > 0 for every ¢, we have 7, — 400 as ¢ — 0 and the process & = le
satisfies (9.56). Hence (9.56) has the explicit solution

t —
£ = I e(a—";)r+as,<1 —|—b/ (a5 )s+oB, ds) t
Zl‘ X 0

Of course, & > 0 for every 7 with probability 1.

9.18
a) Of course the pair (X;, ¥;), solves the SDE

dgt == )/ﬂtdt+ UdBt
dﬂt = gt dt
with the initial conditions § = x, 7o = 0. This is an SDE with Lipschitz

continuous coefficients with a sublinear growth and therefore has a unique
solution. The generator is

o2 92
L= + vy

8+3
2 ox? xx

a ady
The process Z; = (&, n;) is the solution of the SDE
dZt = MZt dt + EdBt 5

where M, X' are the matrices

0y o0
M = , Y= .
(1) ==(0)
We recognize the Ornstein—Uhlenbeck process of Example 9.1: a linear drift

and a constant diffusion matrix. Going back to (9.5), the solution is a Gaussian
process and we have the explicit formula

t
Z, =e Mz 4 e_M'/ e 3 dB, |
0

where z = ({).
b) We have

= (o) (o) = (5 )
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and by recurrence

wm _ ((ab)" 0 Il _ 0 a(ab)"
M _( 0 (ab)") M ‘(b(ab)" 0 )

Therefore the elements in the diagonal of e are

(ab)" _ Z (Vab)* = cosh(v/ab)
—0

Z (2n)! (2n)!

whereas the (1, 2)-entry is
o0 o0
(ab)" \/a (Vab )t \/a )
“; en+1)! Vb 2:; @n+1)! p Sh(v/ab)

A similar computation allows us to obtain the (2, 1)-entry and we find

” cosh v/ab /4 sinh Jab
© = \/Z sinh ~/ab cosh \/ab

and (9.57) follows from the relations cosh ix = cosx, sinhix = isinx.
¢) The mean of Z, is "'z with z = (). We have

_ (Ot
Mt_(to)

oM _ ( cosh(/y 1) /vy sinh(/y t))

and, thanks to b2),

jy sinh(,/y ) cosh(/y1)

so that E[§;] = cosh(,/y t)x. If y > 0 this tends to 0o according to the sign
of x. If y < 0 then E[§] = cos(,/—y f)x. This quantity oscillates between the
values x and —x with fast oscillations if | y| is large. The mean remains identically
equal to 0 if x = 0.

Let us now look at the variance of the distribution of &;: we must compute

t
/ eM(r—u)EE*eM* (t—u) du .
0

S 020
00
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let us first compute the integrand:

i g goe _ [ Oy =)y sinh(yy (1= w) (02 0)
= jy sinh(/y (t —u)) cosh(/y (t —u)) 00

o2 cosh(/y (t—u)) 0
N jy sinh \/y (t—u) O
so that
eM(t—u)EE*eM*(r—u)

[0 cosh(/fy (t—u)) O cosh(/y (t — u)) \}y sinh(/y (1 — u))
- f/zy sinh(/y (t —u)) 0 Jvsinh(/y (t —u)) cosh(/y (t — u))

B o2 cosh?(/y (t—u)) «0/21’ cosh(/y (t—u)) sinh(/y (t—u))
B j/zy cosh(/y (t—u)) sinh(\/y (t—u)) ?" sinh?(\/y (1—u)) '

The variance of &, is therefore equal to

o? /rcoshz(\/y (t—u))du = o /rcoshz(Jy u) du
0 0

and it diverges as t — —+oo. If y < 0 the integral grows linearly fast (the
integrand becomes cosz(J—y u) and is bounded), whereas if y > 0 it grows
exponentially fast.

9.19 By Ito’s formula
dn, = 2§ dE + o> dt = (0% + 2bE?) dt + 20&,dB; .

If we define

a3
W, :/ ' 100 + lg=0y ) dBs (S.69)
= ( g, ol 0})

then, by Corollary 8.2, W is a real Brownian motion (the integrand is a process
having modulus equal to 1) and

&

Ve dWe = /ns («/’% Linstop + 1{m=0}) dB; = & dB; .
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Hence 7 solves the SDE
dn. = (0% + 2bn,) dt + 20 \/n, AW, (S.70)

of course with the initial condition 9 = x.

* Note that the coefficients of (S.70) do not satisfy Condition (A’) (the diffusion
coefficient is not Lipschitz continuous at 0). In particular, in this exercise we
prove that (S.70) has a solution but are unable to discuss uniqueness.

9.20 Given the process

g = /O (&) dB,

we know that there exists a Brownian motion W such that § = Wjy,, where A, =
for o (£,)?dt. By the Iterated Logarithm Law therefore there exist arbitrarily large
values of ¢ such that

& =Wa, = (1 —€)/24,loglogA,) .

As A, > c?t, & takes arbitrarily large values a.s. and therefore exits with probability
1 from any bounded interval.

As we are under hypotheses of sublinear growth, the process £ and also (o (&;)),
belong to M? and therefore £ is a square integrable martingale. By the stopping
theorem therefore

E(Sfl\l‘) = O

for every t > 0. Taking the limit with Lebesgue’s theorem (¢ — &;, is bounded as
E:nr € [—a, b)) we find

0 =E(5;) = —aP(§; = —a) + bP(§; = D)

and, replacing P(§;, = —a) = 1 — P(§, = b),

P, =b)= °

= aib
Note that this result holds for any o, provided it satisfies the conditions indicated
in the statement. This fact has an intuitive explanation: the solution £ being a time
changed Brownian motion, its exit position from | — a, b[ coincides with the exit
position of the Brownian motion.
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9.21

581

a) Let us first look for a function u such that 7 — u(&,) is a martingale. We know

(see Remark 9.1) that ¥ must solve Lu = 0, L denoting the generator of the
Ornstein—Uhlenbeck process, i.e.

o2
5 u”(x) — Axu'(x) = 0.

21 .2
If v = u/, then v must solve v’ (x) = jﬁxv(x), i.e. v(x) = cre2 ™, so that the
general integral of the ODE above is

Yo
u(x) =C1/ es2” dy+c; (S8.71)
20

=F(x)

for any zp € R. As u is a regular function, with all its derivatives bounded in
every bounded interval, r — u(§4.) is a martingale. This already proves that
T < 400 a.s. Actually this is a bounded martingale, therefore a.s. convergent,

and convergence cannot take place on t = 400 (see Sect. 10.2 for another
proof of this fact).
We have therefore, for every starting position x, u(x) = E*[u(&n.)] and

taking the limit as t — +o0 with Lebesgue’s theorem, we find
c1F(x) + ¢ = ulx) = E'[u(&)] = u(b)P'(§; = b) + u(—=a)(1 —P*(§; = b))

= (] (F(b) — F(—a))PX(Er = b) + ClF(—Cl) +c.

Let us choose zp = —a in (S.71), so that F(—a) = 0. Then the previous relation
becomes

x %sz

o _ L
= =7 .
F@) /eﬁzzdz

—a

Pt = b) (S.72)

bl) With the change of variable y = +/Az we have

a ) a«/ A )
/ e* dz / e’ dy
0 li 0

lim b = lim .
A—>~+00 A2 A—>~+00 b/A )
e™ dz e dy
0 0
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Taking the derivative with respect to A and applying L’Hospital rule this limit
is equal to

2
a eAa

ABTOO b M
which is equal to 400 if a > b.
b2) Using the symmetry of the integrand we can write (S.72) as

4 oo X oo
/ es2’ dz—}—/ e’ dz
P =b) =" ;

4 o by 2
e2” dz + e dz
0 0

and now one only has to divide numerator and denominator by f(f eig & dz: as
both b and |x| are smaller then a, the limit as A — 400 turns out to be equal to
1 thanks to bl).

b3) For large A the process is affected by a large force (the drift —Ax) taking it
towards 0. Therefore its behavior is as follows: the process is attracted towards
0 and stays around there until some unusual increment of the Brownian motion
takes it out of | — a, b[. The exit takes place mostly at b because this is the
closest to 0 of the two endpoints.

9.22

A

a) We know (see Example 9.1) that the law of &7 is Gaussian with mean e™*'x and

variance

szc; (1—e My .
By Chebyshev’s inequality
202
P —e x| 2 8) = o (1=e™) =0

so that £° converges to e *'x in probability and therefore in distribution.
b) Itis sufficient to prove that

P( sup |£5 —e Mx| > 8) - 0.

0§[§T e—>0

Actually this entails that the probability for £° to be outside of a fixed neighbor-
hood of the path xo(f) = e~ goes to 0 as ¢ — 0. Recall the explicit expression
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for &¢:
t
£ = e Mx + eoe ™M / e’ dB, .
0

Therefore we are led to the following limit to be proved

t
cre_“/ e“dBS‘z8) - 0
0

e—>0

P (5 sup

0<t<T

which is immediate since the process inside the absolute value is continuous and
therefore the r.v.

t
sup cre_M/ e dB
0

0<t<T

is finite. Note that, using the exponential inequality of martingales we might
even give a speed of convergence. This will be made explicit in the general case
of Exercise 9.28.

