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Foreword

From our birth and through life’s expectations, we grow and develop into the person
we become. The path we follow through life, with its many turns, mountains to climb
and crossroads to choose, eventually leads us to our place today, and our final
destination. Professor Mitchell Gohnert, my former student at Brigham Young
University, has experienced a lifelong desire to be a structural engineer, with a
special interest in the design and application of shell structures. This book is the
result of his lifelong quest.

Just as we are influenced by the teaching and training of others, we also influence
others by the teaching and training we give throughout our lives. Mitch has gained
much from the many people he has been involved with, and conversely, he has
influenced, assisted and guided many through his mentorship and his expertise in the
field of shell structures.

Good ideas, called inspiration by some, come to each of us during our life. When
acted upon with persistence and determination, these ideas result in great accom-
plishments that benefit others.

Emeritus Professor, Brigham Young
University, Provo, UT, USA

Arnold Wilson
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Chapter 1
Introduction

Abstract Shells, and in particular domes, have a symbolic meaning in many of the
world’s civilizations. Some of the most iconic structures incorporate domes as their
architectural center piece. Interestingly, most of these structures are religious gath-
ering places, shrines, or temples and are found in cathedrals, stupas, mausoleums,
and mosques. The symbolism of domes is of ancient origin and is associated with
deity and the celestial expanse of the heavens. The home of the ancients appeared to
be under a heavenly dome, and the circle of the dome, a never ending line, is a
symbol of eternity. This symbolism continues to this day, but has evolved over the
centuries to include other closely associated meanings. Alexander the Great, and
early Persian rulers, adopted domes in their architecture to symbolize their divine
authority and power (Smith, The dome: study in the history of ideas. Princeton
University Press, New Jersey, 1950; Hiscock, The symbol at your door. s.l.:SP
Birkhauser Verlag Basel, 2010). This practice has endured to modern times, and
domes are seen in some of the most famed architectures, such as the US Capitol
Building, the Vatican, and many other religious and governmental buildings around
the world. The intent is to portray strength, influence, legitimacy of power, and piety.
For these reasons, religious and centers of government will always include domes in
their architecture.

Shells, and in particular domes, have a symbolic meaning in many of the world’s
civilizations. Some of the most iconic structures incorporate domes as their archi-
tectural center piece. Interestingly, most of these structures are religious gathering
places, shrines, or temples and are found in cathedrals, stupas, mausoleums, and
mosques. The symbolism of domes is of ancient origin and is associated with deity
and the celestial expanse of the heavens. The home of the ancients appeared to be
under a heavenly dome, and the circle of the dome, a never ending line, is a symbol
of eternity. This symbolism continues to this day, but has evolved over the centuries
to include other closely associated meanings. Alexander the Great, and early Persian
rulers, adopted domes in their architecture to symbolize their divine authority and
power (Smith 1950; Hiscock 2010). This practice has endured to modern times, and
domes are seen in some of the most famed architectures, such as the US Capitol
Building, the Vatican, and many other religious and governmental buildings around

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
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the world. The intent is to portray strength, influence, legitimacy of power, and piety.
For these reasons, religious and centers of government will always include domes in
their architecture.

The endurance of this symbolism is fitting and appropriate, considering the
seemingly mystical strength and the eternal nature of these structures. If we go
back in history more than a thousand years, remnants of antiquity usually amount to
nothing more than a pile of rubble, with the exception of a few columns standing
here and there. However, of the structures that have survived, the vast majority are
domes and arches. The Pantheon in Rome (126 AD) (Fig. 1.1) and Hagia Sophia in
Turkey (537 AD) (Fig. 1.2) are prime examples. Both of these structures were built
in seismic active regions and have been subjected to several major earthquakes; yet
they stand today and are in remarkably good condition.

Despite the religious and political affiliations of domes, the emergence of shell
structures is undoubtedly the result of a practical need for a wide-open space,
without being inhibited by column supports. Shells are able to span over enormous
spaces, and therefore are ideal for places of large gatherings, such as religious
assemblies, theaters, and sport arenas.

The key to understanding the strength of shells is to focus on the shape. As will be
discussed in later chapters, load flows in a natural and predictable pattern. By
matching the shape of the structure with the natural flow of loads, an optimal
structure is created. This matching of form and flow results in materially efficient
structures that are able to resist a multitude of severe loading events. Unfortunately,

Fig. 1.1 Antoine Desgodetz’s 1682 rendition of the Pantheon (Claude-Antoine Jombert)
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the majority of modern structures are linear and block-like, which results in a
mismatch in structural geometry and the natural flow of stress. Where a mismatch
occurs, bending moments and shears are the result. Engineers are able to design
buildings to resist bending and shear forces, but at a tremendous cost to structural
strength and material economy.

Should nature be our mentor? Interestingly, many shell shapes are found in
nature. Biological structures are never square or angular, but are curved, and
composed of shells and tubes. Albert Einstein once stated, “Look deep into nature,
and then you will understand everything better.” It makes perfect sense to pattern our
structures after biological forms, which will include the design of shell structures. It
should be noted that after cataclysmic events, albeit meteorological or seismic, it is
usually the biological structures that survive. For instance, consider Fig. 1.3. The
photograph depicts the destruction of the Haiti National Palace after the 2010
earthquake. The palace is in ruins, but the biological structures in the forefront
(the palm trees) do not show any discernible damage. The biological structures
have survived, but the manmade structures have not. Biological structures have,
perhaps, evolved over millions of years into forms that are resistant to local calam-
itous events; this has led to the survival of the species. Strangely, nature is all around
us, yet its connection to structural engineering has gone largely unnoticed; we fail to
see the obvious or learn from our surroundings. Interestingly, the National Palace
incorporated shells in its roof, which is the only part of the structure that has
survived, although displaced from its original position.

Fig. 1.2 Dome of Hagia Sophia (Wikimedia Commons, Robert Raderschatt)

1 Introduction 3

@seismicisolation@seismicisolation

https://t.me/seismicisolation


Most of the shells derived in this book are those of regular and familiar shapes,
such as cylinders, spheres, cones, and ellipsoids. However, these shapes are not
always found in nature, and therefore certain inefficiencies are found in the shells we
design. Fortunately, the effects of the mismatch are usually restricted to the bound-
aries, or foundations, and have limited impact due to Saint Venant’s principle (i.e.,
diminishing stress with distance). Shells, for the most part, carry the load by
membrane action (in-plane compression or tension stresses) and are highly efficient
load carrying structures. Because shells carry stresses efficiently, only minimal
material is required, and this is the reason why these structures are often referred
to as thin shells. The shell does not need to be thick to carry load. As a general rule,
the generally accepted classification of a thin shell is where

r
h
> 20 ð1:1Þ

where r is the radius and h is the thickness.
This rule, however, is only a “rule of thumb.” Structures have been designed and

built with smaller or much greater ratios. For example, St. Peter’s cathedral in Rome
has a radius to thickness ratio of 14, and the Smithfield Market shell in London has a
ratio of 900. High ratios can also be seen in nature; the ratio of an ordinary chicken
egg is about 100 (Heyman 1995). Both these structures (i.e., manmade and biolog-
ical) have performed exceptionally well, especially the chicken egg. The material of
an egg shell is composed of calcium carbonate crystals and is semipermeable. The

Fig. 1.3 Manmade and biological forms in an earthquake zone (Wikimedia Commons file, Logan
Abassi)
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shell material is relatively weak. Yet, the strength of an egg is, without question, the
result of its shape. If one takes an egg and squeezes it in hand, membrane stresses are
produced in the shell, and it is almost impossible to break it. To crack an egg, a
deliberate sharp blow is required. Despite having a large radius to thickness ratio, an
egg is able to resist loads that far exceed typical scaled up manmade structures.
However, it is not the egg shell material that resists the loads, but its strength is
derived from its shape. Thus, the key to structural strength lies primarily in the shape.

Traditionally, all structural designs are based on the consideration of three
criteria: strength, stiffness, and stability (Heyman 1995). As will soon be apparent,
shell structures are intrinsically strong. The stress levels are usually only a fraction of
the capacity of the shell. This gives an enormous factor of safety against failure, and
is the reason why shell structures tend to survive cataclysmic events. Stiffness is
usually also a noncritical consideration in shell structures. Stiffness, as a design
criteria, is related to deflections. Typically, the deflections in domes are relatively
small, especially when compared to framed structures. In arches, stability is related
to the formation of hinges and collapse mechanisms. In domes, stability is controlled
by the buckling capacity of a given shape.

The favorable characteristics of shell structures have not gone unnoticed by our
engineering forefathers. They understood the benefit of matching the natural flow of
stress with the axial geometry of the structure. Although they did not have access to
the mathematical and analytical tools we have today, they had physical models that
gave insight into optimal structural forms. Engineer-architects, such as Antoni
Gaudi, designed the Sagrada Familia from a series of hanging chains (Fig. 1.4)
(Huerta 2006). Chains have very unique structural properties: A hanging chain is a
pure tension structure, and void of bending moments and shears. If the shape is
inverted, the form becomes an arch, and the stresses reverse to pure compressions
(which is ideal for masonry and concrete structures). Although a hanging chain is a
two-dimensional form, the shape is often transformed into three dimensions, creating
catenary or funicular domes, which was the source of Gaudi’s creations.

The use of chains in design seems to have its beginnings in the design of
St. Paul’s Cathedral in London (Fig. 1.5) (Heyman 1998). Christopher Wen, the
architect, lived in the time of Robert Hooke. Hooke is credited as being the first to
understand the connection of a hanging chain and its application to structural forms
(Heyman 1998; Block et al. 2006); Wen undoubtedly sourced and applied these
concepts into the design of St. Paul’s Cathedral. The dome of St. Paul is a composite
of three domes: The outer and inner domes are merely decorative, but the center
conical dome is the structural support. The conical shape is due to the heavy weight
of the lantern, which is located on top of the shell. If weights are hung from a
hanging chain to represent the self-weight of the shell, and proportionally heavier
weights are placed near the bottom of the chain to model the lantern, the geometry of
the chain will be conical in shape. History has implied that these models were
incorporated into the design of St. Paul’s Cathedral and represent a major innovation
in shell design.

Hanging chains have an additional valuable feature. A thin chain represents the
location of the thrust-line, or the center of the flow of stress. If the geometry of the

1 Introduction 5
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Fig. 1.4 Gaudi’s Sagrada
Familia (Wikimedia
Commons file)

Fig. 1.5 Wen’s drawing of the three domes of St. Paul’s Cathedral

6 1 Introduction
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shell matches the thrust-line, an optimal structure is achieved. Wen’s cathedral
achieved this objective, using chains as an engineering tool.

This book was written with several purposes in mind: The first purpose is to
provide a complete derivation of the theory of shells. A literature review will reveal
that most books on shells are not complete, if one wishes to understand the
mathematics behind shell theory. Typically, only a summary of key equations are
given; this is understandable, considering the complexity and enormity of the
derivation. For an academic, however, this leaves a void in understanding shell
theory. For the engineer, it is equally important to remove the proverbial “black box”
approach to shell design. For this reason, a complete derivation is given. The second
purpose is to provide a step-by-step procedure of shell analysis. For the most part,
shell solutions require a sequence of analytical steps, which is not always clearly
explained in many texts on shell theory. The approach adapted is akin to a “cook
book” approach, where an outcome is achieved by following a specified sequence of
analytical steps. The final purpose is to introduce concepts and theories on matching
the geometry of the shell to the natural flow of stresses, and therefore funicular and
catenary shells will be introduced. These shapes are, in fact, the most structurally
efficient forms known to humankind.

An additional purpose is to provide a brief description of construction materials,
with a focus on how they react to stresses and patterns of stress flow. The objective is
to understand the limitations of materials, and how best to apply these materials to
achieve the most durable and robust shell. Although a discussion on construction
materials is rarely combined with shell theory, the conjugal relationship of this
information may radically alter our choice of shell, the materials we use, and its
geometric proportions.
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Chapter 2
Construction Materials and Stress Flow

Abstract This chapter covers background information on stress and strain, shear
failures, economy of forces, the flawed nature of construction materials, stress
patterns in curved walls, membrane stresses, stress flow, openings in shell walls,
and the basic optimal shapes that ensures that stress flows within the plane of the
wall, or axis of the member. This information is given to assist the designer in
selecting the most suitable construction materials, provide an understanding of how
materials react to stress, and the type of shell that is most appropriate for the design.

2.1 Introduction

A basic understanding of stresses and strains seems to elude many practitioners and
researchers alike, yet it is fundamental to the understanding of structural materials
and the basic principles of design. When clearly understood, one begins to under-
stand why shells are so efficient. We begin to understand why our current alliance
with linear box-like structures is highly inefficient, and wasteful of materials. We
begin to understand what stresses are preferred and why others should be avoided.
We also understand how forces flow in structures and how to match these flows with
structural forms to achieve an optimal design.

In this chapter, we briefly explore fundamental concepts of stress and strain,
misconceptions related to shear forces, the inefficiencies of designing with bending
moments, and the effects of flaws (i.e., microcracks) in construction materials. We
also review how forces flow in membrane structures and stress concentrations
around openings. All of these concepts are necessary to achieve the most optimal
structural design. Most importantly, it enhances our ability to create shell structures
that are robust, durable, and time enduring.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
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2.2 The Basic Characteristics of Stresses and Strains

The basic characteristics of stress and strain in structural members may be broken
down into fundamental principles, which are expressed in a series of postulates. The
first postulate states:

1. Only two fundamental stresses exist in structural members, which are tensions
and compressions

In structural members, there are three types of possible forces: bending moments,
shears, and axial loads. These forces are, in fact, resultants of integrated stresses,
which may be broken down into fundamental stresses, which are tensions and
compressions. As shown in Fig. 2.1, bending moments are merely a force couple,
composed of tensions and compressions, characterized by a linear variation of stress
across a section. An axial stress is either compressive or tensile. Therefore, without
dispute, bending moments and axial forces comply with the postulate.

The question arises: Is shear composed of tensions and compressions as postu-
lated? The answer is yes. However, shears are components of tensile and compres-
sive stresses. In Fig. 2.2, the left differential element illustrates the stress pattern for a
pure shear case, which is approximately true near the ends of a simply supported
beam. The shears are orientated vertically and horizontally with equal magnitudes,
but orientated in different directions. The shear stresses may be transformed into an

Compression zone

Tension zone

Fig. 2.1 Stress couple of a
bending moment

450

Fig. 2.2 Shear stresses are composed of tension and compression stresses, orientated at 45� from
the shear plane

10 2 Construction Materials and Stress Flow
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equivalent differential element of tensions and compressions, applied at 45� (the
right differential element of Fig. 2.2), by assuming that shears are components of
tensions and compressions. These stresses are the principal (maximum) stresses.
This assumption is validated by Mohr’s circle (Timoshenko 1958).

Mohr’s circle is given in Fig. 2.3 for the pure shear case. The shears on the
vertical and horizontal planes of the differential element are plotted on the Mohr’s
circle as x(0, +τ) and y(0,�τ). Rotating 90� from these points will give the principal
stresses, which are tensions and compressions. As a reminder, the angles in Mohr’s
circle are double to the actual values. This leads to the second postulate:

2. Shear stresses are components of tensile and compressive stresses, applied at an
angle to the x and y axes

Therefore, what we call a shear stress is actually composed of tensions and
compressions, applied at an angle to the x and y axes. Furthermore, if the shear
stress is combined with bending, the principal stresses will be located at some other
angle to the x or y axis (not necessarily at 45�). Whatever the case may be, shears are
components of tension and compression stresses.

The third postulate states:

3. In construction materials, two stresses will always exist, and orientated orthog-
onally to one another

Poisson’s theory states that a strain applied in one direction will cause an opposite
strain, perpendicular to the applied load. Thus, a compressive strain applied in one
direction will cause a tension strain at 90�, and vice versa (Ohlsen et al. 1976).

Furthermore, Hooke’s law gives the relationship of stress, strain, and Poisson
ratio, given by Eqs. 2.1 and 2.2 for plane or membrane structures.

+

−

+ 1− 2

x-plane

y-plane

Fig. 2.3 Mohr’s circle for
the case of pure shear
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εx ¼ 1
E

σx � vσy
� � ð2:1Þ

εy ¼ 1
E

σy � vσx
� � ð2:2Þ

Rearranged,

εxE ¼ σ0x ¼ σx � vσy ð2:3Þ
εyE ¼ σ0y ¼ σy � vσx ð2:4Þ

Thus, a stress applied in one direction will cause an opposite stress in the
orthogonal direction, and the magnitude is proportionate to Poisson’s ratio.

Stress, however, is the internal resistance to strain. Internal resistance occurs in
most construction materials and structural elements, which include membrane struc-
tures (i.e., shell structures). Materials such as reinforced concrete, masonry, and
structural steel have sufficient depth and width and are bulky or constructed of plate
elements that provide internal restraint. The interaction of the web and flanges of
I-beams and reinforcement in concrete are sources of internal restrainment. In
concrete columns, we call this restrainment confinement steel. In most structural
elements, orthogonal stresses are caused by Poisson’s effect, as postulated by
Eqs. 2.3 and 2.4. Only in a few select cases will this not apply, such as long thin
bars and thermal loading in unrestrained members. In shell structures, Poisson’s
effect is usually ignored in the direction of the thickness, but in-plane, the stiffness of
the wall material and internal restraint will cause stresses in two orthogonal direc-
tions. This is critical, considering that many construction materials (i.e., concrete and
masonry) are adversely affected by tension stresses. Thus, it is typically assumed
(i.e., derivation of shell theory) that a stress applied in one direction will cause a
stress in the opposite direction (Billington 1982; Chatterjee 1971; Zingoni 1997;
Domone and Illston 2010).

The fourth postulate states:

4. Only two modes of material failure exist: tension and compression

If only two stresses exist, then it is only rational to conclude that only two material
failure mechanisms exist—tension and compression. In thin shells, or plated struc-
tures, buckling is the third possible mode of failure, but this is referred to as a
geometric failure, rather than a material failure. The question arises: Does the
postulate apply to what we call a shear failure?

In Fig. 2.4, a reinforced concrete beam was tested to failure. Cracking in the beam
is visible, extending from the support toward the first load point. The observed
failure line is typically referred to as a shear crack. Literature has repeatedly
described the mechanisms by which shear forces affect structures, and how they
are resisted: dowel action, aggregate interlock, interface shear transfer, etc. (Kong
and Evans 1987). However, what we call a shear failure is not congruous with shear
failure mechanisms.
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Near the end of a simply supported beam, where shear is maximum and the
bending moment is minimum, the stresses resemble the pure shear case, as illustrated
in Fig. 2.5. As observed, the shear stresses are orientated vertically and horizontally,
which would precipitate failure patterns in the same direction; a shear failure would
be vertical or horizontal. However, vertical failure lines rarely form (if ever). In the
horizontal direction, failure sometimes occurs along the interface between composite
materials (i.e., between in situ concrete and precast concrete or between a concrete
slab and steel beam), but these are usually the only cases where shear failures occur.
The diagonal failure line in Fig. 2.4 is not vertical or horizontal, which would imply
that the crack is not the result of shear stresses. Furthermore, shear failure would
cause material slippage along the failure plane, which is not observed. Typically,
what we call a shear failure, a crack commences at the bottom of the beam,

Fig. 2.4 Shear failure at the end of a beam. (Photo by author)

Fig. 2.5 Shear failure mechanism
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propagates at an angle, and terminates near the top of the beam. The movement of
the crack is 90� to the direction of the crack (movement of a shear crack would be
parallel to the direction of the crack), which would imply that the observed failure is
a tension failure. Unfortunately, most shear failures are misinterpreted, or misun-
derstood. In the majority of cases, shear cracks are actually diagonal tension cracks.
Nevertheless, once we understand that shear stresses are components of principal
tension stresses (see Fig. 2.2), then the mechanisms of failure become clearer to our
understanding. This leads to the fifth postulate:

5. In construction materials, such as reinforced concrete and masonry, the shear
and compressive strength is much greater than the tensile strength, thus tensile
failures precipitates

Shear forces exist, but most construction materials rarely fail in shear. Concrete
and masonry are highly anisotropic. In these materials, the shear and compressive
strengths are much greater than the tensile strength; thus, failures in these materials
are primarily tensile. In fact, almost all the cracking we see in concrete and masonry
are from tensile stresses. The old adage, “a chain will break at its weakest link,” is
true for concrete and masonry; the weakest link is the tensile strength.

When testing concrete cubes for compression strength, the mode of failure is
puzzling—the cracks are primarily orientated in the vertical direction, parallel to the
compression force. A compression failure would precipitate horizontal failure lines,
rather than vertical. What we call a compression failure is actually a tension failure
(i.e., the cracks are vertical, and consistent with a tensile mode of failure). Tension
strains are orthogonal to the direction of the applied compression force, and the
magnitude of the tension strains are proportional to Poisson’s ratio. The tension
strength is commonly estimated as 10% of the compression strength, but a better
estimate is the value of Poisson’s ratio (e.g., v ¼ 0.12, or 12%). However, we can
still refer to a compression test as a compression test, but with an understanding that
the point of failure is the maximum compression the material will resist, before a
tensile failure occurs.

The fifth postulate does not necessarily apply to structural steel. Structural steel
elements (i.e., I-beams, angles, channels, etc.) are composed of an arrangement of
thin plates, and the predominant mode of failure is buckling. However, a vast
number of shells are constructed of concrete or masonry (almost all shells found in
antiquity), and therefore the final postulate is applicable to shells constructed of these
materials.

2.3 Economy of Stresses

An important concept to improve the strength of shell structures (or any structure) is
to understand that some forces are expensive forces and others are far more eco-
nomical, in terms of stress magnitudes and the material that is required to resist that
stress. To illustrate this concept, a simple example is given in Fig. 2.6. In the figure,
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two identical members support the same magnitude of load. However, in Fig. 2.6a,
the load is resisted by bending in a beam, and in Fig. 2.6b, the load is resisted by a
column.

The maximum bending stress (σb) in the beam (Fig. 2.6a.) is expressed by Eq. 2.5
for an elastic distribution of stress.

σb ¼ 3PL
2bh2

ð2:5Þ

where L is the length, h is the depth of the beam, and b is the width.
If the same load is resisted by a column of the same length and size, the maximum

compressive stress (σc) (Fig. 2.6b) in the column is given by Eq. 2.6.

σc ¼ P
bh

ð2:6Þ

If the bending stress (σb) is divided by the column stress (σc), the ratio of the
stresses (r) is given by Eq. 2.7.

r ¼ σb
σc

¼ 3L
2h

ð2:7Þ

The value (L/h) is the span-to-depth ratio, which usually falls within a typical
range of values, depending on the code of practice. Table 2.1 is a list of stress ratios
for a variety of loads and support conditions. The stress ratio represents the increase

b

Fig. 2.6 A force applied to
a beam and column of the
same size

Table 2.1 Stress ratios of various loading and support configurations

Load condition End condition L/h Stress ratio (r)

Point load Simply supported 16 24

Uniform distributed load Simply supported 16 12

Point load Fixed supports 28 21

Uniform distributed load Fixed supports 28 14
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in stress in a beam (subjected to a bending moment) compared to an axially loaded
member. As indicated in the first row of Table 2.1, the stress in a simply supported
beam, subjected to a point load, is 24 times higher than the stress in an axially loaded
member. Similarly, the stress increase in other beam load/support configurations
ranges from 12 to 21 times the stress in a column.

This simple example demonstrates that resisting forces by bending is highly
uneconomical, compared to axial resistance. In both cases, an identical structural
member is used to resist the same point load. The only difference is that in one case
the load is carried by bending, and in the other, the load is carried along the axis of
the member. By carrying the load along the axis, the stresses are reduced by more
than 90%. Therefore, to achieve an optimal structure (where stresses are minimized),
bending moments should be avoided. If bending moments are avoided, significantly
less construction materials are required; the structure is more materially efficient and
the shell is stronger (i.e., the shell has a greater capacity to resist abnormal increases
in stress levels). The question may arise: Is it possible to avoid bending moments?
Yes, but never entirely. However, Table 2.1 clearly demonstrates that greater
efficiency is achieved by directing the flow of stress along the axis of the member.
In the example, the flow of stress is directed along the axis of a column. In shells, the
same applies—higher structural efficiency is achieved by directing the flow of stress
along the axis, or in the plane of the shell. The flow of stress along the axis is referred
to as membrane stresses. An inherent characteristic of shells is that the stresses are
primarily membrane, which is the source of its structural efficiency. The premise is
clear; bending moment should be avoided to achieve an optimal and efficient
structure.

For the most part, bending moments in shells are eliminated, except, perhaps,
near the base or foundation of the shell. These moments are termed “boundary
effects,” and usually only influence a small portion of the shell. The axis, however,
does not necessarily have to be straight or linear (like a column). Stress will flow
along the axis or middle surface of a shell, despite being curved. The geometry of the
shell, however, will determine the magnitude of the stress, and whether or not the
stress is compressive or tensile.

2.4 The Flawed Nature of Construction Materials

In the past, the majority of shells were constructed of masonry. Today, a large
portion of the shells are constructed of reinforced concrete. Concrete as well as most
masonry materials are anisotropic and, to a greater or lesser extent, plagued with
flaws. As a building material, concrete and masonry are poor structural materials. To
clarify this assertion, the compression strength is far greater than the tensile strength,
and therefore concrete is not ideal. An ideal material will have equal strengths in
tension and compression. It is well known that the tensile strength of concrete is only
about a tenth of the compressive strength. Masonry responds similarly to concrete. In
an age when so many strong materials are available, we may wonder why we use
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such poor materials in construction; the answer is simple: concrete is affordable.
Because it is cheap, we are motivated to overlook its flaws and look for ways to
compensate for its poor strength in tension (i.e., the inclusion of reinforcing steel).
The question may arise: Why are these construction materials so weak in tension?
The answer lies in the structure of the matrix (the composition of the material after
hardening). In Fig. 2.7, with the use of an electron microscope, a magnified view of
the matrix may be seen. An assortment of fine and course aggregates are easily
identified, as light and darker shapes. However, on close inspection, numerous
microcracks can also be seen. These microcracks are a source of weakness in tension
(Popovics 1998).

To illustrate this concept, if we apply an even tension to a piece of paper, it is
difficult to cause a rupture in the paper (Fig. 2.8a). However, if we make a small rip
on the edge of the paper, only a very small tension stress is required to pull the paper
apart (Fig. 2.8b). This simple example is analogous to what occurs in many con-
struction materials—flaws (microcracks) significantly reduce the strength of the
material in tension and is the primary reason why the tension strength of concrete
is only about 10% of the compressive strength. Unfortunately, all construction
materials are plagued with flaws, to a greater or lesser extent. In concrete, the
boundaries between the different components of the matrix are weak, and tend to
fracture. Inspecting Fig. 2.7 will reveal that crack propagation often follows along
the boundaries of the materials.

In Fig. 2.9, an ideal (flawless) material is illustrated on the left, subjected to an
even tension stress. In the center and the right-hand side, the same material is given,
but with flaws of differing lengths. Flaws, in the form of cracks, obstruct the flow of
stress. The stress is required to flow around the crack, which increases in intensity

Fig. 2.7 View of a concrete sample using an electron microscope. (Photo by Y Ballim)
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around the crack tip. The flow of stress is very similar to the flow of water through a
channel. If we place an obstruction in a channel, the water will flow around the
obstruction. Close to the obstruction, the velocity of the water increases, similar to
the stress concentrations around the crack tip. The magnitude of the stress concen-
trations is dependent on the shape, size, and direction of the flaw.

The tension force is the same in all three materials of Fig. 2.9. Therefore, if we
sum the stress, the resultant must also be the same in all cases to satisfy equilibrium
(the internal stress must equal the external stress). Since the width available for the

Fig. 2.8 An illustration
with paper to show the
effects of a microcrack in
construction materials
(photos by author). (a)
Tension applied to flawless
paper; (b) paper is easily
ripped if a flaw (small rip) is
introduced

Fig. 2.9 Stresses
distribution in a tension
member with cracks
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stress to flow is reduced in the materials with flaws, the stress intensity must increase
to achieve the same resultant. Thus, a longer crack will result in higher localized
stresses.

The relationship between stress and the crack length is given by Eq. 2.8
(Roylance 2001).

σ f ¼
ffiffiffiffiffiffiffi
EG
πa

r
ð2:8Þ

where σf is the fracture stress, a is the length of the crack, and G is the dissipated
energy. The dissipated energy may be broken down into two parts: the surface
energy (γ) and the plastic dissipation (Gp).

G ¼ 2γ þ Gp ð2:9Þ

For brittle materials, such as concrete, Eq. 2.9 reduces to the following form:

G � 2γ

and for ductile materials,

G � Gp

Table 2.2 gives the approximate G and E values for different construction
materials. However, these values may change considerably from those listed, since
the properties of materials can vary. The intension of the table is to give the reader an
indication of magnitudes, for the different types of construction materials The larger
the dissipated energy, the more stress that is required to facture the material, and vice
versa. It is interesting to note that for brittle materials, such as concrete, very little
tensile stress is required to fracture the material. Thus, the equation indicates what
we already know from practical experience.

When the applied stress exceeds the fracturing stress, the crack will “run” and
propagation is unstoppable in brittle materials. As the crack length increases, the
stress at the crack tip similarly increases, leading to a state of instability and
uncontrollable crack growth. Thus, the material will fracture, or fail, almost simul-
taneously (Allen and Zalewski 2010).

Table 2.2 Approximate
values for the material dissi-
pated energy value (G) and
Young’s modulus (E)

Construction material
G
(kJ/m2)

E
(GPa)

High strength steel 107 210

Mild steel 12 210

Concrete 0.5 10–30

Timber 0.5–2 2

Glass 0.01–0.5 70

2.4 The Flawed Nature of Construction Materials 19

@seismicisolation@seismicisolation

https://t.me/seismicisolation


If we consider materials at a molecular level, solid materials are formed by
intermolecular bonds. In Fig. 2.10, a ball and spring analogy is used, which is a
simplistic but convenient method of demonstrating molecular interaction of bonding
forces. The balls represent the molecules and the spring represents the bond between
molecules. The bond between molecules responds similarly to a spring, which may
be subjected to tensions or compressions. If we apply a tension or compressive force
to the molecules, the bonds will expand or contract respectively. If the force is
removed, the molecules will be restored back to its original unstressed position
(elastic response). However, if the force exceeds the bond strength, breakage will
occur and the molecules will separate.

In Fig. 2.11, molecules are arranged in an idealized lattice to represent a solid
material. The dashed lines represent the molecular bonds, which are assumed to act
like springs. Molecules in the lattice will interact with the surrounding molecules.
Thus, the interaction lines (dashed lines) emanating from each molecule are
connected to the surrounding molecules. The resulting configuration of interaction
represents a truss, which is simplistic and rudimentary, but a convenient tool in
understanding how forces flow through solid materials and how materials react to
stress.

In Fig. 2.12, we trace the flow of stress for a force applied to the edge of the
lattice. The flow will resemble the flow of stress in a truss. In Fig. 2.13, a flaw is
modeled by a break in the bond between two molecules (the interaction line is
removed). In reality, a microcrack will have numerous bonds broken. By introducing
a crack, the flow of stress is diverted, or redistributed to the adjacent bonds. This
redistribution of stress will precipitate further breakage and a “domino effect” in
crack propagation, until the material is completely fractured. Thus, a molecular

Fig. 2.10 Spring-ball analogy to represent contraction and expansion of molecular bonds

Fig. 2.11 Molecular lattice
representing a solid material
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model (similar to Fig. 2.11) is useful in providing a physical understanding of the
stress concentrates at the crack tip, and is why the crack growth tends to be
unstoppable in brittle materials.

Another important concept is how stresses are transferred across flawed and
cracked materials. In Fig. 2.14, a material is cracked across the entire section.
Intuitively, a compression force may be transferred across the cracked section, but
the same cannot be said for a tensile force. Flawed materials are able to cope better
with compressive forces. Therefore, considering that construction materials are
inherently flawed, structures perform better in pure compression. However, this

Fig. 2.12 Tracing the flow
of stress on the edge of the
lattice

Increase in stress in
the adjacent 
molecular bonds
bonds

Removal of a bond to
model a crack in the 
material

Fig. 2.13 Modeling a crack in the material and the increase in stress
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may not be possible, or practical, but the designer should at least attempt to minimize
the tension stresses.

All materials have flaws and microcracks, and these flaws dramatically reduce the
tensile strength of materials; especially brittle materials, such as concrete and
masonry. Unfortunately, we have no choice but to live with these materials, which
forces us to alter our designs accordingly. Greater shell strength and economy can be
achieved if the tensile stresses are eliminated, or at least minimized. Admittedly, this
may not be entirely possible, depending on our choice of shell. Whatever the case
may be, the most durable and robust structures are those that are in pure
compression.

The Pantheon in Rome and Hagia Sophia are excellent examples of durable
structures. Both of these structures are of ancient origin (125 AD and 537 AD,
respectively). These structures have been exposed to severe seismic and metrological
events, yet they stand in remarkably good condition. Interestingly, both are pure
compression structures (Goshima 2011), which is the secret of their longevity.

2.5 The Flow of Stress in Flat and Curved Walls

The study of the flow of stress in shells is drawn from the flow of stress in flat plates.
In shells, the flow of stress is similar or identical—a shell is simply a curved plate.
The comparison is increasingly valid with shells of a large diameter. Furthermore,
the study is restricted to membrane stresses, since the stresses in shells are primarily
membrane.

Fig. 2.14 Transferring
compressions and tensions
across a flawed material
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The flow of stress in a plate can be broken down into two primary types of flow:
regular (or parallel flow) and fan flow. Regular flow is usually associated with
uniform distributed loads, as depicted in Fig. 2.15a. The solid lines represent the
compression stresses, and the dashed lines are tensile stresses. As seen in the figure,
the flow of stress is parallel (compressions) and perpendicular (tensions) to the
direction of the load. At 90� to the compression stresses are tensions, which exist
in plated structures due to Poisson’s effect (Allen and Zalewski 2010; Fung and
Tong 2001).

The fan flow in Fig. 2.15b may be further broken down into three classifications
(Fig. 2.16): (a) half fan, (b) quarter fan, and (c) full fan.

Stress flow, as mentioned previously, is analogous with the flow of water through
a channel. Stress flow, unlike the flow of water, is not visible. We only see the effects
of stress, if the stress is excessive. The flow of water, however, is a useful tool to

Regular flow b Fan flow

Fig. 2.15 Regular and fan
flow of stresses (a) regular
flow; (b) fan flow

b Quarter fan c Full fan

Fig. 2.16 Standard fan classifications (a half fan, b quarter fan, c full fan)
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observe how stress flows within solid objects. The direction of water flowing down a
narrow channel is parallel, which is the same as stress flowing down the axis of a
column. Similarly, when a channel of water opens into a field, the water spreads in a
fan-like pattern; this flow characteristic is identical to the spread of stress from a
point load into a wall or plate. Furthermore, the stress flow around openings may be
examined by placing solid objects in a channel, and observing the increase in current
and turbulence around these objects. Admittedly, the comparison is not perfect—
fluid flow and stresses in solids do not act exactly the same (water is incompressible),
but it is a useful tool in the study of stress flow.

Fan stresses may be approximated by using the Boussinesq-Flamant equation:

σ ¼ 2P cos α
πtr

ð2:10Þ

where P is the load, α is the angle from the line of action, t is the thickness, and r is
radius to the point where the stress is determined. The stress distribution is the
highest along the line of action (i.e., α¼ 0) and dissipates with increasing angle. The
concentrated stress distribution along the line of action is an important observation.

If we solve for the resultant force of each quarter of the fan, the resultants are
located at 32.5� from the line of action (see Fig. 2.18). The majority of the flow of
force is therefore primarily within an angle of 65�, and this is the reason why
designers often assume the flow of stress is restricted within a range of 60�.

Regular and fan flow do not necessarily act independently, but often act together,
or rather transition from one type of flow to another. In Fig. 2.19, the flow of stress is
depicted in a wall, from a point load applied at the top to the supports at the bottom.
A point load will spread into a half fan, but will transition to regular, or parallel flow.
The stresses from parallel flow will then divide into quarter fans near the supports.
The solid lines are the principal or primary compressive stresses. Also depicted in the

Fig. 2.17 Boussinesq-Flamant distribution of stress

24 2 Construction Materials and Stress Flow

@seismicisolation@seismicisolation

https://t.me/seismicisolation


= 32.50 = 32.50

Fig. 2.18 Resultant forces of each quarter

Transitional
flow from
half fan to 
regular flow

Transitional
flow from regular
flow to quarter 
fans

Regular
flow

Secondary
compressions
near the top

Secondary
tensions

Principal, or
primary compression 
stresses

Fig. 2.19 The combination of fans and regular flow

2.5 The Flow of Stress in Flat and Curved Walls 25

@seismicisolation@seismicisolation

https://t.me/seismicisolation


diagram are the secondary tensions (dashed lines), which are orientated at 90� to the
compressions, which are the result of Poisson’s effect. The secondary tension
stresses are necessary for the transition from fan flow to regular flow and from
regular flow back to fan flow. The magnitude of these tensions equilibrate and alter
the flow pattern in the transitional regions (i.e., fan to regular or regular to fan).

It should be noted that near the point load, the secondary stresses are actually
compressions. What is interesting is that near the top of domes, the hoop stresses are
also compressions. Thus, it is therefore possible to have a pure compression shell
(both in the vertical and hoop directions) if the geometry of the shell only includes
the upper portion of the form. As will be seen in Chap. 4, the geometry of a pure
compression shell will fall within an angle of 51.83�, from the vertical to the base of
the shell.

At the bottom of the wall, between the supports, the unstressed region forms a
catenary arch. This region is unstressed, unless the supports are rollers. Rollers
support the vertical reactions, but not horizontal. For the case of rollers, horizontal
tensions will form in the bottom of the wall between the supports.

What is lacking in Fig. 2.19 is concentration of stress within the flow pattern. The
stresses in Fig. 2.19 appear to be evenly distributed. However, in reality, the stresses
tend to be concentrated, which is depicted in Fig. 2.20 as thrust-lines. The compres-
sion thrusts will take the most direct route; thus, a concentration of force will split
and flow directly from the point load into the supports (similar to the Boussinesq-
Flamant equation).

Fig. 2.20 Concentration of
compression thrusts flow
directly into the supports
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Since the stress tends to concentrate and flow toward the supports, flow patterns
can be constructed from any number of load and support conditions. Sometimes it is
easier to represent the stress flow as a truss. This is a very useful method to determine
the magnitudes of the principal compression thrusts and the equilibrating tensions in
the transition regions. An idealized truss, representing the stress flow, is given in
Fig. 2.21.

As before, the solid lines represent the path of the principal compressions, which
should be orientated so that the path is as direct as possible from the point load to the
supports. The dashed lines are the tensions, which equilibrate the truss and permits a
change in the force direction. The truss representation allows one to determine the
magnitude of the compression thrusts and the equilibrating tensions in the transition
regions.

As mentioned previously, load will tend to flow in the most direct route to the
supports. If the load is not placed over a support, the load will split. This concept is
depicted in Fig. 2.22 for a single point load (a) and for multiple point loads (b).

If multiple point loads are applied to the top of a wall to simulate a uniform
distributed load, and the individual compressive thrusts are summed, the resultant
compressive thrust, or thrust-line, takes the shape of a catenary arch (Fig. 2.23).
(Catenary arching is substantiated by the funicular point load method of Chap. 7.) If
the wall or plate is on rollers (Fig. 2.24), a tension tie is required to resist the tension
thrust-line at the base.

Fig. 2.21 Idealized truss to
represent stress flow
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Arching action is a well-known phenomenon that occurs in walls, beams, and
slabs (Ockleston 1958: 7; Ruddle and Rankin 2003; McDowell et al. 1997).
Masonry arches are common throughout the world, and some are more than a
thousand years old, yet many remain stable and serviceable. The key to their
structural strength is matching of the geometrical shape with the flow of the stress,
which takes the form of an arch (Fig. 2.25). Arching action is the natural flow of
stress (i.e., how the stress flows naturally, if uninhibited by the structural geometry).

Engineers of the past commonly used hanging chains as a tool to design arches
and domes. The physical properties of a hanging chain are ideally suited to deter-
mine the shape of optimal structures; chains are only capable of resisting a tension
force, and free of bending moments and shears. This is ideal, since structural

a. b.

Fig. 2.22 Flow of compression thrusts for a single and multiple point loads

Fig. 2.23 Catenary thrust-
line forms for the case of a
uniform distributed load

Fig. 2.24 If the supports
are rollers, a tension thrust
occurs in the bottom of
the wall
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members that are subjected to bending are highly uneconomical (Sect. 2.3).
Although a hanging chain is in pure tension, if the links are locked and the chain
is turned upright, the force is reversed and in pure compression. A pure compression
structure is advantageous; the stresses are lower (since bending is eliminated) and
most construction materials are able to resist compressions far better than tensions,
especially concrete and masonry (Sect. 2.4).

Fig. 2.25 The flow of stress in a masonry arch

Fig. 2.26 Natural structural shapes for a continuous load (a) and a point load (b)
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In Fig. 2.26, two types of loading are applied to a chain—a continuous load and a
point load. If a chain is only subjected to a uniform distributed load (i.e., self-
weight), the profile of the chain is catenary. The catenary shape is frequently found
in arches, domes, buttresses, and bridges. Some notable examples are the St. Luis
arch, St. Peters, and St Paul’s cathedrals. If a point load is applied, the shape of the
chain is triangular. Trusses are a common example of structural optimization of
resisting point loads. However, what is often overlooked, which is the key to
understanding the efficiency of trusses, is that the individual members of a truss
are free of bending moments. In both of these cases (uniform and point loads), the
chain is in pure tension. If the links are locked and the shape is flipped upright, the
stresses will be in pure compression. Thus, with these two examples, the basic
optimal shapes for structures are defined, where the natural flow of stress matches
the structural shape. In addition, we can add a third optimal shape: the column,
where loads flow directly into the support (Fig. 2.27). The efficiency of columns is
visually apparent; columns are usually much more slender than beams; beams resist
loads by bending and are therefore deeper in framed structures.

The shape of an optimal structure is directly related to the type and position of the
loads. A point load will require a triangular supporting structure and a uniform
distributed load will require a catenary shaped structure. A combination of point and
uniform loads will require a structure that is a combination of shapes. The dome at
St. Paul’s Cathedral in London is an example of the combination of the two types of
loads. The dome is constructed of masonry and must resist its self-weight, a
uniformly distributed load. In addition, St. Paul’s dome must resist a lantern (point
load), which is placed on top of the dome. The combination of both types of loads
necessitates a conical, or pointed shaped dome as the structural support. In Fig. 2.28,
the conical internal dome is the main supporting structure. The outer and inner
circular domes are decorative and nonstructural.

Fig. 2.27 Basic optimal shapes in pure compression
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2.6 The Flow of Stress around Openings

A well-known principle of structural analysis is that stiffness attracts stress; con-
versely, a lack of stiffness repels stress.

In Fig. 2.29a, a hole is placed in a plate. The hole will have zero stiffness, and the
stress flowing through the plate will be repelled away from the hole. However, in

Fig. 2.28 Christopher
Wen’s structural drawings
of St. Paul’s Cathedral in
London

a. b.

Fig. 2.29 The repelling of
stress (a) and the attraction
of stress (b)
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Fig. 2.29b, the hole is filled with a very stiff disk, and the stress in the plate will flow
to the material of much higher stiffness. A stiff disk is usually not introduced into
shell structures, but rather holes. The objective is therefore to minimize stress
concentrations if holes are introduced in shells (Salvin 1961; Timoshenko 1959).
The stress concentrations occur on the sides of the holes.

Different stress patterns will occur with different shapes of holes. General rules
for hole design are listed below:

1. Corners—angular corners cause higher stresses than rounded corners.
2. Shape—less stress occurs if the shape of the hole is stream-line to the flow of

stress.
3. Size—the smaller the hole, less stress disturbance will occur.
4. Stress magnitudes—the maximum stress occurs at the edge of the hole, which

decreases with distance.

Most of these rules are intuitive, without knowing the actual stress caused by
different shaped holes, and the best choice is usually selected without any calcula-
tions. However, for design, it is useful to know the magnitude of stress increases of
various shaped holes to reinforce these regions:

Circular Holes

The maximum stress occurs at θ ¼ 90� and 270� (see Fig. 2.30)

σmax ¼ 3σ ð2:11Þ

Rectangular Hole with Rounded Corners

The maximum stress is dependent on the aspect (length to width) of the hole and
radius of the rounded corner.

3

Direction of 
stress flow

Fig. 2.30 Maximum stress
around a circular opening
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σmax ¼ C1 þ C2
a
b

� �
þ C3

a
b

� �2
þ C4

a
b

� �3
� �

ð2:12Þ

C1 ¼ 14:815� 22:308

ffiffiffiffiffi
r
2a

r
þ 16:298

r
2a

� �

C2 ¼ �11:201� 13:789

ffiffiffiffiffi
r
2a

r
þ 19:200

r
2a

� �

C3 ¼ 0:2020þ 54:620

ffiffiffiffiffi
r
2a

r
� 54:748

r
2a

� �

C2 ¼ 3:232� 32:530

ffiffiffiffiffi
r
2a

r
þ 30:964

r
2a

� �

range,

0:05 � r
2a

� 0:5

0:2 � a
b
� 1:0

2b

2a

Direction 
of stress 
flow 

Fig. 2.31 Maximum stress
flow around a
rectangular hole

Table 2.3 Maximum stresses
for various configurations of
rectangular holes

Configuration a/b r σmax
Square with minimum radius 1 a/10 4.50 σ

Square with larger radius 1 a/2 2.97 σ

Rectangle with minimum radius 0.5 a/10 6.09 σ

Rectangle with minimum radius 0.2 a/10 8.34 σ

Circle (maximum radius) 1 a 3.00 σ
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The maximum stress will occur at the rounded corners (see Fig. 2.31). To indicate
the influence of shape, Table 2.3 gives the stresses for various configurations of
rectangular holes.

Elliptical Hole

The equation for an elliptical hole is very versatile and is applicable to stress flows
against and parallel to each of the axis. The ellipse is one of the most efficient holes
to reduce stress concentrations, but also may be the worst, depending on the
direction of stress flow and the ratio of the minor and major axis. If the minor axis
is in the direction of the stress flow, the hole is more streamlined and therefore a
lower concentration of stress is observed. The equation for the maximum stress is
given as Eq. 2.13, and the results of various configurations are given in Table 2.4,
and the location of the stress is shown in Fig. 2.32.

σmax ¼ 1þ 2

ffiffiffi
a
r

r	 

σ ð2:13Þ

r ¼ a2

b
ð2:14Þ

range,

Table 2.4 Maximum stress
for various configurations of
the ellipse

Configuration a/b r σmax
Flow against major axis 0.01 a/100 21 σ

Flow against major axis 0.1 a/10 7.32 σ

Circle 1 a 3 σ

Flow against minor axis 2 2a 2.41 σ

Flow against minor axis 5 5a 1.89 σ

Flow against minor axis 10 10a 1.63 σ

2b

2a

Direction 
of  flow 

Fig. 2.32 Maximum
concentrated stress in an
elliptical hole
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0 <
a
b
< 10

2.7 Exercises

2.7.1 The compression stress on a wall is 12 MPa. For the holes given below,
determine the maximum stress and location around the opening. Comment
concerning the most efficient shaped holes to minimize stress concentrations in
shell walls.

500

500

a. square hole

Direction of 
stress flow

b. circular hole

500

500

250

c. elliptical hole
(stress normal to 
major axis)

500

250
d. elliptical hole
(stress parallel to major 
axis)

2.7.2 At some point in a membrane structure, the stress in the x and y directions
are in pure shear. Using the differential element of stresses given below:

(a) Determine the maximum tension stress in the membrane.
(b) Draw a sketch of the differential element, and the orientation of principal

stresses.
(c) On the element, draw the potential crack, if the material is concrete.
(d) If the material has a concrete strength of 40 MPa, comment on the probability of

cracking. e. Using a simplified molecular lattice to represent a solid material,
explain shear deformations.
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5 MPa

2.7.3 For the given loads and support conditions, graphically estimate the stress
trajectories in the wall. The top of the wall is loaded with a uniform distributed load
(applied in patches), and the two bottom corners are pin supports. A square hole is
placed approximately in the center of the plate.

2.7.4 Provide a structure of curved or linear members for the loads given below.
Two foundations are given to support the structure. Draw a pure compression
structure to support the given loads, using the hanging chain analogy. Firstly, assume
that the self-weight of the support structure is negligible compared to the forces (P).
Secondly, assume that the self-weight is significant, and must be considered in the
configuration of the support structure.

36 2 Construction Materials and Stress Flow

@seismicisolation@seismicisolation

https://t.me/seismicisolation


PP
P

L L L 2L

L

L/4

2.7.5 Explain the basic principles of structural optimization, in terms of stress
flow and material efficiency.

2.7.6 Explain why shell structures are so efficient and time enduring.
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Chapter 3
Cylindrical Shells

Abstract This chapter develops the membrane (in-plane stresses) and deformation
theories of cylindrical shells for various loading conditions (liquid and bulk solids),
assuming the base is unrestrained. The theory for the boundary effects (support
restraint) is also developed, for fixed and pinned supports. To solve for the effect of
boundary conditions, compatibility equations are formulated to solve the base
reactions, which, in turn, are used to distribute the stresses in the shell. The
membrane and boundary solutions are then superimposed to solve for the stresses,
bending moments, and shears at any point in the shell. The mathematical derivation
is fully developed for this shell.

3.1 Introduction

The cylindrical shell is the most common shell and is used extensively to retain
granular materials (i.e., grain, coal, cement, etc.) and liquids (i.e., water). In agricul-
tural and industrial applications, the cylindrical shell is referred to as a silo. The
water retaining shells are commonly referred to as circular reservoirs.

When designing a cylindrical shell, the two main stresses are hoop (i.e., circum-
ferential) and vertical. The source of the vertical stress is the self-weight of the shell
walls, the roof structure, and perhaps frictional forces on the walls due to the
discharge/filling of materials. The hoop stress is caused by the lateral pressure on
the walls from the retained materials or liquids. Many codes of practice and design
guides only consider these two stresses when designing cylindrical shells. These
stresses are called membrane stresses since they act within the plane of the shell. A
balloon filled with air is an example of a membrane shell; all the stresses are in-plane.
However, this assumption is only valid if the shell does not have a roof (or a roof that
restrains the top of the shell) and if the base is free to slide laterally. An open
reservoir, resting on a sliding base, is perhaps the only type of shell where the
stresses are purely membrane. All other shells are attached at the base (fixed or
pinned) and many have some sort of roof structure. This fixity at the base and roof
causes additional stresses in the shell, referred to in shell theory as boundary effects.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
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Boundary effects cause bending moments and shears. The effect may be substan-
tial, and the resulting stresses could be much higher than those generated by
membrane stresses. Thus, it is essential that the shell designer is able to determine
these stresses and design accordingly. However, the calculation of the boundary
effects are significantly more complicated than the calculation of the membrane
stresses, which explains why many designers choose to ignore boundary effects.
Needless to say, boundary stresses do exist. Accounting for boundary effects is
especially important in the design of water retaining structures, where an incorrect
assessment could result in cracking, leakage, and deterioration of the structure.

The equations and notations are based on Billington (1982), which is widely read
and adapted in many publications on shells and have become standard terms. This
chapter also relies heavily on the work by Wilson (2005), Timoshenko (1959),
Flugge (1960), and Chatterjee (1971). These books provide a wealth of theoretical
and practical information on the design of cylindrical shells.

3.2 The Membrane Theory of Cylindrical Shells

Stresses in a cylindrical shell are defined on a differential element. The location of
the differential element is given in Fig. 3.1, and the differential stresses are given in
Fig. 3.2.

r

dθ

rθ
θ

rdθ

y

dy

Fig. 3.1 Location of the
differential element in the
cylindrical shell
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A differential element represents a point in the cylindrical walls, at an intersection
of vertical and hoop strips. Although the square element depicted in Fig. 3.1 is
proportionally large to the size of the shell, differential elements are infinitesimally
small. These elements are used to describe the distribution of stresses, expressed in
terms of differential equations. Differential equations are useful for continuous stress
systems and to account for infinitesimal changes in stress. Fundamentally, differen-
tial elements are a mathematical convenience, which may not be apparent due to the
enormity of the derivation.

Differential elements are a graphical and mathematical method of depicting the
stress distribution in a shell. In shell theory, the values N 0

θ, , N
0
θy and N 0

yθ (Fig. 3.2)
are referred to as stress resultants, and the units are force per unit length (kN/m or
kips/ft). The stress N 0

θ is the circumferential stress (commonly called the hoop
stress), which is the result of the retained materials or liquids contained in the
shell. The value N 0

y is vertical stress, which is the result of the self-weight of the
shell walls. The other two stresses (N 0

θy and N
0
y) are the in-plane shear stresses, which

occur if nonsymmetrical loads are present. It should be noted that all of the stress
terms have a prime as a superscript, which indicates that the stresses are membrane
and derived from membrane theory.

′

′ +
′

′′ +
′

′

′ +

′

′

′ +
′

Pz

Py

Centerline
of cylinder

Origin

Fig. 3.2 Membrane stresses on the differential element

3.2 The Membrane Theory of Cylindrical Shells 41

@seismicisolation@seismicisolation

https://t.me/seismicisolation


Membrane stresses are in-plane stresses, and the membrane theory assumes that
only in-plane stresses exist; bending moments and shears are not accounted for in the
analysis.

An inspection of Fig. 3.2 will show that the stresses change from one edge to the
opposite edge. If we consider the circumferential stress N 0

θ in the horizontal direc-

tion, the stress changes to N 0
θ þ ∂N 0

θ

∂θ dθ on the opposite end. The added term
∂N0

θ

∂θ

� �
accounts for change in stress from one edge of the element to the other, in the
circumferential direction. When multiplied by a small angle dθ, the additional stress
across the element is determined (∂N0

θ), albeit an increase or decrease. Thus, the
differential element graphically and mathematically represents how the stresses
change in the circumferential and vertical directions.

3.2.1 Circumferential (Hoop) Equilibrium

The circumferential, or hoop stress (N 0
θ), is determined by formulating equilibrium

equations (i.e., by summing forces). Figure 3.3 is a view of the differential element,
looking down from the top of the shell. Although the differential element has eight
internal stresses and three external pressures on the element, only five are included in
Fig. 3.3 for clarity (only those stresses that contribute to the equilibrium equation are
included in the figure).

Summing forces along the x–x0 line,

dθ

2 2
′

′ + 
′

r
′′ + 

′

X X’

Fig. 3.3 Differential element stresses that contribute to the equilibrium equations in the circum-
ferential direction
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N 0
θ þ

∂N 0
θ

∂θ
dθ

� �
dy cos

dθ
2

� �
� N 0

θdy cos
dθ
2

� �
þ N 0

yθ þ
∂N 0

yθ

∂y
dy

� �
dθr

� N 0
yθdθr þ Pθ dθrð Þdy ¼ 0

ð3:1Þ

The stresses are multiplied by the lengths of the differential element to solve for
the forces. Trigonometry is also used to solve for the components of force along the
x–x0 direction.

Since the differential element is infinitesimally small, and consequentially dθ is
small, we can assume cos dθ

2

� � � 1. Expanding Eq. 3.1,

N 0
θdyþ

∂N 0
θ

∂θ
dθdy� N 0

θdyþ N 0
yθdθr þ

∂N 0
yθ

∂y
dθdyr � N 0

yθdθr þ Pθdθdyr ¼ 0

ð3:2Þ

Equation 3.2 may be simplified by canceling the first and third terms, the fourth
and sixth terms, and by dividing by dθdy. The result is the first equilibrium equation.

∂N0
θ

∂θ
þ ∂N0

yθ

∂y
rþ Pθr= 0 ð3:3Þ

3.2.2 Vertical Equilibrium

The next step is to sum forces in the vertical direction (y-direction). Again, Fig. 3.4
only shows the internal and external stresses that contribute to the vertical equilib-
rium equations.

Summing forces about the line x–x0,

N 0
y þ

∂N 0
y

∂y
dy

� �
dθr � N 0

ydθr þ N 0
θy þ

∂N 0
θy

∂θ
dθ

� �
dy� N 0

θydyþ Pydθdyr ¼ 0

ð3:4Þ

Expanding Eq. 3.4,

N 0
ydθr þ

∂N 0
y

∂y
dydθr � N 0

ydθr þ N 0
θydyþ

∂N 0
θy

∂θ
dθdy� N 0

θydyþ Pydθdyr ¼ 0

ð3:5Þ
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Eliminating terms one and three, four and six, and dividing each side of the
equation by dθdy, the equilibrium equation in vertical direction is simplified.

∂N0
y

∂y
rþ ∂N0

θy

∂θ
þ Pyr= 0 ð3:6Þ

3.2.3 Radial Equilibrium

The radial direction is the z-direction. Radial equilibrium is determined by summing
of the forces normal to the surface of the differential element. Equilibrium in this
direction only includes two internal stresses and one external pressure (see Fig. 3.5).

Summing forces along the line x–x0,

N 0
θ þ

∂N 0
θ

∂θ
dθ

� �
dy sin

dθ
2

� �
þ N 0

θdy sin
dθ
2

� �
þ Pzdθdyr ¼ 0 ð3:7Þ

Since dθ
2 is small, the sin dθ

2

� � � dθ
2 .

Making this substitution and expanding Eq. 3.7,

′

′ + 
′

′
′ + 

′

X’

XFig. 3.4 Differential
element stresses that
contribute to the equilibrium
equation in the vertical
direction
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N 0
θdy

dθ
2
þ ∂N 0

θ

∂θ
dy

dθ2

2

� �
þ N 0

θdy
dθ
2

� �
þ Pzdθdyr ¼ 0 ð3:8Þ

The second term is what is called a higher order term. Terms are referred to as
higher order terms when the magnitude is much smaller than the other terms, and
therefore may be omitted to simplify the expression. The first and third terms are
combined and the equation is divided by dθdy.

N0
θ þ Pzr= 0 ð3:9Þ

3.2.4 General Membrane Stress Equations

The three equilibrium equations are collected and listed below:

∂N 0
θ

∂θ
þ ∂N 0

yθ

∂y
r þ Pθr ¼ 0 ð3:3Þ

∂N 0
y

∂y
r þ ∂N 0

θy

∂θ
þ Pyr ¼ 0 ð3:6Þ

N 0
θ þ Pzr ¼ 0 ð3:9Þ

From these equations, the membrane stresses are solved.
Equation 3.3 is rearranged and expressed in terms of ∂N 0

yθ

∂y .

dθ

2 2

r

′

′ + 
′

X

X’

Fig. 3.5 Differential
element stresses that
contribute to the equilibrium
equation in the radial
direction
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∂N 0
yθ

∂y
¼ � 1

r
∂N 0

θ

∂θ
� Pθ ð3:10Þ

By integrating both sides of the equation, the membrane shear stress N0
yθ is

determined.

N 0
yθ ¼

Z
� 1
r
∂N 0

θ

∂θ
� Pθ

� �
dyþ f 1 θð Þ ð3:11Þ

where f1(θ) is the integration constant, which represents the stresses caused by the
boundary conditions (i.e., the stresses caused by fixity of the base or roof structure).

Similarly, rearranging Eq. 3.6 in terms of N0
y, and dividing by the radius r,

∂N 0
y

∂y
¼ � 1

r

∂N 0
θy

∂θ
� Py ð3:12Þ

The membrane stress N0
y is solved by integration.

N 0
y ¼

Z
� 1
r

∂N 0
θy

∂θ
� Py

� �
dyþ f 2 θð Þ ð3:13Þ

As before, f2(θ) is the integration constant representing the boundary conditions.
The last membrane stress is determined by rearranging Eq. 3.9.

N 0
θ ¼ �Pzr ð3:14Þ

Equations 3.11, 3.13, and 3.14 are general stress equations, which are solved for a
variety of surface loads (i.e., Py, Pθ, and Pz).

