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Dynamics of Classical and Quantum Fields: An Introduction focuses on dy-
namical fields in non-relativistic physics. Written by a physicist for physicists, 
the book is designed to help readers develop analytical skills related to classical 
and quantum fields at the non-relativistic level, and think about the concepts 
and theory through numerous problems. In-depth yet accessible, the book pres-
ents new and conventional topics in a self-contained manner that beginners 
would find useful. A partial list of topics covered includes:

•	 Geometrical meaning of Legendre transformation in classical mechanics
•	 Dynamical symmetries in the context of Noether’s theorem
•	 The derivation of the stress energy tensor of the electromagnetic field, 

the expression for strain energy in elastic bodies, and the Navier Stokes 
equation

•	 Concepts of right and left movers in case of a Fermi gas explained
•	 Functional integration interpreted as a limit of a sequence of ordinary 

integrations
•	 Path integrals for one and two quantum particles and for a fermion in 

presence of a filled Fermi sea
•	 Fermion and boson Fock spaces, along with operators that create and 

annihilate particles
•	 Coherent state path integrals
•	 Many-body topics such as Schrieffer Wolff transformation, Matsubara, and 

Keldysh Green functions
•	 Geometrical meaning of the vortex-vortex correlation function in a charged 

boson fluid
•	 Nonlocal particle-hole creation operators which diagonalize interacting 

many-body systems

The equal mix of novel and traditional topics, use of fresh examples to illustrate 
conventional concepts, and large number of worked examples make this 
book ideal for an intensive one-semester course for beginning Ph.D. students. 
It is also a challenging and thought provoking book for motivated advanced 
undergraduates.
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Preface

In the hyper-connected world we live in—where information in all its many avatars
not only travels at the speed of light but is also assimilated equally fast—the tradi-
tional book is struggling to justify its existence. This struggle is especially acute for
a book that attempts to revisit topics on which weighty tomes have been penned by
Nobel Laureates, no less. Another introductory book on classical and quantum field
theory had better have a good reason to be. A good reason there is. Firstly, most
books are either on quantum fields or classical fields, never both, barring perhaps
a brief introduction to classical fields just enough to find application to quantum
fields. Very few introductory texts mention dynamical symmetries which lead to
conservation of the Runge Lenz vector in discussions of Noether’s theorem. The
words ‘tensor’, ‘Lorentz covariance’, ‘gauge invariance’ and so on continue to in-
still confusion and trepidation in the minds of the novice. Topics such as elasticity
theory have fallen into disfavor through no fault of their own. The equations of
fluid mechanics are seldom shown to be derivable from point-particle mechanics
as the continuum limit of these traditional ideas. Stokes drag, which every high
school student knows but whose derivation is kept a closely guarded secret, is typ-
ically found only in specialized texts in fluid mechanics that are rarely consulted
by instructors teaching general field theory. In quantum mechanics, discussion of
fermions is limited to wavefunctions of a few particles. Few attempts are made in
introductory texts to study the behavior of fermions in the presence of a filled Fermi
sea taking into account Pauli blocking—an exercise that naturally leads to the im-
portant notions of right and left movers. While path integrals are typically taught
well in traditional texts on field theory, even they do not address the question of
how to use a path integral in the presence of a filled Fermi sea. How Wick’s theo-
rem may be derived from path integrals is usually left implicit. The core concepts
of Fock space of fermions and bosons, definitions of creation and annihilation op-
erators of a fermion or boson at a point in space and related notions, so important in
many-body physics, rarely find explicit mention in available texts. Likewise, lattice
models such as the Hubbard model, the t-J model, and so on are rarely shown to
be derivable from more familiar continuum pictures. The non-equilibrium many-
body Green function method, originally due to Schwinger, is rarely covered in gen-
eral field theory texts. Saving the best for last, the final two chapters on non-local

xiii
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xiv Field Theory

operators in many-body physics—a subject of ongoing research—take the reader to
the place where she should be—at the frontiers. It is my claim that this book does
all of this and deserves to be on the shelf of whoever is reading this preface now.

The main motivation for writing this book came from the feedback given by our
Ph.D. scholars who felt that a comprehensive book on topics not typically covered
well in their M.Sc. coursework would go a long way in speeding up progress in
their research careers. Departmental meetings, where course curricula are debated
ad nauseam over countless cups of tea, with decisions on the length of the Ph.D.
coursework reversed after every alternate semester, helped, too.

An author attempting to provide an original perspective on standard and core topics
runs the very real risk of getting the basics wrong, for in physics, there are only a
few ways of doing a problem right and countless ways of getting it wrong. It is
my hope that such mistakes are absent. I have purposely made some of the exer-
cises open ended. A few questions are deliberately vaguely posed because being
able to pose a proper question in research is a job half done. These questions chal-
lenge the mind to think like a researcher. By and large, I have made an effort to
make the book’s treatment complementary to what may typically be found in stan-
dard treatises. The common thread running through the entire book is the notion
of a field—an infinite collection of dynamical variables where the infinity is of the
continuous kind. The prose, namely, wordy explanations are given only when the
equations are not self-explanatory. They say a picture is worth a thousand words. A
wise physicist once observed that an equation is worth a thousand pictures.

I don’t necessarily endorse the contents of the references listed in the bibliography.
They are meant to point the reader to literature relevant to the topics discussed in
this book. I apologize to authors who are left out and urge them to inform me about
their works.

Now I have to be upfront and point out all the shortcomings I already know about.
Gross injustice has been done to our high-energy friends. Their favorite topics, such
as QED and so forth, have been completely left out—Dirac, Klein Gordon and
QCD Lagrangian are just mentioned. The connection between spin and statistics
viz. that fermions have half integer spin and bosons have integer spin does not even
find a mention, let alone an explanation. No sophisticated theoretical tools such as
renormalization group, dynamical mean field theory, etc. other than bosonization
are discussed. I make a distinction between tools and models on which the tools
are applied. This book has plenty of the latter but very few of the former—the
implication being that development of effective tools is still a subject of ongoing
research.

All these shortcomings have their reasons. I don’t feel qualified to write about any
of these topics as of now. Pauli’s proof of the spin statistics connection has been
criticized by E.C.G. Sudarshan and I. M. Duck. Thus, I don’t feel comfortable
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Preface xv

including either Pauli’s proof or its criticism, and instead refer the reader to the
extensive bibliography. I have not studied any tool in depth other than bosonization,
which is what I wish to emphasize. This book therefore has a hidden agenda of
wanting to ‘convert’ readers into making the vision of the last few chapters widely
successful.

This book has to be read sequentially. Unlike in most Indian movies where one
could walk in anytime and still would have not missed anything, the uninitiated
reader cannot simply walk into some chapter and follow the logic as use is made of
earlier chapters. The point particle picture eases into the classical continuum. The
classical picture merges into the quantum one and so forth. That said, an instructor
could easily pick and choose the topics he wants to cover, provided he is willing to
bridge the gaps that inevitably result.

No book is written in isolation. This one is no exception. A large number of re-
sources, both human and cybernetic (as in the Internet), have been employed in
writing the book. Human contributors include many good friends and former and
present students. In no particular order they are, Anurag Anshu (currently a final-
year undergraduate in IIT Guwahati) who critically read the manuscript and sug-
gested improvements. He also provided some illustrations and helped with LaTeX.
Dr. V. Meera, a former Ph.D. student at IIT Guwahati, provided many of the refer-
ences in the bibliography. She also helped with LaTeX and illustrations. Upendra
Kumar (current Ph.D. scholar at IITG) typed some sections from my lecture notes
for which only pdf files were available. Colleagues here in the Physics Department,
‘coffee mates’ as it were, helped a lot too by allowing me to bounce ideas off their
welcoming chests. Naming some will run the risk of forgetting others, but still,
again in no particular order, Dr. Amarendra Sarma and Dr. Tarak Dey for sharing
their expertise and a vast collection of actual books and e-books, and Dr. Charudutt
Kadolkar for being a reliable ‘stress tester’ for novel ideas and also for sharing his
considerable expertise and e-resources. All faculty members here have been really
friendly and cooperative.

Non-human contributors include the IIT Guwahati Physics Department (thank you,
third floor and department office printers), Department of Science and Technology
Project #(DST-SERC) SR/S2/CMP/46 2009, various websites of Physics profes-
sors all over the world, Google search engine, Mathematica software ... the list is
endless.

On a personal front, my parents Veda and Sampath have been a source of great
support and inspiration. They have passed on their dedication to their fields of ex-
pertise to me. My wife Uma has been a source of delicious four-course meals daily
for years. She has also been ever ready with a pair of blinkers whenever I felt dis-
tracted. My brother Sudarshan (the Wall Street tycoon, not the physicist) and his
lovely family always put a smile on my face.
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Chapter 1

The Countable and the Uncountable

This chapter deals with the analogy between the classical mechanics of discrete
particles and that of a continuum. The reader is expected to be familiar with La-
grangian mechanics at the level of Classical Mechanics by Goldstein. Nevertheless,
we provide a brief introduction to, and a derivation of Lagrange equations starting
from Newton’s equations of motion. This is followed by a discussion that motivates
the notion of a dynamical field as the continuum analog of a dynamical generalized
coordinate (of a system with a finite number of such coordinates). The chapter also
includes worked-out examples of dynamical fields encountered in everyday situa-
tions. The aim is to introduce readers to the subject through quasi-realistic examples
that will enable them to formulate and solve problems.

1.1 Review of Lagrangian Mechanics

The notion of a countable set is intuitive and easy to grasp even for children. We
learn to count with our fingers at an early age: add, subtract, multiply, and divide
integers. What is less intuitive is the notion of a fraction and the concept of an
irrational number, even more so. One may suspect that the need for such a notion
stems from a desire to abstract the properties of space and time that we perceive as
continuous rather than discrete. From this emerges all of the mathematical subject
of calculus. The present book deals with the subject of mechanics (be it classical
or quantum) of systems with the number of degrees of freedom being an infinity of
the continuous kind. This chapter starts with some background material on classical
mechanics of systems with finite degrees of freedom that readers are expected to be
familiar with. But we show that the same ideas may be generalized quite naturally
to deal with systems with infinitely many degrees of freedom. We use examples to
drive home this point.

1
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2 Field Theory

In classical mechanics we deal with generalized coordinates. We identify a fi-
nite number of degrees of freedom {q1(t),q2(t), ...,qs(t)} that is sufficient to
specify the configuration {ri(q1,q2, ...,qs) : i = 1,2, ....,N} of the system (collec-
tion of particles subject to various constraints) at any given time. If we imagine
that the system contains a countable (and finite) number of particles with po-
sitions {r1,r2, ...,rN−1,rN}, then we may think of the position of each particle
ri(q1,q2, ...,qs) as depending on the generalized coordinates, which are going to
be fewer in number depending on the number of constraints the system obeys. For
example, a particle in three dimensions would normally require three coordinates
x,y,z or r,θ,φ for fixing its location. But when it is constrained to only move on a
sphere of radius a, the number of coordinates needed are fewer viz. the angles, θ

and φ. These are precisely the generalized coordinates that we are talking about. We
may imagine that each particle is acted on by a predetermined force Fi(r,v), which
could in a general case depend on the locations and velocities of all the particles.
In this case, the force law reads as follows.

mi
d2

dt2 ri = Fi(r,v). (1.1)

The number of unknown functions that these equations purport to solve for is the
number of generalized coordinates, or degrees of freedom consistent with the con-
straints. However, it is evident that the number of such force equations is the num-
ber of particles times the dimension of space (3N in three dimensions) which is
more than the number of unknown functions. This seeming paradox is resolved
when one realizes that the force on each particle is never fully known, as the forces
of constraints are not given explicitly; it is just stated that the particles move in such
a way that the change in their positions is accomplished by an appropriate change
in the generalized coordinates and not in any other way. Thus one may suspect that
there are going to be 3N− s number of such unknowns in the force components
that constrain the system. Thus we have to reduce the system of 3N equations to
a system of ‘s’ equations in the unknown functions q and their (time) derivatives.
As the reader will discover in the exercises, this is usefully accomplished by taking
the dot product of the two sides of Eq. (1.1) with ∂ri

∂qk
and summing over the index

‘i’, which denotes the particle number. Since the position in terms of generalized
coordinates is

ri = ri(q1,q2, ....,qs), (1.2)

the velocity of the i-th particle is

d
dt

ri =
s

∑
j=1

∂ri

∂q j
q̇ j, (1.3)

and the acceleration is
d2

dt2 ri =
s

∑
j=1

∂ri

∂q j
q̈ j +

s

∑
j,k=1

∂2ri

∂qk∂q j
q̇kq̇ j. (1.4)
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The Countable and the Uncountable 3

Mass times this acceleration is the force acting. Hence,

mi

(
s

∑
j=1

∂ri

∂q j
q̈ j +

s

∑
j,k=1

∂2ri

∂qk∂q j
q̇kq̇ j

)
= Fi(r,v). (1.5)

Figure 1.1: Sir Isaac Newton PRS MP (25 December 1642 to 20 March 1727)
was an English physicist and mathematician who is widely regarded as one of the
most influential scientists of all time and as a key figure in the scientific revolution.
His book Philosophiae Naturalis Principia Mathematica (Mathematical Principles
of Natural Philosophy), first published in 1687, laid the foundations for most of
classical mechanics. Newton also made seminal contributions to optics (source:
Wikipedia).

As we have pointed out, these equations are not directly useful since all the compo-
nents of Fi are not known beforehand. To make it useful and reduce the number of
equations to s—the number of unknown functions, we take dot product with mi

∂ri
∂qk

and sum over ‘i’.

N

∑
i=1

∂ri

∂qk
·mi

(
s

∑
j=1

∂ri

∂q j
q̈ j +

s

∑
j,l=1

∂2ri

∂ql∂q j
q̇l q̇ j

)
=

N

∑
i=1

∂ri

∂qk
·Fi(r,v) (1.6)

This is really the force equation in generalized coordinates. But it is written in a not
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so elegant form. To write it more compactly, we consider the kinetic energy,

T =
1
2

N

∑
i=1

mi vi ·vi (1.7)

T =
1
2

N

∑
i=1

mi vi ·vi =
1
2

N

∑
i=1

mi

s

∑
j,k=1

(
∂ri

∂q j
· ∂ri

∂qk

)
q̇ jq̇k. (1.8)

Now consider (all these steps are left as an exercise to the reader),

∂T
∂q̇k

=
N

∑
i=1

mi

s

∑
j

(
∂ri

∂q j
· ∂ri

∂qk

)
q̇ j, (1.9)

and

d
dt

∂T
∂q̇k

=
N

∑
i=1

mi

s

∑
j

(
∂ri

∂q j
· ∂ri

∂qk

)
q̈ j +

N

∑
i=1

mi

s

∑
j,l

(
∂2ri

∂q j∂ql
· ∂ri

∂qk

)
q̇l q̇ j

+
N

∑
i=1

mi

s

∑
j,l

(
∂ri

∂q j
· ∂2ri

∂qk∂ql

)
q̇l q̇ j. (1.10)

Using Eq.(1.6) in the above equation we get,

d
dt

∂T
∂q̇k

=
N

∑
i=1

∂ri

∂qk
·Fi(r,v)+

N

∑
i=1

mi

s

∑
j,l

(
∂ri

∂q j
· ∂2ri

∂qk∂ql

)
q̇l q̇ j. (1.11)

Also,
∂T
∂qk

=
N

∑
i=1

mi

s

∑
j,l=1

(
∂ri

∂q j
· ∂2ri

∂qk∂ql

)
q̇ jq̇k. (1.12)

Subtracting one from the other we obtain,

d
dt

∂T
∂q̇k
− ∂T

∂qk
=

N

∑
i=1

∂ri

∂qk
·Fi(r,v) = Qk(q, q̇) (1.13)

These are the most general version of the Euler-Lagrange equations of the system
in generalized coordinates. The quantity Qk(q, q̇) is known as the generalized force.
It is typically specified and does not include components that are due to constraints.
These equations may be further simplified if the force is velocity independent and
derivable from a potential. Thus, if

Fi(r,v) =−∇iV (r), (1.14)
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The Countable and the Uncountable 5

then,
d
dt

∂T
∂q̇k
− ∂T

∂qk
=−

N

∑
i=1

∂ri

∂qk
·∇iV (r) =− ∂

∂qk
V (r). (1.15)

Call L = T −V ; then since ∂

∂q̇l
V (r)≡ 0,

d
dt

∂L
∂q̇k
− ∂L

∂qk
= 0. (1.16)

Figure 1.2: Joseph-Louis Lagrange (25 January 1736 to 10 April 1813), was an Ital-
ian mathematician and astronomer born in Turin, Piedmont, who lived part of his
life in Prussia and part in France. He made significant contributions to all fields of
analysis, number theory, and classical and celestial mechanics (source: Wikipedia).

These are the celebrated Lagrange equations of a (conservative) system. These
equations may also be derived from an extremum principle. Define the action
Sq =

∫ t f
ti dt L(q, q̇) where L is the Lagrangian above. This is defined for each trajec-

tory q(t) = {q1(t),q2(t), ...,qN(t)}. We consider that the end points q(ti) = qi and
q(t f ) = q f of any trajectory are given fixed quantities. Thus a new trajectory, such
as q̃ = q+q

′
, will have the same property, making the deviation q

′
(ti) = q

′
(t f ) = 0.

We look at small deviations from the trajectory q determined by Eq. (1.16).

Sq+q′ =
∫ t f

ti
dt L(q+q

′
, q̇+ q̇

′
) (1.17)

Let us Taylor expand both sides in powers of q
′

and retain only up to linear terms.
Thus,

Sq+q′ =
∫ t f

ti
dt L(q, q̇)+

∫ t f

ti
dt ∑

k=1,....,s
q
′
k
∂L(q, q̇)

∂qk
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+
∫ t f

ti
dt ∑

k=1,....,s
q̇
′
k
∂L(q, q̇)

∂q̇k
. (1.18)

We now write,

q̇
′
k
∂L(q, q̇)

∂q̇k
=

d
dt

(
q
′
k
∂L(q, q̇)

∂q̇k

)
−q

′
k

d
dt

∂L(q, q̇)
∂q̇k

. (1.19)

Substituting in the earlier equation and performing the integration from ti to t f ,
keeping in mind that q

′
(ti) = q

′
(t f ) = 0, we get,

Sq+q′ =
∫ t f

ti
dt L(q, q̇)+

∫ t f

ti
dt ∑

k=1,....,s
q
′
k(t)

(
∂L(q, q̇)

∂qk
− d

dt
∂L(q, q̇)

∂q̇k

)
. (1.20)

Thus, by combining with Eq. (1.16) we may conclude,

Sq+q′ = Sq +O(q
′2). (1.21)

Since the above equation has to be true for every choice of q
′
(t) at each time, it

must be that the coefficients vanish independently.

δSq

δqk(t)
= 0 (1.22)

Thus the path that the system takes is one that makes the action an extremum.
We will have occasion to consider systems where the generalized coordinates are
further constrained by functions of the form F [q] = 0. The action has to be mini-
mized subject to these additional constraints. This is accomplished by introducing
Lagrange multipliers (see box description). If the constraints are Fj[q] = 0 where
j = 1, ..., p, then there are Lagrange multipliers m1,m2, ....,mp so that the system
takes the path given by the solution to

δ(Sq−∑
p
j=1 m jFj[q])

δqk(t)
= 0 (1.23)

where in the above evaluation we treat all the q’s as independent and later on en-
force Fj[q] = 0.
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The Countable and the Uncountable 7

Lagrange multipliers: A typical problem in physics or mathematics is that of optimiza-
tion. Given a set of constraints, one is supposed to minimize or maximize a function.
Let us take a simple example, from statistical mechanics. There are N particles and they
are to be distributed in 3 states S1,S2,S3. For each particle, energy of S1 is ε1, of S2
is ε2 and of S3 is ε3. We want to find a distribution of particles in these energy levels
which maximizes the number of possible configurations and keeps the number of par-
ticles and total energy constant. Let n1 be number of particles in S1; similarly for n2
and n3. So we are constrained by n1ε1 + n2ε2 + n3ε3 = E and n1 + n2 + n3 = N. With
this constraint, we are required to maximize N!/(n1!n2!n3!). Using Stirling’s approxi-
mation, this is same as maximizing NN/((n1)

n1 (n2)
n2 (n3)

n3). Conventionally, we take
the log of this, and ignore N log(N) (since it is constant already) and now we want to
maximize: F(n1,n2,n3) = −n1 log(n1)− n2 log(n2)− n3 log(n3) given the constraints:
n1 ε1 + n2 ε2 + n3 ε3 = E and n1 + n2 + n3 = N. A trivial way of solving is to find n1
and n2 in terms of n3 and put in F . Then differentiate F to get the desired answer. Let’s
try a different approach, as this is difficult. Let’s directly differentiate all equations and
expressions with respect to n1, n2, and n3 to get:

log(n1) dn1 + log(n2) dn2 + log(n3) dn3 = 0

dn1 +dn2 +dn3 = 0

ε1 dn1 + ε2 dn2 + ε3 dn3 = 0. (1.24)

This means that the matrix log(n1) log(n2) log(n3)
1 1 1
ε1 ε2 ε3

 (1.25)

must have at least one null vector. In order to avoid a trivial solution, this implies one
row must be a linear combination of remaining two rows. This implies, log(ni) + a+
b εi = 0, for some a,b and all i. This gives ni = eaeb εi . We put n1,n2, and n3 in the
constraints n1 ε1 + n2 ε2 + n3 ε3 = E and n1 + n2 + n3 = N to obtain the values of a and
b. The numbers a and b are known as Lagrange multipliers. Their significance emerges
from the fact that they give a very convenient way to solve the problem. The algorithm
for this method is therefore as follows. Extremize F(n1,n2,n3...) given the constraints
C1(n1,n2...),C2(n1,n2...), ... etc. We introduce Lagrange multipliers l1, l2... and change
the problem to this: find variables (n1,n2,n3..., l1, l2...) which extremize the function

F(n1,n2...)+ l1 C1(n1,n2...)+ l2 C2(n1,n2...)+ ... (1.26)

So there are no constraints here in the beginning and differentiating with respect to l1, l2,
etc. gives us the required constraints. Differentiating with respect to n1,n2, etc. gives more
equations to be solved. We can appreciate the usefulness of this approach from the fact
that it gives a very neat way to approach problems in statistical mechanics. They are also
invaluable in understanding behavior of particles under constraints.
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1.2 The Hamiltonian Formulation

It is possible to have a different formulation of a dynamical system where instead
of the equation of motion being second order in time, like it was in the previous
section, Lagrange equations involve two time derivatives, and there could be two
coupled first-order equations. This is known as the Hamiltonian formulation. To un-
derstand how this comes about, one has to study the mathematical transformation
known as the Legendre transformation. Consider a convex function L(v) of some
single variable called v (convex function means L

′′
(v)> 0, generalization to many

variables is left to the exercises). The Legendre transformation of this function is
defined as H(p) = maxv∈R(p v−L(v)). This means that we vary v until the expres-
sion G(v)≡ (p v−L(v)) reaches a maximum value. This value is denoted by H(p)
since it is clearly a function of p alone. The maximum value of G(v) is reached at
v = v∗ where G

′
(v∗) = 0 and G

′′
(v∗) < 0 is guaranteed by the convex property of

L(v). Thus H(p) = pv∗−L(v∗) where v∗ is defined as the solution to the equation
L
′
(v∗) = p.

Figure 1.3: Sir William Rowan Hamilton (4 August 1805 to 2 September 1865) was
an Irish physicist, astronomer, and mathematician, who made important contribu-
tions to classical mechanics, optics, and algebra. His studies of mechanical and op-
tical systems led him to discover new mathematical concepts and techniques. His
greatest contribution is perhaps the reformulation of Newtonian mechanics, now
called Hamiltonian mechanics.
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The Countable and the Uncountable 9

Figure 1.4: This is a pictorial description of the Legendre transformation.

In other words, mathematically we wish to claim that any convex function L(v) may
be described by providing the value of L(v) at each v, or equivalently, by providing
the value of this function’s slope p and a corresponding function H(p) of this slope
(H(p) is the vertical intercept of the tangent). This equivalence is possible only if
the transformation from the L(v) description to the H(p) description is invertible.
To verify this, we first show that H(p) is also convex. The first derivative is H

′
(p) =

v∗(p)+ p∂v∗(p)
∂p −L

′
(v∗(p))∂v∗(p)

∂p = v∗(p). The last result follows since L
′
(v∗(p)) =

p. Thus H
′′
(p) = ∂v∗(p)

∂p . To show that this is non-negative, we simply differentiate

the defining equation for v∗ to get L
′′
(v∗(p))∂v∗(p)

∂p = 1. Since L
′′
(v∗)> 0, it follows

that ∂v∗(p)
∂p ≡ H

′′
(p) > 0. Now we may define the inverse Lagrange transform as

L∗(v) = maxp∈R(pv−H(p)) = (p∗v−H(p∗)) where v =
(

∂H(p)
∂p

)
p=p∗

= v∗(p∗),

from the earlier result. Thus H(p∗) = p∗v∗−L(v∗) = p∗v−L(v) since v∗ = v. Thus
L∗(v) = p∗v−H(p∗) = L(v), thereby proving that the Legendre transformation
procedure is invertible. Thus the information contained in the L(v) or Lagrangian
description is the same as the H(p) or the Hamiltonian description.

Furthermore, it is possible to derive the respective equations of motion if we realize
that in addition to dependence of v and p there is also dependence on a generalized
coordinate q. Thus we write L(v,q) and H(p,q). The Lagrange equations then read
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as follows.
d
dt

∂L
∂v

=
∂L
∂q

(1.27)

We now use the representation of L(v,q) in terms of H(p,q) to write, L(v,q) =
p∗(v)v−H(p∗(v),q)

∂L
∂v

= p∗+
∂p∗
∂v

v− ∂p∗
∂v

(
∂H
∂p

)
p=p∗(v)

. (1.28)

But
(

∂H
∂p

)
p=p∗(v)

= v = d
dt q, hence ∂L

∂v = p∗(v). Furthermore, ∂L
∂q = −∂H

∂q . Insert-

ing ∂L
∂v = p∗(v) into Eq. (1.27), the Lagrange equations now become Hamilton’s

equations,
d
dt

p =−∂H
∂q

;
d
dt

q =
∂H
∂p

. (1.29)

The set of points (p,q) is known as the phase space of the dynamical system. Con-
sider two functions A(p,q) and B(p,q) of the dynamical variables p,q in the Hamil-
tonian description. The Poisson bracket is defined as,

{A(p,q),B(p,q)}= ∂A
∂q

∂B
∂p
− ∂A

∂p
∂B
∂q

. (1.30)

Consider now a general function F(p,q, t). We wish to determine its rate of change
with respect to time. This function changes with time due to two possible rea-
sons. First, it may be explicitly time dependent. Second, because it depends on the
dynamical variables which themselves change with time according to Hamilton’s
equations. Thus we may write,

d
dt

F(p,q, t) =
∂F
∂t

+
d p
dt

∂F
∂p

+
dq
dt

∂F
∂q

=
∂F
∂t
− ∂H

∂q
∂F
∂p

+
∂H
∂p

∂F
∂q

=
∂F
∂t

+{F,H}. (1.31)

Now it is easy to see the condition for a dynamical variable to be a constant of the
motion. If a variable does not depend on time explicitly or implicitly, then it follows
that its Poisson bracket with the Hamiltonian should vanish.

{F,H}= 0 (1.32)

Since {H,H} = 0 it follows that if the Hamiltonian is explicitly time independent
then it is also implicitly time independent, or it is a constant of the motion. Two
variables A and B are said to be conjugates of each other if {A,B} = 1. The sim-
plest example is q, p—they are conjugates of one another for, {q, p}= 1, if q is an
angular displacement, then p would be the corresponding angular momentum l so
that {θ, l}= 1.
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The Countable and the Uncountable 11

Figure 1.5: A French mathematician and physicist, Simon Denis Poisson (21 June
1781 to 25 April 1840) was a master of a wide range of topics such as classical me-
chanics, analysis, probability theory, electromagnetism, and differential equations.
His study of stability of planetary systems stands next to that of Laplace and his
work on classical mechanics influenced the work of William Hamilton. He derived
the Navier-Stokes equation independent of Claude Navier and was the last great
supporter of corpuscle theory of light, which was shown to be flawed and replaced
by the wave theory.

1.3 Flows and Symmetries

We may think of Hamilton’s equations for the coordinates as a kind of flow with
respect to time. The answer to the question of how the coordinates and momenta
change with time is determined by integrating Hamilton’s equations. We could
equally well be interested in how the coordinates and momenta change with re-
spect to some other variable. To be concrete, let us consider a system in two dimen-
sions so that x,y, px, py are the coordinates in phase space. These change with time
in a manner determined by integrating Hamilton’s equations, as we have pointed
out earlier. But now, imagine instead that we rotate the coordinate system by an
angle α, then the coordinates and momenta change with α. If we denote the new
coordinates by x(α),y(α), px(α), py(α),

Zx(α) = cos(α) Zx + sin(α) Zy (1.33)
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12 Field Theory

Zy(α) =−sin(α) Zx + cos(α) Zy (1.34)

where Zx is one of x, px and Zy is one of y, py. We wish to see these as the conse-
quence of integrating a pair of equations analogous to Hamilton’s equations where
the flow parameter, namely time t, is replaced with this angle α. In Eq. (1.29) we
may see that the left side contains time as the parameter of differentiation. The
right-hand side involves the Hamiltonian. Just as we may think of linear momen-
tum and linear coordinates as canonically conjugate variables and angular momen-
tum and angular coordinate in a similar manner, we may intuitively suspect that
the same must be true for time and Hamiltonian. However, this cannot be made
rigorous since time is a parameter and not a dynamical variable. We shall merely
be content at using this as a cue to write the analog of Hamilton’s equation in case
of general flows. If α is some parameter with respect to which we need the flow,
we may suspect that there exists a canonically conjugate variable G such that,

d
dα

p =−∂G
∂q

;
d

dα
q =

∂G
∂p

. (1.35)

Here {α,G}= 1 and p = px, py and q = qx,qy. There are some important properties
that are worth noting. First, we show that G is independent of α. To do this consider,

d
dα

G(p,q) =
d p
dα

∂G(p,q)
∂p

+
dq
dα

∂G(p,q)
∂q

. (1.36)

If α is the angle alluded to in Eq. (1.34), it is easy to see that since qx (y) ≡ x (y),

d
dα

x(α) = y(α) =
∂G
∂px

;
d

dα
y(α) =−x(α) =

∂G
∂py

. (1.37)

Similarly,

d
dα

px(α) = py(α) =−
∂G
∂x

;
d

dα
py(α) =−px(α) =−

∂G
∂y

. (1.38)

Thus,
d

dα
G(p,q) =

d px

dα

∂G(p,q)
∂px

+
d py

dα

∂G(p,q)
∂py

+
dx
dα

∂G(p,q)
∂x

+
dy
dα

∂G(p,q)
∂y

= py(α) y(α)+ px(α) x(α)− y(α) py(α)− x(α) px(α) = 0. (1.39)

Thus the conjugate does not flow relative to the flow parameter. This is more easily
seen by the general statement,

d
dα

Q =
∂

∂α
Q+{Q,G} (1.40)
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The Countable and the Uncountable 13

when Q ≡ G, G is seen to be independent of the flow parameter α if G depends
on α only through the phase space variables. We may see that Eq. (1.37) and Eq.
(1.38) are consistent with the statement,

G(q, p) = pxy− pyx. (1.41)

This is nothing but the component of the angular momentum along the −z axis.
Thus, angular momentum is conjugate to (also known as a generator of) simple
rotations in coordinate space. Later when we discuss Noether’s theorem we will
see that there is a different kind of rotation that mixes coordinates and momenta
that also has a generator distinct from angular momentum.

1.4 Dynamics of a Continuous System

We now turn to a discussion of continuous systems. The problem at hand is to gen-
eralize the earlier sections to accommodate situations when the number of degrees
of freedom are an infinity of the continuous kind. Specifically, this involves reinter-
preting the list of coordinates {qi; i= 1,2, ...,N} by a function of a parameter s such
that the list is now written as {qs;s∈ [a,b]}where s is a continuous variable belong-
ing to an interval [a,b], for fields in one dimension, {qsx,sy;sx ∈ [a,b],sy ∈ [c,d]} for
fields in two dimensions, and so on, which now replaces the index i that was used
while describing a system with a finite number of degrees of freedom. In the pro-
cess of making this generalization, we will have occasion to reinterpret various
definitions related to the discrete index that characterize the number of degrees of
freedom. For instance, the summation ∑

N
i=1 F(qi) will have to be reinterpreted as,

N

∑
i=1

F(qi)→
∫ b

a
ds F(qs). (1.42)

This would be the case if the fields were described in one dimension. In, say, three
dimensions they would be,

N

∑
i=1

F(qi)→
∫

s∈Ω

d3s F(qsx,sy,sz). (1.43)

A term such as a difference between successive values would be a derivative.

F(qi+1)−F(qi) =
d
ds

F(qs) (1.44)

Now, just as we may differentiate and integrate with respect to the discrete number
of degrees of freedom, we may do so even when there are a continuum of them.
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14 Field Theory

Consider a function of all the N degrees of freedom : R(q1,q2, ....,qN). We may
contemplate differentiating with respect to one of these coordinates - ∂

∂q j
R(q) (here

q refers to the list of all possible coordinates). Then,

∂

∂q j
R(q)→ ∂

∂qs
R(q). (1.45)

Using this we may derive some basic identities in functional differential calculus.
The first of these is,

∂

∂qs
qs′ = δ(s− s

′
) (1.46)

where s could mean a single continuous variable or two or three continuous vari-
ables depending upon the dimension of the field. Similarly, δ(s− s

′
) could refer to

the Dirac delta function in one, two, or three dimensions.

Readers unfamiliar with the concept of the Dirac delta function may
find this description useful. First consider the distinction between ra-
tional and irrational numbers. Specifically, consider the sequence {x1 =
1,x2 = 1.5,x3 = 1.4, .....,xn−1,xn = 1+ 1

1+xn−1
, ...}. It is easy to see that

the limit x∞ = Limn→∞xn =
√

2. Thus, while each element of the se-
quence is rational, the limit of the sequence is an irrational quantity.
Similarly, we define the Dirac delta function as the limit of a sequence of
perfectly well-behaved functions namely fN(x) = N

π (x2N2+1) . We identify
δ(x) ≡ LimN→∞ fN(x). Each fN(x) is an ‘entire function’ (differentiable
infinitely many times) of its dependent variable x. Further, for each N,∫

∞

−∞
dx fN(x) = 1 and yet δ(x) ≡ LimN→∞ fN(x) is anything but regular.

This ‘function’ is zero everywhere except at x = 0 where it becomes
infinite. However,

∫
∞

−∞
δ(x) dx = 1. With this concept, one may differen-

tiate discontinuous functions such as Heaviside’s unit step function θ(x)
where we write d

dx θ(x) = δ(x). Both the left- and right-hand sides are
zero when x 6= 0. Both are infinite when x = 0. When integrated over a
region containing the origin, the result in both cases is unity.

To derive this we write, R(q) = ∑
N
i=1 qi in the first instance, to get,

∂

∂q j
R(q) = 1, (1.47)

whereas the same result in the continuum language would be, R(q) =
∫ b

a ds qs (for
fields in one dimension) and (setting j→ s

′
),

∂

∂qs′

∫ b

a
ds qs = 1. (1.48)
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The Countable and the Uncountable 15

This means (since obviously, ∂

∂q
s′

qs = 0 if s 6= s
′
),

∂

∂qs′
qs = δ(s− s

′
). (1.49)

Furthermore, we may later have occasion to use quantities such as,

∂

∂qs′

dqs

ds
=

d
ds

δ(s− s
′
) = δ

′
(s− s

′
). (1.50)

More generally, we define functional differentiation as,

δ

δJ(x)
F [{J(y)}] = Limε→0

F [{J(y)+ ε δ(x− y)}]−F [{J(y)}]
ε

. (1.51)

Imagine a functional F [g] defined as,

F [g]≡ 1
2

∫ b

a
ds g2(s). (1.52)

Then we see that,
δ

δg(x)
F [g] =

∫ b

a
ds g(s)

δg(s)
δg(x)

. (1.53)

We may derive an expression for the quantity δg(s)
δg(x) using the formal definition for

functional differentiation.

δg(s)
δg(x)

= Limε→0
(g(s)+ εδ(s− x))−g(s)

ε
= δ(s− x) (1.54)

Now we wish to evaluate the functional derivative of a slightly different functional.
Set,

H[g]≡ 1
2

∫ b

a
ds g

′2(s) (1.55)

where g
′
(s) = dg(s)

ds . Consider a variable x such that a < x < b. It is clear that,

δ

δg(x)
H[g]≡

∫ b

a
ds

dg(s)
ds

δ

δg(x)
dg(s)

ds
=

∫ b

a
ds

dg(s)
ds

d
ds

δ

δg(x)
g(s)

=
∫ b

a
ds

dg(s)
ds

d
ds

δ(s− x) =−
∫ b

a
ds g

′′
(s)δ(s− x) =−g

′′
(x) (1.56)

where the last few steps follow from integration by parts.
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We provide a quick tutorial for integration by parts. Consider the integral∫ b

a
dx F(x)G

′
(x) =

∫ b

a
dx

d
dx

(F(x)G(x))

−
∫ b

a
dx G(x)F

′
(x). (1.57)

The first term on the right-hand side is called the boundary term. Since
we are integrating over all space, the boundary is at infinity. If F(x) and
G(x) vanish at the boundaries a and b (as we shall assume always), then
this term is zero. Thus the above equation may be rewritten as,∫ b

a
dx F(x)G

′
(x) =−

∫ b

a
dx G(x)F

′
(x). (1.58)

Repeated application of this rule yields,∫ b

a
dx F(x)G

′′
(x) =−

∫ b

a
dx F

′
(x)G

′
(x)

=
∫ b

a
dx F

′′
(x)G(x). (1.59)

Now we provide specific examples of dynamical systems with a finite number of
degrees of freedom and a prescription on how to generate a system with infinitely
many degrees of freedom by taking the continuum limit.

� Imagine a collection of N identical masses m confined to the circumference of
a circle of radius L

2π
. Imagine also that each mass is tied to its adjacent mass on

either side by two identical springs with stiffness k and the motion is along the
circumference. We wish to write down the Lagrangian of this system. In order to
do this, we choose the generalized coordinate of the n-th mass to be the distance Sn
(n = 1,2, ...,N and SN+1 = S1) along the circumference from a point designated as
the origin (say the north pole at n= 1). The kinetic energy of the system of masses is
then T =∑

N
n=1

1
2mṠ2

n. The potential energy is given by V = 1
2k ∑

N−1
n=1 (Sn+1−Sn− l)2.

At equilibrium, both the potential energy and kinetic energy vanish identically. This
means that at equilibrium S0

n = (n− 1)l since we choose n = 1 to be the pole that
remains fixed at equilibrium. We choose to measure the displacement relative to this
equilibrium position. Thus we write Sn = (n−1)l + sn. The Lagrangian becomes,

L =
N

∑
n=1

1
2

mṡ2
n−

1
2

k
N−1

∑
n=1

(sn+1− sn)
2. (1.60)

In order to make the transition to the continuum limit, we write x = (n−1)l, dx = l,
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The Countable and the Uncountable 17

m = ρdx, kl2 = κdx and ∑n ≡
∫ L

0 , sn+1− sn = s(x+ l)− s(x) = l ∂s(x,t)
∂x .

Figure 1.6: This is an illustration of the masses connected to adjacent ones by
springs, constrained to move on a circle.

With these substitutions the Lagrangian becomes,

L(s, ṡ) =
∫ L

0

1
2

ρdx
(

∂s(x, t)
∂t

)2

− 1
2

κ

∫ L

0
dx
(

∂s(x, t)
∂x

)2

. (1.61)

Here we may see that the role of the n-th degree of freedom is taken up by the
symbol x. We now derive the Lagrange equations of this Lagrangian using,

d
dt

δL
δṡ(y, t)

=
δL

δs(y, t)
. (1.62)

We evaluate the generalized momentum as,

δL
δṡ(y, t)

= ρ

(
∂s(x, t)

∂t

)
(1.63)

Using the tutorials on functional differentiation we may write,

δL
δs(y, t)

=− δ

δs(y, t)
1
2

κ

∫ L

0
dx
(

∂s(x, t)
∂x

)2

=−κ

∫ L

0
dx
(

∂s(x, t)
∂x

)(
∂δ(x− y)

∂x

)
= κ

(
∂2s(y, t)

∂y2

)
. (1.64)
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Therefore, the Lagrange equation in this case is nothing but the wave equation.

ρ
∂2s(x, t)

∂t2 = κ
∂2s(y, t)

∂y2 (1.65)

� Next, imagine a friction force proportional to the velocity of the mass F =−kv.
This is typical of situations such as a mass falling in a dense fluid.

Figure 1.7: Mass falling in a dense fluid. In this problem, we have to imagine several
masses experiencing a drag force of the type shown only when there is relative
motion between adjacent masses.

Imagine now two masses 1 and 2 that are connected by a ‘spring’ such that the
force on 1 is proportional to the velocity of 1 relative to 2. Thus F12 =−k(v1−v2).
Now imagine a chain of such masses also subject to a constant external force. In
this case, the force equations read as follows:

m
dvn

dt
=−k(vn− vn−1)− k(vn− vn+1)+ f . (1.66)

In the continuum limit we write x = (n− 1)l and l = dx. Therefore, vn− vn−1 =

v(x)− v(x− l)≈ l ∂v(x)
∂x −

l2

2
∂2v(x)

∂x2 + ... and vn+1− vn ≈ l ∂v(x)
∂x + l2

2
∂2v(x)

∂x2 + ....

m
∂v(x, t)

∂t
= kl2 ∂2v(x)

∂x2 + f . (1.67)

Further m = ρ l where ρ is the linear mass density and f = ma would be the ex-
ternal force on each mass, which would suffer an acceleration of a in the absence
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of friction. Just as in the earlier example, the friction constant k diverges in the
continuum limit so that 0 < kl

ρ
= η < ∞. The continuum description would be,

∂v(x, t)
∂t

= η
∂2

∂x2 v(x, t)+a. (1.68)

This is nothing but the driven diffusion equation.

� As a next example, let us consider a special kind of system—a slack (but in-
extensible) rope of length L with ends tied at the same level to two tree trunks
separated by a distance d < L. We wish to describe this system using the methods
just described but taking into account that this system contains an infinite number
of closely spaced particles. The natural generalized coordinates are (xs(t),ys(t))
where the parameter s—the distance from one end along the contours of the
rope—plays the role of the index i we used when the number of particles were
finite. The summation over the number of particles is replaced by an integration
∑i miGi =

∫
dms Gs = ρ

∫
ds Gs, for a system with uniform density ρ = dms

ds . The
kinetic energy is,

T =
1
2 ∑

i
mi (ẋ2

i + ẏ2
i ) =

1
2

ρ

∫ L

0
ds (ẋ2

s + ẏ2
s ). (1.69)

Figure 1.8: This is an illustration of the rope.

Since we assume that the rope is inextensible, the distance (along the rope) between
any two points is time independent, hence ds2 = dx2

s +dy2
s or,(

∂xs

∂s

)2

+

(
∂ys

∂s

)2

= 1. (1.70)
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Thus we may parameterize using a single angle θs(t).

∂xs

∂s
= cos(θs(t)) ;

∂ys

∂s
= sin(θs(t)) (1.71)

Taking into account the boundary conditions: xs=0 = 0, xs=L = d, and ys=0 = ys=L =
0, we get,

xs(t) =
∫ s

0
ds
′

cos(θs′ (t)) ; ys(t) =
∫ s

0
ds
′

sin(θs′ (t)). (1.72)

Further,

d =
∫ L

0
ds
′

cos(θs′ (t)) ; 0 =
∫ L

0
ds
′

sin(θs′ (t)). (1.73)

These constraints have to be incorporated while minimizing the action. Considering
that the potential energy is given by V =

∫
dms g ys(t) = ρ

∫ L
0 ds g ys(t),

ẋs(t) =−
∫ s

0
ds
′

sin(θs′ (t)) θ̇s′ (t) (1.74)

ẏs(t) =
∫ s

0
ds
′

cos(θs′ (t)) θ̇s′ (t). (1.75)

The Lagrangian is,

L(θ, θ̇) =
1
2

ρ

∫ L

0
ds (ẋ2

s + ẏ2
s )−ρ

∫ L

0
ds g ys(t). (1.76)

Explicitly we may write,

L(θ, θ̇) =
1
2

ρ

∫ L

0
ds (

∫ s

0
ds
′
∫ s

0
ds
′′

θ̇s′ (t)θ̇s′′ (t) cos(θs′ (t)−θs′′ (t)) )

−ρ

∫ L

0
ds g

∫ s

0
ds
′

sin(θs′ (t)). (1.77)

The Lagrangian in Eq. (1.77) is typical of a Field Theory, where there are a con-
tinuous infinity of degrees of freedom or generalized coordinates, in this case la-
beled by s, namely, θs(t). The action S =

∫ t f
ti dt L(θ, θ̇) subject to θ(ti) = θi and

θ(t f ) = θ f has to be minimized subject to additional constraints namely Eq. (1.73).
This may be done by the method of Lagrange multipliers, where the unconstrained
Lagrangian may be written as,

L(θ, θ̇) =
1
2

ρ

∫ L

0
ds (

∫ s

0
ds
′
∫ s

0
ds
′′

θ̇s′ (t)θ̇s′′ (t) cos(θs′ (t)−θs′′ (t)) )

−ρ

∫ L

0
ds g

∫ s

0
ds
′

sin(θs′ (t))
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−m1(d−
∫ L

0
ds
′

cos(θs′ (t)))−m2

∫ L

0
ds
′

sin(θs′ (t)). (1.78)

As can be seen, the general equations for θs(t) are quite formidable indeed. In order
gain further insight into the physics, it is always useful to focus on some simplifying
situation. We consider small deviations from equilibrium. We may see easily from
the Lagrange equations or otherwise, that a configuration that minimizes the total
potential energy is the equilibrium one. Thus we start with

δ(−ρ

∫ L

0
ds g

∫ s

0
ds
′

sin(θs′ )−m1(d−
∫ L

0
ds cos(θs))−m2

∫ L

0
ds sin(θs)) = 0.

(1.79)
In other words the equilibrium is achieved at θs = θ0

s , where(
−ρ

∫ L

0
ds
′
g θ(s

′
− s) cos(θ0

s )−m1 sin(θ0
s )−m2 cos(θ0

s )

)
= 0 (1.80)

or
(−ρ(L− s) g−m2) = m1 tan(θ0

s ). (1.81)

Substitute the formula for θs above into Eq. (1.73) to obtain formulas for the La-
grange multipliers,

m2 =−
gL
2

ρ (1.82)

d =
m1

gρ
Log

 gL
2 ρ+

√
m2

1 +
(gLρ)2

4

−gL
2 ρ+

√
m2

1 +
(gLρ)2

4

 . (1.83)

In order to study the dynamics we examine small deviations from the equilibrium
configuration: θs(t)= θ0

s + θ̃s(t). We may expand the Lagrangian with the Lagrange
multipliers and retain terms up to the second order in θ̃,

L(θ, θ̇) =
1
2

ρ

∫ L

0
ds (

∫ s

0
ds
′
∫ s

0
ds
′′ ˙̃

θs′ (t)
˙̃
θs′′ (t) cos(θ0

s′
−θ

0
s′′
) )

+ρ

∫ L

0
ds g

∫ s

0
ds
′ 1

2
sin(θ0

s′
) θ̃

2
s′
(t)

−1
2

m1

∫ L

0
ds
′

cos(θ0
s′
)θ̃2

s′
(t)− gL

2
ρ

∫ L

0
ds
′

sin(θ0
s′
)θ̃2

s′
(t) (1.84)

where,

ρg(s− L
2
) = m1 tan(θ0

s ). (1.85)

We further make the approximation that m1� ρgL
2 making θ0

s small. In this limit
we may solve for m1 explicitly.

d =
m1

gρ

(
2a
m1
− a3

3m3
1

)
(1.86)
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a = gL
2 ρ,

m2
1 ≈

(gL)3

8
ρ2

3(L−d)g
(1.87)

m1 being large then implies that L is only slightly larger than d.

L(θ, θ̇) =
1
2

ρ

∫ L

0
ds (

∫ s

0
ds
′
∫ s

0
ds
′′ ˙̃

θs′ (t)
˙̃
θs′′ (t))−

1
2

m1

∫ L

0
ds
′

θ̃
2
s′
(t) (1.88)

There is no loss of generality in assuming that θs(t) is periodic in s since we are
only interested in solutions in the region [0,L]. Hence we may write,

θ̃s(t) = ∑
n

ei 2πn
L s

ωn(t). (1.89)

One more simplification is desirable. We assert that the average deviation over the
length of the rope is zero. This means ωn=0 = 0; further, we also assert that ω−n =
ωn = ω∗n without loss of generality.

L(θ, θ̇) =
1
2

ρ ∑
n6=0

L3

(2πn)2 ω̇n(t) ω̇−n(t)−
1
2

m1L ∑
n

ωn(t) ω−n(t) (1.90)

The Lagrange equations read as follows.

ρ
L3

(2πn)2 ω̈n(t) =−m1L ωn(t) (1.91)

The solution may be written as follows:

ωn(t) = e
±i
√

m1
(2πn)2

ρL2 t
. (1.92)

Thus the general solution is,

θ̃s(t) = ∑
n

an e
i 2πn

L (s±
√

m1
ρ

t)
. (1.93)

We can see that this implies that the general motion of the rope is a superposition of
waves traveling along the rope with speed

√
m1
ρ

in either direction. This moderately
simple example shows that it is possible to study systems with infinite degrees
of freedom using the methods of Larangians just as well as systems with finitely
many degrees of freedom. In the exercises, the reader is invited to explore more
possibilities.

� Lest the reader go away with the impression that only systems that are related
to everyday tangible objects such as masses, springs, ropes, and pulleys are the
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basis for writing down continuum classical field theories, we give a slightly unusual
example. Consider the Lagrangian with q1(t)→ ψ(x, t) and q̇1(t)→ ∂tψ(x, t) ≡
ψ̇≡ ∂

∂t ψ(x, t) and q2(t)→ ψ∗(x, t) and q̇2(t)→ ∂tψ
∗(x, t)≡ ψ̇∗ ≡ ∂

∂t ψ∗(x, t),

L[ψ, ψ̇;ψ
∗, ψ̇∗] =

1
2

∫
∞

−∞

dx ψ
∗(x, t)(i

∂

∂t
+

~2

2m
∂2

∂x2 −V (x, t))ψ(x, t)

+
1
2

∫
∞

−∞

dx ψ(x, t)(−i
∂

∂t
+

~2

2m
∂2

∂x2 −V (x, t))ψ∗(x, t) (1.94)

The classical Lagrange equation of this Lagrangian is nothing but the Schrodinger
equation of quantum mechanics! (Prove this.) What does this mean ? What then
is the quantum version of this theory, if the classical equations already reproduce
quantum mechanics? The answer is that ψ(x, t) here represents not the wave func-
tion of a particle but the ‘coordinate’ of a matter field just as E(x, t) represents the
strength of the electric field, which we shall see later is the ‘coordinate’ in a La-
grangian whose Lagrange equations are the Maxwell equations of electrodynamics.
These matter fields then have excitations that may be identified with particles, just
as the excitations of the electromagnetic field are identified with photons. The main
advantage of such a point of view is that both material particles and quanta of force
carriers such as photons may be treated on an equal footing. This allows for the
possibility seen in nature that material particles may be created from the vacuum
by conversion of energy to matter. Clearly, this requires in addition the introduc-
tion of special relativity, but for the purposes of this problem it suffices to state that
since ψ(x, t) does not have the interpretation of a wave function, it is not required
to obey

∫
∞

−∞
dx ψ∗(x, t)ψ(x, t) = 1. This allows for the possibility that the number

of particles in the system is not fixed.

1.5 Variational Methods

Variational methods are perhaps historically the first application of what may be
termed functional calculus to physics. The variational method refers to an approach
where the desired solution of a problem is expressed as a function which minimizes
a certain functional (most interesting situations involve minimizing, but there may
be situations where we can only claim that the solution is extremal). The Brachis-
tochrone problem (see illustration) was an attempt to find the path that a particle
should take in order to reach from an elevated point in a gravitational field to an-
other point at a lower level in the shortest possible time. Fermat’s principle in optics
states that the path taken by light is the one that has the shortest optical path length,
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which allows for the derivation of Snell’s law. The Schrödinger equation of quan-
tum mechanics is expressible as a variational principle. Now we describe in detail
the Brachistochrone problem.

1.5.1 The Brachistochrone Problem

A Brachistochrone curve (Gr. brachistos ‘the shortest,’ chronos ‘time’), or path of
quickest descent, is the path between two points that is covered in the least time
by a point-like body that starts at the first point from rest and moves along the
curve frictionlessly to a second point at a lower level, under the action of constant
gravity. Mathematically, this problem is stated as follows. The rate of change of
velocity along the x and y directions are (the force equations),

m
dvx

dt
= N cos(θ) ; m

dvy

dt
= N sin(θ)−mg (1.95)

where N is the normal reaction exerted by the surface on which the mass is sliding
(see fig 1.9). We may eliminate N to write,

mdvy
dt +mg

mdvx
dt

= tan(θ) (1.96)

But, dx
dy =−tan(θ). In other words, vx =

dx
dt =−tan(θ) dy

dt =−tan(θ) vy. From sim-

ple trigonometry we may write vy = v cos(θ); vx =−v sin(θ) where v =
√

v2
x + v2

y

is the instantaneous speed of the mass. Thus the earlier equation becomes,

dvy +g dt
dvx

=−vx

vy
; (1.97)

rewriting this we get,
vy dvy +g vy dt =−vx dvx. (1.98)

But vydt = dy, thus after integration we obtain,

1
2

v2 +gy = const. (1.99)

This is nothing but conservation of energy. Of course, we could have started with
this but we just managed to show that the normal reaction does no work and there-
fore has no contribution to the total mechanical energy. Since the mass starts from
rest at a height H we may write,

v =
ds
dt

=
√

2g(H− y). (1.100)
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Customarily, the path is defined parametrically to be (x(s),y(s)) where s is the
distance along the curve. We may now integrate the above equation to get,∫ t f

ti
dt =

∫ s f

si

ds√
2g(H− y(s))

. (1.101)

The problem with this is that the length of the curve is not fixed, whereas the prob-
lem statement tells us that (xi,yi) = (0,H) and (x f ,y f ) = (L,0). Thus we have to
rewrite ds =

√
dx2 +dy2 = dx

√
1+ y′2(x). The time of flight is,

T =
∫ L

0
dx

√
1+ y′2(x)√

2g(H− y(x))
. (1.102)

The time of flight given by Eq. (1.102) depends on the path taken y(x). The ex-
tremum condition is (the proof that it is a minimum is left to the exercises),

δT = 0 (1.103)

where the variation is the difference between two paths y(x) and y(x)+ δy(x) that
both start at (xi,yi) and end at (x f ,y f ). Therefore δy(0) = δy(L) = 0. But we may
also write,

δT =
∫ L

0
dx

δT
δy(x)

δy(x)+
∫ L

0
dx

δT
δy′(x)

δy
′
(x). (1.104)

Now we integrate by parts to get,

δT =
∫ L

0
dx

δT
δy(x)

δy(x)+
∫ L

0
dx

d
dx

(
δT

δy′(x)
δy(x)

)
−

∫ L

0
dx δy(x)

d
dx

δT
δy′(x)

.

(1.105)
The middle term is the integral of a derivative so that it in the term is the bracket
evaluated at the end point which is zero, since δy(x) vanishes at both end points.
Thus the term that remains is,

δT =
∫ L

0
dx δy(x)

(
δT

δy(x)
− d

dx
δT

δy′(x)

)
. (1.106)

Since T is stationary, we must have δT = 0 for each path δy(x). The path with the
shortest time of flight obeys the Euler-Lagrange equation,

δT
δy(x)

− d
dx

δT
δy′(x)

= 0. (1.107)

Alternatively, if we write T =
∫ L

0 dx f (y(x),y
′
(x),x), then it is also true that,

∂ f (y(x),y
′
(x),x)

∂y(x)
− d

dx
∂ f (y(x),y

′
(x),x)

∂y′(x)
= 0. (1.108)
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– 1.0

– 0.5

0.0

0.5

1.0

Figure 1.9: The illustration shows how a mass sliding down a straight path lags
behind one that is sliding down a cycloidal path when both are released from rest
and from the same height.

where now ∂

∂y(x) is an ordinary partial derivative.

Direct substitution gives,

δT
δy′(x)

=
2y
′
(x)

2
√

1+ y′2(x)
√

2g(H− y(x))
(1.109)

δT
δy(x)

= 2g
√

1+ y′2(x)
1

2
√

2g(H− y(x))2g(H− y(x))
. (1.110)

After simplification, the Euler-Lagrange equation becomes,

2+3y
′2(x)+ y

′4(x)+2(−H + y(x))y
′′
(x) = 0. (1.111)

One can see that this equation is a second-order nonlinear differential equation,
something we wish to avoid. In fact, it is possible to write the relevant equation
much more simply by employing what is known as the Beltrami identity. According
to this identity, if the Lagrangian (or the quantity f in this write-up) is explicitly
independent of x (which means it depends on x only through y(x)) we may write,

f (y(x),y
′
(x))− y

′
(x)

∂ f (y(x),y
′
(x))

∂y′(x)
=C, (1.112)

where C is a constant.
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Proof of Beltrami identity: Consider

d
dx

(
f (y(x),y

′
(x),x)− y

′
(x)

∂ f (y(x),y
′
(x),x)

∂y′(x)

)

=
d f (y(x),y

′
(x),x)

dx
− y

′′
(x)

∂ f (y(x),y
′
(x),x)

∂y′(x)

−y
′
(x)

d
dx

∂ f (y(x),y
′
(x),x)

∂y′(x)
. (1.113)

We now use the Lagrange equation Eq. (1.108) to write,

d
dx

(
f − y

′
(x)

∂ f
∂y′(x)

)
=

d f
dx
− y

′′
(x)

∂ f
∂y′(x)

− y
′
(x)

∂ f
∂y(x)

. (1.114)

Next we note that

d f
dx

=
∂ f
∂x

+ y
′
(x)

∂ f
∂y(x)

+ y
′′
(x)

∂ f
∂y′(x)

. (1.115)

This means,

d
dx

(
f − y

′
(x)

∂ f
∂y′(x)

)
=

∂ f
∂x

(1.116)

as required.

.

This follows from the stronger version of the identity which states that the equation
obeyed by f is,

d
dx

(
f (y(x),y

′
(x),x)− y

′
(x)

∂ f (y(x),y
′
(x),x)

∂y′(x)

)
− ∂ f (y(x),y

′
(x),x)

∂x
= 0. (1.117)

The proof is given in the box. We shall focus only on its application. Therefore,

f − y
′
(x)

δ f
δy′(x)

=
1√

2g(H− y(x))
√

1+ y′2(x)
= const. (1.118)

This means for some constant A,

(H− y(x))(1+ y
′2(x)) = 2A. (1.119)

The solution to this is transparent in the following parametric form:

H− y(t) = A(1− cos(t)); x(t) = A(t− sin(t)). (1.120)
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To see this we evaluate,

dy
dx

=
dy
dt
dx
dt

=− sin(t)
(1− cos(t))

(1.121)

or,

1+ y
′2(x) = 1+

sin2(t)
(1− cos(t))2 = cosec[t/2]2. (1.122)

Thus,

(H− y(x))(1+ y
′2(x)) = A(1− cos(t))cosec[t/2]2 = 2A. (1.123)

Figure 1.10: A cycloid is the locus of points drawn by the tip of a spoke of a wheel
as the wheel rolls along the ground.

We have to now relate A to the given data, namely H,L. The initial point may be
chosen as t = 0 so that y(0) = H and x(0) = 0 as required. Now the final point is,

H− y(t f ) = A(1− cos(t f )) = H; x(t f ) = A(t f − sin(t f )) = L. (1.124)

The quantity A has to be determined from the above transcendental equation by
eliminating t f . This can only be done numerically.

1.5.2 Fermat’s Principle in Optics

As a second example, we consider Fermat’s principle in optics. This principle is
due to the French mathematician Pierre de Fermat. It states that the path taken by
light in moving from a starting point to a final point in a refracting medium is the
quickest one among all possibilities. If we denote by

T =
∫ B

A
dt =

∫ B

A

ds
v
. (1.125)

The velocity v of light in a medium depends on the refractive index. Typically we
have either two or more optically homogeneous media separated by boundaries that
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give rise to spatial dependence of the refractive index, or for example in an optical
fiber, it could be that the refractive index is a smooth function of the position. In
either case we write v = c

n where c is the speed of light in a vacuum and n is the
position-dependent refractive index. So the quantity to be minimized is,

T =
1
c

∫ B

A
n ds. (1.126)

Assume that the ray of light moves from (xA,yA,zA) to (xB,yB,zB). We choose to
parameterize the path as (x(z),y(z),z), i.e., in terms of the z-coordinate. In this case,

ds =
√

dx2 +dy2 +dz2 = |dz|
√

1+
(dx

dz

)2
+
(

dy
dz

)2

T =
1
c

∫ zB

zA

n(x(z),y(z),z)

√
1+
(

dx
dz

)2

+

(
dy
dz

)2

|dz|

≡
∫ zB

zA

dz u(z) f (x,y;x
′
,y
′
) (1.127)

where dz u(z) = |dz|. The function u(z) has the property that it is u(z) = +1 if
z is increasing in that segment of the path, and u(z) = −1 if z is decreasing in
that segment of the path. We have shown many times earlier that the path that
minimizes the time taken (‘action’) is the one that is the solution to the Euler-
Lagrange equations.

d
dz

u(z)
∂ f

∂x′(z)
= u(z)

∂ f
∂x(z)

;
d
dz

u(z)
∂ f

∂y′(z)
= u(z)

∂ f
∂y(z)

(1.128)

We may write,

f (x,y;x
′
,y
′
) =

1
c

n(x(z),y(z),z)

√
1+
(

dx
dz

)2

+

(
dy
dz

)2

. (1.129)

Thus, the path taken by light obeys the following equations:

d
dz

u(z) n(x(z),y(z),z)
x
′
(z)√

1+ x′2(z)+ y′2(z)

= u(z)
∂n(x(z),y(z),z)

∂x(z)

√
1+ x′2(z)+ y′2(z) (1.130)

d
dz

u(z) n(x(z),y(z),z)
y
′
(z)√

1+ x′2(z)+ y′2(z)
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Figure 1.11: A French lawyer, Pierre de Fermat (17 August 1601? to 12 January
1665) was an amateur mathematician who heavily influenced number theory, ana-
lytic geometry, and optics. His famous conjecture remained unsolved for more than
300 years and led to the development of algebraic number theory. He introduced
the principle of least time in optics, a version of which is found in Lagrangian and
Hamiltonian mechanics and is connected to Huygens principle of optics.

= u(z)
∂n(x(z),y(z),z)

∂y(z)

√
1+ x′2(z)+ y′2(z). (1.131)

We illustrate this method using two concrete examples. The first concerns the
derivation of the law of reflection. To do this, we imagine two homogeneous re-
gions. The first is z < 0, which a is vacuum, and z > 0, which is a perfect conduc-
tor. The interface z = 0 is a reflecting surface. This means that light only exists in
the region z < 0. Furthermore, we assert that the reflection takes place in the y = 0
plane. This means ∂n

∂x = ∂n
∂y = 0, so that we may deduce,

u(z)
x
′
(z)√

1+ x′2(z)
=C (1.132)

where C is some constant. This means,

x
′
(z) = m u(z) (1.133)

where m is some other constant. Consider now two situations, one where the beam
is approaching the interface and one where it is receding from the surface. In the



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

The Countable and the Uncountable 31

former case, z is increasing so that u(z) = 1. In the latter case z is decreasing so that
u(z) =−1. Thus while approaching the interface the path of the light beam is,

x(z) = mz+ x(0), (1.134)

and while receding it is
x(z) =−mz+ x(0). (1.135)

Figure 1.12: Fermat’s principle says that the time taken for light to traverse AOA
′

is a minimum when O is a point on the interface. Similarly time taken to traverse
AOB is a minimum.

This shows that the angle of incidence is equal to the angle of reflection, which
is nothing but the law of reflection. Next we derive Snell’s law of refraction. Here
too we consider two regions separated by an interface z = 0. The region z < 0 has
refractive index n1 and the region z > 0 has refractive index n2. As before, we
assume that the beam always propagates in the y = 0 plane. The one difference in
this situation is that u(z) = 1 always since the beam is always propagating in the
direction of increasing z. As before, ∂n

∂x = ∂n
∂y = 0. Putting all this together we get,

n(z)
x
′
(z)√

1+ x′2(z)
=C. (1.136)
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In region z < 0 we may write,

x
′
(z) =

C√
n2

1−C2
. (1.137)

In region z > 0 we may write,

x
′
(z) =

C√
n2

2−C2
. (1.138)

But we can see that
dx
dz

= Tan(θ), (1.139)

so that for z < 0,

x
′
(z) = Tan(θ1) =

C√
n2

1−C2
. (1.140)

and for z > 0,

x
′
(z) = Tan(θ2) =

C√
n2

2−C2
. (1.141)

Thus,
Csc(θ1) =

n1

C
; Csc(θ2) =

n2

C
. (1.142)

From this we get n1 sin(θ1) = n2 sin(θ2), which is nothing but Snell’s law.

1.5.3 Least Square Fit

We may use the variational method to approximate a set of data points with a func-
tion with prescribed properties. Consider a set of points L= {(xi,yi); i= 1,2, ...,N}
that we may consider are obtained from a set of N measurements of the pair x,y. We
may wish to relate y to x using some simple function, so that we may be able to infer
reasonable values for y at values of x which are not part of the list L of N measure-
ments. Or maybe we wish to find an approximate solution of a differential equation
by minimizing some measure of error. Typical of the latter type of problems in-
volves solving eigenvalue equations such as Aψ = λψ (such as Schrödinger’s equa-
tion) to find an eigenvalue. Let us consider the fitting problem involving the data
points first. Let us assume that the function we seek may be expressed as a lin-
ear combination of a finite number of ‘basis’ functions. That is, we shall assume
that f (x) = ∑

m
i=1 ciϕi(x) with known ϕi(x) and m, is a ‘good’ approximation of

the curve that passes close to each point in the list L. We have to define what we
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mean by a ‘good’ approximation. Intuitively, this is something that would mini-
mize the difference between yi and f (xi). This cannot be done at each xi, for that
would be practically useless since it would involve using as many basis functions
as there are data points. Thus one takes the point of view that the combined error,
perhaps defined as ∑

N
i=1 |yi− f (xi)| or, in a manner more amenable to algebraic

manipulations, ∑
N
i=1(yi− f (xi))

2, is to be minimized. It is important to appreci-
ate that the error should be thought of (and defined) as a positive quantity so that
minimizing it would mean the difference between yi and f (xi) is as close to zero
as possible rather than large and negative. Thus we wish to minimize the function
∆(c1,c2, ...,cm) = ∑

N
i=1(yi−∑

m
j=1 c jϕ j(xi))

2 with respect to the variables c j.

∂

∂c j
∆(c1,c2, ...,cm) =

∂

∂c j

N

∑
i=1

(yi−
m

∑
j=1

c jϕ j(xi))
2 = 0 (1.143)

Thus we see that we have to solve a linear system of m equations (typically much
smaller than the number of data points N) and obtain the coefficients ck.

N

∑
i=1

yiϕ j(xi)−
m

∑
k=1

ck

N

∑
i=1

ϕk(xi)ϕ j(xi) = 0 (1.144)

This uniquely fixes the function f (x), which passes ‘close’ to all the points in the
list L. Indeed it is frequently the case that this function does not pass through any
of the points in that list, but merely passes close to all of them.

Next we consider the question of solving the eigenvalue problem to find an eigen-
value. Consider a space of functions of a single variable (say). We also assume
a suitable inner product has been defined such as (ψ,φ) ≡

∫ b
a w(x)ψ(x)φ(x)dx

where w(x) is a weight function. Typically, for applications to quantum mechan-
ics we set w(x)≡ 1 and the interval [a,b] could either be finite (if periodic bound-
ary conditions are assumed) or be all of the real line. For applications to Sturm-
Liouville problems, w(x) is prescribed in the interval [a,b] (think of Legendre or
Hermite polynomials). Here we rewrite the equation Aψ = λψ in a weaker form
as λ = (ψ,Aψ)

(ψ,ψ) = ( f ,A f ), where f (x) = ψ(x)√
(ψ,ψ)

. Here A could be some differen-

tial operator such as d2

dx2 + u(x). As before, choose a set of basis functions so that
f (x) = ∑

m
k=1 ckϕk(x). Note that ( f , f ) = 1 so that we have to impose the constraint

∑
m
k,k′=1

ckck′
∫ b

a dx w(x)ϕk(x)ϕk′ (x) = 1 while minimizing. This means we have to
minimize,

λ = ( f ,A f ) =
m

∑
k,k′=1

ckck′

∫ b

a
dx w(x) ϕk(x)Aϕk′ (x) (1.145)
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Figure 1.13: A collection of data points being fit by a basis containing polynomials
of at most the second degree (source: Wikipedia).

with respect to variables ck subject to the said constraint. The well-known proce-
dure in calculus is to use the method of Lagrange multipliers. We write,

F [c]≡
m

∑
k,k′=1

ckck′Ak,k′ −µ
m

∑
k,k′=1

ckck′ tk,k′ . (1.146)

Minimizing means solving for c’s where ∂

∂ck
F [c] = 0. This means,

m

∑
k′=1

ck′Ak,k′ −µ
m

∑
k′=1

ck′ tk,k′ = 0, (1.147)

or, Det(A− µt) = 0. This has to be supplemented with the constraint condition
namely,

m

∑
k,k′=1

ckck′ tk,k′ = 1 (1.148)

From Eq. (1.145) we get

λ =
m

∑
k,k′=1

ckck′Ak,k′ (1.149)

From the eigenvalue equation Eq.(1.147) we get

λ =
m

∑
k,k′=1

ckck′Ak,k′ = µ
m

∑
k,k′=1

ckck′ tk,k′ = µ. (1.150)
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The last step follows upon enforcing the normalization constraint. Thus finding
λ is the same as finding an eigenvalue µ obeying Det(A− µt) = 0. The matrix
Ak,k′ being finite dimensional (m has to be small in order to make this procedure
more useful) is relatively easier to deal with than solving the full problem, which
involves an infinite dimensional matrix A (operator). A price must however be paid
for this simplification, namely the obtained eigenvalue may be only close to one
of the eigenvalues. Not only is the answer not an exact eigenvalue, it is not even
guaranteed to be the one we are interested in unless the choice of basis functions
was appropriate.

1.6 Exercises

Q.1 Verify all the steps leading up to Eq. (1.13).

Q.2 Generalize the concept of Legendre transformation to many variables.

Q.3 In thermodynamics, the entropy is a function of internal energy and volume and
number of particles S(E,N,V ). Perform a Legendre transformation with respect to
energy and obtain the transformed function keeping in mind that temperature T is
defined as 1

T = ∂S
∂E . Try out all other possibilities. Successively transform N (you

should get a chemical potential somewhere) and V (you should get pressure). Try
also transforming two variables together and finally all three of them. Can you rec-
ognize any of the transformed functions as the standard ones from thermodynamics
textbooks?

Q.4 Verify that the Lagrange equation of Eq. (1.94) is nothing but the familiar time-
dependent Schrodinger equation. Show that in this case, N(t) =

∫
dx ψ∗(x, t)ψ(x, t)

is independent of time. If we regard ψ(x, t) as a field obeying the classical field
equations of this Lagrangian, then the statement that N(t) is time independent is
true only in an average sense following Ehrenfest’s principle.

Q.5 The Brachistochrone problem showed that the path which ensures the time
of flight (Eq. (1.102)) an extremum is a cycloid. Prove that this extremum is a
minimum (the second derivative should be positive).

Q.6 Consider a rubber band whose ends are tied to two stubs separated by a dis-
tance equal to the relaxed length L of the band. When the band is plucked it is
going to vibrate. The problem is to find the tension T (λ, t) and the net strain en-
ergy contained in the band given that at t = 0 the displacement of each point λ

is x(λ,0) = L
10sin(λπ

L ) (for simplicity, in this question, assume that the band only
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oscillates along the length of the band). Model the rubber band as a collection of
closely spaced masses, where the (ρλ)-th mass is located at (x(λ, t),y(λ, t)) con-
nected to each other by springs with constant k such that in the continuum limit the
mass per unit length ρ is fixed, and the spring constant goes to infinity such that the
ratio of the spring constant and the number of masses is fixed.

Figure 1.14: The initial state of the rubber band in Q.5. The left half is stretched,
the right half is compressed and the ends are fixed.

Q.7 Imagine a child who holds the center of the band in Q.2 and pulls it in a
direction perpendicular to the band by a distance d� L and releases the band from
rest at t = 0. Describe the subsequent motion of the band. What are the physically
reasonable boundary conditions?

Q.8 How would you generalize Q.2 and Q.3 if the system in question were an
elastic membrane instead of a rubber band?

Q.9 Derive the equation for the shape of a slender rope hanging under its own
weight supported at two ends at the same level. This shape is called a catenary.

Figure 1.15: A rope with mass uniformly distributed along is length, hangs freely
supported at the ends only. The shape made is known as a catenary.
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The Countable and the Uncountable 37

Q.10 Show that for a fixed value of the perimeter of a closed curve, the shape of
the curve that maximizes the enclosed area is a circle. Conversely, show that for a
fixed area, the shape that minimizes the perimeter is a circle.

Q.11 Show that the function ψ(x) that minimizes the energy functional
E =

∫
dxψ∗(x)( p2

2m +V (x))ψ(x) and subject to the normalization constraint on the
wavefunction obeys Schrodinger’s wave equation.

Q.12 Derive an equation for ψ(x) that minimizes the energy functional
E =

∫
dxψ∗(x) p2

2mψ(x) subject to the normalization constraint and the Pauli block-
ing constraint that in momentum space, only momenta greater than the Fermi mo-
mentum are allowed. This would represent a free electron in a metal for example.

– 4 – 2 0 2 4

– 4

�– 2

0

2

4

Figure 1.16: A cross section of the cylinder with graded refractive index that ap-
proaches unity toward the edge of the cylinder.

Q.13 Imagine a cylindrical medium which has a graded refractive index, that is,
the speed of light changes in a smooth fashion in the medium from point to point
according to the formula v(r) = r

ac+ (a−r)
a

c
n , where a is the radius of the cylinder

and n is a constant (refractive index at r = 0). Using Fermat’s principle, find the
path of a beam that starts from the origin making an angle θ with the z-axis.

Q.14 Long long ago, in a galaxy far far away, there was a world where all beings,
including light itself, were confined to the transparent surface of a sphere of radius
R. This upper hemisphere had a refractive index n1 and the lower had a refractive
index n2. Using Fermat’s principle, derive Snell’s Law in this world. Have fun
imagining the multiple refractions that are inevitable in this example.

Q.15 The Euclidean distance between two points A and B in a plane is
dE =

√
(xA− xB)2 +(yA− yB)2. Show that the shape of the path connecting these

two points that minimizes dE is a straight line. The ‘Manhattan distance’ or ‘taxicab
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38 Field Theory

Figure 1.17: The distance between two locations in a residential city block is con-
strained by the nature of the main roads and cross roads (Q.14). The ‘taxicab path’
is not unique, whereas the straight line that minimizes the Euelidean distance is.

distance’ between two points A and B in a plane is dM = |xA−xB|+ |yA−yB|. What
is the shape of the path connecting these two points that minimizes dM?

Figure 1.18: The billiard table question.

Q.16 Imagine a rectangular billiard table of size ml0× nl0 (and m and n are rela-
tively prime integers) with only corner pockets. A billiard ball bounces off the sides
of the table elastically and obeys the law of reflection. Show that a ball sent at 450

from a corner will be pocketed in another corner after m+n−2 bounces.
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Q.17 Use Lagrange multipliers to solve the problem of a particle constrained to
move along a sphere in the presence of gravity. How should the multiplier be used
in a Lagrangian approach? Use an elementary approach (Newtonian dynamics) to
derive equations of motion for the same problem.

Q.18 Explain how you would find a fit for a sinusoidal function using polynomials
such as 1,x,x2, ... Specifically, find an explicit fit for f (x) = sin(x) using polyno-
mials from the basis {1,x,x2} in the interval x ∈ [0,π].
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Chapter 2

Symmetries and Noether’s Theorem

Symmetries are ubiquitous in nature. We admire the symmetrical and intricate pat-
terns on the wing of a butterfly, the simple and symmetrical ripples formed on the
surface of still water when a pebble is thrown and so on. Symmetries are not re-
stricted to visual objects. A piece of music where a phrase repeats periodically is
also symmetric and pleasing to the ear. We may define symmetry as a transforma-
tive property that makes an object possessing such a symmetry look (or feel, sound,
etc.) the same after the transformation. Objects that do not look the same after the
transformation are not symmetric under that transformation. For example, a palin-
drome is symmetric when the last letter is replaced by the first, the second to the
last by the second, and so on. But it is not symmetric under other transformations
such as the interchange of oddly and evenly located alphabets.

We could imagine more abstract kinds of symmetries. Typical among these are
mathematical transformations that leave certain physical quantities unchanged. In
the present context, what we have in mind are continuous transformations of the
generalized coordinates that leave the Lagrangian of the system unchanged. If q(t)
denotes the collection of all generalized coordinates, then we may imagine trans-
forming them by the application of some continuous transformation that changes
them to qs(t). Here s is a continuous parameter that facilitates the transforma-
tion. We may assert that at s = 0 the generalized coordinates are as before namely,
qs=0(t) ≡ q(t). Upon changing the value of s, the coordinates become something
else. To give a concrete example, let us take the generalized coordinates to be the
simple two-dimensional Cartesian coordinates (x(t),y(t)). In this case we may
imagine a continuous transformation that makes x(t) → xθ(t) and y(t) → yθ(t)
where xθ(t) = cos(θ) x(t) + sin(θ) y(t) and yθ(t) = −sin(θ) x(t) + cos(θ) y(t).
Here θ is a continuously changing parameter. In a general context we may imagine
this transformation leaving the Lagrangian or the Hamiltonian of the system un-
changed. Mathematically, this symmetry just means L(qs(t), q̇s(t)) ≡ L(q(t), q̇(t))

41
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42 Field Theory

Figure 2.1: Diagram showing two different definitions of distance between two
points. The familiar Euclidean distance and the ‘Manhattan distance’, which is the
sum of the lengths of the horizontal and vertical segments that make up the zigzag
path. The former is invariant under continuous rotations, but the latter only under
discrete rotations by a right angle. This illustrates the notions of continuous and
discrete symmetry.

where we may choose qs=0(t) ≡ q(t). In the Hamiltonian formulation we would
have H(qs, ps) = H(q, p). Therefore, even though the coordinates change under the
transformation, the Lagrangian (Hamiltonian) does not. In this case this transforma-
tion is called a symmetry of the Lagrangian (Hamiltonian). We shall describe some
examples shortly. But this information is sufficient for us to derive a conservation
law. First we discuss the Lagrangian framework.

2.1 Noether’s Theorem in a
Lagrangian Setting

As we mentioned earlier, a symmetry of the Lagrangian means that L(qs(t), q̇s(t))
is independent of s even though qs(t) depends on s. This means we may write,

d
ds

L(qs(t), q̇s(t)) = 0. (2.1)

We may use the chain rule of multi-variable calculus to rewrite this as,

d
ds

L(qs(t), q̇s(t)) =
d
ds

L(qs(t), q̇s(t))
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Symmetries and Noether’s Theorem 43

Figure 2.2: Daughter of the German mathematician Max Noether, Emmy Noether
(23 March 1882 to 14 April 1935) is arguably considered to be the greatest female
mathematician of all time. The theorem in mathematical physics that bears her
name connects two of the most important guiding principles in modern physics:
symmetry and conservation laws. She made fundamental contributions to number
fields, representation theory of groups, commutative rings, etc.

=

(
dqs(t)

ds
∂L(qs(t), q̇s(t))

∂qs(t)
+

dq̇s(t)
ds

∂L(qs(t), q̇s(t))
∂q̇s(t)

)
= 0 (2.2)

(Note that an expression such as dqs(t)
ds

∂L(qs(t),q̇s(t))
∂qs(t)

is shorthand for

∑
N
j=1

dq j
s(t)
ds

∂L(qs(t),q̇s(t))
∂q j

s(t)
, assuming there are N generalized coordinates). Now, La-

grange equations tell us that,

∂L(qs(t), q̇s(t))
∂qs(t)

=
d
dt

∂L(qs(t), q̇s(t))
∂q̇s(t)

. (2.3)

Substituting this into Eq. (2.2) we may rewrite the left-hand side as,

0 =
dqs(t)

ds
d
dt

∂L(qs(t), q̇s(t))
∂q̇s(t)

+
dq̇s(t)

ds
∂L(qs(t), q̇s(t))

∂q̇s(t)
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44 Field Theory

=
d
dt

(
dqs(t)

ds
∂L(qs(t), q̇s(t))

∂q̇s(t)

)
. (2.4)

The last result follows since we may interchange the derivatives with respect to t
and s so that d

dt
dqs(t)

ds = dq̇s(t)
ds . Therefore, associated with this symmetry, there is a

conservation law—the existence of a quantity that is time independent.

d
dt

Q = 0 (2.5)

Here Q is known as the Noether’s constant associated with this symmetry. The
explicit formula for this may be read out from the earlier equation, namely (without
loss of generality we may set s = 0),

Q =

(
N

∑
j=1

dq j
s(t)

ds
∂L(qs(t), q̇s(t))

∂q̇ j
s(t)

)
s=0

. (2.6)

It is easy to see why only continuous symmetries lead to conservation laws in this
framework. We may imagine discrete symmetries—an example would be if the
Lagrangian is an even function of the generalized coordinates and their derivatives
L(−q(t),−q̇(t)) = L(q(t), q̇(t)). There is no continuous parameter associated with
this symmetry that we may differentiate with respect to. Hence, the tools of calculus
may not be exploited to arrive at a conservation law. One could also do the reverse.
Given a conserved quantity, we may wish to examine what symmetry leads to this
conservation law. This is ascertained by inverting Eq. (2.6) assuming the Noether

constant Q and Lagrangian L are known, leading to an evaluation of dq j
s(t)
ds .

