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QUESTIONS WITH SOLUTIONS
CSIR UGC NET DECEMBER- 17

MATHEMATICAL SCIENCES

PART-B

. A(21), B(26), C(32)

Let  denote the set of integers and I, denote

the set {0, 1, 2, 3....}. Consider the map

i:Tgx I - F given by

fim, n) = 2", (2n + 1). Then the map [ is

1. onto isur;en‘tha} but nol one-one (injective)
{injective) bul not onto (surjective)

3. both one-one and anlo

4. naither one-one nor onto

Sol. (2) Correct answer (2)

I:F .5 x¥—F deflined by
i) =2" (2n+1)

For one-ane:

{{my, ) =1{mz.nz)

= 2720, +1)=2"(2n, +1)

= mi = HI:. n = J'l_,

Clearly one-one

' is not onto

As there does not exist pre image of 0

A(22), B(25), C(31)

Lel {a.}1 be a sequence of real numbers

salislying &, =1 and 8., =23, + 1foralinz 1.
Then which of the following is necessarily trua?

1. The series >~ 1 dverges
AE ﬂl

2.The sequence {a, ], ., is bounded

4. The seres 3" - converges
ﬂ-

Sol. (3) Correct answer (3)

Take <@ >= <n>
Clearly, (1), (2) and (4) are rule out

(1) Z:.L s convergent
n* i
(2){1.2.3.4,...] is not bounded
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(4) Z_‘_Il is divergent
n

Clearly from given condition @ = n v n21
=q’ <) as Z—Lkﬁmnt
n —_n

». by companison test i—t Is convergent

el

So, (3) Is comect answer

. A(23), B(24), C{30)

Let D be a subset of the real line. Consider
the assertion: “Every infinile sequence in D
has a subsequence which converges in D7
This assertion is true if

1.0 =0, =)

3.0=[1.1)u(1,2 4.D=(1,1]

Sol. (2) Carrecl answer (2)

Every infinle sequence in D has a
subsequence which converges in'D.
This is true only if D is compact sel.
Compact sel is given only in oplion (2) thal is

[0.1] v [3.4]

- A(24), B(23), C(29)

Let f :(0,5)—R be uniformly continuous. Then

1. lim f{x)and H."l S ix) exist

“eﬂﬂs but lim f(x) need nol
Eis]

3. lim f(x)need not exist but lim f(x)

exisls
4. neither lim f{x)norlim f(x) need exist

Sol. (2) Correct answer (2)

f: {0,=)—2 be uniformly continucus
Take (%) = x
Clearly I(x) is uniformly continuous in (0,2)
But lim f{x) does not exists
So (1) and (3) 15 rule out )
Result: il 1 : (a,b)—R i5 continuous then { is
uniformly continuous on (a.b) iff lim f(x) and
[

|iﬂl f(x) exists, where a and b are finite
So in this question lim f(x) must exists

i =801

So (2) is correct and (4) ks incorrecl.
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sfax+b)y; =(cx+d)y;

= (ax + b) (Cyx + €3) = {ox + d) (dix + d3)
cy=¢; Ca=0d, 0y =8, 0:=D

then equabily holds

= Option (4] is also correct
Correct options are (1), (2), (3), (4)

A(84), B(83), C(94)
Consider the Lagrangn equatian

e == :
eneral salution of the given equation is
or an arbitrary

dilerentiable function F

3\
} Which among the following are

dly. lor scme ab.cdeR

Sol. (1,2,3,4) Given dilerential equation is
y-2anx .y -y=0 w{1]
mMM{ilmhy.+w+mIH lar an
P=-2 lanx, O=-1, R=0
To remove the first derivative from (1)
we choosa

—_I-E[.I"'uh -‘_E‘[—."Ilu
H=¢ - =e°

arbitrary diflerentiable function F

/
3. z =fl—'-%]=n for an arbitrary

=58C.0 X

=S U =5BCX dillerentiable function |

Lel the General Solulion is y(x)=secx v(x)
Subslitute the values of y(x), yi(=x) and y*(x)

in (1) we get : -
Vix)=0 = wx)=ax+b Sol. (1,2) Gir;an equalion is

- oz
2 y{x) = (ax + b) sec x s "j;;‘““’”

A Foroption (1) ; w0) = y{0) = 1 By Langranga linear equation
st el r.h'__'_ dz

o yix) =[x+ 1) s6c x

Tunction |

g

== Option (1) s correcl.

For option (2] ; y(0) =1, y(0) = -1
= am=-T, b=l

= y(x) = (1 —x) z8¢C »

N

= Option (2) i also correcl.

For option (3): y"(0) = b and y(0) = b
= y"(0) = y(0)

= option (3) is also comec]

For option (4):

Let yy = (Cix + C3) S8C X
and yy = (dix + ) secx

Phone: 9872311001

d'l. d:  _de—dy _dz
e -_m {H-_}'I: Bt | 4

=log(x= y)=log z+logg, = a

dx dy
Akp — =%

r ¥y
:-—I--—]-I*l, ﬁ--l-——l=:',

« T Xy
+. General Solution 5 F (¢, ¢;) = 0
orcy=1(ca) orca=ifcy)

= F [il-ll-—lr]:u

o
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I sol@)i(z) =+ e*

Nowl{z)=0=e"+e" =0

= T =(ﬂ+%}m‘1 ne £

= Thus, I{z) =@" + e has infinitely many zeros

A(34), B(35), C(39)
Let f be a holomorphic function in the open unit

disc such that fim,...{(z) does not exist, Let
Z:_da_:' be the Taylor series ol [.about 2 = 0

and let R be iis radius of convergence. Then
1.A=0 2.0<R<1
4. R=1

Sol.(3) Take f(z ‘J"

Taylor senes. expansmn of I aboul ‘z=0'is
l[z}-{l—z} =142+ +2+.