9.23 The function f(y) = ,* is such that f(0) = x and o) =% @) =
2f(y)>. Therefore if it was legitimate to apply Ito’s formula we would have

df (B) = f'(B;) dB, + ;f”(Bt) dt = f(B,)*dB, + f(B,)’ dt

so that & = f(B;) would be a solution of (9.60). This is not correct formally because

f is not C2(R) (it is not even everywhere defined). In order to fix this point, let us
assume x > 0 and let f; be a function that coincides with f on | — oo, )lc —¢] and then
extended so that it is C?(IR). If we denote by T, the passage time of B at )1( — ¢, then
Ito’s formula gives, for & = f,(B,),

IATe INTe
St/\fg =x-+ / S? ds + / sz ng‘ .
0 0

Therefore & = f(B;) is the solution of (9.60) for every t < z,. Letting ¢ \ 0,
T /" 7, and therefore (&;), is the solution of (9.60) on [0, 7,].

* Note that lim,—,— § = +o00 and that, by localization, any other solution must
agree with £ on [0, 7,[ for every ¢, hence it is not possible to have a solution
defined in any interval [0, T]. This is an example of what can happen when the
sublinear growth property of the coefficients is not satisfied.
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9.24

a) The matrix of the second-order coefficients of L is

o= 10

~\oo
whose square root, o, is of course equal to a itself. a is not invertible, hence L is
not elliptic and a fortiori not uniformly elliptic. The corresponding SDE is then

dgt == bgtdt+ UdBt N

- -0

and we know, by Example 9.1, that this SDE has the explicit solution

where

t
£ =ex + e’”/ e o dB,
0
and has a Gaussian law with mean e”x and covariance matrix
! *
I, = / ePoo*el * ds .
0

We see that b> = b*> = --- = 0. Hence

so that

e pra {10\ [10)(1u) (1 u
© oo _(ul 00/lo1) " \uw
12
t
2 3

I'; being invertible for ¢ > 0 (its determinant is equal to {2) the law of & has a
density with respect to Lebesgue measure.

and
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b) The SDE now is of the same kind but with

(00 e (10
p=(60) @ =(e)
be o ru (10Y(10)(10)_ (10
cooe _(Oe”)(OO)(Oe“)_(OO)
(10
~\oo)”

which is not invertible, so that there is no density with respect to Lebesgue
measure.

Therefore

and

9.25

a) Let B be an m-dimensional Brownian motion and ¢ a square root of a. The SDE
associated to L is

dgt == bgtdt+ UdBt
g() =X.

We have seen in Example 9.1 that its solution is
t
£ =e"x+ eb’/ e o dB, .
0

The law of & is therefore Gaussian with mean e’x and, recalling (S.52),
covariance matrix

t
I, = / ePae? " du . (S.73)
0

As the transition function p(t, x, -) it is nothing else than the law of &, with the
initial condition & = x, the transition function has density if and only if I”
is invertible (see Sect. 1.7 and Exercise 1.4). If a is positive definite then there
exists a number w > 0 such that, for every y € R™, (ay,y) > u|y|>. Therefore, if

y #0,

t
(Ly.y) = /O (e"ae”"y, y) du = /O

t

t
(aeh*”y, eh*“y) du > / p,|e”*”y|2 du> 0.
0
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Actually if y # 0, we have |e?"“y| > 0, as the exponential of a matrix is
invertible.

b) Let us first assume that there exists a non-trivial subspace contained in the kernel
of a and invariant with respect to the action of b*. Then there exists a non-zero
vector y € kera such that b*iy € kera forevery i = 1,2, ... It follows that also
e”*“y € ker a. Therefore for such a vector we would have

t
(My.y) = / (ae” "y, e""y) du =0
0

and I; cannot be invertible.

Conversely, if I'; were not invertible, there would exist a vectory € R™,y # 0,
such that (Iy,y) = 0. As {(ae”™y,e?"y) > 0, necessarily (ae” "y, e’ "y) = 0
for every u < t and therefore

for every u < t. For u = 0 this relation implies y € kera. Taking the derivative
with respect to u at u = 0 we find that necessarily ab*y = 0. In a similar way,
taking the derivative n times and setting u = 0 we find ab*"y = 0 for every n.
The subspace generated by the vectors y, b*y, b*zy, ... is non-trivial, invariant
under the action of b* and contained in ker a.

9.26 Let us compute the differential of n with Ito’s formula, assuming that the
function f that we are looking for is regular enough. We have

1
dn, = f'(&) d& + Zf”(ét)az(&) dt

| (S.74)
(£ + 1" €10 ) di +1 €0 (E) dB,

Therefore, in order for (9.64) to be satisfied, we must have f'(§)a (&) = 1. Let

21
f(Z)=/0 o

The assumptions on o entail that f € C? so that Ito’s formula can be applied to
n: = f(&). Moreover, f is strictly increasing. As f'(x) = U(lx) and f (x) = —g(j;)‘;,
Eq. (S.74) now becomes

b )~ 5 o' ¢ ) ) di +- B,

5=’EZ771)

1
M= g1

with the initial condition 1y = f(x).
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b) We have

B, =1 —f(x) — /0 Bb(n,) dt .

The right-hand side is clearly measurable with respect to the o-algebra o (1, u <
1), therefore %, C o(n,,u < t), where %, = o(B,,, u < 1) as usual. As f is strictly
increasing, hence invertible, o (n,,u < t) = o(§,,u <t) = J4. Hence ¥, C 7
and as the converse inclusion is obvious (see Remark 9.4) the two filtrations
coincide.

9.27

a) Let us first admit the relations (9.68) and let us apply Ito’s formula to the process
& = h(D;, B;). As (D;); has finite variation,

2

oh oh 10%h
dh(Dt,Bt) = (Dt,Bt)D: dt+ (DhBl‘) dBt + Z(Dt,Bt) dt .
ox ay 2 dy
But
oh
By (D1, B) = o(h(Dy, By))
9%h ,
ay2 (Dt, Bl‘) =0 (h(Dt, B,))G(h(Dt, Bt))
oh By ,
o, (D B) = exp [ / o' (h(D:, 5)) ds] .
X 0
Moreover,

1 B
D, = (=50 (DB D, B +5(hD. B ) exp[~ [ o' (D51 ]
0
Putting things together we find
dh(Dr, B[) - b(h(Dr, B[)) dt + O—(h(Dr, B[)) dB[ N

hence Z, = h(Dy, B,) is a solution of (9.66), which concludes the proof of a).
Let us check the two relations of the hint. We can write

) = 0h. )
y

h(x,0) =x.
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As we admit that 4 is twice differentiable in y,

9 0
2 0) = 0/ () 5 (53) = 0 (e 3 )
Y Y

Similarly, taking the derivative with respect to x,

0%h , oh
09 = 0G5 5 )
oh
9 (x,0)=1.

Hence, if g(y) = gﬁ (x,y), then g is the solution of the linear problem

g =o' (h(x,y)g)
g(0) =1

whose solution is
Y /
g(y) = exp [/0 o' (h(x,s)) ds] .

b) Letus denote by?the analogue of the function f Wichreplacing b. Then clearly
f(x,2) > f(x, z) for every x, z. If D is the solution of

D, =f(D:,B)
Dy =%,

then D, > D, for every t > 0. As h is increasing in both arguments we have

€, = h(D,,B)) > h(D,,B,) = £, .

9.28
a) We have

dn; = d& —y/dt = (b(§)) —b(y,)) dt + €0 (&) dB;
= (b(nf +v) —b(y)) dt + 80(’7,8 + 1) dB; .

b) If supy< <7 |8 fgo(n‘; + V) dB,A\ < o, we have, fort < T,

t t
IanS/O |b(77§+)’s)—b(ys)|ds+ot§L/0 L ds + o
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and, by Gronwall’s inequality, sup, <7 |1/ < ael?. Taking the complement we
have

P( sup &5 — sl za) =P( sup || za)

0<s<T 0<s<T

<P( sup ) / o (m,
O<S‘<T

thanks to the exponential inequality (8.42). As n{ = & — y, and by the
arbitrariness of «, this relation implies that £°, as ¢ — 0, converges in probability
to a constant r.v. taking the value y with probability 1.

c) Letus assume that Assumption (A’) holds. For fixed ¢, let R be the radius of some
ball centered at the origin of R™ and containing y;, for every t < T. Let b3 be
a vector and a matrix field, respectively, bounded and Lipschitz continuous and
coinciding with b, o, respectively, for |x| < R + 1.

Let us denote by £° the solution of an SDE with coefficients b and €5 and
with the same initial condition é&o = x. We know then (Theorem 9.3) that the
two processes £° and Eg coincide up to the exit out of the ball of radius R + 1. It
follows that, for ¢ < 1, the two events

1 a2e—2LT

g2 2mT||o||go]

e_LT) < 2mexp [ -

{aup 6 ylza) and | sup Byl =)

0<t<T 0<1<T
are a.s. equal. Therefore

2.—3LT

P(sup &yl =) =P( sup F-ylza)<amexp[- “°_ ]
0=t=T 01T &2 2mT |12,
9.29

a) Let k* = supy_,<r |GG} ||, where || || denotes the norm as an operator, so that

(GG} 0,0) < k* for every vector 8 of modulus 1. By Proposition 8.7

[

where ¢g = (2Tmk*)™'. If we define A = {supy<,<7 | Jy G;dB,| < p}, then on
A we have, fort < T,

P( sup

2
> p) < 2me”F" |
0<i<T

t
|Msm+M/a+wmm+m
0
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ie.
t
X < (|x| + MT + p) +M/ X} ds,
0

and by Gronwall’s Lemma X5 < (|x| + MT + p) e¥". Therefore, if |x| < K,

'
/ G, dB;
0

Solving R = (K + MT + p) e"” we have p = Re ™7 — (|x| + MT) and therefore

P(X; > (K + MT + p)e¥’) < P( sup

0<t<T

> p) < 2me 0"