Some examples may illustrate these points. Imagine a particle acted on by a central
force in three dimensions. In this case the Lagrangian of the particle is,

L(r, ṙ) =
1
2

mṙ 2−V (r). (2.7)

Imagine a transformation r(t)→ rs(t) ≡ Ms r(t) where Ms is a 3× 3 orthogonal
matrix (and r(t) is a column vector with three rows). Since there is a (continuous)
infinity of such orthogonal matrices, we have chosen to parameterize using the
index s. Then it is clear that since Ms is time independent, ṙs(t)≡Ms ṙ(t), and also
since Ms is orthogonal, ṙ 2

s (t) ≡ ṙ 2(t) and also r ≡ |r(t)| ≡ |rs(t)| = rs. Therefore
we may write,

L(rs, ṙs) = L(r, ṙ). (2.8)

Therefore the orthogonal transformation (simple rotation) is a symmetry of the La-
grangian of a free particle in the presence of a central force. We wish to see what
kind of conserved quantities emerge. We may write down a constant of the motion
since Noether’s theorem tells us (from Eq.(2.6)) that Q is a constant where,

Q =

(
drs(t)

ds
· ∂L(rs(t), ṙs(t))

∂ṙs(t)

)
s=0

. (2.9)
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Here ∂L(rs(t),ṙs(t))
∂ṙs(t)

is a vector obtained by formally differentiating L with respect to
ṙs(t). Further progress is not possible without a concrete realization of the matrix
Ms in terms of the continuous parameter s. We choose to think of s as the angle
of rotation about some chosen axis denoted by n̂. Here s is the single real param-
eter that changes whereas n̂ is fixed. Therefore for each axis n̂ we expect to find a
Noether constant. Thus we are going to obtain a family of constants of the motion
parameterized by the unit vector n̂. Let us write r = r‖+ r⊥, where r‖ = (r · n̂)n̂
and r⊥ = r− (r · n̂)n̂. Upon rotation by an angle s about the axis n̂, it is clear that
r‖ remains unchanged, but r̂⊥, which has two linearly independent components,
rotates by an angle s in a plane perpendicular to axis n̂.

rs(t) = r‖(t)+ rs,⊥(t) (2.10)

Thus

Q =

(
drs,⊥(t)

ds
· m ṙs(t)

)
s=0

. (2.11)

We now postulate the right-handed mutually orthogonal unit vectors that we shall
use as a basis : (ê1, ê2, n̂). Thus we may write, r⊥(t) = r⊥,1(t) ê1+r⊥,2(t) ê2. Upon
rotation these components become r⊥,s(t) = r⊥,1,s(t) ê1 + r⊥,2,s(t) ê2.

r⊥,1,s(t) = cos(s)r⊥,1(t)+ sin(s)r⊥,2(t) (2.12)

r⊥,2,s(t) =−sin(s)r⊥,1(t)+ cos(s)r⊥,2(t) (2.13)
Since r⊥ is perpendicular to r‖ we should be able to write,

Q =

(
drs,⊥(t)

ds
· m ṙs,⊥(t)

)
s=0

. (2.14)

From the equations that describe rotation of the coordinate system (Eq. (2.13)) we
may conclude,

d
ds

r⊥,1,s(t) = r⊥,2,s(t) ;
d
ds

r⊥,2,s(t) =−r⊥,1,s(t). (2.15)

Hence,
d
ds

rs(t) = r⊥,2,s(t) ê1− r⊥,1,s(t) ê2. (2.16)

Therefore,

Q = (r⊥,2,s(t) ê1− r⊥,1,s(t) ê2) · m (ṙ⊥,1,s(t) ê1 + ṙ⊥,2,s(t) ê2) (2.17)

= m(r⊥,2,s(t) ṙ⊥,1,s(t)− r⊥,1,s(t) ṙ⊥,2,s(t)) =−(rs(t)×mṙs(t)) · n̂ = (r×p)−n̂.
(2.18)

Thus, Noether’s constant is the component of the angular momentum along −n̂.
Since n̂ was any unit vector, this means that the angular momentum vector itself
is a conserved quantity. Thus Noether’s theorem allows us to deduce conserved
quantities starting from known symmetries of the Lagrangian. The idea here is that
symmetries being intuitive in nature, even the abstract kind involving mathematical
expressions, they are easier to guess than the conserved quantities themselves.
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2.2 Noether’s Theorem in a Hamiltonian Setting

As in the Lagrangian approach, in the Hamiltonian approach too, symmetry
means the function that determines the time evolution of the system (in this case
the Hamiltonian) is unchanged even though the phase space variables change
with respect to some continuous variable s. Thus, even though (p,q)→ (ps,qs),
H(qs, ps) = H(q, p) so that,

d
ds

H(ps,qs) = 0. (2.19)

We wish to simplify the left-hand side so that it is rewritten as the time derivative
of some other quantity, thereby allowing us to derive a conserved quantity. To this
end we use the chain rule to write,

d
ds

H =
dq
ds

∂H
∂q

+
d p
ds

∂H
∂p

. (2.20)

But we know from an earlier chapter that,

dq
ds

=
∂G
∂p

;
d p
ds

=−∂G
∂q

. (2.21)

where G is the generator of the transformation (q, p)→ (qs, ps). Thus we have,

d
ds

H =
∂G
∂p

∂H
∂q
− ∂G

∂q
∂H
∂p

= {H,G}. (2.22)

Thus the symmetry implies,
{H,G}= 0. (2.23)

But we also know that
d
dt

G = {G,H}. (2.24)

Putting these together we conclude that G = const. Thus, a symmetry such as Eq.
(2.19) leads to a conserved quantity such as G. The reader is encouraged to re-
derive the results of the earlier section using the Hamiltonian approach.

2.3 Dynamical Symmetries

We have shown earlier how the angular momentum is a generator of rotations. We
just showed, using Noether’s theorem in the Lagrangian framework, that angular
momentum is a conserved quantity (that is, time independent) provided the La-
grangian is invariant under rotations. In the context of the inverse square force, it is
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well known that there is another vector conserved quantity known as the Laplace-
Runge-Lenz vector (LRL vector). Just as simple rotations is the symmetry behind
the conservation of angular momentum, we wish to ascertain what transformation
is the symmetry that leads to the conservation of the LRL vector. To answer this
effectively, we consider Noether’s theorem in the Hamiltonian setting. Before we
do this, it is proper to write down an expression for the conserved LRL vector. This
refers to a situation where a body of mass m orbits a much more massive object so
that the force acting on this body is − k

r2 r̂. The LRL vector is defined as,

A = p×L−mkr̂, (2.25)

where p is the linear momentum and L is the angular momentum. We now show
by direct computation that this quantity is conserved. Upon performing the time
derivative, keeping in mind that the angular momentum vector is conserved we
obtain,

d
dt

A =−k
r̂
r2 × (r×p)− mk

r
d
dt

r+
mk
r3 (r · dr

dt
)r

=−k
1
r2 [r(r̂ ·p)−p(r̂ · r)]− mk

r
d
dt

r+
mk
r3 (r · dr

dt
)r = 0. (2.26)

The last result follows from the observation p = mdr
dt .

Figure 2.3: This is a parametric plot of (px, py) with α being the parameter over
the same range as in the earlier plot. This reproduces the well-known result that the
momentum vector traces out a circle in case of the inverse square force.

Since we have shown that the LRL vector is constant (time independent), we
may set the generator of the symmetry responsible for conserving this vector,
G ≡ α = f (Ax,Ay), where f is some suitable function of the components. It is
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useful to choose α = tan−1
(

Ay
Ax

)
. There is a good physical reason for this choice.

The magnitude of the LRL vector is related to other conserved quantities such as
angular momentum and total energy. It is the direction of this vector that is a new
conserved quantity distinct from the others just mentioned. The above choice en-
sures that α represents the angle made by the LRL vector with some chosen x-axis.
Now that we know the generator of the symmetry transformation, all that remains
is to ascertain the details of the symmetry, namely the s-dependence of the mapping
(q, p)→ (qs, ps). We write as usual,

dx
ds

=
∂α

∂px
;

d px

ds
=−∂α

∂x
;

dy
ds

=
∂α

∂py
;

d py

ds
=−∂α

∂y
. (2.27)

These have to be solved using α = Tan−1(Ay/Ax) where,

Ax = py(xpy−ypx)−mk
x√

x2 + y2
; Ay =−px(xpy−ypx)−mk

y√
x2 + y2

. (2.28)

Figure 2.4: This is a parametric plot of (x,y) with α as the parameter.

One may see that this transformation mixes components of momenta with compo-
nents of position. This is unlike simple rotations where the components of position
transform independently of components of momentum. A parametric plot shows
the evolution. Just as time was the evolution parameter conjugate to the Hamilto-
nian in that case, here the evolution parameter is the angular momentum conjugate
to the conserved α, which is the angle made by the A vector on the x-axis.

2.4 Symmetries in Field Theories

In case of fields, a myriad of different possibilities emerge as a choice of the sym-
metry transformation. This is due to the index that counts the number of degrees
of freedom that in the case of fields, becomes a continuous variable. A continuous
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variable can be scaled by any factor, even differentiated upon, thereby allowing
many more possibilities. To see some examples consider,

L[θ, θ̇] =
1
2

∫
∞

−∞

dx

(
1
c2

(
∂θ(x, t)

∂t

)2

−
(

∂θ(x, t)
∂x

)2
)
. (2.29)

Set θs(x, t) = θ(x+ s, t). It is easy to see that,

L[θs, θ̇s] = L[θ, θ̇]. (2.30)

From Noether’s theorem it follows that the conserved quantity is,

Q =

(∫
∞

−∞

dx
dθs(x, t)

ds
δL

δθ̇s(x, t)

)
s=0

. (2.31)

Notice that the symbol x counts the number of degrees of freedom. Since it is a
continuous variable, it follows that there are a continuous infinity of degrees of
freedom consistent with a field theory. Noether’s theorem demands that we sum
over all those degrees of freedom in order to obtain a conserved quantity. Thus the
conserved quantity is,

Q =
1
c2

∫
∞

−∞

dx
∂θ(x, t)

∂x
∂θ(x, t)

∂t
. (2.32)

It is easy to verify directly that this quantity is time independent. A direct differen-
tiation gives,

d
dt

Q =
1
c2

∫
∞

−∞

dx
∂2θ(x, t)

∂x∂t
∂θ(x, t)

∂t
+

1
c2

∫
∞

−∞

dx
∂θ(x, t)

∂x
∂2θ(x, t)

∂t2 . (2.33)

We now use the equation of motion, in this case the wave equation to rewrite the
above relation as,

d
dt

Q =
1
c2

∫
∞

−∞

dx
∂2θ(x, t)

∂x∂t
∂θ(x, t)

∂t
+

∫
∞

−∞

dx
∂θ(x, t)

∂x
∂2θ(x, t)

∂x2 (2.34)

=
1

2c2

∫
∞

−∞

dx
∂

∂x

(
∂θ(x, t)

∂t

)2

+
1
2

∫
∞

−∞

dx
∂

∂x

(
∂θ(x, t)

∂x

)2

= 0 (2.35)

since we are going to assume that the fields and all their derivatives vanish at infin-
ity. It must be stressed that the conservation law applies only in conjunction with
the equation of motion, whereas the symmetry of the Lagrangian is independent
of whether the variables obey the Lagrange equations. The former situation where
the Lagrange equations are assumed is known as an ‘on shell’ condition. The latter,
more general situation is known as ‘off shell’. Thus we say that the symmetry of
the Lagrangian is valid off shell whereas Noether’s theorem is valid on shell.
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As a next example, we consider a scalar field in three dimensions.

L[θ, θ̇] =
1
2

∫
d3x

(
1
c2

(
∂θ(x, t)

∂t

)2

− (∇xθ(x, t))2

)
. (2.36)

Now consider the transformation θs(x, t) = θ(Msx, t) where Ms is an orthogonal
3×3 matrix. Now we wish to examine,

L[θs, θ̇s] =
1
2

∫
d3x

(
1
c2

(
∂θ(Msx, t)

∂t

)2

− (∇xθ(Msx, t))2

)
. (2.37)

Set Msx ≡ y. Since the Jacobian of the transformation is unity we get d3x ≡ d3y.
Further, ∇x = Ms∇y. Therefore,

L[θs, θ̇s] =
1
2

∫
d3y

(
1
c2

(
∂θ(y, t)

∂t

)2

− (Ms∇yθ(y, t))2

)
. (2.38)

The square of Ms times any vector should be equal to the square of that vector since
Ms is an orthogonal matrix. Thus we see that L[θs, θ̇s] = L[θ, θ̇]. From this we may
write down Noether’s constant as,

Q =
∫

d3x
(

dθs(x, t)
ds

δL
δθ̇(x, t)

)
s=0

. (2.39)

The generalized momentum is easy to write down

δL
δθ̇(x, t)

=
1
c2

(
∂θ(x, t)

∂t

)
, (2.40)

whereas the derivative with respect to the flow variable is

d
ds

θs(x, t) =
d
ds

θ(Msx, t) =
dMsx

ds
d

dMsx
θ(Msx, t) =

dMsx
ds
· (∇yθ(y, t))y=Msx.

(2.41)
From this we may write Noether’s constant as,

Q =
∫

d3x
(

dMs

ds
x
)

s=0
· (∇xθ(x, t))

1
c2

∂θ(x, t)
∂t

. (2.42)

Specifically consider rotations about the z-axis.

M =

 cos(s) sin(s) 0
−sin(s) cos(s) 0

0 0 1

 (2.43)
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Therefore,

(
dM
ds

x ·∇
)

s=0
=

 0 1 0
−1 0 0
0 0 0

 x
y
z

T


∂

∂x
∂

∂y
∂

∂z

 (2.44)

=

 y
−x
0

T


∂

∂x
∂

∂y
∂

∂z

= y
∂

∂x
− x

∂

∂y
. (2.45)

Therefore,

Q =
∫

d3x
(
(y

∂

∂x
− x

∂

∂y
)θ(x, t)

)
1
c2

∂θ(x, t)
∂t

. (2.46)

Evaluating the rate of change of Q and using the wave equation
1
c2

∂2

∂t2 θ = ∇2θ, we get,

dQ
dt

=
∫

d3x
(
(y

∂

∂x
− x

∂

∂y
)
∂θ(x, t)

∂t

)
1
c2

∂θ(x, t)
∂t

+
∫

d3x
(
(y

∂

∂x
− x

∂

∂y
)θ(x, t)

)
∇

2
θ(x, t). (2.47)

This may be rewritten as,

dQ
dt

=
1

2c2

∫
d3x (y

∂

∂x
− x

∂

∂y
)

(
∂θ(x, t)

∂t

)2

+
∫

d3x (y
∂θ(x, t)

∂x
− x

∂θ(x, t)
∂y

)∇2
θ(x, t). (2.48)

The first of these terms is clearly zero since
∫

dydz
∫

∞

−∞
dx ∂

∂x(...)

=
∫

dxdz
∫

∞

−∞
dy ∂

∂y(...) = 0. Thus, only the second term has to be evaluated. Con-
sider, ∫

d3x y
∂θ(x, t)

∂x
∇

2
θ(x, t) = (2.49)∫

d3x y
∂θ(x, t)

∂x
∂2

∂x2 θ(x, t)+
∫

d3x y
∂θ(x, t)

∂x
∂2

∂y2 θ(x, t)

+
∫

d3x y
∂θ(x, t)

∂x
∂2

∂z2 θ(x, t) =
1
2

∫
d3x y

∂

∂x

(
∂θ(x, t)

∂x

)2

+
∫

d3x y
∂θ(x, t)

∂x
∂2

∂y2 θ(x, t)− 1
2

∫
d3x y

∂

∂x

(
∂θ(x, t)

∂z

)2

. (2.50)
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Of these, the first and the last terms on the right-hand side above are zero for reasons
similar to the one already alluded to. To simplify the middle term we make use of
integration by parts to write,∫

d3x y
∂θ(x, t)

∂x
∂2

∂y2 θ(x, t) =−
∫

d3x yθ(x, t)
∂

∂x
∂2

∂y2 θ(x, t)

=−
∫

d3x [
∂2

∂y2 (yθ(x, t))]
∂

∂x
θ(x, t)

=−2
∫

d3x
∂

∂y
θ(x, t)

∂

∂x
θ(x, t)−

∫
d3x y

∂2θ(x, t)
∂y2

∂

∂x
θ(x, t). (2.51)

Notice that the term on the extreme left and the term on the extreme right of the
above chain of identities are equal apart from the sign. Thus we may write for this
term, ∫

d3x y
∂θ(x, t)

∂x
∂2

∂y2 θ(x, t) =−
∫

d3x
∂θ(x, t)

∂y
∂θ(x, t)

∂x
. (2.52)

Similarly, ∫
d3x x

∂θ(x, t)
∂y

∇
2
θ(x, t) =

∫
d3x x

∂θ(x, t)
∂y

∂2

∂x2 θ(x, t)

=−
∫

d3x
∂θ(x, t)

∂y
∂θ(x, t)

∂x
. (2.53)

Thus,

dQ
dt

=
∫

d3x (y
∂θ(x, t)

∂x
− x

∂θ(x, t)
∂y

)∇2
θ(x, t) =−

∫
d3x

∂θ(x, t)
∂y

∂θ(x, t)
∂x

+
∫

d3x
∂θ(x, t)

∂y
∂θ(x, t)

∂x
= 0. (2.54)

As a last example we choose the Lagrangian,

L[A, Ȧ] =
1
2

∫
d3x

3

∑
i=1

(
1
c2

(
∂Ai(x, t)

∂t

)2

− (∇xAi(x, t))2

)
. (2.55)

Here A ≡ (A1,A2,A3) is a three-dimensional vector in three-dimensional space.
We now consider the transformation A(x, t)→ As(x, t) = MsA(x, t) where Ms is
an orthogonal 3× 3 matrix. It is clear that L[As, Ȧs] = L[A, Ȧ]. From this we may
deduce the conserved quantity as,

Q =
∫

d3x
(

dMs

ds
A(x, t)

)
s=0
· 1

c2
∂A(x, t)

∂t
. (2.56)
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As before, we specialize to rotation about the z-axis and this tells us that this quan-
tity is nothing but

∫
d3x(A× ∂tA)z. This is true for each direction, therefore the

vector conserved quantity is,

Q =
∫

d3x (A(x, t)×∂tA(x, t)). (2.57)

� The idea of symmetries leading to conservation laws as described above is
confined to continuous symmetries. However, there are examples where discrete
symmetries also lead to conservation laws. There does not appear to be a general
formalism to explore this, but we give an example nonetheless. Consider a Hamil-
tonian with a periodic potential, say, in one dimension H(x, p) = p2

2m +V (x) such
that V (x+a) =V (x). Since a is a fixed quantity, this is a discrete symmetry rather
than a continuous one. It is therefore not possible to directly use the formalism
developed so far. However, we may revert to Newtonian mechanics to answer this
question quite simply. The total energy is conserved since the Hamiltonian is time
independent. Therefore,

E =
1
2

mv2(x)+V (x). (2.58)

The implication is that the trajectory x(t) is assumed to be invertible (even if the
potential V (x) is periodic, the motion need not be) or at most not invertible at a
finite number of points, which may be ignored since they contribute a vanishingly
small interval while integrating with respect to these variables. Thus we may also
write t(x) without any ambiguity. Therefore ẋ(t)≡ ẋ(t(x))≡ v(x). Now we invoke
the condition on V (x) that it is periodic. This implies, v2(x+ a) = v2(x). We now
introduce the quantity which has dimensions of momentum,

π(x)≡ 1
a

∫ x+a

x
dy |m v(y)|. (2.59)

Here, x is the time-dependent location of the particle, hence π(x) is potentially time
dependent. We now show that it is not. In other words, it is a constant of the motion.
To see this differentiate with time,

d
dt

π(x) =
1
a

ẋ(t) m (|v(x+a)|− |v(x)|) = 0. (2.60)

Thus this quantity is conserved and is different from the total energy, which is
another conserved quantity. While the total energy is conserved for any time-
independent Hamiltonian, the present quantity (analogous to ‘crystal momentum’
in solid-state physics) is conserved solely as a result of the spatial periodicity of the
potential energy. This quantity is also familiar as the classical action between end
points x and x+ a, π(x) ≡ S =

∫ x+a
x |p(y)|dy ≡

∫ x+a
x

√
2m(E−V (y))dy. We con-

clude with the observation that in the limit when there is no periodic potential, viz.
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a→ 0, the conserved quantity in Eq. (2.59) becomes identical to the (magnitude
of) usual momentum.

2.5 Exercises

Q.1 We know that if the Lagrangian changes by a total time derivative under some
transformation, the action is unchanged. Even in this situation there is a conserved
quantity. What is it? (Assume a form of the transformation, L(qs, q̇s)− L(q, q̇) =
F(qs,q̇s)

dt ).

Q.2 Give an example wherein a rotational symmetry of a Lagrangian becomes a
translational symmetry upon making a canonical transformation of the coordinates.

Q.3 A Lagrangian L(q, q̇) is invariant under a scale transformation qs(t) = sq(t).
Find such a Lagrangian. What is the Noether constant associated with this symme-
try?

Q.4 Generalize the above question when there are n generalized coordinates.

Q.5 Imagine a potential energy function V (x,y) that is unchanged when the rotation
about the z-axis is by 2π

n and multiples thereof (n is an integer). In this case, find
the conserved quantity associated with this symmetry.

Q.6 Imagine a Lagrangian L(xµ(s), ẋµ(s)) ≡ 1
2mẋµ(s)ẋµ(s)−V (xµxµ). This is in-

variant under Lorentz transformations. Find the Noether constant associated with a
Lorentz boost in the x-direction. What does this constant mean?

Q.7 Consider a particle moving on a d-dimensional hypersphere. Write down the
Lagrangian for this. What symmetries does this Lagrangian possess? What are the
corresponding Noether constants?
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Chapter 3

The Electromagnetic Field and
Stress Energy Tensor

The most familiar example of a relativistic field theory is the electromagnetic field.
We wish to think of the Maxwell equations as the Lagrange equations of a suit-
able Lagrangian. The aim is to find this suitable Lagrangian. Next by examining
the symmetries of the Lagrangian we may write down conserved quantities via
Noether’s theorem. But first we begin with a description of the relativistic na-
ture of the electromagnetic field. We wish to convince the reader that hidden in
the equations that describe everyday phenomena are the seeds of special relativity.
Historically, the observation that these equations are not compatible with Galilean
relativity is what led to the development of special relativity.

3.1 Relativistic Nature of the Electromagnetic Field

We show in this section that the equations of electromagnetism (Maxwell’s equa-
tions) are compatible with Lorentz transformations but not Galilean transforma-
tions. We purposely avoid using four-vector notation from the start as it hides some
details about how the transformations actually work. Many students find these quite
mysterious and it is hoped that an explicit demonstration component-wise, though
clumsy is nevertheless illuminating. The electromagnetic field is described by two
vectors E and B. These are determined by the solutions of Maxwell’s equation that
involve sources of these field, namely, current and change densities j and ρ, respec-
tively.

First we show that jµ = (ρ, jx, jy, jz) transforms as a four-vector in the sense of

55
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Figure 3.1: James Clerk Maxwell (13 June 1831 to 5 November 1879) was a
Scottish mathematician and the leading figure of one of the greatest revolutions
in physics—the theory of electromagnetism. He unified the equations governing
electricity and magnetism into one framework and studied the properties of elec-
tromagnetic waves. He contributed greatly to the kinetic theory of gases and is as-
sociated with the Maxwell-Boltzmann distribution. He laid the foundation of color
photography.

special relativity. This means (for boosts in the x-direction),

ρ
′
(r
′
, t
′
) = γ(ρ(r, t)− v

c2 jx(r, t)); j
′
x(r

′
, t
′
) = γ( jx(r, t)− vρ(r, t)) (3.1)

and the y and z components are unchanged. Remember that xµ = (x0,x1,x2,x3) =
(t,x,y,z) whereas, xµ = (x0,x1,x2,x3) = (t,−x,−y,−z). To derive the transfor-
mation law of the four-current let us start with the equation of continuity (using
Einstein’s summation convention),

∂

∂xµ jµ =
∂

∂t
ρ+∇ · j = 0. (3.2)

Since we expect the Lorentz transformation to be linear we write,

ρ
′
(r
′
, t
′
) = c00 ρ(r, t)+ c01 jx(r, t); j

′
x(r

′
, t
′
) = c11 jx(r, t)+ c10 ρ(r, t). (3.3)

We know that,

x
′0 = γ(x0− vx1

c2 ); x
′1 = γ(x1− vx0); x

′2 = x2; x
′3 = x3. (3.4)

Inverted, this reads,

x0 = γ(x
′0 +

vx
′1

c2 );x1 = γ(x
′1 + vx

′0). (3.5)
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(In passing we note, x
′
0 = γ(x0 +

vx1
c2 );−x

′
1 = γ(−x1− vx0)). This means,

∂

∂x′0
=

∂x0

∂x′0
∂

∂x0 +
∂x1

∂x′0
∂

∂x1 = γ(
∂

∂x0 + v
∂

∂x1 );−
∂

∂x′1
= γ(− ∂

∂x1 −
v
c2

∂

∂x0 ) (3.6)

∂

∂x′2
=

∂

∂x2 ;
∂

∂x′3
=

∂

∂x3 . (3.7)

We want the equation of continuity to read the same in all frames. Hence we must
have,

∂

∂x0′ ρ
′
+

∂

∂x1′ j
′
x =

∂

∂x0 ρ+
∂

∂x1 jx. (3.8)

Inserting Eq. (3.3) and Eq. (3.6) into Eq. (3.8) we get,

γ(
∂

∂x0 + v
∂

∂x1 )[c00 ρ(r, t)+ c01 jx(r, t)] (3.9)

−γ(− ∂

∂x1 −
v
c2

∂

∂x0 )[c11 jx(r, t)+ c10 ρ(r, t)] =
∂

∂x0 ρ+
∂

∂x1 jx. (3.10)

This leads to the following equations:

γc00 + γ
v
c2 c10 = 1 ; vc00 + c10 = 0 (3.11)

c01 +
v
c2 c11 = 0 ; γvc01 + γc11 = 1. (3.12)

Thus c00 = c11 = γ, c10 = −vγ, c01 = − v
c2 γ. Now we wish to see how the electric

and magnetic fields should transform under Lorentz transformations. Consider the
two equations (Gauss’s Law and Ampere’s Law),

∇.E = 4πρ;∇×B =
4π

c
j+

1
c

∂E
∂t

(3.13)

In the Lorentz transformed frame it is,

∇
′
.E
′
= 4πρ

′
;∇
′
×B

′
=

4π

c
j
′
+

1
c

∂E′

∂t ′
. (3.14)

We may now substitute the transformed operators into Eq. (3.14)

∂

∂x′1
E
′
x +

∂

∂x′2
E
′
y +

∂

∂x′3
E
′
z = 4πρ, (3.15)

and,
∂

∂x′2
B
′
z−

∂

∂x′3
B
′
y = (∇

′
×B

′
)x =

4π

c
j
′
x +

1
c

∂E
′
x

∂x′0
(3.16)

∂

∂x′3
B
′
x−

∂

∂x′1
B
′
z = (∇

′
×B

′
)y =

4π

c
j
′
y +

1
c

∂E
′
y

∂x′0
(3.17)
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∂

∂x′1
B
′
y−

∂

∂x′2
B
′
x = (∇

′
×B

′
)z =

4π

c
j
′
z +

1
c

∂E
′
z

∂x′0
. (3.18)

Now we substitute Eq. (3.1) into the right hand side of Eq. (3.14) and Eq. (3.15)
and reexpress ρ, j in terms of the unprimed electric and magnetic fields.

γ(
∂

∂x1 +
v
c2

∂

∂x0 )E
′
x +

∂

∂x2 E
′
y +

∂

∂x3 E
′
z = 4πγ(ρ− (

v
c2 ) jx) (3.19)

∂

∂x2 B
′
z−

∂

∂x3 B
′
y =

4π

c
γ( jx− vρ)+

1
c

γ(
∂

∂x0 + v
∂

∂x1 )E
′
x (3.20)

∂

∂x3 B
′
x− γ(

∂

∂x1 +
v
c2

∂

∂x0 )B
′
z =

4π

c
jy +

1
c

γ(
∂

∂x0 + v
∂

∂x1 )E
′
y (3.21)

γ(
∂

∂x1 +
v
c2

∂

∂x0 )B
′
y−

∂

∂x2 B
′
x =

4π

c
jz +

1
c

γ(
∂

∂x0 + v
∂

∂x1 )E
′
z (3.22)

But we also know that,

∂

∂x1 Ex +
∂

∂x2 Ey +
∂

∂x3 Ez = 4πρ (3.23)

and
∂

∂x2 Bz−
∂

∂x3 By =
4π

c
jx +

1
c

∂Ex

∂x0 (3.24)

∂

∂x3 Bx−
∂

∂x1 Bz =
4π

c
jy +

1
c

∂Ey

∂x0 (3.25)

∂

∂x1 By−
∂

∂x2 Bx =
4π

c
jz +

1
c

∂Ez

∂x0 (3.26)

We may eliminate ρ, j from Eq. (3.20) using Eq. (3.24). For example if we replace
ρ and jx from Eq. (3.20) ,

∂

∂x2 B
′
z−

∂

∂x3 B
′
y =

γ(
∂

∂x2 Bz−
∂

∂x3 By−
1
c

∂Ex

∂x0 )−
v
c

γ(
∂

∂x1 Ex +
∂

∂x2 Ey +
∂

∂x3 Ez)+
1
c

γ((
∂

∂x0 + v
∂

∂x1 )E
′
x)

(3.27)
Since each derivative is independent we must have,

Ex = E
′
x (3.28)

Similarly,
Bx = B

′
x (3.29)

and
B
′
z = γ(Bz−

v
c

Ey) (3.30)
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B
′
y = γ(By +

v
c

Ez) (3.31)

. If we look at Eq. (3.18),

γ(
∂

∂x1 +
v
c2

∂

∂x0 )E
′
x +

∂

∂x2 E
′
y +

∂

∂x3 E
′
z

= γ(
∂

∂x1 Ex +
∂

∂x2 Ey +
∂

∂x3 Ez)− γ
v
c
(

∂

∂x2 Bz−
∂

∂x3 By−
1
c

∂Ex

∂x0 ), (3.32)

we find after matching term by term,

E
′
y = γ(Ey−

v
c

Bz) (3.33)

E
′
z = γ(Ez +

v
c

By). (3.34)

Thus we know how all the components of the electric and magnetic fields transform
under Lorentz transformation. Now consider the quadratic expressions,

E
′2
x +E

′2
y +E

′2
z = E2

x + γ
2(Ey−

v
c

Bz)
2 + γ

2(Ez +
v
c

By)
2 (3.35)

B
′2
x +B

′2
y +B

′2
z = B2

x + γ
2(By−

v
c

Ez)
2 + γ

2(Bz−
v
c

Ey)
2. (3.36)

Taking the difference, we find E′2−B′2 = E2−B2. Thus the difference E2−B2

is a Lorentz invariant. Similarly, we may show that E.B is also a Lorentz invari-
ant. We know that the electric and magnetic fields can be expressed in terms of
potentials. Now we wish to ascertain how the potentials transform under Lorentz
transformations.

E =−∇φ− 1
c

∂

∂t
A (3.37)

B = ∇×A (3.38)

Focus on the electric field,

E
′
x =−

∂

∂x′1
φ
′
− 1

c
∂

∂x′0
A
′
x = γ(

∂

∂x1 −
v
c2

∂

∂x0 φ
′
)− 1

c
γ(

∂

∂x0 + v
∂

∂x1 )A
′
x (3.39)

E
′
y =−

∂

∂x′2
φ
′
− 1

c
∂

∂x′0
A
′
y =−

∂

∂x2 φ
′
− 1

c
γ(

∂

∂x0 + v
∂

∂x1 )A
′
y (3.40)

E
′
z =−

∂

∂x′3
φ
′
− 1

c
∂

∂x′0
A
′
z =−

∂

∂x3 φ
′
− 1

c
γ(

∂

∂x0 + v
∂

∂x1 )A
′
z. (3.41)

But we know that,

E
′
x = Ex =−

∂

∂x1 φ− 1
c

∂

∂x0 Ax (3.42)
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Figure 3.2: A self-taught English mathematician and physicist, Oliver Heaviside
(18 May 1850 to 3 February 1925) was heavily influenced by Maxwell’s treatise
on electromagnetism and gave Maxwell’s equations the vector form that we com-
monly see today. He studied electric circuits and discovered a technique for solving
differential equations.

E
′
y = γ(Ey−

v
c

Bz) = γ(− ∂

∂x2 φ− 1
c

∂

∂x0 Ay−
v
c

∂

∂x1 Ay +
v
c

∂

∂x2 Ax) (3.43)

E
′
z = γ(Ez +

v
c

By) = γ(− ∂

∂x3 φ− 1
c

∂

∂x0 Az +
v
c

∂

∂x3 Ax−
v
c

∂

∂x1 Az). (3.44)

After equating the two sets of equations we find,

− ∂

∂x1 φ− 1
c

∂

∂x0 Ax = (−γ
∂

∂x1 φ
′
− γ

v
c2

∂

∂x0 φ
′
)− 1

c
γ(

∂

∂x0 A
′
x + v

∂

∂x1 A
′
x). (3.45)

or
Ax = γ(A

′
x +

v
c

φ
′
);φ = γ(φ

′
+

v
c

A
′
x);Ay = A

′
y;Az = A

′
z. (3.46)

The inverse is,

A
′
x = γ(Ax−

v
c

φ);φ
′
= γ(φ− v

c
Ax);A

′
y = Ay;A

′
z = Az. (3.47)

Thus (φ

c ,Ax,Ay,Az) = Aµ is a contra-variant four-vector. Since we have obtained a
four-vector, we may construct a rank two tensor by taking derivatives with respect
to the coordinates. Define Fµν = ∂µAν−∂νAµ where ∂µ≡ ∂

∂xµ
. These quantities may
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be thought of as components of a 4×4 matrix whose components are as follows:

Fµν =


0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 . (3.48)

We see that F i,0 = Ei where i = 1,2,3 and E1 ≡ Ex, etc. This is will be used in the
subsequent example.

� A Lorentz transformation from (x, t) to (x
′
, t
′
) preserves the indefinite metric (no

fixed sign), namely x2− c2t2 = x
′2− c2t

′2. We wish to make Lorentz four-vectors
resemble Euclidean vectors so that a Lorentz transformation becomes an orthogonal
transformation and we may exploit symmetries under orthogonal transformations.
This means that the time components of four-vectors all get a multiplicative factor
of i. In the preceding discussion we saw that Fk,0 = Ek. In Euclidean space, Fk,0→
iFk,0, so that Ek→ iEk. The Euclidean field tensor then becomes,

Fµν =


0 −iEx −iEy −iEz

iEx 0 −Bz By
iEy Bz 0 −Bx
iEz −By Bx 0

 . (3.49)

This matrix is such that the function P(λ) = Det[F −λ1] is unchanged under or-
thogonal transformations (similarity transformation with orthogonal matrices) of
the matrix F . In this case, P(λ) is the following polynomial:

P(λ) = λ
4−λ

2(E2−B2)− (E ·B)2. (3.50)

Since the above should be unchanged under orthogonal transformations for each λ,
it follows that E2−B2 and E ·B are unchanged under the orthogonal transformation
in the Euclidean space (with imaginary time). This transformation is nothing but the
usual Lorentz transformation in actual time. Hence E ·B and E2−B2 are Lorentz
invariants.

� Show that the Lorentz force equation (in special relativity) can be written in a
covariant form,

d pα

dτ
=

q
c

uβ Fαβ, (3.51)

where pα = muα = mdxα

dτ
is the four-momentum and xµ = (ct,x,y,z) and

xµ = (ct,−x,−y,−z). Also c2 dτ2 = dxµ dxµ is the proper time. The easiest way to
show this is to multiply both sides of Eq. (3.51) by dτ (and later divide by dt) and
specialize to the case when α = i = 1,2,3 in which case, F i0 = −∂iφ− 1

c
∂

∂t Ai =
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Ei=x,y,z and F12 =−B3 =−Bz and all cyclic permutations, with F i j =−F ji. What
is the physical meaning of Eq. (3.51) when α = 0 ?

Here is the procedure. After multiplying by dτ, dividing by dt, and setting α = k =
1,2,3, we get (uβ dτ = dxβ),

d pk

dt
=

q
c

dxβ

dt
Fkβ =

q
c

dx0

dt
Fk0 +

q
c ∑

j

dx j

dt
Fk j. (3.52)

But dx j
dt =−dx j

dt =−v j. Hence,

d p1

dt
= q Ex +

q
c

vy Bz−
q
c

vz By = qEx +
q
c
(v×B)x. (3.53)

All other components are similar; hence, the Lorentz force is q(E+ v
c ×B). When

α = 0,
d p0 =

q
c

dxβ F0β = ∑
j=1,2,3

q
c

dx j F j0 =
q
c

dx ·E. (3.54)

But p0 = E/c where E is the energy of the particle. Hence,

dE= dx · (qE). (3.55)

This is saying that the change in energy of the particle is because of the work done
by the electric field in displacing the particle by an amount dx. The displacement
is perpendicular to the magnetic force, hence the magnetic force does not do any
work.

� Show that the equation Eq. (3.51) in the earlier question is nothing but the
Lagrange equation of the Lagrangian,

L(x, ẋ) =−mc
√

ẋµ(τ)ẋµ(τ)+
q
c

ẋµ(τ) Aµ(x). (3.56)

We start with,

∂L
∂ẋα

=−mc
∂

∂ẋα

√
ηµν ẋµ(τ)ẋν(τ)+

q
c

∂ẋµ

∂ẋα
Aµ(x)

=−mc ẋα (ηµν ẋµ(τ)ẋν(τ))−
1
2 +

q
c

Aα(x) (3.57)

∂L
∂xα

=
q
c

ẋµ(τ)
∂Aµ(x)

∂xα
. (3.58)
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The definition of proper time is such that ẋµẋµ = c2. Hence,

d
dτ

∂L
∂ẋα

=−m ẍα +
q
c

d
dτ

Aα(x) =−mc ẍα +
q
c

ẋµ(τ)
∂Aα(x)

∂xµ . (3.59)

Equating the two we get,

m ẍα =
q
c

ẋµ(τ) (
∂Aα(x)

∂xµ −
∂Aµ(x)

∂xα
), (3.60)

or
d pα

dτ
=

q
c

uµ(τ) Fαµ, (3.61)

where pα = muα and uα = ẋα.

3.2 Lagrangian of the EM Field

Consider the four Maxwell equations in CGS units.

∇ ·E = 4πρ ; ∇ ·B = 0 (3.62)

∇×E =−1
c

∂B
∂t

; ∇×B =
4π

c
J+

1
c

∂E
∂t

(3.63)

We wish to think of these as the Lagrange equations of a suitable Lagrangian.
For this we have to identify suitable generalized coordinates. It is well known
that these equations may be simplified and reduced considerably by working with
potentials—scalar and vector potentials. They are defined as E = −∇φ− 1

c
∂A
∂t and

B = ∇×A. The four Maxwell equations reduce to two.

−∇
2
φ− 1

c
∂t∇ ·A = 4πρ (3.64)

∇(∇ ·A)−∇
2A+

1
c

∂

∂t
(∇φ+

1
c

∂A
∂t

) =
4π

c
J (3.65)

We identify the generalized coordinates as qi → (φ(r),A(r)) where the vector r
plays the role of the index i. Just as we would have written L(Q, Q̇) = ∑i Li(Q, Q̇)
if we had many degrees of freedom, we may suspect that the Lagrangian would be
of the form,

L =
∫

d3r L(Q, Q̇)+
∫

d3r ρ(r, t)φ(r, t)+
1
c

∫
d3r J(r, t) ·A(r, t) (3.66)
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where i→
∫

d3r and Q→ (φ(r, t),A(r, t)) and Q̇→ ∂tφ(r, t),∂tA(r, t). We have
explicitly separated the source terms since they appear naturally. To see this, we
write the Lagrange equations,

∂t
δL

δ∂tφ(r, t)
=

δL
δφ(r, t)

; ∂t
δL

δ∂tA(r, t)
=

δL
δA(r, t)

. (3.67)

An examination of the first of the equations suggests that we have to choose L to
be independent of ∂tφ. A choice of Lagrangian such as,

L =− 1
4π

∫
d3r

′
φ(r

′
, t)(4πρ(r

′
, t)+

1
2

∇
′2

φ(r
′
, t)+

1
c

∂t∇
′
·A(r

′
, t))

+L
′
(A,∂tA) (3.68)

reproduces Gauss’s Law. To see this, we differentiate with respect to φ(r, t) and set
equal to zero,

δL
δφ(r, t)

=

− 1
4π

∫
d3r

′ δφ(r ′, t)
δφ(r, t)

(4πρ(r
′
, t)+

1
2

∇
′2

φ(r
′
, t)+

1
c

∂t∇
′
·A(r

′
, t))

− 1
4π

∫
d3r

′
φ(r

′
, t)

δ

δφ(r, t)
(4πρ(r

′
, t)+

1
2

∇
′2

φ(r
′
, t)+

1
c

∂t∇
′
·A(r

′
, t)). (3.69)

If we were dealing with systems with a finite number of degrees of free-
dom we would write δqi(t)

δq j(t)
= δi, j, in the present case we should instead write,

δφ(r,t)
δφ(r′ ,t)

= δ(r− r ′), namely the Dirac delta function. The second term reads as
follows,∫

d3r
′
φ(r

′
, t)

δ

δφ(r, t)
(
1
2

∇
′2

φ(r
′
, t)) =

∫
d3r

′
φ(r

′
, t)

1
2

∇
′2

δ(r− r
′
)

=
∫

d3r
′
(∇
′2

φ(r
′
, t))

1
2

δ(r− r
′
) =

1
2
(∇2

φ(r, t)). (3.70)

The last result follows from integration by parts :
∫

f ∇2g =−
∫

∇ f ·∇g =
∫

g∇2 f .
Thus this term added to the first term reproduces Gauss’s Law. The part of the
Lagrangian involving the vector potential may be deduced as follows. First, it is
easy to suspect that,

∂t
δL

δ∂tA(r, t)
= ∂t

1
c2

∂

∂t
A. (3.71)

From Eq. (3.65) we have,

∂t
1
c2

∂

∂t
A =

4π

c
J−∇(∇ ·A)+∇

2A−∇
1
c

∂

∂t
φ. (3.72)
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Combining with the Lagrange equations we get,

δL
δA(r, t)

=
4π

c
J−∇(∇ ·A)+∇

2A−∇
1
c

∂

∂t
φ (3.73)

δL
δ∂tA(r, t)

=
1
c2 ∂tA(r, t). (3.74)

This may be integrated to give,

4πL =
4π

c

∫
d3r

′
J(r

′
, t) ·A(r

′
, t)− 1

2

∫
d3r

′
A(r

′
, t) ·∇

′
(∇
′
·A(r

′
, t))

+
1

2c2

∫
d3r

′
(∂tA(r

′
, t))2 +

1
2

∫
d3r

′
A(r

′
, t) ·∇

′2A(r
′
, t)

−
∫

d3r
′
A(r

′
, t) ·∇

′ 1
c

∂

∂t
φ(r

′
, t)+L

′
(φ). (3.75)

A comparison of Eq. (3.68) and Eq. (3.75) shows that the overall Lagrangian may
be written as,

4πL =−
∫

d3r
′
φ(r

′
, t)(4πρ(r

′
, t)+

1
2

∇
′2

φ(r
′
, t)+

1
c

∂t∇
′
·A(r

′
, t))+

+
4π

c

∫
d3r

′
J(r

′
, t) ·A(r

′
, t)− 1

2

∫
d3r

′
A(r

′
, t) ·∇

′
(∇
′
·A(r

′
, t))

+
1

2c2

∫
d3r

′
(∂tA(r

′
, t))2 +

1
2

∫
d3r

′
A(r

′
, t) ·∇

′2A(r
′
, t). (3.76)

It is left to the reader to verify that this may be written more compactly as,

L =−
∫

d3r
′
φ(r

′
, t)ρ(r

′
, t)+

1
c

∫
d3r

′
J(r

′
, t) ·A(r

′
, t)

+
1

8π

∫
d3r

′
(E2(r

′
, t)−B2(r

′
, t)). (3.77)

One may alternatively describe the dynamics using the Hamiltonian. As is well
known, the two are related via a Legendre transformation. We have to first identify
the canonical momentum. This is defined as,

PA(r, t) =
δL

δ∂tA(r, t)
. (3.78)

Since the Lagrangian does not depend on the time derivative of the scalar poten-
tial, there is no need to introduce the canonical momentum in that case. Using the
Lagrangian we just derived for the electromagnetic field, we may conclude that,

PA(r, t) =−
1

4πc
E(r, t). (3.79)
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Legendre’s transformation tells us that,

H(φ,A;PA) =
∫

d3r PA(r, t) ·∂tA(r, t)−L. (3.80)

Therefore,

H(φ,A;PA) =
1

4π

∫
d3r

′
φ(r

′
, t)(4πρ(r

′
, t)−∇

′
·E(r

′
, t))

−1
c

∫
d3r

′
J(r

′
, t) ·A(r

′
, t)+

1
8π

∫
d3r

′
(E2(r

′
, t)+B2(r

′
, t)). (3.81)

Here E is the same as PA apart from a factor of −1/c and of course, B = ∇×A.
This expression is ‘off-shell’. This means it is valid independent of whether the
fields obey Maxwell equations. Indeed, the (Hamilton) equations of motion of this
Hamiltonian would be the Maxwell equations. They are,

0 =
δH(φ,A;PA)

δφ(r ′, t)
(3.82)

∂

∂t
A =

δH(φ,A;PA)

δPA(r
′
, t)

(3.83)

and,
∂

∂t
PA =−δH(φ,A;PA)

δA(r ′, t)
. (3.84)

It is well known that the Hamiltonian of a time-independent system is nothing but
the total energy. First we note that on-shell, the first term in Eq. (3.81) is zero due
to Gauss’ Law. Next we may see that there are two pieces, the first involving the
external current. This is nothing but the Joule heating energy. The second one is the
energy contained in the electromagnetic field.

3.2.1 Gauge Symmetry and Conservation Laws

We now wish to examine the symmetries of the Lagrangian and see what kind of
conserved quantities emerge. The first symmetry we wish to study is the gauge
symmetry. This is a somewhat different kind of symmetry in that it is a functional
symmetry. Unlike the others we have encountered so far that involve a few param-
eters, this involves a whole function. Thus instead of obtaining a few conserved
quantities, we obtain a local conservation law.

Gauge symmetry means we impose the condition that the action or the time inte-
gral of the Lagrangian in Eq. (3.77) is invariant under the transformation φ(r, t)→
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φ(r, t)− 1
c ∂tξ(r, t) and A(r, t)→ A(r, t)+∇ξ(r, t). Now we wish to see what kind

of conservation law this implies. Thus using Eq. (3.77) we may deduce,

L(φ− 1
c

∂tξ,A+∇ξ;∂tA+∇∂tξ)−L(φ,A;∂tA) = (3.85)∫
d3r

′ 1
c

∂tξ(r
′
, t)4πρ(r

′
, t)+

4π

c

∫
d3r

′
J(r

′
, t) ·∇ξ(r

′
, t). (3.86)

We impose the condition that the action S =
∫ t f

ti dt L be invariant under these gauge
transformations. This transformation keeps the end points fixed so that ξ(r, ti) =
ξ(r, t f ) = 0. It means,

0 = S(a f ter−gauge− trns f )−S(be f ore−gauge− trns f )

=
∫ t f

ti
dt (L(φ− 1

c
∂tξ,A+∇ξ;∂tA+∇∂tξ)−L(φ,A;∂tA)) = 0. (3.87)

After integrating by parts in both space and time, these observations imply,

0 =−
∫

d3r
′
∫ t f

ti
dt (

4π

c
∂tρ(r

′
, t)+

4π

c
∇ ·J(r

′
, t))ξ(r

′
, t). (3.88)

Since ξ(r′, t) is arbitrary, we must have,

∂tρ(r, t)+∇ ·J(r, t) = 0. (3.89)

Notice that the resulting statement about conservation is a local one. This is nothing
but the statement of charge conservation which follows upon integrating over a
volume bounded by a surface where the component of the current density normal
to the surface, vanishes. Therefore, imposition of gauge symmetry on an action
with sources automatically implies charge conservation. We have seen that for the
action to be gauge invariant, it is sufficient for the sources to obey a conservation
law and the source-free part of the action depend on the electric and magnetic fields
rather than the potentials directly. A term such as a(x)E(x) ·B(x) is both quadratic
in the gauge-invariant fields and is also Lorentz invariant provided a(x) is a Lorentz
scalar. Thus it may be added to the source-free Lagrangian density to describe what
are known as axions. If a(x) is a constant, then this extra term does not contribute to
the dynamical equations, but it does so when it is a variable. Recent developments
in topological insulators have made this an important subject in condensed matter
physics.

3.3 Stress Energy Tensor of the EM Field

We just showed that a local conservation law for sources may be derived by us-
ing functional symmetries of the full Lagrangian. Now we show that a generalized
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version of the continuity equation for the EM field alone may be derived by tak-
ing into account the lack of an explicit dependence of the Lagrangian density of
a source-free electromagnetic field on space and time (the dependence is only im-
plicit through the fields). To do this we start with the Lagrangian of the electromag-
netic field without sources,

L =
1

8π

∫
d3r (E2−B2). (3.90)

Thus the Lagrangian density is,

L=
1

8π
(E2−B2). (3.91)

This Lagrangian density is explicitly independent of the position and time coordi-
nates (it depends on (x, t) only through E and B). One may regard the Lagrangian
density as a function of the derivatives of the four-vector potential ∂νAρ. In fact, the
Lagrange equations may be rewritten as,

∂ν

δL

δ∂νAρ

=
δL

δAρ

, (3.92)

where summation over repeated indices is implied. Here ∂ν ≡ ∂

∂xν . First we rewrite
the Lagrangian density in a four-vector notation.

L=− 1
16π

FµνFµν, (3.93)

where Fµν = ∂µAν−∂νAµ. The reader may easily verify that this is correct by writ-
ing out all the components. Since L is explicitly independent of Aρ, the resulting
Lagrange equation is nothing but,

∂
ν
∂νAρ = 0. (3.94)

The stress energy tensor, also known as the energy momentum tensor is a quantity
that may be thought of as a 4×4 matrix that has the property that its four-divergence
vanishes whenever the Lagrangian density does not explicitly depend on the posi-
tion and time coordinates. At this stage we prefer to derive an expression for this in
a more general manner. For instance, the Lagrangian could also depend on the fields
themselves as this happens when photons are regarded as being massive. This is not
entirely a hypothetical situation as it is realized when light interacts with matter. For
massive photons, a Lagrangian known as Proca’s Lagrangian may be introduced:

L[∂A,A] =− 1
16π

FµνFµν +
(mc)2

8π~2 AµAµ. (3.95)
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The equation for motion would then become Proca’s equation,

∂µ∂
µAν−∂

ν(∂µAµ) =−(mc)2

~2 Aν. (3.96)

The reason why we consider this now is because the Lagrangian depends both on
the derivative of the fields and the fields themselves, which makes it slightly more
general than the usual electromagnetic field. Now consider the following fact. The
Lagrangian density L[A,∂A] is explicitly independent of the position and time co-
ordinates. This means the Lagrangian depends on the position and time on through
the fields. Therefore,

∂µL[A,∂A]≡ (∂µAρ(x))
δL[A,∂A]

δAρ(x)
+(∂µ∂νAρ(x))

δL[A,∂A]
δ∂νAρ(x)

. (3.97)

Using the Lagrange equation for the first term on the right-hand side we get,

∂µL[A,∂A]≡ (∂µAρ(x))∂ν

δL[A,∂A]
δ∂νAρ(x)

+(∂µ∂νAρ(x))
δL[A,∂A]
δ∂νAρ(x)

= ∂ν[(∂µAρ(x))
δL[A,∂A]
δ∂νAρ(x)

]. (3.98)

We may now rewrite this as,

∂ν

(
[(∂µAρ(x))

δL[A,∂A]
δ∂νAρ(x)

]−L[A,∂A]δν
µ

)
= 0. (3.99)

Therefore, there exists a tensor called the energy momentum tensor or stress energy
tensor of the electromagnetic field that may be written as,

T̃ ν
µ = (∂µAρ)

∂L

∂(∂νAρ)
−δ

ν
µL, (3.100)

such that it four-divergence vanishes.

∂νT̃ ν
µ = 0 (3.101)

The only problem with this definition in Eq. (3.100), it is not symmetrical in the
indices µ,ν. To make it symmetrical, we have to add another appropriate rank two
tensor that also obeys the same conservation law. To find out which one, we have
to first rewrite the Lagrangian in a four-vector notation. Henceforth, we focus on
massless photons. We choose to define Aµ = (φ,Ax,Ay,Az). This means we have to
multiply the time component by c in the position four-vector also : xµ = (ct,x,y,z).

E =−∇φ− 1
c

Ȧ ; B = ∇×A (3.102)
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Or,
Ei =−(∂iA0)− (∂0Ai). (3.103)

If n(1,2) = 3,n(2,3) = 1,n(3,1) = 2, then,

Bn(i, j) = ∂iA j−∂ jAi (3.104)

B2 =
1
2 ∑

i, j
(∂iA j−∂ jAi)2 (3.105)

L=
1

8π
(∑

i
(−(∂iA0)− (∂0Ai))2− 1

2 ∑
i, j
(∂iA j−∂ jAi)2)

=− 1
16π

(∂µAν−∂νAµ)(∂
µAν−∂

νAµ) =− 1
16π

FµνFµν (3.106)

where Fµν = (∂µAν−∂νAµ). Now it is quite easy to calculate T̃ ν
µ.

∂L

∂(∂νAρ)
=− 1

4π

∂Fµσ

∂(∂νAρ)
Fµσ =− 1

4π
Fνρ (3.107)

Thus,

T̃ ν
µ =−

1
4π

(∂µAρ)Fνρ +δ
ν
µ

1
16π

FσρFσρ. (3.108)

As we can see, this is not symmetric in the indices µ,ν. To make it symmetric, we
first write this with both the indices on top on the left.

T̃ µν =− 1
4π

(∂νAρ)Fµ
ρ +η

µν 1
16π

FσρFσρ (3.109)

Then we add the following new tensor,

S̃µν =
1

4π
(∂ρAν)Fµ

ρ . (3.110)

Then this becomes,

T µν = T̃ µν + S̃µν =− 1
4π

FνρFµ
ρ +

1
16π

η
µν FσρFσρ, (3.111)

which is clearly symmetric as the product of F’s is symmetric. The only thing that
remains is to show that this procedure does not violate the conservation law. For
this we first start with the Lagrange equation:

∂ν

∂L

∂(∂νAµ)
=

∂L

∂Aµ
= 0. (3.112)
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The RHS is zero because L depends only on the derivatives of A and not directly
on A. This is true only for Lagrangian without sources. This means,

∂νFνµ = 0. (3.113)

First we rewrite,

T̃ µ
ν =−

1
4π

(∂νAρ)Fµρ +δ
µ
ν

1
16π

FσρFσρ (3.114)

S̃µ
ν =

1
4π

(∂ρAν)Fµρ. (3.115)

It is easy to see that ∂µS̃µ
ν = 0.

∂µS̃µ
ν =

1
4π

(∂ρ∂µAν)Fµρ +
1

4π
(∂ρAν)∂µFµρ (3.116)

But ∂ρ∂µ is symmetric under the exchange of µ,ρ, and Fµρ is antisymmetric. Since
both these indices are being summed over, the answer is zero. The term ∂µFµρ = 0
from the Lagrange equation. Hence ∂µS̃µ

ν = 0. Now we have to verify that ∂µT̃ µ
ν = 0.

∂µT̃ µ
ν =−

1
4π

(∂ν∂µAρ)Fµρ− 1
4π

(∂νAρ)∂µFµρ +
1

8π
(∂νFσρ)Fσρ (3.117)

We know that ∂µFµρ = 0. If we write

∂µAρ =
1
2
(∂µAρ−∂ρAµ)+

1
2
(∂µAρ +∂ρAµ), (3.118)

we should retain only the antisymmetric part as this is multiplying Fµρ in the first
term, which is antisymmetric. Hence,

∂µT̃ µ
ν =−

1
8π

(∂νFµρ)Fµρ +
1

8π
(∂νFσρ)Fσρ = 0. (3.119)

Now we show that T 0ν has an easily identifiable physical meaning.

T 0ν =− 1
4π

FνρF0
ρ +

1
16π

η
0ν FσρFσρ (3.120)

Here,

T 00 =− 1
4π

F0iF0
i +

1
16π

FσρFσρ (3.121)

and, say,

T 03 =− 1
4π

F3ρF0
ρ =− 1

4π
F31F0

1 −
1

4π
F32F0

2 . (3.122)

We know, F0i = (∂0Ai−∂iA0) = (1
c

∂

∂t Ai+∇iφ) =−Ei and F0
i = (−1

c
∂

∂t Ai−∇iφ) =

Ei. Also − 1
8π
(E2−B2) = 1

16π
FσρFσρ. Hence,

T 00 =
1

4π
E2− 1

8π
(E2−B2) =

1
8π

(E2 +B2) = u, (3.123)
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which is nothing but the energy density of the electromagnetic field in CGS units.
Now if we examine,

F31 = ∂
3A1−∂

1A3 =−∂Ax

∂z
+

∂Az

∂x
=−By (3.124)

F32 = ∂
3A2−∂

2A3 =−
∂Ay

∂z
+

∂Az

∂y
= Bx. (3.125)

Hence,

T 03 =
1

4π
ByEx−

1
4π

BxEy =
1

4π
(E×B)z. (3.126)

Thus T 0i is proportional to the i− th component of the Poynting vector S = c
4π
(E×

B). The conservation law:

0 = ∂νT 0ν =
1
c

∂

∂t
T 00 + ∑

i=1(x),2(y),3(z)
∇iT 0i =

1
c

∂u
∂t

+
1
c

∇ ·S (3.127)

or
∂u
∂t

+∇ ·S = 0. (3.128)

This equation may be derived directly from the original form of the Maxwell equa-
tions without using four vectors. Start with these two (in free space J = 0):

∇×E =−1
c

∂B
∂t

; ∇×B =
1
c

∂E
∂t

. (3.129)

Take the dot product of the first one with B and the second with E and subtract.
Then we get,

B ·∇×E =−1
c

B · ∂B
∂t

; E ·∇×B =
1
c

E · ∂E
∂t

. (3.130)

Subtract the first from the second,

E ·∇×B−B ·∇×E =
1
c

E · ∂E
∂t

+
1
c

B · ∂B
∂t

=
1
2c

∂

∂t
(E2 +B2) =

4π

c
∂u
∂t

. (3.131)

But,
E ·∇×B−B ·∇×E =−∇ · (E×B). (3.132)

Hence,
∂u
∂t

+∇ ·S = 0. (3.133)

Thus the Poynting vector is nothing but the energy flux, or the momentum of radia-
tion flowing into or out of a volume. This leads to an increase or decrease in energy
of radiation. But for the electromagnetic field, not only is the energy conserved but
momentum is itself conserved. The rate of change of total momentum in a volume
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is because of momentum flux flowing in and out of the system. Just as T 0i is the
energy flux, T 1,i,T 2,i,T 3,i are the components of the momentum flux.

∂νT νi =
1
c

∂

∂t
T 0i +∇ jT ji = 0 (3.134)

But T 0i = 1
4π
(E×B)i =

1
c Si. Define (T 1a,T 2a,T 3a) = Ta.

1
c2

∂Sa

∂t
+∇ ·Ta = 0 (3.135)

Here u is the energy (density), S is the energy flux, and Ta is the flux of the energy
flux. This is because not only is the total energy in a volume conserved, the total
momentum of the EM radiation (

∫
d3rS) is also conserved.

Figure 3.3: The meaning of the various components of the stress energy tensor.

� There are other possible symmetries that one may consider. Some of them lead to
trivial conservation laws. Consider a rotation in three dimensions so that r→ r ′ ≡
M r, A(r, t)→ A ′

(r ′, t) ≡M A(r, t), and φ(r, t)→ φ
′
(r′, t) = φ(r, t), where M is

an orthogonal matrix independent of position and time. Choosing an appropriate
gauge such as φ≡ 0 and ∇ ·A = 0 (radiation gauge), it is easy to convince oneself
that the conserved quantity has the expression P =

∫
d3r ∂tA×A. It is also easy to

convince oneself that this quantity vanishes identically. Hence, this does not yield
a constant of the motion.
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� Find the energy momentum tensor of a particle of rest mass m moving with
velocity v. The simplest way to do this is to use the tensor nature of this quantity.
This tensor, being of rank two, transforms as the product of two coordinates under
Lorentz transformation,

T µν(x) = Λ
µ
ρΛ

ν
σ T

′ρσ(x
′
), (3.136)

where Λ
µ
ρ ≡ ∂x

′µ

∂xρ and summation over repeated indices is implied. Let us imagine
that the reference frame of the label x

′
is one where the particle is at rest. In this

case, the tensor has only one component viz. the time–time component equal to the
energy density.

T
′ρσ(x) = δρ,0δσ,0 mc2

δ(r
′
) (3.137)

Now imagine that we view this particle moving with some velocity v in the positive
x-direction, then the energy momentum tensor in this frame would be,

T µν(x
′
) = Λ

µ
0Λ

ν
0 mc2

δ(r
′
). (3.138)

Now,

Λ
µ
0 =

∂xµ

∂x′0
(3.139)

We write the Lorentz transformation as

Λ
µ
0 = γvµ, (3.140)

where vµ = (1, v
c ,0,0). We substitute the formulas for r′ = (γ(x− v

cx0),y,z) and Λ
µ
0

in Eq. (3.138) to get (δ(r′) = δ(x
′
)δ(y

′
)δ(z

′
)),

T µν(x) = γ
2vµ(t)vν(t) mc2

δ(γ(x− v
c

x0))δ(y)δ(z)

= γvµ(t)vν(t) mc2
δ(r− r0(t)). (3.141)

The last result follows from the observation r0≡ (v
cx0,0,0) = (vt,0,0) and δ(γX) =

δ(X)
γ

. Thus in general we may write for a particle of rest mass m moving with

velocity v(t) = d
dt r0(t),

T µν(x) = vµ(t)vν(t)
mc2√

1− v(t)2

c2

δ(r− r0(t)) (3.142)

where vµ(t)≡ (1, v(t)
c ).

� In this example, we consider the stress energy tensor of a (perfect) fluid in
thermodynamic equilibrium. In the rest frame of the fluid, the stress energy tensor
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is purely diagonal, with the time component being the rest energy density and the
spatial components related to the pressure.

T̃ (x
′
) =


ρc2 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 (3.143)

Being a rank two tensor, its components transform as the product of two position
four-vectors would. Therefore,

T µν(x) = Λ
µ
ρΛ

ν
σ T̃ ρσ(x

′
)

= Λ
µ
0Λ

ν
0 ρ c2 +

3

∑
i=1

Λ
µ
i Λ

ν
i p (3.144)

where Λ
µ
ν =

∂xµ

∂x′ν
. But,

uµ = cΛ
µ
0 (3.145)

is the four-velocity. Also,
η

µν = Λ
µ
ρη

ρσ
Λ

ν
σ (3.146)

with summation convention over repeated indices is implied. In the right-hand side
we set ηρσ = diag(−1,1,1,1) to obtain,

η
µν =−Λ

µ
0Λ

ν
0 + ∑

i=1,2,3
Λ

µ
i Λ

ν
i . (3.147)

Thus,

T µν(x) = uµuν
ρ+(ηµν +

uµuν

c2 ) p = (ρ+
p
c2 )u

µuν + p η
µν. (3.148)

The above expression is the energy momentum tensor of a perfect fluid (no heat
conduction and no viscosity, so in the comoving frame T is diagonal). In astro-
physical applications, the special case p = 0 is known as ‘dust’. Now we move to
a slightly different topic, namely solving for the equations of motion using Green
function methods.

3.4 Solution of Maxwell’s Equations
Using Green’s Functions

At this stage it is appropriate to study some specific solutions to Maxwell’s equa-
tions using the Green function concept that is so ubiquitous in field theory. Green
functions are used to solve inhomogeneous partial differential equations of the type,

T (∂ν,∂ν∂µ)u(x) = f (x), (3.149)
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subject to appropriate boundary conditions. Here x is a d-dimensional vector and T
is some operator that is at most second order. The idea is to first obtain the ‘Green
function’, which is nothing but the solution to,

T (∂ν,∂ν∂µ)G(x,x
′
) = δ(x− x

′
) (3.150)

subject to the same boundary conditions, then one may simply write,

u(x) =
∫

ddx
′
G(x,x

′
) f (x

′
). (3.151)

We now present an explanation of the choice of gauge. This no-
tion is easy to follow in electrostatics. Consider the problem of
finding the electric potential for a system of static charges and
nothing else (no conductors and so on). Every student understands
that the electric field E = −∇φ only determines the scalar poten-
tial φ up to an additive constant, which is nothing but the integra-
tion constant obtained while inverting the relation. Choosing φ to
vanish at infinity or at some other point is an example of a gauge

choice. The reason is φ(r) =
∫

d3r
′ (∇

′ ·E(r′))
4π|r−r′ |

+C is the most gen-

eral solution for the potential in this case (two solutions φ and φ
′

that obey ∇2φ = ∇2φ
′
= −∇ ·E differ at most by a constant). In

magnetostatics, there is much more freedom. Inverting the relation

B(r) = ∇×A(r) we get, A(r) =
∫

d3r
′ ∇
′×B(r′)

4π|r−r′ |
+∇ξ. This is be-

cause unlike in electrostatics, here we have two possible solutions
A and A′ such that ∇(∇ ·A)−∇2A = ∇(∇ ·A′)−∇2A′ = ∇×B.
This is obeyed even when A−A′ = ∇ξ for some function ξ,
whereas in electrostatics φ− φ

′
had to be a constant. Some stan-

dard gauge choices are as follows.
Coulomb gauge or Transverse gauge ∇ ·A = 0
Lorentz gauge ∇ ·A+ 1

c
∂φ

∂t = 0
Weyl gauge φ = 0

To be more specific we list several concrete examples that are quite familiar to the
reader. We start with the Poisson equation for the electric potential

∇
2
φ =−4πρ, (3.152)

whose solution in terms of the Green function is

φ(x) =−4π

∫
d3x

′
G(x,x

′
)ρ(x

′
) (3.153)
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where
∇

2G(x,x
′
) = δ(x−x

′
). (3.154)

In magnetostatics, it is the vector potential that obeys a Poisson equation (in CGS
units),

∇
2A =−4π

c
J (3.155)

A(x) =−4π

c

∫
d3x

′
G(x,x

′
)J(x

′
). (3.156)

In the general case of a four-dimensional Poisson equation (inhomogeneous wave
equation)

∇
2Aµ− 1

c2
∂2

∂t2 Aµ =−4π

c
Jµ, (3.157)

then
Aµ(x) =−4π

c

∫
d4x

′
G(x,x

′
)Jµ(x

′
), (3.158)

where

∇
2G(x,x

′
)− 1

c2
∂2

∂t2 G(x,x
′
) = δ(x− x

′
). (3.159)

3.4.1 Gauss’s Law in Electrostatics

Imagine free space where some finite region of space contains charges defined by
density ρ(x). In this case we may assert that at infinity the potential tends to zero (or
some constant). In this case, the Green function that is consistent with this condition
is,

G(x−x
′
) =− 1

4π |x−x′|
. (3.160)

We have to show that this obeys the defining equation:

∇
2G(x−x

′
) = δ(x−x

′
). (3.161)

It is clear that this Green function vanishes at infinity. We just have to show that it
obeys the equation for a Green function. For this we first consider a region R : x∈ R
that excludes x′ . It is easy to see (for example in Cartesian coordinates) that,

∇
2G(x−x

′
) = 0. (3.162)

Now imagine a region that includes x′ . We may focus on a small sphere Ωε of
radius ε with center at x′ since outside the region, the equality is satisfied as we
have already seen. Since the defining property of the Dirac delta function is∫

Ωε

d3x δ(x−x
′
) f (x) = f (x

′
), (3.163)
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for smooth (many times differentiable) functions f we must also have (upon multi-
plying Eq. (3.161) by f (x′) and integrating over x′),∫

Ωε

d3x f (x) ∇
2G(x−x

′
) = f (x

′
). (3.164)

Figure 3.4: The origin coincides with x′ . The Laplacian acting on the Green func-
tion Ωε is trivially zero. Within this region some care has to be exercised.

Since f (x) is a smooth function in the neighborhood of x′ we may approximate f (x)
as f (x′) and take it outside the integral. Consider the left-hand side (set x−x′ = R),

f (x
′
)
∫

Ωε

d3x ∇
2G(x−x

′
) = f (x

′
)
∫

Sε

dS R̂ ·∇G(R). (3.165)

The last result follows from Gauss’s theorem where Sε is the surface of Ωε. But,

R̂ ·∇G(R) =
∂

∂R
G(R) =

1
4π R2 , (3.166)

and da = R2 dΩ. This means,

f (x
′
)
∫

Ωε

d3x ∇
2G(x−x

′
) = f (x

′
)
∫

Sε

dΩ R2 1
4π R2 = f (x

′
) (3.167)

as required. An alternative proof uses a Fourier transform.

G(R) =
∫ d3q

(2π)3 eiq.R G̃(q) (3.168)
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Its inverse is,
G̃(q) =

∫
d3R e−iq.R G(R). (3.169)

Substituting the expression in Eq. (3.160) for G(R) we get,

G̃(q) =−
∫

d3R e−iq.R 1
4π R

. (3.170)

In spherical coordinates, d3R = R2dΩ and,∫
dΩ e−iq.R = 4π

sin(qR)
qR

(3.171)

G̃(q) =−
∫

∞

0
R2dR 4π

sin(qR)
qR

1
4π R

=− 1
q2 . (3.172)

Therefore,

G(x−x
′
) =−

∫ d3q
(2π)3

eiq·(x−x′)

q2 . (3.173)

We are now going to show that for any smooth function f (x), the following identity
holds. ∫

d3x
′
∇

2G(x−x
′
) f (x

′
) = f (x) (3.174)

Performing the integral over x′ we get,∫
d3x

′
∇

2G(x−x
′
) f (x

′
)

=−∇
2
∫ d3q

(2π)3
eiq·x

q2 f̃ (q) =
∫ d3q

(2π)3 eiq·x f̃ (q) = f (x). (3.175)

Thus the electric potential of a system of charges that occupy a finite region of
space with no other constraints present is given by

φ(x) =
∫

d3x
′ ρ(x′)
|x−x′ |

. (3.176)

More interesting situations arise when there are conductors present. This means
the regions occupied by the conductors have a constant potential. The problem is
to determine the electric potential outside these conductors. In this case the im-
age method is employed where typically one asserts that the potential outside the
conductors are determined by an equivalent problem of having fictitious ‘image



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

80 Field Theory

charges’ ρim(x
′
) that are chosen so that the surface of the conductor (which is com-

mon to both the interior of the conductor, which we are not interested in, and the
exterior, which we are interested in) is held at a fixed potential. Thus we may write,

φ(x) =
∫

exterior
d3x

′ ρ(x′)
|x−x′|

+
∫

interior
d3y

′ ρim(y
′
)

|x−y′|
. (3.177)

Since the points y′ lie in the interior of the conductor and x lies outside the conduc-
tor, the image term does not contribute to the Laplacian of φ(x). The image charge
distribution is then determined by applying the constraint,

φ(x)x∈Sc = φ0 =
∫

exterior
d3x

′ ρ(x′)
|x(u,v)−x′|

+
∫

interior
d3y

′ ρim(y
′
)

|x(u,v)−y′|
(3.178)

assuming that x(u,v) parameterizes the surface of the conductor. The above equa-
tion has to be inverted to obtain ρim(y

′
) and then used to obtain the electric potential

outside the conductor. Clearly the usefulness of this technique depends on the sim-
plicity of the surface.

� Consider a spherical grounded conductor of radius a with center at the origin.
Imagine that a charge q is placed at a distance l > a from the origin on the z-axis.
The problem is to find the potential at all points outside the conductor (since inside
the conductor it is zero). This is a well-known problem in elementary physics that
may be solved by the general method outlined earlier,

Figure 3.5: Diagram illustrating the image method.

0 =
q

|x(u,v)− lk̂|
+

qim

|x(u,v)−dk̂|
. (3.179)
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qim and d < a may be determined by solving the above equations by choosing
x(u,v) = ak̂ and x(u,v) =−ak̂

0 =
q
|a− l|

+
qim

|a−d|
; 0 =

q
|−a− l|

+
qim

|−a−d|
, (3.180)

or
l−a
a−d

=
a+ l
a+d

, (3.181)

or d = a2

l .

qim =−q
|a+d|
|a+ l|

=−qa
l
. (3.182)

Thus the full potential outside the conductor may written down as follows.

φ(x) =
q

|x− k̂ l|
+

qim

|x−d k̂|
(3.183)

We now present an alternative perspective to the problem of finding the potential
in some region. This uses Green’s theorem of calculus. Imagine a region of space
with some localized charge density ρ(r). Imagine further that in the vicinity of these
charges, there are conductors, with each at some specified potential. The problem is
to find the electric potential at any point outside the conductors. Imagine a region Ω

that excludes both the point r and the interior of all the conductors. The boundary S
of this region may be represented as a small spherical surface of radius ε centered
at r so that Ω lies outside this small sphere, and also by the boundaries of all the
conductors. Set V (r′)≡− 1

4π|r′−r|
. In this case we may write

∫
Ω

d3r
′
(φ(r

′
)∇
′2V (r

′
)−V (r

′
)∇
′2

φ(r
′
))

=
∫

S
da
′
(φ(r

′
)
∂V (r′)

∂n′
−V (r

′
)
φ(r′)
∂n′

), (3.184)

where ∂

∂n′
is the derivative outward normal to each of the surfaces that bound Ω.

Since r is excluded from Ω, ∇
′2V ≡ 0 and ∇

′2φ(r′) =−4πρ(r′). Therefore,∫
Ω

d3r
′
(4πρ(r

′
)V (r

′
))

=
∫

Sconductors

da
′
(φ(r

′
)
∂V (r′)

∂n′
−V (r

′
)
∂φ(r′)

∂n′
)

+
∫

Sε

da
′
(φ(r

′
)
∂V (r′)

∂n′
−V (r

′
)
∂φ(r′)

∂n′
). (3.185)
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The integral over the small spherical surface of radius ε may be performed by first
observing that the potential and its derivatives are continuous at the point r so that
these terms may be taken outside the integration. Since we are talking about the
inward normal to the small spherical surface,

∫
Sε

da
′
(φ(r

′
)
∂V (r′)

∂n′
−V (r

′
)
∂φ(r′)

∂n′
) =

−φ(r) 4πε
2 1

4πε2 −
φ(r)
∂n

4πε
2 −1

4πε
=−φ(r). (3.186)

The last result follows from the observation that,

∂V
∂n′

=− 1
4πε2 . (3.187)

Thus we finally have,

φ(r) =
∫

Ω

d3r
′ ρ(r′)
|r′− r|

+
∫

Sconductors

da
′
(φ(r

′
)
∂V (r′)

∂n′
−V (r

′
)
∂φ(r′)

∂n′
). (3.188)

We see here that not only does one have to know the potential on the surface of
each conductor, one also has to know the normal component of the electric field.
However, the problem has a unique solution with only the potentials specified, only
this method does not allow us to find it. The Green function method can allow us
to find the complete answer.

3.4.2 Lienard-Wiechert Potentials

Next, we wish to determine the potentials of a moving charge. The charge density
of a moving charge q, which is at position r0(t) at time t, is given by ρ(r, t) =
q δ(r−r0(t)) and the current density is given by, j(r, t)= q v0(t) δ(r−r0(t)) where
v0(t) ≡ ṙ0(t) is the velocity and δ(r) is the three-dimensional delta function. We
have to solve (we have used the Lorentz gauge),

∇
2
φ− 1

c2
∂2

∂t2 φ =−4π q δ(r− r0(t)) (3.189)

∇
2A− 1

c2
∂2

∂t2 A =−4π

c
q v0(t) δ(r− r0(t)). (3.190)

To solve, we write

X(x, t) =
∫ d3k

(2π)3 eik·r X̃(k, t), (3.191)
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where X could stand for either φ or A.

−k2
φ̃− 1

c2
∂2

∂t2 φ̃ =−4π q e−ik·r0(t) (3.192)

−k2Ã− 1
c2

∂2

∂t2 Ã =−4π

c
q v0(t) e−ik·r0(t) (3.193)

The solutions are,

φ̃(k, t) =
∫ t

−∞

dt1
4πc q e−ik·r0(t1)sin(ck(t− t1))

k
. (3.194)

A similar equation for A may also be written down by the reader. The equation
was second order in time and we have implicitly assumed some boundary/initial
conditions that will be justified later. In real space we may write,

φ(r, t) =
∫ t

−∞

dt1
∫ d3k

(2π)3 eik·(r−r0(t1)) 4πc q sin(ck(t− t1))
k

. (3.195)

The equation for A(r, t) is obtained by replacing the speed of light in the numerator
of the above expression by v0(t1). Using the result d3k≡ k2dk dΩ and

∫
dΩ eik·R =

4π
sin(kR)

kR , we get,

φ(r, t) =
∫ t

−∞

dt1
∫

∞

0

dk
(2π)3

sin(k|r− r0(t1)|) sin(ck(t− t1))
|r− r0(t1)|

(4π)2c q. (3.196)

The integrand is an even function of k, hence we may extend to −∞ and divide by
two. Integrating,∫

∞

0
dk sin(ka)sin(kb) =−π

2
(δ(a+b)−δ(a−b)). (3.197)

Since t > t1, only one of the Delta functions survives.

φ(r, t) =
∫ t

−∞

d ct1
δ(|r− r0(t1)|− c(t− t1))

|r− r0(t1)|
q (3.198)

Let t∗ be the solution to the equation |r−r0(t∗)|−c(t− t∗) = 0. This integral has to
be evaluated with some care. Consider the Heaviside step function θ(|r− r0(t1)|−
c(t− t1)). Its derivative may be written as

d
d ct1

θ(|r− r0(t1)|− c(t− t1)) = δ(|r− r0(t1)|− c(t− t1))(1+
d

d ct1
|r− r0(t1)|).

(3.199)
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Figure 3.6: Diagram illustrating the retardation effect, the charged particle moving
in the trajectory shown influences a test object at O not from the present location N
but from an earlier location P.

Define R(t1) = r− r0(t1). Then,

d
d ct1

|r− r0(t1)|=
d

d ct1
(R(t1) ·R(t1))

1
2 =− 1

R(t1)
R(t1) ·

v0(t1)
c

(3.200)

since d
d ct1

R(t1) =−v0(t1)
c . Thus,

d
d ct1

θ(|r− r0(t1)|− c(t− t1)) = δ(|r− r0(t1)|− c(t− t1))(1−
R(t∗)
R(t∗)

· v0(t∗)
c

).

(3.201)
Substituting the above expression for the delta function into Eq. (3.198) we get,

φ(r, t) =
∫ t

−∞

d ct1
d

d ct1
θ(|r− r0(t1)|− c(t− t1))

(1− 1
R(t∗)

R(t∗) · v0(t∗)
c )R(t∗)

q =
q

(R(t∗)−R(t∗) · v0(t∗)
c )

.

(3.202)
Thus the Lienard-Wiechert potentials are as follows.

φ(r, t) =
q

(R(t∗)−R(t∗) · v0(t∗)
c )

(3.203)

A(r, t) =
qv0(t∗)

c

(R(t∗)−R(t∗) · v0(t∗)
c )

(3.204)

Now we try to understand this more intuitively. When r0 is independent of time,
we reproduce Coulomb’s law of electrostatics where there is an electric potential
but no magnetic (vector) potential. Moreover, this potential is just φ = q/R where
R = |r− r0|. Hence the choice of initial conditions in solving for these potentials
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were indeed correct. The general case tells us that the potential at time t depends
not on the position of the particle at time t (which is r0(t)), but on the position at
an earlier time t∗ = t − R(t∗)

c . This time is the present time t minus the time light
would have taken to travel the distance from the particle at r0(t∗) to the point of
interest, namely r. This is known as the retardation effect and the Lienard-Wiechert
potentials are retarded potentials. The information of the location of the particle
takes a finite time to arrive at the point of interest. Hence the delay or retardation.
From these potentials one may go ahead and evaluate the electric and magnetic
fields. For this it is preferable to start with the expression in Eq. (3.198) and its
vector counterpart,

A(r, t) =
∫ t

−∞

d ct1
δ(|r− r0(t1)|− c(t− t1))

|r− r0(t1)|
q

v0(t1)
c

. (3.205)

The magnetic field is evaluated as,

B(r, t) = ∇×A(r, t)

=−
∫ t

−∞

d ct1
δ(|r− r0(t1)|− c(t− t1))

|r− r0(t1)|3
q
(r− r0(t1))×v0(t1)

c

+
∫ t

−∞

d ct1
δ
′
(|r− r0(t1)|− c(t− t1))
|r− r0(t1)|2

q
(r− r0(t1))×v0(t1)

c
. (3.206)

Set cτ = |r− r0(t1)|− c(t− t1). Then,

dcτ

dct1
= (1− v0(t1) ·R(t1)

cR(t1)
). (3.207)

Therefore,
B(r, t) = ∇×A(r, t)

=− 1

|r− r0(t∗)|3(1− v0(t∗)·R(t∗)
cR(t∗)

)
q
(r− r0(t∗))×v0(t∗)

c

+
∫ t

−∞

d ct1
d

dct1
δ(|r− r0(t1)|− c(t− t1))

q (r− r0(t1))×v0(t1)

(R(t1)− v0(t1)·R(t1)
c )|r− r0(t1)|c

.

(3.208)
Using integration by parts we get,

B(r, t) = ∇×A(r, t) =−q
1− v2

0(t∗)
c2

(R(t∗)− R(t∗)·v0(t∗)
c )3

R(t∗)×v0(t∗)
c

− q

c2(R(t∗)− R(t∗)·v0(t∗)
c )3

(R(t∗) ·a0(t∗))
R(t∗)×v0(t∗)

c
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− q

c2(R(t∗)− R(t∗)·v0(t∗)
c )2

(R(t∗)×a0(t∗)). (3.209)

The electric field is given by,

E(r, t) = q
1− v2

0(t∗)
c2

(R(t∗)− R(t∗)·v0(t∗)
c )3

(R(t∗)−
v0(t∗)

c
R(t∗))

+
q

c2(R(t∗)− R(t∗)·v0(t∗)
c )3

(R(t∗) ·a0(t∗))(R(t∗)−
v0(t∗)

c
R(t∗))

− q

c2(R(t∗)− R(t∗)·v0(t∗)
c )2

R(t∗) a0(t∗). (3.210)

From the above two equations it is clear that,

B(r, t) =
R(t∗)×E(r, t)

R(t∗)
. (3.211)

Therefore, the magnetic field is perpendicular to the electric field at all times.

3.5 Diffraction Theory

One may enquire as to the nature of the electromagnetic field emanating from lo-
calized sources. We have found the answer to such a question already in the time-
independent case. Now we wish to study the question of propagation of electromag-
netic radiation. This naturally leads to the phenomenon of diffraction. Let us start
with the Maxwell equations and derive an expression for the potentials. We use the
decomposition E = −∇φ− 1

c
∂A
∂t and B = ∇×A. Inserting these into Gauss’s Law

we get,

−∇ · (∇φ+
1
c

∂A
∂t

) = 4πρ, (3.212)

and from Ampere’s Law we get,

1
c2

∂2A
∂t2 −∇

2A =
4π

c
J−∇(

1
c

∂

∂t
φ+(∇ ·A)). (3.213)

It is convenient to use the Lorentz gauge condition where we set,

(
1
c

∂

∂t
φ+(∇ ·A)) = 0. (3.214)

Then we get,
1
c2

∂2A
∂t2 −∇

2A =
4π

c
J (3.215)
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(∇2
φ− 1

c2
∂2φ

∂t2 ) =−4πρ. (3.216)

Gauss’s Law is not independent of this as it can be linked to Ampere’s Law through
equation of continuity. Now we consider the situation where the source J(r, t) is
localized in space but is oscillating with a fixed frequency ω. First we want to
find the Green function in this case. For this we choose the current to be J(r, t) =
J(r,0)cos(ωt). Then the solution will also be of the form A(r, t) = A(r,0) cos(ωt).

−ω2

c2 A(r,0)−∇
2A(r,0) =

4π

c
J(r,0) (3.217)

One typically uses Green functions to solve this equation. First consider the related
problem (where k = ω

c )

(k2 +∇
2)G(r− r

′
) = δ(r− r

′
), (3.218)

subject to the boundary condition that G(±∞) = 0. The operator ∇2 + k2 is known
as the Helmholtz operator and the above equations are Helmholtz equations. The
solution is easiest with Fourier transform,

G(r− r
′
) =

∫ d3K
(2π)3 eiK·(r−r′) G(K) (3.219)

δ(r− r
′
) =

∫ d3K
(2π)3 eiK·(r−r′). (3.220)

Substituting into Eq. (3.218) we get,

(k2−K2)G(K) = 1. (3.221)

The Green function may be written as,

G(r− r
′
) =

∫ d3K
(2π)3 eiK·(r−r′) 1

(k2−K2)
. (3.222)

This formal expression has to be suitably interpreted near the singularity |K| = k
in such a way that the resulting Green function respects the boundary conditions at
infinity. Set R = r− r′ . This means,

G(R) =
∫ d3K

(2π)3 eiK·R 1
(k2−K2)

=
∫

∞

0

K2 dK
(2π)3 (4π)

sin(KR)
KR

1
(k2−K2)

(3.223)
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after integrating over the solid angle. Since the integrand is an even function of K,
we may extend the integration to −∞ after dividing by two.