Collecting the stress equations,

N0
yθ =

Z
2

1
r
∂N0

θ

∂θ
2Pθ

� �
dyþ f 1 θð Þ ð3:11Þ

N0
y ¼

Z
� 1
r

∂N0
θy

∂θ
� Py

� �
dyþ f 2 θð Þ ð3:13Þ

N0
θ ¼ �Pzr ð3:14Þ

It should be noted that he hoop stress (N 0
θ) is independent of the vertical stress (N

0
y)

and the in-plane shears (N 0
yθ). The hoop stress is only dependent on the wall pressure,

either from liquids or granular materials. The vertical and in-plane shears are
interdependent.
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3.2.5 Membrane Stress Equations for Various Loadings
on the Shell

Since the primary uses of a cylindrical shell are silos and water reservoirs, the
membrane stresses are solved for these types of loads. However, before we solve
the equations for various loads, the general stress equations are simplified by making
the following assumptions:

1. The boundary effects are ignored at this stage of the analysis. By doing so, the
integration constants ( f1 and f2) are dropped from the equations.

2. Although the stresses will change in the y-direction (vertical direction), the
stresses will be constant in the θ-direction (hoop direction). This assumption
implies symmetry of loading; a water reservoir will automatically fit this assump-
tion, but with granular materials, the silo must be filled and discharged concen-
trically to ensure symmetrical loading of the shell walls. Thus, by assuming

symmetrical loading, the partial differential terms in the hoop direction (i.e.,
∂N 0

θ

∂θ

and
∂N 0

θy

∂θ terms) drop from the equations.
3. The only loads assumed on the shell are the vertical loads due to self-weight of the

walls (Py) and the lateral wall pressures from liquids or granular materials (Pz).
The pressure in the hoop direction (Pθ) (called surface tractions) is also ignored
and dropped from the stress equations.

Applying the above assumptions, Eq. 3.11 is eliminated and Eqs. 3.13 and 3.14
are simplified.

N 0
y ¼ �

Z
Pydy ð3:15Þ

N 0
θ ¼ �Pzr ð3:16Þ

Wall Stresses Due to Gravity Loads

The stresses due to gravity load will be zero at the top of the shell and maximum
at the base. At any point y in the shell, the value of N0

y represents the force per unit
length of the shell between elevations H and y. As mentioned previously, what we
call a stress is actually a force per unit length.

Integrating Eq. 3.15 between y and H (see Fig. 3.6),

N 0
y ¼ �

Z H

y
Pydy ¼ �Py y½ �Hy ð3:17Þ

The vertical stress in the shell walls is determined at any point y.
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N 0
y ¼ �Py H � yð Þ ð3:18Þ

If the shell wall is of constant thickness, N 0
y may be expressed in the following

form

N0
y = 2 γh H2 yð Þ ð3:19Þ

where γ is the weight of the shell walls per unit volume and h is the thickness of the
shell. If the wall thickness varies,

N0
y = 2 γ

ht þ hbð Þ
2

þ ht 2 hbð Þy
2H

� 	
H2 yð Þ ð3:20Þ

where ht and hb are the thicknesses at the top and bottom of the shell, respectively. If
the values ht and hb are the same, Eq. 3.20 is identical to Eq. 3.19.

Circumferential (Hoop) Stresses Due to a Liquid Pressure

The distribution of a liquid pressure is triangular, as shown in Fig. 3.7. The hoop
stress is constant and symmetrical around the shell at any given height y.

The normal pressure on the walls of the shell is defined by Eq. 3.21.

Pz ¼ �γ H � yð Þ ð3:21Þ

where γ is the density of the liquid.
Substituting Eq. 3.21 into Eq. 3.16, the hoop stress is determined.

y

H′

Fig. 3.6 The self-weight of
the shell walls
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N0
θ = γ H2 yð Þr ð3:22Þ

Circumferential (Hoop) Stress Due to Granular Materials
The pressure distribution for granular materials is approximated by Janssen’s

equation (AS3774 1997) (Eq. 3.23). The distribution of pressures is illustrated in
Fig. 3.8, and the equation for the distribution is given in Eq. 3.23.

Pz ¼ � γrh 1� e y�Hð Þ=zo
 �
μ

ð3:23Þ

where

γ ¼ unit weight of the granular materials
μ ¼ tan(ϕw)
rh¼ hydraulic radius

y

H
′

Fig. 3.7 Hoop stresses due to a liquid load

y

H
′

Fig. 3.8 Distribution of wall pressures due to granular materials
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ϕw ¼ angle of wall friction
ϕi ¼ angle of internal friction
zo ¼ rh

μk j:

kj is the greater of the two equations.

k j ¼ 1� sinϕið Þ= 1þ sinϕið Þ
kj ¼ 1� sin 2ϕi

� �
= 1þ sin 2ϕi

� �
Substituting Eq. 3.23 into 3.16, the hoop equation is derived for granular

materials.

N0
θ =

γrh 12 e y2Hð Þ=zo
 �
μ

r ð3:24Þ

3.3 Displacement Theory for Membrane Stresses

The deformation of a differential element is illustrated in Fig. 3.9. The lower element
is the differential element prior to the loading of the shell, and the upper element is
the deformed element after loading. Since the loading of the shell is assumed
symmetrical, the deformation from A to A0 is identical to the deformation of D to
D0 (i.e., both A and D deform by w and v). Similarly, points B and C both deform by
wþ ∂w

∂y dy in the horizontal and vþ ∂v
∂y dy in the vertical directions.

3.3.1 Strains, Displacements, and Stresses

The derivation begins by solving for the strains in the differential element. In
Fig. 3.10, the vertical (3.10a) and the hoop (3.10b) strains are illustrated (left and
center, respectively), as well as the rotations (3.10c). The dashed line represents the
differential element after deformation.

The strains in the y-direction is equal to the change in length divided by the
original length (Fig. 3.10a).

εy ¼
vþ ∂v

∂y dy� v

dy
¼ ∂v

∂y
ð3:25Þ

In the hoop direction, the change in length is a function of the change in radius
(Fig. 3.10b).
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w

+

+

r

Differential element
after deformation

Differential element
prior to deformation

AD

A’D’

B
C

B’
C’

Fig. 3.9 Deformation of a differential element

+

( − )

a. b. c.

Fig. 3.10 Strains in the vertical and hoop directions and slope (left to right)
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εθ ¼ r � wð Þdθ � rdθ
rdθ

¼ �w
r

ð3:26Þ

For small angles, tanϕ ¼ ϕ ¼ ∂w
∂y . Thus,

ϕy ¼
wþ ∂w

∂y dy� w

dy
¼ ∂w

∂y
ð3:27Þ

From plate theory (Szilard 1974), the relationship between stresses and strains are
given. However, the subscripts are altered for the hoop (θ), vertical ( y), and radial (z)
directions.

εθ ¼ 1
E

σθ � ν σy þ σz
� �
 � ð3:28Þ

εy ¼ 1
E

σy � ν σθ þ σzð Þ
 � ð3:29Þ

γθy ¼ 1
G
τθy ð3:30Þ

For thin shells, the stress in the z-direction is very small compared to the stress in
the y- and θ-directions. For this reason, σz is assumed to be equal to zero. Further-
more, the shear strains are equal to zero for symmetrical loading (γθy ¼ 0). Equation
3.30 is therefore eliminated.

Since what we call stresses are actually a force per unit length, the true stresses are
determined by dividing by the shell thickness.

σθ ¼ N 0
θ

h
ð3:31Þ

σy ¼
N 0

y

h
ð3:32Þ

Substituting 3.31 and 3.32 into 3.28 and 3.29,

εθ ¼ 1
Eh

N 0
θ � νN 0

y

h i
ð3:33Þ

εy ¼ 1
Eh

N 0
y � νN 0

θ

h i
ð3:34Þ

Rearranging the above equations,

N 0
θ ¼

Eh
1� ν2ð Þ εθ þ νεy


 � ð3:35Þ
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N 0
y ¼

Eh
1� ν2ð Þ εy þ νεθ


 � ð3:36Þ

If we substitute the strain Eqs. 3.25 and 3.26 into 3.35 and 3.36, the stresses are
expressed in terms of the deformations.

N0
θ =

Eh
12 ν2ð Þ 2

w
r
þ ν∂v

∂y

� �
ð3:37Þ

N0
y ¼

Eh
1� ν2ð Þ

∂v
∂y

� νw
r

� �
ð3:38Þ

These are general stress equations, which may be solved for various loading
conditions.

3.3.2 Displacements in the Shell Due to Various Loads

Displacements Due to Liquid Pressure

The hoop stress for a liquid pressure was previously determined, and listed below.

N 0
θ ¼ γ H � yð Þr ð3:22Þ

Equations 3.26 and 3.33 are used to determine the deformations.

εθ ¼ �w
r

ð3:26Þ

εθ ¼ 1
Eh

N 0
θ � νN 0

y

h i
ð3:33Þ

Setting the two above equations equal to each other,

�w
r
¼ 1

Eh
N 0

θ � νN 0
y

h i
ð3:39Þ

It is assumed that the hoop stress is independent of the vertical stress. For this
reason, the value N 0

y is eliminated from the above equation. The horizontal defor-
mation is solved by rearranging 3.39 and substituting Eq. 3.22 for liquid load.

w ¼ � r
Eh

γ H � yð Þr½ �

or
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w0 =D10 = 2
γr2

Eh
H2 yð Þ ð3:40Þ

From Eq. 3.27,

ϕy ¼ ∂w
∂y

ð3:27Þ

The rotations are determined by taking the derivative of Eq. 3.40 with respect to y.

ϕ0
y =D20 =

γr2

Eh
ð3:41Þ

The slope is therefore constant from y ¼ 0 to y ¼ H.

Displacements Due to Granular Materials

The hoop stress was determined by Eq. 3.24

N 0
θ ¼

γrh 1� e y�Hð Þ=zo
 �
μ

r ð3:24Þ

Using the relationship 3.39, and assuming that the vertical stress is independent of
the hoop stress, the horizontal deflection is determined by rearrangement and
substituting Eq. 3.24.

�w
r
¼ 1

Eh
γrh 1� e y�Hð Þ=zo
 �

μ
r

" #

w0 ¼ D10 ¼ � γr2rh
Ehμ

1� e y�Hð Þ=zo
h i

ð3:42Þ

The derivative of the above deflection equation is then taken to determine the
slope.

ϕ0
y =D20 =

γr2rh
Ehμzo

e y2Hð Þ=zo ð3:43Þ

The primes are added to the horizontal deformations and slopes to denote that
these deformations are caused by membrane stresses.
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3.4 Boundary Effects

The membrane theory assumes that the ends of the shell (i.e., base and roof) are
unrestrained in translation and bending. This assumption is unrealistic, and not
applicable to most water reservoirs and silos unless the base of the shell is on a
sliding bearing. The majority of shells are attached to a foundation system. However,
the shell may or may not have a roof, or the roof may be sufficiently flexible to
ignore the effects of restrainment. Whatever the case may be, the roof system may
also alter the distribution of stress in the shell.

The theory of boundary effects is far more complex than the membrane theory.
For this reason, this theory is often ignored in many codes of practice and designer
handbooks. Nonetheless, bending stresses and shears at the boundary may be
significant. It is therefore possible that localized material failure at the boundary
may occur, and a redistribution of stresses in the shell walls.

The bending moments (parallel to the edge), twisting moments (normal to the
edge), and the out-of-plane shears on the differential element are illustrated in
Fig. 3.11. A double arrow is used to symbolize the bending moments, and the
direction of the bending moment is consistent with the right-hand-rule (the right
thumb in the direction of the double arrows and fingers in the direction of the
moment). In reality, the differential element should also include the membrane
stresses (Fig. 3.2), but these stresses are omitted for clarity.

3.4.1 Circumferential Equilibrium

Circumferential, or hoop equilibrium, is determined in the same way as the mem-
brane stresses—equilibrium equations are formulated by summing forces along the
line x–x0. The only stresses that contribute to the circumferential equilibrium are the

+

+

+

+

+

+

+

+

+

+

Pz

Py

Centerline
of cylinder

Origin

Fig. 3.11 Bending moments, twisting moments, and out-of-plane shears in a differential element
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out-of-plane shears. Figure 3.12 is a view of the top surface of the differential
element.

The circumferential equilibrium equation will include the membrane stresses,
previously derived in Eq. 3.1, plus the components of the out-of-plane shears. It
should be noted that the membrane stresses (although the equations are the same) do
not include the prime, since these stresses are the result of the boundary effects. The
notation for stresses caused by boundary effects exclude the prime superscript.

Nθ þ ∂Nθ

∂θ
dθ

� �
dy cos

dθ
2

� �
� Nθdy cos

dθ
2

� �
þ Nyθ þ ∂Nyθ

∂y
dy

� �
dθr

� Nyθdθr þ Pθ dθrð Þdy� Qθ þ ∂Qθ

∂θ
dθ

� �
dy sin

dθ
2

� �
� Qθdy sin

dθ
2

� �
¼ 0

ð3:44Þ

Since dθ
2 is small, the cos dθ

2

� � � 1 and sin dθ
2

� � � dθ
2 . Expanding 3.44 and

incorporating these assumptions,

Nθdyþ ∂Nθ

∂θ
dθdy� Nθdyþ Nyθdθr þ ∂Nyθ

∂y
dθdyr � Nyθdθr þ Pθdθdyr

� Qθdydθ
2

� ∂Qθ

∂θ
dθ2dy
2

� Qθdydθ
2

¼ 0

ð3:45Þ

Equation 3.45 is simplified by eliminating ∂Qθ

∂θ
dθ2dy
2 as a higher order term.

Canceling the first and third and the fourth and sixth terms, combining the eighth
and tenth terms, and dividing by dydθ, the equilibrium equation is simplified.

∂Nθ

∂θ
þ ∂Nyθ

∂y
rþ Pθr2Qθ = 0 ð3:46Þ

dθ

2 2

r

+ 

X

X’

Fig. 3.12 Boundary
stresses on the differential
element that contribute to
the equilibrium equation in
the circumferential direction
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3.4.2 Vertical Equilibrium

Since there are no boundary components in the y-direction, the equation for the
vertical equilibrium is identical to Eq. 3.6. The only difference is that the membrane
stresses are stresses that are influenced by restrainment at the boundaries, and
therefore do not include the prime superscript.

∂Ny

∂y
rþ ∂Nθy

∂θ
þ Pyr= 0 ð3:47Þ

3.4.3 Radial Equilibrium

The equilibrium equation for equilibrium in the radial direction is solved by sum-
ming forces along the x–x0 line of Fig. 3.13. Similar to circumferential equilibrium,
the radial equilibrium equations are solved by summing the boundary effects stresses
in the radial direction. Since the radial equilibrium equation will include the mem-
brane stresses, the components of the out-of-plane shear stresses from Fig. 3.13 are
added to Eq. 3.7.

dθ

2 2

r

+ 

X

X’

+

Fig. 3.13 Boundary stresses on the differential element that contribute to the radial equilibrium
equations
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Nθ þ ∂Nθ

∂θ
dθ

� �
dy sin

dθ
2

� �
þ Nθdy sin

dθ
2

� �
þ Pzdθdyr

þ Qθ þ ∂Qθ

∂θ
dθ

� �
dy cos

dθ
2

� �
� Qθdy cos

dθ
2

� �

þ Qy þ
∂Qy

∂y
dy

� �
rdθ � Qyrdθ ¼ 0

ð3:48Þ

Expanding Eq. 3.48 and assuming cos dθ
2

� � � 1 and sin dθ
2

� � � dθ
2 ,

Nθdy
dθ
2
þ ∂Nθ

∂θ
dy

dθ2

2

� �
þ Nθdy

dθ
2

� �
þ Pzdθdyr þ Qθdyþ ∂Qθ

∂θ
dθdy

� Qθdyþ Qyrdθ þ
∂Qy

∂y
dθdyr � Qydθr ¼ 0

ð3:49Þ

Simplify by eliminating the higher order term, the fifth and seventh and the eighth
and tenth terms. Also, combine the first and third terms.

Nθdθdyþ Pzdθdyr þ ∂Qθ

∂θ
dθdyþ ∂Qy

dy
dθdyr ¼ 0 ð3:50Þ

Dividing by dθdy,

Nθ þ Pzrþ ∂Qθ

∂θ
þ ∂Qy

∂y
r ¼ 0 ð3:51Þ

3.4.4 Moment Equilibrium Equation About the Horizontal
Direction

Figure 3.14 illustrates only the stresses that contribute to the moment equilibrium
equation about the horizontal line x–x0. Since no bending is produced by membrane
stresses, membrane stresses are not part of the equations. The height of the differ-
ential element is dy. The moment arm is therefore dy

2 . The cross depicts stresses going
into the page, and dots depicts stresses going out of the page.

Summing moments about the line x–x0,
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Myrdθ � My þ ∂My

∂y
dy

� �
rdθ �Mθydyþ Mθy þ ∂Mθy

dθ
dθ

� �
dy

þ Qyrdθ
dy
2

� �
þ Qy þ

∂Qy

∂y
dy

� �
rdθ

dy
2

� �

¼ 0 ð3:52Þ

Expanding Eq. 3.52,

Myrdθ �Myrdθ � ∂My

∂y
dθdyr �MθydyþMθydyþ ∂Mθy

∂θ
dθdy

þ Qyrdθ
dy
2

� �
þ Qyrdθ

dy
2

� �
þ ∂Qy

∂y
dθdy2

2
r

¼ 0 ð3:53Þ

Eliminating the first and second and the fourth and fifth terms and the higher order

term
∂Qy

∂y
dydθ2

2 r
� �

, the equation is simplified. Furthermore, combine the seventh and

eighth terms and divide the equation by dydθ.

�∂My

∂y
rþ ∂Mθy

∂θ
þ Qyr ¼ 0 ð3:54Þ

x x’
+

+

+

Fig. 3.14 Stresses that contribute to the moment equilibrium equation about the horizontal
direction
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3.4.5 Moment Equilibrium Equation About the Vertical
Direction

Figure 3.15 is the differential element with the bending moments and out-of-plane
shears that contribute to the moments about the vertical line x–x0 (located in the
middle of the element). For clarity, only the stresses that contribute are included in
the diagram. The moment arm is equal to rdθ

2 .
Summing moments about the line x–x0,

Mθ þ ∂Mθ

∂θ
dθ

� �
dy�Mθdyþ Myθ þ ∂Myθ

∂y
dy

� �
rdθ �Myθrdθ

� Qθdy
rdθ
2

� �
� Qθ þ ∂Qθ

∂θ
dθ

� �
dy

rdθ
2

� �

¼ 0 ð3:55Þ

Expanding Eq. 3.55,

x

X’

+

+

+

Fig. 3.15 Stresses that contribute to the moment equilibrium equation about the vertical direction
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Mθdyþ ∂Mθ

∂θ
dθdy�MθdyþMyθrdθ þ ∂Myθ

∂y
dθdyr �Myθrdθ

� Qθdy
rdθ
2

� �
� Qθdy

rdθ
2

� �
� ∂Qθ

∂θ
dθdy

rdθ
2

� �

¼ 0 ð3:56Þ

The last term of Eq. 3.56 is a higher order term (i.e., the dθ2

2 part makes the term
much smaller in magnitude than the other terms), and therefore may be eliminated.
Simplifying Eq. 3.56 by removing the first and third and the fourth and sixth terms,
dividing by dθdy, and combining the seventh and eighth terms,

∂Mθ

∂θ
þ ∂Myθ

dy
r2Qθr= 0 ð3:57Þ

3.4.6 Equilibrium Equation Summary for Symmetrical
Loading

Collecting the equilibrium equations,

∂Nθ

∂θ
þ ∂Nyθ

∂y
r þ Pθr � Qθ ¼ 0 ð3:46Þ

∂Ny

∂y
r þ ∂Nθy

∂θ
þ Pyr ¼ 0 ð3:47Þ

Nθ þ Pzr þ ∂Qθ

∂θ
þ ∂Qy

∂y
r ¼ 0 ð3:51Þ

�∂My

∂y
r þ ∂Mθy

∂θ
þ Qyr ¼ 0 ð3:54Þ

∂Mθ

∂θ
þ ∂Myθ

dy
r � Qθr ¼ 0 ð3:57Þ

The above five equations are the general equations for the boundary effects and
includes the possibility of nonsymmetric loads. However, symmetrical loading is
assumed (i.e., liquid loading and concentric loading/discharge of granular materials).
By assuming symmetry, the shell will not be subjected to in-plane shears or twisting
moments.
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Nyθ ¼ Nθy ¼ Mθy ¼ Myθ ¼ 0

Eliminating these stresses and moments,

∂Nθ

∂θ
þ Pθr � Qθ ¼ 0

∂Ny

∂y
r þ Pyr ¼ 0

Nθ þ Pzr þ ∂Qθ

∂θ
þ ∂Qy

∂y
r ¼ 0

�∂My

∂y
r þ Qyr ¼ 0

∂Mθ

∂θ
� Qθr ¼ 0

Furthermore, for symmetric loading, the stresses in the shell change in the
y-direction. However, at any given y, the hoop stresses are constant at every angle
θ. Therefore, all terms where the stress changes in the θ direction may also be
eliminated from the expressions.

∂Mθ

∂θ
¼ ∂Nθ

∂θ
¼ ∂Qθ

∂θ
¼ 0

Applying the second set of assumptions,

Pθr � Qθ ¼ 0

∂Ny

∂y
r þ Pyr ¼ 0

Nθ þ Pzr þ
∂Qy

∂y
r ¼ 0

�∂My

∂y
r þ Qyr ¼ 0

�Qθr ¼ 0

By inspection, the last equation falls away, which must be correct since a shear
will only exist with a changing moment. Furthermore, since Qθ ¼ 0 and with no
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surface tractions Pθ, the first equation will also fall away. Thus, the five equilibrium
equations reduce to three for the case of symmetrical loading.

∂Ny

∂y
rþ Pyr= 0 ð3:58Þ

Nθ þ Pzrþ
∂Qy

∂y
r ¼ 0 ð3:59Þ

�∂My

∂y
rþ Qyr ¼ 0 ð3:60Þ

3.4.7 Stress Equations for the Boundary Effects

Moments in the y-Direction

From Eqs. 3.58, 3.59, and 3.60, the vertical stresses (Ny), the vertical moments (My),
the hoop stresses (Nθ), and the vertical shears (Qy) are solved.

From plate theory (Szilard 1974), and replacing x with θ, the moment-curvature
relationships are defined.

My ¼ �D
∂2w
∂y2

þ ν
∂2w

∂θ2

� �
ð3:61Þ

Mθ ¼ �D
∂2w

∂θ2
þ ν

∂2w
∂y2

� �
ð3:62Þ

where

D ¼ EI
1� ν2ð Þ ð3:63Þ

As mentioned above, for symmetrical loading, the stresses change in the
y-direction, but not in the θ-direction. For this reason, it may be assumed that the

curvature in the hoop direction is equal to zero i:e:, ∂
2w

∂θ2
¼ 0

� �
. Therefore, Eq. 3.61

becomes

My = 2D
∂2w
∂y2

� �
ð3:64Þ
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Moments in the Hoop Direction

Rearranging Eqs. 3.61 and 3.62 to express the curvature in terms of the moments,

∂2w
∂y2

¼ 1
EI

�My þ νMθ

� � ð3:65Þ

∂2w

∂θ2
¼ 1

EI
�Mθ þ νMy

� � ð3:66Þ

Since it is assumed that the curvature in the θ-direction is zero,

∂2w

∂θ2
¼ 1

EI
�Mθ þ νMy

� � ¼ 0

or

�Mθ þ νMy

� � ¼ 0 ð3:67Þ

Equation 3.67 rearranged,

Mθ = νMy ð3:68Þ

Moments in the θ-direction are not the result of shell deformations w but the result
of Poisson’s effect. The moment in the y-direction will cause a stress couple in the
shell walls. These stresses will cause an opposite stress couple in the θ-direction,
which is the source of Eq. 3.68.

Membrane Stresses in the Hoop Direction

Referring to the Eqs. 3.37 and 3.38 (without the primes since we are referring to
stresses caused by boundary effects),

Nθ ¼ Eh
1� ν2ð Þ �w

r
þ ν

∂v
∂y

� �
ð3:37Þ

Ny ¼ Eh
1� ν2ð Þ

∂v
∂y

� ν
w
r

� �
ð3:38Þ

As previously assumed, the vertical stresses in the y-direction are independent of
the hoop stresses in the θ-direction (i.e., Ny does not influence the stresses Nθ). Based
on this assumption, Eq. 3.38 is set equal to zero.
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0 ¼ Eh
1� ν2ð Þ

∂v
∂y

� ν
w
r

� �
ð3:69Þ

Therefore,

∂v
∂y

¼ ν
w
r

ð3:70Þ

Substituting this relationship into Eq. 3.37 and simplifying,

Nθ ¼ Eh
1� ν2ð Þ �w

r
þ ν2

w
r

� �

Nθ ¼ � Eh
1� ν2ð Þ 1� ν2

� �w
r

Nθ ¼ �Ehw
r

ð3:71Þ

Out-of-Plane Shears in the y-Direction

Using the general Eq. 3.60,

�∂My

∂y
r þ Qyr ¼ 0 ð3:60Þ

Rearranging 3.60, the out-of-plane shear is expressed in terms of the bending
moments in the y-direction.

Qy ¼
∂My

∂y
ð3:72Þ

Since My ¼ �D ∂2w
∂y2

� �
(Eq. 3.64), substitute this expression into 3.72,

Qy = 2D
∂3w
∂y3

ð3:73Þ

3.5 Displacement Theory for the Boundary Effects

Using the second general equation for boundary effects (3.59) and the out-of-plane
shear Eq. (3.72),
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Nθ þ Pzr þ
∂Qy

∂y
r ¼ 0 ð3:59Þ

Qy ¼
∂My

∂y
ð3:72Þ

Substituting 3.72 into 3.59,

Nθ þ Pzr þ ∂2My

∂y2
r ¼ 0 ð3:74Þ

Equation 3.74 gives the relationship between the hoop stress and bending
moments. These stresses have been previously solved in terms of deformations.

My ¼ �D
∂2w
∂y2

� �
ð3:64Þ

Nθ ¼ �Ehw
r

ð3:71Þ

Substituting the bending moment Eq. (3.64) and the hoop stress Eq. (3.71) into
3.74.

�Ehw
r

þ Pzr � D
∂4w
∂y4

r ¼ 0 ð3:75Þ

Rearranging the above equation,

Pz ¼ D
∂4w
∂y4

þ Ehw
r2

ð3:76Þ

If we say,

β4 = Eh
4r2D

=
3 12 ν2
� �
r2h2

ð3:77Þ

We can express Eq. 3.76 in terms of β4.

∂4w
∂y4

þ 4β4w ¼ Pz

D
ð3:78Þ

which form is known and a well-established non-homogeneous differential equation
for plates in bending (Jaeger 1969). The solution for this equation is given in
Eq. 3.79.
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w ¼ eβy C1 cos βyþ C2 sin βyð Þ þ e�βy C3 cos βyþ C4 sin βyð Þ þ f yð Þ ð3:79Þ

The first two terms are referred to as the complementary part of the solution and
f(y) is the particular part. The particular part is the membrane solution, which
depends on the type of loading.

For liquid loading,

f yð Þ ¼ w0 ¼ � γr2

Eh
H � yð Þ ð3:40Þ

For granular materials loading,

f yð Þ ¼ w0 ¼ � γr2

Ehμ
1� e y�Hð Þ=zo
h i

ð3:42Þ

The constants C1, C2, C3, and C4 are integration constants and are dependent on
the boundary conditions. Two of the constants are related to the horizontal trans-
lations and the other two are the rotations. Furthermore, the horizontal translations
are related to the out-of-plane shears and the rotations are related to the bending
moments.

The complementary part of the solution is composed of two terms. The first term,
eβy(C1 cos βy + C2 sin βy), increase as y increases. This is contrary to Saint-Venant’s
principle (Marshall and Nelson 1981), which states that a stress must diminish with
increasing distance. The cylinder is assumed to be sufficiently long and the boundary
effects (i.e., moments and shears) will diminish rapidly up the shell. The constants
C1 and C2 may therefore be assumed equal to zero. The solution is therefore
simplified.

w= e2 βy C3 cos βyþ C4 sin βyð Þ ð3:80Þ

Taking the first, second, and third derivatives,

∂w
∂y

= βe2 βy 2C3 sin βyþ cos βyð Þ þ C4 cos βy2 sin βyð Þ½ � ð3:81Þ

∂2w
∂y2

¼ 2β2e�βy C3 sin βy� C4 cos βy½ � ð3:82Þ

∂3w
∂y3

¼ 2β3e�βy C3 cos βy� sin βyð Þ þ C4 sin βyþ cos βyð Þ½ � ð3:83Þ

At the base of the cylinder, the bending moment is equal toMo. Using the bending
moment equation in the y-direction,
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My ¼ �D
∂2w
∂y2

� �
ð3:64Þ

and substituting Eq. 3.82,

My ¼ �D2β2e�βy C3 sin βy� C4 cos βy½ � ð3:84Þ

Solving for the moment at the base at y ¼ 0,

Mo ¼ 2Dβ2C4 ð3:85Þ

Solving for C4,

C4 =
Mo

2Dβ2
ð3:86Þ

From Eq. 3.73,

Qy ¼ �D
∂3w
∂y3

ð3:73Þ

The shear is defined in terms of deformations by substituting Eq. 3.83.

Qy ¼ �D2β3e�βy C3 cos βy� sin βyð Þ þ C4 sin βyþ cos βyð Þ½ � ð3:87Þ

Setting y ¼ 0 to determine the shear Qo at the base of the shell,

Qo ¼ �2Dβ3 C3 þ C4ð Þ ð3:88Þ

Replacing C4 with 3.86,

Qo ¼ �2Dβ3 C3 þ Mo

2Dβ2

� �
ð3:89Þ

Rearranging 3.89 to solve for C3,

C3 =
2 1
2β3D

Qo þ βMoð Þ ð3:90Þ

The deformations at the base of the shell may now be solved. Substituting
constants C3 and C4 into Eq. 3.80,
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w= e2 βy 2 1
2β3D

Qo þ βMoð Þ cos βyþ Mo

2Dβ2
sin βy

� �
ð3:91Þ

Similarly, solving for the rotations by substituting the constants into the slope
Eq. (3.81),

∂w
∂y

= βe2 βy 1
2β3D

Qo þ βMoð Þ sin βyþ cos βyð Þ þ Mo

2Dβ2
cos βy2 sin βyð Þ

� 	
ð3:92Þ

Solving for the horizontal deformations at the base (y ¼ 0).

wo ¼ �1
2β3D

Qo þ βMoð Þ

or expressed as,

wo =
2Qo

2β3D
þ 2Mo

2β2D
=QoD11 þMoD12 ð3:93Þ

where

D11 =
1

2β3D
ð3:94Þ

D12 ¼ 1
2β2D

ð3:95Þ

Similarly, solving for the slope at y ¼ 0.

ϕo ¼ ∂w
∂y

¼ β
1

2β3D
Qo þ βMoð Þ þ Mo

2Dβ2

� 	

ϕo ¼ 1
2β2D

Qo þ 2βMoð Þ

or expressed as

ϕo ¼
Qo

2β2D
þMo

βD
¼ QoD21 þMoD22 ð3:96Þ

where
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D21 =
1

2β2D
ð3:97Þ

D22 ¼ 1
βD

ð3:98Þ

3.6 Compatibility Equations

Fixed Base

The solution of cylindrical shells is based on the formation of a set of compatibility
equations. Compatibility requires that the deformations are continuous in the shell,
and the displacements and rotations fit the boundary conditions at the base
(Kassimali 2005). In Fig. 3.16, compatibility of the shell is depicted for the case of

− 10

Membrane deformations

+ 11 − 12

− +

Shear deformations Moment deformations

Total deformations

++

=
+ 20

− 21 + 22

Fig. 3.16 Separation of deformations at the base of the cylinder for the fixed case

70 3 Cylindrical Shells

@seismicisolation@seismicisolation

https://t.me/seismicisolation


a fixed base. The top left figure represents the correct deformed shape, which is
formed by the summation of the three deformations. Membrane stresses cause an
error, but base reactions are applied (i.e.,Mo and Qo) to correct the deformations and
ensure that compatibility is satisfied. The top right figure represents the deformations
of the shell under pure membrane stresses. Under this condition, the shell will slide
outward and rotate at the base, which is not correct if the base is fixed or pinned. To
correct this error, a negative shear force (Qo) and a positive bending moment (Mo)
are applied to the base of the shell so that the lateral deformations at the base and
slope sum to zero.

The compatibility of deformations may be expressed in mathematical form, based
on the sign convention of Fig. 3.16. For the case of a fixed based,

2D10 2 2Qoð ÞD11 2MoD12 = 0 ð3:99Þ
D20 þ �Qoð ÞD21 þMoD22 ¼ 0 ð3:100Þ

Equation 3.99 is the compatibility equation for horizontal deformations and
Eq. 3.100 is the compatibility equation of the slope at the base of the shell. The
two equations have three terms—the first terms are the membrane equations and the
second and third terms are the deformations due to boundary effects. Both equations
are set to zero, since for a fixed base the horizontal deformations and the slope at the
base must be equal to zero.

The two compatibility equations have two unknowns (Qo andMo), and therefore a
solution is possible. Setting the equations in matrix form,

D11 D12

D21 D22

� 	 �Qo

Mo

� 

¼ �D10

�D20

� 

ð3:101Þ

The boundary shear and moment is solved by inverting the 2 � 2 matrix.

�Qo

Mo

� 

¼ D11 D12

D21 D22

� 	�1 �D10

�D20

� 

ð3:102Þ

�Qo

Mo

� 

¼ 1

D11ð ÞD22 � D12ð Þ D21ð Þ
D22 �D12

�D21 D11

� 	 �D10

�D20

� 

ð3:103Þ

Pinned Base

For the case of a pinned base, the concept is the same and Fig. 3.16 is valid,
except that the bending moment is omitted. Only one compatibility equation is
applicable. From Eq. 3.99,

D10 2QoD11 = 0 ð3:104Þ

The shear is solved directly from Eq. 3.104,
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Qo =
D10

D11
ð3:105Þ

Mo ¼ 0

Sliding Base

For the case of a sliding bearing, Mo ¼ Qo ¼ 0. The only equations that are
applicable are the membrane equations.

Once the base shear and moment reactions are solved (Mo and Qo), the deforma-
tions and stresses are determined at every point in the shell.

3.7 Steps in Solving the Deformations and Stresses
in the Shell

The copious number of equations to solve cylindrical shells tend to muddle the
solution. The designer is likely to get lost, trying to assemble the appropriate
equations, and setting them in the correct sequence to solve even the most simple
of problems. This section has therefore been added to provide a “cook book”
approach to shell design; the necessary equations are set out in the correct order to
calculate the stresses and deformations of the shell.

Because of the enormity of the solution, it is advisable to use a computer program
(e.g., spread sheets or an alternative programing language).

1. Solve for base reactions Mo and Qo.

Initial parameters

Diameter (L)
Height (H)
Thickness (h)
Radius (r)
Young’s modulus (E)
Poisson’s ratio (ν)

I ¼ h3

12 (moment of inertia per unit width of shell) 3.106

D ¼ EI
1�ν2ð Þ 3.63

β4 ¼ Eh
4r2D ¼ 3 1�ν2ð Þ

r2h2
3.77

β ¼
ffiffiffiffiffi
β44

p
β2 ¼

ffiffiffiffiffi
β44

p� �2

β3 ¼
ffiffiffiffiffi
β44

p� �3

Membrane deformations at the base (y ¼ 0)

Liquid loading D10 ¼ � γr2

Eh H � yð Þ 3.40

D20 ¼ γr2

Eh
3.41

(continued)
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or

Granular materials loading D10 ¼ � γr2rh
Ehμ 1� e y�Hð Þ=zo
 � 3.42

D20 ¼ γr2rh
Ehμzo

e y�Hð Þ=zo 3.43

Deformations at the base from boundary effects

QoD11 ¼ �Qoð Þ 1
2β3D

3.94

MoD12 ¼ Mo
1

2β2D
3.95

QoD21 ¼ �Qoð Þ 1
2β2D

3.97

MoD22 ¼ Mo
1
βD

3.98

Compatibility equations (note sign change of Qo in Sect. 3.6)

Fixed base �Qo

Mo

� 

¼ 1

D11ð ÞD22� D12ð Þ D21ð Þ
D22 �D12

�D21 D11

� 	 �D10

�D20

� 

3.103

or

Pinned base Qo ¼ D10
D11

3.105

Mo ¼ 0

or

Sliding base Qo ¼ 0

Mo ¼ 0 3.63

2. Solve for the constants C3 and C4.

C3 ¼ � Qo

2β3D
� Mo

2β2D
3.90

C4 ¼ Mo

2Dβ2
3.86

3. Solve for the membrane deformations in the shell.

Liquid loading w0 ¼ � γr2

Eh H � yð Þ 3.40

ϕ0
y ¼ γr2

Eh
3.41

or

Granular materialsloading w0 ¼ � γr2rh
Ehμ 1� e y�Hð Þ=zo
 � 3.42

ϕ0
y ¼ γr2rh

Ehμzo
e y�Hð Þ=zo 3.43

4. Solve for the deformations in the shell due to boundary effects.

w ¼ e�βy(C3 cos βy + C4 sin βy) 3.80

ϕ ¼ ∂w
∂y ¼ βe�βy �C3 sin βyþ cos βyð Þ þ C4 cos βy� sin βyð Þ½ � 3.81

∂2w
∂y2 ¼ 2β2e�βy C3 sin βy� C4 cos βy½ � 3.82

∂3w
∂y3 ¼ 2β3e�βy C3 cos βy� sin βyð Þ þ C4 sin βyþ cos βyð Þ½ � 3.83
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5. Solve for the total deformations.

w(total) ¼ w0 + w 3.107

ϕ(total) ¼ ϕy
0 + ϕy 3.108

6. Solve for membrane stresses, moments, and shears in increments of y.

Membrane stresses

Liquid loading N 0
y ¼ �γh H � yð Þ 3.19

N 0
θ ¼ γ H � yð Þr 3.22

or

Granular materials loading N 0
y ¼ �γh H � yð Þ 3.19

N 0
θ ¼

γrh 1�e y�Hð Þ=zo½ �
μ r

3.24

Stresses from boundary effects

My ¼ �D ∂2w
∂y2

� �
3.64

Mθ ¼ νMy 3.68

Nθ ¼ � Ehw
r

3.71

Qy ¼ �D ∂3w
∂y3

3.73

Total stresses

Nθ totalð Þ ¼ Nθ þ N 0
θ 3.109

Caution should be used that the correct material weight term (γ) is used in the
above equations.

3.8 Worked Example

A 6-m diameter water tank is 6 m high and 150 mm thick (Fig. 3.17). The tank is
constructed of reinforced concrete and has a concrete compressive strength of
30 MPa. The base is fixed and top of the shell is open. Determine the deformations
and stresses in the shell.

1. Solve for the base reactions Mo and Qo.

Initial parameters

L ¼ 6 m
H ¼ 6 m
h ¼ 0.15 m
r ¼ 3 m
fcu ¼ 30 N/mm2

E ¼ 28(106) kN/m2

ν ¼ 0.15
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γw ¼ 10 kN/m3 (unit weight of water)
γm ¼ 24 kN/m3 (unit weight of concrete)

I ¼ 1 0:15ð Þ3
12

¼ 2:813 10�4
� �

m4 ð3:106Þ

D ¼ E 2:813 10�4
� �

1� 0:152
� � ¼ E 2:878 10�4

� � ¼ 8056:27 ð3:63Þ

β4 ¼
3 1� 0:15ð Þ2
h i
32 0:15ð Þ2 ¼ 14:481 ð3:77Þ

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14:4814

p
¼ 1:951

β2 ¼ 3:805

β3 ¼ 7:424

Membrane deformations at the base (y ¼ 0) for liquid loading

6000

60
00

y

150 

Fig. 3.17 Water tank with fixed supports
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D10 ¼ �10 3ð Þ2 6� 0ð Þ
E 0:15ð Þ ¼ �3600

E
ð3:40Þ

D20 ¼ 10 3ð Þ2
E 0:15ð Þ ¼

600
E

ð3:41Þ

Deformations at the base from boundary effects

QoD11 ¼ Qo
1

E 2 7:424ð Þ 2:878 10�4
� � ¼ Qo

234:03
E

ð3:94Þ

MoD12 ¼ Mo
1

E 2 3:805ð Þ2:878 10�4
� � ¼ Mo

456:59
E

ð3:95Þ

QoD21 ¼ Qo
1

E 2 3:805ð Þ2:878 10�4
� � ¼ Qo

456:59
E

ð3:97Þ

MoD22 ¼ Mo
1

E 1:951ð Þ2:878 10�4
� � ¼ Mo

1780:95
E

ð3:98Þ

Compatibility equations

234:09 456:65

456:65 1781:64

� 	
1
E

�Qo

Mo

� 

¼ �3600

�600

� 

ð3:101Þ

Qo

M0

� 

¼ 0:00854 �0:00219

�0:00219 0:00112

� 	
1
E

�3600

�600

� 

¼ �29:44

7:21

� 

ð3:103Þ

Reactions at the base,

Qo ¼ �29:44 kN=m

Mo ¼ 7:21 kN:m=m

The negative shear indicates that the direction of Qo is according to Fig. 3.16.

2. Solve for the constants C3 and C4.

C3 ¼ � �29:44þ 1:951 7:21ð Þ½ �
2 7:424ð Þ 8056:27 ¼ 1:29 10�4

� � ð3:90Þ
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C4 ¼ 7:21
2 8056:27ð Þ 3:805 ¼ 1:18 10�4

� � ð3:86Þ

3. Solve for the membrane deformations in the shell.

The deformations are solved at y ¼ 0 for liquid loading.

w0 ¼ D10 ¼ �1:29 10�4
� � ð3:40Þ

ϕ0
y ¼ D20 ¼ 2:14 10�5

� � ð3:41Þ

4. Solve for the deformations in the shell due to boundary effects.

w ¼ e�1:951 0ð Þ 1:285 10�4
� �

cos 1:951 0ð Þ þ 1:176 10�4
� �

sin 1:951 0ð Þ
 �
¼ 1:29 10�4

� � ð3:80Þ
ϕ ¼ 1:951e�1:951 0ð Þ½�1:285 10�4

� �
sin 1:951 0ð Þ þ cos 1:951 0ð Þf g

þ 1:176 10�4
� �

cos 1:951 0ð Þ � sin 1:951 0ð Þf g�
¼ �2:14 10�5

� � ð3:81Þ
∂2w
∂y2

¼ 2 1:951ð Þ2e�1:951 0ð Þ 1:285 10�4
� �

sin 1:951 0ð Þ � 1:176 10�4
� �

cos 1:951 0ð Þ
 �
¼ �8:95 10�4

� �
ð3:82Þ

∂3∂w
∂y3

¼ 2 1:951ð Þ3e�1:951 0ð Þf1:285 10�4
� �

cos 1:951 0ð Þ � sin 1:951 0ð Þ½ �

þ 1:176 10�4
� �

sin 1:951 0ð Þ þ cos 1:951 0ð Þð Þg
¼ 3:65 10�3

� � ð3:83Þ

5. Solve for the total deformations.

w totalð Þ ¼ w0 þ w ¼ �1:29 10�4
� �þ 1:29 10�4

� � ¼ 0 ð3:107Þ
ϕ totalð Þ ¼ ϕ0

y þ ϕy ¼ 2:14 10�5
� �� 2:14 10�5

� � ¼ 0 ð3:108Þ

At the base, the horizontal deformations and the slope must sum to zero for a fixed
base.
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6. Solve for the membrane stresses, moments, and shears in increments y.

Membrane stresses for liquid loading at y ¼ 0

N 0
y ¼ �24 0:15ð Þ 6� 0ð Þ ¼ �21:60 kN=m ð3:20Þ
N 0

θ ¼ 10 6� 0ð Þ3 ¼ 180:00 kN=m ð3:22Þ

Stresses from boundary effects at y ¼ 0

My ¼ �8058:40 �8:98ð Þ 10�4
� � ¼ 7:21 kN:m=m ð3:64Þ

Mθ ¼ 0:15 7:24ð Þ ¼ 1:08 kN:m=m ð3:68Þ

Nθ ¼ � 28 106
� �

0:15ð Þ1:29 10�4
� �

3
¼ �180:00 kN=m ð3:71Þ

Qy ¼ � 8058:40ð Þ 3:66 10�3
� � ¼ �29:44 kN=m ð3:73Þ

Total stresses at y ¼ 0

N totalð Þ ¼ 180:00� 180:00 ¼ 0 kN=m ð3:109Þ

Distribution of deformations and stresses in the shell

The deformations and stresses are given in Tables 3.1 and 3.2 at 1 m increments,
and graphical representations are given in Figs. 3.18, 3.19, 3.20 and 3.21. It should
be noted that the boundary effects, which cause bending and shears at the support,

Table 3.1 Deformations in the shell

y
(m)

w0

(m)
w
(m)

w(total)
(m) ϕ0 ϕ ∅(total) ∂w2

∂2y
∂w3

∂3y

0 �1.29E-
04

1.29E-
04

0.00E+00 2.14E-
05

�2.14E-
05

0.00E
+00

�8.95E-
04

3.65E-
03

1 �1.07E-
04

8.75E-
06

�9.84E-05 2.14E-
05

�6.23E-
05

�4.08E-
05

1.76E-
04

�2.14E-
04

2 �8.57E-
05

�3.52E-
06

�8.92E-05 2.14E-
05

7.00E-
06

2.84E-
05

�5.12E-
07

�5.13E-
05

3 �6.43E-
05

1.95E-
07

�6.41E-05 2.14E-
05

5.20E-
07

2.19E-
05

�3.51E-
06

9.74E-
06

4 �4.29E-
05

5.06E-
08

�4.28E-05 2.14E-
05

�1.96E-
07

2.12E-
05

3.81E-
07

9.50E-
09

5 �2.14E-
05

�9.27E-
09

�2.14E-05 2.14E-
05

1.02E-
08

2.14E-
05

3.08E-
08

�1.98E-
07

6 0.00E
+00

�4.58E-
11

�4.58E�11 2.14E-
05

2.89E-
09

2.14E-
05

-1.09E-
08

2.07E-
08
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are restricted to regions near the base and rapidly dissipate. The rate of dissipation is
dependent on the stiffness of the shell walls. In concrete shells, the boundary effects
influence is about a third of the shell. If the walls are constructed of steel, the

Table 3.2 Stresses in the shell

y
(m)

N0
y

(kN/m)
N0

θ

(kN/m)
Nθ

(kN/m)
Nθ(total)
(kN/m)

My

(kN.m/m)
Mθ

(kN.m/m)
Qy

(kN/m)

0 �21.60 180.00 �180.00 0.00 7.21 1.08 �29.44

1 �18.00 150.00 �12.24 137.76 �1.42 �0.21 1.73

2 �14.40 120.00 4.93 124.93 0.00 0.00 0.41

3 �10.80 90.00 �0.27 89.73 0.03 0.00 �0.08

4 �7.20 60.00 �0.07 59.93 0.00 0.00 0.00

5 �3.60 30.00 0.01 30.01 0.00 0.00 0.00

6 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0
1
2
3
4
5
6
7

-1.50E-01 -1.00E-01 -5.00E-02 0.00E+00

y 
(m

)

(mm)

w Horizontal DeflectionsFig. 3.18 Horizontal
deflections in the water tank

0

1

2

3

4

5

6

7

0 50 100 150

y 
(m

)

(kN/m)

Hoop Stresses   ¢Fig. 3.19 Hoop stresses in
the water tank
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dissipation is significantly more rapid and often influences only about a tenth of the
height of the shell.

A few quick checks are useful to determine if the calculation appears reasonable.
Since the base of the walls are fixed, the lateral deformation and slope must equal
zero. Furthermore, the sum of the hoop stress for the membrane and boundary effects
must also sum to zero at the base, and the bending and shears must look similar in
shape illustrated in Figs. 3.20 and 3.21.

Unfortunately, the majority of design guides and codes of practice are based on
membrane theory only, due to the complexity of the boundary theory. However,
bending and shear forces may be significant at the base of the shell and cause
structural damage if not accounted for. This is of particular importance in water
retaining shells. The boundary effects will also alter the distribution of hoop stresses,
which increases in the middle third of the shell.
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moments in the water tank
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Since the moments and shears change rapidly near the base of the shell, these
forces should be calculated at smaller increments to determine a more accurate
representation of the graph patterns.

3.9 Exercises

3.9.1 Using a spreadsheet or alternative programing language, program the mem-
brane theory. Using the membrane theory, solve for the membrane stresses (N 0

y and
N 0

θ ) and the deformations (w0 and ϕ0
y ) for the worked example in Sect. 3.8 and

tabulate in increments of 500 mm.
3.9.2 Using the spreadsheet or computer program in question 3.9.1, include the

boundary solution equations. Resolve the worked example in Sect. 3.8 for a fixed
support. Determine the distribution of stresses (Ny and Nθ), the deformations (w and
ϕy), and the bending moments and shear distribution (My, Mθ, and Qy). Tabulate in
increments of 500 mm. Furthermore, make the following checks:

(a) Do the horizontal deformations and slopes at the base equal to zero?
(b) Do the hoop stresses cancel to zero at the base?
(c) Do the graphs of the moments, shears, in-plane stresses, and deformations have

the correct form?
(d) Are the moments and shears confined to the lower third of the shell, and are the

peak deformations and hoops stresses near the base of the shell?

3.9.3 Referring to the worked example in Sect. 3.8, what are the in-plane shears
(N 0

θy and N0
yθ) and the out-of-plane shears (Qy) in the shell?

3.9.4 Considering the distribution of stresses and forces determined in 3.9.2,
demonstrate how the shell will potentially crack in hoop and bending stresses, if
constructed of reinforced concrete. Use a sketch to illustrate the location and
orientation of cracks.

3.9.5 Resolve for the worked example in Sect. 3.8 for the case of a pinned
support. Determine the distribution of stresses (Ny and Nθ), the deformations
(w and ϕy), and the bending moments and shear distribution (My, Mθ and Qy).

3.9.6 A 30 m high silo is 250 mm thick and has a 4 m radius (see Fig. 3.22). The
silo is filled with maize and the base is fixed. Assume the roof is a lightweight
material and may be neglected in the analysis. Assume that the bulk density of the
maize is 7.5 kN/m3 and the angle of internal friction and wall friction is approxi-
mately 30�, and E ¼ 28E6 kN/m2. Also, assume that the average height of the maize
is at the top of the silo wall. Determine the distribution of stresses (Ny and Nθ),
moments (My and Mθ), shears (Qy), and deformations (w and ϕy) in the walls of the
silo.

3.9.7 Repeat the example problem in Sect. 3.8, but with a 250 mm monolithic
roof slab (Fig. 3.23). Determine the resultant stresses, bending moments, shears, and
deformations in the shell walls.
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Most slab coverings will not be connected to the walls of the tank, but rest on a
sliding bearing because of thermal effects. This will only effect the vertical stress in
the wall, which is a constant stress added to the self-weight of the walls. In this case,
however, the slab is connected monolithically to the walls. To solve this problem,
reconsider the compatibility equations at the top of the wall.
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Chapter 4
Circular Domes

Mitchell Gohnert

Abstract This chapter develops the membrane and deformation theories of circular
domes for various loading conditions such as uniform vertical, horizontal, and
pressure loading, assuming the base is unrestrained. The theory for the boundary
effects is also developed for fixed and pinned supports. To solve for the effects of
boundary conditions, compatibility equations are formulated to solve the base
reactions, which, in turn, are used to distribute the stresses in the dome. The
membrane and boundary solutions are then superimposed to solve for the stresses,
bending moments, and shears at any point in the shell. Theories for loads applied to
skylight openings and ring tensions at the base are also developed. The mathematical
derivation is fully developed for both membrane and boundary theories.

4.1 Introduction

The word dome is a generic word to describe the upper half of a rounded vault,
which may be circular, parabolic, catenary, or elliptical. In this chapter, only the
circular dome will be derived.

The root of the word dome (or Domus) is Latin, which means “house.” In
antiquity, the word Domus Dei was more common, translated as “House of God.”
This was a fitting description, since the majority of domes were found in religious
buildings. However, the application to cathedrals and mosques is not exclusive. In
more recent times, domes have been used extensively in government buildings,
theaters, sport arenas, and places of public gatherings. All of these buildings have in
common a need to cover a large space, without the hindrance of column supports.
Free open spaces, minimal materials, and the superior strength of domes make this
option a viable and favorable solution.

The sturdiness and robustness of domes are mystifying, and they seem to possess
eternal properties. This perception is not unfounded. Many of the ancient structures
which stand today are domes. The Pantheon in Rome and Hagia Sofia in Turkey are
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perfect examples: both structures are approaching two millennia, yet they are
structurally sound and in remarkably good condition.

Domes are doubly curved shells and have positive Gaussian curvature. The
double curvature adds strength over shells that have single curvature (i.e., vaults)
(Wilson 2005). Two-way slab systems act similarly and provide an understanding to
this important concept. It is well known that two-way slabs carry load in two
directions and are significantly stronger and deflect less than one-way slabs (Wood
1961); the same can be said of domes. However, the strength of the dome lies in how
loads are carried by the shell walls. Domes carry loads primarily by membrane
action. In the meridian direction (i.e., vertically), the stresses are compressive. In the
hoop direction (i.e., horizontally), the stresses are compressive near the top, but
switch to tensile stresses in the lower half of a hemisphere. Similar to the cylindrical
shells, the base is subjected to boundary effects: moments and shears in the region of
the foundation or ring beam. The derivation of boundary effects is complex, but the
resulting stresses may be significant, especially in shells constructed of rigid thick
materials. For this reason, the derivation of boundary effects is included in this
chapter.

In Fig. 4.1, three possible profiles of the circular dome are illustrated. The theory
presented in this chapter is only applicable to hemispheres and low profile spherical
segments (i.e., dome caps). The high profile spherical segment (i.e., partial sphere)
attracts significantly more stress than the other profiles. Other than water tanks, high
profile spheres are rarely used as dome structures (Roy 2004).

As will be seen, a flat dome is in pure compression (in the hoop and meridian
directions), which is a favorable characteristic. However, flat domes have a high
horizontal thrust and therefore require a substantial ring beam to resist the tensions
caused by the thrust. Steeper domes, such as a hemisphere, have a reduced horizontal
thrust, but hoop tensions occur in the lower half of the shell.

Similar to the cylindrical shell, the equations and notations are largely based on
the work by Billington (1982). The derivation also relies on the works of Wilson
(2005), Chatterjee (1971), Timoshenko (1959), and Flugge (1960), which provide
extensive theoretical and practical information on the analysis of circular domes.

Dome Cap Hemisphere Partial Sphere

Fig. 4.1 Various profiles of a circular dome
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4.2 The Membrane Theory of the Circular Dome

The development of the membrane theory for circular domes is similar to cylindrical
shell: Equilibrium equations are formulated by summing forces in each direction.
Differential elements are used as a tool to enable the formulation of these equations.
As seen in Fig. 4.2, differential elements are formed by two intersecting strips: one
segmental strip in the meridian direction and the other in the hoop direction. The
purpose of the element is to depict the in-plane membrane forces. The edge lengths
of the element are given in Fig. 4.3, and a side view, defining the radial geometry, is
illustrated in Fig. 4.4.

4.2.1 Equilibrium in the Hoop Direction (θ-Direction)

In Fig. 4.5, only the stresses that contribute to the equilibrium equation are
illustrated.

Prior to formulating the equilibrium equation, the area of the differential element
must be solved. Referring to Fig. 4.3, the area of the differential element is deter-
mined by taking the average length of the top and bottom edges and multiplying by
the length of the side of the element.

′ +
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′ +
′
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′
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Fig. 4.2 Membrane stresses on a circular dome differential element
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Area of the differential element ¼ rodθþ roþ∂ro
∂ϕdϕ

� �
dθ

2

� �
r1dϕ:

Expanding,

¼ rodθ
2

þ rodθ
2

þ ∂ro
∂ϕ

dϕdθ
2

� �
r1dϕ ¼ ror1dθdϕþ ∂ro

∂ϕ
dϕ2dθr1

2

The above expression is simplified by eliminating the higher order term (the
second term). Higher order terms are terms where the magnitude of the term is
significantly less than the other terms. Thus, these terms may be eliminated, since
they contribute little to the overall equation.

Area of the differential element ¼ ror1dθdϕ ð4:1Þ

Referring to Fig. 4.6, the equilibrium equation is formulated by summing forces
along the x–x0 line,

�N 0
θr1dϕþ N 0

θϕ þ
∂N 0

θϕ

∂ϕ
dθ

� �
r1dϕ
cos β

sin β cos dθ þ N 0
θ þ

∂N 0
θ

∂θ
dθ

� �
r1dϕ
cos β

cos β cos dθ�

N 0
ϕθrodθ cos

dθ
2
þ N 0

ϕθ þ
∂N 0

ϕθ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ cos

dθ
2
þ Pθror1dθdϕ cos

dθ
2

¼ 0

ð4:2Þ

The equilibrium equation is formulated by multiplying the stress by the edge
length of the differential element to obtain the total force along the edge. Likewise,
the surface pressure Pθ is multiplied by the surface area of the differential element

′ +
′

′ +
′

′ +
′′

′

d

P
X X’

Fig. 4.5 Stresses that contribute to the equilibrium equation in the hoop direction
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(Eq. 4.1). The sin and cos terms are included in Eq. 4.2 to solve the components of
stress along the x–x0 line (see Figs. 4.5 and 4.6).

Referring to the triangle of Fig. 4.3,

sin β
cos β

¼ tan β ¼
∂ro
∂ϕ dϕdθ

r1dϕ
ð4:3Þ

Since the angle dθ is very small, the cos dθ � cos dθ
2 � 1. This assumption is

applied to Eq. 4.2 and the tanβ is replaced by the expression in 4.3.
Expanding Eq. 4.2 and including the simplifications,

�N 0
θr1dϕþ N 0

θϕr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþ ∂N 0

θϕ

∂θ
dθr1dθ

∂ro
∂ϕ

dϕdθ

r1dθ

0
BB@

1
CCAþ N 0

θr1dϕþ ∂N 0
θ

∂θ
dθr1dϕ�

N 0
ϕθrodθ þ N 0

ϕθrodθ þ N 0
ϕθ

∂ro
∂ϕ

dϕdθ þ ∂N 0
ϕθ

∂ϕ
dϕrodθ þ

∂N 0
ϕθ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθþ
Pθror1dθdϕ ¼ 0

ð4:4Þ

The above equation is further simplified by eliminating the first and fourth and the
sixth and the seventh terms, and by removing the higher order terms (third and tenth
terms). The eighth and ninth terms are combined using the product rule.

2

X X’

′ +
′

′

′

′ +
′

′ +
′

Fig. 4.6 Direction of edge
stresses in the differential
element
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f 0gþ f g0 ¼ fgð Þ0 ð4:5Þ

N 0
ϕθ

∂ro
∂ϕ

dϕdθ þ ∂N 0
ϕθ

∂ϕ
dϕrodθ ¼ ∂ N 0

ϕθro
� �
∂ϕ

dϕdθ ð4:6Þ

Making these changes,

N 0
θϕ

∂ro
∂ϕ

dϕdθ þ ∂N 0
θ

∂θ
r1dϕdθ þ

∂ N 0
ϕθro

� 	
∂ϕ

dϕdθ þ Pθror1dθdϕ ¼ 0 ð4:7Þ

Divide by dθdϕ.

