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Foreword

From our birth and through life’s expectations, we grow and develop into the person
we become. The path we follow through life, with its many turns, mountains to climb
and crossroads to choose, eventually leads us to our place today, and our final
destination. Professor Mitchell Gohnert, my former student at Brigham Young
University, has experienced a lifelong desire to be a structural engineer, with a
special interest in the design and application of shell structures. This book is the
result of his lifelong quest.

Just as we are influenced by the teaching and training of others, we also influence
others by the teaching and training we give throughout our lives. Mitch has gained
much from the many people he has been involved with, and conversely, he has
influenced, assisted and guided many through his mentorship and his expertise in the
field of shell structures.

Good ideas, called inspiration by some, come to each of us during our life. When
acted upon with persistence and determination, these ideas result in great accom-
plishments that benefit others.

Emeritus Professor, Brigham Young Arnold Wilson
University, Provo, UT, USA
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Chapter 1 ®)
Introduction Chack or

Abstract Shells, and in particular domes, have a symbolic meaning in many of the
world’s civilizations. Some of the most iconic structures incorporate domes as their
architectural center piece. Interestingly, most of these structures are religious gath-
ering places, shrines, or temples and are found in cathedrals, stupas, mausoleums,
and mosques. The symbolism of domes is of ancient origin and is associated with
deity and the celestial expanse of the heavens. The home of the ancients appeared to
be under a heavenly dome, and the circle of the dome, a never ending line, is a
symbol of eternity. This symbolism continues to this day, but has evolved over the
centuries to include other closely associated meanings. Alexander the Great, and
early Persian rulers, adopted domes in their architecture to symbolize their divine
authority and power (Smith, The dome: study in the history of ideas. Princeton
University Press, New Jersey, 1950; Hiscock, The symbol at your door. s.1.:SP
Birkhauser Verlag Basel, 2010). This practice has endured to modern times, and
domes are seen in some of the most famed architectures, such as the US Capitol
Building, the Vatican, and many other religious and governmental buildings around
the world. The intent is to portray strength, influence, legitimacy of power, and piety.
For these reasons, religious and centers of government will always include domes in
their architecture.

Shells, and in particular domes, have a symbolic meaning in many of the world’s
civilizations. Some of the most iconic structures incorporate domes as their archi-
tectural center piece. Interestingly, most of these structures are religious gathering
places, shrines, or temples and are found in cathedrals, stupas, mausoleums, and
mosques. The symbolism of domes is of ancient origin and is associated with deity
and the celestial expanse of the heavens. The home of the ancients appeared to be
under a heavenly dome, and the circle of the dome, a never ending line, is a symbol
of eternity. This symbolism continues to this day, but has evolved over the centuries
to include other closely associated meanings. Alexander the Great, and early Persian
rulers, adopted domes in their architecture to symbolize their divine authority and
power (Smith 1950; Hiscock 2010). This practice has endured to modern times, and
domes are seen in some of the most famed architectures, such as the US Capitol
Building, the Vatican, and many other religious and governmental buildings around
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ELEVATION DE LA FACE DU PANTHEON AROME S 4

e e

Fig. 1.1 Antoine Desgodetz’s 1682 rendition of the Pantheon (Claude-Antoine Jombert)

the world. The intent is to portray strength, influence, legitimacy of power, and piety.
For these reasons, religious and centers of government will always include domes in
their architecture.

The endurance of this symbolism is fitting and appropriate, considering the
seemingly mystical strength and the eternal nature of these structures. If we go
back in history more than a thousand years, remnants of antiquity usually amount to
nothing more than a pile of rubble, with the exception of a few columns standing
here and there. However, of the structures that have survived, the vast majority are
domes and arches. The Pantheon in Rome (126 AD) (Fig. 1.1) and Hagia Sophia in
Turkey (537 AD) (Fig. 1.2) are prime examples. Both of these structures were built
in seismic active regions and have been subjected to several major earthquakes; yet
they stand today and are in remarkably good condition.

Despite the religious and political affiliations of domes, the emergence of shell
structures is undoubtedly the result of a practical need for a wide-open space,
without being inhibited by column supports. Shells are able to span over enormous
spaces, and therefore are ideal for places of large gatherings, such as religious
assemblies, theaters, and sport arenas.

The key to understanding the strength of shells is to focus on the shape. As will be
discussed in later chapters, load flows in a natural and predictable pattern. By
matching the shape of the structure with the natural flow of loads, an optimal
structure is created. This matching of form and flow results in materially efficient
structures that are able to resist a multitude of severe loading events. Unfortunately,
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Fig. 1.2 Dome of Hagia Sophia (Wikimedia Commons, Robert Raderschatt)

the majority of modern structures are linear and block-like, which results in a
mismatch in structural geometry and the natural flow of stress. Where a mismatch
occurs, bending moments and shears are the result. Engineers are able to design
buildings to resist bending and shear forces, but at a tremendous cost to structural
strength and material economy.

Should nature be our mentor? Interestingly, many shell shapes are found in
nature. Biological structures are never square or angular, but are curved, and
composed of shells and tubes. Albert Einstein once stated, “Look deep into nature,
and then you will understand everything better.” It makes perfect sense to pattern our
structures after biological forms, which will include the design of shell structures. It
should be noted that after cataclysmic events, albeit meteorological or seismic, it is
usually the biological structures that survive. For instance, consider Fig. 1.3. The
photograph depicts the destruction of the Haiti National Palace after the 2010
earthquake. The palace is in ruins, but the biological structures in the forefront
(the palm trees) do not show any discernible damage. The biological structures
have survived, but the manmade structures have not. Biological structures have,
perhaps, evolved over millions of years into forms that are resistant to local calam-
itous events; this has led to the survival of the species. Strangely, nature is all around
us, yet its connection to structural engineering has gone largely unnoticed; we fail to
see the obvious or learn from our surroundings. Interestingly, the National Palace
incorporated shells in its roof, which is the only part of the structure that has
survived, although displaced from its original position.
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4 1 Introduction

Fig. 1.3 Manmade and biological forms in an earthquake zone (Wikimedia Commons file, Logan
Abassi)

Most of the shells derived in this book are those of regular and familiar shapes,
such as cylinders, spheres, cones, and ellipsoids. However, these shapes are not
always found in nature, and therefore certain inefficiencies are found in the shells we
design. Fortunately, the effects of the mismatch are usually restricted to the bound-
aries, or foundations, and have limited impact due to Saint Venant’s principle (i.e.,
diminishing stress with distance). Shells, for the most part, carry the load by
membrane action (in-plane compression or tension stresses) and are highly efficient
load carrying structures. Because shells carry stresses efficiently, only minimal
material is required, and this is the reason why these structures are often referred
to as thin shells. The shell does not need to be thick to carry load. As a general rule,
the generally accepted classification of a thin shell is where

-
e 20 (1.1)
where r is the radius and # is the thickness.

This rule, however, is only a “rule of thumb.” Structures have been designed and
built with smaller or much greater ratios. For example, St. Peter’s cathedral in Rome
has a radius to thickness ratio of 14, and the Smithfield Market shell in London has a
ratio of 900. High ratios can also be seen in nature; the ratio of an ordinary chicken
egg is about 100 (Heyman 1995). Both these structures (i.e., manmade and biolog-
ical) have performed exceptionally well, especially the chicken egg. The material of
an egg shell is composed of calcium carbonate crystals and is semipermeable. The
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shell material is relatively weak. Yet, the strength of an egg is, without question, the
result of its shape. If one takes an egg and squeezes it in hand, membrane stresses are
produced in the shell, and it is almost impossible to break it. To crack an egg, a
deliberate sharp blow is required. Despite having a large radius to thickness ratio, an
egg is able to resist loads that far exceed typical scaled up manmade structures.
However, it is not the egg shell material that resists the loads, but its strength is
derived from its shape. Thus, the key to structural strength lies primarily in the shape.

Traditionally, all structural designs are based on the consideration of three
criteria: strength, stiffness, and stability (Heyman 1995). As will soon be apparent,
shell structures are intrinsically strong. The stress levels are usually only a fraction of
the capacity of the shell. This gives an enormous factor of safety against failure, and
is the reason why shell structures tend to survive cataclysmic events. Stiffness is
usually also a noncritical consideration in shell structures. Stiffness, as a design
criteria, is related to deflections. Typically, the deflections in domes are relatively
small, especially when compared to framed structures. In arches, stability is related
to the formation of hinges and collapse mechanisms. In domes, stability is controlled
by the buckling capacity of a given shape.

The favorable characteristics of shell structures have not gone unnoticed by our
engineering forefathers. They understood the benefit of matching the natural flow of
stress with the axial geometry of the structure. Although they did not have access to
the mathematical and analytical tools we have today, they had physical models that
gave insight into optimal structural forms. Engineer-architects, such as Antoni
Gaudi, designed the Sagrada Familia from a series of hanging chains (Fig. 1.4)
(Huerta 2006). Chains have very unique structural properties: A hanging chain is a
pure tension structure, and void of bending moments and shears. If the shape is
inverted, the form becomes an arch, and the stresses reverse to pure compressions
(which is ideal for masonry and concrete structures). Although a hanging chain is a
two-dimensional form, the shape is often transformed into three dimensions, creating
catenary or funicular domes, which was the source of Gaudi’s creations.

The use of chains in design seems to have its beginnings in the design of
St. Paul’s Cathedral in London (Fig. 1.5) (Heyman 1998). Christopher Wen, the
architect, lived in the time of Robert Hooke. Hooke is credited as being the first to
understand the connection of a hanging chain and its application to structural forms
(Heyman 1998; Block et al. 2006); Wen undoubtedly sourced and applied these
concepts into the design of St. Paul’s Cathedral. The dome of St. Paul is a composite
of three domes: The outer and inner domes are merely decorative, but the center
conical dome is the structural support. The conical shape is due to the heavy weight
of the lantern, which is located on top of the shell. If weights are hung from a
hanging chain to represent the self-weight of the shell, and proportionally heavier
weights are placed near the bottom of the chain to model the lantern, the geometry of
the chain will be conical in shape. History has implied that these models were
incorporated into the design of St. Paul’s Cathedral and represent a major innovation
in shell design.

Hanging chains have an additional valuable feature. A thin chain represents the
location of the thrust-line, or the center of the flow of stress. If the geometry of the
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Fig. 1.4 Gaudi’s Sagrada
Familia (Wikimedia
Commons file)

Fig. 1.5 Wen’s drawing of the three domes of St. Paul’s Cathedral
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shell matches the thrust-line, an optimal structure is achieved. Wen’s cathedral
achieved this objective, using chains as an engineering tool.

This book was written with several purposes in mind: The first purpose is to
provide a complete derivation of the theory of shells. A literature review will reveal
that most books on shells are not complete, if one wishes to understand the
mathematics behind shell theory. Typically, only a summary of key equations are
given; this is understandable, considering the complexity and enormity of the
derivation. For an academic, however, this leaves a void in understanding shell
theory. For the engineer, it is equally important to remove the proverbial “black box”
approach to shell design. For this reason, a complete derivation is given. The second
purpose is to provide a step-by-step procedure of shell analysis. For the most part,
shell solutions require a sequence of analytical steps, which is not always clearly
explained in many texts on shell theory. The approach adapted is akin to a “cook
book” approach, where an outcome is achieved by following a specified sequence of
analytical steps. The final purpose is to introduce concepts and theories on matching
the geometry of the shell to the natural flow of stresses, and therefore funicular and
catenary shells will be introduced. These shapes are, in fact, the most structurally
efficient forms known to humankind.

An additional purpose is to provide a brief description of construction materials,
with a focus on how they react to stresses and patterns of stress flow. The objective is
to understand the limitations of materials, and how best to apply these materials to
achieve the most durable and robust shell. Although a discussion on construction
materials is rarely combined with shell theory, the conjugal relationship of this
information may radically alter our choice of shell, the materials we use, and its
geometric proportions.
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Chapter 2 ®)
Construction Materials and Stress Flow Gecie

Abstract This chapter covers background information on stress and strain, shear
failures, economy of forces, the flawed nature of construction materials, stress
patterns in curved walls, membrane stresses, stress flow, openings in shell walls,
and the basic optimal shapes that ensures that stress flows within the plane of the
wall, or axis of the member. This information is given to assist the designer in
selecting the most suitable construction materials, provide an understanding of how
materials react to stress, and the type of shell that is most appropriate for the design.

2.1 Introduction

A basic understanding of stresses and strains seems to elude many practitioners and
researchers alike, yet it is fundamental to the understanding of structural materials
and the basic principles of design. When clearly understood, one begins to under-
stand why shells are so efficient. We begin to understand why our current alliance
with linear box-like structures is highly inefficient, and wasteful of materials. We
begin to understand what stresses are preferred and why others should be avoided.
We also understand how forces flow in structures and how to match these flows with
structural forms to achieve an optimal design.

In this chapter, we briefly explore fundamental concepts of stress and strain,
misconceptions related to shear forces, the inefficiencies of designing with bending
moments, and the effects of flaws (i.e., microcracks) in construction materials. We
also review how forces flow in membrane structures and stress concentrations
around openings. All of these concepts are necessary to achieve the most optimal
structural design. Most importantly, it enhances our ability to create shell structures
that are robust, durable, and time enduring.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 9
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10 2 Construction Materials and Stress Flow
2.2 The Basic Characteristics of Stresses and Strains

The basic characteristics of stress and strain in structural members may be broken
down into fundamental principles, which are expressed in a series of postulates. The
first postulate states:

1. Only two fundamental stresses exist in structural members, which are tensions
and compressions

In structural members, there are three types of possible forces: bending moments,
shears, and axial loads. These forces are, in fact, resultants of integrated stresses,
which may be broken down into fundamental stresses, which are tensions and
compressions. As shown in Fig. 2.1, bending moments are merely a force couple,
composed of tensions and compressions, characterized by a linear variation of stress
across a section. An axial stress is either compressive or tensile. Therefore, without
dispute, bending moments and axial forces comply with the postulate.

The question arises: Is shear composed of tensions and compressions as postu-
lated? The answer is yes. However, shears are components of tensile and compres-
sive stresses. In Fig. 2.2, the left differential element illustrates the stress pattern for a
pure shear case, which is approximately true near the ends of a simply supported
beam. The shears are orientated vertically and horizontally with equal magnitudes,
but orientated in different directions. The shear stresses may be transformed into an

Fig. 2.1 Stress couple of a
bending moment

Compression zone

Tension zone
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‘s ." \ / 0
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Fig. 2.2 Shear stresses are composed of tension and compression stresses, orientated at 45° from
the shear plane
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Fig. 2.3 Mohr’s circle for
the case of pure shear
x-plane | 41

—0y +0q

y-plane | —T

equivalent differential element of tensions and compressions, applied at 45° (the
right differential element of Fig. 2.2), by assuming that shears are components of
tensions and compressions. These stresses are the principal (maximum) stresses.
This assumption is validated by Mohr’s circle (Timoshenko 1958).

Mohr’s circle is given in Fig. 2.3 for the pure shear case. The shears on the
vertical and horizontal planes of the differential element are plotted on the Mohr’s
circle as x(0, +7) and y(0, —7). Rotating 90° from these points will give the principal
stresses, which are tensions and compressions. As a reminder, the angles in Mohr’s
circle are double to the actual values. This leads to the second postulate:

2. Shear stresses are components of tensile and compressive stresses, applied at an
angle to the x and y axes

Therefore, what we call a shear stress is actually composed of tensions and
compressions, applied at an angle to the x and y axes. Furthermore, if the shear
stress is combined with bending, the principal stresses will be located at some other
angle to the x or y axis (not necessarily at 45°). Whatever the case may be, shears are
components of tension and compression stresses.

The third postulate states:

3. In construction materials, two stresses will always exist, and orientated orthog-
onally to one another

Poisson’s theory states that a strain applied in one direction will cause an opposite
strain, perpendicular to the applied load. Thus, a compressive strain applied in one
direction will cause a tension strain at 90°, and vice versa (Ohlsen et al. 1976).

Furthermore, Hooke’s law gives the relationship of stress, strain, and Poisson
ratio, given by Eqgs. 2.1 and 2.2 for plane or membrane structures.
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12 2 Construction Materials and Stress Flow

1
&=F (ax — vay) (2.1)
= 1 (dy — vax) (2.2)
“TEF
Rearranged,
&E =06y =0, —vo, (2.3)
&E =0y =0,—vo, (2.4)

Thus, a stress applied in one direction will cause an opposite stress in the
orthogonal direction, and the magnitude is proportionate to Poisson’s ratio.

Stress, however, is the internal resistance to strain. Internal resistance occurs in
most construction materials and structural elements, which include membrane struc-
tures (i.e., shell structures). Materials such as reinforced concrete, masonry, and
structural steel have sufficient depth and width and are bulky or constructed of plate
elements that provide internal restraint. The interaction of the web and flanges of
I-beams and reinforcement in concrete are sources of internal restrainment. In
concrete columns, we call this restrainment confinement steel. In most structural
elements, orthogonal stresses are caused by Poisson’s effect, as postulated by
Egs. 2.3 and 2.4. Only in a few select cases will this not apply, such as long thin
bars and thermal loading in unrestrained members. In shell structures, Poisson’s
effect is usually ignored in the direction of the thickness, but in-plane, the stiffness of
the wall material and internal restraint will cause stresses in two orthogonal direc-
tions. This is critical, considering that many construction materials (i.e., concrete and
masonry) are adversely affected by tension stresses. Thus, it is typically assumed
(i.e., derivation of shell theory) that a stress applied in one direction will cause a
stress in the opposite direction (Billington 1982; Chatterjee 1971; Zingoni 1997;
Domone and IlIston 2010).

The fourth postulate states:

4. Only two modes of material failure exist: tension and compression

If only two stresses exist, then it is only rational to conclude that only two material
failure mechanisms exist—tension and compression. In thin shells, or plated struc-
tures, buckling is the third possible mode of failure, but this is referred to as a
geometric failure, rather than a material failure. The question arises: Does the
postulate apply to what we call a shear failure?

In Fig. 2.4, a reinforced concrete beam was tested to failure. Cracking in the beam
is visible, extending from the support toward the first load point. The observed
failure line is typically referred to as a shear crack. Literature has repeatedly
described the mechanisms by which shear forces affect structures, and how they
are resisted: dowel action, aggregate interlock, interface shear transfer, etc. (Kong
and Evans 1987). However, what we call a shear failure is not congruous with shear
failure mechanisms.
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Fig. 2.4 Shear failure at the end of a beam. (Photo by author)
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Fig. 2.5 Shear failure mechanism

Near the end of a simply supported beam, where shear is maximum and the
bending moment is minimum, the stresses resemble the pure shear case, as illustrated
in Fig. 2.5. As observed, the shear stresses are orientated vertically and horizontally,
which would precipitate failure patterns in the same direction; a shear failure would
be vertical or horizontal. However, vertical failure lines rarely form (if ever). In the
horizontal direction, failure sometimes occurs along the interface between composite
materials (i.e., between in situ concrete and precast concrete or between a concrete
slab and steel beam), but these are usually the only cases where shear failures occur.
The diagonal failure line in Fig. 2.4 is not vertical or horizontal, which would imply
that the crack is not the result of shear stresses. Furthermore, shear failure would
cause material slippage along the failure plane, which is not observed. Typically,
what we call a shear failure, a crack commences at the bottom of the beam,

@seismicisolation


https://t.me/seismicisolation

14 2 Construction Materials and Stress Flow

propagates at an angle, and terminates near the top of the beam. The movement of
the crack is 90° to the direction of the crack (movement of a shear crack would be
parallel to the direction of the crack), which would imply that the observed failure is
a tension failure. Unfortunately, most shear failures are misinterpreted, or misun-
derstood. In the majority of cases, shear cracks are actually diagonal tension cracks.
Nevertheless, once we understand that shear stresses are components of principal
tension stresses (see Fig. 2.2), then the mechanisms of failure become clearer to our
understanding. This leads to the fifth postulate:

5. In construction materials, such as reinforced concrete and masonry, the shear
and compressive strength is much greater than the tensile strength, thus tensile
failures precipitates

Shear forces exist, but most construction materials rarely fail in shear. Concrete
and masonry are highly anisotropic. In these materials, the shear and compressive
strengths are much greater than the tensile strength; thus, failures in these materials
are primarily tensile. In fact, almost all the cracking we see in concrete and masonry
are from tensile stresses. The old adage, “a chain will break at its weakest link,” is
true for concrete and masonry; the weakest link is the tensile strength.

When testing concrete cubes for compression strength, the mode of failure is
puzzling—the cracks are primarily orientated in the vertical direction, parallel to the
compression force. A compression failure would precipitate horizontal failure lines,
rather than vertical. What we call a compression failure is actually a tension failure
(i.e., the cracks are vertical, and consistent with a tensile mode of failure). Tension
strains are orthogonal to the direction of the applied compression force, and the
magnitude of the tension strains are proportional to Poisson’s ratio. The tension
strength is commonly estimated as 10% of the compression strength, but a better
estimate is the value of Poisson’s ratio (e.g., v = 0.12, or 12%). However, we can
still refer to a compression test as a compression test, but with an understanding that
the point of failure is the maximum compression the material will resist, before a
tensile failure occurs.

The fifth postulate does not necessarily apply to structural steel. Structural steel
elements (i.e., I-beams, angles, channels, etc.) are composed of an arrangement of
thin plates, and the predominant mode of failure is buckling. However, a vast
number of shells are constructed of concrete or masonry (almost all shells found in
antiquity), and therefore the final postulate is applicable to shells constructed of these
materials.

2.3 Economy of Stresses

An important concept to improve the strength of shell structures (or any structure) is
to understand that some forces are expensive forces and others are far more eco-
nomical, in terms of stress magnitudes and the material that is required to resist that
stress. To illustrate this concept, a simple example is given in Fig. 2.6. In the figure,
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a beam and column of the
same size
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Table 2.1 Stress ratios of various loading and support configurations
Load condition End condition L/h Stress ratio (r)
Point load Simply supported 16 24
Uniform distributed load Simply supported 16 12
Point load Fixed supports 28 21
Uniform distributed load Fixed supports 28 14

two identical members support the same magnitude of load. However, in Fig. 2.6a,
the load is resisted by bending in a beam, and in Fig. 2.6b, the load is resisted by a
column.

The maximum bending stress (o;,) in the beam (Fig. 2.6a.) is expressed by Eq. 2.5
for an elastic distribution of stress.

_ 3PL

= (2.5)

Op

where L is the length, # is the depth of the beam, and b is the width.
If the same load is resisted by a column of the same length and size, the maximum
compressive stress (o) (Fig. 2.6b) in the column is given by Eq. 2.6.

P

o (2.6)

o, =

If the bending stress (o3) is divided by the column stress (o.), the ratio of the
stresses (7) is given by Eq. 2.7.

_o_3L
o, 2h 27)

The value (L/h) is the span-to-depth ratio, which usually falls within a typical
range of values, depending on the code of practice. Table 2.1 is a list of stress ratios
for a variety of loads and support conditions. The stress ratio represents the increase
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in stress in a beam (subjected to a bending moment) compared to an axially loaded
member. As indicated in the first row of Table 2.1, the stress in a simply supported
beam, subjected to a point load, is 24 times higher than the stress in an axially loaded
member. Similarly, the stress increase in other beam load/support configurations
ranges from 12 to 21 times the stress in a column.

This simple example demonstrates that resisting forces by bending is highly
uneconomical, compared to axial resistance. In both cases, an identical structural
member is used to resist the same point load. The only difference is that in one case
the load is carried by bending, and in the other, the load is carried along the axis of
the member. By carrying the load along the axis, the stresses are reduced by more
than 90%. Therefore, to achieve an optimal structure (where stresses are minimized),
bending moments should be avoided. If bending moments are avoided, significantly
less construction materials are required; the structure is more materially efficient and
the shell is stronger (i.e., the shell has a greater capacity to resist abnormal increases
in stress levels). The question may arise: Is it possible to avoid bending moments?
Yes, but never entirely. However, Table 2.1 clearly demonstrates that greater
efficiency is achieved by directing the flow of stress along the axis of the member.
In the example, the flow of stress is directed along the axis of a column. In shells, the
same applies—higher structural efficiency is achieved by directing the flow of stress
along the axis, or in the plane of the shell. The flow of stress along the axis is referred
to as membrane stresses. An inherent characteristic of shells is that the stresses are
primarily membrane, which is the source of its structural efficiency. The premise is
clear; bending moment should be avoided to achieve an optimal and efficient
structure.

For the most part, bending moments in shells are eliminated, except, perhaps,
near the base or foundation of the shell. These moments are termed “boundary
effects,” and usually only influence a small portion of the shell. The axis, however,
does not necessarily have to be straight or linear (like a column). Stress will flow
along the axis or middle surface of a shell, despite being curved. The geometry of the
shell, however, will determine the magnitude of the stress, and whether or not the
stress is compressive or tensile.

2.4 The Flawed Nature of Construction Materials

In the past, the majority of shells were constructed of masonry. Today, a large
portion of the shells are constructed of reinforced concrete. Concrete as well as most
masonry materials are anisotropic and, to a greater or lesser extent, plagued with
flaws. As a building material, concrete and masonry are poor structural materials. To
clarify this assertion, the compression strength is far greater than the tensile strength,
and therefore concrete is not ideal. An ideal material will have equal strengths in
tension and compression. It is well known that the tensile strength of concrete is only
about a tenth of the compressive strength. Masonry responds similarly to concrete. In
an age when so many strong materials are available, we may wonder why we use
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Fig. 2.7 View of a concrete sample using an electron microscope. (Photo by Y Ballim)

such poor materials in construction; the answer is simple: concrete is affordable.
Because it is cheap, we are motivated to overlook its flaws and look for ways to
compensate for its poor strength in tension (i.e., the inclusion of reinforcing steel).
The question may arise: Why are these construction materials so weak in tension?
The answer lies in the structure of the matrix (the composition of the material after
hardening). In Fig. 2.7, with the use of an electron microscope, a magnified view of
the matrix may be seen. An assortment of fine and course aggregates are easily
identified, as light and darker shapes. However, on close inspection, numerous
microcracks can also be seen. These microcracks are a source of weakness in tension
(Popovics 1998).

To illustrate this concept, if we apply an even tension to a piece of paper, it is
difficult to cause a rupture in the paper (Fig. 2.8a). However, if we make a small rip
on the edge of the paper, only a very small tension stress is required to pull the paper
apart (Fig. 2.8b). This simple example is analogous to what occurs in many con-
struction materials—flaws (microcracks) significantly reduce the strength of the
material in tension and is the primary reason why the tension strength of concrete
is only about 10% of the compressive strength. Unfortunately, all construction
materials are plagued with flaws, to a greater or lesser extent. In concrete, the
boundaries between the different components of the matrix are weak, and tend to
fracture. Inspecting Fig. 2.7 will reveal that crack propagation often follows along
the boundaries of the materials.

In Fig. 2.9, an ideal (flawless) material is illustrated on the left, subjected to an
even tension stress. In the center and the right-hand side, the same material is given,
but with flaws of differing lengths. Flaws, in the form of cracks, obstruct the flow of
stress. The stress is required to flow around the crack, which increases in intensity
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Fig. 2.8 An illustration
with paper to show the
effects of a microcrack in
construction materials
(photos by author). (a)
Tension applied to flawless
paper; (b) paper is easily
ripped if a flaw (small rip) is
introduced

a. Tension applied to flawless paper

b. Paper is easily ripped if a flaw (small rip) is introduced

Fig. 2.9 Stresses T T
distribution in a tension

member with cracks

Omax

PR

v v v

around the crack tip. The flow of stress is very similar to the flow of water through a
channel. If we place an obstruction in a channel, the water will flow around the
obstruction. Close to the obstruction, the velocity of the water increases, similar to
the stress concentrations around the crack tip. The magnitude of the stress concen-
trations is dependent on the shape, size, and direction of the flaw.

The tension force is the same in all three materials of Fig. 2.9. Therefore, if we
sum the stress, the resultant must also be the same in all cases to satisfy equilibrium
(the internal stress must equal the external stress). Since the width available for the
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Table 2.2 Approximate G E
valugs for the mlaterigl diszi- Construction material (kJ/m?) (GPa)
pate e,n ergy value (G) an High strength steel 107 210
Young’s modulus (E)
Mild steel 12 210
Concrete 0.5 10-30
Timber 0.5-2 2
Glass 0.01-0.5 70

stress to flow is reduced in the materials with flaws, the stress intensity must increase
to achieve the same resultant. Thus, a longer crack will result in higher localized
stresses.

The relationship between stress and the crack length is given by Eq. 2.8
(Roylance 2001).

of = — (28)

where o is the fracture stress, a is the length of the crack, and G is the dissipated
energy. The dissipated energy may be broken down into two parts: the surface
energy (y) and the plastic dissipation (G,).

G=2r+G, (2.9)
For brittle materials, such as concrete, Eq. 2.9 reduces to the following form:
G~2y
and for ductile materials,
G =G,

Table 2.2 gives the approximate G and E values for different construction
materials. However, these values may change considerably from those listed, since
the properties of materials can vary. The intension of the table is to give the reader an
indication of magnitudes, for the different types of construction materials The larger
the dissipated energy, the more stress that is required to facture the material, and vice
versa. It is interesting to note that for brittle materials, such as concrete, very little
tensile stress is required to fracture the material. Thus, the equation indicates what
we already know from practical experience.

When the applied stress exceeds the fracturing stress, the crack will “run” and
propagation is unstoppable in brittle materials. As the crack length increases, the
stress at the crack tip similarly increases, leading to a state of instability and
uncontrollable crack growth. Thus, the material will fracture, or fail, almost simul-
taneously (Allen and Zalewski 2010).
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Fig. 2.10 Spring-ball analogy to represent contraction and expansion of molecular bonds

Fig. 2.11 Molecular lattice O ________ O ________ O _________ O _______ O
representing a solid material .. A R o, R

If we consider materials at a molecular level, solid materials are formed by
intermolecular bonds. In Fig. 2.10, a ball and spring analogy is used, which is a
simplistic but convenient method of demonstrating molecular interaction of bonding
forces. The balls represent the molecules and the spring represents the bond between
molecules. The bond between molecules responds similarly to a spring, which may
be subjected to tensions or compressions. If we apply a tension or compressive force
to the molecules, the bonds will expand or contract respectively. If the force is
removed, the molecules will be restored back to its original unstressed position
(elastic response). However, if the force exceeds the bond strength, breakage will
occur and the molecules will separate.

In Fig. 2.11, molecules are arranged in an idealized lattice to represent a solid
material. The dashed lines represent the molecular bonds, which are assumed to act
like springs. Molecules in the lattice will interact with the surrounding molecules.
Thus, the interaction lines (dashed lines) emanating from each molecule are
connected to the surrounding molecules. The resulting configuration of interaction
represents a truss, which is simplistic and rudimentary, but a convenient tool in
understanding how forces flow through solid materials and how materials react to
stress.

In Fig. 2.12, we trace the flow of stress for a force applied to the edge of the
lattice. The flow will resemble the flow of stress in a truss. In Fig. 2.13, a flaw is
modeled by a break in the bond between two molecules (the interaction line is
removed). In reality, a microcrack will have numerous bonds broken. By introducing
a crack, the flow of stress is diverted, or redistributed to the adjacent bonds. This
redistribution of stress will precipitate further breakage and a “domino effect” in
crack propagation, until the material is completely fractured. Thus, a molecular

@seismicisolation


https://t.me/seismicisolation

2.4 The Flawed Nature of Construction Materials 21

of stress on the edge of the
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Fig. 2.13 Modeling a crack in the material and the increase in stress

model (similar to Fig. 2.11) is useful in providing a physical understanding of the
stress concentrates at the crack tip, and is why the crack growth tends to be
unstoppable in brittle materials.

Another important concept is how stresses are transferred across flawed and
cracked materials. In Fig. 2.14, a material is cracked across the entire section.
Intuitively, a compression force may be transferred across the cracked section, but
the same cannot be said for a tensile force. Flawed materials are able to cope better
with compressive forces. Therefore, considering that construction materials are
inherently flawed, structures perform better in pure compression. However, this
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Fig. 2.14 Transferring
compressions and tensions
across a flawed material

may not be possible, or practical, but the designer should at least attempt to minimize
the tension stresses.

All materials have flaws and microcracks, and these flaws dramatically reduce the
tensile strength of materials; especially brittle materials, such as concrete and
masonry. Unfortunately, we have no choice but to live with these materials, which
forces us to alter our designs accordingly. Greater shell strength and economy can be
achieved if the tensile stresses are eliminated, or at least minimized. Admittedly, this
may not be entirely possible, depending on our choice of shell. Whatever the case
may be, the most durable and robust structures are those that are in pure
compression.

The Pantheon in Rome and Hagia Sophia are excellent examples of durable
structures. Both of these structures are of ancient origin (125 AD and 537 AD,
respectively). These structures have been exposed to severe seismic and metrological
events, yet they stand in remarkably good condition. Interestingly, both are pure
compression structures (Goshima 2011), which is the secret of their longevity.

2.5 The Flow of Stress in Flat and Curved Walls

The study of the flow of stress in shells is drawn from the flow of stress in flat plates.
In shells, the flow of stress is similar or identical—a shell is simply a curved plate.
The comparison is increasingly valid with shells of a large diameter. Furthermore,
the study is restricted to membrane stresses, since the stresses in shells are primarily
membrane.

@seismicisolation


https://t.me/seismicisolation

2.5 The Flow of Stress in Flat and Curved Walls 23

Fig. 2.15 Regular and fan
flow of stresses (a) regular JL“‘*“‘ L
flow; (b) fan flow % I I I
<-1-t1-
<-H-t-4-p
<4-14-p
<—4-14-¢
<Fq4-t1-
<-1-t1-
ANA
a. Regular flow b. Fan flow
/
/
a. Half fan b. Quarter fan c. Full fan

Fig. 2.16 Standard fan classifications (a half fan, b quarter fan, ¢ full fan)

The flow of stress in a plate can be broken down into two primary types of flow:
regular (or parallel flow) and fan flow. Regular flow is usually associated with
uniform distributed loads, as depicted in Fig. 2.15a. The solid lines represent the
compression stresses, and the dashed lines are tensile stresses. As seen in the figure,
the flow of stress is parallel (compressions) and perpendicular (tensions) to the
direction of the load. At 90° to the compression stresses are tensions, which exist
in plated structures due to Poisson’s effect (Allen and Zalewski 2010; Fung and
Tong 2001).

The fan flow in Fig. 2.15b may be further broken down into three classifications
(Fig. 2.16): (a) half fan, (b) quarter fan, and (c) full fan.

Stress flow, as mentioned previously, is analogous with the flow of water through
a channel. Stress flow, unlike the flow of water, is not visible. We only see the effects
of stress, if the stress is excessive. The flow of water, however, is a useful tool to
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Fig. 2.17 Boussinesq-Flamant distribution of stress

observe how stress flows within solid objects. The direction of water flowing down a
narrow channel is parallel, which is the same as stress flowing down the axis of a
column. Similarly, when a channel of water opens into a field, the water spreads in a
fan-like pattern; this flow characteristic is identical to the spread of stress from a
point load into a wall or plate. Furthermore, the stress flow around openings may be
examined by placing solid objects in a channel, and observing the increase in current
and turbulence around these objects. Admittedly, the comparison is not perfect—
fluid flow and stresses in solids do not act exactly the same (water is incompressible),
but it is a useful tool in the study of stress flow.
Fan stresses may be approximated by using the Boussinesq-Flamant equation:

2Pcosa
o =—
tr

(2.10)

where P is the load, « is the angle from the line of action, ¢ is the thickness, and r is
radius to the point where the stress is determined. The stress distribution is the
highest along the line of action (i.e., « = 0) and dissipates with increasing angle. The
concentrated stress distribution along the line of action is an important observation.
If we solve for the resultant force of each quarter of the fan, the resultants are
located at 32.5° from the line of action (see Fig. 2.18). The majority of the flow of
force is therefore primarily within an angle of 65°, and this is the reason why
designers often assume the flow of stress is restricted within a range of 60°.
Regular and fan flow do not necessarily act independently, but often act together,
or rather transition from one type of flow to another. In Fig. 2.19, the flow of stress is
depicted in a wall, from a point load applied at the top to the supports at the bottom.
A point load will spread into a half fan, but will transition to regular, or parallel flow.
The stresses from parallel flow will then divide into quarter fans near the supports.
The solid lines are the principal or primary compressive stresses. Also depicted in the
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Fig. 2.19 The combination of fans and regular flow
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Fig. 2.20 Concentration of
compression thrusts flow
directly into the supports

diagram are the secondary tensions (dashed lines), which are orientated at 90° to the
compressions, which are the result of Poisson’s effect. The secondary tension
stresses are necessary for the transition from fan flow to regular flow and from
regular flow back to fan flow. The magnitude of these tensions equilibrate and alter
the flow pattern in the transitional regions (i.e., fan to regular or regular to fan).

It should be noted that near the point load, the secondary stresses are actually
compressions. What is interesting is that near the top of domes, the hoop stresses are
also compressions. Thus, it is therefore possible to have a pure compression shell
(both in the vertical and hoop directions) if the geometry of the shell only includes
the upper portion of the form. As will be seen in Chap. 4, the geometry of a pure
compression shell will fall within an angle of 51.83°, from the vertical to the base of
the shell.

At the bottom of the wall, between the supports, the unstressed region forms a
catenary arch. This region is unstressed, unless the supports are rollers. Rollers
support the vertical reactions, but not horizontal. For the case of rollers, horizontal
tensions will form in the bottom of the wall between the supports.

What is lacking in Fig. 2.19 is concentration of stress within the flow pattern. The
stresses in Fig. 2.19 appear to be evenly distributed. However, in reality, the stresses
tend to be concentrated, which is depicted in Fig. 2.20 as thrust-lines. The compres-
sion thrusts will take the most direct route; thus, a concentration of force will split
and flow directly from the point load into the supports (similar to the Boussinesq-
Flamant equation).

@seismicisolation


https://t.me/seismicisolation

2.5 The Flow of Stress in Flat and Curved Walls 27

Fig. 2.21 Idealized truss to
represent stress flow

Since the stress tends to concentrate and flow toward the supports, flow patterns
can be constructed from any number of load and support conditions. Sometimes it is
easier to represent the stress flow as a truss. This is a very useful method to determine
the magnitudes of the principal compression thrusts and the equilibrating tensions in
the transition regions. An idealized truss, representing the stress flow, is given in
Fig. 2.21.

As before, the solid lines represent the path of the principal compressions, which
should be orientated so that the path is as direct as possible from the point load to the
supports. The dashed lines are the tensions, which equilibrate the truss and permits a
change in the force direction. The truss representation allows one to determine the
magnitude of the compression thrusts and the equilibrating tensions in the transition
regions.

As mentioned previously, load will tend to flow in the most direct route to the
supports. If the load is not placed over a support, the load will split. This concept is
depicted in Fig. 2.22 for a single point load (a) and for multiple point loads (b).

If multiple point loads are applied to the top of a wall to simulate a uniform
distributed load, and the individual compressive thrusts are summed, the resultant
compressive thrust, or thrust-line, takes the shape of a catenary arch (Fig. 2.23).
(Catenary arching is substantiated by the funicular point load method of Chap. 7.) If
the wall or plate is on rollers (Fig. 2.24), a tension tie is required to resist the tension
thrust-line at the base.
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a. b.

Fig. 2.22 Flow of compression thrusts for a single and multiple point loads

Fig. 2.23 Catenary thrust-
line forms for the case of a ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

uniform distributed load

Fig. 2.24 1If the supports

are rollers, a tension thrust ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
occurs in the bottom of
the wall

Arching action is a well-known phenomenon that occurs in walls, beams, and
slabs (Ockleston 1958: 7; Ruddle and Rankin 2003; McDowell et al. 1997).
Masonry arches are common throughout the world, and some are more than a
thousand years old, yet many remain stable and serviceable. The key to their
structural strength is matching of the geometrical shape with the flow of the stress,
which takes the form of an arch (Fig. 2.25). Arching action is the natural flow of
stress (i.e., how the stress flows naturally, if uninhibited by the structural geometry).

Engineers of the past commonly used hanging chains as a tool to design arches
and domes. The physical properties of a hanging chain are ideally suited to deter-
mine the shape of optimal structures; chains are only capable of resisting a tension
force, and free of bending moments and shears. This is ideal, since structural
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Fig. 2.25 The flow of stress in a masonry arch

a. b.

Fig. 2.26 Natural structural shapes for a continuous load (a) and a point load (b)

members that are subjected to bending are highly uneconomical (Sect. 2.3).
Although a hanging chain is in pure tension, if the links are locked and the chain
is turned upright, the force is reversed and in pure compression. A pure compression
structure is advantageous; the stresses are lower (since bending is eliminated) and
most construction materials are able to resist compressions far better than tensions,
especially concrete and masonry (Sect. 2.4).
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Fig. 2.27 Basic optimal shapes in pure compression

In Fig. 2.26, two types of loading are applied to a chain—a continuous load and a
point load. If a chain is only subjected to a uniform distributed load (i.e., self-
weight), the profile of the chain is catenary. The catenary shape is frequently found
in arches, domes, buttresses, and bridges. Some notable examples are the St. Luis
arch, St. Peters, and St Paul’s cathedrals. If a point load is applied, the shape of the
chain is triangular. Trusses are a common example of structural optimization of
resisting point loads. However, what is often overlooked, which is the key to
understanding the efficiency of trusses, is that the individual members of a truss
are free of bending moments. In both of these cases (uniform and point loads), the
chain is in pure tension. If the links are locked and the shape is flipped upright, the
stresses will be in pure compression. Thus, with these two examples, the basic
optimal shapes for structures are defined, where the natural flow of stress matches
the structural shape. In addition, we can add a third optimal shape: the column,
where loads flow directly into the support (Fig. 2.27). The efficiency of columns is
visually apparent; columns are usually much more slender than beams; beams resist
loads by bending and are therefore deeper in framed structures.

The shape of an optimal structure is directly related to the type and position of the
loads. A point load will require a triangular supporting structure and a uniform
distributed load will require a catenary shaped structure. A combination of point and
uniform loads will require a structure that is a combination of shapes. The dome at
St. Paul’s Cathedral in London is an example of the combination of the two types of
loads. The dome is constructed of masonry and must resist its self-weight, a
uniformly distributed load. In addition, St. Paul’s dome must resist a lantern (point
load), which is placed on top of the dome. The combination of both types of loads
necessitates a conical, or pointed shaped dome as the structural support. In Fig. 2.28,
the conical internal dome is the main supporting structure. The outer and inner
circular domes are decorative and nonstructural.
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Fig. 2.28 Christopher
Wen’s structural drawings
of St. Paul’s Cathedral in SECTION

London THROUGH TNE
. DOME.

Fig. 2.29 The repelling of
stress (a) and the attraction
of stress (b)

2.6 The Flow of Stress around Openings

A well-known principle of structural analysis is that stiffness attracts stress; con-
versely, a lack of stiffness repels stress.

In Fig. 2.29a, a hole is placed in a plate. The hole will have zero stiffness, and the
stress flowing through the plate will be repelled away from the hole. However, in
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Fig. 2.30 Maximum stress

around a circular opening . .
Direction of

stress flow
4

30

Fig. 2.29b, the hole is filled with a very stiff disk, and the stress in the plate will flow
to the material of much higher stiffness. A stiff disk is usually not introduced into
shell structures, but rather holes. The objective is therefore to minimize stress
concentrations if holes are introduced in shells (Salvin 1961; Timoshenko 1959).
The stress concentrations occur on the sides of the holes.

Different stress patterns will occur with different shapes of holes. General rules
for hole design are listed below:

1. Corners—angular corners cause higher stresses than rounded corners.
2. Shape—Iess stress occurs if the shape of the hole is stream-line to the flow of
stress.
. Size—the smaller the hole, less stress disturbance will occur.
4. Stress magnitudes—the maximum stress occurs at the edge of the hole, which
decreases with distance.

(O8]

Most of these rules are intuitive, without knowing the actual stress caused by
different shaped holes, and the best choice is usually selected without any calcula-
tions. However, for design, it is useful to know the magnitude of stress increases of
various shaped holes to reinforce these regions:

Circular Holes

The maximum stress occurs at € = 90° and 270° (see Fig. 2.30)
Cmax = 30 (2.11)
Rectangular Hole with Rounded Corners

The maximum stress is dependent on the aspect (Ilength to width) of the hole and
radius of the rounded corner.

@seismicisolation


https://t.me/seismicisolation

2.6 The Flow of Stress around Openings 33
Fig. 2.31 Maximum stress
flow around a Direction
t lar hol
rectangular hole of stress Omax
flow
A o}
4 - ﬁ\
2a
v - J
2b
< >
’fl‘able 2.3 Mayfgiimum stressfes Configuration alb r G
or various configurations o Square with minimum radius 1 a/10 4.50 o
rectangular holes - -
Square with larger radius 1 a2 297 ¢
Rectangle with minimum radius 0.5 a/10 6.09 ¢
Rectangle with minimum radius 0.2 a/10 834 ¢
Circle (maximum radius) 1 a 3.00 o
a a\?2 a\3
Opax = |C1 +C2 E + C3 E + Cy E (212>

C) = 14.815 — 22.308, | + 16.298 (L)
2a 2a
Cy, = —11.201 — 13.789, /2 + 19 200(L)
2 =~1L 1095, T 19-240(3,
Cs = 0.2020 + 54.620, /= — 54.748 (L)
2a 2a

r r
C = 3.232 - 32530, /5 + 30.964<%>

range,
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Table 2.4 Maximum stress

; : A . ’ Configuration a/b r Omax
or various configurations of g, " oainst major axis 0.01 /100 21 o
the ellipse
Flow against major axis 0.1 a/10 732 ¢
Circle 1 a 30
Flow against minor axis 2 2a 241 ¢
Flow against minor axis 5 Sa 1.89 ¢
Flow against minor axis 10 10a 1.63 o
Fig. 2.32 Maximum
concentrated stress in an Direction
elliptical hole of flow
— Gmax
A
2a o
v
| 2b |
N >

Vl

The maximum stress will occur at the rounded corners (see Fig. 2.31). To indicate
the influence of shape, Table 2.3 gives the stresses for various configurations of
rectangular holes.

Elliptical Hole

The equation for an elliptical hole is very versatile and is applicable to stress flows
against and parallel to each of the axis. The ellipse is one of the most efficient holes
to reduce stress concentrations, but also may be the worst, depending on the
direction of stress flow and the ratio of the minor and major axis. If the minor axis
is in the direction of the stress flow, the hole is more streamlined and therefore a
lower concentration of stress is observed. The equation for the maximum stress is
given as Eq. 2.13, and the results of various configurations are given in Table 2.4,
and the location of the stress is shown in Fig. 2.32.

Omax = (1 —1—2\/%)0' (2.13)

r=% (2.14)

range,
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0<2<10

2.7 Exercises

2.7.1 The compression stress on a wall is 12 MPa. For the holes given below,
determine the maximum stress and location around the opening. Comment

concerning the most efficient shaped holes to minimize stress concentrations in
shell walls.

Direction of

stress flow 10 1
500

! 1
0 0@ (F
N 0

¢ 500
c. elliptical hole 250

a. square hole b. circular hole (stress normal to d. elliptical hole
major axis) (stress parallel to major
axis)

2.7.2 At some point in a membrane structure, the stress in the x and y directions
are in pure shear. Using the differential element of stresses given below:

(a) Determine the maximum tension stress in the membrane.