P(X7 > R) < 2mexp ( — co(Re_MT —(K+ MT))Z) ,

from which we obtain that, for every constant ¢ = cr strictly smaller than

| €MT
—IMT ) S.75
coe 2Timk* 5.73)
the inequality (9.70) holds for R large enough.
b) Itis an obvious consequence of a), with F, = b(&,,1), G, = o (&, 1).
¢) If u(x) = log(1 + |x|?), let us compute with patience the derivatives:
2)6,'
uxi ('x) = 2
Lt I . (S.76)
ij XiXj
Uy;x; (x) = )

L2 (4 )2

In particular, as |x| — +oo the first-order derivatives go to 0 at least as x > |x| ™!
and the second-order derivatives at least as x +— |x|~2. By Ito’s formula the
process ¥, = log(1 + |£|?) has stochastic differential

dY, = (0w, (E)bilk 1) + Y ey (E)ay 1)) i
i=1 i

m d
+ Y > ug(E)oy(E. 1) dBi(0)

i=1 j=1

where a = 0o™. By (S.76), as b and ¢ are assumed to have sublinear growth, it
is clear that all the terms u,,b;, Ui, Uy, O ATE bounded. We can therefore apply
a), which guarantees that there exists a constant ¢ > 0 such that, for large p,

P( sup log(1 + |&[%) = log p) < g—clogn)?
0<t<T
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ie. P& > Vp—1) < e~<logn)’ Yetting R = /p—1,1ie. p = R2 + 1, the
inequality becomes, for large R,

—c 2 2 — 2 1
P(Ef = R) < e el < emelel = (8.77)

d) By Exercise 1.3,if p > 1,

+o0
B[] = p /0 PIPEE > 1yt

Under Assumption (A’), by (S.77), the function t — P(§; > 1) tends to zero
faster than every polynomial as + — 4-co and therefore the integral converges
for every p > 0. If, moreover, the diffusion coefficient o is bounded, then

%12 too 2
E[e*¢7)] = 1 +/ 200" P(E7 > 1) dt
0

and again, by (9.70) and (S.75), for @ < e ?MT(2Tmk*)~! the integral is
convergent. Here k* is any constant such that |o(x)0|> < k* for every x € R™
and |6] = 1. A fortiori E[e“ff] < 400 forevery a € R.

10.1

a) Just apply the representation formula (10.6), recalling that here ¢ = 0, Z, = 1
and f = —1.
b) If m = 1 then (10.39) becomes

Ju' =—1 on]—1,1]

u(=1) =u(1)=0

and has the solution u(x) = 1 —x%. If m > 2, as indicated in the hint, if we look
for a solution of the form u(x) = g(|x|), we have

1 1, m—1,
R 20 = g () + 7 T () (8.78)

We therefore have to solve

1, m—1, _
58 o + 2 g =-1 (8.79)
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with the boundary condition g(1) = 0 (plus another condition that we shall see
later). Letting v = g/, we are led to the equation

1, m—1 _
2v ) + 2 v(y) =-—1. (S.80)

Separating the variables, the homogeneous equation is

V'(y)  m—1

el >

v

ie. v(y) = c1y™"T!. With the method of the variation of the constants, let us
look for a solution of (S.80) of the form c(y)y™"*!. We have immediately that ¢
must satisfy

oy =2

and therefore c(y) = —yznym. In conclusion, the integral of (S.80) is v(y) =
ciy™™ ! — 2y, Let us compute the primitive of v. If m > 3 we find that the
general integral of (S.79) is

1
g(y) = ciy "t — my2 +c.

The condition g(1) = 0 gives ¢; + ¢2 = yln However, we also need g to be
defined at 0, i.e. ¢c; = 0. In conclusion, the solution of (10.39) is

1 1
u@x) = - —
m m

and, in particular, #(0) = yln If m = 2 the computation of the primitive of v is
different and the general integral of (S.79) is

1
g0) =cilogy— Y+
m
but the remainder of the argument is the same.

10.2

a) Follows from Propositions 10.2 and 10.1 (Assumption H; is satisfied).
b) It is immediate that the constants and the function v(x) = x'~2% are solutions of
the ordinary equation

1 8
V') + vV(x) =0
2 X
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for every x > 0. Therefore, if we denote by u(x) the term on the right-hand side
in (10.40), as it is immediate that u(a) = 0 and u(b) = 1, u is the solution of the
problem

1u”()c) + 5 W(x)=0 x€la,b|
2 X
u(a) =0,u(b) =1.

Therefore, by (10.7), u(x) = P*(X; = b).

c¢) Thanks to Exercise 8.24, we know that the process & = |B; + x| is a solution of
the SDE

dag ="Vt aw
t — 25[ t
&0 = |x|

where W is a real Brownian motion. Therefore, denoting by Q! the law of £,
P(1Bs| = b) = QM(X. = b).

Comparing with the result of a), we have § = ”’;1 hence A =26 -1 =m—2
which gives

1—(¢ m—2
P'(|B;| = b) = 1— EZ;m_z ’
b

Asm — oo this probability converges to 1 for every starting pointx, a < |x| < b.

10.3

al) The solution is clearly &° = oB; — ut + x and we can apply the usual Iterated
Logarithm argument.

a2) Lu = "22 u” — pu’. We know that the function u(x) = P(§} = b) is the solution
of

o2
Lu(x) = 5 W —pu =0

u(—a) =0,u(b) =1.

(S.81)

Setting v = u’ we have
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bl)

b2)

Solutions of the Exercises
ie.
m x
v(x) = ces?”

and therefore

X gy
“(x)=61/ e “dz.
X

0
We must enforce the constraints u(—a) = 0, u(b) = 1, i.e. xo = —a and

1 2 1

21 2n

Cl = 5 =
W 2 -
_baenzzdz o e”zb_e ”Za

Therefore
21
0 21 0’2 _2u a 1 —_ e_az a
P(é?:b):u(o)zclf eazzdzzclz (l—e o2 ): wy,
—a “ en2? —eg 527
(5.82)
The generator of 7 is
Lyu(x) = o u”(x) — H u'(x) = Lu(x)
2(1 4+ x2) 1+ x? 1+ x? '

As the coefficient of the second-order derivative is > const > 0 on the interval
considered and the coefficient of the first-order derivative is bounded, we know,
by Assumption H; p.308, that T < +o00 a.s. (and is even integrable) whatever
the starting point x.

We know that the function u(x) = P(17} = b) is the solution of

2

o
2(1 + x?)
u(—a) =0,u(b) =1

B e =0

LZM(X) = M//(x) - 1 +x2M (883)

but, factoring out the denominator 1 + x2 we see that the solution is the same
as that of (S.83), so that the exit probability is as in (S.82).

10.4 The exit law from the unit ball for a Brownian motion with starting point at
x has density (see Example 10.1)

11— |x]?

M= o ey
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with respect to the normalized one-dimensional measure of the circle. In this case

x| = é so that 1 — |x|> = z and, in angular coordinates, we are led to the

computation of the integral

31 [7/2 1
42 / [x — 9|2d9’
T —n/2 X y()

where y(6) = (cos 6, sin ). Therefore |x — y(9)]> = (é — cos0)? + sin’ 0 =

i — cos 0. The integral is computed with the change of variable

2

- 1+t2dt

cosf = ) t:tang, do

and therefore

3 01 2 3 01 1 1

ce= / " dt = / dt =  arctan(3¢)

8r J_ S 12142 m J_i 1+ 92 bid —1
4 142

2
= arctan3 >~ 0.795.
T

10.5

al) Fore > 0 fixed, let us still denote by u a C?>(R") function that coincides with u
on D;. Then, by Ito’s formula,

1 “ 02
dM, = 0e?"u(X,) dt + e®u' (X,) dX, + 5 " Y " a;(X) .

ij=1

u
ox; (Xp) dt

= em(eu(Xt) + Lu(X,)) dt + "/ (X;) o(X;) dB, .

As My = u(x) P*-a.s. and Ou(X;) + Lu(X;) = O for ¢ < 7,
AT,
Mt/\l'e = M(X) + / eoxu/(Xv) G(XY) dBSa P* -a.s.
0

This is a square integrable martingale, as ' and o are bounded on D;.
a2) By the relation

E'e? D u(Xin, )] = EX(Minr,) = E*(Mp) = u(x) ,

taking the limit first as 1 — 400 and then as ¢ N\ 0 and using Fatou’s lemma
twice (recall that we assume u > 0 and that u = 1 on dD), we have

E'[e’] = E'[e” u(X,)] < u(x) .
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Therefore the r.v. €7 is P*-integrable for every x € D. The r.v.’s e/ %) u(X;,.)
are therefore positive and bounded above by e’” max ., u(x). Again taking the
limit as + — 400 and then as ¢ N\ 0 and using now Lebesgue’s theorem we
find E*[e"] = u(x).

bl) We must solve (10.41) for L = ;A. The general integral of éu” + 0u=0is

u(x) = ¢y cos(\/29 X))+ sin(\/29 X) .

With the conditions u(a) = u(—a) = 1 we find ¢; = cos(+v/20a)~", ¢, = 0.
Therefore the solution of (10.41) is

cos(+/26 x) '

ux) = cos(+/20 a)

As cosy >20 for |y| < 7, a positive solution exists if and only if V20a < 2

. T therefore has a finite Laplace transform for these values of 6.

8a
Since E*(e’7) /' +o0asf o 22, this is the convergence abscissa.
b2) We have seen, in particular, that T does not have a finite Laplace transform for
every 6 € R and therefore cannot be bounded P*-a.s. By Markov’s inequality,
for every 8 > 0,

ie. 0 <

P*(t > R) < P*(ef™ > efF) < e PRE*(f7) .