N0
θϕ

∂ro
∂ϕ

þ ∂N0
θ

∂θ
r1 þ

∂ N0
ϕθro

� 	
∂ϕ

þ Pθror1 = 0 ð4:8Þ

4.2.2 Equilibrium in the Meridian Direction (ϕ-Direction)

To solve for the equilibrium equation in the meridian direction, only the stresses that
contribute to this equation are given in Fig. 4.7. A side view of the differential
element is given in Fig. 4.8. Summing forces,

′ +
′

′ +
′

′ +
′′

′

d

Pø

X

X’

Fig. 4.7 Membrane stresses in the meridian direction
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�N 0
ϕrodθ cos

dϕ
2

þ N 0
ϕ þ

∂N 0
ϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ cos

dϕ
2

� N 0
θϕr1dϕþ

N 0
θϕ þ ∂N 0

θϕ

∂θ
dθ

� �
r1dϕ
cos β

� �
cos β � N 0

θ þ
∂N 0

θ

∂θ
dθ

� �
r1dϕ
cos β

� �
sin β þ Pϕr1rodθdϕ ¼ 0

ð4:9Þ

For small angles, cos dϕ � cos dϕ
2 � 1. Replace sinβ/ cos β with 4.3 and expand.

�N 0
ϕrodθ þ N 0

ϕrodθ þ N 0
ϕ
∂ro
∂ϕ

dϕdθ þ ro
∂N 0

ϕ

∂ϕ
dϕdθ þ ∂N 0

ϕ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθ�

N 0
θϕr1dϕþ N 0

θϕr1dϕþ ∂N 0
θϕ

∂θ
dθdϕ r1 � N 0

θr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ
� ∂N 0

θ

∂θ
dθdϕ r1

∂ro
∂ϕ

dϕdθ

r1dϕ
þ

Pϕr1rodθdϕ ¼ 0

ð4:10Þ

Eliminating the first and second and the sixth and seventh terms, the expression is
simplified. Furthermore, the fifth and the tenth terms are higher order terms and are
also eliminated. The expression is therefore reduced to the following form:

1

2

2

2

′
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′
′ +

′

′ +
′

X’

X

Fig. 4.8 Side view of the orientation of stresses in the meridian direction
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N 0
ϕ
∂ro
∂ϕ

dϕdθ þ ro
∂N 0

ϕ

∂ϕ
dϕdθ þ ∂N 0

θϕ

∂θ
dθr1dϕ� N 0

θ
∂ro
∂ϕ

dϕdθ

þ Pϕr1rodθdϕ
¼ 0 ð4:11Þ

Combining the first and second terms using the chain rule (4.5) and dividing by
dθdϕ, the equilibrium equation in the meridian direction is solved.

∂ N0
ϕro

� 	
∂ϕ

þ ∂N0
θϕ

∂θ
r1 � N0

θ
∂ro
∂ϕ

þ Pϕr1ro ¼ 0 ð4:12Þ

4.2.3 Equilibrium in the Radial Direction (z-Direction)

The stresses that contribute to the equilibrium equation in the radial direction are
illustrated in Fig. 4.9, and the side view of the differential element is given in
Fig. 4.10. Summing forces along the x � x0 line,

1
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x

X’
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′
d
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′ +
′

2
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Fig. 4.9 Stresses that contribute to the equilibrium equation in the radial direction

4.2 The Membrane Theory of the Circular Dome 93

@seismicisolation@seismicisolation

https://t.me/seismicisolation


N 0
ϕrodθ sin

dϕ
2

þ N 0
ϕ þ

∂N 0
ϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ sin

dϕ
2

þ N 0
θr1dϕ sin

dθ1
2

þ

N 0
θ þ

∂N 0
θ

∂θ
dθ

� �
r1dϕ
cos β

cos β sin
dθ1
2

þ Pzr1rodθdϕ ¼ 0

ð4:13Þ

where the lengths of the differential element are according to Fig. 4.3 and the
summation is in the same direction as r2.

For small angles, we assume that sin dθ
2 � dθ

2 and sin dϕ
2 � dϕ

2 .
Expanding Eq. 4.13 and simplifying,

N 0
ϕrodθ

dϕ
2

� �
þ N 0

ϕrodθ
dϕ
2

� �
þ N 0

ϕ
∂ro
∂ϕ

dϕdθ
dϕ
2

� �
þ ∂N 0

ϕ

∂ϕ
dϕrodθ

dϕ
2

� �
þ

∂N 0
ϕ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθ
dϕ
2

� �
þ N 0

θr1dϕ
dθ1
2

� �
þ N 0

θr1dϕ
dθ1
2

� �
þ ∂N 0

θ

∂θ
dθr1dϕ

dθ1
2

� �
þ

Pzr1rodθdϕ ¼ 0

ð4:14Þ

The third, fourth, fifth, and eight terms are higher order terms and therefore may
be eliminated from the equation. In addition, the first and second and the sixth and
seventh terms are combined.
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Fig. 4.10 Side view perspective of the radial stresses
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N 0
ϕrodθdϕþ N 0

θr1dϕdθ1 þ Pzr1rodθdϕ ¼ 0 ð4:15Þ

From Fig. 4.11, the arc lengths of the top edge of the differential element are the
same and may be equated (refer to Fig. 4.10).

r2dθ1 ¼ rodθ ð4:16Þ

Rearranged,

dθ1 ¼ rodθ
r2

ð4:17Þ

Substituting 4.17 into 4.15 and dividing by dθdϕror1.

N 0
ϕ

r1
þ N 0

θ

r2
þ Pz ¼ 0 ð4:18Þ

4.2.4 Summary of Equilibrium Equations and Simplifications

Collecting the three equilibrium equations,

N 0
θϕ

∂ro
∂ϕ

þ ∂N 0
θ

∂θ
r1 þ

∂ N 0
ϕθro

� 	
∂ϕ

þ Pθror1 ¼ 0 ð4:8Þ
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Fig. 4.11 Relationship between the radius and arc length of the differential element
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∂ N 0roð Þ
∂ϕ

þ ∂N 0
θϕ

∂θ
r1 � N 0

θ
∂ro
∂ϕ

þ Pϕr1ro ¼ 0 ð4:12Þ

N 0
ϕ

r1
þ N 0

θ

r2
þ Pz ¼ 0 ð4:18Þ

If we assume that the dome is symmetrically loaded, all of the termswhich have∂θ
will vanish; the stress does not change in the hoop direction. Symmetrical loadingwill
also imply that the in-plane shear stresses are equal to zero (i.e., N 0

ϕθ ¼ N 0
θϕ ¼ 0).

Furthermore, we also assume that the surface pressure applied in the hoop direction
(surface tractions) is equal to zero (i.e., Pθ ¼ 0). These assumptions will eliminate
Eq. 4.8, and the second term of 4.12. The equilibrium equations reduce to the
following form:

N 0
ϕ

r1
þ N 0

θ

r2
þ Pz ¼ 0 ð4:18Þ

∂ N 0
ϕro

� 	
∂ϕ

� N 0
θ
∂ro
∂ϕ

þ Pϕr1ro ¼ 0 ð4:19Þ

From Fig. 4.12,

r1dϕ cosϕ ¼ dro

or

1

2

+

Fig. 4.12 Geometry of the
differential element
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dro
dϕ

¼ r1 cosϕ ð4:20Þ

Substituting 4.20 into 4.19,

∂ N 0
ϕro

� 	
∂ϕ

� N 0
θr1 cosϕþ Pϕr1ro ¼ 0 ð4:21Þ

If we rearrange 4.18,

N 0
θ ¼ �r2

N 0
ϕ

r1
þ Pz

� �
ð4:22Þ

Referring to Fig. 4.10,

ro ¼ r2 sinϕ ð4:23Þ

Rearranging 4.23,

r2 ¼ ro
sinϕ

ð4:24Þ

Substituting 4.24 into 4.22,

N 0
θ ¼ � ro

sinϕ

N 0
ϕ

r1
þ Pz

� �
ð4:25Þ

Substitute 4.25 into 4.21.

∂ N 0
ϕro

� 	
∂ϕ

þ ro
sinϕ

N 0
ϕ

r1
þ Pz

� �
r1 cosϕþ Pϕr1ro ¼ 0 ð4:26Þ

Multiply each side of the equation by sinϕ.

∂ N 0
ϕro

� 	
∂ϕ

sinϕþ ro
N 0

ϕ

r1
þ Pz

� �
r1 cosϕþ Pϕr1ro sinϕ ¼ 0 ð4:27Þ

Expanding 4.27,
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∂ N 0
ϕro

� 	
∂ϕ

sinϕþ N 0
ϕro cosϕþ Pzror1 cosϕþ Pϕr0r1 sinϕ ¼ 0 ð4:28Þ

Integrating the above expression from 0 to ϕ, combine the last two terms and
rearrange.

Z ϕ

0

∂ N 0
ϕro

� 	
∂ϕ

sinϕdϕþ
Z ϕ

0
N 0

ϕro cosϕ dϕ

¼ � 1
2π

Z ϕ

0
Pz cosϕþ Pϕ sinϕ
� �

2πror1dϕ ð4:29Þ

Solve the first term by integration by parts. The general formula is given below:

Z
udv ¼ uv�

Z
vdu ð4:30Þ

If we assume,

u ¼ sinϕ

du ¼ cosϕ

dv ¼
∂ N 0

ϕro
� 	
∂ϕ

dϕ

v ¼ N 0
ϕro

Substituting the above into Eq. 4.29,

N 0
ϕro sinϕ�

Z ϕ

0
N 0

ϕro cosϕ dϕþ
Z ϕ

0
N 0

ϕro cosϕ dϕ

¼ � 1
2π

Z ϕ

0
Pz cosϕþ Pϕ sinϕ
� �

2πror1dϕ ð4:31Þ

Eliminating the second and third terms,

N 0
ϕro sinϕ ¼ � 1

2π

Z ϕ

0
Pz cosϕþ Pϕ sinϕ
� �

2πror1dϕ ð4:32Þ

Divide each side by ro sin ϕ,
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N 0
ϕ ¼ � 1

2πro sinϕ

Z ϕ

o
Pz cosϕþ Pϕ sinϕ
� �

2πroð Þr1dϕ ð4:33Þ

Evaluating 4.33, the term (2πro) sums the stress in the hoop direction and
R ϕ
0 r1dϕ

sums the stress in the meridian direction. Furthermore, the term Pz cos ϕ + Pϕ sin ϕ is
the vertical resultant of the two external pressures Pz and Pϕ (see Fig. 4.13). If we
assume R is the total load of the shell above the angle ϕ,

R=
Z ϕ

o
Pz cosϕþ Pϕ sinϕ
� �

2πroð Þr1dϕ ð4:34Þ

Substituting 4.34 into 4.33, the general membrane stress equation in the meridian
direction is defined.

N0
ϕ = 2

R
2πro sinϕ

ð4:35Þ

Substituting 4.35 into 4.25,

N 0
θ ¼ � ro

sinϕ
�R

r12πro sinϕ
þ Pz

� �
ð4:36Þ

Rearranged, the general membrane hoop stress equation is similarly determined.

1

2

sin + cos

Fig. 4.13 Components of
external pressures
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N0
θ =

R
2πr1 sin 2ϕ

2
Pzro
sinϕ

ð4:37Þ

4.2.5 Uniform Vertical Loading

Equations 4.35 and 4.37 are general equations that may be applied to any type of
loading. The first loading is a uniformly distributed load, which is evenly applied
over the surface of the dome. A uniform vertical load is the loading from the self-
weight of the shell or any evenly applied load that is affected by gravity. Thus, this
loading may include live loads and dead loads.

Referring to Fig. 4.14,

Pz ¼ q cosϕ ð4:38Þ
Pϕ ¼ q sinϕ ð4:39Þ

Furthermore, since the shape is circular,

r1 ¼ r2 ¼ a ð4:40Þ
ro ¼ a sinϕ ð4:41Þ

Substituting equations 4.38 and 4.39 into 4.34, replace ro with 4.41 and r1 with a,

a

Fig. 4.14 Vertical load on a differential element
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R ¼
Z ϕ

o
q cos 2 ϕþ q sin 2 ϕ
� �

2πa2 sinϕ dϕ ð4:42Þ

Since

cos 2 ϕþ sin 2 ϕ ¼ 1 ð4:43Þ

Equation 4.42 reduces to

R ¼
Z ϕ

o
2qπa2 sinϕ dϕ ð4:44Þ

Separating the integration constants,

R ¼ 2qπa2
Z ϕ

o
sinϕ dϕ ð4:45Þ

Integrate the above expression from 0 to ϕ.

R ¼ 2qπa2 1� cosϕð Þ ð4:46Þ

Substituting 4.46 into 4.35 and replacing ro in the denominator with a sin ϕ,

N 0
ϕ ¼ � 2qπa2 1� cosϕð Þ

2πa sin 2ϕ
ð4:47Þ

Simplifying the expression,

N 0
ϕ ¼ � qa 1� cosϕð Þ

sin 2ϕ
ð4:48Þ

Using the trigonometric identity,

1þ cosϕð Þ ¼ sin 2ϕ
1� cosϕð Þ ð4:49Þ

the final form of the equation is determined.

N0
ϕ = 2

qa
1þ cosϕð Þ ð4:50Þ

Substituting 4.46 into 4.37, replace ro with a sin ϕ, r1 with a, and Pz with q cos ϕ.
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N 0
θ ¼

2qπa2 1� cosϕð Þ
2πa sin 2ϕ

� q cosϕ a sinϕ
sinϕ

ð4:51Þ

Simplifying,

N 0
θ ¼

qa 1� cosϕð Þ
sin 2ϕ

� aq cosϕ ð4:52Þ

Using the same trigonometric identity, the equation for the hoop stress is
simplified.

N0
θ = aq

1
1þ cosϕ

2 cosϕ
� �

ð4:53Þ

The above equations are valid for a circular dome, with the meridian angle
ranging from 0 to 90�. Solving for the stresses of a hemisphere.

If ϕ ¼ 0,

N 0
ϕ ¼ � aq

2
and N 0

θ ¼ � aq
2

If ϕ ¼ 90
�
,

N 0
ϕ ¼ �aq and N 0

θ ¼ þaq

Furthermore, if we set 1
1þ cosϕ � cosϕ
� 	

¼ 0 and solve for ϕ,

ϕ ¼ 51:83
�

This angle is the point at which the dome changes from pure compressions to a
shell with hoop tensions (Fig. 4.15).

A pure compression structure has many advantages, especially with materials that
are prone to tension cracking; concrete and masonry are two such materials. For this
reason, it is common practice to use shallow domes as a reservoir roof. If in pure
compression, the structure is far more durable, crack free, and more impermeable to
the ingress of moisture. If the shell is constructed of masonry, a pure compression
structure is essential.

The vertical, or meridian stress, may be broken down into components of stress in
the vertical and horizontal directions at the base of the shell (see Fig. 4.16). From
pressure vessel theory (Higdon 1976), the horizontal pressure multiplied by the
radius of the shell is equal to the ring tension in the shell.
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Tϕ ¼ �N 0
ϕ cosϕ ro ð4:54Þ

Since ro ¼ a sin ϕ,

Tϕ ¼ �N 0
ϕ cosϕ a sinϕ ð4:55Þ

The ring tension is resisted by a ring beam at the base of the shell. As will be seen
later, the boundary effect contributes little to the N 0

ϕ value. Thus, the ring tension
equation is applicable to domes designed with membrane and boundary theories.

−
2

−
2

− +

′ ′

Fig. 4.15 Vertical and hoop stresses in a hemisphere (compression is negative)

′ ′ sin

′ cos

′ cos

Fig. 4.16 Components of the meridian stress at the base of the shell
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The profile of the dome determines the magnitude of the ring tension. The ring
tension is high in flat domes, but reduce in magnitude with high profile domes (i.e.,
hemispheres).

4.2.6 Horizontal Vertical Loading

The second type of loading considered is a uniformly distributed load, applied over a
horizontal projection (Fig. 4.17). An application could be a snow load, which would
only stick to the upper portion of the dome.

Because the uniform distributed load is applied to a reduced area of the differen-
tial element, the value of P on the differential element is reduced accordingly.

P cos ϕ

The external loads in the ϕ and z-directions are therefore defined in terms of a
horizontal projection.

Pz ¼ P cosϕ cosϕð Þ ¼ P cos 2 ϕ ð4:56Þ
Pϕ ¼ P cosϕ sinϕ ð4:57Þ

Pθ ¼ 0 ð4:58Þ

The total load on the shell, at an angle of ϕ, is equal to load P multiplied by the
area of the horizontal projection.

= sin

a

cos

cos

Fig. 4.17 Vertical loading over a horizontal projection
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R ¼ Pπr2o ð4:59Þ

Since ro ¼ a sin ϕ,

R ¼ Pπa2 sin 2ϕ ð4:60Þ

Substituting 4.60 into 4.35 and replacing ro with a sin ϕ,

N 0
ϕ ¼ � Pπa2 sin 2ϕ

2π a sinϕð Þ sinϕ ð4:61Þ

Simplifying the above expression,

N0
ϕ = 2

Pa
2

ð4:62Þ

Substituting 4.56 and 4.60 into the general Eq. 4.37 and replacing ro ¼ a sin ϕ
and r1 ¼ a,

N 0
θ ¼

Pπa2 sin 2ϕ

2πa sin 2ϕ
� P cos 2 ϕð Þ a sinϕ

sinϕ
ð4:63Þ

Simplifying,

N 0
θ ¼

Pa
2

� Pa cos 2ϕ ð4:64Þ

or

N 0
θ ¼ Pa

1
2
� cos 2 ϕ

� 	
ð4:65Þ

Multiply each side by �2.

�2N 0
θ ¼ Pa 2 cos 2ϕ� 1

� � ð4:66Þ

Substitute the following identity.

cos 2ϕ ¼ 2 cos 2ϕ� 1 ð4:67Þ

Dividing by �2, the equation for the hoop stress is determined.

N0
θ =

2Pa
2

cos 2ϕ ð4:68Þ
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4.2.7 Uniform Pressure

This type of loading is applied normal to the surface of the shell (see Fig. 4.18),
which is usually caused by an internal pressure. The loading, however, is similar to
the uniform vertical load case for a flat dome.

For uniform pressure, only the load in the z-direction is considered.

Pz ¼ P

Pϕ ¼ 0

Pθ ¼ 0

Using the Eq. 4.34 for the total external load and substituting Pϕ ¼ 0,
Pz ¼ P, ro ¼ a sin ϕ, and r1 ¼ a,

R ¼
Z ϕ

o
P cosϕð Þ 2πa sinϕð Þa dϕ ð4:69Þ

Separating the integration constants,

R ¼ Pa2π

Z ϕ

o
cosϕ sinϕ dϕ ð4:70Þ

Integrating the expression from 0 to ϕ,

= sin

a

Fig. 4.18 Uniform pressure applied to the surface of the dome
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R ¼ 2Pa2π
sin 2 ϕ
2

� �
ð4:71Þ

or

R ¼ Pa2π sin 2 ϕ ð4:72Þ

Substituting the value of R into Eq. 4.35 and replacing ro ¼ a sin ϕ,

N 0
ϕ ¼ � Pa2π sin 2 ϕ

2π a sinϕð Þ sinϕ ð4:73Þ

Simplifying the expression,

N0
ϕ =

2Pa
2

ð4:74Þ

Replacing R, Pz, ro, and r1 of Eq. 4.37,

N 0
θ ¼

Pa2π sin 2 ϕ

2πa sin 2ϕ
� P a sinϕð Þ

sinϕ
ð4:75Þ

Simplifying the above expression,

N 0
θ ¼

Pa
2

� Pa

or

N0
θ = 2

Pa
2

ð4:76Þ

4.2.8 Circular Openings at the Apex of the Shell

A skylight is a common feature at the apex of the dome. A circular hole is placed at
the top of the shell and placed concentrically. The Pantheon in Rome is perhaps the
most famous of these types of structures. The skylight opening may be of any
diameter, yet the shell will remain structurally stable. This characteristic simplifies
construction, especially when building with masonry. If the walls of the shell are
constructed in successive rings, the structure is stable during construction and does
not require formwork. Most openings, however, are covered with a skylight or
lantern. A lantern is an architectural feature that is placed on top of a shell roof to
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allow natural light into the space below. These edifices often incorporate a steeple. A
skylight is a contemporary version of a lantern, albeit less ornamental. Lanterns and
skylights cause a continuous load around the opening (see Fig. 4.19) and may
necessitate a ring beam.

As depicted in Fig. 4.19, the load P is a uniform line load that circles the opening.
This load will generate a horizontal thrust H due to the angle of the supporting walls.

Since

tan ϕo ¼ P
H

H ¼ P
tanϕo

ð4:77Þ

H sinϕo ¼ P cos ϕo

The compression in the ring may therefore be defined as

Co ¼ Hro ¼ Ha sinϕo ¼ a P cosϕo ð4:78Þ

where ϕo is the angle from the vertical to the edge of the opening.
For the skylight calculation, we assume

Pz ¼ Pϕ ¼ Pθ ¼ 0

Since the shell will be subjected to gravity and live loads, this assumption is
incorrect. However, we can analyze the skylight loads separately and superimpose
the stresses.

The total load is equal to

R ¼ P2πro ¼ P2πa sinϕo ð4:79Þ

Substitute Eqs. 4.41 and 4.79 into 4.35 and 4.37.

′

Fig. 4.19 Dome with a circular opening at the apex of the shell
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N 0
ϕ ¼ �P2πa sinϕo

2πro sin
2ϕ

ð4:80Þ

N0
ϕ = 2

P sinϕo

sin 2ϕ
ð4:81Þ

N 0
θ ¼ P2πa sinϕo

2πa sin 2ϕ
ð4:82Þ

N0
θ =

P sinϕo

sin 2ϕ
ð4:83Þ

The effects of an oculus, or hole at the apex, must be separately considered. The
weight of the removed cap (above the hole) must be subtracted from the hoop and
meridian stress Eqs. (4.35) and (4.37).

4.3 Displacement Theory

Typically, deflections are relatively small in shells. If the shell is thought of as a
series of meridian strips and horizontal rings, the interaction between them provides
insight in why the deflections are small (Torroja 1958). As the meridian strips deflect
downward, the hoop rings counteracts this movement by hoop compressions. Like-
wise, where the meridian strips rise, tensions form in the hoop rings to counteract
outward movement. This interaction lessens the deflections to such an extent that
designs are rarely controlled by deflections. This, of course, is a generalization and
may not hold true for shells with a high radius to thickness ratio or composed of
flexible material.

Referring to Fig. 4.20, the solid line is the differential element in the original
undeformed state. The dashed line is the same differential element after deformation.
As illustrated, the element has deformed radially inward by the amount w and
downward along the meridian by the amount v.

4.3.1 Circumferential, or Hoop Strain

The circumferential strain may be defined as the change in the circumferential
length.

Eθ ¼ 2πΔro
2πro

ð4:84Þ

Referring to Fig. 4.20,
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Δro ¼ v cosϕ� w sinϕ ð4:85Þ

Substituting 4.85 into 4.84,

εθ ¼ 2π v cosϕ� w sinϕð Þ
2πro

ð4:86Þ

Expanding 4.86,

εθ ¼ 2πv cosϕ
2πro

� 2πw sinϕ
2πro

ð4:87Þ

εθ ¼ v cosϕ
ro

� w sinϕ
ro

ð4:88Þ

Since ro ¼ r2 sin ϕ,

εθ =
v cosϕ
ro

2
w
r2

ð4:89Þ

4.3.2 Meridional, or Vertical Strains

Influence of v

a

∆

Fig. 4.20 Displacements of the differential element
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If we initially consider the strain due to the influence of v, the change in the length of
the element, in the vertical direction, is the difference between the deformations
(refer to Fig. 4.21).

Δr1dϕ ¼ vþ ∂v
∂ϕ

dϕ

� �
� v ¼ ∂v

∂ϕ
dϕ ð4:90Þ

The strain is defined as the change in length divided by the original length.

εϕ ¼ Δr1dϕ
r1dϕ

ð4:91Þ

Substituting 4.90 into 4.91,

εϕ ¼
∂v
∂ϕ dϕ

r1dϕ
¼ dv

r1dϕ
ð4:92Þ

Influence of w

The expansion or contraction of the shell will influence the strains in the merid-
ional direction. As can be seen in Fig. 4.22, the contraction of the differential
element will cause a compressive strain in the element. The change in the length
of the differential element is the difference in the arc length, represented as Δr1dϕ.

a

+

Fig. 4.21 Deformation of the differential element in the vertical direction due to the influence of v
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Δr1dϕ ¼ r1 � wð Þdϕ� r1dϕ ¼ �wdϕ ð4:93Þ

Since the strain is the change in length over the original length,

εϕ ¼ Δr1dϕ
r1dϕ

ð4:94Þ

Substituting 4.93 into 4.94,

εϕ ¼ �wdϕ
r1dϕ

¼ � w
r1

ð4:95Þ

Total Strain

The total strain is the sum of 4.92 and 4.95.

εϕ =
dv

r1dϕ
2

w
r1

ð4:96Þ

4.3.3 General Equations for Deflections and Slopes

Rearranging 4.89,

2

1

Fig. 4.22 Deformation of
the differential element in
the vertical direction due to
the influence of w
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w
r2

¼ v cosϕ
ro

� εθ

Solving for w,

w ¼ r2v cosϕ
ro

� r2εθ ð4:97Þ

Rearranging 4.96,

w
r1

¼ dv
r1dϕ

� εϕ ð4:98Þ

Solving for w,

w ¼ r1dv
r1dϕ

� r1εϕ ¼ dv
dϕ

� r1εϕ ð4:99Þ

Equating 4.97 and 4.99,

r2v cosϕ
ro

� r2εθ ¼ dv
dϕ

� r1εϕ ð4:100Þ

Substituting ro ¼ r2 sin ϕ,

r2v cosϕ
r2 sinϕ

� r2εθ ¼ dv
dϕ

� r1εϕ ð4:101Þ

v cotϕ� r2εθ ¼ dv
dϕ

� r1εϕ ð4:102Þ

Rearranged,

dv
dϕ

� v cotϕ ¼ r1εϕ � r2εθ ð4:103Þ

Use Eqs. 3.33 and 3.34 from cylindrical shell theory (Billington 1982), but
change the subscripts to be consistent with circular dome geometry.

εθ ¼ 1
Eh

N 0
θ � νN 0

ϕ

� 	
ð4:104Þ

εϕ ¼ 1
Eh

N 0
ϕ � νN 0

θ

� 	
ð4:105Þ

Substituting the above equations into 4.103,
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dv
dϕ

� v cotϕ ¼ r1
1
Eh

N 0
ϕ � νN 0

θ

h i� 	
� r2

1
Eh

N 0
θ � νN 0

ϕ

h i� 	
ð4:106Þ

Rearranging the above equation,

dv
dϕ

� v cotϕ ¼ 1
Eh

N 0
ϕ r1 þ νr2ð Þ � N 0

θ r2 þ νr1ð Þ
h i

ð4:107Þ

The above equation may be expressed as

dv
dϕ

� v cotϕ ¼ f ϕð Þ ð4:108Þ

where

f ϕð Þ ¼ 1
Eh

N 0
ϕ r1 þ νr2ð Þ � N 0

θ r2 þ νr1ð Þ
h i

ð4:109Þ

The above linear differential equation is similar to the mathematical form:

dy
dx

þ P xð Þy ¼ f xð Þ ð4:110Þ

A solution to this differential equation is available, expressed as Eq. 4.111 in
terms of x and y.

y ¼ e�
R

p xð Þdx
Z

e
R

p xð Þdxf xð Þ þ ce�
R

p xð Þdx ð4:111Þ

If we make the following substitutions:

dy
dx

¼ dv
dϕ

P xð Þ ¼ � cotϕ

y ¼ v

f xð Þ ¼ f ϕð Þ

The solution is therefore

v ¼ e�
R

� cotϕð Þdϕ
Z

e
R

� cotϕð Þdϕf ϕð Þ þ ce�
R

� cotϕð Þdϕ ð4:112Þ

Since
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Z
cotϕ dϕ ¼ ln sinϕj j ð4:113Þ

and

e ln sinϕj j ¼ sinϕ ð4:114Þ

e� ln sinϕj j ¼ 1
sinϕ

ð4:115Þ

the solution becomes,

v ¼ sinϕ
Z

f ϕð Þ
sinϕ

þ c sinϕ ð4:116Þ

or

v ¼ sinϕ
Z

f ϕð Þ
sinϕ

þ c

� �
ð4:117Þ

Replacing f(ϕ) with equation 4.109,

v ¼ sinϕ
Z 1

Eh N 0
ϕ r1 þ νr2ð Þ � N 0

θ r2 þ νr1ð Þ
h i

sinϕ
þ c

0
@

1
A ð4:118Þ

Separating the constants,

v ¼
sinϕ N 0

ϕ r1 þ νr2ð Þ � N 0
θ r2 þ νr1ð Þ

h i
Eh

Z
1

sinϕ
þ c

� �
ð4:119Þ

where c is an integration constant determined from boundary conditions.
From Eq. 4.97,

w ¼ r2v cosϕ
ro

� r2εθ ð4:97Þ

Replacing ro ¼ r2 sin ϕ,

w ¼ r2v cosϕ
r2 sinϕ

� r2εθ
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w ¼ v cotϕ� r2εθ ð4:120Þ

Replacing εθ with Eq. 4.104,

w ¼ v cotϕ� r2
Eh

N 0
θ � νN 0

ϕ

� 	
ð4:121Þ

Meridian Rotations

Figure 4.23 is an exaggeration of the deformations of the differential element. In
reality, the deformations are small, which permits the following assumption:

Δ0
vr1 ¼ v ð4:122Þ

Rearranged,

Δ0
v ¼

v
r1

ð4:123Þ

Similarly, with the w deformations,

Δ0
w ¼

wþ ∂w
∂ϕ dϕ

� 	
� w

r1dϕ
ð4:124Þ

Δ0
w ¼ ∂w

r1∂ϕ
ð4:125Þ

The meridian rotation is therefore the sum of the two rotations.

Δ0
ϕ ¼ v

r1
þ ∂w
r1∂ϕ

ð4:126Þ

Horizontal Deformations

The differential element undergoing deformations will either expand or contract
under load. This expansion/contraction will cause the differential element to undergo
a strain, defined by the change in length divided by the original length (see
Fig. 4.24).

εθ ¼
ro þ Δ0

H

� �
dθ � rodθ

rodθ
ð4:127Þ

Multiply each side by ro.
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roεθ ¼ ro
ro þ Δ0

H

� �
dθ � rodθ

rodθ
ð4:128Þ

Expanding and simplifying the above expression,

roεθ ¼ ro
rodθ þ Δ0

Hdθ � rodθ
rodθ

¼ Δ0
H ð4:129Þ

εθ was previously defined in Eq. 4.104.

εθ ¼ 1
Eh

N 0
θ � νN 0

ϕ

� 	
ð4:104Þ

Substituting ro ¼ r2 sin ϕ and Eq. 4.104 into 4.129, the general equation for
horizontal deformations is determined.

Δ0
H = r2 sinϕ

Eh
N0

θ 2 νN0
ϕ

� 	
ð4:130Þ

At the base of the shell, the vertical deformation is assumed to be zero. Thus,
v ¼ 0. This will eliminate the first term of Eq. 4.126.

2

1

∆′

∆
2

1

∆′

w displacements v displacements

Fig. 4.23 Rotations in the meridian direction

4.3 Displacement Theory 117

@seismicisolation@seismicisolation

https://t.me/seismicisolation


Δ0
ϕ ¼ ∂w

r1∂ϕ

Substitute 4.121 into the above equation.

Δ0
ϕ ¼ ∂

r1∂ϕ
v cotϕ� r2

Eh
N 0

θ � νN 0
ϕ

� 	h i
ð4:131Þ

Take the derivative of 4.131 with respect to ϕ.

Δ0
ϕ ¼ dv

dϕ
cotϕ
r1

� v csc2ϕ
r1

�
d r2

Eh N 0
θ � νN 0

ϕ

� 	h i
r1dϕ

ð4:132Þ

Since v ¼ 0 at the base,

Δ0
ϕ ¼ dv

dϕ
cotϕ
r1

�
d r2

Eh N 0
θ � νN 0

ϕ

� 	h i
r1dϕ

ð4:133Þ

Using Eq. 4.107,

dv
dϕ

� v cotϕ ¼ 1
Eh

N 0
ϕ r1 þ νr2ð Þ � N 0

θ r2 þ νr1ð Þ
h i

ð4:107Þ

and simplify since v ¼ 0.

dv
dϕ

¼ 1
Eh

N 0
ϕ r1 þ νr2ð Þ � N 0

θ r2 þ νr1ð Þ
h i

ð4:134Þ

Substituting the above equation into 4.133,

2

1

∆′

∆′

Fig. 4.24 Horizontal deformation of a differential element
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Δ0
ϕ ¼ 1

Eh
N 0

ϕ r1 þ νr2ð Þ � N 0
θ r2 þ νr1ð Þ

h in o cotϕ
r1

�
d r2

Eh N 0
θ � νN 0

ϕ

� 	h i
r1dϕ

ð4:135Þ

The horizontal deflection was previously defined as 4.130.

Δ0
H ¼ r2 sinϕ

Eh
N 0

θ � νN 0
ϕ

� 	
ð4:130Þ

Rearranged,

Δ0
H

sinϕ
¼ r2

Eh
N 0

θ � νN 0
ϕ

� 	

Placing the above equation into 4.135, the general equation for membrane
rotations are determined.

Δ0
ϕ =

cotϕ
Ehr1

N0
ϕ r1 þ νr2ð Þ2N0

θ r2 þ νr1ð Þ
h i
 �

2
d

r1dϕ
ΔH

sinϕ

� �
ð4:136Þ

Equations 4.130 and 4.136 are general equations to determine the horizontal and
slope deformations. These two equations are now applied to the various loading
conditions.

4.3.4 Deformations for the Case of Uniformly Distributed
Load (Gravity Load)

For the case of the uniformly distributed load, the stresses were previously
determined as:

N 0
ϕ ¼ � aq

1þ cosϕð Þ ð4:50Þ

N 0
θ ¼ aq

1
1þ cosϕ

� cosϕ

� �
ð4:53Þ

Substituting the above equations into 4.130 and replacing r1 ¼ r2 ¼ a,

Δ0
H ¼ a sinϕ

Eh
aq

1
1þ cosϕ

� cosϕ

� �
þ ν

aq
1þ cosϕð Þ

� �
ð4:137Þ

Simplify.
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Δ0
H =D10 =

a2q
Eh

1þ v
1þ cos ϕ

2 cosϕ
� �

sinϕ ð4:138Þ

The general equation for the slope is Eq. 4.136. Substitute the above equation into
4.136 and replace r1 ¼ r2 ¼ a.

Δ0
ϕ ¼ cotϕ

Eha
N 0

ϕ aþ νað Þ � N 0
θ aþ νað Þ

h i
 �
� d
a dϕ

�
a2q
Eh

1þv
1þ cos ϕ 2 cosϕ
� 	

sinϕ

sinϕ

0
@

1
A ð4:139Þ

Δ0
ϕ ¼ cotϕ

Eh
N 0

ϕ 1þ νð Þ � N 0
θ 1þ νð Þ� 

 �

� aq
Eh

d
dϕ

� 1þ v
1þ cosϕ

� cosϕ

� �
ð4:140Þ

Substitute 4.50 and 4.53 to replace N0
ϕ and N0

θ.

Δ0
ϕ ¼ cotϕ

Eh
� aq

1þ cosϕð Þ 1þ νð Þ � aq
1

1þ cosϕ
� cosϕ

� �
1þ νð Þ

� �
 �

� aq
Eh

d
dϕ

1þ v
1þ cosϕ

� cosϕ

� �
ð4:141Þ

Manipulating the first term and take the derivative of the second term,

Δ0
ϕ ¼ 1þ vð Þaq cotϕ

Eh
� 1

1þ cosϕð Þ � 1
1þ cosϕ

� cosϕ

� �� �
 �

� aq
Eh

1þ vð Þ sinϕð Þ
1þ cosϕð Þ2 þ sinϕ

" #
ð4:142Þ

Δ0
ϕ ¼ 1þ vð Þaq cotϕ

Eh
� 2

1þ cosϕð Þ þ cosϕ

� �
� aq
Eh

� 1þ vð Þ sinϕ
1þ cosϕð Þ2 þ sinϕ

" #
ð4:143Þ
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Δ0
ϕ ¼ aq

Eh

� � 2 1þ vð Þ cotϕ
1þ cosϕð Þ þ 1þ vð Þ cotϕ cosϕ� 1þ vð Þ sinϕ

1þ cosϕð Þ2 � sinϕ

" #

ð4:144Þ
Δ0

ϕ =D20 =
aq
Eh

2þ vð Þ sinϕ ð4:145Þ

The sign was changed so that a downward uniform load corresponds to a positive
rotation.

4.3.5 Deformations for the Case of a Horizontal Uniformly
Distributed Load

Using the previously defined stresses for the case of a horizontally applied uniformly
distributed load,

N 0
ϕ ¼ �Pa

2
ð4:62Þ

N 0
θ ¼ �Pa

2
cos 2ϕ ð4:68Þ

Substituting these equations into 4.130 and set r1 ¼ r2 ¼ a.

Δ0
H ¼ a sinϕ

Eh
�Pa
2

cos 2ϕþ ν
Pa
2

� 	
ð4:146Þ

Δ0
H =D10 =

a2P sinϕ
2Eh

2 cos 2ϕþ νð Þ ð4:147Þ

Substitute 4.62, 4.68, and 4.147 into 4.136, and set r1 ¼ r2 ¼ a.

Δ0
ϕ ¼ cotϕ

Eha
�Pa

2
aþ νað Þ þ Pa

2
cos 2ϕ aþ νað Þ

h i
 �
� d
adϕ

�
a2P sinϕ

2Eh � cos 2ϕþ νð Þ
sinϕ

 !
ð4:148Þ

Δ0
ϕ ¼ ap 1þ νð Þ cotϕ

2Eh
�1þ cos 2ϕ½ �


 �
� aP
2Eh

d
dϕ

� cos 2ϕþ νð Þ ð4:149Þ
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Δ0
ϕ ¼ ap 1þ νð Þ cotϕ

2Eh
�1þ cos 2ϕ½ �


 �
� aP
2Eh

2 sin 2ϕð Þ ð4:150Þ

Δ0
ϕ ¼ ap

2Eh
� 1þ vð Þ cotϕþ 1þ vð Þ cotϕ cos 2ϕ� 2 sin 2ϕ½ � ð4:151Þ

Δ0
ϕ ¼ � ap

2Eh
1þ vð Þ cotϕ 1� cos 2ϕð Þ þ 2 sin 2ϕ½ � ð4:152Þ

Using the trigonometric identities,

1� cos 2ϕ ¼ 2 sin 2ϕ ð4:153Þ
sin 2ϕ ¼ 2 sinϕ cosϕ ð4:154Þ

and substituting into 4.152,

Δ0
ϕ ¼ � ap

2Eh
2 1þ vð Þ cosϕ

sinϕ
sin 2ϕþ 2 sinϕ cosϕ

� �
ð4:155Þ

Δ0
ϕ ¼ � ap

2Eh
2 sinϕ cosϕð Þ 3þ vð Þ ð4:156Þ

Δ0
ϕ =D20 = 2

ap
2Eh

3þ vð Þ sin 2ϕ ð4:157Þ

4.3.6 Deformations for the Case of a Uniform Pressure

The stresses for the case of a uniform pressure:

N 0
ϕ ¼ �Pa

2
ð4:74Þ

N 0
θ ¼ �Pa

2
ð4:76Þ

Substituting these stresses into Eqs. 4.130 and setting r1 ¼ r2 ¼ a,

Δ0
H ¼ a sinϕ

Eh
�Pa

2
þ ν

Pa
2

� 	
ð4:158Þ

Δ0
H =D10 =

a2P sinϕ
2Eh

2 1þ νð Þ ð4:159Þ

Furthermore, substituting 4.74, 4.76, and 4.159 into 4.136,
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Δ0
ϕ ¼ cotϕ

Eha
�Pa
2

aþ νað Þ � �Pa
2

aþ νað Þ
h i
 �

� d
adϕ

�
a2P sinϕ

2Eh 2 1þ νð Þ
sinϕ

 !
ð4:160Þ

Δ0
ϕ ¼ cotϕ

Eha
0ð Þ

� �
� d
adϕ

a2 P 2 1þ νð Þ
2Eh

� �
ð4:161Þ

Since the derivative of a constant is zero,

Δ0
ϕ =D20 = 0 ð4:162Þ

4.4 Boundary Effects

If the shell is unrestrained at the boundary, the stresses will only be membrane.
However, the base of the shell will most likely be connected to a foundation, or ring
beam, which restrains movement in translation and bending. The stresses which are
caused by this restrainment is what is referred to as boundary effects. The left-hand
side of Fig. 4.25 illustrates the location and orientation of the moments and shears.
The boundary effects will also produce membrane stresses, which are illustrated in
the right-hand side of Fig. 4.25. The forces and stresses are separated for clarity, but
the total stress is the combination of the two figures. It should be noticed that the
membrane stresses, which are caused by boundary effects, are represented without a
prime in the superscript.

The extent, or influence, of the boundary effects is directly related to the type of
construction materials used and the thickness of the shell walls. A thin flexible
material, such as steel sheets, may have negligible effect on the stresses. However, a
thicker stiffer material, such as concrete, may influence as much as a third of the shell
and cause significant stresses.

The centroid of the foundation, or ring beam, should be in line with axis of the
shell walls (Fig. 4.26). If these lines do not intersect, additional moments will occur
in the shell. The theory presented is based on the influence of base fixity and does not
include the effects of foundation eccentricities. If the foundation is designed with an
eccentricity, this will defeat the purpose and benefit of dome structures, since the
offset will generate additional moments and reduce the capacity of the shell. An
eccentricity is therefore not advisable.

If a ring beam is placed at 51�, the hoop tension in the beam is not zero
(as suggested by Fig. 4.15), since the horizontal component of the meridian stresses
causes a ring tension.
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The boundary theory is determined by solving for the equilibrium equations in
each of the directions.

4.4.1 Equilibrium in the Hoop Direction (θ-Direction)

In addition to the membrane stresses, only the shears contribute to the equilibrium
equation in the hoop direction (see Fig. 4.27). The equilibrium equation therefore
includes the membrane equilibrium Eq. 4.7, plus the out-of-plane shear. Each of the
stresses are multiplied by the length of the differential element (see Fig. 4.3).

+

+

+

+

d

.
.

+

+

+

+

+

+

d

Pz

P

P

Fig. 4.25 Bending, shears, and membrane stresses in a differential element due to boundary effects

Fig. 4.26 Shell walls
intersecting the centroid of
the ring beam or foundation
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� Qθ þ ∂Qθ

∂θ
dθ

� �
r1dϕ
cos β

� �
cos β sin dθ sinϕþ Nθϕ

∂ro
∂ϕ

dθdϕþ ∂Nθ

∂θ
r1dθdϕþ

∂ Nϕθro
� �
∂ϕ

dθdϕþ Pθror1dθdϕ ¼ 0

ð4:163Þ

Expand the first term and simplify (assuming sin dθ � dθ).

�Qθr1dϕ dθ sinϕ� ∂Qθ

∂θ
dϕ r1dθ

2 sinϕþ Nθϕ
∂ro
∂ϕ

dθdϕþ ∂Nθ

∂θ
r1dθdϕþ

∂ Nϕθro
� �
∂ϕ

dθdϕþ Pθror1dθdϕ ¼ 0

ð4:164Þ

The second term is a higher order term and therefore may be eliminated from the
equation. Furthermore, the equation is simplified by dividing by dθdϕ.

2Qθr1 sinϕþ Nθϕ
∂ro
∂ϕ

þ ∂Nθ

∂θ
r1 þ

∂ Nϕθro
� �
∂ϕ

þ Pθror1 = 0 ð4:165Þ

4.4.2 Equilibrium in the Meridian Direction (ϕ-Direction)

In addition to the membrane stresses, the shear stresses that contribute to the
equilibrium equations are depicted in Fig. 4.28. As illustrated, only the bottom
out-of-plane shear contributes to the equation. The component of this shear along
the x–x0 line is added to the membrane stress equation (Eq. 4.11).

X X’

+

1

2
+

Fig. 4.27 Stresses that contribute to the equilibrium equation in the hoop direction
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�Qϕ rodθð Þ sin dϕ
2

� Qϕ þ
∂Qϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ sin

dϕ
2

þ Nϕ
∂ro
∂ϕ

dϕdθþ

ro
∂Nϕ

∂ϕ
dϕdθ þ ∂Nθϕ

∂θ
dθr1dϕ� Nθ

∂ro
∂ϕ

dϕdθ þ Pϕr1rodθdϕ ¼ 0

ð4:166Þ

Expanding the above equation and assuming sin dϕ
2 � dϕ

2 ,

�Qϕ rodθð Þ dϕ
2

� Qϕro
dϕ
2
dθ � Qϕ

∂ro
∂ϕ

dϕ
2

2

dθ � ∂Qϕ

∂ϕ
dϕ
2

2

rodθ�
∂Qϕ

∂ϕ
dϕ
2

3 ∂ro
∂ϕ

dθ þ Nϕ
∂ro
∂ϕ

dϕdθ þ ro
∂Nϕ

∂ϕ
dϕdθ þ ∂Nθϕ

∂θ
dθr1dϕ� Nθ

∂ro
∂ϕ

dϕdθþ
Pϕr1rodθdϕ ¼ 0

ð4:167Þ

The third, fourth, and fifth terms are higher order terms, and therefore may be
eliminated. The first and second terms are combined and the equation is divided by
dθdϕ.

�Qϕro þ Nϕ
∂ro
∂ϕ

þ ro
∂Nϕ

∂ϕ
þ ∂Nθϕ

∂θ
r1 � Nθ

∂ro
∂ϕ

þ Pϕr1ro ¼ 0 ð4:168Þ

The expression may be further simplified by applying the product rule, combining
the second and third terms.

1

2

+

d

..

+

X

X’

2

2

Fig. 4.28 Stresses that contribute to the equilibrium equation in the meridian direction
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∂ Nϕro
� �
∂ϕ

¼ N 0
ϕ
∂ro
∂ϕ

þ ro
∂N 0

ϕ

∂ϕ
ð4:169Þ

Therefore,

2Qϕro þ
∂ Nϕro
� �
∂ϕ

þ ∂Nθϕ

∂θ
r1 2Nθ

∂ro
∂ϕ

þ Pϕr1ro = 0 ð4:170Þ

4.4.3 Stresses That Contribute to the Equilibrium Equation
in the z-Direction

When summing the internal stresses, all four out-of-plane shears contribute to the
equilibrium Eq. 4.15 (see Fig. 4.29). These stresses are added to the membrane stress
equilibrium equation.

�Qϕrodθ cos
dϕ
2

þ Qϕ þ
∂Qϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ cos

dθ
2
� Qθr1dϕ cos

dθ
2
þ

Qθ þ ∂Qθ

∂θ
dθ

� �
r1dϕ
cos β

cos
dθ
2

cos β þ Nϕro dϕdθ þ Nθr1dϕdθ1 þ Pzr1rodϕdθ ¼ 0

ð4:171Þ

The expression is simplified by substituting dθ1 ¼ ro dθ
r2

, r2 ¼ ro
sinϕ and cos dθ

2 �
cos dϕ

2 � 1. Expand the above equation.

1

2

+
d

.

+

. +

+

2

Fig. 4.29 Stresses that contribute to equilibrium in the z-direction
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�Qϕrodθ þ Qϕrodθ þ Qϕ
∂ro
∂ϕ

dϕdθ þ ∂Qϕ

∂ϕ
rodϕdθ þ

∂Qϕ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθ � Qθr1dϕþ

Qθr1dϕþ ∂Qθ

∂θ
r1dϕdθ þ Nϕ rodϕdθ þ Nθr1 sinϕdϕdθ þ Pzr1rodϕdθ ¼ 0

ð4:172Þ

Eliminate the first and second terms and the sixth and seventh. The fifth term is a
higher order term, which is eliminated. Equation 4.172 is therefore reduced to the
following form:

Qϕ
∂ro
∂ϕ

dϕdθ þ ∂Qϕ

∂ϕ
rodϕdθ þ ∂Qθ

∂θ
r1dϕdθ þ Nϕ rodϕdθ

þ Nθr1 sinϕdϕdθ þ Pzr1rodϕdθ
¼ 0 ð4:173Þ

Using the product rule,

fgð Þ0 ¼ f 0gþ fg0

The first two terms of 4.173 may be combined.

Qϕ
∂ro
∂ϕ

dϕdθ þ ∂Qϕ

∂ϕ
rodϕdθ ¼ ∂ Qϕro

� �
∂ϕ

dϕdθ

Therefore,

∂ Qϕro
� �
∂ϕ

dϕdθ þ ∂Qθ

∂θ
r1dϕdθ þ Nϕ rodϕdθ þ Nθr1 sinϕdϕdθ

þ Pzr1rodϕdθ
¼ 0 ð4:174Þ

Divide the above equation by dϕdθ.

∂ Qϕro
� �
∂ϕ

þ ∂Qθ

∂θ
r1 þ Nϕ ro þ Nθr1 sinϕþ Pzr1ro = 0 ð4:175Þ
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4.4.4 Equilibrium of Moments About the Hoop Direction

In reference to Fig. 4.30, only the moments and shears that contribute to the
equilibrium equation are included in the diagram. In this case, the membrane forces
are not included since they do not contribute to the moments about a center line of
the differential element in the hoop direction. Summing moments,

Mϕrodθ � Mϕ þ ∂Mϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ þ Qϕrodθ

r1dϕ
2

� �
cos

dϕ
2
þ

Qϕ þ
∂Qϕ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ

r1dϕ
2

� �
cos

dϕ
2

�Mθϕr1dϕ

þ Mθ þ ∂Mθ

∂θ
dθ

� �
r1dϕ
cos β

� �
sin βþ

Mθϕ þ ∂Mθϕ

∂θ
dθ

� �
r1dϕ
cos β

� �
cos β ¼ 0

ð4:176Þ

where the lengths of the differential element are taken from Fig. 4.3.

Expand the above equation, assume cos dϕ
2 � 1 and tan β ¼

∂ro
∂ϕ

dϕdθ

r1dϕ
.

1

2
+

d

+

+

+

+

X X’
. +

Fig. 4.30 Moments and shears that contribute to the moment equilibrium equation in the hoop
direction
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Mϕrodθ �Mϕrodθ �Mϕ
∂ro
∂ϕ

dϕdθ � ∂Mϕ

∂ϕ
rodϕdθ � ∂Mϕ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθþ

Qϕrodθ
r1dϕ
2

� �
þ Qϕrodθ

r1dϕ
2

� �
þ Qϕ

∂ro
∂ϕ

dϕdθ
r1dϕ
2

� �
þ ∂Qϕ

∂ϕ
rodϕdθ

r1dϕ
2

� �
þ

∂Qϕ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθ
r1dϕ
2

� �
�Mθϕr1dϕþMθr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþ

∂Mθ

∂θ
dθr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþMθϕr1dϕþ ∂Mθϕ

∂θ
dθr1dϕ ¼ 0

ð4:177Þ

Eliminating the higher order terms (i.e., fifth, eight, ninth, tenth, and thirteenth
terms).

Mϕrodθ �Mϕrodθ �Mϕ
∂ro
∂ϕ

dϕdθ � ∂Mϕ

∂ϕ
dϕrodθ þ Qϕrodθ

r1dϕ
2

� �
þ

Qϕrodθ
r1dϕ
2

� �
�Mθϕr1dϕþMθr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþ

Mθϕr1dϕþ ∂Mθϕ

∂θ
r1dθdϕ ¼ 0

ð4:178Þ

In the above equation, terms one and two and the seventh and ninth cancel each
other out (equal but opposite signs). Furthermore, the eight term is simplified.

�Mϕ
∂ro
∂ϕ

dϕdθ � ∂Mϕ

∂ϕ
rodϕdθ þ Qϕrodθ

r1dϕ
2

� �
þ Qϕrodθ

r1dϕ
2

� �

þMθ
∂ro
∂ϕ

dϕdθ þ ∂Mθϕ

∂θ
dθr1dϕ

¼ 0 ð4:179Þ

Furthermore, use the product rule to combine the first two terms. The third and the
fourth terms may also be added.

�∂ Mϕro
� �
∂ϕ

dϕdθ þ Qϕror1dθdϕþMθ
∂ro
∂ϕ

dϕdθ þ ∂Mθϕ

∂θ
r1dθdϕ ¼ 0 ð4:180Þ

Divide by dϕdθ.
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2
∂ Mϕro
� �
∂ϕ

þ Qϕror1 þMθ
∂ro
∂ϕ

þ ∂Mθϕ

∂θ
r1 = 0 ð4:181Þ

4.4.5 Equilibrium of Moments About the Meridian Direction

Figure 4.31 depicts the moments and shears that contribute to the equilibrium
equations about a vertical line that passes through the differential element. Only
the moment and shears that contribute to the equilibrium equations are illustrated.
No membrane forces contribute to this equation. Summing moments about the
vertical center line,

Mϕθrodθ cos
dϕ
2

� �
� Mϕθ þ ∂Mϕθ

∂ϕ
dϕ

� �
ro þ ∂ro

∂ϕ
dϕ

� �
dθ cos

dϕ
2

� �
þMθr1dϕ�

Mθ þ ∂Mθ

∂θ
dθ

� �
r1dϕ
cos β

cos β þ Mθϕ þ ∂Mθϕ

∂θ
dθ

� �
r1dϕ
cos β

sin β þ Qθr1dϕ
rodθ
2

þ

Qθ þ ∂Qθ

∂θ
dθ

� �
r1dϕ
cos β

cos β
rodθ
2

¼ 0

ð4:182Þ

where the lengths of the sides of the differential element are given in Fig. 4.3.
Using Eq. 4.3,

1

2

+

d

X

X’

.
+

2
+

+

+

X

X’

+

+

2

Fig. 4.31 Moments and shears that contribute to the equilibrium equation in the meridian direction
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sin β
cos β

¼ tan β ¼
∂ro
∂ϕ dϕdθ

r1dϕ
ð4:3Þ

Assuming cos dϕ
2 � 1 and expanding Eq. 4.182,

Mϕθrodθ �Mϕθrodθ �Mϕθ
∂ro
∂ϕ

dϕdθ � ∂Mϕθ

∂ϕ
rodϕdθ � ∂Mϕθ

∂ϕ
dϕ

∂ro
∂ϕ

dϕdθ þMθr1dϕ�

Mθr1dϕ� ∂Mθ

∂θ
dθr1dϕþMθϕr1dϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþ ∂Mθϕ

∂θ
r1dθdϕ

∂ro
∂ϕ

dϕdθ

r1dϕ

0
BB@

1
CCAþ

Qθr1dϕ
rodθ
2

� �
þ Qθr1dϕ

rodθ
2

� �
þ ∂Qθ

∂θ
r1dθdϕ

rodθ
2

� �
¼ 0

ð4:183Þ

The fifth, tenth, and thirteenth terms are higher order terms and therefore may be
eliminated from Eq. 4.183. The first, second, sixth, and seventh terms are also
eliminated (equal but opposite terms).

�Mϕθ
∂ro
∂ϕ

dϕdθ � ∂Mϕθ

∂ϕ
rodϕdθ � ∂Mθ

∂θ
r1dθdϕþMθϕ

∂ro
∂ϕ

dϕdθ

þ Qθr1dϕ
rodθ
2

� �
� Qθr1dϕ

rodθ
2

� �

¼ 0 ð4:184Þ

Combining the last two terms and using the product rule to simplify,

�∂ Mϕθro
� �
∂ϕ

dϕdθ ¼ �Mϕθ
∂ro
∂ϕ

dϕdθ � ∂Mϕθ

∂ϕ
rodϕdθ ð4:185Þ

Therefore,

�∂ Mϕθro
� �
∂ϕ

dϕdθ � ∂Mθ

∂θ
r1dθdϕþMθϕ

∂ro
∂ϕ

dϕdθ þ Qθr1rodϕdθ ¼ 0 ð4:186Þ

Divide by dθdϕ.

2
∂ Mϕθro
� �
∂ϕ

2
∂Mθ

∂θ
r1 þMθϕ

∂ro
∂ϕ

þ Qθr1ro = 0 ð4:187Þ
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4.4.6 Simplifying the General Equilibrium Equations

Collecting the five equilibrium equations,

�Qθr1 sinϕþ Nθϕ
∂ro
∂ϕ

þ ∂Nθ

∂θ
r1 þ

∂ Nϕθro
� �
∂ϕ

þ Pθror1 ¼ 0 ð4:165Þ

�Qϕro þ
∂ Nϕro
� �
∂ϕ

þ ∂Nθϕ

∂θ
r1 � Nθ

∂ro
∂ϕ

þ Pϕr1ro ¼ 0 ð4:170Þ

∂ Qϕro
� �
∂ϕ

þ ∂Qθ

∂θ
r1 þ Nϕ ro þ Nθr1 sinϕþ Pzr1ro ¼ 0 ð4:175Þ

�∂ Mϕro
� �
∂ϕ

þ Qϕror1 þMθ
∂ro
∂ϕ

þ ∂Mθϕ

∂θ
r1 ¼ 0 ð4:181Þ

�∂ Mϕθro
� �
∂ϕ

� ∂Mθ

∂θ
r1 þMθϕ

∂ro
∂ϕ

þ Qθr1ro ¼ 0 ð4:187Þ

Then above equations are simplified by making the following assumptions:
From Fig. 4.32, the following relationship may be formed:

r1dϕ cosϕ ¼ dro

or,

dro
dϕ

¼ r1 cosϕ ð4:188Þ

1

2

Fig. 4.32 Radial geometric
relationships of a differential
element
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Furthermore, for symmetrical loading, the membrane and shear stresses and the
bending moments may vary in the ϕ-direction but are constant in the θ-direction. It
may therefore be assumed that the change in stress in the θ-direction is equal to zero.

∂Nθ

∂θ
¼ ∂Qθ

∂θ
¼ ∂Mθ

∂θ
¼ 0 ð4:189Þ

Furthermore, the in-plane membrane shears and the twisting moments are also
assumed equal to zero, due to symmetrical loading.

Nϕθ ¼ Nθϕ ¼ Mϕθ ¼ Mθϕ ¼ 0 ð4:190Þ

Applying the above assumptions, the equilibrium equations reduce to the
following form:

�Qθr1 sinϕþ Pθror1 ¼ 0 ð4:191Þ
∂ Nϕro
� �
∂ϕ

� Qϕro � Nθr1 cosϕþ Pϕr1ro ¼ 0 ð4:192Þ

∂ Qϕro
� �
∂ϕ

� Nϕ ro þ Nθr1 sinϕþ Pzr1ro ¼ 0 ð4:193Þ

�∂ Mϕro
� �
∂ϕ

þ Qϕror1 þMθr1 cosϕ ¼ 0 ð4:194Þ

Qθr1ro ¼ 0 ð4:195Þ

Since Qθ must be equal to zero, Eq. 4.195 is eliminated. Similarly, if Qθ ¼ 0, then
Pθ also must be equal to zero, and Eq. 4.191 is eliminated. The equilibrium equations
are therefore reduced to three.

∂ Nϕro
� �
∂ϕ

� Qϕro � Nθr1 cosϕþ Pϕr1ro ¼ 0 ð4:192Þ

∂ Qϕro
� �
∂ϕ

� Nϕ ro þ Nθr1 sinϕþ Pzr1ro ¼ 0 ð4:193Þ

�∂ Mϕro
� �
∂ϕ

þ Qϕror1 þMθr1 cosϕ ¼ 0 ð4:194Þ
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4.5 Displacement Theory of the Boundary Effects

The relationship between strain and deformation was previously solved.

εθ ¼ v cosϕ
ro

� w
r2

ð4:89Þ

εϕ ¼ dv
r1dϕ

� w
r1

ð4:96Þ

From cylindrical shell theory, and changing the y subscript to ϕ,

Nθ ¼ Eh
1� ν2ð Þ εθ þ νεϕ

� 

ð3:35Þ

Nϕ ¼ Eh
1� ν2ð Þ εϕ þ νεθ

� 

ð3:36Þ

Substituting Eqs. 4.89 and 4.96 into 3.35 and 3.36,

Nθ ¼ Eh
1� ν2ð Þ

v cosϕ
ro

� w
r2

� �
þ ν

dv
r1dϕ

� w
r1

� �� �
ð4:195Þ

Nϕ ¼ Eh
1� ν2ð Þ

dv
r1dϕ

� w
r1

� �
þ ν

v cosϕ
ro

� w
r2

� �� �
ð4:196Þ

Referring to Fig. 4.33, the rotation of the differential element was previously
defined by Eq. 4.126, in terms of deformations in the v and w directions.