(b) Draw a sketch of the differential element, and the orientation of principal
stresses.

(c) On the element, draw the potential crack, if the material is concrete.

(d) If the material has a concrete strength of 40 MPa, comment on the probability of
cracking. e. Using a simplified molecular lattice to represent a solid material,
explain shear deformations.
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5 MPa
h

ﬁ

2.7.3 For the given loads and support conditions, graphically estimate the stress
trajectories in the wall. The top of the wall is loaded with a uniform distributed load
(applied in patches), and the two bottom corners are pin supports. A square hole is
placed approximately in the center of the plate.

IT YT

2.7.4 Provide a structure of curved or linear members for the loads given below.
Two foundations are given to support the structure. Draw a pure compression
structure to support the given loads, using the hanging chain analogy. Firstly, assume
that the self-weight of the support structure is negligible compared to the forces (P).
Secondly, assume that the self-weight is significant, and must be considered in the
configuration of the support structure.
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®
>l
> >
—
S~
H

2.7.5 Explain the basic principles of structural optimization, in terms of stress
flow and material efficiency.
2.7.6 Explain why shell structures are so efficient and time enduring.
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Chapter 3 )
Cylindrical Shells Shex

Abstract This chapter develops the membrane (in-plane stresses) and deformation
theories of cylindrical shells for various loading conditions (liquid and bulk solids),
assuming the base is unrestrained. The theory for the boundary effects (support
restraint) is also developed, for fixed and pinned supports. To solve for the effect of
boundary conditions, compatibility equations are formulated to solve the base
reactions, which, in turn, are used to distribute the stresses in the shell. The
membrane and boundary solutions are then superimposed to solve for the stresses,
bending moments, and shears at any point in the shell. The mathematical derivation
is fully developed for this shell.

3.1 Introduction

The cylindrical shell is the most common shell and is used extensively to retain
granular materials (i.e., grain, coal, cement, etc.) and liquids (i.e., water). In agricul-
tural and industrial applications, the cylindrical shell is referred to as a silo. The
water retaining shells are commonly referred to as circular reservoirs.

When designing a cylindrical shell, the two main stresses are hoop (i.e., circum-
ferential) and vertical. The source of the vertical stress is the self-weight of the shell
walls, the roof structure, and perhaps frictional forces on the walls due to the
discharge/filling of materials. The hoop stress is caused by the lateral pressure on
the walls from the retained materials or liquids. Many codes of practice and design
guides only consider these two stresses when designing cylindrical shells. These
stresses are called membrane stresses since they act within the plane of the shell. A
balloon filled with air is an example of a membrane shell; all the stresses are in-plane.
However, this assumption is only valid if the shell does not have a roof (or a roof that
restrains the top of the shell) and if the base is free to slide laterally. An open
reservoir, resting on a sliding base, is perhaps the only type of shell where the
stresses are purely membrane. All other shells are attached at the base (fixed or
pinned) and many have some sort of roof structure. This fixity at the base and roof
causes additional stresses in the shell, referred to in shell theory as boundary effects.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 39
M. Gohnert, Shell Structures, https://doi.org/10.1007/978-3-030-84807-1_3
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40 3 Cylindrical Shells

Boundary effects cause bending moments and shears. The effect may be substan-
tial, and the resulting stresses could be much higher than those generated by
membrane stresses. Thus, it is essential that the shell designer is able to determine
these stresses and design accordingly. However, the calculation of the boundary
effects are significantly more complicated than the calculation of the membrane
stresses, which explains why many designers choose to ignore boundary effects.
Needless to say, boundary stresses do exist. Accounting for boundary effects is
especially important in the design of water retaining structures, where an incorrect
assessment could result in cracking, leakage, and deterioration of the structure.

The equations and notations are based on Billington (1982), which is widely read
and adapted in many publications on shells and have become standard terms. This
chapter also relies heavily on the work by Wilson (2005), Timoshenko (1959),
Flugge (1960), and Chatterjee (1971). These books provide a wealth of theoretical
and practical information on the design of cylindrical shells.

3.2 The Membrane Theory of Cylindrical Shells

Stresses in a cylindrical shell are defined on a differential element. The location of
the differential element is given in Fig. 3.1, and the differential stresses are given in
Fig. 3.2.

Fig. 3.1 Location of the A
differential element in the .
cylindrical shell
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|

\ |
NG L]
|

Origin
Ny Centerline

of cylinder

Fig. 3.2 Membrane stresses on the differential element

A differential element represents a point in the cylindrical walls, at an intersection
of vertical and hoop strips. Although the square element depicted in Fig. 3.1 is
proportionally large to the size of the shell, differential elements are infinitesimally
small. These elements are used to describe the distribution of stresses, expressed in
terms of differential equations. Differential equations are useful for continuous stress
systems and to account for infinitesimal changes in stress. Fundamentally, differen-
tial elements are a mathematical convenience, which may not be apparent due to the
enormity of the derivation.

Differential elements are a graphical and mathematical method of depicting the
stress distribution in a shell. In shell theory, the values Ny, , N /Hy and N ;6 (Fig. 3.2)
are referred to as stress resultants, and the units are force per unit length (kN/m or
kips/ft). The stress Ny, is the circumferential stress (commonly called the hoop
stress), which is the result of the retained materials or liquids contained in the
shell. The value N; is vertical stress, which is the result of the self-weight of the
shell walls. The other two stresses (N, :9\) and N’ ;) are the in-plane shear stresses, which
occur if nonsymmetrical loads are present. It should be noted that all of the stress
terms have a prime as a superscript, which indicates that the stresses are membrane
and derived from membrane theory.
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Membrane stresses are in-plane stresses, and the membrane theory assumes that
only in-plane stresses exist; bending moments and shears are not accounted for in the
analysis.

An inspection of Fig. 3.2 will show that the stresses change from one edge to the
opposite edge. If we consider the circumferential stress N, in the horizontal direc-
tion, the stress changes to Nj, + %d& on the opposite end. The added term (%)
accounts for change in stress from one edge of the element to the other, in the
circumferential direction. When multiplied by a small angle d0, the additional stress
across the element is determined (ON'y), albeit an increase or decrease. Thus, the
differential element graphically and mathematically represents how the stresses
change in the circumferential and vertical directions.

3.2.1 Circumferential (Hoop) Equilibrium

The circumferential, or hoop stress (Np), is determined by formulating equilibrium
equations (i.e., by summing forces). Figure 3.3 is a view of the differential element,
looking down from the top of the shell. Although the differential element has eight
internal stresses and three external pressures on the element, only five are included in
Fig. 3.3 for clarity (only those stresses that contribute to the equilibrium equation are
included in the figure).

Summing forces along the x—x' line,

Fig. 3.3 Differential element stresses that contribute to the equilibrium equations in the circum-
ferential direction
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ON, do do N
<N/a + 50 d@)dycos (2 —N’decos 5 + N;g + 5; dy |dor (3.1)
— NyydOr + Po(dOr)dy =0

The stresses are multiplied by the lengths of the differential element to solve for
the forces. Trigonometry is also used to solve for the components of force along the
x—x' direction.

Since the differential element is infinitesimally small, and consequentially d@ is
small, we can assume cos (%) ~ 1. Expanding Eq. 3.1,

!
Nyg

Oy

ON/,
Njdy + 3 9" dfdy — Nydy + N'ydOr +

dfdyr — N'ad0r + Pedfdyr = 0

(3.2)

Equation 3.2 may be simplified by canceling the first and third terms, the fourth
and sixth terms, and by dividing by dfdy. The result is the first equilibrium equation.
ON, N ONy,

00 Jy

r+Por=0 (3.3)

3.2.2 Vertical Equilibrium

The next step is to sum forces in the vertical direction (y-direction). Again, Fig. 3.4
only shows the internal and external stresses that contribute to the vertical equilib-
rium equations.

Summing forces about the line x—x’,

/ aN§ / / ang)’ 4
Ny + a—ydy dOr — N dor + | Ny, + 30 do |dy — Ny, dy + PydOdyr = 0

(3.4)

Expanding Eq. 3.4,

/

! aNV ! ! aN/QV !/
NydOr + a—yydydar — NydOr + Ny dy + a—e'dedy — Ny, dy + Pyd6dyr = 0

(3.5)
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Fig. 3.4 Differential X

element stresses that i

contribute to the equilibrium + y N’

equation in the vertical I N' + -2 dy

di . y B}
irection

e | /
Nr9y+_9yd91 Py ] lNBy
a0

Eliminating terms one and three, four and six, and dividing each side of the
equation by dfdy, the equilibrium equation in vertical direction is simplified.

ON'  ON!
i) Oy
o T o0

+Pr=0 (3.6)

3.2.3 Radial Equilibrium

The radial direction is the z-direction. Radial equilibrium is determined by summing

of the forces normal to the surface of the differential element. Equilibrium in this

direction only includes two internal stresses and one external pressure (see Fig. 3.5).
Summing forces along the line x—x’,

ON/,
(N; +54 d6> dysin <df) + Niydysin <dz€> + P,dOdyr = 0 (3.7)

L do - (dO\ ., O
Since 4 is small, the sin (%) ~ 4.

Making this substitution and expanding Eq. 3.7,

@seismicisolation


https://t.me/seismicisolation

3.2 The Membrane Theory of Cylindrical Shells 45

Fig. 3.5 Differential
element stresses that
contribute to the equilibrium
equation in the radial
direction

Ny +N + P.dO0dyr = .
: d6 5612 d9 bdy dH dod 0 3.8

The second term is what is called a higher order term. Terms are referred to as
higher order terms when the magnitude is much smaller than the other terms, and
therefore may be omitted to simplify the expression. The first and third terms are

combined and the equation is divided by dOdy.

N, +Pr=0 (3.9)

3.2.4 General Membrane Stress Equations

The three equilibrium equations are collected and listed below:

ONj, ON,

=gt ayw’+P‘9r:O (3.3)

ON, ONp,

o "t g tHr=0 (3.6)
N, +P.r=0 (3.9)

From these equations, the membrane stresses are solved.
8N 0

Equation 3.3 is rearranged and expressed in terms of
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ONjy 1 0N
doy r 06

— Py (3.10)

By integrating both sides of the equation, the membrane shear stress N4 is
determined.

N,yf)_/<_i aa}\;e_Pe>dy+f1(9) (3.11)

where f(0) is the integration constant, which represents the stresses caused by the
boundary conditions (i.e., the stresses caused by fixity of the base or roof structure).
Similarly, rearranging Eq. 3.6 in terms of Ny, and dividing by the radius r,

aN; 1 ﬁNgy

oy r 00

—P, (3.12)

The membrane stress N'y, is solved by integration.

0N,
NQ—/(‘i ae& —Py>dY+fz(9) (3.13)

As before, f,5(0) is the integration constant representing the boundary conditions.
The last membrane stress is determined by rearranging Eq. 3.9.

Ng, =—P,r (3.14)
Equations 3.11, 3.13, and 3.14 are general stress equations, which are solved for a

variety of surface loads (i.e., Py, Py, and P,).
Collecting the stress equations,

ON,
No= [~} G = Po)as 41100 G.11)
ON,
N;/(% a‘;ypy)dy +/2(0) (3.13)
Nj = —P,r (3.14)

It should be noted that he hoop stress (N, ’9) is independent of the vertical stress (V' ;)
and the in-plane shears (V' ;6‘)' The hoop stress is only dependent on the wall pressure,

either from liquids or granular materials. The vertical and in-plane shears are
interdependent.
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3.2.5 Membrane Stress Equations for Various Loadings
on the Shell

Since the primary uses of a cylindrical shell are silos and water reservoirs, the
membrane stresses are solved for these types of loads. However, before we solve
the equations for various loads, the general stress equations are simplified by making
the following assumptions:

1. The boundary effects are ignored at this stage of the analysis. By doing so, the
integration constants (f; and f>) are dropped from the equations.

2. Although the stresses will change in the y-direction (vertical direction), the
stresses will be constant in the 6-direction (hoop direction). This assumption
implies symmetry of loading; a water reservoir will automatically fit this assump-
tion, but with granular materials, the silo must be filled and discharged concen-

trically to ensure symmetrical loading of the shell walls. Thus, by assuming
Ny,
> 00

symmetrical loading, the partial differential terms in the hoop direction (i.e.

ON; .
and —* terms) drop from the equations.

3. The only loads assumed on the shell are the vertical loads due to self-weight of the
walls (P,) and the lateral wall pressures from liquids or granular materials (P.).
The pressure in the hoop direction (Py) (called surface tractions) is also ignored
and dropped from the stress equations.

Applying the above assumptions, Eq. 3.11 is eliminated and Eqs. 3.13 and 3.14
are simplified.

N, = —/Pydy (3.15)
N} = —P.r (3.16)

Wall Stresses Due to Gravity Loads

The stresses due to gravity load will be zero at the top of the shell and maximum
at the base. At any point y in the shell, the value of N, represents the force per unit
length of the shell between elevations H and y. As mentioned previously, what we
call a stress is actually a force per unit length.

Integrating Eq. 3.15 between y and H (see Fig. 3.6),

H
N, = —/ Pydy = —P,[y] (3.17)
v

The vertical stress in the shell walls is determined at any point y.
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Fig. 3.6 The self-weight of A
the shell walls

N, = —Py(H ) (3.18)

If the shell wall is of constant thickness, va may be expressed in the following
form

N,= —yh(H-y) (3.19)

where v is the weight of the shell walls per unit volume and #4 is the thickness of the
shell. If the wall thickness varies,

where £, and h,, are the thicknesses at the top and bottom of the shell, respectively. If
the values £, and h,, are the same, Eq. 3.20 is identical to Eq. 3.19.

Circumferential (Hoop) Stresses Due to a Liquid Pressure

The distribution of a liquid pressure is triangular, as shown in Fig. 3.7. The hoop
stress is constant and symmetrical around the shell at any given height y.
The normal pressure on the walls of the shell is defined by Eq. 3.21.

P.=—y(H—-y) (3.21)

where v is the density of the liquid.
Substituting Eq. 3.21 into Eq. 3.16, the hoop stress is determined.
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A
H

Y
Fig. 3.7 Hoop stresses due to a liquid load

A

> — H
y
Fig. 3.8 Distribution of wall pressures due to granular materials
Ny=y(H—y)r (3.22)

Circumferential (Hoop) Stress Due to Granular Materials

The pressure distribution for granular materials is approximated by Janssen’s
equation (AS3774 1997) (Eq. 3.23). The distribution of pressures is illustrated in
Fig. 3.8, and the equation for the distribution is given in Eq. 3.23.

yra[l — e(y*H)/zo]

P, = p

(3.23)

where

y = unit weight of the granular materials

§ = tan(dy)
r,= hydraulic radius
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¢,, = angle of wall friction
¢; = angle of internal friction
Zo = ,dﬁ—hl

k; is the greater of the two equations.

kj= (1 — sing;)/(1+ sing,)
ki = (1— sin’¢;)/(1+ sin’¢,)

Substituting Eq. 3.23 into 3.16, the hoop equation is derived for granular
materials.

1— (.Y_H)/za
N;,=7r”[ ; I, (3.24)

3.3 Displacement Theory for Membrane Stresses

The deformation of a differential element is illustrated in Fig. 3.9. The lower element
is the differential element prior to the loading of the shell, and the upper element is
the deformed element after loading. Since the loading of the shell is assumed
symmetrical, the deformation from A to A’ is identical to the deformation of D to
D’ (i.e., both A and D deform by w and v). Similarly, points B and C both deform by
w+ %—‘;dy in the horizontal and v + %dy in the vertical directions.

3.3.1 Strains, Displacements, and Stresses

The derivation begins by solving for the strains in the differential element. In
Fig. 3.10, the vertical (3.10a) and the hoop (3.10b) strains are illustrated (left and
center, respectively), as well as the rotations (3.10c). The dashed line represents the
differential element after deformation.

The strains in the y-direction is equal to the change in length divided by the
original length (Fig. 3.10a).

v—&—g—;dy—v_av

5 (3.25)

8y:

In the hoop direction, the change in length is a function of the change in radius
(Fig. 3.10b).
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Differential element
after deformation

C

Differential element
prior to deformation

rdo \

Fig. 3.9 Deformation of a differential element

ov

a. b. C.

Fig. 3.10 Strains in the vertical and hoop directions and slope (left to right)
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(r—w)dd —rd0  w

o = 0 - (3.26)
For small angles, tan¢ = ¢ = %—Vyv. Thus,
ow
:era—ydy—wi ow (3.27)

y dy - a_y

From plate theory (Szilard 1974), the relationship between stresses and strains are
given. However, the subscripts are altered for the hoop (), vertical (y), and radial (z)
directions.

€g = % [66 — v(0oy + o) (3.28)
& = % [6y — (o9 + o) (3.29)
7‘9}' = éTﬁy (330)

For thin shells, the stress in the z-direction is very small compared to the stress in
the y- and O-directions. For this reason, o, is assumed to be equal to zero. Further-
more, the shear strains are equal to zero for symmetrical loading (74, = 0). Equation
3.30 is therefore eliminated.

Since what we call stresses are actually a force per unit length, the true stresses are
determined by dividing by the shell thickness.

N/
oo = 7“’ (3.31)
N/
oy = 7‘ (3.32)
Substituting 3.31 and 3.32 into 3.28 and 3.29,
£ = Eih {N; - uN;} (3.33)
£y = ﬁ [V, — o] (3.34)
Rearranging the above equations,
Eh
Ny = ) [e0 + ve,] (3.33)
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———— [ey + veg] (3.36)

If we substitute the strain Eqgs. 3.25 and 3.26 into 3.35 and 3.36, the stresses are
expressed in terms of the deformations.

. _Eh [ w.  Ov
,  Eh [(Oov w

These are general stress equations, which may be solved for various loading
conditions.

3.3.2 Displacements in the Shell Due to Various Loads

Displacements Due to Liquid Pressure

The hoop stress for a liquid pressure was previously determined, and listed below.
Ny =y(H —y)r (3.22)

Equations 3.26 and 3.33 are used to determine the deformations.

w
€=~ (3.26)
fo = - {N’ - yN’} (3.33)
En(? y '
Setting the two above equations equal to each other,
w 1 , y
= [Vo— V] (3.39)

It is assumed that the hoop stress is independent of the vertical stress. For this
reason, the value N; is eliminated from the above equation. The horizontal defor-

mation is solved by rearranging 3.39 and substituting Eq. 3.22 for liquid load.

or
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w =Dy = — %(H -y) (3.40)
From Eq. 3.27,
ow
_ow 3.27
P =% (3.27)

The rotations are determined by taking the derivative of Eq. 3.40 with respect to y.

2
@'y =Dz = Z_h (3.41)
The slope is therefore constant fromy = 0toy = H.
Displacements Due to Granular Materials
The hoop stress was determined by Eq. 3.24
ri[1 = e0—H)/20
A L Uil (3.24)

u

Using the relationship 3.39, and assuming that the vertical stress is independent of
the hoop stress, the horizontal deflection is determined by rearrangement and
substituting Eq. 3.24.

w1 [t =]

2
W=Dy =1 Z’ [1 - -] (3.42)

The derivative of the above deflection equation is then taken to determine the
slope.

2
I —YTh (y-H)/z,
¢, =Dy Fhpz, (3.43)

The primes are added to the horizontal deformations and slopes to denote that
these deformations are caused by membrane stresses.
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3.4 Boundary Effects

The membrane theory assumes that the ends of the shell (i.e., base and roof) are
unrestrained in translation and bending. This assumption is unrealistic, and not
applicable to most water reservoirs and silos unless the base of the shell is on a
sliding bearing. The majority of shells are attached to a foundation system. However,
the shell may or may not have a roof, or the roof may be sufficiently flexible to
ignore the effects of restrainment. Whatever the case may be, the roof system may
also alter the distribution of stress in the shell.

The theory of boundary effects is far more complex than the membrane theory.
For this reason, this theory is often ignored in many codes of practice and designer
handbooks. Nonetheless, bending stresses and shears at the boundary may be
significant. It is therefore possible that localized material failure at the boundary
may occur, and a redistribution of stresses in the shell walls.

The bending moments (parallel to the edge), twisting moments (normal to the
edge), and the out-of-plane shears on the differential element are illustrated in
Fig. 3.11. A double arrow is used to symbolize the bending moments, and the
direction of the bending moment is consistent with the right-hand-rule (the right
thumb in the direction of the double arrows and fingers in the direction of the
moment). In reality, the differential element should also include the membrane
stresses (Fig. 3.2), but these stresses are omitted for clarity.

3.4.1 Circumferential Equilibrium

Circumferential, or hoop equilibrium, is determined in the same way as the mem-
brane stresses—equilibrium equations are formulated by summing forces along the
line x—x'. The only stresses that contribute to the circumferential equilibrium are the

Origin

Centerline
of cylinder

Fig. 3.11 Bending moments, twisting moments, and out-of-plane shears in a differential element
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Fig. 3.12 Boundary
stresses on the differential
element that contribute to
the equilibrium equation in
the circumferential direction

out-of-plane shears. Figure 3.12 is a view of the top surface of the differential
element.

The circumferential equilibrium equation will include the membrane stresses,
previously derived in Eq. 3.1, plus the components of the out-of-plane shears. It
should be noted that the membrane stresses (although the equations are the same) do
not include the prime, since these stresses are the result of the boundary effects. The
notation for stresses caused by boundary effects exclude the prime superscript.

ON, do do ON,g
(Ng +Wd6’) dy cos <7> — Ngdy cos (7) + (Nyﬂ + 3y dy |dor

— N,odOr + Py(dOr)dy — (Qe + %(M) dy sin (ﬁ) — Qydy sin (ﬁ) _0
00 2 2
(3.44)

Since % is small, the cos (%) ~ 1 and sin (%) ~ 4. Expanding 3.44 and

incorporating these assumptions,

ON,
Nydy + %dﬁdy — Nody + NyydOr + a;g dOdyr — N odOr + PydOdyr
(3.45)
_ Qydydd 0Qy dOPdy  Qpdydd _
2 060 2 2

Equation 3.45 is simplified by eliminating % @ as a higher order term.

Canceling the first and third and the fourth and sixth terms, combining the eighth
and tenth terms, and dividing by dyd0, the equilibrium equation is simplified.

ON, 0Ny o
W—i— dy r+Pogr—0y=0 (3.46)
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3.4.2 Vertical Equilibrium

Since there are no boundary components in the y-direction, the equation for the
vertical equilibrium is identical to Eq. 3.6. The only difference is that the membrane
stresses are stresses that are influenced by restrainment at the boundaries, and
therefore do not include the prime superscript.

ON,  ONgy
oy "0

+Pr=0 (3.47)

3.4.3 Radial Equilibrium

The equilibrium equation for equilibrium in the radial direction is solved by sum-
ming forces along the x—x’ line of Fig. 3.13. Similar to circumferential equilibrium,
the radial equilibrium equations are solved by summing the boundary effects stresses
in the radial direction. Since the radial equilibrium equation will include the mem-
brane stresses, the components of the out-of-plane shear stresses from Fig. 3.13 are
added to Eq. 3.7.

do

9o X
Qo + 54 46 !
/ : \Qe
1
11
& ‘ o |2
2 | %y 2
Qy | Qy + dy dy
1
.
X X

Fig. 3.13 Boundary stresses on the differential element that contribute to the radial equilibrium
equations
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(Ng + % d@) dysin (%) + Nydy sin (?) + P.dOdyr

+ <Q 8%0 dH) dy cos <dz€> — Qpdy cos (d;) (3.48)
<Qy 99, dy> rdf — Q,rdf = 0

Expanding Eq. 3.48 and assuming cos (%) ~ 1 and sin (%) ~ 4,

d49 ONg

Ngdy 89

2
20 gy <d9 ) + Nody <dz‘9) + P.dOdyr + Qudy + %dedy

(3.49)

00,
&deyr - 0Q,dor =0

— Qpdy + Q,rd0 + Jy

Simplify by eliminating the higher order term, the fifth and seventh and the eighth
and tenth terms. Also, combine the first and third terms.

NodOdy + P.dOdyr + %d&dy + dQ’ dOdyr =0 (3.50)
Dividing by dédy,
0
Ng—i—Pzr—&-%—&-% =0 (3.51)

3.4.4 Moment Equilibrium Equation About the Horizontal
Direction

Figure 3.14 illustrates only the stresses that contribute to the moment equilibrium
equation about the horizontal line x—x’. Since no bending is produced by membrane
stresses, membrane stresses are not part of the equations. The height of the differ-
ential element is dy. The moment arm is therefore %‘ The cross depicts stresses going
into the page, and dots depicts stresses going out of the page.

Summing moments about the line x—x’,
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+ 00,

oy + M, +—dy
y ay
M
Mg, +—2>d6 My,
69 X dy XI
G -] -  —
M
y [
Q

Fig. 3.14 Stresses that contribute to the moment equilibrium equation about the horizontal
direction

oM, OMy,
M,rdo — <My + a—y’ dy> rd6 — M,dy + <M9y 0 d6> dy

do
+ Q‘rd9<dy) <Q} + == Qy > de(dy)

-0 (3.52)
Expanding Eq. 3.52,

oM OMy,
M,rdf — M,rd6 — a—yydedyr — Myydy + Mgydy + a—;’ d6dy

d 00, dody*
+erd9< y) + O d9( ) 5 2y

=0 (3.53)

Eliminating the first and second and the fourth and fifth terms and the higher order
term (? dyd6” ), the equation is simplified. Furthermore, combine the seventh and

eighth terms and divide the equation by dyd6.

_om,
dy

OM,

"0

+0,r=0 (3.54)
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y0

oM, :
Mg + _dg .
00 !
1
+ ' [ ) Qe
1
a2, 0 i
+ % !
@ 00 : M,
' rdo
—
Myg

Fig. 3.15 Stresses that contribute to the moment equilibrium equation about the vertical direction

3.4.5 Moment Equilibrium Equation About the Vertical
Direction

Figure 3.15 is the differential element with the bending moments and out-of-plane
shears that contribute to the moments about the vertical line x—x’ (located in the
middle of the element). For clarity, only the stresses that contribute are included in
the diagram. The moment arm is equal to iz‘g.

Summing moments about the line x—x’,

(Ma + %d@) dy — Mody + (Mye + alavi)ya dy) rd6 — M,grdf
do 0 do
— Qpdy <%> - (Qo + %d@) dy (%)
=0 (3.55)

Expanding Eq. 3.55,
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M,
Mody + aggg ddy — Mydy + M rd6 + 0 ay"" dOdyr — Myyrdf
— Oudy d — Oudy rd6 anded rd9
00
-0 (3.56)

The last term of Eq. 3.56 is a higher order term (i.e., the - part makes the term
much smaller in magnitude than the other terms), and therefore may be eliminated.
Simplifying Eq. 3.56 by removing the first and third and the fourth and sixth terms,
dividing by dfdy, and combining the seventh and eighth terms,

aMa aMyG _ _
W‘i‘ dy r Qor_O (357)

3.4.6 Equilibrium Equation Summary for Symmetrical
Loading

Collecting the equilibrium equations,

aa? + agvyyg r+Por—Qp=0 (3.46)
aal\;y r+ aév;y +Pr=0 (3.47)
N9+P,r+%+% =0 (3.51)
_aaﬁy $ Moy gy (3.54)
oMy ang
G0t ay Q=0 (3.57)

The above five equations are the general equations for the boundary effects and
includes the possibility of nonsymmetric loads. However, symmetrical loading is
assumed (i.e., liquid loading and concentric loading/discharge of granular materials).
By assuming symmetry, the shell will not be subjected to in-plane shears or twisting
moments.
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Nyo = Ngy = Mgy = Myy = 0

Eliminating these stresses and moments,

ON,
a—;-ﬁ-P@r—Qg:O
%r—FPVr:O

Jy ’
Ng—i—P,r—l—%-i-%r:O
‘ 00 = 0Oy
oM, B
_ 3 r+Q,r=0

OMy _
20 2 =0

Furthermore, for symmetric loading, the stresses in the shell change in the
y-direction. However, at any given y, the hoop stresses are constant at every angle
6. Therefore, all terms where the stress changes in the 6 direction may also be
eliminated from the expressions.

oMy _ 3Ny _ 20, _
00 00 00

Applying the second set of assumptions,

Por —Qp =0

ON
a—y}]r‘FPyr:O

00,
Ng—i—PZr—i——Q}r:O
Oy

oM,
Oy

r+Q,r=0

—Qpr =0

By inspection, the last equation falls away, which must be correct since a shear
will only exist with a changing moment. Furthermore, since Oy = 0 and with no
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surface tractions Py, the first equation will also fall away. Thus, the five equilibrium
equations reduce to three for the case of symmetrical loading.

ON, _
a—yr+Pyr—0 (358)
Ng—&-Pzr—i—aa—%r:O (3.59)
oMy |
— 5y T HOr=0 (3.60)

3.4.7 Stress Equations for the Boundary Effects

Moments in the y-Direction

From Eqgs. 3.58, 3.59, and 3.60, the vertical stresses (Vy), the vertical moments (M,,),
the hoop stresses (Ny), and the vertical shears (Q,) are solved.

From plate theory (Szilard 1974), and replacing x with 8, the moment-curvature
relationships are defined.

= —p(Tw.,Ow (3.61)
y ay2 602 :
*w  'w
where
EI

As mentioned above, for symmetrical loading, the stresses change in the
y-direction, but not in the #-direction. For this reason, it may be assumed that the

curvature in the hoop direction is equal to zero (i.e., %%v = 0). Therefore, Eq. 3.61

becomes

M, = —D(az—w> (3.64)
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Moments in the Hoop Direction

Rearranging Eqs. 3.61 and 3.62 to express the curvature in terms of the moments,

w1

Fr 7 (=M, + vMy) (3.65)
2

aagf b}I( ~Mp +vM,) (3.66)

Since it is assumed that the curvature in the @-direction is zero,

Dw_ 1 (=My+uvM,) =0
06>  EI
or
(=Mg+vM,) =0 (3.67)
Equation 3.67 rearranged,
Mg =vM, (3.68)

Moments in the 0-direction are not the result of shell deformations w but the result
of Poisson’s effect. The moment in the y-direction will cause a stress couple in the
shell walls. These stresses will cause an opposite stress couple in the 6-direction,
which is the source of Eq. 3.68.

Membrane Stresses in the Hoop Direction

Referring to the Eqs. 3.37 and 3.38 (without the primes since we are referring to
stresses caused by boundary effects),

Vo= 2 (-5 +5) 37
Ny = % (g—; - u%) (3.38)

As previously assumed, the vertical stresses in the y-direction are independent of
the hoop stresses in the 0-direction (i.e., N, does not influence the stresses Ny). Based
on this assumption, Eq. 3.38 is set equal to zero.
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Eh ov w
“m (&) e
Therefore,
g—; = u¥ (3.70)

Substituting this relationship into Eq. 3.37 and simplifying,

Ngth(_mym)

(1—122) r r
Eh n W
= — 1-A2%
No (1—12) ( )
N, — — Ehw (3.71)
r
Out-of-Plane Shears in the y-Direction
Using the general Eq. 3.60,
oM,
- ay} r+Q,r=0 (3.60)

Rearranging 3.60, the out-of-plane shear is expressed in terms of the bending
moments in the y-direction.

oM,

= 3.72
0. =%, 6.72)
Since M, = —D (%%f) (Eq. 3.64), substitute this expression into 3.72,
3w

3.5 Displacement Theory for the Boundary Effects

Using the second general equation for boundary effects (3.59) and the out-of-plane
shear Eq. (3.72),
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0

Ng—i—PZr—i—&r:O (3.59)

dy

oM,
= : 3.72
0= (372)

Substituting 3.72 into 3.59,

O’M

Ng+ P,r + ayzy r=0 (3.74)

Equation 3.74 gives the relationship between the hoop stress and bending
moments. These stresses have been previously solved in terms of deformations.

= p(Lw (3.64)
y ayz .

N, — — Ehw (3.71)

r

Substituting the bending moment Eq. (3.64) and the hoop stress Eq. (3.71) into
3.74.

Ehw o*w

Rearranging the above equation,

o'w | Eh
P, :Da—yff+7w (3.76)
If we say,
o EBh_3(1-0)
p= 22D = ey (3.77)
We can express Eq. 3.76 in terms of 8*.
o P
a—yﬁf+4ﬂ4w =F (3.78)

which form is known and a well-established non-homogeneous differential equation
for plates in bending (Jaeger 1969). The solution for this equation is given in
Eq. 3.79.
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w = e’ (C cos fy + Cy sin By) + e 7 (C3cos By + Cysin py) +£(y)  (3.79)

The first two terms are referred to as the complementary part of the solution and
f(y) is the particular part. The particular part is the membrane solution, which
depends on the type of loading.

For liquid loading,

FOo) = w' = =T (H ~y) (3.40)

For granular materials loading,

2
=T — oU=H)/z
R 7l L (3.42)

The constants Cy, C,, C5, and C, are integration constants and are dependent on
the boundary conditions. Two of the constants are related to the horizontal trans-
lations and the other two are the rotations. Furthermore, the horizontal translations
are related to the out-of-plane shears and the rotations are related to the bending
moments.

The complementary part of the solution is composed of two terms. The first term,
¢”(C cos Py + C, sin By), increase as y increases. This is contrary to Saint-Venant’s
principle (Marshall and Nelson 1981), which states that a stress must diminish with
increasing distance. The cylinder is assumed to be sufficiently long and the boundary
effects (i.e., moments and shears) will diminish rapidly up the shell. The constants
C, and C, may therefore be assumed equal to zero. The solution is therefore
simplified.

w=e"P(Cscos fy + Cysin fy) (3.80)

Taking the first, second, and third derivatives,

aa_: =fe P — C3(sinfy + cos Py) + C4(cosfy — sin fy)] (3.81)
82w 2 Py .
g = 2f%e P [C3sinfy — C4 cos fy] (3.82)
3
657‘: = 28% " [C3( cos Py — sin By) + C4(sinfly + cos fy)] (3.83)

At the base of the cylinder, the bending moment is equal to M,,. Using the bending
moment equation in the y-direction,
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M,=—-D <52—W> (3.64)
y ayz .
and substituting Eq. 3.82,
M, = —D2f*e 7 [C5 sin iy — Cy cos fiy] (3.84)

Solving for the moment at the base at y = 0,

M, = 2DB*Cy (3.85)
Solving for Cy,
Ci= Mo (3.86)
2Dp
From Eq. 3.73,
*w

The shear is defined in terms of deformations by substituting Eq. 3.83.

Q, = —D2fPe P [C3( cos By — sin fy) + Cy(sinfy + cos fy)] (3.87)

Setting y = 0 to determine the shear O, at the base of the shell,

Q, = —2Dp*(C3 + Cy) (3.88)
Replacing C, with 3.86,
M
= 2Dp*( C 0 3.89
0, =207 (€ + ey (389

Rearranging 3.89 to solve for Cs,

-1

Ci= ——
T 28°D

(Q, +M,) (3.90)

The deformations at the base of the shell may now be solved. Substituting
constants C3 and Cy into Eq. 3.80,
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w=e P <2ﬂ3D (Q, +pM,) cos By + 2]‘;;2 sin ﬂy) (3.91)

Similarly, solving for the rotations by substituting the constants into the slope
Eq. (3.81),

ow -py |: . :|
= =pe , +PM,) (sinfy + cos cosfly — sin
o p ﬂ3D(Q BPM,,) (sinfy py) + ﬂz( By By)
(3.92)
Solving for the horizontal deformations at the base (y = 0).
Wo =~ (0, + M)
o ZﬂBD o o
or expressed as,
S 2 ° = Q,Dy1 +M,Dy; (3.93)
26°D  28°D
where
-1 3.94
D= 2D (3.94)
1 3.95
D12 = 2% (3.95)
Similarly, solving for the slope at y = 0.
by =20 = p| (0, + pu,) + M
° Oy 28D " " 2Dp?
bo =5 (0, +26M,)
o 2,82D o o
or expressed as
¢o on + — Q0D21 + M ,Dy; (396)
26°D ﬂD

where
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70
Dy=—1 (3.97)
21 247D :
Dy =L (3.98)

3.6 Compatibility Equations

Fixed Base

The solution of cylindrical shells is based on the formation of a set of compatibility
equations. Compatibility requires that the deformations are continuous in the shell,
and the displacements and rotations fit the boundary conditions at the base
(Kassimali 2005). In Fig. 3.16, compatibility of the shell is depicted for the case of

| " II
L] I
" I I I
-— I
(. -_— 1y
\\ \ 1 1
N 1 1Dy
=~ </

Total deformations —D10| I

Membrane deformations

1,
1 7 A
1 / / /
| / | I
+ { 1 + |
I | (A
0 \ \\ // 1
0 \\ ~ +M, (\ ’/l

— /I
+D11 | _D21

Shear deformations

N o
youm
4D,,! ~Du

Moment deformations

Fig. 3.16 Separation of deformations at the base of the cylinder for the fixed case
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a fixed base. The top left figure represents the correct deformed shape, which is
formed by the summation of the three deformations. Membrane stresses cause an
error, but base reactions are applied (i.e., M,, and Q,) to correct the deformations and
ensure that compatibility is satisfied. The top right figure represents the deformations
of the shell under pure membrane stresses. Under this condition, the shell will slide
outward and rotate at the base, which is not correct if the base is fixed or pinned. To
correct this error, a negative shear force (Q,) and a positive bending moment (M,,)
are applied to the base of the shell so that the lateral deformations at the base and
slope sum to zero.

The compatibility of deformations may be expressed in mathematical form, based
on the sign convention of Fig. 3.16. For the case of a fixed based,

=Dy = (=0Q,)Du—M,D12=0 (3.99)
D2 + (=Q,)D21 + MyD22 = 0 (3.100)

Equation 3.99 is the compatibility equation for horizontal deformations and
Eq. 3.100 is the compatibility equation of the slope at the base of the shell. The
two equations have three terms—the first terms are the membrane equations and the
second and third terms are the deformations due to boundary effects. Both equations
are set to zero, since for a fixed base the horizontal deformations and the slope at the
base must be equal to zero.

The two compatibility equations have two unknowns (Q,, and M,,), and therefore a
solution is possible. Setting the equations in matrix form,

Dy, D -0, -D
{ 1 12}{ 0 }_{ 10} (3.101)
Dy Dy M, —Dy
The boundary shear and moment is solved by inverting the 2 X 2 matrix.
-0, Dy Dpn] ' (-D
{ 0, } _ [ 1" 12} { 10} (3.102)
M, Dy1 Dx —Dyo

g R W | I ST

Pinned Base

For the case of a pinned base, the concept is the same and Fig. 3.16 is valid,
except that the bending moment is omitted. Only one compatibility equation is
applicable. From Eq. 3.99,

D1 — QD11 =0 (3.104)

The shear is solved directly from Eq. 3.104,
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= 3.105
0,= 3" (3.105)
M,=0

Sliding Base

For the case of a sliding bearing, M, = Q, = 0. The only equations that are
applicable are the membrane equations.

Once the base shear and moment reactions are solved (M, and Q,), the deforma-
tions and stresses are determined at every point in the shell.

3.7 Steps in Solving the Deformations and Stresses
in the Shell

The copious number of equations to solve cylindrical shells tend to muddle the
solution. The designer is likely to get lost, trying to assemble the appropriate
equations, and setting them in the correct sequence to solve even the most simple
of problems. This section has therefore been added to provide a “cook book™
approach to shell design; the necessary equations are set out in the correct order to
calculate the stresses and deformations of the shell.

Because of the enormity of the solution, it is advisable to use a computer program
(e.g., spread sheets or an alternative programing language).

1. Solve for base reactions M, and Q,.

Initial parameters

Diameter (L)

Height (H)
Thickness (h)
Radius (r)

Young’s modulus (E)
Poisson’s ratio (v)

1= % (moment of inertia per unit width of shell) 3.106
D= (12 5 3.63

n (12 3.77
ﬂ4 = % = (rzhz )

p=/8"
P (vF)
p = (VF)

Membrane deformations at the base (y = 0)

Liquid loading Do = — % (H—y) 3.40
P
Doy =1 341
(continued)
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or
. . 2
Granular materials loading | p,; = — % [1 — e(ny)/za} 3.42
Do = L o=t/ 3.43
1z,
Deformations at the base from boundary effects
Q,Dn = (=0,) 355 3.94
M,Di, = M0M+D 3.95
QaD21 = (_Q0)2/3+D 3.97
M,Dy, = M(,ﬂLD 3.98
Compatibility equations (note sign change of Q,, in Sect. 3.6)
Fixed base —Q(, _ 1 Dzz —D12 —D10 3.103
M, "~ (D11)Dn—(D12)(Da1) —Dy, Dy —Dsg
or
i D
Pinned base 0, = Df:f: 3.105
M,=0
or
Sliding base 0,=0
M,=0 3.63
2. Solve for the constants C5; and Cj.
_ Q9 M,
Cy= — % — Mo 3.90
_ M,
Cy = D 3.86
3. Solve for the membrane deformations in the shell.
. . . I‘2
Liquid loading wo=— 7E_h (H—y) 3.40
r_ 341
y — Eh
or
Granular materialsloading W= 1 [1 _ e(y—H)/zg} 342
Ehu
Py (o
¢; — gh_ﬂz};e(y H)/z 3.43
4. Solve for the deformations in the shell due to boundary effects.

w = e P(C; cos By + Cy sin fy) 3.80
¢ =52 = pe P [~Cs(sinfy + cos fy) + Ca(cos fy — sinfy)] 3.81
%ZTV; =2 [C5sin By — Ca cos By 3.82

3 . .

%TZV =2p%e?[C3(cos By — sinfy) + Ca(sin By + cos fy)] 3.83
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5. Solve for the total deformations.

3 Cylindrical Shells

w(total) = w' + w

3.107

plotal) = §, + ¢,

3.108

6. Solve for membrane stresses, moments, and shears in increments of y.

Membrane stresses
Liquid loading N, = —yh(H — y) 3.19
Ny =y(H —y)r 3.22
or
Granular materials loading N, = —yh(H —y) 3.19
s i ] 3.24
Stresses from boundary effects
2w 3.64
M, = D<a—yz>
My = uM, 3.68
Ny = — B 3.71
Qy —_D %—;QV 3.73
Total stresses
| No(total) = Ny + N, 3.109

Caution should be used that the correct material weight term (y) is used in the

above equations.

3.8 Worked Example

A 6-m diameter water tank is 6 m high and 150 mm thick (Fig. 3.17). The tank is
constructed of reinforced concrete and has a concrete compressive strength of
30 MPa. The base is fixed and top of the shell is open. Determine the deformations

and stresses in the shell.

1. Solve for the base reactions M, and Q,.

Initial parameters
L=6m

H=6m
h=0.15m
r=3m

fow = 30 N/mm?>

E = 28(10°%) kN/m?>
v=0.15
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150
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6000 N
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Fig. 3.17 Water tank with fixed supports

7w = 10 kN/m® (unit weight of water)
Ym = 24 KN/m® (unit weight of concrete)

1(0.15)° B
I =—=5=2813(10"") m*
E23813(107*
= 7(2) = E2.878(107%) = 8056.27
(1-0.15%)
3 [1 - (0.15)2]
p=—m = 14481
32(0.15)
B = V14481 = 1.951
5* = 3.805
B =1.424

Membrane deformations at the base (y = 0) for liquid loading
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—10 (3)*(6 —0)  —3600

bo=—"F0153 " = E (3.40)
2
- o

Deformations at the base from boundary effects

1 234.03
Dy = — 3.94
QP = G Tanay 2878 (107) % E (354)
1 456.59
M,Dp, = M, — M, 3.95
2T E2(3.805)2.878 (10°%) E (3.95)
1 456.59
D21 = 0, -0, 3.97
QP21 = 00 5 (3.805)2.878 (1074 0~ F (3:97)
M.Das — M 1 _ g, 178095 (3.98)

°E (1.951)2.878 (107*) E

Compatibility equations

234.09 456.65 711 ( -0, ~3600
1 - (3.101)
456.65 1781.64 | E | M, —600

{ o, } B [ 0.00854 —0.00219] 1 {—3600} B { —29.44} (3.103)
My J | =0.00219 0.00112 |E| —600 | | 7.21 '
Reactions at the base,

0, = —29.44kN/m
M, =7.21 kN.m/m

The negative shear indicates that the direction of Q,, is according to Fig. 3.16.

2. Solve for the constants C; and Cj.

[~29.44 + 1.951(7.21)]

G=773 (7.424) 8056.27

=1.29(107%) (3.90)
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co 7.21
* 7 2(8056.27) 3.805

= 1.18(107%) (3.86)

3. Solve for the membrane deformations in the shell.
The deformations are solved at y = O for liquid loading.
w = Djg=—1.29(10"%) (3.40)
¢, = Dyy = 2.14(107) (3.41)

4. Solve for the deformations in the shell due to boundary effects.

w= e ""10[1.285(107*) cos 1.951(0) + 1.176(10™*) sin 1.951(0)]
=129 (107%) (3.80)
¢ = 1.951e 510 [—1.285(107*) { 5in 1.951(0) + cos 1.951(0)}
+1.176(107*){ cos 1.951(0) — sin 1.951(0)}]

= —2.14(107°) (3.81)
2
aa—”; =2(1.951)%¢ 10 [1.285(107*) sin 1.951(0) — 1.176(10~*) cos 1.951(0)]
y
=-8.95(107")
(3.82)
a3aw 3 —1.951(0) —4 :
i 2(1.951)°e {1.285(10*)[cos 1.951(0) — sin 1.951(0)]
+1.176(107*)(sin 1.951(0) 4 cos 1.951(0))}
=3.65(107%) (3.83)
5. Solve for the total deformations.
wltotal) = w' +w = —1.29(107*) +1.29(107%) =0 (3.107)
P(total) = ¢y + P, = 2.14(107°) — 2.14(107°) =0 (3.108)

At the base, the horizontal deformations and the slope must sum to zero for a fixed
base.
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6. Solve for the membrane stresses, moments, and shears in increments y.