=Z 2" Clearly R = 1
wu)

35. A(35), B(34), C(38)

Let C be the circle of radius 2 with centre al the
ongin in the complex plane, oriented in the anti-
clockwise direction. Then the integral

dz
f‘“lzul} S

W 5 o 3.1 I
T

2l =

| | d? t
=—xi—=({l); =0
2m {d.:' ke
[ It f{z) is analytic inside and on a closed
contour ¢’ and 'a" is any point inside c, then
1
f {..} —-’Llf"{ml

G-

A(37), B(40), C(36)

Letf:Z — (Z/4E) = (Z/6Z) be the lunction

f(n) = (n mod 4, n med 6). Then

1; t]m 14 mn-tlE- mmthﬂ --.-_ nlf
i : mlegers a a.nr.l l:: -

3. magﬂ ol | has exaclly 6 elements

4. kemelof | = 247
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Sol (2): Given 1 :Z—(Z /4Z)x(Z /6I)

Defined by f{n)=(n mod4, n modé6)
={0)=(0,0)

f(1)=(1,1), (2)=(2,2),
1(3)=(3.3), [{4)=(0,4),
1(7)=(3.1), f(8)=(0.2),
1(9)=(1,3), f(10)=(2,4),
1{11)={3.5), i{lE]'-{ﬂ.ﬂL
clearly,(0.3)2Image of |

-, opton (1) is incorrect

Image ol T has exactly 12 elements.
Thus, option (3) and (4) are incormact
As all other options are rule oul
~.option (2] is correct answer

A(39), B(38), C(34)

Lel R be a subring of G conlaining 1. Then
which of the following is necessarily true?
domain (PID)
R contains infinitely many prime ideals
R contains a prime ideal which s not a
maximal ideal
for every maximal ideal m in R, the
residue figld Rim is linite

Sol.(1) Take R = Q is subring of © conlaining 1

For option (2):
Q has only two Ideals zero Ideal and O

= @ will have finitely many prime Ideals
So, oplion (2) ks incorrecl

For option (3):

Q does not contain any prime ideal which is
not maximal eal

So, option (3) is incomrect

For option (4):

| = {0} is Maximal ldeal of O
But Ei = i not linile

So, option (4) is nol cormact

For option (1) . |
Option (1) is true (as oplions (2), (3) and (4)
are incorrect)

NOTE:- A subring of the field ol Iraction
containing unity of a P.1.D. is P.1..D as wall,
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. A(21), B(26), C(32)

Let  denote the set of integers and I, denote

the set {0, 1, 2, 3....}. Consider the map

i:Tgx I - F given by

fim, n) = 2", (2n + 1). Then the map [ is

1. onto isur;en‘tha} but nol one-one (injective)
{injective) bul not onto (surjective)

3. both one-one and anlo

4. naither one-one nor onto

Sol. (2) Correct answer (2)

I:F .5 x¥—F deflined by
i) =2" (2n+1)

For one-ane:

{{my, ) =1{mz.nz)

= 2720, +1)=2"(2n, +1)

= mi = HI:. n = J'l_,

Clearly one-one

' is not onto

As there does not exist pre image of 0

A(22), B(25), C(31)

Lel {a.}1 be a sequence of real numbers

salislying &, =1 and 8., =23, + 1foralinz 1.
Then which of the following is necessarily trua?

1. The series >~ 1 dverges
AE ﬂl

2.The sequence {a, ], ., is bounded

4. The seres 3" - converges
ﬂ-

Sol. (3) Correct answer (3)

Take <@ >= <n>
Clearly, (1), (2) and (4) are rule out

(1) Z:.L s convergent
n* i
(2){1.2.3.4,...] is not bounded

Phone: 9872311001

e-mail: mathsmim@gmail.com

MIM- pedicated To Disseminating Mathematical Knowledge
SOLUTIONS FOR MATHEMATICAL SCIENCES
CSIR UGC NET DECEMBER -17 (PART - B)

(4) Z_‘_Il is divergent
n

Clearly from given condition @ = n v n21
=q’ <) as Z—Lkﬁmnt
n —_n

». by companison test i—t Is convergent

el

So, (3) Is comect answer

. A(23), B(24), C{30)

Let D be a subset of the real line. Consider
the assertion: “Every infinile sequence in D
has a subsequence which converges in D7
This assertion is true if

1.0 =0, =)

3.0=[1.1)u(1,2 4.D=(1,1]

Sol. (2) Carrecl answer (2)

Every infinle sequence in D has a
subsequence which converges in'D.
This is true only if D is compact sel.
Compact sel is given only in oplion (2) thal is

[0.1] v [3.4]

- A(24), B(23), C(29)

Let f :(0,5)—R be uniformly continuous. Then

1. lim f{x)and H."l S ix) exist

“eﬂﬂs but lim f(x) need nol
Eis]

3. lim f(x)need not exist but lim f(x)

exisls
4. neither lim f{x)norlim f(x) need exist

Sol. (2) Correct answer (2)

f: {0,=)—2 be uniformly continucus
Take (%) = x
Clearly I(x) is uniformly continuous in (0,2)
But lim f{x) does not exists
So (1) and (3) 15 rule out )
Result: il 1 : (a,b)—R i5 continuous then { is
uniformly continuous on (a.b) iff lim f(x) and
[

|iﬂl f(x) exists, where a and b are finite
So in this question lim f(x) must exists

i =801

So (2) is correct and (4) ks incorrecl.
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: Ay
| | y z .
o —==—=g,can ba wrillen as — =, O
Xy Xy
Xy
— ,[':

s

= General Solulion can be wrllen as

1

Now for option (3), il zz;‘[—'——
x y/

=0=(r+ ¥z
which is nol frue
- Options (1), (2), (4) are comrect.

A(95), B(92), C(98)

Consider the second order PDE
0z a'z 9%z

8——=2—=—3——=1{). Then which ol
de’  dedy Dy

the following are comect ?

1. 1he equation is elliptic
solution is

:=I[J'F§]-' r.'[.'u"ré_f}*

for artitrary dilierentiable functions |
and g
the ganaral solution is

:.=f[:-‘+§]+5:(1 -:—‘]

for arbitrary differentiable functions |
andg

Sol. (2,3) Given Equation is
,'ﬂ’: >
y oyt
s S =4RT = (-2)"-4(8) (-3)

]
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w=d+ 96 = 1000

~Ghven equalion is hyperbolic

Now lor General solution pit D = m and
D'=1in

(8D° -2DD’ - 30%) 2= 0

= (Bm*-2m-3}z=0

=8m -2m-3=0

= 8m° - 6m+4m -3 = 0
=2m{d4m-3)+1 (dm-3)=0

» General Solution &

I=L[}' +§-1J+ f.{}'-%-r]

. oplions (2) and (3) are correcl

A(98), B(101), C(85)
Let X={uEC'[0,1] | u(0)=0} and let I:X—R
be defined as

i
Iy = j'{:n'{::-‘}-mm-‘ndr .