1

2

∆

∆ +
∆

Fig. 4.33 Slope at the top
and bottom of the
differential element
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Δϕ ¼ v
r1

þ ∂w
r1∂ϕ

ð4:126Þ

Rotation at the bottom of the differential element is equal to the top rotation plus
the change in rotation.

Δϕ ¼ Δϕ þ
∂ Δϕ

� �
∂ϕ

dϕ ð4:197Þ

The curvature is the change in rotation with respect to the length of the differential
element.

χϕ ¼ Δϕ � Δϕ

r1dϕ
ð4:198Þ

Substituting 4.197 into 4.198,

χϕ ¼
Δϕ þ ∂ Δϕð Þ

∂ϕ dϕ

� �
� Δϕ

r1dϕ
ð4:199Þ

χϕ ¼ ∂ Δϕ

� �
r1∂ϕ

ð4:200Þ

Substituting Eq. 4.126,

χϕ ¼ ∂
r1∂ϕ

v
r1

þ ∂w
r1∂ϕ

� �
ð4:201Þ

Prior to deformation, the length of the top edge of the differential element is
equal to:

rodθ ¼ r2 sinϕ dθ ð4:202Þ

After deformation (refer to Fig. 4.34),

rodθ ¼ r02 sin ϕþ Δϕ

� �
dθ ð4:203Þ

Equate 4.202 and 4.203,

r2 sinϕ dθ ¼ r02 sin ϕþ Δϕ

� �
dθ ð4:204Þ

Using the trigonometric identity,
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sin ϕþ Δϕ

� � ¼ sinϕ cosΔϕ þ cosϕ sinΔϕ ð4:205Þ

Therefore,

r2 sinϕ dθ ¼ r02 sinϕ cosΔϕ þ cosϕ sinΔϕ

� �
dθ ð4:206Þ

Since Δϕ is very small, we can make the following assumptions:

cosΔϕ � 1

sinΔϕ � Δϕ

Equation 4.206 is therefore simplified.

r2 sinϕ ¼ r02 sinϕþ Δϕ cosϕ
� � ð4:207Þ

Solving for r02,

r02 ¼
r2 sinϕ

sinϕþ Δϕ cosϕ
� � ð4:208Þ

Since the curvature is defined as the inverse of the radius,

1
r02

¼ sinϕþ Δϕ cosϕ
� �

r2 sinϕ
¼ 1þ Δϕ cotϕ
� �

r2
ð4:209Þ

Therefore, the curvature due to bending is the difference in curvatures after
deformation.

2
∆

+ ∆ ′2

Fig. 4.34 Rotation of the differential element
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χθ ¼ 1
r02

� 1
r2

ð4:210Þ

Substituting Eq. 4.209,

χθ ¼ 1
r2

þ Δϕ cotϕ
r2

� 1
r2

¼ Δϕ cotϕ
r2

ð4:211Þ

Since,

r2 ¼ ro
sinϕ

χθ ¼
Δϕ cosϕ

ro
ð4:212Þ

Substituting Eq. 4.126 into 4.212,

χθ ¼ v
r1

þ ∂w
r1∂ϕ

� �
cosϕ
ro

ð4:213Þ

From plate theory (Szilard 1974) (also see 3.61 and 3.62),

Mθ ¼ �D χθ þ νχϕ
� � ð4:214Þ

Mϕ ¼ �D χϕ þ νχθ
� � ð4:215Þ

where

D ¼ Eh
1� ν2ð Þ ð3:63Þ

Substituting Eqs. 4.201 and 4.213 into 4.214 and 4.215,

Mθ ¼ �D
v
r1

þ ∂w
r1∂ϕ

� �
cosϕ
ro

þ ν
∂

r1∂ϕ
v
r1

þ ∂w
r1∂ϕ

� �� �
ð4:216Þ

Mϕ ¼ �D
∂

r1∂ϕ
v
r1

þ ∂w
r1∂ϕ

� �
þ ν

v
r1

þ ∂w
r1∂ϕ

� �
cosϕ
ro

� �
ð4:217Þ

Equations 4.216 and 4.217 will be used at a later stage to solve for the stress Nϕ.
The equations for the deformations of the dome are taken from cylindrical shell

theory. To begin, the deformation equations are solved at the base of the cylindrical
shell where y ¼ 0. The equations appear differently from those listed in Chap. 3, but
they are equivalent.

Translations due to out-of-plane shears
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wy¼0 ¼ D11Qo ¼ 2βr2Qo

Eh
ð3:94Þ

Translations due to bending moments

wy¼0 ¼ D12Mo ¼ 2β2r2Mo

Eh
ð3:95Þ

Rotations due to out-of-plane shears

dw
dy y¼0

¼ D21Qo ¼ 2β2r2Qo

Eh
ð3:97Þ

Rotations due to bending moments

dw
dy y¼0

¼ D22Mo ¼ 4β3r2Mo

Eh
ð3:98Þ

where

β4 ¼ Eh
4r2D

ð3:77Þ

The above equations are applied to circular domes, albeit a few modifications to
reflect the changes in geometry (Fig. 4.35).

∆

∆

Stresses Deformations

Fig. 4.35 Relationships between shears and deformations at the base
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M0 ¼ Mα (bending moment at the base)
Qo ¼ Hα sin α

(out-of-plane shear at the base)
ΔH ¼ w sin α

(horizontal deformation)
r ¼ a
ϕ ¼ α (half angle of the dome, from the vertical to the base)

The horizontal deformations and slope at the base of the shell are therefore
defined in terms of the dome geometry. The sign convention is taken from Fig. 4.36.

− 10

+ 20

Dome before deformation

Dome after deformation
subjected to gravity load.

Membrane Deformations

+ 11

+ 21

Shear Deformations

+ 12

+ 22

Moment Deformations

Fig. 4.36 Compatibility of a fixed base is the summation of each of the deformations
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ΔH =D11Hα =
2βa2Hα sin 2α

Eh
ð4:218Þ

ΔH =D12Mα =
2β2a2Mα sinα

Eh
ð4:219Þ

Δα =D21Hα =
2β2a2Hα sin α

Eh
ð4:220Þ

Δα =D22Mα =
4β3a2Mα

Eh
ð4:221Þ

Defining the deformation symbols,

First subscript Due to Second subscript

1 – Horizontal translation
2 – Rotations

0 – Applied loads
1 – Applied shear
2 – Applied moment

Thus, D10 ¼ a horizontal translation due to applied loads.

4.6 Compatibility Equations

A solution is found by forming compatibility equations. This is done by summing
the displacements and rotations at the base of the shell. Fundamentally, compatibility
at the base requires that the deformations match the boundary conditions. If on a
sliding foundation, the shell will deform freely and the magnitude of the deforma-
tions will be those determined by the membrane solution. If the base is fixed, a shear
and a bending moment are required to correct the deformations (see Fig. 4.36).
Furthermore, if the base is pinned, only a shear force is required to correct the
membrane deformations. The compatibility concept is similar to the solution of
cylindrical shells. However, the shapes of the dome deformations are based on the
internal angle ϕ (see Fig. 4.37).

Fixed Base

The compatibility equations are therefore the sum of the horizontal deformations
and slope, which are caused by a shear and moment. See Fig. 4.36 for sign of each
term.

X
ΔH ¼ �D10 þ D11Hα � D12Mα ¼ 0 ð4:222ÞX
Δϕ ¼ þD20 þ D21Hα � D22Mα ¼ 0 ð4:223Þ

The two compatibility equations have two unknowns (Qα and Mα), and therefore
a solution is possible. Setting the compatibility equations in matrix form,
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D11 D12

D21 D22

� �
Hα

�Mα


 �
¼ D10

�D20


 �
ð4:224Þ

The shear and moment is solved by inverting the 2 � 2 matrix.

Hα

�Mα


 �
¼ D11 D12

D21 D22

� ��1 D10

�D20


 �
ð4:225Þ

Original unloaded
shape

Membrane 
deformations

Deformed shape

Pinned support

Deformed shape

Fixed support

Deformations for a high dome

= < 51.830

Original unloaded
shape

Membrane 

deformations
Deformed shape

Pinned support

Deformed shape

Fixed support

Deformations for a low dome

Fig. 4.37 Types of dome deformations, depending on angle ϕ
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Hα

2Mα


 �
= 1

D11ÞD22 2 D12ð ÞD21
� D22 2D12

2D21 D11

� �
D10

2D20


 �
ð4:226Þ

Pinned Base

For the case of a pinned base, the concept is the same and Fig. 4.36 applies,
except that the bending moment is equal to zero. Only one compatibility equation is
applicable.

�D10 þ D11Hα ¼ 0 ð4:227Þ

The unknown shear is solved directly.

Hα =
D10

D11
ð4:228Þ

Mα = 0

Sliding Base

For the case of a sliding bearing, Mα ¼ Hα ¼ 0. The only equations that are
applicable are the membrane equations.

Deformation and Stress Equations

The deformations along the length of the shell are from cylindrical shell theory.

w ¼ e�βy C3 cos βyþ C4 sin βyð Þ ð3:80Þ
∂w
∂y

¼ βe�βy �C3 sin βyþ cos βyð Þ þ C4 cos βy� sin βyð Þ½ � ð3:81Þ

∂2w
∂y2

¼ 2β2e�βy C3 sin βy� C4 cos βy½ � ð3:82Þ

∂3w
∂y3

¼ 2β3e�βy C3 cos βy� sin βyð Þ þ C4 sin βyþ cos βyð Þ½ � ð3:83Þ

where

C3 ¼ �1
2β3D

Qo þ βMoð Þ ð3:90Þ

C4 ¼ Mo

2Dβ2
ð3:86Þ

Referring to Figs. 4.35 and 4.38, the cylindrical shell equations are modified to fit
the case of a circular dome.
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Qo ¼ Hα sin α

Mo ¼ Mα

y ¼ Ψa ¼ s

Thus, for the case of a circular dome, the deformation equations are defined using
the above substitutions.

w= e2 βψa C3 cos βψaþ C4 sin βψað Þ ð4:229Þ
∂w
∂s

= βe2 βψa 2C3 sin βψaþ cos βψað Þ þ C4 cos βψa2 sin βψað Þ½ � ð4:230Þ

∂2w
∂s2

= 2β2e2 βψa C3 sin βψa2C4 cos βψa½ � ð4:231Þ

∂3w
∂s3

= 2β3e2 βψa C3 cos βψa2 sin βψað Þ þ C4 sin βψaþ cos βψað Þ½ � ð4:232Þ

The solution for C3 and C4:

C3 = 2
Hα sinα
2β3D

2
Mα

2β2D
ð4:233Þ

C4 =
Mα

2Dβ2
ð4:234Þ

Fig. 4.38 Variables use to define the geometry of a circular dome

144 M. Gohnert

@seismicisolation@seismicisolation

https://t.me/seismicisolation


Also adapted are the cylindrical shell equations for the moments, shears, and
membrane forces (Eqs. 3.64, 3.68, 3.71, 3.73). The equations are altered to suit the
analysis of circular domes.

Nθ = 2
Ehw
a

ð4:235Þ
Mθ = νMϕ ð4:236Þ

Mϕ = 2D
∂2w
ds2

ð4:237Þ

Qϕ = 2D
∂3w
ds3

ð4:238Þ

The Solution of the Nϕ Term

The only stress equation not listed is the Nϕ term, which cannot be adapted from
cylindrical shell theory. In cylindrical shell theory, the walls are vertical and straight.
In domes, the walls are sloped. Thus, the Nϕ term from cylindrical shell theory
cannot be applied to dome theory.

From Eqs. 4.192 to 4.194 (equilibrium equations),

∂ Nϕro
� �
∂ϕ

� Qϕro � Nθr1 cosϕþ Pϕr1ro ¼ 0 ð4:192Þ

∂ Qϕro
� �
∂ϕ

� Nϕ ro þ Nθr1 sinϕþ Pzr1ro ¼ 0 ð4:193Þ

�∂ Mϕro
� �
∂ϕ

þ Qϕror1 þMθr1 cosϕ ¼ 0 ð4:194Þ

Substituting the following parameters,

Pϕ ¼ 0

r1 ¼ r2 ¼ a

ro ¼ a sinϕ

Simplifying by these substitutions and dividing by a.

∂ Nϕ sinϕ
� �

∂ϕ
� Qϕ sinϕ� Nθ cosϕ ¼ 0 ð4:239Þ

∂ Qϕ sinϕ
� �

∂ϕ
� Nϕ sinϕþ Nθ sinϕþ Pza sinϕ ¼ 0 ð4:240Þ
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∂ Mϕ sinϕ
� �

∂ϕ
� Qϕa sinϕ�Mθ cosϕ ¼ 0 ð4:241Þ

Furthermore, set r1 ¼ a, δ ¼ v
r1
þ ∂w

r1∂ϕ

� 	
¼ vþ∂w

∂ϕ

� �
a and replace ro ¼ a sin ϕ of

Eqs. 4.216 and 4.217,

Mθ ¼ �D δð Þ cosϕ
a sin ϕ

þ ν
∂

a∂ϕ
δð Þ

� �

Mϕ ¼ �D
∂

a∂ϕ
δð Þ þ ν δð Þ cosϕ

a sinϕ

� �

or

Mθ ¼ �D
a

δ cotϕþ ν
∂δ
∂ϕ

� �
ð4:242Þ

Mϕ ¼ �D
a

∂δ
∂ϕ

þ νδ cotϕ

� �
ð4:243Þ

Substitute Mθ and Mϕ into the equilibrium Eq. 4.241.

Qϕa sinϕ ¼ �D
a

∂ ∂δ
∂ϕ þ νδ cotϕ
� 	

sinϕ
h i

∂ϕ
þ D

a

� δ cotϕþ ν
∂δ
∂ϕ

� �
cosϕ ð4:244Þ

Rearrange and divide by D=r.

�Qϕ a2 sinϕ
D

¼
∂ ∂δ

∂ϕ þ νδ cotϕ
� 	

sinϕ
h i

∂ϕ
� δ cotϕþ ν

∂δ
∂ϕ

� �
cosϕ ð4:245Þ

Taking the derivative and expanding the equation,

d2δ

dϕ2 sinϕþ ν
dδ
dϕ

cosϕ� δ cotϕ cosϕ� ν
dδ
dϕ

cosϕ ¼ �Qϕ a2 sinϕ
D

ð4:246Þ

Divide by sin ϕ and eliminate the second and seventh terms.
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d2δ

dϕ2 þ�ν δ csc2 ϕþ dδ
dϕ

cotϕþ νδ cot 2ϕ� δ cot 2ϕ ¼ �Qϕ a2

D
ð4:247Þ

Using Eqs. 4.239 and 4.240, isolate the Nθ term.

Nθ cosϕ ¼ ∂ Nϕ sinϕ
� �

∂ϕ
� Qϕ sinϕ ð4:248Þ

Nθ sinϕ ¼ �∂ Qϕ sinϕ
� �

∂ϕ
þ Nϕ sinϕ� Pza sinϕ ¼ 0 ð4:249Þ

Divide 4.248 by cosϕ and 4.249 by sinϕ.

Nθ ¼
∂ Nϕ sinϕ
� �

∂ϕ
secϕ� Qϕ tanϕ ð4:250Þ

Nθ ¼ �∂ Qϕ sinϕ
� �

∂ϕ
cscϕþ Nϕ � Pza ð4:251Þ

Set the two equations equal to each other to eliminate Nθ.

∂ Nϕ sinϕ
� �

∂ϕ
secϕ� Qϕ tanϕ ¼ �∂ Qϕ sinϕ

� �
∂ϕ

cscϕþ Nϕ � Pza

Rearrange and multiply each side by sin ϕ cos ϕ.

∂ Nϕ sinϕ
� �

∂ϕ
sinϕ� Qϕ sin

2ϕþ ∂ Qϕ sinϕ
� �

∂ϕ
cosϕ� Nϕ sinϕ cosϕ

þ Pza sinϕ cosϕ
¼ 0 ð4:252Þ

Using the product rule for differentiation to combine the terms of Eq. 4.252,

fgð Þ0 ¼ f 0gþ fg0

Equation 4.252 is expressed in the following form:

d Nϕ sinϕ
� �

sinϕ
� 


dϕ
þ d Qϕ sinϕ

� �
cosϕ

� 

dϕ

þ
d Pza

sin 2ϕ
2

� 	h i
dϕ

¼ 0 ð4:253Þ

Integrating the above equation,
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Nϕ sin
2ϕþ Qϕ sinϕ cosϕþ Pza sin 2 ϕ

2
¼ 0 ð4:254Þ

Divide by sin2 ϕ and rearrange.

Nϕ ¼ �Qϕ cotϕ� Pza
2

ð4:255Þ

The term Pza
2 is the membrane solution for external pressure, which is considered

separately. The above equation therefore reduces to the following form:

Nϕ ¼ �Qϕ cotϕ ð4:256Þ

Since Qϕ was previously determined,

Qϕ ¼ �D
∂3w
ds3

ð4:238Þ

where

∂3w
∂s3

¼ 2β3e�βψa C3 cos βψa� sin βψað Þ þ C4 sin βψaþ cos βψað Þ½ � ð4:232Þ

and

C3 ¼ �Hα sin α
2β3D

� Mα

2β2D
ð4:233Þ

C4 ¼ Mα

2Dβ2
ð4:234Þ

Incorporating 4.232, 4.233, and 4.234 into 4.256,

Nϕ ¼ D 2β3e�βψa �Hα sin α
2β3D

� Mα

2β2D

� �
cos βψa� sinβψað Þ

�

?þ Mα

2Dβ2

� �
sin βψaþ cosβψað Þ

� �
cotϕ

ð4:257Þ

Removing 2D and simplifying,

Nϕ ¼ β3e�βψa �Hα sin α
β3

�Mα

β2

� �
cos βψa� sin βψað Þ

�
?þ Mα

β2

� �
sin βψaþ cos βψað Þ

�
cotϕ

ð4:258Þ
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Nϕ ¼ β3e�βψa �Hα sin α
β3

� �
cos βψa� sin βψað Þ þ Mα

β2

� �
� cos βψaþ sin βψað Þ

�

�þ Mα

β2

� �
sin βψaþ cos βψað Þ

�
cotϕ

ð4:259Þ

Nϕ ¼ β3e�βψa �Hα sin α
β3

� �
cos βψa� sin βψað Þ

�

�þ Mα

β2

� �
� cos βψaþ sin βψaþ sin βψaþ cos βψað Þ

�
cotϕ ð4:260Þ

Finally, the stress Nϕ is determined.

Nϕ = e2 βψa 2Hα sinαð Þ cos βψa2 sin βψað Þ þ Mαβð Þ 2 sin βψað Þ½ � cotϕ
ð4:261Þ

4.7 Steps in Solving the Deformations and Stresses
in the Shell

The solution of the circular dome is similar to the cylindrical shell—the order of the
solution follows an identical pattern. Similar to Chap. 3, the equations are
reproduced for convenience, and the steps are given to allow the reader to follow a
“cook book” approach to analysis of domes.

1. Solve for base reactions Hα and Mα.

Initial parameters

Diameter (L)
Height (H)
Thickness (h)
Young’s modulus (E)
Poisson’s ratio (ν)

a ¼ Hð Þ2þ L
2ð Þ2

2 Hð Þ (radius)
4.262

α ¼ 180� 2 tan �1 L
2 H

� �
(half angle) 4.263

I ¼ h3

12 (moment of inertia per unit width of shell) 4.264

D ¼ EI
1�ν2ð Þ 3.63

β4 ¼ Eh
4a2D ¼ 3 1�ν2ð Þ

a2h2
3.77

β ¼
ffiffiffiffiffi
β44

p
β2 ¼

ffiffiffiffiffi
β44

p� 	2
β3 ¼

ffiffiffiffiffi
β44

p� 	3
(continued)
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Membrane deformations at the base (ϕ ¼ α)

Uniform distributed load
(gravity)

D10 ¼ a2q
Eh

1þv
1þ cos α � cos α
� 	

sin α 4.138

D20 ¼ aq
Eh 2þ vð Þ sin α 4.145

or

Uniform horizontal load D10 ¼ a2P sin α
2Eh � cos 2αþ νð Þ 4.147

D20 ¼ � ap
2Eh 3þ vð Þ sin 2α 4.157

or

Uniform pressure D10 ¼ a2Pz sin α
2Eh �1þ νð Þ 4.159

D20 ¼ 0 4.162

Deformations at the base from boundary effects

D11Hα ¼ 2βa2 sin 2α
Eh Hα

4.218

D12Mα ¼ 2β2a2 sin α
Eh Mα

4.219

D21Hα ¼ 2β2a2 sin α
Eh Hα

4.220

D22Mα ¼ 4β3a2

Eh Mα
4.221

Compatibility equations

Fixed base Hα

Mα


 �
¼ 1

D11ð ÞD22� D12ð ÞD21

D22 �D12

�D21 D11

� � �D10

�D20


 �
4.226*

*Signs changed to ease programing of equations

or

Pinned base Hα ¼ D10
D11

4.228

Mα ¼ 0

or

Sliding base Hα ¼ 0

Mα ¼ 0

2. Solve for the constants C3 and C4.

C3 ¼ � Hα sin α
2β3D

� Mα

2β2D
4.233

C4 ¼ Mα

2Dβ2
4.234

3. Solve for the membrane deformations in the shell at increments of ϕ.

Uniform distributed load (gravity) Δ0
H ¼ a2q

Eh
1þv

1þ cos ϕ � cosϕ
� 	

sinϕ 4.138

Δ0
ϕ ¼ aq

Eh 2þ vð Þ sinϕ 4.145

or

Uniform horizontal load Δ0
H ¼ a2P sin ϕ

2Eh � cos 2ϕþ νð Þ 4.147

Δ0
ϕ ¼ � ap

2Eh 3þ vð Þ sin 2ϕ 4.157

or

Uniform pressure Δ0
H ¼ a2Pz sin ϕ

2Eh �1þ νð Þ 4.159

Δ0
ϕ ¼ 0 4.162
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4. Solve for the deformations in the shell due to boundary effects at increments
of ϕ.

w ¼ � e�βψa(C3 cos βψa + C4 sin βψa) 4.229*

Δϕ ¼ ∂w
∂s ¼ βe�βψa �C3 sin βψaþ cos βψað Þ þ C4 cos βψa� sin βψað Þ½ � 4.230

∂2w
∂s2 ¼ �2β2e�βψa C3 sin βψa� C4 cos βψa½ � 4.231*

∂3w
∂s3 ¼ 2β3e�βψa C3 cos βψa� sin βψað Þ þ C4 sin βψaþ cos βψað Þ½ � 4.232

ΔH ¼ w sin ϕ 4.265

*Signs changed to ease programing of equations

5. Solve for the total deformations.

Δ totalð Þ ¼ Δ0
H þ ΔH 4.266

Δϕ totalð Þ ¼ Δ0
ϕ þ Δϕ 4.267

6. Solve for membrane and boundary effects stresses in increments of ϕ.

Membrane stresses

Uniform distributed load
(gravity)

N 0
ϕ ¼ � qa

1þ cosϕð Þ 4.50

N 0
θ ¼ aq 1

1þ cosϕ � cosϕ
� 	

4.53

or

Uniform horizontal load N 0
ϕ ¼ � Pa

2
4.62

N 0
θ ¼ �Pa

2 cos 2ϕ 4.68

or

Uniform pressure N 0
ϕ ¼ �Pa

2
4.74

N 0
θ ¼ � Pa

2
4.76

Stresses from boundary effects

Nθ ¼ Ehw
a

4.235*

Mϕ ¼ D ∂2w
ds2

4.237*

Mθ ¼ νMϕ 4.236

Qϕ ¼ D ∂3w
ds3

4.238*

Nϕ ¼ e�βψa[(�Hα sin α)(cosβψa � sin βψa) + (Mαβ)
(2 sin βψa)] cot ϕ

4.261

*Signs changed to ease programing of equations

Total stresses

Nθ totalð Þ ¼ N 0
θ þ Nθ 4.267

Nϕ totalð Þ ¼ N 0
ϕ þ Nϕ 4.268
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4.8 Worked Example

A 100 mm-thick reinforced concrete dome is 2500 mm high and a span of 6000 mm.
The basic geometrical configuration is given in Fig. 4.39. The basic parameters that
will be used in the design are given below:

Thickness ¼ 100 mm
Plaster thickness (inside and out) ¼ 20 mm
Concrete strength ¼ 30 MPa
E ¼ 28,000 MPa (Young’s modulus)
ν ¼ 0.15 (Poisson’s ratio)
Foundation size ¼ 1000 mm � 300 mm

Assume a nominal live load for maintenance ¼ 0.5 kN/m2

1. Solve for base reactions H and Mα.

Geometry of the dome and parameters

a ¼ Hð Þ2 þ L
2

� �2
2 Hð Þ ¼ 2500ð Þ2 þ 6000

2

� �2
2 2500ð Þ ¼ 3050 mm ð4:262Þ

α ¼ 180� 2 tan �1 L
2 H

� 	
¼ 180� 2 tan �1 6000

2 2500ð Þ
� �

¼ 79:61
�
or 1:389 rad: ð4:263Þ

Fig. 4.39 Basic geometry of the example problem
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I ¼ h3

12
¼ 0:13

12

¼ 8:33� 10�5 m4 moment of inertia per meter width of shellð Þ ð4:264Þ

D ¼ 28� 106
� �

8:33� 10�5

1� 0:152
� � ¼ 2387:04 ð3:63Þ

β4 ¼ Eh
4r2D

¼ 28� 106 0:1ð Þ
4 3:05ð Þ2 2387:04ð Þ ¼ 31:52 ð3:77Þ

β ¼
ffiffiffiffiffi
β4

4

q
¼

ffiffiffiffiffiffiffiffiffiffiffi
31:524

p
¼ 2:37

β2 ¼ 2:372 ¼ 5:61

β3 ¼ 5:613 ¼ 13:30

Loading

Using a dead load factor of 1.2 and a live load factor of 1.6 for limit state design,

q ¼ 1:2 24 0:1ð Þ þ 21 0:04ð Þ½ � þ 1:6 0:5ð Þ ¼ 4:69 kN=m2

The unit weight of concrete is assumed to be 24 kN/m3 and plaster 21 kN/m3.

Membrane deformations at base

D10 ¼ a2q
Eh

1þ v
1þ cos α

� cos α
� 	

sin α

¼ 3:052 4:69ð Þ
28� 106 0:1ð Þ

1þ 0:15
1þ cos 1:389

� cos 1:389

� �
sin 1:389

¼ 1:22� 10�5 ð4:138Þ

D20 ¼ aq
Eh

2þ vð Þ sin α ¼ 3:05 4:69ð Þ
28� 106 0:1ð Þ 2þ 0:15ð Þ sin 1:389

¼ 1:080� 10�5 ð4:145Þ

Deformations at the base due to boundary effects

D11Hα ¼ 2βa2 sin 2α
Eh

Hα ¼ 2 2:37ð Þ3:052 sin 1:389ð Þ2
28� 106 0:1ð Þ Hα

¼ 1:52� 10�5Hα ð4:218Þ
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D12Mα ¼ 2β2a2 sin α
Eh

Mα ¼ 2 2:37ð Þ2 3:05ð Þ2 sin 1:389
28� 106 0:1ð Þ Mα

¼ 3:67� 10�5Mα ð4:219Þ

D21Hα ¼ 2β2a2 sin α
Eh

Hα ¼ 3:67� 10�5Hα ð4:220Þ

D22Mα ¼ 4β3a2

Eh
Mα ¼ 4 2:37ð Þ3 3:05ð Þ2

28� 106 0:1ð Þ Mα ¼ 17:69� 10�5Mα ð4:221Þ

Compatibility equations

Hα

Mα


 �
¼ 1

D11ð ÞD22 � D12ð ÞD21

D22 �D12

�D21 D11

� � �D10

�D20


 �
ð4:226Þ

Hα

Mα


 �
¼ 1

1:52 17:69ð Þ � 3:67 3:67ð Þ
17:69 �3:67

�3:67 1:52

� � �1:22

�1:08


 �
� 10�5

Hα

Mα


 �
¼ 1:31 �0:27

�0:27 0:11

� � �1:22

�1:08


 �
� 10�5 ¼ �1:30

0:21


 �

Therefore,

Hα ¼ �1:30 kN=m

Mα ¼ 0:21 kN:m=m

The negative shear indicates that the direction of Hα is opposite to the assumed
direction (see Figs. 4.36 and 4.37).

2. Solve for the constants C3 and C4.

C3 ¼ �Hα sin α
2β3D

� Mα

2β2D
¼ � �1:30 sin 1:389

2 2:37ð Þ3 2387:04�
0:21

2 2:37ð Þ2 2387:04
¼ 1:24� 10�5 ð4:233Þ

C4 ¼ Mα

2Dβ2
¼ 0:21

2 2387:04ð Þ 2:37ð Þ2 ¼ 7:81� 10�6 ð4:234Þ
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3. Solve for the membrane deformations in the shell in increments of ϕ.

Uniform distributed load (gravity load)

Δ0
H ¼ a2q

Eh
1þ v

1þ cos ϕ
� cosϕ

� �
sinϕ

¼ 3:052 4:69ð Þ
28� 106 0:1ð Þ

1þ 0:15
1þ cosϕ

� cosϕ

� �
sinϕ ð4:138Þ

Δ0
ϕ ¼ aq

Eh
2þ vð Þ sinϕ ¼ 3:05 4:69ð Þ

28� 106 0:1ð Þ 2þ 0:15ð Þ sinϕ ð4:145Þ

The above Eqs. (4.133 and 4.140) are in terms of the angle ϕ, since this equation
is solved in incremental angles from the base to the apex of the shell. Subsequent
equations will likewise be expressed in term of the angle ϕ.

4. Solve for the deformations in the shell due to boundary effects at increments
of ϕ.

w ¼ �e�βψa C3 cos βψaþ C4 sin βψað Þ
¼ �e�2:37Ψ3:05 1:24 10ð Þ�5 cos 2:37Ψ3:05þ 7:81 10ð Þ�6 sin 2:37Ψ3:05

h i
ð4:229Þ

where

ΔH ¼ w sinϕ

Δϕ ¼ ∂w
∂s

¼ βe�βψa �C3 sin βψaþ cos βψað Þ þ C4 cos βψa� sin βψað Þ½ � ¼
2:37e�2:37Ψ3:05½�1:24 10ð Þ�5 sin 2:37Ψ3:05þ cos 2:37Ψ3:05ð Þþ
7:81� 10�6 cos 2:37Ψ3:05� sin 2:37Ψ3:05ð Þ�

ð4:230Þ
∂2w
∂s2

¼ �2β2e�βψa C3 sin βψa� C4 cos βψa½ � ¼

�2 2:37ð Þ2e�2:37Ψ3:05 1:24 10ð Þ�5 sin 2:37Ψ3:05þ 7:81 10ð Þ�6 cos 2:37Ψ3:05
h i

ð4:231Þ
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∂3w
∂s3

¼ 2β3e�βψa C3 cos βψa� sin βψað Þ þ C4 sin βψaþ cos βψað Þ½ � ¼
2 2:37ð Þ3e�2:37Ψ3:05½1:24 10ð Þ�5 cos 2:37Ψ3:05� sin 2:37Ψ3:05ð Þ�
7:81 10ð Þ�6 sin 2:37Ψ3:05þ cos 2:37Ψ3:05ð Þ�

ð4:232Þ

5. Solve for the total deformations at increments of ϕ.

Δ totalð Þ ¼ Δ0
H þ ΔH ð4:265Þ

Δϕ totalð Þ ¼ Δ0
ϕ þ Δϕ ð4:266Þ

6. Solve for membrane stresses, moments, and shear at increments of ϕ.

Uniform distributed load (gravity load)

N 0
ϕ ¼ � qa

1þ cosϕð Þ ¼ � 4:69 3:05ð Þ
1þ cosϕð Þ ð4:50Þ

N 0
θ ¼ aq

1
1þ cosϕ

� cosϕ

� �
¼ 4:69 3:05ð Þ 1

1þ cosϕ
� cosϕ

� �
ð4:53Þ

Stresses from boundary effects

Nθ ¼ Ehw
a

¼ 28 10ð Þ6 0:1ð Þ
3:05

�e�2:37Ψ3:05 1:24 10ð Þ�5 cos 2:37Ψ3:05þ 7:81 10ð Þ�6 sin 2:37Ψ3:05
h in o

ð4:235Þ

Mϕ ¼ D
∂2w
ds2

¼ 2387:04

�2 2:37ð Þ2e�2:37Ψ3:05 1:24 10ð Þ�5 sin 2:37Ψ3:05� 7:81 10ð Þ�6 cos 2:37Ψ3:05
h in o

ð4:237Þ
Mθ ¼ νMϕ ¼ 0:15Mϕ ð4:236Þ

Qϕ ¼ D
∂3w

ds3
¼

2387:04f�2 2:37ð Þ3e�2:37Ψ3:05½1:24 10ð Þ�5 cos 2:37Ψ3:05� sin 2:37Ψ3:05ð Þþ
7:81� 10�6 sin 2:37Ψ3:05þ cos 2:37Ψ3:05ð Þ�g

ð4:238Þ
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Nϕ ¼ e�βψa½ �Hα sinϕð Þ cos βψa� sin βψað Þþ
Mαβð Þ 2 sin βψað Þ� cotϕ ¼ e�2:37Ψ3:05½ �1:30 sinϕð Þ cos 2:37Ψ3:05� sin 2:37Ψ3:05ð Þ
þ0:21 2:37ð Þ 2 sin 2:37Ψ3:05ð Þ� cotϕ

ð4:261Þ

Total stress

Nθ totalð Þ ¼ N 0
θ þ Nθ ð4:267Þ

Nϕ totalð Þ ¼ N 0
ϕ þ Nϕ ð4:268Þ

The results of the analysis are given in Table 4.1.
Because the shell is fixed, the horizontal deflections and the slope must be equal

to zero at the base. The symmetry of loads requires that the horizontal deflections at
the apex must also be zero. These requirements are seen in Table 1, which is an
indicator that calculations were applied correctly. As further indicators, the bending
moments and shears must be localized at the base of the shell. In this particular case,
the moments and shears influence about a third of the shell. The distance of
influence, however, is directly related to the stiffness of the material. If the shell
was constructed of a thinner material (e.g., steel), the influence of the boundary
effects reduce significantly and may drop to a tenth of the shell height. The hoop
stress are also calculated at ϕ ¼ 51.83

�
(Ψ ¼ 27.78

�
), which produced the correct

value of zero stress.
Tables 4.1 and 4.2 are expressed graphically in Figs. 4.40, 4.41, 4.42, 4.43, and

4.44.
What should be noted is that the deformations are very small, which is typical of

shell structures. The shell is also primarily subjected to membrane stresses, which
enables an economy of materials. Near the base, however, bending moments exist
and therefore the shell will most likely require a localized thickening and additional
reinforcement. Fig. 4.45 is a suggested reinforcement layout for the region
influenced by bending and shears. As illustrated, two layers of reinforcement is
required to resist bending, and the shell has a localized thickening. In the rest of the
shell, only one layer of reinforcement is required since this region is only subjected
to membrane stresses. It should also be mentioned that the minimum thickness of a
concrete shell should not be less than 75 mm. This will permit a layer of 12 mmmesh
and 25 mm of cover on the inside and out.
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Table 4.2 Stresses, moments, and shears in the shell

ψ

N 0
ϕ

(kN/m)
Nϕ

(kN/m)
Nϕ(tot)
(kN/m)

N 0
θ

(kN/m)
Nθ

(kN/m)
Nθ(tot)
(kN/m)

Mϕ

(kN.
m/m)

Mθ

(kN.
m/m)

Qϕ

(kN/m)

0 �12.12 0.24 �11.88 9.54 �11.36 �1.82 0.21 0.03 1.28

1 �11.95 0.22 �11.73 9.12 �10.73 �1.61 0.15 0.02 1.09

2 �11.78 0.20 �11.58 8.71 �9.94 �1.23 0.09 0.01 0.91

5 �11.30 0.13 �11.18 7.51 �7.13 0.38 �0.01 0.00 0.46

10 �10.61 0.01 �10.60 5.63 �2.91 2.71 �0.07 �0.01 0.03

20 �9.50 �0.06 �9.56 2.26 0.41 2.67 �0.03 0.00 �0.10

27.78 �8.84 �0.03 �8.87 0.00 0.40 0.40 0.00 0.00 �0.03

30 �8.68 �0.02 �8.70 �0.59 0.30 �0.28 0.00 0.00 �0.02

40 �8.08 0.01 �8.07 �2.94 0.02 �2.92 0.00 0.00 0.00

50 �7.65 0.00 �7.65 �4.78 �0.02 �4.81 0.00 0.00 0.00

60 �7.37 0.00 �7.37 �6.11 �0.01 �6.11 0.00 0.00 0.00

70 �7.20 0.00 �7.20 �6.90 0.00 �6.90 0.00 0.00 0.00

79.61 �7.15 0.00 �7.15 �7.15 0.00 �7.15 0.00 0.00 0.00
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Fig. 4.40 Horizontal deformations in a dome
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Fig. 4.41 Hoop stresses in the dome
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Fig. 4.42 Meridian stresses along the meridian
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4.9 Exercises

4.9.1 Using a spreadsheet or alternative programing language, program the mem-
brane theory. Using the membrane theory, solve for the membrane stresses (N0

ϕ and
N0

ϴ) and the deformations (Δ0
H and Δ0

ϕ) for the worked example in Sect. 4.8, in
increments of five degrees. Furthermore, solve for the stresses and deformations at
one degree increments for the first five degrees.
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Fig. 4.43 Bending moments along the meridian
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Fig. 4.44 Out-of-plane shears along the meridian
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4.9.2 Using the spreadsheet or computer program developed in question 4.9.1,
include the boundary solution equations. Resolve the worked example in Sect. 4.8
for a fixed support. Determine the distribution of stresses (Nϕ and Nϴ), the defor-
mations (ΔH and Δϕ), and the bending moments and shear distribution (Mϕ,Mϴ and
Qϕ), in increments of five degrees. As in 4.9.1, solve at one degree increments for the
first five degrees to determine the stress, moment, and shear curves near the support.
Furthermore, make the following checks:

(a) Are the horizontal deformations and slopes at the base equal to zero?
(b) Do the graphs of the moments, shears, in-plane stresses, and deformations have

the correct form?
(c) Are the moments and shears confined to the lower third of the shell, and are the

peak deformations and hoops stresses near the base of the shell?

4.9.3 Considering the distribution of stresses and forces determined in 4.9.2,
demonstrate how the shell will potentially crack in hoop and bending stresses, if
constructed of reinforced concrete. Use a sketch to illustrate the location and
orientation of cracks.

4.9.4 Resolve for the worked example in Sect. 4.8 for the case of a pinned
support. Determine the distribution of stresses (Nϕ and Nϴ), deformations (w and
ϕy), and the bending moments and shears (Mϕ, Mϴ and Qϕ) in increments of five
degrees. As previously, solve for the stresses and deformations at one degree
increments for the first five degrees.

4.9.5 Reconsider the worked example Sect. 4.8 with a 1 m wide hole (skylight or
oculus), located at the top of the dome, and concentric. Assume a 300 mm� 300 mm
ring beam is located around the edge of the hole. Determine the stress distribution Nϕ

Fig. 4.45 Suggested layout
of reinforcement at the base
of the shell
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and Nϴ in the walls of the dome in increments of five degrees. Only consider
membrane stresses.

To solve this problem, the meridian and hoop stress equations must be resolved
by subtracting the weight of the removed cap (the removed portion above the hole of
the dome) from the membrane equations. Provide the derivation of the revised
membrane equations.

4.9.6 Using the worked example Sect. 4.8, solve for the ring force at the base of
the dome for H values of 3, 2.5, 2, 1.5, 1, and 0.5 m. Determine the H values for the
maximum and minimum ring tensions. Compare the ring tensions and draw a
conclusion about the effect of changing the height of the dome.

References

Billington, D. P., 1982. Thin Shell Concrete Structures. 2 ed. New York: McGraw-Hill.
Chatterjee, B. K., 1971. Theory and Design of Concrete Structures. Calcutta: Oxford and IBH

Publishing Co.
Flugge, W., 1960. Stresses in Shells. Berlin: Springer-Verag.
Higdon, A., Ohlsen, E. H., Stiles, W. B. & Weese, J. A., 1976.Mechanics of Materials. New York:

John Wiley and Sons.
Roy, R., 2004. Fibre Reinforced Shotcrete Domes, MSc thesis. Johannesburg: University of the

Witwatersrand.
Szilard, R., 1974. Theory and Analysis of Plates. New Jersey: Prentice-Hall..
Timoshenko, S., 1959. Theory of Plates and Shells. 2 ed. New York: McGraw-Hill Book Co..
Torroja, E., 1958. Philosophy of Structures. London: Cambridge University Press.
Wilson, A., 2005. Practical Design of Concrete Shells. Texas: Monolithic Dome Institute.
Wood, R. H., 1961. Plastic and Elastic Design of Slabs and Plates. London: Thames and Hudson.

References 163

@seismicisolation@seismicisolation

https://t.me/seismicisolation


Chapter 5
Derivatives of Dome Theory: The Conoidal,
Elliptical, and Conical Domes
and the Hyperbolic Shell

Mitchell Gohnert

Abstract The membrane theories are presented for the conical inverted cone, the
conical dome, the elliptical dome, the conoidal dome, and the hyperbolic tower.
Boundary effects, or support conditions, are not derived but considered. The mem-
brane results for each of the shell domes are compared to see the limitations and
efficiency of stress flow. A full derivation of the membrane theories is provided.

5.1 Introduction

Dome theory, presented in Chap. 4, is derived in a general form. In other words, the
theory is generalized to allow the equations to be applied to other shell shapes, such
as the conoidal, elliptical, hyperbolic, and conical shells. These shells are therefore
derivatives of circular dome theory. The differences between the shell types is the
change in the principal radii of curvature, defined as r1 and r2 . Furthermore, the
curvature defines the classification of shell, which is referred to as Gaussian curva-
ture (Wilson 2005). Shell classifications for various shells are listed in Table 5.1.
Positive Gaussian curvature is where the curvatures have the same signs and
negative Gaussian curvature is where the curvatures have opposite signs. A third
classification is where the shell that has zero Gaussian curvature. These shells have
curvature, but in a single direction.

The derivations in this chapter covers only the membrane theory. Thus, under-
standing the classification of shells is vital to ascertain the influence of the boundary
effects. As previously defined, boundary effects are bending moments and shears
that occur at the base of the shell. Depending on the classification of the shell, the
boundary effects will have a greater or lesser influence. Shells with positive curva-
ture tend to have a lesser influence; bending will occur, but the stresses tend to die
out quickly. Shells of negative Gaussian curvature, however, are shells that are the
most influenced by boundary effects: bending and shears tend to travel up higher up
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in the shell walls. Another factor, which significantly influences the extent of the
boundary effects, is the stiffness of the shell. The stiffer the shell, the greater the
influence of the boundary effects. Therefore, a “thin” shell will cause fewer errors in
the analysis.

Since the membrane theory is only considered, the analysis is simplified
(Billington 1982; Chronowicz 1959). Shell theory is, by nature, complex. Complex-
ity is inherently dangerous, in a sense that mistakes in the analysis are probable. Any
simplification is welcome, as long as the errors in the analysis are identified and
catered for in the design. It is therefore essential to strengthen the boundaries to
counter boundary effects, which exit, but are not analyzed.

5.2 Conical Shells

As shown in Fig. 5.1, the conical shell may be orientated in two ways. With the apex
pointing down, the shell is used as a water reservoir; the shape is also referred to as
an inverted cone. With the apex pointing up, the shell is used as a dome, or roof
covering. Both of these shells are derived in this chapter (Billington 1982).

Table 5.1 Classification of shells

Positive Gaussian curvature
(synclastic shells)

Zero Gaussian curvature
(single curvature shells)

Negative Gaussian curvature
(anti-synclastic shells)

Circular domes
Elliptical domes
Conoidal dome
Catenary domes

Circular cylinders
Conical dome

Hyperbolic shell
Hyperbola shell

Inverted Cone
(Water Reservoir)

Cone
(Dome)

Fig. 5.1 Orientations of the conical shell
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5.2.1 Conical Water Reservoir

The differential element of the conical shell is defined in Fig. 5.2.
Before the equilibrium equations are developed, the area of the differential

element must be defined. The geometry is given in Fig. 5.3.
The area is determined by taking the average of the top and bottom lengths and

multiplying by the height.

ro þ ∂ro
∂y dy

� �
þ ro

2

2
4

3
5dθdy ð5:1Þ

ro
2
þ ∂ro
2∂y

dyþ ro
2

� �
dθdy ð5:2Þ

Since ∂ro
2∂y dy

2dθ is a higher order term (very small compared to the other terms),

the expression for the area reduces to:

rodθdy ð5:3Þ

′

′

′ +
′

′ +
′

′ +
′

′ +
′

′

′

y

dy

Fig. 5.2 Conical shell differential element
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5.2.1.1 Equilibrium in the Hoop Direction

Figure 5.4 is the differential element with only the components of stress that
contribute to the equilibrium equation.

Referring to Fig. 5.4 and summing stresses in the hoop, or θ-direction:

� N 0
θdy cos

dθ
2

� �
� N 0

yθrodθ þ N 0
yθ þ

∂N 0
yθ

∂y
dy

� �
ro þ ∂ro

∂y
dy

� �
dθ

þ N 0
θ þ

∂N 0
θ

∂θ
dθ

� �
dy

cosΔ cosΔ cos
dθ
2

� �

þ N 0
θy þ

∂N 0
θy

∂θ
dθ

� �
dy

cosΔ sinΔ cos
dθ
2

� �
þ Pθrodθdy ¼ 0

ð5:4Þ

Expanding the above equation and assuming,

y

dy

0

0 +

∆

cos ∆

2

∆

Fig. 5.3 Radial geometry of the differential element
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cosΔ � cos
dθ
2

� �
� 1

sinΔ � Δ

Furthermore, from Fig. 5.3,

dy
cosΔ sinΔ ¼ ∂ro

∂y
dy dθ

Δ ¼ ∂ro
∂y

dθ

�N 0
θdy� N 0

yθrodθ þ N 0
yθrodθ þ N 0

yθ
∂ro
∂y

dydθ þ ∂N 0
yθ

∂y
dy rodθ

þ ∂N 0
yθ

∂y
dy

∂ro
∂y

dydθ þ N 0
θdyþ

∂N 0
θ

∂θ
dθdyþ N 0

θydy
∂ro
∂y

dθ

þ ∂N 0
θy

∂θ
dθ dy

∂ro
∂y

dθ þ Pθrodθdy

¼ 0 ð5:5Þ

Simplify the equation by assuming the sixth and tenth terms are higher order
terms (significantly less in magnitude that the other terms), and therefore these terms
may be eliminated. Furthermore, eliminate the first, second, third and seventh terms.

N 0
yθ
∂ro
∂y

dydθ þ ∂N 0
yθ

∂y
dy rodθ þ ∂N 0

θ

∂θ
dθdyþ N 0

θydy
∂ro
∂y

dθ þ Pθrodθdy ¼ 0

ð5:6Þ

Divide by dθdy.

′

′ +
′

′ +
′

′ +
′

′

y

2
2

′

′ +
′

∆ ′′ +
′

X X’

.

′ +
′

Fig. 5.4 Components of stress that contribute to the equilibrium equation
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N 0
yθ
∂ro
∂y

þ ∂N 0
yθ

∂y
ro þ ∂N 0

θ

∂θ
þ N 0

θy
∂ro
∂y

þ Pθro ¼ 0 ð5:7Þ

The first and the second terms are combined using the product rule.

fgð Þ0 ¼ f 0gþ fg0

∂ N0
yθro

� �
∂y

þ ∂N0
θ

∂θ
þ N0

θy
∂ro
∂y

þ Pθro = 0 ð5:8Þ

5.2.1.2 Equilibrium in the y-Direction (Fig. 5.5)

Summing stresses in the vertical, or y-direction,

N 0
yrodθ � N 0

y þ
∂N 0

y

∂y
dy

� �
ro þ ∂ro

∂y
dy

� �
dθ þ N 0

θydy

� N 0
θy þ

∂N 0
θy

∂θ
dθ

� �
dy

cosΔ cosΔþ N 0
θ þ ∂N 0

θ

∂θ
dθ

� �
dy

cosΔ sinΔ

� Pyrodθdy
¼ 0 ð5:9Þ

Expand the above equation and assume cos dθ
2

� � � cosΔ � 1, sinΔ � Δ and
Δ ¼ ∂ro

∂y dθ.

′ +
′

′ +
′

′ +
′

′

y

∆

′

X

X’

Fig. 5.5 Components in the
vertical direction
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N 0
yro dθ � N 0

yrodθ �
∂N 0

y

∂y
dy r0dθ � N 0

y
∂ro
∂y

dydθ � ∂N 0
y

∂y
dy

∂ro
∂y

dydθ

þ N 0
θydy� N 0

θydy�
∂N 0

θy

∂θ
dθdyþ N 0

θdy
∂ro
∂y

dθ þ ∂N 0
θ

∂θ
dθdy

∂ro
∂y

dθ

� Pyrodθdy
¼ 0 ð5:10Þ

Eliminate the higher order terms (fifth and tenth terms) and the first, second, sixth,
and seventh terms.

�∂N 0
y

∂y
dy r0dθ � N 0

y
∂ro
∂y

dydθ � ∂N 0
θy

∂θ
dθdyþ N 0

θdy
∂ro
∂y

dθ � Pyrodθdy

¼ 0 ð5:11Þ

Divide by dydθ.

�∂N 0
y

∂y
r0 � N 0

y
∂ro
∂y

� ∂N 0
θy

∂θ
þ N 0

θ
∂ro
∂y

� Pyro ¼ 0 ð5:12Þ

Changing the sign and using the product rule to combine the first and second
terms,

∂ N0
yr0

� �
∂y

þ ∂N0
θy

∂θ
2N0

θ
∂ro
∂y

þ Pyro = 0 ð5:13Þ

5.2.1.3 Equilibrium in the z-Direction

Referring to Fig. 5.6, only the components that contribute to the equilibrium
equation are included. The N0

θ terms are in the direction of ro.
Summing forces in the z-direction,

N 0
θdy sin

dθ
2

� �
cos αþ N 0

θ þ ∂N 0
θ

∂θ
dθ

� �
dy

cosΔ cosΔ sin
dθ
2

� �
cos α

þ Pz ro dθdy
¼ 0 ð5:14Þ

Expand the above equation and assume sin dθ
2

� � � dθ
2 and cosΔ � 1.
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N 0
θdy

dθ
2

cos αþ N 0
θdy

dθ
2

cos αþ ∂N 0
θ

∂θ
dθdy

dθ
2

cos αþ Pzrodθdy ¼ 0 ð5:15Þ

The third term is a higher order term and may be eliminated. Terms one and two
are combined.

N 0
θdydθ cos αþ Pzrodθdy ¼ 0 ð5:16Þ

Divide by dydθ,

N 0
θ cos αþ Pzro ¼ 0 ð5:17Þ

Since r2 cos α ¼ r0,

r2 ¼ ro
cos α

ð5:18Þ

Dividing Eq. 5.17 by ro and substituting 5.18,

N0
θ

r2
þ Pz = 0 ð5:19Þ

5.2.1.4 General Equations for Membrane Stresses

∂ N 0
yθro

� �
∂y

þ ∂N 0
θ

∂θ
þ N 0

θy
∂ro
∂y

þ Pθro ¼ 0 ð5:8Þ

2
2

′
′ +

′
X

X’

Fig. 5.6 Components of stress that contribute to equilibrium in the z-direction
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∂ N 0
yr0

� �
∂y

þ ∂N 0
θy

∂θ
� N 0

θ
∂ro
∂y

þ Pyro ¼ 0 ð5:13Þ

N 0
θ

r2
þ Pz ¼ 0 ð5:19Þ

Since,

ro ¼ y sin α ð5:20Þ

From Fig. 5.3,

∂y sin α ¼ ∂ro

or,

∂ro
∂y

¼ sin α ð5:21Þ

r2 cos α ¼ y sin α

tan α ¼ r2
y

or

y tan α ¼ r2 ð5:22Þ

Substituting 5.22 into 5.19 and rearranging,

N0
θ = 2Pzy tanα ð5:23Þ

Substituting 5.20 and 5.21 into 5.7 (equilibrium equation prior to using the
product rule),

N 0
yθ
∂ro
∂y

þ ∂N 0
yθ

∂y
ro þ ∂N 0

θ

∂θ
þ N 0

θy
∂ro
∂y

þ Pθro ¼ 0 ð5:7Þ

N 0
yθ sin αþ ∂N 0

yθ

∂y
y sin αþ ∂N 0

θ

∂θ
þ N 0

θy sin αþ Pθy sin α ¼ 0 ð5:24Þ

Combining the like terms and rearranging,

2N 0
yθ sin αþ ∂N 0

yθ

∂y
y sin α ¼ � ∂N 0

θ

∂θ
� Pθy sin α ð5:25Þ

Divide by y sin α,
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2N 0
yθ

y
þ ∂N 0

yθ

∂y
¼ � ∂N 0

θ

∂θ
1

y sin α
� Pθ ð5:26Þ

From Eq. 5.12 (equilibrium equation prior to using the product rule),

�∂N 0
y

∂y
r0 � N 0

y
∂ro
∂y

� ∂N 0
θy

∂θ
þ N 0

θ
∂ro
∂y

� Pyro ¼ 0 ð5:12Þ

Substituting Eqs. 5.20 and 5.21 into the above equation,

�∂N 0
y

∂y
y sin α� N 0

y sin α� ∂N 0
θy

∂θ
þ N 0

θ sin α� Pyy sin α ¼ 0 ð5:27Þ

Dividing by y sin α and rearranging,

∂N0
y

∂y
þ N0

y

y
= 2

∂N0
θy

∂θ
1

y sinα
þ N0

θ

y
2Py ð5:28Þ

Applying the general equations, solve for the stresses in the shell due to self-
weight, water, and wind loads.

5.2.1.5 Membrane Stresses for Self-Weight (Gravity) Load

Referring to Fig. 5.7, the external loading for a gravity load is defined as follows:

Pz ¼ �q sin α ð5:29Þ
Py ¼ �q cos α ð5:30Þ

Pθ ¼ 0 ð5:31Þ

Furthermore, for symmetrical loading,

N 0
yθ ¼ N 0

θy ¼ 0

Using the general Eq. 5.23 to solve for N0
θ,

N 0
θ ¼ �Pzy tan α ð5:23Þ

Substituting 5.29,

N0
θ = qy sinα tan α ð5:32Þ

Solving for N0
y from Eq. 5.28,
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∂N 0
y

∂y
þ N 0

y

y
¼ �∂N 0

θy

∂θ
1

y sin α
þ N 0

θ

y
� Py ð5:28Þ

The left-hand side of the 5.28 is combined by using the product rule.

∂N 0
y

∂y
þ N 0

y

y
¼ 1

y
∂ N 0

yy
� �
∂y

The first term of the right-hand side of 5.28 is eliminated, since N 0
θy is zero for

symmetrical loads. Equation 5.28 becomes,

1
y
∂ N 0

yy
� �
∂y

¼ N 0
θ

y
� Py

or

∂ N 0
yy

� �
∂y

¼ N 0
θ � Pyy ð5:33Þ

Replacing N 0
θ,

∂ N 0
yy

� �
∂y

¼ �Pzy tan α� Pyy ð5:34Þ

Integrating the above expression from y to L,

q

yFig. 5.7 Configuration for
gravity loads
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Z
∂ N 0

yy
� �
∂y

¼
Z L

y
�Pzy tan α� Pyy
� �

dy ð5:35Þ

N 0
yy ¼ �Pz tan α� Py

� �Z L

y
ydy ð5:36Þ

N 0
yy ¼ �Pz tan α� Py

� � y2
2
þ C ð5:37Þ

Replace Pz and Py with Eqs. 5.29 and 5.30.

N 0
yy ¼ � �q sin α tan α� q cos αð Þ y

2

2
þ C ð5:38Þ

N 0
yy ¼ qy2

2
sin 2α
cos α

þ cos α

� �
þ C ð5:39Þ

Manipulating the trigonometric terms,

sin 2α
cos α

þ cos α ¼ sin 2α
cos α

þ cos 2α
cos α

¼ 1
cos α

N 0
y ¼ qy2

2ycosα
þ C

y
ð5:40Þ

The constant C is solved from boundary conditions. At y ¼ L, N0
y ¼ 0.

0 ¼ qL2

2Lcosα
þ C

L
ð5:41Þ

Solving for C,

C ¼ �qL2

2 cos α
ð5:42Þ

Substituting C into 5.40,

N 0
y ¼ qy2

2ycosα
þ �qL2

2y cos α
ð5:43Þ

Simplified,

N0
y =

q y2 2L2
� �
2ycosα

ð5:44Þ
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5.2.1.6 Membrane Stresses for Water Load

Conical shells are used primarily as water tanks. The water pressure is always normal
to the surface of the tank, since water is not capable of resisting a shear force.

Pz ¼ �γ L� yð Þ cos α ð5:45Þ
Py ¼ 0 ð5:46Þ
Pθ ¼ 0 ð5:47Þ

where γ is the unit weight of water.
Using the general equation for N0

θ and substituting 5.45,

N 0
θ ¼ �Pzy tan α ð5:23Þ

N 0
θ ¼ γ L� yð Þ cos αy tan α ð5:48Þ
N0

θ = γy L2 yð Þ sinα ð5:49Þ

Using Eq. 5.35 and substituting equations 5.45 and 5.46,

Z
∂ N 0

yy
� �
∂y

¼
Z L

y
�Pzy tan α� Pyy
� �

dy ð5:35Þ

N 0
yy ¼ �

Z L

y
�γy L� yð Þ cos α tan αþ 0ð Þdy ð5:50Þ

N 0
yy ¼ γ cos α tan α

Z L

y
y L� yð Þdy ð5:51Þ

N 0
yy ¼ γ sin α

Ly2

2
� y3

3

� �
þ C ð5:52Þ

or

N 0
y ¼ γ sin α

y
Ly2

2
� y3

3

� �
þ C

y
ð5:53Þ

Solve for C with boundary conditions. At y ¼ L, N0
y ¼ 0

0 ¼ γ sin α
L

L3

2
� L3

3

� �
þ C

L
ð5:54Þ

Manipulating 5.54,
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0 ¼ γ sin α
L

L3

2
� L3

3

� �
þ C

L
¼ γ sin α

L
3L3 � 2L3

6

� �
þ C

L

¼ γL3 sin α
6L

þ C
L

ð5:55Þ

Solving for C,

C ¼ � γL3 sin α
6

ð5:56Þ

Substituting C into equation 5.53,

N 0
y ¼ γ sin α

y
Ly2

2
� y3

3

� �
� γL3 sin α

6y
ð5:57Þ

Combining the terms,

N0
y =

γ sinα
2y

Ly2 2
2y3

3
2

L3

3

� �
ð5:58Þ

5.2.1.7 Membrane Stresses for Wind Load

The distribution of wind load is given by the following equation:

Pz ¼ PwA cos α cos θ ð5:59Þ

Expressed graphically in Fig. 5.8.where

Pw ¼ the peak wind pressure at the top of the inverted cone
A ¼ the projected area of the cone (height x base x ½)
θ ¼ is zero at normal windward load

Using the general equation for the stress in the hoop direction (Eq. 5.23),

N 0
θ ¼ �Pzy tan α ð5:23Þ

Substituting the distribution of wind load Pz,

N 0
θ ¼ � PwA cos α cos θð Þy tan α ð5:60Þ

Simplifying, the equation for the hoop stress is determined.
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N0
θ = 2PwAy sinα cos θ ð5:61Þ

From Eq. 5.26,

2N 0
yθ

y
þ ∂N 0

yθ

∂y
¼ � ∂N 0

θ

∂θ
1

y sin α
� Pθ ð5:26Þ

Since,

2N 0
yθ

y
þ ∂N 0

yθ

∂y
¼ 1

y2
∂ N 0

yθy2
� �
∂y

1
y2

∂ N 0
yθy2

� �
∂y

¼ � ∂N 0
θ

∂θ
1

y sin α
� Pθ ð5:62Þ

Taking the derivative of Eq. 5.61 with respect to θ,

∂N 0
θ

∂θ
¼ y PwA sin α sin θ ð5:63Þ

Substituting into 5.63 into 5.62,

1
y2

∂ N 0
yθy2

� �
∂y

¼ � y PwA sin α sin θ
1

y sin α
� Pθ ð5:64Þ

Simplifying by setting Pθ ¼ 0,

Fig. 5.8 Distribution of
wind pressures
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∂ N 0
yθy2

� �
∂y

¼ �y2 PwA sin θ ð5:65Þ

Integrating the expression,

Z
∂ N 0

yθy2
� �
∂y

¼ � PwA sin θ
Z

y2dy ð5:66Þ

N 0
yθy

2 ¼ � PwA sin θ y3

3
þ C ð5:67Þ

or

N 0
yθ ¼ � PwA sin θy

3
þ C
y2

ð5:68Þ

Solve for the integration constant C by boundary conditions. N0
yθ ¼ 0 at y ¼ L.