G(R) =
∫

∞

−∞

K2 dK
(2π)3 (2π)

sin(KR)
KR

1
(k2−K2)

(3.224)

To perform this integration we use the residue method from complex analysis. The
integration is to be interpreted as the principal part. This means,

G(R) =
∫

∞

−∞

dK
(2π)2

eiKR

iR
K

(k2−K2)

=
1

2iR

∫
∞

−∞

dK
(2π)2

eiKR

(k−K)
− 1

2iR

∫
∞

−∞

dK
(2π)2

eiKR

k+K

G(R) =−cos(kR)
4πR

. (3.225)

Notice that the Helmholtz operator is even in the parameter k and hence we expect
the solution to also have this property. Hence we avoid using complex expressions
such as eikR for this reason and also because potentials are real. The full solution
may then be written as,

A(r, t) =
∫

d3r
′ cos(k|r− r′|)cos(ωt)

4π|r− r′|
4π

c
J(r

′
,0) (3.226)

φ(r, t) =
∫

d3r
′ cos(k|r− r′|)cos(ωt)

4π|r− r′|
4π ρ(r

′
,0). (3.227)

Thus if one knows the current distribution at the source, we are able extract the
fields at some point away from the source. However, in practice this is not conve-
nient as the current distributions may be unknown. It is therefore more desirable to
relate the field at a distant point to the field distribution near some aperture rather
than to the source current. As we did in the case of electrostatics, here too we in-
voke Green’s theorem. Let Ω represent a region bounded by a surface containing
an aperture where the amplitude of light is nonzero. The amplitude on the rest of
the surface is assumed to be zero as this is an opaque screen. This region Ω also ex-
cludes the point of interest r by a small sphere of radius ε around it. This situation
is depicted in figure 3.7.∫

Ω

d3r
′
(φ(r

′
)∇
′2G(r

′
− r)−G(r

′
− r)∇

′2
φ(r

′
))

=
∫

S
da (φ(r

′
)
∂G(r′− r)

∂n′
−G(r

′
− r)

∂φ(r′)
∂n′

) (3.228)
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Figure 3.7: Diagram illustrating the regions involved in deriving the Kirchoff Fres-
nel Integral. Here O is both the source and the origin of the coordinate system.

The surface S = Sε + Saperture−sheet . We now make use of the identity (∇2 +

k2)φ(r) = 0 and (∇2 + k2)G(r− r′) = 0. This means the left-hand side of Eq.
(3.228) is zero. The right-hand side may be split into two parts,

0 =
∫

Sε

da (φ(r
′
)
∂G(r′− r)

∂n′
−G(r

′
− r)

∂φ(r′)
∂n′

)

+
∫

Saperture

da (φ(r
′
)
∂G(r′− r)

∂n′
−G(r

′
− r)

∂φ(r′)
∂n′

). (3.229)

As usual the integral over the small sphere is,∫
Sε

da (φ(r
′
)
∂G(r′− r)

∂n′
−G(r

′
− r)

∂φ(r′)
∂n′

) =−φ(r). (3.230)

Thus,

φ(r) =
∫

Saperture

da (φ(r
′
)
∂G(r′− r)

∂n′
−G(r

′
− r)

∂φ(r′)
∂n′

) (3.231)

The value of the potential at the aperture may be approximated by the value without
the screen. To obtain the value of the potential at the location of the aperture, we use



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

90 Field Theory

the earlier result (Eq. (3.227)). In that equation we assume that the source ρ(r′,0)
is far away from the screen so that(|r− r′| ≈ r− r

′
cos(θ)),

φS(r, t) =
∫

d3r
′ cos(k|r− r′|)cos(ωt)

4π|r− r′|
4π ρ(r

′
,0)

≈
∫

d3r
′ cos(kr− kr

′
cos(θ))cos(ωt)
4πr

4π ρ(r
′
,0)

=
sin(kr)cos(ωt)

r

∫
d3r

′
sin(kr

′
cos(θ))ρ(r

′
,0) = A

sin(kr)
kr

cos(ωt). (3.232)

The constant A is due to the source. Now we make the observations,

G(r− r
′
) =−cos(k|r− r′|)

4π|r− r′|
(3.233)

and

φS(r
′
, t) = A

sin(kr
′
)

kr′
cos(ωt). (3.234)

These two relations have to be inserted into Eq. (3.231). We assume that the aper-
ture is located in the z = 0 plane. We then neglect 1/r

′
in comparison with k. This

means (z
′
= r′ · k̂, n̂ =−k̂)

∂G(r− r′)
∂n′

≈−k sin(k|r− r′|)
4π|r− r′|

∂|r− r′|
∂z′

∂φS(r
′
, t)

∂n′
=−A

cos(kr
′
)

r′
∂r
′

∂z′
(3.235)

φ(r) =

∫
Saperture

da A
(−sin(kr

′
)sin(k|r− r′|)∂|r−r′ |

∂z′
− cos(k|r− r′|)cos(kr

′
)∂r

′

∂z′
)

4πr′|r− r′|
. (3.236)

The above is a version of the Fresnel-Kirchoff integral for the diffraction produced
by an aperture illuminated by a point source. The novel features are the angles—

cos(α) = ∂|r−r′ |
∂z′

= z
′−z
|r−r′ |

is the cosine of the angle made by a ray from a point on

the aperture to the point of interest (screen) and cos(β) = ∂r
′

∂z′
= z

′

r′
is the cosine of

the angle made by a ray from the source to a point on the aperture. A limiting case
of the above formula is known as Fraunhofer diffraction when both the distance
from the source to the aperture and the screen to the aperture are large compared to
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the dimensions of the aperture. Assuming that the aperture lies in the x-y plane, we
have,

r
′
= (x

′2 + y
′2 + z

′2)
1
2 = z

′
(1+

x
′2 + y

′2

z′2
)

1
2 ≈ (z

′
+

x
′2 + y

′2

2z′
)

|r− r
′
|= ((x− x

′
)2 +(y− y

′
)2 +(z− z

′
)2)

1
2 ≈ (z− z

′
)+

(x− x
′
)2 +(y− y

′
)2

2(z− z′)
.

(3.237)
This means that in case of Fraunhofer diffraction, we may also assume the angles
involved are small (cos(α)≈−1 and cos(β)≈ 1),

φ(r) =−
∫

Saperture

da A
cos(kz+ k x

′2+y
′2

2z′
+ k (x−x

′
)2+(y−y

′
)2

2(z−z′)
)

4πz′|z− z′|
. (3.238)

The aperture size is typically small enough so that we may assume that |x′| � |x|
and |y′| � |y|. This means,

φ(r)≈−Re
A

4πz′|z− z′|
eikze

ik x2+y2

2(z−z′ )
∫∫

Saperture

dx
′
dy
′
e
−ik xx

′
+yy
′

(z−z′ ) . (3.239)

The vector potential has a similar expression. The vector potential only provides
information about the state of polarization of light and has no direct role to play
here. Hence, most treatments just treat the fields as scalar quantities. The above ex-
pression Eq. (3.239) is the well-known Fraunhofer diffraction pattern. It is nothing
but the Fourier transform of the aperture function.

� Calculate the Fraunhofer diffraction pattern from a square aperture of width
W . In this case the integration extends from −W

2 ,
W
2 .

φ(r)≈−Re
A

4πz′|z− z′|
eikze

ik x2+y2

2(z−z′ )
∫ W

2

−W
2

dx
′
∫ W

2

−W
2

dy
′
e
−ik xx

′
+yy
′

(z−z′ )

=−Re
A

4πz′|z− z′|
eikze

ik x2+y2

2(z−z′ )
∫ W

2

−W
2

dx
′
e
−ik x

(z−z′ )
x
′ ∫ W

2

−W
2

dy
′
e
−ik y

(z−z′ )
y
′

(3.240)

This means,

φ(r)≈−|z− z
′
| A
πz′

cos(kz)
sin(k xW

2(z−z′)
)sin(k yW

2(z−z′)
)

k2xy
. (3.241)



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

92 Field Theory

Figure 3.8: Density plot shows the Fraunhofer intensity distribution from a square
aperture; the brighter colors have higher intensity.

The above equation gives the diffracted field at distant points from the aperture,
assuming the source is also far from the aperture and the screen. We may also
study the reverse situation where these distances may not be considered large to
enable the approximations just made. This is called Fresnel diffraction. One of its
main predictions is that the center of the shadow of a circular opaque disk is not
dark but bright. This is called Arago’s spot and confirms the wave nature of light.
A description of this is left to the exercises.

Figure 3.9: The shadow of an opaque circular planar object illuminated by coherent
light is not dark but has a bright spot (or disk, here) at the center, known as Arago’s
spot. This confirms the wave nature of light.
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� X-ray diffraction in crystals: Imagine a plane wave (X-ray) with vector k

ψinc(r, t) = A ei(k·r−ωt) (3.242)

incident on an atom located at Rn. The scattered amplitude ψscatt(r, t) emerging
from the atom is proportional to the incident amplitude at the location of the atom
viz. ψinc(Rn, t), and has the form of a spherical wave.

Figure 3.10: Bragg’s Law: Diffraction of plane wave X-rays from atoms in a crystal.

ψscatt(r, t) = f ψinc(Rn, t)
eik|r−Rn|

k|r−Rn|
(3.243)

Here f is called the atomic form factor, which determines the strength of the scat-
tering. The term ‘form’ factor is also indicative of this being potentially a function
of the angles which reflects an angular distribution (or lack thereof) of charges in
the atom. In this example, we consider only the isotropic case. If there are many
atoms scattering, all the scattered waves add up to give,

ψtot,scatt(r, t) = ∑
n

f ψinc(Rn, t)
eik|r−Rn|

k|r−Rn|
. (3.244)

It may be verified that each of the equations Eq. (3.242), Eq. (3.243), and Eq.
(3.244) obeys the wave equation (Homework: Show this),

∇
2
ψ =

1
c2

∂2ψ

∂t2 (3.245)
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since ω = ck. Now imagine that the point r on the screen is far away from the
crystal. This means |r| � |Rn|. Therefore,

|r−Rn| ≈ (r2−2r ·Rn)
1
2 ≈ r− r̂ ·Rn. (3.246)

In the denominator of Eq. (3.244) we may simply write |r−Rn| ≈ r. But in the
phase part we have to be more careful. Since the time part is a simple exponential
we simply drop it (the modulus squared of the amplitude, which is the intensity,
will not involve it)

ψtot,scatt(r)≈∑
n

f ψinc(Rn)
eik(r−r̂·Rn)

kr
≈∑

n
f A eik·Rn eik(r−r̂·Rn)

kr
. (3.247)

We may now rewrite this as,

ψtot,scatt(r)≈ f A
eikr

kr ∑
n

ei(k−kr̂)·Rn. (3.248)

From this it is clear that if
(k− kr̂) = M Ghkl, (3.249)

where Ghkl is a reciprocal lattice vector 1 and M is an integer. then the scattered
amplitude will be a maximum.

ψtot,scatt(r)≈ f A
eikr

kr ∑
n

eiMGhkl ·Rn = f A
eikr

kr ∑
n

ei2πM×integer

= Ntot f A
eikr

kr
(3.250)

where Ntot is the total number of atoms in the crystal. Eq. (3.249) is known as
Laue’s criterion. If the angle between the observation direction r̂ and the incident
direction k̂ is 2θ, we may square Eq. (3.249) to get,

(k2 + k2−2k2cos(2θ)) = 4k2 sin2(θ) = M2 |Ghkl|2. (3.251)

This means
2k sin(θ) = M|Ghkl|. (3.252)

Multiply both sides by λ = 2π

k and divide by |Ghkl| to get

2dhkl sin(θ) = Mλ, (3.253)

where dhkl =
2π

|Ghkl | is the distance between adjacent lattice planes. The above re-
lation is called Bragg’s Law of X-ray diffraction. In the exercises we see some
applications of this law.

1Points on a lattice may be written as Rn = na+mb+ pc, where n,m, p are integers and a,b,
and c are non-coplanar basis vectors. Also Ghkl = hA+kB+ lC, with h,k, l integers, is reciprocal to
Rn in the sense that Ghkl ·Rn = 2π× integer. To ensure this, we must have A = 2π

b×c
a·b×c and cyclic

permutations thereof.
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3.6 Exercises

Q.1 Show that E.B is a Lorentz invariant.

Q.2 By expanding the vector potential in a plane wave basis

A(r, t) = Re[∑
k

a(k) ei(k.r−ωkt)], (3.254)

show that the vector P =
∫

d3r∂tA(r, t)×A(r, t) vanishes identically.

Q.3 Show that the hybrid spherical plane wave

ψ(r, t) = A ei(kr−ωt) (3.255)

and the plane wave with inverse square law

ψ(r, t) = A
ei(k·r−ωt)

r
(3.256)

do not obey the wave equation in three dimensions and hence are not acceptable as
wave descriptions.

Q.4 Verify that Eq. (3.77) follows from the earlier steps.

Q.5 Using the image method, find the electric potential in a region enclosed by two
conducting grounded wedges if a charge q resides at a distance d from the apex as
shown.

Q.6 Consider the possibility of generalizing the notion of an equipotential surface to
magnetostatics. This would correspond to a surface on which the vector potential is
a constant vector. Imagine a sphere of radius R on which the vector potential is A0—
a constant vector on the upper hemisphere and is zero on the lower hemisphere.
Find the vector potential elsewhere outside the sphere.

Q.7 Imagine a charge q that is moving in a circle of fixed radius R with frequency
ω, find the electric and magnetic fields outside the charge (taking into account re-
tardation effects).

Q.8 Imagine an (ideal) electric dipole ~p situated at the origin that is reversing ori-
entation after each half-time period T/2. Find an expression for the electric and
magnetic fields at a distance from the dipole taking into account retardation effects.
Hint: First prove that the charge density of an ideal dipole situated at the origin is
ρ(r, t) = (p(t) ·∇)δ3(r) with p(t) = p(cos(2πt

T )k̂+ sin(2πt
T ) ĵ).
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Figure 3.11: Find the potential in the region enclosed by the grounded conducting
wedge.

Q.9 Imagine a rod of rest length l0 and charge density λ, accelerating in a straight
line in such a way that the direction of motion and the end points are collinear. Find
the electric and magnetic field everywhere taking into account retardation effects.

Q.10 Find the intensity distribution from two mutually perpendicular infinitely long
thin slits illuminated by a monochromatic coherent source far from the screen.

Q.11 The Arago spot, Fresnel bright spot, or Poisson spot is an illuminated point
that appears at the center of a circular object’s shadow due to Fresnel diffraction.
Use the most general form of the Kirchoff Fresnel formula (Fresnel theory) to prove
this. Hint: The answer is a Bessel function.

Q.12 Graphene is a two-dimensional sheet of carbon atoms arranged in a honey-
comb structure. This lattice can be thought of as two interpenetrating triangular
lattices. Lattice A contains carbon atoms at locations

~r A(n1,n2) = n1~a1 +n2~a2, (3.257)

~a1 =
√

3acc (
√

3
2 î+ 1

2 ĵ), and~a2 =
√

3acc ĵ, and lattice B also contains carbon atoms
at locations

~r B(n1,n2) = accî+n1~a1 +n2~a2 (3.258)

where acc = 1.42 Å is the nearest carbon–carbon distance and n1,n2 = 0,±1,±2, ...
are integers. Draw a neat labeled diagram of this lattice showing lattice A and lattice
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B atoms, the basis vectors, and the angles and so on. According to Bragg’s Law,
a bright spot will be seen at an angle 2θhk between the incident direction and the
direction of observation, whenever

2dhk sin(θhk) = λ. (3.259)

Find dhk, the distance between consecutive Bragg lines (not planes) in this two-
dimensional Graphene lattice. If the X-ray wavelength is λ = acc, find the values
of θhk for (h,k) = (1,0) and (h,k) = (1,−1). Show that the bright spots have an
intensity equal proportional to

Ihk ∼ cos2(
1
2

Ghk · t), (3.260)

where t is the distance vector between sublattice A and sublattice B. Find Ghk and
d and the ratio of the intensities between the bright spot at (h,k) = (1,0) and the
bright spot at (h,k) = (1,−1).
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Chapter 4

Elasticity Theory and Fluid
Mechanics

This chapter deals with the description of elastic bodies. Elasticity is a phenomenon
wherein a body responds to external forces not (only) by accelerating (as a rigid
body would have done) but by deforming—changing its shape or size or both.
Elasticity, unlike plasticity, is reversible. Elastic objects that change their shape or
size in response to external forces (or ‘stresses’) revert back to their original state
upon removal of those forces. Plastic objects on the other hand do not. A fluid is
an elastic material that flows. This means that the material will suffer acceleration
whenever anisotropic stresses are applied. We first study elasticity theory followed
by fluid mechanics. These descriptions are meant to be simple introductions only.
The reader is referred to the bibliography for more specialized treatises.

4.1 Stress and Strain Tensor of Deformable Bodies

In this section, we discuss stress and strain in (elastically) deformable bodies. Stress
is nothing but the force per unit area acting at some point on a chosen surface
within a deformable body. Strain is response to stress, namely deformation of the
body. Quantitatively it is a ratio between the deformation length and the original
length (either in the same direction or in a perpendicular direction). We now go on
to provide more details.

4.1.1 Stress

Imagine a point inside a deformable body. Think of an imaginary surface that passes
through this point. On this imaginary surface we may imagine are forces (per unit

99
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100 Field Theory

area) acting both perpendicular to it and parallel to it (parallel has two indepen-
dent components). The perpendicular force per unit area is called normal stress and
the two components parallel to the surface constitute shear stresses. For a surface
whose unit normal is along the z-axis, we may denote σzz as the normal stress and
σzx and σzy as the two components of shear stress. Thus, in general, stress is a ten-
sor (3× 3 matrix) that changes from point to point : σi j(x). The force acting on a
surface whose unit normal is n̂ and area is dA is given by dF = dA n̂ ·σ(x) (matrix
times a vector is a vector). Now imagine there is a closed surface. The net force
acting on that surface is

Fstress =
∮

S
dF =

∮
S

dA n̂ ·σ(x). (4.1)

The net force due to stress should be compensated by a bulk force in order to
maintain equilibrium. We postulate that a force per unit volume fb also acts on the
volume so that ∫

fb dV =−Fstress. (4.2)

We now apply Gauss’s theorem on the right-hand side of Eq. (4.1) to get,

Fstress =
∮

S
dF =

∮
S

dA n̂ ·σ(x) =
∫

dV ∇ ·σ(x). (4.3)

Combining this with Eq. (4.2) we get,
∫

dV (∇ ·σ(x)+ fb) = 0, but since the region
can be anything, we must have,

∇ ·σ(x)+ fb(x) = 0. (4.4)

(Note that since σ is a matrix, ∇ ·σ is a vector).

Therefore, in order to determine stress with given body forces, we have to solve for
σ using Eq. (4.4) together with the boundary condition

n̂ ·σ(x) x∈S = pS (4.5)

where pS =
dF
dA is the force per unit area acting on the surface S of the body which

has unit normal n̂. Thus, given fb(x) the body force per unit volume, pS the surface
force per unit area, and the unit normal n̂ to the surface S bounding the body, the
unknown, namely, the stress tensor σ(x) may be determined. The stress equation
(Eq. (4.4)) and the boundary conditions Eq. (4.5) have to be solved together with
given body forces and surface forces to determine the stress. This is typically done
in conjunction with the strain function where the stress–strain relation and the na-
ture of the strain function imposes further limitations on the possible forms of the
stress function. We shall discuss these issues subsequently.
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Figure 4.1: Diagram showing the meaning of normal and shear stress.

4.1.2 Strain

Imagine that each point x in a body undergoes a displacement given by a displace-
ment vector D(x)≡ (ux,uy,uz). The problem of elasticity theory is to find this vec-
tor using some reasonable assumptions about the material in question. To this end
we define strain as

εi, j =
1
2

(
∂ui

∂x j
+

∂u j

∂xi

)
, (4.6)

where i, j = x,y,z. Here, just like stress, the strain εi, j is a 3×3 matrix. It is desirable
to get an intuitive feeling for what this quantity means. For example,

εxx =
∂ux

∂x
(4.7)

represents the the ratio of the change dux (in the x-direction) in the distance between
two points that were originally separated by a distance dx. This is called normal
strain. This is made clear in the diagram (Fig. 4.2). The off-diagonal part is nothing
but the sum of the angles α and β. Thus the off-diagonal εxy represents change in
the shape of the parallelogram, whereas εxx represents the change in size of the
parallelogram. Thus the strain tensor encodes both the change in size and change
in shape of the object.

For isotropic linear materials, the strain tensor should be relatable to the applied
stress tensor (tensor means matrix) σi, j. In this case we write that strain is propor-
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Figure 4.2: Depicts the definitions of normal and shear strain (source: Wikipedia).

tional to stress.
εi, j = a σi, j +b σ δi, j (4.8)

Here σ=∑
3
i=1 σi,i is a scalar and a,b are material-dependent but stress-independent

constants. The above expression Eq. (4.8) ensures that if I double each component
of the stress (there are nine components), then each component of the strain also
doubles. We have to determine a and b. To do this, imagine that there is only one
component of stress σxx and all others are zero. The material will expand in the
x-direction but compress in the y and z directions as a result of the stress (σ = σxx
in this case).

εx,x = a σx,x +b σxx (4.9)

εy,y = b σxx ; εz,z = b σxx (4.10)

Young’s modulus E is defined as (stress upon strain),

E =
σxx

εxx
. (4.11)

Poisson’s ratio is defined as the ratio of the strains in two orthogonal directions.

ν =−
εy,y

εx,x
(4.12)

The minus sign indicates stretching in one direction also means compression in a
lateral direction (not by the same amount but a fraction ν). Thus,

εx,x = (a+b) σx,x =
1
E

σx,x (4.13)
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−ν εx,x = εy,y = b σx,x = b E εx,x (4.14)

εz,z = b σxx. (4.15)

Thus b = − ν

E and a+ b = 1
E . This means a = (1+ν)

E . Therefore the stress-strain
relation becomes

εi, j =
(1+ν)

E
σi, j−

ν

E
σ δi, j. (4.16)

Thus the fundamental equations of linear elasticity theory are the relation between
stress and body force (Eq. (4.4)), the surface force equation Eq. (4.5), the relation
between strain and displacements Eq. (4.6), and the linear stress–strain relation
(which is an approximation valid only for linear isotropic materials) Eq. (4.16).

4.1.3 The Stress Function Method

Here we discuss various methods used to solve for the strain with given body and
surface forces. In two dimensions, a systematic method, namely the stress func-
tion method may be used. Of course, what we have in mind is not really a two-
dimensional object but a problem where there is symmetry along one of the direc-
tions so that variations of strain along that direction may be ignored. This situation
is known as plane strain (plane stress is another different possibility, which is rel-
egated to the exercises). This is common, for example, in situations such as a wall
with lateral pressure applied on it, a tunnel or a cylindrical tube with internal pres-
sure, and so on. First we assume that the body forces are derivable from a potential
fb =−∇V . The stress–body force equation in two dimensions becomes,

∂σxx

∂x
+

∂σyx

∂y
=

∂V
∂x

(4.17)

∂σxy

∂x
+

∂σyy

∂y
=

∂V
∂y

. (4.18)

An important special case is when V (x,y)= ρgy, namely the gravitational potential.
The following substitutions automatically obey these equations.

σxx(x,y) =V (x,y)+
∂2φ(x,y)

∂y2 (4.19)

σyy(x,y) =V (x,y)+
∂2φ(x,y)

∂x2 (4.20)

σxy(x,y) =−
∂2φ(x,y)

∂x∂y
. (4.21)
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In order to derive an equation for φ, we must use the constraint provided by a
requirement that the strain be related to derivatives of a displacement function.
Therefore,

εxx =
∂ux

∂x
; εyy =

∂uy

∂y
; εxy =

1
2

(
∂ux

∂y
+

∂uy

∂x

)
. (4.22)

From this it is easy to verify that,

∂2εxx

∂y2 +
∂2εyy

∂x2 = 2
∂2

∂x∂y
εxy. (4.23)

The above equation is known as a compatibility condition. It is compatible with
the requirement that the components of the strain tensor be related to derivatives of
displacements. Now we derive the relation between stress and strain in the special
situation of plane strain. In this situation, the normal strain in the z-direction is zero.
From Eq. (4.16) we get,

0 = εzz =
(1+ν)

E
σzz−

ν

E
(σxx +σyy +σzz). (4.24)

This means the normal stress in the z-direction is proportional to the sum of the
normal stresses in the other two directions.

σzz = ν(σxx +σyy) (4.25)

Substituting these into Eq. (4.16) we obtain the relation between stress and strain
for plane strain.

εxx =
1
E
((1−ν

2)σxx−ν(1+ν)σyy) ; εyy =
1
E
((1−ν

2)σyy−ν(1+ν)σxx) (4.26)

εxy =
(1+ν)

E
σxy (4.27)

Substituting these into the compatibility condition gives us

∂2

∂y2
1
E
((1−ν

2)σxx−ν(1+ν)σyy)

+
1
E

∂2

∂x2 ((1−ν
2)σyy−ν(1+ν)σxx)

= 2
∂2

∂x∂y
(1+ν)

E
σxy. (4.28)

The idea now is to eliminate the shear stress and write the above equation only
in terms of the normal stresses and body forces. To this end, we differentiate Eqs.
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(4.18), the first with respect to x and the second with respect to y and adding we
get,

∂2σxx

∂x2 +
∂2σyy

∂y2 +2
∂2σyx

∂y∂x
=

∂2V
∂x2 +

∂2V
∂y2 . (4.29)

Substituting the above formula for the mixed partial derivatives of the shear strain
into Eq. (4.28) we get,

(1−ν)(
∂2

∂x2 +
∂2

∂y2 )(σxx +σyy) =
∂2V
∂x2 +

∂2V
∂y2 . (4.30)

Thus the normal stresses have been related to the body forces. We may now sub-
stitute the expression for these stresses in terms of the stress function φ to get the
plane strain equation for the stress function,

(1−ν)(
∂2

∂x2 +
∂2

∂y2 )
2
φ(x,y) =−(1−2ν)(

∂2V
∂x2 +

∂2V
∂y2 ). (4.31)

� When body forces are absent or constant, the stress equation simply becomes,

(
∂2

∂x2 +
∂2

∂y2 )
2
φ(x,y) = 0. (4.32)

For objects with a rectangular cross section, the solution to this is in terms of suit-
able polynomials in x and y. For example, let us investigate what situation the
choice φ(x,y) = − F

d3 xy2(3d− 2y) corresponds to. It is given that the object occu-
pies a region 0 ≤ y ≤ d and x ≥ 0. This function clearly obeys the stress equation.
It is further given that body forces are absent. This means,

σxx(x,y) =
∂2φ(x,y)

∂y2 =−6F
d2 x+

12F
d3 xy (4.33)

σyy(x,y) =
∂2φ(x,y)

∂x2 = 0 (4.34)

σxy(x,y) =−
∂2φ(x,y)

∂x∂y
=

6F
d3 y(y−d). (4.35)

Normal stress in the x-direction vanishes at x = 0 and at y = d
2 , the shear stress

vanishes at the ends y = 0 and y = d. If one wishes to find the forces acting on the
surface y = 0, the unit outward normal would be − ĵ. The force per unit area acting
on this surface would be,

F(y = 0) =−σyx(x,0)î−σyy(x,0) ĵ = 0. (4.36)
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Similarly, on the surface y = d the force is also zero. The situation is such that the
part of the cross section 0 < y < d/2 is being pushed in the negative x-direction,
whereas the part d/2 < y < d is being pulled in the positive x-direction (plot σxx
vs. y).

� Imagine a cuboid of sides Lx,Ly,Lz made of an isotropic linear elastic material.
We wish to determine its shape as a result of the deformation it suffers on account
of its weight. The body force is the weight per unit volume fb = −Mg

V k̂, where
V = LxLyLz. Therefore,

∂xσxz +∂yσyz +∂zσzz−
Mg
V

= 0 (4.37)

∂xσxx +∂yσyx +∂zσzx = ∂xσxy +∂yσyy +∂zσzy = 0 (4.38)

at each point inside the material. At this stage it is clear that of the nine components,
all the shear components of stress and strain vanish in this problem as this is a
question involving only normal stress and strain. Also the component of the stress
n̂ ·σ on the bottom surface (n̂ =−k̂) is nothing but−σzzk̂ should be the force acting
on the bottom surface per unit area pS = k̂ Mg

LxLy
assuming it is uniform.

σzz(z = 0) =− Mg
LxLy

(4.39)

Let us assume that all other components of the stresses vanish on the surfaces. This
means the unique solution to the stress question is

σzz(z) =
Mg
LxLy

(
z

Lz
−1), (4.40)

and all other components of the stress vanish identically. Using the stress-strain
relation we get,

εxx = εyy =−
ν

E
σ (4.41)

εzz =
(1+ν)

E
σzz−

ν

E
σ. (4.42)

But σ = 0+0+σzz.

∂ux

∂x
=

∂uy

∂y
=− ν

E
Mg
LxLy

(
z

Lz
−1) (4.43)

∂uz

∂z
=

1
E

Mg
LxLy

(
z

Lz
−1) (4.44)
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These may be integrated to yield,

uz =
1
E

Mg
LxLy

(
z2

2Lz
− z)+ c1(x,y) (4.45)

ux =−
ν

E
Mg
LxLy

(
xz
Lz
− x)+ c2(y,z) (4.46)

uy =−
ν

E
Mg
LxLy

(
zy
Lz
− y)+ c3(x,z). (4.47)

Since shear strains are zero, we must have

εxy =
1
2

(
∂ux

∂y
+

∂uy

∂x

)
= 0; (4.48)

εyz =
1
2

(
∂uy

∂z
+

∂uz

∂y

)
= 0; (4.49)

εzx =
1
2

(
∂uz

∂x
+

∂ux

∂z

)
= 0, (4.50)

or

c2,y(y,z)+ c3,x(x,z) = 0; − ν

E
Mgy

V
+ c3,z(x,z)+ c1,y(x,y) = 0; (4.51)

c1,x(x,y)−
ν

E
Mgx

V
+ c2,z(y,z) = 0. (4.52)

Figure 4.3: The distribution of strain-induced displacement in the material is shown.
All arrows with the same color have the same magnitude of displacement.

This means that c3(x,z) = x f (z)+g(z) and c2(y,z) =−y f (z)+h(z). Further f (z) =
f
′
(0)z+ f (0), g(z) = g

′
(0)z+ g(0) and h(z) = h

′
(0)z+ h(0). Also we impose the
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condition that the line x = y = 0 displaces vertically but not sideways. This means
ux(x = y = 0) = uy(x = y = 0) = 0. So that g(z)≡ h(z)≡ 0.

− ν

E
Mgy

V
+(x f

′
(0))+ c1,y(x,y) = 0; (4.53)

c1,x(x,y)−
ν

E
Mgx

V
+(−y f

′
(0)) = 0 (4.54)

Since c1,x,y = c1,y,x, we must also have f
′
(0) = 0.

− ν

E
Mgy

V
+ c1,y(x,y) = 0; c1,x(x,y)−

ν

E
Mgx

V
= 0 (4.55)

Thus,

c1(x,y) =
ν

E
Mg(x2 + y2)

2V
(4.56)

since we expect c1(0,0)= 0. The solution that corresponds to a displacement vector
that is radially outward in the x-y plane is c2 ≡ c3 ≡ 0. Thus, the full solution is,

uz =
1
E

Mg
LxLy

(
z2

2Lz
− z)+

ν

E
Mg(x2 + y2)

2V
(4.57)

ux =−
ν

E
Mg
LxLy

(
xz
Lz
− x) (4.58)

uy =−
ν

E
Mg
LxLy

(
zy
Lz
− y). (4.59)

� Imagine a sphere of mass M and radius R that is strained in the following
fashion. Each point (x,y,z) inside the sphere suffers a displacement by an amount

D(x,y,z) =−r̂
r2

a
, (4.60)

where r̂ is the radial unit vector and a is a constant. Find the strain tensor. From
this, find the stress tensor assuming that Young’s modulus and Poisson’s ratio are
known. From the stress tensor, find the force acting on the outer surface of the
sphere at radius R.

D(x,y,z) =−(xî+ y ĵ+ zk̂)
(x2 + y2 + z2)

1
2

a
(4.61)
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∂ux

∂x
=−(2x2 + y2 + z2)

ar
;

∂uy

∂y
=−(x2 +2y2 + z2)

ar
;

∂uz

∂z
=−(x2 + y2 +2z2)

ar
(4.62)

∂ux

∂y
=

∂uy

∂x
=−xy

ar
;

∂uz

∂x
=

∂ux

∂z
=− zx

ar
;

∂uy

∂z
=

∂uz

∂y
=− yz

ar
(4.63)

The strain tensor is therefore,

ε =

 −
(2x2+y2+z2)

ar − xy
ar − zx

ar

− xy
ar − (x2+2y2+z2)

ar − yz
ar

− zx
ar − zy

ar − (x2+y2+2z2)
ar

 . (4.64)

From the stress–strain relation we get,

∑
i=1,2,3

εi,i =
(1−2ν)

E
σ, (4.65)

or
σ =− E

(1−2ν)

4r
a

(4.66)

σi, j =
E

(1+ν)

(
εi, j−

ν

(1−2ν)

4r
a

δi, j

)
. (4.67)

The j-th component of the force per unit area acting on a surface with unit normal
n̂ is f j = (n̂ ·σ) j; in Cartesian coordinates it is (since n̂ = (x/r,y/r,z/r))

f j(x,y,z) =
x
r

σx, j +
y
r

σy, j +
z
r

σz, j. (4.68)

Thus,
fx(x,y,z) =

x
r

σx,x +
y
r

σy,x +
z
r

σz,x

=
x
r

σx,x +
y
r

σy,x +
z
r

σz,x. (4.69)

But,

σx,x =
E

(1+ν)

(
−(2x2 + y2 + z2)

ar
− ν

(1−2ν)

4r
a

)
; (4.70)

σy,x =−
E

(1+ν)

xy
ar

; σz,x =−
E

(1+ν)

xz
ar

(4.71)

therefore,

fx(x,y,z) =
x
r

E
(1+ν)

(
−(2x2 + y2 + z2)

ar
− ν

(1−2ν)

4r
a

)
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−y
r

E
(1+ν)

xy
ar
− z

r
E

(1+ν)

xz
ar

=− E
(1+ν)

2x
a

1
(1−2ν)

. (4.72)

Thus the force acting per unit area is,

f =− E
(1+ν)

2x
a

1
(1−2ν)

r. (4.73)

It points radially inward in accordance with expectations.

� Imagine a disk of radius R is strained so that the displacement of each point
(r,θ) on the disk is

D(r,θ) = λ θ̂ r, (4.74)

where λ is some constant. Find the shear strains and shear stresses.

Write θ̂ =−sin(θ)î+ cos(θ) ĵ. Then it is clear that in Cartesian coordinates,

D(x,y) = λ (−yî+ x ĵ). (4.75)

From this it is easy to see that the strain tensor vanishes identically as does the
stress tensor.

Figure 4.4: If at every radius, each point is shifted by an equal amount tangentially,
there is no strain suffered by the material.

This may seem puzzling, but may be clarified using the following argument. Each
point r is displaced by D making the new vector r′ = r+D. Thus, r = xî+y ĵ; then

x
′
î+ y

′
ĵ = xî+ y ĵ+λ (−sin(θ)î+ cos(θ) ĵ) r

= xî+ y ĵ+λ (−y î+ x ĵ), (4.76)

or
x
′
= x−λy ; y

′
= y+λx(

x
′

y
′

)
=

(
1 −λ

λ 1

)(
x
y

)
(4.77)
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M =

(
1 −λ

λ 1

)
; MT =

(
1 λ

−λ 1

)
. (4.78)

One may see that MMT = MT M = 1+ λ2. This means M is proportional to an
orthogonal matrix. Thus the transformation is nothing but a simple overall rotation
of all points by the same angle, followed by an overall scaling of the distance from
the center by the same factor. In order for strain to be present, different points
have to move by different amounts (either radially or tangentially). Here they don’t,
hence the strain vanishes.

� This example is about simple torsion. Imagine a cylinder subject to forces (per
unit area) on the circular top and bottom cross sections form ftop(r,φ,z) = G α rφ̂

and fbottom(r,φ,z) = −G α rφ̂, where (r,φ,z) are cylindrical coordinates and G,α
are constants. There are no forces acting on the cylindrical surface. It is further
given that all bulk forces are absent. Also, G is known as the modulus of rigidity
and α is the angle of twist per unit length of the shaft. The problem as usual, is to
find the stress, strain, and the nature of displacements in the cylinder.

This means that since bulk forces are absent,

∇ ·σ = 0. (4.79)

Further,
r̂ ·σ = 0, (4.80)

but for the top and bottom cross sections,

k̂ ·σ = ftop(r,φ,z) (4.81)

(−k̂) ·σ = fbottom(r,φ,z). (4.82)

One could go about finding the tensor σ consistent with these constraints in a sys-
tematic manner, but we prefer instead to guess an answer and verify that it works.

We wish to test the following answer,

σ(x,y,z) =−G α y (î⊗ k̂+ k̂⊗ î)+G α x ( ĵ⊗ k̂+ k̂⊗ ĵ). (4.83)

The above notation simply means σ(x,y,z) has a component σxz which is nothing
but the coefficient of î⊗ k̂, which is identical to the coefficient of k̂⊗ î and so on.
This formidable guess is made less so by realizing at the outset that this tensor is
uniform in the z-direction viz. it respects cylindrical symmetry. Further, if one takes
the dot product with k̂ we get

k̂ ·σ(x,y,z) =−G α y î+G α x ĵ = G α rφ̂, (4.84)
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Figure 4.5: A cylinder is subject to twisting forces in opposite directions at opposite
ends. The displacement vectors suffered by the cylinder are shown. Note that the
sense at one end is opposite to the sense at the other end, and there is no displace-
ment at the center.

which is as it should be (note that k̂ · î⊗ k̂≡ (k̂ · î)k̂= 0, whereas k̂ · k̂⊗ î≡ (k̂ · k̂)î= î).
On the surface of the cylinder n̂ = x

r î+ y
r ĵ,

n̂ ·σ(x,y,z) =−G α y (
x
r

k̂)+G α x (
y
r

k̂) = 0. (4.85)

Also it is obvious by inspection that Eq. (4.83) obeys Eq. (4.79). From the stress-
strain relation Eq. (4.16) we get the following formula for strain (since σ= Tr(σ)≡
0):

ε =
(1+ν)

E
(−G α y (î⊗ k̂+ k̂⊗ î)+G α x ( ĵ⊗ k̂+ k̂⊗ ĵ)). (4.86)

This means
εxx = εyy = εzz = εxy = εyx = 0, (4.87)

and

εxz = εzx =
(1+ν)

E
(−G α y) (4.88)

εyz = εzy =
(1+ν)

E
G α x. (4.89)

These may be integrated to give the displacement,

Dz = 0;Dx =
(1+ν)

E
(−G α zy); Dy =

(1+ν)

E
G α xz. (4.90)

4.2 Strain Energy

We wish to derive the equilibrium condition,

∇ ·σ(x)+ fb(x) = 0 (4.91)
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as the consequence of minimizing some function of the displacements which we
then identify with the elastic strain energy. First we make the following observa-
tions. From Hooke’s Law, the stress tensor is a linear combination of the compo-
nents of the strain tensor,

σi j(x) = Mi jkl
εkl(x), (4.92)

where summation over k, l is implied. We further assume that the body forces are
derivable from a potential, so that fb(x) =−∇V (x). Thus the equilibrium condition
Eq. (4.91) may be written as,

∇iMi jkl
εkl(x)−∇ jV (x) = 0. (4.93)

This equation may be thought of as a consequence of a variational principle,∫
Ω

d3x (δu j(x)) (∇iMi jkl
εkl(x)−∇ jV (x)) = 0, (4.94)

for each variation δu j(x) in the displacement vector of the elastic object. In order to
simplify the proceedings, we assume that this variation vanishes on the boundary
of Ω. Since this variation is otherwise arbitrary, the term in the parenthesis should
vanish at each point. Now we rewrite the variational integral,∫

Ω

d3x (δu j(x)) ∇iMi jkl
εkl(x)−

∫
Ω

d3x (δu j(x)) ∇ jV (x) =

=−
∫

Ω

d3x (δ∇iu j(x)) Mi jkl
εkl(x)+

∫
Ω

d3x δ(∇ ju j(x)) V (x). (4.95)

The last relation follows from integration by parts and setting the boundary term to
zero, since the variation in the displacement vanishes on the boundary:∫

Ω

d3x (∇i(...))(Mi...
εkl(x)) = −

∫
Ω

d3x ((...))(Mi...
∇iεkl(x))

+
∫

S
dSi ((...))(Mi...

εkl(x)). (4.96)

Here the surface term is set to zero. Since Mi jkl =M jikl , (∇ ju j(x)) = Tr (ε(x)), and
the strain tensor may be expressed in terms of the derivatives of the displacement

εkl(x) =
1
2

(
∂uk(x)

∂xl
+

∂ul(x)
∂xk

)
, (4.97)

the above equation becomes

−
∫

Ω

d3x (δεi j(x)) Mi jkl
εkl(x)+

∫
Ω

d3x δTr (ε(x)) V (x) = 0. (4.98)

This may be rewritten as

−δ

∫
Ω

d3x U(x) = 0, (4.99)
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where U(x) is the elastic energy density,

U(x) =
1
2

εi j(x) Mi jkl
εkl(x)−Tr (ε(x)) V (x). (4.100)

Alternatively,

U(x) =
1
2

εi j(x)σi j(x)−Tr (ε(x)) V (x). (4.101)

If body forces are absent then the elastic strain energy density stored in the body is
given by

Ustrain(x) =
1
2

εi j(x)σi j(x). (4.102)

4.3 Euler and Navier Stokes Equations

In this section, we introduce the equations of fluid dynamics. Fluids are elastic me-
dia that do not support shear stresses. The response of an elastic solid to shear stress
is to deform, whereas the response of a fluid to shear stress is to move (accelerate).
We start with the particle description where we think of a fluid as composed of
individual atoms and then take the continuum limit to derive the relevant equations.

4.3.1 Equation of Continuity and Current Algebra

Imagine a collection of N particles each of mass m. The position and velocity of the
i-th particle will be denoted by (ri,vi). By definition, vi(t) = d

dt ri(t). The number
density of particles may be defined as,

ρ(r, t) =
N

∑
i=1

δ(r− ri(t)). (4.103)

Dimensionally, this is then the number of particles per unit volume at location r.
The (number) current density, may similarly be defined as,

J(r, t) =
N

∑
i=1

vi(t) δ(r− ri(t)). (4.104)

This is the the number of particles crossing per unit area per unit time in the direc-
tion of J. These two are not independent and may be related through kinematics.
Differentiating the particle density we get (together with chain rule of calculus),

∂

∂t
ρ(r, t) =−

N

∑
i=1

dri(t)
dt
· ∇rδ(r− ri(t)) (4.105)
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Figure 4.6: Considered to be one of the greatest mathematicians, Leonhard Euler’s
(15 April 1707 to 18 September 1783) work had an everlasting influence on calcu-
lus, number theory, analysis, fluid dynamics, optics, astronomy, and geometry. He
laid the foundation of graph theory and his work in complex numbers yielded an
equation often termed as the most beautiful mathematical identity viz. eiπ +1 = 0.

Taking the divergence of the current we get,

∇ ·J(r, t) =
N

∑
i=1

vi(t) · ∇rδ(r− ri(t)). (4.106)

Adding these two we get,

∂

∂t
ρ(r, t)+∇ ·J(r, t) = 0. (4.107)

This is nothing but the equation of continuity. It may be shown that the components
of current density and the particle density obey a closed algebra involving Poisson
brackets. In order to accomplish this we write vi =

pi
m so that we may use the canon-

ical Hamiltonian formulation. The general Poisson bracket between two variables
A(Q,P) and B(Q,P) where Q = {ri : i = 1,2, ...,N} and Q = {pi : i = 1,2, ...,N} is

{A,B}=
N

∑
i=1

(
∂A
∂ri
· ∂B

∂pi
− ∂A

∂pi
· ∂B

∂ri

)
. (4.108)

The Poisson bracket between two ρ’s vanishes identically as may be expected since
ρ depends only on Q but not on P

{ρ(r, t),ρ(r
′
, t)}= 0. (4.109)
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Now we examine the bracket between ρ and J, specifically Jl the l-th component
(here ri,l refers to the l-th component of the position vector of the i-th particle, rl
refers to the l-th component of the fixed vector r whereas rk refers to the dynamical
variable corresponding to the position of the k-th particle). In the next few identities
we make use of the chain rule,

∂δ(r− rk(t))
∂ri,l

= [∇rl δ(r− rk(t))]
∂(rl− rk,l)

∂ri,l
=−∇rl δ(r− rk(t)) δk,i. (4.110)

Therefore,

{ρ(r, t),Jl(r
′
, t)}= 1

m

N

∑
i=1

(
∂∑

N
k=1 δ(r− rk(t))

∂ri,l
·

∂pi,l δ(r′− ri(t))
∂pi,l

)

=− 1
m

N

∑
i=1

(∇rl δ(r− ri(t))) δ(r
′
− ri(t))

=− 1
m
(∇rl δ(r− r

′
))

N

∑
i=1

δ(r
′
− ri(t)) =−

1
m
(∇rl δ(r− r

′
)) ρ(r

′
, t). (4.111)

Thus, the second identity of current algebra reads as follows:

{ρ(r, t),Jl(r
′
, t)}=− 1

m
(∇rl δ(r− r

′
)) ρ(r

′
, t). (4.112)

The final identity concerns the bracket between two different components of the
current.

{Ja(r, t),Jb(r
′
, t)}=

N

∑
i=1

∑
l=1,2,3

(
∂Ja(r, t)

∂ri,l

∂Jb(r
′
, t)

∂pi,l
− ∂Ja(r, t)

∂pi,l

∂Jb(r
′
, t)

∂ri,l

)

=
N

∑
i=1

∑
l=1,2,3

(
pi,a(t)

m
∂δ(r− ri(t))

∂ri,l

1
m

∂pi,b(t)
∂pi,l

δ(r
′
− ri(t))

)

−
N

∑
i=1

∑
l=1,2,3

(
1
m

∂pi,a(t)
∂pi,l

δ(r− ri(t))
pi,b(t)

m
∂δ(r′− ri(t))

∂ri,l

)

=− 1
m

Ja(r
′
, t) (∇rbδ(r− r

′
))+

1
m

Jb(r, t) (∇r′a
δ(r

′
− r)) (4.113)

Thus the final identity of current algebra reads as follows.

{Ja(r, t),Jb(r
′
, t)}=− 1

m
Ja(r

′
, t) (∇rbδ(r− r

′
))+

1
m

Jb(r, t) (∇r′a
δ(r

′
− r))

(4.114)
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The identities of current algebra, namely Eq. (4.109), Eq. (4.112), and Eq. (4.114)
tell us that Poisson brackets (later on in quantum mechanics, commutators) between
local currents and densities obey an algebra reminiscent of a Lie algebra where the
brackets are linear combinations of those variables themselves. But they are not
simple. It would be desirable to make them simpler in order to make them more
useful. To this end we propose the following definition for the local velocity of
the system of particles (rather than one individual particle). It is defined to be that
vector v(r, t) that obeys

J(r, t) = ρ(r, t) v(r, t). (4.115)

Thus the velocity of the system of particles is nothing but the ratio of the lo-
cal current to the local density. Of course this definition is meaningful only at
points where the density is non-vanishing. At locations where the density van-
ishes, the velocity is ill defined. Given this definition we wish to determine the
algebra between ρ,v. We substitute this formula for J in the current algebra iden-
tities to get (we use the identities such as {AB,CD} = A{B,CD}+ {A,CD}B and
{A,BC}= {A,B}C+B{A,C}),

− 1
m
(∇rδ(r− r

′
)) ρ(r

′
, t) = {ρ(r, t),J(r

′
, t)}= {ρ(r, t),ρ(r

′
, t) v(r

′
, t)}=

{ρ(r, t),ρ(r
′
, t)} v(r

′
, t)+ρ(r

′
, t) {ρ(r, t),v(r

′
, t)}. (4.116)

From this we may conclude that,

{ρ(r, t),v(r
′
, t)}=− 1

m
(∇rδ(r− r

′
)). (4.117)

We make the following observation for future reference. We may set v(r′, t) =
− 1

m∇r′Π(r′, t) to obtain

{Π(r
′
, t),ρ(r, t)}= δ(r− r

′
). (4.118)

Now we substitute the formula for current in terms of velocity into Eq. (4.114),

− 1
m

Ja(r
′
, t) (∇rbδ(r− r

′
))+

1
m

Jb(r, t) (∇r′a
δ(r

′
− r))

= {ρ(r, t) va(r, t),ρ(r
′
, t) vb(r

′
, t)}

= ρ(r, t) {va(r, t),ρ(r
′
, t)} vb(r

′
, t)+ρ(r

′
, t) {ρ(r, t),vb(r

′
, t)} va(r, t)

+ρ(r
′
, t) ρ(r, t) {va(r, t),vb(r

′
, t)}. (4.119)

Here we have used the identity in Eq. (4.109). Now we use the identity Eq. (4.117)
above to get,

Q =− 1
m

Ja(r
′
, t) (∇rbδ(r− r

′
))+

1
m

Jb(r, t) (∇r′a
δ(r

′
− r))
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= ρ(r, t) {va(r, t),ρ(r
′
, t)} vb(r

′
, t)+ρ(r

′
, t) {ρ(r, t),vb(r

′
, t)} va(r, t)

+ρ(r
′
, t) ρ(r, t) {va(r, t),vb(r

′
, t)}

= ρ(r, t)
1
m
(∇r′a

δ(r
′
− r)) vb(r

′
, t)−ρ(r

′
, t)

1
m
(∇rbδ(r− r

′
)) va(r, t)

+ρ(r
′
, t) ρ(r, t) {va(r, t),vb(r

′
, t)}. (4.120)

Now we use identities such as

(∇r′a
δ(r

′
− r)) vb(r

′
, t) = (∇r′a

δ(r
′
− r) vb(r

′
, t))−δ(r

′
− r) (∇r′a

vb(r
′
, t))

= (∇r′a
δ(r

′
− r)) vb(r, t)−δ(r

′
− r) (∇r′a

vb(r
′
, t)). (4.121)

Inserting this into the preceding identities and comparing with the definition of Q
we obtain,

0 =−ρ(r, t)
1
m

δ(r
′
− r) (∇ravb(r, t))+ρ(r, t)

1
m

δ(r− r
′
) (∇rbva(r, t))

+ρ(r
′
, t) ρ(r, t) {va(r, t),vb(r

′
, t)}. (4.122)

Now comes the crucial step. If we make the ansatz, va(r, t) =− 1
m∇aΠ(r, t) we get,

0 = ρ(r, t)
1
m

δ(r
′
− r) (∇a

1
m

∇bΠ(r, t))

−ρ(r, t)
1
m

δ(r− r
′
) (∇b

1
m

∇aΠ(r, t))

+ρ(r
′
, t) ρ(r, t) {− 1

m
∇aΠ(r, t),− 1

m
∇
′
bΠ(r

′
, t)}. (4.123)

Since ∇a∇b ≡ ∇b∇a, so long as the regions we are dealing with have ρ(r, t) 6= 0,
we may conclude,

{Π(r, t),Π(r
′
, t)}= 0. (4.124)

The condition ρ(r, t) 6= 0 is important since we divided by this quantity to arrive
at the above result. Thus Eq. (4.118) and Eq. (4.124) indicate that the velocity is
derivable from a (scalar) potential and the potential is conjugate to the density. Now
we move on to discuss the fundamental equations of fluids.
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4.3.2 The Euler Equation

Imagine that the collection of particles is subject to an external force f(r, t). New-
ton’s second law states that for particles i = 1,2, ...,N each of mass m,

mr̈i(t) = f(ri(t), t). (4.125)

To utilize this, consider differentiating Eq. (4.104).

∂

∂t
J(r, t) =

N

∑
i=1

r̈i(t) δ(r− ri(t))−
N

∑
i=1

ṙi(t) (ṙi(t) ·∇) δ(r− ri(t))

=
1
m

N

∑
i=1

f(ri(t), t) δ(r− ri(t))−
N

∑
i=1

ṙi(t) (ṙi(t) ·∇) δ(r− ri(t)) (4.126)

Now we make a few formal observations. Assume that the Dirac delta functions
in Eq. (4.103) and Eq. (4.104) have been rendered un-singular (using, say, the idea
δ(x)≈ ε/π

x2+ε2 and δ3(r) = δ(x)δ(y)δ(z)). In this case it makes sense to speak of δ(0).
We now insert ri(t) in place of r in Eq. (4.103) and Eq. (4.104);

ρ(ri(t), t) = δ(0) (4.127)

and
J(ri(t), t) = ṙi(t) δ(0). (4.128)

Thus we may write,

ṙi(t) =
J(ri(t), t)
ρ(ri(t), t)

. (4.129)

We substitute this into the right-hand side of Eq. (4.126) to get,

∂

∂t
J(r, t) =

1
m

N

∑
i=1

f(ri(t), t) δ(r− ri(t))

− ∑
k=1,2,3

∇k

N

∑
i=1

J(ri(t), t)
ρ(ri(t), t)

Jk(ri(t), t)
ρ(ri(t), t)

δ(r− ri(t)). (4.130)

The gradient operator is placed outside since it acts on r and there is only one
function that depends on r. Now we replace ri(t) with r in all places except in the
delta function and use Eq. (4.103).

∂

∂t
J(r, t) =

1
m

f(r, t) ρ(r, t)− ∑
k=1,2,3

∇k

(
J(r, t)
ρ(r, t)

Jk(r, t)
)
. (4.131)
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Now we make the substitution J = ρv to get,

∂

∂t
ρ(r, t)v(r, t) =

1
m

f(r, t) ρ(r, t)− ∑
k=1,2,3

∇k (v(r, t) ρ(r, t)vk(r, t)) (4.132)

We perform the time derivative and the gradient operator in the above equation
combining with the continuity equation Eq. (4.107) to get,

−v(r, t)(v(r, t) ·∇ρ(r, t))−v(r, t)ρ(r, t)∇ ·v(r, t)+ρ(r, t)
∂

∂t
v(r, t)

=
1
m

f(r, t) ρ(r, t)−ρ(r, t)(v(r, t) ·∇)v(r, t) (4.133)

−v(r, t) (v(r, t) ·∇)ρ(r, t)−v(r, t) ρ(r, t)(∇ ·v(r, t)). (4.134)

This may be simplified so that we obtain the celebrated Euler equation.

∂

∂t
v(r, t) =

1
m

f(r, t)− (v(r, t) ·∇)v(r, t) (4.135)

The external force f acting on this collection of particles (called a ‘fluid’) may be
thought of as arising due to, say, a pressure, which means the force per unit vol-
ume is the negative gradient of this scalar quantity. The force per unit volume is
f(r)ρ(r). This has to be equal to −∇p(r). There could also be another source of
external force, namely the weight of the particles—in this case we add a contribu-
tion mg. Therefore, the Euler equation for a fluid under pressure p and in a uniform
gravitational field is,

∂

∂t
v(r, t) =−∇p

mρ
+g− (v(r, t) ·∇)v(r, t). (4.136)

This has to be supplemented with the equation of continuity,

∂

∂t
ρ(r, t)+∇ · (ρ(r, t)v(r, t)) = 0. (4.137)

These have to be solved subject to appropriate boundary conditions and other other
simplifying assumptions to obtain the nature of the flow. In many cases we may
simplify the solution by choosing v(r, t) =−∇Π(r, t). As we pointed out earlier, in
regions where the density vanishes, the velocity need not be irrotational (of course
when the particles are electrically charged and magnetic fields are present, the ve-
locity need not be irrotational anywhere. We have not considered this case here).
Thus the above system of equations admits both irrotational solutions for the ve-
locity field as well as solutions that correspond to vortices.

At this stage we introduce terminology that is commonly used to describe various
simplifying assumptions.
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Incompressible: ρ(r, t) = const. in both space and time (if it is constant in space,
it also has to be constant in time since the total mass of the system is conserved).

Irrotational: The velocity is expressible as the gradient of a scalar v(r, t) =
−∇Π(r, t). We have seen earlier that this is the norm in regions where the den-
sity does not vanish (assuming there are no magnetic fields and such).

Steady State: The velocity and density are independent of time but depend only on
position.

We now consider these situations in the subsequent examples.

� An incompressible fluid is one whose density is constant in both space and
time. In this case, the continuity equation implies ∇ · v = 0. Since this density is
not zero, the discussion of earlier sections implies that the velocity is derivable
from a potential v(r, t) =− 1

m∇rΠ(r, t), thus Π obeys the Laplace equation ∇2Π =
0. Specifically, let us consider the problem of a fluid in two spatial dimensions
impinging on an obstacle in the shape of a wedge with angle α in the first quadrant.
The boundary condition is that the velocity normal to the obstacle surfaces vanishes
at the surfaces. Laplace’s equation in two dimensions reads as follows.

Figure 4.7: Flow past an angular obstruction.

(
1
r

∂

∂r
r

∂

∂r
+

1
r2

∂2

∂θ2 )Π(r) = 0 (4.138)
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We now use the method of separation of variables to write down some characteristic
solution. Π(r)≡ R(r)Θ(θ).

(
r

R(r)
∂

∂r
r

∂

∂r
R(r)+

Θ
′′
(θ)

Θ(θ)
) = 0 (4.139)

This means for some constant n,

Θ
′′
(θ)

Θ(θ)
=−n2 (4.140)

and,
r

R(r)
∂

∂r
r

∂

∂r
R(r) = n2 ; r2R

′′
(r)+ rR

′
(r)−n2 R(r) = 0. (4.141)

Set R(r) = rm; this means,

m(m−1)+m−n2 = 0, (4.142)

m = ±n. The condition that the velocity vanishes on the boundary of the obstacle
is, (

∂Θ(θ)

∂θ

)
θ=0

=

(
∂Θ(θ)

∂θ

)
θ=α

= 0 (4.143)

Θ(θ) = cos(nθ) (4.144)

Θ
′
(θ) = sin(nα) = 0. (4.145)

n = π

α
.

Π(r,θ) = (a r
π

α +
b

r
π

α

) cos(
π

α
θ) (4.146)

If the boundary conditions demand that the velocity at infinity vanishes, then

Π(r,θ) =
b

r
π

α

cos(
π

α
θ) (4.147)

v(r,θ) =
π

α

b

r
π

α
+1

(r̂ cos(
π

α
θ)+ θ̂ sin(

π

α
θ)). (4.148)

Now we turn to the Euler equation. We assume that the flow is in steady state. This
means the velocity is explicitly time independent. Further, there is no gravity. This
means from the Euler equation Eq. (4.136) we may write,

−∇p
mρ
− (v(r, t) ·∇)v(r, t) = 0. (4.149)
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Using the polar expression for the velocity in this equation we obtain,

−∇p
mρ

=

(
π

α
+1)

π

α

b

r
π

α
+1

( cos(
π

α
θ))

π

α

b

r(
π

α
+2)

(r̂ cos(
π

α
θ)+ θ̂ sin(

π

α
θ))

−π

α

b

r
π

α
+1

(
sin( π

α
θ)

r
)

π

α

b

r
π

α
+1

(θ̂ cos(
π

α
θ)− r̂ sin(

π

α
θ))

−π

α

b

r
π

α
+1

(
sin( π

α
θ)

r
)

π

α

b

r
π

α
+1

(−r̂
π

α
sin(

π

α
θ)+ θ̂

π

α
cos(

π

α
θ)) = 0. (4.150)

While deriving this, we should not forget that ∂

∂θ
r̂ = θ̂ and ∂

∂θ
θ̂ = −r̂. This means

∂θ p≡ 0 and therefore the equations may be integrated to yield,

p(r) =−mρ

2
π2

α2
b2

r(
2π

α
+2)

. (4.151)

Thus we have uniquely determined both the velocity field and the pressure as a
function of position.

4.4 Bernoulli’s Equation for an Incompressible
Fluid

Just as one may derive the law of conservation of energy in point particle mechanics
starting from the dynamical equations for the coordinates and momenta when con-
servative forces are involved, in fluid mechanics this is also possible. The simplest
situation where it is possible is when the fluid is incompressible and the flow is ir-
rotational. This means that the density is constant in time and space, hence we have
the two equations (equation of continuity and Euler equation, henceforth we shall
not make a distinction between number density and mass density, setting mass = 1)

∇ ·v = 0 (4.152)

∂

∂t
v(r, t) =−∇p

ρ
+g− (v(r, t) ·∇)v(r, t). (4.153)

For irrotational flows, the velocity may be written as v =−∇Π; therefore, the Euler
equation reads as follows:

− ∂

∂t
∇Π(r, t) =−∇p

ρ
+g− (∇Π(r, t) ·∇)∇Π(r, t). (4.154)
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This may be rewritten as,

0 = ∇(
∂

∂t
Π(r, t)− p

ρ
+g · r− 1

2
(∇Π(r, t))2). (4.155)

This means

(
∂

∂t
Π(r, t)− p

ρ
+g · r− 1

2
(∇Π(r, t))2) = f (t), (4.156)

where f (t) depends at most, only on time but not on position. Further, in case of
steady flows there is no explicit time dependence, so that we may write (setting
g =−k̂g),

p
ρ
+gz+

1
2

v2 = const. (4.157)

This is the well-known Bernoulli’s principle (or equation).

Figure 4.8: Daniel Bernoulli (8 February 1700 to 17 March 1782) was one of the
great mathematicians from the Bernoulli family. His work in fluid dynamics is
of critical importance in present-day aerodynamics. He contributed to mechanics,
probability theory, economic theory and kinetic theory, of gases.

� Show that the flow in Eq. (4.148) is consistent with Bernoulli’s principle.

This may be approached as follows. Since there is no gravity we must have,
1
2

v2 +
p
ρ
= const. (4.158)

or,
π2

2α2
b2

r
2π

α
+2

+
p
ρ
= const.= 0. (4.159)

We choose the constant to be zero since we require pressure and velocity to vanish
at r = ∞. The pressure obtained is the same as Eq. (4.151).
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4.5 Navier Stokes Equation

Until now we have been content at discussing conservative forces, namely those
derivable from a scalar potential. As in classical mechanics of point particles, a
notable exception occurs in friction forces. Most fluids also experience a force
reminiscent of friction—both due to surfaces of obstacles that they have to flow
around and also internally, a phenomenon known as viscosity. We now consider the
latter contribution, since the former contribution requires knowledge of the specific
boundary conditions and so on. Imagine a layer of moving particles each of mass m,
labeled as the k-th layer moving with a net drift velocity vk. There is a layer on top
of this also containing such particles moving with velocity vk+1 and a layer below
labeled k−1 containing particles moving with velocity vk−1. Particles from a small
thickness dl from the k+ 1-th layer enter the k-th layer. The momentum entering
the k-th layer from the k+ 1-th layer is (ρAdl)vk+1, where ρ is the (assumed uni-
form) density and A is the cross-sectional area. Similarly, a momentum (ρAdl)vk−1
enters the k-th layer from the k−1-th layer. Each layer k also supplies a momentum
(ρAdl)vk to each of its adjacent layers. This means that the net momentum gained
by the k-th layer is,

dPk = (ρAdl)vk+1 +(ρAdl)vk−1−2(ρAdl)vk. (4.160)

Figure 4.9: Viscosity is due to net momentum flow from adjacent layers.

Therefore,

m
dvk

dt
= α(vk+1− vk)+α(vk−1− vk). (4.161)

In the continuum limit we make the following associations vk→ v(x), vk±1→ v(x±
∆x), where ∆x is some kind of lattice spacing. We write the mass of each particle
as m = ∆x ρ where ρ is nonsingular. We also set, α≡ η

∆x where η is a nonsingular
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constant. We may now write the force equation as,

∂v(x, t)
∂t

=
η

ρ

∂2v(x, t)
∂x2 . (4.162)

Here η is called the coefficient of viscosity. We may recognize the above equation
as the diffusion equation. Thus, viscosity leads to diffusive flow. In three dimen-
sions, we have to include such a term in each direction for each component of
the velocity, so that the viscosity contribution then becomes, η

ρ
( ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 )v≡
η

ρ
∇2v on the right-hand side of the Euler equation, making it the Navier-Stokes

equation. Thus the Navier-Stokes equation (NS equation) is,

∂

∂t
v(r, t) =−∇p

ρ
+g− (v(r, t) ·∇)v(r, t)+

η

ρ
∇

2v(r, t). (4.163)

This equation, together with the continuity equation, represent some of the most im-
portant equations of fluid mechanics. Strictly speaking, the above equation is valid
only for an incompressible fluid (since mass m was assumed time independent). In
general, for compressible flows we have to add an additional term proportional to
the gradient of the divergence ∇(∇ · v) since the two possible ways of making a
vector by taking two derivatives of v are ∇2v and ∇(∇ ·v) and this new term would
vanish for incompressible flows. For a general compressible flow, we should be
writing

ρ(r, t)
∂

∂t
v(r, t) =−∇p+ρ(r, t)g

−ρ(r, t)(v(r, t) ·∇)v(r, t)+η∇
2v(r, t)+η

′
∇(∇ ·v(r, t)), (4.164)

where η is called the shear viscosity and η
′
is called the bulk viscosity.

4.6 Conserved Quantities and Dissipation Rates

The continuity equation provides one kind of conservation law. Integrating this
equation over a region Ω where the fluid is present gives us,

∂

∂

∫
Ω

d3r ρ(r, t)+
∫

Ω

d3r ∇ · (ρ(r, t)v(r, t)) = 0. (4.165)

Applying Gauss’s theorem on the second term gives us,

∂

∂t
N(t)+

∫
S

dA (ρ(r, t)v(r, t)) · n̂ = 0. (4.166)

Here N(t) =
∫

Ω
d3r ρ(r, t) and (ρ(r, t)v(r, t)) · n̂ is the number of particles per unit

area per unit time escaping from the surface S (if this quantity is negative, particles
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are flowing in). The symbol S represents the surface bounding Ω and n̂ is the unit
normal to the surface. Note that S can be the union of several disjoint pieces if
solid (impenetrable) boundaries are present in the fluid. This means the time rate
of change of N(t)—the number of particles in the volume Ω is the negative of
this quantity, which is the content of Eq. (4.166). To obtain a conservation law we
imagine a situation where the net flux of particles through the surface S is zero,
which means N(t) is independent of time—a conserved quantity.

Now we wish to study momentum and energy transport in a fluid. For this we write
down a general form for the NS equations.

ρ(r, t)
(

∂

∂t
+(v(r, t) ·∇)

)
v(r, t) = fext(r, t)+η ∇

2v(r, t)+η
′
∇(∇ ·v(r, t))

(4.167)
Here fext(r, t) is the sum of all forces per unit volume acting on the fluid, external
to the fluid. This includes forces originating from pressure, body forces, and so on.
We may rewrite the above equation for each component as follows,

f j,ext(r, t) =
∂

∂t
(ρ(r, t)v j(r, t))+∇ ·T j, (4.168)

where

T j(r, t) = (v j(r, t)ρ(r, t)v(r, t)−η ∇v j(r, t)−η
′
∇ jv(r, t)). (4.169)

We have used the equation of continuity to derive this formula. We now integrate
Eq. (4.168) over a volume where the fluid is present. This leads to an expression
for the net force on the fluid due to all sources external to the fluid (using Gauss’s
theorem for the divergence of T j),

Fj,ext(t) =
∂

∂t
Pj(t)+

∫
Ω

d3r ∇ ·T j =
∂

∂t
Pj(t)+

∫
S

dA T j · n̂ (4.170)

where n̂ is the normal to the surface S that bounds the volume Ω where the fluid is
present and,

Pj(t) =
∫

Ω

d3r ρ(r, t)v j(r, t) (4.171)

is the j-th component of net momentum of the fluid. The interpretation of Eq.
(4.170) is as follows. The net external force acting on the fluid in region Ω is due to
an explicit time rate of change of the net momentum of the fluid and also because
momentum per unit time is flowing in and out of the fluid (the term with T j). This
distinction can be made clearer by examining a situation where the densities and
velocities do not depend on time t but only depend on position r. In this case too,
force can act on the fluid since even for steady flows, momentum flows in and out
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of the region occupied by the fluid as given by the term involving T j. Put differ-
ently, even in order to maintain a steady flow, forces may have to act on the fluid
depending on other conditions such as presence of rigid boundaries and so on.

Lastly we consider energy transport. The kinetic energy density is given by,

K=
1
2

ρ(r, t)v2(r, t). (4.172)

We now derive a rate equation for this quantity.

∂tK=−1
2

∇ · (v2(r, t)ρ(r, t)v(r, t))+η
′
(v(r, t) ·∇)(∇ ·v(r, t))

+η v(r, t) ·∇2v(r, t)+v(r, t) · fext(r, t) (4.173)

This very general result is not particularly useful unless we make further simpli-
fying assumptions. To this end we assume that the fluid is incompressible and the
fluid is at rest at all boundaries of the fluid. These two assumptions lead us to write
down the rate of change of kinetic energy by integrating over the volume Ω (since
now divergence of the velocity is zero).

∂tK = η

∫
Ω

d3r v(r, t) ·∇2v(r, t)+
∫

Ω

d3r v(r, t) · fext(r, t) (4.174)

The second term on the right-hand side of Eq. (4.174) is the rate of work done on
the fluid by forces external to it. The first term is energy dissipated per unit time
due to viscosity. To see that this term is negative, we may rewrite it as follows.

η

∫
Ω

d3r v(r, t) ·∇2v(r, t) =
3

∑
j=1

η

∫
Ω

d3r v j(r, t)∇2v j(r, t)

=
3

∑
j=1

η

∫
Ω

d3r ∇ · (v j(r, t)∇v j(r, t))

−
3

∑
j=1

η

∫
Ω

d3r (∇v j(r, t))2 =−
3

∑
j=1

η

∫
Ω

d3r (∇v j(r, t))2 (4.175)

The last result follows from the application of Gauss’s theorem and the observation
that the velocity field vanishes on the boundary of Ω.

4.7 Turbulence

In all the examples we have studied so far, we have studied special solutions of the
Euler and continuity equations. But we have not addressed the question of stability
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of those solutions. A steady (time-independent) solution for the velocity field that
obeys the prescribed boundary conditions will not necessarily be realized in nature
if it is unstable to perturbations. This instability manifests itself as turbulence. The
transition to turbulence is determined by a phenomenological dimensionless num-
ber called the Reynolds number. For concreteness, we consider the situation of an
incompressible fluid of density ρ and viscosity η, flowing with velocity u past a
solid of a fixed shape but variable size characterized by a length l. The Reynolds
number of the flow pattern (denoted by Re) around this body is defined as

Re =
ρul
η

(4.176)

This dimensionless quantity determines roughly whether the flow is laminar (uni-
directional) or turbulent (with vortices, for example). Depending upon the shape
of the object, there are critical Reynolds numbers that separate the laminar flows
(low Re relative to the critical) from the turbulent flows (high Re). We may rewrite
the NS equation purely in terms of dimensionless quantities. Define r′ = r

l so that
∇
′
= l∇ and t

′
= tu

l and ∂

∂t ′
= l

u
∂

∂t , v′(r′ , t ′) = v(r,t)
u where v is the velocity field

that appears in the NS equation, and acceleration due to gravity or some other force
analogous to it would scale as g

′
= g l

u2 . Similarly we write ρ
′
= ρl3, p

′
= p l3

mu2 .
Substituting the inverted version of these relations into the NS equations we may
rewrite, purely in terms of dimensionless quantities,

∂

∂t ′
v
′
(r
′
, t
′
) =−∇

′
p
′

ρ
′ +g

′
− (v

′
(r
′
, t
′
) ·∇

′
)v
′
(r
′
, t
′
)+

1
Re

∇
′2v
′
(r
′
, t
′
). (4.177)

Thus we see that the Reynolds number Re = uρ
′

l2η
= ρul

η
enters naturally into the

formalism.

Examples:

� We consider the problem of flow around spherical and cylindrical obstacles. The
idea is to calculate the drag force on the obstacle. A different perspective allows
us to consider the same problem as finding the drag force on a moving object of a
spherical or cylindrical shape in a stationary fluid.

In the first perspective, the boundary condition we use is that far from the obstacle,
the flow is unidirectional and uniform with velocity u. On the surface of the sphere
or cylinder, the velocity field vanishes. We use Eq. (4.163) (with g = 0 and v̇ = 0)
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Figure 4.10: Turbulence is one of the great unsolved problems of Newtonian me-
chanics, due to non-linearities in Navier-Stokes equation. In Richard Feynman’s
words, “It always bothers me ... why should it take infinite amount of logic to fig-
ure out what one tiny piece of space-time is going to do?”

to get,

∇
2v(r) =

∇p
η

+
ρ

η
(v(r) ·∇)v(r). (4.178)

This may also be rewritten using dimensionless quantities

−∇
′
p
′

ρ
′ − (v

′
(r
′
, t
′
) ·∇

′
)v
′
(r
′
, t
′
)+

1
Re

∇
′2v
′
(r
′
, t
′
) = 0. (4.179)

For small Reynolds numbers, we may expect all quantities to have an expansion of
the form

v
′
(r
′
, t
′
) = û+Re v

′
1(r

′
, t
′
)+Re2 v

′
2(r

′
, t
′
)+ ...... (4.180)

Similarly,
p
′

ρ
′ ≡ p

′′
= p

′′
0 +Re p

′′
1 +Re2 p

′′
2 + ...... (4.181)

Hence,
−∇

′
p
′′
0 +∇

′2v
′
1(r

′
, t
′
) = 0 (4.182)

−∇
′

p
′′
1− (û ·∇

′
) v
′
1(r

′
, t
′
)+∇

′2 v
′
2(r

′
, t
′
) = 0. (4.183)

These have to be supplemented with the incompressibility condition, namely,

∇
′
1 ·v

′
1(r

′
, t
′
) = 0 ; ∇

′
2 ·v

′
1(r

′
, t
′
) = 0, ... (4.184)

since these conditions are valid term by term. This means,

∇
′2 p

′′
0 = ∇

′2 p
′′
1 = 0. (4.185)

Now we go on to apply these ideas to compute the drag force acting on a solid
sphere and a solid cylinder assuming the flow is streamline and has small Reynolds
number.
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Case of a Sphere

We imagine a solid sphere with center at the origin and radius a immersed in a fluid
that has velocity at infinity equal to u= u k̂. To analyze this, it is better to work with
spherical polar coordinates and spherical polar unit vectors as basis. The identities
associated with these are given in the boxes at the end of this discussion. We pur-
posely use a somewhat inelegant and brute-force approach for two reasons—one is
to show that clever tricks that simplify the analysis are invaluable when available.
Second, a proper justification of these tricks ultimately rests on a detailed verifica-
tion. Also these tricks work only for small Reynolds numbers; at larger values they
fail and one is forced to use the general method. These are the general formulas
valid for all types of functions of the coordinates. Now we make the assumption
that the azimuthal coordinate dependence and the component are both absent. This
means vφ ≡ 0 and ∂

∂φ
≡ 0. This is consistent with the expectation that the velocity

field flows around the sphere in such a way that it has no component that winds
around the direction of the velocity of the fluid at infinity.

– 4 – 2 0 2 4

– 4

– 2

0

2

4

Figure 4.11: Velocity field around a sphere.

Imposing the incompressibility requirement we get,

1
r2

∂(r2vr)

∂r
+

1
rsin(θ)

∂

∂θ
(vθsin(θ)) = 0. (4.186)
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This means that the radial component is always related to the tangential component.

vr(r,θ) =−
1
r2

∫ r

a
dr
′ r

′

sin(θ)
∂

∂θ
(vθ(r

′
,θ)sin(θ)) (4.187)

We adopt the boundary condition that at the surface of the sphere the fluid is at rest
since it is assumed that there is no slipping between the surface and the sphere. We
are going to set

vθ(r
′
,θ) =

∞

∑
l=0

∂

∂θ
Pl(cos(θ))Vl,θ(r

′
). (4.188)

But,
1

sin(θ)
∂

∂θ
sin(θ)

∂

∂θ
Pl(cos(θ)) =−l(l +1)Pl(cos(θ)) (4.189)

vr(r,θ) =
∞

∑
l=0

l(l +1)
r2 (

∫ r

a
dr
′
Vl,θ(r

′
)r
′
) Pl(cos(θ)) (4.190)

vθ(r,θ) =
∞

∑
l=0

∂

∂θ
Pl(cos(θ))Vl,θ(r). (4.191)

Furthermore, since ∇2 p = 0 and we also assert that the pressure vanishes at infinity,

p(r,θ) =
∞

∑
l=0

pl Pl(cos(θ))
1

r(l+1)
. (4.192)

Substituting these expressions in the equation

∇
′2v
′
1(r

′
, t
′
) = ∇

′
p
′′
0 (4.193)

we get

(∆
′
v
′
1,r−

2v
′
1,r

r′2
− 2

r′2sin(θ)

∂(v
′
1,θsin(θ))

∂θ
) =

∂p
′′
0

∂r′
. (4.194)

and,

(∆
′
v
′
1,θ−

v
′
1,θ

r′2sin2(θ)
+

2
r′2

∂v
′
1,r

∂θ
) =

1
r′

∂p
′′
0

∂θ
. (4.195)

Since the partial derivatives are symmetric ∂

∂r′
∂

∂θ
p
′′
0 =

∂

∂θ

∂

∂r′
p
′′
0 we get,

∂

∂θ
(∆
′
v
′
1,r−

2v
′
1,r

r′2
− 2

r′2sin(θ)

∂(v
′
1,θsin(θ))

∂θ
)

=
∂

∂r′
r
′
(∆
′
v
′
1,θ−

v
′
1,θ

r′2sin2(θ)
+

2
r′2

∂v
′
1,r

∂θ
). (4.196)
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Written out in full this constraint expands out to these terms:

∞

∑
l=0

(
1

r′2
d

dr′
r
′2 d

dr′
− l(l +1)

r′2
)
l(l +1)

r′2
(
∫ r

′

a
dr
′′

Vl,θ(r
′′
)r
′′
)

d
dθ

Pl(cos(θ))

− 2
r′2

∞

∑
l=0

l(l +1)
r′2

(
∫ r

′

a
dr
′′

Vl,θ(r
′′
)r
′′
)

d
dθ

Pl(cos(θ))

+
∞

∑
l=0

Vl,θ(r
′
)

2
r′2

l(l +1)
d

dθ
Pl(cos(θ)) =

∞

∑
l=0

d
dθ

Pl(cos(θ))
d

dr′
1
r′

d
dr′

r
′2 d

dr′
Vl,θ(r

′
)

+
∞

∑
l=0

d3

dθ3 Pl(cos(θ))
d

dr′
1
r′

Vl,θ(r
′
)

+
∞

∑
l=0

d
dr′

2
r′

l(l +1)
r′2

(
∫ r

a
dr
′′

Vl,θ(r
′′
)r
′′
)

d
dθ

Pl(cos(θ))

+cot(θ)
∞

∑
l=0

d2

dθ2 Pl(cos(θ))
d

dr′
1
r′

Vl,θ(r
′
)− 1

sin2(θ)

∞

∑
l=0

d
dθ

Pl(cos(θ))
d

dr′
1
r′

Vl,θ(r
′
). (4.197)

The higher derivatives of Pl(cos(θ)) being linearly independent of the lower ones,
should drop out. This is going to happen only if we assert that P

′′
l (cos(θ)) ≡ 0, so

that l = 1 is the only term present. This means,

(
1

r′2
d

dr′
r
′2 d

dr′
− 2

r′2
)

2
r′2

(
∫ r

′

a
dr
′′

V1,θ(r
′′
)r
′′
)− 2

r′2
2

r′2
(
∫ r

′

a
dr
′′

V1,θ(r
′′
)r
′′
)

+V1,θ(r
′
)

4
r′2

=
d

dr′
1
r′

d
dr′

r
′2 d

dr′
V1,θ(r

′
)

− d
dr′

1
r′

V1,θ(r
′
)+

d
dr′

2
r′

2
r′2

(
∫ r

a
dr
′′

V1,θ(r
′′
)r
′′
)− d

dr′
1
r′

V1,θ(r
′
). (4.198)

One may solve this systematically by setting r
′
= 1

q′
and expressing V1,θ as a simple

polynomial in q
′
. The solution to this would be,

V1,θ(r
′
) = u

(
1− 3a

4r′
− a3

4r′3

)
. (4.199)

The overall constant is fixed by demanding that at r = ∞ the velocity vector is
v = u k̂.

vr(r,θ) = u cos(θ)
(

1− 3a
2r

+
a3

2r3

)
(4.200)

vθ(r,θ) =−u sin(θ)
(

1− 3a
4r
− a3

4r3

)
(4.201)
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In order to facilitate the integration, we write the velocity field in a mixed repre-
sentation where the components are in polar coordinates but the unit vectors are in
Cartesian coordinates.

v = u cos(θ)
(

1− 3a
2r

+
a3

2r3

)
r̂−u sin(θ)

(
1− 3a

4r
− a3

4r3

)
θ̂ (4.202)

But,
r̂ = sin(θ)cos(φ) î+ sin(θ)sin(φ) ĵ+ cos(θ)k̂ (4.203)

θ̂ = cos(θ)cos(φ) î+ cos(θ)sin(φ) ĵ− sin(θ)k̂. (4.204)

Therefore, a fully Cartesian form would be,

v =

(
− 3a

4r3 +
3a3

4r5

)
u z(x î+ y ĵ)

+(u z2
(
− 3a

4r3 +
3a3

4r5

)
−u r2

(
3a
4r3 +

a3

4r5

)
+u) k̂. (4.205)

Now we wish to calculate the force acting on the surface r = a due to the fluid. The
forces are due to pressure and viscosity. The force per unit volume, including both
these contributions acting on the fluid, is writable as

ftot(r) =−∇p+η∇
2v. (4.206)

In order to obtain the force acting on a surface, it is better to proceed as follows.
Consider some component j = x,y,z of the force,

f j,tot(r) =−∇ j p+η∇
2v j. (4.207)

We rewrite this as the divergence of some vector.

f j,tot(r) = ∇ · (−ê j p+η∇v j) (4.208)

The j-component of the total force acting on some volume may be written as

Fj,tot =
∫

Ω

d3r f j,tot(r) =
∫

Ω

d3r ∇ · (−ê j p+η∇v j)

=
∫

S
dA(−ê j p+η∇v j) · n̂, (4.209)

where S is the surface(s) bounding Ω. Therefore, we see that the term σ j =
(−ê j p + η∇v j) · n̂ has the interpretation of the j-th component of the force per
unit area acting on a surface whose outward normal is n̂. Now we calculate the
net force acting on the surface r = a. From Eq. (4.182) we see that (after restoring
dimensional quantities),

∇p = η∇
2v. (4.210)
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Since the velocity field is divergence-free due to incompressibility, we must have
∇2 p = 0, since from the preceding discussion only l = 1 is being considered. The
pressure may be written as

p(r,θ) =
p1

r2 cos(θ), (4.211)

and the velocity field as,

v = u cos(θ)
(

1− 3a
2r

+
a3

2r3

)
r̂−u sin(θ)

(
1− 3a

4r
− a3

4r3

)
θ̂. (4.212)

Thus,

∇p =−2p1

r3 cos(θ) r̂− p1

r3 sin(θ) θ̂ (4.213)

and,

∆v =
3au cos(θ)

r3 r̂+
3sin(θ)u a

2r3 θ̂. (4.214)

Therefore, p1 =−3
2ηau and

vz = (u z2
(
− 3a

4r3 +
3a3

4r5

)
−u r2

(
3a
4r3 +

a3

4r5

)
+u). (4.215)

The z-component of the force acting on the sphere is, Fz,tot =
∫

S dA(−cos(θ)p+
η

∂

∂r vz), which after substitution of pressure and velocity becomes,

Fz,tot =
∫

S
dA(

3
2a

ηu cos2(θ)+η(u cos2(θ)

(
− 3

2a

)
−u

(
− 3

2a

)
)) (4.216)

or
Fz,tot = Fdrag = 6πηua. (4.217)

This is the famous Stokes formula for the drag of a sphere in a viscous fluid. This
derivation appears quite formidable and some simplification is called for. But this
comes at the expense of making educated guesses that are not always obvious to
the inexperienced. We now explore this simpler approach for the case of a cylinder.
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∇
2 f ≡ ∆ f =

1
r2

∂

∂r

(
r2 ∂ f

∂r

)
+

1
r2sin(θ)

∂

∂θ

(
sin(θ)

∂ f
∂θ

)
+

1
r2sin2(θ)

∂2 f
∂φ2 (4.218)

The gradient is

∇p =
∂p
∂r

r̂+
1
r

∂p
∂θ

θ̂+
1

rsin(θ)
∂p
∂φ

φ̂. (4.219)

The vector laplacian is given by

∇
2v≡ ∆v =

(∆vr−
2vr

r2 −
2

r2sin(θ)
∂(vθsin(θ))

∂θ
− 2

r2sin(θ)
∂vφ

∂φ
)r̂

+(∆vθ−
vθ

r2sin2(θ)
+

2
r2

∂vr

∂θ
− 2cos(θ)

r2sin2(θ)

∂vφ

∂φ
)θ̂

+(∆vφ−
vφ

r2sin2(θ)
+

2
r2sin(θ)

∂vr

∂φ
+

2cos(θ)
r2sin2(θ)

∂vθ

∂φ
)φ̂. (4.220)

The material derivative is given by

(v ·∇)v =

(
vr

∂vr

∂r
+

vθ

r
∂vr

∂θ
+

vφ

rsin(θ)
∂vr

∂φ
−

v2
θ
+ v2

φ

r

)
r̂

+

(
vr

∂vθ

∂r
+

vθ

r
∂vθ

∂θ
+

vφ

rsin(θ)
∂vθ

∂φ
+

vθvr

r
−

v2
φ
cot(θ)

r

)
θ̂

+

(
vr

∂vφ

∂r
+

vθ

r
∂vφ

∂θ
+

vφ

rsin(θ)
∂vφ

∂φ
+

vφvr

r
−

vφvθcot(θ)
r

)
φ̂ (4.221)

and the divergence is given by

∇ ·v =
1
r2

∂(r2vr)

∂r
+

1
rsin(θ)

∂

∂θ
(vθsin(θ))+

1
rsin(θ)

∂vφ

∂φ
. (4.222)
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Case of a Cylinder

To study this case, as before, we have to use the identities for cylindrical coordinates
given in the box at the end. As before, the equations to be solved are,

∇p = η∇
2v (4.223)

subject to the incompressibility constraint,

∇ ·v = 0 (4.224)

and the boundary conditions v(r = ∞) = u. Naturally, in this problem, we are going
to assume that there is no variation in the z-direction and we may assume without
loss of generality that the z-component of the velocity of the fluid is also zero.
Instead of following the brute-force method adopted in case of a sphere, we prefer
a simpler route, viz., we assert that the pressure is linear in the velocity of the fluid
at infinity. The reason is that small Reynolds number flow equations are linear PDEs
and the solutions also depend linearly on the parameters on the boundary, such as
the velocity at infinity and so on. But pressure is a scalar quantity and velocity is a
vector quantity. The way to get a scalar from a vector is to take the dot product with
another vector, in this case the position vector is the only option. The coefficient is
then some function of the magnitude of the position vector.

p(r,φ) = (u · r) f (r) (4.225)

Here, u is the velocity of the fluid at infinity and the function f (r) vanishes at infin-
ity rapidly enough so that p(∞,φ) = 0. In this case, the steady-state incompressible
NS equation Eq. (4.223) may be rewritten as (we choose the x axis to be along u),

∂(urcos(φ) f (r))
∂r

= η(∇2vr−
vr

r2 −
2
r2

∂vφ

∂φ
)

1
r

∂(urcos(φ) f (r))
∂φ

= η(∇2vφ−
vφ

r2 +
2
r2

∂vr

∂φ
). (4.226)

In this case, the incompressibility requirement says ∇ ·v≡ 0, or,

1
r

∂(rvr)

∂r
+

1
r

∂vφ

∂φ
= 0. (4.227)

This means the radial component is related to the tangential component,

vr =−
1
r

∫ r

a
dr
′ ∂vφ(r

′
,φ)

∂φ
(4.228)

∇
2 f ≡ ∆ f =

1
r

(
∂

∂r
r

∂

∂r
f +

∂

∂φ

1
r

∂ f
∂φ

+ r
∂2 f
∂z2

)
. (4.229)
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Therefore,
∂(urcos(φ) f (r))

∂r

= η(
1
r

(
∂

∂r
r

∂

∂r
vr +

∂

∂φ

1
r

∂vr

∂φ

)
− vr

r2 −
2
r2

∂vφ

∂φ
), (4.230)

and
1
r

∂(urcos(φ) f (r))
∂φ

= η(
1
r

(
∂

∂r
r

∂

∂r
vφ +

∂

∂φ

1
r

∂vφ

∂φ

)
−

vφ

r2 +
2
r2

∂vr

∂φ
). (4.231)

We set
vφ(r,φ) = w

′
φ,1(r)cos(φ)+w

′
φ,2(r)sin(φ) (4.232)

vr(r,φ) =−
1
r
(−wφ,1(r)sin(φ)+wφ,2(r)cos(φ)). (4.233)

For large r we must have v(∞,φ)≡ u or vr(∞,φ) = u · r̂ = u cos(φ) and vφ(∞,φ) =

u · φ̂ =−u sin(φ). But,

vφ(∞,φ) = w
′
φ,1(∞)cos(φ)+w

′
φ,2(∞)sin(φ) =−u sin(φ) (4.234)

vr(∞,φ) =−(−wφ,1(∞)sin(φ)+wφ,2(∞)cos(φ)) = u cos(φ). (4.235)

Thus w
′
φ,1(∞,φ) ≡ 0 and w

′
φ,2(∞) = −u. Since w

′
φ,1(a,φ) = w

′
φ,2(a,φ) = 0, this al-

lows us to suspect that perhaps wφ,1(r,φ)≡ 0. We shall proceed under this assump-
tion for now. Now we multiply Eq. (4.231) by r and differentiate Eq. (4.230) with
respect φ and Eq. (4.231) with respect r and equate. We also set

vφ(r,φ) = w
′
φ,2(r)sin(φ) (4.236)

vr(r,φ) =−
1
r

wφ,2(r)cos(φ) (4.237)

so that
1
r

(
∂

∂r
r

∂

∂r
(
1
r

wφ,2(r))−
1
r
(
1
r

wφ,2(r))
)

−
(1

r wφ,2(r))
r2 +

2
r2 w

′
φ,2(r)

=

(
∂2

∂r2 r
∂

∂r
w
′
φ,2(r)−

∂

∂r
1
r

w
′
φ,2(r)

)

− ∂

∂r

w
′
φ,2(r)

r
+

∂

∂r
2
r
(
1
r

wφ,2(r)). (4.238)
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The general solution to this is wφ,2(r) = C1
r + rC2 + rC3Log(r). Clearly, since vφ ∼

w
′
φ,2(r) and vr ∼

wφ,2(r)
r and these have to be finite at r = ∞, we must set C4 ≡ 0.