Membrane stresses for liquid loading at y = 0

’
Ny

Stresses from boundary effects at y = 0

M, =

_ 28(10°)(0.15)1.29(107*)

—24(0.15)(6 — 0) = —21.60 kN/m
N}, = 10(6 — 0)3 = 180.00 kN/m

My =0.15(7.24) = 1.08 kN.m/m

—8058.40(—8.98)(107*) = 7.21 kN.m/m

= —180.00 kN/m

0, = —(8058.40) 3.66(10 %) = —29.44 kN/m

Total stresses aty = 0

N toraty = 180.00 — 180.00 = 0 kN/m

Distribution of deformations and stresses in the shell

(3.20)
(3.22)

(3.109)

The deformations and stresses are given in Tables 3.1 and 3.2 at 1 m increments,
and graphical representations are given in Figs. 3.18, 3.19, 3.20 and 3.21. It should
be noted that the boundary effects, which cause bending and shears at the support,

Table 3.1 Deformations in the shell

y w w w(total)

(m) | (m) (m) (m) ¢ ¢ D(total) | 2 e

0 —1.29E- | 1.29E- 0.00E+00 2.14E- | —2.14E- | 0.00E —8.95E- | 3.65E-
04 04 05 05 +00 04 03

1 —1.07E- | 8.75E- —9.84E-05 2.14E- | —6.23E- | —4.08E- | 1.76E- —2.14E-
04 06 05 05 05 04 04

2 —8.57E- | —3.52E- | —8.92E-05 2.14E- | 7.00E- 2.84E- —5.12E- | —5.13E-
05 06 05 06 05 07 05

3 —6.43E- | 1.95E- —6.41E-05 2.14E- | 5.20E- 2.19E- —3.51E- |9.74E-
05 07 05 07 05 06 06

4 —4.29E- | 5.06E- —4.28E-05 2.14E- | —1.96E- | 2.12E- 3.81E- 9.50E-
05 08 05 07 05 07 09

5 —2.14E- | —9.27E- | —2.14E-05 2.14E- | 1.02E- 2.14E- 3.08E- —1.98E-
05 09 05 08 05 08 07

6 0.00E —4.58E- | —4.58E—11 |2.14E- | 2.89E- 2.14E- -1.09E- 2.07E-
+00 11 05 09 05 08 08
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Table 3.2 Stresses in the shell

79

y ]Vly Ng Ng Ng(total) My Mg Qy
(m) (KN/m) (KN/m) (KN/m) (KN/m) (kKN.m/m) (KN.m/m) (KN/m)
0 —21.60 180.00 —180.00 0.00 7.21 1.08 —29.44
1 —18.00 150.00 —12.24 137.76 —1.42 -0.21 1.73
2 —14.40 120.00 4.93 124.93 0.00 0.00 0.41
3 —10.80 90.00 —0.27 89.73 0.03 0.00 —0.08
4 —7.20 60.00 -0.07 59.93 0.00 0.00 0.00
5 -3.60 30.00 0.01 30.01 0.00 0.00 0.00
6 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Fig. 3.18 Horizontal w Horizontal Deflections
deflections in the water tank
7
6
5
E r/ 4
= - 3
/ 2
1
O
-1.50E-01 -1.00E-01 -5.00E-02 0.00E+00
(mm)
Fig. 3.19 Hoop stresses in ’
e N’6 Hoop Stresses
7
6
5 \
E 4 N
ES \\
2
1 D
) -
0 50 100 150

(kN/m)

are restricted to regions near the base and rapidly dissipate. The rate of dissipation is
dependent on the stiffness of the shell walls. In concrete shells, the boundary effects
influence is about a third of the shell. If the walls are constructed of steel, the
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gllfminztg ir]13 tel?edgilfter tank My Bending Moments
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Fig. 3.21 Shear stresses in
the water tank
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dissipation is significantly more rapid and often influences only about a tenth of the
height of the shell.

A few quick checks are useful to determine if the calculation appears reasonable.
Since the base of the walls are fixed, the lateral deformation and slope must equal
zero. Furthermore, the sum of the hoop stress for the membrane and boundary effects
must also sum to zero at the base, and the bending and shears must look similar in
shape illustrated in Figs. 3.20 and 3.21.

Unfortunately, the majority of design guides and codes of practice are based on
membrane theory only, due to the complexity of the boundary theory. However,
bending and shear forces may be significant at the base of the shell and cause
structural damage if not accounted for. This is of particular importance in water
retaining shells. The boundary effects will also alter the distribution of hoop stresses,
which increases in the middle third of the shell.
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Since the moments and shears change rapidly near the base of the shell, these
forces should be calculated at smaller increments to determine a more accurate
representation of the graph patterns.

3.9 Exercises

3.9.1 Using a spreadsheet or alternative programing language, program the mem-
brane theory. Using the membrane theory, solve for the membrane stresses (N', and
Nj) and the deformations (W' and ¢;) for the worked example in Sect. 3.8 and
tabulate in increments of 500 mm.

3.9.2 Using the spreadsheet or computer program in question 3.9.1, include the
boundary solution equations. Resolve the worked example in Sect. 3.8 for a fixed
support. Determine the distribution of stresses (N, and Ny), the deformations (w and
¢,), and the bending moments and shear distribution (M,, My, and Q,). Tabulate in
increments of 500 mm. Furthermore, make the following checks:

(a) Do the horizontal deformations and slopes at the base equal to zero?

(b) Do the hoop stresses cancel to zero at the base?

(c) Do the graphs of the moments, shears, in-plane stresses, and deformations have
the correct form?

(d) Are the moments and shears confined to the lower third of the shell, and are the
peak deformations and hoops stresses near the base of the shell?

3.9.3 Referring to the worked example in Sect. 3.8, what are the in-plane shears
(N;y and N',4) and the out-of-plane shears (Q,) in the shell?

3.9.4 Considering the distribution of stresses and forces determined in 3.9.2,
demonstrate how the shell will potentially crack in hoop and bending stresses, if
constructed of reinforced concrete. Use a sketch to illustrate the location and
orientation of cracks.

3.9.5 Resolve for the worked example in Sect. 3.8 for the case of a pinned
support. Determine the distribution of stresses (N, and Ny), the deformations
(w and ¢,), and the bending moments and shear distribution (M,, M, and Q,).

3.9.6 A 30 m high silo is 250 mm thick and has a 4 m radius (see Fig. 3.22). The
silo is filled with maize and the base is fixed. Assume the roof is a lightweight
material and may be neglected in the analysis. Assume that the bulk density of the
maize is 7.5 kN/m® and the angle of internal friction and wall friction is approxi-
mately 30°, and E = 28E6 kN/m?. Also, assume that the average height of the maize
is at the top of the silo wall. Determine the distribution of stresses (N, and Ny),
moments (M, and My), shears (Q,), and deformations (w and ¢,) in the walls of the
silo.

3.9.7 Repeat the example problem in Sect. 3.8, but with a 250 mm monolithic
roof slab (Fig. 3.23). Determine the resultant stresses, bending moments, shears, and
deformations in the shell walls.
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Fig. 3.22 Maize silo details
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Fig. 3.23 Water tank with roof
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Most slab coverings will not be connected to the walls of the tank, but rest on a
sliding bearing because of thermal effects. This will only effect the vertical stress in
the wall, which is a constant stress added to the self-weight of the walls. In this case,
however, the slab is connected monolithically to the walls. To solve this problem,
reconsider the compatibility equations at the top of the wall.
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Chapter 4 )
Circular Domes Gt

Mitchell Gohnert

Abstract This chapter develops the membrane and deformation theories of circular
domes for various loading conditions such as uniform vertical, horizontal, and
pressure loading, assuming the base is unrestrained. The theory for the boundary
effects is also developed for fixed and pinned supports. To solve for the effects of
boundary conditions, compatibility equations are formulated to solve the base
reactions, which, in turn, are used to distribute the stresses in the dome. The
membrane and boundary solutions are then superimposed to solve for the stresses,
bending moments, and shears at any point in the shell. Theories for loads applied to
skylight openings and ring tensions at the base are also developed. The mathematical
derivation is fully developed for both membrane and boundary theories.

4.1 Introduction

The word dome is a generic word to describe the upper half of a rounded vault,
which may be circular, parabolic, catenary, or elliptical. In this chapter, only the
circular dome will be derived.

The root of the word dome (or Domus) is Latin, which means “house.” In
antiquity, the word Domus Dei was more common, translated as “House of God.”
This was a fitting description, since the majority of domes were found in religious
buildings. However, the application to cathedrals and mosques is not exclusive. In
more recent times, domes have been used extensively in government buildings,
theaters, sport arenas, and places of public gatherings. All of these buildings have in
common a need to cover a large space, without the hindrance of column supports.
Free open spaces, minimal materials, and the superior strength of domes make this
option a viable and favorable solution.

The sturdiness and robustness of domes are mystifying, and they seem to possess
eternal properties. This perception is not unfounded. Many of the ancient structures
which stand today are domes. The Pantheon in Rome and Hagia Sofia in Turkey are
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Dome Cap Hemisphere Partial Sphere

Fig. 4.1 Various profiles of a circular dome

perfect examples: both structures are approaching two millennia, yet they are
structurally sound and in remarkably good condition.

Domes are doubly curved shells and have positive Gaussian curvature. The
double curvature adds strength over shells that have single curvature (i.e., vaults)
(Wilson 2005). Two-way slab systems act similarly and provide an understanding to
this important concept. It is well known that two-way slabs carry load in two
directions and are significantly stronger and deflect less than one-way slabs (Wood
1961); the same can be said of domes. However, the strength of the dome lies in how
loads are carried by the shell walls. Domes carry loads primarily by membrane
action. In the meridian direction (i.e., vertically), the stresses are compressive. In the
hoop direction (i.e., horizontally), the stresses are compressive near the top, but
switch to tensile stresses in the lower half of a hemisphere. Similar to the cylindrical
shells, the base is subjected to boundary effects: moments and shears in the region of
the foundation or ring beam. The derivation of boundary effects is complex, but the
resulting stresses may be significant, especially in shells constructed of rigid thick
materials. For this reason, the derivation of boundary effects is included in this
chapter.

In Fig. 4.1, three possible profiles of the circular dome are illustrated. The theory
presented in this chapter is only applicable to hemispheres and low profile spherical
segments (i.e., dome caps). The high profile spherical segment (i.e., partial sphere)
attracts significantly more stress than the other profiles. Other than water tanks, high
profile spheres are rarely used as dome structures (Roy 2004).

As will be seen, a flat dome is in pure compression (in the hoop and meridian
directions), which is a favorable characteristic. However, flat domes have a high
horizontal thrust and therefore require a substantial ring beam to resist the tensions
caused by the thrust. Steeper domes, such as a hemisphere, have a reduced horizontal
thrust, but hoop tensions occur in the lower half of the shell.

Similar to the cylindrical shell, the equations and notations are largely based on
the work by Billington (1982). The derivation also relies on the works of Wilson
(2005), Chatterjee (1971), Timoshenko (1959), and Flugge (1960), which provide
extensive theoretical and practical information on the analysis of circular domes.
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4.2 The Membrane Theory of the Circular Dome

The development of the membrane theory for circular domes is similar to cylindrical
shell: Equilibrium equations are formulated by summing forces in each direction.
Differential elements are used as a tool to enable the formulation of these equations.
As seen in Fig. 4.2, differential elements are formed by two intersecting strips: one
segmental strip in the meridian direction and the other in the hoop direction. The
purpose of the element is to depict the in-plane membrane forces. The edge lengths
of the element are given in Fig. 4.3, and a side view, defining the radial geometry, is
illustrated in Fig. 4.4.

4.2.1 Equilibrium in the Hoop Direction (0-Direction)

In Fig. 4.5, only the stresses that contribute to the equilibrium equation are
illustrated.

Prior to formulating the equilibrium equation, the area of the differential element
must be solved. Referring to Fig. 4.3, the area of the differential element is deter-
mined by taking the average length of the top and bottom edges and multiplying by
the length of the side of the element.

Fig. 4.2 Membrane stresses on a circular dome differential element
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Fig. 4.5 Stresses that contribute to the equilibrium equation in the hoop direction

Area of the differential element = [M} ridg.

Expanding,

rod0  r,d0 | Or, dpdo
2 T2 T 2

or, d¢p*dor,
op 2

] ridg = r,r1dode +

The above expression is simplified by eliminating the higher order term (the
second term). Higher order terms are terms where the magnitude of the term is
significantly less than the other terms. Thus, these terms may be eliminated, since
they contribute little to the overall equation.

Area of the differential element = r,rd0d¢p (4.1)

Referring to Fig. 4.6, the equilibrium equation is formulated by summing forces
along the x—x’ line,

ON ON,
—Njyridd+ ( N'og + Noy deo "d" sinf cosdf + | Nl +—-Ld6 "d¢ cos 3 cos df—
o9 osp 26 0s B (42)
do 0Ny, Lo do do '
Niygrodf cos 5+ (N:ﬁo + 30 dqb) ( qg’qu)d& cos =+ Pyroridfdg cos = =0

The equilibrium equation is formulated by multiplying the stress by the edge
length of the differential element to obtain the total force along the edge. Likewise,
the surface pressure Py is multiplied by the surface area of the differential element
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Fig. 4.6 Direction of edge
stresses in the differential
element

(Eq. 4.1). The sin and cos terms are included in Eq. 4.2 to solve the components of
stress along the x—x’ line (see Figs. 4.5 and 4.6).
Referring to the triangle of Fig. 4.3,

sinf_ S depdo

cosf anﬁ— r1d¢ (4.3)

Since the angle df is very small, the cosdf ~ cos % ~ 1. This assumption is
applied to Eq. 4.2 and the tang is replaced by the expression in 4.3.
Expanding Eq. 4.2 and including the simplifications,

%d(ﬁdﬁ ON' %d(j)de
—Nyridp + Ny ridp | S8—— | + —=2 aor,do o9 + Nyride) + 2 ON dordgp—
0 O rid¢ 00 rid@ 00
or ON. ON, /,9 or,
! ! ! 0 q 4
Njorod0 + Njgrod0 + Ny =7 7 dido + 77 5 d¢rod9 54 dop5 4 depdo+

Por,rid@d¢ =0
(4.4)

The above equation is further simplified by eliminating the first and fourth and the
sixth and the seventh terms, and by removing the higher order terms (third and tenth
terms). The eighth and ninth terms are combined using the product rule.
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fle+rfg =fa) (4.5)
Ny %:; dpdo + aNf diprod6 = a(#?:r”)dqsda (4.6)

Making these changes,

/ o(N,,r,
Nf%aa—;;‘d(/)de + 661\;9 ridpdd + <a+z>d¢d9 ¥ Pororidfdp =0 (4.7)
Divide by d@d¢.
Cor, Ny (W) _
Ny, 20 + 30 + 30 + Pyror; =0 (4.8)

4.2.2 Equilibrium in the Meridian Direction (¢p-Direction)

To solve for the equilibrium equation in the meridian direction, only the stresses that
contribute to this equation are given in Fig. 4.7. A side view of the differential
element is given in Fig. 4.8. Summing forces,

Fig. 4.7 Membrane stresses in the meridian direction
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+ W
\ 30 dé
\ X
Fig. 4.8 Side view of the orientation of stresses in the meridian direction
do ON, L or do
—Nyr,df cos 5+ (N;, +8—¢d¢ 54’ d¢p |dO cos — 5 — Nyyridp+
ON, d ON, d
/ o0 ridg A 0 ndg\ . _
<N9¢ + 30 d@) (cosﬂ) cos <N 0 dH) ( osﬂ) sinfp + Pyrir,dfdg =0
(4.9)
For small angles, cosd¢ ~ cos ¥ ~ 1. Replace sing/ cos  with 4.3 and expand.
N rdf+ N rodf + N O depdo + r. ONy dgpdo or, dpdo—
¢ 0 ¢ 0 4) a¢ 4 a¢ ¢ ¢
ar,, aro
dp + Njyyrid aN ”’ déd Nyrdp 22 e =N 4 1, 20 e
Nogridp + Nyyride +—=5d0d¢ ri — Nyridp—"——-— rdd 30 ¢hT¢+
Pyrir,dfdg =0
(4.10)

Eliminating the first and second and the sixth and seventh terms, the expression is
simplified. Furthermore, the fifth and the tenth terms are higher order terms and are
also eliminated. The expression is therefore reduced to the following form:
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aro 5N¢ aNHz/) a"a
¢d¢d€—|— 0 ad’ d¢do + 30 dOride¢ — Ne 20 d¢do
+ Pyrir,dfde
=0 (4.11)

Combining the first and second terms using the chain rule (4.5) and dividing by
dOdg, the equilibrium equation in the meridian direction is solved.

a(Nd,ro)JraNg{/)r iy or,
o 00 '3y

2+ Pyrir, =0 (4.12)

4.2.3 Equilibrium in the Radial Direction (z-Direction)

The stresses that contribute to the equilibrium equation in the radial direction are
illustrated in Fig. 4.9, and the side view of the differential element is given in
Fig. 4.10. Summing forces along the x — x’ line,

Fig. 4.9 Stresses that contribute to the equilibrium equation in the radial direction
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Fig. 4.10 Side view perspective of the radial stresses

ON’
N)yr,d@sin % + <N;, + a—q;"qu) < a’; d¢> dfsin # + N)yridd sin %-i‘

(4.13)

<Ng + %d&)) ”d"; cos Bsin % + P.ryr,d0dg = 0

where the lengths of the differential element are according to Fig. 4.3 and the
summation is in the same direction as r,.
For small angles, we assume that sin ‘129

Expanding Eq. 4.13 and simplifying,

N;,rode (?) +Nlyrodé (%) +N, %;; dpdo (d¢ ) ¢ (dz"’ ) +

ON,  or, de , do , N,

34) d¢ a¢d¢d9( ) + Nyr |d¢< 1) +N9r1d¢<71) ag”df) 1d¢< )
P.rir,d0d¢ =0

do d¢ . do
2 and sin > NS

(4.14)
The third, fourth, fifth, and eight terms are higher order terms and therefore may

be eliminated from the equation. In addition, the first and second and the sixth and
seventh terms are combined.
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Ty do 7 dGl

Fig. 4.11 Relationship between the radius and arc length of the differential element

N)yrod8ddp + Nyridd6, + Prir,d6d¢ = 0 (4.15)

From Fig. 4.11, the arc lengths of the top edge of the differential element are the
same and may be equated (refer to Fig. 4.10).

r2d91 = l’gdg (416)
Rearranged,
d, = "o (4.17)
mn

Substituting 4.17 into 4.15 and dividing by d@d¢r,r.

4 !

¢ % =
" +r2 +P,=0 (4.18)

4.2.4 Summary of Equilibrium Equations and Simplifications

Collecting the three equilibrium equations,

0 (N;mr,,)
—5

/ aro aN’G
9% 0 * 20

r1—|— +Pgr0r1:0 (48)
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Fig. 4.12 Geometry of the !
differential element !

1 aTDd
! To+% ¢
!4 »
I
1
OW'ry) | ONay, 000 (4.12)
0¢ 00 ' 0o e ‘
! !
4204 p =0 (4.18)
r r

If we assume that the dome is symmetrically loaded, all of the terms which have 06
will vanish; the stress does not change in the hoop direction. Symmetrical loading will
also imply that the in-plane shear stresses are equal to zero (i.e., Ni/)g = N/a¢ =0).
Furthermore, we also assume that the surface pressure applied in the hoop direction
(surface tractions) is equal to zero (i.e., Py = 0). These assumptions will eliminate
Eq. 4.8, and the second term of 4.12. The equilibrium equations reduce to the
following form:

s Ny _
m + r +P, = (4.18)
a(N’r>
¢'o , Or, -
3 - Ny a¢+P¢r1r0—0 (4.19)

From Fig. 4.12,
rid¢ cos ¢ = dr,

or
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dr,

) r1COS ¢ (4.20)
Substituting 4.20 into 4.19,
0 (N;aro)
e Nyricos ¢ + Pyrir, =0 (4.21)
If we rearrange 4.18,
N/
Ny=—r, <r—f§ + PZ> (4.22)
Referring to Fig. 4.10,
Fo = rpsing (4.23)
Rearranging 4.23,
To
ry = Sing (4.24)
Substituting 4.24 into 4.22,
Nl
. To e
Ny = sing <r1 + P) (4.25)
Substitute 4.25 into 4.21.
!/
L(Nd)ro)—i— Lo N—;/)+P r1cos¢ + Pyrir, =0 (4.26)
0¢ singg \ 1 °)"! prite '

Multiply each side of the equation by sing.

0 (N;,)r(,)
—5

/

N
sing + r, <r¢+PZ> r1cos¢ + Pyrir,sing =0 (4.27)
1

Expanding 4.27,
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0 (N:pr(,>

34 sinp + Nyyr,cos ¢ + P.rori cos ¢ + Pyrory singg = 0 (4.28)

Integrating the above expression from 0 to ¢, combine the last two terms and
rearrange.

/¢ 0 (1;4:0) sin ¢pd¢p + / Nyrocos ¢ di
0

1 ¢

=5 (PZ cos ¢ + Py sin ¢) 2xr,r1de (4.29)
0

Solve the first term by integration by parts. The general formula is given below:

/udv =uv— /vdu (4.30)

If we assume,

u = sing¢
du = cos¢
e 0 (Nﬁ/)r,,) i
= a¢
v=Nyr,

Substituting the above into Eq. 4.29,

¢ ¢
Nyrosin ¢ —/ Nyro cosg{)dg{)Jr/ Nyr,cos ¢ dep
0 0

1 [ .
=-5 i (P, cos ¢ + Pysing)2nroridg (4.31)

Eliminating the second and third terms,

@
Nyrosing = — ! / (P.cos ¢ + Pysing)2nroridg (4.32)

2 ),

Divide each side by r, sin ¢,
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Fig. 4.13 Components of !

1
external pressures ! Pgsin¢ + P, cos ¢

1 ¢

;L .
Ny =— 2ar,sind ), (P, cos ¢ + Pysing) (2zr,)ride (4.33)

Evaluating 4.33, the term (277,) sums the stress in the hoop direction and f(;/) ride
sums the stress in the meridian direction. Furthermore, the term P, cos ¢ + P sin ¢ is
the vertical resultant of the two external pressures P, and P, (see Fig. 4.13). If we

assume R is the total load of the shell above the angle ¢,

R= /¢ (P, cos ¢ + Py singp) (27r, )rid (4.34)

Substituting 4.34 into 4.33, the general membrane stress equation in the meridian
direction is defined.

R
Ny= - 277, sin g (4.35)
Substituting 4.35 into 4.25,
! Vo —R
No="Sng <r127rr,, sng T Z) (4.36)

Rearranged, the general membrane hoop stress equation is similarly determined.
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N. = R _ Pr,

= p 4.37
0 2ar sin’¢p  sing ( )

4.2.5 Uniform Vertical Loading

Equations 4.35 and 4.37 are general equations that may be applied to any type of
loading. The first loading is a uniformly distributed load, which is evenly applied
over the surface of the dome. A uniform vertical load is the loading from the self-
weight of the shell or any evenly applied load that is affected by gravity. Thus, this
loading may include live loads and dead loads.
Referring to Fig. 4.14,
P, =qcos¢ (4.38)

Py =gsing (4.39)
Furthermore, since the shape is circular,

rl = r2 = d (440)
ro = asing (4.41)

Substituting equations 4.38 and 4.39 into 4.34, replace r,, with 4.41 and r; with q,

WYy

G

Fig. 4.14 Vertical load on a differential element
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R= /¢(q cos? ¢+ ¢ sin? 4))277(12 sing d¢
Since
cos® ¢+ sin? ¢ =1
Equation 4.42 reduces to
¢
R= / 2gna®sing do

Separating the integration constants,

¢
R = Zqﬂaz/ sin ¢ d¢

Integrate the above expression from 0 to ¢.

R = 2gqna*(1 — cos )

101

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

Substituting 4.46 into 4.35 and replacing r, in the denominator with a sin ¢,

B 2gqna*(1 — cos )

N, =
¢ 2za sin’¢p
Simplifying the expression,
ga(l — cos ¢)
Ny=-——"5—=
sin “¢p
Using the trigonometric identity,
2
sin “¢
1 ="
(14 cos¢) (1= cosg)

the final form of the equation is determined.

o qa
Ny= (1+ cos¢)

(4.47)

(4.48)

(4.49)

(4.50)

Substituting 4.46 into 4.37, replace r,, with a sin ¢, r; with a, and P, with g cos ¢.
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, _ 2qma*(1 — cos)  gcos¢ asing

N ' 4.51
0 2ra sin’¢ sin ¢ (4:51)
Simplifying,
N} = M —agcos (4.52)
sin “¢p

Using the same trigonometric identity, the equation for the hoop stress is
simplified.

Ny=aq (; - c0s¢) (4.53)

The above equations are valid for a circular dome, with the meridian angle
ranging from 0 to 90°. Solving for the stresses of a hemisphere.
If¢p=0,
aq

;. aq ;o
N¢—77 andN€—77

If p =90,

N, = —aq and Ny, = +aq
Furthermore, if we set (m — cos ¢) = 0 and solve for ¢,

¢ =51.83

This angle is the point at which the dome changes from pure compressions to a
shell with hoop tensions (Fig. 4.15).

A pure compression structure has many advantages, especially with materials that
are prone to tension cracking; concrete and masonry are two such materials. For this
reason, it is common practice to use shallow domes as a reservoir roof. If in pure
compression, the structure is far more durable, crack free, and more impermeable to
the ingress of moisture. If the shell is constructed of masonry, a pure compression
structure is essential.

The vertical, or meridian stress, may be broken down into components of stress in
the vertical and horizontal directions at the base of the shell (see Fig. 4.16). From
pressure vessel theory (Higdon 1976), the horizontal pressure multiplied by the
radius of the shell is equal to the ring tension in the shell.
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+aq

Fig. 4.15 Vertical and hoop stresses in a hemisphere (compression is negative)

Fig. 4.16 Components of the meridian stress at the base of the shell

Ty =—Nycospr, (4.54)

Since r, = a sin ¢,
Ty = —Nycos ¢ asin ¢ (4.55)
The ring tension is resisted by a ring beam at the base of the shell. As will be seen

later, the boundary effect contributes little to the N:/) value. Thus, the ring tension
equation is applicable to domes designed with membrane and boundary theories.

@seismicisolation


https://t.me/seismicisolation

104 M. Gohnert

The profile of the dome determines the magnitude of the ring tension. The ring
tension is high in flat domes, but reduce in magnitude with high profile domes (i.e.,
hemispheres).

4.2.6 Horizontal Vertical Loading

The second type of loading considered is a uniformly distributed load, applied over a
horizontal projection (Fig. 4.17). An application could be a snow load, which would
only stick to the upper portion of the dome.

Because the uniform distributed load is applied to a reduced area of the differen-
tial element, the value of P on the differential element is reduced accordingly.

P cos ¢

The external loads in the ¢ and z-directions are therefore defined in terms of a
horizontal projection.

P.=Pcos¢ (cos¢) =P cos’ ¢ (4.56)
Py, =P cos¢sing (4.57)
Py=0 (4.58)

The total load on the shell, at an angle of ¢, is equal to load P multiplied by the
area of the horizontal projection.

AR A

Fig. 4.17 Vertical loading over a horizontal projection
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R = Prr? (4.59)

Since r, = a sin ¢,
R = Pra’ sin’¢ (4.60)

Substituting 4.60 into 4.35 and replacing r, with a sin ¢,

Pra® sin*¢
N/ = T 5 7 N 7 4.61
¢ 2z(asin @) sin ¢ (4.61)
Simplifying the above expression,
Pa
N:ﬁ == (4.62)

Substituting 4.56 and 4.60 into the general Eq. 4.37 and replacing r, = a sin ¢
and r; = a,

_ Pra*sin’¢ (P cos® §) asing

N, - 4.63
" 2nasin 2¢ sin ¢ ( )
Simplifying,
N, = % — Pa cos’¢ (4.64)
or
4 1 2
Ny = Pa (5~ cos® ) (4.65)
Multiply each side by —2.
—2Nj = Pa (2 cos’*¢p — 1) (4.66)
Substitute the following identity.
cos2¢ =2 cos’¢p — 1 (4.67)
Dividing by —2, the equation for the hoop stress is determined.
Ny = —2Pa cos 2¢) (4.68)
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Fig. 4.18 Uniform pressure applied to the surface of the dome

4.2.7 Uniform Pressure

This type of loading is applied normal to the surface of the shell (see Fig. 4.18),
which is usually caused by an internal pressure. The loading, however, is similar to
the uniform vertical load case for a flat dome.

For uniform pressure, only the load in the z-direction is considered.

P, =
Py=0
Py=0

Using the Eq. 4.34 for the total external load and substituting P, = 0,
P,=P,r,=asin ¢,and r| = a,

¢
R= / (P cos ) (2zasin ¢)a di (4.69)

Separating the integration constants,

¢
R = Pd’n / cos ¢psin ¢ dep (4.70)

Integrating the expression from 0 to ¢,
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sin? ¢
R =2Pa’n <2) (4.71)

or
R = Pa’z sin® ¢ (4.72)

Substituting the value of R into Eq. 4.35 and replacing r, = a sin ¢,

Pd’n sin? ¢
Nl = T Qa7 4.73
¢ 2z(asin @) sin ¢ (473)
Simplifying the expression,
— Pa
Nﬁﬁ = (4.74)
Replacing R, P, r,, and r| of Eq. 4.37,
2 i 2 P :
N, = Pa*rw s.m2 ¢$ (a.sm P) (4.75)
2ra sin“¢ sin ¢
Simplifying the above expression,
Pa
or
N,=-"2a (4.76)

4.2.8 Circular Openings at the Apex of the Shell

A skylight is a common feature at the apex of the dome. A circular hole is placed at
the top of the shell and placed concentrically. The Pantheon in Rome is perhaps the
most famous of these types of structures. The skylight opening may be of any
diameter, yet the shell will remain structurally stable. This characteristic simplifies
construction, especially when building with masonry. If the walls of the shell are
constructed in successive rings, the structure is stable during construction and does
not require formwork. Most openings, however, are covered with a skylight or
lantern. A lantern is an architectural feature that is placed on top of a shell roof to
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Fig. 4.19 Dome with a circular opening at the apex of the shell

allow natural light into the space below. These edifices often incorporate a steeple. A
skylight is a contemporary version of a lantern, albeit less ornamental. Lanterns and
skylights cause a continuous load around the opening (see Fig. 4.19) and may
necessitate a ring beam.
As depicted in Fig. 4.19, the load P is a uniform line load that circles the opening.
This load will generate a horizontal thrust H due to the angle of the supporting walls.
Since

tan ¢, :g
- ﬁ (4.77)
Hsing, =P cos ¢,
The compression in the ring may therefore be defined as
C, =Hr,=Hasin¢g, =a Pcos¢, (4.78)

where ¢, is the angle from the vertical to the edge of the opening.
For the skylight calculation, we assume

P,=Py=Py=0
Since the shell will be subjected to gravity and live loads, this assumption is
incorrect. However, we can analyze the skylight loads separately and superimpose
the stresses.
The total load is equal to

R = P2zr, = P2nasin ¢, (4.79)

Substitute Eqs. 4.41 and 4.79 into 4.35 and 4.37.
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_ P2rasing,

N, = 4.80

¢ 27r, sin ¢ ( )

| = - Psind, (4.81)
sin “¢b

Ny = Plra s.1n2¢(, (4.82)
2za sin“¢

N, = Fsind, (4.83)

sin “¢

The effects of an oculus, or hole at the apex, must be separately considered. The
weight of the removed cap (above the hole) must be subtracted from the hoop and
meridian stress Eqs. (4.35) and (4.37).

4.3 Displacement Theory

Typically, deflections are relatively small in shells. If the shell is thought of as a
series of meridian strips and horizontal rings, the interaction between them provides
insight in why the deflections are small (Torroja 1958). As the meridian strips deflect
downward, the hoop rings counteracts this movement by hoop compressions. Like-
wise, where the meridian strips rise, tensions form in the hoop rings to counteract
outward movement. This interaction lessens the deflections to such an extent that
designs are rarely controlled by deflections. This, of course, is a generalization and
may not hold true for shells with a high radius to thickness ratio or composed of
flexible material.

Referring to Fig. 4.20, the solid line is the differential element in the original
undeformed state. The dashed line is the same differential element after deformation.
As illustrated, the element has deformed radially inward by the amount w and
downward along the meridian by the amount v.

4.3.1 Circumferential, or Hoop Strain

The circumferential strain may be defined as the change in the circumferential
length.

2xAr,
2xr,

o = (4.84)

Referring to Fig. 4.20,
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Fig. 4.20 Displacements of the differential element

Ar, =vcos¢p — wsin g
Substituting 4.85 into 4.84,

2z(vcos ¢ — wsin @)

Ep =
0 2nr,
Expanding 4.86,
. 2rnvcos¢  2zwsin ¢
0= -
27xr, 2rr,
g, — Y COS ¢ wsing
‘T o
Since r, = r; sin ¢,
_vecosgp _w
oo 0 r

4.3.2 Meridional, or Vertical Strains

Influence of v
@seismicisolation
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(4.86)

(4.87)

(4.88)
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If we initially consider the strain due to the influence of v, the change in the length of
the element, in the vertical direction, is the difference between the deformations
(refer to Fig. 4.21).

Ardg = (v + g—;d¢> —y= %d(ﬁ (4.90)

The strain is defined as the change in length divided by the original length.

_ Ar1d¢
T Trd

(4.91)

Substituting 4.90 into 4.91,

ov
. _wdd) _dv
T rd¢g T rid

(4.92)

Influence of w

The expansion or contraction of the shell will influence the strains in the merid-
ional direction. As can be seen in Fig. 4.22, the contraction of the differential
element will cause a compressive strain in the element. The change in the length
of the differential element is the difference in the arc length, represented as Ar;dep.

Fig. 4.21 Deformation of the differential element in the vertical direction due to the influence of v

@seismicisolation


https://t.me/seismicisolation

112

Fig. 4.22 Deformation of
the differential element in
the vertical direction due to
the influence of w

Ardg = (r1 —w)d¢ — ridd = —wd¢

Since the strain is the change in length over the original length,

e — Ar1d¢
¢ = ride
Substituting 4.93 into 4.94,
_—wdp _ w
T rdg T n

Total Strain

The total strain is the sum of 4.92 and 4.95.

dv w

€= r1d¢ a ri

4.3.3 General Equations for Deflections and Slopes

Rearranging 4.89,
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w _vecosg
T
Solving for w,
= M — &y (497)
Rearranging 4.96,
w dv

Solving for w,

rldv

dv
—W—rled, —%—rled, (4.99)
Equating 4.97 and 4.99,
r2V COS v
2r70¢ —rygg = aé —ri&y (4.100)
Substituting r, = r, sin ¢,
rveosg
772 singl) &g = d¢ I‘18¢ (4101)
veotgp — raeg = ﬁ —rigy (4.102)
Rearranged,
dv
P —veotg = rigy — gy (4.103)

Use Egs. 3.33 and 3.34 from cylindrical shell theory (Billington 1982), but
change the subscripts to be consistent with circular dome geometry.

€ = E]h (N’ uN;,) (4.104)
ey = Elh (N¢—UN9> (4.105)

Substituting the above equations into 4.103,
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dv

i veotg =r (ﬁ [N:,) — Z/N;D (b}h [N uN¢D (4.106)

Rearranging the above equation,

d¢ —veotd = [N¢(r1 +vry) — Ny(ra + wl)} (4.107)
The above equation may be expressed as
dv
E—vcotd) =f(¢) (4.108)
where
(4.109)

fl@) = Elh [Nd,(rl +vry) — Ny(ra +vry)

The above linear differential equation is similar to the mathematical form

D1 Py =) (4.110)

A solution to this differential equation is available, expressed as Eq. 4.111 in

terms of x and y.

y=e - Jred /fp X) +ce Jrea (4.111)
If we make the following substitutions:
dy _dv
dx  d¢
P(x) = —cot¢
y=v
fx) =f(#)

The solution is therefore

b= f(—cot¢)d¢/ef(—cot¢)d¢f(¢) Lcem J(=cotp)ag (4.112)

Since
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/cotq’)dg{) = In|sin¢|
and

eln\smq’)| _ Sil’l¢

1

—In|sing| _
e = ——7
sin ¢

the solution becomes,

V= sin(p/%—&—csinqﬁ

S1

or

s

Replacing f(¢p) with equation 4.109,

. /ﬁ [Nﬁ/,(rl +ury) — Ny(ra + vrl)]
v = sing

sin ¢

Separating the constants,

sin ¢ {N:p(rl +ury) — Ny(ra + I/rl)}
V= Eh / (

where c is an integration constant determined from boundary conditions.

From Eq. 4.97,
12V COS
w = At 4 ¢ — &y
To
Replacing r, = r; sin ¢,
r2V COS ¢
W=——"—"—""—1Ié&y
rp sin ¢
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w=vcotd — reg (4.120)

Replacing ¢, with Eq. 4.104,

w:vcotqﬁ—g—Z(N;,—yN:/)) (4.121)

Meridian Rotations

Figure 4.23 is an exaggeration of the deformations of the differential element. In
reality, the deformations are small, which permits the following assumption:

Alrp=v (4.122)
Rearranged,

A=Y (4.123)

r

Similarly, with the w deformations,

(w—l—g—zd(ﬁ) —w

A= (4.124)
, Ow
8, = (4.125)

The meridian rotation is therefore the sum of the two rotations.

ow
A =2
b r1+r15(j)

(4.126)

Horizontal Deformations

The differential element undergoing deformations will either expand or contract
under load. This expansion/contraction will cause the differential element to undergo
a strain, defined by the change in length divided by the original length (see
Fig. 4.24).

(ro + AYy)d6 — r,do
€ = n (4.127)

Multiply each side by r,.
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w displacements v displacements

Fig. 4.23 Rotations in the meridian direction

(ro + A},)dO — r,do

o€ = 1o rdo (4128)
Expanding and simplifying the above expression,
_ 1d0 + Apdf —r,d0
ro€g = To rodﬁ = AH (4129)
gy was previously defined in Eq. 4.104.
o 1 ! !
e =2 (Ng - qu,) (4.104)

Substituting r, = r, sin ¢ and Eq. 4.104 into 4.129, the general equation for
horizontal deformations is determined.

rpsing

Ay = Eh

(N(9 - VN;,,> (4.130)

At the base of the shell, the vertical deformation is assumed to be zero. Thus,
v = 0. This will eliminate the first term of Eq. 4.126.
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I
Fig. 4.24 Horizontal deformation of a differential element

ow
r0¢

I
A, =
Substitute 4.121 into the above equation.

ro_
Ad)f

rlgd) [vcotdy (N - Nq,)} (4.131)

Take the derivative of 4.131 with respect to ¢.
I ! !
dv cotgp vescip d[E%z (NG o VN!/))}

A, = — — 4.132
¢ d¢ r r rideg ( )

Since v = 0 at the base,

e Maliow)]
v dg n ride '
Using Eq. 4.107,
dv /
b —veotg = T [N{/)(rl +urp) — Ny(r2 + vrl)} (4.107)

and simplify since v = 0.
dv 1
i~ Th [N(/,(rl +ury) — Ny(ra + I/rl)} (4.134)

Substituting the above equation into 4.133,
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8y = { g [Vt + 72) = Nyt 4 )| } 228 - i (]Z ed; Ny 13s)

The horizontal deflection was previously defined as 4.130.

, __ rysing
An = Eh

(Ng - uN;) (4.130)
Rearranged,

Ay _n (N/—I/N/)
singg ~ Eh o ¢

Placing the above equation into 4.135, the general equation for membrane
rotations are determined.

Ay = {g;ltrff [Nﬁb(rl +ury) = Ny(rs +l/r1)] } - r1‘;¢ (sﬁlH(l)) (4.136)

Equations 4.130 and 4.136 are general equations to determine the horizontal and
slope deformations. These two equations are now applied to the various loading
conditions.

4.3.4 Deformations for the Case of Uniformly Distributed
Load (Gravity Load)

For the case of the uniformly distributed load, the stresses were previously
determined as:

o aq
Ny =aq (ﬁ — cos (15) (4.53)

Substituting the above equations into 4.130 and replacing r, = r, = a,

r asin¢ 1 aq
AH = Eh {aq(l ¥ COS¢ — COS ¢) + v (1—~—(:()qu):| (4137)

Simplify.
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2
;o _a‘q 1+v .
Ay =Dy = h (41 +cos & cos¢> sin ¢ (4.138)

The general equation for the slope is Eq. 4.136. Substitute the above equation into
4.136 and replace ry = r, = a.

Al = {be)}zf [N;g(a +va) — Ny(a +l/a)} } — ﬁ

a’q 1ty .
Eh \1+cos ¢ COS¢ Sln¢

x i (4.139)
Ny = {Cgf [N'p(1+v) = N'p(1 + ”ﬂ} -5 d%s
x (HIF%VS(/)— cos ¢) (4.140)

Substitute 4.50 and 4.53 to replace Ny, and N'y.

;| cotg aq 1
Ay = { Eh [_(1 + cos¢) (1+2) —aq(l + cos¢ C0S¢)(1 +U)}}

_aad (1A s
Eh dp \1+ cos¢

(4.141)
Manipulating the first term and take the derivative of the second term,
, _ (I+v)agceotg || 1 B 1 _
B = Eh (14 cos¢) 1+ cos¢p cos ¢
aq | (1+v)(sing) .
—— | ——————>+ sIn 4.142
Eh | (14 cos¢)® ¢ ( )
, _ (1+v)agceotg [ 2 _aq
B = Eh 0+ cosg) %) " En
Ui g (4.143)
(14 cosg)

@seismicisolation


https://t.me/seismicisolation

4.3 Displacement Theory 121

,_aq
A =En

2 (1 +v)cotep (I4+v)singg .
_m+(l+V)COt¢COS¢—m— Slnq5
(4.144)
A, =Dy = % (2+v)sing (4.145)

The sign was changed so that a downward uniform load corresponds to a positive
rotation.

4.3.5 Deformations for the Case of a Horizontal Uniformly
Distributed Load

Using the previously defined stresses for the case of a horizontally applied uniformly
distributed load,

Pa
Ny =—2t (4.62)
Ny=— Pa os 2¢ (4.68)

2

Substituting these equations into 4.130 and set ry = r, = a.

, _asing (—Pa Pa
ay =2 (—2 cos 2+ v ) (4.146)
2 .
A},:DH,:% (— cos2¢p +v) (4.147)

Substitute 4.62, 4.68, and 4.147 into 4.136, and set r; = r, = a.

Ay = {(Ezj [—%(a—kva) —l—% code)(a—f—ya)}} _ﬁ
X( - (siff;fzd’”)) (4.148)

Ay = {ap (1 —gg}z C0t¢[—1 + code)]} —;—51 %(—cos2¢+u) (4.149)
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A, = {W[—l + cos 2¢]} —%(2 sin 2¢) (4.150)
A, :%[—(1+v)c0t¢+(1+v)c0tq§c032(/)—2sin2(/)] (4.151)
Al = —%[(1 +v)cotp(1 — cos2¢p) + 2 sin 2] (4.152)

Using the trigonometric identities,

1 — cos2¢p =2 sin?¢ (4.153)
sin2¢p = 2 sin ¢p cos ¢ (4.154)
and substituting into 4.152,
;. ap cos¢ . » .
Ay = 2Eh2 (I4+v) Sin g sin“¢p + 2 sin ¢ cos ¢ (4.155)
A, = =2 (2inpcosd) (3+v) (4.156)
¢ 2Eh '
a .
A, =Dy= - ﬁ (3 +v)sin2¢ (4.157)

4.3.6 Deformations for the Case of a Uniform Pressure

The stresses for the case of a uniform pressure:

_Pa

N;) ) (4.74)
Pa
Substituting these stresses into Eqgs. 4.130 and setting r; = r, = a,
, _asing (_@ @)
Ay, = Eh 7 +v 2 (4.158)
2 .
a“P sin¢g
A/H=D10=W (-1—|—V) (4159)

Furthermore, substituting 4.74, 4.76, and 4.159 into 4.136,
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A = {CEO}:? [_Tpa(a—&—ua)—_TPa(a-i-ua)}}—ﬁ

a*P singg [ _
x < 25 si(n¢1+”)> (4.160)
A cotg d (a®P(—1+v)

Since the derivative of a constant is zero,

AL, =Dy=0 (4.162)

4.4 Boundary Effects

If the shell is unrestrained at the boundary, the stresses will only be membrane.
However, the base of the shell will most likely be connected to a foundation, or ring
beam, which restrains movement in translation and bending. The stresses which are
caused by this restrainment is what is referred to as boundary effects. The left-hand
side of Fig. 4.25 illustrates the location and orientation of the moments and shears.
The boundary effects will also produce membrane stresses, which are illustrated in
the right-hand side of Fig. 4.25. The forces and stresses are separated for clarity, but
the total stress is the combination of the two figures. It should be noticed that the
membrane stresses, which are caused by boundary effects, are represented without a
prime in the superscript.

The extent, or influence, of the boundary effects is directly related to the type of
construction materials used and the thickness of the shell walls. A thin flexible
material, such as steel sheets, may have negligible effect on the stresses. However, a
thicker stiffer material, such as concrete, may influence as much as a third of the shell
and cause significant stresses.

The centroid of the foundation, or ring beam, should be in line with axis of the
shell walls (Fig. 4.26). If these lines do not intersect, additional moments will occur
in the shell. The theory presented is based on the influence of base fixity and does not
include the effects of foundation eccentricities. If the foundation is designed with an
eccentricity, this will defeat the purpose and benefit of dome structures, since the
offset will generate additional moments and reduce the capacity of the shell. An
eccentricity is therefore not advisable.

If a ring beam is placed at 51°, the hoop tension in the beam is not zero
(as suggested by Fig. 4.15), since the horizontal component of the meridian stresses
causes a ring tension.
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Fig. 4.26 Shell walls
intersecting the centroid of
the ring beam or foundation

The boundary theory is determined by solving for the equilibrium equations in
each of the directions.

4.4.1 Equilibrium in the Hoop Direction (0-Direction)

In addition to the membrane stresses, only the shears contribute to the equilibrium
equation in the hoop direction (see Fig. 4.27). The equilibrium equation therefore
includes the membrane equilibrium Eq. 4.7, plus the out-of-plane shear. Each of the
stresses are multiplied by the length of the differential element (see Fig. 4.3).
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Fig. 4.27 Stresses that contribute to the equilibrium equation in the hoop direction

—(o,+%= 99 45 (1149 ) o5 BsindOsin g+ Ng, Ir, dodg + 20 Ny r1d0dg-+
00 cos 0¢ 00 (4.163)
0 (Ngoro) '
7d9d¢ + Pgr,)r1d0d¢) =0
0¢
Expand the first term and simplify (assuming sin df ~ d6).
8 o) a"o
—Qgrid¢ dO sinp — d(ﬁ r1d6”sing + Nggy = dOd¢p + O dodg+
o z (4.164)

9 (Ngoro)

544040+ Paruridodp =0

The second term is a higher order term and therefore may be eliminated from the
equation. Furthermore, the equation is simplified by dividing by dfd¢.

3 (Nyors
—Qgrlsin¢+Na¢g_';+aaA‘;0rl+ (aqzr)

+ Pyror; =0 (4165)

4.4.2 Equilibrium in the Meridian Direction (¢-Direction)

In addition to the membrane stresses, the shear stresses that contribute to the
equilibrium equations are depicted in Fig. 4.28. As illustrated, only the bottom
out-of-plane shear contributes to the equation. The component of this shear along
the x—x’ line is added to the membrane stress equation (Eq. 4.11).
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Fig. 4.28 Stresses that contribute to the equilibrium equation in the meridian direction

d 5Q aro aro
—0,(r,df) sin 7¢ - (Q¢ +a—¢¢d¢> ( 3¢ d(ﬁ)dQsm b + Ny 20 dpdo+
ON, ON,
o' ¢¢ dipd6 + 7 dOridgp — Ny aa;f dpd8 + Pyrir,dfdg =0
(4.166)
Expanding the above equation and assuming sin d’ ~ %
—Qy(r. dg)@ —Qyr @dﬁ -0 oro @2d0 - %@zr do—
»\To D) ¢lo ¢ 0 2 op 2 7
00 dg* or, or, ONy ONey or,
P 2 4 d0+Ny 52 36 depdo + r,—2= 3¢ ddo + —FdOridg — No> B depdo+
Pyrir,dfdep =0
(4.167)

The third, fourth, and fifth terms are higher order terms, and therefore may be
eliminated. The first and second terms are combined and the equation is divided by
dodg.

or, ON, p)

8N9¢
56 09

20 '

or,
0

_|_

— Ny

_Q¢r0+N¢ +P¢r1ro:0 (4168)

The expression may be further simplified by applying the product rule, combining
the second and third terms.
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0 (N¢ ro) or, ON,
B N¢a¢+ "4 (4.169)
Therefore,
0(Ngr,) ON,
—Q¢r,,+<a$)+ a;”b r1—No a¢+P¢r1r0_0 (4.170)

4.4.3 Stresses That Contribute to the Equilibrium Equation
in the z-Direction

When summing the internal stresses, all four out-of-plane shears contribute to the
equilibrium Eq. 4.15 (see Fig. 4.29). These stresses are added to the membrane stress
equilibrium equation.