This relation gives an estimate of the tail of the distribution of 7 for every
2

B<gn
b3) The mean of t is obtained as the derivative at O of the Laplace transform. As

d cos(+/26 x)
df cos(+/26 a)
1

= cos?(<26 )a(—cos(\/29 a) sin(+v/26 x) \/);9 +sin(+v/26 a) cos(+v/26 x) \/C;9>

we have, for § = 0, E*(r) = a®> — x* (the mean of the exit time has already
been computed in Exercises 5.10 and 10.1).

10.6

a) By Theorem 10.6 a solution is given by u(x, r) = E* [X%] , where P! is the law
of the diffusion associated to the differential generator Lu = éu’ " with the initial
conditions x, z. With respect to P, X% has the same law as (Br—, + x)2, where

(B;); is a Brownian motion. Therefore

u(x, ) = E(Bz_t + 2By + ) =T —t+x>.
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The solution is unique in the class of solutions with polynomial growth by
Theorem 10.5.
b) If ¢ (x) = x™ then the unique solution with polynomial growth is

m m B
u(x,1) = E[(Br— + %" = Y ( k)%E(B’%’_f :
i=1
AsE(By=F) = 0if m—kis odd, whereas E(By=¥) = (T—1)'E(B¥) it m—k = 2¢,
u is a polynomial in the variables x,z. Now just observe that the solution u is

linear in ¢.

10.7

a) Equation (10.43) can be written in the form

where L is the generator of a geometric Brownian motion. Hence a candidate
solution is

u(x,1) = E[&"],
where £% = xe®=2 060+ (B:=B) Hence

u(x, 1) = xe?T0 (S.84)
We cannot apply Theorem 10.6 because the generator is not elliptic, but it is easy
to check directly that u given by (S.84) is a solution of (10.43).

b) Following the same idea we surmise that a solution might be

u(x, 1) = E[@;,r)z] — E[xzez(h—;02)(T—t)+20(37~—3,)] — x23(2h+02)(T—t) '
Again it is easy to check that such a u is a solution of the given PDE problem.

10.8

a) Thanks to Theorem 10.6 a solution is given by
u(x, r) = E¥[cos((0, X1))] ,

where (6, A , (My);, (X;);, (P*")y;) denotes a realization of the diffusion process
associated to the generator L.

It is immediate that such a diffusion is an Ornstein—Uhlenbeck process and
that, with respect to P/, X7 has a Gaussian distribution with mean e =*"="x and
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covariance matrix g; (1 — e 2T=9) I. Hence u(x, ) is equal to the expectation
of cos({#, Z)) where Z is a Gaussian r.v. with these parameters. This is equal to
the real part of the characteristic function

2.2
i0.2)7 _ (0. 2T=0yx) _ 10]°0 AT
Ele ]=e exp( " (1—e )) ,
ie.
2] 2.2
u(x,1) = cos({6, e x)) exp ( — | l J (1),

b) AsT — +oo the value at time 0 of u(x, r) converges, for every x, , to the constant
"] 2.2
exp(— | JM”

10.9 The SDE associated to L is
dét = bét dt + th dBt N (885)

where 0 = /a. As Assumption (A) is satisfied, we know that the fundamental
solution is given by the density of the transition function, if it exists. In order to
show the existence of the transition function we cannot apply Theorem 10.7, whose
hypotheses are not satisfied since the coefficients are not bounded and the diffusion
coefficient is not elliptic. However, we know that the solution of (S.85) with the
initial condition & = x is

o2
£ = o= itoB:
X =
(see Example 9.2). This is a time homogeneous diffusion and its transition function
p(t,x,-) is the law of &

2

_9 . . 2
The rv. e 298 g lognormal with parameters (b — °, )t and ot (see

Exercise 1.11) and therefore has density

1 2
80) = xp (=, (logy— (- 7))’).

e
\/27”‘0’))

Its transition function p(t, x, -) therefore has density

1 2,12
— — Y _(h—"
At = V2rtoxy exp( 202t(10g =% )

and the fundamental solution is I'(s,,x,y) = q(t — s, x, y).
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10.10

a) Let us apply Ito’s formula to the function log, with the usual care, as it is not
defined on the whole of R. Let us denote by t. the exit time of £** from the half
line e, +ool; then, writing n, = 1", y= logx and & = &"° for simplicity, we
have

IATe IATe

1
Ninr, =Y+ / (b(éu, u) — 20(&, u)z) du + / o(&,,u)dB,

P AT 1 § it
=y+ / (be™, u) — 20(32", u)?) du + / o(e™, u)dB, .
| ‘ (S.86)

IfZ(y, u) = b, u) — ;a(ey, u)?, 5(y,u) = o(e’,u), the process 1 coincides
therefore up to time 7, with the solution Y of the SDE

dY, = b(Y,, 1) dt + (Y, t) dB, (S.87)
Y, = y.

As the coefficients 5,5 are bounded and locally Lipschitz continuous, by
Theorem 9.2, the SDE (S.87) has a unique solution. Moreover, as t, coincides
with the exit time of Y from the half line ] log &, +00[, by Remark 9.3 7, — +o00
as ¢ — 0 and, taking the limit as ¢ — 0 in (S.86), we find that 7 is a solution
of (S.87) and that £ = e™" > 0 a.s. for every 1 > 0.

b) The generatorzt of the diffusion n is

—_ 1 2~ d
L= 51 b(y,1) . -
¢ 2U(y,) 8y2+ (6] )dy

Moreover, if a(y) = ¢(eﬂ,?(y, s) =f(e,s) and ¢y, s) = c(¢”, s), we can write
~ T~/ vt T~ S~ Vit
u(e’, 1) = E[ () el mmdv] E[/ Fop sye i cnvdv ds] .
t

As ¢ and f have polynomial growth in x, 5 and 7 have exponential growth
in y. The operator L, satisfies Assumption (A’) and has a bounded diffu-

sion coefficient. By Theorem 10.6, the function u(y,#) = u(e’,t) is a solu-
tion of

~_ U __ ~

Liu+ —cu=f onRx][0,T][

ot _
u(y,T) = ¢(y) .
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We easily see that
<Z+3 ~)~(yt) <L+a )(yt)
—clu(y,t) = —c)u(e,
o o
and therefore u is a solution of (10.45).

10.11
a) We have

1

4D = (T =y

S Y P}
oz gy
thus u is C*°(R™ x [0, T|) as we can take the derivative under the integral sign

(this is a repetition of Remark 6.4 or of Proposition 10.4).
b) This is a consequence of the Markov property (6.13):

u(x.5) = B[S (@ (X)|. 7)) = E[E (¢ (X)) = E~u(X,. )]

¢) Thanks to a), the function x +— u(x,T’) is continuous for every ' < T.
Moreover, u is clearly bounded, as ¢ is bounded itself. By point b) and the
Feynman—Kac formula (Theorem 10.6) u is therefore a solution of (10.46) on
R™ x [0, T'[ and therefore, by the arbitrariness of 77, on R" x [0, T|.

In order to prove (10.47), let x be a continuity point of ¢ and let ¢ > 0 be fixed.
Let 6 > Obe such that [¢p(x) —¢(y)| < eif |x—y| < §. Let us first prove that there
exists a number 7 > 0 such that P (|X; —x| > §) = P*O(|X;, — x| > §) < ¢
for every T —7 < t < T. Actually with respect to P*0, (X, — x), is a Brownian
motion and therefore Xr_, — x has the same law as ~/T — t Z where Z ~ N 0,1,
so that

P(|Xr— —x| > 8) = P(VT —1Z| > §) o 0.
—T—

If T —1 <t < T we then have
lu(x, 1) —p(x)| < EY[|$p(X7) — ¢ (x)]]
=E"[lp(X1) — ¢ )1 xy—si>s3 | + B [19(X7) — ()| L1xty—i<s3 |

= llpllocP™ (1Xr — x| > ) + & < &(llplloo + 1)

and we can conclude the proof thanks to the arbitrariness of ¢.
d) By a) and ¢) for ¢ = 1jg +oof,

Xt 1 oo —y2/2
M(X, t) =E" [1[0,+OO[(XT)] = (27[)1/2 B /JT—te dy
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is a solution of (10.46),(10.47); x = 0 is the only point of discontinuity of ¢ =
1o, +oo[ and it is immediate that (0, ) = é foreveryt <T.

10.12

a) Let ¢/ = inf{zr;¢ > 0,X, & D}. We must prove that, if dD has a local barrier for
L at x, then P*(t/ = 0) = 1. Let us still denote by w a bounded C*(R™) function
coinciding with w in a neighborhood of x, again denoted by W. Leto = ty A T/,
where Ty is the exit time from W. As w(x) = 0, Ito’s formula gives, for t > 0,

INO

INO
w(Xino) = / Lw(X,) ds + / w (X,) dB; P* -ass.
0 0

The stochastic integral has mean equal to zero, since the gradient w' is bounded
in W. Therefore

E w(Xong)] = E( /0 " () ds) < _E(tAo0).