0 ¼ � PwA sin θL
3

þ C
L2

ð5:69Þ

Solving for C,

C ¼ PwA sin θL3

3
ð5:70Þ

Incorporating the value of C into Eq. 5.68,

N 0
yθ ¼ � PwA sin θy

3
þ PwA sin θL3

3y2
ð5:71Þ

Combining the two terms,

N0
yθ =

PwA sin θ L3 2 y3
� �

3y2
ð5:72Þ

From Eq. 5.28,

∂N 0
y

∂y
þ N 0

y

y
¼ �∂N 0

θy

∂θ
1

y sin α
þ N 0

θ

y
� Py ð5:28Þ

The left-hand side of the above equation is combined.
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∂N 0
y

∂y
þ N 0

y

y
¼ 1

y
∂ N 0

yy
� �
∂y

ð5:73Þ

Therefore,

1
y
∂ N 0

yy
� �
∂y

¼ �∂N 0
θy

∂θ
1

y sin α
þ N 0

θ

y
ð5:74Þ

where Py ¼ 0.
Substituting 5.72 into 5.74,

1
y
∂ N 0

yy
� �
∂y

¼ �
∂

PwA sin θ L3�y3ð Þ
3y2

� �
∂θ

1
y sin α

þ N 0
θ

y
ð5:75Þ

1
y
∂ N 0

yy
� �
∂y

¼ �PwA L3 � y3
� �
3y2

∂ sin θð Þ
∂θ

1
y sin α

þ N 0
θ

y
ð5:76Þ

∂ N 0
yy

� �
∂y

¼ �PwA L3 � y3
� �

cos θ

3y2 sin α
þ N 0

θ ð5:77Þ

Substituting N0
θ (Eq. 5.61),

∂ N 0
yy

� �
∂y

¼ �PwA L3 � y3
� �

cos θ

3y2 sin α
� PwAy sin α cos θ ð5:78Þ

Integrate 5.78,

Z
∂ N 0

yy
� �
∂y

¼ �PwA cos θ
3 sin α

Z
L3 � y3
� �

y2
dy� PwA sin α cos θ

Z
ydy ð5:79Þ

Simplify for integration.

Z
∂ N 0

yy
� �
∂y

¼ �PwA cos θ
3 sin α

Z
L3

y2
� y

� �
dy� PwA sin α cos θ

Z
ydy ð5:80Þ

N 0
yy ¼ �PwA cos θ

3 sin α
� L3

y
� y2

2

� 	
� PwA sin α cos θ

y2

2
þ C ð5:81Þ

Simplify,

N 0
y ¼ PwA cos θ

y sin α
L3

3y
þ y2

6
� y2 sin 2α

2

� �
þ C

y
ð5:82Þ

Solve for C using boundary conditions, N0
y ¼ 0 at y ¼ L.
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0 ¼ PwA cos θ
L sin α

L3

3L
þ L2

6
� L2 sin 2α

2

� �
þ C

L
ð5:83Þ

Solving for C,

C ¼ �PwA cos θ
sin α

2L2

6
þ L2

6
� L2 sin 2α

2

� �
ð5:84Þ

C ¼ PwA cos θ
sin α

� L2

2
þ L2 sin 2α

2

� �
ð5:85Þ

C ¼ PwA L2 cos θ
2 sin α

sin 2α� 1
� � ð5:86Þ

Substituting C into 5.82,

N 0
y ¼ PwA cos θ

y sin α
L3

3y
þ y2

6
� y2 sin 2α

2

� �
þ PwA L2 cos θ sin 2α� 1

� �
2 y sin α

ð5:87Þ

and simplify,

N 0
y ¼ PwA cos θ

y sin α
L3

3y
þ y2

6
� y2 sin 2α

2
þ L2 sin 2α

2
� L2

2

� �
ð5:88Þ

N0
y =

PwA cos θ
sin α

L3

3y2
þ y
6
2

L2

2y
2

sin 2α L2 2 y2
� �
2y

" #
ð5:89Þ

5.2.2 Conical Dome

The derivation of the conical dome is significantly simpler than the water tower. The
configuration is taken from dome theory, but modified for the case of a conical dome.
The derivation presented is for the case of self-weight loading (gravity load).

The value ϕ is a constant, defined as:

ϕ ¼ π
2
� α ð5:90Þ

Furthermore,

r2 sinϕ ¼ ro ð5:91Þ

or,
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r2 ¼ ro
sinϕ

ð5:92Þ

y sin α ¼ ro ð5:93Þ

Because the surface is straight and r1 and r2 are parallel,

r1 ¼ 1

From Fig. 5.9, the pressures Pz and Py are defined.

Pz ¼ q sin α ð5:94Þ
Py ¼ �q cos α ð5:95Þ

Solving for the total load R at any point y.

R ¼
Z y

0
2πroqdy ð5:96Þ

Replace r0,

R ¼
Z y

0
2πq sin αydy ð5:97Þ

2

′

Fig. 5.9 Configuration of the conical dome
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R ¼ 2πq sin α
Z y

0
ydy ð5:98Þ

Integrate the above equation,

R ¼ πqy2 sin α ð5:99Þ

From circular dome theory, the stress N0
ϕ was previously defined as Eq. 4.35.

N 0
ϕ ¼ � R

2πro sinϕ
ð4:35Þ

Substituting Eqs. 5.99 and 5.93,

N 0
ϕ ¼ � πq y2 sin α

2πy sin α sinϕ
ð5:100Þ

N 0
ϕ ¼ � q y

2 sinϕ
ð5:101Þ

Since,

ϕ ¼ π
2
� α ð5:102Þ

which is a constant.
Using the following trigonometric identity and replacing ϕ,

sin
π
2
� α

� �
¼ cos α ð5:103Þ

N0
ϕ = 2

q y
2 cosα

ð5:104Þ

The stress in the hoop direction was also previously defined in circular dome
theory,

N 0
θ ¼ R

2πr1 sin 2ϕ
� Pzro

sinϕ
ð4:37Þ

Since r1 ¼ 1, the first term is approximately equal to zero and therefore may be
eliminated.

N 0
θ ¼ � Pzro

sinϕ
ð5:105Þ

Substituting Eqs. 5.93 and 5.94,

184 M. Gohnert

@seismicisolation@seismicisolation

https://t.me/seismicisolation


N 0
θ ¼ � qy sin α sin α

sinϕ
ð5:106Þ

or

N 0
θ ¼ � qy sin 2α

sinϕ
ð5:107Þ

Using the trigonometric identity (5.103),

N 0
θ ¼ � qy sin 2α

cos α
ð5:108Þ

N0
θ = 2 qy sinα tanα ð5:109Þ

5.3 Elliptical Dome

The theory for the elliptical dome is taken directly from circular dome theory
(Billington 1982; Wilson 2005; Chronowicz 1959; Flugge 1960; Beles and Soare
1976). However, the profile is distinctly different to a circular dome. The funda-
mental difference is that the values r1 and r2 differ, defining the elliptical shape. In
circular dome theory, the values r1 and r2 are equal.

5.3.1 Total Load R

The profile of the elliptical dome follows the general equation for an ellipse.

x2

a2
þ y2

b2
¼ 1 ð5:110Þ

where a and b are the major and minor axis, respectively.
Rearranging 5.110 and taking the square root (Fig. 5.10),

x ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

b2

r
ð5:111Þ

or
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x ¼ a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

q
ð5:112Þ

Taking the derivative of 5.112 with respect to y.

dx
dy

¼ �ay

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p ð5:113Þ

Taking the reciprocal of the above equation.

dy
dx

¼ 1
dx
dy

¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ay

¼ � tanϕ ð5:114Þ

From Fig. 5.11,

ds sinϕ ¼ dy ð5:115Þ

or

sinϕ ¼ dy
ds

ð5:116Þ

Similarly,

1 2

Fig. 5.10 Radial configuration of an elliptical dome
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ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dy2 þ dx2

q
ð5:117Þ

Substituting 5.117 into 5.116,

sinϕ ¼ dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dy2 þ dx2

p ð5:118Þ

Divide the top and bottom by dx.

sinϕ ¼
dy
dxffiffiffiffiffiffiffiffiffiffiffiffi

dy2þdx2
p

dx

¼
dy
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dy
dx

� �2 þ 12
q ð5:119Þ

Since,

dy
dx

¼ � tanϕ ð5:120Þ

2

q

Fig. 5.11 Differential element on an elliptical shell
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sinϕ ¼ � tanϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanϕð Þ2 þ 1

q ð5:121Þ

Substituting 5.114 into 5.121,

sinϕ ¼
�b

ffiffiffiffiffiffiffiffiffi
b2�y2

p
ayffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b
ffiffiffiffiffiffiffiffiffi
b2�y2

p
ay

� �2

þ 1

s ð5:122Þ

or

sinϕ ¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ay

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 b2�y2ð Þ

a2y2

� 	
þ 1

s ð5:123Þ

Simplifying,

sinϕ ¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ay

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4�b2y2

a2y2 þ a2y2

a2y2

q ¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ay 1

ay

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 � b2y2 þ a2y2

p

¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q ð5:124Þ

Similarly, the cos can likewise be solved.

cosϕ ¼ ayffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q ð5:125Þ

Since,

x ¼ r2 sinϕ ð5:126Þ
r2 ¼ x

sinϕ
ð5:127Þ

Substituting 5.112 and 5.124,

r2 ¼
a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
b
ffiffiffiffiffiffiffiffiffi
b2�y2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4þy2 a2�b2ð Þp ð5:128Þ

Since r2 will always be positive.
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r2 ¼ a

b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ð5:129Þ

Similarly,

r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �qh i3
2

ab4
ð5:130Þ

If q represents the self-weight (refer to Fig. 5.11),

Pz ¼ q cosϕ ð5:131Þ
Pϕ ¼ q sinϕ ð5:132Þ

Pθ ¼ 0 ð5:133Þ

The total load R is defined as:

R ¼ 2πq
Z b

y
xds ð5:134Þ

Since,

sinϕ ¼ dy
ds

ð5:116Þ

sinϕ ¼ � tanϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanϕð Þ2 þ 1

q ð5:121Þ

dy
dx

¼ � tanϕ ð5:120Þ

Combining these three equations,

dy
ds

¼ � tanϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanϕð Þ2 þ 1

q ¼
dy
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dy
dx

� �2 þ 1
q ð5:135Þ

Taking the reciprocal of 5.135,

ds
dy

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dx
dy

� �2

þ 1

s
ð5:136Þ

Substituting 5.113,
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ds ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ay

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
 !2

þ 1

vuut dy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2y2

b2 b2 � y2
� �þ 1

s
dy ð5:137Þ

Substitute 5.112 and 5.137 into 5.134.

R ¼ 2πq
Z b

y

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2

b2 b2 � y2
� �þ 1

s" #
dy ð5:138Þ

R ¼ 2πq
Z b

y

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2

b2 b2 � y2
� �þ b2 b2 � y2

� �
b2 b2 � y2
� �

s" #
dy ð5:139Þ

R ¼ 2πq
Z b

y

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2 þ b2 b2 � y2

� �
b2 b2 � y2
� �

s" #
dy ð5:140Þ

R ¼ 2πq
Z b

y

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2 þ b2 b2 � y2

� �q
ffiffiffiffiffi
b2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2
� �q

2
64

3
75dy ð5:141Þ

R ¼ 2πq
Z b

y

a

b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2 þ b2 b2 � y2

� �q� 	
dy ð5:142Þ

R ¼ 2πq
a

b2

Z b

y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2y2 þ b2 b2 � y2

� �q
dy ð5:143Þ

Reducing the above equation to a simpler form,

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
my2 þ n

p
dy ð5:144Þ

Integrating from 0 to b, the total load R is solved.

R ¼ 2πqa2

1
2
� y

2ab2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
þ b2

2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p log
b aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p� �
y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
2
64

3
75

ð5:145Þ

or, set the value in brackets as C.
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C ¼ 1
2
� y

2ab2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q

þ b2

2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p log
b aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p� �
y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q ð5:146Þ

R is therefore,

R ¼ 2πqa2C ð5:147Þ

5.3.2 Membrane Stresses

The meridian or vertical stresses are solved by the general equation from cylindrical
dome theory.

N 0
ϕ ¼ � R

2πro sinϕ
ð4:35Þ

Substituting 5.147,

N 0
ϕ ¼ � 2πqa2C

2πro sinϕ
ð5:148Þ

N 0
ϕ ¼ � qa2C

ro sinϕ
ð5:149Þ

From Fig. 5.10,

ro ¼ r2 sinϕ ð5:150Þ

And substituting 5.150 and 5.129,

N 0
ϕ ¼ � qa2C

a
b2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
sin 2ϕ

ð5:151Þ

Squaring Eq. 5.124,
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sin 2ϕ ¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
2
64

3
75
2

¼ b2 b2 � y2
� �

b4 þ y2 a2 � b2
� � ð5:152Þ

Substituting 5.152 into 5.151.

N 0
ϕ ¼ � qab2C b4 þ y2 a2 � b2

� �� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
b2 b2 � y2
� �� � ð5:153Þ

Since,

Affiffiffi
A

p ¼ A�
ffiffiffi
A

p
¼

ffiffiffi
A

p
ð5:154Þ

N 0
ϕ ¼ �

qaC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
b2 � y2
� � ð5:155Þ

A more common form of 5.155,

N 0
ϕ ¼ � qa2

b
Cb2

b2 � y2
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ab

ð5:156Þ

If we say,

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ab

ð5:157Þ

and

b2

b2 � y2
¼ b2

b2 1� y2

b2

� � ¼ 1

1� y2

b2

� � ð5:158Þ

The stress in the meridian, or vertical direction is solved.

N0
ϕ = 2

qa2

b
CQ

12 y2

b2

� � ð5:159Þ

The general Eq. 4.37 from cylindrical dome theory is used to solve for the hoop
stresses.
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N 0
θ ¼ R

2πr1 sin
2ϕ

� Pzro
sinϕ

ð4:37Þ

Since,

N 0
ϕ ¼ � R

2πro sinϕ
ð4:35Þ

ro ¼ r2 sinϕ ð5:150Þ

Combining the two above equations,

N 0
ϕ ¼ � R

2πr2 sin
2ϕ

ð5:160Þ

or

R ¼ 2πr2 sin
2ϕ N 0

ϕ ð5:161Þ

also

Pz ¼ q cosϕ ð5:131Þ

Substituting 5.161, 5.149 and 5.131 into Eq. 4.37,

N 0
θ ¼ � r2N 0

ϕ

r1
� q cosϕr2 ð5:162Þ

Solving for the ratio of r2 and r1,

r2
r1

¼
a
b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4þy2 a2�b2ð Þp� �3

2

ab4

ð5:163Þ

Mathematically,

ffiffiffi
A

p
ffiffiffi
A

p� �3 ¼ ffiffiffi
A

p
�

ffiffiffi
A

p� �3
¼ A

1
2 � A

3
2 ¼ 1

A

Therefore,
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r2
r1

¼ a2b2

b4 þ y2 a2 � b2
� � ð5:164Þ

Since,

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ab

ð5:157Þ

Q2 ¼ b4 þ y2 a2 � b2
� �
a2b2

ð5:165Þ

Equation 5.164 therefore becomes,

r2
r1

¼ 1
Q2 ð5:166Þ

Substituting the ratio r2
r1
and r2 (Eq. 5.129) into Eq.5.162,

N 0
θ ¼ qa2CQ

Q2b 1� y2

b2

� �� aq cosϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
b2

ð5:167Þ

Replacing cosϕ with 5.125,

N 0
θ ¼ qa2C

Qb 1� y2

b2

� �� a2yq

b2
ð5:168Þ

Simplifying the above expression,

N 0
θ ¼ �qa2

b
y
b
� C

Q 1� y2

b2

� �
2
4

3
5 ð5:169Þ

or,

N0
θ =

2 qa2

b
y
b
2

Cb2

Q b2 2 y2
� �

" #
ð5:170Þ
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5.4 Conoidal Dome

The conoidal dome is the pointed dome, and the shape is achieved by overlapping
two circular shapes (Billington 1982; Timoshenko 1959). The general equations
derived for the circular dome are applied to the conoidal dome (Figs. 5.12 and 5.13).

Defining the geometries of the conoidal dome,

r0 ¼ a sinϕo ð5:171Þ
ro ¼ a sinϕ� r0 ð5:172Þ
ro ¼ r2 sinϕ ð5:173Þ

Setting the above two equations equal (Fig. 5.14),

r2 sinϕ ¼ a sinϕ� r0 ð5:174Þ

r2 ¼ a sinϕ� r0

sinϕ
ð5:175Þ

r2 ¼ a� r0

sinϕ
ð5:176Þ

Pθ ¼ 0 ð5:177Þ
Pz ¼ q cosϕ ð5:178Þ
Pϕ ¼ q sinϕ ð5:179Þ

The load of a differential ring is given in Eq. 5.180.

R ¼ q 2πroð Þa dϕ ð5:180Þ

The total load is determined by summing all of the differential rings.

R ¼ q2πa
Z ϕ

ϕo

rodϕ ð5:181Þ

Substituting the value of ro (Eq. 5.172).

R ¼ q2πa
Z ϕ

ϕo

a sinϕ� r0ð Þdϕ ð5:182Þ

Integrating,
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′

Fig. 5.12 Conoidal dome
formed by two off-set
circular shapes

′

2

=

2

Fig. 5.13 The radial geometry of the conoidal dome

196 M. Gohnert

@seismicisolation@seismicisolation

https://t.me/seismicisolation


R ¼ q2πa2 cosϕo � cosϕð Þ � q2πar0 ϕ� ϕoð Þ ð5:183Þ

Use the general equation for a circular dome to solve for the meridian, or vertical
stresses,

N 0
ϕ ¼ � R

2πro sinϕ
ð4:35Þ

Substituting Eqs. 5.172 and 5.183,

N 0
ϕ ¼ � q2πa2 cosϕo � cosϕð Þ � q2πar0 ϕ� ϕoð Þ

2π a sinϕ� r0ð Þ sinϕ ð5:184Þ

Since,

r0 ¼ a sinϕo ð5:171Þ

N 0
ϕ ¼ � q2πa2 cosϕo � cosϕð Þ � q2πa2 sinϕo ϕ� ϕoð Þ

2πa sinϕ� sinϕoð Þ sinϕ ð5:185Þ

N0
ϕ =

qa cosϕ2 cosϕoð Þ þ sinϕo ϕ2ϕoð Þ½ �
sinϕ2 sinϕoð Þ sinϕ ð5:186Þ

From the general Eq. 4.37,

′

Fig. 5.14 Differential ring to solve for the total load R
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N 0
θ ¼ R

2πr1 sin 2ϕ
� Pzro

sinϕ
ð4:37Þ

Since,

r1 ¼ a ð5:187Þ
ro ¼ a sinϕ� r0 ð5:172Þ
r0 ¼ a sinϕ0 ð5:171Þ

Combining 5.171 and 5.172,

ro ¼ a sinϕ� a sinϕ0 ð5:188Þ
ro ¼ a sinϕ� sinϕ0ð Þ ð5:189Þ

Substituting 5.178, 5.183, 5.187 and 5.188 into 4.37,

N 0
θ ¼ q2πa2 cosϕo � cosϕð Þ � q2πa2 sinϕ0 ϕ� ϕoð Þ

2πa sin 2ϕ

� q cosϕð Þa sinϕ� sinϕ0ð Þ
sinϕ

ð5:190Þ

Simplifying the above equation,

N 0
θ ¼ qa

sin 2ϕ

� cosϕo � cosϕð Þ � sinϕ0 ϕ� ϕoð Þ � cosϕ sinϕ sinϕ� sinϕoð Þ½ �
ð5:191Þ

or

N0
θ = 2

qa
sin 2ϕ

� cos ϕ sin ϕ sinϕ2 sinϕoð Þ þ sinϕ0 ϕ2ϕoð Þ2 cosϕo 2 cosϕð Þ½ �
ð5:192Þ
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5.5 Hyperbolic Shell

The hyperbolic shell is used almost exclusively as a cooling tower, a structure that is
very common in the production of energy. Thus, this shell is associated with nuclear
and coal-fired power plants. Its popularity is due to the natural draught that occurs in
the shell, used to cool water.

The hyperbolic shell equations are similar to the general equations of the circular
dome, with exception of the equilibrium equation in the z-direction (the shapes differ
in the radial direction) (Billington 1982; Flugge 1960; Beles and Soare 1976). The
geometry of the shell is shown in Fig. 5.15.

The equation for a hyperbolic shape is given in 5.193.

x2 þ z2

a2
� y2

b2
¼ 1 ð5:193Þ

x2 þ z2 ¼ r2o ð5:194Þ
ro ¼ r2 sinϕ ð5:195Þ

If z ¼ a,

x2 þ a2

a2
� y2

b2
¼ 1 ð5:196Þ

x2

a2
þ a2

a2
� y2

b2
¼ 1 ð5:197Þ

Solving for y, the equation is linear.

y ¼ b
a
x ð5:198Þ

1

2

2

Fig. 5.15 Radial geometry of the hyperbolic shell
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Equation 5.198 is the asymptote line, which passes through the origin. It is
interesting to note that the cylindrical hyperbolic shell may be constructed of a series
of non-parallel lines with the same slope of the asymptote.

5.5.1 Equilibrium in the Circumferential, or Hoop Direction

The derivation is identical to circular dome, and therefore a replication in the
derivation is not needed.

N0
θ∅

∂ro
∂∅

þ ∂N0
θ

∂θ
r1 þ ∂ N0

∅θroð Þ
∂∅

þ Pθror1 = 0 ð4:8Þ

5.5.2 Equilibrium in the Vertical, or y-Direction

Similar to the hoop direction, the derivation in the y-direction is identical to the
derivation in the meridian direction of the circular dome.

∂ N0
ϕro

� �
∂ϕ

þ ∂N0
θϕ

∂θ
r1 2N0

θ
∂ro
∂ϕ

þ Pϕr1ro = 0 ð4:12Þ

5.5.3 Equilibrium in the Radial, or z-Direction

The equilibrium equation in the z-direction is identical to the equilibrium equation
for the circular dome. The circular shell curves inward, while the hyperbolic shell
curves outward. This difference in curvature, however, is accommodated by the
values of r1 and r2, defined by the geometry of the shell.

N0
ϕ

r1
þ N0

θ

r2
þ Pz ¼ 0 ð4:18Þ

5.5.4 Defining the Principle Radii r1 and r2

The equation for curvature for a hyperboloid is defined as:
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1
r1

¼ �
d2ro
dy2

� �
1þ dro

dy

� �2� 	3=2 ð5:199Þ

From Fig. 5.15,

r2 sinϕ ¼ ro ð5:200Þ

or

r2 ¼ ro
sinϕ

ð5:201Þ

Since the shape of the hyperbolic shell is defined as:

x2 þ z2

a2
� y2

b2
¼ 1 ð5:202Þ

We simplify by noting that:

x2 þ z2 ¼ r2o ð5:203Þ

Equation 5.193 becomes

r2o
a2

� y2

b2
¼ 1 ð5:204Þ

Rearranging and simplifying:

r2o
a2

¼ 1þ y2

b2
ð5:205Þ

r2o ¼ a2 1þ y2

b2

� �
ð5:206Þ

r2o ¼
a2b2

b2
1þ y2

b2

� �
ð5:207Þ

r2o ¼
a2

b2
b2 þ y2
� � ð5:208Þ

Square root each side of the equation.

r0 ¼ a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q

ð5:209Þ

Taking the derivative of 5.209 with respect to y,
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dr0
dy

¼ a
b

yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q ð5:210Þ

Manipulating the equation,

dr0
dy

¼ aro
bro

yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q ð5:211Þ

Replacing ro in the numerator with 5.209,

dr0
dy

¼
a a

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q� �
bro

yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q ð5:212Þ

dr0
dy

¼ a2y

b2ro
ð5:213Þ

Taking the second derivative,

f
g

� �0
¼ f 0

g
� fg0

g2
ð5:214Þ

d2ro
dy2

¼ a2

b2
1

a
b b2 þ y2
� �1=2 � y

a2

b2
b2 þ y2
� � a

b
b2 þ y2
� ��1=2

y

" #
ð5:215Þ

d2ro
dy2

¼ a2

b2
b

a b2 þ y2
� �1=2 � by2

a b2 þ y2
� �3=2

" #
ð5:216Þ

d2ro
dy2

¼ a
b

1

b2 þ y2
� �1=2 � y2

b2 þ y2
� �3=2

" #
ð5:217Þ

d2ro
dy2

¼ a
b

b2 þ y2
� �� y2

b2 þ y2
� �3=2

" #
ð5:218Þ

d2r0
dy2

¼ ab

b2 þ y2
� �3=2 ð5:219Þ

Substituting 5.213 and 5.219 into 5.199,

1
r1

¼ �
ab

b2þy2ð Þ3=2

1þ a2y
b2ro

� �2� 	3=2 ð5:220Þ
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1
r1

¼ � ab

b2 þ y2
� �3=2

1þ a2y
b2ro

� �2� 	3=2 ð5:221Þ

Taking the reciprocal,

r1 ¼ �
b2 þ y2
� �3=2

1þ a2y
b2ro

� �2� 	3=2
ab

ð5:222Þ

or,

r1 ¼ �
b2 þ y2
� �3=2

1þ a4y2

b4r2o

� �h i3=2
ab

ð5:223Þ

Since,

r0 ¼ a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ y2
� �q

¼ a
b

b2 þ y2
� �1=2 ð5:209Þ

The term in the numerator of 5.223,

b2 þ y2
� �3=2 ¼ b2 þ y2

� �1=2h i3
ð5:224Þ

By manipulation,

b2 þ y2
� �3=2 ¼ b3

a3
a
b

b2 þ y2
� �1=2h i3

¼ b3

a3
ro½ �3 ¼ b3r3o

a3
ð5:225Þ

Therefore,

r1 ¼ �
b3r3o
a3 1þ a4y2

b4r2o

� �h i3=2
ab

ð5:226Þ

r1 ¼ � b2r3o
a4

1þ a4y2

b4r2o

 !1=2
2
4

3
5
3

ð5:227Þ

r1 ¼ � b2

a4
ro

a4

a4
þ a4y2

b4r2o

 !1=2
2
4

3
5
3

ð5:228Þ
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r1 ¼ �b2a2
r2o
a4

þ y2

b4

� �3=2

ð5:229Þ

r1 ¼ �b2a2
1
a2

r2o þ
y2a4

b4

� �� 	3=2
ð5:230Þ

r1 ¼ �b2a2
1
a2

r2o þ
y2a4

b4

� �1=2
" #3

ð5:231Þ

r1 ¼ � b2

a4
r2o þ

y2a4

b4

� �1=2
" #3

ð5:232Þ

Now solving for r2.

r2 ¼ ro
sinϕ

ð5:201Þ

From the trigonometric identity,

sinϕ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot 2ϕ

p ð5:233Þ

and from Fig. 5.15,

cotϕ ¼ dro
dy

ð5:234Þ

Combining 5.201, 5.233, and 5.234,

r2 ¼ ro
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot 2ϕ

p
¼ ro

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dro

dy

� �2
s

ð5:235Þ

Substituting 5.213,

r2 ¼ ro

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2y

b2ro

� �2
s

ð5:236Þ

r2 ¼ ro 1þ a4y2

b4r2o

" #1=2
ð5:237Þ

r2 ¼ r2o þ
a4y2

b4

� �1=2

ð5:238Þ

Substituting 5.208,
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r2 ¼ a2

b2
b2 þ y2
� �þ a4y2

b4

� 	1=2
ð5:239Þ

r2 ¼ a2 þ a2y2

b2
þ a4y2

b4

� 	1=2
ð5:240Þ

r2 ¼ a 1þ 1
b2

þ a2

b4

� �
y2

� 	1=2
ð5:241Þ

or

r2 = a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

b2
þ a2

b4

� �
y2

s
ð5:242Þ

Substituting 5.238 into 5.232,

r1 = 2
b2

a4
r2ð Þ3 ð5:243Þ

5.5.5 Membrane Stresses Due to Gravity Load

From Fig. 5.16, the gravity load is expressed as follows:

Py ¼ �q sinϕ ð5:244Þ
Pz ¼ �q cosϕ ð5:245Þ

Similar to circular dome theory, the vertical stress may be expressed as:

2

1

d

d d
1

Fig. 5.16 Geometry of gravity loads
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N 0
ϕ ¼ �R

2πro sinϕ
ð4:35Þ

Since,

ro ¼ r2 sinϕ ð5:200Þ

Substitute 5.200 into 4.35.

N 0
ϕ ¼ �R

2πr2 sin
2ϕ

ð5:246Þ

Furthermore,

R ¼
Z ϕ

0
q2πror1dϕ ð5:247Þ

Substituting 5.200,

R ¼
Z ϕ

0
q2πr2 sinϕr1dϕ ð5:248Þ

Substituting 5.248 into 5.246,

N 0
ϕ ¼ � 1

2πr2 sin
2ϕ

Z ϕ

0
q2πr2r1 sinϕdϕ ð5:249Þ

N 0
ϕ ¼ � 1

r2 sin
2ϕ

Z ϕ

0
qr2r1 sinϕdϕ ð5:250Þ

From Fig. 5.16,

r1dϕ ¼ dy
sinϕ

ð5:251Þ

dy ¼ r1 sinϕdϕ ð5:252Þ

Therefore,

N 0
ϕ ¼ � 1

r2 sin
2ϕ

Z y

0
qr2dy ð5:253Þ
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N 0
ϕ ¼ � r2

r22 sin
2ϕ

Z y

0
qr2dy ð5:254Þ

Substituting 5.200,

N0
ϕ = 2

r2
r2o

Z y

0
qr2dy ð5:255Þ

From the equilibrium equation,

N 0
ϕ

r1
þ N 0

θ

r2
þ Pz ¼ 0 ð4:18Þ

and substituting 5.243,

N 0
ϕ

2 b2

a4 r2ð Þ3
þ N 0

θ

r2
þ Pz ¼ 0 ð5:256Þ

Rearranging the above equation,

N 0
θ ¼ N 0

ϕa4

b2r22
� Pzr2 ð5:257Þ

Substitute equations 5.245 and 5.255.

N 0
θ ¼ � a4

b2r2r2o

Z y

0
qr2dyþ c

� �
þ q cosϕr2 ð5:258Þ

Since,

ro ¼ r2 sinϕ ð5:200Þ
r2 cosϕ ¼ ro cotϕ ð5:259Þ

N 0
θ ¼ � a4

b2r2r2o

Z y

0
qr2dyþ c

� �
þ qro cotϕ ð5:260Þ

Substituting 5.234 and 5.213,

N0
θ = 2

a4

b2r2r2o

Z y

0
qr2dyþ c

� �
þ qa2y

b2
ð5:261Þ

Due to the complexity of the integrand, the above equation is integrated
numerically.
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5.6 Example Solutions and a Comparison of the Circular,
Conoidal, Elliptical, and Conical Domes

To determine the efficiency of each dome, a comparison is drawn for shapes that
have identical heights and lengths. The height from floor level to apex is 5 m and the
length is 20 m. All of the solutions will only include the membrane vertical and hoop
stresses for gravity load (self-weight). For simplicity, the loading will be assumed to
be equal to 1.

Conoidal Dome
The solution requires the choice of five parameters, of which three are the same for
each of the solutions. Referring to Fig. 5.13, the other two parameters (r0 and α) are
arbitrarily chosen—these two parameters define the shape of the dome (i.e., how
pointed the shell is and the slope at the base of the shell).

Near the apex of the shell, the equations deteriorate rapidly as ϕ goes to zero.
Thus, the solution near the apex should be excluded and the stresses extrapolated to
zero (for both the vertical and hoop stresses).

H ¼ 5 m
L ¼ 20 m
q ¼ 1 kN/m2

α ¼ 45o

r0 ¼ 2.5 m

With the above parameters, the radius (a) and the difference between the height H
and the peak of the circular arc (c) are determined from the following equations:

a2 ¼ r0ð Þ2 þ a� cð Þ2 ð5:262Þ

a2 ¼ L
2
þ r0

� �2
þ a� c� Hð Þ2 ð5:263Þ

Substituting known values,

a2 ¼ 2:5ð Þ2 þ a� cð Þ2

a2 ¼ 10þ 2:5ð Þ2 þ a� c� 5ð Þ2

With two equations and two unknowns, a solution is possible.

a ¼ 17.678 m
c ¼ 0.178 m

The angle (ϕo) is therefore solvable from a and c.
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ϕo ¼ sin �1 a� c
a

� �
ð5:264Þ

Solving for ϕo,

ϕo ¼ sin �1 17:678� 0:178
17:678

� �
¼ 8:13

�

The vertical and hoop stresses, at various angles ϕ, may now be solved. At the
base of the shell:

N 0
ϕ ¼ qa cosϕ� cosϕoð Þ þ sinϕo ϕ� ϕoð Þ½ �

sinϕ� sinϕoð Þ sinϕ ð5:186Þ

N 0
ϕ ¼ 1ð Þ17:678 cos 45� cos 8:13ð Þ þ sin 8:13 45� 8:13ð Þ½ �

sin 45� sin 8:13ð Þ sin 45 ¼ �8:478 kN=m

N 0
θ ¼ � qa

sin 2ϕ

� cos ϕ sin ϕ sinϕ� sinϕoð Þ þ sinϕ0 ϕ� ϕoð Þ � cosϕo � cosϕð Þ½ �
ð5:192Þ

N 0
θ ¼ � 1ð Þ17:678

sin 245

� cos 45 sin 45 sin 45� sin 8:13ð Þ þ sin 8:13 45� 8:13ð Þ � cos 8:13� cos 45ð Þ½ �
¼ �3:218 kN=m

Elliptical Dome
Referring to Fig. 5.10, the major and minor axis of the elliptical shape must be
defined. For this case,

H ¼ b ¼ 5 m
L ¼ 2a ¼ 20 m
q ¼ 1 kN/m2

The only restriction with an elliptical dome is that the major axis must be larger
than the minor axis (i.e., a > b).

The membrane stresses are given in Eqs. 5.155 and 5.165.

N 0
ϕ ¼ � qa2

b
CQ

1� y2

b2

� � ð5:159Þ
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N 0
θ ¼ � qa2

b
y
b
� Cb2

Q b2 � y2
� �

" #
ð5:170Þ

where

C ¼ 1
2
� y

2ab2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q

þ b2

2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p log
b aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p� �
y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q ð5:146Þ

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ y2 a2 � b2

� �q
ab

ð5:157Þ

Solving for the stresses at the base of the shell (y ¼ 0),

C ¼ 1
2
� 0
2 10ð Þ52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
54 þ 02 102 � 52

� �q

þ 52

2 10ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 � 52

p log
5 10þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 � 52

p� �
0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 � 52

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
54 þ 02 102 � 52

� �q
¼ 0:583

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
54 þ 02 102 � 52

� �q
10ð Þ5 ¼ 0:5

N 0
ϕ ¼ � 1ð Þ102

5
0:583ð Þ0:5
1� 02

52

� � ¼ �5:826 kN=m

N 0
θ ¼ � 1ð Þ102

5
0
5
� 0:583ð Þ52
0:5 52 � 02
� �

" #
¼ 23:302 kN=m

Conical Dome
The only parameters that must be defined are the height and base radius.

H ¼ 5 m
L ¼ 2ro ¼ 20 m
q ¼ 1 kN/m2

The angle α is a constant, defined by:
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α ¼ tan �1 L
2H

� �
ð5:265Þ

And the length of the sloped walls of the shell,

Slope length ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L
2

� �2
þ H2

r
ð5:266Þ

Solving for the angle and slope length,

α ¼ tan �1 20
2 5ð Þ
� �

¼ 63:435
�

Slope length ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20
2

� �2
þ 52

r
¼ 11:180 m

Solving for the stresses at the base of the shell,

N 0
ϕ ¼ � q y

2 cos α
ð5:104Þ

N 0
ϕ ¼ � 1ð Þ11:180

2 cos 63:435
¼ �12:5 kN=m

N 0
θ ¼ �qy sin α tan α ð5:109Þ

N 0
θ ¼ � 1ð Þ11:180 sin 63:435 tan 63:435 ¼ �20 kN=m

Circular Dome
Although a solution that includes boundary effect is available, only the membrane
stresses are solved to enable a direct comparison with the other shell shapes. The
solution of the circular dome assumes the same parameters as the other shell shapes.

H ¼ 5 m
L ¼ 20 m
q ¼ 1 kN/m2

With only the two geometrical dimensions, the other parameters are solved by the
following equations:

α ¼ 180� 2 tan �1 L
2H

� �
ð4:263Þ

a ¼ H2 þ L
2

� �2
2H

ð4:262Þ

Solving these two equations,
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α ¼ 180� 2 tan �1 20
2 5ð Þ
� 	

¼ 53:13
�

a ¼ 52 þ 20
2

� �2
2 5ð Þ ¼ 12:5 m

The stresses are solved by Eqs. 4.50 and 4.53.

N 0
ϕ ¼ � qa

1þ cosϕð Þ ð4:50Þ

N 0
θ ¼ aq

1
1þ cosϕ

� cosϕ

� �
ð4:53Þ

Solving for the stresses at the base of the shell,

N 0
ϕ ¼ � 1ð Þ12:5

1þ cos 53:13ð Þ ¼ �7:81 kN=m

N 0
θ ¼ 12:5 1ð Þ 1

1þ cos 53:13
� cos 53:13

� �
¼ 0:31 kN=m

Comparison of Stresses
Graphs of N0

ϕ and N0
θ are given in Figs. 5.17 and 5.18.

As seen in the figures, the errors of the conoidal dome analysis are apparent in
both figures; the stresses diverge rapidly near the apex of the dome. The analysis
should take this into account and extrapolate the stress to a zero point. By making
this adjustment to the graphs, it is evident that the conoidal and circular domes are
the most efficient in carrying the self-weight of the shell. In comparison, the conical
and elliptical domes show very high peak stresses at the base of the shell.

The membrane stresses are the actual stress distribution in the majority of the
shell. A design, based only on a membrane stress analysis, is an acceptable method.
For example, silo designs are usually only based on a membrane solution. These
simplified methods are endorsed by the majority of codes of practice. However, the
designer must be mindful that the stress distribution is not entirely correct. At the
base of the shell, fixity will cause boundary effects. In other words, bending
moments and shears will exist at the foundation level. The magnitude of the moment
is dependent on the degree of fixity and Gaussian curvature. However, moments and
shears usually dissipate rapidly, depending on the stiffness and curvature of the shell.
Stiffer shells, such as those constructed of reinforced concrete, may have moments
and shears that travel up to a third of the height of the shell. On the other hand,
flexible shells, such as those that are constructed of steel, may dissipate the moments
and shears relatively close to the base. Whatever the case may be, the designer must
be aware of the limitations of a purely membrane solution.
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5.7 Exercises

5.7.1. Program the membrane theory for the conoidal, elliptical, and conical domes
into a spreadsheet, or an alternative programing language. Reproduce
Figs. 5.17 and 5.18, but in tabular form in no less than 10 height divisions.
Compare with circular dome theory of Chap. 4, and assume r0 ¼ 2.5 for the
conoidal dome.

5.7.2. Repeat exercise 5.7.1, but set H ¼ 1 m. Graph the results and compare to
Figs. 5.17 and 5.18.

5.7.3. Compare an inverted cone and a cylindrical water tank for water loads. Both
tanks are full and measure 10 m high and 10 m in diameter. The thickness of
each shell is 200 mm, constructed of reinforced concrete. Assume that the
weight of concrete is 24 kN/m3 and water 10 kN/m3. Determine and graph the
stress distribution. Draw conclusions concerning the efficiency of each shape,
and why a shape is more efficient than the other.

5.7.4. Comment how to incorporate into the design the boundary effects (Fig. 5.19).
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Chapter 6
The Circular Barrel Vault

Mitchell Gohnert

Abstract This chapter develops the membrane and deformation theories for barrel
vaults, for various loadings such as uniform vertical and horizontal loads, distributed
evenly or assuming a sin wave variation. Boundary effects theory is developed to
correct membrane errors that occur along the free edge. Boundary theory is also
derived for the case of edge beams; compatibility equations are formulated to
determine the reactions between the edge beam and shell walls, which are used to
distribute the reaction stresses in the walls of the vault. The mathematical derivation
is fully developed for this shell. However, the ASCE Manuals of Engineering
Practice, No. 31, on the Design of Cylindrical Concrete Shell Roofs is given as an
alternative analysis procedure, which is based on the developed theory. The ASCE
method is given to ease the complex nature of the analysis.

6.1 Introduction

The circular arch shell is commonly known as a barrel shell, or barrel vault. The
cross-section is circular, and ranges from a semicircle to a segment of a circle. The
barrel vault is a shell of single curvature, and resembles a slice of a full cylinder. The
corners of the vault are supported by columns, and longitudinal edge beams often
span between columns, supporting the free edge. The basic configuration is given
Fig. 6.1. This type of shell is characteristically used as a roof structure. The plan
dimensions of a barrel vault is rectangular; thus, the shell will fit onto a rectangular
arrangement of vertical walls. It is therefore a favorable solution, and integrates shell
structures into living spaces we are accustomed too.

The mathematical derivation of the barrel shell is, perhaps, the most complex of
all the shell theories, and the membrane solution is the least accurate through a range
of configurations. For barrel shells of long lengths, the real stresses deviate signif-
icantly from the membrane theory, but tends to be closer to beam theory (i.e.,
modeling a barrel vault as beam, with a curved cross section) (Billington 1982;
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Flugge 1960). In shorter shells, the real stress distribution is closer to the membrane
theory, but a deviation is still evident, especially near the boundaries. Unlike other
shell shapes, where a membrane solution is a good representation of actual stress, the
barrel shell membrane solution should be used with caution, coupled with an
understanding of boundary effects.

If the vault is supported on a foundation, or if the edge beams are rigidly
supported, arch theory is applied; arches, however, are considered in Chap. 7.

The theory is developed in three parts: The first part solves for the membrane
stresses, assuming that the shell is free along the edge. The second part considers the
influence of stresses, bending moments, and shears in the real system (i.e., correc-
tions to the membrane solution). The third part determines the influence of edge
beams.

6.2 Membrane Theory of the Barrel Vault

6.2.1 External Loading on the Shell

The geometry and membrane forces are defined in Fig. 6.2.
From cylindrical shell theory, the membrane equilibrium equations are defined by

Eqs. 3.11, 3.13 and 3.14.

N 0
yθ ¼

Z
� 1
r
∂N 0

θ

∂θ
� Pθ

� �
dyþ f 1 θð Þ ð3:11Þ

N 0
y ¼

Z
� 1
r

∂N 0
θy

∂θ
� Py

� �
dyþ f 2 θð Þ ð3:13Þ

N 0
θ ¼ �Pzr ð3:14Þ

Change the subscript θ to ϕ and y to x, to match the geometry of Fig. 6.2

Fig. 6.1 Barrel vault with edge beams and supports at the corners
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N 0
xϕ ¼

Z
� 1
r

∂N 0
ϕ

∂ϕ
� Pϕ

� �
dxþ f 1 ϕð Þ ð6:1Þ

N 0
x ¼

Z
� 1
r

∂N 0
ϕx

∂ϕ
� Px

� �
dxþ f 2 ϕð Þ ð6:2Þ

N 0
ϕ ¼ �Pzr ð6:3Þ

The load pressures (P) are defined according to how the load is spread over the
shell. The expressions for Pz, Pϕ, and Px are a function of the load Pd.

Uniform distributed load in the transverse and longitudinal directions (gravity load)
(Fig. 6.3)

Pz ¼ Pd cos ϕk � ϕð Þ ð6:4Þ
Pϕ ¼ �Pd sin ϕk � ϕð Þ ð6:5Þ

Px ¼ 0 ð6:6Þ

where Pd represents the self-weight of the shell.

ℎ

′

′

′

′

′ +
′

d

′ +
′
d

′ +
′
dx

′ +
′

dx

Fig. 6.2 Geometry and membrane stresses in a differential element
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Uniform distributed load in the transverse direction, but a sin wave variation in
the longitudinal direction (Fig. 6.4)

Pz ¼ Pd cos ϕk � ϕð Þ 1
n
sin

nπx
L

� �
ð6:7Þ

Pϕ ¼ �Pd sin ϕk � ϕð Þ 1
n
sin

nπx
L

� �
ð6:8Þ

Px ¼ 0 ð6:9Þ

where n ¼ 1, 3, 5, ...
If n¼ 1, the shape of the loading is a half of a sign wave. If n¼ 3, the shape of the

loading has three halves of a sign wave.
Horizontal uniformly distributed load in the transverse and longitudinal direc-

tions (Fig. 6.5)

Pz ¼ Pd cos
2 ϕk � ϕð Þ ð6:10Þ

Load distribution in the 
transverse direction

Load distribution in the 
longitudinal direction

Fig. 6.3 Gravity loading on the shell

Load distribution in transverse 
direction

Load distribution in longitudinal 
direction

n = 1

Fig. 6.4 UDL distributed according to a sin wave in the longitudinal direction
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Pϕ ¼ �Pd cos ϕk � ϕð Þ sin ϕk � ϕð Þ ð6:11Þ
Px ¼ 0 ð6:12Þ

Horizontal uniformly distributed load in the transverse direction, but a sin wave
variation in the longitudinal direction (Fig. 6.6)

Pz ¼ Pd cos
2 ϕk � ϕð Þ 1

n
sin

nπx
L

� �
ð6:13Þ

Pϕ ¼ �Pd cos ϕk � ϕð Þ sin ϕk � ϕð Þ 1
n
sin

nπx
L

� �
ð6:14Þ

Px ¼ 0 ð6:15Þ

where n ¼ 1, 3, 5, . . .
The above equations solve for the pressure in the z- and ϕ-directions. The most

common distribution is the first case, Eqs. 6.4, 6.5, and 6.6.

Load distribution in transverse 
direction

Load distribution in longitudinal 
direction

Fig. 6.5 Horizontal distribution of load in the transverse and longitudinal directions

Load distribution in transverse 
direction

Load distribution in longitudinal 
direction

n = 1

Fig. 6.6 Horizontal distribution of load, varying according to a sin wave in the longitudinal
direction
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6.2.2 Membrane Stresses for the Case of Gravity Loading

Solving for the stresses in the ϕ-direction, substitute 6.4 into 6.3.

N 0
ϕ ¼ � Pd cos ϕk � ϕð Þ½ �r ð6:16Þ

N0
ϕ = 2Pd r cos ϕk 2ϕð Þ ð6:17Þ

Solving for the membrane shear stresses, substitute 6.17 and 6.5 into 6.1.

N 0
xϕ ¼ � 1

r

Z
∂ �Pd r cos ϕk � ϕð Þð Þ

∂ϕ

� �
dx�

Z
�Pd sin ϕk � ϕð Þ½ �dx

þ f 1 ϕð Þ ð6:18Þ

N 0
xϕ ¼ Pd

Z
sin ϕk � ϕð Þdxþ Pd

Z
sin ϕk � ϕð Þdxþ f 1 ϕð Þ ð6:19Þ

N 0
xϕ ¼ Pd sin ϕk � ϕð Þ

Z
dxþ Pd sin ϕk � ϕð Þ

Z
dxþ f 1 ϕð Þ ð6:20Þ

N 0
xϕ ¼ Pd sin ϕk � ϕð Þxþ Pd sin ϕk � ϕð Þxþ f 1 ϕð Þ ð6:21Þ

N 0
xϕ ¼ 2Pd sin ϕk � ϕð Þxþ f 1 ϕð Þ ð6:22Þ

To solve for f1(ϕ), we consider the shears in the shell. We assume that the barrel
shell in Fig. 6.2 is simply supported at x¼ 0 and x¼ L. At x¼ L

2, the shear is equal to
zero. Substituting these conditions into 6.22,

0 ¼ 2Pd sin ϕk � ϕð Þ L
2
þ f 1 ϕð Þ ð6:23Þ

Solving for f1(ϕ),

f 1 ϕð Þ ¼ �PdL sin ϕk � ϕð Þ ð6:24Þ

Therefore, Eq. 6.22 becomes

N 0
xϕ ¼ 2Pd sin ϕk � ϕð Þx� PdL sin ϕk � ϕð Þ ð6:25Þ

Rearranged,

N 0
xϕ ¼ Pd sin ϕk � ϕð Þ 2x� Lð Þ ð6:26Þ

or
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N0
xϕ ¼ �Pd sin ϕk � ϕð ÞL 1� 2x

L

� �
ð6:27Þ

To solve for the stresses in the x direction, substitute 6.27 and 6.6 into Eq. 6.2.

N 0
x ¼

Z
� 1
r
∂ �Pd sin ϕk � ϕð ÞL 1� 2x

L

� 	� 	
∂ϕ

� 0

� �
dxþ f 2 ϕð Þ ð6:28Þ

Using the product rule to take the derivative,

fgð Þ0 ¼ f 0gþ fg0

f ¼ sin ϕk � ϕð Þ f 0 ¼ � cos ϕk � ϕð Þ

g ¼ �PdL 1� 2x
L

� �
g0 ¼ 0

Therefore,

N 0
x ¼ � 1

r

Z
PdL cos ϕk � ϕð Þ 1� 2x

L

� �
dxþ f 2 ϕð Þ ð6:29Þ

N 0
x ¼ �PdL cos ϕk � ϕð Þ

r

Z
1� 2x

L

� �
dxþ f 2 ϕð Þ ð6:30Þ

Since,

Z
1� 2x

L

� �
dx ¼ x� x2

L

� �
¼ x 1� x

L

� �

N 0
x ¼ �PdL

r
cos ϕk � ϕð Þx 1� x

L

� �
þ f 2 ϕð Þ ð6:31Þ

To solve for f2(ϕ), boundary conditions are again applied. At x¼ 0 and x¼ L, the
stress is equal to zero for the case of simple supports.

0 ¼ �PdL
r

cos ϕk � ϕð Þ 0ð Þ 1� 0
L

� �
þ f 2 ϕð Þ ð6:32Þ

Thus,

f 2 ϕð Þ ¼ 0 ð6:33Þ

N0
x ¼ �PdL

r
cos ϕk � ϕð Þx 1� x

L

� �
ð6:34Þ
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The other membrane stresses for different load cases are solved in a similar
manner.

The real internal stresses may differ significantly from the membrane stresses in
long shells. In shorter shells, the real internal stresses are closer to the membrane
solution, but a deviation is still evident, especially near the free edge. In barrel vaults,
the stresses of the membrane solution are incorrect along the free edge of the shell
(the stresses should reduce to zero along the free edge). Corrections to the membrane
solution are therefore required by considering boundary effects, or by applying line
loads that are equivalent to the errors along the free edge. The boundary effects
theory is derived, but the line load method is given as a design procedure. Both
methods are based on the same theory, but expressed in a different form.

6.3 Deformation Theory

A differential element is shown in Fig. 6.7, before loading is applied to the shell, and
after. As depicted, the total deformation is composed of two parts—translations and
rotations. The differential element may deform in three directions, i.e., u in the
x-direction, v in the ϕ-direction, and w in the z-direction.

In Fig. 6.8, only the translations and rotations in the v-directions are considered.
The dashed curve represents the edge of the element, which has undergone a
translation v and a rotation ϕ. The rotation is represented by the following equation:

,

, ,

′

’

′

′

,

,

Fig. 6.7 Deformations of a differential element
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ϕϕ ¼ v
r
þ

∂v
∂ϕ dϕ

r
ð6:35Þ

Since the value of the second term of 6.35 is small compared to the first term, the
rotation may be expressed in a simpler form:

ϕϕ ¼ v
r

ð6:36Þ

Referring to Fig. 6.9, the deformations that are illustrated are only those in the w-
direction. The rotation due to the deformation w is given by Eq. 6.37.

ϕϕ ¼
∂w
∂ϕ dϕ

rdϕ
¼ ∂w

r∂ϕ
ð6:37Þ

The total rotational deformation of the element is the sum of Eqs. 6.36 and 6.37.

ϕϕ ¼ v
r
þ ∂w
r∂ϕ

ð6:38Þ

In Fig. 6.10, the rotations are given in the x-direction, which is expressed as:

,

OO’′

,

O

+

Fig. 6.8 Translations and rotations in the v-direction
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ϕx ¼ ∂w
∂x

ð6:39Þ

6.3.1 Strains in the x-Direction

The strain in the x-direction is simply the extension divided by the original length
(see Fig. 6.11). The strain in the x-direction is therefore,

w+

, ′

′

,

z, w z, w

,

Fig. 6.9 Translations and rotations in the z-direction

,

,

′

′

Fig. 6.10 Rotations in the
x-direction
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εx ¼
∂u
∂x dx

dx
¼ ∂u

∂x
ð6:40Þ

6.3.2 Strains in the ϕ-Direction, Due to an Extension v

Part of the strain in the v-direction is due to the extension of the differential element
in the same direction (see Fig. 6.12).

εϕ ¼
∂v
∂ϕ dϕ

rdϕ
¼ ∂v

r∂ϕ
ð6:41Þ

6.3.3 Strains in the ϕ-Direction, Due to a Change in Radius

Referring to Fig. 6.13, a part of the strain may be caused by a change in the length of
the radius.

The original length of the edge of the differential element:

,

,

Fig. 6.11 Strains in the x-
direction
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L ¼ rdϕ ð6:42Þ
L
r
¼ L0

r � w
ð6:43Þ

Therefore,

,

,

Fig. 6.12 Strains in the
ϕ-direction

′

’

Fig. 6.13 Strains caused by
a change in the radius of the
differential element
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L0 ¼ L r � wð Þ
r

ð6:44Þ

where the original length is L and L’ is the length after deformation. The strain is
therefore

εϕ ¼ � L� L0

rdϕ
ð6:45Þ

Substitute 6.42 and 6.44 into 6.45.

εϕ ¼ � rdϕ� rdϕ r�wð Þ
r

rdϕ
ð6:46Þ

A minus sign is added, since a contraction of the differential element will cause a
compression.

εϕ ¼ �1þ r � wð Þ
r

ð6:47Þ

εϕ ¼ �w
r

ð6:48Þ

6.3.4 Total Strain in the ϕ-Direction

The total strain in the ϕ-direction is the sum of the two strains, Eqs. 6.41 and 6.48.

εϕ ¼ ∂v
r∂ϕ

� w
r

ð6:49Þ

6.3.5 Shearing Strain

Referring to Fig. 6.14, the shear strain is the maximum deformation along an edge
and divided by the perpendicular length, added in both the x- and y-directions.

γϕx ¼
∂u
∂x dx

rdϕ
þ

∂v
∂ϕ dϕ

dx
ð6:50Þ
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γϕx ¼ ∂u
rdϕ

þ ∂v
∂x

ð6:51Þ

6.3.6 Membrane Stresses

From cylindrical shell theory,

εθ ¼ 1
Eh

N 0
θ � νN 0

y


 � ð3:33Þ

εy ¼ 1
Eh

N 0
y � νN 0

θ


 � ð3:34Þ

γθy ¼ 1
Gh

N 0
θy ð6:52Þ

To be consistent, θ is changed to ϕ and y is changed to x. Furthermore, the strain
Eqs. 6.40, 6.49, and 6.51 are equated to 3.33, 3.34, and 6.52.

εx ¼ ∂u
∂x

¼ 1
Eh

N 0
x � νN 0

ϕ


 � ð6:53Þ

,

,

Fig. 6.14 Shearing strains
in a differential element
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εϕ ¼ ∂v
r∂ϕ

� w
r
¼ 1

Eh
N 0

ϕ � νN 0
x


 � ð6:54Þ

γxϕ ¼ ∂u
r∂ϕ

þ ∂v
∂x

¼ 1
Gh

N 0
xϕ ð6:55Þ

Since G ¼ E
2 1þνð Þ,

γxϕ ¼ ∂u
r∂ϕ

þ ∂v
∂x

¼ 2 1þ νð Þ
Eh

N 0
xϕ ð6:56Þ

If we integrate 6.53 and assume ν ¼ 0 to simplify the equation,

u ¼
Z

∂u
∂x

dx ¼ 1
Eh

Z
N 0

xdxþ f 3 ϕð Þ ð6:57Þ

Rearrange 6.56.

∂v
∂x

¼ � ∂u
r∂ϕ

þ 2
Eh

N 0
xϕ ð6:58Þ

Integrating 6.58 and assume ν ¼ 0,

v ¼
Z

∂v
∂x

dx ¼ � 1
r

Z
∂u
∂ϕ

dxþ 2
Eh

Z
N 0

xϕdxþ f 4 ϕð Þ ð6:59Þ

From 6.54,

w
r
¼ ∂v

r∂ϕ
� N 0

ϕ

Eh
ð6:60Þ

or

w ¼ ∂v
∂ϕ

� rN 0
ϕ

Eh
ð6:61Þ

A Fourier series is used to represent the load distribution, with n ¼ 1. A Fourier
series is used to represent the distribution of the load and overcome mathematical
difficulties in the derivation.

Use Eq. 6.3 to solve for the stresses in the ϕ-direction. Substitute 6.7 into 6.3.

N0
ϕ ¼ �Pr cos ϕk � ϕð Þ sin πx

L

� �
ð6:62Þ

where
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P ¼ 4Pd

π

The shear strains are solved from Eq. 6.1.

N 0
xϕ ¼

Z
� 1
r

∂N 0
ϕ

∂ϕ
� Pϕ

� �
dxþ f 1 ϕð Þ ð6:1Þ

N 0
xϕ ¼ �

Z
1
r

∂N 0
ϕ

∂ϕ
dx�

Z
Pϕdxþ f 1 ϕð Þ

Substituting 6.62 and 6.8,

N 0
xϕ ¼ �

Z
1
r
∂ �Pr cos ϕk � ϕð Þ sin πx

L

� 	
 �
∂ϕ

dx

�
Z

�P sin ϕk � ϕð Þ sin πx
L

� �h i
dxþ f 1 ϕð Þ ð6:63Þ

Taking the derivative of the first term,

N 0
xϕ ¼

Z
P sin ϕk � ϕð Þ sin πx

L

� �
dxþ

Z
P sin ϕk � ϕð Þ sin πx

L

� �h i
dx

þ f 1 ϕð Þ ð6:64Þ

N 0
xϕ ¼ P sin ϕk � ϕð Þ

Z
sin

πx
L

� �
dxþ P sin ϕk � ϕð Þ

Z
sin

πx
L

� �
dx

þ f 1 ϕð Þ ð6:65Þ

N 0
xϕ ¼ P sin ϕk � ϕð Þ �L cos πx

L

� 	
π

� �
þ P sin ϕk � ϕð Þ �L cos πx

L

� 	
π

� �

þ f 1 ϕð Þ ð6:66Þ

N0
xϕ ¼ � 2PL

π
sin ϕk � ϕð Þ cos πx

L

� �
þ f 1 ϕð Þ ð6:67Þ

Using Eq. 6.2, the stress is solved in the x-direction.