Which of the following are comact ?
11/ lisbounded beiow

2. | is not bounded below

!.’ _in!imum

4. | does not atiain itz infimum
Sol.{1,3) Given funclional is

fu) =“[u'{l}}: ~(uiny)’ }fﬂ

@

- By Euler-Lagrange equalion

{51
ot (Em'] -

d i
=20} ——( 20 (1N =0
il

= (1) +u(r =0

=u{t)y=c,cost + o, 5int
loru(M=0=¢ =0 = u(l) = c:sinl

For u(1) ; use Transversalily condition,

e, —| =0
E'M

- oplions (1) and (3) are correcl

g-mail: mathsmim@gmail.com SCO 217, SECTOR 37-C, CHD
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. A(44), B(41), C{a5)
Let uix, 1) be the solution of the initial value
problem
Up — U, = 0, U(x,0) = x”, u, (x, 0} = sin X
Then u (x, x) is
e =X 3.0 4.4

Sol. (1) Given differential equation is uy = u,,
u (%, 0) =%
uy [x, 0) = 5in x

By D'Alembert Solution:-

ui-'l'..l':llt-l:-th +.r.'|'+n—u‘]r-_]- _|'s:‘.1 £.4%

ul.'l,”r-iiln.-l n' +||.-.—u']+ 1—1cm:.: =) =cos{x +1))

=

MNow
| 1 L 5
ul.‘l‘,.-ﬂ'l=5[[#+.-ﬂ +{x-x) ]d--_;[mh{l—-:m x)

Uiz, x)=4 %
Opl_!a-nﬂ'_ils comech.

. A(45), B(48), C(44)
The iterative method x...; = g(x.) for the solution
ol ¥ — x - 2 = 0 converges quadratically in a
nthh-ﬂurhﬂ-ud oltherool x=2il g;x] equals
1% =2 2. (x—2)°-6
W
2x=|
Sol.(3) Given equation is * = x-2=0

Now for lterative method X, = @(x.) for the
solifion of x*x2 = 0 converges in
neighbourhood of x=2 il x = g{x) for x-x-2 = 0
and [g'(x)] < 1 for all x lying in the
neighbourhood of x = 2.
A xx2=0
= Xx=2 = X(x-1) = 2

4

= x=]4+=
X

= g[.l']=l+§-and £(x) =-‘_—:

%IQ’MJ <1 Y% x lying in neighbourhood of
KXm
. option (3) is correct

A(46), B(47), C(43)
Let X = {u e C' [0, 1] | u(0) = u(1) = 0} and
define J:X B by J (i) = .[:" * dy, Then

1. Jdoes not atlain ils infimum
2. IEIEIRSHSIAmIN 2t a unique u ¢ X

[ Phone: 9872311001
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3. J attains its infimum al exactly two
elementsu e X

4. J attains its infimum at infinitely many
ve X

* -
Sol(2) Given functional is J[u;l=jt""""'dl'_
i

By Euler — Langrange Equation
AT

=u(e ™" a0 ™ (<20 txD ()] =0

= " w0 = 2ty =0

=Uu')=0=ux)=ax+b
Foru(@) =0 =uf1) = u(x)=0

Jiu }=_[E"dl.‘ =]

= J(u) = 1 (Constant)

= J anains s minimum at a uniquew € X 15
u(x) =0

= Option (2) is correct

. A[(47), B(46), C(42)
Let u (x, f) be a solution of the heat equation

Eﬂzﬂ__f_i in a rectangle [0, x] x [0, T]
dr  dx’

subject to the boundary conditions u(0, 1) =
ulnl) =0, 0<1isTandthe initial condition
wix, 0 = px), O0=xsax WIx)=uwx T
then which of the following is true lor a
suitable kernel k{x, y)?

E-m.\'HEJ;H, viplvidy= flx), 0sxsSnx
3. jl.'l[.'r. viglyidy = flx) 0Sc <

4. p{.t}+I;H.L Ve(dy= f(x), 0Sx<x

Sol.(1) Given equation is V1=
ar. et
u=u(ml)=0
u(x. 0) = ¢ (x)
u (x, T) = l{x)

SCO 217, SECTOR 37-C. CHD
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F-

Sol (3.4)
Given M = {.’i =[

a b
abc.dez
¢ d} :

and the eigen values of A are in Q)
For option(1);

timin 2. =(0.00.... Ml [2 II}E e

R= !il_i_mp li_m inf &, = Ii1_1_1 sup (000, | =0

0 1
= M is non-emply

Also, limsupa_, =(LLL...] For option (2):

o0 =liminf limsupa,_,

Clearly.

HoR= == u _I A_'-
:!Lrginrit,t.l....lzl A= | o € A= cd

Clearly R<Q B fo |
» (2) is incorrect s Meleafe ®
ool | e

A(66), B(61), C(64)

and eigen values of A are in Q}

Evaluate lim™> ——— -, oplion (2) is incorrect

Sol. (4) lim Z

a1 B o For option (3):
It A=M, then aigen values of A are in T
il @ &, € Q-F are eigenvalues of

d:[ : ]E M. then abgcdeZ is not
[ |

LA

pnt g LY possible which is contradiction]
.~ oplion (3) is correct.
For oplion (4] : Lel A.BEM such that AB=|
= |AB] = 1 =[ALIB| = 1 =}A|, |B] € {-1.1}
(>~ |A] is an integral value v AcM}
Thus, option (4) is comact.

A(75), B(T8), C(73)
Lel A be a 3x3 matnx with real entres,
Identily the correcl slatemenis.