Asw > 0 on W N D, the left-hand side is > 0 and necessarily E*(t A o) = 0 for
every t > 0,i.e. 0 = 0 P*-a.s. As tyy > 0 P*-a.s. by the continuity of the paths,
necessarily t” = 0 P*-a.s. and therefore x is regular for the diffusion X.

b) Let z be the center of the sphere and let us look for a barrier of the form w(y) =
k(|x—z|™ — |y —2z|™?) where k, p are numbers > 0 to be made precise later. First
it is clear that w(x) = O and w > 0 on D, as § C D¢, and therefore, for y € D,
|y — z] is larger than the radius of the sphere, which is equal to |x — z|. Let us
compute the derivatives of w.

ow .
5y, 0) = kply— 2|7 *vi —z)
Vi

9w . .
By ) =—kp(p+ Dy —2 i — )0 — 7) + kply — 2 77765

Therefore

Lw(y) =—kp(p+ 2y =277 D ay(») i — 2) (6 — )

ij=1

+hply =277 i) +kply =2 Y i) 6 — ) -
i=1

i=1

Let now A be a positive number such that (a(y)£, £) > A|£|? for every y € D and
& € R™ and M a number majorizing the norm of b(y) and the trace of a(y) for
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every y € W. Then

Lw(y) < —kp(p + 2)Aly — 2| 772 + kpM|y — 2| "7 + kpM[y — 2| 7"
=—kply— 2| 7?A(p+2) - M —Mly—z|).

If W is a bounded neighborhood of x, then the quantity |y—z| remains bounded for
y € W. One can therefore choose p large enough so that A (p+2)—M—M|y—z| >
1 on W. With this choice we have, fory e WN D,

Lw(y) < —kply — 2| 77> < —kplx — 2| 772
and, choosing k large enough, we have Lw(y) < —1, as requested.

11.1
al) We have

Eppy = &y +DE+0E,VRZ = £, (1 +bh+0VhZ)

from which (11.44) is immediate.
a2) Recall that for the geometric Brownian motion of (11.43) E[§7] = e’ and
E[£2] = ¢@+°)7 We have

Blg,) = x [ B[l + bh + 0 vVhZ] = x(1 + by = x(1 + bT)" I

n n—00
i=1

and

Elg;] = x[[EI( + bh + 0vhZi)?)

i=1

= x[[E[1 + b*h* + 6*hZ} + 2bh + 20V 1 Z; + 2bho V1 Z4 ]
i=1

T T?\n 2
= xl_[ (1+Qb+oH)h+b*h?) = x<1+(2b+02)N+bN2) = eo ol
i=1

a3) We have

X(l + bh)n — xenlog(l+bh) .
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Recall the developments

1
log(1+2z)=z— 2z2 +0(2)
e =e" +e"(y—yo) + Oy — ")
that give
xelog(1+bh) xebr—;bZTthO(hz) — xelT — ; 2T Th + O(hz) )
Hence

|Elér] — Elg7]| = cith + O(?)

with ¢ = ; xe?”h?T. The computation for (11.46) is quite similar.
bl) We have

_ _ _ _ 1 .~
Etk.H =&, +bEh+ Uérk\/th+l + P Uzérk(hZfH —h)

- 1
- ’;‘,k(l +bh+oVhZi+  0*h(Zy, — 1)) ,

hence
Er= x;ﬁ) (1 + h(b + ; X2, - 1)) + athkH) .
b2) We have
Efr] = x;i:[;E[l +h(b+ ;oz(Z,fH = 1) +0vVhZisr | = x(1 + by

The mean of the Milstein approximation in this case is exactly the same as that
of the Euler approximation. Hence (11.47) follows by the same computation
leading to (11.45).

12.1

a) By Girsanov’s theorem, if

1.2
__ CBi—5ct
Z, =e¢e 20
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then Wy, = B — cs is a Brownian motion for s < ¢ with respect to the probability
dQ = Z dP. Therefore, with respect to Q, writing By = W; + c¢s, (Bs)o<s<: has
the same law as (¥;)o<s<;- We deduce that PY is the law of (B,), with respect to
QIf0<# <---<t, <tandfi,...,f, are bounded Borel functions, we have

EY [ fi(Xy) . fouXi)] = EQ fi(By) - . . fu(By,)]
= E[/i(By) .. . fu(By) eB 2 = EP[ fi(X,,) .. fu(X,,) eX 2] .

Therefore the two probabilities PY and e 2¢*dP? have the same finite-dimen-
sional distributions on .#; and hence coincide on .#,. This proves that P? has a
density with respect to P so that PY < PB. Let Z, = e 2" As 7, > 0, we
also have P2 <« PY on ..

If ¢ > 0, for instance, we have lim,, y» ¥; = 400 hence with respect to
PY lim, 100 X; = 400 a.s. Therefore the event {lim, 100 X, = 400} has
probability 1 with respect to P¥ but probability 0 with respect to P2, as under
P? (X)), is a Brownian motion and therefore lim,,, X; = —oo as. by the
Iterated Logarithm Law.

b) As in the argument developed in the second part of a) we must find an event in
M, which has probability 1 for P2 and 0 for PZ. For instance, by the Iterated
Logarithm Law,

Xi

P%( lim =1)=1
(’_’0+ (211oglog 1)1/2 )

whereas, as (X;); under P? has the same law as (oB,);, we have, considering
separately the cases o > 0 and o0 < 0,

X
lim ! =|o]| P’—a.s.

=0+ (2r1oglog 1)1/2

hence, if |o| # 1, the event

. X
{ lim 2 = 1}
=0+ (2rloglog !)

has probability 1 for P and probability 0 for PZ.
Another event having probability 1 for P? and probability 0 for P? can be
easily produced using P. Lévy’s modulus of continuity (Theorem 3.1).

12.2

a) Of course it is sufficient to consider the case v < u. As f(x) = xlogx, with
the understanding f(0) = 0, is convex and lower semi-continuous, by Jensen’s
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bl)

inequality,

dv dv dv dv
H(vip) = 1 dp = du > d
(v:p) /Edu og ., I /Ef(dﬂ) M‘f(/Edu M)

:f(/Edv) =f(1)=0.

As, moreover, f is strictly convex, the inequality is strict, unless the function
ZZ is p-a.s. constant. As the integral of j; with respect to i must be equal to
1, this happens if and only if j; = 1 p-a.s. and therefore if and only if v = p.
A simple approach to finding an example showing that the entropy is not
symmetric in its two arguments is to consider a measure p such that there
exists a set A with 0 < w(A) < 1 and then setting dv = p(A)~'1, du. The
measure 4 is not absolutely continuous with respect to v, as v(A°) = 0 whereas
W(AS) > 0; therefore H(u; v) = +o0o. Conversely, v < p and one computes
immediately H(v; u) = —log t(A) < 4o0.
The process (X;)o</<r, under the Wiener measure P, is a Brownian motion. If

T 1 T
z=exo( [ vax—, [ nPa)
0 0

then, as ther.v. fOT y! dX, is Gaussian, we know that E[Z] = 1 and by Girsanov’s
Theorem 12.1 under the probability dQ = ZdP, the process W, = X, — y; is
a Brownian motion for 0 < ¢ < T. Hence X; = W, + y, and, with respect to
Q, X is, up to time T, a Brownian motion with the deterministic drift y. Hence
Q = P; and P; is absolutely continuous on .#7 with respect to the Wiener

measure P and
dP, ’ / 1/T 12
- X, — d).
P eXp(/O vedXi=, | lysl”ds

Using the expression (12.20) the entropy H(P;; P) is the mean with respect to P;
of the logarithm of this density. But, as with respectto Py fort < T W, = X,—y;
is a Brownian motion, we have,

dp T 17
H(P;:P) :EP‘(log dpl) :EP‘</0 y;dXs—Z/O |y;|2ds)

Py ’ / ’ 2 1 ’ 72 1 ’ 12 1 112
B ([ viawo+ | piPas— | iPds) = | WiPas=IvI3.
0 0 2 Jo 2 Jo 2

Very similar to this is the computation of the entropy H (P; P1). We have, clearly,

dP r 1 /7
— Z—l — _ /de / / Zd
4P, eXp( /0 vodXs+ A [l s)
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and, as with respect to P (X;)o<,<r is a Brownian motion,

H(P;P)) = E°( — ' "dX L '1>d. _ ’2d—1 "I12
(P;P) = Y, dXs + lysl=ds) = lygl“ds = _1V'll5 -
0 2 Jo 2 Jo 2

Here the two entropies H(P; P;) and H(P;; P) coincide.
b2) Developing the square we have in general, if v < p,

Xz(v;,u):/E[(j;)z—ZZIZ—H]du=/E(3;)2d,u—l :/E:zl; dv—1.

In our case, i.e. v =P and u = Py,
dp T 1 (T
dP = E"| —/ ! dX, / [12ds)]
| & oo (= [ wax+, [ wiPas)
T 1 T
:EP[exp<—/ yidXJ]exp( / |y§|2ds)
0o 2Jo 7
T
= eXP</ |)’§|2ds) = elVlE
0

Therefore

dp

dp—1=¢l"lh 1.
dP, ©

X’(P:P) = /
%2 (P;P;) can be computed similarly, giving the same result.

12.3

a) (Z;); is a martingale and an old acquaintance (see Example 5.2). B is a Brownian
motion with respect to Q by Girsanov’s Theorem 12.1 (here @; = 26).
b) We have

z = o208 +20% _ —20B,—20%

Again (Z7'), is a Q-martingale as B is a Q-Brownian motion. Alternatively,
simply observe that on .%; we have dP = Z;!'dQ, and therefore necessarily

(Z71), is a Q-martingale (Exercise 5.27). Note also that Z;! = e 20Bi+26% —
—26X
e 20X

c) As{tg < T} € I,

P(tr < T) = ¥l Z7") .
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but also {tx < T} € .F#,, and therefore {1z < T} € Fr. Conditioning with
respect to .Fraq,, by the stopping theorem of martingales (Theorem 5.13),

EQ(I{TRST}Z;I) = EQ[EQ(I{rksT}Z;l |97TMR)] = EQ[I{msT}EQ(Z;l |97TMR)]

= E%l =11 Z7Ag,) -

As Zpp, = e 2%%17m and Xrag, = Ron {tg < T}, we have Z7\, 1ig<ry =
e 2R 1<y hence (12.21).
d) As, with respect to Q, X, = B; + 6t, we have lim,—, y o X; = +o00 Q-a.s. and

Q(zr < +00) = 1. Taking the limit as 7 — +o0 in (12.21) we have

P(supx, > R) — P(tp < 400) = e 2R

>0

so that the r.v. sup,. , X; has an exponential law with parameter 26.