Thus,

vφ(r,φ) = (−C1

r2 +C2 +C3 +C3Log(r)) sin(φ) (4.239)

vr(r,φ) =−(
C1

r2 +C2 +C3Log(r)) cos(φ). (4.240)
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Figure 4.12: Velocity field around a cylinder

This solution is not reliable far from r = a. Thus further terms will have to be
included to take care of the Log(r) term. For now, let us assume that infinity means
some distance R∞.

vφ(∞,φ)≈ (C3Log(R∞)) sin(φ) =−u sin(φ) (4.241)

vr(∞,φ)≈−(C3Log(R∞)) cos(φ) = u cos(φ) (4.242)

Also at r = a the velocity should vanish.

0 = (−C1

a2 +C2 +C3 +C3Log(a)) sin(φ) (4.243)

0 =−(C1

a2 +C2 +C3Log(a)) cos(φ) (4.244)
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This means,

C1 =−
a2u

2Log(R∞)
; C2 =

u(1+2Log(a))
2Log(R∞)

; C3 =−
u

Log(R∞)
. (4.245)

This in turn means,

vφ(r,φ) =
1

2Log(R∞)
(
a2u
r2 −u−2uLog(

r
a
)) sin(φ) (4.246)

vr(r,φ) =−
1

2Log(R∞)
(−a2u

r2 +u−2uLog(
r
a
)) cos(φ). (4.247)

One may proceed to evaluate the force acting on the cylinder. This is left to the
exercises. The answer is

Fdrag = 2πηuC, (4.248)

where C = 2/Log(R∞). This result says that the drag force tends to zero since R∞→
∞. But this is merely a reflection of the drastic approximations used. Oseen has
shown that the main reason is due to neglecting the convective derivative v ·∇v
in the simpler analysis. Upon inclusion of this term, the vanishing coefficient C is
‘tamed’ and takes the value

C =
2

Log(7.4
Re )

, (4.249)

where Re is the Reynolds number.

v(r,φ) =
1

2Log(R∞)
(
a2u
r2 −u−2uLog(

r
a
)) φ̂ sin(φ)

− 1
2Log(R∞)

(−a2u
r2 +u−2uLog(

r
a
)) r̂ cos(φ) (4.250)

The velocity field around the cylinder is shown in the diagram, which is uniform in
the z-direction.
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The cylindrical Laplacian is

∇
2 f ≡ ∆ f =

1
r

(
∂

∂r
r

∂

∂r
f +

∂

∂φ

1
r

∂ f
∂φ

+ r
∂2 f
∂z2

)
. (4.251)

The gradient is

∇p =
∂p
∂r

r̂+
1
r

∂p
∂φ

φ̂+
∂p
∂z

ẑ. (4.252)

The vector Laplacian is given by

∆v=(∇2vr−
vr

r2 −
2
r2

∂vφ

∂φ
)r̂+(∇2vφ−

vφ

r2 +
2
r2

∂vr

∂φ
)φ̂+(∇2vz)ẑ. (4.253)

The material derivative is given by

(v ·∇)v = (vr
∂vr

∂r
+

vφ

r
∂vr

∂φ
−

v2
φ

r
+ vz

∂vr

∂z
)r̂

+(vr
∂vφ

∂r
+

vφ

r
∂vφ

∂φ
+

vφvr

r
+ vz

∂vφ

∂z
)φ̂

+(vr
∂vz

∂r
+

vθ

r
∂vz

∂φ
+ vz

∂vz

∂z
)ẑ, (4.254)

and the divergence is given by

∇ ·v =
1
r

∂(rvr)

∂r
+

1
r

∂vφ

∂φ
+

∂vz

∂z
. (4.255)

4.8 Exercises

Q.1 Why is the strain tensor defined in the way it is? What is wrong with the choice,

εi j =
∂ui

∂x j
?

In other words why is it important to ensure that εi j is symmetric? What about the
stress tensor? What happens if the stress tensor is not symmetric? (Think of torques
acting on a small volume.)

Q.2 Develop a formalism for the problem where there is symmetry along one of
the directions so that variations of stress along that direction may be ignored (this
is called plane stress similar to plane strain discussed in the chapter).
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Q.3 Find the strain components of a long rod (of length l) standing vertically in a
gravitational field.

Q.4 Find the strain components of a hollow sphere (of inner radius R1 and outer
radius R2) with a pressure p1 inside and a pressure p2 outside.

Q.5 Find the strain components of a cylindrical pipe (of external radius R2 and
internal radius R1) with pressure p inside and no pressure outside.

Q.6 Show that the force per unit area acting on a surface of a viscous fluid may be
written in component form as

ti =−pni +η∑
j

n j(
∂vi

∂x j
+

∂v j

∂xi
), (4.256)

where n̂ is the unit normal to the surface. Show that, in vector notation, this is
nothing but

t =−pn̂+η(2(n̂ ·∇)v+ n̂× (∇×v)). (4.257)

Show that this can also be written as

t = T · n̂, (4.258)

where T is the stress tensor of the fluid. Find an expression for this quantity. Show
that it is a symmetric tensor. Using this and various vector identities, show that the
net force exerted on a finite volume of fluid by the surrounding fluid is∫

S
tdS =

∫
V
(−∇p+η∇

2v) dV, (4.259)

where S is the surface bounding the volume V .

Q.7 Show that in case of a unidirectional shear flow v = (u(y),0,0), the force per
unit area acting on a surface with unit normal n̂ = (0,1,0) is,

t = (η
du
dy

,−p,0). (4.260)

Q.8 Find the strain energy associated with the cuboid in the worked-out example in
the this chapter. Do the same for the elastic sphere.

Q.9 In case of purely rotational flow, v(r) = uθ(r)êθ (where (r,θ) are plane polar
coordinates), find the force acting on a surface with unit normal in (i) êr direction
and (ii) in êθ direction.
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Q.10 Show that the angular momentum density of a fluid is~S(r, t) = mr×J(r, t) =
mr× ρ(r, t)v(r, t). The angular momentum of a volume V of the fluid is L(t) ≡∫

V d3r ~S(r, t). Using the equation of continuity and Navier Stokes equation, find
the rate of change of this quantity and hence the torque acting on the fluid.

Q.11 Verify Eq. (4.248).

Q.12 Generate a sequence of equations in powers of the Reynolds number to de-
scribe the flow around a sphere. Try to find the drag force on the sphere up to second
order in the Reynolds number.
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Chapter 5

Toward Quantum Fields: Scalar and
Spinor Fields

Thus far we have encountered classical fields such as the electromagnetic field and
the current and density fields of fluids and so on. Now we explore the idea that any
classical field equations, such as Maxwell’s equations, wave equations and so on,
are obtainable as the equations of motion of a suitable Lagrangian/Hamiltonian.
This would be particularly useful in investigating the nature of the quantum me-
chanical version of these theories as the machinery for studying quantum mechan-
ics using Hamiltonians, and as we shall see Lagrangians as well, is quite well de-
veloped. We start with the wave equation for a scalar field.

∇
2
φ =

1
c2

∂2

∂t2 φ (5.1)

We wish to think of this as the Lagrange equation of a suitable Lagrangian, or
equivalently, as the Hamilton equation of a suitable Hamiltonian. The aim now is
to find these functions. Typically, a Lagrangian is a quadratic function of the time
derivative of the generalized coordinate. This leads to Lagrange equations of the
form q̈ = .... We now choose to identify the φ(x)→ qi - ith generalized coordinate.
Thus, just as L = const 1

2 ∑i q̇2
i −V (q) we may write

L = const.
1
2

∫
d3r (∂tφ(x, t))2−V (φ), (5.2)

where integration over x has replaced summation over the index i. The Lagrange
equation is

∂t
δL

δφ̇(x, t)
= const. (∂2

t φ(x, t)) = const. c2
∇

2
φ. (5.3)

145
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The last line follows from the wave equation. From the above result and Lagrange’s
equations we may conclude,

∂L
∂φ(x, t)

=− ∂V
∂φ(x, t)

= const. c2
∇

2
φ. (5.4)

At this stage we choose the constant to be const.= 1/c2 and thus,

V (φ) =
1
2

∫
d3r (∇φ)2. (5.5)

Thus the Lagrangian becomes

L =
1

2c2

∫
d3r (∂tφ(x, t))2− 1

2

∫
d3r (∇φ)2. (5.6)

We saw earlier that any equation that involves time derivatives of some field may be
recast in the form of Lagrange equations of a Lagrangian. It was shown earlier that
the non-relativistic Schrodinger equation may be written as the Lagrange equations
of

L[ψ, ψ̇;ψ
∗, ψ̇∗] =

∫
dx (ψ∗(x, t) i~∂tψ(x, t)−ψ(x, t) i~∂tψ

∗(x, t)

+
~2

2m
ψ
∗(x, t)∂2

xψ(x, t)−V (x, t)ψ∗(x, t)ψ(x, t)). (5.7)

Similarly, the Dirac equation may be thought of as the Lagrange equation of the
following Lagrangian.

L[ψ, ψ̇;ψ
†, ψ̇†] =

∫
d3r (ψ†(x, t) i~∂tψ(x, t)− i~ (∂tψ

†(x, t))ψ(x, t)

−ψ
†(x, t)(−i~cα ·∇+βmc2)ψ(x, t)), (5.8)

where β,αx,αy,αz are the four 4×4 Dirac matrices and ψ(x, t) is a column vector
with four rows. The last two assertions require some comment.

On the one hand, the Schrodinger equation and the Dirac equation are supposed
to represent the fundamental equations of quantum mechanics. On the other hand,
the Lagrange equations are the fundamental equations of classical mechanics. How
can they be one and the same? How can one reconcile this apparent discrepancy?
The point of view that will be advocated from now on is that we shall always be
dealing with a many-particle system. It is well known that there are serious prob-
lems with the one-particle description of the Dirac equations due to the ubiquitous
existence of anti-particles—a feature absent in non-relativistic quantum mechanics.
Hence the point of view shall be that ψ(x, t), instead of being the wave function, is
a field not dissimilar to the electromagnetic field that is all pervasive whose exci-
tations we identify as particles (photons in case of EM field and electrons in case
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of Dirac equation) and antiparticles (in case of Dirac equation). Thus the equation
for ψ(x, t), namely the Dirac equation, is nothing but the equation of motion for the
operator corresponding to ψ(x, t) as it is in Heisenberg’s picture. There is another
somewhat unrelated reason for introducing this concept of a Lagrangian of a field.
It stems from its use in the statistical mechanics of second-order phase transitions.
For example, the Ginzburg Landau Lagrangian of a superconductor in a magnetic
field is given by,

LGL =
∫

d3r (
1

2m
|(−i~∇− 2e

c
A)ψ(x, t)|2 + B2

2
)

+
∫

d3r (α |ψ(x, t)|2 + β

2
|ψ(x, t)|4). (5.9)

Here the interpretation is that ψ(x, t) is a complex-order parameter whose nonzero
value signifies the presence of a superconducting phase in the system. One studies
both the classical solutions (corresponding to zero temperature) as well as fluctua-
tions around these solutions (which take into account finite temperature). A similar
Lagrangian is possible for a collection of bosons interacting via a hard core po-
tential assuming they are all in the same single particle state. This is the so-called
Gross-Pitaevskii equation.

LGP[ψ, ψ̇;ψ
∗, ψ̇∗] =

∫
d3x (ψ∗(x, t) i~∂tψ(x, t)−ψ(x, t) i~∂tψ

∗(x, t)

+
~2

2m
ψ
∗(x, t)∇2

ψ(x, t)−V (x, t)ψ∗(x, t)ψ(x, t)−g (ψ∗(x, t)ψ(x, t))2) (5.10)

Here, ψ(x, t) has the interpretation of the wavefunction of a single boson so that the
wavefunction of a collection of N bosons is Ψ(x1, ...,xN) = ψ(x1)ψ(x2)...ψ(xN).
The above has to be combined with the constraint that

∫
|ψ(x, t)|2 d3r = 1. The

classical equations determine the evolution of a condensate of bosons in a harmonic
trap, for example.

The main focus of this book is nonrelativistic physics. But we should be doing some
minimum justice to particle physics by providing some Lagrangians that a reader
can find out more about in the references. The Lagrangian of an electromagnetic
field is simple; it is purely quadratic in the field variables (four-vector potential).
Physically this means a photon does not directly interact with itself (i.e., others
of its kind). However, there are other fields, such as Yang Mills fields and Gluon
fields, that have a direct interaction between the particles. To introduce this we have
to elevate the vector potentials to a matrix form. This means we assert that there are
a = 1,2, ..,M number of vector fields Aa

µ and an equal number of square matrices
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ta such that they obey a group property under commutation [ta, tb] = i f abctc where
summation over the index c is implied. The matrix four-vector is now

Aµ = ∑
a

taAa
µ. (5.11)

The main outcome of this upgrade is that now the components of the four-vector
do not have to commute. This means, [Aµ,Aν] 6= 0, in general. Examples of such
matrices ta include the three SU(2) generators (the Pauli matrices for SU(N) it is
N2−1 number of generators)

t1 =
(

0 1
1 0

)
; t2 =

(
0 −i
i 0

)
; t3 =

(
1 0
0 −1

)
, (5.12)

or the eight SU(3) generators (Gell-Mann matrices),

t1 =

 0 1 0
1 0 0
0 0 0

 ; t2 =

 0 −i 0
i 0 0
0 0 0


t3 =

 1 0 0
0 −1 0
0 0 0

 ; t4 =

 0 0 1
0 0 0
1 0 0


t5 =

 0 0 −i
0 0 0
i 0 0

 ; t6 =

 0 0 0
0 0 1
0 1 0


and,

t7 =

 0 0 0
0 0 −i
0 i 0

 ; t8 =


1√
3

0 0
0 1√

3
0

0 0 − 2√
3

 . (5.13)

The field tensor is now no longer just what was given in the case of electromag-
netism, but now it involves a nonlinear term signifying interaction of the field with
itself,

Fµν = ∂µAν−∂νAµ + ig[Aµ,Aν], (5.14)

where g represents the coupling of the field with itself. These fields are called non-
Abelian (non-commutative) fields. The Lagrangian density now becomes

LG =− 1
16π

Tr(FµνFµν), (5.15)

where the trace is over the matrices ta. Such gauge fields (bosons) couple to matter
fields (fermions) through the minimal coupling procedure. For example, in order to
describe the coupling quarks with gluons, we have to write

LQCD = iψ̄u(∂µ− igsAµ)γ
µ
ψu + iψ̄d(∂µ− igsAµ)γ

µ
ψd−

1
16π

Tr(FµνFµν), (5.16)
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where ψu stands for the field of the up quark and ψd stands for the field of the
down quark. Since both γµ and Aµ are present together, each of these quark fields are
actually column vectors with 4(N2−1) entries. Thus, a host of different Lagrangian
densities may be written down in terms of fields that describe various physical
systems, both relativistic as well as non-relativistic. Solving for their properties
is another matter, however. We shall content ourselves in merely describing the
models so that the interested reader may then choose to investigate how to solve
one of these models by consulting relevant literature on each of these vast topics.
We shall now revert to simple non-relativistic physics.

5.1 Some Solutions of the Schrodinger Equation

We pointed out earlier that the Lagrangian of the Schrodinger equation possesses
symmetry under a global phase transformation, namely ψ→ eiθψ. This leads to
the total probability being conserved. Now we consider some solutions to the
Schrodinger equation that are of special interest in many body physics. For in-
stance, one may think of the Green function of the Schrodinger equation in the
presence of a delta function impulsive potential both in space and time.

Figure 5.1: Erwin Rudolf Josef Alexander Schrodinger (12 August 1887 to 4 Jan-
uary 1961), was an Austrian physicist who developed a number of fundamental
results in the field of quantum theory, which formed the basis of wave mechan-
ics: he formulated the wave equation (stationary and time-dependent Schrodinger
equation) and revealed the identity of his development of the formalism and matrix
mechanics.
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(i~
∂

∂t
+

~2

2m
∂2

∂x2 −V (x, t))ψ(x, t) = 0 (5.17)

Now imagine that V (x, t) contains two pieces; first is some static potential and an
impulse so that V (x, t) =V0(x)+χ δ(x− x0)δ(t− t0).

(i~
∂

∂t
+

~2

2m
∂2

∂x2 −V (x, t))ψ(x, t) = 0 (5.18)

The idea is to find how the wave function changes in space and time for times t > t0.
For t < t0, we assume that the system is an stationary state with energy Eν.

ψ(x, t ≤ t0) = e−i Eν
~ (t−t0) ϕν(x), (5.19)

where

(− ~2

2m
d2

dx2 +V0(x))ϕν(x) = Eν ϕν(x). (5.20)

Since for times t > t0 the Hamiltonian is again the static one, we may use the basis
states of the static Hamiltonian to write

ψ(x, t > t0) = ∑
ν
′

c
ν
′ e−i

E
ν
′

~ (t−t0) ϕ
ν
′ (x). (5.21)

Integrating the time-dependent Schrodinger equation from time t0− ε to t0 + ε we
get,

i~(ψ(x, t0 + ε)−ψ(x, t0− ε)) = χ δ(x− x0)ψ(x, t0). (5.22)

Substituting the basis expanded wavefunction in the above constraint we get,

(∑
ν
′

c
ν
′ ϕ

ν
′ (x)−ϕν(x)) =

χ

i~
δ(x− x0)ϕν(x0). (5.23)

Multiplying by the complex conjugate of a basis wavefunction an integrating over
x and using orthonormality of the wavefunctions we get,

c
ν
′ =

χ

i~
ϕ
∗
ν
′ (x0)ϕν(x0)+δ

ν,ν
′ . (5.24)

Therefore,

ψ(x, t > t0) = e−i Eν
~ (t−t0) ϕν(x)+∑

ν
′

χ

i~
ϕ
∗
ν
′ (x0)ϕν(x0) e−i

E
ν
′

~ (t−t0) ϕ
ν
′ (x). (5.25)

If one starts with a free particle with a plane wave as a basis then
ϕν(x) = 1√

L
eikx and Eν =

~2k2

2m so that,

ψ(x, t > t0) = e−i~k2
2m (t−t0) 1√

L
eikx +

χ

i~
eikx0

√
L

1
L ∑

k′
e−i~k

′2
2m (t−t0) eik

′
(x−x0). (5.26)
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Following the description in the box, we write ∑k′ (...) =
L
2π

∫
∞

−∞
dk
′
(...) so that,

To sum over states that form a continuum, we typically employ the
following procedure. Consider first a particle in a box of length L. Its
states are labeled n = 1,2,3, ... an integer with corresponding momenta
kn =

πn
L . Thus, summation over these states means evaluating a sum such

as S = ∑n=1,2,... f (kn) =
L
π

∑
∞
n=0 f (∆k + n∆k)∆k ≈ L

π

∫
∞

0 dk f (∆k + k) ≈
L
2π

∫
∞

−∞
dk f (k) where ∆x = π

L . We assume that f (k) is an even function
of k since for particle in a box −k is the same state as k.

.

– 0.5 0.5 1.0 1.5

5

10

15

20

25

Figure 5.2: The first few states of a particle trapped in a box. The vertical location
of the wave packet is proportional to the energy.

ψ(x, t > t0) = e−i~k2
2m (t−t0) 1√

L
eikx

+
1

2π

χ

i~
eikx0

√
L

∫
∞

−∞

dk
′
e−i~k

′2
2m (t−t0) eik

′
(x−x0)

= e−i~k2
2m (t−t0) 1√

L
eikx +

1
2π

χ

i~
eikx0

√
L

√
π

i
2m~(t− t0)

e
−m(x−x0)

2

2~i(t−t0) (5.27)
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The term G(x− x0, t− t0) where

G(x− x0, t− t0) =
√

m
ih(t− t0)

e
−m(x−x0)

2

2~i(t−t0) (5.28)

is known as the Green function of a free particle. The reason why it is called that is
because the wavefunction of the system with any time-dependent potential V (x, t)
may be obtained by linearly combining the above solutions with the external po-
tential as the weights.

ψV (x, t > t0) = e−i~k2
2m (t−t0) 1√

L
eikx

+
1
ih

∫
∞

−∞

dx0

∫
∞

−∞

dt0
eikx0

√
L

√
2mπ

i(t− t0)
e
−m(x−x0)

2

2~i(t−t0) V (x0, t0) (5.29)

In condensed matter physics, one deals with a slightly different situation. Instead
of having a single particle, we typically have a large number of them, such as elec-
trons in a metal. Electrons being fermions obey Pauli’s principle. In this context it
means that an electron with the energy of the highest occupied state can only scat-
ter to states with higher energy since the states with lower energies are all filled.
Therefore, in response to a delta function impulse, the solution to the Schrodinger
equation becomes (k = kF and EF = (~kF )

2

2m ),

ψ(x, t > t0) = e−i EF
~ (t−t0) 1√

L
eikF x

+
χ

i~
eikF x0

√
L

1
L ∑

E
k′>EF

e−i~k
′2

2m (t−t0) eik
′
(x−x0). (5.30)

One further approximation is made routinely and that is the celebrated random
phase approximation (RPA). This involves setting kF ,m→ ∞ such that vF = ~kF

m <
∞. This ensures that only low energy phenomena are being focused on. This is the
same as saying the Green function obtained operating in the RPA limit is identical
to the asymptotic limit (|x−x0|, |t− t0| →∞) of the non-RPA (full) Green function.
Further, in the RPA limit, the energy dispersion is linear EkF+k =

(~(kF+k))2

2m ≈ EF +
vF~k for |k| � kF for momenta close to the positive side of the highest occupied
state and similarly for the negative side we have, E−kF+k = (~(−kF+k))2

2m ≈ EF −
vF~k. Therefore, the asymptotically exact Green function of a free fermion in the
presence of a filled Fermi sea would be,

ψ(x, t > t0) = e−i EF
~ (t−t0) 1√

L
eikF x
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+
χ

i~
eikF x0

√
L

e−iEF (t−t0) eikF (x−x0)
1
L ∑

k′>0

eik
′
[(x−x0)−vF (t−t0)]

+
χ

i~
e−iEF (t−t0) e−ikF (x−x0)

eikF x0

√
L

1
L ∑

k′<0

eivF~k
′
(t−t0) eik

′
[(x−x0)+vF (t−t0)]. (5.31)

Figure 5.3: The probability density of a right-moving wave packet. It moves with
a velocity vF to the right, and is peaked at the classical distance–time relation of a
free particle x = vFt

or,

ψ(x, t > t0) = e−i EF
~ (t−t0) 1√

L
eikF x

− χ

i~
eikF x0

√
L

e−i EF
~ (t−t0) eikF (x−x0)

1
2πi

1
(x− x0)− vF(t− t0)

+
χ

i~
eikF x0

√
L

e−i EF
~ (t−t0) e−ikF (x−x0)

1
2πi

1
(x− x0)+ vF(t− t0)

. (5.32)

We shall have occasion to use this later on when we encounter Luttinger liquids. For
later use, we note the following terminology—the Green function of right movers
is

GR(x− x0, t− t0) =−e−i EF
~ (t−t0) eikF (x−x0)

1
2πi

1
(x− x0)− vF(t− t0)

, (5.33)
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and for left movers it is

GL(x− x0, t− t0) = e−i EF
~ (t−t0) e−ikF (x−x0)

1
2πi

1
(x− x0)+ vF(t− t0)

. (5.34)

5.2 Some Properties of the Dirac Equation and Klein
Gordon Equations

Originally, Dirac invented his relativistic equation as a cure for the negative energy
states present in the Klein Gordon theory. However, Dirac later was unable to get
rid of the negative energy states and interpreted them in terms of holes. But in the
modern context we simply view the Dirac and Klein Gordon fields in the same
way as we view the electromagnetic field—they are classical fields which, when
quantized, produce quantum excitations that are identified with particles. In case of
the electromagnetic field they are photons; in case of the Klein Gordon field they
are spinless bosons, and for the Dirac field they are spin 1/2 fermions.

Figure 5.4: One of the founding figures of modern quantum mechanics, Paul Dirac
(8 August 1902 to 20 October 1984) laid the foundations of quantum electrody-
namics, developed the theory of electrons, predicted the existence of the positron,
and introduced the widely used bracket notation. His book Principles of Quantum
Mechanics is still one of the best introductions to the subject. He was awarded the
Nobel Prize for Physics in 1933.
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� Consider the Lorentz transformation x
′µ = Λ

µ
ν(v)xν. Which of the following set

of equations respect the principle of relativity? Prove your answer by actual calcu-
lation where x

′
= γx− γvt, t

′
= γt− γvx/c2 but ψ

′
(x
′
, t
′
) = ψ(x, t), Lorentz scalar.

i~
∂

∂t
ψ(x, t) =− ~2

2m
∂2

∂x2 ψ(x, t) (5.35)

i~
∂

∂t
ψ(x, t) =−i~c(σ ·∇)ψ(x, t) (5.36)

∂2

∂x2 Aµ(x, t) =
1
c2

∂2

∂t2 Aµ(x, t) (5.37)

Here, Aµ is a four-vector.

To answer these equations, start with x
′
= γx− γvt, t

′
= γt− γ

vx
c2 . Thus,

∂

∂x
=

∂x
′

∂x
∂

∂x′
+

∂t
′

∂x
∂

∂t ′
;

∂

∂t
=

∂x
′

∂t
∂

∂x′
+

∂t
′

∂t
∂

∂t ′
(5.38)

∂x
′

∂x
= γ ;

∂t
′

∂x
=−γ

v
c2 ;

∂x
′

∂t
=−γv ;

∂t
′

∂t
= γ, (5.39)

or
∂

∂x
= γ

∂

∂x′
− γv

c2
∂

∂t ′
;

∂

∂t
=−γv

∂

∂x′
+ γ

∂

∂t ′
. (5.40)

(a) If the first equation respects relativity, then we must assume also that

i~
∂

∂t ′
ψ
′
(x
′
, t
′
) =− ~2

2m
∂2

∂x′2
ψ
′
(x
′
, t
′
). (5.41)

Substitute Eq. (5.40) into Eq. (5.35) to get (it is given that ψ(x, t) = ψ
′
(x
′
, t
′
)).

i~
(
−γv

∂

∂x′
+ γ

∂

∂t ′

)
ψ
′
(x
′
, t
′
) =− ~2

2m

(
γ

∂

∂x′
− γv

c2
∂

∂t ′

)2

ψ
′
(x
′
, t
′
) (5.42)

This is not the same equation as Eq. (5.41) as terms such as ∂

∂x′
∂

∂t ′
are present in

the transformed version of Eq. (5.35), whereas there should not be such terms if the
equation respected the principle of relativity.

(b) Substitute Eq. (5.40) into Eq. (5.36) to get (again ψ(x, t) =ψ
′
(x
′
, t
′
), and assume

that ψ does not depend on y or z, thus ∂

∂y =
∂

∂z = 0),
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i~
(
−γv

∂

∂x′
+ γ

∂

∂t ′

)
ψ
′
(x
′
, t
′
) =−i~c σx

(
γ

∂

∂x′
− γv

c2
∂

∂t ′

)
ψ
′
(x
′
, t
′
). (5.43)

This is consistent for all values of v only if

i~
(

γ
∂

∂t ′

)
ψ
′
(x
′
, t
′
) =−i~c σx

(
γ

∂

∂x′

)
ψ
′
(x
′
, t
′
) (5.44)

and,

i~
(
−γv

∂

∂x′

)
ψ
′
(x
′
, t
′
) =−i~c σx

(
−γv

c2
∂

∂t ′

)
ψ
′
(x
′
, t
′
). (5.45)

In the first one we cancel γ from both sides and this is nothing but Eq. (5.36) in
primed coordinates. In the second one we cancel −γv from both sides, multiply by
c σx, and use σ2

x = 1 to get the same equation.

(c) Inverting Eq. (5.40) is the same as choosing −v instead of v and choosing t
′
,x
′

instead of t,x and vice versa.

∂

∂x′
= γ

∂

∂x
+

γv
c2

∂

∂t
;

∂

∂t ′
= γv

∂

∂x
+ γ

∂

∂t
(5.46)

Let us calculate the D’Almbertian.

∆
′
≡ ∂2

∂x′2
− 1

c2
∂2

∂t ′2
=

(
γ

∂

∂x
+

γv
c2

∂

∂t

)2

− 1
c2

(
γv

∂

∂x
+ γ

∂

∂t

)2

=
∂2

∂x2 −
1
c2

∂2

∂t2 ≡ ∆ (5.47)

Thus, we have to show that

∆
′
Aµ′(x

′
, t
′
) = 0 (5.48)

is the same as
∆Aµ(x, t) = 0. (5.49)

We write,
A
′µ(x

′
, t
′
) = Λ

µ
ν Aν(x, t). (5.50)

Then,
∆
′
Aµ′(x

′
, t
′
) = Λ

µ
ν ∆Aν(x, t) = Λ

µ
ν ×0 = 0. (5.51)

Thus, ∆Aν(x, t) = 0 means ∆
′
Aµ′(x

′
, t
′
) = 0.
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5.3 Exercises

Q.1 Discuss the symmetries and possible conserved quantities of the Lagrangians
encountered in this chapter.

Q.2 Find the Green function in momentum and frequency space for the case of free
particles Eq. (5.28) and free fermions Eq. (5.33) and Eq. (5.34). Write

G(x, t) =
∫

∞

−∞

dk
2π

∫
∞

−∞

dω

2π
eikxe−iωtG(k,ω), (5.52)

and find G(k,ω) and also the spectral function A(k,ω) =−2Im(G(k,ω− iε)) (here
ω is real and ε→ 0).

Q.3 Perturbatively evaluate the leading correction to the Green function in case of
free fermions upon inclusion of quadratic corrections to the energy dispersion (i.e.,
set EkF+k ≈ EF + vFk+ k2

2m and expand in powers of m−1).

Q.4 Verify (or derive) that the formulas (Eq. (13.111)) for the right- and left-moving
Green functions in case of a free fermion with energy EF in the presence of a delta
function potential V (x) =V0δ(x) is correct.
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Chapter 6

Concept of Functional Integration

So far we have pointed out that any dynamical equation may be thought of as the
Lagrange equation of a suitable Lagrangian. The relevance of this is clear when we
attempt to make a transition to quantum mechanics or when attempting to study
thermal fluctuations of classical statistical systems. In both cases, a term propor-
tional to the exponential of the action (time-integrated Lagrangian) serves as a
‘weight’ or probability distribution for the field in question as we shall see sub-
sequently. Thus, all possible field configurations are allowed, but each comes with
a weight which allows the computation of averages of the field (given by the solu-
tion of the classical equations) and the correlations between the values of the field
at different points in space and time. To do this involves integrating over all pos-
sible field configurations with the weight mentioned above. Therefore, we have to
now learn how to integrate over function spaces.

In this chapter, we introduce the reader to the concept of a functional integral or
integration over spaces of functions. It must be stressed that the assertions of this
chapter are far from rigorous and would not be satisfactory to a mathematician.
The concept of functional integration has been made rigorous by mathematicians
(see e.g., the series by Reed and Simon). The more ambitious reader may wish to
consult these texts.

6.1 Integration over Functions

From a naive physicist’s point of view, functional integration is just like ordinary
integration, but the independent variable is a function of a real or complex number
rather than itself being a real or complex number. An example may clarify this

159
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distinction. An ordinary Gaussian integral can be (A > 0),

I =
∫

∞

−∞

dx e−
1
2 Ax2

. (6.1)

The corresponding functional integral could be

I =
∫

∞

−∞

d[ f ] e−
1
2 A

∫ b
a dx f (x)2

. (6.2)

In the above example, the integration is over all possible functions of x defined in
the interval [a,b] rather than all possible real numbers. One is then called upon to
make sense of this in the same sense in which mathematicians make sense of an
integral as the limit of a sum. More interesting variations are possible with func-
tional integration within the spirit of the Gaussian integral. For example, we could
include derivatives of f as well.

I =
∫

∞

−∞

d[ f ] e−
1
2 A

∫ b
a dx ( f

′2(x)+λ f (x)2) (6.3)

In the subsequent few paragraphs, we try to make sense of the above identifications
by relating them to ordinary integration. Imagine that we think of the interval [a,b]
as containing a finite number of points: x j = a+ (b−a)

N j where x0 = a and xN = b.
Then we may define f j ≡ f (x j). Thus, integrating over the function f is the same
as integrating over the numbers f j, j = 0,1,2, ...,N−1,N. Since j = 0 corresponds
to x = a and j = N corresponds to x = b, we may choose to restrict the integration
over functions that take on a predetermined value at these points. Alternatively, we
could allow the derivatives of the functions that are to be integrated with respect
to, to take on predetermined values. This latter case will be left to the exercises.
Presently we focus on the situation where all functions f obey f (x0 = a) = y1 and
f (xN = b) = y2. We substitute the following identifications in Eq. (6.3)

∫ b

a
dx (....) =

N−1

∑
j=1

∆x (....) =
(b−a)

N

N−1

∑
j=1

(....). (6.4)

Further we have,

f
′
(x j) =

( f (x j+1)− f (x j))

∆x
(6.5)

I =
∫

∞

−∞

d[ f ] e
− 1

2 A∆x∑
N−1
j=0 (

( f (x j+1)− f (x j))
2

(∆x)2
+λ f (x j)

2)

=
∫

∞

−∞

d f1

∫
∞

−∞

d f2 .....
∫

∞

−∞

d fN−1 e
− 1

2 A∆x∑
N−1
j=0 (

( f (x j+1)− f (x j))
2

(∆x)2
+λ f (x j)

2)
. (6.6)
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In this way we can see that the functional integral is nothing but the product of
ordinary Gaussian integrals. However, the integrals are all nested and it is hard to
do them one by one. In order to evaluate this, we have to adopt a cleverer method.
It involves first finding the function f (x) that makes the integral

∫ b
a dx ( f

′2(x) +
λ f 2(x)) an extremum. Consider two functions that are close to each other: u(x) and
u(x)+ δu(x) such that they both are subject to the condition that they are equal to
y1 at x = a and y2 at x = b. This means δu(a) = δu(b) = 0. Thus,

0 =
∫ b

a
dx (2u

′
(x)δu

′
(x)+2λu(x)δu(x))

=
∫ b

a
dx (−2u

′′
(x)δu(x)+2λu(x)δu(x))+2u

′
(b)δu(b)−2u

′
(a)δu(a). (6.7)

Since δu(x) can be anything, this is obeyed only if at each point x ∈ [a,b] we have

−u
′′
(x)+λu(x) = 0. (6.8)

This has to be solved subject to the condition that u(a) = y1 and u(b) = y2.

u(x) =C1 e
√

λ x +C2 e−
√

λ x (6.9)

C1 =
y1 e−

√
λ b− y2 e−

√
λ a

(e
√

λ (a−b)− e
√

λ (b−a))
(6.10)

C2 =
y1 e

√
λ b− y2 e

√
λ a

(e−
√

λ (a−b)− e−
√

λ (b−a))
(6.11)

Now write f (x) = u(x)+h(x), then h(a) = h(b) = 0, and

I = e−
1
2 A

∫ b
a dx (u

′2(x)+λu(x)2)
∫

∞

−∞

d[h] e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2). (6.12)

In order to proceed further, we Fourier transform h(x).

h(x) =
∞

∑
n=1

cn Sin(2πn
(x−a)
(b−a)

) (6.13)

h
′
(x) =

∞

∑
n=1

cn
2πn

(b−a)
Cos(2πn

(x−a)
(b−a)

) (6.14)

∫ b

a
dx (h

′2(x)+λh2(x)) =
∞

∑
n=1

c2
n
(2πn)2

2(b−a)
+λ

∞

∑
n=1

c2
n
(b−a)

2
(6.15)
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I = e−
1
2 A

∫ b
a dx (u

′2(x)+λu(x)2)
∫

∞

−∞

d[c] e−
1
2 A∑

∞
n=1 c2

n[
(2πn)2

2(b−a) +λ
(b−a)

2 ] (6.16)

Or (if λ,A > 0),

I = e−
1
2 A

∫ b
a dx (u

′2(x)+λu(x)2)
∞

∏
n=1

√√√√ 2π

A[ (2πn)2

2(b−a) +λ
(b−a)

2 ]
. (6.17)

The expression is formally divergent. In physics, however, we treat the integral in
Eq. (6.3) as an integral over a random variable (function) f (x) with the integrand
being the probability distribution. Thus P[ f ] d f is the probability for finding the
function between f and f +d f .

P[ f ] d f = e−
1
2 A

∫ b
a dx ( f

′2(x)+λ f (x)2) d[ f ] (6.18)

This interpretation is common, for example, in the path integral approach to quan-
tum mechanics where f [x] would be replaced by X(t), the position of a particle at
time t, and P[X ]≡ e

i
~S[X ] would be the probability distribution with S[X ] as the ac-

tion. Thus within this interpretation we should be thinking of calculating averages
of various quantities. For example, < f (y)> would mean

< f (y)>=
e−

1
2 A

∫ b
a dx ( f

′2(x)+λ f (x)2) f (y) d[ f ]

e−
1
2 A

∫ b
a dx ( f ′2(x)+λ f (x)2) d[ f ]

. (6.19)

Similarly, we could also calculate < f (y) f (z) > by inserting this instead of f (y).
In general, we could calculate the generating function G[U ], which is nothing but
< e

∫ b
a f (x)U(x)dx >. For this we use the procedure already outlined, namely, write

f (x) = u(x)+h(x) and then,

G[U ]≡< e
∫ b

a f (x)U(x)dx >

= e
∫ b

a u(x)U(x)dx e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2)e
∫ b

a h(x)U(x)dx d[h]

e−
1
2 A

∫ b
a dx (h′2(x)+λh(x)2) d[h]

. (6.20)

As usual we expand h(x) in a Fourier series and get

G[U ] = e
∫ b

a u(x)U(x)dx
∫

d[c] e−
1
2 A∑

∞
n=1 c2

n[
(2πn)2

2(b−a) +λ
(b−a)

2 ]e∑
∞
n=1 cnUn∫

d[c] e−
1
2 A∑

∞
n=1 c2

n[
(2πn)2
2(b−a) +λ

(b−a)
2 ]

, (6.21)

where Un =
∫ b

a dx Sin(2πn (x−a)
(b−a)) U(x). The numerator is nothing but a shifted

Gaussian integral and is easily done to yield

G[U ] = e
∫ b

a u(x)U(x)dx e

1
2 ∑

∞
n=1

U2
n

A[ (2πn)2
2(b−a) +λ

(b−a)
2 ]

. (6.22)
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Notice that in the above formula the formally divergent product over the index
n, which appeared in the evaluation of I earlier, has cancelled out since both the
numerator and the denominator have the same terms. Thus, in order to calcu-
late < f (x) > we simply evaluate

(
δ

δU(x)G[U ]
)

U≡0
and in order to evaluate the

product < f (x) f (y) >=
(

δ2

δU(x)δU(y)G[U ]
)

U≡0
and so on. It is more convenient to

evaluate the correlation functions: C(x,y) =< f (x) f (y) > − < f (x) >< f (y) >,
C(x,y,z) =< f (x) f (y) f (z) > − < f (x) > C(y,z)− < f (y) > C(x,z)− < f (z) >
C(x,y)−< f (x)>< f (y)>< f (z)> and so on. This is most easily accomplished
by first taking the natural logarithm and then differentiating.

C(x,y) =
δ2

δU(x)δU(y)
Log[G[U ]] (6.23)

C(x,y,z) =
δ3

δU(x)δU(y)δU(z)
Log[G[U ]] (6.24)

and so on.

6.2 Perturbation Theory

In most interesting applications in physics, we study interacting theories. In those
theories, the integrand is not Gaussian but something more complicated. It could
be a Gaussian plus a quartic term, for example. To keep things simple, we consider
only those functions that vanish at the end points a and b—in other words, the
functions of the type, h(x). Thus we wish to consider the probability distribution

P[h] dh = e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+ g
4! h4(x)) d[h]. (6.25)

Using this, we wish to calculate as before the generating function of correlations
defined by

G[U ] =
∫

e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+ g
4! h4(x)+U(x)h(x)) d[h] = eF [U ]. (6.26)

We wish to evaluate this by expanding F [U ] in powers of g.

F [U ] = F0[U ]+gF1[U ]+
g2

2!
F2[U ]+ ... (6.27)

Expanding both sides in a Taylor series we conclude,∫
e−

1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+U(x)h(x)) d[h] = eF0[U ]
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−1
2A

∫ b
a dx

∫ 1
4!h

4(x)e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+U(x)h(x)) d[h]∫
e−

1
2 A

∫ b
a dx (h′2(x)+λh(x)2+U(x)h(x)) d[h]

= F1[U ] (6.28)

and so on (the evaluation of F2 is left for the exercises). Notice that,

δ4

δU(x)4

∫
e−

1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+U(x)h(x)) d[h]

= (−1
2

A)4
∫

h4(x) e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+U(x)h(x)) d[h]. (6.29)

Therefore,

F1[U ] =

1
4!
∫ b

a dx δ4

δU(x)4 eF0[U ]

(−1
2A)3eF0[U ]

. (6.30)

After some effort we may conclude,

F1[U ] =
1

4!(−1
2A)3

∫ b

a
dx (3(

δ2F0[U ]

δU(x)δU(x)
)2 +6(

δF0[U ]

δU(x)
)2(

δ2F0[U ]

δU(x)δU(x)
))

+
1

4!(−1
2A)3

∫ b

a
dx (

δF0[U ]

δU(x)
)4, (6.31)

from the earlier calculation we know,

F0[U ] =
1
2

∞

∑
n=1

U2
n

A[ (2πn)2

2(b−a) +λ
(b−a)

2 ]
. (6.32)

Further, we may write,

Un =
2

(b−a)

∫ b

a
dx Sin(2πn

(x−a)
(b−a)

) U(x) (6.33)

F0[U ] =
1

(b−a)2

∫ b

a
dx

∫ b

a
dx
′

U(x)U(x
′
)

× ∑
n=all

Sin(2πn (x−a)
(b−a))Sin(2πn (x

′−a)
(b−a) )

A[ (2πn)2

2(b−a) +λ
(b−a)

2 ]
. (6.34)

To evaluate this we define,

W (x,x
′
) = ∑

n=all

Sin(2πn (x−a)
(b−a))Sin(2πn (x

′−a)
(b−a) )

A[ (2πn)2

2(b−a) +λ
(b−a)

2 ]
. (6.35)
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One may see that in the region x,x
′ ∈ [a,b] the function W obeys W (x,x

′
) =W (x

′
,x)

and,

(− d2

dx2 +λ)W (x,x
′
) =

1
A

δ(x− x
′
). (6.36)

The solution to this that is consistent with W (a,x
′
) =W (b,x

′
) = 0 is

N1(x,x
′
) = Sinh(

√
λx)Sinh(

√
λx
′
)−Tanh(

√
λa) Sinh(

√
λx)Cosh(

√
λx
′
)

−Tanh(
√

λb) Cosh(
√

λx)Sinh(
√

λx
′
)

+Tanh(
√

λb)Tanh(
√

λa) Cosh(
√

λx)Cosh(
√

λx
′
) (6.37)

N2(x,x
′
) = Sinh(

√
λx)Sinh(

√
λx
′
)−Tanh(

√
λa) Sinh(

√
λx
′
)Cosh(

√
λx)

−Tanh(
√

λb) Cosh(
√

λx
′
)Sinh(

√
λx)

+Tanh(
√

λb)Tanh(
√

λa) Cosh(
√

λx
′
)Cosh(

√
λx) (6.38)

W (x,x
′
) = θ(x− x

′
)

N1(x,x
′
)√

λ A (Tanh(
√

λa)−Tanh(
√

λb))

+θ(x
′
− x)

N2(x,x
′
)√

λ A (Tanh(
√

λa)−Tanh(
√

λb))
. (6.39)

Therefore,

F0[U ] =
1

(b−a)2

∫ b

a
dx

∫ b

a
dx
′

U(x)U(x
′
) W (x,x

′
) (6.40)

and,

F1[U ] =
1

4!(−1
2A)3

∫ b

a
dx (3(

δ2F0[U ]

δU(x)δU(x)
)2 +6(

δF0[U ]

δU(x)
)2(

δ2F0[U ]

δU(x)δU(x)
))

+
1

4!(−1
2A)3

∫ b

a
dx ((

δF0[U ]

δU(x)
)4) (6.41)

and,
δ2F0[U ]

δU(x)δU(x)
=

2
(b−a)2 W (x,x) (6.42)

F1[U ] =
1

4!(−1
2A)3

∫ b

a
dx
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(3(
2

(b−a)2 W (x,x))2 +6(
δF0[U ]

δU(x)
)2 2

(b−a)2 W (x,x)+(
δF0[U ]

δU(x)
)4)

+
1

4!(−1
2A)3

∫ b

a
dx 3(

2
(b−a)2 W (x,x))2

+
1

4!(−1
2A)3

∫ b

a
dx 6(

δF0[U ]

δU(x)
)2 2

(b−a)2 W (x,x)

+
1

4!(−1
2A)3

∫ b

a
dx (

δF0[U ]

δU(x)
)4. (6.43)

From the above assertions we conclude

(using < h(x)h(x
′
)>=

(
δ2F [U ]

δU(x)δU(x′)

)
U≡0

),

< h(x)h(x
′
)>=

2
(b−a)2 W (x,x

′
)

+g
1

4!(−1
2A)3

∫ b

a
dy 12 W (x,y) W (x

′
,y)
(

2
(b−a)2

)3

W (y,y) (6.44)

up to terms linear in g. The next order contribution may similarly be evaluated and
is left to the exercises.

6.3 Exercises

Q.1 Verify all the assertions made in this chapter by supplying all missing steps.

Q.2 Find < f (x)> and < f (x) f (x
′
)> with the Gaussian probability distribution as

done in the main text, but with different boundary conditions. Use f
′
(a) = y

′
1 and

f
′
(b) = y

′
2 this time.

Q.3 Find < h(x)h(x
′
)> up to order g2 for the case involving a non-Gaussian prob-

ability distribution (Eq. (6.27)). Do all the integrals explicitly and write the answer
in terms of standard functions.

Q.4 Why are we not choosing a cubic term, that is, what is wrong with

P[h] dh = e−
1
2 A

∫ b
a dx (h

′2(x)+λh(x)2+ g
3! h3(x)) d[h]? (6.45)
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Q.5 Consider the probability distribution

P[h] dh = e−
1
2 A

∫ b
a dx (h

′2(x)−λh(x)2+ g
3! h4(x)) d[h], (6.46)

where g,λ,A > 0. Assuming that the minima of G(y) =−λy2+ g
3!y

4 are deep (large
and negative), find approximate expressions for < h(x)> and < h(x)h(x

′
)> (bear

in mind that h(a) = h(b) = 0).

Figure 6.1: Two deep minima of Q.5 lead to two degenerate solutions and there can
be tunneling between them (see later).
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Chapter 7

Quantum Mechanics Using
Lagrangians: Path Integrals

Quantum mechanics, as it is taught in various undergraduate courses, typically fo-
cuses on developing the formalism using the phase space or the Hamiltonian de-
scription of classical mechanics. This gives an impression to the student that La-
grangians cannot be used to develop a formalism of quantum mechanics. Of course,
this is not true. Dirac is credited with originating the idea of the path integral in
physics. However, it was Feynman who popularized this idea and made it widely
accessible to physicists.

7.1 The Formalism

The physical motivation behind the path integral is as follows. Consider the prob-
lem of evaluating the matrix element of some operator in quantum mechanics:
< i, ti|Q̂(r,−i~∇)| f , t f >. In order to evaluate this, we may either work in the
Hamiltonian formalism of Schrodinger so that,

< i|Q̂(r,−i~∇)| f >=
∫

d3r ψ
∗(r, ti)Q̂(r,−i~∇)ψ(r, t f ). (7.1)

The evaluation of this requires the knowledge of the wavefunction obtained by
solving the time-dependent Schrodinger equation

i~
∂

∂t
ψ(r, t) = Ĥ(r,−i~∇)ψ(r, t), (7.2)

with suitable initial and other conditions that make the solution unique. Notice that
this approach explicitly invokes the Hamiltonian as distinct from the Lagrangian

169
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Figure 7.1: Richard Feynman (11 May 1918 to 15 February 1988) was an Ameri-
can physicist who developed the path integral approach to quantum mechanics. He
greatly influenced the development of science in late 20th century and pioneered
the fields of nanotechnology and quantum computing. He was awarded the Nobel
Prize for Physics in 1965.

of the system. Henceforth, for simplicity, we shall assume that the Hamiltonian is
time independent. In this case, we may write,

| f >= e−
i
~ (t f−ti)(

p2
2m+V (r)) |i >

< i|Q̂(r,−i~∇)| f >=< i|Q̂(r,−i~∇)e−
i
~ (t f−ti)(

p2
2m+V (r)) |i > . (7.3)

We now focus on the evolution operator,

e−
i
~ (t f−ti)(

p2
2m+V (r)) = (e−

i
~
(t f−ti)

N ( p2
2m+V (r)))N . (7.4)

The reason why we have written this in such a peculiar manner is because for N
large enough we may write,

e−
i
~
(t f−ti)

N ( p2
2m+V (r)) ≈ e−

i
~
(t f−ti)

N
p2
2m e−

i
~
(t f−ti)

N V (r). (7.5)

The result follows from the observation that eA+B = LimN→∞(e
A
N e

B
N )N , which

is known as Trotter’s product formula, which in turn follows from the Baker-
Hausdorff formula (or Zassenhaus formula, see box description later), eA+B =

eAeBe−
1
2 [A,B].... Setting A = − i

~
(t f−ti)

N
p2

2m and B = − i
~
(t f−ti)

N V (r), we conclude that
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[A,B]∼ 1
N2 whereas A and B themselves are of order 1

N . Hence the result. Set

ε =
(t f−ti)

N and consider the matrix element,

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >

≈< rk|e−
i
~
(t f−ti)

N
p2
2m e−

i
~
(t f−ti)

N V (r)|rk+1 > (7.6)

between two eigenstates of position labeled |rk > and |rk+1 > for reasons that will
become clear shortly. Now insert a complete set of eigenstates of momentum using
the resolution of the identity 1 =

∫
d3 pk |pk >< pk|.

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >

≈
∫

d3 pk < rk|e−
i
~
(t f−ti)

N
p2
2m |pk >< pk|e−

i
~
(t f−ti)

N V (r)|rk+1 > (7.7)

Since p2

2m acts simply on an eigenstate of momentum and V (r) acts simply on an
eigenstate of position we get,

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >

≈
∫

d3 pk < rk|pk >< pk|rk+1 > e−
i
~ ε

p2
k

2m e−
i
~ εV (rk+1). (7.8)

We know that the momentum eigenstate in the position representation is

< rk|pk >= e
i
~ rk·pk , (7.9)

and its complex conjugate,

< pk|rk+1 >= e−
i
~ rk+1·pk . (7.10)

This is easily verified by alternately using the position and momentum representa-
tion of the momentum operator

< rk|p̂|pk >= pk < rk|pk >=−i~∇rk < rk|pk > . (7.11)

Integrating this yields the desired result.

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >

≈
∫

d3 pk e
i
~ (rk−rk+1)·pk e−

i
~ ε

p2
k

2m e−
i
~ εV (rk+1) (7.12)

The integral over pk is a shifted Gaussian integral which may be performed to give,

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >
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≈ e
i
~

1
2 m

(rk−rk+1)
2

ε e−
i
~ εV (rk+1) (7.13)

apart from an overall multiplicative constant. The terms in the exponent may be
regrouped to give,

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >

≈ e
i
~ ε ( 1

2 m
(rk+1−rk)

2

ε2 −V (rk+1)). (7.14)

At this stage we interpret the index k in the sequence rk=1,2,... as the discrete ver-
sion of a continuous parameter s. Thus, we identify rk = r(sk). We may therefore
regard rk+1−rk

ε
≈ d

dsk+1
r(sk+1) ≡ ṙ(sk+1). Therefore, the term in the bracket is just

the Lagrangian of the system. This allows us to write

< rk|e−
i
~
(t f−ti)

N ( p2
2m+V (r))|rk+1 >≈ e

i
~ ε L(r(sk+1),ṙ(sk+1)). (7.15)

Now we go back to the Trotter product formula in Eq. (7.4). We wish to evaluate
the matrix elements with respect to some position eigenstates which we denote as
|r0 > and |rN >. We insert unity resolved using the position eigenstates as follows:

< r0|e−
i
~ (t f−ti)(

p2
2m+V (r))|rN >=< r0|(e−

i
~
(t f−ti)

N ( p2
2m+V (r)))N |rN >

=< r0|(e−
i
~
(t f−ti)

N ( p2
2m+V (r)))

∫
d3r1 |r1 >< r1|(e−

i
~
(t f−ti)

N ( p2
2m+V (r)))|r2 > ....

< rN−2|(e−
i
~
(t f−ti)

N ( p2
2m+V (r)))

∫
d3rN−1 |rN−1 >

< rN−1|(e−
i
~
(t f−ti)

N ( p2
2m+V (r)))|rN > . (7.16)

This may be written more compactly as

< r0|e−
i
~ (t f−ti)(

p2
2m+V (r))|rN >

=
∫

d3r1

∫
d3r2 ....

∫
d3rN−1

N−1

∏
k=0

< rk|(e−
i
~
(t f−ti)

N ( p2
2m+V (r)))|rk+1 >

=
∫

d3r1

∫
d3r2 ....

∫
d3rN−1

N−1

∏
k=0

e
i
~ ε L(r(sk+1),ṙ(sk+1)). (7.17)

The last result follows from Eq. (7.15). But

N−1

∏
k=0

e
i
~ ε L(r(sk+1),ṙ(sk+1))

= e
i
~ ε ∑

N−1
k=0 L(r(sk+1),ṙ(sk+1)) ≈ e

i
~
∫ sN

s1 ds L(r(s),ṙ(s)) (7.18)
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< r0|e−
i
~ (t f−ti)(

p2
2m+V (r))|rN >

=
∫

d3r1

∫
d3r2 ....

∫
d3rN−1

N−1

∏
k=0

< rk|(e−
i
~
(t f−ti)

N ( p2
2m+V (r)))|rk+1 >

=
∫

D[r] e
i
~
∫ sN

s1 ds L(r(s),ṙ(s)). (7.19)

Figure 7.2: Various possible paths connecting the points A: (r0, ti) and B: (rN , t f ).
For a free particle, the solid straight line would be the classical path. In quantum
mechanics, all paths are allowed (equally probable!) with different complex proba-
bility amplitudes (relative phases) associated with them.

Thus the path integral representation of this matrix element is

< r0|e−
i
~ (t f−ti)(

p2
2m+V (r))|rN >=

∫
D[r] e

i
~
∫ sN

s1 ds L(r(s),ṙ(s)). (7.20)

The last identification is just a shorthand for the earlier step. The idea is, one has to
evaluate a ‘path integral’ over all trajectories r(s) such that the end points are fixed
r(s0)≡ r0 and r(sN)≡ rN . Now, going back to our earlier matrix element,

< i|Q̂(r,−i~∇)| f >=< i|Q̂(r,−i~∇)e−
i
~ (t f−ti)(

p2
2m+V (r)) |i >

=
∫

d3r0

∫
d3rN < i|Q̂(r,−i~∇)|r0 >< r0|e−

i
~ (t f−ti)(

p2
2m+V (r))|rN >< rN |i >

(7.21)
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Using the path integral representation in Eq. (7.20) we get,

< i|Q̂(r,−i~∇)| f >=
∫

d3r0

∫
d3rN < i|Q̂(r,−i~∇)|r0 >∫

r(s0)≡r0;r(sN)=rN

D[r] e
i
~
∫ sN

s0 ds L(r(s),ṙ(s)) < rN |i > . (7.22)

In the above identification we have ignored the distinction between s0 and s1. From
classical mechanics, we know that S =

∫ sN
s0

ds L(r(s), ṙ(s)) is the classical action of
the particle. The above path integral is commonly written as∫

r(s0)≡r0;r(sN)=rN

D[r] e
i
~S. (7.23)

Thus, the quantum mechanical problem of computing the matrix elements of an
operator with respect to non-stationary states may be done in two ways-either by
solving the time-dependent Schrodinger equation that invokes the Hamiltonian, or
using the path integral, which involves the Lagrangian but the price to be paid is
one has to evaluate functional integrals. We have acquired some familiarity with
this technique in the earlier chapter. Now we go ahead and apply this technique to
study two standard problems—the free particle and the harmonic oscillator.

7.2 Free Particles

First we study the free particle without any restrictions. Of interest is the Green
function or propagator, which was expressed in the path integral language earlier
(Eq. (7.20)).

< r0, ti|rN , t f >=
∫

r(ti)≡r0; r(t f )≡rN

D[r] e
i
~
∫ t f

ti ds L(r(s),ṙ(s)) (7.24)

First we evaluate this for a free particle without any restrictions. Then we evaluate
it for particles close to the Fermi surface of a metal. For free fermions, Pauli’s ex-
clusion principle is imposed by demanding that the energy of the particle always be
larger or equal to the Fermi energy since all smaller energies are already occupied
by pairs of fermions (with spin).

7.2.1 Free Particle

For free particles, the propagator is

< r0, ti|rN , t f >=
∫

r(ti)≡r0; r(t f )≡rN

D[r] e
i
~
∫ t f

ti ds 1
2 mṙ2(s). (7.25)
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To facilitate the solution of this we make the substitution

r(s) = rc(s)+q(s), (7.26)

where rc(s) is the classical trajectory of the particle, which is a straight line con-
necting the points (r0, ti) and (rN , t f ). Since the end points are fixed r(t f ) = rN and
r(ti) = r0, we must also have q(ti) = q(t f ) = 0.

rc(s) =
(s− ti)rN− (s− t f )r0

t f − ti
(7.27)

The classical velocity is

vc =
rN− r0

t f − ti

< r0, ti|rN , t f >=
∫

q(ti)≡0; q(t f )≡0
D[q] e

i
~
∫ t f

ti ds 1
2 m(vc+q̇(s))2

=
∫

q(ti)≡0; q(t f )≡0
D[q] e

i
~
∫ t f

ti ds 1
2 m(v2

c+q̇2(s)) e
i
~
∫ t f

ti ds m(vc·q̇(s)). (7.28)

The cross term drops out since
∫ t f

ti ds q̇(s) = q(t f )−q(ti) = 0−0 = 0. Therefore,

< r0, ti|rN , t f >

= e
i
~

1
2 m (rN−r0)

2

t f−ti

∫
q(ti)≡0; q(t f )≡0

D[q] e
i
~
∫ t f

ti ds 1
2 mq̇2(s). (7.29)

The integral over q(s) may be evaluated using the following prescription:

q(s) = ∑
n=1,2,...

qn sin(πn
(s− ti)
(t f − ti)

). (7.30)

This choice automatically respects the boundary conditions: q(ti) = q(t f ) = 0.

q̇(s) = ∑
n=1,2,...

qn cos(πn
(s− ti)
(t f − ti)

)
πn

(t f − ti)

i
~

∫ t f

ti
ds

1
2

mq̇2(s) =
i
~ ∑

n=1,2,...

m(πn)2

4(t f − ti)
q2

n (7.31)

However, the meaning of the term D[q] is not clear other than that it is proportional
to the product of various d3q(t1)d3q(t2).....d3q(tN). Since we do not know what
that proportionality is, it is not useful to proceed to evaluate the integrals over q(s).
Instead, we make the following observation that, at equal times, the propagator has
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to be a delta function since the eigenstates of position with different positions are
orthogonal.

< r0, ti|rN , t f = ti >= δ(rN− r0) (7.32)

This also means
Limt f→ti

∫
d3rN < r0, ti|rN , t f >= 1. (7.33)

Now we observe that the integral over q is, at worst, some function of t f − ti. This
allows us to write

< r0, ti|rN , t f >= e
i
~

1
2 m (rN−r0)

2

t f−ti g(t f − ti) (7.34)

To determine g(t f − ti), we substitute the above ansatz into Eq. (7.33).∫
d3rN < r0, ti|rN , t f >= (

2iπ~
m

(t f − ti))
3
2 g(t f − ti) (7.35)

g(t f − ti) = (
2iπ~

m
(t f − ti))−

3
2 (7.36)

Thus, the full expression for the propagator is

< r0, ti|rN , t f >= e
i
~

1
2 m (rN−r0)

2

t f−ti (
2iπ~

m
(t f − ti))−

3
2 . (7.37)

Thus, the idea behind the path integral approach is to first find the classical tra-
jectory connecting the two end points, then express the remaining in terms of an
integral over fluctuations. This is typically indirectly evaluated by using conditions
such as normalization. Now we study the situation typical in condensed matter
physics where one has free fermions in a Fermi sea.

7.2.2 Free Fermions

For studying fermions, we prefer to focus only on one dimension. The higher di-
mensional case is somewhat more complicated and will not be done here. We have,
at the back of our mind, the situation typical in condensed matter physics where
all states with energy less than some energy EF are fully occupied so that fermions
cannot scatter into those states. Thus, for studying the propagator of free fermions,
we have to integrate over all paths subject to an additional constraint—the kinetic
energy at all times has to be larger than or equal to the Fermi energy. This means
that a state corresponding to a definite position will have some spread.

|Ψx >= ∑
|p|>pF

|p >< p|x > (7.38)
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In the position representation it is given by (we introduce a regularization factor
e−εk where ε→ 0 at the end),

Ψx(x
′
)≡< x

′
|Ψx >= ∑

|p|>pF

< x
′
|p >< p|x >=

∫
|p|>pF

d p
2π~

e
i
~ p(x

′−x) e−
ε

~ |p|.

(7.39)
We may also write

Ψx(X)≡
∫
|k|>kF

dk
2π

eik(X−x) e−ε|k|

=− 1
2π

e(i(X−x)−ε)kF

(i(X− x)− ε)
+

1
2π

e−(i(X−x)+ε)kF

(i(X− x)+ ε)
. (7.40)

From the diagram it is clear that the probability density of a fermion at a position x

Figure 7.3: The density of fermions ρ(X− x) = |Ψx(X)|2 is plotted versus (X− x).

in the presence of a filled Fermi sea has a finite width around x. This leads to some
anomalous results. In other words, Ψx(X) is the closest one can get to an eigenstate
of position in the case of this Pauli-blocked free particle. If the particle were truly
free, this function would just be the Dirac delta function: Ψx(X) = δ(x−X). First
we evaluate the average position and standard deviation. Consider,

< (X− x)>=

∫
∞

−∞
Ψ∗0(Y )Y Ψ0(Y )dY∫

∞

−∞
Ψ∗0(Y )Ψ0(Y )dY

= 0. (7.41)

This means the average position is < X >= x. The standard deviation diverges

σ
2 ≡< (X− x)2 >=

∫
∞

−∞
Ψ∗0(Y )Y

2Ψ0(Y )dY∫
∞

−∞
Ψ∗0(Y )Ψ0(Y )dY

= ∞. (7.42)
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This means that the notion of position is ambiguous for a fermion in the presence
of a filled Fermi sea. Now we see if we can write down the path integral for such
a fermion and rederive the propagator we derived earlier (Ch. 5) in Eq. (5.32). For
this we write the propagator as usual. The Hamiltonian for such a fermion may be
thought of as H = p2

2mC(p) where C(p) = 1 if |p| > pF and C(p) = ∞ if |p| < pF .
This ensures that the momentum of the particle close to the ground state will always
be close to but larger than pF . One may choose to evaluate the propagator below
by resolving the identity using the momentum eigenstates. In the case the answer
comes out immediately and naturally, but it is not a path integral.

G(xi, ti;x f , t f ) =< xi, ti|x f , t f >≡< xi, ti|e−i
(t f−ti)

~ C(p) p2
2m |x f , ti >

=
∫

∞

−∞

d p
2π~

< xi, ti|p >< p|x f , ti > e−i
(t f−ti)

~ C(p) p2
2m

=
∫
|p|>mvF

d p
2π~

e
i
~ p(xi−x f )e−i

(t f−ti)
~

p2
2m (7.43)

This naturally splits up into right- and left-moving pieces.

G(xi, ti;x f , t f ) =
∫

p>0

d p
2π~

e
i
~ (mvF+p)(xi−x f )e−i

(t f−ti)
~

(mvF+p)2
2m

+
∫

p<0

d p
2π~

e
i
~ (−mvF+p)(xi−x f )e−i

(t f−ti)
~

(−mvF+p)2
2m (7.44)

or,

G(xi, ti;x f , t f ) = e−i mvF
~ (xi−x f )e−i

(t f−ti)
~

1
2 mv2

F GR(xi, ti;x f , t f )

+ei mvF
~ (xi−x f )e−i

(t f−ti)
~

1
2 mv2

F GL(xi, ti;x f , t f ) (7.45)

where,

GL(xi, ti;x f , t f ) =
∫

p>0

d p
2π~

e
i
~ p[(xi−x f )+vF (ti−t f )]e−i

(t f−ti)
~

p2
2m (7.46)

GR(xi, ti;x f , t f ) =
∫

p<0

d p
2π~

e
i
~ p[(xi−x f )−vF (ti−t f )]e−i

(t f−ti)
~

p2
2m . (7.47)

The random phase approximation involves setting m→∞, but vF < ∞ in Eq. (7.46)
and Eq. (7.47). It does not make sense to take this limit in the expression for the full
Green function, since it contains oscillating terms that don’t yield a definite limit.
Alternatively, we may imagine that if either |(x f − xi)| → ∞ or |(t f − ti)| → ∞,
the major contribution to the integral over p comes from the small p region. This
means, we may ignore the p2 in Eq. (7.46) and Eq. (7.47). The resulting expressions
are known as the asymptotic parts of the Green functions.

GL(xi, ti;x f , t f ) =
∫

p>0

d p
2π~

e
i
~ p[(xi−x f )+vF (ti−t f )]
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=
1

2πi[(x f − xi)+ vF(t f − ti)]
(7.48)

GR(xi, ti;x f , t f ) =
∫

p<0

d p
2π~

e
i
~ p[(xi−x f )−vF (ti−t f )]

=
1

2πi[(xi− x f )− vF(ti− t f )]
(7.49)

The above analysis rests on the use of momentum eigenstates to resolve the identity.
This effort leads to a simple closed formula for the propagator consistent with the
description provided in Eq. (5.32) using the simple Schrodinger equation, but it
does not lead to a path integral description. On the other hand, one may choose
instead to resolve the identity by inserting position eigenstates. In this case the
evolution operator has to be split up into slices that can be managed individually.
This naturally leads, as we have seen, to the path integral.

G(xi, ti;x f , t f ) =< xi, ti|x f , t f >≡< xi, ti|e−i
(t f−ti)

~ C(p) p2
2m |x f , ti >

=< xi, ti|(e−i ε

~C(p) p2
2m )...(e−i ε

~C(p) p2
2m )︸ ︷︷ ︸

N

|x f , ti > (7.50)

where ε =
(t f−ti)

N . We now insert eigenstates of position using a resolution of the
identity 1 =

∫
dxk|xk >< xk|.

G(xi, ti;x f , t f ) =
∫

dx1...
∫

dxN−1 < xi, ti|(e−i ε

~C(p) p2
2m )|x1 >

×< x1|... < xN−1|(e−i ε

~C(p) p2
2m )|x f , ti >

=
∫

dx1...
∫

dxN−1

N−1

∏
k=0

< xk|e−i ε

~C(p) p2
2m |xk+1 >, (7.51)

where we set x0 ≡ xi and xN ≡ x f . Now,

< xk|e−i ε

~C(p) p2
2m |xk+1 >=∫

∞

−∞

d pk < xk|e−i ε

~C(p) p2
2m |pk >< pk|xk+1 >

=
∫

∞

−∞

d pk < xk|pk >< pk|xk+1 > e−i ε

~C(pk)
p2
k

2m

=
∫

∞

−∞

d pk

2π~
e

i
~ (xk−xk+1)pk e−i ε

~C(pk)
p2
k

2m . (7.52)
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We now make the following substitutions, ~kF = mvF and pk = mvFK and EF =
1
2mv2

F . This renders the limits of integration constant of order unity. The presence
of C(p) means we have to avoid the region −1 < K < 1 since they are all fully
occupied.

< xk|e−i ε

~C(p) p2
2m |xk+1 >

=
mvF

h

∫ −1

−∞

dK e
i
~mvF [(xk−xk+1)K−

εvF K2
2 ]+

mvF

h

∫
∞

1
dK e

i
~mvF [(xk−xk+1)K−

εvF K2
2 ]

< xk|e−i ε

~C(p) p2
2m |xk+1 >

=
mvF

h

∫ −1

−∞

dK e
i
~mvF [(xk−xk+1)K−

εvF K2
2 ]+

mvF

h

∫
∞

1
dK e

i
~mvF [(xk−xk+1)K−

εvF K2
2 ]

=

√
m
hiε

e
im(xk−xk+1)

2

2~ε

(
1+

1
2i
(Er f i(uk(vF))−Er f i(uk(−vF)))

)
(7.53)

where,

uk(vF) =

(1
2 −

i
2

)√
m(xk− xk+1 + vFε)
√
~
√

ε
(7.54)

and Er f i(z) = Er f (iz)
i is the imaginary error function. One may see that in the ab-

sence of a Fermi surface, vF ≡ 0 and the present formula Eq. (7.53) reduces to
the one derived earlier viz. Eq. (5.28). This means the Green function of a single
electron in the presence of a Fermi surface is

G(xi, ti;x f , t f ) = LtN→∞

∫
dx1...

∫
dxN−1

(√
m
hiε

)N

e∑
N−1
k=0

im(xk−xk+1)
2

2~ε

×
N−1

∏
k=0

(
1+

1
2i
(Er f i(uk(vF))−Er f i(uk(−vF)))

)
. (7.55)

If we take the straightforward approach, we are forced to conclude (with vk =
xk+1−xk

ε
)

N−1

∏
k=0

(
1+

1
2i
(Er f i(uk(vF))−Er f i(uk(−vF)))

)
= e∑

N−1
k=0 Log(1+ 1

2i(Er f i((a+b)
√

mε)−Er f i((a−b)
√

mε)))

≈ e
∑

N−1
k=0

(
− 2ib√

π

√
mε+ 2b2mε

π
− 2i(−4b3+3a2bπ+b3π)(mε)3/2

3π3/2

)
, (7.56)

where a =−( 1
2−

i
2)vk√
~

and b =
( 1

2−
i
2)vF√
~

. One may see that as ε→ 0 and N→∞ such
that εN = (t f − ti)< ∞ the nonconstant vk (or a) dependent terms cancel out. Thus,
this approach does not lead to the correct propagator for a particle obeying Pauli’s
exclusion principle. Strictly speaking, this leads to a vanishing contribution since
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the divergent contribution from the first term leads to a rapidly oscillating contribu-
tion to the propagator due to the presence of the imaginary unit and this eventually
cancels out. Thus this expansion is mathematically ill defined. It is indicative of
an essential singularity. It is somewhat like Taylor expanding f (x) = e−1/x2

around
x = 0—every term vanishes but the function clearly does not. We want the expan-
sion of the Log to be proportional to ε and contain a so that a meaningful action
may be written. The way to do this in the context of fermions is to invoke the ran-
dom phase approximation at the outset viz. we set m→ ∞ keeping vF < ∞. This
means,

N−1

∏
k=0

(
1+

1
2i
(Er f i(uk(vF))−Er f i(uk(−vF)))

)

=
N−1

∏
k=0

(
1+ e(a−b)2mε i

(a−b)
√

4πεm
− e(a+b)2mε i

(a+b)
√

4πεm

)
. (7.57)

This means we may write,

GRPA(xi, ti;x f , t f ) = LtN→∞

∫
dx1...

∫
dxN−1

(√
m
hiε

)N

e∑
N−1
k=0 ε

imv2
k

2~

×
N−1

∏
k=0

1− i

√
ih
εm

e−
i(vk+vF )2

2~ mε

2π(vk + vF)
+ i

√
ih
εm

e−
i(vk−vF )2

2~ mε

2π(vk− vF)

 . (7.58)

Thus the RPA form of the path integral of a free particle obeying Pauli’s exclusion
principle in the presence of a filled Fermi sea may be written as (where ε≡ (t f−ti)

N ,
v(t)≡ d

dt x(t)),

GRPA(xi, ti;x f , t f ) = LtN→∞

∫ x(t f )≡x f

x(ti)≡xi

D[x(t)]
(√

m
hiε

)N

e
∫ t f

ti dt imv2(t)
2~

×e

1
ε

∫ t f
ti dt Log

1−i
√

ih
εm

e
− i(v(t)+vF )2

2~ mε

2π(v(t)+vF )
+i
√

ih
εm

e
− i(v(t)−vF )2

2~ mε

2π(v(t)−vF )


. (7.59)

This continuum description is not particularly illuminating, however. It merely
serves to highlight the complexities that one encounters while dealing with
fermions in the context of path integrals. Specifically, the path integral is an ap-
proach closest in spirit to classical physics. Describing fermions using a formalism
that is nearly classical in nature requires paying the price of introducing nonlocal
actions (as in the present case) but with conventional commuting variables or, local
actions but with anti-commuting (Grassmann) complex numbers (see later).
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Reverting to the discrete RPA version in Eq. (7.58) we see that the most singular
contribution comes from the term that has the largest number of potentially vanish-
ing denominators. This means we may write,

GRPA(xi, ti;x f , t f )≈

LtN→∞

∫
dx1...

∫
dxN−1

(√
m
hiε

)N

N−1

∏
k=0

−i

√
ih
εm

eε
imv2

k
2~ e−

i(vk+vF )2

2~ mε

2π(vk + vF)

+
N−1

∏
k=0

i

√
ih
εm

eε
imv2

k
2~ e−

i(vk−vF )2

2~ mε

2π(vk− vF)


(7.60)

N−1

∏
k=0

eε
imv2

k
2~ e−

i(vk+vF )2

2~ mε = e−ε∑
N−1
k=0

im
2~ (v

2
F+2vF vk) = e−(t f−ti) im

2~ v2
F e−ε

im
~ vF ∑

N−1
k=0 vk . (7.61)

Now ∑
N−1
k=0 vk = ∑

N−1
k=0

xk+1−xk
ε

=
x f−xi

ε
. Therefore, the propagator naturally splits up

into two parts—right movers and left movers. For example, the left-moving piece
may be written as,

GL(xi, ti;x f , t f )≈ e−(t f−ti) im
2~ v2

F e−
im
~ vF (x f−xi)

LtN→∞

∫
dx1...

∫
dxN−1

N−1

∏
k=0

1
2πi

1
((xk+1− xk)+ vFε)

. (7.62)

For example, when N = 3 we are called upon to evaluate,

I =
∫ ∫ 1

(2πi)3
dx1dx2

((x f − x2)+ vFε)((x2− x1)+ vFε)((x1− xi)+ vFε)
. (7.63)

Interpreted as principal value these integrals vanish. However, one must imagine
that there is a small imaginary part to ε in which case the integrals exist. In this
case this integral I evaluates to,

I =
1

2πi
1

(x f − xi +3vFε)
. (7.64)

But ε =
(t f−ti)

3 in this case, hence,

I =
1

2πi
1

(x f − xi + vF(t f − ti))
. (7.65)
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In general also, we get the same result. Thus, the left-moving Green function ob-
tained using the path integral method is

GL(xi, ti;x f , t f )≈ e−(t f−ti) im
2~ v2

F e−
im
~ vF (x f−xi)

1
2πi

1
(x f − xi + vF(t f − ti))

(7.66)

This result is identical to the Green function obtained earlier viz. Eq. (7.48). Now
we go on to discuss the harmonic oscillator.

7.3 Harmonic Oscillator

The path integral for the harmonic oscillator is similar to the free particle except
that now we have a potential energy function added in the Hamiltonian.