1. Ais necessarily diagonalizable over R

Correct answer (4)

A(T4), B(77), C(74) zab
a b 4, |r a1| mgemaﬂuas ol A are non-zero
M =|',.-1.=[ )mb,u:.u‘el and ha
[ 8

- g then it is diagonalizable over €

elgenvalues of A are in Q. Then (2.3) correct answer (2), (3)
1. Mis emply g1 1

2 H-{[ r}:fu delj Foroption(1): A=|0 0 1 [isnot
I

& A€M then the eigenvaiues of A are in 2 dagundiizabio

[ [§%]

Phona:
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-f2+4-1

So, option (1) is correct
For obtion (2] |

[m] [m] [-m [WJ]
=199- 1947 =1=166
So, option (2] is incorrect
For option (3):
FHF T
g S =p —= | —-
r 1 r
=]d42 =2 +2 =124
So, oplion (3) is correc
For option (4):
YKy 9
A =[TT]‘[TF]

So, option (4) 5 correct

A(91), B(96), C(102)
Consider a system of first order differential

s . L“ﬂ REGESG!
dr| yir) | = ()

The solution space is spanned by

D [ i
1. [ ] and | © ]
e 0

] .nlh:
2 ['ﬂ ] curned [“..
i £

Sol.(3,4) Given system of equations is

d | X0 || x(0)+ ¥ir)
di| vir) i - ¥(1)

=xi(n=xt+yn) (D
Yin==x(n -4{2)
From (2), ¥t} + y(t) = 0

= (D+1)yti=0 =y =¢a
Now from (1) () - x{t=c e’

A
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Lofeh i

¢
~ Solution space is spanned by [[I'

-1
= x) =ce + [—_’

s

- Dption (1) is ip:manl

For oplion (2): t] :|and {

- {!-F

cosh r]
Can’l span solution space
[mxln

] doasn’'l satisly given
t‘l-

differential équatiun.
- Option (2) is incormect

For oplion (3):
snir] | €= :
5 [Some] > ad
¥ | - =
&
is again a linear combination ol

- -
_Ef ] and also [M“fr] &
') {'

o

b

"1 satisly given systeam

-~ ophon (3) is also cormect

- oplions (3) , (4) ara correct.

A(92), B(85), C(101)
Euns'rdﬂr the differential  equation

d’ ‘ -2 L rﬂ- v =) defined on

o’ ey

SCO 217, SECTOR 37-C, CHD
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PART-C

61. AG1), B{66), C(69)
Which of the lollowing are convergent 7

5 4.3
senlogn o rlog(l + 1/ 1)
Sol. (1) Comect answer (1)

() Taiz" =50
e

We have lim(a, )" = HJT:J

£S5 s convargenl

By Rool-lest

ii[l_wtn_ =231

By root — test , Series is divergent
- |

(3 3
= nlogn

Use integral — tes!

Let |=I | alx
sxlogx
{By changing ol variables and subslitution)

|
15"

By p-test j’ = dv
l.q-J
is dverg&m

s —=_

! k)
" log| 1+~
e o

Phone: 9872311001
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hima, =0
= Saries is nol comvergent

A(62), B(65), C(68)
Leta, .m=z1n2]1 be a double array ol

real numbers. Deline
P =liminf liminf a__,

e B i

O =liminf limsup a_

R = limsupliminf a__,

8 =limsuplimsup a_

Which of the following statemenis are
necaessarily true 7

BN 2o Ji B8S

Sol. (1,3,4) corecl answar (1), [3) and (4)
Given sequence ol real numbers is
Bl By g hey
- O F - P
“_"I' ”:. -H_I-‘.-.-..-

iy iy T |

liminf ¢ = Eim b a,,. Ii.m inla_, }

R

limsupa,_ = tim supa,,, limsup n__,....I

Clearly I:'m inf a Iim 1supa, Vi

- =

Implneshm inl a_ Shm msupa,, Vnel

that implies

liminf liminf e < liminf im supa,,
= P=Q

liminf liminf a__ Ium auphm supa_
= PSS

Also liminfa_ < limsupa_

e

= limsuplimint a_ Slimsuplimsupa_
CE = - - -

=RsS
So (1), (3) . (4) is correc
(2) may not hold

g-mail: mathsmim@gmail.com SCO 217, SECTOR 37-C, CHD
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=+ Solution of Heal Equation can be wrillen in
the form of Integral by using Green's function.
As il Gix,y.1) ba the Green’s function of given
differential equation then solution is

r

alx, o I=IE{-:-:.1*.H¢{ vidy
[

sSatlaT

u(I,T,'I=IG{x. W Thehl vidy
1]

:'a-f{x)'-j'l' (x. ¥) @ v)dy

where H{:?y] =G(xyT)
-~ Option (1) is comrect

A(48), B(54), C(60)

There are five empty boxes. Balls are placed
independently one after ancther in randomiy
selected boxes. The probability that the fourth
ball is the first 1o be placed in an occupied box

1 -
() <0
5 5 5)\5
Sol.(1) 1" ball can be placed in any one of the five
Doxes
= Number of cholces for 1" ball=5
2™ ball can be placed in any one of the
mmmnlng 4 boxes
= Number of choices for 2™ ball=4
Numh_erﬂ-! choices for 3™ ball=3
Now, 4" ball is to be placed in any one of the
occupied boxes
- Number of choices for 4™ ball=3
Sxdx3Ix3 4 [1]

+ Required probability = =

5
59. A(59), B(56), C(50)
Let X and, ¥ be independen! exponential random

vanables. If E[X] = 1 and EIH=%1‘hen
P(X>2Y|X>Y)is
2. =

Phone: 9872311001

e-mail: mathsmim@gmail.com

Since X and Y are exponential random
variables with mean=1 and 1/2 respectively.
i.e. E(X)=1 and E{Y)=1/2

» marginal p.d.f of X and Y are given by

fx (x)=e” 220 Iy (y)=28™ 50

Since X and Y are independent

o wrlxy) =tulx). bly) =82, x>0, y>0

Now, P(X>2Y1XsY)= PHX > 200X > 1)
PiX >Y)

. PX >0
P(X > ¥}

Now, P(X>2Y)= Hr".!r"‘;ﬁwﬂ

| -2

]

-2_[ [e :I‘”_ra'.r-_-[f"[—:"'+lhf.r

3 f-’l E‘:J
s "".:ﬁf. = —
=T

[ |
=04+ 1)+ E(ﬂ—]!—-i

 option (4) is correct,

SCO 217, SECTOR 37-C, CHD 7




&

[T 31. a31), B(28), C(22)

1 =11 I]
Let A={l..l. 1| and b=|3 |. Then the
283l o ﬁ’j

system AX = b over the real numbers has

1. nnsuiu'aunm'benemfﬂ i

2. an inlinite number of solulions whenaver
o 2,

3. aninfinite number of solutions if @« = 2 and

w7
hﬁu;ﬂ

IE=3 [ : |
Sol{d) [A:b1=[1 1 1:3
2 3.8
R; =+ R;-R,
R; — Ry - 2R,
ft =1 1 : 1
=il 0 - 2
05 -2 : -2
Thus given sysiem has unigue solution il

e-2elioax2
Clearly, option (4) is correct.