* The observant reader has certainly noticed in the last limit a certain carelessness
(the probability Q itself actually depends on 7). However, it is not difficult to
complete the argument with care.

12.4 By Girsanov’s theorem, the process

t
B,
m=&+/ ds,
0

1—=s

t < T, is a Brownian motion with respect to Q. Hence, with respect to Q, B is a
solution of the SDE

B,

dBtz—l tdt+dW,.

As clearly By = 0 Q-a.s., we know (Exercise 9.2 b)) that the solution of this SDE is
a Brownian bridge.

12.5

a) In order to show that E(Z;) = 1, by Corollary 12.1 b) it is enough to prove that
E(e"ez‘xflz) < 400 for some p > 0 forevery s < t. If X; = (Xi1(s),...,Xn(s)),
then, as the components of X are independent,

E(eMGZIXs\Z) — E(ell@le (‘v)z) o E(em‘)zxm(»v)z) — E(ell@le (‘v)z)m — E(ewt‘)sz)m ’



608 Solutions of the Exercises

where W ~ N(0, 1). This quantity, thanks to Exercise 1.12, is finite for every s <
tif u < (20%t)7'. Actually this is a repetition of the argument of Example 12.2.
b) By Girsanov’s Theorem 12.1, with respect to Q the process

WY:XX_Q/‘XudM
0

is an (m-dimensional) Brownian motion for s < ¢. Therefore, for s < ¢, X is the
solution of

dX; = GXY ds + dW;

and is therefore, under Q, an Ornstein—Uhlenbeck process. As Xo = Wy = 0, as

seen in Sect. 9.2 we have
t
X, = / e’ gw,
0

and X is a Gaussian process; EQ(X,) = 0 and, by Proposition 8.5, the covariance
matrix of X; with respect to Q is equal to the identity matrix multiplied by

t

1

/ Q2005) gg — 2 @ —1). (S.88)
0

¢) By Ito’s formula, with respect to P we have d|X;|> = 2X,dX, + mdt, i.e.

t
1
/ Xx dX? = (|Xt|2 - mt) .
0 2

2

Therefore, for A = — ‘92
4 4
EQ [e”2 (\Xt\z—mf)] = E[Ze 2 (|X,\2—mt)]
t 92 t 2]
= Efexp (0 [ xax— ") [ s D P —m)]
—E exp / |X|2ds —JA
As the components of X are independent with respect to Q, thanks to b) we have

Jy = EQ[e 2 (KP=m)] _ dmbrgpe=3 X1
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With respect to Q, X;(¢) is a centered Gaussian r.v. with a variance given
by (S.88); therefore, recalling Exercise 1.12,

) B —1/2
EQ[e_2X1(t)2] — (1 + HVarQ(Xl(t))) 12 _ (1 + ; (ezer _ 1))

- (; @ + 1))_1/2.

Putting all pieces together we obtain

ol -m/2 el 4 1\ -m/2
Ji=e Ot(z(ewt_'_l)) =( 260t )

= cosh(6r)™/? = cosh(\/—ZA =2

d) Letus denote by v the Laplace transform of the r.v. fot |X,|? ds so that J, = ¥(A).

We have seen that, for A < 0, ¥/(1) = cosh(+/—2A 1)™"/2. Recalling that the
Laplace transform is an analytic function (see Sect.5.7), for A > 0 we have
V(L) = cosh(iv/2A )™/ = cos(~/2A )™/, up to the convergence abscissa.
Keeping in mind that the first positive zero of the cosine function is 7, the
convergence abscissa is A = g; and in conclusion

cosh(~/—21 1)~/ if A <0
cos (v2A 1)~"/2 if0<A <™

, 812
1 > 7
—+00 if A 82

J

12.6

al) By Girsanov’s theorem, W, = X; — fot b(X; + x) ds is a Brownian motion for
t < T with respect to the probability Q defined by dQ = Zr dP, where

t 1 t
Z = exp( / DX, +x)dX — / PA(X, + x) ds) . (S.89)
0 0

Such a process (Z;), is a martingale thanks to Proposition 12.1, b being
bounded.

With respect to Q, (X;)o<:<r satisfies

t
Xt=/ b(Xy +x)ds + W, ,
0
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hence Y; = X; + x is a solution of

T T
Yt=x+/ b(XS-l—x)ds+W,=x+/ b(Yy)ds + W, .
0 0

a2) If U is a primitive of b, then by Ito’s formula
1
so that
t 1 t
/ b(X, +x)dX, = UX, +x) — U(x) — 5 / b'(X; + x)ds ,
0 0

whence substituting into (S.89) we find that Z, is given by (12.22).
bl) We have

inh? 1

tanh?(z) = - Z(Z) =1- )
cosh”(z) cosh”(z)
1
tanh’(z) = ,
@ cosh?(z)
hence
b (z) = e . ) = k2(1 — ! )
cosh?(kz + ¢) cosh?(kz +¢)/

so that &' (z) + b%(z) = K>

b2) Lett < T. The law of Y; coincides with the law of X; + x with respect to the
probability Q defined as dQ = Zr dP, where Zy is as in (12.22) with b(z) =
ktanh(kz + c). Hence the Laplace transform of Y; is given by
E[eGY,] — EQ[eG(X,+x)] — E[ZTeO(X,+x)] — E[E[ZTeO(X,-I—x) |<%]] — E[ZteO(X,-I—x)] )

A primitive of z — ktanh(kz + ¢) is U(z) = logcosh(kz + ¢). Therefore
1 t
UX, +x)—U(x) — 5 / [6' (X, + x) + b*(Xs + x)] ds
0

1
= log cosh(kX; + kx + c¢) — logcosh(kx + ¢) — 5 2t
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and

cosh(kX; + kx + c) e
cosh(kx + c) '

r =

Hence, as X is a Brownian motion,

VK2

e 2
ElZ 0(X;+x) — E h kX kx 6(X;+x)
[Ze ] cosh(kx + ¢) [ cosh(kX; + kx + c) e ]
e—ékzteﬁx

— E[e@+hXtkite | o(0—hX—ke—c
2 cosh(kx + ¢) [ ]
_ lkZ 2]
_ e (3 EHRghte 4 o HE—k =)
2 cosh(kx + ¢)

1
2 cosh(kx + ¢)

192 12 — —ex—
(e20 1fki+n) hte 4 o307 B(—ki+n) g~k c) 7
- - - -

—_—

~

11(0) 72(6)

_——

where we recognize that i; and [i, are respectively the Laplace transform of
an N(kt + x, t) and of an N(—kt + x, t) law. The law of ¥, is therefore a mixture
of these two laws with weights (independent of ¢)

ekx-i—c . e—kx—c
= 5 —o = .
ekxt+c + e—kx—c ekxt+c + e—kx—c

b3) Of course

ekt + x) + e (—kt + x,)
ekx-i—c + e—kx—c

B[] = o [ a0+ (1 -a) [ xdus) =

= x + kttanh(kx + ¢) .

12.7

a) Let B = (22, 7%, (%), (B;);, P) be an m-dimensional Brownian motion. Recall
that, by definition of Wiener measure, for every Borel set A C 4" we have P(B €
A) = PY(A). Hence PY (%) = P(By = 0) = 1.

b) If A is an open set containing the path O, then it contains a neighborhood of 0 of
the form U = {w; supy, . |[w(?)| < n}; let us show that P¥ (U) > 0. In fact

m

PY(U) = P( sup |B| < n) > l_[P( sup |Bi(1)] < jm) .

0<t<T =1 0<t<T
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As

n
p Bi(t =P L >T)>0
(Oiltlng ()I<\/m) (Ty)ym >T) >

we have PV (U) > 0.

c) Letus denote by H; C % the set of the paths of the form y, = for b, ds, ® € 2.
As H, is dense in %o, if A C %p is an open set (with respect to the topology
induced by %), then it contains a path y € H;. Hence A=A-— y is an open set
containing the origin. Let V. = {w;supy_,7 [w(t)| < n} be a neighborhood of
the origin of %} contained in A. We have

PBcA)=PB—-ycA)>PB—yeV).

Let

T 1 T
z=ew( [ wiam— ) [ 1pas).

and let Q be the probability defined by dQ = Z dP. Then, by Girsanov’s theorem,
for t < T the process W, = B; — y, is a Brownian motion with respect to Q and
we have

PB—y € V) =EZ '1p_,en;] = EAZ ' ljweny] -

Now observe that Z~' > 0 Q-a.s. and that, thanks to b), Q(W € V) = P(B €
V) > 0 (W is a Brownian motion with respect to Q). Hence P(B € A) >
EQ[Z_1 1{B€V}] > 0.