N 0
x ¼

Z
� 1
r

∂N 0
ϕx

∂ϕ
� Px

� �
dxþ f 2 ϕð Þ ð6:2Þ

N 0
x ¼ � 1

r

Z
∂N 0

ϕx

∂ϕ
dx�

Z
Pxdxþ f 2 ϕð Þ

Substituting Eqs. 6.67 and 6.9 into 6.2,
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N 0
x ¼ � 1

r

Z
∂ � 2PL

π sin ϕk � ϕð Þ cos πx
L

� 	þ f 1 ϕð Þ
 �
∂ϕ

dxþ f 2 ϕð Þ ð6:68Þ

Taking the derivative,

N 0
x ¼ � 1

r

Z
2PL
π

cos ϕk � ϕð Þ cos πx
L

� �
þ ∂f 1 ϕð Þ

∂ϕ

� �
dxþ f 2 ϕð Þ ð6:69Þ

Integrating the above equation,

N0
x ¼ � 2PL2

rπ2 cos ϕk � ϕð Þ sin πx
L

� �
� x

r
∂f 1 ϕð Þ
∂ϕ

þ f 2 ϕð Þ ð6:70Þ

Solve for the deformation in the u-direction using Eq. 6.57.
Substituting 6.70 into 6.57,

u ¼ 1
Eh

Z
� 2PL2

rπ2
cos ϕk � ϕð Þ sin πx

L

� �
� x

r
∂f 1 ϕð Þ
∂ϕ

þ f 2 ϕð Þ
� �

dx

þ f 3 ϕð Þ ð6:71Þ

Integrating,

u ¼ 1
Eh

� 2PL2

rπ2
cos ϕk � ϕð Þ � cos πx

L

� 	
π
L

� �
� x2

2r
∂f 1 ϕð Þ
∂ϕ

þ xf 2 ϕð Þ
� 


þ f 3 ϕð Þ ð6:72Þ

u ¼ 1
Eh

2PL3

rπ3 cos ϕk � ϕð Þ cos πx
L

� �
� x2

2r
∂f 1 ϕð Þ
∂x

þ xf 2 ϕð Þ
� �

þ f 3 ϕð Þ ð6:73Þ

Solve for the deformation in the v-direction using Eq. 6.59. Substitute 6.73 and
6.67 into 6.59.

v ¼ � 1
r

�
Z ∂ 1

Eh
2PL3

rπ3 cos ϕk � ϕð Þ cos πx
L

� 	� x2
2r

∂f 1 ϕð Þ
∂ϕ þ xf 2 ϕð Þ

h i
þ f 3 ϕð Þ

� �
∂ϕ

dx

þ 2
Eh

Z
� 2PL

π
sin ϕk � ϕð Þ cos πx

L

� �
þ f 1 ϕð Þ

h i
dxþ f 4 ϕð Þ

ð6:74Þ

Taking the derivative of the first term,
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v¼�1
r

�
Z

1
Eh

2PL3

rπ3
sin ϕk�ϕð Þcos πx

L

� �
� x2

2r
∂2 f 1 ϕð Þ
∂ϕ2 þ x

∂f 2 ϕð Þ
∂ϕ

" #
þ∂ f 3 ϕð Þ

∂ϕ

( )
dx

þ 2
Eh

Z
�2PL

π
sin ϕk�ϕð Þcos πx

L

� �
þ f 1 ϕð Þ

h i
dxþ f 4 ϕð Þ

ð6:75Þ

and integrate

v¼�1
r

� 1
Eh

2PL3

rπ3
sin ϕk �ϕð Þ sin πx

L

� 	
π
L

� �
� x3

6r
∂2 f 1 ϕð Þ
∂ϕ2 þ x2

2
∂f 2 ϕð Þ
∂ϕ

" #
þ x

∂ f 3 ϕð Þ
∂ϕ

( )

þ 2
Eh

�2PL
π

sin ϕk �ϕð Þ sin πx
L

� 	
π
L

� �
þ xf 1 ϕð Þ

� �
þ f 4 ϕð Þ

ð6:76Þ

v ¼ � 1
Ehr

2PL4

rπ4 sin ϕk � ϕð Þ sin πx
L

� �
� x3

6r
∂2f 1 ϕð Þ
∂ϕ2 þ x2

2
∂f 2 ϕð Þ
∂ϕ

" #

� x
r
∂f 3 ϕð Þ
∂ϕ

� 2
Eh

2PL2

π2 sin ϕk � ϕð Þ sin πx
L

� �
� xf 1 ϕð Þ

� �
þ f 4 ϕð Þ ð6:77Þ

Using Eq. 6.61, substitute equations 6.62 and 6.77.

w ¼ ∂
∂ϕ

� � 1
Ehr

2PL4

rπ4
sin ϕk � ϕð Þ sin πx

L

� �
� x3

6r
∂2 f 1 ϕð Þ
∂ϕ2 þ x2

2
∂f 2 ϕð Þ
∂ϕ

" #(

�� x
r
∂ f 3 ϕð Þ
∂ϕ

� 2
Eh

2PL2

π2
sin ϕk � ϕð Þ sin πx

L

� �
� x f 1 ϕð Þ

� �
þ f 4 ϕð Þ




þ Pr2

Eh
cos ϕk � ϕð Þ sin πx

L

� �
ð6:78Þ

Taking the derivative of the first term,
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w ¼ � 1
Ehr

�2PL4

rπ4
cos ϕk � ϕð Þ sin πx

L

� �
� x3

6r
∂3 f 1 ϕð Þ
∂ϕ3 þ x2

2
∂2 f 2 ϕð Þ
∂ϕ2

" #

� x
r
∂2 f 3 ϕð Þ
∂ϕ2 � 2

Eh
�2PL2

π2
cos ϕk � ϕð Þ sin πx

L

� �
� x

∂f 1 ϕð Þ
∂ϕ

� �

þ ∂f 4 ϕð Þ
∂ϕ

þ Pr2

Eh
cos ϕk � ϕð Þ sin πx

L

� �
ð6:79Þ

w ¼ 1
Ehr

2PL4

rπ4 cos ϕk � ϕð Þ sin πx
L

� �
þ x3

6r
∂3f 1 ϕð Þ
∂ϕ3 � x2

2
∂2f 2 ϕð Þ
∂ϕ2

" #

� x
r
∂2f 3 ϕð Þ
∂ϕ2 þ 2

Eh
2PL2

π2 cos ϕk � ϕð Þ sin πx
L

� �
þ x

∂f 1 ϕð Þ
∂ϕ

� �

þ ∂f 4 ϕð Þ
∂ϕ

þ Pr2

Eh
cos ϕk � ϕð Þ sin πx

L

� �
ð6:80Þ

If the barrel shell is simply supported and subjected to a uniform distributed load,
the deformation equations are significantly simplified. The integration constants,
which represent the boundary conditions, are assumed to be equal to zero.

f 1 ϕð Þ ¼ f 2 ϕð Þ ¼ f 3 ϕð Þ ¼ f 4 ϕð Þ ¼ 0 ð6:81Þ

Therefore, simplifying Eqs. 6.73, 6.77, and 6.80,

u ¼ 2PL3

Ehrπ3 cos ϕk � ϕð Þ cos πx
L

� �
ð6:82Þ

v ¼ � 2PL4

Ehr2π4
sin ϕk � ϕð Þ sin πx

L

� �
� 4PL2

Ehπ2
sin ϕk � ϕð Þ sin πx

L

� �

v ¼ � 2P
Eh

L4

r2π4 þ
2L2

π2

� �
sin ϕk � ϕð Þ sin πx

L

� �
ð6:83Þ

w ¼ 1
Ehr

2PL4

rπ4
cos ϕk � ϕð Þ sin πx

L

� �� �
þ 2
Eh

� 2PL2

π2
cos ϕk � ϕð Þ sin πx

L

� �� �
þ Pr2

Eh
cos ϕk � ϕð Þ sin πx

L

� �
ð6:84Þ

w ¼ 2PL4

Ehr2π4
cos ϕk � ϕð Þ sin πx

L

� �
þ 4PL2

Ehπ2
cos ϕk � ϕð Þ sin πx

L

� �

þ Pr2

Eh
cos ϕk � ϕð Þ sin πx

L

� �
ð6:85Þ

w ¼ 2PL4

Ehr2π4 1þ 2r2π2

L2 þ r4π4

2L4

� �
cos ϕk � ϕð Þ sin πx

L

� �
ð6:86Þ
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6.3.7 Horizontal and Vertical Deformations

From Fig. 6.15, the horizontal and vertical deformations are components of the
deformations in the v- and w-directions.

Δ0
v ¼ �v sin ϕk � ϕð Þ þ w cos ϕk � ϕð Þ ð6:87Þ

Substitute 6.83 and 6.86 into 6.87.

Δ0
v ¼ 2P

Eh
L4

r2π4
þ 2L2

π2

� �
sin ϕk � ϕð Þ sin πx

L

� �
sin ϕk � ϕð Þ þ 2PL4

Ehr2π4

� 1þ 2r2π2

L2
þ π4r4

2L4

� �
cos ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ ð6:88Þ

Δ0
v ¼ 2P

Eh
L4

r2π4
þ 2L2

π2

� �
sin 2 ϕk � ϕð Þ sin πx

L

� �
þ 2PL4

Ehr2π4

� 1þ 2r2π2

L2
þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ sin πx

L

� �
ð6:89Þ

Rearrange 6.89.

−

+∆′

Fig. 6.15 Orientation of the
horizontal and vertical
deformations
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Δ0
v ¼ 2PL4

Ehr2π4
sin

πx
L

� �

� 1þ 2π2r2

L2

� �
sin 2 ϕk � ϕð Þ þ 1þ 2r2π2

L2
þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

� �
ð6:90Þ

Splitting the second term,

Δ0
v ¼ 2PL4

Ehr2π4
sin

πx
L

� �
1þ 2π2r2

L2

� �
sin 2 ϕk � ϕð Þ

�

�þ 1þ 2r2π2

L2

� �
cos 2 ϕk � ϕð Þ þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

�
ð6:91Þ

Since sin2 + cos2 ¼ 1,

Δ0
v ¼ 2PL4

Ehr2π4 sin
πx
L

� �
1þ 2π2r2

L2 þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

� �
ð6:92Þ

Similarly in the horizontal direction,

Δ0
H ¼ v cos ϕk � ϕð Þ þ w sin ϕk � ϕð Þ ð6:93Þ

Substitute 6.83 and 6.86 into 6.92.

Δ0
H ¼ � 2P

Eh
L4

r2π4
þ 2L2

π2

� �
sin ϕk � ϕð Þ sin πx

L

� �� �
cos ϕk � ϕð Þ

þ 2PL4

Ehr2π4
1þ 2r2π2

L2
þ r4π4

2L4

� �
cos ϕk � ϕð Þ sin πx

L

� �� �
sin ϕk � ϕð Þ

ð6:94Þ

Δ0
H ¼ 2P

Ehr2
� L4

π4
� 2r2L2

π2

� �
sin ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ þ 2P

Ehr2

� L4

π4
þ 2r2L2

π2
þ r4

2

� �
cos ϕk � ϕð Þ sin πx

L

� �
sin ϕk � ϕð Þ ð6:95Þ

Combine the two parts of the equation.

Δ0
H ¼ 2P

Ehr2
� L4

π4
� 2r2L2

π2
þ L4

π4
þ 2r2L2

π2
þ r4

2

� �
sin ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ

ð6:96Þ
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Simplify.

Δ0
H ¼ 2P

Ehr2
r4

2

� �
sin ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ

or

Δ0
H ¼ Pr2

Eh
sin ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ ð6:97Þ

6.4 Shallow Shell Theory to Solve for the Boundary Effects

As depicted in Fig. 6.16, the bending moments, twisting moments, and out-of-plane
shears are given. These forces were neglected in the membrane solution but are now
included to correct the boundary errors or boundary conditions.

6.4.1 Stresses from Boundary Effects

From cylindrical shell theory, the following equilibrium equations were derived:

+

+

+

+

+

+

z

Fig. 6.16 Moments and
shears on the differential
element
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∂Ny

∂y
r þ ∂Nθy

∂θ
þ Pyr ¼ 0 ð3:47Þ

∂Nθ

∂θ
þ ∂Nyθ

∂y
r þ Pθr � Qθ ¼ 0 ð3:46Þ

Nθ þ ∂Qθ

∂θ
þ ∂Qy

∂y
r þ Pzr ¼ 0 ð3:51Þ

∂Mθ

∂θ
þ ∂Myθ

dy
r � Qθr ¼ 0 ð3:57Þ

�∂My

∂y
r þ ∂Mθy

∂θ
þ Qyr ¼ 0 ð3:54Þ

These equations are adapted to barrel vaults by changing the subscripts (i.e., θ to
ϕ and y to x).

∂Nx

∂x
r þ ∂Nϕx

∂ϕ
þ Pxr ¼ 0 ð6:98Þ

∂Nϕ

∂ϕ
þ ∂Nxϕ

∂x
r � Qϕ þ Pϕr ¼ 0 ð6:99Þ

Nϕ þ ∂Qx

∂x
r þ ∂Qϕ

∂ϕ
þ Pzr ¼ 0 ð6:100Þ

�∂Mϕ

∂ϕ
þ ∂Mxϕ

∂x
r þ Qϕr ¼ 0 ð6:101Þ

∂Mx

∂x
r þ ∂Mϕx

dϕ
� Qxr ¼ 0 ð6:102Þ

In the last two equations, the sign was changed (except for the twisting moment)
to reflect the change in the coordinate system.

From plate theory (Szilard 1974)),

Nx ¼ Eh
1� ν2ð Þ εx þ νεϕ


 � ð6:103Þ

Nϕ ¼ Eh
1� ν2ð Þ εϕ þ νεx


 � ð6:104Þ
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Nxϕ ¼ Nϕx ¼ Ghγxϕ ð6:105Þ

where,

G ¼ E
2 1þ νð Þ ð6:106Þ

As previously defined,

εx ¼ ∂u
∂x

ð6:40Þ

εϕ ¼ ∂v
r∂ϕ

� w
r

ð6:49Þ

γxϕ ¼ ∂u
r∂ϕ

þ ∂v
∂x

ð6:51Þ

Substituting 6.40, 6.49, and 6.51 into 6.103, 6.104, and 6.105,

Nx ¼ Eh
1� ν2ð Þ

∂u
∂x

þ ν
∂v
r∂ϕ

� w
r

� �� �
ð6:107Þ

Nϕ ¼ Eh
1� ν2ð Þ

∂v
r∂ϕ

� w
r
þ ν

∂u
∂x

� �
ð6:108Þ

Nxϕ ¼ Nϕx ¼ Eh
2 1þ νð Þ

∂u
r∂ϕ

þ ∂v
∂x

� �
ð6:109Þ

Similarly, the slope of the differential element was also previously defined.

ϕx ¼ ∂w
∂x

ð6:39Þ

ϕϕ ¼ v
r
þ ∂w
r∂ϕ

ð6:38Þ

The curvature is the change in slope, or rather the derivative of the slope.
Therefore,

χx ¼
∂ϕx

∂x
¼ ∂2w

∂x2
ð6:110Þ

In the ϕ-direction,
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χϕ ¼ ∂ϕϕ

r∂ϕ
¼ ∂v

r2∂ϕ
þ ∂2w

r2∂ϕ2 ð6:111Þ

The twisting curvature, however, measures the change in slope at right angles to
the plane of curvature (Szilard 1974; Timoshenko 1959). The twisting curvature is
defined on each edge of the differential element.

χϕx ¼
∂ϕϕ

∂x
ð6:112Þ

χxϕ ¼ ∂ϕx

r∂ϕ
ð6:113Þ

The twisting curvature of the differential element is the average of the two
curvatures.

χxϕ ¼ 1
2

∂ϕx

r∂ϕ
þ ∂ϕϕ

∂x

� �
ð6:114Þ

Substituting 6.39 and 6.38,

χxϕ ¼ ∂ ∂w
∂x

� 	
2r∂ϕ

þ
∂ v

r þ ∂w
r∂ϕ

� �
2∂x

ð6:115Þ

Expanding 6.115,

χxϕ ¼ ∂2w
2r ∂x ∂ϕ

þ ∂v
2r ∂x

þ ∂2w
2r ∂x ∂ϕ

ð6:116Þ

or

χxϕ ¼ ∂v
2r ∂x

þ ∂2w
r ∂x ∂ϕ

ð6:117Þ

From plate theory (Jaeger 1969),

Mx ¼ �D χx þ νχϕ
� 	 ð6:118Þ

Mϕ ¼ �D χϕ þ νχx
� 	 ð6:119Þ

Mxϕ ¼ �Mϕx ¼ D 1� νð Þχxϕ ð6:120Þ

where
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D ¼ Eh3

12 1� ν2ð Þ ð6:121Þ

Substituting 6.110, 6.111, and 6.117 into 6.118, 6.119, and 6.120.

Mx ¼ �D
∂2w
∂x2

þ ν
∂v

r2∂ϕ
þ ∂2w

r2∂ϕ2

� �� �
ð6:122Þ

or

Mx ¼ �D
∂2w
∂x2

þ ν
r2

∂v
∂ϕ

þ ∂2w

∂ϕ2

� �� �
ð6:123Þ

Mϕ ¼ �D
∂v

r2∂ϕ
þ ∂2w

r2∂ϕ2 þ ν
∂2w
∂x2

� �� �
ð6:124Þ

Mxϕ ¼ �Mϕx ¼ D 1� νð Þ ∂v
2r ∂x

þ ∂2w
r ∂x ∂ϕ

� �
ð6:125Þ

Taking the derivative of Eq. 6.101 with respect to ϕ,

�∂2Mϕ

∂ϕ2 þ ∂2Mxϕ

∂x∂ϕ
r þ ∂Qϕ

∂ϕ
r ¼ 0 ð6:126Þ

Multiply by 1
r2 and rearrange.

∂Qϕ

r∂ϕ
¼ ∂2Mϕ

r2∂ϕ2 �
∂2Mxϕ

r ∂x ∂ϕ
ð6:127Þ

Similarly, taking the derivative of 6.102 with respect to x,

∂2Mx

∂x2
r þ ∂2Mϕx

∂x ∂ϕ
� ∂Qx

∂x
r ¼ 0 ð6:128Þ

Multiply the above equation by 1
r and rearrange.

∂Qx

∂x
¼ ∂2Mx

∂x2
þ ∂2Mϕx

r ∂x ∂ϕ
ð6:129Þ

Since the in-plane deformations are significantly less than the out-of-plane
deformations, the in-plane deformations are neglected from Eqs. 6.123, 6.124, and
6.125.
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Mx ¼ �D
∂2w
∂x2

þ ν
r2

∂2w

∂ϕ2

� �� �
ð6:130Þ

Mϕ ¼ �D
∂2w

r2∂ϕ2 þ ν
∂2w
∂x2

� �� �
ð6:131Þ

Mxϕ ¼ �Mϕx ¼ D 1� νð Þ ∂2w
r ∂x ∂ϕ

� �
ð6:132Þ

Equations 6.131 and 6.132 are substituted into 6.127.

∂Qϕ

r∂ϕ
¼

∂2 �D ∂2w
r2∂ϕ2 þ ν ∂2w

∂x2

� �h in o
r2∂ϕ2 �

∂2 D 1� νð Þ ∂2w
r ∂x ∂ϕ

h in o
r ∂x ∂ϕ

ð6:133Þ

∂Qϕ

r∂ϕ
¼ �D

∂4w

r4∂ϕ4 þ
ν
r2

∂4w

∂ϕ2∂x2

� �� �
� D 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �
ð6:134Þ

∂Qϕ

r∂ϕ
¼ �D

∂4w

r4∂ϕ4 þ
ν
r2

∂4w

∂ϕ2∂x2

� �
þ 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �� �
ð6:135Þ

Similarly, substituting 6.130 and 6.132 into 6.129,

∂Qx

∂x
¼

∂2 �D ∂2w
∂x2 þ ν

r2
∂2w
∂ϕ2

� �h i� �
∂x2

þ
∂2 �D 1� νð Þ ∂2w

r ∂x ∂ϕ

h i� �
r ∂x ∂ϕ

ð6:136Þ

∂Qx

∂x
¼ �D

∂4w
∂x4

þ ν
r2

∂4w

∂ϕ2∂x2

� �� �
� D 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �
ð6:137Þ

∂Qx

∂x
¼ �D

∂4w
∂x4

þ ν
r2

∂4w

∂ϕ2∂x2

� �
þ 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �� �
ð6:138Þ

If we add Eqs. 6.135 and 6.138,

∂Qϕ

r∂ϕ
þ ∂Qx

∂x
¼ �D

∂4w

r4∂ϕ4 þ
ν
r2

∂4w

∂ϕ2∂x2

� �
þ 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �� �

� D
∂4w
∂x4

þ ν
r2

∂4w

∂ϕ2∂x2

� �
þ 1� νð Þ ∂4w

r2 ∂x2 ∂ϕ2

� �� �
ð6:139Þ

Simplify by combining like terms.
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∂Qϕ

r∂ϕ
þ ∂Qx

∂x
¼ �D

∂4w

r4∂ϕ4 þ
∂4w
∂x4

þ 2ν∂4w

r2∂ϕ2∂x2
þ 2 1� νð Þ∂4w

r2 ∂x2 ∂ϕ2

" #
ð6:140Þ

Expand the last term.

∂Qϕ

r∂ϕ

þ ∂Qx

∂x

¼ �D
∂4w

r4∂ϕ4 þ
∂4w
∂x4

þ 2ν∂4w

r2∂ϕ2∂x2
þ 2∂4w

r2 ∂x2 ∂ϕ2 �
2ν∂4w

r2 ∂x2 ∂ϕ2

� �
ð6:141Þ

Eliminate the third and the fifth terms, due to a lack of significance.

∂Qϕ

r∂ϕ
þ ∂Qx

∂x
¼ �D

∂4w

r4∂ϕ4 þ
2∂4w

r2 ∂x2 ∂ϕ2 þ
∂4w
∂x4

� �
ð6:142Þ

Equation 6.142 may be expressed in the following form:

∂Qϕ

r∂ϕ
þ ∂Qx

∂x
¼ �D∇4w ð6:143Þ

where ∇4 is called the biharmonic operator, which is a fourth-order partial differen-
tial equation.

Dividing 6.100 by r,

∂Qx

∂x
þ ∂Qϕ

r∂ϕ
þ Nϕ

r
þ Pz ¼ 0 ð6:144Þ

The first two terms are equivalent to Eq. 6.143

�D∇4wþ Nϕ

r
þ Pz ¼ 0 ð6:145Þ

or rearranged

Pz ¼ D∇4w� Nϕ

r
ð6:146Þ
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The above equation is identical to the plate bending equation (Szilard 1974;
Timoshenko 1959), except for the additional term Nϕ

r . Using the biharmonic deep-
beam equations (Billington 1982),

Nx ¼ ∂2F

r2∂ϕ2 �
Z

Pxdx ð6:147Þ

Nϕ ¼ ∂2F
∂x2

�
Z

Pϕrdϕ ð6:148Þ

Nxϕ ¼ �∂2F
r∂x ∂ϕ

ð6:149Þ

where F is called the potential function, and represents all of the in-plane stress
resultants. These functions are used to solve Eqs. 6.98 and 6.99. However, the term
Qϕ is dropped from 6.99, assuming the effect is negligible in carrying the loads.

∂Nx

∂x
r þ ∂Nϕx

∂ϕ
þ Pxr ¼ 0 ð6:98Þ

∂Nϕ

∂ϕ
þ ∂Nxϕ

∂x
r þ Pϕr ¼ 0 ð6:99Þ

Referring to Eqs. 6.53, 6.54 and 6.55,

εx ¼ ∂u
∂x

¼ 1
Eh

N 0
x � νN 0

ϕ


 � ð6:53Þ

εϕ ¼ ∂v
r∂ϕ

� w
r
¼ 1

Eh
N 0

ϕ � νN 0
x


 � ð6:54Þ

γxϕ ¼ ∂u
r∂ϕ

þ ∂v
∂x

¼ 1
Gh

N 0
xϕ ð6:55Þ

Multiplying each of the above equations by Eh,

Ehεx ¼ Eh
∂u
∂x

¼ N 0
x � νN 0

ϕ


 � ð6:150Þ

Ehεϕ ¼ Eh
∂v
r∂ϕ

� w
r

� �
¼ N 0

ϕ � νN 0
x


 � ð6:151Þ

Ehγxϕ ¼ Eh
∂u
r∂ϕ

þ ∂v
∂x

� �
¼ 2 1þ νð ÞN 0

xϕ ð6:152Þ

where G ¼ E
2 1þνð Þ
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Take two derivatives of Eq. 6.150 with respect to ϕ, and divide by r2.

∂2 Nx � νNϕ

� 	
r2∂ϕ2 ¼ Eh

r2
∂3u

∂x∂ϕ2
ð6:153Þ

Similarly, take two derivatives of Eq. 6.151 with respect to x.

∂2 Nϕ � νNx

� 	
∂x2

¼ Eh
∂3v

r ∂x2 ∂ϕ
� ∂2w
r ∂x2

� �
ð6:154Þ

Finally, take derivatives of 6.152 with respect to x and ϕ, and divide by r.

2 1þ νð Þ ∂2Nxϕ

r ∂x ∂ϕ
¼ Eh

∂3u

r2∂x ∂ϕ2 þ
∂3v

r ∂ϕ ∂x2

� �
ð6:155Þ

Add Eqs. 6.153 and 6.154, and subtract 6.155.

∂2 Nx � νNϕ

� 	
r2∂ϕ2 þ ∂2 Nϕ � νNx

� 	
∂x2

� 2 1þ νð Þ ∂2Nxϕ

r ∂x ∂ϕ

¼ Eh
∂3u

r2∂x∂ϕ2 þ
∂3v

r ∂x2 ∂ϕ
� ∂2w
r ∂x2

� ∂3u

r2∂x ∂ϕ2 �
∂3v

r ∂ϕ ∂x2

� � ð6:156Þ

Simplifying the right-hand side of 6.156,

∂2 Nx � νNϕ

� 	
r2∂ϕ2 þ ∂2 Nϕ � νNx

� 	
∂x2

� 2 1þ νð Þ ∂2Nxϕ

r ∂x ∂ϕ
¼ Eh � ∂2w

r ∂x2

� �
ð6:157Þ

Expanding the left-hand side of 6.157,

∂2Nx

r2∂ϕ2 �
ν∂2Nϕ

r2∂ϕ2 þ ∂2Nϕ

∂x2
� ν∂2Nx

∂x2
� 2∂2Nxϕ

r ∂x ∂ϕ
� 2ν∂2Nxϕ

r ∂x ∂ϕ
¼ �Eh∂2w

r ∂x2
ð6:158Þ

Substitute Eqs. 6.147, 6.148, and 6.149 into 6.158.

∂2 ∂2F
r2∂ϕ2 �

R
Pxdx

� �
r2∂ϕ2 �

ν∂2 ∂2F
∂x2 �

R
Pϕrdϕ

� �
r2∂ϕ2 þ

∂2 ∂2F
∂x2 �

R
Pϕrdϕ

� �
∂x2

�
ν∂2 ∂2F

r2∂ϕ2 �
R
Pxdx

� �
∂x2

�
2∂2 �∂2F

r∂x ∂ϕ

� �
r ∂x ∂ϕ

�
2ν∂2 �∂2F

r∂x ∂ϕ

� �
r ∂x ∂ϕ

¼ �Eh∂2w
r ∂x2

ð6:159Þ
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Expanding the above equation and rearranging,

∂4F

r4∂ϕ4 �
ν∂4F

r2∂ϕ2∂x2
þ ∂4F

∂x4
� ν∂4F

r2 ∂ϕ2∂x2
þ 2∂4F

r2 ∂x2 ∂ϕ2 þ
2ν∂4F

r2 ∂x2 ∂ϕ2

� 1
r2

Z
∂2Px

∂ϕ2 dx�
Z

∂2Pϕ

∂x2
r dϕþ ν

r2

Z
∂2Pϕ

∂ϕ2 r dϕþ ν

Z
∂2Px

∂x2
dx

¼ �Eh∂2w
r ∂x2

ð6:160Þ

Simplify by eliminating the second, fourth, and sixth equations, since these terms
are insignificant compared to the other terms. The external pressures are brought to
the right-hand side of the equation, and two of the terms are integrated.

∂4F

r4∂ϕ4 þ
2∂4F

r2 ∂x2 ∂ϕ2 þ
∂4F
∂x4

þ Eh∂2w
r ∂x2

¼ 1
r2

Z
∂2Px

∂ϕ2 dxþ
Z

∂2Pϕ

∂x2
r dϕ� ν

r
∂Pϕ

∂ϕ
� ν

∂Px

∂x
ð6:161Þ

By inspection, the first part of Eq. 6.161 is equal to the biharmonic operator
(Billington 1982)(see Eqs. 6.142 and 6.143). Therefore, Eq. 6.161 may be
expressed as:

∇4F þ Eh∂2w
r ∂x2

¼ f pð Þ ð6:162Þ

where

∇4F ¼ ∂4F

r4∂ϕ4 þ
2∂4F

r2 ∂x2 ∂ϕ2 þ
∂4F
∂x4

ð6:163Þ

f pð Þ ¼ 1
r2

Z
∂2Px

∂ϕ2 dxþ
Z

∂2Pϕ

∂x2
r dϕ� ν

r
∂Pϕ

∂ϕ
� ν

∂Px

∂x
ð6:164Þ

The external pressure Pz was previously defined as Eq. 6.146.

Pz ¼ D∇4w� Nϕ

r
ð6:146Þ

Rearranged,

∇4w� Nϕ

Dr
¼ Pz

D
ð6:165Þ
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Substitute Eq. 6.148 into 6.165.

∇4w�
∂2F
∂x2 �

R
Pϕrdϕ

� �
Dr

¼ Pz

D
ð6:166Þ

∇4w� ∂2F
Dr ∂x2

þ 1
Dr

Z
Pϕrdϕ ¼ Pz

D
ð6:167Þ

∇4w� ∂2F
Dr ∂x2

¼ Pz

D
� 1
Dr

Z
Pϕrdϕ ð6:168Þ

∇4w� ∂2F
Dr ∂x2

¼ f 0 pð Þ ð6:169Þ

where

f 0 pð Þ ¼ Pz

D
� 1
Dr

Z
Pϕrdϕ ð6:170Þ

Multiplying Eq. 6.169 by the biharmonic operator ∇4,

∇4∇4w� 1
Dr

∇4 ∂
2F
∂x2

¼ ∇4 f 0 pð Þ ð6:171Þ

Operating on 6.162 by 1
Dr

∂2

∂x2,

1
Dr

∂2

∂x2
∇4F þ Eh

Dr2
∂2

∂x2
∂2w
∂x2

¼ 1
Dr

∂2f pð Þ
∂x2

ð6:172Þ

or

1
Dr

∇4 ∂
2 F
∂x2

þ Eh
Dr2

∂4w
∂x4

¼ 1
Dr

∂2f pð Þ
∂x2

ð6:173Þ

Adding Eqs. 6.171 and 6.173,

1
Dr

∇4 ∂
2 F
∂x2

þ Eh
Dr2

∂4w
∂x4

þ∇4∇4w� 1
Dr

∇4 ∂
2F
∂x2

¼ ∇4 f 0 pð Þ þ 1
Dr

∂2f pð Þ
∂x2

ð6:174Þ

By canceling the first and fourth terms of the left hand side, the terms with the
potential function are eliminated.
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∇4∇4wþ Eh
Dr2

∂4w
∂x4

¼ ∇4 f 0 pð Þ þ 1
Dr

∂2f pð Þ
∂x2

ð6:175Þ

or

∇8wþ Eh
Dr2

∂4w
∂x4

¼ f 00 pð Þ ð6:176Þ

where

f 00 pð Þ ¼ ∇4 f 0 pð Þ þ 1
Dr

∂2f pð Þ
∂x2

ð6:177Þ

Equation 6.176 is the equilibrium equation of the barrel arch, represented as a
partial differential equation. The structure of Eq. 6.176 is a nonhomogenous equa-
tion. The homogenous form is therefore,

∇8wþ Eh
Dr2

∂4w
∂x4

¼ 0 ð6:178Þ

The solution to the differential Eq. (6.176) is in two parts.

w ¼ wc þ wp ð6:179Þ

where wc is the complimentary part of the homogenous solution and wp is the
particular part of the non-homogenous solution.

6.4.2 The Complementary Solution

The complementary describes the effects of edge conditions (i.e., edge forces), or
boundary effects.

As previously defined,

f 00 pð Þ ¼ ∇4 f 0 pð Þ þ 1
Dr

∂2f pð Þ
∂x2

ð6:177Þ

where

f 0 pð Þ ¼ Pz

D
� 1
Dr

Z
Pϕrdϕ ¼ Pz

D
� 1
D

Z
Pϕdϕ ð6:170Þ
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f pð Þ ¼ 1
r2

Z
∂2Px

∂ϕ2 dxþ
Z

∂2Pϕ

∂x2
r dϕ� ν

r
∂Pϕ

∂ϕ
� ν

∂Px

∂x
ð6:164Þ

Substitute 6.170 and 6.164 into 6.177.

f 00 pð Þ ¼ ∇4 Pz

D
� 1
D

Z
Pϕdϕ

� �
þ 1
Dr

∂2 1
r2
R ∂2Px

∂ϕ2 dxþ
R ∂2Pϕ

∂x2 r dϕ� ν
r

∂Pϕ

∂ϕ � ν ∂Px
∂x

� �
∂x2

ð6:180Þ

Expand, apply the biharmonic operator, and integrate the terms with dx.

f 00 pð Þ ¼ 1
D

∇4Pz � 1
r4

∂3Pϕ

∂ϕ3 � 2
r2

∂3Pϕ

∂ϕ ∂x2
� 1

r

Z
∂4Pϕ

∂x4
rdϕþ 1

r3
∂3Px

∂ϕ2∂x

 

þ 1
r

Z
∂4Pϕ

∂x4
rdϕ� ν

r2
∂3Pϕ

∂x2∂ϕ
� ν

r
∂3Px

∂x3

!

ð6:181Þ

where

�∇4
Z

Pϕdϕ ¼ � ∂4

r4∂ϕ4 þ
2∂4

r2 ∂x2 ∂ϕ2 þ
∂4

∂x4

� �
1
r

Z
Pϕrdϕ

� �

¼ � 1
r4

∂3Pϕ

∂ϕ3 � 2
r2

∂3Pϕ

∂ϕ ∂x2
� 1

r

Z
∂4Pϕ

∂x4
rdϕ ð6:182Þ

Eliminate the fourth and sixth terms.

f 00 pð Þ ¼ 1
D

∇4Pz � 1
r4

∂3Pϕ

∂ϕ3 � 2
r2

∂3Pϕ

∂ϕ ∂x2
þ 1
r3

∂3Px

∂ϕ2∂x
� ν
r2

∂3Pϕ

∂x2∂ϕ
� ν

r
∂3Px

∂x3

 !

ð6:183Þ

f 00( p)
is the particular part of the solution.

Referring back to the homogenous equation,

∇8wþ Eh
Dr2

∂4w
∂x4

¼ 0 ð6:178Þ

This equation is simplified by assuming ν¼ 0. Poisson’s strains range from 0.1 to
0.3 for most construction materials. Thus, this assumption will have less impact for
brittle materials, such as masonry or concrete, which have low Poisson ratios.
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D ¼ Eh3

12 1� ν2ð Þ �
Eh3

12
ð6:184Þ

The eigth order of the biharmonic operator is also expressed in a different, but
equal form.

∇8w ¼ ∂2

∂x2
þ ∂2

r2∂ϕ2

� �4

w ð6:185Þ

The homogenous equation may therefore be expressed as:

∂2

∂x2
þ ∂2

r2∂ϕ2

� �4

wþ 12
r2 h2

∂4w
∂x4

¼ 0 ð6:186Þ

Multiplying each side by r2,

r2
∂2

∂x2
þ ∂2

r2∂ϕ2

� �4

wþ 12
h2

∂4w
∂x4

¼ 0 ð6:187Þ

The complimentary solution to the homogenous equation is a trigonometric
series.

wc ¼
X1

n¼1, 3, ...

Ame
mϕ sin kx ð6:188Þ

where

k ¼ nπ
L

ð6:189Þ

The constant Am is a function of the boundary conditions. Since the shell will
have eight stress resultants at the boundary (i.e., Nx, Nϕ, Nxϕ, Qx, Qϕ,Mx, Mϕ, Mxϕ),
the solution will have potentially eight constants.

The m value in emϕ represents the eight roots of the solution.
Substituting the solution (Eq. 6.188) into the homogenous equation (Eq. 6.187),

r2
∂2 Amemϕ sin kx
� 	

∂x2
þ ∂2 Amemϕ sin kx

� 	
r2∂ϕ2

" #4
þ 12

h2
∂4 Amemϕ sin kx
� 	

∂x4
¼ 0 ð6:190Þ

r2 �Ame
mϕk2 sin kxþ Amemϕm2

r2
sin kx

� �4
þ 12

h2
Am emϕk4 sin kx ¼ 0 ð6:191Þ
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r2 Ame
mϕ sin kx �k2 þ m2

r2

� �� �4
þ 12

h2
Am emϕk4 sin kx ¼ 0 ð6:192Þ

r2 �k2 þ m2

r2

� �4

Ame
mϕ sin kx

� 	þ 12k4

h2
Am emϕ sin kx
� 	 ¼ 0 ð6:193Þ

Divide each side of the equation by Am emϕ sin kx.

r2
m2

r2
� k2

� �4

þ 12k4

h2
¼ 0 ð6:194Þ

Multiply by each term r6.

r8
m2

r2
� k2

� �4

þ 12k4r6

h2
¼ 0 ð6:195Þ

m2 � k2r2
� 	4 þ 12k4r6

h2
¼ 0 ð6:196Þ

Divide each term by 12k4r6

h2
.

h2

12k4r6
m2 � k2r2
� 	4 þ 1 ¼ 0 ð6:197Þ

If we say,

Q8 ¼ 3 k4 r6

h2
ð6:198Þ

Q84 ¼ 12 k4r6

h2
ð6:199Þ

1
Q84

¼ h2

12 k4r6
¼ 1

Q2
ffiffiffi
2

p
� �4

ð6:200Þ

Substituting 6.200 into 6.197,

1

Q2
ffiffiffi
2

p
� �4

m2 � k2r2
� 	4 þ 1 ¼ 0 ð6:201Þ

m2 � k2r2

Q2
ffiffiffi
2

p
� �4

þ 1 ¼ 0 ð6:202Þ
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1
4

m2 � krð Þ2
Q2

� �4
þ 1 ¼ 0 ð6:203Þ

m2 � krð Þ2
Q2

� �4
þ 4 ¼ 0 ð6:204Þ

Furthermore, if we make the following replacement:

γ ¼ kr
Q

� �2

ð6:205Þ

m2

Q2 � γ

� �4

þ 4 ¼ 0 ð6:206Þ

Based on the above expression, the eight roots of the solution are complex and
conjugate.

m1 ¼ þ α1 þ
ffiffiffiffiffiffiffi
�1

p
β1

� �
ð6:207Þ

m2 ¼ þ α1 �
ffiffiffiffiffiffiffi
�1

p
β1

� �
ð6:208Þ

m3 ¼ � α1 þ
ffiffiffiffiffiffiffi
�1

p
β1

� �
ð6:209Þ

m4 ¼ � α1 �
ffiffiffiffiffiffiffi
�1

p
β1

� �
ð6:210Þ

m5 ¼ þ α2 þ
ffiffiffiffiffiffiffi
�1

p
β2

� �
ð6:211Þ

m6 ¼ þ α2 �
ffiffiffiffiffiffiffi
�1

p
β2

� �
ð6:212Þ

m7 ¼ � α2 þ
ffiffiffiffiffiffiffi
�1

p
β2

� �
ð6:213Þ

m8 ¼ � α2 �
ffiffiffiffiffiffiffi
�1

p
β2

� �
ð6:214Þ

where

α1 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γð Þ2 þ 1

q
þ 1þ γð Þ

2

vuut
ð6:215Þ
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β1 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γð Þ2 þ 1

q
� 1þ γð Þ

2

vuut
ð6:216Þ

α2 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γð Þ2 þ 1

q
� 1� γð Þ

2

vuut
ð6:217Þ

β2 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γð Þ2 þ 1

q
þ 1� γð Þ

2

vuut
ð6:218Þ

The next step in the solution is to solve for the constants A1 to A8. As mentioned
previously, these constants are a function of the boundary effects along the edge of
the shell (four constants for each side of the shell). If we assume symmetry of
loading, the eight roots reduce to four.

m1 ¼ �m5

m2 ¼ �m6

m3 ¼ �m7

m4 ¼ �m8

By making this assumption, the complementary solution becomes:

wc ¼ A1e
m1ϕ þ A2e

m2ϕ þ A3e
m3ϕ þ A4e

m4ϕ þ A5e
�m1ϕ þ A6e

�m2ϕ
�

þA7e
�m3ϕ þ A8e

�m4ϕ
	
sin kx

ð6:219Þ

If we consider the first two terms, and insert values of m1 and m2 (6.207 and
6.208),

A1e
m1ϕ þ A2e

m2ϕ ¼ A1e
α1þ

ffiffiffiffiffi�1
p

β1ð Þϕ þ A2e
α1�

ffiffiffiffiffi�1
p

β1ð Þϕ ð6:220Þ

Replace
ffiffiffiffiffiffiffi�1

p
with i and expand.

A1e
α1þiβ1ð Þϕ þ A2e

α1�iβ1ð Þϕ ¼ A1e
α1ϕeiβ1ϕ þ A2e

α1ϕe�iβ1ϕ ð6:221Þ

Since,

eiβ1ϕ ¼ cos β1ϕþ i sin β1ϕ

e�iβ1ϕ ¼ cos β1ϕ� i sin β1ϕ
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A1e
α1ϕeiβ1ϕ þ A2e

α1ϕe�iβ1ϕ ¼ A1e
α1ϕ cos β1ϕþ i sin β1ϕð Þ

þ A2e
α1ϕ cos β1ϕ� i sin β1ϕð Þ ð6:222Þ

For this expression to be real,

A1 þ A2 ¼ a ð6:223Þ
A1 � A2 ¼ ib ð6:224Þ

where a and b are real numbers. Therefore,

A1 ¼ a� A2 ð6:225Þ
A2 ¼ A1 � ib ð6:226Þ

Substitute 6.225 into 6.226.

A1 ¼ a� A1 � ibð Þ ð6:227Þ

A1 ¼ 1
2

aþ ibð Þ ð6:228Þ

Similarly,

A2 ¼ 1
2

a� ibð Þ ð6:229Þ

A2 is therefore the conjugate of A1 (complex conjugate). Substituting 6.228 and
6.229 into 6.222,

A1e
α1ϕ cos β1ϕþ i sin β1ϕð Þ þ A2e

α1ϕ cos β1ϕ� i sin β1ϕð Þ

¼ 1
2

aþ ibð Þ cos β1ϕþ i sin β1ϕð Þ þ 1
2

a� ibð Þ cos β1ϕ� i sin β1ϕð Þ
h i

eα1ϕ

ð6:230Þ
1
2

aþ ibð Þ cos β1ϕþ i sin β1ϕð Þ þ 1
2

a� ibð Þ cos β1ϕ� i sin β1ϕð Þ
h i

eα1ϕ

¼ 1
2

a cos β1ϕþ ai sin β1ϕþ bi cos β1ϕþ bi2 sin β1ϕþ a cos β1ϕ� ai sin β1ϕ



�bi cos β1ϕþ bi2 sin β1ϕþ
�
eα1ϕ

ð6:231Þ

Since i2 ¼ � 1, simplify the above expression.

6.4 Shallow Shell Theory to Solve for the Boundary Effects 253

@seismicisolation@seismicisolation

https://t.me/seismicisolation


1
2

a cos β1ϕþ ai sin β1ϕþ bi cos β1ϕþ bi2 sin β1ϕþ a cos β1ϕ� ai sin β1ϕ



?�bi cos β1ϕþ bi2 sin β1ϕþ
�
eα1ϕ ¼ a cos β1ϕ� b sin β1ϕð Þ eα1ϕ

ð6:232Þ

Equation 6.232 is only for the first two terms. The remaining terms are solved in
similar manner:

A3e
m3ϕ þ A4e

m4ϕ ¼ c cos β2ϕ� d sin β2ϕð Þeα2ϕ ð6:233Þ
A5e

m5ϕ þ A6e
m6ϕ ¼ e cos β1ϕþ f sin β1ϕð Þe�α1ϕ ð6:234Þ

A7e
m7ϕ þ A8e

m8ϕ ¼ g cos β2ϕþ h sin β2ϕð Þe�α2ϕ ð6:235Þ

Collecting the terms and setting them into Eq. 6.219,

wc ¼ a cos β1ϕ� b sin β1ϕð Þ eα1ϕ þ c cos β2ϕ� d sin β2ϕð Þeα2ϕ

þ e cos β1ϕþ f sin β1ϕð Þe�α1ϕ þ g cos β2ϕþ h sin β2ϕð Þe�α2ϕ

�
sin kx

ð6:236Þ

If the shell is loaded symmetrically,

a ¼ e, b ¼ f , c ¼ g, d ¼ h

Introducing this simplification,

wc ¼ a cos β1ϕ� b sin β1ϕð Þ eα1ϕ þ c cos β2ϕ� d sin β2ϕð Þeα2ϕ
 �
þ a cos β1ϕþ b sin β1ϕð Þe�α1ϕ þ c cos β2ϕþ d sin β2ϕð Þe�α2ϕ

�
sin kx

ð6:237Þ

Rearranging the above equation,

wc ¼ a eα1ϕ þ e�α1ϕ
� 	

cos β1ϕ� b eα1ϕ � e�α1ϕ
� 	

sin β1ϕ


þc eα2ϕ þ e�α2ϕ
� 	

cos β2ϕ� d eα2ϕ � e�α2ϕ
� 	

sin β2ϕ
�
sin kx

ð6:238Þ

A further simplification,

cosh x ¼ ex þ e�x

2
, 2 cosh x ¼ ex þ e�x

sinh x ¼ ex � e�x

2
, 2 sinh x ¼ ex � e�x

Applying this simplification,
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wc ¼ 2 a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕþ c cosh α2ϕð Þ cos β2ϕ½
�d sinh α2ϕð Þ sin β2ϕ � sin kx

ð6:239Þ

Setting,

J ¼ a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕþ c cosh α2ϕð Þ cos β2ϕ
� d sinh α2ϕð Þ sin β2ϕ ð6:240Þ

A simplified form,

wc ¼ 2 J sin kx ð6:241Þ

6.4.3 The Particular Solution

The particular solution defines the response of the shell to the loading, regardless of
the boundary conditions. Both parts, the particular and complementary solutions, are
necessary to describe the stress distribution and deformations in the shell.

Components of the external loading were previously derived as Eqs. 6.4, 6.5, and
6.6, for gravity loads.

Pz ¼ Pd cos ϕk � ϕð Þ ð6:4Þ
Pϕ ¼ �Pd sin ϕk � ϕð Þ ð6:5Þ

Px ¼ 0 ð6:6Þ

However, a Fourier series is used to represent the loads on the shell, as a
convenience to overcome mathematical difficulties in the derivation.

Pd xð Þ ¼ P
X1

n¼1, 3, 5...

1
n
sin

nπx
L

ð6:242Þ

If n¼ 1, the load takes the shape of a single sin curve. As n increases, the loading
resembles a uniform distributed load, which is the result of overlapping sin curves.

If n ¼ 1,

Pz ¼ 4Pd

π
cos ϕk � ϕð Þ sin πx

L
ð6:243Þ
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Pϕ ¼ � 4Pd

π
sin ϕk � ϕð Þ sin πx

L
ð6:244Þ

Px ¼ 0

where

P ¼ 4Pd

π
ð6:245Þ

See Eqs. 6.7, 6.8, and 6.9.
The particular solution is determined by solving for the nonhomogenous differ-

ential equation.

∇8wþ Eh
Dr2

∂4w
∂x4

¼ f 00 pð Þ ð6:176Þ

Simplify f 00( p) (Eq. 6.183) by assuming ν ¼ 0, and knowing that Px ¼ 0,

f 00 pð Þ ¼ 1
EI

∇4Pz � 1
r4

∂3Pϕ

∂ϕ3 � 2
r2

∂3Pϕ

∂ϕ ∂x2

 !
ð6:246Þ

Expanding the above equation and rearranging,

f 00 pð Þ ¼ 1
EI

∂4

r4∂ϕ4 þ
2∂4

r2 ∂x2 ∂ϕ2 þ
∂4

∂x4

� �
Pz � 1

r4
∂3

∂ϕ3 þ
2
r2

∂3

∂ϕ ∂x2

� �
Pϕ

� �
ð6:247Þ

where the biharmonic operator is equal to:

∇4 ¼ ∂4

r4∂ϕ
þ 2∂4

r2∂x2∂ϕ2 þ
∂4

∂x4

� �
ð6:248Þ

Substituting the external load Eqs. (6.243 and 6.244) into 6.247,

f 00 pð Þ ¼ 1
EI

∂4

r4∂ϕ4 þ
2∂4

r2 ∂x2 ∂ϕ2 þ
∂4

∂x4

� �
4Pd

π
cos ϕk � ϕð Þ sin kx

�

þ 1
r4

∂3

∂ϕ3 þ
2
r2

∂3

∂ϕ ∂x2

� �
4Pd

π
sin ϕk � ϕð Þ sin kx

� ð6:249Þ

Operate on the load equation and temporarily replace P ¼ 4Pd
π .
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f 00 Pð Þ ¼ 1
EI

P
r4

cos ϕk � ϕð Þ sin kxþ 2Pk2

r2
cos ϕk � ϕð Þ sin kxþ Pk4 cos ϕk � ϕð Þ sin kx

�

þ P
r4

cos ϕk � ϕð Þ sin kxþ 2Pk2

r2
cos ϕk � ϕð Þ sin kx

�
ð6:250Þ

or

f 00 Pð Þ ¼ 4Pd

EIπ
1
r4

þ 2k2

r2
þ k4 þ 1

r4
þ 2k2

r2

� �
cos ϕk � ϕð Þ sin kx ð6:251Þ

f 00 Pð Þ ¼ 4Pd

EIπ
2
r4

þ k4 þ 4k2

r2

� �
cos ϕk � ϕð Þ sin kx ð6:252Þ

We state that the particular solutions is of the form:

wp ¼ KP cos ϕk � ϕð Þ sin kx ð6:253Þ

The next step is to solve for the first term of the left hand side of 6.176. Knowing
that

∇8w ¼ ∂2

∂x2
þ ∂2

r2∂ϕ2

� �4

w

¼ ∂8

∂x8
þ 4∂8

r2∂x6∂ϕ2 þ
2∂8

r4∂x6∂ϕ2 þ
4∂8

r6∂x4∂ϕ4 þ
4∂8

r4∂x4∂ϕ4 þ
∂8

r8∂x4∂ϕ4

� �
w

ð6:254Þ

∇8wp þ Eh
Dr2

∂4wp

∂x4
¼ KPk8 cos ϕk � ϕð Þ sin kx

þ 4KPk6

r2
cos ϕk � ϕð Þ sin kx

þ 2KPk6

r4
cos ϕk � ϕð Þ sin kx

þ 4KPk4

r6
cos ϕk � ϕð Þ sin kx

þ 4KPk4

r4
cos ϕk � ϕð Þ sin kx

þ KPk4

r8
cos ϕk � ϕð Þ sin kx

þ 12KPk4

h2r2
cos ϕk � ϕð Þ sin kx ð6:255Þ

where
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D ¼ EI v ¼ 0ð Þ ð6:256Þ

Rearranged,

∇8wp þ Eh
Dr2

∂4wp

∂x4
¼ k8 þ 4k6

r2
þ 2k6

r4
þ 4k4

r6
þ 4k4

r4
þ k4

r8
þ 12k4

h2r2

� �
KP cos

ϕk � ϕð Þ sin kx

∇8wp þ Eh
Dr2

∂4wp

∂x4
¼ k8 þ k6

4
r2

þ 2
r4

� �
þ k4

4
r6

þ 4
r4

þ 1
r8

þ 12
h2r2

� �� �
KP cos

ϕk � ϕð Þ sin kx
ð6:257Þ

Since,

∇8wþ Eh
Dr2

∂4w
∂x4

¼ f 00 pð Þ ð6:176Þ

Equating 6.257 and 6.252, the nonhomogenous equation is therefore,

k8 þ k6
4
r2

þ 2
r4

� �
þ k4

4
r6

þ 4
r4

þ 1
r8

þ 12
h2r2

� �� �
KP cos ϕk � ϕð Þ sin kx

¼ 4Pd

EIπ
2
r4

þ k4 þ 4k2

r2

� �
cos ϕk � ϕð Þ sin kx ð6:258Þ

Replacing P ¼ 4Pd
π and simplify the above equation,

k8 þ k6
4
r2

þ 2
r4

� �
þ k4

4
r6

þ 4
r4

þ 1
r8

þ 12
h2r2

� �� �
K

¼ 1
EI

2
r4

þ k4 þ 4k2

r2

� �
ð6:259Þ

Solving for K,

K ¼
2
r4 þ k4 þ 4k2

r2

� �
EI k8 þ k6 4

r2 þ 2
r4

� 	þ k4 4
r6 þ 4

r4 þ 1
r8 þ 12

h2r2

� �h i ð6:260Þ

where
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k ¼ nπ
L

I ¼ h3

12

It should be noted that the particular and membrane solutions are similar, and are
sometimes used interchangeably.

6.4.4 The General Solution for Deformations

Adding Eqs. 6.239 and 6.253, the general solution is solved.

w ¼ wc þ wp ð6:179Þ
w ¼ 2 a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕþ c cosh α2ϕð Þ cos β2ϕ½

�d sinh α2ϕð Þ sin β2ϕ � sin kxþ KP cos ϕk � ϕð Þ sin kx

ð6:261Þ

The remaining unknowns are the arbitrary constants a, b, c, and d. These
coefficients are determined from the boundary conditions (i.e., two coefficients for
each edge of the shell). Along the free edge, the following conditions occur (Chat-
terjee 1971):

If the edge is unsupported,

Mϕ ¼ 0,Nϕ ¼ 0,Nϕx ¼ 0,Qϕ ¼ 0

If the edge is supported on an unyielding wall (pinned support),

Mϕ ¼ 0,Nϕx ¼ 0, v ¼ 0,w ¼ 0

If the edge is rigidly held by the edge support (fixed support),

u ¼ 0, v ¼ 0,w ¼ 0,Δϕ ¼ 0

For each of the above boundary conditions, four equations are solved in terms of
the unknown coefficients. Thus, using the method of simultaneous equations, a
solution is possible. The equations are simplified by assuming Poisson’s ratio is
zero (ν ¼ 0); this assumption will have a greater or lesser impact, depending on the
shell material. Furthermore, the in-plane deformation (v) is assumed to be small
compared to the out-of-plane deformations (w), and therefore the terms with v are
deleted from the equation. The complexity of the equations requires these
rationalizations, to enable a solution and to make the analysis more manageable.
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D ¼ Eh3

12 1� ν2ð Þ ¼
Eh3

12
¼ EI ð6:121Þ

D0 ¼ Eh
1� ν2ð Þ ¼ EA ð6:262Þ

6.4.5 Moments, Shears, and Stresses Due to Boundary Effects

The moments, shears, and stresses are simplified by setting v ¼ 0.
Stress Nx

Nx ¼ Eh
1� ν2ð Þ

∂u
∂x

þ ν
∂v
r∂ϕ

� w
r

� �� �
ð6:107Þ

Nx ¼ EA
∂u
∂x

� �
ð6:263Þ

Stress Nϕ

Nϕ ¼ Eh
1� ν2ð Þ

∂v
r∂ϕ

� w
r
þ ν

∂u
∂x

� �
ð6:108Þ

Nϕ ¼ EA
r

∂v
∂ϕ

� w

� �
ð6:264Þ

In-plane shear stress Nxϕ

Nxϕ ¼ Eh
2 1þ νð Þ

∂u
r∂ϕ

þ ∂v
∂x

� �
ð6:109Þ

Nxϕ ¼ EA
2

∂u
r∂ϕ

þ ∂v
∂x

� �
ð6:265Þ

Bending moment Mx

Mx ¼ � Eh3

12 1� ν2ð Þ
∂2w
∂x2

þ ν
∂v

r2∂ϕ
þ ∂2w

r2∂ϕ2

� �� �
ð6:122Þ

Mx ¼ �EI
∂2w
∂x2

� �
ð6:266Þ

Bending moment Mϕ
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Mϕ ¼ � Eh3

12 1� ν2ð Þ
∂v

r2∂ϕ
þ ∂2w

r2∂ϕ2 þ ν
∂2w
∂x2

� �� �
ð6:124Þ

Mϕ ¼ �EI
r2

∂2w
∂ϕ2

� �
ð6:267Þ

Twisting moment Mxϕ

Mxϕ ¼ D 1� νð Þ ∂v
2r ∂x

þ ∂2w
r ∂x ∂ϕ

� �
ð6:125Þ

Mxϕ ¼ EI
r

∂2w
∂x ∂ϕ

� �
ð6:268Þ

where ∂u
∂ϕ and ∂v

∂x makes a small contribution compared to the deformation w.

Shear stress Qϕ

Since,

∂Qϕ

r∂ϕ
¼ ∂2Mϕ

r2∂ϕ2 �
∂2Mxϕ

r ∂x ∂ϕ
ð6:127Þ

Multiplying each term by r and integrating each side of the above equation,

Z
∂Qϕ

∂ϕ
dϕ ¼

Z
∂2Mϕ

r∂ϕ2 � ∂2Mxϕ

∂x ∂ϕ

 !
dϕ ð6:269Þ

Qϕ ¼ ∂Mϕ

r∂ϕ
� ∂Mxϕ

∂x
ð6:270Þ

Take the derivatives of 6.267 with respect to ϕ and 6.268 with respect to x.
Substitute the results into 6.270.