. ﬁ{aﬂjﬂtz‘-’}.ctzf}
|
Lat A [ sjcM{Riandvp RRxR R

be the bilinear map defined by ¢(v.w) = v Aw.
Choosa the correct slatement from below:

1. olv, w) =&w, v)forallv, we R®
2. there exisls nonzero v € R° such that
& v, W -ﬂlﬁrﬂilwc Ff

~h & T s By [qr aEI Ve E,:
4, lhenw w: R' - R defined by

:j,[:: ” i linear

g |

S0l.(3) Given A =

Let v=(v,, vs)' W=y we)
For option{1): & (v, w)=v'Aw

Phone: 9872311001
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o, 2]

“II‘
= ["-";+l1'H':| 3-"14-31-':1
."IE

=1, W, +4vyw, 4+ 2v, i E 3w

& o (wv)=wAy

= Wi, +4w,v, + 2w v 4 3nn,
Clearly, ¢ (v.wl= & (wv)

~ option{1) is not correct.

For option{2):

o (vaw)= v, (wy + 4w, )+ (2w +3w,)
o (v.w)=0

= v 0w+ 4w )+, (2w, + 3w, ) =0

=,

2
| = <520
3]
aovOwy + 4w )+ v, (2w + 3w, ) =0
=.|‘t E'u. l.‘: ='l]
Option (2) is incorrect.

For mthnr,a;}:
for vaiv,, v}

¢{vv}-vBI.r-| + O, v, +1|

«[vy i) [3 %] [:. }

|
Thus,3 symmaetric matrix B= L

|
SINCE
E

that & (v,u)= vBv
.option (3) is comect.

Far option {4); it can be easily verilied thai

v, v
v Vs

|# &

' 1
1 1
W, Wy

syR'—R is not linear
% option (4) is incorrect.

. A[33), B(36), C(40)

The Iunclmn I : C — Cdefined by
ﬂz} =¢"+¢e" has

1. finitely many zeros
.'-!. no Zeros

3. only réal 2eros
RRISSERNRN many zoros

SCO 217, SECTOR 37-C., CHD

3



MIM - Dedicated To Disseminating Mathematical Knowledge

s> L V1 are eigen values ol A”
Oy
_”L_ameiganvatues of A*
iy &

=

I

[

|
—.
a,

Clearly, A? is positive definite as _!_ 5 g
e

i=1,234
.~ Option (3) 5 correcl
For oplion{4):
o | 1 i 0

Forh=|0 =1 0 0
] o =i i
] 0 L - |
Exp{pA)-l can’t be positive definite for any
positive integer p
~ option (4) is incorrect.

A[T9), B(84), C(90)
Let 1 be an entire function. Consider
A={zeC|I"(2)=0 for some positive integer
n}. Then
= C, then | is a polynomial

2. ilA = C, then | is a constant function
@M A is uncountable, then f is a polynomial
4. Il A s uncountable, then [ i5 a constant

function

Sol. (1,3)

For {(z) =z
IMZ)=0vzeC e A=C forl(z)=2

SOLUTIONS FOR MATHEMATICAL SCIENCES
CSIR UGC NET DECEMBER -17 (PART - C)

(1.2,34)

Let ({z)= usiv

As 1z} is analytic

Uy | U=,

Thus (2} = u+iv, 1)
or

Flz)= uy+ivy .{2)
also, vy=u, =1 (Z}=Uiv,
And u,=v,

= 1 '(2) =v,+iv, _{3)
and u=v,

= () wv +iv, {4)
By(1), I '(2) I =07+ v,
By(2), I ') = u s,
By(3), If ‘(2)°= ufen?
By(4), Il '(2)"=u. +v,"

Thus options (1).(2).(3) and (4) are
comecl.

A(81), B(82), C(88)

Lot p{z) = 2" 43, 27 + ..+ @5 where
A, ..oy @, Are complex numbears and let
qlz) = 1 4@,y Z+..+ 252", U |p(2)|S1 tor all
zwith [z] =21 , then

1. [z} < 1 for all 2 with 2] <1
Thus n,plhns {E} and l:'d'j are incormrect. m
Further, if A is uncountable, i.e., 1 "(z) = 0 at PEENN(z) = 2" for all complex numbers z
uncountably many poinis for some positive 4. p{z) is a constan! polynomial

integern Sol. (1,2,3)

=1"z)=0 vz C

[pecause zeros ol a non-constant entirg
funclion are countable]

= A=l

Thus il gption (3) Is correclt, than (1) Is also
correct and vise versa

A(80), B(83), C(89)

Let [:C—C be a holomorphic function and led
u be the real part of 1 and v the imaginary
part ol I. Then, for

al to

Phone: 9872311001

e-mail: mathsmim@gmail.com

Given plz) =2 4801 2™ '+ 480

such that [p{z)] 51 v z with |z] =1

This is possible only il p(z)=2"

Also qz) = | +a, 2+ 8, 32" +..+dg2"
. | |

= I ;JL— =" H—=]

= &
LS

==z} is constant polynomial &

lgiz) =1 %z wilh [2] 51

Thus, options (1).{2),(3) are correct and
(4) is incorrect.