—QyrodO cos % + <Q4, + %dgb) ( oro dq/)) d6 cos —- d — Qpridd¢ cos ? +

0¢ 0¢
(Qe + aan‘g d9) rld(Z cos —- cos/)’ + Nyro dpdO + Nor1dpd6y + P.rir,d¢pdd = 0
(4.171)
The expression is simplified by substituting df; = % ry = ¢ ¢ and cos ‘120 =

cos d‘/’ ~ 1. Expand the above equation.

Fig. 4.29 Stresses that contribute to equilibrium in the z-direction
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or, Q¢ or,
o 0 ¢ 0

7 ridpdo + Ny rodpdo + Nory sin ¢dpdo + P.rir,dpdd = 0

—0yrod + Qyrodl + 0 52
Q

depd +—2 de

rodpdd %% a dpd0 — Qyridd+
9r1d¢ +
(4.172)

Eliminate the first and second terms and the sixth and seventh. The fifth term is a

higher order term, which is eliminated. Equation 4.172 is therefore reduced to the
following form:

or, Q¢ 00y
A 3. o0 + S rid a0 + Ny ridido

+ Nory sin pdpd® + P.rir,dpdo
—0 (4.173)

Q) 22 dpdo + =2

Using the product rule,

(fs) = flg+f¢

The first two terms of 4.173 may be combined.

aro
0¢

00,

0(Qyr0)
54 "0 = depdo

0

dgdo + —-
Therefore,

0(Qy70) 0Qy
S e + T

+ P,rir,dpdl
=0 (4.174)

r1dgpd0 + Ny roddpd6 + Nor sin pdpdo

Divide the above equation by d¢d6.

0(Quro) 0 .
(535 )+%rl+ Ng ro + Ngrysing + P;rir,=0 (4.175)
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Fig. 4.30 Moments and shears that contribute to the moment equilibrium equation in the hoop
direction

4.4.4 Equilibrium of Moments About the Hoop Direction

In reference to Fig. 4.30, only the moments and shears that contribute to the
equilibrium equation are included in the diagram. In this case, the membrane forces
are not included since they do not contribute to the moments about a center line of
the differential element in the hoop direction. Summing moments,

Myrodo — (M¢+%d¢)( ar”d¢)d0+Q¢ 0d6<1 ¢> cos 2¢+

0¢ 0¢
o ) o)
+ <M9 + aé‘é"d&) (r;‘i‘f}) sin i+
(- 2520) (2} o

(4.176)

where the lengths of the differential element are taken from Fig. 4.3.

Zodgdo
~ 1l and tanf = a¢1d¢ :

Expand the above equation, assume cos 2
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or, 5M¢ oM, . Or,
odgpdd — d
P D¢ "0 =54 405 ¢

Q,/,rod9<r1d¢) + Qyr, gd49<i’1d¢> +0, %;;; d¢d9<rld¢> 4 %% a¢ d¢d€<rld¢>+

M¢V0d9 - M¢r0d€ - M¢

dpdo —

dgpdo+

o 4o
rideg

aQ¢d¢ or,

5oL 5 Ao (rld‘f’) — Moyridd + Moridd

+

or,

degdo
=040 9 i OMay
ridg rdd + Moyride + 30 dOridp =0

oM,
00

(4.177)

Eliminating the higher order terms (i.e., fifth, eight, ninth, tenth, and thirteenth
terms).

oM
Myrodd — Myrodt — My =5 %% aipde — 2212 oo + Qyrodd <r1d¢)

0¢ o¢
or,
SFo dipdo
Qyrodl (rljd;) — Myyride + Myride ¢; 1dd

oM,
Moyridd + = ;¢ r1d0dg = 0

(4.178)

In the above equation, terms one and two and the seventh and ninth cancel each
other out (equal but opposite signs). Furthermore, the eight term is simplified.

5ro oM, 1d¢ r1d¢
G 400 — 5 rodd0 + Oy 0d9< + Qyrpdd
or, aMg¢
+ My 52 dpdo + =5 doridg
—0 (4.179)

Furthermore, use the product rule to combine the first two terms. The third and the
fourth terms may also be added.

0(Myr oM
- <a¢ Q) dpdd + Qyr,r1dfdg + My a;’;dg{)dﬁ + a;‘ﬁ r1dfdg =0  (4.180)
Divide by d¢d0.
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Fig. 4.31 Moments and shears that contribute to the equilibrium equation in the meridian direction

0 (Myr,
- %+Q¢r¢,r1 + My

or, OMyy
20 T 00

ri=0 (4.181)

4.4.5 Equilibrium of Moments About the Meridian Direction

Figure 4.31 depicts the moments and shears that contribute to the equilibrium
equations about a vertical line that passes through the differential element. Only
the moment and shears that contribute to the equilibrium equations are illustrated.
No membrane forces contribute to this equation. Summing moments about the
vertical center line,

Myor,do <c0s dj) - <M¢9 | oMy d¢) < el d¢)d9(005 df) + Moridg—

o¢ o¢
aMg I’]d¢ 5 94, I’]dd)
(Me t 20 00 d@) cos cosf+ (MH¢ + 06 do cos
0 d »d0
<Q9 + aQe‘ng) d (Z cos[irT =0

(4.182)

where the lengths of the sides of the differential element are given in Fig. 4.3.
Using Eq. 4.3,
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sinf _ S dgpdo
cosfi an p= rldqb

Assuming cos % ~ 1 and expanding Eq. 4.182,

Or,
o

aM(/,g
0
or,

5 depdo
gdé)rldcﬁ + Moyridg a7

0uria(75°) + ouna (%42 + S raoan (") <o

aM(/,g
o9

or,
o¢
g;;' dgpdo

r d0d¢ W

M¢grgd0 — M¢grod9 — M¢5 dgi)d@ — r0d¢d0 — d¢ d¢)d€ -+ M‘grldqﬁ*

aMg(/,

Mg}“]dﬁb 00

+ +

00

(4.183)

The fifth, tenth, and thirteenth terms are higher order terms and therefore may be
eliminated from Eq. 4.183. The first, second, sixth, and seventh terms are also
eliminated (equal but opposite terms).

—Mgp g;’ depdo — ag{f rodpdd — aa"g 8 r1dOdg + Mgy %:; depdo
- Qyrddh (r(,dH) Oprrddp (r,,d@)
=0 (4.184)

Combining the last two terms and using the product rule to simplify,

0 (Mgoro) _ OM g
Therefore,
- quﬁdé My r1dOdeg + My, Or, depdO + Qgrir,dpdd =0 (4.186)
2 20 o
Divide by d@d¢.

0(Mgyor,)  OMy or, _
3 30 r —|—M9¢%+Q9r1ro—0 (4.187)
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Fig. 4.32 Radial geometric !
relationships of a differential
element

4.4.6 Simplifying the General Equilibrium Equations

Collecting the five equilibrium equations,

or, ONy 0(Nyoro)

—Qprsing + Noy 8¢+W”+ 20 + Porory =0 (4.165)
a N, ro aN h a 0
—Qy0o +—(5ZS ) + 8994 ri — Ny ar¢ + Pyrir, =0 (4.170)
0(Qyrs .
7(%’; ) +%r1 + Ny ro+ Norysing +P.rir, =0 (4.175)
o (Myr,) Ory  OMoy
——a¢ +Q¢r0rl+M€a¢+ ag l"]—() (4181)
78(M¢9r”)7aM9r M %+er =0 (4 187)
o 00 1 T g TR T '

Then above equations are simplified by making the following assumptions:
From Fig. 4.32, the following relationship may be formed:

rid¢ cos ¢ = dr,
or,

dr,

) r1COS ¢ (4.188)
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Furthermore, for symmetrical loading, the membrane and shear stresses and the
bending moments may vary in the ¢-direction but are constant in the 8-direction. It
may therefore be assumed that the change in stress in the 8-direction is equal to zero.

ONg _ 00y _ OMy _
20 00 00 0 (4.189)

Furthermore, the in-plane membrane shears and the twisting moments are also
assumed equal to zero, due to symmetrical loading.

Ngo = Nop = Mgg = Mgy =0 (4.190)

Applying the above assumptions, the equilibrium equations reduce to the
following form:

—Qyrsing + Pgror; =0 (4.191)

M_Q ro — Ngricos ¢ + Pyrir, =0 (4.192)
¢ v ’

0(Qyro
%Nd) r, + Ngry sing + P,rir, =0 (4.193)
8(M¢r(,)
———= =+ Qyror1 + Mgricosg =0 (4.194)
0¢
Qprir, =0 (4.195)

Since Qy must be equal to zero, Eq. 4.195 is eliminated. Similarly, if Qy = 0, then
Py also must be equal to zero, and Eq. 4.191 is eliminated. The equilibrium equations
are therefore reduced to three.

O(Nyro
(a;r ) Q7o — Nor1 cos+ Pyriry = 0 (4.192)
a(g(;ro) _ N(/) o + N(grl Sin¢ + Pzrlr() =0 (4193)
_ —8 (Ag;’;r”) + Qyrort + Mgricos¢ =0 (4.194)
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4.5 Displacement Theory of the Boundary Effects

The relationship between strain and deformation was previously solved.

_veosgp w
g9 = . (4.89)
dv w
From cylindrical shell theory, and changing the y subscript to ¢,
Eh
Ng = m [89 + U8¢] (335)
Eh
N¢ = m [8¢ + l/gg] (336)
Substituting Egs. 4.89 and 4.96 into 3.35 and 3.36,
_ Eh veosp w v w
e[ -E) )] e
_ Eh v w veosp w
e

Referring to Fig. 4.33, the rotation of the differential element was previously
defined by Eq. 4.126, in terms of deformations in the v and w directions.

Fig. 4.33 Slope at the top !
and bottom of the
differential element
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v ow

A =
7 +r15¢

(4.126)

Rotation at the bottom of the differential element is equal to the top rotation plus
the change in rotation.

0(4y)
o¢

Ay =Ay+ de (4.197)

The curvature is the change in rotation with respect to the length of the differential
element.

YRRy

Substituting 4.197 into 4.198,
[A¢ + a(af;’) dgb} — A,
Xy = ride (4.199)
0(4y)
Substituting Eq. 4.126,
o (v Oow
)(¢_rla¢ (r_1+rla¢ ) (4201)

Prior to deformation, the length of the top edge of the differential element is
equal to:

ro,d6 = rysin ¢ d6 (4.202)
After deformation (refer to Fig. 4.34),
rodf = r sin (¢ + A¢) do (4.203)
Equate 4.202 and 4.203,
rasing df = rysin (¢ + Ay) dO (4.204)

Using the trigonometric identity,
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Fig. 4.34 Rotation of the differential element

sin (¢ + Ay) = singpcos Ay + cospsin A, (4.205)
Therefore,
rysing df = ry(singcos Ay + cospsinAy) do (4.206)
Since Ay is very small, we can make the following assumptions:

cosAy ~ 1
sinAy =~ Ay

Equation 4.206 is therefore simplified.

rysing = r5(sing + Ay cos @) (4.207)
Solving for 75,
v = rasing (4.208)
> (sing + Aycos )

Since the curvature is defined as the inverse of the radius,

l,: (sin¢+.A¢cos¢) _ (1+ Agycotep ) (4.200)
rh 7o Sin ¢ r

Therefore, the curvature due to bending is the difference in curvatures after
deformation.
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Yo=—— (4.210)

Substituting Eq. 4.209,

1 +A,,{,cotqﬁ 1 Aycotg

Yo = p . p " (4.211)
Since,
— To
27 in
Aycosg
2o =—"—= (4.212)
Substituting Eq. 4.126 into 4.212,
v Ow \ cos¢
=(— 4.213
Xo <r1+rla¢> r ( )
From plate theory (Szilard 1974) (also see 3.61 and 3.62),
Mg = —D(yg+vy,) (4.214)
My =—D(x,+ vxp) (4.215)
where
Eh
Substituting Egs. 4.201 and 4.213 into 4.214 and 4.215,
v Ow \ cos¢ o (v Oow
My=-D||— — 4.216
0 {(rl—‘_rla(p) To +yrla¢ <r1+r|a¢ )} ( )
o (v Ow v . Ow \ cos¢
My, =-D — — 4217
¢ [r1a¢(r1+r18¢)+y<r1+r16¢) r ] ( )

Equations 4.216 and 4.217 will be used at a later stage to solve for the stress Ny,

The equations for the deformations of the dome are taken from cylindrical shell
theory. To begin, the deformation equations are solved at the base of the cylindrical
shell where y = 0. The equations appear differently from those listed in Chap. 3, but
they are equivalent.

Translations due to out-of-plane shears
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2pr?
wy—o = D11Q, = ﬁEhQ"
Translations due to bending moments
26°r*M
wy—0 = DoM, = 'BTZO
Rotations due to out-of-plane shears
dw _28°70,
d_yy:O - DZIQU B Eh
Rotations due to bending moments
dw _4pr’M,
diyyzo =DnpM, = B

where

g = Eh

4r2D

139

(3.94)

(3.95)

(3.97)

(3.98)

(3.77)

The above equations are applied to circular domes, albeit a few modifications to

reflect the changes in geometry (Fig. 4.35).

He

Stresses Deformations

Fig. 4.35 Relationships between shears and deformations at the base
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My = M, (bending moment at the base)
0,=H,sina
(out-of-plane shear at the base)
Ay =wsina
(horizontal deformation)
r=a
¢ = o (half angle of the dome, from the vertical to the base)

The horizontal deformations and slope at the base of the shell are therefore
defined in terms of the dome geometry. The sign convention is taken from Fig. 4.36.

Dome before deformation
—Djo r

— —— —

—

— — ~ \
Dome after deformation

subjected to gravity load.

Membrane Deformations

Shear Deformations

Moment Deformations

Fig. 4.36 Compatibility of a fixed base is the summation of each of the deformations
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2 =2
Ay =Dy H, = P Hasin"a %’;ln ¢ (4.218)
2 2 s
Ay =DM, = P4 Masina g;' e (4.219)
2 2 :
Ay =DyH, = L@ Hasine g,:‘ e (4.220)
3 2
Ap=DpM, =¥ Ma ghM“ (4.221)
Defining the deformation symbols,
First subscript Due to Second subscript
1 — Horizontal translation 0 — Applied loads
2 — Rotations 1 — Applied shear
2 — Applied moment

Thus, D¢ = a horizontal translation due to applied loads.

4.6 Compatibility Equations

A solution is found by forming compatibility equations. This is done by summing
the displacements and rotations at the base of the shell. Fundamentally, compatibility
at the base requires that the deformations match the boundary conditions. If on a
sliding foundation, the shell will deform freely and the magnitude of the deforma-
tions will be those determined by the membrane solution. If the base is fixed, a shear
and a bending moment are required to correct the deformations (see Fig. 4.36).
Furthermore, if the base is pinned, only a shear force is required to correct the
membrane deformations. The compatibility concept is similar to the solution of
cylindrical shells. However, the shapes of the dome deformations are based on the
internal angle ¢ (see Fig. 4.37).

Fixed Base

The compatibility equations are therefore the sum of the horizontal deformations
and slope, which are caused by a shear and moment. See Fig. 4.36 for sign of each
term.

> Ay =-Dio+DiHy — DixMy =0 (4.222)

> Ay =+Dy + Dy Hy — DMy =0 (4.223)

The two compatibility equations have two unknowns (Q, and M,,), and therefore
a solution is possible. Setting the compatibility equations in matrix form,
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Original unloaded
shape
Deformed shape Membrane
i § deformations
Pinned support
,,” . b }\\\
*
U4 ',,:. :\“ \
.
[T : 1\
M s :‘ 1
—_— | 3 ~ M
Deformed shape —
H, Fixed support H,
Deformations for a high dome
Original unloaded
h
srepe Membrane
deft ti
Deformed shape ctormations
Pinned support
Deformed shape

Fixed support

Deformations for a low dome

Fig. 4.37 Types of dome deformations, depending on angle ¢

[Du D12:|{ H, } { Do } (4.224)
D21 D22 —Ma _D20 .

The shear and moment is solved by inverting the 2 x 2 matrix.

H, Dy Dp] '( D
{ } { 11 12} { 10 } (4.225)
—M, Dy Dp —D»y
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H, D -D D
{ p } _ 1 [ 2 12] { 10 } (4.226)
-M, (D11yD22 = (D12)Dyy | =Dy Dy — Dy

Pinned Base

For the case of a pinned base, the concept is the same and Fig. 4.36 applies,
except that the bending moment is equal to zero. Only one compatibility equation is
applicable.

—Dio+D1Hg =0 (4.227)

The unknown shear is solved directly.

Dy
H,=—" 4.228
a Dll ( )

M,=0

Sliding Base

For the case of a sliding bearing, M, = H, = 0. The only equations that are
applicable are the membrane equations.

Deformation and Stress Equations

The deformations along the length of the shell are from cylindrical shell theory.

w = e P (Cscos By + Cysin By) (3.80)
aa_vyv = fe P [—C5(sin By + cos fy) + Cu(cos fy — sin fy)] (3.81)

52w 2 2 By .
a—y2: e PY[Cs sin fy — Cy cos fy] (3.82)

3
%Tf = 2% P[C3(cos By — sin By) + Cy(sin By + cos fy)] (3.83)
where
—1
M,

Ci=5p (3.86)

Referring to Figs. 4.35 and 4.38, the cylindrical shell equations are modified to fit
the case of a circular dome.
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Fig. 4.38 Variables use to define the geometry of a circular dome

0, =Hg,sina
M,=M,
y=%¥Ya=s

Thus, for the case of a circular dome, the deformation equations are defined using
the above substitutions.

w=e"P(Cscos pya + Cysin pya) (4.229)

%—‘: =fe PV — C3(sinpya + cos pya) + C4( cospya — sin fya)] (4.230)
82w 2 —pya .

2 2p% [C5 sin fya — C4 cos fya] (4.231)

3
aaT}: =2f3¢ ¥ [C3( cos pya — sin Pya) + Cy4(sinpya + cos pya)] (4.232)

The solution for C3 and Cy:

Cy= — Hasina _ M, (4.233)
26D 26D
Cy= Mo (4.234)
2Dp
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Also adapted are the cylindrical shell equations for the moments, shears, and
membrane forces (Eqgs. 3.64, 3.68, 3.71, 3.73). The equations are altered to suit the
analysis of circular domes.

No= - v (4.235)
My= I/Mq; (4.236)
0w
=—-D— 4.2
My i (4.237)
*w
0= -D5 (4.238)

The Solution of the Ny Term

The only stress equation not listed is the N, term, which cannot be adapted from
cylindrical shell theory. In cylindrical shell theory, the walls are vertical and straight.
In domes, the walls are sloped. Thus, the N, term from cylindrical shell theory
cannot be applied to dome theory.

From Egs. 4.192 to 4.194 (equilibrium equations),

a N, 0

7(824; ) — Qyro — Ngricos¢ + Pyrir, =0 (4.192)

0 (gzr") — Ny 1o+ Norysing + P.rir, =0 (4.193)
— 76 (Ag:;r”) + Qyror1 + Mgricosgp =0 (4.194)

Substituting the following parameters,

Py=0
ry=ry=a

ro =asing

Simplifying by these substitutions and dividing by a.

5(1\ftg;in¢) — Qysing — Ngcos¢p =0 (4.239)
0 (Q%(Spln ¢) — Nysing + Ngsing + P.asing =0 (4.240)
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0(M, sing)

o4 —Qga sing —Mpcosp =0 (4.241)

|c>)
s-I=
~—

)Z(v+'

Furthermore, set r; = a,6 = ( +
Egs. 4.216 and 4.217,

m a 7 and replace r, = a sin ¢ of

addp asing
or
My — [ Scot+ v g (‘;] (4.242)
Y B[ﬁ—&—ué‘cotqﬁ] (4.243)

Substitute My and M, into the equilibrium Eq. 4.241.

0 + vScotg ) sing
2o

. D

Qpa sing = — ”

X (5 cotep +v > cos ¢ (4.244)
Rearrange and divide by D/,.

Q4 a*sing 0 [(S—z + 1/500t<]5) sin ¢}
_ 5 _ 5

<5 cotgp +v 24)) cos¢p  (4.245)
Taking the derivative and expanding the equation,

d*s o a®sin ¢

d(/)2 s1n(/5+ud¢ cos¢p —Scotgpcosh — v d¢ cos¢—— po) (4.246)

Divide by sin ¢ and eliminate the second and seventh terms.
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d2s , . db 5 2, Oy
W+—uécsc (/)—|—ﬁcot¢)—|—y5cot ¢ —dcot“p = — D (4.247)
Using Eqgs. 4.239 and 4.240, isolate the N, term.
0(Nysi
Ngcos p = %ﬂuﬁ) —Qysing (4.248)
5 .
Nysing = —(Q%—Z:n(b)+N¢ singg — P,asingg =0 (4.249)
Divide 4.248 by cos¢ and 4.249 by sing.
0 (Nysi
Ny = % sec — O, tan ¢ (4.250)
5 .
Ny = —%cscdb—i—% —P.a (4.251)
Set the two equations equal to each other to eliminate Ny.
O(Nysi 0 i
w sech — Qytan¢p = (Q(g—zn(p)cscqﬁ +Ny—P.a
Rearrange and multiply each side by sin ¢ cos ¢.
O(Nysi 0 i
M sing — Q, sin?¢p + M cos ¢ — Ny sin ¢ cos ¢
0¢ 0¢
+ P,a sin¢ cos ¢
=0 (4.252)

Using the product rule for differentiation to combine the terms of Eq. 4.252,
(fe) = f'g + /¢
Equation 4.252 is expressed in the following form:

d[(Nysin ) sin §] +d[(Q¢ sin ) cos ¢ +d{Pza (%245)} _0

75 7 25 (4.253)

Integrating the above equation,

@seismicisolation


https://t.me/seismicisolation

148 M. Gohnert

2
Ny sin’ep + O, sin ¢ cos b + P”’Sizmqﬁ —0 (4.254)

Divide by sin® ¢ and rearrange.
Ny =—0y C0t¢—f% (4.255)

The term % is the membrane solution for external pressure, which is considered
separately. The above equation therefore reduces to the following form:

Ny = —Q,cot (4.256)
Since Q4 was previously determined,

’w

where

53w 3 —pya . .

P 2p°e " [C3( cos pya — sinPya) + C4(sinfya + cos pya)]  (4.232)
and

H,sina M,

Cy=— _ 4.233

’ 26D 28D (4233)
M

C, =2 4.234

4 2Dﬂ2 ( )

Incorporating 4.232, 4.233, and 4.234 into 4.256,

Ny = D{2/33e"3“’“ [(— % - 21/‘142“D> (cos pwa — sinfya)?+ <2AD/I;2> (sin pya + cos/}y/a)} } cotgp
(4.257)

Removing 2D and simplifying,

Ny = fPePre Ki Hosina %> (cos pya — sin Pya)?+ (%) (sinpwa + cos [}y/a)} cotgp

pR
(4.258)
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Ny = e e K— Ha;n a) (cos pya — sinpya) + ( %) (—cos pya + sin Pya)

X + (%) (sin fwa + cos ﬂl//a)] cot¢p
(4.259)

Ny = e v {(— Haﬁsin a) (cos fwa — sin Pya)
X + (%) (—cos fya + sin pwa + sinPya+ cos Pya)| cotgp (4.260)

Finally, the stress N is determined.

Ny=e P [(— H,sina)(cospya — sin pya) + (M,p)(2 sin pya)] cotp
(4.261)

4.7 Steps in Solving the Deformations and Stresses
in the Shell

The solution of the circular dome is similar to the cylindrical shell—the order of the
solution follows an identical pattern. Similar to Chap. 3, the equations are
reproduced for convenience, and the steps are given to allow the reader to follow a
“cook book” approach to analysis of domes.

1. Solve for base reactions H, and M,,.

Initial parameters

Diameter (L)

Height (H)
Thickness (h)
Young’s modulus (E)
Poisson’s ratio (v)

2, ()2 4.262
a= (H)z(;()z) (radius)

a=180—2 tan ! (ﬁ) (half angle) 4.263
1= i’% (moment of inertia per unit width of shell) 4.264

D = &, 3.63

p gy 00) 3.77
p=/F

= (VF)
g =)
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Membrane deformations at the base (¢ = a)

((:/gr;z:())irt;r; distributed load Dio = LZ_q (Hl:; _— cos a) sina 4.138
Dy =3 (2+v)sina 4.145

or

Uniform horizontal load Do = % (—cos2a+v) 4.147
Dy = — 55 (3 +v)sin2a 4.157

or

Uniform pressure Do = PiES;ln ¢ (—1+v) 4.159
Dyy=0 4.162

Deformations at the base from boundary effects
D H, = zﬁazbg;lnza H, 4218
DM, = 2p’d SmaMa 4.219
Dy H, = %'%Ha 4.220
DM, = 4!;:2 M, 4.221

Compatibility equations

Fixed base Ha _ 1 D22 _DIZ —D10 4.226*
M, = (D11)Dyp—(D12)Dyy —Dy, Dy, —Dy
*Signs changed to ease programing of equations
or
Pinned base H, = gﬂ 4228
11
M,=0
or
Sliding base H,=0
M,=0

2. Solve for the constants C5 and Cj.

Cy=— H—nz;;i?) a_ 2242?) 4.233
Cs = s5pi 4.234

3. Solve for the membrane deformations in the shell at increments of ¢.

Uniform distributed load (gravity) A, = %? (chos 5~ cos ¢) sin¢ 4.138
Ay =5 (2+v)sing 4.145

or

Uniform horizontal load A, = aszgi; ¢ (—cos2p+v) 4.147
Al = — (34 v)sin2¢ 4157

or

Uniform pressure Ay, = aszzES}ilﬂ ¢ (~1+4v) 4.159
A:ﬁ =0 4.162
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4. Solve for the deformations in the shell due to boundary effects at increments

of ¢.
w= — e PC5 cos fya + Cy sin fya) 4.229%
Ay =82 = e M [—C3(sinpya + cos pya) + Cs(cos fya — sin pya)] 4.230
%Z—SZV = 2% P74[Cy sin fyra — Cy cos fyal 4.231%
% =234 [C3( cos fyra — sin fya) + Cy(sin fya + cos fya)] 4.232
Ay =wsin ¢ 4.265
*Signs changed to ease programing of equations
5. Solve for the total deformations.
A(total) = A}, + Ay 4.266
A¢ (total) = A’¢ + A¢ 4.267

6. Solve for membrane and boundary effects stresses in increments of ¢.

Membrane stresses

(Um'fo'rm) distributed load | N} = — ﬁ 4.50
gravity
Ny :aq(ﬁ— cosgb) 4.53
or
Uniform horizontal load | N, = —£¢ 4.62
Np = =£2 cos2¢ 4.68
or
Uniform pressure Ny = =fa 4.74
Ny =—1%a 4.76
Stresses from boundary effects
Ny = % 4.235%
2 *
My = D%T;V 4.237
Mg = L/M¢ 4.236
0, =D % 4.238*
Ny = e P[(—H, sin a)(cospya — sin fya) + (M,f) 4.261
(2 sin pya)] cot ¢
*Signs changed to ease programing of equations
Total stresses
Ng(total) = N’g + Ny 4.267
Ny(total) = Ny + Ny 4.268
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4.8 Worked Example

A 100 mm-thick reinforced concrete dome is 2500 mm high and a span of 6000 mm.
The basic geometrical configuration is given in Fig. 4.39. The basic parameters that
will be used in the design are given below:

Thickness = 100 mm

Plaster thickness (inside and out) = 20 mm
Concrete strength = 30 MPa

E = 28,000 MPa (Young’s modulus)

v = 0.15 (Poisson’s ratio)

Foundation size = 1000 mm x 300 mm

Assume a nominal live load for maintenance = 0.5 kN/m?
1. Solve for base reactions H and M,,.

Geometry of the dome and parameters

@+ (5 (25007 + (90
“ = = amey = J050 mm (4.262)
e (LN o [ 6000
a =180 — 2 tan (2 H) — 180 — 2 tan {2(2500)]
=79.61" or 1.389 rad. (4.263)

2500 mm

H =

L =6000mm J

Fig. 4.39 Basic geometry of the example problem
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L _or
120 12

=8.33 x 10> m* (moment of inertia per meter width of shell)

(28 x 10°)8.33 x 1077
D= ) =2387.04

Eh _ 28x10°0.1)
4r’D 4 (3.05)*(2387.04)

ﬂ:{‘/E:mzz.W

B =237" =561

g =

/P =561°=13.30

Loading

153

(4.264)

(3.63)

(3.77)

Using a dead load factor of 1.2 and a live load factor of 1.6 for limit state design,

g = 1.2[24(0.1) +21(0.04)] + 1.6(0.5) = 4.69 kN/m*

The unit weight of concrete is assumed to be 24 kN/m> and plaster 21 kN/m”.

Membrane deformations at base

D _az_q( 1+v
0="En \1+ cos a

_ 3.05%(4.69) 1+015
"~ 28 % 105(0.1) \ 1 + cos 1.389

=122x 107>

— cos a) sin o

cos 1.389> sin 1.389

3.05 (4.69)

aq .
Dy=— 2+v)sina =——_——
20 @ Hvsing = 105 0.1)

Eh (2 +0.15) sin 1.389

=1.080 x 107°

Deformations at the base due to boundary effects

2pa’sin>a 2 (2.37)3.05%(sin 1.389)*
H, = . H
Eh 28 x 10° (0.1)

a

Dy H, =

=1.52 x 107°H,,
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2 2 2 2.
2p°a sina | :2(2.37) (3.05) s1n1.389M

DM, =

Eh “ 28 x 10°(0.1) “
=3.67 x 107°M, (4.219)
2 2 o
Dy H, = 2’“2%11,, =3.67 x 107°H, (4.220)

apra _ 4(2.37)°(3.05)°

= M, =17.69 x 107°M, 4.221
Eh 28 x 10°(0.1) ( )

DypM, =

Compatibility equations

H, Dy —Dpl(-D
{ } _ 1 [ 2 12}{ 10} (4.226)
M, (D11)Dy — (D12)D21 | =D,y Dy —Dy
H, 1 17.69 —3.67 —1.22 s
_ x 10
M, |~ 152(17.69) —3.673.67) | -3.67 152 |\ —1.08
H, 131 —0277 ( —1.22 L [-130
M, —-0.27 0.11 —1.08 0.21

Therefore,

H,=—130kN/m
M, =0.21kN.m/m
The negative shear indicates that the direction of H, is opposite to the assumed
direction (see Figs. 4.36 and 4.37).
2. Solve for the constants C; and Cj.

c.— Hasina M, _  —130sin1389 0.21

’ 2D 2°D  2(2.37)°2387.04 2(2.37)% 2387.04
=124x107° (4.233)
Cy = Mo _ 0.21 =7.81x107° (4.234)

2DF 2 (2387.04)(2.37)°
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3. Solve for the membrane deformations in the shell in increments of ¢.

Uniform distributed load (gravity load)

2
, _aq I+v .
AHf—Eh <71 cos § cos¢) sin ¢

_ 3.05°(4.69) (1+0.15 '
28 % 10°(0.1) <1 Teosg 8P )sind (4.138)

=% gy — F05(469) |
Ay =5 (2+V)sing = e x 106(0.1)(2+0.15) sin ¢ (4.145)

The above Eqgs. (4.133 and 4.140) are in terms of the angle ¢, since this equation
is solved in incremental angles from the base to the apex of the shell. Subsequent
equations will likewise be expressed in term of the angle ¢.

4. Solve for the deformations in the shell due to boundary effects at increments

of ¢.

w = —e ?(C; cos pya + Cysin fya)
= — 237305 [1.24(10)—5 cos 2.37%3.05 + 7.81(10) " sin2.37%¥3.05
(4.229)

where

Ay =wsing

0 . .
Ay = a—v: = Pe M [—C3(sinpya + cos pya) + C4(cos fya — sin fya)] =
2.37¢ 23730511 .24(10) > (sin 2.37%3.05 4 cos2.37¥3.05)+
7.81 x 10~%(cos 2.37%3.05 — sin2.37%3.05)]

(4.230)
52_w = 2% " [C5 sin fya — Cy cos pya) =
D52 3 14 4 4
—2(2.37)% 237305 |1 24(10) " sin 2.37%3.05 + 7.81(10) ° cos 2.37?3.05}
(4.231)
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3
% = 23eP"9[C;( cos pyra — sin pya) + Cy(sinfya + cos fya)] =
2(2.37)%237395[1.24(10) 7 (cos 2.37¥3.05 — sin2.37¥3.05)— (4.232)
7.81(10) °(sin2.37%¥3.05 + cos2.37%3.05)]

5. Solve for the total deformations at increments of ¢.

A(total) = Ay + Ay (4.265)
Ay(total) = Ny + A, (4.266)

6. Solve for membrane stresses, moments, and shear at increments of ¢.

Uniform distributed load (gravity load)

;L qa _ 4.69(3.05)
N‘/’__(1+ cosg) (1 + cose) (4.50)

N, = ag (ﬁ — cos ¢) — 4.69(3.05) (ﬁ _ cos ¢) (4.53)

Stresses from boundary effects

_ Enw _28(10)°(0.1)

No==0"="7303
{—e*2~37’”3‘°5 [1.24(10)*5 cos 2.37¥3.05 + 7.81(10) °sin 2.37*}/3.05} }

(4.235)

0w
{—2(2.37)%—2437"’3'05 [1.24(10)‘5 sin 2.37%3.05 — 7.81(10) ® cos 2.375”3.05} }
(4.237)
Mg = I/M¢ = 015M¢ (4236)

O*w

=D—— =
% ds’

2387.04{—2(2.37)%e 237¥305[1 24(10) > (cos 2.37%¥3.05 — sin2.37¥3.05)+
7.81 x 107%(sin 2.37¥3.05 + cos 2.37%3.05)]}
(4.238)
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Ny = e ™[(~H,sin ¢)(cos fya — sin fya)+
(M,p)(2 sin pya)] cotp = e >37*393[(—1.30sin ¢)(cos 2.37¥3.05 — sin2.37¥3.05)
+0.21(2.37)(2 sin2.37%3.05)] cot ¢

(4.261)

Total stress
Ng(total) =Ny+Ny (4.267)
N¢(t0tal) = N/(/) + Ny (4.268)

The results of the analysis are given in Table 4.1.

Because the shell is fixed, the horizontal deflections and the slope must be equal
to zero at the base. The symmetry of loads requires that the horizontal deflections at
the apex must also be zero. These requirements are seen in Table 1, which is an
indicator that calculations were applied correctly. As further indicators, the bending
moments and shears must be localized at the base of the shell. In this particular case,
the moments and shears influence about a third of the shell. The distance of
influence, however, is directly related to the stiffness of the material. If the shell
was constructed of a thinner material (e.g., steel), the influence of the boundary
effects reduce significantly and may drop to a tenth of the shell height. The hoop
stress are also calculated at ¢p = 51.83 ¥ = 27.780), which produced the correct
value of zero stress.

Tables 4.1 and 4.2 are expressed graphically in Figs. 4.40, 4.41, 4.42, 4.43, and
4.44.

What should be noted is that the deformations are very small, which is typical of
shell structures. The shell is also primarily subjected to membrane stresses, which
enables an economy of materials. Near the base, however, bending moments exist
and therefore the shell will most likely require a localized thickening and additional
reinforcement. Fig. 4.45 is a suggested reinforcement layout for the region
influenced by bending and shears. As illustrated, two layers of reinforcement is
required to resist bending, and the shell has a localized thickening. In the rest of the
shell, only one layer of reinforcement is required since this region is only subjected
to membrane stresses. It should also be mentioned that the minimum thickness of a
concrete shell should not be less than 75 mm. This will permit a layer of 12 mm mesh
and 25 mm of cover on the inside and out.
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Table 4.2 Stresses, moments, and shears in the shell
My M,
N, :b Ny Ny(tot) | N, Y Ny Ny(tot) | (kN. (kN. Oy
V74 (kN/m) | (kN/m) | (kN/m) | (kN/m) |(kN/m) |(kN/m) |m/m) m/m) (kN/m)
0 —12.12 024 | —11.88 9.54 |—-11.36 |—1.82 0.21 0.03 1.28
1 —11.95 022 |—11.73 9.12 | -10.73 | —1.61 0.15 0.02 1.09
2 —11.78 0.20 | —11.58 8.71 —994 | —1.23 0.09 0.01 0.91
5 —11.30 0.13 | —11.18 7.51 -7.13 0.38 | —0.01 0.00 0.46
10 —10.61 0.01 | —10.60 5.63 —-291 2.71 | -0.07 |—-0.01 0.03
20 —-9.50 | —0.06 -9.56 2.26 0.41 2.67 | —0.03 0.00 | —-0.10
27.78 | —8.84 | —0.03 —8.87 0.00 0.40 0.40 0.00 0.00 | —0.03
30 —8.68 | —0.02 —-8.70 | —0.59 0.30 | —0.28 0.00 0.00 | —0.02
40 —8.08 0.01 —8.07 | —2.94 0.02 | -2.92 0.00 0.00 0.00
50 —7.65 0.00 —7.65 | —4.78 —0.02 | —4.81 0.00 0.00 0.00
60 —7.37 0.00 —-7.37 | —6.11 —-0.01 | —6.11 0.00 0.00 0.00
70 —7.20 0.00 —-7.20 | —6.90 0.00 | —6.90 0.00 0.00 0.00
79.61 | —17.15 0.00 —7.15 | =7.15 0.00 | —=7.15 0.00 0.00 0.00

Ax Horizontal Deformations

:l>

[RE

Length from base to apex (m)

kY

-1.00E-02

-5.00E-03

-0
0.00E+00

(mm)

Fig. 4.40 Horizontal deformations in a dome
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Ne Hoop Stresses
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Fig. 4.41 Hoop stresses in the dome
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Fig. 4.42 Meridian stresses along the meridian
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M, Bending Moments
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Fig. 4.43 Bending moments along the meridian

Q¢ Shear Stresses
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Fig. 4.44 Out-of-plane shears along the meridian

4.9 Exercises

4.9.1 Using a spreadsheet or alternative programing language, program the mem-
brane theory. Using the membrane theory, solve for the membrane stresses (N’ and
N'o) and the deformations (A’y and A’y) for the worked example in Sect. 4.8, in
increments of five degrees. Furthermore, solve for the stresses and deformations at
one degree increments for the first five degrees.
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Ji

4.9.2 Using the spreadsheet or computer program developed in question 4.9.1,
include the boundary solution equations. Resolve the worked example in Sect. 4.8
for a fixed support. Determine the distribution of stresses (N, and Ng), the defor-
mations (A and Ay), and the bending moments and shear distribution (M, M and
0y), in increments of five degrees. As in 4.9.1, solve at one degree increments for the
first five degrees to determine the stress, moment, and shear curves near the support.
Furthermore, make the following checks:

Fig. 4.45 Suggested layout
of reinforcement at the base
of the shell

(a) Are the horizontal deformations and slopes at the base equal to zero?

(b) Do the graphs of the moments, shears, in-plane stresses, and deformations have
the correct form?

(c) Are the moments and shears confined to the lower third of the shell, and are the
peak deformations and hoops stresses near the base of the shell?

4.9.3 Considering the distribution of stresses and forces determined in 4.9.2,
demonstrate how the shell will potentially crack in hoop and bending stresses, if
constructed of reinforced concrete. Use a sketch to illustrate the location and
orientation of cracks.

4.9.4 Resolve for the worked example in Sect. 4.8 for the case of a pinned
support. Determine the distribution of stresses (N, and Ng), deformations (w and
¢,), and the bending moments and shears (M, Mo and Q) in increments of five
degrees. As previously, solve for the stresses and deformations at one degree
increments for the first five degrees.

4.9.5 Reconsider the worked example Sect. 4.8 with a 1 m wide hole (skylight or
oculus), located at the top of the dome, and concentric. Assume a 300 mm x 300 mm
ring beam is located around the edge of the hole. Determine the stress distribution Ny

@seismicisolation


https://t.me/seismicisolation

References 163

and Ng in the walls of the dome in increments of five degrees. Only consider
membrane stresses.

To solve this problem, the meridian and hoop stress equations must be resolved
by subtracting the weight of the removed cap (the removed portion above the hole of
the dome) from the membrane equations. Provide the derivation of the revised
membrane equations.

4.9.6 Using the worked example Sect. 4.8, solve for the ring force at the base of
the dome for H values of 3, 2.5, 2, 1.5, 1, and 0.5 m. Determine the H values for the
maximum and minimum ring tensions. Compare the ring tensions and draw a
conclusion about the effect of changing the height of the dome.
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Chapter 5

Derivatives of Dome Theory: The Conoidal, g
Elliptical, and Conical Domes

and the Hyperbolic Shell

Mitchell Gohnert

Abstract The membrane theories are presented for the conical inverted cone, the
conical dome, the elliptical dome, the conoidal dome, and the hyperbolic tower.
Boundary effects, or support conditions, are not derived but considered. The mem-
brane results for each of the shell domes are compared to see the limitations and
efficiency of stress flow. A full derivation of the membrane theories is provided.

5.1 Introduction

Dome theory, presented in Chap. 4, is derived in a general form. In other words, the
theory is generalized to allow the equations to be applied to other shell shapes, such
as the conoidal, elliptical, hyperbolic, and conical shells. These shells are therefore
derivatives of circular dome theory. The differences between the shell types is the
change in the principal radii of curvature, defined as r; and r, . Furthermore, the
curvature defines the classification of shell, which is referred to as Gaussian curva-
ture (Wilson 2005). Shell classifications for various shells are listed in Table 5.1.
Positive Gaussian curvature is where the curvatures have the same signs and
negative Gaussian curvature is where the curvatures have opposite signs. A third
classification is where the shell that has zero Gaussian curvature. These shells have
curvature, but in a single direction.

The derivations in this chapter covers only the membrane theory. Thus, under-
standing the classification of shells is vital to ascertain the influence of the boundary
effects. As previously defined, boundary effects are bending moments and shears
that occur at the base of the shell. Depending on the classification of the shell, the
boundary effects will have a greater or lesser influence. Shells with positive curva-
ture tend to have a lesser influence; bending will occur, but the stresses tend to die
out quickly. Shells of negative Gaussian curvature, however, are shells that are the
most influenced by boundary effects: bending and shears tend to travel up higher up
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Table 5.1 Classification of shells

Positive Gaussian curvature | Zero Gaussian curvature Negative Gaussian curvature
(synclastic shells) (single curvature shells) (anti-synclastic shells)
Circular domes Circular cylinders Hyperbolic shell

Elliptical domes Conical dome Hyperbola shell

Conoidal dome

Catenary domes

; .

. 1
Inverted Cone Cone

(Water Reservoir) (Dome)

Fig. 5.1 Orientations of the conical shell

in the shell walls. Another factor, which significantly influences the extent of the
boundary effects, is the stiffness of the shell. The stiffer the shell, the greater the
influence of the boundary effects. Therefore, a “thin” shell will cause fewer errors in
the analysis.

Since the membrane theory is only considered, the analysis is simplified
(Billington 1982; Chronowicz 1959). Shell theory is, by nature, complex. Complex-
ity is inherently dangerous, in a sense that mistakes in the analysis are probable. Any
simplification is welcome, as long as the errors in the analysis are identified and
catered for in the design. It is therefore essential to strengthen the boundaries to
counter boundary effects, which exit, but are not analyzed.

5.2 Conical Shells

As shown in Fig. 5.1, the conical shell may be orientated in two ways. With the apex
pointing down, the shell is used as a water reservoir; the shape is also referred to as
an inverted cone. With the apex pointing up, the shell is used as a dome, or roof
covering. Both of these shells are derived in this chapter (Billington 1982).
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5.2.1 Conical Water Reservoir

The differential element of the conical shell is defined in Fig. 5.2.

Before the equilibrium equations are developed, the area of the differential
element must be defined. The geometry is given in Fig. 5.3.

The area is determined by taking the average of the top and bottom lengths and
multiplying by the height.

(r()+%’;?dy> +r0

3 dOdy (5.1)
To 4 O%o 4 7o) doy (5.2)
2 T20y T2 )) Y '
Since 255’} dy*d0 is a higher order term (very small compared to the other terms),

the expression for the area reduces to:

rodOdy (5.3)

Fig. 5.2 Conical shell differential element
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Fig. 5.3 Radial geometry of the differential element

5.2.1.1 Equilibrium in the Hoop Direction

Figure 5.4 is the differential element with only the components of stress that
contribute to the equilibrium equation.
Referring to Fig. 5.4 and summing stresses in the hoop, or #-direction:

or,

de ON!,
— Nyd — | = N yr,do N, +—==d o 2dy |do
gycos<2) vo +<y9+ Jy ly r+ay y

ON;, d de
/ 0 Y
+ (Ne + 30 dﬁ) osA cos A cos <7> (5.4)

ONp,
+ <N;,y + g d9> Cgsy < sin A cos (%) + Porodfdy = 0

Expanding the above equation and assuming,
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4— y
, aN'
N'yg + a;e dy
PR
Noy+ S240 \A p, N’
— |
N+ Mo
YT
< —
9 N

Fig. 5.4 Components of stress that contribute to the equilibrium equation

cos A =~ cos <dz‘9> ~1

sinA ~ A
Furthermore, from Fig. 5.3,

dy . . 0r,
oS A sinA = Jy

or,
oy

dy do

A= do

or,
oy

ON’,
dydf + —=>>dy r,d0

~Nydy — Nigrodd + Nigrodf + N, 5

N/
gy or arodg
Jy

+ 5

ON!
° dyd + N',d ? 40dy + N, d

ON/).
+ a—f do dy %’y”de + Pyr,dody

=0 (5.5)

Simplify the equation by assuming the sixth and tenth terms are higher order
terms (significantly less in magnitude that the other terms), and therefore these terms
may be eliminated. Furthermore, eliminate the first, second, third and seventh terms.

or, ON’, ON, or,
1o i 2 % 40dy + N, dy =2d0 + Pyr,dOdy =0
Ny 3y dyd6 + 3y dy r,df + 30 y + Noydy Dy + Pyr, ly
(5.6)
Divide by d@dy.

@seismicisolation


https://t.me/seismicisolation

170 M. Gohnert

or, ON, ON, or,
L aywrﬁ =g+ Noy a—’y+ Pyr, =0 (5.7)

Nl
yo ay

The first and the second terms are combined using the product rule.