< xi, ti|x f , t f >=
∫ x(t f )≡x f

x(ti)≡xi

D[x] e
i
~
∫ t f

ti dt( 1
2 mẋ2(t)− 1

2 mω2x2(t)) (7.67)

The usual procedure for evaluating this is to write the path as the classical path
connecting the events (xi, ti) and (x f , t f ).

xcl(t) =
x f sin(ω(t− ti))− xi sin(ω(t− t f ))

sin(ω(t f − ti))
(7.68)

This path obeys the equation of motion viz. ẍcl(t) =−ω2 xcl(t) and the initial and
final conditions xcl(ti) = xi and xcl(t f ) = x f . The overall path is taken to be this path
plus a quantum correction x̃(t) so that x(t) = xcl(t)+ x̃(t). This correction is now
constrained to vanish at the end points: x̃(ti) = x̃(t f ) = 0. This means we may write,

x̃(t) =
∞

∑
n=1

x̃n sin(
nπ(t− ti)

t f − ti
). (7.69)

At this state we introduce a dimensionless time s defined through t = t f s+ ti(1− s)
so that t(s = 0) = ti and t(s = 1) = t f . Therefore, the action S =

∫ t f
ti dt L may be

rewritten as,

S =
∫ t f

ti
dt(

1
2

mẋ2(t)− 1
2

mω
2x2(t))

=
∫ t f

ti
dt(

1
2

mẋ2
cl(t)+

1
2

m ˙̃x2
(t)− 1

2
mω

2x2
cl(t)−

1
2

mω
2x̃2(t))

+
∫ t f

ti
dt mẋcl(t) ˙̃x(t)−

∫ t f

ti
dt mω

2x̃(t)xcl(t). (7.70)
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But
∫ t f

ti dt mẋcl(t) ˙̃x(t) =
∫ t f

ti dt d
dt (mẋcl(t)x̃(t))−

∫ t f
ti dt mẍcl(t)x̃(t). Since x̃(t f ) =

x̃(ti) = 0 and ẍcl =−ω2xcl , the cross terms cancel out and we may write,

S =
∫ t f

ti
dt(

1
2

mẋ2(t)− 1
2

mω
2x2(t))

=
∫ t f

ti
dt(

1
2

mẋ2
cl(t)−

1
2

mω
2x2

cl(t))+
∫ t f

ti
dt(

1
2

m ˙̃x2
(t)− 1

2
mω

2x̃2(t)). (7.71)

Set dt = (t f − ti)ds and

X(s) = x̃(t(s)) =
∞

∑
n=1

x̃n sin(nπs). (7.72)

Thus,

ẋcl(t) = ω
x f cos(ω(t− ti))− xicos(ω(t− t f ))

sin(ω(t f − ti))
. (7.73)

We write, S = Scl + S̃ where,

Scl =
∫ t f

ti
dt(

1
2

mẋ2
cl(t)−

1
2

mω
2x2

cl(t))

= mω
(x2

f + x2
i )cos(ω(t f − ti))−2x f xi

2sin(ω(t f − ti))
(7.74)

and,

S̃ =
∫ t f

ti
dt(

1
2

m ˙̃x2
(t)− 1

2
mω

2x̃2(t))

=
∫ t f

ti
dt

1
2

m
∞

∑
n=1

x̃2
n (

(nπ)2

(t f − ti)2 cos2(
nπ(t− ti)

t f − ti
)−ω

2 sin2(
nπ(t− ti)

t f − ti
))

=
∞

∑
n=1

mx̃2
n(t f − ti)

4
(

(nπ)2

(t f − ti)2 −ω
2). (7.75)

Thus we may write,
< xi, ti|x f , t f >= e

i
~Scl g(t f − ti)

g(t f − ti) =
∫

D[x̃n] e
∑

∞
n=1

imx̃2
n(t f−ti)

4~ (
(nπ)2

(t f−ti)2
−ω2)

(7.76)

δ(xi− x f )≡ Limt f→ti < xi, ti|x f , t f >= Limt f→tie
i
~Scl g(t f − ti)

= Limt f→ti e
i
~m

(x f−xi)
2

2(t f−ti) g(t f − ti). (7.77)
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This leads to the same expression as the one we obtained for the free particle,

g(t f − ti) = (
2iπ~

m
(t f − ti))−

3
2 . (7.78)

This means that the final expression for the propagator of a harmonic oscillator is

< xi, ti|x f , t f >= e
i
~mω

(x2
f +x2

i )cos(ω(t f−ti))−2x f xi
2sin(ω(t f−ti)) (

2iπ~
m

(t f − ti))−
3
2 . (7.79)

Later we shall derive this expression using what is known as the coherent state
path integral where we resolve the identity using coherent states (eigenstates of the
annihilation operator) rather than position eigenstates.

7.4 Two-Particle Green Functions

One may use the path integral to study the two-particle propagator. This means we
start with a state such as |xA0tA0;xB0tB0 > that corresponds to one particle being
at location xA0 at time tA0 and the other at xB0 at time tB0. The main point is, in
quantum mechanics, the two particles are perfectly indistinguishable so that there
can be an exchange of positions. We then wish to find the overlap between this and
|xANtAN ;xBNtBN >. Firstly, since these particles are indistinguishable, the wavefunc-
tion must be either symmetric or antisymmetric. We choose the former now and the
latter case is left to the exercises. Formally,

|xA0tA0;xB0tB0 >=
1√
2
(|xA0tA0 >1 |xB0tB0 >2 +|xB0tB0 >1 |xA0tA0 >2) (7.80)

< xANtAN ;xBNtBN |=
1√
2
(< xANtAN |1 < xBNtBN |2+< xBNtBN |1 < xANtAN |2).

(7.81)
Thus the two-particle Green function may be written as,

< xA0tA0;xB0tB0|xANtAN ;xBNtBN >=< xA0tA0|xANtAN >< xB0tB0|xBNtBN >

+< xB0tB0|xANtAN >< xA0tA0|xBNtBN > . (7.82)

The above result, which involves decomposing two-particle Green functions into
two one-particle Green functions, is valid only for free particles or free particles in-
teracting with an external potential but not with each other. This result is known as
Wick’s theorem. Since the two particles are identical and interact with the same po-
tential, we have dropped the subscripts since as functions the one-particle Green
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functions are the same for both particles. Wick’s theorem is the statement that
two-particle and higher correlations may be written as the product of several one-
particle Green functions obtained by pairing of two points at a time. Clearly, there
are many permutations possible. A simple sum yields an overall Green function
that describes a set of bosons, whereas an sum with alternating signs, positive for
an even permutation and negative for an odd permutation, yields a wavefunction
that describes fermions. The two-particle Green function has both a direct as well
as an exchange contribution (any one term can be called direct, there is nothing
special about any of them). Now we wish to show how this exchange manifests
itself in the path integral.

< xA0tA0;xB0tB0|xANtAN ;xBNtBN >=

1
2
< xA0tA0;xB0tB0|e−

i
~ (tAN−tA0)H1e−

i
~ (tBN−tB0)H2|xANtA0 >1 |xBNtB0 >2

+
1
2
< xA0tA0;xB0tB0|e−

i
~ (tAN−tA0)H2e−

i
~ (tBN−tB0)H1 |xANtA0 >2 |xBNtB0 >1 (7.83)

As before, we want to insert a complete set of eigenstates of position. Consider
(a = 1, b = 2 or a = 2,b = 1) where εA = (tAN−tA0)

N and εB = (tBN − tB0)/N and
ε
′
A = (tAN−tB0)

N and ε
′
B = (tBN− tA0)/N

a< xA0tA0| b< xB0tB0|e−
i
~ (tAN−tB0)Hbe−

i
~ (tBN−tA0)Ha|xANtB0 >b |xBNtA0 >a

=
∫

dx0dx1...dxN−1dxN

∫
dx
′
0dx

′
1...dx

′
N−1dx

′
N

× δ(x
′
0− xA0)δ(x0− xB0)δ(xN− xAN)δ(x

′
N− xBN)

×
N−1

∏
k=0

a< x
′
ktA0| b< xktB0|e−

i
~ ε
′
AHbe−

i
~ ε
′
BHa |xk+1tB0 >b |x

′
k+1tA0 >a . (7.84)

Similarly,

b< xA0tA0| a< xB0tB0|e−
i
~ (tAN−tA0)Hbe−

i
~ (tBN−tB0)Ha|xANtA0 >b |xBNtB0 >a

=
∫

dx0dx1...dxN−1dxN

∫
dx
′
0dx

′
1...dx

′
N−1dx

′
N

× δ(x
′
0− xA0)δ(x0− xB0)δ(xN− xBN)δ(x

′
N− xAN)

×
N−1

∏
k=0

b< x
′
ktA0| a< xktB0|e−

i
~ εAHbe−

i
~ εBHa |x

′
k+1tA0 >b |xk+1tB0 >a . (7.85)

As usual we write Ha =
p2

a
2m +V (xa) and use the Trotter product formula to get (the

rest of the details are left to exercises),

< xA0tA0;xB0tB0|xANtAN ;xBNtBN > .
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Figure 7.4: Path integral for two bosons showing one possible set of paths connect-
ing the initial points (A0,B0) to the final points (AN,BN).

Figure 7.5: Path integral for two bosons showing another possible set of paths con-
necting the initial points (A0,B0) to the final points (AN,BN).

=

(∫ x(tAN)=xAN

x(tA0)≡xA0

D[x] e
i
~S[x,ẋ]

)(∫ x(tBN)=xBN

x(tB0)≡xB0

D[x] e
i
~S[x,ẋ]

)
+

(∫ x(tAN)=xAN

x(tB0)≡xB0

D[x] e
i
~S[x,ẋ]

)(∫ x(tBN)=xBN

x(tA0)≡xA0

D[x] e
i
~S[x,ẋ]

)
(7.86)

Here, S[x, ẋ] =
∫ t f

ti dt(1
2mẋ2−V (x)) is the action between times specified in the path

integral. In the exercises, one may encounter further examples.

7.5 Exercises

Q.1 Write down a path integral expression for the Green function of an (otherwise)
free particle confined to be present only at points on the positive x-axis. Evaluate
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this path integral. Does this result agree with the result from the Schrodinger’s
equation?

Q.2 Write down a path integral expression for the Green function of a free particle
confined to be present on the surface of a sphere of radius R. Evaluate this path
integral. Does this result agree with the result from the Schrodinger’s equation?

Q.3 Develop a perturbation scheme in a path integral framework (see earlier chapter
also) to study the anharmonic oscillator V (x) = 1

2mω2x2 + g
4!x

4 where m,ω,g > 0.

Q.4 Develop the path integral framework close to one of the minima of V (x) =
−1

2ξ2x2+ g
4!x

4 where ξ,g> 0. What is the tunneling probability from one minimum
to another?

Q.5 Develop the path integral framework for (i) two free fermions and (ii) two
fermions in the presence of a filled Fermi sea. Calculate the two-particle Green
function.

Q.6 Verify Eq. (7.86).
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Chapter 8

Creation and Annihilation Operators
in Fock Space

In this chapter, we discuss the notion of creation and annihilation operators. These
operators correspond to addition or removal of excitations of a system of particles
or particles themselves. We show that these operators may be used to rewrite many-
body Hamiltonians in a compact form where information about Bose or Fermi
statistics is encoded in the Hamiltonian itself, which greatly reduces the effort re-
quired in studying its properties.

8.1 Introduction to Second Quantization

The older term for rewriting quantum formalisms using creation and annihilation
operators in place of position and momentum operators is ‘Second Quantization’.
Second Quantization does not mean quantizing twice! We start by discussing the
simple harmonic oscillator. Consider the Hamiltonian,

H =
p2

2m
+

1
2

mω
2x2 = E0

(
p2

2mE0
+

mω2x2

2E0

)
. (8.1)

This looks like H = E0(X2 +Y 2) =E0(Y + iX)(Y − iX)− iE0[X ,Y ] where Y =
p√

2mE0
and X =

√
m

2E0
ωx for some appropriate choice of E0. Set

a† = Y + iX ; a = Y − iX (8.2)

since X and Y are Hermitian. We are going to choose E0 by demanding that,
[a,a†] = 1. We see that [X ,Y ] =

√
m

2E0
ω

i~√
2mE0

but [a,a†] = −2i[X ,Y ] = ~ω

E0
= 1

189
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Figure 8.1: Shows a chain of masses and springs meant to illustrate the concept of
a field.

or E0 = ~ω. Thus,

H = E0(Y + iX)(Y − iX)− iE0[X ,Y ] = ~ωa†a+
1
2
~ω. (8.3)

Here, a† creates an excitation or a quantum of energy ~ω. The quantity N = a†a
measures the number of quanta or excitations in a state this operator acts on.

Next we consider a chain of harmonic oscillators. It is described by,

H =
N

∑
j=1

p2
j

2m
+

1
2

mω
2

N−1

∑
j=1

(x j+1− x j)
2. (8.4)

We wish to rewrite this using creation and annihilation operators. Since the poten-
tial energy mixes up the position indices, we can expect the Hamiltonian in the
second quantized language to be off diagonal in these indices. We make the ansatz

H = ∑
i, j

Ω(i, j)a†(i)a( j)+E0. (8.5)

Here, E0 is the zero point energy, an ordinary number which in the case of one
harmonic oscillator was 1

2~ω. Here Ω(i, j) is some quantity (number) that depends
on i and j. We note that a(i) is a linear combination of the ‘p’s and ‘x’s just as in the
case of single harmonic oscillator. Thus we can say that [a(i), pk] and [a(i),xk] are
ordinary numbers (called c number or commutating number). We use [a(i),a( j)] =
0 and [a(i),a†( j)] = δi, j and [xi,x j] = 0 and [xi, p j] = i~δi, j. To evaluate, consider
the commutator, [a(i),H]

[a(i),H] = ∑
j

Ω(i, j)a( j) =
N

∑
j=1

p j[a(i), p j]

m

+mω
2

N−1

∑
j=1

(x j+1− x j)([a(i),x j+1]− [a(i),x j]). (8.6)

Evaluate the commutator with xk to get

∑
j

Ω(i, j)[xk,a( j)] = i~
[a(i), pk]

m
. (8.7)
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Next, form the commutator with pk,

∑
j

Ω(i, j)[pk,a( j)] = i~mω
2([a(i),xk+1)]+ [a(i),xk−1]−2[a(i),xk]). (8.8)

A sum such as ∑ j Ω(i, j)[pk,a( j)] is a convolution, hence it suggests a Fourier
transform solution. We write,

[a( j), pk] = ∑
q

Ap(q)eiqa( j−k); [a( j),xk] = ∑
q

Ax(q)eiqa( j−k) (8.9)

and
Ω(i, j) = ∑

q
Ω̃qeiqa(i− j). (8.10)

We also employ the following identity, ∑ j ei(q−q
′
)a j =Nδq,q′ where N is the number

of masses.

∑
j
∑
q′

Ω̃q′e
iq
′
a(i− j)

∑
q

Ax(q)eiqa( j−k) =− i~
m ∑

q
Ap(q)eiqa(i−k)

∑
j
∑
q′

Ω̃
′
qeiq

′
a(i− j)

∑
q

Ap(q)eiqa( j−k) =−i~mω
2
∑
q

Ax(q)eiqa(i−k)(eiqa + e−iqa−2)

(8.11)
Performing the necessary summations we get

N ∑
q

Ω̃qAx(q)eiqa(i−k) =− i~
m ∑

q
Ap(q)eiqa(i−k)

∑
q

Ω̃qAp(q)eiqa(i−k) = i~mω
2
∑
q

Ax(q)eiqa(i−k)4sin2(
qa
2
). (8.12)

Aseiqa(i−k) are linearly independent for each q, we may write,

NΩ̃qAx(q) =−
i~
m

Ap(q)

NΩ̃qAp(q) = i~mω
2Ax(q)4sin2(

qa
2
). (8.13)

Multiplying these two equations together we get,

N2
Ω̃

2
q = ~2

ω
2 4sin2(

qa
2
). (8.14)

Define Ωq = N Ω̃q, since we require Ω(i, j) = Ω( j, i). Thus,

H = ∑
i, j

Ω(i, j)a†(i)a( j)+E0 =
1
N ∑

i, j,q
Ωqeiqa(i− j)a†(i)a( j)+E0
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aq =
1√
N ∑

j
e−iqa j a( j) (8.15)

H = ∑
q

Ωqa†
qaq +E0 (8.16)

where,
Ωq = ~ω

∣∣∣2sin(
qa
2
)
∣∣∣ . (8.17)

8.1.1 The Quantum Electromagnetic Field

A system made of masses and springs when quantized is not the only one that
results in bosonic oscillators. One of the most important systems which also has
this feature is the electromagnetic field. In an earlier chapter, we pointed out that
the classical Hamiltonian of the electromagnetic field in free space may be written
as

H =
∫

d3r
1

8π
(E2(r)+B2(r)). (8.18)

Also we may make the following gauge choice E = −1
c ∂tA and B = ∇×A with

∇ ·A ≡ 0 so that the canonical variable becomes A and the canonical momentum
would be as before,

PA =− 1
4πc

E (8.19)

Thus, the classical Hamiltonian for the electromagnetic field would have to be

H(A,PA) =
∫

d3r
1

8π
((4πc)2P2

A(r)+(∇×A(r))2). (8.20)

In order to quantize any Hamiltonian with a coordinate and a momentum, we are
forced to impose the canonical commutation rules.

[A j(r, t),Ak(r
′
, t)] = [PA, j(r, t),PA,k(r

′
, t)] = 0 (8.21)

and the nontrivial one,

[A j(r, t),PA,k(r
′
, t)] = δ j,k i~ δ

3(r− r
′
) (8.22)

where j,k are spatial components. But since the transversality condition is opera-
tive, they only take two values (corresponding to two linearly independent polar-
ization states). These commutation rules may be made simpler by the following
substitutions. We demand that there exist bosonic oscillators a j(k) such that the
Hamiltonian in Eq. (8.20) be purely diagonal in them. We further assume that there
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is an energy Ω(k) associated with each of these quanta so that apart from an addi-
tive constant we may write,

H = ∑
j,k

Ω(k) a†
j(k)a j(k). (8.23)

These oscillators are required to obey the property that,

[a j(k),al(k
′
)] = [a†

j(k),a
†
l (k

′
)] = 0 (8.24)

and,
[a j(k),a†

l (k
′
)] = δ j,l δk,k′ . (8.25)

We now observe that the commutator of Eq. (8.23) with a j(k) should be the same
as the commutator of Eq. (8.20). Further, we know that since PA and A j are linear
combinations of the oscillators, the commutator of these objects with the oscillators
must be just numbers. Also since B = ∇×A we have,

(∇×A)2 = ∇ · (A×B)+A · (∇×B). (8.26)

Integrated over all space we get,∫
d3r (∇×A)2 =

∫
d3r A · (∇×B) =−

∫
d3r A(r) ·∇2A(r). (8.27)

The last result is from transversality. This means on the one hand,

[a j(k),H] =
∫

d3r
1

4π
((4πc)2PA(r) · [a j(k),PA(r)]−∑

l
[a j(k),Al(r)]∇2Al(r)).

(8.28)
On the other hand,

[a j(k),H] = Ω(k) a j(k). (8.29)

Keeping in mind [a j(k),PA(r)] and [a j(k),Al(r)] are just numbers, we may succes-
sively take commutators of Eq. (8.28) and Eq. (8.29) with Am(r

′
) and PA,m(r

′
) to

get on the one hand,

[[a j(k),H],Am(r
′
)] =

∫
d3r

1
4π

(4πc)2 [PA(r),Am(r
′
)] · [a j(k),PA(r)]

=−i~
∫

d3r
1

4π
(4πc)2

δ
3(r−r

′
)[a j(k),PA,m(r)]=−i~

1
4π

(4πc)2 [a j(k),PA,m(r
′
)].

(8.30)
On the other hand,

[[a j(k),H],Am(r
′
)] = Ω(k) [a j(k),Am(r

′
)]. (8.31)
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Hence we have the first of the identities,

−i~
1

4π
(4πc)2 [a j(k),PA,m(r

′
)] = Ω(k) [a j(k),Am(r

′
)]. (8.32)

Next we have,

[[a j(k),H],PA,m(r
′
)] =

∫
d3r

1
4π

(−∑
l
[a j(k),Al(r)]∇2[Al(r),PA,m(r

′
)])

=−i~
1

4π
∇
′2[a j(k),Am(r

′
)] (8.33)

so that,
[[a j(k),H],PA,m(r

′
)] = Ω(k) [a j(k),PA,m(r

′
)]. (8.34)

Therefore the second relation is,

−i~
1

4π
∇
′2[a j(k),Am(r

′
)] = Ω(k) [a j(k),PA,m(r

′
)]. (8.35)

Combining Eq. (8.32) and Eq. (8.35) we get,

∇
′2[a j(k),PA,m(r

′
)] =−(Ω(k)

c~
)2 [a j(k),PA,m(r

′
)]. (8.36)

Therefore,
[a j(k),PA,m(r

′
)] = eiû·r′(Ω(k)

c~ ) [a j(k),PA,m(0)] (8.37)

and,

[a j(k),Am(r
′
)] =−i~

1
4πΩ(k)

(4πc)2 eiû·r′(Ω(k)
c~ ) [a j(k),PA,m(0)] (8.38)

for some unit vector û to be found now. Since a j(k) itself is a linear combination
of Am and PA,m, we must have (take commutators with Am and PA,m to verify),

a j(k)=∑
m

1
i~

∫
d3r

′
[a j(k),PA,m(r

′
)]Am(r

′
)+∑

m

1
−i~

∫
d3r

′
[a j(k),Am(r

′
)]PA,m(r

′
).

(8.39)
Thus,

a j(k) = ∑
m

1
i~

∫
d3r

′
eiû·r′(Ω(k)

c~ ) [a j(k),PA,m(0)](Am(r
′
)+

i~c
Ω(k)

(4πc) PA,m(r
′
)).

(8.40)
Now we examine the commutator of this with,

a†
j′
(k
′
) = ∑

m′

1
−i~

∫
d3r

′′
e−iû

′ ·r′′(Ω(k
′
)

c~ ) [a j′ (k
′
),PA,m′ (0)]

∗(Am′ (r
′′
)

− i~c
Ω(k′)

(4πc) PA,m′ (r
′′
)). (8.41)
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But we must have
[a j(k),a†

j′
(k
′
)] = δ j, j′δk,k′ . (8.42)

This is possible only if

û(
Ω(k)

c~
) = k; û

′
(
Ω(k′)

c~
) = k

′
. (8.43)

This means Ω(k) = ~c|k| and û = k̂ and,

δ j, j′ =V ∑
m

1
~2 [a j(k),PA,m(0)][a j′ (k),PA,m(0)]∗

~2c
Ω(k)

(2πc). (8.44)

Since the definition of a j(k) is ambiguous up to an overall phase, we may look
upon the commutators as real so that a possible set of explicit forms of these are,

[a1(k),PA,1(0)] = [a2(k),PA,2(0)] =

√
~|k|

V (2πc)
cos(θk) (8.45)

[a1(k),PA,2(0)] =−[a2(k),PA,1(0)] = sin(θk)

√
~|k|

V (2πc)
. (8.46)

This may be compactly written as

[a1(k),PA(0)] =

√
~|k|

V (2πc)
êk,1, (8.47)

where
êk,1 = cos(θk)ê1 + sin(θk)ê2 (8.48)

[a2(k),PA(0)] = (−ê1sin(θk)+ ê2cos(θk))

√
~|k|

V (2πc)

= (k̂× êk,1)

√
~|k|

V (2πc)
≡ êk,2

√
~|k|

V (2πc)
. (8.49)

Here (êk,1, êk,2, k̂) form a right triad.

[a j(k),A(r
′
)] =− i~

4πΩ(k)
(4πc)2 eik·r′ [a j(k),PA(0)] (8.50)

[A(r
′
),a†

j(k)] =
i~

4πΩ(k)
(4πc)2 e−ik·r′ [a j(k),PA(0)] (8.51)
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so that,
A(r

′
) = ∑

j,k
[A(r

′
),a†

j(k)]a j(k)−∑
j,k
[A(r

′
),a j(k)]a†

j(k)

= ∑
j,k

i~
4πΩ(k)

(4πc)2 e−ik·r′ [a j(k),PA(0)]a j(k)+h.c. (8.52)

Here h.c. stands for Hermitian conjugate. This means,

A(r) = ∑
j,k

i~
4πΩ(k)

(4πc)2 e−ik·r êk, j

√
~|k|

V (2πc)
a j(k)+h.c. (8.53)

So far we have described the creation and annihilation of excitations of a system
of particles in terms of operators. Now we turn to a different problem of describing
creation and annihilation of particles themselves. As we have alluded to earlier,
this exercise facilitates the description of Bose and Fermi systems with quantum
statistics built into the Hamiltonian itself. In relativistic frameworks, this approach
enables the description of both matter and forces on an equal footing where material
particles are thought of as excitations of matter fields and force quanta are thought
of as excitations of force fields.

8.2 Creation and Annihilation Operators in Many-
Body Physics

Consider the Hamiltonian

H =
N

∑
i=1

p2
i

2m
+

1
2 ∑

i 6= j
V (|ri− r j|). (8.54)

This describes a system of N particles, each of mass m, interacting mutually with a
potential V . The conventional r,p description makes no mention of Bose or Fermi
statistics. These have to be imposed on the wavefunctions of the system. We now
wish to introduce a formalism that rewrites this Hamiltonian in such a way that
quantum statistics are already in built into the Hamiltonian so that one may evaluate
useful properties without having to first construct appropriately symmetrized wave-
functions. The way this is done is to introduce creation and annihilation operators.
For this we need several new concepts. First we note the allowed eigenfunction of
H may be denoted as ψ(r1,r2, ...,rN). They have to have a permutation symmetry

ψ(r1,r2, ...,ri, ...,r j, ...,rN) = sψ(r1,r2, ...,r j, ...,ri, ...,rN) (8.55)

where s=+1 for bosons and s=−1 for fermions. We assume that the spin variable
is subsumed into the notation r1. Therefore, when we write c(r1) we mean c(r1,σ1)
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where σ1 is the spin projection (for spin 1/2 fermions, σ1 =↑,↓, for spin 1 bosons it
is σ1 = 0,±1). In case a function does not possess these properties, we may enforce
this through the action of symmetrizing operator (also called projection operator)
Ps.

Psψ(r1,r2, ...,ri, ...,r j, ...,rN)

=
1

N! ∑
P

s|P|ψ(rP(1),rP(2), ...,rP(i), ...,rP( j), ...,rP(N)) (8.56)

Here P is a permutation of the numbers 1 to N. |P| is the number of pairwise inter-
changes required to bring the existing permutation to the natural form, namely 1 to
N. For example, we could have

P(1,2,3) = (2,1,3). (8.57)

This means
P(1) = 2, P(2) = 1, P(3) = 3. (8.58)

Here |P| = 1, since one change, namely interchange 2 and 1, brings back (2,1,3) to
its natural form (1,2,3).

Now we define the creation and annihilation operators as follows. Consider any
function (not necessarily a wavefunction of a system of particles) ψ(r1,r2, .......rN).
We define the following operator, known as the annihilation operator, at point r. It
is denoted by a(r) and is defined through its action on the multivariable function as
follows:

a(r)ψ(r1,r2, ...,rN) =
√

Nψ(r1,r2, ...,rN−1,r)

=
√

N
∫

ψ(r1,r2, ...,rN)δ(rN− r)ddrN . (8.59)

That is, it makes the N-th particle disappear, the coordinate rN no longer appears,
and is replaced by a fixed (not dynamical) vector r. We may also define a creation
operator a†(r).

a†(r)ψ(r1,r2, ...,rN) =
√

N +1ψ(r1,r2, ...,rN)δ(r− rN+1) (8.60)

That is, it adds one more particle at position r. The particle that annihilates a boson
or a fermion is defined as

c(r) =Psa(r)Ps. (8.61)

The reason for this is intuitively obvious. This operator acts on some function of
several variables and the action of the s-symmetrization operator Ps makes the
function properly symmetrized. When the annihilation operator acts on this new
function, it does so democratically on all the variables even though a(r) has a
bias toward the variable rN (the last one). The earlier step ensures that each of
the variables gets a chance to be that ‘last one’ and hence is annihilated in turn by
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a(r). Upon annihilation by a(r), the wavefunction is no longer properly symmetric.
Hence a further symmetrization is needed to make the result a function respecting
the statistics of the operator acting on it. Consider a symmetrized wavefunction,
i.e., one that obeys, Psψs = ψs then,

c(r)ψs(r1,r2, ...,rN) = ψs(r1,r2, ....,rN−1,r)
√

N (8.62)

and,
c†(r)ψs(r1,r2, ...,rN) =

√
N +1

(N +1)! ∑
P

s|P|ψs(rP(1),rP(2), ....,rP(N))δ(rP(N+1)− r). (8.63)

For example, for N = 2 we have

c†(r)ψs(r1,r2) =

√
3

3! ∑
P

s|P| ψs(rP(1),rP(2))δ(rP(3)− r)

=

√
3

3!
ψs(r1,r2)δ(r3− r)+

√
3

3!
s ψs(r2,r1)δ(r3− r)+

√
3

3!
s ψs(r1,r3)δ(r2− r)

+

√
3

3!
s ψs(r3,r2)δ(r1− r)+

√
3

3!
ψs(r2,r3)δ(r1− r)+

√
3

3!
ψs(r3,r1)δ(r2− r)

=
1√
3
(ψs(r1,r2)δ(r3− r)+ψs(r2,r3)δ(r1− r)+ψs(r3,r1)δ(r2− r)). (8.64)

Thus we may convince ourselves of the validity of the general assertion as well.
Now we prove the following important result viz. the commutation rules obeyed by
the s-symmetric operators. Define [A,B]s = AB− s BA, then we wish to prove the
following:

Theorem:
[c(r),c(r

′
)]s = 0 (8.65)

[c(r),c†(r
′
)]s = δ(r− r

′
) (8.66)

This is proved by showing that

[c(r),c(r
′
)]sFs(r1,r2, ...,rN) = 0 (8.67)

[c(r),c†(r
′
)]sFs(r1,r2..,rN) = δ(r− r

′
)Fs(r1,r2..,rN) (8.68)

for any function Fs that obeys PsFs = Fs. First consider N = 2,

[c(r),c(r
′
)]sψs(r1,r2) = [c(r)c(r

′
)− s c(r

′
)c(r)]ψs(r1,r2)

= [ψs(r,r
′
)− s ψs(r

′
,r)]
√

2
√

1 = 0 (8.69)
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and,

[c(r),c†(r
′
)]sψs(r1,r2) = c(r)c†(r

′
)ψs(r1,r2)− s c†(r

′
)c(r)ψs(r1,r2)

= [ψs(r1,r2)δ(r− r
′
)+ψs(r2,r)δ(r1− r

′
)+ψs(r,r1)δ(r2− r

′
)]

−s δ(r2− r
′
)ψs(r1,r)−δ(r1− r

′
)ψs(r2,r) = ψs(r1,r2)δ(r− r

′
). (8.70)

Thus we have proved the commutation rules of the Fermi and Bose creation and
annihilation operators when acting on two-particle wavefunctions. A general proof
involves acting these operators on N-variable functions,

c(r
′
)c(r)ψs(r1,r2, ...,rN−1,rN) =

√
Nc(r

′
)ψs(r1,r2, ...,rN−1,r)

=
√

N
√

N−1ψs(r1,r2, ...,rN−2,r
′
,r)

c(r)c(r
′
)ψs(r1,r2, ...,rN) =

√
N
√

N−1 ψs(r1,r2, ...,rN−2,r,r
′
). (8.71)

Hence,
[c(r),c(r

′
)]s ψs(r1,r2, ...,rN)

=
√

N
√

N−1[ψs(r1,r2, ..,rN−2,r,r
′
)− s ψs(r1,r2..,rN−2,r

′
,r)] = 0. (8.72)

Now we wish to prove the identity

c†(r
′
)ψs(r1,r2, ...,rN)

=
1√

N +1 ∑
Pcyclic

s|Pcyclic|ψs(rPcyclic(1),rPcyclic(2), ...,rPcyclic(N))

×δ(rPcyclic(N+1)− r
′
), (8.73)

where Pcyclic refers to a cyclic permutation of N +1 vectors where a smaller index
is mapped to the next larger one and the largest one is mapped to the first one. For
example, for three number 1,2,3, Pcyclic(1) = 2, Pcyclic(2) = 3 and Pcyclic(3) = 1.
The assertion in Eq. (8.73) rests crucially on ψs being already s-symmetric. This
redefinition (Eq. (8.73)) is made plausible, for example, by setting N = 1.

c†(r
′
)ψs(r1) =

1√
2 ∑

Pcyclic

s|Pcyclic|ψs(rPcyclic(1))δ(rPcyclic(2)− r
′
)

=
1√
2
[ψs(r1)δ(r2− r

′
)+ s ψs(r2)δ(r1− r

′
)]

This is the same as what one would get, e.g., from the definition Eq. (8.63). We list
the next one N = 2 and leave the general proof to the exercises.

c†(r
′
)ψs(r1,r2) =

1√
3 ∑

Pcyclic

s|Pcyclic|ψs(rPcyclic(1),rPcyclic(2))δ(rPcyclic(3)− r
′
)

=
1√
3

ψs(r1,r2)δ(r3− r
′
)+

1√
3

ψs(r2,r3)δ(r1− r
′
)+

1√
3

ψs(r3,r1)δ(r2− r
′
)
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Reverting to the general case,

c(r)c†(r
′
)ψs(r1,r2, ..,rN) =

∫
ddrN+1δ(r− rN+1) ∑

Pcyclic

s|Pcyclic|

×ψs(rPcyclic(1),rPcyclic(2), ...,rPcyclic(N))δ(rPcyclic(N+1)− r
′
), (8.74)

and the operators in the reverse order give

c†(r
′
)c(r)ψs(r1,r2, ...,rN) =

√
Nc†(r

′
)ψs(r1,r2, ..,rN−1,r)

= ∑
Pcyclic

s|Pcyclic| ψs(rPcyclic(1),rPcyclic(2), ...,rPcyclic(N−1),r)δ(rPcyclic(N)
− r

′
). (8.75)

Therefore,
[c(r),c†(r

′
)]sψs(r1,r2, ...,rN) =∫

ddrN+1δ(r− rN+1) ∑
Pcyclic

s|Pcyclic|ψs(rPcyclic(1),rPcyclic(2),..,rPcyclic(N)
)

δ(rPcyclic(N+1)− r
′
)

−s ∑
Pcyclic

s|Pcyclic|ψs(rPcyclic(1),rPcyclic(2), ..,rPcyclic(N−1),r)δ(rPcyclic(N)
− r

′
). (8.76)

We could evaluate the right-hand side of the above expression in general, but let us
specialize to the case N = 2.

[c(r),c†(r
′
)]sψs(r1,r2) =∫

ddr3δ(r− r3)ψ(r1,r2)δ(r3− r
′
)+

∫
ddr3δ(r− r3)s2

ψ(r2,r3)δ(r1− r
′
)

+
∫

dr3δ(r− r3)s2
ψ(r3,r1)δ(r2− r

′
)

−sψs(r1,r)δ(r2− r
′
)− s2

ψs(r2,r)δ(r1− r
′
) = ψs(r1,r2)δ(r− r

′
) (8.77)

Thus we have,
[c(r),c†(r

′
)]s = δ(r− r

′
). (8.78)

Similarly, we can expect the other cases to work out too. The general proof is left
to the exercises (prove by induction or some other method). Now we introduce the
important concept of Green functions in many-body physics and how they may
be expressed either in the conventional language of N-particle wavefunctions or in
terms of creation and annihilation operators.



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

Creation and Annihilation Operators in Fock Space 201

8.3 Green Functions in Many-Body Physics

The concept of a Green function in many-body physics is central to the understand-
ing of the effect of correlations. While for special values of its arguments, it may
be related to observables such as densities and currents, in general, it embodies a
variety of information such as the lifetime and energy dispersion of quasiparticles.
Green functions in many-body physics may be categorized as single-particle, two-
particle, and so on. The single-particle Green function comes in two types. One
is known as the hole propagator defined in the creation and annihilation operator
language as,

G<(r, t;r
′
, t
′
) =< S|c†(r, t)c(r

′
, t
′
)|S > (8.79)

where |S > is some state (not necessarily a stationary state) of the N-particle system
at some time, which we designate at time = 0. The other is known as the particle
propagator, which is defined in the operator language as

G>(r, t;r
′
, t
′
) =< S|c(r

′
, t
′
)c†(r, t)|S > . (8.80)

The symbol c(r′, t ′) requires clarification since so far we have only introduced the
meaning of c(r′) - the annihilation operator. The meaning of this is the usual one
except with one small modification,

c(r
′
, t
′
) = e

i
~ t
′
HN−1c(r

′
)e−

i
~ t
′
HN . (8.81)

Here HN is the Hamiltonian of an N-particle system and HN−1 is the same Hamil-
tonian but with one less particle. For instance, if there are two body forces,

HN =
N

∑
i=1

p2
i

2m
+

1
2

N

∑
i 6= j=1

V (ri− r j) (8.82)

whereas,

HN−1 =
N−1

∑
i=1

p2
i

2m
+

1
2

N−1

∑
i 6= j=1

V (ri− r j), (8.83)

so that for every s-symmetrized function of N variables Ψ(r1, ...,rN) we may write,

c(r
′
, t
′
)Ψ(r1, ..,rN−1,rN) = e

i
~ t
′
HN−1c(r

′
)e−

i
~ t
′
HN Ψ(r1, ..,rN−1,rN)

= e
i
~ t
′
HN−1c(r

′
)Ψ(r1, ..,rN−1,rN ; t

′
) =
√

N e
i
~ t
′
HN−1Ψ(r1, ..,rN−1,r

′
; t
′
)

≡
√

N Ψhole,t ′ (r1, ..,rN−1,r
′
;0) (8.84)

where Ψhole,t ′ (r1, ..,rN−1,r
′
;0) is that wavefunction at time T = 0 of N− 1 vari-

ables r1,r2, ....,rN−1, which when evolved from this time T = 0 to time T = t
′

us-
ing HN−1 becomes a function identical to the function ψ(r1, ...,rN−1,r

′
; t
′
) (which
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is nothing but the original ψ(r1, ...,rN−1,rN) time evolved from time T = 0 to
T = t

′
and then replacing rN by r′ (annihilation)). If the starting state is repre-

sented in position space as |S >→ ΨS(r1, ..,rN), then the Green function may
be reexpressed in a mixed language of operators and wavefunctions as follows
(dd[r]≡ ddr1ddr2...ddrN).

G<(r, t;r
′
, t
′
) =< S|c†(r, t)c(r

′
, t
′
)|S >

=
∫

dd[r] Ψ
∗
S(r1, ..,rN)c†(r, t)c(r

′
, t
′
)ΨS(r1, ..,rN). (8.85)

We may also rewrite this as

G<(r, t;r
′
, t
′
) =

∫
dd[r] Ψ

∗
S(r1, ..,rN)c†(r, t)c(r

′
, t
′
)ΨS(r1, ..,rN)

=
∫

ddr1ddr2...ddrN−1 (c(r, t)ΨS(r1, ..,rN))
†(c(r

′
, t
′
)ΨS(r1, ..,rN))

= N
∫

ddr1ddr2...ddrN−1 Ψ
∗
hole,t(r1, ..,rN−1,r;0) Ψhole,t ′ (r1, ..,rN−1,r

′
;0).

(8.86)
The last step follows when we insert the last step of Eq. (8.84) into the penultimate
step of the above equation. Notice that we have converted the effect of the creation
operator into the effect of an annihilation operator followed by a Hermitian conju-
gate. This automatically makes one variable, namely rN , disappear. However, it is
possible to get the same answer more directly, but this is left to the exercises. Thus
the important identity relating to the hole propagator is,

< S|c†(r, t)c(r
′
, t
′
)|S >

= N
∫

ddr1ddr2...ddrN−1 Ψ
∗
hole,t(r1, ..,rN−1,r;0) Ψhole,t ′ (r1, ..,rN−1,r

′
;0).

(8.87)
The reason for the extra factor N (that follows rigorously from the definitions) may
be understood by realizing that the quantity

∫
ddr < S|c†(r, t)c(r, t)|S >≡ N is the

total number of particles. Succinctly, Eq. (8.87) says that the operator definition of
the hole propagator is equivalent in the wavefunction language to evaluating the
overlap of two functions obtained using the following procedure. (i) First evolve
the initial (s-symmetric) wavefunction to some time, then (ii) replace one of the
variables (annihilation) with either r or r′ so that the wavefunction has one fewer
dynamical variables, and then (iii) de-evolve it back to the initial time now using
the Hamiltonian with one less variable than earlier. This procedure makes it clear
that the result is not the same as annihilating at the initial time itself. (iv) Finally,
evaluate the overlap between two such wavefunctions at different times and posi-
tions.
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One may similarly try and find a meaning of the particle propagator in terms of
wavefunctions. Define,

Ψt,prtcl(r1, ...,rN ,rN+1;r,0) =

e
i
~ tHN+1Ps

(
δ(r− rN+1)e−

i
~ tHN ΨS(r1, ...,rN)

)
. (8.88)

This means, (i) first evolve the initial wavefunction with N positions up to time
T = t from T = 0, (ii) multiply by a delta function (creation) that introduces a
new position variable rN+1 at location r, (iii) s-symmetrize the result, and finally
(iv) de-evolve using the Hamiltonian HN+1 back to time T = 0. The particle Green
function is then the overlap between two such functions.

G>(r, t;r
′
, t
′
) =< S|c(r

′
, t
′
)c†(r, t)|S >=

(N +1)
∫

ddr1...ddrN+1 Ψ
∗
t ′ ,prtcl

(r1, ..,rN+1;r
′
,0)Ψt,prtcl(r1, ..,rN+1;r,0).

(8.89)

Now we examine how we may reexpress Hamiltonians that are originally in terms
of positions and momenta using these operators.

8.4 Hamiltonians Using Creation
and Annihilation Operators

As before, consider the Hamiltonian,

H =
N

∑
i=1

p2
i

2m
+

1
2 ∑

i 6= j
V (|ri− r j|). (8.90)

We wish to show that this can also be written as (in this section dr is the volume
element (d-dimensional) and δ(r− r′) is the d-dimensional Dirac delta function),

H =
∫

dr c†(r)
p2

2m
c(r)+

1
2

∫
dr

∫
dr
′
c†(r)c†(r

′
)c(r

′
)c(r)V (|r− r

′
|). (8.91)

To do this we have to show that H1Fs(r1, ...,rN) = H2Fs(r1, ...,rN) for any Fs =
PsF and H1 is the expression in Eq. (8.90) and H2 is the expression in Eq. (8.91).
Consider

Hψ(r1,r2) =
∫

dr c†(r)
p2

2m
c(r)ψ(r1,r2)

+
1
2

∫
dr

∫
dr
′
c†(r)c†(r

′
)c(r

′
)c(r)V (|r− r

′
|)ψ(r1,r2). (8.92)
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We may evaluate the action of the kinetic energy as∫
dr c†(r)

p2

2m
c(r)ψs(r1,r2) =

√
2
∫

dr c†(r)
−~2∇2

2m
c(r)ψs(r1,r)

=
∫

dr δ(r− r2)
−~2∇2

2m
ψs(r1,r)+ s

∫
dr δ(r− r1)

−~2∇2

2m
ψs(r2,r)

=

(
−~2∇2

1
2m

+
−~2∇2

2
2m

)
ψs(r1,r2), (8.93)

which is what we expect from ordinary quantum mechanics written in the position
and momentum notation. The action of the potential energy in the ‘second quan-
tized’ notation yields,

1
2

∫
dr

∫
dr
′
c†(r)c†(r

′
)c(r

′
)c(r)V (|r− r

′
|)ψs(r1,r2)

=
1√
2

∫
dr

∫
dr
′
c†(r)c†(r

′
)V (|r− r

′
|)ψs(r

′
,r)

=
1
2

∫
dr

∫
dr
′
[δ(r− r2)δ(r1− r

′
)+ sδ(r− r1)δ(r2− r

′
)]V (|r− r

′
|)ψs(r

′
,r)

=V (|r1− r2|)ψs(r1,r2). (8.94)

Again, this is as it should be. Therefore the action of the second quantized Hamil-
tonian on the wavefunction is,

Hψs(r1,r2) =

(
−~2∇2

1
2m

+
−~2∇2

2
2m

)
ψs(r1,r2)+V (|r1− r2|)ψs(r1,r2), (8.95)

which is same as Eq. (8.90) with N = 2.

� Find the second quantized version of the Hamiltonian

H =
N

∑
i=1

p2
i

2m
+

1
3! ∑

i, j,k
V (|ri− r j|, |ri− rk|, |r j− rk|). (8.96)

This contains a so-called three-body potential that occurs commonly in nuclear
physics. The answer is,

H =
∫

dr c†(r)
p2

2m
c(r)

+
1
3!

∫
dr dr

′
dr
′
c†(r)c†(r

′
)c†(r

′′
)c(r

′′
)c(r

′
)c(r)V (|r− r

′
|, |r− r

′′
|, |r

′
− r

′′
|).

(8.97)
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In case there are vector potentials it is equally starightforward. If the original ver-
sion is

H =
N

∑
i=1

1
2m

(pi−
e
c

A(ri))
2, (8.98)

the second quantized version is

H =
∫

dr
1

2m
c†(r)(p− e

c
A(r))2 c(r). (8.99)

Now we discuss an important topic, namely the current algebra in quantum field
theory.

8.5 Current Algebra

We may define current density and particle density operators as follows.

ρ(r) =
N

∑
i=1

δ(r− ri) (8.100)

J(r) =
N

∑
i=1

pi

2m
δ(r− ri)+

N

∑
i=1

δ(r− ri)
pi

2m
(8.101)

The second quantized versions are (show this),

ρ(r) = c†(r)c(r) (8.102)

J(r) =− i~
2

c†(r)[∇c(r)]+
i~
2
[∇c†(r)]c(r). (8.103)

These obey a closed set of commutation rules known as current algebra (we already
encountered this while studying classical fluids). The important point is that these
are valid independent of the nature of the underlying statistics of c (i.e., valid for
bosons as well as fermions).

[ρ(r),ρ(r
′
)] = 0 (8.104)

[ρ(r),Ja(r
′
)] = i~ ρ(r

′
)∇
′
aδ(r

′
− r) (8.105)

[Ja(r, t),Jb(r
′
, t)] =−i~ Ja(r

′
, t) (∇rbδ(r−r

′
))+ i~ Jb(r, t) (∇r′a

δ(r
′
−r)) (8.106)

While discussing classical fluids, we had occasion to introduce an irrotational
velocity field so that the current density would have the following expression
J(r) =−ρ(r)∇Π(r) where [Π(r),ρ(r′)] = i~ δ(r−r′) and [Π(r),Π(r′)] = 0. While
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this choice is certainly consistent with current algebra (Eq. (8.104), Eq. (8.105), and
Eq. (8.106)), it is by no means clear that this is the only choice or the most gen-
eral choice. In particular, one may propose the seemingly more general possibility
where we write J(r) = −ρ(r)∇rΠ(r)+V(r; [ρ]) and V depends on ρ and not Π.
This choice clearly obeys Eq. (8.105), but when one tries to impose Eq. (8.106) on
it, we obtain,

[Ja(r),Jb(r
′
)] =

[−ρ(r)∇aΠ(r)+Va(r; [ρ]),−ρ(r
′
)∇
′
bΠ(r

′
)+Vb(r

′
; [ρ])]

= i~ρ(r)∇
′
bΠ(r

′
) ∇aδ(r− r

′
)− i~ρ(r

′
)∇aΠ(r) ∇

′
bδ(r

′
− r)

−ρ(r)∇a[Π(r),Vb(r
′
; [ρ])]−ρ(r

′
)∇
′
b[Va(r; [ρ]),Π(r

′
)]. (8.107)

Now,
i~ρ(r)∇

′
bΠ(r

′
) ∇aδ(r− r

′
) = i~ρ(r)∇a(δ(r− r

′
)∇
′
bΠ(r

′
))

= i~ρ(r)∇a(δ(r− r
′
)∇bΠ(r))

= i~ρ(r)∇bΠ(r)∇aδ(r− r
′
)+ i~δ(r− r

′
)ρ(r)∇a∇bΠ(r)

= i~(Jb(r)−Vb([ρ];r))∇
′
aδ(r− r

′
)+ i~δ(r− r

′
)ρ(r)∇a∇bΠ(r). (8.108)

Similarly,
−i~ρ(r

′
)∇aΠ(r) ∇

′
bδ(r

′
− r) =

−i~ρ(r
′
) δ(r

′
− r)(∇

′
b∇
′
aΠ(r

′
))− i~(Ja(r

′
)−Va([ρ];r

′
)) ∇bδ(r

′
− r). (8.109)

Therefore,
[Ja(r),Jb(r

′
)] =

= i~Jb(r)∇
′
aδ(r− r

′
)− i~Ja(r

′
) ∇bδ(r

′
− r)

−i~Vb([ρ];r)∇
′
aδ(r− r

′
)+ i~Va([ρ];r

′
) ∇bδ(r

′
− r)

−ρ(r)∇a[Π(r),Vb(r
′
; [ρ])]−ρ(r

′
)∇
′
b[Va(r; [ρ]),Π(r

′
)]. (8.110)

This means that the terms involving V should add up to zero. Thus after some minor
changes we get,

i~Vb([ρ];r)∇aδ(r− r
′
)− i~Va([ρ];r

′
) ∇

′
bδ(r

′
− r)

−ρ(r)∇a[Π(r),Vb(r
′
; [ρ])]−ρ(r

′
)∇
′
b[Va(r; [ρ]),Π(r

′
)] = 0. (8.111)

To obtain V we make the substitution Va(r; [ρ]) = ρ(r) Ṽa(r; [ρ]) so that,

i~ δ(r− r
′
)(∇bṼa(r)−∇aṼb(r))

=−ρ(r)[∇
′
bΠ(r

′
),Ṽa(r)]+ρ(r)[∇aΠ(r),Ṽb(r

′
)]. (8.112)
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One may compute Ṽ by making an ansatz of the form

Ṽa(r) = Ṽa,0(r)+
∞

∑
N=1

∫
dr1...drN

Ṽ N
a (r1,r2, ...,rN ;r)

N!
ρ(r1)ρ(r2)....ρ(rN).

(8.113)
Substituting into the earlier equation we get,

[∇
′
bΠ(r

′
),Ṽa(r)] = i~

∞

∑
N=1

∫
dr2...drN

∇
′
bṼ N

a (r′,r2, ...,rN ;r)
(N−1)!

ρ(r2)....ρ(rN).

(8.114)
Hence we may conclude after inserting Eq. (8.113) and Eq. (8.114) into Eq. (8.112),

(∇bṼa,0(r)−∇aṼb,0(r)) = 0 (8.115)

and,
(∇bṼ N

a (r1,r2, ...,rN ;r)−∇aṼ N
b (r1,r2, ...,rN ;r)) =

∇aṼ N
b (r,r2, ...,rN ; .) δ(r− r1). (8.116)

The notation f (.) means f (.)≡
∫

ddr f (r). Note that crucial use has been made of
the assumption that the densities are non-zero since the last few assertions are true
only upon dividing by the densities. Now integrate Eq. (8.116) with respect to r
(i.e., perform

∫
ddr on both sides) to conclude,

∇
1
aṼ N

b (r1,r2, ...,rN ; .) = 0. (8.117)

Since r1 could be anything including r, it implies that the right-hand side of Eq.
(8.116), and therefore the left-hand side, are zero. Hence,

(∇bṼ N
a (r1,r2, ...,rN ;r)−∇aṼ N

b (r1,r2, ...,rN ;r)) = 0, (8.118)

and therefore Ṽ N
a (r1,r2, ...,rN ;r) ≡ ∇aω̃N(r1,r2, ...,rN ;r) is the gradient of some

function making the velocity field irrotational in general, in regions where ρ(r) 6= 0.
This means J(r) = −ρ(r)∇Π(r) wherever ρ 6= 0 and current algebra ensures that
[Π(r),Π(r′)] = 0 and [Π(r),ρ(r′)] = i~ δd(r− r′). This has important ramifica-
tions to an effort where one attempts to express single-particle properties in terms
of correlations between observables. ‘Bosonization’ may be thought of as the act
of expressing the density and velocities (ratio of current to density) in terms of the
quantum fields as in Eq. (8.102) and Eq. (8.103). Its reverse is known as ‘refermion-
ization’ (in some circles). This involves inverting Eq. (8.102) and Eq. (8.103) and
expressing c(r) and c†(r) in terms of J(r) (equivalently, v(r) and ρ(r)). This en-
ables the computation of the single-particle properties in terms of the correlation
function between currents and densities. To what extent this is possible or mean-
ingful will be addressed in the last few chapters.
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8.6 Exercises

Q.1 Consider a function f (r1,r2,r3) = r1.r2 +r3.a. Make this a wavefunction that
describes three bosons by acting the projection operator on it.

Q.2 Consider a function f (r1,r2,r3) = r2
1(|r2| − |r3|). Make this a wavefunction

that describes three fermions by acting the projection operator on it.

Q.3 Show that P2
s F(r1,r2, .......rN) =PsF(r1,r2, .......rN).

Q.4 Prove the general cyclic permutation reduction of the creation operator (viz.
Eq.(8.73)) using mathematical induction or otherwise.

Q.5 Provide a general proof that the right-hand side of Eq. (8.76) is nothing but the
Dirac delta function times the wavefunction on the left-hand side.

Q.6 Prove that ([A,B]≡ AB−BA and [A,B]s ≡ AB− sBA, s =±1),

[a,bc] = [a,b]sc+ s b[a,c]s (8.119)

Also show that
[ab,cd] = [ab,c]d + c[ab,d]. (8.120)

Combine these two and show that the simplified expression for [c†(ra)c(r
′
a),

c†(rb)c(r
′
b)] is independent of the statistical parameter “s” (same for bosons as

well as fermions).

Q.7 Explain the meaning of < S|c†(r1, t1)c†(r2, t2)c(r3, t3)c(r4, t4)|S> in the wave-
function language.

Q.8 Explain how the current density and particle density operate on a multiparticle
wavefunction.
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Chapter 9

Quantum Fields on a Lattice

So far we have discussed particles moving in space that is a continuum. In solid-
state physics it is more useful to employ what is known as a tight-binding picture
where an electron is assumed to be tied to a particular atom, occasionally hopping to
a neighboring atom. In this picture, the electron’s position is a discrete quantity—it
is either on one atom or on its neighbor and not anywhere in between. This tight-
binding picture may be derived using appropriate basis functions. For our purposes,
we postulate that the kinetic motion of the electron is brought about by hopping.
Therefore the kinetic energy is

K =−t ∑
<i j>

c†
iσc jσ, (9.1)

where < i j > signifies that sites i and j are nearest neighbors. The negative sign
implies that hopping lowers the energy of the system by an amount t. But there
is a price to be paid for hopping, in the form of a potential energy. The potential
energy is assumed to be short-ranged, namely it is present only if a site has two
electrons so that they repel with some energy U . But Pauli’s exclusion principle
forbids two electrons with the same spin from residing at the same site. Thus while
hopping lowers energy, hopping onto a site already occupied by an electron is either
forbidden or has an energy cost U . The potential energy may be written as

V =U ∑
i

ni↑ni↓, (9.2)

where niσ = c†
iσciσ is the number of electrons in site i. These two put together, form

the famous Hubbard model of condensed matter physics. It is mathematically well
defined given that short distances have a lower bound, namely the lattice spacing.
The phases of this model depend on the ratio U/t and also the number of electrons
per site (and temperature, if present). One can have variants of this model as well.

209
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The extended Hubbard model includes interaction between the nearest neighbors.
Then we have a term such as

V
′
=U

′
∑
<i j>

nin j, (9.3)

where ni = ni,↑ + ni,↓. The fundamental problem involves computing the Green
function of these models.

9.1 Derivation of the Tight Binding
Picture

A derivation of this picture may be motivated by the following set of assumptions.
We postulate that in a crystal, the Hamiltonian of an electron in the position and
momentum representation may be written as

H(r,−i~∇r)≡∑
n

Hat(r−Rn,−i~∇r)+∆U(r), (9.4)

where Hat(r−Rn,−i~∇r) is the Hamiltonian of an electron in the vicinity of a sin-
gle atom located at lattice position Rn and ∆U(r) ensures that the full Hamiltonian
is not merely a sum of disjoint contributions from isolated atoms. In order to obtain
the second quantized Hamiltonian, we follow the procedure of the earlier chapters
and write,

H ≡∑
n

∫
ddr c†(r)Hat(r−Rn,−i~∇r)c(r)+

∫
ddr c†(r)∆U(r)c(r). (9.5)

Here c(r) is the annihilation operator of an electron at position r. The tight-
binding approximation involves expanding c(r) is a basis of the eigenstates of
Hat(r−Rn,−i~∇r). Let ϕm(r) be the wavefunction of an electron in the atom,
where m labels the eigenstates.

Hat(r,−i~∇r)ϕl(r) = El ϕl(r) (9.6)

For the Hamiltonian,

Htot(r,−i~∇r) = ∑
n

Hat(r−Rn,−i~∇r). (9.7)

The wavefunctions of Htot have to obey Bloch’s theorem. Thus, if

Htot(r,−i~∇r)Ψk(r) = E(k) Ψk(r), (9.8)
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thus
Ψk(r) = eik·ruk(r). (9.9)

The function uk(r+Rn) = uk(r) is periodic.

Bloch’s theorem, which leads to Eq. (9.9) may be understood as fol-
lows. Since Htot(r+Rl) = Htot(r) is periodic, it follows that Ψk(r) and
Ψk(r + Rl) are two eigenfunctions of the same Hamiltonian with the
same energy. Thus if this energy is nondegenerate, these two wavefunc-
tions must be proportional to each other.

Ψk(r+Rl) =C(Rl) Ψk(r) (9.10)

Now replace r by r+Rl′ so that,

Ψk(r+Rl +Rl′ ) =C(Rl) Ψk(r+Rl′ )

=C(Rl)C(Rl′ ) Ψk(r). (9.11)

But Rl +Rl′ is also a lattice vector. Hence,

Ψk(r+Rl +Rl′ ) =C(Rl +Rl′ ) Ψk(r). (9.12)

Hence, C(Rl +Rl′ ) =C(Rl)C(Rl′ ). Therefore,

C(Rl) = eik·Rl (9.13)

for some k. Here k has to be real since |Ψ(r+Rl)|2 = |Ψ(r)|2. Now
define uk(r) = e−ik·rΨ(r). It follows that uk(r+Rl) = uk(r) is periodic.
Inverting this allows us to write Eq. (9.9).

This periodic function may be expressed as a linear combination,

uk(r) = ∑
n,l

ϕl(r−Rn)bl(k). (9.14)

While the above assertion is quite general, the tight-binding approximation consists
of exploiting the observation that the atomic orbitals ϕl(r−Rn) are sharply peaked
at r=Rn—the location of the nth atom, so that it is legitimate to write the following
simplified expression for the Bloch wavefunction,

Ψk(r) = ∑
n,l

eik·r
ϕl(r−Rn)bl(k)≈∑

n,l
eik·Rnϕl(r−Rn)bl(k). (9.15)

Using this as a basis set (as opposed to, say, a plane wave basis), the field operator
takes the form (since we are talking about electrons in a solid, we now explicitly
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display a discrete spin index σ = {↑,↓}),

cσ(r) = ∑
k

Ψk(r)ck,σ = ∑
n,l

(
∑
k

eik·Rnck,σbl(k)

)
ϕl(r−Rn). (9.16)

At this stage we choose to make the identification

cn,σ(l)≡∑
k

eik·Rnck,σbl(k), (9.17)

and its inverse,
∑
n

e−ik·Rncn,σ(l)≡ N ck,σbl(k), (9.18)

where N is the total number of lattice points, so that,

cσ(r) = ∑
n,l

cn,σ(l)ϕl(r−Rn). (9.19)

We impose (of course here, s =−1 for fermions),

[cn,σ(l),cn′ ,σ′ (l
′
)]s = 0 (9.20)

and,
[cn,σ(l),c

†
n′ ,σ′

(l
′
)]s = δn,n′δσ,σ

′δl,l′ (9.21)

so that the expectation involving the total number of particles is verified,∫
ddr c†

σ(r)cσ(r) = ∑
n,l

c†
n,σ(l)cn,σ(l) (9.22)

provided the orthogonality condition between the orbitals is obeyed.∫
ddr ϕ

∗
l′
(r−Rn′ )ϕl(r−Rn) = δl′ ,lδn′ ,n (9.23)

Furthermore, using the completeness condition of atomic orbitals allows us to
write,

[cσ(r),c†
σ
′ (r
′
)]s = ∑

n,l
ϕl(r−Rn)ϕ

∗
l (r

′
−Rn)δσ,σ

′ =

= N δ(r− r
′
)δ

σ,σ
′ . (9.24)

Now on the one hand,

Htot(r,−i~∇r)cσ(r) = Htot(r,−i~∇r)∑
k

Ψk(r)ck,σ = ∑
k

E(k) Ψk(r)ck,σ

= ∑
n,l

ϕl(r−Rn)∑
k

E(k)eik·Rnbl(k)ck,σ
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= ∑
n,n′ ,l

ϕl(r−Rn) cn′ ,σ(l) W (Rn−Rn′ ), (9.25)

where

W (Rn−Rn′ ) =

(
1
N ∑

k
E(k)eik·(Rn−R

n′ )

)
. (9.26)

This means,

∑
σ

∫
ddr c†

σ(r)Htot(r,−i~∇r)cσ(r) =

∑
σ

∑
n,n′ ,l

c†
n,σ(l)cn′ ,σ(l) W (Rn−Rn′ ). (9.27)

In the above summation, if we include only n′ = n we get just the total number
of particles times a constant, which is a conserved quantity. Hence we should be
including n′ 6= n. In the tight-binding approximation, one includes only the nearest
neighbors, implying that W (R) is sharply peaked at R = 0. Set n = n′+δ where δ

is the nearest neighbor vector. Further we assume that W (Rδ) =−t is the same for
all nearest neighbors. This means,

∑
σ

∫
ddr c†

σ(r)Htot(r,−i~∇r)cσ(r) =−t ∑
δ,n′ ,l,σ

c†
n′+δ,σ

(l)cn′ ,σ(l). (9.28)

A similar argument is applicable when we look at the remaining term. First we
exploit the periodicity of ∆U(r) to write,

∆U(r) = ∑
m

w(r−Rm) (9.29)

so that, ∫
ddr c†

σ(r)cσ(r)∆U(r) = ∑
m

∫
ddr c†

σ(r)cσ(r) w(r−Rm)

= ∑
m

∑
n′ ,l′

∑
n,l

c†
n′ ,σ

(l
′
)cn,σ(l) (

∫
ddr ϕ

∗
l′
(r−Rn′ )ϕl(r−Rn) w(r−Rm)). (9.30)

If w(r−Rm) peaks at r = Rm, the above integral may be approximated as,∫
ddr c†

σ(r)cσ(r)∆U(r) =

≈∑
m

∑
n′ ,l′

∑
n,l

c†
n′ ,σ

(l
′
)cn,σ(l) (

∫
ddr ϕ

∗
l′
(r+Rm−n′ )ϕl(r+Rm−n)) wpeak. (9.31)
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Since the orbitals around atoms are highly localized, ϕ∗
l′
(r + Rm−n′ )ϕl(r +

Rm−n))≈ 0 when n 6= n′ . When n = n′ , however, we get,∫
ddr c†

σ(r)cσ(r)∆U(r) =

≈ ∑
m,n,l

c†
n′ ,σ

(l
′
)cn,σ(l) δl,l′ wpeak ∝ Ntot×Nele, (9.32)

where Ntot is the total number of sites and Nele is the total number of electrons,
which makes this term a constant. So this case is uninteresting. Now consider the
case when w(r−Rm) has a node at r = Rm. This may be captured by saying that
perhaps w(r−Rm) peaks midway between Rm and its nearest neighbor viz. at,
r = 1

2(Rm +Rm′ ) where Rm′ is the nearest neighbor. In this case,∫
ddr c†

σ(r)cσ(r)∆U(r) = ∑
m

∫
ddr c†

σ(r)cσ(r) w(r−Rm)

= ∑
m

∑
n′ ,l′

∑
n,l

c†
n′ ,σ

(l
′
)cn,σ(l) (

∫
ddr ϕ

∗
l′
(r−Rn′ )ϕl(r−Rn) w(r−Rm)). (9.33)

It is easy to argue that when n 6= n′ the above term is significant only when n and
n′ are nearest neighbors and Rm = 1

2(Rn +Rn′ ).∫
ddr c†

σ(r)cσ(r)∆U(r)

≈ ∑
n′ ,l′

∑
n,l

c†
n′ ,σ

(l
′
)cn,σ(l) (

∫
ddr ϕ

∗
l′
(r+

1
2
(Rn−Rn′ ))ϕl(r−

1
2
(Rn−Rn′ )) w(r)).

(9.34)

For nearest neighbors, Rn−Rn′ ∼~an, where~an is the basis vector in the appropriate
direction. Thus the overlap integral will be small but nonzero since the orbitals are
now evaluated midway between two lattice points. The main point is that in such
cases we may always write the tight-binding Hamiltonian as,

Hhop =−t ∑
δ,n′ ,l,σ

c†
n′+δ,σ

(l)cn′ ,σ(l). (9.35)

Observe the large number of simplifying assumptions involved in deriving this pic-
ture. In a similar vein, we may derive the tight-binding picture when mutual inter-
actions are present. In this case we have to evaluate,

HI =
1
2 ∑

σ,σ
′

∫
ddr

∫
ddr

′
V (r− r

′
)c†

σ(r)c
†
σ
′ (r
′
)c

σ
′ (r
′
)cσ(r). (9.36)
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Figure 9.1: Graphene is a two-dimensional lattice made of just carbon atoms ar-
ranged in a honeycomb pattern. The lighter circles are carbon atoms that form a
triangular lattice known as the A sublattice. The darker circles, also carbon atoms,
form another triangular lattice known as the B sublattice. The centers of three
hexagons that share edges, form an equilateral triangle.

Now we evaluate the density field in the lattice picture. For this we first write,

HI =
1
2 ∑

σ,σ
′

∫
ddr

∫
ddr

′
V (r− r

′
)c†

σ(r)c
†
σ
′ (r
′
)c

σ
′ (r
′
)cσ(r)

= ∑
q

vq

2Ω
ρqρ−q + const. (9.37)

where V (r− r′) = 1
Ω ∑q eiq·(r−r′)vq and,

ρq ≡∑
σ
′

∫
ddr

′
eiq·r′ c†

σ
′ (r
′
)c

σ
′ (r
′
). (9.38)

The new form comes from writing HI as the product of two densities after passing
one of the annihilation operators across, which picks up a term proportional to the
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total number of particles, which is a constant. Now,

ρ
σ
′ (r
′
) = c†

σ
′ (r
′
)c

σ
′ (r
′
)

= ∑
m′ ,l;n′ ,l′

c†
m′ ,σ′

(l)cn′ ,σ′ (l
′
)ϕ∗l (r

′
−Rm′ )ϕl′ (r

′
−Rn′ )

≈ ∑
n′ ,l,l′

c†
n′ ,σ′

(l)cn′ ,σ′ (l
′
)ϕ∗l (r

′
−Rn′ )ϕl′ (r

′
−Rn′ ). (9.39)

In momentum space this reads as follows,

ρq ≡∑
σ
′

∑
n′ ,l,l′

c†
n′ ,σ′

(l)cn′ ,σ′ (l
′
)

(∫
ddr

′
eiq·r′

ϕ
∗
l (r

′
−Rn′ )ϕl′ (r

′
−Rn′ )

)

≈∑
σ
′

∑
n′ ,l,l′

c†
n′ ,σ′

(l)cn′ ,σ′ (l
′
) eiq·R

n′ wq,l δl,l′ (9.40)

where we assert, (∫
ddr

′
eiq·r′

ϕ
∗
l (r

′
)ϕl′ (r

′
)

)
≈ wq,l δl,l′ (9.41)

since the orbitals are orthogonal and for small q this is the leading contribution.
Therefore,

HI = ∑
q

vq

2Ω
ρqρ−q

= ∑
σ
′
,σ,n′ ,n′′ ,l,l′

c†
n′ ,σ′

(l)cn′ ,σ′ (l) c†
n′′ ,σ′′

(l
′
)cn′′ ,σ′′ (l

′
) Ql,l′ (Rn′ −Rn′′ ) (9.42)

where,
Ql,l′ (Rn′ −Rn′′ ) = ∑

q

vq

2Ω
eiq·(R

n′−R
n′′ ) w−q,l′ wq,l. (9.43)

In the usual case of Coulomb interactions, vq is appreciable only for small q and
w0,l = 1, hence the above Q factor peaks at Rn′ = Rn′′ . In case there is only one
band, the interaction term reads as follows.

HI =
U
2 ∑

σ,σ
′
niσniσ′ , (9.44)

where U is the energy scale deduced from the Q factor above.

U = ∑
q

vq

Ω
w−q,lwq,l (9.45)



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

Quantum Fields on a Lattice 217

When σ = σ
′

we use idempotence to conclude that this term is proportional to the
total number, which is just a constant. Hence we should only include,

HI =U ∑
i

ni↑ni↓. (9.46)

This potential energy and the hopping term Eq. (9.35) together make the one-band
Hubbard model. It is usually written as,

H =−t ∑
<i j>σ

c†
iσc jσ +U ∑

i
ni↑ni↓. (9.47)

Many variants of this exist. One may include next-nearest neighbor hopping and
even more through a hopping term such as ti j. One may also consider next-nearest
neighbor interactions in the case of interactions.

H =− ∑
<i j>σ

ti j c†
iσc jσ +U ∑

i
ni↑ni↓+V ∑

<i j>
nin j (9.48)

where ni = ∑a={↑,↓} ni,a. Another example involves mobile electrons hybridizing
with localized electrons. This is called the Anderson (lattice) model.

H =−t ∑
<i j>σ

c†
iσc jσ +ξ∑

iσ
(c†

iσdiσ +d†
iσciσ)+U ∑

i
(d†

i↑di↑)(d
†
i↓di↓) (9.49)

Having derived the lattice version of the Hamiltonian of mutually interacting par-
ticles, we are now faced with the prospect of deducing its properties. By this, one
means computing what is known as the phase diagram. The phase diagram of the
system consists of the following ingredients. Firstly, there are three mutually per-
pendicular axes, one each for temperature, number of particles per site (total num-
ber of particles divided by total number of sites), and the ratio U/t. Secondly, dif-
ferent regions in this space are identified, separated from each other by surfaces.
Each of these regions corresponds to a particular phase. The surface represents a
boundary across which a phase transition happens. A phase is characterized by a
set of non-vanishing ‘order parameters’. An order parameter is an operator that has
a nonvanishing expectation value in that phase. It is more convenient to use the
following definition. If O(i) is an order parameter, then the average of the product
of two such operators (at equal times) has the property,

Lim|i− j|→∞ <O†(i)O( j)>=<O†(i)><O( j)> . (9.50)

In other words, the average of two O’s factor into two independent nonvanishing
quantities (which, in a translationally invariant system, would be independent of the
location) as shown when the spatial separation between the two operators becomes
large. When this condition is true we say that the system possesses long-range
order and the state of the system with respect to which the expectation value has
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been taken is in a phase characterized by the order parameter O. When a chosen
O does not obey this property, then the above correlation function typically has the
property,

Lim|i− j|→∞ <O†(i)O( j)>∼ e−
|i− j|

ξ . (9.51)

In one spatial dimension however, there can never be long-range order (except at
absolute zero temperature) due to what is known as the Mermin-Wagner theorem.
Instead, the typical situation which replaces the assertion in Eq. (9.50) in one di-
mension is,

Lim|i− j|→∞ <O†(i)O( j)>∼ 1
|i− j|δ

. (9.52)

Instead of converging to a constant, the above average slowly decays to zero as a
power law. This is the closest one can get to long-range order in one dimension—
still acceptable considering that the absence of long-range order means an expo-
nential decay (Eq. (9.51)). Of course, all these assertions are in hindsight. One is
still faced with the formidable task of evaluating these averages and verifying these
expectations. In this book we do not embark upon this calculation as this is the
subject matter of many-body theory. However, it is still important to list the sort
of operators O(i) that are used to describe various phases. An incomplete list (for
electrons in a solid, for example) is given in the box (here σ =↑ has a numerical
value of +1 and σ =↓ has a numerical value of −1).

Charge density wave (CDW):
OCDW (i) = ∑σ=↑,↓ψ

†
σ(i)ψσ(i)

Spin density wave (SDW):
~OSDW (i) = ∑σ,σ

′
=↑,↓ψ

†
σ(i)~σσ,σ

′ψ
σ
′ (i)

Singlet superconductivity (SS):
OSS(i) = ∑σ,σ

′
=↑,↓σψσ(i)δσ,σ

′ψ−σ
′ (i)

Triplet superconductivity (TS):
~OT S(i) = ∑σ,σ

′
=↑,↓σψσ(i)~σσ,σ

′ψ−σ
′ (i)

Thus one is now faced with the task of evaluating the averages < O†(i)O( j) >.
Various approximation schemes are used in the literature for this purpose. It would
take us too far afield to describe these approaches. We conclude our discussion of
lattice models by examining the large U limit of the Hubbard model.
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9.2 Schrieffer-Wolff Transformation

Even in the oversimplified one-band Hubbard model, there lurks a rich variety of
phenomena, most of which are poorly understood in more than one dimension.
In one dimension, a variety of methods starting from the rigorous Bethe ansatz to
bosonization (to be discussed in the last chapter) provide a satisfactory descrip-
tion of the basic physics (by this one means the phase diagram). In more than one
dimension, one of the most important phenomena is known as the Mott-Hubbard
transition. This is a metal insulator transition at absolute zero temperature that is
applicable only when there is exactly one electron per site, is driven by strong cor-
relations. This means the ratio U/t determines the nature of the phase at absolute
zero—below a critical value, the system is gapless (a gap is the difference in en-
ergy between the ground state and the ‘first’ excited state. In infinite systems, in
a metallic state, this quantity is zero, as the ‘first’ excited state together with the
ground state form a continuum) and above this value, it is gapped. Establishing this
is one of the most important goals of the physics of strong correlations. Of course,
as we have pointed out several times, this book simply discusses the framework or
the mathematical language in which meaningful and interesting questions such as
these, may be posed. Answering them is still largely the subject matter of ongoing
research—though many results are available, very few of them are universally ac-
cepted. We now turn to the description of the simple Hubbard model when U/t is
much larger than unity. Intuitively, it is easy to see what might happen. Imagine a
situation where there are exactly as many electrons as there are sites (this is quite
possible and common when each atom contributes one electron to the conduction
process). In such a situation, when U/t is large, the ground state is one where each
electron stays put at an atom so that hopping is suppressed, since hopping would
entail one of the sites having two electrons (allowed by Pauli’s principle if they
have opposite spins), which makes the energy of the system large. Thus, the only
degree of freedom left to the electron after hopping is suppressed is spin flipping.
The spins of the electrons on neighboring sites interact with one another leading to
a magnetic insulator. To understand this phenomenon, one notes that Hamiltonians
that differ from each other by unitary transformations describe the same physics.
By this, one means the following. Suppose one wants to compute a correlation
function of the type

C(t, t
′
)≡< Φ|A(t)B(t

′
)|Φ >=< Φ|ei t

~HA(0)e−i t
~Hei t

′
~ HB(0)e−i t

′
~ H |Φ > . (9.53)

Upon a unitary transformation, the same correlation function may be written as,1

C(t, t
′
) =< Φ(λ)|ei t

~H(λ)Aλ(0)e
−i t

~H(λ)ei t
′
~ H(λ)Bλ(0)e

−i t
′
~ H(λ)|Φ(λ)> (9.54)

1Not wanting to confuse the time parameter with the hopping parameter, both of which are
denoted by t, we rename the hopping parameter λ.
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where the λ-dependent quantities are unitarily transformed versions,

H(λ) = eiλGHe−iλG; Aλ(0) = eiλGA(0)e−iλG; Bλ(0) = eiλGB(0)e−iλG (9.55)

and,
|Φ(λ)>= eiλG|Φ > (9.56)

(keeping in mind that ei t
~H(λ) = eiλGei t

~He−iλG). Now we wish to take advantage of
this observation to recast the Hubbard model in the situation when U/λ� 1. This
transformation is known as the Schrieffer-Wolff transformation. To achieve this,
we first introduce various projection operators. The single occupation projection
operator is,

Ps
i = 1−ni↑ni↓. (9.57)

This operator, when acting on a state, prevents the resulting state from having two
electrons at site labeled i, since if it did, ni↑ = ni↓ = 1 and Ps

i = 0 and the state
would not exist. Similarly, the operator that projects onto doubly occupied sites is,

Pd
i = ni↑ni↓. (9.58)

The operator that ensures that no site is doubly occupied Ps = ∏iP
s
i . We note that

Ps
i +Pd

i = 1. We now rewrite the Hamiltonian by projecting out states that have
more than one site doubly occupied using the above resolution of the identity,

H = 1.H.1 = (Ps +(1−Ps))H(Ps +(1−Ps)). (9.59)

This means the full Hamiltonian is a sum of four pieces:

H11 =PsHPs (9.60)

H12 =PsH(1−Ps) (9.61)

H21 = (1−Ps)HPs (9.62)

H22 = (1−Ps)H(1−Ps). (9.63)

Of the four terms, only H22 contains the U-dependent contribution since the others
contain the projection Ps, which annihilates the potential energy term in H. Since U
is large, and H22 contains at least one doubly occupied site, the eigenvalues of H22
are such that, H22 >U � H11,H12,H21. Now we perform a unitary transformation
on this Hamiltonian so that the terms that mix the sectors containing no doubly
occupied states to the sector that does are eliminated. The form that does not involve
mixing of the sectors is Hd ≡ T−1HT so that,

Hd ≈Ps(H11−
H12H21

U
)Ps +(1−Ps)(H22 +

H21H12

U
)(1−Ps). (9.64)
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These terms are nothing but the eigenvalues of the matrix form of Hi j (we set H22∼
U when it appears in the denominator, since this sector is assumed to contain states
with exactly one doubly occupied site). One may determine the needed T matrix
by using the modified condition T Hd = HT so that,

TPs(H11−
H12H21

U
)Ps +T (1−Ps)(H22 +

H21H12

U
)(1−Ps) = HT. (9.65)

Now we post-multiply and pre-multiply by one of Ps and 1−Ps and conclude that
the following (non-unique) choice suffices,

T =Ps1Ps+Ps H12

U
(1−Ps)+(1−Ps)(−H21

U
)Ps+(1−Ps)1(1−Ps). (9.66)

One may see from Eq. (9.64) that the double occupancy sector is at a scale ∼U
much larger than the no-double-occupancy sector. Thus for studying low-energy
phenomena, we focus on the first term. When double occupancy is not allowed, the
U term in the Hamiltonian drops out so that,

H11 =−t ∑
<i j>σ

Psc†
iσc jσP

s (9.67)

H12 =−t ∑
<i j>σ

Psc†
iσc jσ(1−Ps) (9.68)

H21 =−t ∑
<i j>σ

(1−Ps)c†
iσc jσP

s. (9.69)

Now we make use of the assertion that 1−Ps contains at most one doubly occupied
state so that,

1 = ∏
i
(Ps

i +Pd
i )≈∏

i
Ps

i +∑
k

(
∏
i 6=k

Ps
i

)
Pd

k + ... (9.70)

Therefore,

H12H21 = t2
∑

<i j>σ

∑
<i′ j′>σ

′
Psc†

iσc jσ(1−Ps)c†
i′σ′

c j′σ′P
s

= t2
∑

<i j>σ

∑
<i′ j′>σ

′
Psc†

iσc jσ ∑
k

(
∏
p6=k

Ps
p

)
Pd

k c†
i′σ′

c j′σ′P
s. (9.71)

Now we note,

Pd
k c†

i′σ′
c j′σ′ = c†

i′σ′
c j′σ′P

d
k + c†

i′ ,σ′
c j′σ′ (δk,i′ −δ j′ ,k)nk,σ̄′

. (9.72)
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Using similar ideas we may pass the remaining projection operators in the middle
to the extreme right to obtain,

H12H21 =

t2
∑

<i j>σ

∑
<i′ j′>σ

′
Psc†

iσc jσP
s
j′

c†
i′ ,σ′

c j′σ′ n
i′ ,σ̄′

Ps

−t2
∑

<i j>σ

∑
<i′ j′>σ

′
Psc†

iσc jσP
s
i′
c†

i′ ,σ′
c j′σ′ n

j′ ,σ̄′
Ps. (9.73)

In the second term of the above equation, there is the product c j′σ′ n
j′ ,σ̄′

Ps. The
projection operator together with the occupation number ensures that n j′ ,σ′ = 0; in

other words, the j
′
σ
′

state is empty. When annihilated, this gives zero (see exer-
cises also). Thus only the first term remains. Using the definition of the projection
operator in the middle we obtain,

H12H21 = t2
∑

<i j>σ

∑
<i′ j′>σ

′
Psc†

iσc jσc†
i′ ,σ′

c j′σ′ n
i′ ,σ̄′

Ps. (9.74)

There are many terms in this. One may single out the ‘coherent contributions’
wherein (i, j) ≡ (i

′
, j
′
) or (i, j) ≡ ( j

′
, i
′
). One then includes σ

′
= σ followed by

σ
′
= σ̄.

H12H21 =−t2
∑

<i j>σ

Ps(c†
iσc†

i,σ̄c jσ̄c jσ−niσn j,σ̄)P
s (9.75)

It is possible to relate this to a term that corresponds to interaction between spins
at sites i and j. Define (we have set ~= 1)

~Si = ∑
a,b=↑,↓

c†
ia

1
2
~σab cib, (9.76)

and ~σ are the three Pauli matrices. Also, niσ = c†
iσciσ and ni = ∑σ niσ. It is left to

the exercises to show that,

(~Si ·~S j−
1
4

nin j) =
1
2 ∑

σ

(c†
iσc†

i,σ̄c jσ̄c jσ−niσn j,σ̄). (9.77)

Therefore, the low-energy sector of the diagonal form of the Hamiltonian is

Hd ≈Ps(Ht +
2t2

U ∑
<i j>

(~Si ·~S j−
1
4

nin j))P
s + ..., (9.78)

where Ht =−t ∑<i j>σ c†
iσc jσ is the original hopping term. Several points are appar-

ent in this calculation. The first is that the above is only the leading contribution; we
have ignored many terms that couple distant sites. When there is exactly one elec-
tron per site (half-filling), the hopping is suppressed and the dominant physics is
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the anti-ferromagnetic coupling between the spins of the electrons on neighboring
sites. Thus we obtain a magnetic insulator.

One may introduce variants of the above. Of particular importance is the Anderson
impurity model. In this model, otherwise free electrons on a lattice hybridize with
a localized orbital. Including these two terms makes the model solvable. However,
important physics is contained, when in addition, two electrons of opposite spins
on the orbital repel with an energy U � t,ξ.

H =−t ∑
<i j>σ

c†
iσc jσ +ξ(c†

0,σdσ +d†
σc0,σ)+Ud†

↑d↑d
†
↓d↓ (9.79)

The term with ξ is known as hybridization. For large U , the model above may be
transformed by a Schrieffer-Wolff transformation to the Kondo model,

H =−t ∑
<i j>σ

c†
iσc jσ +g ∑

α,α
′
c†

0,α~σαα
′c0,α′ ·~S, (9.80)

where ~S = ∑a,b d†
a~σabdb is the local spin. Implicit is the no double occupancy con-

straint viz. (d†
↑d↑)(d

†
↓d↓) = 0. Some more examples are found in the exercises.

9.3 Exercises

Q.1 Verify the identity in Eq. (9.77).

Q.2 Verify Eq. (9.73) and Eq. (9.74).

Q.3 What kind of continuum picture would lead to the Anderson lattice model?
(Hint: Think in terms of each atom contributing two kinds of electrons, one whose
wavefunctions overlap with neighboring atoms and the other does not. The repul-
sion is only for the localized electrons).

Q.4 Derive the Kondo model Eq. (9.80) from the Anderson model Eq. (9.79).

Q.5 What kind of Kondo model emerges by applying the Schrieffer-Wolff transfor-
mation to the ‘extended hybridization’ model?

H =−t ∑
<i j>σ

c†
iσc jσ + ∑

k=0,±1,σ
ξk(c

†
k,σdσ +d†

σck,σ)+Ud†
↑d↑d

†
↓d↓ (9.81)

where ξ1 = ξ−1 6= ξ0.
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Chapter 10

Green Functions: Matsubara and
Nonequilibrium

In this chapter, we discuss the central concept in many-body physics, namely the
single-particle Green function. It is shown that many physical observables, such as
current and number density, are related to this object. However, this quantity is more
important than that since it provides information of the nature of ‘quasiparticles’. If
we choose to characterize the atomic constituents of the model being studied minus
the mutual interactions among the constituents—‘particles’, then ‘quasiparticles’
would be the effective description of such particles in the presence of such mutual
interaction between the constituents. The single-particle Green function contains
information about the energy momentum relation of these quasiparticles and also
their lifetime. We consider this concept both for systems in thermodynamic equi-
librium and for systems out of equilibrium.