A(B2), B(81), C(87)
Let f be a non-constant entire lunction and
lel E be the image of I. Then

SC0O 217, SECTOR 37-C. CHD




26. A(26), B{21), C{27)
Which of the following is necessarily true for a
tunctionf : X = ¥?
1. il | isinjective, then thera exisis g : Y —» X

such thati{g(y)) =ylorallye ¥

ﬂ. then there exists g ;¥ — X
suchthatl{g(y)) =ylorallye Y

SN ¥ Iigjnjamhe and Y is countable then Xis
fin

4. il 1is surjective and X is uncountable then
Y is countably infinite

Sol.(2) Correct answer (2)
For Option (1);
Let X={0,1} , ¥={0,1,2)
Let f;: X—% be defind as I{x) = x
Clearly 1 is injeclive but for any function g:Y—+X
there does nol exists pre image of 2 under {-g.
For option (2):
As 1 is surjective

& It X =Y for any yeY there exists attleas! one

x&X for which

f(x) =y

Dafine g:¥—X in such a way that gly) = x

gy} =1{x) = ¥

So, (2) Is correct

For oplion (3):

Take X=k Ys=N

Lel I N—M defined by f(x)=x, cleary I is
injective and Y is countable bul X is also
countable

For oplion (4):

Take X=B, Y=R

Let I: X—Y delined by I{x)=x

clearly 1 is surjective and X is uncountable but
¥ is also uncountable

A(28), B(31), C(25)

Lel 8 = {x e [-1, 4] | sin (x) = 0}. Which ol the
foliowing is true?

1.inl (S)<0

2. s5up (S) does not exist

4.inl (S) = /2

Sol. (3) Correct answer (3)
Sa{xe[-1.4] | sinfx) = 0}

2 Phone: 9872311001

e=mail: mathsmim
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S=[0,x]
sup(S)=x , inf(S)=0
Correct answer (3)

A(29), B(30), C(24)
Let A be a real symmetric matrix and
B =1 +iA, where ¥ = -1, Then
1. B Is invertible if and only if Als invertible
2. all eigenvalues of B are necessarily real
3. B - | is necessarily invertible
invertible
Sol. (4) Since A is real symmelnc matrix
- Eigen values of A are purely real
Eigen values ol B = Eigen values of | + i
(Eigen values of A)
Clearly, Eigen values of B are real only i
A has rero eigen values
Thus option (2) s incormec
E—I;'rﬁ.:lﬂ—l[ F[Lﬁi#fﬂl
B-l is invertible only it A is invertible
s option (3) is incorrect
Further B s singular iff ‘0’ is eigen value of B
=1 + iz = 0 [where ‘u’ i eigen value of A)
= @ =— =i, which is not possible as '« is
i
purely real
Thus, B is always non-singular and hence
invertible.
Thus option (4) is comrect and (1) is incorrect

A(30), B(29), C(23)

I
Let A =! I} Then the smallest positive

ineger nsuch that A" = is
1.1 2.2 3.4 48

Sol.(4) Given _4=[ [I' I]

ok

= ]
A= AN 2[]

ot 0
e
= The least positive Integer for which A" =1

is
n=6

:Hﬁ: :J

Ak
IJ

mail.com SCO 217, SECTOR 37-C. CHD
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- option (1) is nol correct
For option (4):
310

A={0.3 1

00 3

Clearly, all eigenvalues ol A are non-zer

Butl A Is nol diagonalizable

[~ AM ol 3" = 3bul G.M. of ‘F'=l]

2 option (4] is nol comrect

Result:

{I) N a malrix has distincl real eigenvalues
then it is diagonalizable over R

(i) i A malrix has distinct eigenvalues
thenitis diagonalizable over €

Thus options (2) and (3) are correct.

A[T8), B(75), C(T2)
Let V be lhe veclor space over C of all
polynomials in a variable x of degre al mos!
3. Let D:V—V be the linear operalor given
by differentiation with respect 1o x. Lel A be
the matrix of D with respect to some basis
for V. Which of the following are true ?
malrix
2. A Is a diagonalizable matrix
3. The rank ol A is 2
qanmir:al form of A s
0100

0010
0 001
0000

Sol.(1,4)

Let B=(1,%,x°,x"} be the standard basis of V
s D) = 0; Dfﬂig-]
D(x") = 2x; D{x’)=3x*

~ matrix-of D w.r.l. basis B=

-

[:-lﬂﬂ‘
_J0n02 0
'nuu_:‘
0000

=

Claarly A is nilpoten!

[+ upper triangular malrix with diagonal
entrias ‘0’ s nilpotent)

< Gption (1) is correct

Also, A nilpolent matrix is diagonalizable if it
is zero malrix

~0plion (2) is incorrect

Clearly, p(A)=3

s.oplion (3) s incorrect

&

Phone: 9872311001
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Further, only eiganvalues ol A is "0” with
algebraic multiplicity = 4

And geometric multiplicity = 4 - p (A-0.1)
=4-3=1

- Jordan canonical form ol Ais

01 o o

ol o

g a0l

:_ll n oo

.. oplion (4) is correct

A(TT), B(74), C(T1)

For every 4x4 real symmelric non-singular
mafrix A, lhere exisis a posilive inleger p
such that

definite
3. A" & positve definite
4. exp{pA) = | is positive definite

Sol. {1,2,3)

Let A be a 4xd4 real symmetric non-
singular matrix and o, a0y ba gigen
valuas of A

Clearly oy, 5,005,00 are nonN-zero and
purely real.

I Eigen values of a symmefric malrix are
purely real]

For oplion(1):

Choose p=la|v i=1,23,.4

.. Eigen values of (pl+A)=Eigen values ol
pl+gigen values ol A

=2 Py, P (0, P40y P40y AFE 2igen values
of pl+A

Clearly, pro>0vi=123.4

Thus pl+A is positive definite

For oplion (2): As ony,0,0,04 arg aigen
valuaes of A

= cr,’.srf,trf.rxf are eigen values ol
A:

Clearly &’ >0 v i=1,2,3,4

Thus, A’ is positive definite

. oplion (2) is correcl.