Qϕ ¼ �EI
r3

∂3w
∂ϕ3

� �
� EI

r
∂3w

∂x2 ∂ϕ

� �
ð6:271Þ

Furthermore,

∂Qx

∂x
¼ ∂2Mx

∂x2
þ ∂2Mϕx

r ∂x ∂ϕ
ð6:129Þ

Integrating each side of the above equation,
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Z
∂Qx

∂x
dx ¼

Z
∂2Mx

∂x2
þ ∂2Mϕx

r ∂x ∂ϕ

 !
dx ð6:272Þ

Qx ¼ ∂Mx

∂x
þ ∂Mϕx

r ∂ϕ
ð6:273Þ

Similarly, take the derivative of 6.266 with respect to x and 6.268 with respect to
ϕ. Substitute the results into 6.273

Qx ¼ �EI
∂3w
∂x3

� �
þ EI

r2
∂3w

∂x ∂ϕ2

 !
ð6:274Þ

The deformations were previously defined by Eqs. 6.82, 6.83, and 6.261.

u ¼ 2PL3

Ehrπ3
cos ϕk � ϕð Þ cos kxð Þ ð6:82Þ

v ¼ � 2P
Eh

L4

r2π4
þ 2L2

π2

� �
sin ϕk � ϕð Þ sin kxð Þ ð6:83Þ

w ¼ 2 a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕþ c cosh α2ϕð Þ cos β2ϕ½
�d sinh α2ϕð Þ sin β2ϕ � sin kxþ KP cos ϕk � ϕð Þ sin kx

ð6:261Þ

Taking the derivative of u, v, and w with respect to x and ϕ,

∂u
∂x

¼ � 2PL2

Ehrπ2
cos ϕk � ϕð Þ sin kxð Þ ð6:275Þ

∂u
∂ϕ

¼ 2PL3

Ehrπ3
sin ϕk � ϕð Þ cos kxð Þ ð6:276Þ

∂v
∂ϕ

¼ 2P
Eh

1
r2k4

þ 2
k2

� �
cos ϕk � ϕð Þ sin kxð Þ ð6:277Þ

∂v
∂x

¼ � 2P
Eh

1
r2k3

þ 2
k

� �
sin ϕk � ϕð Þ cos kxð Þ ð6:278Þ

262 M. Gohnert

@seismicisolation@seismicisolation

https://t.me/seismicisolation


∂w
∂x

¼ 2 k cos kx a cosh α1ϕ cos β1ϕ� b sinh α1ϕ sin β1ϕþ c cosh α2ϕ cos β2ϕð
�d sinh α2ϕ sin β2ϕ Þ þ KPk cos ϕk � ϕð Þ cos kx

ð6:279Þ
∂2w
∂x2

¼ �2 k2 sin kx a cosh α1ϕ cos β1ϕ� b sinh α1ϕ sin β1ϕþ c cosh α2ϕ cos β2ϕð
�d sinh α2ϕ sin β2ϕ Þ � KPk2 cos ϕk � ϕð Þ sin kx

ð6:280Þ
∂3w
∂x3

¼ �2 k3 cos kx a cosh α1ϕ cos β1ϕ� b sinh α1ϕ sin β1ϕþ c cosh α2ϕ cos β2ϕð
�d sinh α2ϕ sin β2ϕ Þ � KPk3 cos ϕk � ϕð Þ cos kx

ð6:281Þ
∂w
∂ϕ

¼ 2 sin kx aα1 � bβ1ð Þ sinh α1ϕ cos β1ϕþ �bα1 � aβ1ð Þ cosh α1ϕ sin β1ϕ½
þ cα2 � dβ2ð Þ sinh α2ϕ cos β2ϕþ �dα2 � cβ2ð Þ cosh α2ϕ sin β2ϕ �
þ KP sin ϕk � ϕð Þ sin kx

ð6:282Þ
∂2w

∂ϕ2 ¼ 2 sin kx aα1
2 � 2bα1β1 � aβ1

2
� 	

cosh α1ϕ cos β1ϕ


þ �bα1

2 � 2aα1β1 þ bβ1
2

� 	
sinh α1ϕ sin β1ϕ

þ cα2
2 � 2dα2β2 � cβ2

2
� 	

cosh α2ϕcosβ2ϕ

þ �dα2
2 � 2cα2β2 þ dβ2

2
� 	

sinh α2ϕ sin β2ϕ
�

� KP cos ϕk � ϕð Þ sin kx

ð6:283Þ

∂3w

∂ϕ3 ¼ 2 sin kx ½ aα13 � 3bα1
2β1 � 3aα1β12 þ bβ1

3
� 	

sinh α1ϕ cos β1ϕ

þ �3aα1
2β1 þ 3bα1β1

2 � bα1
3 þ aβ1

3
� 	

cosh α1ϕ sin β1ϕ

þ cα2
3 � 3dα2

2β2 � 3cα2β22 þ dβ2
3

� 	
sinh α2ϕ cos β2ϕ

þ �dα2
3 � 3cα2

2β2 þ 3dα2β2
2 þ cβ2

3
� 	

cosh α2ϕ sin β2ϕ�
� KP sin ϕk � ϕð Þ sin kx

ð6:284Þ
∂2w
∂ϕ∂x

¼ 2k cos kx½ aα1 � bβ1ð Þ sinh α1ϕ cos β1ϕ

þ �bα1 � aβ1ð Þ cosh α1ϕ sin β1ϕ
þ cα2 � dβ2ð Þ sinh α2ϕ cos β2ϕ
þ �dα2 � cβ2ð Þ cosh α2ϕ sin β2ϕ� þ KPk sin ϕk � ϕð Þ cos kx ð6:285Þ
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∂3w
∂x2∂ϕ

¼ �2k2 sin kx½ aα1 � bβ1ð Þ sinh α1ϕ cos β1ϕ

þ �bα1 � aβ1ð Þ cosh α1ϕ sin β1ϕ
þ cα2 � dβ2ð Þ sinh α2ϕ cos β2ϕ

þ �dα2 � cβ2ð Þ cosh α2ϕ sin β2ϕ� � KPk2 sin ϕk � ϕð Þ sin kx ð6:286Þ
∂3w

∂ϕ2∂x
¼ 2k cos kx½ aα12 � 2bα1β1 � aβ1

2
� 	

cosh α1ϕ cos β1ϕ

þ �bα1
2 � 2aα1β1 � bβ1

2
� 	

sinh α1ϕ sin β1ϕ

þ cα2
2 � 2dα2β2 � cβ2

2
� 	

cosh α2ϕ cos β2ϕ

þ �dα2
2 � 2cα2β2 þ dβ2

2
� 	

sinh α2ϕsinβ2ϕ�
� KPk cos ϕk � ϕð Þ cos kx ð6:287Þ

Solving for each of the stresses, moments, and shears,

Mx ¼ �EI
∂2w
∂x2

� �
ð6:266Þ

Substituting 6.280,

Mx ¼ EI½2 k2 sin kx ða cosh α1ϕ cos β1ϕ� b sinh α1ϕ sin β1ϕ
þ c cosh α2ϕ cos β2ϕ� d sinh α2ϕ sin β2ϕÞ
� KPk2 cos ϕk � ϕð Þ sin kx� ð6:288Þ

Mϕ ¼ �EI
r2

∂2w

∂ϕ2

� �
ð6:267Þ

Substituting 6.283,

Mϕ ¼ �EI
r2

f2 sin kx½ aα12 � 2bα1β1 � aβ1
2

� 	
cosh α1ϕ cos β1ϕ

þ �bα1
2 � 2aα1β1 þ bβ1

2
� 	

sinh α1ϕ sin β1ϕ

þ cα2
2 � 2dα2β2 � cβ2

2
� 	

cosh α2ϕ cos β2ϕ

þ �dα2
2 � 2cα2β2 þ dβ2

2
� 	

sinh α2ϕ sin β2ϕ�
� KP cos ϕk � ϕð Þ sin kxg ð6:289Þ

Mxϕ ¼ EI
r

∂2w
∂x ∂ϕ

� �
ð6:268Þ
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Substituting 6.285,

Mxϕ ¼ EI
r
f2k cos kx½ aα1 � bβ1ð Þ sinh α1ϕ cos β1ϕ

þ �bα1 � aβ1ð Þ cosh α1ϕ sin β1ϕþ cα2 � dβ2ð Þ sinh α2ϕ cos β2ϕ
þ �dα2 � cβ2ð Þ cosh α2ϕ sin β2ϕ� þ KPk sin ϕk � ϕð Þ cos kxg ð6:290Þ

Qx ¼ �EI
∂3w
∂x3

� �
þ EI

r2
∂3w

∂x ∂ϕ2

 !
ð6:274Þ

Substituting 6.281 and 6.287,

Qx ¼ EIf2 k3 cos kxða cosh α1ϕ cos β1ϕ� b sinh α1ϕ sin β1ϕ
þ c cosh α2ϕ cos β2ϕ� d sinh α2ϕ sin β2ϕÞ

� KPk3 cos ϕk � ϕð Þ cos kxg þ EI
r2

�f2k cos kx½ aα12 � 2bα1β1 � aβ1
2

� 	
cosh α1ϕ cos β1ϕ

þ �bα1
2 � 2aα1β1 � bβ1

2
� 	

sinh α1ϕsinβ1ϕ

þ cα2
2 � 2dα2β2 � cβ2

2
� 	

cosh α2ϕ cos β2ϕ

þ �dα2
2 � 2cα2β2 þ dβ2

2
� 	

sinh α2ϕsinβ2ϕ�
� KPk cos ϕk � ϕð Þ cos kxg ð6:291Þ

Qϕ ¼ �EI
r3

∂3w

∂ϕ3

� �
� EI

r
∂3w

∂x2 ∂ϕ

� �
ð6:271Þ

Substituting 6.284 and 6.286,

Qϕ ¼ �EI
r3

�f2 sin kx½ aα13 � 3bα1
2β1 � 3aα1β12 þ bβ1

3
� 	

sinh α1ϕ cos β1ϕ

þ �3aα1
2β1 þ 3bα1β1

2 � bα1
3 þ aβ1

3
� 	

cosh α1ϕ sin β1ϕ

þ cα2
3 � 3dα2

2β2 � 3cα2β22 þ dβ2
3

� 	
sinh α2ϕ cos β2ϕ

þ �dα2
3 � 3cα2

2β2 þ 3dα2β2
2 þ cβ2

3
� 	

cosh α2ϕ sin β2ϕ�

� KP sin ϕk � ϕð Þ sin kxg þ EI
r

�f2k2 sin kx½ aα1 � bβ1ð Þ sinh α1ϕ cos β1ϕ
þ �bα1 � aβ1ð Þ cosh α1ϕ sin β1ϕþ cα2 � dβ2ð Þ sinh α2ϕ cos β2ϕ

þ �dα2 � cβ2ð Þ cosh α2ϕ sin β2ϕ� � KPk2 sin ϕk � ϕð Þ sin kxg ð6:292Þ
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Nx ¼ EA
∂u
∂x

� �
ð6:263Þ

Substituting 6.275,

Nx ¼ � 2APL2

hrπ2
cos ϕk � ϕð Þ sin kxð Þ ð6:293Þ

Nϕ ¼ EA
r

∂v
∂ϕ

� w

� �
ð6:264Þ

Substituting 6.277 and 6.261,

Nϕ ¼ EA
r

2P
Eh

1
r2k4

þ 2
k2

� �
cos ϕk � ϕð Þ sin kxð Þ

�
� 2½a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕþ c cosh α2ϕð Þ cos β2ϕ
�d sinh α2ϕð Þ sin β2ϕ� sin kxþ KP cos ϕk � ϕð Þ sin kx �

ð6:294Þ

Nxϕ ¼ EA
2

∂u
r∂ϕ

þ ∂v
∂x

� �
ð6:265Þ

Substituting 6.276 and 6.278,

Nxϕ ¼ EA
2

� 2PL3

Ehr2π3
sin ϕk � ϕð Þ cos kxð Þ

� �
� 2P
Eh

1
r2k3

þ 2
k

� �
sin ϕk � ϕð Þ cos kxð Þ

� 

ð6:295Þ

6.5 Edge Beams

Usually, two types of edge beams are used on cylindrical barrel shells, vertical or
horizontal. The edge beams that are orientated vertically are used for long shells,
where stiffness is required in the vertical direction. If the shell is relatively flat, the
horizontal thrusts are large and stiffness is required in the horizontal direction. The
vertically orientated beam is far more common, and therefore the solution will only
consider a vertical beam (see Fig. 6.17) (Billington 1982).
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6.5.1 Stress Equations

The beam is very flexible in the transverse direction, and therefore the beams offer
very little twisting resistance. Furthermore, the lateral torsional stiffness is not
sufficient to generate torsional reactions.

Hb ¼ 0

Mb ¼ 0

By introducing an edge beam, the membrane forces and deflections will not be
correct. The edge beam will limit the vertical deflections and longitudinal shears.
The interaction between the shell edge and beam must be the same to satisfy
compatibility requirements (Fig. 6.18).

From beam flexural theory (Timoshenko 1958),

Fig. 6.17 Stresses on the edge beam

ℎ

Beam

Fig. 6.18 Compatibility between the barrel shell and edge beam
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Loading ¼ w ¼ EI
∂4y
∂x4

ð6:296Þ

Shear ¼ �Sx ¼ EI
∂3y
∂x3

ð6:297Þ

Moment ¼ �Mx ¼ EI
∂2y
∂x2

ð6:298Þ

Slope ¼ ∂y
∂x

¼ �
Z x

0

Mx

EI
dxþ f 1 xð Þ ð6:299Þ

Deflection ¼ y ¼ �
ZZ L

0

Mx

EI
dxþ

Z L

0
f 1 xð Þdxþ f 2 xð Þ ð6:300Þ

If we assume that the load applied from the shell onto the beam is a sinusoidal
distribution,

EI
∂4y
∂x4

¼ Vb sin kx ð6:301Þ

Integrating 6.301,

Z
EI

∂4y
∂x4

dx ¼ EI
∂3y
∂x3

¼ �Vb cos kx
k

ð6:302Þ
Z Z

EI
∂4y
∂x4

dx ¼ EI
∂2y
∂x2

¼ �Vb sin kx
k2

ð6:303Þ
Z Z Z

EI
∂4y
∂x4

dx ¼ EI
∂y
∂x

¼ Vb cos kx
k3

ð6:304Þ
Z Z Z Z

EI
∂4y
∂x4

dx ¼ EIy ¼ Vb sin kx
k4

ð6:305Þ

or

y ¼ Vb sin kx
EIk4

ð6:306Þ

The longitudinal stress between the top of the beam and the edge of the shell is
typically expressed in the following form:

f ¼ M
Z

ð6:307Þ

where z is the section modulus of the beam.
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Substituting 6.298 and 6.303 into 6.307,

f ¼ �Vb sin kx
Zk2

ð6:308Þ

The horizontal stress at the top of the beam is referred to as the horizontal shear.
This shear varies from maximum at the ends of the beam to zero at mid-span. To
represent this distribution, the stress is varied by a cos curve.

S ¼ Sb cos kx ð6:309Þ

Summing the edge stresses from the support to any distance x,

T ¼ �
Z x

0
Sb cos kx dx ð6:310Þ

T ¼ �Sb
k

sin kx ð6:311Þ

The moment may therefore be defined as (refer to Fig. 6.19):

M ¼ Te ¼ �Sbe
k

sin kx ð6:312Þ

From these equations, the vertical deflection caused by the bending moment may
be determined. Since the bending moment is a function of the second derivative of
deflection, Eqs. 6.312 and 6.300 are combined.

y ¼ �
ZZ L

0

�Sbe
EI k

sin kx dxþ
Z L

0
f 1 xð Þdxþ f 2 xð Þ ð6:313Þ

Integrating the above expression,

b

d

Fig. 6.19 Moment in the
edge beam
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y ¼ � Sbe

EI k3
sin kx ð6:314Þ

where the integration constants are equal to zero, due to the boundary conditions.

f 1 xð Þ ¼ f 2 xð Þ ¼ 0

The horizontal stress between the shell and the top of the beam is the combination
of two components.

f ¼ T
A
þ Te

Z
ð6:315Þ

where

z ¼ bd2

6
ð6:316Þ

e ¼ d
2

ð6:317Þ

6.5.2 Compatibility Equations

With many shell solutions (e.g., cylindrical and domes), the compatibility equations
are formulated in terms of the deformations. With cylindrical barrel shells, however,
the compatibility equations are formulated in terms of the vertical deformations and
horizontal stresses.

6.5.2.1 Vertical Compatibility

The sum of the vertical deformation between the shell edge and the beam must equal
zero.

Vb Ds
11 þ Db

11

� 	þ Sb Ds
12 þ Db

12

� 	þ Ds
10 þ Db

10 ¼ 0 ð6:318Þ

assuming positive is downward.

6.5.2.2 Horizontal Compatibility

The horizontal compatibility equation is formulated by summing stresses in the
horizontal direction, between the shell and top of the beam.
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Vb f s21 þ f b21
� 	þ Sb f s22 þ f b22

� 	þ f s20 þ f b20 ¼ 0 ð6:319Þ

Defining the sub- and postscripts

First subscript Due to Second subscript Postscript
1 – vertical deflection
2 – horizontal stress

0 – applied load
1 – vertical force
2 – horizontal shear

s – shell
b – beam

6.5.3 Components of the Compatibility Equations

Db
11 ¼ y ¼ Vb sin kx

EIk4
ð6:306Þ

where

I ¼ bd3

12
beanð Þ ð6:320Þ

k ¼ nπ
L

ð6:189Þ

Substituting the above into 6.306,

Db
11 ¼ y ¼ 12VbL4

En4π4bd3
sin kx ð6:321Þ

The horizontal shear also contributes to the vertical deflection.

Db
12 ¼ y ¼ � Sbe

EI k3
sin kx ð6:314Þ

Substitute I, k, and e (6.317, 6.318 and 6.320) into the above.

Db
12 ¼ y ¼ � 6SbL3

Ebd2n3π3
sin kx ð6:322Þ

Since,

f b21 ¼
M
Z

¼ �Vb sin kx
Zk2

ð6:308Þ

Substitute 6.189 and 6.316 into 6.308.
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f b21 ¼ � 6VbL2

bd2n2π2
sin kx ð6:323Þ

The horizontal stress on top of the beam may be expressed in terms of the
resultant horizontal force T.

f b22 ¼
T
A
þ Te

z
ð6:315Þ

Substitute 6.311, 6.312, and 6.316.

f b22 ¼
SbL sin kx

nπbd
þ 3Sbd L sin kx

nπ bd2
ð6:324Þ

Combine the two terms.

f b22 ¼
4SbL
nπbd

sin kx ð6:325Þ

The displacements for the self-weight of the beam is represented by a Fourier
series, where wd is a force per unit length.

w ¼ 4 wd

π

X1
n¼1, 3, 5...

1
n
sin kx ð6:326Þ

The vertical deflection of the edge beam is determined from the well-known
deflection formula,

Db
10 ¼

5 wL4

384 EI
ð6:327Þ

Substituting 6.326 and 6.320 into 6.327,

Db
10 ¼

5 wdL4

8 πEbd3n4
sin kx ð6:328Þ

Referring to Eq. 6.308,

f b20 ¼ �Vb sin kx
Zk2

ð6:308Þ

Substituting Eqs. 6.189, 6.316 and set Vb ¼ 4 wd
π . The load will be in the negative

direction, and therefore the negative sign is canceled.
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f b20 ¼
24 wdL2

bd2n2π3
sin kx ð6:329Þ

The membrane deformation was previously solved (Eq. 6.92), and comprise part
of the Ds

10 term. A component of the deformation w (Eq. 6.239) is taken in the Δv

direction, and added to the membrane deformation equation.

Ds
10 ¼ Δv

¼ 2PL4

Ehr2π4
sin

πx
L

� �
1þ 2π2r2

L2
þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

� �

þ w cos ϕk � ϕð Þ ð6:317Þ

Substituting Eq. 6.239 for w,

Ds
10 ¼ Δv

¼ 2PL4

Ehr2π4 sin
πx
L

� �
1þ 2π2r2

L2 þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

� �

þ f2 sin kx½a cosh α1ϕð Þ cos β1ϕ� b sinh α1ϕð Þ sin β1ϕ
þ c cosh α2ϕð Þ cos β2ϕ� d sinh α2ϕð Þ sin β2ϕ�
þ KP cos ϕk � ϕð Þ sin kxg cos ϕk � ϕð Þ ð6:330Þ

In the above equation, the coefficients a, b, c, and d are determined by applying
boundary conditions.

f s20 ¼
Nx

h
x ¼ L=2ð Þ ð6:331Þ

The variation of Vb is assumed to have a sinusoidal variation:

Vb sin kx ð6:332Þ

Since the loading is a function of the fourth derivative of deflection (6.296),

∂4y
∂x4

¼ Vb

EI
sin kx ð6:333Þ

Integrating the above expression,

y ¼ Δv ¼ Vb

EI
L
nπ

� �4
sin kx ð6:334Þ

For a segment of a cylindrical arch,
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I ¼ k0r3h ð6:335Þ

where k0 is a function of ϕk (Billington 1982).
The deflection of the shell for a sinusoidal load is equal to:

Ds
11 ¼

VbL4

Ek0r3hπ4
sin kx ð6:336Þ

Similarly for shears,

Ds
12 ¼

SbL4

Ek0r3h
sin kx ð6:337Þ

Furthermore, the stress distribution between the edge of the shell and the top of
the beam is expressed in terms of a sin distribution.

f ¼ My
I

¼ Vbr cos ϕk � ϕð Þ
k0r3h k2

sin kx ð6:338Þ

where

I ¼ k0r3h ð6:335Þ
y ¼ r cos ϕk � ϕð Þ ð6:339Þ

M ¼ Vb

k2
sin kx ð6:340Þ

or expressed as:

f s21 ¼
VbL2 cos ϕk � ϕð Þ

k0r2h π2
sin kx ð6:341Þ

Similarly,

f s22 ¼
SbL2

r2h
sin kx ð6:342Þ

As seen by the copious nature of the equations, the analysis is complex and does
not engender a practical method of analysis. For this reason, the equations are solved
and tabulated to simplify the solution.
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6.6 Steps in Solving the Deformations and Stresses
in the Shell

Due to the complexity of the solution when solving for the arbitrary coefficients a, b,
c, and d, tables have been formulated for various ratios of r

L and
r
h. These tables are

found in Appendix A and B, which are reproduced from the ASCE Manual of
Engineering Practice, Design of Shell Roofs, No. 31 (1960). The solution is based
on the preceding equations, but simplified to ease calculations.

6.6.1 Barrel Shells with Free Edges

Refer to Appendix A for coefficients that are to be included in the stress equations.
Similar to the deformation equations, the equations below specify the column from
which the coefficients should be extracted, dependent on the ratios of r

h and
r
L. In all of

the equations, only the first term of the Fourier series is considered, i.e., n ¼ 1.

P ¼ 4Pd

π
:

1. Solve for the reactions VL, HL and SL.
Initial parameters

Span (S)
Length (L)
Radius (r)
Height (H)
Thickness (h)
Young’s modulus (E)
Poisson’s ratio (ν)

I ¼ h3

12 moment of inertia per unit width of shellð Þ 6.320

D ¼ EI
1�ν2ð Þ 6.121

P ¼ 4
π Pd 6.343

Edge stresses at ϕ ¼ 0
N0

ϕ

(x ¼ L/2)
N0

ϕ ¼ � Pr cos (ϕk) 6.62

N0
xϕ

(x ¼ 0 or x ¼ L)
N 0

ϕx ¼ � 2PL
π sin ϕkð Þ 6.67

Solve for VL, HL, and SL (correction loads along the free edge)
VL ¼ �N 0

ϕ sinϕk 6.344

HL ¼ �N 0
ϕ cosϕk 6.345

SL ¼ � N0
ϕx 6.346
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2. Solve for the membrane stresses
Coefficients are taken from
Appendix A. Values differ for
each angle ϕk and ratios of r

h

and r
L

N 0
x ¼ � 2PL2

rπ2 cos ϕk � ϕð Þ sin πx
L

� 	
þVL

L
r

� 	2
A : col:1ð Þ sin πx

L

� 	
þHL

L
r

� 	2
A : col:5ð Þ sin πx

L

� 	
þSL L

r

� 	2
A : col:9ð Þ sin πx

L

� 	

6.347

N 0
ϕx ¼ � 2PL

π sin ϕk � ϕð Þ cos πx
L

� 	
þVL

L
r

� 	
A : col:2ð Þ cos πx

L

� 	
þHL

L
r

� 	
A : col:6ð Þ cos πx

L

� 	
þSL L

r

� 	
A : col:10ð Þ cos πx

L

� 	
6.348

N 0
ϕ ¼ �Pr cos ϕk � ϕð Þ sin πx

L

� 	
þVL A : col:3ð Þ sin πx

L

� 	
þHL A : col:7ð Þ sin πx

L

� 	
þSL A : col:11ð Þ sin πx

L

� 	
6.349

3. Solve for the membrane deformations in the shell.

Δ0
v ¼ 2PL4

Ehr2π4 sin
πx
L

� 	
1þ 2π2r2

L2
þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

h i
6.92

Δ0
H ¼ Pr2

Eh sin ϕk � ϕð Þ cos ϕk � ϕð Þ sin πx
L

� 	
6.97

6.6.2 Barrel Shells with Edge Beams

Similar to barrel shells with free edges, the arbitrary coefficients a, b, c, and d have
been solved for various ratios of r

L and
r
h. These coefficients are found in Appendix A

and B. The start of the analysis is the same as the membrane solution (which is
repeated for completeness).

1. Solve for the reactions VL, HL and SL.
Initial parameters

Span (S)
Length (L)
Radius (r)
Height (H)
Thickness (h)
Young’s modulus (E)
Poisson’s ratio (ν)

I ¼ h3

12 moment of inertia per unit width of shellð Þ 6.320

D ¼ EI
1�ν2ð Þ 6.121

P ¼ 4
π Pd 6.343
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Edge stresses at ϕ ¼ 0
N0

ϕ

(x ¼ L/2)
N0

ϕ ¼ � Pr cos (ϕk) 6.62

N0
xϕ

(x ¼ 0 or x ¼ L)
N 0

xϕ ¼ � 2PL
π sin ϕkð Þ 6.67

Solve for VL, HL, and SL (correction loads along the free edge)
VL ¼ �N 0

ϕ sinϕk 6.344

HL ¼ �N 0
ϕ cosϕk 6.345

SL ¼ � N0
ϕx 6.346

2. Solve for the deformations and stresses between the top of the beam and base
of the shell

Vertical deformations
Refer to Appendix B for coeffi-
cients that are to be included in
the deformation equations. The
equations specify the column
from which the coefficients
should be extracted, dependent
on the ratios of r

h and
r
L. In all of

the equations, only the first term
of the Fourier series is consid-
ered, and therefore n ¼ 1. The
equations are also expressed in

terms of L2

E

� �
sin πx

L

� 	
, which is

common and therefore cancel

Ds
11 ¼ Vb

L2

E

� �
L2

hr3

� �
B : col:1ð Þ sin πx

L

� 	 6.350

Db
11 ¼ Vb

L2

E

� �
12L2

π4bd3

� �
sin πx

L

� 	
6.351

Ds
12 ¼ Sb L2

E

� �
L2

hr3

� �
B : col:7ð Þ sin πx

L

� 	 6.352

Db
12 ¼ �Sb L2

E

� �
6L

bd2π3

� �
sin πx

L

� 	 6.353

Ds
10 ¼ L2

E

� �
L2

hr3

� �
Pr 2

π4 þ 2r
πL

� 	2 þhn
r
Lð Þ cos 2 ϕk � ϕð Þ�
þ VL B : col:1ð Þ þ HL½
B : col:4ð Þ þ SL
B : col:7ð Þ�g sin πx

L

� 	

6.354

Db
10 ¼ � L2

E

� �
4
π

� 	
5

384

� 	
12 wbL2

bd3

� �
sin πx

L

� 	
6.355

wb ¼ γbd
γ ¼ weight of beam material

Horizontal shears
Refer to Appendix A for coeffi-
cients that are to be included in
the stress equations. Similar to

f s21 ¼ Vb
L
r

� 	2 1
h

A : col:1ð Þ sin πx
L

� 	 6.356

f b21 ¼ �Vb
L
r

� 	2 6.357
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the deformation equations, the
equations below specify the col-
umn from which the coefficients
should be extracted, dependent
on the ratios of r

h and
r
L. In all of

the equations, only the first term
of the Fourier series is consid-
ered, and therefore n ¼ 1

6r2

bd2π2

� �
sin πx

L

� 	
f s22 ¼ Sb L

r

� 	2 1
h A : col:9ð Þ

sin πx
L

� 	 6.358

f b22 ¼ Sb L
r

� 	2 4r2
Lπbd

sin πx
L

� 	 6.359

f s20 ¼ Nx
h

6.360

Where,

Nx ¼ L
r

� 	2 �Pr 2
π2

� 	
cos ϕk � ϕð Þ þ VL



A : col:1ð Þ þ HL A : col:5ð Þ
þSL A : col:9ð Þ� sin πx

L

� 	
6.361

f b20 ¼ L
r

� 	2 4
π

� 	
6wdr2

bd2π2

� �
sin πx

2

� 	 6.362

3. Solve the compatibility equations
Vb Ds

11 þ Db
11

� 	þ Sb Ds
12 þ Db

12

� 	þ Ds
10 þ Db

10 ¼ 0 6.318

Vb f s21 þ f b21
� 	þ Sb f s22 þ f b22

� 	þ f s20 þ f b20 ¼ 0 6.319

Ds
11 þ Db

11

� 	
Ds

12 þ Db
12

� 	
f s21 þ f b21

� 	
f s22 þ f b22

� 	
" #

Vb

Sb

� 

¼ �Ds

10 � Db
10

� f s20 � f b20

( )
6.363

Vb

Sb

� 

¼ 1

Ds
11þDb

11ð Þ f s22þ f b22ð Þ� Ds
12þDb

12ð Þ f s21þ f b21ð Þ
f s22 þ f b22

� 	 � Ds
12 þ Db

12

� 	
� f s21 þ f b21
� 	

Ds
11 þ Db

11

� 	
" #

�Ds
10 � Db

10

� f s20 � f b20

( )
6.364

4. Solve the stresses and bending moments in the shell

Nx ¼ � 2PL2

rπ2 cos ϕk � ϕð Þ sin πx
L

� 	
þVL

L
r

� 	2
A : col:1ð Þ sin πx

L

� 	þ HL
L
r

� 	2
A : col:5ð Þ sin πx

L

� 	
þSL L

r

� 	2
A : col:9ð Þ sin πx

L

� 	þ Vb
L
r

� 	2
A : col:1ð Þ sin πx

L

� 	
þSb L

r

� 	2
A : col:9ð Þ sin πx

L

� 	

6.365

Nxϕ ¼ � 2PL
π sin ϕk � ϕð Þ cos πx

L

� 	
þVL

L
r

� 	
A : col:2ð Þ cos πx

L

� 	þ HL
L
r

� 	
A : col:6ð Þ cos πx

L

� 	
þSL L

r

� 	
A : col:10ð Þ cos πx

L

� 	þ Vb
L
r

� 	
A : col:2ð Þ cos πx

L

� 	
þSb L

r

� 	
A : col:10ð Þ cos πx

L

� 	
6.366

Nϕ ¼ �Pr cos ϕk � ϕð Þ sin πx
L

� 	
þVL A : col:3ð Þ sin πx

L

� 	þ HL A : col:7ð Þ sin πx
L

� 	
þSL A : col:11ð Þ sin πx

L

� 	þ Vb A : col:3ð Þ sin πx
L

� 	
6.367
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þSb A : col:11ð Þ sin πx
L

� 	
Mϕ ¼ VLr A : col:4ð Þ sin πx

L

� 	
þHLr A : col:8ð Þ sin πx

L

� 	þ SLr A : col:12ð Þ sin πx
L

� 	
þVbr A : col:4ð Þ sin πx

L

� 	þ Sbr A : col:12ð Þ sin πx
L

� 	
6.368

6.7 Worked Examples

6.7.1 Simply Supported Barrel Vault with Free Edges

The barrel vault illustrated in Fig. 6.20 is simply supported at each of the corners and
subjected to a combined dead and live load of 3.8 KPa. The edges of the shell roof
are free (no edge beam).

1. Solve for the reactions VL, HL, and SL

Span ¼ 11450 mm
Length ¼ 20250 mm
Radius ¼ 8100 mm
Height ¼ 8100–8100 cos 45 ¼ 2372 mm
Thickness ¼ 75 mm
Young’s modulus ¼ 30(106) kN/m2

Poisson’s ratio (ν) ¼ 0.15

I ¼ h3

12
¼ 1ð Þ0:0753

12
¼ 3:52 10�5

� 	
m4 ð6:320Þ

D ¼ EI
1� ν2ð Þ ¼

30 106
� 	

3:52 10�5
� 	

1� 0:152
� 	 ¼ 1079 Nm2 ð6:121Þ

P ¼ 4
π
Pd ¼ 4

π
3:8ð Þ ¼ 4:838 kN=m2 ð6:343Þ

Edge stresses at ϕ ¼ 0

N 0
ϕ ¼ �Pr cos ϕkð Þ ¼ � 4:838ð Þ8:1 cos 45ð Þ ¼ �27:71 ð6:62Þ

N 0
xϕ ¼ � 2PL

π
sin ϕkð Þ ¼ � 2 4:838ð Þ20:25

π
sin 45ð Þ ¼ �44:11 ð6:67Þ

Solve for VL, HL, and SL
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VL ¼ �N 0
ϕ sinϕk ¼ 27:71ð Þ sin 45 ¼ 19:60 kN=m ð6:344Þ

HL ¼ �N 0
ϕ cosϕk ¼ 27:71ð Þ cos 45 ¼ 19:60kN=m ð6:345Þ
SL ¼ �N 0

xϕ ¼ 44:11 kN=m ð6:346Þ

2. Solve for the membrane stresses

The membrane stress equations are expressed in term of x and ϕ.

N 0
x ¼ � 2PL2

rπ2
cos ϕk � ϕð Þ sin πx

L

� �
þ VL

L
r

� �2
A : col:1ð Þ sin πx

L

� �

þ HL
L
r

� �2
A : col:5ð Þ sin πx

L

� �
þ SL

L
r

� �2
A : col:9ð Þ sin πx

L

� �
ð6:347Þ

N 0
x ¼ � 2 4:838ð Þ20:252

8:1ð Þπ2 cos 45� ϕð Þ sin πx
20:25

� �

þ VL
20:25
8:1

� �2

A : col:1ð Þ sin πx
20:25

� �

þ HL
20:25
8:1

� �2

A : col:5ð Þ sin πx
20:25

� �

þ SL
20:25
8:1

� �2

A : col:9ð Þ sin πx
20:25

� �

which simplifies to:

75 mm

= 45

= 3.8

Fig. 6.20 Cylindrical barrel shell, unsupported by edge beams
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N 0
x ¼ �49:63 cos 45� ϕð Þ sin 0:155xð Þ þ VL 6:25ð Þ A : col:1ð Þ sin 0:155xð Þ

þ HL 6:25ð Þ A : col:5ð Þ sin 0:155xð Þ þ SL 6:25ð Þ A : col:9ð Þ sin 0:155xð Þ

N 0
ϕx ¼ � 2PL

π
sin ϕk � ϕð Þ cos πx

L

� �
þ VL

L
r

� �
A : col:2ð Þ cos πx

L

� �
þ HL

L
r

� �
A : col:6ð Þ cos πx

L

� �
þ SL

L
r

� �
A : col:10ð Þ cos πx

L

� �
ð6:348Þ

N 0
xϕ ¼ � 2 4:838ð Þ20:25

π
sin 45� ϕð Þ cos πx

20:25

� �
þ VL

20:25
8:1

� �

� A : col:2ð Þ cos πx
20:25

� �
þ HL

20:25
8:1

� �
A : col:6ð Þ cos πx

20:25

� �

þ SL
20:25
8:1

� �
A : col:10ð Þ cos

πx
20:25

� �

which simplifies to:

N 0
xϕ ¼ �62:37 sin 45� ϕð Þ cos 0:155xð Þ þ VL 2:5ð Þ A : col:2ð Þ cos 0:155xð Þ

þ HL 2:5ð Þ A : col:6ð Þ cos 0:155xð Þ þ SL 2:5ð Þ A : col:10ð Þ cos 0:155xð Þ

N 0
ϕ ¼ �Pr cos ϕk � ϕð Þ sin πx

L

� �
þ VL A : col:3ð Þ sin πx

L

� �
þ HL A : col:7ð Þ sin πx

L

� �
þ SL A : col:11ð Þ sin πx

L

� �
ð6:349Þ

N 0
ϕ ¼ � 4:838ð Þ8:1 cos 45� ϕð Þ sin πx

20:25

� �
þ VL A : col:3ð Þ sin πx

20:25

� �
þ HL A : col:7ð Þ sin πx

20:25

� �
þ SL A : col:11ð Þ sin πx

20:25

� �
ð6:348Þ

which simplifies to:

N 0
ϕ ¼ �39:19 cos 45� ϕð Þ sin 0:155xð Þ þ VL A : col:3ð Þ sin 0:155xð Þ

þ HL A : col:7ð Þ sin 0:155xð Þ þ SL A : col:11ð Þ sin 0:155xð Þ

The above stresses equations are solved in increments of 10o, at x ¼ 0 and x ¼ L
2.
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3. Solve for the membrane deformations in the shell

Δ0
v ¼ 2PL4

Ehr2π4
sin

πx
L

� �
1þ 2π2r2

L2
þ π4r4

2L4

� �
cos 2 ϕk � ϕð Þ

� �

¼ 2 4:838ð Þ 20:25ð Þ4
E 0:075ð Þ 8:1ð Þ2π4 sin

πx
20:25

� �

� 1þ 2π2 8:1ð Þ2
20:25ð Þ2 þ π4 8:1ð Þ4

2 20:25ð Þ4
 !

cos 2 45� ϕð Þ
" #

ð6:92Þ

Simplified,

Δ0
v ¼ 3394

E
sin 0:155xð Þ 4:16þ 1:25 cos 2 45� ϕð Þ
 �

Δ0
H ¼ Pr2

Eh
sin ϕk � ϕð Þ sin πx

L

� �
cos ϕk � ϕð Þ

¼ 4:838ð Þ8:12
E 0:075ð Þ sin 45� ϕð Þ sin πx

20:25

� �
cos 45� ϕð Þ ð6:97Þ

Simplified,

Δ0
H ¼ 4232

E
sin 45� ϕð Þ sin 0:155xð Þ cos 45� ϕð Þ

The stresses and deformations are given at two locations in Tables 6.1 and 6.2
(at the end and mid-span). Similar to a beam, the shear stresses are maximum at the
edge and zero at mid-span. Furthermore, the stresses in the x-direction are maximum
at mid-span (corresponding to maximum moment), but zero at the ends. Also
included in the tables are the deformations.

Table 6.1 Stresses and
deformations of a barrel shell
without edge beams (x ¼ 0
and L)

ϕ
(x ¼ 0 or L)

N0
x

(kN/m)
N0

ϕ

(kN/m)
N0

xϕ

(kN/m)
Δ0

V

(mm)
Δ0

H

(mm)

0 0.00 0.00 0.00 0.00 0.00

10 0.00 0.00 �135.47 0.00 0.00

20 0.00 0.00 �89.07 0.00 0.00

30 0.00 0.00 �26.01 0.00 0.00

40 0.00 0.00 �1.56 0.00 0.00

45 0.00 0.00 0.00 0.00 0.00

282 M. Gohnert

@seismicisolation@seismicisolation

https://t.me/seismicisolation


6.7.2 Simply Supported Barrel Vault with Edge Beams

In this case, we consider the same barrel vault, but with edge beams (Fig. 6.21).
Since the shell is relatively long, the edge beams are orientated in the vertical
direction.

The start of the solution is identical to the barrel vault with free edges, but
corrections are added for the inclusion of edge beams.

1. Solve for the reactions VL, HL, and SL

Span ¼ 11450 mm
Length ¼ 20250 mm
Radius ¼ 8100 mm
Height ¼ 8100–8100 cos 45 ¼ 2372 mm
Thickness ¼ 75 mm
Young’s modulus ¼ 30(106) kN/m2

Poisson’s ratio (ν) ¼ 0.15

I ¼ h3

12
¼ 1ð Þ0:0753

12
¼ 3:52 10�5

� 	
m4 ð6:320Þ

Table 6.2 Stresses and
deformations of a barrel shell
without edge beams (x ¼ L/2)

ϕ
(x ¼ L/2)

N0
x

(kN/m)
N0

ϕ

(kN/m)
N0

xϕ

(kN/m)
Δ0

V

(mm)
Δ0

H

(mm)

0 1432.59 0.00 0.00 0.54 0.07

10 29.24 �18.11 0.00 0.57 0.07

20 �328.55 �39.56 0.00 0.59 0.05

30 �207.13 �50.25 0.00 0.60 0.04

40 �32.39 �51.76 0.00 0.61 0.01

45 �4.93 �51.71 0.00 0.61 0.00

75 mm

= 45

= 3.8

700 mm

300 mm

Fig. 6.21 Simply supported barrel vault with edge beams
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D ¼ EI
1� ν2ð Þ ¼

30 106
� 	

3:52 10�5
� 	

1� 0:152
� 	 ¼ 1079 Nm2 ð6:121Þ

P ¼ 4
π
Pd ¼ 4

π
3:8ð Þ ¼ 4:838 kN=m2 ð6:343Þ

Edge stresses at ϕ ¼ 0

N 0
ϕ ¼ �Pr cos ϕkð Þ ¼ � 4:838ð Þ8:1 cos 45ð Þ ¼ �27:71 ð6:62Þ

N 0
xϕ ¼ � 2PL

π
sin ϕkð Þ ¼ � 2 4:838ð Þ20:25

π
sin 45ð Þ ¼ �44:11 ð6:67Þ

Solve for VL, HL, and SL

VL ¼ �N 0
ϕ sinϕk ¼ 27:71ð Þ sin 45 ¼ 19:60 kN=m ð6:344Þ

HL ¼ �N 0
ϕ cosϕk ¼ 27:71ð Þ cos 45 ¼ 19:60 kN=m ð6:345Þ
SL ¼ �N 0

xϕ ¼ 44:1 kN=m ð6:346Þ

2. Solve for the deformations and stresses between the top of the beam and base
of the shell

Vertical deformations

Ds
11 ¼ Vb

L2

E

� �
L2

hr3

� �
B : col:1ð Þ sin πx

L

� �

¼ Vb
L2

E

� �
20:252

0:075ð Þ8:13
� �

96:10ð Þ sin πx
L

� �

¼ Vb
L2

E

� �
988:68ð Þ sin πx

L

� �
ð6:350Þ

Db
11 ¼ Vb

L2

E

� �
12L2

π4bd3

� �
sin

πx
L

� �
¼ Vb

L2

E

� �
12 20:25ð Þ2
π4 0:3ð Þ0:73
� �

sin
πx
L

� �

¼ Vb
L2

E

� �
490:93ð Þ sin πx

L

� �
ð6:351Þ

Ds
12 ¼ Sb

L2

E

� �
L2

hr3

� �
B : col:7ð Þ sin πx

L

� �

¼ Sb
L2

E

� �
20:252

0:075ð Þ8:13
� �

2:5ð Þ sin πx
L

� �

¼ Sb
L2

E

� �
25:72ð Þ sin πx

L

� �
ð6:352Þ
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Db
12 ¼ �Sb

L2

E

� �
6L

bd2π3

� �
sin

πx
L

� �

¼ �Sb
L2

E

� �
6 20:25ð Þ
0:3ð Þ0:72π3

� �
sin

πx
L

� �
¼ �Sb

L2

E

� �
26:66ð Þ sin πx

L

� �
ð6:353Þ

Ds
10 ¼

L2

E

� �
L2

hr3

� �

Pr
2
π4

þ 2r
πL

� �2
þ r

L

� �4
cos 2 ϕk � ϕð Þ

� ��

þ VL B : col:1ð Þ � HL B : col:4ð Þ þ SL B : col:7ð Þ½ �


sin

πx
L

� �

¼ L2

E

� �
20:252

0:075ð Þ8:13
� �

4:838ð Þ8:1 2
π4

þ 2 8:1ð Þ
π 20:25ð Þ
� �2

þ 8:1
20:25

� �4
cos 2 45ð Þ

" #(

þ 19:60 96:10ð Þ � 19:6 64:69ð Þ þ 44:11 2:50ð Þ½ �
)
sin

πx
L

� �

¼ L2

E

� �
7497:61ð Þ sin πx

L

� �
ð6:354Þ

Db
10 ¼ � L2

E

� �
4
π

� � 5
384

� �
12 wbL2

bd3

� �
sin

πx
L

� �

¼ � L2

E

� �
4
π

� � 5
384

� �
12 24ð Þ 0:3 0:7ð Þ 20:25ð Þ2

0:3ð Þ 0:7ð Þ3
 !

sin
πx
L

� �

¼ � L2

E

� �
3995:72ð Þ sin πx

L

� �
ð6:355Þ

It should be noted that the terms L2

E

� �
sin πx

L

� 	
divide out of the equations.

Horizontal stress equations
x ¼ L/2

f s21 ¼ Vb
L
r

� �2 1
h

A : col:1ð Þ sin πx
L

� �

¼ Vb
20:25
8:1

� �2
1

0:075
19:64ð Þ sin π

2

� �
¼ Vb 1636:67ð Þ ð6:356Þ

f b21 ¼ �Vb
L
r

� �2 6r2

bd2π2

� �
sin

πx
L

� �

¼ �Vb
20:25
8:1

� �2 6 8:1ð Þ2
0:3ð Þ0:72π2

� �
sin

π
2

� �
¼ �Vb 1695:84ð Þ ð6:357Þ
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f s22 ¼ Sb
L
r

� �2 1
h

A : col:9ð Þ sin πx
L

� �

¼ Sb
20:25
8:1

� �2
1

0:075
1:388ð Þ sin π

2

� �
¼ Sb 115:67ð Þ ð6:358Þ

f b22 ¼ Sb
L
r

� �2 4r2

Lπbd
sin

πx
L

� �
¼ Sb

20:25
8:1

� �2 4 8:1ð Þ2
20:25 π 0:3ð Þ0:7 sin

π
2

� �
¼ Sb 122:78ð Þ ð6:359Þ

Nx ¼ L
r

� �2
�Pr

2
π2

� �
cos ϕk � ϕð Þ þ VL A : col:1ð Þ þ HL A : col:5ð Þ

h
þSL A : col:9ð Þ

i
sin

πx
L

� �

¼ � 20:25
8:1

� �2

4:838ð Þ8:1 2
π2

� �
cos 45ð Þ þ 19:60 19:64ð Þ þ 19:60 �10:78ð Þ

h
þ44:11 1:388ð Þ

i
sin

π
2

� �
¼ 1432:59

ð6:361Þ

f s20 ¼
Nx

h
¼ 1432:59

0:075
¼ 19101:22 ð6:360Þ

f b20 ¼
L
r

� �2 4
π

� � 6 wbr2

bd2π2

� �
sin

π
2

� �

¼ 20:25
8:1

� �2
4
π

� � 6ð Þ24 0:3ð Þ0:7 8:1ð Þ2
0:3ð Þ0:72π2

� �
sin

π
2

� �
¼ 10882:41 ð6:362Þ

3. Solve the compatibility equations

Vb 988:68þ 490:93ð Þ þ Sb 25:72� 26:66ð Þ þ 7497:61� 3995:72 ¼ 0 ð6:318Þ
Vb 1636:67� 1695:84ð Þ þ Sb 115:67þ 122:78ð Þ þ 19101:22

þ 10882:40
¼ 0 ð6:319Þ

or

Vb 1479:61ð Þ þ Sb �0:94ð Þ þ 3501:88 ¼ 0

Vb �59:17ð Þ þ Sb 238:44ð Þ þ 29983:60 ¼ 0

Set in matrix form,
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1479:61 �0:94

�59:17 238:44

� �
Vb

Sb

� 

=

�3501:88

�29983:60

� 

ð6:363Þ

Vb

Sb

� 

=

1479:61 �0:94

�59:17 238:44

� �2 1 �3501:88

�29983:60

� 


Solving the matrix, the vertical load and horizontal shears are determined.

Vb

Sb

� 

= 1

1479:61ð Þ 238:44ð Þ2 �0:94ð Þ �59:17ð Þ
238:44 0:94

59:17 1479:61

� �

� �3501:88

�29983:60

� 

ð6:364Þ

Therefore,

Vb

Sb

� 

=

�2:45

�126:35

� 


4. Solve for stresses and bending moments in the shell

These stresses are both membrane and boundary effects stresses.

Nx ¼ � 2PL2

rπ2
cos ϕk � ϕð Þ sin πx

L

� �
þ VL

L
r

� �2
A : col:1ð Þ sin πx

L

� �

þ HL
L
r

� �2
A : col:5ð Þ sin πx

L

� �
þ SL

L
r

� �2
A : col:9ð Þ sin πx

L

� �

þ Vb
L
r

� �2
A : col:1ð Þ sin πx

L

� �
þ Sb

L
r

� �2
A : col:9ð Þ sin πx

L

� �

¼ � 2 4:838ð Þ20:252
8:1π2

cos 45� ϕð Þ sin πx
20:25

� �

þ 19:60
20:25
8:1

� �2

A : col:1ð Þ sin πx
20:25

� �

þ 19:60
20:25
8:1

� �2

A : col:5ð Þ sin πx
20:25

� �

þ 44:11
20:25
8:1

� �2

A : col:9ð Þ sin πx
20:25

� �

� 2:45
20:25
8:1

� �2

A : col:1ð Þ sin πx
20:25

� �

� 126:35
20:25
8:1

� �2

A : col:9ð Þ sin πx
20:25

� �
ð6:365Þ
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which simplifies to:

Nx ¼ �49:63 cos 45� ϕð Þ sin 0:155xð Þ þ 122:50 A : col:1ð Þ sin 0:155xð Þ
þ 122:50 A : col:5ð Þ sin 0:155xð Þ þ 275:69 A : col:9ð Þ sin 0:155xð Þ
� 21:75 A : col:1ð Þ sin 0:155xð Þ � 789:69 A : col:9ð Þ sin 0:155xð Þ

Nxϕ ¼ � 2PL
π

sin ϕk � ϕð Þ cos πx
L

� �
þ VL

L
r

� �
A : col:2ð Þ cos πx

L

� �
þ HL

L
r

� �
A : col:6ð Þ cos πx

L

� �
þ SL

L
r

� �
A : col:10ð Þ cos πx

L

� �
þ Vb

L
r

� �
A : col:2ð Þ cos πx

L

� �
þ Sb

L
r

� �
A : col:10ð Þ cos πx

L

� �

¼ � 2 4:838ð Þ20:25
π

sin 45� ϕð Þ cos πx
20:25

� �
þ 19:60

20:25
8:1

� �

� A : col:2ð Þ cos πx
20:25

� �
þ 19:60

20:25
8:1

� �

� A : col:6ð Þ cos πx
20:25

� �
þ 44:11

20:25
8:1

� �

� A : col:10ð Þ cos πx
20:25

� �
� 2:45

20:25
8:1

� �

� A : col:2ð Þ cos πx
20:25

� �
� 126:35

20:25
8:1

� �

� A : col:10ð Þ cos πx
20:25

� �
ð6:366Þ

which simplifies to:

Nxϕ ¼ �62:37 sin 45� ϕð Þ cos 0:155xð Þ þ 49:00 A : col:2ð Þ cos 0:155xð Þ
þ 49:00 A : col:6ð Þ cos 0:155xð Þ þ 110:28 A : col:10ð Þ cos 0:155xð Þ
� 6:13 A : col:2ð Þ cos 0:155xð Þ � 315:88 A : col:10ð Þ cos 0:155xð Þ
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Nϕ ¼ �Pr cos ϕk � ϕð Þ sin πx
L

� �
þ VL A : col:3ð Þ sin πx

L

� �
þ HL A : col:7ð Þ sin πx

L

� �
þ SL A : col:11ð Þ sin πx

L

� �
þ Vb A : col:3ð Þ sin πx

L

� �
þ Sb A : col:11ð Þ sin πx

L

� �
¼ � 4:838ð Þ8:1 cos 45� ϕð Þ sin πx

20:25

� �
þ 19:60 A : col:3ð Þ sin πx

20:25

� �
þ 19:60 A : col:7ð Þ sin πx

20:25

� �
þ 44:11 A : col:11ð Þ sin πx

20:25

� �
� 2:45 A : col:3ð Þ sin πx

20:25

� �
� 126:35 A : col:11ð Þ sin πx

20:25

� �
ð6:367Þ

which simplifies to:

Nϕ ¼ �39:15 cos 45� ϕð Þ sin 0:155xð Þ þ 19:60 A : col:3ð Þ sin 0:155xð Þ
þ 19:60 A : col:7ð Þ sin 0:155xð Þ þ 44:11 A : col:11ð Þ sin 0:155xð Þ
� 2:45 A : col:3ð Þ sin 0:155xð Þ � 126:35 A : col:11ð Þ sin 0:155xð Þ

Mϕ ¼ VLr A : col:4ð Þ sin πx
L

� �
þ HLr A : col:8ð Þ sin πx

L

� �
þ SLr A : col:12ð Þ sin πx

L

� �
þ Vbr A : col:4ð Þ sin πx

L

� �
þ Sbr A : col:12ð Þ sin πx

L

� �
¼ 19:60ð Þ8:1 A : col:4ð Þ sin πx

20:25

� �
þ 19:60ð Þ8:1 A : col:8ð Þ sin πx

20:25

� �
þ 44:11ð Þ8:1 A : col:12ð Þ sin πx

20:25

� �
� 2:45ð Þ8:1 A : col:4ð Þ sin πx

20:25

� �
� 126:35ð Þ8:1 A : col:12ð Þ sin πx

20:25

� �
ð6:368Þ

which simplifies to:

Mϕ ¼ 158:76 A : col:4ð Þ sin 0:155xð Þ þ 158:76 A : col:8ð Þ sin 0:155xð Þ
þ 357:29 A : col:12ð Þ sin 0:155xð Þ � 19:85 A : col:4ð Þ sin 0:155xð Þ
� 1023:44 A : col:12ð Þ sin 0:155xð Þ

The above stresses and bending moments are given in increments of 10o and at
x ¼ 0 and x ¼ L

2.
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6.8 Exercises

6.8.1. Using a spreadsheet or alternative programing language, resolve the worked
example 6.7.1 for a barrel vault with free edges. Reproduce Tables 6.1 and 6.2
for the resultant stresses and deformations at x ¼ 0 and x ¼ L/2. In addition,
solve for the stresses and deformations at x ¼ L/4.

6.8.2. Resolve for the worked example 6.7.1, but change the length of the barrel
vault to L ¼ 13.500 m. Solve for the resultant stresses at x ¼ 0 and x ¼ L/2.

6.8.3. Graph the membrane stresses and correction stresses for exercises 6.8.1 and
6.8.2. Describe your observations concerning the relationship between the
membrane stresses, and correcting for errors along the free edge. Only
consider Nx and Nϕ at x ¼ L/2 and Nxϕ at x ¼ 0.

6.8.4. Using a spreadsheet or alternative programing language, resolve for the
worked example 6.7.2 for a barrel vault supported by an edge beam. Repro-
duce Tables 6.3 and 6.4 for resultant stresses at x ¼ 0 and x ¼ L/2. In
addition, solve for the stresses at x ¼ L/4.

6.8.5. If a larger edge beam is used in worked example 6.7.2, how would this affect
the stress distribution? Use beam size b ¼ 500 mm and d ¼ 1000 mm.
Reproduce Tables 6.3 and 6.4 for resultant stresses at x ¼ 0 and x ¼ L/2.

Table 6.3 Stresses and
bending moments in a shell
with edge beams (x ¼ L/2)

ϕ
(deg.)

Nx

(kN/m)
Nϕ

(kN/m)
Nxϕ

(kN/m)
Mϕ

(kN/m)

0 36.13 �1.73 0.00 0.00

10 �207.78 �23.30 0.00 0.57

20 �209.11 �36.96 0.00 �1.07

30 �111.75 �42.34 0.00 �2.57

40 �31.31 �43.12 0.00 �3.28

45 �19.56 �43.12 0.00 �3.35

Table 6.4 Stresses and
bending moments in a shell
with edge beams (x ¼ 0)

ϕ
(deg.)

Nx

(kN/m)
Nϕ

(kN/m)
Nxϕ

(kN/m)
Mϕ

(kN/m)

0 0.00 0.00 �126.35 0.00

10 0.00 0.00 �101.75 0.00

20 0.00 0.00 �52.94 0.00

30 0.00 0.00 �17.17 0.00

40 0.00 0.00 �2.57 0.00

45 0.00 0.00 0.00 0.00
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Chapter 7
Catenary Arches and Domes

Abstract This chapter develops theory to determine the thrust-line forces in a
catenary arch for a uniform distributed load (gravity). An iterative point load method
(funicular iterative method) is also given to solve the pure compression shape for any
number of point loads applied at any angle. This method successively adds segments
to the arch model, allowing the arch to grow and form naturally into a pure
compression arch. Finally, the membrane solution for a catenary dome is derived,
including a solution for a catenary dome with an oculus or opening for a skylight.

7.1 Introduction

The terms funicular and catenary are anglicized words from Latin, meaning rope and
chain respectively. From a force-flow perspective, a rope and a chain react identi-
cally. However, each term has taken on a separate classification of shapes. The
catenary is the shape of a hanging chain under its own weight, or a uniform load. The
term funicular is a collection of shapes, where any number of weights are hung from
a chain, creating unique shape in tension. Thus, funicular shapes are infinite in
number, whereas the catenary shape is a single shape of a chain under its own self-
weight. The catenary and a various funicular shapes are given in Fig. 7.1.

Both catenary and funicular shapes are in pure tension (without bending or shear
forces). If the links are locked and the shape is flipped upright, the forces in the chain
are reversed, and in pure compression. The structural characteristics of catenary and
funicular shapes are therefore highly favored in the construction of masonry arches
and domes, which do not perform well under conditions of tension and bending
forces. In addition, as seen in Chapter 2, pure compression structures are more
durable and have greater material strengths (Allen and Zalewski 2010).

Although catenary and funicular shapes are not popular in architecture, they are
the most optimal shapes, in terms of stress economy. Most importantly, the thrust-
line in catenary and funicular shapes are designed to match the axis of the shell or
arch, thus eliminating bending and shears. If bending is eliminated, the stresses in the
shell are significantly reduced. Furthermore, many designers fail to realize that a
thrust-line will tend to flow in a natural pattern in all structural members (i.e., arches,
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domes, beams, and slabs), resembling a catenary (Heyman 1995) (Ockleston 1958).
Optimization is only achieved if the thrust-line matches the structure.

7.2 The Catenary Arch

The catenary shape is defined by the shape of a hanging chain, supported at the two
ends and allowed to drape naturally under its own self-weight (see Fig. 7.2).

The catenary is very similar to a parabolic shape, but the catenary has its own
distinct form, which is defined by Eq. 7.1.

y ¼ a cosh x=að Þ ð7:1Þ

Equation 7.1 is illustrated as the lower curve in Fig. 7.3. The catenary arch,
however, is illustrated as the upper curve in the same figure. To solve for the arch
equation (Gohnert and Bradley 2020a), the height (H ) and the base length (L ) should
be selected beforehand to define the proportions of the arch or vault. Equation 7.2 is
then iterated to determine the value of “a” (scaling factor).

H ¼ a cosh L=2að Þ � a ð7:2Þ

Once “a” is determined, the arch equation is defined, and expressed by Eq. 7.3.

Catenary shape Funicular Shapes

Fig 7.1 The catenary and various funicular shapes

Fig. 7.2 Hanging chain
forms a catenary shape
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y ¼ H � a cosh
x
a

� �
þ a ð7:3Þ

The length of the catenary curve (S) is solved by integrating Eq. 7.1 from 0 to L/2,
and multiplying by 2.

S ¼ 2a sinh L=2að Þ ð7:4Þ

The total weight (W ) of the arch is equal to the unit weight of the arch material
(γm) times the thickness (h), length (S), and width (b).

W ¼ γmShb ð7:5Þ

The vertical reactions at each base are equal to the total weight divided by 2.

Rv ¼ W=2 ð7:6Þ

The angle of the base reaction, which is also the angle of the base, is determined
by first taking the derivative of Eq. 7.1.

dy
dx

¼ sinh x=að Þ ð7:7Þ

Since,

y

x

x

H

H

a

L

Catenary curve

Catenary arch

Fig. 7.3 Catenary arch for uniform load (i.e., self-weight)
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dy
dx

¼ tan θ ð7:8Þ

The angle at the base of the arch is solved by equating Eqs. 7.7 and 7.8, and
setting x ¼ L/2.

θ ¼ tan �1 sinh L=2a½ � ð7:9Þ

The diagonal and the horizontal reactions are then determined (see Fig. 7.4).

R ¼ Rv= sin θ ð7:10Þ
Rh ¼ R cos θ ð7:11Þ

The forces in a catenary arch due to self-weight are predictable. The horizontal
forces are constant. Therefore, at the top of the arch, the axial force (Nt) is equal to
the horizontal force (Nh). The axial force varies linearly from the base to apex of the
arch (see Fig. 7.5, which illustrates the distribution of horizontal and axial forces).

R
Rv Rv

Rh Rh

W

R

Fig. 7.4 Reactions of a catenary arch subjected to self-weight

Fig. 7.5 Distribution of the
horizontal and axial forces
in a catenary arch

296 7 Catenary Arches and Domes

@seismicisolation@seismicisolation

https://t.me/seismicisolation


From these known force characteristics, the axial force in the arch may be
determined.