(fs) = flg+f¢

aN’9 / ara
aa +N0y a—y“r P0ro—0 (58)

a (N’ygr,,)

Oy +

5.2.1.2 Equilibrium in the y-Direction (Fig. 5.5)

Summing stresses in the vertical, or y-direction,

ON'
N'yrodf — (N; + =2 dy> (ro 4 9re dy) df + Ny, dy

Oy Oy
ON; d ON' d
_ ! oy y ’ 0 ly .
(Ngy-i- 30 d9) COSACOSA+(N6+ 30 dﬁ) COSAsmA
— Pyr,dOdy
=0 (5.9)

Expand the above equation and assume cos (%) ~ cos A ~ 1, sinA ~ A and
A =Gedo.

Fig. 5.5 Components in the I X
vertical direction I
oy | Y
1 Ny
| + v ey
12 aN’Gy
N'g, + ae \A
y a6 L )
N+ aN'g dGA/ N'gy
T
0
N!
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ON/, ON’
N'yry 0 — Nyrodf =~ dy rodd — N, aa’” dyd) ——dy aar” dydo
y y y
ON; ON; or
+ N, dy — N, dy — —2 dody + N',dy % dody =2 d6
O O 00 "7 Oy 00 dy
— PyrodOdy
=0 (5.10)

Eliminate the higher order terms (fifth and tenth terms) and the first, second, sixth,
and seventh terms.

!

or, ONg or
. y a7 0 _ y ! o _
2y W rod6 — N, S dyd6 — —5 % dBdy + Nydy 5240 — Pyrodédy
_o (5.11)
Divide by dyd6.
ON' or, ONp, 0
S MG -GN SR =0 (1)

Changing the sign and using the product rule to combine the first and second
terms,

o(N' 1
B B

, Or,
Oy

+Pyr,=0 (5.13)

5.2.1.3 Equilibrium in the z-Direction

Referring to Fig. 5.6, only the components that contribute to the equilibrium
equation are included. The N’y terms are in the direction of r,,.
Summing forces in the z-direction,

!
N'ody sin (%) cosa + (N’g + aglgg d9> cgsyA cos A sin (?) cosa

+ P, r, dOdy
=0 (5.14)

Expand the above equation and assume sin (%) ~ % and cosA ~ 1.
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Fig. 5.6 Components of stress that contribute to equilibrium in the z-direction

!
N'gdy% cosa + N’gdydz—g cosa + aé\:gg dﬁdydz—g cosa + P.r,dfdy =0 (5.15)
The third term is a higher order term and may be eliminated. Terms one and two
are combined.

N'ydyd0 cos a + P,r,dOdy = 0 (5.16)
Divide by dydf,
N'gcosa+ P;r, =0 (5.17)
Since r, cos a = ry,
= Cg‘s’a (5.18)

Dividing Eq. 5.17 by r, and substituting 5.18,

~0p.=0 (5.19)
r

5.2.1.4 General Equations for Membrane Stresses

0 (N/yﬁro) ON,
Oy 00

or,

5y Poro = 0 (5.8)

—&-N’QV
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/
a<1;;r0> agjy —Né%JrPyro =0 (5.13)
Ny +P.=0 (5.19)
r
Since,
r, = ysina (5.20)
From Fig. 5.3,
dysina = 0r,
or,
aary" = sina (5.21)
rpcosa =ysina
tana = %
or
ytana = r; (5.22)

Substituting 5.22 into 5.19 and rearranging,
N'g= —Pytana (5.23)

Substituting 5.20 and 5.21 into 5.7 (equilibrium equation prior to using the
product rule),

or, ON ON; or
Niy—=2 Sr,+ =24 Ny =24 Por, =0 5.7
o ay + ay o+ ae + Oy ay + or. ( )
ON, ON,
Nigsina -+ 3 Yy sina + agg + Np, sina+ Ppysina =0 (5.24)
y
Combining the like terms and rearranging,
!
ON;,
2Ny, sina + aygy sina = — a‘99—ngsinoc (5.25)
y

Divide by y sin a,
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2Ny ONy _ ONy 1

y Jy 00 ysina

0

From Eq. 5.12 (equilibrium equation prior to using the product rule),

N Lo, ONj

Ty TNy T o0

) O,
Dy

+ N —Pyr,=0

Substituting Eqs. 5.20 and 5.21 into the above equation,

ON/ ON,
y . ;) . Oy
——=_ysina — Nsina — 30

Oy

+ Nysina — Pyysina =0

Dividing by y sin a and rearranging,

! ! !
%+&=_8N0y 1 +ZL/0_P
dy |y 00 ysina 'y ’

M. Gohnert

(5.26)

(5.12)

(5.27)

(5.28)

Applying the general equations, solve for the stresses in the shell due to self-

weight, water, and wind loads.

5.2.1.5 Membrane Stresses for Self-Weight (Gravity) Load

Referring to Fig. 5.7, the external loading for a gravity load is defined as follows:

P, = —gsina
Py, = —qcosa
Pyg=0

Furthermore, for symmetrical loading,
N'yy=Ng, =0
Using the general Eq. 5.23 to solve for Ny,
Ny = —P,ytana
Substituting 5.29,
N'g=gqy sinatana

Solving for N', from Eq. 5.28,
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Fig. 5.7 Configuration for
gravity loads

175

ON, N, Ny 1 Ny

o 73 T 00 ysma v

The left-hand side of the 5.28 is combined by using the product rule.
aNfV N N, 7

_10(Vy)
oy 'y y Oy

(5.28)

The first term of the right-hand side of 5.28 is eliminated, since N’gy is zero for

symmetrical loads. Equation 5.28 becomes,

1 0(N'y) :N;eipy
y Oy y
or
a(N/}’y) _N/ — Py
oy ety
Replacing N},
o(N',,

(ay}y) = —P;ytana — P,y

Integrating the above expression from y to L,
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, L
[E T —

L
N'yy = (=P .tana — Py)/ ydy
)

[

Ny = (—Pztana—Py)yj—ﬁ—C

Replace P, and P, with Egs. 5.29 and 5.30.

2

N/yy *(quinatana—qcosa)y?+ C
N _quz M-i— cosa | +C
W= cosa

Manipulating the trigonometric terms,

2

sin‘a sin®a  cos’a 1
+ cosa = =
cosa cosa cosa cosa
2
N.o— D C
Y 2ycosa  y

M. Gohnert

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

The constant C is solved from boundary conditions. Aty = L, N', = 0.

_gL> | C
= lcosa | L
Solving for C,
—qL2
2cosa
Substituting C into 5.40,
2 2
P _qy —qL
Ny = 2ycosa + 2ycosa
Simplified,
N2 107 = L)
Y 2ycosa
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5.2.1.6 Membrane Stresses for Water Load

177

Conical shells are used primarily as water tanks. The water pressure is always normal
to the surface of the tank, since water is not capable of resisting a shear force.

P,=—y(L—y)cosa
P,=0
Py=0

where y is the unit weight of water.
Using the general equation for Ny and substituting 5.45,

Ny = —P,ytana
N'g=y(L—y)cosaytana
N'g=yy(L—y)sina

Using Eq. 5.35 and substituting equations 5.45 and 5.46,

/M

L
= | (~Pytana— P,y)dy
Oy /}
;o L
Nyy=—[ (—ry(L—y)cosatana+ 0)dy
y

L
N'yy = ycosatan a/ y(L —y)dy
)

2 3
N&yzysina(%—%) +C

or

(_ysina (L ¥\ C
Ny == (2 7))+

Solve for C with boundary conditions. Aty = L, N' y=0

0— ysina(li_li)_i_g

L 2 3 L

Manipulating 5.54,
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0— ysina(li_Li) +£: ysina<3L3_2L3> +%

L 2 3 L L 6
LPsina  C
= yT'FZ (5.55)

Solving for C,

3 .
C—_ yL’ sina (5.56)
6
Substituting C into equation 5.53,
, _ ysina (Ly* Y\  yL’sina
N, = y ( 3 3 o (5.57)
Combining the terms,
, _ysina(, 5, 2% I
N, = 2 (Ly 3 3 (5.58)
5.2.1.7 Membrane Stresses for Wind Load
The distribution of wind load is given by the following equation:
P, =P,Acosacosd (5.59)
Expressed graphically in Fig. 5.8.where
P,, = the peak wind pressure at the top of the inverted cone
A = the projected area of the cone (height x base x ')
6 = is zero at normal windward load
Using the general equation for the stress in the hoop direction (Eq. 5.23),
Ny = —P,ytana (5.23)
Substituting the distribution of wind load P_,
N'g = —(P,Acosacos)ytana (5.60)

Simplifying, the equation for the hoop stress is determined.

@seismicisolation


https://t.me/seismicisolation

5.2 Conical Shells

N'g= — P,Aysinacosf

From Eq. 5.26,
ZN;H N 5vag _ ON, 1 _p,
y Jy 00 ysina
Since,
2N}y N ON., 1 0(N'yoy?)
y oy » Oy
1OWwy') 0Ny 1
y? Oy 00 ysina °
Taking the derivative of Eq. 5.61 with respect to 6,
!
aé\‘;e =yP,Asinasiné
Substituting into 5.63 into 5.62,
(N 2
%w:— yPyAsinasin@——— Py
y Oy ysina

Simplifying by setting Py = 0,

Fig. 5.8 Distribution of
wind pressures

179

(5.61)

(5.26)

(5.62)

(5.63)

(5.64)
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O(N'yy°)

3y —y* P,Asin@ (5.65)
Integrating the expression,

a N/ 2

/ W) _ _ p asing / VAdy (5.66)
dy
; 3
N'yoy* = — M e (5.67)
or
P, Asin @ C

Nyp=— 2y = (5.68)

Solve for the integration constant C by boundary conditions. N'yy = 0 aty = L.

P,AsinL C

0=- 3 Iz (5.69)
Solving for C,
973
C:PWAs;nHL (5.70)
Incorporating the value of C into Eq. 5.68,
P,Asin0y P,Asin0L3
Nyp=— 224 3 (5.71)
Combining the two terms,
P,Asing (L’ —y*)
N'yp= 37 (5.72)
From Eq. 5.28,
ON, N ON, 1 N’
v Ty Ty Yo _
3y + 3 30 ysinaJr y P, (5.28)

The left-hand side of the above equation is combined.
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Therefore,

1
y Oy 00 ysina 'y

where P, = 0.
Substituting 5.72 into 5.74,

P PyAsing(L3—y*)
O(N'yw) _ ¥ LN

1
y 0Oy 00 ysina =y
10(Ny)  PA(L—Y') o(sing) 1 N,
y Oy 3y? 00 ysina y
o(Nyy) _PWA(L3 —?) cos 9+N’
oy 3y2 sin a 0

Substituting Ny (Eq. 5.61),

O(N',y PyA(L* —y*) cos 0 ;
(a; ) - _ (3y2 = )a — P,Ay sinacos

Integrate 5.78,

o(N'yy) P.A cos 0 [ (L* =) .
/ 3y =~ 3ina / % dy —P,A 51nacos0/ydy

Simplify for integration.

o(N' 3
/ ( yy) — _PyA cos 6/<L—2—y)dy—PwAsinacosH/ydy

oy 3sin a y

P,A cos 0
Ny=-—-"-2"—""- [

3 2 2
i _l;_y_} — P,Asinacos 0% + C
3sin a

y 2 2

Simplify,

!
Ny y sin a 2

P,A cos O (> y* y*sin’a C
= — S + —
3y 6 y

Solve for C using boundary conditions, N'y =0 aty = L.
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P,Acos 0 (L* [* [’sin’a C
0= L sin a <3L+6_ 2 )+L (5-83)

Solving for C,

P,A cos 0 (2L L[> L’sin 2a
C“W(T*F‘T (5:84)
P,A cos 0 [ [*sin’a
C—4Sin po (—7—1—72 (5.85)
_P,AL?cos 0, . ,
C—m(sm (Z—l) (586)
Substituting C into 5.82,
; P,A cos 0 [;3 y_2 _y2 sin 2a P,A L?* cos Q(Sinza -1 )
Ny =" sna Gy+6 > )t 2ysin @ (5-87)
and simplify,
, _PyAcos 0 (L y* sin’a  L*sin’a I*
Ny =" na Qy+6 2 T2 2 (5-:88)
3 2 sinla(L?—y?
yy=bdcos 0Ly L2 sina(l’-y) (5.89)
sina |32 6 2 2y

5.2.2 Conical Dome

The derivation of the conical dome is significantly simpler than the water tower. The
configuration is taken from dome theory, but modified for the case of a conical dome.
The derivation presented is for the case of self-weight loading (gravity load).

The value ¢ is a constant, defined as:

¢:%—a (5.90)

Furthermore,
rpsing =r, (5.91)

or,
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Fig. 5.9 Configuration of the conical dome

T
sin

ry =

ysina =r,

Because the surface is straight and r, and r, are parallel,

ri=0o0

From Fig. 5.9, the pressures P, and P, are defined.

P, =g¢gsina

P, = —gcosa

Solving for the total load R at any point y.

¥
R= / 2nr,qdy
0

Replace ry,

¥
R = / 27q sin aydy
0
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(5.93)

(5.96)

(5.97)


https://t.me/seismicisolation

184 M. Gohnert

v
R = 27gq sin a/ vdy (5.98)
0

Integrate the above equation,
R = ngy* sina (5.99)
From circular dome theory, the stress N'j, was previously defined as Eq. 4.35.

R

/ e
Ny = 27, sin ¢ (4.35)
Substituting Eqs. 5.99 and 5.93,
2 .
/ _ __mqy sina
Ny = 2y sin a sin ¢ (5.100)
ro_ 49y
Ny = Tsing (5.101)
Since,
¢ = % —a (5.102)
which is a constant.
Using the following trigonometric identity and replacing ¢,
. (T
sin (z—a> = cosa (5.103)
Ny= -1 (5.104)

The stress in the hoop direction was also previously defined in circular dome
theory,

R P.r,

Ny = — =
2zr) sin’¢  sing

(4.37)

Since r; = oo, the first term is approximately equal to zero and therefore may be
eliminated.

(5.105)

Substituting Egs. 5.93 and 5.94,
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qy sinasina

!
Ny = Sin g (5.106)
or
N, = _M (5.107)
0= sin ¢b ‘
Using the trigonometric identity (5.103),
Ny — — Y Sine (5.108)
o= cosa ’
Ng= —gqy sinatana (5.109)

5.3 Elliptical Dome

The theory for the elliptical dome is taken directly from circular dome theory
(Billington 1982; Wilson 2005; Chronowicz 1959; Flugge 1960; Beles and Soare
1976). However, the profile is distinctly different to a circular dome. The funda-
mental difference is that the values r; and r, differ, defining the elliptical shape. In
circular dome theory, the values ry and r, are equal.

5.3.1 Total Load R

The profile of the elliptical dome follows the general equation for an ellipse.
X
=+ Y (5.110)

where a and b are the major and minor axis, respectively.
Rearranging 5.110 and taking the square root (Fig. 5.10),

x=ay/l1-2 (5.111)

or

@seismicisolation


https://t.me/seismicisolation

186 M. Gohnert

Fig. 5.10 Radial configuration of an elliptical dome

%\/bz——y2 (5.112)

Taking the derivative of 5.112 with respect to y.

X =

dx _ —ay

—= (5.113)
dy p b — 2

Taking the reciprocal of the above equation.

b/ b — 2
dy _1_=bVb =y ng (5.114)
dx & ay
dy
From Fig. 5.11,
dssin¢g = dy (5.115)
or
.. dy
smd)f% (5.116)
Similarly,
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Fig. 5.11 Differential element on an elliptical shell

ds = \/dy?* + dx*

Substituting 5.117 into 5.116,

dy

singp = ————
Vdy* + dx*
Divide the top and bottom by dx.

dy dy

sing = & = &
Var+d? \/ 2 | g2
St fay
Since,
% = —tan¢
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(5.117)

(5.118)

(5.119)

(5.120)
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—tan¢
(tang)* + 1

sing =

Substituting 5.114 into 5.121,

—b\/b*—y?

sing = =

or

—bV/b® —y —b\/b* —y?

Similarly, the cos can likewise be solved.

ay
bt +y2(a? — b?)

cos¢p =

Since,
X =rysin¢g
oy X
27 Sing

Substituting 5.112 and 5.124,

/12
ry, = 7% by
: b/ D*—?
b*y? (aszz)
Since r, will always be positive.
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(5.121)

(5.122)

(5.123)

(5.124)

(5.125)

(5.126)

(5.127)

(5.128)
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r :% b4+y2(a2 —bz)
Similarly,
3
/b +32 (0 = 1)
ry =

ab*

If g represents the self-weight (refer to Fig. 5.11),

P, =gqcos¢
Py = gsing
Py=0

The total load R is defined as:

b
R = 2ﬂq/ xds

Since,
. dy
sin¢ = s
sing = ———>t tan ¢
(tan)* + 1
dy _
a = tan ¢
Combining these three equations,
dy _ —tan¢ B j—f(

ds \/(tan¢)2+ 1 - \/(d—i)z

Taking the reciprocal of 5.135,

d_ (4
dy dy

Substituting 5.113,
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(5.129)

(5.130)

(5.131)
(5.132)
(5.133)

(5.134)

(5.116)

(5.121)

(5.120)

(5.135)

(5.136)
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2
—ay ay?
ds = —— | +1dy=,/55—<+1dy (5.137)
$ ) V7o =)
b 2.2
Rzzﬂq/ Kz./lﬁ_yz) /%H dy (5.138)
)

R= 2nq[’ [(g w —yz) \/bZ(lf‘zzy_zyZ) +Z§EZ :ﬁﬂdy (5.139)
R= 2ﬂq/yb K% N yz) \/azyzbj(é’j (_bzyz—) yz)] dy (5.140)
RZﬂq/b|:(Z T—ﬁ) \/a2y2+b2(b27y2) & (5.141)

Vb2 (b2 — y2)
b a
R = 2ﬂq/ [ﬁ \/a2y2 +b*(b* — yZ)} dy (5.142)
y
a b
R= ZHQﬁ/ \/a2y2 + b (b2 — yz)dy (5.143)
y

Reducing the above equation to a simpler form,

/\/my2 +ndy (5.144)
Integrating from O to b, the total load R is solved.
R = 2nqa’
1 y 1 5 b2 b(a+ Vaszz)
55— ——/b" +y*(a®> —b°) + log
2 2ab? ( ) 2aVa? — b* y‘/a27b2+ /p* erz(aszz)
(5.145)

or, set the value in brackets as C.
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c-1__y b* +y2(a? — b?)

2 2ab?
R b(a+Va2—b2>
+ log (5.146)
2ava® — b’ y\/az—b2+1/b4—|—y2(a2—b2)
R is therefore,
R = 27qa*C (5.147)

5.3.2 Membrane Stresses

The meridian or vertical stresses are solved by the general equation from cylindrical
dome theory.

R
, e
Ny = 27r, sing (4.35)
Substituting 5.147,
, _ 2mqa*C
No =%, sin ¢ (5.148)
2
/ __ qa C
Ny = rosing (5.149)
From Fig. 5.10,
Fo = rysing (5.150)
And substituting 5.150 and 5.129,
! qa2C
Ny =— (5.151)

(i) /5 + 92 (@ — b?) sine

Squaring Eq. 5.124,
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3 212 2
sin?p— |tV | b (b y)z (5.152)
By (@—n) | P Y@ =)

Substituting 5.152 into 5.151.

qab*C [b* +y*(a* = b?)]

N’¢ =— (5.153)
B = )[R )
Since,
A
LA VA=VA 5.154
VA (5.154)
) qaC \/b* +y2(a? — b?) ( )
Ny=— 5.155
¢ (bz _ yz)
A more common form of 5.155,
N, — 42 _CY A b (5.156)
T 7 7p (> — y?) ab '
If we say,
bt +y*(a® — b?)
0= — (5.157)
and
2 2
bzb_ = = - (5.158)
2 or(i-g) (1-5)
The stress in the meridian, or vertical direction is solved.
2
N,= -4 _CQ (5.159)

P -3)

The general Eq. 4.37 from cylindrical dome theory is used to solve for the hoop
stresses.
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/ R P.r,
Ny = —5
2zrysin’¢p  sing
Since,
R
! —_—— ——
Ny = 27r, sin ¢

Fo = rysing

Combining the two above equations,

Nyp=— i
27y sin “¢
or
R = 2zrysin’p N'y
also

P, =gqcos¢
Substituting 5.161, 5.149 and 5.131 into Eq. 4.37,

N’
Ng=— 2r1 Y _ gcosdra

Solving for the ratio of r, and ry,

y EP )

" W)

ab*

Mathematically,

Therefore,
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(4.37)

(4.35)

(5.150)

(5.160)

(5.161)

(5.131)

(5.162)

(5.163)
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27,2
r ab
2= - 5.164
r bt +y2(a? - b?) ( )

Since,

b* +y*(a® - b?)

0= b (5.157)
b* +y*(a* — b)
2

Equation 5.164 therefore becomes,

n_1 (5.166)

VI_QZ

Substituting the ratio :—f and r, (Eq. 5.129) into Eq.5.162,

2 aqcos p\/b* + y*(a* — b*
Ny——49C0 ( ) (5.167)

- sz(l —;]—i) b’

Replacing cos¢ with 5.125,

a*C a’
Ng=—T -2t (5.168)
ob(1-3%)
Simplifying the above expression,
2
Ny= Z“ %— ¢ . (5.169)
of1-5)
or,
2 2
; _ —qa |y _ Ch
Ny= b [b Q(bz—yz)] (5.170)
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5.4 Conoidal Dome

The conoidal dome is the pointed dome, and the shape is achieved by overlapping

two circular shapes (Billington 1982; Timoshenko 1959). The general equations

derived for the circular dome are applied to the conoidal dome (Figs. 5.12 and 5.13).
Defining the geometries of the conoidal dome,

¥ = asing, (5.171)
ro=asing —r (5.172)
Fo = rpsing (5.173)

Setting the above two equations equal (Fig. 5.14),

rasing = asing — r’ (5.174)
4 -
ry = % (5.175)
r/
r=a- Sng (5.176)
Py=0 (5.177)
P, =gqcos¢ (5.178)
P, =gsing (5.179)

The load of a differential ring is given in Eq. 5.180.
R=q (2zr,)ad¢ (5.180)

The total load is determined by summing all of the differential rings.

¢
R:q27m/ rode (5.181)

0

Substituting the value of r, (Eq. 5.172).

¢
R= qZﬂa/ (asing — ¥)d¢ (5.182)

o

Integrating,
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Fig. 5.12 Conoidal dome
formed by two off-set
circular shapes

M. Gohnert
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Fig. 5.13 The radial geometry of the conoidal dome
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To

Tod¢

:

ado \ \

Fig. 5.14 Differential ring to solve for the total load R

R = q2na*(cos ¢, — cos ) — q2mar’ (¢ — ¢,) (5.183)

Use the general equation for a circular dome to solve for the meridian, or vertical
stresses,

R
/ — ————
Ny = 2mr, sin ¢ (4.33)
Substituting Eqs. 5.172 and 5.183,
;o q2ra*(cos ¢, — cos ) — q2nar' (¢ — ¢,)
No= 2rn(asing — ') sing (5:184)
Since,
¥ =asing, (5.171)
N q2ra*(cos ¢, — cos ) — q2na*sing, (P — ¢p,) (5.185)
¢ 2ra(sing — sind,) sing '
N, = dall€0sg = cosd,) + sind, (&= ,) -

(sing — sing,) sin ¢

From the general Eq. 4.37,
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R P.r,

N, = — = 4.37
0 2zry sin’¢p  sing ( )
Since,
r=a (5.187)
ro =asing —r (5.172)
¥ = asin g, (5.171)
Combining 5.171 and 5.172,
ro = asin¢g — asin ¢, (5.188)
ro = a(sin¢g — singy) (5.189)
Substituting 5.178, 5.183, 5.187 and 5.188 into 4.37,
,_ q2ma’(cos ¢, — cos ¢) — q2na’ sin ¢y (¢ — ¢,)
N9 = .2
2za sin“¢
_ (q COS ¢)a( S.lnqﬁ — Sin d)O) (5190)
sin ¢
Simplifying the above equation,
Ny — q4a
0 sin ¢
x [(cos¢p, — cosp) — sinpy(¢p — ¢,) — cos ¢ sinp(sing — sing,)]
(5.191)
or
N _ 44
¢ sin 2¢
X [cos ¢ sin Pp(sing — sing,) + singy(¢p —¢,) — (cos P, — cos P)]
(5.192)
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AY

=

N

Fig. 5.15 Radial geometry of the hyperbolic shell

5.5 Hyperbolic Shell

The hyperbolic shell is used almost exclusively as a cooling tower, a structure that is
very common in the production of energy. Thus, this shell is associated with nuclear
and coal-fired power plants. Its popularity is due to the natural draught that occurs in
the shell, used to cool water.

The hyperbolic shell equations are similar to the general equations of the circular
dome, with exception of the equilibrium equation in the z-direction (the shapes differ
in the radial direction) (Billington 1982; Flugge 1960; Beles and Soare 1976). The
geometry of the shell is shown in Fig. 5.15.

The equation for a hyperbolic shape is given in 5.193.

Z P 1 (5.193)
AP =r (5.194)
Fo = rpsing (5.195)
Ifz=a,
2irad y
Z a2 1 (5.196)
¥ a ¥
?+a_2_ﬁ:1 (5.197)
Solving for y, the equation is linear.
b
y=x (5.198)
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Equation 5.198 is the asymptote line, which passes through the origin. It is
interesting to note that the cylindrical hyperbolic shell may be constructed of a series
of non-parallel lines with the same slope of the asymptote.

5.5.1 Egquilibrium in the Circumferential, or Hoop Direction

The derivation is identical to circular dome, and therefore a replication in the
derivation is not needed.

or, ON,

9o | 5(N/g.9r,))
202" 00

!
N D

r+ + Pyror1 =0 (4.8)

5.5.2 Equilibrium in the Vertical, or y-Direction

Similar to the hoop direction, the derivation in the y-direction is identical to the
derivation in the meridian direction of the circular dome.

O(N'gr,) ONgy

or,
B ]

3

r1—Np=—o+Pyrir, =0 (4.12)

5.5.3 Equilibrium in the Radial, or z-Direction

The equilibrium equation in the z-direction is identical to the equilibrium equation
for the circular dome. The circular shell curves inward, while the hyperbolic shell
curves outward. This difference in curvature, however, is accommodated by the
values of r; and r,, defined by the geometry of the shell.

5.5.4 Defining the Principle Radii r; and r,

The equation for curvature for a hyperboloid is defined as:
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From Fig. 5.15,
rpsing =r,

or

"o

sin ¢

ry =

Since the shape of the hyperbolic shell is defined as:

R4 P 1

@ P
We simplify by noting that:

X+ =r
Equation 5.193 becomes

2 2

nor

as b
Rearranging and simplifying:

o Y

2
ri = Z—z (b2 +y2)

Square root each side of the equation.

_a

pV (7))

ro

Taking the derivative of 5.209 with respect to y,
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(5.200)

(5.201)

(5.202)

(5.203)

(5.204)

(5.205)

(5.206)

(5.207)

(5.208)

(5.209)
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dro _a ___y
dy b (% +32)
Manipulating the equation,
dro _ ar, y
dy br, (bz + yz)

Replacing r, in the numerator with 5.209,

ar_EVE )

dy br, (* + )
dro _ a’y
dy b2r0

Taking the second derivative,

d’r, d? 1 y G,y a2
2 - = (0" +
ay>  p? %(bz +)}2)1/2 Z_Z (52 +?) b( )
d2r0 _ a_2 b _ by2
dy2 b2 a(b2 _|_y2)1/2 a(b2 _|_y2)3/2
dzr(, _ a 1 _ y2
dry_a (bzﬂz)—yz]
dy2 b (b2 +y2)3/2
d’ry _ ab

dy? (v _|_y2)3/2
Substituting 5.213 and 5.219 into 5.199,

ab
1 (b2+y2)3/2

r 2\ 2 3/2
()]
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(5.211)

(5.212)

(5.213)

(5.214)

(5.215)

(5.216)

(5.217)

(5.218)

(5.219)

(5.220)
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1 ab

r 2 3/2
(0 + ) {1 + () ]

Taking the reciprocal,
213/2
)i ()]
= ab
or,
2\ 13/2
(07 3?1+ ()]
e ab
Since,

ro=3\ (B2 +3?) =% (0 +)"

The term in the numerator of 5.223,
(b2 +y2)3/2 _ [(b2 +)}2)1/2}3

By manipulation,

b3 3 b3 b3 3
(bz _|_y2)3/2 _ ; {ﬂ (b2 +y2) 1/2:| — F [r0]3 _ ;.0

Therefore,

b2 (14 £l4y2 1/2
n=sgate\ gt ae
a a br;
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(5.223)

(5.209)

(5.224)

(5.225)
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(5.228)
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2\ 3/2
= —ba? (:Zo + Z4> (5.229)
2 4\ 13/2
bl [% (,5 +yb_il>] (5.230)
2 4\ 1/2]°
ry = —b*d’ [a_lz (ri +yb—ff) ‘| (5.231)
3
» 2,4 1/2
e B [(me sam
Now solving for 7.
ry = sirr:qb (5.201)

From the trigonometric identity,

1

Slnd’ = \/TT% (5233)
and from Fig. 5.15,
cotp = ‘ny’ (5.234)
Combining 5.201, 5.233, and 5.234,
dr, 2
1y =ro\/ 1+ cot2¢p =r,4/1+ (d;) (5.235)
Substituting 5.213,
ay 2
ry = 71, 1+ bzr (5236)
1/2
4.2
r= 1, HZ‘%Z (5.237)
4.2\ 1/2
ry = (rg +“b{) (5.238)

Substituting 5.208,
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or

a4y2] 1/2

a
ry = [ﬁ(b2+y)+b—

1/
{a—i—bz—&-bé‘}

1 az 5 1/2
r = ll|:1+ (szrb“)y}

1  a?
rn=a 1+<b2+b4)y2

Substituting 5.238 into 5.232,

5.5.5 Membrane Stresses Due to Gravity Load

3
n=- ‘;(U)

From Fig. 5.16, the gravity load is expressed as follows:

Similar to circular dome theory, the vertical stress may be expressed as:

Py, = —gsin¢
P, = —qcos¢

205

(5.239)

(5.240)

(5.241)

(5.242)

(5.243)

(5.244)
(5.245)

Fig. 5.16 Geometry of gravity loads
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—R

1
No =5, sin ¢ (4.35)
Since,
Fo = rpsing (5.200)
Substitute 5.200 into 4.35.
N =_7I.€2 (5.246)
2nry sin“¢
Furthermore,
¢
R= / q2rroride (5.247)
0
Substituting 5.200,
¢
R :/ q27xry sinpridep (5.248)
0
Substituting 5.248 into 5.246,
Ny=— 2 sin ¢pd 5.249
y 2msm2¢/ q2nrsry sin b (5.249)
N,y = / sin ¢pd 5.250
¢ rz sm2¢ qrar pd¢p ( )
From Fig. 5.16,
rd¢ = smqb (5.251)
dy = ry sin ¢pdep (5.252)
Therefore,
1 y
Ny = —ﬁ/ qrady (5.253)
rp sin“¢ Jo
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y
Ny=-——-"12_ / rod
/ r3sin’¢ Jo andy

Substituting 5.200,

Ny= ——/ qrady

From the equilibrium equation,

N !
"’+N—+P =0

and substituting 5.243,

N’ N’
+3+—9+PZ:0
_b (,.2) r

Rearranging the above equation,

N/(/)a4

Ny=—"L—
bzr%

— PZ}’Q

Substitute equations 5.245 and 5.255.

, o y
Nyg=——— qrady + ¢ | + gcos ¢r,
0

by r’
Since,

ro = rysing

72 COS¢p = 1, cot

) & y
Ng=——— qrady +c | + gr,cot¢
0

2.2
b ryr?

Substituting 5.234 and 5.213,

4 y 2
N/ = — a </ rod —|—C>+qay
0 bzrzrf, A qraay B2

207

(5.254)

(5.255)

(4.18)

(5.256)

(5.257)

(5.258)

(5.200)
(5.259)

(5.260)

(5.261)

Due to the complexity of the integrand, the above equation is integrated

numerically.
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5.6 Example Solutions and a Comparison of the Circular,
Conoidal, Elliptical, and Conical Domes

To determine the efficiency of each dome, a comparison is drawn for shapes that
have identical heights and lengths. The height from floor level to apex is 5 m and the
length is 20 m. All of the solutions will only include the membrane vertical and hoop
stresses for gravity load (self-weight). For simplicity, the loading will be assumed to
be equal to 1.

Conoidal Dome

The solution requires the choice of five parameters, of which three are the same for
each of the solutions. Referring to Fig. 5.13, the other two parameters (¥ and @) are
arbitrarily chosen—these two parameters define the shape of the dome (i.e., how
pointed the shell is and the slope at the base of the shell).

Near the apex of the shell, the equations deteriorate rapidly as ¢ goes to zero.
Thus, the solution near the apex should be excluded and the stresses extrapolated to
zero (for both the vertical and hoop stresses).

H=5m
L=20m
g = 1 kN/m*
a = 45°
¥ =25m

With the above parameters, the radius (a) and the difference between the height H
and the peak of the circular arc (c) are determined from the following equations:

="+ (@a-c)P (5.262)
L 2
at = (5—1—/) +(a—c—H) (5.263)
Substituting known values,
a* =257+ (a—c)’
a* = (10+2.5)" + (a—c—5)°

With two equations and two unknowns, a solution is possible.

a=17.678 m
c=0.178 m

The angle (¢,,) is therefore solvable from a and c.
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¢, = sin~! (%) (5.264)
Solving for ¢,,,

.1 (17.678 —0.178\ o
¢, = sin (—17.678 =38.13

The vertical and hoop stresses, at various angles ¢, may now be solved. At the
base of the shell:

,_qa[(cosg — cosg,) + sing, (¢ — ¢,)]
Ny= (sing) — singp,) sin ¢ (5.186)
(1)17.678[(cos 45 — cos 8.13) + sin 8.13(45 — 8.13)]

v= = —
No= (sin45 — sin8.13) sin45 = —8.478 kN/m

a
No=- sfi e
X [cos ¢ sin p(sing — singp,) + sinpy(¢p — ¢p,) — (cosp, — cos )]
(5.192)

(1)17.678

sin*45

X [cos 45 sin 45(sin45 — sin8.13) + sin8.13(45 — 8.13) — (cos 8.13 — cos45)]
= —3218kN/m

No=—

Elliptical Dome
Referring to Fig. 5.10, the major and minor axis of the elliptical shape must be
defined. For this case,

H=b=5m
L=2a=20m
g =1 kN/m?

The only restriction with an elliptical dome is that the major axis must be larger
than the minor axis (i.e., a > b).
The membrane stresses are given in Egs. 5.155 and 5.165.

Ny=-4 =% (5.159)
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2 2
N’az_ﬂlX_L] (5.170)

where

2 2ab?
B b(a+\/a2—b2>
+ > log (5.146)
2ava® —b wWa — b+ \[b* +y2(a? - b?)
b* +y*(a® — b?)
0= (5.157)

ab

Solving for the stresses at the base of the shell (y = 0),

1 0 4, 020102 _ <2
C=ce— /5" +02(10* =5
2 2(10)52\/ + 0% )
52 5(10+\/102—52)
+ log
2010)V107 = 5% 7 0V/107 = 57 + | /5* 4 0(10 - 5°)

=0.583
V5 02(10° - 57)
- =05
(10)5
2
N, = - (1)510 (0.583)?.5 — 5826kN/m
(1-%)
D10* |0 (0.583)57
Ny = = - = 23.302kN/m
! 5 [5 05(5 —0?) /

Conical Dome
The only parameters that must be defined are the height and base radius.

H=5m
L=2r,=20m
g = 1kN/m?

The angle « is a constant, defined by:
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a= tan"! (%) (5.265)

And the length of the sloped walls of the shell,

2
Slope length = (%) +H? (5.266)

Solving for the angle and slope length,

a= tan ! ﬂ = 63.435
(5)

2002,
Slope length = (7) +5°=11.180m

Solving for the stresses at the base of the shell,

r_ . 4q)
Ny = 3 cosa (5.104)
, (D180
N =5 cos63.435 — 123 KN/m
N'g = —qy sinatana (5.109)

N'g = —(1)11.180 sin 63.435 tan 63.435 = —20 kN/m

Circular Dome

Although a solution that includes boundary effect is available, only the membrane
stresses are solved to enable a direct comparison with the other shell shapes. The
solution of the circular dome assumes the same parameters as the other shell shapes.

H=5m
L=20m
g = 1kN/m*

With only the two geometrical dimensions, the other parameters are solved by the
following equations:

a=180 -2 tan ! (%) (4.263)
H + (4°
a— ;T(Z’) (4.262)

Solving these two equations,
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_ _ 20| -
a =180 —2 tan {—2(5) =53.13
a_—Z(S) =125m

The stresses are solved by Egs. 4.50 and 4.53.

o qa
N'g=aq (m — cos ¢> (4.53)

Solving for the stresses at the base of the shell,

(1125
(I 4 cos53.13)

1
14 cos53.13

Ny=— — —7.81 kN/m

Ny = 12.5(1)( ~ cos 53.13) — 0.31 kN/m

Comparison of Stresses
Graphs of N, and N’y are given in Figs. 5.17 and 5.18.

As seen in the figures, the errors of the conoidal dome analysis are apparent in
both figures; the stresses diverge rapidly near the apex of the dome. The analysis
should take this into account and extrapolate the stress to a zero point. By making
this adjustment to the graphs, it is evident that the conoidal and circular domes are
the most efficient in carrying the self-weight of the shell. In comparison, the conical
and elliptical domes show very high peak stresses at the base of the shell.

The membrane stresses are the actual stress distribution in the majority of the
shell. A design, based only on a membrane stress analysis, is an acceptable method.
For example, silo designs are usually only based on a membrane solution. These
simplified methods are endorsed by the majority of codes of practice. However, the
designer must be mindful that the stress distribution is not entirely correct. At the
base of the shell, fixity will cause boundary effects. In other words, bending
moments and shears will exist at the foundation level. The magnitude of the moment
is dependent on the degree of fixity and Gaussian curvature. However, moments and
shears usually dissipate rapidly, depending on the stiffness and curvature of the shell.
Stiffer shells, such as those constructed of reinforced concrete, may have moments
and shears that travel up to a third of the height of the shell. On the other hand,
flexible shells, such as those that are constructed of steel, may dissipate the moments
and shears relatively close to the base. Whatever the case may be, the designer must
be aware of the limitations of a purely membrane solution.
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5.7

5.7.1.

5.7.2.

5.7.3.

5.7.4.

Exercises

Program the membrane theory for the conoidal, elliptical, and conical domes
into a spreadsheet, or an alternative programing language. Reproduce
Figs. 5.17 and 5.18, but in tabular form in no less than 10 height divisions.
Compare with circular dome theory of Chap. 4, and assume r = 2.5 for the
conoidal dome.

Repeat exercise 5.7.1, but set H = 1 m. Graph the results and compare to
Figs. 5.17 and 5.18.

Compare an inverted cone and a cylindrical water tank for water loads. Both
tanks are full and measure 10 m high and 10 m in diameter. The thickness of
each shell is 200 mm, constructed of reinforced concrete. Assume that the
weight of concrete is 24 kN/m> and water 10 kN/m”>. Determine and graph the
stress distribution. Draw conclusions concerning the efficiency of each shape,
and why a shape is more efficient than the other.

Comment how to incorporate into the design the boundary effects (Fig. 5.19).

N'gs Vertical or Meridian Stresses

......... Conoidal

Elliptical
=« = Conical

= = =Circular

From base to apex

-20 10

(kN/m)

Fig. 5.17 Comparison of the membrane stresses in the vertical direction
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N’e Hoop Stresses

6
x
()]
o
2 .
P N Conoidal
@ Elliptical
iptica

f p
g = « = Conical
[V - '

, = = =Circular

20 40

(kN/m)

Fig. 5.18 Comparison of the membrane stresses in the hoop direction

10 000 10 000 o

200
‘_

10 000

Fig. 5.19 Cylindrical and conical water tanks
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Chapter 6 )
The Circular Barrel Vault Qedic

Mitchell Gohnert

Abstract This chapter develops the membrane and deformation theories for barrel
vaults, for various loadings such as uniform vertical and horizontal loads, distributed
evenly or assuming a sin wave variation. Boundary effects theory is developed to
correct membrane errors that occur along the free edge. Boundary theory is also
derived for the case of edge beams; compatibility equations are formulated to
determine the reactions between the edge beam and shell walls, which are used to
distribute the reaction stresses in the walls of the vault. The mathematical derivation
is fully developed for this shell. However, the ASCE Manuals of Engineering
Practice, No. 31, on the Design of Cylindrical Concrete Shell Roofs is given as an
alternative analysis procedure, which is based on the developed theory. The ASCE
method is given to ease the complex nature of the analysis.

6.1 Introduction

The circular arch shell is commonly known as a barrel shell, or barrel vault. The
cross-section is circular, and ranges from a semicircle to a segment of a circle. The
barrel vault is a shell of single curvature, and resembles a slice of a full cylinder. The
corners of the vault are supported by columns, and longitudinal edge beams often
span between columns, supporting the free edge. The basic configuration is given
Fig. 6.1. This type of shell is characteristically used as a roof structure. The plan
dimensions of a barrel vault is rectangular; thus, the shell will fit onto a rectangular
arrangement of vertical walls. It is therefore a favorable solution, and integrates shell
structures into living spaces we are accustomed too.

The mathematical derivation of the barrel shell is, perhaps, the most complex of
all the shell theories, and the membrane solution is the least accurate through a range
of configurations. For barrel shells of long lengths, the real stresses deviate signif-
icantly from the membrane theory, but tends to be closer to beam theory (i.e.,
modeling a barrel vault as beam, with a curved cross section) (Billington 1982;
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—\_C olumn support

at corners \

Edge beam

Fig. 6.1 Barrel vault with edge beams and supports at the corners

Flugge 1960). In shorter shells, the real stress distribution is closer to the membrane
theory, but a deviation is still evident, especially near the boundaries. Unlike other
shell shapes, where a membrane solution is a good representation of actual stress, the
barrel shell membrane solution should be used with caution, coupled with an
understanding of boundary effects.

If the vault is supported on a foundation, or if the edge beams are rigidly
supported, arch theory is applied; arches, however, are considered in Chap. 7.

The theory is developed in three parts: The first part solves for the membrane
stresses, assuming that the shell is free along the edge. The second part considers the
influence of stresses, bending moments, and shears in the real system (i.e., correc-
tions to the membrane solution). The third part determines the influence of edge
beams.

6.2 Membrane Theory of the Barrel Vault
6.2.1 External Loading on the Shell

The geometry and membrane forces are defined in Fig. 6.2.
From cylindrical shell theory, the membrane equilibrium equations are defined by
Egs. 3.11, 3.13 and 3.14.

, 1 ON;
Ny6:/<—; 699—P9>dy+f1(9) (3.11)

, 1 aN’gy
Ny/<; 30 Py>dy+f2(9) (3.13)
N'g = —P.r (3.14)

Change the subscript € to ¢ and y to x, to match the geometry of Fig. 6.2
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Fig. 6.2 Geometry and membrane stresses in a differential element

ON/
N, = / (—% ag] ;" — P,C)dx—k f2(¢) (6.2)
Ny=—Pr (6.3)

The load pressures (P) are defined according to how the load is spread over the
shell. The expressions for P, Py, and P, are a function of the load P,.

Uniform distributed load in the transverse and longitudinal directions (gravity load)
(Fig. 6.3)

P, = P,cos (¢, — ¢) (6.4)
Py = —Pysin (¢, — ¢) (6.5)
P.=0 (6.6)

where P, represents the self-weight of the shell.
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HWMH VLU

Load distribution in the Load distribution in the
transverse direction longitudinal direction

Fig. 6.3 Gravity loading on the shell

Load distribution in transverse Load distribution in longitudinal
direction direction

Fig. 6.4 UDL distributed according to a sin wave in the longitudinal direction

Uniform distributed load in the transverse direction, but a sin wave variation in
the longitudinal direction (Fig. 6.4)

P, = Pycos (¢ — ¢)% sin (”—Zx) (6.7)
Py = —Pysin (¢, — ¢)% sin (n_zx) (6.8)
P.=0 (6.9)

wheren =1, 3, 5, ...

If n = 1, the shape of the loading is a half of a sign wave. If n = 3, the shape of the
loading has three halves of a sign wave.

Horizontal uniformly distributed load in the transverse and longitudinal direc-
tions (Fig. 6.5)

P. = P;cos> (¢, — ) (6.10)
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PLLLLLLLL LUl

Load distribution in transverse Load distribution in longitudinal
direction direction

Fig. 6.5 Horizontal distribution of load in the transverse and longitudinal directions

e A

Load distribution in transverse Load distribution in longitudinal
direction direction

Fig. 6.6 Horizontal distribution of load, varying according to a sin wave in the longitudinal
direction

Py = —Pycos (¢ — ¢)sin (¢ — ¢) (6.11)
P.=0 (6.12)

Horizontal uniformly distributed load in the transverse direction, but a sin wave
variation in the longitudinal direction (Fig. 6.6)

P, = Pycos (¢, — q’))% sin (%C) (6.13)
Py = —Pycos (¢ — §)sin(y, — §) - sin (") (6.14)
P.=0 (6.15)

wheren =1,3,5, ...
The above equations solve for the pressure in the z- and ¢-directions. The most
common distribution is the first case, Egs. 6.4, 6.5, and 6.6.
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6.2.2 Membrane Stresses for the Case of Gravity Loading

Solving for the stresses in the ¢-direction, substitute 6.4 into 6.3.
N'y = —[Py cos (¢ — P)Ir (6.16)

Ny= —P;r cos(¢; — ¢) (6.17)

Solving for the membrane shear stresses, substitute 6.17 and 6.5 into 6.1.

V=7 [ {a(_” L "5))} dx— [ =asin (9~ p)ax

+ f1(¢) (6.18)

Ny = Pd/ sin (¢, — ¢)dx + Pd/ sin (¢, — @)dx + £ () (6.19)

Ny = Pusin (¢ — ¢) / dx + Pysin (¢ — ¢) / At fi(g)  (620)
N'yp = Pasin (¢ — d)x+ Pasin (g, — d)x+ f1(d) (6.21)
Ny = 2Pysin (g — d)x + f1(0) (6.22)

To solve for f;(¢), we consider the shears in the shell. We assume that the barrel
shell in Fig. 6.2 is simply supported at x = 0 and x = L. At x = 7, the shear is equal to
zero. Substituting these conditions into 6.22,

L

0 =2Pgsin (¢ — ¢)5 + f1(#) (6.23)
Solving for f;(¢),
f1(¢) = —PaLsin (¢ — p) (6.24)
Therefore, Eq. 6.22 becomes
N'yp = 2Py sin (¢ — §)x — PyLsin (¢ — o) (6.25)
Rearranged,
N'yp = Pysin (¢, — p)(2x — L) (6.26)
or
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N'ey = —Pasin (dy — $)L (1 _ %) (6.27)

To solve for the stresses in the x direction, substitute 6.27 and 6.6 into Eq. 6.2.