For oplion(3): As oyomy0y are eigen
values of A

g-mail: mathsmim@gmail.com SCO 217, SECTOR 37-C, CHD



Qe

MIM - Dedicated To Disseminating Mathematical Knowledge

A(100), B{99), C(93)

Consider a non-zero, real-valued polynomial
funclion p(x) = @ +a:x + a;x of degree al
most 2. Lel y=y(x) be a solulion of the
integral equation

¥y p{:l.‘}-l—ll._ﬂl}r.in{.l: — 1)t
o

Which of the Ilollowing slalemenis are

necassarily correct 7

1. y(x) is a polynomial function of degree
52

2 IKINIEE polynomial function of degree
=i

3. lazDanda;+2a:=0,theny ({0 =0

SNIESESORREE + 2a; =0, then y'(0) = 0

Sol. (2,4) Given Integral Equation is

y=plx)+ J-.iil'l (x—1) y(r)de
0

where plx) = & + ax + a;x°
Apply Laplace transformalion on both sides ;
S ay @ L +[ | -}F
% f!': g3 -.'I': +l.f'
where v=Li{y(x))
:|_.r:,,.5': i, + 2o,

]

h]

“u.?..-f a8 +2a, | o5 '.*.'..

.':"

r

3
Mow taking Laplace Inverse on both sides:.

o sy oy @5 4
= —_ —_ + —
Vi X =y n'..r+n'l. +11.' +ﬁT l"“
iy | d; i
=i, x4 d, +— | |xt + Lot 2t
2:) L] 12

= yix) is polynomial of degree < 4
- option (2) is cormacl
Mowila;,20andas;+2a-=0

i,

!
then y(x)=a,+ax+—Lx +2x*
i 12

& {f, § s
—_ _..1 ‘J.Jza, R I- g e -|."I
2 3

= V(D) =a 20

Phone: 9872311001
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|1."Ll.']| = :’J'I.'E'I‘l‘.l'_..'l':

— }"Hl] = ()

-~ ophions (2) and (4) are correcl

A(101), B(98), C(92)

Lat ¢ be the solution of the integral
aquation

I:ﬁ.l lnj:*‘ "wvidy=x": 05y <) Then

WPOEEEEE 2 0(0) - 208
BOMSREs 4 p()-2280"

Sol. (1,3) Given Inlegral Equation is

1 |
%ﬂl.ﬂ—ju"‘d{_\'}d}';r" L 0<y<l

I
=) =21 +"J' T vy

]
=@ x)=2x" + 2" jt‘"{ii_m'h.f_}'

=]

1
Consider ¢ =_[:~'-‘¢{;-}f{x-

=@ x)=2x" +2¢" ¢
i
New ¢ =j{-" (2y% +2¢" £y

=‘I”1_1':r P+ Er]:l'_'l.'

[ R U T
L - -l'|,' 1
[j t—lr\, J.-' t—ljd':| 2671}

mi-jl"u F J l’]

c==2¢" [ml —ale=] + 2

e==2"=d¢ =de” +4 420
-4

= &x) = 2" + 2" (108" - 4)

=0(0) =20 e’ - 8 and ¢{1) =22 - Be

.+ oplions (1) and (3} are correct

e-mail: mathsmim@gmail.com SCO 217, SECTOR 37-C, CHD
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A(100), B{99), C(93)

Consider a non-zero, real-valued polynomial
funclion p(x) = @ +a:x + a;x of degree al
most 2. Lel y=y(x) be a solulion of the
integral equation

¥y p{:l.‘}-l—ll._ﬂl}r.in{.l: — 1)t
o

Which of the Ilollowing slalemenis are

necassarily correct 7

1. y(x) is a polynomial function of degree
52

2 IKINIEE polynomial function of degree
=i

3. lazDanda;+2a:=0,theny ({0 =0

SNIESESORREE + 2a; =0, then y'(0) = 0

Sol. (2,4) Given Integral Equation is

y=plx)+ J-.iil'l (x—1) y(r)de
0

where plx) = & + ax + a;x°
Apply Laplace transformalion on both sides ;
S ay @ L +[ | -}F
% f!': g3 -.'I': +l.f'
where v=Li{y(x))
:|_.r:,,.5': i, + 2o,

]

h]

“u.?..-f a8 +2a, | o5 '.*.'..

.':"

r

3
Mow taking Laplace Inverse on both sides:.

o sy oy @5 4
= —_ —_ + —
Vi X =y n'..r+n'l. +11.' +ﬁT l"“
iy | d; i
=i, x4 d, +— | |xt + Lot 2t
2:) L] 12

= yix) is polynomial of degree < 4
- option (2) is cormacl
Mowila;,20andas;+2a-=0

i,

!
then y(x)=a,+ax+—Lx +2x*
i 12

& {f, § s
—_ _..1 ‘J.Jza, R I- g e -|."I
2 3

= V(D) =a 20
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|1."Ll.']| = :’J'I.'E'I‘l‘.l'_..'l':

— }"Hl] = ()

-~ ophions (2) and (4) are correcl

A(101), B(98), C(92)

Lat ¢ be the solution of the integral
aquation

I:ﬁ.l lnj:*‘ "wvidy=x": 05y <) Then

WPOEEEEE 2 0(0) - 208
BOMSREs 4 p()-2280"

Sol. (1,3) Given Inlegral Equation is

1 |
%ﬂl.ﬂ—ju"‘d{_\'}d}';r" L 0<y<l

I
=) =21 +"J' T vy

]
=@ x)=2x" + 2" jt‘"{ii_m'h.f_}'

=]

1
Consider ¢ =_[:~'-‘¢{;-}f{x-

=@ x)=2x" +2¢" ¢
i
New ¢ =j{-" (2y% +2¢" £y

=‘I”1_1':r P+ Er]:l'_'l.'

[ R U T
L - -l'|,' 1
[j t—lr\, J.-' t—ljd':| 2671}

mi-jl"u F J l’]

c==2¢" [ml —ale=] + 2

e==2"=d¢ =de” +4 420
-4

= &x) = 2" + 2" (108" - 4)

=0(0) =20 e’ - 8 and ¢{1) =22 - Be

.+ oplions (1) and (3} are correct
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WEEEA open set

2. E N [z:]z| <1} is emply

- gmply
4, E is a bounded sel

Sol. (1,3)
since 1" is non-constant entire lunction
.. E=image ol 1 is either C or C-[ap{as )
Claarly E is open and unbounded set
Also.ENnfz: [z]<1) 2 ¢
ENRE =0
Thus, oplions (1] and (3) are correcl and
(2),(4) are incorrect.