10.1 Matsubara Green Functions

In this section, we define the finite temperature, or Matsubara Green function, of
a system of particles for systems that statistical mechanics would classify as grand
canonical. This means that we imagine the system exchanging energy and particles
with a reservoir where only the average energy and average number of particles are
fixed. We imagine the system to be described by a Hamiltonian that may be written
in the form H = H0 +V , where H0 is that part of the Hamiltonian which may be
handled exactly. The remaining is denoted by V . Consider the following operator,

U(s) = es(H0+V ). (10.1)

225
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If H0V =V H0, then we can trivially factorize this as,

U(s) = esH0esV . (10.2)

In general, this is not true. However, for practical applications we need such a
factorization. Thus we write

U(s) = esH0S(s), (10.3)

where
S(s) = e−sH0es(H0+V ). (10.4)

We want to express S(s) in some simple way in terms of V. To this end, let us
examine some of its properties. In particular let us compute,

dS(s)
ds

=−H0e−sH0es(H0+V )+ e−sH0(H0 +V )es(H0+V )

=−H0e−sH0es(H0+V )+ e−sH0H0es(H0+V )+ e−sH0Ves(H0+V ) = e−sH0Ves(H0+V )

= e−sH0VesH0e−sH0es(H0+V ). (10.5)

Define
V̂ (s) = e−sH0VesH0 . (10.6)

Therefore,
dS(s)

ds
= V̂ (s)S(s). (10.7)

If [H0,V ] = 0, then V̂ (s) =V and the solution would simply be,

S(s) = esV ≡ e
∫ s

0 dt V . (10.8)

Since trivially, s =
∫ s

0 dt. In general, S(s) is not this simple, hence the solution is
symbolically denoted as,

S(s) = T [e
∫ s

0 dt V̂ (t)]. (10.9)

The meaning of the symbol T[...] will be made clear soon. It may be regarded as
a symbolic way of writing the iterative solution to Eq. (10.7). The solution to Eq.
(10.7) can be generated as follows,

S(s) = 1+
∫ s

0
V̂ (t)dt +

∫ s

0
dt

∫ t

0
dt
′
V̂ (t)V̂ (t

′
)

+
∫ s

0
dt

∫ t

0
dt
′
∫ t
′

0
dt
′′
V̂ (t)V̂ (t

′
)V̂ (t

′′
)+ .. (10.10)

Now we wish to express all of this in a compact form. For this we introduce the
notion of time ordering, which involves the use of Heaviside’s unit step function.
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But first let us examine the following identity obtained by simply interchanging t
and t

′
.∫ s

0
dt

∫ t

0
dt
′
θ(t− t ′) V̂ (t)V̂ (t

′
) =

∫ s

0
dt
′
∫ s

0
dt θ(t ′− t)V̂ (t

′
)V̂ (t) (10.11)

Here, θ(s) is Heaviside’s step function. If A = B, then A = 1
2(A+B), hence we may

add these two equal quantities and then take half the resultant∫ s

0
dt

∫ s

0
dt
′
θ(t− t ′)V̂ (t)V̂ (t

′
)

=
1
2

∫ s

0
dt

∫ s

0
dt
′
[θ(t− t ′)V̂ (t)V̂ (t

′
)+θ(t ′− t)V̂ (t

′
)V̂ (t)]

=
1
2

∫ s

0
dt

∫ s

0
dt
′
T [V̂ (t)V̂ (t

′
)]. (10.12)

By a similar method we may conclude,∫ s

0
dt

∫ s

0
dt
′
∫ s

0
dt
′′
θ(t− t ′)θ(t

′
− t ′′)V̂ (t)V̂ (t

′
)V̂ (t

′′
)

=
1
3!

∫ s

0
dt

∫ s

0
dt
′
∫ s

0
dt
′′
T [V̂ (t)V̂ (t

′
)V̂ (t

′′
)]. (10.13)

Therefore we may write,

S(s) = 1+
∫ s

0
V̂ (t)dt +

1
2!

∫ s

0
dt

∫ s

0
dt
′
T [V̂ (t)V̂ (t

′
)]

+
1
3!

∫ s

0
dt

∫ s

0
dt
′
∫ s

0
dt
′′
T [V̂ (t)V̂ (t

′
)V̂ (t

′′
)]+ ...

= T [e
∫ s

0 V̂ (t)dt ]. (10.14)

Time ordering is an idempotent operation. This means if one tries to time order an
already time-ordered expression, there is no effect on the expression. Mathemati-
cally, T [S(s)] = S(s). Now we wish to define a certain quantity known as the Green
function. Imagine that a N-particle system at time t = 0 is in a eigenstate of the
Hamiltonian

H =−
∫

d3r c†(r)
~2∇2

2m
c(r)+

1
2

∫
d3r

∫
d3r

′
V (|r− r

′
|)c†(r)c†(r

′
)c(r

′
)c(r).
(10.15)

Let us denote this eigenstate as |I >. The subscript I denotes the I-th excited state,
and I = 0 corresponds to the ground state. We now consider the time evolution of
operators with respect to the time-independent part of the full hamiltonian,

ĉ(r, t) = e
itH
~ c(r,0)e

−itH
~ . (10.16)
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In the presence of the external time-dependent potential, we have to define the time
evolution differently. We formally introduce a time-dependent external potential
that is also defined in imaginary time.

c(r, t) =U†(t)c(r,0)U(t) (10.17)

i~
∂

∂t
U(t) =

(
H +

∫
d3r W (r, t)c†(r)c(r)

)
U(t)

−i~
∂

∂t
U†(t) =

(
H +

∫
d3r W (r, t)c†(r)c(r)

)
Û†(t) (10.18)

U(0) = 1. Using the time-ordering decomposition we may write,

U(t) = e
−itH
~ S(t) (10.19)

S(t) = T
(

e−
i
~
∫ t

0 ds
∫

d3r W (r,s) ĉ†(r,s)c(r,s)
)
. (10.20)

First we show that S(t) is unitary. This is the same as proving that U(t) is unitary
since

U†(t)U(t) = S†(t)ei tH
~ e−i tH

~ S(t) = S†(t)S(t). (10.21)

For this we show that U†(t)U(t) is a constant. Then we show that this constant is
unity. Consider

i~
∂

∂t
(U†(t)U(t)) = i~

∂U†(t)
∂t

U(t)+U†(t)i~
∂

∂t
U(t)

=−U†(t)
(

H +
∫

d3r W (r, t)c†(r)c(r)
)

U(t)

+U†(t)
(

H +
∫

d3r W (r, t)c†(r)c(r)
)

U(t) = 0. (10.22)

But U†(0)U(0) = 1̂. This means U†(t)U(t) = 1̂ and U(t) and therefore U(t) and
S(t) are unitary. Continuing in this vein we have,

c(r, t) = S†(t)ei tH
~ c(r,0)e−i tH

~ S(t)

= S†(t)ĉ(r, t)S(t). (10.23)

We define the following quantities, which are known as the Green functions of the
system. This makes use of the grand canonical ensemble of statistical mechanics in
the interaction picture,

G(r, t;r
′
, t
′
) =−i

Tr
(

e−β(H−µN) T (S(−iβ~)ĉ(r, t)ĉ†(r′, t ′))
)

Tr
(
e−β(H−µN)S(−iβ~)

) ; (10.24)
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here Tr[...] = ∑
∞
I,N=0 < I,N|[...]|I,N >

G(r, t;r
′
, t
′
)

=−i
∑

∞
I,N=0 < I,N|e−β(εI,N−µN) T

(
S(−iβ~) ĉ(r, t)ĉ†(r′, t ′)

)
|I,N >

∑
∞
I,N=0 e−β(εI,N−µN) < I,N|S(−iβ~)|I,N >

. (10.25)

Here εI,N is the energy of the I-th eigenstate of an N-particle system. That is,
H|I,N >= εI,N |I,N > and N is the total number of particles. We show in the next
section that the complicated-looking expression in Eq. (10.24) that at present is not
properly motivated is actually a simple and intuitive concept. The time-ordering
notion in the expression required clarification. We imagine that all times t, t

′
lie

in the interval [0,−iβ~]. This means we consider the times to be imaginary. This
purely mathematical device enables us to exploit a certain kind of periodicity that
occurs only in imaginary time. In order to define time ordering we have to deter-
mine that some point in this interval is ‘greater’ or ‘less’ than other points. We
postulate−iβ~≥ t, t

′ ≥ 0. That is, the times t, t
′
etc. go from the ‘smallest’ possible

value 0 to the largest possible value −iβ~ along the vertical imaginary axis. For
particles with statistics ‘σ’ (σ =+1 for bosons and σ =−1 for fermions), we may
define the following time-ordering prescriptions:

T [c(r, t)c†(r
′
, t
′
)] = c(r, t)c†(r

′
, t
′
); t > t

′
(10.26)

T [c(r, t)c†(r
′
, t
′
)] = σ c†(r

′
, t
′
)c(r, t); t

′
> t. (10.27)

Here t > t
′

means t is closer to −iβ~ than t
′

and both lie on the imaginary axis
between the points 0 and −iβ~ .

Some Simple Cases: Before studying the difficult problem of mutually interacting
particles in an external field, which is what evaluation of the Green function in Eq.
(10.24) is meant to do, we first focus on the simple case of non-interacting particles
(V = 0) with no external field (W = 0). In this case the Green function is simply,

G0(r, t;r
′
, t
′
) =−i

[Tre−β(H0−µN)T [c(r, t)c†(r′, t ′)]]
Tr[e−β(H0−µN)]

(10.28)

c(r, t) = e
i
~H0tc(r,0)e−

i
~H0t (10.29)

H0 =−
∫

d3r c†(r)
~2∇2

2m
c(r). (10.30)

In order to facilitate progress, we use the momentum state representation (the spa-
tial Fourier transform)

c(r) =
1√
N ∑

k
eik·rck. (10.31)
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We make a distinction between real space objects, where the position variable is in
the parenthesis, and momentum space objects, where the momentum labels are in
the subscripts. In three dimensions,

∑
k
[....] =

V
(2π)3

∫
d3r [...] (10.32)

where V is the volume of the system. Firstly, since [c(r),c(r′)]σ = 0 and
[c(r),c†(r′)]σ = δ(r− r′), we must have [ck,ck′ ]σ = 0 and [ck,c

†
k′
]σ = δk,k′ . If we

substitute Eq. (10.31) into Eq. (10.30) we get

H0 = ∑
k

εk c†(k)c(k), (10.33)

where εk ≡ ~2k2

2m . Also, the time-evolved annihilation operators are

c(r, t) =
1√
V ∑

k
eik·re

i
~H0tcke−

i
~H0t =

1√
V ∑

k
eik·rcke−

i
~ εkt . (10.34)

Let us first assume that in Eq. (10.28) t > t
′
, this means t

′
is closer to −iβ~ than t

and both lie between 0 and −iβ~ on the negative imaginary axis. Further, we set Z
= Tr[e−β(H0−µN)].

G<
0 (r, t;r

′
, t
′
) =−σ

i
Z

Tr[e−β(H0−µN)c†(r
′
, t
′
)c(r, t)] (10.35)

In other words,

G<
0 (r, t;r

′
, t
′
) =−σ

i
Z

1
V ∑

k,k′
ei(k·r−k′ ·r′)e−

i
~ (εkt−ε

k′ t
′
)

×∑
I,N

< I,N|
(

e−β∑p(εp−µ)c†
pcpc†

k′
ck

)
|I,N > . (10.36)

The many-particle states of a non-interacting system are obtained by creating par-
ticles with well-defined momenta. For bosons we can have an arbitrary number of
particles in each momentum state, but for fermions we can have only one.

1
Z ∑

I,N
< I,N|

(
e−β∑p(εp−µ)c†

pcpc†
k′

ck

)
|I,N >

=
1
Z ∑

I,N
e−β∑p(εp−µ)np < I,N|c†

k′
ck|I,N > (10.37)
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The states ck|I,N > and ck′ |I,N > are orthogonal for k′ 6= k and np|I,N >=
Np|I,N >. If σ =−1 (fermions) the above expression becomes

1
Z ∑

I,N
e−β∑p(ε−µ)np < I,N|c†

k′
ck|I,N >=

δk,k′
∑{Np}=0,1 e−β∑p6=k(εp−µ)Np ∑{Nk}=0,1 e−β(εk−µ)NkNk

∑{Np}=0,1 e−β∑p 6=k(εp−µ)Np ∑{Nk}=0,1 e−β(εk−µ)Nk
. (10.38)

If σ =+1 (bosons) the above expression becomes

1
Z ∑

I,N
e−β∑p(εp−µ)np < I,N|

(
c†

kck

)
|I,N >=

δk,k′
∑{Np}=0,1,2,3,.. e

−β∑p6=k(εp−µ)Np ∑{Nk}=0,1,2,3,.. e−β(εk−µ)NkNk

∑{Np}=0,1,2,3... e
−β∑p6=k(εp−µ)Np ∑{Nk}=0,1,2,3,.. e−β(εk−µ)Nk

. (10.39)

Define the following quantities

fB(λ) = ∑
N=0,1,2,3,..

e−λN =
1

1− e−λ
(10.40)

fF(λ) = ∑
N=0,1

e−λN = 1+ e−λ. (10.41)

Then,

− d
dλ

Ln[ fB(λ)] =
∑N=0,1,2,3,..N e−λN

∑N=0,1,2,3,.. e−λN
=

1
eλ−1

− d
dλ

Ln[ fF(λ)] =
∑N=0,1 N e−λN

∑N=0,1 e−λN
=

1
eλ +1

. (10.42)

If we set λ = β(εk−µ), then we can say

G<
0 (r, t;r

′
, t
′
) =−σ i

1
V ∑

k
eik.(r−r′)e−

i
~ εk(t−t

′
)nσ(k), (10.43)

where
nσ(k) =

1
eβ(εk−µ)−σ

. (10.44)

Similarly, we can show that when t > t
′
,

G>
0 (r, t;r

′
, t
′
) =− i

V ∑
k

eik.(r−r′)e−
i
~ εk(t−t

′
)(1+σ nσ(k)). (10.45)
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We may now relate these two quantities using a clever observation.

G>
0 (r, t =−iβ~;r

′
, t
′
) =−i

1
V ∑

k
eik.(r−r′)e

i
~ εkt

′
e−βεk

(1+σ nσ(k)) (10.46)

Now consider,
e−βεk(1+σ nσ(k)) = e−βµnσ(k). (10.47)

Therefore,

G>
0 (r, t =−iβ~;r

′
, t
′
) =−i

1
V ∑

k
eik.(r−r′)e

i
~ εkt

′
e−βµnσ(k)

= σ e−βµG<
0 (r, t = 0;r

′
, t
′
). (10.48)

Therefore we have

G0(r, t =−iβ~;r
′
, t
′
) = σ e−βµG0(r, t = 0;r

′
, t
′
). (10.49)

Here, G0 is the time-ordered Green function. The above equation is known as
the Kubo-Martin-Schwinger (KMS) boundary condition. We may now rewrite the
Green function of the noninteracting system as G0(r−r′, t− t

′
;0,0) since we know

that it depends only on the differences between the time and position coordinates.
A quantity that obeys such a periodicity property may be discrete Fourier trans-
formed. These discrete frequencies are known as Matsubara frequencies. We may
write

G0(r− r
′
, t− t

′
;0,0)

=
1
V ∑

k

1
−iβ~∑

n
eik.(r−r′)e−

i
~µ(t−t

′
)ezn(t−t

′
)G0(k,zn) (10.50)

Since G0 has to obey the KMS boundary condition we must have,

ezn(−iβ~−t
′
) = σezn(0−t

′
) (10.51)

e−iznβ~ = σ. (10.52)

Thus zn =
(2n+1)π

β~ if σ = −1 and zn =
(2n)π

β~ if σ = 1. We make some observations
about these Matsubara frequencies,

1
−iβ~∑

n
ezn(t−t

′
) = δP(t− t

′
). (10.53)

Here δP(t− t
′
) is the periodic delta function. It has the property δP(−iβ~− t

′
) =

σ δP(0− t
′
). For any function f(t) defined in the interval [0,−iβ~] and obeying the

property, f (−iβ~) = σ f (0), we have,∫ −iβ~

0
δP(t− t

′
) f (t

′
)dt

′
= f (t). (10.54)
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We can similarly define a periodic step function

∂

∂t
θP(t− t

′
) = δP(t− t

′
) (10.55)

or

θP(t− t
′
) =

1
−iβ~∑

n

ezn(t−t
′
)

zn + iδ
. (10.56)

From Eq. (10.11) and Eq. (10.12) we find,

i~
∂

∂t
G>/<

0 (r, t;r
′
, t) =−~2∇2

2m
G>/<

0 (r, t;r
′
, t
′
). (10.57)

But we know that

G0(r, t;r
′
, t
′
) = θP(t− t

′
)G>

0 (r, t;r
′
, t
′
)+θP(t− t

′
)G<

0 (r, t;r
′
, t
′
). (10.58)

Therefore,

i~
∂

∂t
G0(r, t;r

′
, t) = i~

∂θP(t− t
′
)

∂t
G>

0 (r, t;r
′
, t
′
)+ i~

∂θP(t
′− t)

∂t
G<

0 (r, t;r
′
, t
′
)

+i~θP(t− t
′
)
∂G>

0 (r, t;r′, t ′)
∂t

)+ i~θP(t
′
− t)

∂G<
0 (r, t;r′, t ′)

∂t

= i~δP(t− t
′
)[G>

0 (r, t;r
′
, t
′
)−G<

0 (r, t;r
′
, t
′
)]− ~2∇2

2m
G0(r, t;r

′
, t
′
). (10.59)

From Eq.(10.11) and Eq.(10.12) we have

[G>
0 (r, t;r

′
, t)−G<

0 (r, t;r
′
, t
′
)]

=−i
1
V ∑

k
eik.(r−r′)(1+σ nσ(k))+σ i

1
V ∑

k
eik.(r−r′)nσ(k)

=−i
1
V ∑

k
eik.(r−r′) =−iδ(r− r

′
), (10.60)

and (
i~

∂

∂t
+

~2∇2

2m

)
G0(r− r

′
, t− t

′
;0,0) = ~ δP(t− t

′
)δ(r− r

′
). (10.61)

Eq. (10.16) into Eq. (10.17), we get a formula for G(k,zn).

1
V ∑

k

1
−iβ~∑

n
eik.(r−r′)e−

i
~µ(t−t

′
)ezn(t−t

′
)(i~zn− εk +µ)G0(k,zn)
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= ~ δP(t− t
′
)δP(r− r

′
) (10.62)

If we choose (i~zn− εk +µ)G0(k,zn) = ~, then the left-hand side becomes,

LHS =
1
V ∑

k

1
−iβ~∑

n
eik.(r−r′)e−

i
~µ(t−t

′
)ezn(t−t

′
)~

= ~
∫ d3k

(2π)3 eik.(r−r′) 1
−iβ~∑

n
ezn(t−t

′
)e−

i
~µ(t−t

′
)

= ~δP(t− t
′
)δP(r− r

′
) = RHS. (10.63)

Therefore, the Green function in Fourier space has a particularly simple form,

G0(k,zn) =
1

(i~zn− εk +µ)
. (10.64)

In the literature it is customary to work in natural units where ~= 1, which makes
the above Green function take the familiar form

G0(k,zn) =
1

(izn− εk +µ)
(10.65)

where zn =
(2n+1)π

β
for fermions and zn =

2nπ

β
for bosons. When mutual interactions

between particles are present, we shall see subsequently that the Green function
may always be written as (assuming that the system is translationally invariant both
in space and time)

G(k,zn) =
1

(izn− εk +µ−Σ(k, izn))
. (10.66)

Here Σ(k, izn) is called the ‘self-energy’ of the system. In the absence of the self-
energy (i.e., for free particles), we may see that the spectral function

A0(k,ω) =−2 Im(G0(k,−iω+δ)) (10.67)

encodes both the dispersion relation and the lifetime of quasiparticles. In this case,

A0(k,ω) =−2Im(G0(k,−iω+δ)) = 2π δ(−ω+ εk−µ). (10.68)

This says that the energy of quasiparticles is εk− µ, which is nothing but the free
particle dispersion. Furthermore, the delta function says that the spectral function
is peaked at this energy, which means that the lifetime is infinite at each value of
ω,k. The general relation when self-energy is present is given by

A(k,ω) =−2Im(G(k,−iω+δ)). (10.69)
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One may obtain the momentum distribution of particles from the spectral function
using the relation

nσ(k) =
∫

∞

−∞

dω

2π

A(k,ω)
eβω−σ

, (10.70)

where σ = +1 is for bosons and σ = −1 is for fermions (here β = (kBT )−1 is the
inverse temperature). When self energy is present, we may write,

G(k,−iω+δ) =
1

(ω− εk +µ−Σ(k,ω+ iδ))
. (10.71)

Now we write, Σ(k,ω+ iδ) = Re(Σ(k,ω+ iδ))+ i Im(Σ(k,ω+ iδ)). This means,

A(k,ω) =
−2 Im(Σ(k,ω+ iδ))

(ω− εk +µ−Re(Σ(k,ω+ iδ)))2 +(Im(Σ(k,ω+ iδ)))2 . (10.72)

This says that the energy ω of quasiparticles versus k is given by the solution to
ω− εk + µ−Re(Σ(k,ω+ iδ)) = 0. These quasiparticles have a lifetime given by

π

|Im(Σ(k,ω+iδ))| . The quasiparticles that have |Im(Σ(k,ω + iδ))| = 0 are infinitely
long-lived. The rest are short-lived. There is another illuminating way of writing
Eq. (10.66). Consider the zeros of the denominator of that equation, viz. the solu-
tions of (ω− εk +µ−Σ(k,ω)) = 0. We denote them as ω = ω1(k)+ iω2(k) where
ω1,2 are real. In that case we have a pole (typically). In the vicinity of the pole we
may write

G(k,−iω)≈ Z(k)
(ω−ω1(k)− iω2(k))

+Greg(k,−iω), (10.73)

where Greg is non-singular at the pole. Here the quantity Z(k) is called the quasi-
particle residue and measures the jump in the momentum distribution across the
Fermi surface for fermions and the condensate fraction for bosons.

10.2 Nonequilibrium Green Functions

The discussion of the previous section was limited to time-independent situations
since the evolution operator was assumed to be e−i t

~H . When the Hamiltonian de-
pends on time, the evolution operator is U(t, tr) ≡ T

(
e−i

∫ t
tr

ds
~ H(s)

)
. Here the time

ordering is the natural ordering of real numbers since the time-dependent part may
be defined only for real times and may not admit an analytic continuation to imagi-
nary times. Besides, there is no concept of temperature in nonequilibrium systems,
so there is no incentive to think of the imaginary time domain. Since temperature
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has no meaning now, imagine instead, a state |Φ > with respect to which the ex-
pectation value of the product of two fields at two different times is to be evaluated,

G(x, t;x
′
, t
′
)≡< Φ|T [ψ(x, t)ψ†(x

′
, t
′
)]|Φ > . (10.74)

More generally, one could imagine an ensemble of such states weighted by some
predesignated weight p(Φ) so that,

G(x, t;x
′
, t
′
)≡∑

Φ

p(Φ) < Φ|T [ψ(x, t)ψ†(x
′
, t
′
)]|Φ > . (10.75)

Using the definition of U(t, tr), the time-evolved operator relative to some reference
time tr may be written as,

ψ(x, t) =U†(t, tr)ψ(x, tr)U(t, tr). (10.76)

Since we have at the back of our mind some sort of perturbation expansion in
the external time-dependent potential, we now introduce the so-called interaction
picture where the time-independent part of the Hamiltonian is left out of the evo-
lution operator and absorbed into the field operator on the right-hand side. Let
H(s) = H +V (s) be the full time-dependent Hamiltonian and H be the time-
independent part. We define

U(t, tr) = T
(

e−i
∫ t

tr
ds
~ H(s)

)
= T

(
e−i

∫ t
tr

ds
~ (H+V (s))

)
= e−i (t−tr)

~ H S(t, tr) (10.77)

where,

S(t, tr) = ei (t−tr)
~ H T

(
e−i

∫ t
tr

ds
~ (H+V (s))

)
≡ ei (t−tr)

~ H U(t, tr). (10.78)

The quantity S(t, tr) is called the S-matrix. The above is a trivial identity. It also fol-
lows that this object is unitary S†(t, tr)S(t, tr)= S(t, tr)S†(t, tr)= 1 since U is unitary
also. We may derive a compact albeit formal expression for S(t, tr) by examining
its equation of motion,

i~
∂

∂t
S(t, tr) =−HS(t, tr)+ ei (t−tr)

~ H i~
∂

∂t
U(t, tr)

=−HS(t, tr)+ ei (t−tr)
~ H (H +V (t))U(t, tr), (10.79)

using the evolution equation for U(t, tr) namely, i~ ∂

∂tU(t, tr) = (H +V (t))U(t, tr).

Now substitute the inverse relation U(t, tr) = e−i (t−tr)
~ H S(t, tr) into the above equa-

tion to get,

i~
∂

∂t
S(t, tr) =−HS(t, tr)+ ei (t−tr)

~ H (H +V (t))e−i (t−tr)
~ H S(t, tr)
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= ei (t−tr)
~ H V (t)e−i (t−tr)

~ H S(t, tr). (10.80)

Now call V̂ (t)≡ ei (t−tr)
~ H V (t)e−i (t−tr)

~ H . Then,

i~
∂

∂t
S(t, tr) = V̂ (t) S(t, tr), (10.81)

which may then be formally solved as

S(t, tr) = T
(

e−
i
~
∫ t

tr V̂ (s) ds
)
, (10.82)

since S(tr, tr)≡ 1. Going back to Eq. (10.76), we get,

ψ(x, t) = S†(t, tr)ei (t−tr)
~ H

ψ(x, tr)e−i (t−tr)
~ H S(t, tr)

= S†(t, tr)ψ̂(x, t)S(t, tr), (10.83)

where
ψ̂(x, t) = ei (t−tr)

~ H
ψ(x, tr)e−i (t−tr)

~ H . (10.84)

In general,

S(t, t
′
) = T

(
e−

i
~
∫ t

t′
V̂ (s) ds

)
. (10.85)

Clearly, S(t, t) = 1. The above function obeys the equation of motion,

i~
∂

∂t
S(t, t

′
) = V̂ (t) S(t, t

′
) (10.86)

i~
∂

∂t ′
S(t, t

′
) =−S(t, t

′
)V̂ (t

′
), (10.87)

and its Hermitian conjugate obeys

−i~
∂

∂t
S†(t, t

′
) = S†(t, t

′
) V̂ (t). (10.88)

This is unitary S†(t, t
′
)S(t, t

′
) = 1. To prove this, we first show that S†(t, t

′
)S(t, t

′
) is

independent of t by differentiating with respect to t. Then we choose t = t
′
since it

is independent of t and the result follows.

i~
∂

∂t
(S†(t, t

′
)S(t, t

′
))

= (S†(t, t
′
)i~

∂

∂t
S(t, t

′
))+(i~

∂

∂t
S†(t, t

′
)S(t, t

′
))

= (S†(t, t
′
)V̂ (t) S(t, t

′
))− (S†(t, t

′
) V̂ (t)S(t, t

′
)) = 0 (10.89)
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S†(t, t
′
)S(t, t

′
) = S†(t

′
, t
′
)S(t

′
, t
′
) = 1. This object also obeys group properties,

S(t, t
′
)S(t

′
, t
′′
) = S(t, t

′′
). (10.90)

To show this, differentiate the left-hand side of the above identity with respect to t
′
.

∂

∂t ′
S(t, t

′
)S(t

′
, t
′′
)

=

(
∂S(t, t

′
)

∂t ′

)
S(t

′
, t
′′
)+S(t, t

′
)

(
∂S(t

′
, t
′′
)

∂t ′

)
=−S(t, t

′
) V̂ (t

′
) S(t

′
, t
′′
)+S(t, t

′
) V̂ (t

′
) S(t

′
, t
′′
) = 0 (10.91)

This means we may set t
′
= t with impunity, so that S(t, t

′
)S(t

′
, t
′′
) = S(t, t

′′
). Lastly

S†(t, t
′
) = S(t

′
, t). In order to do perturbation theory we have to rewrite Eq. (10.74)

in the interaction picture. This means replace the fields in this equation by fields
evolving according to the time-independent part of the Hamiltonian, namely using
Eq. (10.84). The simplest way to do this is by proving the following result.

Lemma:

T (ψ(x, t)ψ(x
′
, t
′
)) = S(−∞,∞) T (ψ̂(x, t)ψ̂†(x

′
, t
′
)S(∞,−∞)). (10.92)

The proof involves starting from the right-hand side and reproducing the left-hand
side. Let t > t

′
. In this case (even otherwise) we may always write S(∞,−∞) =

S(∞, t)S(t, t
′
)S(t

′
,−∞). Inserting this into Eq. (10.92) we get

S(−∞,∞) T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S(∞,−∞))

= S(−∞,∞) T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S(∞, t)S(t, t

′
)S(t

′
,−∞)). (10.93)

As per the diagram in Figure 10.1, the term S(∞, t) is on the extreme left, fol-
lowed by ψ̂(x, t) then S(t, t

′
), followed by ψ̂†(x′, t ′) and lastly S(t

′
,−∞). Also, since

ψ̂(x, t) and ψ̂†(x′, t ′) have not exchanged places, there is no need for the statistical
permutation parameter we have been calling σ (σ =+1 for bosons and σ =−1 for
fermions).

S(−∞,∞) T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S(∞,−∞))

= S(−∞,∞) S(∞, t)ψ̂(x, t)S(t, t
′
)ψ̂†(x

′
, t
′
)S(t

′
,−∞)

= S(−∞, t)ψ̂(x, t)S(t, t
′
)ψ̂†(x

′
, t
′
)S(t

′
,−∞) (10.94)
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Figure 10.1: The intervals involved when t > t
′
are shown.

Now we may infer from the earlier discussion that

ψ̂(x, t) = S(t, tr)ψ(x, t)S(tr, t). (10.95)

Now we set tr = −∞ since it is up to us to choose the reference time tr. This ex-
pression is now substituted into Eq. (10.94) to give

S(−∞,∞) T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S(∞,−∞))

= S(−∞, t)S(t,−∞)ψ(x, t)S(−∞, t)S(t, t
′
)S(t

′
,−∞)

×ψ
†(x

′
, t
′
)S(−∞, t

′
)S(t

′
,−∞) = ψ(x, t)ψ†(x

′
, t
′
) (10.96)

which proves the Lemma in Eq. (10.92) for t > t
′
. The proof for t < t

′
is similar and

left to the reader as an exercise. Now the average with respect to some two states
may be written as

< Φ|T (ψ(x, t)ψ(x
′
, t
′
))|Φ >

=< Φ|S(−∞,∞) T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S(∞,−∞))|Φ > . (10.97)

As it stands, the above expression is not particularly convenient since the S-matrix
appears in two different places. Two different perturbation series will have to be
performed. There is one special form of the time-dependent potential that allows
a simpler interpretation. This is the adiabatic equilibrium assumption. In this dis-
cussion we set the time-dependent potential to be weakly time dependent for most
times except in the remote past and the remote future where the potential expo-
nentially decays to zero. Mathematically, this means, V (t) = e−ε|t| V0, where ε→ 0
and V0 is time independent. In this case we may assert that if the state in the remote
past viz. |Φ > was non-degenerate, then the state in the remote future, namely,
S(∞,−∞)|Φ > has to be essentially the same as |Φ > since the potential has been
switched on and off adiabatically. Since both states are normalized, this means

S(∞,−∞)|Φ >= eiθ|Φ > . (10.98)

Therefore,

< Φ|S(−∞,∞) = e−iθ < Φ| ; eiθ =< Φ|S(∞,−∞)|Φ >
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< Φ|T (ψ(x, t)ψ(x
′
, t
′
))|Φ >eq=

< Φ|T (ψ̂(x, t)ψ̂†(x′, t ′)S(∞,−∞))|Φ >

< Φ|S(∞,−∞)|Φ >
.

(10.99)
The above expression is more conducive for applying perturbation theory. Even
though the S-matrix still appears in two places while using a perturbation expan-
sion, the denominator of the above expression cancels with terms in the numerator.
To see this, write

S(∞,−∞) = 1+λS1 +λ
2S2 + ... (10.100)

where S1 contains terms linear in the time-dependent potential, S2 contains terms
quadratic in this potential, and so on. Finally we set λ = 1 as this is just a book-
keeping device.

< Φ|T (ψ(x, t)ψ(x
′
, t
′
))|Φ >eq

=
< Φ|T (ψ̂(x, t)ψ̂†(x′, t ′)(1+λS1 +λ2S2 + ..))|Φ >

< Φ|(1+λS1 +λ2S2 + ..)|Φ >

=< Φ|T (ψ̂(x, t)ψ̂†(x
′
, t
′
)|Φ >

+λ(< T (ψ̂(x, t)ψ̂†(x
′
, t
′
)S1)>−< T (ψ̂(x, t)ψ̂†(x

′
, t
′
))>< S1 >)+ ... (10.101)

One may see that powers of λ in this expansion only involve connected terms. This
means that unless S1,S2, .. are linked to the fields, the terms vanish. In the general
case of time-dependent non-adiabatic switching, the Lemma in Eq. (10.92) involves
two S-matrices.

Figure 10.2: This shows the the time loop used in the definition of the nonequilib-
rium Green function.

This is not such a big deal of course, since in the end, equilibrium or otherwise, all
one has to calculate are the particle propagator < ψ(x, t)ψ†(x′, t ′) > and the hole
propagator < ψ†(x′ , t ′)ψ(x, t)>. The time evolution differential equations for each
one will involve the other as well and when interactions are present, two-particle
and higher-order Green functions are also present in conjunction. These have to
be solved in a coupled manner. The insistence of having just one S-matrix in the
interaction picture stems from the need to do perturbation more cleanly and as we
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shall soon see, doing this also enables the derivation of a function differential equa-
tion for the Green function with a source known as the Schwinger-Dyson equation,
which is a closed equation for just the one-particle Green function without involv-
ing higher-order Green functions. At least for this reason we wish to recast Eq.
(10.92) in a form that involves only one S-matrix. The way to do this is to some-
how insert the S-matrix on the extreme left of Eq. (10.92) into the time ordering.
This cannot be done unless we take the point of view that time ordering is along
two branches—an upper branch and a lower branch—so that each time on the lower
branch is postulated to be larger than each time on the upper branch. Thus, the two
branches put together form a loop called C ≡ C+

⋃
C− and C+ : −∞→ +∞ and

C− :+∞→−∞. If t ∈C− and t
′ ∈C+, then t > t

′
always. However for t, t

′ ∈C+, the
numerically larger one is also larger in the sense of loop ordering, but for t, t

′ ∈C−
the numerically smaller one is larger in the sense of loop ordering. This state of af-
fairs is depicted in the diagram (Fig. 10.2). In this case we may regard the S-matrix
on the extreme left as containing times on the lower branch and the times inside
the time ordering in Eq. (10.92) as being on the upper branch so that the former are
always larger in the C-loop sense than the latter. This allows us to take the S-matrix
on the extreme left inside the time ordering to get,

TC(ψ(x, t)ψ(x
′
, t
′
))

= T (SC−(−∞,∞)SC+(∞,−∞) ψ̂(x, t)ψ̂†(x
′
, t
′
))

≡ T (S(C) ψ̂(x, t)ψ̂†(x
′
, t
′
)). (10.102)

The S-matrix on the combined loop is S(C) ≡ SC−(−∞,∞)SC+(∞,−∞), which is
traversed in the clockwise direction. Typically, one is interested in weighted aver-
ages. For the purposes of the next section, we use the definition involving the grand
canonical ensemble,

G(x, t;x
′
, t
′
) =

Tr
(

e−β(H−µN) T (S(C) ψ̂(x, t)ψ̂†(x′, t ′))
)

Tr
(
e−β(H−µN) S(C)

) . (10.103)

The reason for the denominator will be made clear in the next section.

10.3 Schwinger-Dyson Equations

In this section, we consider a collection of particles that are mutually interacting
via a two-body potential. We also assume that an external potential is present. This
external potential defined in imaginary time in the interval [0,−iβ~] may be set to
zero at the end to make the whole system translationally invariant in space and time
so that we may then extract the self-energy function of the quasi particles, which
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is the real intention of this section. Alternatively, one could regard the external
potential as present in real time and use the closed time loop approach discussed
earlier.

Figure 10.3: In the Matsubara formalism, the times are assumed to lie in the interval
shown on the imaginary axis. For time ordering, we regard times closer to t = 0 as
smaller and those closer to t =−iβ as being larger.

We shall see that the device of introducing an external potential leads to an ex-
act closed functional differential equation for the Green function. A necessarily
approximate scheme has to be invoked to solve this, which will yield the nec-
essary self-energy function. The Hamiltonian of such a collection is written as
H = H0 +Hext(t)

H0 =
∫

d3r c†(r)
(
−~2∇2

2m
+

1
2

∫
d3r

′
V (r− r

′
)c†(r

′
)c(r

′
)

)
c(r)

Hext(t) =
∫

d3r c†(r)c(r)U(r, t). (10.104)

The external potential could be time dependent. One could take the point of view
that this external potential is simply a device introduced to write down a closed
equation for a Green function of an interacting system. In this case we are free to
dictate its properties since in the end it will be set to zero. In such a case we shall
assume that it is legitimate to change the real times to imaginary times and U(r, t)
is defined in imaginary time in the interval [0,−iβ~]. On the other hand, it is possi-
ble that there is a nonequilibrium external potential defined at real times like we did
in the earlier section, in this case, the integral from [0,−iβ~] shall be replaced by
the contour described in the earlier section. In this section, we focus on the former
case and refer the reader to the references for the latter case (e.g., see the paper on
Nonequilibrium Dynamical Screening). (in this section we set ~ = 1). We wish to
derive a differential equation for the one-particle Green function. This quantity is to
be calculated by solving the said equation by supplying appropriate boundary con-
ditions, namely the KMS boundary conditions (in the present context). To this end,
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let us study first the time evolution of the annihilation operator in the Heisenberg
picture.

i
∂

∂t
c(r, t) = [c(r, t),H] =(

−~2∇2

2m
+

∫
d3r

′
V (r− r

′
)c†(r

′
, t)c(r

′
, t)
)

c(r, t)+ c(r, t)U(r, t) (10.105)

We may define the following new time-evolved operators with respect to only H0.

i
∂

∂t
ĉ(r, t) = [ĉ(r, t),H0] =(

−~2∇2

2m
+

∫
d3r

′
V (r− r

′
)ĉ†(r

′
, t)ĉ(r

′
, t)
)

ĉ(r, t) (10.106)

We now define the following Green functions (in equilibrium the time ordering is
on the imaginary interval, but for nonequilibrium systems it is on the closed time
loop. Here we restrict ourselves to the former case):

G f ull(r1, t1;r2, t2;U)≡ G f ull(1,2;U) =−i < T (c(r1, t1)c†(r2, t2))> (10.107)

where,

< T (...)>=
Tr(T (ei

∫−iβ
0 dt(µN−H(t)))(...))

Tr(T (ei
∫−iβ

0 dt(µN−H(t))))
. (10.108)

The above definition is the intuitive definition of a particle or a hole propagator. In
the earlier sections we had also introduced the Green function

G
′
f ull(r1, t1;r2, t2;U)≡ G

′
f ull(1,2;U)

=−i
< T S(−iβ,0) ĉ(r1, t1)ĉ†(r2, t2)>0

< T S(−iβ,0)>0
, (10.109)

where
S(−iβ,0) = e−i

∫−iβ
0 dt

∫
d3r U(r,t) ĉ†(r,t)ĉ(r,t) (10.110)

and

< T (...)>0=
Tr(T (ei

∫−iβ
0 dt (µN−H0))(...))

Tr(T (ei
∫−iβ

0 dt (µN−H0))
=

Tr(e−β(H0−µN)T (...))
Tr(e−β(H0−µN))

. (10.111)

Note the compact notation 1 ≡ (r1, t1) etc. We remarked that this latter definition
is not well motivated. We remedy that here by proving the equivalence of the nat-
ural definition in Eq. (10.107) and the version from the interaction picture in Eq.
(10.109).
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Theorem : G
′
f ull(1,2;U)≡ G f ull(1,2;U).

To prove this we first observe that when −iβ > t1 > t2 > 0,

G
′
f ull,>(1,2;U) =−i

< T S(−iβ,0) ĉ(r1, t1)ĉ†(r2, t2)>0

< T S(−iβ,0)>0

=−i
< T S(−iβ, t1)S(t1, t2)S(t2,0) ĉ(r1, t1)ĉ†(r2, t2)>0

< T S(−iβ,0)>0

=−i
< S(−iβ, t1)ĉ(r1, t1)S(t1, t2)ĉ†(r2, t2)S(t2,0) >0

< T S(−iβ,0)>0
. (10.112)

But,
ĉ(r1, t1) = S(t1,0)c(r1, t1)S(0, t1) (10.113)

etc. Therefore,

G
′
f ull,>(1,2;U) =−i

< T S(−iβ,0) ĉ(r1, t1)ĉ†(r2, t2)>0

< T S(−iβ,0)>0

=−i
< S(−iβ, t1)S(t1,0)c(r1, t1)S(0, t1)S(t1, t2)S(t2,0)c†(r2, t2)S(0, t2)S(t2,0) >0

< T S(−iβ,0)>0

=−i
< S(−iβ,0)c(r1, t1)c†(r2, t2)>0

< T S(−iβ,0)>0

=−i
Tr(e−β(H0−µN) S(−iβ,0)c(r1, t1)c†(r2, t2))

Tr(e−β(H0−µN) S(−iβ,0))
. (10.114)

But,
e−β(H0−µN) S(−iβ,0) = Tei

∫−iβ
0 dt(µN−H(t)). (10.115)

Hence,

G
′
f ull,>(1,2;U) =−i

Tr(Tei
∫−iβ

0 dt(µN−H(t)) c(r1, t1)c†(r2, t2))

Tr(Tei
∫−iβ

0 dt(µN−H(t)))
= G f ull,>(1,2;U).

(10.116)
Similarly, when t1 < t2 we have,

G
′
f ull,<(1,2;U) =−iσ

< S(−iβ,0)c†(r2, t2)c(r1, t1)>0

< T S(−iβ,0)>0
. (10.117)

This is same as G f ull(1,2;U) for reasons just explained and the proof is complete.
Now consider the equation of motion,

i
∂

∂t1
c(r1, t1) =

(
−

∇2
1

2m
+

∫
d3r

′
V (r1− r

′
)c†(r

′
, t1)c(r

′
, t1)
)

c(r1, t1)
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+c(r1, t1)U(r1, t1). (10.118)

This means,

i
∂

∂t1
<−ic(r1, t1)c†(r2, t2)>=−

∇2
1

2m
<−ic(r1, t1)c†(r2, t2)>

+
∫

d3r
′
V (r1− r

′
)<−ic†(r

′
, t1+)c(r

′
, t1+)c(r1, t1)c†(r2, t2)>

+<−ic(r1, t1)c†(r2, t2)>U(r1, t1) (10.119)

and

i
∂

∂t1
<−isc†(r2, t2)c(r1, t1)>=−

∇2
1

2m
<−isc†(r2, t2)c(r1, t1)>

+
∫

d3r
′
V (r1− r

′
)<−isc†(r2, t2)c†(r

′
, t1)c(r

′
, t1)c(r1, t1)>

+<−isc†(r2, t2)c(r1, t1)>U(r1, t1). (10.120)

But we know,

G f ull(1,2;U) = θ(t1− t2)<−ic(r1, t1)c†(r2, t2)>

+θ(t2− t1)<−isc†(r2, t2)c(r1, t1)>

= θ(t1− t2)G>
f ull(1,2;U)+θ(t2− t1)G<

f ull(1,2;U). (10.121)

Thus,

i
∂

∂t1
G f ull(1,2;U) = δ(t1− t2) (c(r1, t1)c†(r2, t1)+ sc†(r2, t1)c(r1, t1))

+θ(t1− t2)i
∂

∂t1
G>

f ull(1,2;U)+θ(t2− t1) i
∂

∂t1
G<

f ull(1,2;U). (10.122)

Combining all this we may write (here δ(1−2) = δ(t1− t2)δ(r1− r2)),(
i

∂

∂t1
+

∇2
1

2m
−U(r1, t1)

)
G f ull(1,2;U)

= δ(1−2)+
∫

d3r
′
V (r1− r

′
)[<−iT c†(r

′
, t1+)c(r

′
, t1+)c(r1, t1)c†(r2, t2)>].

(10.123)
Since G f ull(1,2;U) = G

′
f ull(1,2;U), we must have,(

i
∂

∂t1
+

∇2
1

2m
−U(r1, t1)

)
G f ull(1,2;U)
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= δ(1−2)+
∫

d3r
′
V (r1− r

′
)
<−iT S ĉ†(r′, t1)ĉ(r

′
, t1)ĉ(r1, t1)ĉ†(r2, t2)>0

< T S >0
.

(10.124)
Consider the following identity,

i
δ

δU(r′, t1+)
G f ull(1,2;U) =

<−iT S ĉ†(r′, t1+)ĉ(r
′
, t1+)ĉ(r1, t1)ĉ†(r2, t2)>0

< T S >0

−<−iT S ĉ(r1, t1)ĉ†(r2, t2)>0

< T S >0

< T S ĉ†(r′, t1)ĉ(r
′
, t1)>0

< T S >0
. (10.125)

We may substitute this into the equation for G f ull to arrive at the Schwinger-Dyson
equation for G f ull (henceforth simply called G):(

i
∂

∂t1
+

∇2
1

2m
−Ue f f (r1, t1+)

)
G(1,2;U)

= δ(1−2)+
∫

d3r
′
V (r1− r

′
)i

δ

δU(r′, t1)
G(1,2;U), (10.126)

where

Ue f f (r1, t1) =U(r1, t1)+
∫

d3r
′
V (r1− r

′
)
< T Sĉ†(r′, t1+)ĉ(r

′
, t1)>0

< T S >0
. (10.127)

The Schwinger-Dyson equation is a functional differential equation. The mathe-
matics of such equations is ill-developed. The usual method for solving such equa-
tions is by introducing the concept of self-energies. First, some notation. By

∫
d1

we mean,
∫ −iβ

0 dt1
∫

d3r1 . We first introduce the concept of inverse of F:∫
d3 F(1,3)F−1(3,2) = δ(1−2). (10.128)

We make a useful observation from this identity. Just by differentiating with respect
to U(4) we get,∫

d3
δF(1,3)
δU(4)

F−1(3,2)+
∫

d3 F(1,3)
δF−1(3,2)

δU(4)
= 0. (10.129)

Multiply by F(2,1
′
) and integrate with respect to 2, we get,

δF(1,1
′
)

δU(4)
=−

∫
d3

∫
d2 F(1,3)

δF−1(3,2)
δU(4)

F(2,1
′
). (10.130)

Define G0 to be the solution to,(
i

∂

∂t1
+

∇2
1

2m
−Ue f f (r1, t1)G0(1,2,U)

)
= δ(1−2). (10.131)
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Then the self-energy function Σ(1,2;U) is defined as

Σ(1,2;U) = G−1
0 (1,2;U)−G−1(1,2;U), (10.132)

where the inverses are in the matrix sense. Postmultiply Eq. (10.126) by
G−1(2,1

′
;U) and integrate over 2 to get,(

i
∂

∂t1
+

∇2
1

2m
−Ue f f (r1, t1)

)
δ(1−1

′
)

= G−1(1,1
′
;U)+

∫
d3r

′
V (r1− r

′
)
∫

d2
(

i
G(1,2;U)

δU(r′, t1+)
G−1(2,1

′
;U)

)
. (10.133)

We know that,(
i

∂

∂t1
+

∇2
1

2m
−Ue f f (r1, t1)

)
δ(1−1

′
) = G−1

0 (1,1
′
,U). (10.134)

Now we write,
G−1(2,1;U) = G−1

0 (2,1;U)−Σ(1,2;U). (10.135)

This can also be written in the form below, which is called the Dyson equation:

G(1,2;U) = G0(1,2;U)+
∫

d3
∫

d2 G0(1,2;U)Σ(2,3;U)G(3,1;U). (10.136)

By making these substitutions we conclude that,

Σ(1,1
′
;U) =

∫
d3r

′
V (r1− r

′
)
∫

d2
(

i
G(1,2;U)

δU(r′, t1+)
G−1(2,1

′
;U)

)
. (10.137)

To evaluate this, we observe that since
∫

d2 G(1,2;U)G−1(2,1
′
;U) = 1, we may

differentiate this to get,∫
d2

δG(1,2;U)

δU(r′, t1+)
G−1(2,1

′
;U) =−

∫
d2 G(1,2;U)

δG−1(2,1
′
;U)

δU(r, t1+)
. (10.138)

Therefore,
Σ(1,1

′
;U)

=−
∫

d3r
′
V (r1− r

′
)
∫

d2

(
i G(1,2;U)

δ(G−1
0 (2,1

′
;U)−Σ(2,1

′
;U))

δU(r′, t1+)

)
.

(10.139)
So far everything has been exact. Eq. (10.136) is the Dyson equation, an integral
equation for the Green function in terms of the self-energy. This self-energy has
to be computed using Kadanoff and Baym’s expression Eq. (10.139) for the self-
energy (the formalism is due to Schwinger). Clearly, the self-energy involves the
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Green function we are trying to compute, making this a coupled integral-differential
equation. Thus an exact approach is out of the question. The so-called GW approx-
imation involves neglecting the derivative of the self-energy on the right side of the
above equation. This means,

Σ(1,1
′
;U)

≈−
∫

d3r
′
V (r1− r

′
)
∫

d2
(

i G(1,2;U)
δ

δU(r′, t1+)
G−1

0 (2,1
′
;U)

)
. (10.140)

Substituting for G−1
0 from Eq. (10.134) we get,

Σ(1,1
′
;U)≈ G(1,1

′
;U)

∫
d3r

′
V (r1− r

′
)
∫

d2 i
δUe f f (1

′
)

δU(r′, t1+)

= i ve f f (1,1
′
;U)G(1,1

′
;U). (10.141)

The effective Coulomb interaction ve f f is defined as,

ve f f (1,1
′
;U) =

∫
d3r

′
V (r1− r

′
1)

δUe f f (1
′
)

δU(r′, t1)
. (10.142)

Using Eq. (10.127) we get,

ve f f (1,1
′
;U) =V (r1− r

′
1)δ(t1− t1′ )

−i
∫

d3r
′
V (r1− r

′
)
∫

d3r
′′

V (r
′
1− r

′′
)� ρ(r

′
, t1),ρ(r

′′
, t1′ )� (10.143)

and

� ρ(r
′
, t1),ρ(r

′′
, t1′ )�=

〈
T S ρ̂(r′ , t1)ρ̂(r

′′
, t1′ )

〉
0

< T S >0

−

〈
T Sρ̂(r′, t1)

〉
0

< T S >0

〈
ρ̂(r′′ , t1′ )

〉
< T S >0

. (10.144)

Therefore, the formal solution for the Green function is

G(1,1
′
;U) = (G−1

0 (1,1
′
;U)−Σ(1,1

′
;U))−1, (10.145)

where the inverse is in the matrix sense and Σ is given by the GW approximation

Σ(1,1
′
;U)≈ i ve f f (1,1

′
;U)G(1,1

′
;U) (10.146)

to be determined self-consistently. All these ideas also apply to systems out of
equilibrium, provided the time integration from 0 to −iβ is replaced by integration
along the contour described earlier. While the GW approximation is no doubt a
popular approximation in the literature, the jury is still out on whether, and if so
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in what sense, is this a ‘controlled approximation’. One must be wary of making
approximations that cannot be thought of as a conscious expansion in powers of a
dimensionless quantity that is demonstrably small compared to unity. In this strict
sense, the above and nearly all approximations used in physics, are not ‘controlled
approximations’. The computations using this formalism are highly nontrivial even
with present-day computing resources. For nonequilibrium systems, it is even more
difficult. However, the screened potential in case of a highly nonequilibrium laser-
excited semiconductor has been evaluated using what may be described as a con-
trolled approximation (see references).

� In this example, we consider the application of the creation annihilation oper-
ators to study stimulated and spontaneous emission. We have chosen to present a
complementary description of these phenomena to those found in standard texts
on quantum mechanics. There, one uses time-dependent perturbation theory and
Fermi’s golden rule to evaluate the emission rate. In order to extract a meaningful
answer, one has to posit a continuum of states. Here we choose instead to illustrate
the phenomenon in a setting more typically found in quantum optics viz. that of
a two-level system interacting with a single-mode radiation field. Depending upon
whether the radiation is treated classically or quantum mechanically, one is able to
investigate the phenomena of stimulated and spontaneous emission.

Imagine a collection of atoms, each of which can either be in the ground state with
energy E0 or an excited state with energy E1. In the absence of any other fields, the
Hamiltonian may be written as,

H = E0a†
0a0 +E1a†

1a1. (10.147)

Obviously, N0 = a†
0a0 is the number of atoms in the ground state and N1 = a†

1a1 is
the number of atoms in the excited state. We assume that there is no restriction on
the number of such atoms in each state, so that N0,N1 = 0,1,2, .... We now couple
this to a photon described by creation operator b†. We ignore all other labels such
as momentum and polarization, anticipating that when two levels such as E0 and
E1 are involved, photons that have maximum influence on the processes between
these levels are the ones with energy ~ω ∼ E1−E0. Thus we only consider these
photons and suppress all additional labels. The interaction of this radiation with the
atoms is included a coupling term,

Hcoupl = ξ (a†
1a0b+a†

0a1b†). (10.148)

A term such as a†
1a0b says that in order to create an atom in an excited state, we not

only have to annihilate one from the ground state but also annihilate a photon from
the surroundings, for that is what supplies the energy difference (ξ is the strength
of the coupling). Then there is the energy of the photon itself,

Hphoton = ~ω b†b. (10.149)
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One last term needed to be added, namely the source of the electromagnetic field

Hsource = (b f (t)+b† f ∗(t)), (10.150)

where f (t) is the source. The reason why a term linear in b,b† enters the Hamilto-
nian may be seen by realizing that in the presence of a radiation field, the interaction
term in elementary quantum mechanics has the form − e

mcA ·p and noting that the
vector potential A is nothing but a linear combination of b and b†. Thus the overall
Hamiltonian is,

Htot = E0a†
0a0 +E1a†

1a1 +ξ (a†
1a0b+a†

0a1b†)+~ω b†b+(b f (t)+b† f ∗(t)).
(10.151)

Now we write the light field as the sum of two pieces—a classical average and a
quantum fluctuation

b(t) =< b(t)>+c(t), (10.152)

where c(t) = b(t)− < b(t) >. The average < b(t) > is chosen to be the average
when only the source of the radiation is present, but the atoms are absent. The
condition is, δ

δb† (~ω b†b+(b f (t)+b† f ∗(t))) = 0. This means,

~ω < b(t)>+ f ∗(t) = 0. (10.153)

Thus we may rewrite Eq. (10.151) as

Htot = E0a†
0a0 +E1a†

1a1 +ξ (a†
1a0 < b(t)>+a†

0a1 < b(t)>∗),

+ξ (a†
1a0c+a†

0a1c†)+~ω c†c+Es(t) (10.154)

where Es is a time-dependent commuting quantity (classical average of the photon
and source energies).

Rabi Oscillation: In this example we ignore the quantum nature of light (i.e., ig-
nore the c,c† operators in Eq. (10.154)). This allows us to write the semiclassical
Hamiltonian as,

Hsemi = E0a†
0a0 +E1a†

1a1 +ξ (a†
1a0 < b(t)>+a†

0a1 < b(t)>∗). (10.155)

Now imagine an initial state that contains N atoms in the E1 state and none in
the E0 state. This is the usual situation in case of lasers where there is population
inversion. Let |N0,N1 > be the simultaneous eigenstate of the number of atoms in
E0 and E1 levels. The initial state we have in mind is,

< N0,N1|ψ(t = 0)>=< N0,N1|0,N >= δN0,0δN1,N . (10.156)

We wish to ascertain the nature of the state after some time t.

i~
d
dt
|ψ(t)>= H|ψ(t)> (10.157)
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Now imagine the matrix element < N0,N1|ψ(t)>. Keeping in mind that

< N0,N1|ξ a†
1a0 < b(t)>= ξ

√
(N0 +1)N1 < b(t)>< N0 +1,N1−1|, (10.158)

this also obeys

i~
d
dt

< N0,N1|ψ(t)>= (N0E0 +N1E1)< N0,N1|ψ(t)>

+ξ
√

(N0 +1)N1 < b(t)>< N0 +1,N1−1|ψ(t)>

+ξ
√

(N1 +1)N0 < b(t)>∗< N0−1,N1 +1|ψ(t)> . (10.159)

Rabi oscillations are periodic oscillations in the distribution functions brought
about by energy being exchanged by radiation and the atoms. This frequency is
determined by the intensity of the incident classical radiation and is typically much
smaller than the frequency of the applied field. This is seen clearly by the following
analysis.

In order to simplify proceedings, we make the substitution,

< N0,N1|ψ(t)>= e−
i
~ t(N0E0+N1E1) g(N0,N1; t). (10.160)

In addition to substituting Eq. (10.160) into Eq. (10.159), we also set < b(t)>=<
b(0)> e−iωst . This leads to the following simplifications.

i~
d
dt

g(N0,N1; t)= ξ
√

(N0 +1)N1 e−i ωs t < b(0)> e
i
~ t(−E0+E1) g(N0+1,N1−1; t)

+ξ
√

(N1 +1)N0 ei ωs t < b(0)>∗ e−
i
~ t(−E0+E1) g(N0−1,N1 +1; t) (10.161)

It is easy to understand the meaning of the two terms on the right-hand side. The
first corresponds to an atom in the excited state leaving and reaching the ground
state accompanied with the emission of light. The second term does the reverse and
therefore corresponds to absorption. Now we have to use the initial condition in Eq.
(10.156) to solve the above equation. To simplify the solution as much as possible
we consider a situation where there is precisely one atom in the higher state and
inquire about the nature of the time evolution of this state. This means,

g(N0,N1;0) = δN0,0δN1,1. (10.162)

Thus we need be concerned about only two functions g(0,1; t) and g(1,0; t).

i~
d
dt

g(0,1; t) = ξ < b(0)> e−iωste
i
~ t(−E0+E1) g(1,0; t) (10.163)
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i~
d
dt

g(1,0; t) = ξ < b(0)>∗ eiωste−
i
~ t(−E0+E1) g(0,1; t) (10.164)

It is easy to see that the solutions of these equations are periodic. This means a
state that initially has one atom in the excited state and none in the ground state,
will, after a half a time period, completely convert to a state where there is one
atom in the ground state and none in the excited state. This will go on indefinitely.
Thus the ‘lifetime’ in this case is not due to decay but due to an oscillation. These
oscillations are known as Rabi oscillations, first studied by I.I. Rabi in he context
of nuclear magnetic resonance. We define detuning ∆ ≡ ω− 1

~(E1−E0), then the
Rabi frequency is,

ΩR =

√
~2∆2 +4|< b(0)> |2ξ2

2~
(10.165)

and,

g(0,1; t) = e−
i
2 ∆t(cos(ΩRt)+

i∆
2ΩR

sin(ΩRt)) (10.166)

g(1,0; t) =−2i < b(0)>∗ e
i
2 t∆

ξsin(ΩRt)
2~ΩR

. (10.167)

This means,

< 0,1|ψ(t)>= e−
i
~ tE1 e−

i
2 ∆t(cos(ΩRt)+

i∆
2ΩR

sin(ΩRt))

< 1,0|ψ(t)>=−e−
i
~ tE0

2i < b(0)>∗ e
i
2 t∆

ξsin(ΩRt)
2~ΩR

. (10.168)

In Rabi oscillation, emission and absorption are both stimulated by external radia-
tion. In this phenomenon, a quantity such as | < N0,N1|ψ(t) > |2 oscillates with a
frequency ΩR determined by the intensity of the light, which is much slower than
the applied frequency ωs. We have seen in this example that emission is assisted or
stimulated by the external radiation. In particular, if coupling to radiation was not
there, the excited state would be stable. However, this is true only because we have
disregarded the quantum nature of light. We see in the next example spontaneous
emission, viz. emission of light of an excited state on its own. Even though an ex-
ternal source of radiation is not present to stimulate the transition, it nevertheless
occurs due to quantum fluctuations of the radiation field.

Spontaneous Emission: The earlier result implies that an excited state is stable
unless stimulated to undergo a transition (which then reverses, setting up a periodic
oscillation, due to the closed nature of the system under consideration). However,
this is not true since quantum fluctuations can induce a similar effect even in the
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absence of a source, as we have mentioned already. To study this we start with the
following Hamiltonian.

Htot = E0a†
0a0 +E1a†

1a1 +ξ (a†
1a0c+a†

0a1c†)+~ω c†c (10.169)

Now the eigenstates of the Hamiltonian in Eq. (10.169) are labeled by |N0,N1,Nν >
where Nν represents now the number of light quanta (c†c|N0,N1,Nν >=
Nν|N0,N1,Nν >). As before, we wish to study the timeevolution of the ampli-
tude < N0,N1,Nν|ψ(t) > subject to the initial condition, < N0,N1,Nν|ψ(0) >=
δN0,0δNν,0δN1,1. Schrodinger’s equation for this amplitude is,

i~
d
dt

< N0,N1,Nν|ψ(t)>=< N0,N1,Nν|H|ψ(t)> . (10.170)

This means,

i~
d
dt

< N0,N1,Nν|ψ(t)>

=< N0,N1,Nν|(E0a†
0a0 +E1a†

1a1 +ξ (a†
1a0c+a†

0a1c†)+~ω c†c)|ψ(t)>

= (E0N0 +E1N1 +~ω Nν)< N0,N1,Nν|ψ(t)>

+ξ
√

N1(N0 +1)(Nν +1)< N0 +1,N1−1,Nν +1|ψ(t)>

+ξ
√

N0Nν(N1 +1)< N0−1,N1 +1,Nν−1|ψ(t)> . (10.171)

This follows from the observation,

< N0,N1,Nν|ξ a†
1a0c

= (c†a†
0a1|N0,N1,Nν > ξ )† =

√
N1(N0 +1)(Nν +1)< N0 +1,N1−1,Nν +1|ξ

(10.172)
and,

< N0,N1,Nν|ξ a†
0a1c† =

(ξ ca†
1a0|N0,N1,Nν >)† = ξ

√
N0Nν(N1 +1)< N0−1,N1 +1,Nν−1|. (10.173)

As usual we make the substitution,

< N0,N1,Nν|ψ(t)>= e−
i
~ t(E0N0+E1N1+~ω Nν) g(N0,N1,Nν; t). (10.174)

Finally we get,

i~
d
dt

g(N0,N1,Nν; t)

= ξ
√

N1(N0 +1)(Nν +1)e−
i
~ t(E0−E1+~ω) g(N0 +1,N1−1,Nν +1; t)

+ξ
√

N0Nν(N1 +1)e−
i
~ t(−E0+E1−~ω) g(N0−1,N1 +1,Nν−1; t). (10.175)
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As before, we consider the situation where a t = 0, there is one atom in the E1 level
and none in the E0 level and there are no photons to begin with. This means the
above rate equation has only these non-vanishing components,

i~
d
dt

g(0,1,0; t) = ξ e−i∆t g(1,0,1; t) (10.176)

i~
d
dt

g(1,0,1; t) = ξ ei∆t g(0,1,0; t) (10.177)

whereas before ~∆ = ~ω− (E1−E0) was the detuning. The important point of the
above formulas is that these equations do not contain an external field and yet have
nontrivial solutions as we shall see below.

g(0,1,0, t) = e−
i
2 t∆(cos(ΩRt)+

i∆
2ΩR

sin(ΩRt)) (10.178)

g(1,0,1, t) =−2i e
i
2 t∆

ξ
sin(ΩRt)

2~ΩR
(10.179)

The square of the amplitudes oscillate with the vacuum Rabi frequency,

ΩR =

√
~2∆2 +4ξ2

2~
. (10.180)

The figure depicts the probability that the higher state is occupied viz. |g(0,1,0, t)|2
as a function of ΩRt for two different values of detuning ∆ = 0,ΩR. One sees that
there is an initial decay of the state followed by revival. We may define the lifetime
of the excited state as half the period of oscillation (τ = π

2ΩR
).

10.4 Exercises

Q.1 Verify Eq. (10.13).

Q.2 Reconcile Eq. (10.66) and Eq. (10.73) with Eq. (10.70) using Lehmann’s rep-
resentation,

G(k,ω) =
∫

∞

−∞

dω
′ A(k,ω′)
ω−ω

′
+ iη (~ω

′−µ)
. (10.181)

Q.3 Consider fermions interacting mutually with a delta function potential V (r−
r′) = λ δ3(r−r′). By expanding all the formulas in the chapter in powers of λ, find
the Green function up to second order in λ.
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Figure 10.4: Periodic oscillations in the probability that the higher level is occu-
pied is seen even in the absence of an external field. The excited state decays but
eventually revives in this model.

Q.4 This chapter discussed fermions as a continuum. Imagine the reverse where
there is only one quantum particle in the presence of a nonequilibrium external
potential. What would be the analogs of contour ordering and the Schwinger-Dyson
equation?

Q.5 In the earlier question, imagine there are two quantum particles interacting
with each other via a potential V (r−r′) in the presence of a nonequilibrium external
potential. What would be the analogs of contour ordering and the Schwinger-Dyson
equation?

Q.6 Try to solve the rate equations of stimulated and spontaneous emission numer-
ically (e.g., try solving Eq. (10.175) with N0 = 0,N1 = 10,Nν = 0 at t = 0.)
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Chapter 11

Coherent State Path Integrals

In the earlier sections, we introduced creation and annihilation operators as alter-
natives to position and momenta in recasting quantum mechanics of many-particle
systems. The description using creation and annihilation operators has been so far
tied to the Hamiltonian framework. Just as we did earlier, it is natural to ask whether
the creation and annihilation operator approach can be introduced through a La-
grangian framework. It indeed can, and it is the subject of this section known as the
coherent state path integral (CSPI). We first introduce the concept in the context of
a single degree of freedom.

11.1 CSPI for a Harmonic Oscillator

Consider the familiar harmonic oscillator,

H = ~ω(a†a+
1
2
). (11.1)

First, one introduces the notion of a coherent state. A coherent state, simply put, is
an eigenstate of the creation operator.

a†|z̄ >= z̄|z̄ > (11.2)

Since the creation operator a† is non-Hermitian, the eigenvalue z̄ is complex. The
annihilation operator a may be thought of as the derivative with respect to this
variable z̄.

a|z̄ >≡ ∂

∂z̄
|z̄ > (11.3)

We may see that this is consistent with the commutation rule [a,a†] = 1 since,

a(a†|z̄ >) = az̄|z̄ > (11.4)

257
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a†(a|z̄ >) = z̄a|z̄ > . (11.5)

Subtracting one from the other gives,

|z̄ >= [a, z̄]|z̄ > . (11.6)

This means [a, z̄] = 1 when acting on |z̄ >. This means we may set a ≡ ∂

∂z̄ since
[a, z̄] = ∂

∂z̄ z̄− z̄ ∂

∂z̄ = 1+ z̄ ∂

∂z̄ − z̄ ∂

∂z̄ = 1. Just as one may form eigenstates of momen-

tum in the position representation as an exponential < x|p >= e
i
~ px, here too we

may enquire as to the nature of the eigenstates of the annihilation operator (conju-
gate to the creation operator) in the z̄ space. We set,

a|z >= z|z > (11.7)

as an eigenstate of a. If we wish to determine the meaning of a†|z >, it is useful to
use Bargmann’s representation.

|z >= eza†
|0 > (11.8)

where |0 > is the vacuum state, a|0 >= 0. It is easy to verify that the Bargmann
representation obeys the definition of a coherent state namely, Eq. (11.7).

a|z >= a eza†
|0 >= eza†

(
e−za†

a eza†
)
|0 >

= eza†
(

a− z[a†,a]
)
|0 >= z eza†

|0 >= z |z > (11.9)
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Hadamard’s formula states,

eXYe−X = Y +[X ,Y ]+
1
2!
[X , [X ,Y ]]+

1
3!
[X , [X , [X ,Y ]]]+ ... (11.10)

This is proved by first defining f (s) = esXYe−sX and expressing f (s) =
f (0)+s f

′
(0)+ s2

2! f
′′
(0)+ s3

3! f
′′′
(0)+ ... and evaluating f (0) =Y , f

′
(0) =

[X ,Y ] and so on. Baker Hausdorff theorem states,

eX eY = eX+Y+ 1
2 [X ,Y ]+ 1

12 [X ,[X ,Y ]]− 1
12 [Y,[X ,Y ]]− 1

24 [Y,[X ,[X ,Y ]]]−... (11.11)

The dual of this is the Zassenhaus formula,

eX+Y = eX eY e−
1
2 [X ,Y ]e

1
6 (2[Y,[X ,Y ]]+[X ,[X ,Y ]])... (11.12)

In most practical applications in physics, [X ,Y ] is proportional to the
identity operator so this series truncates.

eX+Y ≈ eX eY e−
1
2 [X ,Y ] (11.13)

eX eY ≈ eX+Y e
1
2 [X ,Y ] (11.14)

eXYe−X ≈ Y +[X ,Y ] (11.15)

Here we have used Hadamard’s formula eABe−A = B+ [A,B] + 1
2! [A, [A,B]] + ...

(see inset). From this it is clear that,

a†|z >=
∂

∂z
|z > . (11.16)

Now we wish to evaluate < z̄|z′ >. Consider the matrix element < z̄|a|z′ >. On the
one hand,

< z̄|a|z
′
>= z

′
< z̄|z

′
>; (11.17)

on the other hand,

< z̄|a|z
′
>=

∂

∂z̄
< z̄|z

′
> . (11.18)

Equating these two we get,

∂

∂z̄
< z̄|z

′
>= z

′
< z̄|z

′
> (11.19)

or,
< z̄|z

′
>= ez

′
z̄. (11.20)
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It is also true that < z̄
′|w >= ewz̄

′
. Now keeping in mind that z

′
= x

′
+ iy

′
and

z̄
′
= x

′− iy
′
and the Jacobian relation,

dz̄
′
dz
′
=

∣∣∣∣∣∣
∂z̄
′

∂x′
∂z
′

∂x′

∂z̄
′

∂y′
∂z
′

∂y′

∣∣∣∣∣∣ dx
′
dy
′

=

∣∣∣∣ 1 1
−i i

∣∣∣∣ dx
′
dy
′
= 2i dx

′
dy
′
, (11.21)

we may write,∫ dz
′
dz̄
′

2πi
e−z̄

′
z
′
< z̄|z

′
>< z̄

′
|w >≡

∫ dz
′
dz̄
′

2πi
e−z̄

′
z
′

ez
′
z̄ewz̄

′
=

=
∫∫ dx

′
dy
′

π
e−(x

′2+y
′2) e(x

′
+iy
′
)z̄ew(x

′−iy
′
)

=
∫

∞

−∞

dx
′

π
e−x

′2
ex
′
(z̄+w)

∫
∞

−∞

dy
′
e−y

′2
eiy
′
(z̄−w) = e

(z̄+w)2−(z̄−w)2
4

= ez̄w =< z̄|w > . (11.22)

This means, ∫ dz
′
dz̄
′

2πi
e−z̄

′
z
′
< z̄|z

′
>< z̄

′
|w >≡< z̄|1|w > (11.23)

or, ∫ dz
′
dz̄
′

2πi
e−z̄

′
z
′
|z
′
>< z̄

′
| ≡ 1. (11.24)

This is the so-called resolution of identity and it means that we may insert the left-
hand side into any expression with impunity since it is equal to unity. As before,
we are interested in the propagator of the harmonic oscillator.

G(xi, ti;x f , t f )≡< xi, ti|x f , t f > (11.25)

This may also be written using the evolution operator as (ε =
(t f−ti)

N , h = ~ω a†a
and H = h+ 1

2~ω),

G(xi, ti;x f , t f )≡< xi, ti|e−
i
~H(t f−ti)|x f , ti >

= e−
i
~

1
2~ω(t f−ti) < xi, ti|e−

i
~hε...e−

i
~hε︸ ︷︷ ︸

N

|x f , ti > (11.26)

We now insert the resolution of identity in Eq. (11.24) in between each fragment of
the evolution factors,

G(xi, ti;x f , t f )
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= e−
i
2 ω(t f−ti)

∫
[dz̄dz]

2πi
e−∑

N
k=0 z̄kzk

< xi, ti|z0 >
N−1

∏
k=0

< z̄k|e−
i
~hε|zk+1 >< z̄N |x f , ti > . (11.27)

Now we have to evaluate the matrix element,

< z̄k|e−
i
~hε|zk+1 >≈< z̄k|(1−

i
~

hε)|zk+1 >

=< z̄k|zk+1 >−
i
~

ε < z̄k|h|zk+1 >

=< z̄k|zk+1 >−iε ω < z̄k|a†a|zk+1 >

= (1− iε ω zk+1z̄k)ez̄kzk+1 ≈ e−iεωzk+1z̄kez̄kzk+1. (11.28)

The above assertions are valid up to order ε.

G(xi, ti;x f , t f ) = e−
i
2 ω(t f−ti)

∫
[dz̄dz]

2πi

< xi, ti|z0 >

(
N−1

∏
k=0

e−iεωzk+1z̄kez̄kzk+1e−z̄kzk

)
e−z̄NzN < z̄N |x f , ti > (11.29)

We now invoke a time sequence tk = ti+ k
N (t f −ti) = ti+kε. This means we may use

the assertion, ∑
N
k=0 εgk ≈

∫ t f
ti dt g(t) for any gk. Also zk+1−zk = ε

zk+1−zk
ε

= ε ż(tk).

We now write e−∑
N−1
k=0 z̄kzk = e−∑

N−1
k=0

1
2 z̄kzke−∑

N−1
k=0

1
2 z̄k+1zk+1e

1
2 (z̄NzN−z̄0z0). Therefore,

G(xi, ti;x f , t f ) = e−
i
2 ω(t f−ti)

∫
[dz̄dz]

2πi
e−

1
2 (z̄NzN+z̄0z0)

< xi, ti|z0 >

(
ei

∫ t f
ti dt ( i

2
¯̇z(t)z(t)− i

2 z̄(t)ż(t)−ωz̄(t)z(t))
)

< z̄N |x f , ti > . (11.30)

We may think of L[Z, Ż] = ( i
2

¯̇z(t)z(t)− i
2 z̄(t)ż(t)−ωz̄(t)z(t)) where Z = (z, z̄) as the

Lagrangian of the system. This path integral has to be evaluated using the bound-
ary conditions, z(ti) ≡ z0 and z(t f ) = zN . Finally, an integration over z0 and zN
completes the calculation. Here Ψz0(xi) ≡< xi, ti|z0 > is the |z0 > in the position
representation. It is obtained as a solution to aΨz0(xi) = z0Ψz0(xi).

11.1.1 Evaluation of the Path Integral

In order to evaluate the path integral in Eq. (11.30), we use the methods we have
already introduced earlier. The path is written as the sum of two terms. The first is
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the classical path and the other is the quantum correction. The classical path obeys
the variational principle,

0 = δS =
∫ t f

ti
dt δL(Z, Ż) =

∫ t f

ti
dt (

i
2
(δ ¯̇z(t))z(t)− i

2
(δz̄(t))ż(t)−ω(δz̄(t))z(t))

+
∫ t f

ti
dt (

i
2

¯̇z(t)(δz(t))− i
2

z̄(t)(δż(t))−ωz̄(t)(δz(t)))

=
∫ t f

ti
dt (−i(δz̄(t))ż(t)−ω(δz̄(t))z(t))

+
∫ t f

ti
dt (i ¯̇z(t)(δz(t))−ωz̄(t)(δz(t))). (11.31)

This means,
−iżc(t)−ωzc(t) = 0; i ¯̇zc(t)−ωz̄c(t) = 0. (11.32)

The solution is,
zc(t) = z0 eiω(t−ti). (11.33)

The constraint that the end points be fixed leads to the following relation between
the starting and end coherent state eigenvalues.

zN = zc(t f ) = z0 eiω(t f−ti) (11.34)

We now define z(t)= zc(t)+ z̃(t). Imposition of z̃(ti)= z̃(t f )= 0 ensures that z(ti)=
z0 and z(t f ) = zN . This means we may write the action as

S =
∫ t f

ti
dt (

i
2

˙̃̄z(t)z̃(t)− i
2

¯̃z(t) ˙̃z(t)−ω ¯̃z(t)z̃(t)), (11.35)

since the classical action vanishes identically. The Green function may then be
written as,

G(xi, ti;x f , t f ) = e−
i
2 ω(t f−ti)

∫
[dz̄dz]

2πi
e−

1
2 (z̄NzN+z̄0z0) (11.36)

< xi, ti|z0 >

(
ei

∫ t f
ti dt ( i

2
˙̃̄z(t)z̃(t)− i

2
¯̃z(t) ˙̃z(t)−ω ¯̃z(t)z̃(t))

)
< z̄N |x f , ti > . (11.37)

Due to the periodicity, we may write z̃(t) = ∑
∞
n=1 sin(2nπ(t−ti)

(t f−ti)
) cn. Now we evaluate

< x|z >. Keeping in mind that,

a† =
p√

2m~ω
+ i
√

m
2~ω

ωx; a =
p√

2m~ω
− i
√

m
2~ω

ωx (11.38)
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and,
a < x|z >= z < x|z > (11.39)

we see that,

(
d
dx

+
mω

~
x)< x|z >= iz

√
2mω

~
< x|z > . (11.40)

The solution may be written as,

< x|z >= eix
√

2mω

~ ze−
mω

2~ x2
C1. (11.41)

The constant C1 is evaluated below. We may also write,

< z̄|x
′
>= e−ix

′
√

2mω

~ z̄e−
mω

2~ x
′2

C∗1 (11.42)

so that, ∫ dzdz̄
2πi

e−z̄z < x|z >< z̄|x
′
>=∫ dzdz̄

2πi
e−z̄z ei

√
2mω

~ (xz−x
′
z̄)e−

mω

2~ x2
e−

mω

2~ x
′2
|C1|2. (11.43)

A choice,

|C1|2 =
√

2mω

h
e

1
2 (z

2+z̄2) (11.44)

ensures that, ∫ dzdz̄
2πi

e−z̄z < x|z >< z̄|x
′
>= δ(x− x

′
). (11.45)

Going back to Eq. (11.37)

G(xi, ti;x f , t f ) = e−
i
2 ω(t f−ti) e−z̄0z0

eixi

√
2mω

~ z0 e−ix f

√
2mω

~ z̄0 e−iω(t f−ti)

e−
mω

2~ (x2
i +x2

f )

√
2mω

h
e

1
4 (z

2
0+z̄2

0)e
1
4 (z

2
N+z̄2

N)

∫
[dz̄dz]

2πi

(
ei

∫ t f
ti dt ( i

2
˙̃̄z(t)z̃(t)− i

2
¯̃z(t) ˙̃z(t)−ω ¯̃z(t)z̃(t))

)
. (11.46)

We may now evaluate the same quantity using conventional Hamiltonian methods.
For this we invoke the occupation number basis.

G(xi, ti;x f , t f )≡< xi, ti|e−
i
~H(t f−ti)|x f , ti >

=
∞

∑
n=0

< xi, ti|n >< n|x f , ti > e−
i
~ (n+

1
2 )~ω(t f−ti)
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< xi, ti|n >=
(− i~√

2m~ω

∂

∂xi
+ i
√ m

2~ω
ωxi)

n

√
n!

< xi|0 >

< n|x f , ti >=
( i~√

2m~ω

∂

∂x f
− i
√ m

2~ω
ωx f )

n

√
n!

< 0|x f > (11.47)

so that,
G(xi, ti;x f , t f )

= e−
i
2 ω(t f−ti)

∞

∑
n=0

(Q†
f Qi)

n

n!
< xi|0 >< 0|x f >

= e−
i
2 ω(t f−ti) exp[Q†

f Qi] < xi|0 >< 0|x f >

= e−
i
2 ω(t f−ti) exp[Q†

f Qi] < xi|0 >< 0|x f > (11.48)

where,

Qi = eiωti(− i~√
2m~ω

∂

∂xi
+ i
√

m
2~ω

ωxi) (11.49)

Q†
f = e−iωt f (

i~√
2m~ω

∂

∂x f
− i
√

m
2~ω

ωx f ). (11.50)

We may use the so-called Hubbard-Stratanovich transformation to write,

eQ†
f Qi =

∫ dαdᾱ

2πi
e−ᾱαeαQ†

f eᾱQi (11.51)

G(xi, ti;x f , t f ) =

e−
i
2 ω(t f−ti)

∫ dαdᾱ

2πi
e−ᾱα

eᾱeiωti i
√ m

2~ω
ωxi−ᾱeiωti i~√

2m~ω

∂

∂xi Ψ0(xi)

e
−αe−iωt f i

√ m
2~ω

ωx f+αe−iωt f i~√
2m~ω

∂

∂x f Ψ
∗
0(x f ). (11.52)

Here, Ψ0(x) ≡< x|0 > is the ground state wavefunction of the harmonic oscilla-

tor in the position space. We now use the Zassenhaus formula to write ecx+c
′ d

dx =

ecxec
′ d

dx e
1
2 cc
′
. This means, ecx+c

′ d
dx f (x) = ecx f (x+ c

′
)e

1
2 cc
′
. Thus we may write,

G(xi, ti;x f , t f ) =

e−
i
2 ω(t f−ti)

∫ dαdᾱ

2πi
e−ᾱα
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eᾱeiωti i
√ m

2~ω
ωxie

1
4 ᾱ2e2iωti

Ψ0(xi− ᾱeiωti i~√
2m~ω

)

e−αe−iωt f i
√ m

2~ω
ωx f e

1
4 α2 e−2iωt f

Ψ0(x f +αe−iωt f
i~√

2m~ω
). (11.53)

The ground state wavefunction is given by,

Ψ0(x) =
(mω

π~

) 1
4

e−
mωx2

2~ . (11.54)

The simplified expression reads as follows,

G(xi, ti;x f , t f ) =

e−
i
2 ω(t f−ti) e−

mω

2~ (x2
f+x2

i )
(mω

π~

) 1
2

∫ dαdᾱ

2πi
e−ᾱαe2iᾱeiωti

√
mω

2~ xie
1
2 ᾱ2e2iωti e−2iαe−iωt f

√
mω

2~ x f e
1
2 α2 e−2iωt f

. (11.55)

This may be evaluated using the substitutions α = X + iY and ᾱ = X− iY and

dαdᾱ

2πi
≡ dXdY

π
(11.56)

G(xi, ti;x f , t f ) = e−
mω

2~ (x2
f+x2

i )
(mω

π~

) 1
2

Exp[
mω

~ (x2
f+x2

i )e
iω(ti−t f )− 2mω

~ x f xi

2i sin(ω(ti−t f ))
]

(2i sin(ω(t f − ti)))
1
2

. (11.57)

This expression in Eq. (11.57) is of course identical to Eq. (7.79) obtained using
the conventional path integral. This is the so-called coherent state path integral for
the harmonic oscillator. Of course, there is no particular advantage to writing this
expression since the harmonic oscillator, being simple, its Green function can be
obtained using several methods—many of them simpler than this approach. Its true
usefulness lies when applied to systems with infinitely many degrees of freedom
where one encounters fields. The noncommuting quantum fields in the Hamiltonian
framework are replaced by simple functions in the Lagrangian framework, which is
when this approach becomes useful. Now we discuss the same idea in the context
of fermions.

11.2 CSPI for a Fermionic Oscillator

A fermionic oscillator is analogous to the harmonic oscillator except that the num-
ber of possibilities for the occupation number are limited to only two, namely zero
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or one. Thus we postulate that the full Hilbert space is spanned by two vectors |0 >
and |1 >. Now we write,

c|0 >= 0 ; |1 >= c†|0 >; c|1 >= |0 >; c†|1 >= 0. (11.58)

Thus within this Hilbert space c2 = c†2 = 0 and cc† + c†c = 1. In this case the
coherent states involve objects that are a generalization of complex numbers called
Grassmann numbers. For example we write,

c|η >= η|η > . (11.59)

Acting again with c and using the identity c2 = 0 leads us to conclude that η2 = 0.
This is one of the properties of a Grassmann number. Similarly, we could define
another coherent state |ξ̄ > such that,

c†|ξ̄ >= ξ̄|ξ̄ > . (11.60)

Here too we find ξ̄2 = 0. Now we make the following observation. Since all second
and higher powers of a Grassmann variable are zero, a function can be at most
linear in such a variable. Thus f (η) = f (0)+η f

′
(0) for any f . If it is a function of

two such variables f (η,ω) = f (0,0)+ω f (0,1)(0,0)+η f (1,0)(0,0)+ηω f (1,1)(0,0)
and so on. This means,

|η >= |0 >+η|1 >, (11.61)

where c|0>= 0 and |1>= c†|0>. One can see that this obeys the defining equation
for a coherent state. Similarly,

|ξ̄ >= ξ̄|0 >+|1 > . (11.62)

Differentiation of Grassmann variables is defined as d
dη

f (η)≡ f
′
(0). We will define

integration later. As usual we wish to evaluate the overlap. For this we observe that
on the one hand,

< ξ̄|c|η >= η < ξ̄|η > . (11.63)

We may choose to write c ≡ ∂

∂ξ̄
in the same representation in which c† ≡ ξ̄. From

this we may see that cc† + c†c = ∂

∂ξ̄
ξ̄ + ξ̄

∂

∂ξ̄
= 1, since now {ξ̄, ∂

∂ξ̄
} = 1 where

{A,B}= 1. This means,

∂

∂ξ̄
< ξ̄|η >= η < ξ̄|η > . (11.64)

This means,
< ξ̄|η >= eξ̄η = 1+ ξ̄η. (11.65)

In order to understand how to resolve the identity, we have to introduce the mean-
ing of integration over Grassmann numbers. One way to do this is to introduce the
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notion of a ‘Fourier transform’. The Fourier transform of a constant is a delta func-
tion. Hence we first focus on trying to represent a delta function using Grassmann
variables. We would like to know what δ(η−η

′
) means. One property is ηδ(η)= 0.