;[ 1 9(=Pusin(¢—p)L(1-%))
Vo= [ [—; = —o]dx+f2<¢> (6.28)

Using the product rule to take the derivative,
(fe) = f'g +1¢
f=sin(¢ — ) f'=—cos(dy— )

g = —PdL<1 7%) g =0

L
Therefore,
N, = —% /Pchos (¢ — ¢)<1 — %)dx—i— f2(9) (6.29)
/ P, —
NXZ_M/O—%)dqufz(d)) (6.30)
Since,

N'= =P cos (d — p)x(1-7) + fal#) (631)

To solve for f>(¢), boundary conditions are again applied. At x =0 and x = L, the
stress is equal to zero for the case of simple supports.

0= "L cos (g~ p)(0)(1-7) + £2(0) (632)

Thus,
f2(9) =0 (6.33)
N, = —1% cos (¢ — ([))x(l - %) (6.34)
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The other membrane stresses for different load cases are solved in a similar
manner.

The real internal stresses may differ significantly from the membrane stresses in
long shells. In shorter shells, the real internal stresses are closer to the membrane
solution, but a deviation is still evident, especially near the free edge. In barrel vaults,
the stresses of the membrane solution are incorrect along the free edge of the shell
(the stresses should reduce to zero along the free edge). Corrections to the membrane
solution are therefore required by considering boundary effects, or by applying line
loads that are equivalent to the errors along the free edge. The boundary effects
theory is derived, but the line load method is given as a design procedure. Both
methods are based on the same theory, but expressed in a different form.

6.3 Deformation Theory

A differential element is shown in Fig. 6.7, before loading is applied to the shell, and
after. As depicted, the total deformation is composed of two parts—translations and
rotations. The differential element may deform in three directions, i.e., u in the
x-direction, v in the ¢-direction, and w in the z-direction.

In Fig. 6.8, only the translations and rotations in the v-directions are considered.
The dashed curve represents the edge of the element, which has undergone a
translation v and a rotation ¢. The rotation is represented by the following equation:

Translations Rotations

Fig. 6.7 Deformations of a differential element
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Fig. 6.8 Translations and rotations in the v-direction

ov de
_Y_ 97"
by = p + . (6.35)
Since the value of the second term of 6.35 is small compared to the first term, the
rotation may be expressed in a simpler form:

by =~ (6.36)

Referring to Fig. 6.9, the deformations that are illustrated are only those in the w-
direction. The rotation due to the deformation w is given by Eq. 6.37.

Sdd
_0p"T _ 0w

The total rotational deformation of the element is the sum of Eqs. 6.36 and 6.37.

v ow

In Fig. 6.10, the rotations are given in the x-direction, which is expressed as:
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¢,U (;b,U

Fig. 6.9 Translations and rotations in the z-direction

Fig. 6.10 Rotations in the
x-direction

ow
be=—5" (6.39)

6.3.1 Strains in the x-Direction

The strain in the x-direction is simply the extension divided by the original length
(see Fig. 6.11). The strain in the x-direction is therefore,
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Fig. 6.11 Strains in the x-
direction

(6.40)

6.3.2 Strains in the ¢p-Direction, Due to an Extension v

Part of the strain in the v-direction is due to the extension of the differential element

in the same direction (see Fig. 6.12).

Sdo o
_0p"" _ OV
Ep = }"d¢ == ra¢ (641)

6.3.3 Strains in the ¢p-Direction, Due to a Change in Radius
Referring to Fig. 6.13, a part of the strain may be caused by a change in the length of

the radius.
The original length of the edge of the differential element:
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Fig. 6.12 Strains in the
¢d-direction

Fig. 6.13 Strains caused by
a change in the radius of the
differential element

L=rd¢ (6.42)

!
% _ L (6.43)

Therefore,

@seismicisolation


https://t.me/seismicisolation

227

6.3 Deformation Theory
L(r —
L = M (6.44)

where the original length is L and L’ is the length after deformation. The strain is

therefore
_ !
L-L (6.45)

=" g

Substitute 6.42 and 6.44 into 6.45.
dd — rdgp(r—w)
rdg — (6.46)

£p = —
¢ rde
A minus sign is added, since a contraction of the differential element will cause a

compression.
8(/) =-—1 + 7(1’ — W) (647)
£y = —% (6.48)

6.3.4 Total Strain in the ¢-Direction

The total strain in the ¢-direction is the sum of the two strains, Eqs. 6.41 and 6.48.
_ Oy w (6.49)

€ = rogp r

6.3.5 Shearing Strain
Referring to Fig. 6.14, the shear strain is the maximum deformation along an edge
and divided by the perpendicular length, added in both the x- and y-directions.

ov
(6.50)

B %dx a—¢d¢
Vox = rd¢ dx
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Fig. 6.14 Shearing strains
in a differential element

ou Ov

7¢x:%+a (6.51)
6.3.6 Membrane Stresses
From cylindrical shell theory,
€0 = Eih [N'g — uN',] (3.33)
g = Eih [Ny — uN'o] (3.34)
Yoy = éN’ay (6.52)

To be consistent, € is changed to ¢ and y is changed to x. Furthermore, the strain
Egs. 6.40, 6.49, and 6.51 are equated to 3.33, 3.34, and 6.52.

_Ou 1

Ex = E = ﬁ I:N,X — IJN/¢:| (653)
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ov w1 -, ,
g(p:m—?:ﬁ[Nd,—l/Nx] (654)

ou Ov 1 _,
Y3 :%+a:@]\lm (6.55)

Since G = z(lEﬂ),

_Ou  Ov_21+4v) .,
Vx,/;—% %= Eh Nz (6.56)

If we integrate 6.53 and assume v = 0 to simplify the equation,

0 1 ,
u= /a—de == /Nxdx+f3(¢) (6.57)
Rearrange 6.56.
ov ou 2 .,
= rog B (6:58)

Integrating 6.58 and assume v = 0,

0 1 [0 2 ,
y = a—;dx: - a—;dx+E—h/Nx¢dx+f4(¢) (6.59)

From 6.54,
w O0v Ny
r ro¢ Eh (6.60)
or
ov N’

A Fourier series is used to represent the load distribution, with n = 1. A Fourier
series is used to represent the distribution of the load and overcome mathematical

difficulties in the derivation.
Use Eq. 6.3 to solve for the stresses in the ¢-direction. Substitute 6.7 into 6.3.

N'y = —Prcos (¢ — ¢) sin (%) (6.62)

where
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4Py
T

P =

The shear strains are solved from Eq. 6.1.

N/x(ﬁ/( Lo P¢>dx+f1(¢) (6.1)
r 8¢

ON/
N’W:—/% a¢¢dx—/P¢dx+f1(¢)

Substituting 6.62 and 6.8,

;o 10 [—Pr cos (¢, — @) sin (ﬂ)]
Nx¢ = _/; a¢ L d.x

_ / [7PSiI1(¢k ) sm( )}dx+ 71(0) (6.63)

Taking the derivative of the first term,

Ny :/Psin(qﬁkf(,b) s1n( )dx+/[Psin(¢kfd)) sin (ﬂfxﬂdx

+ f1(9) (6.64)

N'yp = Psin (¢ — ¢) / sin (%) dx + Psin (¢ — ¢) / sin (%) dx
+ f1(e) (6.65)

Voo =Py =[] s pin - [P
+ f1(9) (6.66)
Nip = =22 sin (¢, — ) cos (55 +£,(0) (6.67)

Using Eq. 6.2, the stress is solved in the x-direction.

ON'
N, = /(—% aqf" - Px)dx + £2(9) (6.2)

) 1 [ON),
N)L:*;/ a¢ dX*/dex+f2(¢)

Substituting Egs. 6.67 and 6.9 into 6.2,
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vom L [P By e

0¢

Ny = = / [2’% cos (¢ — ¢) cos (%) + afal((f) }dx + f2(¢) (6.69)

Integrating the above equation,

N, =

_2PL? ) NP ) (6.70)

2 ©08 (g — @) sin (T F - 0p

Solve for the deformation in the u-direction using Eq. 6.57.
Substituting 6.70 into 6.57,

u=g [— 2::5 cos (¢ — @) sin () = aféf) + f2(¢)} dx
A (6.71)
Integrating,
o ﬁ {_2r1:TL22 cos (6, — §) [— CO%S (?)} _; 5f5((ﬁ‘/’) +xf2(<l>)}
+ /f3(o) (6.72)
o= g |25 st - 0o () -5 L )| o) @9

Solve for the deformation in the v-direction using Eq. 6.59. Substitute 6.73 and
6.67 into 6.59.

/ 0 (i | 28" cos (¢ — ) cos (3) — 5 “4P +x2(0)| +13(0))
X

a¢ dx
Jr% [721‘% sin (¢, — @) cos (%)+f1(¢)}dx+f4(¢)
(6.74)

Taking the derivative of the first term,
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1
i
3 X 2
X /{ﬁ F:;l; sin (¢, — @) cos (%)—)zc—zra gqls(2¢)+ afaz((f) afz;gp)}dx
o | [2Esin (g~ ) cos (52) + 11(9) e £4(0)
(6.75)
and integrate
1
V==
{ Ll ¢)<sin(%‘)) 2 30(9), 2 o) | 5f3(¢)}
Eh I 6r 04> 2 04 0¢
55 [ 2L Gin (g — ) (SmZ(T)) +af <¢)] +14(¢)
(6.76)
4 3 A2
V= [P sin (d — ) sin (5) 5 ag;(f) x7 8%{;«15)1
2
E U 2 P s - )sin (5F) 5] +10) (677

Using Eq. 6.61, substitute equations 6.62 and 6.77.

) 3 2 0
- sin (g — ) sin (%) - %:2%g)+§.%fﬂ

x 0f3(p) 2 [2;’52 sin (¢, — ¢) Sln( ) _xfl((]ﬁ)} +f4(¢)}

(6.78)

Taking the derivative of the first term,
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nE
Ehr

w=—

z rTogt 2 o
2 2

_2P4L4 cos (¢ — ¢) sin <%) 63 011(9) +—2 0 f2(¢)]

r 0¢* Eh 3¢
+ 5fg;¢) + E cos (¢ — ) sin () (6.79)
1 |2PL! JERPE 2 2
a2 () T T

2
- 8£;(¢) +Eh [ZPL cos ( — B)sin () +x 8falé¢)} (6.80)

N of g((;’) + g €08 (fr — P) sin (7%)

If the barrel shell is simply supported and subjected to a uniform distributed load,
the deformation equations are significantly simplified. The integration constants,
which represent the boundary conditions, are assumed to be equal to zero.

F1(@) = f2(d) = 13(¢) = fa(@) =0 (6.81)

Therefore, simplifying Eqs. 6.73, 6.77, and 6.80,

3
u= ;:’;3 cos (¢, — ¢) cos (72_x) (6.82)
4 2
v= E2hP2L;r4 sin (¢, — ¢) sin (%x) - 4;;22 sin (¢, — ¢) sin (%C)
4 2
__z2r (rf o+ ziz) sin (¢ — ¢)sin () (6.83)

1 [2PL4

o [ st s (59
2

X [21;' cos (¢ — ¢) sin (f) + 5 cos (¢ — @) sin (%x) (6.84)

2PL4 X 4PL2 .
= Tprags €08 (¢ — @) sin (ﬂfx) + 53 008 (¢ — ¢) sin (%)
2
+ };_rh cos (¢ — ) sin (?) (6.85)
2rPL? 27 At . [(7TX
¥ = Ehia (1 2 ﬁ) cos (¢ — ) sin (T) (6.86)
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6.3.7 Horizontal and Vertical Deformations

From Fig. 6.15, the horizontal and vertical deformations are components of the
deformations in the v- and w-directions.

A, = —vsin (¢ — @) +wcos (¢, — P) (6.87)

Substitute 6.83 and 6.86 into 6.87.

) 2P 202\ | _ _ 2rL*
Ny = (s + 25 ) sin (= g)sin () sin (0~ ) + s
(14 cos (- tysin (W) eos (e — ) (6:88)
) p [ 4 212 . (TX 2PL*
A, = Eh (r2—”4 + 2 > sin* (¢ — ¢) sin (f) + Ehr2n*
2r:n? | ot 2 in (™
X <1 + 2 +2L4> c0s “(¢h — ¢) sin (f) (6.89)

Rearrange 6.89.

Fig. 6.15 Orientation of the
horizontal and vertical
deformations

@seismicisolation


https://t.me/seismicisolation

6.3 Deformation Theory 235

, 2PLY . (ﬂ'x)

YT B S\ T

[ (1B v -+ (1425 eos - )

I )
(6.90)
Splitting the second term,
) 2PLY L (mx 27\ 2
A, = Eh2 A S (L) {(1 + 72 ) sin (¢r — @)
2.2 4,4
(142 ) cos(— )+ (T3 ) cos® (@ — )| (691)
L 2L
Since sin® + cos® = 1,
,  2PL* nx 27°r? =t 204
A, = Thriga it (L) [1 + 2 + 54 ) €08 (P — ) (6.92)
Similarly in the horizontal direction,
Ay =vcos (¢ — @) +wsin (¢ — @) (6.93)
Substitute 6.83 and 6.86 into 6.92.
;[ oep Lt 207 . (7xX
Ay = ~Eh W+? sin (¢ — ¢) sin (f) cos (¢ — o)
2prL? 2rPa® rtat .(mx\ | .
+ {W,ﬁ (1 T 2L4) cos (¢ — ) sin (L)} sin (¢ — )
(6.94)
Ay =2 _L_rr sin (¢ — ¢) sin (zr_x) cos (¢ — ) + 2P
"B\ 2 k L k Ehr?
Lr 2/ . (X .
X (F + = + 7) cos (¢, — @) sin (f) sin (¢, — @) (6.93)

Combine the two parts of the equation.

Ay

2P L* 27207 1F 27207 A L . (7X
= < >+ =y + = + 5) sin (¢, — @) sin <f) cos (¢, — o)

(6.96)

il P s
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Simplify.

4
= s (3) = () 0
or

N =20 sin (g — ) sim (%) cos (y — ) (6.97)

6.4 Shallow Shell Theory to Solve for the Boundary Effects

As depicted in Fig. 6.16, the bending moments, twisting moments, and out-of-plane
shears are given. These forces were neglected in the membrane solution but are now
included to correct the boundary errors or boundary conditions.

6.4.1 Stresses from Boundary Effects

From cylindrical shell theory, the following equilibrium equations were derived:

Fig. 6.16 Moments and
shears on the differential
element
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N, 0Ny,

ON, ON,
o+ a}‘:ngrPe"*Qe:O (3.46)
00y . 90,

No+ =24+ "Zr+Pr=0 3.51
0+ gty TP (3.51)
OM, aMyH _

W—F & r—Qgr=20 (3.57)
aMy aMHy _

Ok e g =0 (3.54)

These equations are adapted to barrel vaults by changing the subscripts (i.e., 8 to
¢ and y to x).

aNx aNd)x _

oo HRe =0 (6.98)
ON, ON,
qu’ T ax”’ r—Q,+Pyr=0 (6.99)
N¢+aanxr+aaQ¢¢+Pzr:0 (6.100)

8M¢ aqu; _

My, My (6.102)

Ox de i ’

In the last two equations, the sign was changed (except for the twisting moment)
to reflect the change in the coordinate system.
From plate theory (Szilard 1974)),

Eh

N, = =) [ex + vey] (6.103)
Ny = % [ep + vey] (6.104)
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Nyp = Ny = Ghy,, (6.105)
where,
E
Giz(l—i—y) (6.106)
As previously defined,
Ou
x =5 A
&7 ox (6.:40)
ov w
Ou  Ov
== t+t= 6.51
Vxp ro¢ * 0x (6.51)

Substituting 6.40, 6.49, and 6.51 into 6.103, 6.104, and 6.105,

Eh Ou ov w

M= [—ax”(r—a ¢—?)} (6.107)
Eh ov w Ou

O gy [%—?“a] (6.108)
Eh ou Ov

N =Now =301 2) (@ * a_> (6.109)

Similarly, the slope of the differential element was also previously defined.

ow
be=73_ (6.39)

0
bo=1"34 (6.38)

The curvature is the change in slope, or rather the derivative of the slope.
Therefore,

¢, 0w

In the ¢-direction,
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¢,  Ov 0w

X509 " P0p  Rog

(6.111)

The twisting curvature, however, measures the change in slope at right angles to
the plane of curvature (Szilard 1974; Timoshenko 1959). The twisting curvature is
defined on each edge of the differential element.

0
Ao = % (6.112)
_ 0¢,
=15 (6.113)

The twisting curvature of the differential element is the average of the two
curvatures.

1 (0¢, od,
X =7 <ra¢ +W) (6.114)

Substituting 6.39 and 6.38,

2@ 2(+%)

X6 =206 T 20x (6.115)
Expanding 6.115,
*w ov 0*w
= 6.116
Xep = 5 axa¢+2r 5x+2r O0x 0¢ ( )
or
v *w

=— 6.117
Xep =3, ax+rax 0¢ ( )

From plate theory (Jaeger 1969),
M. =—D(y,+vy,) (6.118)
My, = —D()(¢ +uy,) (6.119)
Mx¢ = —]W(/,)C = D(l - V))(xq& (6120)

where
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b=5ma—n

Substituting 6.110, 6.111, and 6.117 into 6.118, 6.119, and 6.120.

0w ov 0w
= -l (554 g )
or
0*w ov 0w
=055 (5 5 )|
ov 0w 0w
=055 (53]

ov n *w
2r Ox r Ox 0¢

MX(/; = —M¢x:D(l —IJ)|:

Taking the derivative of Eq. 6.101 with respect to ¢,

8 M(/, n 8 MX¢ aQ(/,
0¢? 5xa¢ a¢

O

Multiply by - and rearrange.

00, O°M, O°My
r0¢  r20¢* rOx0¢

Similarly, taking the derivative of 6.102 with respect to x,

azMx 82M¢X an

o2 taxop ox VY

Multiply the above equation by } and rearrange.

an azMx asz’x

ox  0Ox? +raxa(/}

M. Gohnert

(6.121)

(6.122)

(6.123)

(6.124)

(6.125)

(6.126)

(6.127)

(6.128)

(6.129)

Since the in-plane deformations are significantly less than the out-of-plane
deformations, the in-plane deformations are neglected from Egs. 6.123, 6.124, and

6.125.
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O*w v [O*w
MX:‘D[WW(W”

0w 0*w
Me=-D [W - ”(axzﬂ
o*w
r Ox 0¢

qug = _M¢x :D<1 —I/)|:

Equations 6.131 and 6.132 are substituted into 6.127.

se, #olg (3]} (o -fes)
od 20> r Ox 0¢

00, dw v 0w 0w
o P [ﬂaqs‘* e <5¢25x2>] —b(-v) [rz o2 a¢2}

00, w v 0w 0w
o P [ﬂaqs‘* T (a(/faxz) 1= (r2 0x2 a¢2>}

Similarly, substituting 6.130 and 6.132 into 6.129,

ag, Z(Plgrx(F)])  2(-p0 -0 [F))
ox D2 v 9s

00, 'w v O'w *w
ox -b [5}&‘ +ﬁ <8¢28x2 )} —D(1-v) Lz 0x? 5452]

00, o'w v O'w 0w
ox -b {W + I (a¢25x2 ) +(1-v) <r2 ox? a¢2)}

If we add Eqgs. 6.135 and 6.138,

@y v (v Ny (O
ox*t  r2 \0¢*0x? r2 0x2 0¢?

Simplify by combining like terms.
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(6.130)

(6.131)

(6.132)

(6.133)

(6.134)

(6.135)

(6.136)

(6.137)

(6.138)

(6.139)
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00, 00, Mw  otw  wdtw 201 —v)d'w
oy O0x |r40¢t JrW * r20¢?0x2 12 0x2 0¢? (6.140)
Expand the last term.
00,
rog
00,
* Ox
o'w  o'w  wd'w 20%w 200%w
=_Dp|l—= 4+ _
[fta(p‘* "o T rogoe TR ook R on a¢2]
(6.141)
Eliminate the third and the fifth terms, due to a lack of significance.
00, 00, *w 20%w o*w
m+ o ——D[’Aa¢4+r2 2 a¢2+a—x4] (6.142)
Equation 6.142 may be expressed in the following form:
99 90, _ oy, (6.143)
ro¢p  Ox ’

where V* is called the biharmonic operator, which is a fourth-order partial differen-
tial equation.

Dividing 6.100 by r,

aa%Jr?TQ(ZJr@JrPZ =0 (6.144)
The first two terms are equivalent to Eq. 6.143
—DV4w—|—¥+P1 =0 (6.145)
or rearranged
P.=DV'w— @ (6.146)
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The above equation is identical to the plate bending equation (Szilard 1974;
Timoshenko 1959), except for the additional term ¢ ¢, Using the biharmonic deep-
beam equations (Billington 1982),

’F
x = rza¢2 - /dex (6147)
a F
Ny =32 /P¢rd¢ (6.148)
—0°F
Ny = ox 00 (6.149)

where F is called the potential function, and represents all of the in-plane stress
resultants. These functions are used to solve Egs. 6.98 and 6.99. However, the term
0, is dropped from 6.99, assuming the effect is negligible in carrying the loads.

ON, 8N¢x .

r-+ 54 +Pr=0 (6.98)
5N¢ an
59 Fax P =0 (6.99)

Referring to Eqs. 6.53, 6.54 and 6.55,

_Ou 1 )
_O0v _w_ 1 2
ou oOv 1 _,
Tap = ro¢d tox ox _Gh (6.55)
Multiplying each of the above equations by Eh,
Ou / /
Ehe; = Eh5_ = [N'c —vN'y] (6.150)
oV w , ,
Ehey = Eh g ) [N'y — uN',] (6.151)
ou Ov ,
Ehy,, = Eh a¢ + = | =2(1+v)N'y (6.152)
where G = (fw)
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Take two derivatives of Eq. 6.150 with respect to ¢, and divide by
2 _ 3
O"(N:—vNy) _Eh _O'u (6.153)
r20¢? r?> 0x0¢*
Similarly, take two derivatives of Eq. 6.151 with respect to x
2 _ 3 2
TNy Ny _ (v Ow (6.154)
0x2 r0x2 0¢p r0x?

Finally, take derivatives of 6.152 with respect to x and ¢, and divide by r

0Ny o’u o’y
2042) 508 _E”(rzax 35 g ax2> (6.155)
Add Egs. 6.153 and 6.154, and subtract 6.155.
0*(Ne —uNy)  0°(Ny —uN,) 0Ny
r20¢? + 0x2 — 21+ r Ox 0¢ 6.156
g P, v Pw oy (6156)
B r20x0¢> rox>0¢ rox?

120x 0> 1 O¢p 0x2
Simplifying the right-hand side of 6.156,

0*(N. —uNy)  0°(Ny —uN,)

a Nx¢ _ azw
r20¢° + Ox? —2(14y )r O0x 0¢ = Eh (_ r 0x2 ) (6.157)

Expanding the left-hand side of 6.157,

82Nx . v82N,/, 82N¢ Uasz 282Nx¢ 21/82Nx¢

EhO*w
r20¢*  rro¢? T2 T ow

— = — 1
r0x0¢ rOx0¢ r 0x2 (6.158)
Substitute Egs. 6.147, 6.148, and 6.149 into 6.158.

O (55 — [ Pud) e (55~ [ Pyras) . 0 (&k = [ Pyrds)

r20¢* r20¢* 0x?
Uaz( 204 fP dx) B 282 (rg)? DI;)) 2v 62 <r5x 3(/})
0x2 r Ox 0¢ r Ox 0¢
B _Eha2w
- rox?

(6.159)
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Expanding the above equation and rearranging,

o'F vo'r  0'F WO'F 20°F 2w0'F
4 2 t57- 2 + 7t 2
r4a¢ r20¢?0x2  Ox* 2 0¢*0x:  r2Ox2 04> 12 0x2 0¢

o’p, 0°Py v [0°Py o°p,
8¢2d 7/ 2 rd¢+r7/ a¢2rd¢+1// 2 d

Ehazw
-2 (6.160)

Simplify by eliminating the second, fourth, and sixth equations, since these terms
are insignificant compared to the other terms. The external pressures are brought to
the right-hand side of the equation, and two of the terms are integrated.

0'F 20°F 0'F  Ehd*w

r’45¢4+r2 2o ok rox
P, 8 P oP oP,
= a¢2 dx + 4’ d¢—§a—¢4’—y = (6.161)

By inspection, the first part of Eq. 6.161 is equal to the biharmonic operator
(Billington 1982)(see Eqgs. 6.142 and 6.143). Therefore, Eq. 6.161 may be
expressed as:

ERD’
Vi BXQW —£(p) (6.162)

where

o'r | 20'F  O'F

ViF = r0¢* * 2 0x2 0¢p? (6.163)
flp) = aa;;"d x + %rdgb” %_1:5 aan (6.164)
The external pressure P, was previously defined as Eq. 6.146.
P =DV -0 (6.146)
Rearranged,
v4w—%:% (6.165)
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Substitute Eq. 6.148 into 6.165.

(% - fP¢rd¢)

P
4 = =
\Y W =5 (6.166)
o BT L P
Viw Dr s + Pyrdg = D (6.167)
2
4y OF _ P 1
Viw Droc-D Dr /P¢rd¢ (6.168)
4 0°F
Viw — Dr o = f'(p) (6.169)
where
iy =P L
fp) = D Dr /P¢,rd¢ (6.170)
Multiplying Eq. 6.169 by the biharmonic operator V*,
2
4rd 1 o4O F  ap
. 02
Operating on 6.162 by - <,
2 2 A2 2
iiv“p thiﬂziaf(p) (6.172)
Dr 0x2 Dr? 0x* 0x2 Dr 0x?
or
482F+ Eh o*w 1 O*f(p) (6.173)
Dr o2 "Drr 0x*  Dr ox ’
Adding Egs. 6.171 and 6.173,
2 4 2
48 F Eh 8 4—d 48
Dr 0x2 +_2 o T A ——V 02
_ A 1 2% (p)
= Vf(p) +5r 32 (6.174)

By canceling the first and fourth terms of the left hand side, the terms with the
potential function are eliminated.
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4—d Eh a4W o 4 pr 1 azf(p)
or
4
Viw +g_fz aa—xv: = f'(p) (6.176)
where
i o 1 %f(p) 6.177

Equation 6.176 is the equilibrium equation of the barrel arch, represented as a
partial differential equation. The structure of Eq. 6.176 is a nonhomogenous equa-
tion. The homogenous form is therefore,

s, 4 Eh Ow 6.178
\ W+Dr2 e 0 (6. )
The solution to the differential Eq. (6.176) is in two parts.

W= W, +w, (6.179)

where w, is the complimentary part of the homogenous solution and w), is the
particular part of the non-homogenous solution.

6.4.2 The Complementary Solution

The complementary describes the effects of edge conditions (i.e., edge forces), or
boundary effects.
As previously defined,

/! -/ 1 azf(p)
f'(p)=V*f(p) T or o (6.177)
where
) :%—%/Pd,rdqb: %—ll—)/P¢d¢ (6.170)
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an 8P¢ l/aP¢ an
a¢2d+/ o2 " e TV

Substitute 6.170 and 6.164 into 6.177.

flp) =

v OP, P,
f//(p)_vél P, 1 P, 1 0’ (r2f8¢2dx+f aﬁ’d‘f’_ia_;_”ax)
B D DJ"? Tor 02

Expand, apply the biharmonic operator, and integrate the terms with dx.

. s 1 o°p, 2 0O°P, o'p, 1 o°P,
re =4 (vp " 0> 12 0pox / rd+ 5 X

a4P¢

e o0 T3 0 T o

(6.181)

where

o* 204 84
_v4/P¢d¢ - —<r4a¢4 *raaapt > ( /P¢rd¢)

1 P, 2 0Py /a Py

" og 2 0pox (6.182)

Eliminate the fourth and sixth terms.

poy =L (wip L 0Py 2 Py 1 P v 0Py v OP
=5 g TR 0o P 0p*0x 12 0x20p r OX
(6.183)
(p)
is the particular part of the solution.
Referring back to the homogenous equation,
Eh o*w
Viwt =5 =0 6.178
VbR o (6.178)

This equation is simplified by assuming v = 0. Poisson’s strains range from 0.1 to
0.3 for most construction materials. Thus, this assumption will have less impact for
brittle materials, such as masonry or concrete, which have low Poisson ratios.
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ER*  _EIR’

b=vma—m~12

(6.184)

The eigth order of the biharmonic operator is also expressed in a different, but
equal form.

4

o, _ (O 2

The homogenous equation may therefore be expressed as:
4

0* 0? 12 0'w
(W+r28¢2> W+r2 h2 W_O (6186)

Multiplying each side by 72,

? ¥\ 12
ﬂ(a)cz+rza¢2) WS 5 =0 (6.187)

The complimentary solution to the homogenous equation is a trigonometric
series.

we= Y Ane"sinkx (6.188)
n=1,3, ...
where
nr
k=7 (6.189)

The constant A,, is a function of the boundary conditions. Since the shell will
have eight stress resultants at the boundary (i.e., Ny, Ny, Nyp, Ox, Qp, My, My, M),
the solution will have potentially eight constants.

The m value in ™ represents the eight roots of the solution.

Substituting the solution (Eq. 6.188) into the homogenous equation (Eq. 6.187),

=0 (6.190)

5 0? (Ane™? sin kx) 0? (Ane™ sin kx) ! 12 o* (Aje™ sin kx)
’ o2 T g Lye o

12

mep 2 4
sinkx} +3 Ap "kt sinkx =0 (6.191)

2 {Ame’"‘ﬁk2 sin kx + A’"er—z
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m\1" 12
r {Ame’""’ sin kx <k2 + ﬂ)} +o5 Ay €™k sinkx = 0 (6.192)
o 5 om2\! 12k*
r (—k +r—2> (Ae™? sinkx ) o (A " sinkx) =0 (6.193)

Divide each side of the equation by A,, ¢™? sin kx.

2 4 4
2( M 2 12]{
. (r2 _k> +2 =0 (6.194)

Multiply by each term 7°.

2 4 4.6
g (M 2 12k F
r <r2—k) += =0 (6.195)
4.6
(m* — i) + 12}’;’ =0 (6.196)

o . 4.6
Divide each term by %

n 2 2 2\4 _
W(m — k) +1=0 (6.197)
If we say,
4 6
0° = 3’;—2’ (6.198)
4.6
084 12:2 A (6.199)
1 H? RN
LI — 6.200
0% 12Kk (Qzﬁ) ( )
Substituting 6.200 into 6.197,
< 1! 4
2 2.2
(m* —k°r*) +1=0 (6.201)
77)
2 12.2\4%
<%> +1=0 (6.202)
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4

% [’"Z_QEIV)T $1=0 (6.203)
["*—TW]A +4=0 (6.204)

Furthermore, if we make the following replacement:

y = ("_Qr)z (6.205)

m2 4
(@ ~ 7) +4=0 (6.206)

Based on the above expression, the eight roots of the solution are complex and
conjugate.

m =+ (a1 + V=1, (6.207)
my =+ (e = V=1, (6.208)
my = —(m + \/—_1ﬂ.) (6.209)
my = — (@ = V=15,) (6.210)
ms = +(a2 + \/—_1/32) (6.211)
me =+ (@ — V=15,) (6.212)
my = —(az + \/ffﬁz) (6.213)
mg = —(a2 - \/—_mz) (6.214)
where
o J (1+y)2—;1+(1+}/) (6215)
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(147> +1=(1+7)

=0 5 (6.216)
J— 2 — —

a =0 a-7 Z 1--7) (6.217)
1=y +1+(1—

ﬁzZQ\ (1-7) +2 +(1—=7) (6:218)

The next step in the solution is to solve for the constants A; to Ag. As mentioned
previously, these constants are a function of the boundary effects along the edge of
the shell (four constants for each side of the shell). If we assume symmetry of
loading, the eight roots reduce to four.

my = —ms
nmy = —mMg
ms = —my
ny = —mg

By making this assumption, the complementary solution becomes:

We = (A]e'”‘¢ + Are™? + Aze™? + Aye™? 4 Ase™P 4 Age ™Y

6.219
—I—A7€7m3[/7 —|—A8€7m4¢) sin kx ( )

If we consider the first two terms, and insert values of m; and m, (6.207 and
6.208),

Are™? + Ayt = Ay (VIR g (VTR (6.220)
Replace v/—1 with i and expand.
AP A @B — A 1P D | Ayt oY (6.221)
Since,

et = cos ¢ +isinf ¢

et — cos ¢ —isinf ¢
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A1e®eP? 4 premP e P9 — Ae™?(cos B + isin B )

+ Are™?(cos By — isin B ) (6.222)

For this expression to be real,
Al +A2 =a (6223)
Ay — Ay =1ib (6.224)

where a and b are real numbers. Therefore,

Al =a— A2 (6225)
Ay =A —ib (6.226)

Substitute 6.225 into 6.226.
Ay =a— (A —ib) (6.227)
A1=1(a+ib) (6.228)

Similarly,
1 .

Ay = 3 (a —ib) (6.229)

A, is therefore the conjugate of A; (complex conjugate). Substituting 6.228 and
6.229 into 6.222,

Are™?(cos By + isin ) + Are™?(cos fip — isin )

= E (a + ib)(cos ¢ + isinf,¢) —I—%(a —ib)(cosf ¢ — isinﬁl(p)}e"“’s
(6.230)

E (a+ib)(cospip +isinf ) +%(a —ib)(cos f ¢ — isin/}]ql))}e"“p

= 1 [acosﬁl([) + aisin ¢ + bicos i + bi* sin ¢ + acos ¢ — aisin f¢p

2
—bicos B¢ + bi® sinﬁ1¢+] e
(6.231)

Since i* = — 1, simplify the above expression.
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1 [a cos 31 + aisin B¢ + bicos B¢ + bi* sin B¢ + acos ¢ — aisin B¢

2
?—bicos ¢ + bi* sinﬂ,¢+]e”‘¢ = (acosf¢p — bsinf, ) e?
(6.232)

Equation 6.232 is only for the first two terms. The remaining terms are solved in
similar manner:

Aze™? Ay = (ccos frp — dsin frp)e™? (6.233)
Ase"™? + Age"™? = (ecos i+ sin e (6.234)
A7e™? + Age™? = (g cos focp + hsin fyp)e Y (6.235)

Collecting the terms and setting them into Eq. 6.219,

we = [(acos B¢ — bsin B ) e+ (ccos Py — d sin frp)e™®
+(ecosfip +fsinfp)e? + (gcos oy + h sinﬁ2¢)e_“2‘/’] sin kx
(6.236)

If the shell is loaded symmetrically,
a=eb=f,c=gd=h

Introducing this simplification,

we = [(acosp1p — bsin ) e? + (ccos prp — d'sin fr)e™? ]
+(acos By + bsin e “? + (ccos fop + dsin frp)e” ] sin kx
(6.237)

Rearranging the above equation,

we = [a(e™? +e ™) cos pyp — b(e“? — e “?) sin B ¢p

6.238
+c(e®? + e ) cos fop — d(e™? — e~ ?) sin ¢ | sinkx ( )

A further simplification,

coshx:ex—;e , 2coshx=¢ "+ ¢~
e—x
sinhx = 3 ,2s8inhx =¢" —e™

Applying this simplification,
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w. = 2[a cosh (a1¢) cos f;¢p — b sinh (a1 ¢) sin f1¢p + ¢ cosh (ax¢) cos f,¢p
—d sinh (az¢) sin f,¢ | sinkx

(6.239)
Setting,
J = acosh (a1¢) cos B;¢p — bsinh (a;¢) sin ;¢ + ¢ cosh () cos ¢
— dsinh (a2¢b) sin By (6.240)
A simplified form,
we =2 Jsinkx (6.241)

6.4.3 The Particular Solution

The particular solution defines the response of the shell to the loading, regardless of
the boundary conditions. Both parts, the particular and complementary solutions, are
necessary to describe the stress distribution and deformations in the shell.

Components of the external loading were previously derived as Egs. 6.4, 6.5, and
6.6, for gravity loads.

P, =P, cos (¢, — ¢) (6.4)
P¢ = —Pd sin (¢k — d)) (65)
P.=0 (6.6)

However, a Fourier series is used to represent the loads on the shell, as a
convenience to overcome mathematical difficulties in the derivation.

>~ 1 . nax
Pyx) =P ;5 sin == (6.242)

If n = 1, the load takes the shape of a single sin curve. As n increases, the loading
resembles a uniform distributed load, which is the result of overlapping sin curves.
Ifn=1,

P, = 4% cos (¢ — ) sin % (6.243)
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4p, d X

Py = - sin (¢, — @) sin A (6.244)
P, =0
where
p="T4 (6.245)

See Egs. 6.7, 6.8, and 6.9.
The particular solution is determined by solving for the nonhomogenous differ-
ential equation.

Eh 0 .y

Simplify f”(p) (Eq. 6.183) by assuming v = 0, and knowing that P, = 0,

3 3
viv_ 1 [gap 1 0Py 2 0P
7 (p) = (V P, A op P ogor (6.246)
Expanding the above equation and rearranging,

. 1 o' 20* 2! 1 o° 2 @
105 (e maearow) "~ F ot A waee))

(6.247)
where the biharmonic operator is equal to:
o* 20 0!
Vi= = 6.248
<r4a¢ T ocog o (6:248)
Substituting the external load Egs. (6.243 and 6.244) into 6.247,
1 0! 20" o 4Py ,
0= | (55 + + 24 cos (g, 9) sinke
El 2 0x2 09 Ox*) =m

r*o¢*  r? 0x* 0¢ (6.249)

10 2 0 \4p, . :
+<l’4 $+ﬁ W)ﬂ'dmn (d)k*qﬁ) Slnkx:|

. . 4,
Operate on the load equation and temporarily replace P = =<.
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2
f(P) = % r£4 cos (¢, — @) sinkx + 2Pk

2 c0s (¢ — @) sinkx + Pk* cos (¢, — ) sinkx

2

P . 2Pk .
+ 7 cos (¢y — @) sinkx + 2 cos (¢ — @) sin kx]
(6.250)
or

voon APy (1 2kF 41 2k2 .

f(P)_m(rj+7+k +r_4+r—2 cos (¢ — ¢) sinkx (6.251)
nipy — 4P (2 4 4 s
(P = Fin <r4 + k" + | cos (¢ — @) sinkx (6.252)
We state that the particular solutions is of the form:

wp = KP cos (¢, — @) sinkx (6.253)

The next step is to solve for the first term of the left hand side of 6.176. Knowing
that

52 52 !
VAT —t —
W <8x2 rZBﬁZ) w

- <ag+ 4° | 200 40" 4 | & >w
T \aF T P00 AOx0p | ron0gt | rFoxdst | Poxog
(6.254)
4
Viw, + % aaxvzp = KPK® cos (¢, — ¢) sinkx
7 »JAY
AKPE cos (9 — ) sinkx
Z P16
+ ZK:k cos (¢, — @) sinkx
T4
+ 4Kr§k cos (¢, — @) sinkx
T4
+ P cos (g — ) s kx
T4
+ ngk cos (¢, — @) sinkx
12K Pk ,
2, Cos (¢ — @) sinkx (6.255)

where
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D=FEI(v=0) (6.256)
Rearranged,
Eh 0w 40 2S 4Kt 4t K 12K
vS L )4 — 8 o o A - - _—
W”+Dzax4 <k+r2+r4+r6+,4+ +h22 KP cos
(¢ — #) sinkx
4
8 E—h a Wy o 8 6 i 2 4 4 4 1 12 -
va+Dr2—ax4_ k® +k (r2+r4)—|—k STt +h22 KP cos
(¢ — @) sin kx
(6.257)
Since,
Ty +E—h CA (6.176)
r* ox*
Equating 6.257 and 6.252, the nonhomogenous equation is therefore,
4 4 1 12\ |+ .
{k8+k6(r_2 )—I—k4< +tats +h2 2>:|KPCOS(¢k—¢)Slnkx
4P, (2 4k .
=+ <r4 + i+ ) cos (¢, — ¢) sin kx (6.258)
Replacing P = % and simplify the above equation,
4 2 4 4 1 12\ |+
8 16(% =2 4 _£
[k +K (54 5) +k ( tatET 2”1{
1 /(2 ., 4K
=z (,,4 + k" + ) (6.259)
Solving for K,
( L 4k2)
K= (6.260)
El[ks +ES(3+2) +k“( +3+34 +hz,2) }
where
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nmw
k=T
h3
=1

It should be noted that the particular and membrane solutions are similar, and are
sometimes used interchangeably.

6.4.4 The General Solution for Deformations

Adding Eqgs. 6.239 and 6.253, the general solution is solved.

W =W+ Wy, (6.179)

w = 2[a cosh (ay¢p) cos ;¢ — b sinh (a;¢) sinff;¢ + ¢ cosh (az¢p) cos ¢
—d sinh (ay¢) sin f,¢ | sinkx + KP cos (¢, — ¢) sin kx
(6.261)

The remaining unknowns are the arbitrary constants a, b, ¢, and d. These
coefficients are determined from the boundary conditions (i.e., two coefficients for
each edge of the shell). Along the free edge, the following conditions occur (Chat-
terjee 1971):

If the edge is unsupported,

My =0,Ny=0,Ny, =0,0, =0
If the edge is supported on an unyielding wall (pinned support),
My=0,Npy =0,v=0,w=0
If the edge is rigidly held by the edge support (fixed support),
u=0v=0w=04,=0

For each of the above boundary conditions, four equations are solved in terms of
the unknown coefficients. Thus, using the method of simultaneous equations, a
solution is possible. The equations are simplified by assuming Poisson’s ratio is
zero (v = 0); this assumption will have a greater or lesser impact, depending on the
shell material. Furthermore, the in-plane deformation (v) is assumed to be small
compared to the out-of-plane deformations (w), and therefore the terms with v are
deleted from the equation. The complexity of the equations requires these
rationalizations, to enable a solution and to make the analysis more manageable.
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EnR® ER®
b=t~ " (6.121)
Eh
D =—_—""__FA 262
(1—12) (6.262)

6.4.5 Moments, Shears, and Stresses Due to Boundary Effects

The moments, shears, and stresses are simplified by setting v = 0.
Stress N,

Eh ou ov w
A A ] o1
N, =EA <2Z) (6.263)
Stress Ny
Eh ov  w Ju
N¢_(1—V2) [%—?4-1/5] (6108)
Ny =24 {g—; - w] (6.264)
In-plane shear stress Ny
Eh ou  Ov
o=t (9 5 o107
EA ([ Ou Ov
Nyp = a2 (’% + ax) (6.265)
Bending moment M,
ER 0*w ov 0*w
Mx:_712(1—y2) [W+”<r28¢+—r25¢2>} (6.122)
*w

Bending moment M,
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ER ov 0w 0w
M¢__12(1—y2) |:rza¢+rza¢2+ (a 2)] (6.124)
EI (O*w
My =-1 (57,2> (6.267)

Twisting moment M.,

ov *w
My=D(—-v)|—F5+—F 12
) ( 2 {2;’ 0x + r Ox aqﬁ} (6.125)
EI( O’w
My =—| === 6.268
= ( Ox a¢) ( )
where 2 "; and § Qv ~ makes a small contribution compared to the deformation w.
Shear stress Q¢
Since,

00, M, M,
ro¢  r20¢> rOx0¢

(6.127)

Multiplying each term by r and integrating each side of the above equation,

aQ¢ I’My  ’M,y
dep = /< e R (6.269)
oM, oM,
Q=55 " o (6.270)

Take the derivatives of 6.267 with respect to ¢ and 6.268 with respect to x.
Substitute the results into 6.270.

EI (*w\ EI[ 3w
o -5 (5) -7 (ar%) (o211

Furthermore,

an _ azMx 82M¢x
Ox  0x2  roxO¢

(6.129)

Integrating each side of the above equation,
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00, M, | 0’My,
/ dx _/< 52 T o a¢>d (6.272)
_ aMX aM{/)x
o, = P p a¢ (6.273)

Similarly, take the derivative of 6.266 with respect to x and 6.268 with respect to
¢. Substitute the results into 6.273

o*w\ EI[ 0w
0, = —EI(axs) +> <W> (6.274)

The deformations were previously defined by Eqgs. 6.82, 6.83, and 6.261.