A(84), B(79), C(85)

Lel G be a linite abelian group and a.beG
with ordar{a) = m, order{b) =n. Which of tha
following are necessarily true 7

1. order (ab) = mn

2. order iabi = lem{m,n)
element o G whose order is

lem (m,n)
4, order (ab)=gcd(m,.n)

Sol. (3)
Take G = {1, -1} under multiplication
leta=-1,b=-1
S0,0{a)=2=m0Olb)=2=n
Then ab = (-1) . (-1} = 1
=0 {ab) = O{1) = 1
which is nol equal 1o m.m, god (mn), lem
{m,n)
e O =124=22
1+ 2=ged(2 2)
122=lcm2, 2)
So, options (1), (2) and (4) are not correct
So, option (3) is correct

A(85), B(90), C(84)
Which of the following rings are principal
ideal domains (PIDs) 7

[ PUEEN) ﬂxl
3. CIX.Y) <X 4+ 1.Y>

Sol. (1,4) For option (1):
s Z[i]
Zfijis an E.D.
[3amapd: .E[i;un -+ I” v (0} defined as
d{a+ib)=a‘+b

such that it follows two conditions:
{1} d{{a + ib) {c+id)) = d (a + ib)

Ya+ib, e+ida I
(2) va+ibe Z[i| ¢+ id e Z[i] \ {0},
Q=g +q;
r=rfy + ir; € Z[i] such thal
ad+ibef{c+idig+r, rmQor
dir) < d (e +id) ]
Every E.D.isP.I.D. = 2[] s P.L.D.
So, option (1) Is correcl
For Option (2) :
Z[X] is nota PID
3 an ldeal | = <2, X> ol Z[X] which is
not generaled by single element, i.e., itis
not principle Ideal
= Z[X]is not a P.LD.
S0, oplion (2) is not corract.
For oplicn (3):
I CX.Y]isaP.lD.
Then Sl = ¢[X) is a field
L 3
< Imeducible Element =

which is wrong (as polynomial ring can
never be field)
So, option (3) is nol correct
For Option (4);
Kixv] . Ex] R[] = €

=field )

“XTHLYFs (X 3s1)
Since C is field and every field is P.1L.D.
M5 e p LD,

<Xinl >
So. oplion (4) s correcl

A(86), B(89), C(83)
For any prime number p, lel A; be the sel
of integers de(1,2.....999) such thal the

power of p in the prime laciorsation of d is
odd. Then the cardinality of

is 250 2 Ais 160
124 a2

Sol. (1,3,4)

A, = The number of multiples of p’ from
110999

- The number of multiples of p* from

1 1o 999

+ The number of multiples of p’ rom

1 1o 999

- The number of mulliples of p* from

1 to 999 and 30 on

The number of mulliples of 'K’ from 1 to.n

is given by % , whera [.] represents the

greales! integer funclion,
For oplion (1)
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40. A[(40), B(37), C(33)

Let A be a connected open subsel of B*. The
number of continuous surjective lunctions from

A (the closure of A in B%) to O is:
1.1 20 3.2 4.not finite

Sol.(2) Result: it ' XY is continuous, then image
ol any connected subset of X is connected
Given: A Is connected open subset ol & But @
-5 not connected

« There is no continues surjective function from
A 0@
- option (2) Is correct

- A[47), B(44), C(as) . :
Consider the differential equation
(x=Dy"+xy +- J -y =0. Then

1.x=1isthe unl:.r singular point

2. % = [ i5 the only singular poin|
SBGHTROEAA - | 2re singular points

. neither ¥ = 0 nor ¥ = 1 are singutar points

Sol.(3) Given dilferential equation is

(=1 + x" + L y=0
¥

|
o =) (1
& x=1" +r1.r-1il" ;
By comparing (1) with y"+P(x) ¥ + Q(x) y = 0,
wﬂﬂﬂ‘lﬁuu——— Qlx)=
Now for

=01

xix=1)

Imix-=0)P{xi=limx, -
w =all u =if] = I

hmi-.'-[l']l Qix)=lm =
a—ll 1-: X- :'

and for
=]: Inm(:-l} P(x)= |1m{ =1 =]
(x— Il
|
xix=1)
< Both 0 and 1 are Regular Singular Points
. Option (3) is correct

A(42), B(43), C{a7)

Let D dencie the unit disc given by

{ oy | X2 %y" < 1) and let D° be ifs
complemenl in the plane. The partial dillerential
equation

lim (x =1 Q(x)=lim (x—1)° =0
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da*u +3 E] I E
oy Eh&m dy*
1. parabolic for all (x, y)e D
2. hyperbalic for all (x, y)e D
SERVBRBBIEIOERN (+. v < D°

4, parabolic forall (x, y) e D

(x*=1=—s = (}is

Sol.(3) Given Equation is

El,q.&_',-' 31
By comparing given equation with
du . Ou 0N
R—+8 +T
ar’ dvdy  ov?
HIK:—I H SEE}‘ ‘T m-1
Now S° — 4RT = 4y" — (x* ~ 1) (-1) 4
.4:f+:‘~11
=4 +y -
S —8RT>0 HX + y‘?}i
-~ S - 4RT >0l (x, y}e D¢
HEI‘I'.‘.'rE given equalion is hyperbolic if
(x, y) € D"
+. Option (3) is correct

. A(43), B(42), C{46)
The sel of real rlumbers ii. for which the

=0 ;waget

=
yi0)= 0, yix) = 0 has nontrivial MMI-DI‘E is
1. (-0, O)

2. {/n | nis a posttive integer)
SlnT [ nisa’posiiive integer)

4R

Sol.{3) Given differential equation is

E——.:-+,-i‘.';

dv’

. This is a Sturm-Liouville Problem
Eigenvalues ol given problem are

countable

=> Options (1) and (4) are incorrect.

Now if & = o (e = 0)

d—:-'- +ea’y=0
-

= (0% + &) y=0 = y = C, cos ax + G, 5in o

Now fory(0) =0 =C, =0

and y(z) = 0 = C; sin (ox) = 0

= i Cz # 0, then sin (ax) =0

=u=n ; neN

== }-I- - n!

- oplion (3) is correcl

=0, ¥({)=0, yv(x)=
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