Knowing the axial force distribution, the force at the top of the arch is equal to:

Nt y¼Hð Þ ¼ Rh ð7:12Þ

Substituting Eqs. 7.10 and 7.11 into 7.12,

Nt y¼Hð Þ ¼ R cos θ ¼ Rv cos θ
sin θ

ð7:13Þ

where θ is the angle of the reaction at the base of the arch.
Expressing the above equation in terms of the weight of the arch:

Nt y¼Hð Þ ¼ W cos θ
2 sin θ

ð7:14Þ

Similarly, the axial force at the base of the arch is equal to the reaction.

Nt y¼0ð Þ ¼ R ð7:15Þ

Substituting 7.10 and 7.6,

Nt y¼0ð Þ ¼ Rv

sin θ
¼ W

2 sin θ
ð7:16Þ

The forces at the top and bottom of the arch (Eqs. 7.14 and 7.16) only differ by a
cosθ term in the numerator. Therefore, a general equation may be expressed in terms
of k, which distributes the forces from the bottom to the top of the arch.

Nt ¼ W
2 sin θ

k ð7:17Þ

The expression k is determined by applying the following boundary conditions:

y ¼ 0, k ¼ 1

y ¼ H, k ¼ cos θ

Since the distribution of force is linear, k takes the form:

k ¼ myþ c ð7:18Þ

Substituting the first boundary condition:

7.2 The Catenary Arch 297

@seismicisolation@seismicisolation

https://t.me/seismicisolation


1 ¼ m 0ð Þ þ c

c ¼ 1
ð7:19Þ

Substituting the second boundary condition:

cos θ ¼ m Hð Þ þ 1

m ¼ cos θ � 1
H

ð7:20Þ

Therefore,

k ¼ cos θ � 1
H

� �
yþ 1 ð7:21Þ

Substituting 7.21 into 7.17, the axial force is defined at all points y in the arch.

Nt ¼ W
2 sin θ

cos θ � 1
H

� �
yþ 1

� �
ð7:22Þ

Since the catenary arch is a pure compression form, and free of bending and
shears, the axial force is the only force determined, where

σt ¼ Nt

bh

7.3 The Funicular Arch

As previously stated, the pure compression shape for a uniform load (i.e., self-
weight) is a catenary arch. The analogy of a chain is a powerful tool to understand
the structural properties of a catenary. Likewise, the analogy of a chain may also be
used to define pure compression shapes of arches which are subjected to point loads.
If a chain is suspended between two points, and a point load is applied at some
location along the chain, the chain will form a triangle (assuming no self-weight or if
the self-weight is small compared to the magnitude of the point load), and the two
legs of the triangle will be in pure tension (see the lower triangle of Fig. 7.6). If the
links are locked and the chain is flipped upright, the stresses are reversed and in pure
compression (see upper triangle of Fig. 7.6). Since the chain is in pure compression,
the angles of the reactions are the same as the angles of the legs of the triangle.

The method used to define the shape of a funicular arch is a numerical solution
and is similar to the finite element method, where a series of elements are connected
together to form and analyze a structural shape. However, there are distinct
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differences between the two methods. Unlike the finite element method, the funic-
ular shape is not predetermined or known beforehand, nor is the number of elements/
segments known. At the start of the analysis, only the length of the first, or base
segment, is selected beforehand. As the analysis proceeds, segments are continu-
ously added to the profile. The catenary shape literally grows, or forms into a pure
compressive shape. During the analysis, the catenary will ascend from the initial
support and then descend to the second support, creating a unique pure compression
shape (Gohnert and Bradley 2020a, b).

7.3.1 Derivation of the Funicular Arch Theory, Using
an Iterative Approach

The solution is composed of two parts: The first part solves for a combined reaction
for the self-weight and all of the point loads applied to the catenary arch. The second
part of the analysis solves for the pure compressive shape of the catenary. This is
achieved by consecutively adding segments to the model, allowing the catenary to
grow naturally into a pure compression arch.

All arches will have self-weight and therefore a catenary arch will be initially
assumed, with point loads applied to the exterior. As depicted in Fig. 7.7, the
location of externally applied point loads (Pn) is assumed to be located along the
profile of the catenary arch. Any number of point loads may be applied to an arch,
thus the subscript (n), which is numbered according to the number of applied point

RL RR

Pn

S’ S”
β α

γ

αβ
L

Fig. 7.6 Triangular shape to support a point load in pure compression
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loads. The lengths of the legs of the triangle are defined as S0 and S00, and the angles
of the legs are respectively β and α. The left and right reactions (RL and RR) are also
depicted in Fig. 7.6, which are tangent to the angle of the leg of the triangle.

Referring to Fig. 7.7, and using the law of cosines for oblique triangles, the angles
of the reactions are determined.

α ¼ cos �1 S}2 þ L2 � S02

2S}L

� �
ð7:23Þ

β ¼ cos �1 S02 þ L2 � S}2

2S0L

� �
ð7:24Þ

The reactions are determined by formulating equilibrium equations in the x and
y directions.

X
Fx : Pn cos γ þ RL cos β � RR cos α ¼ 0 ð7:25ÞX
Fy : Pn sin γ � RL sin β � RR sin α ¼ 0 ð7:26Þ

Although we can form the arch from the left or right supports, the left support will
be assumed as the location of the start of the arch. Substituting Eqs. 7.26 into 7.25,
the reaction (RR) is determined.

RR ¼ Pn cos γ þ sin γ cot βð Þ
cos α 1þ tan α cot βð Þ ð7:27Þ

Substituting RR into Eq. (7.26), the reaction (RL) is solved.

RL

RR

Pn

S’ S”

β α

γ

αβ

L

Fig. 7.7 The location of the point load and geometry of the catenary curve
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RL ¼ Pn sin γ � RR sin α
sin β

ð7:28Þ

The base reactions, defined by Eqs. 7.27 and 7.28, are determined for every point
load applied to the arch.

It should be noted that this method is also applicable to arches only subjected to
self-weight, or continuous loads. A continuous load is modeled by dividing the load
into a series of point loads.

Once the reactions for each of the point loads are determined, the next step is to
sum the reactions, to solve for a single reaction. However, to enable the summation,
the reactions are split into vertical and horizontal components. Considering only the
left side of the arch,

RLv ¼
Xn
1

Rn
L sin βn ð7:29Þ

RLh ¼
Xn
1

Rn
L cos βn ð7:30Þ

where Rn
L are the reactions for each of the point loads applied to the arch. The number

of reactions will equal the number of point loads.
Equations 7.29 and 7.30 are then resolved back into a single reaction and angle.

RL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
Lv þ R2

Lh

q
ð7:31Þ

βL ¼ tan �1 RLv=RLhð Þ ð7:32Þ

If point loads are applied to a catenary arch, the pure compression shape will be a
distorted catenary, referred to as a funicular shape. The formation of the funicular
arch begins with the base segment. In this segment (see Fig. 7.8), all of the terms are
known except for T1, which is the magnitude of the axial thrust between the first and
second segments. Since the shape must be in pure compression, the segments have
only one degree-of-freedom, which is the axial thrust in the arch. Since the arch is in
pure compression, the angle of the axial thrust must be the same as the angle of the
segment.

The equilibrium equations of the base element are expressed in terms the com-
ponents of T1 (i.e., T1x and T1y).

Summing forces in the x-direction (refer to base segment Fig.7.8),

X
Fx : P1 cos γ1 þ RL cos β � T1x ¼ 0

or
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T1x ¼ P1 cos γ1 þ RL cos β ð7:33Þ

Summing forces in the y-direction,

X
Fy : P1 sin γ1 � RL sin β þ w1 þ T1y ¼ 0

or

T1y ¼ �P1 sin γ1 þ RL sin β � w1 ð7:34Þ

where w1 is the weight of the segment and P1 is an external load, if applied to the
segment.

The axial thrust and angle are given by 7.35 and 7.36.

T1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1x þ T2

1y

q
ð7:35Þ

Ɵ2 ¼ tan �1 T1y=T1x
	 
 ð7:36Þ

Equations 7.33 and 7.34 are the equilibrium equations for the base segment. For
subsequent segments (i.e., n¼ 2, 3, 4, . . .), the equations are identical, but expressed
in a general form:

Base segment

2nd segment

3rd segmentw3

w2

w1

P2

P3

P1

RL

T2

T3

T1 T1

θ2

θ3

Base angle 
β = θ1

T2

γ1

γ2

γ3

1

θ1

Fig. 7.8 Forming the funicular shape, starting with the base segment
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Tnx ¼ Pn cos γn þ Tn�1 cos θn ð7:37Þ
Tny ¼ �Pn sin γn þ Tn�1 sin θn � wn ð7:38Þ

where

Tn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
nx þ T2

ny

q
ð7:39Þ

θnþ1 ¼ tan �1 Tny=Tnx
	 
 ð7:40Þ

The growth of the funicular shape begins with the base segment. Subsequent
segments are added to the ends of the previous segments. Each subsequent segment
is solved to determine the axial thrust and angle of that segment. As arch segments
are added, the curve will grow upwards and then downward, forming an arch. The
adding of segments is only terminated when the segments reach the second support.

7.4 Membrane Theory of Catenary Domes

Catenary domes have gained in popularity over the last decade, but the shape is far
from new. Catenary shapes have been applied to dome design for at least 400 years.
The designs, however, were based on the study of hanging chains or graphical statics
(Block et al. 2006). Solutions are readily available for many dome shapes, such as
circular, elliptical, conical, and conoidal, but the derivation for the catenary shape is
lacking. Therefore, a complete derivation of the catenary dome is given for a
uniformly distributed load (gravity load) (Gohnert and Bradley 2020a, b). The
solution also includes a derivation for catenaries with a circular hole located at the
apex, frequently referred to as a skylight or oculus.

The theory presented is a membrane solution and does not include boundary
effects (Farshad 1992). A membrane solution is where all of the stresses are in-plane,
which includes meridian and hoop stresses. Boundary effects occur at the boundaries
and are caused by fixity at the base. This fixity causes bending and out-of-plane
shears, which may, or may not, significantly affect the stresses in the shell. However,
boundary effects at the base are minimal in catenary shells, compared to other dome
shapes.

7.4.1 Catenary Relationships

Shell stress equations are traditionally derived by formulating equilibrium equations,
i.e., summing forces in the meridian and hoop directions. These equations, however,
are usually derived in terms of angles (Billington 1982), but the catenary equation is
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in terms of Cartesian coordinates. Similar to the derivation of elliptical domes, the
relationship between the angles and coordinates must first be established.

The equation for a catenary arch (see Fig. 7.9) is given by Eq. 7.3.

y ¼ H � a cosh kð Þ þ a ð7:3Þ

where

k ¼ x=a ð7:41Þ

Taking the derivative of the curve equation 7.3,

dy
dx

¼ � sinh kð Þ ð7:42Þ

The differential element on the catenary dome is illustrated in Fig. 7.10, and a side
view of the element is given in Fig. 7.11. Referring to Fig. 7.11,

Fig. 7.9 The catenary curve
and arch

′

′ +
′

′
′

Fig. 7.10 Differential element in a catenary dome

304 7 Catenary Arches and Domes

@seismicisolation@seismicisolation

https://t.me/seismicisolation


dy
dx

¼ � tanϕ ð7:43Þ

Equating Eqs. 7.42 and 7.43,

tanϕ ¼ sinh kð Þ

or

ϕ ¼ tan �1 sinh kð Þ½ � ð7:44Þ

which defines the relationship between the angle ϕ and the x-coordinate.

7.4.2 Arch Length of the Catenary Curve

Using the arch length equation,

s ¼
Z x

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dy

dx

� �2
s

dx ð7:45Þ

Substituting Eq. (7.42),

s ¼
Z x

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh kð Þ½ �2

q
dx

The above equation is simplified by substituting the hyperbolic identity,

= x

Fig. 7.11 Side view of the differential element
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cosh 2 kð Þ ¼ 1þ sinh 2 kð Þ
s ¼

Z x

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh 2 kð Þ

q
dx

s ¼
Z x

0
cosh kð Þ dx

Integrating the above equation,

s ¼ a sinh kð Þ ð7:46Þ

Evaluating from x ¼ 0 to x ¼ L/2,

s ¼ a sinh
L
2a

� �
ð7:47Þ

However, Eq. 7.47 is only half of the arch length. The total length is double.

s ¼ 2a sinh
L
2a

� �
ð7:48Þ

7.4.3 Membrane Stress Equations

Several assumptions are applied to the solution of the catenary stress equations.

1. Only membrane stresses are considered. The stress distribution is assumed to be
in the plane of the shell and boundary effects are ignored. Bending and out-of-
plane shear stresses occur at the base of shells, which may be significant in some
dome shapes. However, boundary effects in catenary domes are minimal.

2. The loading is symmetrical and uniformly distributed. A membrane solution
initially includes the meridian, hoop, and in-plane shear stresses. Along the
meridian and hoop directions, the in-plane shears are zero for symmetrical
loading (Billington 1982) and drop from the equilibrium equations. To reduce
the complexity of the derivation, the self-weight of the shell is the only load case
considered.

3. The meridian stresses are independent of the hoop stresses, but the hoop stresses
are dependent on the meridian stresses. The meridian stresses are determined
from the weight and geometry of the dome, varies from apex to base, and are
independent of the hoop stresses. The hoop stresses, however, are dependent on
the meridian stresses, also varies from apex to base, but are constant around the
shell at y-coordinates.
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The meridian stress (N0
ϕ) is solved using the same approach used in the derivation

of circular domes (Billington 1982). Referring to Fig. 7.12, the meridian resultant
stress is equal to the total load R of a portion of the dome above point y, divided by
the perimeter length. The sin ϕ term aligns the load in the direction of the meridian
stress.

From classical circular dome theory,

N 0
ϕ ¼ �R

2πro sinϕ
ð7:49Þ

or

N 0
ϕ ¼ �R

2πx
cscϕ ð7:50Þ

where ro ¼ x (see Fig. 7.11)
Solving for R, which is achieved by summing the differential strips from y to the

apex of the dome (see Fig. 7.12).

R ¼
Z x

0
q 2πxð Þds ð7:51Þ

where q is the self-weight of the dome per unit area.
Referring to Fig. 7.11,

ds ¼ dx= cosϕ

ds ¼ secϕ dx
ð7:52Þ

Substituting 7.52 into 7.51, and rearranging,

′

Fig. 7.12 Weight of the dome cap above y

7.4 Membrane Theory of Catenary Domes 307

@seismicisolation@seismicisolation

https://t.me/seismicisolation


R ¼ 2πq
Z x

0
x secϕdx

Replacing ϕ with Eq. 7.44,

R ¼ 2πq
Z x

0
x sec tan �1 sinh kð Þ½ �� �

dx

Since,

cosh kð Þ ¼ sec tan �1 sinh kð Þ½ �� � ð7:53Þ

R ¼ 2πq
Z x

0
x cosh kð Þdx

Integrating the above expression, and evaluating the results from 0 to x,

R ¼ 2πq ax sinh kð Þ � a2 cosh kð Þ þ a2 þ c

 �

The constant c is determined from boundary conditions.
At x ¼ 0, R ¼ 0 and c ¼ 0.
Therefore,

R ¼ 2πqa2 k sinh kð Þ � cosh kð Þ þ 1½ � ð7:54Þ

where k ¼ x/a, as defined previously.
Substituting the total weight R of the dome cap into Eq. 7.50, and replace ϕ with

Eq. 7.44,

N 0
ϕ ¼ �2πqa2 k sinh kð Þ � cosh kð Þ þ 1½ �

2πx
csc tan �1 sinh kð Þ½ �� �

Since,

coth kð Þ ¼ csc tan �1 sinh kð Þ½ �� � ð7:55Þ

N 0
ϕ ¼ �qa2

k
x

� �
sinh kð Þ � 1

x

� �
cosh kð Þ þ 1

x

� �� �
coth kð Þ

N0
ϕ ¼ � qa

k
coth kð Þ k sinh kð Þ � cosh kð Þ þ 1½ � ð7:56Þ

The k value in the denominator makes the solution undefined at x ¼ 0 (i.e., at the
apex of the dome). However, a solution at the apex is possible by setting x equal to a
small value.
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The solution for the hoop stresses are determined by summing forces in the x-
direction, i.e., along the line x-x’ of Fig. 7.13. The equilibrium equation is formu-
lated by multiplying the resultant stresses by the lengths of the differential element
(Billington 1982). The edge lengths of the differential element are given in Fig. 7.14.

Referring to Figs. 7.13 and 7.14, sum forces in the x-direction.

22

′

′ +
′

′

′

′ ′

Side view of  the 
differential element

Top view of  the 
differential element

x

Fig. 7.13 Resultant stresses and geometry of a differential element

+

Fig. 7.14 Edge lengths of
the differential element
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� N 0
ϕ cosϕ

� �
rodθ þ N 0

ϕ cos ϕþ dϕð Þ þ
∂ N 0

ϕ cos ϕþ dϕð Þ
� �

∂s
ds

2
4

3
5

� ro þ ∂ro
∂s

ds

� �
dθ � N 0

θ sin
dθ
2

� �
ds� N 0

θ sin
dθ
2

� �
ds

¼ 0

Expand the above equilibrium equation.

� N 0
ϕ cosϕ

� �
rodθ þ N 0

ϕ cos ϕþ dϕð Þ
h i

rodθ þ N 0
ϕ cos ϕþ dϕð Þ

h i∂ro
∂s

ds dθ

þ
∂ N 0

ϕ cos ϕþ dϕð Þ
h i

∂s
ds rodθ þ

∂ N 0
ϕ cos ϕþ dϕð Þ

h i
∂s

ds
∂ro
∂s

ds dθ

� N 0
θ sin

dθ
2

� �
ds� N 0

θ sin
dθ
2

� �
ds

¼ 0

Simplify by eliminating the first and second terms and assume sin dθ
2

	 
 � dθ
2

	 

and cos(ϕ + dϕ) � cos ϕ for small angles, allowing the last two terms to be
combined. Furthermore, the fifth term is a higher order term, and may be dropped
to simplify the equation.

N 0
ϕ cosϕ

� �∂ro
∂s

ds dθ þ
∂ N 0

ϕ cosϕ
� �

∂s
rods dθ � N 0

θ ds dθ ¼ 0

Furthermore, the first two terms are combined using the product rule.

∂ N 0
ϕ cosϕ r0

� �
∂s

ds dθ � N 0
θ ds dθ ¼ 0

Divide by ds dθ and rearrange.

N 0
θ ¼

∂ N 0
ϕ cosϕ r0

� �
∂s

ð7:57Þ

The above expression indicates the dependency of the hoop on the meridian
stress. In addition, the formation of the relationship signifies that the solution is
statically determinate (Heyman 1967).

Replace,
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r0 ¼ x

ϕ ¼ tan �1 sinh kð Þ½ � ð7:44Þ

Therefore,

N 0
θ ¼

∂ N 0
ϕ x cos tan �1 sinh kð Þ½ �� �� �

∂s

Since,

sech kð Þ ¼ cos tan �1 sinh kð Þ½ �� � ð7:58Þ

N 0
θ ¼

∂ N 0
ϕxsech kð Þ

h i
∂s

ð7:59Þ

Substituting the meridian stress Eqs. 7.56 into 7.59,

N 0
θ ¼

∂ � qa
k coth kð Þ k sinh kð Þ � cosh kð Þ þ 1½ �xsech kð Þ
 �

∂s

Simplify using the following hyperbolic identities:

coth kð Þsech kð Þ ¼ csch kð Þ
csch kð Þ sinh kð Þ ¼ 1

csch kð Þ cosh kð Þ ¼ coth kð Þ

N 0
θ ¼

∂ �qa2 k � coth kð Þ þ csch kð Þ½ �� �
∂s

In the above equation a disparity exists, since k is in terms of x and the derivative
is with respect to the arch length s. However, the relationship between s and x was
previously defined,

s ¼ a sin h kð Þ ð7:46Þ

or

k ¼ sin h�1 s
a

� �
ð7:60Þ

Taking the derivative of Eq. 7.60,
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dk
ds

¼ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s

a

	 
2q ð7:61Þ

where

s
a
¼ sinh kð Þ ð7:62Þ

Replacing the value of k and pulling the constants out of the derivative,

N 0
θ ¼ �qa2

∂ sinh �1 s
a

	 
� coth sinh �1 s
a

	 

 �þ csch sinh �1 s
a

	 

 �� �
∂s

Take the derivative of the above expression using the technique of derivative
substitution.

N 0
θ ¼ �qa2

1=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s

a

	 
2q þ
1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q csch2 sinh �1 s
a

� �h i8><
>:

�
1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q csch sinh �1 s
a

� �h i
coth sinh �1 s

a

� �h i9>=
>;

Since,

k ¼ sinh �1 s
a

� �
ð7:60Þ

s
a
¼ sinh kð Þ ð7:62Þ

Make this substitution and rearrange,

N 0
θ ¼ � qaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinh 2 kð Þ
q 1þ csch2 kð Þ � csch kð Þcoth kð Þ
 �

Using the hyperbolic identities,

cosh 2 kð Þ ¼ 1þ sinh 2 kð Þ
1

cosh kð Þ ¼ sech kð Þ
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N 0
θ ¼ �qasech kð Þ 1þ csch2 kð Þ � csch kð Þcoth kð Þ
 �

Using the additional identities,

csch2 kð Þ þ 1 ¼ coth2 kð Þ
sech kð Þcoth kð Þ ¼ csch kð Þ
coth kð Þ ¼ cosh kð Þcsch kð Þ

N 0
θ ¼ �qasech kð Þ coth2 kð Þ � csch kð Þcoth kð Þ
 �

N 0
θ ¼ �qacsch kð Þ coth kð Þ � csch kð Þ½ �
N0

θ ¼ �qa csch2 kð Þ cosh kð Þ � 1½ � ð7:63Þ

7.4.4 Membrane Stress Equation for a Dome with an Oculus

The theory assumes that the oculus or skylight is concentric, circular, and located at
the apex of the dome. The meridian stress is derived by calculating the weight of the
dome cap, and distributing this load over the perimeter. The same stress equations
are used, but the stress will be calculated by subtracting the weight of the removed
dome cap (see Fig. 7.15) from the total weight. The x-coordinate, defining opening
of the oculus, is equal to xo. Therefore, the weight of the removed dome cap is equal
to a constant.

/2 /2

Fig. 7.15 Catenary dome
with an oculus
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Ro ¼ 2πqa2 ko sinh koð Þ � cosh koð Þ þ 1½ � ð7:64Þ

where

ko ¼ xo
a

ð7:65Þ

The meridian stress for a catenary with an oculus may therefore be defined.

N 0
ϕ ¼ � R� Roð Þ

2πx
cscϕ ð7:66Þ

Substituting the total weight R (Eq. 7.54) and replacing ϕ with Eq. 7.44,

N 0
ϕ ¼ �2πqa2 k sinh kð Þ � cosh kð Þ þ 1½ � þ Ro

2πx
csc tan �1 sinh kð Þ½ �� �

Since,

coth kð Þ ¼ csc tan �1 sinh kð Þ½ �� � ð7:67Þ

N 0
ϕ ¼ �qa2

k
x
sinh kð Þcoth kð Þ � 1

x
cosh kð Þcoth kð Þ þ 1

x
coth kð Þ

� �
þ Rocoth kð Þ

2πx

N 0
ϕ ¼ �q a sinh kð Þcoth kð Þ � a

k
cosh kð Þcoth kð Þ þ a

k
coth kð Þ

h i
þ Rocoth kð Þ

2πx

N0
ϕ ¼ � qa

k
coth kð Þ k sinh kð Þ � cosh kð Þ þ 1� Ro

2πa2q

� �
ð7:68Þ

The above equation for the meridian stress only changes by the inclusion of the
last term.

Similarly, solving for the hoop stresses,

N 0
θ ¼

∂ N 0
ϕxsech kð Þ

h i
∂s

ð7:59Þ

Substituting Eq. 7.66,

N 0
θ ¼

∂
∂s

� R� Roð Þ
2πx

cscϕxsech kð Þ
� �

Replacing csc ϕ with Eq. (7.67),
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N 0
θ ¼

∂
∂s

� R� Roð Þ
2πx

coth kð Þxsech kð Þ
� �

Using the hyperbolic identity and simplify,

csch kð Þ ¼ coth kð Þsech kð Þ

N 0
θ ¼

∂
∂s

� R� Roð Þcsch kð Þ
2π

� �

Substitute the equation for R.

N 0
θ ¼

∂
∂s

� 2πqa2 k sinh kð Þ � cosh kð Þ þ 1½ �csch kð Þ
2π

þ Rocsch kð Þ
2π

� �

Since,

sinh kð Þcsch kð Þ ¼ 1

cosh kð Þcsch kð Þ ¼ coth kð Þ

N 0
θ ¼ �qa2

∂
∂s

k � coth kð Þ þ csch kð Þ � Ro

2πqa2
csch kð Þ

� �

Replacing k in terms of the arch length s,

k ¼ sinh �1 s
a

� �
ð7:60Þ

N 0
θ ¼ �qa2

∂
∂s

sinh �1 s
a

� �
� coth sinh �1 s

a

� �h i
þ csch sinh �1 s

a

� �h in
Ro

2πqa2
csch sinh �1 s

a

� �� ��

Taking the derivative,
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N 0
θ ¼ �qa2

1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q þ
1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q csch2 sinh �1 s
a

� �h i8><
>: �

1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q csch sinh �1 s
a

� �h i
coth sinh �1 s

a

� �h i
þ

1
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
a

	 
2q Ro

2πqa2
csch sinh �1 s

a

� �h i
coth sinh �1 s

a

� �h i9>=
>;

where

dk
ds

¼ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s

a

	 
2q ð7:61Þ

Expressing the equation in terms of x and k and rearranging,

k ¼ sinh �1 s
a

� �
ð7:60Þ

s
a
¼ sinh kð Þ ð7:62Þ

N 0
θ ¼ � qaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinh 2 kð Þ
q 1þ csch2 kð Þ��

csch kð Þcoth kð Þ þ Ro

2πqa2
csch kð Þcoth kð Þ

�

Simplifying using the identities,

cosh 2 kð Þ ¼ 1þ sinh 2 kð Þ
1

cosh kð Þ ¼ sech kð Þ

sech kð Þcoth kð Þ ¼ csch kð Þ

N 0
θ ¼ �qa sech kð Þ þ csch2 kð Þsech kð Þ � csch2 kð Þ þ Ro

2πqa2
csch2 kð Þ

� �

N 0
θ ¼ �qa sech kð Þ 1þ csch2 kð Þ
 �� csch2 kð Þ 1� Ro

2πqa2

� �� �

Substituting the identity,
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csch2 kð Þ þ 1 ¼ coth2 kð Þ

N 0
θ ¼ �qa sech kð Þ coth2 kð Þ � csch2 kð Þ 1� Ro

2πqa2

� �� �

Since,

sech kð Þ coth2 kð Þ ¼ cosh kð Þ csch2 kð Þ

N0
θ ¼ �qa csch2 kð Þ cosh kð Þ � 1þ Ro

2πqa2

� �
ð7:69Þ

7.5 Worked Examples

7.5.1 Arch Subjected to a Uniform Gravity Load

The optimum pure compressive shape for an arch or vault, subjected to a uniform
load, is a catenary curve. The accuracy of the catenary solution (Sect. 7.2) and the
funicular analysis method (Sect. 7.3) are verified by comparing the solutions with the
hyperbolic catenary equation (Eq. 7.22).

The geometry and material density of the arch:

H ¼ 3 m
L ¼ 3 m
b ¼ 1 m (unit width)
a ¼ 0.608149905
γm¼ 1900 kg/m3 or 18.639 kN/m3

h ¼ 0.250 m

The value of “a” was solved by iterating Eq. 7.2.
Solving for the length of the arch.

S ¼ 2a sinh L=2að Þ ¼ 2 0:60815ð Þ sinh 3
2 0:60815ð Þ

� �
¼ 7:113 m ð7:4Þ

From the length, the total weight of the arch (per m width) is determined.

W ¼ γmShb ¼ 18:639 7:113ð Þ 0:25 1ð Þ ¼ 33:145 kN ð7:5Þ

The vertical reactions are half of the total weight.
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Rv ¼ W
2
¼ 33:145

2
¼ 16:573 kN ð7:6Þ

Solving for the angle at the base of the arch,

θ ¼ tan �1 sinh L=2a½ � ¼ tan �1 sinh 3=2 0:60815ð Þ½ � ¼ 80:297o ð7:9Þ

With the angle at the base solved, the reaction is determined.

R ¼ Rv

sin θ
¼ 16:573

sin 80:297
¼ 16:813 kN ð7:10Þ

The remaining term is the horizontal component of the reaction.

Rh ¼ R cos θ ¼ 16:813 cos 80:297 ¼ 2:834 kN ð7:11Þ

From the reactions, the internal stress is solved, as a function of height.

Nt ¼ W
2 sin θ

cos θ � 1
H

� �
yþ 1

� �

¼ 33:15
2 sin 80:30

cos 80:30� 1
3

� �
yþ 1

h i
ð7:22Þ

The above equation is solved in increments of 0.5 m, and given in Table 7.1 under
the heading catenary method.

Table 7.1 Stress results of the catenary and funicular arch methods

x
(m)

y
(m)

Nt (Catenary
Method Eqn.
7.22)
(kN/m)

Nt (Funicular method)
(74 segments)
(kN/m)

Nt (Funicular method) (714
segments)
(kN/m)

0 0 16.81 16.81 16.81

0.73 0.5 14.48 14.52 14.48

0.99 1.0 12.15 12.25 12.15

1.16 1.5 9.82 9.99 9.81

1.30 2.0 7.49 7.35 7.48

1.41 2.5 5.16 5.28 5.16

1.50 3.0 2.83 2.84 2.83

1.59 2.5 5.16 5.23 5.19

1.70 2.0 7.49 7.73 7.51

1.84 1.5 9.82 9.93 9.84

2.01 1.0 12.15 12.19 12.19

2.27 0.5 14.48 14.92 14.51

3.00 0 16.81 17.21 16.84
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The funicular arch method is also applied to the same arch. The accuracy of this
method is dependent on the size of each segment, or element—the smaller the
segments, the higher the accuracy. The method requires that the base segment is
calculated first. The result of the calculation is then used to calculate the axial thrust
and angular orientation of the next segment. This process is repeated again and
again, allowing the shape to form, rising and descending to the second support. In
this example, the same geometry and material density is used. The length of each
segment is 100 mm in length, corresponding to a course of bricks.

Base segment, n ¼ 1
Similarly to the catenary arch method (Sect. 7.2), the reaction (R) and angle of the

reaction (θ1) is determined using Eqs. 7.9 and 7.10 (see Fig. 7.16). Since we are
solving the same arch, the results will be similar, or identical.

θ1 ¼ 80:297
� ð7:9Þ

R ¼ 16:813 kN ð7:10Þ

Since the arch is only subjected to self-weight, the external load (P1) is zero. The
value w1 is the self-weight of the segment.

w1 ¼ γmS1h ¼ 18:630 0:1ð Þ0:25 ¼ 0:466 kN

Solving for the reaction T1,

T1x ¼ P1 cos γ1 þ RL cos β ¼ 0 cos γ1 þ 16:813 cos 80:297 ¼ 2:834 kN ð7:33Þ
T1y ¼ �P1 sin γ1 þ RL sin β � w1

¼ �0 sin γ1 þ 16:813 sin 80:297� 0:466 ¼ 16:107 kN ð7:34Þ

Solving for the resultant reaction and angle,

T1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1x þ T2

1y

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:834ð Þ2 þ 16:107ð Þ2

q
¼ 16:354 kN ð7:35Þ

Base segment

16.813

T1

γ1γ1

1 = 0.466

1 = 0

Fig. 7.16 Base segment
geometry of stresses
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Ɵ2 ¼ tan �1 T1y=T1x
	 
 ¼ tan �1 16:107

2:834

� �
¼ 80:021

� ð7:36Þ

Second element, n ¼ 2
The above equations complete the analysis of the first segment, or base element.

The second segment is then added to the first segment, and the solution is given by
solving for Eqs. 7.37, 7.38, 7.39, and 7.40.

w2 ¼ γmS2h ¼ 18:630 0:1ð Þ0:25 ¼ 0:466 kN

T2x ¼ 0 cos γn þ 16:354 cos 80:021 ¼ 2:834 kN ð7:37Þ
T2y ¼ 0 sin γn þ 16:354 sin 80:021� 0:466 ¼ 15:641 kN ð7:38Þ

T2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:834ð Þ2 þ 15:641ð Þ2

q
¼ 15:895 kN ð7:39Þ

θ3 ¼ tan �1 15:641
2:834

� �
¼ 79:730

� ð7:40Þ

The above calculation sequence is repeated, adding elements and thus allowing
the growth of the arch. The arch will automatically rise and fall to the second
support. The results of the calculations are given in Table 7.1, applying both the
catenary and funicular methods.

As seen in Table 7.1, the funicular method provides a good approximation of the
catenary curve. It is also evident that the funicular method converges to the exact
solution, as the number of segments is increased. When plotted (Fig. 7.17), both

0

0.5

1

1.5

2

2.5

3

3.5

0 0.5 1 1.5 2 2.5 3 3.5

Y 
(m

)

X (m)

Fig. 7.17 Comparison of the catenary and funicular solutions
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methods produce an almost identical curve. From Table 7.1, it is also apparent that
the solution improves as the size of the segment decreases.

7.5.2 Arch Subjected to a Uniform Gravity Load
and a Point Load

The power of funicular arch method is its application to arches with point loads. Pure
compression shapes may be determined for any number, or orientation, of point
loads.

To demonstrate this method, 5 kN load is applied to the catenary arch example
(see Fig. 7.18). The load is applied 500 mm from the center, and orientated at an
angle of 60� from the horizontal.

The first step is to determine the height of the point load.

y ¼ H � a cosh
x
a

� �
þ a ¼ 3� 0:60815 cosh

0:5
0:60815

� �
þ 0:60815

¼ 2:783 m ð7:3Þ

Next, length S0 and S00 are determined using Pythagoras theorem.

S0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 þ 2:7832

p
¼ 2:957 m

RL

RR

5 kN

S’
S”

β α

60
o

αβ

3000

500

Fig. 7.18 Geometry of the point load
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S} ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 2:7832

p
¼ 3:427 m

Solving for the angles α and β,

α ¼ cos �1 S}2 þ L2 � S02

2S}L

� �
¼ cos �1 3:427ð Þ2 þ 32 � 2:957ð Þ2

2 3:427ð Þ 3
� �

¼ 54:294
� ð7:23Þ

β ¼ cos �1 S02 þ L2 � S}2

2S0L

� �
¼ cos �1 2:957ð Þ2 þ 32 � 3:427ð Þ2

2 2:957ð Þ 3
� �

¼ 70:233
� ð7:24Þ

Solving for the reaction of the point loads,

RR ¼ P1 cos γ þ sin γ cot βð Þ
cosα 1þ tan α cot βð Þ ¼ 5 cos 60þ sin 60 cot 70:233ð Þ

cos 54:294 1þ tan 54:294 cot 70:233ð Þ
¼ 4:633 kN ð7:27Þ

RL ¼ Pn sin γ � RR sin α
sin β

¼ 5 sin 60� 5:111 sin 54:294
sin 70:233

¼ 0:699 kN ð7:28Þ

Using the left reaction, the horizontal and vertical components of the point load
are solved and added to the self-weight reactions of the catenary arch.

RLv ¼ Rv þ
X1
1

R1
L sin β1 ¼ 16:573þ 0:699 sin 70:233 ¼ 17:231 kN ð7:29Þ

RLh ¼ Rh þ
X1
1

R1
L cos β1 ¼ 2:834þ 0:699 cos 70:233 ¼ 3:070 kN ð7:30Þ

After all the reactions are summed (in this case only one point load reaction and
the self-weight reaction), a single reaction is determined.

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
Lv þ R2

Lh

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17:2312 þ 3:0702

p
¼ 17:502 kN ð7:31Þ

β ¼ θ1 ¼ tan �1 17:231=3:070ð Þ ¼ 79:896
� ð7:32Þ

The calculation sequence is identical to the previous calculation.
Base segment, n ¼ 1
Since only one point load is applied to the arch and located 1m from the left

support, the external load (P1) is zero. The value w1 is calculated assuming a height
of 10 mm. Higher accuracy is achieved by reducing the size of the segment.
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w1 ¼ γmS1h ¼ 18:639 0:01ð Þ0:25 ¼ 0:0466 kN

Solving for the reaction T1,

T1x ¼ P1 cos γ1 þ RL cos β ¼ 0 cos γ1 þ 17:502 cos 79:896 ¼ 3:070 kN ð7:33Þ
T1y ¼ �P1 sin γ1 þ RL sin β � w1

¼ �0 sin γ1 þ 17:502 sin 79:896� 0:0466 ¼ 17:408 kN ð7:34Þ

T1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1x þ T2

1y

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:070ð Þ2 þ 17:184ð Þ2

q
¼ 17:408 kN ð7:35Þ

Ɵ1 ¼ tan �1 T1y=T1x

	 
 ¼ tan �1 17:184
3:070

� �
¼ 79:870

� ð7:36Þ

The subsequent elements (i.e., n ¼ 2, 3, 4, . . .) are solved in the same manner as
set out in the previous example. However, the point load is reached after the
300 segment is added to the arch, i.e., x ¼ 1 m.

w300 ¼ γ300S300h ¼ 18:639 0:01ð Þ0:25 ¼ 0:0466 kN

T300x ¼ 5 cos 60þ 4:534 cos 46:79 ¼ 5:604 kN ð7:37Þ
T300y ¼ 5 sin 60þ 4:534 sin 46:79� 0:0466 ¼ �1:072 kN ð7:38Þ

T300 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5:427ð Þ2 þ �1:235ð Þ2

q
¼ 5:566 kN ð7:39Þ

θ301 ¼ tan �1 �1:072
5:604

� �
¼ �10:829

� ð7:40Þ

On close inspection, at the point load, the arch takes a sudden change in direction,
and curves downward. The second base is reached after 703 segments are added to
the base segment. The solution is illustrated in Fig. 7.19, together with the catenary
arch without the 5 kN point load (dashed line). If the arch is only subjected to a point
load, the shape would be triangular. However, the arch has a self-weight and
therefore the shape is a pointed catenary arch.

In Fig. 7.19, it is observed that the curve leans into point load, which is necessary
to ensure that the arch is in pure compression.

An important aspect of the funicular solution is that the growth of the curve
ascended and descended to a second support. When this occurs, the arch will be in
pure compression. However, a divergent solution (i.e., the arch never descends to the
second support) indicates that a pure compression arch is not possible for the given
set of loads.

7.5 Worked Examples 323

@seismicisolation@seismicisolation

https://t.me/seismicisolation


7.5.3 Membrane Solution of a Catenary Dome Subjected
to Gravity Load

The theory for a catenary dome is solved using only two membrane equations. Since
catenary domes are pure compression shapes and the boundary effects are minimal,
only the membrane solution is usually required.

h ¼ 0.1 m
H ¼ 3 m
L ¼ 6 m
γ ¼ 19.5 kN/m3

q ¼ 19.5(0.1) ¼ 1.95 kN/m2

a ¼ 1.85627768331

The scaling factor “a” is determined using Eq. 7.2, and the y coordinate is
determined using 7.3.

Using Eq. 7.56 to solve the meridian stresses,

N 0
ϕ ¼ � 1:95 1:85628ð Þ2

x
coth

x
1:85628

� �
� x

1:85628
sinh

x
1:85628

� �
� cosh

x
1:85628

� �
þ 1

h i
ð7:56Þ

and Eq. 7.63 for the hoop stresses,

0

0.5

1

1.5

2

2.5

3

3.5

0 0.5 1 1.5 2 2.5 3 3.5

Y 
(m

)

X (m)

Fig 7.19 The funicular shape of a catenary arch subjected to a single point load
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N 0
θ ¼ �1:95 1:85628ð Þ csch2 x

1:85628

� �
cosh

x
1:85628

� �
� 1

h i
ð7:63Þ

The stresses are determined (see Table 7.2) and the graphs are given in Figs. 7.20
and 7.21.

As seen from the solution, the meridian and hoop stresses are entirely compres-
sive. The stresses in the catenary shape differs significantly from the circular
hemisphere, where hoop tensions occur in the lower portion of the shell. Although
a boundary solution was not derived, the boundary effect are small in catenary
domes, compared to other dome shapes.

Table 7.2 Resultant stresses
in a catenary dome (from apex
to base)

x (m) y (m)
N0

ϕ

(kN/m)
N 0

θ

(kN/m)

0.00 3.00 �1.81 �1.81

0.25 2.98 �1.83 �1.80

0.50 2.93 �1.89 �1.78

0.75 2.45 �1.99 �1.74

1.00 2.72 �2.13 �1.68

1.25 2.56 �2.32 �1.62

1.50 2.36 �2.56 �1.54

1.75 2.11 �2.86 �1.46

2.00 1.81 �3.22 �1.37

2.25 1.46 �3.66 �1.28

2.50 1.05 �4.19 �1.19

2.75 0.56 �4.82 �1.09

3.00 0.00 �5.55 �1.00
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N' Meridian StressesFig. 7.20 Meridian stresses
in the catenary dome
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7.6 Exercises

7.6.1. Determine the axial forces (axial thrust) of a catenary vault. Only consider a
1 m wide section, using the following parameters in the analysis:

H ¼ 3 m
L ¼ 6 m
b ¼ 1 m
γm¼ 1900 kg/m3 or 18.639 kN/m3
h ¼ 0.125 m

Solve for the arch axial thrusts in y increments of 0.5 m.

7.6.2. Resolve for the axial forces of exercise 7.6.1, with a reduced height of H ¼
1 m. Maintain the same length of catenary curve (S is equal for both
problems). Draw conclusions concerning the effect of reducing the height.

7.6.3. Using the funicular iteration method for solving arches, program the theory in
a spreadsheet or alternative programing language. Resolve exercise 7.6.1. Use
a segment length of 500 mm, compare the funicular iteration method with the
catenary equations. Graphically compare the geometric configurations and
tabulate the axial thrusts.

7.6.4. Repeat exercise 7.6.3, but with a segment length of 50 mm.
7.6.5. Repeat exercise 7.6.4, but with a vertical point load of 5 kN placed at the apex

of the catenary curve (pointing down). Graph the predicted geometry of the
pure compression shape, and tabulate the axial forces.

7.6.6. Solve for the membrane stresses of a concrete catenary dome, based on the
following parameters:
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N' Hoop StressesFig. 7.21 Hoop stresses in
the catenary dome
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H ¼ 2.5 m
L ¼ 6 m
q ¼ 4.69 kN/m2

h ¼ 100 mm

Compare the results with the worked example 4.8 for a circular dome. Tabulate
the membrane resultant stresses, and draw conclusions concerning the efficiency of
catenary domes.

7.6.7. Resolve exercise 7.6.6, but with an oculus radius of 500 mm.
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Index

A
Arch subjected to uniform gravity

load, 317–323
Arching action, 28

B
Barrel shell/barrel vault

configuration, 215, 216
deformation theory (see Deformation

theory)
edge beams (see Edge beams)
free edges, 279–283
mathematical derivation, 215
membrane stresses, 216
membrane theory (see Membrane theory)
shorter shells, 216

Barrel shells
free edges, 275, 276
with edge beams, 276–278

Base segment geometry, 319
Basic optimal shapes, 30
Beam flexural theory, 267
Bending moments, 134, 161, 260, 269
Biharmonic deep-beam equations, 243
Biharmonic operator, 242, 245, 246, 248,

249, 256
Boundary conditions, 221, 233, 236, 249, 255,

259, 270, 273
Boundary effects, 16, 165, 166, 212, 216,

222, 247
centroid, 123
complementary solution, 247
construction materials, 123
deformations, 154

equilibrium equations, 124
equilibrium equations

simplification, 133, 134
equilibrium of moments, hoop

direction, 129, 130
equilibrium of moments, meridian direction,

131, 132
equilibrium, hoop direction, 124, 125
equilibrium, meridian direction, 125, 126
equilibrium, z-direction, 127, 128
general solution, deformations, 259
hoop tension, 123
membrane stresses, 124
moments, shears and stresses, 260–262,

264–266
particular solution, 255
ring beam/foundation, 124
stresses, 123, 236–241, 243–247

Boundary effects theory, 222
Boundary errors/boundary conditions, 236
Boundary theory, 124
Boussinesq-Flamant distribution, 24
Boussinesq-Flamant equation, 24, 26
Brittle materials, 248

C
Catenary arch, 26, 27, 294
Catenary arch method, 319
Catenary domes

arch length equation, 305, 306
boundary conditions, 308
boundary effects, 303
derivative substitution, 312
differential element, 304, 309

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
M. Gohnert, Shell Structures, https://doi.org/10.1007/978-3-030-84807-1

347

@seismicisolation@seismicisolation

https://doi.org/10.1007/978-3-030-84807-1#DOI
https://t.me/seismicisolation


Catenary domes (cont.)
differential strips, 307
disparity, 311
distributed load, 303
dome cap, 308
dome design, 303
equilibrium equation, 310
first and second terms, 310
hoop stress, 309
hyperbolic identities, 311, 312
membrane solution, 303
membrane stress equations, 306, 307
meridian stress, 310, 311
Oculus, 313–316
relationships, 303–305
subjected to gravity load, 324–327

Catenary shape
arch equation, 294
axial force distribution, 297
base angle, 296
boundary condition, 297
curve, 295
general equation, 297
hanging chain, 294
horizontal forces, 296
horizontal reactions, 296
parabolic shape, 294
pure compression form, 298
vertical reactions, 295

Chain analogy, 298
Circular arch shell, 215
Circular dome

boundary effects (see Boundary effects)
derivation, 200
displacement (see Displacement theory)
equations, 195, 197
equilibrium equation, 200
geometrical dimensions, 211
geometry, 113, 199
membrane theory (see Membrane theory)
meridian direction, 200
parameters, 211
profiles, 86
shell deformations and Stresses, 149
spherical segments, 86

Circular dome theory, 184, 185
Circumferential/hoop strain, 109, 110
Classical circular dome theory, 307
Compatibility equations, 154, 278, 286

bending moment, 141
components, 271–274
deformation and stress equations, 143–145
displacements and rotations, 141

fixed base, 140, 142
horizontal compatibility, 270
pinned base, 143
sliding base, 143
solution of the Nϕ term, 145–149
vertical compatibility, 270

Complementary solution, 247, 252, 255
Compression strength, 16
Compression stress, 35
Compression structures, 29, 293
Compression test, 14
Conical dome

angle and slope length, 211
configuration, 183
derivation, 182
gravity load, 182
height and base radius, 210
hoop direction, 184
total load, 183
trigonometric identity, 184, 185

Conical internal dome, 30
Conical shell

dome (see Conical dome)
orientation, 166
water reservoir (see Conical water reservoir)

Conical water reservoir
differential element, 167, 168
equilibrium, hoop direction, 168–170
equilibrium, y-direction, 170, 171
equilibrium, z-direction, 171, 172
gravity loads, 174–176
membrane stresses, 173, 174
top and bottom lengths, 167
water loads, 177, 178
wind loads, 178–181

Conoidal dome
differential ring, 195, 197
equations, 197, 208
errors, 212
off-set circular shapes, 196
parameters, 208
pointed dome, 195
radial geometry, 195, 196
solution, 208
vertical and hoop stresses, 209
vertical stresses, 197

Construction materials, flawed nature
brittle materials, 19, 22
compressions and tensions, 22
crack length, 19
crack propagation, 17
cracked section, 21
dissipated energy, 19
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durable structures, 22
flow of stress, 17
fracture stress, 19
magnitudes, 19
reinforced concrete, 16
solid materials, 20
stress intensity, 19
stress redistribution, 20
tensile strength, 16, 17
tension stress, 17

Continuous load, 29, 30, 301
“Cook book” approach, 149
Crack tip, 18, 19, 21
Curvature, 215, 238, 239
Cylindrical dome theory, 192
Cylindrical shell

boundary effects
circumferential equilibrium, 55
differential element, 55
displacement theory, 65–70
moment equilibrium equation,

horizontal direction, 58
moment equilibrium equation, vertical

direction, 60
radial equilibrium, 57
stress equations (see Stress equations)
symmetrical loading, 61
vertical equilibrium, 57

compatibility equations
boundary shear and moment, 71
pinned base, 71
sliding base, 72

deformation and stress
base reactions, 72, 74
boundary effects, 73, 77
constants, 73, 76
Distribution of, 78
membrane deformations, 73, 77
membrane stresses, 74, 78
moments and shears, 74
total deformations, 74, 77

displacements
Granular Materials, 54
liquid pressure, 53

hoop stress, 39
membrane stress

circumferential equilibrium, 42
deformation of a differential element, 51
differential element, 40, 41
equations, 45
granular materials, 49
gravity load, 47
liquid pressure, 48

radial equilibrium, 44
vertical equilibrium, 43

strains, 50
vertical stress, 39

Cylindrical shell equations, 144
Cylindrical shell theory, 135, 145, 216

D
Dead load factor, 153
Deflections, 109
Deformation theory

differential element, 222
horizontal and vertical, 234, 235
membrane stresses, 228–233
rotations in x-direction, 223, 224
shear strain, 227, 228
strain in x-direction, 224, 225
strains in ϕ-Direction, 225–227
total strains in ϕ-Direction, 227
translations and rotations

in z-direction, 223, 224
Deformations

general solution, 259
Derivatives, 165, 179, 186
Diagonal failure, 13
Differential element, 217, 222, 225–228, 236,

238, 239
Differential equation, 114
Differential ring, 197
Displacement theory

circumferential strain, 109, 110
differential element, 109, 110
general equations, deflections and slopes

cylindrical shell theory, 113, 114
differential equation, 114
horizontal deformations, 116, 117, 119
integration constant, 115
meridian rotations, 116
rearrangement, 112, 113
replacement, 115
vertical deformations, 117, 119

gravity loads deformations, 119–121
horizontal uniformly distributed

load, 121, 122
meridional/vertical strain

influence of v, 111
influence of w, 111
total strain, 112

uniform pressure deformations, 122, 123
Displacement theory of boundary effects

assumptions, 137
bending moments, 139
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Displacement theory of boundary effects (cont.)
curvature, 136–138
deformation, 137
deformation equations, 138
differential elements, 135
geometry changes, 140
horizontal deformations, 141
out-of-plane shears, 139
plate theory, 138
shears and deformations relationships, 139
strain and deformation relationship, 135

Dissipated energy, 19
Dome

boundary effects, 86
circular (see Circular dome)
description, 85
doubly curved shells, 86
loads, 86
rounded vault, 85
sturdiness and robustness, 85

Dome and parameters geometry, 153
Dome caps, 86, 307, 313
Dome deformations types, 142
Dome of Hagia Sophia, 3
Dome theory

shell classifications, 165
shell shapes, 165

E
Economy of stresses

bending moments, 16
bending stress, 15
expensive forces, 14
identical structural member, 16
maximum compressive stress, 15
span-to-depth ratio, 15
structural efficiency, 16

Edge beams, 215, 216, 269, 276–278, 283–287,
289, 290

and barrel shell, 267
compatibility equations (see Compatibility

equations)
stress equations, 267–270
vertical/horizontal, 266

Edge conditions, 247
Edge forces, 247
Edge stresses, 269
Elliptical dome

axis, 209
derivation, 185
differential element, 187
equations, 189, 192, 194

expression, 194
form, 192
membrane stresses, 191, 209
radial configuration, 186
self-weight, 189
substitutions, 188
total load R, 185, 189, 190
vertical direction, 192

Elliptical hole, 34
Equilibrium equations, 216, 236, 247, 301
External loads, 104

F
Failure mechanisms, 14
Fan flow, 23, 26
Finite element method, 299
Fixed base, 142
Flat dome, 86
Flow of stress, 18, 21
Force characteristics, 297
Force-flow perspective, 293
Foundation eccentricities, 123
Fourier series, 229, 255, 272, 275
Free edges, 215, 222, 259, 275–277, 279–283
Funicular arch

base segment, 302, 303
chain analogy, 298
equilibrium equations, 302
finite element method, 298
iterative approach, 299–301
pure compression, 301
self-weight, 298

Funicular arch method, 319
Funicular shapes, 293, 294, 301

G
Gaussian curvature, 86, 212
General membrane hoop stress equation, 99
General membrane stress equation, 99
Geometrical configuration, 152
Gravity loading, 217, 218, 255

membrane stresses, 220–222

H
Hanging chains, 5
Hemisphere, 86, 102–104
Higher order terms, 125, 167, 169, 171
Hole design rules

circular holes, 32
elliptical hole, 34
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intuitive, 32
rectangular holes, 32, 33

Homogenous equation, 248, 249
Hooke’s law, 11
Hoop stress, 157, 160, 178, 192, 208, 209, 306,

314, 324–326
Horizontal compatibility, 270
Horizontal deflections, 157
Horizontal deformations, 116–119, 159,

234, 235
Horizontal shear, 269
Horizontal stress, 270
Horizontal thrust, 86, 108
Horizontal uniformly distributed load, 121,

122, 218, 219
Horizontal vertical loading, 104, 105
Hyperbolic catenary equation, 317
Hyperbolic identities, 305, 312, 315
Hyperbolic shell

cooling tower, 199
curvature, 200
cylindrical, 200
derivative, 201, 202
equations, 199
equilibrium, circumferential/hoop

direction, 200
equilibrium, y-direction, 200
equilibrium, z-direction, 200
manipulation, 203
membrane stresses, gravity load, 205–207
radial geometry, 199
shape, 199, 201
trigonometric identity, 204

Hyperboloid, 200

I
In-plane membrane shears, 134
In-plane shear stress, 96, 260
Integration, 98
Integration constants, 101, 106, 115, 180
Internal resistance, 12
Inverted cone, 166, 178, 213
Iterative approach, 299–301

L
Linear box-like structures, 9
Longitudinal stress, 268

M
Manmade and biological forms, 4
Masonry arches and domes, 28, 293
Membrane deformations, 153, 276

Membrane shear stresses, 220
Membrane stress equilibrium equation, 127
Membrane stresses, 216, 276, 280, 290

actual stress distribution, 212
deformation theory, 228–233
general equations, 172–174
gravity loading, 220–222
self-weight loads, 174–176, 205
water loads, 177
wind loads, 178

Membrane theory, 161, 165, 166
circular openings, 107–109
cylindrical shell, 87
differential elements, 87, 88
equilibrium equation, hoop

direction, 87, 89, 90
equilibrium equation, meridian

direction, 91, 93
equilibrium equation, radial

direction, 93–95
horizontal vertical loading, 104, 105
membrane stresses, 87
radial geometry, 87
summary and simplifications, 95–99
uniform pressure, 106, 107
uniform vertical loading, 100–102, 104

Membrane theory of barrel vault/shell
external loading

cylindrical shell theory, 216
geometry and membrane

forces, 216, 217
gravity loading, 217, 218
horizontal uniformly distributed load,

218, 219
UDL, 218

membrane stresses, 220–222
Meridian rotations, 116, 117
Meridian stress, 102, 160, 191, 306, 307, 313,

314, 324, 325
Meridian strips, 109
Microcracks, 9, 17, 18, 20, 22
Mohr’s circle, 11
Molecular lattice, 20
Moments, 216, 236, 237, 260–266, 269, 278,

282, 290
boundary effects, 260–262, 264–266

N
Natural structural shapes, 29
Negative Gaussian curvature, 165
Negative shear, 154
Nominal live load, 152
Nonhomogenous differential equation, 256
Nonhomogenous equation, 247, 258
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O
Oblique triangles, 300
Oculus, 109
Openings, 9, 24, 32, 35
Optimal structure, 16, 28, 30
Optimization, 294
Optimum pure compressive shape, 317
Out-of-plane shears, 161
Overlapping sin curves, 255

P
Pantheon, 22, 107
Partial differential equation, 242, 247
Particular solution, 255
Plaster thickness, 152
Plate theory, 237, 239
Point load, 16, 24, 26, 27, 29, 30, 300
Poisson’s effect, 12
Poisson’s ratio, 14
Poisson’s strains, 248
Positive Gaussian curvature, 165
Potential function, 243, 246
Pressure vessel theory, 102
Principal stresses, 11, 35
Product rule, 90, 126, 128, 130, 147, 170, 171,

173–175
Pure compression structure, 36, 102
Pure shear, 13
Pure tension, 293, 298

R
Radial geometric relationships, 133
Real internal stresses, 222
Rectangular holes, 33
Regular flow, 23, 25, 26
Reinforced concrete beam, 12
Reinforced concrete dome, 152
Reinforcement layout, 157, 162
Ring beam, 86, 103, 108, 123, 124, 162
Ring tension, 102, 103, 123, 163
Rotations, 222–224

S
Scaling factor, 294, 324
Self-weight gravity loads, 174–176
Shallow shell theory

boundary effects
boundary errors/boundary

conditions, 236
complementary solution, 247

general solution, deformations, 259
moments and shears, 236
moments, shears and stresses, 260–262,

264–266
particular solution, 255
stresses, 236, 237, 239–241, 243–247

Shear cracks, 12, 14
Shear distribution, 162
Shear failure mechanisms, 12, 13
Shear forces, 14
Shears, 10, 11, 28

boundary effects, 260–262, 264–266
horizontal, 269, 271, 287
longitudinal, 267
membrane shear stresses, 220
and moments, 236
out-of-plane, 236
stress, 261
stresses, 282

Shear strain, 227, 228
Shear stress, 11, 134, 261
Shear transfer, 12
Shell classifications, 165, 166
Shell deformations and stresses

boundary effects, 151
constants, 150
identical pattern, 149
membrane, 151
membrane and boundary effects, 151
total deformations, 151

Shell horizontal and slope deformations, 158
Shell stress equations, 303
Shell stresses/moments, and shears, 159
Shell structures

characteristics, 5
Shorter shells, 216, 222
Sinusoidal distribution, 268
Skylight, 107, 303, 313
Skylight calculation, 108
Sliding base, 143
Spring-ball analogy, 20
Stiff disk, 32
Stiffer shells, 212
Strains

in ϕ-Direction, 225–227
Poisson’s, 248
shear, 227, 228, 230
in x-direction, 224, 225

Stress and strain characteristics
exist, and orientated orthogonally, 11, 12
material failure, 12–14
reinforced concrete and masonry, 14
structural members, 9–11
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tensile and compressive stresses, 11
Stress concentrations, 32
Stress couple, 10
Stress distribution, 255
Stress equations

edge beams, 267–270
Membrane Stresses in Hoop Direction, 64
Moments in Hoop Direction, 64
Moments in y-Direction, 63
Out-of-Plane Shears in the y-Direction, 65

Stress flow
analogous, 23
arching, 28
compression stresses, 23
compression thrusts, 26, 27
distribution, 24
fan flow, 23, 24
flat plates, 22
hanging chains, 28
masonry arch, 29
narrow channel, 24
optimal shapes, 30
point loads, 27, 28
Poisson’s effect, 26
regular flow, 24
resultant force, 24
secondary stresses, 26
truss representation, 27
types, 23
uniform distributed load, 30
vertical reactions, 26

Stress magnitudes, 14, 32
Stress ratios, 15
Stress trajectories, 36
Stresses

boundary effects, 236–241, 243–247,
260–262, 264–266

Stresses comparison
graphs, 212
hoop direction, 214
vertical direction, 213

Stresses distribution, 18
Stresses from boundary effects, 156
Structural analysis principle, 31
Structural members, 10

Structural optimization, 37
Structural steel elements, 14
Symmetrical loading, 134, 175, 254

T
Tensile strength, 14
Tension and compression stresses, 10
Tension failure, 14
Tension strength, 14
Tensions and compression stresses, 11
Thrust-lines, 26–28, 293
Torsional reactions, 267
Total load R, 189, 190
Translations, 222–224
Trigonometric identity, 102, 122, 185, 204
Trigonometric series, 249
Twisting curvature, 239
Twisting moment, 261
Two-way slab systems, 86

U
Uniform distributed load (UDL), 28, 119–121,

155, 156, 218
Uniform pressure, 106, 107
Uniform pressure deformation, 122, 123
Uniform vertical loading, 100–102, 104

V
Vaults, 294, 317, 326
Vertical compatibility, 270
Vertical deformations, 117, 119, 234, 235

W
Water loads, 177, 178
Water pressure, 177
Wind loads, 178–181

Z
Zero Gaussian curvature, 165
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