12.8

a) Let us prove that (Z;), is a martingale for + < 7. We can take advantage
of Corollary 12.1, which requires us to prove that for some value of © > 0
E(er0’IB+1") < 400 for every 1 < T. But this is immediate as

E(eu92|3,+x\2) < e2u92|x\2E(eZM02\B,\2) — eZpﬂz\xle(emLGzBl(t)z)m

and the right-hand side is finite for every t < T as soon as u < (46°7)7!
(Exercise 1.12).
b) By Girsanov’s theorem, with respect to Q the process

t
Wr == Br_H/ (B_S +.x)ds
0
is a Brownian motion for ¢t < T therefore, if Y, = B; + x,

t
Y,:B,+x=x+9/ Y, ds + Wi
0
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and (Y;), is, with respect to Q, an Ornstein—Uhlenbeck process having x as its
initial value. Going back to the computations of Sect.9.2, ¥; is a Gaussian r.v.
with mean b = e?"x and covariance matrix I' = 219 " —1)I.

¢) By Ito’s formula, with respect to P,

T
1 1
/ (B + x)dBs = 5 (IBr|* = mT) + (x,Br) = 5 (IBr + x|* = |x|* = mT) ,
0
hence (12.25). Therefore

5 M+ EQ [e—§|3r+x\2] —e) <mT+|x\2)E[ZTe—§IBr+x\2]
T

2 (7 9
:E[exp(@/o (B, +x) dB, — 2/0 |Bs+x|2dS—2(|BT+x|2_|x|2_mT))]

2

= E[exp(— 92 /0T|Bs+x|2ds)] .

d) We can write W = b + oZ with Z ~ N(0,I). Therefore, thanks to the
independence of the components of Z,

Ele"F) = Bfe’ 7] = B exp (6 Y6 + 02")|
i=1
= E[exp (9 Zm:(blz + 20Z:b; + O'ZZLZ))] = ﬁ eGbizE[ezeth,‘Zi'f'QUzZiz] .

i=1 i=1

Now
200b;Zi+00277 1 oo 200biz+00%2% \—72/2
E[e - l] = \/2 € ' € dZ
v —00
+o0
_ 1 / e~ 2 ((1=200%)2—d60bi2) 4,
x/27t —00

This type of integral can be computed by writing the exponent in the form of the
square of a binomial times the exponential of a term not depending on z, i.e.

= e Lol )

= o T[T e ) e ().
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The integral diverges if 2026 > 1, otherwise, recognizing in the integrand (but
for the normalizing constant) the density of a Gaussian r.v. with variance (1 —
2002)~! we find

1 o 20%02b?
E[efWP — b2 ( 1)
= (4 a2y Ee P\ 2002

1
= b?).
(1 — 2020)m/2 eXp(l 2952 7! )

(5.90)

e) Thanks to b) By + x has, with respect to Q, a normal law with mean b = eTx
and covariance matrix I" = 0, with 62 = _, (¢*" —1). By ¢) and d), replacing
6 with — 9 in (S.90),

0> " 2 § T+ RQ[ o—5 1Br+xI?
E[exp(— 5 |Bs + x| ds)] =e2 E [e 2 1% ]
0

_ b T HP) !

_ 2.20T
(1 + a20)yn/2 eXP( 2(1 + 020y M1 ) ‘

As 140260 = [ (e*" + 1) we have

9
mT
€2 _ o2l 20T —m/2
1+ o2y = &) (z(e +1)

1 —m/2
= (2 " + 6_97)) = cosh(9T)™/?

whereas
S CIE G EE T (R
— exp ( — 9';42 tanh(@T)) ,
ie.
E[exp ( . 922 /0 ' |B, +x|2ds)] — cosh(0T) ™2 exp[— 9';”2 tanh(@T)] .

(S.91)
f) We have from c) above and (S.91) with & = +/2) and T — ¢ instead of T
u(x,t) = El:e_)L Jo ! \Bx+x\2dx:|

V21

= cosh («/2)& (T - z‘))_m/2 exp [ — ) bt tanh («/2)& (T - t))] .



Solutions of the Exercises 615

This solution, which is bounded, is unique among the functions having polyno-
mial growth.

12.9

a) This is a typical application of Lemma 4.1 (the freezing lemma) as developed
in Example 4.4, where it is explained that

|Z_Bt|2

E[f(Br)|Z] = ¥ (B:.1) := fx)e 20D g .

Q@ (T = 0)"? Jr
Differentiability properties of ¥ (for + < T) follow from the theorem of

differentiation under the integral sign. Moreover, ¥ (0, 0) = E[ f(Br)].
b) Ito’s formula gives

Iy

1 /
o, (B0 + ) A (B t)) dt + /' (B,. 1) dB,

dz, = dy(B,1) = (

the term in dt, however, must vanish as v (B,, t) = E[ f(Br)|-%,] is a continuous
square integrable martingale!

cl) The candidate integrand is of course X; = /(By, s). We must prove that such
a process belongs to M?([0, T]), which is not granted in advance as v is not
necessarily differentiable in the x variable for t+ = T (unless f were itself
differentiable, as we shall see in d)). We have, however, for every ¢+ < T, by
Jensen’s inequality,

E[ f(Br)’] = E[E[ f(Br)|.Z)*] = E[Y/(B..0)°] = E[(l/f(O,O)+/O ¥, (By, s) de)2]-
Observing that ¥ (0,0) = E[ f(Br)] we have fort < T
t 2
E[(¥(0,0 «(By, 5) dBs
[(vo.0+ [ vibsan)]

= L @nP + B[ [ yissy as] + 260 @ne] [ vl an]

=0

so that, forevery t < T,

/0 E[|¥/(Bs.9)[*]ds < E[ f(Br)*] — E[ f(Br)]?
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c2)

d)
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and, taking the limit as + — 7—, we obtain

T
/ Ellv/(B.,5)] ds < E[ f(Br)2] — ELf (B’ < +0 .
0

Hence s — ¥/ (Bs, s) belongs to M?([0, T]). Now (12.27) follows from (12.28),
as f(Br) = lim;—7— ¥ (B, 1) a.s.

If f(x) = 1{~0, then, using once more the fact that By — B, ~ VT — tZ with
Z ~N(0,1),

V(@0) = BLAG+Br—B)) = Ell o} =PBr—B, > =) = #( 0 ).

where we denote by @ the partition function of an N(0, 1) law. Therefore

9 1 _ B
X, = Ip(BS,s) = e 2(T—s) |
ox \/ 27(T — )
We have
|z—x?

Vx, 1) = fx)e 270 dz

@ (T = 1)) Jgn

1 _ P
= ar -y Jy, ST

If f is differentiable with bounded derivatives then the theorem of differentia-
tion under the integral sign gives

|22

Vi(x, 1) = (x+2)e 27T dz

1 /
(T — D2 /Rf

1 |z—x|?

= Qa(T - p)ym? le "(z)e 200 dz
hence, again by the freezing lemma,

V(B 1) = B[ fy(Br)|.71] .

13.1 Recall (this is (13.22)) that under P* the prices follow the SDE

d
dsi(t) = rSi(t)dt + Y 0;1(S1. 1)Si(r) dB} (1) .
j=1
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where (B]); is a P*-Brownian motion. As in this model the processes S;, i =
1,...,m, are in Mg*, the stochastic component of the differential is a martingale
and

ES0] = [ ETSiods + ElS0)] = [ BTS00 ds + S0
0 0
Therefore the function v(r) = E*[S;(7)] satisfies the differential equation
V(1) = E*[r]v(r)

with the initial condition v(0) = E*[S;(0)], s that v(r) = e/ E" I 4E*[5,(0)).
13.2
a) If s <t we have
E*[Si(0)] 7] = e v E* 80| 7] = eh S (s) = el dusy(s)
whereas, of course, E*[S;(?)| %] = S;(¢) if s > 1.
b) We have

- - T
V= B b iz Z) = e i d”/ («E*[Si(5)| 7] + B) ds
0

’ t T
—e ’ud“<,8T+/ aSi(s)ds +/ aE*[Si(s)|F] ds) (S.92)
0

t

T t T
= o i redn(pT + / aSi(s) ds + aSi(7) / el et )
0 t

1 .
As So(f) = elorud we can write

t
_ - ~— _—— -

:=Ho(t) '=H(1)

T t T T
V, = e b d(/ aS;(s) ds + ,BT) So(f) + a/ e i i 4o §.(7)
0

Let us prove that H is admissible. The condition V; > 0 is verified by construc-
tion. In order to check that it is self-financing we shall verify condition (13.8) of
Proposition 13.1. From (S.92) we have

~

ot T ¢ T s
V, = e oy, — o= f W(ﬁr + / aSi(s) ds + aSi(f) / el rudu ds) .
0 t
(5.93)
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Hence, taking the differential,

~

T T X
v, = e Jo rudu {aSi(t) dt + otSi(t)( —-1- / r,efr T d ds) dt

t
+ a( /T eli rudu ds) dSi(t)}
t

T
=e Jo i diugy / e rudu ds( —rSi(t) dt + dSi(t)) .
t
Recall now, this is (13.7), that
dSi(t) = e Jordt(—y,S,(¢) dt + dSi(r))

so that

dv, = e~ 5 d“o(( /Teffs T d ds) dE(l = a(/Te_ J ds) dE(t)

t t

= H;(1) dS(1) .

c) The arbitrage price of the option at time 0 is obtained by taking t = 0 in (S.93):
denoting S;(0) by x,

. T
Vo =Vo= e_fOI rudu g 4 ozx/ e_fsl rudit g
0

e This is an example of an option that does not depend on the value of the
underlying at time 7T only, as is the case for calls and puts. Note also that the
price of the option at time ¢, V,, is a functional of the price of the underlying S;
up to time ¢ (and not just of S;(7), as is the case with calls and puts).