2PL3

= T3 €08 (hr — @) cos (kx) (6.82)
v=-2 (rZL; + 2L2> sin (¢ — ¢) sin (kx) (6.83)

= 2[acosh (a;¢) cos ;¢ — bsinh (a;¢) sin ¢ + ¢ cosh (az¢) cos ¢
—d sinh (ap¢) sin B¢ | sinkx + KP cos (¢, — ¢) sin kx

(6.261)
Taking the derivative of u, v, and w with respect to x and ¢,

0 2PL? .

a—z =~ Thr €% (¢py — @) sin (kx) (6.275)

ou 2P

a—; = T3 S0 (¢pr — ¢) cos (kx) (6.276)
ov 2P (1 2 .
29~ Eh <r2k4 + k2> cos (¢, — ¢) sin (kx) (6.277)
0 2P (1 2\ .
EVC =-% (W + %) sin (¢, — ) cos (kx) (6.278)
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aa_;v = 2 kcoskx (acoshay¢ cos fy¢p — bsinh ay¢p sin B¢ + c cosh az¢h cos ¢
—d sinh ay¢p sin frp ) + KPk cos (¢ — ) cos kx
(6.279)
aZW 2 . . .
o —2 k* sinkx (acosh a;¢ cos ;¢ — bsinh a; ¢ sin ¢ + ¢ cosh az¢p cos ¢
—d sinh ayp sin fyp ) — KPk* cos (¢, — ¢p) sin kx
(6.280)
53w 3 . .
i —2 k? coskx (acosha¢ cos ¢ — bsinh a; ¢ sin B¢ + c cosh az¢p cos ¢

—d sinh ayp sin fyp ) — KPk® cos (¢, — ¢p) cos kx
(6.281)
g—:; = 2sinkx [(aa; — bp;) sinhaj¢p cos f¢p + (—ba; — aff;) cosha;¢sin ;¢
+(cay — dp,) sinh ap¢p cos frp + (—day — cf,) coshargp sin fr¢p |
+ KPsin (¢, — ¢) sinkx
(6.282)
2
aT;Z = 2sinkx [(am? — 2bay f; — ap,?) coshaipcos i
+ (=bay* — 2aa B, + bp,*) sinha;p sin B,
+ (ca22 —2day 5 — cﬂzz) cosh ey pcospf,
+ (—da22 —2carfy + dﬂzz) sinh ap¢p sin 3, ¢ ]
— KPcos (¢, — ¢) sinkx

(6.283)

a;v;/ = 2sinkx [(aa13 — 3ba12ﬂ1 - 3a(x1ﬂ12 + bﬂl3 ) sinh ;¢ cos ;¢
+ (—3aa*B, + 3bai B> —bay® + ap,>) cosha;psinp ¢
+ (car® = 3day?p, — 3can,” + dB,’) sinh argh cos B¢
+ (—day® — 3car®p, + 3doay* + cff,’) cosh argp sin B, ]
— KPsin (¢, — ¢) sinkx
(6.284)
0w

0¢pOx

= 2k cos kx[(aa; — bp,) sinh a;¢p cos ;¢
+ (=bay — aP;) cosha; P sin ¢

+ (cap — dp,) sinh az¢ cos B¢
+ (=das — cf,) cosh axh sin o] + KPk sin (¢, — ¢p) coskx  (6.285)
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3
% = —2k* sinkx[(ac; — bp,) sinha¢pcos B¢
+ (=bay — ap,) cosha ¢ sin f,¢
+ (cay — dp,) sinh ap¢p cos B¢
+ (—day — cf,) coshayp sin fyp] — KPK* sin (¢, — @) sinkx (6.286)
3
83) 3: = 2k cos kx[(aa;® — 2ba; B, — aB,* ) cosha;¢hcos B¢

+ (—bozl2 —2aq1 6, — bﬂlz) sinh ;¢ sin ¢
+ (ca22 — 2dayf3, — cﬂzz) cosh ap¢p cos B¢

+ (—da22 —2cmfp, + dﬂzz) sinh apsing, P]
— KPk cos (¢, — ¢) cos kx (6.287)

Solving for each of the stresses, moments, and shears,

M, = —EI<82 ) (6.266)

0x2
Substituting 6.280,

M, =EI2 k? sin kx (acoshaj¢cos ¢ — bsinh a;¢sin B, ¢
+ ccosh ap¢p cos fr¢p — d sinh axp sin f,¢h)

— KPk? cos (¢, — o) sin kx| (6.288)

Jy— <2¢ ) (6.267)

Substituting 6.283,

My = —Q{Z sinkx[(aa12 — 2baff, — aﬂ,z) coshaypcos ¢
+ ( ba* — 2aa, 3, + bp, ) sinh a;¢ sin 3¢

+ (caz —2daafpy — cf, ) cosh ap¢p cos fr¢p

+

(—daz —2carf3, + dp, ) sinh a¢ sin S, ¢
— KPcos (¢, — ¢) sinkx} (6.289)

El( 9w
TR st
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Substituting 6.285,

M.y = g{Zk cos kx[(aay — bp,) sinh a;¢p cos ;¢

+ (=bay — ap,) coshay¢psin ¢ + (cay — dp,) sinh az¢p cos ¢
+ (=day — ¢f,) coshaxp sin B,¢p] + KPk sin (¢, — ¢) coskx}  (6.290)

Ow\ EI( w
0= -r(58) <‘ax a¢2> (027

Substituting 6.281 and 6.287,
Q, = EI{2 I’ cos kx(a cosh a; ¢ cos f;¢p — bsinh a; ¢ sin 8,

+ ccosh ax¢p cos fr¢p — d sinh ap¢p sin B, )
— KPI> cos (¢, — ) cos kx} + %I
x {2k coskx[(aai* — 2bay ) — apB,* ) coshaicosf¢
+ (—ba12 —2aa1p, — bﬂlz) sinh ) gsinf ¢
+ (ca22 — 2dayf3, — cﬁzz) cosh ax¢p cos B¢
+ (—day® — 2carfp, + dB,?) sinh argpsing, )

— KPk cos (¢, — ¢) cos kx} (6.291)
El (O'w\ EI( 0w
o5 (55) - (a2 %) (o211

Substituting 6.284 and 6.286,
_E
3
x {2sinkx[(aa;® — 3ba;*p; — 3au ;> + bB,> ) sinhagcos ¢
+ (=3aa;*B, + 3bai B> — bay® + ap,>) coshaipsinp ¢
+ (ca23 — 3day?B, — 3carfp,’ + dﬂ23) sinh axp cos B¢

+ (—da23 — 3car’fy + 3do i + cﬂ23) cosh ap ¢ sin S, |

— KPsin (¢, — @) sinkx} + %

Q¢:

x {2k* sin kx[(aa; — bp;) sinha;¢ cos B¢
+ (—ba; — ap) coshai¢sin f,¢ + (car — df,) sinh axp cos ¢

+ (—day — cf,) coshaypsin fyp] — KPK* sin (¢, — @) sinkx}  (6.292)
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ou
N,=FEA (E) (6.263)
Substituting 6.275,
2APL? .
NX = W Cos (¢k — ¢) sSin (kx) (6293)
EA | Ov
w2 6260

Substituting 6.277 and 6.261,

2 2 .
Ny = % {E—Z (#—FP) cos (¢, — @) sin (kx)

— 2[acosh (a;¢) cos ;¢ — bsinh (a;¢) sin ¢ + c cosh (az¢) cos ¢
—d sinh (ay¢) sin ] sinkx + KP cos (¢ — ¢) sinkx }
(6.294)

EA [ Ou Ov

Substituting 6.276 and 6.278,

EA
N =5
3
X { [Ezh—l;)fﬂ* sin (¢ — ¢) cos (kx) ] - 2_1; <r21? + %) sin (¢, — ¢) cos (kx)}
(6.295)

6.5 Edge Beams

Usually, two types of edge beams are used on cylindrical barrel shells, vertical or
horizontal. The edge beams that are orientated vertically are used for long shells,
where stiffness is required in the vertical direction. If the shell is relatively flat, the
horizontal thrusts are large and stiffness is required in the horizontal direction. The
vertically orientated beam is far more common, and therefore the solution will only
consider a vertical beam (see Fig. 6.17) (Billington 1982).
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Fig. 6.17 Stresses on the edge beam

Barrel Shell

A
e e

SORE
T T¢ Beam \A—>—>4_4—-‘/
e ==

Fig. 6.18 Compatibility between the barrel shell and edge beam

6.5.1 Stress Equations

The beam is very flexible in the transverse direction, and therefore the beams offer
very little twisting resistance. Furthermore, the lateral torsional stiffness is not
sufficient to generate torsional reactions.

H,=0

M,=0
By introducing an edge beam, the membrane forces and deflections will not be
correct. The edge beam will limit the vertical deflections and longitudinal shears.
The interaction between the shell edge and beam must be the same to satisfy

compatibility requirements (Fig. 6.18).
From beam flexural theory (Timoshenko 1958),
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Loading = w = EI% (6.296)
Shear = —S, = EI 8_3y (6.297)
ox? '
Moment = —M, = El — &’y (6.298)
0x? '
Slope = == / —dx+ f(x (6.299)
Deflection = y = // de +/ F1(x)dx + f5(x) (6.300)

If we assume that the load applied from the shell onto the beam is a sinusoidal
distribution,

EI%— V), sin kx (6.301)

Integrating 6.301,
ﬂg;d_Jygy —ﬂfﬁg (6.302)
//El—d —Elg— kaiszmk" (6.303)
l///fﬁydeﬁy W?”x (6.304)

////H ﬁ_m_wfm (6.305)

or

V, sin kx
= 6.306
y EI ( )

The longitudinal stress between the top of the beam and the edge of the shell is
typically expressed in the following form:

f= (6.307)

NI

where z is the section modulus of the beam.
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Substituting 6.298 and 6.303 into 6.307,

_ Vpsinkx

o (6.308)

f=

The horizontal stress at the top of the beam is referred to as the horizontal shear.
This shear varies from maximum at the ends of the beam to zero at mid-span. To
represent this distribution, the stress is varied by a cos curve.

S = S, coskx (6.309)

Summing the edge stresses from the support to any distance x,

T= —/ Sy cos kx dx (6.310)
0
—Sp .
T:Tsmkx (6.311)

The moment may therefore be defined as (refer to Fig. 6.19):

M=Te= _‘Z"e sin kx (6.312)

From these equations, the vertical deflection caused by the bending moment may
be determined. Since the bending moment is a function of the second derivative of
deflection, Eqs. 6.312 and 6.300 are combined.

L L
y= _// —Sie sinkxdx+/ Fi®)dx+ f5(x) (6.313)
o ETk o
Integrating the above expression,

Fig. 6.19 Moment in the

edge beam /

T
e { d
b
—P
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_ Sbe
EI K

sin kx (6.314)

where the integration constants are equal to zero, due to the boundary conditions.

f1(x) = fo(x) =0

The horizontal stress between the shell and the top of the beam is the combination
of two components.

T Te
f _Z+7 (6.315)
where
bd?
=4 (6.317)

6.5.2 Compatibility Equations

With many shell solutions (e.g., cylindrical and domes), the compatibility equations
are formulated in terms of the deformations. With cylindrical barrel shells, however,
the compatibility equations are formulated in terms of the vertical deformations and
horizontal stresses.

6.5.2.1 Vertical Compatibility

The sum of the vertical deformation between the shell edge and the beam must equal
zero.

Vp (Dil +D?1) + S (Ds12 +D?2) +Ds10 +D?0 =0 (6318)

assuming positive is downward.
6.5.2.2 Horizontal Compatibility

The horizontal compatibility equation is formulated by summing stresses in the
horizontal direction, between the shell and top of the beam.
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Vi (3 +55) + 8o (Fa %) + 0 +F5 =0 (6:319)

Defining the sub- and postscripts

First subscript Due to Second subscript Postscript
1 — vertical deflection 0 — applied load s — shell
2 — horizontal stress 1 — vertical force b — beam

2 — horizontal shear

6.5.3 Components of the Compatibility Equations

_ Vpsinkx

Dl =y = 6.306
1n=>y EI ( )
where
bd®
I= S5 (bean) (6.320)
nr
k= T (6.189)
Substituting the above into 6.306,
12v,L* .
Db —y=—""2" qinkx 6.321
=Y e bd ( )
The horizontal shear also contributes to the vertical deflection.
Db =y = — % ke (6.314)
12 EIK '
Substitute I, k, and e (6.317, 6.318 and 6.320) into the above.
Db, =y=— _6S,L° sin kx (6.322)
12 Ebd*n3n '
Since,
y M Vpsinkx
fa = 7 712 (6.308)

Substitute 6.189 and 6.316 into 6.308.
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L2
7= sinkx (6.323)
n*n

The horizontal stress on top of the beam may be expressed in terms of the
resultant horizontal force T.

T Te
=5+ (6.315)

Substitute 6.311, 6.312, and 6.316.

» _ SpL sinkx  3S,d L sinkx

n== " (6.324)
Combine the two terms.
45, L
b 7b 1
fn = 57 sinkx (6.325)

The displacements for the self-weight of the beam is represented by a Fourier
series, where wy is a force per unit length.

W= 4w > %sinkx (6.326)
n=1,3,5...

The vertical deflection of the edge beam is determined from the well-known
deflection formula,

Db, = ;8;”—’; (6.327)
Substituting 6.326 and 6.320 into 6.327,
b Swal* .
0= g g sin kx (6.328)
Referring to Eq. 6.308,
fl = - 1258 (6.308)

Substituting Egs. 6.189, 6.316 and set V;, = 4% . The load will be in the negative
direction, and therefore the negative sign is canceled.

@seismicisolation


https://t.me/seismicisolation

6.5 Edge Beams 273

24 wyL?
b d .
==——— sinkx 6.329
f 20 b dlnzns ( )

The membrane deformation was previously solved (Eq. 6.92), and comprise part
of the Dj, term. A component of the deformation w (Eq. 6.239) is taken in the A,
direction, and added to the membrane deformation equation.

Dj, = A,
= % sin (%) [1 + 2722;2 + <%) cos (¢ — qb)}
+wcos (¢ — @) (6.317)
Substituting Eq. 6.239 for w,
Dslo =4,
= Ez%f; sin (%) [1 + 27222r2 + (g) cos (¢, — ¢)}

+ {2sinkx[a cosh (a;1¢) cos f;¢p — b sinh (a1 ¢) sin f¢p
+ c cosh (2¢p) cos f,¢p — d sinh (a2¢p) sin f,¢p]

+ KP cos (¢, — @) sinkx} cos (¢ — ) (6.330)

In the above equation, the coefficients a, b, ¢, and d are determined by applying
boundary conditions.

oo =" e =1/2) (6.331)

The variation of V,, is assumed to have a sinusoidal variation:
V) sinkx (6.332)
Since the loading is a function of the fourth derivative of deflection (6.296),

o'y _Vp

Integrating the above expression,

VLY.
r= 8= g (i) Sl (6.334)

For a segment of a cylindrical arch,
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I=Krh (6.335)

where k' is a function of ¢, (Billington 1982).
The deflection of the shell for a sinusoidal load is equal to:

VLt .
Dsll = l’:k/]bsw sin kx (6336)
Similarly for shears,
. SyL* .
D12 = Em Slnkx (6337)

Furthermore, the stress distribution between the edge of the shell and the top of
the beam is expressed in terms of a sin distribution.

_ My _ Vyrcos (¢, — )

f 7 o IE sin kx (6.338)
where
I=Kkrh (6.335)
y=rcos (¢ — ¢) (6.339)
M= % sin kx (6.340)

or expressed as:

VyL* cos (¢ — )

o= 2 2 sin kx (6.341)
Similarly,
5= Sb—LZ sinkx (6.342)
27 p2p '

As seen by the copious nature of the equations, the analysis is complex and does
not engender a practical method of analysis. For this reason, the equations are solved
and tabulated to simplify the solution.
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6.6 Steps in Solving the Deformations and Stresses
in the Shell

Due to the complexity of the solution when solving for the arbitrary coefficients a, b,
¢, and d, tables have been formulated for various ratios of 7 and 7. These tables are
found in Appendix A and B, which are reproduced from the ASCE Manual of
Engineering Practice, Design of Shell Roofs, No. 31 (1960). The solution is based
on the preceding equations, but simplified to ease calculations.

6.6.1 Barrel Shells with Free Edges

Refer to Appendix A for coefficients that are to be included in the stress equations.
Similar to the deformation equations, the equations below specify the column from
which the coefficients should be extracted, dependent on the ratios of  and 7. In all of
the equations, only the first term of the Fourier series is considered, i.e., n = 1.

1. Solve for the reactions V;, H; and S;.
Initial parameters
Span (S)
Length (L)
Radius (r)
Height (H)
Thickness (h)
Young’s modulus (E)
Poisson’s ratio (v)

1= % (moment of inertia per unit width of shell) 6.320
D= % 6.121
P=4p, 6.343
Edge stresses at ¢ = 0
N, N,= — Pr cos (¢ 6.62
(x=1L72)
Ny N'ge=— 2% sin (¢by) 6.67

(x=0o0rx=1L)
Solve for V;, H;, and S; (correction loads along the free edge)

Vi = =N, sin ¢ 6.344
Hy = —Ny cos ¢y 6.345
SL = - N,(/’x 6.346
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2. Solve for the membrane stresses
Coefficients are taken from N/ — — ZPLZ cos (¢ — ¢) sin (%) 6.347

Appendix A. Values differ for 1)\ 2 .
each angle ¢ and ratios of ; e (7) (A : col.1)sin (T)

and 7 +Hp (%)Z(A : col.5) sin (%‘)
+51 (L)z(A col9)sin (2)
N'ge = — 2L sin (¢, — ¢) cos (%)  6.348

+Vi (L )(A col.2) cos (%
+H (5)(A : col.6) cos (%)
+S1.(5) (A : col.10) cos (%)
N'y = —Prcos (¢, — ¢)sin (%)  6.349
+VL(A : col.3) sin (%)
+H (A : col.7) sin (%)
+SL(A : col.11) sin (%)

3. Solve for the membrane deformations in the shell.
Ay = 52/11:2Ln4 sin (%) [1 +2r <2L4> cos (¢ ¢)} 6.92
Ay = Eh sin (¢ — ¢) cos (¢ — ) sin (%) 6.97

6.6.2 Barrel Shells with Edge Beams

Similar to barrel shells with free edges, the arbitrary coefficients a, b, ¢, and d have
been solved for various ratios of 7 and 7. These coefficients are found in Appendix A
and B. The start of the analysis is the same as the membrane solution (which is
repeated for completeness).

1. Solve for the reactions V;, H; and S;.
Initial parameters

Span (S)
Length (L)
Radius (r)
Height (H)
Thickness (h)
Young’s modulus (E)
Poisson ’s ratio (v)
I= (moment of inertia per unit width of shell) 6-320

D—( =0 6.121

P=12p, 6.343
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Edge stresses at p = 0
4

N¢ NI¢: — Pr COS(¢k)
(x=L2)
N,xd) N/xqg = —% sin (¢k)
(x=0o0rx=1L)

Solve for V;, H;, and S; (correction loads along the free edge)

Vi = =N, sin ¢,
H; = —N;, cos ¢y

SL - - Nld)x

277

6.62

6.67

6.344

6.345
6.346

2. Solve for the deformations and stresses between the top of the beam and base

of the shell
Vertical deformations
Refer to Appendix B for coeffi-
cients that are to be included in
the deformation equations. The
equations specify the column
from which the coefficients
should be extracted, dependent
on the ratios of ; and 7. In all of
the equations, only the first term
of the Fourier series is consid-
ered, and therefore n = 1. The
equations are also expressed in

terms of (sz) sin (2), which is

common and therefore cancel

Horizontal shears

Refer to Appendix A for coeffi-
cients that are to be included in
the stress equations. Similar to

Dy =V, <LF2) <hL_;3)

(B : col.1) sin (%)

Dl]’l =V (%)

(225) sin (2)
() (8)
(B : col.7)sin (%)
()t

sin (%)

- (5)(%)
{Priz+ G+

(®) cos (¢ — )]
+[Vi(B:coll)+ Hp
(B:cold)+ S,

(B : col.7)]} sin (%)
D?o == (sz) (%)

() (22%)

sin (%)
w? = ybd

y = weight of beam material
f;l =V (%)2%

(A : col.1)sin (%)

fgl ==V (%)2
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the deformation equations, the ( 6r° ) sin ( x
equations below specify the col-

umn from which the coefficients f3, = S»(£)"} (A : col.9)
should be extracted, dependent  sin (%)
on the ratios of 7 and 7. In all of b, (L>2 a2
the equations, only the first term (ﬂ Labd
of the Fourier series is consid- L

ered, and therefore n = 1

r

M. Gohnert

= (%)2 [—Pr(3) cos (¢, — ) + Vi

(A :col.l)+ HL(A : col.5)
+S.(A : col.9)] sin (%)

L
Fho= (1)
(8 sin (5)

3. Solve the compatibility equations
Vi (D}y + DY) + 8p(Dyy + D) + Djg + Dig =0
Vi (f31+131) + S5 Fro+ 130) + foo + 3 = 0

(D}, +D1,)  (Dy, + DY)
(f+75) (futr5)

Vy |
{ Sy } (D300 ) (Pt f5) = (D) ()
(f2+ %) —(DhL+DY) { —Dj, — DY, }
X b
—f20 — [

__(f§1+f31) (D}, +D1y)
4. Solve the stresses and bending moments in the shell

N, = — % cos (¢ — @) sin (”T")

V(B (A < col.1)sin (2) + Hy (£)*(A : col.5) sin (%)
+SL(%)2(A : col.9) sin (%) +Vy (%)Z(A : col.1) sin (@)

+S, (%)Z(A : c0l.9) sin (”TX)

Nyp = — 2L sin (¢ — ¢) cos (%)

+Vi(E)(A : col.2) cos (%) + Hy (X) (A : col.6) cos (

6.318
6.319

{ Vy } | -Di - Db, 6.363
Sp —fa0 — f[270

6.364

6.365

L

L

6.366

7)

+S.(£) (A : col.10) cos (%) + V,, (£) (A : col.2) cos (%)

+85(£) (A : col.10) cos (%)
Ny = —Prcos (¢ — ¢) sin (%)
+VL(A : col.3)sin (B) + Hy (A : col.7) sin (%)

+SL(A : col.11) sin (%) + V(A : col.3) sin (%)
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+Sy(A : col.11) sin (%)

My = Vr(A: col.4)sin (%) 6.368
+Hr(A : col.8)sin (2) + S.r(A : col.12) sin (%)
+Vyr(A : col.4)sin () + Syr(A : col.12) sin (%)

6.7 Worked Examples

6.7.1 Simply Supported Barrel Vault with Free Edges

The barrel vault illustrated in Fig. 6.20 is simply supported at each of the corners and
subjected to a combined dead and live load of 3.8 KPa. The edges of the shell roof
are free (no edge beam).

1. Solve for the reactions Vi, Hy,, and S;,

Span = 11450 mm

Length = 20250 mm

Radius = 8100 mm

Height = 8100-8100 cos 45 = 2372 mm
Thickness = 75 mm

Young’s modulus = 30(106) kN/m?>
Poisson’s ratio (v) = 0.15

o (1)0.075°

I={5=""0 =352 (107) m* (6.320)
30(10%)3.52(107°
p=-"2 =~ = (10 (2 ) _ 1070 N2 (6.121)
(1—12) (1-0.15%)
4 4 )
P=_P;=—(38) =4838kN/m (6.343)

Edge stresses at p = 0

N'y = —Prcos (¢) = —(4.838)8.1 cos (45) = —27.71 (6.62)

2PL w sin (45) = —44.11 (6.67)

N'yy = === sin(¢) = -

Solve for Vi, Hy, and St
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Fig. 6.20 Cylindrical barrel shell, unsupported by edge beams

Vi = =N, singy = (27.71) sin45 = 19.60 kN/m (6.344)
Hp = —Ny cos ¢ = (27.71) cos 45 = 19.60kN /m (6.345)
S, = —N'yy = 44.11 KN/m (6.346)

2. Solve for the membrane stresses

The membrane stress equations are expressed in term of x and ¢.

N, =— 2:; L cos (g — ) sin (F)+ v (%)Z(A : col.1)sin ()

%)Z(A : col.9) sin (ﬂ—x) (6.347)

+H, (%)Z(A ol 5)sin () + 81 L

;24 . N X
Na= B2 sW—d)sin (20.25)

: : 20.25
2
o (20-%5) (A : col.5)sin (2335)

which simplifies to:
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N’y = —49.63 cos (45 — ¢) sin (0.155x) + V1(6.25)(A : col.1) sin (0.155x)
+ Hy(6.25)(A : col.5) sin (0.155x) + S;.(6.25)(A : col.9) sin (0.155x)

Vo s e (5 v (Bt -t (5)

+H, (’;) (A : col.6) cos ( L) s (ﬁ) (A : col.10) cos (’%") (6.348)

2(4.838)20.25 20.25

R sin (45 — ¢) cos (20 25) +VL< 31 >
x 20.25 mx

x (A : col 2) cos (20_25) +HL< 8.1 >(A : col.6) cos (20‘25)

20.25 X
+ SL< 1 )(A : col.10) cos (m)

which simplifies to:

Ny =~

N’y = —62.37sin (45 — ¢) cos (0.155x) + V1(2.5)(A : col.2) cos (0.155x)
+ H.(2.5)(A : col.6) cos (0.155x) + S.(2.5)(A : col.10) cos (0.155x)

N'y = —Prcos (¢, — ¢) sin (L) + V(A : col.3) sin (Z)
+ Hy(A : col.7) sin (L) 4 S1(A - col.11) sin (L) (6.349)
Ny = —(4:838)8.1cos (45 — ) sin (3552 )

0. 25) + HL (A : col.T) sin (20 25)

+ SL(A : col.11) sin (

+ V(A : col.3) sin (

= 25) (6.348)

which simplifies to:

N'y = —39.19 cos (45 — ¢) sin (0.155x) + V(A : col.3) sin (0.155x)
+ Hp(A : col.7)sin (0.155x) + Sp.(A : col.11) sin (0.155x)

The above stresses equations are solved in increments of 10°, at x = 0 and x = %
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3. Solve for the membrane deformations in the shell

2PL* . (mx 27%r? atrt
A'v‘m“(r)[” o) e =)

_2(4.838)(20.25)* ( mx )

E(0.075)(8.1)*z* = \20.25
5 [1 N 2712(8.1)22 + <n4(8.1)44> cos 2(45 — 47)] (6.92)
(20.25) 2(20.25)
Simplified,
A, = 33E94 sin (0.155x) [4.16 + 1.25 cos *(45 — ¢)]
Ay = IZ—F; sin (¢, — ¢) sin (%) cos (¢ — )
_ % sin (45 — ¢) sin (ng) cos (45 — ) (6.97)
Simplified,
Ay = 42132 sin (45 — ¢) sin (0.155x) cos (45 — ¢)

The stresses and deformations are given at two locations in Tables 6.1 and 6.2
(at the end and mid-span). Similar to a beam, the shear stresses are maximum at the
edge and zero at mid-span. Furthermore, the stresses in the x-direction are maximum
at mid-span (corresponding to maximum moment), but zero at the ends. Also
included in the tables are the deformations.

Table 6.'1 Stresses and N, N, N, Ay Ay

de‘formatlons of a barrel shell (X =0or L) (kN/m) (kN/m) (kN/m) (mm) (mm)

Zﬁ;hi‘)“ edge beams (x =0 7, 0.00 | 0.00 0.00 |0.00 |0.00
10 0.00 0.00 —135.47 |0.00 0.00
20 0.00 0.00 —89.07 |0.00 0.00
30 0.00 0.00 —26.01 |0.00 0.00
40 0.00 0.00 —1.56 |0.00 0.00
45 0.00 0.00 0.00 |0.00 0.00
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Table 6.2 Stresses and N, N, Ny Ay Ay
dqformatlons of a barrel shell x =L/NR2) (kN/m) (KN/m) (kN/m) (mm) (mm)
without edge beams (x =L/2) = 1432.59 000 000 054 007
10 29.24 | —18.11 |0.00 0.57 0.07
20 —328.55 | —39.56 |0.00 0.59 0.05
30 —207.13 | -50.25 |0.00 0.60 0.04
40 —32.39 | -51.76 |0.00 0.61 0.01
45 —493 | -=51.71 |0.00 0.61 0.00

Fig. 6.21 Simply supported barrel vault with edge beams

6.7.2 Simply Supported Barrel Vault with Edge Beams

In this case, we consider the same barrel vault, but with edge beams (Fig. 6.21).
Since the shell is relatively long, the edge beams are orientated in the vertical

direction.

The start of the solution is identical to the barrel vault with free edges, but
corrections are added for the inclusion of edge beams.

1. Solve for the reactions V,, H; and S,

Span = 11450 mm
Length = 20250 mm
Radius = 8100 mm

Height = 8100-8100 cos 45 = 2372 mm

Thickness = 75 mm

Young’s modulus = 30(10®) kN/m?

Poisson’s ratio (v) = 0.15

1

K (1)0.075°
12012
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EI  30(10°)3.52(107)

D= = 1079 Nm? 6.121
(1-24) (1-0.15%) (6.121)
4 4 )
P:;Pd = (3.8) = 4.838 kN/m (6.343)
Edge stresses at p = 0
N'y = —Prcos (¢;) = —(4.838)8.1 cos (45) = —27.71 (6.62)
Ny =2 sin () = —w Sin(45) = —44.11  (6.67)
Solve for Vi, Hy, and S,
VL = —N:,) singp, = (27.71) sin45 = 19.60 kN/m (6.344)
Hy = =Ny cosgy = (27.71) cos 45 = 19.60 kN /m (6.345)
S, =—N'yy =44.1kN/m (6.346)

2. Solve for the deformations and stresses between the top of the beam and base
of the shell

Vertical deformations

D}, =V,

&

( :23> (B : col.1) sin (ﬂfx)
(%) (96.10) sin (%>

(988.68) sin ( Lx) (6.350)

-+ )=

|
=

Il

<<

ol
/\/\/—\

STEVEN TR

N— — 0

/N
~[8

2
Db, = Vb( ) ( 142[91213) sin

~V, (’;) (490.93) sin (Lx) (6.351)
D, = ( 2)( ) (B col.7)sin ()
_ ( ) ( 0%(;525821 )(2.5) sin (%C)
- S,,( E) (25.72) sin ) (6.352)
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ot =) (s ) 50 ()
~-5(2) (Gor) n (7) -5 (E)essoin (%) 6
- (5)(5)
(s @) (' o]
+[VL(B: col.1) — Hy(B: col.4) + S.(B : com)}} sin (”Tx)
- (5) (o) f [+ (k) + (o) o)
+[19.60(96.10) — 19.6(64.69) + 44.11(2.50)]} sin (”_x)

L
- (%2) (7497.61) sin (%x)

(6.354)
oo~ () 0 ) () )
(OO ()
_ (LEZ) (3995.72) sin (”fx) (6.355)

It should be noted that the terms (%) sin (”Tx) divide out of the equations.

Horizontal stress equations

x =L/
2
=V (If %(A : col.1) sin (%)
2
2025\ 1 .
_ v;,( < ) g (19:64)sin (E) = V,(1636.67) (6.356)

b= 0(5) () 0 ()

— v, (Zg:?)Z(( é(g']f > sin (3) = ~Vy(1695.84)  (6.357)
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o =Sp (%)Z%M : c0l.9) sin (nfx)

2
2025\ 1 (m
_ (8—1) 575 (1:388)sin (5) — 5,(115.67) (6.358)
IN2 4 . (nx 2025\°  4(8.1)° _(m
b ot 2 ”
1 =50(7) Lapa o (T) S”( 8.1 ) 20257 (03)0.7 " (5)
= §,(122.78) (6.359)

r

N, = (11)2 [—Pr(}%) cos (¢ — @) + V(A : col.1) + HL(A : col.5)

+SL(A: col.9)} sin (%C)

20.25\° 2
__ <W> [(4.838)8.1 (?) cos (45) + 19.60(19.64) + 19.60(—10.78)
. T
+44.11 (1.388)} sin (E)
— 1432.59
(6.361)
, N, 143259
foo = =5 = 1910122 (6.360)

5= () () () o0 6)

-(3) (i) @) - e e

3. Solve the compatibility equations

V;(988.68 4 490.93) + S,,(25.72 — 26.66) + 7497.61 —3995.72 =0 (6.318)

V,(1636.67 — 1695.84) + S,(115.67 + 122.78) + 19101.22
+ 10882.40
=0 (6.319)

or

V,,(1479.61) + S,(—0.94) + 3501.88 = 0
Vy(—59.17) + S,(238.44) + 29983.60 = 0

Set in matrix form,
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287
1479.61 —0.94 Vi —3501.88
= (6.363)
—59.17 23844 ( S, —29983.60
{ Vi } _ [1479.61 —0.94] _1{ —3501.88 }
Sy J 1 =59.17 238.44 —29983.60
Solving the matrix, the vertical load and horizontal shears are determined.
Vi _ 1 238.44 0.94
S, | (1479.61)(238.44) — (—0.94)(—=59.17) | 59.17 1479.61
—3501.88
X (6.364)
—29983.60
Therefore,
Vi _ —2.45
Sy | 1 —126.35
4. Solve for stresses and bending moments in the shell
These stresses are both membrane and boundary effects stresses.
2PI? L . (7x
N, =— o COs (¢r — @) sm( ) + VL( ) (A : col.1)sin (T)
( ) (A : col5) sm( )+SL( ) (A : col9) sm(”Lx)
( ) (A :col.1) sm( )—i—Sb( ) (A : col9) sm(%c)
- 2(4.838)20.252
T 82 (45— ¢)s ( 25 )
+19. 60(23 %s) (A: col.1) sm( )
20.25 X
—1—1960( ] ) (A: col.5) sm(2025>
20.25 X
+44. 11( = ) (A : col.9) sin (2025)
20.25 . X
- 245( 1 > (A : col.1)sin (ﬁ)
20.25
— 126. 35( = ) (A : col.9) sin (20 25) (6.365)
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which simplifies to:

N, = —49.63 cos (45 — ¢) sin (0.155x) + 122.50 (A : col.1) sin (0.155x)
+ 122.50 (A : col.5) sin (0.155x) 4+ 275.69 (A : c0l.9) sin (0.155x)
—21.75 (A : col.1) sin (0.155x) — 789.69(A : col.9) sin (0.155x)

N,y = —=——sin (¢, — ¢) cos (ﬂf +VL (%) (A : col.2)cos (%
() + 5(%) (4 < col.10) cos (%)
+Vy (%) (A : col.2) cos (Tx) +S, (%) (A : col.10) co (%)

_ _2(4.838)20.25 in (45 — cos( X ) 4 19.60 20.25
b4 8.1

SN—

+H; (I;) (A : col.6) cos

+1960

0.
81
20.
+4411< -
0.
81

X (A : col.2) cos (20 75

X (A : col.6) cos (20 73

x(A:col.lO)cos 2025 —2.45

% (A : col.2) cos (20 25) 126.35 (28?)

X (A : col.10) cos ( =

M) (6.366)

which simplifies to:
Nyp = —62.37sin (45 — ¢) cos (0.155x) 4 49.00 (A : col.2) cos (0.155x)

+49.00 (A : col.6) cos (0.155x) + 110.28 (A : col.10) cos (0.155x)
—6.13 (A : col.2) cos (0.155x) — 315.88 (A : col.10) cos (0.155x)

@seismicisolation


https://t.me/seismicisolation

6.7 Worked Examples 289

Ny = —Prcos (¢, — ¢) sin (L) + V(A : col.3) sin (%)
+Hp(A: col7)sm(L)+SL(A col.11) sm( )
)

+ Vy(A: col3)sm( )+S;,(A col.11) sm(

L

—(4.838)8.1cos (45 — ¢) sin (20 25)

) +19.60(4 : col7)sin (3552

—2.45(A : col.3) sin (2(’)”; )

+19.60(A : col.3) sin (20 =

FA41(A colll)sm(

W

20. 25)
~126.35 (A : col.11) sin (

W

m) (6.367)

which simplifies to:

Ny = —39.15cos (45 — ¢) sin (0.155x) + 19.60(A : col.3) sin (0.155x)
+19.60(A : col.7) sin (0.155x) + 44.11(A : col.11) sin (0.155x)
—2.45(A : col.3) sin (0.155x) — 126.35 (A : col.11) sin (0.155x)

My = Vir(A: col4)sin ( ) + Hpr(A : col.8) sin (L)

+ Spr(A : col.12) sin ( ) + Vyr(A : col4)sin (izc)

+ Spr(A : col.12) sin (7?)

= (19.60)8.1(A : col.4) sin (26[25)

+(19.60)8.1(A : col.8) sin (

20. 25)

4 (44.11)8.1(A : col.12) sin (20 25)

— (2.45)8.1(A : col.4) sin (20 25)

~ (12635)8.1(A : col.12) sin ( (6.368)

20. 25)

which simplifies to:

M, = 158.76 (A : col.4) sin (0.155x) + 158.76 (A : col.8) sin (0.155x)
+ 357.29(A : col.12) sin (0.155x) — 19.85 (A : col.4) sin (0.155x)
— 1023.44 (A : col.12) sin (0.155x)

The above stresses and bending moments are given in increments of 10° and at

x=0andx=4%
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6.8 Exercises

6.8.1. Using a spreadsheet or alternative programing language, resolve the worked
example 6.7.1 for a barrel vault with free edges. Reproduce Tables 6.1 and 6.2
for the resultant stresses and deformations at x = 0 and x = L/2. In addition,
solve for the stresses and deformations at x = L/4.

6.8.2. Resolve for the worked example 6.7.1, but change the length of the barrel
vault to L = 13.500 m. Solve for the resultant stresses at x = 0 and x = L/2.

6.8.3. Graph the membrane stresses and correction stresses for exercises 6.8.1 and
6.8.2. Describe your observations concerning the relationship between the
membrane stresses, and correcting for errors along the free edge. Only
consider N, and Ny at x = L/2 and N, at x = 0.

6.8.4. Using a spreadsheet or alternative programing language, resolve for the
worked example 6.7.2 for a barrel vault supported by an edge beam. Repro-
duce Tables 6.3 and 6.4 for resultant stresses at x = 0 and x = L/2. In
addition, solve for the stresses at x = L/4.

6.8.5. If a larger edge beam is used in worked example 6.7.2, how would this affect
the stress distribution? Use beam size b = 500 mm and d = 1000 mm.
Reproduce Tables 6.3 and 6.4 for resultant stresses at x = 0 and x = L/2.

Tablg 6.3 Stressgs and b N, N, Noy M,

be.ndlng moments in a shell (deg.) (kN/m) (KN/m) (KN/m) (KN/m)

with edge beams (x =L/2) 7 36.13 —1.73 0.0 0.00

10 —207.78 —23.30 0.00 0.57
20 —209.11 —36.96 0.00 —1.07
30 —111.75 —42.34 0.00 —2.57
40 —31.31 —43.12 0.00 —3.28
45 —19.56 —43.12 0.00 —-3.35

Tablg 6.4 Stresse§ and b N, N, Noy M,

bepdlng moments in a shell (deg) (kN/m) (kN/m) (kN/m) (kN/m)

with edge beams (x = 0) 0 0.00 0.00 ~12635 | 0.00

10 0.00 0.00 —101.75 0.00
20 0.00 0.00 —52.94 0.00
30 0.00 0.00 —17.17 0.00
40 0.00 0.00 —2.57 0.00
45 0.00 0.00 0.00 0.00
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Chapter 7 ®)
Catenary Arches and Domes S

Abstract This chapter develops theory to determine the thrust-line forces in a
catenary arch for a uniform distributed load (gravity). An iterative point load method
(funicular iterative method) is also given to solve the pure compression shape for any
number of point loads applied at any angle. This method successively adds segments
to the arch model, allowing the arch to grow and form naturally into a pure
compression arch. Finally, the membrane solution for a catenary dome is derived,
including a solution for a catenary dome with an oculus or opening for a skylight.

7.1 Introduction

The terms funicular and catenary are anglicized words from Latin, meaning rope and
chain respectively. From a force-flow perspective, a rope and a chain react identi-
cally. However, each term has taken on a separate classification of shapes. The
catenary is the shape of a hanging chain under its own weight, or a uniform load. The
term funicular is a collection of shapes, where any number of weights are hung from
a chain, creating unique shape in tension. Thus, funicular shapes are infinite in
number, whereas the catenary shape is a single shape of a chain under its own self-
weight. The catenary and a various funicular shapes are given in Fig. 7.1.

Both catenary and funicular shapes are in pure tension (without bending or shear
forces). If the links are locked and the shape is flipped upright, the forces in the chain
are reversed, and in pure compression. The structural characteristics of catenary and
funicular shapes are therefore highly favored in the construction of masonry arches
and domes, which do not perform well under conditions of tension and bending
forces. In addition, as seen in Chapter 2, pure compression structures are more
durable and have greater material strengths (Allen and Zalewski 2010).

Although catenary and funicular shapes are not popular in architecture, they are
the most optimal shapes, in terms of stress economy. Most importantly, the thrust-
line in catenary and funicular shapes are designed to match the axis of the shell or
arch, thus eliminating bending and shears. If bending is eliminated, the stresses in the
shell are significantly reduced. Furthermore, many designers fail to realize that a
thrust-line will tend to flow in a natural pattern in all structural members (i.e., arches,
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Catenary shape Funicular Shapes

Fig 7.1 The catenary and various funicular shapes

Fig. 7.2 Hanging chain
forms a catenary shape

domes, beams, and slabs), resembling a catenary (Heyman 1995) (Ockleston 1958).
Optimization is only achieved if the thrust-line matches the structure.

7.2 The Catenary Arch

The catenary shape is defined by the shape of a hanging chain, supported at the two
ends and allowed to drape naturally under its own self-weight (see Fig. 7.2).

The catenary is very similar to a parabolic shape, but the catenary has its own
distinct form, which is defined by Eq. 7.1.

y =a cosh (x/a) (7.1)

Equation 7.1 is illustrated as the lower curve in Fig. 7.3. The catenary arch,
however, is illustrated as the upper curve in the same figure. To solve for the arch
equation (Gohnert and Bradley 2020a), the height (H) and the base length (L) should
be selected beforehand to define the proportions of the arch or vault. Equation 7.2 is
then iterated to determine the value of “a” (scaling factor).

H =a cosh(L/2a) —a (7.2)

[P

Once “a” is determined, the arch equation is defined, and expressed by Eq. 7.3.
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A y
_‘k_ ” —— -\
7 S Catenary arch
" R N
’ \
/ \ x
/ \
=5 \ /
\ /
\ /
H \ ’
AN »/ Catenary curve
~ 7
. A Sadm="
A X
a
Y < -
L

Fig. 7.3 Catenary arch for uniform load (i.e., self-weight)

y =H —a cosh (;_c) +a (7.3)

The length of the catenary curve (S) is solved by integrating Eq. 7.1 from 0 to L/2,
and multiplying by 2.

S = 2a sinh (L/2a) (7.4)

The total weight (W) of the arch is equal to the unit weight of the arch material
(7,») times the thickness (h), length (S), and width (b).

W =y, Shb (7.5)
The vertical reactions at each base are equal to the total weight divided by 2.
R, =W/2 (7.6)

The angle of the base reaction, which is also the angle of the base, is determined
by first taking the derivative of Eq. 7.1.

% — sinh (x/a) (7.7)

Since,
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Fig. 7.4 Reactions of a catenary arch subjected to self-weight

Fig. 7.5 Distribution of the
horizontal and axial forces
in a catenary arch

Ny N¢

dy _
= tan 0 (7.8)

The angle at the base of the arch is solved by equating Eqs. 7.7 and 7.8, and
setting x = L/2.

6 = tan ~'[sinh L/2d] (7.9)
The diagonal and the horizontal reactions are then determined (see Fig. 7.4).

R=R,/sind (7.10)

R;, = Rcos6 (7.11)

The forces in a catenary arch due to self-weight are predictable. The horizontal
forces are constant. Therefore, at the top of the arch, the axial force (,) is equal to

the horizontal force (V,,). The axial force varies linearly from the base to apex of the
arch (see Fig. 7.5, which illustrates the distribution of horizontal and axial forces).
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From these known force characteristics, the axial force in the arch may be
determined.
Knowing the axial force distribution, the force at the top of the arch is equal to:

Ny = Ry (7.12)

Substituting Eqs. 7.10 and 7.11 into 7.12,

R, cos @
Niy—pr) = Rcos @ = e (7.13)
where 0 is the angle of the reaction at the base of the arch.
Expressing the above equation in terms of the weight of the arch:
W cos @
Nio=m = 5 g (7.14)
Similarly, the axial force at the base of the arch is equal to the reaction.
Nyy—0) =R (7.15)
Substituting 7.10 and 7.6,
R, W
Nio=0 = 506 = Zsind (7.16)

The forces at the top and bottom of the arch (Eqs. 7.14 and 7.16) only differ by a
cos6 term in the numerator. Therefore, a general equation may be expressed in terms
of k, which distributes the forces from the bottom to the top of the arch.

W
N, = mk (7.17)
The expression k is determined by applying the following boundary conditions:

y=0,k=1
y=H,k = cosf

Since the distribution of force is linear, k takes the form:
k=my+c (7.18)

Substituting the first boundary condition:
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1 =m(0)+c
(©) (7.19)
c=1
Substituting the second boundary condition:
cos@=m(H)+ 1
cosf — 1 (7.20)
o H
Therefore,
cosf — 1
k= (T>y+1 (7.21)

Substituting 7.21 into 7.17, the axial force is defined at all points y in the arch.

w cosf —1
N (201, ] o

Since the catenary arch is a pure compression form, and free of bending and
shears, the axial force is the only force determined, where

_N
~ bh

Ot

7.3 The Funicular Arch

As previously stated, the pure compression shape for a uniform load (i.e., self-
weight) is a catenary arch. The analogy of a chain is a powerful tool to understand
the structural properties of a catenary. Likewise, the analogy of a chain may also be
used to define pure compression shapes of arches which are subjected to point loads.
If a chain is suspended between two points, and a point load is applied at some
location along the chain, the chain will form a triangle (assuming no self-weight or if
the self-weight is small compared to the magnitude of the point load), and the two
legs of the triangle will be in pure tension (see the lower triangle of Fig. 7.6). If the
links are locked and the chain is flipped upright, the stresses are reversed and in pure
compression (see upper triangle of Fig. 7.6). Since the chain is in pure compression,
the angles of the reactions are the same as the angles of the legs of the triangle.
The method used to define the shape of a funicular arch is a numerical solution
and is similar to the finite element method, where a series of elements are connected
together to form and analyze a structural shape. However, there are distinct
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Fig. 7.6 Triangular shape to support a point load in pure compression

differences between the two methods. Unlike the finite element method, the funic-
ular shape is not predetermined or known beforehand, nor is the number of elements/
segments known. At the start of the analysis, only the length of the first, or base
segment, is selected beforehand. As the analysis proceeds, segments are continu-
ously added to the profile. The catenary shape literally grows, or forms into a pure
compressive shape. During the analysis, the catenary will ascend from the initial
support and then descend to the second support, creating a unique pure compression
shape (Gohnert and Bradley 2020a, b).

7.3.1 Derivation of the Funicular Arch Theory, Using
an lIterative Approach

The solution is composed of two parts: The first part solves for a combined reaction
for the self-weight and all of the point loads applied to the catenary arch. The second
part of the analysis solves for the pure compressive shape of the catenary. This is
achieved by consecutively adding segments to the model, allowing the catenary to
grow naturally into a pure compression arch.

All arches will have self-weight and therefore a catenary arch will be initially
assumed, with point loads applied to the exterior. As depicted in Fig. 7.7, the
location of externally applied point loads (P,) is assumed to be located along the
profile of the catenary arch. Any number of point loads may be applied to an arch,
thus the subscript (n), which is numbered according to the number of applied point
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Ru |< g
Fig. 7.7 The location of the point load and geometry of the catenary curve

loads. The lengths of the legs of the triangle are defined as S’ and S”, and the angles
of the legs are respectively f# and a. The left and right reactions (R; and Rp) are also
depicted in Fig. 7.6, which are tangent to the angle of the leg of the triangle.

Referring to Fig. 7.7, and using the law of cosines for oblique triangles, the angles
of the reactions are determined.

"2 472 _ QR

a= cos ! [%] (7.23)
B S/Z + L2 _ S"2

p = cos ! [7251 (7.24)

The reactions are determined by formulating equilibrium equations in the x and
y directions.

ZFX:P,, cos ¥+ Rpcosff — Rgcosa =0 (7.25)

> Fy: Pysiny — Ry sinf— Rgsina =0 (7.26)

Although we can form the arch from the left or right supports, the left support will
be assumed as the location of the start of the arch. Substituting Eqs. 7.26 into 7.25,
the reaction (Ry) is determined.

Re — P,(cosy + sinycotf) (7.27)
cosa (1 + tanacotf)

Substituting Ry into Eq. (7.26), the reaction (R;) is solved.
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__ P,siny — Rgsina
R, = Sin 3 (7.28)

The base reactions, defined by Eqs. 7.27 and 7.28, are determined for every point
load applied to the arch.

It should be noted that this method is also applicable to arches only subjected to
self-weight, or continuous loads. A continuous load is modeled by dividing the load
into a series of point loads.

Once the reactions for each of the point loads are determined, the next step is to
sum the reactions, to solve for a single reaction. However, to enable the summation,
the reactions are split into vertical and horizontal components. Considering only the
left side of the arch,

Ry, =Y R}sinp, (7.29)
1

Riy = Z R} cos 3, (7.30)
i

where R are the reactions for each of the point loads applied to the arch. The number
of reactions will equal the number of point loads.
Equations 7.29 and 7.30 are then resolved back into a single reaction and angle.

R, =\/R} +R}, (7.31)

pr = tan "' (Rp,/Rps) (7.32)

If point loads are applied to a catenary arch, the pure compression shape will be a
distorted catenary, referred to as a funicular shape. The formation of the funicular
arch begins with the base segment. In this segment (see Fig. 7.8), all of the terms are
known except for T, which is the magnitude of the axial thrust between the first and
second segments. Since the shape must be in pure compression, the segments have
only one degree-of-freedom, which is the axial thrust in the arch. Since the arch is in
pure compression, the angle of the axial thrust must be the same as the angle of the
segment.