Keeping in mind that δ(η) = c+η d for some constants, we conclude that c = 0
and d 6= 0, which we set to unity d = 1 in anticipation. Therefore,

δ(η)≡ η. (11.66)

Note that this obeys the expectation that for any function f (η), δ(η) f (η) =
η( f (0) + η f

′
(0)) = η f (0), since the delta function forces the argument of any

function multiplying it to be zero. Now we invoke the notion of integration. We
know that the delta function integrated over all values of an argument yields unity.∫

dη δ(η) = 1 (11.67)

This means, ∫
dη η = 1. (11.68)

We also know that the delta function admits a Fourier representation. In particular,
just as

∫ d p
2π~ei p

~ (x−x
′
) = δ(x− x

′
) we expect ([x, p

i~ ] = 1, {ξ, ξ̄}= 1),∫
dξ̄ eξ̄(η−η

′
) = δ(η−η

′
). (11.69)

In other words, ∫
dξ̄ (1+ ξ̄(η−η

′
)) = (η−η

′
). (11.70)

Therefore, we must also have, ∫
dξ̄ 1 = 0. (11.71)

Now we prove a rather amusing result that this integration is the same as differenti-
ation with Grassmann variables. Notice that the integration of Grassmann variables
we have used so far implies that the range of integration is over all values of that
variable, i.e., it is a definite integral rather than an indefinite integral. Now consider,∫

dθ f (θ) =
∫

dθ ( f (0)+θ f
′
(0)) = 0+1 f

′
(0) = f

′
(0) =

d
dθ

f (θ). (11.72)

Therefore, integrating out a Grassmann variable is the same as differentiating with
that variable. Since the functions are at most linear in these variables, both opera-
tions get rid of that variable. Normally, a definite integral can never be written as a
derivative of some function, unless the range of integration is finite and the func-
tion is linear. In the present case, the functions are always linear, so it works and
Grassmann numbers are in some sense bounded since η2 = 0. Coming back to the
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question of resolving the identity, we assert that for some weight function W (θ, θ̄)
to be computed, ∫

dθ̄dθ W (θ, θ̄) |θ >< θ̄| ≡ 1. (11.73)

Imagine that we insert this resolved identity as shown < α|γ >=< α|1|γ >. This
means,

< α|γ >=
∫

dθ̄dθ W (θ, θ̄) < α|θ >< θ̄|γ > . (11.74)

We write, < α|γ >= 1+αγ, < α|θ >= 1+αθ and < θ̄|γ >= 1+ θ̄γ. We assert that
the choice

W (θ, θ̄) = e−θ̄θ = 1− θ̄θ (11.75)

is able to reproduce Eq. (11.73). To see this, consider,

< α|γ >= 1+αγ =
∫

dθ̄dθ (1− θ̄θ)(1+αθ)(1+ θ̄γ) (11.76)

or,
1+αγ =

∫
dθ̄dθ (1− θ̄θ)(1+ θ̄γ+αθ+αθθ̄γ). (11.77)

This means,
1+αγ =∫

dθ̄dθ (1+ θ̄γ+αθ+αθθ̄γ)−
∫

dθ̄dθ (θ̄θ)

=
∫

dθ̄dθ αθθ̄γ−
∫

dθ̄dθ θ̄θ. (11.78)

since all other terms drop out. Now we make use of the idea that every Grassmann
object commutes with every other. Therefore, dθ θ̄ = −θ̄ dθ and this makes the
second term become equal to unity. On the other hand, αθθ̄ = θθ̄α so that the net
result is 1+αγ as it should be. Therefore, we resolve the identity in Grassmann
variables as, ∫

dθ̄dθ e−θ̄θ |θ >< θ̄| ≡ 1. (11.79)

We now wish to use this to write down the Lagrangian approach for a fermionic
oscillator. We wish to compute the fermion propagator defined as,

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG < G|c†(0)e−

i
~ (t−t

′
)Hc(0)|G > (11.80)

where H|G >= EG|G > is an eigenstate of the Hamiltonian. For a fermionic oscil-
lator, this means either EG = 0 or EG = ~ω. As usual we rewrite this as,

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG < G|c†(0)e−

i
~ εH ...e−

i
~ εH︸ ︷︷ ︸

N

c(0)|G > . (11.81)
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Now we imagine inserting the resolution of the identity between each of the in-
finitesimal propagators. The matrix elements of the infinitesimal evolution operator
(keep in mind that ε = t−t

′

N ) between coherent states is,

< θ̄k|e−iεωc†c|θk+1 >=< θ̄k|θk+1 > e−iεωθ̄kθk+1 (11.82)

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG < G|c†(0)e−

i
~ εH ...e−

i
~ εH︸ ︷︷ ︸

N

c(0)|G >

= e
i
~ (t−t

′
)EG < G|c†(0)|θ0 >

×
∫
[dθ̄dθ]

N−1

∏
k=0

e−θ̄kθk < θ̄k|e−iεωc†c|θk+1 >< θ̄N |c(0)|G > . (11.83)

The matrix elements at the extremities are nothing but,

< θ̄N |c(0)|G >=
∂ < θ̄N |G >

∂θ̄N
;< G|c†(0)|θ0 >=

∂ < G|θ0 >

∂θ0
. (11.84)

Therefore,

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG

∫
[dθ̄dθ]

∂ < G|θ0 >

∂θ0

ei
∫ t

t′
ds (− i

2 θ̄(s)θ̇(s)+ i
2

¯̇
θ(s)θ(s)−ωθ̄(s)θ(s))e−

1
2 (θ̄0θ0+θ̄NθN)

∂ < θ̄N |G >

∂θ̄N
. (11.85)

This path integral has to be performed keeping in mind that θ(t
′
)= θ0 and θ(t)= θN

and finally one integrates over θ0 and θN as well.

11.2.1 Evaluating the Path Integral

In order to evaluate the path integral, we proceed as usual. First we write the Grass-
mann path as the classical solution plus a quantum correction

θ(s) = θcl(s)+ θ̃(s) (11.86)

where θcl(s) obeys,
d
ds

∂L

∂
˙̄
θ(s)

=
∂L

∂θ̄(s)
(11.87)

with,
L[θ̄; ˙̄

θ] = i ¯̇
θ(s)θ(s)−ωθ̄(s)θ(s) (11.88)
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i θ̇cl(s) =−ω θcl(s). (11.89)

Since this is a first-order equation, the end points are not independent.

θcl(s) = eiω(s−t
′
)
θ0 (11.90)

But,
θN ≡ θcl(t) = eiω(t−t

′
)
θ0. (11.91)

Also,

θ̃(s) =
∞

∑
n=1

sin(nπ
(s− t

′
)

t− t ′
) θ̃n. (11.92)

Therefore,
< G|c†(t)c(t

′
)|G >= e

i
~ (t−t

′
)EG

∫
[dθ̄dθ]

×∂ < G|θ0 >

∂θ0
ei

∫ t
t′

ds L[θ̄; ˙̄θ]e−θ̄0θ0
∂ < θ̄N |G >

∂θ̄N
. (11.93)

The action may be written as,

S =
∫ t

t ′
ds L[θ̄; ˙̄

θ] =
∫ t

t ′
ds (i ¯̇θ(s)θ(s)−ω θ̄(s)θ(s))

=
∞

∑
n6=l=1

iln(−1+ cos(lπ)cos(nπ))

l2−n2
¯̃
θl θ̃n, (11.94)

which is independent of t and t
′
. Also since θN and θ0 are proportional we may

write (after ignoring terms that do not depend on t and t
′
),

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG

∫
[dθ̄0dθ0] Ψ

′∗
G(θ0) e−θ̄0θ0Ψ

′
G(θ̄0) (11.95)

where, ΨG(θ)≡< θ|G >.

Ψ
∗
G(θ)≡< G|θ >=< G|eθc†

|0 >=< G|0 >+θ < G|1 > . (11.96)

Therefore,

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG

∫
[dθ̄0dθ0] < G|1 > e−θ̄0θ0 < 1|G >

= e
i
~ (t−t

′
)EG < G|1 >< 1|G > . (11.97)

If |G >= |0 >, the hole propagator above vanishes since the annihilation operator
annihilates the vacuum. When |G >= |1 > we get,

< G|c†(t)c(t
′
)|G >= e

i
~ (t−t

′
)EG . (11.98)

Thus fermions may also be studied in the path integral language by invoking Grass-
mann variables.
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11.3 Generalization to Fields

So far, we have studied the CSPI method for systems with one degree of freedom.
It is possible, of course, to generalize the formalism to include infinitely many
degrees of freedom. Using a method similar to what we saw in the earlier section,
we could easily accept that the correct way of handling this situation would be to
first ensure that the Hamiltonian is normal ordered. This means all the creation
operators are to the left of the annihilation operators. This is important because in
the CSPI approach, the identity is resolved using the eigenstates of the annihilation
operator rather than the creation operator, as a result, matrix elements such as <
z̄k|a†a|zk+1 > found in Eq. (11.28) are again proportional to < z̄k|zk+1 >, which
is why this method works. If instead we chose the Hamiltonian as H = ~ω aa†,
the matrix element < z̄k|aa†|zk+1 > would involve derivatives and would not lead
to anything useful. Therefore, for a Hamiltonian such as the one in Eq. (8.91) (we
assume it describes bosons for simplicity), the way to formulate CSPI would be to
first write the action that appears in Eq. (11.30) as,

Si→ f =
∫ t f

ti
dt (

∫
dr (

i
2

¯̇z(r, t)z(r, t)− i
2

z̄(r, t)ż(r, t))−H[z, z̄]) (11.99)

where,

H[z, z̄] =
∫

dr z̄(r, t)
p2

2m
z(r, t)+

1
2

∫
dr

∫
dr
′
z̄(r, t)z̄(r

′
, t)z(r

′
, t)z(r, t)V (|r− r

′
|).

(11.100)
Therefore, if the aim is to evaluate an overlap such as < Ψi, ti|Ψ f , t f >, we would
write,

< Ψi, ti|Ψ f , t f >=∫
z(r,ti)≡z0(r);z(r,t f )≡zN(r)

[dz̄dz]
2πi

e−
1
2
∫

dr (z̄N(r)zN(r)+z̄0(r)z0(r))

< Ψi, ti|{z0}> eiSi→ f < {z̄N}|Ψ f , ti > . (11.101)

If the initial and final states are both position eigenstates of a single particle, then
we would write

|Ψ f , t f >≡ c†(r f , t f )|G >;< Ψi, ti| ≡< G|c(ri, ti), (11.102)

where |G > is the ground state of the system. The coherent states,

|{z0}>= e
∫

dr z0(r)c†(r,ti)|vac >; < {z̄N}|=< vac|e
∫

dr z̄N(r)c(r,ti) (11.103)

where |vac > is the state annihilated by each c(r, ti). Therefore,

< {z̄N}|Ψ f , ti >= z̄N(r f ) < vac|e
∫

dr z̄N(r)c(r,ti)|G >= z̄N(r f ) < {z̄N}|G > .
(11.104)
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Similarly,
< Ψi, ti|{z0}>= z0(ri) < G|{z0}> . (11.105)

Hence the propagator is,
< ri, ti|r f , t f >=∫

z(r,ti)≡z0(r);z(r,t f )≡zN(r)

[dz̄ dz]
2πi

e−
1
2
∫

dr (z̄N(r)zN(r)+z̄0(r)z0(r)) (11.106)

z0(ri) < G|{z0}> eiSi→ f z̄N(r f ) < {z̄N}|G > . (11.107)

In order to complete the calculation, one has to provide the ground state description
of the many-body system in the coherent state basis.

11.4 Exercises

Q.1 A Hamiltonian with bosonic oscillators is given by H = ~ω(a†a + 1
2) +

λ(a†a† + aa). Develop the coherent state path integral approach for this Hamilto-
nian. This means write down the coherent state path integral for the Green function
< Ta(t)a†(t

′
)>.

Q.2 A Hamiltonian with two types of fermionic oscillators is given by H =
~ω(a†a+ b†b)+λ(b†a† + ab). Develop the coherent state path integral approach
for this Hamiltonian.

Q.3 An unperturbed Hamiltonian with two bosonic oscillators is given by H0 =
~ω(a†a+ b†b). Imagine the perturbation to be V = λ(a†ab+ b†a†a). Develop a
perturbative scheme using the coherent state path integral approach for this Hamil-
tonian.

Q.4 Do the same if the oscillators in the above question were fermions.



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

Chapter 12

Nonlocal Operators

The description of many-particle quantum mechanics given till now does not give
us much insight into how one may go about computing the Green function of quan-
tum systems with infinitely many coupled degrees of freedom. Apart from the free
particle case and perhaps the harmonic oscillator, there are precious few exact com-
putations of Green functions of many-particle systems. Even the approximate meth-
ods are found wanting since we have already alluded to the ‘uncontrolled’ nature of
most of the approximations that have been proposed to date. There is one method
that offers some hope in this regard. This method is (wrongly) called ‘bosoniza-
tion’. This method will be the main focus of much of this and the next chapter. The
main mathematical tool used is the introduction of operators that are ‘non-local’ in
a sense to be made precise later, which enables the exact computation of the asymp-
totic properties of the Green function (G(x− x′, t− t

′
) in the regime |x− x′| → ∞

and/or |t − t
′| → ∞) under some further restrictive assumptions. We wish to ease

into this subject through the study of quantum vortices in charged bosons where
the notion of nonlocality makes its presence felt in a relatively more familiar set-
ting.

12.1 Quantum Vortices in a Charged Boson Fluid

We wish to introduce the concept of quantum vortices in a charged boson fluid.
Vortex strength is defined as the circulation of the velocity field around a closed
loop. The velocity field is the ratio of the current density and the number density.
Current density and number density in turn are defined in terms of the boson field.
Define a complex scalar ψ(x) where x = (x, t). Then we have ρ(x) = ψ†(x, t)ψ(x, t)
and J(x) = Im[ψ†(x, t)∇ψ(x, t)]. We choose to polar decompose ψ(x) as follows:
ψ(x) = e−iΠ(x)

√
ρ(x). In the CSPI approach (generalized to incorporate fields),

273
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ψ(x) is a simple complex number and therefore admits such a decomposition.
Therefore the velocity field becomes v(x) = 1

ρ(x)J(x) ≡ −∇Π(x). This definition
is meaningful only in regions where ρ(x) 6= 0. Thus, multiplying connected regions
require special care which we shall address later. It is important to stress that in this
work, ψ(x) is not a complex order parameter, rather it is the field variable, namely
the de-quantized version of the field operator that is used in the coherent state path
integral approaches. For fermions, which we shall study later on, this would be a
Grassmann variable. This is in contrast with the usual approach for dealing with
vortices in, say, superfluids or superconductors where ψ(x) is a complex order pa-
rameter. The action for free bosons is written in the coherent state path integral
approach as S0,B =

∫ −iβ
0 dt

∫
d3x ψ†(x)(i~∂t +

~2∇2

2m )ψ(x). Thus,

S0,B =
∫

d3x
∫ −iβ~

0
dt [~ ρ∂tΠ−

ρ~2(∇Π)2 + ~2(∇ρ)2

4ρ

2m
]. (12.1)

Now we wish to introduce a coupling to U(1) gauge field. For this we have to
follow the minimal coupling prescription, pµ→ pµ− qc

c Aµ or, i~∂t → i~∂t−qφ and
−i~∇→−i~∇− qc

c A.

S f ull,B =
∫ −iβ~

0
dt

∫
d3x ψ

†(x)(i~∂t−qφ−
(−i~∇− qc

c A)2

2m
)ψ(x)

+
∫ −iβ~

0
dt

∫
d3x

1
8π

(E2−B2) (12.2)

where E =−∇φ− 1
c

∂

∂t A and B = ∇×A. The above action is invariant under gauge
transformations: ψ(x)→ ei q

~c λ(x)
ψ(x), A→A+∇λ, φ→ φ− 1

c
∂

∂t λ. We now wish to
polar decompose the field and rewrite this in terms of the phase variable Π and the
density ρ and the gauge fields. Since Π→Π− q

~cλ, we may define gauge-invariant
quantities v(x) =−∇Π− q

~cA and v0(x) = ∂tΠ− q
~φ. We note that,

E =
~
q
(∂tv(x)+∇v0(x)) ; B =−~c

q
(∇×v). (12.3)

Thus the full gauge invariant action is given by (with an external scalar potential
U(x) assumed time independent; in condensed matter physics terminology it would
be called disorder),

S f ull,B =
∫

d3x
∫ −iβ~

0
dt [ρ (~v0−U)−

ρ~2v2 + ~2(∇ρ)2

4ρ

2m
]

+
∫

d3x
∫ −iβ~

0
dt

~2

8πq2 ((∂tv(x)+∇v0(x))2− c2(∇×v)2). (12.4)
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If we so wish, we could evaluate the Green function of the charged bosons using
the formal functional integral using the non-local but gauge-invariant form of the
field,

ψ(x) = ei
∫ x dr·v(x)√

ρ(x)≡Ψ[ρ,v;x] (12.5)

G(x− x
′
)≡

∫
D[vµ]

∫
D[ρ]Ψ[ρ,v;x]Ψ∗[ρ,v;x

′
]eiS f ull,B. (12.6)

Note that any scheme for evaluating the above functional integral is going to be non-
perturbative in the coupling q2 that appears now in the denominator of the action.
However, we wish to evaluate something equally interesting viz. the correlation
function between vortices. For this we have to start making some approximations.
We assume that ρ(x) = ρ0+ ρ̃(x) where ρ0 is the assumed uniform average density
of particles and that it is legitimate to retain only the harmonic terms in the density
fluctuations in the action. This approximation is likely to be valid in the ρ0 → ∞

limit. We may integrate out v0 and ρ̃ and write down only an effective action for v.
Start with (harmonic approximation),

Sharm,B ≈
∫

d3x
∫ −iβ~

0
dt [ρ̃ (~v0−U)−

ρ0~2v2 + ~2(∇ρ)2

4ρ0

2m
]

+
∫

d3x
∫ −iβ~

0
dt

~2

8πq2 ((∂tv(x)+∇v0(x))2− c2(∇×v)2). (12.7)

First we may integrate over ρ̃ (that is, ei
Se f f ,v0

~ =
∫

D[ρ̃]ei
Sharm,B

~ ) to obtain the effec-
tive action,

Se f f ,v0 ≈
∫

d3x
∫ −iβ~

0
dt

8mρ0

~2

∫
d3x

′
G(x− x

′
)(~v0(x

′
)

−U(x
′
))(~v0(x)−U(x))−

∫
d3x

∫ −iβ~

0
dt

ρ0~2v(x)2

2m

+
∫

d3x
∫ −iβ~

0
dt

~2

8πq2 ((∂tv(x)+∇v0(x))2− c2(∇×v)2), (12.8)

where ∇2G(x−x
′
) = δ(x−x′)δ(t−t

′
). In order to further integrate over v0 we have

to keep in mind that we are working in the ρ0→∞ limit. In this limit, the integrand
oscillates rapidly and cancels out unless ~v0(x) =U(x). Thus,

Se f f ≈−
∫

d3x
∫ −iβ~

0
dt

ρ0~2v2

2m

+
∫

d3x
∫ −iβ~

0
dt

~2

8πq2 ((∂tv(x)+
∇U(x)

~
)2− c2(∇×v)2). (12.9)
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Lastly, we have to keep in mind that U(x) is time independent. This means that the
cross term with U and ∂tv drops out and the term quadratic in U is irrelevant (a
constant). Thus,

Sv ≈−
∫ −iβ~

0
dt

∫
d3x

~2ρ0

2m
v2(x)

+
~2c2

8πq2

∫ −iβ~

0
dt

∫
d3x ((−1

c
∂tv)2− (∇×v)2). (12.10)

This means that external scalar potentials that are time independent (time-
independent electric fields) do not affect the properties of vortices. Thus we may
suspect that the properties of vortices are insensitive to disorder. We may now cou-
ple this to sources and calculate the velocity–velocity correlation function (see ex-

ercises). Set ω0 =
√

ρ0
m 4πq2, which is the plasma frequency. Then we conclude,

< vi(x, t)v j(x
′
, t
′
)>=

4πq2

V ∑
k

eik·(x−x′)e−iω0(t−t
′
) kik j

k2(2~ω0)

+
4πq2

V ∑
k

eik·(x−x′)e−i
√

ω2
0+c2k2(t−t

′
) kik j +δi, j(−k2)

(2~
√

ω2
0 + c2k2)(−k2)

. (12.11)

Vortex strength is defined as φΓ(t) =
∮

Γ
dxi vi(x). Taking into account the fact that∮

dxikieik·x =−i
∮
(dx ·∇)eik·x = 0 we obtain,

< φΓ(t)φΓ
′ (t
′
)>=

4πq2

V ∑
k

e−i
√

ω2
0+c2k2(t−t

′
)

∮
dx ·

∮
dx′eik·(x−x′)

(2~
√

ω2
0 + c2k2)

. (12.12)

We focus on the equal-time correlation only, and taking into account that we are
working in the ρ0→ ∞ limit, we obtain (it is more convincing to perform the sum-
mation over k in Eq. (12.12) first, which is left to the exercises),

< φΓ(t)φΓ
′ (t)>=

4πq2

V ∑
k

∮
dx ·

∮
dx′eik·(x−x′)

(2~
√

ω2
0 + c2k2)

≈ 4πq2

2~ω0V

∮
dx ·

∮
dx
′
∑
k

eik·(x−x′)e
− c2k2

2ω2
0 (12.13)

or,

< φΓ(t)φΓ
′ (t)>=

q2

~ω0

1√
2π

ω3
0

c3

∮
Γ

dx ·
∮

Γ
′
dx
′
e−

ω2
0

c2 (x−x′)2
. (12.14)

This clearly shows that as ω0→ ∞, the only contribution to the vortex–vortex cor-
relation that survives are the terms in the vicinity of the points where the two loops
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Γ and Γ
′

intersect. We parameterize the loops as x(s) and x′(s′) and define tangent
vectors t(s) = dx(s)

ds etc. Further, let us assume that x(si) = x′(s′i) = pi are the points
at which the loops intersect. Thus, x(s)≈ pi+(s− si)ti and x′(s′)≈ pi+(s

′− s
′
i)t
′
i.

Therefore, if nc is the number of points at which the loops cross and λ = s− si and
λ
′
= s

′− s
′
i,

< φΓ(t)φΓ
′ (t)>≈ q2

~ω0

1√
2π

ω3
0

c3

nc

∑
i=1

∫
∞

−∞

dλ

∫
∞

−∞

dλ
′
(ti · t

′
i) e−

ω2
0

c2 (tiλ−t′iλ
′
)2
. (12.15)

This means,

< φΓ(t)φΓ
′ (t)>=

q2

(2~c)

√
2π

nc

∑
i=1

(ti · t
′
i)√

(ti)2(t′i)2− (ti · t
′
i)

2

= α

√
π

2 ∑
i

cot(θi). (12.16)

Thus the vortex–vortex correlation function is proportional to the sum of the cotan-
gent of the angles between the tangent vectors of the two loops at each point where
they intersect. The coefficient of proportionality is the universal fine structure con-
stant and is not related to material parameters. From the Aharonov-Bohm argument
we know that the circulation of the velocity field, which is nothing but the circu-
lation of the vector potential, is related by Stokes theorem to the magnetic flux
through the loops. Thus φΓ(t) is also the magnetic flux through the loop Γ (times
− q

~c ). Thus the vortex–vortex correlation function is nothing but the flux–flux cor-
relation. These are quantum vortices in the sense that the average of the vortex
strength is zero but the fluctuation is non-zero. But when external magnetic fields
are present or when there are ‘cores’, namely points at which the density of particles
vanish, we may expect the average vortex strength to be non-zero.

For the sake of completeness, we recall here the well-known argument that leads to
quantization of vortices in terms of the winding number. If in a region, the density
of particles is non-vanishing, it is easy to see that the circulation of the velocity,
namely the vortex strength, is always zero. However, even in the absence of mag-
netic fields but in the presence of isolated points at which the density becomes zero,
we may show that the circulation of the velocity is not zero. To see this we first note
that in the absence of magnetic fields, the current and number density are given by,

J(r) =
1
2i
(ψ∗(r)(∇ψ(r))− (∇ψ

∗(r))ψ(r)) ; ρ(r) = ψ
∗(r)ψ(r). (12.17)

The velocity is nothing but the ratio of the current density and number density
v(r) = J(r)

ρ(r) and φΓ =
∮

Γ
dr ·v(r) is the vortex strength. Thus,

φΓ =
1
2i

∮
Γ

dr · (ψ
∗(r)(∇ψ(r))− (∇ψ∗(r))ψ(r))

ψ∗(r)ψ(r)
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=
1
2i

∮
Γ

dr ·
(

∇ψ(r)
ψ(r)

− ∇ψ∗(r)
ψ∗(r)

)
. (12.18)

If the density (and the field) does not vanish either in the region bounded by Γ or
on the boundary (or boundaries for non-simply connected regions) and the gradient
of the field is finite everywhere in the region and on the boundary, then we may use
the Stokes theorem to rewrite the line integral in terms of the surface integral of the
curl.

φΓ =
1
2i

∮
Γ

dr ·
(

∇ψ(r)
ψ(r)

− ∇ψ∗(r)
ψ∗(r)

)
=

1
2i

∮
Γ

dr ·
(

∇ψ(r)
ψ(r)

− ∇ψ∗(r)
ψ∗(r)

)

=
1
2i

∫
da ·∇×

(
∇ψ(r)
ψ(r)

− ∇ψ∗(r)
ψ∗(r)

)
= 0 (12.19)

The last result is because the integrand itself vanishes identically. Now imagine
that the region contains a point which for convenience we choose as the origin at
which the density (and therefore, the field) vanishes. In this case we may separate
the region bounded by Γ into two regions. One is a tiny circular region containing
the origin at the center and the other, the rest. Outside the tiny circle, the density
is finite and therefore from the earlier argument, Stokes theorem tells us that the
circulation around Γ is the same as the circulation around the tiny circle of radius ε

(see figure).

Figure 12.1: Circulation of a velocity field around a loop enclosing a region where
the density vanishes, leads to a quantized vortex strength (the region around the
center has roundoff errors, which is why it looks like a square).
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We may evaluate the integral over the tiny circle as follows (we assume that the loop
of integration winds around n times over the tiny circle, for the sake of generality)

φΓ =
1
2i

∮
Γ

dr ·
(

∇ψ(r)
ψ(r)

− ∇ψ∗(r)
ψ∗(r)

)
=

1
2i

∮
ε−loop

(
dψ

ψ

)
+ c.c., (12.20)

since dr ·∇ ≡ d. If we think of the last expression as an integral over a complex
variable ψ, we may see that there is a pole ψ = 0 at the center of the ε-circle. Hence
this evaluates by residue theorem as πn+πn= 2πn (including the c.c. contribution).
Thus the flux threading through a vortex core is quantised. This quantisation is due
to topology rather than quantum mechanics. So far we have encountered one kind
of non-locality related to vortices and now we go on to describe fermions using
non-local operators.

12.2 Nonlocal Particle Hole Creation Operators

In this section, we describe fermions using operators that correspond to creation of
particle hole pairs across a filled Fermi sea. These operators must be such that the
kinetic energy of fermions is purely diagonal in these operators, as was the case in
the Fermi picture. These particle-hole-like creation operators come out as nonlocal
operators in a sense to be made precise soon.

Consider a spinless Fermi system with annihilation and creation operators cp,c
†
p.

We have encountered such operators earlier. Thus {cp,cp′} = 0 and {cp,c
†
p′
} =

δp,p′ . We define |FS > to be the filled Fermi sea of the noninteracting system with
N0 number of fermions. Thus nF(k) = θ(kF − |k|) is the momentum distribution
of the noninteracting theory and N0 = ∑k nF(k). We define cp,< = nF(p) cp and
cp,> = (1−nF(p))cp.

Ak(q) = c†
k−q/2,<

1√
N>

ck+q/2,> ; A†
k(q) = c†

k+q/2,>
1√
N>

ck−q/2,< (12.21)

where,
N> = ∑

k
ck,<c†

k,< = N0−∑
k

c†
k,<ck,<. (12.22)

Here N> measures the number of particle-hole pairs in the state it acts on. It is im-
portant to bear in mind that [cp,>,N0] = 0, hence [cp,>,N>] = 0. In other words,
N> 6= ∑p c†

p,>cp,> but N> = ∑p c†
p,>cp,> − N̂ + N0. The definition for Ak(q) is

unambiguous except when it acts on the filled Fermi sea (where the number of
particle-hole pairs is zero). We postulate that in this case,

Ak(q)|FS >= 0. (12.23)



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

280 Field Theory

With these caveats in mind, it is easy to verify that following are operator identities
on the N0 particle subspace of the Fock space of fermions.

c†
k+q/2,>ck−q/2,> = ∑

q1

A†
k+q/2−q1/2(q1)Ak−q1/2(−q+q1) (12.24)

c†
k+q/2,<ck−q/2,< = nF(k) δq,0−∑

q1

A†
k−q/2+q1/2(q1)Ak+q1/2(−q+q1) (12.25)

The definition is sufficient to ensure idempotence of the number operator since it
follows from the definition of the sea-displacement annihilation operator that,

Ap(q)Ap+Q/2(q+Q) = Ap(q)Ap+Q/2(q−Q) = 0. (12.26)

While it is easy to see that [Ak(q),Ak′ (q
′
)] = 0, the commutator [Ak(q),A†

k′
(q′)]

is not a c-number and is quite complicated. Hence these objects are not bosons
at all, even though for deriving many properties we may get away with treating
them as though they were. If we wish to set our eyes on what the commutator may
look like, we may write (keeping in mind that Ak(q) f (N>) = f (N> + 1)Ak(q),
f (N>)A

†
k(q) = A†

k(q) f (N>+1) ).

(N>+1)Ak(q) A†
k′
(q
′
)−N> A†

k′
(q
′
) Ak(q)

= nF(k−q/2)(1−nF(k+q/2)) δq,q′ δk,k′

−∑
q1

A†
k+q/2−q′+q1/2

(q1)Ak−q′/2+q1/2(q−q
′
+q1)

(1−nF(k+q/2)) δk+q/2,k′+q′/2

−∑
q1

A†
k−q/2+q′−q1/2

(q1)Ak+q′/2−q1/2(q−q
′
+q1)

nF(k−q/2)δk−q/2,k′−q′/2 (12.27)

In fact, this commutator is not simple even when (k,q) and (k′,q′) are completely
unrelated. For example, if k+q/2 6= k′+q′/2 and k−q/2 6= k′−q′/2, even then
we find the nontrivial commutation rule,

(N>+1)Ak(q) A†
k′
(q
′
)−N> A†

k′
(q
′
) Ak(q) = 0 (12.28)

rather than the naive expectation [Ak(q),A†
k′
(q′)] = 0. This is particularly impor-

tant since some have argued that this naive rule holds whereas the kinetic energy
operator continues to be K = const.+∑k,q

k.q
m A†

k(q)Ak(q) as it is in the present ap-
proach. This is clearly untenable. Even if we claim that maybe we have to restrict
the Hilbert space to contain only states with a large number of particle-holepairs
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(N> large) so that the naive expectation is realized, this spoils the commutator
[Ak(q),A†

k(q)], which is not of order unity, indeed it is not even a c-number. The
repeated appearance of the object N> points to the importance of fluctuations in
the number of particle-hole pairs. Thus, if we wish to rigorously justify using the
kinetic energy operator that is a simple quadratic diagonal form in the A-operators,
then we are stuck with complicated commutation rules for the A-operators, the sim-
plest of which is the random phase approximation (RPA) obtained by making the
axiom that we shall set c†

k+q/2,<ck−q/2,< = 0 and c†
k+q/2,>ck−q/2,> = 0 if q 6= 0.

Further, if ak(q) = c†
k−q/2,<ck+q/2,>, then we could postulate that the commuta-

tor [ak(q),a†
k′
(q′)] is a c-number. This is the usual RPA. A possible proof of the

controlled nature of the random phase approximation comes from the Hubbard-
Stratanovich approach to bosonization explained by some authors cited. There it is
argued that RPA becomes exact in the limit kF ,m→ ∞ such that kF/m = vF < ∞

(flat Fermi surface). This fact is also well known by the experts of 1d bosonization
such as Giamarchi (see his textbook). We shall not dwell on this question, but sim-
ply assert that in the limit that the curvature of the Fermi surface disappears, our
results are asymptotically exact. In practice, comparison with Bethe ansatz results
and so on, shows this to be a reasonable assertion for weakly coupled systems with
short range interactions.

12.2.1 A Systematic Approach for Going beyond RPA

Here we wish to discuss a systematic approach for going beyond the random phase
approximation. We shall not employ this method, but propose this approach as
the natural technique for systematically approaching the many-body problem. We
make no claims about our approach being controlled in any sense of the term. It is
merely a systematic and natural way of going beyond the random phase approxima-
tion. The RPA itself has never been shown to be a ‘controlled’ approximation in the
literature (in whatever sense of the term), hence any approach that uses the RPA as
the starting point is equally suspect. For example, in the excellent and authoritative
text, Quantum Physics in One Dimension, Giamarchi defends his dropping of the g1
term (backward scattering term) in the geology language thereby making the RPA
a valid starting point, using phrases such as ‘it is a pain in the neck’. Clearly then,
the RPA is not a controlled approximation. This criticism that approximations may
not be ‘controlled’ applies to conventional bosonization approaches, certainly to
conventional perturbation theory (the coupling may be small, but the integrals that
appear as coefficients of these couplings may diverge), to variational approaches,
even dynamical mean field theory is not above such criticism (it is exact only in
infinite dimensions, there is no proof that a systematic perturbation series in in-
verse powers of the dimension exists or is mathematically meaningful). Indeed,
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the biggest uncontrolled approximation routinely used in physics is the indepen-
dent particle approximation. All these approaches are nevertheless quite successful
in describing the real world, albeit in limited domains. The same point of view is
adopted with regard to approximations. Now we wish to describe the approach we
recommend. Consider the operator ak(q) = c†

k−q/2,<ck+q/2,> rather than Ak(q).
The reason is because the number-conserving product of two Fermi fields is related
to this object in a simple way in the RPA sense. We now wish to ascertain then
in what sense RPA has to be invoked. At the outset we have [ak(q),ak′ (q

′
)] = 0.

However, one finds that a natural way of thinking about the other commutator is,

[ak(q),a†
k′
(q
′
)] = (n̂k−q/2− n̂k+q/2)

nF(k−q/2)(1−nF(k+q/2)) δq,q′ δk,k′

−ε ∑
q1

1
N>

a†
k+q/2−q′+q1/2

(q1)ak−q′/2+q1/2(q−q
′
+q1)

(1−nF(k+q/2)) δk+q/2,k′+q′/2(1−δq,q′ )

−ε ∑
q1

1
N>

a†
k−q/2+q′−q1/2

(q1)ak+q′/2−q1/2(q−q
′
+q1)

nF(k−q/2)δk−q/2,k′−q′/2(1−δq,q′ ). (12.29)

The number-conserving product of two Fermi fields is given in terms of these op-
erators as,

c†
k+q/2ck−q/2 = n̂k δq,0 +ak(−q)+a†

k(q)

+ε (1−δq,0)∑
q1

1
N>

a†
k+q/2−q1/2(q1)ak−q1/2(−q+q1)

−ε (1−δq,0)∑
q1

1
N>

a†
k−q/2+q1/2(q1)ak+q1/2(−q+q1). (12.30)

Here,

n̂k = nF(k)+∑
q1

1
N>

a†
k−q1/2(q1)ak−q1/2(q1)

−∑
q1

1
N>

a†
k+q1/2(q1)ak+q1/2(q1). (12.31)

The implication is that we expand in powers of ε and at the end of a calcula-
tion set ε = 1. Here we have used [N>,ak(q)] = −ak(q) and [N>,a

†
k(q)] = a†

k(q),
therefore, [N>,a

†
k(q)ak′ (q

′
)] = 0. In general f (N>)ak(q) = ak(q) f (N>− 1) and

f (N>)a
†
k(q) = a†

k(q) f (N>+1). Finally, N2
> = ∑k,q a†

k(q)ak(q). So far the scheme
has been perfectly general. Now we wish to make the approximation that would
amount to setting ε = 0.
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The (Generalized) RPA (setting ε = 0):

[ak(q),a†
k′
(q
′
)]≈ (n̂k−q/2− n̂k+q/2) nF(k−q/2)(1−nF(k+q/2)) δq,q′ δk,k′

(12.32)

[ak(q),ak′ (q
′
)] = 0 ; [ak(q), n̂p] = (δp,k+q/2−δp,k−q/2) ak(q) (12.33)

c†
k+q/2ck−q/2 ≈ n̂k δq,0 +ak(−q)+a†

k(q) (12.34)

c†
kck≡ n̂k = nF(k)+∑

q1

1
N>

a†
k−q1/2(q1)ak−q1/2(q1)−∑

q1

1
N>

a†
k+q1/2(q1)ak+q1/2(q1).

(12.35)
The RPA is consistent since the following simplified commutation rules are obeyed.
If q,q′ 6= 0,

[c†
k+q/2ck−q/2,c

†
k′+q′/2

ck′−q′/2] = δk,k′δq,−q′ (n̂k+q/2− n̂k−q/2)D(k,q) (12.36)

and,

[c†
k+q/2ck−q/2,c

†
k′

ck′ ] = c†
k+q/2ck−q/2 (δk′ ,k−q/2−δk′ ,k+q/2). (12.37)

Finally,
[c†

kck,c
†
k′

ck′ ] = 0, (12.38)

where D(k,q) = nF(k−q/2)(1−nF(k+q/2))+nF(k+q/2)(1−nF(k−q/2)).
We now wish to show that the RPA is a conserving approximation. If we define
ρq = ∑k c†

k+q/2ck−q/2 and jq = ∑k k c†
k+q/2ck−q/2 and set the Hamiltonian to be

H = ∑k
k2

2mc†
kck, the RPA ensures that i ∂

∂t ρq = − q
m · jq, which is nothing but the

equation of continuity. Thus the RPA is a conserving approximation in the sense
of Kadanoff and Baym. Now we wish to perform some concrete computations us-
ing this approximation scheme. In particular, it would be desirable to calculate the
momentum distribution of the free Fermi theory at finite temperature and see if it
agrees with the one obtain from Fermi algebra. The reason why this is interesting
is because the finite temperature calculation of the free theory is the simplest way
of considering excited states, in other words, fluctuations in the number of particle-
hole pairs. This exercise also teaches us that the simple RPA, where the right-hand
side of Eq. (12.32) is replaced by a c-number, is not sufficient. The reason for this
is that the fluctuations in the number of particle-hole pairs have to be taken into
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account self-consistently in order to reproduce the right finite temperature momen-
tum distribution. To compute the momentum distribution at finite temperature, it is
better to calculate the following finite temperature correlation function:

G(k,q;λ) =< e−λN>a†
k(q)ak(q)>≡

Tr
(

e−β(H−µN) e−λN>a†
k(q)ak(q)

)
Tr
(
e−β(H−µN)

) . (12.39)

Therefore, ∫
λ

∞

dλ
′
G(k,q;λ

′
) =−< e−λN>

1
N>

a†
k(q)ak(q)> (12.40)

and,
< n̂k,λ >=< e−λN>c†

kck >= nF(k)< e−λN> >

−∑
q

∫
λ

∞

dλ
′
G(k−q/2,q;λ

′
)+∑

q

∫
λ

∞

dλ
′
G(k+q/2,q;λ

′
). (12.41)

Using the cyclic permutation property of the trace and the RPA algebra, we obtain
the following expression for G.

G(k,q;λ) =
e−λ e−β

k.q
m

(1− e−λ e−β
k.q
m )

(< n̂k−q/2,λ >−< n̂k+q/2,λ >)

nF(k−q/2)(1−nF(k+q/2)) (12.42)

Let D(ε) be the density of states of the free theory. Thus, D(ε)dε =
V

(2π)d Ωdk(d−1)dk. Note that D(ε) is an extensive quantity as is the summation ∑q.
Thus we have to ensure that the dependence of n(λ,ε) on λ is such that when inte-
grated over λ, leads to an extensive quantity in the denominator. This matter may
be made more explicit by differentiating with respect to λ.

d
dλ

n<(λ,ε) =−θ(εF − ε)u(λ)

+
∫

∞

εF

dε
′
D(ε

′
)

1

(eλ eβ(ε
′−ε)−1)

(n<(λ,ε)−n>(λ,ε
′
)) θ(εF − ε) (12.43)

d
dλ

n>(λ,ε) =

−
∫

εF

0
dε
′
D(ε

′
)

1

(eλ eβ(ε−ε
′
)−1)

(n<(λ,ε
′
)−n>(λ,ε)) θ(ε− εF) (12.44)

u(λ) =
〈

e−λN>N>

〉
= N0

〈
e−λN>

〉
−

∫
εF

0
dε D(ε)n<(λ,ε)
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=
∫

∞

εF

dε D(ε)n>(λ,ε) (12.45)

We may suspect, that these equations can be solved by the following ansatz.1

n>,<(λ,ε) = ñ>,<(λ,ε) eI(λ) (12.47)

where the function I(λ) is extensive and is independent of the energy variable ε,
whereas ñ is intensive and depends on both the variables in general. Substituting
this ansatz into the equations we find,

I
′
(λ)ñ<(λ,ε)+

d
dλ

ñ<(λ,ε) =−θ(εF − ε)ũ(λ)

+
∫

∞

εF

dε
′
D(ε

′
)

1

(eλ eβ(ε
′−ε)−1)

(ñ<(λ,ε)− ñ>(λ,ε
′
)) θ(εF − ε) (12.48)

I
′
(λ)ñ>(λ,ε)+

d
dλ

ñ>(λ,ε) =

−
∫

εF

0
dε
′
D(ε

′
)

1

(eλ eβ(ε−ε
′
)−1)

(ñ<(λ,ε
′
)− ñ>(λ,ε)) θ(ε− εF) (12.49)

ũ(λ) =
∫

∞

εF

D(ε) dε ñ>(λ,ε). (12.50)

Since I
′
(λ), ũ and D(ε) are extensive and ñ is intensive, we may write after setting

λ = 0,
I
′
(0)ñ<(0,ε) =−θ(εF − ε)ũ(0)

+
∫

∞

εF

dε
′
D(ε

′
)

1

(eβ(ε
′−ε)−1)

(ñ<(0,ε)− ñ>(0,ε
′
)) θ(εF − ε) (12.51)

I
′
(0)ñ>(0,ε) =

−
∫

εF

0
dε
′
D(ε

′
)

1

(eβ(ε−ε
′
)−1)

(ñ<(0,ε
′
)− ñ>(0,ε)) θ(ε− εF). (12.52)

Dividing both sides of Eq. (12.52) by ñ>(0,ε) allows us to suspect that it should be
possible to write

(
ñ<(0,ε

′
)

ñ>(0,ε)
−1) = (eβ(ε−ε

′
)−1) h(ε

′
), (12.53)

1As the reader may have suspected, the authors thought of this by inspecting the exact result
obtained by elementary means.

n(λ,ε) =
1(

eβ(ε−µ)−λθ(εF−ε)+1
)e−λN0

Exp

∫
εF

0
D(ε

′
) dε

′
Log


(

1+ e−β(ε
′−µ)+λ

)
(

1+ e−β(ε
′−µ)
)
 (12.46)
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so that for some h we have,

I
′
(0) =−

∫
εF

0
dε
′
D(ε

′
) h(ε

′
). (12.54)

Interchanging ε and ε
′
in Eq. (12.53) and substituting into Eq. (12.51) we obtain

I
′
(0)ñ<(0,ε) =−θ(εF − ε)ũ(0)+h(ε) ũ(0) θ(εF − ε). (12.55)

We now multiply by the density of states and integrate to obtain, I
′
(0)N0,< =

−N0 N0,> − I
′
(0) N0,>, where the notation is self-explanatory. Thus I

′
(0) =

−N0,> =−ũ(0). In other words, ñ<(0,ε) = 1−h(ε). Hence we find,

ñ>(0,ε) =
1

1+ h(ε′)
1−h(ε′)

eβ(ε−ε
′
)
. (12.56)

Therefore, we may conclude that there exists a constant µ such that, h(ε
′
)

1−h(ε′)
=

eβ(ε
′−µ), or h(ε

′
) = 1

e−β(ε
′−µ)+1

. Thus ñ>(0,ε) = ñ<(0,ε) = 1
eβ(ε−µ)+1

. It is remark-

able indeed that the Fermi-Dirac distribution emerges from a theory that is bosonic
in character. However, it is important to impress upon the reader that it is the gen-
eralized RPA that takes into account fluctuations in the number of particle-hole
pairs in a self-consistent manner that leads to the Fermi-Dirac distribution, whereas
the simple-minded RPA fails to do so. This latter fact is easily seen by replacing
the commutator [ak(q),a†

k(q)] = nF(k−q/2)(1−nF(k+q/2)), which is nothing
but the simple-minded RPA. This choice will lead to a result for the momentum
distribution at finite temperature as follows.

n(0,ε) = θ(εF − ε)−
∫

εF

0
dε
′
D(ε

′
)
∫ 0

∞

dλ
′

1

(eλ
′

eβ(ε−ε
′
)−1)

(θ(εF − ε
′
)−θ(εF − ε)) θ(ε− εF)

+
∫

∞

εF

dε
′
D(ε

′
)
∫ 0

∞

dλ
′ 1

(eλ
′

eβ(ε
′−ε)−1)

(θ(εF−ε)−θ(εF−ε
′
)) θ(εF−ε) (12.57)

This is clearly wrong since D(ε) is an extensive quantity whereas the momentum
distribution is not. Thus we have to solve for the momentum distribution self-
consistently using the generalized RPA, which ensures that the integral over λ

′

brings to the denominator an extensive quantity making the momentum distribu-
tion intensive as it should be.
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One may also try to see if the GRPA reproduces the correct finite temperature cor-
relation functions of the a-operators themselves. If we set λ = 0 in the above dis-
cussion, we obtain,

< a†
k(q)ak(q)>Bose−Lang=

1

(eβ
k.q
m −1)

(< nk−q/2 >−< nk+q/2 >)

nF(k−q/2)(1−nF(k+q/2)), (12.58)

whereas, in the Fermi language it is

< a†
k(q)ak(q)>Fermi−Lang

=< nk+q/2 > (1−< nk−q/2 >) nF(k−q/2)(1−nF(k+q/2)). (12.59)

We may easily see that these two are the same formulas since eβ
k.q
m =

eβεk+q/2e−βεk−q/2 =
( 1
<nk+q/2>

−1)

( 1
<nk−q/2>

−1)
. Thus the important point is that we have to in-

voke the GRPA that retains the number operator on the right-hand side rather than
the simple-minded RPA that replaces the right-hand side by the zero temperature
c-number functions.

12.3 The Sea-Boson

Now we introduce the concept of the ‘sea-boson’. We regard it as merely a conve-
nient way of parameterizing the properties of fermions using bosonic operators. Its
validity is checked by comparing with limiting cases and other exactly solved mod-
els. This approach is common in many areas of physics, where proofs, when they
are hard to come by, are replaced by plausibility arguments. In this sea-boson the-
ory, we make the following prescriptions (that are justified a posteriori). Consider
as before, a spinless Fermi system with annihilation and creation operators cp,c

†
p.

Thus {cp,cp′}= 0 and {cp,c
†
p′
}= δp,p′ . We define |FS > to be the filled Fermi sea

of the noninteracting system with N0 number of fermions. Thus nF(k)= θ(kF−|k|)
is the momentum distribution of the noninteracting theory and N0 = ∑k nF(k). We
define cp,< = nF(p) cp and cp,> = (1−nF(p))cp.

In the sea-boson framework, the operator c†
k−q/2,<ck+q/2,> → ak(q) is identified

with a canonical boson obeying the commutation rules,

[ak(q),a†
k′
(q
′
)] = nF(k−q/2)(1−nF(k+q/2))δk,k′δq,q′ (12.60)

and
[ak(q),ak′ (q

′
)] = 0. (12.61)
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The kinetic energy of electrons is identified with,

K→∑
k,q

k.q
me

a†
k(q)ak(q)+E0 (12.62)

where E0 is the kinetic energy c-number of the noninteracting electrons in the
ground state. For the purposes of this article, we shall be needing one more pre-
scription, namely that the momentum distribution of electrons is obtained by com-
puting the average < a†

k(q)ak(q)>. Now we take the point of view that either one
uses the exact nonlocal operator with fluctuation number of particle-hole pairs dis-
cussed earlier or tries to make-do with the present ad hoc approach by somehow
guessing a formula that takes into account these effects albeit in an indirect way.
Consider the following claim. The average momentum distribution is given by,

< nk >=
1
2

(
1+ e−2∑q<a†

k+q/2(q)ak+q/2(q)>
)

nF(k)

+
1
2

(
1− e−2∑q<a†

k−q/2(q)ak−q/2(q)>
)
(1−nF(k)). (12.63)

The above peculiar form with operators in the exponent ensures that divergences
at small q are ‘tamed’ by the above procedure. This appears to be the price one
has to pay to make do with simple bosons when in fact the real operators are non-
local and highly sensitive to fluctuations in the number of particle-hole pairs as we
have seen. For higher dimensions when there are no small q divergences (infrared
divergences), we may write,

< nk >≈ nF(k)+∑
q
< a†

k−q/2(q)ak−q/2(q)>−∑
q
< a†

k+q/2(q)ak+q/2(q)> .

(12.64)
This ‘theory’ works only at zero temperature, unlike the rigorous approach which
gives the Fermi Dirac distribution with great difficulty but is otherwise nearly use-
less even though it is rigorous. We now wish to reproduce Galitskii’s perturbative
results for the quasiparticle residue in three dimensions. Application to Luttinger
liquids in 1D and 2D, 1D Wigner crystal, and so on, are left to the exercises. One
of the main purposes of this article is to show how to do this, which requires tak-
ing into account particle-hole modes carefully. To do this we have to first set some
ground rules. We have to use a model of interacting fermions that becomes soluble
when recast in this sea-boson language. We have shown repeatedly in earlier works
that this corresponds to interactions that scatter pairs of fermions across the Fermi
surface with momentum transfer that is small compared to the Fermi momentum
(forward scattering only). Thus we wish to analyze the following Hamiltonian in
the Fermi language.

H = ∑
k

εkc†
kck
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+ ∑
q6=0

vq

2V ∑
k6=k′

(c†
k+q/2,<ck−q/2,>+ c†

k+q/2,>ck−q/2,<)

(c†
k′−q/2,<

ck′+q/2,>+ c†
k′−q/2,>

ck′+q/2,<) (12.65)

Here vq = 0 if |q|> Λ� kF . The additional restriction that the scattering be across
the Fermi surface makes the vectors k,k′ lie close to the Fermi surface. This may
be regarded as the RPA version of the usual jellium Hamiltonian. As we have in-
cluded only processes that scatter across the Fermi surface, this is equivalent to
setting c†

k+q/2,<ck−q/2,< ≈ 0 and c†
k+q/2,>ck−q/2,> ≈ 0 for q 6= 0. In the sea-boson

language, this is simply given by,

H = ∑
k,q

k.q
m

a†
k(q)ak(q)

+ ∑
q6=0

vq

2V
(a(−q)+a†(q))(a(q)+a†(−q)) (12.66)

where a(q) = ∑k ak(q). We shall not repeat the details here since we have shown
several times that the average in question may be easily calculated as

< a†
k(q)ak(q)>=

vq

V ∑
i=modes

1
|ε′(q,ωi(q))|

nF(k−q/2)(1−nF(k+q/2))

(ωi(q)− k.q
me

)2
,

(12.67)
where ωi(q) are all allowed zeros of the RPA dielectric function,

ε(q,ω) = 1−
vq

V ∑
k

nF(k−q/2)−nF(k+q/2)

ω− k.q
me

. (12.68)

In one spatial dimension we could afford to be casual about the interpretation of
the sum over modes since eventually only the collective modes survive. However,
it is crucial to reinterpret this sum in more than one dimension in order to recover
the perturbation theory result. But we have to do it in a way that does not disturb
the 1D result that was already coming out right. To do this, let us first examine
the perturbation theory result. One way would be to expand the ground state in a
perturbation series to second order and compute the expectation value of nk. The
new ground state with interactions has a formal expression,

|G >= |FS >+ ∑
|k>6=|FS>

|k >< k|V |FS >

E0−Ek

+ ∑
|k>6=|FS>,|l>6=|FS>

|k > < k|V |l >< l|V |FS >

(E0−Ek)(E0−El)
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− ∑
|k>6=|FS>

|k > < FS|V |FS >< k|V |FS >

(E0−Ek)2

−1
2 ∑
|k>6=|FS>

|FS >
< FS|V |k >< k|V |FS >

(Ek−E0)2 . (12.69)

Therefore,

< G|nk|G >= nF(k)− ∑
| j>6=|FS>

nF(k)
< FS|V | j >< j|V |FS >

(E j−E0)2

+ ∑
| j>6=|FS>

< FS|V | j >< j|nk| j >< j|V |FS >

(E0−E j)2 . (12.70)

It is clear that we have to choose excited states | j > that have two particle-hole
pairs in them.

We choose | j >= c†
P−Q/2,>cP+Q/2,<c†

P′+Q/2,>
cP′−Q/2,<|FS >. As usual we are

going to insist that P 6= P′ and Q is small compared to kF . Also, interchanging P,P′

and changing the sign of Q is not going to yield anything different. So we shall
remember to divide by a factor of two while summing over | j > to compensate for
this. The matrix element of the interaction is,

< FS|V | j >=
vQ
V

nF(P
′
−Q/2)(1−nF(P

′
+Q/2))

nF(P+Q/2)(1−nF(P−Q/2)) (12.71)

< j|nk| j >= nF(k)−δk,P′−Q/2−δk,P+Q/2 +δk,P−Q/2 +δk,P′+Q/2 (12.72)

E j = E0− εP′−Q/2− εP+Q/2 + εP−Q/2 + εP′+Q/2 = E0 +
P′ ·Q

me
− P ·Q

me
. (12.73)

We note that each of the particle-hole pairs contributes a positive energy to the

excited state as the cutoff functions ensure that P′ ·Q
me

> 0 and −P·Q
me

> 0. This will
be important in helping us interpret the sum over modes in the sea-boson formalism.
After some simplification, we arrive at the following formula, which is what simple
perturbation theory in the coupling in the Fermi operator language tells us.

< G|nk|G >≈ nF(k)

−∑
k′ ,q

(vq

V

)2 nF(k
′
+q/2)(1−nF(k

′−q/2))nF(k)(1−nF(k+q))

(k′ ·q
me
− k·q

me
− εq)2

+ ∑
k′ ,q

(vq

V

)2 nF(k
′
+q/2)(1−nF(k

′−q/2))nF(k−q)(1−nF(k))

(k′ ·q
me
− k·q

me
+ εq)2

(12.74)
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Now we wish to see if the above formula can be recovered by the sea-boson ap-
proach. For this we have to use the simplified version of Eq. (12.63) obtained by
expanding in powers of < a†a > and retaining the leading term as this quantity is
itself of order v2

q. This leads to the following expression,

< nk >= nF(k)+∑
q
< a†

k−q/2(q)ak−q/2(q)>

−∑
q
< a†

k+q/2(q)ak+q/2(q)> . (12.75)

By using Eq. (12.67) we may rewrite this as,

< nk >= nF(k)+∑
q

vq

V ∑
i=modes

1
|ε′(q,ωi(q))|

nF(k−q)(1−nF(k))
(ωi(q)− k.q

me
+ εq)2

−∑
q

vq

V ∑
i=modes

1
|ε′(q,ωi(q))|

nF(k)(1−nF(k+q))
(ωi(q)− k.q

me
− εq)2

. (12.76)

Comparing the denominators of the two formulas Eq. (12.76) and Eq. (12.74), we

conclude that ωi(q)→ k′ ·q
me

< 0. This energy has to be negative in order for the two
formulas to be consistent. This is not impossible since the zeros of the dielectric
function admit both signs. In the noninteracting theory the energies are always
positive, but with interactions it can be of either sign. We may conclude that in
this case, only negative energies will be allowed in the ground state to minimize
energy. In fact, we can go even further and make sure that the two formulas are
in fact identical. We rewrite the condition for the zero of the dielectric function as
follows.

0 = 1−
vq

V ∑
k6=ki

nF(k−q/2)−nF(k+q/2)

ωi(q)− k.q
me

−
(vq

V

) nF(ki−q/2)−nF(ki +q/2)

ωi(q)− ki.q
me

(12.77)

We are going to choose only the negative zeros. This means nF(ki−q/2) = 0 and
nF(ki +q/2) = 1. Thus,

ωi(q) =
ki.q
me
−

(vq
V

)(
1− vq

V ∑k 6=ki
nF (k−q/2)−nF (k+q/2)

ωi(q)− k.q
me

) ≈ ki.q
me
−
(vq

V

)
+ ... (12.78)

Also,

ε
′
(q,ωi) =

vq

V
nF(ki−q/2)−nF(ki +q/2)

(ωi(q)− ki.q
me

)2
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+
vq

V ∑
k6=ki

nF(k−q/2)−nF(k+q/2)

(ωi(q)− k.q
me

)2
≈−

(vq

V

)−1
+ ... (12.79)

Substituting these into Eq. (12.76) we find the same formula as Eq. (12.74). The
sum over modes may be elegantly redefined by summing over all negative ener-
gies weighted by the spectral function. Hence we choose to adopt the following
prescription,

< a†
k(q)ak(q)>=

vq

V

∫ 0

−∞

dω
−εi(q,ω)/π

ε2
r (q,ω)+ ε2

i (q,ω)

nF(k−q/2)(1−nF(k+q/2))

(ω− k.q
me

)2
. (12.80)

Here εi and εr are the imaginary and real parts of the dielectric function, respec-
tively. Thus,

εi(q,ω) =−π
vq

V ∑
k′
(nF(k

′
+q/2)−nF(k

′
−q/2))δ(ω− k′.q

me
) (12.81)

and εr−1 is related to εi by the Kramers-Kronig relations.

εr(q,ω)−1 =
2
π

∫
∞

0

ω
′
εi(q,ω

′
)

ω
′2−ω2 dω

′
(12.82)

In order to recover naive perturbation theory from Eq. (12.80) we realize that as
vq→ 0, εr→ 1 and εi ∼ O(vq). Hence we obtain,

< a†
k(q)ak(q)>≈

vq

V

∫ 0

−∞

dω
vq

V

∑
k′
(nF(k

′
+q/2)−nF(k

′
−q/2))δ(ω− k′.q

me
)

nF(k−q/2)(1−nF(k+q/2))

(ω− k.q
me

)2

=
(vq

V

)2
∑
k′

nF(k−q/2)(1−nF(k+q/2))

(k′ .q
me
− k.q

me
)2

nF(k
′
+q/2))(1−nF(k

′
−q/2)). (12.83)

This, when substituted into Eq. (12.75), yields the right series for < nk > (Eq.
(12.74)). The only thing that remains now is to ascertain whether the right ex-
ponents of the Luttinger model are recovered when one specializes this to one
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dimension and uses Eq. (12.63) to compute < nk >. If we choose vq = v0, from
Eq. (12.83) we get,

< a†
k(q)ak(q)>≈

(
v2

0
L

)
nF(k−q/2)(1−nF(k+q/2))

(2vFq)2
|q|
2π

. (12.84)

If we use this in Eq. (12.63) we find,

< nk >=
1
2
+ const. sgn(|k|− kF) ||k|− kF |β (12.85)

where the exponent β =
v2

0
8π2v2

F
. Now we wish to see if this is the same as that pre-

dicted by standard bosonization methods. There we find β = (1−K)2

2K and for the

Hamiltonian in consideration in this article, K =
(

vF
(vF+v0/π)

) 1
2 . Expanding in pow-

ers of v0, one finds β that is same as that predicted by our approach. This is some-
what surprising since conventional wisdom tells us that in one dimension, only the
collective mode contributes to the summation over the modes, but in the above dis-
cussion we have completely ignored this. This issue can be clarified by studying the
general case. Now we wish to go back and do this more completely by not expand-
ing in powers of v0. Let us now try to do the integral over ω in Eq. (12.80) without
expanding in powers of v0. In one dimension, the imaginary part of the dielectric
function evaluates as,

εi(q,ω) =−
mev0

2|q|
(θ(kF −|

meω

q
+q/2|)−θ(kF −|

meω

q
−q/2|)). (12.86)

From this we may obtain the real part by Kramers-Kronig relations.

εr(q,ω) = 1+
mev0

2π|q|
Log

∣∣∣∣ω2− (vF |q|+ εq)
2

ω2− (vF |q|− εq)2

∣∣∣∣ (12.87)

In the RPA limit we have,

εr(q,ω)≈ 1− vFv0

π

q2

ω2− (vF |q|)2 . (12.88)

The region of negative ω for which εi 6= 0 is −vF |q|−εq < ω <−vF |q|+εq. Away
from this region, only the collective mode contributes since the Lorentzian becomes
a delta function. Thus we have,

< a†
k(q)ak(q)>≈

v0

L
εq

∫ 1

−1
dx

mev0
2π|q|(

1+ mev0
2π|q| Log

∣∣∣ (x+1)
(x−1)

∣∣∣)2
+
(

mev0
2|q|

)2
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nF(k−q/2)(1−nF(k+q/2))
(2vF |q|)2

+
2π

L
(v− vF)

2

4vvF |q|
nF(k−q/2)(1−nF(k+q/2)). (12.89)

The integral over x is the particle-hole mode contribution and the other term is
the collective mode contribution. Here we have used the RPA approximation to the
real part of the dielectric function to simplify the collective mode contribution. Also

v =
√

v2
F + v0vF

π
. From the above expression it is easy to see that in the RPA limit,

the particle-hole mode drops out completely and we are left with only the collective
mode. This is in contrast to what happens in higher dimensions, where the collec-
tive mode leads to an exponentially suppressed contribution for weak coupling, but
unlike in one dimension where the imaginary part of the dielectric function is non-
zero in a rather tiny region, in higher dimensions this region is quite large, meaning
that we expect that particle-hole mode contributions will dominate in higher dimen-
sions. These expectations will be verified explicitly later on. We wish to complete
the calculation of the momentum distribution. Using Eq. (12.63) we find the same
form as Eq. (12.85) but with a new β given by β = (v−vF )

2

2vvF
. This is the same as

the exact result given by conventional bosonization methods since K = vF
v . Now

we wish to continue in this vein and compute the dynamical density–density cor-
relation function and see if it matches with the standard results of conventional
bosonization/RPA. By now the reader should be convinced that it will. For later use
we calculate the general density–density correlation function without committing
to any specific dimension (this is for |q| � kF ).

< T ρ(−q, t)ρ(q, t
′
)>=

i
−iβ ∑

k,n
ewn(t−t

′
)nF(k−q/2)−nF(k+q/2)

ε(q, iwn)(iwn− k.q
me

)
(12.90)

Specializing to the case when t
′
> t in the imaginary time sense we obtain, accord-

ing to our agreement of the interpretation of the summation over modes (for vq 6= 0,
iwn =

k.q
me

is not a pole),

< ρ(q, t
′
)ρ(−q, t)>= ∑

k

∫ 0

−∞

dω e−iω(t−t
′
) −εi(q,ω)/π

ε2
r (q,ω)+ ε2

i (q,ω)

nF(k−q/2)−nF(k+q/2)

(ω− k.q
me

)
. (12.91)

The integral over ω is in the sense of a principal value. Let us now evaluate this in
one dimension. In the RPA limit, only the collective mode survives at ω = −v|q|.
In this case we obtain the familiar result,

< ρ(q, t
′
)ρ(−q, t)>= eiv|q|(t−t

′
) vF

v
NS(q). (12.92)
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In higher dimensions, we may check the validity of this formula by comparing with
standard perturbation theory. For this we again rewrite this as sum over modes. Ba-
sically the formula in Eq. (12.91) is what we get when we take the thermodynamic
limit. If we do not wish to take the thermodynamic limit, then we must use the
formula below.

< ρ(q, t
′
)ρ(−q, t)>= ∑

k,i,ωi(q)<0
e−iωi(q)(t−t

′
)

1
|ε′(q,ωi(q))|

nF(k−q/2)−nF(k+q/2)

(ωi(q)− k.q
me

)
(12.93)

We use the results obtained earlier, namely, ωi(q)≈ ki·q
me
− vq

V , |ε′(q,ωi)| ≈
(vq

V

)−1

where ki·q
me

< 0. Substituting these into the formula Eq. (12.93) we obtain,

< ρ(q, t
′
)ρ(−q, t)>= ∑

k,ki

e−i ki·q
me (t−t

′
)
(vq

V

)
−nF(k+q/2)(1−nF(k−q/2))

(ki·q
me
− vq

V −
k.q
me

)

= ∑
k

e−i k·q
me (t−t

′
) nF(k+q/2)(1−nF(k−q/2))+ ..., (12.94)

which is as it should be. Lastly, we wish to evaluate the momentum distribution
perturbatively in three dimensions for short-range interactions and see if we can
reproduce Galitskii’s well-known result for the quasiparticle residue. One must ex-
ercise caution, however, since the model we have considered is not exactly the one
consider by Galitskii. We have only included forward-scattering terms and scat-
tering across the Fermi surface only. Thus we do not expect all the features to be
identical. However, we have already demonstrated quite generally that our theory
is consistent with conventional perturbation theory. We start with Eq. (12.83). To
evaluate the sum over k′ , we treat k,k′ as close to the Fermi surface and q small
compared to the Fermi momentum. This is the only limit in which our theory works
in the way in which we have presented it. However, Galitskii deals with the more
general case in his paper. Hence we should not be surprised if we find a discrep-
ancy in the final results. After performing the summation over |q| < Λ� kF our
formulas yield,

∑
q
< a†

kF−q/2(q)akF−q/2(q)>

= ∑
q
< a†

kF+q/2(q)akF+q/2(q)>≈
(

U2
0

(2π)2

)
k2

F
(2π)2

1
v2

F

Λ2

2
Log[2]. (12.95)
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Now we insert the above formula into Eq. (12.64) to arrive at a formula for the
quasiparticle residue (jump across the Fermi surface). The quasiparticle residue is
given by ZF = 1− (Λa)2

π2 Log[2] taking into account the definition of the scattering
length a = meU0

4π
, whereas Galitskii obtains ZF = 1− 8

π2 Log[2](kFa)2 (this result is
also reproduced in a more accessible textbook on statistical physics by Landau and
Lifshitz).

12.3.1 Asymptotically Exact Momentum
Distribution for Forward Scattering Interactions

Assuming that the reader is convinced that the momentum distribution provided by
sea-boson approach is asymptotically exact for forward scattering, we may proceed
to derive explicit expressions for this in two and three spatial dimensions for po-
tentials of the form, vq = g vF

k(d−1)
F

(q/Λ)η θ(Λ−|q|). The reason for this particular

form is because we want the dielectric function to be meaningful in the RPA limit
kF ,me→∞. If we do not choose k(d−1)

F in the denominator, then we get a divergent
result for the dielectric function in the RPA limit. We examine the momentum dis-
tribution as g is varied and look for signatures of quantum phase transition. First
we need the imaginary and real parts of the dielectric function. In the RPA limit
(long-wavelength low-energy limit) we may write,

ε
3D
i (q,ω) =

m2
e

q
vq

(2π)
ω θ(vFq−|ω|)

; ε
2D
i (q,ω) =

vq

(2π)

ω

vF
kF

θ(vFq−|ω|)√
(vFq)2−ω2

(12.96)

ε
3D
r (q,ω)−1 =

m2
eω2

q
vq

π2
1

2ω
Log

∣∣∣∣vF |q|−ω

vF |q|+ω

∣∣∣∣ +
m2

e
q

vq

π2 (vFq) (12.97)

ε
2D
r (q,ω)−1 =−

vq

(2π)

kF

vF

(
−1+θ(ω2− (vF |q|)2)

√
ω2

ω2− (vF |q|)2

)
. (12.98)

12.3.2 Short-Range Interactions

First we consider short-range interactions in two and three dimensions: v2D
q =

g vF
kF

θ(Λ− |q|), v3D
q = g vF

k2
F

θ(Λ− |q|). In this case the collective modes are sound
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waves (zero sound) with dispersion, ωc(q) =±vc|q| where in three dimensions the
velocity is given as the solution to

vc

vF
ArcTanh

(
vF

vc

)
= (

π2

g
+1), (12.99)

whereas in two dimensions it is simpler vc = vF

√
( 2π

g +1)2

( 2π

g +1)2−1
. From this we may

evaluate the sea-boson occupation in two and three dimensions. We consider two
extreme limits g→ 0+ and g→ ∞. In three dimensions, the velocity collective
mode is exponentially close to the Fermi velocity. This leads to the collective mode
to be exponentially suppressed. Thus we find in three dimensions as, g→ 0+, vc ≈
vF(1+2e−

2π2
g ), the following formula for the sea-boson occupation.

< a†
k(q)ak(q)>3D≈

(4π2)v2
F |q|

V k2
F

e−
2π2

g
nF(k−q/2)(1−nF(k+q/2))

(−vF |q|− k.q
me

)2

− 1
V

vF

k2
F

g2

(2π2)
(vF |q|)

∫ 0

−1
ds s

nF(k−q/2)(1−nF(k+q/2))

(vF |q|s− k.q
me

)2
(12.100)

The first term with e−
2π2

g is due to the collective mode, the second is due to the
particle-hole mode. We can see that for weak coupling in three dimensions the
collective mode contribution to the momentum distribution is exponentially sup-
pressed. The main contribution therefore is from the particle-hole mode, which is
proportional to the square of the coupling. Substituting this into Eq. (12.63) we find
the following expression for the quasiparticle residue

ZF = 1−Log[2]
2g2

(2π)4
Λ2

k2
F
, (12.101)

which as we have seen earlier is consistent with Galitskii’s result. The opposite limit

g→ ∞ is more interesting. But in three dimensions, for g→ ∞ we get vc =

√
gv2

F
3π2 .

The formula for the boson occupation in this case is,

< a†
k(q)ak(q)>3D=√

3π2g
2V k2

F

nF(k−q/2)(1−nF(k+q/2))
|q|

+
vF

V k2
F

vF |q|
∫ 0

−1
ds

− g2

(2π2)
s

[1+ g
π2

(
1− s

2Log
∣∣ s+1

s−1

∣∣)]2 +[ g
(2π)s]

2
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nF(k−q/2)(1−nF(k+q/2))

(vFqs− k.q
me

)2
. (12.102)

We may see from this formula that there are two contributions. The first due to
the collective mode diverges as g→ ∞ (albeit rather slowly as

√
g), however, the

second term, which is due to particle-hole excitations, saturates. We may see from
this formula that this is true only if we ignore the collective mode. In this article, we
make the sea-boson formula Eq. (12.63) plausible by comparing with both trivial
(read free theory), semi-trivial (read leading order perturbation theory), and non-
trivial (read Luttinger exponents in 1d) limiting cases. We may proceed to evaluate
the quasiparticle residue.

ZF ≈ e−2∑q<a†
kF−q/2(q)akF−q/2(q)> ≈ e

−
√

3π2g
(2π)2

Λ2

2k2
F (12.103)

It appears that this quantity shrinks to zero as g→ ∞. However, one must bear in
mind that the theory presented is valid only in the RPA limit where kF ,me → ∞

but kF/me = vF < ∞. The random phase approximation continues to be valid for
Λ� kF , thus we may fix Λ/kF = rc � 1. In this case the quasiparticle residue
shrinks to zero as the coupling tends to infinity. In two spatial dimensions, we may
see that the collective mode and particle-hole modes contribute nearly equally even
for weak coupling. Thus we expect something more interesting for strong coupling.
For weak coupling in two spatial dimensions we have,

< a†
k(q)ak(q)>2D=

1
A

2π|q|v3
F

g3

(2π)3

kFvF

nF(k−q/2)(1−nF(k+q/2))

(−vF |q|− k.q
me

)2

−
g2 vF

kF

(2π2)A
vF |q|

∫ 0

−1

ds s√
1− s2

nF(k−q/2)(1−nF(k+q/2))

(vF |q|s− k.q
me

)2
. (12.104)

Here again the first term is the collective mode and the second is the particle-hole
mode. One sees that their contribution is comparable. While the collective mode is
of order g3, the particle-hole mode is of order g2. This is in contrast to the case in
three dimensions where the collective mode is exponentially suppressed. One may
evaluate the quasiparticle residue for weak coupling to get,

ZF ≈ 1− Λ

kF

g2

(2π4)
(0.9)+ ... (12.105)

The numerical constant appears in an integral that we have evaluated numerically.
For strong coupling, again, the particle-hole mode saturates but the collective mode
grows so that we obtain,
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< a†
k(q)ak(q)>2D≈

(πg)
1
2

A
nF(k−q/2)(1−nF(k+q/2))

(kF |q|)
. (12.106)

Thus the momentum distribution is given by the formula,

< nk >≈ 1
2

(
1+ e−

√
(πg)
2π

Λ

kF

)
nF(k)+

1
2

(
1− e−

√
(πg)
2π

Λ

kF

)
(1−nF(k)). (12.107)

12.3.3 Long-Range Interactions

Now we consider long-range interaction of the gauge potential type. In two dimen-
sions we choose v2D

q = g vF
kF

(q/Λ)−2 θ(Λ−|q|) and in three dimensions we choose
vq = g vF

k2
F
(q/Λ)−2 θ(Λ−|q|). The former is a Log(r) type of potential in real space,

whereas the latter is the usual Coulomb potential. The real part of the dielectric
functions have the following zeros: ωc,2D ≈

√
g

(4π)(vFΛ) , ωc,3D ≈
√

g
3π2 (vFΛ).

Thus the collective excitations are of the plasma type. After performing the compu-
tations we find the following expressions for the boson occupations. In two spatial
dimensions, we obtain,

< a†
k(q)ak(q)>=

−
vF
kF

θ(Λ−|q|)
A

(vF |q|)−1
∫ 0

−1
dx 2x

√
1− x2 θ(k̂ · q̂)

(x− k̂ · q̂)2

+θ(ωc− vF |q|)
g vF

kF
(q/Λ)−2

A
2πωc

g(vFΛ)2 nF(k−q/2)(1−nF(k+q/2)) θ(Λ−|q|).
(12.108)

Here we find that as q→ 0 the most singular contribution is coming from the col-
lective mode. Hence the Luttinger behavior of the system is due to the collective
mode and not the particle-hole mode. In three dimensions, our formalism yields the
following expression.

< a†
k(q)ak(q)>=

g vF
k2

F
(q/Λ)−2 θ(Λ−|q|)

V

∫ 0

−1
(vF |q|) dx

− 1
π

g (Λ/q)2

(2π) x

(1+ x g
π2

Λ2

2q2 Log
∣∣1−x

1+x

∣∣ + g Λ2

π2q2 )2 +(g2 (Λ/q)4

(2π)2 x2)

nF(k−q/2)(1−nF(k+q/2))

(xvF |q|− k.q
me

)2
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+
θ(ωc− vF |q|)

V
π2

(kFq)2

(
3ωc

2vF

)
nF(k−q/2)(1−nF(k+q/2)). (12.109)

The importance of the two contributions may be made clear by examining the oc-
cupation number summed over the momentum label q.

∑
q
< a†

kF−q/2(q)akF−q/2(q)>=

− 1
(2π)2 g

Λ2

k2
F

∫ 0

−1

dx
(1− x)

1
2πx(

ArcTan

(
πx

2+ 2π2

g + xLog
(1−x

1+x

))−ArcTan

(
πx

2+ xLog
(1−x

1+x

)))

+
1

(2π)2 min(Λ,
ωc

vF
)

π2

k2
F

(
3ωc

2vF

)
(12.110)

As g→ 0, we obtain the following expression for the momentum distribution.

< nk >≈ (1− g
(2π)2

Λ2

k2
F
(0.64)) nF(k)

+
g

(2π)2
Λ2

k2
F
(0.64) (1−nF(k)) (12.111)

As g → ∞, the particle-hole mode contribution saturates whereas the collective
mode contribution grows, albeit slowly, to give

< nk >=
1
2

(
1+ e

− Λ2

4k2
F

√
3g
π2

)
nF(k)+

1
2

(
1− e

− Λ2

4k2
F

√
3g
π2

)
(1−nF(k)). (12.112)

In the exercises, the reader is invited to study the situations we have left out, viz.
long-range interactions in one and two dimensions, etc.

12.4 Exercises

Q.1 Verify that Eq. (12.5) obeys the relations ρ(x) ≡ ψ†(x)ψ(x) and ρ(x)v(x) ≡
Im[ψ†(x)∇ψ(x)].

Q.2 Add a source term
∫ −iβ~

0 dt
∫

d3x W(x) · v(x) to Eq. (12.10) and evaluate the
generating function,

Z[W ]≡
∫

D[v]eiSe f f e
∫−iβ~

0 dt
∫

d3x W(x)·v(x). (12.113)
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By differentiating appropriately with respect to W , derive Eq. (12.11).

Q.3 Perform the summation over k directly in the equal-time version of Eq.(12.12)
and then take the large ω0 limit to verify that the final answers are the same as what
has been described in the text. Hint: You should get a K1 Bessel function.

Q.4 What’s wrong if we simply write
√

ω2
0 + c2k2 ≈ ω0 in Eq. (12.12) and arrive

at,

< φΓ(t)φΓ
′ (t
′
)>≈ 4πq2

V ∑
k

e−iω0(t−t
′
)

∮
dx ·

∮
dx′eik·(x−x′)

(2~ω0)

= 4πq2 e−iω0(t−t
′
)

∮
dx ·

∮
dx′δ3(x−x′)
(2~ω0)

? (12.114)

Hint: It is an indeterminate form.

Q.5 Calculate the unequal time version of Eq. (12.12) by writing,

e−i
√

ω2
0+c2k2(t−t

′
) ≈ e−iω0(t−t

′
)e−i c2k2

2ω0
(t−t

′
)
. (12.115)

Q.6 Using the sea-boson formula Eq. (12.63), evaluate the momentum distribu-
tion for fermions in one dimension with forward-scattering potentials (i) vq = v0 =
const. and (ii) vq = q2

0/q2 (this is called a Wigner crystal). What is the nature of
the momentum distribution if the same expressions are used in two dimensions? To
answer this use the Hamiltonian,

H =∑
k,q

k.q
m

a†
k(q)ak(q)+ ∑

k,k′ ,q

vq

2Ω
(ak(−q)+a†

k(q))(ak′ (q)+a†
k′
(−q)) (12.116)

together with the commutation rules [ak(q),a†
k′
(q′)] = δk,k′δq,q′nF(k− q/2)(1−

nF(k+q/2)) and [ak(q),ak′ (q
′
)] = 0 evaluate the zero temperature sea-boson oc-

cupation < a†
k(q)ak(q)>.

The next two are research-level questions.

Q.7 How would you evaluate vortex–vortex correlations for a Fermi fluid?

Q.8 How would you reconcile Eq. (12.63) using the concepts of nonlocal particle-
hole creation discussed in the beginning? Is a derivation of Eq. (12.63) possible
using those more rigorous concepts?
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Chapter 13

Non-chiral Bosonization of
Fermions in One Dimension

In this chapter, an alternative to the conventional approach to bosonization in one
dimension that invokes the Dirac equation in 1+1 dimension with chiral ‘right-
movers’ and ‘left-movers’ is proposed (the conventional approach is discussed,
e.g., in the text book by Giamarchi, Quantum Physics in One Dimension, Oxford).
This technique allows us to use a basis different from the plane wave basis that
makes this non-chiral approach ideally suited to study Luttinger liquids that have a
boundary(s) or impurities that break translational symmetry. We provide a simple
solution to the electron Green function for the problem of a Luttinger liquid (LL)
with a boundary and also for a LL with a single impurity. The present method is sig-
nificantly easier than the g-ology based standard bosonization and other methods
that require a combination of RG (renormalization group) along with bosoniza-
tion/refermionization techniques. This method is superior because it reproduces, as
a limiting case, the exact closed formula for the (random phase approximation) RPA
Green function of free fermions with the single impurity without mutual interac-
tions obtainable trivially using Fermi algebra, whereas the conventional bosoniza-
tion/RG approaches are not able to do so.

The basic idea of bosonization is the inversion of the bilinear relation between local
currents and densities J(x) = Im[ψ†(x)∂xψ(x)] and ρ(x) = ψ†(x)ψ(x)—performing
a kind of square root operation—so that the Fermi fields themselves are express-
ible in terms of currents and densities so that ψ(x) = F(ρ,J;x). The goal of this
approach is to determine to what extent this is possible and meaningful and how
one should use this idea in practical calculations. One may use a simile to describe
this process. Imagine trying to understand the nature of ripples on the surface of
water. Perhaps one is interested in the velocity of the wave, the energy versus
wave vector relation, and so on. These may be determined in principle, with the

303
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304 Field Theory

knowledge of the microscopic constituents of the material. In other words, one
may derive the bulk properties of the system from a knowledge of the microscopic
constituents and their interactions. This situation would be analogous in the present
instance to finding J(x),ρ(x)—the ripples—from a knowledge of the constituents
viz. ψ(x),ψ†(x). This is appropriate since the continuum fluid description is indeed
described by currents and densities as we have seen in earlier chapters. One could
now become inquisitive and ask if the reverse is possible. Could one infer the na-
ture of the atomic constituents of a fluid by examining in detail the nature of the
ripples that appear in the medium? Bosonization would mean exactly this. Infer-
ring the correlation function of a few particles with a knowledge of multi-particle
correlations. Of course, at this stage, there is no reason why one approach should
be practically superior to the other. There is a special situation where the currents
and densities and their mutual correlations are simple, but the correlations between
single particles are complicated. This is the typical situation when one attempts to
study the asymptotic properties of the Green functions of fermion systems as we
have already alluded to in the introduction to the earlier chapter. Therefore, it is
worthwhile studying this method in detail. The rest of this chapter is written in a
somewhat terse and non-pedagogical style. In places, we are also combative while
trying to point out what we believe are flaws in the conventional approaches. The
reader is encouraged to consult those ideas first (Giamarchi’s text, e.g.) and the
present chapter and judge for oneself which approach makes more sense.