13.3

a) The portfolio that we need to investigate enjoys two properties, first that it is
self-financing, i.e. is such that

dV, = Hy(t) dSo(t) + H,(t) dS:1(?) (5.94)

and, second, that

Hi(t) = Siv([t) .
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b)

Now V; = Hy(t)So(t) + H,(£)S1(t) = Ho(t)So(t) + M. Hence
dV, = Ho(t) dSo(t) + So(t) dHo(?) . (S.95)
50 (S.94) and (S.95) together give
Ho(t) dSo(t) + Hi(r) dS1(t) = Ho(t) dSo(1) + So(t) dHo(?) ,
i.e. So(r) dHo(1) = H,(?) dS: (1), from which we obtain

_H() M _ Me ™
D= ¢ 0y SO= s05.0 SO 5,00

As in the Black—Scholes model

das(1) .

ds\(t) = S1(t)(bdt + o dB,)
we obtain
dHy(t) = Me " (bdt + o dB))

hence
Hy(t) = Ho(0) + A/ib (1—e™+ UM/Ore_” dB; ,
which gives for the value of the portfolio
Vi = Ho(0)So(1) + Hi(1)S1(r) = Ho(1)So(t) + M

Mb P
- e”(HO(O) + =)+ oM / e st) M.
r 0
Of course,
Mb Mb
E[V,] = e”(HO(O) +77a —e_”)) M= e”(VO—M—i- L —e_”)) M.

In order for V to be admissible it is necessary that V, > 0 a.s. for every t.
This is not true in this case as V, has a Gaussian distribution with a strictly
positive variance and such a r.v. is strictly negative with a strictly positive
probability.
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13.4 Let us denote by (S;), the price process.
a) Obviously

Z=C l{S“Pogug'r S.>K} -

b) By definition (see Proposition 13.4) the arbitrage price of Z at time O is

Vo = e TE*[Z] = e_’TCP*( sup S, > K) .

0<u<T

Under the equivalent martingale measure P* the price process S with the starting
condition Sy = x is the geometric Brownian motion

2
S = xe(r_UZ JitoBy .

Therefore

Vo = e_’TCP*( sup S > K)

0<u<T

o2
=e’C P*( sup (xe ™2 utoBu) > K)

0<u<T

o2
= e—rTCP*< sup ((r— 5 Ju+oB,) > logK — logx>

0<u<T

— —rTCP*< r _U
© oililg)T((U 2

1 K

Ju+B,) > 5 logx) .

This quantity is of course equal to e C if x > K, as in this case the prices
are already larger than the level K at time 0. If x < K, hence log f > 0, the
probability above (probability of crossing a positive level before a time T for a
Brownian motion with drift) has been computed in Example 12.5. Going back
to (12.11) (we must replace u with —() — ) and a with (17 log f) we have,
denoting by @ the partition function of an N(0, 1)-distributed r.v.

o=l ia( (o= Gm)]
#1=0( e, =G =0)}-

» This is another example where the payoff is not a function of the underlying asset
at the final time 7 (as in Exercise 13.2). One may wonder if in this case the price
of the option can also be obtained as the solution of a PDE problem. Actually
the answer is yes, but unfortunately this is not a consequence of Theorem 10.4
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because not all of its assumptions are satisfied (the diffusion coefficient can
vanish and the boundary data are not continuous at the point (K, T)).

13.5 Let us first prove that there exist no equivalent martingale measure Q such
that the discounted price processes S;, S, are both martingales. Actually, Eq. (13.18)
here becomes the system

OYr =1— [

OYr =7 — M2

and, if | # W2, a solution y cannot exist. Note that here we have d = 1 (dimension
of the Brownian motion) smaller than m = 2 (number of underlying assets). In this
case the existence of an equivalent martingale measure is not ensured, as remarked
on p.416.

Also note that, if ; > u», then the strategy Hy = 0, H; = 1, H, = —2
(recall that x; = §1(0), x, = S»(0)) produces an arbitrage portfolio. In words, it is
a portfolio whose composition is constant in time and is obtained by buying at time
0 a unit of asset S} and short selling 2 units of asset S,. This operation requires no

capital. The value at time ¢ of such a portfolio is

X1 _o? X _o?
Vi(H) = $1() = 1 $a(0) = mpela= T boB el ikon,

X2 X2

= x; (M’ —e)e” " rhob, ,

which proves simultaneously that it is admissible (V,(H) > 0 for every ¢) and with
arbitrage, as Vy(H) > 0 a.s.
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Index

p-correlated Brownian motion, 76 chi-square discrepancy, 389
o-algebra generated by ar.v., 5 compensator, 111
complete, market, 407
conditional
absolutely continuous, probability, 4 expectation, 85
admissible strategy, 401 law, 85, 98
associated increasing process, 111 convergence
continuous time, 131, 207 almost sure (a.s.), in L7, in law, 11

weak of measures, 11
convolution, 10

backward equation, 328 covariance, 4
barrier options, 428 function, 40, 175
Bessel processes, 179, 254 matrix, 10

Bessel square processes, 238
Black—Scholes

formula, 424 delta, 422
generalized model, 409 derivative (in finance), 395
standard model, 422 diffusion coefficient, 256
Blumenthal, 0-1 law, 168 diffusion processes, 174
Borel-Cantelli, lemma, 13 discounted
Box-Miiller algorithm, 22 portfolio, 399
Brownian bridge, 107, 145, 176, 291 price process, 399
Brownian motion, 45 Doob’s
p-correlated, 76 decomposition, 111
canonical, 53 maximal inequality, 119
geometric, 259 measurability criterion, 5
multidimensional, 48 drift, 256
standard, 102 Dupire model, 409

Dynkin, criterion, 179

call-put, parity, 432

Cameron—Martin, formula, 381 entrance time, 65

Carathéodory, criterion, 6 entropy, 389

Chapman—Kolmogorov, equation, 151 equivalent martingale measure, 402
characteristic function, 13 equivalent, probabilities, 5

Chebyshev’s inequality, 3 Euler, simulation scheme, 342
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European options, 396
exit time, 65

Feller, property, 164
Feynman—Kac, formula, 319
filtration, 31
natural augmented, 32
right-continuous, 34
finite variation, functions, 55
finite-dimensional distributions, 38
fundamental solution, 326

Gaussian family, 18
geometric Brownian motion, 259
Greeks, 422
delta, 422, 425
gamma, 422, 426
Rho, 422, 426
theta, 422, 426
Vega, 422, 426
Gronwall’s inequality, 261

Holder’s inequality, 2

increasing predictable process, 111
independence

of o-algebras, 6,7

of random variables, 5
infinitesimal generator, 170

local, 170
invariant

measure, probability, 178
Iterated Logarithm Law, 57
Ito

formula, 219, 237

process, 215

Jensen’s inequality, 2

kernel, Poisson, 311
Kolmogorov’s
continuity theorem, 35
existence theorem , 40

Laplace transform, 26, 133
convergence abscissas, strip, 134
domain, 133

law
of a process, 52
ofarv., 4

laws
Cauchy, 135, 479
exponential, 25, 134
lognormal, 27
normal or Gaussian, 15
stable, 82

local barrier, 339

marginal, law, 9
market price of risk, 411
Markov

canonical process, 161

process, 152

property, 152

strong property, 160
Markov’s inequality, 3
martingale, 109

local, 205

with independent increments, 143

mathematical expectation, 1
maturity, 395

maximal inequalities, 113
maximum principle, 171, 313

Index

mean property of harmonic functions, 314

Milstein, simulation scheme, 359
Minkowski’s inequality, 3
modulus of continuity, 53
moment

absolute of order «, 3

of order «, 3

natural filtration, 31, 46
augmented, 51, 102

negligible, event, 5

no-arbitrage price, 406

occupation time, 78
options
American, 396
European, 396
barrier, 428
call, put, 396, 424, 432

Ornstein—Uhlenbeck, process, 258, 281, 291,
292, 295, 298-300, 374, 391, 532

partition function, 25
passage time, 68, 145, 148, 374, 375



Solutions of the Exercises

Poincaré’s lemma, 253
Poisson kernel, 311
portfolios, 398
positive definite, kernel, 41
probabilities
absolutely continuous, 4
equivalent, orthogonal, 5
processes
p-correlated Brownian motion, 76, 83
Bessel, 179, 254
Bessel square, 238
Brownian bridge, 107, 145, 176, 291
geometric Brownian motion, 259
Ito, 215
Ornstein—Uhlenbeck, 258, 281, 291, 292,
295, 298-300, 374, 391, 532
pseudo-inverse, of an increasing function, 228

Radon-Nikodym, theorem, 4
random variables

independent, 5

uncorrelated, 4
realization, of a Markov process, 157
reflection principle, 70
riskless asset, 398

scaling, 48
solutions

strong, 256

weak, 256, 379
sphere condition, the, 339
spot interest rate, 398
stationary

measure, probability, 178
stochastic differential, 215
stochastic integral, 187

of elementary processes, 184
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stochastic process, 31
adapted, 31
continuous, right-continuous, 33
elementary, 184
equivalent, indistinguishable, 32
measurable, 33
modification, version, 32
progressively measurable, 33
standard, 34
stopping time, 63
entrance, exit, 65
strike price, 395
strong Markov, property, 160
submartingale, supermartingale, 109
superior limit of events, 13

Talay—Tubaro, expansion, 349
trading strategy, 398
admissible, 401
arbitrage, 401
self-financing, 399
transition function, 151
time homogeneous, 159
translation, operators, 161

uniform integrability, 121
uniqueness

in law, 256

pathwise, 256
upcrossings, 114

variance, 3
volatility, 409

Wiener measure, 53
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