The equilibrium equations of the base element are expressed in terms the com-
ponents of T; (i.e., T;, and T},).

Summing forces in the x-direction (refer to base segment Fig.7.8),

ZFx :Pycos y; +Rycosp—T1, =0

or
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Base angle
B=6, R,

Fig. 7.8 Forming the funicular shape, starting with the base segment

Ty = Py cos y, + Ry cosf (7.33)
Summing forces in the y-direction,
ZFy ¢ Pysinyy —Rysinff+w; + T, =0
or
Ty = —P;siny; + Rysinff —w; (7.34)
where w; is the weight of the segment and P; is an external load, if applied to the

segment.
The axial thrust and angle are given by 7.35 and 7.36.

Ty =/T}, +Ti, (7.35)
O, = tan - (le/Tlx) (736)

Equations 7.33 and 7.34 are the equilibrium equations for the base segment. For

subsequent segments (i.e., n = 2, 3, 4, .. .), the equations are identical, but expressed
in a general form:
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Tye =Py cos y,, + Ty_1cos0, (7.37)
Ty = —P,siny, + T,_1sin0, —w, (7.38)

where

T, =\/T: + T, (7.39)

0n+1 = tan - (Tny/Tnx) (740)

The growth of the funicular shape begins with the base segment. Subsequent
segments are added to the ends of the previous segments. Each subsequent segment
is solved to determine the axial thrust and angle of that segment. As arch segments
are added, the curve will grow upwards and then downward, forming an arch. The
adding of segments is only terminated when the segments reach the second support.

7.4 Membrane Theory of Catenary Domes

Catenary domes have gained in popularity over the last decade, but the shape is far
from new. Catenary shapes have been applied to dome design for at least 400 years.
The designs, however, were based on the study of hanging chains or graphical statics
(Block et al. 2006). Solutions are readily available for many dome shapes, such as
circular, elliptical, conical, and conoidal, but the derivation for the catenary shape is
lacking. Therefore, a complete derivation of the catenary dome is given for a
uniformly distributed load (gravity load) (Gohnert and Bradley 2020a, b). The
solution also includes a derivation for catenaries with a circular hole located at the
apex, frequently referred to as a skylight or oculus.

The theory presented is a membrane solution and does not include boundary
effects (Farshad 1992). A membrane solution is where all of the stresses are in-plane,
which includes meridian and hoop stresses. Boundary effects occur at the boundaries
and are caused by fixity at the base. This fixity causes bending and out-of-plane
shears, which may, or may not, significantly affect the stresses in the shell. However,
boundary effects at the base are minimal in catenary shells, compared to other dome
shapes.

7.4.1 Catenary Relationships

Shell stress equations are traditionally derived by formulating equilibrium equations,
i.e., summing forces in the meridian and hoop directions. These equations, however,
are usually derived in terms of angles (Billington 1982), but the catenary equation is
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Fig. 7.9 The catenary curve Ay

Ay
and arch
A
H
X, y X

A

Fig. 7.10 Differential element in a catenary dome

in terms of Cartesian coordinates. Similar to the derivation of elliptical domes, the
relationship between the angles and coordinates must first be established.
The equation for a catenary arch (see Fig. 7.9) is given by Eq. 7.3.

y=H—acosh(k)+a (7.3)

where

k=x/a (7.41)
Taking the derivative of the curve equation 7.3,

dy .
o sinh (k) (7.42)

The differential element on the catenary dome is illustrated in Fig. 7.10, and a side
view of the element is given in Fig. 7.11. Referring to Fig. 7.11,
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Fig. 7.11 Side view of the differential element

dy
e tan ¢ (7.43)

Equating Eqs. 7.42 and 7.43,
tan ¢ = sinh (k)
or
¢ = tan "' [sinh (k)] (7.44)

which defines the relationship between the angle ¢ and the x-coordinate.

7.4.2 Arch Length of the Catenary Curve

Using the arch length equation,

X dy 2
s :/0 1+ (E) dx (7.45)
Substituting Eq. (7.42),

5= /Ox\/l + [sinh (k)]dx

The above equation is simplified by substituting the hyperbolic identity,
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cosh?(k) = 1 + sinh?(k)

Sy e

s = / cosh (k) dx
0
Integrating the above equation,
s = asinh (k) (7.46)
Evaluating from x = 0 to x = L/2,
s = a sinh (2L_a) (7.47)

However, Eq. 7.47 is only half of the arch length. The total length is double.

s = 2a sinh (%) (7.48)

7.4.3 Membrane Stress Equations

Several assumptions are applied to the solution of the catenary stress equations.

1.

Only membrane stresses are considered. The stress distribution is assumed to be
in the plane of the shell and boundary effects are ignored. Bending and out-of-
plane shear stresses occur at the base of shells, which may be significant in some
dome shapes. However, boundary effects in catenary domes are minimal.

. The loading is symmetrical and uniformly distributed. A membrane solution

initially includes the meridian, hoop, and in-plane shear stresses. Along the
meridian and hoop directions, the in-plane shears are zero for symmetrical
loading (Billington 1982) and drop from the equilibrium equations. To reduce
the complexity of the derivation, the self-weight of the shell is the only load case
considered.

. The meridian stresses are independent of the hoop stresses, but the hoop stresses

are dependent on the meridian stresses. The meridian stresses are determined
from the weight and geometry of the dome, varies from apex to base, and are
independent of the hoop stresses. The hoop stresses, however, are dependent on
the meridian stresses, also varies from apex to base, but are constant around the
shell at y-coordinates.
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Fig. 7.12 Weight of the dome cap above y

The meridian stress (V') is solved using the same approach used in the derivation
of circular domes (Billington 1982). Referring to Fig. 7.12, the meridian resultant
stress is equal to the total load R of a portion of the dome above point y, divided by
the perimeter length. The sin ¢ term aligns the load in the direction of the meridian
stress.

From classical circular dome theory,

—R

! pr—
Ny = 2zr, sin ¢ (7.49)
or
—R
r_
Ny = 2ﬂxcscgb (7.50)

where r, = x (see Fig. 7.11)
Solving for R, which is achieved by summing the differential strips from y to the
apex of the dome (see Fig. 7.12).

R:/0 q(2zmx)ds (7.51)

where ¢ is the self-weight of the dome per unit area.
Referring to Fig. 7.11,

ds = dx/ cos ¢

(7.52)
ds = sec ¢ dx

Substituting 7.52 into 7.51, and rearranging,
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R= 2]776]/ x sec ¢pdx
0
Replacing ¢ with Eq. 7.44,
R= 27776]/ xsec { tan [ sinh (k)] }dx
0

Since,
cosh (k) = sec { tan~'[sinh (k)] } (7.53)

R= Zﬂq/ xcosh (k)dx
0

Integrating the above expression, and evaluating the results from O to x,
R = 2ng[axsinh (k) — a” cosh (k) + a* + c|
The constant c is determined from boundary conditions.

Atx=0, R=0and c = 0.
Therefore,

R = 2zqa*[ksinh (k) — cosh (k) + 1] (7.54)
where k = x/a, as defined previously.
Substituting the total weight R of the dome cap into Eq. 7.50, and replace ¢ with
Eq. 7.44,

_ —2nqa*[ksinh (k) — cosh (k) + 1]

Ny - csc{ tan ' [sinh (k)] }
Since,
coth (k) = csc{ tan ~'[sinh (k)] } (7.55)
N'y = —qa® [()—’i) sinh (k) — (%) cosh (k) + (%)} coth(k)
N'y = — 2 coth (k) [k sinh (k) — cosh (k) + 1] (7.56)

k

The k value in the denominator makes the solution undefined at x = 0 (i.e., at the
apex of the dome). However, a solution at the apex is possible by setting x equal to a
small value.

@seismicisolation


https://t.me/seismicisolation

7.4 Membrane Theory of Catenary Domes 309

Side view of the Top view of the
differential element differential element

Fig. 7.13 Resultant stresses and geometry of a differential element

Fig. 7.14 Edge lengths of
the differential element

The solution for the hoop stresses are determined by summing forces in the x-
direction, i.e., along the line x-x’ of Fig. 7.13. The equilibrium equation is formu-
lated by multiplying the resultant stresses by the lengths of the differential element
(Billington 1982). The edge lengths of the differential element are given in Fig. 7.14.

Referring to Figs. 7.13 and 7.14, sum forces in the x-direction.
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| / o (Nycos (¢ + dp))
—(N¢ cos¢>r0d9+ Ny cos (¢ +do) + s ds
X (rg + aars" ds) df — Ny sin (?) ds — Ny sin <%) ds

=0

Expand the above equilibrium equation.

- (N’¢ cos qb) rodf + {Nﬁ/) cos (¢ + dqb)} rodf + {Nﬁ/, cos (¢ + d¢)}

0 [N; cos (¢p + dqﬁ)}
+ Os

— Njsin (d;) ds — Ny sin (5129) ds

=0

or,
35 ds do

0|N/,cos (¢ + d¢p)
[ ’ ]dsa"’dsde
Os Os

ds r,df +

Simplify by eliminating the first and second terms and assume sin (%) ~ (%)
and cos(¢p + d¢p) =~ cos ¢ for small angles, allowing the last two terms to be
combined. Furthermore, the fifth term is a higher order term, and may be dropped

to simplify the equation.

N, c idsdGJrN’ic
( ¢ OS(’[)) aas a( : OS(p)

3 rods d0 — Ny ds d = 0

Furthermore, the first two terms are combined using the product rule.

0 (N;s cos ¢ ro)

°F dsdf — Ny ds do =0

Divide by ds df and rearrange.

O(N',cosgrg
, ¢
N} = —( 5 ) (7.57)

The above expression indicates the dependency of the hoop on the meridian
stress. In addition, the formation of the relationship signifies that the solution is
statically determinate (Heyman 1967).

Replace,
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ro =X

¢ = tan " '[sinh (k)]

Therefore,

0 (N;/) xcos { tan ! [sinh (k)] })
Os

r_
N, =
Since,

sech (k) = cos { tan "' [sinh (k)] }

0 [ :bxsech(k)}

N, =
0 Os

Substituting the meridian stress Egs. 7.56 into 7.59,

0 [— % coth(k)[k sinh (k) — cosh (k) + 1]xsech(k)]

Ny = Os

Simplify using the following hyperbolic identities:

coth(k)sech(k) = csch(k)
csch(k) sinh (k) = 1
csch(k) cosh (k) = coth(k)

_ 0{—qa*k — coth(k) + csch(k)] }
N 0Os

Ny

311

(7.44)

(7.58)

(7.59)

In the above equation a disparity exists, since k is in terms of x and the derivative

s = asinh(k)

k= sinh™! (5)
a

Taking the derivative of Eq. 7.60,
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312
1
dk _ _ Ya (7.61)
ds 02
1+ (%)
where
s .
= sinh (k) (7.62)
Replacing the value of k and pulling the constants out of the derivative,
, , 0{sinh " (£) — coth[sinh ' (£)] + csch[sinh ' (£)]}
Ny = —qa
Os
Take the derivative of the above expression using the technique of derivative
substitution.

1
N, = —qa’ 1/a =+ il zcschz{sinh’1 (aﬂ
VIHET Vi@
1

ol (el ()

Since,
k = sinh~! (3) (7.60)
= = sinh (k) (7.62)

Make this substitution and rearrange,
N/ o qa [1 + 2
b= csch®(k) — csch(k)coth(k)]
1 + sinh?(k)
Using the hyperbolic identities,
cosh?(k) = 1 + sinh?(k)

= sech(k)

1
cosh (k)
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Ny = —qasech(k)[1 + csch®(k) — csch(k)coth(k)]
Using the additional identities,

csch?(k) 4+ 1 = coth? (k)
sech(k)coth(k) = csch(k)
coth(k) = cosh (k)csch(k)
N}, = —qasech(k) [coth? (k) — csch(k)coth (k)]
Ny = —qacsch(k)[coth(k) — csch(k)]
N}y = —qa csch? (k)| cosh (k) — 1] (7.63)

7.4.4 Membrane Stress Equation for a Dome with an Oculus

The theory assumes that the oculus or skylight is concentric, circular, and located at
the apex of the dome. The meridian stress is derived by calculating the weight of the
dome cap, and distributing this load over the perimeter. The same stress equations
are used, but the stress will be calculated by subtracting the weight of the removed
dome cap (see Fig. 7.15) from the total weight. The x-coordinate, defining opening
of the oculus, is equal to x,,. Therefore, the weight of the removed dome cap is equal
to a constant.

Fig. 7.15 Catenary dome R,

with an oculus
P S
s ~
4 N
4 \
4 \
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R, = 2nqa*[k, sinh (k,) — cosh (k,) + 1] (7.64)
where
k, = % (7.65)

The meridian stress for a catenary with an oculus may therefore be defined.

!/ _(R — Ro)
Ny = A cscep (7.66)
Substituting the total weight R (Eq. 7.54) and replacing ¢ with Eq. 7.44,

_ —2nga’[ksinh (k) — cosh (k) + 1] + R

U 0 —1 .
Ny 5 cse{ tan ' [sinh (k)] }
Since,
coth (k) = csc{ tan ~'[sinh (k)] } (7.67)
;o alk 1 1 R,coth(k)
Ny =—qa LC sinh (k)coth(k) P cosh (k)coth(k) + xcoth(k)} LI P
;o . a a R,coth(k)
Ny = fq[a sinh (k)coth(k) — z cosh (k)coth(k) + %coth(k)] R
R
N'y = — L coth(k) |k sinh (k) — cosh (k) + 1 — 5~ 7.68
P R ( ){ sinh (k) — cosh (k) + Zﬂazq} ( )

The above equation for the meridian stress only changes by the inclusion of the
last term.
Similarly, solving for the hoop stresses,

/ 0 {N:ﬁxsech(k)}
Ny = a5 (7.59)

Substituting Eq. 7.66,

Ny =2 {Mcscdmsech(/{)}

0 :E 27x

Replacing csc ¢ with Eq. (7.67),
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, 0
NH:E

— (R — Ro)
27X

coth(k)xsech(k)]

Using the hyperbolic identity and simplify,

csch(k) = coth(k)sech(k)

- 2[R~ Ralsents]

Os

Substitute the equation for R.

N 0 [ 2mqa*[ksinh (k) — cosh (k) + 1]esch(k) N R,csch(k)
0 0Os 2r 2z
Since,

sinh (k)csch(k) = 1
cosh (k)csch(k) = coth(k)

0 R
/2 Y _ _ 0
Ng = —qa Ds |:k COth(k) + CSCh(k) 3 5 CSCh(k):|

Replacing k in terms of the arch length s,

k = sinh ! (g) (7.60)

Nj, = —qa* % { sinh ! (g) — coth { sinh ! (2)} + csch { sinh ™! (2)}

Ro . —1 (S
o s sinh (a))}

Taking the derivative,
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N, +

h=—qa’ esch? | sinh ! (2)] =
e e Ol
csch{sinh -1 (g)}coth[sinh -1 (2)} +

+ o=
+ |l =

T]Q»—
o
Q |«
S—
(i8]

Q= =

; %{;’2 csch [ sinh ! (3) } coth { sinh ~! (2)}

s

?

where
dk __ 1l/a (7.61)
ds N2
1+(2)
Expressing the equation in terms of x and k and rearranging,

. 1 (S
k = sinh (E) (7.60)
2: sinh (k) (7.62)

Ny=———9% {1+ csch’(k)—
1 + sinh?(k)

R,
csch(k)coth(k) + Sq @ csch(k)coth(k)}

Simplifying using the identities,
cosh?(k) = 1 + sinh?(k)
1
m = Sech(k)
sech(k)coth(k) = csch(k)

(R 2 _ 2 Ro 2
Ny = —qa {sech(k) + csch”(k)sech(k) — csch”(k) + g csch (k)]

Ny — _qa{sech(k) [1+ esch? (k)] — csch? (k) {1 - ng)az] }

Substituting the identity,
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csch? (k) + 1 = coth? (k)

;o 201y 2 R
Ny = qa{sech(k) coth” (k) — csch” (k) [1 2nqa2} }

Since,

sech(k) coth?(k) = cosh (k) csch? (k)

N'g = —qa csch?(k) [cosh (k) -1+ 27510112} (7.69)

7.5 Worked Examples

7.5.1 Arch Subjected to a Uniform Gravity Load

The optimum pure compressive shape for an arch or vault, subjected to a uniform
load, is a catenary curve. The accuracy of the catenary solution (Sect. 7.2) and the
funicular analysis method (Sect. 7.3) are verified by comparing the solutions with the
hyperbolic catenary equation (Eq. 7.22).
The geometry and material density of the arch:
H=3m
L=3m
b = 1 m (unit width)
a = 0.608149905
Ym= 1900 kg/m> or 18.639 kN/m’
h =0.250 m

The value of “a” was solved by iterating Eq. 7.2.
Solving for the length of the arch.

S = 24 sinh (L/2a) = 2 (0.60815) sinh {2 S

From the length, the total weight of the arch (per m width) is determined.
W =y,,Shb = 18.639 (7.113) 0.25 (1) = 33.145 kN (7.5)

The vertical reactions are half of the total weight.
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Table 7.1 Stress results of the catenary and funicular arch methods

N, (Catenary
Method Eqn. N, (Funicular method) N, (Funicular method) (714

X y 7.22) (74 segments) segments)

(m) |(m) |(&N/m) (kN/m) (kN/m)

0 0 16.81 16.81 16.81

0.73 |0.5 |14.48 14.52 14.48

099 |1.0 |12.15 12.25 12.15

1.16 | 1.5 9.82 9.99 9.81

1.30 |2.0 7.49 7.35 7.48

141 |25 5.16 5.28 5.16

1.50 [3.0 2.83 2.84 2.83

1.59 [2.5 5.16 5.23 5.19

1.70 2.0 7.49 7.73 7.51

1.84 | 1.5 9.82 9.93 9.84

2.01 [1.0 |12.15 12.19 12.19

227 |05 |14.48 14.92 14.51

3.00 |0 16.81 17.21 16.84

R, = w_ 33.145 = 16.573 kN (7.6)
2 2
Solving for the angle at the base of the arch,
6 = tan ~![sinh L/2a] = tan ~'[sinh 3/2(0.60815)] = 80.297° (7.9)

With the angle at the base solved, the reaction is determined.

R, 16.573

= = 16.813 kN (7.10)

~ sin® _ sin80.297

The remaining term is the horizontal component of the reaction.

R, = Rcos = 16.813 c0s 80.297 = 2.834 kN (7.11)

From the reactions, the internal stress is solved, as a function of height.

w cosf — 1
Ne = 25in9[< H )y“]

= sammm (] (7.22)

The above equation is solved in increments of 0.5 m, and given in Table 7.1 under

the heading catenary method.
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Fig. 7.16 Base segment T
geometry of stresses

Base segment

wy = 0.466
— — ()
B =6, = 80297 16.813

The funicular arch method is also applied to the same arch. The accuracy of this
method is dependent on the size of each segment, or element—the smaller the
segments, the higher the accuracy. The method requires that the base segment is
calculated first. The result of the calculation is then used to calculate the axial thrust
and angular orientation of the next segment. This process is repeated again and
again, allowing the shape to form, rising and descending to the second support. In
this example, the same geometry and material density is used. The length of each
segment is 100 mm in length, corresponding to a course of bricks.

Base segment, n = 1

Similarly to the catenary arch method (Sect. 7.2), the reaction (R) and angle of the
reaction (0;) is determined using Eqgs. 7.9 and 7.10 (see Fig. 7.16). Since we are
solving the same arch, the results will be similar, or identical.

6, = 80.297 (7.9)
R=16.813kN (7.10)

Since the arch is only subjected to self-weight, the external load (P;) is zero. The
value w is the self-weight of the segment.

wi = 7,S1h = 18.630 (0.1)0.25 = 0.466 kN
Solving for the reaction Ty,

Tix =Py cos y, +Rpcosfp =0cosy, + 16.813 cos80.297 = 2.834 kN (7.33)

Ty = —Pisiny; +Rpsinff — wy
= —0siny; 4+ 16.8135in 80.297 — 0.466 = 16.107 kN (7.34)

Solving for the resultant reaction and angle,

= \/(2.834)2 + (16.107)* = 16.354 kN (7.35)
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3.5

2.5

Y (m)

0.5

0 0.5 1 15 2 2.5 3 3.5
X (m)

Fig. 7.17 Comparison of the catenary and funicular solutions

16.107

6, = tan "' (T1,/T1,) = tan ™' (W

) =80.021° (7.36)

Second element, n = 2
The above equations complete the analysis of the first segment, or base element.
The second segment is then added to the first segment, and the solution is given by
solving for Eqgs. 7.37, 7.38, 7.39, and 7.40.
wy = y,,S2h = 18.630 (0.1)0.25 = 0.466 kN
T2 =0 cos y, + 16.354cos 80.021 = 2.834 kN (7.37)
Ty, =0 siny, + 16.3545in 80.021 — 0.466 = 15.641 kN (7.38)

T, = \/(2.834)2 +(15.641)% = 15.895 kN (7.39)
(15641 .

The above calculation sequence is repeated, adding elements and thus allowing
the growth of the arch. The arch will automatically rise and fall to the second
support. The results of the calculations are given in Table 7.1, applying both the
catenary and funicular methods.

As seen in Table 7.1, the funicular method provides a good approximation of the
catenary curve. It is also evident that the funicular method converges to the exact
solution, as the number of segments is increased. When plotted (Fig. 7.17), both
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methods produce an almost identical curve. From Table 7.1, it is also apparent that
the solution improves as the size of the segment decreases.

7.5.2 Arch Subjected to a Uniform Gravity Load
and a Point Load

The power of funicular arch method is its application to arches with point loads. Pure
compression shapes may be determined for any number, or orientation, of point
loads.

To demonstrate this method, 5 kN load is applied to the catenary arch example
(see Fig. 7.18). The load is applied 500 mm from the center, and orientated at an
angle of 60° from the horizontal.

The first step is to determine the height of the point load.

y=H —a cosh (2) +a:3—0.60815c0sh< )+O.60815

0.5
0.60815
—=2.783m (7.3)

Next, length S’ and S” are determined using Pythagoras theorem.

S =+12+2.783*=295Tm

R, 3000 |

Fig. 7.18 Geometry of the point load
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S =22 +27832 =3427m

Solving for the angles a and f,

2= cos! [M} o ! [(3-427)2 +32 (2.957)2}

28'L 2(3.427)3
= 54.294° (7.23)
§= cos! P+ L2 =87 (2.957)* + 3% — (3.427)°
N 25'L B 2(2.957)3

=70.233 (7.24)

Solving for the reaction of the point loads,

__ Py(cosy + sinycotf) 5 (cos 60 + sin 60 cot 70.233)
R~ cosa (1 + tanacotf)  cos54.294 (1 + tan 54.294 cot 70.233)
= 4.633 kN (7.27)
__ Pysiny —Rgsina_ 5sin60 —5.111sin54.294
R = snp 5in70.233 = 06094V (7.28)

Using the left reaction, the horizontal and vertical components of the point load
are solved and added to the self-weight reactions of the catenary arch.

1
Ry, =R, + Y Rlsinf, =16.573 +0.699sin70.233 = 17.231 kN (7.29)
1

1
Ry =Ry + Y R} cosp =2.834 +0.699c0s70.233 = 3.070 kN (7.30)
1

After all the reactions are summed (in this case only one point load reaction and
the self-weight reaction), a single reaction is determined.

R=\/R} + R, =/17.231% 4+ 3.070* = 17.502 kN (7.31)

B =06, = tan'(17.231/3.070) = 79.896" (7.32)

The calculation sequence is identical to the previous calculation.

Base segment, n = 1

Since only one point load is applied to the arch and located 1m from the left
support, the external load (Py) is zero. The value w is calculated assuming a height
of 10 mm. Higher accuracy is achieved by reducing the size of the segment.
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w1 = 7,S1h = 18.639 (0.01)0.25 = 0.0466 kN
Solving for the reaction Ty,

Ty =Py cos y; +Rpcosfp =0cosy; + 17.502¢c0s79.896 = 3.070 kN (7.33)
T\, = —P;siny; + Ry sinff —w,

= —0siny, + 17.5025in79.896 — 0.0466 = 17.408 kN (7.34)

T, =\/Ti,+ T}, = \/(3.070)2 + (17.184)* = 17.408 kN (7.35)
_ _y (17.184 -

6 = tan ! (T),/T1) = tan ' (S 5757) =79.870 (7.36)

The subsequent elements (i.e., n = 2, 3, 4, .. .) are solved in the same manner as
set out in the previous example. However, the point load is reached after the
300 segment is added to the arch, i.e., x = 1 m.

W00 = 73005300k = 18.639 (0.01)0.25 = 0.0466 kN

T300e = 5 cos 60 + 4.534 cos 46.79 = 5.604 kN (7.37)
T300y = 5 sin 60 + 4.5345in 46.79 — 0.0466 = —1.072 kN (7.38)
T300 = \/ (5.427)* + (—1.235)> = 5.566 kN (7.39)
o 4.072) - .
031 = tan ( —or ) = —10829 (7.40)

On close inspection, at the point load, the arch takes a sudden change in direction,
and curves downward. The second base is reached after 703 segments are added to
the base segment. The solution is illustrated in Fig. 7.19, together with the catenary
arch without the 5 kN point load (dashed line). If the arch is only subjected to a point
load, the shape would be triangular. However, the arch has a self-weight and
therefore the shape is a pointed catenary arch.

In Fig. 7.19, it is observed that the curve leans into point load, which is necessary
to ensure that the arch is in pure compression.

An important aspect of the funicular solution is that the growth of the curve
ascended and descended to a second support. When this occurs, the arch will be in
pure compression. However, a divergent solution (i.e., the arch never descends to the
second support) indicates that a pure compression arch is not possible for the given
set of loads.
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0 0.5 1 1.5 2 2.5 3 3.5
X (m)

Fig 7.19 The funicular shape of a catenary arch subjected to a single point load

7.5.3 Membrane Solution of a Catenary Dome Subjected
to Gravity Load

The theory for a catenary dome is solved using only two membrane equations. Since
catenary domes are pure compression shapes and the boundary effects are minimal,
only the membrane solution is usually required.

h=0.1m
H=3m
L=6m
y = 19.5 kN/m®

g =19.5(0.1) = 1.95 kN/m?
a = 1.85627768331

@ 9

The scaling factor “a” is determined using Eq. 7.2, and the y coordinate is
determined using 7.3.
Using Eq. 7.56 to solve the meridian stresses,

71.95(1.}?5628)2 h( x )

(A
Ny = 1.85628

sinh ( — cosh ( + 1] (7.56)

o X X ) X )
1.85628 1.85628 1.85628

and Eq. 7.63 for the hoop stresses,
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Table 7.2 Resultant stresses N N
in a catenary dome (from apex (m) y (m) (kl(fl /m) (k’i\l /m)
to base) 0.00 3.00 —1.81 —1.81
0.25 2.98 —1.83 —1.80
0.50 293 —1.89 —1.78
0.75 2.45 —1.99 —1.74
1.00 2.72 —2.13 —1.68
1.25 2.56 —2.32 —1.62
1.50 2.36 —2.56 —1.54
1.75 2.11 —2.86 —1.46
2.00 1.81 —3.22 —1.37
2.25 1.46 —3.66 —1.28
2.50 1.05 —4.19 —1.19
2.75 0.56 —4.82 —1.09
3.00 0.00 —5.55 —1.00
Fig. 7.20 Meridian stresses [ =
in tho satonary dome N'¢ Meridian Stresses
3.500
T 3.000
b
v 2.500
©
2 2.000
[}
©
8 1.500
£
o 1.000
o
<
i 0.500
c
[}
= 0.000
-6.00 -4.00 -2.00 0.00 2.00
-0-500
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Ny = —1.95 (1.85628) csch? (L) [cosh (L) - 1} (7.63)
1.85628 1.85628

The stresses are determined (see Table 7.2) and the graphs are given in Figs. 7.20

and 7.21.

As seen from the solution, the meridian and hoop stresses are entirely compres-
sive. The stresses in the catenary shape differs significantly from the circular
hemisphere, where hoop tensions occur in the lower portion of the shell. Although
a boundary solution was not derived, the boundary effect are small in catenary

domes, compared to other dome shapes.
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Fig. 7.21 Hoop stresses in
the catenary dome

7.6

7.6.1.

7 Catenary Arches and Domes

N’p Hoop Stresses
3.500

3.000
2.500
2.000
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1.000

0.500

Length form base to apex (m)

0.000
-2.00 -1.50 -1.00 -0.50 0.00

-0.500
(kN/m)

Exercises

Determine the axial forces (axial thrust) of a catenary vault. Only consider a
1 m wide section, using the following parameters in the analysis:

H=3m

L=6m

b=1m

Ym= 1900 kg/m3 or 18.639 kN/m3
h=0.125m

Solve for the arch axial thrusts in y increments of 0.5 m.

7.6.2.

7.6.3.

7.6.4.

7.6.5.

7.6.6.

Resolve for the axial forces of exercise 7.6.1, with a reduced height of H =
1 m. Maintain the same length of catenary curve (S is equal for both
problems). Draw conclusions concerning the effect of reducing the height.
Using the funicular iteration method for solving arches, program the theory in
a spreadsheet or alternative programing language. Resolve exercise 7.6.1. Use
a segment length of 500 mm, compare the funicular iteration method with the
catenary equations. Graphically compare the geometric configurations and
tabulate the axial thrusts.

Repeat exercise 7.6.3, but with a segment length of 50 mm.

Repeat exercise 7.6.4, but with a vertical point load of 5 kN placed at the apex
of the catenary curve (pointing down). Graph the predicted geometry of the
pure compression shape, and tabulate the axial forces.

Solve for the membrane stresses of a concrete catenary dome, based on the
following parameters:
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H=25m
L=6m

g = 4.69 kN/m*
h = 100 mm

Compare the results with the worked example 4.8 for a circular dome. Tabulate
the membrane resultant stresses, and draw conclusions concerning the efficiency of
catenary domes.

7.6.7. Resolve exercise 7.6.6, but with an oculus radius of 500 mm.
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A

Arch subjected to uniform gravity
load, 317-323

Arching action, 28

B
Barrel shell/barrel vault
configuration, 215, 216
deformation theory (see Deformation
theory)
edge beams (see Edge beams)
free edges, 279-283
mathematical derivation, 215
membrane stresses, 216
membrane theory (see Membrane theory)
shorter shells, 216
Barrel shells
free edges, 275, 276
with edge beams, 276-278
Base segment geometry, 319
Basic optimal shapes, 30
Beam flexural theory, 267
Bending moments, 134, 161, 260, 269
Biharmonic deep-beam equations, 243
Biharmonic operator, 242, 245, 246, 248,
249, 256

Boundary conditions, 221, 233, 236, 249, 255,

259, 270, 273
Boundary effects, 16, 165, 166, 212, 216,
222,247
centroid, 123
complementary solution, 247
construction materials, 123
deformations, 154

equilibrium equations, 124
equilibrium equations
simplification, 133, 134
equilibrium of moments, hoop
direction, 129, 130
equilibrium of moments, meridian direction,
131, 132
equilibrium, hoop direction, 124, 125
equilibrium, meridian direction, 125, 126
equilibrium, z-direction, 127, 128
general solution, deformations, 259
hoop tension, 123
membrane stresses, 124
moments, shears and stresses, 260-262,
264-266
particular solution, 255
ring beam/foundation, 124
stresses, 123, 236241, 243-247
Boundary effects theory, 222
Boundary errors/boundary conditions, 236
Boundary theory, 124
Boussinesq-Flamant distribution, 24
Boussinesq-Flamant equation, 24, 26
Brittle materials, 248

C
Catenary arch, 26, 27, 294
Catenary arch method, 319
Catenary domes
arch length equation, 305, 306
boundary conditions, 308
boundary effects, 303
derivative substitution, 312
differential element, 304, 309
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Catenary domes (cont.)

differential strips, 307

disparity, 311

distributed load, 303

dome cap, 308

dome design, 303

equilibrium equation, 310

first and second terms, 310

hoop stress, 309

hyperbolic identities, 311, 312
membrane solution, 303
membrane stress equations, 306, 307
meridian stress, 310, 311

Oculus, 313-316

relationships, 303-305

subjected to gravity load, 324-327

Catenary shape

arch equation, 294

axial force distribution, 297
base angle, 296

boundary condition, 297
curve, 295

general equation, 297
hanging chain, 294
horizontal forces, 296
horizontal reactions, 296
parabolic shape, 294

pure compression form, 298
vertical reactions, 295

Index

fixed base, 140, 142
horizontal compatibility, 270
pinned base, 143
sliding base, 143
solution of the Ny, term, 145-149
vertical compatibility, 270
Complementary solution, 247, 252, 255
Compression strength, 16
Compression stress, 35
Compression structures, 29, 293
Compression test, 14
Conical dome
angle and slope length, 211
configuration, 183
derivation, 182
gravity load, 182
height and base radius, 210
hoop direction, 184
total load, 183
trigonometric identity, 184, 185
Conical internal dome, 30
Conical shell
dome (see Conical dome)
orientation, 166
water reservoir (see Conical water reservoir)
Conical water reservoir
differential element, 167, 168
equilibrium, hoop direction, 168170
equilibrium, y-direction, 170, 171

Chain analogy, 298
Circular arch shell, 215
Circular dome

equilibrium, z-direction, 171, 172
gravity loads, 174-176

boundary effects (see Boundary effects)
derivation, 200

displacement (see Displacement theory)
equations, 195, 197

equilibrium equation, 200

geometrical dimensions, 211

geometry, 113, 199

membrane theory (see Membrane theory)
meridian direction, 200

parameters, 211

profiles, 86

shell deformations and Stresses, 149
spherical segments, 86

membrane stresses, 173, 174

top and bottom lengths, 167

water loads, 177, 178

wind loads, 178-181
Conoidal dome

differential ring, 195, 197

equations, 197, 208

errors, 212

off-set circular shapes, 196

parameters, 208

pointed dome, 195

radial geometry, 195, 196

solution, 208

vertical and hoop stresses, 209

Circular dome theory, 184, 185
Circumferential/hoop strain, 109, 110
Classical circular dome theory, 307
Compatibility equations, 154, 278, 286

vertical stresses, 197
Construction materials, flawed nature

brittle materials, 19, 22

compressions and tensions, 22

bending moment, 141

components, 271-274

deformation and stress equations, 143-145
displacements and rotations, 141

crack length, 19
crack propagation, 17
cracked section, 21
dissipated energy, 19
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durable structures, 22
flow of stress, 17
fracture stress, 19
magnitudes, 19
reinforced concrete, 16
solid materials, 20
stress intensity, 19
stress redistribution, 20
tensile strength, 16, 17
tension stress, 17
Continuous load, 29, 30, 301
“Cook book” approach, 149
Crack tip, 18, 19, 21
Curvature, 215, 238, 239
Cylindrical dome theory, 192
Cylindrical shell
boundary effects
circumferential equilibrium, 55
differential element, 55
displacement theory, 65-70
moment equilibrium equation,
horizontal direction, 58
moment equilibrium equation, vertical
direction, 60
radial equilibrium, 57
stress equations (see Stress equations)
symmetrical loading, 61
vertical equilibrium, 57
compatibility equations
boundary shear and moment, 71
pinned base, 71
sliding base, 72
deformation and stress
base reactions, 72, 74
boundary effects, 73, 77
constants, 73, 76
Distribution of, 78
membrane deformations, 73, 77
membrane stresses, 74, 78
moments and shears, 74
total deformations, 74, 77
displacements
Granular Materials, 54
liquid pressure, 53
hoop stress, 39
membrane stress
circumferential equilibrium, 42
deformation of a differential element, 51
differential element, 40, 41
equations, 45
granular materials, 49
gravity load, 47
liquid pressure, 48
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radial equilibrium, 44
vertical equilibrium, 43
strains, 50
vertical stress, 39
Cylindrical shell equations, 144
Cylindrical shell theory, 135, 145, 216

D
Dead load factor, 153
Deflections, 109
Deformation theory
differential element, 222
horizontal and vertical, 234, 235
membrane stresses, 228-233
rotations in x-direction, 223, 224
shear strain, 227, 228
strain in x-direction, 224, 225
strains in ¢-Direction, 225-227
total strains in ¢-Direction, 227
translations and rotations
in z-direction, 223, 224
Deformations
general solution, 259
Derivatives, 165, 179, 186
Diagonal failure, 13
Differential element, 217, 222, 225-228, 236,
238, 239
Differential equation, 114
Differential ring, 197
Displacement theory
circumferential strain, 109, 110
differential element, 109, 110
general equations, deflections and slopes
cylindrical shell theory, 113, 114
differential equation, 114
horizontal deformations, 116, 117, 119
integration constant, 115
meridian rotations, 116
rearrangement, 112, 113
replacement, 115
vertical deformations, 117, 119
gravity loads deformations, 119-121
horizontal uniformly distributed
load, 121, 122
meridional/vertical strain
influence of v, 111
influence of w, 111
total strain, 112
uniform pressure deformations, 122, 123
Displacement theory of boundary effects
assumptions, 137
bending moments, 139
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Displacement theory of boundary effects (cont.)
curvature, 136—138
deformation, 137
deformation equations, 138
differential elements, 135
geometry changes, 140
horizontal deformations, 141
out-of-plane shears, 139
plate theory, 138
shears and deformations relationships, 139
strain and deformation relationship, 135
Dissipated energy, 19
Dome
boundary effects, 86
circular (see Circular dome)
description, 85
doubly curved shells, 86
loads, 86
rounded vault, 85
sturdiness and robustness, 85
Dome and parameters geometry, 153
Dome caps, 86, 307, 313
Dome deformations types, 142
Dome of Hagia Sophia, 3
Dome theory
shell classifications, 165
shell shapes, 165

E

Economy of stresses
bending moments, 16
bending stress, 15
expensive forces, 14
identical structural member, 16
maximum compressive stress, 15
span-to-depth ratio, 15
structural efficiency, 16

Edge beams, 215, 216, 269, 276-278, 283-287,

289, 290
and barrel shell, 267
compatibility equations (see Compatibility
equations)

stress equations, 267-270
vertical/horizontal, 266

Edge conditions, 247

Edge forces, 247

Edge stresses, 269

Elliptical dome
axis, 209
derivation, 185
differential element, 187
equations, 189, 192, 194

Index

expression, 194
form, 192
membrane stresses, 191, 209
radial configuration, 186
self-weight, 189
substitutions, 188
total load R, 185, 189, 190
vertical direction, 192
Elliptical hole, 34
Equilibrium equations, 216, 236, 247, 301
External loads, 104

F

Failure mechanisms, 14

Fan flow, 23, 26

Finite element method, 299

Fixed base, 142

Flat dome, 86

Flow of stress, 18, 21

Force characteristics, 297

Force-flow perspective, 293

Foundation eccentricities, 123

Fourier series, 229, 255, 272, 275

Free edges, 215, 222, 259, 275-277, 279-283

Funicular arch
base segment, 302, 303
chain analogy, 298
equilibrium equations, 302
finite element method, 298
iterative approach, 299-301
pure compression, 301
self-weight, 298

Funicular arch method, 319

Funicular shapes, 293, 294, 301

G
Gaussian curvature, 86, 212
General membrane hoop stress equation, 99
General membrane stress equation, 99
Geometrical configuration, 152
Gravity loading, 217, 218, 255

membrane stresses, 220-222

H
Hanging chains, 5
Hemisphere, 86, 102-104
Higher order terms, 125, 167, 169, 171
Hole design rules
circular holes, 32
elliptical hole, 34
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intuitive, 32
rectangular holes, 32, 33
Homogenous equation, 248, 249
Hooke’s law, 11
Hoop stress, 157, 160, 178, 192, 208, 209, 306,
314, 324-326
Horizontal compatibility, 270
Horizontal deflections, 157
Horizontal deformations, 116-119, 159,
234, 235
Horizontal shear, 269
Horizontal stress, 270
Horizontal thrust, 86, 108
Horizontal uniformly distributed load, 121,
122,218, 219
Horizontal vertical loading, 104, 105
Hyperbolic catenary equation, 317
Hyperbolic identities, 305, 312, 315
Hyperbolic shell
cooling tower, 199
curvature, 200
cylindrical, 200
derivative, 201, 202
equations, 199
equilibrium, circumferential/hoop
direction, 200
equilibrium, y-direction, 200
equilibrium, z-direction, 200
manipulation, 203
membrane stresses, gravity load, 205-207
radial geometry, 199
shape, 199, 201
trigonometric identity, 204
Hyperboloid, 200

I

In-plane membrane shears, 134

In-plane shear stress, 96, 260
Integration, 98

Integration constants, 101, 106, 115, 180
Internal resistance, 12

Inverted cone, 166, 178, 213

Iterative approach, 299-301

L
Linear box-like structures, 9
Longitudinal stress, 268

M

Manmade and biological forms, 4
Masonry arches and domes, 28, 293
Membrane deformations, 153, 276
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Membrane shear stresses, 220
Membrane stress equilibrium equation, 127
Membrane stresses, 216, 276, 280, 290
actual stress distribution, 212
deformation theory, 228-233
general equations, 172-174
gravity loading, 220-222
self-weight loads, 174-176, 205
water loads, 177
wind loads, 178
Membrane theory, 161, 165, 166
circular openings, 107-109
cylindrical shell, 87
differential elements, 87, 88
equilibrium equation, hoop
direction, 87, 89, 90
equilibrium equation, meridian
direction, 91, 93
equilibrium equation, radial
direction, 93-95
horizontal vertical loading, 104, 105
membrane stresses, 87
radial geometry, 87
summary and simplifications, 95-99
uniform pressure, 106, 107
uniform vertical loading, 100-102, 104
Membrane theory of barrel vault/shell
external loading
cylindrical shell theory, 216
geometry and membrane
forces, 216, 217
gravity loading, 217, 218
horizontal uniformly distributed load,
218, 219
UDL, 218
membrane stresses, 220-222
Meridian rotations, 116, 117
Meridian stress, 102, 160, 191, 306, 307, 313,
314, 324, 325
Meridian strips, 109
Microcracks, 9, 17, 18, 20, 22
Mohr’s circle, 11
Molecular lattice, 20
Moments, 216, 236, 237, 260-266, 269, 278,
282, 290
boundary effects, 260-262, 264-266

N

Natural structural shapes, 29

Negative Gaussian curvature, 165
Negative shear, 154

Nominal live load, 152

Nonhomogenous differential equation, 256
Nonhomogenous equation, 247, 258
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(0]

Oblique triangles, 300

Oculus, 109

Openings, 9, 24, 32, 35

Optimal structure, 16, 28, 30
Optimization, 294

Optimum pure compressive shape, 317
Out-of-plane shears, 161

Overlapping sin curves, 255

P

Pantheon, 22, 107

Partial differential equation, 242, 247

Particular solution, 255

Plaster thickness, 152

Plate theory, 237, 239

Point load, 16, 24, 26, 27, 29, 30, 300

Poisson’s effect, 12

Poisson’s ratio, 14

Poisson’s strains, 248

Positive Gaussian curvature, 165

Potential function, 243, 246

Pressure vessel theory, 102

Principal stresses, 11, 35

Product rule, 90, 126, 128, 130, 147, 170, 171,
173-175

Pure compression structure, 36, 102

Pure shear, 13

Pure tension, 293, 298

R

Radial geometric relationships, 133
Real internal stresses, 222
Rectangular holes, 33

Regular flow, 23, 25, 26
Reinforced concrete beam, 12
Reinforced concrete dome, 152
Reinforcement layout, 157, 162
Ring beam, 86, 103, 108, 123, 124, 162
Ring tension, 102, 103, 123, 163
Rotations, 222-224

S
Scaling factor, 294, 324
Self-weight gravity loads, 174-176
Shallow shell theory
boundary effects
boundary errors/boundary
conditions, 236
complementary solution, 247

Index

general solution, deformations, 259
moments and shears, 236
moments, shears and stresses, 260-262,
264-266
particular solution, 255
stresses, 236, 237, 239-241, 243-247
Shear cracks, 12, 14
Shear distribution, 162
Shear failure mechanisms, 12, 13
Shear forces, 14
Shears, 10, 11, 28
boundary effects, 260-262, 264-266
horizontal, 269, 271, 287
longitudinal, 267
membrane shear stresses, 220
and moments, 236
out-of-plane, 236
stress, 261
stresses, 282
Shear strain, 227, 228
Shear stress, 11, 134, 261
Shear transfer, 12
Shell classifications, 165, 166
Shell deformations and stresses
boundary effects, 151
constants, 150
identical pattern, 149
membrane, 151
membrane and boundary effects, 151
total deformations, 151
Shell horizontal and slope deformations, 158
Shell stress equations, 303
Shell stresses/moments, and shears, 159
Shell structures
characteristics, 5
Shorter shells, 216, 222
Sinusoidal distribution, 268
Skylight, 107, 303, 313
Skylight calculation, 108
Sliding base, 143
Spring-ball analogy, 20
Stiff disk, 32
Stiffer shells, 212
Strains
in ¢-Direction, 225-227
Poisson’s, 248
shear, 227, 228, 230
in x-direction, 224, 225
Stress and strain characteristics
exist, and orientated orthogonally, 11, 12
material failure, 12—14
reinforced concrete and masonry, 14
structural members, 911
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tensile and compressive stresses, 11
Stress concentrations, 32
Stress couple, 10
Stress distribution, 255
Stress equations
edge beams, 267-270
Membrane Stresses in Hoop Direction, 64
Moments in Hoop Direction, 64
Moments in y-Direction, 63
Out-of-Plane Shears in the y-Direction, 65
Stress flow
analogous, 23
arching, 28
compression stresses, 23
compression thrusts, 26, 27
distribution, 24
fan flow, 23, 24
flat plates, 22
hanging chains, 28
masonry arch, 29
narrow channel, 24
optimal shapes, 30
point loads, 27, 28
Poisson’s effect, 26
regular flow, 24
resultant force, 24
secondary stresses, 26
truss representation, 27
types, 23
uniform distributed load, 30
vertical reactions, 26
Stress magnitudes, 14, 32
Stress ratios, 15
Stress trajectories, 36
Stresses
boundary effects, 236241, 243-247,
260-262, 264-266
Stresses comparison
graphs, 212
hoop direction, 214
vertical direction, 213
Stresses distribution, 18
Stresses from boundary effects, 156
Structural analysis principle, 31
Structural members, 10
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Structural optimization, 37
Structural steel elements, 14
Symmetrical loading, 134, 175, 254

T

Tensile strength, 14

Tension and compression stresses, 10
Tension failure, 14

Tension strength, 14

Tensions and compression stresses, 11
Thrust-lines, 26-28, 293

Torsional reactions, 267

Total load R, 189, 190

Translations, 222-224

Trigonometric identity, 102, 122, 185, 204
Trigonometric series, 249

Twisting curvature, 239

Twisting moment, 261

Two-way slab systems, 86

U

Uniform distributed load (UDL), 28, 119-121,
155, 156, 218

Uniform pressure, 106, 107

Uniform pressure deformation, 122, 123

Uniform vertical loading, 100-102, 104

\'%

Vaults, 294, 317, 326

Vertical compatibility, 270

Vertical deformations, 117, 119, 234, 235

W

Water loads, 177, 178
Water pressure, 177
Wind loads, 178181

7
Zero Gaussian curvature, 165
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