13.1 A Critique of Conventional
Chiral Bosonization

The subject of what is currently referred to as bosonization started with the works
of Coleman and also independently by Luther. While Coleman showed that the
fermion Green function massive of the Thirring model has an independent descrip-
tion in terms of bosonic variables of an equivalent model involving commuting
variables, namely the so-called Sine-Gordon theory, other authors such as Luther
and Mandelstam took this to mean that the Fermi field operator itself has an ex-
pression in terms of bosonic variables. This latter assertion is much stronger and
is stated without proof in those articles, making them subject to criticism. The
stronger assertion has been used by later researchers in condensed matter physics
to generate Hamiltonians of fermions in one dimension that go under the name
‘g-ology’. Here we argue that the stronger assertion is in fact false, making the
g-ology program in condensed matter physics of questionable validity. This ap-
proach has been used in highly cited works of Kane and Fisher on impurities in
Luttinger liquids and nearly everywhere in the textbook by Giamarchi. An alter-
native is proposed, mainly for condensed matter problems, involving an action
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for fermions in terms of hydrodynamic variables and a prescription for generat-
ing the propagator of fermions (that potentially also allows one to go beyond the
linear dispersion approximation and also the random phase approximation). This
action approach for fermions in one dimension is not new, however. The particle-
hole excitations of the Fermi system that make the kinetic energy diagonal in
these operators are not bosons even ‘approximately’ making the term ‘bosoniza-
tion’ a misnomer. (The belief in conventional bosonization that the kinetic en-
ergy K = ∑k εkc†

kck = ∑p>0 vF p b†
p,Rbp,R +∑p>0 vF p b†

p,Lbp,L + const is an oper-
ator identity is false, 1 it is merely a mnemonic for generating the correlation
functions—and rather poor one at that, judging by the content of the rest of this
chapter. Coleman’s assertion that ψ̄γµψ ≡ − β

2π
εµν∂νϕ is a metaphor only, for the

left-hand side is a Grassmann number and the right-hand side is a real number—and
Grassmann number can never be equal to a real number though it can be equivalent
to a real number). We have some serious issues with the conventional approach to
bosonization. The purpose of this section is to motivate the rest of the chapter by
these criticisms. In his otherwise excellent textbook, based on pioneering works of
Haldane and others, Giamarchi proposes the following formula for the field opera-
tor (Luther-Haldane construction),

ψ
†
r (x) = Limε→0 ψ

†
r (x;ε) = Limε→0

1√
2εL

e−ir(kF− π

L )xeiφ†
r (x,ε)+iφr(x,ε)U†

r , (13.1)

where r =± corresponds to right and left movers and,

φr(x,ε) =−
πrx
L

Nr + i ∑
p6=0

(
2π

L|p|

) 1
2

e−
Lε|p|

2π Y (rp)bpeipx. (13.2)

The main point we are making is that Eq. (13.1) is true only in a weak sense to
be made precise soon. In particular, it is not true that matrix elements of the right-
hand side of Eq. (13.1) are the matrix elements of the field operator (at least no such
proof is forthcoming). Some authors recommend that we postpone taking the ε→ 0
limit until the end of the ‘calculation’. Until the end of what calculation? What if
I don’t want to do any calculation? What if I just want to stare at this operator
itself? If one insists on a calculation, how about calculating the matrix elements
of the field operator? All these rhetorical questions lead to one conclusion - that
is, all the ε’s have be the same for all the field operators in the N-point function
calculation and the fermion commutation rules are recovered only at the level of
correlation functions and not at the level of operators. This is in fact clear if one
consults Coleman’s pioneering paper on the equivalence of the massive Thirring
model and Sine-Gordon equation, He only shows that the Green functions come
out right in both the languages; it is never shown that the matrix elements of the

1The actual operators involved are nonlocal particle-hole creation operators; see earlier chapter.
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field operator come out right. Thus the g-ology program which involves a literal
interpretation of the Luther construction is on shaky ground.

In the literature, the operator description is sometimes replaced by a path integral
version based on Hubbard-Stratanovich transformation making these ideas appear
more legitimate. However, both these approaches are flawed for the same reason—
they manipulate infinities under the euphemism known as ‘normal ordering’. Next,
we provide some technical details justifying the reservations we have expressed.
This is important if we are to convince those who are already familiar with the
conventional approach (instructors of courses who may be using this book, for ex-
ample). Others who are new to the whole idea are strongly urged to skip to the parts
where we discuss the ‘non-chiral’ approach.

13.1.1 Chiral Fermions on a Ring

The central formalism-focused pioneering papers on this subject are by (i) Haldane
and (ii) Heidenreich et al. (see bibliography). Neither address the crucial issues we
are about to address here. We start with the Luther-Haldane construction,

ψ
†
r (x) = Limε→0 ψ

†
r (x;ε); ψr(x) = Limε→0 ψr(x;ε). (13.3)

One may use the normal ordered form,

ψ
†
r (x;ε) =

1√
L

e−ikF rxeiφ†
r (x,ε)U†

r eiφr(x,ε) (13.4)

or the unitary form,

ψ
†
r (x;ε) =

1√
2εL

e−ikF rxeiφ†
r (x,ε)+iφr(x,ε)U†

r (13.5)

U†
r = Limδ→0

1√
L

∫ L

0
dy eirkF y e−iφ†

r (y,δ)Ψ†
r (y; ?)e−iφr(y,δ) (13.6)

where,

Ψ
†
r (x;δ) =

1√
L

e−irkF x
∑
p

e−ipxc†
r,pe−δ

L|p|
2π (13.7)

where δ > 0 and Ψr(x) = Limδ→0+Ψr(x;δ). The formula for U†
r is seldom given

properly in these supposedly rigorous works (should I use Ψ†
r (y) or ψ†

r (y) or
Ψ†

r (y;δ) on the right-hand side of Eq. (13.6)?, hence the question mark). We have
inferred the above version from those works where r =± corresponds to right and
left movers and,

φr(x,ε) =−
πrx
L

Nr + i ∑
p6=0

(
2π

L|p|

) 1
2

e−
Lε|p|

2π Y (rp)bpeipx (13.8)
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b†
p =

(
2π

L|p|

) 1
2

∑
r′=±

Y (r
′
p)ρ†

r′
(p) (13.9)

bp =

(
2π

L|p|

) 1
2

∑
r′=±

Y (r
′
p)ρ†

r′
(−p) (13.10)

and Y (x) = 1; x > 0 and Y (x) = 0; x≤ 0 is Heaviside’s step function, and

ρ
†
r′
(p 6= 0) = ∑

k
c†

r′ ,k+p
cr′ ,k, (13.11)

and {cr,k,cr′ ,k′} = 0, and {cr,k,c
†
r′ ,k′
} = δr,r′δk,k′ are the usual chiral fermion oper-

ators. Also Ur is a unitary operator independent of ε and the bq’s. Another useful
form is,

ψ
†
r (x;ε) =

1√
2εL

e−ikF rxe−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (−p)eipx

U†
r . (13.12)

A relatively minor issue involves taking the thermodynamic limit. We implicitly
imagine L in these formulas to be the perimeter of a circle and the momenta to
be discrete p = n

R where L = 2πR so that ψr(x+L) = ψr(x). The main point we
are making is that Eq. (13.3) is not an operator identity but rather a mnemonic for
generating the correlation functions. The practical consequence of these seemingly
pedantic distinctions is that an operator identity is universal and absolute but a
mnemonic can be model dependent and ad hoc. We wish to establish here that for
the formulas of chiral bosonization, it is the latter that is true. We also go on to
show how these formulas should be modified under different circumstances.

We now point out some other difficulties with the well-known notion of the
Schwinger anomaly that is central to the chiral bosonization program. We wish
to critically examine the assumptions underlying the algebra in conventional
bosonization approaches and see to what extent they are conscious of the im-
portance of taking into account fluctuations in the momentum distribution. In
the earlier chapter, we have seen the important role played by fluctuating mo-
mentum distributions in taming infrared divergences and so on. In the conven-
tional approach, one postulates two species of fermions (chiralities) cR,L(p) that
obey canonical fermion commutation rules. Consider the conventional right-mover
ρR(q) = ∑p c†

R(p+q)cR(p). If the Hilbert space consists of states that have an un-
bounded number of momentum states occupied (as it is in the case of the Luttinger
liquid), clearly this operator is mathematically meaningless (for example, for q = 0
we get infinity). Thus one is forced to implicitly assume a cutoff around the Fermi
momentum that is set to infinity at the end of the calculation. But this cutoff has to
be much smaller than the Fermi momentum in order for the Luttinger model with
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linear energy dispersion to mimic the non-relativistic spectrum close to the Fermi
momentum. Therefore, the Fermi momentum should run off to infinity much be-
fore the cutoff does. But this makes the excitation energies infinite unless the mass
also becomes infinite such that the Fermi velocity if finite. This forces the theory to
become equivalent to the RPA. If one redefines ρR(q) = ∑p c†

R(p+q)cR(p)Γ(p,q)
where Γ(p,q) = θ(Λ−|p+q−kF |)θ(Λ−|p−kF |), remembering to set kF ∼m�
Λ→ ∞, then,

[ρR(q),ρR(q
′
)] = ∑

p
c†

R(p+q
′
+q)cR(p)

×(θ(Λ−|kF− p−q
′
|)−θ(Λ−|kF− p−q|))θ(Λ−|kF− p−q

′
−q|)θ(Λ−|kF− p|).

(13.13)
Here |p−kF |< Λ and |q|, |q′|< 2Λ. At this stage it is by no means obvious that the
right-hand side of the above commutator is a c-number in the said limit. Giamarchi
argues that we may define the normal ordered quantities : c†

R(p+ q
′
+ q)cR(p) :≡

c†
R(p+ q

′
+ q)cR(p)− δq+q′ ,0θ(kF − p) and simply asserts without proof that the

term involving the normal ordered quantities may be dropped. The reason why this
is not acceptable to us is that there is no reason why, for example, we should choose
the noninteracting ground state distribution θ(kF − p). Indeed, in the spirit of the
generalized RPA that we have been discussing, perhaps it is more appropriate to
assume that the right side is zero unless q+q

′
= 0 (which appears to be an uncon-

trolled approximation but may be justified in the limit Λ→∞ by taking matrix ele-
ments with respect to the states of the noninteracting system) but the non-vanishing
term on the right is related to the number operator rather than a c-number,

[ρR(q),ρR(q
′
)] = δq+q′ ,0sgn(q) ∑

−|q|<p<0
c†

R(kF + p+Λ)cR(kF + p+Λ)

−sgn(q)δq+q′ ,0 ∑
|q|>p>0

c†
R(kF + p−Λ)cR(kF + p−Λ). (13.14)

The important point here is that |q| is fixed while kF � Λ→ ∞. This means that
the first term is the number operator at momenta much above the Fermi surface
and the second is the operator for momenta much below the Fermi surface. We
assume that the interactions (or temperatures) are such that they do not affect the
states in these regions. Thus the number operator is purely classical in these regimes
with a value given by the noninteracting Fermi distribution. This is the real reason
why the commutator [ρR(q),ρR(−q)] is a c-number with the value − qL

(2π) , rather
than the unconvincing reason involving a casual manipulation of infinite series by
adding and subtracting infinite quantities (in fact, no explanation is given as to why
the momentum distribution of the noninteracting ground state is used to ‘regular-
ize’ rather than the interacting quantities), given by Haldane, which is reproduced
almost verbatim in the text by Giamarchi.
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Also for the same reason, Haldane’s expression that harmonically analyzes the den-
sity fluctuation that includes terms that oscillate rapidly with wave numbers that are
even multiples of kF is equally meaningless since these expressions are formally di-
vergent and cannot be regarded as operator identities. They are indeed regarded as
such in the g-ology program; for instance in the much studied work of Kane and
Fisher on impurities in Luttinger liquids. A better way of relating the higher har-
monics to the lower ones is to adopt Haldane’s idea in a different way. We note that
in one dimension, the number of particles in any interval [x,x

′
] is an integer. This

means
∫ x

x′ dy ρ(y) is an integer where ρ(x) ≡ ψ†(x)ψ(x). Or, e2πi
∫ x

x′
dy ρ(y)

= 1. We
write,

ρ(y) = ρ0 +
1
L ∑

0<|q|�kF

e−iqy
ρq,s +

1
L ∑

0<|q|�kF ,n=±1,±2,...
e−iqye−2ikF ny

ρq,2n.

(13.15)
Thus,

e2ikF x+ 2πi
L ∑q 6=0

e−iqx
−iq ρq,s+

2πi
L ∑q 6=0,n=±1,±2,...

e−iqxe−2ikF nx
−2ikF n ρq,2n = const. (13.16)

The following ansatz appears to fit the purpose.

1
L ∑

q6=0
e−iqx

ρq,2n = ρ0 e−
2nπi

L ∑q 6=0
e−iqx
−iq ρq,s (13.17)

Substituting this back into Eq. (13.16) we get,

e2ikF x+ 2πi
L ∑q 6=0

e−iqx
−iq ρq,s−a∑n=±1,±2,...

zn
n =

(
e2ikF x+ 2πi

L ∑q 6=0
e−iqx
−iq ρq,s

)
1− z
1− 1

z

= const.

(13.18)
where,

z = e−2ikF xe−
2πi
L ∑q 6=0

e−iqx
−iq ρq,s, (13.19)

thereby verifying the claim. The above assertions are also merely mnemonics and
not operator identities since ρ0→ ∞ is essential for the algebra to make sense and
in this limit none of the operators are meaningful. Thus Luther’s construction, Hal-
dane’s harmonic analysis of the field operator etc., are at best only mnemonics
for the correlation functions, not to be taken literally and used as an operator to
construct Hamiltonians. The harmonic analysis presented here is only valid for
translationally invariant systems. For systems with impurities, a different kind of
harmonic analysis is needed that reproduces the correct density–density correla-
tions of otherwise free fermions but with the impurity. Therefore, the following set
of judgmental characterizations are in order.

(a) Preposterous: The Fermi field operator has an expression in terms of bosons
constructed out of Fermi bilinears and other objects like Klein factors. No such
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claim has ever been proven in the literature. In other words, no proof exists that
all matrix elements, or indeed any matrix element of the nonlocal combination of
bosons is equal to the corresponding matrix elements of the field operator.

(b) Plausible but still untrue: Equal-time number-conserving products of Fermi
fields are expressible in terms of Fermi bilinears that are bosonic in character. This
has also never been proven; just showing that the propagator comes out right is not
enough. All matrix elements have to come out right, showing the finite temperature
case is also not enough—that is just the diagonal matrix elements.

(c) Possible Fact: N-point functions have a nonlocal integral representation in-
volving commuting variables that may be simply related to Fermi bilinears such as
current and densities.

For the chiral bosonization scheme to be meaningful, the following conjecture
should be proven.

The bosonization conjecture:

Ψ
†
r (x)≡ ψ

†
r (x) (13.20)

Eq. (13.20) means, among other things:

Conjecture A:

{Ψ†
r (x),cr,p} ≡

1√
L

e−irkF xe−ipx = Limε→0{ψ†
r (x;ε),cr,p}. (13.21)

This Eq. (13.21) is both necessary and sufficient to verify that matrix elements
of ψ†

r (x) and Ψ†
r (x) are identical, for we may imagine states |P;n − 1 >=

c†
p1

c†
p2
..c†

pn−1
|G > and |P′;n >= c†

p′1
c†

p′2
..c†

p′n
|G >, where |G > is the ground state

of the noninteracting system (say), and evaluate < P
′
,n|ψ†

r (x)|P;n− 1 > by pass-
ing the field across others. For this to come out right, it is necessary and sufficient
for Eq. (13.21) to be valid. We now have to insert the expression for U†

r .

U†
r = Limδ→0

1√
L

∫ L

0
dy eirkF y e−iφ†

r (y,δ)Ψ†
r (y; ?)e−iφr(y,δ) (13.22)

where we use Ψ†
r (y; ?) to denote the ambiguity in the existing literature associ-

ated with this choice as we have alluded to already. With some effort it can be
shown that for the advertised properties of Ur to come out right (viz. UrU†

r =
U†

r Ur, etc.) the choice Ψ†
r (y; ?) ≡ Ψ†

r (y) must be made. It is important that U†
r

be independent of ‘regularization’ parameters like ε,δ, and so on (these limits
have to be taken and Ur should be free from these parameters), since otherwise
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Limε→0+{ψr(x;ε),ψ†
r (x

′
;ε)} will not come out right2 (see later). Now we insert the

definition of Ur to get,

ψ
†
r (x)≡Limε,δ→0+

1
L

∫ L

0
dy e−ikF r(x−y)eiφ†

r (x,ε) e−iφ†
r (y,δ)Ψ†

r (y)e
−iφr(y,δ)eiφr(x,ε)=Ψ

†
r (x).

(13.23)
For chiral bosonization to be meaningful, it is important that the above correspon-
dence be literally true, i.e., an operator identity. It is easy to verify that this is not
the case. For this we rewrite the above relation using the identities,

(e−iaφ
†
r (y
′
,δ
′
)
Ψ

†
r (y)e

iaφ
†
r (y
′
,δ
′
)) = ea(i πry

′

L +Log(1−e
i(y−y

′
)

R −δ
′
))

Ψ
†
r (y). (13.24)

They lead to

Limε,δ→0+
1
L

∫ L

0
dy e−i(kF+

π

L )r(x−y) (1− e−δ)

(1− e
i(y−x)

R −ε)
Ψ

†
r (y) eiφ†

r (x,ε)−iφ†
r (y,δ)e−iφr(y,δ)+iφr(x,ε)

= Ψ
†
r (x). (13.25)

This is an operator identity only if,

Limε,δ→0+
1
L

e−i(kF+
π

L )r(x−y) (1− e−δ)

(1− e
i(y−x)

R −ε)
eiφ†

r (x,ε)−iφ†
r (y,δ)e−iφr(y,δ)+iφr(x,ε)= δ(x−y).

(13.26)
The delta function in this context means,

δ(x− y) = Limδ→0+
1
L ∑

p
eip(x−y)e−

L|p|
2π

δ =
1
L

Limδ→0+
sinh(δ)

cosh(δ)− cos( (x−y)
R )

.

(13.27)
Thus, if the bosonization formulas are operator identities as their proponents be-
lieve, Eq. (13.26) should be literally true. It is easy to verify that this is not true.
For example, we may evaluate the expectation value of Eq. (13.26) in the non-
interacting ground state (φ,b etc. annihilate the ground state) to obtain,

Limε,δ→0+
1
L

e−i(kF+
π

L )r(x−y) (1− e−δ)

(1− e
i(y−x)

R −ε)
=? δ(x− y) (13.28)

where =? means - a conjecture. If x 6= y, it is fine but for x− y→ 0,

LHS = Limε,δ→0+
1
L

δ

ε
=? (13.29)

2It must be stressed that it is not {ψr(x),ψ†
r (x

′
)} ≡ Lim

ε,ε
′→0+{ψr(x;ε),ψ†

r (x
′
;ε
′
)} that comes

out right, but the weaker version with the two ε’s the same.
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This is telling us that ε should go to zero faster than δ. In this limit we may approx-
imate Eq. (13.28) as,

Limε,δ→0+
(−i(x− y)+Rε) δ

2Rε

Rε/π

(x− y)2 +R2ε2 =? δ(x− y). (13.30)

Since ε should go to zero before δ we get,

LHS = Limε,δ→0+
(−i(x− y)+Rε) δ

2Rε
δ(x− y) =? δ(x− y). (13.31)

This is clearly not possible as we have reached a contradiction. A quicker way of
seeing this contradiction is to note that in the integral in Eq. (13.25), the integrand
is sharply peaked at x = y due to the factor (1−e

i(y−x)
R −ε)−1. This means in all other

places we are entitled to replace y with x and take it outside the integral (mean value
theorem). The resulting expression will not involve ε but will involve δ as a pro-
portionality constant which vanishes in the end so that the left-hand side becomes
zero but the right-hand side remains nonzero. It is possible that our appraisal of
the situation is too simplistic, but we believe that the general idea that the chiral
bosonization relations are not operator identities but merely mnemonics which are
model dependent will hold up to more rigorous scrutiny by mathematicians.

Conjecture B: Fermion commutation rules between ψr(x) and ψ†
r (x

′
) come out

right.

This would be a kind of ‘saving grace’, but alas, this is untrue as well (true only in
a weak sense). To test this, we first prove that Ur is independent of the bosons (see
exercises and Giarmarchi’s text). It may be shown that UrU†

r =U†
r Ur. This will be

useful subsequently. Now we note that,

[φr(x,ε),φ†
r (x

′
,ε
′
)] =−Log(1− e

ir
R (x−x

′
)−ε−ε

′
). (13.32)

The Dirac delta is given by Eq. (13.27). The step function is related to this through
the correspondence

d
dx

θ(x− x
′
) = δ(x− x

′
), (13.33)

so that (x 6= x
′
),

θ(x− x
′
) =

1
2
+Limδ→0 ∑

n

sin( n
Rr(x− x

′
))

2πnr
e−|n|δ

=
1
2
+

1
2πir

(Log(e
ir(x−x

′
)

R −1)−Log(1− e
ir(x−x

′
)

R )). (13.34)
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Now consider,

ψ
†
r (x

′
;ε
′
) =

1√
2ε
′L

e−ikF rx
′
e−∑p 6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eipx

′

U†
r (13.35)

ψr(x;ε) =
1√
2εL

eikF rxe−∑p6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ipx

Ur. (13.36)

The fermion commutator is,

{ψr(x),ψ†
r (x

′
)}= Lim

ε,ε
′→0

1
√

2εL
√

2ε
′L

eikF r(x−x
′
)U†

r Ur

{e−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ipx

,e−∑p 6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eipx

′

}. (13.37)

Since

[ρ†
r (p),ρ†

r′
(−p

′
)] =−δr,r′δp,p′

(
rpL
2π

)
, (13.38)

this means

{ψr(x),ψ†
r (x

′
)}= Lim

ε,ε
′→0

1
√

2εL
√

2ε
′L

eikF r(x−x
′
)U†

r Ur

e−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ipx−∑p 6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eipx

′

e−
1
2 ∑p6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ip(x−x
′
)

e−
1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ip(x−x
′
)

(1+ e∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ip(x−x
′
)

). (13.39)

When x− x
′ 6= 0 we may write,

S = ∑
p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ip(x−x
′
)

=−i ∑
n6=0

e−(ε+ε
′
)|n| sin( n

Rr(x− x
′
))

n
=−2πir(θ(x− x

′
)− 1

2
). (13.40)

Therefore when x− x
′ 6= 0,

{ψr(x),ψ†
r (x

′
)}= Lim

ε,ε
′→0

1
√

2εL
√

2ε
′L

eikF r(x−x
′
)U†

r Ur

e−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ipx−∑p 6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eipx

′
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e−
1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ip(x−x
′
)

(1+ e−2πir(θ(x−x
′
)− 1

2 )) = 0. (13.41)

Thus, fermion commutation rules come out correctly when x 6= x
′

but for the sit-
uation when x− x

′ → 0, it does not come out correctly unless ε = ε
′

in the above
formulas. That is we have contracted the uv regulators into one. Thus it is valid in a
weaker sense and the formulas cannot be considered operator identities. This kind
of contraction of a similar parameter is needed also in our non-chiral bosonization
technique (one meant to supplant the chiral approach). To see these issues more
clearly, set x− x

′
= X → 0 (means take this limit first) and x+ x

′
= 2R.

{ψr(x),ψ†
r (x

′
)}= Lim

ε,ε
′→0

1
√

2εL
√

2ε
′L

eikF rXU†
r Ur

e−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ip(R+X

2 )−∑p 6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eip(R−X

2 )

(e−
1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
+ e

1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
) (13.42)

In general,

(e−
1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
+ e

1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
) =

2Cosh
(

r
2

(
iX
R

+Log(1− e−i X
R−δ)−Log(1− ei X

R−δ)

))
. (13.43)

We wish to investigate the small X behavior of this function. Anticipating that this
has the appearance of a Lorentzian, we Taylor expand the reciprocal of the above
expression in powers of X and retain the leading terms. This means,

(e−
1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
+ e

1
2 ∑p 6=0

(
2πr
Lp

)
e−

L(ε+ε
′
)|p|

2π e−ipX
)≈

4R2(ε+ ε
′
)2

X2 +2R2(ε+ ε
′
)2 (13.44)

(since 0 < ε+ ε
′ � 1)

{ψr(x),ψ†
r (x

′
)}= Lim

ε,ε
′→0

(ε+ ε
′
)√

2εε
′

√
2R(ε+ε

′
)

π

X2 +2R2(ε+ ε
′
)2

 eikF rXU†
r Ur

e−∑p 6=0

(
2πr
Lp

)
e−

Lε|p|
2π ρ

†
r (p)e−ip(R+X

2 )−∑p6=0

(
2πr
Lp

)
e−

Lε
′
|p|

2π ρ
†
r (−p)eip(R−X

2 )

. (13.45)
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From the above expression it is really clear that unless we set ε = ε
′
, the above

expression will not be the Dirac delta function (in fact it diverges if they are in-
dependent). A similar observation also holds for four-point functions. While the
quantity below is meaningless,

Limεi→0+ < ψ
†(x1,ε1)ψ

†(x2,ε2)ψ(x3,ε3)ψ(x4,ε4)>= (13.46)

it is meaningful to write,

Limε1,ε2→0+ < ψ
†(x1,ε1)ψ

†(x2,ε2)ψ(x3,ε1)ψ(x4,ε2)> (13.47)

or,
Limε1,ε2→0+ < ψ

†(x1,ε1)ψ
†(x2,ε2)ψ(x3,ε2)ψ(x4,ε1)> . (13.48)

This distinction holds also for the ‘point-splitting’ definition of the density (fluctu-
ation) of right movers. The density fluctuation of right movers is not,

ρr(x) 6= Lima→0(ψ
†
r (x)ψr(x+a)− 1

2πia
)

≡ Lima→0Lim
ε,ε
′→0(ψ

†
r (x;ε)ψr(x+a;ε

′
)− 1

2πia
) (13.49)

but rather the contracted version,

ρr(x)≡ Lima→0Limε→0(ψ
†
r (x;ε)ψr(x+a;ε)− 1

2πia
). (13.50)

These nuances may seem like pedantry gone haywire, but these have important
ramifications to the problem of finding the solution to Luttinger liquids with im-
purities or boundaries where the contraction of similar objects plays a crucial role
in generating the right Green functions. The point repeatedly being made is that
the bosonization formulas are not operator identities but mnemonics for generating
the n-point functions. Unlike operator identities, mnemonics are not mandated to
be unique, universal, and model independent. The clinching evidence comes when
applying standard chiral bosonization to free electrons plus a single delta func-
tion impurity. This model is solved in undergraduate textbooks and the asymptotic
correlation function all have trivial exponents (identical to free fermions). How-
ever, evaluating the density–density correlations using Haldane’s harmonic analy-
sis shows a nontrivial exponent. This clearly demonstrates that chiral bosonization
is wrong when applied to translationally non-invariant systems.

Our approach differs from chiral bosonization in several respects. The propagator
is reduced to a closed form that is shown to be exact in the RPA (asymptotic)
limit. It is shown to reproduce the expected results when the impurity is turned
off and the two-body potential is on and vice versa (there are some interesting
exceptions) when applied to the Kane and Fisher problem of a Luttinger liquid in
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the presence of a delta function potential. These features are unlike the ‘standard’
approach where some sort of renormalization group analysis is also needed. As
far as we are concerned, the litmus test is to ask which of the two approaches is
able to reproduce the Green function of free fermions together with the impurity
in the RPA limit—a result trivially deduced using Fermi algebra. Our approach
is able to do so, whereas the competing ones are not. Besides, no mathematically
questionable manipulations such as ‘normal ordering’ are made, nor do we find the
need to map the Fermi model to a bogus and ill-defined bosonic theory. Now we go
on to discuss our approach.

13.2 General Considerations

Here, we explain how to write down explicit formulas for the field operator in
terms of currents and densities. The general idea is the following. Given that
ρ(x) = ψ†(x)ψ(x) and J(x) = Im[ψ†(x)∂xψ(x)] are bilinears in ψ, one would like
to invert these relations—take a sort of ‘square root’ of these two defining rela-
tions and express ψ(x) alone in terms of J and ρ. This enables the computation of
single-particle properties in terms of the correlations between currents and densi-
ties, which in turn may be evaluated independently using some controlled approx-
imation under some restrictive conditions. For now we shall treat this activity of
expressing ψ in terms of ρ and J as merely an interesting mathematical question.
One issue immediately presents itself. A relation of the form ψ(x) = F(ρ,J;x) in-
terpreted as operator identity with no operators other than ρ and J on the right-hand
side would not be correct since the field operator annihilates a particle whereas the
right-hand side conserves the number of particles. Hence, one is forced to do one
of two things. Either we insist that this should be an operator identity and intro-
duce further variables which take care of adding and subtracting particles known as
Klein factors well-known in the traditional bosonizing community, or advocate the
point of view of the present article, namely think of the relation not as an operator
identity but as a mnemonic for the n-point functions it generates. The n-point func-
tion being number-conserving quantities pose no such difficulties. The inversion in
question is accomplished by introducing the conjugate to the density through the
relation J(x) = −ρ(x)∂xπ(x). More explicitly, π(x) = −

∫ x
−∞

dy J(y)
ρ(y) . Of course one

is immediately faced with the problem of having to define the inverse of the density
operator; this is particularly acute in places where it vanishes. Practically, we shall
always assume that it is legitimate to write ρ(x) = ρ0 + ρ̃(x) where ρ0 6= 0 is the
uniform average density and expand in powers of ρ̃(x). The claim is that the field
ψ(x) may be written as,

ψ(x) =U([ρ];x)e−iπ(x)
√

ρ(x). (13.51)
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The current and density variables obey a closed algebra that is insensitive to
the statistics of the underlying particles—they are the same for both bosons and
fermions. Inverting the correspondence between current/density and the field means
the expression for the field should contain some additional ingredient that addresses
the issue of the nature of the underlying particles, because the currents and densities
certainly do not. The object U that appears in the above inverted correspondence
(Eq. (13.51)) is precisely such an ingredient. In our approach, Eq. (13.51) is not an
operator identity but a shorthand way of writing down correlation functions (n-point
functions) using this relation. This means there is no guarantee that U is going to be
system independent. For now, let us try and determine as many properties as possi-
ble about this object U . Since π(x) and ρ(x) are Hermitian and ψ†(x)ψ(x)≡ ρ(x),
it follows that U has to be unitary.

U†([ρ];x)U([ρ];x) = 1 (13.52)

Furthermore, using Eq. (13.51) we conclude that Im[ψ†(x)∂xψ(x)]≡−ρ(x)∂xπ(x)
if an only if,

U†([ρ];x)(∂xU([ρ];x))≡ 0. (13.53)

Strictly speaking, the imaginary part of the above equation has to be zero. The real
part of the left-hand side is also zero since U is unitary. This appears to imply that
U is independent of x since U† is the inverse of U . This conclusion, however, is
inconsistent with the requirement that ψ(x) is a Fermi field. The fallacy here is that
we are interpreting Eq. (13.51) as an operator identity. The difficulty with writing
the Fermi field in this manner may be overcome if one is content with a weaker
assertion, namely, the ability to generate all the n-point functions, as opposed to the
matrix elements of the fields themselves. This is probably why this line of thought
was abandoned in the seventies by those working in the field of current algebra. To
see these difficulties more clearly, let us for the moment go along with the premise
that we are dealing with operator identities. Now impose fermion commutation
rules.

ψ(x)ψ(x
′
) =U([ρ];x)e−iπ(x)

√
ρ(x)U([ρ];x

′
)e−iπ(x

′
)
√

ρ(x′)

=U([ρ];x)U([{ρ(y)+δ(y− x)}];x
′
)

×e−iπ(x)e−iπ(x
′
)
√

ρ(x)−δ(x− x′)
√

ρ(x′) (13.54)

In the above we have used the identity e−iπ(x)ρ(y)eiπ(x) ≡ ρ(y)+δ(y− x). Imposi-
tion of fermion commutation rules ψ(x)ψ(x

′
) = −ψ(x

′
)ψ(x) tells us that we have

to impose,

U([ρ];x)U([{ρ(y)+δ(y− x)}];x
′
) =−U([ρ];x

′
)U([{ρ(y)+δ(y− x

′
)}];x).

(13.55)
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It is immediately obvious upon setting x= x
′
in the first constraint (viz. Eq. (13.55))

U ≡ 0, if these are interpreted as operator identities. This is because, if these are
operator identities, U is invertible from the unitarity condition, and one may multi-
ply by its inverse and come to this conclusion. Hence, these should not be thought
of as operator identities. Whereas the second fermion commutation rule gives,

δ(x− x
′
) =

U([{ρ(y)−δ(y− x)}];x)
√

ρ(x)
√

ρ(x′) U†([{ρ(y)−δ(y− x
′
)}];x

′
)

+
√

(ρ(x′)−δ(x− x′))
√
(ρ(x)−δ(x− x′))

×U([{ρ(y)−δ(y− x
′
)−δ(y− x)}];x)U†([{ρ(y)−δ(y− x)−δ(y− x

′
)}];x

′
).

(13.56)
Set,

U([{ρ(y)−δ(y− x)}];x)
√

ρ(x)≡W ([ρ];x). (13.57)

This means,
δ(x− x

′
) =W ([ρ];x)W †([ρ];x

′
)

+W ([{ρ(y)−δ(y− x
′
)}];x)W †([{ρ(y)−δ(y− x)}];x

′
). (13.58)

There are many solutions of Eq. (13.55) and Eq. (13.58). We have to use some
information about the model we are studying in order make further progress. If we
are going to interpret these assertions as operator identities (which they are not)
we may go quite far in pinning down the nature of the functional U([ρ];x). This
is accomplished by examining the commutators between the field and the densities
and currents. To this end, consider,

[ψ(x),ρ(x
′
)] = δ(x− x

′
)ψ(x) (13.59)

and
[ψ(x), j(x

′
)] =−iδ(x− x

′
)∇ψ(x)+

1
2i
(∇δ(x− x

′
))ψ(x). (13.60)

The relation Eq. (13.59) is automatically obeyed by Eq. (13.51). But for Eq. (13.60)
to be obeyed, a constraint on U([ρ];x) has to be imposed. The constraint equation
for U(x) is,

ρ(x
′
)[U([ρ];x),∇

′
π(x

′
)] = iδ(x− x

′
)(∇U([ρ];x)). (13.61)

To obtain this we have had to insert Eq. (13.51) into both sides of Eq. (13.60) and
use the formula for current j(x

′
) = −ρ(x

′
)∂x′π(x

′
). But crucial use has been made

of the idea that it is permissible to divide by the density ρ(x). This is clearly not
valid when the system has a rigid boundary or other translationally non-invariant
systems, for at those points, the density vanishes and this constraint is not valid.
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Thus, strictly speaking, it is valid for translationally invariant systems. One can see
that Eq. (13.61) has many solutions, for if U(x) is a solution, so is,

Ũ([ρ];x) =U([ρ];x) eiλ
∫

∞

−∞
dy θ(x−y) ρ(y). (13.62)

The constraint equation Eq. (13.61) is a linear first-order functional “ODE” in ρ.
This means that the most general solution will have to be a linear combination of
the above solutions.

U([ρ];x) =
∫

∞

−∞

dλ D(λ) eiλ
∫

∞

−∞
dy θ(x−y) ρ(y) (13.63)

Imposing fermion commutation rules on the form Eq. (13.51) leads to an additional
constraint that λ = nπ where n is an odd integer.

U([ρ];x) = ∑
n=odd

Dn einπ
∫

∞

−∞
dy θ(x−y) ρ(y) (13.64)

For translationally noninvariant systems, this constraint is violated and we will have
to deal with them on a case-by-case basis. In earlier works (also see later), we
have shown that the following choice for the field works for homogeneous Fermi
systems.

ψ(x) =
1√
N0 ∑

k
nF(k) eiπr(k)eiπsgn(k)

∫ x
−∞

ρ(y)dye−iπ(x)
√

ρ(x) (13.65)

Here r(k) are independent random (commuting with everything) real numbers for
each k, taking on values in the interval [−1,1] with a uniform probability distribu-
tion, so that < f >= 1

2
∫ 1
−1 f (r)dr. Also nF(k)= θ(kF−|k|) is the Fermi distribution

and N0 = ∑k nF(k). This choice makes everything work out fine. As the reader may
verify, the following conditions are obeyed.

< ψ(x)Ô >= 0 (13.66)

< {ψ(x),ψ(x
′
)}Ô >= 0; < {ψ(x),ψ†(x

′
)}Ô >= δ(x− x

′
)Ô (13.67)

Here the average is over the random numbers and Ô is any function of ρ and J,
or anything else not involving the random numbers. Thus the fermion commuta-
tion rules are obeyed in this weaker sense of average over the random numbers.
Similarly, the following is also true,

< ψ
†(x)ψ(x)Ô >= ρ(x)Ô; < Im[ψ†(x)∂xψ(x)]Ô >

=−ρ(x)∂xπ(x)Ô = J(x)Ô. (13.68)

One may see that since

< eiπr(k)eiπr(k
′
) >= 0. (13.69)
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(even when k = k
′
) it follows that

< ψ(x)ψ(x
′
)>= 0. (13.70)

It is important to note that when more than two fields are involved, things are not
so simple. The reason is because we have to take into account the observation that
while

< eiπr(k)e−iπr(k
′
) >= δk,k′ , (13.71)

the product of four such random phasors (complex number of unit modulus) is,

< eiπr(k)e−iπr(k
′
)eiπr(p)e−iπr(p

′
) >= δk,k′δp,p′ +δk,p′δp,k′ . (13.72)

The above assertion is incorrect when k = k
′
= p = p

′
, but this choice contributes

negligibly to the correlation functions since the k’s take on continuous values. As a
result, the two-point function may be written as,

< ψ
†(x

′
, t
′
)ψ(x, t)>=

1
N0 ∑

k,k′
nF(k

′
)nF(k) δk,k′

×<
√

ρ(x′, t ′)eiπ(x
′
,t
′
)e−iπsgn(k

′
)
∫ x
′
−∞

ρ(y
′
,t
′
)dy
′

×eiπsgn(k)
∫ x
−∞

ρ(y,t)dye−iπ(x,t)
√

ρ(x, t)> . (13.73)

For the four-point functions we have similarly,

< ψ
†(x

′
, t
′
)ψ(x, t)ψ†(y

′
,s
′
)ψ(y,s)>=

1
(N0)2 ∑

k,k′ ,p,p′
(δk,k′δp,p′ +δk,p′δp,k′ ) nF(k)nF(k

′
)nF(p)nF(p

′
)

×<
√

ρ(x′, t ′)eiπ(x
′
,t
′
)e−iπsgn(k

′
)
∫ x
′
−∞

ρ(z
′′
,t
′
)dz
′′

×eiπsgn(k)
∫ x
−∞

ρ(z
′′
,t)dz

′′
e−iπ(x,t)

√
ρ(x, t)√

ρ(y′,s′)eiπ(y
′
,s
′
)e−iπsgn(p

′
)
∫ y
′

−∞ ρ(z
′
,s
′
)dz
′

×eiπsgn(p)
∫ y
−∞ ρ(z,s)dze−iπ(y,s)

√
ρ(y,s)> . (13.74)

It has been shown in earlier works that when specialized to the noninteracting the-
ory, these give the right answers. It involves writing ρ(x, t) = ρ0 + ρ̃(x, t) and writ-
ing the correlations between ρ̃ and π using the random phase approximation. Thus,
the results are exact only in the asymptotic sense (the separation between spatial
locations tends to infinity and/or the separation between times also diverges). At



i
i

“K15412” — 2013/10/31 — 10:54 i
i

i
i

i
i

Non-chiral Bosonization 321

this stage the reader may feel quite satisfied that everything has been given ‘ex-
plicitly’. This is an illusion, however. There is nothing unique about the ‘explicit
construction’ in Eq. (13.65). The device of introducing the random phasors was
nothing more than a mnemonic for generating the above correlation functions (Eq.
(13.73) and Eq. (13.74)). The non-uniqueness of this construction may be seen by
noting that a choice,

ψ(x) =
1√
N0 ∑

k
nF(k) eiπr(k)eiπsgn(k)

∫ x
−∞

ρ(y)dy

×e2iπsgn(k)
∫ x
−∞

ρ(−y)dye−iπ(x)
√

ρ(x), (13.75)

also reproduces the expressions for current and density variables and also fermion
commutation rules. The only thing it does not do, is reproduce the correct correla-
tion functions of the noninteracting theory. Hence they cannot possibly be operator
identities.

13.2.1 Free Propagator and Luttinger Liquid

Here, we explicitly evaluate the propagator of the noninteracting system using
the prescription in Eq. (13.73). Later on we evaluate the propagator of fermions
mutually interacting via short-range interactions, restricting our attention to only
forward-scattering terms (this means the momentum transfer is (vanishingly) small
compared to the Fermi momentum in the RPA limit). Even though the claim
is that Eq. (13.73) is generally valid, practically, we have to restrict ourselves
to the asymptotic limit. This means we look at intervals such that |x− x

′| → ∞

and/or |t − t
′| → ∞. This limit may be investigated elegantly by taking the RPA

limit at the outset viz. the Fermi momentum and the mass both diverge, but their
ratio—the Fermi velocity—is held fixed (kF ,m→ ∞ and vF = kF/m < ∞). In this
limit, it can be shown that higher moments such as < ρ̃(x, t)ρ̃(x

′
, t
′
)ρ̃(x

′′
, t
′′
) >,

< π(x, t)ρ̃(x
′
, t
′
)ρ̃(x

′′
, t
′′
) >,... all vanish. This means that the only non-zero cor-

relations are < π(x, t)ρ̃(x
′
, t
′
) >, < ρ̃(x, t)ρ̃(x

′
, t
′
) >, and < π(x, t)π(x

′
, t
′
) > (here

ρ̃(x, t) = ρ(x, t)−ρ0 is the density fluctuation from the uniform average). Thus Eq.
(13.73) may be significantly simplified, first by replacing

√
ρ by the constant

√
ρ0

and using (a version of) the cumulant expansion.

< eAeBeCeD >= e
1
2<A2>e

1
2<B2>e

1
2<C2>e

1
2<D2>e<AB>e<AC>e<AD>e<BC>e<BD>e<CD>

(13.76)
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The notion of the cumulant owes its origin to statistics. Let X be a random
variable. Define Exp[g(t)] =< etX > where t is some parameter. The idea
is to relate the Taylor expansion of g(t) in terms of averages <Xn >. This
is accomplished as follows.

g(t) =−
∞

∑
n=1

1
n

(
−

∞

∑
m=1

Lm
tm

m!

)n

= L1t +(L2−L2
1)

t2

2!

+(L3−3L2L1 +2L3
1)

t3

3!
+ ... (13.77)

where Ln ≡< Xn >.

The current is given by J(x) =−ρ(x)∂xπ(x). The idea now is that one is interested
in the RPA limit. In this limit, the fields are peaked in momentum or wave number
space at k = ±kF corresponding to right and left movers as we have explained
already in earlier chapters. Therefore, it is legitimate to write ψ(x) = eikF xψR(x)+
e−ikF xψL(x). This means the density is of the form

ρ(x) = ρ0 +ρR(x)+ρL(x)+ e2ikF x
ρ f (x)+ e−2ikF x

ρ
∗
f (x) (13.78)

and same with current,

J(x) = JR(x)+ JL(x)+ e2ikF xJ f (x)+ e−2ikF xJ∗f (x). (13.79)

Here ρR(x), ρL(x) and ρ f (x) are slowly varying on a scale of k−1
F and are designated

‘slow variables’. But since the current also has similar terms and no higher ones, it
follows that the velocity potential π(x) is always going to be a ‘slow’ variable. In
the RPA limit we may write,

Js(x)≡ JR(x)+ JL(x)≈−ρ0∂xπ(x) (13.80)

J f (x)≈−ρ f (x)∂xπ(x). (13.81)

The velocity potential may be related to the time derivatives of the slow part of the
density using the equation of continuity.

1
m

∂xJs(x, t)+∂tρs(x, t) = 0 (13.82)

or,
−ρ0

m
∂

2
xπ(x)+∂tρs(x, t) = 0 (13.83)

where ρ0
m = vF

π
. Thus we are able to relate π(x) to the time derivative of ρs(x). There-

fore, while evaluating the Green function using Eq. (13.73) we have to evaluate the
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correlation between the densities and their time derivatives. The crucial point about
bosonization is to relate the rapidly varying ρ f (x) to the slowly varying ρs(x). For
translationally invariant systems, this is well known (see Giamarchi, Haldane, etc.)
but for the Kane and Fisher problem it is new and will be discussed in this chapter.
We may now substitute Eq. (13.17) into Eq. (13.15) to obtain,

ρ(y) = ρ0 +
1
L ∑

0<|q|�kF

e−iqy
ρq,s + ∑

n=±1
e−2ikF ny

ρ0 e−
2nπi

L ∑q6=0
e−iqx
−iq ρq,s. (13.84)

Substituting these into Eq. (13.51) e.g., enables us to read off mnemonics for the
right and left movers (ν =+1(R),−1(L)).

ψν(x, t)∼ eiπν
∫ x
−∞

ρs(y,t)dye−iπ(x,t) √
ρ0 (13.85)

The propagators may be written as,

< ψν(x, t)ψ†
ν(x

′
, t
′
)>∼< eiπν

∫ x
−∞

ρs(y,t)dye−iπ(x,t)eiπ(x
′
,t
′
)e−iπν

∫ x
′
−∞

ρs(y
′
,t
′
)dy
′
> ρ0.
(13.86)

For translationally invariant systems, it is convenient to work in momentum space
where we write,

ρs(x, t) =
1
L ∑

0<|q|<Λ�kF

e−iqy
ρq,s(t). (13.87)

Similarly, we may write,

π(x, t) = ∑
0<|q|<Λ�kF

eiqyXq(t). (13.88)

Substituting these into Eq. (13.83) we get,

Nq2

m
Xq(t)+∂tρ−q,s(t) = 0. (13.89)

We may consolidate these results to write,

< ψν(x, t)ψ†
ν(x

′
, t
′
)> ∼ < e∑q(iπν

1
−iqL+i( m

Nq2 )∂t)e−iqxρq,s(t)

×e∑q(−iπν
1

iqL−i( m
Nq2 )∂t′ )e

iqx
′
ρ−q,s(t

′
)
> ρ0. (13.90)

Now we have to use the cumulant expansion to evaluate this. In order to do this, we
have to know how to compute the density–density correlations. There is an elegant
and well-known method using functional bosonization (see the paper by D. K. K.
Lee and Y. Chen and also by Yurkevich). The procedure is as follows. We formally
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write the action of free fermions as S0[ρ,π]. If we now consider mutual interaction
between particles due to a potential vq, we may write (in the Matsubara formalism),

S f ull[ρ,π] = S0[ρ,π]−
∫ −iβ

0
dt ∑

q

vq

2L
ρq(t)ρ−q(t)

= S0[ρ,π]+ iβ∑
q,n

vq

2L
ρq,nρ−q,−n. (13.91)

Here we set ∑n e−wntρq,n ≡ ρq(t) where wn =
2πn

β
is the Matsubara frequency. This

is nothing but S f ull =
∫

dtL =
∫

dt(T −V ). Now we define the generating function
of density correlations as,

Z[U ]≡
〈

e∑q,n Uq,nρq,n
〉
=

∫
D[ρ]e∑q,n Uq,nρq,n

∫
D[π] eiS f ull [ρ,π]. (13.92)

Here Z[U ] is such that,

δ2

δUq,nδU−q,−n
Z[U ]≡< ρq,nρ−q,−n > (13.93)

and so on. This notation simply means,

< T ρq(t)ρ−q(t
′
)>= ∑

n
e−wn(t−t

′
) < ρq,nρ−q,−n > . (13.94)

Hence the name generating function. We may also define the generating function
for the noninteracting system.

Z0[U ]≡
〈

e∑q,n Uq,nρq,n
〉

0
=

∫
D[ρ]e∑q,n Uq,nρq,n

∫
D[π] eiS0[ρ,π] (13.95)

Since the density correlations of the noninteracting system are simple and known
beforehand, we regard Z0[U ] as fully known. The idea is to eliminate the unknown
viz. S0 and express the important quantity Z[U ] directly in terms of Z0[U ]. To do
this, we may assume Uq,n is purely imaginary and write,∫

D[U
′
] Z0[U

′
] e−∑q,n U

′
q,nρq,n =

∫
D[ρ

′
]
∫

D[π
′
]
∫

D[U
′
] e∑q,n U

′
q,n(ρ

′
q,n−ρq,n) eiS0[ρ

′
,π
′
]

=
∫

D[ρ
′
]
∫

D[π
′
]

(
∏
q,n

δ(ρ
′
q,n−ρq,n)

)
eiS0[ρ

′
,π
′
] =

∫
D[π

′
] eiS0[ρ,π

′
]. (13.96)

Therefore, ∫
D[π] eiS0[ρ,π] =

∫
D[U

′
] Z0[U

′
] e−∑q,n U

′
q,nρq,n. (13.97)
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We insert the above relation into Eq. (13.92) to get,

Z[U ] =
∫

D[U
′
] Z0[U

′
]
∫

D[ρ] e∑q,n(Uq,n−U
′
q,n)ρq,ne−β∑q,n

vq
2L ρq,nρ−q,−n

=
∫

D[U
′
] Z0[U

′
] e∑q,n

L
2βvq

(Uq,n−U
′
q,n)(U−q,−n−U

′
−q,−n). (13.98)

Therefore, we have the final important relation,

Z[U ] =
∫

D[U
′
] Z0[U

′
] e∑q,n

L
2βvq

(Uq,n−U
′
q,n)(U−q,−n−U

′
−q,−n). (13.99)

Using cumulant expansion, we may write (we assume that q 6= 0),

Z[U ] =
〈

e∑q,n Uq,nρq,n
〉

= e
1
2! ∑q,n Uq,nU−q,−n<ρq,nρ−q,−n>e

1
3! ∑q,n Uq,nU

q′ ,n′<ρq,nρ
q′ ,n′ ρ−q−q′ ,−n−n′>...

(13.100)

similarly for Z0,

Z0[U ] =
〈

e∑q,n Uq,nρq,n
〉

= e
1
2! ∑q,n Uq,nU−q,−n<ρq,nρ−q,−n>0e

1
3! ∑q,n Uq,nU

q′ ,n′<ρq,nρ
q′ ,n′ ρ−q−q′ ,−n−n′>0...

(13.101)

The claim now is that in the RPA limit, and for forward scattering only vq = 0
for |q| > Λ� kF . This means from Eq. (13.99) U

′
q,n ≡ Uq,n whenever |q| > Λ.

But we are only interested in the correlation functions for momenta |q| < Λ. This
means we may restrict our attention to integrating over U

′
q,n only for |q| < Λ. It

can be shown that if all momenta are much smaller than the Fermi momentum,
then only the second moment < ρq,nρ−q,−n > survives and all higher ones such as
< ρq,nρq′ ,n′ρ−q−q′ ,−n−n′ > vanish. This makes the theory Gaussian and we obtain,

Z[U ] =
∫

D[U
′
] e

1
2! ∑q,n U

′
q,nU

′
−q,−n<ρq,nρ−q,−n>0 e∑q,n

L
2βvq

(Uq,n−U
′
q,n)(U−q,−n−U

′
−q,−n)

= e
1
2! ∑q,n

<ρq,nρ−q,−n>0

1+
βvq

L <ρq,nρ−q,−n>0
Uq,nU−q,−n

. (13.102)

Therefore in the RPA sense we get,

< ρq,nρ−q,−n >=
< ρq,nρ−q,−n >0

1+ βvq
L < ρq,nρ−q,−n >0

. (13.103)
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For the free theory we may write,

< ρq,nρ−q,−n >0=
L|q|
πβ

vF |q|
w2

n +(vFq)2 . (13.104)

This means in the time domain,

< ρq(t)ρ−q(t
′
)>= N

|q|
2mv

e−iv|q|(t−t
′
) (13.105)

where v= ((vF)
2+

vq
π

vF)
1
2 is the Fermi velocity modified by interactions (assuming

vq is independent of q). We may now use the cumulant expansion on Eq. (13.90)
and insert the form of the density–density correlations to obtain the following ex-
pressions for the propagators of a Luttinger liquid (see exercises).

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>=

eikF (x−x
′
)

((x− x′)− v(t− t ′))

(
i

2π

)
e(−

vF
4v +

1
2−

v
4vF

) Log(|(x−x
′
)2−v2(t−t

′
)2|) (13.106)

and,
< T ΨL(x, t)Ψ

†
L(x

′
, t
′
)>=

− e−ikF (x−x
′
)

((x− x′)+ v(t− t ′))

(
i

2π

)
e(−

vF
4v −

v
4vF

+ 1
2 ) Log(|(x−x

′
)2−v2(t−t

′
)2|) (13.107)

13.3 Impurity in a Luttinger Liquid

First, we consider free spinless electrons in an impurity potential V (x) = V0δ(x),
and list the following expressions for the RPA limit of the propagator, which is
nothing but the sum of these four pieces shown below (here θ(z) is the Heaviside
unit step function). But first we have to define the right and left moving fields. Let
ψ(x) be the fermion field obeying {ψ(x),ψ(x′)}= 0 and {ψ(x),ψ†(x

′
)}= δ(x−x

′
).

Then we define (λF = 2π

mvF
) figuratively speaking,

ΨR(x) = eikF x Limm→∞

1
2λF

∫ x+λF

x−λF

dx
′
ψ(x

′
) e−imvF x

′
(13.108)

ΨL(x) = e−ikF x Limm→∞

1
2λF

∫ x+λF

x−λF

dx
′
ψ(x

′
) eimvF x

′
. (13.109)

Literally, however, the assertions are weaker. They really mean,

< T Ψa(x, t)Ψ
†
b(x

′
, t
′
)>= eiakF xe−ibkF x

′
Limm→∞

1
2λF

∫ x+λF

x−λF

dξ
1

2λF
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∫ x
′
+λF

x′−λF

dξ
′

eimvF (bξ
′−aξ) < T ψ(ξ, t) ψ

†(ξ
′
, t
′
)> . (13.110)

The full field in the RPA limit would then be Ψ(x) = ΨR(x)+ΨL(x). In this case
we may write (at zero temperature, see exercises of Chapter 5),

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>= eikF (x−x

′
) 1
(x− x′)− vF(t− t ′)

×

 i
2π
− V0

2πvF
(

θ(x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(−x
′
)(

1+V0
i

vF

))


< T ΨL(x, t)Ψ
†
L(x

′
, t
′
)>= e−ikF (x−x

′
) −1
(x− x′)+ vF(t− t ′)

×

 i
2π
− V0

2πvF
(

θ(−x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(x
′
)(

1+V0
i

vF

))


< T ΨR(x, t)Ψ
†
L(x

′
, t
′
)> = eikF (x+x

′
) V0

2πvF

θ(−x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(x
′
)(

1+V0
i

vF

)


× 1
(−x′− x)− vF(t

′− t)

< T ΨL(x, t)Ψ
†
R(x

′
, t
′
)> = e−ikF (x+x

′
) V0

2πvF

 θ(x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(−x
′
)(

1+V0
i

vF

)


× 1
(x′+ x)− vF(t

′− t)
. (13.111)

The average density and density correlation may be written as follows.

< ρ(x, t)>−ρ0 =−
V0

π2
mv2

F

(V 2
0 + v2

F)

∫
∞

0

dq
q

cos(qx) Log
[

2kF +q
|2kF −q|

]
(13.112)

The density–density correlation function is (note that at this stage, we are dealing
with external fields, only not mutual interactions, hence Wick’s theorem applies)

< T ρ(x, t)ρ(x
′
, t
′
)>−< T ρ(x, t)>< T ρ(x

′
, t
′
)>

=−< T Ψ(x, t)Ψ†(x
′
, t
′
)>< T Ψ(x

′
, t
′
)Ψ†(x, t+)> . (13.113)
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If ρs(x, t) is the slowly varying part of the density,

< T ρs(x, t)ρs(x
′
, t
′
)>=

−
V 2

0
(2π)2

θ(xx
′
)(

v2
F +V 2

0
) ( 1

((x′+ x)+ vF(t
′− t))2 +

1
((x+ x′)+ vF(t− t ′))2

)

+
1

((x− x′)+ vF(t− t ′))2

(
−θ(xx

′
)

(2π)2 −
θ(−xx

′
)

(2π)2
v2

F

(v2
F +V 2

0 )

)

+
1

((x− x′)− vF(t− t ′))2

(
−θ(xx

′
)

(2π)2 −
θ(−xx

′
)

(2π)2
v2

F

(v2
F +V 2

0 )

)
. (13.114)

13.3.1 Anomalous Scaling

We now prove the remarks made earlier, namely that the g-ology-based chiral
bosonization gives the wrong answer when applied to translationally noninvari-
ant systems such as the one considered here. In that approach, Haldane’s harmonic
analysis of the field operator leads to the following expression for the density fluc-
tuation including the rapidly varying parts.

ρ(x, t) = ρ0 + ρ̃s(x, t)+ρ0 e2ikF x e2πi
∫ x
−∞

dy ρ̃s(y,t)+ρ0 e−2ikF x e−2πi
∫ x
−∞

dy ρ̃s(y,t)

(13.115)
Here ρ̃s(x, t) is the slowly varying part (on a scale of k−1

F ) of the density fluc-
tuation. This follows apparently from the simple observation that

∫ x
x′ dy ρ(y, t) is

an integer since it counts the number of particles in the interval (x,x
′
). This then

means e2πi
∫ x

x′
dyρ(y,t)

= 1. The crucial next step is to write ρ(y, t) = ρ0 + ρ̃(y, t)+
e2ikF y ρ f (y, t)+ e−2ikF y ρ∗f (y, t) and match the powers of e±ikF x on both sides to re-
cover the result. Consider the part of the density–density correlation that oscillates
as e2ikF (x−x

′
). Using the standard approach we are forced to conclude,

< ρ f (x, t)ρ∗f (x
′
, t
′
)>chiral= e2ikF (x−x

′
)

〈
e2πi

∫ x
−∞

dy ρ̃s(y,t)e−2πi
∫ x
′
−∞

dy
′

ρ̃s(y
′
,t
′
)

〉
.

(13.116)
This is easily evaluated using Eq. (13.114) to yield, for xx

′
> 0,

< T ρ f (x, t)ρ∗f (x
′
, t
′
)>chiral= e2ikF (x−x

′
)

× e
V 2

0
(v2

F+V 2
0 )

Log((x+x
′
)2−v2

F (t−t
′
)2)−Log((x−x

′
)2−v2

F (t−t
′
)2)

e
−

V 2
0

(v2
F+V 2

0 )
Log(4xx

′
)

. (13.117)
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This prediction of the standard bosonization method is wrong, for this quantity is
trivially evaluated using Fermi algebra and Wick’s theorem.

< T ρ f (x, t)ρ∗f (x
′
, t
′
)>correct=−< T ψL(x

′
, t
′
)ψ†

L(x, t)>< T ψR(x, t)ψ
†
R(x

′
, t
′
)>

(13.118)
We now substitute the values of the right and left moving Green function from the
exact solution trivially obtained using Fermi algebra (Eq. (13.111)) to obtain,

< T ρ f (x, t)ρ∗f (x
′
, t
′
)>correct=−e2ikF (x−x

′
) 1
(2π)2((x− x′)2− v2

F(t− t ′)2)
.

(13.119)
Basically, this is saying that for a system of fermions with no mutual interactions,
there should not be an anomalous exponent—all exponents are trivial. This is in
contrast to the incorrect result inferred using Haldane’s harmonic analysis (Eq.
(13.117)), which shows anomalous scaling when applied to this model of free
fermions plus a delta function potential (the correct solution and the chiral one
agree only when V0 = 0).

We now proceed to outline a formalism that does get this result right. We assert
that the correct harmonic analysis for this problem is model dependent and non-
universal. Besides, statements such as harmonic analysis of the density fluctuation
are not operator identities but mnemonics for generating the correlation functions,
as we have been repeatedly stressing. The correct way of doing harmonic analysis
for the case of fermions with a single delta-function impurity is model dependent
and is given by,

ρ f (x, t) = e2ikF x r2(x) e2πi
∫ x

sgn(x)∞ dy (ρ̃s(y,t)+ρ̃s(−y,t)). (13.120)

In the next section (see also, exercises), we see that this choice does indeed correctly
reproduce the correlation functions of free fermions plus impurity. Inserting Eq.
(13.120) into the model-independent field operator prescription 3 in Eq. (13.65)
allows us to write,

ψ(x) =
1√
N0 ∑

k
nF(k) eiπr(k)

eiπsgn(k)(
∫ x
−∞

ρs(y)dy+e2ikF x r2(x)
2ikF

e
2πi

∫ x
sgn(x)∞ dy (ρ̃s(y,t)+ρ̃s(−y,t))

+e−2ikF x r∗2(x)
−2ikF

e
−2πi

∫ x
sgn(x)∞ dy (ρ̃s(y,t)+ρ̃s(−y,t))

)

e−iπ(x)
√

ρ(x). (13.121)

Upon expanding the exponent and matching the harmonics, we may read off a
formula for the right mover (e.g.) in case of this system with a single impurity.

ψR(x, t) =C1(x) eiπ
∫ x
−∞

ρs(y,t)dy +C2(x) eiπ
∫ x
−∞

ρs(y,t)dye2iπ
∫ x

∞sgn(x) ρs(−y,t)dy (13.122)

3This is not strictly correct, that is only for translationally invariant systems, but it is a formula
more readily accepted by the reader.
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We have therefore found a derivation of the form of the field operator we are going
to use for this problem. We can be confident that when mutual interactions between
fermions are included, the results are also going to be right.

13.3.2 The Field ‘Operator’ Construction

The preceding discussion makes the need for an alternative to standard chiral
bosonization amply clear. Its predictions are simply wrong when applied to a sys-
tem of free fermions plus a delta function potential. We wish to reproduce the cor-
rect correlation functions using a version of the field operator obtained by exponen-
tiating the commutators of the field with currents and densities. This idea has a long
history, as can be seen by consulting the bibliography of our earlier works on the
subject. For now, inspired by our earlier works, we make the following assertions
that we justify a posteriori. Set θR(x, t) = π

∫ x
sgn(x)∞ dy ρ̃s(y, t)+

∫ x
∞ sgn(x) dy v(y, t)

and θL(x, t) =−π
∫ x

sgn(x)∞ dy ρ̃s(y, t)+
∫ x

∞ sgn(x) dy v(y, t). Then we may write down
the following expression for the field operator (this a mnemonic for the correlation
functions it generates, it is not an operator identity),

Ψ(x, t) =CR,1(x) eikF x eiθR(x,t)+CR,2(x) eikF x eiθR(x,t)+2πi
∫ x

sgn(x)∞ dy ρ̃s(−y,t)

+CL,1(x) e−ikF x eiθL(x,t)+CL,2(x) e−ikF x ei θL(x,t)−2πi
∫ x

sgn(x)∞ dy ρ̃s(−y,t). (13.123)

The n-point functions deduced from this expression will involve products of several
of the C-functions. Our earlier works have explained how to write down explicit
formulas in case of a homogeneous system for these C-functions in terms of what
we have called ‘singular complex numbers’. It must be stressed that these objects
commute with everything unlike the Klein factors of conventional bosonization.
Fermion commutation rules and so on do come out correctly. These C-functions
have to be independently fixed by making contact with the corresponding expres-
sions obtained from Fermi algebra. This model-dependent field may be derived
from a model-independent universal Fermi field (Eq. (13.65)) together with the
model dependent harmonic analysis of the density fluctuation (Eq. (13.120)) by
inserting the latter into the former. The model dependence of the harmonic analy-
sis stems from a need to ensure that all the exponents related to the model of free
fermions plus an external potential are trivial.

We now wish to write down expressions for the Green function of the sys-
tem at hand, namely spinless fermions in the presence of a single impurity.
One last point before we do this. Fermion commutation rules inferred from Eq.
(13.123) do come out as expected namely Ψ(x, t)Ψ(x

′
, t) = −Ψ(x

′
, t)Ψ(x, t) and

Ψ(x, t)Ψ†(x
′
, t) = −Ψ†(x

′
, t)Ψ(x, t) for x 6= x

′
as can be easily verified. The ad-

ditional term Exp[−2πi
∫ x

sgn(x)∞ dy ρ̃s(−y, t)] is just Exp[−2πi× (integer)], which
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does not change the statistics of the field, which is determined by the term
eiπ

∫ x
sgn(x)∞ dy ρ̃s(y,t) = (−1)(integer).

Some experimentation with Eq. (13.123) shows that the only combination of these
terms that reproduces the correct propagator of free fermions plus impurity for both
xx
′
> 0 and xx

′
< 0 are given below. The situation when x and x

′
are on different

sides of the impurity (xx
′
< 0) is particularly tricky and more will be said about

this case later. One may include all possible combinations from Eq. (13.123) and
successively rule out all but the ones given below.

If xx
′
> 0 :

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>= eikF (x−x

′
)

(
1

2π

)
< eiθR(x,t)e−iθR(x

′
,t
′
) > (13.124)

< T ΨL(x, t)Ψ
†
L(x

′
, t
′
)>= e−ikF (x−x

′
)

(
1

2π

)
< eiθL(x,t)e−iθL(x

′
,t
′
) > (13.125)

< T ΨR(x, t)Ψ
†
L(x

′
, t
′
)>=

eikF (x+x
′
) V0

4πvF

θ(−x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(x
′
)(

1+V0
i

vF

)
e

2V 2
0 +v2

F
2(V 2

0 +v2
F )

Log(2x)

×
〈

e(iθR(x,t)+2πi
∫ x

sgn(x)∞ dy ρ̃s(−y,t))e−iθL(x
′
,t
′
)
〉

+eikF (x+x
′
) V0

4πvF

 θ(x
′
)θ(x)(

1+V0
i

vF

) − θ(−x)θ(−x
′
)(

1−V0
i

vF

)
 e

2V 2
0 +v2

F
2(V 2

0 +v2
F )

Log(2x
′
)

×

〈
eiθR(x,t)e

(−iθL(x
′
,t
′
)+2πi

∫ x
′

sgn(x′ )∞
dz
′

ρ̃s(−z
′
,t
′
))

〉
(13.126)

< T ΨL(x, t)Ψ
†
R(x

′
, t
′
)>=

e−ikF (x+x
′
) V0

4πvF

 θ(x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(−x
′
)(

1+V0
i

vF

)
 e

2V 2
0 +v2

F
2(V 2

0 +v2
F )

Log(2x)

×
〈

e(iθL(x,t)−2πi
∫ x

sgn(x)∞ dy ρ̃s(−y,t))e−iθR(x
′
,t
′
)
〉

+e−ikF (x+x
′
) V0

4πvF

θ(−x
′
)θ(−x)(

1+V0
i

vF

) − θ(x)θ(x
′
)(

1−V0
i

vF

)
 e

2V 2
0 +v2

F
2(V 2

0 +v2
F )

Log(2x
′
)
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×

〈
eiθL(x,t)e

(−iθR(x
′
,t
′
)−2πi

∫ x
′

sgn(x′ )∞
dz
′

ρ̃s(−z
′
,t
′
))

〉
. (13.127)

If xx
′
< 0:

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>

= eikF (x−x
′
) eLog(2x) [

1
4(x+ x′)π

− V0

4i(x+ x′)πvF

 θ(x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(−x
′
)(

1+V0
i

vF

)
]

< e(iθR(x,t)+2iπ
∫ x

sgn(x)∞ dy ρ̃s(−y,t))e−iθR(x
′
,t
′
) >

+eikF (x−x
′
) eLog(2x

′
) [

1
4(x+ x′)π

− V0

4i(x+ x′)πvF

 θ(x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(−x
′
)(

1+V0
i

vF

)
]

< eiθR(x,t)e
−iθR(x

′
,t
′
)−2iπ

∫ x
′

sgn(x′ )∞
dy
′

ρ̃s(−y
′
,t
′
)
> (13.128)

< T ΨL(x, t)Ψ
†
L(x

′
, t
′
)>

= e−ikF (x−x
′
) [

1
4(x+ x′)π

− V0

4i(x+ x′)πvF
(

θ(−x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(x
′
)(

1+V0
i

vF

))]
eLog(2x) < e(iθL(x,t)−2iπ

∫ x
sgn(x)∞ dy ρ̃s(−y,t))e−iθL(x

′
,t
′
) >

+e−ikF (x−x
′
) [

1
4(x+ x′)π

− V0

4i(x+ x′)πvF
(

θ(−x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(x
′
)(

1+V0
i

vF

))]
eLog(2x

′
) < eiθL(x,t)e

(−iθL(x
′
,t
′
)+2iπ

∫ x
′

sgn(x′ )∞
dy
′

ρ̃s(−y
′
,t
′
))
> (13.129)

< T ΨL(x, t)Ψ
†
R(x

′
, t
′
)>=< T ΨR(x, t)Ψ

†
L(x

′
, t
′
)>= 0. (13.130)

We have zeroed in on the above expressions after much trial and error. It is quite
hard to think of any other expression that does these things at the same time—(i) re-
produce Eq. (13.111) when the mutual interactions are turned off. This is especially
tricky when xx

′
< 0. (ii) Formal expressions that make it clear how the propagators

obey fermion commutation rules. This means that no operators in the exponent are
allowed that contain system-dependent multiplicative factors.

The long wavelength part of the density–density correlation in the RPA limit with
mutual interaction vq (forward scattering only) and the impurity potential V0 is
given by,

< ρ(x, t)ρ(x
′
, t
′
)>−< ρ(x, t)>< ρ(x

′
, t
′
)>=
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θ(xx
′
)

2π

(
1

((x+ x′)+ v′(t− t ′))2
v3

F

2πv′(V 2
0 + v2

F)
− 1

((x+ x′)+ v(t− t ′))2
vF

2πv

)
+

1
2π

(
−θ(−xx

′
)

1
((x− x′)+ v′(t− t ′))2

v3
F

2πv′(V 2
0 + v2

F)
−θ(xx

′
)

1
((x− x′)+ v(t− t ′))2

vF

2πv

)

+
θ(xx

′
)

2π

(
1

((x+ x′)− v′(t− t ′))2
v3

F

2πv′(V 2
0 + v2

F)
− 1

((x+ x′)− v(t− t ′))2
vF

2πv

)
+

1
2π

(
−θ(−xx

′
)

1
((x− x′)− v′(t− t ′))2

v3
F

2πv′(V 2
0 + v2

F)
−θ(xx

′
)

1
((x− x′)− v(t− t ′))2

vF

2πv

)
(13.131)

where,
v2 = v2

F +
vFvq

π
(13.132)

v
′2 = v2

F
(v2 +V 2

0 )

(V 2
0 + v2

F)
. (13.133)

We may see that the equation Eq. (13.131) reduces to the correct expression when
mutual interaction between fermions is absent (v = v

′
= vF , V0 6= 0). Conversely,

when the impurity is absent but mutual interactions are present ( V0 = 0,v
′
= v 6= vF )

then,
(< ρ(x, t)ρ(x

′
, t
′
)>−< ρ(x, t)>< ρ(x

′
, t
′
)>)V0=0 =

−vF

v
1

(2π)2

(
1

((x− x′)+ v(t− t ′))2 +
1

((x− x′)− v(t− t ′))2

)
(13.134)

as it should be. Lastly, when V0 = ∞ we expect the results to coincide with those of
a Luttinger liquid with a boundary obtained in an earlier section. The velocity and
density are related in the RPA limit as follows.

v(x, t) =−π ∂vF t

∫ x

sgn(x)∞
ρ̃(y

′
, t) dy

′
(13.135)

Using the form of the density–density correlation in the long-wavelength limit, and
the relation between velocity and density and the Baker-Hausdorff theorem, we
may evaluate the single particle propagator. The propagator for right movers may
be evaluated to yield the following:

For xx
′
> 0

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>= eikF (x−x

′
) e
−[ v2

F
(V 2

0 +v2
F )

(− vF
4v′

+ v
′

4vF
)+(

vF
4v −

v
4vF

)]Log(4xx
′
)

e
v2
F

(V 2
0 +v2

F )
(− vF

4v′
+ v

′
4vF

)Log((x+x
′
)2−v

′2(t−t
′
)2)
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e(
vF
4v −

v
4vF

)Log((x+x
′
)2−v2(t−t

′
)2)e(

1
2−

vF
4v −

v
4vF

)Log((x−x
′
)+v(t−t

′
))

e(−
vF
4v −

v
4vF
− 1

2 )Log((x−x
′
)−v(t−t

′
))
. (13.136)

It is easy to see that this also has all the right limits. For instance, when the impurity
is absent, V0 = 0, v = v

′ 6= vF , and Eq. (13.136) reduces to,

< ΨR(x, t)Ψ
†
R(x

′
, t
′
)>V0=0= eikF (x−x

′
)

×e(
1
2−

vF
4v −

v
4vF

)Log((x−x
′
)+v(t−t

′
))e(−

vF
4v −

v
4vF
− 1

2 )Log((x−x
′
)−v(t−t

′
)) (13.137)

as it should. Conversely, if mutual interactions between fermions are absent but the
impurity is present, then V0 6= 0 but v = v

′
= vF . In this case,

< ΨR(x, t)Ψ
†
R(x

′
, t
′
)>v=v′=vF

= e−Log((x−x
′
)−vF (t−t

′
)) (13.138)

again as it should be. Lastly, if V0 = ∞ (this also means v = v
′
) we expect the results

to coincide with those of a LL with a boundary. In this case Eq. (13.136) becomes,

< ΨR(x, t)Ψ
†
R(x

′
, t
′
)>V0=∞= eikF (x−x

′
)

×e−(
vF
4v −

v
4vF

) Log(4xx
′
)e(

vF
4v −

v
4vF

)Log((x+x
′
)2−v2(t−t

′
)2)

e(
1
2−

vF
4v −

v
4vF

)Log((x−x
′
)+v(t−t

′
))e(−

vF
4v −

v
4vF
− 1

2 )Log((x−x
′
)−v(t−t

′
))
. (13.139)

Now we may extract the dynamical density of states for right movers. For this we
examine the equal space and unequal time part of the Green function. First we
verify that far away from the impurity we get what we expect.

< ΨR(x→ ∞, t)Ψ†
R(x→ ∞, t

′
)> ∼ e(−

vF
2v −

v
2vF

)Log(v(t−t
′
)) (13.140)

So that far away from the impurity D(ω) ∼ |ω|δ where δ = v
2vF

+ vF
2v − 1. At the

impurity we expect the exponent to be very different.

< ΨR(x = 0, t)Ψ†
R(x = 0, t

′
)>= e

[
v2
F

(V 2
0 +v2

F )
(− vF

2v′
+ v

′
2vF

)− v
vF

] Log(t−t
′
)

(13.141)

From this we may conclude that at the impurity, the density of states is D(ω)= |ω|δ
′

where δ
′
=

v2
F

(V 2
0 +v2

F )
( vF

2v′
− v

′

2vF
)+ v

vF
−1 . A plot in Fig.13.1 of δ

′
and δ versus v in-

dicates that δ
′
> δ for repulsive interactions (v > vF ) and δ

′
< δ for attractive inter-

actions (v < vF ). This plot is a concrete realization of Kane and Fisher’s metaphor
of the impurity ‘cutting the chain’ when the interaction between the particles is
repulsive and ‘healing the chain’ when the mutual interaction is attractive. This is
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Figure 13.1: This is a plot of the density of state exponents at the location of the
impurity when the impurity strength is zero (δ) and when it is not (δ

′
).

because the exponent associated with the density of states is negative in the at-
tractive case and positive in the repulsive case only when the impurity is present.
When the impurity is absent, however, this exponent is always positive. This state
of affairs may be contrasted with the large number of results obtained by various
groups cited in the references that fall well short of providing a simple answer to
the question of what is the exponent associated with the dynamical density of states
at the location of the impurity.

13.4 Closed Form for Full Propagator

Now we write down the closed expression for the full propagator including all the
terms. Set v2 = v2

F +
vF vq

π
where vq = const mutual interaction forward scattering

only and v
′2 = v2

F
(v2+V 2

0 )

(V 2
0 +v2

F )
where V0 is impurity strength. In general, we may write

for the full particle propagator,

xx
′
> 0:

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>=

eikF (x−x
′
)

((x− x′)− v(t− t ′))

(
i

2π

)
e
−( v2

F
2(V 2

0 +v2
F )

(− vF
2v′

+ v
′

2vF
)+

vF
4v −

v
4vF

) Log(|4xx
′ |)

e
v2
F

2(V 2
0 +v2

F )
(− vF

2v′
+ v

′
2vF

) Log(|(x+x
′
)2−v

′2(t−t
′
)2|)

e(
vF
4v −

v
4vF

) Log(|(x+x
′
)2−v2(t−t

′
)2|)

e(−
vF
4v +

1
2−

v
4vF

) Log(|(x−x
′
)2−v2(t−t

′
)2|) (13.142)

and,
< T ΨL(x, t)Ψ

†
L(x

′
, t
′
)>=
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− e−ikF (x−x
′
)

((x− x′)+ v(t− t ′))

(
i

2π

)
e
−( v2

F
2(V 2

0 +v2
F )

(− vF
2v′

+ v
′

2vF
)+(

vF
4v −

v
4vF

)) Log(|4xx
′ |)

e
v2
F

2(V 2
0 +v2

F )
(− vF

2v′
+ v

′
2vF

) Log(|(x+x
′
)2−v

′2(t−t
′
)2|)

e(
vF
4v −

v
4vF

) Log(|(x+x
′
)2−v2(t−t

′
)2|)

e(−
vF
4v −

v
4vF

+ 1
2 ) Log(|(x−x

′
)2−v2(t−t

′
)2|) (13.143)

and,

<T ΨR(x, t)Ψ
†
L(x

′
, t
′
)>=

eikF (x+x
′
)

((x+ x′)− v(t− t ′))
V0

4πvF

 θ(x)θ(x
′
)(

1+V0
i

vF

) − θ(−x
′
)θ(−x)(

1−V0
i

vF

)


×e
v2
F

2(V 2
0 +v2

F )
(− vF

2v′
+ v

′
2vF

) Log(|(x+x
′
)2−v

′2(t−t
′
)2|)

e(−
vF
4v −

v
4vF

+ 1
2 ) Log(|(x+x

′
)2−v2(t−t

′
)2|)

×e(
vF
4v −

v
4vF

) Log(|(x−x
′
)2−v2(t−t

′
)2|)

(eγ1 Log(|2x|)

×eγ3 Log(|2x
′ |)+ eγ2Log(|2x

′ |)eγ3 Log(|2x|)) (13.144)

and,

< T ΨL(x, t)Ψ
†
R(x

′
, t
′
)> =

e−ikF (x+x
′
)

((x+ x′)+ v(t− t ′))
V0

4πvF

×

 θ(x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(−x
′
)(

1+V0
i

vF

)


e
v2
F

2(V 2
0 +v2

F )
(− vF

2v′
+ v

′
2vF

) Log((x+x
′
)2−v

′2(t−t
′
)2)

e(−
vF
4v −

v
4vF

+ 1
2 ) Log((x+x

′
)+v(t−t

′
))

e(−
vF
4v −

v
4vF

+ 1
2 ) Log((x+x

′
)−v(t−t

′
)) e(

vF
4v −

v
4vF

) Log((x−x
′
)2−v2(t−t

′
)2)

(eγ2Log(2x)eγ3Log(2x
′
)+ eγ1Log(2x

′
)eγ3 Log(2x)) (13.145)

where,

γ1 =−
v3

F

2v′(V 2
0 + v2

F)
(
1
2
−2+

1
2

v
′2

v2
F
)− (

vF

4v
− v

4vF
+

vF

v
)+

2V 2
0 + v2

F

2(V 2
0 + v2

F)
(13.146)

γ3 =−
v3

F

2v′(V 2
0 + v2

F)
(−1

2
+

1
2

v
′2

v2
F
)− (

vF

4v
− v

4vF
) (13.147)

γ2 =−
v3

F

2v′(V 2
0 + v2

F)
(−1

2
−1+

1
2

v
′2

v2
F
)−(

vF

4v
− v

4vF
+

vF

v
)+

2V 2
0 + v2

F

2(V 2
0 + v2

F)
. (13.148)
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The really interesting case is the one given below. In this expression, the propagator
is derived when x and x

′
are on different sides of the impurity. These formulae are

not guaranteed to converge to the expression for the propagator of LL minus the
impurity, as the impurity strength is made smaller and smaller unless the mutual
interaction has already been turned off. The reason for this has already been given
by Kane and Fisher. The impurity ‘cuts’ the system into two, making it qualitatively
different from the ordinary LL. However, when both the position variables are on
the same side, then the system does behave as an ordinary LL when the impurity
goes to zero. More mathematically, the Green function is a discontinuous function
of the impurity strength for points on either side of the impurity.

xx
′
< 0 :

< T ΨR(x, t)Ψ
†
R(x

′
, t
′
)>

=
eikF (x−x

′
)

(x− x′)− v(t− t ′)
[

i
4(x+ x′)π

− V0

4(x+ x′)πvF

 θ(x
′
)θ(−x)(

1−V0
i

vF

) − θ(x)θ(−x
′
)(

1+V0
i

vF

)
]

e
(− v

′
2vF

+
vF
2v′

) Log(|(x−x
′
)2−v

′2(t−t
′
)2|) v2

F
2(V 2

0 +v2
F )

e(−
vF
2v +

1
2 ) Log(|(x−x

′
)2−v2(t−t

′
)2|) e(−

1
2+

vF
2v ) Log(|(x+x

′
)2−v2(t−t

′
)2|)

e
− 1

2 Log(4xx
′
) (( v

′
vF
− vF

v′
)

v2
F

2(V 2
0 +v2

F )
+(

vF
2v −

v
2vF

))(
((x+ x

′
)+ v(t− t

′
))eLog(2x) (1− vF

v )+((x+ x
′
)− v(t− t

′
))eLog(2x

′
) (1− vF

v )
)

(13.149)
< T ΨL(x, t)Ψ

†
L(x

′
, t
′
)>

=− e−ikF (x−x
′
)

(x− x′)+ v(t− t ′)
[

i
4(x+ x′)π

− V0

4(x+ x′)πvF
(

θ(−x
′
)θ(x)(

1−V0
i

vF

) − θ(−x)θ(x
′
)(

1+V0
i

vF

))]
e
(− v

′
2vF

+
vF
2v′

) Log(|(x−x
′
)2−v

′2(t−t
′
)2|) v2

F
2(V 2

0 +v2
F )

e(−
vF
2v +

1
2 ) Log(|(x−x

′
)2−v2(t−t

′
)2|) e(

vF
2v −

1
2 ) Log(|(x+x

′
)2−v2(t−t

′
)2|)

e
− 1

2 Log(4xx
′
) (( v

′
vF
− vF

v′
)

v2
F

2(V 2
0 +v2

F )
+(

vF
2v −

v
2vF

))(
((x+ x

′
)+ v(t− t

′
)) eLog(2x

′
) (1− vF

v )+((x+ x
′
)− v(t− t

′
)) eLog(2x) (1− vF

v )
)

(13.150)
and,

< T ΨL(x, t)Ψ
†
R(x

′
, t
′
)>=< T ΨR(x, t)Ψ

†
L(x

′
, t
′
)>= 0. (13.151)
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Several observations are in order. First, when the mutual interaction between par-
ticles is absent, the above expression reduces to the simple expression from Eq.
(13.111). However, when the impurity strength is made to tend to zero, the above
expressions do not reduce to the well-known Luttinger expressions unless the mu-
tual interactions are also absent. This does not mean the above expression is wrong.
It simply means the Green function is a discontinuous function of the impurity
strength for the Green function evaluated at points on either side of the impurity.
We conclude by looking at transport across the impurity.

13.4.1 Transport across the Impurity

We wish to evaluate the amplitude for the electron to be transported across the
impurity. In particular we wish to extract the exponent associated with the conduc-
tance. The idea is, we are going to evaluate the propagator when xx

′
< 0 at fixed

locations and set t− t
′ → ∞. Then upon replacing t− t

′ ∼ 1
ω

we obtain the trans-
mission amplitude, which we take to be proportional to the conductance.

T (ω)∼
∫

∞

0
eiωt dt < T ΨL(x, t)Ψ

†
L(x

′
,0)>= ω

α (13.152)

where α=( v
′

2vF
− vF

2v′
)

v2
F

(V 2
0 +v2

F )
−1. To conclude, our results represent a concrete real-

ization of Kane and Fisher’s cutting of the chain and healing of the chain metaphor.
To us though, the more interesting outcomes are the closed expressions for the
Green functions especially when xx

′
< 0, where the answer depends discontinu-

ously on the impurity strength.

13.5 Exercises

Q.1 Show that U†
r Ur = UrU†

r and [Ur,bq] = 0 provided we make the choice
Ψ(y; ?)≡Ψ(y).

Q.2 Show that if |q|, |q′| � kF (held fixed), the three density correlation <
ρqρq′ρ−q−q′ > vanishes in the RPA limit kF ,m→ ∞,kF/m = vF < ∞.

Q.3 Derive Eq. (13.106) and Eq. (13.107).

Q.4 Evaluate < ρ f (x, t)ρ f (x
′
, t
′
) > and < ρ f (x, t)ρ∗f (x

′
, t
′
) > using Eq. (13.120)

for free fermions with a single impurity and verify that the resulting exponents are
trivial. How should Eq. (13.120) be interpreted so that the resulting formulas for
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the above correlation functions are identical to what may be obtained from Wick’s
theorem?

Q.5 What would the density–density correlation function look like when there are
two impurities, or three?
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